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Abstract—The celebrated filtered-x least mean square
(FxLMS) algorithm does not work well for active noise control
(ANC) of impulsive source. In previous attempts, the robustness
of FxLMS algorithm has been improved by thresholding the
reference and/or error signals used in the ANC system. However,
estimating these thresholds is not any easy task in most of
the practical scenarios. The need for appropriate thresholds is
avoided in a previously proposed improved normalized-step-size
FxLMS (INSS-FxLMS) algorithm, however, there is a trade-
off situation between the convergence speed and steady-state
performance as a fixed step-size needs to be selected properly.
In this paper, we propose a novel algorithm for impulsive
ANC (IANC) systems. The proposed algorithm is based on the
previously proposed INSS-FxLMS. The main idea to employ a
convex-combined step-size which automatically converges to a
large value to improve the convergence speed during the transient
state, and to a small value as the IANC system converges at
the steady-state. Extensive simulation results are presented to
demonstrate the effective performance of the proposed algorithm.

Index Terms—adaptive algorithm, active noise control, impul-
sive noise, convex combination, variable step-size

I. INTRODUCTION

During the last decades, acoustic noise pollution has become

a serious threat to a comfortable living. The passive means of

reducing noise prove to be very expensive and even inefficient

when targeting low frequency noise control, particularly in the

large or open spaces. In such scenarios, active noise control

(ANC) is a preferred choice, where the target noise is canceled

or at least reduced by generating and acoustically combing an

anti-noise canceling signal. A block diagram for ANC in a

single-channel configuration, well suited for duct applications

for example [1] is shown in Fig. 1. Here ppp(n) and sss(n) denote

the impulse responses of the so-called primary and secondary

acoustic paths, respectively. Without loss of generality, the

acoustic paths are hereby assumed to be modeled as finite

impulse response (FIR) filters. The adaptive ANC filter hhh(n)
is excited by the reference signal x(n), and its output y(n)
is used to provide the cancelation of the noise around the

location of the error microphone. On the basis of the residual

error signal e(n), the coefficients of www(n) are updated by the

filtered-x least mean square (FxLMS) algorithm [1], [2] as

hhh(n+ 1) = hhh(n) + μe(n)xxxf (n), (1)

where μ is a fixed step-size parameter, and xxxf (n) is the

vector for the filtered-reference signal being computed as

xf (n) = ŝssT (n)xxx(n) where ŝss(n) denotes the coefficient vector

of a filter modeling the secondary path sss(n). Although the

FxLMS algorithms has a low computational complexity, it

does not perform well for the impulsive sources as considered

in this paper. The impulsive noise can be modeled as standard

symmetric α-stable (SαS) distribution having characteristic

function of the form ϕ(t) = e−|t|
α

[3]. Here the parameter α
is the so-called characteristics exponent, with a small valued

α indicating a heavy tailed distribution.

Broadly speaking there are two approaches for developing

impulsive ANC (IANC) algorithms: the adaptive algorithm is

derived using a robust cost function, or the FxLMS algorithm

be modified to improve its robustness against the impulsive

sources. In the first approach, the filtered-x least mean p-

power (FxLMP) algorithm [4] is considered as a benchmark

algorithm

hhh(n+ 1) = hhh(n) + μp|e(n)|p−1sgn(e(n))xxxf (n), (2)

where sgn(·) computes sign of the quantity inside. The FxLMP

algorithm with p < α shows better robustness as compared

with the FxLMS algorithm. However, its convergence speed

is very slow. Many variants have been proposed to improve

performance of FxLMP algorithm. Nevertheless, the estima-

tion of p in relation to α remains a challenge [5]–[7]. In

this paper, therefore, we stick to FxLMS-based algorithms for

IANC systems.

The Sun’s algorithm [8] ignores the large-valued samples of

the reference signal x(n) before being used in the update equa-

tion of the FxLMS algorithm (1). This simple truncation idea

improves the robustness of FxLMS algorithm; however, the

slow convergence speed, and stability (especially for strongly

impulsive sources) remain issues to be resolved. An improved

version of Sun’s algorithm, hereafter referred as thresholding

FxLMS (Th-FxLMS) algorithm, has been suggested in [9],

where saturation non-linear functions are being employed both

with the reference x(n) and error signals e(n) in (1). These

algorithms [8], [9] require estimation of appropriate thresh-

olding parameters, which may depend upon the statistical

properties of the noise source. These statistics, however, may

not be available in some situations particulary during when

the IANC system is in operation. In order to avoid computing

thresholding parameters, a normalized step-size-based FxLMS

(INSS-FxLMS) algorithm has been proposed in [10]. Here the

step-size is normalized with respect to the input as well as the

error signal. However, a proper tuning of step-size is needed

to get an adequate performance. In this paper, we propose an
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improved performance algorithm for IANC systems, where the

step-size is automatically tuned by a convex mixing parameter.

Furthermore, the proposed algorithm has been developed in the

frame work of modified FxLMS (MFxLMS) structure [11],

which has better convergence properties as compared with the

standard FxLMS algorithm.

The rest of the paper is organized as follows. Section II gives

a brief overview of INSS-FxLMS algorithm [10], and details

on the derivation of the proposed algorithm. A few remarks

regarding selection of various parameters and computational

complexity of the proposed algorithms are also presented.

Section III presents results of computer simulations followed

by the concluding remarks presented in Section IV.

II. PROPOSED ALGORITHM FOR IMPULSIVE ACTIVE

NOISE CONTROL SYSTEMS

A. Summary of Previous INSS-FxLMS Algorithm
In order to improve the robustness of the standard FxLMS

algorithm for IANC systems, the following INSS-FxLMS

algorithm has been proposed in [10]

hhh(n+ 1) = hhh(n) +
μ

‖xxxf (n)‖2 + σ2
e(n) + δ

e(n)xxxf (n), (3)

where ‖ · ‖ denotes the Euclidean norm, δ is small positive

number added to avoid division by zero, and σe(n) can be

estimated as

σe(n) = βσe(n− 1) + (1− β)|e(n)|, (4)

where | · | is the absolute value of quantity, and 0.9 < β < 1 is

the forgetting factor. This algorithm is based on the idea that

in IANC systems the error signal is also peaky in nature, e.g.,

during the transient state of IANC system, and its effect must

also be taken into account. Nevertheless, the INSS-FxLMS

algorithm is using a fixed-step-size which must be tuned

properly to reach a compromise between the convergence

speed and the steady-state performance. Furthermore, our

experience shows that the choice of step-size depends on the

impulsiveness of the noise sources: a small value must be

selected for strongly-impulsive noise sources, and a large one

may be used for mildly- or low-impulsive noise sources. These

limitations set motivation for the proposed algorithm.

B. Development of Proposed Algorithm
A block diagram of the proposed IANC system is shown

in Fig. 2, which is based on MFxLMS structure. In MFxLMS

structure, the filter hhh(n) is adapted using an internally gen-

erated error signal g(n). After adaptation the coefficients are

copied to the main noise control filter to generate the control

signal y(n). The MFxLMS algorithm has better convergence

properties than the conventional FxLMS algorithms (for details

reader is referred to [11], and references there in). In Fig. 2,

the control signal y(n) is computed as

y(n) = hhhT (n)xxx(n), (5)

where hhh(n) = [h0(n), h1(n), · · · , hL−1(n)]
T is the coefficient

vector of the main noise control filter being considered as an

Fig. 1. Block diagram of FxLMS algorithm based single-channel feedforward
ANC systems.

Fig. 2. Block diagram of modified FxLMS-based proposed algorithm for
impulsive active noise control (IANC) systems.

FIR filter of length L, and xxx(n) = [x(n), x(n−1), · · · , x(n−
L + 1)]T is the corresponding reference signal vector. The

residual error signal e(n), being picked up by the error

microphone, is given as

e(n) = d(n)− y′(n), (6)

where d(n) = p(n) ∗ x(n) is the primary disturbance signal,

and y′(n) = s(n) ∗ y(n) is the secondary canceling signal.

Here ∗ denotes the linear convolution. The output signal y(n)
is filtered through the secondary-path-modeling filter ŝss(n) to

get an estimate of d(n) as

d̂(n) = e(n) + ŝssT (n)yyy(n). (7)

The filtered reference signal xf (n) is used as an input signal

for the adaptive filter hhh(n), whose error signal is computed as

g(n) = d̂(n)− u(n) = d̂(n)− hhhT (n)xxxf (n). (8)

The coefficients of the adaptive filter hhh(n) are updated as

hhh(n+ 1) = hhh(n) +
μ

‖xxxf (n)‖22 + σ2
g(n) + δ

g(n)xxxf (n), (9)

where σg(n) is estimated as in (4). Finally, the updated coef-

ficients are copied to the main noise control filter generating

y(n). It is well known that choosing step-size is a trade-off

between the convergence speed and steady-state performance.

Many variable step-size approaches have been proposed to

solve this trade-off issue, where the key idea is to use a large

step-size initially for fast convergence, and reduce gradually

to a small value for an improved steady-state performance

[12]–[14]. Another approach is a convex combination of two

adaptive filters [15]–[19], being adapted using two different
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step-sizes. This has obvious disadvantage of increased com-

putational complexity as the two adaptive filters are adapted

simultaneously. Recently, a new convex-combined step-size

strategy has been proposed in [20], [21]. Motivated by their

results, we hereby employ this strategy to develop a convex-

combined step-size-based normalized MFxLMS algorithm for

IANC systems. In order to develop the proposed algorithm,

assume that two copies of hhh(n) are updated according to (9)

as

hhh1(n+ 1) = hhh1(n) + μ1Δhhh(n), (10)

hhh2(n+ 1) = hhh2(n) + μ2Δhhh(n), (11)

where

Δhhh(n) =
g(n)xxxf (n)

‖xxxf (n)‖22 + σ2
g(n) + δ

, (12)

is the same increment vector (as in (9)) to update the two

copies of adaptive filter hhh1(n) and hhh2(n). Selecting 0 < μ2 <
μ1 ≤ 1, hhh1(n) shows fast convergence speed and hhh2(n) gives

good steady-state behavior. These two performance behaviors

can be combined by considering an overall adaptive filter hhh(n)
being obtained as a convex combination of hhh1(n) and hhh2(n)
as

hhh(n+ 1) = λ(n)hhh1(n+ 1) + (1− λ(n))hhh2(n+ 1), (13)

where λ(n) is a (time-varying) scalar between 0 ≤ λ(n) ≤ 1.

Substituting (10) and (11) in (13), we get

hhh(n+ 1) = hhh(n) + μ(n)Δhhh(n), (14)

where hhh(n) = λ(n)hhh1(n) + (1 − λ(n))hhh2(n) is the convex

combination of currently available filter coefficients, and μ(n)
is the convex-combined step-size being given as

μ(n) = λ(n)μ1 + (1− λ(n))μ2. (15)

It is evident from (14) and (15) that λ(n) = 1 results

in adaptive filter being adapted using a large step-size, and

λ(n) = 0 corresponds to adaptive filter updated using a small

step-size. We would like to have a mixing parameter such that,

λ(n) = 1 at the start-up at n = 0 and λ(n) → 0 at the steady-

state. As per literature on convex-combination adaptive filters,

it is customary to consider λ(n) being output of a sigmoidal

activation function [19]

λ(n) =
1

1 + e−a(n)
, (16)

where a(n) is the adaptive parameter. In the proposed algo-

rithm, a(n) is adapted to minimize the IANC system error

e(n) as follows

a(n) = a(n− 1)− μa
∂|e(n)|

∂a(n− 1)
, (17)

where μa is a fixed step-size parameter, and |e(n)| is used

to achieve robustness against impulsive sources. The residual

error signal e(n) in (6) can be written as

e(n) = d(n)− s(n) ∗ y(n),
= d(n)− s(n) ∗ (h(n) ∗ x(n)),
= d(n)− (s(n) ∗ x(n)) ∗ h(n).

(18)

It is worth to mention here that e(n) is directly available

at the error microphone, and its component signals are not

accessible. Assuming that secondary-path-modeling filter ŝss(n)
is available, the convolution s(n) ∗ x(n) can be approximated

as

s(n) ∗ x(n) ≈ ŝ(n) ∗ x(n) ≡ ŝssT (n)xxx(n) = xf (n). (19)

Thus, the residual error signal e(n) can be approximated as

e(n) ≈ d(n)− hhhT (n)xxxf (n) = d(n)− xxxT
f (n)hhh(n), (20)

and (17) becomes

a(n) = a(n− 1) + μasgn(e(n))xxxT
f (n)

∂hhh(n)

∂a(n− 1)
, (21)

where the gradient vector is computed by applying the follow-

ing chain rule

∂hhh(n)

∂a(n− 1)
=

∂hhh(n)

∂μ(n− 1)
· ∂μ(n− 1)

∂λ(n− 1)
· ∂λ(n− 1)

∂a(n− 1)
, (22)

where three gradients on the right hand side can be computed

by considering (14), (15) and (16), respectively. Finally, the

update equation for the parameter a(n) is given as

a(n) = a(n− 1) + μasgn(e(n))(μ1 − μ2) · (23)

(λ(n− 1)(1− λ(n− 1)))xxxT
f (n)Δhhh(n− 1).

C. A Few Remarks
1) In order to avoid freezing the adaptation of a(n) when

λ(n)→ 0 or λ(n)→ 1, the value of a(n) is restricted between
[−a+, a+]. Thus, following procedure is used to update the
mixing parameter λ(n)

compute a(n) using (23)

if a(n) ≤ −a+ + ε, a(n) = −a+ + ε
elseif a(n) ≥ a+ − ε, a(n) = a+ − ε
compute λ(n) using (16)

, (24)

where ε is a small positive constant. By plotting λ(n) vs
a(n) in (16), it is straightforward to show that a+ = 4 is
a reasonable choice.

2) A small modification is needed in the adaptive algorithm for
a(n) derived in (23). It is important to note that the gradient
information used to update the noise control filter is also
used here in adaptation of a(n) (see Δhhh(n − 1) in (23)).
Furthermore, the residual error signal acts as an error signal
for the adaptation of a(n). In order to align these two, it is
suggested to replace sgn(e(n)) in (23) with sgn(e(n− 1)).

3) Since the proposed algorithm can be considered as a variable-
step-size adaptive algorithm, based on this the theoretical
results previously studied would equally apply for the selection
of step-size parameters μ1 and μ2 in (15). Since the proposed
algorithm essentially is based on the normalization of the step-
size, the large value μ1 may be selected close to 1. The other
parameter μ2 can be selected as a small positive number.

4) In (23), (μ1 − μ2) is a difference of two fixed numbers, and
can be assumed to be combined with μa.

5) A detailed computational complexity analysis is omitted for
the sake of space. However, the proposed algorithm, being
based on structure of MFxLMS algorithm, has a somewhat
increased computational complexity as compared with the
existing FxLMS-based algorithms. However, this increased
computational cost can be considered as a price paid for the
greatly improved performance as demonstrated in the next
section.
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III. RESULTS OF COMPUTER SIMULATIONS

This section provides the simulation results to verify the

effectiveness of the proposed algorithm in comparison with the

previously proposed INSS-FxLMS [10]. The Sun’s algorithm

[8], and Th-FxLMS algorithm [9] are also in included in

the performance comparison. The experimental data provided

with [1] is used to model the primary and secondary acoustic

paths as FIR filters ppp(n) and sss(n) of lengths 256 and 128,

respectively. It is assumed that the secondary path modeling

filter ŝss(n) is exactly identified as sss(n). The ANC filter hhh(n) is

selected as an FIR filter of length 192. All simulation results

presented below are averaged over 100 realizations.

In the first experiment, the reference signal x(n) is modeled

by a standard SαS process with α = 1.15 which corresponds

to a strongly impulsive noise source. The simulation results are

shown in Fig. 3, where step-size parameters are mentioned in

the caption. The thresholding parameters are selected as [0.01,

99.99] percentile in Sun’s algorithm, and [1,99] percentile in

Th-FxLMS algorithm [9]. The rest of the simulation parame-

ters are selected as: β = 0.99, ε = δ = 1 × 10−4, μa = 0.1,

a+ = 4. Fig. 3(a) shows curves for mean noise reduction

(MNR) being defined as

MNR(n) = E

{
σe(n)

σd(n)

}
, (25)

where σe(n) and σd(n) are estimated using the low pass

estimator as in (4). We see that Sun’s algorithm is not stable

even for a very small step-size. Furthermore, Th-FxLMS and

INSS-FxLMS algorithms indeed offer a trade-off for selection

of step-size: the steady-sate performance severely degrades

when a large step-size is selected to achieve a fast conver-

gence speed. The proposed algorithm demonstrates the best

performance among the algorithms considered in this paper.

Fig. 3(b) plots variation of the norm ||hhh(n)|| of the IANC

filter coefficients, which shows superior convergence of the

proposed algorithm in comparison with the other algorithms.

The performance gain is due to the variable mixing parameter

λ(n) (plotted in a small window in Fig. 3(b)). As seen, λ(n)
initially is close to 1 resulting in a large step-size initially for

fast convergence, and λ(n) → 0 at the steady-state giving the

steady-state performance as good as by the slowly converging

previous algorithms.

The above experiment is repeated for SαS processes with

α = 1.45 (moderately impulsive) and α = 1.75 (mildly

impulsive). The corresponding results are presented in Figs. 4

and 5, respectively. The simulation parameters are kept same

as in the previous experiment for α = 1.15, except for the

step-size parameters in the previous methods. The proposed

method gives the best performance, and does not require

further tuning of step-size or other parameters. In the last

experiment, we consider a scenario of time varying acoustic

environment. For this purpose, experiment for α = 1.45 is

repeated by considering a sudden change in the primary path at

the middle of simulation. For a change in the acoustic path, the

impulse response coefficients ppp(n) are multiplied by -1. Fig.

n

n

(a)

n

n

λ n

(b)
Fig. 3. Simulation results for strongly impulsive noise with α = 1.15.
(a) Mean noise reduction (MNR) curves for various algorithms, and (b)
convergence of norm of noise control filter coefficients, ‖hhh(n)‖. [Step-size
parameters: (1) Sun’s algorithm (μ = 1 × 10−8), (2) Th-FxLMS algorithm
(μ = 1×10−6), (3) Th-FxLMS algorithm (μ = 5×10−6) (4) INSS-FxLMS
algorithm (μ = 1 × 10−4), (5) INSS-FxLMS algorithm (μ = 5 × 10−4),
and (6) Proposed algorithm (μ1 = 1.0, μ2 = 1× 10−2).]

n

n

(a)

n

n

λ n

(b)
Fig. 4. Simulation results for moderately impulsive noise with α = 1.45.
(a) Mean noise reduction (MNR) curves for various algorithms, and (b)
convergence of norm of noise control filter coefficients, ‖hhh(n)‖. [Step-size
parameters: (1) Sun’s algorithm (μ = 5 × 10−8), (2) Th-FxLMS algorithm
(μ = 5 × 10−6), (3) INSS-FxLMS algorithm (μ = 5 × 10−4), and (4)
Proposed algorithm (μ1 = 1.0, μ2 = 1× 10−2).]

6 presents the corresponding simulation results, which show

that the proposed algorithm outperforms the other methods.

IV. CONCLUSIONS

In this paper, we have proposed a novel IANC algorithm,

which is simple to implement and holds promise for practical

IANC systems. Among the algorithms considered in this

paper, the proposed algorithm gives best convergence speed

for strongly impulsive noise sources (see Fig. 3) as well as
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for mildly impulsive ones which are more towards Gaussian

distribution (see Fig. 5). Furthermore, the proposed algorithm

shows robust performance against a sudden change in the

primary path ppp(n) (see Fig. 6). As stated earlier, the secondary

path modeling filter is assumed to be known and in fact fixed

in this study. Performing secondary path modeling during the

online operation of ANC system is an interesting research

topic [11], and is left as a task of future work for the

proposed algorithm. Furthermore, it would be interesting to

explore application of the proposed algorithm for impulsive

noise sources that are not α stable, for example transient

sinusoids as considered in [22]. Last but not least, extension to

multi-channel scenarios requiring array for microphones and

loudspeakers, is another possible direction for future work.
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