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ABSTRACT
We study the impact of residual carrier frequency offset
(CFO) on the performance of the distributed zero-forcing
(ZF) beamformer in the interference channel, i.e., where
multiple nodes simultaneously transmit the same data to-
wards multiple receivers. Distributed transmissions have
been proposed to mitigate the co-channel interference inher-
ent to such scenarios and provide the gains of multi-antenna
systems. However, frequency synchronization among the co-
operating transmitters is required. Even when the transmit-
ters perform frequency synchronization before transmission,
a residual CFO is to be expected that degrades the perfor-
mance of the system due to the in-phase misalignment of the
incoming streams. This paper presents the signal-to-noise
ratio analytically and the diversity semi-numerically of the
distributed ZF beamformer for the ideal case and in presence
of a residual CFO.We illustrate our results and their accuracy
through simulations.

1. INTRODUCTION
Coordinated transmissions, where multiple cells cooperate to
simultaneously transmit towards one or multiple receivers,
have gained much attention recently as a means to provide
the spectral efficiency and data rate targeted by emerging
standards [1]. They have the potential to improve the per-
user capacity or the performance of the users at the cell edge
at a low cost, i.e., no need for new infrastructures or expen-
sive devices.

In coordinated transmissions, the joint computation of
the beamforming weights achieves optimal performance [2].
However, its implementation in a distributed network is chal-
lenging due to the complexity of the joint beamforming and
the extensive sharing of information between the transmit
cells. Conversely, distributed (yet coordinated) beamforming
schemes where each cell exploits the knowledge of the infor-
mation data but only a limited knowledge about the channels
are a more practical alternative [3]. Besides the difficult ex-
change of the data and CSI between the transmit cells, coor-
dinated systems rely on perfect synchronization between the
different cells which is also challenging to achieve.

Carrier frequency offset (CFO) is caused by the mobil-
ity of the wireless devices (Doppler effect) and by the non-
ideality of the local oscillator embedded in each wireless
transceiver. CFO is a major source of impairment in orthogo-
nal frequency division modulation (OFDM) schemes [4]. In
coordinated communications, each stream originates from a
distinct source, each with a different frequency error. As a
result, the receiver must cope with multiple carrier frequency
offsets. Because of the additive nature of the channel, the
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ŝ2

hH11

1
Tx2

...

Rx1

hH22

ŝ1
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Figure 1: System model of a coordinated scheme in flat fad-
ing channels where both transmitters communicate simulta-
neously toward both receivers.

receiver cannot compensate for all the CFOs separately and
the possibly destructive combination of the incoming streams
is then impossible to correct. The most logical method to
mitigate the effects of CFO consists in compensating the fre-
quency offset prior to transmission

In practical scenarios, the perfect synchronization of the
wireless devices is challenging and a residual CFO remains
after synchronization. It is therefore of interest to understand
its impact on coordinated communications. In multi-user
systems the CFOs has been shown to degrade the accuracy
of the beamformer hence decreasing the capacity [5]. Works
also include the study of the phase mismatch in distributed
schemes, i.e., phase offset errors [6] and of the time-varying
phase drift on the performance [7]. These results are com-
plementary to the results presented here, i.e., we consider the
time- and CFO-dependent phase mismatch.

The SNR gain and diversity order are commonly used to
measure the performance of multiple antenna systems. They
are well known for single-user (SU) scenarios [8] and have
also been proposed for amplify-and-forward relay scenarios.
However, the literature does not evaluate the effects of resid-
ual CFO on those gains achieved with coordinated schemes,
where the transmitters share the same time and frequency re-
sources for transmitting a common data towards

We study the effects of a residual CFO on the perfor-
mance of the distributed zero-forcing (ZF) beamforming
scheme. We first introduce the system model (Section 2)
and derive in Section 3 the SNR gain analytically and the di-
versity gain numerically assuming perfect synchronization.
Next, we define the system model for multiple CFOs and
propose the derivations of the SNR and diversity gains when
residual CFO is present (Section 4). We show that the per-
formance decreases with time as the residual CFO introduces
a misalignment of the incoming streams. Section 5 shows
the performance of the cooperative scheme for both the ideal
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case and when residual CFO is present and discuss the pro-
posed derivations. Section 6 concludes our work.

The following notations are used: the vectors and matri-
ces are in boldface letters, vectors are denoted by lower-case
and matrices by capital letters. The superscript (·)H denotes
the Hermitian transpose operator, and (·)† denotes the pseudo
inverse. E[·] is the expectation operator, IN is an identity
matrix of size (N×N) and CN×1 denotes the set of com-
plex vectors of size (N× 1). The definition x∼CN(0,σ2IN)
means that the vector x of size N×1 has zero-meanGaussian
distributed independent complex elements with variance σ2.
We define |an| as the norm of the nth element of the vector a.

2. SYSTEM MODEL
We consider a distributed beamforming system where two
independent nodes transmit simultaneously to two receivers.
Fig. 1 shows the system model. We assume that the transmit-
ters share information about the data to transmit. Each trans-
mitter is equipped with Nt ≥ 2 transmit antennas while the
receiver has a single antenna. We assume flat fading chan-
nels and present the derivations for the single carrier case.
We consider that a prior-to transmission frequency synchro-
nization is performed so that only a residual CFO is present
at the receivers.

The channel vector is composed of independent and iden-
tically distributed (i.i.d.) Rayleigh fading elements of unit
variance, i.e., hik ∼CN(0,INt ). It models theNt channels be-
tween receiver i and transmitter k with i,k = 1,2. We denote
by si ∈C1×1 the transmitted symbol to the receiver Rxi where
Esi [|si|

2] = 1. Each transmitter exploits only the knowledge
of the channels from its own antennas to both receivers, i.e.,
Tx1 has the channel knowledge of hH11 and hH21 and Tx2 has
the channel knowledge of hH22 and hH12. As a result, only the
local computation of the beamforming weights is achievable.
At the channel output, the received signals at Rxi are denoted
by yi ∈ C1×1 and can be expressed as

y1 =
(

h
H
11w11+h

H
12w21

)

s1+
(

h
H
11w12+h

H
12w22

)

s2+ n
y2 =

(

h
H
21w12+h

H
22w22

)

s2+
(

h
H
21w11+h

H
22w21

)

s1+ n
(1)

wherewil ∈CNt×1 denotes the beamforming vector from the
transmitter i towards the lth receiver. The beamforming vec-
tors satisfy the following power constraint wH

il wil ≤ Pi for
i= 1,2 l = 1,2. Pi denotes the transmit power dedicated to
each receiver at Txi (a given transmitter allocates the trans-
mit power evenly to both receivers). The term n ∈ C1×1 is
the zero-mean circularly symmetric complex additive white
Gaussian noise (AWGN) with variance σ2n . We consider a
ZF beamformer. Such a beamformer exploits the knowledge
of the channels from its own antennas to choose the beam-
forming vector that places the nulls in the direction of the
non-targeted user while maximizing the energy towards the
desired user. The computation of the beamforming weights
can be decomposed into two steps: null beamforming and
maximal energy beamforming. We focus on the computation
of the weights for Tx1, a similar approach can be done for
Tx2.

To cancel the interference towards the non-targeted user,
the matrix Zi j ∈ CNt×Nt is used as the orthogonal projection
onto the orthogonal complement of the column space of hi j,

e.g., from Tx1 to cancel interference at Rx1 and Rx2

Z11 = INt −h11
(

h
H
11h11

)−1
h
H
11

Z21 = INt −h21
(

h
H
21h21

)−1
h
H
21. (2)

Next, the transmit maximum-ratio combining (MRC) beam-
former is then applied towards the targeted-user [8]. The
weights are chosen from the complementary space of the pro-
jection matrix to maximize the energy towards the receivers

w11 =
√
P1

Z21h11
||Z21h11||

and w12 =
√
P1

Z11h21
||Z11h21||

(3)

which fulfills the power constraint. Since the ZF beamform-
ing weights lay in the null space of the non-targeted user, the
received signal is interference free, Equations in (1) become

y1 =
(

h
H
11w11+h

H
12w21

)

s1+ n
y2 =

(

h
H
21w12+h

H
22w22

)

s2+ n. (4)

3. SNR AND DIVERSITY GAINS
Section 3.1 proposes the derivations of the average SNR and
compare it to the SNR gain in single-user scenarios. The
derivation of the diversity is proposed in Section 3.2

3.1 Average SNR Gain
For the sake of clarity, the derivations are performed for Rx1
only. In the following derivations, we assume a zero-forcing
equalizer at the receiver, i.e., the complex scalar inversion of
the equivalent channel. From Eq. (4), after processing at the
receiver, we obtain the instantaneous output SNR from Rx1
(γ1), for one channel realization, by taking the expectations
over the noise and the symbols. It is given as

γ1 =
1
σ2n

(

h
H
11w11+h

H
12w21

)2
. (5)

Next, we average γ1 over the channel realizations to obtain
the average SNR

E [γ1] =
1
σ2n

E
[

(

h
H
11w11+h

H
12w21

)2
]

=
1
σ2n

(

E
[

(

h
H
11w11

)2
]

+E
[

(

h
H
12w21

)2
]

+2E
[

h
H
11w11

]

E
[

h
H
12w21

])

. (6)

If the matrix Z is a projection matrix, it is idempotent:
Z= Z2 [9]. We can then write hH11ZH

21Z21h11 = hH11Z21h11.
The combination of the precoder with the channel gives then
hH11w11 =

√

P1
(

hH11Z21h11
)

. Next, applying the eigenvalue
decomposition to the matrix Z21 we obtain hH11Z21h11 =
hH11U21Λ21U

H
21h11. The matrix U21 is a unitary matrix of

eigenvectors and Λ21 is a diagonal matrix containing the
eigenvalues. Because the properties of a zero-mean com-
plex Gaussian vector do not change when multiplied with
a unitary matrix, we have hH11U ∼ hH11. Therefore, we ob-
tain E

[

hH11w11
]

= E
[
√

P1
(

hH11Λ21h11
)

]

. Again, the ma-
trix Z21 being idempotent, its eigenvalues are either 1 or
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0 [9] and the rank of Z21 equals its trace, i.e., rank (Zi j) =

tr (INt )− tr
(

hi j

(

hHi jhi j

)−1
hHi j

)

= Nt − 1. As a result,
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From this equation,
√

∑Nt−1n=1
∣

∣hn11
∣

∣

2 is a Rayleigh distributed
random variable and |hn11|

2 follows a chi-square distribu-
tion [10], we hence obtain

E
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=
Γ(Nt − 0.5)
(Nt − 2)!

(7)

E

[

Nt−1

∑
n=1

|hn11|
2

]

=
Γ(Nt)

(Nt − 2)!
= Nt − 1. (8)

where Γ denotes the Gamma function and (N)! the facto-
rial of N. Finally, the average SNR gain (in dB) for the dis-
tributed ZF scheme over the single-user single-input single-
output (SISO) scenario, assuming perfect synchronization
can be expressed as G equals

10 log10

(

(P1+P2) (Nt − 1)+ 2
√
P1P2

(

Γ(Nt − 0.5)
(Nt − 2)!

)2
)

(9)

For comparison, the SNR for the single-user case, with a
transmit-MRC beamformer, is GMRC = 10log10 (PNt), while
for the equal-gain combining (EGC) beamformer [8], it is
given as GEGC = 10log10

(

P
(

1+(Nt − 1) π4
))

.

3.2 Diversity gain
The diversity gain is obtained by combining the multiple
replicas of the signal collected at the receiver. The diver-
sity order is calculated by evaluating the resulting slope of
the average bit error rate curve. The diversity order for the
first receiver is given as

−d1 = lim
σ2n→∞

log10Pe
log10σ2n

(10)

where Pe denotes the average bit error rate probability for the
first receiver

Pe =
∫ ∞

0
Pc (e|γ1) pγ1 (γ1)dγ1. (11)

We denote by pγ1 (γ1) the probability density function (PDF)
of the instantaneous SNR (γ1) at the receiver 1 given in Sec-
tion 3.1. The expression Pc (e|γ1) denotes the conditional bit
error rate and can be expressed, for a BPSK modulation, as

Pc (e|γ1) = Q
(

√

2γ1
)

. (12)

where Q(x) denotes the alternative Gaussian Q-function rep-
resentation [8] given as

Q(x) =
1
π

∫ π
2

0
exp

(

−
x2

2sin2 φ

)

dφ (13)

hence Pc (e|γ1) = 1
π

∫

π
2
0 exp

(

− 2γ1
2sin2 φ

)

dφ . We can write the
average bit error rate probability as

Pe =
∫ ∞

0

1
π

∫ π
2

0
exp

(

−
2γ1

2sin2 φ

)

dφ pγ1 (γ1)dγ1. (14)

Developing the equation of the instantaneous SNR gives

γ1 =
1
σ2n

(

(

h
H
11w11

)2
+
(

h
H
12w21

)2
+ 2hH11w11h

H
12w21

)

.

(15)

Because the terms in (15) are not independent, obtaining the
equivalent PDF (and hence Pe) in a general closed-form is
difficult. Therefore, to compute the diversity order of the
considered cooperative scheme we approximate numerically
the error probability Pe for a varying number of antennas.

From the numerical analysis and simulation results in
Section 5.1, we can observe in Fig. 2 a diversity order of the
considered scheme is of 2(Nt − 1). This result should be ex-
pected as one degree of freedom cancels the interference to-
wards the non-intended receiver. With two antennas at each
transmitter the diversity order is equivalent to a single-user
EGC scenario with two antennas and provides then a diver-
sity order of 2 [11]. A similar approach can be employed for
the second receiver.

4. DISTRIBUTED ZF BEAMFORMING: IMPACT
OF CFO

In this section, we discuss the effects of the residual CFO on
the SNR and diversity gains. In 4.1, we extend the system
model given in Section 2 to the case where CFO is present.
Then, the average SNR and diversity gains are derived for the
general case (Nt transmit antennas) in Sections 4.2 and 4.3.

4.1 System Model with CFOs
The combination of the channel with the CFO can be equiv-
alently represented by the channel vector multiplied by the
complex component ci (t, fΔi) = ei2π fΔi t , where t is the time
index and fΔi denotes the CFO at the transmitter i to that
of the receiver’s carrier frequency. As introduced above,
we assume that the frequency offset is pre-compensated at
the transmitters prior to transmission, i.e., only the resid-
ual CFOs fΔ1 and fΔ2 are left. The instantaneous SNR
ξ1(t, fΔ1 , fΔ2) is equal to

1
σ2n

(

c1(t, fΔ1)h
H
11w11+ c2(t, fΔ2)h

H
12w21

)2
. (16)

We now average this instantaneous SNR over the channel
realizations, i.e., E

[

ξ1(t, fΔ1 , fΔ2)
]

=
1
σ2n

(

E
[
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h
H
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)2
]

+E
[

(

h
H
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)2
]

+E
[

h
H
11w11

]

×E
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h
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]

2cos(2π fΔt)
)

(17)
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(17)

where c1(t, fΔ1)c2(t, fΔ2)H + c1(t, fΔ1)Hc2(t, fΔ2) is equal to
2cos(2π fΔt), with fΔ = fΔ1 − fΔ2 . The notation fΔ refers to
the relative CFO between the two transmitters.

4.2 Average SNR Gain with CFO
The Eq. (17) shows that the average SNR is time-dependent
and varies over the transmission period Tp. We then compute
the time-averaged result to obtain the exact average SNR

ET [cos(2π fΔt)] =
1
Tp

∫ Tp

0
cos(2π fΔt) dt = sinc(2π fΔTp) .

Following the procedure in Section (3.1) and from Eq. (17)
we obtain the average SNR E [ξ1(Tp, fΔ)] given in Eq. (17).
To conclude the average SNR gain, over the SU-SISO sce-
nario, with residual CFO is

GCFO = 10log10
(

(P1+P2)(Nt − 1)

+ 2sinc(2π fΔTp)
√
P1P2

(

Γ(Nt − 0.5)
(Nt − 2)!

)2
)

(18)

As a result, the average SNR gain degrades, following a sinc
function with the parameters fΔ and Tp. Hence, if fΔ or Tp
are too large, no SNR gain is obtained.

4.3 Diversity gain with CFO
The CFO introduces a phase rotation. As a result, the pre-
vious approximations or numerical analyses of the diversity
for the considered scheme do not hold anymore.

As expressed in Section 3.2, the average error probability
Pe is required to compute the diversity gain d. However, a
residual CFO makes the error probability Pe time- and CFO-
dependent. For ξ1(t, fΔ) denotes the equivalent signal at the
time index Tp = t and, from Eq.(16), it can be expressed as

ξ1(t, fΔ) =
1
σ2n

(

(

h
H
11w11

)2
+
(

h
H
12w21

)2

+ 2cos(2π fΔt)hH11w11h
H
12w21

)

. (19)

Similarly to Section 3.2, the average BER Pe(t, fΔ) is

1
π

∫ π
2

0

∫ ∞

0
exp

(

−
2ξ1(t, fΔ)
2sin2 φ

)

p(ξ1(t, fΔ)) dξ1(t, fΔ)dφ .

Moreover, the average BER must be integrated over the time
index t for a given transmission duration (Tp). Because its
evaluation is not trivial, we instead approximate the PDF
semi-numerically, for different transmission durations. We
then obtain the average probability of error by integrating the
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Figure 2: displays the BER curves versus the SNR of the con-
sidered ZF beamforming scheme, i.e., the multi-user (MU)
scenario, with Nt = 2, Nt = 3 and Nt = 4 assuming per-
fect frequency synchronization and for a 16QAM modula-
tion scheme. The BER curves of a single-user (SU) system
with transmit-MRC beamforming and Nt = 2 and Nt = 4 are
also displayed.

different Pe, i.e., for a given residual CFO ( fΔ), over the de-
sired transmissions duration, i.e., Pe|Tp =

1
Tp

∫ Tp
0 Pe(t)dt. We

then use these numerical approximations to compute the re-
sulting diversity order. This is presented in the Section 5.2.

5. SIMULATION RESULTS

This section aims at comparing the SNR and diversity gains
of the distributed ZF beamforming scheme without synchro-
nization errors to that of the case with residual CFO and ver-
ifying the proposed derivations. The simulations are per-
formed for the IEEE802.11n system, with a 5GHz carrier
frequency and a 20MHz bandwidth. We consider an uncoded
OFDM scheme with 64 subcarriers. A power of 1 is allocated
to each receiver from each transmitter. The multiple CFOs
are assumed known at the receiver where a zero-forcing fre-
quency domain equalizer is applied for synchronization. Pre-
synchronization of the frequency offset is performed at the
transmitters so that only residual CFO fΔ is left. The fΔ is
expressed in part per million (ppm) with respect to the sys-
tem carrier frequency.

Each scenario can be described as NTX(Nt )×NRX(Nr),
where NTX denotes the number of transmitters and NRX the
number of receivers, Nt is the number of transmit antennas at
each transmitter, Nr the number of antennas at each receiver.

5.1 Performance of Cooperative Beamforming: Ideal
Case
Fig. 2 shows that the diversity order (d) of the considered
scheme with Nt = 3 results in a diversity gain for the ZF
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Figure 3: displays the BER curves obtained for a BPSKmod-
ulation scheme, fΔ = 2ppm and for 18,25 and 31 transmit
symbols (Tp). These values represent the minimum, a zero
and a local maximum of the sinc(2π fΔTp) function. The
curve of the SNR gain without CFO is also displayed.

beamformer of 4. Similarly, the ZF beamforming scheme
with Nt = 2 provides the same diversity gain as the SU
scheme with two transmit antennas. The figure also shows
that the SNR gain of the ZF beamforming scheme with
Nt = 2 is of approximately 0.5dB less than that of the SU
scheme with two transmit antennas and that the SNR gain of
the ZF beamformer with Nt = 3 is of approximately 0.2dB
less than that of the SU transmit-MRC scheme with 4 trans-
mit antennas. These results confirm the derivations proposed
in Section 2.

5.2 Performance of Coordinated Beamforming with
Frequency Offset
Here, we study the effects of residual CFO on the SNR and
diversity gains. In the simulations, we assume 2 transmitters
each equipped with two antennas, i.e., Nt = 2.

From the derivations in Section 3.1, a residual CFO intro-
duces a SNR loss that follows a sinc function. Fig. 3 shows
that the CFO degrades the SNR gain and that the curve from
Tp = 31 achieves a SNR gain higher than that of Tp = 25.
Similarly, the SNR gain for Tp = 31 and 25 outperforms that
of Tp = 18, as expected from Eq. (18).

The Fig. 4 shows that the diversity order decreases
quickly with the number of transmit symbols to finally ap-
proach the SU-SISO curve for a long transmit period, e.g.,
Tp > 25 transmit symbols. Moreover, for Tp = 13 the diver-
sity order is lower than 1 (d < 1), i.e., worse than the SU-
SISO case; confirming the results from Section 4.3.

6. CONCLUSIONS
We propose the derivations of the SNR gain analytically
and of the diversity order numerically for the ZF distributed
beamformer when a residual CFO is present. Results show
that the residual CFO degrades significantly the SNR and di-
versity gains. As a result, additional efforts for the estima-
tion and correction of the frequency offset are necessary to
achieve the gain promised by coordinated transmissions.
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Figure 4: shows the BER curves for various transmission du-
rations based on the derivations in Section 4.3. The simula-
tions are for fΔ = 2ppm and a 4-QAM modulation scheme
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