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Abstract—The aim of this paper is to study the approximation
properties of generalized sampling operators in L (R)-space in
terms of an averaged modulus of smoothness.

I. INTRODUCTION

For the uniformly continuous and bounded functions f €
C(R) the generalized sampling series are given by (¢t € R;

w > 0) -
> f<§>s<wt—k>, (1)

k=—o00

where the condition for the operator S, : C(R) — C(R) to
be well-defined is
oo
Z |s(u — k)| < oo (u€R), ()
k=—o00
the absolute convergence being uniform on compact intervals
of R.
If the kernel function is

in7t
s(t) = sinc(t) := ST

wt

we get the classical (Whittaker-Kotel’nikov-)Shannon opera-

tor,
Z f

k=—o0

(SSlan

) sinc(wt — k).

A systematic study of sampling operators (1) for arbitrary
kernel functions s with (2) was initiated at RWTH Aachen
by P. L. Butzer and his students since 1977 (see [1], [2], [3]
and references cited there).

Since in practice signals are however often discontinuous,
this paper is concerned with the convergence of S, f to f
in the LP(R)-norm for 1 < p < oo, the classical modu-
lus of continuity being replaced by the averaged modulus
of smoothness 75 (f;1/w)p. For the classical (Whittaker-
Kotel’nikov-Shannon) operator this approach was introduced
by P. L. Butzer, C. Bardaro, R. Stens and G. Vinti (2006) in
[4] (see also [5]) for 1 < p < oo. For time-limited kernels s
this approach was applied for 1 < p < oo in [6] and [7]. In
this paper we use this approach for band-limited kernels for
1<p<oo.
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In this paper we study an even band-limited kernel s, defined
by an even window function A € Cj_y 1}, A(0) = 1, A(u) =0
(lu| = 1) by the equality

s(t) == /1)\

We first used the band-limited kernel in general form (3)
in [8], see also [9], [10]. We studied the generalized sampling
operators Sy : C(R) — C(R) with the kernels in form (3) in
[11]-[12]. We computed exact values of operator norms

) cos(mtu) du. 3)

[Swl[ == sup [|Swfllc = sup Z IO

Ifle<t ueR | £

and estimated the order of approximation in terms of the
classical modulus of smoothness. In this paper we give similar
results for LP(R) norm in terms of the averaged modulus of
smoothness. The main result of this paper, Theorem 2, was
proved for f € C(R) in [11].

II. PRELIMINARY RESULTS

A. Averaged modulus of smoothness

In this section we follow the approach of Butzer et al [4] of
convergence problems of Shannon sampling series in a suitable
subspace of LP(R).

Let f € M(R) be measurable and bounded on R, and § > 0
The k-th averaged 7-modulus of smoothness for 1 < p < oo
is defined as ([4], Def. 1)

7k (f; 0)p := llwr(f5 5 9)lp, 5)

where wi(f;t;0) is a local modulus of smoothness of order
keNatteR,

wi(f3t;0) ==

kS kS
= sup{|A} f

; khelt— —,t+ —
(@)lsw,@+ kh € [t = ot + 1),
where the classical finite forward difference is given by
k

A = 0 (§) faron. @

£=0
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The classical modulus of smoothness can be estimated via the
7-modulus (see [4], Proposition 4)

wr(f; 5)1) < (f; 6)p
B. The space AP

Since the sampling series S,, f of (1) of an arbitrary LP-
function f may be divergent, we have to restrict the matter
to a suitable subspace. Further, since we want to use the 7-
modulus as a measure for the approximation error, we have
to ensure that it is finite for all functions under consideration.
In [4] it was proved that we can define a suitable subspace as
follows

Definition 1 ([4], Def. 10, [6], Def. 2.1):

(a) A sequence X := (xj)jez C R is called an admissible
partition of R or an admissible sequence, if it satisfies

(1<p< o).

0<inf A; <supAj <oo, Aji=z;—xj_1.

JEL JEL
(b) Let ¥ := (z;)jez C R be an admissible partition of R.
The discrete ¢P(3)-seminorm of a sequence of function values
fx on X of a function f: R — C is defined for 1 < p < o

by
1/p

£ llercsy =Y If ()P

JEL
(c) The space AP for 1 < p < oo is defined by

AP = {f € M(R); [[f[ler(z) < o0
for each admissible sequence X}.

It can be shown (see [4], Proposition 18) that if f € AP N
Rioe(R) for 1 < p < oo we have

g%mUﬁMZO, @)
where

Rioc(R) :={f: R = C,

is locally Riemann integrable on R}.

The assumption f € Rj,.(R) is related to the fact that the
7-modulus on [a, b] tends to zero (with 6 — 0+) if and only
if when f is Riemann integrable on [a,b] (see [13], Th. 1.2
and [4], Proposition 6.).

We have for 1 < p < oo that BE, & W & AP & LP, where
B?P is the Bernstein class (e.g. [14], Def. 6.5) and

W= {f €Ll feAC],, f") e LP}

is the classical Sobolev space.

In the following we consider the uniform partitions 35, :=
(j/w)jez C R for w > 0 only. For these partitions we have
([6], Proposition 2.2)

1 T
1l < Wfllp+ =N s fEWZ ®

Proposition 1 ([6], Th. 2.8): Let (L )w>0 be a family of
linear operators mapping A? into LP, 1 < p < oo, satisfying
the properties

(@) NLwfllp < K[ fller(w)
5 1 .
(@) N Lwg = gllp < Ko —llg"lp, 9 €Wy,

feA”, €))
(10)

for some fixed r,s € N, (s < r) and a constant K. depending
only on r. Then for each f € AP there holds the estimate

1
||wa - fH;D < CTT(f; 7)1”

e W0,

(11
the constant ¢ depending only on r, K and K.

To use Proposition 1 for Shannon sampling operators we
need the following proposition.

Proposition 2 (cf. [4], Proposition 25): For 1 < p < oo,
for some r € N and s = 0,1,...,r there exists a constant
¢ > 0 such that for each f € W and w > 0 one can find a

function g¢,, € B2, satisfying
(5) _ g(s) L)
179 = gDl < er == 1£.

C. Sampling operators

The kernel for the sampling operators S, in (1) is defined
in the following way.

Definition 2 ([3], Def. 6.3): If s : R — C is a bounded
function such that

oo

Z [s(u—Fk)| <oo (u€eR),

k=—o0

12)

the absolute convergence being uniform on compact subsets
of R, and

oo

Z s(lu—k)=1 (u€R),

k=—o0

13)

then s is said to be a kernel for sampling operators (1).

For f € AP we have:

Proposition 3 ([6], Proposition 3.2): Let s € M(R) N
L'(R) be a kernel. Then {S., },, -, defines a family of bounded
linear operators from AP into LP, 1 < p < oo (and also from
C(R) into CR with the norm (4)), satisfying (1/p+1/q =1)

10 flly < 1Sl iy (w0 >0). (1)

If the kernel s is time-limited, i.e. there exists Ty, 77 € R,
To < T such that s(t) = 0 for t & [Tp,T1], then in case
f€APN Re(R) for 1 < p < oo, we have (see [6], Th. 4.4)

18w f = fllp = 0 (15)

lim
w—r 00

I this paper we prove analogous result for band-limited kernels.
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D. Band-limited kernels

In the following we assume that our kernel (3) belongs to
BL. For the band-limited functions s € B? C LP(R) the
operator norm ||.S,, || is related to the norm ||s||,, by Nikolskii’s
inequality.

Proposition 4 (Nikolskii inequality; [14], Th. 6.8): Let
1 < p < oo. Then, for every s € B2,

l[sllp < sup{
ueR

From the Nikolskii’s inequality we see that our assumption
s € LY(R) is sufficient for (12) and thus s in (3) is indeed a
kernel in the sense of Definition 2.

These types of kernels arise in conjunction with window
functions widely used in applications (e.g. [15], [16], [17],
[18]), in Signal Analysis in particular. Unfortunately bandlim-
ited kernels do not have compact support. Many kernels can
be defined by (3), e.g.

1) A(u) = 1 defines the sinc function;

2) Aj(u) == cosm(j +1/2)u, j = 0,1,2,... defines the
Rogosinski-type kernel (see [9]) in the form

(oo}

2.

k=—o0

1/p
|s(u — k)lp} < (L+0)llslp-

ri(t) = % (Sinc(t +7+ %) + sinc(t —j — 1))

2
3) Ag(u) := cos? Z¢ = 1(1 + cosmu) defines the Hann
kernel (see [12])

(16)

1 sinct
sp(t) = -—; 17
a(t) =57 (17)
III. SUBORDINATION BY TYPICAL (ZYGMUND) SAMPLING
OPERATORS

In [11] we introduced typical (Zygmund) sampling series
Zrf for f € C(R) with kernels 2, € Bl defined via (3)
using the window function

Azp(u) :=1— u?r,

We proved an estimate ([11], Th. 1)

r> 0.

2
1Z,ll < ~logr +C (18)

Consider now an even bandlimited kernel s, € B} defined
via (3) using the window function A,, which has a represen-

tation
o0

Ar (1) :zl—chUQj, r>1.

j=r

19)

The condition (19) is satisfied for many kernels s € B..

If Z;; lcj|log j < oo then substituting (19) in (3) and the
last one into (1) gives a double series, where interchanging of
the order of summation is justified. Therefore, for generalized
sampling series in (1) defined by the kernel s, one has the
subordination equalities

Swf= ichZ,f

(20)
j=r

Sof—f=>¢(Zhf = 1) @1)
j=r

Theorem 1: Let f € AP for 1 < p < oo, r € N. Then

1
1Zef = fllp < My7ar(f; E)p' (22)

The constants M,. are independent of f and w. Moreover, if
f € AP N R (R) for 1 < p < oo, we have

Jim (|25 f — fll, = 0.

PROOF: We apply Proposition 1. For (9) in Proposition 1 we
have for f € AP by Proposition 3, (18) and Nikolski inequality

T r 1 r
125, £l < 1Z 19Nzl P 1 Flles ) < 120011 F oo )

Now we show that (10) in Proposition 1 holds. Let g € B?, .
For f € W;’“ we have

1Z0f = Fllo < 1Z0(f=9llp+ 1209 = 9llp+1f = gllp 24)

By Proposition 3 and (8) we have

(23)

T T 1
125, (f = 9)llp < UZo 1220 2P 1 f = gler )
r 1 1
<Nz 19 lze (11 = gl + E”f/ —d'llp). (25

Ifge B?

TW?

then S5i"¢g = g i.e.
1

g(t) = Zg(g) /cos(w(wt — k)u) du.

kELZ o

Hence on the right hand side the series is uniformly convergent
and after term-by-term differentiation we get also a uniformly
convergent series (cf. [2], Th. 3.3). Therefore for r € N

1

-1 r t r
((mu))QT g(t) = Zg(w) /u2 cos(m(wt — k)u) du
kEZ o
(26)
Now by the definition of Z, it follows
VA _ 1 (2r)
1220~ glly = ey 10
1 T ™ T
< g (1727 = ¥l + 1747, @)

Substituting (25) and (27) in (24) and choosing finally the
function ¢ as g,, € B2, from Proposition 2 it follows

T 1 T
||wa - f”P < KT w2 ||.f(2 )“P
and (10) is fullfilled. Proposition 1 yields (22). The last
assertion (23) follows from (22) and (7). (]

Theorem 2: Let sampling operator S], (w > 0) be defined
by the kernel (3) with A = A\, and for some r € N let

Ar(u):=1— chuzj, Z |ej|log j < oo. (28)
j=r j=r
Then for f € A? (1 < p < o)

1
1805 = Flly < Mizar(f5 =), (29)
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The constants M, are independent of f and w. Moreover, if
f € AP N R (R) for 1 < p < oo, we have

lim [1S5,7 — fll, = 0. (30)
w—r 00

PROOF: We apply Proposition 1. For (9) in Proposition 1
we have for f € AP by (20), (18), Proposition 3 and Nikolski
inequality

1Safllp < 1Flev M)Z|Cj|log]

] T

Now we show that (10) in Proposition 1 holds. Let g € B?
For f € Wg’" we have

10 f = Fllp < 1155 (f = 9)llp + 11509 = gllp +11f = gll, BD

The subordination equality (21) gives the estimate

oo
> leillZ
j=r

Tw "

1559 — gllp < 79— 9llp

Now we show that for ¢ € B?, and s < r there holds the
estimate || Z,9 — gll, < [|Z59 — gl|p- Using (26) and the
definition of Z we have

—g(t) = ~(mw) 2 ((ZL )" ®) ~ 9" (1) (3D

Applying ([14], Th. 6.11 and Lemma 6.6) we have Zjg €
B}, C B, hence (ZJg — g) € BE,, and we can use the
Bernsteln inequality for 1 < p < o

1(Z39)" = 9" llp < (mw)1 237 9 = gllp,

Z],q(t)

hence _
1259 — 9l < 1257 9 = gllp,

and we have

1559 = 9ll» < 120

oo
w9 =gl Y lejl.
Jj=r

Finally we use (27) and substitute the resulting estimate in
(31). The rest of the proof is the same as for Theorem 1. m

IV. EXAMPLES

Now we apply Theorem 2 for some sampling operators.

Theorem 3: Let the Rogosinski-type sampling operator
Ry; (j = 0,1,2,...) be defined by the kernel (16). Then
for f € AP (1 <p<o0)

[Buw,j f = fllp < Mja(f; = )~

The constants M; are independent of f and w.
PROOF: We have for the Rogosinski-type window function

1 TR+ 1/2)%F u2k

)\j(u):comr(j—i-%)u:l—z:(—l) k)

k=1
and obviously

iﬂ'

k=1

1 /2)

logk <oco. m

Theorem 4: Let the Hann sampling operator H,, be defined
by the kernel (17). Then for f € A? (1 <p < o0)

1
|Hof = flly < M7a(F: )y

The constant M is independent of f and w.
PROOF: We have for the Hann window function

1 - E+1 ™ ok
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