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Abstract—Massive multiple input multiple output (MIMO) is
considered as one of the promising technology to significantly
improve the spectral efficiency of fifth generation (5G) networks.
In this paper, we analyze the performance of uplink massive
MIMO systems over a Rician fading channel and imperfect
channel state information (CSI) at a base station (BS). Major
Rician fading channel parameters including path-loss, shadowing
and multipath fading are considered. Minimum mean square
error (MMSE) based channel estimation is done at the BS.
Assuming a zero-forcing (ZF) detector, a closed-form expression
for the uplink achievable rate is derived and expressed as a
function of system and propagation parameters. The impact
of the system and propagation parameters on the achievable
rate are investigated. Numerical results show that, when the
Rician K-factor grows, the uplink achievable sum rate improves.
Specifically, when both the number of BS antenna and the Rician
K-factor become very large, channel estimation becomes more
robust and the interference can be average out and thus, uplink
sum rate improves significantly.

Index Terms—Massive MIMO, Spectral Efficiency, Zero Forc-
ing Detector.

I. INTRODUCTION

Emergence of various mobile broadband services is causing
a substantial increase in mobile data traffic [1]. In order
to support this mobile data traffic, making the best use of
unutilized spectrum and increasing spectral efficiency of the
transmission systems are among the major recommendations
of 5G mobile networks [1], [2]. 5G has to rely on technologies
that can offer major increase in spectral efficiency [3]-[5].
By adopting very large number of antennas at the BS, which
is called massive MIMO, 5G can significantly improve the
spectral efficiency [2]. In addition, massive MIMO simplifies
the transmission processing, improves the energy efficiency,
and reduces the transmission power of each user [6], [7], [12].
Thus, it is expected to be an enabler for the deployment of
future 5G mobile networks [1], [2].
Various studies have been conducted to analyze the spectral
efficiency of massive MIMO systems [4]-[7], [9]. The studies
show that when the number of antennas at the BS increases,
massive MIMO systems can achieve large improvements
in terms of spectral efficiency and link reliability [6], [7].
However, most of the previous research works on massive
MIMO assume an independent and identically distributed
(i.i.d) Rayleigh fading channel model, which does not take
into account the line-of-sight (LOS) link that may be dominant
in many realistic scenarios. While this assumption helped
to simplify mathematical manipulations, it cannot capture
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the fading characteristics when there is LOS between the
transmitter and receiver [13]. The previous works also assume
the availability of perfect CSI at the BS. But, in real situations,
the true channel matrix is unknown and should be estimated
at the BS [7]. Furthermore, most works do not account for
important propagation parameters such as path loss, shadowing
and multipath fading. Thus, to understand all impacts of
the wireless channel, more general fading models should be
considered.

Thus, in this work, we evaluate the performance of massive
MIMO systems over a Rician fading channel model. In this
model, the multipath fading channel matrix consists of a
deterministic LOS component and a random non-line-of-sight
(NLOS) component [9], [13]. This model can represent the
real propagation environment [15] and represent well several
real scenarios such as indoor, vehicle-to-vehicle and millimeter
wave (mmWave) communications [8], [14]. We consider a
single-cell uplink massive MIMO and a zero forcing (ZF)
detector. Further, we assume availability of imperfect CSI at
the BS and thus, MMSE based channel estimation is done to
determine the true channel matrix.

In this paper, we derive the estimate of the Rician fading
channel and variance of the estimation error; formulate closed-
form expression for the uplink achievable rate of massive
MIMO with ZF detector in terms of system and propaga-
tion parameters. Further, the impacts of these parameters
are analyzed and numerical simulations are done to validate
theoretical analysis.

The rest of the paper is organized as follows. In Section II, the
system and channel models for a single cell uplink massive
MIMO are presented. In Section III, a closed-form expression
of the achievable rate of the ZF detector with imperfect CSI
is formulated. Numerical results are discussed in Section IV
and conclusions are drawn in Section V.

II. THE SYSTEM AND CHANNEL MODEL

We consider a single cell uplink massive MIMO system
model shown in Figure 1 where the BS is equipped with M
antennas to serve N single-antenna users in the same time-
frequency resource. If | /p,, X denotes the complex valued N x1
simultaneously transmitted signal vector by the IV users, then
the M x 1 received signal vector y at the BS is [7]

y=+vp,Gx+n (D
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Fig. 1. Single-cell uplink massive MIMO system model.

where G represents an M x N Rician fading channel matrix
between the BS and the NN users with g,,,,, = [G],n,, being the
channel coefficient between the m*” antenna of the BS and the
n*” user, p,, is the average transmitted power of each user and
n is additive white Gaussian noise vector with zero mean and
unit variance. From the received signal vector y together with
knowledge of CSI, the BS detects the signals transmitted from
N users [7]. To facilitate our analysis, we first define uplink
Rician channel model.

A. Uplink Rician Fading Channel Model

In MIMO wireless systems, the physical channel between
the user and the BS antennas is subjected to pathloss, shadow-
ing and multipath fading effects. Considering all the propaga-
tion effects, the Rician fading massive MIMO channel model
is formulated as [4]

G = HD? )

where an N X N matrix D = diag{/51, 82, -+ , O} represents
the large scale propagation matrix that includes pathloss and
shadowing effects with elements 3, = d, ¢, d, is the
Euclidean distance between the BS antenna and the nt”* user,
v is the pathloss exponent, and v, represents a log-normal
shadowing with 10log,, ¢, ~ N(0,02) where o, is the
standard deviation of the shadow fading model [4].

The matrix H € CM*N represents the multipath fading effect.
It can be modeled with the Rayleigh or Rician distribution
[8].This is to use Rician fading channel model in our work. In
this model, the matrix H consists of two parts; a deterministic
component that represent the LOS signals and a Rayleigh-
distributed random component which accounts for the NLOS
signals. In this case, H is formulated as [8]

Q 1
Q+1Iy ) Q4+ Iy )
where H is an M x N matrix that represents the deterministic
component in which [H],,, = e~3(m=D%" sin(0n) when v is
the antenna spacing and A is the wave length, 6,, is the arrival
angle of the n'" user signal, 2 is an N x N diagonal matrix
with [Q)],,, = K, K, is the Rician factor of each user which
shows the ratio of the power of the deterministic component to

N
N

H — H(

+H,( 3)
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the power of the scattered components [8] and H,. denotes the
random NLOS component, the entries of which are assumed
to be i.i.d Gaussian random variables with zero-mean and unit
variance. Finally, based on (3), Equation (2) is modified as

1 1

74+ G (——
Q+IN) + (Q+IN)

where G denotes the LOS component of G (G = HD?) and
GT represents the random component of G (G, = HTD%).
In this work, we assume H, is unknown at the BS and pilot
based channel estimation is done in Section II-B.

N

G = G( @)

B. Uplink Channel Estimation

In real situations, the true channel matrix G is unknown and
estimated at the BS. To simplify the analysis, we assume that
both the LOS component and the Rician K -factor matrix 2
are perfectly known at both the BS and user. Thus, estimation
is done only for the Rayleigh-distributed random component.
In this assumption, the estimate of G can be expressed as [8]

Q
Q4+ 1y

A 1
GT(Q—FIN

[N
(NI

G =G(

)

) 5)
where G, represents the estimate of the random component
of G (G, = H,D2?). It is stated in [7] that the channel can
be estimated using uplink pilots. Let T" be the length (time-
bandwidth product) of the coherence interval and let 7(7 <
T) be the number of symbols used for uplink training. In
the training stage, all users simultaneously transmit the pilot
sequences of 7-symbols. The pilot sequences of the N users
can be represented by a 7 X N matrix ,/p,® and we assume
ZMZ =1y where Z 2 ®[(Q +1Iy)"']2, and p, = 7p, is the
transmit pilot power. Then, the M x 7 received pilot matrix
at the BS is given by [8]

Y, = /p,G®" + N (6)

where N is an M x 7 matrix with i.i.d CA/(0,1) elements.
Removing the LOS component from G in (4), which is
assumed to be known a-priori, and substituting the remaining
terms into (6), the received pilot matrix becomes

Q1
Yo,r = \/szGT-(Q+IN)2<PT+N (7)

which can be simplified further as
Yy, = VG ZT + N (8)

Channel estimation is done to estimate G, from Y, ,. For
this, we derive the MMSE based channel estimation [16] and
summarize the result in Theorem 2.1.

Theorem 2.1: Given a 7 X N transmitted pilot matrix /p,®
which satisfies Z'Z = Iy where Z 2 ®[(Q + Iy) 1]z
and p, = 7p, is the transmit pilot power, the MMSE
based estimate of the random component of the Rician fading

channel, GT, obtained from the received pilot matrix Y, , is
. 1 - 1 -
G.=—Y,,Z'D = (G, + —W)D 9)
v Pp b \/Pp
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where D £ ((LD7! 4+ 1Iy) ™" and W £ N'Z*. With ZZ =
Iy, the entries of W are i.i.d CN(0,1). The proof is shown
in Appendix I.

III. ACHIEVABLE RATE OF THE ZF DETECTOR WITH
IMPERFECT CSI

In this Section, we derive an expression of the uplink achiev-
able rate of massive MIMO with a ZF detector and imperfect
CSI assumption at the BS. For this, we first formulate the
general expression of the uplink achievable rate with linear
detection as follows. Let £ £ G—G denotes the error incurred
due to channel estimation and let an M x N matrix A be the
model for the linear detector which depends on G and £ , then
the BS processes the received symbol vector by multiplying

it with A" Thus, we get [7]

F=A'y= /A (Gx—Ex)+An. (10)

where y is the received signal vector given in 1. Based on (10),
the received signal for the nth user is given by (11) where a,
is the n'" column of A, and g; and &; are the i*" columns of
Gand &, respectively. The last three terms in (11) correspond
to intra-cell interference, channel estimation error and noise
respectively. Owing to the properties of MMSE estimation
[16], the channel estimation error is uncorrelated with both
the channel estimate and the received pilot signal. In this case,
the variance of the elements of the channel estimation error,

51' is [8]
E{|[E)mi — B{[E]mi}|*} = 0+p gf)i(m +1)

where m = 1,2,--- ,M and ¢ = 1,2,--- , N. The BS treats
the channel estimate as the true channel and the part including
the last three terms of (11) is considered as interference and
noise [4]. Thus, the uplink achievable rate of the nt" user with
linear detector is given by (13). And the uplink achievable sum
rate per cell is given by [4]

N
RS _ T—71 ZRH.
n=1

(12)

T (14)

From the general formulation in (13), we derive the uplink
achievable rate of the ZF detector as follows. For a ZF detector
with imperfect CSI at the BS, the detection matrix is given by
A= C(CHG)‘l. For M > N, A6 = Iy and thus, afgi =1
if n = 4 and zero otherwise [4]. Based on this assumption, and
by using (12) and (13), the achievable rate of the ZF detector
is given by

RZF = E{ log, (1+ TN
iy T T OIG 6) '
(15)
From (15), we can see that when the Rician K-factor becomes
large, the summation term decreases and thus, the uplink
achievable rate increases. But, (15) incorporates a non-central
Wishart distribution which is cumbersome to evaluate. Thus,
by calculating the approximate moments of the non-central
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Wishart distribution, we drive a closed-form expression for the
achievable rate in (15). To this end, a closed-form expression
for the achievable rate is formulated as a function of system
and propagation parameters.

A. Closed-form Expression of the Achievable Rate of a ZF
Detector

Theorem 3.1 formulates a closed-form expression of the
uplink achievable rate of the n'* user with a ZF detector in
(15). It is formulated as a function of BS antenna, number of
users, large scale fading parameter and the Rician K-factor.

Theorem 3.1: The achievable rate of the n** user with a ZF
detector and imperfect CSI at the BS can be approximated by

N ufBi o —
(55w ptrry + DE

R = log, (1 +

where

p %[Q(Q +Ly) ' FHHQQ + Iy) ]
n
Kot 1)

a7

3 = diag{ forn=1,2,---,N.

Proof: Starting from (15), noting the convexity of log(1+ 1),
and applying Jensen’s inequality [4], we get

Pufn
R% = log, <1+ - e —— )
Yim1 gy + DE{H H) = o}
(18)
where H is the multipath fading part of the estimated channel
matrix in (5) and is given by

- 1

H = H[QQ + Iy) Y% + (H, + mw)ﬁ[(ﬁ +1In) 712,

19)

When H follows a normal distribution with non-zero mean,
w4 ﬂHﬂ follows a non-central Wishart distribution denoted
by W ~ Wy (M, P, %), where P is the mean matrix of H and
Y is the covariance matrix of the row vectors of H [9] with
values P = H[Q(Q + Iy) ]2 and & = (Q + Iy) "1y, with
M = 7 i’l’)p’ﬁ‘n. It is quite complicated and cumbersome to ana-
lyze this non-central Wishart distribution directly. In this case,
to simplify the analysis, the non-central Wishart distribution
has been approximated by a central Wishart distribution as [9]

W~ Wy (M, 3) (20)

where ¥ = ¥ + LP”P. Now, let r,, = o With the
above approximation, r,, is a Chi-square random variable [9].
Based on this fact, we proved in Appendix II that the first
moment of the inverse Wishart distribution is expressed as

2"
M-N
Finally, substituting (21) into (18), we get (16).
We performed numerical simulations to compare (16) with
(15) and to analyze the effects of the system and propagation
parameters. As it is shown in (16), the achievable rate increases

E{[(ﬂﬂﬂ)_l]nn} = 2D
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N N
fn, = puﬁggnxn + \/pu Z ﬁgg,ﬂ% - \/pu Zﬁfgzxz + ﬁfﬂ

i=1,i#n

Y

i=1

~H~
p,la,8, >

~HA

R, = ]E{ log, (1 +

SR )
Pu2oimt,izn @08 + 2050 ||an||2m + [lan|f?

puﬁi (13)

when the number of BS antennas grows large. Besides, when
the Rician K-factor becomes large, the interference term
vanishes and thus the achievable rate increases.

B. Achievable Rate at a Large Rician K-factor

At a large Rician K-factor, that is when K,, — oo, the
summation term in (16) and 3 in (17) goes to zero. Thus, the
achievable rate in (17) converges to
R = log, (1+]M) = log, (H_M)
1. [(yHH)7],

(22
The achievable rate in (22) is the same as the achievable
rate with a perfect CSI in [12]. This shows that when the
Rician K-factor grows without bound, the approximation of
the achievable rate converges to the same value regardless of
the CSI quality [12]. Further, when M grows large, ﬁﬁHI:I
becomes asymptotically an identity matrix [12], [14]. In this
case, Equation (22) converges to

R%LF = log, (1 + pufn(M — N))

This shows that when both the Rician K-factor and the BS
antenna become very large, the effects of small scale fading is
completely averaged out and intra-cell interference disappears
completely [8]. Thus, the uplink achievable rate will only
depend on the number of BS antenna and large scale fading
parameters.

(23)

IV. NUMERICAL RESULTS AND ANALYSIS

We consider a single cell uplink massive MIMO system with
cell radius of r. = 1000 meters. The N users are distributed
uniformly over the cell except for an exclusion zone around
the BS (r, < 100 meter). The exclusion zone is assumed to
ensure that uplink and downlink communication happens in
the far field of the transmitting antenna and plane waves can be
assumed at the receiver [4]. The large scale fading is modeled
as B, = zn(7)~" where z, is the log-normal shadow fading
random variable with standard deviation o = 8dB, v = 3.8 1s
the path loss exponent, and r,, € [r¢, ] denotes the distance
between the n'" user and the BS [4]. To simplify the analysis,
we assume that all users have similar Rician K-factors. The
parameters of modulated data streams are chosen according to
the LTE standard [4] with a symbol interval Ty = 71.4us, a
useful symbol duration 7T,, = 66.7us, a channel coherence

time 7., = 1ms and thus a symbol time of the channel
T = %T{“T = 196 symbols and 7 = .

We first analyze the impacts of the LOS component on the
achievable rate. Figure 2 shows the uplink achievable sum
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Fig. 2. Uplink sum rate of massive MIMO in a Rician fading channel model
with a ZF detector and imperfect CSI. The number of users is N = 10, the
transmit power per user is p, = 10dB, the pilot symbol length is 7 = 10
and dB means decibel.

rate of a Rician fading channel for different Rician K-factors.
When the Rician K-factor increases, channel estimation be-
comes more robust and the effects of the random component
of the Rician fading channel will be decreased and thus, the
uplink achievable sum rate increases.

In Figure 3, we validate the feasibility and realization of
Theorem 3.1. For this, we compare the simulated sum rates
in (15) with the analytical approximations in (16) and (22) at
different values of the Rician K-factor. As shown in the Figure,
the analytical approximations are fitted with the simulated
results. This shows that the proposed approximation for the
non-central Wishart distribution is very accurate and physically
valid. Specifically, for both very large M and Rician K-factor,
channel estimation error decreases, the interference can be
average out completely, and thus, the approximation of the
achievable sum rate converges to the same value independent
of the CSI quality.

V. CONCLUSION

In this work, we studied the performance of a massive
MIMO system over a Rician fading channel. Considering
imperfect CSI at the BS, MMSE based channel estimation
is done. The uplink achievable rate of the user with a ZF
detector is formulated. Further, by approximating the non-
central Wishart distribution with a central Wishart distribution,
a closed-form expression is derived for the uplink achievable
rate. From theoretical and numerical analysis, we observed
that when both the Rician K-factor and the number of BS
antenna become very large, channel estimation becomes
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Fig. 3. Comparison of approximated and simulated results of uplink sum rate
of massive MIMO in a Rician fading channel model with a ZF detector and
imperfect CSI. The number of users is N = 10, the transmit power per user
is py, = 10d B, the pilot symbol length is 7 = 10.

more robust, the effect of small scale fading is averaged
out and intra-cell interference disappears. Hence, the uplink
achievable sum rate increases. This shows that massive
MIMO systems are more suitable to be deployed in a Rician
fading environment, especially when the LOS component is
strong.

Appendix I : Proof of Theorem 2.1.
To find the MMSE based estimation of the Rician channel in
(5) from (8), first dispread the received matrix in (8) by right
multiplying with (Z7)? = Z* as

Y =Y, Z" = /p,Gr + NZ".

Then, apply the MMSE estimator [16] on Y’ to get G, as

(24)

G =E{G,|Y'} = (Y —E{Y'}) +E{G,} (25
Y'Y/
where C, - and C,,, are the covariance matrices. Noting that
E{Y'} and E{G,} are zero. The covariance matrices C,,,, and
C, , are calculated as [16]
CY’Y/ = E{Y/(Y/)H} =pD+1In 26)
Co v =E{G.(Y)"} = /p, D.
Substituting (26) into (25), we get
. D D .
6= YD - YDy g Ly zp
ppD + Iy ppD + Iy VPp 27

= (Gr 4L W) D.
N
Appendix 1I: Proof of Equation (21).
For W ~ Wx (M, %), r, = —g—~—— is a Chi-square random
variable [9] with pdf given by [11]

100) = sy {2 (= 7[5

M-N

(28)
To caLculate the moment of the inverse Wishart distribution,
E{[(H H) ™'}, let us express the integral [ == f(v,)dn as
%) 1 a [e) efaz ar d
[t =2 [T g,
0 ¢ Jo

n T

(29)
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where z =y, a= [ Y, c=D(M—-N+1),andd = M — N.
Let y = ax, then dy = adz. Substitute y and dy/a in place of
x and dx we get

oo _—ax d oo
9/ I )l 9/ ey ldy = 21(d)
0

¢ T ¢ Jo
R 30
. (M —N) [ Y <0

_ -1
= ]“"F(M—N+1)*M—N
Where I'(M) = (M — 1)! is the Gamma function [11] and

Jo e 't dt = T'(2) for z € R. Hence, (30) concludes the
proof and thus,

- —1
B{(0A"R) ) = (3D
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