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Abstract—In a single speech source noise reduction scenario,
the frequency domain correlation matrix of the speech signal is
often assumed to be a rank-1 matrix. In multichannel Wiener
filter (MWF) based noise reduction, this assumption may be used
to define an optimization criterion to estimate the positive definite
speech correlation matrix together with the noise correlation
matrix, from sample ‘speech+noise’ and ‘noise-only’ correlation
matrices. The estimated correlation matrices then define the
MWE. In generalized eigenvalue decomposition (GEVD) based
MWEF, this optimization criterion involves a prewhitening with
the sample ‘noise-only’ correlation matrix, which in particular
leads to a compact expression for the MWF. However, a more
accurate form would include a prewhitening with the estimated
noise correlation matrix instead of with the sample ‘noise-only’
correlation matrix. Unfortunately this leads to a more difficult
optimization problem, where the prewhitening indeed involves
one of the optimization variables. In this paper, it is demonstrated
that the modified optimization criterion, remarkably, leads to
only minor modifications in the estimated correlation matrices
and eventually the same MWF, which justifies the use of the
original optimization criterion as a simpler substitute.

Index Terms—Noise reduction, speech enhancement, Wiener
filter, multichannel Wiener filter (MWF), generalized eigenvalue
decomposition (GEVD).

I. INTRODUCTION

Multichannel noise reduction is an important speech pro-
cessing task in cell phones, hearing instruments and speech
recognition systems. To suppress the environmental noise
while minimizing speech distortion, a crucial operation is the
estimation of a valid frequency domain speech correlation
matrix and noise correlation matrix. The estimated correlation
matrices then define the multichannel Wiener filter (MWF).

The speech and noise correlation matrices are assumed to
agree with the considered scenario, i.e. in a scenario with S
speech sources, the speech correlation matrix is assumed to be
a positive definite rank .S matrix. In this paper, we consider a
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single speech source scenario (S = 1). In multichannel Wiener
filter (MWF) based noise reduction, this assumption may then
be used to define an optimization criterion to estimate the rank-
1 speech correlation matrix together with the noise correlation
matrix, from sample ‘speech+noise’ and ‘noise-only’ corre-
lation matrices [1]. In generalized eigenvalue decomposition
(GEVD) based MWF, this optimization criterion involves a
prewhitening with the sample ‘noise-only’ correlation ma-
trix, which in particular leads to a compact expression for
the MWE. However, a more accurate form would include
a prewhitening with the estimated noise correlation matrix
instead of with the sample ‘noise-only’ correlation matrix.
Unfortunately this leads to a more difficult optimization
problem, where the prewhitening indeed involves one of the
optimization variables.

In this paper, it is demonstrated that the modified opti-
mization criterion leads to only minor modifications in the
estimated correlation matrices and eventually the same MWE,
which justifies the use of the original optimization criterion as
a simpler substitute. The conclusions from the experiments
in [1] are by consequence also valid when the modified
optimization criterion is adopted.

The remainder of this paper is organized as follows. In
Section II the MWF is reviewed and the need for a proper
estimation of the rank-1 speech and noise correlation matrix
is discussed. Also some common optimization criteria to
estimate the speech correlation matrix together with the noise
correlation matrices, from sample ‘speech+noise’ and ‘noise-
only’ correlation matrices, are presented. In Section III the
modified optimization criterion is presented together with a
derivation of its optimal solution.

II. PROBLEM STATEMENT

A. MWF Based Noise Reduction

Let N denote the number of observed microphone signals.
Frequency domain processing is considered where the N
complex microphone signals of a frequency bin (bin index
omitted for brevity) are stacked in a vector x, and consist
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of a single speech source component x, and additive noise
component &,,:

xr=x;+ x,. (1)

If the speech and noise signals are assumed to be uncorre-
lated then the correlation matrices

R,, = E{zz"} 2)
R, = E{z.z} 3)
R, = E{z.x} 4)
can be related by
Ry, =R, +Rn, (5)

where E{.} is the expected value operator. Here R, is a
rank-1 matrix for a single speech source scenario.

The MWF is a linear filter estimating a specific desired
signal based on the observed signals . The desired signal can
be arbitrarily chosen to be the (unknown) speech component of
the first microphone signal el z,, where e; denotes the first
unity vector. The MWF minimizes the Mean Squared Error
(MSE) criterion:

Juwr(w) = B{jlwx — el x,|?}. (6)

where 7 denotes the Hermitian transpose.
The optimal solution is given by

wywr = (Rs,, + Rn, )" 'Ry, €1. (N

The correlation matrices R,, and R, are first estimated
by (recursive) time-averaging during ‘noise+speech’ periods
and ‘noise only’ periods respectively, where the distinction
is based on a speech activity detection, assuming that the
noise and speech are (spatially) stationary. This results in the
sample ‘speech+noise’ matrix I, and the sample ‘noise-only’
correlation matrix R,. Rs, may then be estimated (based
on (5)) as the difference between the sample ‘speech+noise’
correlation matrix R, and the sample ‘noise-only’ correlation
matrix R, i.e.

Ry =R, — R,. ®)

However R has mostly a rank larger than one, especially
in low SNR scenarios, such that better correlation matrix
estimation methods are necessary. In [1], the estimation of
a positive definite rank-1 speech correlation matrix R, —and
a corresponding noise correlation matrix R,, is presented
based on two different optimization criteria depending on the
sample ‘speech+noise’ correlation matrix R, and the sample
‘noise-only’ correlation matrices R,,. These are explained in
the next sections.
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B. EVD Based Speech and Noise Correlation Matrix Estima-
tion

A first optimization criterion defined in [1] is used to
estimate the correlation matrices as

min

2
Rs,. = rank-1 @ H Ry — (R"ﬁ + Rsrl) ”F

T

+(1—a) | Ry — Rn,, |7 ©)

where o is a constant (0 < a < 1) assigning a weight to
the different approximations and || . ||z denotes the Frobenius
norm. The solution to this problem is based on the symmetric
eigenvalue decomposition [2] of R, — R, = KDK H with the
eigenvalues sorted from high to low in D and is given by

(10)
(1)

C. GEVD Based Speech and Noise Correlation Matrix Esti-
mation

R, =K -diag{D1,0,...,0} - K"
R, =a(Ry— R, )+ (1—a)R,.

In the optimization criterion in (9), an unweighted Frobenius
norm with absolute (squared) approximation errors is used.
As suggested in [1], it can be more appropriate to consider
relative approximation errors depending on the noise. To this
end a noise prewhitening operation is included depending on
the GEVD of the matrix pencil {R,, R,,} [3], [4]:

Rw = QZIQH

= R,R,' =Q%,%,'Q ' =QxQ! (12)

where () is an invertible matrix, the columns of which are
unique up to a scalar and define the generalized eigenvec-
tors. X, >, and X are real-valued diagonal matrices where
Y, = diag{oy,, .., 0z}, Zn = diag{on,,..,0ny}, and ¥ =
diag{ ZZ v Z:Z } define the generalized eigenvalues sorted
from high to low.

From the GEVD of the matrix pencil {R,, R}, the
prewhitening matrix is defined as V,, = Zfbl/ QQ_l such that
R, = (VEV,)"! and V,,R,V,H =T and (9) is reformulated
as:

min

H 12
R, = rank-1 @ H Vi (RI - (R"7'1 + Rsn )> Va ”F

R

npy 2t sy

+(1=a) || Va (Rn = Rn, )V, 17 (13)

The solution to this problem is based on the GEVD and is
given by

R, = Q-diag{o,, —0y,,0,...,0} - o (14)
Ry, =Q-diag{on,, a0, + (1 — a)on,, ...
vy QO +(1_04)UnN}'QH- (15)
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As it was stated in [1], the GEVD effectively selects the
mode with the highest SNR and it allows a more reliable
estimation of the rank-1 speech correlation matrix. In the
considered MWF context, the GEVD based estimation out-
performs (in terms of SNR improvement achieved by the
MWEF) other correlation matrix estimation methods, like the
first column decomposition or EVD based estimation, at the
cost of a more sophisticated matrix decomposition. Also note
that unlike the EVD-based MWE, the GEVD-based MWF
is completely immune to scaling and linear combining of
the input signals [5], i.e. the output signal and output SNR
is independent of such scaling and combining, which is a
desirable property.

III. MoODIFIED GEVD BASED SPEECH AND NOISE
CORRELATION MATRIX ESTIMATION

In stead of using the sample ‘noise-only’ correlation matrix
R,, for the prewhitening as in (13), it may be more accurate
to use the estimated noise correlation matrix, i.e. reformulate
(13) as

min
_ Hy,\—1
Ru, = (V7V)
RST1 = rank-1

(€7 || Vv (Ra: —( + Rsm)) vH ||%7

77/7«1

+(1=a) | V(R = Rn, )V |7 (16)

where the matrix V' defines the prewhitening but is now part
of the optimization problem and connected with the noise
correlation matrix R, by the constraint

Rn, = RZRIZ =v=lv=" = (vHv)=t. a7)

Unfortunately the technique used to solve (13) in [1] can
not be used to solve (16). However, as the next theorem
states, the GEVD again forms the solution to this modified
criterion.

Theorem: The matrix R, —and positive definite rank-1
matrix R, that form the only stationary point of the modified
optimization problem (16) are given by

Proof: The modified optimization criterion in (16) can be
simplified using (17) leading to

J(V,R,, )=a||VR,V" =TI - VR, V"%

+(1—a) | VR, VE —T|3%. (22)

Replacing the (unknown) Hermitian matrix V R,V by its
EVD defining a unitary matrix P and real diagonal matrix A
gives

VR, VH = pAPH (23)

and

VR, V? —T=PA-1)PH. (24)

Then it is known from low rank matrix approximation
theory that the optimal positive definite rank-1 matrix R,
is given by

VRS7.1 VH = Amaazumawugam

(25)

with \pep = max({A;; — 1}i=1..~,0), to make Rs,, pos-
itive definite. AlsO U;pq, 1S @ column of P and unitary
(uf e = 1). Here it is assumed that the largest eigen-
value A4, 1S unique 1 so that U,y 1S uniquely determined
(up to a sign ambiguity). Hence the first part in the r.h.s of

(22) can be rewritten as

| VR VY —T - VR, V" |2=|| VR V" —I |3 =X},

(26)

Assume from now on that \,,,, > 0 and denote the
corresponding largest eigenvalue of VR, VH with A,,,,. The
case where A\, = 0 will be discussed at the end of the proof.

The optimization criterion (22) is currently given by

JV)=a | VRV =T |3 —admac(V)?
+(1—a) || VR, VHE - T |%
= atr(VR,VAVR,VH —2VR, VT + 1)
+(1 - a)tr(VR,VEVR,VH —2VR, VH 4 I)

27)

2
R, =Q-diag{os, — 04,,0,..,0} - Q¥ (18) ~0Amaa(V) (28)
. a2 + (1 —a)o? where tr() denotes the trace operation. To find possible
R, =@Q- diag{o,, Py . T (1-a)e R stationary points of this non-constrained optimization problem
T2 No . . P . . .
9 9 (only constraint is that V' is invertible), the following differ-
agyy + (1 - a)oy, 1M (19) ential are defined:
Ty, +(1—a)on,
if 0, —op, > 0, else given by dfy (V) = dir (VRVH)
=tr (d(VRVH))
R.. =0 (20) = tr (dVRVH + VRAVH)
Rn,, = Q(a¥; + (1 - )Sn) ™' (27 + (1 - a)X7)Q"21) = tr (RVTAV + dvVR) (29)
where Q7 Zm 293 are defined in (1 2)‘ IThe case where Apmqz has a multiplicity larger than one is not considered
here for the sake of a compact exposition.
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dfs(V) = dtr (VRVHVRHVH)
=tr (d(VRVHVRHVH))
= tr (dVRVYVRYVH) +tr (VRAVHVRIVH)
+tr (VRVAAVRPVH) + tr (VRVIVRTav ™)
=tr (RVAVRIVY 4 RIVAVRVT)dV
+dVH(VRYVHV R+ VRVYVRY)) (30)

de(V) = d)‘znar(v)

- 2Amaxd/\’max(v)
= 2 maetl L A(VRVE — Dtas

max

= 2\ naz (U 10 dV RV T 00

max

+ull VR AV u,,)

max

= 2 \naztr (RIVHumamuH

max

+dV T upg ull  VR,)

av
€2y

max

where the linear and cyclic properties of the trace operation
are used in (29) - (31) and the derivative of an eigenvalue with
multiplicity of one as discussed in [6] is used in (31).

Now using a result from [7] that if the differential df (V)
can be written as

df (V) = tr(ATdV + dvH Ay)

where Ay and A; may depend on V and 7 denotes the
transpose operation, then the partial derivatives of f(V') with
respect to the complex-valued matrix V' and to the complex
conjugate of V' (denoted with V'*) is given by

(32)

% = Ay (33)
af(v) _
S = A (34)

Combining (29), (30) and (31) with (34), an equation for
stationary points of J(V) is obtained as

)
—J=2aVR,VIVR, — 20V R,

v+
+2(1 - a)VR,VHVR, —2(1 — a)VR,
_2a)\mazumaxuzamVRm
=0.

(35)

Dividing both sides by 2 and multiplying with Vw4,
gives

0=aVRVIVR, Vou,u — VRV T tpas
+(1 - a)VR,VAVR, Vw0,
—(1-a) VR, Vou,,,
— A mazsWmaz ufm VR, VHumM
= aAfmxumam — aMmazUmas
+(1 = a) VR, VAVR, VT — VR, VT )t,,0s
DAz Umaz-

—Oé(AmaJ; - (36)
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This simplifies to

(VR VAVR, VT — VR, V), = 0. (37)

Hence w,q. is an eigenvector of VR,VHVR,VH —
VR,V =VR,VEWVR,VHI-I)= (VR,VE-I)VR,VH
with eigenvalue zero, so also an eigenvector of V R,V with
eigenvalue one or zero. Since R,, and V are assumed to be
invertible, VR,V must be nonsingular and hence ;,qy
must be an eigenvector of VR,V with eigenvalue one. If
Umqe 18 an eigenvector of VR, VH and of VR,V it is
also an eigenvector with eigenvalue A4, of

(VR ,VIYVR, V)" = VR, RV~ L (38)

By substituting the GEVD (12) of {R,, R, } in (38), the
eigenvalue decomposition of (38) is obtained as

VR R,'V1=vVE,n Hv! (39)
with V = VQ. i
Hence w,,q, is the normalized version the column of V
corresponding to the eigenvalue A,,,.. Assume that Zﬂ =
ny
Anaz. Then u,,,, can be written as
1 1 -
Umaw = = = — = Ver. (40)
Vel o

Plugging (40) and (12) into the stationary point equation
(35), results in

0=aVS, VEVY, Q" — aVs, Q¥
+(1 - )V, VEIVE, Q" — (1 - )V, Q

)\mam 7 7 7
—a= Ve e VIV, QM

Oy,

(41)

Since Q and V are invertible, right-multiplying with V-1
and left-multiplying with Q—# gives

)\max
H
5 €1€] Yvde
v1

0=0aSv3: +(1—-a)Z,XvE, —«

—a¥, — (1-a)X,

where Yy = VAV and 0,, = (Zy)11.

It can be verified that in general ¥y has to be diagonal
By = diag{oy,,..,0uy}) to solve (42). Using the fact that
Amaz = Az —1 = Z% — 1, finally Yy, is obtained as given
in (43) at the top of the next page.

The optimal solution is thus shown to be

(42)

V=x/Q"! (44)
R, =WVTV)"' = Q%Y (45)

_ -1 H —H
R =V Umax/\maxumaxv

Spq

1 . B
Tszl/Qzlv/Qel(% — el 2y, 2QH

v1 ni

Q - diag{o,, — 0s,,0,...,0} - QHF

(46)
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Yy = diag{ozai,1 +(1- a)ail,aagz +(1- a)aiz, - OzO‘iN +(1-— a)aZN}_l
aoy, + (1 —a)op, 0 0 OAmaz0z, 0 - 0
0 aoe, + (1 — a)om, 0 0 0 - 0
( : : : o : oo )
0 0 0oy + (1 —a)on, 0 0o -~ 0
. 4 Qog, + (1 —a)o, aogy + (1 —a)oy,

=d ! 2 20 N N 43
1ag{0m ) 00_22 + (1 — 04)0'7212’ 9 ao_gN + (1 — O()O'%N } ( )

It remains to show that A, is equal to the largest general-
ized eigenvalue ratio 2L, This can be seen from the fact that

Unl

Asnaz is the largest positive eigenvalue of VR,V = PAPH.
Indeed the eigenvalues of VR,V can be determined using
(12) and (44):

L ot (l—a)ze
A = diag{ =+, {—"5 “tiz2.N} (47)
n a4+ (-«
It suffices that Z“’l (>1)> max({g'” }i=2..n) since then
ny n;

Oy e Ouy  Ou, )
—1)— 1-— - 2)>0 Vv 48
a(% )on + ( )(% %) >0 Vi (48
or equivalently
o2 o
o agzt+(1—a) =
2> LV, (49)
Tny azst+ (1 —a)

From this it is seen that
VR, VH,

The previous derivation up to (43) is also valid for the trivial
case where \,,,, = 0. For this case the solution is obtained
as

is the largest eigenvalue of

O'Il
O'nl

R,, =0 (50)

Srq
Rn,. = -di )
"1 @ ]ag{aoml +(1—a)on, aoe, + (1 —a)o,,
act +(1—a)o? Lot
Vo, + (1 —a)o,,
=Q(aX, + (1 —a)%,) 1 aX2 + (1 - a)X2)QM.(51)

ac? + (1 - a)o?

" 0409262 +(1—a)o?

n2

g oo

where the optimal R, is simply a non-linear interpolation
depending on « between R, and R,. (]

Remark: An extension of the proof to a scenario with S
speech sources is possible in a similar way where the optimal
rank-S speech correlation matrix R, _ is then given by:

R, = Q-diag{oy, —0n,, .o 005 — 0ng, 0,...,0} - Q52)
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where 0, — 0py, ..., 025 — Ong are the S largest generalized
eigenvalue differences.

While the optimal R, in (18) is the same as in (14),
the Ry, in (19) is different from (15). The resulting -
dependent interpolation between the generalized eigenvalues
is more involved in (19) than the simpler linear interpolation
in (15). However the resulting MWF (7) is straightforwardly
shown to be the same in both cases and is given by

. Oyxy — On
WMWF = QiH ! dlag{%707 ey 0} : QHel- (53)

Z1

This justifies the use of the original optimization criterion
(13) as a simpler substitute. Formula (53) demonstrates also
that the GEVD based wysw r is independent of the value of
« in the optimization criterion, which is a desirable property.
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