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Abstract—This paper considers the problem of sparse signal
reconstruction from the timing of its Level Crossings (LC)s. We
formulate the sparse Zero Crossing (ZC) reconstruction problem
in terms of a single 1-bit Compressive Sensing (CS) model.
We also extend the Smoothed L0 (SL0) sparse reconstruction
algorithm to the 1-bit CS framework and propose the Binary
SLO (BSLO) algorithm for iterative reconstruction of the sparse
signal from ZCs in cases where the number of sparse coefficients
is not known to the reconstruction algorithm a priori. Similar to
the ZC case, we propose a system of simultaneously constrained
signed-CS problems to reconstruct a sparse signal from its
Level Crossings (LC)s and modify both the Binary Iterative
Hard Thresholding (BIHT) and BSLO algorithms to solve this
problem. Simulation results demonstrate superior performance
of the proposed LC reconstruction techniques in comparison with
the literature.

I. INTRODUCTION

Uniform sampling is a popular strategy in the conventional
Analog to Digital (A/D) converters. However, an alternative
technique could be Level Crossing (LC) sampling [1-4] which
samples the input analog signal whenever its amplitude crosses
any of a predefined set of reference levels. LC based A/Ds
represent each LC by encoding its quantized time instance
along with an additional bit that represents the value of the
level crossed at that time instant [2].

LC sampling generates signal-dependent non-uniform sam-
ples and benefits from certain appealing properties in com-
parison with the conventional uniform sampling technique.
It reduces the number of samples by automatically adapting
the sampling density to the local spectral properties of the
signal [5, 6]. Furthermore, LC based A/Ds can be implemented
asynchronously and without a global clock. This in turn leads
to reduced power consumption, heating and electromagnetic
interference [7].

A seminal work by Logan [8] showed that signals with
octave-band Fourier spectra can be uniquely reconstructed
from their zero crossings up to a scale factor. This is a
sufficient but not necessary condition for LC signal reconstruc-
tion. Previous works on LC signal reconstruction have mostly
considered low [9, 10] or band pass [8] signal assumption
and there are few prior works that utilize sparsity [11-13].
Boufounos et. al. [12] formulates the zero crossing reconstruc-
tion problem as minimization of a sparsity inducing cost func-
tion on the unit sphere and Sharma et. al. [11] uses the Basis
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Pursuit (BP) and Orthogonal Matching Pursuit (OMP) [14]
techniques to reconstruct the signal from LC samples. Both
[11, 12] formulate the LC reconstruction problem in terms of
a conventional Compressive Sensing (CS) [15] reconstruction
model.

In this work, we utilize the emergent theory of 1-bit CS
[16, 17] to formulate the LC problem. We show how the LC
problem can be addressed by a system of simultaneously con-
strained signed-CS problems and modify the Binary Iterative
Hard Thresholding (BIHT) and Binary Smoothed LO (BSLO)
algorithms to solve this problem.

For further reproduction of
in this paper, MATLAB files
ee.sharif.edu/~boloursaz.

The rest of this paper is organized as follows. In section II
we formulate the LC problem in terms of 1-bit CS models.
Section III presents the proposed BSLO and the modified BIHT
and BSLO algorithms. Section IV provides the simulation
results and finally section V concludes the paper.

the results reported
are provided online at

II. PROBLEM FORMULATION

In this section, we formulate the problem of sparse signal
reconstruction from level crossings and address the similarities
and differences between this problem and a typical 1-bit CS
problem.

A. Zero Crossing (ZC) Reconstruction

Suppose z(t) = 25:0 an, cos(nwot), for t € [0,d]. Also
define the spectral support as S = {n|a, # 0}. Now, the
sparse signal assumption imposes that K = |S| << N. Also
denote by z[m| = x(mT),m = 0,1,...,M — 1 the uniform
samples taken from xz(t) at rate 1/7 << Nwy /7 significantly
below Nyquist in which (M — 1)T = d. It is obvious that
a ZC-based A/D can extract y(t) = sign(z(t)) from the ZC
time instances and the initial sign of xz(¢). Hence, we have
y[m] = sign(x[m]). Now in vector notation we can write (1)

y = sign(x) = sign(®a), (1)

in which, the vector Xps51 = [#[0] z[1] ... z[M —1]]T contains
the uniform samples and y,;.; = [y[0] y[1] ... y[M —1]]7 con-
tains the corresponding sign values. The vector a(yy1)x1 =
[ap a; ... ay]T contains the sparse coefficients and
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1 cos(2weT) cos(NwoT)

Cprrx(N+1) =

1 cos(2woMT) cos(NwoMT)

Note that in (1), we need to estimate the sparse coefficient
vector a from the sign measurements y. Of course, reconstruc-
tion is only possible up to a scale factor. Hence, we need to
add the norm constraint ||a||2 = 1 which yields a typical 1-bit
CS problem that can be solved by the Binary Iterative Hard
Thresholding (BIHT) [17], Restricted Step Shrinkage (RSS)
[18], 1-bit Bayesian Compressive Sensing [19] or any other
1-bit CS reconstruction algorithm. Once a is estimated, the
sparse analog signal z(t) is estimated at infinite accuracy.

min||aljp sty =sign(®a), |a|z=1. 2)
a

B. Level Crossing (LC) Reconstruction

Now consider the multi-level scenario in which the temporal
instances of the signal crossings with a predefined set of
reference levels is encoded and transmitted to the receiver.
Lets denote the set of levels by £ = {I_r/3,...,l0, ..., I 2}
Extending our notation to the multi-level scenario, we can
write (3)

Y2 = sign(x — Iy, /o) = sign(®a — I, /5) 3)

Yo = sign(x —[_1,/2) = sign(®a — 1_p5),

in which the vectors x and a and the matrix & are
the same as defined in subsection II-A and the vectors
Y_r1/25+- Y0 - ¥, /2 contain the corresponding sign values.
Now in order to solve the above system of signed-CS problems
simultaneously, we define the vector y’ as (4)
Yo,2

y=1|": = sign(®'a’), 4)
Y_r,2

in which ‘I?’(M(L+1))X(N+L+2) is made by. concatenation of
the ® matrices and the level vectors according to (5)

O Irply (3] (U]
O =| @ (Y lolpg Oy . (5
® Oy 1Y, l_pyelnm

In (5), 1,7 and 0y, are column vectors with all entries equal
to 1 and O respectively. Hence, to estimate the sparse vector
of coefficients a, we need to solve the constrained signed-CS
problem (6) in which a;:q is the sub-vector containing the
elements p to ¢ of the vector a’.
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H;i,n [a’llo st y' =sign(®'a’), ayionirie=—Lrt1
(6)

In section (III), we propose efficient algorithms to solve (6).

III. THE PROPOSED ALGORITHMS

In this section, we present our proposed algorithms. In
subsection III-A we present the Binary Smoothed LO (BSLO)
algorithm proposed for solving the 1-bit CS problem in section
II-A in case where the sparsity number K is not known for
reconstruction. Subsequently in subsection III-B, we present
our proposed algorithms for solving the sparse LC problem

(6).

A. The Binary Smoothed LO (BSLO) Algorithm

The proposed Binary Smoothed LO (BSLO) algorithm falls
within the group of 1-bit reconstruction algorithms that do
not require prior knowledge of the sparsity number K for
reconstruction e.g. [16, 18, 20-22]. Note that although the
simulation results for BSLO are provided for the ZC/LC
scenario in this paper, the algorithm is also applicable to the
general scenario of 1-bit CS.

The basic SLO algorithm was proposed in [23], for finding
sparse solutions to under-determined systems of linear equa-
tions. The main idea of SLO is to apply the Graduated Non-
Convexity (GNC) technique and approximate the discontinu-
ous [° norm by a sequence of continuous functions to enable
using continuous minimization techniques. We apply the same
idea and solve the following problem iteratively (7)

min - Cyx6(a) = Fo(a) + M (a) + 6(lall3 —1)* . (7
in which J(a) = ||[Y(®a)]_|1, Y = diag(y) and [.]_ denotes

the negative function, i.e., ([a]_); = [a;]- with [a;]— = a; if
a; <0 and 0 else. Also, we have lim F,(a) = |jalo.
o—0

Note that the first term of the cost function (F, (a)) enforces
sparsity, the second term (J(a)) enforces consistency of the
solution to the set of sign measurements and ((||al|3 — 1)?)
enforces the final solution to be located on the unit sphere to
avoid scaling ambiguity. The idea is to decrease o along the
iterations to better approximate the [%-norm while increasing
A and 6 to enforce the sign and norm constraints.

The proposed BSLO algorithm takes a dual loop approach
to solve (7). Similar to the basic SLO [23], the inner loop is
a Gradient Descent algorithm that is applied on the sequence
of cost functions Co, x;.0,(a), Coy z;0,(@), .., Coy a0, (),
where 0; = ao;_1,0 < a < 1. In each iteration of the outer
loop, the A, 6 parameters are increased by A; = BA;_; and
9‘7‘ = (593‘_1 where 1 < (3, 0.

As stated in [23], there exists several different choices
for the [9-norm approximation function (F,(a)) and in this
research, we assume F,(a) = S0 _ (1 — exp(—a2,/o?)).
Hence, considering a set of fixed parameters (o, A, #) for the
inner gradient descent algorithm we have (8)

441



2018 26th European Signal Processing Conference (EUSIPCO)

e=a6/o” 0 0
9 0 e—ailo® 0
VCono(a) = o2 : : : : a
0 . 0 e-on/o’

+ 27 (sign(®a) — y) +40(([lall; - )a. ®)

Precisely speaking, (8) is in fact a sub-gradient of the cost
function because the second term (3@ (sign(®a) —y)) is a
sub-gradient of AJ(a) as proved in [17]. Algorithm 1 gives
the formal presentation of the proposed BSLO algorithm.

B. The Sparse LC Problem

It is obvious that the only difference between the sparse
ZC model and the sparse LC model (6) is the constraint on
the sparse coefficient vector a’. Also note that C = {a’ €
RNFTLT21al onvirie = (1) (141)x1} the set of all real
vectors with last L + 1 entries equal to —1 is convex. Hence,
to enforce this constraint, we can simply project the solution
onto C at each iteration. As C is convex, this projection will
not hamper convergence of the overall iterative algorithm.

For the modified BSLO we solve (9)

min Fo(a') +AJ(@) st ayionipio=—1r41. (9)

To solve (9), we only need to omit the last term in the
gradient value (8) and enforce the constraint &’y ».n 1o =
—1741 in each iteration of Algorithm 1.

For the scenarios in which K is known prior to reconstruc-
tion, the modified BIHT algorithm solves (10). Each iteration
of the modified BIHT is composed of a Gradient Descent (GD)
step followed by projection both onto C and the K-sparse
signal space.

min
a/

s.t.

¥ (@)l
1
e < K (10

I
AN 42N+ L+2 —1p41.

IV. SIMULATION RESULTS

In this section we demonstrate efficient performance of the
proposed ZC/LC reconstruction algorithms on random sparse
signals generated according to the model presented in II-A and
provide comparisons with previous works.

A. ZC Reconstruction Performance by 1-Bit CS

Considering the sparse ZC problem addressed in subsection
II-A, fig. 1 compares the final reconstruction SNR values
achieved by the BIHT [17], 1-Bit Bayesian Compressive
Sensing (1-Bit BCS) [19], and the proposed BSLO algorithms.
Note that the signal parameters are set as N = 500, d = 2
sec, T =5 x 10~ sec, and wy = 10 rad/sec and the number
of iterations for all algorithms is 50. Also the BSLO algorithm
parameters are set at (oo, g, f0) = (0.1,2.5 x 1074,0.3),
(o, 8,6) = (0.9,2,2), ¢ = 0.0005, u = 0.7, opnin = 0.001.
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Algorithm 1 Stepwise Representation of Binary Smoothed LO

Inputs:
@ prx (N+1): The sampling matrix
ymrx1: The vector of sign measurements
e: The stopping criteria
(00, Ao, 00): The initial algorithm parameters
(e, B, 8): The parameter increase/decrease factors
Iter Maz: The maximum number of iterations
Omin: The minimum o parameter allowed
w: The step-size to the Gradient Descent (GD)

Output:
a(%): The estimated vector of sparse coefficients
Algorithm:
Initialization &1 = 0x 41,4 = —100 x 1n41, k=1
i=45=0

While (|]a®) — a*=D|| > €) and (k < IterMax)
While (05 > omin)
- Calculate the gradient VCUD)\J. 05 (é““)) 8)
- Perform the gradient descent (GD) step as:
alk+1) — (k) _ #VCo, 2,0, (ak))
- Oi41 = ao;
-i=1+1
-k=k+1
End While
Aj = BAj-1
0; =00;_1
1=0
End While

Note that although 1-Bit BCS outperforms BIHT and BSLO
for less sparse signals, but its simulation time per iteration was
observed to exceed the other two at least by a factor of 10.
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Fig. 1. ZC Reconstruction by Different 1-Bit CS Algorithms

B. LC Reconstruction Performance by Modified Signed-CS

Considering the sparse LC problem addressed in subsection
II-B, fig. 2 provides the final reconstruction SNR values
achieved by the modified BIHT and the modified BSLO
algorithms for different number of reference levels L. Note
that the signal and algorithm parameters are the same as [V-A
and the levels are placed uniformly in the dynamic range of
the input signal.
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C. Comparison with the Literature for Sparse Octave-Band
Signals

As both prior works on sparse ZC/LC reconstruction [11,
12] have considered octave-band signals for simulations, we
also report the simulation results for the same scenario for
the sake of comparisons. To this end, we limit the harmonics
to the interval n = 201,...,400 and plot the probability of
successful recovery by (2) against the sparsity factor in fig.
3. Similar to the literature, the reconstruction SNR values
> 20dB are considered as successful recovery in this sim-
ulation. Note that this figure compares the performance of the
1-Bit CS approach to ZC reconstruction in this paper with
the conventional CS approach taken by [12, 13]. As observed
in this figure, migrating to the 1-Bit CS model improves
the reconstruction performance for sparser signals while the
conventional CS (i.e. [11, 12]) performs better as the sparsity
factor increases.

a) Modified BIHT

0 ; i i i ; ; i i
oos 01 015 02 025 03 035 04 045 05
Sparsity Factor (K/N)

by Modified BELG

\__ ——1-) —0—1~7] —l—1~5 =1~}
= ——

Recongtruction S

5 ; H i i i ; i i
gn0s 01 015 02 025 03 03 04 045 05

Sparsity Factor (K/N)

Fig. 2. LC Reconstruction SNR for a) Modified BIHT and b) Modified BSLO

V. CONCLUSION

In this paper, we have formulated the problem of sparse
signal reconstruction from its Level Crossings in terms of 1-
bit Compressive Sensing models. We have shown how the
LC problem can be addressed by a system of simultaneously
constrained signed-CS problems and modified the Binary
Iterative Hard Thresholding (BIHT) and Binary Smoothed LO
(BSLO) algorithms to solve this problem.

REFERENCES

[1] J. Mark and T. Todd, “A nonuniform sampling approach
to data compression,” IEEE Transactions on Communi-
cations, vol. 29, no. 1, pp. 24-32, Jan 1981.

ISBN 978-90-827970-1-5 © EURASIP 2018

=
&

o o
= @

=
n

=
.

Probability of Recovery

| = 1_Bit C5
|| =3 [13]
—— 5 [12] :

01 0z 03 04 na

Sparsity Factor (K/N)

=
w

=
[

=

Fig. 3. 1-Bit vs. Conventional CS for ZC/LC Reconstruction

[2] E. Allier, G. Sicard, L. Fesquet, and M. Renaudin, “A
new class of asynchronous a/d converters based on time
quantization,” in Asynchronous Circuits and Systems,
2003. Proceedings. Ninth International Symposium on,
May 2003, pp. 196-205.

[3] Y. Tsividis, “Mixed-domain systems and signal process-
ing based on input decomposition,” IEEE Transactions
on Circuits and Systems I: Regular Papers, vol. 53, no.
10, pp. 2145-2156, Oct 2006.

[4] M. B. Mashhadi, N. Salarieh, E. S. Farahani, and F. Mar-
vasti, “Level crossing speech sampling and its sparsity
promoting reconstruction using an iterative method with
adaptive thresholding,” IET Signal Processing, vol. 11,
no. 6, pp. 721-726, 2017.

[5] S. C. Sekhar and T. V. Sreenivas, “Auditory motivated
level-crossing approach to instantaneous frequency esti-
mation,” IEEE Transactions on Signal Processing, vol.
53, no. 4, pp. 1450-1462, April 2005.

[6] F. Marvasti and M. Boloursaz Mashhadi, “Wideband
analog to digital conversion by random or level crossing
sampling,” Aug. 8 2017, US Patent 9,729,160.

[7] D. Kinniment, A. Yakovlev, and B. Gao, “Synchronous
and asynchronous a-d conversion,” IEEE Transactions
on Very Large Scale Integration (VLSI) Systems, vol. 8,
no. 2, pp. 217-220, April 2000.

[8] B. F. Logan, “Information in the zero crossings of
bandpass signals,” The Bell System Technical Journal,
vol. 56, no. 4, pp. 487-510, April 1977.

[9] M. Malmirchegini, M. M. Kafashan, M. Ghassemian,

and F. Marvasti, ‘“Non-uniform sampling based on an

adaptive level-crossing scheme,” IET Signal Processing,

vol. 9, no. 6, pp. 484490, 2015.

A. A. Lazar and L. T. Toth, “Perfect recovery and

sensitivity analysis of time encoded bandlimited signals,”

IEEE Transactions on Circuits and Systems I: Regular

Papers, vol. 51, no. 10, pp. 2060-2073, Oct 2004.

N. Sharma and T. V. Sreenivas, “Sparse signal recon-

struction based on signal dependent non-uniform sam-

443



2018 26th European Signal Processing Conference (EUSIPCO)

ples,” in 2012 IEEE International Conference on Acous-
tics, Speech and Signal Processing (ICASSP), March
2012, pp. 3453-3456.

[12] P. T. Boufounos and R. G. Baraniuk, “Reconstructing
sparse signals from their zero crossings,” in 2008
IEEE International Conference on Acoustics, Speech and
Signal Processing, March 2008, pp. 3361-3364.

[13] Ashkan Esmaeili, Ehsan Asadi Kangarshahi, and Farokh
Marvasti, “Iterative null space projection method with
adaptive thresholding in sparse signal recovery,” IET
Signal Processing, vol. 12, no. 5, pp. 605-612, July 2018.

[14] J. A. Tropp and A. C. Gilbert, “Signal recovery from
random measurements via orthogonal matching pursuit,”
IEEE Transactions on Information Theory, vol. 53, no.
12, pp. 4655-4666, Dec 2007.

[15] E. J. Candes and M. B. Wakin, “An introduction to com-
pressive sampling,” IEEE Signal Processing Magazine,
vol. 25, no. 2, pp. 21-30, March 2008.

[16] P. T. Boufounos and R. G. Baraniuk, “I-bit compressive
sensing,” in Information Sciences and Systems, 2008.
CISS 2008. 42nd Annual Conference on, March 2008,
pp. 16-21.

[17] L. Jacques, J. N. Laska, P. T. Boufounos, and R. G.
Baraniuk, “Robust 1-bit compressive sensing via binary
stable embeddings of sparse vectors,” IEEE Transactions
on Information Theory, vol. 59, no. 4, pp. 2082-2102,
April 2013.

[18] J. N. Laska, Z. Wen, W. Yin, and R. G. Baraniuk, “Trust,
but verify: Fast and accurate signal recovery from 1-
bit compressive measurements,” [EEE Transactions on
Signal Processing, vol. 59, no. 11, pp. 5289-5301, Nov
2011.

[19] F. Li, J. Fang, H. Li, and L. Huang, “Robust one-bit
bayesian compressed sensing with sign-flip errors,” IEEE
Signal Processing Letters, vol. 22, no. 7, pp. 857-861,
July 2015.

[20] Yaniv Plan and Roman Vershynin, “One-bit compressed
sensing by linear programming,” Communications on
Pure and Applied Mathematics, vol. 66, no. 8, pp. 1275-
1297, 2013.

[21] A. Movahed, A. Panahi, and M. C. Reed, ‘“Recovering
signals with variable sparsity levels from the noisy 1-bit
compressive measurements,” in 2014 IEEE International
Conference on Acoustics, Speech and Signal Processing
(ICASSP), May 2014, pp. 6454-6458.

[22] A. Zaeemzadeh, M. Joneidi, and N. Rahnavard, “Adap-
tive non-uniform compressive sampling for time-varying
signals,” in 2017 51st Annual Conference on Information
Sciences and Systems (CISS), March 2017, pp. 1-6.

[23] H. Mohimani, M. Babaie-Zadeh, and C. Jutten, “A fast
approach for overcomplete sparse decomposition based
on smoothed 10 norm,” IEEE Transactions on Signal
Processing, vol. 57, no. 1, pp. 289-301, Jan 2009.

ISBN 978-90-827970-1-5 © EURASIP 2018 444



