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ABSTRACT

Interest in risk measurement for spot price has increased since
the worldwide deregulation and liberalization of electricity
started in the early 90’s. This paper is focused on quanti-
fying risk for the Swedish spot price. Our analysis is based
on a generalized autoregressive conditional heteroskedastic
(GARCH) process with skewed exponential power innova-
tions to model the stochastic component of the price. A Ex-
pected Shortfall (ES) backtesting procedure is presented and
our model performance is compared to commonly used distri-
butions in risk measurement. We show that the skewed expo-
nential power distribution outperforms the competitors for the
upside risk, which is of high interest as electricity spot prices
are positively skewed.

Index Terms— Electricity markets, Tail dependence,
Asymmetric distributions, Expected shortfall.

1. INTRODUCTION

The worldwide deregulation and liberalization of electricity
markets that started in the early 90’s led market participants
to move from monopolies to competitive markets. As a conse-
quence, the process did lower the wholesale price of electric-
ity but at the cost of higher volatility [1]. Modelling and fore-
casting spot price is a subject of great importance among the
electrical engineering community as high price movements
create a market risk for both producers and consumers. Risk
measurement is therefore a critical issue to focus on.

Electricity has specific characteristics not shared by
other commodities (oil, gas) [1]. Its limited storability and
transportability greatly influence spot price behaviour: it is
strongly dependent on spatial and temporal distribution and
demand conditions (climate and weather conditions, business
activity). For these reasons, day-ahead prices exhibit special
features from the signal processing point of view. Mean-
reverting processes have been observed in electricity spot
prices. However, the rate of reversion is very high compared
to other financial markets. Another aspect is the presence of
price spikes. Due to the non-storability of electricity, times
of high demand greatly affect spot prices. On the opposite
side, negative prices have been introduced to enable the mar-
ket to respond with appropriate price signals in the event of

oversupply. Besides of price spikes, volatility clustering has
been noticed. The climate and weather conditions impact
electricity supply and spot prices display a strong seasonal
behaviour on a daily, weekly and yearly basis demanding
special attention.

Electricity spot price modelling and forecasting have been
covered by various approaches [2], including statistical mod-
els such as autoregressive moving average (ARMA) processes
[3], GARCH processes [4, 5], reduced-form models such as
Markov regime-switching models [6], and computational in-
telligence models such as neural networks [7, 8].

This paper focuses on risk measurement in Nord Pool,
which is the world’s first international commodity exchange
for electrical power. The Nord Pool markets are divided into
several bidding areas. The different bidding areas help point
out constraints in the transmission systems, and ensure that
local market conditions are reflected in the price. Sweden is
divided into four bidding areas and we are interested in quan-
tifying risk for the Swedish bidding area SE3. For this pur-
pose, we estimate the ES with the help of an ARMA-GARCH
model whose innovations follow a skewed exponential power
(SEP) distribution.

The paper is organized as follows. Section 2 identifies
the trend and seasonal components of the SE3 price using a
wavelet decomposition and a MA technique. Section 3 is fo-
cused on modelling the price stochastic component through
an ARMA-GARCH model with SEP innovations. The model
is fitted by maximum likelihood estimation (MLE) and an in-
sample analysis is presented. Section 4 gives out-of-sample
results for the ES estimation and backtesting. It is shown that
the SEP distribution exhibits the best performance for ES es-
timation among other distributions used in risk forecasting.
Concluding remarks can be found in Section 5.

2. IDENTIFYING TREND AND SEASONAL
COMPONENTS

We consider the price of the Swedish bidding area SE3 (𝑃𝑡)
from January 1, 2013 to February 1, 2016, totalling 1127 daily
observations. Figure 1 displays the series and its main statis-
tical characteristics are presented in Table 1. Figure 1 shows
that (𝑃𝑡) is nonstationary and has many spikes, especially at
the end of the period. Following the standard classical (or
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frequentist) methodology in time series analysis [9], we de-
compose (𝑃𝑡) as 𝑃𝑡 = 𝑚𝑡 + 𝑠𝑡 + 𝑌𝑡 where (𝑚𝑡) and (𝑠𝑡)
are the deterministic trend and seasonal components, respec-
tively, and (𝑌𝑡) is the stochastic component, see e.g. [9].
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Fig. 1: Price of the Swedish bidding area SE3 price (𝑃𝑡)
(EUR/MWh) and its trend (𝑚𝑡) from January 1, 2013 to February
1, 2016.

First, we capture the trend (𝑚𝑡) with a wavelet decom-
position as discussed in [10]. A so-called wavelet low pass
filter is known to be more robust to outliers and to provide a
less periodic alternative to Fourier analysis. A wavelet fam-
ily includes a pair of a father and a mother wavelet, like the
Daubechies wavelets of order 4 used here. A signal 𝑓 can be
decomposed as a sequence of projections onto one father and
a sequence of mother wavelets 𝑓 = 𝑢𝐽 +𝑣𝐽 +𝑣𝐽−1+ ⋅ ⋅ ⋅+𝑣1
where 2𝐽 is the maximum scale sustainable by the number of
points of the signal. Here, we approximate the trend (𝑚𝑡) by
𝑢𝐽 . Higher levels of refinement can be obtained by adding
successively to 𝑢𝑗 the mother wavelets 𝑣𝐽 , 𝑣𝐽−1, . . .. In our
analysis, we use a 𝑢7 approximation, which roughly corre-
sponds to a four-month period smoothing (27 = 128 days).
The trend (𝑚𝑡) is displayed on Figure 1 and captures fairly
well the long-term behavior of the series.

Then, we estimate the seasonal component. Since the data
is daily collected a weekly periodicity is expected. For each
𝑘 = 1, . . . , 7, we compute the average 𝑤𝑘 of the deviations
(𝑃𝑘+7𝑗−𝑚𝑘+7𝑗) for 1 ≤ 𝑘+7𝑗 ≤ 1127. Since these average
deviations do not necessarily sum to zero, we estimate the
seasonal component as

𝑠𝑘 = 𝑤𝑘 − 1
7

∑7
𝑖=1 𝑤𝑖, 𝑘 = 1, . . . , 7,

and 𝑠𝑡 = 𝑠𝑡−7 for 𝑡 > 7.

Finally, the stochastic component (𝑌𝑡) is obtained by
𝑌𝑡 = 𝑃𝑡 − 𝑚𝑡 − 𝑠𝑡. The main statistical characteristics of
(𝑌𝑡) are presented in Table 1. We observe that (𝑌𝑡) is skewed
and has a fat-tailed distribution.

3. MODELLING THE STOCHASTIC COMPONENT

Our purpose is to model the heavy tails and the excess kurto-
sis of (𝑌𝑡) in order to provide accurate estimation of a risk
measure. More precisely, we fit to (𝑌𝑡) an ARMA(𝑝, 𝑞)-
GARCH(𝑟, 𝑠) model with SEP innovations,

𝑌𝑡 =

𝑝∑
𝑖=1

𝜙𝑖𝑌𝑡−𝑖 +𝑋𝑡 +

𝑞∑
𝑖=1

𝜃𝑖𝑋𝑡−𝑖,

𝑋𝑡 = 𝜎𝑡𝜀𝑡, (1)

𝜎2
𝑡 = 𝑎0 +

𝑟∑
𝑖=1

𝑎𝑖𝑋
2
𝑡−𝑖 +

𝑠∑
𝑖=1

𝑏𝑖𝜎
2
𝑡−𝑖,

where the polynomials 𝜙(𝑧) = 1 − 𝜙1𝑧 − ⋅ ⋅ ⋅ − 𝜙𝑝𝑧
𝑝 and

𝜃(𝑧) = 1 + 𝜃1𝑧 + ⋅ ⋅ ⋅ + 𝜃𝑞𝑧
𝑞 have no common zeros and

neither 𝜙(𝑧) nor 𝜃(𝑧) has zeros in the closed unit disk {𝑧 ∈
ℂ : ∣𝑧∣ ≤ 1}, 𝜎𝑡 is the positive square root of 𝜎2

𝑡 , 𝑎0 >

0, all coefficients (𝑎𝑖, 𝑏𝑖)’s are nonnegative,
∑max(𝑟,𝑠)

𝑖=1 (𝑎𝑖 +
𝑏𝑖) < 1, and (𝜀𝑡) is a sequence of independent and identically
distributed (iid) random variables satisfying E(𝜀𝑡) = 0 and
E(𝜀2𝑡 ) = 1. The innovation 𝜀𝑡 follows a SEP distribution
whose density is defined by

𝑓(𝑥∣𝛾, 𝜖) = 1

𝜌
𝑓𝛾

[
𝑥− 𝜇

(1 + 𝜖)𝜌

]
1{𝑥<𝜇} +

1

𝜌
𝑓𝛾

[
𝑥− 𝜇

(1− 𝜖)𝜌

]
1{𝑥≥𝜇},

where 𝑓𝛾(𝑥) = 𝑐 exp(−∣𝑥∣𝛾), 𝛾 > 0 is the shape parameter,
𝑐−1 = 2Γ(1+1/𝛾) and Γ is the Gamma function, 𝜖 ∈ (−1, 1)
is the skew parameter, 𝜇 ∈ ℝ is the location parameter and
𝜌 > 0 is the scale parameter. Since

E(𝜀𝑡) = 𝜇− 2𝜖𝜌𝑑1 = 0,

Var(𝜀𝑡) = 𝜌2[(1 + 3𝜖2)𝑑2 − 4(𝜖𝑑1)
2] = 1,

where

𝑑𝑟 =

∫ +∞

−∞
∣𝑥∣𝑟𝑓𝛾(𝑥)𝑑𝑥 = Γ

(
𝑟 + 1

𝛾

)/
Γ

(
1

𝛾

)
,

the parameters (𝜇, 𝜌) are determined from (𝛾, 𝜖), see [11].
Time correlation motivates the use of an ARMA model.

The sample partial autocorrelation function of (𝑌𝑡) is dis-
played in Figure 2(a). All the partial autocorrelation coeffi-
cients at lag ℎ ≥ 7 are not statistically significantly differ-
ent from 0. We compute the Bayesian information criterion
(BIC) for each ARMA(𝑝, 𝑞) model with 0 ≤ 𝑝, 𝑞 ≤ 6, and the
smallest value is 1919.43 and is obtained with (𝑝, 𝑞) = (6, 0).
Therefore, we choose the ARMA(6, 0) model for (𝑌𝑡).

The study of the residuals (𝑋𝑡) exhibits positive skew-
ness, heavy tails and conditional heteroskedasticity as shown
in Table 1 and Figures 2(b) and (c). These features encour-
age the use of a GARCH model. In order to avoid over-
parameterisation, we fit a GARCH(1,1) model to (𝑋𝑡) which
is usual in the literature.
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Signal Mean Standard Deviation Min Max Skewness Excess Kurtosis
(𝑃𝑡) 31.01 10.05 3.51 88.1 0.07 0.96
(𝑌𝑡) 0 6.08 -20.6 53.72 0.99 7.38
(𝑋𝑡) -0.02 3.19 -10.97 11.33 0.11 1.59

Table 1: Statistical characteristics of (𝑃𝑡), (𝑌𝑡) and (𝑋𝑡).
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Fig. 2: (a) Sample partial autocorrelation function of (𝑌𝑡); (b) Sample autocorrelation function of (𝑋2
𝑡 ); (c) Sample partial autocorrelation

function of (𝑋2
𝑡 ).

Finally, the parameters of our AR(6)-GARCH(1,1) model
with SEP innovations are 𝜂 = (𝑎0, 𝑎1, 𝑏1, 𝛾, 𝜖, 𝜙) where 𝜙 =
(𝜙1, 𝜙2, 𝜙3, 𝜙4, 𝜙5, 𝜙6). We fit this model to the in-sample
data set which ranges from January 1, 2013 to December 31,
2013, totalling 𝑇 = 365 observations. The parameters are
estimated by maximizing the conditional log likelihood

𝐿𝑇 (𝜂) =

𝑇∑
𝑡=7

ln 𝑓

(
𝑌𝑡 − 𝜙1𝑌𝑡−1 − ⋅ ⋅ ⋅ − 𝜙6𝑌𝑡−6

𝜎𝑡

)
.

The estimates are given in Table 2 where we see that they
are all statistically significant. Standard deviations are com-
puted using the function optim in R. Figure 3 shows that the
residuals (𝜀𝑡) are independent. Observe that 𝑎1 + 𝑏1 < 1 and
therefore, (𝑋𝑡) is strictly stationary and ergodic.

4. BACKTESTING ES

Backtesting ES consists in designing statistical tests to com-
pare actual losses and ES calculations. While in financial ap-
plications, ES usually refers to the lower tail of the return dis-
tribution, the residuals hereby demonstrate positive skewness,
see Table 1. Thus, the estimation of upside risk is of great in-
terest to participants in electricity markets. ES examines the
upper tail end of a distribution and determines the mean of
the upper tail of the distribution that exceeds the value at risk.
For each trading day 𝑡 with 1 ≤ 𝑡 ≤ 𝑛, the value at risk VaR𝑡

𝛼

at the probability level 𝛼, 0 < 𝛼 < 1, is the (1 − 𝛼) quan-
tile of (𝑋𝑡), with a negative value corresponding to a loss.

Equivalently,

Pr(𝑋𝑡 ≤ VaR𝑡
𝛼) = 1− 𝛼. (2)

The upside risk at the probability level 𝛼 is

ES𝑡𝛼 =
1

𝛼

∫ 𝛼

0

VaR𝑡
𝑝 𝑑𝑝 (3)

and coincides with the conditional value at risk CVaR𝑡
𝛼 de-

fined by

CVaR𝑡
𝛼 = E[𝑋𝑡 ∣ 𝑋𝑡 > VaR𝑡

𝛼], (4)

since the SEP distribution is continuous, see [12].
Here, we evaluate the out-of-sample performance of our

model. Upside risk is predicted one-day-ahead. The out-of-
sample data set covers the time period from January 1, 2014
to February 1, 2016 and contains 𝑛 = 1127−365 = 762 daily
observations. The performance of the AR(6)-GARCH(1,1)
model with SEP innovations is compared to the performance
of AR(6)-GARCH(1,1) models whose innovations follow
other distributions, such as the Johnson SU, the generalized
hyperbolic and the skewed Student-𝑡.

The ES backtesting procedure used here is the one pre-
sented in [13]. This procedure presents a coverage test for
any spectral risk measure such as ES. For each trading day 𝑡
with 1 ≤ 𝑡 ≤ 𝑛, a spectral risk measure 𝑀 𝑡

𝜙 with admissible
risk measure 𝜙 is defined by

𝑀 𝑡
𝜙 =

∫ 1

0

VaR𝑡
𝑝 𝜙(𝑑𝑝), (5)
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Parameter 𝑎0 𝑎1 𝑏1 𝛾 𝜖 𝜙1 𝜙2 𝜙3 𝜙4 𝜙5 𝜙6

Estimate 0.825 0.223 0.636 1.138 -0.052 0.842 -0.190 0.088 -0.007 0.045 0.135
Standard deviation 0.193 0.007 0.008 0.014 0.002 0.005 0.028 0.009 0.001 0.003 0.001

Table 2: Parameters of the AR(6)-GARCH(1,1) model with SEP innovations
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Fig. 3: (a) Sample autocorrelation function of (𝜀𝑡); (b) Sample partial autocorrelation function of (𝜀𝑡).

and the spectral risk measure failure rate is

𝑋
𝑛

SR(𝜙) =
1

𝑛

𝑛∑
𝑡=1

𝑋𝑡
SR(𝜙), (6)

where

𝑋𝑡
SR(𝜙) =

∫ 1

0

1{𝑋𝑡≥VaR𝑡
𝑝} 𝜙(𝑑𝑝).

The null-hypothesis for the spectral risk measure coverage
test is

H0 : Pr(𝑋𝑡 ≤ VaR𝑡
𝛼) = 1− 𝛼.

Since 𝑋𝑡 is stricly stationary and ergodic with a finite mean,
the pointwise ergodic theorem for the stationary sequence
(𝑋𝑡

SR(𝜙)) implies that

𝑋
𝑛

SR(𝜙)
𝑎.𝑠.−−→ E[𝑋𝑡

SR(𝜙)] = 𝜇𝜙, (7)

where

𝜇𝜙 =

∫ 1

0

𝑝𝜙(𝑑𝑝).

Under H0 and according to the central limit theorem for sta-
tionary ergodic martingale differences [14], we have

𝑍𝑛
SR =

(𝑋
𝑛

SR(𝜙)− 𝜇𝜙)

𝜎𝜙

𝑑−→ 𝑁(0, 1) (8)

where

𝜎2
𝜙 =

1

𝑛

(
2

∫ 1

0

𝜙(𝑑𝑝)

∫ 𝑝

0

𝑞𝜙(𝑑𝑞)−
(∫ 1

0

𝑝𝜙(𝑑𝑝)

)2
)
.

The Z-score of 𝑍𝑛
SR describes a Z-test for 𝑋

𝑛

SR(𝜙) and a cov-
erage test for 𝑀 𝑡

𝜙.

If 𝜙 is the Dirac measure concentrated at 𝛼, 𝑀 𝑡
𝜙 = VaR𝑡

𝛼,

𝜇𝜙 = 𝛼 and 𝜎𝜙 =
√
𝛼(1− 𝛼). Thus, the Z-score becomes

𝑍𝑛
VaR𝛼

=
√
𝑛
𝑋

𝑛

VaR𝛼
− 𝛼√

𝛼(1− 𝛼)
. (9)

In fact,𝑍𝑛
VaR𝛼

is the Wald variant of the likelihood ratio statis-
tic proposed by [15, 16]. However, the Dirac measure concen-
trated at 𝛼 is not an admissible risk measure.

Taking 𝜙(𝑝) = 1
𝛼 1{0≤𝑝≤𝛼}, 𝑀 𝑡

𝜙 = ES𝑡𝛼. The computa-
tion of 𝜇𝜙 and 𝜎𝜙 gives the following Z-score

𝑍𝑛
ES𝛼

=
√
3𝑛

2𝑋
𝑛

ES𝛼
− 𝛼√

𝛼(4− 3𝛼)
. (10)

We use the model estimated in Section 3 to calculate one-
day-ahead conditional means and variances for the out-of-
sample data set and the ES failure rate 𝑋

𝑛

ES𝛼
. The Z-score

𝑍𝑛
ES𝛼

is computed for different values of 𝛼 and for various
innovation distributions. The results are presented in Table 3.
We rank the performance of the models according to their Z-
score and the closest Z-score to zero corresponds to the best
model. We see that the SEP distribution significantly outper-
forms the other distributions for ES1%, ES2%, ES2.5%, ES3%
and ES4%.

5. CONCLUSION

This paper aims to predict upside risk for the price of the
Swedish bidding area SE3 using an ARMA-GARCH model
with SEP innovations. The great flexibility of the SEP distri-
bution allows to model a large class of data which are skewed
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Distribution ES1% ES2% ES2.5% ES3% ES4% ES5%
SEP 0.1944 0.5691 0.1579 0.8265 0.3913 -0.7066

GHYP 1.2046 1.3172 0.3179 1.2861 0.8865 -0.3056
JSU 1.4048 1.2794 1.0379 2.2406 1.3580 0.3903

SSTD 1.4545 1.1206 0.8394 1.9504 1.0871 0.1394

Table 3: Backtesting ES for the SEP, Johnson SU (JSU), generalized hyperbolic (GHYP) and skewed Student-𝑡 (SSTD) distributions.

and fat-tailed. The SEP distribution captures well the spiky
events in January 2016 and shows good performance in terms
of ES estimation compared to commonly used distributions in
risk measurement.
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