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Abstract—In this paper, we consider beamformer design for
multi-group multicasting where a common message is transmitted
to the users in each group. We propose a novel effective
alternating direction method of multipliers (ADMM) formulation
in order to reduce the computational complexity of the existing
state-of-the-art algorithm for multi-group multicast beamforming
with per-antenna power constraints. The proposed approach
is advantageous for the scenarios where the dimension of the
channel matrix is less than the number of antennas at the base
station. This case is always valid when the number of users is less
than that of antennas, which is a practical situation in massive-
MIMO systems. Simulation results show that the proposed
method performs the same with significantly less computational
time compared to the benchmark algorithm.

Index Terms—Multi-group multicast beamforming, ADMM,
large arrays.

I. INTRODUCTION

Over the last decade, physical layer multicasting using
beamforming has become an important research area [1]-[5].
Multi-group multicast beamforming where distinct common
information signals are sent to multiple multicast groups is
first considered in [1] and later it is applied in different
scenarios [2]-[5]. Since the beamforming optimization is a
non-convex quadratically constrained quadratic programming
(QCQP) problem, the global optimum solution may not be
easily found. Recently, in [6], a general algorithmic framework
based on alternating direction method of multipliers (ADMM)
is proposed for QCQP problems. ADMM is known as a
powerful first-order method [7] and considered in other several
works [4], [8], [9]. Although the algorithm in [6] has superior
performance, it requires large number of auxiliary variables.
In [4], the authors proposed a special ADMM reformulation
for multi-group multicast beamforming problem with per-
antenna power constraints. This effective approach is shown
to maintain the same performance as existing benchmarks
with a reduced complexity. Hence, it is the current state-of-
the-art solution to the addressed problem and selected as the
benchmark algorithm.

In this paper, we propose a novel ADMM algorithm which
has a lower computational time compared to the one in [4]. Our
method is advantageous when the dimension of the subspace
spanned by the channel vectors of the users is less than the
number of antennas. In fact, this condition corresponds to
a very practical scenario in 5G where massive number of
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antennas are used [10]. Besides, other case may result an
infeasible optimization problem due to severe interference.
The proposed method is based on a new reformulation of
the problem such that ADMM iterations are carried through
lower dimensional vectors. For this, the original beamformer
vectors are decomposed into the subspace of the channels
and its nullspace. The nullspace is only used in per-antenna
power updates. The steps of the new algorithm admit optimum
closed-form solutions. Furthermore, some rearrangements are
made in the steps and variables to further reduce its com-
putational complexity. Secondly, we tackle the original non-
convex problem directly instead of using both inner and outer
iterations as in [4]. ADMM is a powerful method and can
be applied safely for non-convex problems [6], [8], [9]. It also
can be shown that the ADMM algorithm converges KKT point
of the non-convex problem under certain conditions [6], [9].
Applying ADMM directly results a simplified algorithm with
reduced computational complexity. Simulation results show
that the same performance can be obtained by the proposed
algorithm with a significantly less computational time.

II. SYSTEM MODEL AND PROBLEM FORMULATION

We consider a multicasting system comprising a base station
(BS) equipped with N transmit antennas and M multicast
groups of single-antenna users. The BS transmits a common
multicast message to the users in each group. Let G,,, denote
the m*" multicast group of users for all m € M = {1,..., M}
and assume that there are K users in total. Each user is in
only one multicast group, i.e., G, [\ Gm = 0 for m # m/,
VYm,m’ € M. Narrowband block-fading channel is consid-
ered. The sji\/%nal transmitted from the antenna array of BS
is x = Zm:l W, Sm Where s, is the information signal
for the users in G,, and w,, is the corresponding N x 1
complex beamformer weight vector for the m'" multicast
group. It is assumed that the information signals {s,,}M_,
are mutually uncorrelated each with zero mean and unit
variance, a?m = 1. In this case, the total transmitted power is
Pyt = fo:l wgwm. The received signal at the k' user is
given as,

yk:thx+nk, Vk e K (D

where hy is the N x 1 complex channel vector between BS
and the k' user. K = {1,..,K} is the index set of all
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the users. n; is the additive zero mean Gaussian noise at
the k" user’s antenna with variance o2. ny is assumed to
be uncorrelated with the information signals. The received
signal-to-interference-plus-noise ratio (SINR) of the k" user
is expressed as,

SINR;, = [y Wi,

Zm’#mk |thWml |2 + 02 ’

where my denotes the index of multicast group to which the
k' user belongs. In this paper, we consider quality-of-service
(QoS)-aware beamformer design where the aim is to minimize
the total transmitted power subject to receive-SINR and per-
antenna power constraints. The QoS-aware design problem can
be formulated as follows, "

Z wilw,,

Vke K (2

min (3a)
20D e —
|h£{wmk |2
s.t. >, VkeK (3b)
Zm/#mk |thWm/|2 + Ul%
M
> [ wmnl? < P, VneN (3c)

m=1

where 7, is the minimum required SINR for the k** user
and P, is the maximum allowable power at the n*" transmit
antenna of BS. wy, , is the nt? element of the vector w,y,
and NV = {1,...,N} is the index set for all the transmit
antennas. The problem in (3) is not convex and hence should
be handled appropriately for an effective and fast solution.
Recently, an efficient ADMM-based algorithm is proposed for
general QCQP problems by using consensus optimization and
decomposing the original problem into QCQP subproblems
with only one constraint [6]. Later in [4], an improved
technique is proposed for multi-group multicasting problem
in (3). As stated in [4], one of the main disadvantages of
consensus-ADMM algorithm in [6] is that it requires a local
copy of the optimization variables and a corresponding dual
vector variable for each constraint. In [4], a new ADMM
framework which requires less auxiliary variables is proposed
by introducing {{Tx ., = hfw,,}< M | and expressing
the SINR constraints in (3b) in terms of them. This new
ADMM is applied for a sequence of convex subproblems
obtained by convex-concave procedure (CCP). The method
in [4] performs significantly better compared to [6] with
less computational complexity. In this paper, we reduce the
computational complexity more by an effective reformulation
of the problem. Our new algorithm directly deals with the
original problem instead of solving a sequence of subproblems
which requires both inner and outer loop iterations as in [4]. It
is shown that the efficiency is improved significantly in terms
of computational saving.

III. IMPROVED ADMM-BASED ALGORITHM FOR (3)

Note that all the ADMM updates are carried through N x 1
vectors for the algorithm in [6]. Similarly, N x 1 vectors are
used for the update of the main variables and per-antenna
power constraints in [4]. When the number of antennas, N,

ISBN 978-90-827970-1-5 © EURASIP 2018

is very large, these updates become extremely costly due to
matrix inversions and multiplications. In this paper, we reduce
the complexity of the ADMM iterations by decomposing
beamformer vectors into the subspace spanned by the channel
vectors and its nullspace. For this method to be efficient, it
is required that the dimension of the subspace of the channel
vectors to be less than N. Let H denote the N x K matrix
which is formed by stacking all the channel vectors hy,
Vk € K, as its columns, ie.,, H = [h; hy ... hg|. If L
denotes the dimension of the column space of H, there are
two possible cases for L < N. In case the number of antennas,
N, is greater than the number of users, K, L is always less
than N. This is a very practical scenario in modern wireless
communications which involves massive antenna systems. For
the second case, i.e., N < K, L may not be less than N.
However, it is possible for the scenarios where some users are
clustered in close groups. In such a case, the corresponding
channel vectors are highly correlated and the rank of H gets
smaller. Now, let us consider the singular value decomposition
of H as follows,

H
H=[U,y Ug| [EOA ;B} [X%} @)

where 3 4 and X are the diagonal matrices whose elements
are the positive and zero singular values of H, respectively.
Let us express {w,,, }M_, as w,,, = Uava,m + VB, where
Vam € CL and VBm € CN for m € M are the newly
introduced auxiliary variables. v ,, is in the nullspace of U 4,
ie., vaB’m = 0. The optimization problem in (3) can be
reformulated as follows,

M
: H
. v mz_:l W Wi (52)
(ZAVE) LV am, |
s.t. b >, VEEK
Zm’;ﬁmk |(EAV§);€ Vam|? + o

(5b)
W = UAVA,m + VB,m; Ym e M (SC)
Ullvp, =0, Yme M (5d)

M
> wmnl* < P, VneN (5e)

m=1

where (24VY), denotes the k'™ column of X ,4V%. In
order to make the problem in (5) appropriate for ADMM
algorithm, we will define additional auxiliary variables I', ,, =
(EAVX)kHVA}m, Vk € K,Vm € M using the same approach
in [4]. In addition, we introduce V4 p, £ Uuv A,m and
VB.m £ vp,m. The significance of these definitions will be
explained later. Using the new variables, the problem in (5)
can be expressed as follows,M

~H ~ ~H ~
E (VA,mVAJn + VB,mVBﬂn)
m=1

min
{VA,m,7OA,m7VB,WL70B,mw

M
Trm} }

m=1

(6a)

st Thm = (ZaVE) vam, Ve € K,¥me M  (6b)
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|Fk mk|2
: >y, VkeK (6¢)
Zm/;ﬁmk |Fk7ml|2 + 01%

\NIAJn = UAVAJn, Ym e M (6d)
\N’B’m = VB.m> VYm e M (6e)
UHvp,, =0, Yme M (69)
UBVAm—Oa VYm € M (6g)

M
Z |1~1A,m,n + ’[}B,m,n|2 < Pn7 Vn € N (6h)
m=1

Note that the constraint in (6g) is redundant. However, the
inclusion of it will simplify the updates in ADMM algorithm.
Similar to [4], the variables in (6) can be split into two blocks,
{VA,mva,m}%zl and {{Fk,m,}é(:pvA,mva,m}%zl such
that the updates of ADMM algorithm are separable. Now, the
steps of ADMM algorithm for the problem (6) in scaled-form
[7] can be given as follows,

M
{Thm M |« argmin Z Tk m—

{Trom o1 m=1
H
(ZAvg)k VAm+ )\k’,m|2
|Fk,mk |2 2 Yk Z |Fk,m/|2 + '-Yko']%
m'#my
Vk e K (7a)
M
arg min Z (ffg)mf/Am

{{’Awmv(’B,m}?nf,:l m=1

{‘N/Aﬂn’ {’B,m}f\n/lzl —
“H - - 2
+VEmVBm +olIVam —Uavam + 24aml|

+plVBm — VBm + ZB,m||2>

M
Z |’L~)A,m,'n + ﬁB,m,n|2 < Pna Vn € N
m=1
Udvp,, =0, UEv4,, =0, Yme M (7b)
K
. H
VA m < arg mlnz Tk m — (EAVf)k VaAm+ )\k’m|2
VAm k=1
+Vam = Uavam +2amll?,  YmeM (o)
VB,m arg min ||‘~’B,m —VBm*+ ZB,mH27 YmeM (7d)

VB,m

H
)\k:,m — )\k,m + Fk,m - (2Avg)k VAm,

Vke L, Vme M (Te)
ZAm < ZAm + {’A,m - UAVA,ma Ym e M (7f)
ZB,m <_ZB,771_|"~"B7rL_VB ms Ym e M (7g)

where {{ e WM {zam M, and {zp ,, } 1, are the
scaled dual variables corresponding to the equality constraints
in (6b), (6d), and (6e), respectively. p > 0 is the penalty
parameter used in augmented Lagrangian [6], [7]. In the
following, we will present the closed form expressions for
the updates in (7a-d), respectively.
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In [4], the solution of the optimization problem (7a) is found
as follows,

Ck, if ¢1(0) >0
T [ (8a)
B gr(0) <0
o if ¢,(0) > 0
Fk},m’ — {C’IZ; m! . (bk( ) ) Vm’ 7é mi, (Sb)
T if ¢x(0) <0
Vk e K

H .
where Cm 2 (2aVEH), vam — A is defined for ease of
2

. |G,y | 1<k, m

notation. In (8a-b), ¢y (1) = (f_lf)g ~VE D tmy m—
Yo and yf is the unique solution of ¢x(x) =0in 0 < p < 1
in case ¢4 (0) < 0. Note that u} can easily be found by solving

a quartic equation.

Now, let us consider the optimization problem in (7b). In
order to simplify (7b), let us assume that z 4 ,,, and zp ,, are
initialized such that they lie in the column space of U4 and
U p, respectively without loss of generality. Following (7f-g),
they continue to remain in the same subspaces if they are
initialized in this way. Assume also that initial value of vp
is selected from the column space of Up in accordance with
the constraints (6e-f). In this case, (7b) can be expressed as
follows,

M
min Z (Vam +V8m) " (Vam + VBm)
{Va,m.Ve,mM_, m=1
0l + Vi = (UaVitm = Bt + Vi = 2.)|
(%a)
M
Z [0a.mm + 0Bmnl> < Po, Yn €N (Ob)
m=1

UAvp.,m =0, Ulv,,, =0, YmeM (9c)

Now, let us define w,, £ v A,m + VB.m. If we further define
Zm 2 Uavam—24m+VB,m—2ZB,m for ease of notation, the
objective function in (9a) can be expressed as (1 + p)||W, —
95 %m|1* + 14512 ||*. The second term is constant and can
be removed. Note that v4 ,, and vp ,, lie in the column space
of Uy and Up, respectively. Hence, they can be expressed
in terms of new variables as V4, = Ugva ., and Ve, =
Upgvp,m. Using these variables, (9) can be reformulated as
follows,

2
min —Zn (10a)
{Wim,va,m,vB,m}M_ 11712:1 || 1+P m||
M
> il < Pa, Yne N (10b)
m=1
_11H & _TT7H
Vam =ULWe, vpm=UgW,, Vme M  (10c)

In the formulation (10), it is clearly seen that (10c) does
not have any affect on both the objective function and the
other constraints in (10b). Hence, the optimum solution is
found by solving (10a-b). (10c) is used to obtain the optimum

{‘71477717 {/B,m}f\n/lzl'
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Note that the problem (10a-b) can be decomposed into N
subproblems. If we define W™ £ [ 1@y, W ... Wary |7 and
Zn L l_i [ Z1n Z2m - Vn € N, the n*" subproblem
is given as follows,

2M,n ]T’

> T

T 2
min ||[W" — 2" ||

(11a)

s.t. |[|W"||? < P,. (11b)

Following [4], the optimum solution of (11) is given by w" =
min {%, z". Using this and (10c), the optimum update
in (7b) is given as,

VP,
w"(—min{||w|" ,1}2", VneN (12a)
W [ @) w2, ... ) T, vm e M (12b)
Vam < UsULW,,, ¥m e M (12¢)
VBm +— UpUlW,,, ¥m e M (12d)

Note that defining auxiliary variables v 4 ,, in (6d) and Vg ,,
in (6e), Ym € M resulted the Euclidean projection problem
in (11) whose closed-form optimum solution exists.

The update in (7c) can easily be expressed as follows,

-1
VAm — (IL + E2A) <Ug(‘7Am + ZA,m,)

K

+ 3 (CaVI)Thm + M) ), ¥me M (13)
k=1

Note that matrix inverse in (13) is computationally efficient

since the matrix inside the inverse operation is diagonal unlike

its counterpart in [4]. Similarly, the update in (7d) is given as

follows,

VBm {’B,m + ZB m, Ym e M (14)

At this point, all the steps of ADMM algorithm are expressed
in closed-form. In the following part, we will arrange the
algorithm variables in order to reduce its computational com-
plexity.

First, let us consider the dual variable update in (7f). Here,
ZA m is a N x 1 complex vector. In fact, it is possible to carry
out the update through a low dimensional dual vector. Let us
define u,, £ Uz, ,, ¥m € M. Remember that z, ,, lies
in the column space of U 4 if it is initialized properly. Hence,
we can write z4 ,, = Uau,,, Ym € M. Using this and (12¢),
the update in (7f) becomes

Uy, Wy, + U W, — v, YmeM (15

Using the newly introduced dual variable, the update in (13)
can be expressed as follows,

-1
VAAm<—(IL+E?4) (UXVNVm—i-um
K
+3 =V, ka+>\km)> YmeM  (16)
k=1

Now, we can easily see that there is no need to compute v 4 .
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Furthermore, as we show in the following part, there is also no
need for the dual variable z3 ,,, in the iterations. Suppose z% ,,,
is the initial value of the dual variable zp ,,. Then, we obtain
vh m =vh mT z B in the first iteration by (14). After that,
zBm is updated by (7g) as zBm = zBerVBm —VBm =
2% m+VEm— (V.m+2% ,,) = 0. In the first iteration, zp
becomes 0 and it continues in this way. Hence, we can omit
this dual variable in the algorithm. Now, the simplified steps of
the ADMM algorithm are given below. Note that neither vg ,,
nor Vg, are kept in memory. Instead, wi, — U, U wJ, is
used in place of v in (17¢). The number of dual complex
variables in the counterpart algorithm in [4] is M(N + K)
whereas it is M (L+ K) in the proposed one as can be seen in
(17f-g). Furthermore, in case N > K, the number of complex
multiplications is approximately M (2N K +min(N?,2NK))
per ADMM iteration in [4]. Here, it is M(2NL +2KL + L)
which is usually smaller due to L < min(N, K). When
the number of antennas is relatively large compared to that
of users, L < N, and the proposed algorithm becomes
significantly efficient in computational complexity.

Algorithm 1: ADMM for the Problem (6)

Initialization: Initialize W), ~ CN'(0,Iy), v9 ,, = U{w) ,
A < 0,k € K, uf), < 0, Vm € M. Set the iteration

number j < 0 and the penalty parameter p.

Repeat

(e T 6L0)>0

ARSI r (17a)
I—ZZ if ¢7.(0) <0
a o if ¢7(0) >0

ARSI G :  vm' £mg,  (17b)
mhme i gl(0) <0

Vk e K

2 Ua(v)y,, —ul,) + Wi, — U UTwI, (17¢)

VP,

W)t mind —Y- "
) {H(znwu

1}(2”)3'“, Vn € N (17d)

-1 ) .
vfj,}L c(n+sy) (U ),
n Z (SaVH), (it + Agm)), Vm e M (17¢)
Aitf, M H T = (SaV)VATL
Vk €K, Yme M (170
Wi w + UHwI - Vixtiw YmeM (17g)

Set j < j+ 1.
Until convergence criterion is met.

IV. SIMULATION RESULTS

The number of antennas is set as N = 100 and power limit
for each antenna is P, = —10 dBW throughout the simula-
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tions. The channel vectors for all the users are assumed to be
independent and zero-mean unit variance complex Gaussian
vectors. The noise variance is o = 1, Vk. The target SNR for
each user is y; = 10 dB. Note that an initialization procedure
is employed by iterating ADMM steps for a feasibility problem
without considering the objective function in (6a). A similar
implementation is also done in [4]. The penalty parameter for
both the proposed method and the one in [4] is selected as
p = 0.2. In the figures, each point presents the results for the
average of randomly generated 100 channels and PM stands
for the proposed method. We compare PM with the benchmark
algorithm in [4].

In Fig. 1, the number of users per multicast group is kept
constant at /M = 10 and the number of multicast groups,
M, is varied. The left side of the y-axis represents transmit
power in dBW while the right side is for computational time
of the ADMM algorithms in seconds. As shown in Fig. 1, the
transmit power is nearly the same for both methods. However,
PM is significantly efficient in terms of computational time.
The gap between two methods increases dramatically with M
and PM reduces the complexity by 11 fold for M = 6.

In the second experiment, the number of multicast groups
is set as M = 5 and the number of users per multicast
group is changed from K/M = 8 to K/M = 13. Similarly,
the y axes represents the transmit power and computational
time, respectively in Fig. 2. Although the gap is small, PM
results less transmit power compared [4]. Again, PM provides
a significant amount of computational saving approaching 18
fold decrease when K/M = 13.

From both figures, it is observed that PM provides at least
the same performance in terms of transmit power while it
is computationally more efficient. In particular, the reduction
in computational time is striking when the problem size
increases.

9 T 50
4-PM (transmit power)
—-[4] (transmit power) > }45
8 l i = —
“®-PM (computational time) 7 S
s —-[4] (computational time) > / {a01m
m7 n
z 135w
E ¢ 130 E
2 -
g5 1255
= 20 Ig
s i
(2] 4 'E
E 115>
3 %
. 1103
—- o
2 T i R Ls
Ps o o °
1 - . . 0
2 3 4 5 6

NUMBER OF MULTICAST GROUPS (M)

Fig. 1. Transmit power and computational time versus number of multicast
groups, M for K/M = 10.

V. CONCLUSION

We propose a novel ADMM based algorithm for the multi-
group multicast beamforming problem with per-antenna power
constraints. This new ADMM form decomposes the vector
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9 T T 80
4-PM (transmit power)
—-[4] (transmit power) -7
8.5 --PM (computational time) - $70 g
— Ny . - i
= —-[4] (computational time) - K w
o /160 L
T8 w
& 150 2
275 J
g ox:
E 7 (]
= 130 %
g 5
< 120
E 20 =
]
64 110 ©

5.5

. . 0
9 10 1 12 13

NUMBER OF USERS PER MULTICAST GROUP (K/M)

Fig. 2. Transmit power and computational time versus number of users per
multicast group, K/M for M = 5.

variables into smaller size by exploiting the fact that only
a lower dimension subspace of design space is required for
SINR updates. Furthermore, it takes the advantage of subprob-
lems with each of them having optimum closed-form solution.
After presenting the steps of the ADMM algorithm, we make
some arrangements for the updates and variables to further
reduce the computational complexity. The proposed method
provides significantly less computational time especially when
the number of multicast groups and users increases.
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