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Abstract— Requirements of costly data labeling for data 
classification are relaxed with semi-supervised learning. This is 
particularly useful considering monitoring of a physiological 
process that continuously produces data and can be observed for 
a long time. We propose a new expectation-maximization (EM) 
procedure that implements semi-supervised learning and it is 
based on sequential independent component analysis modeling 
(SICAMM), that we have called EM-SICAMM. This procedure 
is applied for dynamic modeling of EEG signals measured from 
epileptic patients during visual and auditory neuropsychological 
tests. Those tests are done to evaluate the learning and memory 
cognitive function of the patients. Classification results 
demonstrate that EM-SICAMM outperforms, in terms of 
balanced error rate (BER) and kappa index, the following 
competitive methods: ICAMM, SICAMM, Gaussian mixture 
model (GMM), and hidden Markov model (HMM). 

Keywords— semi-supervised learning, dynamic modeling, ICA, 
EEG, neuropsychological tests 

I. INTRODUCTION 

The amount of knowledge about the labels for grouping 
data in significant populations mostly determines the success in 
pattern recognition for several applications. However, labeling 
could be costly due to several issues, e.g., human time and 
expertise requirements; economic conditions for deployment of 
specific experiments; or simply labeling is difficult or 
unapproachable due to constantly changing in the streaming 
source of the data. This problematic motivates the so-called 
semi-supervised learning approach, assuming that is relatively 
easy to obtain a large amount of unlabeled data [1, 2]. 

A field of application where capabilities of semi-supervised 
learning can be exploited is the monitoring of a physiological 
process that continuously produces data and can be observed 
for a long time. An application of particular interest is the 
dynamic modeling of brain waves using 
electroencephalographic (EEG) signals. This might be useful 
for several clinical diagnosis and research such as evaluation of 
cognitive functions [3]; sleep disorder diagnosis [4]; and brain 
connectivity analysis [5]. EEG signals are non-stationary and 
non-linear in nature, requiring advanced signal processing 
methods. 

In this paper, we propose an expectation-maximization 
(EM) procedure that implements semi-supervised learning and 
it is based on sequential independent component analysis 

modeling (SICAMM) [6-8]. We have called EM-SICAMM to 
this proposed method. Independent component analysis (ICA)-
based models have been shown to be suitable for biosignal 
analysis in EEG and electrocardiography, see [9, 10] and the 
references within. These methods will be explained in more 
detail in Section II. 

We approach the dynamic modeling of EEG signals 
measured from epileptic patients during visual and auditory 
neuropsychological tests. Those tests are done as a part of 
clinical procedures to evaluate the learning and memory 
cognitive function of the patients. The performance of EM-
SICAMM was compared using the balanced error rate (BER) 
and Cohen’s kappa coefficient with that of the following 
competitive methods: ICAMM, SICAMM, Gaussian mixture 
models (GMM), and hidden Markov models (HMM). The 
results demonstrate the proposed EM algorithm was much 
more capable of learning the underlying data generation model 
of the EEG signals than the other methods. 

II. SEQUENTIAL INDEPENDENT COMPONENT ANALYSIS 

MIXTURE MODEL (SICAMM) 

Sequential ICAMM is an extension of independent 
component analysis that considers time dependence in the data 
[6]. Essentially, SICAMM is a HMM whose hidden states 
correspond to classes of an ICAMM, and whose state 
emissions are modeled as a non-Gaussian mixture using ICA. 
Those models have been used in different applications [6-12]. 

Independent component analysis assumes that the set of 
observations    1 ... Nx x  can be expressed as linear 

combinations of a set of statistically independent sources, 
   1 ... Ns s , such that     , 1...n n n N  x A s . ICA 

methods obtain the sources and the mixing matrix, A , at the 
same time [13]. For convenience, we will assume that A  is 
square and invertible, with demixing matrix 1W A . Thus, 
given the independence of the sources, we can express the joint 
probability of the data as the product of the marginal 
distributions: 

         
1

det det
M

m
m

p n p n p s n


   x W s W  (1)
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where M  is the number of sources and  ms n  is the mth 

source at time n. In practice,  ms n is unknown and it is 

estimated instead from the data as    ˆ T
m ms n n w x , where 

T
mw  is the mth row of the demixing matrix.  

SICAMM considers that there are K  mutually-exclusive 
classes. Assuming that the data at time n belong to class k, 
  ,c n k  the data can be expressed as 

    ,k k kn n  x A s b where the k sub-index denotes the 

parameters of class 1...k K , and kb  is the bias term of class 
k [14]. Thus, the probability of the data conditional to class k is 

          ,
1

| det |
M

k k m
m

p n c n k p s n c n k


   x W (2)

where 1
k k

W A , and  ,k ms n  is the mth source of class k 

at time n. The sources  ,k ms n  are estimated from the data as 

    , ,ˆ T
k m k m ks n n w x b . Given the HMM and the 

emission probabilities in (2), the likelihood of the data can be 
expressed using classical methods for HMM such as the 
forward-backward method. Classification could be performed, 
for instance, using Viterbi decoding, which can obtain the 
optimal (in the sense of maximum likelihood) solution to the 
sequence of hidden states [15]. 

III. SEMI-SUPERVISED SICAMM 

The parameters of SICAMM comprise the ICA parameters 
for each class ( kW , kb ,   ,k mp s n , 1...k K ), the prior 

probabilities of each class (  P k , 1...k K ), and the 

transition probabilities between each pair of classes 
(     | 1lk p c n k c n l     , 1 l K  , 1 k K  ). In 

practice, these parameters are unknown and they have to be 
estimated from labeled training data. In many applications, 
however, data is labeled by hand and is therefore more 
expensive and harder to obtain than unlabeled data. One of the 
most popular statistical tools to deal with this kind of 
incomplete problems is expectation-maximization (EM, [16]). 
Compared to gradient methods, it has been shown that the 
likelihood of EM is guaranteed to increase after each iteration, 
and EM avoids the need to calculate the derivatives (and the 
Hessian) of the cost function. 

This work proposes an expectation-maximization semi-
supervised learning algorithm for SICAMM that is able to 
learn the parameters of the model using labeled and unlabeled 
data, which we denote by EM-SICAMM. In particular, EM-
SICAMM is based on the forward-backward method for 
learning HMM [17]. Furthermore, the method is able to 
classify unlabeled data simultaneously with the learning.  

Let us assume we have a set of N observations 
   1 ... Nx x , and each observation belongs to one of K 

mutually-exclusive classes. The label of the nth observation 
will be denoted by  c n . Given the semi-supervised learning 

problem, at least some of these labels are unknown during 
parameter estimation. Initially, EM-SICAMM proceeds as if 
no labels were known, and known labels are introduced at a 
later stage of the process. 

Each iteration of EM-SICAMM performs an expectation 
stage and a maximization stage. The expectation stage builds 
the cost function for the ith iteration,  



           

          

1

(1)... ( )

1

, log 1 ... , 1 ... |

1 ... , 1 ... |

i

c c N

i

Q p N c c N

p N c c N





    

 

 x x

x x
3

which is used during the maximization stage in order to 
update the values of the parameters,  i .  

As in the forward-backward method, the cost function is 
not built explicitly, but rather through two intermediate 
variables ([17]): the forward variable, 

        1 ... ,k n p n c n k  x x ; and the backward variable, 

        1 ... |k n p n N c n k   x x . These variables can be 

calculated iteratively 

         
1

| 1
K

k lk l
l

n p n c n k n  


    x  4.a

         
1

1 |
K

l lk k
k

n p n c n k n  


     x  (4.b)

where lk  are the transition probabilities from class l to 

class k;     |p n c n kx  is calculated using (2), with 

    , ,ˆ T
k m k m ks n n w x b ; and the probability density of the 

sources     , |k mp s n c n k  is calculated using a non-

parametric kernel density estimator with a Normal kernel. The 

initial values of (4) are          1 1 |k p c n k P k   x  and 

  1l N l   . Semi-supervision is introduced at this stage by 

setting     | 0 np n c n k k k   x , where nk  is the 

known label for the nth observation. The forward and 
backward variables are used to obtain two auxiliary variables: 

             

   
1

| 1 ... k k
k K

l l
l

n n
n p c n k N

n n

 


 



  


x x  (5.a)



          
        

        

,

1 1

1 ,..., , 1 ,

1 | 1 1

1 | 1 1
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lk l k
k l
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
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 

    
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
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x
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(5.b)
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The maximization stage updates the parameters of the 
model. Given the model and the EM method, most of the 
parameters can be estimated in a closed form using the values 
in (5). The class priors are estimated as    1kP k  , whereas 

the bias terms and transition probabilities are estimated as: 


 

 

1

,
1

1

1

N

l k
n

lk N

l
n

n

n

















 (6.a)


   

 
1

1

N

k
n

k N

k
n

n n

n















x
b  (6.b)

Due to the kernel density estimation of the sources, the bias 
terms in (6.b) do not affect the estimation of 

    , |k mp s n c n k . These terms affect the estimation of the 

demixing matrices and the average value of the extracted 
sources. The ICA parameters of each class are estimated using 
an embedded ICA method, in a fashion similar to that of 
MIXCA [6]. Briefly, the demixing matrix for each class k is 
calculated using a weighted version ICA method. A demixing 
matrix is obtained using all the data, with each observation 
being weighted by the corresponding  k n . In this work, we 

considered FastICA as an embedded ICA method [13], which 
is adapted to consider weighted estimators. Once the SICAMM 
parameters have been updated, the EM procedure is repeated 
from the forward-backward variables until the values converge. 

The EM-SICAMM algorithm is summarized in Table I. 
The initial values were selected using the labeled samples. The 
initial ICA demixing matrices were estimated using MIXCA 
and FastICA on the labeled samples [6]. The initial priors and 
transition probabilities were estimated by counting, and the 
initial bias terms were estimated using the sample. 

IV. RESULTS 

The performance of the semi-supervised SICAMM method 
was tested on a set of real EEG signals from six epileptic 
subjects performing two neuropsychological tests to evaluate 
the learning and memory cognitive function. The first test used 
visual stimuli and the second test used auditory stimuli. The 
visual neuropsychological test was the figural memory subtest 
of the Barcelona test (BT) [18]. During each trial of the BT, the 
subject is shown a probe figure for ten seconds. The figure is 
then removed and, after a short retention interval, the subject 
must recognize the probe among a set of four similar figures. 
The figures become more difficult to recognize with each trial. 
The auditory test was the short-term memory subtest of the 
TAVEC [19, 20]. During each trial of the TAVEC, the subject 
is read a “shopping list” of 16 items. After a retention interval, 
the subject must recall as many words from the list as they can. 
The test comprises five trials: the first three trials use the same 
list, the fourth trial contains a second list, and the fifth trials 
uses the initial list again. 

TABLE I.  EM ALGORITHM FOR LEARNING SICAMM. 

Input 
Input data    1 ... Nx x ; known labels  c n ,  1...n N , 

   1...c n K ; maximum number of iterations I  

 
Initialization 

Estimate priors  P k  and transition probabilities lk  by counting 

Estimate bias terms kb  by averaging labeled observations of class k 

Estimate demixing matrices kW  using labeled observations and an 

embedded ICA method 
 

For each iteration 1...i I  
Expectation step 

Calculate auxiliary variables,  k n  and  ,l k n , using (4.a) to (5.b) 

Maximization step 

Update the values of the priors as    1kP k   

Update the values of the transition probabilities using (6.a) 
Update the values of the bias terms using (6.b) 
Re-estimate the demixing matrices using weighted embedded ICA  

Repeat until the maximum number of iterations is reached or the 
parameters no longer change 

 

Eighteen bipolar electroencephalographic channels were 
acquired concurrently with the tests. Synchronization was 
maintained using a graphic user interface designed by the 
authors, and the data were captured by the Neurophysiology 
and Neurology Units at Hospital La Fe, Valencia. A picture of 
one of the tests is shown in Fig. 1. Data were captured at 500 
Hz and then filtered between 1.6 and 35. The stages of each 
test were sampled at the same rate. The stages correspond to 
two classes ( 2K  ): “display” and “response.” For analysis, 
the data were split into non overlapping epochs of one fourth of 
a second (roughly 125 samples). Seven features were extracted 
for each channel at each epoch: average amplitude, maximum 
amplitude, average power, centroid frequency, peak frequency, 
and the relative amount of power in the delta, alpha and sigma 
frequency bands. These features have been considered in 
previous works on EEG processing and automatic staging (e.g., 
[7, 21, 22]). The optimal feature for each subject was obtained 
using cross-validation and SICAMM. 

The performance of the proposed semi-supervised EM-
SICAMM was tested using a series of Monte Carlo 
experiments. For these experiments, we removed a certain 
amount of labels and the proposed method was used to the 
now-missing labels. The percentage of remaining labels is 
defined as the “supervision rate (SR).” The performance of 
EM-SICAMM was compared with that of ICAMM, SICAMM, 
GMM, and HMM. Semi-supervised methods were trained 
using the known labels and all the observations (including 
unlabeled ones). For these methods, classification was obtained 
as part of the training algorithm; for EM-SICAMM, by 
maximization of  k n . Supervised methods were trained 

using only labeled observations. For these methods, 
classification was obtained using the maximum a posteriori 
criterion (for ICAMM) or Viterbi decoding (for SICAMM). 
Classification performance was measured using the balanced 
error rate (BER) and Cohen’s kappa coefficient. SR ranged 
from 5 to 95% in steps of 5%, and the end results were 
obtained as the average of 100 iterations per value of the SR.  
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Fig. 1. Subject taking the Barcelona test while the EEG is being captured. 

Fig. 2 shows the average performance for all subjects of the 
considered methods for the automatic staging of the visual test. 
The overall performance of the semi-supervised SICAMM was 
better than that of the supervised SICAMM, owing to the 
exploitation of unlabeled data. Conversely, both versions of 
SICAMM yielded the best overall performance. The 
performance of the HMM increased with the amount of known 
data, but it was always worse than that of SICAMM. Also, 
dynamic methods improved faster than non-dynamic methods 
(ICAMM, GMM), owing to the exploitation of known values 
and their temporal dependences during classification.  

Fig. 3 shows the average performance of the considered 
methods for the automatic staging of the auditory test. Unlike 
what happened with the visual test (see Fig. 2), non-dynamic 
methods (GMM, ICAMM) did not improve in performance 
with rising supervision rate. Conversely, HMM and 
EM-SICAMM experienced a noticeable improvement in 
performance, and EM-SICAMM yielded the best performance. 
The differences with the results of the visual test owed to 
timing differences between tests. The auditory test takes 10 
times longer than the visual test to complete, which results in a 
larger number of available samples for the auditory test. 
Therefore, for the same supervision rate, the methods were 
trained using 10 times more data for the auditory test. The 
number of available samples for training at the 5% supervision 
rate for the auditory test was roughly equivalent to that 
available for the visual test at 50% supervision rate; at which 
point, as seen in Fig. 2, non-dynamic methods had already 
stabilized. The increase in time samples, however, did not 
translate into a larger amount of transitions between classes, 
since the number of trials is similar for both tests. Therefore, 
the estimation of the transition probabilities (necessary for 
dynamic methods) required a similar amount of supervision 
rate. This was also the reason EM-SICAMM reached such a 
low performance for very low amounts of supervision rate, 
since EM-SICAMM considered all observations (labeled and 
unlabeled) regardless of the supervision rate.  

Tables II to V show the average classification performance 
for each of the subjects in both visual and auditory tests. As 
shown in Figures 2 and 3, EM-SICAMM yielded the best 

average performance (lowest BER and highest kappa). In the 
small amount of cases where EM-SICAMM did not yield the 
best result, the best performing method was SICAMM. These 
results confirm that the proposed EM algorithm was much 
more capable of learning the underlying data generation model 
than supervised SICAMM and Gaussian-based methods. 

 

Fig. 2. Classification performance vs supervision rate for the visual test. 

 

Fig. 3. Classification performance vs. supervision rate for the auditive test. 

TABLE II.  AVERAGE BER FOR BT. 

Subject 1 2 3 4 5 6 

ICAMM 42.5% 48.9% 49.0% 39.4% 34.4% 42.8% 

SICAMM 20.2% 35.9% 43.5% 24.7% 28.2% 21.1% 

EM-SICAMM 11.0% 31.5% 14.0% 16.5% 31.7% 28.3% 

GMM 45.6% 48.9% 48.8% 39.8% 49.7% 43.6% 

HMM 31.5% 34.4% 39.8% 23.2% 47.4% 28.7% 

TABLE III.  AVERAGE COHEN’S KAPPA BT. 

Subject 1 2 3 4 5 6 

ICAMM 0.16 0.02 0.02 0.22 0.27 0.14 

SICAMM 0.59 0.31 0.14 0.51 0.35 0.58 

EM-SICAMM 0.70 0.38 0.74 0.67 0.27 0.44 

GMM 0.10 0.02 0.03 0.21 0.01 0.13 

HMM 0.41 0.33 0.23 0.55 0.07 0.45 
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TABLE IV.  AVERAGE BER FOR TAVEC. 

Subject 1 2 3 4 5 6 

ICAMM 45.9% 49.7% 47.8% 45.3% 48.9% 42.8% 

SICAMM 29.7% 36.0% 28.8% 31.3% 32.0% 30.3% 

EM-SICAMM 1.3% 2.2% 2.9% 2.6% 2.3% 1.8% 

GMM 47.6% 50.0% 48.3% 47.7% 49.0% 44.7% 

HMM 18.9% 25.2% 17.9% 22.4% 19.8% 15.5% 

TABLE V.  AVERAGE COHEN’S KAPPA FOR TAVEC. 

Subject 1 2 3 4 5 6 

ICAMM 0.08 0.01 0.05 0.08 0.02 0.13 

SICAMM 0.41 0.29 0.43 0.35 0.34 0.38 

EM-SICAMM 0.97 0.95 0.93 0.94 0.94 0.96 

GMM 0.06 0.00 0.04 0.05 0.02 0.12 

HMM 0.63 0.51 0.65 0.58 0.60 0.68 

V. CONCLUSION 

This paper has presented a semi-supervised expectation 
maximization (EM) method to learn sequential independent 
component analysis mixture models (SICAMM) that we have 
named EM-SICAMM. The classification performance of the 
method was tested on several sets of EEG data captured from 
epileptic patients performing two neuropsychological tasks. 
EM-SICAMM was compared with (supervised) ICAMM, 
SICAMM, GMM, and a HMM with Gaussian emissions. The 
proposed method yielded the best performance. The semi-
supervised method was able to exploit both labeled and 
unlabeled data, being able to equal or exceed the classification 
performance of SICAMM with a lower amount of labeled data. 
EM-SICAMM yields a structured representation of the data as 
well as classification. The parameters of this representation 
include the ICA mixing matrix and sources, which have been 
shown to be related with physiological processes underlying 
the EEG. Therefore, future works will explore the parameters 
learned by EM-SICAMM to analyze the level of cortical 
activation of the subjects and define brain functional regions 
during the different stages of the neuropsychological tests.  

Future works will also extend the proposed EM-SICAMM 
method to coupled hidden Markov models (rather than HMM). 
This extension could be used, for instance, to consider 
multimodal data, partition the brain into specific regions, or 
perform fusion [23, 24]. Furthermore, an online version of the 
method would classify the data during the test.  
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