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ABSTRACT ( ) x(n) G(ZM) y(n)
In this work a new technique for design of narrow-band and
wide-band linear-phase finite-length impulse response)(Fl
frequency-response masking based filters is introducee. Th
technique is based on a sparse FIR filter design method for b) x
both the model (bandedge shaping) filter as well as the mask- - G(Z2V) F(2) ;® y(n)
ing filter using mixed integer linear programming optimiza- +
tion. The proposed technique shows promising results for
realization of efficient low arithmetic complexity structés.
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1. INTRODUCTION

Frequency-response masking techniques offer certaacattr
tive benefits over conventional single-stage filters anda-nu Figure 1: (a) Narrow-band FIR frequency response masking
ber of such techniques have evolved which are known to bflter. (b) Wide-band FIR frequency-response masking filter
highly efficient for achieving reduction of the number of mul
tiplications and additions in narrow transition band lirea
phase finite-impulse response (FIR) filters [1-5]. A narrow-based on mixed integer linear programming to NBFRM is
band filter (narrow-band means here that for the passbarmtesented. As we optimize for sparsity, we will in the ideal
edgew:.T, we havew.T < 11/2) can be realized as a cascadecase not have a periodic model filter, instead the optimiza-
of two filters, i.e., a periodic model filter and a masking filte tion procedure will find the sparsest possible model filter.
as shown in Fig. 1(a). This is also known as an interpolate@he model and masking filters are designed in separate steps,
FIR filter. In the lowpass filter case, the masking fillgiz)  and, hence, a globally optimal solution is not found. This is
selects the passband in the baseban@((zf‘/'), and elimi- in general not surprising since the design of two cascaded
nates the remaining passbands. This is outlined in Fig. FIR filters is a non-convex problem. Still, the results show a
where Fig. 2(a) illustrates the initial model filter, Figh2( significant computational complexity reduction compaied t
the periodic model filter, with period72/M, Fig. 2(c) the conventional separate design.
masking filter, and Fig. 2(d) the overall cascaded frequency In the next section we discuss the formulation of the
response. mixed-integer linear programming problem used and de-
The filter order of an FIR filter and therefore the arith- scribe our proposed design method. Then, in Section 3 some
metic complexity (number of multiplications and additipns design examples are presented and elaborated to illuieate
is inversely proportional to the width of the transistiomtla properties and benefits of the proposed design method. Fi-
[3]. As the transition bands of the filteFs(z) andG(z) are  nally, some concluding remarks are given in Section 4.
significantly wider that that of (z), one can expect a signif-
icant reduction of the arithmetic complexity for a corrgctl 2. PROPOSED DESIGN APPROACH
choserM.
SelectingF (z) as a highpass or a bandpass filter with th
same model filteiG(Z), will produce an overall highpass The transfer function of aN:th-order FIR filter can be writ-
or bandpass filter, respectively. Similarly a wide-banefilt ten as [12]
(wide-band means here that for a lowpass fittet > 17/2) N N
can be easily obtained by complementing a linear phase H(z) = 3 h(n)z (1)
narrow-band filter as illustrated in Fig. 1(b). n=0
Several techniques have been proposed for improving the@hereh(n) are the impulse response coefficients. Usually,
computational efficiency of narrow-band frequency-resgon the computational complexity of an FIR filter is largely de-
masking (NBFRM) which include single filter frequency termined by the number of multiplications required to rzali
masking filters [6], where the same filter is used with differ-the transfer function, i.e, the number of non-zhroLet us
ent periodicities, and the use of very simple subfilterfiegit denote the desired magnitude functiorDdgoT ) where typ-
as prefilters [7-9] or as masking filters [10]. Furthermoee, d ically D(wT) is one in passband and zero in the stopband. If
signs using minimum-phase filters have been proposed [11jve denote the maximum allowed deviation from the desired
In this work the application of sparse FIR filter designmagnitude, i.e., the ripple a¥wT), it can be rewritten as

e2.1 Design of Sparse FIR Filters
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subject to (2), (3), (4), (5), and (6). This problem can be
A T solved using standard MILP solvers employing techniques
G such as branch and bound or branch and cut.

i 2.2 Proposed Design Method

0 MaxT  MasT Ideally one would design the model filter without any period.
, However, since the solution of MILP problems are time con-
(b) |G(elMwT))] suming and the number of variables are roughly inversely
proportional to the periodicity, we will consider a design
problem with a periodM,, a for actual periodicity, for the
model filter, while the masking filter is designed for a peri-

.
\/
g

/M 2m/M am/M  6m/M - wT odicity of My, d for designed periodicity.
Consider a narrow-band lowpass filter with passband rip-
(c) _ ple &, stopband ripplés, passband edge. T and stopband
|F(el®T)] edgewsT. The minimum filter order for a single-stage FIR
2wsT 2wsT filter meeting the specification is. The proposed design
N ANE L method is as follows for a giveMy and M, (in general a
21/M — wsT 4n/M 6m/M wT search over possibMy < 11/wsT andM, < My is required):
1. Design an initial masking filtéf (z) based on the follow-
(d) ing specification:
[H ()| OcF =0/2 &F = 0 ®)

WerT =T T =2m/ Mg — wsT

I »
t >

we T wsT m wT

For this filter linear programming [14] or the Remez ex-

Figure 2: Frequency responses for: (a) model filter, (b)-peri ~ change algorithm [15] can be used. It can be noted that

odic model filter, (c) masking filter, and (d) overall narrow- this filter is designed without any don’t care bands, which
band filter. is common for masking filters for a periodic model filter.

However, as the masking filter will be reoptimized, the
final masking filter will still have a low complexity.

two constraints 2. Based on the discussion in the previous section formulate
L o a MILP design problem designing an optimized model
.zohit”g(lv wT) < O(wT )+ D(wT) 2 filter Go(2) which in combination with the masking filter
1=

F (z) meets the filter specification. The constraint equa-

L tions can be written as

— Y hitrig(i, wT) < 6(wT) — D(wT) 3
‘Z" F(2)Go(2"*) 1| < & (9)

where we use the zero-phase magnitude response to formu-

late linear constraints. Here trig is a weighted trigonaioet IF(2)Go(2"2)| < & (10)

function depending on whethé¥ is even or odd and if the where the filter coefficients df (z) are fixed. The fil-

impulse response Is symmetric or anti symmetric [13.]'. ter order of the model filter can be set to approximately
In order to minimize the number of non-zero coefficients, Ns/M
a-

two more constraints are introduced which are based on nons 2 desian th King filt inimizing th b f
zero binary variables € [0,1] such that [12] - Redesign the masking fiter minimizing the numboer o
non-zero multiplication coefficients using a similar for-

0 h=0 mulation as in the previous step, but with the coefficients
X[ = { 1 hi#0 (4) of the model filteiG, (z) fixed. Denote the resulting filter
_ _ o _ Fo(2).
The above equations can be written using linear constraintshe two final steps can be iterated to possibly reduce the
as , complexity further. However, based on our experience this
hi <kix;, Vi (5)  rarely provides any improvements in practice.
—hi <kix;, Vi (6) It can be noted that for two differeM, valuesM, ; and

a2 such that one is an integer multiple of the other, say
21 = KMa 2 for an integerk, the complexity of the opti-
ized model filter can never be smaller for kg, case as
ose solutions are just a subset of kg, design. However,
due to the non-convexity of the problem the total complexity
may not always be minimized for smallely ».

Herek; define the upper and lower bound of the variable
h;. These values can be determined using e.g. a boundi
approach as proposed in [12], it is also possible to assig i
them a suitable value, e.dg,= 1.

As the aim is to find a solution with minimum number
of multiplications the objective function is formulatedtag
sum of allx;. The complete optimization problem is then
formulated as 3. DESIGN EXAMPLES
@) In our experiments we model the design problem using

GLPK [16] and solve the problems using either GLPK or

L
minimize Z)Xi
i=
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(a) (b)

Table 1. Complexity for narrow-band lowpass case 2 »
Period. Complexity ° °
Proposed Conventional I I
Mg Ma | Ce Cgo Cro Total | CE Cg Total 5 e 5 e
10 7 [39 5 22 27 139 6 45 E E
9 3 | 28 5 19 24 | 28 6 34 100 100
8 7|22 5 13 18|22 7 29 __ - . |
7 11|15 5 11 16 | 15 8 23 ' '
6 1|12 7 11 18|12 10 22 © ©
5 1] 10 8 9 17 | 10 12 22 20 2
4 1 7 11 5 16 7 14 21 0 0
3 3|5 16 4 20|5 19 24 g ™ g
2 1|3 21 3 24|3 28 31 o s
Mg = Design periodicity z I
Ma = Actual used periodicity %0 %
Cr = Complexity of initial masking filter -100 100
Cg, = Complexity of optimized model filter 1205 o - 1205 e n

Cr, = Complexity of optimized masking filter
Cs = Complexity of conventional model filter
Figure 3: Magnitude responses for Example 1: (a) masking
filter, (b) optimized model filter, (c) optimized maskingditt
SCIP [17]. For comparison we use separate design of thand (d) overall narrow-band filter.
masking and periodic model filters where the passband ripple
is equally divided between the model and the masking filters
following [1]. The number of non-zero multiplications for a
filter H(2), utilizing symmetry, is denote@y .

[ % IS ]|

N
=
T

Complexity
=
w
T

3.1 Example 1 — Narrow-Band Lowpass Filter

=
o
T

In this first example we consider a narrow-band lowpass filte
with the following specifications:

o =0.01 o =0.01
w.T =0.05rrrad  wsT = 0.09rTrad

0
3 2 1

5 4
Actual periodicity ,Ma

(11)

Figure 4: Masking filter, model filter, and total complexity

A single-stage design requires a minimum filter order offor My = 8.

97, leading to a complexity of 49 multiplications. An exhaus
tive search is performed for all possitiiy with 2 < Mg < 10
and all possiblév, with 1 < My < Mq. The best results for optimized masking filter with lower complexity. The reason
eachMy is reported in Table 1. For comparison we havethat this can happen is obviously the non-convex underlying
also performed a conventional design and these results apeoblem. Hence, it can make sense to try diffeidpeven if
also presented in Table 1. As can be seen, the proposed dbe filter order is low enough to allow a solution figly = 1.
sign method reduce the complexity for all cases. The loweOn the other hand, as seen from Table 1, for most of the dif-
complexity is reduced from 21 for the conventional desigrferentMy values the solution fav, = 1 is the best.
to 16 for the proposed design method. This corresponds to
a reduction of about 24%. The magnitude responses for th&2 Example 2 — Wide-Band Lowpass Filter

designed filters are shown in Fig. 3. As can be seen, the mags 5iready mentioned the technique is equally suitable for

nitude response fdvl, = 1 did in fact end up to be periodic yige-pand filters as well, by utilizing the complement of the

with a periodicity of seven. However, this was not enforcedcorresponding narrow band as shown in Fig. 1b. In order to

by the problem formulation. , further elaborate the design method and demonstrate the ap-
To illustrate one of the properties of the proposed ap'rgnlicability of the technique for wide-band filters, the fml-

proach, we consider the detailed results obtained for thg,q specification of a wide-band lowpass filter is considered
My = 8 case, as shown in Fig. 4, where the actual period-

icity used in the model filter desigi,, varies from eight & = 0.005 5 =0.01

to one. Based on the previous discussion, we would ex- w.T =0.90rrad T = 0.917rad (12)
pect a non-increasing behavior for the model filter complex-

ity when numbers are integer multiples. For example, for  The filter order for a single-stage FIR filter meeting this
Ma = 8,4,2,1 we can see this. In this case it also holds thaspecification is 430. Hence, 216 multiplications are resqlir
the total complexity is non-increasing. However, the besfhis also gives that an optimization usiky = 1 will require
result for this case is obtained fM,; = 7, despite that one about 216 variables. Using the current optimization apgnoa
could expect thaM, = 1 should give as good or better re- with too many coefficients, and to be able find a solution in
sults. The reason for this is that the model filter solutiongeasonable time we usd&d, = My in this case in the design.
found forM, = 1 andM, = 7 are as good, with a complex- The best result was found fdy = My = 6 and the resulting
ity of five multiplications (as are the solutions fM; =2  magnitude responses are shown in Fig. 5. For this case the
andMy = 4). However, the solution foM, = 7 leads to a number of multiplications are found to be 32 for the model
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