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Abstract—Using his formulation of the potential theoretic
notion of balayage and his deep results about this idea, Beurling
gave sufficient conditions for Fourier frames in terms of balayage.
The analysis makes use of spectral synthesis, due to Wiener and
Beurling, as well as properties of strict multiplicity, whose origins
go back to Riemann. In this setting and with this technology,
we formulate and prove non-uniform sampling formulas in the
context of the short time Fourier transform (STFT).

I. INTRODUCTION
A. Background and theme

Frames provide a natural tool for dealing with signal recon-
struction in the presence of noise in the setting of overcomplete
sets of atoms, and with the goals of numerical stability and
robust signal representation. Fourier frames were originally
studied in the context of non-harmonic Fourier series by Duffin
and Schaeffer [1], with a history going back to Paley and
Wiener [2] (1934) and farther, and with significant activity in
the 1930s and 1940s, e.g., see [3]. Since [1], there have been
significant contributions by Beurling (unpublished 1959-1960
lectures), [4], [5], Beurling and Malliavin [6], [7], Kahane [8],
Landau [9], Jaffard [10], and Seip [11], [12].

Definition I.1. (Frame) Let H be a separable Hilbert space. A
sequence {Zp, tnez C H is a frame for H if there are positive
constants A and B such that

VfeH, AlfIP <Y [f @)l < BlIfIP
nezZ
The constants A and B are lower and upper frame bounds,
respectively.

Our overall goal is to formulate a general theory of Fourier
frames and non-uniform sampling formulas parametrized by
the space Mb(Rd) of bounded Radon measures, see [13]. This
formulation provides a natural way to generalize non-uniform
sampling to the setting of short time Fourier transforms
(STFTs) [14], Gabor theory [15], [16], [17], and pseudo-
differential operators [14], [18], The techniques are based on
Beurling’s methods from 1959-1960, [5], [4], which incorpo-
rate balayage, spectral synthesis, and strict multiplicity. In this
short paper, we show how to achieve this goal for STFTs.

B. Definitions

We define the Fourier transform F(f) of f € L?(RY) and
its inverse Fourier transform F~1(f) by

FO) = Foy = [ s

Fourier transform frames

John J. Benedetto

Norbert Wiener Center, Department of Mathematics
University of Maryland, College Park, MD 20742 USA

73

Email: jjb@math.umd.edu

and

~ ~

FADm =) = [ Fo)eme dy

R? denotes R? considered as the spectral domain. We write
FY(x) = [q4 F(v)e*™™7 dv. The notation “[™ designates
integration over R? or R%. When f is a bounded continuous
function, its Fourier transform is defined in the sense of
distributions. If X C R%, where X is closed, then M;(X)
is the space of bounded Radon measures ;. with the support
of 1 contained in X. Cy(R?) denotes the space of complex-
valued bounded continuous functions on R?.

DeﬁnitioAn 1.2. (Fourier frame) Let E C R% be a sequence and
let A C R? be a compact set. Notationally, let e, () = €277,
The sequence E(F) = {e_, : x € E} is a Fourier frame for
L2(A) if there are positive constants A and B such that

V F e L3(A),

AlIF(Z2a) < D IF ea)* < BIIF |72 (n)-
reEE

Define the Paley-Wiener space,
PWy = {f € L*(R*) : supp(f)

Clearly, £(E) is a Fourier frame for L%(A)
sequence,

C A},
if

and only if the

{(e_z 17)Y : 2 € E} C PWjy,

is a frame for PWj, in which case it is called a Fourier frame
for PW,. Note that (Fye_;) = f(x) for f € PW,, where
f = F € L?(R%) can be considered an element of L?(A).

Beurling introduced the following definition in his 1959-
1960 lectures.

Definition 1.3. (Balayage) Let £ C R? and A j= R? be closed
sets. Balayage is possible for (E,A) C R? x RY if

Yu € My(RY), v € My(E) such that i = 7 on A.

Balayage originated in potential theory, where it was intro-
duced by Christoffel (early 1870s) and by Poincaré (1890).
Kahane formulated balayage for the harmonic analysis of
restriction algebras. The set, A, of group characters (in this
case R?) is the analogue of the original role of A in balayage
as a set of potential theoretic kernels.

Let C(A) = {f € Cy(RY) : supp(f) C A}.
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Definition I.4. (Spectral synthesis) A closed set A C R?is a
set of spectral synthesis (S-set) if

Vf € C(A) and Vu € My(R?),
ﬁzOonA:>/fdu:0,

see [19].

Closely related to spectral synthesis is the ideal structure of
L', which can be thought of as the Nullstellensatz of harmonic
analysis. As examples of sets of spectral synthesis, polyhedra
are S-sets, and the middle-third Cantor set is an S-set which
contairls non-S-sets. Laurent Schwartz (1947) showed that
52 C R? is not an S-set; and, more generally, Malliavin (1959)
proved that every non-discrete locally compact abelian group
contains non-S sets. See [19] for a unified treatment of this
material.

Definition L.5. (Strict multiplicity) A closed set I' C RY is a
set of strict multiplicity if

lim |uY(x)| = 0.

l=l—

The notion of strict multiplicity was motivated by Rie-
mann’s study of sets of uniqueness for trigonometric se-
ries. Menchov (1906) showed that there exists a closed set
I' € R/Z and p € M(T) \ {0}, such that |T|
and 1V (n) = O((log|n|)~%/?),|n| — oc. There have been
intricate refinements of Menchov’s result by Bary (1927),
Littlewood (1936), Beurling, et al., see [19].

The above concepts are used in the deep proof of the
following theorem.

Ip € My(T) \ {0} such that

Theorem L.6. Assume that A is an S-set of strict multiplicity,
and that balayage is possible for (E,A). Let A. = {7y € RY
dist (v, A) < €}. There is € > 0 such that if 0 < € < €, then
balayage is possible for (E, A¢).

Definition 1.7. A sequence E C R? is separated if
3r > 0 such that inf{[|z —y[| : z,y € E and = # y} > 7.

The following theorem, due to Beurling, gives a sufficient
condition for Fourier frames in terms of balayage. Its history
and structure are analyzed in [13] as part of a more general
program. Theorem 1.6 is used in its proof.

Theorem 1.8. Assume that A C R? is an S-set of strict
multiplicity and that E C R% is a separated sequence. If
balayage is possible for (E, A), then E(FE) is a Fourier frame
for L*>(A), i.e., {(e_, 1A)" : x € E} is a Fourier frame for
PWjy.

See [9], [20], [21] (SampTA 1999), and [22].
II. SHORT TIME FOURIER TRANSFORM (STFT) FRAME
INEQUALITIES

Definition IL.1. Let f,g € L?(R?). The short time Fourier
transform (STFT) of f with respect to g is the function V, f
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on R2? defined as
Vif(o.w) = [ F0gE—a) e an,

see [14], [18] (chapter 8).

The STFT is uniformly continuous on R24, Further, for a
fixed “window” g € L%(RY) with |g|l2 = 1, we can recover
the original function f € L?(R?) from its STFT V f by means
of the vector-valued integral inversion formula,

=/ / Vo (2,0) eutng du da,

where (7,.9)(t) = g(t — ).
Theorem I1.2. Let E = {x,,} C R be a separated sequence,
that is symmetric about 0 € R?%; and let A C R? be an S-set of
strict multiplicity that is compact, convex, and symmetric about
0 € R Assume balayage is possible for (E,\.) Further, let
g € L*(RY), 5 = G, have the property that ||g||, = 1.

a. We have that

JA>0, suchthat YfePWA\{0},f=F,

Allf|? < Z/|VGFW z)? dw

z€E

_Z/|stcw|2dw

z€E

b. Let Go(\) = 2¥/4e==IMN* o that ||Golls = 1; and
assume ||V, G|l1 < oo. We have that

3B >0, suchthat Yfe PW)\{0},f=F,

/|fow| dw— /|Vng—a:)|2dw
zelE
< BHf||27

zEE

where B can be taken as C||Vq,G||1 and where

C = sup {Z/WGUGO v 4w,y + )| dw}
v zelE

The technique of using Gy goes back to Feichtinger and
Zimmermann [23] (Lemma 3.2.15) for a related type of
problem, see also [16] (Lemma 3.2).

We next consider balayage being possible for (£, A), where
E = {(8m,tn)} € R* and A C R?%. This allows us to express
the STFT V, f of f as

Vf yv Zzamn y7 W)thf(smvtn)v

Sm_yatn

where

Z Z |amn(y,w)‘ < 00.

The following result and others like it, including Theorem II.2,
can be formulated in terms of (X, ) frames, [24], [25]. [26].

Theorem I1.3. Assume balayage is possible for (E, A), where
E = {(sm,tn)} C R is separated, and A C R*® is an S-set
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that is compact, convex, and symmetric about 0 € R2, Fix
a window function g € L*(R?) such that ||g||2 = 1. There
are constants A, B > 0, such that if f € L*(RY) satisfies the
conditions,

(1) V,f € L*(R*?) and R

(2) F(Vyf)(Gr,Ca) has support € A C R2,

then
A [ 1F@F o< 33 V(s t)

<B / @) da.

The hypothesis that V;, f € L'(R?*?) means that f belongs to
the Feichtinger algebra So(R?). It is the smallest Banach space
that is invariant under translations and modulations. There are
other equivalent characterizations of So(Rd), see [27], [23].
Fix a function Sp(R?) and define the vector space M} of all
non-uniform Gabor expansions

oo
f: § CnTz,€w,9;

n=1

where {(z,,wn) € R?,n € N} is an arbitrary countable set
of numbers and ) | |¢,| < co. For this space, the norm is
taken to be inf > 7 | |c,|, where the infimum is taken over all
possible representations. Then the vector space M coincides
with Sp(R?). For functions in Sy(R?), Theorem II.3 should
be compared to the following theorem of Grochenig [15], [14]
(Chapter 12):

Theorem IL4. Given any g € So(R?). There is v = r(g) > 0
such that if E = {(s,,0,)} € RYxR% is a separated sequence
with the property that

U B((Snao—n)vr(g)) =R x /Fida

n=1

then the frame operator, S = Sy g, defined by

00
Sg,E f = anl <f7 Tsnecrng> Ts,€0,9;

is invertible on So(R?).
Moreover, every f € So(R?) has a non-uniform Gabor
expansion,

=3 (A Te.ew.9)S, b

where the series converges unconditionally in So(R?).
(E depends on g.)

(T2 €wn9),

A critical, thorough comparison of Theorems II.3 and 1.4
is given in [13].
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