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Abstract—Motivated by the widespread adoption of Multi-
input Multi-output (MIMO) antenna systems, radar systems
which can transmit independent waveforms on multiple antennas
coupled with independently sampled receive arrays have been
suggested for improving detection, spatial resolution, and clutter
suppression capabilities. Improved spatial diversity enabled by
simultaneous transmission of multiple transmit antennas can only
be realized if incoherent waveforms are utilized in transmit.
Recently, slow time coding across the pulses has been suggested
to obtain quasi-orthogonal transmit waveforms. The slow time
coding could take the form of uncorrelated uniformly distributed
random phase streams or randomly staggered phase ramps. In
this paper, we show that measurements obtained with a MIMO
radar employing with slow time phase codes are equivalent to
structured projections of the measurements of a SIMO radar
with an extended receive array matching to the virtual co-array
of the MIMO-radar. Based on this modeling strategy we obtain
recovery guarantees for the undersampled system as a function of
the number of antennas, pulse repetition frequency and Doppler
bandwidth assuming a sparse scene of reflectors. Our results
establish the limits of antenna diversity of MIMO radar systems
with slow time phase coded waveforms.

I. INTRODUCTION

Motivated by the widespread adoption of Multi-input
Multi-output (MIMO) antenna systems, radar systems which
can transmit independent waveforms on multiple antennas
coupled with independently sampled receive arrays have been
suggested for improving detection, parameter estimation and
clutter suppression capabilities [1], [2], [3] . Although many
traditional multi-antenna radar concepts such as phased-array
receive beamforming, STAP, and interferometry can be seen as
special cases of MIMO radar, the distinct advantage of a multi-
antenna radar system with independent transmit waveforms
is the increased number of degrees of freedom leading to
improved resolution [4], [3], [5], detection [6], and parameter
estimation [7].

Increased degrees of freedom afforded by transmitting mul-
tiple waveforms can only be realized if quasi-orthogonal wave-
forms are utilized at each transmitter. Multi-access schemes
commonly used in wireless communication: Time Division
Multiple Access (TDMA), Frequency Division Multiple Ac-
cess (FDMA) and Code Division Multiple Access (CDMA)
have been suggested to synthesize quasi-orthogonal waveforms
for MIMO Radar on a pulse-to-pulse basis. However, each of
these concepts has practical limitations when applied to radar
system design. TDMA results in reduced average transmitted
power and lower pulse repetition frequency as the different
transmitters have to be interleaved in time. Application of
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FDMA leads to decorrelation of the clutter returns and loss
of coherency. Similarly, CDMA leads to an increase in the
clutter subspace dimension [8]. As Pulse-Doppler systems
process multiple pulses across a coherent processing inter-
val to perform target detection, an alternative strategy for
synthesizing quasi-orthogonal waveforms is to modulate the
transmit waveform across the slow time (pulse-to-pulse) using
phase codes [8]. Since slow-time coding spreads energy in
the Doppler domain, this strategy is also dubbed as Doppler
Division Multiple Access (DDMA). In particular, Rabideau [9]
suggested modulation with phase ramps across slow time,
effectively shifting the support of the transmitted waveform
in Doppler domain. For a sufficiently high PRF rate, Doppler
frequency offsets applied to each transmitter can be chosen to
avoid overlap between the support of different transmit wave-
form returns. However, uniformly spaced Doppler frequency
offsets result in ambiguities in Doppler and introduction of
new blind speeds when stationary clutter is present. There-
fore, perturbing the order and spacing of Doppler offsets —
frequency dithering— or applying phase modulations across
antennas —phase dithering— was proposed [9], [10] to remove
angle-Doppler ambiguities. Recently, random slow time phase
modulation across both antennas and pulses (Slow-Time Code
Division Multiple Access (ST-CDMA)) was studied in [11].
Both dithered DDMA and random ST-CDMA waveform de-
signs spread sidelobe energy across the Doppler-Angle domain
and avoid perfect ambiguities at a cost of high computational
complexity recovery.

Detection of targets in Doppler-Angle domain using ST-
CDMA waveforms can be posed as a sparse signal recovery
problem where a signal vector x denoting the amplitudes of
the targets across the Doppler-angle domain is to be recovered
from under-determined set of linear measurements encoded by

the sensing matrix A(¢) corrupted by additive noise n, where
¢ represents the vector of phase code symbols.

y = A(¢)x +n,

In this case, the recovery problem is underdetermined as the
number of measurements scale with the size of the receive
array whereas the number of unknowns scale with the size
of the virtual array- a product of the transmit and receive
arrays. If x is sparse in that there are relatively few entries
in x which are non-zero, then x can be recovered from an
underdetermined set of measurements [12], [13]. The sparse
recovery problem is stable in the presence of noise and
approximately sparse signals, where the reconstruction error
scales proportionally with the approximation error (a difference
between the signal and its closest sparse approximation) and



measurement noise [14]. Recovery from an incomplete set of
measurements under sparse target scene assumption has been
successfully applied to a variety of radar problems [15].

In this paper, we show that measurements obtained with
a MIMO radar employing slow time phase codes can be
expressed as:

y = ®(@)¥x+n,

where ¥ is the square sensing matrix encoding a 2D FFT
operation corresponding to the fully sampled system with
antenna locations given by the virtual co-array of the MIMO
system and ®(¢) are linear projections to the reduced di-
mension measurement space. Next, analyzing the coherence
structure of the rows of ® and columns of ¥, we obtain
recovery guarantees for the undersampled system as a function
of the number of antennas, pulse repetition frequency and
Doppler bandwidth assuming a sparse scene of reflectors.
These results establish the limits of antenna diversity of MIMO
radar systems with slow time coded waveforms.

II. SYSTEM MODEL

We consider the setup with Np transmitters and Np
receivers. Each transmitter employs a common waveform
denoted by s(¢) with a random phase shift for each pulse.
The total number of pulses per transmitter is set as N,. The
transmitted waveform from all transmitters is given by

Np Nrp
t) =" s(t—pT)exp (jo(p,i)), 1)

p=1i=1

where ¢(p,i) ~ Unif(0,2r). We consider Ny receivers with
M samples per pulse per receiver. The received waveform due
to K point scattering centers is given by

Nt
2r
Rux(t,r,p) ZakZeXp Jjo(p, )+37(Z+7‘—2)9k)

k=1 i=1
AT

exp (] 3 pvk> sp(t — i), 2

where t = [ty, - ,tym], 7 = 0,1,--- N, — 1, p =

0,1,---,Np — 1, ay is the scattering coefficient, 6 is the

angle of arrival with respect to the center of the array ge-
ometry, v, is the Doppler velocity of the target, s,(t) is the
common transmitted pulse. We propose to solve the delay-
Doppler-angle estimation problem. This problem can be solved
approximately in the range domain by using the matched filter
for the transmitted waveform, which is common to all the
transmitters. The angle-Doppler velocity estimation problem
is subsequently solved for each range bin. The received signal
at a particular range bin after pulse-compression is given by

ZakZeXp (jo(p, i)

ATn
exp <]}\pvk) ) 3)

(z-l—r— 2)0)) %

The angle of arrival domain (—1,1) is discretized with a
resolution Af = 2/ (NrNg) and the Doppler velocity domain
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Fig. 1. Illustration of the MIMO system with N7 = 5 transmitters and

Npr = 3 receivers. An equivalent array with receiver elements having the
same aperture length of the MIMO system is also shown. We note that the
system with receiver elements is fully sampled in the angle domain.

A, = )/ (2T'N,), where ) is the wavelength of the transmitted
signal by assuming a narrow-band signal is transmitted and
T is the pulse repetition interval. The angular and Doppler
velocity bins are denoted by

0= [ela e aaNg} 7N9 - NTNR7
vV = [U17"' 7UNP]7
where 01 = —1,0n, = 1, V1 = —Upae, aA0d VN, = Upaq such

that v,,az is the maximum unambiguous Doppler velocity. The
resulting signal due to K scattering centers in the discretized
angle and Doppler domain for a given range bin is

vNp 0N

y(rp) = > > a, e)ZeXp

v=v1 =6,

< exp (j(qs(p, i)+ ‘*T”pv)) , @

ldT +rdg)d)

A

where dr = NgA/2 and dg = A/2. Figure 1 shows a
particular example of the MIMO system with Ny = 5 and
Nr = 3. We observe that this system is partially sampled
with only Np measurements as opposed to the fully sampled
receiver array with NpNpg receiver elements. Combining all
the measurements into y € CV=NP and the scattering coeffi-
cients x € CNoNP we get

(H;ap (v)) + n, 5)

Nt
y= Z arT(0)®
i=1

where ® represents the Kronecker product, apr,(0) €
CNrXNrNt represents the terms in the array factor for all
the receivers and spatial frequencies and a fixed transmitter
Tx;, H; € CN»*Ne is given random phase added to each
pulse for a particular transmitter, and ap (v) € CNo*No g
the response in the Doppler velocity domain for each of the



Doppler velocity bins in v. We give the details of the below
arr(0) =

exp (jél [dw‘]) exp (jéNg [dTi])
exp (]él [dTi+dRNR]> exp (jéNg [dTi+dRNR])

H; = diag (exp (j¢ (1,)) ;- ,exp (j¢ (Np, ) ,
1 1

exp (452) exp (74mj\NP>
ap(v) = :
exp (M) exp (w)
Unif (0,27), Random Slow-time CDMA
27T fip + ¢, Dithered DDMA
(6)
6, = 27;91', fi = i/(T'Nr) is the frequency offset used

in DDMA, f; is the i'" element of the randomly permuted
realization of £ = [f, f2,- -+, fn,] used in Dithered DDMA,
and ¢; is the randomly chosen phase for each transmitter in
Dithered DDMA.

Next, we show that the measurements in (5) are a pro-
jected version of the measurement model of the fully sampled
receiver array with NpNp array elements and obtain the
expression for the projection operator. The measurements from
the fully sampled receiver array are

Yrul = @r(0) ® ap(v), @)

where agr(0) € CNTNrXNTNr g the array factor term,
yruu € CNRNTNP g the fully sampled measurements .
The measurements in (7) can be expanded in terms of the
parameters described in (6).

ar, 1 (0)®ap (v)
AR, T, (0) @ ap (V)

Yfull = X, 3

R, Ty, (0) @ ap (V)

QRN TNy (0) ®ap (V)

where ag, 7,(0) € CY*NeNT g the first row in ag7,(0).
We note that the operator

ag,1,(0) ®ap(v)
ag,1,(0) ® ap (v)

€))

R, Tx, (0)@ap (v) |’

Ry, Ty, (0) @ ap (V)
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is the flattened version of the 2-D Fourier transform operator.
The measurement model in (5) can be expressed as follows
using (9) and using the fact that H; is a diagonal matrix

y = ®Ux + n, (10)
H, --Hy, 0
0 H, - -Hy, 0
® = : . , (1D
0 0 H, - -Hy,

where ¥ € CNeNexNrNtNe g the projection operator relat-
ing to the fully sampled receiver and the slow-time modulated
MIMO system. This also generalizes the measurements ob-
tained from MIMO systems employing DDMA and dithereed
DDMA waveforms. In the next section, we analyze these
systems.

III. RECOVERY GUARANTEES

To establish theoretical guarantees we make use of the
incohernce in measurement operator and the underlying basis
functions. We use results from [16], [12], [17] to establish
the non-uniform recovery guarantees for the MIMO system
employing random slow-time CDMA, dithered DDMA and
DDMA waveforms. The normalize the matrix ¢ to have row

norm as /Ny Nz Np. Therefore, ® = &/ Nz Nr.

We evaluate the coherence defined by u(®,¥) =
maxy, ; |<<I>k, U;)|, @y is the k™" row or measurement and ¥,
is the {*" column of the basis.

Lemma 1: For the measurement operator representing
slow-time CDMA defined as ® € CVNeNpXNrNrNe and the
basis system W € CNrNtNpXNeNtNp - the mutual coherence
is given by

pst—cpra(®, ®) < \/log (NgNpNrd—1), (12)

with probability 4.

Proof: The inner-product between the k*" measurment
coming from receiver 7 and pulse p and the I*" basis vector
denoting the angle #,, and Doppler v, is given by

_ Nt 0,
(B 01) = = D enp (36 () exp (25 ari) )
=1
exp (27;9u (dRr)> exp (47T;\JZT) . (13)

Each term in the summation is bounded by ﬁ and

E (exp(—jé(p,i))) = 0 by definition. Using Hoeffding’s
inequality we get a tail bound on the inner-product

P (|(®k, Wy)| > 1) < 2exp (-2£7) (14)

P (rréalx (D, Tp)| > t) < 2NrNpNpexp (—2t%). (15)

Using t = /log(NgNrNpé—1), the tail probability is
bounded by 4 ]

Lemma 2: For the measurement operator representing

DDMA defined as ® € CNrNPXNrNTNP and the basis
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system ¥ € CNrNrNpxNrNrNp - the mutual coherence is
given by

pppma(®,¥) = /Nr. (16)

<q)k7 ‘Ijl

(P, U)) =

Proof: The inner-product between the k*" measurment
coming from receiver r and pulse p and the I*" basis vector
denoting the angle #,, and Doppler v,, is given by
270, .
Zexp o iess (2 (ar)
2 Qu 4o, T
exp <7; (dRr)> exp ( Wj\}l > ,
2mip 270, .
= NT Zexp ( j > ( y (dﬂ))
4o, T
exp < > exp ( o ) . 17
The angle 6,, = 2u/ (Nt Ng) is used to obtain the expression
as follows
27m 2mi (p — u)
NT
270, 4o, T
exp ()\ (dRr)) exp ( ﬂzl ) ,
VN7 exp (2= (dri)) exp (2L, if p=u
B 0, otherwise.

(18)
v/ Nr. |

Lemma 3: For the measurement operator representing
dithered DDMA defined as ® € CNaNeXNeNtNe gnq the
basis system W € CNrNTNpXNeNtNp - the mutual coherence
is given by

Consequently, we get uppaa(®, ¥) =

tpit—cpma(®, ®) < \/log (NgkNpN7ds—1), (19)
with probability 4.

The random phase-term added to each receiver leads to the
same result obbtained in lemma 1.

We consider the matrix U = ®W to establish the isotropy
and incoherence condition to obtain the recovery guarantees.

ul oTw
=¥ = : (20)
u%RNp @%RNP‘I’

Lemma 4: For the matrix U € NgkNp x NgNNp denoting
the random slow-time CDMA scheme and dithered DDMA, we
have

E (wu") =1, Isotropy property
(21)

1 (U) < log (NgkNpN76~')  Incoherence property
(22)

(c) EUSASIP 2018 / CoSeRa 2018

Proof: The vector u; is expressed as follows
=¥ 1,

E (uz N=UTE (¢107) T (23)

Since there are Nt complex exponential phase terms that are
chosen at random and independently we can further reduce the
number of terms to Np. This leads to the following expression
evaluated at some arbitrary pulse p and receiver r

E(wul) = ['IJT Wk M} (élq?{)

Ty,rp
T T *
[‘IITl P \IlTNT 77‘,17} ) 24)

where q51 € CN7 is the set of phases used by all the

. . T T
transmitters in the first pulse, \IITI’T,p ‘I’TNT7T7P:| S

CNeNpNzxN7 g the selected subset from the 2-D FFT oper-
ator. By exploiting the independence of the random variables
and utilizing the transmitter spacing of dr = NgA/2 we obtain
the covariance matrix as identity matrix.

The coherence for matrix U is given by p(U) <
(P, ¥)2, which was obtained in lemma 1, 2. [ ]

The DDMA system does not satisfy the isotropy prop-
erty. The incoherence of the system puppya(U) = Np is
also much higher than the Dithered DDMA and the random
CDMA. The isotropy property plays an integral part in the
existence of the left inverse of the measurement operator as
the number of measurements increase. Therefore, the recovered
parameters from DDMA system suffers from ambiguities as
opposed to the dithered DDMA and random CDMA wave-
forms.

Using the result stated in Theorem 1.2 in [17], we obtain a
condition on the number of measurements required to recover
a fixed S— sparse signal using the LASSO program.

Lemma 5: Given the measurment operator
U € CNaeNpxNeNtNp and an arbitrary signal x € CVNeNe Nt
and the noise variance o,, then the LASSO program
with  regularization A = 100,,+/log (Nrk Ny Np)
successfully recovers the signal x with probability
1-6/ (NgN7pNp)—6exp (—f) such that the ¢5 reconstruction
error is given by

A 2 .
- <
% — x| < 12151250 (14 a)x (25)
[X—Xs”b +U\/slog (NRNTNP)]
S m

if the number of measurements

m > Cjlog (NgNpNpo~1)? 5

(148)slog® (Nr NTNp)

and C is a universal constant, o« = o

and xg is best s — sparse approximation.

IV. CONCLUSION

In this paper, we analyzed the performance MIMO pulse
radar systems employing slow time coding across the pulses
to synthesize quasi-orthogonal transmit waveforms across the
coherent processing interval. We have shown that measure-
ments obtained with an ST-CDMA MIMO can be seen as
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structured projections of the measurements of a SIMO radar
with an extended receive array matching to the virtual co-
array of the MIMO-radar. Based on this modeling strategy we
obtained recovery guarantees for the undersampled system as a
function of the number of antennas, pulse repetition frequency
and Doppler bandwidth assuming a sparse scene of reflectors.
In the extended version of the paper, we will present simulation
results to analyze the phase transition of successful recovery
as predicted by our theoretical results.
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