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Abstract—The aim of this paper is to investigate the prop-
erties of octonion Fourier transform (OFT) of octonion-valued
functions of three variables and its potential applications in signal
processing. This work has been inspired by the original papers
by Hahn and Snopek concerning octonion Fourier transform
definition and its applications in the analysis of the hypercomplex
analytic signals. First, the generalization of the OFT definition to
the octonion-valued functions is provided, and then the octonion
analogues of classical Fourier transform properties are derived,
e.g. argument scaling, modulation and shift theorem. Finally, the
results are illustrated with some examples that indicate possible
applications.

I. INTRODUCTION

The classical signal theory deals with real- or complex-
valued time series (or images). However, in some practical
applications, signals are represented by more abstract struc-
tures, e.g. hypercomplex algebras [10]. Quaternions and octo-
nions deserve special attention in this considerations. Recently,
they drew scientists’ attention due to their numerous appli-
cations [7]. Quaternions are used in two different ways — to
describe a vector-valued signal (with three or four coordinates)
of one variable, i.e.

u(t) = Ug (t) + ul(t)i =+ U (t)j “+ us (t)k,

where ug, u1, u2,us: R — R, or to analyse a scalar signal of
two variables, i.e. u: RZ — R. The basic tool in the second
approach is the quaternion Fourier transform (QFT) [2]:

Uqrr(f1, f2)
= / u(tl,t2)€_2ﬂiflt1€_2ﬂjf2t2 dtldtg. (Il)
RJR

It allows us (in contrast to the classical 2D Fourier transform)
to analyse two dimensions of the sampling grid independently.
Each time-like dimension can be associated with a different
dimension of the 4D quaternion space, while the complex
transform mixes those two dimensions. This property enables
us to use the Fourier transform in the analysis of some
two-dimensional linear time-invariant systems described by
systems of partial differential equations with constant coeffi-
cients [6]. It also allows us to study some symmetries present
in certain signals (images), which was impossible before [7].

In the last few years some generalizations of the Fourier
transform to the octonion and higher-order algebras appeared
in the literature [8], [11]. The main goal of this paper is further
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development of such generalization based on octonions. Anal-
ysis of the current state of knowledge on applications of oc-
tonions in the signal processing shows some areas previously
unexplored or requiring thorough theoretical and experimental
studies.

In our previous investigations [1] we were able to show
that the OFT is well defined (i.e. we proved the inverse
transform theorem) for scalar (real-valued) functions of three
variables. In our research we also derived some properties
of the OFT, analogous to the properties of the classical
(complex) and quaternion Fourier transform, e.g. symmetry
properties (analogue to the Hermitian symmetry properties),
shift theorem, Plancherel and Parseval theorems, and Wiener-
Khintchine theorem. Proofs of those theorems were based on
the previous research of Hahn and Snopek, who used the
fact that real-valued functions can be expressed as a sum of
components of different parity [8].

The paper is organized as follows. In Section II we recall
the octonion algebra, its basic properties, the definition of the
octonion Fourier transform and proof of its well-posedness.
In Sections IIT and IV we focus on deriving some important
properties of the OFT, e.g. argument scaling, modulation and
shift theorems which lead to some remarks on Parseval and
Plancherel Theorems. The paper is concluded with a short
discussion of the obtained results.

II. BASIC DEFINITIONS
A. The octonion algebra

An octonion o € O can be defined as [3]

o=r9g+mr€e +...+r7er, 719,71,...,77 €R,  (IL1)

where eq,...,e7 are seven different imaginary units. Rules
of octonion multiplication are presented in Tab. I. Number
ro € R is called the real part of o (and denoted as Reo)
and the pure imaginary octonion r1e; + ... + rye7 is called
the imaginary part of o (and denoted as Im o). Octonions
form a non-associative and a non-commutative algebra, which
means that in general for 01, 02, 03 € O we have

(01'02)'03#01'(02‘03), 01'02#02’01.

However, for any o1, o2 € O we have (01 - 02)* = 0} - 07,
where * is the octonion conjugate, i.e. 0 = Reo — Imo. We
also define the octonion module by |o| = Vo - o*. What is
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TABLE I
MULTIPLICATION RULES IN OCTONION ALGEBRA.

| 1 | e [ e | es | ea | e | es | er |
1 1 ey e es3 eq es €eg er
e1 e1 —1 es3 —es es —ey —e7 eg
e e —es —1 el eg ey —ey —es
e3 e3 e —e1 —1 er —eg es5 —ey
ey ey —es —eg —er -1 el e es3
es es ey —e7 eg —eq -1 —es e
eg eg er ey4 —es —e2 es3 -1 —e1
er e7 | —eg es ey —es —e2 e1 —1

more important, the algebra of octonions is alternative, which
means that for any o1, 0o € O we have

01 - (01 . 02) = (01 '01) + 02, (01 . 02) 02 = 01 (02 '02).

Similarly as for the complex numbers and quaternions, we

define the octonion exponential function as the infinite sum
k .

e® = Y 7% Due to the fact, that octonions are non-

commutative, for any 01,00 € O we have

601+02 — 601 . 602

if and only if 0109 =09 - 01.

We can also write for any o € R that

et 4 e et — e

9 5 SIn o = T,
and e#* = cos a+ p sin o, where p is any octonion such that
|| = 1 and Re . = 0. For the clarity of the formulas that

will follow, we introduce the notation:

Cosx =

11.2)

a _ ei2ra
ej =e s

s* = sin(27a),

j=1...,7,
c® = cos(2ma).
B. The octonion Fourier Transform

This section is devoted to the definition of the octonion
Fourier transform (OFT) of the O-valued function of three
variables. This definition was introduced in [9] and used in
later publications concerning theory of hypercomplex analytic
functions [8-11]. In [1] we proved that the OFT of R-valued
function is well-defined and has some interesting properties
(such as the analogue of the Hermitian symetry), but (to the
best of our knowledge) the general definition for the Q-valued
functions has not yet been proved to be correct.

Consider the Q-valued function u: R3 — O, i.e.

u(x) = up(x) + uy(x)ey + . ..

where u;: R® — R, i = 0,1,...,7, x = (21,72, 23). The
octonion Fourier transform of u( ) is defined by

+ ur(x)er,

UOFT(f):/ u(x)-ep ey T e BT g (113)
]R3

where £ = (f1, f2, f3). Since the octonion algebra is non-
associative it should be noted that the multiplication in the
above integrals is done from left to right. Choice and order
of imaginary units in the exponents is not accidental, as we
explained in [1]. Conditions of existence of the integral (I1.3)
are the same as for the classical (complex) Fourier transform
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and we will omit the details here. We will focus on the
question of invertibility of the OFT. For the special case of
u: R? — R we proved the following theorem in [1].

Theorem IL1. Let u: R3 — Q be a continuous and square-
integrable function. Then

u(x) :/ Uorr(f) - ef’™ - ef*™ -
R3

(where multiplication is performed from left to right).

et df

The result follows from the Fourier Integral Theorem [4].

Theorem IL.2. Let u: R™ — R be a continuous and square-
integrable function (in the Lebesgue sense). Then

X)Z/H/HU(y)

where i = ey is complex imaginary unit, y =

. 627rif~(x—y) dy df,

(y17 e ayn)
Proof of Theorem II.1. We need to prove the following:

9=

fsrs .

—fiyr  —fey2  —f3ys3
61 . 82 . e4

fzrz .6{1961 dydf,

where y = (y1, Y2, ys3) and multiplication is done from left to
right. Writing v as a sum u = ug + uie; + ... + urer and
using the distributive law on the set of O we see that the claim
of the theorem is equivalent to the system of equations

up(x) = /Rd /RduO(y) e;f1y1 . e;f2y2 . e;fsys
f33!3 . f2l2 . 119L‘1 dy df (11.4)
/ / w;i(y —fllll . eQ—fzyz . ezfsys
R3 JR3
3I3 - €5 Jaw2 11I1 dy df, (IL.5)

where ¢ =1,...,7.

Proof of (Il.4) can be found in [1]. We only need to
prove (IL.5). We use the fact that for any imaginary unit e,
1=1,...,7, we have

(((ei ey
= ((e;-e
((el- . efflyl) . e;f2y2) e
= (ei-e; ") (e

(e; ,e;f1y1) .

flyl) . e;f2y2) . e;fsys) 'GZSIS

1—f1’£/1) ,e;fﬂ/?) . (ezf3y3 .64{37;3), (11.6)

fama
2

ef2) 11.7)

A (IL8)

Jizy _
e’ =e; - (e]

)
By following the same steps as in [1] and using for each
i = 1,...,7 equation (I.6), Fubini’s Theorem and Theo-
rem I1.2, then (I1.7), Fubini’s Theorem and Theorem II.2, and
finally equation (II.8), Fubini’s Theorem and Theorem II.2 we
prove (IL5). O

In the remaining part of this paper we will assume that
functions v and v have well-defined and invertible octonion
Fourier transforms which will be denoted by Uopr and Vopr,
respectively. We will also denote Fopr {u} as the OFT of
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function u. Considerations about properties of OFT should
begin with the elementary result — octonion Fourier transofrm
is R-linear operation, i.e. for a,b € R we have

fOFT{a-u—i—b-v}:a-fOFT{u}—i—b-]:opT{v}.

It should be noted here that OFT is not O-linear, i.e. the
abovementioned formula is not true for every a,b € O.

Octonion Fourier transform can be computed using for-
mula (II.3), however in the case of R- and C-valued functions
we can use classical (complex) Fourier transform. In particular,
the following theorem holds, which is the generalization of the
result of [11], where it was proved for R-valued functions. For
the clarity of the formulas we will use the notation:

fijr = (if1,5f2,kf3),

where i,7,k € {+,—}, e.g. £ = (f1,—f2, f3)-

Theorem IL3. Let u: R®* — C, and denote U = Fcpr {u},
UOFT = ]:OFT {u} Then

Uorr(f)
= LU0 (1 —es) +UE ) - (1 +e5) - (1—e5)
+ (U ) (1 —es) + U, )- (1 +e5) - (14 e5)
where octonion multiplication is done from left to right.

Proof. In this proof we will carefully follow and modify steps
presented in [11]. From the definition of the classical Fourier
transform and equation (I.2) with p = e; we get

U(f1, f2, f3) =/ u(x)ey 1oy 22 e fo%s dx
R3
Then

%(U(f+++) +U(f—y)) = /R3

u(x)el—flxlcfzxzel—f?,ﬂm dx,

(IL.9)
(U(fr4s) —U(E—y))

:/ u(x)e;f”“(—elsfﬂz)e;fag”3 dx.
R3

N |

(IL.10)

From the fact that for o = r9 4 r1e; we have
((0-e1) ,6{3:1:3) ez = (0 (e1-e3)) NSRS

(because the multiplication is alternative) it follows that

1(U(f++7) —U(fy—-))es

2
- / u(x)ey 1171 (eps7272 ey 1279 dx. (IL11)
]RB

Subtracting (IL.11) from (I1.9) we then obtain
1 1
i(U(f+++) +U(f—1)) + §(U(f+——) —U(fi4-))es

= / u(x)e; 17y P T dx = V(F).  (IL12)
R3
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By following similar steps applied to function V' we get

(Vo) 4 V) + 5 (V) — VIE))es

:/ u(x)e;ﬁme;hme;hm dx.
R3

DN | =

(IL13)

We conclude the proof by substituting formula (I[.12) in (II.13)
and regrouping all terms. [

III. PROPERTIES OF THE OCTONION SPECTRUM

Properties of the complex Fourier transform and its quater-
nion counterpart are well known in literature [2], [4]. In this
section we will prove analogues of classical properties such as
argument scaling and modulation theorem. In [1] we already
proved the shift theorem so we will omit the details here. Proof
of the first theorem we present in this section is identical to the
classical case and utilizes integration by substitution, which we
leave to the reader.

Theorem IIL1. Let u: R?® — O and U = Fopr {u}.
Moreover; let a,b,c € R\ {0} and function v: R® — O be
defined by v(w1,x9,73) = u(Zt, %2,%), V. = Forr{v}.
Then

V(f1, fo, f3) = |abc| U(afi,bfz, cfs).

Theorem III.1 can be generalized to all linear maps of x. In
the case of quaternion Fourier transform one can find similar
result in [2] for functions u: R? — R and v = u(Ax), where
A is a R-valued 2 x 2 matrix such that det(A) # 0. In
the octonion setup, considering v(x) = u(Ax), where A
is some arbitrary nonsingular 3 x 3 matrix, we would get
a result containing 64 different terms. Due to the complication
of calculations and slight significance for further research we
skip this formula.

We will now prove a series of theorems, known in system
theory as the modulation theorem. It is worth noticing that
the claim of cosine modulation theorem (i.e. where the carrier
is a cosine function) is exactly the same as in the case of
complex Fourier transform, although for sine carrier function
there are some significant differences. We will use the notation
of central difference with respect to the i-th variable:

01,5, UE) =U(f1 + fo, fo, f3) = U(f1 = fo, f2, f3)

and analogously for d5 s, U and 03 5, U.

Theorem IL2. Let u: R?® — O and U = Fopr {u}.
Moreover let fo € R and denote u?™i(x) = u(x) - sfo%:,
Usmi = Fopr {us™}, i = 1,2,3. Then

USL () = 61,5, U (E4——) -

US2(£) = 8.5, U (fy4-) -

| Lo Sro| 2

U3 (£) = 03,5, U (144 -

Proof. We will use the equivalent definition of the sine func-
tion, i.e. equation (IL.2) with p = e;, j = 1,...,7. We will
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also use following properties of octonions. For any o € O and
a1, a9, a3 € R we have

(o ter o) -eg) ey

= (((0'61“1) -e5?) ~eZ3) “er, (IIL.1)
((0-er™) (37 -e2)) e
= (((0 ;) ey ) ef ) es, (I1.2)
((0-e7®)-e3%%) - (e, - e4)
= (((0 rep ™) ey ™) e as) ey (IIL.3)
Then, for : =1 we have
U™ (f1, f2, f3)
= /3u(x)(e;f”“Sfowl)e;h“elf”f‘ dx
"
= - /Rsu(x) (eff””l . epsfom -el)e;fﬂzelfﬂg dx

amy 1 _ Cp
L / w() (o7 171 (efom1 — oy o))
RB
el (x ey

fo)z1 _ el—(f1+f0)r1>

foza  faxs
cep’ e’ dx - e

1
= 5 ! 617fOU(fl7 _f2a _f?)) - e,
which concludes the proof. For ¢ = 2, 3 the property is proved
analogously, using equations (II1.2) and (IIL.3). O

Proof of the following theorem is similar to that of The-
orem III.2 and uses the equivalent definition of the cosine
function, i.e. equation (IL.2) with p = e;, 7 = 1,...,7. We
will omit the details.

Theorem IIL3. Let u: R? — O and U = Fopr {u}.
Moreover, let fo € R and denote u°>'(x) = u(x) - c/o®:,
Ueosi = Fopr {u>i}, i = 1,2,3. Then

. 1
UCOS,z(f) = 5i,foU(f+++) "y i=1,2,3.

For the completeness of our considerations, we should also
state the shift theorem. As we said earlier, this theorem was
already proved in our earlier work, i.e. article [1], in the case
of the R-valued functions. The proof in the general case is
very straightforward and uses integration by substitution and
equations (III.1)—(II1.3). We omit the details here.

Theorem IIL4. Let u: R3 — O and U = Fopr {u}. More-
over let o, 8,7 € R and denote u*(x) = u(x1 — o, x9,3),
u?(x) = u(zy, 29 — B,23) and v (x) = u(zy,v9, T3 — 7).
Let Ut = Fopr {uz}, {=a,B,y. Then

U(f) = S OU(fq) —sTOUE- ) - ey,
UP(£) = PPU(fp44) —sPPU(E4 ) - e,
UT(f) = /U (f4q) —sTTU (1 14) - ea
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IV. REMARKS ON PARSEVAL-PLANCHEREL THEOREMS

In [1] we proved octonion analogues of Parseval-Plancherel
Theorems for R-valued functions. We will now generalize
some of this results and show that in some cases such gener-
alization is not possible. First, recall the Plancherel Theorem,
as stated in [1].

Theorem IV.l. Let u,v: R?> — R be square-integrable
functions and Uopr = Fort {u}, Vorr = Fort {v}. Then

(u, v> =
= Jps ul

It should be noted that in case of O@-valued functions, (-, )
does not satisfy the axioms of the scalar product (due to the
non-associativity of octonion multiplication).

The assumption that v and v are R-valued is relevant. For
the @-valued functions the claim of Theorem IV.1 doesn’t
hold, which will be discussed in detail in Remark IV.3. In
case of R-valued functions Theorem IV.2 (known as Rayleigh
Theorem) is direct corollary of Theorem IV.1. However, we
will prove the more general case, for (-valued functions, thus
showing that the OFT preserves the energy of (-valued signal.

<UOFT7 Vort) ,

where ( (x) dx.

Theorem IV.2. L2-norm of any function v: R® — O (square-
integrable) is equal to the L?-norm of its octonion Fourier
transform Ugpr, i.e.

||U||L2(R3) = ||UOFT||L2(R3)7

(oo lox)” dx>1/2

integrable function v: R® — Q.

where |[v]| 2 (s Sfor any square-

Proof. Any function u: R® — @ can be represented as
u(x) = up(x) + uyr(x)eg + . ..

where u;: R?> - R, i=0,1,...,7.
Then, using the following properties of octonions, i.e.

+ ur(x)er,

((e1-e7™) - e3?) -eZ% = ((el_(’1 eg”) . eZS) - ey,
((e2-e™) - e%) ey ™ = ((ef" ¢4®) - ez,
((ea-er™) e3°?) g™ = ((ef e ™) - ea,
((ej o7 ™) e3%?) ey = ((e e1°) - e
for j € {3,5,6,7}, we can write
Uort(f1, fo, f3) = U(feqq) +U'(Fi_)es

+U2(f,+,)e2 + U?’(f,,,)eg, + U4(f,,+)e4
FUP(f__ _)es +US(f___)es +U"(f___)er,
where U? = Fopr {u;},i=0,1,...,7, are OFTs of R-valued

functions. In [8] it was proved that they can be expressed as
sums of components of different parity, i.e.

Ul =Upee — Ul 1 — Ul e + UL, e3
Uéeoe4 + eroe5 + ero UOOOE7, 1=0,...,7,
where U7, _, z,y,z € {e, 0} are components of different parity

as in [1]: e — even, o — odd (with respect to proper variable).
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Since the claim has already been proved in case of R-valued
functions in [1], let us notice that

7 7
2 2 %
”uHL2(R3) = Z Hui||L2(R3) = Z 1% H%z(n@)-
i=0 i=0

It suffices to prove that ||UOFT||22(R3) = ZZ o IU132 (R3)" It
can easily be shown that the real part and each of the imaginary
parts of Uppr contains exactly one of the components of
different parity of each function U?, e.g.
Re(UOFT) U(?ee + U;ee + Ue205 Ugoe
+ U;leo UO5€O U€600 + UZOO’

where each component is taken in approriate point. Moreover,
each component has different parity, which leads to

/ (Re(UOFT))2 dx = / ((Ugee)Q (Uz}ee) (Ugoe)
R3 R3
+ (Ugoe)” + (Udeo)? + (Ugeo)* + (Udoo)® + (Usy,)?) df

The above equation follows from the fact that all other
components created as a result of squaring Re(Uppr) are odd
with respect to at least one variable. Similar result will be
obtained for each imaginary part of Upopr. After adding all
integrals and regrouping all terms we get

/WWHM—Z/ Ule + (Ue)? + (Uine)?

(Uéoe) (UELSO) (U:;EO) (UéOO) (U;OO> )df
= Z 1U° 1172 sy »
i=0
which concludes the proof. O

Remark IV.3. As we already stated, the claim of Theo-
rem IV.2 is valid for Q-valued functions, but Theorem IV.1
is true only for R-valued functions. Consider the following
example. Define two functions:

u(x) = W exp {_; (23 + (w2 — 1)* + (x5 — 1)2)} ,

v(x) = @:ﬁ exp {—; (x% + (2 + 1)2 + (z3 + 1)2)} ,

which have OFT equal to
Uorr(f) = exp {—2n°(f7 + f3 + f3)}
(cl2efs —sl2clsey — cl2slse, 4 sT2505e;),
Vorr(f) = exp {—27*(f7 + f3 + f3)}
(cl2els —sf2cliey — cl2sfiey + sf25l2es) - @
=exp {=27°(ff + /3 + f3)}
(cl2clre; +sf2clrey + cf2slres 4 sT2sT2ey).

Then
1 1
(u,v) = —ey - /Rs Wexp{ — 5(293% + (29 — 1)?

+(xz+1)2+(z3—1)2+(x3+1)2)}dx:— e

86271'3/2 '
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But on the other hand
(Uorr, Vorr) = €1 - /JGXP{*47T2(f12 +f3+ 1)}
R
. ( _ (szcf3)2 + (Sf2Cf3)2 + (szsf3)2 + (szsfs)Q) df

e 1 tet €2
=7 |z+tet+— ).
8e2m3/2  \ 2 2
This counterexample proves that in general the claim of
Theorem IV.1 is not valid for all u,v: R? — Q.

V. DISCUSSION AND CONCLUSION

We showed that the theory of OFT can be generalized to
the case of functions with hypercomplex values. Their spectra
have properties that are similar to their complex counterparts
and can be applied in the analysis of vector-valued signals of
three (time- or space-like) variables using a true 3D Fourier
Transform that separates all symmetries in its spectrum [1].

Presented results form the foundation of octonion-based
signal and system theory. It remains to study the properties
of the OFT in context of other signal-domain operations,
i.e. derivation and convolution of R-valued functions. There
are known results for quaternion Fourier transform (see [6]),
but they use the notion of other hypercomplex algebra, i.e.
double-complex numbers. Finding similar results for octonion
Fourier transform requires defining other higher-order hyper-
complex structures.
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