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ABSTRACT
In this paper we consider active noise control (ANC)
of impulsive noise having peaky distribution with heavy
tail. Such impulsive noise can be modeled using non-
Gaussian stable process for which second order moments
do not exist. The most famous filtered-x least mean
square (FxLMS) algorithm for ANC systems is based
on second order moment of error signal, and hence, be-
comes unstable for the impulsive noise. Previously, a
modified-FxLMS algorithm has been proposed, where
the reference signal used in update equation is modified
on the basis of the thresholding parameters. In the prac-
tical ANC systems, these thresholding parameters need
to be estimated offline and cannot be updated during
online operation of ANC systems. In this paper we pro-
pose an ad hoc basis normalized FxLMS algorithm for
ANC of impulsive noise sources, which does not require
any thresholding. The computer simulations are carried
out to verify the effectiveness of the proposed algorithm.

1. INTRODUCTION

Active noise control (ANC) is based on the principle
of destructive interference between acoustic waves [1,2].
Essentially, the primary noise is cancelled around the lo-
cation of the error microphone by generating and com-
bining an antiphase canceling noise [3]. As shown in
Fig. 1, a single-channel feedforward ANC system com-
prises one reference sensor to pick up the reference noise
x(n), one canceling loudspeaker to propagate the can-
celing signal y(n) generated by an adaptive filter W (z),
and one error microphone to pick up the residual noise
e(n). The most famous adaptation algorithm for ANC
systems is the filtered-x LMS (FxLMS) algorithm [4,5],
which is a modified version of the LMS algorithm [6].
The FxLMS algorithm [4] is obtained by minimizing the
mean square error cost function; J(n) = E{e2(n)} ≈
e2(n), where E{.} is the expectation operator; and is
given as

www(n + 1) = www(n) + μe(n)xxxf (n), (1)

where μ is the step size parameter, and xxxf (n) is the
vector for the filtered-reference signal. The FxLMS al-
gorithm is a popular ANC algorithm due to its robust
performance, low computational complexity and ease of
implementation [4].

Over the past few decades a great progress has been
made in ANC, yet the practical applications are lim-
ited. One important challenge comes from the control
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Figure 1: Block diagram of FxLMS algorithm based
single-channel feedforward ANC systems.

of impulsive noise. In practice, the impulsive noises are
often due to the occurrence of noise disturbance with low
probability but large amplitude. An impulsive noise can
be modeled by stable non-Gaussian distribution [7]. We
consider impulse noise with symmetric α-stable (SαS)
distribution f(x) having characteristic function of the
form [7]

ϕ(t) = e−γ|t|α (2)

where 0 < α < 2 is the shape parameter called as char-
acteristics exponent, and γ > 0 is the scale parameter
called as dispersion. If a stable random variable has a
small value for α, then distribution has a very heavy
tail, i.e., it is likely to observe values of random variable
which are far from its central location. For α = 2 it is
Gaussian distribution, and for α = 1 it is the Cauchy
distribution. An SαS distribution is called standard if
γ = 1. In this paper, we consider ANC of impulsive
noise with standard SαS distribution, i.e., 0 < α < 2
and γ = 1. A few examples are shown in Fig. 2.

For stable distributions, the moments only exist for
the order less than the characteristic exponent [7], and
hence the mean-square-error criterion, which is bases
for FxLMS algorithm, is not an adequate optimization
criterion. In [8], the filtered-x least mean p-power algo-
rithm (FxLMP) has been proposed, which is based on
minimizing a fractional lower order moment (p-power of
error) that does exist for stable distributions. For some
0 < p < α, minimizing the pth moment E{|e(n)|p} ≈
|e(n)|p, the stochastic gradient method to update W (z)
is given as [8]

www(n + 1) = www(n) + μp|e(n)|p−1sgn(e(n))xxxf (n). (3)

It has been shown that FxLMP algorithm with p < α
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Figure 2: The PDFs of standard symmetric α-stable
(SαS) process for various values of α.

shows better robustness to ANC of impulsive noise, how-
ever, due to the calculation of fractional power at each
iteration, the computational complexity of FxLMP al-
gorithm may be formidable. Furthermore, it requires
prior estimation of p, which depends on α and is not an
easy task.

In [9], Sun et. al. has proposed a simple variant
of FxLMS algorithm for ANC of impulsive noise. The
basic idea here is to ignore the sample of the reference
signal x(n) if its amplitude is above a certain value set
by its statistics. As compared with the FxLMS algo-
rithm, this algorithm gives stable and robust perfor-
mance. However, the stability cannot be guaranteed and
algorithm might become unstable particularly when α
is small. In the previous work [10], we have suggested
improved performance FxLMS algorithms for ANC of
impulsive noise. The main problem is that these algo-
rithms [9, 10] require estimation of appropriate thresh-
olding parameters which is not possible during the on-
line operation of ANC system. In this paper we at-
tempt to solve this problem, and propose a modified
normalized FxLMS (MNFxLMS) algorithm for ANC of
impulsive noise. The modification is suggested on an ad
hoc basis and extensive computer simulations are car-
ried out to demonstrate the effectiveness of the proposed
algorithm.

The rest of the paper is organized as follows. Sec-
tion 2 gives overview of the Sun’s algorithm [9]. The au-
thors’ previous work [10] in comparison with the Sun’s
algorithm, and the proposed algorithm are described in
Section 3. The simulation results are discussed in Sec-
tion 4, and the concluding remarks are given in Section
5.

2. SUN’S ALGORITHM

In Fig. 1, assuming that W (z) is an FIR filter of tap-
weight length L, the secondary signal y(n) is expressed
as

y(n) = wwwT (n)xxx(n), (4)

where www(n) = [w0(n), w1(n), · · · , wL−1(n)]T is the tap-
weight vector for W (z), and xxx(n) is the tap-input vector

being given as

xxx(n) = [x(n), x(n − 1), · · · , x(n − L + 1)]T . (5)

The residual error signal e(n), being picked by the error
microphone is given as

e(n) = d(n) − y′(n), (6)

where d(n) = p(n) ∗ x(n) is the primary disturbance
signal, y′(n) = s(n) ∗ y(n) is the secondary canceling
signal, ∗ denotes linear convolution and p(n) and s(n)
are impulse responses of the primary path P (z) and sec-
ondary path S(z), respectively. This residual error e(n)
is used in the update of FxLMS algorithm (1). In (1)
xxxf (n) is the vector for the filtered-reference signal and is
given as, xxxf (n) = [xf (n), xf (n−1), · · · , xf (n−L+1)]T ,
where xf (n) = ŝ(n) ∗ x(n) is the reference signal x(n)
filtered through a model of the so-called secondary path
S(z), following the adaptive filter, where ŝ(n) is impulse
response of the secondary path modeling filter Ŝ(z).

The reference signal vector (5), used in the update
equation of the FxLMS algorithm (1) and in generat-
ing the cancelling signal (4), shows that the samples of
the reference signal x(n) at different time are treated
“equally”. It may cause the FxLMS algorithm to be-
come unstable in the presence of impulsive noise. To
overcome this problem, in Sun’s algorithm [9], the sam-
ples of the reference signal x(n) are ignored, if their
magnitude is above a certain threshold set by statistics
of the signal . Thus the reference signal is modified as

x′(n) =
{

x(n), if x(n) ∈ [c1, c2]
0, otherwise (7)

Effectively, this algorithm assumes the same PDF for
x′(n) with in [c1, c2] as that of x(n), and simply neglects
the tail beyond [c1, c2]. Thus Sun’s algorithm [9] is given
as

www(n + 1) = www(n) + μe(n)xxx′
f (n), (8)

where xxx′
f (n) = [x′

f (n), x′
f (n − 1), · · · , x′

f (n − L + 1)]T

and x′
f (n) = ŝ(n) ∗ x′(n) is modified-filtered-reference

signal.

3. PREVIOUS WORK AND PROPOSED
ALGORITHM

3.1 Modifications to Sun’s Algorithm

It is evident that the residual error signal, e(n), may
also be peaky, and in the worst case the algorithm may
become unstable. In order to improve the stability of the
Sun’s algorithm, the idea of (7) is extended to the error
signal e(n) as well, and a new error signal is obtained
as [10]

e′(n) =
{

e(n), if e(n) ∈ [c1, c2]
0, otherwise (9)

and modified-Sun’s algorithm [10] for ANC of impulse
noise is proposed as

www(n + 1) = www(n) + μe′(n)xxx′
f (n). (10)
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As a one step further modification, in [10] we have
proposed thresholding the peaky samples in the refer-
ence and error signals as

x′′(n) =

{
c1, x(n) ≤ c1

c2, x(n) ≥ c2

x(n), otherwise
(11)

e′′(n) =

{
c1, e(n) ≤ c1

c2, e(n) ≥ c2

e(n), otherwise
(12)

and have proposed a modified FxLMS algorithm (here-
after referred as Previous algorithm) for ANC of impul-
sive noise as

www(n + 1) = www(n) + μe′′(n)xxx′′
f (n) (13)

where samples of xxx′′
f (n) are obtained as x′′

f (n) = ŝ(n)∗
x′′(n).

3.2 Proposed Modified Normalized FxLMS
(MNFxLMS) Algorithm

It is worth mentioning that all algorithms discussed so
far; Sun’s algorithm [9] and its variants, modified-Sun’s
algorithm and previous algorithm [10]; require an appro-
priate selection of the thresholding parameters [c1, c2].
As stated earlier. the basic idea of Sun’s algorithm is to
ignore the samples of the reference signal x(n) beyond
certain threshold [c1, c2] set by the statistics of the sig-
nal [9]. Here the probability of the sample less than c1

or larger than c2 are assumed to be 0, which is consis-
tent with the fact that the tail of PDF for practical noise
always tends to 0 when the noise value is approaching
±∞. Effectively, Sun’s method assumes the same PDF
for x′(n) (see Eq. (7)) with in [c1, c2] as that of x(n),
and neglects the tail beyond [c1, c2]. The stability of
Sun’s algorithms depends heavily on appropriate choice
of [c1, c2]. In Authors’ previous work, we have extended
this idea, that instead of ignoring, the peaky samples
are replaced by the thresholding values c1 and c2. Ef-
fectively, this algorithm adds a saturation nonlinearity
in the reference and error signal paths. Thus, the per-
formance of the previous algorithm also depends on the
parameters c1 and c2.

In order to overcome this difficulty, we propose a new
FxLMS algorithm that does not use modified reference
and/or error signals, and hence does not require selec-
tion of the thresholding parameters [c1, c2]. Following
the concept of normalized LMS (NLMS) algorithm [11],
the normalized FxLMS (NFxLMS) can be given as

www(n + 1) = www(n) + μ(n)e(n)xxxf (n), (14)

where normalized time-varying step-size parameter μ(n)
is computed as

μ(n) =
μ̃

‖xxxf (n)‖2
2 + δ

, (15)

where μ̃ is fixed step-size parameter, ‖xxxf (n)‖2 is l2-norm
of the filtered-reference signal vector that can be com-
puted from current available data, and δ is small positive
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Figure 3: Frequency response of the primary path P (z)
and secondary path S(z). (a) Magnitude response and
(b) phase response.

number added to avoid division by zero. When the ref-
erence signal has a large peak, its energy would increase,
and this would in turn decrease the effective step-size of
NFxLMS algorithm. As stated earlier, the error signal
is also peaky in nature and its effect must also be taken
into account. We propose following modified normalized
step-size for FxLMS algorithm of (14)

μ(n) =
μ̃

‖xxxf (n)‖2
2 + Ee(n) + δ

, (16)

where Ee(n) is energy of the residual error signal e(n)
that can be estimated online using a lowpass estimator
as

Ee(n) = λEe(n − 1) + (1 − λ)e2(n), (17)

where λ is the forgetting factor (0.9 < λ < 1). It is
worth mentioning that the proposed modified normal-
ized FxLMS (MNFxLMS) algorithm, comprising (14),
(16) and (17), does not require estimation of thresh-
olding parameters [c1, c2]. Although the proposed MN-
FxLMS algorithm is based on an intuition based mod-
ification, the simulations suggest its improved perfor-
mance in comparison with other algorithms discussed
in this paper.

4. COMPUTER SIMULATIONS AND
DISCUSSION

This section provides the simulation results to verify
the effectiveness of the proposed algorithm in compar-
ison with the FxLMP algorithm and Sun’s algorithm.
The acoustic paths are modeled using data provided in
the disk attached with [4]. Using this data P (z) and
S(z) are modeled as FIR filter of length 256 and 128
respectively. The frequency response characteristics of
the acoustic paths are shown in Fig. 3. It is assumed
that the secondary path modeling filter Ŝ(z) is exactly
identified as S(z). The ANC filter W (z) is selected as
an FIR filter of tap-weight length 192. The performance
comparison is done on the basis of mean noise reduction

3
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Figure 4: Mean noise reduction (MNR) curves for various algorithms for Case I (α = 1.45). (a) FxLMS, (b)
FxLMP [8], (c) Sun’s algorithm [9], (d) Modified-Sun’s algorithm [10], (e) Authors’ previous algorithm [10], and (f)
proposed MNFxLMS algorithm.
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Figure 5: Mean noise reduction (MNR) curves for various algorithms for Case II (α = 1.65). (a) FxLMS, (b)
FxLMP [8], (c) Sun’s algorithm [9], (d) Modified-Sun’s algorithm [10], (e) Authors’ previous algorithm [10], and (f)
proposed MNFxLMS algorithm.

(MNR), being defined as

MNR(n) = E

{
Ae(n)
Ad(n)

}
, (18)

where E{·} denotes expectation or ensemble averaging
of quantity inside, and Ae(n) and Ad(n) are estimates of
absolute values of residual error signal e(n) and distur-
bance signal d(n), respectively, at the location of error
microphone. These estimates are obtained using low-
pass estimators as

Ar(n) = λAr(n − 1) + (1 − λ)|r(n)| (19)

where | · | is the absolute value of quantity, and λ is same
as defined in (17).

The reference noise signal x(n) is modeled by stan-
dard SαS process with α = 1.45 (Case I), and α = 1.65

(Case II). Here Case I is more towards Cauchy distribu-
tion and Case II is more towards Gaussian distribution.
All simulation results presented below are averaged over
25 realization of the process. Extensive simulations are
carried to find appropriate values for the thresholding
parameters [c1, c2], and are selected as: [0.01, 99.99] in
Sun’s algorithm, [0.5 99.5] in modified-Sun’s algorithm,
and [1,99] in previous algorithm. The detailed simula-
tion results for Case I and Case II are given in Figs.
4 and 5, respectively, where the objective is to study
the effect of step-size parameter. It is seen that, the
FxLMS algorithm is not able to provide ANC of impul-
sive noise, even for a very small step-size. Furthermore,
in comparison with the Authors’ algorithms, the perfor-
mance of Sun’s algorithm and FxLMP algorithm is very
poor. On the basis of best results for the respective al-
gorithms, the performance comparison for Case I and
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Figure 6: Performance comparison between various al-
gorithms for Case I (α = 1.45). (a) FxLMS (μ =
1 × 10−7), (b) FxLMP (μ = 1 × 10−7), (c) Sun’s
algorithm (μ = 1 × 10−7), (d) Modified-Sun’s algo-
rithm (μ = 1 × 10−5), (e) Authors’ previous algorithm
(μ = 1 × 10−5) and (f) proposed MNFxLMS algorithm
(μ̃ = 1 × 10−3).

II is shown in Fig. 6 and 7, respectively. These results
show that the proposed algorithm outperforms the ex-
isting algorithms and, among the algorithms considered
in this paper, appears as a best choice for ANC of SαS
impulsive noise.

5. CONCLUDING REMARKS

In this paper a modified normalized FxLMS algorithm
has been proposed. The main advantage of the pro-
posed algorithm is its simplicity and robust perfor-
mance, which makes it a good candidate for practical
applications. It is demonstrated by computer simula-
tions, that the proposed algorithms have very fast con-
vergence, good stability and robustness for ANC of α
stable impulsive noises. In future, it would be interest-
ing to investigate the adaptive filtering algorithms for
ANC of impulsive noise that are not α stable, for exam-
ple of transient sinusoids type as considered in [12].
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ABSTRACT 
Proportionate-type affine projection algorithms were devel-
oped in the context of echo cancellation, as a generalization 
of the proportionate-type normalized least-mean-square 
algorithms. A matrix inversion is required within the affine 
projection algorithm (APA). In the case of proportionate-
type APAs, the update of the matrix to be inverted is very 
computationally expensive. In this paper, an efficient update 
of this matrix is proposed and the procedure is applied for a 
recently developed proportionate-type APA. It is shown that 
the proposed algorithm achieves similar performance but 
significantly lowers numerical complexity as compared to 
known proportionate-type APAs. 

1. INTRODUCTION 

Many interesting adaptive algorithms have been proposed 
for echo cancellation [1], [2]. The main goal is to identify an 
unknown system, i.e., the echo path, providing at the output 
of the adaptive filter a replica of the echo. Nevertheless, the 
echo paths (for both network and acoustic echo cancellation 
scenarios) have a specific property, which can be used in 
order to help the adaptation process. These systems are 
sparse in nature, i.e., a small percentage of the impulse re-
sponse components have a significant magnitude while the 
rest are zero or small. The sparseness character of the echo 
paths inspired the idea to “proportionate” the algorithm be-
havior, i.e., to update each coefficient of the filter independ-
ently of the others, by adjusting the adaptation step-size in 
proportion to the magnitude of the estimated filter coeffi-
cient. In this manner, the adaptation gain is “proportion-
ately” redistributed among all the coefficients, emphasizing 
the large ones in order to speed up their convergence, and 
consequently to increase the overall convergence rate. The 
proportionate normalized least-mean-square (PNLMS) algo-
rithm [3] proposed by Duttweiler almost a decade ago, was 
one of the first proportionate-type algorithms. An insightful 
overview of the proportionate-type algorithms can be found 
in [2] (chapter 5); also, some recently proposed proportion-
ate-type NLMS algorithms can be found in [4] and [5]. 

In the context of echo cancellation, the affine projection 
algorithm (APA) [6] and its fast versions, i.e., the fast affine 
projection (FAP) algorithms (e.g., [7]–[11]), were found to be 

very attractive choices. Also, several proportionate-type 
APAs were developed [12]–[14], as a straightforward exten-
sion of the proportionate-type NLMS algorithms. It is known 
that a matrix inversion is required within the APA. Most of 
the FAP algorithms implement this operation in a computa-
tionally efficient manner, by taking into account the proper-
ties of the matrix to be inverted, i.e., time-shift character and 
symmetrical structure. Unfortunately, this is not valid in the 
case of proportionate-type APAs. The only proportionate-
type APA with a matrix to be inverted having a time-shift 
character (but not symmetric) was recently proposed in [15]. 
This algorithm was called the “memory”-improved propor-
tionate APA (MIPAPA) and it was derived as a version of the 
improved proportionate APA (IPAPA) [14] [which is a gener-
alization of the improved proportionate NLMS (IPNLMS) 
algorithm [16]]. 

The contribution of this paper is that an approximation is 
proposed for the MIPAPA in order to update in a computa-
tionally efficient manner the matrix to be inverted. The paper 
is organized as follows. Section 2 represents an overview of 
the proportionate-type algorithms for echo cancellation; also, 
an efficient implementation of the MIPAPA is presented. In 
Section 3, an approximated MIPAPA (AMIPAPA) is derived. 
The numerical complexity of these algorithms is investigated 
in Section 4. The simulation results presented in Section 5 
compare the proposed algorithm with IPAPA and MIPAPA in 
the context of echo cancellation. Finally, the conclusions are 
given in Section 6.                    

2. OVERVIEW OF THE PROPORTIONATE-TYPE 
ALGORITHMS FOR ECHO CANCELLATION  

In the context of echo cancellation, an adaptive filter is used 
to model an unknown system, i.e., the echo path. Both sys-
tems are driven by the same input, i.e., the far-end signal 
x(n), where n is the time index. The reference signal of the 
adaptive filter, d(n), contains the output of the echo path 
(i.e., the echo signal) and the near-end signal. Let us assume 
an adaptive finite-impulse-response filter defined by the real-
valued coefficients vector ĥ(n) = [ĥ0(n), ĥ1(n),…, ĥL–1(n)]T, 
where L is the length of the adaptive filter and superscript T 
denotes transposition. The error signal is defined as 

( ) ( ) ( ) ( )ˆ 1Te n d n n n= − −h x , (1) 
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where x(n) = [x(n), x(n–1),…, x(n–L+1)]T is a real-valued 
vector containing the L most recent samples of the input 
signal. A proportionate-type NLMS algorithm [3] updates its 
coefficients according to  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

1ˆ ˆ 1
1T

n n e n
n n

n n n

µ

δ

−
= − +

+ −

G x
h h

x G x
, 

(2) 

where µ is the normalized step-size parameter, δ is the regu-
larization constant, and G(n – 1) is an L x L diagonal matrix 
which assigns an individual step-size to each filter coeffi-
cient. This type of algorithms converges faster than NLMS 
especially for sparse impulse responses. The diagonal ele-
ments of G(n – 1), which allocate a certain gain for each 
filter coefficient, should be evaluated based on the adaptive 
filter coefficients only. In the case of the IPNLMS algorithm 
[16], the diagonal elements of G(n – 1), denoted in the fol-
lowing by gl(n – 1), with 0 ≤ l ≤ L – 1, are evaluated as 

( ) ( )
( )
( )1

0

ˆ 111 1
ˆ2 2 1

l
l L

ii

h n
g n

L h n
α α

ξ−
=

−−
− = + +

− +∑
, 

(3) 

where –1 ≤ α < 1 and the small positive constant ξ avoids 
division by zero (especially at the beginning of the adapta-
tion when all the filter taps are initialized to zero); in prac-
tice, good choices for the parameter α are 0 or –0.5.  

Due to its convergence performance (especially for cor-
related inputs), the APA is also frequently used for echo can-
cellation. The equations of the classical APA [6] are  

( ) ( ) ( ) ( )ˆ 1Tn n n n= − −e d X h , (4) 

( ) ( ) ( ) ( ) ( ) ( )
1ˆ ˆ 1 ,T

pn n n n n nµ δ
−

⎡ ⎤= − + +⎣ ⎦h h X I X X e
 

(5) 

where  is the 
reference signal vector of length p, with p denoting the pro-
jection order, 

( ) ( ) ( ) ( ), 1 , , 1
T

n d n d n d n p⎡ ⎤= − − +⎣ ⎦d …

( ) ( ) ( ) (, 1 , , 1n n n n p⎡ )= − − +⎣X x x x…

⎤
⎦

1 ,⎤⎦

⎤⎦

n

⎤⎦  is 
the input signal matrix, and Ip is the p x p identity matrix. 
Most of the proportionate-type APAs (e.g., [12]–[14]) were 
straightforwardly obtained from the proportionate-type 
NLMS algorithms, by a simple extension of the proportion-
ate idea. Their coefficients are updated by 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
1

ˆ ˆ 1 1

1 .T
p

n n n n

n n n n

µ

δ
−

= − + −

⎡× + −⎣

h h G X

I X G X e
 

(6) 

When the elements of G(n – 1) are evaluated as in (3), the 
IPAPA is obtained [14]. Let us denote 

( ) ( ) ( )
( ) ( ) ( ) ( )

1

1 1

n n n

n n n n p

= −

= − − − +⎡⎣

P G X

g x g x…
 

(7) 

where g(n – 1) is a vector containing the diagonal elements 
of G(n – 1); the operator  denotes the Hadamard product, 

i.e., , where 
a and b are two vectors of length L. The other equations of 
IPAPA are 

( ) ( ) ( ) ( ) ( ) ( )1 1 , 2 2 , , Ta b a b a L b L= ⎡⎣a b …

( ) ( ) ( )T
pn nδ= +S I X P , (8) 

( ) ( ) ( ) ( )Solve n n n n= ⇒S ε e ε , (9) 

( ) ( ) ( ) (ˆ ˆ 1n n nµ= − +h h P ε )n , (10) 

where the solving of the linear system of (9) is performed in 
the classical manner using LDLT method [17]. 

Following a general framework for the derivation of pro-
portionate-type APAs, it was shown in [15] that a more 
proper approach instead of (7) is  

( ) ( ) ( ) ( ) ( )' 1 ...n n n n p n p= − − − +1 ,⎡ ⎤⎣ ⎦P g x g x  (11) 

where g(n – k) are the vectors containing the diagonal ele-
ments of the matrixes G(n – k), with k = 1, 2, …, p. The 
advantage of this modification is twofold. First, this algo-
rithm takes into account the “history” of the proportionate 
factors from the last p steps. Second, the computational 
complexity is lower as compared to (7), because (11) can be 
written as 

( ) ( ) ( ) (1' 1 'n n n n− )1⎡ ⎤= − −⎣ ⎦P g x P , (12) 

where the matrix  
( )

( ) ( ) ( ) ( )
1' 1

2 1 ...

n

n n n p n p
− − =

1⎡ ⎤− − − − +⎣ ⎦

P

g x g x
 

(13) 

contains the first p – 1 columns of . Thus, the ma-

trix 
(' 1n −P )

( )' nP

( ) ( ) ( )' 'T
pn n nδ= +S I X P

 has the time-shift character, requiring only L 
multiplications to be evaluated. However, the matrix to be 
inverted [i.e., ] is not symmetric. When 
the elements of the vectors g(n – k), with k = 1, 2, …, p, are 
evaluated as in (3), the MIPAPA is obtained [15]. For the 
MIPAPA, the matrix  has the time-shift prop-
erty. The time-shift property can be exploited in order to 
reduce the complexity of updating the matrix 

. Only the first row and column 

of 

( ) ( )'T
p n nδ +I X P

( ) ( )'T n nX P

( )' nS  are computed, and the bottom-right 

( ) ( )1p p 1− × −  submatrix of  is replaced with the 

top-left 
( )' nS

( ) ( )1p p 1− × −  submatrix of . Important 
computational savings are obtained because only a part of 
the matrix 

(' 1n −S )

( )' nS  is re-computed. The first column is given 

by ( ) ( ) ( )1T n n n⋅ −⎡ ⎤⎣ ⎦X g x , while the first row is com-

puted as . The other equations of MIPAPA are  ( ) ( )'T n nx P

( ) ( ) ( ) (ˆSolve ' n n n n= ⇒S ε e ε ) , (14) 

( ) ( ) ( ) (ˆ ˆ ˆ1 'n n nµ= − +h h P ε )n . (15) 

3. LOW COMPLEXITY PROPORTIONATE-TYPE 
APA   

In the IPAPA, the step required in (8) is computationally 
expensive, because the matrix  does not have 

the time-shift property. For the MIPAPA, the matrix 
( ) ( )T n nX P

( )' nS  
has the time-shift property, but it is not symmetric. Impor-
tant computational savings, especially for large filter lengths 
and projection orders, can be achieved if an approximation 
is made in order to obtain a symmetric matrix. This new 
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matrix, , is obtained by updating both its first row and 
its first column with 

 and adding 

( )'' nS

( ) ( ) ( ) ( ) ( ):,11 'T Tn n n n⋅ − =⎡ ⎤⎣ ⎦X g x X P n δ  

to the first element [where ( ):,1' nP  denotes the first column 

of ]. A similar updating procedure was extensively 
used in FAP algorithms, e.g., [7]–[11], for updating the cor-
relation matrix. Like for the MIPAPA, the bottom-right 

 submatrix of  is replaced with the 

top-left  submatrix of . The re-
sulted algorithm, called the approximated MIPAPA 
(AMIPAPA), will require the following system of equations 
to be solved:   

( )' nP

( ) (1p p− × − )1

)1 )

n

( )'' nS

( ) (1p p− × − ('' 1n −S

( ) ( ) ( ) ( )ˆ'' n n n n= ⇒S ε e ε . (16) 

The other equations of AMIPAPA are identical with those of 
MIPAPA.  

Fig. 1 shows the error norm between the vectors con-
taining the first row using the updating procedure of 
AMIPAPA [i.e. ] and MIPAPA [i.e. 

], respectively.  

( ) ( ):,1'T nX P

( ) ( )'T n nP x

Fig. 1.  The error norm between first row updating methods of 
MIPAPA and AMIPAPA algorithms. 
 

It can be seen from Fig. 1 that error norm is very small. 
It will be shown in Section 5 that this fact leads to almost 
identical performance of AMIPAPA and MIPAPA algorithms 
in the investigated cases. 

4. NUMERICAL COMPLEXITY COMPARISON  

The numerical complexity of the investigated algorithms in 
terms of multiplications is the following:  

( )IPAPA
2 3 1 mC L p p p P= + + + + , (17) 

( )MIPAPA 4 1 mC L p p P= + + + , (18) 

( )AMIPAPA 3 2 mC L p p P= + + + . (19) 

The notation Pm = O(p3) indicates the numerical complexity 
in terms of multiplications associated with solving the linear 
systems of equations using the LDLT method ([9], [17]). 

Fig. 2 shows the numerical complexity comparison in 
two situations: a) as a function of L and fixed p = 8 and b) as 
a function of p and fixed 512L = . The number of multipli-
cations varies linearly with the filter length for all the con-
sidered algorithms. Also, the variation of the term that mul-
tiplies the filter length, L, is proportional to p2 for the 
IPAPA, while it is proportional to p for MIPAPA and 
AMIPAPA. It can be seen from Fig. 2 that AMIPAPA is the 
least complex in terms of multiplications, especially for 
large filter lengths or projection orders. The MIPAPA fol-
lows after AMIPAPA, with the IPAPA being the most com-
plex algorithm.  

Fig. 2.  Numerical complexity of the considered algorithms in terms 
of multiplications for 8p =  in two situations: a) variable ; b) 
variable p. 

L

 
The numerical savings are important. For example, with 

512,   8L p= = , the IPAPA needs 45716 multiplications, 
while the MIPAPA is about 60% less complex (i.e., it re-
quires 17044 multiplications). The least complex algorithm is 
the AMIPAPA, which needs 13460 multiplications; therefore, 
it is about 67% less complex than the IPAPA and about 21% 
less complex than MIPAPA in terms of multiplications.  

5. SIMULATION RESULTS  

Simulations were performed in the context of echo cancella-
tion. The network echo path from Fig. 3a [18] is used in 
most of the experiments; for the last experiment, the acous-
tic echo path from Fig. 3b is used. The length of the adaptive 
filter is L = 512. The input signal is a speech signal. The 
output of the echo path is corrupted by an independent white 
Gaussian noise with different values of the signal-to-noise 
ratio (SNR). The measure of performance is the normalized 
misalignment (in dB); it is defined as 20log10(||h – 
ĥ(n)||2/||h||2), where  is the true impulse response of the 
echo path and ||·||

h
2 denotes the l2 norm. In the under-

modelling scenario (Fig. 7), the expression of the normal-
ized misalignment is evaluated by padding the vector of the 
adaptive filter coefficients (256 coefficients) with 256 zeros. 
Also, the abrupt change of the echo path is introduced at 
time 0.5 by shifting the impulse response to the right by 12 
samples. 
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Fig. 3. Echo paths used in simulations. a) Sparse network echo path 
impulse response (used in Figs. 5 and 6); b) Acoustic echo path 
(used in the experiment from Figs. 7 and 8). 

 
All the algorithms use the same values for their parame-

ters, i.e., the step-size is µ = 0.2, the regularization constant 
is δ = 50σx

2/2L (where σx
2 is the input signal variance), and α 

= 0. A speech sequence was used as input, and p = 8. It was 
shown in [15] that both IPAPA and MIPAPA outperform the 
classical APA in the context of network echo cancellation; 
therefore, the APA is not included for comparison. Also, 
since the numerous FAP algorithms are approximations of 
the classical APA, their performance was not investigated as 
well. 

In Fig. 4, SNR = 30 dB and echo path changes. Fig. 4 
shows the better performance of both AMIPAPA and 
MIPAPA, as compared to the IPAPA. The same conclusions 
can be obtained in the case of variable background noise (at 
the near-end). In Fig. 5, the SNR decreases from 30 dB to 10 
dB between times 0.25 and 0.5.  

 
Fig. 4.  Misalignment of the IPAPA, MIPAPA, and AMIPAPA. The 
input signal is a speech sequence, p = 8, L = 512, SNR = 30 dB, and 
echo path (from Fig. 3a) changes at time 0.5. 

 
Fig. 5.  Misalignment of the IPAPA, MIPAPA, and AMIPAPA. The 
input signal is a speech sequence, p = 8, L = 512, echo path (from 
Fig. 3a), and variable background noise (SNR decreases from 30 dB 
to 10 dB between times 0.25 and 0.5, otherwise is 30 dB). 

 
Next, the performance of the algorithms is evaluated us-

ing the acoustic echo path from Fig. 3b and SNR = 30 dB. It 
can be seen from Fig. 6 that both AMIPAPA and MIPAPA 
achieve faster tracking and lower misalignment than the 
IPAPA. However, the misalignment difference between the 
IPAPA and MIPAPA/AMIPAPA is higher than that obtained 
in Fig. 4, using the echo path from Fig. 3a.  

Fig. 7 considers the under-modelling case (L = 256 coef-
ficients are considered to model the echo path from Fig. 3b) 
and the acoustic path changes at time 0.5. It can be seen from 
Fig. 7 that the algorithms are robust, and similar conclusions 
as above can be drawn (regarding the convergence and track-
ing abilities). As expected, the misalignment performance is 
worse than that of the exact modelling case. 

Fig. 8 confirms that the performance of MIPAPA and 
AMIPAPA is virtually the same in case of simulations from 
Figs. 4-7. Because of the good approximation proved in Fig. 
1, the misalignment difference between AMIPAPA and 
MIPAPA is limited in absolute value to 0.15 dB.  

 
Fig. 6.  Misalignment of the IPAPA, MIPAPA, and AMIPAPA. The 
input signal is a speech sequence, p = 8, L = 512, SNR = 30 dB, 
echo path (from Fig 3b) changes at time 0.5. 
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Fig. 7.  Misalignment of the IPAPA, MIPAPA, and AMIPAPA. The 
input signal is a speech sequence, p = 8, L = 512, SNR = 30 dB, 
echo path (from Fig 3b) changes at time 0.5, under-modelling sce-
nario. 

 
Fig. 8.  Misalignment difference between MIPAPA, and AMIPAPA 
for Figs. 4-7. 

 

6. CONCLUSIONS 

In this paper, a low complexity proportionate-type APA was 
proposed. An approximation was performed within the 
MIPAPA in order to update in a computationally efficient 
manner the matrix to be inverted. The proposed AMIPAPA 
offers good performance versus complexity ratios as com-
pared to the original IPAPA and MIPAPA. Therefore, longer 
filter lengths and higher projection orders can be used by 
AMIPAPA for a similar complexity as compared to the other 
algorithms, but with improved convergence performance. 
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ABSTRACT
In this paper, we present a new partial update NLMS adaptive filter-
ing algorithm for improving the performance of stereophonic acous-
tic echo cancellers. The proposed partial update approach brings
about a low interchannel coherence, independent of the location of
the source in the transmission section which in turn increases the ro-
bustness to source positions as well as the convergence rate of adap-
tive filters in this application. Simulation results verify the increase
in performance of the proposed algorithm over other partial update
algorithms.

Index Terms— stereophonic acoustic echo cancellation, mis-
alignment, partial update

1. INTRODUCTION

There is an increasing interest for employing multi-channel sound in
audio communication systems in order to achieve better audio per-
ception. Examples of such systems are teleconferencing systems and
hands-free telecommunication hand-held devices. One of the prob-
lems that should be solved in such systems is the suppression of the
multi-channel acoustic echo. Multi-channel acoustic echo cancella-
tion has issues that make it considerably more difficult to overcome
than the monophonic case. The fundamental problem is the exis-
tence of a mismatch between the impulse responses of the adaptive
filters and those of the acoustic paths of the receiving room. This
so-called misalignment problem [1] leads to a residual echo in the
system as well reduces the robustness of the adaptive filters to the
abrupt changes in the acoustic paths of the transmitting room, i.e.,
the paths from the talker to the microphones. As a result, such prob-
lems lead to a performance degradation of the conferencing systems
that is in conflict with high quality communication requirements. It
has been shown in [1] that the misalignment problem is due to the
high interchannel coherence between the transmitted signals from
the transmission to the receiving room.

To date, a variety of methods have been proposed to address the
misalignment problem by reducing the interchannel coherence be-
tween the transmitted signals in case of stereophonic acoustic echo
cancellation (SAEC). Such algorithms include methods that perform
preprocessing on the input stereophonic signals, such as adding or
modulating small quantities of independent noise to each input chan-
nel [2] and comb filtering [3]. It is important to note that although
decorrelating the transmitted signal is important to achieve high con-
vergence for the adaptive filters, algorithms proposed recently are
aimed at minimizing the distortion introduced by such preprocess-
ing methods. These algorithms include adding a nonlinear function

This research is supported by the Singapore National Research Foun-
dation Interactive Digital Media R&D Program, under research grant
NRF2008IDM-IDM004-010.

of the signal of each channel to that of the same channel [1] [4] [5],
time-varying all-pass filtering of the stereophonic signals [6], and the
application of input-sliding technique to SAEC [7]. Yet one of the
most popular technique to achieve decorrelation without adversely
degrading the audio quality is the addition of a small nonlinearity to
each channel [1]. Although the above methods yield improvements
in the estimation of the true room impulse response (RIR), they have
a key limitation in terms of audio degradation. This is because they
act on the signals that are directly sent to the listeners in the receiving
room, and hence in order to achieve a high degree of decorrelation,
the stereophonic perception or quality is often sacrificed [8] [9].

More recently, new algorithms have been developed to achieve
signal decorrelation in the weight updating process of adaptive fil-
ters, such as employing a two-channel adaptive lattice structure [10]
and using an exclusive-maximum (XM) nonlinear tap-selection
based adaptive algorithms [11]. Among the above methods, the XM
tap-selection based algorithm [11] has shown to achieve high conver-
gence with lower complexity compared with those techniques men-
tioned above. In this algorithm, coefficients update are performed
only on a set of exclusive filter coefficients for which the total en-
ergy of their corresponding taps is maximized such that the coher-
ence between the two channels then is minimized by the exclusivity
constraint across both channels.

In this paper, we propose a new partial-update algorithm which
improves the convergence performance of the adaptive filters in
SAEC. The proposed algorithm exploits the advantages of the XM
nonlinear (XMNL) tap-selection algorithm and we extend its de-
velopment in order to have a better convergence performance. To
achieve this, the proposed partial update algorithm replaces some of
the XM selected taps with some specified unselected taps to reach to
a lower level of interchannel coherence. This process is performed
based on a proposed criterion that is a function of the interchannel
coherence which in turn give rise to an improvement in convergence
performance of adaptive filters.

2. STEREOPHONIC ACOUSTIC ECHO CANCELLATION

Figure 1 shows the stereophonic acoustic echo canceller for a typical
teleconferencing application. For simplicity, we consider only one
microphone in the receiving room, since a similar analysis can be
applied to the other channel [1]. As can be seen, stereophonic signals
u1(n) and u2(n) are received by the microphones of the transmission
room. These signals are generated by the sound source s(n) via RIRs
g1(n) and g2(n) in the transmission room. These received signals
are then transmitted to the loudspeakers in the receiving room which
produce an echo signal y(n) given by

y(n) = hT
1 u1(n)+hT

2 u2(n)+w(n) , (1)
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Fig. 1. Stereophonic acoustic echo cancellation for teleconferencing appli-
cation.

where hi = [hi,0,hi,1, . . . ,hi,L−1]T is the ith channel receiving room
RIR, ui(n) = [ui(n),ui(n−1), . . . ,ui(n−L+1)]T , i=1, 2 and w(n) is
the noise of the receiving room’s microphone. To address the SAEC
problem, two adaptive filters are employed to estimate h1 and h2
in order to reduce the stereophonic acoustic echo. The error signal
between the echo signal and its estimation is thus given by

e(n) = y(n)−
[
ĥT

1 (n)u1(n)+ ĥT
2 (n)u2(n)

]
, (2)

where ĥi(n) = [ĥi,0(n), ĥi,1(n), . . . , ĥi,L−1(n)]T , i = 1, 2, is the vector
of adaptive filter coefficients for the ith channel.

2.1. Review of the Exclusive-maximum Nonlinear NLMS algo-
rithm
One of the most recent algorithms proposed for SAEC is the
exclusive-maximum nonlinear normalized least-mean-square algo-
rithm (XMNL-NLMS) [11]. This algorithm incorporates the non-
linear preprocessor [1] and a tap-selection scheme that reduces the
interchannel coherence by selecting an exclusive set of filter coeffi-
cients to update for each channel. The degradation due to this tap-
selection is then minimized by jointly maximizing the L2 norm of
the selected tap-inputs across both channels.

The XMNL-NLMS algorithm can be described by an NL pre-
processor operating on tap-input vectors u1(n) and u2(n) such that
the transmitted signals x1(n) and x2(n) are given by

x1(n) = u1(n)+0.5α{u1(n)+ |u1(n)|} , (3)
x2(n) = u2(n)+0.5α{u2(n)−|u2(n)|} , (4)

where α controls the amount of non-linearity and a value of α = 0.5
offers a good compromise between speech quality and convergence
rate of the NLMS algorithm [1]. The weight update for XMNL-
NLMS is performed by

ĥ(n+1) = ĥ(n)+
µ∥∥x(n)
∥∥2 + ε

e(n)x̃(n), (5)

where ĥ(n) = [ĥT
1 (n) ĥT

2 (n)]T and x̃(n) = [x̃T
1 (n) x̃T

2 (n)]T such that
the sub-selected tap-input vector x̃i(n) is defined by

x̃i(n) = Qi(n)xi(n), (6)

and xi(n) = [xi(n),xi(n−1), . . . ,xi(n−L+1)]T . In addition Qi(n) =
diag{qi(n)} is a L× L tap-selection matrix where elements in the
L×1 vector qi(n) are given by

q1,u(n) =
{

1 pu ∈ {M maxima of p(n)}
0 otherwise , (7)

q2,v(n) =
{

1 pv ∈ {M minima of p(n)}
0 otherwise , (8)

p(n) = |x1(n)|− |x2(n)|, (9)
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Fig. 2. Selected tap-inputs x̃1(n) and x̃2(n) for the XMNL-NLMS algo-
rithm when the source is in {4.5,1,1.5} m.

given that u,v = 1, 2, . . . ,L represent element u of q1(n) and element
v of q2(n), |xi(n)| = [|xi(n)|, |xi(n− 1)|, . . . , |xi(n− L + 1)|]T and
0 < M ≤ L, such that a good convergence rate is achieved when
M = 0.5L.

2.2. Disadvantage of the XMNL-NLMS
One of the problems that has not been considered for XMNL-NLMS
is its robustness to the source position in the transmission room.
Simulations show that when the source is directly in-front-of the mi-
crophone pair centroid, XMNL-NLMS decorrelates the two stereo-
phonic signals x̃1(n) and x̃2(n) efficiently and thus outperforms the
full-update NL-NLMS. On the contrary, the convergence rate of
XMNL-NLMS is reduced significantly when the source is located
away from the centroid of the microphone pair. This is due to the
reduction in its ability to decorrelate the stereophonic signals effec-
tively. In order to gain further insights into the degradation in con-
vergence performance of XMNL-NLMS with respect to the position
of the source, we note that when the talker is in-front-of the micro-
phone pair centroid, most of the selected taps in x̃1(n) are greater
than zero whereas for the other channel, most of the taps in x̃2(n)
are smaller than zero.

Figure 2 shows an illustrative example of the XM selected taps
x̃1(n) and x̃2(n) when the source is in-front-of the microphone pair
centroid. For clarity, we show only the first 100 samples of the two
tap-input vectors x̃1(n) and x̃2(n) each of length 512 samples. As
can be seen, most of the selected taps in the first channel correspond
to elements in x1(n) being greater than zero whereas for the sec-
ond channel, most of the active taps correspond to elements in x2(n)
are smaller than zero. This is due to the intrinsic effect of NL pre-
processing which increases the magnitude of the positive elements
in u1(n) based on (3) and the negative elements in u2(n) based on
(4). As a result of XM tap-selection on this NL preprocessed sig-
nals x1(n) and x2(n), the XM tap-selection criterion is utilized ef-
ficiently to decorrelate input vectors x1(n) and x2(n) and conse-
quently, good convergence performance is achieved. We note that for
this source location, the modest degradation in weight update due to
tap-selection does not significantly offset the benefits brought about
by the efficiently decorrelation due to the exclusivity criterion. On
the other hand, when the source is away from the centroid of micro-
phone pair, the effect of NL preprocessing on the XM tap-selection
reduces and the similarity between x̃1(n) and x̃2(n) increases. This
increases the cross-correlation between x̃1(n) and x̃2(n) which in
turn reduces the convergence rate for the XMNL-NLMS algorithm
compared to NL-NLMS.

3. PROPOSED PARTIAL UPDATE NLMS ALGORITHM

We propose a new partial update nonlinear NLMS (PUNL-NLMS)
algorithm to further improve the convergence rate of XMNL-NLMS.
We propose to achieve high convergence rate when the source is

12



away from the microphone pair centroid by considering those tap-
inputs that produce a low interchannel coherence while prevent-
ing a significant loss of the total tap-input energy to the weights.
The weight update for our proposed PUNL-NLMS algorithm is per-
formed by

ĥ(n+1) = ĥ(n)+
µ∥∥x(n)
∥∥2 + ε

e(n)x̆(n), (10)

where x̆(n) = [x̆T
1 (n) x̆T

2 (n)]T is the newly selected set of elements
of the tap-input vectors x(n) = [xT

1 (n) xT
2 (n)]T which are deter-

mined by a new criteria defined in the following.
In order to ease the evaluation, we define some preliminaries as

follows

x̃i,p(n) = 0.5{x̃i(n)+ |x̃i(n)|} , (11)
x̃i,n(n) = 0.5{x̃i(n)−|x̃i(n)|} . (12)

As can be seen, the non-zero elements of x̃i,p(n) and x̃i,n(n) include
only positive and negative elements of the tap-input vectors x̃i(n)
respectively such that x̃i(n) is obtained using the XM tap-selection
criterion described in (6). In a same manner we define the following
for the NL processed received signals given by

xi,p(n) = 0.5{xi(n)+ |xi(n)|} , (13)
xi,n(n) = 0.5{xi(n)−|xi(n)|} . (14)

The aim of our partial update algorithm is therefore to reduce
the interchannel coherence of the x̃i(n) efficiently while at the
same time minimizing the energy loss to the weights during the
tap-selection process for weight adaptation. We can achieve this
by firstly removing elements of the XM tap-input vector x̃i(n) that
have significant interchannel coherence and subsequently replacing
these elements with other elements of the tap-input vector xi(n)
not selected by the XM preprocessor. In addition, these newly
selected elements should not have any significant effect on the
interchannel coherence in comparison to the rest of the unselected
taps in xi(n). The second procedure is done to compensate the loss
of input energy to the weight update algorithm during the removal
process described in the first step. These procedures in turn help
the decorrelation effect of nonlinear preprocessing in the adaptive
filtering process. To illustrate the above proposed approach, we first
define

k1(n): the number of non-zero elements of x̃1,n(n)
k2(n): the number of non-zero elements of x̃2,p(n)
r(n): the number of replaced tap-inputs from {x̃1,n(n), x̃2,p(n)} in
x̆(n).
It should be noted that r(n) is always less than or equal to
k1(n) + k2(n). We propose to employ a new criteria to reduce the
interchannel coherence in comparison to full-update algorithm and
XM tap-selection algorithm. This measure is defined as the ratio
between the number of replaced tap-inputs from both channels in
x̆(n) and the number of non-zero elements in x̃1,n(n) and x̃2,p(n),
i.e.,

ϕ =
r(n)

k1(n)+ k2(n)
. (15)

We also define the following

γ1(n) = k1(n)ϕ , (16)
γ2(n) = k2(n)ϕ . (17)

We will use γi(n) to represent the number of elements being removed
from x̃i(n) in order to build x̆i(n). To achieve a reduction in inter-
channel coherence between x̃1(n) and x̃2(n), instead of considering

M largest elements of p(n) to produce x̃1(n) and M smallest ele-
ments of p(n) to produce x̃2(n) - as defined in (6)-(9), we first obtain
M− γ1(n) largest elements of p(n) to compute x̆1(n) and M− γ2(n)
smallest elements of p(n) to compute x̆2(n). As such, we have used
only a percentage of the elements of x̃i(n) to generate x̆i(n). This
percentage depends on the amount of ϕ .

It is important, at this stage, to note that the rest of the elements
in x̆i(n) are zero. Such null elements are expected to cause signifi-
cant degradation in convergence performance due to the energy loss
in the tap-input vector [11]. In order to address this, we define vec-
tors t1(n) and t2(n) as

t1(n) =
(
IL×L−Q1(n)

)
x1,p(n) , (18)

t2(n) =
(
IL×L−Q2(n)

)
x2,n(n) . (19)

such that t1(n) is an L× 1 vector containing positive elements that
are not selected by the XM preprocessor of channel 1 and the rest
of its elements are zero, while t2(n) is an L× 1 vector containing
negative elements that are not selected by the XM preprocessor of
channel 2 and the rest of its elements are also zero. Using vectors
t1(n) and t2(n), we compensate for such energy loss by adding γ1(n)
number of elements that belong to the set of the elements of t1(n)
to x̆1(n). In a similar manner to the second channel, we add γ2(n)
number of elements that belong to the set of the elements of t2(n)
to x̆2(n). In order to maximize the tap-input energy to adaptive fil-
ters and at the same time to minimize the interchannel coherence
between x̆1(n) and x̆2(n), the selected elements of the t1(n) should
correspond to elements having the largest values and the selected el-
ements of the t2(n) should correspond to elements having the small-
est values.

Using these definitions, the tap-input vector to the NLMS algo-
rithm x̆i(n) is achieved using

x̆i(n) = Bi(n)xi(n), (20)

where i = 1, 2 is the channel index and Bi(n) = diag{bi(n)} is a
L× L tap-selection matrix such that elements in the L× 1 vectors
bi(n) are given by (21) and (22) shown on the next page, given that
u,v = 1, 2, . . . ,L and b1,u(n) and t1,u(n) represent uth element of
b1(n) and t1(n) respectively and also b2,v(n) and t2,v(n) represent
vth element of b2(n) and t2(n) respectively.

It can be seen that with ϕ = 0, the proposed PUNL-NLMS algo-
rithm is equivalent to XMNL-NLMS since γ1(n) and γ2(n) defined
in (18) and (19) are equal to zero and hence we have x̆i(n) = x̃i(n).
On the other hand, with increasing ϕ , the effect of nonlinear prepro-
cessing becomes more significant since elements in x1(n) that are
selected for generating x̃1(n) often have positive amplitudes. At the
same time, elements in x2(n) that are selected for generating x̃2(n)
often have negative amplitudes. As we will show by simulation in
the next section, through the use of ϕ , the amount of interchannel
coherence is reduced and consequently the convergence of the adap-
tive filter is robust to each source location in the transmission room.
In the next section we also show the effect of ϕ on the interchannel
coherence and convergence rate of adaptive filter.

4. SIMULATION RESULTS

For evaluation purpose, we consider the specifications of the simu-
lated environment in SAEC as follows. The dimensions of the re-
ceiving and transmission rooms were 5× 7× 3 m and 6× 5× 4 m
respectively. The microphones were positioned at {4,1.2,1.5} m
and {5,1.2,1.5} m in the transmission room. In addition, two loud-
speakers were placed at {1,6,2.5} m and {4,6,2.5} m while the
microphone was at {3,4,1.5} m in the receiving room. We vary
the position of the source starting from the front of the array cen-
troid at coordinates {4.5,1.0,1.5} m to the front of the right micro-
phone at coordinates {5,1.0,1.5} m. All the room RIRs are gener-
ated synthetically using the method of images [12] such that they are
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b1,u(n) =
{

1 pu ∈ {M− γ1(n) maxima of p(n)} or t1,u(n) ∈ {γ1(n) maxima of t1(n)}
0 otherwise , (21)

b2,v(n) =
{

1 pv ∈ {M− γ2(n) minima of p(n)} or t2,v(n) ∈ {γ2(n) minima of t2(n)}
0 otherwise . (22)
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Fig. 3. Interchannel coherence versus ϕ when the source is at
{4.6,1.0,1.5} m.

of length L = 512 and Lg = 512. We use of two kinds of input source
signal, the first being a colored signal that is produced by filtering a
wight Gaussian noise (WGN) through an FIR filter with coefficients
[0.3574, 0.9, 0.3574] [13] and the second one is a male speech sig-
nal with sampling rate 22050 Hz. A white Gaussian noise w(n) was
added in all simulations to the desired signal with SNR=30 dB. We
also consider M = 0.5L in (7) and (8) for evaluating XMNL-NLMS
throughout this paper. First we evaluate the effect of ϕ on interchan-
nel coherence of the stereophonic signals. The interchannel coher-
ence between z1(n) and z2(n) is defined by

Cz1z2( f ) =
|Pz1z2( f )|2

Pz1z1( f )Pz2z2( f )
, (23)

where Pz1z2( f ) is the cross power spectrum between z1(n) and z2(n)
while f is the normalized frequency.

Figure 3 shows the mean interchannel coherence between
z1(n) = x̆1(n) and z2(n) = x̆2(n) across different frequencies when
the source is at coordinates {4.6,1.0,1.5} m. In this example x̆1(n)
and x̆2(n) are each of length 2000 samples containing the colored
signal as described before. In addition, Fig. 4 shows the mean in-
terchannel coherence across different frequencies for various source
positions ranging from {4.5,1.0,1.5} m to {5,1.0,1.5} m for five
different values of ϕ , using the above mentioned colored signal. As
can be seen from Figs. 3 and 4, the coherence reduces with increas-
ing ϕ . Note also that when the source is in the middle of the micro-
phone pair at {4.5,1.0,1.5} m, as shown in Fig. 4, the coherence is
low and does not vary with ϕ . For this case, the total number of non-
zero elements in x̃1,n(n) and x̃2,p(n) is negligible in comparison to
the total number of x̃1(n) and x̃2(n) respectively. More importantly,
we note that when the source is away from the centroid of the micro-
phone pair, the number of non-zero elements of {x̃1,n(n), x̃2,p(n)}
is high and XM tap-selection method reduces the interchannel co-
herence. In such situations our proposed partial update procedure
compensate the drawback of the XM tap-selection method giving a
lower average interchannel coherence as shown in Fig. 4.

In order to quantify the convergence rate of adaptive filters in
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in terms of ϕ when the source is at {4.5,1.0,1.5} m.

SAEC, we use the normalized misalignment as

η(n) =
‖ĥ(n)−h‖2

‖h‖2 . (24)

We set the step-size for each algorithm such that the algorithms reach
the same steady-state. For this we consider the step-size for NL-
NLMS, XMNL-NLMS and the proposed PUNL-NLMS algorithm to
be equal to 0.8, 0.58 and 0.62 respectively. We then define quantity
T−10 as the inverse of the number of iteration required for normalized
misalignment to reach -10 dB. Figures 5, 6, 7 show the convergence
rate of NL-NLMS, XMNL-NLMS, and PUNL-NLMS correspond-
ing to three source positions {4.5,1.0,1.5} m, {4.6,1.0,1.5} m and
{5,1.0,1.5} m with respect to ϕ .

As can be seen from Fig. 5, the convergence of XMNL-NLMS
and the proposed PUNL-NLMS are comparable and are consider-
ably higher than NL-NLMS. Figures 6 and 7 show that when the
source is away from the centroid of microphone pair, the conver-
gence of XMNL-NLMS reduces and that this degradation is signifi-
cant when the source is at {5,1.0,1.5} m, as shown in Fig. 7. Based
on these three figures, we can see that in general for ϕ >> 0, we
have a better convergence behavior for the proposed PUNL-NLMS
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in terms of ϕ when the source is at {5,1.0,1.5} m.

algorithm compared to both NL-NLMS and XMNL-NLMS and the
best behavior occurs when ϕ ≈ 1. Figures 8 and 9 compare the
convergence rate of three algorithms for speech signals when the
source is at {4.5,1.0,1.5} m and {5,1.0,1.5} m for ϕ = 1. As can
be seen, our proposed PUNL-NLMS algorithm achieves a higher
convergence rate for both stationary and non-stationary source sig-
nals achieving nearly 6 dB improvement of normalized misalign-
ment over XMNL-NLMS when the source is in front of the right
microphone.

5. CONCLUSION

In this paper, we presented a new approach for improving the con-
vergence rate of adaptive filters for SAEC. This approach is a partial
update method that selects taps with a criterion such that it maintains
the interchannel coherence to a minimum level for various source
positions in the transmission room. The advantage of the proposed
approach is verified with simulation using the NLMS algorithm.

6. REFERENCES

[1] J. Benesty, D. R. Morgan, and M. M. Sondhi, “A better understand-
ing and an improved solution to the specific problems of stereophonic
acoustic echo cancellation,” IEEE Trans. Speech Audio Process, vol. 6,
pp. 156 –165, 1998.

[2] S. Shimauchi and S. Makino, “Stereo projection echo canceller with
true echo path estimation,” in IEEE International Conference on Acous-
tics, Speech, and Signal Processing,, 1995.

[3] J. Benesty, D. R. Morgan, J. L. Hall, and M. M. Sondhi, “Stereophonic
acoustic echo cancellation using nonlinear transformations and comb
filtering,” in IEEE International Conference on Acoustics, Speech and
Signal Processing, 1998.

0 2 4 6 8 10 12 14 16 18

-25

-20

-15

-10

-5

0

 

 

N
or

m
al

iz
ed

 M
is

al
ig

nm
en

t (
dB

)

Time (sec)

NL-NLMS

XMNL-NLMS,
PUNL-NLMS

Fig. 8. Normalized misalignment for NL-NLMS, XMNL-NLMS, and
PUNL-NLMS with ϕ=1 when the source is at {4.5,1.0,1.5} m.

0 5 10 15 20 25 30
-18

-16

-14

-12

-10

-8

-6

-4

-2

0

Time (sec)

N
or

m
al

iz
ed

 M
is

al
ig

nm
en

t (
dB

)
 

 

XMNL-NLMS

PUNL-NLMS

NL-NLMS

Fig. 9. Normalized misalignment for NL-NLMS, XMNL-NLMS, and
PUNL-NLMS with ϕ=1 when the source is at {5,1.0,1.5} m.

[4] ——, “Synthesized stereo combined with acoustic echo cancellation for
desktop conferencing,” in IEEE International Conference on Acoustics,
Speech and Signal Processing, 1999.

[5] D. R. Morgan, J. L. Hall, and J. Benesty, “Investigation of several types
of nonlinearities for use in stereo acoustic echo cancellation,” IEEE
Trans. Speech Audio Process, vol. 9, pp. 686 – 696, 2001.

[6] T. Tangsangiumvisai, J. A. Chambers, and A. G. Constantinides, “Time
varying all-pass filters using spectral-shaped noise for signal decorrela-
tion in stereophonic acoustic echo cancellation,” in International Con-
ference on Digital Signal Processing, 2002.

[7] A. Sugiyama, Y. Joncour, and A. Hirano, “A stereo echo canceler with
correct echo-path identification based on an input-sliding technique,”
IEEE Trans Signal Process, vol. 49, p. 25772587, 2001.

[8] P. Surin, N. Tangsangiumvisai, and S. Aramvith, “An adaptive noise
decorrelation technique for stereophonic acoustic echo cancellation,”
in IEEE Tencon, 2004.

[9] S. Emura, Y. Haneda, A. Kataoka, and S. Makino, “Stereo echo cancel-
lation algorithm using adaptive update on the basis of enhanced input-
signal vector,” Signal Processing, vol. 86, pp. 1157 –1167, 2006.

[10] K. Mayyas, “Stereophonic acoustic echo cancellation using lattice or-
thogonalization,” IEEE Trans. Speech Audio Process, vol. 10, pp. 517
–525, 2002.

[11] A. W. H. Khong and P. A. Naylor, “Stereophonic acoustic echo can-
cellation employing selective-tap adaptive algorithms,” IEEE Trans.
Speech Audio Process, vol. 14, pp. 785–796, 2006.

[12] J. B. Allen and D. A. Berkley, “Image method for efficiently simulating
small-room acoustics,” J. Acoust. Soc. Amer, vol. 65, pp. 943 – 950,
1979.

[13] S. Attallah, “The wavelet transform-domain LMS adaptive filter with
partial subband-coefficient updating,” IEEE Trans. Circuits Sys. II: Ex-
press briefs, vol. 53, pp. 8– 12, 2006.

15



EFFICIENT LOW DELAY FILTERING FOR RESIDUAL ECHO SUPPRESSION

Christelle Yemdji, Moctar Mossi Idrissa
and Nicholas W. D. Evans

Christophe Beaugeant

EURECOM Institute
06560 Sophia-Antipolis, France

{yemdji, mossi, evans}@eurecom.fr
web: www.eurecom.fr

Infineon Technologies
06560 Sophia-Antipolis, France

christophe.beaugeant@infineon.com
web: www.infineon.com

ABSTRACT
In telecommunications terminals speech quality is often degraded
by acoustic echo. Various approaches to echo cancellation have
been proposed and generally involve two separate stages, namely
those of adaptive echo cancellation and, as is the focus here,
residual echo suppression. Whilst computationally efficient,
residual echo suppression approaches based on gain loss control
have poor double talk performance. Sub-band approaches give
better performance but generally introduce a significant signal
delay. This paper reports new experimental work which assesses
the performance of three low delay approaches to suppress residual
echo through time domain convolution. Results show that a new
approach, based on the inverse discrete Fourier transform, performs
as well as the existing approaches for both linear and non-linear
echo whilst maintaining computational efficiency and low signal
delay.

Index Terms — echo cancellation, echo postfiltering, linear
echo, non-linear echo, sub-band filtering, FIR filter.

1. INTRODUCTION

An acceptable level of speech quality is an important requirement
for any telecommunications terminal. With mobile devices, how-
ever, speech quality is often degraded by varying levels of ambient
noise and acoustic echo. In noisy environments, the microphone
is sensitive to near-end speech and ambient noise which are both
transmitted to the far-end speaker. Acoustic echo results from
the coupling between the loudspeaker and the microphone and,
as a result, the far-end speaker can sometimes hear a delayed
version of their own voice, where the delay is introduced by the
communications link. Acoustic echo cancellation (AEC) and noise
compensation are used to tackle these problems [1]. This paper is
concerned solely with the problem of AEC.

Most approaches to AEC are based on adaptive filters [1].
As illustrated in Figure 1, an adaptive filter is used to generate
an estimate of the echo signal which is then subtracted from the
microphone signal. However, because of the limited filter order,
changes in the acoustic path and non-linearities, the resulting signal
generally contains some residual echo. Postfilters are commonly
used to obtain further echo attenuation [1].

A simple and popular approach to residual echo suppression
is that of gain loss control (GLC) [1, 2]. GLC algorithms simply
consist in applying an attenuation to the uplink signal. Although
this gain is generally calculated as a function of the loudspeaker
power [2] it impacts on near-end speech during double talk periods
because it is applied independently to the presence, or not, of
near-end speech.

To overcome the poor double talk performance of GLC
sub-band echo postfilters [3] are often used and are the focus of
the work presented here. Sub-band postfilters are preferred to
GLC because they consist of sub-band gains and can therefore
specifically target frequencies where residual echo is audible.
Such residual echo suppression filters can be applied to the uplink
signal in the spectral domain. Even though sub-band filtering (SF)
is advantageous because of its low computational complexity it,

however, introduces significant delay in the output signal. This
delay can be reduced by performing the filtering in the time domain
through a convolution. In this case, the sub-band spectral gains are
used to determine a broadband finite impulse response (FIR) filter.
Popular approaches include the Filter Bank Equalizer (FBE) or the
Low Delay Filter (LDF), presented in [4]. The LDF approach was
used in [5] for joint noise reduction and residual echo suppression
and in [6] for joint reverberation and noise suppression. Another
alternative, reported by Ḧansler in [7], involves the use of the
inverse discrete Fourier transform (IDFT) of the spectral gains to
suppress residual echo.

The side by side performance comparison of these approaches
has, to our knowledge, not been previously reported. This paper
presents the first comprehensive comparative assessment of the
SF, FBE, LDF and IDFT approaches to sub-band residual echo
processing.

The remainder of this paper is organized as follows. In the next
section we present the algorithm used for the calculation of the
spectral gains and different filtering scheme that can be used for
processing residual echo. In Section 3, we compare the computa-
tional complexity of the different approaches. Section 4 presents
our experimental setup used for simulations. Performances of the
different approaches are presented in Section 5 and conclusions are
presented in Section 6.

2. ECHO POSTFILTERING

Figure 1 illustrates the echo cancelling scheme used in our investi-
gations: AEC followed by a postfilter to process the residual echo.
The microphone signaly(n) is composed of the near-end speech
signals(n) and of the echo signald(n). The adaptive filter is used
to generate an estimate of the echo signald̂(n) which is subtracted
from the microphone signal. The error signale(n) is composed of
the residual echoer (n) and of near-end speechs(n). The postfilter
aims to suppress the residual echo.

In the following, we describe the postfilter investigated. Sec-
tion 2.1 details the common sub-band analysis used in our simula-
tions. In Section 2.2, we present the algorithm used to calculate the
spectral gains. Lastly, Section 2.3 presents the investigated filtering
approaches.

2.1 Sub-band analysis

As shown in Figure 2, the error signale(n) and the loudspeaker sig-
nal x(n) are split into sub-band signalsei(n) andxi(n) respectively,
wherei denotes the sub-band index and ranges from 0 toM−1. In
our case, sub-band analysis and synthesis are performed through a
discrete Fourier transform-modulated filter bank. One property of
such filter banks is that each bandpass filter corresponds to a fre-
quency shifted duplicate of a lowpass filterh(n). In the literature
h(n) is referred to as a prototype filter [8].

Moreover, sub-band signalsei(n) and xi(n) have a reduced
bandwidth compared to the original input signalse(n) and x(n).
Therefore, the bit rate of the sub-band signals can be downsampled
by a factorr, with the constraint thatr ≤ M to avoid frequency do-
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Figure 1:Echo cancelling scheme illustrating AEC followed by a
sub-band echo postfilter with filtering in the sub-band domain.

main aliasing [8]. The benefit of downsampling is that the residual
echo suppression filter update is performed at a sampling rate that
is lower than that of the input sampling rate.

In our simulations, the above filter bank is implemented through
a polyphase network (PPN) [7]. With the PPN implementation, the
sub-band analysis stage requires one convolution and one Fourier
transform instead ofM convolutions.

2.2 Spectral gains

For each sub-bandi, the gain of the echo postfilter is updated using
a Wiener filtering rule [3]:

Gi(n) =
ξi(n)

1+ξi(n)
, (1)

whereξi(n) is the signal (near-end speech) to echo ratio (SER).
In practice, the SER is unknown and, consequently, it needs to be
estimated. In our implementation, the SER is estimated through the
Ephraim and Malah approach [9]:

ξi(n) = β ·
ŝ2
i (n−1)

γ̂er er
i (n−1)

+(1−β ) ·max(ξ post
i (n),0) (2)

where the smoothing constantβ lies in the interval]0,1[, ŝi(n−1)

is the ith sub-band near-end speech signal estimate,γ̂er er
i (n) is the

residual echo spectral density andξ post
i (n) is the a posteriori SER.

The residual echo spectral density in Equation 2,γ̂er er
i (n), is esti-

mated according to [3]:

γ̂er er
i (n) =

γxe
i (n)

γxx
i (n)

, (3)

whereγxe
i (n) is the crosspower spectral density betweenx(n) and

e(n) and γxx
i (n) is the loudspeaker power spectral density. The a

posteriori SER in Equation 2,ξ post
i (n), is calculated according to:

ξ post
i (n) =

e2
i (n)

γ̂er er
i (n)

−1. (4)

In all cases, the spectral densitiesγxx
i (n) andγxe

i (n) are estimated
through autoregressive smoothing as in [3].

2.3 Postfiltering

Using the postfilter presented above echo can be processed either in
the sub-band domain as described in Section 2.3.1 (see Figure 2(a))
or in the time domain as described in Section 2.3.2 (see Figure 2(b)).

2.3.1 Sub-band filtering

Sub-band filtering (SF) is illustrated in Figure 2(a) and consists of
applying theith sub-band gainGi(n) on the ith sub-band micro-
phone signalei(n) as a multiplicative factor

ŝi(n) = Gi(n) ·ei(n). (5)
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(a) Echo filtering in the sub-band domain.
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(b) Echo filtering with an FIR filter.

Figure 2:sub-band echo postfilter detailed scheme.

The full-band microphone signal ˆs(n) is recovered by processing
the sub-band signals ˆsi(n) through the appropriate synthesis filter
bank.

Spectral gains are positive real numbers (zero phase), therefore
the input signal phase is not modified. Moreover, for the analysis
and synthesis stages, we restrict ourselves to linear phase prototype
filters. The overall system (sub-band analysis and synthesis) intro-
duces a signal delay ofL−1 samples, whereL is the length of the
prototype filter.

2.3.2 Time domain filtering

Figure 2(b) shows the sub-band echo postfiltering scheme with a
finite impulse response (FIR) filter. The sub-band signalsxi(n) and
ei(n) are used to calculate the sub-band gainsGi(n) according to
the equations in Section 2.2. The sub-band gainsGi(n) are used
to determine an FIR filter. This FIR filter is calculated according
to the FBE, LDF or IDFT filter rule. The echo suppression is
therefore done through convolution of the input signale(n) with
any of the FIR filters. To avoid phase distortions and to ensure a
constant signal delay, we ensure that these filters are linear phase
filters [8]. We now present the three different FIR filters considered.

Filter bank equalizer (FBE): The FBE was introduced in [4] and
is the mathematical time domain equivalent of the SF approach.
The FBE is expressed as follows:

gf be(n) = h(n) · g̃(n), (6)

whereh(n) is the prototype filter of the sub-band analysis stage
and g̃(n) is the IDFT of the spectral gainsGi(n). As the spectral
gains are positive (zero-phase), the linear phase property is assured
if h(n) has linear phase. This condition is fulfilled, for example, if
h(n) is symmetric.

The FBE process introduces a signal delay of(L − 1)/2
samples, that is half the delay introduced by the SF method.

Low delay filter (LDF): Although the FBE has lower signal
delay than the corresponding SF, smaller signal delays can be
achieved by approximating the FBE by a lower degree filter [4, 6].

The LDF is obtained by truncating the FBE with a window of
lengthP with P < L. The window can chosen arbitrarily or chosen
so as to maintain linear phase. As the FBE has linear phase, one
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can use a window which is symmetric alongL/2. We used the
Hamming window in our simulations.

Experiments with different values ofP showed that for an FBE
of lengthL, an LDF ofL/2 taps is a good match no matter what the
number of sub-bands.

Inverse Discrete Fourier Transform (IDFT) filter: A more
intuitive approach might be to obtain the FIR filter simply by
applying the IDFT to the updated spectral gain factors [7]. The
IDFT of the gains corresponds to a non-causal zero phase filter. A
causal filter is obtained by applying a temporal shift of(M−1)/2.
In the frequency domain, the temporal shift corresponds to a phase
modification: the zero-phase filter then becomes a linear phase
filter.

3. COMPUTATIONAL COMPLEXITY

Our study of time domain filters for sub-band adaptive filtering is
mainly motivated by the reduction of signal delay. However, com-
putational complexity is an aspect which is of crucial importance to
real time implementations.

Table 1 shows the algorithmic complexity, memory require-
ments and signal delay characteristics of each different filtering ap-
proach (SF, FBE, LDF and IDFT). The number of multiplications
and addition operations presented in columns 2 and 3 of Table 1
do not include the number of operations needed for the calculation
of spectral gains nor the Fourier transform requirements since these
are the same for all approaches.

The FBE and SF are mathematically equivalent filtering
schemes. However, from Table 1, we can see that, although the
FBE has lower signal delay than the correspondent SF, it is more
computationally demanding (more multiplications). The LDF is a
more computationnally efficient alternative to FBE, has a lower sig-
nal delay and is therefore a better trade-off between the FBE and the
SF in terms of algorithmic complexity and memory requirements.
If the IDFT and LDF filters have the same length (P= M), the delay
and memory requirements are the same for each approach but the
IDFT method requires even fewer operations than the LDF.

Multiplications Additions Memory Signal delay

SF 2.L+M
r

L−M
r +(L−1) 2.L L−1

FBE 2.L
r +L L−M

r +(L−1) 2.L L−1
2

LDF 2.L+P
r +P L−M

r +(P−1) L+P P−1
2

IDFT L
r +M L−M

r +(M−1) L+M M−1
2

Table 1: Number of operations required per sample for each ap-
proach to sub-band filtering. The analysis and synthesis stages are
implemented through a polyphase network.

4. EXPERIMENTAL SETUP

The different filtering methods presented above are compared
through simulations as described below. In Section 4.1, we describe
our system setup. Section 4.2 presents the method used to generate
our test signals. Our approach to assessment is described in Sec-
tion 4.3.

4.1 System setup

In each case, the sub-band signals are extracted using a DFT-
modulated filter bank where the prototype filterh(n) of length L
is defined as:

h(n) =
1
M

·sinc

[

2π
M

(

n−
L
2

)]

·wL(n), (7)

wherewL is a Hamming window also of lengthL. For all experi-
ments reported here,L is equal to 128. The length of the LDF filter
P is set toL/2= 64. The number of sub-bandsM is equal to 64 and
was chosen to give a satisfactory compromise between acceptable
frequency resolution and realistic computational complexity of the
Fourier transform. When using fewer sub-bands, i.e. reduced fre-
quency resolution, there is a noticeable degradation in performance
whereas the use of more sub-bands leads to excessive computation.
Finally, we use a downsampling factor ofr = M/2 = 32.

4.2 Speech signals

All speech signals used in our simulations are sampled at 8 kHz.
Microphone signals contain an echo-only period followed by a dou-
ble talk period. The echo-only period is of interest to evaluate echo
suppression whereas the double talk period is of interest to assess
near-end speech quality.

The echo signal is obtained by convolving a linear or non-linear
loudspeaker signal with an acoustic path response. The resulting
echo signal is then added artificially to a near-end speech signal
to synthesize the microphone signal. The SER of resulting signals
ranges from -5dB to 10dB with the near-end speech active level be-
ing set at -26dB. The near speech and echo level are set using the
ITU-T speech voltmeter [10]. The acoustic path responses used to
generate the echo were measured using real mobile terminals in an
office environment and are identical to those used in [11].

Loudspeaker non-linearities are simulated according to a
Volterra model [12] as used in [11]:

xnl(n) = x(n)+a·x2(n)+b·x3(n) (8)

wherexnl(n) is the non-linear loudspeaker signal,x(n) is the linear
loudspeaker signal and(a,b) are weighting components ranging be-
tween 0 and 1. For the experiments reported in this paper, we used
a= 1 andb= 1. Other experimental work conducted by the authors
of [11] shows that this configuration typifies the case when a mobile
terminal is used in handsfree mode.

We used a database of 16 speech signals and results presented
in this paper correspond to typical observations.

4.3 Assessment

Each filtering method is assessed stand-alone (i.e. without the AEC
module) and in combination with AEC (i.e. for residual echo sup-
pression). It is of interest to study the postfilter performance with-
out AEC since it can be used alone in case of reduced computa-
tional load. Moreover such a configuration characterises perfor-
mance when the postfilter is used for residual echo suppression
while the AEC module has not yet converged. When the postfil-
ter is used with AEC, we effectively evaluate its performance when
used solely for residual echo suppression. In this case, we focus on
periods where the AEC module has converged. The AEC algorithm
used for all investigations reported here is the sub-band normalized
least mean square method as described, in [2].

Performance is assessed in terms of echo return loss enhance-
ment (ERLE) measurements and informal listening tests. The
ERLE measures the amount of echo suppression and is defined as
the energy ratio between the echo before the postfilter and that at
the output. In our implementation, the ERLE is measured over win-
dows ofN samples:

ERLE(m) = 10· log10

(

∑N φ2(N)

∑N ŝ2(N)

)

(9)

where N spans over 256 samples andφ(n) is the microphone
signal y(n) when the postfilter is used alone and is the residual
echo signale(n) when it is used for residual echo suppression.
Informal listening tests are necessary to complete the assessment
of processed speech signal with subjective quality perception.
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Figure 3:ERLE measurements in linear echo case.

5. RESULTS

In this section we present an assessment of the four different ap-
proaches to echo postfiltering presented in Section 2.3. Section 5.1
presents an assessment in the case of linear echo whereas results
with loudspeaker non-linearities are presented in Section 5.2.

5.1 Simulation results with linear echo

Results where the postfilter is used stand alone and where the
postfilter is used in combination with AEC are both reported here.

Postfilter without AEC: Figure 3(a) illustrates a typical ERLE
profile against time during an echo-only period for each filtering
method. Here, the postfilter is used without the AEC module.
Figure 3(a) shows that all the filtering methods have approximately
the same behavior; the curves are almost identical. Nevertheless,
we can see that the IDFT filter sometimes achieves less echo
suppression than do the other filtering methods. For example, at
time t = 10s, the IDFT method achieves about 10dB less ERLE
than the other methods. Periods where the IDFT method achieves
less echo suppression correspond to intervals where the SER is
locally low.

We note that echo remains slightly audible in processed signals,
especially during double talk. Informal listening tests show that
echo-only and double talk periods processed through the SF method
are perceived as musical noise (random spectral peaks of short
duration). In contrast, echo-only and double talk periods processed
by FIR filters contain crackling noise; signals processed by FIR
filters have a much smoother spectrogram than those processed
by the SF method. This difference can be explained by the fact
that the effective frequency response of the FIR filters is smoother
compared to the original spectral gains. The crackling is slightly
more perceptible in signals processed by the IDFT method: this
can be explained by the fact that the effective frequency response
of the IDFT filter has large variations between consecutive discrete
frequency bins (here the discrete frequency bins are those where the
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Figure 4:ERLE measurements in non linear echo case.

spectral gains are calculated) where differences in gain are greater
than 10dB. We can therefore assume that the use of a prototype
filter in the definition of the FBE (and additional windowing for
the LDF compared to the FBE) somehow results in a smoothing in
the frequency domain because the effective frequency responses
of the FBE and LDF do not have the large variations observed on
the IDFT filter frequency responses. Nevertheless, for values of
SER greater than 5dB, performance during echo-only and double
talk periods is good. But, as the SER falls, the artifacts introduced
during double talk (musical noise for SF method and crackling
noise for FIR filters) become very annoying.

Postfilter with AEC: Figure 3(b) shows the ERLE profiles
for each filtering method during an echo-only period for the
sub-band echo postfilter when used for residual echo suppression
(i.e. with combined AEC). Again, all the filtering methods have
the same behavior, with a reduced gap between the IDFT method
and the others. Improvements obtained with the IDFT method is
due to the fact that the AEC improves the SER at the input of the
postfilter.

Figure 3(c) shows mean ERLE against SER at the input of
the AEC. The mean ERLE is calculated during echo-only periods
after the AEC module has converged. The AEC achieves echo
suppression of about 24dB. In Figure 3(c), we see that the SF
and FBE methods are equivalent; they have the same ERLE. The
LDF approach gives slightly better performances than FBE or SF
methods in terms of ERLE whereas the IDFT method achieves an
ERLE of between 1 and 3dB less than the SF and FBE methods.
The overall system (AEC + postfilter) achieves an average ERLE
of about 40dB when using any of the SF, FBE or LDF approaches.

Once the AEC module has converged, the differences between
the four filtering methods is no longer perceptible during echo-only
periods as echo is inaudible. During double talk periods, differ-
ences between the filtering methods are audible but not annoying.
As is the case when the postfilter is used alone, we note the
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presence of small crackling between syllables (during the double
talk) in signals processed by the FIR filter and the presence of
musical noise in signals processed in the spectral domain.

5.2 Simulation results with non linear echo

Once again, we present results where the postfilter is used stand
alone and where the postfilter is used for residual echo suppression.

Postfilter without AEC: Figure 4(a) shows the ERLE for
each filtering method during an echo-only period. Here, the
postfilter is used without the AEC module. Once again, all the
filtering methods have the same behavior but in general, the IDFT
filter achieves less echo suppression than do the others and, just as
for the linear echo case, these intervals correspond to where the
SER is locally low.

As for the linear case, we note the presence of crackling noise
in FIR-processed signals. Signals processed by the FBE and LDF
methods sound the same but differences between the IDFT method
and the FBE or LDF methods are noticeable during echo-only and
double talk periods. Signals processed by the IDFT method contain
more echo and the crackling noise is also more audible which, in
this case, is always perceived as annoying. The poor performance
of the IDFT approach can once again be explained by the fact that
the IDFT has difficulties to follow large gain variations. Crackling
present in signals processed by LDF or FBE methods can be
perceived as annoying for low SER (typicallySER≤ 0dB). For
speech signals processed in the sub-band domain, we note the
presence of musical noise during both echo-only and double talk
periods. The musical noise is perceived as annoying for SERs
lower than 0dB.

Postfilter with AEC: Figure 4(b) shows the mean ERLE of
each filtering method during an echo-only period for the sub-band
echo postfilter when used for residual echo suppression. Here
we take into account only the amount of echo suppressed by the
postfilter. Once again, all the filtering methods have the same
behavior and, as for the linear case, there are less disparities
between the IDFT method and the others.

Figure 4(c) shows mean ERLE against SER at the input of
the AEC. The mean ERLE is calculated on an echo-only period
where the AEC module has converged to its optimal response.
Here, we can see that the LDF method achieves the best results.
The AEC module improves the SER at the postfilter input, which
is still higher than in the linear case since the AEC achieves less
echo reduction. As for the linear case (Figure 3(c)), the LDF
achieves more echo reduction than the other methods at low SERs.
Figure 4(c) also shows that the SF and FBE methods are still
equivalent whereas the IDFT method achieves about 1 to 2dB less
ERLE than does the SF method.

In the presence of non-linearities, the AEC achieves about
13dB of echo suppression which is approximately 10dB less
than in the linear case. The overall system (AEC + postfilter)
achieves an average ERLE of about 32dB when using the SF,
FBE or LDF approaches: that is about 6dB less than for the linear
case. Informal listening tests reveal that the AEC output contains
mostly non-linear echo. Therefore, the difficulty when analyzing
signals processed by the postfilter is to distinguish artifacts due to
non-linearities from those introduced by the postfilter.

Although most of this residual echo is suppressed by the
postfilter, echo is still slightly audible during echo-only periods.
As for the linear case, we note the presence of crackling in signals
processed by FIR filters and the presence of musical noise in
signals processed in the sub-band domain. The crackling is slightly
more audible for IDFT-processed signals and is annoying for
SERs lower than 0dB. Compared to the case where the postfilter
is used stand alone, near-end speech quality during double talk is
improved. This is explained by the fact the AEC module improves
the SER at the postfilter input.

6. CONCLUSION

This paper presents the first comparison of four different filtering
approaches that can be used within a sub-band echo postfilter. Our
postfilter is assessed as a stand alone solution to echo cancellation
and in combination with an adaptive approach to acoustic echo
cancellation. Both linear and non-linear echo is considered.

Results show that, for high SERs, all the filtering methods lead
to efficient echo cancellation and, when used for residual echo
suppression with linear echo, they all produce speech of equivalent
quality. For non-linear echo the IDFT method gives equivalent
performance to the other approaches at high SERs, whereas the
SF, FBE and LDF approaches give better performance at lower
SERs. In the presence of high non-linearities, the LDF method
gives a good compromise between effective echo suppression,
computional complexity and signal delay.

It is shown that the IDFT method leads to small signal delays
and is the most computationally efficient. For linear echo and
moderate level of non-linearities, the IDFT method gives good
results in terms of ERLE and speech quality. The experimental
work presented in this paper thus shows that the IDFT method is an
appealing alternative to SF, FBE or LDF methods.
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ABSTRACT

This paper concerns acoustic feedback neutralization
(FBN) during online operation of single-channel active
noise control (ANC) systems. In existing approach, two
FIR filters are used for this task: adaptive for feedback
path modeling (FBPM) and fixed for FBN. Previously,
we have proposed a simplified method where these two
tasks of modeling and neutralization have been com-
bined into one feedback path modeling and neutraliza-
tion (FBPMN) adaptive filter. Here we introduce an
intuition based based variable step-size (VSS) param-
eter, for LMS equation of FBPMN filter. This VSS is
motivated from the fact that the error signal of FBPMN
filter contains a disturbance component that is decreas-
ing in nature. The computer simulations are carried out
which demonstrate that the proposed method achieves
better performance than the existing methods and at
somewhat reduced computational cost.

1. INTRODUCTION

A block diagram of a single channel feedforward active
noise control (ANC) systems [1] is shown in Fig. 1,
where components above and below the dashed line are
in acoustic and electronic domain, respectively. Here
P (z) is the primary path between the noise source and
the error microphone, S(z) is the secondary path be-
tween canceling loudspeaker and error microphone, F (z)
is the feedback path from canceling loudspeaker to the
reference microphone, and filtered-x LMS (FxLMS) al-
gorithm [2, 3] is used to adapt the ANC adaptive filter
W (z). The ANC system uses the reference microphone
to pick up the reference noise x(n), processes this input
with an adaptive filter to generate an antinoise y(n) to
cancel primary noise acoustically in the duct, and uses
an error microphone to measure the error e(n) and to
update the adaptive filter coefficients. Unfortunately,
a loudspeaker on a duct wall will generate plane waves
propagating both upstream and downstream. There-
fore, the antinoise output to the loudspeaker not only
cancels noise downstream, but also radiates upstream to
the reference microphone, resulting in a corrupted refer-
ence signal x(n). This coupling of acoustic waves from
secondary loudspeaker to the reference microphone is
called acoustic feedback.

Consider Fig. 1, and assuming that the feedback
neutralization (FBN) filter F̂ (z) is not present, the error

FxLMS Algorithm

LMS

_

_

Figure 1: Block diagram of single-channel ANC system
with fixed feedback neutralization.

signal z-transform is expressed as

E(z) = P (z)R(z) − S(z)Y (z)

= P (z)R(z) − S(z)
W (z)R(z)

1 − W (z)F (z)
. (1)

The convergence of W (z) means (ideally) E(z) = 0.
This requires W (z) to converge to the following solution:

W ◦(z) =
P (z)

S(z) + P (z)F (z)
. (2)

This simple analysis shows that due to acoustic feedback
the ANC system will be unstable, if the coefficients of
W (z) are large enough so that W (z)F (z) = 1 at some
frequency. Furthermore, the W (z) may not converge to
the optimal solution P (z)/S(z).

The simplest approach to solving the feedback prob-
lem is to use a separate FBN filter with in the con-
troller, as shown in Fig. 1. This electrical model of the
feedback path is driven by the secondary source con-
trol signal, y(n), and its output is subtracted from the
reference sensor signal. The FBN filter, F̂ (z), may be
obtained offline prior to the operation of ANC system
when the reference noise r(n) does not exist. In many
practical cases, however, r(n) always exists, and F (z)
may be time varying. For these cases, online model-
ing of F (z) is needed to ensure the convergence of the
FxLMS algorithm for ANC systems.

Broadly speaking there are two types of signal pro-
cessing methods for adaptive feedback neutralization: 1)
IIR-filter based methods, and 2) FIR-filter based meth-
ods. In IIR based structures [4–10], the stability cannot
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Figure 2: Kuo’s method with signal discrimination filter
for online FBPM in single-channel ANC systems [13].

be guaranteed, the adaptation may converge to a lo-
cal minimum, and performance is degraded in the pres-
ence of strong acoustic feedback. Consequently, only
the FIR-based methods are examined further in this pa-
per. A detailed review of existing FIR-filter-based meth-
ods [11–13] for online FBPM can be found in [14]. In the
existing approaches [13,14], two FIR filters are used for
adaptive feedback neutralization: adaptive for feedback
path modeling (FBPM) and fixed (with weights being
copied from adaptive one) for FBN. In [15], we have pro-
posed a simplified method where these two tasks of mod-
eling and neutralization have been combined into one
FIR adaptive filter F̂ (z). Here we modify this method
by incorporating a variable step-size (VSS) in LMS al-
gorithm for adapting F̂ (z). The step size is varied in
accordance with the disturbance-component in the er-
ror signal of F̂ (z). It is observed that the error signal
is corrupted by a disturbance signal, which is initially
very large and converges to (ideally) zero. Hence a small
step size is used initially, and later its value is increased
accordingly. Computer simulation demonstrate the im-
proved performance of the proposed method, which is
achieved at a little increased computational cost as com-
pared with the previous method [15].

The rest of the paper is organized as follows: Section
2 gives a brief overview of Authors’ previous work [14,15]
in comparison with the Kuo’s method [13]. Section 3 de-
scribes the proposed method, where an intuition based
time-varying step-size is introduced in the adaptation of
FBPM filter. Section 4 details the computer simulations
and Section 5 gives the concluding remarks.

2. OVERVIEW OF PREVIOUS METHODS

The Kuo’s method [13] is shown in Fig. 2. Here the
noise source is assumed to be predictable. The FBPM is
achieved by using an additive-random noise based adap-
tive filter, F̂ (z). The weights of FBPM filter, F̂ (z), are
copied to the FBN filter, F̂ (z), taking y(n) as input. A
discrimination filter, H(z), based on a decorrelation de-
lay, removes the predictable component from the desired
response of the FBPM filter. This method achieves im-
proved online FBPM, however, there are a few problems:

_

_

LMS

_

LMS

LMS

White Noise
Generator

FxLMS Algorithm

Figure 3: A simplified method with adaptive noise can-
celation (ADNC) filter for online FBPMN in single-
channel ANC systems [15].

1) the performance depends on the proper choice of the
decorrelation delay, and 2) it works only for predictable
noise sources.

To overcome these problems, in [14] authors have
proposed a method using adaptive noise cancellation
(ADNC) filter in place of the discrimination filter in [13].
The main advantage of this method is that it can work
for both predictable and un-predictable noise sources.
Furthermore, the method does not require decorrela-
tion delay. In these two methods, two filters are used
for F̂ (z): adaptive for FBPM and fixed for FBN. By
combining these two task of modeling and neutraliza-
tion in one adaptive filter, as feedback path modeling
and neutralization (FBPMN) filter, a simplified method
is proposed in [15], and is shown in Fig 3. This method,
hereafter called Previous method, does not require selec-
tion of appropriate decorrelation delay and gives an im-
proved performance as compared with the Kuo’s method
[13], and at somewhat reduced computational cost.

3. PROPOSED METHOD

3.1 Description

As shown in Fig. 4, the proposed method is a one-
step modification of the previous method shown in Fig.
3. As in previous methods [12–15], a low-level random
noise signal v(n), uncorrelated with the reference signal
x(n) is added with the output y(n) of W (z). The sum
[y(n)+v(n)] is propagated by the canceling loudspeaker.
The signal propagates downstream to generate the error
signal as

e(n) = d(n) − ys(n) − vs(n), (3)

and upstream to give corrupted reference signal as

s(n) = r(n) + yf (n) + vf (n), (4)

where d(n) = p(n) ∗ r(n) is the primary noise signal;
ys(n) = s(n) ∗ y(n) is the antinoise signal; vs(n) is a
component due to the modeling signal v(n); yf (n) =
f(n) ∗ y(n) and vf (n) = f(n) ∗ v(n) are the feedback
components due to the canceling signal y(n) and the
modeling signal v(n), respectively; p(n), s(n), f(n) are
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impulse responses of P (z), S(z), and F (z), respectively;
and ∗ denotes the linear convolution. The output of the
FBPMN filter, F̂ (z), is subtracted from s(n) to generate
the reference signal for W (z) as

x(n) = r(n) + [yf (n) − ŷf (n)] + [vf (n) − v̂f (n)]. (5)

The ANC filter W (z) is adapted by FxLMS algorithm
as

www(n + 1) = www(n) + μwe(n)xxx′(n), (6)

where μw is the step size for W (z), www(n) =
[w0(n), w1(n− 1), · · · , wL−1(n)]T is the tap-weight vec-
tor for W (z), xxx′(n) = [x′(n), x′(n−1), · · · , x′(n−L+1)]T
is the signal vector, L is tap-weight length of W (z) and
x′(n) = ŝ(n) ∗ x(n) is the reference signal x(n) filtered
through the secondary-path model, Ŝ(z). The ADNC
filter H(z) takes y(n) as its input, and x(n) as its de-
sired response to generate the error signal

g(n) = r(n)+[yf (n)−ŷf (n)]+[vf (n)−v̂f (n)]−u(n), (7)

where u(n) is the output of H(z). The coefficients of
H(z) are updated by LMS algorithm

hhh(n + 1) = hhh(n) + μhg(n)yyy(n), (8)

where μh is step size parameter for H(z), hhh(n) =
[h0(n), h1(n − 1), · · · , hM−1(n)]T is the tap-weight vec-
tor for H(z), yyy(n) = [y(n− 1), y(n− 2), · · · , y(n−M)]T
is the signal vector, and M is tap-weight length of H(z).

In (7), [vf (n) − v̂f (n)] is error signal required for
adaptation of FBPMN filter F̂ (z). The gradient in LMS
equation for F̂ (z) is computed using the same error sig-
nal g(n) and the random signal v(n) as input signal,
resulting in the following LMS update equation for F̂ (z)

f̂ff(n + 1) = f̂ff(n) + μf (n)g(n)vvv(n), (9)

where μf (n) is a variable step-size (VSS) parameters
(the motivation and procedure to vary the step size is ex-
plained later), f̂ff(n) = [f̂0(n), f̂1(n − 1), · · · , f̂N1−1(n)]T

is the tap-weight vector for F̂ (z), vvv(n) = [v(n), v(n −
1), · · · , v(n − N1 + 1)]T is the signal vector, and N1 is
the tap-weight length of F̂ (z). Assuming that H(z), and
F̂ (z) have converged; u(n) → r(n) + [yf (n) − ŷf (n)],
v̂f (n) ≈ vf (n) and ŷf (n) ≈ yf (n). Thus input to W (z)
is x(n) ≈ r(n), and is free of any acoustic feedback com-
ponents.

3.2 Time Varying Step-Size for Feedback-Path
Modeling Filter

Consider error signal g(n) as given in (7). Here the com-
ponent [vf (n)−v̂f (n)] is the desired error signal for F̂ (z),
and the rest of the part, r(n) + [yf (n) − ŷf (n)] − u(n),
acts as a disturbance for the adaptation of F̂ (z). Thanks
to the supporting ADNC filter H(z) being excited
by y(n), the output u(n) of H(z) would converge to
r(n) + [yf (n) − ŷf (n)] that is correlated with y(n), and
hence the disturbance in the adaptation of F̂ (z) would
(ideally) converge to zero. This observation leads to
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Figure 4: Proposed method for online FBPM in single-
channel ANC systems.

use a small value for the step-size μf (n) at startup of
ANC system and use a somewhat larger value at the
later stage. It is worth mentioning that the large value
should be carefully selected so that a small steady-state
mismatch is achieved. Considering the signals x(n) and
g(n), as given in (5) and (7), respectively, we define a
ratio

ρ(n) =
Pg(n)
Px(n)

, (10)

where Pg(n) and Px(n) indicate the power of g(n) and
x(n), respectively. These powers can be estimated on-
line using lowpass estimator of type

Pγ(n) = λPγ(n − 1) + (1 − λ)γ2(n), (11)

where λ is the forgetting factor (0.9 < λ < 1). From (5)
and (7), the ratio ρ(n) can be expressed as:

ρ(n) =
Pg(n)
Px(n)

=
P[r(n)+yf (n)−ŷf (n)]−u(n) + P[vf (n)−v̂f (n)]

P[r(n)+yf (n)−ŷf (n)] + P[vf (n)−v̂f (n)]
.

(12)
Initially when the ANC system is started at n = 0;
u(n) = 0, ŷf (n) = 0 and v̂f (n) = 0, as it is customary
to initialize the adaptive filters by zero coefficients; the
ratio ρ(0) is given as

ρ(0) ∼= P[r(n)+yf (n)] + Pvf (n)

P[r(n)+yf (n)] + Pvf (n)

∼= 1.0. (13)

In the steady-state as n → ∞, u(n) → r(n) + [yf (n) −
ŷf (n)], ŷf (n) → yf (n) and v̂f (n) → vf (n), and hence
numerator in (12) converges to (ideally) zero, whereas
the denominator is non-zero and would converge to
Pr(n), and hence limn→∞ ρ(n) → 0. Considering these
properties of the parameter ρ(n); ρ(0) ∼= 1.0 and
ρ(∞) → 0; the time varying step-size, μf (n), for the
adaptation of F̂ (z) in (9) is computed as

μf (n) = ρ(n)μfmin
+ (1 − ρ(n))μfmax , (14)

where μfmin
and μfmax are the experimentally deter-

mined values for lower and upper bounds of the step
size. These values are selected so that neither adapta-
tion is too slow nor it becomes unstable.
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Table 1: Computational complexity analysis on the basic of computations required per iteration.

Kuo’s method Previous method Proposed method

FxLMS algorithm for W (z)
× 2L + N2 + 1 2L + N2 + 1 2L + N2 + 1
+ 2L + N2 − 2 2L + N2 − 2 2L + N2 − 2

LMS algorithm for H(z)
× 2M + 1 2M + 1 2M + 1
+ 2M 2M 2M

Reference Signal x(n) and LMS algorithm for F̂ (z)
× 3N1 + 1 2N1 + 1 2N1 + 1
+ 3N1 + 2 2N1 + 1 2N1 + 1

Variable step-size (VSS)† for F̂ (z)
× − − 6
+ − − 2

TOTAL × 2L + 2M + 3N1 + N2 + 3 2L + 2M + 2N1 + N2 + 3 2L + 2M + 2N1 + N2 + 9
+ 2L + 2M + 3N1 + N2 2L + 2M + 2N1 + N2 − 1 2L + 2M + 2N1 + N2 + 1

Example: L = 512, M = N2 = 128, N1 = 256
× 2179 1923 1929
+ 2176 1919 1921

†In addition to above, the VSS in proposed method requires one division per iteration.

3.3 Computational Complexity

A computational complexity analysis, based on the
number of multiplications and additions per iteration,
is presented in Table 1 for the methods described in
this paper. Here, L, M , N1, and N2 are the tap-weight
lengths of W (z), H(z), F̂ (z), and Ŝ(z), respectively. We
see that the previous method requires N1 fewer multipli-
cations per iteration and N1+1 fewer additions per iter-
ation, as compared with Kuo’s method. The structure
of the proposed method is same as that of the previous
method, except for the computation of variable step-size
parameter as described earlier, and hence requires a few
more computations per iteration as compared to previ-
ous method [15], yet the computational cost is somewhat
lower as compared to Kuo’s method [13]. This saving in
computational cost is advantageous when length of the
adaptive filter is long, which is usually the case in prac-
tical ANC systems. Numerical values for an example
case are also give in Table 1.

4. COMPUTER SIMULATIONS

This section presents the simulation experiments per-
formed to verify the effectiveness of the proposed
method in comparison to Kuo’s method [13], and pre-
vious method [15]. For acoustic paths the experimental
data provided by [1] is used. Using this data, P (z),
S(z) and F (z) are modeled as FIR filters of tap-weight
lengths 48, 16, and 32, respectively. The adaptive fil-
ter W (z), H(z) and F̂ (z) are FIR filters of tap-weight
length L = 32, M = 16, and N1 = 32, respectively. All
the adaptive filters are initialized by null vectors of an
appropriate order. The reference signal r(n) comprises
sinusoids of 150, 300 and 450 Hz and a zero-mean white
noise is added with SNR of 30 dB. The modeling exci-
tation signal v(n) is a zero-mean white Gaussian noise
of variance 0.05. A sampling frequency of 4 kHz is used.
The step size parameters are adjusted for fast and sta-
ble convergence, and by trial-and-error are found to be,
Kuo’s method and Previous method: μw = 5 × 10−6,
μf = 5 × 10−3, μh = 5 × 10−4, Proposed method:
μw = 5 × 10−6, μfmin

= 5 × 10−3, μfmax = 1 × 10−2,
μh = 2 × 10−3. The decorrelation delay Δ in Kuo’s
method is 30.

Figure 5 shows the simulation results for various
methods discussed in this paper, where curves shown
are obtained by averaging over 10 realizations of the
process. Figure 5(a) shows curves for the estimation

error in the feedback path, ΔF (n), being defined as

ΔF (n) =
‖fff − f̂ff(n)‖2

‖fff‖2
, (15)

where fff and f̂ff(n) are impulse-response vectors for F (z)
and F̂ (z), respectively, and ‖ · ‖2 is squared-Euclidean
norm of the quantity inside. We see that the the pro-
posed method gives very fast convergence speed as com-
pared with the Kuo’s method and the previous method.
The reason for this improved performance is time vary-
ing step-size parameter. Figure 5(b) shows the curves
for the estimation error for W (z), ΔW (n), being defined
as

ΔW (n) =
‖www◦ − ŵww(n)‖2

‖www◦‖2
, (16)

where www◦ is the optimal value of the weight vector of the
ANC controller W (z). This is obtained by using FxLMS
algorithm under no acoustic feedback condition. Again
the proposed method achieves better performance than
the other methods. The corresponding curves for mean
square error are shown in Fig. 5(c). We see that, with-
out FBPMN, the the noise reduction performance of the
ANC system is very poor, with Author’s methods giv-
ing better performance than the Kuo’s method. Figure
5(d) shows curves for mean value of (squared) error in
the reference signal x(n) used in adaptation of W (z),
being defined as

ΔX(n) = [x(n) − r(n)]2, (17)

where r(n) is the noise source signal. Ideally this mea-
sure should converge to zero, as x(n) → r(n). It is
evident that proposed method is better able to remove
the acoustic feedback, than the other methods. The
variation of parameter ρ(n) and VSS μf (n) for adapta-
tion of F̂ (z) in the proposed method are shown in Figs.
5(e), (f), respectively. As described earlier, ρ(0) ∼= 1.0
and ρ(∞) → 0 and μf (n) varies accordingly. Thanks to
this time-varying step-size parameter, the overall perfor-
mance of the proposed method is better than the other
methods discussed in this paper.

5. CONCLUDING REMARKS

In conclusion, here we have presented a modification
to our previous previous method for acoustic feedback
neutralization in ANC systems. The modified method
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Figure 5: (a) Estimation error in feedback-path, ΔF (n). (b) Estimation error in ANC filter, ΔW (n) . (c) Power
of residual error signal e(n). (d), Squared error in reference signal, ΔX(n). (e) Parameter ρ(n) in the proposed
method. (f) VSS, μf (n), used in the adaptation of F̂ (z) in the proposed method.

uses a VSS in the adaptation of FBPMN filter F̂ (z),
where a small value is selected initially as the distur-
bance in the desired response is very large. In the later
stage, the disturbance decreases (ideally to zero), and
the step-size is increased accordingly. We have demon-
strated through the computer simulations, that the pro-
posed method gives improved performance. This im-
proved performance is achieved with only a slight in-
crease in computational cost as compared with the pre-
vious method [15].
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ABSTRACT
In this paper a gradient adaptive step-size algorithm for frequency
domain adaptive filtering is proposed: the step-size adaptation is
performed by differentiating the time-domain block error at the out-
put of the block adaptive filter with respect to the step-size. By us-
ing the results obtained through a rigorous mathematical treatment
in the single-channel situation and in the presence of a partitioned
adaptive filter, an adaptation rule valid for two-channel adaptive
algorithms, which may be easily extended to multi-channel adap-
tive algorithms, is derived. Experimental results concerning stereo-
phonic acoustic echo cancellation are reported, in order to validate
the effectiveness of the proposed algorithm.

1. INTRODUCTION

The least mean square (LMS) adaptive algorithm is used in a lot of
adaptive signal processing applications, such as acoustic echo can-
cellation, because of its simplicity and ease of computation. In its
standard form, it suffers from a slow convergence, which highly de-
pends on the input vector, because the filter coefficients updating
is directly proportional to it [1]. Therefore, its normalized version
is introduced (NLMS): the normalization is performed by using the
Euclidean norm of the input vector. Anyhow, the choice of the step-
size is an open issue: there is a trade-off between faster convergence
and lower steady-state performances. Stochastic gradient adaptive
step-size approaches have been proposed to overcome this problem
[2, 3], based on the idea of using for the step-size high values when
the adaptive filter coefficients are far from the optimal solution and
small values in the steady-state condition. Variations of these al-
gorithms have been proposed, in order to lower the computational
cost, especially as regards the Benveniste’s approach [4].

The use of frequency-domain adaptive filtering is due to its in-
teresting computational cost: as a matter of fact, the adaptation pro-
cedure is performed by taking advantage of the Fast Fourier Trans-
form (FFT) efficiency (Fast-LMS) [5], allowing an improved con-
vergence with low computational requirements [1, 6], even in the
presence of long impulse responses (IRs). The main drawback of
this algorithm is the input-output delay, because it is equal to the
adaptive filter length: long IRs to be identified require long adap-
tive filters, that means a high delay. In [7], the generalization of
frequency-domain adaptive filtering to the partitioning of the adap-
tive filter is proposed: in this case, the filter length is a positive in-
teger multiple of the block size, which can be opportunely reduced
in order to lower the input-output latency.

Recent approaches for varying the step-size in single-channel
frequency-domain echo cancellation have been proposed [8, 9].
They are based on a step-size adaptation rule, derived from the com-
putation, directly in the frequency-domain, of the derivative of the
mean square error with respect to a parameter which gives an es-
timation of the misalignment. In [10] a coherence-based step-size
control is proposed and applied to stereo echo cancellation. All
these algorithms are focused on making the adaptive filtering robust
in the presence of double-talk.

In this paper, the extension of the Mathews’ stochastic gradient
adaptive step-size approach to frequency-domain adaptive filtering

is proposed, by differentiating the block error at the output of the
block adaptive filter with respect to the step-size: this operation is
performed by considering the time-domain error vector, differently
from [8, 9], in which the adaptation rule is derived in the frequency-
domain. The formula is initially derived for the Fast-LMS adaptive
algorithm, even in the presence of a partitioned adaptive filter, and
then extended to the stereophonic case, also showing the possibility
of an easy generalization to the multi-channel case. As the proposed
approach is focused on speeding up the convergence without taking
into consideration double-talk situations, it can be applied to generic
adaptive algorithms. A very recent approach concerning a bin-wise
block varying step-size control method for frequency-domain LMS
algorithm has been introduced in [11] for the same purpose, but
only in the single-channel case.

The paper is organized as follows: first, a review of Mathews’
algorithm will be presented, and then, starting from it, the proposed
gradient adaptive step-size algorithm for frequency-domain adap-
tive filtering will be analytically derived for mono and stereo (multi-
channel) case studies. Finally, some experimental results relative to
stereophonic acoustic echo cancellation (SAEC) will be reported, in
order to validate the proposed approach.

2. MATHEWS’ GRADIENT ADAPTIVE STEP-SIZE
ALGORITHM REVIEW

Considering a typical problem of impulse response identification,
the instantaneous error signal at the output of the filter at the time
instant n is defined as follows:

en = dn−xT
n wn (1)

where dn is the desired signal, xn is the input signal vector com-
posed of the L most recent samples, wn is the estimated impulse
response vector of length L and (·)T is the vector transpose oper-
ator. In [2] a variable step-size NLMS algorithm is proposed: the
step-size is updated in order to obtain a variation proportional to
the gradient of the squared error with respect to the convergence
parameter µ , as described by the following equations:

wn+1 = wn + µnen
xn

‖xn‖2 (2)

µ̂n = µn−1−
ρ

2
∂e2

n
∂ µn−1

= µn−1 +ρenen−1
xT

n xn−1

‖xn−1‖2 (3)

where ρ is a small positive constant, used to control the step-size
update, and ‖·‖2 is the Euclidean norm. As reported in [12], the
convergence requirements limit the allowed values for µn during
the adaptation. Therefore,

µn =


µmax if µ̂n > µmax
µmin if µ̂n < µmin
µ̂n otherwise

(4)

with 0 < µmin < µmax < 2.
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3. THE PROPOSED ALGORITHM

Starting from the approach reported in section 2, it is useful to ob-
tain an analogous step-size adaptation rule for frequency-domain
adaptive filtering: in this case, the error em is a column vector of
length M and eq. (3) can be rewritten in the time-domain as fol-
lows:

µ̂m = µm−1−
ρ

2
∂eT

mem

∂ µm−1
(5)

where m is the block index and M is the length of the block in which
the incoming sequence is partitioned. Assuming Xm and wm as the
input signal matrix (M×L) and the filter coefficients vector (L×1)
at index m respectively, the block adaptation rule is summarized as
follows:

ym = Xmwm−1

em = dm−ym

wm = wm−1 + µm∇m

(6)

where ∇m is the block gradient estimate. In order to calculate eq.
(5), it is necessary to introduce the differentiation rules for matrices
and vectors [13]. In the following, only the differentiation rules
used for the algorithm definition are reported:

∂AF
∂B

=
∂A
∂B

(It ⊗F)+(Is⊗A)
∂F
∂B

(7)

∂A[C(B)]
∂B

=
(

∂vec(C)T

∂B
⊗ Ip

)(
It ⊗

∂A
vec(C)

)
(8)

∂y
∂y

= vec(Iq) (9)

∂yT

∂y
= Iq (10)

vec(AD) = (Is⊗A)vec(D) = (DT ⊗ Ip)vec(A) (11)

where A is a (p× q) matrix, F is a (q× u) matrix, B is a (s× t)
matrix, C is a (r× l) matrix, y is a (q× 1) vector, D is a (q× s)
matrix and ⊗ is the Kronecker product.

Therefore, eq. (7) allows to rewrite eq. (5) as follows:

µ̂m = µm−1−
ρ

2

(
∂eT

m
∂ µm−1

em + eT
m

∂em

∂ µm−1

)
(12)

where ∂eT
m

∂ µm−1
can be calculated by using the following equation:

∂eT
m

∂ µm−1
=

∂ (dm−ym)T

∂ µm−1
=− ∂yT

m
∂ µm−1

(13)

As described in eq. (6), ym is a function of wm−1 which is in turn a
function of µm−1. Therefore, by using (8), it results:

∂eT
m

∂ µm−1
=−

(
∂vec(wm−1)T

∂ µm−1
⊗ I1

)(
I1⊗

∂yT
m

∂vec(wm−1)

)
=

=−∇
T
m−1XT

m (14)

An analogous equation is valid for ∂em
∂ µm−1

:

∂em

∂ µm−1
=−Xm∇m−1 (15)

At this stage, by using the results described by eq. (14) and (15),
the adaptation rule for the step-size in the mono-channel case for a
block adaptive algorithm can be derived as:

µ̂m = µm−1−
ρ

2
(−∇

T
m−1XT

mem− eT
mXm∇m−1) =

= µm−1 +ρeT
mXm∇m−1 (16)

The step-size µm can be calculated from µ̂m by using eq. (4) and
Xm∇m−1 can be efficiently calculated by using FFT.

3.1 IR partitioning case study
In acoustic echo cancellation applications, it is often useful to par-
tition the impulse response in order to overcome huge latency prob-
lems. The equation (6) has to be rewritten by considering the K sec-
tions in which the adaptive filter is partitioned. Considering Xk,m,
wk,m−1 and ∇k,m as the input signal, the filter coefficients and the
block gradient estimate for each section k at block index m, it fol-
lows:

ym =
K

∑
k=1

Xk,mwk,m−1

em = dm−ym

wk,m = wk,m−1 + µm∇k,m for k = 1,2, ...,K

(17)

In eq. (17), all the filter sections are updated by using the same step-
size, thus eq. (12) is still valid and the two derivatives ∂eT

m
∂ µm−1

and
∂em

∂ µm−1
can be calculated by mean of the results obtained in section

3. It results:

∂eT
m

∂ µm−1
=

∂ (dm−∑
K
k=1 yk,m)T

∂ µm−1
=−

K

∑
k=1

∂yT
k,m

∂ µm−1
=

=−
K

∑
k=1

(∇T
k,m−1XT

k,m) (18)

∂em

∂ µm−1
=−

K

∑
k=1

(Xk,m∇k,m−1) (19)

The equations (18) and (19) allow to derive the adaptation rule for
the step-size in the mono-channel case for a partitioned block adap-
tive algorithm. It follows:

µ̂m = µm−1 +
ρ

2

[
K

∑
k=1

(∇T
k,m−1XT

k,m)

]
em+

+
ρ

2
eT

m

K

∑
k=1

(Xk,m∇k,m−1) = µm−1 +ρeT
m

K

∑
k=1

(Xk,m∇k,m−1)

(20)

As already noted in section 3, the step-size µm is calculated from
µ̂m by using eq. (4) and ∑

K
k=1(Xk,m∇k,m−1) can be efficiently cal-

culated in the frequency-domain for all the k sections. These results
are consistent to those obtained in [9] for the frequency-domain, ex-
cept for the differentiation with respect to the misalignment estima-
tion, which has not been taken into consideration. In the following,
it is described as the proposed approach can be easily extended to
the stereophonic (multi-channel) case.

3.2 Extension to the stereophonic case
The extension of the proposed approach to the stereophonic case
can be easily obtained by considering the previous results. Assum-
ing a two-channel situation, where X(p)

m , w(p)
m−1 and ∇

(p)
m are the

input signal, the filter coefficients and the block gradient estimate,
respectively, for each channel p (p = 1,2), eq. (6) has to be modi-
fied as follows

ym = X(1)
m w(1)

m−1 +X(2)
m w(2)

m−1

em = dm−ym

w(1)
m = w(1)

m−1 + µm∇
(1)
m

w(2)
m = w(2)

m−1 + µm∇
(2)
m

(21)

This is a simple extension of the mono-channel Fast-LMS to the
two-channel algorithm, in which the step-size normalization factor
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in the adaptation rule involves only the auto power spectra of the
input channels.

If the two filters w(1)
m and w(2)

m are updated by using the same
step-size, eq. (12) is still valid and the two derivatives ∂eT

m
∂ µm−1

and
∂em

∂ µm−1
can be calculated by mean of the previous results. It follows:

∂eT
m

∂ µm−1
=

∂

(
dm−y(1)

m −y(2)
m

)T

∂ µm−1
=− ∂y(1)T

m

∂ µm−1
− ∂y(2)T

m

∂ µm−1
=

=−∇
(1)T

m−1X(1)T

m −∇
(2)T

m−1X(2)T

m (22)

∂em

∂ µm−1
=−X(1)

m ∇
(1)
m−1−X(2)

m ∇
(2)
m−1 (23)

At this stage, by using the results described by eq. (22) and (23), the
adaptation rule for the step-size in the two-channel case is derived
as:

µ̂m = µm−1 +
ρ

2

(
∇

(1)T

m−1X(1)T

m em +∇
(2)T

m−1X(2)T

m em

)
+

+
ρ

2

(
eT

mX(1)
m ∇

(1)
m−1 + eT

mX(2)
m ∇

(2)
m−1

)
=

= µm−1 +ρeT
m

(
X(1)

m ∇
(1)
m−1 +X(2)

m ∇
(2)
m−1

)
(24)

As already noted in previous sections, the step-size µm can be ob-
tained from µ̂m by using eq. (4) and X(1)

m ∇
(1)
m−1 and X(2)

m ∇
(2)
m−1 can

be efficiently calculated in the frequency-domain.
These results have to be matched with the results obtained in

section 3.1 in order to derive a step-size adaptation rule for a stereo-
phonic algorithm with partitioned IRs. The equation (21) has to be
modified as follows:

ym =
K

∑
k=1

(
X(1)

k,mw(1)
k,m−1

)
+

K

∑
k=1

(
X(2)

k,mw(2)
k,m−1

)
em = dm−ym

w(1)
k,m = w(1)

k,m−1 + µm∇
(1)
k,m for k = 1,2, ...,K

w(2)
k,m = w(2)

k,m−1 + µm∇
(2)
k,m for k = 1,2, ...,K

(25)

In eq. (25), the filters relative to each channel and each partition are
updated by using the same step-size, thus eq. (12) is still valid. It
results:

∂eT
m

∂ µm−1
=

∂

(
dm−∑

K
k=1 y(1)

k,m−∑
K
k=1 y(2)

k,m

)T

∂ µm−1
=

=−
K

∑
k=1

(
∇

(1)T

k,m−1X(1)T

k,m

)
−

K

∑
k=1

(
∇

(2)T

k,m−1X(2)T

k,m

)
(26)

∂em

∂ µm−1
=−

K

∑
k=1

(
X(1)

k,m∇
(1)
k,m−1

)
−

K

∑
k=1

(
X(2)

k,m∇
(2)
k,m−1

)
(27)

The adaptation rule for the step-size in the two-channel case with
partitioning of the impulse response is described as follows:

µ̂m = µm−1 +ρeT
m

K

∑
k=1

(
X(1)

k,m∇
(1)
k,m−1

)
+ρeT

m

K

∑
k=1

(
X(2)

k,m∇
(2)
k,m−1

)
=

= µm−1 +ρ

2

∑
p=1

[
eT

m

K

∑
k=1

(
X(p)

k,m∇
(p)
k,m−1

)]
(28)

As already noted in previous sections, the step-size µm can be ob-
tained from µ̂m by using eq. (4) and the quantities of interest can be
efficiently calculated in the frequency-domain.

The equation (28) can be easily generalized to the multi-channel
case, by considering P channels.

Figure 1: Scheme of a SAEC applied to teleconferencing.

(a) (b)

Figure 2: Scheme of the transmission (a) and the receiving (b)
rooms.

4. EXPERIMENTAL RESULTS

Some experimental results concerning acoustic echo cancellation
are described in this section, in order to validate the proposed
method, focusing on the stereophonic case. Fig. 1 shows a
schematic diagram of the application of stereophonic acoustic echo
cancellation for teleconferencing. The adaptive algorithm used to
identify the room IRs is described by eq. (25). ρ = 0.0004 and
µ0 = 0.001 (as initial value) have been used for the variable step-
size. It is worth underlying that ρ has to be a small positive constant,
in order to prevent µ̂m from varying too quickly. Moreover, it has
been noted that a small initial value for the step-size allows a better
control at the beginning of the convergence in terms of filter stabil-
ity. In the presence of a fixed step-size, it has been considered a
vector µ = [µ0,µ1, ...,µK−1], so that each filter section is character-
ized by a specific value for the step-size, that decreases according
to an exponential decay. Indeed, the filter coefficients have to be
weighted proportional to the expected variation of an IR: this varia-
tion gradually decreases according to an exponential behaviour that
reflects the IR energy decay [14]. In the same manner, the filter
sections have to be characterized by a step-size that exponentially
decreases, as described by the following equations:

µk =
{

const if k = 0
µk−1γ if k = 1,2, ...,K−1

(29)

where k is the section index and γ is a constant which describes the
exponential decay.

In all tests, the adaptive filter has the same length of the room
IRs (i.e. N = L = 4096 samples). It has been considered an input
block size of 256 samples, thus the adaptive filters are partitioned
into K = 16 sections. In order to overcome the non-uniqueness
problem, which characterizes the multi-channel echo cancellation,
a pre-processing of the two input channels has been applied, based
on the approach proposed in [15]. Different test sessions have been
carried out on a speech signal sampled at 16 kHz, in order to study
the performances of the proposed approach in different operative
situations:
1. a fixed speaker in the transmission room (Test 1);
2. two alternating speakers in the transmission room (Test 2);
3. a fixed speaker in the transmission room and an abrupt change

of the IRs in the receiving room (Test 3).
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Misalignment [dB] ERLE [dB]

Test 1

variable µ −11.02 −25.12
µ = 0.001 −1.08 −2.21
µ = 0.01 −6.66 −13.93
µ = 0.02 −9.17 −19.32
µ = 0.03 −10.22 −22.09
µ = 0.04 −10.52 −23.51

Test 2

variable µ −9.38 −22.16
µ = 0.001 −0.87 −2.30
µ = 0.01 −5.53 −13.54
µ = 0.02 −7.82 −18.46
µ = 0.03 −8.73 −20.33

Table 1: Misalignment and ERLE values after 10 s of simulation.

A Personal Computer running NU-Tech platform [16] has been used
for evaluating performance, according to the following aspects:
• Echo Return Loss Enhancement (ERLE)

ERLEn = 10log10
e2

n
d2

n
(30)

• Misalignment

Misalignmentm = 20log10
‖hm−wm‖2

‖hm‖2 (31)

where hm is the true echo path at block index m; the misalign-
ment has been reported for just one of the two echo paths.

4.1 Transmission and receiving rooms setup
Tests have been carried out by using the IRs measured in a real
room. Fig. 2(a) shows a scheme of the transmission room, de-
scribing the positions of speakers, microphones and loudspeakers.
The acoustic paths from SpeakerA to the microphones Mic1 and
Mic2 are used to derive the stereophonic signal sent to the receiving
room. As regards SpeakerB and SpeakerC, the real recorded signal
has been used for tests, thus the IRs matched to these positions have
not been taken into consideration.

Fig. 2(b) shows a scheme of the receiving room. Two posi-
tions for each loudspeaker have been considered: the stereo echo
canceller has initially to identify the acoustic paths from the loud-
speakers Loud1 and Loud2 to Mic1 and then the acoustic paths from
the loudspeakers Loud12 and Loud22 to Mic1, in order to test its be-
haviour in the presence of a variation in the receiving room.

4.2 Test 1
In this test session a fixed speaker in the transmission room has been
considered (SpeakerA in Fig. 2(a)). Test results are shown in terms
of misalignment (Fig. 3(a)) and ERLE (Fig. 3(b)): the step-size
behaviour is reported in Fig. 3(c). It is evident that, in the presence
of a variable step-size, the algorithm outperforms the performances
obtained with a fixed step-size, whose values totally cover the range
of values reached by the variable step-size. Indeed, too small and
too high values force the adaptive filters with a fixed step-size to
converge too slowly and too fastly, respectively, while a variable
step-size is more flexible to the different convergence stage. In Tab.
1, misalignment and ERLE values (dB) after 10 s of simulation are
reported.

4.3 Test 2
In this test session SpeakerB takes turn with SpeakerC (Fig. 2(a)).
A real recorded speech signal has been applied to the stereophonic
echo canceller. As in section 4.2, results are shown in terms of
misalignment (Fig. 4(a)) and ERLE (Fig. 4(b)): they confirm the
expected results, as shown even in Tab. 1 concerning misalignment
and ERLE values (dB) after 10 s of simulation. Step-size behaviour
has not been reported for the sake of brevity.

(a)

(b)

(c)

Figure 3: Misalignment (a), ERLE (b) and µ behaviour (c) for Test
1.

4.4 Test 3

In this test session, a fixed speaker (SpeakerA in Fig. 2(a)) as in
section 4.2 has been considered, but an abrupt change is applied in
the receiving room after about 31 seconds (shift of the loudspeakers
positions as described in Fig. 2(b)), in order to show the benefits
of the variable step-size in the presence of an echo path variation.
Results are shown in terms of ERLE (Fig. 5(a)), while Fig. 5(b)
shows step-size behaviour, confirming again the advantages of us-
ing a variable step-size algorithm.

5. CONCLUSIONS

In this paper a frequency-domain adaptive algorithm with a time-
varying step-size has been proposed, in order to improve conver-
gence performances. First, starting from previous approaches re-
lated to NLMS adaptive algorithm, a step-size adaptation rule for
Fast-LMS algorithm has been analytically derived, even consider-
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(a)

(b)

Figure 4: Misalignment (a) and ERLE (b) for Test 2.

ing a partitioned impulse response. Then, the obtained results have
been used for the extension of this formula to the two-channel adap-
tive algorithm, showing the possibility of a simple generalization
to the multi-channel case. Several test sessions concerning stereo-
phonic acoustic echo cancellation have been carried out, in order
to validate the effectiveness of the proposed algorithm in different
operative situations.
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ABSTRACT
In this paper, we propose a feedback active noise control
(ANC) system including a linear prediction filter. The pro-
posed ANC system can reduce narrowband noise while sup-
pressing disturbance having broadband components. The
disturbance makes the conventional feedback ANC system
unstable or divergent because the disturbance corrupts the
input signal to the system. In the proposed ANC system,
a linear prediction filter is combined with the feedback ANC
system in order to suppress the disturbance. Simulation re-
sults demonstrate that the proposed feedback ANC system
is superior to the conventional feedback ANC system on the
stability while maintaining the same noise reduction ability.

1. INTRODUCTION

Acoustic noise problems become more and more serious with
increasing use of industrial equipment. Active noise control
(ANC) [1] has been studied in order to solve such acoustic
noise problems. ANC is a technique based on the principle of
superposition, i.e., an antinoise with the same amplitude and
opposite phase is generated and combined with an unwanted
noise, thus resulting in the cancellation of both noises. The
control structure of the ANC is classified into two groups.
One is a feedforward structure and the other is a feedback
one. The feedforward ANC is very popular and can reduce
all classes of noise, but the system scale is likely to be large
one. On the other hand, the feedback ANC system [2] has
small system scale in comparison with the feedforward ANC
system. The feedback ANC system is effective for narrow-
band noise and widely used for headset applications [3, 4]
because of the small system scale. However, the feedback
ANC system becomes unstable or divergent due to broad-
band noise mixed into the narrowband noise because of the
control scheme. We call this broadband noise “disturbance”
in this paper. We therefore propose a novel feedback ANC
system which can suppress the effect of the disturbance to
the control scheme. The proposed feedback ANC system
exploits a linear prediction filter [5] in order to remove the
broadband noise because the linear prediction filter can con-
vey only predictable narrowband noise. Hence, the proposed
feedback ANC system has robust control ability compared to
the ordinary ones.

The organization of this paper is as follows. First, the
principle and problem of the conventional feedback ANC
system are introduced. Next, the proposed feedback ANC
system utilizing the linear prediction filter is explained and
the effectiveness is demonstrated through some simulation
results. Finally, the conclusions and future works are pre-
sented.

Error

microphone

Controller

Secondary

source

Noise

Figure 1: Conceptual diagram of the feedback ANC system.

2. FEEDBACK ANC SYSTEM

Figure 1 shows the conceptual diagram of the feedback ANC
system. The feedback ANC system consists of a secondary
source which radiates an antinoise and an error microphone
which measures a residual error. The controller attempts to
minimize the residual error using the past unwanted noise,
that is, predicting the present unwanted noise. Hence, the
feedback ANC system can reduce only predictable noise
(e.g. multi-sinusoidal and narrowband noises). The feed-
back ANC system is on a small scale compared with the
feedforward ANC system because the latter one needs a ref-
erence microphone to obtain a reference input. However, the
feedback ANC system cannot cancel the broadband noises.
Hence, the broadband noise behaves as an uncontrollable dis-
turbance in the feedback ANC system.

2.1 Basic Principle and Algorithm

Figure 2 shows the block diagram of the ordinary feedback
ANC system using the Filtered-X LMS (FXLMS) algorithm,
whereW is the noise control filter,C is the secondary path
from the output ofW to the error microphone,̂C is the es-
timated model ofC called a secondary path model, andn
denotes sample time.dn is the narrowband noise which is
the control target,vn is the disturbance which is an uncon-
trollable broadband noise,en is the error signal measured at
the error microphone,̂dn is the input signal for the system,rn
is the filtered reference signal,yn is the output signal of the
noise control filter, andy′n is the anti-noise originating from
yn. The basic idea of the feedback ANC system is to estimate
the narrowband noisedn and use it as an input signald̂n. In
other words, it is desirable fordn and d̂n to become equal.
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The narrowband noisedn is not available during the opera-
tion of ANC because of being canceled by the antinoisey′n.
Hence, the error signalen and the output signalyn filtered by
Ĉ are combined with each other in order to reconstructdn as
follows:

d̂n = en+ ĉTyn (1)
en = dn−y′n+vn

ĉ = [ĉ(1) ĉ(2) · · · ĉ(i) · · · ĉ(M)]T

yn = [yn yn−1 · · ·yn−i+1 · · ·yn−M+1]
T

whereĉ is the coefficient vector of the secondary path model
andM is the tap length.T denotes transpose. The output
signalyn is generated as

yn = wT
n d̂n−1 (2)

wn = [wn(1) wn(2) · · ·wn(i) · · ·wn(N)]T

d̂n = [d̂n d̂n−1 · · · d̂n−i+1 · · · d̂n−N+1]
T

wherewn is the coefficient vector of the noise control filter
andN is the tap length. The coefficients of the noise control
filter are updated by FXLMS algorithm as follows:

wn+1 = wn+µwrnen (3)

rn = [rn rn−1 · · · rn−i+1 · · · rn−N+1]
T

whereµw is the step-size parameter and the filtered reference
signalrn is expressed as follows:

rn = ĉT d̂n−1 (4)

The algorithm for the feedback ANC system is summarized
in (1) to (4). By the way, in real application, the power nor-
malized version of FXLMS algorithm called as FXNLMS
algorithm is commonly used because of giving a better con-
vergence property. FXNLMS algorithm is expressed as fol-
lows:

wn+1 = wn+
αw

∥rn∥2+βw
rnen (5)

whereαw andβw are the step-size and the regularization pa-
rameters, respectively.

2.2 Effect of Broadband Noise

As stated above, the error and the output signals are com-
bined with each other in order to generate the input signald̂n
to the noise control filter. However, the uncontrollable broad-
band noisevn such as background noise is always included
in the error signalen. The broadband noisevn consequently
corrupts the input signal̂dn as the disturbance at all times.
If the disturbance increases, the ANC system becomes un-
stable and divergent. Hence, it is desirable to remove the
disturbance components from the input signald̂n.

3. PROPOSED FEEDBACK ANC SYSTEM

We propose a novel feedback ANC system which can remove
the disturbance from input signal in order to improve the sta-
bility. Figure 3 shows the block diagram of the proposed
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Figure 2: Block diagram of the conventional feedback ANC
system using FXLMS algorithm.
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Figure 3: Block diagram of the proposed feedback ANC sys-
tem using FXLMS algorithm.
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Figure 4: Block diagram of the linear prediction filter using
LMS algorithm.

feedback ANC system. In the proposed feedback ANC sys-
tem, the linear prediction filter whose input is the error sig-
nal en is incorporated. Figure 4 shows the block diagram of
the linear prediction filter using NLMS algorithm. The lin-
ear prediction filter prevents unpredictable broadband signals
and passes only predictable narrowband signals. The update
algorithm of the linear prediction filter at sample timen is
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Table 1: Simulation conditions

Sampling frequency 6000Hz
N 300
M 250
K 300
αw 0.01
αh 0.05
βw 10−6

βh 10−6

∆ 5

expressed as follows:

hn+1 = hn+
αh

∥fn∥2+βh
en−∆ fn (6)

ên = hT
n en−∆

fn = en− ên

hn = [hn(1) hn(2) · · ·hn(i) · · ·hn(K)]T

en = [en en−1 · · ·en−i+1 · · ·en−K+1]
T

whereµh is the step size parameter,βh is the regularization
parameter,hn is the coefficient vector of the linear prediction
filter, fn is the prediction error, andK is the tap length of the
linear prediction filter.∆ is the delay of the input signal to
the linear prediction filter and is determined according to the
auto-correlation characteristic of the removing signal. That
is, ∆ is set to a small value for white noise and pink noise
and to a large value for speech signal because the speech sig-
nal has stronger auto-correlation characteristic than the white
and the ping noises. In the early stages of the convergence,
the linear prediction filter passes only the narrowband noise
dn while removing the disturbancevn. In this case, the dis-
turbancevn is removed from the original error signalen and
then the new error signal ˆen is output from the linear pre-
diction filter. On the other hand, the original error signal
en contains only the disturbancevn in the steady state, and
thenên becomes equal to zero because the narrowband noise
dn is canceled due to the original function of ANC . Hence,
the proposed feedback ANC system can improve the stabil-
ity because the disturbancevn corrupting the input signalxn
is removed. The update algorithm of the proposed feedback
ANC system is the almost same as the conventional one ex-
cept for Eq. (1) to generate the input signald̂n, that is, Eq.
(1) is rewritten as follows;

d̂n = ên+ ĉTyn (7)

4. COMPUTER SIMULATION

In this section, we demonstrate the effectiveness of the pro-
posed feedback ANC system through some simulation re-
sults. First, we compare the proposed feedback ANC sys-
tem with the conventional one on the convergence prop-
erty. In this simulation, the disturbance is white noise and
the magnitude is changed. We assume that the secondary
path model has the same impulse response as the secondary
path. The simulation conditions are shown in Table 1. We
use the multi-sinusoidal whose fundamental frequency is
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Figure 5: Comparison of convergence properties within 6×
104 iterations.

f0 = 200Hz as the narrowband noisedn:

dn = an

{
5

∑
k=1

sin(2πk f0n)

}
(8)

wherean is the amplitude of the multi-sinusoidal wave and
changes with time according to

an = 6000+600sin(0.001n) (9)

In the convergence property, the vertical axis indicates the
reduction of the unwanted noise (Reduction) which is defined
as follows:

Reduction= 10log10
∑d2

n

∑e2
n

(10)

Figures 5 and 6 show the convergence property with 6×104

and 6×106 iterations, respectively. In these cases, the SNR
(narrowband noise-to-disturbance power ratio) is changed to
15, 10 and 5dB. It can be seen from Fig. 5 that the proposed
feedback ANC system has the same convergence property as
the conventional one in early stages of convergence. On the
other hand, it can be seen from Fig. 6 that the proposed feed-
back ANC system shows the different convergence property
from the conventional one. Fig. 6(a) shows that the conven-
tional one tends to diverge after the convergence. The distur-
bance causes the instability of the system because the diver-
gent speed varies as the SNR varies. On the other hand, Fig.
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Figure 6: Comparison of convergence properties within 6×
106 iterations.

6(b) demonstrates that the proposed feedback ANC system
can converge stably for a long time regardless of the mag-
nitude of the disturbance. Figure 7 shows the spectra of the
input signald̂n in the proposed and the conventional ANC
systems. It can be seen from Fig. 7 that the disturbance
(broadband noise) included in the input signald̂n is reduced
about 15dB within the frequency range from 0 to 3000Hz.
Hence, the proposed feedback ANC system can effectively
remove the disturbance and improve the system stability.

Next, we compare the proposed and the conventional
feedback ANC systems in case where the disturbance is col-
ored noise. Other simulation conditions are the same as the
previous ones. Figure 8 shows the comparison of the conver-
gence properties where the disturbance is pink noise. Fig. 8
demonstrates that the proposed ANC system can converge
stably while reducing the narrowband (predictable) noise.
Figure 9 shows the spectra of the input signald̂n in the pro-
posed and the conventional ANC systems. It can be seen
from Fig. 9 that the proposed ANC system can accurately
estimate the narrowband noise and reduce the colored broad-
band noise about 15dB. Hence, the proposed feedback ANC
system is effective for the colored broadband noise.

Finally, we compare the performance of the proposed
and the conventional feedback ANC systems for narrow-
band noise superimposed with speech signal. Speech sig-
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Figure 7: Comparison of input spectra between the proposed
and the conventional feedback ANC systems.

nal can be predicted by the linear prediction filter but the
auto-correlation is weaker than that of the narrowband noise.
Accordingly, the delay∆ of the linear prediction filter is set
to a large value in order to prevent the linear prediction fil-
ter from predicting the speech signal. In the simulation, we
empirically set the delay∆ to 40. Figure 10 shows the com-
parison of the convergence properties where the disturbance
is speech signal. Fig. 10 demonstrates that the proposed
ANC system can converge stably for the speech disturbance
while reducing the narrowband (predictable) noise. Figure
11 shows the spectra of the input signald̂n in the proposed
and the conventional ANC systems. It can be seen from Fig.
11 that the proposed ANC system can accurately estimate the
narrowband noise and reduce the speech disturbance about
10dB. Hence, the proposed feedback ANC system is also ef-
fective for the speech disturbance.
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Figure 9: Comparison of input spectra between the proposed
and the conventional feedback ANC systems in case where
the disturbance is pink noise.

5. CONCLUSIONS

In this paper, we have proposed a novel feedback ANC sys-
tem utilizing the linear prediction filter in order to remove
the disturbance such as uncontrollable broadband noise. The
simulation results have demonstrated that the proposed feed-
back ANC system can reduce narrowband noise stably for
various disturbances regardless of the magnitude of the dis-
turbance. In the future, we will implement the proposed feed-
back ANC system on DSP.
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ABSTRACT

This paper analyses the output signal-to-noise ratio for a stan-
dard noise reduction scheme and for an integrated active noise
control and noise reduction scheme, both applied in the hear-
ing aid framework including the effects of signal leakage
through an open fitting and secondary path effects.

In particular, a standard noise reduction scheme based on
the multichannel Wiener filter and an integrated active noise
control and noise reduction scheme based on the filtered-X
multichannel Wiener filter are analysed and their signal-to-
noise ratio are derived under a single speech source scenario.

Index Terms— Active noise control, multichannel
Wiener filter, noise reduction, hearing aids, signal-to-noise
ratio.

1. INTRODUCTION

The usage of hearing aids with an open fitting has become
more common over the past years mainly owing to the avail-
ability of more efficient feedback control schemes and fast
signal processing units. Whereas removing the earmold re-
duces the occlusion effect and improves the physical com-
fort [7], one major drawback is that the signal leakage through
the fitting cannot be neglected anymore. Conventional Noise
Reduction (NR) systems such as the Generalized Sidelobe
Canceller (GSC) [6] or techniques based on the Multichannel
Wiener Filter (MWF) [3] do not take this contribution into
account. Combined with the attenuation in the acoustic path
between the sound source (hearing aid loudspeaker) and the
tympanic membrane (the so-called secondary path), the noise
leaking through the fitting can override the action of the pro-
cessing done in the hearing aid.

It has been shown that integrating Active Noise Control
(ANC) [4, 8, 5] and NR, based on the so-called Filtered-
x Multichannel Wiener Filter (FxMWF) [10], is an efficient

This research work was carried out at the ESAT laboratory of Katholieke
Universiteit Leuven, in the frame of K.U.Leuven Research Council CoE
EF/05/006 Optimization in Engineering (OPTEC), Concerted Research Ac-
tion GOA-MaNet, the Belgian Programme on Interuniversity Attraction
Poles initiated by theBelgian Federal Science Policy Office IUAP P6/04
(DYSCO, ‘Dynamical systems, control and optimization’, 2007-2011), Re-
search Project FWO nr. G.0600.08 (’Signal processing and network design
for wireless acoustic sensor networks’), IWT Project ’Signal processing and
automatic fitting for next generation cochlear implants’, EC-FP6 project SIG-
NAL: ’Core Signal Processing Training Program’. The scientific responsibil-
ity is assumed by its authors.

way to cancel undesired leakage signal and restore the stan-
dard NR performance [11].

In a single speech source scenario it is possible to compute
the output signal-to-noise ratio (SNR) of MWF-based NR
schemes [1]. In this paper, the single speech source assump-
tion is applied to derive the output SNR of an MWF-based
NR scheme in the context of hearing aids with an open fitting,
when signal leakage and the secondary path are taken into ac-
count. The single speech source assumption is then also used
to derive the output SNR performance of a frequency-domain
implementation of the integrated ANC and NR scheme, when
the number of sound sources (speech plus noise sources) does
not exceed the number of input microphones. This allows
to verify the results from the simulations done in previous
works [11].

The signal model for the single speech source scenario is
described in Section 2. The SNR of MWF-based NR and the
effects of the signal leakage and the secondary path are com-
mented on in Section 3. Section 4 analyses the SNR of the
integrated ANC and NR scheme. Finally Section 5 presents
the conclusions of this paper.

2. SIGNAL MODEL

Let M be the number of microphones (channels). The
frequency-domain signal Xm for microphone m has a desired
speech part X sm and an additive noise part Xnm, i.e.:

Xm(ω) = X sm(ω)+Xnm(ω) m ∈ {1 . . .M} (1)

where ω = 2π f is the frequency-domain variable. For con-
ciseness, ω will be omitted in all subsequent equations.

In the sequel, superscripts s and n will also be used for
other signals and vectors, to denote their speech and noise
component, respectively. Signal model (1) holds for so-called
”speech plus noise periods“. There are also ”noise only peri-
ods“ (i.e. speech pauses), during which only a noise compo-
nent is observed.
The compound vector gathering all channels is:

XT = [X1 . . .XM] (2)

An optimal (Wiener) filter WT = [W1 . . .WM ] will be de-
signed and applied to the signals, which minimizes a Mean
Squared Error (MSE) criterion:

JMSE = E{|E|2} (3)

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 36



Here E is an error signal to be defined next, depending on the
scheme applied.

The filter output signal Z (i.e., the signal to be fed in the
hearing aid loudspeaker) is defined as:

Z =WHX (4)

where H denotes the Hermitian transpose.
The desired speech signal, as defined in [11], is arbitrarily

chosen to be the (unknown) speech component of the first mi-
crophone signal (m= 1), up to a delay ∆. This can be written:

DNR = GH1,∆X
s (5)

G1,∆ = [Ge− jω∆ 0 . . .0] (6)

= Ge1,∆ (7)

where the gainG is the amplification that compensates for the
hearing loss.

The autocorrelation matrices of the speech component
and the noise component of the microphones signals are
repectively given by:

Rs = E{XsHXs} (8)

Rn = E{XnHXn} (9)

If the speech signal and the noise signal are assumed to be
uncorrelated,Rn can be estimated during ”noise only periods“
and Rs can be estimated during ”speech plus noise periods“
using:

Rs = E{XHX}−Rn (10)

It is assumed in all subsequent schemes that only one
speech source is present. The autocorrelation matrix of the
speech component of the microphone signal (Rs) is then
rank-1 and can be rewritten as:

Rs = PsAA
H (11)

where Ps is the power of the speech signal and A is the M-
dimensional steering vector which contains the acoustic trans-
fer functions from the speech source to the behind-the-hear
hearing aid microphones.

3. MWF-BASED NOISE REDUCTION

The noise reduction scheme based on MWF is designed
to minimize the squared distance between the filtered mi-

crophone signal (WHX) and the desired speech signal
(DNR = XsG1,∆). Therefore, the Mean Square Error criterion
to be minimized is:

JMSE = E{|ENR|
2} (12)

ENR = WHX−GH1,∆X
s (13)

The corresponding Wiener filter is:

WNR = (Rs+Rn)
−1RsG1,∆ (14)

In the single speech source case, the Woodbury identity
can be applied to compute the inverse of the pencil matrix
(Rs+Rn) [1]. The filter (14) can then be rewritten as follows:

WNR =
R−1
n

ρ + 1
RsG1,∆ (15)

with
ρ = PsA

HR−1
n A (16)

The filter (15) is designed without taking the effects of the
signal leakage and the secondary path effects into account. In
this section, the output SNR performance of such a system
is first computed when the signal leakage and the secondary
path effects are ignored. The effects of these perturabations
on the output SNR of the MWF-based NR scheme are then
analysed.

3.1. Output SNR

When the leakage signal and the secondary path effects are
ignored the output SNR of the system is given by:

SNRNR−noLeakage =
WHNRRsWNR

WHNRRnWNR

=

ρ2

ρ+1
PDNR

ρ
ρ+1
PDNR

(17)

= ρ (18)

Where PDNR is the power of the desired speech signal:

PDNR = GH1,∆RsG1,∆ (19)

= G2σs1 (20)

and σs1 is the variance of the speech component in the first
microphone signal (m= 1):

σs1 = E{X s1
H
X s1} (21)

This result is similar to the SNR formula in [1] and does
not depend on the amplification gain G. However, it does
not include the effects of the secondary path and the signal
leakage effects.

3.2. Output SNR under signal leakage effects

In the context of a hearing aid with an open fitting there is
no earmold to prevent the ambient sound from leaking into
the ear canal, which results in an additional leakage signal
L reaching the tympanic membrane [2]. No direct process-
ing can be done on this signal, therefore its SNR is generally
lower than for the signal provided by the hearing aid (4).

Taking the signal leakage effects into account, the output
SNR of the standard NR scheme can be rewritten:

SNRNR−Leakage =
E{|WHXs+Ls|2}

E{|WHXn+Ln|2}
(22)

=

ρ2

ρ+1
PDNR + ρ

ρ+1
α +PLs

ρ
ρ+1
PDNR+ 1

ρ+1
α +PLn

(23)

with

PLs = E{LsHLs} (24)

PLn = E{LnHLn} (25)

α = GH1,∆rsl+ rlsG1,∆ (26)

= G(eH1,∆rsl+ rlse1,∆) (27)
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where PLs and PLn are the power of the speech component and
the noise component of the leakage signal, respectively.

The cross-correlation vectors between the speech compo-
nent of the microphone signal and the speech component of
the leakage signal (rsl and rls) are given by:

rsl = E{XsHLs} (28)

rls = E{LsHXs} (29)

From equations (20), (27) and (23) one can identify the
two extreme cases for the output SNR of the filter (15), when
the signal leakage is taken into account, which are given by:

lim
G→0
WNR−Leakage =

PLs

PLn
= SNRleakage (30)

lim
G→∞
WNR−Leakage = ρ = SNRNR−noLeakage (31)

When the amplification gain G is low, the output SNR is
equivalent to the leakage SNR, i.e., the NR has no effect on
the signal delivered at the tympanic membrane. When the
amplification gain G is high, the output SNR is equivalent
to the output SNR of the NR scheme without leakage, i.e.,
the signal leakage has no effect on the signal reaching the
tympanic membrane (fig. 2).

3.3. Output SNR under signal leakage and secondary
path effects

The MWF-based NR scheme ignores the so-called secondary
path, i.e., the propagation from the loudspeaker to the tym-
panic membrane (including the loudspeaker response itself).
This secondary path however has an effect on the perfomance
of the NR scheme. In the context of hearing aids, this sec-
ondary path usually acts as an attenuation. Therefore, the
degradations caused by the signal leakage may be even more
important when the secondary path is taken into account.

Assuming that the loudspeaker characteristic is approxi-
mately linear, the secondary path can be represented by the
transfer function C. The output SNR of the MWF-based NR
scheme can then be rewritten to take the signal leakage effects
and the effects of the secondary path into account:

SNRNR−Leak+Sec =
E{|C∗WHXs+Ls|2}

E{|C∗WHXn+Ln|2}
(32)

=
|C|2 ρ2

ρ+1
PDNR+(C+C∗) ρ

ρ+1
α +PLs

|C|2 ρ
ρ+1
PDNR+(C+C∗) 1

ρ+1
α +PLn

This expression is very similar to (23) except that due to
the attenuation caused by the secondary path C, the system
needs a higher amplificationG to restore the perfomance back
to the performance of the NR scheme when the signal leakage
and the secondary path are not present (fig. 2).

In the single speech source scenario, the theory confirms
the observations made in [11]. The secondary path and the
signal leakage degrade the NR perfomance when the amplifi-
cation G is low. One solution to compensate for these pertu-
bations is to integrate ANC with the NR scheme.

4. INTEGRATED ACTIVE NOISE CONTROL AND
NOISE REDUCTION

This section analyses the output SNR performance of a
frequency-domain version of the integrated scheme intro-
duced in [11]. This scheme integrates NR and ANC in a
single set of adaptive filters. Note that in practice, to ensure
the causality of the frequency-domain version of the scheme,
the filter coefficients are computed in the frequency-domain
while the filtering operation is performed in the time-domain
(fig 1), in a similar way as presented in [9].

����

����

��

Acoustic domain

x1[k]

xM[k]

- -
Ls(ω)

EIntω)

out[k]

z[k]

xs1[k]

l[k]

Y (ω)

DNR(ω)

FFT−1

MWF

FFT

FFT

FFT
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Fig. 1. Integrated ANC and NR

The aim of the integrated scheme is to improve the
speech-to-noise ratio, i.e., to minimize the squared dis-
tance between a desired speech signal (DNR = XsG1,∆)
and the speech signal delivered to the tympanic membrane

(C∗WHXs) and in the same time to minimize the residual
noise at the tympanic membrane (C∗WHXn+Ln). Therefore
the desired signal to be used here is:

DInt = X
sG1,∆ −L

n (33)

and the MSE criterion to be minimized is:

JMSE = E{|EInt |
2} (34)

EInt = C·Z−DInt (35)

= C·WHX+Ln−XsG1,∆

The optimal filter (FxMWF) minimizing (34) is:

WInt =
Ĉ∗

|Ĉ|2
(Rs+Rn)

−1(RsG1,∆ − rnl) (36)

Where Ĉ is an estimate of the secondary pathC and rnl is
the cross-correlation vector between the noise component of
the microphone signal and the noise component of the leakage
signal defined as:

rnl = E{XnHLn} (37)

4.1. Output SNR when the number of sources is less or
equal to the number of microphones

When the number of sources (speech plus noise sources) is
less or equal to the number of microphones, it can be shown
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that the leakage signal can be rewritten as a linear combina-
tion of the microphone signals:

L = PHX (38)

PT = [P1 . . .PM ] (39)

The filter (36) then becomes:

WInt =
Ĉ∗

|Ĉ|2
(Rs+Rn)

−1(RsG1,∆ −RnP) (40)

In the single speech source scenario, the Woodbury iden-
tity can be used to invert the pencil matrix, leading to:

WInt =
Ĉ∗

|Ĉ|2
[
R−1
n Rs

1 + ρ
(G1,∆ +P)−P] (41)

Assuming that the secondary path identification error is small

(Ĉ ≈C), the output SNR of the system is given by:

SNRInt =
E{|C∗WHXs+Ls|2}

E{|C∗WHXn+Ln|2}
(42)

=
E{|C∗WHXs+PHXs|2}

E{|C∗WHXn+PHXn|2}
(43)

=

ρ2

ρ+1
PDNR+ ρ2

ρ+1
α + ρ2

ρ+1
PLs

ρ
ρ+1
PDNR

ρ
ρ+1

α + ρ
ρ+1
PLn

(44)

= ρ = SNRNR−noLeakage (45)

The secondary path and the noise component of the leak-
age signal are included in the cost function of the integrated
scheme (34). Therefore, the signal leakage has no effect on
the performance of the system and the scheme delivers a con-
stant output SNR for any amplification gain G. The SNR is
then equal to the SNR of the MWF-based NR scheme when
the effect of the signal leakage and the secondary path effects
are ignored (fig. 2).
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Fig. 2. Output SNR for MWF-based NR scheme and for the
integrated ANC and NR scheme

Figure 2 presents the output SNR of the MWF-based NR
under signal leakage effects, under signal leakage and sec-
ondary path effects and the output SNR of the integrated ANC
and NR, all are based on the formulas derived in this paper.
The amplification G varies from 0 dB to 25 dB.

5. CONCLUSION

For a single speech source scenario, it can be shown that the
signal leakage and the secondary path effects degrade the per-
formance of a standard NR based on MWF, especially so
when a small amplification G is applied in the hearing aid.
This confirms previous observations and simulations results.
When the number of sources is less or equal to the number of
microphones, the output SNR of the integrated ANC and NR
scheme can be derived. The integrated scheme then allows
to restore the NR performance and delivers a constant output
SNR for any amplification G.

6. REFERENCES

[1] B. Cornelis, S. Doclo, T. Van den Bogaert, M. Moo-
nen, and J. Wouters. Theoretical analysis of binau-
ral multi-microphone noise reduction techniques. IEEE
Transactions on audio, speech and language processing,
18(2):342–355, February 2010.

[2] H. Dillon. Hearing Aids. Thieme, 2001.

[3] S. Doclo, A. Spriet, J. Wouters, and M. Moonen.
Frequency-domain criterion for the speech distortion
weighted multichannel wiener filter for robust noise
reduction. Speech Communication, 49(7-8):636–656,
2007.

[4] S. Elliott and P. Nelson. active control of sound. Aca-
demic press, Cambridge, 1993.

[5] S. Elliott and P. Nelson. Active noise control. Sig-
nal Processing Magazine, IEEE, 10, Issue: 4(1053-
5888):12–35, oct 1993.

[6] L. Griffiths and C. Jim. An alternative approach to lin-
early constrained adaptive beamforming. Antennas and
Propagation, IEEE Transactions on, 30:27–34, 1982.

[7] J. Kiessling. Sounds towards the tympanic membrane.
In 8th EFAS Congress, Heidelberg, June 2007. European
Federation of Audiological Societies.

[8] S. Kuo and D. Morgan. Active noise control: a tutorial
review. Proceedings of the IEEE, 87, Issue: 6(0018-
9219):943– 973, Jun 1999.

[9] D. Morgan and J. Thi. A delayless subband adaptive fil-
ter architecture. Signal Processing, IEEE Transactions
on, 43(8):1819–1830, 1995.

[10] R. Serizel, M. Moonen, J. Wouters, and S. H. Jensen.
Combined active noise control and noise reduction
in hearing aids. In 11th International Workshop on
Acoustic Echo and Noise Control (IWAENC), Septem-
ber 2008.

[11] R. Serizel, M. Moonen, J. Wouters, and S. H. Jensen. In-
tegrated active noise control and noise reduction in hear-
ing aids. accepted for publication in IEEE Transactions
on Speech Audio and Langage, 2009.

39



PREDICTION-ERROR-METHOD-BASED ADAPTIVE FEEDBACK CANCELLATION
IN HEARING AIDS USING PITCH ESTIMATION

Kim Ngo1, Toon van Waterschoot1, Mads Græsbøll Christensen2,
Marc Moonen1, Søren Holdt Jensen3 and Jan Wouters4

1Katholieke Universiteit Leuven, ESAT-SCD, Leuven, Belgium
2Aalborg University, Dept. of Media Technology, Aalborg, Denmark
3Aalborg University, Dept. Electronic Systems, Aalborg, Denmark

4Katholieke Universiteit Leuven, ExpORL, O. & N2, Leuven, Belgium

ABSTRACT

Acoustic feedback is a well-known problem in hearing aids,
which is caused by the undesired acoustic coupling between
the loudspeaker and the microphone. The goal of adaptive
feedback cancellation (AFC) is to adaptively model the feed-
back path and estimate the feedback signal, which is then
subtracted from the microphone signal. The main problem
in identifying the feedback path model is the correlation be-
tween the near-end signal and the loudspeaker signal, which
is caused by the closed signal loop. In this paper, a novel
prediction-error-method (PEM)-based AFC is presented us-
ing a harmonic sinusoidal near-end signal model. Further-
more, the prediction error filter (PEF) is designed to incor-
porate a variable order and a variable amplitude next to a
variable pitch. Simulation results for a hearing aid scenario
indicate an improvement up to 6dB in maximum stable gain
increase and up to 8dB improvement in terms of misadjust-
ment.

1. INTRODUCTION

Acoustic feedback is a well-known problem in hearing aids,
which is caused by the undesired acoustic coupling between
the loudspeaker and the microphone. Acoustic feedback lim-
its the maximum amplification that can be used in a hearing
aid if howling, due to instability, is to be avoided. In many
cases this maximum amplification is too small to compensate
for the hearing loss, which makes feedback cancellation al-
gorithms an important component in hearing aids [1] [2].
The goal of adaptive feedback cancellation (AFC) is to adap-
tively model the feedback path and estimate the feedback sig-
nal, which is then subtracted from the microphone signal.
The main problem in identifying the feedback path model
is the correlation between the near-end signal and the loud-
speaker signal, which is caused by the closed signal loop.
This correlation problem causes standard adaptive filtering
algorithms to converge to a biased solution. The challenge
is therefore to reduce the correlation between the near-end
signal and the loudspeaker signal. Typically, there exist two
approaches to this decorrelation [3], i.e., decorrelation in the

This research work was carried out at the ESAT Laboratory of
Katholieke Universiteit Leuven, in the frame of the EST-SIGNAL Marie-
Curie Fellowship program (http://est-signal.i3s.unice.fr) under contract No.
MEST-CT-2005-021175, the Concerted Research Action GOA-MaNet, Bel-
gian Programme on Interuniversity Attraction Poles initiated by the Belgian
Federal Science Policy Office IUAP P6/04 (DYSCO, ‘Dynamical systems,
control and optimization’, 2007-2011, and the K.U.Leuven Research Coun-
cil CoE EF/05/006 Optimization in Engineering (OPTEC). The scientific
responsibility is assumed by its authors.

closed signal loop and decorrelation in the adaptive filtering
circuit. Recently proposed methods for decorrelation in the
closed signal loop consist in the insertion of all-pass filters
[4] in the forward path of the hearing aid or in clipping [5]
of the feedback signal arriving at the microphone. Alterna-
tively, an unbiased identification of the feedback path model
can be achieved by applying decorrelation in the adaptive fil-
tering circuit, i.e., by first prefiltering the loudspeaker and
microphone signals with the inverse near-end signal model
before feeding these signals to the adaptive filtering algo-
rithm [6], [7]. The near-end signal model and the feedback
path model can be jointly estimated using the prediction-
error-method (PEM). For near-end speech signals, a linear
prediction (LP) model is commonly used [6]. For audio sig-
nals a pole-zero LP, warped LP or a pitch prediction model
cascaded with a LP model have been proposed [7].
In [8], different frequency estimation techniques, namely
pitch estimation methods [9] and constrained pole-zero LP
(CPZLP) [10], were compared in PEM-based AFC, where
simulation results showed an improvement in AFC perfor-
mance, when pitch estimation were used. The main differ-
ence is that pitch estimation relies on harmonicity, i.e., the
sinusoidal frequencies are assumed to be integer multiples of
a fundamental frequency, whereas CPZLP estimates the si-
nusoidal frequencies independently.
In [8], only the pitch were used in the prediction error filter
(PEF) design leading to infinite suppression of the sinusoids.
This may not be the optimal solution since speech generally
can be considered voiced or unvoiced, resulting in different
amplitudes and number of harmonics. In this paper, a novel
PEM-based AFC approach is presented using a harmonic si-
nusoidal near-end signal model. Furthermore, the PEF is de-
signed to incorporate a variable order and a variable ampli-
tude next to a variable pitch. Simulation results for a hearing
aid scenario indicate a significant improvement in terms of
misadjustment and maximum stable gain increase, compared
to previous work on PEM-based AFC using CPZLP.
The paper is organized as follows. Section 2 reviews the
PEM-based AFC concept. Section 3 describes the near-end
signal model that is used. Section 4 explains the PEF design.
In Section 5, simulation results are presented. The work is
summarized in Section 6.

2. ADAPTIVE FEEDBACK CANCELLATION (AFC)

The AFC scheme is shown in Fig.1. The microphone signal
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ε[t, ĥ(t), f̂(t−1)]

Figure 1: AFC with decorrelating prefilters in the adaptive
filtering circuit.

is given by

y(t) = v(t)+ x(t) = v(t)+F(q, t)u(t) (1)

where q denotes the time shift operator and t is the discrete
time variable. F(q, t) is the feedback path between the loud-
speaker and the microphone, v(t) is the near-end signal, x(t)
is the feedback signal. The forward pathG(q, t)maps the mi-
crophone signal y(t), possibly after AFC, to the loudspeaker
signal u(t). The aim of the AFC is to place an estimated finite
impulse response (FIR) adaptive filter F̂(q, t) in parallel with
the feedback path, having the loudspeaker signal as input and
the microphone signal as the desired output. The feedback

canceller F̂(q, t) produces an estimate of the feedback sig-
nal x(t) which is then subtracted from the microphone signal
y(t). The feedback-compensated signal is given by

d(t) = v(t)+ [F(q, t)− F̂(q, t)]u(t). (2)

The main problem in identifying the feedback path model
is the correlation between the near-end signal and the loud-
speaker signal, due to the forward path G(q, t), which causes
standard adaptive filtering algorithms to converge to a bi-
ased solution. This means that the adaptive filter does not
only predict and cancel the feedback component in the mi-
crophone signal, but also part of the near-end signal, which
results in a distorted feedback-compensated signal d(t).
An unbiased identification of the feedback path model can
be achieved by applying decorrelation in the adaptive fil-
tering circuit, i.e., by first prefiltering the loudspeaker and
microphone signals with the inverse near-end signal model

Ĥ−1(q, t) (see Fig.1) before feeding these signals to the
adaptive filtering algorithm. The near-end signal model
and the feedback path model can be jointly estimated us-
ing the PEM [3], [6], [7]. The PEM delivers an unbi-
ased estimate of the feedback path coefficient vector f(t) =
[ f0(t) f1(t) . . . fnF (t)], by minimization of the predic-
tion error criterion

min
f(t)

t

∑
k=1

ε2(k) (3)

if the prediction error is calculated as

ε(t) = H−1(q, t) [y(t)−F(q, t)u(t)] (4)

where H(q, t) is a linear model for the source signal v(t), i.e.,

v(t) = H(q, t)r(t) (5)

where r(t) is an uncorrelated signal.

3. NEAR-END SIGNAL MODEL

In this paper, the goal is to use a harmonic sinusoidal near-
end signal model instead of a LP model in PEM-based AFC,
such that the sinusoids are assumed to have frequencies that
are integer multiples of a fundamental frequency ω0, i.e.,
ωn = nω0. This follows naturally from voiced speech being
quasi-periodic.

3.1 Harmonic sinusoidal near-end signal model

The near-end signal v(t) is assumed to consist of a sum of
real harmonically related sinusoids and additive noise,

v(t) =
P

∑
n=1

an cos(nω0t+φn)+ r(t), (6)

where ω0 ∈ [0,π] is the fundamental frequency, an the am-
plitude, and φn ∈ [0,2π) the phase of the nth sinusoid, and
r(t) the noise which is assumed to be autoregressive (AR),
i.e., r(t) = 1

C(q,t)e(n), with

C(q, t) = 1+
nC

∑
i=1

c(i)(t)q−i. (7)

We should stress that, in constrast to the approach in [8],
none of the signal model parameters (P,an,ω0,φn,C(q, t))
are assumed to be known but are estimated, as explained
next.

3.2 Near-end signal model parameter estimation

The pitch estimation technique used here is based on optimal
filtering (optfilt) of the feedback-compensated signal d(t),
which ideally corresponds to the near-end signal v(t). The
idea behind pitch estimation based on filtering is to find a set
of filters that pass power undistorted at the harmonic frequen-
cies nω0, while minimizing the power at all other frequen-
cies. This filter design problem can be stated mathematically
as [9]

min
h

h
H
Rh s.t. h

H
z(nω0) = 1, for n= 1, ...,P, (8)

where h is the length-N impulse response of the filter,

z(ω) = [e− jω0 . . . e− jω(M−1)] andR is the covariance matrix
defined as

R = E{d̃(t)d̃H(t)}, (9)

where (·)H denotes Hermitian transpose and d̃(t) is a vector
containing M consecutive samples of the analytical counter-
part of the feedback-compensated signal d(t) [9]. Using the
Lagrange multiplier method, the optimal filters can be shown
to be

h = R
−1

Z

(

Z
H
R

−1
Z

)−1
1 (10)
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with 1 = [1 ... 1]T and Z = [z(ω0) ... z(Pω0)] the
Vandermonde matrix containing the sinusoids. This filter
is signal adaptive and depends on the unknown fundamen-
tal frequency. Intuitively, one can obtain a fundamental fre-
quency estimate by filtering the signal using the optimal fil-
ters for various fundamental frequencies and then picking the
one for which the output power is maximized, i.e.,

ω̂0 = argmax
ω0
E{|hH d̃(t)|2}

= argmax
ω0

1
H
(

Z
H
R

−1
Z

)−1
1. (11)

This method has demonstrated to have a number of desirable
features, namely excellent statistical performance and ro-
bustness against periodic interference [9]. Onceω0 is known,
the amplitude of the sinusoids can be estimated using a least
squares approach:

â =
(

Z
H
Z

)−1
Z
H
d (12)

with â = [â1 . . . âP]. Finally, the number of harmonics P
can be determined by using a maximum a posteriori (MAP)
criterion [9] [11],

P̂= argmin
P
M log σ̂2P+P logM+

3

2
logM (13)

where the first term is a log-likelihood term which com-
prises a noise variance estimate that depends on the candi-
date model order, the second term is the penalty associated
with the amplitude and phase, while the third term is due to
the fundamental frequency. The last model parameters that
need to be estimated are the AR parameters of the noise com-
ponent r(t), which is straightforward using LP of the output

signal of the first PEF H−1
1 (q, t), see Section 4.

4. PREDICTION ERROR FILTER DESIGN

4.1 PEF for sinusoidal components

It is well known that a sum of P sinusoids can be described
exactly using an all-pole model of order 2P, with mirror sym-
metric LP coefficients. However, it has been shown that the
all-pole model is not exact when noise is added, and in this
case a pole-zero model of order 2P should be used [12]. Still,
by constraining the poles and zeros to lie on common radial
lines in the z-plane, the number of unknown parameters in
the pole-zero model can be limited to P and the LP parame-
ters can be uniquely related to the unknown frequencies [10].
The PEF for the sinusoidal components can hence be written
as a cascade of second-order sections:

H−1
1 (q, t) =

P

∏
n=1

1−2νn cosnω0z
−1+ν2n z

−2

1−2ρn cosnω0z−1+ρ2n z
−2

(14)

where the poles and zeros are on the same radial lines, with
the poles positioned between the zeros and the unit circle,
i.e., 0≪ ρn < νn ≤ 1.
In [8], the PEF in (14) was designed with the zero radii fixed
to νn = 1 and the pole radii fixed to ρn = 0.95, and the or-
der fixed to P = 15. For an example speech frame, with a
spectrum shown in Fig.2, this design leads to the PEF re-
sponse shown in Fig.3 (when CPZLP is used for frequency
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Figure 2: Speech spectrum used to estimate the PEF.
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Figure 3: PEF using CPZLP for frequency estimation, (top)
notch filters up to 8000Hz and (bottom) notch filters up to
1400Hz.

estimation) and Fig.4(top, when pitch estimation is used). A
first observation is that the PEF applies equal (infinity) sup-
pression for all frequencies when all the zeros are placed on
the unit circle. The PEF using pitch estimation in Fig.4(top)
shows that the PEF has a more dense structure in the low fre-
quency region when harmonicity is assumed.
Pitch and variable order estimates are straightforward to in-

clude in the PEF, by setting ω0 = ω̂0 and P = P̂. From the
design of the PEF it is clear that the zero radius determines
the notch depth, i.e., the inverse of estimated amplitudes. In-
cluding the amplitude in the PEF then follows from the de-
sign rule in [13], i.e.,

νn =max
(

ρn,1−
1−ρn
ân

)

. (15)

Including the amplitude estimated in (12) and the pitch es-
timated in (11) the PEF is shown in Fig.4(bottom) which
shows a more signal dependent behaviour, when comparing
to the corresponding speech spectrum shown in Fig.2.
In previous work [8], besides assuming infinite notch depth,
the model order is also assumed to be equal for every speech
frame. This may not be the optimal solution since speech
generally can be considered voiced or unvoiced, resulting in
different amplitudes and number of harmonics. A histogram
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Figure 4: PEF using optimal filtering based pitch estimation
(top) without amplitude and (bottom) with amplitude.
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Figure 5: Number of harmonics P̂ for each frame.

of the estimated number of harmonics using (13) for the
speech signal used in the evaluation in Section 5 is shown for
different frames in Fig.5. This indeed suggests, that the har-
monic sinusoidal near-end signal model order varies across
different frames and that the fixed model order of P = 15
used in [8] indeed is too high compared to the estimated

model order P̂. The prediction error using a cascaded near-
end signal model can then be written as

ε(t) = H−1
2 (q, t)H−1

1 (q, t) [y(t)−F(q, t)u(t)] (16)

with the PEF for the noise component r(t) defined as

H−1
2 (q, t) = Ĉ(q, t).

5. EVALUATION

In this section, simulation results are presented in which dif-
ferent PEF designs are compared in PEM-based AFC with
cascaded near-end signal models in a hearing aid setup. The
harmonic sinusoidal near-end signal model order is evalu-
ated for different fixed orders, i.e., P = 15, 10, 5 and com-
pared with a variable order. The effect of including a vari-
able amplitude in the PEF is also illustrated. The near-end
noise model order is fixed to nC = 30. Both near-end signal
models are estimated using 50% overlapping data windows
of lengthM = 320 samples. The optimal filtering length is set

to N = M
4
. The NLMS adaptive filter length is set equal to

the acoustic feedback path length, i.e., nF = 200 (measured
hearing aid feedback path). The near-end signal is a 30 s
male speech signal sampled at fs= 16 kHz. The forward path
gain K(t) is set 3 dB below the maximum stable gain (MSG)
without feedback cancellation.
To assess the performance of the AFC algorithm the follow-
ing measures are used. The achievable amplification before
instability occurs is measured by the MSG, which is defined
as

MSG(t) = −20log10

[

max
ω∈P

|J(ω, t)[F(ω, t)− F̂(ω, t)]|

]

(17)

where J(q, t) = G(q,t)
K(t) denotes the forward path transfer func-

tion without the amplification gain K(t), andP denotes the
set of frequencies at with the feedback signal x(t) is in phase
with the near-end signal v(t). The misadjustment between

the estimated feedback path f̂(t) and the true feedback path f
represents the accuracy of the feedback path estimation and
is defined as

MAF = 20log10
||f̂(t)− f||2

||f||2
. (18)

5.1 Simulation results

The instantaneous value of the MSG(t) is shown in Fig.6
and the corresponding misadjustment is shown in Fig.7. The
MSG(t) curves have been smoothed with a one-pole low-
pass filter to improve the clarity of the figures. The instan-
taneous value of the forward path gain 20log10K(t) and the
MSGwithout acoustic feedback control (MSG F(q)) are also
shown.
In general the MSG is higher for AFC-optfilt compared to
AFC-CPZLP and the corresponding misadjustment is also
lower for AFC-optfilt. For the AFC-CPZLP a fixed order
of 20 seems to be the best choice whereas for AFC-optfilt a
fixed order of 10 gives the best result. The fact that AFC-
optfilt can achieve a better performance than AFC-CPZLP
with a lower order can be explained by using Fig.3 and 4.
The structure of the PEF is more dense towards lower fre-
quencies when the pitch estimation method is used and it is
therefore anticipated that the PEF using CPZLP does not suf-
ficiently suppress the tonal components when a lower order
is used. Furthermore it is also clear that a fixed order of 30
is too high, which can be seen in Fig.5, especially when the
PEF applies infinite suppression at the sinusoidal frequen-
cies.
The MSG performance of the AFC-optfilt when variable or-
der and variable amplitude is used is shown in Fig.6(a). Us-
ing a variable order and a variable amplitude (with order 30)
almost results in the same AFC performance, with a small
advantage too the variable order performance. The perfor-
mance when both variable order and variable amplitude are
included is not shown since the performance is similar when
only a variable amplitude is used. This probably happens be-
cause at very low amplitude the PEF results in a pole-zero
cancellation and no suppression is applied.

6. CONCLUSION

In this paper, a PEM-based AFC approach is introduced that
uses a harmonic sinusoidal near-end signal model based on
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Figure 6: Instantaneous MSG vs. time for simulations with speech for PEM-based AFC in hearing aids.
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Figure 7: Misadjustment between the estimated feedback path f̂(t) and the true feedback path f.

pitch estimation. The proposed PEF design results in in-
creased performance in terms of MSG and misadjustment
compared to using a non-harmonic near-end signal model.
In the pitch estimation the sinusoids are assumed to have
frequencies that are integer multiples of a fundamental fre-
quency, which results in a more dense PEF at lower frequen-
cies, and therefore a lower order can be used. Furthermore, it
is shown that the PEM-based AFC performance can be fur-
ther improved by including a variable amplitude and a vari-
able order in the PEF next to a variable pitch.
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ABSTRACT
We discuss implementation of the unbiased finite impulse re-
sponse (FIR) filters. The transfer function and general block-
diagram are presented for the l-degree polynomial FIR filter
along with its fundamental properties in the z-transform do-
main. As a special results, we show a fundamental identity
that is uniquely featured to such filters and can serve as an
indicator of unbiasedness in filter design. For low-degree
gains, the transfer function is represented in simple closed
forms and compact block-diagrams. An example of applica-
tions is given for filtering of time errors in a crystal clock.

1. INTRODUCTION

Finite impulse response (FIR) estimators are commonly used
whenever a linear phase response is required. Among known
solutions, there is a special class of devices [1–3] intended
for unbiased FIR filtering of oversampled signals. When
such a filter is matched with the signal model, the group de-
lay reaches a minimum. Otherwise, it grows with, however,
lower rate than in the infinite impulse response (IIR) ones.
The payment is a high order of FIR structures.

Simple implementation of FIR structures has become
available after Heinonen and Neuvo designed the predictive
FIR filters with polynomial gains [4]. These filters have been
studied and used by many authors [5–9]. Later, Shmaliy
showed in [10] that Heinonen-Neuvo’s solution is unbiased
and the theory of unbiased FIR estimators has been devel-
oped in [3,10–13]. Most recently, in [14], it has been noticed
that the unbiased FIR filter becomes virtually optimal when
the number N of points in the average is large that makes it a
useful engineering solution in optimal filtering.

Following [10], the unbiased FIR filtering estimate x̂n|n of
an l-degree polynomial signal xn can be found in the convolu-
tion form at a current discrete time point n via measurement
yn obtained from n−N +1 to n as

x̂n|n =
N−1

∑
i=0

hliyn−i , (1)

where the l-degree polynomial FIR filter gain hln , hln(N) is
specified as

hln =
l

∑
m=0

amlnm (2)

with the coefficient aml , aml(N),

aml = (−1)m M(m+1)1

|D| , (3)

in which |D| , |D(N)| is the determinant and M(m+1)1 ,
M(m+1)1(N) is the minor of the (l + 1)× (l + 1) quadratic
matrix D , D(N),

D =




d0 d1 . . . dl
d1 d2 . . . dl+1
...

...
. . .

...
dl dl+1 . . . d2l


 , (4)

which generic component dv =
N−1
∑

i=0
iv, v ∈ [0,2l], is deter-

mined by the Bernoulli polynomials (see Appendix A in
[10]). The gain (2), existing from zero to N−1, has the fol-
lowing fundamental properties: the sum of its coefficients is

unity,
N−1
∑

n=0
hln = 1, and the moments are zeroth,

N−1

∑
n=0

hlnnu = 0 , 1 6 u 6 l . (5)

For low-degree polynomial signals, the unique ramp,
quadratic, and cubic gains were originally found in [10–12]
to be, respectively,

h1n =
2(2N−1)−6n

N(N +1)
, (6)

h2n =
3(3N2−3N +2)−18(2N−1)n+30n2

N(N +1)(N +2)
, (7)

h3n =

8(2N3−3N2 +7N−3)−20(6N2−6N
+5)n+120(2N−1)n2−140n3

N(N +1)(N +2)(N +3)
, (8)

and higher degree gains can be found similarly.
Below, we consider design and application of the unbi-

ased FIR filters with low-degree gains (6)–(8), by finding
closed-form transfer functions and compact block-diagrams.

2. TRANSFER FUNCTION OF THE UNBIASED FIR
FILTER

The transfer function of the discrete-time l-degree unbiased
FIR filter is specialized with the z-transform applied to the
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gain (2) as

Hl(z) =
N−1

∑
n=0

hlnz−n (9)

=
l

∑
m=0

alm

N−1

∑
n=0

nmz−n , (10)

where z = e jωT , ω is the angular frequency, T is the sampling
time, and alm is specified with (3). The following properties
of Hl(z) can be listed in addition to the inherent ones of 2π-
periodicity, symmetry of |Hl(z)|, and asymmetry of argHl(z).

2.1 Transfer Function at k = 0

By ω = 0, we have z = 1 and, referring to (10) and (5), obtain

Hl(z) = 1 (11)

for all l, meaning that the unbiased FIR filters is essentially
an LP filter.

2.2 Filter Gain at n = 0

By the inverse z-transform, the value of hln at n = 0 becomes

hl0 =
1

2π j

∮

C1

Hl(z)
z

dz (12a)

=
1

2π

2π∫

0

Hl(e jωT )d(ωT ) . (12b)

Because hl0 is positive, hl0 > 0, for all l and N > 2 [10], the
counterclockwise circular integration in (12a) always pro-
duces a positive imaginary value that gives us

∮

C1

Hl(z)
jz

dz = 2πhl0 > 0 . (13)

2.3 Transfer Function at ωT = π
With ωT = π , we have z−n = e− jπn = (−1)n and provide

Hl(z = e jπ) =−
l

∑
m=0

alm

2
[
(−1)NEm(N)−Em(0)

]
, (14)

where Em(x) is the Euler polynomial. For most widely used
the low-degree gains, 0 6 l 6 3, the Euler polynomials are
given with E0(x) = 1, E1(x) = x− 1

2 , E2(x) = x2 − x, and
E3(x) = x3− 3

2 x2 + 1
4 .

2.4 Energy
If Hl(z) is the z transform of hln, then, by the Parceval theo-
rem and (5), one has

1
2π

2π∫

0

|Hl(e jωT )|2d(ωT ) =
N−1

∑
n=0

h2
ln

=
l

∑
j=0

a jl

N−1

∑
i=0

hlii j

= a0l = hl0 , (15)

Hβl(z)

Hγl(z) z
-N

xn
yn

Figure 1: A generalized block-diagram of the l-degree unbi-
ased FIR filter.

meaning that the gain energy in the transform domain is
equal to the value of hln at n = 0. Comparing (15) and (13),
one arrives at a noble identity

2π∫

0

Hl(e jωT )d(ωT ) =
2π∫

0

|Hl(e jωT )|2d(ωT ) , (16)

uniquely featured to the discrete-time unbiased FIR filters in
the transform domain.

2.5 Noise power gain

The noise power gain (NPG) gl , gl(N) is defined in [4] by
the energy of hln, characterizing noise amount in the output
of digital filters [15]. By Parceval’s theorem and (16), the
NPG can be evaluated in the following forms of

gl =
1

2π

2π∫

0

|Hl(e jωT )|2d(ωT ) (17a)

=
1

2π

2π∫

0

Hl(e jωT )d(ωT ) (17b)

= hl0 = a0l . (17c)

We notice that an analysis of gl for 0 6 l 6 3 in the time
domain is given in [10].

3. TRANSFER FUNCTIONS OF LOW-DEGREE FIR
FILTERS

Although the inner sum in (10) has no closed form for arbi-
trary m, it can be shown that the general form of Hl(z) is

Hl(z) =

l
∑

i=0
βiz−i + z−N

l
∑

i=0
γiz−i

1+
l+1
∑

i=1
αiz−i

. (18)

By assigning

Hβ l(z) =

(
l

∑
i=0

βiz−i

)
/

(
1+

l+1

∑
i=1

αiz−i

)
, (19)

Hγl(z) =

(
l

∑
i=0

γiz−i

)
/

(
1+

l+1

∑
i=1

αiz−i

)
, (20)

we go to the generalized block-diagram of the l-degree un-
biased FIR filter shown in Fig. 1. For low-degree gains,
0 6 l 6 3, the coefficients in (18) are listed in Table 1, where
a0l can be defined by letting n = 0 in (6)–(8). That allows us
to find the low-complexity block-diagrams for practical de-
sign of such filters with the ramp, quadratic, and cubic gains.
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Table 1: Transfer Function Coefficients of the Low-Degree
Unbiased FIR Filters

l

0 1 2 3

β0
1
N a01 a02 a03

β1 0 - 4
N - 18(N−1)

N(N+1) - 48(N2−2N+2)
N(N+1)(N+2)

β2 0 0 9
N

24(2N−3)
N(N+1)

β3 0 0 0 - 16
N

γ0 - 1
N

2
N - 3

N
4
N

γ1 0 - 2(N−2)
N(N+1)

6(N−3)
N(N+1) - 12(N−4)

N(N+1)

γ2 0 0 - 3(N−2)(N−3)
N(N+1)(N+2)

12(N−3)(N−4)
N(N+1)(N+2)

γ3 0 0 0 - 4(N−2)(N−3)(N−4)
N(N+1)(N+2)(N+3)

α1 -1 -2 -3 -4
α2 0 1 3 6
α3 0 0 -1 -4
α4 0 0 0 1

z
-1 z

-1

z
-N

yn

xn

2

–2

1

2

+

-
-

N

N

2/
01

Na

–1

N/2

Figure 2: Block-diagram of the ramp unbiased FIR filter.

3.1 Ramp Gain

The transfer function for the ramp FIR filter, l = 1, can be
found in the following compact form, if to use Table 1 and
provide the transformations in (18),

H1(z) =
2
N

a01N
2 −2z−1 + z−N

(
1− N−2

N+1 z−1
)

(1− z−1)2 . (21)

A simple analysis shows that the region of convergence
(ROC) in (21) is for all z and that the filter is both stable and
causal. Fig. 2 sketches the relevant block-diagram, which
structure is N-invariant, utilizing 6 multipliers, 4 adders, and
3 time-delays. The magnitude and phase responses of the
ramp unbiased FIR filter, case l = 1, are illustrated in Fig. 3
and Fig. 4, respectively. Figure 3a assures us that the unbi-
asedness is achieved by shifting and elevating the side lobes
of the uniform FIR filter, l = 0. The phase response of this
filter is linear in average (Fig. 4a). However, its function os-
cillates, similarly to the predictive FIR filters [5–7], making
the group delay also oscillating about a small constant value
(Fig. 4b).
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H2(z) =
3
N

a02N
3 − 6(N−1)

N+1 z−1 +3z−2− z−N
[
1− 2(N−3)

N+1 z−1 + (N−2)(N−3)
(N+1)(N+2) z−2

]

(1− z−1)3 . (22)

H3(z) =
a03N

4 − 12(N2−2N+2)
(N+1)(N+2) z−1 + 6(2N−3)

N+1 z−2−4z−3 + z−N
(
1−b1z−1 +b2z−2−b3z−3

)

N(1− z−1)4/4
.

(23)
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Figure 5: Block-diagram of the unbiased FIR filter with a
quadratic gain.
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Figure 6: Block-diagram of the unbiased FIR filter with a
cubic gain.

3.2 Quadratic Gain

After the routine transformations, the transfer function of the
quadratic unbiased FIR filter becomes (22). The relevant
block-diagram shown in Fig. 5 is performed with 9 multi-
pliers, 5 adders, and 4 time-delays.

3.3 Cubic Gain

The unbiased FIR filter with a cubic gain, l = 3, can be rep-
resented with the transfer function (23), in which the co-
efficients are give by b1 = 3(N−4)

N+1 , b2 = 3(N−3)(N−4)
(N+1)(N+2) , and

b3 = (N−2)(N−3)(N−4)
(N+1)(N+2)(N+3) . The block-diagram corresponding to

(23) is sketched in Fig. 6. It is easily indicated that this filter
requires 12 multipliers, 5 adders, and 4 time-shifters. The
magnitude and phase responses of the filter with a cubic gain
are given in Fig. 3 and Fig. 4. Observing these figures, one
can trace an evolution of the filter transfer function, by in-
creasing the filter degree.
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Figure 7: GPS-based unbiased FIR filtering of the crystal
clock TIE: (a) near linear TIE behavior, (b) near quadratic
TIE behavior, and (c) complex TIE behavior. Here “grey”
plot represents the GPS-based measurement, “white” the ref-
erence trend, and “black” the estimate.
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4. FILTERING OF CLOCK ERRORS

An experimental test of the unbiased FIR filters (Fig. 7)
has been provided for the Global Positioning System (GPS)-
based measurement of the time interval error (TIE) xn of a
precision crystal clock employing the one pulse per second
(1PPS) signals of the SynPaQ III GPS Timing Sensor and
Stanford Frequency Counter SR620 in the presence of the
sawtooth noise induced in the receiver. To obtain the refer-
ence trend, the TIE has been simultaneously measured for the
Symmetricom Frequency Cesium Standard CsIII employing
another SR620. The clock was identified to have two states
and the ramp FIR filter (Fig. 2) was therefore used.

In the first experiment, we selected a part of the process in
which the TIE of the OCXO-based clock change with almost
a constant linear slope. Following [18], the time step was set
to be 1 s and the optimum N was experimentally found to be
N = 2060. As can be inferred from the observation of Fig.
7a, the ramp FIR filter applied to the sawtooth measurement
allows for the root mean square error (RMSE) of about 1.6
ns that is substantially lower than in the sawtooth corrected
measurement [19].

For the second experiment, we selected a region where
the TIE changed almost quadratically. In contrast to the near
linear TIE trend (Fig. 7a), the optimum N has appeared here
to be about N = 920. Numerical calculation gives us the
RMSE of about 8.0 ns. Note that larger filtering errors are
caused in Fig. 7b by the GPS time temporary uncertainties
neatly seen in the GPS-based measurement and that there are
no uncertainties in the reference measurement.

We finally exploit a part of measurement with a com-
plex behavior of the TIE. The GPS-based and reference mea-
surements and the estimate are shown in Fig. 7c. For this
case, the optimum N was ascertained to be N = 1150 and the
RMSE calculated as 7.83 ns.

5. CONCLUDING REMARKS

In this paper, we discussed the discrete-time l-degree poly-
nomial unbiased FIR filter, its transfer function, and a gen-
eralized block-diagram. Fundamental properties of the filter
transfer function have also been studied. A special atten-
tion has been paid to the most widely used low-degree gains
(ramp, quadratic, and cubic), in which case the transfer func-
tion has been represented in simple closed forms and in com-
pact block-diagrams. The magnitude and phase responses of
the low-degree filters have been analyzed and compared to
those of the predictive unbiased FIR ones. As an example
of applications, we discussed filtering of the crystal clock er-
rors via the GPS-based measurement of the TIE. It has been
demonstrated graphically that the filter output has no time
delay with respect to the reference trend.
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ABSTRACT 
In this paper, the design of fractional order differentiator is 
investigated. First, the discrete Hartley transform (DHT) 
interpolation method is described. Then, the non-integer 
delay sample estimation of discrete-time sequence is derived 
by using DHT interpolation. Next, the Grünwald-Letnikov 
derivative and non-integer delay sample estimation are ap-
plied to obtain the transfer function of fractional order dif-
ferentiator. Finally, some numerical comparisons with con-
ventional fractional order differentiators are made to dem-
onstrate the effectiveness of this new design approach. 

1. INTRODUCTION 

    In recent years, the concepts of fractional operator and 
measure have been investigated extensively in many engi-
neering applications and science. Four typical examples are 
described as follows: The first is that the fractal dimension is 
used to measure some real-world data such that coastline, 
clouds, dust in the air, and networks of neurons in the body 
[1]. The fractal dimension has been widely used in pattern 
recognition and classification. The second is that the frac-
tional Fourier transform has been studied in the optical 
community and signal processing area [2]. The third is that 
fractional lower order moment has been used to analyze non-
Gaussian signals, which is more realistic than the Gaussian 
model in signal processing applications [3]. The last is that 
fractional calculus has been received great attentions in many 
engineering applications and science including fluid flow, 
automatic control, electrical networks, electromagnetic the-
ory and image processing [4][5].  
    In the research area of fractional calculus, the integer order 

n of derivative 
n

n
n

dx
xfdxfD )()( =  of function )( xf  is 

generalized to fractional order )( xfD υ , where υ  is a real 
number. One of important research topics in fractional calcu-
lus is to implement the fractional operator υD  in continuous 
and discrete time domains. An excellent survey of this im-
plementation has been presented in [6]. For continuous time 
case, some methods for obtaining an approximated rational 
function using evaluation, interpolation and curve fitting 
techniques have been studied. These methods include Carl-
son's method, Roy's method, Chareff's method and Ousta-
loup's method [6]. For discrete time case, there have been 

several methods presented to design FIR and IIR filters for 
implementing operator υD , including fractional differencing 
formula, Tustin method, Taylor series expansion, continued 
fraction, and least-squares method [7]-[10]. 
    On the other hand, the Hartley transform was presented by 
Hartley for analyzing transmission problem in 1942 [11]. In 
1983, Bracewell introduced the discrete Harley transform 
(DHT) and derived its fast computation algorithm [12][13]. 
Given the discrete-time sequence x(0), x(1), ..., x(N-1), the 
DHT pairs are defined by 
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where )sin()cos()( ⋅+⋅=⋅cas . So far, DHT has been 
successfully applied to image processing, data interpolation, 
transform-domain adaptive filtering, data compression and 
fractional delay filter design [14][15]. In this paper, we will 
use DHT-based interpolation method and Grünwald-
Letnikov derivative to design digital fractional order differ-
entiator. The details are described in next sections. 

2. DISCRETE HARTLEY TRANSFORM 
INTERPOLATION METHOD 

    In this section, the zero-padding in DHT domain will be 
applied to interpolate discrete-time signal x(0), x(1), …., x(N-
1).Without losing generality, we only consider the case of 
even-length N. Also, we assume that M is an integer multiple 
of N, say M=NL, where L is the interpolation factor. Given 
the DHT X(k) in Eq.(1), let us define the zero-padded DHT 
as 

 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−+−∈+−
−=

−−+∈
=

−∈

=

]1,1[)(
)(

]1,1[0
)(

]1,0[)(

)(

2

222

22

222

2

MMkNMkLX
MkX

Mk
kX
kkLX

kX

N

NNL

NN

NNL

N

d
  (2)  

The above DHT has zero values at high frequency band. 
Now, the interpolated sequence )(nxd  is defined as the 

length-M inverse DHT of )(kX d , that is,  
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Substituting Eq.(2) into Eq.(3), we get 
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Using Eq.(1) and the following equality 
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then Eq.(4) can be rewritten as 
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Obviously, the interpolated value of )(nxd  is just the 
weighted average of the data x(m) (m=0,1,...,N-1). Moreover, 
this interpolator will satisfy the following property:  
                                )()( ixiLx d =                                 (7) 
that is, the interpolation becomes an identity at the time 
points of the original length-N signal. Because )(nxd  is the 
interpolated sequence of x(n) with factor L, we have the fol-
lowing relation:  

                         )()( L
p

d ixpiLx +≈+                          (8)  
for 10 −≤≤ Lp  and 10 −≤≤ Ni . When p=0, Eq.(8) 
reduces to Eq.(7). Combining Eq.(6) and Eq.(8), we have 
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where interpolation basis is given by 
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Using the identities )sin()sin()cos()cos()cos( 212121 θθθθθθ +=− , 
mm )1()cos( −=π  and 0)sin( =πm , we have 
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Substituting Eq.(11) into Eq.(10), the basis is rewritten as 
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Let L
pit += , then the value of t can be any real number in 

[0,N) if factor L approaches infinity. Substituting L
pit +=  

into Eq.(9), we get 
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This means that the continuous-time signal )(tx  can be 
approximately reconstructed from its samples x(0), x(1), ..., 
x(N-1) in the range [0,N) by using continuous-time interpo-
lation basis ),( tmb . 

3. NON-INTEGER DELAY SAMPLE 
ESTIMATION 

    In this section, we will use DHT interpolation method to 
solve non-integer delay sample estimation problem because 
the proposed fractional order differentiator design method is 
based on this estimation method. The problem to be studied 
is how to estimate non-integer delay sample )( dIns −−  
from the given integer delay samples )(ns , )1( −ns , 

)2( −ns ,..., )1( +− Nns , where I  and N  are integers 
and d  is a real number in the interval ]1,0[ . And, I  is 
usually chosen in the range ]1,0[ −N . In this paper, we 
use the weighted average approach to achieve the purpose, 
that is, non-integer delay sample is estimated by 
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Now, the remaining problem is how to use the DHT interpo-
lation method in the preceding section to determine the 
weights ),( dIrw + . To solve this problem, we choose 
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Substituting Eq.(16) into Eq.(14), we get 
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Let rNm −−= 1 , this expression becomes 
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Replacing t  by dIN −−− 1 , the above equation can be 
rewritten as 
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Comparing Eq.(15) with Eq.(19), we get 
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Finally, given integer N , and delay dI + , the procedure 
to estimate non-integer delay sample )( dIns −−  from the 
given integer delay samples )(ns , )1( −ns , )2( −ns ,..., 

)1( +− Nns  is summarized below:  
Step 1: Use Eq.(20) to compute the weights ),( dIrw + . 
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Step 2: The non-integer delay sample is estimated by 
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4. DESIGN OF FRACTIONAL ORDER 
DIFFERENTIATOR 

    In the literature, there are several definitions of fractional 
derivative and integral such as the Riemann-Liouville, the 
Grünwald-Letnikov and the Caputo definitions [5]. In this 
paper, we will use the Grünwald-Letnikov derivative whose 
definition is given by 
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where coefficient υ
kC  is given by 
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Based on this definition, it can be shown that the fractional 
derivatives of exponential and sinusoidal signals are given by 
                                tt eeD αυαυ α=                               (23a) 
 )sin()sin( 2 υφωωφω πυυ ++=+ tAtAD     (23b) 
Now, let us study the fractional derivative in frequency-
domain below. It is well-known that the continuous time 
Fourier transform pair of signal )(ts  is defined by 
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Taking the fractional derivative at both sides of Eq.(24b), we 
get 
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Thus, the Fourier transform of fractional derivative )(tsD υ  
is )()( ωω υ Sj . This means that when a signal )(ts  passes 
through a differentiator with frequency response υω )( j , 
then the output of differentiator is fractional derivative 

)(tsD υ . Thus, the ideal frequency response of fractional 
order differentiator is υω )( j . So far, the definition of frac-
tional derivative has been described. In what follows, let us 
use the DHT interpolation method and Grünwald-Letnikov 
derivative in Eq.(21) to design a digital fractional order dif-
ferentiator that approximates the following frequency domain 
specification as well as possible: 
                      Ij

d ejH ωυωω −= )()(                         (26) 
where I  is a prescribed delay value. First, let us define coef-
ficients )(ka  below 
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then the fractional derivative in Eq.(21) can be rewritten as  
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Fig.1 shows the coefficient sequence )(ka  for various order 
υ . It is clear that the )(ka  is a rapidly decaying sequence 
for various order υ . Thus, by truncation, )(tsD υ  in Eq.(28) 
can be approximated by 
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where K  is truncation order. Moreover, by removing limit, 
the )(tsD υ  can be further approximated by 
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Obviously, the smaller h  is, the better approximation in 
Eq.(30) has. By taking Int −= , the discrete-time deriva-
tive signal )( InsD −υ  can be obtained as 
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Because )( khIns −−  are non-integer delay samples of 
signal )(ns , the )( khIns −−  needs to be estimated by 
using the formula in Eq.(15): 
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Substituting Eq.(32) into Eq.(31), we have 
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Defining coefficient 
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then Eq.(33) can be rewritten as the following convolution 
form: 
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where * denotes the convolution sum operator. Taking z-
transform at both sides of Eq.(35), we get 
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where )(zY  is z-transform of )( InsD −υ  and )(zS  is 
z-transform of )(ns . Let FIR filter be defined as 
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then )(zG  is the transfer function of the designed frac-
tional order differentiator which will approximate ideal fre-
quency response Ijej ωυω −)(  well. Now, given integer N , 
fractional order υ , delay I , integer K  and small positive 
number h , the procedure to design fractional order differ-
entiator )( zG  is summarized below:  
Step 1: Use Eq.(20) to compute the weights ),( khIrw + . 
Step 2: Compute coefficients )(ka  by using Eq.(27). 
Step 3: Use Eq.(34) to calculate coefficients )(rg . 
Step 4: The transfer function of the designed fractional order 

differentiator is given by ∑
−
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−=
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0
)()(

N

r

rzrgzG . 

Finally, some remarks are made as follows: First, a large 
integer K  needs to be chosen for reducing truncation error 
which occurs in Eq.(29). Second, a smaller positive number 
h  needs to be chosen for reducing the approximation error 
which occurs in Eq.(30). Third, if N  is large, the designed 
fractional order differentiator is a long-length FIR filter. To 
reduce implementation complexity, the Prony method in [16] 
can be used to approximate long-length FIR filter )( zG  by 
an IIR filter below: 
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5. DESIGN EXAMPLES AND COMPARISONS 

In this section, we will study the design error of the pro-
posed DHT-based fractional order differentiator and compare 
it with conventional methods. To evaluate the performance, 
the integral squares error of frequency response is defined by 

                 ωω
λπ ω dHeGE d
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Obviously, the smaller the error E  is, the better performance 
of design method has.  
Example 1: In this example, the design parameters of the 
proposed method are chosen as 100=N , 40=I , 

5.0=υ , 1000=K  and 02.0=h . Fig.2(a) depicts the 
magnitude responses (solid line) of the )(zG . The dashed 
line is the ideal magnitude response υω . So, the specifica-
tion is fitted well except the region near πω = . Fig.2(b) 
shows the phase response πωω 5.0/]))(([*90 IeGangle j +  
in degree. The dashed line is the ideal response υ90 . It can 
be observed that the specification is approximated well. Now, 
let us compare the proposed method with the conventional 
fractional delay method in [9]. When the design parameters 
are chosen as 100=N , 40=I  and 5.0=υ , the con-
ventional fractional order differentiator is designed by the 
Lagrange fractional delay method used in Fig.4 of [9]. 
Fig.2(c)(d) show the designed results (solid line) of this 
method. The dashed line is ideal response. It can be seen that 
the actual response does not fit the ideal response well in 

high frequency region. If 9.0=λ  is chosen, the error E  of 
conventional fractional delay method in [9] is 0.1255, and the 
error E  of proposed DHT method is 0.0287. Thus, the pro-
posed method has smaller design error than the conventional 
method in [9]. 
Example 2: In this example, let us compare the proposed 
method with the conventional time domain least-squares 
method in [10] whose design procedure is described below: 
Step 1: Expand the fractional order Tustin differentiator 

υ)]([ zU  as the following power series form: 
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where filter coefficient )(ku  is the convolution sum of 
υ
k

k C)1(−  and υ−
kC . After truncating the high-order terms, 

υ)]([ zU  can be approximated by FIR filter 
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where cN  is the truncation length. 
Step 2: Using the Prony method, the long-length FIR filter 

)( zU  can be approximated by the IIR filter below: 
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Then, the frequency response of filter )(ˆ zUz I−  will ap-
proximate the ideal response  Ij

d ejH ωυωω −= )()(  well. 
Now, one example is used to compare this conventional de-
sign with the proposed design in Eq.(38). The parameters in 
conventional design are chosen as 60=cN , 102 =N  
and 5.0=υ . Fig.3(a)(b) show the magnitude and phase re-
sponses (solid line) of the designed differentiator )(ˆ zU . The 
dashed line is ideal response. The maximum pole radius is 
0.9941, so IIR filter )(ˆ zU  is stable. From this result, it is 
clear that the error of phase is very small, but the magnitude 
error at high frequency band is very large. After )( ωjeG  in 
Eq.(39) is changed to )(ˆ ωω jIj eUe− , the error E  with 

9.0=λ  is 13.4803 for this traditional design. For compari-
son, the designed results of proposed DHT method are re-
ported below. The design parameters are chosen as 60=N , 

9=I , 1000=K , 02.0=h , 101 =N , and 5.0=υ . 
Fig.3(c)(d) show the magnitude and phase responses (solid 
line) of the designed IIR differentiator )(zG  in Eq.(38). The 
dashed line is ideal response. The maximum pole radius is 
0.8169, so IIR filter )(zG  is stable. Compared Fig.3(a)(b) 
with Fig.3(c)(d), it can be observed that the proposed DHT 
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method has better magnitude response than conventional 
method. However, the phase response error of conventional 
approach is smaller than the proposed method. After )( ωjeG  
in Eq.(39) is changed to )( ωjeG , the error E  with 

9.0=λ  is 2.0015 for the DHT design. 

6. CONCLUSIONS 

    In this paper, the design of fractional order differentiator 
has been presented. First, the DHT interpolation method is 
described. Then, non-integer delay sample estimation of 
discrete-time sequence is derived by using DHT interpola-
tion approach. Next, the Grünwald-Letnikov derivative and 
non-integer delay sample estimation are applied to obtain 
the transfer function of fractional order differentiator. Finally, 
the numerical examples are studied to show the usefulness 
of this new design approach. However, only one-
dimensional fractional order differentiator design is studied 
here. Thus, it is interesting to extend the proposed DHT in-
terpolation method to design multi-dimensional fractional 
order differentiators in the future. 
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Fig.1 The coefficient sequence )(ka  for various order υ .  
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Fig.2 The designed results (solid line) of the fractional order 
FIR differentiator. (a)(b) The results of the proposed DHT 
method. (c)(d) The results of the fractional delay method in 
[9]. The dashed line is the ideal response. 
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Fig.3 The designed results (solid line) of the fractional order 
IIR differentiator. (a)(b) The results of )(ˆ zU  in conventional 
method. (c)(d) The results of )(zG  in proposed DHT 
method. The dashed line is the ideal response. 
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ABSTRACT 
In this paper, the design of wideband fractional delay filter 
is investigated. First, the reconstruction formula of inter-
laced sampling method is applied to design wideband frac-
tional delay filter by using index substitution and window 
method. The filter coefficients are easily computed because 
closed-form design is obtained. Then, the weighted least 
squares method is used to design wideband fractional delay 
filters. Finally, numerical examples are demonstrated to 
show that the proposed method has smaller design error 
than the conventional fractional delay filter without using 
the interlaced sampling scheme. 

1. INTRODUCTION 

   In many signal processing applications, there is a need for a 
delay that is a fraction of the sampling period. These applica-
tions include beam steering of antenna array, time adjustment 
in digital receivers, modeling of music instruments, speech 
coding and synthesis, image interpolation and comb filter 
design etc [1]-[8]. An excellent survey of the fractional delay 
filter design is presented in tutorial paper [1]. The ideal fre-
quency response of fractional delay filter is given by 

                           Dj
d eH ωω −=)(                            (1) 

where D  is a positive real number in the desired range. So 
far, the fractional delay filters are all designed under the 
Shannon sampling scheme, as shown in Fig.1. Usually, the 
Shannon sampling scheme is implemented by using one ana-
log-to-digital (ADC) converter. In this case, the frequency 
response of the FIR filter used to approximate this specifica-
tion is given by 

                        ∑
=

−=
N

k

kjj ekheH
0

)()( ωω                  (2)  

Thus, the traditional design problem is how to determine the 
filter )(zH  such that the actual frequency response 

)( ωjeH  fits the ideal response )(ωdH  as well as possible. 
Until now, several methods have been proposed to solve this 
design problem such as window method, Lagrange interpola-
tion method, maximally flat method, weighted least squares 
method and discrete Fourier transform method etc. In these 
designs, the frequency response error is defined by 

           )()()(1 ωω ω
d

j HeHE −=             (3) 

If the filter coefficients )(kh  in Eq.(2) are real-valued, the 
frequency response error at πω =  is given by 
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Thus, the absolute value of error )(1 πE  can be written as 

  
|)sin(|

)][sin()]cos()1([|)(| 22
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D
DDHE

π
πππ

≥

+−−=   (5) 

So, there is an irreducible error at πω =  for conventional 
designs [2]. This means that the wideband fractional delay 
filter design can not be achieved by using Shannon sampling 
scheme in Fig.1. Therefore, it is interesting to use other sam-
pling methods to design wideband fractional delay filter. 
   In the literature, there exist various sampling methods ex-
cept the Shannon sampling scheme. Some typical ones are 
band-pass sampling, interlaced sampling, derivative sam-
pling and generalized sampling etc [9][10]. Thus, it is inter-
esting to design wideband fractional delay filter based on 
these sampling schemes. In this paper, we will use the inter-
laced sampling method to design fractional delay filter which 
is composed of two filters )(1 zG  and )(2 zG , as depicted 
in Fig.2. Usually, the interlaced sampling scheme is imple-
mented by using two parallel analog-to-digital converters 
with different control clocks. Because )( τ−nx  is the de-
layed version of )(nx , it is easy to show that the frequency-
domain relation between input and output in Fig.2 is given 
by 

     )()(
)(
)(

21
ωωτω

ω

ω
jjj

j

j

eGeeG
eX
eY −+=     (6) 

where )( ωjeX  and )( ωjeY  are the Fourier transforms of 
)(nx  and )(ny . Thus, the design problem is how to de-

termine the filters )(1 zG  and )(2 zG  such that the actual 

frequency response )()( 21
ωωτω jjj eGeeG −+  approxi-

mates the ideal response )(ωdH  as well as possible. In this 
case, the frequency response error is defined by  

   )()()()( 212 ωω ωωτω
d

jjj HeGeeGE −+= −   (7) 
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So, the error at πω =  for real valued filters )(1 zG  and 
)(2 zG  is given by 
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Thus, the absolute value of the error )(2 πE  can be written 
as 
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If the filters )(1 zG  and )(2 zG  are designed to satisfy the 
following two equalities: 
        )cos()1()cos()1( 21 DGG ππτ =−+−    (10a) 

         )sin()1()sin( 2 DG ππτ −=−             (10b) 
then the error )(2 πE  will reduce to zero. This means that 
the wideband fractional delay filter design can be achieved 
by using interlaced sampling scheme. The design details will 
be studied in next sections. 

2. WINDOW METHOD 

  In this section, the interlaced sampling method is first re-
viewed. Then, we apply this method to design fractional de-
lay filter by using window approach. Finally, numerical ex-
ample is used to compare the proposed approach with con-
ventional window method based on Shannon sampling 
scheme. 

2.1 Design Method 
Let )(nx  and )( τ−nx  be the uniform samples of the 

band-limited signal )(tx  and its delayed signal )( τ−tx , 
then the )(tx  can be reconstructed by using the formula: 

∑∑
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mm

mtbmxmtamxtx )()()()()( ττ  (11) 

where 
       )()cot()2()( 2 tsincttsincta ⋅⋅+= τππ      (12) 

       )()cot()2()( 2 tsincttsinctb ⋅⋅−= τππ     (13) 
with tttsinc ππ /)sin()( = . The proof of this formula can 
be found in [9][10]. In the following, the index substitution 
and window method will be used to obtain two filters 

)(1 zG  and )(2 zG  in Fig.2. Using the index substitution 
knm −= , Eq.(11) can be rewritten as  
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Taking Dnt −= , then Eq.(14) can be expressed as 
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Define )(ˆ1 kg  and )(ˆ 2 kg  as 

                    )()(ˆ 1 Dkakg −=                             (16a) 

                    )()(ˆ 2 Dkbkg −+= τ                     (16b) 
then Eq.(15) can be rewritten as  
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where notation ∗  denotes the operator of convolution sum. 
Taking the discrete-time Fourier transform at both sides of 
Eq.(17), we get 
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where )( ωωτ jj eXe −  is the Fourier transform of )( τ−nx . 
Canceling the )( ωjeX  at both sides of Eq.(18), we have 
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Based on the above results, we choose two filters )(1 zG  
and )(2 zG  in Fig.1(b) as 
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where filter coefficients )(1 kg  and )(2 kg  are obtained 
from )(ˆ1 kg  and )(ˆ 2 kg  by using window approach below: 

        2,1)(ˆ)()( == ikgkwkg iii           (21) 
with 
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=
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i 0
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)(              (22) 

The length of window )(kwi  is 1+− ibiu NN . From 
Eq.(16), we know that the center of window interval 

],[ iuib NN  should be close to the delay D  for reducing the 
truncation error caused by windowing. So far, the interlaced 
sampling design has been described. Now, let us study the 
implementation complexity. From Fig.1 and Fig.2, it is clear 
that the implementation complexity can be divided into ADC 
part and filter part. In the filter part, the complexity of the 
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proposed filters )(1 zG , )(2 zG  and conventional filter 
)(zH  can be evaluated by using Eq.(2) and Eq.(20). If the 

direct-form realization is used, the number of adders and 
multipliers to implement filter )(zH  in Fig.1 are N  and 

1+N , while the number of adders and multipliers to imple-
ment FIR filters )(1 zG  and )(2 zG  in Fig.2 are 

)(
2

1
∑
=

−
i

ibiu NN  and )1(
2

1
∑
=

+−
i

ibiu NN . In the ADC part, it 

can be observed that the interlaced sampling method needs 
one more ADC than the Shannon sampling method. In the 
next subsection, one numerical example will be studied. 

2.2 Design Example and Comparison 
In the following, one numerical example performed with 

MATLAB language in an IBM PC compatible computer is 
used to demonstrate the effectiveness of the proposed win-
dow method. To evaluate the performance, the normalized 
root mean squares (NRMS) error is defined by 
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where )()()( 21
ωωτωω jjjj eGeeGeG −+=  in 

the proposed design approach. Obviously, the smaller NRMS 
error E  is, the better performance the design method is. If 

)( ωjeG  in Eq.(23) is changed to )( ωjeH , E  is the 
NRMS error of conventional design. In this paper, the E  is 
computed by using numerical rectangular integration method 
with step size 1000

π . Now, let us study an example below: 
Example 1: In this example, we will compare the proposed 
method with conventional window method based on Shan-
non sampling scheme. To achieve this purpose, the conven-
tional window method is briefly described below: Taking the 
inverse discrete-time Fourier transform of ideal frequency 
response )(ωdH , the ideal impulse response is given by 
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= ∫− ωω
π

π

π

ω

     (24) 

In the conventional window method, the filter coefficients 
)(kh  in Eq.(2) are given by 

                      )()()( khkwkh id=                        (25) 

where )(kw  is a prescribed window function of length 
1+N . A numerical example is now studied. The parame-

ters are chosen as 4121 == bb NN , 6021 == uu NN , 
5.0=τ  and 100=N . Fig.3 shows the NRMS error 

curve E  (solid line) of the proposed method for various 
delay D  with step size 40

1 . The dashed line is the result of 
conventional rectangular window method based on Shannon 
sampling scheme with 1)( =kw  for Nk ≤≤0 . It is 
clear that the error of proposed method is smaller than the 

conventional method. Fig.4(a)(b) show the magnitude re-
sponse and group delay of fractional delay filter designed by 
proposed method for 5.0=τ , 4121 == bb NN , 

6021 == uu NN  and 4.50=D . Fig.4(c)(d) show the 
magnitude response and group delay of fractional delay filter 
designed by conventional rectangular window method for 

100=N  and 4.50=D . Obviously, the proposed method 
has smaller design error in the high frequency range than 
Shannon sampling method. That is, the wideband design can 
be accomplished by the proposed method based on interlaced 
sampling scheme. Now, the complexity issue is addressed. 
Because 4121 == bb NN , 6021 == uu NN  and 

100=N  are chosen, the number of adders and multipliers 
to implement two filters )(1 zG  and )(2 zG  are 38 and 40, 
while the number of adders and multipliers to implement 
filter )(zH  are 100 and 101. Obviously, the implementation 
complexity of )(1 zG  and )(2 zG  is smaller than that of 

)(zH . Although the filter-part accuracy and complexity of 
proposed method is better than conventional method, the 
proposed method needs one more ADC than the conventional 
method, as shown in Fig.1 and Fig.2. Thus, the improvement 
in filter part is at the cost of the increase of complexity in the 
ADC part. 

3. WEIGHTED LEAST SQUARES METHOD 

In this section, the weighted least squares (WLS) method 
is first used to design fractional delay filter whose coeffi-
cients can be obtained by solving matrix inversion. Then, 
numerical comparison with conventional WLS design is 
made. 

3.1 Design method 
    Taking ωjez = , the frequency response of filters )(1 zG  
and )(2 zG  in Eq.(20) can be written as 
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Thus, the frequency response )()( 21
ωωτω jjj eGeeG −+  

is gotten as 
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Defining the following four vectors 
 T

ubb NgNgNg ])()1()([ 1111111 L+=g   (28a) 

 T
ubb NgNgNg ])()1()([ 2222222 L+=g  (28b) 

 TNjNjNj ubb eee ][)( 111 )1(
1

ωωωω −+−−= Le        (28c) 

 TNjNjNj ubb eee ][)( )()1()(
2

222 τωτωτωω +−++−+−= Le  (28d) 
then the frequency response in Eq.(27) can be rewritten as 
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where two vectors are 
                             TTT ][ 21 ggg =                                  (30a) 

                     TTT ])()([)( 21 ωωω eee =                    (30b) 
For WLS design, the filter coefficient vector g  is deter-
mined by minimizing the following error function: 

 ωωω
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ω dHeGWJ d
j 2

1 |)()(|)()( −= ∫−g   (31)   

where )(ωW  is a nonnegative weighting function. Substi-
tuting Eq.(29) into Eq.(31) and using the conjugate symmetry 

*)()( ωω dd HH =− , we get 
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where matrix Q , vector q , and scalar c  are given by 
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The above superscript H  denotes the Hermitian and ]Re[⋅  
stands for real part of a complex number. Because )(1 gJ  is 
a quadratic function of g , the optimal solution is given by 

                               qQg -1
opt =                                    (34) 

So far, the WLS design based on interlaced sampling scheme 
has been described. In the following, let us study one design 
example. 
    3.2 Design Example 

Now, a numerical example is used to compare the pro-
posed WLS design with conventional WLS design based on 
Shannon sampling scheme. The filter coefficients of the con-
ventional WLS are obtained by minimizing the following 
cost function: 

ωωω
π

π

ω dHeHWJ d
j 2

2 |)()(|)()( −= ∫−h    (35) 

where frequency response )( ωjeH  is given in Eq.(2) and 

vector TNhhh ])()1()0([ L=h . Because this is the 
standard least squares FIR filter design problem, its optimal 
solution can be obtained easily by using the method in the 
textbook [11]. Moreover, the integrals in Eq.(33) and Eq.(35) 
are computed by using numerical rectangular integration 
method with step size 1000

π . Let us study an example below: 
Example 2: In this example, the filter parameters are chosen 
as 101 =bN , 201 =uN , 132 =bN , 172 =uN , 

5.0=τ , 30=N  and uniform weighting function is used, 
i.e., 1)( =ωW . Fig.5(a) shows the NRMS error curve E  
of the proposed WLS method for various delay D . Fig.5(b) 

is the NRMS error of conventional WLS method based on 
Shannon sampling scheme. It is clear that the error of pro-
posed WLS method is smaller than the conventional WLS 
method. Fig.6(a)(b) show the magnitude response and group 
delay of fractional delay filter designed by proposed method 
for 101 =bN , 201 =uN , 132 =bN , 172 =uN , 

5.0=τ , and 3.15=D . Fig.6(c)(d) show the magnitude 
response and group delay of fractional delay filter designed 
by conventional WLS method for 30=N  and 3.15=D . 
Obviously, the proposed method has smaller design error in 
the high frequency range than Shannon sampling method. 
That is, wideband design can be accomplished by proposed 
WLS method based on interlaced sampling scheme. Now, 
the complexity comparison is presented. Because 

101 =bN , 201 =uN , 132 =bN , 172 =uN  and 
30=N  are chosen, the number of adders and multipliers 

to implement the filters )(1 zG  and )(2 zG  are 14 and 16, 
while the number of adders and multipliers to implement 
filter )(zH  are 30 and 31. It is clear that the implementa-
tion complexity of )(1 zG  and )(2 zG  is smaller than that 
of )(zH . Although the accuracy and complexity of pro-
posed WLS method is better than conventional WLS method 
in the filter part, the proposed method needs one more ADC 
than the conventional method in the ADC part, as depicted 
in Fig.1 and Fig.2. 

4. CONCLUSIONS 

    In this paper, the design of wideband fractional delay fil-
ter has been investigated. First, the reconstruction formula of 
interlaced sampling method is applied to design wideband 
fractional delay filter by using window method. The filter 
coefficients are easily computed because closed-form design 
is obtained. Then, the weighted least squares method is used 
to design wideband fractional delay filters. Finally, numeri-
cal examples are demonstrated to show that the proposed 
method has smaller design error than the conventional frac-
tional delay filter without using interlaced sampling scheme. 
However, only one-dimensional fractional delay filter is 
studied in this paper. Thus, it is interesting to extend the 
proposed method to design two-dimensional fractional delay 
filters in the future. 
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Fig.1 The design of fractional delay filter based on Shannon 
sampling scheme implemented by one analog-to-digital con-
verter (ADC). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2 The design of fractional delay filter based on interlaced 
sampling scheme implemented by two parallel analog-to-
digital converters with different control clocks. 

45 46 47 48 49 50 51 52 53 54 55
0

2

4

6

8

10

fractional delay D

N
R

M
S

 e
rro

r E
 (%

)

 
Fig.3 The NRMS error curve E  (solid line) of the proposed 
window method for various delay D . The dashed line is the 
result of conventional Shannon sampling window method. 
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Fig.4 The magnitude response and group delay of the de-
signed fractional delay filters. (a)(b) Proposed interlaced 
sampling window method. (c)(d) Conventional Shannon 
sampling window method. 
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Fig.5 (a) The NRMS error E  of the proposed WLS method 
for various delay D . (b) The NRMS error E  of the conven-
tional WLS method for various delay D  
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Fig.6 The magnitude response and group delay of the de-
signed fractional delay filters. (a)(b) Proposed WLS method. 
(c)(d) Conventional WLS method. 

x(n) H(z) 
y(n) 
≈ x(n-D) x(t) ADC 

clock 

clock 

x(t) 
x(n) G1(z) 

x(n-τ) G2(z) 

y(n) 
≈ x(n-D) 

ADC 

ADC 

clock 1 

clock 2 

clock 1 

clock 2 

59
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ABSTRACT 
In this paper, the design of digital IIR integrator is investi-
gated. First, the B-spline interpolation method is described. 
Then, non-integer delay sample estimation of discrete-time 
sequence is derived by using B-spline interpolation ap-
proach. Next, the Gauss-Legendre integration rule and non-
integer delay sample estimation are applied to obtain the 
transfer function of digital integrator. Finally, some numeri-
cal comparisons with conventional digital integrators are 
made to demonstrate the effectiveness of this new design 
approach. 

1. INTRODUCTION 

Digital integrators are useful devices in the application areas 
of control, radar and biomedical engineering [1]-[4]. The 
ideal frequency response of digital integrator is given by 
                               Ije

j
D ω

ω
ω −=

1)(                              (1) 

where I  is a prescribed integer delay. The problem is how 
to design a digital filter such that its frequency response fits 

)(ωD  as well as possible. So far, the methods of digital 
integrator design can generally be classified into two catego-
ries. One is the linear phase FIR filter approach in which the 
filter coefficients are obtained by using maximal flatness 
constraints [1][2], the other is the IIR filter method in which 
the filter coefficients are determined directly from well-
known numerical integration rule [3][4]. In [3], Ngo pre-
sented a third-order digital integrator whose transfer func-
tion is given by 
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In [4], Tseng and Lee have used Richardson extrapolation 
and polyphase decomposition to design digital integrators. 
From Eq.(62) in [4], the transfer function of a typical forth-
order integrator is given by 
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From Eq.(1), it is clear that the gain of integrator at zero 
frequency 0=ω  is infinity, so the above transfer functions 

have one pole at 1=z . On the other hand, B-spline inter-
polation has been successfully used in numerical interpola-
tion, image processing, digital filter design, digital filter 
bank, computer graphics, and analog-to-digital conversion 
[5]-[7]. The early work on the B-spline theory and imple-
mentation is surveyed in the tutorial paper [8]. Thus, it is an 
interesting topic that uses B-spline interpolation method to 
design digital IIR integrators. The purpose of this paper is to 
study this topic. As a result, the design error can be reduced 
by suitably choosing the degree of B-spline function. The 
numerical comparisons with conventional digital integrators 
also show the effectiveness of this new approach. 

2. B-SPLINE INTERPOLATION 

In this section, B-spline function is first reviewed briefly. 
Then, the B-spline interpolation method is described. 
Splines are piecewise polynomials with pieces which are 
connected smoothly. The jointing points of the polynomials 
are called knots. The normalized symmetrical, bell-shaped  
B-spline functions of degree p  with 2+p  equally spaced 
knots are defined by 
            

4444 34444 21
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where rectangular pulse 
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and * denotes the convolution operator. After some manipu-
lation, the function )(tpβ  can be written as 
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where )(tu  is the unit step function given by 
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The result in Eq.(6) clearly shows that )(tpβ  is a piecewise 
polynomial of degree p . For example, when 3=p , the 
closed-form representation of the cubic B-spline is given by 
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in which both pieces are third-degree polynomials. Moreover, 
Fig.1 shows the normalized B-splines of first four degree. 
Clearly, )(tpβ  only has non-zero value in the interval 

),( 2
1

2
1 ++− pp . After describing the B-spline function, let us 

study B-spline interpolation method below: Given a set of 
1+N  sampled points ),,1,0(),( Nkst kk L= , the 

interpolation problem is to find a function )(ts  that satisfies 
the interpolation condition 

  kk sts =)(      Nk ,,2,1,0 L=                (9) 
For B-spline interpolation method, the function  )(ts  is 
characterized in terms of the following B-spline model: 
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β                       (10) 

That is, the function )(ts  is represented as a linear combi-
nation of the shifted B-spline functions. Substituting the 
interpolation condition of Eq.(9) into Eq.(10), we get the 
following simultaneous linear equation 
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where )( km
p

mk tt −= βφ . Let vectors S  and W  be 

                     T
NsssS ][ 10 L=                      (12a) 

                     T
NwwwW ][ 10 L=                  (12b) 

and Φ  denotes the )1( +N -by- )1( +N  matrix in the left 
side of Eq.(11), then Eq.(11) can be rewritten as  
                                   SW =Φ                                    (13) 
Thus, the unknown vector W  is given by 
                                 SW 1−Φ=                                   (14)  
Once W  has been obtained, the function )(ts  in Eq.(10) is 
known. So, )(ts  is computable for the given t . Finally, an 
example is use to illustrate the B-spline interpolation method. 
The data ks  is obtained by uniformly sampling the sinusoi-

dal function )04.0cos( tπ , that is, kt k =  and 

)04.0cos( ksk π= . The B-spline function is chosen as 

)(3 tβ . The number of points are 1011 =+N . Fig.2(a)(b) 
shows the interpolated function )(ts  in Eq.(10) and the 
sinusoidal function )04.0cos( tπ . It is clear that both func-
tions look almost the same. To observe where the errors oc-
cur, Fig.2(c) shows the absolute errors )04.0cos()( tts π− . 
Clearly, the errors are very small except at the edge points 

0=t  and 100=t . 

3. NON-INTEGER DELAY SAMPLE 
ESTIMATION 

In this section, we will use B-spline interpolation method to 
solve non-integer delay sample estimation problem because 
the proposed IIR integrator design method is based on this 
estimation method. The problem to be studied is how to es-
timate non-integer delay sample )( dIns −−  from the given 
integer delay samples )(ns , )1( −ns , )2( −ns ,..., 

)( Nns − , where I  and N  are integers and d  is a real 
number in the interval ]1,0[ . And, I  is usually chosen in 
the range ]1,0[ −N . In this paper, we use the weighted 
average approach to achieve the purpose, that is, non-integer 
delay sample is estimated by 
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      (15) 

Thus, the remaining problem is how to use the B-spline in-
terpolation method in the preceding section to determine the 
weights ),( dmh . To solve this problem, let us use the fol-
lowing substitution: 
                                   kntk −a                                 (16a) 

                                   )( knssk −a .                         (16b) 
Using the above substitution, the B-spline interpolation for-
mula in Eq.(10) becomes 
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and the simultaneous equation in Eq.(11) reduces to 
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This equation can be shorten as the form SW =Φ , as 
described in Eq.(13). Clearly, Φ  is a Toeplitz matrix. Let 
the inverse of matrix Φ  be denoted by 
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then the solution of simultaneous equation in Eq.(18) is 
given by 
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This result implies that 
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Substituting Eq.(21) into Eq.(17), we get 
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Taking dInt −−= , the above equation reduces to 
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Compared Eq.(23) with Eq.(15), the weights ),( dmh  are 
given by 
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Now, let us summarized the estimation procedure below: 
Given the B-spline function )(tpβ  with degree p , integer 
N , and delay dI + , the procedure to estimate non-integer 
delay sample )( dIns −−  from the given integer delay 
samples )(ns , )1( −ns , )2( −ns ,..., )( Nns −  is sum-
marized below:  
Step 1: Compute the matrix Φ  whose elements are given 
by )( mkp

mk −= βφ . 

Step2: Calculate the inverse matrix 1−Φ  with element kmα . 

Step 3: Use Eq.(24) to compute the weights ),( dmh . 
Step 4: The non-integer delay sample is estimated by 
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m
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. 

4. DESIGN OF DIGITAL INTEGRATOR USING 
GAUSS-LEGENDRE INTEGRATION RULE 

In this section, the Gauss-Legendre integration rule and B-
spline-based non-integer delay estimation method are used 
to design digital IIR integrator. First, the Gauss-Legendre 
integration rule is described briefly. Then, this rule is applied 
to design digital integrator. The Gauss-Legendre rule is used 
to estimate the following definite integral numerically: 
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1
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The M-point Gauss-Legendre approximation formula for this 
definite integral is given by 
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where the abscissas kMt ,  and weights kMu ,  must satisfy the 
following constraints 
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By solving the above nonlinear equations, the abscissas kMt ,  

and weights kMu ,  can be easily obtained [9]. Now, two typi-

cal cases are listed below. For two-point Gauss-Legendre rule, 
i.e., M=2, the abscissas kMt ,  and weights kMu ,  are 

                                 12,21,2 == uu                                (28a) 

                                
3

1
2,21,2 ==− tt                            (28b) 

For three-point Gauss-Legendre rule, i.e., M=3, the abscissas 
kMt ,  and weights kMu ,  are 
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3,31,3 ==− tt     02,3 =t                  (29b) 
So far, the Gauss-Legendre rule has been reviewed briefly. 
Now, let us use this rule to design digital integrator. When a 
signal )(ts  passes through the ideal integrator with integer 
delay I , its output )(ty  is given by 
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Setting 1−= nt  and nt = , we have 
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Using the following equality:  
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we get 
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Thus, the design problem reduces to how to evaluate the 
definite integral of the second term in Eq.(33). This problem 
can be solved by using various numerical integration rules in 
textbook [9]. Because the Gauss-Legendre integration rule is 
a more accurate method, we use it to design digital integra-
tor in this paper. The integral interval in Eq.(25) is [-1,1] 
which is not consistent with the integral interval 

],1[ InIn −−−  in the second term of Eq.(33). So, the 
following variable substitution is used to make translation: 
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After using this substitution, the second term in Eq.(33) is 
given by 
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If two-point Gauss-Legendre rule is used, Eq.(35) can be 
approximated by 
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Using Eq.(15), the Eq.(36) can be further reduced to 
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where 
       )7887.0,()2113.0,()(1 mhmhmg +=       (38) 
Substituting Eq.(37) into Eq.(33), we have 
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Taking the z transform at both sides, we obtain 
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The above )(1 zH  is the designed two-point Gauss-
Legendre integrator using B-spline interpolation method. 
     Next, if three-point Gauss-Legendre rule is used, Eq.(35) 
can be approximated by 
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Using Eq.(15), the Eq.(41) can be further reduced to 
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Substituting Eq.(42) into Eq.(33), we have 
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Taking the z transform at both sides, we obtain 
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The above )(2 zH  is the designed three-point Gauss-
Legendre integrator using B-spline interpolation method. 

5. DESIGN EXAMPLES AND COMPARISON 

In this section, we will study the design error of the proposed 
B-spline-based integrator and compare it with conventional 
integrators. To evaluate the performance, the integral squares 
error of frequency response is defined by 

                  ωω
λπ ω dDeHE j

kk

2

0
)()(∫ −=       (46) 

Obviously, the smaller the error kE  is, the better the per-
formance of the design method is.  

Example 1: In this example, we first study the relation be-
tween design error kE  and degree p  for B-spline function 

)(tpβ  in Eq.(6). The parameters are chosen as N=20, I=10, 
and 95.0=λ . Fig.3(a)(b) shows the error curve kE  of the 

proposed B-spline integrator )(zH k  for ]20,1[∈p . 
From these results, it is clear that both errors reach the mini-
mum value when degree 18=p  is chosen. The minimum 
value of 1E  is 0.0296 and the minimum value of 2E  is 
0.0276. So, the integrator )(2 zH  is slightly better than 

)(1 zH  in this design. Moreover, Fig.4 depicts the magni-
tude responses (solid line) of the integrator )(1 zH  for B-
spline with 18=p . The dashed line is the ideal magnitude 
response ω

1 . Obviously, the specification is fitted well. 
Example 2: In this example, we compare B-spline integrator 
with the Ngo integrator in Eq.(2) under the same implemen-
tation complexity. The design parameters are chosen as N=3, 
I=1 and 95.0=λ . Fig.5(a) shows the error curve 1E  of the 
integrator )(1 zH . From this result, it is clear that the error 

1E  reach the minimum value 0.1973 when 40=p  is cho-
sen. Fig.5(b) shows the frequency response error 

|))()((|log20 110
ωω jeFD − . The dashed line is the error 

|))()((|log20 110
ωω jeHD −  for B-spline integrator with 

40=p . Obviously, )(1 zH  has smaller error than Ngo 
integrator in the frequency band ],23.0[ ππ . However, Ngo 
integrator is better than B-spline integrator in the low fre-
quency band ]23.0,0[ π  
Example 3: In this example, we compare B-spline integrator 
with the Tseng integrator in Eq.(3) under the same imple-
mentation complexity. The design parameters are chosen as 
N=4, I=1 and 95.0=λ . Fig.6(a) shows the error curve 1E  
of the integrator )(1 zH . From this result, it is clear that the 
error 1E  reach the minimum value 0.1568 when 16=p  is 
chosen. Fig.6(b) shows the frequency response error 

|))()((|log20 210
ωω jeFD − . The dashed line is the error 

|))()((|log20 110
ωω jeHD −  for B-spline integrator with 

16=p . Obviously, )(1 zH  has smaller error than Tseng 
integrator in the frequency band ],4.0[ ππ . However, Tseng 
integrator is better than B-spline integrator in the low fre-
quency band ]23.0,0[ π  

6. CONCLUSIONS 

In this paper, the design of digital IIR integrator using B-
spline interpolation method and Gauss-Legendre integration 
rule has been presented. The numerical comparisons with 
conventional digital integrators are also made. However, 
only digital integrator design is studied here. Thus, it is in-
teresting to extend the B-spline interpolation method to de-
sign various digital filters in the future. 
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Fig.1 The normalized B-splines )(tpβ  for p=0,1,2,3. 
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Fig.2 The B-spline interpolation. (a) The interpolated func-
tion )( ts . (b) Sinusoidal function )04.0cos( tπ . (c) The 
absolute errors )04.0cos()( tts π− . 

5 10 15 20
0

0.2

0.4

degree p

E
rro

r E
1

(a)

5 10 15 20
0

0.2

0.4

degree p

E
rro

r E
2

(b)

 
Fig.3 The error curve of proposed B-spline design method 
for degree ]20,1[∈p . (a) 1E  of integrator )(1 zH . (b) 

2E  of integrator )(2 zH . 
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Fig.4 The magnitude response of integrator )(1 zH  designed 
by B-spline interpolation method with p=18. The dashed line 
is the ideal magnitude response. 
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Fig.5 (a) Error curve 1E . (b) Error |))()((|log20 110

ωω jeFD − . 
The dashed line is the error |))()((|log20 110
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ABSTRACT 
This paper proposes a new design method for two-dimensional 
diamond-shaped IIR filters. The design starts from a desired 1D 
prototype filter, to which a frequency transformation is applied, 
which leads to the 2D filter with the desired shape. The frequency 
transformation is derived by specifying the filter shape in polar 
coordinates in the frequency plane. The design method combines 
the analytical approach with numerical approximations. Starting 
from a digital prototype filter, we approach two design cases, 
namely diamond-shaped filters with complex transfer functions, 
then zero-phase diamond-shaped filters which are particularly 
useful in image processing due to the absence of phase distortions. 

1. INTRODUCTION 
The field of two-dimensional filters and their design methods has 
been approached by many researchers [1], [2]. A commonly-used 
design technique for 2D filters is to start from a specified 1D proto-
type filter and transform its transfer function using various fre-
quency mappings in order to obtain a 2D filter with a desired fre-
quency response. Some important papers regarding 2D filter design 
through spectral transformations are [3]-[5]. In [5] the problem of 
2D filter stability is studied in detail. 
Diamond-shaped filters are currently used as anti-aliasing filters for 
the conversion between signals sampled on the rectangular sam-
pling grid and the quincunx sampling grid. Various aspects and 
methods of design for diamond filters were approached in [6]-[8].  
In this paper we propose a new analytical design method for dia-
mond-shaped filters. This technique can be generally used for de-
signing a class of filters specified by a periodic function expressed 
in polar coordinates in the frequency plane. This idea was also used 
in [9], where a class of zero-phase diamond-shaped filters were 
designed. Zero-phase filters are particularly useful in various image 
processing applications due to the absence of phase distortions. 
Here the basic ideas of the method are reconsidered and a more 
general case is approached 
The contour plots of their frequency response, resulted as sections 
with planes parallel with the frequency plane, can be defined as 
closed curves which can be described in terms of a variable radius 
which is a periodic function of the current angle formed with one 
of the axes. This periodic radius can be developed as a rational 
periodic function. Then, using a desired 1D prototype filter with 
factorized transfer function, the 2D diamond filters can be obtained 
by a 1D to 2D frequency transformation. The 2D filter function 
results directly in a factorized form, which is an advantage in im-
plementation.  

This paper is focused mainly on presenting the proposed de-
sign method and describes in detail the design steps. Some design 
examples are also provided. We did not approach here any applica-
tions of diamond-shaped filters, which are extensively treated in 
other works. 

 

2. 2D FILTERS DEFINED IN POLAR 
COORDINATES 

2.1 Spectral Transformation for the Design of 2D Fil-
ters in Polar Coordinates from 1D Prototypes 

We will approach here a particular class of 2D filters, namely fil-
ters whose frequency response is symmetric about the origin and 
has at the same time an angular periodicity. For such filters, if we 
consider any level contour resulted from the intersection of the 
frequency response with a horizontal plane, the contour has to be a 
closed curve which can be described in polar coordinates by: 

( )ρ ρ ϕ=  where ϕ  is the angle formed by the radius OP with the 

1ω - axis, as shown in Fig.1(a) for a four-lobe filter. Therefore 
( )ρ ϕ  is a periodic function of the angle ϕ  , for [0,2 ]ϕ π∈ . 

The proposed design method for this class of 2D filters is based on a 
frequency transformation of the form [9]: 

2:F → , 2
1 2( , )F z zω →                          (1) 

Through this transformation we will obtain low-pass type filters, in 
the sense that their frequency characteristic contains the origin of the 
frequency plane, and they are symmetric about the origin, as in fact 
are most 2D filters currently used in image processing.  
The frequency transformation (1) is a mapping from the real fre-
quency axis ω  to the complex plane 1 2( , )z z  and will be defined 
through the intermediate frequency mapping: 

2
1 :F → , 2 2

1 1 2 1 2 1 2( , ) ( , )Fω ω ω ω ω ρ ω ω→ = +     (2) 

Here the function  1 2( , )ρ ω ω  plays the role of a radial compress-
ing function and is initially determined in the angular variable ϕ  as 

( )ρ ϕ . In the frequency plane 1 2( , )ω ω  we have:  
2 2

1 1 2cosϕ ω ω ω= +                               (3) 

where ϕ  is the angle formed by the radius with axis 1Oω . 

Generally the function ( )ρ ϕ  will be determined as a polynomial or 
a ratio of polynomials in variable cosϕ . For instance, the four-lobe 
filter whose contour plot is shown in Fig.1(a) corresponds to: 

 2 4( ) cos 4 8 cos 8 cosa b a b b bρ ϕ ϕ ϕ ϕ= + = + − +        (4) 
which is plotted in Fig.1(b) in the range [0,2 ]ϕ π∈ . 
If the radial function ( )ρ ϕ  can be expressed in the variable cosϕ , 

using (3) we obtain by substitution a function 1 2( , )ρ ω ω . 
In this paper the notion of template is used, common in the field of 
cellular neural networks (CNNs), to denominate the coefficient 
matrices corresponding to the numerator and denominator of a 2D 
filter transfer function 1 2( , )H z z . Odd-sized templates (e.g. 3 3× , 
5 5× ) correspond to even order filters and allow for using both 
negative and positive powers of 1z , 2z .  
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It can be shown that in this general situation the cosine of the cur-
rent angle ϕ  with initial angle 0ϕ  can be expressed as: 

2 2 2 2
2 0 1 0 2 0 1 2

0 2 2
1 2

cos sin 0.5sin 2
cos ( )

ϕ ω ϕ ω ϕ ω ωϕ ϕ
ω ω

⋅ + ⋅ + ⋅
+ =

+
  (5) 

corresponding to the simple expression (3). Replacing 1ω  and 2ω  

by the complex variables 1 1s jω=  and 2 2s jω= , 2
0cos ( )ϕ ϕ+  

can be written in 2D Laplace domain. 
 

2.2 Description of Diamond-Shaped Filters in Polar 
Coordinates in the Frequency Plane 

In this section, we determine analytically the mapping which trans-
forms a circle of given radius, in the frequency plane, into a square, 
having its vertices on the same circle [9]. We refer to the geometri-
cal construction in Fig.2. In the frequency plane ( 21 ,ωω ) spanned 

by the axes 1ωO , 2ωO , we consider the circle of radius R. The 
default value will be R π= . 
Let us take an arbitrary point 1P  situated on the first side of the 

square ( 1 2A A ), and let ϕ  be the angle between the segment 1OP  

and the axis 1ωO ; 0ϕ  is the angle between 1OA and axis 1ωO  

(initial phase), where 1A  is the first vertex of the square. In the 

triangle 1 1POA  we have the angles: 

1 1 4OA P π=≺ ; 1 1 0POA ϕ ϕ= −≺ ; 1 1 03 4OP A π ϕ ϕ= − +≺  

 Applying the sine theorem in the triangle 1 1POA , we find the 

measure of segment 1OP  as a function of R and ϕ : 

1 1
1

1 1 0

sin( ) 2 2
sin( ) cos( 4)

R OA P ROP
OP A ϕ ϕ π

⋅= =
− −

                 (6) 

Thus we found the measure of 1OP  as a function of the current 
angle. However, (6) is valid only for ϕ  in the range: 

[ ]0 02 4, 2( 1) 4n nϕ ϕ π ϕ π∈ + + + . 

For a standard diamond-shaped filter we have 0 0ϕ = , 1R =    and 
in the first quadrant of the frequency plane we obtain: 

( ) 1 2 cos( 4)ρ ϕ ϕ π= −                          (7) 

To express the value nOP  for an arbitrary angle ϕ , when point 

nP  is located on any side of the square, including the vertices, we 

find a periodic function )(ϕρ  of the current angle ϕ . This func-

tion has the period 2πΦ =  and is plotted in Fig.3(a). A very con-
venient way to obtain a closed-form periodic approximation of this 
function is to use a rational approximation. As mentioned earlier, 
the Chebyshev-Padé approximation usually gives best results. 
We look for such a rational approximation for the function: 

1( ) 1 2 cosρ ϕ ϕ=                                  (8) 

over the phase range [ ]4, 4ϕ π π∈ − , in powers of the variable 

cos 4ϕ , which is a periodic function with period 2π . In this 
way, the rational function will actually approximate the function 

1( )ρ ϕ  over the entire range [ ]0,2π . 

 Since the function ( )ρ ϕ  is not differentiable in the points 

, 2,0, 2ϕ π π π= − −  (corresponding to square vertices) as can 

be noticed in Fig.3(a), we will consider the function 1( )ρ ϕ  on the 

range [ ]4, 4ϕ π π∈ − , which is differentiable everywhere within  

this interval. We first obtain: 

( ) ( )2 2
1( ) 1 cos 1+0.087481 1 0.413ρ ϕ ϕ ϕ ϕ= ≅ ⋅ − ⋅     (9) 

At this step we make the change of variable: 
cos(4 ) 0.25 arccosx xϕ ϕ= ⇔ = ⋅                 (10) 

and we get the intermediate function: 
2

2

1.082679+1.189232 +0.202714( )
1+1.202559 +0.271879i

x xx
x x

ρ ⋅ ⋅=
⋅ ⋅

       (11) 

Returning to the initial variable 0.25 arccos xϕ = ⋅ , by substitut-

ing back cos(4 )x ϕ= , we obtain a rational approximation in pow-
ers of cos(4 )ϕ . In this expression we must replace ϕ  by 4ϕ π− , 
to get the final approximation for the function ( )ρ ϕ : 

 
                      (a)                                             (b) 

Figure 1 – (a) Contour plot of a four-lobe filter; (b) Periodic func-
tion ( )ρ ϕ     

 
Figure 2 – Square inscribed in the circle of radius R in the frequency 

plane, with an initial phase 0ϕ  

 
(a) 

 
(b) 

Figure 3 – (a) Periodic function ( )ρ ϕ ; (b) its periodic approxima-
tion 1( )ρ ϕ     
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1.04234 1.046915 cos(4 )+0.089227 cos(8 )( )
1 1.058647 cos(4 )+0.119671 cos(8 )

ϕ ϕρ ϕ
ϕ ϕ

− ⋅ ⋅=
− ⋅ ⋅

    (12) 

This function is plotted in Fig.3(b) and is a very accurate ap-
proximation of the original function in Fig.3(a). Using trigonometric 
identities, this can be expressed as a rational expression 
in 2(cos ) nϕ , with 1 4n = … . 

( +0.347)( +0.0156)( 1.0156)( 1.347)( ) 0.7456
( +0.2342)( +0.0136)( 1.0136)( 1.2342)

x x x xx
x x x x

ρ − −= ⋅
− −

(13) 

where by x we denoted here 2(cos )ϕ . At this point we finally reach 
an expression of the radial function ( )ρ ϕ  of the frequency vari-
ables 1ω  and 2ω , i.e. 1 2( , )ρ ω ω . 
 
2.3 Design method for 2D diamond-shaped filters 

based on frequency transformations and numerical 
approximation 

In this section we will propose a more general design method for a 
diamond shaped filter. It will start from a digital filter prototype, 
with a transfer function ( )H z  of a certain order N. We discuss the 

common case when the numerator and denominator of ( )H z  are 
polynomials in z of the same degree. Let us consider for instance a 
transfer function ( )H z  of even order N factorized into second 
order functions which may be referred to as biquads. Such a biquad 
function will have the general form ( )bH z : 

2
2 1 0

2
1 0

( )
( )

( )
b

b
b

b z b z b B z
H z

A zz a z a
+ +

= =
+ +

                    (14) 

in which all coefficients have been normalized to the coefficient of 
2z  of the denominator, for simplicity. The frequency response of 

( )bH z  can be put into the simple form: 

1 0 2 2 0

1 0 0

( ) cos ( )sin ( )
( )

(1 )cos (1 )sin ( )
b

b
b

b b b j b b B
H

a a j a A
ω ω ωω
ω ω ω

+ + + −
= =

+ + + −
 (15) 

The expression (12), using trigonometric identities, can be written in 
powers of 2(cos )ϕ ; then, according to (3) we have: 

2 2 2 2
1 1 2(cos ) ( )ϕ ω ω ω= +                           (16) 

and by substitution we obtain an expression of the radial function 
( )ρ ϕ  in the two frequency variables 1ω  and 2ω , denoted 

1 2( , )ρ ω ω . Finally we get an expression of the real frequency 
transformation of the general form (2). The next step is to find nu-
merically an approximation of the functions: 

( )2 2
1 2 1 2 1 2( , ) cos ( , )C ω ω ω ω ρ ω ω= +                 (17) 

( )2 2
1 2 1 2 1 2( , ) sin ( , )S ω ω ω ω ρ ω ω= +                  (18) 

We would like to approximate the above functions with a trigono-
metric series of the general form: 

1 2 1 2( , ) cos( )
N N

mn
m N n N

F a m nω ω ω ω
=− =−

≅ +∑ ∑                 (19) 

where N is imposed by the required accuracy of approximation. We 
will derive this approximation indirectly, using the following change 
of variables:  

1 1 1 1

2 2 2 2

arccos cos
arccos cos

x x
x x

ω ω
ω ω

= ⇔ =
= ⇔ =

                      (20) 

Using this change of variables we obtain from 1 2( , )C ω ω  and 

1 2( , )S ω ω  the functions 1 2( , )xC x x  and 1 2( , )xS x x  which have 
rather complicated expression. However, using a symbolic calcula-
tion software like MAPLE, we can derive immediately the bivariate 
Taylor series expansion in 1x  and 2x , of the general form: 

1 2 1 2( , )
N N

k l
x kl

k N l N

F x x b x x
=− =−

≅ ⋅∑∑                        (21) 

Finally by substituting back in (21) the new variables 1 1cosx ω=  

and 2 2cosx ω=  we return to the former variables and applying 
again trigonometric identities we obtain at last the desired expan-
sions of the form (19). 
For instance with 2N =  the expansion for 1 2( , )C ω ω  is: 

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2

1 2 1 2

( , ) 0.419822 0.517714 (cos cos )
0.177207 (cos( ) cos( ))
0.054476 (cos( 2 ) cos( 2 )
cos(2 ) cos(2 )) 0.094109 (cos2 cos2 )
0.008439 (cos(2 2 ) cos(2 2 ))

C ω ω ω ω
ω ω ω ω
ω ω ω ω

ω ω ω ω ω ω
ω ω ω ω

≅ − + ⋅ +
+ ⋅ + + −
− ⋅ + + −
+ + + − + ⋅ +
− ⋅ + + −

  (22) 

and for 1 2( , )S ω ω  is: 

1 2 1 2

1 2 1 2

1 2 1 2

1 2 1 2 1 2

1 2 1 2

( , ) 0.552617 0.393861 (cos cos )
0.233406 (cos( ) cos( ))
0.041057 (cos( 2 ) cos( 2 )
cos(2 ) cos(2 )) 0.1238 (cos2 cos2 )
0.009519 (cos(2 2 ) cos(2 2 ))

S ω ω ω ω
ω ω ω ω
ω ω ω ω

ω ω ω ω ω ω
ω ω ω ω

≅ + ⋅ +
− ⋅ + + −
− ⋅ + + −
+ + + − − ⋅ +
+ ⋅ + + −

(23) 

Next if we express each cosine term as a function of the complex 
variables 1

1
jz e ω=  and 2

2
jz e ω=  like: 

( )1 2 1 2 1 2cos( ) 0.5 m n m nm n z z z zω ω − −+ = +                (24) 

we obtain the functions (17), (18) as 1 2( , )ZC z z  and 1 2( , )ZS z z , 
which are real. Therefore through the real frequency transformation 
(2) we finally reached the mappings: 

1 2cos ( , )ZC z zω →         1 2sin ( , )ZS z zω →            (25) 

Taking into account the expression (15) of ( )bH ω , the 1D biquad 

function ( )bH z  given in (14) is mapped into the following 2D 

function 2 1 2( , )DH z z  in the variables 1z  and 2z : 

2 1 2 1 2 1 2

1 0 2 1 2 2 0 1 2

1 0 1 2 0 1 2

( , ) ( , ) ( , )
( ) ( , ) ( ) ( , )

(1 ) ( , ) (1 ) ( , )

D

Z Z

Z Z

H z z B z z A z z
b b b C z z j b b S z z
a a C z z j a S z z

=
+ + ⋅ + − ⋅

+ + ⋅ + − ⋅
    (26) 

We remark that the obtained 2D filter function has complex coeffi-
cients if it is expressed in the 2D Z transform. 
The real functions 1 2( , )ZC z z  and 1 2( , )ZS z z  can further be writ-
ten in matrix form as: 

1 2 1 2( , ) T
ZC z z = × ×Z C Z ;   1 2 1 2( , ) T

ZS z z = × ×Z S Z      (27) 

where the vectors 1Z  and 2Z  are given by: 
2 1 2 2 1 2

1 1 1 1 1 2 2 2 2 21 ; 1z z z z z z z z− − − −⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦Z Z     (28) 

and C , S  are matrices of size 5 5×  which have as elements the 
coefficients identified from the expressions (22) and (23) of 

1 2( , )C ω ω  and 1 2( , )S ω ω . The matrices C  and S result as: 
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0.0471 0.0272 0.0042 0.0272 0.0471
0.0272 0.0886 0.2588 0.0886 0.0272
0.0042 0.2588 0.4198 0.2588 0.0042
0.0272 0.0886 0.2588 0.0886 0.0272
0.0471 0.0272 0.0042 0.0272 0.0471

− − −⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥= − − −
⎢ ⎥− −⎢ ⎥
⎢ ⎥− − −⎣ ⎦

C     (29) 

0.0047 0.0205 0.0619 0.0205 0.0047
0.0205 0.1167 0.1969 0.1167 0.0205
0.0619 0.1969 0.5526 0.1969 0.0619
0.0205 0.1167 0.1969 0.1167 0.0205
0.0047 0.0205 0.0619 0.0205 0.0047

− − −⎡ ⎤
⎢ ⎥− − − −⎢ ⎥
⎢ ⎥= − −
⎢ ⎥− − − −⎢ ⎥
⎢ ⎥− − −⎣ ⎦

S     (30) 

where the elements were limited to 4 decimals. The matrix S has a 
similar form. The matrices C and S are symmetric horizontally and 
vertically. Since the element values decrease rapidly towards 
margins, the size 5 5× for the templates C and S is sufficient to 
ensure the accuracy of the numerical approximation, and higher 
order terms can be ignored with a negligible error. 
Taking into account relation (26) and (27), we can finally express 
the complex matrices B and A that correspond to the numerator and 
denominator of 2 1 2( , )DH z z , i.e. 1 2( , )B z z  and 1 2( , )A z z : 

1 0 2 2 0( ) ( )b b b j b b= ⋅ + + ⋅ + − ⋅B E C S                  (31) 

1 0 0(1 ) (1 )a a j a= ⋅ + + ⋅ + − ⋅A E C S                      (32) 
By E we denoted the 5 5×  zero matrix with the central element of 
value 1. The mapping of the biquad function ( )bH z  to 

2 1 2( , )DH z z  can be written as: 

( ) ( )2 1 2 1 2 1 2( ) ( , ) T T
b DH z H z z→ = × × × ×Z B Z Z A Z    (33) 

The reason for which the filter templates result complex is that both 
functions 1 2( , )C ω ω  and 1 2( , )S ω ω  have even parity in 1ω  and 

2ω , therefore both can be developed in a series of functions of the 

form 1 2cos( )m nω ω+ . 
2.3.1 Design example 
Let us consider the elliptic low-pass prototype filter function 

4 3 2

4 3 2
0.1539 0.482 0.6734 0.482 0.1539( )

0.155 0.7649 0.0376 0.079
z z z zH z

z z z z
⋅ + ⋅ + ⋅ + ⋅ +=
+ ⋅ + ⋅ − ⋅ +

(34) 

of order 4N = , 0.7pR = dB pass-band ripple, a minimum stop-

band attenuation 40SR = dB, and pass-band edge frequency 

0.5Sω = , having the frequency response magnitude plotted in 
Fig.4. We notice that it is maximally-flat, with a relatively steep 
descent. We will design a diamond shaped filter starting from this 
prototype. ( )H z  can be factorized as follows: 

2 2

2 2
( 1.2884 1) ( 1.8425 1)( ) 0.1539

( 0.2554 0.6732) ( 0.1004 0.1173)
z z z zH z

z z z z
+ + + += ⋅ ⋅

+ + − +
(35) 

For the first biquad from (35), we identify the coefficients of general 

 
Figure 4 – Magnitude of the elliptic low-pass prototype filter 

form (14): 2 1b = , 1 1.2884b = , 0 1b = , 1 0.2554a = , 0 0.6732a = . 

Since we have 0 2b b= , the matrix B from (31) results real (the 
imaginary part is cancelled) and will be: 

1 1.2884 2= ⋅ + ⋅B E C                               (36) 
while matrix A results complex: 

1 0.2554 1.6732 0.3268 j= ⋅ + ⋅ + ⋅A E C S               (37) 
For the second biquad from (35) we get as well: 

2

2

1.8425 2
0.1004 1.1173 0.8827 j

= ⋅ + ⋅
= − ⋅ + ⋅ + ⋅

B E C
A E C S

           (38) 

The final 2D filter templates B and A result as convolutions of the 
templates for the two biquads from: 

1 20.1359= ⋅ ∗B B B ,          1 2= ∗A A A                (39) 
The coefficient in front of ( )H z from (35) was included in B. 
2.4 Design of zero-phase diamond-shaped filters 
In this section we briefly describe a design method for zero-phase 
diamond filters. 
We consider an IIR discrete filter of order N defined by: 

∑∑
==

⋅⋅==
N

j

j
j

M

i

i
i zqzp

zQ
zPzH

11)(
)()(          (40) 

The first step is to obtain a zero-phase prototype filter (with a real-
valued transfer function). Starting from a general IIR discrete filter 
like (40), we derive a filter which preserves only its magnitude 
characteristic, while its phase will be zero throughout the frequency 
domain, namely the range ],[ ππ− . 
We consider the magnitude characteristics, defined by the absolute 
value of )()( ωjeHzH = , taken from (40): 

0 0

( ) exp( ) exp( )
M N

j
n m

n m

H e p jn q jmω ω ω
= =

= ∑ ∑         (41) 

We use again the method from section 2.3, where we make the 
change of variable arccos cosx xω ω= ⇔ =  and using a sym-
bolic computation software we derive immediately a Chebyshev-
Padé rational approximation of the magnitude ( )jH e ω , in which 

the numerator and denominator are polynomials in variable cosω , 
preferably of the same order N, which finally leads to a filter im-
plementation with templates of equal size: 

1 1

( ) cos cos ( ) ( )
N N

j n m
n m

n m

H e b a B Aω ω ω ω ω
= =

≅ =∑ ∑      (42) 

The numerator and denominator can be factorized into first and 
second order polynomials in cosω  . For instance, ( )A ω becomes: 

2
1 2

1 1

( ) (cos ) (cos cos )
n m

i j j
i j

A k a a aω ω ω ω
= =

= ⋅ + ⋅ + +∏ ∏    (43) 

with Nmn =+ 2 , the filter order.  
To obtain a 2D diamond-shaped filter from the factorized function, 
we simply substitute in (43) ωcos  with the function 1 2( , )ZC z z , 
corresponding to matrix C in (29). For the general factors 
(cos )iaω +  and 2

1 2(cos cos )j ja aω ω+ + , the templates 1iA  

( 33× ) and 2 jA  ( 55× ) result as: 

1 01i ia= + ⋅A C A                                    (45) 

2 1 0 2 02j j ja a= ∗ + ⋅ + ⋅A C C C A                     (46) 

where 01A  is a 33×  zero template and 02A  a 55×  zero template 

with central element one; 0C  is a 55×  template obtained by bor-
dering C ( 33× ) with zeros. 
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2.4.1 Design example 
Let us consider the same digital prototype filter as in section 2.3.1, 
given by (34). Using the procedure described above, we get: 

2

2 2

( )

(cos 0.9154)(cos 0.6684)(cos 0.1899cos 0.5499)
(cos 0.3574cos 0.1503)(cos 0.2271cos 1.2679)

jH e ω

ω ω ω ω
ω ω ω ω

≅

+ + + +
+ + − +

(44) 

This approximates very accurately the exact filter magnitude plotted 
in Fig.4. Once expressed ( )jH e ω  as a factorized function of cosω , 

we will now apply the real frequency transformation already derived 
in section 2.3, namely 1 2cos ( , )ZC z zω → . Following the steps 
described earlier, we finally obtain the filter templates B and A.  
The frequency response and contour plot for the designed zero-
phase diamond-shaped filter are shown in Fig.5(a) and (b). In 
Fig.5(c) and (d) a narrower diamond filter is shown, also designed 
with the second method. Both filters show an accurate square shape 
and a relatively steep transition band and the stop-band regions pre-
sent a negligible ripple. 
 
2.5 Discussion 
The proposed design method results as a combination of an analyti-
cal approach involving frequency transformations and a numerical 
approximation step, therefore it is very efficient. An advantage of 
this method is that it avoids using the bilinear transform, which is 
known to introduce relatively large distortions unless a pre-warping 
is included. Pre-warping would increase the order of the obtained 
2D filter. The filters have low complexity and are quite efficient. 
Although the analytical procedure described before may seem com-
plicated, it leads to accurate approximations of the functions 

1 2( , )C ω ω  and 1 2( , )S ω ω  which correspond to the matrices C and 
S. Once calculated these matrices, the design consists in substituting 
them in the expressions (31), (32) for a particular set of parameters, 
corresponding to a given prototype filter. 
Thus the method is versatile in the sense that it can be applied to any 
desired prototype. However, the range of useful prototypes for this 
application is limited, since we generally need a maximally-flat 
filter with a relatively narrow transition band. For instance we have 
used an efficient elliptic filter with very small pass-band ripple. 
Moreover, for the 2D diamond filter we can choose a narrower low-
pass prototype, or we can obtain diamond filters rotated in the fre-
quency plane with an arbitrary angle 0ϕ , as suggested in Fig.2. 

  
                            (a)                                                     (b) 

 
 

(c) (d) 
Figure 5 – Frequency response and contour plot for two zero-phase 

diamond filters 

Since the prototype filter can be factorized, the templates of the 2D 
filter will result as convolutions of 5x5 matrices, which is an advan-
tage in implementation. The drawback of the first design method is 
that the filter results with complex coefficients, at least at the de-
nominator, as can be seen in the presented design example. 
Stability of the resulted 2D filter is an important issue as well. We 
cannot make here a detailed analysis of stability, but it can be shown 
that the proposed frequency transformations preserve the stability of 
the 1D prototype filter. Therefore, the only issue is to ensure the 
stability of the prototype filter. The derived 2D filter could become 
unstable only if the numerical approximations used introduce large 
errors. In this case we would have to increase the precision of 
approximation by taking more higher order terms, which would 
increase the filter complexity. 

3. CONCLUSION 
We proposed a design method for recursive diamond-shaped 

filters, based on the specification of their shape in polar coordinates 
in the frequency plane. The method however is more general and 
applies to any 2D filter which can be described in this way. The 
design starts from a prototype filter function, from which we can 
derive 2D diamond-shaped filters using specific frequency trans-
formations. The method combines an analytical approach with a 
numerical approximation. We approached both the general case and 
the zero-phase filters. Another advantage of the method is that it is 
more general and allows for the design of diamond filters with a 
specified rotation angle. The designed 2D filters are efficient and 
have high selectivity at a relatively low complexity. Further research 
may focus on an efficient implementation of this type of filters. 
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ABSTRACT
Filterbank-based multicarrier modulations as OFDM with off-
set QAM (OFDM/OQAM) can provide a time-frequency well-
localized pulse shape. We can exploit this property to reduce the
intersymbol interference (ISI) and interchannel interference (ICI)
when the transmission is over time and frequency dispersive chan-
nels. Several criteria can satisfy this goal. In this paper, we intro-
duce a new criterion to optimize the OFDM/OQAM pulse shape.
The proposed criterion is flexible and leads to a fast design opti-
mization procedure. In addition the pulse shape obtained is per-
fectly orthogonal.

1. INTRODUCTION

Contrary to OFDM, the OFDM/OQAM modulation does not re-
quire a cyclic prefix and offers the possibility to use a pulse shape
more appropriate than the rectangular window. Indeed, in [1], it is
pointed out that in presence of a doubly dispersive channel, the op-
timal pulse shape for multicarrier modulation schemes is obtained
when the transmitted signal is localized in time and frequency with
a time-frequency scale identical to the channel one.

Thus, for different channel characterizations the optimal pulse
shape is different and a trade-off between time localization (TL) and
frequency localization (FL) for the pulse shape should be taken into
account to reduce the intersymbol and interchannel interferences
(ISI) and (ICI). Hence the significance of the time-frequency local-
ization (TFL) of the pulse shape. The aim of the Isotropic Orthog-
onal Transform Algorithm (IOTA) introduced in [1] was to provide
a nearly optimal OFDM/OQAM prototype function, with regard to
TFL, that gave an equal weight to TL and FL. Based on the Gaus-
sian function and IOTA, another set of prototype functions, named
extended Gaussian function (EGFs), is presented in [2] that permits
a balance between time and frequency localization. The effect of
this weighting , that depends upon the spreading factor of the Gaus-
sian function, is analyzed in [3] in the case of either a a frequency
or a time dispersive channel.

However, in practice, the OFDM/OQAM system has to be dig-
itally implemented. Otherwise said the prototype filter has to be
truncated and digitized. Then the orthogonality and TFL features
may be altered as illustrated in [2] and [4] for cosine modulated fil-
ter banks (CMFBs) and OFDM/OQAM transmultiplexers (TMUX),
respectively. Indeed, the results presented in [4] clearly show that
for the TFL criterion, especially for short length prototypes, it is
better to directly optimize the prototype filter in discrete time. In
[5], the authors compare three different citeria, one being the maxi-
mization of the TFL, for their own transmultiplexer system.

However, in [4] and [5], the optimization of TFL being related
to the minimization of the product of the second order moments
in time and frequency, contrary to the approach based on the
EGF, there is no possible trade-off between TL and FL. In this
paper, we introduce a new design criterion where a weighted
sum of the second order moments in time and frequency has to
be minimized. Therefore, the resulting prototype filters are not
restricted to a particular class of functions. The proposed design
method takes advantage of the fast design algorithm introduced in

[6]. The resulting prototype filters are perfectly orthogonal thus
leading to a perfect reconstruction (PR) OFDM/OQAM TMUX,
or, equivalently to a PR CMFB. A transformation is introduced,
relating the spreading parameter of the Gaussian function with the
weight used in this new criterion, thus allowing a fair comparison
with the EGFs. We also analyze the performances of the resulting
OFDM/OQAM systems in the case of transmission over frequency
or time dispersive channels.

The paper is organized as follows. Section 2 presents the
OFDM/OQAM system. The TFL measures and their optimization
are discussed in Section 3. In Section 4, we present the proposed
criterion. The design method based on this criterion is presented in
Section 5. Finally, we end by simulation results in Section 6.

2. OFDM/OQAM SYSTEM

The baseband OFDM/OQAM signal in continuous time domain can
be written as follows:

s(t) =
M−1

∑
m=0

+∞

∑
n=−∞

am,n fm,n(t), (1)

where am,n are the real data symbols, M is the number of carriers
(even in general) and fm,n(t) is defined by:

fm,n(t) = f (t −nτ0)e j2πmF0te jφm,n , (2)

with φm,n =φ0+
π
2 (m+n) mod π where φ0 can be arbitrary chosen.

F0 and τ0 are the subcarrier spacing and time offset between two
real symbols, respectively, such that F0 = 1

T0
= 1

2τ0
, where T0 is

the symbol duration. f (t) is the prototype function, generally it
is symmetrical and real valued. The discrete-time version of (1) is
obtained by choosing the sampling frequency Fs such that Fs =MF0
or Ts =

T0
M , i.e., corresponding to critical sampling. Taking into

account the causality of the discrete prototype filter f [k] we obtain:

s[k] =
M−1

∑
m=0

+∞

∑
n=−∞

am,n f [k−nN]e j 2π
M m(k− D

2 )e jφm,n , (3)

with N = M
2 and D = L− 1 = Length( f )− 1. s[k] can be viewed

as the output of a M-channel synthesis filter bank [4]. The recon-
structed symbols âm,n can be obtained at the receiver using the real-
valued inner product. This results in the OFDM/OQAM TMUX
represented in Fig. 1. The filter in each subchannel is a frequency
shifted version of the prototype filter:

fm[k] = f [k]e j 2π
M m(k− D−N

2 ), (4)

hm[k] = h[k]e j 2π
M m(k− D+N

2 ), h[k] = f ∗[L−1− k]. (5)

The delay β introduced between the transmitter and the receiver and
the reconstruction delay, α , are related to the filter prototype length:
L−1 = αN −β with 0 ≤ β ≤ N −1 [4].
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Figure 1: OFDM/OQAM transmultiplexer

3. TIME-FREQUENCY LOCALIZATION

For a continuous-time function, or a discrete-time sequence, there
are different time-frequency localization (TFL) measures to quan-
tify their dispersion in time and frequency. Whatever the measure
being used, concentrating the energy around the function, or se-
quence, center increases the TFL.

3.1 TFL measures
The localization in the time-frequency plane of a real-valued proto-
type function p(t) may be defined as in [1] by:

ξc(p) =
1

4π
√

µ(2)
t µ(2)

f

, (6)

where µ(2)
t and µ(2)

f are the second order moments in time and
frequency, respectively. The TFL measure ξc in (6), is such that
0 ≤ ξc ≤ 1. The maximum localization (ξc = 1) is obtained for the
Gaussian function, but this function is not orthogonal, so we do not
use it for transmission. In discrete-time domain, we can find several
definitions of the TFL measure [7], [8] and [9]. We adopt the one
introduced by [8].Thus, for a real sequence p[k], we note ξmod(p)
its modified TFL. ξmod(p) also is defined by a scaling of the second
order moments in time and frequency, i.e. by:

ξmod(p) =
1√

4m2M2
, (7)

where m2 and M2 are the second order moments in time and fre-
quency, respectively [8]:

M2 =
1

∥p∥2

+∞

∑
k=−∞

(p[k]− p[k−1])2 (8)

m2 =
1

4∥p∥2

+∞

∑
k=−∞

(
k− 1

2
−T (p)

)2
(p[k]+ p[k−1])2 (9)

with

T (p) =

+∞
∑

k=−∞
(k−1/2)(p[k]+ p[k−1])2

+∞
∑

k=−∞
(p[k]+ p[k−1])2

(10)

For these moments defined as in [8], we always have 0 ≤
ξmod(p)≤ 1 . In this case, ξmod(p) = 1 if and only if p̂(ν) the Four-
rier transform of p[k] is given by: p̂(ν) = C|cosπν |K with C ∈ C
and K >− 1

2 . In general, this function is not orthogonal.
In order to get for the discrete-time case localization measures be-
ing comparable to the ones obtained for the continuous case, we
normalize the second order moments as follows:

m
(N)
2 =

2
M2 m2, M

(N)
2 =

M2

2
M2, (11)

This normalization, that takes into account the discretization in
time, is similar to the one used in [2] for CMFBs. In the rest of
this paper, for the sake of concision, we use the terms ξ , m2 and
M2 instead of ξmod , m(N)

2 and M
(N)
2 , respectively. Note that, based

on [4], for the parameter values of the system tested in this paper, it
can be seen that continuous-time and discrete time measures lead to
numerical results very closed from each other.

3.2 TFL optimization
As shown in [1], a double orthogonalization of the Gaussian func-
tion, gα (t) = (2α)1/4e−παt2

, leads for ν0 = τ0 = 1√
2

and α = 1
to the IOTA prototype function. With a measure ξc = 0.977, IOTA
is nearly optimal in time and frequency with equality between its
time and frequency second order moments. Starting from IOTA, a
simple way to weight TL and FL is to use the EGFs given by [2]:

zα (t) = 1
2

∞

∑
k=0

dk,α

[
gα

(
t +

k
ν0

)
+gα

(
t − k

ν0

)]
.

∞

∑
l=0

dl,1/α cos
(

2πl
t

τ0

)
, (12)

where dk,α and dl,1/α are real-valued coefficients. The orthog-
onality of this function is guaranteed for αm ≤ α ≤ 1/αm with
αm ∼= 0.264. The balance between TL and FL is weighted by the
α parameter. Increasing α means increasing TL and vice-versa for
FL.

A simple discretization at the critical sampling rate leads to a
discrete prototype filter of the EGF type. For an OFDM/OQAM
TMUX with M carriers, this prototype filter is given by:

p[n] =
1

Mν0
zα

(
n

Mν0

)
. (13)

Truncating it to a finite length, with α in the range [αm,1/αm]
and for sufficiently large L/M ratios, the EGF-based prototype filter
nearly retains two properties of the continuous-time EGF, i.e. is
nearly orthogonal and ξ (α)≈ ξ ( 1

α ).
In order, with a finite length prototype filter, to get a perfect

orthogonality and a nearly optimal TFL, i.e. maximizing (7), one
can use the method proposed in [6]. However, in [6], differently
from what we can get with the EGFs, no tradeoff is offered between
TL and FL.

4. PROPOSED CRITERION

Instead of minimizing the product of the two second order moments
(i.e. maximizing ξ ), the idea now is to weight the two (normalized)
second order moments of the prototype filter p[k],k = 0, . . . ,L−1
by a parameter λ . Then the objective function to minimize can be
written as

fλ (p) = λm2 +(1−λ )M2, (14)
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Figure 2: Characteristics of optimized prototype for: (a) λ = 0.2
and (b) λ = 0.8, for L = 2M = 256.

fλ depends on L coefficients (p[i]){i=0,...,L−1} and the expression of
m2 and M2 used for this optimization are the ones given by (9) and
(8), respectively. In the rest of this paper, we designate by weighted
time-frequency localization filter (WTFL) the filter obtained by the
optimization of (14) for given λ . The value of the λ parameter is
chosen according to the dispersion features in time and frequency
of the channel. If the channel is more selective in frequency than
in time, we choose 0 ≤ λ ≤ 0.5 in (14) in order to favor the fre-
quency localization. But if the channel is more selective in time
than in frequency we choose 0.5 ≤ λ ≤ 1 in order to favor the time
localization. We consider the case where the filter length is L = kM,
where k is a positive integer. Using the design method presented
in Section 5, we get, for k = 2 and λ = 0.2 or 0.8, the optimized
prototype filters having the time and frequency features depicted in
Fig. 2. It is clear from these figures that the filter prototype which
corresponds to λ = 0.2 is more localized in frequency domain than
the one which corresponds to λ = 0.8 and vice versa in time do-
main. Thus, α and λ parameters have a similar role, i.e. they offer
a trade-off between TL and FL. Using the Gaussian function, i.e.
the mother function for the EGFs, we propose to examine how α
and λ parameters are related together. To achieve this goal, let us
compute the λ value that minimizes

fλ (gα ) =
λ

4πα
+(1−λ )

α
4π

. (15)

Then, we can easily derive a transformation between the α and λ
scales:

f ′λ (gα ) = 0 ⇒ λ =
α2

1+α2 (16)

To ensure the validity of this transformation, let us look how
the TL and FL properties of the EGF can be interpreted with the α
and λ parameters.
If the prototype length is sufficient, the EGFs are nearly orthog-
onal and their TFL measure is such that ξ (α) = ξ ( 1

α ) [2] with
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m2(α) = M2(
1
α ). Note that in (16), the substitution of α by 1/α

leads to λ (α) = 1−λ ( 1
α ), which is similar to a permutation of the

two weighting factors in (14). Fig. 3 shows the variations with λ
of the second order moments for the EGF prototype filter and for
the one optimized with (14). In this analysis, the values of λ are
restricted to the interval [0.1,0.9], otherwise said to a range of α
values where the EGFs can be considered for L = 4M, as nearly or-
thogonal. We can see from this figure that for λ = 0.5 the localiza-
tion is the same in time and frequency and for 0 ≤ λ ≤ 0.5 the fre-
quency localization is better than the time one and reciprocally for
0.5 ≤ λ ≤ 1. The value of the optimized objective function fλ for
each λ is represented in Fig. 4, the corresponding value for the EGF
is also represented. We can see that fλ (p) has a global extremum
for λ = 0.5 and it is almost symmetric about the axis λ = 0.5. This
figure also shows that for each λ we have fλ (p∗)< fλ (EGF) where
p∗ is the optimized filter. Fig. 5 shows the TFL measure ξ of the
optimized filter and EGF. Here, we can see that ξλ (p∗)> ξλ (EGF).

5. DESIGN METHOD

To structurally obtain an orthogonal prototype filter that ensures the
PR of the transmitted symbols, it is recommended to write the pro-
totype filter as a group of two-channel lattice where each lattice
corresponds to two polyphase components.

5.1 Angular parametrization method
Let us recall that each FIR prototype filter P(z) of length kM can
be represented by its M polyphase components of type 1 as follows
P(z) = ∑M−1

l=0 z−lGl(zM), where Gl(z) = ∑n p(l + nM)z−n. Then,
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Figure 7: Relative MSE degradation for OFDM/OQAM with 128
carriers and SNR = 21.76 dB.

the orthogonality conditions for OFDM/OQAM can be written as
follows, for 0 ≤ l ≤ N −1 [4]:

Gl(z)G̃l(z)+Gl+N(z)G̃l+N(z) =
1
M

, (17)

where G̃l(z) = G∗
l (z

−1). Note that we are interested to the case of
even N and linear-phase real-valued prototype filter. Therefore, the
following relations are verified [10]:

G̃l(z) = zk−1G2N−1−l(z) (18)

G̃l+N(z) = zk−1GN−1−l(z)

thus we have only N unrelated polyphase components. The com-
plementary power relation in (17) implies that each pair of the N
unrelated polyphase components {Gl(z),Gl+N(z)} can be obtained
by a cascade matrix of delays and rotations, for 0 ≤ l ≤ N/2− 1
[11]:

[Gl(z) Gl+N(z)] =
1
M

[cosθ l
0 sinθ l

0]
k−1

∏
j=0

Λ(z)Θ(θ l
i ), (19)

where Λ(z) and Θ(θ l
i ) are the delay and rotation matrix, respec-

tively, and defined by :

Λ(z) =
[

1 0
0 z−1

]
,Θ(θ l

i ) =

[
cosθ l

i sinθ l
i

sinθ l
i −cosθ l

i

]
(20)

Using the lattice representation and the phase linearity of the pro-
totype filter, we can reduce the number of parameters to optimize
from kN coefficients to kN/2.

5.2 Compact representation method

In [6] the authors propose to express the angular parameters θ l
i as

a function of l for each i ∈ {0,1, . . . ,k− 1}. Indeed, based on ob-
servation it was shown, for the TFL criterion, that optimal solutions
were characterized by a regular behavior of the l 7−→ θ l

i functions
which allows us to interpolate theses functions as follows:

θ l
i =

d

∑
n=0

xn
i Tn(4ϕM(l)−1) (21)

where ϕM(l) = l+1
M+1 and Tn is the set of Chebyshev polynomials

of degree ≤ d. If, instead, the used interpolation basis is the Tay-
lor one, Tn is substituted by ϕM(l)n in (21). A good interpolation
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Figure 8: ICI+ISI comparison in PLC channel, with L=4M and M =
128.

function can be obtained for small values of d thanks to the regu-
larity property of θ l

i . The straightforward advantage is that instead
of optimizing kN/2 parameters, it is sufficient to optimize kd pa-
rameters with d << N/2. To see if this method can be applied for
the proposed criterion, we must verify that minimizing (14) with
respect to the angular parameters θ l

i also leads to smooth functions
l 7−→ θ l

i for all i ∈ {0,1, . . . ,k− 1}. Fig. 6 illustrates that indeed
the functions θ l

i are smooth which validates the compact represen-
tation method for the fλ criterion. That means similar results can
be obtained by choosing a small value of d, e.g. d = 5. Then, the
number of coefficients to optimize is 5k instead of 32k.

6. SIMULATION RESULTS

To compare the EGF and the optimized prototype filter, we place
ourselves, at first, in the case where there is only a constant
frequency offset, denoted ∆ f , at the receiver side plus an additive
white Gaussian noise. For such a frequency dispersive channel,
time localization is the most critical parameter, therefore we choose
to compare short length prototype filters (k = 1). Fig. 7 shows
the mean square error (MSE) with respect to the case when no
frequency offset is present, i.e. the relative MSE is null when
∆ f = 0 even in the presence of an AWGN. The comparison is made
between the optimized filter for λ = 0.8, and L = M versus the
EGF with same length and α = 2 according to (16).

Another simulation has been run to compare the total interfer-
ence level (ICI+ISI) in the presence of a multipath channel. The
selected channel is the 4−tap channel used in [12] for power line
communications. The bandwidth used in this simulation is 15 MHz
and the signal to noise ratio (SNR) is 15 dB. The interference is
computed as in [13] assuming a zero forcing one tap equalization.
The channel is frequency selective, thus better result is obtained
if the filter prototype is frequency selective. So, the parameter λ
is chosen to be less than 0.5, we have chosen here λ = 0.2 and
L = 4M. The corresponding value of α is 0.5. Fig. 8 shows that
the optimized filter gives us a total interference power less than the
EGF one.

7. CONCLUSION

A new TFL criterion based on a weighting of the second order mo-
ments in time and frequency has been proposed. This leads to a new
family of orthogonal pulse shapes for OFDM/OQAM. A transfor-
mation has also been introduced in order to compare this new class
of prototype filters to the one based on EGFs. The results show that
some improvements can be obtained either for frequency or for time
dispersive channels.
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ABSTRACT
The problems of minimal state-space realization for a
three-dimensional (3-D) separable-denominator digital
filter and analysis of l2-sensitivity for the realized 3-D
state-space model are investigated. First, a 3-D trans-
fer function with separable denominator is expressed
as a cascade connection of three one-dimensional (1-
D) transfer functions by applying a minimal decompo-
sition technique. Next, each 1-D transfer function is re-
alized by a state-space model of minimal order. The l2-
sensitivity of a 3-D separable-denominator transfer func-
tion with respect to the state-space paramters is then
analyzed based on a pure l2 norm. Finally, a numer-
ical example is presented to evaluate the l2-sensitivity
of a 3-D state-space model realized from a given 3-D
separable-denominator digital filter.

1. INTRODUCTION

In the case when implementing a state-space model for
a given recursive digital filter with a finite binary repre-
sentation, the truncation or rounding of the coefficients
is required to meet the finite word length (FWL) con-
straints. This procedure may cause unacceptable degra-
dation of the characteristics of a recursive digital filter,
and may change a stable recursive digital filter to an
unstable one. Such undesirable FWL effects can be re-
duced considerably by choosing the state-space model
structure appropriately. Several techniques have been
proposed to synthesize the 1-D state-space model struc-
tures that minimize the coefficient sensitivity [1]-[9].
The problem of minimizing the coefficient sensitivity for
two-dimensional (2-D) state-space digital filters has also
been explored extensively [10]-[15]. Among them, some
evaluate the sensitivity by using a mixture of l1/l2 norms
[10]-[13], while others rely on the use of a pure l2 norm
[14],[15]. In [15], the weighted-sensitivity minimization
of 2-D state-space digital filters has been considered in
both cases of a mixture of l1/l2 norms and a pure l2
norm. It should be noted that the l2-sensitivity mini-
mization is more natural and reasonable than the con-
ventional l1/l2 mixed sensitivity minimization, but it is
more challenging. More recently, techniques have been
presented for synthesizing 3-D separable-denominator
state-space digital filters with low l2-sensitivity [16],[17].

This paper considers the problem of realizing a min-
imal state-space model from 3-D separable-denominator
digital filters, and analyzes the overall l2-sensitivity of a

minimal state-space model realized. A given 3-D trans-
fer function with separable denominator is decomposed
into three one-dimensional (1-D) transfer functions with
a cascade connection. Each 1-D transfer function is then
realized by a state-space model. It is noted that, unlike
the analysis in [16], here we take into account 0 and 1 ele-
ments contained in the realized 3-D state-space model to
evaluate the l2-sensitivity more precisely. Moreover, un-
like [17] where the sensitivity analysis is carried out only
for the middle section of an MIMO 1-D system, this pa-
per presents an l2-sensitivity analysis for the entire 3-D
system. As a result, for the first time an appropriate l2-
sensitivity measure for 3-D separable-denominator dig-
ital filters is defined, quantified, and numerically evalu-
ated.

2. MINIMAL REALIZATION

Consider a stable 3-D separable in denominator digital
filter described by

H(z1, z2, z3) =
N(z1, z2, z3)

D1(z1)D2(z2)D3(z3)
(1)

where

N(z1, z2, z3) =
N1∑

i=0

N2∑

j=0

N3∑

k=0

aijkz−i
1 z−j

2 z−k
3

Dl(zl) = 1 + bl1z
−1
l + · · · + blNl

z−Nl

l , l = 1, 2, 3

Suppose that there are no common factors between the
numerator and denominator in (1). Since the 3-D digital
filter in (1) is separable in denominator, the transfer
function can be written as

H(z1, z2, z3) =
ZT

1

D1(z1)
H2(z2)

Z3

D3(z3)
(2)

where

Z1 = [1, z−1
1 , · · · , z−N1

1 ]T , Z3 = [1, z−1
3 , · · · , z−N3

3 ]T

H2(z2) =
Δ0 + Δ1z

−1
2 + · · · + ΔN2z

−N2
2

D2(z2)

Δm =

⎡

⎢⎢⎣

a0m0 a0m1 · · · a0mN3

a1m0 a1m1 · · · a1mN3

...
...

. . .
...

aN1m0 aN1m1 · · · aN1mN3

⎤

⎥⎥⎦

m = 0, 1, · · · , N2
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The block diagram of a 3-D separable in denominator
digital filter with order (N1, p, N3) is shown in Fig. 1.

H2(z2)

z3
-1 z3

-1 z3
-1

b31 b32 b3N3

u(i,j,k)

z1
-1

z1
-1 -b1N1

-b11

y(i,j,k)

...

...
Fig. 1. Block diagram of a 3-D separable-denominator

digital filter with order (N1, p, N3).

The 1-D transfer function H2(z2) with (N3 + 1) inputs
and (N1+1) outputs can be realized by a minimal state-
space model (A2, B2, C2,Δ0)p as

x(k + 1) = A2x(k) + B2u(k)

y(k) = C2x(k) + Δ0u(k)
(3)

where x(k) is a p × 1 state-variable vector, u(k) is an
(N3 +1)×1 input vector, y(k) is an (N1 +1)×1 output
vector, and A2, B2, C2 and Δ0 are real constant matri-
ces of appropriate dimensions. The transfer function of
a 1-D system in (3) is given by

H2(z2) = C2(z2Ip − A2)−1B2 + Δ0 (4)

The 1-D trasfer functions ZT
1 /D1(z1) with (N1 + 1) in-

puts and a scalar output and Z3/D3(z3) with a scalar
input and (N3 +1) outputs can be expressed in terms of
the coefficient matrices of minimal state-space models
(A1, B1, c1, d1)N1 and (A3, b3, C3, d3)N3 as follows.

ZT
1

D1(z1)
= c1(z1IN1 − A1)−1B1 + d1

Z3

D3(z3)
= C3(z3IN3 − A3)−1b3 + d3

(5)

where

A1 =

⎡

⎢⎢⎣
0

...
· · · · · · · · · · a1

IN1−1

...

⎤

⎥⎥⎦ , B1 =

⎡

⎣
0 · · · 1

b1

... . .
. ...

1 · · · 0

⎤

⎦

c1 = [ 0 · · · 0 1 ] , d1 = [ 1 0 · · · 0 ]

a1 = b1 = [−b1N1, · · · ,−b12,−b11]
T

A3 =

⎡

⎣ 0
... IN3−1

· · · · · · · · · · · · · · ·
a3

⎤

⎦ , C3 =

⎡

⎢⎢⎢⎢⎣

c3

· · · · · · · · · · · ·
0 · · · 0 1
... . . . ...
1 0 · · · 0

⎤

⎥⎥⎥⎥⎦

b3 = [ 0 · · · 0 1 ]T , d3 = [ 1 0 · · · 0 ]T

a3 = c3 = [−b3N3, · · · ,−b32,−b31]

3. L2-SENSITIVITY ANALYSIS

The l2-sensitivities of the 3-D digital filter in (2) with
respect to coefficient matrices A2, B2, C2, Δ0, a1, b1,
a3 and c3 are defined as follows.

Definition 1 : Let X be an m×n real matrix and let
f(X) be a scalar complex function of X, differentiable
with respect to all the entries of X. The sensitivity
function of f(X) with respect to X is then defined as

∂f(X)
∂X

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂f(X)
∂x11

∂f(X)
∂x12

· · · ∂f(X)
∂x1n

∂f(X)
∂x21

∂f(X)
∂x22

· · · ∂f(X)
∂x2n

...
...

. . .
...

∂f(X)
∂xm1

∂f(X)
∂xm2

· · · ∂f(X)
∂xmn

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(6)

where xij denotes the (i, j)th entry of matrix X.
Following Definition 1, the sensitivities of

H(z1, z2, z3) with respect to matrices A2, B2, C2, Δ0,
a1, b1, aT

3 and cT
3 are evaluated as

∂H(z1, z2, z3)
∂A2

= [f(z2, z3)g(z1, z2)]T

∂H(z1, z2, z3)
∂B2

=
[

Z3

D3(z3)
g(z1, z2)

]T

∂H(z1, z2, z3)
∂C2

=

[
f (z2, z3)

ZT
1

D1(z1)

]T

∂H(z1, z2, z3)
∂Δ0

=
Z1Z

T
3

D1(z1)D3(z3)

∂H(z1, z2, z3)
∂a1

= [ [ 0, · · · , 0, 1 ] f1(z1, z2, z3)g1(z1) ]T

∂H(z1, z2, z3)
∂b1

=
[

[ 1, 0, · · · , 0 ] H2(z2)
Z3

D3(z3)
g1(z1)

]T

∂H(z1, z2, z3)
∂aT

3

= f3(z3)g3(z1, z2, z3) [ 0, · · · , 0, 1 ]T

∂H(z1, z2, z3)
∂cT

3

=

[
f3(z3)

ZT
1

D1(z1)
H2(z2) [ 1, 0, · · · , 0 ]T

]T

(7)
where

f (z2, z3) = (z2Ip − A2)−1B2
Z3

D3(z3)

g(z1, z2) =
ZT

1

D1(z1)
C2(z2Ip − A2)−1

f1(z1, z2, z3) = (z1IN1 − A1)−1B1H2(z2)
Z3

D3(z3)

g1(z1) = c1(z1IN1 − A1)−1

f3(z3) = (z3IN3 − A3)−1b3

g3(z1, z2, z3) =
ZT

1

D1(z1)
H2(z2)C3(z3IN3 − A3)−1
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Definition 2 : Let X(z1, z2, z3) be an m × n com-
plex matrix-valued function of complex variables z1,
z2 and z3. Let xpq(z1, z2, z3) be the (p, q)th entry of
X(z1, z2, z3). The l2-norm of X(z1, z2, z3) is then de-
fined as

‖X(z1, z2, z3)‖2 =

(
tr

[
1

(2πj)3

∮

|z1|=1

∮

|z2|=1

∮

|z3|=1

·X(z1, z2, z3)X∗(z1, z2, z3)
dz1

z1

dz2

z2

dz3

z3

]) 1
2

(8)
From (2), (4), (5) and Definitions 1 and 2, the overall

l2-sensitivity measure for the 3-D digital filter in (2) is
defined as

S =
∥∥∥∥

∂H(z1, z2, z3)
∂A2

∥∥∥∥
2

2

+
∥∥∥∥

∂H(z1, z2, z3)
∂B2

∥∥∥∥
2

2

+
∥∥∥∥
∂H(z1, z2, z3)

∂C2

∥∥∥∥
2

2

+
∥∥∥∥

∂H(z1, z2, z3)
∂Δ0

∥∥∥∥
2

2

+
∥∥∥∥
∂H(z1, z2, z3)

∂a1

∥∥∥∥
2

2

+
∥∥∥∥

∂H(z1, z2, z3)
∂b1

∥∥∥∥
2

2

+
∥∥∥∥
∂H(z1, z2, z3)

∂aT
3

∥∥∥∥
2

2

+
∥∥∥∥

∂H(z1, z2, z3)
∂cT

3

∥∥∥∥
2

2

(9)

The l2-sensitivity measure in (9) can be expressed as

S = tr[MA(Ip)] + tr[W B] + tr[KC ] + tr[NΔ0 ]

+tr[M1] + tr[W 1] + tr[M3] + tr[K3]
(10)

where Gramians MA(P ), W B, KC , NΔ0 , M 1, W 1,
M3 and K3 can be computed using

MA(P ) =
∞∑

i=0

∞∑

j=0

∞∑

k=0

[0 Ip]
[

AT
2 0

CT
2 RT

ijB
T
2 AT

2

]k

·
[
P−1 0
0 0

] [
A2 B2RijC2

0 A2

]k [
0
Ip

]

W B =
∞∑

i=0

∞∑

j=0

∞∑

k=0

(AT
2 )kCT

2 RT
ijRijC2A

k
2

KC =
∞∑

i=0

∞∑

j=0

∞∑

k=0

Ak
2B2RijR

T
ijB

T
2 (AT

2 )k

NΔ0 =
∞∑

i=0

∞∑

j=0

RT
ijRij

M 1 =
∞∑

i=0

∞∑

j=0

∞∑

k=0

[0 IN1 ]
[

AT
1 0

cT
1 rT

ijB
T
1 AT

1

]k

·
[
eN1e

T
N1

0
0 0

] [
A1 B1rijc1

0 A1

]k [
0

IN1

]

W 1 =
∞∑

i=0

∞∑

j=0

∞∑

k=0

(AT
1 )kcT

1 rT
ij

⎡

⎢⎢⎣

1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥⎥⎦ rijc1A
k
1

M3 =
∞∑

i=0

∞∑

j=0

∞∑

k=0

[IN3 0]
[
A3 b3r̂ijC3

0 A3

]k

·

⎡

⎢⎢⎣

0 · · · 0 0
...

. . .
...

...
0 · · · 0 0
0 · · · 0 1

⎤

⎥⎥⎦

[
AT

3 0
CT

3 r̂T
ijb

T
3 AT

3

]k [
IN3

0

]

K3 =
∞∑

i=0

∞∑

j=0

∞∑

k=0

Ak
3b3r̂ij

⎡

⎢⎢⎣

1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥⎥⎦ r̂T
ijb

T
3 (AT

3 )k

with eN1 = (0, · · · , 0, 1)T

Z3Z
T
1

D3(z3)D1(z1)
=

∞∑

i=0

∞∑

j=0

Rijz
−i
1 z−j

3

H2(z2)
Z3

D3(z3)
=

∞∑

i=0

∞∑

j=0

rijz
−i
2 z−j

3

ZT
1

D1(z1)
H2(z2) =

∞∑

i=0

∞∑

j=0

r̂ijz
−i
1 z−j

2

The above Gramians can also be computed by

MA(P ) =
∞∑

i=0

∞∑

j=0

[0 Ip] MA
ij

[
0
Ip

]

MA
ij =

[
A2 B2RijC2

0 A2

]T

MA
ij

[
A2 B2RijC2

0 A2

]

+
[
P−1 0
0 0

]

W B =
∞∑

i=0

∞∑

j=0

W B
ij

W B
ij = AT

2 W B
ijA2 + CT

2 RT
ijRijC2

KC =
∞∑

i=0

∞∑

j=0

KC
ij

KC
ij = A2K

C
ijA

T
2 + B2RijR

T
ijB

T
2

NΔ0 =
∞∑

i=0

∞∑

j=0

RT
ijRij

M1 =
∞∑

i=0

∞∑

j=0

[0 IN1 ] M
1
ij

[
0

IN1

]

M1
ij =

[
A1 B1rijc1

0 A1

]T

M1
ij

[
A1 B1rijc1

0 A1

]

+
[
eN1e

T
N1

0
0 0

]

W 1 =
∞∑

i=0

∞∑

j=0

W 1
ij

W 1
ij = AT

1 W 1
ijA1 + cT

1 rT
ij

⎡

⎢⎢⎣

1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥⎥⎦ rijc1
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M3 =
∞∑

i=0

∞∑

j=0

[IN3 0] M3
ij

[
IN3

0

]

M3
ij =

[
A3 b3r̂ijC3

0 A3

]
M3

ij

[
A3 b3r̂ijC3

0 A3

]T

+

⎡

⎢⎢⎣

0 · · · 0 0
...

. . .
...

...
0 · · · 0 0
0 · · · 0 1

⎤

⎥⎥⎦

K3 =
∞∑

i=0

∞∑

j=0

K3
ij

K3
ij = A3K

3
ijA

T
3 + b3r̂ij

⎡

⎢⎢⎣

1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

⎤

⎥⎥⎦ r̂T
ijb

T
3

(11)
By applying a coordinate transformation defined by

x(k) = T−1x(k) to the 1-D system (A2, B2, C2,Δ0)p

in (3), we obtain a new realization (A2, B2, C2,Δ0)p

characterized by

A2 = T−1A2T , B2 = T−1B2, C2 = C2T (12)

where T is a p × p nonsingular matrix. For the new
realization, the l2-sensitivity measure in (10) becomes

S(T ) = J(T ) + tr[NΔ0 ] + tr[M1] + tr[W 1]

+ tr[M3] + tr[K3]
(13)

where with P = TT T

J(T ) = tr[T T MA(P )T ]+tr[T T W BT ]+tr[T−1KCT−T ]

Since f(z2, z3) is the transfer function from the filter
input to the state-variable vector x(k), a controllability
Gramian K can be derived from

K =
1

(2πj)2

∮

|z2|=1

∮

|z3|=1

f(z2, z3)f∗(z2, z3)
dz2

z2

dz3

z3

=
∞∑

k=0

∞∑

j=0

Ak
2B2rjr

T
j BT

2 (AT
2 )k

(14)
or equivalently,

K =
∞∑

j=0

Kj , Kj = A2KjA
T
2 + B2rjr

T
j BT

2 (15)

where
Z3

D3(z3)
=

∞∑

j=0

rjz
−j
3

In this case, l2-scaling constraints are given by

(K)ii = (T−1KT−T )ii = 1 for i = 1, 2, · · · , p. (16)

The problem for obtaining the coordinate transforma-
tion matrix T that minimizes J(T ) in (13) subject to
the l2-scaling constraints in (16) has been addressed in

[17]. We note however that the l2-sensitivity of the en-
tire 3-D system as formulated in (13) is not available in
the literature. It is also noted that, unlike the analysis
in [16], the l2-sensitivity evaluated here has also taken
into account all the 0 and 1 entries in the realized 3-D
state-space model. As a result, the l2-sensitivity formu-
lated in (13) is more accurate.

4. A NUMERICAL EXAMPLE

Consider a stable 3-D separable in denominator digital
filter specified by

Δ0 = 10−2

⎡

⎢⎣
0.00730 0.34297 −0.09594 0.20541
3.33408 −5.73707 3.94939 −1.61598

−1.46081 2.66051 −1.68094 0.68022
1.12651 −1.62192 1.24735 −0.55781

⎤

⎥⎦

Δ1 = 10−2

⎡

⎢⎣
2.81318 −5.00467 3.46926 −0.84798

−5.29980 9.24831 −6.29206 2.80791
4.95232 −8.39641 5.73329 −1.62170
0.72029 −1.34272 0.95941 0.54827

⎤

⎥⎦

Δ2 = 10−2

⎡

⎢⎣
−0.69409 1.54874 −0.94779 0.39116

3.93785 −6.79910 4.66564 −1.96344
−2.37995 4.20737 −2.75482 0.95329

0.70545 −0.90615 0.73168 −0.55633

⎤

⎥⎦

Δ3 = 10−2

⎡

⎢⎣
1.67681 −2.69078 1.98218 −0.33567

−0.59937 1.11289 −0.71981 0.43504
1.82472 −2.93685 2.11591 −0.43417
1.28875 −2.01749 1.51782 −0.09016

⎤

⎥⎦

[b11 b12 b13] = [b31 b32 b33]

= [−1.81600 1.23756 −0.31382]

[b21 b22 b23] = [−1.81611 1.23775 −0.31391]

The 3-D separable-denominator digital filter with spec-
ified coefficients is realized by the state-space model in
(3) as

A2 =

[ 0.00000 −0.19089 0.29060
0.74393 −86.40470 133.71075

−0.27211 −57.01643 88.22081

]

B2 = 103

[ 0.00602 −0.00921 0.00699 −0.00095
−1.10247 1.68622 −1.27902 0.17267
−0.71455 1.09291 −0.82977 0.11192

]

C2 =

⎡

⎢⎣
0.07236 0.06711 −0.10298
0.01930 0.01789 −0.02745
0.05887 0.05460 −0.08378
0.07079 0.06565 −0.10073

⎤

⎥⎦ .

Using (11) with truncation (0, 0) ≤ (i, j) ≤ (100, 100) to
evaluate the Gramians MA(I3), W B, KC , NΔ0 , M 1,
W 1, M3 and K3, we arrived at

MA(I3) = 107

[ 6.713807 4.577834 −7.015937
4.577834 3.166229 −4.852755

−7.015935 −4.852755 7.437629

]

W B = 102

[ 1.195455 0.863340 −1.323327
0.863340 0.652270 −0.999976

−1.323327 −0.999976 1.533035

]

KC = 108

[ 0.000066 −0.013350 −0.008678
−0.013350 3.814232 2.483684
−0.008678 2.483684 1.617300

]
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NΔ0 = 102

⎡

⎢⎣
8.134287 7.400517 5.695102 3.736423
7.400517 8.134287 7.400517 5.695102
5.695102 7.400517 8.134287 7.400517
3.736423 5.695102 7.400517 8.134287

⎤

⎥⎦

M1 = 103

[2.572596 2.480170 2.221844
2.480170 2.572596 2.480170
2.221844 2.480170 2.572596

]

W 1 =

[5.502192 5.005856 3.852279
5.005856 5.502192 5.005856
3.852279 5.005856 5.502192

]

M3 = 103

[2.340179 2.244464 1.979670
2.244464 2.340179 2.244464
1.979670 2.244464 2.340179

]

K3 = 10

[2.713421 2.468651 1.899762
2.468651 2.713421 2.468651
1.899762 2.468651 2.713421

]
.

The l2-sensitivity in (13) was then computed as

S(I3) = 7.163549× 108

where J(I3) = 7.163398×108, tr[NΔ0 ] = 3.253715×103

tr[M 1]+tr[W 1] = 7.734294×103 and tr[M 3]+tr[K3] =
7.101941× 103. It is noted that only the value of J(T )
for a scaling matrix T was provided in the numerical
example given in [17].

5. CONCLUSION

A technique for the minimal realization of a 3-D
separable-denominator digital filter has been presented,
and the l2-sensitivity of a minimal state-space model
realized from a given 3-D separable-denominator digital
filter has been analyzed. The practical application of
3-D filters can be found in geophysical signal processing
such as 3-D seismic projection/migration. It is noted
that a 3-D FIR digital filter can be approximated by a
3-D separable-denominator IIR digital filter [18].
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ABSTRACT
In this paper, we present a robust system for the temporal align-
ment of 2 renditions of the same speech utterance. The system
operates in 2 steps: during analysis, the timing relationships be-
tween the speech segments of the utterance that serves as a timing
reference and the corresponding speech segments in the replace-
ment utterance are measured by means of a dedicated dynamic time
warping algorithm. The obtained warping paths are then processed
and used to synthesize a high-quality speech utterance that is time-
aligned with the reference. Subjective audio-visual listening tests
performed within the context of a difficult Automatic Dialogue Re-
placement task demonstrated that the proposed system achieves a
significant improvement compared to the industry-standard bench-
mark, both in terms of achieved lip-synchronization accuracy as
well as in overall sound quality of the synthesized utterances.

1. INTRODUCTION

A system for the temporal alignment of speech utterances modifies
the timing structure of a first utterance (replacement, dub) in such a
way as to synchronize it with a second utterance (reference, guide),
which has the same textual content and has been produced by the
same or by a different speaker. In general, such a system achieves
the synchronization in 2 steps. First, the time correspondence is
measured between the matching phonemes in both utterances. The
resulting timing relationship describes the varying amounts of time
stretching and compression necessary to bring the time axis of the
replacement into optimal alignment with that of the reference. In a
second step, the relative timing differences between the utterances
are cancelled out by warping the time axis of the replacement in
accordance with the measured timing relationship.

Although we can enumerate many possible uses for time align-
ment systems, our special attention in this paper goes to Automatic
Dialogue Replacement (ADR), a well-known post-production tech-
nique in the audio-for-video industries. During the production of
film soundtracks, dialogues are frequently re-recorded in a studio
and used to replace the original ones recorded on the set. Very of-
ten, this is necessary because of the poor quality of the original
recordings that might for example be corrupted by some kind of
background noise that is difficult to control. As another example it
is sometimes argued that an actor can produce a markedly improved
spoken performance in a studio in comparison to the one produced
on the set, which is usually very chaotic and makes it difficult to
capture the true mood of a scene. In either case, straightforward
replacement of the original recordings by the studio dialogues in-
troduces a lot of mismatches between the lip and mouth movements
in the picture and the actual timing and duration of the individual
phonemes in the replacement speech. ADR is the most widespread
technique used for the (indirect) compensation of such audio-visual

This research was sponsored in part by the IWOIB (Instituut ter bevor-
dering van het Wetenschappelijk Onderzoek en de Innovatie van Brussel)
with a grant in the Spin-Off In Brussels program for the project EOS - studie
ter Exploitatie van Onderzoeksresultaten op het vlak van Spraakmodificatie.

“lip-synch” errors. It operates as follows: each actor involved in
a particular scene attends a special dubbing session, during which
the appropriate pictures are projected onto a screen in front of him,
while replaying the original recordings over headphones. The ac-
tor then revoices the original dialogues, ensuring not only that his
replacement speech precisely synchronizes with the on-screen lip
movements, but also that the nuances of his performance match the
original. Post-synchronizing dialogue is generally considered very
difficult because most actors have a lot of difficulties to maintain
synchrony while speaking. In addition, its repetitive nature makes it
also very dull and time-consuming as the actor often needs to rede-
liver his lines until director and dialogue editor have compromised
between the desired level of performance and timing. In the past,
a few systems have been developed that allow automatically time-
aligning the studio dialogues with the original recordings. These
systems not only save time and money, they also release the actors
from their technical preoccupation of speaking in synchrony with a
picture soundtrack and thus allow them to fully concentrate on their
primary task of acting and producing great performances.

This paper is organized as follows: section 2 reviews the previ-
ous work on automatic temporal alignment and the observed short-
comings in the approaches followed. In section 3 we motivate
and discuss the proposed “split time warping” technique, which
we evaluate in section 4 by comparing its performance against the
industry-standard benchmark. Also are discussed the employed
evaluation methodology and database. Finally, in section 5, we dis-
cuss the results and conclude the paper.

2. RELATED WORK

Over the last 4 decades, a considerable amount of research has been
carried out on the development of techniques for the automatic time
registration of corresponding events in 2 renditions of a same ut-
terance (see for example [1] and related references therein). On the
contrary and to the best of the authors’ knowledge, very little efforts
have been made when it comes down to applying the registered tim-
ing relationships for speech synthesis purposes.

The first attempts were made in the eighties, primarily in
the early original work of Bloom [2, 3], who developed a digi-
tal audio signal processor named WordFit for the automatic post-
synchronization of revoiced studio recordings with the correspond-
ing recordings made on the film set. Although this system was de-
signed to work with a variety of audio signals and not only with
speech, it was reported that no single set of parameters could be
found for which the system or its successor, VocALign PRO, would
work under all circumstances [4, 5]. One very important and prac-
tical problem that arises in time-aligning sentence long speech ut-
terances is the presence of long inter-word gaps, possibly between
different words and/or of different durations, in one or both utter-
ances. During the development of WordFit, Bloom implemented a
modified version of the ZIP algorithm [6]. Although this algorithm
could solve part of the problems as explained in [2], it is gener-
ally not capable of correctly inserting or rejecting pauses into or
from the replacement track. Another disadvantage of ZIP is that it

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 80



belongs just like UELM [7] and MATCH [8] to a class of dynamic
time warping (DTW) algorithms that estimate the globally optimum
path by tracking a locally optimum path using a local search win-
dow. Although the window steering and partial trace back proce-
dures ensure the amount of computation and storage can be kept
to modest levels, such algorithms are susceptible to tracking fail-
ures (see for example [9]), especially when large timing differences
occur in the sentence pairs.

Later on, Verhelst and Borger studied the alignment of speech
utterances in the context of prosody transplantation [10]. Such sys-
tems can be used to interchange prosodic features, such as timing,
pitch and timbre among different renditions of a same utterance.
It was concluded that in order to make prosodic transplantations
widely applicable, further work had to be done to improve their ro-
bustness: informal experiments revealed that, with utterance pairs
that are not acoustically and phonetically sufficiently close to each
other, local distortions could be regularly perceived, even when only
timing is transplanted [11]. Very often, these distortions could be
traced to some event in the timing relationship, but could not al-
ways be considered to be due to an error in this relationship, nor to
the system that was used to perform the time scaling. In general,
it was concluded that the perceived distortions could be attributed
to 3 different types of acoustic-phonetic differences, which are de-
scribed in detail in [12]. In [11], Verhelst built a basic system for
the automatic post-synchronization of speech utterances based on
standard DTW and WSOLA. The system proved to be quite robust
to significant timing differences such as those that can for example
be observed between speech utterances in which silent pauses occur
between different words, but it was also noted that the time-scaled
results very often suffered from many audible distortions. The ma-
jor part of these distortions could be readily identified with the short
abrupt transitions in the time warping path and it was shown that
they could be straightforwardly smoothed out with the help of a
graphical warping path editor that was developed for that purpose
[12]. Although it was concluded that such an editor could form an
effective tool for the semi-automatic correction of lip-synch errors,
no objective criterion was formulated that enabled the consistent
and automatic production of high-quality natural sounding results.

Finally, in [13], Resch and Kleijn adopt the approach of Ver-
helst, but they classify the reference and replacement tracks into
speech and silence segments, the information of which is used to
bias the warping path towards preferred directions in different situa-
tions. The major problem with this approach is that it applies the DP
principle to a situation that does not justify its use [14]. Therefore,
as is the case with ZIP, the alignment can get stuck in local min-
ima, causing significant misalignments. Such misalignments were
also verified from extensive experiments using our implementation
of the algorithm, and in many cases the results were found to be
inferior to those of VocALign PRO.

3. SPLIT DYNAMIC TIME WARPING

Although the several algorithms proposed in literature have been
thoughtfully motivated, they all have to contend with specific draw-
backs in different situations, which stem from a somewhat contra-
dictory requirement that is imposed on the warping function cur-
vature: at some parts this function should allow very steep or flat
gradients to account for the possible different location and/or dura-
tion of pauses, while at other positions it should be smooth enough
to avoid unnatural sounding artefacts in the time-aligned results. In
order to meet this dual requirement in a convenient manner, the pro-
posed system uses a DTW-based timing analysis approach, which
splits up the calculation of the final warping path in 2 steps (the de-
tails of the WSOLA-based synthesis are identical to those described
in [11] and will therefore not be discussed in this paper).

3.1 Identification of corresponding speech segments

The first step in the timing analysis is motivated by the conclusion
that the main concern for the greater part of time alignment applica-
tions, and for ADR in particular, is to know the temporal variations

Figure 1: Illustration of split time warping (fs = 16kHz throughout
the figures).

that occur between the corresponding speech segments1 in the 2
waveforms. Furthermore, it is well-known that the details of a DTW
path can be quite arbitrary during the alignment of non-speech seg-
ments and can therefore give rise to tracking errors [6]. Hence, it
seems reasonable to first segment the 2 waveforms into intervals
containing speech and intervals containing non-speech before ap-
plying a specific DTW algorithm. Assuming both waveforms have
been precisely segmented (more details on the segmentation are
given in section 4.3 and [15]), the main idea behind the proposed
method is that for each of theRreference speech segments delimited
by time markers(αr ,βr) with 1≤ r ≤R, there must correspond a re-
placement speech segment(λr−1,λr). Since in general the number
and/or location of the non-speech segments in the 2 waveforms is
different, automatic identification of the matching speech segments
is not straightforward. Experiments in [5] demonstrated that the
corresponding pairs can be identified by splitting the replacement
speech waveform in which all non-speech segments were removed
in a preprocessing step (“reduced replacement”) at time instants2

λr =

∫ αr+1

βr
g(x)τ(x)dx

∫ αr+1

βr
g(x)dx

r = 1. . .R−1 (1)

whereλ0 = 0 andλR equals the duration of the reduced replacement.
In this expression,τ(x) represents the linearly interpolated DTW
path between the reference (along the x-axis) and the reduced re-
placement using the symmetric Sakoe-Chiba local constraint (with
zero slope constraint condition) [16]. Furthermore,g(x) is a Gaus-
sian weighting function symmetrically positioned over[βr ,αr+1]
that is used to bias the split towards the speech segment boundaries.

1Without loss of generality, we defined a “speech segment” within the
context of ADR as each sequence of phonemes that is not interrupted by a
breathing pause, silence or background noise (“non-speechsegment”).

2Preferably, also the non-speech segments in the beginning and at the
end of the reference are removed in a preprocessing step.
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Figure 2: Smoothing process in detail (2L=500ms).

Figure 1 illustrates the split time warping concept on a replace-
ment and reference waveform with 1 and 2 non-speech segments,
respectively. Whereas the lengths of the horizontal stretches ap-
proximately cover the durations of the non-speech segments in the
reference, their position along the y-axis indicates where to split the
reduced replacement such that the corresponding speech segments
can be identified.

3.2 Smoothing and postprocessing of the sub warping paths

In a second step, we recalculate the timing relationship for each pair
of matching speech segments using the same DTW algorithm as in
the previous step. Since the resulting “sub warping paths”τr (x) can
be expected to be reasonably close to the diagonal linear path, re-
compution was sped up using a global constraint in the form of a
small Sakoe-Chiba band [16]. In addition, an Itakura parallelogram
[17], defined by lines of slope 1/2 and 2 was applied to ensure the
correct alignment of the speech/non-speech segment boundaries.

Smoothing: as mentioned in section 2, straightforward use of
the sub warping paths for overlap-and-add time-scale modification
of the replacement speech would inevitably lead to distorted re-
sults, mainly due to the short abrupt portions that correspond to
the unrealistic time-scaling factors of 0 or∞. As we suggested in
[11], we smoothed the sub warping paths using different techniques
such as piece-wise linear smoothing, DTW variants with especially
crafted local constraints (as in [18]), and more generative non-linear
smoothing techniques such as LOWESS [19]. From the techniques
studied, LOWESS smoothing using a zero order degree polynomial
proved both very effective as well as computationally efficient. In
that case, the r-th smoothed sub warping pathτ̃r (x) is obtained from
the centrally weighted moving average represented by expression 2.

τ̃r (x) =

∫ x+L
x−L w(u−x)τr(u)du

∫ L
−L w(u)du

r = 1. . .R (2)

Figure 2 illustrates the smoothing process in detail: for the calcula-
tion of the smoothed sub warping paths, we followed the traditional
LOWESS approach in using a tricube window

w(x) =

[
1−

(
|x|
L

)3
]3

|x| ≤ L (3)

in which the application-dependent window length 2L largely de-
fines the trade-off between achieved timing accuracy (or lip-synch
accuracy in the case of ADR) and perceived voice quality.

Postprocessing: although the smoothing process constrains the
first and higher-order derivatives to more realistic values and leads
to more smoothly sounding results, occasional peaks in these func-
tions can still be responsible for unnatural sounding speech rates,
accelerations and/or decelerations, and should therefore be further

Figure 3: Illustration of the postprocessing stage (α=1.5).

constrained. One possible way is to constrain the first derivative of
the smoothed sub warping paths in the following manner:

T1,r =
GTS−1

r

αr
≤

dτ̃r (x)
dx

≤ αr ·GTS−1
r = T2,r (4)

In this expression,GTSr represents the r-th global time scaling fac-
tor, which is defined as the ratio of durations of respectively the r-th
reference and replacement speech segments that are being aligned,
andαr is an application-dependent constant in the range 1.1. . .1.5.
Furthermore, threshold valuesT1,r andT2,r are defined as the lower
and upper bound of inequality 4, respectively. From a physical point
of view, expression 4 implies that the instantaneous speech rate
of the replacement speech after time-scale modification (SRx(t)) is
constrained by that before time-scale modification (SRy(t)) in ac-
cordance with

T1,r ·SRy(t)≤ SRx(t)≤ T2,r ·SRy(t) (5)

Figure 3 illustrates the correction procedure that was applied to
achieve natural sounding results. The small bend in the smoothed
(sub warping) path in the upper panel of figure 3 would generate
an unnatural sounding speech deceleration followed by an unnatu-
ral sounding speech acceleration. This is correctly reflected in the
lower panel by the sharp negative and positive peak in the function
that represents the first derivative of the smoothed path. Applying
a threshold yields a first estimate of the time intervals where this
function should be limited in range (small square wave). Merging
of the corresponding adjacent time intervals eventually identifies the
portions in the smoothed path that require further processing (large
square wave). Allowing each of these portions to be extended for-
wards and backwards in time, the applied correction procedure re-
places the smoothed warping path by the shortest possible straight
line, the slope of which satisfies expression (5).
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4. EVALUATION OF SYSTEM PERFORMANCE

4.1 Evaluation methodology

The objective evaluation of the overall timing accuracy of a given
time alignment system is a difficult task, which is mainly due to the
inherent subjectiveness that exists in identifying the corresponding
phoneme boundaries in 2 renditions of a same speech utterance [1].
In automatic phoneme alignment for example, evaluation is most
often reported in terms of what percentage of a set of automatically
generated phoneme boundaries are within a given time threshold
of a known set of manually generated boundaries (there is a gen-
eral consensus that the latter are the most accurate that can be ob-
tained). At first glance, this strategy could be readily applied to our
problem, for example by manually labeling the time-aligned results
and the corresponding reference samples and relating the 2 series
of time markers to estimate the overall timing error. However, this
approach would only be acceptable if the difference between the 2
sets of time markers can be considered greater than the difference
between the individual sets of manually generated time markers and
the unknown correct time markers, a condition which is usually not
met since our time-aligned results are generally well aligned with
the reference samples. Furthermore, with regard to the objective
evaluation of the overall speech quality of the time-aligned results,
“full-reference” evaluation methods such as PESQ are not appropri-
ate in this situation since they apply a temporal alignment procedure
for comparison of the “signal under test” (time-scaled result) with
the undistorted (dub) signal [20]. Because objective evaluation for
time synchronization is difficult, we evaluated the proposed system
within the context of ADR by means of a subjective audio-visual lis-
tening test. Although the proprietary nature of the industry-standard
VocALign PRO (V4.0) hampers insight in the algorithmic details of
the alignment process (the output waveforms are the only informa-
tion available for evaluation), it was selected as a baseline for com-
parison, since it is world-wide considered the benchmark system for
automatic time synchronization and ADR [21].

4.2 Database recordings

With a view to the experiment in section 4.3, we recorded an audio-
visual corpus, comprising 80 different samples, produced by 2 male
and 6 female native Dutch speakers. The data from this corpus was
extracted from 2 sets of recording sessions. In a first series, we in-
vited each time 2 speakers for a 30 minute table talk. From each
of these conversations, 5 samples were extracted for each person.
In doing so, care was taken the selected samples were sufficiently
long such that they would cover a wide range of speaking rates as
well as pauses of different kinds and durations. In a second se-
ries, the same speakers were asked to mimic the selected parts of
their conversations by revoicing the literally transcribed lines from
a large screen at a pace they felt comfortable with. In contrast to the
traditional approach in ADR, we did not require the speakers to de-
liver performances with near-perfect lip-synch accuracy. As a con-
sequence, we can generally observe substantial timing differences
between the corresponding sample pairs, which therefore consti-
tute a suitable test database to research the alignment capabilities
of the proposed algorithm and in particular its robustness against
the acoustic-phonetic differences described in [12]. For both the
spontaneous and revoiced speech samples, table 1 shows the av-
erage overall duration (OD), average speech and non-speech rate
(SR resp.NSR) and average duration of short (DS), medium (DM )
and long (DL ) non-speech segments. We remark that both clas-
sification as well as observed distribution of the short (< 200ms),
medium (> 200ms,< 1s) and long (> 1s) non-speech segments
were in agreement with [22].

4.3 Experiment

A complete set of 80 alignment runs was made by syn-
chronizing all dubbed speech samples with the correspond-
ing spontaneously spoken samples using both the proposed
and baseline system (some examples can be downloaded from
http://www.etro.vub.ac.be/research/DSSP/demo).

spontaneous speech revoiced speech
OD [s] 20.3±4.4 25.0±6.2

SR [syll/s] 5.41±0.90 4.76±0.92
NSR [1/s] 0.238±0.070 0.374±0.083
DS [ms] 155±26 151±29
DM [ms] 499±189 494±180
DL [ms] 1255±258 1193±205

Table 1: Major database statistics.

Due to its proprietary nature, users only have limited control in
the way the time-aligned results are produced with VocALign PRO.
First, one has to select a type of alignment mode (“basic” or “ad-
vanced”), each one of which has 5 possible different settings that
control the internal parameters of the applied alignment algorithm.
In contrast to the basic mode, which only allows time scaling ra-
tios in the range 1/2. . .2, the advanced mode allows much larger
amounts of time compression and expansion to occur. To make a
proper choice among the 2 modes and their respective settings, the
user can resort to a manual, which describes for each combination
the amounts of time compression/expansion that can be provided,
the nature of the input waveforms for which it is applicable and the
expected output sound quality [21]. For the alignment of our record-
ings, we found that the “advanced” mode with the “high flexibility”
setting produced far better results than the other combinations: it
was therefore chosen as final setting for all alignments. In addition,
the alignment process canoptionallybe further controlled by target-
ing the alignment at specified pairs of “synch points” in the 2 wave-
forms. However, it must be remarked that such points are always
interpreted assuggestedpoints, which the alignment algorithm will
try to match, and which can therefore be ignored completely. Al-
though we tried to improve the results for the “difficult” alignment
pairs by manually identifying the corresponding speech/non-speech
transitions in the 2 waveforms, in most of the cases these pairs of
anchor points were ignored or gave rise to the error message “no
warping path could be fit through one or more of the waypoints”.

For the alignment of our recordings by means of the pro-
posed system, we first segmented the samples into speech and non-
speech intervals. In the first instance, this was accomplished au-
tomatically. However, because of the importance of an accurate
speech/non-speech discrimination, we further manually inspected
the speech/non-speech transitions and, where necessary, corrected
them in a very efficient interactive way by means of a GUI specifi-
cally designed for ADR [15]: at each time this tool allows to zoom
into and slide through the waveforms, select and audition specific
portions, and make corrections by dragging the speech/non-speech
boundaries to the left or the right. After segmentation, the data were
processed according to the details described in section 3.

4.4 Subjective audio-visual listening test

The time-aligned samples obtained with the 2 synchronization sys-
tems were re-assembled with the corresponding video fragments
from the conversation sessions and subsequently randomly arranged
and presented in an equal amount of triplets (A,B,C) and (A,C,B), in
which A denotes an original video sample, and where B and C rep-
resent this same fragment but with the audio replaced by the time-
aligned result obtained with the baseline and proposed system, re-
spectively. For each of the 40 triplets, we first asked 8 listeners to
view fragment A and then rate both the perceived audio-visual lip-
synch accuracy as well as the overall sound quality (naturalness &
intelligibility) of B and C by assigning scores to their opinions, ac-
cording to the ITU-R 5-point degradation scale [23]. These scores
represent a number in the range 1 to 5, which provides a numerical
indication of the quality of the considered audio(-visual) feature.

4.5 Results

Table 2 shows the arithmetic means evaluated from the opinion
scores for each and across all speakers (DMOS) (scores were first
averaged across all test listeners, and then over the different video
samples), as well as the sample standard deviation (s), standard er-
ror of the mean (SEM) and the 95% confidence interval (95%CI ).
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lip-synch accuracy speech quality
Baseline Proposed Baseline Proposed

S1 2.45 4.10 1.86 3.35
S2 2.47 3.84 1.99 3.16
S3 3.14 3.61 2.54 3.66
S4 2.82 3.99 2.43 3.71
S5 3.05 3.77 2.52 3.49
S6 2.29 3.60 2.12 3.29
S7 2.19 4.10 2.35 3.88
S8 3.04 4.05 2.86 3.79

DMOS 2.68 3.88 2.33 3.54
s 0.85 0.38 0.51 0.39

SEM 0.13 0.06 0.08 0.06
95%CI 2.41...2.95 3.76...4.00 2.17...2.49 3.41...3.66

∆ 1.2 1.21
d 1.81 2.64

RI(%) 44.8 51.9

Table 2: Major statistical analysis results for the listening test.

In addition are given the raw (∆) and standardized differences (un-
biased Cohen’sd effect size) in overall mean DMOS scores, and
also the relative improvement of the proposed system over the base-
line system (RI ). Since the distribution of the assigned scores was
far from Gaussian, we used the Wilcoxon matched-pairs signed-
ranks test with a threshold significance levelα = 0.05 to prove the
statistical significance of the observed differences between the mean
DMOS scores of the baseline and proposed system for both features
studied. We remark that the computed p-values in both paired tests
were smaller than 0.0001: this is mainly explained from the ob-
servation that the listeners preferred the baseline system over the
proposed system in only 6.25% (lip-synch accuracy) and 4.37%
(speech quality) of the cases. For the sake of completeness, we
report that no difference could be perceived in 18.12% and 11.56%
of the cases, respectively.

5. CONCLUSION

From the results, we can conclude that, both for the samples that
were processed with the proposed as with the baseline system,
audio-visual lip-synch errors could still be observed at some points.
However, while the latter were on average perceived as in-between
“disturbing” and just “slightly disturbing”, the former were per-
ceived as “not disturbing or annoying”. With regard to the qual-
ity of processed speech samples, similar conclusions can be drawn,
although the overall DMOS scores are somewhat smaller. Further-
more, we can see that the non-zero differences in DMOS scores as
well as their variabilities are quite pronounced: this is chiefly ex-
plained from the difficulties that were experienced in aligning the
database samples by means of the baseline system. For the major
part of the sample pairs, the timing structure discrepancies are quite
large due to their relative differences in speech rates and number,
duration and nature of pauses used. It was observed that for such
pairs, the baseline system regularly produced unacceptable results,
which could not be further corrected, neither by selecting a different
alignment algorithm and/or setting, nor by manually placing corre-
sponding “synch points” in the 2 waveforms.

In summary, we can conclude that the proposed system has
demonstrated an overall relative improvement in DMOS score of
44.8% (lip-synch accuracy) and 51.9% (speech quality) over the
baseline system when it is used for the temporal alignment of ut-
terances in which large structural timing differences occur, such as
those between spontaneous and dubbed speech.
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ABSTRACT 
Speech boundary detection contributes to performance of 
speech based applications such as speech recognition and 
speaker recognition. Speech boundary detector implemented 
in this study works on broadcast audio as a pre-processor 
module of a keyword spotter. Speech boundary detection is 
handled in 3 steps. At first step, audio data is segmented into 
homogeneous regions in an unsupervised manner. After an 
ACTIVITY/NON-ACTIVITY decision is made for each re-
gion, ACTIVITY regions are classified as Speech/Non-
speech via Gaussian Mixture Model (GMM) based classifi-
cation. GMM’s are trained using a novel feature, Spectral 
Flow Direction (SFD), and an improved multi-band har-
monicity feature in addition to widely used Mel Frequency 
Cepstral Coefficients (MFCC’s).     

1. INTRODUCTION 

Broadcast audio contains various types of audio classes. 
Segmentation and classification of broadcast audio is impor-
tant for multimedia indexing and automatic speech recogni-
tion (ASR) applications.  Detecting speech boundaries in 
broadcast audio contributes to the performance of ASR ap-
plications by means of enabling feature normalization and 
adaptation in a specific region of the audio. 
Early works on speech detection were based on speech/music 
discrimination. Scheirer and Slaney [1] presented and exam-
ined large amount of low level features to differentiate be-
tween speech and music. Saunders [2] worked on broadcast 
audio and suggested the features zero-crossing rate (ZCR), 
energy contour for speech/music classification. Although 
such methods performed well for speech/music discrimina-
tion, detection of speech regions on general audio requires 
more classes for covering the data other than speech and mu-
sic, and requires precise boundary detection of the underlying 
classes. Considering these aspects, the problem of detecting 
speech regions is essentially a content based retrieval prob-
lem and is processed in that context in the works of  Lu et al. 
[3, 4], Li et al. [5], Minami et al. [6]  and Zhang and Kuo [7]. 
One of the problems in classifying general audio is the accu-
racy losses due to misplacing of class boundaries. Li et al. [5] 
defined these losses as “border effect” and suggested a seg-
mentation pooling algorithm with pause detection to solve 
this problem. Our suggestion to the problem is the initial 

unsupervised segmentation which locates boundaries as the 
points where power changes dramatically. 
Martin and Breebaart [8] suggested the use of temporal fea-
tures in combination with frame level features. Saunders [2] 
proposes using zero crossing rate and power contour as fea-
tures. We have used both dynamic (SFD) and frame level 
features (MFCC and band harmonicity). 
This work is implemented as a part of a keyword spotting 
algorithm and aims to maximize the speech region detection 
while minimizing the non-speech segments detected as 
speech.  
Our main contributions can be summarized as;  

i- Unsupervised, power based segmentation for 
detecting class boundaries. 

ii- Activity/non-activity classification for detect-
ing pauses 

iii- Two new features; SFD and band harmonicity 
for speech/music/other classification 

2. SYSTEM OVERVIEW 

Speech boundary detection is processed in 3 steps. First, 
broadcast audio is segmented into homogeneous regions 
using a power based unsupervised algorithm. An homoge-
nous region is an audio segment, which contains only one 
audio class. 
Secondly, each audio segment is examined for an audio ac-
tivity. The segments that do not involve any activity are con-
sidered to be pauses. The regions labelled as ACTIVITY are 
then classified into speech and non-speech classes.   
 

 
Figure 1 – System Flow Diagram 
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3. HOMOGENEOUS REGION DETECTION USING 
UNSUPERVISED SEGMENTATION  

Homogeneous region detection is the problem of dividing 
audio into small segments so that the type of the audio event 
does not change within the segment. Segmentation is based 
on the points of power change.  Experiments on the proposed 
method show that 99% of the obtained segments consist of 
single audio class. The average length of the segments is 
found to be 400 ms. 

 
3.1 Segment Boundary Detection 
To determine segment boundaries, first, powers of non-
overlapping 10 ms length frames are computed. Two adjacent 
windows are moved along the whole data with one frame 
slide and powers for each window are computed. These val-
ues are used to compute the power ratio of two windows by 
dividing the greater one by the lesser. Applying this proce-
dure with one frame slide, a sequence of power ratios is ob-
tained. The peak locations of this sequence having a power 
ratio greater than a threshold are set to be segment bounda-
ries. Any segment shorter than 200 ms is merged to the adja-
cent segment with closest power value.  
 
Segment Boundary Detection 
Require: F: Frame energy sequence for audio data  … … . .  
Ensure: SB: the set of segment boundaries detected in F 
SB ←Ø  ,  DP ←Ø   
Begin 

1) //Divid  e
h  in Fdo for eac P  { 

elect two windows o len th wndsize i.e; 
 

S f g  
, … … ,  , , … … ,  

mpu e power ratio PRi between W1 and w2; 
  1, 2 ⁄  1, 2  

 Co t

if (PR > Pth)   RS ←PR 
else                  RS ←0  

} 
DP = local (DP) max

bine
do for each  in DP { 
2) //Com  

Let S be the segment between DPi and DPi+1, X be the segment 
on the left of S and Y be the segment on the right of S;  
Let Es, Ex, and Ey be the segment energies of S,X and Y respec-
tively , 
  
if( (DPi+1-DPi) < 200msec) ) { 
     if (abs(Ex-Es) < abs(Ey-Es))  
  Merge X and S; SB←DPi+1 
    else 
  Merge Y and S; SB ←DPi; i++; 
}else 
      SB←DPi U DPi+1 

} 
End  
3.2 Parameter Selection 
The window size and division threshold are selected experi-
mentally. To determine the window size, the percentage of 
segments consisting of single audio class, (Figure 2) and the 
average length of segments, (Figure 3) both as determined by 
the proposed method, are considered. A high percentage of 
unique audio class in a segment is desired. This is achieved 
by reducing the window size. On the other hand, longer seg-
ments are preferred, since audio classification is based on the 
features extracted from a segment. A longer segment yields 

more information about the audio class of that segment. This 
is achieved by increasing the window size. In this paper, a 
window size of 20 frames (200ms) is determined.  
 

 
Figure 2 – Single Class Segment Percentage vs. Window Size 

 
Figure 3 – Avg. Segment Length vs. Window Size 

 
Figure 4 - Single Class Segment Percentage vs. Threshold 

To determine the division threshold, the number of segment 
boundaries in the ground truth, having a power ratio greater 
than a selected threshold, (Figure 4) is considered.  The de-
sired case is to select a sufficiently high threshold, since 
higher thresholds yield longer segments. In this paper, a 
threshold of 1.2 is determined. 

4. ACTIVITY/NON-ACTIVITY CLASSIFICATION  

A non-activity region is defined as the region that does not 
carry any event information, i.e. the regions of the back-
ground noise in an outdoor scene, the background music be-
tween sentences of a dialog in a movie, silence regions, etc... 
Elimination of these regions provides faster execution of 
event classification algorithms on audio and better precision 
rates.  
Activity/Non-activity decision of a segment is based on the 
comparison of segment power to both short and long term 
power levels. For short term representation of segment 
power, segments are represented by a 5 dimensional feature 
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vector consisting of the powers of the segment and of its two 
predecessors and the two successors. The feature vector is 
normalised by the long term power (LTP). 
LTP is the average of the powers of the segments between 
two LTP boundaries. The LTP boundaries are set where “sig-
nificant” changes in the power levels of different audio envi-
ronments occur. For example, a silent movie scene coming 
after a loud commercial is where an LTP boundary exists. 
The first scene consists of long silent regions, while the sec-
ond one has loud background music between the speech re-
gions.  
 
4.1 Training Stage: 
4.1.1 LTP boundary detection 
To determine the LTP boundaries, two adjacent windows of 
“non-activity” labelled segments are moved along the seg-
mented data. The peaks of the ratios of the averages inside 
those windows are filtered by a threshold, and the resulting 
points are set as the boundaries.  
4.1.2 Training 
LTP value is computed using the powers of activity regions 
inside the LTP boundary. Region features are normalised by 
the LTP of the corresponding region.  
As the region features are obtained, 32-mixture GMM’s are 
trained for each class. 
 
4.2 Classification Stage 
4.2.1 LTP boundary detection 
While non-activity regions are defined in the training stage, 
in the test stage a pre-classification step is implemented for a 
course estimation of non-activity regions.   
The power of each segment in the feature vector is normal-
ised by the power of whole data.  GMM based classification 
is performed using computed features which results in coarse 
estimation of activity/non-activity regions. Using coarsely 
estimated non-activity region information, LTP boundaries 
are estimated as defined in the training stage.  

 
4.2.2 Test 
LTP values are computed using the powers of activity la-
belled regions inside the LTP boundaries. The region features 
are normalised by the LTP value of the corresponding region. 
Finally, region classification is performed using GMM’s ob-
tained during the training stage.  
Proposed method has been tested on a dataset of 1 hour 
broadcast audio. 94.6% of Activity detection accuracy and 
94.2% of Non-activity detection accuracy have been ob-
tained. 
 
4.3 Parameter Selection 
To determine the window size and division threshold pa-
rameters for LTP bo ection, a cost function (avgF1) 
is given in equation 

undary det
(1). 

1   

Where          1

(1) 

    1   (2,3) 
RA: Recall of Activity. 
PA: Precision of Activity. 
RN: Recall of Non-Activity. 

PN: Precision of Non-Activity. 
Table 1 shows the cost function values with different window 
sizes and thresholds. LTP boundary detection method in-
creases especially the recall rate of Non-Action.  

Table 1 – LTP method with different parameters 

Window 
Size 

Threshold avgF1 Recall of 
Non-Action 

LTP OFF na 0,9090 0,9110 
10 2 0,9199 0,9436 
10 1,5 0,9186 0,9366 
10 1 0,9133 0,9371 
20 2 0,9072 0,9355 
20 1,5 0,9178 0,9327 
20 1 0,9147 0,9281 

 
LTP Boundary Detection 
Require: SB: the set of segment boundaries  
Ensure: LTPB: set of LTP boundaries detected in SB 
SB ←Ø  ,  LTPB ←Ø   
Begin 

NAS: Non-Activity Segment 
do for each N  { 

Select two windows of length 
 , … … ,  , 

ASi in SB
ltpwndsize i.e; 

, … … ,  
mpute power ratio PRi between W1 and w2; 

  1, 2 ⁄  1, 2  
 Co

if (PR > Pth)   RS ←PR 
else                  RS ←0  

} 
DP = localmax(DP) 
LTPB←DPi U DPi+1 

End 

5. SPEECH/NON-SPEECH CLASSIFICATION 

5.1 Features 
6 MFCC and their ∆ values are used in combination with 
spectral flow direction (SFD) and band harmonicity features 
for speech/non-speech classification. MFCC features are 
extracted from 20Hz-4000Hz frequency range using 12 
channels at 8 kHz sampling frequency.  Features are ex-
tracted from 25 ms frames with 15 ms overlap. The extrac-
tion of SFD and harmonicity features is defined at sections 
5.1.1 and 5.1.2, respectively.  
5.1.1 Spectral Flow Direction  
The temporal behavior of the spectral peaks is a characteris-
tic for each audio class.  For example, variation of spectral 
peak locations in time is greater for speech regions as com-
pared to music.  An example of a typical flow of the spectral 
peaks in speech and music is shown in Figure 5.  
Some recent work [8, 9] uses this information to classify 
audio into speech and non-speech classes.  Although extract-
ing the spectral peaks is straightforward, tracking the spectral 
peaks is computationally expensive. To represent the tempor-
al behavior of the spectral peaks, the spectral flow direction 
feature is defined.  
SFD is defined as the frequency lag providing the maximum 
correlation between the spectra of two sequential frames, as 
given in equation (4). 512-point spectral representation is 
computed for 8 kHz audio. For this resolution of spectrum, 
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the maximum allowed lag value w between two adjacent 
frames is decided to be 10 points.  The cross-correlation es-
timation is performed on [w, N/2-w] frequency bins of the 
s epectrum of fram  n. 

 ∑ , 1, 12      , … ,   (4) 
Where, N is the FFT length, l is the lag amount, s(n,m) is the 
energy at frequency bin m of frame n.  
As seen in Figure 5, the flow direction tends to be zero in 
musical sounds. It has small variations in speech and high 
variations in noisy data. Using this information, we have 
calculated two values from the SFD values. The first one is 
the number of zero SFD’s in a 20-frame window, and the 
second one is the sum of the absolute differences in a 20-
frame window.   
5.1.2 Band Harmonicity 
Harmonicity [10] is a well known audio feature commonly 
used in content-based audio classification [11]. It is generally 
calculated using comb filtering method, which requires cal-
culation of fundamental frequency [10, 12]. A new harmonic-
ity calculation method based on the short-time Fourier trans-
form (STFT) of the magnitude spectrum (2nd spectrum), 
which does not require fundamental frequency calculation, is 
proposed. For a perfectly harmonic signal, the harmonic 
peaks are located at the integer multiples of fundamental 
frequency F. FFT of the magnitude spectrum for this har-
monic signal, has a peak located at F.   
The energy of the 2nd spectrum is concentrated at fundamen-
tal frequency for harmonic signals while the energy is spread 
over the spectrum as the harmonicity decreases. Harmonicity 
is defined as the ratio of the energy value at the peak location 
of 2nd spectrum over the total energy. 
Since the fundamental frequency is not known, the location 
of this peak has to be estimated. To eliminate the effect of 
low frequency components, a maximum expected fundamen-
tal frequency value is defined, and the peaks corresponding 
to a frequency above that value are eliminated. Figure 6, 
shows the spectrum of a 50 ms length audio signal and the 
estimated harmonicity value. 
While the harmonic properties of speech are prominent at 
low frequencies, the harmonic peaks could be located in a 
broader frequency range for musical sounds. To differentiate 
between those two classes, the harmonicity is represented in 
3 dimensions, where each dimension corresponds to the har-
monicity value for the bands; [0, 1000], [1000, fs/2] and [0, 
fs/2] where fs is the sampling frequency.   
 
5.2 Classification Method 
We have defined three classes; ‘speech’, ‘music’ and ‘other’ 
to represent different events found in general broadcast audio 
data.  The music class has been defined to contain music and 
music like sounds (phone ring, engine sounds, etc). The 
‘other’ class has been defined to contain events such as 
crowd, laughter, animal sounds, water sounds, explosions, 
gunshots, various noise, etc. An 8-mixture GMM is trained 
for each class. The training data consist of 1000 seconds of 
speech, 690 seconds of music and 612 seconds of ‘other’. 
 

 
Figure 5 – Spectrogram and SFD values of a musical sound (left), 

and speech (Right). 

 
Figure 6 – A typical magnitude spectrum of a harmonic audio frame 
(Top), Normalized magnitude spectrum of the magnitude spectrum 

in the top panel (Bottom). 

The classification is performed for each segment. Frame 
probabilities are computed for each class and the class that 
yields the maximum sum of frame probabilities over the 
segment is selected as the segment class. 
After the segments are classified into speech, music and 
‘other’, a second pass is applied to classification results to 
combine the adjacent segments of the same type and to 
eliminate insignificant silence and non-speech segments 
(<0.3 seconds) between speech segments. Existence of short 
silence regions is common in general conversations so these 
regions can be added to the confining speech regions.   

6. EXPERIMENTAL RESULTS 

Tests have been performed on a dataset consisting of differ-
ent broadcast audio sources which contain various types of 
audio; such as movies, commercials and news, recorded 
from six different TV channels continuously. The test data 
has been labelled by hand on segment basis. Since broadcast 
audio may contain more than one class at a time, 6 classes 
including speech(s), music (m), singing (h), other (o), si-
lence (sil) and background noise (n) are used in combination 
to label each segment. Size of test data for each class is rep-
resented in Table 3. 
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Table 2 – Test dataset. 

Audio Class Length 
(seconds) 

singing + speech +music (hsm) 55.80 
singing + music (hm) 98.20 
pure speech (s) 2427.06 
speech + music (sm) 2411.18 
speech + music + other (smo) 163.10 
speech + other (so) 568.92 
pure music (m) 1252.53 
music + other (mo) 187.30 
background noise (n) 261.90 
other  (o) 1055.07 
silence (sil) 444.11 
TOTAL 8926.17 

To measure the performance of our speech/non-speech classi-
fier and to observe the effect of the SFD and band harmonic-
ity features, comparative tests have been applied with differ-
ent feature sets. The results in Table 4 show the classification 
performance of MFCC features on “activity” labelled seg-
ments containing single class. The results obtained by adding 
the SFD and band harmonicity features are presented in Ta-
ble 5.  

Table 3 – Classification results using features mfcc. 

GT \RESULT Speech Music Other Total 
Speech 0.9358 0.0476 0.0165 1.000 
Music 0.0693 0.5259 0.4048 1.000 
Other 0.0652 0.1794 0.7555 1.000 

Table 4 – Classification results using features mfcc + SFD +      
harmonicity. 

GT \RESULT Speech Music Other Total 
Speech 0.9630 0.0205 0.0164 1.000 
Music 0.0792 0.7908 0.1299 1.000 
Other 0.1418 0.0847 0.7735 1.000 

Table 5 – Classification results using features mfcc + SFD +       
harmonicity. 

GT \RESULT s m o NA Total 
hsm 0.941 0.045 0.010 0.004 1.000 
hm 0.519 0.401 0.064 0.016 1.000 
s 0.936 0.010 0.010 0.044 1.000 
sm 0.864 0.090 0.026 0.020 1.000 
smo 0.754 0.126 0.103 0.017 1.000 
so 0.733 0.096 0.152 0.019 1.000 
m 0.079 0.698 0.116 0.107 1.000 
mo 0.113 0.257 0.585 0.045 1.000 
n 0.084 0.026 0.145 0.745 1.000 
o 0.149 0.072 0.671 0.108 1.000 
sil 0.124 0.008 0.023 0.845 1.000 

Overall performance results are presented in Table 6; this is 
the classification result for all classes after the second pass 
has been applied. Since the second pass refinement adds 
small silence regions to speech segments, overall non-
activity detection accuracy is lower. As it can be seen, the 
classifier selects speech class for hybrid regions which in-
clude speech. Therefore, the proposed system is shown to be 
appropriate for speech detection problem. When all the 

classes containing speech and singing are considered as 
speech the precision rate is found to be 0.9339, when classes 
containing speech are considered as speech the precision rate 
is found to be 0.9144. 

7. CONCLUSION 

In this paper, a new approach for detection of speech region 
boundaries has been proposed. Activity / Non-Activity re-
gions are defined and a method for classification of these 
regions has been described. Two new features have been 
proposed and their usefulness has been verified with tests. 
As a result of the proposed approaches, significant im-
provement has been observed. New class models for com-
bined classes such as speech with background music and 
speech with noise, will be studied as a future work.  
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ABSTRACT 

The paper presents the possibilities of altering human voice 

by modifying instantaneous complex frequency (ICF) of the 

speech signal. The proposed algorithm is based on the 

factorization of a band-limited, analytic signal into two 

factors: one fully characterized by its envelope and the other 

with positive instantaneous frequency (PIF). ICFs of both 

factors are estimated and modified for different sound 

effects. The algorithm is tested on short speech utterances 

and the results of these experiments are presented in the 

paper. 

1. INTRODUCTION 

The aim of presented in the paper work was to alter human 

voice by modifying instantaneous complex frequency (ICF) 

of the speech signal. ICF is a concept defined by Hahn [4] 

and based on the concept of instantaneous frequency (IF), 

which was firstly introduced with respect to FM 

modulations, widely used in telecommunications. Later, 

however, it became popular also in other applications, e.g. 

biomedical engineering, seismology, radiolocation, 

oceanography, underwater acoustics or sound processing. 

The main reason for applying IF in these fields is the 

nonstationarity of the signals used there. It is also the main 

reason for using IF in speech processing. The use of IF for 

speech analysis has been already widely investigated, e.g. in 

[2-3], [9-10], [12]. It was mainly used for estimating pitch as 

well as formants’ frequencies of speech. There have also 

been attempts of using IF for changing human voice [13], 

[15]. However, all the algorithms, that can be found in 

literature require processing speech in sub-bands, which 

considerably increases their complexity. The method 

described in this paper overcomes this problem. It is simple 

and fast and therefore can be used in real-time applications. 

The algorithm of voice transformation is based on ICF 

modification. Before ICF estimation and modification 

analytic representation of real signal is obtained and a bi-

factorization algorithm is applied. The two obtained factors 

are minimum-phase envelope and phase signal with positive 

instantaneous frequency . ICFs of both factors are estimated 

and modified in order to obtain different sound effects. The 

proposed modifications are all simple operations that 

introduce minimum delay. The entire algorithm can be 

reversed, i.e. one can obtain the signal from its ICF, 

multiplying the factors of bi-factorization restores the 

original analytic signal and then the real-valued signal can 

be calculated as the real part of the analytic signal. Of course 

after modifying ICF one obtains a transformed, different 

sounding voice.  

The details of the algorithm are presented in the next Section 

along with the description of the proposed modifications. 

Section III presents the results of experiments conducted for 

the recordings of polish vowels and short sentences. 

 

2. ALGORITHM DETAILS 

The main blocks of the proposed algorithm are signal bi-

factorization, ICF estimation and ICF modification. Before 

that, the complex representation of the real speech signal has 

to be computed. If we consider an arbitrarily modulated 

AM-FM signal )(cos)()( ttatx ϕ=  with instantaneous 

amplitude )(ta , and instantaneous phase )(tϕ , its analytic 

equivalent )(tu  is 

 
)()()}({)()( tj

T etatxjHtxtu ϕ=+=  (1) 

 

where { }TH stands for the ideal Hilbert transformer [4]. For 

the purposes of this algorithm a complex Hilbert filter is used 

instead of the Hilbert transformer. This will be explained 

further in the paper. 

 

2.1 Signal bi-factorization 
The second block of the algorithm is the signal bi-

factorization. This concept takes its origin in the theory  of 

spectral factorization described by Oppenheim et al. [11]. 

Taking advantage of the time-frequency dualism we can use 

the concept of spectral factorization to factorize a band-

limited analytic signal )(tu . As the result of the bi-

factorization we obtain two also analytic signals: minimum-

phase and all-phase ones. 

 

)()()( ttatu pifmp γ=  (3) 

 

where )(tamp  is the minimum-phase signal and )(tpifγ  is a 

phase signal with positive IF, called the all-phase signal 
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))(exp()()( tjtata mpmp ϕ=  (4) 

 

))(exp()( tjt pifpif ϕγ =  (5) 

 

In (4) and (5) )(tmpϕ , )(tpifϕ  are the instantaneous phases  

of )(tamp and )(tpifγ respectively. Instantaneous amplitude 

of )(tamp is equal to the instantaneous amplitude of )(tu  and 

)(tmpϕ  and )(ln ta  are a pair of Hilbert transforms. In order 

to compute both factors we first have to compute )(tmpϕ  as 

 

{ })(ln)( taHt Tmp =ϕ  (6) 

 

 Having that, )(tpifγ  is obtained simply by dividing )(tu  by 

)(tamp . Bi-factorization is described in detail in [8]. 

Factorization of speech signal into minimum-phase and all-

phase factors was already proposed by Kumaresan and Rao 

[9]. However, their method of computing factors is not based 

on their definitions. Instead, linear prediction in spectral 

domain is used and speech is processed in sub-bands. 

 

2.2 ICF estimation 
ICF is based on the concept of IF. The most widely used and 

accepted definition of IF was presented by Gabor (cited in 

[1]), followed later by Ville (cited in [1]). They defined IF of 

a real signal,  )(cos)()( ttatx ϕ=  as 

 

dt

d
tu

dt

d
tf

ϕ

ππ 2

1
)(arg

2

1
)( ==  (7) 

 

One can also write the definition of instantaneous angular 

frequency 

 

dt

td
t

)(
)(

ϕ
ω =  (8) 

 

Analogically, Hahn defined ICF of a complex signal )(tu  as 

the first derivative of the instantaneous complex phase )(tp . 

The definition of )(tp  given by Hahn  [4] is 

 

)(ln)( tutp =  (9) 

The imaginary part of instantaneous complex phase is the 

instantaneous phase )(tϕ , while the real part is the log-

envelope of )(tu , )(ln)( tut =λ . ICF is then given by 

 

)(

1)()(
)(

tudt

tdu

dt

tdp
ts ==  (10) 

 

If we investigate the real part, Re( ), of ICF we will see that 

 

)(
)(

)('
))(Re( t

ta

ta
ts σ==  (11) 

 

It is a measure of the relative speed of the changes of )(ta  

[4]. The imaginary part, Im( ), of ICF is 

 

)()(arg))(Im( ttu
dt

d
ts ω==  (12) 

 

This gives us 

 

)()()( tjtts ωσ +=  (13) 

 
a generalization of the time-independent complex frequency 

ωσ js += known from the circuit and signal theory and 

used to define the Laplace transformation [4]. Since in 

practice we deal with discrete-time signals, an estimation of 

discrete ICF is needed. For computational purposes, a good 

estimation is [14] 

 

]1[

][
Ln][

−
=

nu

nu
ns  (14) 

 

The accuracy of this estimation depends on the sampling 

rate. The more the signal is oversampled, the better 

estimation we obtain. Using (14) we can estimate ICFs of 

discrete-time minimum-phase and all-phase signals. 

Knowing that: 

1) ][][][ nnanu pifmp γ=  

2) ][][][ nananu mp ==  

3) 1][ =npifγ  

and considering (11)-(13) we can write that 

 

][][][ nsnsns pifmp +=  (15) 

][][][ njnns mpmp ωσ +=  (16) 

][][ njns pifpif ω=  (17) 

][][][ nnn pifmp ωωω +=  (18) 

 

where ][nsmp  and ][ns pif  are ICFs of ][namp  and ][npifγ   

respectively, and ][nmpω  and ][npifω  are their IFs. It is also 

worth emphasizing here that ][npifω  is always positive. 

 

2.3 Proposed modifications 
Four ICF modifications are proposed for altering the human 

voice [6]. All of them are simple operations of 

adding/subtracting or multiplying/dividing. When choosing 

the parameters of modifications it is important to limit their 

ranges in a manner that the spectrum of the obtained signal is 

not shifted to the negative frequencies and does not exceed 

the range of human hearing. The proposed modifications are: 
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1) Scaling ICF of the all-phase signal (multiplying or 

dividing ][ns pif  by a constant value c) 

2) Shifting ICF of the all-phase signal (adding vector ][nωc   

to ][npifω , only the imaginary part of ICF can be shifted 

since the real part equals zero and it should stay this way) 

3) Scaling real part of ICF of minimum-phase signal 

(multiplying  ][nσ  by c) 

4) Scaling imaginary part of ICF of minimum-phase signal 

(multiplying  ][nmpω  by c) 

After modifying ICF a new speech signal is synthesized by 

computing new minimum-phase and all-phase signals from 

their ICFs, using the inverse of formula (14), and then 

multiplying them [6]. 

3. EXPERIMENTS 

Figure 1 presents the block diagram of the proposed voice 

modification algorithm.  

 

 

Figure 1 – Block diagram of the modification algorithm. 

 

The consecutive blocks of the diagram are: 

� AH  – complex Hilbert filter 

� F – factorization block; 

� ICFE – ICF estimator; 

� ICF mod. – ICF modification block; 

� S – modified signal synthesis; 

� Re( ) – real part; 

 

Complex Hilbert filter is used for computing the complex 

representation of the real signal. u[n] is computed as a 

convolution of x[n] with the impulse response of a bandpass 

complex Hilbert filter ][nhA
 

 

][][][ nxnhnu A ∗=  (19) 

 

This filter limits the band of the signal to a desired range, 

200-8000 Hz, so that all significant formants are maintained. 

It is also applied at the end of the algorithm to the modified 

signal, since some of the proposed modifications may 

produce a non-analytic signal. Using the Hilbert filter once 

again guarantees that the signal obtained after modifications 

is analytic. 

The proposed algorithm was tested for speech recordings – 

polish vowels as well as short sentences spoken by men and 

women. Sampling frequency was 48 kHz.  

 

3.1 Analysis 

Figure 2 presents the results of bi-factorization and ICF 

estimation for vowel /a/. In the first column waveforms of the 

analytic equivalent of the speech signal (real part), as well as 

its minimum-phase and all-phase factors (real and imaginary 

parts) are plotted. The second column contains periodograms 

of the above mentioned signals. In the third column 

waveforms of IFs of the signals are plotted.  

Looking at the periodograms we can see that the minimum-

phase signal maintains in a certain degree the formant 

structure of the original signal. The spectra of ][nu  and 

][namp  are similar - the more minimum-phase ][nu  is, the 

more similar the spectra are. For pure minimum-phase signal 

they are identical [8], but the spectrum of ][nsmp  is shifted to 

zero on the frequency axis. The spectrum of all-phase signal 

is cumulated around 400-1000 Hz. It is also the range of 

power accumulation in ][nu  periodogram. The more 

minimum-phase ][nu  is, the narrower spectrum ][nγ pif  has. 

IF of ][nu , ][nω ,  is the sum of ][nmpω  and ][npifω . As it 

can be seen, the mean value of ][nmpω  is zero, while the 

mean values of ][nω  and ][npifω  are equal (about 570 Hz). 

The IF of all-phase signal is smooth and reflects the trend in 

][nω  waveform. 

 

3.2 Modification results 

In this paragraph changes of speech signal obtained by 

applying proposed modifications are shortly described. More 

detailed description can be found in [6]. To illustrate the 

obtained results, plots for six different modifications applied 

to a polish sentence spoken by a male are presented in figure 

3.  It can be seen that the proposed modifications do not 

change temporal structure of the sentence (the modified 

sentences are in synchronization with the original one). We 

can also see that trajectories of fundamental frequency do not 

change after the modifications (although, as it will be further 

noticed, the perceived pitch does change), so the intonation 

of the sentence remains unchanged. 

 

3.2.1 Scaling ICF of all-phase signal 

Scaling ICF of all-phase signal results foremost in the change 

of mean value of IF. As a consequence, signal’s spectrum is 

shifted on the frequency axis - to the right, if the scaling 

factor is greater than 1, or to the left if it is less than 1. 

Moreover, the higher the factor is, the less distinct the 

formants are. For 5.2>c  the formant structure practically 

disappears and the intelligibility of speech is considerably 

affected.  

The change of voice is mainly in its pitch. One can hear that 

the pitch is higher or lower for 1>c and 1<c  respectively. 

The timbre of the voice also changes. However, the higher c 

is (or closer to zero for 1<c ) the less natural the voice is.  

 

3.2.2 Shifting IF of all-phase signal 

Shifting IF of all-phase signal results only in the change of 

the mean value of IF of the speech signal and in the shift of 

the speech spectrum on the frequency axis, to the right or to 

the left, for ][nωc  grater or less than zero respectively. The 
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best results of voice change are obtained for ][nωc  equal to 

the multiple of fundamental frequency of speech signal. The 

pitch is then simply higher or lower. Therefore, a pitch 

estimation algorithm described by Kaniewska [7] was added. 

It is a real-time, pipeline algorithm. Pitch is estimated for 

every sample of speech. The obtained trajectory of 

fundamental frequency is then used for shifting ][npifω . 

 

Figure 2 –Bi-factorization of vowel /a/ (3 periods): waveforms (a-c) 

and periodograms (d-f) of ][nu , ][namp  and ][nγ pif ; waveforms 

of ][nω  (g), ][nmpω  (h)  and ][npifω  (i).  

 

Figure 3 – Speech waveforms (grey line) and estimated pitch (black 

line) for original speech (a), speech modified by scaling IF of all-

phase signal with c=1.05 (b) and c=0.95 (c), speech modified 

by scaling IF of minimum-phase signal with c=1.5 (d) and 

c=0.5 (e), speech modified by shifting down (f) and up (g) IF of 

all-phase signal by estimated fundamental frequency. 

3.2.3 Scaling real part of ICF of minimum-phase signal 

By scaling ][nσ  we change only the signals envelope. This 

change is nonlinear, since the envelope of the modified 

signal is the original envelope raised to the power of c. 

Linear modifications can be applied directly on ][na  [6]. 

We can observe two aspects of this modification: change in 

the sound’s level and in its dynamic range. For 1>c  the 

dynamic range (understood as minmax λλ − ) is bigger, for 

1<c  it is smaller. For c close to 3 the compression is so 

high that the quietest sounds become inaudible, which 

influences not only the sound quality, but also the speech 

intelligibility. 

 

3.2.4 Scaling IF of minimum-phase signal 

This modification does not cause the change of the mean 

value of the speech signal’s IF, therefore there is no shift of 

the signal’s spectrum. However, the formant structure of the 

speech signal changes. For smaller c further formants are 

attenuated. One can also set c to a negative value, but for 

1−<c  higher frequencies are excessively attenuated. 

The changes of voice are more delicate than for the 

modification of ][npifω . Only the timbre changes, the pitch 

remains unchanged. The most natural sounding voice is 

obtained for 3<c . For higher c the voice becomes cartoon-

like and for 5>c the intelligibility is considerably affected. 

 

3.2.5 Combinations of modifications 

The simple modifications described above can be combined 

for obtaining different voice changes simultaneously. First 

of all one can combine ][npifω  scaling and shifting. 

Another possible combination is the simultaneous change of 

][npifω  and ][nmpω . In the case when ][npifω  is 

increased by scaling or shifting (or both) we can scale 

][nmpω  with factor 1<c  in order to attenuate high 

frequencies and make the transformed voice more natural. 

Scaling ][nmpω  with factor 1>c  makes the sound more 

bright so we can use it when we decrease ][npifω . 

 

3.3 Listening tests 

The results of the speech modifications were evaluated in 

listening tests. The modifications chosen for the tests were: 

scaling imaginary part of ICF of minimum-phase signal, 

scaling imaginary part of ICF of all-phase signal, shifting 

imaginary part of ICF of all-phase signal, combination of 

scaling and shifting imaginary part of ICF of all-phase signal 

and combination of shifting imaginary part of ICF of all-

phase signal and scaling imaginary part of ICF of minimum-

phase signal. The modifications were applied to two male 

and two female voices. The evaluated set contained 20 

recordings, original voices were among them. They were 

played in random order. The participants of the test listened 

to the set twice. While the first listening, they were to 

evaluate the naturalness of the voices on a scale form 1 to 5 

with 0.5 step (5 being a completely natural voice). During 

second listening they were to evaluate the overall quality of 
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the heard speech. No parameters were defined for this test, 

the listeners could freely decide what they understand by 

“quality”. The scale was the same as in the first step, 5 being 

the best quality. 

The first conclusion drawn from the tests for speech 

naturalness was that voices with lower pitch were evaluated 

higher. The mean score for modified male voices was for no 

modification lower than 3, while the lowest mean score for a 

female voice modification was 1.7. 

The highest mean scores were given to voices modified by 

scaling imaginary part of ICF of minimum-phase signal (they 

varied from 3.5 to 5, higher for a lower scaling factor). 

However, these modifications introduced the most delicate 

changes to human voice (the speaker is fully recognizable). 

The same concerned modifications obtained by scaling 

imaginary part of ICF of all-phase signal by 1.19.0 << c . 

The modification that gave more significant voice changes 

was shifting imaginary part of ICF of all-phase signal by 

value equal to fundamental frequency. The mean score for 

these modifications varied from 2 to 4.5 when shifted up and 

from 1.7 to 3.5 when shifted down. Higher score was 

obtained when shifting was combined with scaling imaginary 

part of ICF of minimum-phase signal or imaginary part of 

ICF of all-phase signal (from 2.5 to 4.5, higher for male 

voices). Further improvements can also be achieved when 

only voiced parts of speech are modified. The 

voiced/unvoiced classification can be done sample-by-

sample, based on the value of lowpass filtered ][npifω  (this 

value is higher for unvoiced parts). The results of this 

improvement, however, were not yet subjected to listening 

tests. 

The second stage of tests showed that for about 75% of 

listeners naturalness of voice is correlated with the perceived 

speech quality, i.e. the recordings that were evaluated as not 

natural got also lower score in quality test. The quality was 

also evaluated lower when the factor of scaling imaginary 

part of ICF of minimum-phase signal was higher than 2 (this 

modification introduced audible clicking). 

The results of the tests showed that shifting imaginary part of 

ICF of all-phase signal by value equal to fundamental 

frequency combined with scaling imaginary part of ICF of 

minimum-phase signal or imaginary part of ICF of all-phase 

signal can be used to significantly change human voice and 

maintain, in high degree, its naturalness. This modification 

could be used in speaker depersonalization algorithms. 
 

4. CONCLUSIONS 

It was shown in the paper that ICF can be used for changing 

human voice, its pitch and timbre. Moreover factorizing 

speech signal into minimum-phase and all-phase factors and 

then modifying ICFs of the factors individually produces 

different sound effects. The algorithm cannot be used for 

imitating a certain target speaker. Further research will 

include using the most natural sounding modifications for 

speaker depersonalization. 

The advantage of the proposed method over other algorithms 

that use IF is that it is fast and can operate in a sample-by-

sample mode. Only Hilbert filters introduce delay, but it can 

be minimized when the filters are optimally designed. This is 

a great advantage if the algorithm is used in real-time 

applications, e.g. speaker depersonalization. 
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ABSTRACT 

Local Binary Patterns (LBP) have been used in 2-D image 

processing for applications such as texture segmentation 

and feature detection. In this paper a new 1-dimensional 

local binary pattern (LBP) signal processing method is pre-

sented. Speech systems such as hearing aids require fast and 

computationally inexpensive signal processing. The practi-

cal use of LBP based speech processing is demonstrated on 

two signal processing problems: - (i) signal segmentation 

and (ii) voice activity detection (VAD). Both applications 

use the underlying features extracted from the 1-D LBP. The 

proposed VAD algorithm demonstrates the simplicity of 1-D 

LBP processing with low computational complexity. It is 

also shown that distinct LBP features are obtained to iden-

tify the voiced and the unvoiced components of speech sig-

nals. 

1. I�TRODUCTIO� 

Local Binary Patterns (LBP) have been extensively used in 

2-D image processing [1] [2]. LBP has been shown in [3] to 

be a computationally simple, discriminative descriptor of 

texture. The motivation for the above applications is that an 

image can be described by a combination of texture patterns. 

We aim to develop a 1-D LBP signal processing framework 

and demonstrate its applicability on a real problem. Real 

time systems such as hearing aids require fast processing of 

the input signal while maintaining low computational com-

plexity. One common process in speech systems is Voice 

Activity Detection (VAD) which attempts to estimate peri-

ods of speech and non-speech. Different flavours of VAD 

base their decisions on statistical techniques [4] [8], energy 

level detection [5] or periodicity measures. VAD perform-

ance is affected by the SNR of the noisy speech and per-

formance depends on computational complexity and pa-

rameter tuning.  

In this paper, a novel 1-D LBP operator is developed as a 

signal processing tool. An LBP code for a neighbourhood of 

sampled data is produced by thresholding the neighbouring 

samples against centre samples of a processing window. This 

procedure is iteratively done across the entire signal and a 

segment of the 1-D signal is alternatively described by a 

sparser occurrence histogram of LBP codes. The paper is 

organized as follows. The novel 1-D LBP operator is pre-

sented in section 2. In section 3, a LBP-based segmentation 

of a 1-D signal is used to illustrate the processing capability 

of the 1-D LBP. A computationally simple LBP-based VAD 

is designed in section 4. This uses the occurrence histogram 

of the underlying signal to identify the voiced, unvoiced and 

non-speech components. The performance of the new VAD is 

demonstrated on a speech sample taken from the TIMIT da-

tabase [6] contaminated with non-stationary noise from the 

NOISEX-92 database [7]. Finally, concluding remarks are 

presented in section 5. 

2. 1-D LOCAL BI�ARY PATTER�S 

The 1-D LBP operator is adapted from the 2-D LBP [3]. It 

examines a neighbourhood of data samples from a signal x[i] 

and assigns an LBP code to each centre sample after thresh-

olding them against the neighbouring samples. The 1-D LBP 

operating on a sample value x[i] is defined as: 
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where the Sign function S[.] is given by: 

[ ]
1

0

≥
= 


 for x 0
S x

 for x < 0
 (2) 

 

and where the P neighbouring samples are thresholded 

around the centre sample from the neighbourhood of P+1 

data samples from the signal x[i] of length N for i=[P/2 : �-

P/2]. The Sign function S[.] transforms the differences to a 

P-bit binary code. The binomial weight applied to each 

thresholding operation converts the binary code into a 

unique LBP code. 

An illustration of the 1-D LBP operator is given in 

Figure 1 where P is set to 8 and the centre sample C is cir-

cled. As in Eq. (1), the 8 neighbouring samples are thresh-

olded against C to produce a binary code of 1111_0000. This 

code is then multiplied by the binomial weights given to the 

corresponding samples and the obtained values are summed 

to give the resulting LBP code of 15. The LBP codes can 

locally describe the data using the difference between a sam-

ple and its neighbours. For a constant or slowly varying sig-

nal, these differences cluster near zero. At peaks and troughs, 

the difference will be relatively large, whereas at edges, the 

differences in some directions will be larger than those from 

other directions. The local patterns formed from x[i] can be 

described by the distribution of the LBP codes: 
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Figure 1 - Computation of 1-D local binary pattern (1-D LBP) 

 

where k=1..n and n is the number of histogram bins and each 

bin corresponds to an LBP code. δ(i,j) is the Kronecker delta 

function. 

The standard LBPP operator produces 2
P
 different LBP 

codes. Extensions of the LBPP are presented in [3] for rota-

tion invariant patterns LBPP
r
, uniform patterns LBPP

u
, and 

rotation invariant uniform patterns LBPP
r,u

.   LBPP
r
 is pro-

duced by shifting the LBP code for the P neighbouring sam-

ples until its minimum value is found. In this way, LBPP
r
  of 

the processed window produces the same code for all shifted 

versions of that code and it is therefore invariant to rotation. 

A uniform pattern is defined by an LBP code which has at 

most two one-to-zero or zero-to-one transitions. The remain-

ing non-uniform patterns are assigned to a single histogram 

bin and each uniform pattern is assigned to a separate bin. 

LBPP
u 

gives a histogram with P(P-1)+3 bins. LBPP
r,u

 shifts 

the uniform codes until they attain their minimum values and 

results in a histogram with P+1 bins for uniform patterns plus 

one bin for non-uniform patterns. The LBP code evaluated 

earlier in this section is an example of a code that is uniform 

and is already rotation-invariant. The choice of which LBP to 

use depends on the need for either a more resolved represen-

tation or for a sparser histogram. In the presented work, nor-

malized histograms will be used for LBPP
r,u

 resulting in his-

tograms with P+2 bins. 

3. U�SUPERVISED SIG�AL SEGME�TATIO� 

USI�G 1-D LBP 

The 1-D LBP operator is used to produce a histogram of LBP 

codes which can be used as an alternative representation of 

the signal. In signal segmentation, the histogram can be used 

as a non-parametric estimator of the empirical LBP feature 

histogram. Resistor Average Difference (RAD) [2] can be 

used for measuring the similarity of adjacent LBP histo-

grams. RAD is derived from the non-symmetric Kullback-

Leibler Distance (KLD) [2] which is used for measuring the 

difference between two histograms p and q. KLD is given by: 

( ) ( ) ( ){ }
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k

D p q p k p k q k
=
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where n is the number of histogram bins and p(k) and q(k) 

are the number of occurrences in histograms p and q respec-

tively at bin k. The RAD is defined as: 

( ) ( )( ) ( )( )
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1 1

,RAD KL KLD p q D p q D q p
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DRAD(p,q) between the two histograms p and q increases 

with dissimilarity and in contrast to KLD, RAD is symmet-

ric [9]. 

 

3.1 �oise Onset Identification 

 

In this example, the onset of noise is detected for a noise 

source switched on at some time τ. The signal x is first split 

into segments xa[j] of length W by applying a window w[j] of 

length W as: 

[ ] [ ] [ ]  for 0 1
a

x j x aR j w j j W= + ≤ ≤ −  (6) 

where a is the segment number, R<W for overlapping seg-

ments and R=W for contiguous segments. W is chosen to be 

small enough to capture transitions in the LBP feature histo-

grams. DRAD(p,q) is measured for the segments of the adja-

cent histograms and similar segments are merged. When two 

adjacent segments are merged, their histograms are summed 

and normalized to produce the histogram of the new seg-

ment. This procedure continues until the segment does not 

expand and the previously merged segments are considered 

as a component of the signal with similar underlying LBP 

features.  

This procedure was performed for an artificially gener-

ated sinusoidal signal of length 768 samples which was con-

taminated by Additive White Gaussian Noise (AWGN) in the 

middle portion of the signal as shown in Figure 2(a). The 

signal was split up as in Eq. (6) with W=128 and R=128 and 

a rectangular window w[j]. The 1-D LBP8
r,u

 extension was 

used with P=8 to give a LBP histogram with P+2=10 bins as 

shown in Figure 2(b) for each segment. The DRAD values for 

adjacent segments are shown for illustrative purposes. The 

results of the segmentation are shown in Figure 2(c) and 

Figure 2(d). It can be seen that the algorithm exactly sepa-

rates the sinusoidal components from the noise affected por-

tion based on the similarity of the underlying signal features. 

No overlap was used in this example, however overlapping 

the segments will improve fidelity.  

4. VOICE ACTIVITY DETECTIO� USI�G 1-D 

LBP 

Traditional VAD detects speech activity in the presence of 

noise. VAD does not usually distinguish between voiced and 

unvoiced components [4][5][8]. Unvoiced speech contains 

high occurrences of non-uniform patterns and use of the uni-

form LBP extension, LBPP
r,u

, can distinguish between these 

two speech components. The speech utterance  
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Figure 2 - Segmentation of a sinusoidal signal contaminated by AWGN (a) Original noisy signal (b) LBP8
r,u histograms of the 6 seg-

ments formed and DRAD(p,q) measure for adjacent histograms (c) Segmented sinusoidal components (d) Noise affected segment 
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Figure 3 – LBP8
r,u results for clean speech utterance (a) Clean 

speech with unvoiced segments circled (b) Occurrence results in 

non-uniform bin 10 from LBP feature histograms (c) Clean speech 

with voiced segments circled (d) Occurrence results in central 

uniform bin 5 from LBP feature histograms 

 

“Good service should be rewarded by big tips” was taken 

from the TIMIT database [6] and is plotted in Figure 3(a). A 

sampling frequency of 16 kHz was used and the signal was 

segmented according to Eq. (6) with a rectangular window of 

length W=160 samples and no overlap. The LBP8
r,u

 for each 

segment was measured to give LBP histograms with 10 bins.  

Any non-uniform patterns are separated into a single bin. 

Figure 3(b) shows the plot for the non-uniform bin (bin 10) 

for each speech segment. This illustrates that the higher fre-

quency unvoiced speech circled in Figure 3(a) and labelled 

“U” produce higher occurrences of non-uniform patterns. 

Non-uniform patterns occur in other portions of the signal.  

This is due to low-power recording noise from the speech 

sample used. This distinctive non-uniform marker can be 

used to identify unvoiced speech segments of the analyzed 

signal that have an increased number of occurrences in the 

non-uniform histogram bin.  

The lower frequency voiced components are highlighted 

in circles and labelled “V” in Figure 3(c). These produce 

uniform patterns with the resulting plot shown in Figure 3(d). 

This shows the number of occurrences in the central uniform 

bin 5 for the segmented signal. The distribution of the pat-

terns for speech signal shows peak activity in the uniform bin 

5 at segments corresponding to voiced speech. This LBP 

feature relates to a particular rotation-invariant feature of the 

voiced components. It can be seen that during voiced speech 

activity there is significant activity in this central bin. There-

fore, the occurrence histograms of these speech components 

can distinguish these two regions based on their extracted 

LBP features. Noise may contain non-uniform patterns and 

for noisy speech signals, the bin 5 features can also distin-

guish unvoiced speech components from weaker voiced 

speech components that have been more affected by the 

added noise. A higher resolved histogram such as LBPP
u
 can 

be used if this criterion to distinguish unvoiced speech from 

noise or weak speech components affected by noise is re-

quired.  LBPP
u 

distributes the occurrences in the histogram 

over a larger number of bins and thus keeps activity low in 

any particular uniform bin for unvoiced speech.  

Environmental sounds may contain low-frequency noise 

and periodic components whose spectra overlap with the 

voiced components of the speech signal. Therefore, discrimi-

nation of features that produce similar histograms from  
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Figure 4 - VAD results for speech contaminated with F16 cockpit 

noise at 5 dB SNR (a) Noisy speech (b) Voiced speech components 

identified (c) Unvoiced speech components identified 

Figure 5 - VAD results for speech contaminated with  car inte-

rior noise at 5 dB SNR (a) Noisy speech (b) Voiced speech 

components identified (c) Unvoiced speech components identi-
fied 

different sound sources is performed by incorporating a local 

power measure of the analyzed signal segment xa[j] to give 

the joint operator LBPP
r,u

/VARseg where VARseg(xa[j]) is given 

by: 

[ ]( ) [ ] [ ]
1 1

2

0 0

1 1
( )  where ( )

W W

seg a a a a a

j j

VAR x j x j X X x j
W W

− −

= =

= − =∑ ∑  (7) 

 

 

4.1 1-D LBP-based VAD algorithm 

The algorithm presented below uses the 1-D LBP to separate 

noisy speech into voiced, unvoiced and non-speech compo-

nents by the following steps: 

 

1. Segment the input noisy speech signal x to give segments 

xa[j] 

2. Perform LBP8
riu2

 for each segment xa[j] to obtain the 

normalized occurrence histogram for that segment 

3. Separate all segments which have the normalized histo-

gram bin p(10)>0.3 and label as unvoiced speech seg-

ments. p(k) is the occurrence probability in histogram bin 

k 

4. Measure VARseg(xa[j])  for each segment and separate the 

LBP features with  VARseg(xa[j])<thresh. Label as non-

voiced speech segments 

5. Label remaining segments as voiced speech segments 

6. Perform final grouping by assigning contiguous speech 

segments T�V < 50 ms to non-voiced speech label 

 

The value of thresh must be chosen to distinguish voiced 

speech from non-speech with similar LBP features. A value 

of 0.003 for thresh was selected empirically from experimen-

tal studies for speech contaminated with different noise types 

ranging down to 0dB SNR. The value of T�V was chosen as 

in [10] to remove the influence of noise intrusion. 

 

4.2 Performance Evaluation 

The 1-D LBP-based VAD algorithm from section 4.1 was 

tested on the previous clean speech utterance from Figure 

3(a) degraded with F16 cockpit noise and car interior noise. 

These noise sources were obtained from the Noisex92 [7] 

database. Figure 4 shows the results obtained for the speech 

utterance contaminated with F16 cockpit noise at SNR level 

of 5 dB with the voiced and unvoiced components labelled 

“V” and “U” respectively. Figure 4(b) and Figure 4(c) dem-

onstrate that the LBP-based VAD algorithm is able to cor-

rectly identify all of the voiced and unvoiced components 

from the noisy speech. Figure 5 shows the results obtained 

for the speech utterance contaminated with car interior noise 

at SNR level of 5 dB. Figure 5(b) and Figure 5(c) demon-

strate that the LBP-based VAD algorithm is able to correctly 

identify all of the voiced speech components. However, it 

does not identify one weak portion of the unvoiced speech 

since its LBP feature was affected by the stronger low-

frequency noise component for low SNR values. The LBP 

feature for this unvoiced portion was not significantly modi-

fied in the previous case with the higher frequency compo-
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nents of the F16 cockpit noise and therefore resulted in cor-

rect identification in that situation.  

5. DISCUSSIO� 

The histogram of the 1-D LBP codes of a signal gives a 

sparser, alternative signal representation. The LBP operation 

is fast and computationally inexpensive. It was shown to be 

a distinctive marker of certain features of the underlying 

signal. This property has been applied in preliminary work 

for simple signal segmentation and fast and accurate VAD. 

The 1-D LBP is able to distinguish the unvoiced and the 

voiced components of speech signals using the distinguish-

ing features of higher activity in certain characteristic histo-

gram bins. The use of an overlapping factor will yield im-

proved results and give better identification of the onset of 

distinct signal features. Future work will involve application 

of the 1-D LBP to signal enhancement and noise estimation 

techniques. Multi-resolution 1-D LBP will be developed to 

achieve improved results, especially for analysis of noisy 

signals.  Further work will also involve the inclusion of a 

joint local variance measure on the samples that produce an 

LBP code to give improved fidelity. 
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ABSTRACT
In this paper we use a novel framework, the Microcanon-
ical Multiscale Formalism (MMF), to analyze speech
signals. The MMF is based on the computation of geo-
metrical and local parameters – the singularity expo-
nents – which allow nonlinear analysis of their com-
plex dynamics and, particularly, characterize their in-
termittent signature. We define an accumulative mea-
sure on these exponents which has the nice property
of producing clear and distinctive changes at phoneme
boundaries. We present preliminary experiments on the
TIMIT database, which show that singular exponents
convey indeed valuable information about the local dy-
namics of speech. They also show that the measure we
define has a good potential to provide a new and power-
ful method for text-independent phonetic segmentation.

1. INTRODUCTION

It is theoretically and experimentally established that
turbulence and high nonlinear phenomena are present
in the speech production process [8, 2, 9, 10]. However,
the traditional approach to speech processing is based
on linear techniques which basically rely on the source-
filter model. The linear approach cannot adequately
take into account or capture the complex dynamics of
speech. For this reason, nonlinear speech processing has
gained a significant attention during the last years.

In this paper we analyze the nonlinear dynamics of
speech using concepts and methods from the framework
of turbulent systems. Our approach is based on the Mi-
crocanonical Multiscale Formalism (MMF) which is a
novel framework to study the geometric-statistical prop-
erties of complex signals from a multiscale perspective
[12, 17]. The MMF has proved to be a valuable approach
to model and analyze empirical complex and turbulent
systems. This is particularly true for scale-invariant sys-
tems, i.e., systems that have corresponding statistical
properties at different scales [11].

The MMF is an extension of its more standard
Canonical counterpart [5, 1]. The particularity of MMF
is that it is based on geometrical and local parame-
ters, rather than relying on statistical averages – such
as structure functions or partition functions – as it is
the case in the canonical framework [11]. Hence, MMF
makes it possible to locally study the dynamics of com-
plex signals.

In this paper we show that speech signals lie in the
domain of applicability of MMF. We then use the local
parameters computed by the MMF, called singularity

exponents [18], and show how they convey meaningful
information for the identification of phoneme bound-
aries.

Speech segmentation has many potential applica-
tions in speech technology, from speech synthesis to Au-
tomatic Speech Recognition (ASR). Segmentation could
be the first stage of an ASR systems, but the lack of sat-
isfying segmentation algorithms has led to a reversed
approach: a wide class of segmentation methods are
the adapted versions of HMM-based phonetic recogniz-
ers [15]. This class of segmentation methods are known
as text-dependent methods since they rely on an ex-
ternally supplied database of target vocabulary and its
manual transcriptions. On the other hand, there exists
a class of text-independent segmentation methods which
are based on the identification of variations in feature-
based distances [3]. Text independent methods are not
limited to a specific corpus and they rely on either some
model-based feature vectors or some raw spectral mea-
sures.

In this paper we exploit the behavioural changes in
distribution of singularity exponents over time, through
the use of an accumulative measure. We present prelim-
inary experiments that show that this measure can be
readily used to detect phoneme boundaries.

The paper is structured as follows. In Section 2 we
introduce the basic concepts of MMF, the algorithm for
singularity exponents estimation, and then present the
validation procedure for a given signal to be evaluated
under MMF. In Section 3 we show that speech is an
appropriate candidate for such formalism. In Section 4
we discuss the use of singularity exponents for segmen-
tation of speech signals. Finally, in Section 5 we draw
our conclusions.

2. MICROCANONICAL MULTISCALE
FORMALISM

In this section we give a brief overview on the basics of
MMF. A more extensive review of the theory and tools
can be found in [17].

MMF is based on the computation of the local scal-
ing exponents of a given signal, whose distribution is the
key quantity defining its intermittent dynamics. These
exponents are a useful tool for the study of geometrical
properties of signals, and have been used in a wide va-
riety of applications ranging from signal compression to
inference and prediction [16, 13].

Before applying MMF to a given signal, the first step
is to study its validity for that signal. The validity of
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MMF for a signal relies on the existence of a local power-
law scaling behaviour at each point in the signal domain
[17]. Formally, for at least one scale-dependent func-
tional Γr, the following relation must hold for any time
t and for small scales r:

Γr (s(t)) = α(t) rh(t) + o
(
rh(t)

)
r → 0 (1)

where h(t) is the so-called singularity exponent [17]. The
multiplicative factor α(t) depends on the chosen func-
tional Γr, but for some systems such as scale-invariant
ones, the exponent h(t) is independent of it. How-
ever it is beyond the scope of this paper to study
whether speech has scale-invariance properties. The
term o

(
rh(t)

)
means that for very small scales the addi-

tive terms are negligible compared to the factor and thus
h(t) dominantly quantifies the degree of “regularity” of
s(t) at each time instance.

If the functional is chosen as the linear increment,
Γr (s(t)) = s(t + r) − s(t), the resulting exponents are
Hölder exponents and they characterize causal power-
law correlations. When empirical data are analyzed, it
is often difficult to obtain good estimation of Hölder ex-
ponents from linear increments. Discretization, noise
and long-range correlations hinder the practical calcu-
lation of these exponents from Eq. (1).

There is an alternative and more robust definition for
the functional Γr in Eq. (1), which is defined from the
typical characterization of intermittence in turbulence:
the gradient-modulus measure. This measure on a ball
of radius r for a turbulent velocity field describes the
kinetic energy dissipation at scale r. Therefore, it is a
quantity linked to the transfer of energy from one scale
to another. Thus, the exponent associated to the power
law in terms of the scale characterizes the information
content and the dynamical transitions of the signal [5,
18]. The functional is defined as the r-radius gradient-
modulus measure divided by the volume of the r-radius
ball:

Γr (s(t)) :=
1

Λ(Br)

∫
Br(t)

dτ |s′(τ)| (2)

where s′ is the derivative of s, Br is the r-radius ball and
Λ means the Lebesgue measure on the real line. Prac-
tical implementation to avoid noise and discretization
artifacts consists in using a wavelet support for the ball
Br(t).

Finally, we mention the importance of a particular
set of points that convey most of informations about the
nonlinear dynamics of signal: the most singular compo-
nent. In fact, for a given point, the smaller value of
singularity exponent, the higher predictability implied
at this point [16]. It is has been established that the
critical transitions of the system occur at these most
singular points, and this fact has been successfully used
in many applications such as edge detection or data re-
construction [17].

2.1 Estimation of singularity exponents

The method used in this paper to estimate singularity
exponents is the continuous-wavelet-transform equiva-
lent of Eq. (2). This has the general advantage of cop-
ing with the particularities of real-world data such as

discretization, acquisition noise and long-range corre-
lations. Also, wavelet transform vanishes polynomial
contributions in the additive term o

(
rh(t)

)
which are a

common obstacle for the precise estimation of singular-
ity exponents. Overall, we examine the following power-
law relationship for each time instance:

TΨ [|s′|] (r, t) ∝ rh(t) (3)

where TΨ [x] (r, t) := (Ψr ∗ x) (t) stands for the contin-
uous wavelet transform, Ψr(t) := r−1 Ψ(r/t) and Ψ is a
wave-like function called mother wavelet.

It is appropriate to mention another advantage of
using the continuous wavelet transform for this estima-
tion: the possibility of computing the transform over a
set of non-integer scales in discretized signals. The scale
variable r in Eq. (3) could be assigned any non-integer
value, providing a smooth interpolation scheme for the
discrete-time signal.

2.2 MMF validation

It is easy to see that taking the logarithm of both sides
of Eq. (3) reveals a linear relationship between the loga-
rithm of the wavelet transform and the logarithm of the
scale. So it is possible to estimate the singularity expo-
nent h(t) at each time t by performing a linear regression
of the wavelet transform vs. the scale in a log-log plot.
Therefore, Eq. (3) and consequently Eq. (1) are verified
for a given signal if we attain acceptable correlation co-
efficients for such linear regression. When this occurs,
the MMF is valid for the signal.

3. SPEECH SIGNALS IN THE
MICROCANONICAL FRAMEWORK

In this section we study the validity of MMF for speech
signals. In order to estimate the singularity exponents,
we use a slight modification of Eq. (3). Indeed, in our
experiment with speech signals, we observed that better
correlation coefficients are obtained when we take the
logarithm of both sides of Eq. (3) and divide with log(r),
so that we have the linear relationship:

log TΨ [s′] (r, t)
log r

= αΨ(t)
1

log r
+ h(t) (4)

Then, by performing the linear regression, the singular-
ity exponent h(t) is estimated as the bias of this linear
relationship.

The wavelet we use is the Lorentzian wavelet. This
wavelet defines an accurate estimation for smaller expo-
nents, at the expense of a saturation of all exponents
≥ 1 [19]. This is desirable because small exponents are
the most informative ones and, in the presented case,
retrieved exponents are far from the saturation and so
it does not appear as an actual limitation. To perform
the regression we chose 10 scales which are log-uniformly
spaced between 1 and 100 samples (which correspond to
the interval from 62.5 µs to 6.25 ms).

We first check the existence of the power-law scal-
ing Eq. (3) on phonemes, as they are the basic acoustic
speech units. All our experiments are carried out on
the TIMIT database [6]. We use the transcriptions pro-
vided by TIMIT to construct a test database of 3000
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phonemes: for each phoneme family (vowels, fricatives,
stops, semi-vowels and glides, affricates and nasals) we
take 500 different instances of a representative phoneme.
The estimation of singularity exponents using Eq. (4) is
performed on the 500 instances and the resulting aver-
age correlation coefficients are reported in Table 1.

Next, we performed the same procedure over whole
sentences. 500 different speech signals with an approx-
imate length of 3–5 seconds were used for this experi-
ment. We obtained an average correlation coefficient of
0.96. The small loss compared to the average of values
in Table 1 (which is 0.98) is explained by the presence
of long segments of silence when we process whole sen-
tences.

Overall, these experiments show that excellent corre-
lation coefficients are obtained using our estimation pro-
cedure. First, this suggests that we achieve very precise
estimation of the singularity exponents. Second, it sug-
gests that the MMF is valid for speech signals. We can
thus proceed now to study how these exponents convey
useful information about the speech dynamics.

4. APPLICATION OF MMF FOR SPEECH
SEGMENTATION

Speech is a non-stationary signal which is formed by con-
catenation of small acoustic units called phonemes. The
automatic detection of boundaries between phonemes is
a challenging task and is still an open problem which has
many applications in speech technology. In Section 3 we
demonstrated the validity of MMF for speech signals.
Here, we present our observations on the instructive in-
formation of singularity exponents about the variable
temporal dynamics of speech signals.

Since different phonemes are basically different sig-
nals with different frequency content and statistical
properties, we expect the corresponding singularity ex-
ponents to have different behaviour inside the bound-
aries of each phoneme. In order to demonstrate these
changes, we provide a graphical presentation in Figure
1, showing the changes in distribution of singularity ex-
ponents conditioned on the time, ρ(h|t).

In Figure 1–top, the original speech signal is shown
and the phoneme boundaries are represented by vertical
red lines. These boundaries are extracted from the man-
ual transcription of TIMIT database. Figure 1–middle
displays the time evolution of the conditional distribu-
tion of singularity exponents. In the vertical axes we
show the rank of the singularity exponents in bins of 5
percentiles. Then, at each time instance t, we take a
30 ms window centred around t and we accumulate the
exponents to the globally computed bins. As we want
to represent conditional probability each row is norm-
∞ normalized. It is remarkable that there is a change
in the position of maxima and in the variabilities of h
distribution. Moreover, the distribution alternates from
uni-modal to multi-modal, with uni-modal cases centred
at the middle of the global range and multi-modal cases
typically with two modes: one at each extreme of the
range.

However, although these changes in distribution be-
haviour are visually apparent they would be extremely
difficult to detect numerically and automatically. Hence,

it would be appropriate to define a new measure to
exploit these distributive changes. With this purpose
in mind, notice that the easiest interpretation of the
changes in distributions of Figure 1–middle is the change
in averages. In other words, we expect that different
phonemes have different averages of singularity expo-
nents compared to their neighbouring phonemes. In or-
der to check this, we use the primitive of the singularity-
exponent function over time as an estimator of the in-
stantaneous average. Formally, we define the new func-
tional as:

ACC(t) =
∫ t

t0

dτ h(τ) (5)

The resulting functional is plotted in Figure 1–bottom
for the same speech signal as before. To enhance pre-
sentation of the values of resulting time varying func-
tion in an observable window, we detrend it. Just as
we expected, this new functional reveals the changes in
distribution in a more precise way. Indeed, inside each
phoneme the functional ACC is almost linear (if we ne-
glect the small scale fluctuations). Moreover, there is
a clear change in the slope at the phoneme boundaries.
These slope changes are even able to identify the bound-
aries between extremely short phonemes, such as stops.
Extensive observations over different sentences confirms
this behaviour, and thus the strength of the proposed
functional, Eq. (5).

These experiments suggest that the singularity expo-
nents computed in the MMF convey indeed meaningful
information about the critical transitions in speech sig-
nals. They also suggest that we can readily use these
exponents to develop a new, robust method for phonetic
segmentation.

An accurate evaluation of such method requires the
implementation of a numerical algorithm for unsuper-
vised identification of breaking points in noisy piecewise
linear curves. This is the purpose of our ongoing re-
search. At the time of writing of this paper, we are
studying the use of Free Knot B-spline algorithms [14]
to achieve this goal.

The closest methods to ours that we found in the
literature are the ones in [7] and [4]. In the former, the
analysis of trajectory of the Variance Fractal Dimension
(VFD) is used for phonetic segmentation. In the lat-
ter, the authors propose a fractal based approach which
uses the transitions of the envelope of the local fractal
dimension to determine the boundaries between words
and phonemes. Performing an extensive comparison be-
tween these methods and ours is beyond the scope of
this paper, particularly since these methods – like ours,
for the moment – visually differentiate the phonemes
without giving an automatic segmentation procedure.
However, in our approach the latter could be solved by
a simple piece-wise linear approximation. Thus we can
fairly say that our approach is much easier to incorpo-
rate in an automatic segmentation algorithm than the
measures given in [7] and [4].

5. CONCLUSIONS

In this paper we first showed that MMF is a valid frame-
work for the study of speech signals. From this perspec-
tive, we then analyzed the local properties of speech sig-
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Phoneme type Vowel Fricative Stop Semi Vowel & Glide Affricate Nasal
Phoneme /aa/ /dh/ /b/ /el/ /ch/ /en/

Average Correlation Coef. 0.97 0.99 0.99 0.99 0.99 0.99

Table 1: The average correlation coefficients of the linear regression Eq. (4) for a representative phoneme of each 6
different families.

nals through the singularity exponents computed in the
MMF. We showed that these exponents are interestingly
informative about the speech dynamics. Finally we pro-
posed a geometrical quantifying measure that produces
clear and distinctive changes at phoneme boundaries,
and thus can be used for automatic text-independent
phonetic segmentation. We emphasize that the com-
plete application of the MMF framework for speech sig-
nal requires more accurate justifications to cope with all
the particularities of speech signals. Still, the study pre-
sented in this paper reveals the informativeness of the
singularity exponents, without any extra manipulations.
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Figure 1: TOP: A normalized speech signal from TIMIT database. The signal was sampled at 16 kHz. Manually-
positioned phoneme boundaries are marked with vertical red lines. MIDDLE: Joint histogram of the distribution of
singularity exponents (vertical axis) conditioned to the time window (horizontal axis). Red corresponds to maximum
probability and dark blue corresponds to zero probability. The horizontal axis is divided in 30 ms bins. The vertical
axis is divided in global 5-percentile bins, so that it is proportional to the global rank of the singularity exponents,
not to their value. This avoids low-probability distortions. BOTTOM: Proposed functional for the identification
of phoneme boundaries. It is remarkable that most phoneme boundaries co-localize with strong changes in slope. To
enhance presentation, the ACC functional presented in Eq. (5) has been globally detrended (for the whole sentence,
not the presented portion).
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ABSTRACT

Reliable transmission of 3D video signals is nowadays an in-
teresting research issue both for the new coding challenges
that three-dimensional video signals pose and for the wide
diffusion of multimedia communications over wireless net-
works. In order to deal effectively with packet losses over
radio channels, several robust source coding schemes have
been proposed. This article presents a reconfigurable and
flexible architecture (named Cognitive Source Coder in anal-
ogy with Cognitive Radio systems) that implements different
robust source coding solutions and adaptively adopts them
according to channel conditions. The proposed approach
permits improving the quality of the 3D scene reconstructed
at the end terminal with respect to the corresponding non-
adaptive approaches.

1. INTRODUCTION

Wireless networks are nowadays intended to provide a wide
variety of multimedia applications, which are character-
ized by intense bandwidth requirements and high sensi-
tivity to packet losses. The recent advent of 3D video
transmission has utterly exacerbated these peculiarities since
three-dimensional video streams are characterized by great
amounts of data and poor resilience to delays and errors. As
a matter of fact, novel protocols and transmission strategy
have been designed in order to grant a certain Quality-of-
Experience (QoE) to the end user by minimizing the loss of
crucial data and limiting delays and jitters. Among these,
cross-layer (CL) solutions are able to maximize the qual-
ity of the received multimedia content by jointly tuning the
transmission parameters of the different layers in the protocol
stack. In this way, it is possible to combine different protec-
tion and retransmission strategies to satisfy the requirements
related to the specific application. Within the existing cross-
layer solutions, a subset of the proposed approaches adapt the
chosen source coder to the characteristics of the transmitted
video sequence and to the network state. In this paper we will
refer to these solutions with the term Cognitive Source Cod-
ing (CSC) scheme in analogy with Cognitive Radio schemes.
Cognitive Radio (CR) architectures are wireless systems that
can sense the transmission environment, identify which spec-
trum frequencies are available, and change the modulation
scheme in order to be able to transmit over the available chan-
nels [1]. It is possible to notice that CSC schemes presents
many features in common with CR solutions. CSC architec-
tures implement many source coding strategy and adaptively
switch from one to another depending on the channel state.
In a similar way, CR schemes implement many modulation
schemes and can adaptively switch from one to another de-
pending on which portion of the radio spectrum they want to
use. Moreover, CSC schemes, as well as CR solutions, must

sense the transmission environment in order to understand
howmany transmission channels are available and what their
states are. Both CSC and CR must present a high degree of
flexibility and reconfigurability in order to change configu-
ration without requiring exceeding computational complex-
ity and hardware resources on the transmitting and receiving
terminals.

The paper present a CSC video coding solution that
reuses the building blocks of the H.264/AVC FRExt coder
and presents a limited computational complexity. The
proposed approach includes a single description standard
H.264/AVC coder (SDC), a Multiple Description video coder
based on a polyphase sub-sampling, and a Wyner-Ziv coder
that is used to characterize the residual signal after prediction
in the standard H.264/AVC and in the MDC coders. These
elements can be obtained by a simple rewiring of the signals
in the H.264/AVC coder. An additional FEC coder is also ap-
plied on the video RTP packets in order to protect the video
packet stream against losses. The designed CSC coder is ap-

plied to a video+depth 3D signals1 sequence optimizing both
the quality of the reconstructed view and the accuracy of the
received depth map. More precisely, the optimization strat-
egy distinguishes the static elements in the sequence from the
dynamic ones and chooses the most appropriate coding con-
figuration according to the characteristics of the coded video
sequence and to the channel state. In the following, Section 2
presents the adopted CSC scheme in detail by specifying its
basic building blocks. Section 3 presents how the source cod-
ing strategy is optimized according to the characteristics of
the video and depth signals. Experimental results in Sec-
tion 4 show how it is possible to improve the 3D experience
provided to the end user. Conclusions are drawn in Section 5.

2. THE PROPOSED COGNITIVE SOURCE CODING
SCHEME

The adopted scheme (see Fig. 1) implements a set of differ-
ent video coding strategies that can be adaptively employed
to maximize the quality of the sequence reconstructed at the
decoder. More precisely, the designed architectures com-
bines a simpleMultiple Description Coding with a traditional
H.264/AVC scheme and aWyner-Ziv (WZ) video coding. As
a matter of fact, we adopted MDC and WZ schemes whose
building blocks present many similarities with those of the
H.264/AVC encoder. In this way, it is possible to reuse many
functional units since each different source coding solution
can be implemented by rewiring the connections between
different blocks. From these premises, we adopted the MDC
scheme in [3] and the WZ coding solution in [4] since they

1This 3D video format is also called Depth Image Based Rendering
(DIBR) [2].
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Figure 1: Block diagram for the encoder.

inherit most of the building blocks of H.264/AVC with the
addition of some low-complexity functional blocks. The re-
sulting CSC coder requires the same computational complex-
ity of the H.264/AVC coder. The output packet stream can be
protected by adding extra FEC packets generated by an era-
sure code as defined in the RFC2733 [5]. In the following,
we will describe the different units of the CSC encoder and
their possible configurations.

2.1 Object identification unit

The input video and depth signals are processed by an object
identification unit (see the block 1© in Fig. 1), which ana-
lyzes the captured scene and the different objects within the
frame distinguishing fast-moving objects in the foreground
from slowly-moving objects and background elements. Ac-
cording to the spatial-temporal characteristics of the signals
associated to the different objects it is possible to vary the
configuration of the coder in order to maximize the 3D vi-
sual quality experienced by the end user.

In our approach, we distinguished two separate classes
of objects in the captured scene. The first class includes fast-
moving elements close to the point of view, which have a
stronger impact on the final visual quality and proves to be af-
fected more significantly by packet losses. The second class
comprises elements in the background and slowly moving
objects in the foreground: the first have a minor impact on the
final visual quality, while the latter can be easily estimated in
case of packet losses with a limited channel distortion. This
classification can be performed by segmenting [6] the input
frames into multiple small portions according to the informa-
tion provided by the depth signal. The different segments are
then fused together according to the following procedure.

Let Rk, with k = 0, . . . ,NR − 1, be NR regions of pixels
obtained segmenting the current depth map frame via the al-
gorithm in [6]. The object detection algorithm computes the

average depth value d within each region Rk and the MSE
between the pixels in Rk of the current video frame and the
corresponding pixels of the previous video frame. In case the
MSE is lower than the threshold T1, the region Rk is assigned
to the class of static objects and background. As for the re-
maining regions, the object detection routine clusters the set

of regions according to the associated value d and fuses them
together into a new set of regions R′

k. In the end, the average

depth values d
′
for the regions R′

k are then quantized into two

classes, and the associated regions R′
k are merged together.

According to the average MSE values for the pixels in the

last two regions, pixels are associated to the class of moving
objects or to the class of static elements.

The results of the object identification unit are two pixel
masks RF (containing the moving objects in the foreground)
and RB (containing background and static objects). Pixel
masks can be used to distinguish the image regions in an
object-based video coder and characterize them separately.
In the current version of the codec, we leave this possibility
for the future versions of the CSC architecture, and, in or-
der to limit the additional computational complexity related
to the processing of masks both at the encoder and at the de-
coder, we employ the obtained pixel masks to partition the
input frames into two Regions-Of-Interest (ROI). The first
one is made of macroblocks MF related to RF (front ROI),
while the second one is made of macroblocks MB related to
RB (back ROI). As a result, four frame sequences are gener-
ated: the sequences of front macroblocks for both the video
and the depth signals (named VF and DF respectively), and
the sequences of backgroundmacroblocks (namedVB andDB

respectively). The four subsequencesVF , VB, DF , and DB are
then coded by different source coding strategy according to
the characteristics of the processed signal and of the trans-
mission channel.

(a) Input view (b) Input depth

(c) Regions Rk (d) Resulting front ROI

Figure 2: Video signals in the object detection algorithm.

2.2 MDC subsampling

The MDC subsampling unit permits splitting the input video
or depth signal into two descriptions via a polyphase sub-
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sampling (see the block 2© in Fig. 1). The odd and the even
pixel rows of the input ROI are separated into two fields cre-
ating a couple of subsequences that are coded independently
by the following video source coder into two packet streams.
In case both descriptions associated to the current ROI are
correctly received and decoded, the input sequence can be
reconstructed without any additional channel distortion. In
case only one description is received, the vertical correlation
among adjacent pixels of the even and the odd rows allows
the Error Concealment unit (block 5© in Fig. 1) to estimate
the lost description by interpolating the missing rows from
the available ones.

In case both descriptions are lost, the Error Concealment
unit replaces the missing information by copying the corre-
sponding pixels of the previous frame. The following subsec-
tion describes how the generated subsequences are processed
by the source coding unit.

2.3 Residual coding unit

After the object detection and the MDC subsampling units,
the video or depth signal is coded into a packet stream that
is transmitted to the end user. The input frame/field is parti-
tioned into blocks x of 4×4 pixels which are approximated
by the Motion Estimation unit that searches for a predictor
block xp in the previous frames/fields. According to the se-
lected residual coding/decoding strategy (employed at block
3© in Fig. 1), the input signal x is then processed into dif-
ferent manners. Whenever the adopted residual coding strat-
egy involves characterizing the Displaced Frame Difference
(DFD), the source coder computes the prediction error block
d = x− xp, which is then transformed into the block D

via an approximated DCT transform defined within the stan-
dard H.264/AVC FRExt [7]. The block D is then quantized
into the coefficients Dq, which are coded into a binary bit
stream which is then packetized into a stream of RTP pack-
ets. The reconstructed signal can be obtained by dequan-
tizing and inversely-transforming the block Dq into the de-
coded residual signal dr = d + er, which permits approx-
imating the original block x with xr = dr + xp = x + er.
Throughout these operations, the DFD coding strategy pro-
duces a H.264/AVC-compliant packet stream.

The error signal er is related to the quantization of d

operated in the transform domain. Whenever the packet
stream is affected by losses, the predictor block x

′
p at the

decoder differs from xp since an additional channel distor-
tion is present in the sequence such that x

′
p = xp + ec and

xr = x+ er + ec. As a matter of fact, the distortion propa-
gates throughout the sequence and degrades significantly the
quality of the reconstructed sequence.

It is possible to mitigate this effect by choosing a more
robust characterization of the residual signal. As it was pro-
posed in [4], a source coding techniques that relies on the
principle of Wyner-Ziv Coding (WZ) generates a set of sym-
bols (called syndromes) which permits reconstructing the sig-
nal x from a set of different predictors. For each pixel x(i, j)
in x and its predictor xp(i, j) in xp, the WZ residual coding
block computes the number of bits n(i, j) associated to the
syndrome s(i, j) as

n(i, j) =

{

log2 (|d(i, j)|)+2 if |d(i, j)| > δ

0 otherwise,
(1)

where |d(i, j)| = |x(i, j)−xp(i, j)| and δ is a threshold value

depending on the Quantization Parameter (QP) chosen for
the current block (in our setting, we have set δ = ∆/12 where
∆ is the quantization step associated to the current QP). Then,
the coding unit computes the maximum value nmax of the
syndrome bits n(i, j) within the current block, and, in case
nmax is higher than 0, it generates a block s of syndromes
s(i, j) via the following equation

s(i, j) = x(i, j)&(2nmax −1) (2)

where the symbol & denotes a bitwise AND operators. The
block s is then processed like the blockd in the DFD strategy
generating the block Sq of quantized transformed syndromes
and the reconstructed syndromes sr = s + er. Each re-
constructed syndrome sr(i, j) identifies a different quantizer
Qsr(i, j) with quantization step 2nmax and offset sr(i, j) such

that the reconstruction levels can be expressed as sr(i, j) +
k 2nmax , k ∈ Z.

Given the predictor block xp, it is possible to recon-
struct the coded pixel xr(i, j) = x(i, j)+ er(i, j) by quantiz-
ing xp(i, j) using the quantizer Qsr(i, j). Note that the sig-

nal xr(i, j) can be reconstructed using a different predictor
x′p(i, j) 6= xp(i, j) provided that the correlation between x and

x
′
p is the same or higher (see [4]).

2.4 FEC coder

At packet level it is possible to reduce the amount of artifacts
introduced by packet losses employing a protection strategy
based on a cross-packet FEC code (see block 4© in Fig. 1).
According to the protection strategy defined in the RFC 2733
[5], it is possible to generate in the RTP packet stream addi-
tional redundant packets which are correlated to the original
packet sequence and permit recovering the lost data up to a
certain number of lost packets. This protection scheme can
be combined with the previous ones in order to maximize the
final performance. In the following, the adopted configura-
tion will be presented.

2.5 The adopted configurations

The presented video coder implements a hybrid highly-
flexible architecture which needs to be appropriately tuned.
In the following we will consider some of the possible con-
figurations that will be adaptively employed to code the sig-
nals VF , VB, DF , and DB in order to maximize the final per-
formance.

• SD-DFD: The input ROIs are coded into a single descrip-
tion, whose prediction residual is coded with the DFD
configuration. The output packets are protected by addi-
tional FEC packets generated using block 4©.

• MD-DFD: The input ROIs are split into two descriptions,
whose prediction residual is coded with the DFD config-
uration. No additional FEC are generated.

• SD-WZ: The input ROIs are coded into a single descrip-
tion, whose prediction residual is coded with the WZ
configuration, and additional FEC packets are added in
the final packet stream.

• MD-WZ: The input ROIs are split into two descriptions,
whose prediction residual is coded with the WZ configu-
ration.

The CSC optimization unit chooses the most appropriate
configuration according to the characteristics of the video
signal and the packet loss percentages (estimated from RTCP
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Figure 3: Average PSNR and MSE values vs. PL for signals
V f , Vb, Df , and Db from the sequence breakdancers.
Lines reports the results for SD-DFD (solid), MD-DFD (dot-
ted), SD-WZ (dashed), MD-WZ (dash-dotted).

packets). Each Group-Of-Picture (GOP) in each sequence
VF , VB, DF , and DB can be characterized with the array

GI = [Sy ∇t ], I ∈ I = {VF ,VB,DF ,DB}, (3)

where Sy is the vertical Sobel operator averaged on the whole
ROI I and ∇t the overall temporal gradient with respect to
the previous picture. In our approach, we considered the

array GI that averages the arrays GI for the ROIs I in the
current GOP. Experimental results have shown that for se-
quences with different GI at different packet losses the per-
formance of each configuration significantly changes. As a
matter of fact, it is necessary to design a classification strat-
egy that identifies the most effective configuration.

3. CL OPTIMIZATION OF THE SOURCE CODER

Experimental results have shown that different configura-
tions have different efficiencies depending on the character-
istics of the video signals, on the coded object, and on the
network state (see Figure 3). Under different transmission
conditions the algorithm effectively adapts the coding strat-
egy for fast moving objects in the foreground, while for the
depth signal in the background the optimization strategy em-
ploys the MD-WZ configuration in most of the configura-
tions. As a consequence, it is necessary to identify the cod-
ing setting that maximizes the quality of the reconstructed se-
quence for the current GOP. A first optimization approach re-

lies on a Bayesian classification of the arraysGI conditioned
on the loss probability and on the signal type. The arrays

GI are partitioned into 4 classes according to which config-
urationC (among the settings SD-DFD, MD-DFD, SD-WZ,
MD-WZ) proves to be the best one in terms of PSNR (for the
video signal) or in terms of MSE (for the depth signal). More
precisely, the classification strategy evaluates the probability
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Figure 4: Average PSNR vs. PL for signals V f and Vb
from the sequence horse. Lines reports the results for SD-
DFD (solid), MD-DFD (dotted), SD-WZ (dashed), MD-WZ
(dash-dotted).

that the configurationC is the best for the signal I

P[C/GI ] =
P[GI/C] ·P[C]

P[GI ]
(4)

with C ∈ C = {SD-DFD,MD-DFD,SD-WZ,MD-WZ} and
I ∈ I for different values of PL. The conditioned prob-

ability P[GI/C] is modelled using a normal distribution

N(GI,C,σI,C), where parametersGI,C and σI,C are estimated
from a set of experimental data obtained for some training
sequences. The same training set is also used to estimate
the probabilities P[C]. Before coding the current GOP, the

CSC optimization strategy computes GI for each signal I

and computes the probability P[C/GI ] via the equation (4).
Then, the optimization strategy choose the coding configura-
tionC∗

I such that

C∗
I = argmax

C∈C

P[C/GI]. (5)

∀I ∈ I . Experimental results show that this possibility per-
mits improving significantly the quality of the resulting 3D
experience.

4. EXPERIMENTAL RESULTS

In order to evaluate the performance of the proposed algo-
rithm, we coded and simulated the transmission of several
DIBR video sequences. The transmission channels have
been simulated using a two-states Gilbert model with burst
length LB = 4 and varying loss probability PL. In case MDC
coding is adopted for the signal I (with I ∈ I ), two packet
streams are generated and transmitted on independent chan-
nels. In the same way, the packets related to background
and the packets related to front objects are transmitted on in-
dependent channel to increase the robustness of the transmis-
sion. Since the depth information is transmitted associated to
the corresponding video data, the number of involved inde-
pendent channels varies from 2 to 4 according to which cod-
ing configurations have been chosen. Sequences were coded
using GOP with structure IPPP and constant QP equalizing
the resulting overall bit rate for the different set-ups in C .
Figure 3 reports the average PSNR (for VF and VB signals)
and the average MSE (for DF and DB signals) obtained with
10 channel realizations for different loss probabilities PL. It
is possible to notice that the effectiveness of the different
configurations strongly depends on the signal characteristics.
Experimental results on other sequences (see Figure 4) also
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Figure 5: Average PSNR and MSE values vs. PL for video
and depth signals of the sequence ballet. Lines reports
the results for SD-DFD (solid), MD-DFD (dotted), SD-WZ
(dashed), MD-WZ (dash-dotted), CSC classification (solid
with stars), optimal (dashed with triangles).

show that the curves related to the different configurationsC
cross at different values of PL according to the vertical and

temporal correlations, which are measured by GI . As a con-
sequence, we trained the CSC optimization strategy using a
set of heterogeneous sequences including breakdancers
from [8], horse and car from [9]. The classifying strategy
was tested on the sequence ballet to verify the accuracy
of the training phase. Figures 5 and 6 compares the 3D vi-
sual quality obtained by the CSC algorithm (measured via the

metrics PSNR, MSE, and SSIMDdl12) with the performance
obtained by each single static configuration for the sequence
ballet. The proposed approach varies the coding mode
for the different signals in order to maximize the final 3D
experience. As an example, with PL = 0.1 the first GOP of
the sequence is transmitted with VF coded with SD-WZ, VB
with MD-WZ, DF with SD-WZ, and DB with SD-DFD. The
reported graphs also displays the performance associated to
an optimal arrangement of the blocks which has been ob-
tained via an off-line exhaustive optimization. It is possible
to notice that the proposed CSC solution is quite close to the
optimal setting both for test sequence (see 5) and one of the
training sequences (see Fig. 6). Optimization proves to be
easier for depth signals since they prove to be less complex to
characterize with respect to video signals. As an evidence, it
is possible to evaluate the distances of the CSC line from the
optimal one in Fig. 5(a) for the video signal and in Fig. 5(b)
for the depth information. A significant quality improvement
is also evinced for the training sequences, as Fig. 6(a) shows.
The PSNR values for the proposed CSC solution are greater
than those of all the other configurations. As for the quality
of the final 3D experience, Figure 6(b) shows that the average
values of SSIMDdl1 metric for the CSC strategy is approxi-
mately equal to the best one.

5. CONCLUSION

The paper has presented a Cognitive Source Coding archi-
tecture that combines a Multiple Description Coding scheme
with a traditional predictive video coder, a Wyner-Ziv video
coder, and an FEC coder that introduces some additional
redundant packets to protect the video packet stream from
losses. An object detection unit classifies the different re-
gions of the input frames according to their temporal and spa-
tial characteristics. All the different configurations are opti-

2The SSIMDdl1 metric is intended to evaluate jointly the quality of both
depth and texture signals (see [10] for more details).
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Figure 6: Average PSNR value of the video signal and
SSIMDdl1 value vs. PL for the sequence car. Lines reports
the results for SD-DFD (solid), MD-DFD (dotted), SD-WZ
(dashed), MD-WZ (dash-dotted), CSC classification (solid
with stars), optimal (dashed with triangles).

mized using a cognitive adaptive strategy given the character-
istics of the signal to be coded and the network state. Exper-
imental results show that the proposed scheme can identify
the most effective solution for different signals and channel
configurations.
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ABSTRACT

In this paper, we consider the design of multiple descrip-
tions (MDs) using sparse decompositions. In a description
erasure channel only a subset of the transmitted descriptions
is received. The MD problem concerns the design of the de-
scriptions such that they individually approximate the source
and furthermore are able to refine each other. In this paper,
we form descriptions using convex optimization with l1-norm
minimization and Euclidean distortion constraints on the re-
constructions and show that with this method we can obtain
non-trivial descriptions. We give an algorithm based on re-
cently developed first-order method to the proposed convex
problem such that we can solve large-scale instances for im-
age sequences.

1. INTRODUCTION

Sparse decomposition is an important method in modern
signal processing and have been applied to different applica-
tion such as estimation and coding [1], linear prediction [2]
and blind source separation [3]. For estimation and encod-
ing the argument for sparse approaches has been to follow
natural statistics, see e.g., [4]. The advent of compressed
sensing [5, 6] have further added to the interest in sparse
decompositions since the recovery of the latent variables re-
quires a sparse acquisition method.

One method to acquire a sparse decomposition with a
dictionary is to solve a convex relaxation of the minimum
cardinality problem, that is the l1-compression problem

min. ‖z‖1
s.t. ‖Dz − y‖2 ≤ δ ,

(1)

where D ∈ R
M×N is an overcomplete dictionary, δ > 0 is

a selected reconstruction error level (distortion), (N ≥ M),
z ∈ R

N is the latent variable and y ∈ R
M is the signal we

wish to decompose into a sparse representation. There are
several other sparse acquisition methods, including approxi-
mations of minimum cardinality and pursuit methods.

In this paper, we apply sparse decomposition to the
multiple-description (MD) problem [7]. The MD problem
is on encoding a source into multiple descriptions and each
description is then transmitted over a different channel. Un-
known to the encoder, a channel may break which correspond
to a description erasure such that only a subset of the trans-
mitted descriptions is received. The problem is to design the
descriptions such that the decoded descriptions approximate
the source for all possible subsets of descriptions.

The work is part of the project CSI: Computational Science
in Imaging, supported by grant no. 274-07-0065 from the Dan-
ish Agency for Science Technology and Innovation. The work of
Jan Østergaard is supported by the Danish research council for
Technology and Production Sciences, grant no. 274-07-0383.

An important concept for the MD problem is the trade-
off associated with the description design; in order for the
descriptions to approximate the source, they should be sim-
ilar to the source, and consequently the descriptions need to
be similar to each other. But, if the descriptions are too sim-
ilar to each other, it is not possible to obtain any refinement
when the individual descriptions are combined.

Let J be the number of channels and let JJ = {1, . . . , J}.
Then IJ = {ℓ | ℓ ⊆ JJ , ℓ 6= ∅} describes the non-trivial sub-
sets of descriptions which can be received. Further, let
zj , ∀j ∈ JJ , denote the jth description and define zℓ =
{zj | j ∈ ℓ}, ∀ℓ ∈ IJ . At the decoder, the descriptions
zℓ, ℓ ∈ IJ , are used to reconstruct an approximation of the
source y via the reconstruction functions gℓ(zℓ). The ap-
proximations satisfy the distortion constraint d(gℓ(zℓ), y) ≤
δℓ, ∀ℓ ∈ IJ , with d(·, ·) denoting a distortion measure. An
example with J = 2 is presented in Fig. 1.

MD

Encoder

y

z1

z2

g{1}(z{1})

g{2}(z{2})

g{1,2}(z{1,2})

g{1}

g{2}

g{1,2}

(D{1})

(D{2})

(D{1,2})

d(g{1}(z{1}), y) ≤ δ{1}

d(g{2}(z{2}}, y) ≤ δ{2}

d(g{1,2}(z{1,2}), y) ≤ δ{1,2}

(R(z1), ‖z1‖1)

(R(z2), ‖z2‖1)

Figure 1: The MD (l1-compression) problem for J = 2.

In a statistical setting, the MD problem is to design
the descriptions zj , ∀j ∈ JJ , such that the total rate
P

j∈JJ
R(zj) is minimized and the fidelity constraints are

satisfied. This problem is only completely solved with
the squared error fidelity criterion, a memoryless Gaussian
sources and two descriptions [8]. Another direction is to form
descriptions in a deterministic setting. Algorithms specifi-
cally designed for video or image coding may be based on,
e.g., Wiener filters with prediction compensation [9], match-
ing pursuit [10,11] or compressed sensing [12,13].

The remaining part of the paper is organized as follows:
in Sec. 2 we present a method to obtain sparse decomposi-
tion using convex optimization with constraints on the dis-
tortion. Sec. 3 is on a first-order method for solving the
proposed convex problem. We provide simulations in Sec. 4
and discussions in Sec. 5.
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2. CONVEX RELAXATION

In this work, we cast the MD problem into a similar form as
(1).1 Let zj ∈ R

M×1, ∀j ∈ JJ , be the descriptions and zℓ =
S

j∈ℓ zj ∈ R
|ℓ|M×1, ∀ℓ ∈ IJ , be the vector concatenation of

the descriptions used in the decoding when the subset ℓ ⊆ JJ

is received. We then form the linear reconstruction functions
gℓ(zℓ) = Dℓzℓ, ∀ℓ ∈ IJ , see also [12]. The dictionaries are

given as Dℓ =
S

j∈ℓ D̄ℓ,j with Dℓ ∈ R
M×|ℓ|M , ∀ℓ ∈ IJ , and

D̄ℓ,j = ρℓ,jDj , ∀ℓ ∈ IJ , j ∈ ℓ. We choose:

• the reconstruction weight

ρℓ,j =

(

1 if |ℓ| = 1
P

i∈ℓ\j δ2

i

(‖ℓ‖−1)
P

i∈ℓ δ2

i

, otherwise
,

in order to weight the joint reconstruction relative to the
distortion bound on of the individual distortions, see [15],

• Dj , ∀j ∈ JJ invertible, the reason for such will become
clear in Sec. 3,

• the Euclidean norm as the measure d(x, y) = ‖x− y‖2.

With these choices we obtain the standard multiple-
description l1-compression (SMDL1C) problem

min.
X

j∈JJ

λj‖Wjzj‖1

s.t. ‖Dℓzℓ − y‖2 ≤ δℓ, ∀ℓ ∈ IJ ,

(2)

for δℓ > 0, ∀ℓ ∈ IJ , and λj > 0, Wj ≻ 0, ∀j ∈ JJ . The
problem (2) is a second-order cone program (SOCP) [16].

For Gaussian sources with the Euclidean fidelity crite-
rion, it has been shown that linear reconstruction functions
are sufficient for achieving the MD rate-distortion function,
see [17,18] and [19] for white and colored Gaussian sources,
respectively.

In (2) we have introduced Wj = diag(wj), ∀j ∈ IJ ,
to balance the cost of the coefficients with small and large
magnitude [20]. To find wj , the problem (2) is first solved
with wj = 1. Then wj is chosen approximately inversely
proportional to the solution z∗

j of that problem, wj(i) ←
1/(|z∗

j (i)|+τ), for the ith coordinate and with a small τ > 0.
The problem (2) is then resolved with the new weighting wj .
This reweighting scheme can be iterated a number of times.
The parameter λj in (2) allows weighting of the l1-norms in

order to achieve a desired ratio
‖Wjzj‖1

‖Wj′zj′‖1

, ∀j, j′ ∈ JJ .

For the SMDL1C problem there is always a solution.
Since Djzj = y has a solution then Dℓzℓ =

P

j∈ℓ D̄ℓ,jzj =
P

j∈ℓ ρℓ,jDjzj = y
P

j∈ℓ ρℓ,j = y, ∀ℓ ∈ IJ . This implies that

there exist a strictly feasible point z with ‖Dℓzℓ−y‖2 = 0 <
δℓ, ∀ℓ ∈ IJ , such that Slater’s condition for strong duality
holds [16].

3. A FIRST-ORDER METHOD

We are interested in solving the SMDL1C problem for image
sequences, that is, large instances involving more than 106

variables. First-order methods have proved efficient for large
scale problems [21–23]. However, such methods requires pro-
jection onto the feasible set, which might prove inefficient be-
cause the projection on a set of coupled constraints requires
yet another iterative method such as alternating projection.
Also, if we apply alternating projection then we will only
obtain sub-optimal projection which might generate irregu-
larity in the first-order master method.

A problem with coupled constraints is when variable
components are coupled in different constraints. To exem-
plify the coupled constraints, note that in the case where we

1This work was presented in part for the case of J = 2 in [14].

let J = 2, we see that the constraints for ℓ = 1 or ℓ = 2 can
easily be fulfilled by simply thresholding the smallest coef-
ficients to zero in the transform domain Dℓ independently.
This will, however, not guarantee the joint reconstruction
constraint ‖D{1,2}z{1,2} − y‖2 ≤ δ{1,2} which then corre-
sponds to the coupling of the variables z1 and z2.

3.1 Dual Decomposition

Dual decomposition is a method to decompose coupled con-
straints if the objective function is decoupled [24,25]. A dual
problem of (2) can be represented as

max. −
X

ℓ∈IJ

“

δℓ‖tℓ‖2 + yT tℓ

”

s.t. ‖uj‖∞ ≤ λj , ∀ j ∈ JJ , tℓ ∈ R
M×1, ∀ ℓ ∈ IJ\JJ

tj =−

0

@D−T
j Wjuj +

X

ℓ∈cj(IJ )\j

D−T
j D̄T

ℓ,jtℓ

1

A, ∀j ∈ JJ ,

(3)
with optimal objective g∗ and

cj(I) = {ℓ | ℓ ∈ I, j ∈ ℓ} .

The equality constraints in (3) are simple because tℓ, ∀ℓ ∈
JJ , are isolated on the left hand side, while the remaining
variables tℓ, ∀ℓ ∈ IJ \JJ , are on the right side. We could
then make a variable substitution of tℓ, ∀ℓ ∈ JJ , in the objec-
tive function. However, we choose the form (3) for clarity.
The problem (3) is then decoupled in the constraints but
coupled in the objective function which makes the problem
(3) appropriate for first-order methods. Note that if the dic-
tionaries Dj , ∀j ∈ IJ are not invertible we could not easily
make a variable substitution and instead needed to handle
the vector equality involving the matrix dictionaries explic-
itly. Indeed a difficult problem for large scale MD instances.

3.2 Primal recovery

Recovery of optimal primal variables from optimal dual vari-
ables can be accomplished if there is a unique solution to
the minimization of the Lagrangian, usually in the case of
a strictly convex Lagrangian [16, §5.5.5]. Define the primal
variables hℓ = Dℓzℓ − y, ∀ℓ ∈ IJ , and xj = Wjzj , ∀j ∈ JJ ,
and the Lagrangian at optimal dual variables is then given
as

L(z, x, h, t∗, u∗, κ∗) =
X

j∈JJ

λj‖xj‖1 +
X

ℓ∈IJ

κ∗
ℓ (‖hℓ‖2 − δℓ)

+
X

ℓ∈IJ

t∗T
ℓ (Dℓzℓ − y − hℓ) +

X

j∈JJ

u∗T
j (Wjzj − xj) .

However the Lagrangian associated to the problem is not
strictly convex in x due to the ‖ · ‖1-norm. Instead, lets
consider the Karush-Kuhn-Tucker (KKT) conditions for the
sub-differentiable problem (2) given as
8

>

>

>

>

>

<

>

>

>

>

>

:

h2(Dℓz
∗
ℓ − y)κ∗

ℓ − t∗ℓ ∋ 0, ∀ℓ ∈ IJ

κ∗
ℓ (‖Dℓz

∗
ℓ − y‖2 − δℓ) = 0, ∀ℓ ∈ IJ (‖t∗ℓ‖2 = κ∗

ℓ )
X

ℓ∈cj(IJ )

D̄T
ℓ,jt

∗
ℓ + Wju

∗
j = 0, ∀j ∈ JJ

‖Dℓz
∗
ℓ − y‖2 ≤ δℓ, ∀ℓ ∈ IJ

λjh1(Wjz
∗
j )− u∗

j ∋ 0, ∀j ∈ JJ

with ha(x) = ∂‖x‖a. We can rewrite the above system using
δℓ > 0, ∀ℓ ∈ IJ and obtain the equivalent KKT optimality
conditions

8

>

>

<

>

>

:

X

ℓ∈cj(IJ )

‖t∗ℓ‖2
δℓ

D̄T
ℓ,jDℓz

∗
ℓ= rj , ∀j ∈ JJ (4.△)

‖Dℓz
∗
ℓ − y‖2 ≤ δℓ, ∀ℓ ∈ IJ

λjh1(Wjz
∗
j )− u∗

j ∋ 0, ∀j ∈ JJ

(4)
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where

rj = −Wju
∗
j +

X

ℓ∈cj(IJ )

‖t∗ℓ‖2
δℓ

D̄T
ℓ,jy, ∀j ∈ JJ .

The equations (4.△) can solved with low complexity for in-
vertible dictionaries. However, the remaining equations are
sub-differentiable and feasibility equations and are too diffi-
culty to handle. Especially for large scale problems. Also,
for a sub-optimal dual solution it is not possible to find a
primal solutions that fulfills (4), because this implies that
the dual solution is in fact an optimal dual solution. That
is, for a sub-optimal dual solution we can only solve a subset
of the KKT system.

Let z∗ ∈ Z be a solution to (4) and let z̄ ∈ Z̄ be a solution
to the square system (4.△). Then the following proposition
shows that it is in fact possible to recover optimal primal
variables in certain cases.

Proposition 3.1. (Uniqueness) If the solution z̄ to the lin-
ear system (4.△) is unique, then z∗ = z̄ for the SMDL1C
problem.

Proof. Since the SMDL1C problem has a solution and the
system (4.△) is a subsystem of (4) then ∅ 6= Z ⊆ Z̄. If
|Z̄| = 1 then |Z| = 1 such that z̄ = z∗.

In the first-order method, from the dual sub-optimal it-

erates
“

t(i), u(i)
”

, the primal iterate z(i) is obtained as the

solution to

X

ℓ∈cj(IJ )

‖t(i)ℓ ‖2
δℓ

D̄T
ℓ,jDℓz

(i)
ℓ =−Wju

(i)
j +

X

ℓ∈cj(IJ )

‖t(i)ℓ ‖2
δℓ

D̄T
ℓ,jy, ∀j ∈ JJ .

The algorithm is halted if it is a primal-dual ǫ-solution

f(z(i))− g(t(i)) ≤ ǫ, z(i) ∈ Qp,
“

t(i), u(i)
”

∈ Qd ,

where Qp and Qd defines the primal and dual feasible set,
respectively. We select ǫ = MJǫr with ǫr = 10−3 to scale
the accuracy ǫ in the dimensionality of the primal variables.

3.3 Complexity

The objective of the dual problem (3) is differentiable on
‖tℓ‖ > 0 and sub-differentiable on ‖tℓ‖2 = 0. The objective
in the dual problem (3) is hence not smooth. A smooth func-
tion is a function with Lipschitz continuous derivatives [26].
We could then apply an algorithm such as the sub-gradient
algorithm with complexity O(1/ǫ2) where ǫ is the accuracy
in function value. However, it was recently proposed to
make a smooth approximation and apply an optimal first-
order method to the smooth problem and obtain complexity
O( 1

ǫ
) [27]. We can not efficiently apply the algorithm in [27],

since this requires projections on both the primal and dual
feasible set. We will instead show how to adapt the results
of [27], similar to [28], using only projection on the dual set
and still achieve complexity O( 1

ǫ
). Consider

‖x‖2 = max
‖v‖2≤1

n

vT x
o

and the approximation

Ψµ(x) = max
‖v‖2≤1

n

vT x−
µ

2
‖v‖22

o

=



‖x‖2 − µ/2, if ‖x‖2 ≥ µ
1
2µ

xT x, otherwise ,

where Ψµ(·) is a Huber function with parameter µ ≥ 0. For
µ = 0 we have Ψ0(x) = ‖x‖2. The function Ψµ(x) has for
µ > 0 the (Lipschitz continuous) derivative

∇Ψµ(x) =
x

max{‖x‖2, µ}
.

The dual objective is

g(t) = −
X

ℓ∈IJ

“

δℓ‖tℓ‖2 + yT tℓ

”

and we can then form the smooth function gµ

gµ(t) = −
X

ℓ∈IJ

“

δℓΨµ(tℓ) + yT tℓ

”

.

The Lipschitz constant of the gradient is L(∇Ψµ) = 1
µ

and

Lµ = L(∇gµ) =

0

@

X

ℓ∈IJ

δℓ

µ
+ 1

1

A =
C

µ
+ |IJ | . (5)

The smooth function has the approximation

gµ(t) ≤ g(t) ≤ gµ(t) + µC . (6)

Hence, the parameter µ both controls the level of smoothness
(5) and the approximation accuracy (6). Select µ = ǫ/(2C)

and let the ith iteration t(i) of a first-order method have the
property

g∗
µ − gµ(t(i)) ≤

ǫ

2
,

where g∗
µ is the optimal objective for the smooth problem.

Then we obtain

g∗ − g(t(i)) ≤ g∗
µ + µC − gµ(t(i)) ≤ ǫ .

By using an optimal-first order algorithm for L-smooth prob-

lems with complexity O

„

q

L
ǫ

«

[26], then t(i) can be ob-

tained in i iterations, where

i=O

 
r

Lµ

ǫ

!

=O

 

r

1

ǫ2
+

1

ǫ

!

≤ O

 

r

1

ǫ2
+

r

1

ǫ

!

=O

„

1

ǫ

«

.

4. SIMULATIONS

For the simulations we will present an example of obtaining
a sparse decomposition in the presented MD framework. As
the source we select the grayscale image sequence of “fore-
man” with height m = 288 pixels and width n = 352 pix-
els. We jointly process k = 8 consecutive frames [29] and
y is formed by stacking each image and scaled such that
y ∈ [0; 1]M , M = mnk. We select J = 3 and as dictionaries

D1 : the three dimensional cosine transform,
D2 : a two dimensional Symlet16 discrete wavelet transform

with 5 levels along the dimensions associated to m,n and
a one dimensional Haar discrete wavelet transform with
3 levels along the dimension associated to k,

D3 : the three dimensional sine transform.

Let the peak signal-to-noise ratio (PSNR) measure be de-
fined by

PSNR(δ) = 10 log10

„

1
1
M

δ2

«

.

As distortion constraints we select PSNR(δℓ) = 30, ∀|ℓ| = 1,
PSNR(δℓ) = 33, ∀|ℓ| = 2 and PSNR(δℓ) = 37, |ℓ| = 3 with
ℓ ∈ IJ . Further we choose equal weights λj = 1, ∀j ∈ JJ .
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If the primal variables where obtained from an algo-
rithm using projection [21] or a method employing a soft-
thresholding operator [22], a sub-optimal solution will con-
tain coefficients which are exactly zero. The primal variables
are in this approach obtained as the solution to a linear sys-
tem arising from sub-optimal dual variables and hence there
might be many small coefficients which are not exactly zero.
To handle this, the distortion requirement are changed by
δ̄ℓ = δℓ − |ℓ|σ, ∀ℓ ∈ IJ , with σ > 0 when the SMDL1C
problem is solved and the smallest coefficients are afterwards
thresholded to zero using the slack introduced by |ℓ|σ while
ensuring the original distortion constraints δℓ. Let z(r) be an
ǫ-solution after r reweight iterations of the SMDL1C prob-
lem and set ẑ = z(7).

4.1 Example

Define a frame extraction function s(y, i) which extract the
ith frame from the image sequence stacked in y. In Fig. 2
we show a few examples of the decoded 6th frame for the
subset ℓ = {1}, ℓ = {2, 3} and ℓ = {1, 2, 3}. This example is
a large scale problem with 10 · 106 primal-dual variables.

4.2 Reweighting

In Fig. 3 we report the relative cardinality of z(r) as a func-
tion of the number of applied reweight iterations r. We ob-
serve in Fig. 3 that the cardinality is significantly decreased
for r ∈ {0, · · · , 3}, whereupon the decrease is less distinct.

s(D{1}ẑ{1}, 6)

(30.0, 30.0)

s(y, 6)

s(D{1,2,3}ẑ{1,2,3}, 6)

(37.2, 37.0)

s(D{2,3}ẑ{2,3}, 6)

(34.8, 33.0)

Figure 2: Example using “foreman” (grayscale, 288×352).
The images show the 6th frame of the decoded images for
ℓ = {1}, ℓ = {2, 3} and ℓ = {1, 2, 3}. Above the figures
are the actual distortion and the distortion bounds reported
using the format (PSNR(‖Dℓẑℓ − y‖2), PSNR(δℓ)).

0 1 2 3 4 5 6 7
0.08

0.1

0.12

0.14

0.16

ca
rd

(z
(r

))
/M

r

Figure 3: Example of reweighting an image sequence of “fore-
man” (grayscale, 288×352) by jointly processing k=8 frames.

4.3 Threshold Comparison

For comparison we will obtain sparse decompositions in each
basis independently using thresholding. We define the oper-
ation z = T (D, y, γ) as thresholding the coefficients with the
smallest magnitude in the basis D from the source y such
that PSNR(‖Dz−y‖2) ≈ γ. We report the relative cardinal-
ities card(z)/M and PSNR measures obtained by SMDL1C
in Tab. 1 and by independent thresholding for each basis in
Tab. 2. When using SMDL1C we observe that from |ℓ| = 1
to |ℓ| = 2 the descriptions obtain a refinement in the range
3.2 − 4.8 dB. For independent thresholding the refinement
is smaller, in the range 0.7 − 1.2 dB. This show that the
obtained refinement by the SMDL1C method is non-trivial.

The PSNR measures for thresholding to same cardinality
as using SMDL1C are reported in Tab 3. The descriptions
are formed independently and refinement is there not guar-
anteed, which we can observe when the reconstructions at
level |ℓ| = 2 are combined to reconstruction at level |ℓ| = 3.

card(zj)/M PSNR(‖Dℓzℓ − y‖2)

j = 1 ℓ = {1} ℓ = {1, 2}

0.019 30.0 34.4

j = 2 ℓ = {2} ℓ = {1, 3} ℓ = {1, 2, 3}

0.025 30.0 33.2 37.2

j = 3 ℓ = {3} ℓ = {2, 3}

0.037 30.0 34.8

Table 1: Cardinality and reconstruction PSNR for SMDL1C
(z← ẑ), with card(z)/M = 0.081.

card(zj)/M PSNR(‖Dℓzℓ − y‖2)

j = 1 ℓ = {1} ℓ = {1, 2}

0.012 30.0 30.9

j = 2 ℓ = {2} ℓ = {1, 3} ℓ = {1, 2, 3}

0.006 30.0 30.7 31.3

j = 3 ℓ = {3} ℓ = {2, 3}

0.019 30.0 31.2

Table 2: Cardinalities and reconstruction PSNRs for thresh-
olding (z←

S

j∈JJ
T (Dj , y, 30)), with card(z)/M = 0.037.

card(zj)/M PSNR(‖Dℓzℓ − y‖2)

j = 1 ℓ = {1} ℓ = {1, 2}

0.019 31.2 34.8

j = 2 ℓ = {2} ℓ = {1, 3} ℓ = {1, 2, 3}

0.025 34.7 32.5 34.5

j = 3 ℓ = {3} ℓ = {2, 3}

0.037 32.1 35.1

Table 3: Cardinalities and reconstruction PSNRs for thresh-
olding to same cardinality as using SMDL1C.
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The cardinalities for thresholding at PSNR 37.2 dB are
given in Tab. 4. By comparing Tab. 1 and 4, we see that
the cardinalities of SMDL1C are smaller than that of simple
tresholding at 37.2 dB. Also, by comparing Tab. 1 and 2, we
see that the cardinalities of SMDL1C are larger than that of
simple tresholding at 30.0 dB. These bounds are to be ex-
pected for non-trivial descriptions. We also note that if we
used the dictionary with the smallest cardinality to achieve
the requested PSNR (j = 2), it is not possible to duplicate
this description at the highest PSNR before the total cardi-
nality exceeds that of ẑ. This exemplifies that it is not pos-
sible to simply transmit the coefficients T (D2, y, 37.2) over
all channels and obtain a comparable cardinality as obtained
by the SMDL1C problem.

j = 1 j = 2 j = 3

card(zj)/M 0.107 0.048 0.122

Table 4: Cardinalities using thresholding at the highest ob-
tained PSNR by SMDL1C (z←

S

j∈JJ
T (Dj , y, 37.2)).

5. DISCUSSIONS

We presented a multiple description formulation using con-
vex relaxation. In the case of large-scale problems we have
proposed a first-order method for the dual problem. The
simulations showed that the proposed multiple description
formulation renders non-trivial descriptions with respect to
both the cardinality and the refinement.
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ABSTRACT
Multiple description coding is a source coding technique that pro-
duces several descriptions of a single information source, such that
various reconstruction qualities are obtained from different subsets
of the descriptions. It thus can provide error resilience to informa-
tion transmitted on lossy networks. Among previous works, MDs
for image coding were generated via polyphase transform and se-
lective quantization, performed in the wavelet domain. In this pa-
per, we present an effective way to exploit the special statistical
properties of the wavelet decomposition to provide improved cod-
ing efficiency, in the same general framework. We propose a novel
coding scheme that efficiently utilizes contextual information, ex-
tracted from another polyphase component, to improve the coding
efficiency of each redundant component. Our experimental results
demonstrate that the proposed coder outperforms its predecessor
across the entire redundancy range, and that the improvement in
coding efficiency can indeed be attributed primarily to the effective
utilization of contextual information.

1. INTRODUCTION

In Multiple description (MD) coding, one represents a single source
of information (e.g., an image) with several chunks of data, called
descriptions, in such a way that the source can be approximated
from any (non-empty) subset of the descriptions [3]. The purpose
of MD coding is to provide error resilience to information transmit-
ted on lossy networks, such as the Internet, where inevitable loss of
data may severely degrade the performance of conventional coding
techniques. For example, in layered coding, where the information
is represented hierarchically, a lost layer may also render other en-
hancement layers useless. MD coding, on the other hand, makes
all of the received descriptions useful, and thus can better mitigate
transport failures.

Among prior works, MDs for image coding were generated via
the utilization of a decomposition into polyphase-like components
(a polyphase transform) and selective quantization [4], performed
in the wavelet domain. Unlike many other MD coding techniques,
this technique explicitly separates description generation and redun-
dancy addition, which significantly reduces the complexity of the
system design and implementation. For description generation, in
the two-description case discussed herein, the aforementioned tech-
nique employs a polyphase transform, and each of the two resulting
polyphase components is coded independently at a source coding
(base) rate to constitute the primary part of information for its corre-
sponding description. In order to explicitly add redundancy to each
description, the other polyphase component is then coded at a (usu-
ally lower) redundancy coding rate and added to this description.
In case of a channel failure, this redundancy enables an acceptable
reconstruction of the lost component.

In this paper, we present an effective way to exploit the special
statistical properties of the wavelet decomposition to provide im-
proved coding efficiency, in the general framework of polyphase
transform-based MD image coding. We propose a novel cod-
ing scheme that efficiently utilizes contextual information, ex-
tracted from the primary polyphase component of each description,
to improve the coding efficiency of the corresponding redundant

polyphase component, and thus enables the proposed MD coder to
achieve improved overall performance. This is accomplished by
means of various coding procedures, such as context-based classifi-
cation of the wavelet coefficients, parametric model-based adaptive
quantization, efficient optimal bit allocation, and adaptive entropy
coding.

In order to efficiently utilize the statistical dependencies be-
tween neighboring wavelet coefficients, and avoid the need for an
explicit characterization of these dependencies, we use an effec-
tive context-based classification procedure, inspired by that of [9].
To avoid the penalty of forward classification, the classification is
based on contexts formed from quantized coefficients of the pri-
mary polyphase component of the description, which are also avail-
able at the decoder, and thus no transmission of side information is
required. Nevertheless, a controlled amount of side information is
added to the description and transmitted to the decoder, in order to
improve the performance of the system. This side information in-
cludes the classification thresholds, allowing to select a class for a
coefficient given its context, as well as the source statistics of each
class, where each class is modeled using a parametric Laplacian
distribution. The parametric modeling is also utilized by the bit al-
location, quantization and entropy coding procedures that follow.

The context-based classification procedure enables the pro-
posed coder to utilize a set of quantizers, each customized to an
individual class. For this task, we examine two types of quantizers:
the uniform threshold quantizer (UTQ) and the uniform reconstruc-
tion with unity ratio quantier (URURQ) [8]. Both of these quantiz-
ers well approximate the optimum entropy-constrained scalar quan-
tizer (ECSQ) for the Laplacian distribution, assuming mean squared
error (MSE) distortion, and are relatively simple to design and op-
erate. In order to avoid the high complexity of entropy-constrained
design algorithms for the quantizers, we propose an efficient design
strategy, that is based on a pre-designed indexed array of MSE-
optimized quantizers of different step sizes for the Laplacian dis-
tribution. To further reduce the complexity of the proposed design
strategy, we also derive closed form expressions for the distortions
attained by the quantizers.

For bit allocation between the various classes in the different
subbands, we develop an optimal and efficient model-based bit al-
location scheme, in the general framework of Lagrangian optimiza-
tion, which also takes into account the non-energy preserving nature
of the biorthogonal wavelet transform. Our bit allocation scheme,
which is based on variance scaling and on the aforementioned pre-
designed indexed array of MSE-optimized quantizers, enables the
proposed coder to avoid complex on-line bit allocation procedures,
as well as to effectively and instantly adapt the arithmetic entropy
encoder to the varying coefficients statistics.

Our experimental results show that the proposed coder outper-
forms its predecessor [4] across the entire redundancy range, and
that the improvement in coding efficiency can indeed be attributed
primarily to the effective utilization of contextual information.

The paper is organized as follows. In Section 2 we provide a de-
tailed description of the main building blocks of the proposed coder.
Section 3 provides some experimental results. Finally, concluding
remarks follow in Section 4.
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Figure 1: Simplified block diagram of the proposed MD encoder.

2. CONTEXT-BASED MULTIPLE DESCRIPTION
WAVELET IMAGE CODER

A simplified block diagram of the proposed MD encoder is shown
in Figure 1. As shown, the input image is first wavelet transformed
to produce the dyadic wavelet decomposition denoted by X . The re-
sulting decorrelated transform coefficients are decomposed into the
two polyphase components Y1 and Y2 via a polyphase transform.
Each of the two polyphase components Y1 and Y2 is then encoded
independently by a wavelet coefficients encoder to form the primary
part of information for its corresponding description. Depending on
the exact type of polyphase transform, this can generally be a stan-
dard wavelet encoder (e.g., SPIHT [7] encoder), operating directly
on the wavelet coefficients. In order to enable an acceptable re-
construction of the lost component in the case of a channel failure,
each description also carries information about the other compo-
nent. This redundant information, useful only in the case of a lost
description, is produced by efficient algorithms for classification,
bit allocation, quantization, and adaptive entropy encoding, that
use contextual information extracted from quantized coefficients of
the complementary polyphase component. These quantized coef-
ficients are obtained directly from the wavelet coefficients encoder
that produces the primary part of information for the description.

In order to utilize the statistical dependencies between neigh-
boring wavelet coefficients, for improving the coding efficiency of
the redundant information, the context used for the classification
of a given coefficient is formed from neighboring quantized coef-
ficients, obtained from the complementary polyphase component.
To avoid the need for an explicit characterization of the statistical
dependencies between neighboring coefficients, we use an adaptive
classification procedure that also produces a controlled amount of
side information, which is transmitted to the decoder. This side in-
formation includes the classification thresholds, allowing to select a
class for a coefficient given its context, as well as the source statis-
tics of each class, where each class is modeled using a parametric
distribution. The parametric modeling is also utilized by the bit al-
location, quantization and entropy coding procedures that follow.

Figure 2 shows a simplified block diagram of the corresponding
decoder, which essentially performs the complementary operations
to produce the reconstructed image.

The following sections provide a more detailed description of
the main building blocks of the proposed coder, which include the
classification, quantization and bit allocation schemes.
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Figure 2: Simplified block diagram of the proposed MD decoder.

2.1 Context-Based Classification

The proposed MD coder utilizes classification for efficient coding
of the redundant information, which enables an acceptable recon-
struction of the lost polyphase component in the case of a channel
failure. The context-based classification procedure, inspired by that
of [9], enables the use of a set of quantizers, each customized to an
individual distribution component. Compared to the use of a single
average quantizer fitted to the overall input statistics, this offers a
potential increase in coding efficiency [9].

For description i ∈ {1,2}, define the polyphase component Yi
to be the primary polyphase component, and define the comple-
mentary component to be the redundant polyphase component. The
context of a given wavelet coefficient in the redundant polyphase
component, is then defined as a set of quantized coefficients from
the primary polyphase component, which is used to characterize
the given coefficient. Note that since the coefficients that form the
context are already quantized, the decoder can use the exact same
context used by the encoder. As detailed in [1], significant statis-
tical dependencies exist between neighboring wavelet coefficients,
and these can be utilized for efficient context-based classification.
For a given coefficient in the redundant polyphase component, we
therefore form a context from neighboring quantized coefficients
that belong to the primary polyphase component. Assuming a plain
polyphase transform, which, for each column in each subband, sim-
ply groups all the odd-numbered coefficients into one polyphase
component and all the even-numbered coefficients into the other
component, Figure 3 shows the context of a given wavelet coef-
ficient Xi, j. For ease of illustration, the primary and redundant
polyphase components are interleaved in the figure. As shown, the
classification of the wavelet coefficient Xi, j is based on the follow-
ing context:

Ci, j =
{

X̂i−1, j−1, X̂i−1, j, X̂i−1, j+1, X̂i+1, j−1, X̂i+1, j, X̂i+1, j+1
}

where X̂ denotes the value of X after quantization by the wavelet
coefficients encoder (see Figure 1), and the coordinate system refers
to the whole subband (i.e, prior to the polyphase transform).

We now describe the classification rule, which assigns one of a
finite number of classes to a coefficient Xi, j, given its context Ci, j .
Due to the difficulty of characterizing the full multidimensional re-
lationship between the magnitudes of neighboring wavelet coeffi-
cients, the classification rule is based on a weighted average of the
magnitudes of coefficients in Ci, j. Define the activity Ai, j of the
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Figure 3: Context of a given wavelet coefficient Xi, j . The coefficient
belongs to the redundant polyphase component, and is shown in
black. The quantized coefficients that form the context belong to
the primary polyphase component, and are shown in white.

coefficient Xi, j, predicted from its context Ci, j, as

Ai, j = a1|X̂i−1, j−1|+a2|X̂i−1, j|+a3|X̂i−1, j+1|+
+a4|X̂i+1, j−1|+a5|X̂i+1, j|+a6|X̂i+1, j+1|

where the fixed relative weights {ak} satisfy ∑k ak = 1. In the pro-
posed coder we set the weights {ak} to be inversely proportional to
the Euclidean distances between the positions of the corresponding
coefficients in Ci, j and the position of the coefficient Xi, j.

In order to classify a coefficient Xi, j, its context Ci, j is first used
to predict its activity Ai, j. The (nonnegative) activity Ai, j is then
compared with a set of pre-computed adaptive classification thresh-
olds to determine the class assigned to Xi, j. Specifically, assuming
N + 1 potential classes C0,C1, . . . ,CN , and given N monotonically
increasing classification thresholds

T0 = 0 < T1 < T2 < · · ·< TN−1 < ∞ ,

the coefficient Xi, j is assigned to the class Ck if Ai, j ∈ (Tk−1, Tk],
where T−1 =−∞ and TN = ∞. This is shown in Figure 4.

Ai,j

C0 C1 C2 CN-1 CN

T0=0 T1 T2 TN-2 TN-1
T-1= - 8 TN= 8

Figure 4: Classification of the coefficient Xi, j based on its activity
Ai, j.

Our class-adaptive quantization scheme is based on a paramet-
ric distribution model. Specifically, we assume that the coefficients
in each class of each subband are drawn from a (zero-mean) Lapla-
cian distribution, i.e., according to the probability density func-
tion (pdf) fλ (x) = λ/2 · e−λ |x|. Since we employ a predictive
(DPCM-like) quantization scheme to encode the coefficients in the
approximation subband, we assume a Laplacian distribution model
(for the prediction errors) in the approximation subband as well.

In order to adaptively determine the classification thresholds
T1,T2, . . . ,TN−1, with the goal of maximizing the coding gain due
to classification, we utilize the classification thresholds design pro-
cedure proposed in [9] (where additional details can be found). The
outputs of this design procedure are the classification thresholds
T1, . . . ,TN−1 and the maximum likelihood Laplacian parameter es-
timates λ̂0, λ̂1, . . . , λ̂N for each of resulting classes. The design pro-
cedure is performed separately for each of the descriptions, and is
repeated independently for each of the subbands. For each descrip-
tion, the corresponding classification thresholds and Laplacian pa-
rameter estimates are transmitted to the decoder as side information.

x

b1 b2

f(x)

b3 bLb-L b-3 b-2 b-1 q1 q2 qLq-L q-2 q-1 q0

Figure 5: Uniform threshold quantizer (UTQ) with step size ∆ and
an odd number of levels N = 2L+1. The bin boundaries are denoted
by
{

b j
}

and the reconstruction levels by
{

q j
}

. The Laplacian pdf
is also shown for illustration.

Denoting the number of subbands by S, this involves transmission
of S · [(N −1)+(N +1)] = 2NS real numbers (after proper quan-
tization), per description. The parametric source statistics of the
various classes (i.e., the Laplacian parameter estimates), enable us
to further utilize efficient bit allocation and quantization schemes,
as described next.

2.2 Parametric Model-Based Quantization

The context-based classification enables the proposed coder to uti-
lize a set of quantizers, each customized to an individual class. As
demonstrated in [2], the optimum ECSQ for the Laplacian distri-
bution, assuming MSE distortion, can be well approximated by a
uniform threshold quantizer (UTQ). The UTQ is a scalar quantizer
with a fixed step size ∆, and is used effectively by various image
subband quantization schemes. Since the reconstruction levels af-
fect only the quantizer distortion, with no influence on the rate, they
can be optimized for distortion alone. In the case of MSE distortion,
this leads to the well-known centroid condition (i.e., conditional ex-
pectation) for the position of the reconstruction levels. We focus on
UTQs with odd number of levels (“mid-tread” UTQs) to be able to
obtain low bit rates (i.e., low redundancy), if desired. This is due
to the fact that if the number of levels is even and the pdf is sym-
metric (e.g., Laplacian), no symmetric quantizer can yield an output
entropy lower than 1 bit/sample [2]. Figure 5 shows a UTQ with an
odd number of levels.

A general entropy-constrained design algorithm of UTQ is
given in [2]. For the Laplacian (and exponential) distribution, a
non-iterative entropy-constrained design algorithm of UTQ is pro-
vided by Sullivan [8]. Due to the relatively high complexity of the
aforementioned design algorithms, we employ a more efficient de-
sign strategy: As detailed in the following section, the proposed
coder utilizes an effective optimal bit allocation scheme, which is
based on a pre-designed array of optimized UTQs of different step
sizes (where the optimization is for minimum MSE distortion). This
enables us to greatly simplify the design of each UTQ, as each UTQ
is optimized for a given step size, with no constraint on its output
entropy. We also store the pre-computed bin probabilities of each
UTQ, which enable us to instantly adapt the entropy encoder to the
varying coefficients statistics.

For a UTQ with a given step size ∆, the reconstruction levels{
q j
}

and the bin probabilities
{

p j
}

can be easily computed by in-
tegration. To further reduce the complexity of our proposed design
strategy, we derive a closed form expression for the MSE distortion
D attained by the UTQ. For conciseness, we only provide here the
general guidelines and the obtained expression: First, we prove that
the reconstruction offsets q j−b j, for j = 1, . . . ,L−1, do not depend
on j. Namely, we show that

q j = b j +δ , j = 1, . . . ,L−1 ,

where

δ =
1
λ
− ∆

eλ∆ −1
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and λ is the parameter of the Laplacian distribution. Next, using
integration by parts and appropriate substitutions of variables, we
obtain the following closed form expression for the average distor-
tion of the UTQ:

D =
2

λ 2 − e−λ ∆
2

((
∆
2

)2
+

∆
λ
+

2
λ 2

)
+

+

(
L−1

∑
j=1

e−λq j

)
·
[

eλδ
(

δ 2 − 2δ
λ

+
2

λ 2

)
+

− eλ (δ−∆)
(
(δ −∆)2 − 2(δ −∆)

λ
+

2
λ 2

)]
+

+
1

λ 2 e1−λqL .

The rate R is estimated by the entropy of the quantizer output,
given by

HQ =−
j=L

∑
j=−L

p j log2 p j .

As an alternative to the UTQ, we also examined the uti-
lization of the uniform reconstruction with unity ratio quantizer
(URURQ) [8], defined by its step size ∆—the distance between
adjacent reconstruction levels. Additional details, including the
derivation of a closed form expression for the distortion attained
by the URURQ, are given in [6].

For brevity, in the sequel we generally refer to the quantizers
used by the proposed coder (to quantize the coefficients of the re-
dundant polyphase component of each description) only as UTQs.
Nevertheless, the same guidelines hold for URURQs as well.

2.3 Optimal Model-Based Bit Allocation
The context-based classification enables the proposed coder to uti-
lize a set of quantizers, each customized to an individual class,
for coding the redundant polyphase component of each description.
Define the base rate of a given description as the average bit rate
(in bits/pixel) at which the primary polyphase component of the de-
scription is encoded. Similarly, define the redundancy rate of the
description as the average bit rate (in bits/pixel) at which the re-
dundant polyphase component of the description is encoded. Given
the desired redundancy rate for a description, the encoder needs to
determine the rate at which each of the customized quantizers op-
erates. To this end, the proposed coder utilizes an optimal model-
based bit allocation scheme. The bit allocation, which is based on
the Laplacian model, is performed in the general framework of La-
grangian optimization [5]. It is carried out for each description sep-
arately, given the desired redundancy rate for the description, and
performed over all classes of redundant coefficients from all sub-
bands simultaneously.

Given the desired redundancy rate for the description, we wish
to find the optimal rates {Rb}B

b=1 (assuming a total of B classes)
for each of the different classes (from all subbands), such that the
resulting MSE distortion in the image domain is minimized, subject
to the redundancy rate constraint. As before, we assume that the
coefficients in each class are drawn from a Laplacian distribution
(the Laplacian parameter estimate λ̂ for each class is obtained from
the classification thresholds design procedure). We use Lagrangian
optimization to solve this constrained optimization problem, and
seek to minimize the Lagrangian cost function J(ξ ) = D+ξ R (for
a fixed Lagrange multiplier ξ ), where D is the MSE distortion in
the image domain resulting from quantization of coefficients in the
redundant polyphase component, and R is the redundancy rate of
the description. Presenting the distortion D as the weighted sum
of individual distortions (due to quantization of coefficients) in the
different classes and the rate R as the weighted sum of individual
rates, and differentiating with respect to Rb, yields the following

rate allocation equations

D′
b(Rb) =− ξ

Gb
, b = 1, . . . ,B , (1)

where D′
b(Rb) is the derivative of the transform domain distortion

Db of the class b, evaluated at Rb bits/coefficient, and where Gb is
the synthesis (inverse transform) energy gain factor associated with
the subband to which the class b belongs1.

We utilize variance scaling to efficiently solve the rate alloca-
tion equations (1), and thus avoid computing the operational dis-
tortion rate function of the optimal UTQ of each class b (for the
class-specific Laplacian parameter estimate λ̂b, or variance esti-
mate σ̂2

b = 2/λ̂ 2
b ). Hence, we only compute off-line (and also

index by the slope) the operational distortion rate function of the
UTQ for the unit-variance Laplacian distribution, and infer the re-
quired operating point of the UTQ of each class b from that normal-
ized operational distortion rate function and the normalized slope
−ξ/(Gbσ̂2

b ). That is, the actual quantizer for the class b is simply
the scaled version, by σ̂b, of the quantizer corresponding to the nor-
malized slope on the normalized operational distortion rate function
(which is practically stored as an indexed array of MSE-optimized
UTQs). The quantizer’s bin probabilities are also used to instantly
adapt the arithmetic entropy encoder that follows the quantization
stage to the statistics of the class b, as captured by the model-based
classification algorithm.

Finally, we note that determining the value of the Lagrange
multiplier ξ such that the total rate constraint is satisfied can be
performed using the bisection method. The resulting value of ξ ,
which specifies the bit allocation, is also transmitted to the decoder
(as part of the side information for the description).

2.4 Synopsis of the Encoding Algorithm
We hereby summarize the proposed encoding algorithm:
1. Apply a wavelet transform to the input image, followed by a

polyphase transform.
2. Encode each polyphase component at a base rate using a stan-

dard wavelet encoder.
3. Add the desired amount of redundancy2 to each resulting de-

scription by encoding the complementary polyphase compo-
nent using context-based classification, quantization and en-
tropy coding (see Sections 2.1–2.3). Also add the resulting side
information to the description.

3. EXPERIMENTAL RESULTS

The proposed MD coder aims to improve the performance of the
original polyphase transform-based coding scheme of [4], by uti-
lizing the special statistical properties of the wavelet decomposi-
tion to improve the coding efficiency of the redundant polyphase
component of each description. In other words, for a given qual-
ity of central reconstruction, the proposed coder aims to provide
improved side reconstructions. As an example, Figure 6 shows
the performance of the proposed coder, compared to that of the
original polyphase transform-based coder, utilizing either the plain
polyphase transform or the vector-form polyphase transform [4], for
the image Lena (of size 512×512 pixels) and a total rate of 1 bpp.
As shown, the proposed coder indeed attains improved side recon-
structions (i.e, higher side PSNR), for a given quality of central re-
construction, across the entire redundancy range. We also note that
this is true whether UTQs or URURQs are utilized by our coder.

The proposed coder exploits contextual information to improve
the coding efficiency of the redundant polyphase component of

1This energy gain factor represents the amount of squared error in the
synthesized image introduced by a unit error in a transform coefficient of
the subband. For an orthonormal transform Gb = 1,∀b.

2The optimal amount of redundancy obviously depends on the properties
of the communication channel. It can be determined as detailed in [6].
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Figure 6: Performance of the proposed MD coder (in black),
compared to that of the original polyphase transform-based MD
coder [4] (for the image Lena and a total rate of 1 bpp).

each description. To this end, the proposed coder utilizes various
coding procedures, such as context-based classification, parametric
model-based adaptive quantization, efficient optimal bit allocation
and adaptive entropy coding. It is interesting to examine whether
the achieved improvement in coding efficiency can indeed be at-
tributed primarily to the effective utilization of contextual informa-
tion. We refer to the improvement in coding efficiency due to the
utilization of contextual information as the context gain.

The context gain can be measured experimentally by compar-
ing the performance of the proposed MD coder, in its standard con-
figuration (e.g., with four classes per subband), to that of an al-
most identical coder, in which the classification procedure assigns
all the coefficients in each subband to a single class. Such a mod-
ified coder, which we refer to as the “no-context coder”, thus uses
a single average quantizer for each subband (which is fitted to the
overall statistics in the subband), and ignores any contextual infor-
mation. Figure 7 shows the performance of the “no-context coder”,
compared to that of the proposed coder in its standard configuration
(for the image Lena and a total rate of 1 bpp). For a given quality of
central reconstruction, the context gain is the gap between the side
PSNR attained by the proposed coder to that attained by the “no-
context coder”. As shown, the context gain increases significantly
with the redundancy (up to more than 1 dB improvement in side
PSNR). This proves that the improvement in coding efficiency of-
fered by the proposed MD coder can indeed be attributed primarily
to the effective utilization of contextual information and the special
statistical properties of the wavelet decomposition.

4. CONCLUSION

Among prior works, MDs for image coding were generated via the
utilization of a polyphase transform and selective quantization, per-
formed in the wavelet domain. In this paper we presented an effec-
tive way to exploit the special statistical properties of the wavelet
decomposition to provide improved coding efficiency, in the same
general framework. We have proposed a novel coding scheme that
efficiently utilizes contextual information, extracted from the pri-
mary polyphase component of each description, to improve the
coding efficiency of the corresponding redundant polyphase com-
ponent, and thus enables the proposed MD coder to achieve im-
proved overall performance. This is accomplished by means of var-
ious coding procedures, such as context-based classification of the
wavelet coefficients, parametric model-based adaptive quantization
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Figure 7: Performance of the “no-context coder”, compared to that
of the proposed context-based coder in its standard configuration
(for the image Lena and a total rate of 1 bpp). Also shown is the
redundancy rate ρ corresponding to various points on the perfor-
mance curves.

(using either UTQs or URURQs), efficient optimal bit allocation,
and adaptive entropy coding. Our experimental results show that
the proposed coder outperforms its predecessor across the entire re-
dundancy range, and that the improvement in coding efficiency can
indeed be attributed primarily to the effective utilization of contex-
tual information and the special statistical properties of the wavelet
decomposition.
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ABSTRACT

In this paper, we propose a coder for stereoscopic color im-
ages based on the binocular properties of the human visual
system (HVS). In the preprocessing stage we modeled some
properties of the simple and complex cells. These cells char-
acterized by their orientation and amplitude are responsible
for binocular fusion; they take as input a set of signals rep-
resenting the two retinal images and give as output binocular
signals. To model this process we have used mathematical
functions that have the same characteristics as the simple and
complex cells such as wavelet and bandelet. After the match-
ing process, we obtain a residual image, a disparity map and
the reference image; these allow to predict the target image.
The residual image contains the matching error. The one ob-
tained with our approach contains a very few amount of data
generating low bitrate. The experimentation stage showed
that our coder gives better results than the two famous coders
coming from literature.

1. INTRODUCTION

The stereoscopy can be defined as the association of two eyes
in the visual analysis of the same region of the scene. it im-
proves significantly this analysis but it comes along, in re-
turn, with an increase of the information to be treated and
to be stored. The main advantage to have two shots of the
same scene is that each of them takes a slightly different
view. The space between eyes generates binocular dispari-
ties (difference between the retinal images of the left and the
right eyes) which are exploited, via the stereoscopic vision,
to reconstruct the third dimension from flat retinal images.
The matching is a crucial stage, for all stereo applications
(stereo coding, stereo quality assessment, . . . ) because the
quality of the 3D reconstruction depends on it.

Stereo coding aims to reduce the size of the couple of
images by exploiting the redundancy between them. The
most significant research addressing this problem has been
carried out during the last decade. Among the first pro-
posed approaches, we find the one introduced by Dinstein
et al. [1] based on the deletion theory in the human visual
system (HVS). The method was subjectively estimated by
a panel of observers asked to compare stereo compressed
images with original images and then rate them on a dis-
crete scale. Aydinoglu et al. [2] proposed an approach based
on regions matching. Three kinds of regions are consid-
ered: the occulted regions, the redundant regions and the
contours. A matching is performed between regions of the
same type which is not efficient for the disparity map com-
putation. Tzovara et al. [3] proposed a solution based on
the object contours. This is by supposing that all pixels in

the estimated region have the same disparity. The coordi-
nates of estimated regions must be transmitted with the esti-
mated disparity. This increases the size of transmitted infor-
mation. Techniques based on the object contours can be gen-
erally classified into two distinct categories: shape-oriented
or blocks-oriented (blocks can be of variable or fixed size).

Woo et al. [4] and Magnor et al. [5] proposed approaches
based on a hierarchical representation of images. The disad-
vantage lies in the fact that the disparity is computed for all
the scales that do not reduce effectively the size of the com-
pressed images. Boulgouris et al [6] proposed an approach
in closed circuit where the residual image with its disparity
are calculated by using the reference image locally decoded
because such an image is available for the decoding stage.
For coding residual images, Frajka et al. [7] proposed that
the occluded and the non occluded regions are coded sepa-
rately, and for this reason they used a technique containing
variable blocks. Kim et al. [8] and Woo et al. [9] proposed an
approach based on blocks of the same size with a directional
search of the best match which does not allow to find the best
one, but reduces the computation time. Pagliari et al. [10]
and Moellenhoff et al. [11] proposed approaches based on
DCT transform which do not exploit the spatial distribution
of the information and consequently the stereo properties are
not exploited. Aydinoglu et al. [12] proposed an approach
based on a subspace projection that allows the adaptation to
the local transform. This approach is not efficient on textured
images.

The most important work using wavelet representation
has been introduced by Ellinas et al. [13]. These latter used
the wavelet decomposition for coding residual images. The
originality of both approaches is the separated processing of
the occulted regions and the rest of regions represented on the
residual image. Nath et al. [14], Ellinas et al. [13] and Moran
et al. [15] proposed wavelet-based approaches. These ap-
proaches present a set of common drawbacks relative to the
calculation of the disparity map. Indeed, this map is calcu-
lated on each scale of the decomposition which do not reduce
efficiently the size of the compressed images.

The major drawback of the previous works is the lack of
taking into account the binocular process allowing to gener-
ate the 3D image in the HVS. All the coders tries to minimize
the residual information, obtained by the subtraction of the
similar regions in both images; in that case we can have two
similar images allowing a bad depth reconstruction but giv-
ing a good PSNR. The second drawback is that the matching
of the images, in these coders, is realized without considera-
tion of the behavior of the HVS.

In this work, we propose a stereo coder that takes into
account the binocular process performed by the HVS. It con-
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sists in modeling the behavior of the simple and complex
cells whose are the main actors, of the matching operation in
the primary visual cortex. From this, we formalize a model
for the calculation of the binocular energy. This latter is ex-
ploited then in addition to stereoscopic constraints to find the
best matching. So this is the main innovative part and which
offers a better comprehension of the HVS 3D perception.

The rest of this paper is organized as follows: After the
description of the proposed approach in section 2, a brief de-
scription of the bandelet transform used to model the simple
and complex cells behavior is given in section 3. Section 4
is dedicated to the proposed binocular energy model (BME).
The experimentation is described in section 5 and this paper
ends with some conclusion and future directions.

2. PROPOSED APPROACH

In this section, we describe our coder illustrated in Fig-
ure 1. The first step in our coder is to represent images in
CIE L∗a∗b∗ color space; that choice will be justified later.
Then, some transformations are applied on the stereoscopic
images to be able to model the properties of simple and com-
plex cells. These latter are characterized by their size, their
orientation and their phase.

Fig. 1. Proposed approach.

The simple cells work in pairs. As shown in Figure 3,
a cell complex takes as input two simple cells. The simple
cells belonging to the same pair has a shift phase equal to
π/2. From this description, we modeled simple cells, tak-
ing into account some of their characteristics. A complex
wavelet transform (CWT) is applied to the luminance com-
ponent (L) of the right and left image. To obtain the real
and imaginary parts of the luminance component we use two
filters with a shift phase equal to π/2. For the chromatic
component a discrete wavelet transform (DWT) is applied to
the component (a∗) and also to the component (b∗), of the
two images. In the CIE L∗a∗b∗ color space, the two color
components are orthogonal. Thus the first component (a∗)
represents the real part of the color information and the sec-

ond represents the imaginary part (b∗). This explains why
it has been chosen for our approach. The real part of the
luminance (Re [CWT(L)]) and chrominance (Re [DWT(a)])
have a shift phase equal to π/2 with their imaginary parts
(Im [CWT(L)]) and (Im [DWT(a)]).

This preprocessing step is realized to separate the re-
sponses obtained with cells belonging to the same pair
(Fig. 3). Both cells belonging to the same pair have the same
size in the same orientation the same position and the same
amplitude with a shift phase equal to π/2. The next step is to
define the size and position of each pair of simple cells. For
this we applied the bandelet transform on the wavelet coef-
ficients obtained with the CWT and the DWT. Figure (fig 2)
shows the obtained result by applying the same geometry on
the real and imaginary parts of luminance and chrominance
components of each image. After this last stage, the left and
the right images are represented with a set of dyadic squares
characterized by their orientation phase, size and position. A
dyadic square belonging to the real part of the luminance (Re
[CWT(L)]) with the dyadic square that have the same posi-
tion in the imaginary part of the luminance (Im [CWT(L)])
represent one pair of dyadic squares (the same for chromi-
nance) (Fig. 2).

Fig. 2. Wavelet and Bandelet transform of both retinal im-
ages.

Once the simple cells modeled, we model the complex
cells to match dyadic squares pairs of the couple of images
(See Section 4). The matching process generates a dispar-
ity map and a residual image. The residual image under-
goes adaptive quantization according to different scales of
the CWT and DWT decomposition. The quantized image
is encoded with the disparity map using arithmetic coder.
The quality of the reconstructed target image depends on the
quality of compressed residual image. In the decoding pro-
cess, the reverse of coding operation is performed. It uses
the reference image with the residual image and the disparity
map to reconstruct the target image.

3. BANDELET TRANSFORM

In the previous section, we mentioned the spatial-frequency
transform that we use in our metric scheme. As shown in the
following figure, a CWT is applied to the luminance compo-
nent [L∗] of the left and right retinal images. The filters used
to compute the real and the imaginary parts presents a shift-
phase equal to π/2. DWT is applied to the chromatic com-
ponent of the both images (a∗ and b∗), knowing that these
components are orthogonal. This preprocessing step allows
a complex writing of the luminance and chrominance com-
ponents as described by equation 1.

Image = {Re[L], Im[L],Re[C], Im[C]}
= {Re[CWT (L∗)], Im[CWT (L∗)],DWT [C(a∗)],DWT [C(b∗)]}
L : luminance,C : Chrominance

(1)
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To ease the comprehension of the approach, a brief review of
the Bandelet transform is given in the following paragraphs.
The reader can refer to [16] for a full detailed description of
the Bandelet transform.

The bandelets are defined as anisotropic wavelets that
are warped along the geometric flow, which is a vector field
indicating the local direction of the regularity along edges.
The dictionary of bandelet frames is constructed using a
dyadic square segmentation and parameterized geometric
flows. The ability to exploit image geometry makes its ap-
proximation optimal for representing the images. For image
surfaces, the geometry is not a collection of discontinuities,
but rather areas of high curvature. The Bandelet transform
recasts these areas of high curvature into an optimal estima-
tion of regularity direction. Figure 2 shows an example of
bandelets along the geometric flow in the direction of edges.
In real applications, the geometry is in the direction of the
edge. The support of the wavelets is deformed along the ge-
ometric flows in order to exploit the edge regularity.

4. BINOCULAR ENERGY MODELS (BEM)

4.1 State-of-the-art
Modeling the binocular energy created by the simple and
complex cells is an important step to be included in com-
puter vision applications dedicated to stereoscopic images.
Several works exist in literature and we propose, in this sec-
tion, to describe the most important ones related to our work.
Hubel and wisel [17] defined two types of binocular cells,
namely the simple cells and the complex cells, qualifying the
degree of complexity in the internal structure of a receiver.
The complex cells in their model are built by the association
of a number of simple cells as described in Fig. 3. According
to Campbell et al.[18], the receiving fields of this cells are
described as a linear filter constituted by different regions of
type ”ON” (activated) and ”OFF” (inhibited). The optimal
activation of these cells is made by a grating of luminance so
that the white bar covers all the ON region while the black
one covers the OFF region.

-a-

-b-

-c-

Fig. 3. Illustration of the receiving fields of simple and com-
plex cells. (a) identical for both eyes, (b) a shift position, (c)
a phase shift (In the model of binocular energy, the neurone
of energy Cx represents the complex cell)

The complex cells are not like the simple cells in the
sense that they have different receiving fields. These lat-
ter have positive and negative responses for the simple cells

while the responses are positive or zero for complex cells. In
1990, Ohzawa et al.[19] proposed a complete model to com-
pute the binocular energy. This work has inspired ours for
the definition of the BEM used in our metric. The function
of the simple and complex cells can be mathematically de-
scribed by the orientation adaptive wavelets (Gabor wavelet,
curvelet, bandelet, . . . ). The ON and OFF regions, of these
cells, correspond respectively to peaks and hollows of these
functions.

4.2 Proposed binocular energy model
Starting from the definition given above, the model that we
propose to calculate the binocular energy is based on the
model proposed by Ohzawa [19] and the one proposed by
Fleet [20]. Bandelet transform, applied on the wavelet coef-
ficients of luminance and chrominance components, allows
to define the image geometry. This latter is defined by a
set of dyadic squares (the same geometry is applied to the
real and imaginary parts of the luminance and chrominance).
Each dyadic square is characterized by its size and orienta-
tion. Dyadic squares obtained with CWT applied to the lu-
minance are arranged in pairs, similar to the dyadic squares
obtained with the DWT, applied to both chrominance com-
ponents. Dyadic squares of a given pair belong to the real
part of the CWT (Re[L(x)]L) and the imaginary part of the
CWT (Im[L(x)]L). Dyadic square pairs of the chromatic
component belong respectively to the real part represented
by the DWT (Re[L(x)]C), applied to the component a∗ and
the imaginary part represented by the DWT (Im[L(x)]C), ap-
plied to the component b∗. Dyadic squares of a pair have
given the same orientation and same size with a shift-phase
equal to π/2. L(x) and R(x) (responses of two simple cells
(Fig. 3)), Complex-valued response in left and right eyes, are
expressed by their amplitude and orientation of the complex
function(L(x) = ρl(x)exp(φl(x))). where:

ρ
2
l (x) = |L(x)|2 = Re [L(x)]2 + Im [L(x)]2 (2)

ρl(x) is the monocular amplitude of the complex function
and φl(x)(Eq. 3) is the monocular phase of the complex func-
tion.

φl(x) = arg |L(x)|= arctan(Im [L(x)]/RE [L(x)]) (3)

Table 1. parameters table.
parameters Definitions
X Retinal position
L(x), R(x) Complex-valued response in left and right eyes, at

position x
Re[L(x)]L Luminance real part of left monocular re-

sponse(dyadic square)
Im[L(x)]L Luminance imaginary part of left monocular re-

sponse
Re[L(x)]C Color real part of left monocular response
Im[L(x)]C Color imaginary part of left monocular response
ρl/r(x) Monocular (left eye) amplitude signal
φl/r(x) Monocular (left eye) phase signal
φ
′
l/r(x) Left-eye instantaneous frequency at position x

∆ψ simple cell phase shift
d Stimulus disparity
∆φ(x) phase difference
E(x) Binocular energy response at retinal position x
E(x,d) Response of binocular energy neuron with simple

cell position shift
E(x,∆ψ) Response of binocular energy neuron with simple

cell phase shift
E(x,d,∆ψ) Response of binocular hybrid energy neuron with

position shift d and phase shift ∆ψ

After all the preprocessing steps comes the stage of
matching of the retinal pairs of images. For this, the dyadic
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squares pair of one image are matched with another pair of
the second image by calculating the binocular energy pro-
duced by these two pairs of dyadic squares (which represents
the response of two simple cells). The cell responsible of the
information fusion, in the human visual system, is the com-
plex cell. The binocular complex cell takes as input two re-
sponses from two simple cells (two pairs of dyadic squares
belonging respectively to the left and right retinal images). If
the complex cell is of type monocular, it will take as input
a response of a simple cell (a pair of dyadic squares). In the
case of a binocular complex cell, the binocular energy (Eq. 4)
is calculated as described in [20].

E(x) = |L(x)+R(x)|2 = (Re [L(x)]+Re [L(x)])2

(Im [L(x)]+ Im [R(x)])2 (4)

The two pairs of matched dyadic squares, belonging respec-
tively to the right image R(x) and the left image L(x) must
have the same orientation and the same size.
When we replace L(x) = ρl(x)exp(φl(x))and R(x) =
ρr(x)exp(φr(x)) by their respective definition, we obtain the
following equation :

E(x) = ρ
2
l (x)+ρ

2
r (x)+2ρl(x)ρr(x)cos(∆φ(x)) (5)

E(x) is the energy of the response obtained by the binocular
complex cell. When the both pairs of dyadic squares have
not a same position, the right monocular response R(x) is
a shifted version of the left monocular responses L(x), i.e.
R(x) = L(x−d). Similarly, when the phase signal is not the
same between the pairs of dyadic squares φ(x) = φ(x− d).
From this, we can express the inter-ocular phase difference
using a Taylor series of φl(x−d)(Eq. 6):

∆φl(x,d) = φl(x)−φr(x) = φl(x)−φl(x−d) = dφ
′
l/r +O[d2] (6)

Combining equation 6 with equation 5 gives us a useful char-
acterization of a binocular energy as described by equation 7.
As the disparity is increased slightly above zero, the binocu-
lar energy response decreases as the cosine of disparity times
instantaneous frequency, cos(dφ

′
l/r).

∆φl(x,d) = φl(x)−φr(x) = φl(x)−φl(x−d) = dφ
′
l/r +O[d2] (7)

In [19], authors showed that if the simple cells have not the
same orientation, the disparity between them is useless. Fleet
[20] defined this relation in the following way:

R(x) = exp(i∆ψ)L(x−d) = ρl(x−d)exp(φl(x−d)+∆ψ) (8)

∆ψ denotes a phase shift between the couple of simple cells.
So, the binocular energy of the left and the right pairs of
dyadic squares are then related. The phase difference has
now the form:

∆φl(x,d,∆ψ) = φl(x)−φr(x)−∆ψ = dφ
′
l/r−∆ψ (9)

Finally, the binocular energy(Eq. 7), computed by the com-
plex cell for the both pairs of dyadic squares, is equal to:

E(x,d,∆ψ) = ρ
2
l (x)+ρ

2
r (x)+2ρl(x)ρr(x)cos(dφ

′
l −∆ψ) (10)

When the two dyadic square pairs (left and right) are
matched, if the binocular energy E(xl , xr)≈ E(xl , xl) the er-
ror between the two dyadic squares is equal to 0, nothing is
saved in the residual image. In the case of an important dif-
ference between E(xl , xr) and E(xl , xl) , this latter is saved
n the residual image (Re(residual image)=Re[xl]-Re[xr]) and
(Im(residual image)=Im[xl]-Im[xr]) to be used in the recon-
struction of the target image.

5. EXPERIMENTAL RESULTS
In this section, the experimental evaluation of the proposed
coder is reported. Two stereo image pairs were employed for
the experimental evaluation (cf. fig. 4). The evaluation of the
proposed method is performed by using the PSNR calculated
using the following equation:

PSNR = 10log10
2552

(MSEL +MSER)
(11)

where MSEL and MSER are respectively the mean square er-
rors of the left and the right images. In this section we present
results obtained with our coder. The results are presented
as comparative curves between the results obtained with our
coder and Woo et al. [4] and Ellinas et al. [13].

Fig. 4. Cones (top) and Teddy (bottom) stereo images.

The results obtained with our coder are very interesting
compared to those obtained with the coder of Woo and
Ellinas. This can be explained by several factors related to
the conception of our coder and to the functions used in mod-
eling. In our model we took into account the characteristics
of 3D vision. In the case of 3D vision we have all artifacts
unique to the 2D vision and artifacts unique to 3D vision.
To assess the quality of our compressed stereoscopic im-
ages we used PSNR although it is not the best metric for that.

We can classify the 3D artifacts in two categories. In
the first category are artifacts caused by the loss of depth.
This case may be caused by an intense filtering of textured
areas in the image. Such artifacts can be caused by the JPEG
2000 coder for example. In our coder, we use bandelets
transform, the advantage of this transform is the preservation
of contours using its adaptive quantization function. For
each pair of dyadic squares is kept the significant wavelet
coefficients (which respect the geometry of the dyadic
square). This quantization method preserve the geometry of
dyadic squares pair ensuring a good depth perception.

The second category of artifacts that we find in the 3D
perception are the appearance of false depth artifacts caused
by 2D encoder used as it is the case with the block effects
caused by the JPEG coder. With the block effect we seem
to see the blocks in depth especially in uniform areas where
there is no geometry.

6. CONCLUSION

In this paper, we proposed a coder for stereoscopic color
images based on properties of human visual system. Both
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Fig. 5. Quality performance evaluation of the proposed coder
vs. woo et al. [9] for (a) Teddy image and (b) Connes.

images undergo series of preprocessing before coding. The
pretreatment phase models the operation of simple and com-
plex cells responsible for binocular fusion. To model some
properties of simple cells we applied CWT on the luminance
component and a DWT on the color components of two im-
ages. A bandelets transform was then applied on the ob-
tained wavelet coefficients. We obtained after this treatment
a set of dyadic squares pair (real and imaginary) character-
ized by their size amplitude and orientation as the simple
cells. To match these square dyadic pairs we propose a binoc-
ular energy model (BEM). After the match we get a disparity
map and a residual image. These are quantified and coded
with the arithmetic coder. The obtained results showed bet-
ter performance than the literature coders used in this paper.
The validation of this coder will continue by a specific psy-
chophysical study.
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ABSTRACT

The Quaternionic Wavelet Transform is a recent improvement of
standard wavelets that has promising theoretical properties. This
new transform has proved its superiority over standard wavelets in
texture analysis, so we propose here to apply it in a wavelet based
image coding process. The main point is the interpretation and cod-
ing of the QWT phase, which is not dealt with in the literature.
At equal bitrates, our algorithm performs better visual quality than
standard wavelet based method.

1. INTRODUCTION

It has been well known since the early 90s that wavelet representa-
tions are strikingly well suited for image coding (see JPEG-2000).
This transform separates the information so that one can code pro-
gressively the global image structure and then the details with a few
coefficients, carrying out scalable bitstreams at high compression
rates.

In 2001, the importance of the Fourier phase for signal repre-
sentation led to an enhancement of the standard wavelet transform
(DWT) : the Complex Wavelet Transform (CWT) [5], whose coef-
ficients have a shift invariant magnitude and a complex phase, giv-
ing them innovating properties. This improvement was furthered in
2004 with the Quaternionic Wavelet Transform (QWT) [4]. Based
on fundamentals brought by T. Bülow in 1999 [3], this represen-
tation - specifically defined for 2D signals - provides a coherent
description of local structures through a shift-invariant magnitude,
analogous to a standard DWT analysis, and a 3-angle 2D phase,
carrying geometric information.

Our previous work has shown superiority of the QWT over
DWT in a texture analysis context [7]. We expect an improve-
ment of wavelet based image coding, thanks to the structural anal-
ysis brought by the QWT phase. The QWT is overcomplete and
its redundancy is 4:1 so it may be thought unadapted to compres-
sion. However this redundancy sorts out the information better than
DWT, so even if we have more coefficients, many of them will be
discarded or hardly quantized so we get in fine a better coding than
with DWT. In particular, the magnitude should contain less signifi-
cant coefficients to code, and the phase should be hardly quantized
without loss of visual quality.

Given the promising theoretical properties of this new trans-
form, we aim at studying its potential for a famous application of
wavelets. Hence we propose to study the QWT in comparison with
standard wavelets, in a compression context, without emphasis on
state of the art techniques.

A necessary first point in image coding is quantization. Present
wavelet based coding methods (EZW, SPIHT, EBCOT, TCE,
SPECK . . . ) that are today the best alternative use quantized co-
efficients. The QWT magnitude can intuitively be processed like
a standard DWT but the main point is the phase quantization - far
from straightforward. With a first QWT quantization algorithm this
work gives an application not did yet to our knowledge and furthers
the practical use of QWT coefficients.

After a presentation of the transform we verify that a part of
the information originally coded in the magnitude has been moved
into the phase; through a study of the magnitude quantization that
compares DWT with QWT. Then the interpretation of the QWT

phase is discussed, and we propose a quantization algorithm that is
compared with DWT in terms of image quality.

2. THE QWT

The Quaternionic Wavelet Transform (QWT) is an orthogonal 2D
filterbank analysis for grayscale images. It provides a quaternionic
scale space analysis, based on fundamental work by Bülow [3].
Bülow showed that complex algebra C is only optimal for handling
1D signals and that 2D signals are best described by embedding
signal processing tools in the more general quaternion algebra H.

Whereas DWT coefficients are real QWT is quaternion valued
i.e. 4-vectors made of one magnitude and a 3-angle phase. Thus the
information is better separated to describe more explicitly the image
content.

In 2004 the Rice University from Houston proposes to use their
dual-tree algorithm to carry out a QWT with perfect reconstruction
filterbanks [4] (that we use in this work). At the same time Bayro
proposes a quaternionic Gabor pyramid [1].

2.1 Evolution of DWT : QWT
A standard wavelet transform (DWT) provides a scale-space analy-
sis of an image; yielding a matrix in which each coefficient is related
to a ‘subband’ (localization in the 2D Fourier domain) and to a posi-
tion in the image. A ‘subband’ means both an oscillation scale (i.e.
a 1D frequency band) and a spatial orientation (i.e. rather vertical,
horizontal or diagonal).

The QWT is an improvement of the DWT providing a richer
scale-space analysis for 2-D signals. Contrary to DWT it is near-
shift invariant and provides a magnitude-phase local analysis of
images. It is based on the 2D generalization of both the Fourier
transform and the analytic signal defined in [3] in the quaternion
algebra H - more adapted than C to describe 2D signals. So in the
one hand the QWT can be viewed like a local ‘2D Quaternionic
Fourier Transform’ (QFT) and in the other hand its subbands are
‘2D Quaternionic Analytic Signals’ associated with bandpass fil-
tered versions of the original signal.

2.2 Definition of the Transform
2.2.1 The Quaternionic 2D Analytic Signal

A quaternion is a generalization of a complex number, related
to 3 imaginary units i, j,k, written q = a + bi + c j + dk, or q =
|q|eiϕ e jθ ekψ in its polar form. It is thus defined by one modulus,
and three angles that we call phase.

The (quaternionic) analytic signal associated with a 2D function
is defined by means of its partial (H1, H2) and total (HT ) Hilbert
transforms (HT) :

fA(x,y) = f (x,y)+ iH1 f (x,y)+ jH2 f (x,y)+ kHT f (x,y)

2.2.2 Quaternionic Wavelets

The mother wavelet is a quaternionic 2D analytic filter, and yields
coefficients that are ‘analytic’. Thus, it inherits the ‘local magni-
tude’ and ‘local phase’ concepts from the 1D analytic signal, very
useful in signal analysis.

Note that the usual interpretation of the magnitude remains
analogous to 1D, as it indicates the relative ‘presence’ of a feature,
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Figure 1: The quaternionic wavelet transform of image monarch. From left to right : Original image, Magnitude (intensity inverted for
visual convenience), ϕ ∈ [−π;π], θ ∈ [− π

2 ; π

2 ], ψ ∈ [− π

4 ; π

4 ]. The 3 terms of phase are represented in color, the hue corresponding to the
angle (cyan for 0, red for ±π). Darker zones in phase correspond to negligible magnitude (making phase absurd).

whereas the local phase is now represented by 3 angles that make a
complete description of this 2D feature.

From a practical point of view, if the mother wavelet is sep-
arable i.e. ψ(x,y) = ψh(x)ψh(y), the 2D HT’s are equivalent to
1D HT’s along rows and/or columns. Then considering the 1D
Hilbert pair of wavelets (ψh,ψg = H ψh) and scaling functions
(φh,φg = H φh), the analytic 2D wavelets are written in terms of
separable products.

ψD = ψh(x)ψh(y)+iψg(x)ψh(y)+ jψh(x)ψg(y)+kψg(x)ψg(y)
ψV = φh(x)ψh(y)+iφg(x)ψh(y)+ jφh(x)ψg(y)+kφg(x)ψg(y)
ψH = ψh(x)φh(y)+iψg(x)φh(y)+ jψh(x)φg(y)+kψg(x)φg(y)
φ = φh(x)φh(y)+iφg(x)φh(y)+ jφh(x)φg(y)+kφg(x)φg(y)

This means the decomposition is heavily dependent on the po-
sition of the image with respect to x and y axis (rotation-variance),
and the wavelet is not isotropic, but the advantage is an easy com-
putation with separable filterbanks.

Each subband of the QWT can be seen as the analytic signal
associated with a narrowband1 part of the image. The QWT mag-
nitude |q| is shift-invariant and represents features at any space po-
sition in each frequency subband. The 3 phase angles (ϕ,θ ,ψ)
describe the ‘structure’ of those features. We discuss below the in-
terpretation of these phases.

2.2.3 Filterbank Implementation

The QWT uses the Dual-Tree algorithm [5], a filterbank implemen-
tation that uses a Hilbert pair as a complex 1D wavelet, bringing
shift invariance and analytic coefficients with little redundancy.

Two complementary 1D filter sets lead to four 2D filterbanks
- one pixel shifted each other - providing the near-shift invariance
for a redundancy of only 4:1. Originally combined by Kingsbury to
compute two directional complex analytic wavelets, the 4 outputs
of the Dual-Tree here constitute one 4-valued quaternionic wavelet
analysis, embedding the structural information into a local phase
concept, rather than an oriented separation. As the Dual-Tree makes
an approximation, the QWT coefficients are approximately analytic,
so the extraction of 2-D local amplitude and phase, as well as their
interpretation, are actually approximate. The Fig. 1 shows an exam-
ple of a QWT decomposition.

3. MAGNITUDE CODING

As a preliminary and to be convinced that QWT magnitude and
phase carry complementary information; we first observed the ef-
fect of magnitude quantization with both transforms. The process
is to code QWT (resp. DWT) magnitude by classic uniform quanti-
zation with a fixed step, while keeping exact the phase information

1The 1D analytic signal provides a time analysis considering the entire
frequency spectrum. So in practice, the extracted local (instantaneous) char-
acteristics are only meaningful when the signal itself is narrowband.

(resp. the sign). This first experiment cannot be used in a cod-
ing scheme, but it is a way to verify that the information is better
separated in QWT coefficients. As the QWT phase contains some
rich information about local structures that cannot be carried by the
DWT sign; we should obtain better results with QWT.

3.1 Experimental process
We describe here the procedure we used to produce reconstructions,
which stands for every one showed in this paper :
• Process DWT and/or QWT; The DWT uses biorthogonal CDF

9/7 filters, and the QWT is defined in [4].
• Apply the quantization method to the DWT and/or the 4 out-

puts of QWT, followed by the reconstruction of approximated
values.

• Process reverse DWT and/or QWT.
Because an image coding experiment is strongly dependent on

the image chosen for the test, we use several images (photos) from
the base “LIVE” [6] in their 8 bit grayscale version. For practical
convenience, images were cropped to 512×512.

The quality of the reconstructed image is measured by a classi-
cal Peak Signal to Noise Ratio (PSNR). Our quantization algorithm
is evaluated with rate-distortion curves by calculating the average
number of bits needed to code a coefficient - in number of bits per
pixel (bpp). The original coding of our grayscale images is 8 bpp.

Note that our bitrates are higher than those of a whole coder,
as quantization is only one step of image coding. For example,
the literature commonly consider ‘low bitrates’ around 0.1 bpp, for
complete compression schemes that take into account many depen-
dencies between the coefficients, and use entropy coding. But in our
context a ‘high bitrate’ corresponds to the number of bits needed to
quantize wavelet coefficients and have perfect reconstruction, which
is around 15 bits in practice. So we consider in this paper ‘low bi-
trates’ under 6 bpp.

3.2 Distorted reconstructions
We evaluate the impact of the quantization step size on the recon-
struction, by calculating the PSNR. Table 1 lists some PSNR’s ob-
tained by 5 bits and 8 bits magnitude quantization. With all tested
images the DWT is never significantly superior to QWT - some-
times equivalent. The image sailing1 is slightly better recon-
structed by DWT because an important part of the image is quite
textural (sea surface). The QWT is clearly adapted to code geomet-
ric structures and seems less efficient for describing textures. Some
experiments we made with textural images confirmed this; it is part
of our future work.

Mostly the QWT rate-distortion curve is over the DWT curve.
We can see Fig. 2 that the PSNR of the QWT reconstruction is al-
ways more than 2 dB better than DWT for monarch image. That
means that the QWT phase compensates for the loss of informa-
tion due to magnitude quantization. The example of reconstruction
with 3 bits magnitude quantization shows the obvious superiority of
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PSNR (dB)
5 bits 8 bits

Image name DWT QWT DWT QWT
building2 17.0 18.8 26.0 31.2
cemetry 20.2 22.5 29.5 34.9
monarch 24.0 27.6 35.4 40.3
paintedhouse 22.5 24.6 32.7 37.3
parrots 26.4 29.3 36.0 39.4
plane 22.4 22.8 30.1 31.0
sailing1 22.8 22.6 31.1 30.5
sailing2 25.3 28.8 35.6 39.9
Table 1: PSNR’s with magnitude quantization.

QWT, that retrieves the shape of the contours far better than DWT
(See original image Fig. 1). Moreover, as the quaternionic wavelets
are non-oscillating, it reduces considerably the well known oscilla-
tions that usually occur after a non linear wavelet domain process-
ing.

3 bpp with DWT 3 bpp with QWT
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Figure 2: Magnitude quantization.

3.3 Conclusion About Magnitude
The QWT generally allows harder magnitude quantization and the
reconstructions have a smoother aspect with fewer artifacts than
DWT. That confirms that the QWT phase contains far more infor-
mation than the DWT sign; which is a positive result. So if we are
able to quantize this phase so as to allocate a number of bits com-
parable to this of the DWT sign; we can achieve a superior image
representation than DWT. In the sequel we study the QWT phase in
order to quantize it efficiently.

4. THE QWT PHASE

For now, the literature is quite poor about the QWT and the major
difficulty with the use of this transform is the interpretation of the

phase.

4.1 Use of QWT phase

In his thesis [3], Bülow shows the importance of phase in image
analysis, defines a quaternionic Fourier transform (QFT), a quater-
nionic 2D phase and 2D quaternionic analytic Gabor filters.

In a Gabor based texture segmentation, the filtered images are
2D analytic and form a scale-space analysis of the image from
which Bülow extracts magnitudes and local phases at each point
to characterize the texture.

First, due to the QFT shift theorem the two first terms of phase
ϕ and θ describe small shifts of the coded structure, around the
quaternionic coefficient position. This information is analogous to
the classical instantaneous 1D phase that codes an impulse shift.

Note that in 1D, that shift information is equivalent to the struc-
ture information. A phase of 0 or π just means an “impulse” (pos-
itive or negative) and a phase around ± π

2 describes a “step” (ris-
ing or falling) - being in fact the edge of a shifted impulse. In 2D
that shift is not sufficient to describe every structure; in particular
“i2D” structures (e.g. corners, T-junctions) that are more complex
than lines or edges.

The third term ψ completes the structure analysis and is seen as
a texture feature. Bülow found a near-linear relation between ψ and
a “λ” parameter in a superposition of two plane waves defined :

fλ (x,y) = (1−λ)cos(ω1x+ω2y)+λ cos(ω1x−ω2y)

We found three recent references [4, 1, 8] where ϕ and θ are
used in disparity estimation. As the QWT performs local QFT’s the
shift theorem approximately stands for QWT so ϕ and θ code quite
simply a shift of the structure.

In another application of [4] (“wedgelet” representation), ϕ and
θ are used for wedges position and ψ is used for their orientation.

4.2 Distribution of Phase

From our compression point of view it is interesting to observe the
statistic distribution of the QWT phase. So we combined our LIVE
base with the Brodatz Texture album [2] in order to represent a great
variety of images, and the data was cumulated over all images to
have more general statistics.

The histograms Fig. 3 are processed for different scales in each
subband for ϕ , θ and ψ . As we know that phases of low coefficients
have very little meaning and are numerically unstable these cases
were ignored in the processing of histograms; in order to make them
more meaningful. Coefficients which magnitude is less than 2%
of the maximum amplitude are not counted (Empirical threshold
keeping 26% of all the QWT coefficients). If we do not use such
a threshold the distributions are much more “noisy” i.e. a uniform
density is added to all curves.

Note that the distributions of the phase components are strongly
dependent on the subband in which it is observed. A first simple ex-
planation is about the behavior of ϕ and θ in horizontal and vertical
subbands. In those subbands the coded structures are aligned with
x-axis or y-axis. And we know that ϕ and θ can be seen as a 2D
space shift. We must remark that a horizontal structure can hardly
exhibit a horizontal local shift because it is equivalent to the same
structure - same remark for vertical - so only one of the two first
terms is significant for horizontal and vertical structures. A second
explanation is about ψ . We also know that ψ is around ± π

4 when
the structure is diagonal, and around 0 else. Then the horizontal and
vertical subbands contain structures that are never diagonal, so the
ψ phase is always around 0.

The main point of the histograms analysis is that there are a
great variety of cases within QWT coefficients, obviously leading
to an adaptive quantization that we propose now.
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Figure 3: Histograms of QWT phase. The curves are arranged the way the QWT subbands are in Fig. 1.

5. PHASE QUANTIZATION

5.1 Systematic Results
Experimentally, we observe that a uniform quantization of each
term of the QWT phase gives a monotonic relation between the
quantization step and the PSNR. This holds for any term separately
and also for simultaneous quantization of the 3 terms. But know-
ing that there are many different cases of phase these global results
are far from being enough so we now present how to exploit this
variety.

5.2 Adaptive Quantization Ideas
First, it is straightforward that small coefficients do not need their
phase to be coded. Depending on the chosen magnitude quantifica-
tion a QWT may have many zeroes so this point is important.

Considering only first scale - which represents 3/4 of the data
- we can assume that a precise description of the local shift (ϕ,θ)
is useless because the resolution of the subband is just twice lower
than image resolution. The impact of a wrongly coded shift is very
low in this case so we can quantize those phases very roughly too.
More generally, it may be intuitive to quantize the phase with a
smaller step when scale increases.

5.3 Our Proposed Phase Quantization
Based on our QWT phase analysis we propose the following phase
quantization with arbitrary values.

5.3.1 Zero Coefficients

For zero coefficients we do not code the phase so the bit alloca-
tion is just that for the magnitude. If the magnitude quantization is
hard then there are many zeroes; otherwise we use an experimental
threshold (0.04% of the max) that guarantees perfect reconstruction
when phase is not coded under it.

5.3.2 High Frequencies

For coefficients of first scale :
• Horizontal subband : ϕ is set in {− 3π

4 ; π

4 } (1 bit) and θ is set in
{− π

4 ; π

4 } (1 bit). ψ is set to zero (0 bit)
• Vertical subband : ϕ is set in {− 3π

4 ;− π

4 ; π

4 ; 3π

4 } (2 bit), θ = π

4 ,
ψ = 0 (0 bit).

• Diagonal subband : ϕ is set in {− 3π

4 ;− π

4 ; π

4 ; 3π

4 } (2 bit), θ is
set in {− π

4 ; π

4 } (1 bit), and ψ is set in {− π

8 ; π

8 } (1 bit).

That reaches a total of 8 bits to code 3 phases in scale 1 knowing
that many coefficients are negligible at this scale; so we have a very
light code here.

For other scales, the quantization step is adaptive :

• Horizontal subband : the couple (ϕ,ψ) is coded on 4 bits and θ

is quantized more precisely, on “1+ scale” bits
• Vertical subband : the couple (θ ,ψ) is coded on 3 bits and ϕ is

quantized more precisely, on “2+ scale” bits.
• Diagonal subband : the couple (ϕ,θ) is coded on 5 bits and ψ

is quantized more precisely, on “scale” bits.

Quantization centroids are fitted at multiples of π

4 .

6. MAIN RESULTS
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Figure 5: Rate-distortion curves from our final QWT coder, for im-
ages monarch and sailing2.

We now present the performance of our coding algorithm based
on the ideas presented above. It quantizes uniformly the magnitude
with the number of bits as a parameter and an adaptive phase quan-
tization is performed with respect to the description above.

To compare with standard wavelets we force the DWT and the
QWT processes to allocate the same number of bits for a same im-
age. More precisely we first choose a fixed magnitude bitrate to
code the QWT while calculating the bitrate needed for phase cod-
ing to get the total exact bitrate. After that we first quantize DWT
magnitude with a similar bitrate. By counting the numerous small
DWT coefficients that do not need their sign to be coded the actual
bitrate is processed. Then the DWT magnitude quantization step
is adjusted until the DWT and QWT bitrates are similar (conver-
gence).
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4.08 bits DWT 4.08 bits QWT sailing2 5.12 bits DWT 5.12 bits QWT

monarch 4.08 bits DWT 4.08 bits QWT 7.58 bits DWT 7.58 bits QWT

sailing2 5.12 bits DWT 5.12 bits QWT 7.43 bits DWT 7.43 bits QWT

Figure 4: Final coding results with zooms.

6.1 Result Analysis

Results on the LIVE base are generally good especially at ‘lower
bitrates’ (< 6 bpp, see 3.1). The Fig. 5 shows rate-distortion curves
for two images and validates our algorithm with the objective qual-
ity measure “PSNR”. The reconstructions Fig. 4 show the superi-
ority of QWT. The reason is that the QWT phase needs a very low
number of bits. So the advantage of the magnitude presented in sec-
tion 3 is not lost, thanks to a coding of the phase as light as the DWT
sign. Our QWT coding preserves better contour shapes and has no
oscillations; this is a great advantage over DWT.

Nevertheless, recall that the PSNR quality measure may be in-
efficient in some cases as it does not take into account the human
visual system. That is the reason of the seeming superiority of DWT
for ‘higher bitrates’ (> 6 bpp, see 3.1) whereas the reconstructions
show a rather equivalent visual quality. See zoomed reconstruc-
tions at 7 bpp Fig. 4 : there is a difference but the quality is actually
subjective. In fact, the distortion brought by the QWT is smooth
and invisible but still present and numerically influential on PSNR.
Moreover, our implementation has some inherent invisible phase
distortion that does not get more accurate with the bitrate param-
eter. At high bitrate, this little incompressible phase distortion is
detected by the PSNR, while DWT keeps on improving the quality.

A last experimental point is to validate the algorithm. Gener-
ally, for a fixed magnitude coding, the image reconstructed with the
exact phase is visually the same than this with the coded phase. That
means our phase coding keeps all important information.

So in spite of the rate-distortion curves we can state that the
QWT coding process outperforms the standard wavelets.

7. CONCLUSION

We proposed an innovating wavelet based coding algorithm using
the new Quaternionic Wavelet Transform. This first step in apply-
ing QWT for image coding turns out to confirm its superiority over
standard wavelets. The coded images has visually more acceptable
distortion at lower bitrates with smooth degradations, preservation
of contour shape, and no oscillations; and the quality is equivalent
at higher bitrates.

Here are some ways of improvement. By studying analytical
expressions of QWT magnitude and phase pdf’s - starting from

assumptions about cartesian terms that are classical wavelet trans-
forms - one may optimize quantization and so enhance reconstruc-
tion. Moreover the well known dependencies of standard wavelets
coefficients across scales are even stronger with the QWT redun-
dancy and may be used to improve compression rate. The final step
is to integrate this quantization method in a whole coding scheme
to see if the algorithm is well suited to entropy coding.

The study of monogenic wavelets - a theoretic improvement of
the QWT more complicated to implement - is part of our prospects
in image coding.
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ABSTRACT
In the present study, we propose a technique for estimating
the vertical and horizontal directions of sound sources us-
ing a robot head incorporating two microphones. The mi-
crophones have reflectors that work as human’s pinnae. We
previously proposed a localization method that uses the re-
flectors to estimate the 3D direction of a single sound source.
The present paper deals with the problem of 3D localization
of multiple sound sources. Since silent intervals normally
occur when a person speaks, such intervals are thought to
convey that only one person is talking, even if two or more
people are actually speaking. These intervals can be esti-
mated by calculating the correlativity of two audio signals
obtained from two microphones. The correlativity is deter-
mined by a coherence function. Using the interval for each
sound source, we can detect the 3D directions of multiple
sound sources. Experimental results demonstrate the validity
of the proposed method.

1. INTRODUCTION

When a robot and person talk with each other, it is desirable
for the robot to be facing the speaker. Therefore, the robot
must be able to detect the direction of the speaker. Moreover,
when two or more sounds exist, the sounds detected by the
microphones of the robot are mixed, which is typical situa-
tion for real environments in which the robot may actually be
used. In the environment, the robot hears the mixed sounds
and must detect the direction of each sound source from the
observed sounds.

Many localization methods have been proposed until
now. For example, the model of Ono et al. [1] can be located
to one sound source that exists in an upper and lower, right
and left direction, using two microphones. This model mim-
ics the function of the ear of the Barn owl, and uses two direc-
tional microphones arranged in right and left asymmetry. In
case of symmetrically arranged microphones, the Interaural
Time Difference (ITD) and the Interaural Level Difference
(ILD) are 0 for a sound in the median plane. In the case of
asymmetrically arranged microphones, since the ITD and the
ILD are not always 0 for a sound in the median plane, the di-
rection of the sound source can be determined by combining
the ITD and the ILD.

In the present paper, we propose a technique for estimat-
ing the vertical and horizontal directions of sounds using a
robot head that incorporates two microphones which have re-
flectors that work like pinnae. The original point of the pro-
posed localization technique is that the single sound source
of the voice is obtained by calculating the correlativity of
two audio signals detected by the two microphones, where

the observed audio signal is such a signal that two or more
sounds are mixed. The correlativity is determined by a co-
herence function. Using the detected single sound source, its
horizontal and vertical direction is estimated.

2. PROPOSED METHOD FOR LOCALIZING TWO
OR MORE SOUND SOURCES

Many silent intervals exist when a person is speaking nor-
mally. Hence, even if two or more people are speaking, it
occurs such a interval that only one person is talking. In
the present study, the interval is used to estimate each direc-
tion for multiple sound sources. In order to detect the single
sound source part, a technique using the coherence function
proposed by Mohan is used [2]. Then, our proposed method
[3] is used in order to estimate each direction. The flow of
the actual processing is as follows:
1. Calculate the value of the coherence function of the voice

detected with the two microphones.
2. Based on the processing results, find the interval in which

there is only one sound source and extract that particular
voice.

3. Process the sound localization using the extracted audio
signal.

2.1 Detection of a single sound source

The method of finding the section of one sound source is
described first. The input signals from two microphones
are assumed to bey1(n) and y2(n). These input sig-
nals are partitioned into overlapping N-sample time-blocks.
Y1(m,ωk) and Y2(m,ωk) are assumed to be the discrete
Fourier transforms by the Nth points of{y1(n)}mK+N−1

n=mK and
{y2(n)}mK+N−1

n=mK , respectively, where K is the overlap factor.
The covariance matrix is composed of the frequency spectra,
as follows:

Y(m,ωk) = [Y1(m,ωk) Y2(m,ωk)]T (1)

R(m,ωk) = E[Y(m,ωk)YH(m,ωk)]. (2)

We use the following formula to obtain the covariance matrix
at time-frequency bin(m,ωk).

R̂(m,ωk) =
1
C

m

∑
l=m−C+1

Y(l ,ωk)YH(l ,ωk) (3)

where C is the number of time-blocks averaged to obtain
the short-time estimate. The magnitude-squared coherence
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(MSC) function is calculated from this covariance matrix as
follows:

T(i, j)
coh (m,ωk) =

|[R(m,ωk)]i j |2

[R(m,ωk)]ii [R(m,ωk)] j j
(4)

whereii , j j and i j referes to the elements of the matrix R.
Since this value approaches 1 in the interval for a single
sound source, the interval of a single sound source can be
detected.

2.2 Method for locating a single sound source

Here, the estimation approach to horizontal direction and the
vertical direction that we proposed before [3] is described.
However, the sound source is limited to a white noise in this
technique. This time, the technique for enhancing it to the
voice is described.

2.2.1 Localization of the horizontal plane

The results of a psychology experiment appear to indicate
that humans presume the direction of a sound source in a
horizontal plane using primarily ITD and ILD as the clue.
When the sound source distance is 50 cm or more, ITD be-
comes approximately constant for the direction of the sound
source[4]. Humans use the time difference and the acoustic
pressure difference as the clue of determining the position of
a sound source on a horizontal plane. In the present study,
only the ITD information is used as an indicator to estimate
the horizontal direction. The ITD is calculated from the sam-
pling rate fs and difference∆t of the specimen point at which
the cross-correlation coefficient value of the right-hand and
left-hand sound data reaches the maximum, becoming∆t/ fs.
The direction of the sound source is estimated from this ITD.
The distance differencel of arrival is calculated from the ITD
and the sound velocityc by the equationl = c∆t/ fs. When
the distance between the sound source and the microphones
is great, the direction of the sound source is calculated using
the difference distance of arrival asθ = arccos(l/d). Where
d is the distance between the microphones.

2.2.2 Localization of the vertical plane

Humans use single-ear cues induced by the pinna and other
parts of the head in order to detect the vertical direction of a
sound and determine whether the sound originated from the
front or the rear. The pinna causes a change in the spectrum
pattern depending on the direction of the sound source and
hence can be used as the cue for direction estimation. The
more the sound source contains the frequency element in the
large range, the more the change of the spectrum takes place
in the large range. Therefore, the amount of information on
the direction of the sound source can be increased, and the
accuracy of the estimated direction of the sound source is in-
creased. In contrast, localization becomes difficult because
little information is obtained when the sound source is a pure
tone. According to the results of a psychological experiment
conducted by Hebrank, humans use information on sound in
a comparatively high-frequency area (4 - 15 kHz) as the lo-
calization cue [5]. In addition, in a measurement using an
artificial ear, Shaw et al. showed that two or more dips, de-
pending on the direction of the sound source, existed in its
spectrum [6]. Ono et al. realized a single-ear sound source
localization system with a reflector [7] that can localize the

direction of a sound source of white noise. The reflector
causes spectrum pattern changes depending on the direction
of the sound source and is designed so that the logarithm of
the frequencies of the local minima of the spectrum increase
in proportion to the direction of the sound source.

Humans use a single ear, including the pinna, etc., to
judge the vertical direction and forward-back (i.e., horizon-
tal) direction of a sound. The pinna enables the human to
estimate the direction of the sound source by detecting the
change in the spectrum of the sound, which depends on the
direction of the sound source.

We constructed a robotic system that learns sound local-
ization in the vertical direction using local minimum frequen-
cies [3]. In a related study, Ono et al. [7] estimated the verti-
cal direction using only a small frequency band that included
only one local minimum. In contrast, the proposed system
uses a larger frequency band and acquires the localization
capability by learning based on a self-organization feature
map. More specifically, Ono et al. designed the reflector so
that the logarithm of the local minimum frequency and the
direction of the sound source had a linear relationship and
the frequency band contained one local minimum, whereas
the proposed system uses a wider frequency band that con-
tains two or more local minimum frequencies and acquires
the relationship between the local minimum frequency and
the direction of the sound source by learning .

The proposed system uses a feature vector to handle two
or more minimum values. Feature vectorI is generated from
the position of the minimum point frequency at each sound
source position, as shown in Figure 1. The upper graph in
this figure shows the frequency response, and the lower graph
shows the feature vector. When there areN minimum values,
the frequency at which a minimum value is taken is assumed
to be f1, f2, ... fN, the range of the frequency used is defined
as fmin ∼ fmax. The i-th elementIi(i=1,...,M), for the case in
which the dimension of the feature vector is assumed to be
M, is defined as

Ii =
N

∑
j=1

exp

(
−

(i− p j)2

σ2

)
(5)

p j =
f j − fmin

fmax− fmin
M. (6)

Here, we useσ = 4, fmin = 5,000, fmax= 20,000, andM =
60. The feature map is modeled as a Kohonen self-organizing
feature map with the feature vector as input. The input data
and the relation of the sound source position are learned by
applying the lookup method to the feature map table. This
system can acquire a robust ability to detect changes in the
environment by comparing single source information. In the
present study, the sound source localization in the vertical
direction is estimated using the proposed technique.

2.2.3 Correspondence to any sound source

Since the technique that uses such a reflector for vertical
localization requires white noise to be used as the sound
source, this technique cannot correctly locate a source in the
vertical direction when sound sources other than white noise,
e.g., voices, are used. In order to obtain the transfer function
of the reflector, except when the sound source has a flat mag-
nitude property, that is, white noise, the magnitude property
of the sound source is needed.
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Figure 1: Generation of the feature vector
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Figure 2: Influence of the reflector

In order to solve this problem, we propose a technique
of using microphone information other than that used for lo-
calization. Figure 2 shows the arrangement of the micro-
phones and the reflector. The reflector does not influence the
sound (X2(ω)) that enters a microphone from a distant sound
source, but, because of the shape of the reflector, does influ-
ence the sound (X1(ω)) that enters the microphone from a
nearby sound source. Here, the magnitude properties of the
sound source is denoted byS(ω), the transfer functions from
a sound source to the right-hand and left-hand microphones
are denoted byH1(ω) andH2(ω), respectively, the transfer
function of the reflector is expressed asR(ω), and the magni-
tude properties of the observation signal of the microphones
are denoted byX1(ω) andX2(ω), which are obtained as fol-
lows:

X1(ω) = R(ω)H1(ω)S(ω) (7)
X2(ω) = H2(ω)S(ω). (8)

From this expression, the magnitude property of the reflector
can be obtained as follows:

|R(ω)| = |H2(ω)||X1(ω)|
|H1(ω)||X2(ω)|.

(9)

We assume that the difference in the magnitude property be-
tween the left and right ears can be neglected. That is, when
the relationship for the magnitude properties|H1(ω)| and
|H2(ω)| between the sound source and the microphone is as-
sumed to beH1(ω)| = |H2(ω)|, the magnitude property of

Figure 3: Frequency characteristic of the test sound

(a) Left microphone (X1(ω)) (b) Right microphone (X2(ω))

(c) Amplitude (d) Results (R(ω))

Figure 4: Frequency characteristics

the reflector becomes

|R(ω)| = |X1(ω)|
|X2(ω)|.

(10)

Thus, it becomes possible to calculate the magnitude prop-
erty |R(ω)| of the reflector using only the observation signal
for the right-hand and left-hand microphones.

We conducted an experimented to verify the validity of
the proposed technique (10). We used a sound source hav-
ing three valleys on the frequency axis, as shown in Fig. 3.
Figure 4(a) shows the magnitude property (X1(ω)) for the

microphone on the side near the sound source, and Fig. 4(b)
shows the magnitude property (X2(ω)) for the microphone
on the side far from the sound source. In addition, Fig. 4(c)
shows the magnitude property between the sound source and
the microphone for the case in which white noise is used as
the sound source. In an ideal environment that does not in-
clude attenuation by an echo or propagation, this magnitude
property becomes the magnitude response of the reflector.
Finally, Fig. 4(d) shows the calculated magnitude property
(|R(ω)|). Although the positions of the valleys in Fig. 4(c)
and Fig. 4(d) are close to each other, the shapes are con-
siderably different . The feature map was generated while
changing the height of the test sound source for the purpose
of comparison with the feature map [3] generated by white
noise. Figure 5 shows the results. Figure 5(a) shows the fea-
ture map generated by white noise, and Figure 5(b) shows the
feature map generated by the sound shown in Fig. 3, which is
similar to the white noise. The proposed technique is thought
to enable localization similar to that used for white noise. In
summary, the vertical direction of the voice can be estimated
using the proposed technique.
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(a) White noise (b) Test sound

Figure 5: Feature maps generated by feature vectors

Figure 6: Robot head incorporating two microphones with
reflectors as pinnae

Microphones
Height:1. 1m

1.5m

Speaker1
Height:1.0m

Angle:80degrees

Speaker2
Height:1.2m

Angle:50degrees

Speaker3
Height:1.4m

Angle:-70degrees

150degrees

Figure 7: Arrangement of microphones and speakers

3. EXPERIMENT ON THE LOCALIZATION OF
TWO OR MORE SOUNDS

3.1 Experimental environment

To demonstrate the effectiveness of the proposed method, we
conducted the experiment in an anechoic room. Two omni-
directional microphones with reflectors were attached to the
robot (Fig. 6). The height from the ground to the microphone
was 1.1 m, and the distance between microphones was 30
cm. Three sound sources were placed at three heights spaced
at intervals of 20 cm, and the proposed system can distin-
guish the three heights. The three speakers were arranged as
shown in Fig. 7.

3.2 Experimental results

Figure 8 shows the three source signals used in the experi-
ment. The shadow in this figure is the one main sound source.
The values of the parameters used when the value of the MSC
function was obtained are N = 1,024 and K = 820. Moreover,

Figure 8: Three source signals used in the experiment

Figure 9: MSC value

the number of time-blocks, C, is 15. Figure 9 shows the value
of the MSC function of the two audio signals obtained from
the microphones. Figure 10 shows the sum of the MSC func-
tions. This figure represents the sum of the function values
of 31 points of the discrete frequency from k = 10 to k = 40.
The function value is large in one part of one sound source.
Figure 11 shows the results for localization in the horizon-
tal direction for the one detected sound source interval. This
figure shows that an approximately correct direction of the
sound source can be estimated. Moreover, the three heights
in the vertical direction are correctly distinguished. The fea-
ture vectors of Equation 5 are show in Figure 12. The feature
maps are shown in Figure 13. The top figure shows the fea-
ture vector and feature map to speaker 1. The center figure
shows the feature vector and feature map to speaker 2. The
bottom figure shows the feature vector and feature map to
speaker 3. The feature vector and the feature map have good
correspondence, although a failure in the detection of a min-
imum value occurred.

3.3 Discussion

When an interval of a single sound source can be detected
accurately from among multiple sound sources by MSC, the
proposed method is similar to the sound localization tech-
nique used for a single sound source. Horizontal accuracy is
one sample or less. When this value is converted into the an-
gle value, it is about two degrees in the vicinity of the front,
ten degrees in the vicinity of both ends.

The proposed sound localization techniques [8][9] for
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Figure 10: MSC

Figure 11: Results of localizing in the horizontal direction
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Figure 12: Feature vector to each sound source direction
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Figure 13: Feature map to each sound source direction

multiple sound sources using two or more microphones were
thus validated. For the technique using the main-lobe fit-
ting method, the average horizontal location error margin for
three sound sources was five degrees or less, which is more
accurate than the proposed method.

4. CONCLUSION

In the present study, we have proposed a technique for es-
timating the direction of the sound source of a voice from
three different positions and have demonstrated the effective-
ness of the proposed technique experimentally. It was pos-
sible to estimate the position of the horizontal direction and
the vertical direction of three sound sources using only two
microphones by the proposed method.

In the proposed method, the feature of the sound source
is denied by assuming the acquisition sound on the side that
reaches the microphone directly to be the sound source. As a
result, the localization of the vertical direction became possi-
ble for an arbitrary sound. However, the proposed technique
does not work correctly for a sound source in the vicinity
of the front for the arrangement of the reflector used in the
present study. The reason for this is that the sound originat-
ing from the vicinity of the front does not pass the reflector
right and left both, or to pass the reflector right and left both.
The solution to this problem will be examined in the future.
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ABSTRACT

In this paper, the statistical characteristics of zero-crossing
intervals and zero-crossing amplitudes (the time intervaland
the absolute value of extrema between two successive zero-
crossings) of intrinsic mode functions of white Gaussian
noise are studied. Intrinsic mode functions are extracted by
empirical mode decomposition method. Numerous simula-
tions are conducted and the probability distribution functions
of zero-crossing intervals and amplitudes are obtained. Sim-
ulation results are included. These findings are important to
determine the statistical significance of IMFs. These white
noise-only case statistical characteristics can be used for sig-
nal detection and/or signal/noise separation and an efficient
noise reduction can be achieved.

1. INTRODUCTION

Zero-crossings (ZCs) reveal rich information about the signal
characteristics with relatively low computational load [1, 2].
For example, ZC counts in a signal gives coarse but fast es-
timation of the fundamental frequency without requiring any
spectral analysis. ZCs are among the most meaningful fea-
tures in a signal. Statistics of ZCs of random functions, such
as normally distributed, band-limited noise, have been stud-
ied starting from early 40’s [3]. Due to a lack of analytical
expressions of the ZC statistics, this is still an ongoing re-
search topic in diverse fields [4, 5].

It is relatively easier and meaningful to characterize the
signal by the ZC statistics when the signal has narrow and
band-pass spectrum, which is the case in Intrinsic Mode
Functions (IMF) of white noise. IMFs are obtained by Em-
pirical Mode Decomposition (EMD) which is a data-driven
and iterative method [6]. In this study, instead of the noise
signal itself, we investigate the statistical characteristics of
zero-crossings of IMFs of white noise via simulations. The
characterization of the ZCs of IMFs can be used in various
applications such as noise reduction or signal detection in
noise. It can also be used to determine the IMF significance
level which is important to assign the IMFs corresponds to
signal itself or to noise component.

Statistics of IMF amplitudes of white noise and fractional
Gaussian noise are studied in [7] and in [8, 9]. Since EMD is
an empirical method with no compact analytical definition,
most of the studies are done by numerical simulations. The
results are important for better understanding of the EMD
procedure. These results can also be used for denoising or
detrending of noisy signals [10] by comparing the IMF ener-
gies along scales with the ones obtained from the noise-only
case.

S. Baykut’s work is partly supported by TÜBİTAK-B İDEB.

In this paper, instead of treating the intrinsic mode as a
whole (the mode energies), first, these modes are divided into
small intervals, namely ZC intervals, and the statistical be-
havior of these intervals is investigated. Two ZC vectors are
formed; 1) Zero Crossing Interval (ZCI) (the time difference
between two successive zero-crossings), 2) Zero Crossing
Amplitude (ZCA) (the absolute value of the extrema point
between two successive zero-crossings). Simulations are car-
ried out to characterize the statistical behaviors (the distribu-
tions and the relationship between ZCI and ZCA) of these
vectors for normally distributed white noise. Once the char-
acteristics are determined, they can be used for a noisy sig-
nal to label each ZC intervals as noise-component or signal-
component which then yield a convenient noise/signal sepa-
ration.

In Section 2, EMD algorithm is briefly explained and ZCs
are defined. Experiments and observations are given in Sec-
tion 3 and the paper is concluded in Section 4.

2. BACKGROUND

2.1 Empirical Mode Decomposition

EMD is a signal decomposition methods that extracts the in-
trinsic components from the signal without using any a priori
fixed basis as in Fourier or wavelet analysis [6]. It is an ideal
tool to analyze nonstationary and nonlinear processes. The
main procedure of EMD is called “sifting procedure”, where
the iterations isolate the fast oscillations locally in time. Af-
ter the first sifting procedure, the first IMF is obtained as a
waveform which contains the signal details at the finest time
scales (highest frequencies). This IMF is subtracted from the
original signal, and the steps are repeated on the remainder
signal in order to obtain the next IMF. The same procedure
is applied iteratively until some stopping criteria are satisfied
[11]. IMFs are narrow-band, zero-mean signals where the
number of extrema points and the number of zero-crossings
are equal or differ by 1 at most. The signalx(t) is decom-
posed intoK IMFs by EMD as:

x(t) =
K

∑
i=1

dk(t)+ r(t) (1)

Here, dk(t) is the kth IMF and r(t) is the residue signal.
Each IMF lays at lower frequency regions locally in time-
frequency domain than the previous one.

EMD acts as a dyadic filter bank for white noise [7, 9]. It
separates the white noise into intrinsic modes (IMFs) where
the mean periods are increasing by the power of 2 as the scale
decreases.
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Figure 1: 1st Column:IMFs of single realization of white noise; 2nd Column: ZCI histograms and the lognormal fits; 3rd

Column: ZCA histograms and the Weibull fits (x-axis is in terms of number of data points).

2.2 Zero-crossings

It is already shown that IMFs of white noise are normally
distributed [7, 9]. In our work, apart from the IMF amplitude
distribution, we experimentally examine the statistics ofthe
zero-crossing intervals and the zero-crossing amplitudesof
IMFs of white noise.

Let zk[i] be theith ZC instant ofkth IMF (dk(t)):

zk[i] = {ti |dk(ti) = 0}, i = 1,2, ...,Zk (2)

whereZk is the total number of ZCs atkth IMF. Then, ZC
intervalsτk[i] are expressed as:

τk[i] = zk[i +1]−zk[i] (3)

where the ZC amplitudesak[i] are expressed as below:

ak[i] = max(|dk(t)|) | t ∈ [zk[i],zk[i +1]] (4)

for i = 1,2, ...,Zk−1.
As stated in [12], the positions of multi-scale zero-

crossings may provide information of the signal characteris-
tics. However, such representation is not stable unless a mea-
sure regarding the size of the signal between successive zero
crossings are not provided. Therefore, in this paper, besides
the ZC intervals, ZC amplitudes are also taken into consider-
ation as a size measure.

3. EXPERIMENTS AND OBSERVATIONS

In order to establish the statistical characteristics of ZCIs and
ZCAs of IMFs of white noise, numerical simulations are con-
ducted. For the experiments,M = 1000 independent white
noise processes are synthesized with the length ofN = 212.
The IMFs of each realizations are obtained by EMD algo-

rithm referred asd(m)
k [n] (with m = 1, ...M; n = 1, ...N and

k = 1, ...Km). The number of IMFs,Km, in a wide band sig-
nal equals tolog2N approximately [11]. However, for the
selected data length, the algorithm yields different number
of IMFs for each realization of noise varying between 9-12.
Higher index IMFs covers very narrow band at low frequency
region and have negligible amplitudes compared to the ones
with lower indices. Therefore, only the first 9 IMFs are taken
into account for the analysis for each realization. The first9
IMFs of a single realization of white noise are plotted in the
1st column of Fig. 1. The zero-crossing points1 are deter-
mined by finding the sign-change-points in the signals, then
ZCI and ZCA signals are constructed for each IMF.

3.1 ZCI Distributions

ZCIs of each specific IMF obtained from different realiza-
tions are grouped in order to construct the main ZCI vector.
The histograms of ZCIs are obtained and then individually
normalized so that the area under the histogram bars equals
to unity. In Fig. 1, the normalized histograms of ZCIs are
plotted in the 2nd column. Several distribution functions (i.e.,
Normal, Lognormal, Rayleigh, Weibull, Gamma, Beta, Ex-
treme Value, T Location-Scale, etc.) are fit to histograms and
it is observed that lognormal distribution gives the minimum
fit error, i.e., each ZCI data (except the ones that belong to
the 1st IMF, explained in the next paragraph) approximately
fits the lognormal distribution. The fitted lognormal density
functions can be seen in the same plots as solid lines. IMFs
at lower frequency regions (higher indices) have less number
of zero crossings, so the distribution of these ZCIs are less

1Note that, since we deal with discrete time signals, the signal does not
always necessarily equals zero at a zero-crossing point. The sign of the
signal can change from minus(plus) to plus(minus) without having a value
of zero. So the zero-crossing points can be determined by using a simple
linear fit between two points where the signal changes sign.
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smooth which cause a deviation from lognormal distribution.
If the data length is long enough, the ZCI sequences of higher
indice IMFs will behave similar to lower indice IMFs.

The normalized histogram of ZCIs of the 1st IMF has 2
peaks as shown in the first plot of 2nd column in Fig. 1.
ZCIs of the 1st IMF behave different than the ones belong
to other IMFs. This difference is basically coming from dif-
ferent power spectrum behavior of the 1st IMF. It is known
that IMFs’ power spectra have band-pass shape which are
identical on semi-logarithmic scale [8], but the spectrum of
1st IMF has a high-pass shape that covers higher half of the
frequency region. Furthermore, there is non-negligible leak-
age to the lower frequency bands that causes a wide range of
ZCIs.

Mean periods of IMFs increase by power 2 as the IMF or-
der increases [8, 9]. This relationship evokes a scaling prop-
erty between ZCI density functions (pk(τ)) of IMFs:

pḱ(τ) = ρ(k−ḱ)pk(ρ(k−ḱ)τ) (5)

Here the scaling factorρ is approximately 2. In Fig. 2, nor-
malized pdf of ZCIs for 9≥ ḱ > k ≥ 2 are given where they
approximately overlap. The shape parameters of lognormal
fits are the same and the scale parameters differ byln(2).
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Figure 2: Normalized ZCI lognormal pdfs (x-axis is in terms
of number of data points).

3.2 ZCA Distributions

In this section the distribution functions of ZCAs are studied.
Determination of the statistical characteristics of maximum
(or minimum) points of some real data has critical impor-
tance such as sea surface wave heights used in coastal engi-
neering. For example in [13], the distribution of the maxima
of the sea-surface displacement is derived which approxi-
mates to Rayleigh distribution when the signal is normally
distributed and has a narrow-band spectrum. Since IMFs
obtained from white noise are also normally distributed and
narrow-band, a Rayleigh-like distribution is expected.

ZCA vectors are constructed in a similar fashion as ZCIs
defined above. The normalized histograms of ZCAs are
given in the 3rd column in Fig. 1. In these data sets, Weibull
distribution has the minimum fit. Although the fit error is
higher in the 1stIMF compared to the remaining IMFs, the
distribution still obeys the Weibull distribution.

3.3 ZCI vs ZCA

In this section, the relationship between ZCI and ZCA for
each IMF is investigated. In Fig. 3, logarithm of ZCAs are
plotted versus logarithm of ZCIs. Point groups in the same
color are the scattered distributions of each ZCI and ZCA

of a particular IMF. The mean of each group is also shown in
Fig. 3 as circles in order to observe the relationship. Through
visual inspection one can suggest that there is approximately
linear relationships along scales:

log2(ak)=̃α log2(τk)+c (6)

wherec is a constant. When a line is fitted to the data, the
slope of the fitted line is estimated as−0.48214 (which is
close to−0.5). It is stated in [7] that there is a simple linear
relation between IMF energies,Ek and average IMF period,
Tk as:

log2Ek = b− log2Tk (7)
whereb is constant. Since IMFs are sinusoid-like signals,

we can approximate the energy of each IMF as “ak
2

2 ” and the
average IMF period as “τk” whereak andτk are the means of
ZCA and ZCI respectively. These approximations in equa-
tion (7) yields:

log2(ak) =
b−1

2
−

1
2

log2(τk) (8)

Note that we obtain the relationship in equation (6) withα =
−0.5 andc = b−1

2 . The slope of the straight line becomes
−0.5 (which is already found as−0.48 by linear fit in Fig.
3).

Figure 3: ZCI versus ZCA in logarithmic scale (The mean
values of each group as black circles. The slope of the linear
fit is estimated as -0.48214).

3.4 Periodic Signal plus Noise Example

When the signal of interest consists of both noise and some
periodic components, the ZCI distributions reveal anomaly
regarding “corruption” at specific IMFs. This is shown in
a simple example where the signal is white noise corrupted
a sinusoidal signal with the angular frequencyω0 = 0.04π
where the signal-to-noise ratio is 5dB. Obtained IMFs are
plotted in the 1st column in Fig. 4. The ZCI and ZCA distri-
butions of 2nd to 5th IMFs are given in Fig. 4 in the 2nd and
the 3rd column, respectively. The lognormal and Weibull fits
for noise-only case are also shown in the figures as black
lines for comparison.

Deviations from lognormal distribution for ZCI and devi-
ations from Weibull distribution for ZCA are observed at 4th

and 5th IMFs, which means that the periodical signal com-
ponents are present in these two IMFs. Here, the periodical
signal is broken into 2 IMFs because of “mode mixing” phe-
nomenon which means that different modes of oscillations
coexist in a single IMF. Clearly, by using these histogram,
one can create a simple algorithm to determine which ZC in-
terval belongs to signal or to noise by using these histograms.
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Figure 4: 1st Column:IMFs of White Noise +cos(0.04πt); 2nd Column: ZCI histograms of 2nd to 5th IMFs (the lognormal fits
of noise-only case is also shown as black lines for comparison); 3rd Column: ZCA histograms of 2nd to 5th IMFs (the Weibull
fits of noise-only case is also shown as black lines for comparison) (x-axis is in terms of number of data points).

4. CONCLUSION

In this paper, the distribution of ZCIs and ZCAs of white
Gaussian noise IMFs are obtained by numerical analyses. It
is observed that ZCIs (except IMF#1) obey lognormal dis-
tribution whereas ZCAs have Weibull distribution. When the
data contains signal with additive white Gaussian noise, devi-
ations from lognormal and Weibull distributions are observed
in some IMFs which can be used to detect and separate the
signal and noise components. It can also be used to deter-
mine the IMF significance level (as a measure) which is im-
portant to assign the IMFs correspond to signal itself or to
noise component. Further explorations are needed for other
types of noise.
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ABSTRACT
In this work we introduce a method for the detection of point
sources in images based on a l1-norm sparse approximation.
The method is inspired on astronomical image analysis but
is directly applicable to any kind of images. We introduce a
‘top-to-bottom’ detection algorithm that can greatly reduce
the computational burden of detection if the images are suf-
ficiently well-behaved, in the sense that sources are truly
sparse and the chances of source overlapping are small. We
test our ideas with simulated faint sources embedded in white
noise, comparing the results with the matched filter detector
for a number of detection thresholds. We show that the sparse
detection approach leads to better results in the ROC curve
than the matched filter detector. Moreover, with the sparse
approach it is possible to provide an objective stopping crite-
rion for the detection algorithm.

1. INTRODUCTION

Over the last few years, theoretical advances in sparse repre-
sentations have highlighted their potential to impact all fun-
damental areas of signal processing, from blind source sepa-
ration to feature extraction and classification, denoising, and
detection. In this context, finding a representation of a signal
as a linear combination of a small number of elements from
an over-complete set of vectors (dictionary) can clearly facil-
itate the detection, identification and separation problems.

An immediate application of these ideas lies in the field
of astronomy. Let us consider a digital image of deep space:
most of the pixels of the image are blank, whereas a small
fraction of it contain the interesting features of the image:
stars, faint nebulae and galaxies, globular clusters... In the
optical region of the electromagnetic spectrum, a typical as-
tronomical image is the perfect example of a sparse ma-
trix. The same applies to most of the other bands rele-
vant to astronomy, with significant exceptions such as the
microwave and sub-mm bands where pervasive astronom-
ical backgrounds appear in all pixels of the image. Even
in those cases, it is still possible to find sparse representa-
tions of some of the interesting astrophysical signals (for ex-
ample, point sources). Taking the previous considerations
into account, it is not surprising that in the last few years
sparse methodologies have started to be applied in many
fields of astronomy, including the detection of periodical
signals from sparse/incomplete sampled observations [22],
source detection in low-count Poisson noise [21], applica-
tions of compressed sensing to the design of interferometric
telescopes [6, 26], image inpainting [1], point spread func-
tion reconstruction [20], de-blurring [16] and many other ap-
plications.

In this work we are interested in the detection of point
sources –i.e. signals that have a compact support in a small

region of the the space (or time) domain– in additive noise.
Two examples of interest in astronomy are the detection of
faint stars in deep sky images and the detection of extra-
galactic objects in Cosmic Microwave Background (CMB)
images. Specially in the later case, the point sources are em-
bedded in a noisy background that makes them very hard to
detect. Extragalactic point sources are the principal source
of contamination for the CMB at small angular scales [7].
On the other hand, the physical and statistical properties of
extragalactic sources at microwave frequencies are poorly
known [8]. Therefore, in the last years a big effort has been
devoted to the development of signal processing techniques
specifically tailored for the detection of these objects in mi-
crowave astronomy [14].

A sparse approximation to the detection of point sources
in one-dimensional data streams was recently introduced
by [19]. In this work we extend these ideas to noisy two-
dimensional images, focusing in the widespread white noise
case. The structure of the paper is as follows: in section 2 we
will review the proposed sparse methodology, based on the l1
norm. We will also propose an algorithm that indicates how
to proceed in front of any particular image where the pres-
ence of point souces is suspected. In section 3 we will study
the performance of the proposed algorithm with simulations,
comparing it with the standard matched filter detector. Fi-
nally, in section 4 we will draw our conclusions.

2. THE SPARSE METHODOLOGY

2.1 Data model
As usual, let us consider a set of data d(~x), where ~x indi-
cates the coordinates of an observation in the sky. Typically,
the data samples d are arranged in a two-dimensional image,
each pixel defined by a pair of coordinates (x1,x2). For con-
venience, it will be useful to rearrange the two dimensional
data matrix into a single column vector of lexicographically
ordered data, so that d is described by an N×1 matrix, with
N the number of pixels of the image. The data contain a sig-
nal s linearly corrupted by a noise z:

d = s+z. (1)

In the previous equation, d, s and z are N× 1 matrices
of lexicographycally indexed elements. We shall assume that
the noise has zero mean and has correlation matrix ξ = [ξi j]

ξ = 〈zzt〉. (2)

If the noise is statistically homogeneous and isotropic,
the element ξi j of the correlation matrix depends only on the
distance between pixels i and j. If the noise is white, ξ is a di-
agonal matrix. None of these two assumptions are necessary
for this discussion, but if they are verified the calculations
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are much simpler. Another assumption about the noise that
is not necessary, but can simplify calculus, is Gaussianity.

Regarding the signal, for the purposes of this work it is
the sum of a unknown number n of point sources:

s(~x) = s(x1,x2) =
n

∑
α=1

Aα δ (x1− x1
α ,x2− x2

α), (3)

where Aα is the (positive) amplitude of the point source α

and (x1
α ,x2

α) are its a priori unknown coordinates. The point
sources are observed by a telescope characterized by a point
spread function (psf) φ , therefore the actual observed signal
is

s(~x) = s(x1,x2) =
n

∑
α=1

Aα φ(x1− x1
α ,x2− x2

α). (4)

In most CMB experiments, the psf φ is well described by
a Gaussian beam profile. We can change the coordinates in
both equations (3) and (4) to the same lexicographic indexes
and write in a more compact form:

s =
n

∑
α=1

Aα φα . (5)

Let Φ be the N×n matrix whose columns are the lexico-
graphically ordered versions of n replicas of φ , each shifted
to the source locations (x1

α ,x2
α) and A the n×1 vector whose

elements are the amplitudes Aα . Then equation (1) becomes

d = ΦA+z. (6)

2.2 Sparse least lp-norm approach
The matrix Φ in (6) is a dictionary formed by the n column
vectors φα . In a typical astronomical image, the number of
resolved sources that can be detected is much smaller than
the number of pixels of the image, n << N. This leads natu-
rally to the notion of sparsity. Thus the problem of detecting
point sources embedded in additive noise can be formulated
as the search for a sparse solution to equation (6) with a pos-
itivity constrain (Aα > 0 for α = 1, . . . ,n).

In recent years, sparse problems have been in the spot-
light in mathematical literature [5, 9, 10, 11, 3, 4, 23, 25].
The most frequently used approach to sparse problems con-
sists on the minimization of the norm lp assuming a con-
straint on the goodness-of-fit. The lp-norm of a vector v is

||v||p ≡
[
∑
α

|vα |p
]1/p

. (7)

Typical values of p include 0,1,2..., but even non-integer val-
ues can be used. Strictly speaking, the value of p that is
directly connected to the notion of sparsity is p = 0 (mini-
mizing the l0-norm is equivalent to minimizing the number n
of elements in the dictionary). However, in most cases p = 0
leads to a non-convex problem that is very difficult to solve.
A possible solution is to consider the case p→ 0, as it was
done in [19]. Fortunately, in many cases it can be shown that
the case p = 1 leads to a solution that is very close to sparsity,
with a much lower mathematical and computational cost.

Regarding the goodness-of-fit part of the problem, it
takes the usual form

ε = (d− s)t
ξ
−1 (d− s) . (8)

Thus, the lp-norm takes the compact form

Lp,δ : minA>0||A||p s.t. ε ≤ δN, (9)

where δ is a regularization parameter. As discussed in [19],
appropiate values for the regularization parameter are δ ∼ 1,
and for the purposes of our work we can safely take δ =
1. However, for the sake of completeness in the following
discussion we will keep δ in all the equations.

Following the work by [19], the problem (9) is equivalent
to the minimization of the constrained Lagrangian

L (A) =
1
2

(
AtMA−2DtA

)
+λ ||A||pp, (10)

subject to the goodness-of-fit constraint

ε = AtMA−2DtA+ f ≤ δN. (11)

In the previous equations,

M ≡ Φ
t
ξ
−1

Φ, (12)

D ≡ Φ
t
ξ
−1d, (13)

f ≡ dt
ξ
−1d. (14)

Therefore, M is a n× n matrix, D is a n× 1 vector and f is
an scalar. Finally, in (10) λ is a Lagrangian multiplier that
must satisfy a positivity constraint, λ > 0. The solution of
(10) under the constraint (11) leads to the equations:

∑
β

Mαβ Aβ +λ pAp−1
α = Dα , (15)

λ =
[

p∑
α

Ap
α

]−1

×
[

f −DtA−δN
]
. (16)

2.3 Solution for the l1-norm
The case p = 1 is a convex problem that leads to analytical
solutions. Let e be a vector of ones in Rn, et = (1, . . . ,1).
Then the solutions of (15) and (16) for the case p = 1 are

A = M−1 (D−λe) , (17)

λ =
[
DtM−1D+δN− f

etM−1e

]1/2

. (18)

2.4 A sparse l1-norm algorithm for the detection of point
sources
We would like to remark that solutions (17-18) have little
utility if the number n of sources is not known. Fortunately,
the constraints on the positiveness of A and λ can help us to
solve the problem.

A naı̈ve algorithm would start by considering all the N
pixels in the image, solving equations (17) and (18) and
checking if all the elements of A and λ are positive. If, as is
expected, the conditions are not satisfied, then the algorithm
would repeat the same procedure with N − 1 points, check
again, then do it again with N−2 pixels, and continue so on
until the constraints on A and λ are satisfied.

There are two problems with this naı̈ve approach. The
first one is computational cost. Even for a moderate sized
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image, let us say a 256× 256 pixels one, the size of ma-
trices ξ and M would be huge (in the considered example,
65536×65536 elements). Even considering all the possible
symmetries and simplifications of the problem (for example
white, homogeneous and isotropic noise, etc) the total num-
ber of operations would be prohibitive.

The second problem is more subtle, and it is related to
the decision of how to get out pixels from the sample in
each iteration. A seemingly natural option would be to start
from the lowest value pixel and proceed in ascending order,
but nothing tells us this is the most efficient path. Even if
this procedure would lead us to a solution (provided enough
CPU power and time), it is not proven that such a solution
is the one with a minimum number n of sources among the
possible solutions. Once the positivity conditions are met it
could be still possible to find solutions with smaller num-
ber of sources, or other configurations with the same number
of sources but better goodness-of-fit. In other words, going
‘upwards’ from a large to a smaller n does not necessarily
guarantee the sparsest solution.

A possible solution to overcome this problem is the use
of smart sampling algorithms specifically designed for the
case of unknown number of sources, such as the Reversible
Jump Markov Chain Monte Carlo method [13]. In this work,
however, we propose a simpler algorithm inspired on the de-
tection procedure that is most commonly used in astronomy.

In typical astronomical images most point sources, or at
least the brighter ones, are found in ‘hot pixels’ of the im-
age or nearby. This is particularly true after the image is
convolved with a linear filter such as the matched filter or a
wavelet [see for example 24, 2, 18, 12]. A common practice
in astronomy is to filter the data in order to enhance the point
sources and then to identify regions above a certain thresh-
old (usually the celebrated 5σ level) as detections. Keeping
a sufficiently high threshold guarantees a high significance
of the detection. This methodology is well established and
has proven to be very succesful in CMB astronomy [17, 15].
The main objection to thresholding is that the choice of the
threshold is arbitrary. However, we know that the brighter
peaks of the filtered image are an excellent guess of the loca-
tions of point sources. Since the lp-norm minimization leads
to the quantity D that is proportional to the matched filtered
image, our algorithm starts with the matched filter:
1. If the noise correlation matrix ξ is not known, estimate it

from the data. Calculate f .
2. Filter the image with the matched filter (13).
3. Locate the local maxima of the filtered image and sort

them downwards from larger to smaller values.
4. Set n = 1.
5. Take the positions and intensities of the first n peaks from

the ordered list of maxima and construct the correspond-
ing vector D and the matrix M.

6. Obtain estimates for A and λ using equations (17) and
(18).

7. Check the positivity constraint of A and λ . If the con-
straint is not satisfied, make n = n + 1 and go back to
step 5. If the constraint is satisfied, exit the algorithm.
If point sources are truly sparse (few in comparison with

the number of pixels of the image), bright enough (so that the
can be identified by peaks in the filtered image) and do not
overlap among themselves, the previous algorithm converges
to a solution of (9) in the sense that it finds the minimum

number of elements of the dictionary, located at the positions
of the local maxima of the filtered image, that satisfy the con-
strains of positivity and goodness-of-fit. Going downwards
from brighter to fainter pixels and increasing the number of
candidates by one at each step guarantees sparsity. More-
over, the algorithm tells us when to stop going down, thus
avoiding the arbitrarity of the thresholding method. Since
the iterations usually stop before the number n of candidates
becomes too large, the algorithm is fast and computation-
ally inexpensive. The overall computational burden is equiv-
alent to ∼ O(n2) times the operations needed for a single
matched filter, where n is the number of sources detected by
the method.

3. TESTING THE ALGORITHM

In this section we will test the proposed l1-norm algorithm
with simulations, comparing it with the standard matched fil-
ter thresholding method. We will focus, as figure of merit, on
the receiver operating characteristic (ROC) curves for each
method. The ROC curve shows the fraction of true positives
(TPR) as a function of the fraction of false positives (FPR),
where

TPR =
true positives

true positives+ false negatives
(19)

FPR =
false positives

false positives+ true negatives
. (20)

True positives are identified as peaks accepted by our detec-
tion criterion that lie within a circle of 1 FWHM radius cen-
tered in the position of any of the simulated sources. False
positives are peaks accepted by our detection criterion that
have no counterpart among the simulated sources. A false
negative or ‘miss’ is a peak that has not satisfied our detec-
tion criterion but corresponds to one of the simulated sources,
whereas a true negative is a peak that has not satisfied our de-
tection criterion and is caused not by a simulated source, but
by the noise fluctuations instead.

We simulate white, uniform Gaussian noise. In
this case, the noise correlation matrix is diagonal, ξ =
diag(σ2, . . . ,σ2). For simplicity, we set σ = 1 (in arbitrary
units) and then ξ is just the identity N×N matrix. In order
to lighten as much as possible the computational burden of
the test, we simulate small images: N = 64×64 = 1024 pix-
els. Over each noise realization we place four identical point
sources, arranged in a square with fixed corners in order to
avoid any possibility of overlap between the sources. The
point sources have Gaussian profile with a width of 2 pix-
els (FWHM=4.71 pixels) and identical amplitudes A0 = 1
(in the same arbitrary units of the noise map), therefore the
sources have a SNR=A0/σ = 1. We perform 1000 of these
simulations, changing the noise realization each time.

For each simulation we apply a matched filter and we
look for peaks above a certain threshold, thus obtaining the
number of detections for that threshold. The intensity of the
peak (after the appropiate renormalization) is taken as the es-
timation of the source amplitude. We also check how many
of these detections are true and how many are spurious. In or-
der to decide whether a candidate is a true or spurious detec-
tion, we apply a proximity criterion: if the candidate lies in a
circle whose radius is r = FWHM/2, centered at the true po-
sition of one of the four sources we introduced in the image,

141



0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045 0.05

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

FPR

T
P

R

Sparse l
1
−norm

MF

Figure 1: ROC curves for 1000 simulated images. The
dashed line shows the TPR as a function of FPR for the
matched filter. The solid line shows the same curve for our
proposed algorithm. The solid cross indicates the final result
for our proposed algorithm.

we consider the candidate as a valid detection. Otherwise,
it is considered a spurious detection. Since the results are
dependent of the threshold, we calculate the number of true
and spurious detections for a number of different threshold
values, ranging from t = 0 to t = 2 (always in our arbitrary
units). This way we can construct the ROC curve for the se-
lected detection method. In order to have enough statistics,
we construct the curve not for a single realization, but for the
sum of the 1000 simulations.

We repeat the same for our l1-norm top-to-bottom detec-
tion algorithm. The difference is that the algorithm fixes by
itself the threshold where it must stop. Therefore, it gives a
single number of true (true positive) and spurious (false pos-
itive) detections, instead of a curve depending on the thresh-
old as in the case of the matched filter. In order to facilitate
the graphical comparison with the matched filter, we can ob-
tain the rest of points of the ROC curve by artificially stop-
ping the algorithm at higher intensity thresholds. For this
plot we use the same intensity thresholds we tested with the
matched filter. Please note once more that these thresholds
are artificial in our l1-norm scheme and have been used only
for illustrative purposes.

Figure 1 shows the ROC curves for 1000 simulations
with Gaussian white noise. The dashed line indicates the
results obtained with the matched filter plus thresholding.
Each point of the curve corresponds to a different threshold
(higher thresholds to the left of the diagram). The dashed
curve continues to grow to the right of the diagram, but the
plot has been cut for the sake of clarity. The solid line in-
dicates the results obtained with our sparse l1-norm method.
Strictly speaking, the algorithm gives only one point of the
diagram: this is indicated by a solid cross (+) at the end of
the solid curve. In order to better compare with the matched
filter, higher thresholds are selected artificially in order to
complete the curve.

Figure 1 must be interpreted in the following way: the
dashed curve runs below the continuos line. This means that
for any fixed number of true detections, our sparse method

leads to a lower number of false detections. In other words,
the sparse method is not only able to determine by itself when
to stop, but also controls the number of false positives better
than simple thresholding.

4. CONCLUSIONS

In this work we have introduced a method for the detection of
point sources in images based on a l1-norm sparse approxi-
mation. The detection of pointlike objects is a common prob-
lem in Astronomy, being a typical example the detection of
stars, far galaxies and/or galaxy clusters in deep space obser-
vations. Although in this paper we have used as an example
the case of astronomic image processing, the method we in-
troduce can be applied to any kind of images where pointlike
signals are present.

In a typical astronomical image, the number of resolved
sources that can be detected is much smaller than the number
of pixels. This leads naturally to the notion of sparsity. In a
sparse model, the relevant signal can be described in terms of
a small number of elements of a dictionary. In our case, the
dictionary is formed by shifted replicas of the point source
characteristic point spread function, that is, its spatial tem-
plate, that we assume that is constant across the image.

For this work, we have considered a minimization of the
l1-norm assuming a constraint on the goodness-of-fit plus a
positivity constraint on the intensity of the sources. We have
chosen the l1 norm because the associated sparse problem
is convex. Moreover, the l1-norm problem allows us to ob-
tain analytical formulas. We have obtained the expressions
that solve the problem and we have proposed a very sim-
ple and intuitive algorithm that proceeds downwards from
the brightest to the faintest image peaks for the detection of
point sources in Gaussian noise. An important feature of the
algorithm is that it provides an objective criterion in order to
decide where to stop the search for new sources.

We have tested our algorithm in 1000 simulations with
Gaussian white noise, introducing toy point sources and
comparing the performance of our proposed algorithm with
the performance of the standard matched filter detector. We
have obtained the numbers of detections and false positives
for the two methods and constructed the corresponding ROC
curves. Strictly speaking, our downwards sparse detection
algorithm gives only one point of the diagram; in order to
complete the ROC curve, higher detection thresholds have
been selected artificially. Our results show that the proposed
algorithm leads to a better ratio between true and false posi-
tives for the case of white Gaussian noise. The more general
case of color noise will be addressed in a future work.
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ABSTRACT

This paper focuses on simple versus composite hypothesis
testing in Bayesian settings. The Posterior distribution of
the Likelihood Ratio (PLR) provides an interesting alter-
native to the classical Bayes Factor (BF). First its general
properties are studied and reveal its relationships with the
BF, the Fractional BF and the Generalized Likelihood Ratio.
Then the PLR is proved to be equal to a frequentist p-value
for an invariant model and the corresponding invariant prior.

A practical implementation of the test can be performed
using a simple Monte Carlo Markov Chain. Performances of
the PLR used as a test are illustrated on extra-solar planet
detection using direct imaging. Finally, the possibility to
use different parametrizations of the test is illustrated by
the study of their operating characteristics.

1. INTRODUCTION

Simple versus composite hypothesis testing is a general sta-
tistical issue in parametric modeling. It consists for a given
dataset x in choosing among the hypotheses H0 : θ = θ0 and
H1 : θ 6= θ0 with θ unknown. Under the Bayesian approach
adopted here, the simple versus composite hypothesis test
may be expressed in terms of the underlying priors: θ = θ0

or θ ∼ π(θ) where π(θ) 6= δ(θ − θ0) is a given multivari-
ate prior describing the uncertainty and constraints on the
parameter of interest θ. We assume that the data model
p(x|θ) has the same expression under H0 and H1 and does
not depend on other parameters than θ.

This paper tackles this decision problem using the Pos-
terior distribution of the Likelihood Ratio p(x|θ0)p(x|θ)−1

This approach has been initially proposed in [7] and studied,
to our knowledge, only in [1, 2]. It is organized as follows:

• Section 2 introduces the frequentist and Bayesian hy-
pothesis testing tools involved in the rest of the paper.
• Section 3 develops new theoretical properties of the Pos-

terior distribution of the Likelihood Ratio. First its defi-
nition is given and a practical implementation procedure
is proposed. Then, its general properties are derived,
including its relationships with other classical tests. Fi-
nally, it is proved to be equal to a frequentist p-value for
an invariant model and the corresponding invariant prior.
• Section 4 presents numerical simulations. First the PLR

is applied to a realistic test case, then a Monte Carlo sim-
ulation using a simpler data model is used to characterize
the frequentist properties of the test.

2. CLASSICAL HYPOTHESIS TESTING
PROCEDURES

We first recall some classical notations used in frequentist de-
cision theory that will be usefull in the sequel. Of particular

interest ([16]) is the Likelihood Ratio (LR) defined by

LR(x, θ) =
p(x|θ0)

p(x|θ) (1)

LR(x, θ) evaluated at θ = θ̂ML(x) is the usual frequentist
Generalized Likelihood Ratio (GLR):

GLR(x) = LR(x, θ̂ML(x)) =
p(x|θ0)

maxθ p(x|θ)
(2)

The GLR test consists in thresholding GLR(x).
We now recall basic notions of Bayesian testing under

the hypothesis test

H0 : θ = θ0 H1 : θ ∼ π(θ) (3)

Using the additional piece of prior information Pr(H0), the
Posterior Odds Ratio

POR(x) =
Pr(H0|x)

Pr(H1|x)
(4)

minimizes the Bayesian risk under the 0-1 loss function as-
sociated to the estimation of the indicator function Iθ0(θ)
[11]. Then, practical Bayesian hypothesis testing often con-
sists in giving the POR, and thresholding it if a 0-1 decision
is required: Reject H0 if POR(x) ≤ ζ. The POR equals the
classical Bayes Factor (BF) [12]

BF(x) =
p(x|H0)

p(x|H1)
=

p(x|θ0)R
p(x|θ)π(θ)dθ

(5)

up to the multiplicative prior odds ratio Pr(H0)Pr(H1)−1

which does not depend on x. The BF is also classicaly used
for 0-1 decision and its threshold can be interpreted on its
own grounds [12].

An important issue of the POR and the BF is that they
are not uniquely defined if the prior π(θ) is improper, ie ifR
π(θ)dθ = ∞. However, even though the prior is improper

the posterior distribution π∗(θ|x) is in general proper. Tak-
ing advantage of this fact, Partial Bayes Factors have been
proposed as alternatives to the Bayes Factor. Schematically,
they assume that there exists a “minimal training sample” y
chosen from the whole sample x such that π∗(θ|y) is proper.
Then, a (“Partial”) Bayes Factor can be uniquely defined
from the rest of the data, using π∗(θ|y) as the proper prior.
In particular, a Fractional Bayes Factor FBF(x, b), b ∈ (0, 1)
has been proposed in [14]:

FBF(x, b) =
p(x|θ = θ0)R
p(x|θ)π(θ)dθ

„
p(x|θ = θ0)bR
p(x|θ)bπ(θ)dθ

«−1

(6)

Note that FBF(x, 0) = BF(x).
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Hypothesis test practitioners in general expect some
“predata” information about the operating characteristics
of the test. In frequentist procedures, the Probability of
False Alarm of the test (PFA) and the Probability of good
Detection (PD) may be used for calibration and/or perfor-
mance assessment. Calibration under the PFA is in general
attributed to the Neyman Pearson paradigm and opposed to
the Bayesian one, but quoting [17] for example, “A Bayesian
is calibrated if his probability statements have their asserted
coverage in repeated experience”. In particular, these quan-
tities are also of interest in the (Bayesian) exoplanet detec-
tion frame presented in section 4.

Some “postdata” information is in general also expected.
The most classical frequentist post-data measure about the
significance of a decision of the form “Reject H0 if T (x) ≤ ζ”
is the p-value [13] defined by

pval{T (x)} = Pr{T (y) ≤ T (x)|H0, x} (7)

It can be easily verified that the distribution of the p-value
under H0 is uniform in (0, 1) if T (x) is a continuous random
variable. Although p-values are still widely studied and gen-
eralized even in the Bayesian frame, the POR (and relatives)
remain the standard Bayesian post-data evidence.

3. TESTING WITH THE POSTERIOR
DISTRIBUTION OF THE LIKELIHOOD RATIO

3.1 Definition and motivation

A. Dempster proposed in 1974 [7] the first Bayesian test
for (3) that relies on the Likelihood Ratio LR(x, θ) defined
in Eq. (1). For a given dataset x, the test consists in rejecting
H0 if the probability that the data are ”much more” likely
under θ 6= θ0 than θ0 is ”high enough”:

Reject H0 if PLR(x, ζ) > p (8)

with PLR(x, ζ) = Pr{LR(x, θ) ≤ ζ|x} (9)

The PLR (Posterior of the Likelihood Ratio) is simply the
posterior cumulative distribution of the Likelihood Ratio.
Fig. 4 illustrates a case where H0 is rejected (left plot) and
a case where H0 is accepted (right plot).

Dempster’s motivation in [7] is based on the role of the
Likelihood Ratio in statistical inference, also emphasized by
[16]. The PLR has only been studied as such by M. Aitkin
in 1997 [1, 8] and in 2005 [2], on case studies mostly.

3.2 Implementation and optimization of the PLR

Note that implementation of this test may appear compli-
cated. This complexity can be highly reduced using a Monte
Carlo Markov Chain (MCMC) algorithm:

1. generate {θ[j] ∼ π∗(θ|x)}j using a MCMC algorithm

2. compute the chain {LR(x, θ[j])}
3. compute the PLR (9) as the empirical cumulative distribu-

tion of the LR chain
4. if H0 is rejected, use the chain {θ[j]} for estimation

Interestingly enough, the PLR is a family of tests
parametrized by two parameters: (ζ, p). Unlike detectors
defined from a single threshold, it is possible to optimize
the test inside this family. We propose to do it using the
Receiver Operating Characteristics (ROC) curve, which dis-
plays PD(ζ, p) as a function of PFA(ζ, p). The principle is

1. compute PFA(ζ, p) and PD(ζ, p) ∀(ζ, p)
2. fix a PFA0 and obtain {(ζ, p) : PFA(ζ, p) = PFA0}
• choose from this set (ζ∗(PFA0), p∗(PFA0)) that maxi-

mizes PD(ζ, p).

This procedure is performed numerically using the pro-
posed MCMC algorithm. For each hypothesis, a matrix of
size NI ×NJ containing on line i the Markov chain obtained
from dataset i is built. Each matrix is reordered by sorting
in increasing order each line (cumulative posterior distribu-
tion for a given dataset) and then each column (cumulative
frequentist distribution for a given ζ). For a number NI
of datasets and a chain length NJ both sufficiently large,
approximate PFA(ζ, p) and PD(ζ, p) can be read from each
matrix. For example, for ζ(i, j) = LR(i, j) (i.e. the (i, j)th

component of the matrix) and p(i, j) = j/NJ , the PFA is ap-
proximately given by PFA(ζ(i, j), p(i, j)) = i/NI . Therefore,
the approximate optimal parameters can be easily obtained
from the two matrices.

Finally, note that an analog procedure can be used for
the FBF: the FBF is computed from the Markov chain
{LR(x, θ[j])} using an importance sampling procedure and
the test is optimize with respect to the threshold and b.

3.3 General properties of the PLR

The first result illustrates the deep connections existing be-
tween the FBF and the posterior distribution of the LR. The
proof is straightforward but no reference has been found.

Proposition 1 If the prior π is proper, the FBF for the
simple versus composite hypothesis test equals the fractional
posterior moment of the LR:

∀b, FBF(x, b) = E[LR(x, θ)1−b|x] (10)

This result shows that the BF (b = 0) is the posterior mean
of the LR. The BF can then be interpreted as the mean
square error estimator of LR(x, θ). A standard uncertainty
on this inference would be given by the the posterior stan-
dard deviation of the LR:cLR(x, θ) = BF(x)± std(LR(x, θ)) (11)

= BF(x)±
p

FBF(x,−1)− BF(x)2

However, although this uncertainty is natural for an estima-
tion of LR, it is not relevant for its thresholding. It will be
illustrated in the simulations.

The next result gives two general properties about the
posterior density pLR|x of the LR. These results assume that
the hypotheses are nested: θ0 ∈ Sup(π). This case is of
particular interest in many practical applications, such as
the problem addressed in the last section of the paper.

Proposition 2 The posterior density of the LR of a nested
simple versus composite hypothesis verifies:

• The minimum of its support is GLR(x):

min
ζ
{ζ : pLR|x(ζ|x) > 0} = GLR(x) (12)

• Under regularity assumptions that get stronger as L (the
length of θ) increases, the function ζ → pLR|x(ζ|x) di-

verges for ζ → GLR(x)+.

Illustrations of these results are shown in figure 3.
Whereas the first property is a direct consequence of (2),

the proof of the second is much more delicate. A usual trans-
form to infer the distribution of LR(x, θ) is

φ : θ → (LR(x, θ), θ̌1) with θ̌1 = (θ2, .., θL)

The usual variables transformation gives:

pLR(x,θ),θ̌1
(ζ, ǔ1) =

X
k

π∗(vk|x)

|J(vk)| , J(θ) =
∂LR(x, θ)

∂θ1
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where the vk are all the solutions of φ(vk) = (ζ, ǔ1). For L =
1 (θ is scalar), the result is straightforward if θ → LR(x, θ) is
continuously differentiable. For L > 1, L−1 integrations are
required to marginalize out θ̌1. We show [19] that if locally
there exists α > L and (α1, .., αL) ∈ RL+∗ such that for all θ

close enough to θ̂ML(x)

GLR(x) < LR(x, θ) ≤ GLR(x) +

LX
`=1

α`(θ − θ̂ML(x))α`

then ε−1 Pr(GLR(x) < LR(x, θ) ≤ GLR(x)+ε|x)→∞ when
ε→ 0.

3.4 PLR under a general invariant case

Dempster noticed that when testing the mean of a normal
distribution with a constant prior density, the PLR is equal
to 1 minus the p-value introduced in Eq. (7). Aitkin gener-
alized this result with an additional nuisance parameter in
the mean.

The next theorem states that the result of Dempster is
true in some general invariant cases. Invariance is a central
framework to unify the frequentist, Fisherian pivotal and
Bayesian paradigms [9, 10]. It relies on two assumptions on
the model: the likelihood belongs to an invariant distribu-
tion family and the prior distribution is invariant under the
transformation group defining the likelihood family.

The next definition specifies the invariance of a family of
densities under a group of transformations.

Definition 1 A family FΘ = {f(.|θ), θ ∈ Θ} of densities
wrt a measure µ on X is said to be invariant under the
transformation group G if, for every g ∈ G there exists a
unique θ∗ ∈ Θ such that if the random variable X has den-
sity f(.|θ), Y = g(X) has density f(.|θ∗) ∈ FΘ. We define
Ḡ as the set of all functions ḡ induced by the group G and
defined as θ∗ = ḡ(θ). Ḡ is a group.

In Bayesian models, it is often required to define a non-
informative prior related to some specific property [4]. In
particular, model invariance can be accounted for using the
right Haar prior [4, 9]. It is in general improper.

Definition 2 (Haar measure) A right invariant Haar
measure, to be denoted Hr, under a group of transforma-
tions G is a measure which, for all measurable functions κ
on G and for all g0 ∈ G satisfiesZ

G
κ(g)Hr(dg) =

Z
G
κ(gg0)Hr(dg)

A left invariant Haar measure Hl is defined replacing gg0

by g0g.

The group G is related to the parameters space Θ assum-
ing that the function φθ : G → Θ, φθ(g) = g(θ) is bijective
for all g ∈ G. The measure induced by Hr is then defined for
all A ⊂ Θ by Pr(θ ∈ A) = Hr(φ−1

a A). The measure induced
by Hr can be defined in the same way on X if the function
φx: G → X , φx(g) = g(x) is bijective.

The main contribution of this paper is an expression of
the PLR, under invariance assumptions, as a frequentist in-
tegral involving the modulus of the group of transformations.

Definition 3 The modulus of G is the function ∆ defined
on G to (0,∞) which, for all measurable functions κ on G
satisfies Z

G
κ(gg−1

0 )Hl(dg) = ∆(g0)

Z
G
κ(g)Hl(dg)

Theorem 1 Let FΘ = {f(.|θ), θ ∈ Θ} be a family of proba-
bility densities wrt a measure µ on X . Assume that:

1. FΘ is invariant under the group G.
2. φθ and φx are bijective. X and Θ are isomorphic.
3. The prior measure on Θ is the measure induced by Hr

from φθ.
4. The measure µ on X is the measure induced by Hr

from φx.

Then the PLR defined in Eq. (9) can be reexpressed as the
frequentist integral:

PLR(ζ, x) = Pr


f(x|θ0)

∆(φ−1
c (x))

≤ ζ f(y|θ0)

∆(φ−1
c (y))

|H0, x

ff
(13)

for all c ∈ X .

The proof of this theorem, which is well beyond the scope of
this article, is available in [19].

Setting ζ = 1 in (13) leads directly to the following corol-
lary where the second equality follows from the uniform dis-
tribution of the p-value.

Corollary 1 Under the same hypothesis as theorem 1

PLR(1, x) = 1− pval


f(x|θ0)

∆(φ−1
c (x))

ff
(14)

Consequently, the PFA of the test (8) for ζ = 1 equals 1− p.

The assumption of an isomorphism between X and Θ
is rather restrictive. This constraint is relaxed considering a
family of probability densities where the invariance is defined
on τ(X) ∈ T , a sufficient statistics for θ ∈ Θ, such that T , G,
Θ and Ḡ are all isomorphic. In this case the proof of theorem
1 can be extended. It leads to (13,14) where the statistics
used in the p-value is now fs(τ |θ0)/∆(φ−1

c (τ)) where fs(τ |θ0)
is the marginal distribution of τ(X) under H0.

Many studies try to conciliate or compare frequentist
and Bayesian hypotheses tests procedures. For the simple
vs composite hypothesis test see for example [3, 11]. This
result contributes to this issue, but in the frame of measure
of evidence using the LR [16, 7] and not measure of accuracy
of a set estimation Iθ0 [11].

It also has some practical interest. For example, for ζ = 1
the threshold 1− p equals the significance level of the test.

4. APPLICATION TO EXOPLANET
DETECTION WITH DIRECT IMAGING

The detection procedure presented in section 3 is realistically
applied to the detection of exoplanets from direct imaging
using the future VLT instrument SPHERE [5].

4.1 Statistical model for exoplanet detection in di-
rect imaging

A hierarchical Bayesian model precisely related to our con-
text has been developed in [18] and is summed up here. The
θ vector of the hypothesis test (3) refers to the exoplanet
intensity in the different channels.

• The dataset is made of K successive sets of L images
associated to different spectral bands, where each image
is a M × 1 vector i`(k). The xtk = (i1(k)t, .., iL(k)t) are
assumed to be conditionally independent and described
by:

xk|µ,Σ, θ ∼ NLM (Akθ + µ,Σ) (15)

Matrix Ak contains source profiles p`(k) assumed known.
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Figure 1: Simulated data from CAOS-SPHERE with a con-
trast of 106 between the star and the planet. Left: data
x2(20)0.2. Right: source response p2(20)0.2.
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Figure 2: Histograms of two Markov chains {θ[j] ∼ π∗(θ|x)}
resulting from the data with and without a planet.

• Due to the high dynamics involved in possible low sig-
nal to noise ratio cases, and due to the inherent wide
range of sources intensities, the distribution of θ has to
spread out on several order of magnitudes. It is therefore
natural to assume that (ln θ1, . . . , ln θL)t is jointly gaus-
sian. This so-called multivariate log-normal distribution
describes high dynamics signals, has a positive suppor
and is proper:

θ|m,B ∼ logN (m,B) (16)

Conjugate priors (Normal - inverse Wishart in both cases)
are assumed for the unknown parameters. This first level
likelihood is marginalized and leads to an explicit form of
π∗(θ|x) where x = {xk}k=1,..,K . The Markov chain {θ[j] ∼
π∗(θ|x)}j necessary to compute the test statistics is obtained
from a slice sampling method [15].

4.2 Application of the detection procedure on a re-
alistic dataset

The simulation of realistic astrophysical datasets is per-
formed by the dedicated physical step-by-step Software
Package SPHERE [5] developed and used within the CAOS
environment [6]. A dataset x is simulated under H1 with
a luminosity contrast of 106 between the star and the ex-
oplanet (corresponding to an intensity θH1), and another
under H0, obtained from an area adjacent to the one under
H1. The data under H1, of size (K,L,M) = (20, 2, 425) are
illustrated on figure 1. Note that it is impossible to simulate
many datasets.

The detection procedure described in section 3 and used
with the realistic statistical model summarized in section 4.1
is finally applied to these two datasets. The hyperparameters

are chosen simply (ν = 2M , Σ0 = cσ2I2M ) or unfavourable
(m0 = ln(1000θH1)). NI = 105 samples are computed for

each chain {θ[j]}.
Figure 2 shows the histograms of the Markov chains

resulting from these two cases. Under the H1 case, the
Bayes Factor (5) seems to indicate with no ambiguity a
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Figure 3: Histograms of the {LR(x, θ[j])} chains, computed

from the chains {θ[j]} shown in figure 2. The GLR and the
BF are indicated.

Figure 4: A posteriori empirical cumulative distributions of
LR, displayed from the chains {LR(x, θ[j])} shown in Fig. 3.

detection: BF = 0.04 < ζ0 for ζ0 = 0.11. The measure
PLR(x, ζ0) = 0.94 > 0.8 confirms the absence of ambiguity
of the BF result. Similarly, in the H0 case, BF = 3.7 in-
dicates again with no ambiguity that there is no exoplanet.
This is confirmed by the quantile PLR(x, ζ0) = 0. For a
more complete information, the empirical posterior distribu-
tions of LR(x, θ[n]) are presented on figure 3 and figure 4.
They also illustrate the properties given in section 3.

Finally, estimation can be performed for the data where
a signal has been detected (ie data simulated under H1). The
posterior distribution is shown on figure 2 (left). The signal
is estimated by the posterior mean and its uncertainty by the
posterior standard deviation: θ = (6.2± 2.8 ; 4.6± 2.6).10−4

for a true θH1 = (8 ; 0.5).10−5.

4.3 Comparison with a frequentist GLR test

The proposed procedure is compared to a Generalized Likeli-
hood Ratio Test. The GLR as defined in (2) on the marginal-
ized density p(x|θ) being analytically intractable, the GLR
has been derived directly on the first level likelihood (15)
assuming that the covariance matrix is proportional to iden-
tity: Σ = σ2ILM . This last assumption is required to avoid
a complex constrained optimization and to obtain a closed
form expression of the test. Then,

GLR2(x) =
maxµ,σ{

Q
k p(xk|µ, σ

2ILM , θ = 0)}
maxµ,σ,θ{

Q
k p(xk|µ, σ2ILM , θ)}

(17)

The analytical maximization of the likelihood under H1 for
L > 1 generalizes a computation in [20] where L = 1, and
leads to:

GLR2(x) =

„bσ2
H1bσ2
H0

«KLM
2

(18)

where bσ2
Hi =

P
k ‖xk −AkbθHi − bµHi‖2

KLM

1The uncertainty defined in equation (11) gives “LR = 0.04 ±
0.34”. As mentioned, this measure of uncertainty is not relevant
for detection.
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Figure 5: ROC curves of the PLR, the FBF and the GLR2.

where bθH0 = 0 and (bµtH1, bθtH1) and bµH0 minimize least square
criteria obtained from the model (15).

Note that since the hypotheses are nested, contrary to
LR(x, θ[n]) GLR2(x) has always a value inferior or equal to
1. Here, ln(GLR2(x)) = −4350 for the data simulated under
H1 and ln(GLR2(x)) = −1300 under H0. Since it is not nu-
merically possible to realistically simulate a large number of
datasets, it is impossible to relate numerically the threshold
of the GLR test to its PFA. The model (15) is not identically
distributed, so the classical results on the asymptotic distri-
bution of the GLR neither apply. It is consequently difficult
to choose the threshold ζ.

In any case, the values of GLR2(x) applied to areas
closed but distinct from the precedent cases indicate that
the GLR2(x) discriminates with difficulty H0 and H1.

4.4 Illustration of the PLR optimization procedure

Other interesting properties of the PLR are now illustrated
on an astrophysical context totally similar to the previous
one, but the data are now simulated from the statistical
model and not the physical one, so that a long run per-
formance analysis can be performed. The data are simu-
lated from the marginalized likelihood presented in [18] for
KLM = 80. The data under H1 are characterized by a fixed
θ = θH1.

Fig. 5 illustrates the ROC curves obtained for some in-
tuitive parametrizations (ζ = 1 etc) and the optimal ones.
The optimal ROC curves are computed using the procedure
discribed in section 3.2. We note that:

• The classical Bayes Factor is uniformly less performant
than the other FBF and the PLR. For PFA = 0.1, the
performances of the PLR overpass the ones of the Bayes
Factor by 15%.
• The tests with fixed parametrization have performances

very close to the optimal ones. It strenghtens their use.
• The bad performances of the GLR2 test (18) where Σ

was wrongly assumed to be proportionnal to identity are
confirmed here: it is equivalent to a heads or tails test.
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ABSTRACT
Although magnetic dipole detection was mainly investigated
in the eighties, new interest for the question has been recently
marked in literature. The aim of this paper is to revisit the
different existing approaches based on the knowledge of the
physics underlying the detection problem, and to give/recall
the mathematical background on which the detection scheme
is based. Thus, assessment of the detection method is possi-
ble, as well as the influence of the physical parameters on
detector performances. Furthermore, the paper proposes to
use a 3D information (measurement of the magnetic induc-
tion anomaly) instead of the common 1D information (use of
a scalar sensor providing the total field modulus), both cases
being encompassed in the same formalism. Finally, the case
where noise is not Gaussian is investigated and a locally op-
timal receiver is studied and tested.

1. INTRODUCTION

In submarine passive detection of magnetic sources, the de-
tector uses the well known fact that the presence of a mag-
netic dipole in the magnetic earth induces a local spatial mag-
netic anomaly. Thus, for a fixed source and a moving sensor
(or the opposite), such a spatial deformation is measured by
the sensor as a non constant signal. Several studies about
the detection of such a signal, called MAD (for magnetic
anomaly detection), have been done in the eighties, generally
using a scalar sensor measuring the magnetic signal modulus
[1, 2]. Surprisingly, although the modeling of the magnetic
anomaly and the principle of its detection are quite old, the
study of the detection of such signal is still under investiga-
tion [3, 4, 5], some of the papers being reconsideration and
adaptation of the ancient studies. The goal of the present
work is to revisit and develop the mathematical grounding
of the detection scheme on which the previous papers are
generally implicitly based. Thanks to the generality of our
approach, it is then possible to extend the previous studies in
the three following directions: (i) generalization in the case
where the sensor measures the three (euclidean) components
of the magnetic anomaly, by giving the theoretical justifica-
tions and showing that the scalar case can be properly in-
cluded in the same formalism; (ii) the performances of the
detection scheme can be analytically expressed in the spe-
cific case where the observation is projected on true signal
bases, allowing the analyze of the specific influence of each
physical detection parameters (iii) in the previous studies, the
noise is assumed Gaussian: after showing how the nonGaus-
sianity affects the performance of the receiver, an alternative
scheme is proposed, based on the well-known locally optimal

detectors (LOD). These three incremental extensions will be
illustrated and the physical parameters can affect the perfor-
mance or can be “tuned” will be shortly discussed.

2. ORTHOGONAL BASIS-BASED DETECTOR

2.1 The MAD approach
As introduced, we consider in the sequel of the paper a mag-
netic dipole field for the target (or source), represented by
its magnetic moment P. It is well known that the pres-
ence of P in the Earth’s magnetic field H0 induces a lo-
cal anomaly of this Earth’s field, under the form ∆H =
1

4π

3(PtOM)OM−‖OM‖2P
‖OM‖5 where R = ‖OM‖ is the distance

between the source at position O, and the sensor at the po-
sition M [1, 3, 5]. In the sequel, as usually done, the speed
and the altitude of the sensor are assumed constant, and its
motion is assumed linear. We will also consider the situation
where the signal is sampled at a rate Ts and that the acquisi-
tion is performed during a finite size duration denoted T . We
will then denote x the position of the sensor along its direc-
tion of motion, t0 the instant at which the sensor is at its clos-
est position to the source (point called CPA for closest point
of approach), D the smallest distance of the sensor from the
source, and u = x

D = V (t−t0)
D the standardized position where

time t = nTs is an integer multiple of Ts and N points are ac-
quired, T = (N− 1)Ts. A rapid analysis of the geometry of
the problem permits then to express the anomaly under the
form

∆H(t) =
2

∑
i=0

ci
ui

(1+u2)5/2 , (1)

where the basis fi(t) = ui/(1+u2)
5
2 is only parametrized by

the two parameters of the CPA, namely D and t0, and not
by the other physical parameters, and where the 3× 1 co-
efficients ci depend on the geometrical configuration. In the
sequel, we will assume also that the orientation of the 3D sen-
sor remains the same all along the motion. Thus, coefficients
ci will not depend on time. This assumption is not necessary
in the scalar case where measurement is independent of sen-
sor orientation (modulus measurement). More details can be
found in [1, 3, 5] where in most cases the approach is scalar
but transposable to the 3D context without additional effort,
under the above hypothesis. Note that these assumptions can
be met when the sensor is fixed and the source moving.

Let us build now the 3×N matrix ∆H, by concatenating
the N acquired measurements, F the 3×N matrix of the N
points for the 3 basis functions, and C the 3× 3 matrix of
the coefficients, Ct = [c0 c1 c2]. Thus, the acquisition writes
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equivalently in the compact form ∆H = CtF. Since the ba-
sis of the fi(u) is not orthogonal, i.e. FFt 6∝ I, the previous
expression is generally rewritten using an orthonormal ba-
sis, e.g. via a Gram-Schmidt orthonormalization procedure
[6] that obviously does only (potentially) depend on D and
t0 and not on the physical parameters. Let us denote E the
considered orthonormal basis and S3 the coefficients in this
new base, leading finally to the compact expression of the
anomaly

s3 = St
3E (2)

Finally, in the scalar context where the sensor measures
the modulus of the total field (Earth’s field and anomaly), it
is very common to use the assumption that the anomaly is
far smaller than the Earth field, and its angle to this field far
small: the total field modulus is then approximated by the
sum of the Earth’s field modulus and the anomaly projection
onto the direction of the Earth field [1, 3], leading to the mea-
sured signal s1

d=ht
0s3,

s1 = St
1E where S1 = S3h0 and h0 = H0/‖H0‖. (3)

As our approach is general, in the sequel of the paper, we
will use the notation s and S for the 3D context and for the
scalar context as well.

2.2 Optimal and near-optimal detection
In practice, the sensor measurement is affected by noise (e.g.
electronic noise, etc.). Thus, to detect the presence of the
anomaly we are faced to the classical binary decision prob-
lem [7, 8]: from the observation of N samples of an acqui-
sition, we have to decide whether a signal is present in the
observation, versus the observation is noise only,{

H0 : r = ξ

H1 : r = s+ξ
. (4)

Signal s is the magnetic anomaly to detect (the Earth’s field is
assumed removed), assumed deterministic, while ξ denotes
the matrix-variate observation noise. The probability density
function (pdf) of ξ , denoted fξ is assumed known and ξ is
assumed zero-mean and of covariance matrix proportional to
the identity σ2Id ⊗ I3 in the dD context (d = 1 or 3), where
σ2 represents then the variance of each spatio-temporal com-
ponent of the noise, where Ik is the k× k identity matrix and
where⊗ is the Kronecker product of the temporal covariance
and the spatial one (see e.g. [9, th. 2.3.10] for more details
on matrix variates random variables).

When the signal to be detected is known, the optimal
receiver (Neyman-Pearson criterion, Bayes criteria, etc.) is
the well known likelihood ratio test (LRT) Λlr = fξ (r−
s)/ fξ (r) ≷ η [7, 8], where ≷ means that if Λlr is higher than
the decision threshold η , hypothesis H1 is decided, and H0
otherwise and where the decision threshold η is determined
by the chosen detection criterion [7, 8]. In the particular
case where fξ is a matrix-variate Gaussian pdf (here of co-
variance proportional to the identity), the log-likelihood ratio
(LLR) turns out to be the well-know matched filter (MF), that
writes here in the matrix-variate form Λmf = Trace(srt). Re-
mind that this correlator receiver is also the linear receiver
that maximizes the so-called deflection DΛ = (E[Λ|H1 ]−
E[Λ|H0 ])

/VAR[Λ|H0 ], regardless the noise statistics [7, 8].

2.2.1 Known (or assumed known) orthonormal basis

The signal to be detected is generally unknown, and thus
the (L)LR or the MF cannot be used. However, in the spe-
cial physical context under study here, the signal subspace is
known, up to the two parameters D and t0: s decomposes in
the basis E via (2).

When the basis is known (i.e. D and t0), which may arise
in a cooperative context, but also in a non-cooperative con-
text provided a localization has been already made while the
signal itself is unknown (e.g. lack of knowledge on the phys-
ical parameters of the source), the classical approach con-
sists then in the so-called generalized likelihood ratio test
approach (GLRT): the unknown parameters S of the signal
s = StE to be detected are replaced by their maximum like-
lihood estimation (MLE) [7, 8, 10]. In particular, when the
noise ξ is Gaussian, one can easily show [1, 10] that the sig-
nal coefficients S that maximize the likelihood fξ (r−StE)
is the projection of the observation r onto the orthonormal
basis E,

Ŝ = Ert . (5)

This estimator is also the linear one that minimizes the resid-
ual error E[‖r−StE‖2] (least square error approach), regard-
less the noise pdf.

Using the estimated signal in the matched filter, it be-
comes Λba = Trace(ŜtErt), which is, from (5),

Λba = Trace
(
Ŝt Ŝ
)

=
∥∥∥Ŝ∥∥∥2

, (6)

where ‖ · ‖ denotes the Froebenius norm. As for the 1D con-
text, it also corresponds to the energy of the projected obser-
vation to the orthonormal basis [1].

2.2.2 Unknown parameters of the basis

In the most realistic noncooperative context, the basis itself
is unknown (D and t0 unknown). Thus, to be able to estimate
properly the signature s from the observation, one needs to
estimate the orthonormal basis, i.e. to estimate the unknown
parameters D and t0. Again, a GLRT-like approach consists
in replacing D and t0 by the values that maximize the likeli-
hood ratio. Here, it is difficult to extract explicitly the opti-
mal estimators of D and t0, thus the principle is to implement
directly

Λb̂a = max
D,t0

∥∥∥Ŝ∥∥∥2
(7)

using an optimization procedure to track D and t0. The most
usual approach consists in considering a bank of receivers
(6), built for several D and t0 [1, 3]. Here, a stochastic op-
timization tool has been used, namely a genetic algorithm
[11], in order to both avoid a fixed grid for search space and
a convergence to a possible local maximum. In our tests it
appears that such an approach allowed to achieve the same
performance than that given for large bank of receivers, but
for a smaller computational time cost. Since such an opti-
mization goes beyond the goal of this paper, we will not go
further in such an optimization.

3. LOCALLY OPTIMAL RECEIVER

The Gaussian assumption is very often made and justified
via the central limit theorem (sum of large number of noise
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sources). However, because of the geologic noise and the
possible presence of various magnetic small sources, an im-
pulsive noise model should be more adequate in such a situ-
ation. When the noise is nonGaussian, the LR does not give
the MF, but the MF-based detector can still be implemented
and when the basis is known, the performance will not be
changed (see further). However, the nonGaussianity can have
an impact when the basis has also to be estimated. Further-
more, the MF is no more optimal and other approaches may
improve the performance.

Evaluating the LR is difficult in the nonGaussian con-
text. But when the signal to be detected is known, a useful
approach consists in approximating the LLR by its first order
Taylor expansion leading to

Λlo =−Trace
(

s
∇ t fξ (r)

fξ (r)

)
, (8)

which is known as locally optimal (LO) receiver [7, §6.7 &
app. 6E], [8, chap. 2], [12, 13] [14, §19.4], [15, §2.3], [16,
chap. 2] where ∇ stands for the gradient operator (i.e. of

size d× T here) and where the nonlinearity
∇ fξ (r)

fξ (r) applied
to the observation is known to be the score function [7, 8].
This approach is well-suited in the assumption that the signal
is small compared to the noise level. Note that among the
correlator receivers of the form Trace(sh(r)t), the receiver
that maximizes the deflection is precisely the LO receiver (h
is the score function): among the correlator receivers, the
LO is optimal in the maximum deflection sense, regardless
the noise pdf.

Once again, in a real context, s is generally unknown. As
for the Gaussian case, when the basis is known, in a GLRT
spirit one has to determine the optimal estimation of S, in
the likelihood sense (i.e. the MLE). This is a difficult task
since we are faced to a nonlinear problem. An optimization
approach can provide a high computational cost since the the
maximization has to be performed over 9 variables (in the
3D context). The genetic approach is difficult to tune, and
due to the dimension a bank over the Si, j may be too costly.
Instead, we turn out to the use of the least square estimator
(5), leading to receiver

Λloba =−Trace
(

rEtE
∇ t fξ (r)

fξ (r)

)
. (9)

Such an approach is suboptimal, however, recall that it re-
mains the best linear estimator of S in terms of mean square
error.

Finally, in the case of unknown basis, as for (7), the re-
ceiver will be chosen to be the maximum of Λloba over D and
t0 (e.g. bank of LO-based receivers for several D and t0 or
genetic algorithm).

4. PERFORMANCE OF THE DETECTORS

In this section, we give the sketch of the calculus allow-
ing to evaluate the performance of the detectors, when it is
tractable. Having analytical expression is important since it
allows to determine the decision threshold, and further to be
able to determine the influence of the physical parameters or
how to tune them for particular tasks.

4.1 MF-based approach and known basis

From eq. (5), under hypothesis Hk, the estimation of S writes

Ŝ = Eξ
t + k.Est = Eξ

t + k.S . (10)

When the noise is Gaussian, this matrix is Gaussian of mean
k.S and of covariance σ2(EEt)⊗ Id = σ2I3⊗ Id (see e.g.
[9, th. 2.3.10]). Evoking the central limit theorem (if N is
large), the Gaussian assumption of Ŝ still applied (asymp-
totically) for a nonGaussian noise (of finite variance). Thus,
under hypothesis Hk, the squared norm ‖Ŝ‖2/σ2 has a non-
central chi square distribution with 3d degrees of freedom
and with noncentral parameter k.SNR = k. ‖S‖

2

σ2 [17, chap.
29]. Under these conditions, the detection and false alarm
probabilities are:

Pfa = 1−F
χ2

3d

(
η

σ2

)
, Pd = 1−F

χ2
3d ,SNR

(
η

σ2

)
, (11)

where F
χ2

3d
and F

χ2
3d ,SNR denote the cumulative distribution

function (cdf) of the central and noncentral chi square dis-
tributions with 3d degrees of freedom [17]. The same type
of derivation has been made in [18] in the context of an en-
ergy detector. The expression of cdf of noncentral chi square
distribution is only defined via the integral involving a mod-
ified Bessel function of the first kind, sometimes referred as
incomplete Torontos functions [17, eq. 29.4], [18] or [19,
eq. (100b), p. 182]. However, nowadays these cdf and their
inverse (quantile) are tabulated in many mathematical soft-
wares. Note also that some approximations have also been
derived [18, and ref.].

In Neyman-Pearson strategy, that consists in fixing a false
alarm probability, the optimal decision threshold can be ana-
lytically written. This is very important from an operational
point of view. In the same vein, the direct expression of the
probability detection versus the false alarm probability, i.e.
the receiver operational characteristic (ROC) can be explic-
itly expressed from (11). From [17, eq. (29.25a)], one has
the fact that the performance increases with the SNR, as ob-
viously expected.

It is remarkable to note that the above developments and
analytical expressions permit also (at least numerically) to
determine the effect of the physical parameters on the per-
formance. Indeed, the performance are obviously dependent
on the SNR, that depends itself of the physical parameters
through S (see [1, 3, 5]). As an example, quantifying the
loss of performance induced by the decrease of the magnetic
moment (and thus of the SNR) is possible. A contrario, it
is possible to tune the physical parameters allowing a desired
degree of performance, so that the maximal distance D of de-
tection, or the minimal detectable magnetic momentum (e.g.
to be non-detectable). Indeed, fixing a desired level of per-
formance will determine what the SNR has to be, via (11),
and thus will fix the physical quantities involved in it (i.e.
in S). The quantification of the influence of each parameter
is then practically very pertinent to evaluate expected MAD
system (or fixed detector) performances.

Note that if the basis is assumed known and fixed, but
is erroneous, it is possible to bound the loss of performance.
Let us denote Ẽ this orthonormal erroneous basis. The esti-
mation reads now Ŝ = Ẽξ + k Ẽs = Ẽξ + k ẼEtS and with
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the same way of making as with the correct basis, one ob-
tains performance (11), simply replacing the SNR by S̃NR =
‖Ẽst‖2

σ2 and yielding from [6], S̃NR≤ SNR, with equality only

if s is in the span of Ẽt , namely Ẽ is an orthogonal transfor-
mation (rotation) of E, i.e. both parameters D̃ and t̃0 are the
right ones.

Reminding that the performance degrades with a de-
creasing SNR, the performance obviously decreases when
parameters D̃ and t̃0 are erroneous. Furthermore, [17, eq.
(29.25a)] permits to have a bound of the loss of performance,

Pd− P̃d ≤
√

SNR−
√

S̃NR√
2π

F
χ2

3d−1
(F−1

χ2
3d

(1−Pfa)).

4.2 LO-based detectors – estimated basis
Contrary to the previous MF-based situation with known (or
erroneous) basis, determining the analytical performance of
the LO-based receiver is a difficult task. This is mainly due
to the score function (nonlinear transformation of the data).
The study of the analytical performance is still under inves-
tigation. As in the previous case, we turn out to use Monte-
Carlo (MC) simulations to numerically assess the LO-based
detector.

When the basis itself is unknown and thus estimated we
will not yet achieve to analytically write the performance
even in the case where a bank of receivers for several D and
t0 are considered instead of using an optimization algorithm.
Indeed, the maximum operation leads to the study of order
statistics of receivers, that are not independent. Such a task
is not easy [20]. Thus, we turned out to make Monte-Carlo
(MC) simulations to assess the approach in this context, both
for the MF-based and the LO-based detectors. Furthermore,
at this step the noise statistics will influence the performance.
Indeed, contrary to the case where the basis is known, for im-
pulsive noise, the search for a basis may lead to confusing a
“spike” of noise with a magnetic signature, provoking an in-
crease of the false alarm probability.

5. DETECTION IN ACTION

The signature and a snapshot of its noisy observation used
for the following simulations are illustrated figure 1 in arbi-
trary units. Two kinds of corrupting noise are considered:
the usual Gaussian one, and a Laplacian noise (or doubly
exponential). In both cases, the noise is assumed (spatio-
temporaly) white in the strict sense and the physical parame-
ters here are so that the value of SNR = ‖S‖2/σ2 is SNR = 9
dB.

Figure 2 depicts the comparative performance for the de-
tectors presented in the previous sections in the 3D context,
for a Gaussian noise (left figure) and for a Laplacian noise
(right figure). Concerning the estimation of the basis, we
have considered here a genetic algorithm to achieve the max-
imum of (6) or of (9), with a population of 30 and at most
100 generations.

These figures and the previous analysis permit to derive
the following conclusions.
• For the MF-based detector, when the basis is known, the

Monte-Carlo simulations confirm the theoretical results,
and validate the robustness of the performance versus the
statistics of the noise. Furthermore, although not really
developed here, it is possible to finely analyze the in-
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Figure 1: A snapshot of the first component of a noisy magnetic
signature, where the noise is Gaussian (top) and Laplacian (bottom)
respectively. The noiseless signal is depicted in dashed line.
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Figure 2: ROC curves for the 3D MF-based and LO-based detec-
tors (6)-(9), for Gaussian (left) and Laplacian (right) noise. In both
figures, the basis is known (solid line) or estimated via its parame-
ters (dashed line); the stars represents the theoretical result (namely
(11)), the squares correspond to MC of the MF-based receivers, and
the circles to LO-based receivers (5000 snapshots have been used).

fluence of each physical parameters, as previously men-
tioned.

• For the MF-based context and when the basis is un-
known, the maximization will induce an increase of false
alarm probability, and thus a loss of performance, as il-
lustrated in the figure. In the Laplacian context, the loss
of performance is more pronounced as intuitively ex-
plained in the previous section: spikes of noise can be in-
terpreted as magnetic signatures, increasing then the false
alarm probability.

• As expected, in the Laplacian case, the LOD approach
provides better performance than the MF-based ap-
proach, both in the known basis and unknown basis cases.
The improvement seems more pronounced in the case of
unknown basis: this can be interpreted as the fact that the
score (i.e. LO) function tends to smooth the spiky nature
of the noise; thus the degradation due to the estimation
is less pronounced than in the MF-based case. Although
not illustrated, the improvement is generic (at least for
all the cases among the generalized Gaussian noise we
have tested). However, this remains to be shown analyt-
ically and the approach remains to be refined especially
concerning the estimation of S.
Another illustration of the improvement induced by the

LO approach in the Laplacian context is given by figure 3 that
depicts Pd as a function of the source-sensor (normalized)
distance D, when Pfa is fixed (here at 10%). As an example
for high probability of detection, a gain between 5 and 10%
in terms of distance of detection is obtained (and more for
smaller probability of detection).

6. DISCUSSION

In this paper, the MAD detection has been extrapolated to the
case of 3D sensors, that may be used in a detection context
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Figure 3: Probability of de-
tection Pd as a function of the
normalized distance source-
sensor D, for a fixed false
alarm probability Pfa = 10%,
when the noise is Laplacian.
Same legend than in figure 2.

and that seems more and more accurate nowadays. While
the (quite old) detection scheme is based on Gaussian noise,
we have shown here how the “classical” locally optimum de-
tector can be derived in the MAD framework. Due to the
central limit theorem, the performances of the MF-based de-
tectors are robust in the potential case of nonGaussian noise,
as explained and briefly illustrated. When the noise is non-
Gaussian, the LOD exhibits better performance, as illustrated
in the Laplacian case. Since, in a detection context, even
a slight improvement for the performance may be of great
interest, the real noise statistics have to be carefully investi-
gated and taken into account. This noise modeling represents
a pertinent axis for new researches and developments for de-
tection.

In the case of the MF-based detector using known basis,
the performances have been analytically expressed. This re-
sult is of great interest for the following reasons. First, it
allows to determine the decision threshold once the decision
criterion is chosen (e.g. false alarm probability fixed). It also
makes it possible to clearly analyze the effect of each phys-
ical parameter on performance. On the opposite, analytical
expression allows the tuning of some parameters (e.g. deter-
mining the maximum distance of the sensor) to meet a given
degree of performance. To generalize this possibility to the
other cases presented in the paper, the analytical theoretical
performances are also under investigation when the basis pa-
rameters are estimated, as well as in the two LO-based re-
ceivers. For example, concerning the MF-based receiver, the
aim is to derive the statistics of the estimates of D and t0,
since conditionally to these parameters the performances of
the MF-based receiver are known.

For further work, effort must be focused on the basis pa-
rameter estimation (Bayes-based scheme, comparative stud-
ies on optimization algorithms (see e.g. [21, chap. 8]), es-
timations/detection bounds, etc.) because estimation error
may strongly affect performances. Replacing the LS esti-
mation in the nonGaussian context, by taking into account
here again the statistics of the noise, remains also to be done,
although it will induce an additional computational cost. Fi-
nally, assessing the robustness versus the different assump-
tions (linear and constant speed motion, no rotation of the
sensor along the motion, etc) has to be taken into considera-
tion.
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ABSTRACT
We formulate, analyze, and solve a novel topic in detection
theory, here referred to as the unlucky broker problem. Sup-
pose you have a standard statistical test between two hy-
potheses, leading to the optimal Bayesian decision made by
exploiting a certain dataset. Later, suppose that part of the
data is lost, and we want to remake the test by using the sur-
viving data and the previous decision. What is the best we
can do?

Such problem, first considered in [1], is faced by standard
tools from detection theory. We afford the general form of
the optimal detectors, and discuss their operative modalities,
emphasizing the intriguing insights hidden in the solution.

1. INTRODUCTION

Suppose that a wireless sensor network is engaged in a bi-
nary detection task. Each node of the system collects mea-
surements about the state of the nature (H0 or H1) to be
discovered. A common fusion center receives the observa-
tions from the sensors and implements an optimal Bayesian
test, exploiting its knowledge of the a-priori probabilities of
the hypotheses. Later, the priors used in the test are revealed
to be inaccurate and a refined pair is made available. Unfor-
tunately, at that time, only a subset of the original data is still
available, along with the original decision. The unlucky bro-
ker problem is that of refining the original decision, taking
advantage of the new pair of priors and of the surviving data.

A further example, that reveals the origin of the name
unlucky broker, can be found in everyday life. Bernard is a
broker and his job is to recommend a portfolio assessment to
his customers. He relies on two data sets: one in the pub-
lic domain and another made of certain confidential informa-
tion he has received. To suggest the appropriate investments,
Bernard must decide between a positive or a negative mar-
ket trend, each characterized by an a-priori probability. He
makes his decision by minimizing the risk of making a wrong
prediction.

Just before visiting his customers, Bernard is informed
that his a priori information on the market trend were un-
reliable and he receives a refined version of them. At this
point, Bernard wants to revise his own decision to minimize
the risk in light of the new information he has available. Un-
fortunately, the unlucky Bernard has lost the files containing
the confidential information: his new decision must be based
only on the public domain data set and on his original deci-
sion.

In statistical terms, the scenario just considered can be
abstracted as in Fig. 1. A certain entity, we call it SA, ob-
serves the data (x,y) and implements an optimal Bayesian
test, exploiting the a-priori probabilities of the hypotheses,
π0A and π1A, yielding a decision δ (x,y) = 0,1 at (the best)

H0 , H1

SA
SB

XY

Bδδ
at risk rA at risk rB

AA 10 ,ππ BB 10 ,ππ

Figure 1: Notional scheme of the unlucky broker problem.

Bayes risk level rA. Another entity, SB, which has a refined
version of priors, π0B and π1B, observes only a portion of the
original data (the vector x), receives from SA the binary value
δ (x,y) and makes the best Bayes decision δB(x,δ (x,y)) at a
Bayes risk rB.

In the described system architecture, we address the fol-
lowing basic questions. What is the best decision SB can
make, by exploiting the observation vector x and the binary
decision δ (x,y)? What about the behavior of the optimal
detector at site SB? Should SB simply retain the previous de-
cision δ , or should it ignore that, and use only the currently
available data set for a completely new decision? Or, what
else?

The notional scheme in Fig. 1 allows us to figure out that
a similar problem arises in decentralized detection with tan-
dem (serial) architecture; this topic is widely investigated in
the literature, see, e.g., [2–8]. In our case, however, the de-
cision δ does depend upon x, and this makes the problem
essentially different from that considered in the literature.

The paper is organized as follows. In the next section
the problem is formalized and the answers to the stated ques-
tions are given. Examples of applications are provided in
Sect. 3, while Sect. 4 concludes the paper. An extended ver-
sion of this work can be found in [1], where the focus on
the Neyman-Pearson setting. Since many general results are
similar, we refer the reader to [1] for many details and proofs
that are here omitted. On the other hand, the in-depth in-
vestigation of the Bayesian unlucky broker, not given in [1],
represents the original contribution of this work.
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2. STATEMENT OF THE PROBLEM & RESULTS

Let X = [X1,X2, . . . ,XNx ] and Y = [Y1,Y2, . . . ,YNy ] be two in-
dependent continuous-valued random vectors. With refer-
ence to Fig. 1, SA has to solve the following binary hypothesis
test:

H0 : Xi ∼ fX (x;H0), Yj ∼ fY (y;H0),
H1 : Xi ∼ fX (x;H1), Yj ∼ fY (y;H1),

(1)

where i and j span the entries of the observation vectors X
and Y, respectively. In the above, fX (x;H0) is the marginal
probability density function (pdf, for short) of the variable Xi,
under hypothesis H0. Similarly, fX (x;H1) is the pdf under
H1, while fY (y;H1) and fY (y;H0) are the corresponding
quantities for Yj. We assume that both X and Y have mutually
independent and identically distributed entries.

The optimal Bayes strategy (see, e.g., [9–11]) for (1) is

δ (x,y) =
{

1, L(x,y)≥ γ,
0, L(x,y)< γ,

where

L(x,y) =
Nx

∑
i=1

ln
fX (xi;H1)

fX (xi;H0)
+

Ny

∑
j=1

ln
fY (y j;H1)

fY (y j;H0)

= Lx(x)+Ly(y) (2)

is the log-likelihood ratio between H0 and H1, and the
threshold γ is defined as

γ = ln
π0A(C10 −C00)

π1A(C01 −C11)
, (3)

where Ci j is the cost incurred by choosing the hypothe-
sis Hi when H j is true and π1A = 1 − π0A. Let us con-
sider an uniform cost assignment, that is Ci j = 0 if i = j
and Ci j = 1 if i ̸= j. Thus, the threshold in (3) becomes
γ = lnπ0A/(1−π0A), and the Bayes risk rA is [10]

rA = π0APf +(1−π0A)(1−Pd), (4)

where Pf and Pd are the false alarm and detection probabili-
ties of the optimal Bayes test based upon (X,Y), respectively.

Now, SB — that models our unlucky broker — has avail-
able only the vector x and the decision δ (x,y), a binary vari-
able, coming from SA. The corresponding detection statistic
can thus be written as the ratio [10]

T (x,δ ) = ln
P(x,δ ;H1)

P(x,δ ;H0)
, (5)

where P(x,δ ;H0) and P(x,δ ;H1) are the joint densities of
the pair (X,δ (X,Y)) under H0 and H1, respectively. Let
Pf y(z) and Pdy(z) be, respectively, the false alarm and de-
tection probabilities of an optimal Bayesian test based only
upon y. By defining the random variable Lx = Lx(X), whose
realization is lx, and introducing the functions

t1(lx) = lx + ln
Pdy(γ − lx)
Pf y(γ − lx)

,

t0(lx) = lx + ln
1−Pdy(γ − lx)
1−Pf y(γ − lx)

,
(6)

the decision statistic in (5) can be rewritten (with slight abuse
of notation) as

T (lx,δ ) = δ t1(lx)+(1−δ ) t0(lx), (7)

as it can be easily checked by examining the two cases δ =
0,1.

The optimal decision rule for SB is, clearly,

δB(x,δ (x,y)) =
{

1, T (lx,δ )≥ γB,
0, T (lx,δ )< γB,

(8)

where γB = lnπ0B/(1−π0B) is the new threshold set by using
the refined version of the priors. The corresponding Bayes
risk is

rB = π0BPf ,B +(1−π0B)(1−Pd,B), (9)

where Pf ,B and Pd,B are the associated detection and false
alarm probabilities.

All the above has been obtained by direct application of
the standard tools from detection theory. More interesting
are the following results and their implications. First, let u(·)
denote the unit step function: u(x) = 1 for x ≥ 0, and u(x) =
0 otherwise. In the following we will omit the arguments
of δB(x,δ (x,y)) and δ (x,y) for notational simplicity. The
behavior of the detector SB is summarized in the following
results, whose proofs can be found in [1].

THEOREM. The unlucky broker’s optimal decision rule is

δB =

{
δ u(t1(lx)− γB) , for π0B > π0A,
(1−δ ) u(t0(lx)− γB)+δ , for π0B ≤ π0A.

(10)

•
COROLLARY. Suppose that the functions t1(lx) and t0(lx)
defined in (6) are invertible and strictly increasing, and let

s1 = t−1
1 (γB), s0 = t−1

0 (γB). (11)

Then the unlucky broker’s optimal decision rule becomes

δB =

{
δ u(lx − s1) , for π0B > π0A,
(1−δ ) u(lx − s0)+δ , for π0B ≤ π0A.

(12)

•
The above theorem and its corollary allow us to identify

the modus operandi of the optimal detector solving the un-
lucky broker problem. The behavior of the unlucky broker
(entity SB) is summarized as follows.
• When there is no refinement of the a-priori probabilities

(π0B = π0A), the best solution for the unlucky broker is,
clearly, to retain the original decision. It can be shown
that this result is indeed embodied in the statement of the
previous Theorem.

• When π0B > π0A, an original decision δ = 0 (in favor of
H0) is always retained by SB, while a decision δ = 1 (i.e.,
for H1) needs a double check: it is kept only if the func-
tion t1(lx) is larger than, or equal to, the new threshold
γB.

• Conversely, in the case π0B < π0A, a decision in favor of
H1 is always retained, while a decision in favor of H0 is
retained only if t0(lx) is less than γB.
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• In summary, when the refined prior tells that, say, H0 is
becoming more likely (π0B > π0A), the unlucky broker
should accordingly tip the balance toward the null hy-
pothesis. The optimal way to do this is to change some
of the decisions in favor of H1, based upon a suitable de-
tection statistic of the available data set x. The situation
clearly reverses when π0B < π0A.

Also, the above Theorem and its Corollary imply the fol-
lowing. Whenever the functions t1(lx) and t0(lx) are invert-
ible and strictly increasing, the required double check results
in comparing lx(x) to a single threshold. Otherwise stated,
given that the original decision is δ = 1 (when π0B > π0A) or
δ = 0 (when π0B ≤ π0A), the optimal test for SB behaves as
a (likelihood) single threshold test, based upon the available
data set x.

In the general case covered by the Theorem, instead, the
double check may involve much more tricky log-likelihood
comparisons: it requires checking whether lx(x) belongs to
some arbitrarily shaped subset of the real line, not necessarily
simply connected. This may in fact amount to compare lx(x)
to multiple thresholds.

Before ending this section, we report the analytical ex-
pressions for system performances evaluation. The Bayes
risk rB can be evaluated by resorting to eq. (10). In [1] we
show that when π0B > π0A, we have

Pd,B = Pd −
∫

t1(lx)<γB

Pdy(γ − lx) fLx(lx;H1)dlx,

Pf ,B = Pf −
∫

t1(lx)<γB

Pf y(γ − lx) fLx(lx;H0)dlx, (13)

where fLx(lx;H1) is the pdf of the random variable Lx under
the alternative hypothesis. In the opposite case of π0B ≤ π0A,
we get

Pd,B = Pd +
∫

t0(lx)≥γB

[1−Pdy(γ − lx)] fLx(lx;H1)dlx,

Pf ,B = Pf +
∫

t0(lx)≥γB

[1−Pf y(γ − lx)] fLx(lx;H0)dlx.

3. EXAMPLES

In this section, the above theoretical framework is applied to
two specific decision problems. We start by considering a
classical Gaussian shift-in-mean hypothesis test

H0 : Xi,Yj ∼ N (0,σ2),
H1 : Xi,Yj ∼ N (µ,σ2).

(14)

The upper plot in Fig. 2 shows the Bayes risk as a function
of the refined prior π0B, when π0A = 0.3, for three different
systems. We consider the optimal Bayes detector having ac-
cess to the full data set (x,y) and the detector SB that exploits
the pair (x,δ ). For comparison purposes, we also show the
risk pertaining to a detector which always retains the original
decision, ignoring thus the availability of a refined prior. The
error probabilities of this latter would clearly coincide with
Pf and 1−Pd , yielding a linear behavior with π0B. We can
observe that the curves get in contact when the refined pri-
ors are equal to those used in the original test. Furthermore,
a precise ordering relationship exists: SA uniformly outper-
forms SB, which in turn uniformly outperforms the “blind”
system which ignores the refined prior availability.
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Figure 2: Bayes risk (upper plot) and probabilities Pf ,B, 1−Pd,B
(lower plot) versus a-priori probability π0B for the Gaussian shift-
in-mean problem with Nx = Ny = 2, σ = 1, µ = 1 and π0A = 0.3.

The lower plot in Fig. 2 depicts the behavior of the proba-
bilities Pf ,B, 1−Pd,B as functions of the refined prior π0B and
allows us to describe more in detail what happens in terms
of Bayes risk. In the considered example, the original a pri-
ori probability is π0A = 0.3, giving γ = −0.85. If the priors
selected by the broker (entity SB) coincide with these initial
values, the best that one can do is to retain the original de-
cision, ignoring the surviving data. Accordingly, Pf ,B = Pf ,
Pd,B = Pd , and the curves in the upper plot of Fig. 2 get in
contact just for π0A = π0B = 0.3, when the priors are actually
not refined at all.

Now, let us choose π0B ̸= 0.3, but sufficiently close to
that. Assume, for instance, π0B = 0.4, implying γb =−0.41.
In this case we have π0B > π0A, so we must compare (see the
Theorem in Sect. 2) t1(lx) to γB. It can be shown that the func-
tion t1(lx), plotted in Fig. 3, crosses the threshold γB when
lx = −4.6, and we can compute the unlucky broker’s detec-
tion probability thanks to the first of eqs. (13). By numeri-
cally integration, we find that the integral term in the first of
eqs. (13) is much smaller (≈ 10−7) than the detection prob-
ability Pd (0.92 in the example) and, accordingly, 1−Pd,B is
almost equal to 1−Pd . Similarly, we have Pf ,B ≈ Pf (0.28 in
the example). This basically means that, in a neighborhood
of π0A, the original decision is very often retained (δB ≈ δ ).
Looking at Fig. 2, this immediately explains the similarity
between the performance of SB and that of the system which
always retains the decision δ , in the range where π0B is suf-
ficiently close to π0A.

Figure 4 shows, instead, what happens when π0B = 0.7,
implying γB = 0.85. The intersection between t1(lx) and
γB occurs when lx = 0.4. The integral term in the first of
eqs. (13) is now comparable (≈ 0.27) to Pd , and 1 − Pd,B
grows as shown in Fig. 2. In a similar manner, we find that
the integral term in the second of eqs. (13) is comparable
(≈ 0.16) to Pf , and Pf ,B decreases as shown in the lower plot
of Fig. 2.

We can conclude that for small variations of the priors
around the original values, the unlucky broker changes the
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Figure 3: Function t1(lx) (upper plot) and final decisions in the
plane (lx,δ ) (lower plot) when γB =−0.41. This refers to the Gaus-
sian example.

Figure 4: Function t1(lx) (upper plot) and final decisions in the
plane (lx,δ ) (lower plot) when γB = 0.85. This refers to the Gaus-
sian example.

original decision with probability much smaller than the false
alarm and detection probabilities of the original decisions.
Hence, in this range, the Bayes risk of the broker is almost
linear. A physical interpretation is that in this interval the
unlucky broker essentially exploits only the information pro-
vided by the original decision.

From the upper plot of Fig. 4 we see that the function
t1(lx) for the case study we are considering is strictly increas-
ing, as formally proved in [1]. The same result holds for the
function t0(lx). Thus, we are in the setting of the Corollary
in Sect. 2, and we can state that the optimal solution to the
unlucky broker problem is provided by a detector that com-
pares the log-likelihood to a single threshold. This is what
one usually expects by a detector.

The lower plot in Fig. 4 is to be interpreted as follows. In
the white regions the final decision is in favor of H0, while
in the grey region a decision in favor of H1 is taken. We
see that if the original decision (given on the vertical axis) is

Figure 5: Function t1(lx) (upper plot) and final decisions in the
plane (lx,δ ) (lower plot), for the example involving the balanced
mixture of Gaussians; values of the parameters are detailed in the
main text. As for the previous figures, the grey (resp. white) regions
in the lower plot mean that δB = 1 (resp. δB = 0).

δ = 0, no matter what lx is, the final decision will be δB =
0. On the other hand, a decision δ = 1 is retained only if
lx is large enough. Finally, we can observe that if the two
thresholds approach each other, then the original decisions
are always retained. Summarizing, when the functions t1(lx)
and t0(lx) are invertible and strictly increasing, the optimal
detector solving the unlucky broker problem works like a log-
likelihood threshold test.

For the observation model (14), proving when the func-
tions t1(lx) and t0(lx) defined in (6) are strictly monotone is
by no means trivial. Nonetheless, aside from mathematical
difficulties, the reader might guess that the monotone prop-
erty may hold very in general. Instead, the unlucky bro-
ker problem does not lead, in general, to a simple single-
threshold detector. Usually, the behavior is more complex,
since typically the functions t1(lx) and t0(lx) defined in (6)
are not monotone. As an example, consider the following
detection problem.

H0 : Xi and Yi ∼ N (0,σ2
0 ),

H1 : Xi and Yi ∼ 1
m ∑m

i=1 N (µi,σ2
1 ),

where the variables Xi’s and Yi’s are zero-mean Gaussian with
variance σ2

0 under the null hypothesis H0, while under the al-
ternative hypothesis they are identically distributed as a bal-
anced mixture of m Gaussian random variables with mean
values µ1,µ2, . . . ,µm, and common variance σ2

1 .
To get insights about the detector structure, let us con-

sider the above problem for Nx = Ny = 1, m = 20, σ2
0 = 2,

σ2
1 = 0.2, γ = 0.5, and the mean values µi’s selected as

equally spaced points in the range [−9,9]. In the upper plot
of Fig. 5, obtained numerically, the function t1(lx) is shown
and we see that it is no longer monotone.

This non-monotone behavior has a strong impact on the
decision rule, as it can be appreciated by looking at the lower
plot in Fig. 5. The figure shows the final decisions taken by
the detector, with π0B > π0A. The decisions are plotted on
the “plane” (lx,δ ): in the white regions the final decisions
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are for H0, while in the grey regions a final decision for H1
is made. As predicted by the theory, since π0B > π0A, all the
decisions δ = 0 are retained. However, the rule for retaining
the decisions δ = 1 is markedly different from that observed
in the previous case. Indeed, the grey region is no longer
simply connected, meaning that the detector structure does
not simply involve the comparison of the log-likelihood ratio
lx with a single threshold.

In general, therefore, the detection regions have a com-
plicated shape and the unlucky broker task cannot be reduced
to a single-threshold comparison. The behavior of t1(·) and
t0(·) that rules the optimal detector, indeed, implies multiply-
connected and irregularly-shaped optimal decision regions.

4. CONCLUSIONS

This paper introduces a novel topic in detection theory —
called the unlucky broker problem— with a broad range of
potential applications in different fields (sensor networks,
economics, medicine). We have a statistical test between
two hypotheses, exploiting a certain data set (x,y) and the
knowledge of the a priori probabilities of the hypotheses.
This leads to a decision δ obeying the Bayes optimality cri-
terion. Afterward, the priors used in the test are revealed to
be unreliable and a refined pair is made available. At this
point, however, vector y is lost and we can rely only on the
surviving data set x, the original decision δ , and the refined
version of the priors. Due to the statistical dependence be-
tween δ and x, the problem is markedly different from the
tandem decision systems studied in the literature. The main
results for the optimal Bayes test can be so summarized.
• When there is no refinement in the a priori probabili-

ties, namely the threshold used by the original detector
is equal to that exploited by the unlucky broker, the best
that we can do is to retain the original decision; the avail-
able data set is useless. Indeed, SA exploits the full data
set and, for a fixed pair of a-priori probabilities, it guar-
antees the best Bayes risk level.

• When there is an effective refinement, some decisions
can be safely retained, but others require a deeper anal-
ysis. As one might expect, we find that the sufficient
statistic for the final decision is the pair (δ ,Lx(x)), where
Lx(x) is the log-likelihood of vector x: both the origi-
nal decision δ , and the data x influence the final decision
δB, with data x playing their role only through the related
log-likelihood Lx(x). Any reader familiar with detection
theory would say: “So what? That x played its role only
through its likelihood Lx(x) comes with no surprise at
all.”
That reader would be right. But things must be proved
because intuition is not always infallible (this, in particu-
lar, applies to the present authors’ intuition). One contri-
bution is to rigorously prove the above result.

• One’s intuition perhaps might suggest that the final de-
tection structure amounts comparing Lx(x) to a suitable
threshold level — what is commonly called a single
threshold test.

This, however, is quite far from the truth. In general,
we show that, when the prior probability of H0 increases
(π0B > π0A), the unlucky broker should always retain a
decision δ = 0, while the decisions in favor of H1 are
changed only if Lx(x) belongs to some subset of the real
axis having (in general) a complicated structure, which is
characterized in the paper. Similar considerations apply
to the case π0B < π0A. Therefore, the found solution to
the Bayesian version of the unlucky broker problem does
not amount to a simple threshold test, and this is the main
result of the paper.
The present work can be extended in many directions.

These include (i) the extension to further detection stages
(multiple successive refinements); (ii) addressing the case
where surviving data are noisy; (iii) the study of simpler
single-threshold (hence non optimal) detection schemes.
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ABSTRACT

In this article, we address the problem of multiple target
tracking. Particle filter solutions must mainly cope with two
problems: a high-dimensional problem and a data associa-
tion problem. We propose to solve both problems simulta-
neously thanks to a particle filter based on a Gibbs sampler
that simulates both state space and association variables.We
present two possible implementations of this solution that
differ in their inner structure: the first one samples the condi-
tional densities with a Hastings-Metropolis algorithm while
the second one uses importance sampling. These algorithms
are shown to be as efficient as JPDA particle filters, with a
dramatic reduction of the computational cost.

1. INTRODUCTION

Multi-target tracking is a well-known problem that consists
of sequentially estimating the states of several targets from
noisy data. It is encountered in many applications, for in-
stance aircraft tracking from radar measurements [5] or foot-
ball player tracking in a video sequence [9]. Solutions of this
problem using particle filters have been proposed in the past
ten years [5, 10, 6]. Two problems are generally faced:
• a dimensional problem: the state vector gathers all target

states and its size increases with the number of targets. In
this high-dimensional state space, particle filters tend to
become inefficient.

• a data association problem: data consist of a set of mea-
surements resulting from a thresholding procedure. Each
measurement may correspond either to a target or to a
false alarm. Conversely, a target may have been either
detected or missed. How to determine which targets have
been detected, and which measurement corresponds to
each detected target?

Although this second problem may not be faced in some
multitarget tracking applications, we will consider here sit-
uations where both dimensional and data association issues
arise. The Joint Probabilistic Data Association (JPDA) filter
is a classical approach to tackle the data association problem
[2]. It considers all possible associations between targets and
measurements, and solves the tracking problem by estimat-
ing the marginal posterior density of each target state. Inter-
estingly, this approach also solves the dimensional problem
since it effectively resorts to one filter per target [10]. Sev-
eral JPDA particle filters have been proposed in the literature
[3, 10, 1]. For a small number of targets and measurements,
this approach is very efficient. However, the number of pos-
sible associations combinatorially grows with the number of
targets and measurements. For target tracking at low SNR
and a fixed detection probability, many false alarms occur
and the JPDA particle filter becomes intractable.

Other alternative particle filters have been proposed to
solve the multi-target tracking problem. A particle filter
based on Probabilistic Multiple Hypothesis Tracker (PMHT)
strategy has been proposed in [5]. It requires the estimation
of false alarm and association probabilities. The problem is
solved via a Gibbs sampler that estimates these densities,
prior to the computation of the particle weights. However
the PMHT approach which is based on an independence hy-
pothesis generally leads to degraded performance compared
to JPDA filters [11]. In [10], a new particle filter strategy has
been proposed to solve the association problem at a tractable
cost. In this solution, association variables are sampled as
well as target states by means of a proposal distribution that
permits to factorize the importance weights over the individ-
ual target associations and thus solve the dimensional prob-
lem. However this procedure involves additional resampling
steps for the cumulative weights, and must be repeated sev-
eral times to avoid depletion problems in the final Monte
Carlo representation of the posterior density, thus leading
again to important computational costs. Another solution for
the dimensional problem, described in [6], consists in replac-
ing the importance sampling approach in the classical parti-
cle filter by a Monte Carlo Markov Chain (MCMC) method
[7]. However this interesting solution does not deal with the
combinatorial problem.

We propose in this article two filters that can solve both
dimensional and association problems at a computational
cost linear in the number of targets and observations. These
two solutions resort to a Gibbs sampler [4] to break the high-
dimensional structure of the state space by sampling each
target conditionally to the othersThe first solution estimates
these conditional densities via a Hastings-Metropolis algo-
rithm within the Gibbs sampler; it therefore presents a full
MCMC structure. On the contrary, the second solution per-
forms an importance sampling step within the Gibbs sampler
in order to estimate the conditional densities. This hybrid
structure permits to keep advantages of both MCMC and im-
portance sampling algorithms.

This article is organised as follows: the multi-target
model is presented in section 2. The two proposed algorithms
are derived in section 3. Finally we present simulations and
conclusions in section 4.

2. THE MULTI-TARGET MODEL

In this section, we describe the multi-target model. Note that
we will assume throughout this article that the number of
targetsMT is known and constant over time.

Let us denote byxk,n the vector describing the state of
the nth target (n ∈ {1,MT}) at time instantk. Similarly, at
this time instant, the observations are provided by a set of
Mk measurements(zk, j) j∈{1,Mk}. A variableθk,n can be in-

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 159



troduced to associate targetn to the observation it generated;
this association variable is defined as

θk,n =







j ⇒

{

if the observationzk, j is generated
by targetn with state vectorxk,n;

0 ⇒ if targetn has not been detected.

State vectors (xk,n)n∈{1,MT }, measurement vectors
(zk, j) j∈{1,Mk} and association variables(θk,n)n∈{1,MT }
can be concatenated into vectorsxk, zk andθk respectively.

With these notations, thenth target statexk,n can be mod-
elled by the general state equation:

xk,n = fk(xk−1,n,vk−1,n), (1)

where fk(·, ·) represents the target dynamics at time instant
k, andvk,n is a (possibly non gaussian) noise vector. Since
measurements can be generated either by a real target or by
a false alarm, the observation model is two-fold:
• If the measurement is generated by a target, it is modelled

by a standard measurement equation;
• If the measurement corresponds to a false alarm, it is

modelled by a uniform random variable [2, 10].
This can be summarized as follows:

zk, j =

{

hk(xk,n,nk,n) if ∃n ∈ {1,MT} s.t. θk,n = j
uk, j otherwise,

wherehk(·, ·) models the relationship between the target state
and the observation,nk,n is a (possibly non gaussian) noise
vector, anduk, j is a uniform variable of probability density
p(uk, j) = 1/V over the observation window of volumeV .

3. GIBBS SAMPLER BASED PARTICLE FILTERS

The classical particle filter aims at estimating the objective
densityp(xk|z1:k) via a set of particles. In multitarget track-
ing, this leads to the two aforementioned issues of high di-
mension and association. The JPDA particle filter solves the
high dimensional problem by sampling the marginal densi-
ties p(xk,n|z1:k) instead of the objective densityp(xk|z1:k),
and solves the association problem by considering all possi-
ble associationsθk. However it faces a combinatorial growth
of the number of possible associations with the number of
targets and measurements. In this article, we consider instead
a particle filter that estimates the posterior densityp(yk|z1:k)

of the completed variableyk , [xT
k , θk]

T . For clarity in the
calculations, we will decompose this variable in the form

yk = [yT
k,1,y

T
k,2, . . . ,y

T
k,MT

]T with yk,n = [xT
k,n, θk,n]

T .

Sampling the completed variableyk with importance sam-
pling as in standard particle filter leads to degraded perfor-
mance compared to JPDA particle filter [10]. We propose
here to use a Gibbs sampler [7] in order to draw samples ac-
cording to the posterior distributionp(yk|z1:k). More pre-
cisely, our Gibbs sampler works by sampling the entries
yk,n according to the conditional densitiesp(yk,n|yk,−n,z1:k),
where yk,−n = [yT

k,1, . . . ,y
T
k,n−1,y

T
k,n+1, . . . ,y

T
k,MT

]T . This
one-target-at-a-time feature permits to break the high
dimensionality of the problem. However, the conditional
densitiesp(yk,n|yk,−n,z1:k) are themselves difficult to sam-
ple directly and we must resort to simulation techniques. We
propose two solutions for the simulation of these conditional
densities. The first one is based on a Hastings-Metropolis
algorithm, and the second one on importance sampling.

3.1 Hastings-Metropolis-within-Gibbs particle filter

The Hastings-Metropolis algorithm (HMA) [7] is based on
a simple acceptation-reject principle. At each iteration,a
proposed sample ˆyk,n is drawn according to an instrumental
law q(yk,n|yk,−n,yk−1,z1:k) and is accepted with a probabil-
ity defined by the Hastings-Metropolis (HM) ratio, given by

α =
p(ŷk,n|yk,−n,z1:k)q(y

i−1
k,n |yk,−n,yk−1,z1:k)

p(yi−1
k,n |yk,−n,z1:k)q(ŷk,n|yk,−n,yk−1,z1:k)

,

whereyi−1
k,n denotes the last accepted sample.

3.1.1 Computation of p(yk,n|yk,−n,z1:k)

Using Bayes law, we can write

p(yk,n|yk,−n,z1:k) ∝ p(zk|yk,z1:k−1)p(yk,n|yk,−n,z1:k−1),

where the proportionality factor, equal top(zk|yk,−n,z1:k−1),
disappears in the HM ratio since it doesn’t depend on target
n. Conditionally toyk, the target contributions can be sepa-
rated from false alarms inp(zk|yk,z1:k−1):

p(zk|yk,z1:k−1) =
1

V max(0,Mk−MT )

MT

∏
q=1

p(zk,θk,q |xk,q), (2)

where we assumed thatp(zk,θk,q |xk,q) =V −1 if θk,q = 0. The

term V max(0,Mk−MT ) accounts for the case where there are
more measurements than targets: these measurements in ex-
cess are false alarms. Of course additional false alarms arise
for associationsθk,q = 0.

The densityp(yk,n|yk,−n,z1:k−1) can be factorized as

p(yk,n|yk,−n,z1:k−1) = p(xk,n|z1:k−1)p(θk,n|θk,−n). (3)

Here the predictive densityp(xk,n|z1:k−1) can be computed
from the set ofNp particlesxi

k−1 obtained at timek−1. In-
deed, as particlesxi

k−1,n are distributed according to the pos-
terior densityp(xk−1,n|z1:k−1),

p(xk,n|z1:k−1) =
∫

p(xk,n|xk−1,n)p(xk−1,n|z1:k−1)dxk−1,n

≈
1

Np
∑

i
p(xk,n|x

i
k−1,n).

Finally, p(θk,n|θk,−n) in (3) must be assigned a prior density.
We propose to use the following prior, inspired from [10]:

p(θk,n = j|θk,−n) =



















1−PD if j = 0
0 if ∃q ∈ {1,MT}−n :

θk,q = j 6= 0
PD

Mu,−n
otherwise

(4)

with Mu,−n the number of remaining measurements not as-
signed by variablesθk,−n, andPD the detection probability.

3.1.2 Choice of the instrumental law

We choose here an instrumental law that factorizes between
the state and the association variable:

q(yk,n|yk,−n,yk−1,z1:k) = q(xk,n|yk,−n,yk−1,z1:k)
×q(θk,n|xk,n,yk,−n,yk−1,z1:k).

(5)
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For the target state, we choose an instrumental distribution
derived from the target dynamics, expressed as:

q(xk,n|yk,−n,yk−1,z1:k) =
1

Np
∑
q

p(xk,n|x
q
k−1,n).

This choice consists in choosing randomly one particle in the
set(xi

k−1,n)i∈{1,Np} and propagating it according to the state
equation. It is the equivalent for the HMA to the instrumental
law used in standard particle filter when the instrumental law
is provided by the state equation. Besides it presents the great
advantage of simplifying with the densityp(xk|z1:k−1) in the
HM ratio, thus lightening the ratio calculation. Note finally
that this choice leads to an independent HMA; this particular
class of HMA has strong convergence properties [8].

As for the association variable, we choose an instrumen-
tal distribution that takes into account the current observa-
tion, so that most probable associations will be favored in the
sampling. Using Bayes, we can write

q(θk,n|xk,n,yk,−n,yk−1,z1:k) ∝ p(zk|yk,z1:k−1)
×p(θk,n|xk,n,yk,−n,yk−1,z1:k−1).

In this expression,p(zk|yk,z1:k−1) is given by (2), whereas
p(θk,n|xk,n,yk,−n,yk−1,z1:k−1) = p(θk,n|θk,−n) is provided
by (4). The instrumental distribution for the association vari-
able can then straightforwardly be computed as:

q(θk,n = j|xk,n,yk,−n,yk−1,z1:k) =


























1
V

(1−PD)

Qk,n(xk,θk,−n)
if j = 0

0 if ∃q ∈ {1,MT}−n :
θk,q = j 6= 0

PD

Mu,−n

p(zk, j|xk)

Qk,n(xk,θk,−n)
otherwise,

(6)

with the normalization coefficientQk,n(xk,θk,−n) given by:

Qk,n(xk,θk,−n) =
1−PD

V
+

PD

Mu,−n

Mk

∑
j=1

j/∈θk,−n

p(zk, j|xk). (7)

3.1.3 HM-within-Gibbs algorithm (HMWG)

We can now derive the HM ratio. The previous choices make
the computation very easy since quantities independent of
targetn get simplified, as well as terms induced by the target
dynamics. The final expression of the ratio is simply:

α =
Qk,n(x̂k, θ̂k,−n)

Qk,n(x
i−1
k ,θ i−1

k,−n)
, (8)

where ŷk = [x̂k, θ̂k] is the candidate sample. The first
method we propose is summarized by Algorithm 1 and called
HMWG. Note that in this algorithm, targets are considered in
a random orderλ over the target set{1,MT}. This common
strategy insures certain convergence properties.

The HMWG algorithm presents some interesting fea-
tures: the inner HM structure requires no importance weights
and therefore no intermediate resampling steps, unlike the
multi-target particle filter presented in [10]. The outer Gibbs
sampler structure solves the association problem by MCMC

Algorithm 1 Metropolis-within-Gibbs algorithm (HMWG)
1: for i = 1 to Np do
2: draw a random permutationλ of the target set{1,MT}
3: for n = 1 to MT do
4: Propagation: draw a candidate particle ˆyk,λn ∼

1
Np

∑
q

pn(ŷ
i
λn
|xq

k−1,λn
);

5: Draw a candidate associationθk,λn according to the
distributionq(θk,λn |θk,−λn ,xk);

6: ComputeQk,λn(y
i
k,θk,λ−n) from (7) ;

7: Compute the HM ratioα as expressed in (8);
8: Draw a uniform variable on[0,1]: u ∼ U[0,1];
9: if u <= α then

10: Accept:xi
k,λn

= ŷ
i
λn

;
11: else
12: Reject:xi

k,λn
= x

i−1
k,λn

;
13: end if
14: end for
15: end for

sampling instead of considering all possible associations.
The computation cost becomes linear in the number of tar-
gets (targets are sampled individually) and in the number of
measurements (from the computation ofQk,n). On the dark
side, it looses the variance reduction feature of the impor-
tance sampling, and requires a burn-in period before the gen-
erated Markov chain converges to its stationary distribution.

3.2 Hybrid Importance-Sampling-Gibbs particle filter

We now present a hybrid algorithm that combines advantages
of both MCMC and importance sampling (IS). Recall that the
HMA was previously used to draw particles according to the
conditional densitiesp(yk,n|yk,−n,z1:k). This HMA step can
be replaced by an IS step in order to draw weighted particles
representing the conditional densitiesp(yk,n|yk,−n,z1:k).

IS can be used in two ways. We can use independent sets
of particles at each time step to estimate the objective den-
sity; then particles are generated using the same instrumen-
tal distribution as the HMA, and weights are not propagated
through time. Or we can use sequential IS as in standard par-
ticle filter: particles are propagated through time, and their
weights computed recursively. Then the instrumental law
must be chosen accordingly, and a resampling step must be
added to deal with the possible degeneracy of the particle set.
Note that if systematic resampling is used, these two strate-
gies are equivalent. We will detail now the second strategy.

3.2.1 Weight propagation

Similarly to the classical sequential IS particle filter, weights
for particlesyi

k,n can be recursively computed as:

wi
k,n ∝ wi

k−1,n

p(zk|y
i
k,z1:k−1)p(yi

k,n|y
i
k,−n,y

i
k−1,z1:k−1)

q(yi
k,n|y

i
k,−n,y

i
k−1,z1:k)

.

In this expression, the densityp(zk|y
i
k,z1:k−1) has already

been provided by (2). Besides we have:

p(yi
k,n|y

i
k,−n,y

i
k−1,z1:k−1)

= p(xi
k,n|θ

i
k,n,y

i
k,−n,y

i
k−1,z1:k−1)p(θ i

k,n|yk,−n,y
i
k−1,z1:k−1)

= p(xi
k,n|x

i
k−1,n)p(θ i

k,n|θ
i
k,−n).
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Algorithm 2 Hybrid algorithm
1: for i = 1 to Np do
2: draw a random permutationλ of the set of targets

{1,MT}
3: for n = 1 to MT do
4: Prediction: draw particlexi

k,n according to

pn(x
i
k,n|x

i
k−1,n);

5: Draw associationθk,λn according to the distribution
q(θk,λn |θk,−λn ,xk);

6: ComputeQk,λn(y
i
k,θk,λ−n) from (7) ;

7: Update weightswi
k,n according to (9);

8: end for
9: end for

10: Normalize weights: ˜w
i
k,n =

wi
k,n

∑q
j=1 w j

k,n

;

11: Resample if necessary.

Here p(xi
k,n|x

i
k−1,n) is easily obtained from the state equa-

tion, while p(θ i
k,n|θ

i
k,−n) can be expressed by prior (4).

3.2.2 Choice of the instrumental law

As previously, we choose an instrumental law that verifies
the factorization property (5). For the state of targetn, the
instrumental distribution is provided by the state equation:

q(xi
k,n|y

i
k,−n,y

i
k−1,z1:k) = p(xi

k,n|x
i
k−1,n).

This choice implies that each particle is propagated accord-
ing to the corresponding target dynamics. It is formally equi-
valent to the distribution used in the HMA. For the associa-
tion variable, we choose the law provided by (6) which per-
mits to draw sequentially samples of associationsθk,n taking
into account the current observation as well as the associa-
tionsθk,−n.

3.2.3 The hybrid algorithm

With these instrumental laws, the update equation for the
weights becomes:

wi
k,n ∝ Qk,n(xk,θk,−n)w

i
k−1,n, (9)

whereQk,n(xk,θk,−n) is given by (7). As the weights are
defined up to a proportionality constant, they must be nor-
malized in order to get an estimate of the objective density.
Moreover, as the particle weights are propagated from time
k-1 to timek, the particle cloud may degenerate, and a resam-
ple step must be added if necessary as in classical particle
filter, which is not the case for the HMA.

This second method is summarized by Algorithm 2. It
gathers advantages of both MCMC and IS approaches. The
Gibbs sampler structure solves both high-dimensional and
association problems at a cost linear in the number of tar-
gets and measurements. The variance of the state estimate is
reduced thanks to the IS step used to sample the target states.

4. SIMULATIONS, RESULTS AND CONCLUSIONS

For the simulations, we consider a typical ground radar sce-
nario: several targets move in thex-y plane at unknown con-
stant velocity. Each target state is determined by a vector
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Figure 1: Example of a 5-target scenario. Upper left plot:
real tracks. Other plots: tracking estimators.

xk,n = [xk,n,yk,n,vx
k,n,v

y
k,n]

T representing the position and ve-
locity in x andy directions. The state equation is given by

xk,n =

[

1 Ts
0 1

]

⊗

[

1 0
0 1

]

xk−1,n +vk−1,n,

where⊗ denotes a Kronecker product,vk−1,n is an additive
gaussian noise andTs is the interval between two consecutive
samples. Measurements are provided by a predetection step
performed with a quadratic detector. The detection proba-
bility is set toPD = 0.95 and the false alarm probability is
computed at a given SNR assuming a non fluctuant model
(Swerling 0). Each detection provides an observation in the
form of a distance and an angle between the radar and the tar-
get: zk, j = [rk, j,ϕk, j]

T . If measurementj has been produced
by targetn, the observation equation can then be written as

zk, j =

[

√

x2
k,n + y2

k,n, tan−1
(

yk,n

xk,n

)]T

+nk, j = h(xk,n)+nk, j,

whereh(xk,n) is a non linear function of the target state and
nk, j is an additive gaussian noise.

We consider scenarios where targets are very close from
one another and are therefore located in the same cluster.
Benchmark performance is provided by the JPDA particle
filter. A typical scenario with five close targets is presented
in figure 1. Simulations are run for various SNR values, 1000
Monte Carlo simulations per SNR value and number of tar-
gets. For the sake of comparison, the three algorithms are run
with the same number of particles, here 500 particles per tar-
get. The HMWG particle filter uses part of this 500 particles
as a burn-in period, and the remain for estimation.

Performances measured in terms of mean square error
between estimated and real positions and velocities, are pre-
sented in figure 2. We see that performance of the HMWG
method is slightly worse than the JPDA one. This is partly
because less particles are used in HMWG to compute the
state estimator (burn-in period), and partly because the IS
algorithm used in the JPDA particle filter reduces the vari-
ance of the state estimator. However JPDA performance can
be equalized or even outperformed by HMWG algorithm at
a smaller computational cost by using more particles. Con-
versely, the proposed hybrid algorithm matches JPDA per-
formance for the same number of particles.
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Figure 2: Root Mean Square Error for the position (left) and
the velocity (right) for different numbers of targets.

A comparison of the three algorithms in terms of compu-
tational time versus SNR is presented in figure 3 for different
numbers of targets. In this regard, it is clear that the Gibbs
sampling dramatically improves the computational cost, par-
ticularly in two situations which both lead to a very large
number of associations: at low SNR, the two proposed algo-
rithms present only a small increase in their computational
costs, due to the increase in the number of false alarms,
while the JPDA particle filter computational cost grows very
rapidly due to the combinatorial growth of the number of
possible associations; similarly, for large numbers of targets,
we notice only a slight increase in the computational cost of
the two proposed algorithms, while the JPDA computational
cost increases rapidly, once again because of the combinato-
rial growth in the number of possible associations. Note that
the smallest SNR values have not been considered for the
scenarios with more targets because the JPDA particle filter
becomes too costly for those SNR values.

As a conclusion, we have proposed two MCMC-based
particle filters that solve the association problem in multitar-
get tracking with a computational cost linear in the number
of targets and measurements. In particular, performance of
the proposed hybrid algorithm matches JPDA performance
at a much smaller cost. Finally, note that we assumed in this
article that the number of targets is known. In a forthcoming
work, we will therefore focus on more complex scenarios
where targets may enter or leave the observation area.

0

5

10

15

20

25

30

35

40

8 9 10 11 12 13

C
om

pu
ta

tio
n 

tim
e 

(s
)

SNR (dB)

2 targets

JPDA PF
HMWG

Hybrid algo

0

5

10

15

20

25

30

35

40

8 9 10 11 12 13

C
om

pu
ta

tio
n 

tim
e 

(s
)

SNR (dB)

3 targets

JPDA PF
HMWG

Hybrid algo

0

5

10

15

20

25

30

35

40

8 9 10 11 12 13

C
om

pu
ta

tio
n 

tim
e 

(s
)

SNR (dB)

4 targets

JPDA PF
HMWG

Hybrid algo

0

5

10

15

20

25

30

35

40

8 9 10 11 12 13

C
om

pu
ta

tio
n 

tim
e 

(s
)

SNR (dB)

5 targets

JPDA PF
HMWG

Hybrid algo

Figure 3: Run time vs SNR for different numbers of targets.
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ABSTRACT
We consider a distributed detection system formed by a large num-
ber of local detectors and a fusion center that performs a Neyman-
Pearson fusion of the binary quantizations of the sensor observa-
tions. The aforementioned local decisions are taken with no kind
of cooperation and transmitted to the fusion center over error free
parallel access channels. Furthermore, the devices are located on
a rectangular lattice so that sensors belonging to a specific row or
column are equally spaced. For each hypothesis H0 and H1, the
correlation structure of the local decisions is modelled with a two-
dimensional causal field where the rows and columns are outcomes
of the same first-order binary Markov chain. Under this scenario,
we derive a closed-form error exponent for the Neyman-Pearson
fusion of the local decisions. Afterwards, using the derived error
exponent we study the effect of different design parameters of the
network on its overall detection performance.

1. INTRODUCTION

The design of sensor networks that undertake a distributed detection
task has drawn much attention in last years because of the stringent
constraints under which they operate. Initially, with the aim of ex-
ploiting all their detection potential, many researchers developed
several data fusion techniques that maximize the detection perfor-
mance of the fusion rule employed by the data fusion center and
performed on the sensor observations. Among others, for the case
where the sensor observations are conditionally independent under
each hypothesis of the test, we recall the optimum fusion rule de-
rived by Chair and Varshney [1] under the Bayesian set up and the
corresponding one obtained by Thomopoulos et al. [2] under the
Neyman-Pearson formulation. Afterwards, holding the assumption
of independent local sensor observations given any hypothesis, a big
number of studies obtain theoretical results that yield design guide-
lines aimed at optimizing the overall detection performance of a
parallel fusion network. For instance, Tsitsiklis [3] showed that the
optimal binary decentralized detection is achieved by identical local
detection rules when the number of sensors is arbitrarily large. Ad-
ditionally, in connection with the previous result Chamberland and
Veeravalli [4] proved that having more sensors exceeds asymptoti-
cally the benefits of getting detailed information from each sensor.

More recently, the studies of the aforementioned sensor net-
works considered dependence among the local sensor observations
under each one of the hypothesis involved in the inference problem.
In a scenario where the sensors send conditionally dependent local
decisions to the fusion center, one of the first results on this topic [5]
showed that the optimum fusion rule under the Neyman-Pearson
criteria consist in the joint likelihood ratio of the messages received
by the data fusion center. Meanwhile, when a Bayes hypothesis
test is performed and the sensor observations are dependent, Kam
et al. [6] generalized the structure of the optimal data fusion rule.
Later, given the aforementioned optimal fusion rules, as it happened
when the sensor observations are conditionally independent, under
the distributed detection paradigm various works have provided an-
swers to different design aspects regarding the deployment of the
network as well as the use of its limited resources. For instance, us-
ing the large deviation theory works such as [7]-[11] have obtained
amenable tools that allow to study the effect of different physical

parameters of a one-dimensional network on its overall detection
performance.

Although there are many results on the topic of decentralized
detection with dependent observations, the literature that solve the
cited problem in a two-dimensional (2-D) setting is less extensive.
Some of the latest results that address this issue are [12] and [13].
Under the Neyman-Pearson formulation Anandkumar et al. [12] de-
rive a closed-form error exponent when a test for independence is
considered, and when the correlation structure of the sensor ob-
servations is given by a nearest-neighbour Gauss-Markov Random
Field (G.M.R.F.). In this way, the authors characterize the detection
performance of the employed Neyman-Pearson fusion rule with re-
spect to different design parameters of the network, e.g. the density
of the deployment or the signal to noise ratio of the observations
performed by the devices. In [13] the authors investigate the amount
of information obtainable from a sensor network where the devices
are located on a 2-D lattice, and where under each one of the two
hypothesis the observations received by the fusion center are dis-
tributed according to a 2-D hidden G.M.R.F. defined by a symmetric
first-order conditional autoregression (S.F.C.A.R.) model.

However, up to now no work obtains analytically tractable ex-
pressions that allow the design of 2-D sensor networks where the
devices are located on a rectangular grid and the Neyman-Pearson
fusion rule is performed on dependent quantized summaries of the
sensor observations. Motivated by this last fact, in the spirit of [7]-
[10], and [12], we extend the work made in [11] in order to derive
a closed-form error exponent for the Neyman-Pearson fusion rule
performed by the fusion center of the sensor network shown in Fig-
ure 1. Specifically, modelling the correlation structure of the local
decisions by means of a 2-D random process constructed from a
first-order binary Markov chain, this closed-form expression is ob-
tained for a scenario where the dependent local decisions are taken
with no kind of cooperation, and they are noiseless transmitted to
the fusion center. This way, we provide an amenable tool that links
the detection performance of a 2-D version of the sensor network
described in [5] with some of its physical and design features.

2. PROBLEM STATEMENT

We consider a network formed by a data fusion center and NL de-
vices located on a 2-D lattice IN,L where, as it is shown in Figure 1,
the sensors belonging to a specific row or column of the lattice are
equally spaced. With the aim of deciding what state of the phe-
nomenon is present, H0 or H1, the distributed system undertakes
the following steps. Firstly, each device performs a local obser-
vation of the environment, yi, j. Secondly, they apply a binary de-
tection rule to it, γ(yi, j), not necessarily based on a log-likelihood
ratio test (L.L.R.T.). This way, each device makes a local decision,
ui, j = γ(yi, j), regarding the presence or absence of the phenomenon
we want to detect. Thirdly, the binary local quantizations of the sen-
sor observations are transmitted to the fusion center over error free
parallel access channels. Finally, based on the NL local decisions
taken by the devices of the network, the fusion center makes a global
decision, uFC , under the Neyman-Pearson formulation. Considering
that the correlation structure of the local decisions is hypothesis de-
pendent and modelled with a 2-D causal field where the rows and
columns are outcomes of the same first-order binary Markov chain,

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 164



!"
#$
%
&
#$
%
$
'(
'

)#$)%*'$#+,%*-'

'.'

'.'

/012'

/$12'

/010'

/$10'

/314'

/510'

/015'

67+7'89):%$';#$+#*'

/8;'

!<=/010'1/5101'1>1'/$101>1'/012'1>1'/$12?'
/314'<'!@A314B'

Figure 1: Block diagram of a 2-D parallel fusion network.

we have the following inference problem at the fusion center

Hk: U ∼ 2-D process where the binary local quantizations
belonging to a specific row i ∈ {1, . . . ,N} or column
j ∈ {1, . . . ,L} form the same first-order Markov
chain, Mk, with transition matrix

Πk =

p(0,0)
k (d,Pk) p(0,1)

k (d,Pk)

p(1,0)
k (d,Pk) p(1,1)

k (d,Pk)


T


(1)

where, for k ∈ {0,1},
• U = [U1,1,U2,1, . . . ,UN,1, . . . ,U1,L, . . . ,UN,L]T , defined on U NL

with U = {0,1}, denotes the NL local decisions performed by
the NL devices that form the network.

• p(0,1)
k (d,Pk) and p(1,0)

k (d,Pk) are the transition probabilities
of the Markov chain, Mk, that extends along the rows and
columns of IN L under Hk, i.e. for um,um−1 ∈ {0,1}

p(um−1,um)
k (d,Pk) = P(Um = um|Um−1 = um−1,d,Pk,Hk)

(2)

• d is the distance between two neighbour devices that belong to
the same row or column of the lattice IN,L.

• Pk is the set of physical and design parameters of the network
that being known by the data fusion center are arguments of
the transition probabilities associated with the Markov chain Mk
[e.g. the employed local decision rules or the physical properties
of the environment where the network is deployed].
Note that, due to the causality of the correlation model as-

sumed under Hk, the local decision Ui, j is independent of the rest of
the binary local quantizations when some of the ones taken by the
neighbour nodes are known. Specifically, given the hypothesis Hk,
with k ∈ {0,1}, the local decisions responsible for the aforemen-
tioned conditional independence are established by the directions
that the Markov chains Mk adopt when extending along the rows
and columns of the 2-D lattice, IN,L. For instance, as it happens
in [14], if we assume that the Markov chains under both hypothe-
sis extend from left to right along the rows and from top to bottom
along the columns, under H0 and H1 the decision Ui, j is indepen-
dent of the rest of the local detectors when the binary local quanti-
zations Ui, j−1 and Ui+1, j are known. Without loss of generality and
from now and on, given the hypothesis Hk we are going to assume
the previous direction in the flow of the Markov chains present in
each column and row of IN,L. Consequently, given the correlation
structure assumed for U under both hypothesis, if we also consider
that the spacing between the nearest neighbours, d, is known by the
data fusion center, the optimum Neyman-Pearson detection rule [5]

performed at the fusion center is given by

uFC = ln

(
PU|Q,H(u|Q0,H0)
PU|Q,H(u|Q1,H1)

)
H0
≷
H1

τ (3)

where, for k ∈ {0,1}, Qk = d∪Pk, τ is a constant chosen to bound
the overall false alarm probability to a given value α ∈ (0,1)

PFA(Q0,Q1,N ·L) = ∑
u∈V 1

NL(τ)
PU|Q,H(u|Q0,H0)≤ α (4)

V 1
NL(τ) is equal to the acceptance region of hypothesis H1 and, after

omitting whatever kind of dependency on Qk for the sake of sim-
plicity, PU|H(u|Hk) is the joint probability mass function (p.m.f.)
of the local decisions under the hypothesis Hk

PU|H(u|Hk) =PU1,1|H(u1,1|Hk)×
N

∏
i=2

PUi,1|Ui−1,1,H(ui,1|ui−1,1,Hk)

×
L

∏
j=2

PUN, j |UN, j−1,H(uN , j|uN , j−1,Hk)

×
1

∏
i=N−1

L

∏
j=2

PUi, j |Ui+1, j ,Ui, j−1,H(ui, j|ui+1, j,ui, j−1,Hk)

(5)

with PU1,1|H(u1,1|Hk) equal to the p.m.f. of the initial state associ-
ated with the 2-D random process present under Hk,

PUi, j |Ui−1, j ,H(ui, j|ui−1, j,Hk) = ∑
(r,s)∈U 2

p(s,r)
k δ [r−ui, j]δ [s−ui−1, j]

(6)

for all i ∈ {2,3, . . . ,N} and j ∈ {1,2, . . . ,L},

PUi, j |Ui, j−1,H(ui, j|ui, j−1,Hk) = ∑
(r,s)∈U 2

p(s,r)
k δ [r−ui, j]δ [s−ui, j−1]

(7)

for all i ∈ {1,2, . . . ,N} and j ∈ {2,3, . . . ,L}, and

PUi, j |Ui+1, j ,Ui, j−1,H(ui, j|ui+1, j,ui, j−1,Hk)

= ∑
(r,s,t)∈U 3

p(t,r)
k p(r,s)

k

p̂(t,s)
k

δ [r−ui, j]δ [s−ui+1, j]δ [t−ui, j−1]
(8)

when i ∈ {1,2, . . . ,N−1}, j ∈ {2,3, . . . ,L} and

p̂(t,s)
k =

1

∑
v=0

p(t,v)
k p(v,s)

k (9)

3. ERROR EXPONENT

Here we provide a tool that allows the design and analysis of a sen-
sor network as the one described in the previous section. To be spe-
cific, based on information theoretic results we derive a design tool
that links the detection performance of the Neyman-Pearson test (3)
with different physical and design parameters of the network shown
in Figure 1. In order to accomplish this aim, we would want to
characterize the overall probability of detection of the network

PD(Q0,Q1,N ·L) = ∑
u∈V 1

NL(τ)
PU|H(u|H1) (10)

when a fixed constraint is imposed on the overall false alarm proba-
bility, i.e. when PFA(Q0,Q1,N · L) ≤ α ∈ (0,1). Taking into ac-
count that the derivation of a closed-form expression for (10) is
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not feasible, our approach has focused on using more easy-to-use
measures of performance provided by the large deviations theory
corresponding with Neyman-Pearson hypothesis tests. In partic-
ular, following the trend of related publications as well as focus-
ing on our distributed detection problem, our objective is to de-
rive a closed-form expression of the exponential rate of decay in
PM(Q0,Q1,N ·L) = 1−PD(Q0,Q1,N ·L) as N and L approach in-
finity and when PFA(Q0,Q1,N · L) ≤ α ∈ (0,1). As it is proved
in [15], this problem results in calculating the almost-sure limit un-
der H0 (a.s. in H0) of the asymptotic Kullback-Leibler rate

K , lim
N,L→∞

− 1
N ·L

log(PM(Q0,Q1,N ·L))

= lim
N,L→∞

1
N ·L

ln

(
PU|H(u|H0)
PU|H(u|H1)

)
(a.s. in H0)

(11)

In this way, we arrive at the following theorem.

Theorem 1. Suppose that 0 < p(um−1,um)
k < 1 for all um,um−1,k ∈

{0,1} and that the p.m.f. of the local decision U1,1 under H0 is ab-
solutely continuous with respect to the corresponding one under H1,
PU1,1|H(u1,1|H0)� PU1,1|H(u1,1|H1). Then, given a fixed constraint
PFA(Q0,Q1,N ·L)≤ α ∈ (0,1), the best Neyman-Pearson error ex-
ponent for the distributed detection problem given by Equation (1)
is

K = ∑
(r,s,t)∈U 3

π
(t)
0 p(t,r)

0 p(r,s)
0 ln

(
p(t,r)

0 p(r,s)
0 p̂(t,s)

1

p(t,r)
1 p(r,s)

1 p̂(t,s)
0

)
= D(P(ui, j|ui+1, j,ui, j−1,H0)||P(ui, j|ui+1, j,ui, j−1,H1))

(12)

where
• U 3 equals the cartesian product of the set U = {0,1} with

itself, three times.

• π
(0)
0 = 1−π

(1)
0 = P(u = 0|H0) = p(1,0)

0

p(1,0)
0 +p(0,1)

0

is the unique sta-

tionary probability of deciding H0 when the 2-D random process
constructed from the Markov chain, M0, is present.

• D(P(ui, j|ui+1, j,ui, j−1,H0)||P(ui, j|ui+1, j,ui, j−1,H1)) is the
conditional Kullback-Leibler divergence of

PUi, j |Ui+1, j ,Ui, j−1,H(ui, j|ui+1, j,ui, j−1,H0)

and
PUi, j |Ui+1, j ,Ui, j−1,H(ui, j|ui+1, j,ui, j−1,H1)

in the stationary regime.

Proof. Since the error exponent for the Neyman-Pearson detector
with a fixed level α ∈ (0,1) is given in implicit form by (11), we fo-
cus on the calculation of this limit for the scenario described in Sec-
tion 2. Taking into account the factorization of PU|H(u|Hk) given
in (5) as well as the characterizations provided in (6)-(9), Equa-
tion (11) can be written as follows

K = lim
N,L→∞

1
N ·L

ln

(
PU1,1|H(u1,1|H0)

PU1,1|H(u1,1|H1)

)
(a.s in H0)︸ ︷︷ ︸

,A1

+ ∑
r,s∈U 2

ln

(
p(s,r)

0

p(s,r)
1

)
lim

N,L→∞

N0(r,s|u
N,1
2,1 )

N ·L︸ ︷︷ ︸
,A2

+ ∑
r,s∈U 2

ln

(
p(s,r)

0

p(s,r)
1

)
lim

N,L→∞

N0(r,s|u
N,L
N,2 )

N ·L︸ ︷︷ ︸
,A3

+ ∑
r,s,t∈U 3

ln

(
p(t,r)

0 p(r,s)
0 p̂(t,s)

1

p(t,r)
1 p(r,s)

1 p̂(t,s)
0

)
lim

N,L→∞

N0(r,s, t|u
N−1,L
1,2 )

N ·L︸ ︷︷ ︸
,A4

(13)

where

• N0(ui, j,ui−1, j|uN,1
2,1 ) equals the number of times that the pair

(ui,1,ui−1,1) occurs in the sequence of local decisions uN,1
2,1 =

{ui, j : 2≤ i≤N, j = 1} performed by the corresponding devices
under the hypothesis H0.

• N0(ui, j,ui, j−1|uN,L
N,2 ) equals the number of times that the pair

(uN, j,uN, j−1) occurs in the sequence of local decisions uN,L
N,2 =

{ui, j : i = N,2≤ j≤ L} performed by the corresponding devices
under the hypothesis H0.

• N0(ui, j,ui+1, j,ui, j−1|uN−1,L
1,2 ) equals the number of times that

the triple (ui, j,ui+1, j,ui, j−1) occurs in the lattice of local deci-

sions uN−1,L
1,2 = {ui, j : 1≤ i≤ N−1,2≤ j ≤ L} performed by

the corresponding devices under the hypothesis H0.
Starting from the assumptions that ensure the existence of K we

calculate each one of the terms that appear in the right hand side of
K. In particular, we are going to prove that Equation (13) yields (12)
when PU1,1|H(u1,1|H0) � PU1,1|H(u1,1|H1) and 0 < p(um−1,um)

k < 1
holds for all um,um−1,k ∈ {0,1}. Firstly, if we take into account
that PU1,1|H(u1,1|H0)� PU1,1|H(u1,1|H1) we have that

ln

(
PU1,1|H(u1,1|H0)

PU1,1|H(u1,1|H1)

)
< ∞ (14)

and therefore, we prove that A1 vanishes as N and L go to infinity.
Secondly, we derive the terms A2 and A3. Considering the assump-
tions that ensure the existence of K, we guarantee the regularity of
the Markov chain, Mk, that extends along the rows and columns of
IN,L under Hk with k ∈ {0,1} (see [16]). Consequently, given the
hypothesis Hk and knowing that the sequences uN,1

2,1 and uN,L
N,2 are

outcomes of the same first-order binary Markov chain, M0, as it is
proved in Theorem 1 of [11] under the same initial assumptions, we
obtain

∑
r,s∈U 2

ln

(
p(s,r)

0

p(s,r)
1

)
lim

N→∞

N0(r,s|u
N,1
2,1 )

N

= ∑
r,s∈U 2

ln

(
p(s,r)

0

p(s,r)
1

)
lim

L→∞

N0(r,s|u
N,L
N,2 )

L

= ∑
r,s∈U 2

π
(s)
0 p(s,r)

0 ln

(
p(s,r)

0

p(s,r)
1

)
< ∞

(15)

From (15) we can easily show that A2 and A3 are equal to zero. Fi-
nally, we evaluate A4. For this calculation, we need to obtain an
asymptotic closed-form expression for the empirical joint probabil-
ity of the triple, (ui, j,ui+1, j,ui, j−1) ∈ U 3 given the hypothesis H0

and the lattice uN−1,L
1,2 . From the stationarity of the regular Markov

chain, M0, regarding the type of (ui, j,ui+1, j,ui, j−1) in uN−1,L
1,2 it is

straightforward to prove that

lim
N,L→∞

N0(ui, j,ui+1, j,ui, j−1)|uN−1,L
1,2 )

N ·L

= π
(ui, j−1)
0 p(ui, j−1,ui, j)

0 p(ui, j ,ui+1, j)
0

(16)
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if, as we assumed without loss of generality, M0 extends from left to
right and from top to bottom along the rows and columns of IN,L,
respectively. Lastly, a pointwise substitution of (16) into the defi-
nition of A4 results in the closed-form error exponent provided in
Theorem 1. This way we conclude the proof.

4. CHARACTERIZATION OF THE ERROR EXPONENT

Through synthetic experiments based on the evaluation of K for a
specific physical model of the transition probabilities, in this sec-
tion we give some insights into the behaviour of K when the de-
pendence strength among the local decisions varies. As a measure
of the aforementioned dependence we use the parameter derived
in [11]. To be more precise, this index captures the mean correlation
strength among the random variables corresponding with neighbour
steps of a first-order Markov chain with binary state space

ρ =


P(H0)ρ0 +P(H1)ρ1 When the local decisions are

dependent under H0 and H1.
ρk When the local decisions are only

dependent under Hk.
(17)

where, ∀k ∈ {0,1}, P(Hk) ∈ (0,1) denotes the prior probability of
hypothesis Hk and

ρk = 1− p(0,1)
k − p(1,0)

k
(18)

Regarding the physical model considered for the transition proba-
bilities of the Markov chains, M0 and M1, we have that

p(0,1)
k = 1− p(0,0)

k = ξk(1−mke−γk d) (19)

and
p(1,0)

k = 1− p(1,1)
k = (1−ξk)(1−mke−γk d) (20)

where, for k ∈ {0,1},
• ξk is the probability of false alarm or detection probability of the

local detectors when independence among the local decisions is
assumed under H0 or H1 respectively.

• γk is a strictly positive constant that indicates the exponential
rate of growth of the transition probabilities p(0,1)

k and p(1,0)
k as

d increases.
• mk is a strictly positive constant that, taking on values less than

one, controls the correlation between the pair of local decisions
(Ui−1, j,Ui, j) and (Ui, j,Ui, j+1) when the distance between the
devices involved in each pair is zero, i.e d = 0.

Note that the physical model considered for p(0,1)
k and p(1,0)

k ful-
fills some regularity conditions that typically appear in a detection
scenario. On the one hand, due to the fact that the transition prob-
abilities are monotonically concave increasing functions of d, the
correlation strength among the local decisions decays as the devices
become farther apart. On the other hand, modelling the so-called
nugget effect, according to the definition provided in [5] the local
decisions are never going to be maximally dependent under Hk since
the transition probabilities are greater than zero for mk < 1. Hence,
given Hk and the physical model described in (19) and (20), as im-
posing a minimum distance between two neighbour nodes belong-
ing to a specific row or column of IN,L, the correlation strength
between the corresponding local decisions is always less than one
for mk < 1. In addition to the previous regularity conditions, we
can also appreciate that, in the model described by (19) and (20),
the local decisions Ui, j, with i ∈ {1,2, . . . ,N} and j ∈ {1,2, . . . ,L},
are only independent when d equals infinity.

In Figure 2, we plot the error exponent of Equation (12) as a
function of the mean correlation strength provided through Equa-
tions (17) and (18). Theoretical curves of this figure have been gen-
erated when the local decisions are only dependent under H1 and ξ1
is equal to {0.8,0.98,0.998}. As it can be appreciated, regardless
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Figure 2: Neyman-Pearson optimum error exponent, K, as a func-
tion of the mean correlation strength among neighbour binary de-
cisions, ρ , when they are only dependent under H1 and ξ1 =
{0.8,0.98,0.998}. Parameters: ξ0 = 0.1, γ0 = 2, γ1 = 0.9, and
m1 = 1−10−4.

the value of ξ1, K initially decreases as ρ increases, and after a spe-
cific value ρ∗, it increases as ρ approaches one. On the one hand,
the initial decrease of K in ρ happens because there is a loss of
discrimination between H0 and H1 when the information provided
by each sensor is more and more correlated without improving the
detection performance of the sensors. On the other hand, the in-
creasing behaviour of K with respect to ρ occurs because excessive
redundancy among the local decisions is informative when the local
decisions are only dependent under H1. Note that, under H0, each
sensor performs its decisions independently of the rest the network.
However, due to the fact that ρ = ρ1, under H1, all the local de-
tectors tend to decide the same hypothesis when ρ approaches one.
When the dependence under H1 exceeds a specific threshold, ρ∗,
the agreement that exists among the values taken by the major part
of the binary local quantizations can be used in order to discriminate
H1 against H0. As it can be proved through a careful analysis, the
aforementioned value, ρ∗, depends on physical parameters of the
network such as ξ0 and ξ1. In particular, confirming the behaviour
observed in Figure 2 we can prove that ρ∗ is shifted closer to one as
the ratio ξ1/ξ0 increases.

In order to conclude the analysis of Figure 2, we can check a
pair of analytic results that, being omitted for the sake of brevity,
show the consistency of Theorem 1 with similar studies performed
when the dependence among the local decisions results in bound-
ary values of ρ . Firstly, when ρ equals zero, we can appreci-
ate that, for all the plotted curves, K collapses to the subsequent
Kullback-Leibler divergence, D(B(ξ0)||B(ξ1)), where B(ξk) de-
notes a Bernoulli random variable with probability of success equal
to ξk. Taking into account that the local decisions are indepen-
dent and identically distributed (i.i.d.) when ρ equals zero, this
behaviour is consistent with the Neyman-Pearson error exponent
stated by the Stein’s Lemma [17]. Subsequently, if we center on
the evolution of the curves shown in Figure 2 when ρ approaches
one, we can appreciate that the derived error exponent, K, diverges
regardless the value of ξ1. Due to the fact that p(r,s)

1 /∈ (0,1) for
all r,s ∈ {0,1} as long as ρ1 = 1, a brief justification of the previ-
ous behaviour is based on the fact that some of the initial assump-
tions of Theorem 1 do not hold. In order to be more precise, when
the local decisions are maximally dependent under H1, the support
of PU|H(u|H1) only consists of the events where all the devices
decide the same hypothesis [5]. However, under conditional inde-
pendence given the hypothesis H0, the support of PU|H(u|H0) is
formed by the two aforementioned events as well as the rest of the
2NL binary NL-tuples. Consequently, PU|H(u|H1)� PU|H(u|H0)
holds, and therefore, the existence of K can not be ensured although
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Figure 3: Neyman-Pearson optimum error exponent, K, as a func-
tion of the mean correlation strength among neighbour binary de-
cisions, ρ , when they are dependent under H1 and H0, and ξ1 =
{0.8,0.98,0.998}. Parameters: ξ0 = 0.1, γ0 = 2, γ1 = 0.9, P(Hk) =
0.5 and mk = 1−10−4 with k ∈ {0,1}.

PU1,1|H(u1,1|H0)� PU1,1|H(u1,1|H1) occurs.
Next, in Figure 3 we make the same analysis as in Figure 2

with the proviso that the local decisions are also dependent under
H0. For each one of the curves plotted in Figure 3 we can observe
that K decreases as the correlation strength, ρ , increases from the
case of independent local decisions, ρ = 0, to the case of maximally
dependent local decisions, ρ = 1, as the definition provided in [5].
In addition, it can be seen that the amount of decrease in K becomes
smaller as ρ increases. Nevertheless, unlike the case where a corre-
lation structure is only present under H1, different simulations show
that the monotonicity of K with respect to ρ is not common to all the
possible set of values that can take the parameters involved in (19)
and (20). What is more, when the local decisions are dependent un-
der both hypothesis the characterization of the monotonicity of K
as a function of ρ is not analytically tractable.

Finally, we analyze the convergence of K shown in Figure 3
for ρ = 0 and ρ = 1. Being consistent with the behaviour ob-
served in Figure 2, when ρ = 0 the error exponent reduces to
D(B(ξ0)||B(ξ1)), i.e. the Stein’s Lemma. Meanwhile, as it is ex-
pected from analytic studies, in Figure 3 when ρ goes to one the
aforementioned error exponent converges to zero independently of
the parameters that appear in the physical model described in (19)
and (20). In addition to the analytic proof that we have omitted,
an intuitive interpretation of the previous convergence can be found
by realizing that excessive dependence among the local decisions
under both hypothesis makes the reading of an extra device pro-
vide the fusion center with a lot of redundant information when
discriminating H1 against H0. Equivalently, if the local decisions
are maximally dependent, once the fusion center has read a device,
new readings do not provide additional information that improves
the overall detection performance of the network.

5. CONCLUSIONS

In this paper we addressed the design of a distributed detection sys-
tem formed by a large number of devices and a data fusion cen-
ter. With no kind of cooperation and from its own observation each
device performs a local decision regarding the underlying binary
hypothesis testing problem. Afterwards, over an error free parallel
access channel each sensor transmits its decision to a fusion center
that makes a global decision, uFC , under the Neyman-Pearson for-
mulation. We considered that the devices are located on a rectangu-
lar lattice where the sensors belonging to a specific row or column
are equally spaced. Additionally, the local decisions are assumed
to be dependent under both hypothesis. In particular, given each
one of the two hypothesis the dependence among the local deci-

sions is modelled by means of a 2-D causal field where the rows
and columns are outcomes of the same first-order binary Markov
chain. Under an arbitrary physical model that links the physical
parameters of the network with the transition probabilities of the
aforementioned Markov chains, we firstly derived a closed-form er-
ror exponent for the Neyman-Pearson test performed at the fusion
center. Finally, after choosing a physical model for the transition
probabilities corresponding with the Markov chains present under
each of the two hypothesis, we perform several evaluations and an-
alytical studies in order to know how the error exponent behaves as
the dependence among the binary local quantizations vary.
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ABSTRACT
The generalized Minimum Mean Squared Error (GMMSE)
detector has a bit error rate performance, which is similar to
the MMSE detector. The advantage of the GMMSE detector
is, that it does not require the knowledge of the noise power.
However, the computational complexity of the GMMSE de-
tector is significantly higher than the computational com-
plexity of the MMSE detector. In this paper the idea of us-
ing the structure of the system matrix (Toeplitz) is combined
with a convex relaxation of the detection problem to reduce
the computational complexity of GMMSE detector. Further-
more, by using circular approximation of this structure an
approximate GMMSE detector is presented, whose compu-
tational complexity is only slightly higher than MMSE, i.e.
only an iterative gradient descent algorithm based on the in-
version of diagonal matrices is required additionally.

1. INTRODUCTION

The maximum likelihood (ML) detection problem can be
written as a quadratic optimization problem with integer con-
straints [1]. Unfortunately this problem is in general non-
deterministic polynomial hard (NP-hard) [2]. This obser-
vation resulted in the development of many receivers that
have reasonable complexity [3,4], e.g. the well-known least
squares (LS) and minimum mean squared error (MMSE) de-
tectors [5,6] as the most simple cases.

Recently convex programming has been successfully em-
ployed to suboptimally solve such detection problems. Us-
ing this kind of relaxation converts the discrete optimization
problem into a continuous one which can be solved itera-
tively [7]. Generalized minimum mean squared error detec-
tor is one important detector that uses convex programming
to solve the detection problem using unconstrained gradient
descent algorithm [8]. The advantages of this detector are
that it has a BER performance which is similar to the MMSE
detector, and it does not require the knowledge of the noise
power (MMSE detector needs this knowledge). Therefore, it
can be used in scenarios where the noise power is changing
rapidly or it is unknown. Associated with these advantages
of GMMSE detector there is the disadvantage, that it has a
significantly higher computational complexity compared to
MMSE detector.

In order to decrease the GMMSE computational com-
plexity the structure of the system matrix is used in this pa-
per. First the Toeplitz structure of the channel convolution
matrix is taken into consideration. In this case computing
the solution of the GMMSE detector requires the EVD of
Toeplitz matrix but it significantly reduces the effort for the
iterative gradient descent algorithm. Nevertheless, comput-

ing the EVD of the Toeplitz matrix (using e.g Lanczos al-
gorithm) is still computationally demanding. Therefore we
approximate the banded Toeplitz matrix by a circular matrix
as shown in [9]. In this case the MMSE/GMMSE solution is
obtained by computing the EVD of the circular matrix using
FFT/IFFT, such that the required EVD implies no additional
effort. Furthermore, this procedure also significantly reduces
the effort for the gradient descent algorithm since now the it-
eration steps of this algorithm are based on the diagonal ma-
trix containing the eigenvalues. Therefore, the circular ap-
proximation is advantageous for both parts of the GMMSE
solution.

This paper is organized as follows: In section 2 the sys-
tem model for the detection problem and its convex relax-
ations are introduced. LS and MMSE detectors are described
from the convex programming point of view in section 3.
GMMSE detector is described in section 4. In section 5
we introduce our new detector which is derived from the
GMMSE detector taking into account the structure of the
channel matrix which leads to a reduced computational com-
plexity. Simulation results are used to compare bit error rate
(BER) of the different detectors in section 6 and the com-
putational complexity is discussed in section 7. Conclusions
are drawn in section 8.

2. DETECTION PROBLEM AND ITS
RELAXATIONS

Consider the system model in matrix form as

r = Hx+n. (1)

The vector r ∈ Rm is the received signal vector, the matrix
H ∈ Rm×n is the convolution matrix, and the vector n ∈ Rm

is additive white Gaussian noise with noise power σ2. The
transmitted symbols x ∈ Rn are drawn from Binary Phase
Shift Keying (BPSK) constellation, i.e. x ∈ {−1,+1}n.

Under the white Gaussian noise assumption the ML de-
tector of x is given by

x̂ = arg min
x∈{−1,+1}n

‖r−Hx‖2
2 . (2)

The ML problem in (2) can be equivalently written as

x̂ = arg min
x∈{−1,+1}n

xT HT Hx−2rT Hx. (3)

Substituting the value of the matched filter output

y = HT r
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into (3), we get

x̂ = arg min
x∈{−1,+1}n

xT HT Hx−2yT x. (4)

This problem is NP hard and solving (4) by exhaustive search
has a complexity which grows with 2n [2]. This makes com-
putationally less complex solutions of (4) interesting.

We use the benefits of convex programming as an impor-
tant mathematical tool to solve problem (4) by relaxing its
constraint set. The constraint set x ∈ {−1,+1}nwhich con-
tains only the corners of the unit hypercube is not a convex
set. Therefore we relax this constraint set using two relax-
ations which yield a convex set.

The first relaxation of the constraint in (4) is the whole
space or by other words, there is no constraints and the sec-
ond relaxation is the sphere which covers this unit hypercube.
The solution in each case can be mapped to the feasible set
of the original problem by taking the sign of each component
of the relaxed solution vector.

It is worthwhile to note that the relaxation also works for
higher constellations like QPSK, 8PSK, and 16PSK. We re-
fer to these higher constellations as M-PSK. In our case we
have M = 2 as BPSK. In M-PSK constellations, problem (4)
can be written as

x̂ = arg min
x∈Sn

xT HT Hx−2yT x, (5)

where S contains the PSK constellation points.
For M-PSK modulation, the constellation points take the
form

e jαi ,αi = 2πi/M,∀i = 1, ...,M.

The discrete nature of the set αi makes problem (5) in-
tractable. As a result, we propose a continous relaxation
of the set αi to contain all possible angles in [0,2π]. In
other words, we can relax the constraint x ∈ Sn to x ∈ Un =
{x : |xi|= 1,∀i = 1, ...,n}, so problem (5) becomes

x̂ = arg min
x∈Un

xT HT Hx−2yT x. (6)

This relaxation is a quadratic optimization problem that can
easily be relaxed to a convex optimization problem [7].

3. LEAST SQUARES AND MMSE DETECTORS

We first discuss the LS and MMSE solution from the convex
programming point of view. Relaxing the constraint set to be
the whole space, problem (4) takes the form

x̂ = arg min
x∈Rn

xT HT Hx−2yT x. (7)

The following theorem stated in [7] describes LS and
MMSE solution from the convex programming point of view.

Theorem 1 Suppose that the objective function f in an un-
constrained convex optimization problem is differentiable, so
the well known necessary and sufficient optimality condition
is

∇ f = 0. (8)

Applying condition (8) to problem (7), which has an objec-
tive function

f (x) = xT HT Hx−2yT x,

the necessary and sufficient optimality condition gives the
solution

x∗ =
(
HT H

)−1 y, (9)

which is the well known least squares solution.
When the noise power σ2 is known HT H is replaced by

HT H+σ 2I, then using the same relaxation (the whole space)
we get the minimum mean square error solution

x∗ =
(
HT H+σ2I

)−1 y. (10)

4. GENERALIZED MMSE DETECTOR

If we relax the constraint set to be the sphere which contains
the unit hypercube, then our detection problem takes the form

x̂ = arg min
xT x≤n

xT HT Hx−2yT x. (11)

Since problem (11) has a convex objective function over a
convex constraint set, i.e. it is a convex optimization prob-
lem and it has a unique minimum [7]. The convex duality
theorem guarantees that no duality gap exists and one can
solve for the dual problem instead [10]. Problem (11) has a
single constraint such that there is only one dual variable and
a simple iterative algorithm can be employed to solve this
dual problem.

We can express the Lagrange dual function as

L(x,λ ) = xT HT Hx−2yT x+λ
(
xT x−n

)
, (12)

which is minimized over x and maximized over λ ≥ 0. Solv-
ing for x in terms of λ and substituting back, we obtain

max
λ≥0

−yT (HT H+λ I
)−1 y−λn. (13)

This problem has the advantage, that it is a one dimensional
optimization problem so it is easier to solve this problem in-
stead of problem (11). Problem (13) can be solved by differ-
ent iterative algorithms [11]. A simple unconstrained gradi-
ent descent algorithm given by

λ̄ (t +1) = λ̄ (t)+µ
(

yT (HT H+ λ̄ (t)I
)−2 y−n

)
, (14)

converges to λ̄ for a reasonable choice of the step size µ . The
solution of (13) is given by

λ ∗ = max(0, λ̄ ). (15)

Then, the unique minimizer of (11) is

x∗ =
(
HT H+λ ∗I

)−1 y. (16)

This solution, looks familiar because of its similarity to the
MMSE detector. When

λ ∗ = σ2,
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the GMMSE detector reduces to the MMSE detector. There-
fore this detector which depends on the value of the optimum
dual solution λ ∗ is named Generalized MMSE detector. The
advantages of the GMMSE detector are, that it improves the
BER performance ( as compared to LS ) and it does not re-
quire the knowledge of the noise power σ2. Because of these
advantages it can be used in scenarios where the noise power
is changing rapidly or it is unknown. According to the nature
of λ ∗ which is a function of y the GMMSE solution results in
a nonlinear detector in contrast to the MMSE detector. How-
ever GMMSE detector has the disadvantage that it requires a
higher computational complexity than MMSE detector.

5. STRUCTURED PROBLEM

In this section we use the GMMSE detector combined with
the circular approximation of the banded Toeplitz structure
which was presented in [9] in order to decrease the computa-
tional complexity. We achieve this aim in two steps . In the
first step the Toeplitz structure of the channel convolution
matrix H is used. In this step we express the matrix HT H of
problem (11) by its eigenvalue decomposition

HT H = VΛVT ,

where V is the matrix whose columns are the eigenvectors
of HT H and Λ is a diagonal matrix that contains the corre-
sponding eigenvalues as its diagonal elements. Problem (11)
can be rewritten as

x̂ = arg min
xT x≤n

xT (VΛVT )x−2yT x. (17)

The dual problem for the problem (17) takes the form

max
λ≥0

−yT ((VΛVT )+λ I
)−1 y−λn. (18)

The unconstrained gradient descent algorithm takes the form

λ̄ (t +1) = λ̄ (t)+µ
(

yT V
(
Λ+ λ̄ (t)I

)−2 VT y−n
)

(19)

and the GMMSE solution will be

x∗ = V(Λ+λ ∗I)−1 VT y. (20)

Besides computing VT y only diagonal matrices must be con-
verted in (19) and (20), which significantly simplifies the
computations . We can also make use of the Toeplitz struc-
ture of HT H when computing the EVD by using the Lanczos
algorithm [12]. Although this approach significantly reduces
the computational complexity of the GMMSE detector (the
iterations of (19) on the diagonal matrices are only of O(n)),
it is still much more complex than MMSE because of the re-
quired EVD.

In the following we use an approximation of the Toeplitz
case to further reduce the computational complexity. A
banded Toeplitz structured convolution matrix H is approxi-
mated to a circular matrix HT by adding L−1 columns to the
Toeplitz matrix, where L is the length of the channel impulse
response. This is shown in the following example for L = 2:

H =

[
h1 0
h2 h1
0 h2

]
→

[
h1 0 h2
h2 h1 0
0 h2 h1

]
= H̃.

If the channel matrix H in problem (11) is approximated by
the circular matrix H̃ we obtain

x̂ = arg min
xT x≤n

xT H̃T H̃x−2yT x. (21)

We can express the matrix H̃T H̃ by its eigenvalue decompo-
sition

H̃T H̃ = FT ΛF,

where F is the discrete Fourier transform matrix (computed
by FFT) and

Λ = diag
(
F · H̃(:,1)

)
.

In that case problem (11) can be written as

x̂ = arg min
xT x≤n

xT (FT ΛF
)

x−2yT x. (22)

The dual problem for problem (22) is

max
λ≥0

−yT ((FT ΛF
)
+λ I

)−1 y−λn (23)

and the gradient descent algorithm in the circular case takes
the form

λ̄ (t +1) = λ̄ (t)+µ
(

yT FT (Λ+ λ̄ (t)I
)−2 Fy−n

)
. (24)

After getting the optimal value λ ∗, the GMMSE solution in
the circular case is

x∗ = FT (Λ+λ ∗I)−1 Fy. (25)

Again, besides computing Fy (IFFT) only diagonal matrices
must be inverted in (24) and (25). Most important, no EVD
computation is required in the circular case, since the EVD of
a circular matrix is easily obtained using FFT/IFFT. There-
fore, in this case the additional effort (compared to MMSE)
given by the iteration of (24) is moderate, i.e. inversions of
diagonal matrices and scalar products.

6. SIMULATION RESULTS

The BER performance of the different detectors is discussed
for BPSK modulation. In the simulation we compare the
BER performance for LS, MMSE, and GMMSE detectors,
taking into account that we have two different structures,
Toeplitz and circular approximation. We applied this sim-
ulation for four different simulation scenarios:
• L = 5, n = 100
• L = 5, n = 1000
• L = 15, n = 100
• L = 15, n = 1000

The first two scenarios are shown in figure (1) and the last
two scenarios are shown in figure (2).

Figures (1) and (2) show that GMMSE detector has al-
most the same performance as MMSE detector but it has
the advantage that it does not require the knowledge of σ2.
Furthermore, we see that the circular approximation only
slightly degrades the performance of the detectors.
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Figure 1: Performance analysis for Structured LS, MMSE,
and GMMSE detectors with channel length L = 5, (a) n =
100, (b) n = 1000 ( t: Toeplitz case; c: circular case)

7. COMPUTATIONAL COMPLEXITY

The computational complexity of the GMMSE detector is
composed of two parts:
Part 1 The complexity of the solution of the system of equa-

tions ((16), (20) or (25)) which is the same as for LS and
MMSE ((9) or (10)).

Part 2 The complexity of the iterations required for the gra-
dient descent algorithm ((14), (19) or (24)).
In part 1, if there is no structure the solution is obtained

by the Cholesky algorithm with complexity n3/3. When
there is a Toeplitz structure, the solution is given by the
Levinson algorithm with complexity 4n2 and if we approx-
imate this Toeplitz matrix to a circular structure, the solu-
tion is obtained using the FFT decomposition with complex-
ity 3/2(n+L− 1) log2(n+L− 1)+ (n+L− 1). Therefore,
the circular approximation results in a significantly reduced
computational complexity.

In part 2 gradient descent algorithm adds some complex-
ity. However, for the structured cases ((19) or (24)) the it-
erations of the gradient descent algorithm are only applied
to diagonal matrices (Λ) such that the complexity is only of
O(n) per iteration. Figure (3) shows the mean number of
required iterations for the Toeplitz case and circular case in
our first two scenarios when the channel length is L = 5 and
figure (4) shows it in our last two scenarios when the chan-
nel length is L = 15. Since the required number of iterations
is quite small and the computational complexity is only of
O(n) per iteration, the complexity of the gradient descent al-
gorithm is almost negligible compared to part(1).
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Figure 2: Performance analysis for Structured LS, MMSE,
and GMMSE detectors with channel length L = 15, (a) n =
100, (b) n = 1000 ( t: Toeplitz case; c: circular case)

GMMSE complexity

System variables No structure Toeplitz Circular

n = 100; L = 5 3.3∗105 0.4∗105 1149

n = 1000; L = 5 3.3∗108 0.04∗108 11413

n = 100; L = 15 3.3∗105 0.4∗105 1282

n = 1000; L = 15 3.3∗108 0.04∗108 16194

Table 1: Computational complexity for GMMSE detector

The overall complexity (part(1) and part(2)) for all scenarios
are shown in table (1).

8. CONCLUSIONS

In this paper, it was shown that the circular approximation
of the Toeplitz channel matrix is not only effective to signifi-
cantly reduce the computational complexity of GMMSE de-
tector using the gradient descent algorithm, but it also keeps
the performance gain compared to LS detector (is almost the
same as MMSE) without any requirement to know the noise
power value (σ2) .
In future work we will apply the presented technique to vari-
ous practical problems and evaluate the performance depend-
ing on the channel length (L) and the dimension of the trans-
mitted bit vector (n). We will also apply it to some common
communication schemes like CDMA and OFDM.
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Figure 3: Iterations for gradient descent algorithm in Toeplitz
and circular structure cases with channel length L = 5, (a)
n = 100 and (b) n = 1000.
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ABSTRACT

Accept/reject sampling is a well-known method to generate
random samples from arbitrary target probability distribu-
tions. It demands the design of a suitable proposal probabil-
ity density function (pdf) from which candidate samples can
be drawn. The main limitation to the use of RS is the need
to find an adequate upper bound for the ratio of the target
pdf over the proposal pdf from which the samples are gener-
ated. There are no general methods to analytically find this
bound, except when the target pdf is log-concave. In this
paper we introduce a novel procedure using the ratio of uni-
forms method to efficiently perform rejection sampling for
a large class of target densities. The candidate samples are
generated using only two independent uniform random vari-
ables. In order to illustrate the application of the proposed
technique, we provide a numerical example.

1. INTRODUCTION

Bayesian methods have become very popular in signal pro-
cessing and, with them, there has been a surge of interest in
the Monte Carlo techniques that are often necessary for the
implementation of optimal a posteriori estimators [9]. Rejec-
tion sampling (RS) is a “universal” Monte Carlo technique
that can be used to generate samples from any target prob-
ability density function (pdf) that we can evaluate up to a
proportionality constant, by drawing from a possibly simpler
proposal density. The sample is either accepted or rejected
by an adequate test of the ratio of the two pdfs and it can
be proved that accepted samples are actually distributed ac-
cording to the target distribution. The performance of RS
methods depends on the availability of tight bounds for the
ratio of the target and proposal densities and, in general,
the proportion of accepted candidate samples is related to
the similarity of the two densities.

There are no general methods to construct adequate pro-
posal pdf’s, though. One exception is the so-called adaptive
rejection sampling (ARS) method [3] which, given a target
density, provides a procedure to obtain a suitable proposal
function (for which the bound is easy to compute). Unfor-
tunately, this procedure is only valid when the target pdf is
strictly log-concave, which is often not the case in practice.
In [7], an alternative ARS-type algorithm is introduced to
generate samples from posterior probability distributions. It
relies on computing a piecewise-constant approximation of
the likelihood and a proposal density that consists in a mix-
ture of truncated pdf’s. The application of this technique has
two potential shortcomings, though: it requires the ability
to integrate the prior pdf of the random variable of interest
in any finite interval and to (efficiently) draw from truncated
densities (which is not necessarily straightforward).

In this paper, we introduce a novel method to generate
samples from the posterior distribution of a random variable
x given a collection of data y. The procedure is based on
the ratio-of-uniforms (RoU) method, that was developed in
[4, 5, 6, 10] to draw from log-concave pdf’s. Here, we extend

its applicability to a larger class of densities, possibly multi-
modal. Similarly to the work in [7], the algorithm is based on
obtaining a piecewise-constant bound for the likelihood, but
the generation of candidate samples is much simpler (only
two uniform variables are needed) and does not require the
integrability of the prior of x.

The basic problem and background material is stated
in Section 2. Some useful denitions and basic assumptions
are introduced in Section 3. The calculation of bounds is
presented in Section 4. The new algorithm is derived in
Section 5 and in Section 6 we apply it to a simple numerical
example. Finally, Section 7 is devoted to the conclusions.

2. PROBLEM STATEMENT AND
BACKGROUND

2.1 Signal model

Many signal processing problems involve the estimation of an
unobserved signal of interest (SoI), denoted x ∈ R, from a
sequence of related observations y ∈ Rn (vectors are denoted
as lower-case bold-face letters all through the paper). We
consider n scalar observations, y = [y1, . . . , yn]>, which are
obtained through nonlinear transformations of the signal x
contaminated with additive noise. Formally, we write

y1 = g1(x) + ϑ1, . . . , yn = gn(x) + ϑn, (1)

where gi : R → R, i = 1, . . . , n, are nonlinearities and
ϑ = [ϑ1, . . . , ϑn]> is a vector of independent noise variables.
The joint noise pdf1 has the form

p(ϑ1, . . . , ϑn) = k exp

(
−

nX
i=1

V̄i(ϑi)

)
, (2)

where k > 0 is a real constant and V̄i : R→ [0,+∞) are real
functions, subsequently referred to as marginal potentials.

We also assume that every V̄i(ϑi) is a convex function
with a minimum at ϑ = µi. Without loss of generality, we
set µi = 0, i = 1, ..., n, in the sequel. Note that, we can
always consider V̄i(ϑi + µi) and modify the corresponding
observation as ȳi = yi − µi to obtain a system equivalent to
Eq. (1).

The scalar observations are conditionally independent
given the SoI x, hence the likelihood function p(y|x) can
be written in terms of the marginal potentials as

p(y|x) ∝ exp

(
−

nX
i=1

V̄i(yi − gi(x))

)
, (3)

1We use p(·) to denote the pdf of a random variate, i.e., p(x)
denotes the pdf of x and p(y) is the pdf of y, possibly different.
The conditional pdf of x given the observation of y is written as
p(x|y).
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We also assume a prior pdf for the SoI x of the form

p(x) ∝ exp{−V̄n+1(gn+1(x))}, (4)

where V̄n+1(ϑn+1) is a convex function with a minimum at
µn+1 = 0 and gn+1(x) is a nonlinear function. Taking Eqs.
(3) and (4) together, the posterior pdf of the SoI takes the
form

p(x|y) ∝ p(y|x)p(x) =

= k exp

(
−

nX
i=1

V̄i(yi − gi(x))− V̄n+1(gn+1(x))

)
.

(5)

The aim of this paper is to design an efficient RS method
to generate independent and identically distributed (i.i.d.)
samples from pdf’s of the form of Eq. (5).

In order, to rewrite the posterior density p(x|y) in a more
compact manner, we define the generalized observation vec-
tor ỹ , [y1, . . . , yn, 0]> and the generalized nonlinearity vec-

tor g̃(x) , [g1(x), . . . , gn(x),−gn+1(x)]>. Then, Eq. (5)
induces a system potential V (x; ỹ, g̃) : R→ R, defined as

V (x; ỹ, g̃) ,
n+1X
i=1

V̄i(yi − gi(x)). (6)

Note that, in order to apply RS, one often needs to find
an upper bound for the posterior p(x|y), which is equivalent
to find a lower bound for the system potential V (x; ỹ, g̃).

2.2 Ratio of uniforms

The RoU method [2, 4] is a sampling technique that relies
on the following theorem.

Theorem: Let p(x) ≥ 0 be a pdf known only up to a
proportionality constant. If (u, v) is a sample drawn from
the uniform distribution on the set

A =
n

(v, u) : 0 ≤ u ≤
p
p(v/u)

o
, (7)

then x = v
u

is a sample form p(x).
Proof: See [2, Theorem 7.1].
Therefore, if we are able to draw uniformly from A, then

we can also draw from the pdf p(x). The cases of practi-
cal interest are that in which the region A is bounded and
A is bounded if and only if, both

p
p(x) and x

p
p(x) are

bounded.
Figure 1 (left) depicts a bounded set A. Note that, for

every angle α ∈ (0, π) rad, we can draw a straight line that
passes through the origin (0, 0) and contains points (vi, ui) ∈
A such that x = vi

ui
= tan(α), i.e., every point (vi, ui) in the

straight line with angle α yields the same value of x.
From the definition of A, ui ≤ p(x) and vi = uix ≤

x
p
p(x), hence, if we choose the point (v2, u2) that lies on

the boundary of A, u2 =
p
p(x) and v2 = x

p
p(x), and we

can embedded the set A in the rectangular region

R =
n

(v′, u′) : 0 ≤ u′ ≤ sup
x

p
p(x),

inf
x
x
p
p(x) ≤ v′ ≤ sup

x
x
p
p(x)

o
,

(8)

as drawn in Fig. 1 (middle).
Once R is constructed, it is straightforward to draw uni-

formly from A by RS: simply draw uniformly from R and
then check whether the candidate point belongs to A.

2.3 Goal

In [5, 6], the RoU technique has been applied to obtain an
alternative implementation of the adaptive RS algorithm for
log-concave pdf’s.

We aim at using the RoU method to draw i.i.d. samples
from the posterior pdf p(x|y), not necessarily log-concave, by
a RS procedure. If A is bounded, the advantage w.r.t. con-
ventional rejection samplers is that we only need to simulate
two uniform random variables, which is straightforward.

We will show that it is possible to obtain the embedding
rectangular region R by constructing a piecewise-constant
approximation of

p
p(x|y) and x

p
p(x|y).

3. ASSUMPTIONS AND DEFINITIONS

Let D ⊆ R denote the support of the vector function g̃(x),
i.e., g̃ : D ⊆ R → Rn+1. We assume that there exists a
partition of D consisting of intervals B1 = (b−1 , b

+
1 ),..., Bq =

(b−q , b
+
q ) such that D = ∪q

j=1[Bj ] (where [Bj ] = [b−j , b
+
j ] is

the closure of Bj), Bi ∩ Bj = ∅, ∀i 6= j, and ∀x ∈ Bj every
function gi(x), i = 1, ..., n+ 1, is

a) invertible and,
b) either convex or concave.

Assumptions a) and b) together mean that ∀i ∈ {1, .., n+

1} and ∀x ∈ Bj , the first derivative dgi
dx

is either strictly

positive or strictly negative and the second derivative d2gi
dx2

is either non-negative or non-positive.
We also introduce the set of simple estimates

X , {x′ ∈ R : gi(x
′) = yi, i = 1, ..., n+ 1}. (9)

and the set of support points S , {s1, . . . , sm}, where sk ∈ D
∀k and s1 < s2 < .... < sm. We assume that S contains, at
least:

• Every b−j > −∞ and b+j < +∞, j = 1, ..., q. As a

consequence, given any finite interval Ik = [sk, sk+1],
k = 1, ...,m−1, every gi(x) is invertible and either convex
or concave in Ik.

• Every simple estimate, i.e., X ⊆ S.
• The point 0, i.e., ∃k′ such that sk′ = 0 ∈ S.

Besides the intervals I1 = [s1, s2],..., Im−1 = [sm−1, sm] con-
structed with the points in S, we also define the semi-open
intervals I0 = (−∞, s1] and Im = [sm,+∞).

4. COMPUTATION OF BOUNDS

In order to obtain the rectangular region R that enables
us to draw uniformly from A and, therefore, from the tar-
get density p(x|y), we need to find bounds for the functionsp
p(x|y) and x

p
p(x|y).

Specifically, since p(x|y) ≥ 0, we only need the upper

bounds L(1) ≥
p
p(x|y), L(2) ≥ x

p
p(x|y) and L(3) ≥

−x
p
p(x|y) (note that−L(3) is a lower bound for x

p
p(x|y)).

We associate a potential V (i) for each function of inter-
est. Specifically, since p(x|y) ∝ exp{−V (x; ỹ, g̃)} we readily
obtain that p

p(x|y) ∝ exp{−V (1)(x; ỹ, g̃)},

x
p
p(x|y) ∝ exp{−V (2)(x; ỹ, g̃)},

−x
p
p(x|y) ∝ exp{−V (3)(x; ỹ, g̃)},

where V (1)(x; ỹ, g̃) = 1
2
V (x; ỹ, g̃) and V (2)(x; ỹ, g̃) =

1
2
V (x; ỹ, g̃)−log(x) and V (3)(x; ỹ, g̃) = 1

2
V (x; ỹ, g̃)−log(−x)

(x < 0), respectively.
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Figure 1: Left: A bounded region A and the straight line v = xu corresponding to the sample x = tan(α). Every point
in the intersection of the line v = xu and the set A yields the same sample x. The point on the boundary (v2, u2) has

coordinates v2 = x
p
p(x) and u2 =

p
p(x). Middle: If the two functions

p
p(x) and x

p
p(x) are bounded, the set A is

bounded and embedded in the rectangle R. Right: The solid line shows the system potential V (x; ỹ, g̃), the dashed line
depicts the modified potential V (x; ỹ, rk) and the dotted line illustrates the two linear functions tangent to the modified
potential at sk and sk+1. The lower bound γk is obtained as the intersection of the two tangent lines.

Note that it is equivalent to maximize the functionsp
p(x|y), x

p
p(x|y), −x

p
p(x|y) with respect to (w.r.t.)

x and to minimize the corresponding potentials V (j), j =
1, 2, 3, also w.r.t. x. As a consequence, we may focus on the
calculation of lower bounds γ(j) ≤ V (j)(x; ỹ, g̃), related to

the upper bounds as L(j) = exp{−γ(j)}, j = 1, 2, 3. This
problem is far from trivial, though. Even for very simple
marginal potentials, V̄i, i = 1, . . . , n, the potential functions,
V (j), j = 1, 2, 3, can be highly multimodal w.r.t. x [8].

4.1 Lower bound for the system potential

We now briefly review a basic algorithm for the calcula-
tion of upper bounds for posterior pdf’s [8]. Our goal is
to obtain an analytical method for the computation of a
scalar γk ∈ R such that γk ≤ inf

x∈Ik

V (x; ỹ, g̃) in an interval

x ∈ Ik = [sk−1, sk], where sk−1, sk ∈ S (and sk−1 < sk).
The observations ỹ are arbitrary but fixed and the nonlin-
earities g̃ are assumed known.

In [8], it is described how to build, within each set
Ik, k = 0, ...,m, adequate linear functions {ri,k}n+1

i=1

in order to replace the nonlinearities {gi}n+1
i=1 . Given

g̃(x) = [g1(x), . . . ,−gn+1(x)], we construct a vector rk(x) =
[r1,k(x), . . . , rn+1,k(x)]> in a way that ensures

V (x; ỹ, rk) ≤ V (x; ỹ, g̃), ∀x ∈ Ik, (10)

and, as a consequence,

γk = inf
x∈Ik

V (x; ỹ, rk) ≤ inf
x∈Ik

V (x; ỹ, g̃). (11)

Therefore, it is possible to find a lower bound γk in Ik for
the system potential V (x; ỹ, g̃) by minimizing the modified
potential V (x; ỹ, rk) within Ik.

It is often possible to obtain γk in closed-form. How-
ever, if the minimization of V (x; ỹ, rk) remains intractable,
we can exploit the fact that the modified system potential
V (x; ỹ, rk) is convex ∀x ∈ Ik. Indeed, since the marginal
potentials V̄i are convex and the functions ri,k(x) are lin-
ear, with i = 1, ..., n + 1, it turns out that V (x; ỹ, rk) =Pn+1

i=0 V̄i(yi−ri,k(x)) is also convex in Ik. In fact, each term

in the sum is convex, since

d2V̄i

dx2
=
dV̄i

dϑ

d2ri,k

dx2
+

„
dri,k

dx

«2
d2V̄i

dϑ2

= 0 +

„
dri,k

dx

«2
d2V̄i

dϑ2
≥ 0,

(12)

where we have used that
d2ri,k

dx2 = 0 (since ri,k is linear) and

the convexity of the marginal potentials V̄i(ϑ), i = 1, . . . , n+
1.

The convexity of V (x; ỹ, rk) implies that we can find a
lower bound in Ik for the system potential V (x; ỹ, g̃) at the
intersection of the tangents to V (x; ỹ, rk) at the limit points
of Ik, i.e, sk−1 and sk. Figure 1 (right) depicts this pro-
cedure to obtain a lower bound in an interval Ik for a sys-
tem potential V (x; ỹ, g̃) (solid line) using the intersection
of two tangent lines (dotted line) to the modified potential
V (x; ỹ, rk) (dashed line).

A global lower bound for the system potential can be
found as

γ = min
k∈{0,...,m}

γk (13)

Note that the quality of the bound depends of the number of
support points. Hence, we can improve it by increasing the
number of points in S. Since in [8] we prove that all the sta-
tionary points (maxima and minima) of the posterior pdf are
contained in the interval J = [minX ,maxX ], though, the
technique provides improved bounds only if we add support
points inside the interval J .

4.2 Lower Bounds for V (1), V (2) and V (3)

It is straightforward to see that we can use the procedure
described above to find a global lower bound γ(1) for the
potential V (1)(x; ỹ, g̃) = 1

2
V (x; ỹ, g̃), associated to the func-

tion
p
p(x|y), since V (1) is a scaled version of the system

potential V .
The procedure of Section 4.1 can also be applied to find

upper bounds for x
p
p(x|y), with x > 0, and −x

p
p(x|y)

with x < 0. Indeed, recalling that the associated poten-
tials are V (2)(x; ỹ, g̃) = 1

2
V (x; ỹ, g̃) − log(x), x > 0, and

V (3)(x; ỹ, g̃) = 1
2
V (x; ỹ, g̃) − log(−x), x < 0, it is straight-
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Figure 2: Left: The region A corresponding to the target pdf p(x|y) in the example, and the two rectangular regions that
includeA, obtained using 20 support points in J = [minX ,maxX ]. Middle: The posterior density p(x|y) ∝ exp{−V (x; ỹ, g̃)}
and the normalized histogram of N = 10,000 samples obtained using RS over the area A. Right: The curve of acceptance
rates (averaged over 10,000 simulations) as a function of the number m of support points chosen randomly in the interval
J = [minX = −4.01,maxX = 3.16].

forward to realize that the corresponding modified potentials

V (2)(x; ỹ, rk)) ,
1

2
V (x; ỹ, rk)− log(x),

V (3)(x; ỹ, rk)) ,
1

2
V (x; ỹ, rk)− log(−x),

(14)

are convex in Ik, since the functions − log(x) (x > 0) and
− log(−x) (x < 0), are also convex. Therefore, it is always

possible to compute lower bounds γ(2) ≤ V (2)(x; ỹ, g̃) and

γ(3) ≤ V (3)(x; ỹ, g̃).

The corresponding upper bounds are L(j) = exp{−γ(j)},
j = 1, 2, 3.

5. ALGORITHM

The basic RS algorithm to draw from p(x|y) can be summa-
rized in the following steps:

1. Compute the bounds L(i), i = 1, 2, 3 as shown in Sections
4.1 and 4.2.

2. Draw a point [v′, u′]> ∼ UR uniformly from the rect-

angular region R = [−L(3), L(2)] × [0, L(1)] ⊇ A. This

is easily achieved by sampling v′ ∼ U(−L(3), L(2)) and

u′ ∼ U(0, L(1)), where U(a, b) denotes the uniform distri-
bution in the interval [a, b].

3. If u′ ≤
q
p( v′

u′ |y), then accept the sample x′ = v′

u′ .

4. If u′ >
q
p( v′

u′ |y), then reject the sample x′ = v′

u′ .

A simple way to improve the acceptance rate of the rejec-
tion sampler is to compute two different bounds for

p
p(x|y),

namely L
(1)
p ≥

p
p(x|y), ∀x > 0 (positive), and L

(1)
n ≥p

p(x|y), ∀x < 0 (negative). As a result, we define the
rectangular regions

R1 = [−L(3), 0]× [0, L(1)
n ],

R2 = [0, L(2)]× [0, L(1)
p ].

(15)

The union set contains the bounded region A, i.e., A ⊆
R1 ∪ R2, hence we can perform RS by drawing candidate
samples from R1∪R2. Note that, for a uniform distribution,
the probability of Rk is proportional to its measure |Rk|,
where |R1| = |L(2) − L(3)| · |L(1)

n | and |R1| = |L(2) − L(3)| ·
|L(1)

p |. Specifically, the probability of Rk is

wk ,
|Rk|

|R1|+ |R2|
with k = 1, 2. (16)

The modified RS algorithm can be summarized as follows:

1. Compute the bounds L
(1)
n , L

(1)
p , L(2) and L(3).

2. Draw an index k ∈ {1, 2} from the probability distribu-
tion P{k = 1} = w1, P{k = 2} = w2.

3. Draw a point (v′, u′) uniformly from the region Rk.

4. If u′ ≤
q
p( v′

u′ |y), then accept the sample x′ = v′

u′ .

5. If u′ >
q
p( v′

u′ |y), then reject the sample x′ = v′

u′ .

6. EXAMPLE

We illustrate the application of the proposed RS scheme by
way of a simple numerical example. Consider the problem of
drawing from the posterior distribution of x ∈ R given the
observations

y1 = log[(x+ 2)2] + ϑ1, y2 = log[(x− 0.1)2] + ϑ2 (17)

where g1(x) = log[(x + 2)2], g2(x) = log[(x − 0.1)2] and
the noise variables ϑ1 and ϑ2 are independent and identi-
cally Gaussian distributed, ϑi ∼ N(ϑi; 0, 1/2), i = 1, 2, i.e,
p(ϑi) ∝ exp{−V̄i(ϑi)}, where V̄i(ϑi) = ϑ2

i .
We also assume a prior density of the form

p(x) ∝ exp

(
− (x2 − 10)2

100

)
(18)

that we interpret as V̄ (ϑ3) =
ϑ2
3

100
and g3(x) = x2 − 10.

Therefore, the generalized observation vector and the gener-
alized vector of nonlinearities are defined as ỹ = [y1, y2, 0]>

and g̃(x) = [g1(x), g2(x),−g3(x)]>, respectively, and the
posterior pdf of x given y can be written as p(x|y) ∝
exp{−V (x; ỹ; g̃)}, where the generalized system potential

V (x; ỹ; g̃) = (y1 − log[(x+ 2)2])2+

(y2 − log[(x− 0.1)2])2 +
1

100
(x2 − 10)2,

(19)

is, in general, non-convex.
The set of simple estimates is

X ={
p

exp(y1)− 2,−
p

exp(y1)− 2,p
exp(y2) + 0.1,−

p
exp(y2) + 0.1,

√
10,−

√
10},

(20)
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which setting, e.g., y1 = 1.4 and y2 = 1, yields X =
{0.01,−4.01, 1.74,−1.54, 3.16,−3.16}.

We can divide the domain R in q = 3 intervals B1 =
(−∞,−1], B2 = [−1, 1] and B3 = [1,+∞] where the nonlin-
earities have first and second derivatives with constant sign.
Hence, the set of support points S have to include at least
the values −1, 0, 1 and the set of the simple estimates X ,
i.e., S = X ∪{−1, 0, 1} sorted in ascending order. Therefore,
we have at least m = 9 support points.

Figure 2 (left) depicts the bounded set A corresponding
to the target pdf p(x|y) and the two rectangular regions R1

and R2 such that A ⊆ R1 ∪ R2, obtained using m = 20
support points in J = [minX ,maxX ]. With this setup, we
apply the modified RS algorithm of Section 5 to generate
10,000 i.i.d. samples from p(x|y). The resulting histogram,
and the true function p(x|y) are depicted in Figure 2 (mid-
dle).

Finally, Figure 2 (right) shows the acceptance rate2

of the modified RS algorithm as a function of the num-
ber of support points, m, chosen randomly in the interval
J = [minX = −4.01,maxX = 3.16]. With m = 9, the
acceptance rate is ≈ 21%, while m = 50 yields an accep-
tance rate of ≈ 27%. The dashed line represents the high-
est achievable acceptance rate for this example (27.6%). It
is clear that a trade off between computational complexity
(that grows linearly with the number of support points) and
performance can be sought.

7. CONCLUSIONS AND FUTURE WORK

We have proposed a novel rejection sampling method to draw
from the (possibly multimodal) posterior pdf of a signal of
interest x given a vector of nonlinear observations y with
arbitrary dimension. The proposed algorithm relies on the
ratio-of-uniforms technique and, therefore, it only requires
the generation of two independent uniform random variables
from finite intervals in order to generate candidate sample
of x (which may, in general, have on infinite domain).

The new technique can be used inside more elaborate
Monte Carlo methods, such as MCMC algorithms and par-
ticle filters. Moreover, the proposed modified rejection sam-
pler described in Section 5 can be readily extended to an
adaptive version by covering the bounded set A with k dis-
joint rectangular regions R1, ..., Rk (in Section 5, we have
restricted ourselves to the simplest case k = 2). In this way,
an acceptance rate close to 100% is attainable.

Another way in which the proposed method can be ex-
tended involves the approximation of the target density by
vertical bars [1].

2The acceptance rate is the proportion of generated candidate
samples which are actually accepted.

These bars can be converted into triangles [4] T1, ..., Tk

(that cover the bounded set A) in the u − v reference axes
and there are simple methods to draw uniformly from these
triangular regions. With this approach, we can easily obtain
acceptance rates close to 100% when the target density has a
finite support, but there are difficulties, in general, to apply it
when this support is unbounded (specifically to approximate
the tails of the target pdf).
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ABSTRACT

In this paper, we show how to critically sparsify a given
network while improving the convergence rate of the as-
sociated average consensus algorithm. Thus, instead of
adding new links or reallocating them, we propose novel
distributed methods to find much sparser networks with
better convergence results than the original denser ones.
We propose two distributed algorithms; a) in the first
one, each node solves a local optimization problem using
only its two-hop neighborhood, b) the second one is a
distributed algorithm based on using, at each node, the
power method. As compared with previous work, the
reduction in the number of active links is doubled while
improving the convergence rate and having a much lower
power consumption. Simulation results are presented to
verify and show clearly the efficiency of our approach.

1. INTRODUCTION

Two of the most important issues of the existing aver-
age consensus algorithms [1-6] are the convergence speed
and the communication cost required to converge, which
in most cases are the principal reasons for not using
them in practical scenarios. Much of the research that
focuses on improving these parameters has been carried
out by Boyd [1][2]. They showed that it is possible to
formulate the problem of finding the fastest converging
iteration as a convex semidefinite optimization problem.
This approach gives the optimal weights to combine
the information based on a convex optimization prob-
lem. However, an important drawback of this method
is that it requires knowing, at every node, the connec-
tivity of the deployed network and secondly it requires
too many computational resources for achieving the op-
timal solution. For solving the first mentioned prob-
lem, a subgradient algorithm was proposed in [1]. How-
ever this method is relatively slow, and has no simple
stopping criterion that guarantees a certain level of sub-
optimality. Another solution is to set the neighboring
link weights to a constant and optimize this constant to
achieve maximum possible convergence rate. Since the
global knowledge of the network spectrum is required to
calculate this optimal constant, it is difficult to use this
expression in a practical distributed consensus process.

This work was supported by the spanish MEC Grants
TEC2009-14213 “SENSECOGNITIVE”, CONSOLIDER-
INGENIO 2010 CSD2008-00010 “COMONSENS” and the
European STREP Project “SENDORA” Grant no. 216076
within the 7th European Community Framework Program.

For that reason, most of the existing related research
[3] focuses on properly redesigning the original topology
in order to improve the convergence time and power
consumption of the associated average consensus algo-
rithm, which in most cases, such as [4] and [5], involves
adding several unrealistic large links to the original net-
work. However, creating links between distant nodes
might not be possible due to the communication power
constraints that are present in battery supplied nodes.
Another solution to improve the average consensus, by
modifying the underlaying topology, consists on remov-
ing links instead of adding them. The authors of [6] show
how to improve the convergence of the average consen-
sus process by sparsifying the original network. It is
shown that it is possible to achieve similar convergence
results to the ones achieved using global knowledge of
the original network as in [1] but using a sparsifyed ver-
sion of the topology. The only information used in [6]
is the local degree of nodes. This approach achieves
quite good convergence results and reduces the power
consumption by using a very simple and low complexity
approach where no global knowledge is needed. In this
work, we use the same general idea, but making use of
a bite more of information while keeping low complex-
ity and the possibility of distributed computations. We
assume that each node knows a small part of the net-
work, that is, its own neighborhood and the ones of its
one hop neighbors (two-hop knowledge). Having this
extra information, each node can locally create a small
subnetwork from which extract useful graph spectrum
information for removing suitable links. This leads to
much sparser networks where the number of removed
links is doubled in comparison with [6]. Moreover, these
resulting networks present, at the same time, better con-
vergence time, power consumption and the possibility of
being obtained by only using distributed computations.

The rest of this paper is structured as follows: Sec-
tion II presents some background on consensus prob-
lems. The motivation of our approach is given in Section
III. In Section IV, we present a method for optimizing a
splited version of the network. In Section V, we present
a method for locating in a distributed way the suitable
links, so that removing them, it is possible to achieve
better convergence results. Section VI is devoted to val-
idate our claims by comparing our results with existing
approaches. Finally, conclusions are summarized in Sec-
tion VII.
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2. PROBLEM FORMULATION

A network of nodes can be modeled as a graph G =
(V,E), consisting of a set V of N vertices and a set E
of M edges. We denote an edge between vertices i and
j as a pair (i, j), where the presence of an edge between
two vertices indicates that they can communicate with
each other.

Given a graph G we can assign an N ×N adjacency
matrix A, given by:

Aij =

{
1 if (i, j) ∈ E
0 otherwise

The neighborhood of a node i is defined as

Ωi = {j ∈ V : (i, j) ∈ E, i = 1, ..., N}

where di = |Ωi| is the degree of node i.

Similarly, we denote by L the N ×N Laplacian ma-
trix of the graph, which is given by

L = D−A (1)

where D = diag(d1, ..., dN ) is the so-called degree ma-
trix.

Let us assume that the sensor measurements of the
nodes have some initial data at time slot k = 0. We
collect them in a vector, which we call the initial state
vector x(0), thus the average of the initial state x(0) is

xavg =
11tx(0)

N

where 1 denotes the all ones column vector. We consider
the general linear update of the state of each sensor i at
time k, using only local data exchange, namely

xi(k + 1) =

N∑
j=1

Wij(k)xj(k) ∀i = 1, 2..., N

where W denotes the mixing matrix, which in this pa-
per, it is assumed to be given by:

W = I− αL (2)

where α is a constant independent of time k, which we
take as 1

dmax
where dmax is the maximum degree in the

network. Even though the optimal value of α, for a
given connectivity graph is given by α = 2

λ2(L)+λN (L) ,

this choice requires to have a complete knowledge of
the global connectivity graph, at every node, which is
not scalable. On the other hand, the simple choice of
α = 1

dmax
ensures that, at each time slot k, we give

an equal weight to every available link and no global
knowledge or processing is required for computing the
weights. Since dmax is the maximum degree of the
network it can be easily calculated in a distributed way,
thus it is scalable.

The asymptotic convergence factor is defined as
usual [1] by:

r(W) = sup lim
k→∞

(
||x(k)− xavg||
||x(0)− xavg||2

)
which has been shown to be equal to:

r(W) = ρ

(
W − 11T

N

)
where ρ(A) denotes the spectral radius of a matrix1,
and the associated convergence time denoted by t(W)
is given by:

t(W) =
−1

log(r(W))
(3)

The convergence time t(W) is the main performance
indicator we use in our work. In this paper, we show
that it is possible to reduce the convergence time t(W)
by removing some properly chosen links, thus sparsify-
ing a given graph. We also assume a communication
cost associated with every link in the network. For the
sake of simplicity, we assume in this paper that this
cost is constant and proportional to the squared distance
of the corresponding link. Then, the total communica-
tion cost P (W) is proportional to t(W) times the power
consumption of one communication iteration across the
various links of the associated gossip algorithm.

3. MOTIVATION OF OUR APPROACH

Our main goal in this work is to exploit the effect of
improving the speed and power expenses of the average
consensus by sparsifying a given dense network. The
justification behind this idea is presented in detail in [6]
and we revise it here for convenience. It has been shown
in the literature [7] that given a graph G, if we remove
a link between two nodes of this graph, we get a new
graph G′ for which λ2(L(G′)) ≤ λ2(L(G)). Moreover,
since the eigenvalues of W and L are related as follows:

λi(W) = 1− αλi(L) (4)

if a link from the graph G is removed, we get that
λ2(W(G′)) ≥ λ2(W(G)), which implies slower consen-
sus convergence for the same value of α [1]. Note that
by writing (4) in that way, we are assuming that the
eigenvalues of the Laplacian matrix L are arranged in
increasing order and the eigenvalues of the Weight ma-
trix W are arranged in decreasing order. Then, if we
take α as 1

dmax
and we consider the action of removing a

particular link, this gives rise to a reduction in dmax and
we produce a positive effect on the value of λ2(W(G′)).

Therefore, by removing links (sparsifying the net-
work), it is possible to create two opposite effects which,
when well designed distributed methods are applied, the
second positive effect can dominate over the first nega-

tive by making λ2(L)
dmax

as large as possible, which in turn

amounts to make λ2(W) as small as possible [6]. Then,
sparsifying a network can improve both the convergence
rate and the power consumption of the associated con-
sensus algorithm. Thus, we are looking for a distributed

1ρ(A) = max{1≤i≤N} |λi(A)|
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Figure 1: Average results over 100 different topologies that are randomly deployed and composed by 100 nodes.
These graphs have been generated by using a greedy approach that removes, at each iteration, the link which

minimizes λ2(W). The different parameters
{

1
dmax

, λ2(L), λ2(L)
dmax

}
, as a function of the percentage of removed links,

are shown from left to right.

method which at the end of the process, reduces as much
as possible the value of λ2(W).

As a initial idea for introducing our distributed al-
gorithms, let us consider first the following centralized
algorithm. Consider the idea of reducing λ2(W) itera-
tively by using a simple greedy approach that reduces
the number on links in the network, that is, a simple
process where the link to be removed, at each iteration
step, is decided based on the criterion of minimizing this
value. Figure 1 shows the results using this criterion. It
is clearly shown that it is possible to reduce the value of
λ2(W), thus speeding up the convergence of the consen-
sus algorithm, by critically sparsifying (removing more
than 60% of the links) a given dense network. However,
this greedy approach is totally centralized and needs lot
of computational resources and time to achieve a proper
solution. Moreover, since it needs global information of
the whole network, it is not scalable. Therefore, this pa-
per focus on finding a distributed and scalable method
for achieving similar results.

4. DISTRIBUTED LOCAL OPTIMIZATION
ALGORITHM

The main idea behind this first distributed approach is
that each node i, instead of having only information
of its own neighborhood, we assume that it also knows
the neighborhood of its one hop neighbors, thus it has
local knowledge about the two hop subnetwork SGi sur-
rounding it. Having this extra information, the topology
of this local subnetwork can be created at each node.
Then, each node i can apply a convex optimization ap-
proach to the corresponding weight matrix W(SGi) in
order to improve its spectral properties. Note that each
link in a subnetwork is defined by a pair of nodes that
also exists in the complete network. Then, disabling
a link between a pair of nodes in the subnetwork also
disables a link in the whole network.

The structure of the optimization subproblems is
equivalent to the one used for optimizing the complete
network, which is presented in [6]. However, we need to
take into account two important differences: first, there
exists an overlapping between the subnetworks and sec-
ond, we need to fuse all the solutions in order to achieve

the general solution. Moreover, since usually most of
the links of the two-hop neighbors are not present in
the subnetworks, their degree (within the subnetwork)
is generally low and they are not good candidates to
disable their links. Then, we introduce an additional
constraint which consists on fixing their links to one, in
order to reduce the number of variables, hence the com-
plexity, in the optimization problem and the overlapping
issue between the different solutions.

Then, each node i solves the following SDP problem:

minimize{s,Z,Y} s
s. t. W = I− α(Z−Y)

Yjk = 0 if (j, k) /∈ E
Yjk = 1 if j ∈ Ωi , k ∈ {SGi\{Ωi, i}}
Yjk � 1, Yjk � 0

W − 11t

N � sI
W1 = 1
1tW = 1t

1 ≤ Zjj ≤ dj
1
Zjj
≥ α

Note that for the shake of simplicity, we use the no-
tation of W, Z for the variables instead of the corre-
sponding W(SGi), Z(SGi). Moreover, we bound the
maximum degree of the subnetwork with α, which takes

values in the interval
[

1
dmax(SGi)

, 1
dmax(SGi)−1 , ...1

]
.

We solve the previous subproblem for the different
values of α. It gives an array of solutions where the
best one is given by the minimum λ2(W), which im-
plies minimum convergence time. This eigenvalue can
be easily obtained by the nodes using some of the meth-
ods presented in [9][10]. Additionally, the solutions of
the subproblems are projected [6] and combined. The
only information used in the final solution is the corre-
sponding to the links between the central node and its
direct neighbors. Then, if the decision of removing a link
is only taken by one of the two subnetworks where the
link information is located, the conflict is solved based
on the final degree of the involved nodes. In practice,
the link is removed if their degree is greater or equal
than 0.35 times the average degree of the network.
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Figure 2: Average values of several parameters {t(W), λ2(W), P (W)} obtained by applying our power method
and averaging over 100 different topologies composed by 100 nodes. The different parameters values are shown
as a function of the percentage of removed links, from left to right: t(W), λ2(W) and P (W). The red flat line
represents their value when no links are removed.

One inconvenient of this approach is that every node
needs to solve a convex optimization problem whose size
depends on the average degree. Moreover, as we have
presented before, just having λ2(W) and applying a cen-
tralized greedy approach is possible to easily improve
the convergence by sparsifying the original network. It
is natural to ask whether the idea of using λ2(W), as a
indicator for choosing the links to be removed, can be
performed in a decentralized fashion.

5. DISTRIBUTED ALGORITHM BASED
ON LOCAL POWER METHOD

Assuming, at each node, the two-hop information pre-
sented before, nodes can use one of the several exist-
ing methods [9][10] for approximating the spectra of its
weight submatrix. One of them is the so-called power
method which is briefly recalled here for convenience.
Let W be the weight matrix defined in (2) which is
a N × N diagonalizable symmetric matrix with a cor-
responding dominant largest eigenvalue λ1(W). Then,
the power method consists on the following:

1. Let y0 = z0 be any initial vector in Rn whose largest
component is 1.

2. By repeating the following steps:

• Compute yk = Wzk−1
• Let mk be the component of yk with the largest

absolute value.
• Set zk = 1

mk
yk

The sequence of mk converges to the dominant
eigenvalue and zk converges to a dominant eigenvec-
tor. There exists several methods for finding subsequent
eigenvalues that are smaller in absolute value than a
given one. We assume that the deflation method is used
[9][10].

The main idea behind this second approach is that
each node applies the power method to its corresponding
weight two-hop neighborhood submatrix for quantifying
how much is lost or gained by removing a link between
the central node and one of its direct neighbors. Each
node i can use Algorithm 1 in order to obtain a vec-
tor containing the quality of its links. Then each node
applies locally the power method |Ωi| times, each time
corresponding to the removal of a one-hop link between

the central node and a directly connected one. Since our
goal is to minimize λ2(W), the links to be removed are
the corresponding vector entries with minimum value.

Then, instead of trying all the possible combinations
of removing 1,2...,etc. links we only remove one link
each time and the same for all the possible one link
removals in the first hop neighborhood of the central
node. The computational cost required by this method
only depends on the average degree of the whole network
and not on the total number of nodes N , so it is scalable.

10 20 30 40 50 60 70 80 90 100
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power method iterations

t(
W

)

Figure 3: Consensus convergence time as a function of
the precision (number of iterations) needed by the power
method which is used by all nodes in parallel.

However, the precision of the eigenvalue approxima-
tion depends on the number of iterations used by the
power method, so we need to analyze the cost needed for
getting a good approximation in our specific problem.
Figure 3 shows that few iterations of the power method
are needed for getting good results, that is, nodes only
need a few iterations of the power method (between 50
and 100 in practice) for getting good approximations of
the corresponding eigenvalues and remove the correct
links. Therefore, the total computational cost of the
procedure is quite small.

Finally, a criterion for knowing how many links
should be removed is necessary. Figure 2 shows that the
optimal range is found when removing between 50% and
65% of the total number of links. Since, removing 65%
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Algorithm 1 Neighborhood Quality vector

Require: AM×M , d1, ..., dM
Ensure: Q contains |Ωi| values of λ2(W)

for j = 1 : ||Ωi|| do
A(i, j) = 0, A(j, i) = 0
D = diag(d1, di − 1, ..., dj − 1, ..., dM )
α = 1

max(d1,di−1,...,dj−1,...,dM )

W = I − α(D−A)
Q(j) = λ2(W) {Obtained using the power method}
A(i, j) = 1, A(j, i) = 1

end for

of the links has similar convergence time than removing
50% of the links, we take this first value as a stoping cri-
terion. Moreover, from this value, it can be easily found
[6] the corresponding degree as a function of the aver-
age degree of the complete network and this value can
be used by the nodes to compare it with its own degree
and decide if it needs or not to lose more links. Our ex-
perimental results show that, this new method ensures
that many more links are removed as compared to other
previous methods presented in the literature. Thus, in-
stead of only removing links between high degree nodes,
as proposed in [6], we also allow to remove links between
any pair of nodes based on λ2(W) approximations.
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optimized topology (centralized) 40% links used

optimized topology (distributed) 35% links used

original topology (no method) 100% links used

power method (distributed) 35% links used

reduced topology (distributed) 65% links used

Figure 4: Average convergence results over 100 different
topologies composed by 100 nodes. The comparison is
done between the consensus executed in the topologies
resulted from applying: a) our distributed optimization
method, which only uses 35% of the links, b) our dis-
tributed power method, which also uses 35% of the links,
c) and d) the two methods presented in [6] that use 65%
and 40% of the links respectively and e) the original
topology which uses 100% of the links.

6. NUMERICAL RESULTS

In this section, we focus on validating our algorithms by
comparing them with previous work. Figure 2 shows the
improvement of different parameters when applying the
power method. It presents similar eigen-results than the
centralized greedy approach, that is Figure 1. Although,
the minimum convergence time is achieved when 50%
of the links are removed, the time that is obtained by

removing 65% of them is almost the same and it has
much less power consumption. Then, this percentage
is used on Figure 4, which shows a comparison of the
convergence between our methods and the approaches
presented in [6]. Our new methods present very good
results in the initial interations. This is specially use-
ful in detection applications where some quickly aver-
aging is needed for taking a decision. Finally, Table 1
summarizes the numerical results of the corresponding
parameters (time, power consumption and used links).

Table 1: Simulation Results
Method t(W) P (W) used links %

original topology 10.2 4.7× 107 100%
previous work (dist) 7.6 2.9× 107 65%
previous work (cent) 5.5 1.7× 107 40%
power method 6.25 1.3× 107 35%
dist. optimization 6.5 1.5× 107 35%

7. CONCLUSION

In this paper, we have tackled the problem of improv-
ing the average consensus problem in a distributed way.
We have shown that it is possible to reduce the conver-
gence time and the power consumption of this process by
critically sparsifying a given network. The main contri-
bution can be summarized as twice the improvement on
link removal while having better convergence rate and
power consumption in the associated average consensus
method.
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ABSTRACT
We consider the problem of distributed average consensus
where sensors exchange quantized data with their neighbors.
We deploy a polynomial filtering approach in the network
nodes in order to accelerate the convergence of the consen-
sus problem. The quantization of the values computed by the
sensors however imposes a careful design of the polynomial
filter. We first study the impact of the quantization noise in
the performance of accelerated consensus based on polyno-
mial filtering. It occurs that the performance is clearly penal-
ized by the quantization noise, whose impact directly depends
on the filter coefficients. We then formulate a convex opti-
mization problem for determining the coefficients of a poly-
nomial filter, which is able to control the quantization noise
while accelerating the convergence rate. The simulation re-
sults show that the proposed solution is robust to quantization
noise while assuring a high convergence speed to the average
value in the network.

Index Terms— Distributed averaging, distributed con-
sensus, polynomial filtering, uniform quantization.

1. INTRODUCTION

Distributed average consensus (DAC) algorithms are becom-
ing increasingly popular and are attractive for applications in
wireless network systems. They are mainly used in ad-hoc
sensor networks in order to compute the global average of
sensor data in a distributed fashion, using only local inter-
sensor communication. Some of their most important applica-
tions include distributed agreement and synchronization prob-
lems, distributed coordination of mobile autonomous agents
and distribution data fusion in sensor networks (e.g., [1, 2]).

Without any communication rate restriction and consid-
ering that the data are sent over a reliable channel, the con-
vergence rate of the distributed average consensus problem is
accelerated significantly. Apart from the classical approach
based on linear iterations (successive multiplications of the
network weight matrix with the vector of initial sensor values
[3], [4]) a more efficient method tries to accelerate the conver-
gence rate by using previous estimates [5]. This approach can
be achieved by applying a matrix polynomial on the weight
matrix, in order to shape its spectrum by minimizing its sec-
ond largest eigenvalue. Polynomial filtering has been shown

This work was supported by the Swiss National Science Foundation
grants 200021-118230. This work was done while H. Park was with EPFL.

to outperform the simple iterative method in terms of con-
vergence speed and robustness to dynamic topologies. Both
methods allow every node state to converge to the average of
the initial values after some iterations.

Note that these approaches have been designed and opti-
mized based on the assumption that there is no error in the in-
formation exchanged among nodes. However, in practice, this
assumption is generally infeasible due to several constraints
such as limited communication bandwidth, unreliable com-
munication channels, limited computation power, etc. The
information exchanged by the nodes has therefore to be quan-
tized in order to reduce the communication overheads. As a
result, however, this incurs quantization noise that is accumu-
lated during the iterations. Therefore, existing consensus ac-
celeration solutions only provide limited performance in the
presence of quantization noise.

While there exists a substantial body of work that dis-
cusses average consensus problems with quantized commu-
nication (e.g., [6–13]), they all assume that consensus is
achieved by linear iterations. Thus, these prior works do not
explore the impact of the quantization noise on the acceler-
ation methods. In this paper, we propose an algorithm that
enables the polynomial filtering acceleration method to be-
come robust to quantization noise, while ensuring fast con-
vergence. We analytically investigate the impact of the quan-
tization noise on the performance of this approach and show
that both the convergence rate and the accuracy of the av-
erage consensus depend on the filter coefficients. We show
that the coefficients can be efficiently obtained by solving a
convex optimization problem. Finally, we study the tradeoff
between the convergence rate and the accuracy of the aver-
age consensus, which provides a guideline for the polynomial
filter design.

The rest of the paper is organized as follows. In Section 2,
we briefly review the distributed average consensus problem
based on the polynomial filtering methodology. We propose
a noise robust polynomial filter design in Section 3. Several
simulation results are presented in Section 4, and the conclu-
sions are drawn in Section 5.

2. PRELIMINARIES

A sensor network topology is modeled as an undirected graph
G = (V,E), where V ∈ {1, . . . ,m} represents the sensor nodes
and m = |V | denotes the number of nodes. An edge that rep-
resents a link between two sensor nodes i and j is denoted by
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an unordered pair {i, j} ∈ E, which can be established if sen-
sors i and j communicate with each other. We denote the set
of neighbors for node i as Ni = { j|{i, j} ∈ E}.

By denoting with zt(i) a real scalar assigned to node i at
time t, the node states (i.e., node values) over the network at
t can be expressed as a vector zt = [zt(1), . . . ,zt(m)]T . Corre-
spondingly, the initial node state is z0. Then, the distributed
average consensus problem consists of computing iteratively
at every node the average µ = 1

m ∑m
i=0 z0(i). In order to com-

pute µ , we consider distributed linear iterations at each sensor
of the following form:

zt+1(i) = W [i, i]zt(i)+ ∑
j∈Ni

W [i, j]zt( j), (1)

where W [i, j] represents the weight associated with edge
{i, j}. The weight matrix W can be specified by the topology
of the network graph. In this paper, we assume that W sat-
isfies the conditions that are required to achieve asymptotic
average consensus [3], expressed as

1TW = 1T , W1 = 1, ρ(W −11T /m) < 1,

where ρ(·) denotes the spectral radius of the matrix. It is
known that a smaller value of the second largest eigenvalue
λ2(W ) of W leads to faster convergence [3]. Moreover, the
convergence rate can be accelerated by applying a polynomial
filter pk(·) of degree k every k+1 steps [5]. Specifically, given
W , a polynomial filter pk is applied to W , leading to

pk(W ) =
k

∑
l=0

alW l = a0I +a1W + ...+akW k.

This is equivalent to applying the iterative method to pk(W )
and in practice, it implies a periodic update of the current sen-
sor’s values while exploiting the memory of the sensors:

zt+k+1 = pk(W )zt = a0zt +a1Wzt + ...+akW kzt

= a0zt +a1zt+1 + ...+akzt+k.
(2)

The polynomial filter update is followed by the distributed
linear iteration of Eq.(1). It is known that the eigenvalues of
pk(W ) are simply the polynomial filtered eigenvalues of W ,
i.e., pk(λi(W )). Thus the application of the polynomial fil-
ter on the spectrum of W can impact the magnitude of λ2(W )
which mainly drives the convergence rate. As a result, the
convergence rate can be significantly influenced by the poly-
nomial filter design (i.e., selection of the polynomial coeffi-
cients). Two alternative techniques for computing the coef-
ficients al of the filter pk are discussed in [5]. The first ap-
proach, Newton’s interpolation polynomial, is based on Her-
mite interpolation and its objective is to dampen the smallest
eigenvalues of W by imposing smoothness constraints of pk
at the endpoints of the interval of the spectrum of W . The
second technique is based on solving a semi-definite program
(SDP) for computing the optimal coefficients. The optimiza-
tion problem can be formulated as:

a = argminη

subject to ρ
(

k
∑

l=0
alW l −11T /m

)
≤ η

(
∑k

l=0 alW l
)

1 = 1,

(3)
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Fig. 1. Average consensus performance of polynomial filter
based approaches [5] (no error, quantization with 2 and 12
bits).

This approach outperforms the Newton’s interpolating poly-
nomial approach in terms of convergence rate.

The above mentioned filters have been originally de-
signed without considering quantization effects. If quantiza-
tion noise is introduced, they may provide a limited perfor-
mance as we show in the following example. We consider
that the sensors quantize their state by using a uniform quan-
tizer with 2 and 12 bits respectively. For more details about
the simulation settings see Section 4.1. Fig. 1 shows the abso-
lute error ‖zt −µ1‖2 over t iterations when SDP-based poly-
nomial filter and Newton’s interpolating polynomial filter are
deployed. The red curves follow [5] and correspond to the
performance of the SDP and the Newton method in the noise-
less case. As expected, if quantization noise is introduced
in the distributed average consensus, the existing filter based
solutions provide only a limited performance. Interestingly,
polynomial filtering with Newton’s polynomial seems to per-
form better than the one with SDP polynomial. This result
confirms that the optimal coefficients computed with Problem
(3) were designed for ideal conditions, without taking into
consideration rate constraints. More importantly, both solu-
tions do not improve the consensus performance even when
refined quantizers are deployed. This can be attributed to
the fact that by applying the polynomial filter, the introduced
noise is amplified, resulting in significant performance degra-
dation. Therefore, we can conclude that the polynomial filters
need to be redesigned by explicitly considering the impact of
the noise on their average consensus performance. This is
discussed in the next section.

3. FILTER DESIGN FOR QUANTIZED CONSENSUS

We assume that sensors exchange quantized information,
which enables them to reduce the communication overhead.
Thus, additive quantization errors are introduced in the ex-
changed information. In particular, we assume that z(i) ∈ R
lies in a finite interval of size S and is quantized by a q-bit
uniform quantizer before it is transmitted to the neighbor sen-
sors. The q-bit uniform quantizer output of a scalar z can be
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expressed as

Q(z) =
⌊

z− zmin

∆

⌋
×∆+

∆
2

+ zmin,

where ∆ is the quantizer step-size and zmin is the minimum
dynamic range. Note that the quantizer step size and the range
S are linked by the relation S = 2q∆.

Before state information is exchanged, the value z̃t(i) of a
sensor node i at each step t is quantized, such that

ẑt(i) = z̃t(i)+ εt(i), (4)

where εt(i) is the incurred quantization error in step t, z̃t(i)
is the current state of sensor i (before quantization) and ẑt(i)
is the quantized value that the sensor i will send to its neigh-
bors. We set as initial condition z̃0(i) = z0(i) which means
that ẑ0(i) = z̃0(i)+ ε0(i) = z0(i)+ ε0(i). Then, each node up-
dates its state as a linear combination of its own quantized
state as well as the quantized states of its neighbors based on
the recursive update in (1):

z̃t+1 = W · (z̃t + εt), t ≥ 0

where εt = [εt(1),εt(2), ...,εt(m)]T . After k iterations, the
state z̃t+k can be correspondingly expressed as

z̃t+k = W k z̃t +
k−1

∑
l=0

W k−lεt+l .

After polynomial filtering (see also Eq. (2)) the resulting
z̃t+k+1 can be expressed as

z̃t+k+1 =a0z̃t +
k

∑
l=1

al z̃t+l

=
k

∑
l=0

alW l z̃t +
k

∑
l=1

[
l−1

∑
j=0

alW l− jε j+t

]

=
k

∑
l=0

alW l z̃t +
k−1

∑
l=0

[
k−l

∑
j=1

al+ jW j

]
εl+t .

(5)

The obtained values from the above equation are quan-
tized and sent to the neighboring sensors. We observe that the
quantization error due to the previous k steps, is accumulated
over the iterations and it is represented by the second term
of the above equation. As shown in Eq. (5), the accumulated
quantization noise of each sensor significantly depends on the
filter coefficients. Specifically, the output of the polynomial
filter is a linear combination of the quantization noise vec-
tors (εt , . . . ,εt+k) introduced during the previous iterations,
the weight matrix W and the filter coefficients. We observe
also that each quantization noise vector is multiplied by a ma-
trix polynomial of W . Note that the weight matrix depends
on the topology and it is fixed. Also, the quantization errors
depend on the number of the available bits (rate constraints).
Hence the only factor that we can modify in order to reduce
the impact of the noise in the consensus performance is the

value of the coefficients. Therefore, given W and a polyno-
mial degree k, the polynomial coefficients should be deter-
mined such that they can lead to a fast convergence while at
the same time reducing the accumulated error.

In order to limit the effects of the quantization noise, the
filter coefficients need to be computed such that they min-
imize ∑k−l

j=1 al+ jW j in Eq.(5) for 0 ≤ l ≤ k− 1. This can
be achieved by minimizing the L2-norm of the above ma-
trix polynomials which leads to diminishing the effect on the
quantization noise vectors. Moreover, in order to accelerate
the convergence rate and assure convergence, the spectral ra-
dius ρ(∑k

l=0 alW l − 1
m 11T ) also needs to be minimized sub-

ject to the constraint (∑k
l=0 alW l)1 = 1 [5]. Putting all the

above facts together, the filter coefficients a = (a0, . . . ,ak) ∈
Rk+1 can be determined as

a = argminη

subject to ρ
(

k
∑

l=0
alW l −11T /m

)
≤ η

∥∥∥∑k−l
j=1 al+ jW j

∥∥∥
2
≤ v ·η , 0≤ l ≤ k−1(

∑k
l=0 alW l

)
1 = 1,

(6)

where η ∈ R is an auxiliary variable. The new optimization
problem consists of the constraints in Problem (3) and one ad-
ditional constraint that controls the allowable amount of quan-
tization noise. Since the spectral radius is a convex function
of the polynomial coefficients [5], Problem (6) is also a con-
vex optimization problem. Thus, a global optimal solution
can be efficiently obtained. Notice that a parameter v is in-
troduced in the inequality constraints of Problem (6), which
determines the tolerable noise level. A lower spectral radius
(i.e., faster convergence speed) can be achieved by allowing a
higher tolerable noise level (i.e., a larger v), as a larger value
of v leads to an enlarged constraint set in Problem (6). Since
our primary goal of filter design is to accelerate the conver-
gence speed, we assume that v > 1. However, the impact of
quantization noise on the average consensus performance in-
creases as v increases. This tradeoff between convergence and
robustness to noise will be quantified and investigated in the
next section.

4. SIMULATION RESULTS

In this section, we quantify the performance of the proposed
noise robust filter design for distributed average consensus
and we compare it with that of the already existing methods.
The performance is estimated in terms of the convergence
speed and the accuracy of the achieved consensus value.

4.1. Simulation setup

We consider a network that consists of 40 sensors (i.e., m =
40) uniformly distributed over the unit square [0,1]× [0,1].
We assume that two neighbor sensors are connected if their
Euclidean distance is less than the connectivity radius r =√

(logm)/m. Each sensor performs 200 iterations. As an
illustration, we consider the maximum-degree weight matrix,
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Fig. 2. Impact of v on the spectral radius and the consensus
accuracy.

defined as

W [i, j] =

{ 1/m, if {i, j} ∈ E
1−d(i)/m, if i = j
0, otherwise

where d(i) denotes the degree of the ith sensor. We assume
static network topologies. This implies that the edge set does
not change over the iterations so the matrix W is considered
fixed. We deploy a polynomial filter of degree k = 4 and we
investigate the average performance based on 400 random re-
alizations of the sensor network and random initial measure-
ments. For more details about the chosen degree of the poly-
nomial see [5]. In the simulations, the quantization step-size
is chosen to be ∆ = 1/2q and the exchanged data are quantized
uniformly with q = 2,6,12 bits.

4.2. Performance of Noise Robust Polynomial Filters
In this section, we quantify the performance of the noise ro-
bust polynomial filter proposed in Section 3. As an illustra-
tion, we assume that k = 4 in Eq.(6). The filter coefficients
are determined by solving the convex Optimization Problem
(6) in MATLAB using the SeDuMi solver 1.

We first investigate the impact of the parameter v intro-
duced in Problem (6) on the convergence speed and the ac-
curacy of the average consensus algorithm. Fig.2 confirms
the tradeoff between these two objectives. The accuracy is
measured by computing the absolute error ‖zt − µ1‖2 over
the iteration t = 200, with varying v, for a q = 6 bits quanti-
zation. As v increases, the spectral radius decreases (i.e., the
convergence is faster). Note that the improvement rate of the
spectral radius is significant in the range of 1 < v≤ 15, while
it becomes smaller for v ≥ 16. However, by increasing v, we
loose much in terms of accuracy since we tolerate a high noise
level. As a result, v should be determined by considering this
tradeoff.

Fig.3 presents the average consensus performance
achieved based on the proposed noise robust polynomial fil-
ter (denoted by robust-SDP) which is designed for different
values of v = {3,10,50}. For comparison purpose, we also
present the results achieved based on Newton’s polynomial
methodology and the simple iterative method.

1Publically available at: http://sedumi.mcmaster.ca/

We compare first the performance of the two polynomial
filtering methodologies. We observe that for a small num-
ber of bits (2 bits) the performance of both methods is ex-
tremely deteriorated. However, if we increase the number of
the available bits, the proposed noise robust polynomial filter
provides a generally improved performance in comparison to
Newton’s interpolating polynomial filter. These simulation
results confirm that the proposed filter is adaptively designed
by considering both the convergence speed as well as the ac-
curacy of the average consensus. As we increase the amount
of the tolerable noise level (v = 50) the performance of the
robust-SDP tends to deteriorate since, for a large value of the
variable v, the additional constraint in the Problem (6) does
not have any impact on the constraint set. Thus the solutions
that we obtain by solving the Optimization Problem (6) are
close to the one obtained by solving the initial Optimization
Problem (3) without the noise constraints. By comparing the
performance of the two filtering methodologies to the results
shown in Fig.1, it becomes clear that the proposed polynomial
filter outperforms both original SDP and Newton’s interpolat-
ing polynomial filter approaches.

For the sake of completeness we compare the robust-SDP
method with the simple iterative method. When v is relatively
small (i.e., v = 3) and when the number of the available bits is
limited, the performance of the noise robust SDP is similar to
that of the simple iterative method. This is consistent with our
discussion in Section 3 since a very small amount of noise is
allowed at the cost of a low convergence speed. Thus the con-
vergence rate of the robust SDP is close to the one achieved by
the simple iterative method as the accelerating effect of poly-
nomial filtering is penalized. As we increase the amount of
noise that we tolerate (v = 10), the convergence speed is sig-
nificantly improved and the robust SDP clearly outperforms
the iterative method. If we keep increasing v, (v = 50) the
impact of the quantization noise on the performance becomes
significant and the achieved performance tend to approach the
one obtained by solving the Optimization Problem (3). This
means that during the first iterations, the sensors will tend
to converge faster to some value (due to the lower value of
the spectral radius) but the difference of the achieved value
from the true average is quite high and it becomes higher each
time that we apply the polynomial filter. So even though we
would expect a gain in the convergence speed, in practice the
increased noise effect does not permit to observe significant
differences in terms of convergence rate compared to the per-
formance achieved when v = 10.

We conclude that even in the case of quantized commu-
nication the proposed filtering methodology outperforms the
classical iterative algorithm even though the gain in the con-
vergence rate is not as high as in the case when communi-
cation is performed under ideal conditions [5]. The above
results confirm that the value of v should be determined by
considering the tradeoff between the convergence speed and
the accuracy of the average consensus.

5. CONCLUSIONS

In this paper, we have investigated the performance of
the polynomial filtering methodology for average consen-
sus when sensors exchange quantized state information. We
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(c) v=50
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Fig. 3. Average consensus performance of robust SDP vs Newton’s polynomial (a),(b),(c) and robust SDP vs the simple iterative
method (d),(e),(f) when the data are uniformly quantized with 2, 6 and 12 bits.

show that, under the presence of quantization noise, the ex-
isting methods for designing the optimal polynomial achieve
a limited performance. We propose a noise robust approach
for computing the polynomial that is based on a tradeoff
between minimizing the quantization noise and maintaining
a high convergence speed. We conclude that even in the
case of quantized communication, the polynomial filtering
methodology with a proper design of the polynomial coef-
ficients, achieves a better performance than the simple itera-
tive method. Simulation results show the effectiveness of the
proposed methodology which seems to outperform both the
simple iterative method and the Newton polynomial filtering
methodology. Future research work should define the optimal
balance between the two contradicting factors and investigate
its relation to the weight matrix of the network. Moreover, a
challenging problem would be to adapt the polynomial filter-
ing methodology to the proposed iterative scheme in [7].
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ABSTRACT
Consensus algorithms have generated a lot of interest due to
their simplicity in computing globally relevant statistics ex-
ploiting only local communications among sensors. How-
ever, the inherent iterative nature of consensus algorithms
makes them prone to a possibly large energy consumption.
Because of the strong energy constraints of wireless sensor
networks, it is then of interest to minimize energy consump-
tion necessary to achieve consensus, within a prescribed ac-
curacy requirement. In this work, we propose a method for
optimizing the network topology and power allocation over
each link, in order to minimize energy consumption, while
ensuring that the network reaches a global consensus. Inter-
estingly, we show how to introduce a relaxation in the topol-
ogy optimization that converts a combinatorial problem into
a convex-concave fractional problem. The results show how
the sparsity of the resulting network depends on the propaga-
tion model.

1. INTRODUCTION

Average consensus algorithms have received considerable at-
tention in recent years because of their simplicity: Every
node in the network is eventually able to reach globally rel-
evant statistics of the data, by only exchanging information
with nearby nodes, without the need for a centralized fusion
center [1]. The price paid for this simplicity and the under-
lying decentralized philosophy is that consensus algorithms
are inherently iterative, which causes a repeated expenditure
of energy in the iterated exchange of data among the nodes.
This must be contrasted with a centralized strategy where
there is a sink node that, after collecting the observations
from all the sensors (perhaps over multiple hops), is virtually
able to compute the desired statistic in one shot. To make a
distributed approach useful in a sensor network context, it is
then necessary to minimize the energy consumption neces-
sary to reach consensus. Clearly, the network topology plays
a fundamental role in determining the convergence rate. It is
well known in fact that, as network connectivity increases, so
does the convergence rate. However, having a densely con-
nected network requires a high power consumption, to guar-
antee reliable links between the nodes. In principle, having
a fully connected network is equivalent to having as many
sink nodes as sensors, so that the convergence time of fully
connected networks is minimum. But the power consump-
tion necessary to maintain a fully connected network is also
maximum. On the other hand, a network with minimal con-
nectivity requires small power consumption to mantain the
topology, but it is also slow to converge. So, it is of interest

to look at what topologies provide the best trade-off between
convergence time and power consumption necessary to es-
tablish the links with the desired reliability.

If the links are symmetric, or, equivalently, the graph de-
scribing the network topology is undirected, the convergence
rate can be measured through the so called algebraic connec-
tivity, defined as the second smallest eigenvalue of the graph
Laplacian [2]. For this reason, there has been work on maxi-
mizing the algebraic connectivity of an undirected graph, by
a suitable choice of the weights associated with each edge,
for a given topology [3] [4]. In [5] it was shown how some
network topologies, like small world graphs, for example,
can greatly increase the convergence rate. On the other hand,
enforcing a small world, or scale-free, graph is not an easy
task, in a wireless network. In [6] it was shown how to add
edges from a given set to a graph in order to maximize its al-
gebraic connectivity. There has also been work on topology
optimization in order to minimize the power consumption
necessary to guarantee connectivity, e.g., [7, 8], but without
any specific reference to the running application. Conversely,
it is now well known that an efficient design of wireless sen-
sor networks requires the exploitation of their specificity, or
applications, which make them intrinsically different from
communication networks.

Since what really matters is energy consumption rather
than minimizing convergence time (although there are impor-
tant applications where the latter could be more important),
it was shown in [9] that one should actually minimize the
product of the global power spent to enforce a given topol-
ogy and the convergence time. As shown in [9], there typi-
cally is an optimum power that minimizes the energy neces-
sary to achieve consensus within a prescribed accuracy. The
results obtained in [9] assumed a random geometric graph
model, with no knowledge of the node position. In such a
case, the task was to find out the (common) transmit power
to be associated to each node to minimize energy consump-
tion. However, if the node positions are known, we have the
potential of improving the performance considerably by op-
timizing the power budget over each link. In this work, we
extend the approach of [9] to arbitrary networks, where the
positions are known, and we show how to optimize the net-
work topology jointly with the power allocation across each
link, in order to minimize the energy necessary to reach con-
sensus within a predefined accuracy.

2. CONSENSUS ALGORITHMS

Let us consider a wireless network with n sensors represented
by an undirected graph G = {V,E}where V denotes the set of
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n vertices vi and E ⊆ V×V is the set of bidirectional edges
ei j = e ji connecting vi and v j. Furthermore, let be A the
n× n-dimensional symmetric adjacency matrix of the graph
G with elements ai j = 1 if ei j ∈ E and ai j = 0 otherwise.
According to this notation and assuming no self-loops, i.e.,
aii = 0 ∀i = 1, . . . ,n, the degree of the node vi is defined as

deg(vi) =
n

∑
j=1

ai j =
n

∑
j=1

a ji. Let Ni denote the set of neighbors

of node i, so that |Ni|= deg(vi). The Laplacian matrix of the
graph G is the n×n symmetric matrix L(G) defined as

`i j = ` ji =
{

deg(vi) if j = i
−ai j if j 6= i . (1)

Reaching consensus over a common measurement or deci-
sion can be seen as the minimization of the disagreement be-
tween the states xi of the interacting nodes. One of the nice
properties of the Laplacian is that the disagreement can be
measured as a quadratic form built on the Laplacian [10]:

J(x) :=
1
2

n

∑
i=1

∑
j∈Ni

(xi− x j)2 = xT Lx. (2)

The minimization of this quadratic form can be achieved in a
decentralized strategy, using a simple steepest gradient tech-
nique. In continuous time, we may achieve the minimization
through the following dynamical system [11]

ẋ(t) =−Lx(t), (3)

with x(0) := x0, where x0 is the n-size column vector whose
entries are the measurements of each node 1. The conver-
gence of (3) depends on the eigenvalues of L. In partic-
ular, the convergence of (3) to a consensus is guaranteed
if L has a null eigenvalue of multiplicity one, which cor-
responds to having a connected graph. Under such a cir-
cumstance, the convergence rate is dictated by the second
smallest eigenvalue of L, namely λ2(L). More specifically,
the dynamic system converges to consensus exponentially,
i.e., ‖ẋ(t)−ω∗‖ ≤ O(e−rt), with r ∝ λ2(L) and ω∗ the n-
dimensional vector with all entries equal to the common con-
sensus value.
The Laplacian matrix L depends, in turn, on the topology
of G, i.e., the power used by any node to exchange messages
with other nodes and on the propagation model. More specif-
ically, given two nodes i and j, at a distance ri j, we assume
that there is a link between them if the received power at
node j exceeds a threshold, i.e., if pR j > pmin, in which case
ai j = 1; otherwise ai j = 0. In this paper, we assume the fol-
lowing propagation model:

pR j =
pi j

1+(ri j/r0)η (5)

where r0 is a scaling factor representing a reference distance,
η is the channel loss exponent, pi j is the power used by node
i to transmit messages to node j. In (5), the distance r0 typ-
ically corresponds to the so called Fraunhofer distance, such

1The discrete-time counterpart of (3) is [10]

x[k +1] = x[k]− ε̃Lx[k] := Wx[k], (4)

where ε̃ is a coefficient chosen in order to ensure that no eigenvalue of W
is greater than one.

that for ri j À r0 we are in the antenna far-field, where the
power attenuation is inversely proportional to rη

i j, whereas for
ri j ¿ r0, we are in the antenna near-field, where the power is
approximately equal to the transmitted one. The unity term
in the denominator of (5) is used to avoid the impossible sit-
uation in which the received power could be greater than the
transmitted one.

3. MINIMIZING ENERGY TO ACHIEVE
CONSENSUS

The overall energy spent to reach consensus can be measured
as the product of the transmit powers necessary to establish
the links between neighboring nodes and the convergence
time, namely

E = K
∑n

i=1 ∑ j∈Ni pi j

λ2(L(pT ))
, (6)

where K is a constant factor depending only on the desired
accuracy, and pT := vec(pi j, i, j = 1, ...,n, i 6= j) is the vector
of transmit powers with pi j = p ji.

Our goal in this paper is to find out the optimal network
topology and choose pT so as to minimize the energy con-
sumption in (6), while ensuring network connectivity, i.e.,
λ2(L(pT )) > 0. Unfortunately, the search for the optimal
topology involves a combinatorial strategy that makes the so-
lution of the problem extremely hard, especially for networks
with a large number of nodes. To make the problem analyt-
ically tractable and obtain a numerically appealing solution,
we relax the constraint that the coefficients ai j are either zero
or one and assume, instead, the following expression

ai j =
1

1+(ri j/rci j)α (7)

where α is a positive coefficient and rci j is the coverage ra-
dius, depending on the transmit power. In particular, given
the propagation model (5), we have:

rci j = r0

(
pi j

pmin
−1

)1/η
. (8)

We are now able to formulate our optimization problem as
follows:

min
pT

pT
T 1

λ2(L(pT ))
s.t. ε ≤ λ2(L(pT ))

1pmin ≤ pT

(9)

where 1 is the column vector of all ones and ε is an arbi-
trarily small positive constant used to prevent the algebraic
connectivity from going to zero, i.e., ensuring that the net-
work is connected. In (9), using (8) in (7), the coefficients
ai j composing the Laplacian are written explicitly in terms
of the propagation parameters as:

ai j(pi j) =
rα

0 (pi j− pmin)α/η

rα
0 (pi j− pmin)α/η + rα

i j pα/η
min

. (10)

In principle, the last inequality in (9) makes any link feasi-
ble. But this does not mean that the final network will be
fully connected, because some coefficients ai j might equal
zero, thus implying that the link between node i and j is not
active. The first important result, for the solution of (9), is
the following
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Theorem 1 Given the propagation model (5) and the posi-
tions (7)-(8), the minimization problem

min
pT

pT
T 1

λ2(L(pT ))
s.t. ε ≤ λ2(L(pT ))

1pmin ≤ pT

(11)

is a convex-concave fractional problem if η ≥ α .

We omit the details of the proof here, because of lack of
space. The full proof is in [12] and is based on the fact that
λ2(L(pT )) can be shown to be a concave function of pT .

Proving that the problem (9) is a convex-concave frac-
tional problem is a basic step in finding a numerical solu-
tion, as several methods are available to solve quasi-convex
optimization problems, see e.g. [13, 14]. In this paper, we
consider the nonlinear parametric problem proposed in [14],
expressed as

h(µ) = min{pT
T 1−µλ2(L(pT )) : pT ∈ Γ} (12)

where µ is a real positive parameter while Γ =
{pT : pT ≥ 1pmin, λ2(pT )≥ ε}. The solution of this prob-
lem can be obtained using the following result proved in
[14, 15]:

Theorem 2 : Let ψ(x) =
f (x)
g(x)

be a continuous function

∀x ∈ Θ where Θ is a nonempty compact set of Rn, the func-
tion f (x) is convex and g(x) is concave with g(x) > 0 ∀x∈Θ.
Then y∗ ∈Θ is an optimal solution of

min{ψ(x) =
f (x)
g(x)

: x ∈Θ} (13)

if and only if y∗ is an optimal solution of the following para-
metric problem

min{ f (x)−ψ(y∗)g(x) : x ∈Θ} . (14)

Within this setup, Dinkelbach developed an algorithm for
solving non-linear fractional program in the case where nu-
merator and denominator of the objective function are, re-
spectively, a convex and a concave function [14]. Given the
parametric problem

h(µ) = min{ f (x)−µg(x) : x ∈Θ} (15)

Dinkelbach’s algorithm is based on the following observa-
tions. Choosing as initial µ a value ψ(x1) = µ , we observe
that h(µ) < 0 if and only if f (x)−µg(x) < 0 for some point
x ∈Θ. Thus, there are two possible solutions to (15):

- h(µ) ≥ 0: then f (x)− µg(x) ≥ 0 and
f (x)
g(x)

≥ µ for all

x ∈Θ then y∗ = x1 and µ = µopt .
- h(µ) < 0: then solving (15) a point x̃ ∈ Θ is found with

ψ(x̃) < µ .
With this in mind, the algorithm is as follows:
1. Set i = 1 and let xi be a feasible point of Θ, with µi =

ψ(xi);
2. Set µ = µi and find xi+1 ∈Θ that solves (15);
3. If h(µi) = 0, stop and xi+1 is optimal, otherwise set i =

i+1, µi = ψ(xi) and go to step 2.

The above considerations suggest us to substitute the
convex-concave optimization problem in (11) with the fol-
lowing one

min
pT

pT
T 1−µλ2(L(pT ))

s.t. ε ≤ λ2(L(pT ))
1pmin ≤ pT

. (16)

It can be noted that λ2(L(pT )) is a concave function of pT
(see Theorem 1). Hence, the objective function, as a sum
of convex functions, is a convex function. The constraint
functions are convex. Then, problem (16) is a convex para-
metric problem whose unique solution is a function of the
parameter µ that controls the trade-off between the global
transmit power and the convergence time. The problem in
(16) can be solved numerically using cvx, a Matlab software
for disciplined convex programming [16]. Indeed, the use of
cvx is possible through a preliminary change of variables to
avoid the nonlinear dependence of the Laplacian matrix on
the power vector pT . To this end, the problem in (16) has
been reformulated as

min
y

φ(y)−µλ2(L(y))

s.t. ε ≤ λ2(L(y))
0≤ y < 1

(17)

where the n(n− 1)/2 entries yi j = y ji of the vector y :=
vec(yi j, i, j = 1, ...,n, i 6= j) are given by yi j(pi j) = ai j(pi j),
so that according to (10), we obtain

pi j = q(yi j) = pmin + k1

(
yi j

1− yi j

)η/α
, (18)

with

k1 = pmin
rη

i j

rη
0

and φ(y) =
n

∑
i=1

n

∑
j=1

q(yi j) . (19)

Let us now verify the convexity of problem (17). To study
the behavior of φ(y), we compute the second order derivative
of q(yi j), obtaining

d2q(yi j)
dy2

i j
= k1

η
α

(
yi j

1− yi j

)η/α−2 1
(1− yi j)4

(η
α
−1+2yi j

)
.

(20)
This shows that

d2q(yi j)
dy2

i j
≥ 0⇔ η−α +2αyi j ≥ 0 (21)

or
yi j ≥ 1

2

(
1− η

α

)
. (22)

We note that, if η ≥ α , then
d2q(yi j)

dy2
i j

≥ 0 for 0≤ yi j < 1, so

that φ(y), as a sum of convex functions, is convex. Finally,
the algebraic connectivity λ2(L(y)) is a concave function of
y, as can be proved following the same steps as in Theorem
1. Then the optimization problem in (17) is a convex para-
metric problem equivalent to the original problem in (16),
since the change of variables pi j = q(yi j) in (18) ensures a
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Figure 1: Nodes configuration on the plane and optimal ac-
tive links for r0 = 0.19 and several quantization thresholds.

one-to-one mapping q : R→ R for 0 ≤ yi j < 1 with image
covering the problem domain in (16) (see [17][p. 130]).

Thus we have proved that the optimization problem in
(17) is convex; the convexity guarantees that a solution ex-
ists, is unique, and can be found via efficient numerical tools.
Furthermore, µ can be optimized using Dinkelbach’s algo-
rithm by assuming 0 ≤ y ≤ 1− ε ′ with ε ′ an infinitesimal
positive constant so that the feasible set of (17) is a compact
set of Rn(n−1)/2.

4. NUMERICAL RESULTS

In our simulations, we considered a sensor network com-
posed of n = 30 nodes, randomly deployed within a unit
square. In all the simulations, we assumed ε = 10−3, pmin =
1 and η = α . The scaling distance r0 was chosen to guar-
antee network connectivity, although only in a probabilistic
sense. More specifically, we set

r0 = r0(n) =

√
1.1log(n)

π n
(23)

to guarantee that the graph is connected with probability one,
as the number of nodes tends to infinity [18]. Recall that we
use the relaxation expression of the coefficients ai j given in
(10), thus, in practice, the coefficients ai j resulting from the
optimization algorithm are compared to a threshold ath, so
that if ai j ≤ ath the link between nodes i and j is suppressed.
Of course, this thresholding operation will affect the final re-
sult in terms of convergence time and energy consumption.
To check the sensitivity of our algorithm with respect to the
threshold value, we report the active links obtained for dif-
ferent values of ath and η = 6. From Fig. 1, we notice that,
below a certain value of ath, the algebraic connectivity re-
mains practically constant. In the same figure, we also re-
port the normalized difference |E (p∗T )−Eq|/E (p∗T ) between
the minimum energy E (p∗T ) and the energy pertaining to the
graph with quantized coefficients Eq. We can see that this
difference becomes very small, even with very small thresh-
old values. This means that the algorithm, in spite of the
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Figure 2: Optimal energy consumption and fraction of active
links versus η for ath = 0.09.

relaxation step, is rather stable in finding the links that can
be turned off, with no appreciable performance loss. This is
indeed a crucial property, as it provides a topology control
mechanism, although passing through an intermediate relax-
ation step. From Fig. 1, for example, we can say that the
topology in the top left side is practically equivalent to the
almost full topology of the bottom right plot, from the point
of view of energy consumption and convergence time.
It is also interesting to look at the impact of the path loss ex-
ponent on energy consumption and optimal network topol-
ogy. In Fig. 2 we report, respectively in the upper and lower
subplots, the optimal energy consumption and the percent-

age of active links
∑n

i=1 |Ni|
n(n−1)

, versus η = α . The fraction

of active links gives us a measure of the sparsity of the final
network. It is interesting to observe, from Fig. 2 (bottom
plot) that, for low path loss exponents, the network tends to
be fully connected, because evidently, for those values of η ,
the most critical contribution to energy consumption is con-
vergence time. Hence, the resulting topology is the one that
minimizes convergence time. Conversely, as η increases, the
power consumption tends to assume more and more impor-
tance and the resulting optimal topology becomes more and
more sparse. In all cases, clearly the energy consumption in-
creases as η increases (top plot).
Finally, in Fig. 3 we compare the energy consumption ob-
tained using a common transmit power (solid lines) or the
optimal power allocation p∗T (colored dots). The results have
been averaged over 100 independent random deployments of
n = 30 nodes, uniformly placed on the unit square. For the
same random node configurations, we consider a random ge-
ometric graph where each node transmits with the same per
link power p to the nodes lying within its coverage area. We
compute the average energy consumption Ē (p) by averag-

ing the measure E (p) =

p
n

∑
i=1

ni(p)

λ2(p)
for different values of

p, where ni(p) denotes the random number of neighbors of
node i, when transmitting at power p. We plot this curve ver-
sus the average network power (i.e., the mean of the sum over
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Figure 3: Average network energy consumption versus the
average network power.

all the nodes of the per link powers). We observe from Fig. 3
that, also using a common transmit power, there typically is
an optimal value that minimizes energy consumption. That
value is the result of a trade-off between transmit power and
convergence time. As expected, for any path loss exponent,
the proposed joint optimization of transmit power and topol-
ogy leads to a smaller energy consumption with respect to
the common transmit power case.

5. CONCLUSIONS

In this paper we have proposed a method to optimize the
network topology that, for a given arbitrary position of the
nodes, minimizes the energy consumption necessary to reach
average consensus. In particular, through an appropriate
relaxation technique, we have converted a topology opti-
mization problem, which is typically a combinatorial prob-
lem, into a convex-concave fractional program that admits
a unique solution, obtainable through efficient numerical al-
gorithms. As a by-product of our optimization procedure,
we get both network configuration and optimal power allo-
cation across all links. After applying the proposed relax-
ation, the topology is obtained by applying a thresholding
mechanism. In principle, this operation may induce non neg-
ligible errors. Nevertheless, for the application at hand, we
showed, through numerical results, that the thresholding op-
eration does not affect the network performance appreciably.
Interestingly, it turns out that, at low path loss exponents,
the best topology tends to be fully connected. Conversely, at
higher values of the path loss exponent, the optimal topology
tends to be more and more sparse, so as to reduce as much
as possible the number of active links. The problem formu-
lation required to have a number of degrees of freedom equal
to the number of possible links. In this way we end up with,
potentially, different powers on each link. Hence, we do not
exploit the broadcast capabilities of wireless networks. This
is an issue that could be further investigated, together with
the choice of the appropriate radio access technique, to see
whether there can be further margins of improvements.
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ABSTRACT
We present a predictive power controller for state estimation of a
stationary ARMA process over a wireless sensor network (WSN),
consisting of sensor nodes, relays, and a single gateway (GW). The
state estimate is formed centrally at the GW by using packets re-
ceived from sensors and relays. The latter perform network coding
of sensor measurements.

Communication from sensors and relays to the GW is over a
fading channel. Packet loss probabilities depend upon the time-
varying channel gains and the transmission powers used. To achieve
an optimal trade-off between state estimation quality and energy
expenditure, in our approach the GW decides upon the in general
time-varying transmission powers of sensors and relays. This deci-
sion process is carried out on-line and adapts to changing channel
conditions by using elements of stochastic model predictive control.
Simulations on measured channel data illustrate the performance
achieved by the proposed controller.

1. INTRODUCTION

Wireless sensor networks (WSNs) have recently emerged as an im-
portant alternative to wired sensor networks for a widespread of ap-
plications, e.g., target-tracking and data acquisition [5,15]. A WSN
typically consists of several sensor nodes and perhaps a few control
nodes. The sensor nodes are equipped with a sensing component (to
measure e.g., temperature), a processing device (to perform simple
computations on the measured raw data), and a communication de-
vice, e.g., a transceiver (to communicate with the control nodes and
perhaps nearby sensor nodes). A relay can be introduced either to
increase coverage or to improve performance, be it increase accu-
racy, throughput or robustness. A relay can also be part of a higher
layer in a hierarchical network. As such it can be either more capa-
ble or have more available energy.

The wireless communication channel between nodes in the
WSN is subject to fading, which frequently causes packet errors.
A key aspect is that the time-variability of the fading channel can
be alleviated by dynamically adjusting the power levels. Whilst
to keep packet error rates low, high transmission power should be
used, this is rarely an option in WSNs, since in most applications
sensor nodes are expected to be operational for several years with-
out the replacement of batteries; see, e.g., [7, 17]. Another aspect
is that many of the available sensor nodes have a constrained trans-
mission power.

In the present work, we consider a WSN architecture having
M sensor nodes, J relays and a single GW. The WSN is set up to
provide estimates of the state vector sequence {x(k)} of a stationary
process described via

x(k+1) = Ax(k)+w(k), k ∈ {0,1, . . .}, (1)

where the initial state x(0) ∈ Rn is zero-mean Gaussian distributed
with covariance matrix P0 and the noise process {w(k)} is i.i.d.
zero-mean Gaussian distributed with covariance matrix Q.

v2(k)

v1(k)

C1x(k)

C2x(k)

s1(k)

r1(k) Gateway x̂(k)Relay 1

Sensor 1

Sensor 2

Process

s2(k)

w(k)

Figure 1: Centralized state estimation with a WSN having M = 2
sensors and J = 1 relays. The dashed lines denote fading channels
which introduce random transmission errors.

Each sensor m ∈ {1, . . . ,M}, provides noisy measurements
given by

ym(k) =Cmx(k)+ vm(k), k ∈ {0,1, . . .}, (2)

where {vm(k)} is i.i.d. zero-mean Gaussian distributed with covari-
ance matrix Rm. The measurements in (2) are quantized (with a
given uniform quantizer) and transmitted at an appropriate power
level over a fading channel (causing random packet loss) to the gate-
way and relays. The latter perform network coding and forward
processed sensor measurements whenever appropriate to the GW.
To avoid interference between nodes, the communication channel
is accessed in a TDMA fashion with a pre-designed protocol.

At the GW, received packets from the sensors and relays are
then used to estimate x(k) by means of an appropriate time-varying
Kalman Filter. Fig. 1 depicts a simple instance of the overall con-
figuration of the system under study.

The main contribution of this paper is to present a centralized
predictive controller for sensor and relay transmission power levels
within the WSN architecture examined. The controller is located
at the GW and trades off energy use for estimation accuracy. The
present work complements our recent papers, such as [10, 12, 13],
to encompass WSNs with relays. The extension proposed in the
present work will be shown to have the potential to give significant
performance gains.

2. QUANTIZATION AND NETWORK CODING

Before developing the power controller in Section 5, we will first
describe some aspects of the WSN configuration which are relevant
to the state estimation problem at hand. For this purpose, in this
section, we will focus on quantization and network coding, whereas
in Section 3 we will discuss communication issues.

2.1 Quantization
Throughout this work, we will be using standard high-resolution
source coding results [4].

Each sensor node is equipped with an encoder which maps the
measurement (i.e., the source symbol) ym(k) ∈ R to a sequence of
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Data successfully received Values reconstructed
s1(k), s2(k), r1(k) ŷ1(k), ŷ2(k)

s1(k), s2(k), ŷ1(k), ŷ2(k)
s1(k), r1(k) ŷ1(k), ŷ2(k)
s2(k), r1(k) ŷ1(k), ŷ2(k)

s1(k) ŷ1(k),
s2(k) ŷ2(k)
r1(k) none
none none

Table 1: Reconstructed values at the GW of the WSN in Fig. 1 with
network coding as described in Section 2.2.

bits, say sm(k), so that the average bitrate is bm. More specifically,
the encoder at sensor m consists of two components; a scalar uni-
form quantizer Qm and an entropy encoder Em. The decoder (which
is located at the GW) also has two components; an entropy decoder
and the reconstruction function which outputs ŷm(k).

Under high-resolution assumptions, it is known that the rate bm
of an entropy-constrained scalar quantizer is given by1

bm ≈ H(ŷm(k))≈ h(ym(k))− log2(∆m) (3)

where H(ŷ(k)) denotes the discrete entropy of the quantized (dis-
crete) random variable ŷ(k), h(ym(k)) denotes the differential en-
tropy of the random variable ym(k) and ∆m denotes the stepsize
of the uniform scalar quantizer. For simplicity, we will in the se-
quel assume that {ym(k)}∞

k=0 is a stationary process with ym(k)
being zero-mean Gaussian with variance σ2

ym
. Its differential en-

tropy is then given by h(ym(k)) = 1
2 log2(2πeσ2

ym
) . Under high-

resolution assumptions, it is known that the expected distortion Dm
(in the mean squared error sense, i.e. Dm = E‖ym(k)− ŷm(k)‖2) of
an entropy-constrained scalar uniform quantizer satisfies

Dm ≈
πe
6

σ
2
ym

2−2bm (4)

where the rate bm is given in (3).
The sensor measurements need to be encoded, i.e., converted

into a bit-stream, before they can be transmitted to the GW. A sim-
ple but efficient coding method is scalar uniform quantization fol-
lowed by scalar entropy coding. Thus, ym(k) is quantized using
the quantizer Qm resulting in the index im(k), which refers to a
codeword in the quantizer’s codebook. This index is further en-
tropy coded and the resulting bit-stream of length bm bits is de-
noted sm(k). At the gateway, the index im(k) is recovered by us-
ing the appropriate entropy decoder and the reconstruction ŷm(k) is
obtained simply as the im(k)-th codeword in the codebook of the
chosen quantizer. A scalar uniform quantizer with step-size ∆m can
be efficiently implemented without the need of searching for the
nearest element in a codebook by simply scaling ym(k) by ∆m fol-
lowed by rounding, i.e. by forming bym(k)/∆me where b·e denotes
rounding to the nearest integer. At the gateway, the signal is re-
constructed by simply applying the inverse scaling, i.e., we have
ŷm(k) = bym(k)/∆me∆m. In principle, the quantizer has unbounded
support but the analog to digital converter in the sensor bounds the
support of the input to the quantizer. Furthermore, the quantized
output needs to be entropy encoded before being transmitted to the
gateway. The entropy coder consists of a codebook,which due to
memory considerations cannot be arbitrarily large. In practice, we
choose the size of the codebooks so that the probability of falling
outside the support of the entropy coder is very small and the impact
of the outliers on the total distortion is therefore negligible.

2.2 Network Coding
In traditional networks, intermediate nodes are limited to (or only
permitted to) perform simple operations on the incoming data, such

1The approximation becomes exact in the limit as the distortion tends to
zero (or equivalently as the rate diverges to infinity) [4].

as duplication and forwarding. Moreover, traditionally there has
been a preference to avoid data “collisions” at intermediate nodes.
With network coding, on the other hand, the intermediate network
nodes are allowed to mix2 the incoming data in such a way that
the original data can be recovered at the network edges. This in-
creased flexibility in the network architecture generally provides a
more cost-efficient transportation of information [1, 3, 18].

In the present work, the relays act as intermediate network
nodes and are able to perform simple network coding on the data.
As illustrated in Fig. 1, the relays are overhearing broadcast com-
munication from the sensors to the GW, and are therefore able to
aid the GW with additional information about the sensors’ data. In
particular, the relays will XOR the incoming data at a bit level, i.e.,
without decoding, see [3].

For example, consider the WSN in Fig. 1 and assume that the
GW has received either only s1(k) or only s2(k), but the relay has
received both s1(k) and s2(k). Then, if the relay successfully trans-
mits

r1(k) = s1(k)⊕ s2(k) (5)

to the GW, then the GW is able to recover both s1(k) and s2(k) by
use of its own message s1(k) or s2(k). The situation is depicted in
Table 1.

At the sensors, we may aggregate data in buffers before broad-
casting. If the sensor buffers are not of the same size (measured in
bits) or, more generally, if the bit-streams received by the relays are
not of the same size (in bits), then the relay might have to spend ad-
ditional bits on informing the GW about the symbol sizes in order to
guarantee that the GW can successfully recover the coded data. In
this respect, it is worth mentioning that the individual symbols si(k)
have varying lengths, since we are using variable length quantiza-
tion. However, the network coding must be applied on symbols of
equal length. At the relay, we therefore simply zero pad the short-
est symbols in order to make them all of equal length. By using
uniquely decodable entropy codes, there will be no confusion at the
GW, as of what the length of the individual symbols are. This is so,
since no codeword is part of another codeword (in the same code).
The average bit-rate at the relay, is therefore upper bounded by

br
j ≤ ∑

i1,...,iM
pi1 · · · piM max{|si1 |, . . . , |siM |}, (6)

where |sim | denotes the cardinality, i.e., the size in bits, of the ith
symbol (codeword) transmitted by the mth sensor, and pim is the
corresponding probability of receiving that symbol.

3. COMMUNICATION ASPECTS

Since the communication medium is wireless, several issues arise.
These are discussed in the present section.

3.1 Communication Protocol
To avoid the nodes to interfere with each other, in the present work,
communication is assumed to be scheduled in a TDMA fashion.
The transmission protocol is periodic and pre-defined. Furthermore,
all devices are half-duplex, i.e., they cannot transmit and receive at
the same time.

For ease of exposition, we will adopt a simple protocol, wherein
at the instants k∈{0,1, . . .}, all M sensors take measurements ym(k)
and form the symbols sm(k). These values are then successively
broadcast during the TDMA time slots t ∈ {0,1, . . . ,M−1}. During
time slots t ∈ {M,M + 1, . . . ,M + J− 1}, the relays may broadcast
the values r j(k). During the last time-slot, namely t = M + J, the
GW forms the state estimate x̂(k). During that time slot, the GW
also transmits the power levels that the sensors and relays are to use
at the next instant, k+1. A simple instance of this communication
protocol is depicted in Fig. 2.

2Typically, only linear combinations of received information is per-
formed [1, 3].
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Sensor 2

k+1

Sensor 1 GatewayRelay 1

t = 0 t = 1 t = 2 t = 3

k

Figure 2: Transmission Protocol with a WSN having M = 2 sensors
and J = 1 relays.
3.2 Transmission Effects
Since communication is over wireless fading channels, random
transmission errors will occur. In our approach, corrupted data
will be not be used further (save for possible channel gain estima-
tion). We thus model transmission effects by introducing the binary
stochastic arrival processes γsGW

m = {γsGW
m (k)}k∈N0 , defined via

γ
sGW
m (k) =

{
1 if sm(k) arrives error-free at time k,
0 otherwise,

(7)

where the superscript sGW denotes the channel between a sensor
and the GW. Relay channel effects are modeled in a similar man-
ner, namely, by introducing the binary processes γsr

m (k) and γrGW
j (k)

where sr and rGW denote the channel between a sensor and the relay
and the channel between the relay and the GW, respectively.

The success probabilities λ
ξ
m(k) , P{γξ

m(k) = 1}, where ξ ∈
{sGW,sr}, satisfy:

λ
ξ
m(k) =

(
1−β

ξ
m
(
um(k)g

ξ
m(k)

))bm
. (8)

In (8), bm denotes the packet length (which we take equal to the
bit-rate, see (3)), gm(k) refers to the channel power gain, i.e., the
square of the magnitude of the complex channel3, um(k) is the trans-
mission power used by the mth sensor radio power amplifier, and
βm(·) : [0,∞) → [0,1] is the bit-error rate (BER). The latter is a
monotonically decreasing function, which depends on the modu-
lation scheme employed, see, e.g., [11, 12], for specific cases.

Similarly, the success probabilities λ rGW
j (k) , P{γrGW

j (k) =
1}, j ∈ {1,2, . . . ,J} are given by

λ
rGW
j (k) =

(
1−β

r(
µ j(k)grGW

j (k)
))br

j
, (9)

where µ j(k) and br
j(k) are the power and bit-rate used by the jth re-

lay, respectively; grGW
j (k) is the channel gain between the jth relay

and the GW, and β r
j (·) : [0,∞) → [0,1] is the BER of the corre-

sponding relay channel.

3.3 Power Issues
It follows from (8) and (9), that one can improve transmission relia-
bility and, thus, state estimation accuracy for a given wireless prop-
agation environment by simply increasing the power levels used by
the transmitters. However, in WSNs it is of fundamental importance
to save energy. Thus, transmission powers are a precious resource.
In Section 5, we will present a control method, where transmission
powers are assigned in an on-line manner, with the aim to optimize
estimation accuracy without incurring excessive energy use.

Before proceeding, we note that one can quantify the energy
used by each sensor m ∈ {1, . . . ,M} at a given (discrete) time in-
stant, k, via Em(um(k)), where

Em(um(k)),

um(k)
bm

α
+EP if um(k)> 0,

0 if um(k) = 0.
(10)

3Note that gm(k) is here defined to include also path-loss, power ampli-
fier efficiency, antenna gain and noise figure.

γsGW
1 γsGW

2 γsr
1 γsr

2 γrGW
1 γ1 γ2

1 1 1 1 1 1 1
1 1 1 0 0 1 1
1 1 0 1 0 1 1
1 1 0 0 0 1 1
1 0 1 1 1 1 1
0 1 1 1 1 1 1
1 0 1 0 0 1 0
1 0 0 1 0 1 0
1 0 0 0 0 1 0
0 1 1 0 0 0 1
0 1 0 1 0 0 1
0 1 0 0 0 0 1
0 0 1 1 1 0 0
0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 0 0 0

Table 2: Reconstruction processes of the WSN in Fig. 1 with net-
work coding as described in Section 2.2. Note that the relay trans-
mits only if it has received both s1 and s2.

In (10), EP denotes the processing cost, i.e., the energy needed for
wake-up, circuitry and sensing and α is the channel bit-rate.

Due to physical limitations of the radio power amplifiers, the
transmission power levels of the sensors are constrained, for given
values {umax

m }, according to:

0≤ um(k)≤ umax
m , ∀k ∈ N0, ∀m ∈ {1,2, . . . ,M}. (11)

The energy consumption of the relays can be quantified sim-
ilarly by introducing energy functions Er

j(µ j(k)) and constraints
{µmax

j }. Note that the relays transmit only if the sensor data needed
to perform network coding has been successfully received, see Sec-
tion 2.2.

4. FORMING THE STATE ESTIMATE

To formulate the state estimate, it is useful to introduce the recon-
struction processes, γm(k), defined via:

γm(k) =
{

1 if ŷm(k) can be reconstructed at time k,
0 otherwise

(12)

Since the relays employ network coding, the values γm(k) are a de-
terministic function of the processes γsGW

m (k), γsr
m (k) and γrGW

j (k)
introduced in Section 3.2. For example, for the case given in Ta-
ble 1, the processes γ1(k) and γ2(k) are determined as per Table 2.

We will assume that the gateway knows, whether packets re-
ceived from the sensors and relays contain errors or not. Thus, at
any time k, past and present realizations of the overall reconstruc-
tion process, i.e., {γm(k− `)}`≥0, m∈{1,...,M}, are available at the
gateway. A key aspect here is that, for state estimation purposes, the
system amounts to sampling (1)-(2) only at the successful transmis-
sion instants of each sensor link. Consequently, the time-varying
Kalman filter for the system (1) with output matrix

C(k),
[
γ1(k)(C1)

T . . . γM(k)(CM)T
]

(13)

gives the best linear state estimates; see, e.g., [16]. These are given
by: x̂(k+1) = Ax̂(k)+K(k+1)

(
ŷ(k+1)−C(k+1)Ax̂(k)

)
, where

ŷ(k+1), [ŷ1(k) ŷ2(k) . . . ŷM(k)]T

K(k), P(k)C(k)T (C(k)P(k)C(k)T +R(k)
)−1

P(k+1), AP(k)AT +Q−AK(k)C(k)P(k)AT

R(k), diag
(
R1 +D1, . . . ,RM +DM

)
,

(14)

with {Dm} being the distortions due to quantization, see (4). The
recursion in (14) is initialized with P(0) = P0, x̂(0) = 0.
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5. ON-LINE DESIGN OF POWER LEVELS

We have seen that designing the sensor and relay transmission pow-
ers involves a trade-off between transmission error probabilities
(and, thus, state estimation accuracy) and energy use. We will next
present a controller which optimizes this trade-off over a future pre-
diction horizon. The controller is located at the gateway (control
node). Its output contains information on the power levels to be
used by the M sensors and J relays.

5.1 Signaling
To save signal processing energy at the sensors and relays, we would
like to limit power control signaling as much as possible. In par-
ticular, the command signal for each sensor and relay will contain
finitely quantized power increments, say δum(k) and δ µ j(k) rather
than the actual power values, um(k) and µ j(k). Upon reception of
these increments the power level to be used by the radio power am-
plifiers are selected by simply setting

um(k) = um(k−1)+δum(k), m ∈ {1, . . . ,M}
µ j(k) = µ j(k−1)+δ µ j(k), j ∈ {1, . . . ,J}.

5.2 Predictive Control
In order to trade energy consumption for estimation cost, at each
time instant k, the proposed controller examines the finite horizon
cost function

V (k) =V1(k)+ρV2(k), (15)

where ρ ≥ 0 is a design parameter and

V2(k),
k+N

∑
`=k+1

(
M

∑
m=1

Em(um(`))+
J

∑
j=1

Er
j(µm(`))

)
(16)

is the predicted energy consumption of the sensors and relays over
a horizon N. In (15),

V1(k),
k+N

∑
`=k+1

E
{

trace{P̄(`)}
}

(17)

quantifies the estimation cost through the expected trace of4

P̄(k) = P(k)−K(k)C(k)P(k). (18)

Expectation in (17) is with respect to {γm(k)}, i.e., the set of pos-
sible reconstructions outcomes, see (12). The probability mass dis-
tribution of this set depends through the different transmission out-
comes upon the decision variables, i.e., the power level increments.

At every time instant k (and during its assigned time slot),
the predictive controller finds the optimal values {δum(k)} and
{δ µ j(k)} through a brute-force search strategy, where the cost
function V (k) is evaluated for all possible combinations of power
level increments over the prediction horizon. As noted in Sec-
tion 5.1, power level increments are quantized, putting the optimiza-
tion problem into the context of those arising in quantized predictive
control, see also [14].

Following the moving horizon principle, (see, e.g., [6, 8, 9]), at
the next time instant, namely k+ 1, a new optimization is carried
out with fresh data and a shifted prediction horizon. This gives rise
to power control increments {δum(k+ 1)} and {δ µ j(k+ 1)}. The
procedure is repeated on-line and ad-infinitum.

The prediction horizon N allows the designer to trade-off per-
formance versus on-line computational effort, larger horizons giv-
ing, in general, better performance since more information is taken
into account in the decision process, cf. [6].

It is worth emphasizing that minimization of V (k) in (15) re-
quires channel gain predictions over the prediction horizon {k +

4If the quantization noise was Gaussian and i.i.d., then P̄(`) would cor-
respond to the conditional posterior covariance of x̂(k); see, e.g., [12, 16].

1,k + 2 . . . ,k + N}. Whilst obtaining such predictions at the GW
side for the channels involving the GW is simple5, predicting the
channel gains from the sensors to the relays at the GW side is dif-
ficult. Fortunately, as will become apparent in Section 6 below,
the proposed control algorithm gives good performance, even if the
channel gains from the sensors to the relays are not predicted accu-
rately.

6. SIMULATIONS

To illustrate the performance of the proposed power control method,
we next present simulations, which use real channel measurements.

6.1 System Setup

We consider a system model (1) with A =
[

1.6718 −0.9948
1 0

]
, Q =

1/2I, and P0 = 0.3I.
We simulate a WSN having M = 2 sensors with

C1 [1 0] , C2 = [0 1] , and variances R1 = R2 = 1/100.
We use one relay, which can be either on or off, a decision which
is taken by the GW. When the relay is on, it uses a constant power
level of µ(k) = 6× 10−5. Moreover, if the relay successfully
receives s1(k) and s2(k) at some time k, then it performs network
coding, by simply XOR-ing the two bit sequences. If only a
single signal value is received by the relay, it remains quiet. In the
simulations, we have fixed the average bit-rate of the sensors to
bm = 8 bit/dim. With this, we construct Huffman entropy codes for
the two sensors. Using these entropy codes in (6), we find that the
average maximum symbols length, which is equal to the average
rate of the relay, is upper bounded by 8.57 bit/dim. Thus, the rate of
the relay is only slightly larger than that of the sensors. The power
of the sensors is restricted to the interval 0 ≤ um(k) ≤ 3× 10−4

and the power increments are restricted to ±3× 10−5. We use a
prediction horizon of N = 1. This only requires one step predictions
of the channel gains.

6.2 Scheduling
We use the scheduling policy depicted in Fig. 2, where each node
is taking turns with a period of T = M + J +1 = 4 cycles. At time
slot t = 0, the first sensor broadcasts s1(0). At time slot t = 1,
the second sensor broadcasts s2(0). During these broadcasts, the
relay and the GW have been listening. At time slot t = 2, if the
relay has successfully received both s1(0) and s2(0), then it forms
r(0) = s1(0)⊕s2(0) and transmits this network coded symbol to the
GW, see (5). If the relay has not successfully received both symbols
s1(0) and s2(0), then, in order to save power, it does not transmit
anything.

At this point, the gateway forms the best estimate of x(0) us-
ing the Kalman filter described in Section 4 and which takes into
account all received information. The GW then uses the power con-
trol algorithm proposed in Section 5 to calculate optimal values for
the next period, i.e., optimal power increments for the sensors and
decides whether or not to turn on the relay. Thus, in a single time
slot, i.e., at t = 3, the GW broadcasts to both sensor nodes as well
as to the relay. At time instant k = 1, the procedure is repeated,
starting at the first sensor, which transmits s1(1) and so on.

6.3 Results
In the simulations we have normalized the energy by varying ρ so
that the sensors and the relay use the same amount of energy in all
cases, see Table 3. Thus, the predictive controller seeks to distribute
the available energy between the sensor nodes and the relay to min-
imize the state estimation error variance.

Our baseline scenario is without relay and network coding, but
where the sensor power levels are controlled [12]. If an uncontrolled

5Channel predictions can be obtained by using techniques described,
e.g., in [2].
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ρ V1 V2[nJ] Relay Channel Models Gain V1 System
106 0.0707 63.21 – – Baseline (no relay)
108 0.2021 63.77 Sensor-Relay (predicted), Relay-GW (predicted) – Relay always on

655000 0.0341 63.11 Sensor-Relay (known), Relay-GW (known) 51.77% Relay on/off
680000 0.0382 63.11 Sensor-Relay (predicted), Relay-GW (predicted) 45.87% Relay on/off
430000 0.0682 63.12 Sensor-Relay (fixed at -100 dB), Relay-GW (predicted) 3.54% Relay on/off
560000 0.0391 63.11 Sensor-Relay (fixed at -105 dB), Relay-GW (predicted) 44.70% Relay on/off
1003000 0.0375 63.11 Sensor-Relay (fixed at -110 dB), Relay-GW (predicted) 46.96% Relay on/off
2080000 0.0429 63.11 Sensor-Relay (fixed at -115 dB), Relay-GW (predicted) 39.32% Relay on/off

Table 3: Performance.
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Figure 3: Relay and sensors are controlled by GW by using the
controller proposed in Section 5. In this case we assume perfect
channel predictions of all channels. The relay is successful in 764
out of 1291 instances, i.e., 59.18% efficiency.

relay which is on all the time is used, then the relay uses most of the
available energy leaving very little to the sensors to spend. As a con-
sequence the performance, as measured by V1, will be significantly
worse than the base line scenario, cf. Table 3. Even though the
network coding helps, the always-on strategy wastes energy on the
relay when it is not needed. Significantly better performance can be
obtained if the power controller also manages the relay, as proposed
in Section 5. In fact, if we let the controller decide whether the relay
shall be on or off, and if we use known or predicted channel gains
on all channels, then, according to Table 3 we obtain a noteworthy
performance increase in V1 of almost 52% (known channels) and
46% (predicted channels), respectively. In Fig. 3 the top diagram
illustrates the channel gains between the sensors and the GW and
the bottom diagram illustrates the chosen power levels of the two
sensors. The blue curves correspond to sensor 1, and the red curves
to sensor 2. The black crosses indicate the time slots where the
GW has decided to turn on the relay. The red crosses, on the other
hand, indicate when the relay operation was successful, i.e., when
the relay received s1(k) and s2(k) without errors and furthermore
successfully transmitted r(k) = s1(k)⊕ s2(k) to the GW. The exact
numbers of black and red crosses are provided in the figure text.
The middle diagram show the channel gain from the sensors to the
relay (sensor 1: blue solid line, sensor 2: red dashed line) as well as
the channel gain from the relay to the GW (dotted line).

It is clear from Fig. 3, that the controller trades off energy spent
on the sensors for energy spent on the relay. Only at the deepest
drops in the sensor-GW channel gains beyond time 3500 are the
control actions saturated at the sensors. We note that it is beneficial
to rely on the relay and network coding most of the time.

We have also simulated the situation where the relay uses a
fixed average channel estimate for the sensor-relay channels. In this
case, we conclude that it is safer to underestimate the sensor-relay

channel gains than to overestimate them, see Table 3.
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ABSTRACT

Following our recently developed method we provide
a proof of convergence of the average consensus algo-
rithm with quantized communication links as proposed
by Censi and Murray. Using a state-space framework
for describing distributed algorithms, we can derive ac-
curate bounds on the drift from the mean for algorithms
with noisy links, either caused by an external noise or
by quantization. We then test these bounds for several
network topologies and compare with simulations.

1. INTRODUCTION

Reaching the capabilities of serial processing hardware
and increased usage of inter-connected devices over the
past several years have led to increased research interest
in parallel and distributed algorithms. While consider-
ing a network of, more or less, computationally con-
strained devices, simple gossip-based message-passing
algorithms, were proposed, solving also more complex
problems.

Distributed averaging algorithms, e.g. push-sum [5],
average consensus [7] or consensus propagation [6], have
been studied from different points of view using ma-
trix theory, theory of Markov chains, control theory, and
more. Since the real environments introduce significant
constraints on the performance and accuracy, quantized
algorithms have also appeared in the literature [1, 3, 4]
and quantization errors have been widely studied [2, 8].

In our previous paper [8] we proposed a framework
which naturally arose from the connection between the
local, node-based, and the global, network-based, algo-
rithm, leading to a state-space description of distributed
algorithms. With this formalism we were able to study
the impact of computational and communicational im-
perfections on the behaviour of distributed averaging
algorithms.

Organization of the paper: In Section 2 we
briefly recall the applied formalism. In Section 3 we
derive the convergence behaviour of quantized consen-
sus and show the form of the steady-state. In Section 4
a-priori bounds for several network topologies are com-
pared with bounds proposed by Censi and Murray [3]
and with simulation results.

This work has been funded by the NFN SISE project (Na-
tional Research Network ”Signal and Information Processing in
Science and Engineering”).

2. FRAMEWORK

First, we briefly revise the framework which we are going
to use throughout this paper.

If not stated otherwise we always consider a network
to be a directed graph G = (V, ℰ), where V is a set of
∣V∣ vertices (nodes) and ℰ is a set of ∣ℰ∣ edges (links).
The graph is described by its adjacency matrix

(AG)i,j =

{
1 if (i, j) ∈ ℰ

0 if (i, j) /∈ ℰ .
(1)

The graph is supposed to have no self-loops (e =
(v, v) /∈ ℰ) and each element of ℰ is unique. More-
over, we implicitly consider the graph G to be strongly-
connected.

2.1 Linear homogeneously distributed algo-
rithms

A distributed algorithm is said to be homogenously dis-
tributed(HDA) when each node processes messages and
calculates data in the same manner. There is no qualita-
tive difference between processing nodes, meaning that
they can be interchanged without any impact on the
global behaviour of the algorithm.

A linear homogenously distributed algorithm is
then an HDA with update and communication strategy
being linear functions. We can formalize it in the
following definition.

Definition 1 (Linear HDA). If update strategy and
the communication strategy in the node v are linear
functions, then the algorithm is said to be linear ho-
mogeneously distributed and can be described as fol-
lows1:

xv(k + 1) = �v

∑

u∈Recv(k)

yu(k) + �vxv(k), (2)

yv(k + 1) = v
∑

u∈Recv(k)

yu(k) + �vxv(k), (3)

where �v ∈ ℝ
nX×nY (receptivity), �v ∈ ℝ

nX×nX

(self-transmissivity), �v ∈ ℝ
nX×nU (absorptivity), v ∈

ℝ
nY ×nY (transmissivity), �v ∈ ℝ

nY ×nX (distributivity)
and #v ∈ ℝ

nY ×nU (emissivity) are constant matrices.

1,2 We omit here the measurements and the algorithm in the
node; for a more extensive definition see [8].
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2.2 Global algorithm

If we further aggregate parameters

� ≜ diag(�1, . . . , �v, . . . , �∣V∣) ∈ ℝ
(∣V∣nX)×(∣V∣nY ), (4)

� ≜ diag(�1, . . . , �v, . . . , �∣V∣) ∈ ℝ
(∣V∣nX)×(∣V∣nX), (5)

 ≜ diag(1, . . . , v, . . . , ∣V∣) ∈ ℝ
(∣V∣nY )×(∣V∣nY ), (6)

� ≜ diag(�1, . . . , �v, . . . , �∣V∣) ∈ ℝ
(∣V∣nY )×(∣V∣nX), (7)

and vectors xv(k) and yv(k), we can make connections
between local (node-based) and global (network-based)
algorithm.

Proposition 1 (Global algorithm). Using the set of
parameters (4)–(7), a global algorithm (the aggregation
of the algorithms of all the nodes) can be formulated by2:

x(k + 1) = �
(
AG′(k) ⊗ InY

)
y(k)+�x(k), (8)

y(k + 1) = 
(
AG′(k) ⊗ InY

)
y(k) +�x(k). (9)

If we aggregate data x(k) and y(k), i.e. Γ(k) ≜

(

x(k)
y(k)

)

,

we can rewrite the equations in a compact state-space
form as

Γ(k + 1) =

(
� �(AG′(k) ⊗ InY

)
� (AG′(k) ⊗ InY

)

)

︸ ︷︷ ︸

P(k)

Γ(k). (10)

Considering noises on x(k) and y(k), due to impre-
cise computation and limited communication, we model
this by adding a noise term, thus having a noisy process

Γ★(k + 1) = P(k)Γ★(k) +R�(k), (11)

where R is any linear transformation of the noise term
�(k)3.

Theorem 1. Considering a case where P is constant
in time. Then, the term ΔΓ★(k) ≜ Γ★(k) − Γ(k) is the
noise added to Γ(k) and satisfies

ΔΓ★(k + 1) = PΔΓ★(k) +R�(k). (12)

Thus, the first and second moment order of ΔΓ★ are
given by

�ΔΓ★ = ��(I−P)−1R, �2
ΔΓ★ = tr(W), (13)

where W is the solution of the Lyapunov equation W =
PWP⊤ +RΨ�R

⊤.

Proof: See [8].

3�(k) contains �(k) (noise on x(k)) and/or �′(k) (noise on
y(k)).

3. STEADY-STATE FOR QUANTIZED
AVERAGE CONSENSUS

In our previous paper [8] we analyzed a feed-back type
algorithm proposed by Censi and Murray [3] (We will
refer to this type of algorithm as ”Censi’s algorithm” in
the text) in terms of Theorem 1. We showed by simu-
lations that Eq. (13) holds. However, nor Censi neither
we proved explicitly that the algorithm converges in the
mean to a consensus for any quantization scheme.

After finding a general solution for the steady-state,
we can easily compute bounds on the drift from the
mean.

3.1 Average consensus over quantized channels

As shown in [8] the parameters describing Censi’s algo-
rithm [3] in our framework, Eq. (10), are as follows:

� = I∣V∣ ⊗

⎛

⎝

�
Δ
�
Δ

0

⎞

⎠

︸ ︷︷ ︸

L

, (14)

� = �
ΔD⊗

K

︷ ︸︸ ︷
(
−1 0 0
−1 0 0
0 0 0

)

+I∣V∣ ⊗

(
1 0 0
2 −1 −1

−1 1 1

)

(15)

� = �
ΔD⊗ (−1 0 0)

︸ ︷︷ ︸

M

+I∣V∣ ⊗ (2 −1 −1)
︸ ︷︷ ︸

N

, (16)

 = �
ΔI∣V∣, (17)

and quantization noise on the links is transformed
according to the matrix

R =

⎛

⎜
⎝
I∣V∣ ⊗

(
0
1
0

)

I∣V∣

⎞

⎟
⎠ . (18)

With Censi’s notation the update data consists of
x⊤(k) = (x1(k),x2(k),x3(k))

⊤ ≡ (x(k), y(k), c(k))⊤

and communication data y⊤(k) ≡ y⊤(k). Since
the algorithm broadcasts messages, the adjacency
matrix is constant in time, i.e. AG′(k) = AG ≡
A (in the following text). Matrix D is the degree
matrix, I∣V∣ the identity matrix of size ∣V∣; Δ is the
maximum degree and � is the step size.

The idea behind this approach is that the commu-
nication quantization error is fed-back into the system,
thus preserving convergence to a steady-state which can,
however, differ from the true average of the initial state.

In general, having no assumptions on �(k), except
being bounded, it can model any quantization noise on
links as well as any independent disturbance in trans-
mission.

3.2 Steady-state of Censi’s algorithm

We will now show that under some assumptions on the
network topology and the noise on the links, Censi’s
algorithm always converges to a steady-state.

200



Theorem 2. Using the state-space Equation (12) with
parameters (14)–(17), and satisfying the conditions:
1. The graph G is strongly connected,
2. The noise on the links �(k) is bounded and converges

to �,
the Censi’s algorithm (Section 3.1) asymptotically

converges to a steady-state

ΔΓ★=P∞ΔΓ★(0)
︸ ︷︷ ︸

Mean value

+

+

⎡

⎢
⎣

⎛

⎜
⎝
I∣V∣ ⊗

(
0
0
1

)

0∣V∣

⎞

⎟
⎠+

([
1
∣V∣11

⊤A
]

⊗ L
1
∣V∣11

⊤ �
ΔA

)
⎤

⎥
⎦ �

︸ ︷︷ ︸

d – drift from the mean

(19)

where P∞ =

(

P∞,1 P∞,2

P∞,3 P∞,4

)

with

P∞,1 =

[
1

∣V∣
11⊤

(
�2

Δ2
AD−

( �

Δ
D− I

)2
)]

⊗K+

+

[
1

∣V∣
11⊤A

]

⊗ LN (20)

P∞,2 =

[
1

∣V∣
11⊤A

]

⊗ L (21)

P∞,3 =

[
1

∣V∣
11⊤

(
�2

Δ2
AD−

( �

Δ
D− I

)2
)]

⊗M+

+

[
1

∣V∣
11⊤ �

Δ
A

]

⊗N (22)

P∞,4 =
1

∣V∣
11⊤ �

Δ
A (23)

and � being determined by the statistics of the noise
�(k).

Proof: Taking Equation (12), for time K we can write:

ΔΓ★(K) = PKΔΓ★(0) +
K−1∑

k=0

PkR�(K − 1− k).

After inserting parameters (14)-(17) in P and applying
K ≥ 2 multiplications we obtain

PK =

(

PK,1 PK,2

PK,3 PK,4

)

, (24)

where

PK,1 =

[( �

Δ
(A−D) + I

)K−2
(

�2

Δ2
AD−

( �

Δ
D− I

)2
)]

⊗K+

+

[( �

Δ
(A−D) + I

)K−2

A

]

⊗ LN

PK,2 =

[( �

Δ
(A−D) + I

)K−1

A

]

⊗ L

PK,3 =

[( �

Δ
(A−D) + I

)K−2
(

�2

Δ2
AD−

( �

Δ
D− I

)2
)]

⊗M+

+

[( �

Δ
(A−D) + I

)K−2 �

Δ
A

]

⊗N

PK,4 =
( �

Δ
(A−D) + I

)K−1 �

Δ
A.

where K,L,M,N are as in (14)-(17).

Since the term
(
�
Δ (A−D) + I

)K
is

the only term growing with K, we only
need to show that this term converges as
K � ∞. As the term is nothing else than the so-
called Perron matrix [7], which, for strongly connected
graphs, has a trivial maximum eigenvalue �n = 1 with
corresponding eigenvector vn = 1/

√

∣V∣1, we obtain

lim
K�∞

( �

Δ
(A−D) + I

)K

= lim
K�∞

(UΛU)
K

=

= U

⎛

⎜
⎜
⎝

1 0 ⋅ ⋅ ⋅ 0
0 0 ⋅ ⋅ ⋅ 0
...

. . .
...

0 0 ⋅ ⋅ ⋅ 0

⎞

⎟
⎟
⎠

U⊤ = vnv
⊤
n =

1

∣V∣
11⊤. (25)

Thus, we proved that P∞ converges.
Now we prove also the convergence for the drift from

the mean.
First, we assume that the disturbance noise

�(k) asymptotically converges to a value �, i.e.
∣
∣�(k0)− �

∣
∣ < �. As shown by Censi [3], for determin-

istic quantization this assumption hold only in mean,
i.e. converged states tend to oscillate around a common
mean. However, if the links are disturbed by an inde-
pendent noise, or a probablistic quantization scheme is
used, e.g. [1], this assumption holds accurately.

Secondly, we will show that PkR � 0 for some k ≥
k0 ≫ 0, i.e., for the drift from the mean we can write

K−1∑

k=0

PkR�(K − k − 1) =

k0−1∑

k=0

PkR�+

+

K−1∑

k=k0

PkR�(K − k − 1)

︸ ︷︷ ︸

=0

.

(26)

Now let’s determine
∑k0−1

k=0 PkR. Multiplying P by
R we obtain

PR =

⎛

⎜
⎝
I∣V∣ ⊗

(
0

−1
1

)

+A⊗ L

�
ΔA− I∣V∣

⎞

⎟
⎠ , (27)

respectively by taking the power of K ≥ 2

P
K
R =

�

Δ

([

(A−D)
( �

Δ
(A−D) + I

)K−2
A
]

⊗ L
[

(A−D)
( �

Δ
(A−D) + I

)K−2
A
]

�

Δ
A

)

.

(28)

From (25) we find

( �

Δ
(A−D) + I

)

v = 1v

⇒ (A−D)v = 0, (29)
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and therefore for K ≥ k0

lim
K�∞

P
K
R =

�

Δ

(

(A−D)
( �

Δ
(A−D) + I

)K−2
A⊗ L

(A−D)
(

�

Δ
(A−D) + I

)K−2 �

Δ
A

)

=

=
�

Δ

⎛

⎝(A−D)v
︸ ︷︷ ︸

=0

v
⊤ A⊗ L

�

Δ
A

⎞

⎠ =
�

Δ

(
03∣V∣×∣V∣
0∣V∣×∣V∣

)

= 0.

(30)

It means that for K large enough, i.e. K ≥ k0, P
KR�0

and since PkR is bounded and decreasing for ∀k, also
the series

∑∞
k=0 P

kR must exists.

We can then directly show that, for K � ∞

lim
K�∞

K−1∑

k=0

PkR = R+PR+P2R+ ⋅ ⋅ ⋅ =

=

⎛

⎜
⎝
I∣V∣ ⊗

(
0
1
0

)

I∣V∣

⎞

⎟
⎠+

⎛

⎜
⎝
I∣V∣ ⊗

(
0

−1
1

)

+A⊗

( �
Δ�
Δ
0

)

�
ΔA− I∣V∣

⎞

⎟
⎠+

+
�

Δ

⎛

⎜
⎜
⎜
⎜
⎝

(A−D)

∞∑

k=0

( �

Δ
(A−D) + I

)k

A⊗

( �
Δ�
Δ
0

)

(A−D)
∞∑

k=0

( �

Δ
(A−D) + I

)k �

Δ
A

⎞

⎟
⎟
⎟
⎟
⎠

.

(31)

Thus, for 0 < � < 1, K ≥ k0

K−1∑

k=0

PkR=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

I∣V∣ ⊗

(
0
1
0

)

I∣V∣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

I∣V∣ ⊗

(
0

−1
1

)

+A⊗

( �
Δ�
Δ
0

)

�
ΔA− I∣V∣

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+

+
�

Δ

⎛

⎜

⎜

⎜

⎜

⎜

⎝

Δ
�

(
1
∣V∣11

⊤ − I
)

A⊗

( �
Δ�
Δ
0

)

Δ
�

(
1
∣V∣11

⊤ − I
)

�
ΔA

⎞

⎟

⎟

⎟

⎟

⎟

⎠

=

=

⎛

⎜

⎜

⎜

⎜

⎝

I∣V∣ ⊗

(
0
0
1

)

0∣V∣

⎞

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

1
∣V∣11

⊤A⊗

( �
Δ�
Δ
0

)

1
∣V∣11

⊤ �
ΔA

⎞

⎟

⎟

⎟

⎟

⎟

⎠

. (32)

Thus, Theorem 2 is proved completely.

It must be noted that comparing Eq. (13) with Eq.
(19), � corresponds to �� , and the term (32) replaces the
non-invertible term (I−P)−1R for Censi’s algorithm.

As mentioned in [8], term (I−P) is not invertible in
this case, nonetheless, we had made an assumption that
the matrix R acts as a stabilizing term, thus ensuring
convergence. Taking the result of Theorem 2 we can
conclude that this assumption was correct.

4. BOUNDS ON THE DRIFT FROM THE
MEAN

In (19) we assumed that the noise �(k) converges to
some value �. However, as mentioned before, in case
of deterministic quantization noise this value depends
on the step size �, initial states, quantization scheme
and also topology. Therefore it is not easy to estimate
it before-hand (see Tab. 2). However, bounds on drift
from the mean can be set straightforwardly.

In Tab. 1 we recall the bounds on � for few simplest
quantization schemes.

quantization
scheme

lower
bound

upper
bound

round to
nearest

−0.5 0.5

round up 0 1
round
down

−1 0

Table 1: Lower and upper bounds on � for few simple
quantization schemes.

Topology
quantization
scheme

∣V∣ �ave

complete rounding 10 0.0128±0.46
30 −0.0077±0.459

ceiling 10 0.49±0.468
30 0.502±0.459

star rounding 10 0.0034±0.49
30 0.0106±0.48

ceiling 10 0.4922±0.4932
30 0.504±0.396

ring rounding 10 −0.0093±0.468
30 −0.004±0.46

ceiling 10 0.5139±0.455
30 0.5005±0.403

geometric4 rounding 9 0.0012±0.47
30 −0.000462±0.45

ceiling 9 0.4988±0.4721
30 0.4925±0.4612

Table 2: Average � after 1000 randomly initialized runs,
for few topologies and 2 different quantization schemes.

When considering the Censi’s bound, we consider
the bound as defined in Censi [3], i.e. �� where
∣q(x)− x∣ < �, for any quantization function q(⋅).

4.1 A-priori bounds on the drift from the mean

For several typical network topologies, we can generate
an adjacency matrix AG and provide a-priori bounds on
the drift from the mean if the sent data is rounded to the
nearest integer (see Tab. 3) and if the data is rounded
up (operation ceiling) (see Tab. 4). The values are for
x1, i.e. for the stored data in the nodes. Similarily, we
can provide bounds on x2,x3 and y.

4Geometric graph is a randomly distorted rectangular grid
where each node communicates with neighbours only in its prede-
fined range.
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Topology ∣V∣
worst-case
steady-state

value

bound
Eq.
(32)

Censi’s
bound

complete 10 0.0459 ±0.05 0.05
30 −0.0459 ±0.05 0.05

star 10 0.0077 ±0.01 0.05
30 −0.003 ±0.0033 0.05

ring 10 0.045 ±0.05 0.05
30 −0.045 ±0.05 0.05

geometric 9 0.0315 ±0.033 0.05
30 0.0382 ±0.0408 0.05

Table 3: Bounds on the drift dx(k), Eq. (19). Quantiza-
tion scheme – rounding to the nearest integer, � = 0.1,
worst case of true steady-state value after 1000 ran-
domly initialized runs.

Topology ∣V∣

worst-case
steady-state

value
(max/min)

bound
Eq.(32)

(max/min)

Censi’s
bound

complete 10 0.0705/0.0188 0.1/0 0.1
30 0.0961/0.0042 0.1/0 0.1

star 10 0.0188/0.0011 0.02/0 0.1
30 0.0051/0.0015 0.00666/0 0.1

ring 10 0.0953/0.0045 0.1/0 0.1
30 0.078/0.0236 0.1/0 0.1

geometric 9 0.0648/0.0019 0.066/0 0.1
30 0.0778/0.0048 0.0817/0 0.1

Table 4: Bounds on the drift dx(k), Eq. (19). Quan-
tization scheme – ceiling, � = 0.1, worst case of true
steady-state value after 1000 randomly initialized runs
(maximum/minimum value).

In Figure 1 we observe a typical behaviour for the
first 7 states in case of a geometric random network with
30 nodes, with the bounded asymptotic phase.
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25.2
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25.4

25.5

25.6

25.7

0 1000 2000 3000 4000 5000 6000 7000 8000

x
i
(k
)

iterations

Figure 1: Example of convergence behaviour of
xi(k) (i = 1, 2, . . . , 7) and bounds for a random geo-
metric network; ∣V∣ = 30,Δ = 6.

5. CONCLUSION

We have proved and analyzed convergence of a quan-
tized averaging algorithm with noise which is fed-back
to system. We have proved that under simple require-
ments on the network and the noise, this type of al-
gorithm always asymptotically converges to a consen-
sus which can, however, be drifted from the true ini-
tial average. Moreover, in case of simple deterministic
quantization schemes, the convergence is satisfied only
in average. Nevertheless, also in this case, we can pro-
vide bounds on the drift from the steady-state. We
must, however, emphasize that these bounds depend
on the topology of network given by AG , while Censi’s
bounds do not. As considered in one step of the proof
in Censi [3, proof of Proposition 1 ], x(k) can also be
bounded by 1

∣V∣
�
ΔTr(D)�, which gives the same quali-

tative bounds on x1(k) like ours. Nevertheless, our ap-
proach using state-space description provides not only
the bound on the drift from the mean for x1(k) but
also for average y(k), and last, but not least, provides a
different insight to this problem.
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ABSTRACT 

This paper describes how the potential of some automotive 

active safety functions depend on the used driver model.  

It is shown that by including a more advanced driver model, 

it is possible to enhance the use of the signals from different 

sensor systems to let the active safety function intervene 

earlier and smoother so that the drivers are disturbed less, 

and the chance to avoid an accident increases. 

1.  I�TRODUCTIO� 

Automotive active safety functions warn or intervene in 

critical situations to help the driver avoid or mitigate acci-

dents. During normal driving, when the driver has the situa-

tion under control, the active safety functions are at rest. A 

function with intrusive interventions can be irritating and 

disturbing if it intervenes when the driver has the situation 

under control. Hence, such events must be avoided and this is 

the motivation to the paradigm to allow an intervention only 

if drivers cannot avoid the accident themselves. The task to 

decide if the driver needs assistance is called threat assess-

ment, see e.g., [1], [2], and the paradigm indicates that 

knowledge of the capability of the driver is essential for a 

good threat assessment algorithm. The threat assessment 

module is a signal processing unit where the traffic situation 

is assessed by using e.g. vehicle models and driver models in 

combination with signals that describes the current state of 

the vehicle and the surrounding objects. 

For example, effective collision avoidance technology is 

based on the ability to predict the near future. In a timeframe 

of less than 1 second, the future can be predicted well using 

vehicle kinematics or vehicle dynamics models, but at larger 

prediction horizons, the driver behaviour starts to play a 

dominant role. E.g. the risk for collision with an object 400 

m ahead of the vehicle is almost solely dependent on the 

driver behaviour. When one can predict the driver behaviour 

one could potentially judge whether the driver intends to 

brake, steer or accelerate to avoid a collision or not. In case it 

is judged that the driver has no such intentions, warning or 

automatic interventions could be applied much earlier, 

thereby improving the benefit of the intervention without 

increasing the risk of disturbing the driver with unnecessary 

interventions.  

The discussion and the conclusions in this paper build on 

three examples where successively more advanced driver 

models are being used. The first example considers autono-

mous braking in rear-end collisions and no driver model is 

included. Instead it is assumed that maximum braking and 

steering can be realized immediately. With this description, 

there is a theoretical possibility to avoid a collision very late 

by steering and, hence, the autonomous braking can start 

only when this theoretical chance has diminished. Neverthe-

less, such a system can mitigate a rear-end collision so that 

the impact speed is reduced. This example is described in 

Section 3.1. The second example considers the reaction time 

of the driver and how fast the driver can move the steering 

wheel. Including these features in the description of the 

driver, the possibility to steer away from a possible rear-end 

collision decreases compared to the case with immediate 

control actions. Hence, the active safety system can intervene 

with autonomous braking earlier which gives improved 

chances to avoid an accident, as well as larger reductions of 

impact speed. This example is described in Section 3.2. In 

the third example the risk of off-road accidents in curves due 

to too high speed is considered. The driver is described as a 

controller with the objective to follow the road. Using pre-

view information about the road, and mathematical models 

of the vehicle and the driver, the driving ahead of the present 

position of the vehicle can be simulated. In this way it is pos-

sible to predict critical situations where the road friction does 

not suffice to give the tire forces to hold the vehicle on the 

road. This makes it possible to issue an early warning, or to 

automatically reduce the velocity in a gentle way, before the 

critical situation occurs. This is in contrast to, e.g. an ESP 

system which is activated once the loss of control is immi-

nent. The advantage is that one potentially can avoid more 

accidents with a less intrusive intervention. This example is 

described in Section 3.3. 

2. SYSTEM ARCHITECTURE 

In Figure 1 an overview of a general active safety sys-

tem is depicted. The simpler active safety functions only 
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make use parts of the architecture. For example, 

brakes (ABS) and yaw-stability control systems (ESP)

“Treat Assessment”, “Decision Making” and the 

tion Module” only use signals about the vehicle state giving 

information about if a wheel is about to slide. This means 

that no information about the driver or the environment is 

used.  

More advanced systems such as lane departure warni

systems, and rear-end collision mitigation by braking also 

make use of signals giving information about the vehicle 

surroundings, the “Environment Information” block in 

ure 1 as input to the “Treat Assessment”  and 

Module”. Hence, such systems require sensors 

processing delivering this information.  

The next step, which is the focus of this paper, is the i

provement which is possible to obtain by also considering the 

driver as a part of the system. This means that the threat a

sessment block contains a driver model, and that it 

ceive signals from the driver’s actions illustrated with the 

“Driver” block in Figure 1. With a driver model, in combin

tion with information about the environment, it is possible to 

make predictions with larger horizon on which new active 

safety systems can be based. The potential of these systems 

are of course dependent on the quality of the driver models 

and the sensor systems. 

Figure 1. Possible general description of an active saf
Simple threat assessment algorithms, like those for 

make use of information only about the vehicle state. 

include information from the environment like in some lane keeping 

systems. More advanced algorithms also make use of information 

about the driver. 

3. THREAT ASSESSME�T EXAMPLES

3.1 Threat Assessment without Driver Model

In its simplest form threat assessment does not take driver 

behaviour into account. The first generation Volvo's of Co

lision Warning with Auto Brake [3] is based on a

sessment that makes use of velocity measurements and 

constant acceleration model for the behaviou

and lead target vehicle. The motion of the host vehicle in 

relation to the lead target vehicles is analyzed

parts of the architecture. For example, for anti-lock 

stability control systems (ESP) the 

g” and the “Interven-

ignals about the vehicle state giving 
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the environment is 
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collision event is said to be imminent as soon as neither 

maximum steering nor maximum brake action 

an avoidance of the rear-end collision. In terms of acceler

tions this means that as soon as the maximum achievable 

lateral and longitudinal acceleration due to steering and 

braking action is less than the needed respective acceler

tions, a collision is imminent. The ratio

eration and maximum achievable acceleration for braking 

and steering actions are denoted as 

(BTN) and steering threat number (STN), respectively, 

the following way, 

 

availablex
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a
BT*

,

,
=  and ST* =

 

In [1] BTN and STN are described 

collision risk. The available accelerations are dependent on 

the tire-to-road friction. When both BTN and STN are larger 

than 1 a collision is judged to be imminent, 

unavoidable, and automatic emergency braking is applied. 

As depicted in Figure 2, an accident cannot be avoided

velocities larger than 25km/h. For larger speeds

speed will however be reduced, and thus the consequences 

for the occupants [4]. 

Using this criterion gives a low risk for false interve

tions that could disturb the driver during normal driving, but 

the benefit of the system would improve drastically if the 

impact speed was reduced even more due to an earlier auto 

brake intervention. 

One way of achieving this is to incorporate actuator d

namics. In the model above it is assumed that longitudinal 

and lateral acceleration can be achieved immediately. But 

due to actuator and vehicle dynamics this is not possible. 

Knowing that it takes time to build up this accelerat

could adapt the BTN and STN calculations, as suggested 

[1]. This will lead to earlier intervention and thus increased 

benefit. 

 

3.2 Threat Assessment with Simple Driver Model

Instead of starting an automatic intervention when it is 

physically impossible to avoid a collision, one could start 

automatic intervention when it is judged 

driver to avoid a collision. Using the latter r

incorporates a driver model into the thre

together with the velocity signals. 

One relative simple way of doing this is by judging 

whether the driver is distracted. In [5]

algorithm is proposed that estimates whether the driver of the 

host vehicle is distracted or not. The algorithm uses the fact 

that accident research shows that up to 93% of all drivers 

were distracted just before the rear-end collision occurred

suggesting that the driver did not steer 

The algorithm starts to classify the driver 

or passive. In the second step, only passive drivers can be 

classified as distracted. The driver 

when  

• |ω| > 1 rad/s  

collision event is said to be imminent as soon as neither the 

brake action could lead to 

collision. In terms of accelera-

as soon as the maximum achievable 

lateral and longitudinal acceleration due to steering and 

braking action is less than the needed respective accelera-

a collision is imminent. The ratio of the needed accel-

mum achievable acceleration for braking 

as braking threat number 

ing threat number (STN), respectively, in 

availabley

neededy

a

a

,

,
 (1) 

escribed as quantifiers for the 

e accelerations are dependent on 

When both BTN and STN are larger 

than 1 a collision is judged to be imminent, i.e. physically 

and automatic emergency braking is applied. 

n accident cannot be avoided for 

velocities larger than 25km/h. For larger speeds the impact 

and thus the consequences 

low risk for false interven-

tions that could disturb the driver during normal driving, but 

the benefit of the system would improve drastically if the 

impact speed was reduced even more due to an earlier auto 

to incorporate actuator dy-

namics. In the model above it is assumed that longitudinal 

and lateral acceleration can be achieved immediately. But 

due to actuator and vehicle dynamics this is not possible. 

Knowing that it takes time to build up this acceleration one 

could adapt the BTN and STN calculations, as suggested in 

This will lead to earlier intervention and thus increased 

Threat Assessment with Simple Driver Model 

omatic intervention when it is 

impossible to avoid a collision, one could start 

judged impossible for the 

to avoid a collision. Using the latter requires that one 
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. In the second step, only passive drivers can be 

driver is classified as active 
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• or |ω| > 0.5 rad/s continuously for at least 0.5s 

during the preceding 1.0s,  

where ω is the steering wheel angle change rate. The rest of 

the time, the driver is assessed as passive. Secondly, the algo-

rithm assesses possible threats from lead vehicles in terms of 

the STN. The driver is now assessed as distracted if  

• STN exceeds 0.5  

• and the driver is assessed as passive  

• and the lead vehicle has a velocity below 10km/h. 

The additional impact speed reduction that can be 

achieved when the driver is correctly assessed as distracted is 

depicted in Figure 2. 

 

Figure 2. Relative velocity reduction for different host vehicle 

speeds when driving straight towards a stationary lead vehicle, 

showing that incorporating driver distraction (ST� = 0.5) in-

creases potential as compared with not incorporating this (ST� 

= 1). 

Additionally, performing earlier interventions when the 

driver is assessed as being distracted do not cause any addi-

tional false interventions as verified in a set of 200 driving 

hours in real traffic conditions. This illustrates how even a 

simple driver model can improve the benefit of an active 

safety feature. 

Another example of a relative simple driver model is 

provided in  [7]. A driver does not achieve maximum accel-

eration immediately when braking or steering a vehicle. So 

the potential avoidance manoeuvres are parameterized such 

that they represent common driver behaviour. One parame-

terization is presented for steering manoeuvres and another 

for braking or acceleration manoeuvres. Each type of ma-

noeuvre is described using only one parameter, which is se-

lected such that the severity of the manoeuvre increases with 

an increasing parameter value. The vehicle speed is assumed 

to be constant while the driver steers, v = v0, and the curva-

ture is assumed to be constant while the driver brakes or ac-

celerates, c = c0. 

1) Steering manoeuvres: During normal driving, drivers 

often use steering manoeuvres with a constant steering wheel 

angle rate followed by a constant steering wheel angle [8]. So 

a natural parameterization for steering manoeuvres is to hold 

the steering wheel angle rate constant during a limited time 

interval, until reaching a final steering wheel angle. 

2) Similarly as for steering manoeuvres, the parameteri-

zation of potential braking and accelerating manoeuvres is 

selected as a constant jerk up to a maximum acceleration. 

This profile corresponds well to acceleration profiles for 

many brake actuators with a limited acceleration change rate 

and a limited deceleration capacity. 

Dynamic effects of these manoeuvres were also included 

in the vehicle model, for example a delay in the steering. 

The result of incorporating this approach for rear-end 

collisions is depicted in Figure 3. By including a model of 

the dynamics of the driver, a manoeuvre avoiding a collision 

needs to be initiated earlier. Hence, the automatic braking can 

intervene earlier which gives a larger velocity reduction. 

 
Figure 3. Velocity reduction versus host vehicle speeds when 

driving straight towards a stationary lead vehicle. The dash-

dotted line shows the result using constant acceleration model 

(no driver model). The dashed line shows the performance when 

the driver model is included. 

Also this algorithm was verified on a data set of 200 hours 

of driving without any false interventions. This again shows 

that incorporating knowledge about the driver, in combina-

tion with signals about the traffic situation, can increase the 

benefit of an active safety function without significantly 

increasing the risk for false interventions. 

 

3.3 More Advanced Driver Model 

The next step in the direction of more advanced driver 

models is to consider the dynamics of the closed loop system 

of driver and vehicle. With more advanced information sys-

tem giving information about the curvature of the road ahead 

of the vehicle, the objective of the driver is to follow the 

road. In this context, the driver can be seen as the controller 

managing the vehicle to follow the road.  

In this way an active safety function can be defined, 

based on vehicle dynamic models and driver models in con-

nection with advanced sensing technologies providing  in-

formation about road geometry, global position, velocity, and 

possibly, moving objects. This technique is introduced in [9] 

for a roadway departure prevention system and further de-

veloped in [10]. An illustration of this is shown in Figure 4 

where the vehicle is approaching a curve and the algorithm 

calculates a prediction of the tire slip angles in the curve by 

simulating the closed-loop system of driver and vehicle using 

sensor information about position, velocity and road curva-

ture as inputs signals. 
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Figure 4. The vehicle is approaching a curve and the algorithm 

predicts the vehicle trajectory a time horizon ahead of the veh

cle and calculates the necessary tire forces. 

If the prediction indicates too large tire slip angles, a war

ing can be issued, or an intervention can be issued so that 

the velocity is decreased. Since this can be done slightly 

before the critical situation, a less intrusive action may 

fice compared to what an ESP system would need 

The driver model used for the steering in [9

by 

� �  ���� �  ����	
���� 

 

where � is the steering angle which depends on the signals 

��, the vehicle's lateral displacement from the 

tance ds ahead of the vehicle's centre of gravity, and

difference the vehicle's heading angle and the road

ing angle at the preview point which is 
���� seconds ahead 

of the vehicle. Figure 5 illustrates the driver model signals. 

Figure 5. Illustration of the measures used in the driver 

model (2). 

The parameters in the driver model ��, ��, and 

estimated using measurements. See Figure 6. 
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If the prediction indicates too large tire slip angles, a warn-
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less intrusive action may suf-

need issue. 

9] is described 

 (2)

which depends on the signals 

s lateral displacement from the road at a dis-

ahead of the vehicle's centre of gravity, and  ��, the 

the road’s head-

seconds ahead 

illustrates the driver model signals.  

 

measures used in the driver 

, and 
���� are 

Figure 6. Measured steering angle together with 

ing angle given by the model (5).  A) Estimation data, B) 

Validation data. 

It is a simple driver model. The first term gives a feedback 

contribution if the vehicle has an offset in the lane and the 

second term is a feed-forward contribution which 

on the curvature ahead of the vehicle. 

Using data from a test drive, the proposed algorithm is 

validated against the existing ESP. The result is depicted in 

Figure 7. It shows the predicted tire slip angle together with

an indicating function showing when the 

vates. From the figure it is clear that the algorithm indicates 

large slip angles approximately 1-2 seconds before the ESP 

system actually activates. 

 

Figure 7. Solid: predicted tire slip angle, dashed: function 

indicating when the ESP system is activated. H

angles is a clear indicator of imminent critical situation.

Hence, this time window has become available thanks to 

the proposed algorithm and it can be used for prov

earlier warning or intervention in order to minimize driver 

disturbance. Or, it can be used to start interventions earlier in 

order to increase the safety benefit. 

For under-steered vehicles the preview of an imminent 

loss of control with an activation of the ESP system can be 

 

. Measured steering angle together with the steer-

ing angle given by the model (5).  A) Estimation data, B) 

It is a simple driver model. The first term gives a feedback 

contribution if the vehicle has an offset in the lane and the 

forward contribution which depends 

 

he proposed algorithm is 

he result is depicted in 

. It shows the predicted tire slip angle together with 

indicating function showing when the ESP system acti-

vates. From the figure it is clear that the algorithm indicates 

seconds before the ESP 

 

d tire slip angle, dashed: function 

indicating when the ESP system is activated. High slip 

angles is a clear indicator of imminent critical situation. 

Hence, this time window has become available thanks to 

can be used for providing an 

earlier warning or intervention in order to minimize driver 

turbance. Or, it can be used to start interventions earlier in 

steered vehicles the preview of an imminent 

ation of the ESP system can be 
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significant for avoiding a loss of control. The reason for this 

is that the vehicle’s vertical load distribution in a curve re-

duces the normal force at that specific wheel where the ESP 

system needs to brake to stabilize the vehicle. Hence, the 

ESP system might have lost most of its power to stabilize the 

vehicle. This is illustrated in Figure 8 and further described in 

[11]. 

 

 

 

Figure 8. Illustration  of  a  vehicle’s  vertical  load  dis-

tribution  in  a  curve situation. The ellipses represent 

available friction at each wheel, the sizes of the ellipses 

depend on the vertical load and the forces produced at 

the tires are constrained to lie within the ellipses. In a 

curve situation, much of the vehicle’s weight is redistrib-

uted to the outer side. As can be seen available brake 

force at the inner back wheel is greatly reduced. 

4. DISCUSSIO� A�D CO�CLUSIO�S 

Using three examples it has been shown that knowledge on 

driver behaviour can be used to enhance active safety func-

tionality. Together with sensor systems giving information 

about the traffic situation, a driver model makes it possible to 

make predictions about a traffic situation over a longer time 

horizon. This can be used for providing earlier and more 

comfortable interventions or for increasing the safety benefit, 

without significantly increasing the risk of false or unneces-

sary interventions. 

The key for achieving this potential benefit is an accu-

rate driver model. Typical challenges in obtaining a driver 

model are: 

• Understanding driver behaviour in near-critical situa-

tions. 

• Dealing with driver variability, as driver behaviour 

changes over time and varies between individuals. 

• Obtaining on-line data on driver behaviour. This can-

not be measured directly and has to be estimated from 

e.g. vehicle behaviour and driver inputs trough pedals 

and steering wheel.  

These are topics for future research and the result will influ-

ence our daily life in traffic. 
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ABSTRACT

Experts state that driver drowsiness is responsible for about
30% of severe traffic accidents. Driver monitoring systems,
such as the Mercedes-Benz Attention Assist aim to reduce these
road-crashes caused by fatigued drivers using standard equipment
sensors. In this article, new measures (features) for detecting
drowsiness are proposed in addition to promising features in
literature. Most studies in literature are based on driving simulator
data, whereas this article focuses on real world driving. External
influences such as road condition, road bumps and cross-wind are
furthermore taken into account. The presented results are based on
a large selection of the Mercedes-Benz drowsiness database which
covers over 1.2 million kilometers of measurements. Features are
analyzed for their correlation with the subjective Karolinska Sleepi-
ness Scale (KSS). The performance of a combination of features
is assessed by sophisticated classifiers and dimension reduction
techniques. Even after these improvements, the classification
results do not reach the results obtained in a driving simulator.

1. INTRODUCTION

The vast majority of road accidents are primarily related to mistakes
by the driver. According to the 100-Car Study, performed in 2006
by the National Highway Traffic Safety Administration (NHTSA,
VTTI) [20] drowsiness increases the driver’s risk of a crash or near-
crash by at least a factor of four. The NHTSA recognizes driver
drowsiness as one of the major causes of single and multiple car
accidents in the US. Drowsy driving is assumed to be significantly
under-reported in police crash investigations (1-3% in [17]) as it
can not be measured as easily as alcohol consumption for instance
(breathalyzer). Experts assume that about 24-33% of the severe ac-
cidents are related to drowsiness, especially when the driver falls
asleep and does not attempt to avoid the crash [5, 6, 15]. Truck
driver fatigue is more prevalent than either alcohol or drugs in fatal
accidents [12]. Young people under 30 are four times more endan-
gered than elder groups [13]. Especially young males are involved
in drowsy-driving crashes five times more likely than females [28].
Cold air, loud music and energy-drinks have not been demonstrated
to reliably help against fatigue. Two cups of coffee have been shown
to initially increase alertness after a break [19, 23]. The most effec-
tive countermeasure against sleepiness is sleeping, for instance by
taking a 15-20 minutes break or letting a passenger drive [19].

1.1 Literature review

There were many studies about driver monitoring over the last
decades. Most studies were based on data from driving simula-
tor data since in-vehicle drowsiness experiments require a tremen-
dous amount of efforts. Wierwille [8, 14] proposed a set of features
based on driving simulator data. Schmitz [27] proposed improve-
ments to suppress intended lane departures. Altmüller [2] analyzes
the deadband rate in the steering velocity, based on 44 simulator
drives. Berglund [4, 11, 21] used multiple regression on in-vehicle
steering and lane data variables to accurately (87%) classify drowsi-
ness, based on 22 truck simulator drives. Eskandarian et. al. [7, 25]
found the steering activity and lane data, among other variables to
be a good candidate to correlate with drowsiness using simulator
data and artificial neural networks (ANN). They achieve an accu-
racy of 89% for the class awake and 85% for drowsy.

1.2 Objectives of the current study

• In addition to known variables in literature, introduce further
drowsiness related features based on CAN-data.

• Propose more efficient feature extraction methods.
• A thorough investigation of their performance in a large number

of realistic road drives.
• Adaption to varying driving styles and environment conditions.
• Propose a feature similar to Degree-of-Interaction but without

the need of the steering moment and an alternative method for
detecting zig-zag events [21].

1.3 Database

The database used within this study covers over 10 300 real drives
with a total number of 1.23 Mio km (courtesy of Merceds-Benz).
After filtering this database for drives over 30km, with valid and
plausible self-rating (KSS), valid lane-tracking data and without
measurement errors, 52 768km of real drives remained:

• 204 drives (45 by women; 36 night experiment drives)
• 10 vehicles (Six E- and four S-Class)
• 54 drivers

Figure 1: Map of drives: Green lines indicate awake driving sec-
tions, orange indicate questionable and red drowsy drives (see 2).

Fig. 1 shows a map with the drives in Europe. A typical night ex-
periment is conducted on a low-traffic, monotonous motorway with
limited speed from about 120 to 140 km/h. Drivers were moni-
tored by specially trained supervisors, capable to drive the vehicle
from the passenger seat with a second set of pedals [26]. The par-
ticipant’s self-rating (KSS), blinking behavior and EEG were con-
stantly recorded and monitored. The drives were aborted with the
onset of severe drowsiness according to the driver’s responsibility
or by the supervisor, based on fixed criteria. The rest of the drives
were regular road drives with drivers well trained to estimate their
KSS drowsiness level. There are big differences between free drives
and simulator or night drives. The behavior in the simulator, un-
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der restricted conditions and under supervision is more strained and
calmer than in free drives. A lot of variation is introduced by dif-
ferent routes, road types, lane markings, curvature, traffic density,
driving styles and vehicles. As drives on public roads must be inter-
rupted in an early phase of sleepiness for safety reasons, the drowsi-
ness related patterns are rare and not as significant as in a simulator
where drivers often become very sleepy.

1.4 Drowsiness Reference

Different measures were recorded as drowsiness reference:
• The subjective self-estimation using the Karolinska Sleepiness

Scale (KSS) [1] for all drives (Tab. 1).

Table 1: Karolinska Sleepiness Scale (KSS)
KSS Description

1 Extremely alert
2 Very alert
3 Alert
4 Rather alert
5 Neither alert nor sleepy
6 Some signs of sleepiness
7 Sleepy, no effort to stay awake
8 Sleepy, some effort to stay awake
9 Very sleepy, great effort to keep awake, fighting sleep

• Eye-tracker cameras to record blinking behavior and gaze.
• Electroencephalogram (EEG), to measure electric brain activity

and Electrooculogram (EOG) to monitor eye blinking behavior.
EEG, EOG and eye-tracker are not considered in the present pa-
per, because they were not available for all drives. The KSS was
interrogated every 15 minutes as a trade-off between high tempo-
ral resolution and avoiding intrusive feedback. As a consequence, it
was not capable to record sudden drowsiness variations caused from
different situations. The KSS was used anyway for several reasons:
• The technical KSS recording is very reliable and relatively accu-

rate, whereas EEG and eye-tracking did not work for everybody.
• Recording EEG and blinking signals is laborious, which made

them unsuitable for the large number of free drives.
• The system is desired to provide plausible warnings to the driver

concerning his self-estimation.

2. DROWSINESS-RELATED FEATURE ACQUISITION

The basic principle of feature extraction is to detect drowsiness-
related patterns in the data and reduce the input signals (101) to a
few variables that strongly correlate with drowsiness and, if pos-
sible, nothing else. Drowsiness can result in different patterns for
different drivers or situations. The task of classification is to com-
bine these different patterns to a single continuous-valued drowsi-
ness measure or the discrete classes awake (KSS< 6), question-
able (6≤KSS< 8) and drowsy (8≤KSS). In practice, the extracted
features still depend on the road conditions, the driver and other fac-
tors. The simplest approach to cope with this problem is to use a so-
phisticated classifier that automatically adapts to these conditions.
The present work investigates to understand these relationships and
consider them already during the feature extraction. A selection of

48 important features is listed in Tab. 2. Features with superscript 1

are baselined and superscript 2 are newly introduced. Features are
grouped into classes LANE if they require camera-based lane infor-
mation, STW for steering wheel angle and CAN if they are based
on other CAN-bus signals such as lateral or longitudinal accelera-
tion, wheel rotation etc. We further propose to distinguish between
causal and a-priori features. Causal features result from specific
patterns that the driver causes because he is drowsy. A-priori fea-
tures (e.g. DAYTIME) simply say that it is probable for the driver to
become drowsy in certain situations. Causal features are the most
selective, and thus important ones. However, a-priori features are
also important as they can provide a significant contribution to the
system performance. For instance, road exits are very probable to
result from sleepiness in a monotonous driving situation. Another
grouping of features can be made by classifying them into event-
based and continuous. The latter can be calculated permanently
(e.g. LANEDEV), whereas zig-zags or road exits occur seldom.

Table 2: Selection of Features
ID CLASS Feature Name Description

15 LANE LANEDEV1 Lane deviation

17 LANE ZIGZAGS1 Num of zig-zag events

19 LANE LATMEAN1 Lateral mean

29 LANE LNMNSQ1 Lane mean squared

32 LANE LANEX1 Lane exceeding

33 LANE LNERRSQ1 LANEX squared

34 LANE ORA1 Overrun area

35 LANE TLC1MIN1 Time-to-lane crossing

36 LANE VIBPROP1 Warnings

16 LANE LATPOSZCR1,2 Lateral pos. ZCR

30 LANE LNIQR1,2 IRQ of lateral position

31 LANE LNCHGVEL1,2 Lane change velocity

37 LANE DELTADUR1,2 Duration between infl. points

38 LANE DELTALATPOS1,2 Lateral displacement

39 LANE DELTALATVELMAX1,2 Max lateral velocity

14 LANE LANEAPPROX1,2 Approximation to lane

40 LANE LANEAPPROXADP1,2 Adaptive LANEAPPROX

42 STW ELLIPSE1 Steering angle and velocity abs.

50 STW NMWRONG1 Num. of times stw. is corrected

69 STW NMRHOLD1 Num. of times stw. is hold

48 STW AmpD2Theta1 Amp D2 Theta

72 STW VHAL1 Ratio high/low stw. corrections

71 STW MICROSTEERINGS1 Small steering adjustment rate

18 STW STWZCR1,2 Steering ZCR

25 STW STWVELZCR1,2 Steering vel. ZCR

52 STW STV251,2 Steering vel. 1st Quartile

53 STW STV501,2 Steering vel. 2nd Quartile

54 STW STV751,2 Steering vel. 3rd Quartile

44 CAN ACTIVE System active
24 CAN LNACTIVE Lane signals active
41 CAN VEHSPEED Vehicle speed [km/h]
47 CAN DAYTIME Seconds since midnight
66 CAN TOT Time-on-task

22 CAN DEGOINT1 Degree of interaction

23 CAN REACTIM1 Reaction time

45 CAN CIRCADIAN1,2 Circadian weighting

51 CAN STWEVNT1,2 Steering event rate

55 CAN CROSSWIND1,2 Cross-wind / warping intensity

58 CAN DYNDRIVINGSTYLE1,2 Dynamic driving style

59 CAN MONOTONY1,2 Monotonous driving

61 CAN OPERATION2 Vehicle operation

63 CAN ROADBUMPS2 Road bump detection

67 CAN TOTMONO2 Monotonous TOT

68 CAN TOTSPEED2 TOT around 130km/h

70 CAN LIGHT2 Light intensity (day/night)

26 CAN TRFCDENS2 Traffic density

27 CAN TURNINDADVANCE1,2 Blinking time before ln change

28 CAN TURNINDDUR1,2 Turn indicator duration
. . . . . . . . . . . .

In the following, the features are described according to the ba-
sis features, they are based on. In general, for event-based features,
the presence of a single pattern does not directly indicate a drowsy
driver. The increased rate and intensity of these events is of rele-
vance. For this reason, further processing steps are generally ap-
plied to the basis features, such as:
• Moving average, median or exponentially weighted moving av-

erage (EWMA) (c.f. 3.3)
• Standard deviation, interquartile-range or exponentially

weighted moving variance (EWVAR) (c.f. 3.3)

2.1 Steering Wheel Angle-based Features

In contrast to the lateral lane position, the steering wheel angle is
directly related to the driver’s control action. The steering signal
contains higher frequencies and higher resolution of the desired ve-
hicle track. In order not to flatten steering peaks, the steering ve-
locity is calculated with a Digital Polynomial Smoothing- and Dif-
ferentiation Filter, described in [24]. The STWZCR (zero-crossing
rate) is the number of steering direction changes per second. In a
broader sense, the ZCR can also be related to the frequencies in the
steering signal. It provides several advantages in comparison to the
Fourier-transform of the steering signal as the frequencies are very
low. A classification of different driving styles has also shown that
the STWZCR is very characteristic for different drivers. STV50 is

the median and STV25 and STV75 are the 1st and 3rd quartiles of
the EWMA windowed steering velocity. The ELLIPSE feature is
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calculated as the magnitude of steering wheel angle and velocity
against their means [4]. According to Wierwille [14], NMWRONG
is defined as the number of times the steering angle is quickly cor-
rected. NMRHOLD is the rate that the steering wheel angle is hold
below 0.5◦ for longer than a given time. The STWEVNT is a quite
sophisticated combination of a deadband phase without steering,
followed by a sudden steering correction [2]. Thresholds are adap-
tive to the driving situation and other criteria, such as correction
intensity, vehicle speed and monotony. Events are suppressed for
cross-wind, rough road sections, sporty driving style, lane changes
and other disturbing influences. VHAL is the ratio of high against
low steering corrections and increases with reduced vigilance. The
idea of MICROCORRECTIONS is that an alert driver permanently
makes small steering corrections whereas a drowsy driver has a
more sloppy steering behavior without small steering corrections.

2.2 Lane-based Features

The lateral lane position is rather a result of the low-passed reaction
of the vehicle to the steering signal and road condition. The major
information about the lateral lane data is the knowledge of the abso-
lute position in the lane. One other benefit is that lane changes can
be detected even if the driver doesn’t use the turn indicator. Data
of a calibrated serial lane tracker (LDW) were used which provided
over 35 signals with high accuracy. The availability of LDW signals
is lower than other sensor signals as good lane markings are needed.

2.2.1 Lane Position

There is a large number of features associated to the vehicle’s devi-
ation in the lane. LATMEAN is the average lateral position within
the last minutes, calculated with the EWMA proposed in 3.3. It was
observed that sleepy drivers tend to drive closer to the right lane
boundary as they are afraid of drifting into the left lanes and crash
with an overtaking vehicle. LANEDEV, LNIQR are the standard
deviation (EWVAR) and interquartile range of the lateral position
against the driver-dependent lateral mean. Using the lane middle
was less performant. In the parameter optimization, an exponential
weighting of the lateral position has shown to be beneficial. The
overrun area (ORA) is the average overridden surface and an al-
ternative to LANEDEV. DELTADUR is the duration, DELTALAT-
POS the amplitude and DELTAVELMAX the maximum velocity
between lateral inflection points. These are also used as criteria for
detecting ZIGZAG events, which are oscillations within the lane
with an amplitude of 0.7 - 1.2 meters and a duration between 2.5 -
17.5 seconds. LNCHGVEL is the velocity of lane changes and
TURNINDADVANCE is the duration between turn indicator uti-
lization and lane change. Both features are very driver dependent.

2.2.2 Unintended Lane Approximation and Exceeding

LANEAPPROX and -ADP are features that describe the number
of times any part of the vehicle is entering in a proximity-zone of
the lane bounds. The latter is using a driver adaptive zone size.
This can be interpreted as an ‘almost’ lane departure. The advan-
tage is that these occur much more often than real lane departures
and thus allow a higher temporal resolution. LANEX, LNERRSQ
and VIBPROP [21, 30] are based on the intensity and frequency of
lane departures (dashed road markings) and road exits (solid road
markings). Unintended lane departures are suppressed if the driver
was steering towards the lane or acc-/decelerated [27]. Different
weightings for curves and lane types have shown to be practical. It
was observed that some drivers almost never exit the lane bound-
aries whereas others have over 50 lane exits per hour. For some
drivers, lane departure warnings LANEX and VIBPROP have been
observed to be very helpful during the onset of drowsiness. Thus, it
is proposed to adapt the LDW warning sensibility to the driver state.

2.2.3 Time-to-Lane-Crossing (TLC)

TLC is the estimated time remaining until any part of the vehicle
crosses the lane boundary if no other steering correction is made [9,
18]. TLC model 1 is the simplest method calculated from the lateral
position y and velocity ẏ as T LC = y

ẏ
. Model 2a and 2b takes the

road curvature and vehicle track into account. The inclusion of the
second clothoid parameter co has not shown any improvement. Due

to calibration problems, model 1 was used as it has shown better
and more robust results. TLC1MIN is the number of TLC values
below a threshold.

2.2.4 Driver-Vehicle Interaction

DEGOINT and REACTIM are originally defined as the degree-of-
interaction and the reaction time to lateral acceleration peaks [11].
The idea behind these features is that the driver has to continuously
react to lateral displacements caused by the road. As there was
no steering moment sensor available, this paper proposes a similar
method to obtain DEGOINT based on the steering wheel angle only.
Therefore, the measured lateral acceleration ay is compared to the
lateral acceleration ăy calculated from the steering wheel angle δs

using the single track model in Eqn. (1).

ăy =
v2 ·δa

l +SG · v2
(1)

ăy is obtained by the velocity v, the steering ratio SR, the steer-

ing angle δa = δs · SR and the self-steering gradient SG = 1/v2
ch

with the vehicle’s characteristic velocity vch and the wheel base l.

ay and ăy were smoothed by a 2nd order Butterworth low-pass fil-
ter with corner frequencies 1 and 2 Hz. In order to compensate
road incline, the difference of ∆ay = ay,LP − ăy,LP has been sub-
tracted from ây,LP = ăy,LP −∆ay. The feature is then obtained by
DEGOINT = EWMA(ay,LP − ây,LP).

2.3 Road Condition

CROSSWIND measures the cross-wind and road-warping intensity
also from the measured and calculated lateral acceleration. ROAD-
BUMP continuously estimates the road condition from the wheel
rotation sensors and others.

2.4 Drowsiness Supporting Situations

Known factors that are related to reduced alertness are the time-
on-task (TOT), the time driving monotonously TOTMONO, DAY-
TIME and vehicle speed VEHSPEED. Also the LIGHT condition
was included as the daylight suppresses fatigue (melatonin). TRFC-
DENS measures the traffic density calculated from the lane change
rate, the vehicle operation and acc-/deceleration events. The driver
activity DRACTIVITY measures how dynamic or monotonous a
situation is. It was observed that the lower the activation (e.g. by
traffic) the higher the probability of becoming sleepy.

3. IMPLEMENTATION DETAILS

A number of pre-processing steps were done before extracting the
drowsiness-related features from the raw signals. The presented
methods have several advantages in performance and computation
time when compared to the common implementation in literature.

3.1 System Active State

There is a large number of driving states or events that decide if
the system is active or not. It is active between 80 and 180km/h
which selects most highways and country roads. Strong external
influences such as road-bumps, cross-wind and road-warping are
suppressed. Special driving situations such as lane changes, curves,
sporty driving, acc-/deceleration are suppressed as well. In order to
blind out short-term distraction, most vehicle operations (levers and
other buttons) are blinded out.

3.2 Driver Adaption (Baselining)

The variance between drivers has a severe impact on the fea-
tures and overlays the drowsiness-related patterns. For this reason
baselining provides an essential contribution to the feature perfor-
mance. It is assumed that the drivers are usually awake during the

first minutes. Hence, every baselined feature (2 in Tab. 2) is nor-
malized by the maximum of the first minutes active time. Using
parameter-optimization algorithms has shown the best results for
using the maximum and window sizes of up to 40 minutes.

3.3 Exponentially Weighted Moving Average and Variance

In literature, simple moving average filters are commonly used to
calculate event rates. A simple, but very powerful improvement
is the introduction of a recursive Exponentially Weighted Moving
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Average (EWMA) filter. It has the property to take present values
more into account while storing only one value instead of an entire
window. Similarly, the sliding variance can be approximated by
the Exponentially Weighted Moving Variance (EWVAR) for a given
input signal xn as described in the following. The forgetting factors
λµ and λσ2 are used from the adjusted window sizes Nµ and Nσ2 :

λµ =
Nµ −1

Nµ
, λσ2 =

Nσ2 −1

Nσ2

. (2)

EWMA is obtained by EWMAn = λµ ·EWMAn−1 +(1−λµ ) · xn

with the initial value EWMA0. The EWVAR is approximated by

EWVARn = λσ2 ·EWVARn−1 +(1−λσ2 ) · (xn −EWMAn)
2 with

the initial value EWVAR0. A second improvement is the use of
adaptive window sizes. For instance starting with Nµ = 5 and in-
creasing by 1 for every sample or event, depending on the feature.
The window size is again reduced if the driving condition quickly
changes, e.g. for a changed vehicle speed. Furthermore, the initial
values EW MA0 and EWVAR0 are set to the mean of each feature.

4. FEATURE EVALUATION

Features were assessed and optimized in multiple ways. Beside
statistical tests (ANOVA, F-Test), the Bravais-Pearson correlation
coefficient ρp, Spearman correlation coefficient ρs and the Fisher-
metric MDA [29] were used as metrics. ρp is calculated to estimate
the linear correlation between the feature Fi and the interpolated,
smoothed KSS:

ρp(Fi,KSS) =
cov(Fi,KSS)

√

var(Fi) · var(KSS)
, (3)

where cov is the covariance and var the variance. High pos-
itive/negative values mean strong positive/negative correlation,
whereas a value near zero indicates a random relationship. The
correlation coefficients of often selected features from Tab. 2 are
listed in Tab. 3. Scatter plots, class histograms and boxplots [16]
were also used to get a visual impression of the features. As only
a few plots can be listed here, the STV50 class histogram can be
found in Fig. 2 as an example. It can be seen that the steering veloc-
ities decrease with increasing vigilance. In Fig. 3, the histogram of
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Figure 2: Class Histogram of feature STV50 (ID: 53)
ρp =−0.30 (p = 0.0); ρ s =−0.33 (p = 0.0); MDA = 16.9

the Spearman correlation coefficients of all drives are shown for the
feature NMWRONG. It can be seen that there is a tendency towards
the right, that indicates that most drives are positively correlated
with drowsiness. It’s correlation coefficient is ρs = 0.25, which is
relatively good for a causal feature. The boxplots in Fig. 4(a) to 4(c)
show the relationship between different features and the KSS. All
plots show that the classes are severely overlapping which pose a
lot of difficulties for the drowsiness classification.

5. CLASSIFICATION

For classification, all features were downsampled to a step width of
5 seconds. As we could assume that the driver state change is much
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Figure 3: Histogram of ρs coefficient for all drives (NMWRONG)

slower than that, a lot of computation time could be saved. Different
classifiers such as k-nearest neightbours, linear discriminant analy-
sis, Bayes classifier, Gaussian mixture models and artificial neural
networks (ANN) were compared. Results were obtained by cross-
validation with a training to test set ratio of 80 to 20 percent. It is
important to split the data by entire drives so that the drives in the
test set are completely unknown to the classifier. The results were
averaged over ten permutations of the training/test set to obtain a
more stable result.

5.1 Feature Selection

In theory, using more features is better as more information is in-
corporated. But, if the number of features gets too high, the need of
more training data can’t be fulfilled any more (curse of dimensional-
ity). For this reason, dimension reduction techniques were applied.
Principle Component Analysis (PCA) and Fisher transform (LDA)
are methods to transform a given feature space to a lower dimen-
sional one. The sequential floating forward selection (SFFS) algo-
rithm, introduced by [22], was applied to select the most promising
features for a classifier. The advantage of SFFS over feature trans-
form techniques is its high transparency as the selected features re-
main without any change. PCA and LDA have shown poor results
in comparison to the SFFS, so that only SFFS was used here. Tab. 3
lists a statistic of the most often selected features after thirty SFFS
repetitions in combination with the Bayes classifier. It can be seen
that correlation coefficients of individual features are not necessar-
ily related to the performance of the features in combination.

Table 3: Correlation Coefficients of often Selected Features
ID Feature Name Selections ρp ρs

45 CIRCADIAN 30 0.49 0.51
43 TOT 30 0.16 0.22
22 DEGOINT 30 -0.19 -0.22
29 LNMNSQ 30 -0.00 -0.00
51 STWEVNT 29 0.16 0.17
52 STV25 29 -0.30 -0.34
54 STV75 29 -0.32 -0.36
38 DELTALATPOS 19 0.01 0.01
39 DELTALATVELMAX 18 -0.02 -0.01
17 ZIGZAGS 17 0.02 0.00
34 ORA 14 -0.03 -0.04
40 LANEAPPROXADP 14 -0.05 -0.06
53 STV50 14 -0.27 -0.32
33 LNERRSQ 13 -0.01 -0.08
35 TLC1MIN 11 0.06 0.07
30 LNIQR 9 0.06 0.06
14 LANEAPPROX 6 -0.00 -0.01
19 LATMEAN 5 -0.10 -0.11
36 VIBPROP 5 0.00 0.02
26 TRFCDENS 4 -0.33 -0.40
31 LNCHGVEL 3 -0.04 -0.11

5.2 Classification Results

A comparison of test errors for different classifiers is given in Tab. 4.
The results are based on the best 11 features that were selected by
SFFS in combination with the Bayes classifier. The detailed confu-
sion matrix of the neural networks classification results is given in
Tab. 5 (feed-forward backpropagation algorithm with 30 neurons in
three hidden layers).
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Figure 4: Boxplot of Three Feature

Table 4: Classification Error for three Classes
Classifier Test Error

k-NN (k=5) 44.0%

GMM (3. Modes) 43.3%

Linear discriminant 32.4%

Bayes classifier + SFFS 36.6%

ANN 16.6%

Table 5: Confusion Matrix for ANN
correct

Awake Questionable Drowsy

Awake 76.0 % 24.0 % 0.0 %

estimated Questionable 8.4 % 89.9 % 1.7 %

Drowsy 0.0 % 45.4 % 54.6 %

6. CONCLUSIONS AND FUTURE WORK

It was observed that there are different types of drivers, those who
accurately keep the lane by lots of steering corrections and those
who do not hastily correct the lateral position and rather have a
loose lane keeping. Numerous features were analyzed for their cor-
relation with the KSS drowsiness reference. Many of them corre-
late relatively well, especially a-priori features, such as time of day,
time-on-task, monotony and traffic density. However, a-priori fea-
tures need to be treated with care as they are not sensitive to the real
driver condition. In general, lane based features were often selected
in combination with steering based features as they provide comple-
mentary information. Neural networks, LDA and the Bayes classi-
fier, in combination with SFFS feature selection, performed best for
the difficult features. Especially under real world conditions, the
suppression of external influences and adaption to the driver is very
important. But even with a large set of new and improved steer-
ing and lane based features, the classification performance is not
as good as the results reported in literature using a smaller amount
of data from a simulator or drives under testing conditions. Still,
we must expect that a certain percentage of the performance is due
to overfitting to this larger, but still limited number of drivers, ve-
hicles, driving conditions etc. Driving in a driving simulator and
under supervised conditions has a big influence on the driver’s be-
havior. It was observed that many awake drivers also drive sloppy
when the motorway is empty or if they are distracted by talking or
other actions. The driving behavior in these situations is the same as
for drowsiness and thus cannot be distinguished. For this reason, a
good strategy is to combine the detection of drowsiness with giving
the driver feedback about his objective driving performance (e.g. by
a bargraph). Usually, drivers tend to drive more aware if they have
a feedback of their driving performance.

6.1 Future Works

• EEG, eye-signals (such as PERCLOS [3, 10]) and a distraction
measure in addition to the KSS for a better temporal resolution

• Hidden Markov-models and Bayes networks to model temporal
aspects and expert knowledge

• Multi-level classification to adapt varying driving styles and
road conditions
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ABSTRACT 

This paper presents the design and implementation results 
for IEEE 802.11p Wireless Access in Vehicular 
Environment Physical layer using Field-Programmable 
Gate Array (FPGA) hardware. IEEE 802.11p defines 
modifications of IEEE 802.11a to support Intelligent 
Transportation Systems applications such as supporting 
public safety and licensed private operations over 
communication channels. Towards this objective our 
implementation goes through two phases. Firstly, a high-
level design tool was used for the Forward Error 
Correction (FEC) coding chain. Xilinx System Generator is 
a system-level modeling tool that runs under MatLab 
Simulink and facilitates FPGA hardware design. Secondly, 
the use of Very High Speed Integrated Circuit Hardware 
Description Language (VHDL) was required for the design 
of the OFDM system. Finally the transmitter and the 
receiver were implemented into two identical FPGA boards 
provided by Nallatech using RF evaluation boards from 
Analog Devices in order to configure our system in 5.9 
GHz.  
 
 

1.  INTRODUCTION 
 
     To begin with, in October 1999 the Federal 
Communications Commission (FCC), allocated the 5.9 
GHz band for DSRC (Dedicated Short Range 
Communications) - based intelligent transportation systems 
(ITS) applications and adopted basic technical rules for 
DSRC operation. IEEE 802.11p standard has been 
endorsed by ASTM (American Society for Testing and 
Materials) [1] as the platform of the PHY and MAC layers 

for DSRC. The standard has been defined precisely for 
vehicular communications where high data transfer rates 
are required in circumstances where minimizing latency in 
the communication link is important. At first, the standard 
was designed for Vehicle to Infrastructure (V2I) systems 
but it was market demand that has caused the adaption with 
the V2V communications systems. The overall goal is the 
same: creating a network design useful for vehicle 
applications, but obviously taking into account the 
requirements of a safety system. Main purpose of the 
system is to provide drivers with real-time information 
beyond what is available through the senses alone. 
Furthermore, vehicular communication will offer a wide 
range of applications such as providing traffic management 
with a real time data for responding to road congestions.  
       FPGA devices are becoming a critical part of every 
system design and provide a flexible platform to accelerate 
performance-critical functions in hardware because of the 
configurability of the device’s logic resources. The FPGAs 
are customized by loading configuration data into the 
internal memory cells.  
       Our contribution in this paper is to present the design 
and the implementation of the 802.11p physical layer in 
Radio Frequency zone. This work divides the design into 
two functional systems: the FEC coding chain and the 
OFDM system model. The former was designed using 
Xilinx System Generator design tool and the latter was 
designed using VHDL programming language. At the end 
the transceiver was targeted to Nallatech XtremeDsp 
Development Kit [2] with Virtex-4 FPGA provided by 
Xilinx and the configuration in 5.9GHz was carried out 
with RF evaluation boards from Analog Devices [3].  
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Figure 1 - IEEE 802.11p PHY block diagram 

 
2. OFDM – IEEE 802.11P ARCHITECTURE 

 
         IEEE 802.11p standard specifies an OFDM Physical 
Layer (Fig. 1) that employs 64 subcarriers. 52 out of the 64 
subcarriers are used for actual transmission consisting of 
48 data subcarriers and 4 pilot subcarriers to provide 
transmission of data at rate 3, 4.5, 6, 9, 12, 18, 24, or 27 
Mbps. The basic principal of operation is to divide a high-
speed binary signal to be transmitted into a number of 
lower data rate subcarriers.  The system uses pilot sub-
carriers as a reference to disregard frequency or phase 
shifts of the signal during transmission. Orthogonality 
amongst the carriers is achieved by separating the carriers 
by an integer multiples of the inverse of symbol duration of 
the parallel bit streams. 802.11p specifies seven 10 MHz 
channels consisting of one control channel and six service 
channels. Four complex modulation methods (BPSK, 
QPSK, 16QAM, and 64QAM) are employed, depending 
on the data rate that can be supported by channel 
conditions. The maximum antenna input power for some 
DSRC mandatory channels is 28.8 dBm (750 mW) that 
enables long range. 
The PHY layer structure of 802.11p standard is divided 
into two entities: the Physical Layer Convergence Protocol 
(PLCP) and the Physical Medium Dependent (PMD) 
sublayers. PLCP is one convergence procedure to map 
MAC PDU into a frame format designed for radio 
transceiver of corresponding PMD layer. PMD layer 
interacts with PLCP layer and provides the actual means to 
transmit data on medium.  
 
 

3. FEC CODING CHAIN DESIGN 

      In this paper, we have used System Generator to 
generate VHDL source code from the Xilinx Blockset in 
Simulink environment for the FEC coding chain. Blocks 

from the Xilinx Blockset can be integrated seamlessly in 
Simulink models and are simulated in the same way. The 
tool provides high-level abstractions that are automatically 
compiled into an FPGA and access to underlying FPGA 
resources through low-level abstractions, allowing the 
construction of highly efficient FPGA designs. 
      We developed a model which is based on an OFDM 
Library v1.0 FEC Blockset and the WIMAX 802.16-2004 
demonstration design kindly offered by Xilinx, and we 
have simulated Forward Error Correction Coding Chain of 
the transmitter and the receiver for 802.11p standard. After 
simulating the model, VHDL code was generated 
accordingly to our standard defined system parameters and 
synthesized for specific FPGA device. The coding chain 
(Fig. 2) of the transmitter consists of the following 
functional subsystems  
 

• Randomizer 
• Convolutional Encoder 
• Interleaver 
• Symbol Mapper 
 

      At the beginning data are imported serially into the data 
scrambler. The data scrambler using a 127 bits sequence 
generator scrambles all bits in the data field to randomize 
the bit patterns in order to avoid long streams of 1 and 0. 
After that, the data field shall be coded with a 
convolutional encoder of coding rate R = 1/2, 2/3, or 3/4, 
corresponding to the desired data rate. The output bits of 
the encoder are interleaved using the block interleaver 
within one OFDM symbol. The interleaved bits are then 
modulated using BPSK, QPSK, 16QAM, 64QAM 
modulator. 
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      The txmodem implementation is achieved with the 
presence of two submodules: the input component and the 
OFDM component. The input component is accepting the 
modulated through BPSK modulation data and passing 
them to the OFDM component. The OFDM component 
accepts the data coming from the input component as data 
bit arrays (12 bit length) and modulate the incoming data 
through OFDM modulation. The rxmodem module is 
operating in analogically way with the txmodem and it is 
consisted from the OFDM and the output subsystem. The 
OFDM subsystem is operating as a demodulator and the 
demodulated data are driven in the output subcomponent. 
The output subcomponent is responsible for the proper 
transfer of the OFDM demodulated data to the BPSK 
demodulator. 

Figure 2 - IEEE 802.11p transmitter coding chain Xilinx Blockset  
 

4. OFDM HARDWARE DESIGN 

      OFDM modulation is exploiting the fact that multiple 
data signals can be carried out from the same carry signal. 
The time space between the data signals which are carried 
from the carry signal is defined from the ratio 1/f0, where f0 
is the transmission duration of an OFDM symbol 
(symbol=wavelet). During the OFDM data modulation, 
every data sequence is considered to be available for 
transmission at any time and they are just separately 
distributed in the phase spectrum. Then, data spectrums are 
carried from the frequency to the time field through the 
inverse Fourier transform and they are transmitted in a 
wavelet sequence. During the OFDM demodulation, each 
wavelet is collected in serial sequence and after their 
transformation to parallel form, they are carried out into 
the frequency field through the Fourier transformation.  
       A crucial contribution in the modulation and 
demodulation procedure is given by the serial-to-parallel 
and parallel-to-serial modules. These modules are 
implemented in parallel.vhd and serial.vhd files 
respectively. The parallel component is converting serial 
data to parallel accepting as input sequential bits and 
producing bit arrays as output. Analogically, the parallel-
to-serial component is using the same technique in order to 
accomplish the bit array to sequential bit transformation. 
Obviously, in order to implement the different digital data 
transmission through the same analog transmission signal, 
a transformation must be occurred so that the transmitted 
digital data could be safely carried through the carry signal. 
In this paper, the BPSK modulation is selected, created 
from the FEC coding chain mostly for simplicity and 
implementation reasons.  

     The main component of the OFDM project (Fig.3) is 
the modem component because it has the role of data 
receiver-transmitter but also the role of OFDM modulator-
demodulator. The receiver - transmitter property is 
implemented with the coordination of three 
subcompoments: the txmodem, trx and the the rxmodem 
modules. The txmodem component is responsible for 
modulating data through the OFDM modulation and 
transmitting them. The rxmodem component is responsible 
for receiving data and demodulation them. Finally, the txrx 
component is responsible for the data passing through the 
BPSK modulator-demodulator and also for the 
communication with system’s inputs and outputs. 

 
5. PHY FPGA IMPLEMENTATION 

     In hardware programming, XILINX ISE [4] software 
was used to perform the implementation. The Xilinx ISE 
system is an integrated design environment that that 
consists of a set of programs to create (capture), simulate 
and implement digital designs in a FPGA or CPLD target 
device. All the tools use a graphical user interface (GUI) 
that allows all programs to be executed from toolbars, 
menus or icons [5]. All the designs were targeted in two 
XtremeDSP Developments boards with Xilinx Virtex-4 
XC4VSX35-10FF668 FPGA for the transmitter and the 
receiver respectively.  
      The XtremeDSP Development Kit-IV from Nallatech 
serves is an ideal development platform for the Virtex-4 
FPGA technology and provides an entry into the scalable 
DIME-II systems. Its dual channel high performance 
ADCs and DACs, as well as the user programmable 
Virtex-4 device are ideal to implement high performance 
signal processing applications such as Software Defined 
Radio, 3G Wireless, Networking. 
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Figure 3 - OFDM schematic algorithm diagram 

 
 
      Nallatech's FUSE System Software [6] is a Java-based 
application that provides configuration, control and 
communications functionality between host systems and 
Nallatech FPGA computing hardware. This enables 
developers to design complex processing systems, with 
seamless integration between software, hardware and 
FPGA applications. FUSE provides several interfaces, 
including the FUSE Probe Tool which is ideal for 
configuration of the FPGA. The XtremeDSP Development 
Kit-IV features three Xilinx FPGAs - a Virtex-4 User 
FPGA, a Virtex-II FPGA for clock management and a 
Spartan-II Interface FPGA. The Virtex-4 device is 
available exclusively for user designs whilst the Spartan-II 
is supplied preconfigured with firmware for PCI/USB 
interfacing. The Virtex-4 XC4VSX35-10FF668 device is 
intended to be used for the main part of a user’s design. 
The Virtex-II XC2V80-4CS144 is intended to be used as a 
clock configuration device in a design. To connect the 
development platform at the computer, three options exists, 
the Joint Test Action Group (JTAG) interface, the 
Universal Serial Bus (USB) and finally the  Peripheral 
Component Interconnect (PCI) interface can be used. The 
User FPGA connects to this interface through the Interface 
FPGA. 
      Analog Devices offers several high-performance 
modulators and demodulators for operation at frequencies 
up to 6 GHz. ADL5375 [7] is a Broadband Quadrature 
Modulator designed for operation from 400 MHz to 6 

GHz. Its excellent phase accuracy and amplitude balance 
enable high performance intermediate frequency or direct 
radio frequency modulation for communication systems. 
The ADL5380 [8] is a Broadband Quadrature I-Q 
demodulator that covers an RF/IF input frequency range 
from 400 MHz to 6 GHz. ADL5380 demodulator offers 
outstanding dynamic range suitable for the demanding 
infrastructure direct-conversion requirements. The 
differential RF inputs provide a well-behaved broadband 
input impedance of 50 Ω and are best driven from a 1:1 
balun for optimum performance.  
       At the beginning the design run through synthesis, 
place and route stages, in ISE software and finally the 
programming bit file and the schematic symbols were 
generated. After that with FUSE software we located the 
XtremeDSP Motherboard through USB interface and 
finally we assigned two bitfiles to the devices for the 
Virtex-4 and Virtex-2 configuration. The test bed for the 
transmitter configuration is depicted in Fig 4. The outputs 
on the Fluke PM3380B oscilloscope for the input signal 
and the demodulated signal are depicted in Fig. 5 after 
connected the MCX-BNC cables from the DAC outputs on 
the board to channels on the oscilloscope. The 
development kit achieves a top frequency of 105 MHz 
which means tclk = 9.5ns while utilizing 17% of the 
occupied slices, 13% of the D Flip-flops and 14% of the 
dedicated LUTs for the transmitter and the receiver.     
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Figure 4 - Test bed using Nallatech XtremeDSP kit, Analog 
Device RF module and notebook with Fuse software for the 

transmitter configuration. 
 
 

      Implementation results for BPSK modulation with code 
rate ½ are shown in table I. Table I lists speed and resource 
usage (in terms of the building blocks of an FPGA) results 
under the following columns: a) Period, the critical path of 
the circuit in ns, b) LUT, the number of 4-input Look-Up 
Table function generators required, c) FF, the number of 1-
bit flip-flops required, d) Slice, the number of FPGA slices 
required given that an FPGA slice has 2 LUTs and 2 FFs. 
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OFDM RECEIVER 

 
14628ns 
 

 
3088 
 

 
2566 
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TABLE I – Implementation results for the transceiver 
 
 
 
6. CONCLUSIONS AND FUTURE WORK 
 
     Taking everything into consideration, this article 
presents results regarding the design and the 
implementation of the transceiver for the IEEE 802.11p 
PHY. The transceiver was successfully developed using 
two identical Nallatech Development boards. Several 
modules have been designed and testing is required to 
obtain the result. Connecting the output of the transmitter 
to the input of the receiver the preliminary results shows 
high accuracy between measurements. In the future we 
intend to perform further experiments examining the 
802.11p transceiver with different coding schemes such as 

Low Density Parity Check codes in order to enhance 
system performance. Extending this work we will develop 
the whole PHY transmitter and receiver with antennas for 
real time implementations in fading environment. 

 

 

 

 

 

 

 
 
 
 

INPUT 
SIGNAL 
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Figure 5 - Fluke PM3380B oscilloscope outputs. In channel 1is 
depicted the generator pulse and in channel 2 is depicted the 

demodulated signal  
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ABSTRACT

This work is concerned with the problem of multi-sensor multi-
target tracking of stationary road side objects, i.e. guard rails and
parked vehicles, in the context of automotive active safety systems.
Advanced active safety applications, such as collision avoidance by
steering, rely on obtaining a detailed map of the surrounding infras-
tructure to accurately assess the situation. Here, this map consists of
the position of objects, represented by a random finite set (RFS) of
multi-target states and we propose to describe the map as the spatial
stationary object intensity. This intensity is the first order moment
of a multi-target RFS representing the position of stationary objects
and it is calculated using a Gaussian mixture probability hypothesis
density (GM-PHD) filter.

1. INTRODUCTION

For an advanced automotive safety application it is important to
keep track on stationary object along the road to be able to detect
dangerous situations and decide on appropriate actions. The system
may warn the driver or intervene by braking or steering to avoid col-
lisions or mitigate its consequences. Information about the current
traffic situation is typically obtained from on board radar sensors,
as they are robust against different whether conditions and offer ac-
curate measurements of range, angle and range rate to objects.

There exist many algorithms to track or describe stationary ob-
jects along the road, see e.g., [1]. Occupancy grid mapping [5]
was primarily developed to be used with laser scanners to gener-
ate consistent maps. This method was very popular at the DARPA
urban challenge, see the special issues [2]. However, it is unadapted
for radar sensors and the resulting map may be imprecise as shown
in [15].

Road edge and obstacle detection has been tackled using raw
radar images, see e.g., [8, 12, 16, 19]. There have been several ap-
proaches making use of reflections from the road edges, such as
guard rails and reflection posts, to compute information about the
free space, see e.g. [10, 11, 21] for some examples using laser scan-
ners. Radar reflections were used to track the road edges as ex-
tended targets in [13]. This methods is promising but a drawback is
the large data association problem, which arises since it is hard to
create a general model for the various types of objects.

The development of finite-set statistics (FISST) by Mahler, see
e.g., [6, 17], provides a way to extend the single-sensor single-
target Bayes statistics to multi-sensor multi-target Bayes statistics.
Mahler developed an algorithm for multi-sensor multi-target track-
ing, based on FISST, called the Probability Hypothesis Density
(PHD) filter, which is a full tracking algorithm in the sense that
it both include filtering and data association, see e.g., [18].

Radar reports from stationary objects can be handled within a
multi-target framework. In contrast to a single-target system, where
uncertainty is characterized by modeling the state and the measure-
ment as random vectors, uncertainty in a multi-target system can be
characterized by modeling the multi-target state and multi-sensor
measurement as RFS. The PHD filter propagates the posterior in-
tensity, a first order statistical moment of the posterior multi-target
state, instead of propagating the posterior density in time.

A Gaussian mixture approximation of the PHD was proposed
by Vo and Ma [22]. The mixture is represented by a sum of
weighted Gaussian components and in particular the mean and co-
variance of those components are propagated by the Kalman fil-
ter [9]. The GM-PHD filter implementation is used in this contri-
bution since it is computational more efficient and noise is assumed
Gaussian for the system at hand.

In this work we propose to use the PHD filter framework to
calculate the spatial intensity of stationary radar reflectors. The re-
sulting spatial intensity can be viewed as a general map over where
there are large concentrations of stationary radar reflectors, i.e. the
position of guard rails and parked vehicles. In contrast to traditional
multi-target tracking algorithms, we are not interested in keeping a
separate track for each radar reflector with a separate unique identi-
fier. Instead, we have the freedom to find a more efficient represen-
tation of the information in the radar observations, e.g., by merging
closely spaced object.

This contribution is outlined as follows. Beginning with a prob-
lem formulation in Section 2, which includes a description of the
FISST, the system model and the automotive radar sensors. The
PHD filter recursion for the road mapping example is described in
Section 3. The resulting posterior intensity can be used as a map
describing the surroundings of the vehicle as shown in Section 4.
The conclusions are in Section 5.

2. PROBLEM FORMULATION

The aim of this paper is to position stationary radar reflectors, i.e.
reflection points on road side objects, such as, guard rails or lamp-
posts, using noisy radar measurements. The ultimate goal being to
construct a map over the surrounding infrastructure.

The radar measurements are obtained from Ns radar sen-
sors mounted on the ego vehicle with the measurement spaces
Z (1), . . . ,Z (Ns). Each sensor j = 1, . . . ,Ns collects a random finite
set (RFS) Z( j)

k of individual observations m = 1, . . . ,Nz,k of range
r(m), range rate ṙ(m) and azimuth angle δ (m) to strong radar reflec-
tors according to{

z
(m)
k =

[
r(m) ṙ(m) δ (m)

]T
k

}Nz,k

m=1
∈ Zk, (1)

for discrete time instants k = 1, . . . ,K. All sensors collect together
a RFS of observations according to

Zk = Z
(1)
k ∪·· ·∪Z

(Ns)
k . (2)

Hence, the single observation spaces can be bundled together into
one measurement space, so that any observation must be some finite
subset Zk of Z . Put in other words, the multi observations set Zk
consists of all measurements collected from all targets by all sensors
at time step k. The measurement history RFS is denoted Z1:k, and
contains the set of all measurements from time 1 to time k.

For the given application measurements from a prototype pas-
senger car equipped with three radars (Ns = 3) are used. More
specifically, the ego vehicle is equipped with one standard ACC
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forward looking 77 GHz mechanically scanned FMCW radar and
two medium distance 24 GHz radar mounted at the corners of the
vehicle, see Figure 1. Hence, this constitutes a multi-sensor sys-
tem, measuring at different ranges and in different directions, but
with an overlap of observation spaces. Put in other words, the inter-
section as well as the complement of the single observation spaces
Z (1), . . . ,Z (3) are non empty. A coordinate frame E is attached
to the moving ego vehicle and its position, orientation and velocity
relative the world coordinate frame W is tracked in a sensor fusion
framework, but fore the sake of simplicity, assumed to be known in
this work.

The sought positions of radar reflectors are represented by their
Cartesian position in the world coordinate frame W and stored in
the point reflector state vector

x
(i)
k =

[
x(i) y(i)

]T
. (3)

The stationary reflectors along the road are tracked as a RFS of point
reflector given by

Xk =
{
x
(1)
k , . . . ,x

(Nx,k)
k

}
, (4)

where Nx,k is the number of targets at time k.
The state space model of the stationary objects is given by

xk+1 = Fxk +wk, wk ∼N (0,Q), (5a)
zk = h(xk)+ek, ek ∼N (0,R) (5b)

where F is the identity matrix, since the objects are not moving. The
nonlinear measurement model h(xk) describes how a measurement
(1) i.e., the range r and the azimuth angle δ relates to the state vector
xk (3). The Doppler of an object ṙ is also measured and is primarily
used in the gating to determine if the object is stationary or moving.
The nonlinear sensor model is given by

h(x(i)
k ) =


√(

x(i)−xW
E(m)

s W

)2
+
(
y(i)−yW

E(m)
s W

)2

−vcos
(

arctan y(i)

x(i)
−ψ

E(m)
s

)
arctan y(i)

x(i)
−ψ

E(m)
s

 , (6)

where dddW
E(m)

s W
=
[
xW

E(m)
s W

yW
E(m)

s W

]T
is the position and ψ

E(m)
s

the
orientation of the radar sensor m = 1, . . . ,Ns in the world coordinate
frame W .

The first order moment of the RFS Xk is called the intensity or
the Probability Hypothesis Density (PHD) and it is denoted vk. One

Z(2)

Z(3)

Z(1)

Figure 1: The observation spaces of the front looking radar is de-
noted Z (1) and the observation spaces of the side radars are Z (2)

and Z (3).

important property of the multi-target posterior PHD is that the inte-
gral of the PHD over any given volume of the state space yields the
expected number of targets present in that volume. However, in our
case the interpretation is slightly different. Here, an object, such as
guard rails, are likely to be made up of multiple strong radar reflec-
tors. For this reason, the integral over the PHD is not the number
of targets, but rather the number of strong radar reflectors and the
PHD represent the concentration of these in our two dimensional
state space.

Let vk|k and vk+1|k denote the posterior and predicted intensity,
respectively. In the present work it is assumed that the intensities of
the RFSs are Gaussian mixtures. The posterior intensity at time k is
written on the form

vk|k(x) =
Jk|k

∑
j=1

w( j)
k|kN

(
x;m( j)

k|k ,P
( j)
k|k

)
. (7)

In the next section it is described how the intensity is estimated in
the PHD-filter.

3. GM-PHD FILTER RECURSION

The GM-PHD filter recursion is well described in e.g. [22] and only
briefly summarized here together with additional details for the road
mapping example. The PHD recursion given by (8) in Section 3.1
and (17) in Section 3.2 below, constitutes the PHD filter. The merg-
ing of Gaussian components is described in Section 3.3.

3.1 Time Evolution
The time evolution of the intensity is given by

vk+1|k(x) = vS,k+1|k(x)+ vβ ,k+1|k(x)+ γk+1(x) (8)

where vS,k+1|k(x) is the predicted intensity of the RFS of previous
states, vβ ,k+1|k(x) is the intensity of the RFS spawned from a target
at time k+1 based on the previous states and γk+1(x) is the intensity
of the birth RFS at time k+1. The elements in the sum are described
below.

3.1.1 Prediction

The prediction for the existing targets is given by

vS,k+1|k(x) = pS,k+1

Jk|k

∑
j=1

w( j)
k+1|k N

(
x;m( j)

k+1|k,P
( j)
k+1|k

)
, (9)

where pS,k+1 is the probability of survival. The Gaussian com-

ponents N (m( j)
k+1|k,P

( j)
k+1|k) are derived using the linear process

model (5a) and the time update step of the Kalman according to

m( j)
k+1|k = Fm( j)

k|k , (10a)

P( j)
k+1|k = FP( j)

k|k FT +Qk. (10b)

3.1.2 Birth

The intensity of the birth RFS is assumed to be a Gaussian mixture
of the form

γk+1(x) =
Jγ,k+1

∑
j=1

w( j)
γ,k+1 N

(
x;m( j)

γ,k+1,P
( j)
γ,k+1

)
, (11)

where w( j)
γ,k+1, m( j)

γ,k+1 and P( j)
γ,k+1 for j = 1, . . . ,Jγ,k+1, are model

parameters that determine the shape of the birth intensity. The
birth RFS is modeled as a Poisson RFS, i.e. the cardinality is
Poisson distributed, i.e. Jγ,k+1 ∼ Pois(λ ), and the components

N (m( j)
γ,k+1,P

( j)
γ,k+1) are uniformly distributed over the state space.
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3.1.3 Spawn

The intensity of the spawn RFS is a Gaussian mixture of the form

vβ ,k+1|k(x) =
Jβ ,k+1

∑
j=1

w( j)
β ,k+1|k N

(
x;m( j)

β ,k+1|k,P
( j)
β ,k+1|k

)
, (12)

where w( j)
β ,k+1|k, m( j)

β ,k+1|k and P( j)
β ,k+1|k for j = 1, . . . ,Jβ ,k+1, are

model parameters that determine the shape of the spawn intensity.
The Gaussian mixture components N (m( j)

β ,k+1|k,P
( j)
β ,k+1|k) are de-

rived using a model based process, which takes the existing Gaus-
sian components N (mk|k,Pk|k) at time step k as input.

It is assumed that new stationary objects are most likely to be
born at the road edges, and a simplified version of the model pre-
sented in [14] is utilized to estimate the road edges and create the
spawn intensity.

It is common to model a road in the vehicles Cartesian coordi-
nate frame using a third order polynomial, see e.g., [3,4]. We model
the road edges in the same manner according to

y = a0 +a1x+a2x
2 +a3x

3, (13)

where the x and y-coordinates are expressed in the vehicle’s co-
ordinate frame E. The parameters a0, . . . ,a3 are estimated using
the Gaussian components N (mk|k,Pk|k), from the time step k. The
components are clustered depending on if they belong to the left or
right side of the road, and the mean values m are used to solve for
the parameters in a least squares curve fitting problem. To simplify
the problem, in particular when there are only a few components
on one side of the road, it is assumed that the left and right edges
of the road are approximately parallel and only differ by the lateral
distances a0.

A number Jβ ,k+1/2 of xE -coordinates, denoted
{
xE

j

}Jβ ,k+1

j=1
,

are chosen in the range from 0 to the maximum range of the

radar sensor. The corresponding yE -coordinates
{
yE

j
}Jβ ,k+1/2

j=1 and{
yE

j

}Jβ ,k+1

j=Jβ ,k+1/2+1
are derived by using the road border model (13)

and the estimated parameters a0, . . . ,a3. The coordinates form the
mean values of the position of the Gaussian components on the road
edges according to

mE,( j)
β ,k+1 =

[
xE

j yE
j

]T

. (14a)

The covariance of the Gaussian components is given by the diagonal
matrix

PE,( j)
β ,k+1 =

(σE
x

)2 0

0
(

σE
y (x

E
j )
)2

 , (14b)

where it is assumed that the variance of the y-coordinate increases
with the x-distance, i.e., σE

y (xE
j ) depends on xE

j .
So far the derivations are accomplished in the ego vehicles co-

ordinate frame E, but since the state variables (4) are expressed in
the world frame W , the components of the Gaussian mixture are
transformed into the world coordinate frame according to

m( j)
β ,k+1 = RWE mE,( j)

β ,k+1 +dddW
EW (15a)

P( j)
β ,k+1 = RWE PE,( j)

β ,k+1

(
RWE

)T

. (15b)

to be used in (12). The planar rotation matrix is given by

RWE =

[
cosψE −sinψE
sinψE cosψE

]
, (16)

where ψE is the angle of rotation from W to E. This angle is referred
to as the yaw angle of the vehicle. The position of the vehicle in the
world frame W is given by the displacement vector dddW

EW .
The weight w( j)

β ,k+1 represents the expected number of new tar-

gets originating from m( j)
β ,k+1.

3.2 Measurement Update
The measurement update is given by a sum of intensities according
to

vk|k(x) = (1− pD,k)vk|k−1 + ∑
z∈Zk

vD,k(x|z). (17)

where the probability of detection is adjusted according to

pD,k(x) =

pD,k η
(i)
k|k−1 ∈Z ,

0 η
(i)
k|k−1 /∈Z .

(18)

Gaussian components which are outside the sensor’s field of view
i.e., the measurement space Z , are not updated. The updated inten-
sity vD,k(x|z) is given by

vD,k(x|Zk) =

Jk|k−1

∑
j=1

∑
zk∈G j

w( j)
k (zk)N

(
x;m( j)

k|k(zk),P
( j)
k|k

)
, (19)

where the cardinality Jk|k−1 = Jk−1|k−1 + Jβ ,k + Jγ,k. The Gaussian

components N (m( j)
k|k(zk),P

( j)
k|k ) are derived by using the non-linear

measurement equation (5b), the measurement update step of the un-
scented Kalman filter and the information from each new measure-
ments zk according to

m( j)
k|k(zk) = m( j)

k|k−1 +K( j)
k

(
zk−η

( j)
k|k−1

)
, (20a)

P( j)
k|k = P( j)

k|k−1−K( j)S( j)
k|k−1

(
K( j)

)T
, (20b)

K( j) = G( j)
k|k−1

(
S( j)

k|k−1

)−1
, (20c)

where S( j)
k|k−1 ≈ Cov

(
h(x( j)

k )
∣∣Zk−1

)
and G( j)

k|k−1 ≈

Cov
(
x
( j)
k ,h(x( j)

k )
∣∣Zk−1

)
, are defined in (22). The gate G j is

given by

G j =

{
zk

∣∣∣∣(zk−η
( j)
k|k−1

)T (
S( j)

k|k−1

)−1(
zk−η

( j)
k|k−1

)
< δG

}
,

(21)
for the gate threshold δG .

The unscented transform is used to propagate the state variables
through the measurement equation, see e.g., [7]. A set of L sigma

points and weights, denoted by
{

χ
(`)
k ,u(`)

}L

`=0
are generated us-

ing the method described in [7]. The sigma points are transformed
to the measurement space using (6) to obtain the propagated sigma
point ẑ(`)k|k−1 and the first and second order moments of the measure-
ment density is approximated as

η
( j)
k|k−1 =

L

∑
`=0

u(`)ẑ(`)k|k−1, (22a)

S( j)
k|k−1 =

L

∑
`=0

u(`)
(
ẑ
(`)
k|k−1−η

( j)
k|k−1

)(
ẑ
(`)
k|k−1−η

( j)
k|k−1

)T
+Rk,

(22b)

G( j)
k|k−1 =

L

∑
`=0

u(`)
(

χ
(`)
k|k−1−m( j)

k|k−1

)(
ẑ
(`)
k|k−1−η

( j)
k|k−1

)T
. (22c)
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Furthermore, the weights are updated according to

w( j)
k (zk) =

pD,kw( j)
k|k−1q( j)

k (zk)

κ + pD,k ∑
Jk|k−1
`=1 w(`)

k|k−1q(`)k (zk)
, (23a)

q( j)(zk) = N
(
zk;η

( j)
k|k−1,S

( j)
k|k−1

)
, (23b)

where η
( j)
k|k−1 is the predicted measurement and S( j)

k|k−1 is the inno-
vation covariance. The clutter intensity of the clutter RFS at time k
is denoted κk.

3.3 Pruning and Merging
The PHD filter suffers from the computational problem that the
number of Gaussian components J representing the Gaussian mix-
ture increases as time progresses. To ensure that the complexity
of the algorithm is under control, Gaussians with low weights are
eliminated trough pruning and Gaussians with similar means are
combined through merging. However, the loss of information must
be as small as possible in these stages.

The clustering algorithm, proposed by Salmond [20], merges
Gaussian components in groups. A cluster center (centroid) is cho-
sen as the component with the largest weight and the algorithm then
merges all surrounding components to the centroid. This process is
repeated with the remaining components until all have been clus-
tered. The clustering algorithm is used in the original Gaussian
mixture PHD filter [22].

4. EXPERIMENTS AND RESULTS

The experiments were conducted with a prototype passenger car,
equipped with the radar sensor configuration as shown in Figure 1.
Only radar reflections from moving objects are used to update the
estimates in this work, hence, the moving objects are not presented
here. No reference data of the road borders exist, so one example
of the resulting estimated bird’s eye view of a freeway traffic sce-
nario in Figure 2b-2c, can only be compared with the correspond-
ing driver’s view in Figure 2a. The intensity map vk|k in Figure 2b
indicates the probability of occupancy. The map may be used by
other automotive safety functions, for instance path planning which
aims at minimizing the cumulative PHD along the path. A low in-
tensity indicates a low probability to hit an object. The Gaussian
mixture map, in Figure 2c, shows the single Gaussian components{

m(i)
k ,P(i)

k

}
illustrated by their mean (black stars) and covariance

ellipses, after merge and prune are accomplished. Note that the
weights are included in Figure 2b but not in Figure 2c. Figure 2c
also shows the radar detections illustrated by red marks. The stars
are measurements collected by the front looking radar, the diamonds
are from the left radar and the triangles are from the right radar.

The past and future path of the ego vehicle is shown by black
dots in the figure and can be used as a good reference of the road
edges being correctly estimated. The illustrated road is estimated
from image data from the camera, and can also be used as a refer-
ence. From the camera view in Figure 2a it can be seen that the road
seems to bend slightly to the right. The Gaussians and the intensity,
which are based on radar data from the guardrails, have picked up
the right bend quite well. The range (field of view) of the radar is
approximately 200 m.

5. CONCLUSION

In this work it is shown how stationary objects, measured by stan-
dard automotive radar sensors, can be used with a PHD filter to
obtain an intensity map of the area surrounding the vehicle. This
intensity map describes the density of stationary objects, such as
guardrails and lampposts, and may be used by other active safety
functions to derive drivable trajectories with low probability of oc-
cupancy.

In future work, we plan on investigating a more accurate
method to cluster the Gaussian components and model the road
edges for the spawning intensity. We also plan to analyze the ef-
fects of pruning and merging based on prior knowledge of the road
model.
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Figure 2: The image in Figure (a) shows the driver’s view. The
intensity map vk|k is shown in Figure (b). The Gaussian mixture
(mean and covariance ellipse) as well as the measurements from
the radars are shown in Figure (c). The red stars are obtained by the
front radar (Z ∈Z (1)), the diamonds by the left radar (Z ∈Z (2))
and the triangles are by the right radar (Z ∈Z (3)).
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ABSTRACT

The detection of a multi-target scenario in radar-array pro-
cessing is a crucial step. When only a single source
is present, the computationally efficient beamformer for
direction-of-arrival (DOA) estimation is sufficient. When
multiple sources are present, subspace-based DOA estima-
tion is required to achieve high-resolution and unbiased es-
timation. To save computational cost, we propose computa-
tionally simple criteria for discriminating between a single-
target and multi-target scenario in automotive radar-array
processing. The suggested criteria can be applied with a
single snapshot, and are therefore suitable for classic pulsed
radar pre-processing. We present an empirical analysis of the
proposed criteria, and show results with real-life data.

1. INTRODUCTION

A radar-array can be used for direction-of-arrival (DOA) es-
timation and therewith target localization. The beamformer
(BF) is a direct approach: it is computationally efficient,
since it can be realized with an FFT for a uniform linear array
(ULA), and it constitutes the maximum likelihood estimate
for the single source case [7]. However, the BF has a low res-
olution with a beamwith (BW) for an ULA of≈ sin−1(2/M),
whereM denotes the array size. Therefore, when multiple
targets are present, the BF will result in biased DOA esti-
mation, or may even not be able to resolve all targets. In
these cases, we require high-resolution methods for DOA es-
timation [12]. Subspace-based algorithms typically require
an eigendecomposition of the spatial covariance matrix and
knowledge of the number of sources present. If the number
of sources is not known, it can be estimated using informa-
tion theoretic criteria (ITC) [13], see also [3]. Alternatives
to ITC are sequential hypothesis tests, such as the sphericity
test [14]. We remark that the mentioned methods for source
detection are also based on an eigendecomposition. Conse-
quently, subspace-based methods are computationally more
expensive than a direct approach with the BF, and may there-
fore not be suited for a real-time application with a high data
rate and limited processing power.

For the operation of a pulsed radar-array system, we as-
sume common pre-processing, i.e., pulse compression and a
Doppler FFT [10], to divide the recorded data in so-called
range-Doppler cells. For the considered application of au-
tomotive radar, we assume a parameter setting according
to sufficiently small range-Doppler cells such that the oc-
currence of single targets in range-Doppler cells is more
likely. On the other hand, multiple targets in individual
range-Doppler cells, i.e., targets at the same range with a

similar relative velocity, occur only in rare but crucial sce-
narios. These include:

• specular multipath with the guard rail which, if not re-
solved, result in a false target localization, or

• multiple scattering centers due to wide objects at differ-
ent orientations, as outlined in [2]. If resolved, multiple
scattering centers of a single object can be used to ex-
tract expansion or orientation parameters, which in turn
can be exploited by recent advances in automotive radar
target tracking and clustering [4].

Since the occurrence of single targets is more likely,
the application of computationally expensive high-resolution
methods is not always necessary. To save cost, we propose
to use computationally simple criteria, without eigendecom-
position, to discriminate between

(i) single-target situations, in which the computationally ef-
ficient BF can be used, and

(ii) multi-target scenarios, in which high-resolution algo-
rithms are necessary.

Consequently, a practical radar-array system, which em-
ploys a simple criterion for detecting a multi-target scenario,
is shown in Figure 1. As discussed above, the high-resolution
block may include subspace-based source detection using
ITC or the sphericity test, and a subspace-based method for
DOA estimation.
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Figure 1: A practical radar-array system: for each pre-
detected range-Doppler cell, a simple criterion is used to de-
cide if the number of sourcesD > 1.

The remaining part of the paper is organized as follows:
Section 2 contains the signal model and the problem formu-
lation. In Section 3, we present the suggested criteria for de-
tecting a multi-target scenario, along with an initial analysis
and empirical studies for a two-target scenario. A successful
application with experimental data is provided in Section 4.
Finally, some conclusions are drawn in Section 5.
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2. SIGNAL MODEL

Using classic pulsed radar pre-processing, as described
above, we obtain a single snapshot for each range-Doppler
cell. For the discrimination, we only consider cells with sig-
nificant energy, which correspond to one or more reflecting
objects. We remark that for subspace-based array process-
ing, especially for constructing a numerically stable spatial
covariance matrix, it is possible to use neighboring cells in
combination with decorrelation techniques [9], which effec-
tively increases the number of available snapshots.

For now, we consider a single snapshot model for the de-
tection of a multi-target scenario. TheM × 1 array output
vector is then modeled as

x =
D

∑
k=1

a(θk)sk +n (1)

whereD is the source number,sk and θk are the complex
scaling factor and the DOA of thekth source, respectively.
The noise vectorn is assumed to be spatially white, circular
complex Gaussian distributed with a common varianceσ2.
For an ULA, the steering vector is

a(θ ) =
[

1,e jκd sinθ , . . . ,e jκ(M−1)d sinθ
]T

(2)

whereκ = 2π/λ , λ is the wavelength andd is the sensor
spacing. To distinguish betweenD = 1 andD > 1 based on
snapshotx, a hypothesis test can be formulated as

H0 : E{x} ∝ a(θ )

H1 : not H0.

Note that H0 corresponds toD = 1 and is characterized by
planar wavefront characteristics, i.e., constant magnitude and
linear phase among the sensor outputs. The alternative H1
corresponds toD > 1 and is left unspecified. This is because
H1 involves a number of possible combinations and unknown
parameters, which is difficult to exploit with simple criteria.
In the following, we want to use the structure ofx when H0
is true.

3. PROPOSED CRITERIA

If multiple sources are resolved by the BF, the problem at
hand becomes trivial. In this case, we can simply count the
number of local maxima which exceed a certain threshold.
We remark, however, that the BF resolution capability, when
using a single snapshot, is generally dependent on the rela-
tion between phase parameters∠{sk}.

If two spatially separated sources are not resolved, i.e.,
their angular separation is smaller than the beamwidth, we
expect the angular width of the merged mainlobes to be wider
than the mainlobe for a single source. Here, we could use a
measure of angular spread, e.g. the 3-dB beamwidth, as a cri-
terion. This is generally difficult to calculate and requires the
evaluation ofP(θ ) = |xH

a(θ )|2/M on a relatively fine grid.
A non-parametric measure for angular spread, which allows
a simpler calculation, is e.g. suggested in [11]. However, we
do not focus on this approach in here.

3.1 Plane wave characteristics

The following criteria are conceptually similar to the idea
in [6], where it is suggested to compare the magnitudes and

phases of neighboring sensors. Based on this idea, the con-
tribution of the paper is to provide a detailed formulation of
suitable criteria in a statistical framework, and to present an
empirical performance analysis and an application with ex-
perimental data.

According to Equations (1) and (2), a single source re-
sults in approximately constant magnitude and linear phase
at the sensors, when the noise influence is low. We want to
exploit this observation by considering the sum of squared
errors of sensor magnitudes|xm|, m = 1, . . . ,M as a suitable
criterion

Cmag=
1

M−1

M

∑
m=1

(

|xm|− µ̂|x|
)2

(3)

whereµ̂|x| is the sample mean of sensor magnitudes. Sim-
ilarly, another suitable criterion is the sum of squared error
residuals of a first-order linear regression among the sensor
unwrapped phases∠{xm}, m = 1, . . . ,M

Cphase=
1

M−2

M

∑
m=1

(∠{xm}− ν̂1m− ν̂0)
2 (4)

whereν̂1 and ν̂0 are estimates of the slope and intercept of
the linear regression, and can be obtained using the method
of least-squares.

A simple detection of a multi-target scenario can be done
by comparing the proposed criteria, in Equations (3) and (4),
with a thresholdγ

Cmag/phase

H1
≷
H0

γ

If γ is exceeded, we reject H0 and decide forD > 1, otherwise
we accept H0 and decide forD = 1.

For an optimalα-level test, we require an appropriateγ
given a certain false-alarm rateα. This can be found using an
analytical expression for the distributions ofCmag andCphase
under H0, i.e., model (1) withD = 1. We know that real and
imaginary parts of the noise are i.i.d. Gaussian with common
variance(σ/

√
2)2. If σ is small, the magnitude|xm| and un-

wrapped phase∠{xm} can also be approximated as Gaussian
with the same variance (this is demonstrated easily by con-
sidering the circularly symmetric pdf of a two-dimensional
Gaussian random variable in the complex plane). We remark
that the assumption of a smallσ is reasonable, since we only
consider snapshots above a certain detection threshold. Us-
ing the described approximation, it can be shown that the
distributions ofCmag andCphaseunder H0 are

2(M−1)

σ2 Cmag∼ χ2
M−1 and

2(M−2)

σ2 Cphase∼ χ2
M−2,

respectively, whereχ2
n denotes a chi-square distribution with

n degrees of freedom [8]. In Figure 2, we show the empirical
density (histogram) of both criteria for a single source from
directionθ1 = 10◦, based on 2500 Monte-Carlo runs. We use
an ULA with M = 8 elements,d = λ/2 and noise standard
deviationσ = 0.15. The analytically found distributions are
overlaid in the plot, which confirm the approximation made.

We note that the evaluation ofCmag andCphaseis com-
putationally cheap with a complexity ofO(M), and can be
done independently from the BF. On the other hand, due to
the involved eigendecomposition, subspace-based source de-
tection has a complexity ofO(M3).
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Figure 2: Empirical (solid line) and analytic distribution
(dashed line) of criteriaCmag andCphaseunder H0.

3.2 Collinearity with array manifold

Another criterion is based on the collinearity between snap-
shotx and the array manifold, defined as{a(θ ) : θ ∈ Ω}
whereΩ contains all directions of interest. As collinearity
measure we consider

P̃(θ ) =
|xH

a(θ )|2
‖x‖2‖a(θ )‖2 (5)

which is equivalent to the BF spectrum of a normalized snap-
shot. We haveP̃(θ ) ∈ [0,1] with 0 if vectorsx anda(θ )
are orthogonal and 1 if they are perfectly collinear. The
collinearity criterion can now be defined as

Ccol = min
θ∈Ω

1− P̃(θ ) (6)

which requires the evaluation of the BF spectrum. We note,
that often in practical array processing the BF spectrum is
calculated as a consistency check, since it provides a simple
and low-resolution spatial power indicator. So by normal-
izing the snapshot and considering the peak amplitude, we
obtain another criterion for detecting a multi-target scenario.
Computational savings are possible by evaluatingP(θ ) only
on a sparse grid, and obtaining a refined peak location and
value using quadratic interpolation, as used e.g. in [5].

3.3 Performance in a two-source scenario

Here, we consider the simplest case for an alternative H1 and
use model (1) withD = 2 ands1 = 1. Using empirical stud-
ies, we want to analyze the influence of different superpo-
sitions of vectorsa(θ1) anda(θ2) on the suggested criteria,
especially w.r.t. angular separation∆θ = θ2−θ1, and corre-
lation phase∠{s2}. We allows2 to be modeled as

|s2| ∼ Nlog(0 dB,0.2 dB2) and ∠{s2} ∼ U [0,2π).

whereNlog(µ ,σ2) denotes a log-normal distribution with
meanµ and varianceσ2, andU [a,b) denotes a uniform dis-
tribution betweena andb. We consider two sources from
θ1 = 0◦ and θ2 = 10◦, and an ULA withM = 8 elements
andd = λ/2, which corresponds to an angular separation of
≈ 0.7BW. The noise variance isσ2 = 0.01. In Figure 3, we
show empirical quantilesq from histograms of the described
criteria vs. ∠{s2}, which have been obtained using simula-
tions with 2500 Monte-Carlo runs.

We observe that there is a region for∠{s2} where the
superposition of the sources results in a linear phase char-
acteristic of snapshotx, as if only one source is present.
This mainly influences criteriaCphaseandCcol. It has been
found in numerical studies that this region only occurs for
|θ2−θ1| < BW. Additionally, it has been found withD = 3
sources, that superpositions withs2 ands3, which result in a
linear phase characteristic, are rare.
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Figure 3: Empirical quantiles from histograms ofCmag,
CphaseandCcol under H1 with D = 2 sources and under H0.

As mentioned in Section 3.1, anα-level test compares
the observed value of a test statistic with a threshold which
has been found using the (1−α)-quantile of the distribution
under H0. For criteriaCmag andCphase, this level is found to
depend onσ2 directly. Also taking into account the influence
of ∆θ , we conclude that a reliable detection is possible above
a certain minimum SNR and above a certain minimum∆θ ,
which both depend on the specified application.

We remark, that practical threshold setting requires the
knowledge ofσ2, which can be estimated e.g. based on
neighboring range-Doppler cells. Furthermore, the threshold
should be set such that the probability of a missed detection
is minimized, while accepting a higher false alarm rate, since
this can be corrected with a proper source number detection
and will only result in an increased computational cost. For
the real data application example, we will also consider a
combination ofCmagandCphase, which may be advantageous
in the practical case of an imperfect array calibration.

4. APPLICATION TO REAL DATA

In this paper, we provide a qualitative study of the suggested
criteria with real data. A general assessment employing a
number of different scenarios is left for future work.
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The real data has been recorded using a radar array pro-
totype for mid-range automotive application. The receiver
ULA consists of M = 4 printed patch arrays, spaced by
d = 0.59λ . A global array calibration is applied, as described
in [5]. In an experiment, the array is mounted on a car which
is approaching two corner reflectors at the same range. The
measurement setup is shown in Figure 4.

Radar
array

∆y1

∆y2

Corner
reflector

...

R(n)
θ2(n)

θ1(n)

Figure 4: Experimental setup: the radar array is mounted on
a car which is approaching two corner reflectors.

Using a geometric relation, the true angles can be calcu-
lated as

θi(n) = sin−1
(

∆yi

R(n)

)

for i = 1,2

with distances∆y1 = −1.3, ∆y2 = 2.1, andR(n) being the
range at cycle indexn, all measured in meter. After inspec-
tion of results, a mounting error of approximately−2◦ has
been corrected. For DOA estimation, we additionally use
snapshots from neighboring range and Doppler cells. Spatial
smoothing and forward-backward averaging is used to decor-
relate and produce effectively more snapshots by exploiting
the array structure [9]. We apply the sphericity test at level
α = 0.1 for source detection, followed by subspace-based
root-MUSIC DOA estimation [1]. Experimental results of
standard source detection and DOA estimation are shown in
Figure 5.
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Figure 5: Real data DOA estimation using root-MUSIC, the
source number has been obtained using the sphericity test.

Note that for cyclesn < 60, due to random fluctuations
often only one target reflection is dominant and therefore
only a single source is detected. In addition to the two-corner
scenario there is an equivalent measurement set where the car
is approaching a single corner reflector. Since for the single-
corner scenario, both source number detection and DOA es-
timation are relatively accurate, a plot similar to Figure 5is
omitted here.

CriteriaCmag, CphaseandCcol have been evaluated at cy-
cles where the sphericity test results in a correct source num-
ber estimate, which was found to coincide with a meaning-
ful result (this choice is reasonable because we only aim at
achieving the same performance as standard source num-
ber detection, but using cheaper computations). The result
is shown in Figure 6. We observe that the populations are
relatively well separated, especially for the magnitude and
collinearity criterion. A suitable threshold can be found,fol-
lowing the discussion in Section 3.3.
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Figure 6: Real data scatter plots of criteriaCmag, Cphaseand
Ccol for a single target and two targets present.

Another possibility is the combination ofCmag and
Cphase. In Figure 7, we show a scatter plot of the two cri-
teria for single target and two targets present. We observe
that the two populations are well separated and a combina-
tion of criteriaCmag andCphaseis a potential candidate for
a multi-target scenario detection. Note that the indicated
threshold (dashed line) has been obtained using linear dis-
criminant analysis.

5. CONCLUSION

In a practical radar-array system, computational cost can be
saved because high-resolution DOA estimation is not always
necessary. In particular, the computationally efficient BF
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Figure 7: Real data scatter plot of criteriaCmag andCphase
for a single target and two targets present, the threshold is
obtained via linear discriminant analysis.

is sufficient for DOA estimation if only a single source is
present. We have developed and analyzed computationally
simple criteria for detecting a multi-target scenario. The
suggested criteria can be applied with single snapshot only,
which is a consequence of the applied classic pulsed radar
pre-processing. We have shown a successful application of
the presented criteria to experimental data from an automo-
tive radar-array application.
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ABSTRACT

Recently, Head Related Transfer Function (HRTF) based
techniques have been promising approaches for 3D sound
synthesis. To ensure high quality of 3D sound synthesis,
it requires to utilize personal HRTFs of the listener, which
are usually obtained by a complicated and time consuming
procedure. To personalize HRTFs, one possibility is to con-
struct multiple linear regression models between anthropo-
metric data and features of HRTFs.

Due to high dimensionality of HRTF datasets, it is in-
efficient to use the original set for the purpose of person-
alization. To avoid such inefficiency, Principal Component
Analysis (PCA) has been proposed to reduce dimensionality
of HRTF datasets before customization. Based on the fact
that HRTF datasets can be considered as three way data ar-
rays, in this paper we propose three multi-way array analy-
sis methods for HRTF customization. Performance of these
three methods is compared with PCA based approaches by
several experiments.

1. INTRODUCTION

Head Related Transfer Functions (HRTFs) describe spec-
tral changes of sound waves when they enter the ear canal,
caused by diffraction and reflection off the human body, e.g.
the head, shoulders, torso and ears [2]. In the last decades,
HRTF based techniques have become prominent in various
applications of human related audio processing, e.g. binau-
ral sound localization and synthesis [13].

As each individual has in general their unique body geo-
metry, the corresponding personal HRTFs are naturally dif-
ferent from person to person. Usually, HRTFs are obtained
from recorded Head Related Impulse Responses (HRIRs),
which are the time domain representations of the HRTFs.
Unfortunately, HRIRs have to be measured by a cumbersome
procedure with expensive equipment in an anechoic chamber
[1], which is not commonly accessible to many researchers.
As a result, there are increasing research efforts in customiza-
tion of HRTFs [4, 9], which aims to estimate HRTFs based
only on geometric information of the individual without mea-
suring their HRIRs. Such a process requires usually a collec-
tion of HRTF datasets of various subjects, which result in
huge amount of data.

Since the pioneering work [6], Principal Component
Analysis (PCA) has become a popular tool for HRTF re-
duction [8]. Recently, application of PCA in HRTF cus-
tomization [4, 9], which reduces the dimension of the orig-
inal dataset before customization, has demonstrated promis-
ing performance of being more efficient. Such an approach
enables possibilities of implementing HRTF customization
even on storage restricted systems, e.g. mobile phones or
telepresence systems.

A collection of HRTFs of individuals can be considered
as a three-way data array, whose three directions represent
subject, location and frequency, respectively. Applying PCA
to HRTF datasets requires in general a vectorization process
of the original dataset. As a consequence, some useful in-
formation within the structure of the HRTF dataset is disre-
garded. To avoid such limits, the so-called Tensor-Singular
Value Decomposition (T-SVD) method, which was origi-
nally introduced in the community of multiway array anal-
ysis [7], has been recently applied into HRTF customization
successfully [3].

The authors are aware of existence of two recently pro-
posed techniques of multiway array analysis in competition
with the standard PCA in the community of image process-
ing. They are two dimensional PCA (2DPCA), originally
a direct generalization of PCA for image analysis, and the
so-called Generalized Low Rank Approximations of Matri-
ces (GLRAM) [15], a further generalized form of 2DPCA.
Recently, the authors have demonstrated that GLRAM and
T-SVD outperform the standard PCA in the task of dimen-
sionality reduction of HRTFs [10]. It is worth noticing that
GLRAM method is essentially a simple form of Tensor-SVD
[12]. In this paper, we study GLRAM, 2DPCA and Tensor-
SVD methods for the purpose of customizing HRTF datasets
and compare their performance with the standard PCA.

The paper is organized as follows. Section 2 gives a de-
scription of the multiple regression customization of HRTFs.
Section 3 provides a brief introduction to three feature extrac-
tion methods, namely, 2DPCA, GLRAM and Tensor-SVD.
In section 4, performance of the three methods is investigated
by several numerical experiments. Finally, a conclusion is
given in section 5.

2. HRTF CUSTOMIZATION

In this section, we briefly describe a customization approach
to estimate individual HRTFs. Given a set of measured
HRTFs of different persons, a multiple linear regression
seeks to match a set of anthropometric parameters to the
characteristics of the individual’s transfer functions [9].

In general, a collection of HRTFs can be represented as
a three-way array H ∈ RNd×N f×Np , where the dimensions
Nd is the spatial resolution of directions, N f the frequency
sample size and Np is the number of persons in the training
dataset. By a Matlab-like notation, in this work we denote
H (i, j,k) ∈ R the (i, j,k)-th entry of H , H (l,m, :) ∈ RNp

the vector with a fixed pair of (l,m) of H and H (l, :, :) ∈
RN f×Np the l-th slide (matrix) of H along the direction-
dimension.

In order to receive only the direction dependent infor-
mation between the different individuals, the mean of the
subject’s average log-HRTFs is subtracted from each log-
HRTF [6]. It results in an interindividual direction transfer
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functions between the subjects, denoted by D ∈ RNd×N f×Np ,
whose (i, j,k)-th entry is computed by

D(i, j,k)=20log10|H (i, j,k)|− 1
Np

Np

∑
k=1

20log10|H (i, j,k)| .

(1)
An idea of customizing unknown HRTFs is to firstly ex-

tract certain direction dependent main features out of the di-
rectional transfer functions D , then to construct a multiple
linear regression model between anthropometric features of
subjects and the extracted directional dependent features. Let
W = [w1, . . . ,wNp ] ∈Rrp×Np be a set of rp chosen directional
dependent features and A = [a1, . . . ,aNp ] ∈ RNa×Np be a col-
lection of Na anthropometric features of test subjects. For the
k-th subject, a multiple linear regression model between an-
thropometric parameters and directional dependent features
can be constructed as,

wk = Bãk + ε, (2)

where B ∈Rrp×(Na+1), ãk = [1 a>k ]> ∈RNa+1, and ε ∈Rrp is
the estimation error vector. Let us denote 1 ∈ RNp the vec-
tor with all entries equal to one, and construct Ã = [1 A>] ∈
RNp×(Na+1). It is known that Np is usually greater than Na.
We assume that matrix Ã is full rank. Then, in terms of min-
imization of the error ε by least squares method, the regres-
sion coefficient matrix B in model (2) is computed by

B = WÃ(Ã>Ã)−1. (3)

In this paper, we choose the set of anthropometric parameters
for multilinear regression in accordance with [4], where an-
thropometric parameters are selected by applying correlation
analysis.

Finally, given the anthropometric data anew ∈ RNa of a
person not in the training set, its transfer function features
wnew can be constructed by

wnew = Bãnew ∈ Rrp , (4)

where ãnew = [1 a>new]> ∈ RNa+1.

3. HRTF-FEATURE EXTRACTION METHODS

In this section, we briefly describe three techniques of feature
extraction for the dataset D , namely, 2DPCA, GLRAM and
Tensor-SVD.

3.1 Customization using 2DPCA
Similar to the popular approach of customizing HRTFs by
using PCA, 2DPCA based HRTF customization can be de-
scribed as follows. First of all, the so-called scatter matrix,
instead of the covariance matrix, is computed by

Sp =
1

Nd

Nd

∑
i=1

D(i, :, :)>D(i, :, :),∈ RNp×Np . (5)

Then we compute rp eigenvectors W = [w1, . . . ,wrp ] ∈
RNp×rp corresponding to the rp largest eigenvalues. The so-
called principal components of 2DPCA for the i-th slides of
D is computed as follows:

D̂(i, :, :) = D(i, :, :)W ∈ RN f×rp . (6)

Note that, the storage space for the reduced dataset depends
on the value of rp.

The direction dependent regression coefficient matrix B
is then calculated as given in (3). A set of customized direc-
tion transfer functions Dnew ∈RNd×N f for an unknown person
is obtained with its i-th slide computed by:

Dnew(i, :) = D̂(i, :, :)w>new, (7)

where wnew is computed in accordance with (4). We refer
to [5] for further information on PCA and to [14] for further
discussions on 2DPCA.

3.2 Customization using Tensor-SVD
Unlike customization using PCA, Tensor-SVD keeps the
structure of the original 3D dataset intact and computes the
customized dataset for every direction at once. Given a
dataset D ∈RNd×N f×Np , Tensor-SVD computes its best mul-
tilinear rank−(rd ,r f ,rp) approximation D̂ ∈RNd×N f×Np [7],
where Nd > rd , N f > r f and Np > rp, by solving the follow-
ing minimization problem

min
D̂∈RNd×Nf×Np

∥∥∥D− D̂
∥∥∥

F
, (8)

where ‖ · ‖F denotes the Frobenius norm of tensors. The
rank− (rd ,r f ,rp) tensor D̂ can be decomposed as a trilin-
ear multiplication of a rank− (rd ,r f ,rp) core tensor C ∈
Rrd×r f×rp with three full-rank matrices X = (xi j) ∈ RNd×rd ,
Y = (yi j)∈RN f×r f and W = (wi j)∈RNp×rp , which is defined
by

D̂ = (X ,Y,W ) ·C (9)

where the (i, j,k)-th entry of D̂ is computed by

D̂(i, j,k) =
rd

∑
α=1

r f

∑
β=1

rp

∑
γ=1

xiα y jβ wkγC (α,β ,γ). (10)

Thus without loss of generality, the minimization problem as
defined in (8) is equivalent to the following

min
X ,Y,W,C

‖D− (X ,Y,W ) ·C ‖F ,

s.t. X>X = Ird ,Y
>Y = Ir f and W>W = Irp .

(11)

Finally, with the regression model built in (3) and (4), a new
set of direction transfer functions can be retrieved by

Dnew = (X ,Y,w>new) ·C ∈ RNd×N f (12)

We refer to [11] for Tensor-SVD algorithms and further dis-
cussions.

3.3 Customization using GLRAM
Similar to Tensor-SVD, GLRAM methods do not require de-
struction of 3D tensors. Given a dataset D ∈RNd×N f×Np , the
task of GLRAM is to approximate slides (matrices) D(:, i, :),
for i = 1, . . . ,N f of D along the second direction by a set
of low rank matrices {XMiW>} ⊂RNd×Np , for i = 1, . . . ,N f ,
where the matrices X ∈ RNd×rd and W ∈ RNp×rp are of full
rank, and the set of matrices {Mi}⊂Rrd×rp with Nd > rd and
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PCA 2DPCA GLRAM TSVD
Subject 153 L:4.74dB R:5.19dB L:4.67dB R:5.15dB L:4.65dB R:5.14dB L:4.65dB R:5.14dB
Subject 154 L:6.11dB R:6.05dB L:5.63dB R:5.67dB L:5.59dB R:5.66dB L:5.59dB R:5.66dB
Subject 155 L:5.27dB R:5.06dB L:5.25dB R:5.06dB L:5.24dB R:5.05dB L:5.24dB R:5.05dB
Subject 156 L:5.34dB R:5.73dB L:5.17dB R:5.64dB L:5.16dB R:5.63dB L:5.16dB R:5.63dB
Subject 162 L:6.32dB R:5.60dB L:6.15dB R:5.28dB L:6.12dB R:5.24dB L:6.12dB R:5.24dB
Subject 163 L:5.45dB R:5.20dB L:5.29dB R:5.08dB L:5.27dB R:5.07dB L:5.27dB R:5.07dB
Subject 165 L:5.03dB R:6.04dB L:4.81dB R:5.68dB L:4.80dB R:5.66dB L:4.80dB R:5.66dB

Table 1: Average spectral distortion values over all angles over the whole frequency spectrum.

Np > rp. This can be formulated as the following optimiza-
tion problem

min
X ,W,{Mi}

Np
i=1

Np

∑
i=1

∥∥∥(D(:, :, i)−XMiW>)
∥∥∥

F
,

s.t. X>X = Ird and W>W = Irp .

(13)

Let us construct a 3D array M ∈ Rrd×N f×rp by assigning
M (:, i, :) = Mi for i = 1, . . . ,N f . The minimization problem
as defined in (13) can be reformulated in a Tensor-SVD style,
i.e.

min
X ,W,M

∥∥∥D− (X , IN f ,W ) ·M
∥∥∥

F
,

s.t. X>X = Ird and W>W = Irp .

(14)

Instead of reducing the dataset D along all three directions as
Tensor-SVD, GLRAM methods work with two pre-selected
directions of a 3D data array. The storage space for the
GLRAM-reduced dataset depends on the values of rd and
rp.

Finally, a new set of direction transfer functions can be
retrieved by

Dnew(:, i, :) = XM (:, i, :)wnew. (15)

We refer to [15] for more details on GLRAM algorithms.

4. EXPERIMENTAL COMPARISON

In this section, we apply PCA, 2DPCA, GLRAM and Tensor-
SVD to reduce dimensionality of direction transfer functions.
Performance of HRTF customization using the correspond-
ing regression model is investigated and discussed.

4.1 Experimental Setting
In the experiment, the CIPIC database [1] is used for the
HRTF customization application. The database contains 37
Head Related Impulse Response (HRIR) tensors with the
corresponding anthropometric data for both left and right
ears. The CIPIC HRIRs are recorded in spatial resolution
of Nd = 1250 points (Ne = 50 in elevation and Na = 25 in
azimuth), spaced uniformely around the head, with Nt = 200
time samples. To obtain the HRTFs, the Discrete Fourier
Transformation (DFT) was applied on each HRIR.

The direction transfer functions D of the left and right ear
HRTF magnitude of the first 30 persons in the CIPIC dataset,
together with their anthropometry were taken as a training
set for multiple linear regression, as explained in section 2.

For the regression model (2), we select the anthropo-
metric parameters in accordance to [4]. It is demonstrated
that eight selected parameters out of 27 from the original
CIPIC database provide good regression performance. These
eight paramters are: head width, head depth, shoulder width,
cavum concha height, cavum concha width, fossa height,
pinna height and pinna width.

4.2 Experimental Results

In each experiment, we construct a new set of HRTFs for
persons not in the training set with one of the introduced fea-
ture extraction methods. To investigate the performance of
the different feature extraction approaches in a HRTF cus-
tomization application, the spectral distortion for every angle
over the whole frequency spectrum is computed. The spec-
tral distortion is defined as follows:

SD =

√√√√ 1
N f

N f

∑
i=1

(
20log10

|Hi|
|Hnewi |

)2

, (16)

where Hi is the magnitude of the CIPIC-measured HRTF in
the dataset and Hnewi is the magnitude of the HRTF con-
structed via regression at the i-th frequency. N f is the number
of frequency samples for each HRTF (200 in this case).

First of all, PCA is applied to the task. We use that as
a reference for comparison with the other three multilinear
methods. We select rd = 10 dominant eigenvectors, which
result in a data reduction of 83%. For seven subjects, who
are not in the CIPIC training dataset, Table 1 summarizes the
average spectral distortion values for estimation of both left
and right ear HRTFs.

It can be seen that, customization procedure leads to dif-
ferent spectral distortion values from subject to subject. For
subject 153 and subject 165, estimation of the HRTF works
quite well in comparison with subject 162. This might be
caused by the possibility, that there exists a subject in the
training set that is physically similar to these two subjects.
Consequently the estimation of these subjects works better
due to a more precise regression model.

Furthermore, the spectral distortion values are shown to
be different for left and right ears. It indicates that precise
determination of anthropometric parameters as well as mea-
surement of HRIRs is sensitive to many other parameters,
e.g. placement of the microphones or head movement dur-
ing the measurement. Such inaccuracy in the training set can
consequently lead to different estimation values for left and
right ear HRTFs of the same person.

Direction dependency of the estimated HRTFs can be
seen in Figure 1 and Figure 2. For different directions, the
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Figure 1: Spectral distortion values of subject 154 in the hori-
zontal plane (elevation=0).

quality of estimation of the individual HRTFs slightly varies
in terms of spectral distortion.

In Figure 3(a), the log-magnitude response of the CIPIC-
measured and regression-estimated HRTF of a certain an-
gle is shown. Especially for low frequencies, the estimated
HRTF approximates the measured one well and could lead to
a good result in sound synthesis applications.

Extractions of the direction dependent features with PCA
disregard similarities between neighbouring angles. To take
also the 3D structure of the dataset into account, 2DPCA is
applied also using rd = 10 eigenvectors, leading also to a data
reduction rate of 83%. Results in terms of spectral distortions
of HRTF customizations at two particular planes, shown in
Figure 1 and Figure 2, indicate that 2DPCA extracted fea-
tures lead to a better estimation of the HRTFs than PCA at
the same data reduction rate. In Figure 3(b) one can see, that
the log-magnitude response of the estimated HRTF is closer
to the CIPIC-measured one than the PCA estimated one.

Finally, GLRAM and Tensor-SVD are applied to esti-
mate the individual HRTFs of the test subjects not in the
training set. The results achieved by GLRAM and Tensor-
SVD are similar to the 2DPCA feature extraction, but the
data reduction by GLRAM and Tensor-SVD is higher than
by PCA and 2DPCA. The regression using GLRAM and
Tensor-SVD with rp = 10, r f = 200 and rd = 100 leads to
data reduction of 97%.

As a final remark, it is worth noticing that, for regression
using 2DPCA, GLRAM and Tensor-SVD, we only need to
construct the multiple linear regression model once, while
for PCA based approach, it requires to compute the multiple
linear regression model for each direction.

5. CONCLUSION AND FUTURE WORK

In this paper, we address the problem of customiza-
tion of HRTF dataset using PCA, 2DPCA, Tensor-SVD
and GLRAM. Our experiments demonstrate that 2DPCA,
Tensor-SVD and GLRAM outperform the standard PCA ap-
proach with respect to the spectral distortion values. Mean-
while GLRAM and Tensor-SVD approaches lead to a higher
reduction rate than PCA and 2DPCA.

To evaluate the performance also in HRTF based 3D-
sound applications with respect to the listener, we plan to
investigate performance of multiway array analysis also on

Figure 2: Spectral distortion values of subject 154 in the ver-
tical plane (azimuth=0).

test subjects in listening experiments.
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ABSTRACT
Linear prediction has generally failed to make a breakthrough in au-
dio processing, as it has done in speech processing. This is mostly
due to its poor modeling performance, since an audio signal is usu-
ally an ensemble of different sources. Nevertheless, linear predic-
tion comes with a whole set of interesting features that make the
idea of using it in audio processing not far fetched, e.g., the strong
ability of modeling the spectral peaks that play a dominant role in
perception. In this paper, we provide some preliminary conjectures
and experiments on the use of high-order sparse linear predictors
in audio processing. These predictors, successfully implemented
in modeling the short-term and long-term redundancies present in
speech signals, will be used to model tonal audio signals, both
monophonic and polyphonic. We will show how the sparse pre-
dictors are able to model efficiently the different components of the
spectrum of an audio signal, i.e., its tonal behavior and the spectral
envelope characteristic.

1. INTRODUCTION

Linear prediction (LP) is arguably one of the most successful tools
for the analysis and coding of speech signals [1]. Its success can
be explained by the correspondence between the modeling of the
speech production process and the LP analysis. In particular, the
all-pole model corresponding to the LP filter can be seen as a good
approximation of the vocal tract transfer function [2]. Moreover,
the use of LP in speech coding techniques guarantees interesting
attributes like low delay, scalability and, in general, low complexity.
The predictor in this case is used to decorrelate the speech waveform
leaving a prediction residual that is easier to encode.

The LP model is definitely less popular in audio processing.
The main reason is that the predictor does not necessarily model any
physical mechanism that generated the audio signal. The general
difficulties in the accurate parametrization of audio signals [3] have
led the way to transform-based audio coders that exploit perceptual
models of human hearing [4]. Nevertheless, the all-pole model of
the LP filter is generally a quite adequate tool to model the spec-
tral peaks which play a dominant role in perception [5]. This and
the properties that made LP successful in speech coding (low delay,
scalability and low complexity) make the extension of LP to audio
coding also appealing. Several examples can be found in literature
(see, e.g., [6, 7, 8, 9]). Furthermore, in audio analysis, LP finds also
other interesting applications. For example, the whitening proper-
ties of the predictor can be used to obtain fast converging acoustic
echo and feedback cancelers (see, e.g., [10, 11]).
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SIGNAL Fellowship (http://est-signal.i3s.unice.fr), contract no. MEST-CT-
2005-021175.
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initiated by the Belgian Federal Science Policy Office IUAP P6/04 (DYSCO,
“Dynamical systems, control and optimization”, 2007-2011), and the Con-
certed Research Action GOA-MaNet.

Since conventional LP, based on the 2-norm minimization of
the prediction error, is generally performing poorly in audio pro-
cessing, several methods have been introduced to improve the LP
step in audio processing (see [12] for an overview). High-order au-
toregressive (AR) models seem to yield some of the highest scores
in spectral flatness1, therefore the predictor retains a great deal of
spectral information but it does not provide any useful information
for coding purposes.

In our recent work, we have introduced several new predictors
for speech processing applications [13]. In particular in [14], we
have shown the benefits of using high-order sparse linear predic-
tors to model the cascade of short-term and long-term predictors,
providing an efficient decoupling between the two contributions. In
general, for a high-order AR filter, a sparse structure is an indica-
tion that the polynomial can be factored into several terms. The
challenge would now be to extend these early contributions to the
case of audio signals. We will test our algorithms and see how the
high-order sparse predictors with few nonzero coefficients are ca-
pable to model efficiently the tonal behavior of the audio signal as
well as the spectral envelope characteristic.

The paper is organized as follows. In Section 2, we intro-
duce the tonal audio signals used in the following sections, provid-
ing ideas on how high-order predictors with a sparse structure can
model the different components of the audio signal. In Section 3,
we illustrate the LP methods used in our experiments and in Section
4 we provide the experimental results. Finally, Section 5 concludes
the paper.

2. TONAL AUDIO SIGNAL MODEL

We will only consider tonal audio signals, that is, signals having a
spectrum containing a finite number of dominant frequency compo-
nents at multiples of the fundamental frequencyf0 (usually found
in the range 100-1000 Hz). This model covers the majority of au-
dio signals. The performance of the different LP models will be
evaluated for three types of audio signals. We will consider true
monophonic and true polyphonic audio signals and synthetic audio
signals consisting of a sum of harmonic sinusoids.

2.1 Monophonic audio signals

In the monophonic signal model, it is assumed that all tonal compo-
nents are harmonically related to a single fundamental frequency:

x(n) =
M

∑
m=1

αmcos(mω0n+φm)+ r(n), n = 1, . . . ,L, (1)

where the time indexn has been normalized with respect to the sam-
pling periodTs = 1/ fs andω0 = 2π f0/ fs. The signal is modeled
with M sinusoids (with parametersαm, mω0, φm) and a noise term
r(n) that contains the nontonal components.

1The 2-norm minimization of the prediction error is equal, according to
the Parseval’s theorem [1], to maximizing the spectral flatness of the resid-
ual.
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Figure 1:Magnitude spectrum of the monophonic audio signal of Example 1.

Example 1. The monophonic audio fragment considered was ex-
tracted from a Bb clarinet sound recording in the McGill University
Master Samples (MUMS) collection ( fs = 44100Hz). The spectrum
of this N= 2048samples fragment, which corresponds to the sam-
ples 70001 to 72048 of the G4 note recording, is shown in Figure 1.
The fundamental frequency corresponds to f0 = 387.6 Hz and the
signal has M= 15 relevant harmonics.
Even though this signal can generally not be considered as output

of an AR process, significant considerations can be made. As it is
clear from Figure 1, the signal spectrum is made up by two com-
ponents: a comb-like structure where the peaks are located in the
multiples of the fundamental frequency and a smooth spectral en-
velope that resembles a low-pass filter, since the harmonic structure
is more prominent in the lower half of the spectrum. The comb-like
structure can be modeled by the filter:

Hp(z) =
1

P(z)
=

Gp

1− pz−P , (2)

whereP = T0/Ts (T0 = 1/ f0) andGp is a scaling factor2. The low-
pass component can be modeled by an all-pole filter:

H f (z) =
1

F(z)
=

Gf

1−∑Nf

k=1 fkz−k
. (3)

The cascade of the two filters corresponds the multiplication in the
z-domain of the their transfer functions:

Ha(z) =
1

A(z)
=

Gf Gp

F(z)P(z)
=

Gf Gp

1−∑K
k=1akz−k

=
Gf Gp

(1−∑Nf

k=1 fkz−k)(1− pz−P)
.

(4)

The signal can therefore be modeled with an orderK ≥ P+ Nf
sparse predictorA(z). The resulting predictor coefficient vector
a = {ak} of the high-order polynomialA(z) will therefore be highly
sparse. We will see how we can take this into account in the linear
prediction model and minimization criterion.

2.2 Synthetic audio signals consisting of a sum of harmonic si-
nusoids in white noise

Synthetic tonal audio signals are well suited for examining the mod-
eling properties of the high-order sparse LP models presented be-
low, since these provide exact knowledge of the fundamental fre-
quency f0 and the number of harmonics. The model is similar to

2If P is non-integer, a fractional-delay filterP(z) can be used [15].
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Figure 2: Magnitude spectrum of the polyphonic audio signal of Example 3.
In the smaller frame, we show a detail of the frequency range[0,800] Hz where
the first harmonics of each of the four monophonic signals are located ( f0,n =
{258.4,323.0,387.6,516.8}).

(1):

x(n) =
M

∑
m=1

αmcos(mω0n+φm)+ r(n), n = 1, . . . ,L, (5)

except that the noise termr(n) will be white noise, therefore not
containing low-power harmonics.
Example 2. We have built a synthetic signal of N= 2048samples
with M = 15 tonal components and random, uniformly distributed
amplitudes (αm ∈ (0,1]) and phases (φm ∈ [0,2π)). The radial
fundamental frequency was chosen to beω0 = 2π/64, that is, at
fs = 44.1 kHz, f0 = 689.1 Hz. The pitch period T0 being equal to
an integer number of sampling periods (T0 = 64Ts) will clearly il-
lustrate the effects of the pitch predictor.
In this case, we can also make considerations similar to those made
for the monophonic case. The magnitude spectrum is similar to
the one in Figure 1, the main difference being the predominance
of the harmonic sinusoids over the rest of the spectrum. While the
comb-like behavior can still be modeled by a pitch predictorP(z),
the predictorF(z), used to model the smooth spectral envelope of
the signal, will now serve to enhance the frequencies where the har-
monics are located. In particular, the low-pass filter will exhibit a
sharper transition between the lower half of the spectrum and the
higher frequencies. This necessarily translates into a higher order
Nf for F(z).

2.3 Polyphonic audio signals

The polyphonic audio signals are a finite sum of monophonic sig-
nals:

x(n) =
M

∑
m=1

(
Qm

∑
q=1

αm,qcos(qω0,mn+φm,q))+ r(n),

n = 1, . . . ,L

(6)

whereω0,q represents the fundamental frequency of theq−th mono-
phonic signal.
Example 3. The polyphonic audio signal considered was generated
by adding four monophonic piano sounds from the MUMS concert
hall Steinway recordings. The samples 2001 to 4048 of the C4, E4,
G4, and C5 note recordings were added to obtain a N= 2048C ma-
jor chord, plotted in Figures 2. The four fundamental frequencies
are f0,n = {258.4,323.0,387.6,516.8} Hz, and each of the mono-
phonic components has 7 relevant harmonics.
Linear prediction of polyphonic audio signals is the most challeng-

ing case. It is also the most significant one, since audio signals are
usually an ensemble of different sources with different fundamental
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frequencies. The same reasoning we have followed for the case of
monophonic audio signals can be used for polyphonic signals with
some important differences. The smooth spectral envelope is clearly
similar to the monophonic one, therefore requiring a low-order pre-
dictor F(z) to model it. The substantial difference comes from the
modeling of the sum of the different comb-like components. In par-
ticular, the multipitch structure, differently from (2), will have to be
modeled by:

Hp(z) =
M

∑
i=1

Gpi

Pi(z)
=

M

∑
i=1

Gpi

1− piz−Pi
, (7)

which is a pole-zero filter. Since we are interested in an all-pole
filter this may translate into a defect in modeling. Nevertheless, in
our experimental analysis, we have noticed that, sincepi < 1, we
can write:

Hp(z) =
M

∑
i=1

Gpi

1− piz−Pi
≈

Gp

∏M
i=1(1− piz−Pi )

. (8)

This simplification seems far fetched and obviously requires some
further analysis. Nevertheless, we will show it holds quite well in
modeling the harmonic behavior. Just as in the monophonic case,
also a low-order all-pole model (3) can be used to model the enve-
lope. The high-order sparse predictor resulting from the cascade of
the two contributions will still be sparse:

Ha(z) ≈
1

A(z)
=

Gf Gp

F(z)P(z)
=

Gf Gp

1−∑K
k=1akz−k

=
Gf Gp

(1−∑Nf

k=1 fkz−k)(∏M
i=1(1− piz−Pi ))

.

(9)

The order of the high-order sparse predictorA(z) will be K ≥∑i Pi +
Nf in order to accommodate all the cross terms.

3. LINEAR PREDICTION IN AUDIO PROCESSING

The estimation problems considered in this paper are based on the
following autoregressive (AR) model, where a signal samplex(n) is
written as a linear combination of past samples:

x(n) =
K

∑
k=1

akx(n−k)+e(n). (10)

Here,{ak} are the prediction coefficients ande(n) is the excitation
of the corresponding AR filter, also referred to as the prediction er-
ror. We consider the optimization problem associated with finding
the prediction coefficient vectora ∈ R

K from a set of observed real
samplesx(n) for n = 1, . . . ,N so that the prediction error is mini-
mized [16]. This corresponds to the following minimization prob-
lem:

min
a

‖x−Xa‖p
p + γ‖a‖k

k, (11)

where

x =







x(N1)
...

x(N2)






,X =







x(N1−1) · · · x(N1−K)
...

...
x(N2−1) · · · x(N2−K)







and ‖ · ‖p is the p-norm defined as‖x‖p = (∑N
n=1 |x(n)|p)

1
p for

p≥ 1. The starting and ending pointsN1 andN2 can be chosen in
various ways by assumingx(n) = 0 for n < 1 andn > N. In this pa-
per we will use the most common choice ofN1 = 1 andN2 = N+K,
which is equivalent, whenp = 2 andγ = 0, to theautocorrelation
method:

â = argmin
a

‖x−Xa‖2
2 = (XT

X)−1
X

T
x, (12)

whereR = X
T
X is the autocorrelation matrix (whenN1 = 1 and

N2 = N+K) [17].

3.1 High-order LP modeling

It is well known that a signal composed ofM sinusoids can be mod-
eled exactly using an autoregressive moving average model, i.e.,
ARMA(2M,2M) model. This model can be arbitrarily closely ap-
proximated with an AR model, provided that the model orderK
is chosen large enough [18]. We will consider for all our audio
segments aK = 1024 order predictor, solution of the 2-norm min-
imization problem (12). The general goal of the high-order model
is to maximize the spectral flatness of the residual. However, the
all-pole model does not provide hints for factorization, as it does
not exploits the harmonicity properties of the signal.

3.2 Pitch prediction

A monophonic signal with a pitch periodT0 corresponding to an
integer number of sampling periodsTs can be perfectly predicted
using the one-tap pitch predictor in Eq. (2). Obviously, the pitch
period will generally not be an integer multiple of the sampling pe-
riod, such that the use of a multi-tap pitch predictor is required for
interpolation, or a fractional-delay filter should be used. The draw-
back with employing only a pitch predictor is that this creates an
extremely non-smooth residual signal by also attempting to cancel
harmonic frequencies which are not present in the input signal. For
these reasons, in this paper we will use a 3-tap pitch predictor [19],
efficient in modeling the decreasing comb-like structure of the sig-
nals analyzed.

The pitch prediction model is the only prediction model in
which the harmonicity property is exploited. The underlying sig-
nal model of the monophonic audio signal in (1) is harmonic, while
the polyphonic signal model in (6) is not. Therefore, while perform-
ing accurately for the monophonic signal, the pitch predictor fails to
recover the different pitch components in the polyphonic audio. In
particular, we have observed, that its estimation of the fundamental
frequencyf0 = 1/T0 is similar to a weighted average of the different
fundamental frequenciesf0,n of the underlying model.

3.3 High-order sparse LP modeling

Considering the two signal models we have introduced for the
monophonic and synthetic audio (4) and for the polyphonic audio
(9), we use the minimization problem in (11) to find the LP coeffi-
cients imposingk = 0. In this way, sparsity of the high-order pre-
dictor is taken into consideration directly in the minimization prob-
lem. The operator‖ · ‖0 represents the so-called 0-norm, i.e., the
cardinality of the vector. A relaxation of this non-convex problem
is obtained by approximating the 0-norm with the more tractable 1-
norm or by the iteratively reweighted 1-norm, bringing the solution
closer to the 0-norm [13]. In this paper we will limit the analysis
to the 1-norm. The regularization termγ is then clearly related to
thea priori knowledge that we have on the coefficients vector{ak}
or, in other terms, to how sparse{ak} is. There are many ways to
chooseγ. To generate preliminary results, we will consider it fixed
(γ = 0.1). The order of the predictor isK = 1024. The choice of
p is also non-trivial. Forp = 2 we will obtain a Gaussian residual,
consistent with the equivalent i.i.d. Gaussian maximum likelihood
approach to determine the coefficients. The casep = 1 is proba-
bly more interesting: seeing this as a convex relaxation of the 0-
norm, the residual will be alsosparse, providing interesting coding
properties that will be subject to further analysis. The minimization
problem considered used is then:

â = argmin
a

‖x−Xa‖1 + γ‖a‖1. (13)

The high-order LP in (12) does not rely on harmonicity, while the
pitch predictor relies basically only on harmonicity thus greatly
simplifying the calculations. The high-order sparse LP positions
itself somewhere in between these two approaches, providing sig-
nificant modeling properties similar to (12) but parametrizing the
signal in a more sophisticated way by taking into account the dif-
ferent components of the signal. Furthermore, when the orderK
approachesN/2 in (12), a number of spurious spectral peaks start

236



100 200 300 400 500 600 700 800 900 1000
−1

−0.5

0

0.5

1

Order

H
O

LP

100 200 300 400 500 600 700 800 900 1000
−1

−0.5

0

0.5

1

Order

H
O

S
pL

P

110 115 120

−0.2

0

0.2

Figure 3: High-order 2-norm LP (HOLP, above) and high-order sparse LP (HOS-
pLP, below) for a monophonic audio signal. A detail of the coefficients of order 105-125
is shown in the frame. The number of nonzero samples in the sparsepredictor is 25.

to appear. This effects can be traced back to the ill-conditioning
of the normal equations(XT

X)−1
X

T
x and in particular to the ob-

servation matrixX with highly correlated rows when sinusoids are
present in the data [20]. The sparsity of the predictor, helps reduc-
ing the ill-conditioning basically applying an “automatic” pruning
of the rows of the observation matrix without the necessarya priori
knowledge used, for example, in [21]. Indeed, the inclusion of the
regularization term in (13) can also be seen as a general method for
solving ill-posed problems [22].

4. EXPERIMENTAL ANALYSIS

4.1 Spectral modeling

In this section we will compare the use of high-order sparse LP with
the conventional high-order 2-norm LP. The comparison is done for
the audio signals introduced in Section 1 (Example 1-3). The first
Nf coefficients belonging to the low-pass filter are chosen using a
model order selection criterion [13].

4.1.1 Monophonic audio signal

The frequency response of the filters is shown in Figure 4 while the
two predictors are shown in Figure 3. It is clear that the predictor
is an accurate model of the two expected contributions:P(z) and
F(z). In particular the convolutive term is clustered around the inte-
ger pitch delay corresponding to the inverse of the fundamental fre-
quency and the peak is exactly located inP= ⌈ fs/ f0⌋= 113 (where
fs = 387.6 Hz). Remarkably, the shape resembles the fractional-
delay interpolation filter [23]. The combination of the two con-
tributions models very accurately the comb-like structure and the
low-pass behavior (Fig. 4). A 4th order polynomial was enough
to model the low-pass behavior, this corresponds to the first four
samples of the sparse prediction vector. It is also clear that the or-
der K = 1024 is excessive, an orderK ≥ P+ Nf whereNf ≈ 4
and P = fs/ f0 would have been sufficient. A final word should
be spent regarding the sparsity of the vector. The signal, having
M = 15 relevant harmonics, could be modeled accurately using an
ARMA(30,30) model. It is clear that achieving similar performance
with just 25 nonzero samples is an important result that can be ex-
ploited in coding applications.

4.1.2 Synthetic sum of sinusoids

Similar considerations can be made for the synthetic audio signal.
A 10th order polynomial models the envelope enhancing the fre-
quency present in the first half of the spectrum. The pitch predictor
modelsexactlythe comb like structure since the pitch periodT0 is
equal to an integer number of sampling periods (T0 = 64Ts). An ex-
ample of the modeling behavior of the predictor is shown in Figure
5. For the sake of brevity the predictor structure is not shown.
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Figure 4:Monophonic audio signal. Frequency response for the all-pole high-order
2-norm LP (HOLP), high-order sparse LP (HOSpLP) and the 4th order smooth spec-
tral envelope (ENV). A detail of the first nine harmonics and the predictors modeling
behavior is shown in the smaller frame.
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Figure 5: Synthetic sum of sinusoids. Frequency response for the all-pole high-
order 2-norm LP (HOLP), high-order sparse LP (HOSpLP) and the 10th order smooth
spectral envelope (ENV). A detail of the first two harmonics and the predictors behavior
is shown in the smaller frame.

4.1.3 Polyphonic audio signal

The frequency response of the filters is shown in Figure 6 while the
two predictors are shown in Figure 7. The predictor is less sparse
than in the monophonic case, taking into consideration the different
multipitch components. Furthermore, we notice that the approxi-
mation we have performed in (9), holds quite well and the predictor
seems to model accurately the whole sum of different harmonics
coming from the different signals. The only drawback seems the
over-emphasis of the envelope in modeling the low-pass behavior
that we have not observed in the other cases. This will be subject
to further analysis since at this early point it is difficult to provide
an explanation. In this case also the orderK = 1024 is excessive:
recalling thatK ≥ ∑i Pi +Nf , the order should be a little higher than
500. Moreover, the number of nonzero samples in the sparse predic-
tor is 53, which is considerably less than the number of coefficients
of an ARMA(56,56) model (sum of four signal withM = 7 relevant
harmonics each).

4.2 Spectral Flatness Performance

The spectral flatness measure (SFM) of the LP residual [18] in dB
is a negative real number, with SFM= 0 dB corresponding to a flat
spectrum. In Table 1 we describe the∆SFM’s, differences in spec-
tral flatness, between the original audio signals (monophonic and
polyphonic) and its residual provided by the three methods pre-
sented in Section 3. It can clearly be seen that high-order 2-norm
minimization certainly provides a higher spectral flatness (as ex-
pected) although with a highly dense predictor. The 3-tap pitch-
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Figure 6:Polyphonic audio signal. Frequency response for the all-pole high-order
2-norm LP (HOLP), high-order sparse LP (HOSpLP) and the 12th order smooth spec-
tral envelope (ENV). A detail of the first four harmonics (each belongingto a different
signal) and the predictors behavior is shown in the smaller frame.
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Figure 7: High-order 2-norm LP (HOLP, above) and high-order sparse LP (HOS-
pLP, below) for polyphonic audio signal. The number of nonzero samples in the sparse
predictor is 53.

predictor, while performing with a certain degree of accuracy in the
monophonic case, fails to model the multipitch behavior of the un-
derlying signal structure in the polyphonic case. The high-order
sparse LP offers almost the same performance as the high-order 2-
norm with only 1/100th of the taps necessary. As for the poly-
phonic case, we notice a more significant difference in performance
between sparse LP and 2-norm LP. This is mostly due to the sim-
plification of the pole-zero model structure represented only by the
sparse LP and the over-emphasis of the low-pass spectral character-
istic in the higher frequency range.

5. CONCLUSIONS

The use of high-order sparse LP in audio processing seems quite
promising. In particular, the different components of the audio sig-
nal (the spiky harmonics located on the lower half of the spectrum
and the low-pass overall behavior of the envelope) are modeled
efficiently by the high-order predictor. Furthermore, while reach-
ing spectral flattening performances comparable with high-order 2-
norm LP, the high-order sparse LP only requires few nonzero com-
ponents, offering important hints for coding. In this regard, we
should notice that the use of 1-norm residual minimization provides
also asparseresidual rather than a minimum variance one, arguably
related to more efficient coding strategies. Although the frequency
behavior corresponding to the 1-norm minimization is unknown, the
numerical results obtained clearly show potential advantages of the
sparse formulation for spectral modeling. The results presented also
make the sparse LP modeling promising for coding applications.
This, and other questions left open, such as stability and complexity
will be subject of our future work.

METHOD ∆SFMmono ∆SFMpoly

HOLP 35.41 dB 37.02 dB
PP 24.37 dB 17.03 dB

HOSpLP 34.59 dB 32.43 dB

Table 1: Difference in spectral flatness between the original audio signals (mono-
phonic and polyphonic) and their residuals for the three methods presented in Section
3: high-order 2-norm LP (HOLP), 3-tap pitch predictor (PP) and high-order sparse
LP (HOSpLP).
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ABSTRACT
In this paper, we consider Bayesian interpolation and pa-
rameter estimation in a dynamic sinusoidal model. This
model is more flexible than the static sinusoidal model since
it enables the amplitudes and phases of the sinusoids to be
time-varying. For the dynamic sinusoidal model, we derive
a Bayesian inference scheme for the missing observations,
hidden states and model parameters of the dynamic model.
The inference scheme is based on a Markov chain Monte
Carlo method known as Gibbs sampler. We illustrate the
performance of the inference scheme to the application of
packet-loss concealment of lost audio and speech packets.

1. INTRODUCTION

Interpolation of missing, corrupted and future samples in sig-
nal waveforms is an important task in several applications.
For example, speech and audio signals are often transmit-
ted over packet-based networks in which packets may be
lost, delayed or corrupted. If the contents of neighbouring
packets are correlated, the erroneous packets can be approx-
imately reconstructed by using suitable interpolation tech-
niques. The simplest interpolation techniques employ sig-
nal repetition [1] and signal stretching [2], whereas more
advanced interpolation techniques are based on filter bank
methods such as GAPES and MAPES [3], and signal mod-
elling such as autoregressive models [4, 5], hidden Markov
models [6], and sinusoidal models [7]. An integral part of
the techniques based on signal modelling is the estimation of
the signal parameters. Given estimates of these parameters,
the interpolation task is simply a question of simulating data
from the model. In this paper, we develop an interpolation
and parameter estimation scheme by assuming a dynamic si-
nusoidal model for an observed signal segment. This model
can be written as a linear Gaussian time-invariant state space
model given by

yn = bTsn + wn (observation equation)
sn+1 = Asn + vn (state equation)

(1)

where n = 1, . . . , N label the uniform sampled data in time,
and

b = [1 0 · · · 1 0]
T (2)

A = diag(A1, · · · ,Al, · · ·AL) (3)

Al = exp(−γl)
[
cosωl sinωl
− sinωl cosωl

]
, (4)

with ωl ∈ [0, π] and γl > 0 denoting the (angular) frequency,
and the log-damping coefficient of the l’th sinusoid, respec-
tively. Further, sn is the state vector, and vn and wn are

The work of J.K. Nielsen was supported by the Oticon Foun-
dation’s Scholarship.

white Gaussian state and observation noise sequences with
covariance matrix Q and variance σ2

w, respectively. We also
assume a Gaussian prior for the initial state vector s1 with
mean vector µ and covariance matrix P . For a non-zero
state covariance matrix, the dynamic sinusoidal model in (1)
is able to model non-stationary tonal signals such as a wide
range of speech and audio signal segments. We are here con-
cerned with the problem of performing interpolation and pa-
rameter estimation in the model in (1) from a Bayesian per-
spective which offer some conceptual advantages to classical
statistics (see, e.g., [8]). For example, the Bayesian approach
offers a standardised way of dealing with nuisance parame-
ters and signal interpolation [4]. The downside of using the
Bayesian methods is that they struggle with practical prob-
lems such as evaluation of high-dimensional and intractable
integrals. Although various developments in Markov chain
Monte Carlo (MCMC) methods (see, e.g., [9]) in recent years
have overcome these problems to a great extend, the meth-
ods still remain very computational intensive.

Within the field of econometrics, the dynamic sinusoidal
model in (1) is well-known and referred to as the stochastic
cyclical model [10]. Two slightly different stochastic cyclical
models were given a fully Bayesian treatment using MCMC
inference techniques in [11] and [12]. Neither of these, how-
ever, considered the case where some observations are miss-
ing. In the audio and speech processing field, the dynamic
sinusoidal model has also been considered by Cemgil et al. in
[13, 14, 15]. However, they considered the frequency param-
eter as a discrete random variable and based their inference
on approximate variational Bayesian methods.

In this paper, we extend the above work by developing
an inference scheme for the dynamic sinusoidal model based
on MCMC inference techniques. We consider the frequency
parameter as a continuous random variable and allow some
of the observations to be missing. To achieve this, we develop
a Gibbs sampling scheme. The output of this sampler can be
used for forming histograms of the unknown parameters of
interest. These histograms have the desirable property that
they converge to the probability distribution of these un-
known parameters when the number of generated samples is
increased, and they therefore enable us to extract statistical
features for the model parameters as well as for performing
the interpolation of the missing observations. It should be
noted that although this inference scheme can be used for
estimating parameters of signals with no missing observa-
tions, the primary focus of this paper is on the application
of reconstructing missing observations from signal segments
which are assumed to have been generated by a dynamic
sinusoidal model.

The paper is organised as follows. In Sec. 2, we formalise
the problem by setting up the Bayesian framework. This en-
ables us in Sec. 3 to develop the interpolation and inference
scheme. In Sec. 4, we illustrate the performance of the inter-
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polating scheme by use of simulations, and Sec. 5 concludes
this paper.

2. PROBLEM FORMULATION

In the Bayesian approach, all variables of the model in (1)
are random variables, and we partition them as

Observations: y = [y1, y2, · · · , yN ]
T

Latent variables: S = [s1, s2, · · · , sN ]

Model parameters: θ = {ω,γ, q, σ2
w}

where ω, γ and q are L-dimensional vectors consisting of
the L frequencies, the L log-damping parameters and the
L state noise variances, respectively. The nth state vector
sn =

[
sTn,1, · · · , sTn,L

]T consists of L two-dimensional state
vectors pertaining to the L sinusoids. Conditioned on the
previous state vector, each of these L two-dimensional state
vectors has isotropic covariance matrix qlI2, where I2 is the
2×2 identity matrix, so thatQ = diag(q)⊗I2 where ⊗ is the
Kronecker product. We also assume that R of the elements in
y are missing or corrupted, and that we know their indices
I ⊂ {1, . . . , N}. Using this set of indices, we define the
vectors ym , yI and yo , y\I containing the R missing
or corrupted observations and the N −R valid observations,
respectively. The notation (·)\∗ denotes ’without element ∗’.

The primary objective of this paper is to recover ym
from yo. This can be achieved in various ways, e.g., by us-
ing MAP/MMSE estimate w.r.t. the posterior distribution
p(ym|yo) or by drawing a sample from p(ym|yo). The MAP-
based interpolation produces the most probable interpolants.
For audio and speech signals, however, MAP/MMSE-based
interpolation tends to produce over-smoothed interpolants in
the sense that they do not agree with the stochastic part of
the valid observations [16]. A more typical interpolant can
be obtained by drawing a single sample from p(ym|yo) [4].
The posterior distribution for the missing samples given the
valid samples is given by

p(ym|yo) =

∫
p(ym|SI , σ2

w)p(S,θ|yo)dSdθ . (5)

We are not able to draw a sample directly from p(ym|yo)
since we are not able to integrate the nuisance parameters
S and θ out analytically. However, we can obtain a sam-
ple from p(ym|yo) by taking a single sample from the joint
posterior distribution p(ym,S,θ|yo) and simply ignore the
generated values for S and θ. From the observation equa-
tion of (1), we know the distribution of p(ym|SI , σ2

w), so the
only problem left is computing p(S,θ|yo). This distribution
is by Bayes’ theorem given by

p(S,θ|yo) =
p(yo,S\1|s1,θ)p(s1,θ)

p(yo)
(6)

where p(yo,S\1|s1,θ), p(s1,θ) and p(yo) are referred to as
the likelihood, the prior and the model evidence, respectively.
Under the above assumption, the likelihood can be factored
as

p(yo,S\1|s1,θ) =p(yo|S\I , σ2
w)

×
N−1∏
n=1

L∏
l=1

p(sn+1,l|sn,l, ql, ωl, γl) (7)

which from (1) is seen to be a product of normal distribu-

tions. For the prior distribution, we assume the factorisation

p(s1,θ) = p(s1)p(ω)p(γ)p(q)p(σ
2
w)

= p(s1)

[
L∏
l=1

p(ωl)p(γl)p(ql)

]
p(σ2

w) (8)

where p(s1) has a normal distribution N (s1;µ,P ), p(ωl) has
a uniform distribution U(ωl; 0, π), p(γl) has an exponential
distribution Exp(γl;λl), and p(σ2

w) and p(ql) have inverse
gamma distributions IG(σ2

w;αw, βw) and IG(ql;αv,l, βv,l).
The model evidence p(yo) is independent of S and θ and
is therefore a mere scale factor which can be ignored in the
inference stage.

3. INFERENCE SCHEME

In the Bayesian framework, all statistical inference is based
on the posterior distribution over the unknown variables or
a marginal posterior distribution over some of these. As de-
rived in the previous section, we have to generate samples
from p(S,θ|yo) in order to be able to do this. Unfortunately,
this distribution has a very complicated form, and we are
therefore not able to sample directly from it. We therefore
have to resort to other sampling techniques in order to enable
statistical inference based on this distribution. One of the
simplest and most popular numerical sampling techniques is
the Gibbs sampler [17] which is an MCMC-based algorithm
and suitable for this task. The Gibbs sampler draws samples
from a multivariate distribution, say p(x) = p(x1, . . . ,xK),
by breaking it into a number of conditional distributions
p(xk|x\k) of smaller dimensionality from which samples are
obtained in an alternating pattern. Specifically, for the τ ’s
iteration, we sample for k = 1, . . . ,K from

x
[τ+1]
k ∼ p(xk|x[τ+1]

1 , . . . ,x
[τ+1]
k−1 ,x

[τ ]
k+1, . . . ,x

[τ ]
K ) . (9)

After an initial burn-in time during which the sampling
scheme converges, the samples obtained from sampling these
lower dimensional conditional distributions can be regarded
as samples from the joint posterior distribution. In this pa-
per, the posterior distribution p(S,θ|yo) is broken into the
two conditional distributions given by

States: p(S|θ,yo) (10)
Model parameters: p(θ|S,yo) (11)

The selected grouping of variables in (10) and (11) leads to
a set of conditional distributions which are fairly easy to
sample from. In the next sections, we derive the particular
form of these conditional distributions.

3.1 States
The conditional state distribution in (10) can be shown to
be a multivariate Gaussian distribution. However, the di-
mension of this distribution is 2LN × 1 which would render
direct sampling from it infeasible for most applications. In-
stead, we use the simulation smoother [18], which is an ef-
ficient sampling scheme using standard Kalman smoothing,
for drawing samples from (10). Since some of the observa-
tions are missing, we have to modify the simulation smoother
slightly. This is easily done by skipping the update step of
the build-in Kalman filter for these observations.

3.2 Model Parameters
Since the model parameter of the observation equation, σ2

w,
and the L sets of model parameters of the state equa-
tion, (ωl, γl, ql), are mutually independent conditioned on
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the states S, we can factor (11) as

p(θ|S,yo) =

[
L∏
l=1

p(ωl, γl, ql|S)
]
p(σ2

w|S,yo) . (12)

Thus, sampling from the conditional distribution in (11) can
be done by sampling the L + 1 conditional distributions on
the right side of (12) independently.

3.2.1 Frequency, Log-damping and State Noise Variance
To our knowledge, it is not possible to sample directly from
the conditional distribution p(ωl, γl, ql|S). A Gibbs sampling
scheme is also not straight-forward since it suffers from poor
mixing and since the l’th log-damping coefficient conditioned
on the l’th frequency parameter and state noise variance has
a non-standard distribution. In order to improve mixing of
the parameters and lower the overall computational com-
plexity, we therefore propose sampling from p(ωl, γl, ql|S)
by use of a Metropolis-Hastings (MH) sampler [19]. In the
MH sampler, samples generated from the desired posterior
distribution, say p(x), which we know up to some normalis-
ing constant Z with p(x) = p̃(x)/Z, are generated by use of
a user-defined proposal distribution q(x|x[τ ]), where x[τ ] is
the τth generated sample. In general, p(x) 6= q(x|x[τ ]) so a
proposed sample x′ ∼ q(x|x[τ ]) is only accepted as a sample
from p(x) with probability

α(x[τ ],x′) = min

[
1,

p̃(x′)q(x[τ ]|x′)
p̃(x[τ ])q(x′|x[τ ])

]
. (13)

Otherwise, the previous accepted sample is retained, i.e.,
x[τ+1] = x[τ ].

For p(ωl, γl, ql|S), the proposal samples (ω′l, γ
′
l , q
′
l) are

generated in two simple steps: First, we generate a sample
for the mean and variance of a bivariate normal-scaled in-
verse gamma distribution with isotropic covariance matrix.
This is done by sampling from

q′l ∼ IG(αql , βql) (14)

τ ′l ∼ IG(αql , 1/2) (15)

a′l =
[
a′1,l a′2,l

]T ∼ N (µa,l, 2βqlτ
′
lσ

2
a,lI2) (16)

where we have defined

ϕl ,
[
sT2,l sT3,l · · · sTN,l

]T (17)

φl ,
[
sT1,l sT2,l · · · sTN−1,l

]T (18)

φ̃l ,
[
(s⊥1,l)

T (s⊥2,l)
T · · · (s⊥N−1,l)

T
]T (19)

Φl ,
[
φl φ̃l

]
(20)

σ2
a,l , (φTl φl)

−1 (21)

µa,l , σ2
a,lΦ

T
l ϕl (22)

αql , αv,l +N − 1 (23)

βql , βv,l + (ϕTl ϕl − σ−2
a,lµ

T
a,lµa,l)/2 , (24)

and s⊥n,l is obtained by a 90◦ clockwise rotation of sn,l. Sec-
ond, we transform a′l into (ω′l, γ

′
l) by the relations

ω′l = arctan(a′2,l/a
′
1,l) (25)

γ′l = − ln
(
a′Tl a

′
l

)
/2 . (26)

1. Select hyperparameters and initialise the Gibbs sampler.
2. Repeat for k = 0, 1, 2, . . . ,K

(a) S[k+1] ∼ p(S|θ[k],yo) (simulation smoother)
(b) Repeat for l = 1, 2, . . . , L

i. q′l ∼ IG(α[τ ]
ql , β

[τ ]
ql )

ii. τ ′l ∼ IG(α[τ ]
ql , 1/2)

iii. a′l ∼ N (µ
[τ ]
a,l, 2β

[τ ]
ql τ
′
lσ

2
a,l

[τ ]
I2)

iv. ω′l = arctan(a′2,l/a
′
1,l)

v. γ′l = − ln
(
a′Tl a

′
l

)
/2

vi. ul = U(0, 1)
vii. if ul ≤ α

(
(ω

[τ ]
l , γ

[τ ]
l , q

[τ ]
l ), (ω′l, γ

′
l , q
′
l)
)

• (ω
[k+1]
l , γ

[k+1]
l , q

[k+1]
l ) = (ω′l, γ

′
l , q
′
l)

else
• (ω

[k+1]
l , γ

[k+1]
l , q

[k+1]
l ) = (ω

[τ ]
l , γ

[τ ]
l , q

[τ ]
l )

(c) σ2
w

[k+1] ∼ IG(α[τ ]

σ2
w
, β

[τ ]

σ2
w
)

Table 1: Summary of proposed Gibbs sampler for generating
samples from p(S,θ|yo).

Then, if a′2,l ≥ 0, the proposal samples (ω′l, γ
′
l , q
′
l) are ac-

cepted as samples from p(ωl, γl, ql|S) with probability

α
(
(ω

[τ ]
l ,γ

[τ ]
l , q

[τ ]
l ), (ω′l, γ

′
l , q
′
l)
)

= min
[
1, exp

{
(λl − 2)(γ

[τ ]
l − γ′l)

}]
. (27)

Otherwise, the previous values (ω
[τ ]
l , γ

[τ ]
l , q

[τ ]
l ) are retained.

Notice that if the rate parameter λl of the prior for γl is
equal to two, α = 1 for any γ′l . The details of the derivation
of this sampling scheme can be found in [20].

3.2.2 Observation Noise Variance
By Bayes’ theorem, we can write p(σ2

w|S,yo) as

p(σ2
w|S,yo) ∝ p(yo|S\I , σ2

w)p(σ
2
w) (28)

where p(yo|S\I , σ2
w) is the likelihood of the observation

equation in (1) and p(σ2
w) is the prior distribution for σ2

w.
Since p(yo|S\I , σ2

w) = N (ST\Ib, σ
2
wIN−R) and p(σ2

w) =

IG(αw, βw), the posterior distribution p(σ2
w|S\I ,yo) is an

inverse gamma distribution, IG(σ2
w;ασ2

w
, βσ2

w
), with param-

eters

ασ2
w
= αw +N/2 (29)

βσ2
w
= βw +

1

2
(yo − ST\Ib)T (yo − ST\Ib) . (30)

3.3 Summary of Inference Scheme
Table 1 summarises our proposed Gibbs sampler for generat-
ing samples from p(S,θ|yo). The computational complexity
of the algorithm is fairly high primarily due to the generation
of the states by the simulation smoother. In our implementa-
tion with N = 600 observations and L = 6 sinusoids, it takes
approximately 40 ms for generating a state sample S[τ ]. This
corresponds to nearly 97 % of the time consumption of one
iteration of the Gibbs sampler. For the application of in-
terpolation, we only need a single sample for the states and
model parameters from the invariant distribution of the un-
derlying Markov chain of the sampler. Once these have been
generated, we may perform the interpolation by simulating
from the observation equation of (1). Therefore, the com-
putational complexity of the algorithm heavily depends on
proper initialisation and the convergence speed of the chain.
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Figure 1: Plot (a) shows the six traces for the frequencies each consisting of 10,000 samples. Plot (b) shows the spectrogram
for the complete speech signal whereas plot (c) shows the periodogram for the section indicated in plot (b). The time series
corresponding to this section is shown in plot (d) with the middle section of 25 ms audio missing. The plot also shows the
result of the interpolation in terms of the 95 % credible interval, a sample from the marginal posterior distribution p(ym|yo)
and the true missing observations (dashed).

4. SIMULATIONS

We consider the problem of reconstructing missing or cor-
rupted packets on a packet-based network. First, we illus-
trate the reconstruction process and, second, we present the
results of a small-scale listening test.

4.1 Speech Signal Reconstruction
We used a snapshot from a speech signal (see Fig. 1.d) con-
sisting of N = 600 samples corresponding to 75 ms of speech
at a sampling frequency of 8000 kHz. The speech signal is
generated by a female voice uttering, "Why were you away a
year, Roy?" and its spectrogram in shown in Fig. 1.b. The
periodogram of the 75 ms speech signal segment is shown in
Fig. 1.c. Prior to running the Gibbs sampler, we removed
the middle section thus emulating a lost audio packet of 25
ms. For the setup of the Gibbs sampler, we assumed L = 6
sinusoidal components, and we selected the hyperparameters
such that the prior distributions were diffuse. The initial val-
ues for the frequency and the observation noise variance were
computed by using a matching pursuit algorithm. The initial
values for the log-damping coefficients and the state noise co-
variances were somewhat heuristically set to 0 and σ2

w
[0]
/10,

respectively. Fig. 1 shows the main results of the simula-
tion. Fig. 1.a shows the six traces of samples obtained for
the frequency parameters. After a burn-in length of approx-
imately 1000 samples the underlying Markov chain seems to
have converged to the true posterior distribution for the fre-

quencies. Inference for the frequency parameters can thus be
based on histograms formed by the the last approximately
9000 samples. In a similar way, histograms for the remaining
model parameters can be formed. Fig. 1.d shows a typical
sample obtained for the missing observations compared to
the true signal. Notice, that unlike maximum likelihood-
and EM-restoration techniques, the noise is also modelled
when performing the interpolation in the Bayesian frame-
work. Fig. 1.d also shows an estimate of the 95 % credible
interval for the missing observations.

4.2 Listening Test
We conducted a small-scale MUSHRA listening test [21, 22]
to evaluate the performance of the interpolation scheme. In
addition to the speech signal, we also used an excerpt from a
trumpet signal. Both of these signals were partitioned in 25
ms packets and transmitted through four artificial channels
where packets were lost independently with probabilities of
5 %, 10 %, 20 % and 30 %, respectively. On the receiver
side, we applied our proposed interpolation scheme to the
missing packets. For every gap of one or more consecutive
missing packets, we used the valid packet before and after
the gap as in Fig. 1. We compared the interpolant (A) from
p(ym|yo) against the MMSE interpolant (B) E{ym|yo} and
the interpolant (C) from p(ym|yo,θ

MAP). The MMSE and
MAP estimates were computed from the last 9000 generated
samples from the Gibbs sampler. For the anchor signal, we
used zeros for the interpolation. Fig. 2 shows the results ob-
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Figure 2: Mean and 95 % confidence intervals for the MUSHRA listening test. The reference signal was transmitted through
four artificial channels with independent packet-loss probabilities of 5 %, 10 %, 20 % and 30 %, respectively. For the anchor
signal, the missing packets were interpolated with zeros while the interpolation for A, B and C were based on p(ym|yo),
E{ym|yo} and p(ym|yo,θ

MAP), respectively.

tained by applying the statistical analysis suggested in [21] to
the scores given by ten listeners. The listening test clearly
revealed that reconstructing missing packets of the highly
tonal and fairly stationary trumpet signal was much more
successful than for the speech signal. The results also re-
vealed that the interpolation based on E{ym|yo} performed
better than the other methods.

5. CONCLUSION

Based on a Gibbs sampler, we have presented a Bayesian in-
ference scheme for the missing observations, the states and
the model parameters of a dynamic sinusoidal model. This
model is able to model some non-stationary signal segments
which are often encountered in music or speech signal pro-
cessing. In the simulations, we demonstrated that the al-
gorithm can be used for interpolation of audio and speech
signals. This is an integral part of many signal process-
ing applications such as packet-loss concealment, pitch- and
time-scale modification. Additionally, the inference scheme
can also be used for making inference about the unknown
model parameters of the dynamic sinusoidal model.
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ABSTRACT

We propose a new method to mitigate so called “pre-echo
artifacts” that occur with transform-based audio codecs ow-
ing to their comparatively large block lengths. Our algorithm
operates entirely in the time domain. In contrast to previous
time domain approaches, a frequency selective pre-echo con-
trol (PEC) is achieved by applying the concept of a filterbank
equalizer (FBE) with non-uniform frequency resolution.

As an example application, the new PEC approach has
been used to enhance the ITU-T G.722.1C super-wideband
codec. The performance of the algorithm has been objec-
tively measured and optimized w.r.t. various FBE parame-
ters. Considerable quality gains could be obtained which are
confirmed by the subjective listening impression.

The proposed algorithm can be easily extended to act as
an adaptive spectro-temporal pre- and deemphasis filter.

1. INTRODUCTION

Nowadays, virtually all successful standards for lossy audio
compression are based on transform domain coding tech-
niques and a perceptually relevant use of the available bit
budget. An excellent overview is provided in [1].

A popular transform is the Modified Discrete Cosine
Transform (MDCT) which is for instance used in the MPEG
Advanced Audio Coding (AAC) standard [2, 3] or in the Ogg
Vorbis coder [4]. It can be observed that the typical coding
techniques that are used in these codecs are also gaining im-
portance for high-quality real-time conversational applica-
tions. Several (partially) transform-based codecs with this
focus have been standardized over recent years, in particu-
lar by ITU-T: G.711.1 [5, 6], G.718 [7, 8], G.719 [9, 10],
G.722.1C [11, 12], and G.729.1 [13, 14]. Although all
of these codecs employ a shorter transform length to re-
duce the algorithmic delay from several 100 ms (which is a
typical value for non-conversational audio codecs) down to
about 40 ms, the well-known problem of pre-echoes persists.
Therefore, a number of different algorithms have been devel-
oped to overcome this issue.

In [15] we have described a time domain approach for
pre-echo control (PEC), which has been applied in the con-
text of a super-wideband extension of the ITU-T G.729.1
wideband codec [16]. A good quality gain could be shown
for the high frequency range (8 – 14 kHz) of strongly tran-
sient signals. Moreover, the realization in the time domain
provided the advantage of reusing the transmitted informa-
tion for the purpose of frame erasure concealment (FEC).

∗ Martin Roggendorf has been working as a research assistant with the
Institute of Communication Systems and Data Processing, RWTH Aachen
University, Germany. He is now with RWE Power AG, Hürth, Germany.

However, time domain PEC approaches are usually lim-
ited to straightforward gain manipulation without any fre-
quency selectivity. For obvious reasons, enforcing a gain
contour for a full-band signal results in an unnatural and
“snatchy” sound character. Therefore, such methods are only
applicable with subband codecs that already provide an in-
herent subband decomposition. An alternative approach that
can provide the desired frequency selectivity is linear pre-
diction over frequency (transform coefficients). In the AAC
codec, this method is called “Temporal Noise Shaping.”

In the present paper, we propose a new approach for
time domain PEC which achieves a uniform or non-uniform
frequency selectivity. The algorithm is based on the concept
of a filterbank equalizer (FBE) [17, 18]. Thereby, the applied
spectral weights are adapted in a similar manner as for the
single-band algorithm of [15].

Organization of the Paper

Sec. 2 reviews our previously proposed PEC method [15]. In
Sec. 3, the concept of the FBE and its applications to speech
processing and enhancement are summarized. The proposed
modifications of the FBE and our new PEC method are de-
tailed in Sec. 4. The new algorithm has been tested as an
extension to the ITU-T G.722.1C super-wideband codec at
codec rates of 24, 32, and 48 kbit/s. Various FBE parameter
settings have been evaluated (Sec. 5). The paper is concluded
in Sec. 6.

2. PRE-ECHO CONTROL (PEC) ALGORITHM

The PEC algorithm of [15] was designed for the 8 – 14 kHz
frequency range of the input signal. The corresponding sub-
band signal was assumed to be real-valued. Now, as a gen-
eralization, Si(k) may also be complex-valued. It represents
the i-th subband of the input signal s(n). As in [15], the PEC
side information is computed based on the λ -th input frame
of the subband signal Si(k), whereby the frame length is LF.
More specifically, we use the overall gain

g(i)(λ ) =
1

2
log2

LF−1

∑
k=0

|Si(λLF + k)|2

LF
, λ ∈ N0, (1)

and NSF subframe gains per frame with length LSF = LF/NSF

g
(i)
SF(λ ,λSF) =

1

2
log2

LSF−1

∑
k=0

|Si(λLF +λSFLSF + k)|2

LSF
, (2)

where λSF ∈ {0, . . . ,NSF −1} and i ∈ {0,1, . . . ,M−1} with
M denoting the number of subbands.
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Each frame λ is then classified as either “transient” or
“stationary.” This decision is communicated to the decoder
using one bit. For stationary frames, the frame gain from
(1) is quantized and transmitted. For transient frames the
subframe gains according to (2) are encoded. Moreover, if
this information is suitably distributed across neighboring
bitstream frames, it can be efficiently reused for purposes of
frame erasure concealment as shown in [15]. However, in the
scope of the present paper, we will not consider this option.

In the original proposal, the quantized PEC information
was used to construct a smooth “temporal gain function”
(TGF) which could then be used to correct the temporal en-
velope of the decoded subband signal. Here, the filterbank
equalizer described in the subsequent section will perform
this task while, at the same time, providing a (non-uniform)
frequency selective temporal signal shaping.

3. FILTERBANK EQUALIZER (FBE)

A block diagram of the employed filterbank equalizer (FBE)
is shown in Fig. 1. In principle, the FBE applies spectral gain
modifications to its input signal and, therefore, it can be used
as an efficient alternative for a DFT analysis-synthesis filter-
bank. The FBE weight adaptation is, in contrast to the con-
ventional approach, performed entirely in the (non-uniform)
frequency domain while the actual signal processing is per-
formed with a time domain filter. A typical use-case for the
FBE is speech enhancement, in particular noise reduction
[17] and near end listening enhancement [19].

3.1 Uniform FBE

The FBE input signal s̃dec(n) (which denotes the decoded
signal affected by pre-echoes in our case) is sampled with a
rate of fs. The FBE analysis splits this signal into M subband
signals Si(k) by means of a DFT analysis filterbank:

Si(k) =
L

∑
ν=0

s(k−ν) ·h0(ν) · e
−j 2π

M iν , (3)

where i ∈ {0,1, . . . ,M−1} is the subband index and k is the
time index in the subsampled domain, i.e., k = ⌊n/r⌋ · r with
downsampling ratio r. The prototype filter of length L+1 is
denoted by h0(n). For L > M, (3) can be implemented with
a polyphase network (PPN) and a FFT of length M.

The computation of the spectral weights Wi depends on
the desired application. For noise reduction, the weights Wi

are computed from the subband signals Si alone with the help
of a noise tracking algorithm [17]. If the FBE is being used
for near end listening enhancement, a noise estimate has to
be supplied externally [19]. Here, we index the weights Wi by
the frame and subframes as used for PEC gain computation
according to (1) and (2), i.e., Wi(λ ,λSF). The exact weight
computation rule for the PEC case is detailed in Sec. 4.2.

The weights Wi(λ ,λSF) are transformed into time domain
filter coefficients using a generalized DFT (GDFT)

h(n,λ ,λSF) = h0(n) ·
M−1

∑
i=0

Wi(λ ,λSF) · e
−j 2π

M i(n−n0·L) (4)

with n ∈ {0,1, . . . ,L} and n0 = 1/2, cf. [17]. Then, the time
domain filter can be applied to the FBE input signal:

s̃(n) =
L

∑
ν=0

s̃dec(n−ν) ·h(ν ,λ ,λSF). (5)

GDFTDFT

chain

PPN

allpass

calculation

weight

spectral

delay

compensation

s̃(n)s̃dec(n)

h0(n) h0(n)

Si(k)

↓ r

Wi(λ ,λSF)

h(n,λ ,λSF)

wn(λ ,λSF)

M

t(λ ), g̃
(i)
ref(λ ), g̃

(i)
ref,SF(λ ,λSF)

L+1
L+1 L+1

reference parameters

(delayed) states

Figure 1: Filterbank Equalizer (decoder side)

3.2 Warped FBE

The FBE as described above can be easily extended to pro-
vide a non-uniform frequency resolution. This frequency
warping is achieved by an allpass transformation of the delay

chains in the filter as well as before the DFT 1, i.e.,

z−1 → HA(z) =
z−1 −a

1−az−1
(6)

with the allpass pole −1 < a < 1, also called “warping fac-
tor.” The allpass element HA(z) has a unity amplitude re-
sponse and a frequency dependent phase response

ϕa(Ω) = 2 · arctan

(

sin(Ω)

cos(Ω)−a

)

−Ω (7)

with the normalized frequency Ω = 2π f/ fs. Effectively,

the subband filters with frequency responses Hi

(

z = ejΩ
)

are
converted into warped filters with

Hi

(

z = ejϕa(Ω)
)

=
L

∑
ν=0

h0(n) · e
−j 2π

M i·ν · e−jϕa(Ω)ν . (8)

Examples for an allpass pole of a = 0.5 are shown in Fig. 2.
In the graphs, “even stacking” denotes the regular DFT im-
plementation according to (3) while “odd stacking” is a
GDFT with a frequency shift of n0 = 1/2 channel, cf. [20].

If a 6= 0, the then warped filter h(n,λ ,λSF) does not have
a linear phase response and a tunable phase equalizer can be
used to compensate objectionable phase distortions [17].

3.3 Filter Structure and Filter Shortening

Since h(n,λ ,λSF) is an adaptive filter, the actual implemen-
tation is important. A good choice is a crossfading of the out-
put of two parallel filters, cf. [17]. This method effectively
suppresses artifacts that stem from heavily varying filter co-
efficients. Note that a suitable delay compensation (as shown
in Fig. 1) is required in this case so that the spectral weights
take effect at the correct time instance.

Furthermore, in [17], a method to approximate the filter
h(n,λ ,λSF) by a low-delay autoregressive (AR) filter is de-
scribed. However, this option is currently not used here.

1In practice, a single allpass chain should be reused for both modules as
indicated in Fig. 1 by the dash-dotted line (considering the delay).
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Figure 2: Frequency responses of the FBE analysis filters for
a= 0.5. There are always four possibilities to obtain a certain
number of independent DFT channels (here: 4).

4. FBE-BASED PEC IN THE TIME DOMAIN

The envisioned application of the FBE concept to the PEC
problem requires, as opposed to its typical use in speech en-
hancement, to capture the detailed temporal evolution of au-
dio signals within the FBE subbands. Therefore, different
parameter settings and several slight algorithmic modifica-
tions are needed which are detailed below together with the
specific weight computation rule.

4.1 Short Term Power Estimation

In speech enhancement applications, typically a strong recur-
sive averaging is used to estimate the signal power in each
subband. However, in our case we require an instantaneous
and exact value for each subband i and each subframe λSF

of length LSF. Therefore, we set r = 1 so that the subband
signals are not downsampled. Then, the short term power
for each subband signal can be computed as described by (1)
and (2). Though, aiming at further complexity reduction, a
moderate downsampling (e.g., r = 2 or 4) could be useful.

4.2 Update of Spectral Weights and Filter Coefficients

To compute the desired spectral weights Wi(λ ,λSF), both the
(sub)frame gains derived from the decoded signal s̃dec(n)
as well as a set of reference parameters is required. These
reference parameters describe the temporal characteristics of
the original audio signal s(n). Specifically, the reference

(sub)frame gains, g̃
(i)
ref(λ ) and g̃

(i)
ref,SF(λ ,λSF), and the tran-

sient flag2 t(λ ) have to be determined at the encoder side.
Therefore, an identical signal analysis chain (consisting of
the allpass chain, the polyphase network, and the DFT) needs
to be implemented at the encoder side. Now, the spectral
weights for the FBE can be computed as follows:

Wi(λ ,λSF) =







2g̃
(i)
ref
(λ )−g(i)(λ ) if t(λ ) = 0

2
g̃
(i)
ref,SF

(λ ,λSF)−g
(i)
SF(λ ,λSF) if t(λ ) = 1.

(9)

Consequently, the update interval for the L+ 1 filter coeffi-
cients h(n,λ ,λSF) is LSF samples within transient frames and
LF samples for stationary frames.

2For this paper we have restricted ourselves to a global transient flag
t(λ ) instead of an individual flag per subband i. The transient detection is
performed similar to the method of [15].

4.3 Alternative System Architectures

The above described system is in principle applicable to all
transform-based audio codecs since it can act as an “add-on.”
As a more bit rate efficient alternative, a second FBE could
normalize the input signal s(n) before it is supplied to the
encoder. In this case, the FBE weights are computed as

W enc
i (λ ,λSF) =

{

2−g̃
(i)
ref
(λ ) if t(λ ) = 0

2
−g̃

(i)
ref,SF

(λ ,λSF) if t(λ ) = 1.

(10)

In effect, this FBE variant constitutes an adaptive spectro-
temporal preemphasis filter; the audio codec only needs to
encode a signal of strongly reduced dynamic range. The de-
coder side FBE, with weights adapted according to (9), can
still be used to denormalize/deemphasize the decoded signal.
A related (single subband) approach has been used in [16].

In the system as depicted in Fig. 1, the bit rate for the
PEC side information will increase with the number of DFT
channels M. Yet, with the availability of a locally decoded
signal at the encoder side, it becomes possible to compute
the required filter coefficients h(n,λ ,λSF) directly in the en-
coder and efficient quantization techniques can be employed,
especially if AR approximation and filter shortening as men-
tioned in Sec. 3.3 is used. In this case, the additional PEC bit
rate will be determined by the filter length.

5. PARAMETRIZATION AND EVALUATION

In this section, the influence of the FBE parameters on the ob-
tained audio quality shall be investigated. Therefore, we have
chosen the ITU-T G.722.1C super-wideband codec [11, 12]
which is a classical transform codec but lacks a dedicated
PEC mechanism. The G.722.1C codec operates at a sam-
pling rate of fs = 32kHz and provides bit rate modes of 24,
32, and 48 kbit/s. For the codec with PEC, an instrumental
quality assessment in terms of a PEAQ score improvement
[21] over the codec without PEC has been used. The test
material has been taken from the EBU SQAM corpus [22]
(ABBA, Castanets, German Male, and German Female).

5.1 Parametrization
To investigate various FBE parametrizations, we have used
unquantized versions of the reference PEC parameter set
(i.e., gref and gref,SF). Exemplary results for quantized pa-
rameters are given in Sec. 5.2.

5.1.1 Sampling Rate & Framing
The sampling rate is fs = 32kHz to match the G.722.1C in-
put and output signals. For signal analysis with the FBE,
we have used frames of 20 ms length, i.e., LF = 640. These
frames have been subdivided into NSF = 8 subframes of
length 2.5 ms each, i.e., LSF = 80. As reasoned in Sec. 4.1, no
downsampling is used in the analysis part of the FBE (r = 1).
Yet, the filter coefficient update is performed every LSF = 80
or LF = 640 samples, respectively.

5.1.2 Filter Structure, Delay Compensation, Phase EQ
The transition from subframe to subframe of the adaptive fil-
ter h(n,λ ,λSF) is implemented using a crossfading method
with 80 samples overlap. To align the filter coefficients with
the input signal, the delay compensation block in Fig. 1 has
to delay the signal by 40 sample instants. For a 6= 0, an addi-
tional phase equalizer of length 2.5 ·L is applied to the FBE
output signal.
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5.1.3 Filter Length

For a DFT analysis filterbank with polyphase filtering, the
prototype filter order L is usually given as a multiple of the
DFT size M. Experimental results are shown in Fig. 3. The
average quality gain already saturates with L = 4 ·M. Note
that this is not only true for the shown case (M = 10 and
even DFT stacking) but for almost all other configurations.
Therefore, we keep L = 4 ·M in the following.

5.1.4 DFT Stacking and Length

An “evenly stacked DFT” is identical with the regular DFT
algorithm while the “oddly stacked DFT” applies a frequency
shift of n0 = 1/2 channel [20]. The impact of DFT stacking
on the subband division of the (warped) FBE has been shown
in Fig. 2. Obviously, there is no direct relation between DFT
length M and the bit rate spent for PEC reference parameter
transmission. In fact, the number of PEC parameter sets to be
transmitted is identical with the number of independent DFT
channels. In particular, evenly stacked DFTs of length 2M0

(M0 ∈N), oddly and evenly stacked DFTs of length 2M0+1,
as well as oddly stacked DFTs of length 2M0 +2 all have the
same number of independent channels (M0 +1). This has to
be considered for the PEC parameter transmission.

Concerning the obtained average quality gain, there is a
general tendency towards the DFT with even stacking. Yet,
as illustrated Fig. 4, there are some cases where the odd
stacking is better.
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sults have been interpolated for better visualization. Exact
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5.1.5 Warping Factor vs. DFT Length

Fig. 3 already indicates that frequency warping is beneficial
for FBE-based PEC. However, the actual impact strongly de-
pends on the chosen DFT length M. Therefore, the interde-
pendency of warping factor a and DFT length M is analyzed
in Fig. 5. Without warping, the achievable average quality
gain saturates at ∆-ODG = 0.6 (for M = 15), a value which
is already achieved for M = 8 when applying a warping fac-
tor of a = 0.4. With higher warping factors, average quality
gains of up to ∆-ODG = 0.75 are possible.

The variability of the results over the test items has also
been investigated. Fig. 6 reveals that the quality gain through
warping is consistent over all items except for the castanets.
This can be explained by the extreme transient nature of that
signal. The castanets exhibit nearly identical temporal be-
havior over the entire frequency range which is, however,
not a typical case. Yet, an average quality gain for the cas-
tanet signal of 0.5 – 0.6 is still acceptable and not necessarily
worse than for an unwarped FBE. It has also been verified
that this improvement is clearly audible.

For an actual implementation on DSP hardware, a value
of a = 0.5 appears to be a good compromise since the multi-
plications in the allpass chain (6) can be replaced by simple
binary shift operations in this case. The choice of the DFT
length is more a matter of allowable bit rate, at least within
the investigated range of values, because the quality scores
increase nearly monotonically with M.
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Table 1: Improvement of PEAQ score (∆-ODG) for quantized reference parameters. M = 7, even stacking, L = 4 ·M, a = 0.5.

Codec → G.722.1C@24 kbit/s G.722.1C@32 kbit/s G.722.1C@48 kbit/s average added

Test item ↓ unquant. / quant. PEC unquant. / quant. PEC unquant. / quant. PEC bit rate (kbit/s)

Castanets +0.20 +0.20 +0.38 +0.39 +0.84 +0.80 1.15

German Male +0.37 +0.34 +0.43 +0.41 +0.42 +0.38 3.64

German Female +0.59 +0.58 +0.79 +0.77 +1.14 +1.10 2.97

Pop Music (ABBA) +0.46 +0.44 +0.59 +0.55 +0.68 +0.60 3.31

∅ +0.41 +0.39 +0.55 +0.53 +0.77 +0.72 2.77

5.2 Parameter Quantization

Finally, our concept needs to be verified for quantized PEC
reference parameters. We have used scalar quantization of
the (sub)frame gains with a step size of 1/8 (in the log2 do-
main, cf. (1), (2)) followed by Huffman coding of the (differ-
ential) quantizer indices. As a reasonable example, we have
chosen a DFT length of M = 7 with even stacking, i.e., four
independent DFT subbands. As argued above, a warping fac-
tor of a= 0.5 and a filter order of L = 4 ·M has been selected.

In Tab. 1, the results for quantized and unquantized
PEC parameters are tabulated together with the average
added bit rate. For our test items, we have found that the
G.722.1C coder at 24 kbit/s with PEC (quantized) outper-
forms G.722.1C at 32 kbit/s without PEC by an average of
∆-ODG = +0.23 while saving bit rate. The same is true for
G.722.1C at 32 kbit/s with PEC when compared to G.722.1C
at 48 kbit/s without PEC (∆-ODG =+0.12).

6. DISCUSSION AND CONCLUSIONS

In this paper we have proposed a new method for pre-
echo control in transform audio codecs which is based on
a (warped) filterbank equalizer. The major advantage over
previous time domain PEC approaches is the inherent fre-
quency selectivity of the FBE concept. Therefore, a bet-
ter representation of the relevant signal characteristics can
be obtained which was verified with the instrumental PEAQ
measure. The subjective listening impression confirms sub-
stantial quality gains over the G.722.1C coder without PEC.

The frequency warped version of the FBE is particularly
beneficial since it elegantly matches the properties of the hu-
man auditory system. At lower frequencies, more spectral
resolution is required than at higher frequencies. On the other
hand, higher frequencies are more susceptible to temporal ar-
tifacts. In fact, the temporal resolution of the FBE subband
filters increases with the subband bandwidth, i.e., higher (and
therefore broader) subbands are more accurately represented
in the time domain.

Still, since this work is so far regarded as a concept study,
a real-world application of FBE-based PEC requires further
investigations. The open questions concern, e.g., a more ef-
ficient quantization scheme for the PEC parameters, an in-
dividual subframe division and transient detection for each
DFT subband to achieve further bit rate savings, filter short-
ening (Sec. 3.3), and an optimized phase equalizer degree.
Moreover, we believe that the use of our FBE proposal as an
adaptive spectro-temporal preemphasis filter (Sec. 4.3) is an
interesting option that deserves further attention.
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ABSTRACT

We present a novel paradigm for sparse audio signal coding.
After annihilating unperceivable components in some trans-
form domain, the encoder buffers the resulting sparse vector
into small non-overlapping frames. In each frame, the active
elements’ amplitudes are quantized, and with the help of a
priori known unquantized “filler” vectors (whose values are
placed in inactive positions), their position is encoded such
that a certain function f of the filled vector is nearly integer
valued. For this purpose, the quantized values of the sparse
frames are pre-adjusted in a controlled manner with distor-
tion in mind (hence the name “targeted dithering”). The de-
coder then progresses through the possible combinations of
the nonzero elements, and verifies with the filler vector which
of these combinations produces an integer valued f , thereby
retrieving the active elements’ positions. In preliminary tests,
good quality can be obtained by encoding 44.1 kHz signals
with less than 50 kbps.

1. INTRODUCTION

This paper addresses the problem of encoding together both
the position and the values of nonzero/active elements in a
so-called sparse vector, that is, composed of a majority of
zero components. Such a situation arises in various appli-
cations; most notably, many physical signals can be repre-
sented as linear combinations of only a few elementary func-
tions, carefully selected amongst a potentially large collec-
tion of them. As an important example of generating and
handling sparse vectors in the real-world, transform audio
or image coding systems are currently extensively used in
mainstream areas such as digital television/ telephony or data
archiving/compression. As an illustration, audio coding sys-
tems are essentially based on the following ideas [1,2]. Given
a vector n representing the signal of concern, the first step
consists of formulating n in some transform domain, via a
transformation function ψ(.) as follows:

x= ψ (n) (1)

where the resulting length-L vector x contains only M ≪ L
significant elements, where the level of significance is de-
termined by either some perceptual or mathematical criteria
(Strictly speaking, L may be larger than the initial length of
n, and in fact x may be multi-dimensional, but we assume
in the context of this paper that higher-dimensional data has
been vectorized). The property of x only containing M ≪ L
non-negligible elements is referred to as its sparseness, and
is at the foundation of transform coding.

Practically speaking, having chosen ψ and possibly M in
advance, the steps for encoding and storing the signal n are
often similar to:

1. Transforming n into x,

2. Perceptually/mathematically thresholding the vector x to
retain only M non-zero values, yielding x̂.

3. Properly quantizing the M non-zero values of x̂, and then
encoding them as well as their position.

At the receiver (or at playback in the context of audio), the
procedure amounts to decoding the quantized values and
positions, placing them into a vector of length L and then
applying the inverse transformation to recover an approxi-
mation n̂ of n. One of the unfortunate problems inherent to
handling and transmitting sparse vectors, regardless of how
they were obtained, lies in the potentially large overhead
required to encode the positions of the active elements [3]
– a uninformed approach would require a binary vector of

length ⌈log2

(

L
M

)

⌉ ≤ L. In this paper, we propose to embed
some of the position information within the quantized
non-zero values of x̂ so as to reduce the size of the overhead.
To do so, these quantized values are adjusted at the encoder
so as to minimize a certain function (described below),
which depends on both these values and the positions of
the active elements in x. Of course, the values cannot be
blindly adjusted and we suggest a way of performing the
optimization in a “perceptually controlled” manner. The
method is therefore combinatoric, in the sense that the
decoder must progress through the (reduced) set of possible
positions, and verify which position minimizes the above
mentioned function given the pre-adjusted quantized values.

The paper is organized as follows. In Section 2, the en-
coder side is described in a generic manner, with three steps
detailed and emphasis on the pre-adjustment of the quantized
values. Next, in Section 3, the decoder side is explained. Fi-
nally, Section 4 some experimental results are shown with a
preliminary setup, showing the potential of the paradigm.

2. ENCODER

2.1 Sparse representation in a transform domain

The first two “traditional” transform coding steps broadly
presented in our introduction are followed here as well, al-
though we insist that the solution proposed in this paper can
be applied regardless of the way that the working sparse vec-
tor is obtained. Nevertheless, using the notation introduced
in the introduction, in most situations depending on the trans-
formation chosen the goal is to assimilate x to a sparse vec-
tor by annihilating as many of its components as possible
while retaining perceptual transparency. Representing physi-
cal signals into a “sparse domain” is an active research field;
one can find examples of useful transformations in [1, 4, 5].
When choosing a transformation, there are several factors to
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consider in order to reach a compromise suitable for com-
pression. For example, while a certain representation might
be sparser than an other one, it might also require a greater
precision (i.e., a finer quantization) and therefore more bits
per active element.

2.2 Decomposition into small non-overlapping frames

Due to the combinatorial nature of the decoder, it is recom-
mended here to further decompose (after transformation) the
obtained sparse vector x into non-overlapping subframes of
smaller length, so as to reduce the total amount of possible
positions (i.e. the search space for the decoder) to a man-

ageable number1. However, there is once again an accept-
able compromise to reach: first, as it will be seen below, a
header is required on each subframe, and therefore multi-
plying the subframes may also increase the global overhead.
Secondly, with overly small subframes, the likelihood of a
possible transparent pre-adjustment is decreased, as several
subframes will only contain few active elements to pre-adjust
(the reason behind this will be clear after the next Section).

2.3 Pre-adjustment or “smart dithering”

In this Section, we propose a way to embed some information
about the position of each nonzero element into their ampli-
tude. To do this, for a given subframe s of length N and K
active elements, let us define the following:

• Let the vector p j, j ∈ {1, . . . ,
(

N
K

)

} contain K distinct in-
tegers in increasing order ranging from 1 to N. In other
words, pk is a possible support vector, also referred to as
position vector below.

• sq is the quantized version of s. Moreover, let integer i

denote the ith quantization level, and q(i) its correspond-
ing real value.

• Next, let δ̂ be a length K vector defined relatively to sq

as follows. If p j is the position vector associated to sq,
then for every k ∈ {1, . . . ,K}, if sq(p j(k)) = q(i), then

δ̂ (k) = q(i+ 1)− q(i). Similarly, δ̌ (k) = q(i− 1)− q(i).
• Let v̄ be a length N, real-valued, and “full” vector (con-

taining no zero elements) that is considered to be a priori
known (its choice will be discussed later on). Accord-
ingly, define v relatively to sq and v̄ as follows. For every
n, if n is contained in p j, then v(n) = 0, else v(n) = v̄(n).
In the following, v will be termed a filler vector.

• Let T denote a selected target number (the choice of
which will be further discussed below), in our context
an integer, and ε denote a small positive real number.

Now, define an arbitrary “targeting” function f (sq,v) =
T + e, designed such that the expected error e is rela-
tively small to begin with. For example, our implementa-
tions use either f (sq,v) = ∑n (sq(n)+v(n)) or f (sq,v) =

∑n

(∣

∣sq(n)
∣

∣+ |v(n)|
)

, and T = [ f (sq,v)] ∈ N (the value of

the nearest integer to f (sq,v)). The goal is here to minimize
e by adjusting in a controlled manner the values of sq. Before
explaining how to do this, let us show why this is precisely
why the decoder will be able to retrieve p j. Suppose that
sq has been successfully adjusted, and accordingly e is very
small. The K values of the ajusted sq are then sent to the
decoder. Then, with only these K values, the decoder can go

1whether a number is deemed “manageable” depends of course on the
context and the available computational resources.

through the set of possible positions, from each of which a
particular v is defined, and stop whenever it meets one such
that f (sq,v)− [ f (sq,v)] is smaller than a certain threshold.

In order to minimize e, we propose to cast the problem as
a binary linear program as follows. Let Φ and y be defined
as:

Φ =





IK IK

δ̂ δ̌

−δ̂ −δ̌



 where IK is the K ×K identity matrix (2)

y = [1,1, . . . 1,T − f (sq,v)+ ε,−T + f (sq,v)+ ε]T (3)

Then, the idea consists in solving for the 2K-long binary vec-
tor û as the solution of the problem below:

argmin‖u‖0 subject to Φu≤ y (4)

Then, the vector sq can then simply be adjusted by increasing
by one level its values corresponding to the nonzero entries
in the first K elements of û, and decreasing by one level those
corresponding to the nonzero entries in the last K elements
of û.

Several remarks must be made regarding the problem
given in Eqn. 4:

• While the problem is NP-complete, it can be solved ef-
ficiently by Implicit Enumeration, or the Balas Additive
Algorithm, originating from [6]. The Balas Additive Al-
gorithm is in essence a branch-and-bound method based
on efficient heuristics.

• From its formulation, the problem is always feasible for
ε = e (the solution is then the trivial solution u= 0). Ide-
ally, ε should however be as low as possible – but if a
certain choice for ε makes the problem infeasible, an-
other slightly larger value can be attempted, and so on
until the problem is solvable.

• As shown in Eqn. 4, we seek the solution that mini-
mizes the required changes in sq (with binary vectors,
note that the 0-norm is identical to the 1-norm). In par-
ticular, this excludes other solutions obtained from need-
lessly exchanging two initially adjacent levels.

• Moreover, it is simple to control which element can
be adjusted or not: excluding a certain element simply
means that the vector u to solve for has a reduced dimen-
sion (by 2 elements). In the same vein, a certain element
can be allowed to be adjusted only towards one direction.

• From the form of Eqns. 2 and 3, as required, one single
element of sq cannot be simulaneously increased and de-
creased (in other words, the first and last K elements of
u are mutually exclusive).

• If the transformation of Eqn. 1 allows for a larger error
tolerance than one quantization step in the amplitude of
some or all components, the procedure can be repeated,
each time excluding the elements whose amplitude have
been maximally modified. The initial value f (sq,v) is
simply recomputed at the beginning of each new itera-
tion.

In Figure 1, a certain vector of length 24 is subjected to the
above procedure, and the optimization is successful in driv-
ing the sum of quantized values very close to the integer 2. It
is clear that if (i) the quantization is very coarse, and/or (ii)
the vector s is very sparse, then one can think of many ex-
amples where the above procedure will not succeed satisfac-
torily. To address the first concern, we propose to include a
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header with some elements of information regarding the par-
ticular error that should be observed by the decoder when the
correct position vector is being tested (see Section 2.5). Al-
ternatively, a certain bank of appropriate filler vectors, a pri-
ori known to both the encoder and the decoder, may be used
to select one that will require the least amount of changes and
guarantee that the procedure will succeed (some discussion
regarding filler vectors is given in Section 2.4). Regarding
the second concern, as discussed in Section 4, this procedure
is chosen to be only implemented for cases with K roughly
between 0.3N and 0.7N, where the “direct” encoding of the
active positions would begin to be the costliest. In the context
of small subframes (as prescribed in Section 2.2), when there
are too little active elements (respectively more than a certain
amount), it is advantageous to encode directly the positions
of the non-zero elements (respectively of the zero elements).
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Figure 1: Example of pre-adjustment of a quantized vector.
On the top graph, the original, unquantized vector is shown.
On the bottom graph, both the quantized and the quantized
“adjusted” vectors are shown. In this particular case, 8-bit
scalar quantization is used, and only one round of optimiza-

tion was applied with ε = 5× 10−5 and T = 2. The filler
vector used v is normally distributed around 0, and the unad-
justed vector has f (sq,v)≃ 2.28987. For the adjusted signal,
this value is about 1.99997.

2.4 Choice of filler vectors and targeting function

For the given “smart dithering” procedure to be able to find
an appropriate solution with a single or few iterations, the
choice of a targeting function and the design of appropri-
ate filler vectors is important. An “appropriate” filler vec-
tor v is defined, relatively to the targeting function f and
the amplitudes in sq, as one which will not only render the
optimization problem in Eqn. 4 feasible with the smallest
ε and the smallest amount of changes in sq, but also will
yield significantly different function values for an incorrect
positioning of the active elements in a blank length-N vector.
While we have reached an operational solution, this problem

is currently under investigation. We recapitulate here a few
findings and ideas:

• Given f , these appropriate filler vectors must depend on
the statistics of sq. While our current implementation
uses a fixed set of filler vectors (up to 8), the idea of adap-
tive filler vectors is therefore appealing.

• At this point, we heuristically find that if sq is approxi-

mately zero-mean and has a variance of σ2, then drawing
v ∼ N (0,10×σ2) can provide some good robustness.
A relatively larger variance ensures that incorrect posi-
tions will be unequivocally excluded by the decoder.

• To guarantee that an appropriate filler vector will be
available during encoding, a small bank of 8 vectors
drawn from N (0,10×σ2) are used in our implementa-
tion. Thus, currently three bits are required to be included
in a header for each subframe. The design and unsuper-
vised adaptation of a single filler vector would eliminate
the need for these three bits.

2.5 Including information in headers

Supposing the optimization above was sufficiently success-
ful to guarantee the recovery of the positions (Figure 1 rep-
resents an example of such a case), then the decoder must
simply know how many active elements are present in the
incoming subframe. Noting that the encoder can easily ver-
ify whether the decoder will be able to correctly retrieve the
positions or not, more information can be included if nec-
essary. For example, some hints on the number of trials
required to reach the correct solution can be provided. If
the quantization is relatively coarse, the optimized value of
f (sq,v)− [ f (sq,v)] may either still be relatively large and/or
another small enough error might be encountered – for an in-
correct position vector – before the correct one is tested. In
such cases, it is proposed to provide in a header some infor-
mation about the particular error corresponding to the right
position vector. For example, in one of our implementations,
we encode the exponent of the error seen during encoding.
Additionally, depending on the case it may help to let the de-
coder know what the target integer is. Finally, as explained
in the previous Section, a bank of 8 seeds is used during en-
coding, and thus the decoder must know which one was used
for each subframe. In Section 4.2, some ideas to encode effi-
ciently such information in an operational solution are given.

3. DECODER

The decoder is in essence very simple, and is described as
follows. For each subframe, it must:

1. read the header to determine the amount K of active el-
ements, as well as any other information if present (see
Section 2.5),

2. decode the K amplitudes of the nonzero elements,

3. go through the list of possible position vectorsp: for each
possibility, it must extract the corresponding filler vector
v, place the K amplitudes in a vector s and test how close
f (s,v)− [ f (s,v)] is to zero – until a low-enough error is
encountered.

A certain type of list exhaustion must be defined and ac-
cordingly, both for complexity evaluation and for potential
header information embedding, the required amount of tri-
als to reach the correct solution must be determined. For
simplicity, to go through the possibilities, the procedure is
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Trial number Configuration Trial number Configuration

1 11000 6 01010
2 10100 7 01001
3 10010 8 00110
4 10001 9 00101
5 01100 10 00011

Table 1: An example of a possible list exhaustion order for
the decoder

defined in Table 1 on an example with K = 2 and N = 5.
According to the above-defined procedure for progressing
through the possibilities for the position vector, given a cer-
tain configuration the corresponding trial number can be ob-
tained back as follows. For a given p, let z be a length
K vector containing the number of zeros at the left of each
nonzero element (for example, for the configuration 010010,

z = [1,2]). Define also ci = ∑i−1
k=1 z(k) (with c1 = 0). Then,

the number of trials required is:

nt(p) = 1+
K

∑
i=1

z(i)

∑
j=1

(

N − i− j− ci+ 1

K − i

)

(5)

From Eqn. 5, it is clear that the first elements of z have a
very large impact on nt(p), whereas the last few have much
less impact on it. In practice, it can be advantageous for the
encoder to reserve a bit for flipping or circularly shifting the
current subframe, so as to reduce the amount of trials wasted
by the decoder.

4. SOME RESULTS WITH A PRACTICAL SETUP

It is proposed to encode a 7.6-seconds speech signal with a
sampling frequency of 44.1 kHz. In this test signal, a fe-
male speaker utters the following sentence: “To administer
medicine to animals is frequently a very difficult matter, yet
sometimes it’s necessary to do so”.

4.1 Perceptual thresholding in the MDCT domain

In order to obtain a sparse representation for the input signal,
it is first decomposed by means of a Modified Discrete Co-
sine Transform (MDCT) using frames of length 1024 and a
Kaiser-Bessel derived window. Next, the simultaneous fre-
quency masking threshold of the signal is obtained. More
specifically, the threshold used in the ISO MPEG-1 layer 1
psychoacoustic model 1 is used (see [2] for a description of
both the MDCT and the steps involved in the computation
of the masking threshold). Using the relationship between
the DFT and the MDCT (see [7]), all the MDCT coefficients
below the masking threshold are set to 0. With this method,
a nearly-transparent audio quality can be achieved by drop-
ping up to 75% of the coefficients. In our specific speech-
only case, only 30406 coefficients are retained (for an initial
length of 335348). During the above perceptual threshold-
ing, each remaining coefficient is also tagged with an im-
portance factor determined by the distance from the masking
threshold. Then, the encoder is instructed not to adjust the
quantized values of the most perceptually important MDCT
coefficients.

4.2 A possible bit allocation scheme

In our preliminary tests, the entire MDCT matrix obtained
in the previous Section is vectorized and decomposed into
small subframes of length N. Specifically, the subframes
have a length N = 24. Such a small number ensures that
in the worst case scenario, about 2.7 million iterations will
be required by the decoder. However, with the dedicated bit
allocation described below, the average amount of iterations
that is observed in our tests is about 150000.

The header begins with the following information (re-
ferred to as the “a” bits below):

• “00” to indicate that there are no active elements in the
current subframe.

• “01” to indicate that there are no active elements in the
next 6 subframes.

• “1” to indicate that there is at least one active element in
the current subframe.

The above is advantageous for the MDCT transformation
described in 4.1, as there are often multiple consecutive
inactive subframes.

In the case where at least 1 element is present, the header
is followed by 5 bits (b1 to b5). If b is the integer value of
b1b2b3b4b5, then b = i− 1, 1 ≤ i ≤ 24 indicates that there
are i nonzero elements in the subframe. Additionally:

• i = 25 indicates that there are 12 active elements and the
first element is in the first position.

• Similarly, with i = 26 up to 28 indicates that the first ele-
ment is in the second up to fourth position. This implies
that i = 12 means that the 12 active elements are located
after the fourth position.

• Moreover, i = 29 resp. 30 indicate that there are 11 active
elements and the first element is in the first resp. second
position. Again, i = 11 then means that the 12 active el-
ements are necessarily located after the second position.

• Finally, i = 31 and 32 give the same information for 13
elements.

The above considerably reduces the number of iterations
required at the decoder. Referring to Eqn. 5, the above re-
duces the value of z(1) for the three most problematic cases
(i.e., the three cases with the largest search space) of 11,
12, and 13 active elements within the subframes of length 24.

Next, a single bit c indicates whether or not the subframe
was flipped by the encoder (whichever resulted in a smaller
required amount of iterations for the decoder). Moving
along, a set of “d” bits then contains some information
about the position of the nonzero elements. Here, because
of the fact that directly encoding the position of the nonzero
(resp. zero) elements is fairly inexpensive for 1 ≤ K ≤ 4
(resp. 20 ≤ K ≤ 23), it is chosen to only apply the “smart
dithering” method for 5 ≤ K ≤ 19. For 2 ≤ K ≤ 4 (resp.
20 ≤ K ≤ 22), 3K (resp. 3(N − K)) bits are assigned to
pointing to the locations of the nonzero (resp. zero) elements
by Run-Length-Encoding (RLE). When K = 1 or K = 23,
4 bits are used. Bit c is still consistent in that it indicates
from which end of the subframe to begin the RLE. Clearly,
if K = 24 no bits “d” are required at all. When 5 ≤ K ≤ 19,
the “d” bits represent some partial information about the
position vector. As previously mentioned in Section 2.5,
it is chosen here to use a bank of 8 filler vectors, and to
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facilitate decoding we also send the absolute value of the
target integer. Three bits are used to point to the right filler
vector, and two bits are used for the absolute value of the
target integer (from 0 to 3 or more).

Subsequently, the K required amplitudes are concate-
nated and the subframe code ends. Regarding the amount of
bits required for representing these amplitudes, at this point
we propose the following: for 5 ≤ K ≤ 10, 8 bits are used,
and otherwise 7 bits are used. The reason behind this choice
is related to the observation that the sum of (filled) sparser
vectors is more difficult to drive to integer values, due to the
reduced amount of possible changes. This is counterbalanced
in our implementation by the use of more quantization levels.

4.3 Simulation results

For the speech signal under consideration, after perceptual
thresholding and encoding, the distribution of frames and bit
count is given in Table 2. According to Table 2, the total bit

K Subframes Req. bits K Subframes Req. bits
0 9908 6546 13 158 16274
1 412 7416 14 149 16390
2 352 9504 15 115 13455
3 309 11433 16 96 11904
4 311 14617 17 69 9039
5 289 15028 18 34 4692
6 264 15840 19 27 3915
7 295 20060 20 13 2067
8 223 16948 21 8 1304
9 276 23184 22 4 668
10 249 22908 23 5 90
11 211 18779 24 0 0
12 218 20928 Total 13995 282989

Table 2: Distribution of active elements. When K = 0, the
encoder finds a total of 1327 blocks of 6 consecutive empty
frames .

count is 282989, which amounts to approximately 37 kbps.

As the next Section will outline, there is significant room
for improvement in multiple areas, nevertheless our infor-
mal listening tests indicate that the recovered speech with
adjusted subframes is nearly undistinguishable from a refer-
ence case obtained using unadjusted subframes.

5. CONCLUSION AND FUTURE WORK

We proposed in this paper a different approach to audio
signal transform encoding/decoding. A certain position-
dependent structure is forced upon the quantized ampli-
tudes of the nonzero elements within small, non-overlapping
frames, thereby creating a detection criterion for the decoder
that is embedded in these values. To do this, a so-called tar-
geting function, accompanied by a filler vector, are designed
and used to choose a target value for the quantized ampli-
tudes. The problem of adjusting these amplitudes in a per-
ceptually reasonable manner is posed in terms of a Binary In-
teger Linear Program, which can be efficiently solved while
applying constraints on the tolerable error in each amplitude
to adjust. The decoder can then test possible combinations
of positions and picks the correct one by computing for each
possibility the value of the targeting function and verifying
that it is close to the expected target value. There are many
areas of improvements currently being investigated:

• A study of the appropriateness of the targeting function
f and filler vectors v is required; doing so will acceler-
ate the optimization, minimize the required adjustments
and shorten the subframe headers. In parallel, it may not
be the best choice to require integer targets; rather, the
encoder could encode most common target values.

• The decoding method is, at this stage, computationally
demanding. One could however think of more adequate
ways of exploring the number of possibilities. For exam-
ple, given the read amplitudes of the nonzero components
and the knowledge of the filler vectors, several possibil-
ities could be directly excluded. This could be further
reduced if the target value is known by the decoder.

• Rather than including additional information in headers
in order to guarantee that the decoder will successfully
retrieve the correct positions (see Section 2.5), it may be
more advantageous to merely include one bit to indicate
whether the operation will or will not succeed without ex-
tra information. In the latter situation, the encoder could
then resort to traditional techniques such as RLE. The
above depends on an analysis of the proportion of prob-
lematic subframes.

• In order to further reduce the header size, it might be
advantageous to exploit the structure of the sparse vec-
tors – for example, in the MDCT matrix case, neighbour
columns are often correlated.

• Finally, some more suitable and less primitive bit alloca-
tion schemes are being studies as well.
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ABSTRACT
In this paper, an automatic system to locate frontispieces in
ancient scores is presented. The system is able to identify
images containing two pages and separate them. Then, the
algorithm performs a correction of the rotation. The next step
is to delimit the area of interest which will be used along the
next steps. After that, a mask containing the shape of staves
is calculated to identify the areas with information different
from the staff related musical information. With this, an in-
determined amount of regions are extracted. Between these
candidates, some restrictions are applied to obtain the final
candidates to frontispieces. From the final candidates, the
possible frontispieces are selected. The algorithm obtains
good results and constitutes an important piece in a global
OMR system.

1. INTRODUCTION

The aim of Optical Music Recognition (OMR) is to provide
a computer the ability to get music information from scanned
scores. A particular case of OMR focuses on ancient scores,
which present several additional difficulties compared with
classic OMR [1], [2]. Some of these difficulties are due to the
quality of the conservation of the original scores (marks and
blots hiding the original symbols, heterogeneous illumina-
tion, variable color of the ink inside the same score, presence
of fungi or mold, irregular leveling of pages, etc.) [3]. Also
the digitalization process itself may introduce more degrada-
tion to the digital image.

In this context, the goal of the OMR system presented,
in this paper, is to extract all the information available in
the score about idenfitication of the author, style, origin,age,
etc. The most part of this information can be extracted from
the analysis of the frontispieces (decorative illustrations and
fonts) that can be found in ancient scores. In the literature,
other OMR systems focused on ancient scores [4],[5],[6] can
be found but none of them extract automatically the fron-
tispieces in the scores. To that end, the system presented
in this paper will identify the frontispieces in order to ana-
lyze them to extract information that will be compared with
a database. This database includes different ancient scores
preserved in the Archivo de la Catedral de Málaga (ACM),
with scores from different authors.

In this paper, the method implemented to automatically
detect and extract the frontispieces from the scores is pre-
sented. It will be able to work with a large amount of dif-
ferent books from different authors and ages and the scanned
images can contain one or two pages. In section 2, the algo-
rithm is presented including the different steps, like prepro-
cessing of the image, generation of the staves mask, search-
ing for frontispieces candidates, and the selection over the

(a)

(b)

Figure 1: Examples of the type of images to work with.
(a) One page image. (b) Two pages image.

candidates. In section 3, an overview of the algorithm per-
formance is given. Finally, in section 4, some conclusions
are drawn.

2. ALGORITHM FOR AUTOMATIC SEARCH AND
DELIMITATION OF FRONTISPIECES

In this section, all the stages of the algorithm will be pre-
sented: preprocessing of the image, generation of the staves
mask, search of potential frontispieces and, finally, selection
of the frontispieces among all the candidates.
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Figure 2: (a) Portion of the image employed to calculate the
rotation of image shown in Fig. 1(a). (b) Image after the
rotation correction

2.1 Image Preprocessing

The starting point of the algorithm is a RGB image as the
ones shown in Fig. 1. The steps followed at the preprocess-
ing stage are similar to those in [8]:
• Correction of Rotation. To estimate the global an-

gle of rotation of the image, the central part of the
image will be used in order to reduce computation
time. Let [Xrows,Ycolumns] represent the dimensions of
the image, then the portion of the image with coordi-
nates(x,y) such thatx ∈ [0.4Xrows,0.6Xrows] and y ∈

[0.4Ycolumns,0.6Ycolumns] define the portion of the image
employed to estimate the rotation angle. The linear
Hough transform is employed to estimate the angle of
rotation [7]. In Fig. 2(a), the portion employed to calcu-
late the rotation of image shown in Fig. 1, together with
the image after the correction of the rotation is presented.

• Delimitation of Area of Interest.Now, the useful parts of
the images should be selected and the borders of the page
and also the parts of the page that doesn’t contain any in-
formation should be removed. In [8], the Area of Inter-
est is extracted in three different ways: the first method
uses an eroded version of the Sobel edges of the image
[9]. The second method uses the horizontal detail of the
LeGall 3/5 Wavelet transform [10]. The last method is
a modification of the first one and combines the eroded
version of the Sobel edges with the eroded binary image.
In this paper, the first algorithm for Automatic Delimita-
tion of Area of Interest described in [8] is employed. An
example of its performance is shown in Fig. 3(a). This
algorithm also identifies images with two pages and di-
vides them when needed.

• Conversion to grayscale.Due to the high heterogeneity
of the scores database, the color information isn’t con-
sidered useful in our system. Then all the process is per-
formed using grayscale or binary images. The RGB is
converted to grayscale using [11]:

I(grayscale) = 0.30R+0.59G+0.11B (1)

whereR, G andB are the color coordinates of each pixel
in the RGB space.

• Contrast-limited adaptive histogram equalization.This

Figure 3: (a) Image after delimitation of Area of Interest.
(b) Image after binarization.

equalization enhances the contrast of the image by trans-
forming the values in the intensity image I by operating
on small data regions (tiles). Each tile’s contrast is en-
hanced, so that the histogram of the output region ap-
proximately matches the specified histogram.

• Illumination compensation.The image is filtered using
a two dimensional Gaussian filter to simulate the back-
ground illumination of the page. The filter used is a low-
pass Gaussian filter of size[0.1Xrows,0.1Ycolumns] (the size
is fixed heuristicly to 10% of the image size to assure
it gets enough background information to obtain a good
estimation) and standard deviation 0.05Xrows (the 5% of
the image’s height, considering the image has more rows
than columns). The aim is to obtain an estimationP(x,y)
of the iluminationL(x,y) to obtain a new imageC(x,y) as
show in eq. 2 where the image correctedC(x,y) shows a
reflectanceR(x,y) cleaned for its heterogeneous lighting
L(x,y), by its compensated lightingP(x,y).

C(x,y) =
I(x,y)
P(x,y)

=
R(x,y)L(x,y)

P(x,y)
≈ R(x,y) (2)

• Binarization. The image is binarized employing Otsu
method [12].

2.2 Removal of staff regions

At this stage, the goal is to generate a mask that will allow
the removal of all the staff regions in the image, so that only
the other elements remain in the image: frontispieces, lyrics
and any other elements outside the staves. The procedure
employed performs the following steps:
• Erosion of the binary image.The binary image is eroded

with a rectangular structure to remove all the elements
except the staff lines. Due to the irregularity of the staff
lines along all the books, since they were handwritten or
because of irregularities on the pages, a large rectangu-
lar structure can’t be used. Instead, the structure dimen-
sions are heuristicly obtained: a length of 4% of the im-
age number of columns and only one pixel of height due
to the thickness of the staff lines and their irregularity.

• Dilation of the staff lines.Once the staff lines are iso-
lated, the next step is to dilate those lines to transform
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Figure 4: (a) Erosion with a rectangular structure of image
shown in Fig. 3(b). (b) Dilation of the staff lines.

them into blocks, so one block for each staff is obtained.
To that end, we need to fill the spaces between the 5 lines
of the staff. To get a structure able to perform that task in
all the scores of the available database, an estimation for
the number of staves in the image has to be performed.
The database has books with different number of staves
per page (from 5 to 12 staves per page), so the mean of
staves for page is calculated and a result of approximately
8 staves per page is obtained. Thus, the dilation structure
will be a rectangle with dimensions[Xrows/(8staves×
4holes),Ycolumns/(8staves×4holes)]. This mask is also
used to calculate the mean stave height that will be used
lately to discriminate between all the possible candidates.

• Application of the mask.Once the mask is available, it is
applied to the binary image, so that only the elements out
of the staves remain in the new image.

2.3 Search for Candidates to Frontispieces

Once the staves are removed, the candidates to frontispieces
are searched through the next steps:
• Search of division points in row histogram.The image

obtained at the end of the stages descripted in the previ-
ous section is employed to calculate its row histogram.
After that, a lowpass filter is applied to smooth the high
variation in the histogram. A threshold is defined to be
0.25µn, with µn being the histogram mean. Then, all the
points under the threshold are set to zero.

• Selection of horizontal sections.With the thresholded
histogram, all the separate blocks with non-zero values
are extracted to cells (a kind of sepparated groups). Let
be µi the mean value of celli, maxi its max value and
µ [. . .] the mean value of what is inside. Among allj cells,
only the ones satisfyingmaxi to be over 0.25µ [maxi=1to j]
and µi to be over 0.25µ [µi=1to j] are selected. The se-
lected horizontal sections of Fig. 3(a) are shown in Fig.
6.

• Obtaining the column histogram of horizontal sections.
Once the horizontal sections of the image are extracted,
the column histogram of each section is calculated and
a lowpass filter is applied but, this time, no threshold is
applied. The reason for that is the nature of frontispieces,
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Figure 5: (a) Image after application of staves mask. (b) Row
histogram.

that will usually have very thin parts that could be eas-
ily removed from the histogram using a threshold; this
could break the frontispiece in different parts or remove
it completely in the next steps.

• Selection of vertical sections.With the thresholded
colum histograms of every horizontal sections, the same
selection process used to select horizontal sections is ap-
plied to each column histogram.

• Extraction of first candidates.Once the horizontal and
vertical selections are made, the image is cut, generating
an indetermined amount of candidates.

2.4 Selection of Frontispieces between Candidates

Among all the candidates to frontispieces, a lot of them will
be just little parts of lyrics in the score, so a restriction in the
size of the candidates is applied. Only the candidates that
fulfill the next restrictions will be taking into account. The
height of the candidate needs to be at least the 90% of the
average height of staves (calculated with the staves mask)
and its width needs to be at least the 10% of the image width
(this restriction assures that any thin part of the image that
went through the histograms phase will be removed). The
results can be observed in Fig. 8 and Fig. 9, being Fig. 8(b),
Fig. 9(b), Fig. 9(c) and Fig. 9(d) the selected candidates.

3. RESULTS

In order to evaluate the performance of the developed algo-
rithm, the following data has been obtained:
• Probability of detection off all frontispieces in the score.
• Probability of detection of 75% of the frontispieces in the

score.
• Probability of detection of 66% of the frontispieces in the

score.
• Probability of detection of 50% of the frontispieces in the

score.
• Probability of no detection of frontispieces in the score.
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Figure 6: Extracted horizontal sections of the image.

• Probability of any amount of false positives.
• Probability of detection between 1 and 3 false positives.
• Probability of detection between 4 and 6 false positives.
• Probability of detection between 7 and 9 false positives.

To calculate these statistics, images from 15 different
books have been considered. Some of the books where cap-
tured at one page per image and others at two pages per
image. A set of 100 images were ramdonly chosen among
the different books, assuring each of them a minimum rep-
resentation. A variable number of frontispieces per page is
presented, varying from 1 to 6 frontispieces per page in the
sample set.

Table 1 shows the algorithm offers good results at find-
ing possible frontispieces, not finding any of possible fron-
tispieces only in the 5% of cases. In Table 2, the probabil-
ity of false positives is given. The heterogeneity of the book
samples considered in the tests is the reason of the large prob-
ability of false positives, mainly due to: the irregular orien-
tation of the pages and the different sizes of the staff lines,
which are used to obtain the Fig. 4(a), cause the mask for
staff removal to be badly generated, eroding many lines on
the binary image.

4. CONCLUSIONS AND DISCUSSION

In this paper, a method to extract the frontispieces from an-
cient scores has been presented. The algorithm is able to
separate the image into two pages when needed, performing
a correction of rotation and determinating the region where
the frontispieces could be.
This algorithm is part of a global OMR system which goal
is to determinate all the information available of an ancient
score using only its frontispieces, by comparing a series of
descriptors with a huge database. To this end, a process of
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Figure 7: Sample column histograms.

Table 1: Performance of the developed algorithm.
Probability of Global Only pages with
detection of several frontispieces

100% of
frontispieces 0.82 0.82

75% of
frontispieces 0.02 0.02

66% of
frontispieces 0.01 0.01

50% of
frontispieces 0.10 0.13

0% of
frontispieces 0.05 0.02

Table 2: Probability of false positives.
Number of Global Only pages with

false positives several frontispieces
Any 0.42 0.44
[1–3] 0.33 0.34
[4–6] 0.05 0.05
[7–9] 0.04 0.05

tracking needs to be implemented in the future, to correct the
possible partial cut suffered by some frontispieces in thispro-
cess, and the use of some descriptors to distinguish the real
frontispieces between other false positive cases, reducing the
amount of false positives.
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ABSTRACT 

Face occlusion is a very challenging problem in face recog-
nition. The performance of face recognition system can de-
crease drastically due to the presence of partial occlusion on 
the face. One approach to overcome this problem is to first 
pre-classify faces into two classes: the clean face and the 
occluded face; then faces in different classes are treated by 
different recognition systems. In this case an algorithm which 
is able to automatically detect the presence of occlusions on 
the face will be a useful tool to increase the performances of 
the system. In this paper we present a scarf detection algo-
rithm. In the experimental results the performances of the 
algorithm are reported and compared with state of the art 
systems. 

1. INTRODUCTION 

Over the past decades, face recognition has become a popu-
lar research topic in computer vision and one of the most 
successful applications of image analysis and understanding. 
Many researchers work actively and many face recognition 
methods have been proposed in the scientific literature [1].  
State of the art face recognition systems perform with high 
accuracy under restricted environments, but performances 
drastically decrease in practical conditions such as video 
surveillance of crowded environments or large camera net-
works. The main problems are due to changes in facial ex-
pressions, illumination conditions, face pose variations and 
presence of occlusions on the selected face. Focusing on the 
last point, faces recorded through a video surveillance sys-
tem, can be partially occluded by accessories such as scarf, 
hat or sunglasses that make the recognition a difficult task. 
In this context, developing a face recognition system robust 
to partial occlusion means to be able to recognize people in 
spite of the presence of partial occlusions on the face.  
There are two possible approaches to address the partial 
occlusion problem for face recognition. The first is to build a 
face recognition system which acquires good results for both 
the normal face and the partially occluded face. Another 
approach is to first pre-classify the face images into two 
classes with respect to face occlusion, and then customized 
classifiers are used for the face recognition in the two 
classes. The first approach is straightforward; however, such 
a system demands delicate tuning parameters, thus it suffers 
from the high complexity. On the other hand, local feature-
based approaches can be integrated into the second ap-
proach, where only the non-occluded features are used for 

recognition.  In this respect, we invest in occlusion detection 
methods to pre-classify the face images, in order to improve 
the performance of a potential face recognition system.  
To the best of our knowledge, there are two main kinds of 
occlusion detection: the facial feature based methods [2][3] 
and the learning based methods [4][5]. The facial feature 
based methods exploit the information of facial features 
(such as mouth [2] or skin colour [3]) to decide whether or 
not a face is occluded. Whereas the learning based methods 
use a large number of positive (clean faces) and negative 
(occluded faces) samples to train a classifier, which can pre-
dict the label of an unknown face. In [4], a learning based 
method was proposed by combining principal component 
analysis (PCA) and support vector machine (SVM). In [5], 
the authors obtain the gradient map of the image before PCA 
and SVM in order to reduce the effects due to illumination 
variations. 
The reported methods mainly tackle two different occlu-
sions: the upper part occlusion due to sunglasses and the 
lower part occlusion due to scarf. To detect an occlusion 
caused by sunglasses is possibly less difficult since most 
sunglasses possess a similar appearance which is signifi-
cantly different from a clean face’s appearance. Further-
more, the large variation of scarf appearance with respect to 
structure and colour makes scarf detection a more difficult 
problem. Facial feature based methods [2][3] are not robust 
to such variations. In this paper we focus on the scarf detec-
tion problem.  
Other than improving the performance of face recognition 
systems, scarf detection is useful in many video surveillance 
applications. An example could be to reinforce stadium se-
curity. It is known, in fact, that football hooligans tend to 
wear scarves or masks to prevent their faces being recog-
nized before committing crimes in the stadium (see Figure 
1). Hence, a scarf detection system integrated in a video 
surveillance system at the stadium could be useful to prevent 
such risks. 

 
Figure 1 – Football hooligan wearing a scarf in a stadium (taken 

from internet). 
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Unlike regular biometric systems, surveillance systems can-
not provide high quality images of the region of interest (e.g. 
face) in most cases. Therefore, the scarf detection should 
maintain a good performance for low quality images (such as 
noised images). In this paper we present a novel learning 
based method for scarf detection. Instead of using gradient 
map in [5], we obtain the features using Gabor wavelet be-
fore PCA and training the SVM. Experiments show that our 
method gives competitive accuracy in both high quality and 
low quality images. 

2. PROPOSED METHOD 

The proposed method is comprised of three parts: features 
extraction, dimension reduction and classification. First, 
features extraction is achieved by using Gabor wavelet. 
Then, the principal component analysis is applied to the 
features representation to reduce its dimension. In the end, a 
trained support vector machine is used to discriminate the 
clean and the scarf faces.   

2.1 Gabor wavelet based feature extraction. 
Gabor wavelets are widely used in image analysis due to 
their biological relevance and computational properties [6] 
[7]. In our method, we use Gabor wavelets to extract our 
features, since they can exhibit the characteristics of features 
in terms of spatial locality and orientation selectivity in the 
space and frequency domain.  
2.1.1 Gabor wavelets 
The first step is to build the Gabor wavelets. Gabor wavelet 
consists of a complex sinusoidal carrier and a Gaussian enve-
lope. In our work, the definition of Gabor kernels is as given 
in [8]: 

GWµ,��z� 	 
�µ,�
�
δ� ���
�µ,�
����� ���� �����µ,�� � ���� �⁄ � 

where µ and γ are the orientation and scale of the Gabor ker-
nels. � 	 �!, "� is the size of the kernel window. ||•|| denotes 
the norm operator. �#,$ is a wave vector defined as following: �µ,� 	  ����%& 
where  �� 	  �'() *�⁄  +, 	 8πµ  �-./  is the maximum frequency, and * is the spacing factor 
between kernels in the frequency domain.  
In our method we set z = (20, 20), δ = 2π, �-./= π/2 and  * 	 √2 . To extract the features in different scales and orien-
tations the Gabor kernels are generated in five scales γ ∈ [0, 
..., 4], and eight orientations µ ∈ [0, ..., 7]. Therefore there 
are 40 Gabor kernels (let us indicate them with 34�, where i 
∈ [0, ..., 39]) generated for the later processing. Figure 2 
shows the real part of the Gabor kernels and the correspond-
ing magnitudes in 5 scales. In the figure, the desirable prop-
erties of spatial frequency, spatial locality and orientation 
selectivity is clearly shown. 
2.1.2 Features Extraction 
The 40 generated Gabor kernels are convoluted with the 
original image. Because the generated Gabor kernels are 
described in complex values which contain a real part 

GW�56.7  and an imaginary part GW�8-.9 , the two parts are 
convoluted with the target image separately. The process of 
two-dimensional convolutions with the real part and the 
imaginary part of Gabor kernels is described as follows: 

C;<=(>�?, @� 	 A A GW;<=(>�B, C�I�x � B, y � C�G�H
IJK

L�H
MJK  

C;N'(O�?, @� 	 A A GW;N'(O�B, C�I�x � B, y � C�G�H
IJK

L�H
MJK  

Then the two filtered images C;<=(> and C;N'(O are combined 
using a linear method: 

C;�?, @� 	 PC;<=(>�?, @�� Q C;N'(O�?, @�� C;  is the filtered image which corresponds to the Gabor 
wavelet in a specific scale and orientation. Figure 3 shows 
an example image (the lower part of a clean face) and the 40 
filtered images using the above mechanism.  In the figure, 
the filtered images exhibit the properties of the original im-
age in different scales and orientations corresponding to the 
Gabor wavelets shown in Figure 2. 

 

 
Figure 2 – Real part of the 40 Gabor wavelets and their magnitudes 

in five scales. 

 
Figure 3 – An example image and the 40 filtered images by using 

Gabor Wavelet. 

In five different scales and eight different orientations the 
filtered images can be described as the following set:   Ω 	 ST�, U V W0, … , 39\] 
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All 40 filtered images are used as the features for classifica-
tion. An augmented feature vector is constructed by con-
catenating all the filtered images in Ω (row by row or col-
umn by column). Because the augmented feature vector is 
too large to perform the PCA, it is downsampled by a factor 
λ, to finally obtain the feature vector ^ of each image. 
The selection of λ is empirical. In our experiment, λ is set to 
5 according to the size of the normalized images. The feature 
vector ̂  contains all the desirable features from Gabor wave-
lets and it is regarded as the discriminative information in the 
later classification task.  

2.2 Principal Component Analysis 
Even if the augmented feature vector is a result from the 
downsampling of the filtered images, the data dimension is 
still too high for efficient classification. In our method, the 
principal component analysis (PCA) is applied to the feature 
vectors obtained from both positive (clean faces) and nega-
tive (scarf faces) images to reduce the data dimension and to 
make the new representation more distinguishable. 
To perform PCA we first construct a data set which consists 
of two types of data, in which half of the features are ob-
tained from clean faces and another half is obtained from 
scarf faces. Let us define the size of the data set to be _; if ^`  and ̂ a are the feature vectors generated from clean faces 
and scarf faces respectively, the data set S can be written as: b 	 S Ĥ̀ , ^�̀ , … , ^c �⁄` , ^c �⁄ dHa , … , ^ca ] 
We obtain the mean ê of the feature vectors in S by: 

ê 	  1_ A ^-
c

-JH  

The difference +�  between the feature vector �̂  and the 
mean ̂e is computed by: +� 	  �̂ � ê 
Therefore the covariance matrix can be written as: 

T 	  1_ A +g
c

gJH +gh 	 iih  

where A 	 W+H, +�, … , +c]. Then the eigenvectors and asso-
ciated eigenvalues of the covariance matrix T  can be ob-
tained to describe the eigenspace. 
All features extracted from the original image are projected 
onto the eigenspace.  

 
Figure 4 – Distribution of the two classes in the eigenspace. 

Figure 4 shows the distribution of features in the eigenspace 
(projected onto first 3 eigenvectors).  In the figure, the eigen-
space is constructed by 150 clean faces (blue circles) and 150 
scarf faces (red crosses). This observation demonstrates that 
the features from the two classes are roughly separated into 
two clusters in the eigenspace. Nevertheless, the feature pro-
jection onto all the eigenvectors is still too expensive for the 
computation in classification. Therefore we select the first k 
eigenvectors (the most discriminative ones) as the projection 
basis, whereby the features are obtained for classification. In 
our method, k is selected in order to maximize the classifica-
tion accuracy during training. 

2.3 Classification by Non-linear SVM 
Support vector machine (SVM) is a very powerful tool for 2-
class data classification in the high-dimensional space. Let’s 
consider a training set consisting of l samples in the form S?� , @�]�JHm , in which ?� is the feature vector of a sample and @� V S�1,1] is the label which indicates which class ?� be-
longs to. SVM finds the maximum-margin hyperplane to 
separate the data by: 

*�?�� 	 nUop qA r�@�s�?� , ?t�m
tJH Q uv 

where S?t, w V W1, l\]  are the support vectors. Non-linear 
SVM applies the "kernel trick" to fit the maximum-margin 
hyperplane in a transformed feature space. Here we use the 
Radial Basis Function (RBF) kernel. The RBF kernel can be 
written as: sx?� , ?ty 	 ��$
/z�/{
� , | } 0 
In our experiments, the tool LIBSVM [9] is used to perform 
the non-linear SVM. 

3. EXPERIMENTS AND RESULTS 

In our experiments, the proposed method is compared with 
the two other learning methods. Because our method uses 
Augmented feature vector, PCA and SVM, we give it a short 
name as APS. Similarly, the methods presented in [4] and 
[5] are named as PS (PCA and SVM) and GPS (Gradient 
map, PCA and SVM) in the same manner. 

3.1 Databases 
The first database we used is the AR face database (ARFD) 
[10]. It is widely used in the experiments for face detection 
and face recognition related to the occlusion problem be-
cause it contains a large number of occluded faces. Figure 5 
shows four examples of face images from ARFD.  

 
Figure 5 – Sample images from ARFD. 

In ARFD, 300 clean faces and 300 scarf faces are selected. 
The clean faces are comprised of the faces of 50 males and 
50 females with 3 different facial expressions (natural ex-
pression, smile and anger); where the scarf faces are com-
prised of the faces of 50 males and 50 females with scarves 
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under 3 different illuminations (left side light, right side light 
and all sides light). 
In ARFD, most of the scarves are dark, and there is a
the variation of structures in the scarf appearance
world, the scarves can have various colours
than the skin colour) and various structures on the appea
ance (e.g. grids on the scarf). To test the robustness 
methods for various scarf appearances, we built
face database – the EURECOM face database 
ERFD consists of 72 face images taken from 6 lab members 
in 2 sessions. In each session, there are 3 clean faces
different facial expressions (natural expression, smile and 
talking) and 3 scarf faces with different scarf appearances for 
each individual. We select the clean faces with different f
cial expressions in order to increase the variation of each 
individual, so that images are more suitable to simulate the 
real conditions from video surveillance system
are 36 clean faces and 36 scarf faces. Figure 
scarf faces extracted from ERFD. It exhibits the large vari
tion of scarf appearance. 

Figure 6 – Examples of scarf face from ERFD

For both databases, the face region was extracted from the 
original images. Then the lower half of the face region 
segmented for scarf detection. All the extracted lower part of 
faces was normalized into a fixed size of 90*50

3.2 Eigenvectors selection 
PCA is the essential step in PS, GPS and APS 
final features. We select the first H eigenvector
jection basis. The choice of H for each method is 
In our experiments we select H to maximize the classification 
accuracy of each method during training as shown in the 
following results.  

3.3 Experiments on ARFD 
We define the positive norm as scarf face (i.e. a clean face 
classified as a scarf face is a false acceptance whereas a scarf 
face classified as a clean face is a false rejection)
of PS, GPS and APS on ARFD are shown in T

Method FAR Detection Rate 
PS 2.67%  99.33% 
GPS 2%  98.67% 
APS 1.33%  99.33% 

Table 1 – Results of PS, GPS and APS on ARFD

From the results in the table we can observe that the pr
posed method (APS) gives very good detection rate with the 
lowest false acceptance rate. The classification accuracy of 
the three methods on various numbers of eigens (1
shown in Figure 7. It shows that the proposed method (APS) 
outperforms the others when using a higher number of e
gens. 

3.4 Experiments on ERFD 
The results of PS, GPS and APS on ERFD are shown in T
ble 2. Notice that the ERFD is relatively small (only 18 clean 
faces and 18 scarf faces are used for training). Therefore the 

different illuminations (left side light, right side light 

there is a lack of 
appearance. In real 
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structures on the appear-

robustness of the 
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both databases, the face region was extracted from the 
original images. Then the lower half of the face region was 
segmented for scarf detection. All the extracted lower part of 

50 pixels. 
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vectors as the pro-
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to maximize the classification 

as shown in the 

(i.e. a clean face 
classified as a scarf face is a false acceptance whereas a scarf 
face classified as a clean face is a false rejection). The results 

Table1.  

 H 
38 
29 
51 

on ARFD. 

in the table we can observe that the pro-
posed method (APS) gives very good detection rate with the 

The classification accuracy of 
the three methods on various numbers of eigens (1-100) is 
shown in Figure 7. It shows that the proposed method (APS) 
outperforms the others when using a higher number of ei-

and APS on ERFD are shown in Ta-
ble 2. Notice that the ERFD is relatively small (only 18 clean 
faces and 18 scarf faces are used for training). Therefore the 

variation of statistical results in ERFD is greater than in 
ARFD. 

Figure 7 – Classification accuracy of PS, GPS and APS on ARFD

Method FAR Detection Rate
PS 11.11%  77.78%
GPS 5.55%  100% 
APS 0%  100% 

Table 2 – Results of PS, GPS and APS on 

From the results in the table we can see that both GPS and 
APS give the perfect detection rate. But the false acceptance 
rate in GPS is higher than in APS. Figure 
fication accuracy of the three methods 
eigens (1-36). In the figure, both GPS and APS 
performances. In contrast, the accuracy
lower than GPS and APS. Therefore, directly using the inte
sity image for classification (PS) is not robust to the variation 
of scarf appearance. 

Figure 8 – Classification accuracy of PS, GPS and APS on ERFD

3.5 Experiments on Gaussian noised images
In video surveillance systems, the image quality may not be 
optimal as the images obtained from laboratories. Hence the 
scarf detection is required to be robust t
method (APS), PS and GPS on a Gaussian noised
images from ERFD. In the experiments, we first add a Gau
sian noise to the original images (here the Gaussian noise is 
zero mean with the variance at 0.005)
different methods to the images after noising. 
the classification accuracy of PS, GPS and APS on the Gau

variation of statistical results in ERFD is greater than in 

accuracy of PS, GPS and APS on ARFD. 

Detection Rate H 
77.78% 7 

22 
7 

Results of PS, GPS and APS on ERFD. 

From the results in the table we can see that both GPS and 
detection rate. But the false acceptance 

Figure 8 shows the classi-
 on various numbers of 

. In the figure, both GPS and APS provide good 
accuracy of PS is significantly 

. Therefore, directly using the inten-
for classification (PS) is not robust to the variation 

of PS, GPS and APS on ERFD. 

Gaussian noised images from ERFD  
, the image quality may not be 

from laboratories. Hence the 
scarf detection is required to be robust to noise. We tested our 

Gaussian noised version of 
In the experiments, we first add a Gaus-

(here the Gaussian noise is 
zero mean with the variance at 0.005). Then we applied the 

the images after noising. Figure 9 shows 
of PS, GPS and APS on the Gaus-
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sian noised images. In the figure, APS maintains good classi-
fication accuracy whereas the accuracy of GPS significantly 
decreases comparing to the results in Figure 8.  

 
Figure 9– Classification accuracy of PS, GPS and APS on Gaussian 

noised (mean=0, variance=0.005) images from ERFD. 

In order to prove that our method is more robust than PS and 
GPS with different strengths of noise, we vary the strength of 
Gaussian noise in the experiment. The mean of Gaussian 
noise is set to be zero and the variance of Gaussian noise is 
varying from 0.005 to 0.05 by step of 0.005. Figure 10 shows 
the effect of Gaussian noise with different strengths.  

 
Figure 10 – Examples of Gaussian noised image with various 

strengths. 

Figure 11 shows the result of this experiment. Here the num-
ber of eigens used in each method is fixed (k 	 20). In the 
figure the APS maintains good classification accuracy for all 
levels of strengths. In contrast, the PS and GPS performances 
dramatically decrease when the noise strength increases. 

4. CONCLUSIONS 

In this paper we have presented a new learning based method 
for efficient scarf detection. The proposed method (APS) is 
compared with state of art methods (PS and GPS) through 
various experiments. Both APS and GPS are efficient solu-
tions in restricted environments (e.g. biometric systems). But  
only APS qualifies the desirable performance in uncon-
strained environments (e.g. video surveillance systems).  
The next step is to study how to combine our method with 
face recognition in order to properly address the face occlu-
sion problem. Another research direction could be to extend 
the current method from still images to video, in which the 
human behaviour of putting on/off a scarf should also be 
analyzed.  

 

Figure 11–Classification accuracy of PS, GPS and APS on Gaussian 
noised images, mean=0, variance=0.005 to 0.05,  k=20. 
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ABSTRACT 
 

In this paper an automated digital system for the diagnosis of 
melanomas is presented. The system is based on the standard 
Pattern Recognition dermatological protocol. Two automatic 
algorithms of digital image processing have been developed 
in order to detect the appropriate patterns. This allows one to 
calculate some quantitative features based on the inner pat-
terns of the melanoma using simple-operations algorithms in 
order to minimize response time. The database used consists 
of 40 RGB images of 500x500; five (5) of each pattern im-
ages have already been catalogued by dermatologists and 
the results are successful according to the assessment of 
medical experts. The proposed algorithms presented a re-
markable rate of Globular and Reticular Pattern recognition 
with 0% of false negative and an average of 7.14% of false 
positive. Thus, it proves to be a reliable system when per-
forming a diagnosis. 
 

1.  INTRODUCTION 
 
Around the 65 % of the deaths due to skin diseases are 
caused by malignant melanomas which are the most danger-
ous kind of skin cancer. Although it is less common than 
other types of skin cancer, its occurrence is increasing re-
markably, having tripled in the last decade. 

Early detection in every caner is fundamental for the pa-
tient’s recovery. Statistics show that 90-95 % of cases, the 
patient, will achieve a full recovery if the melanoma is surgi-
cally removed when its thickness is less than 1 mm. How-
ever, when it is bigger than 1 mm, the prognosis is less opti-
mistic and the mortality rate increases to around 10-15% for 
each millimetre that the tumour has grown. This is the reason 
why it is essential for tumours to be detected as soon as pos-
sible and parameterized in a quantitative way using certain 
features for defining the stage in the evolution of the sickness 
more accurately.  

This research consists of a software solution designed to 
analyze photographs of the patient’s injury by means of im-
age processing techniques where the dermatologists will cap-
ture the image of a melanoma using a digital dermatoscope, 
and a stack of algorithms will process the image and provide 
an output diagnosis in an automated manner.  

By means of this program, dermatologists will have the 
advantage of detecting melanomas, in its first phases of for-
mation, in a rapid manner and prevent unneeded biopsies. 
Therefore the experience of the patients will be less obnox-
ious and the possibilities of preventing melanomas will in-
crease. 

The authors propose a software solution based on clini-
cal medical protocol, epiluminiscence images, and pattern 
techniques. The system evaluates the lesions, providing an 
evaluation with quantitative parameters. The result is an inte-
ger output where the melanoma has the Globular and/or Re-
ticular Pattern or not, using a simple-and-fast pattern recogni-
tion algorithm. The approach has taken into account the exe-
cution time so that it can be minimized. 

The main goal of this project is to ease the daily practice 
of dermatologists, supplying a tool for an objective assess-
ment of moles (melanoma in particular). This being the main 
aim, a number of secondary objectives could also be 
achieved:  

• To create a complete database with records of 
dermatological images and their cataloguing by a 
dermatologists team.  

• To develop image processing algorithms for the 
adequate segmentation of skin images for the cal-
culation of the suspect cancer parts of the mole in 
comparison with specific patterns.  

This paper is divided into the following sections: Section 
2 describe methodology used by dermatologist and the state 
of the art in pattern recognition. Section 3 explains the pro-
posed solution with a detailed description of the system de-
sign. In Section 4 the obtained results are shown, and Section 
5 presents the authors’ conclusions and future work. 

 
2. METHODS 

 
In this section the diagnostic methodology will be described 
in two parts: clinical and technical. Firstly, the method of 
“two-step diagnosis” used by dermatologists nowadays is 
explained in detail. After the clinical methods have been ex-
posed, the explanation will move on to the technical field 
related to image processing algorithms, commenting on the 
strengths and weaknesses involved in research towards the 
development of reliable pattern recognition algorithms.     
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2.1.  Clinical Methods 
 

The method of two-step diagnosis in dermoscopy is the algo-
rithm on which differential diagnosis is based. 
The diagnosis’ first stage is when the dermatologist must 
discern whether the lesion is melanocytic or not melanocytic. 
This classification is based on certain structures that, when 
present, help to correctly classify a lesion as a melanocytic 
tumour, spleen cell carcinoma, hemangioma, seborrheic kera-
tosis or dermatofibroma. When a skin lesion does not meet 
any of the criteria of melanocytic and non melanocytic, the 
tumour should be considered of melanocytic origin. In case 
that a melanocytic lesion has few criteria, it should be con-
sidered as a potential melanoma, especially when there are 
irregular or pinpoint vessels. 

When a tumour has melanocytic lesion criteria, the der-
matologist proceeds to the second stage of the algorithm to 
differentiate between a benign lesion (melanocytic nevi) and 
melanoma. For this purpose, various diagnostic methods that 
have been developed for this aim can be used, including the 
"ABCD rule" (which today is considered old-fashioned) and 
"pattern analysis" which provides a more reliable diagnosis. 

 

 
Fig. 1. Dermatoscopic Structures 

 
One or more types of shapes and colors of Fig. 1 can be 

present in melanocytic tumors. The location and distribution 
of shapes and colors can often create different visual patterns 
that are characteristic for certain injuries [1]. 

 
2.2.  Database 
 
The database was created with the collaboration of the 
Dermatology Department of Basurto Hospital in Bilbao, 
Spain. The images provided by the dermatologist Ana San-
chez were captured with a Molemax II digital dermatoscope 
and a dermatology application from Diagniscan, S.A Bolton 
Medical Group and a Canon Power Shot A630 digital cam-
era with 8.0 megapixels and a Dermlite Photo lens. The 
result is a 40 RGB of 500x500 pixels image database cata-
logued by a certified dermatologist. This database was used 
for the algorithm development process.  

 

 
Fig. 2. Dermatoscope Images Samples 

 
The images, as shown in Fig. 2, were carefully selected 

taking into account the quality, resolution and patterns of the 
melanomas. However, due to the standardized protocol fol-
lowed to capture epiluminiscence images, the explanation of 
the technique is out of scope in this paper since this applica-
tion will be handled by certified dermatologists. 
 
2.3.  Technical Methods 

 
Nowadays, there are numerous applications which imple-
ment algorithms intended images processing and performing 
biometric pattern recognitions, such as face, veins, iris, fin-
gerprint and so on. Nonetheless, there is no dermatology 
software that provides pattern recognition to help with the 
diagnosis of melanomas. These algorithms are usually based 
on Pattern Matching and Artificial Neural Network. 

Neural networks are high complex system used for a 
broad variety of fields, but one of the most important applica-
tions is pattern recognition. Pattern recognition can be im-
plemented by using a feed-forward neural network that has 
been trained accordingly. During training, the network is 
trained to associate outputs with input patterns. When the 
network is used, it identifies the input pattern and tries to 
produce the associated output pattern. The disadvantage is 
that they are notoriously slow, especially in the training phase 
and also in the application phase. Another significant disad-
vantage of neural networks is that it is very difficult to de-
termine how the net is making its decision. Consequently, it 
is hard to determine which of the image features being used 
are important and useful for classification and which are 
worthless [2]. 

Thus, an eigenvectors-based face recognition algorithm 
has been modified specifically for Globular and Reticular 
patterns recognition. The displays of the images created by 
eigenvectors appear as light and dark areas that are arranged 
in a specific pattern. This pattern shows how different fea-
tures of a face are singled out to be evaluated and scored [3].  

The results of the techniques explained above highlight 
the difficulties encountered in detecting shapes inside mela-
noma due to the unpredictable low similarity that exists be-
tween samples and the randomness of the patterns, in com-
parison with the predictable structure of faces and the tardi-
ness in producing a result.   
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3. SYSTEM DESIGN 
 

Segmentation is a low level task that aims at partitioning an 
image into different homogeneous regions, according to 
various properties like colour, texture, shape, motion, etc. It 
is useful for many high-level applications in such diverse 
fields as remote-sensing, medical imaging, video coding, 
image restoration, and so on [4]. Therefore, it has been con-
cluded that image-processing algorithms must be developed 
to enable a basic and simple operation that will have the ad-
vantage of providing results in a short period of time. 

Due to the nature of melanomas, two or more patterns 
can be present in the same skin lesion. As a consequence, a 
pattern recognition algorithm should be designed for each 
type of pattern so that the image can be processed by those 
algorithms in parallel, and later a diagnostic subsystem 
should develop the diagnosis on the basis of the 8 outputs 
from the stack of algorithms, as shown in Fig. 3. Pattern rec-
ognition algorithms will be specifically designed for each 
type of pattern in Fig. 2. 

 
 

 
 
 
 
 
 
 

Fig. 3. Diagnosis System Scheme 
 

Real world applications, it is evident that images not 
only contain instances of the objects of interest, but also large 
amounts of background pixels. If no elementary shape fea-
tures are available for the input data, one has to rely solely on 
the information provided by colour and textures attributes 
[5]. 

As it will be seen in Fig. 5 and Fig. 6, the processing 
consists of extracting the useful and desired part of the mela-
noma and detecting the shapes corresponding to the Globular 
and Reticular pattern. 

Nonetheless, the complete diagnostic system is designed 
to shelter a post-processing; in which dermatological data 
should be loaded, in order to perform a correct diagnosis 
based on the outputs of the detection algorithms (As shown 
in Fig. 3). 

A graphic user interface was developed taking into ac-
count the usability and the representation of results. As seen 
in Fig. 4, the screen is dived in two regions: the qualitative 
(image representation) and the quantitative (numerical re-
sults). On the image representation panel the application will 
display: the original epiluminescence photograph, a represen-
tation of the lesion’s shape, and two other processed images 
where the Globular and Reticulated patterns are extracted 
and highlighted. On the other panel, dermatologist will be 
able to adjust the threshold which will determine the number 
of shapes that have to be detected in order to have a 100% 
probability regarding the presence of each pattern.  

 
Fig. 4. Diagnostic System Prototype Interface 

 
The window explained above (Fig 4.) is a prototype that 

will be extended in accordance with the addition of new fea-
tures and more pattern recognition algorithms. 

 
3.1.  Globular Pattern Recognition Algorithm 

 
The following algorithm was developed with the aim of de-
tecting the shapes that correspond to the Globular Pattern.  
The process is as follows, based on Fig. 5: 

Step 1: The input is an epiluminescence RGB image of 
500x500 pixels captured with a dermatoscope and 
downloaded to the computer. It will be called I. 

Step 2.1: In this stage a filter is applied to image I in or-
der add blur, thus removing details that are not necessary for 
the detection of the melanoma’s shape. This resulting image 
is IBR. 

Step 2.2: This step is to convert the input image, to a 
256-bit greyscale image of the same size. This image is IG. 

Step 3: The image IG is equalized and then converted to 
a binary image IB where the differences in the intensity of 
the image is represented with white pixels and the rest with 
black, 1s and 0s respectively. 

Step 4: The melanoma’s shape is extracted from image 
IG, which is IB filtered, and placed on a binary image –IM- 
using equation (1). 

           , 1    ,
0                                   

                 (1) 
Step 5: In this step, a subtraction between IB and IM 

takes place in order to delete the unwanted information from 
outside the melanoma from IB. The result is the image I2. 

Step 6 (Optional): Image IM is eroded with a flat disk-
shaped structuring element B with radius 2 (equation (2)) in 
order to create a smaller shape of the melanoma in a new 
image: IM2. 

             2                          (2) 
Step 7 (Optional): In order to delete the inner area that is 

over-pigmented, thus the globular pattern is not visible, I2 is 
subtracted with IM2 

Step 8: In this step, the lines in I3 are dilated with a flat 
disk-shaped structuring element B with radius 2 (equation 
(3)) in order to close possible open shapes which correspond 
to the Globular Pattern. The resulting image is called ID. 

                3 3                             (3) 

Globular Pattern 
Recognition  
Algorithm 

Reticulated Pattern 
Recognition  
Algorithm 

Diagnostic Subsystem 
Input 
Image Result 
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Step 9: A fill function is implemented in order to assign 
white pixels to those surrounded by closed shapes in image 
ID. The result is IF. 

Step 10: IF is eroded with the aim of removing the lines 
and leaving only medium-size shapes. This image is IE. 

Step 11: The remaining pixels of IE are dilated in order 
to make the result more visible for the user: the IU image. 

 

 
Fig. 5. Globular Pattern Algorithm’s Block Diagram 

 
The system is based on a modular architecture where the 

aims of each block are clearly separated. 
 

3.2.  Reticulated Pattern Recognition Algorithm 
 

The following algorithm was developed with the aim of de-
tecting the shapes that correspond to the Reticular Pattern.  
The process is as follows, using Fig. 6 as reference: 

Step 1: The input (I) is loaded in the application. 
Step 2: The second step is to convert the original image 

I, which is a 500x500x3 matrix (or 500x500 RGB), to a 256-
bit greyscale image of the same size. This image is IG.  

Step 3: In this stage a Gaussian Lowpass Filter, which 
matrix is LPF (size=8,σ=10), is applied to image IG in order 
to add blur (as shown in the equation (4)), thus removing 
details that are not necessary for the detection of the mela-
noma’s shape. This resulting image is IBR. 
                                                                 (4) 

Step 4: The image IG is equalized and then converted to 
a binary image IB where the differences in the intensity of 
the image is represented with white pixels and the rest with 
black, 1s and 0s respectively. 

Step 5: The melanoma’s shape is extracted from image 
IG, which is IB filtered, and placed on a binary image –IM- 
using the edge detection equation (1).                    

Step 6: In this step, a subtraction between IB and IM 
takes place in order to delete the unwanted information from 
outside the melanoma from IB. The result is the image I2. 

Step 7: A fill function is implemented in order to assign 
white pixels to those surrounded by closed shapes in image 
I2. The result is IF. 

Step 8: Image IF is eroded using equation (2) to create a 
smaller shape of the melanoma in a new image: I3.                           

Step 9: The remaining white pixels of I3 are dilated with 
equation (3) in order to have a similar size of the former 
shapes: the IU image.  

Step 10: The image IU is inverted creating image IUI. 
Step 11: An overlay is applied with IUI and IG, in order 

to delete all the information of IG except the shapes of inter-
est. The result is IS. 

Step 12.1: The mean value of the melanoma’s intensity 
is calculated. 

Step 12.2: The remaining shapes of IS are filtered and 
those whose mean value doesn’t exceed the mean value of 
the melanoma are removed as shown in equation (5). 
              ∑                 (5) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 6. Reticular Pattern Algorithm’s Block Diagram 
 
The system has been developed to process images in a 

fast manner in order to be comfortable for the users. 
 

4. RESULTS 
 
The next sequence of images in Fig. 7 and Fig. 8 represent 
the Globular and Reticular pattern recognition, respectively, 
of four of the images from the evaluation database.  
 
            Globular Pattern               Non-Globular Pattern 

 
Fig. 7. Pattern Recognition Image Processing 

 
           Reticulated Pattern            Non-Reticulated Pattern 

 
Fig. 8. Reticular Pattern Recognition Image Processing 
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The results that will be shown in the next graphics and 
tables are the outcome of the tests performed to the algo-
rithms with RGB images of 500x500 pixels. The size was 
determined as the best one after evaluating the algorithms 
with different resolutions.  

Graph 1 and Graph 2 shows a comparison between the 
false positives and false negatives of the proposed Globular 
and Reticulated, respectively, pattern recognition algorithms 
and the modified face recognition algorithms [3].  
 

 
Graph 1. Globular Pattern Algorithms False Positives and 

False Negatives Results  
 

 
Graph 2. Reticulated Pattern Algorithms False Positives and 

False Negatives Results 
 

In Table 1 we can see the average results of the algo-
rithms’ performance in reliably detecting the patterns that 
they were conceived for and contrasting it with the other 
algorithms. 

 
 Proposed Algorithms Other Algorithms 

Pattern False  
Positive 

False  
Negative 

False 
Positive 

False 
Negative 

Globular 8.57% 0% 2.85%  80%  
Reticulated 5.71% 0% 17.14%  60%  

Average 7.14% 0% 11.42% 70% 
Table 1. False Positives and False Negatives Results 
 
The proposed algorithms are remarkably more accurate 

in detecting the specified patterns, in spite of their higher 
False Positive rates. Nevertheless, the scope of this research 
is the development of a new tool rather than the improvement 
of existing techniques.  
 

5. DISCUSSIONS AND CONCLUSIONS 
 
On the one hand, after testing the proposed algorithm and 
comparing the result with the ones from the generic pattern 
recognition technique that was modified to detect patterns in 
skin lesions, it can be said that the proposed algorithms are 

virtually 100% accurate in Globular and Reticular pattern 
identification from the images (with those patterns). As re-
gards false positives, the proposed Globular and Reticulated 
algorithms are maintained at an average of 8.57% and 5.71%, 
respectively. However, this data should not be a cause for 
concern because the global system (which will house the set 
of algorithms to recognize patterns listed in Fig. 1) will not 
make the final decision by only taking into account one algo-
rithm, but will correlate partial outputs of each subsystem so 
as to recognize each specific pattern. Therefore, the end re-
sult will be well below 10%. On the other hand, the false 
negatives average of the proposed algorithms is 0%. This 
average must be as low as possible to prevent a doubtful di-
agnosis of a malignant melanoma. 

On the other hand, focusing on the images that the algo-
rithm delivers as the final result, specialists in dermatology 
collaborating in this research have shown that the result is 
helpful for subjective  diagnosis of the original images as it 
provides confirmation of the specific identified patterns. This 
is helpful in the early years of dermatologists’ practice, when 
they do not have enough experience to draw patterns visually 
within the melanoma.  

Currently, the developments of algorithms aimed at de-
tecting reticulate, starburst and blue veil pattern are taking 
place. Once the research and development of all the algo-
rithms required to detect all existing patterns has been com-
pleted, a system integrating all the algorithms will be devel-
oped. This system will help dermatologists to deliver a fast 
and non-invasive diagnosis. Thus, it will help prevent skin 
cancer and treat it in its early stages, because patients will be 
more comfortable when tracking their lesions. 
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ABSTRACT

In this paper, we present a system to detect and track crowds
in an image sequence captured by a camera. In the first step,
we compute optical flows by means of pyramidal Lucas-
Kanade feature tracking. Afterwards, a density based clus-
tering is used to group similar vectors. In the last step, a
crowd tracker is applied to each frame, allowing us to detect
and track the crowds. The output of the system is given as
a graphic overlay, i.e. arrows and circles with different col-
ors are added to the original images to visualize crowds and
their movements. Evaluation results show that the system
is capable of detecting certain events in the crowds, such as
merging, splitting and collision.

1. INTRODUCTION

Security systems are getting more and more important nowa-
days. With the growth of threats, companies tend to invest
more capital in surveillance and security companies. These
security companies have a tendency to develop more digital
surveillance applications and deploy less human resources,
especially with the global economic crisis. Moreover, not
only surveillance is important, but also systems capable of
recognizing how people act in public scenarios and analyz-
ing the information coming from it. For instance, if there is a
moment when the speed of crowd momentarily goes to zero,
maybe there are some event happening in that space. The
capability of detecting where the group of people is mov-
ing is useful for urban design. For instance, the area where
many people are passing frequently should not be designed
as an enclosed space. For those reasons, crowd analysis has
received more and more attention from technical and social
research disciplines.

In this paper, we propose a system that detects multiple
crowds and their movements. The system detects crowds
with different shapes and motions and tracks them over time.
Moreover, it has the function to compute statistics from the
collected tracking information. The paper is organized as
follows. In Section 2 relevant work is discussed. In Sec-
tion 3 we introduce our system, which consists of the follow-
ing blocks: Optical Flow Computation, Block Partitioning,
Density Based Clustering and Crowd Tracking. We make an
evaluation of our system in Section 4 and finally we conclude
and discuss possible future work in Section 5.

2. RELATED WORKS

One of the most intuitive techniques for detecting object is
background subtraction. It detects the foreground objects
as the difference between the current frame and an image

of the scene’s static background. Several algorithms us-
ing this technique are presented in [1] and [2]. Neverthe-
less, this technique is sensitive to illumination and motion
changes. For instance, camera oscillations or high-frequency
background objects may disturb the results of this technique.
Other methods combine statistics with knowledge on the
moving object [3]. Using real-time segmentation of mov-
ing regions, an improvement is presented in [4]. According
to the solutions proposed, background subtraction gets accu-
rate, but they are highly computational demanding.

Block matching technique [5] divides images into small
blocks. For each reference block, a search is made over all
shifted versions of that block within a rectangular region in
the next frame, known as the search window. The candidate
block with the minimum distortion from the reference block
gives the estimated motion of the reference block. Many cri-
teria exist for the distortion measurement between reference
and candidate blocks. In [6] the mean absolute error is used,
which offers a good trade-off between complexity and effi-
ciency.

Optical flow methods, that use differential techniques,
are based on the hypothesis that brightness of a particu-
lar moving point is constant over time. In order to calcu-
late optical flows a lot of algorithms are proposed such as
Horn and Schunck’s Method [7] and Lucas and Kanade’s
Method [8]. These methods suffer from problems of ac-
curacy and illumination changes. In order to solve these
problems some improvements are presented. Among them,
the most important one is the pyramidal implementation of
Lucas-Kanade’s Method [9], that allows to detect motions
with different speeds.

Andrade [10] characterizes crowd behaviour by observ-
ing the optical flow associated with the crowd and uses un-
supervised feature extraction to encode normal crowd be-
haviour. Other techniques have been recently presented. A
relevant one [11] is the introduction of self-organizing maps
for the visualization of crowd dynamics and to learn mod-
els of the dominant motions of crowds in complex scenes.
An useful and interesting technique is the detection of major
flows and events in crowd scenes, using a Direction Model
constructed from Von Mises distributions applied to the ori-
entation of the optical flow vectors [12].

3. A CROWD ANALYSIS SYSTEM

In order to find out which part of the input frames are moving,
we use the KLT feature tracker [13] where motion detection
is computed by using the pyramidal Lucas-Kanade optical
flow method, based on the Shi and Tomasi Corner Detection
Algorithm [14]. The pyramidal implementation allows us to
obtain more robustness against big movements. Besides, the
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method is fast enough to allow us to obtain real-time results.
An important remark is the fact that we are going to deal

with crowds that can assume different shapes. For that, a
density based clustering is well suited to group the differ-
ent motion vectors into clusters. An interesting solution is
the DBSCAN algorithm [15], that has the capability to work
without knowing how many clusters it has to discover and at
the same time it can find clusters with different shapes.

Figure 1 shows the basic computation flow of our system.
The system takes raw sequential frames as input and gives
crowd detection in a graphic overlay as output.

Figure 1: Data flow

3.1 Optical Flow Computation

This step takes two subsequent frames as input Fk and Fk+1:
first Fk is used to detect strong corners (this allows us to re-
duce the dimensionality, since we leave out pixels that are not
strong corners), and then we exploit Fk+1 to compute optical
flow of these corners. The optical flow estimation returns a
matrix Ak : 

V11 · · · V1 j · · · V1Q
· · · · · · · · · · · · · · ·
Vi1 · · · Vi j · · · ViQ
· · · · · · · · · · · · · · ·
VP1 · · · VP j · · · VPQ


where P and Q are the horizontal and the vertical dimension
of the input frames, respectively, and Vi j = (Xi j,Yi j,Mi j,αi j)
is the motion vector related to the i j pixel. For each Vi j:

• Xi j and Yi j are the X and Y coordinate at frame Fk+1 of
pixel i j of frame Fk;

• Mi j is the magnitude of the vector computed as the Eu-
clidean distance between point (i, j) and point (Xi j,Yi j)

• αi j is the motion direction of pixel i j
Since we compute motion of strong corners only, many Vi j
vectors will be null vectors. In other hand, Mi j and αi j could
have been not included in Vi j, but since they are used sev-
eral times during the crowd tracking stage, we have decided
to use them in order to improve the efficiency of the crowd
tracker.

3.2 Block Partitioning
In order to reduce dimensions (P× Q matrix is too big)
and noise (optical flow can be noisy if we consider single
vectors), we compute a matrix Ãk by applying a window
W ×W , such that Ãk is:

Ṽ11 · · · Ṽ1 j · · · Ṽ1Q̃
· · · · · · · · · · · · · · ·
Ṽi1 · · · Ṽi j · · · ṼiQ̃
· · · · · · · · · · · · · · ·
ṼP̃1 · · · ṼP̃ j · · · ṼP̃Q̃


where:

• P̃ = P/W
• Q̃ = Q/W
• Ṽi j is the vector sum of all vectors in a window, centered

at pixel i j
In order to reduce the error made in crowd detection with

respect to the benchmark data (see section 4), we choose em-
pirically W = 11. We obtain a faster cluster computation (see
section 3.3) by raising the value of W but we loose infor-
mation about motion vectors. Similarly, we reduce the ap-
proximation but we need more time to find out clusters by
lowering W , because the resulting Ãk will be too big.

3.3 Density Based Clustering
Each vector belonging to the Ãk matrix represents the motion
vector of a certain block of the image plane. These vectors
need to be grouped in order to form a crowd, i.e. by applying
clustering techniques [16]. A special attention has to be paid
to the definition of a cluster in our case. Generally speaking
a cluster is a collection of objects/data that have:

• High internal similarity: objects in a given cluster are
very similar between themselves;

• Low external similarity: given two objects taken from
two different clusters, they have low similarity between
themselves.
The neighbourhood function is defined as follows: given

two vectors Z1 and Z2 they are said to be neighbours if the
following conditions are all jointly met:

• Their initial points are no more distant than ε , empirically
set to 10.

• Their directions are similar.
• Their magnitudes are similar.

The similarity introduced above means that we are going
to define some acceptance thresholds for direction and mag-
nitude:

• two vectors V1 and V2 have similar directions if the abso-
lute value of the difference between their angles, α1 and
α2 is not greater than 25 degrees.

• two vectors V1 and V2 have similar magnitude if the ab-
solute value of the difference between their magnitudes
is not greater than 10.

Moreover, this definition of similarity allows us to recognize
splitting and merging crowds and to deal with collapses. The
above defined thresholds are strictly related to the mutual po-
sition of the camera and to the crowds to be chased. A closer
camera will be more sensitive to small movements and to
noise as well, so it would be more suitable to raise these
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thresholds. A farther camera will not notice small differ-
ences between vectors, so we will have to reduce acceptance
thresholds.

3.4 Crowd Tracking
In our implementation, each crowd has an ID. During the
crowd detection process it could happen that the same crowd
is given two different IDs across different frames. This is
due to the fact that the crowds moving on the image plane
are merging and splitting, and it is often difficult to recognize
the same crowd after several frames. Besides, our model is
stateless, i.e. it cannot accomplish this ID fixing task. We
solve this problem by:

• Recognizing the same crowd across the whole frame se-
quence and assign it an unique ID, and

• Removing the crowds that are probably results of optical
flow errors or noise.
In order to realize the first step, we use a similarity func-

tion. The idea is to label two crowds with the same ID if they
are very similar. The formalization of the similarity function
is very important. This is a convex combination between:
distance between points of application, i.e. distance between
center of mass (B); difference between directions (D); and
difference between areas (A). Let us remember that direction
of a cluster means the average of all pixel’s direction in that
cluster. Thus, given two crowds, C1 and C2, the similarity
function S(C1, C2) will be:

S(C1,C2) = α1 B+ α2 D+ α3 A (1)

where
3

∑
i=1

αi = 1 (2)

by definition of convex combination and with the result nor-
malized to a range of [0,1]. The αi parameters have been set
as follows:

• α1 = 0.7; α2 = 0.2; and α3 = 0.1
In order to recognize and assign an unique ID for any

crowd in different frames, we need to store a buffer with L
crowds recognized in the L previous frames. In fact if we
have worked only based on the last frame, we could not rec-
ognize crowds that disappear for a frame or two because of
noise or occlusion.

Since we have defined a similarity function between
two crowds, we can recognize crowds across several
frames. Given two frames F1 and F2 let us define Φ1 =
(C1,C2, ...,Ci, ...,Cn) and Φ2 = (K1,K2, ...,K j, ...,Km) the
sets of crowds that are contained in F1 and F2, i.e. all the
crowds detected by means of the above described method.
For each crowd Ci, belonging to Φ1 we want to find in Φ2
one and only one K j that best matches, i.e. the crowd K j that
is more similar to Ci than all the others contained in Φ2.
We define a function M(Ci) which returns the crowd K j that
best matches with Ci; in other words we want the crowd K j,
taken from Φ2, that is most similar to Ci.
M(Ci) is defined as follows:

M(Ci) = argmaxK j(S(Ci,K j)) (3)

and it is computed for each Ci ∈Φ1.
To prevent errors in detecting crowds across different frames,
we take into account only those values of S(Ci,K j) that are

greater or equal to a given threshold T . This way, Ci is not
matched if there is no K j such that the similarity between
them is at least T . Empirically T has been set to 0.7. More-
over we want to assign to each Ci one and only one K j: thus,
if there are two crowds Ca and Cb, and a crowd Kz such that
M(Ca) = M(Cb) = z, Kz will be matched to the crowd that is
more similar to it. After we have found all the best matching
couples (Ci,K j), we say that:

• if there are any Ci that are not yet matched, they have
disappeared across time, or have merged.

• similarly, if there are any K j that are not yet matched,
they are recognized to be new crowds that have entered
the scene, or have split from an existing one.

Lastly we need to remove crowds originating from noise. In
order to distinguish between a real crowd and a false one
simply observe how long it lasts in the frame sequence: a
false crowd is supposed to last a short time and thus to be
avoided. Since there can be situations where a big crowd is
seen as two crowds that move close to each other for a few
frames, we do not want to detect a splitting event. Thus, if
a crowd lasts for less than 4 frames, it is not considered as a
crowd and hence it is removed.

4. EVALUATION

The application has been tested against PETS2009 bench-
mark data [17]. We focused on three kind of challenges:

• Crowd merging event: two or more groups become close
enough to be considered a single group from that point
on;

• Crowd splitting event: persons belonging to a single
crowd start walking apart so that they cannot be consid-
ered a single group anymore;

• Crowd collision event: two or more crowds walking in
two different directions merge for some frames and then
split up again.

The first two types of events are detected by analyzing the
crowds’ orientations and distances; on the other hand, for the
third category, we have used a tracker module to recognize
crowds again after merging and splitting. Then we collect
the following information focusing on three variables:

• Delay, i.e. the error in detecting an event (splitting or
merging), expressed in terms of delay between the frame
where the event happens and the one in which our system
recognizes it;

• True positive rate (TPR), the ratio between the number of
events recognized and the number of events that actually
happens in the scene;

• False negative (FN), i.e. the number of false events de-
tected by our system.
In the following different scenarios will be presented.

Each scenario is structured as follows:
• Challenge type: Merging, splitting, crowd chasing after

collision;
• Description: Short description of the test case;
• Sequence: Source sequence name (from PETS2009

benchmark data) and its length in frames.

4.1 Scenario 1
Challenge type: Crowd merging [18].
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Description: This sequence contains a densely grouped
crowd and a single person joining it.
Sequence: (Pets 2009) S1.L2.14-06.View1 - 201 frames.

Figure 2: The single person is still detached from the crowd.
Each arrow represents the movement of a cluster.

Figure 3: The single person has just merged with the crowd

In this scenario (Figs. 2 and 3), we have the follow-
ing results: capable of tracking correctly a crowd merging
(TPR=1.0), without any delays (Delay=0). Moreover, no
false events are detected (FN=0.0).

4.2 Scenario 2
Challenge type: Crowd splitting [18].
Description: A single crowd is moving diagonally. At a
point it splits up into 3 different crowds.
Sequence: (Pets 2009) S1.L2.14-31.View1 - 131 frames

In Fig. 4 the first splitting is shown: the left marked part
of the crowd is the portion that is currently splitting. In Fig.
5, the second splitting is shown.

Figure 4: First splitting detection for scenario 2

Figure 5: Second splitting detection for scenario 2

In the first splitting, the crowd that is departing from the
bigger one is partially overlapped on the bigger one. This

happens because we are mapping a 3D space into 2D, caus-
ing some delay in the first event. In this scenario, the whole
image plan is covered by shadow, i.e it has a low spatial color
gradient, causing delays in the detection of both splitting.
Nevertheless, we have obtained the following results for this
scenario: a good capacity of tracking a crowd splitting (TPR
= 1.0) with some delay (Delay = 4) due to the overlapping
effect introduced above. No false events were detected (FN
= 0.0).

4.3 Scenario 3
Challenge type: Occlusion.
Description: There are two crodws moving against each
other. At a point they collide and become a single crowd
for a number of frames and in the end they split again.
Sequence: S1.L1.13-57.View1 - 221 frames

In this scenario occlusion happens during 8 frames. Our
system is able to chase a crowd even if it is not visible for
a certain time. Figs. 6 and 7 depict the behaviour of the
tracker: the person marked in yellow circle (left circle with
an arrow) gets occluded and then the person is recognized
again after she comes out of the bigger crowd.

Figure 6: The single person is occluded with the crowd

Figure 7: the single person is recognized again after occlu-
sion

4.4 Scenario 4
Challenge type: Arbitraty objects.
Description: There is a car passing by in the front of the
camera and it is recognized as a crowd.
Sequence: S1.L1.13-59.View3 - 20 frames

In this scenario we show one of the drawbacks of our sys-
tem. Since we are not using shape or pattern recognition, the
system can classify points belonging to any object as crowds.
In the Fig. 8 we can see the car passing by being recognized
as a crowd.

4.5 Results
In this section the benchmark results are going to be shown.
Mean (µ) and standard deviation(σ ) of three variables (De-
lay, TPR and FN) are shown in table 1. Since µ(T PR) and
µ(FN) take values 1.0 and 0.0, respectively, their standard
deviations are equal to 0. This means that in the above pre-
sented scenarios, our system does not detect an event if it
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Figure 8: The car is recognized as a crowd.

µ(Delay) σ(Delay) µ(T PR) µ(FN)
2.66 2.05 1.0 0.0

Table 1: Average results of the system

does not happen and it detects all the events that happen.
Regarding the Delay we observe that, even though there is
some delay in event recognition, it does not affect the overall
performances.

5. CONCLUSIONS AND FUTURE WORK

There are several methods to detect and/or track crowds. The
usual approaches use excessively computational power and
generally focus on a single person or people concentrated
in the same space. In many environments, these approaches
fail. In this paper, we described an accurate and fast system
(20 frames per second) that can effectively detect and track
crowds with various shapes. The system has been tested in
i386 platform with Windows XP and Vista. It starts with the
computation of optical flows, comparing every frame with its
previous one, using pyramidal implementation of the Lucas-
Kanade method. After applying a block partitioning to each
output frame, we cluster the different motion vectors by their
similarity, using a DBSCAN algorithm. Finally, to cope with
the problem of temporary occlusion, we have introduced a
solution: the crowd tracker. Experimental results show that
our system is capable of giving an accurate output in real
time for different situations and environments. Nevertheless,
the distance between motion points is not always accurate,
since we lose one dimension when we deal with sequence
of images (2D) as input. It can be achieved better results in
our system if we provide the 3D coordinates of the motion
points.
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ABSTRACT 

A novel strategy to automatically detect cracks in road pavement 

surface imagery, acquired by a laser imaging system, is proposed. It 

includes a new procedure to link fragments of crack regions based 

on a maximum a posteriori (map) classifier, which relies on a set of 

geometric characteristics of the segmented binary regions.  

The proposed system starts with an anisotropic diffusion filtering, to 

smooth image texture variations resulting from the type of sensor 

used. Then, a Gaussian function is used to model the histogram for 

pixels intensities below a certain value, which allows inferring the 

threshold level to be used for image segmentation. Next, less 

relevant binary regions are identified, being kept only if they are 

linked to relevant crack regions.  

Encouraging experimental crack detection results are presented 

based on real images captured along Canadian roads. 

1. INTRODUCTION 

Crack detection in images is an active research topic, as cracks are 

the most common road surface distress type being evaluated by 

inspectors during road surveys. Recent approaches to automatic 

crack detection systems includes the usage of neural networks [1] 

or Markov random fields [2], among others [3].  

This paper proposes a new crack detection approach based on: 

image smoothing; automatic segmentation by thresholding; a new 

procedure to link the resulting binary regions and to decide whether 

or not to label them as cracks.  

The nature of pavement surface images acquired by automated 

survey systems like INO’s 4K model using its laser road imaging 

system (LRIS) [4], poses some challenges to the automatic 

detection of crack distresses, due to the texture characteristics they 

present [5]. Cracks usually correspond to image regions with the 

following characteristics: very dark intensities when compared to 

the surroundings; linear shape development, with variable width. 

Texture smoothing of pavement surface images can be very useful 

in automatic crack detection systems, allowing subsequent 

segmentation by thresholding to better distinguish crack regions 

from the textured image background. Anisotropic diffusion is a well 

known filtering technique, mainly used for smoothing and 

restoration purposes [6], introduced by Perona and Malik in image 

processing for scale-space description and edge detection [7], as it 

smoothes image regions, while preserving and enhancing the 

contrast at sharp intensity gradients [8]. Its application for image 

smoothing is well known in [9] [10]. Anisotropic diffusion has also 

recently been applied, with a generalized diffusion coefficient 

function, for defect detection in low-contrast surface images [11]. 

Thresholding is one of the simplest and computationally fast region-

based segmentation processes, being especially useful when dealing 

with large images, as those considered in the present application, 

and used to generate the experimental results presented in section 3. 

Its usage allows to significantly reduce the computational effort 

required for the crack detection task. 

In this paper thresholding is used as a simple classification 

procedure, with pixels being labelled ‘0’ (non-crack) if their 

intensities are above a certain gray level, and ‘1’ (crack) otherwise. 

Candidate crack regions are then identified using a connected 

components algorithm. Since several connected components may 

belong to the same crack, as cracks usually present a linear shape 

development, a map classifier is proposed to identify groups of 

crack regions that effectively belong to the same crack, relying on a 

three-dimensional feature space exploiting a set of geometric 

characteristics of those connected components. 

The paper is organized as follows: in section 2, the proposed 

automatic crack detection strategy is described. Section 3 gives 

experimental results and analyses the behaviour of the system on a 

real image database, taken by INO’s 4K model during a real road 

flexible pavement survey over a Canadian road. Section 4 

summarizes the contributions of the paper and presents some hints 

for future work. 

2. SYSTEM ARCHITECTURE 

The system architecture of the proposed automatic crack detection 

strategy, using flexible road pavement surface images, is presented 

in Figure 1. The details of the main processing blocks are provided 

in the following. 

 
Figure 1: System architecture. 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 274



2.1 Texture smoothing by anisotropic diffusion
INO’s LRIS 4K model is composed of two sets of linescan sensors 

and lasers covering a road section of up to 4 m wide. 

sensors captures images of size 4096×2048 pixels (length×width), 

with a spatial resolution of 1 mm2, and gray-

ranging from 0 to 255. Sample acquired images are shown 

Figure 2. 

  

Figure 2: Samples road surface images acquired by 

Pavement surface images acquired by INO’s LRIS 4K model 

present a remarkably random texture, with a considerable

of pixels intensities, as can be verified analysing of the left plot 

Figure 3. This texture randomness makes the automatic

of cracks a difficult task, as several and sparse dark 

result if using a simple and fast segmentation method

thresholding, to distinguish between the image background and 

crack regions. 

Figure 3: Line 500 of the right image shown in Figure 

pixels values (left) and after anisotropic diffusion filter

In this paper smoothing is tested using two anisotropic dif

models [7] [8]: the first model favours high contrast edges over low 

contrast ones; the second favours wide regions over smaller ones.

Evaluation results using both methods are presented in section 3

varying the number of iterations from 1 to 12, and 

coefficients from 20 to 100, with step 10. The right 

shows the anisotropic diffusion filtering result, for the right image in 

Figure 2, using 12 iterations and a conduction coefficient of 60. 

result shows a considerable pixels intensity variance 

achieved by the proposed filtering technique, without 

deteriorating the crack information, as it correspond

areas of the LRIS images. 

2.2 Segmentation by thresholding 
Thresholding is one of the simplest and computationally fast

segmentation procedures, being selected to identify

present in the pavement surface images taken during road surveys

For each original image, an intensity value (iimg) is 

the Otsu algorithm [12] and a histogram is computed

intensities lower than iimg. The corresponding histogram for 

image of Figure 2 is presented in Figure 4. The

smoothing by anisotropic diffusion filtering 
INO’s LRIS 4K model is composed of two sets of linescan sensors 

and lasers covering a road section of up to 4 m wide. Each linescan 

images of size 4096×2048 pixels (length×width), 

-level intensities 

ranging from 0 to 255. Sample acquired images are shown in 

 

road surface images acquired by LRIS. 

INO’s LRIS 4K model 

considerable variance 

of the left plot of 

utomatic detection 

several and sparse dark areas would 

using a simple and fast segmentation method, like 

thresholding, to distinguish between the image background and 

 
Figure 2: original 

anisotropic diffusion filtering (right). 
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high contrast edges over low 

wide regions over smaller ones. 

sented in section 3, 

and the conduction 

The right plot of Figure 3 

for the right image in 

ing 12 iterations and a conduction coefficient of 60. This 

variance reduction, 

without significantly 

corresponds to the darker 

Thresholding is one of the simplest and computationally faster 

identify crack regions 

images taken during road surveys. 

is calculated using 

is computed using only the 

histogram for the right 

Then, a Gaussian 

function is fit to the histogram bins locate

maximum value. The analysis of Figure 

Gaussian function (red line), with the black point 

Gaussian mean value estimate (96.9). Then, a threshold value is 

computed (TL), so that P(TL)≈95.5%, which corresponds to 

TL = µ – 2×σ. A practical example is given by the 

in Figure 4, with P(57.7)≈95.5%. 

Figure 4: Histogram of the right image of

Gaussian function.

TL is the threshold value used to segment 

with intensity lower than TL are labelled ‘1’

remaining receiving label ‘0’ (non-crack pixels).

sample results for a zoomed area (with dimensions of 

pixels) of the right image of Figure 2. 

 
Figure 5: Original image (left); selection of pixels with intensities 

lower than iimg (middle); crack pixels using the proposed method, 

after thresholding the filtered image

It can also be noted that, in the images 

model, white road lane marks correspond to regions with high

quite consistent gray level intensities (typically 

255). The proposed thresholding procedure is robust to their 

presence, excluding them from the computed histogram (see 

4), not requiring any special handling procedure, 

found in the literature – for instance a thresholding followed by the 

application of a Hough transform is required

2.3 Identify relevant connected components 
Candidate crack pixels are then grouped using a connected 

components algorithm, to form a set of 

objects (cco). The right image of Figure 5

very small and sparse ccos, many of them not corresponding to real 

road cracks. In fact, only ccos respecting a set of 

be selected by the system as crack regions. 

To be kept as a candidate crack region a cco

than 90% of eccentricity for an ellipse fitted to 

than or equal to 2 mm (computed dividing 

the cco by the number of pixels in its skeleton); 

fitted ellipse longer than 25 pixels. Figure 

after removal of the less relevant connecte

right image of Figure 5. 

located to the left side of its 

Figure 4 shows a well fitted 

the black point representing the 

Then, a threshold value is 

, which corresponds to 

practical example is given by the blue line drawn 

 
of Figure 2 and the fitted 

. 

 the filtered image. Pixels 

are labelled ‘1’ (crack pixels), the 

crack pixels). Figure 5 presents 

(with dimensions of 400×500 

  
selection of pixels with intensities 

using the proposed method, 

image using TL (right). 

s acquired by INO’s 4K 

model, white road lane marks correspond to regions with high and 

typically ranging from 252 to 

procedure is robust to their 

from the computed histogram (see Figure 

procedure, as sometimes 

a thresholding followed by the 

Hough transform is required in [1]. 

onnected components  
rack pixels are then grouped using a connected 

to form a set of connected component 

5 reveals the presence of 

, many of them not corresponding to real 

respecting a set of conditions should 

  

cco should have: (i) more 

than 90% of eccentricity for an ellipse fitted to it; (ii) width higher 

dividing the number of pixels in 

its skeleton); (iii) major axis of a 

Figure 6 presents sample results 

less relevant connected components, for the 
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Figure 6: Removal of the less relevant connected components

original image (left); processed image (right).

2.4 Connected components linkage  
The less relevant ccos considered for removal 

operation, might be spatially connected to other relevant 

regions. In that case, they should also be considered as 

components, as this type of pavement surface distress 

develops along a given direction, thus presenting a linear shape. 

The solution adopted to keep these less relevant 

regions), linking them to others belonging to the same cr

based on a map classifier. 

Let i, j�{1, … , m} be the cco’s indexes, with m being 

available connected components in a given binary image

number of connected component pairs will be m!/(2×(

each pair can be identified by ccij, with i≠j .  

The proposed linkage procedure comprehends the 

between all the available pairs of connected components

their spatial proximity and linear shape development

considered pattern recognition system uses three simple but 

effective features: x1ij, the shortest distance between 

components; x2ij, the smallest angle between fitted

axis orientations; x3ij, the smallest angle between the

the line segment connecting the two cco’s cen

orientation of the major axis of an ellipse that has

normalized second central moments as region i. E

classified as belonging either to classe c1, a ‘linked

c2, a ‘not linked’ ccij. 

Thus, each ccij is’ linked’ when the following condition holds true:
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where k is the class index, with k�{1,2}. Finally, 

rewritten using the definitions in (3), leading to 

Thus, two regions are considered ‘linked’ (a ccij classified into

c1) when condition (4) holds true: 
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where n is the number of features used. L

then be merged with relevant crack regions

procedure described in section 2.3. Some of the 

can thus be kept as ‘crack regions’, if linked to 

regions, rather than being removed. 

For tuning the binary region linkage procedure

strategy was adopted. Instead of computing both terms in (4

the left one is calculated from the set of regions 

illustrated in Figure 7 (top-left), where a 

chosen image is represented. The value for the second term in (4) 

was empirically chosen, after exhaustive testing

the results considered as ground truth. Equal 

for classes c1 and c2 were considered during 

The candidate crack regions, after segmentation using 

shown in the top-left image. The output of the 

components linkage procedure is presented in

with each colour identifying a different linear object

several linked regions, with a total of five different linear objects

found. The relevant crack regions, selected using 

outlined in section 2.3, are shown in the bottom

The bottom-right image shows the final crack regions 

merging the connected components using 

information. In this example, two additional crack 

selected (the two small regions labelled ‘1’ and ‘2’) 

linked to other relevant crack regions. 

Figure 7: Connected components linkage results.

3. EXPERIMENTAL RESULTS

The proposed automatic crack detection

tested on images captured during a real road pavement survey

Canada. Experimental results are presented using

which a ground truth is available, provided by 
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Linked binary regions can 

merged with relevant crack regions, obtained using the 

Some of the less relevant regions 

if linked to other relevant crack 

linkage procedure, a supervised 

. Instead of computing both terms in (4), only 

set of regions under analysis, as 

a portion of a randomly 

value for the second term in (4) 

austive testing, to allow achieving 

Equal a priori probabilities 

were considered during the tuning procedure. 

after segmentation using TL, are 

output of the proposed connected 

presented in the top-right image, 

a different linear object, composed by 

five different linear objects 

selected using the procedure 

ottom-left image.  

the final crack regions identified, 

using relevance and linkage 

additional crack regions were 

(the two small regions labelled ‘1’ and ‘2’) as they are 

 

 
: Connected components linkage results. 

EXPERIMENTAL RESULTS 

detection methodology has been 

during a real road pavement survey in 

Canada. Experimental results are presented using 20 images for 

provided by a skilled inspector 

1 

2 

276



who has manually identified the existing crack regions. 

The two laser illuminators of INO’s LRIS 4K model provide 

images with a constant illumination, originating stable Gaussian 

mean values estimates, ranging between 92 and 101. Additionally, 

the automatically computed threshold values, TL, are also quite 

stable, taking values in the range from 54 to 62 (see Figure 8). 

 
Figure 8: Plot of TL values for the 20 images for which ground truth 

results are available. 

216 simulations were run using the two anisotropic diffusion filter 

models mentioned in section 2.1 (108 simulations for each model), 

with the conduction coefficients (CondCoef) ranging from 20 to 

100 with step 10, and considering between 1 and 12 iterations for 

each conduction coefficient value. Each simulation is evaluated 

using a set of well known metrics, to evaluate the crack detection 

system performance: recall (re), the ratio between the number of 

blocks correctly classified as cracks and the total number of ground 

truth crack blocks; precision (pr), the ratio between the number of 

blocks correctly classified as cracks and the total number of crack 

blocks detected; performance criterion (pc): 

                pc = (2 × re × pr) ÷ (re + pr). (5) 

In a road surface crack detection application, re is the most 

important metric, as missing existing cracks is often more critical 

than presenting a few false positives. Thus, a modified pc metric can 

be considered to emphasize the relevance of re, according to: 

     pcmod =  (2 × re × pr) ÷ (re × cf1 + pr × cf2),  (6) 

where cf1 and cf2 are cost factors. 

Figure 9 shows simulations results in terms of pcmod values (with 

parameters cf1=0.5 and cf2=1.5, empirically chosen by the system 

operator), for the second anisotropic diffusion model, the one 

presenting more stable re and pr values and consequently also less 

variant pcmod values, foreseeing its preference when compared to the 

first model. For CondCoef values ranging between 60 and 100, the 

curves representing pcmod are almost superimposed, showing only 

small variations (see Figure 9-top). Moreover, adopting higher 

CondCoef values, the maximum value in each pcmod curve shifts 

slightly to the left, foreseeing less iterations of the anisotropic 

diffusion algorithm, thus favouring the computational load of the 

approach proposed in this paper (see Figure 9-bottom).  

Figure 10 presents a comparison, between the original pc metric (5) 

and the alternative formulation presented in (6), again with 

parameters cf1=0.5 and cf2=1.5 As can be observed, the second 

metric (pcmod) is more biased towards re, which can be more 

interesting for crack detection applications. In this case, the best pc 

value corresponding to a conduction coefficient ranging between 60 

and 100 is 93.8%, obtained when CondCoef is equal to 60, with re 

and pr being respectively 96.3% and 86.9%, with 4 iterations. 

Adopting a CondCoef equal to 100, best pcmod value is now 93.5%, 

with re and pr being respectively 97.2% and 84.0%, with 3 

iterations. Execution times for a complete image of 4096×2048 

pixels, using a Intel Core i5-750 processor running the Windows 7 

operating system (OS), were less than three minutes, with 4 

iterations of the anisotropic diffusion algorithm. 

Concerning the proposed connected components linkage procedure, 

the maximum à posteriori classifier performs quite well. This is 

illustrated in Figure 11, which includes results for several zoomed 

areas of the middle image of Figure 2. Less relevant binary crack 

regions which would be discarded by the procedure described in 

section 2.3, are re-evaluated and those presenting a greater 

probability of being connected to a relevant crack are kept as part of 

the final set of crack regions detected. 

 

  
Figure 9: pcmod values for conduction coefficients ranging from 20 

to 100, for each iteration, using the second anisotropic diffusion 

model (top), and re, pr and pcmod values computed for conduction 

coefficients of 60 (bottom-left) and 100 (bottom-right). 

  
Figure 10: Comparison between pc and pcmod values, for cost factors 

cf1 and cf2,of {0.5, 1.5}, using the second anisotropic diffusion 

model and a CondCoef of 60. 

4. CONCLUSIONS AND FUTURE WORK 

This paper proposes a new automatic system to detect cracks in 

images captured during real pavement surveys. The system 

performs well and it is robust to the presence of white road lane 

markings, not requiring any special procedure to find those areas, 

as sometimes found in the literature [1]. Very good results are 

obtained for re, pr and pcmod, notably when taking into account the 

difficulty of the task, even for a human observer. In fact, the 

variation of estimates among different human operators typically 

leads to a result uncertainty between 1% to 2%, mostly due to the 

experienced human ambiguity in recognizing patterns [13]. 

As future work, the use of other methods to reduce the high 

variance of pixels intensities without significantly deteriorating the 

information about cracks, like the UINTA filtering strategy [14], 

will be considered. Moreover, the inclusion of radiometric 

properties in the binary regions linkage process instead of only a 

set of the geometric ones, to infer about the existence of pixels 

between detected crack regions that could be retrieved to better 

connect them, and a better training procedure, will be taken into 

account. 
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Figure 11: Connected components linkage results. E

(from left to right and top to bottom) represents: original

segmentation result; the connected components

relevant; the final crack regions detection after the proposed 

 

 

 

 

 

 

Each pair of rows 

original image; 

connected components identified as 

the proposed linkage. 
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ABSTRACT
1
 

In this paper, a secure biometric recognition system, that 

guarantees user privacy and revocable templates, is 

proposed. The data stored in the system database reveals no 

information about the original biometric features and it is 

practically impossible to recover them from the stored data. 

Revocability is ensured by generating different templates for 

the same user, using the same biometric data, just by 

changing a parameter in the secure template scheme. To 

achieve this goal, a combination of an error correcting code 

and a hash function is used. The recognition performance of 

the proposed system is not significantly affected when 

compared to the same system without template security. The 

estimated number of security bits it is between 98 and 171. 

1. INTRODUCTION 

The use of biometrics (e.g., fingerprints, irises, faces) for 

recognizing individuals is becoming increasingly popular 

and many implementations and products are already 

available. These biometric systems can be divided in two 

different categories: verification and identification [1][2][3]. 

Verification systems authenticate a person’s identity by 

comparing the captured biometric sample with that person’s 

own biometric template previously stored in the system, 

while identification systems recognize an individual by 

searching the entire template database for a match with the 

captured biometric characteristic. In this paper only 

verification systems will be considered since this 

corresponds to the case where the proposed security 

enhancements are more relevant, as will soon become clear. 

When compared to the use of passwords or personal 

identification numbers (PIN) in verification systems, the use 

of biometrics presents several advantages, the first one being 

that biometric characteristics are intrinsically associated with 

an individual and cannot be forgotten or shared with others. 

In addition to this, an adequately chosen biometric 

characteristic has much higher entropy than poorly chosen 

passwords and is, therefore, less susceptible to brute force 

attacks. Finally, systems that rely on biometric verification 

require very little user expertise and, therefore, can easily be 

widely deployed. 

However, biometrics also have disadvantages when 

compared to passwords. A problem associated with the use 

of biometrics is that once a biometric characteristic is 
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chosen, the same biometric can be used to access different 

systems. This means that, if it is compromised, an attacker 

could have access to all the accounts, services or 

applications that use the same biometric characteristic. This 

is the equivalent of using the same password across multiple 

systems, which can lead to some very serious problems in 

terms of security, as can easily be understood. For instance, 

it was discussed in [4] that one of the most relevant 

vulnerabilities of biometrics is that once a biometric image 

or template is stolen, it is stolen forever and cannot be 

reissued, updated, or destroyed. 

In particular, embedded devices, such as smart cards, are 

especially vulnerable to eavesdropping and attack [5]. Thus, 

protection solutions that achieve a secure storage of the 

reference biometric template need to be investigated. 

Recently, novel cryptographic techniques, such as fuzzy 

commitment and fuzzy vault, were proposed [6][7]. These 

schemes include error correcting codes (ECC) to allow 

protecting data subject to acquisition noise, as is the case of 

biometric samples. Clancy et al. [8] employed the fuzzy 

vault scheme on a secure smart card system, where 

fingerprint authentication is used to protect the user’s private 

key. Yang, et al. [9] further addressed the issue to develop an 

automatic and adaptive recognition system. Linnartz et al. 

[10] precisely formulated the requirements for protecting 

biometric authentication systems, presenting a general 

algorithm meeting those requirements. The feasibility of 

template-protected biometric authentication systems was 

further demonstrated in [11]. 

In [12], Vetro et. al proposed the usage of syndromes for 

the secure storage of biometric data, using as a biometric 

characteristic the iris. The selected error correcting code was 

a low-density parity-check (LDPC) code, which is used 

together with a hash function. In this implementation, the 

template length is fixed at 1806 bits. This is done because 

the error correcting code needs to be applied to the same 

number of bits for every verification attempt. Therefore, to 

achieve this, the bits in positions more likely to be affected 

by noise due to eyelids, eyelashes and misalignments in the 

radial orientation are discarded. This system achieves 50 bits 

of security, without significantly affecting the system’s 

recognition performance when compared to the system 

without security. 

This paper proposes a secure biometric verification system, 

which will have enhanced security template storage when 

compared to existing systems, exploring the combined usage 

of distributed source coding and hash functions. The chosen 

biometric characteristic is the iris, since it has been reported 
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to provide some of the best results for verification systems 

and it remains fairly unaltered during a person’s lifetime. 

The rest of this paper is organized as follows. Section 2 

presents the proposed architecture for a secure biometric 

verification system, while the implementation details are 

described in Section 3. Section 4 presents the performance 

evaluation of the implemented secure system. Finally, to 

conclude the paper, some final remarks about the strengths 

of this type of approach are presented in Section 5, as well as 

an outline of the envisioned future developments. 

2. PROPOSED SYSTEM ARCHITECTURE 

After having identified the advantages and disadvantages 

of using biometrics in verification systems, it would be 

interesting to design a verification system that preserves all 

the advantages of biometrics described above but manages to 

eliminate the mentioned disadvantages. To do so, in addition 

to the typical requirements imposed on biometric systems, 

the following requirements have to be met: 

• Different templates from the same biometric – If a 

given biometric is used to access many different 

systems, this may lead to a highly insecure situation. 

After all, if one of the systems is compromised, then all 

the other systems that use the same biometric will also 

be potentially compromised. This leads to a requirement 

of being able to generate many different biometric 

templates from the same biometric trait. This way, even 

if one of the systems becomes compromised, the other 

systems will not be. 

• Cancellable templates – The generation of cancellable 

biometric templates [13] is a way of dealing with the 

problem of stolen biometric templates. When a non-

cancellable biometric template is stolen or compromised 

in some way, it cannot be reissued. Keeping in mind 

that an individual has a limited number of biometric 

characteristics, this becomes a mandatory requirement. 

This way, if an enrolled biometric template is somehow 

compromised, it can be simply deleted and a new one is 

issued, still based on the same biometric characteristic. 

• Private biometrics – This requirement guarantees that 

the original biometric data cannot be recovered from the 

stored data, thus remaining private [14]. This is of the 

utmost importance, as all biometric templates are 

generated from the original data, which means that if an 

attacker has access to it, all the systems that use the 

same biometric characteristic could be potentially 

compromised. 

The proposed secure biometric verification system, which 

relies on distributed source coding principles and 

cryptographic hash functions, is able to meet these 

requirements. This is reflected in the proposed system 

architecture, which is illustrated in Figure 1. 

In the enrolment stage of a typical biometric verification 

system, after the biometric acquisition module, some 

processing is applied in order to obtain the biometric 

template, x, which is then stored in a database. Here, 

however, the biometric data is never stored in the database to 

prevent it from being stolen. Instead, after the acquisition 

and template generation, an error correcting code and a 

cryptographic hash function are applied to it in parallel. The 

hash is applied to the result of a bitwise exclusive-or 

between the template x, and a randomly generated binary 

string w. This provides the system with revocable templates, 

xr. If a user’s data is compromised, a new binary string w’ 

can be generated and a new template, xr’, can be issued 

using the same biometric data. The result of these two 

operations, ECC and hash function, s and h, respectively, are 

stored in the database, together with the binary string w; 

from now on, this will be referred to as the secure biometric 

template. It should be pointed out that it is impossible to 

recover any biometric data from this secure template since 

the hash function is not invertible and s corresponds only to 

the parity bits generated by the error correcting code, the 

information bits not being directly stored. 
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Figure 1 – Proposed system architecture: (a) Enrolment 

stage; (b) Verification stage. 

During the verification stage, the probe biometric is 

acquired and the corresponding template, x̂ , is generated. 

This template can be thought of as a corrupted version of x, 

if it comes from the same user, with the errors being due to 

acquisition noise. The error correcting decoder uses x̂ , 

together with the parity bits stored for that user, to recover 

the original biometric template x if the user is who he claims 

to be, or something completely different if he is not. The 

comparison of x̂  and x has to be performed in the hashed 

domain, since only h is stored in the database. If the two 

hashes are equal, then the user is verified. 

With this system, the three requirements above are 

verified. In particular, it is possible to generate many 

different secure biometric templates from the same biometric 

trait or cancel a compromised template and issue a new one; 

it is just a matter of using a different set of attributes for the 

hash function. Finally, since the biometric data is not stored 

in an unencrypted way in the database, information privacy 

is guaranteed. 
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3. IMPLEMENTATION DETAILS 

The first decision that had to be made before starting the 

actual implementation of the secure biometric recognition 

system was to choose the biometric trait to be used. Due to 

its numerous advantages over other biometric traits for 

verification systems, the iris [15] was chosen. After this 

decision, it then becomes possible to decide how each of the 

modules in the proposed architecture will be implemented. 

As shown in Figure 1, the proposed system includes five 

main modules: biometric data acquisition, pre-processing, 

feature extraction, cryptographic hash function and error 

correction coding. 

The proposed solutions for each of these modules are 

described in the following subsection with more detail. 

3.1 Acquisition 

The acquisition module, absolutely necessary in a real 

biometric verification system, has not been implemented by 

the authors at the current simulation stage, so, problems like 

liveness detection, very important for such a module, are not 

covered in this paper. Instead, it is replaced by a large 

database of iris images, like the one developed by the 

Chinese Academy of Sciences’ Institute of Automation 

(CASIA-IrisV3-Interval) [16]. This database consists of 

2655 iris images from 249 subjects. All iris images are 8 bit 

gray-level JPEG files, collected under near infrared 

illumination and are captured in 2 sessions, separated by 

about a month. The database was approximately divided in 

half, with the first part (individuals "001" to "122") being 

assigned to the training set and the remainder (individuals 

"123" to "249") to the test set. A few images have not passed 

the enrolment stage (i.e., failed to enroll). The number of 

successfully enrolled images is presented in Table 1, 

together with the corresponding numbers of intra-class and 

inter-class comparisons that are possible. 

 

  Training set Test set 

Number of  images 1275 1030 

Intra-class comparisons 8370 6362 

Inter-class  comparisons 1607620 1048184 

Table 1 – Training and test set composition. 

 

3.2 Pre-processing  

The first step after acquisition is to extract the iris from the 

input eye images. The iris area is considered as a circular 

crown limited by two circles. The iris inner (pupil) and outer 

(sclera) circles are detected by applying the circular Hough 

transform [16], relying on edge detection information 

previously computed using a modified Canny edge detection 

algorithm [17]. The eyelids often occlude part of the iris, 

thus being removed using a linear Hough transform [18]. 

The presence of eyelashes is identified using a simple 

thresholding technique. The output of this segmentation step 

is illustrated in Figure 2 (b). 

Afterwards, a normalization process is required since iris 

segmentation results may appear at different positions and 

scales. This is done with Daugman’s rubber sheet model 

[19], which maps the circular iris image into a rectangular 

representation, as illustrated in Figure 3. The size of the 

normalized iris image is 20×240 pixels. 
 

 
(a) 

 
(b) 

Figure 2 – Iris segmentation in the presence of noise 

(eyelids and eyelashes): (a) Input image; (b) Iris 

segmentation result. 

3.3 Feature Extraction 

Once the iris texture is available, features are extracted 

from it to generate a more compact representation: the 

biometric template. To extract this representation, the two-

dimensional normalized iris pattern is convolved with a Log-

Gabor wavelet. The resulting phase information is quantized, 

using two bits per pixel. The resulting iris template is 

composed of 9600 bits, stored as a 20480 binary matrix. In 

the proposed system, only the 5476 most reliable bit 

positions of the template are used (i.e., bits that are least 

likely to be affected by noise such as eyelids or eyelashes). 

The same bit positions are considered for all templates. 

 
(a) 

 
(b) 

 
(c) 

Figure 3 – Illustration of the normalization process: (a) 

Daugman's rubber sheet model [19]; (b) Normalized iris 

texture image; (c) Noise mask of the normalized image. 

3.4 Hash Function 

Cryptographic hash functions are a deterministic procedure 

that takes an arbitrary block of data and returns a fixed-size 

bit sequence, computed by a dispersion algorithm. The 

process is unidirectional, which makes it practically 

impossible to recover the original content from the hashed 

bit sequence. Moreover, a very small change in the original 

content will result in a considerable change in the value of 

the hash. 

Available cryptographic hash functions include MD2, 

MD5, SHA-1, SHA-384 and SHA-512. In the present 

implementation, SHA-512 is selected due to its enhanced 

security characteristics. 

3.5 Error Correction Coding 

For dealing with acquisition noise, error correction coding 

is used in the proposed system. In the verification stage, the 

probe template of a legitimate user is (error) corrected in 

order to recover the original template, obtained during 
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enrolment; this should be possible because both templates 

are fairly similar. However, for an illegitimate user, whose 

probe template is fairly different from the one originally 

enrolled by the legitimate user, it should not be possible to 

recover the original from the probe template. Therefore, the 

selected error correcting code should be strong enough to 

correct templates of legitimate users, but not so strong as to 

also correct the templates of illegitimate users. Therefore, 

the main challenge here is to find the threshold of 

performance needed for the error correcting codes. 

To precisely determine the adequate threshold of error 

correcting performance, tests should be done by varying the 

performance of the error correcting code with enough 

granularity, which is not possible for all existing codes. 

Since LDPC codes allow their performance to be adjusted 

with a very fine granularity, they were chosen here for this 

module. LDPC codes are a class of systematic linear block 

codes, which is very important here because in the proposed 

system the information bits have to be separated from the 

parity bits, since only the latter are stored in the system 

database. The LDPC name comes from the fact that their 

parity-check matrix contains only a few 1’s in comparison to 

the amount of 0’s [20]. The code performance can be 

defined according to the number of columns in the parity-

check matrix or number of 1’s per column. In addition to 

their granularity, the error correcting performance curve of 

LDPC codes is very steep when the limit is approached, 

which basically means that it will be possible to precisely 

select which templates can be corrected and which ones 

cannot. 

With these three properties, LDPC codes are ideally suited 

for this type of application, allowing to choose an error 

correcting code whose performance closely matches the 

desired operation threshold. The steepness in performance 

and the granularity of LDPC codes is illustrated in Figure 4. 
 

 

Figure 4 – LDPC codes steepness and granularity 

illustration. 

4. PERFORMANCE EVALUATION 

This section presents the performance evaluation of the 

implemented secure iris verification system, in terms of both 

recognition and security. 

4.1 Recognition Performance 

The simulation of various LDPC codes was done using the 

training set. The best performing codes were then used to 

test the system’s recognition performance with the testing 

set. The simulation results are presented in Table 2 and 

Figure 6. False reject rates (FRR) range from 0.754% to 

1.87%, whereas false accept rates (FAR) are between 

0.0364% and 0.3653%. The comparison against the system 

without security is also included in Figure 5. 
 

CODE FRR FAR Security Bits 

A 0.754% 0.3653% 98 
 B 0.833% 0.2750% 102 

C 0.865% 0.1899% 115 

D 1.037% 0.1835% 109 

E 1.085% 0.1430% 119 

F 1.132% 0.1182% 141 

G 1.163% 0.1034% 130 

H 1.320% 0.0964% 139 

I 1.430% 0.0725% 146 

J 1.540% 0.0665% 136 

K 1.619% 0.0556% 153 

L 1.666% 0.0541% 151 

M 1.698% 0.0483% 160 

N 1.776% 0.0376% 168 

O 1.870% 0.0364% 171

 

Table 2 – Proposed secure system performance for the 

selected LDPC codes. 
 

 
Figure 5 – Recognition performance of the proposed secure 

system and the system without security. 

The system without security achieves a better recognition 

performance when compared to the proposed system. Still, 

the performance difference is not overwhelming, and the 

proposed system has considerable advantages in terms of 

security, as can be seen below. 

4.2 Security Performance 

To quantify the iris verification system security 

performance, a metric proposed by Hao et al. [21], is used: 

                     𝐵𝐹 ≥
2𝑧

  
𝑧
𝑤
 𝑤

𝑖=0

≅
2𝑧

 
𝑧
𝑤
 
           (1) 

where 𝐵𝐹 is the mean number of attempts in a brute force 

attack to break the system; 𝑧 is the number of independent 

information bits; and w is the number of bits corrected by 

the ECC. The number of security bits can be computed using 

the base two logarithm of 𝐵𝐹. 

The security performance, computed using the metric 

described above, for each of the considered LDPC codes, is 

plotted in Figure 6 and the corresponding values are 

included in Table 2. 

The achieved security values range from 98 to 171 bits. 

Taking as example the lowest security value, 98 bits, this 
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would correspond to 298, i.e.,4.24 × 1029, necessary 

attempts to break the system in the case of a brute force 

attack. This is an extremely high value and, in particular, it is 

much higher than what was achieved in [12]. 

Additionally, as can be seen in Figure 6, in general, lower 

FAR values correspond to a higher security of the system. 
 

 
Figure 6 – Recognition and security performance for 

proposed secure iris verification system. 

5. FINAL REMARKS 

This article presents a solution to the problem of secure 

biometric data storage. The proposal combines 

cryptographic hash functions and distributed source coding 

principles. The proposed system guarantees that different 

biometric templates can be generated from the same 

biometric trait, that these templates can be cancelled if 

needed, and that the original biometric data cannot be 

recovered from the stored templates. 

An implementation using iris as the selected biometric 

characteristic was described. In particular, the use of LDPC 

codes is an asset for this implementation, since these codes, 

with their granularity and correcting performance steepness, 

allow working with a near optimal threshold of performance 

for secure biometric systems. 

The present implementation takes the Iriscode software, 

developed by L. Masek [21], as the basis for the traditional 

part of our biometric system. The proposed system’s 

recognition performance is slightly lower than that of the 

Libor Masek system. However, the proposed system offers 

increased security, of at least 98 bits, while the Libor Masek 

system has no security in the storage of biometric data. The 

security performance achieved by the proposed security 

system is much higher than that of the systems currently 

available in the literature, particularly when compared with 

the system proposed by Vetro, in [12], which achieves about 

50 bits of security. 
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ABSTRACT
Highly reliable classification of anatomical regions is an im-
portant step in the delineation of the gross tumour volume
(GTV) in computed tomography (CT) images during radio-
therapy planning. In this study pixel-based statistics such as
mean and variance were insufficient for classifying the blad-
der, rectum and a control region. Statistical texture analysis
were used to extract features from gray-tone spatial depen-
dence matrices (GTSDM). The features were de-correlated
and reduced using principal component analysis (PCA), and
the principal components (PC) were classified by a naive
Bayes classifier (NBC). The results suggests that the three
most significant PC of the 56 features from GTSDM with
distances d = 1,2,3,4 give the highest average correct clas-
sification percentage.

1. INTRODUCTION

Accurate delineation of the GTV on CT images is vital in
cancer radiotherapy planning to limit the radiation damage
to normal tissue to maximize the dose to cancerous tissue.
The International Commission on Radiation Units and mea-
surements (ICRU)[1] defines the GTV as “the gross palpable
or visible/demonstrable extent and location of the malignant
growth.” This is based on “purely anatomic-topographic and
biological considerations without regard to technical factors
of treatment.” In the treatment of cancer by radiotherapy,
CT images are used for treatment planning because they of-
fer significant advantages over other imaging modalities such
as magnetic resonance imaging (MRI). Firstly, CT images
show superior consistent geometry, that is, they have less
spatial distortion, consequently the volume obtained from CT
images is more accurate, which is crucial for radiotherapy
planning. Secondly, electron density information can eas-
ily be derived from CT images for accurate dose calculation.
Thirdly, bones appears bright and in the CT images, which is
important for identifying rigid landmarks and verifying set-
up accuracy[20].

However, the soft tissue contrast in CT images is rel-
atively poor compared to MR. Determination of the GTV
in CT images thus demands significant clinical-experience,
and is extremely time-consuming, which leads to numerous
problems. Firstly, significant inter- and intra-clinical vari-
ability of GTV has been reported in literature[21]. Sec-
ondly, because treatment periods are long, many factors such
as patient movement may change the position of the GTV,
resulting in less than optimal treatment. Furthermore, the
widespread introduction of multi-slice CT places significant

pressure on clinicians because the number of images that re-
quire outlining increases significantly. In light of these is-
sues, there is a need for a reliable, objective method to as-
sist clinicians contouring on CT images. Several methods,
such as region growing, thresholding, Markov random field
(MRF) models, classifying etc. have been proposed in the
literature to find the GTV automatically, and Pham et al.[15]
present a review of medical image segmentation methods.

Recently texture analysis methods have been reported as
offering good classification performance, which will be re-
viewed in Section 2. This paper extends the work by Nailon
et al.[14] by investigating different feature reduction and
classification strategies and modifications to the texture anal-
ysis algorithms. Texture analysis is a set of computer im-
age processing methods aimed at extracting the information
required to represent textures as textural features. In this
paper, texture analysis is used to find textural features that
are similar among anatomical regions with similar pathol-
ogy and distinct between different anatomical regions. Fig-
ure 1(a) shows a typical CT image from a bladder cancer
patient. There are three regions of interest (ROI): bladder,
rectum and a control region containing multiple pathology.
For radiotherapy planning, the focus is on the delivery of
as much dose to the tumour as possible while limiting the
dose to surrounding organs. It would therefore be desirable
to classify the GTV automatically with high degree of ac-
curacy and reliability. To this end three distinct ROI from
the bladder, rectum and a control region containing multiple
pathology were investigated.

Two advances to the previous approach have been made.
In the first, 56 features from four co-occurrence matrices
with distance d = 1,2,3,4 were used. In addition, the PCA
was used to de-correlate the obtained features. The j most
significant PC are then classified by NBC. The results show
that the three most significant principal features can offer
high correct rate classification of bladder, rectum and con-
trol region. Secondly the cross-validation experiments are
conducted so that N different images are used as training set
while thre rest images are used as testing set. The average
correct classification percentage are high, which suggests the
method is reliable. This approach has the potential to be used
as part of an algorithm for assisting clinicians delineate the
GTV.

The paper is organized as follows. In Section 2 the
co-occurrence matrices texture analysis method is reviewed.
Section 3-5 describes the methods of GTSDM, PCA and
NBC. Section 6 illustrates the results and discusses the tex-
tures at different scales on CT images: the macro-textures
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and micro-textures, and how they affect the GTSDM. Sec-
tion 7 concludes the paper and discusses the future work.

2. LITERATURE REVIEW: GTSDM

Famous examples of texture images have been given by
Brodatz[3], however there is no accurate definition on tex-
ture. The purpose of statistical texture analysis is to de-
scribe the characteristics of textured images by features,
which can be used for classification. Haralick et al. pro-
posed a method called gray-tone spatial dependence matrices
(GTSDM), or co-occurrence matrices, to classify different
textures[7]. This method characterizes texture by exploring
the statistical properties of the spatial dependency of a pixel
with its neighbours. Features from the GTSDM are reported
to have high texture classification performance in compara-
tive studies of different texture analysis methods[17, 19, 2].
Moreover, the GTSDM are also reported successful in classi-
fying sonar [8] and radar[4, 18, 11, 5] images. The GTSDM
method is the most heavily studied texture classification ap-
proach.

In medical image processing, Hamilton et al. [6] used
features from the GTSDM approach to identify focal areas
of colorectal dysplasia from a background of histologically
normal tissue and reported an accuracy of 86% for the train-
ing data set and 83% for the large histological scene split
into smaller component images. Koss et al. [12] applied the
GTSDM method to an abdominal CT image to segment 7
different organs, and reported a successful percentage of 79
- 100%. Nailon et al. studied CT images of genitourinary
cancer [14], and report features from GTSDM showed the
best performance in classifying bladder and rectum regions.
Philips et al. [16] form and examine 3-D liver CT images and
reported a variation in accuracy from 84.663% to 89.459%
by changing the directions of the GTSDM.

3. GTSDM CALCULATION AND FEATURE
EXTRACTION

The texture analysis using GTSDM is used to characterize
different ROI. According to [7], the co-occurrence ci j is de-
fined as a function of gray-levels i, j of two pixels with dis-
tance d from each other in direction θ = 0◦,45◦,90◦,135◦. In
this study it is found that there are no significant difference
between GTSDM with different θ , so the four GTSDM with
different θ were averaged for statistical consistency. In order
to characterize the GTSDM, 14 statistical features defined
in [7] were extracted from GTSDM with distance d. It is
also found that different d offered additional information for
classification, so in this experiment d = 1,2,3,4 were used,
and totally 56 features were extracted. In the following para-
graphs, the features will be denoted as xm(k), m is the total
number of features for one ROI,.

4. FEATURE REDUCTION USING PCA

One problem with the statistical features defined in [7] is
they may be correlated with each other. While auto-feature
selection algorithms are proposed in the literatures[14], the
de-correlation problem has not received much attention. In
this study PCA is used to map the features into a linear sub-
space with minimum correlation in second-order sense. For
the features xm with covariance matrix Σ, the the kth princi-
pal component (PC) is given by zk = α ′

kxm, where αk is the

eigenvector corresponding to the kth largest eigenvalue of Σ,
and the variance of the PC zk is the kth largest eigenvalue λk
of Σ[10]. It can thus be inferred that PCA can maximally re-
tain variation present in the dataset while reducing the num-
ber of features. In this study, the features were first normal-
ized to the interval [0,1] to avoid pick up features large in
number to be PC. The PC of xm is denoted as zm, and the
kth most significant PC is zm(k).

5. NAIVE BAYES CLASSIFICATION

NBC is based on a simple assumption that the features are
conditionally independent given the target classes Ci[13, 9]:

P(zm(1),zm(2)...zm(n)|Ci) =
n

∏
j=1

P(zm( j)|Ci) (1)

The PCA can maximally de-correlate the features to meet
the conditional independent assumption of NBC. In exist-
ing literature, Yu et al.[22] reported good performance us-
ing PCA-NBC jointly to classify aerial images. In this study,
the PCA-NBC method is employed to evaluate the classifi-
cation performance of statistical textural features from dif-
ferent ROI. In order to do this, the posterior probability
P(Ci|zm(1),zm(2)...zm(n)) is required. This can be calculated
as follows:

p(Ci|zm(1),zm(2)...zm(n)) ∝ p(Ci)p(zm(1),zm(2)...zm(n)|Ci)

∝ p(Ci)
n

∏
j=1

p(zm( j)|Ci)

∝
n

∏
j=1

p(Ci|zm( j))/p(Ci) (2)

If for j = 1...n, zm( j) ∈Ci is assumed to have a Gaussian
distribution, the distributions in (2) can be inferred from a
training set. New data can then be classified by maximum a
posteriori (MAP) criterion.

6. RESULTS AND DISCUSSIONS

In this study 59 CT images acquired on 8 bladder cancer pa-
tients in different days during the treatment were examined.
Images were scaled so that all pixels have positive gray lev-
els. The centers of ROI in each image were given by ex-
perienced clinician, and for each ROI a 20-by-20-pixel area
is examined. The means and variances of different ROI are
shown in Figure 1(b). It can be seen that the means and vari-
ances of the three ROI have significant overlap, thus they
cannot yield satisfactory classification result.

For 14 features from GTSDM with distance d = 1, Fig-
ure 2(a) illustrates the amplitude of the eigenvalues of Σ14.
It can be seen that there are five significant degrees of free-
dom in principal features, but according to Figure 2(b), the
two most significant PC, z14(1) and z14(2), still cannot give a
satisfactory classification result, since the distances between
PC of different ROI are not large enough. Then 56 features
from GTSDM with d = 1,2,3and4 were used for PCA, Fig-
ure 3(a) illustrates the amplitude of the eigenvalues of Σ56, it
is shown that the degrees of freedom increase, and the ampli-
tude of variance in each PC subspace also increases. More-
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over, Figure 3(b) gives a visualization of z56(2) and z56(3). it
can be seen intuitively that the three ROI can be distinguished
by the two PC.

The classification performance of different number of
PC from GTSDM with d = 1,2,3,4 were examined by using
NBC. First, j most significant PC, i.e. z56(1)...z56( j) were
used for classification. Then the PC set with j variables and
59 records was randomly divided into the training group
containing N records and the testing group with the rest
records. By assuming all PC are conditionally independent
and Gaussianly distributed, the prior probability p(Ci)
and the conditional distribution p(Ci|z56(k)),k = 1, ... j
can be determined from the training set, and pos-
terior probability p(Cbladder|z56(1),z56(2)...z56( j)),
p(Crectum|z56(1),z56(2)...z56( j)) and
p(Ccontrol |z56(1),z56(2)...z56( j)) can thus be calculated
for each testing record. Decisions can be made by MAP
criterion. For each j-N setup, 500 cross validation ex-
periments were conducted to evaluate the classification
performance by using different training sets. The average
correct classification rate are shown in Table 1. Significant
classification performance can be achieved by using PC of
statistical features from GTSDM with d = 1,2,3,4. This
further substantiates the assertion that the texture of different
ROI contains important information for high-accuracy
classification.

Table 1: Correct Classification Rate (%) using the j most sig-
nificant PC and N Training Images

N j = 1 j = 2 j = 3 j = 4 j = 5 j = 6
3 77 83 88 86 83 82
6 82 92 95 95 93 93
9 83 93 96 95 94 94
12 83 93 96 95 94 94
15 83 92 95 94 94 93
18 82 91 93 92 92 92

The highest classification rate occurred when j = 3, N =
9. By increasing the number of PC used for classification
from 1 to 3, the correct percentage also increased. How-
ever, when more than 3 PC were used, the correct percent-
age dropped. According to the Bayesian probability rule,
more variables should always increase the classification per-
formance, but in most machine learning cases, it is impossi-
ble to know the underlying distribution of the variables, the
assumed distribution will be invalid if too many irrelevant
variables are used. For PCA, classification power will drop
from zm(1) to zm(n) as the variances within the principal sub-
space decreases, therefore it is crucial to find the threshold
j so that zm(1), ...zm( j) offer the best classification perfor-
mance.

7. CONCLUSIONS AND FUTURE WORK

In this study the importance of GTV auto classification has
been addressed. One difficulty encountered is that the con-
trast of the soft tissue in CT images is poor, and the means
and variances are insufficient for characterization of different
ROI for classification. Texture analysis was used to classify
different anatomical ROI on CT images. For 59 CT images
from bladder cancer patients, high correct percentage classi-

fication is achieved by using NBC to classify three most sig-
nificant PC of 56 features from GTSDM with d = 1,2,3,4.
As the GTSDM with different d describe spatial structure of
the texture, the result proves that there is significant informa-
tion in the texture of ROI for classification. In future work,
the proposed method will be applied to the whole CT image
to try to identify the ROI by features.

The proposed method follows the track of feature extrac-
tion - feature reduction process. However, the fact that only
three PC were used suggests the GTSDM method requires
more computational power than necessary. As PC represent
the underlying latent variables, it is more promising to find
the underlying latent variables directly to reduce the compu-
tational complexity. One possible approach is to define new
features to characterize the GTSDM specially for ROI clas-
sification. This will also be examined in future work.
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Figure 1: Left (a): A typical CT Image for Radiotherapy Planning containing three Regions of Interest (ROI): 1. Bladder, 2.
Rectum and 3. a control region. Right (b): The Means and Variances (log) of the Three ROI from 59 radiotherapy planning
CT images. Significant overlap can be observed, so Different ROI cannot be distinguished by Means and Variances.
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Figure 2: Left (a): The Eigenvalues of the Covariance Matrix Σ14 features from GTSDM with d = 1, Representing the
Variance in each principal subspace. Five Significant Degree-of-Freedom can be observed. Right (b): Visualizing PC 1
against PC 2: ROI still cannot be distinguished intuitively.
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ABSTRACT 
A monochrome-image iterative deblurring method with the classic 
soft-shrinkage in the shift-invariant Haar wavelet transform do-
main was recently proposed by R. H. Chan et al. Extending this 
deblurring method, we present a new iterative sharpening-
demosaicing method with the shift-invariant Haar wavelet trans-
form and our color shrinkage utilizing redundant color transform. 
Our new sharpening-demosaicing method is originally constructed 
for the Bayer’s primary color-filter array (CFA), but its minor 
modification renders it applicable to various CFA’s other than the 
Bayer’s CFA: the complementary CFA, the random arrangement 
CFA, and so on. Simulation results demonstrate that our new 
sharpening-demosaicing method in the shift-invariant Haar wave-
let transform domain works much more efficiently than our previ-
ously proposed sharpening-demosaicing method with the total-
variation regularization in the spatial image-domain. 

1. INTRODUCTION 
To suppress aliasing artifacts caused by the color mosaicing with a 
color-filter array (CFA), a digital color camera uses an optical low-
pass filter (O-LPF). As side effects of the O-LPF, observed color 
data have been blurred. To recover a sharp color image, we need an 
advanced demosaicing method which performs color interpolation 
and deblurring, simultaneously. Along this line, previously we have 
proposed the iterative sharpening-demosaicing method with the 
classic total-variation (TV) regularization in the spatial image-
domain [1]. On the other hand, recently, R. H. Chan et al. have pro-
posed a monochrome-image iterative deblurring method with the 
classic soft-shrinkage in the shift-invariant Haar wavelet transform 
domain, and their method successfully deblurs a monochrome im-
age [2]. This paper extends their method to the sharpening-
demosaicing for a digital color camera. Our new iterative sharpen-
ing-demosaicing method employs our color shrinkage utilizing re-
dundant color transform [3], instead of the classic soft-shrinkage. 

Firstly we present an algorithm for the sharpening-
demosaicing for the primary CFA such as the Bayer’s CFA, and 
then modify the algorithm for the complementary CFA. Moreover, 
we experimentally compare various CFA’s [4]~[6] from the stand-
point of quality of color images restored by our sharpening-
demosaicing method. 

2. DEBLURRING IN THE SHIFT-INVARIANT 
HAAR WAVELET TRANSFORM DOMAIN 

The 2D shift-invariant Haar wavelet transform (SI-HWT) with one 
resolution layer decomposes an input image into its four frequency 
bands: the LL, LH, HL and HH bands. The LL band consists of its 
scaling coefficients, each of which is equal to double the average of 
its four neighboring pixels, and the LL band corresponds to a 

blurred version of the input image. The forward SI-HWT is re-
garded as a blurring operator, whereas the inverse SI-HWT corre-
sponds to a deblurring operator. Given wavelet coefficients, com-
patible with the scaling coefficients in the LL band identical to 
double the blurry input image, then the inverse SI-HWT will pro-
duce a deblurred image. Therefore, the key to the deblurring is how 
to recover those compatible wavelet coefficients. In the SI-HWT, 
its LL, LH, HL, and HH bands are mutually dependent, and hence 
the wavelet coefficients in those bands are not determined sepa-
rately. Utilizing this interdependence will enable us to recover 
wavelet coefficients compatible with the scaling coefficients given 
by the blurred input image. 

Along the above-mentioned line, R. H. Chan et al. have re-
cently proposed an iterative deblurring method with the SI-HWT 
and the classic soft-shrinkage [2]. The concept of their iterative 
deblurring method is as follow. If the LL band is replaced by dou-
ble the blurry input image and the wavelet coefficients of the other 
bands are set to zero, the inverse SI-HWT will produce a provi-
sionally-restored image. Subsequently, if the forward SI-HWT is 
applied to this restored image, all the bands will be updated; the 
updated LL band will not necessarily be identical to double the 
blurry input image, and the LH, HL, and HH bands will be given 
none zero values. Through the iteration of the pair of the inverse 
and the forward SI-HWT along with the replacement of the LL 
band by double the blurry input image, the LH, HL, and HH bands 
are gradually recovered to be compatible with the LL band. How-
ever, since there are infinite solutions of the compatible wavelet 
coefficients, this iterative deblurring problem is an ill-posed inverse 
problem. To stabilize the iterative deblurring process, a certain 
norm of the wavelet coefficients in the bands to be recovered 
should be minimized. Along this line, R. H. Chan et al. applies the 
classic soft-shrinkage to the wavelet coefficients, to minimize the 
Besov norm of the wavelet coefficients. The Besov norm is defined 
as the sum of the l1 norm of the wavelet coefficients, and well ap-
proximates the TV norm [7]. Therefore, the soft shrinkage in the 
wavelet transform domain achieves desirable image-recovery from 
the standpoint of the sparse image-representation. 

The algorithm of the iterative deblurring method proposed by 
R. H. Chan et al. is as follows. 
[Iterative Deblurring Algorithm in the SI-HWT Domain] 
1) The LH, HL, and HH bands are initially set to zero. 
2) The LL band is replaced by double the blurry input image. 
3) The soft shrinkage is applied to all the wavelet coefficients in 
the LH, HL, and HH bands. 
4) The inverse SI-HWT is applied to all the bands to produce a 
restored image. 
5) The forward SI-HWT is applied to the restored image provided 
at the step 4). 
6) Return to the step 2). 

[End of the algorithm] 
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3. OPTICAL LOW-PASS FILTER (O-LPF) AND 
THE SIFT-INVARIANT HAAR WAVELET 

TRANSFORM (SI-HWT) 
A digital color camera uses doubly-refractive crystal devices as the 
O-LPF. This device decomposes a ray of incident light into two 
outgoing rays: the ordinary ray and the extraordinary ray. If we use 
the doubly-refractive crystal device so that the distance of the two 
outgoing rays can coincide with the pixel interval of an imaging 
device, then the crystal device will perform an averaging operation 
of two neighboring pixels. To accomplish desirable low-pass filter-
ing, vertically and horizontally directional doubly-refractive crystal 
devices are combined. This combination achieves the 2 by 2 aver-
aging filtering shown in Fig. 2(a). The image captured through this 
O-LPF corresponds to the scaling coefficients of the LL band pro-
vided by the SI-HWT with one resolution layer. The combination 
of the two vertical and the two horizontal crystal devices achieves 
the 3 by 3 low-pass filtering shown in Fig. 2(b). The combination 
of a horizontal device and a vertical one corresponds to the single-
layer Haar smoothing filter, whereas the combination of two verti-
cal and two horizontal devices corresponds to the two-layer Haar 
smoothing filter, in which unlike the usual Haar smoothing filter, 
the second layer employs the same Haar smoothing filter as that 
used at the first layer. A digital color camera uses an O-LPF with 
the characteristics ranging from Fig. 2(a) to Fig. 2(b). It stands to 
reason that the deblurring algorithm in the SI-HWT domain should 
be extended to a sharpening-demosaicing algorithm. 
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Figure 1 – Doubly-refractive          Figure 2 – Averaging filtering of 

crystal device.                               the two O-LPF’s. 
 

4. ITERATIVE SHARPENING-DEMOSAICING 
METHOD 

Extending the iterative deblurring method of R. H. Chan et al. [2], 
firstly we construct an iterative algorithm of the sharpening-
demosaicing for the primary CFA such as the Bayer’s CFA, and 
then we extend our iterative algorithm to an algorithm of the sharp-
ening-demosaicing for the complementary CFA. 
4.1  Algorithm for the primary CFA 
The outline of our iterative sharpening-demosaicing method for the 
primary CFA is shown in Fig. 3, where the three leftmost rectan-
gles painted RGB represent a demosaicked color image. The L1L1, 
L1H1, H1L1 and H1H1 bands represent the first layer of the SI-HWT 
of the RGB components of the demosaicked color image, respec-
tively. The L2L2, L2H2, H2L2 and H2H2 bands represent the second 
layer of the SI-HWT, whereas the L3L3, L3H3, H3L3 and H3H3 
bands represent the third layer of the SI-HWT. The purple and the 
orange arrows show the inverse and the forward SI-HWT, respec-
tively. The top mosaicked rectangle represents a mosaicked raw 
color data captured by an image sensor with the Bayer’s CFA. The 
red broken frame means that the color shrinkage in a redundant 
color space is applied to the wavelet coefficients in the enclosed 
nine bands: the L1H1, H1L1, H1H1, L2H2, H2L2, H2H2, L3H3, H3L3 
and H3H3 bands. Our algorithm presumes the O-LPF of Fig. 1(a) 
and employs the three-layer SI-HWT. 
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Figure 3 – Iterative algorithm of the sharpening-demosaicing for the 
primary CFA. 

 
The iterative algorithm of our sharpening-demosaicing ap-

proach is as follows. 
[Algorithm of Our Iterative Sharpening-Demosaicing Approach] 
1) Initial setting: 

We set the iteration parameter n to 1. We initialize the demo-
saicked color image F (0) to be null. We initialize the scaling coeffi-
cients in the band L1L1

 (1) and the wavelet coefficients in the three 
bands, L1H1

 (1), H1L1
 (1), H1H1

 (1), to be zero. We set the threshold 
parameter Th used for the convergence test and the two maximum 
values, µ+, µ−, of the threshold parameters used by the color 
shrinkage in a redundant color space. We proceed to the step 7). 
2) Color shrinkage of wavelet coefficients: 

We apply the color shrinkage with redundant color transform 
[3] to all the wavelet coefficients in nine bands, {LmHm

(n), HmLm
(n), 

HmHm
(n) | m = 1, 2, 3 }. Firstly we transform a triplet (r, g, b) of 

wavelet coefficients of the three primary colors at each point of 
the image grid into a quartet of (o1, o2, o3, o4): 
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and then we apply the soft shrinkage with the threshold parameter 
µ+(n) to o1, whereas we apply the soft shrinkage with the threshold 
parameter µ−(n) to o2, o3, and o4 [3]. The two threshold parameters, 
µ+(n), µ−(n), of the soft shrinkage are defined as functions of the 
iteration parameter n: 
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The matrix RI is the least squares generalized inverse matrix. 
3) Inverse SI-HWT: 

We apply the inverse SI-HWT with three-resolution layers, and 
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thus we produce the n-th iterated demosaicked color image F (n). 
4) Clipping of the n-th iterated demosaicked color image F (n): 

We clip each color sample value of the n-th iterated demo-
saicked color image F (n) within the dynamic range between 0 and 
255 with the following scalar function: 

( )
0 , 0,

, [0,255],
255 , 255.

CL

if x
f x x if x

if x

<⎧
⎪= ∈⎨
⎪ >⎩

                              (4) 

5) Convergence test: 
If ||F(n)−F(n-1)||2<Th, then we will stop the iteration, and we will 

output the F(n) as a finally-demosaicked color image; otherwise we 
will proceed to the step 6). 
6) Forward SI-HWT with one resolution-layer: 

We apply the forward SI-HWT with one resolution-layer to the 
n-th iterated demosaicked color image F(n), and thus we produce the 
four bands, L1L1

(n+1), L1H1
(n+1), H1L1

(n+1), H1H1
(n+1). We update the 

iteration parameter n as n←n+1. 
7) Update of the scaling coefficients in the band L1L1

(n): 
We update the scaling coefficients, r (n), g (n), b (n), of the pri-

mary colors in the n-th iterated band L1L1
(n) at only the points corre-

sponding to observed color samples in the mosaicked image Imos: 
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

2 (2 ) ,

2 (2 ) ,

2 (2 ) ,

n n n
mos

n n n
mos

n n n
mos

r r r r

g g g g

b b b b

⎧ ← + ⋅ × −
⎪⎪ ← + ⋅ × −⎨
⎪

← + ⋅ × −⎪⎩

                  (5) 

where rmos, gmos, and bmos are observed color sample values of the 
mosaicked image Imos. 
8) Forward SI-HWT with two-resolution layers: 

We apply the forward SI-HWT with two resolution-layers to 
the n-th iterated band L1L1

(n), and thus we produce the seven bands, 
L3L3

(n), L2H2
(n), H2L2

(n), H2H2
(n), L3H3

(n), H3L3
(n), H3H3

(n); and then 
we return to the step 2).                                    [End of the algorithm] 
4.2  Algorithm for the complementary CFA 
The computational algorithm for the complementary CFA is identi-
cal to that for the primary CFA, except that the update of the scaling 
coefficients of the primary colors in the band L1L1, viz. the step 7) 
of the above-mentioned computational algorithm, is different be-
tween the cases of the complementary CFA and the primary CFA. 
Figure 4 illustrates an example of the update of the scaling coeffi-
cients of the primary colors in the band L1L1 for the complementary 
YMCG CFA. When an observed color sample is magenta, its ma-
genta value M (n) is defined as an average of red and blue values, r (n), 
b (n), and hence at the same location of the image grid the red and the 
blue scaling coefficients in the L1L1 band are updated by 

( ) ( ) ( )

( ) ( ) ( )

2 (2 )

2 (2 )

n n n
mos

n n n
mos

r r M M

b b M M

⎧ ← + ⋅ ⋅ −⎪
⎨

← + ⋅ ⋅ −⎪⎩
                              (6) 

where Mmos is an observed magenta sample value. 

5. BASICS OF OUR ITERATIVE SHARPENING- 
DEMOSAICING APPROACH 

This section addresses the issue of the theoretical foundation on 
which the above-mentioned computational algorithm of our sharp-
ening-demosaicing approach is constructed. 
5.1  Linear constraint on the coefficient vector of the 

SI-HWT 
Assuming that primary color signals F = {Fc | c = r, g, b} with K by 
K pixels are represented as N (=K2)-dimensional image vectors {fc

 | 
c = r, g, b}, the 2-D L-resolution-layer SI-HWT of each primary 
color signal will give 3LN wavelet coefficients and N scaling coeffi-
cients, and those coefficients will be collectively expressed as the 
(3L+1)N-dimensional coefficient vector pc. In the following, the 

sub-index c denoting a specific primary color channel is omitted and 
(3L+1) is simply denoted by M; the image vector and the coefficient 
vector are simply represented by f and p, respectively. 
 

, , ,
2 2 2

r b r g g bM Y C G g+ + +
= = = =

1
2 1

2

( ) ( ) ( )

( ) ( ) ( )

2 (2 )

2 (2 )

n n n
mos

n n n
mos

r r M M

b b M M

← + ⋅ ⋅ −

← + ⋅ ⋅ −

YMCG mosaicked 
imageΣ

r (n) of the L1L1 band g (n) of the L1L1 band b (n) of the L1L1 band

, , ,
2 2 2

r b r g g bM Y C G g+ + +
= = = =

1
2 1

2

( ) ( ) ( )

( ) ( ) ( )

2 (2 )

2 (2 )

n n n
mos

n n n
mos

r r M M

b b M M

← + ⋅ ⋅ −

← + ⋅ ⋅ −

YMCG mosaicked 
imageΣ

r (n) of the L1L1 band g (n) of the L1L1 band b (n) of the L1L1 band  
Figure 4 – Update of the scaling coefficients of the primary colors in 
the L1L1 band for the complementary YMCG CFA. 

 
Under the above notation, the forward SI-HWT of f is ex-

pressed as 
, : transformation matrix .MN N= ⋅ ×p T f T             (7) 

The inverse SI-HWT of ρ is expressed as 
, : dictionary matrix.N MN= ⋅ ×f D p D                      (8) 

Between the transformation matrix T and the dictionary matrix D, 
the following properties hold true: 

, : identity matrix ,N N N N⋅ = ×D T I I                             (9) 
T 1 T T T 1( ) , ( )+ − + −= = ⋅ ⋅ = = ⋅ ⋅D T T T T T D D D D       (10) 

The dictionary matrix D is a left-inverse matrix of the transforma-
tion matrix T. As the coefficient vector p, we cannot freely choose 
an arbitrary vector from the MN-dimensional linear space. The coef-
ficient vector p should lie in a certain N-dimensional linear sub-
space embedded in the MN-dimensional linear space. To clarify this 
linear constraint, we map p through the application of the inverse 
SI-HWT followed by the application of the forward SI-HWT: 

Inverse SI-HWT Forward SI-HWT .⎯⎯⎯⎯⎯⎯⎯→ ⎯⎯⎯⎯⎯⎯⎯⎯→p f p
D T

          (11) 

These procedures correspond to the concatenation of the step 3) and 
the step 6) and the step 8). The mapping from p to p  is represented 
simply by the linear transformation: 

.= ⋅ ⋅p T D p                                            (12) 
We define the matrix Q by 

.= ⋅Q T D                                               (13) 
The rank of the MN by MN matrix Q is N, and the matrix Q is sin-
gular. The matrix Q has the following properties: 1) the idempo-
tency, Q2 = Q, and 2) the symmetry, QT = Q. Hence, the linear 
mapping by Q means the orthogonal projection onto the N-
dimensional column-space of Q: 

P ( ) ,= = ⋅Qp p Q p                                                           (14) 

: Orthogonal projection of onto ( ) ,
( ) : -dimmensional column-sapce of .N

p R Q
R Q Q

 

The above means that p has redundancy and the consistent coeffi-
cient-vector p always satisfies the linear constraint that it should 
belong to the N-dimensional column-space of Q. 
5.2  Clipping of each color sample value 
The clipping of each color sample value of the color image f = D·p 
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performed at the step 4) is equivalent to the convex projection of f 
onto the convex set CR that each color sample value of a color im-
age belonging to the set should lie between 0 and 255. 
5.3  Update of the scaling coefficients in the L1L1 band 
We define the matrix E to generate the N scaling coefficients, r, g, b, 
of the primary colors at in the L1L1 band at only the points corre-
sponding to observed color samples in the mosaicked image Imos, 
from the three MN-dimensional coefficient vectors (pc

 |  c = r, g, b}, 
as follows: 

( )TT T T,rgb rgb r g b= ⋅ =g E p p p p p                                    (15) 

, ,

: Vector composed of the selected scaling coefficients,
: 3 matrix to generate from { }.

N

R G B

N
N MN

∈
×

g R
E g p p p

 

Under this notation, we define the set Cs satisfying the constraint 
that the generated N scaling coefficients g in the L1L1 band should 
coincide with double the observed N color samples s of the mo-
saicked image Imos, as follows: 

{ }32 , , , .MN N N
rgb rgb rgb= = ⋅ = ⋅ ∈ ∈ ∈sC p g E p s p R g R s R   (16) 

The constraint set Cs is convex, and the convex projection PCs of 
prgb onto Cs is simply performed by replacing the selected scaling 
coefficients g of prgb with double the observed N color samples s of 
the mosaicked image Imos, and simultaneously keeping the other 
coefficients of prgb unchanged. On the other hand, in the step 7), to 
accelerate the convergence of the iterative algorithm, instead of the 
simple convex projection we adopt the update procedure of (5). The 
update procedure of (5) means the following mapping: 

( ){ } ( )ˆ 2 P 2 Prgb rgb rgb rgb rgb rgb= + ⋅ − = ⋅ −
s sC Cp p p p p p    (17) 

This mapping is non-expansive; and its iterative application renders 
its mapped vector to converge on a fixed point, identical to the con-
vex projection PCs (prgb). 
5.4  Convergence of the iterative algorithm 
The color shrinkage with the redundant color transform of (1) in the 
step 2) is regarded as a close approximation of our previously pro-
posed soft color-shrinkage [8]. We represent the mosaicked image 
and the n-th iterated color-image inputted to the step 2), simply by 
Imos, and F(n) = {R’, G’, B’}, respectively; and we represent three-
resolution-layer SI-HWT coefficient vectors of a color image F = 
{R, G, B} by prgb = {pr, pg, pb}. Moreover, we represent a color-
image F in the redundant color space by F = {O1, O2, O3, O4}, and 
we define the Besov-type norm of F in the SI-HWT transform do-
main of the four redundant color components, O1, O2, O3, O4. Un-
der this notation, we formulate a denoising-type variational problem 
with the Besov-type energy function E’ (F|F (n)) defined in the re-
dundant color space of (1): 

1 2 3 4

* ( )
{ , , , }

arg min {E ( | )} ,n
=

′=
F O O O O

F F F                                     (18) 

{ }

( ) 2
1 2

2 2 2
2 3 42 2 2

E ( | ) E ( ) || ( ) ||
2

( ) ( ) ( ) ,
2

n
B

λ

λ

+

−

′ ′ ′ ′= + − + +

′ ′ ′ ′ ′ ′+ − − + − − + − −

F F F O R G B

O R G O G B O B R
 

1 1 1 1
1,1 1,1 1,1 1,1

1
1,1

1 2 3 4E ( ) ,

|| || : (1,1,1)-type Besov norm , 0 , 0 ,
B B B B B

B
λ λ+ −

= + + +

∗ > >

F O O O O
                       

where the (1, 1, 1)-type Besov norm is defined as the sum of the l1 
norm of the wavelet coefficients, and well approximates the TV 
norm [7]. The output of the color shrinkage in the redundant color 
space at the n-th iteration can be interpreted as the unique solution 
F* of (18), and hence the following inequality holds true: 

* ( ) ( ) ( )E ( | ) E ( | ) .n n n′ ′≤F F F F                              (19) 
From (18), it is proved that the following inequality holds true: 

* ( )E ( ) E ( ) .n
B B≤F F                                       (20) 

This inequality reveals that the iterative algorithm minimizes the 
Besov-type energy function EB of an output color-image F subject 
to the linear constraint on the coefficient vector prgb of the SI-HWT, 
the convex constraint on the dynamic range of each color sample 
value of the output color image F = D·prgb, and the convex con-
straint on the selected N scaling coefficients g of the coefficient 
vector prgb. Therefore, the iterative algorithm is interpreted as a 
solver of the constrained variational image-restoration problem: 

1 2 3 4{ , , , }
min E ( )

, subject to , , and ( ).

B

rgb rgb R rgb

=

∈ = ⋅ ∈ ∈
F O O O O

s

F

ρ C H D ρ C ρ R Q
 (21) 

Since the variational problem of (21) is a convex optimization prob-
lem subject to the three different bounded closed convex constraints, 
an optimal solution of (21) necessarily exists, and is uniquely de-
termined. The algorithm alternately iterates the three procedures: the 
concatenation of the inverse SI-HWT and the forward SI-HWT with 
three resolution-layers, the convex projection onto the convex set CR, 
the non-expansive mapping constructed from the convex projection 
onto the convex set Cs, and the color shrinkage of the wavelet coef-
ficients, and thus it iteratively solves (21). This iterative solver is 
equivalent to the hybrid steepest descent (HSD) solver [9]. Accord-
ing to the strong convergence theorem of the HSD solver [9], under 
the scheme of (2) to control the two threshold parameters, µ+(n), 
µ−(n), of the color shrinkage according as the iteration parameter n 
goes to Nmax, if Nmax is sufficiently large, then the n-th iterated 
demosaicked color image F (n) will necessarily converge to the 
unique optimal solution, determined by the mosaicked image Imos. 

6. EXPERIMENTAL SIMULATIONS 
To evaluate the demosaicing performance, we use KODAK stan-
dard color images. Fig. 5 shows the set of the 24 original color 
images. The test mosaicked images are artificially produced by 
applying to the KODAK standard color images both the low-pass 
filtering of Fig. 2(a) mimicking the O-LPF and the color-mosaicing 
with a certain CFA, shown in Fig. 6, namely the Bayer’s CFA, the 
complementary YMCG CFA [4], the random arrangement primary 
CFA (RGB random CFA) [5], [6] where the ratio of the three pri-
mary color sensors is set to R : G : B = 1 : 1 : 1, and the random 
arrangement complementary CFA (YMC random CFA) where the 
ratio of the three complementary color sensors is set to Y : M : C = 
1 : 1 : 1. The RGB random CFA simulates the color mosaicing 
performed by a retina of an eye. Using these mosaicked test images, 
we compare the four types of CFA in PSNR [dB] of color images 
restored by our newly proposed iterative sharpening-demosaicing 
method with the SI-HWT (SD-SIHWT). Moreover, in the case of 
the Bayer’s CFA, we compare demosaicing performance of our 
previously proposed iterative sharpening-demosaicing method with 
the TV regularization in the spatial image-domain (SD-TV) [1] and 
that of our new SD-SIHWT. 
6.1  SD-SIHWT vs. SD-TV 
The two maximum values, µ+, µ−, of the threshold parameters of 
the color shrinkage are experimentally optimized for the image set 
of Fig. 5, and their optimized values are µ+ = 0.975 and µ− = 2.608. 
The parameters of the SD-TV are optimized in a similar way. Table 
1 compares PSNR’s of color images restored by the SD-SIHWT 
and the SD-TV; in all the experimental simulations the maximum 
iteration number Nmax is fixed at 200. The PSNR’s of Table 1 are 
total PSNR’s computed for the image set of Fig. 5. The SD-
SIHWT outperforms the SD-TV by approximately 3.3 [dB]. 
6.2  Four different type of CFA 
For the 24 images of Fig. 5, Fig. 7 shows PSNR’s of color images 
recovered by our SD-SIHWT, in the cases of the four different 
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CFA’s of Fig. 6, and Fig. 8 compares color images recovered by the 
SD-SIHWT. As for the PSNR’s, the YMCG CFA achieves the best 
performance, second to it the YMC random CFA performs best, and 
the Bayer’s CFA ranks third; but in the white-fence image region of 
Fig. 8 the Bayer’s CFA produces diffused false color artifacts, 
whereas the YMCG CFA produces artificial small color patterns 
with high color saturation. The random arrangement CFA’s yield 
recovered color images with PSNR comparable to the cases of their 
corresponding regular arrangement CFA’s such as the Bayer’s CFA; 
but, as shown in Fig. 8, they tend to suppress false-color artifacts a 
little better than their corresponding regular arrangement CFA’s. 
 

 
１ 2 3 4 5 6

7 8 9 10 11 12

13 14 15 16 17 18

19 20 21 22 23 24  
Figure 5 – Set of the 24 original color images. 

 
 

         

 

                   
(a)                     (b)                       (c)                        (d) 

Figure 6 – Four types of CFA: (a) Bayer’s CFA, (b) YMCG CFA, 
(c) Random arrangement primary CFA (RGB random CFA), (d) 
Random arrangement complementary CFA (YMC random CFA). 

 
Table 1 – Total PSNR’s of recovered color images. 

 

7. CONCLUSIONS 
Extending the monochrome-image deblurring method [2], we pre-
sent an iterative sharpening-demosaicing approach with the shift-
invariant Haar wavelet transform and our color shrinkage utilizing 
redundant color transformation [3]. Our new method works more 
efficiently than our previously proposed sharpening-demosaicing 
method with the spatial TV regularization [1], and it recovers high-
quality color images for various types of CFA. However, our new 
method requires more than one hundred iterations for its conver-
gence, and its computational complexity is very high. Hence, we 
need to develop a method to accelerate its convergence. 

REFERENCES 
[1]T. Komatsu and T. Saito, “Sharpening-demosaicing method us-
ing the total-variation regularization,” J. ITE Japan, vol.61, no.11, 
pp.1621-1632, Nov. 2007. 
[2]R. H. Chan, T. F. Chan, L. Shen, and Z. Shen, “Wavelet algo-
rithms for high-resolution image reconstruction,” SIAM J. Sci. Com-
put., vol. 24, no. 4, pp.1408–1432, Feb. 2003. 
[3]T. Saito, Y. Ueda, and T. Komatsu, “Color shrinkage for sparse 
coding of color images,” EUSIPCO 2010 (to be submitted). 
[4]K. Hirakawa and P.J. Wolfe, “Spatio-spectral color filter array 
design for enhanced image fidelity,” in Proc. 2007 IEEE Int. Conf. 

on Image Process., Sept. 2007, pp.1183-1184. 
[5]R. Likac and K. N. Plataniotis, “Color filtrer array: design and 
performance analysis,” IEEE Trans. Consumer Electron., vol.51, 
no.4, pp.1260-1267, Nov. 2005. 
[6]L. Condat, “A new random color filter array with good spectral 
properties,” in Proc. 2009 IEEE Int. Conf. on Image Process., Nov. 
2009, pp.1613-1616. 
[7]A. Chambolle, R.A. De Vore, N. Lee, and B.J. Lucier, “Nonlin-
ear wavelet image processing: variational problems, compression, 
and noise removal through wavelet shrinkage,” IEEE Trans. Image 
Process., vol.7, no.3, pp.319-335, Mar. 1998. 
[8]T. Saito, N. Fujii, and T. Komatsu, “Iterative soft color-shrinkage 
for color-image denoising,” in Proc. 2009 IEEE Int. Conf. on Image 
Process., Nov. 2009, pp.3837-3840. 
[9]I. Yamada, “The hybrid steepest descent method for the varia-
tional inequality problem over the intersection of fixed points sets of 
nonexpansive mappings,” in Inherently Parallel Algorithm in Fea-
sibility and Optimization and their Applications, pp.473-504: El-
sevier, New York, 2001. 

No. of the Kodak standard color image

PS
N

R
 [d

B
] o

f a
 re

co
ve

re
d 

co
lo

r i
m

ag
e

32

34

36

38

40

42

44

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Bayer's CFA
YMCG CFA
RGB random CFA
YMC random CFA

No. of the Kodak standard color image

PS
N

R
 [d

B
] o

f a
 re

co
ve

re
d 

co
lo

r i
m

ag
e

32

34

36

38

40

42

44

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Bayer's CFA
YMCG CFA
RGB random CFA
YMC random CFA

 
Figure 7 – PSNR’s of color images recovered by the SD-SIHWT in 
the cases of the four different CFA types of Fig. 6. 

 

   
(a)                                          (b) 

    
(c)                                          (d) 

Figure 8 – Color images recovered by the SD-SIHWT: (a) Bayer’s 
CFA, (b) YMCG CFA, (c) Random arrangement primary CFA, (d) 
Random arrangement complementary CFA. 

Method SD-SIHWT SD-TV
PSNR [dB] 37.4 34.1
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ABSTRACT
Pansharpening is a technique that fuses a low resolution mul-
tispectral image and a high resolution panchromatic image,
to obtain a multispectral image with the spatial resolution and
quality of the panchromatic image while preserving spec-
tral information of the multispectral image. In this paper,
we present a new pansharpening method based on contourlet
transform and Bayesian inference that generalizes the clas-
sical contourlet based algorithms. The experimental results
show that the proposed method not only enhances the spatial
resolution of the pansharpened image, but also preserves the
spectral information of the original multispectral image.

1. INTRODUCTION

In optical remote sensing, with physical and technological
constraints, some satellite sensors provide images of two
classes, panchromatic (PAN) images with high spatial and
low spectral resolution, and multispectral (MS) images with
high spectral and low spatial resolutions. This trade off leads
to the lack of high spectral and high spatial resolutions in a
single image. The fusion of high spatial resolution PAN im-
ages with high spectral resolution MS images creates such an
image that is important for many applications, such as feature
detection, change monitoring and land cover classification.

In general, pansharpening algorithms improve the spa-
tial resolution of the MS image, while simultaneously retain-
ing its spectral information. In the literature, this task has
been addressed from different points of view (see [1] and [2]
for a description and a comparison of pansharpening meth-
ods). In recent years, multiresolution-based methods, which
includes Laplacian pyramid [3], wavelet-based methods [4]
and contourlet-based methods [5, 6], are becoming popular.
The basic idea of all fusion methods based on multiresolu-
tion decomposition is to extract the spatial detail information
from the PAN image, not present in low resolution MS, to
inject it into the later.

Non-subsampled contourlet transform (NSCT) [5] is an
usual choice in fusion methods, since it provides a complete
shift-invariant and multiscale representation, with a fast im-
plementation. Also NSCT can efficiently overcome the limi-
tations of wavelets dealing with high dimensional signals like
images (i.e. capture geometric structures in images much
more efficiently, because it offers flexible basis functions at
more directions and scales). The building block of NSCT are

This work has been supported by the Consejerı́a de Innovación, Ciencia
y Empresa of the Junta de Andalucı́a under contract P07-TIC-02698.

Figure 1: Non subsampled contourlet transform

the 2-D two-channel non-subsampled filter banks (NSFBs).
The NSCT is implemented by two shift-invariant stages; a
non-subsampled pyramid (NSP) structure that gives the mul-
tiscale property, and a non-subsampled direction filter bank
(NSDFB) structure that ensures directionality. Both stages of
the NSCT, depicted in Fig.1, are constructed to be invertible,
in order to have a overall invertible system.

Fusion based on NCST can use several methods for the
injection of the image details: substitution, the simplest one,
addition, and other more complex mathematical models. Re-
gardless of the fusion method, the images to be fused must
have the same resolution so a preprocessing step is needed
to upsample the MS to the size of the PAN image. In this
paper we propose a Bayesian fusion method that comprises,
as particular cases, substitution, addition and some complex
mathematical models.

This paper is organized as follows. In section 2 the gen-
eral algorithm for NSCT pansharpening, using different in-
jection methods, is described and the used notation is intro-
duced. Section 3 explains the Bayesian modeling and the
inference of the high resolution MS image. Experimental re-
sults and comparison with other methods are presented in 4
for synthetic and SPOT5 images and, finally, section 5 con-
cludes the paper.
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2. GENERAL PANSHARPENING ALGORITHM

The contourlet pansharpening method is based on the abil-
ity of the NSCT transform for obtaining the high frequen-
cies image details in the different directions. Based on this
ability, NSCT-based pabsharpening methods intend to extract
the detailed information from the PAN image for injecting
them into the MS image. The main drawback of NSCT-based
pansharpening is the spectral distortion that it may produce.
Pansharpening based on multiresolution decompositions, as
NSCT, can be carried out in different ways. Following [7]
they can be classified as:
A. Substitution Model: It involves completely replacing the

MS image details, extracted with the NSCT transform,
with those of the PAN image.

B. Additive Model: Add the NSCT details information of
PAN image directly to the MS image bands, or to the
NSCT details information of MS image.

C. Mathematical-based Model: It is more complex than the
above methods since it applies mathematical model to de-
tails information in both PAN and MS images and use the
model to weight the information of both images in order
to control noise and color bleeding effects.

All those models start with the observed low resolution MS
image, Y, with B bands, Yi, i = 1, . . . ,B, each of size P =
M×N pixels, and the PAN image, x, of size p = m×n, with
M < m and N < n, that contains reflectance data in a single
band that covers a wide area of the spectrum. Based on those
observations, they find an estimation of y, the high resolution
multispectral (HRMS) image, with B bands, yi, i = 1, . . . ,B,
each of size p = m× n pixels. The general algorithm for
pansharpening based on NSCT, is summarized in Algorithm
1, to obtain an estimation of y, ŷ, from x and Y.
Algorithm 1 NSCT pansharpening algorithm of x and {Yi}
into {ŷi}

1. Upsample each band of the MS image, Yi, to the same
size as PAN, x, and register them obtaining si, i = 1, . . . ,B.
2. Apply NSCT decomposition on the PAN image x and
registered MS image {si},

x = xR +
L

∑
l=1

D

∑
d=1

xld , (1)

si = sR
i +

L

∑
l=1

D

∑
d=1

sld
i , i = 1, . . . ,B, (2)

where we are using the superscript R to denote the residual
(low pass filtered version) NSCT coefficients band and the
superscript ld to refer to the detail bands, with l = 1, . . . ,L,
representing the scale and d = 1, . . . ,D, representing the
directions for each coefficient band.
3. Merge the details of PAN {xld} and MS {sld

i } images
getting {ŷld

i }, keeping the residual image unchanged,

ŷld
i = azxld +bzsld

i , (3)

ŷR
i = sR

i , (4)

where z is the decomposition level and directional.
4. Apply the inverse NSCT to merged MS band coeffi-
cients {ŷR

i }, {ŷld
i }, getting {ŷi},

ŷi = ŷR
i +

L

∑
l=1

D

∑
d=1

ŷld
i , i = 1, . . . ,B. (5)

Note that for bz = 0, we get the substitution model, and
for a = b = 1 we have the additive one, while using different
az and bz values we will get different weighted models pro-
posed in the literature. In this paper we propose to modify the
merging strategy in step 3 of Algorithm 1 by using Bayesian
inference as a mathematical way to estimate the high coeffi-
cients of the HRMS image from PAN and MS images and to
reconstruct HRMS residual image. The used parameters are
estimated at each level of decomposition and direction for
each band, providing a sound way to control the noise, pre-
venting color bleeding and generalizing all previous models.

3. BAYESIAN MODELING AND INFERENCE

Since the PAN image contains the details of the high resolu-
tion MS image but lacks of its spectral information, and the
MS image have the spectral information of the HRMS im-
ages, the relationship between the HRMS band coefficients
and those of the PAN and MS images is defined in this paper
as,

sR
i = yR

i +nR, (6)

sld
i = yld

i +nld
si

, (7)

xld = yld
i +nld

x , (8)

where nR and nld
si

are the noise of MS residual and coeffi-
cients bands, respectively, that is assumed to be Gaussian
with zero mean and known variances (β R

i )−1 and (β ld
i )−1,

respectively and nld
x is the noise of the coefficients bands at

each NSCT decomposition level, l, and direction, d, for PAN
image, that is assumed to be Gaussian with zero mean and
known variance (γ ld

i )−1.
Bayesian methods start with the definition of a prior

model where we incorporate the expected characteristics of
the original NSCT coefficients. Since the residual band is
smoothed version of the original HRM band, for yR

i we
choose a quadratic prior, the Simultaneously Autoregressive
(SAR) prior, given by

p(yR
i ) ∝ (αR

i )(p−1)/2 exp
{
−1

2
α

R
i
∥∥QyR

i
∥∥2
}

, (9)

where Q denotes the Laplacian operator, and αR
i is the model

parameter that control the smoothness degree of the MS
residual band i. For the coefficient band, we choose the To-
tal Variation (TV) prior, that prefers solutions having smooth
areas with sharp edges such as the coefficients of the NSCT,
given by

p(yld
i ) ∝ (α ld

i )p/2 exp
{
−α

ld
i TV (yld

i )
}

, (10)

with TV (yld
i ) = ∑

p
k=1

√
(∆h

k(y
ld
i ))2 +(∆v

k(y
ld
i ))2 where

∆h
k(y

ld
i ) and ∆v

k(y
ld
i ) represent the horizontal and vertical first

order differences at pixel k, respectively, and α ld
i is the model

parameter of the MS band i coefficients at level l and direc-
tion d.

Bayesian methods also need of a degradation model,
where fidelity to the observed data is incorporated, expressed
as the conditional distribution of the observation given the
real data. From the observation model of the MS image in
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Eqs. (6) and (7), we have the following probability distribu-
tions

p(sR
i |yR

i ) ∝ (β R
i )p/2 exp

{
−1

2
β

R
i
∥∥sR

i −yR
i
∥∥2
}

, (11)

and

p(sld
i |yld

i ) ∝ (β ld
i )p/2 exp

{
−1

2
β

ld
i

∥∥∥sld
i −yld

i

∥∥∥2
}

. (12)

The probability distribution of the details of the PAN image,
given HRM coefficients, from Eq. (8), is written as

p(xld |yld
i ) ∝ (γ ld

i )p/2 exp
{
−1

2
γ

ld
i

∥∥∥xld−yld
i

∥∥∥2
}

. (13)

Having defined the degradation and prior models, the
Bayesian inference is performed based on the posterior distri-
bution of the HRMS given the observations. For the residual
band, this posterior distribution is given by

p(yR
i |sR

i ) = p(yR
i ,sR

i )/p(sR
i ), (14)

where p(yR
i ,sR

i ) = p(yR
i )p(sR

i |yR
i ) with p(yR

i ) and p(sR
i |yR

i )
defined in Eqs. (9) and (11), respectively, and the estimation
of the real image y, ŷR

i , can be calculated as the maximum a
posteriori (MAP), that is,

ŷR
i = argmax

yR
i

p(yR
i |sR

i ) = argmin
yR

i

[
−2log p(yR

i |sR
i )
]

(15)

and so

ŷR
i = argmin

yR
i

[
α

R
i
∥∥QyR

i
∥∥2 +β

R
i
∥∥sR

i −yR
i
∥∥2
]
. (16)

By differentiating the right hand side of Eq. (16) with respect
to yR

i and setting it equal to zero we obtain the estimation of
the residual bands ŷR

i as

ŷR
i = (β R

i Ip +α
R
i QT Q)−1

β
R
i sR

i , (17)

where Ip is the identity matrix of size p× p.
Having found an estimation of the residual bands, let us

move to find an estimation of the rest of the NSCT bands.
For those coefficients bands, the posterior distribution is for-
mulated as

p(yld
i |sld

i ,xld) = p(yld
i ,sld

i ,xld)/p(sld
i ,xld) (18)

where p(yld
i ,sld

i ,xld) = p(yld
i )p(sld

i ,xld |yld
i ), with p(yld

i )
defined in Eq. (10) and, assuming that sld

i and xld are in-
dependent, for a given yld

i ,

p(sld
i ,xld |yld

i ) = p(sld
i |yld

i )p(xld |yld
i ), (19)

where p(sld
i |yld

i ) and p(xld |yld
i ) have been defined in Eqs.

(12) and (13), respectively.
In order to perform the estimation from the posterior dis-

tribution we need to calculate p(sld
i ,xld) in Eq. (18). How-

ever, p(sld
i ,xld) cannot be calculated analytically and we will

apply the variational methodology to approximate the poste-
rior distribution by another one, q(yld

i ), that minimizes the
Kullback-Leibler(KL) divergence [8], defined as

CKL(q(yld
i )||p(yld

i |sld
i ,xld))

=
∫

q(yld
i ) log(

q(yld
i )

p(yld
i |sld

i ,xld)
)dyld

i , (20)

which is always non negative and equal to zero only when
q(yld

i ) = p(yld
i |sld

i ,xld).
Unfortunately, the integral in Eq. (20) cannot be directly

evaluated due to the TV prior but we can approximate it by
using the Majorization-Minimization approach [9] that con-
verts a non-quadratic problem to a quadratic one by the intro-
duction of a new parameter that also needs to be estimated.
Thus, the TV prior in Eq. (10) is majorized by the functional
(details can be found in [10]),

M(yld
i ,uld

i )=c.(αi
ld)p/2

exp

−α
ld
i ∑

j

(∆h
j(y

ld
i ))2+(∆v

j(y
ld
i ))2 +uld

i ( j)

2
√

uld
i ( j)

,

(21)

where uld
i is a p−dimensional vector, uld

i ∈ (R+)p, with com-
ponents uld

i ( j), j = 1, ..., p, and that, as we will show later,
has a tight relationship with the image. Substituting Eq. (21)
into Eq. (10), we obtain p(yld

i ) ≥ c.M(yld
i ,uld

i ). To find an
estimation of q(yld

i ) from Eq. (20) we use this lower bound
for p(yld

i ) and alternatively find an estimate of q(yld
i ) and

minimize the bound (see [10] for the details). So, we obtain
that

(uld
i )k+1( j) = Eqk(yld

i )

[
(∆h

j(y
ld
i ))2 +(∆v

j(y
ld
i ))2

]
, (22)

for j = 1, . . . , p, where uk+1
i ( j) represents the local spatial

activity of yld
i and they will be high for pixels in the neigh-

borhood with high level of detail, thus preserving the image
structure, and low for zones with low spatial activity, thus
keeping it smooth. By differentiating

qk(yld
i ) = N (yld

i |Eqk(yld
i )[y

ld
i ],covqk(yld

i )[y
ld
i ]), (23)

we get the estimation of yld
i , which is the mean of the distri-

bution qk(yld
i ), where

Eqk(yld
i )[y

ld
i ] = covqk(yld

i )[y
ld
i ]
[
(β ld

i (sld
i )k + γ

ldxld
i )
]
,

(24)

covqk(yld
i )[y

ld
i ] =

[
α

ld
i ς(uld

i )k +β
ld
i Ip + γ

ld
i Ip

]−1
, (25)

with

ς(uld
i )k = (∆h)tW (uld

i )k(∆h)+(∆v)tW (uld
i )k(∆v), (26)

where ∆h and ∆v represent p× p convolution matrices asso-
ciated with the first order horizontal and vertical differences,
respectively, and

W ((uld
i )k) = diag

(
(uld

i )k( j)−
1
2

)
, (27)
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Measure Band NSCT [6] SR [10] Proposed
COR b1 0.91 0.84 0.99

b2 0.91 0.98 0.99
b3 0.90 0.62 0.98

SSIM b1 0.79 0.90 0.97
b2 0.81 0.94 0.97
b3 0.81 0.85 0.96

PSNR b1 26.75 32.68 38.17
b2 27.17 35.50 39.51
b3 27.65 30.15 36.93

ERGAS - 5.76 3.12 1.61

Table 1: Synthetic Image Quantative Results

is a p× p diagonal matrix, for j = 1, ..., p. This is a spatial
adaptivity matrix since it controls the amount of smoothing
at each pixel location depending on the strength of the inten-
sity variation that pixel, as expressed by the horizontal and
vertical intensity gradient [10].

Returning back to the step 3 in the pansharpening Algo-
rithm 1, and replacing Eqs. (3) and (4) by Eqs. (17) and (25),
respectively, we obtain the residual and coefficient bands for
the estimated HRMS image. Moreover, by setting αR

i = 0,
in Eq. (17), we will have the residual band of HRMS esti-
mated image equal to the MS one, that is, it is equivalent to
Eq. (3), and setting α ld

i = β ld
i = 0 in Eq. (25) we obtain the

NSCT-based substitution model. Also, by setting α ld
i = 0,

γ ld
i = β ld

i = 1, we get the additive model, while setting gaγ ld
i

and β ld
i to different values generates different mathematical

models. By setting α ld
i to a non-zero value, however, will

help our model to control the noise, while merging the coef-
ficients in the different levels and directions.

4. EXPERIMENTAL RESULTS

In this section, the proposed NSCT-based pansharpening
method using the Bayesian inference is tested. Experiments
on a synthetic color image and a real SPOT5 image are
conducted to test the proposed method. The observations
of the synthetic multispectral are obtained from the color
image, displayed in Fig. 2(a), by convolving it with mask
0.25× 12×2 to simulate sensor integration, and then down-
sampling it by a factor of two by discarding every other pixel
in each direction and adding zero mean Gaussian noise with
variance 16. For the PAN image we used the luminance of
the original color image and zero mean Gaussian noise of
variance 9 was added. The observed MS image was upsam-
pled to the same size of PAN image by the cubic interpo-
lation and then 3 levels of NSCT decomposition was ap-
plied on each upsampled MS band and PAN image with 4
and 8 directional levels, for the first two and the third de-
composition levels, respectively. The proposed algorithm
was run on the resulting coefficients bands until the crite-
rion ‖(yld

i )k− (yld
i )k−1‖2/‖(yld

i )k−1‖2 < 10−4 was satisfied,
where (yld

i )k denotes the mean of qk(yld
i ), which typically is

reached within 2 iterations in the first decomposition levels,
and 4 iterations in the other levels. The values of parameters
were experimentally chosen to be αi = 0.045, βb = 1/16,
i = 1,2,3 and γ = 0.9. We are working on the method that it
can estimate the parameters automatically. We compared the

(a) Original image (b) Observed PAN image

(c) Observed MS image (d) NSCT method in [6]

(e) SR method in [10] (f) proposed method.

Figure 2: Results for the synthetic image

proposed NSCT using Bayesian inference method with the
SR method in [10] and the additive NSCT method [6]. The
resulted images corresponding to each method are displayed
in Fig. 2(d)-(f).

To assess the spatial improvement of the pansharpened
images we use the correlation of the high frequency compo-
nents (COR) [1] which takes values between zero and one
(the higher the value the better the quality of the pansharp-
ened image). Spectral fidelity was assessed by means of the
the peak signal-to-noise ratio (PSNR), the Structural Simi-
larity Index Measure (SSIM) [11], an index ranging from−1
to +1, with +1 corresponding to exactly equal images, and
the ERGAS [12] index, a global criterion for what the lower
the value, the higher the quality of the pansharpened image.
Table 1 shows the corresponding quantitative results. The
proposed method provides better results for each measure.
The COR values reflect that all methods are able to incorpo-
rate the details of the PAN image into the pansharpened one,
although the SR method in [10], see Fig. 2(e), introduced
less details in the band 3 (blue) since it contributes less to the
PAN image and more into the band 2 (green) since it has the
highest contribution, which is reflected as a greenish color
near the edges of the image. The NSCT method in [6] incor-
porates details in all the bands but produces a noisy image,
see Fig. 2(d). The proposed method (Fig. 2(f)) is able to in-
corporate details in all the bands while controls the noise and
avoids the color bleeding effect. The spectral fidelity mea-
sures show that the proposed method performs better than
the competing methods, which is also clear from the image
in Fig. 2(f). The PSNR for the proposed method is about
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(a) Observed MS image (b) Observed PAN image

(c) Bicubic Interpolation (d) NSCT method in [6]

(e) SR method in [10] (f) proposed method.

Figure 3: Results for the SPOT5 image

10dB higher than NSCT method in [6] and from 2dB to al-
most 6dB higher than for the SR method in [10], with a re-
markable high SSIM and low ERGAS values which reflect
the high quality of the resulting images.

In the second experiment, the method was tested on real
SPOT5 dataset, where the MS image covers a region of in-
terest of 256 by 256 pixels with pixel resolution of 10 m,
while the PAN image is 512 by 512 pixels with a pixel res-
olution of 5 m. The MS image consists of four bands from
the visible and infrared region corresponding to green (0.50-
0.59 µm), red (0.61-0.68 µm), Near IR (0.78-0.89 µm), Mid
IR(1.58-1.75 µm), while the PAN image consists of a sin-
gle band covering the visible and NIR (0.48-0.71 µm). Fig-
ure 3(a) shows a region of the RGB color image representing
bands 1 to 3 of the MS image. Its corresponding PAN and
bicubic interpolation image are depicted in Fig. 3(b) and (c),
respectively. The resulted images, displayed in Figs. 3(c)-(f),
reveal similar conclusions to the obtained for the synthetic
image, from the visual inspections. The NSCT method in [6]
(Fig.3(d)) provides a detailed image but quite noisy, the SR
method in [10] provides good details for bands 1 and 2, see
Fig.3(e), but not for bands 3 and 4 since the PAN image does
not cover those bands. This is why the blue color in Fig.3(e),
seems to be vanished. The proposed method in Fig.3(f), pro-
vides the best result, preserving the spectral properties of
MS image while incorporating the high frequencies from the
panchromatic image and controlling the noise in the image.

5. CONCLUSION

In this paper we propose a new pansharpening method that
generalizes the fusion strategy of the panchromatic and mul-
tispectral images in contourlet based methods. The proposed
fusion algorithm is based on the Bayesian modelling and
incorporates a solid way to incorporate the details in the
panchromatic into the multispectral image while controlling
the noise. Particular cases of the proposed fusion method are
substitution, additive and weighted contourlets methods.

The proposed pansharpening method has been compared
with other methods both in synthetic and real images and its
performance has been assesed both numerically and visually.
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ABSTRACT 

Accurate image registration is crucial for the effectiveness of 
super resolution. In super resolution,   image registration is 
used to find the disparity between low resolution images. In 
this paper an image registration approach based on a com-
bination of Scale Invariant Feature Transform (SIFT), Belief 
Propagation (BP) and Random Sampling Consensus 
(RANSAC) is proposed for super resolution. The SIFT algo-
rithm is used to detect and extract the local features in im-
ages, BP is used to match the features while RANSAC is 
adopted to filter out the mismatched points and then estimate 
the transformation matrix. The proposed method is compared 
with traditional SIFT to verify its accuracy and stability. Fi-
nally, the result of using the proposed approach in the super 
resolution application is given. 

1. INTRODUCTION 

Super resolution is a method to reconstruct a high resolution 
image from a sequence of low resolution images. High reso-
lution images are desirable in many applications such as 
clinical diagnosis, high quality video conferencing, high 
definition television broadcasting, blu-ray movies etc.  There 
are three major steps in super resolution i.e., image registra-
tion, interpolation and restoration. Accurate image registra-
tion is an important factor in super resolution performance. 
The demand for accuracy in image registration is increasing 
because of the super resolution applicability in various fields.    

There is a great deal of the image registration research in 
the literature. Reported methods can be classified into two 
main approaches: intensity-based methods and feature-based 
methods. Intensity-based methods compare the intensity pat-
terns in images via correlation metrics, while feature-based 
methods find correspondence between image features. Scale 
Invariant Feature Transform (SIFT) is one of the most popu-
lar feature-based methods introduced by Lowe [1]. SIFT is 
able to detect and describe local features that are invariant to 
scaling and rotation. Various improvements have been made 
to the SIFT algorithm, and a recent one reported in [2] uses 
belief propagation (BP) to achieve better matching than with 
the minimum Euclidean distance method [1] which com-
pletely ignores the geometric information among the descrip-
tors. In [3] Random Sampling Consensus (RANSAC) [4] is 

used to improve the mismatch points in the SIFT algorithm 
and then a support vector machine is adopted to estimate the 
transformation matrix. In [5] the algorithm is improved by 
applying effective mismatch filtering using the genetic algo-
rithm. In [6], matching in the traditional SIFT algorithm is 
improved by using principal-component analysis (PCA) and 
RANSAC is used to estimate the homography matrix. In [7] 
the SIFT algorithm is used to register medical microscopic 
image sequences where the Gaussian weighting function is 
used to optimise the feature descriptor.      

In this paper we demonstrate effectiveness of the SIFT 
with BP algorithm [2] for image registration in super resolu-
tion imaging, and further improve the result by applying 
RANSAC for eliminating the remaining mismatched points 
and estimating the transformation matrix. The rest of the pa-
per is organized as follows. A brief review of the background 
is presented in the next section. In Section 3, we describe the 
implementation of the proposed method. Experimental re-
sults are given in Section 4. We conclude and address future 
work in Section 5. 

2. IMAGE REGISTRATION FOR SUPER 
RESOLUTION 

Generally, three problems need to be solved when perform-
ing super resolution: (i) image registration, (ii) interpolation 
and (iii) restoration. In this paper, we focus on the image 
registration step, which is a crucial step in super resolution.  

Image registration is used in super resolution to register 
low resolution image frames. A subpixel-registered image 
sequence of the same scene potentially contains more infor-
mation than any single view alone. Image registration en-
ables finding subpixel shifts and hence extracting useful in-
formation from multiple frames. Many methods are proposed 
for this task (see [7] for a survey). The SIFT algorithm is one 
the most popular feature-based image registration methods 
often used in panoramic imaging, medical imaging, robotics, 
and surveillance. 

After image registration, the relative pixels positions of 
all low-resolution images in the sequence in reference to the 
first image are identified. Then we can project this informa-
tion on high-resolution grid. For this task we use the algo-
rithm of [9], though any other method can also be applied. 
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The following sub-section discusses the background of im-
age registration techniques used in this paper.  
2.1 SIFT feature extraction  

The SIFT algorithm [1] presents a method for extracting lo-
cal features that are tolerant to scale and illuminations 
changes as well as rotation. There are four main steps in ex-
tracting the local features: (i) keypoints detection, (ii) key-
points localization, (iii) orientation assignment, and (iv) key-
points descriptor generation.   

First, a set of Difference of Gaussian images covering 
the range of scales are generated using a Gaussian pyramid 
and then local minima and maxima are tracked through scale 
space by comparing each pixel with its 36 nearest neighbors. 
Each local minima and maxima form a candidate keypoint. 

The second step is to determine location and scale for 
each candidate keypoint. The points with low contrast and 
poorly localized edge points are rejected. 

In the orientation assignment step, each keypoint is as-
signed a direction based on the local image gradient. Addi-
tional keypoints will be created if strong directions exist.  

Lastly, the local neighborhood of each keypoint is used 
to generate an array of SIFTdescriptors. The SIFT descriptor 
is generated by calculating orientations and magnitude of the 
pixel neighborhood relative to the keypoint in question. Each 
descriptor is made by an area of 3 x 3 pixels and consists of 8 
bins. Each pixel contributes with its magnitude to the bin 
closest to its orientation. More details on how SIFT descrip-
tors are calculated can be found in [1].  

 
2.2 Descriptor matching using belief propagation 

For image matching, descriptor vectors of all keypoints are 
stored in a database. In traditional SIFT [1], matches between 
keypoints are found based on Euclidean distance. 
         In [2], belief propagation (BP) is used in the matching 
process where the keypoint matching is formulated as a 
global optimisation problem. Detailed steps on how BP is 
used in the SIFT matching process can be found in [2]. 
 
2.3 RANSAC and transformation matrix estimation 

RANSAC is a robust estimator originally proposed by Fish-
cler and Bolles in 1981[4] where it was used to derive a us-
able model from a set of data. In [3], RANSAC is used to 
filter out the incorrectly mapped points that come from the 
imprecision of the SIFT model. 
        The correct matching features are classified into inliers 
and outliers using RANSAC. Inliers are the data that adhere 
to the model while the outliers are the data that do not. The 
RANSAC algorithm starts by randomly selecting sets of cor-
responding points. For each possible set of four keypoints at 
the reference image and their respective matches at the target 
image the mapping transform is found. Then transformation 
matrix is estimated using those points as follows: 

x' x

y' = A y
z' 1

� � � �
� � � �
� � � �
� � � �
� � � �

 

where ( )', ' ( , )x y x y←→  are pixel point correspondences, 

and A is a 3x3 transformation matrix.  
     Using the transformation matrix, the symmetric transfer 
error 1 2 , 2( , ') ( , )d x A x d x Ax− + is calculated for every match-
ing point, and the inliers that are less than the threshold value 
are counted. Here ( , )d x y is the Euclidean distance between 
points x and y. Then the same procedure is applied to the rest 
of the keypoints in the reference image, and spatial coordi-
nates of transformed keypoints are compared to the coordi-
nates of the respective keypoints in the target image. This 
allows establishing the number of keypoint pairs that fit the 
model within a certain tolerance. The model that supports 
maximum number of keypoint pairs (consensus set) within a 
transform model is considered as optimal. Then the model 
will transform the target image to the reference image, so that 
corresponding points in both images are spatially close to 
each other. 

3. THE PROPOSED METHOD 

The proposed image registration method for super resolution 
is shown in Figure 1. We assume that Test image needs to be 
registered with Reference image. First, the original SIFT 
algorithm [1] is used to extract the local features in both im-
ages. The extracted features are then matched using the BP 
algorithm as in [2]. Next, mismatched points that remain 
after the BP matching are eliminated using RANSAC.  Fi-
nally, the transformation matrix is estimated once all the cor-
rect matching points are established, and the image is resam-
pled using the optimal transform model.  

 

 
 

Figure 1: The block diagram of the proposed method. 
 

One example of the keypoints matching obtained by 
SIFT, SIFT-RANSAC and SIFT-BP is shown in Figure 2 (a)-
(c). Keypoints are shown by blue circles and matches with 
red lines. One can see that SIFT-RANSAC (without BP) 
eliminated two wrong matches after SIFT, and SIFT-BP 
eliminated 4 wrong matches.  
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(a) 

(b) 

(c) 
Figure 2: Keypoints matching of the original low resolution 
images (a) using original SIFT (25 matches) (b) using SIFT-

RANSAC (23 matches) (c) using SIFT-BP (21 matches). 
 

Figure 3 demonstrates that the proposed approach elimi-
nates two remaining wrong matches by applying RANSAC 
after the BP algorithm. Thus, using RANSAC after BP can 
reduce the number of wrongly matched keypoints that can 
potentially improve the image registration result, and conse-
quently super resolution performance. 

 

 
Figure 3: Keypoints matching using the proposed method  

(19 matches). 
           

4. RESULTS 

This section presents experimental results and compares 
super resolution performance when using SIFT, SIFT-
RANSAC, SIFT-BP, and SIFT-BP-RANSAC for image reg-
istration. The performance was tested on simulated and real-
world low resolution images.  We present results of image 
registration only, and super resolution. 
 The first experiment was based on two simulated 
images used in Section 3. The test image was shifted by 
random translations in pixels, and the original image was 
used as a reference. Figure 4 compares image registration 
results obtained with SIFT, SIFT-BP [2], and SIFT-
RANSAC [3]. SIFT-BP and the proposed SIFT-BP-
RANSAC method gave the best results. It can be seen from 
Figures 4 (c) and (d) that the registered image based on 
SIFT-BP has artefacts due to wrong registration at the first 
rectangular close to number 1 on the right of the image. This 
problem was removed by eliminating two more bad matches 
with RANSAC.  

      

(a) 
 

(b) 

(c) 

 
 
 
 
 

 
         (d) 

Figure 4: The registered image using (a) SIFT (b) SIFT- RANSAC 
(c) SIFT-BP (d) the proposed method. 

 
           After image registration, we proceed with super reso-
lution.  In this work we use the algorithm of [9] for robust 
super resolution, i.e., to perform interpolation and restoration 
of the registered image. Note however, that most other super 
resolution methods can be used instead of [9].  
          Figure 5 shows the resulting super resolution images 
obtained when SIFT, SIFT-BP, SIFT-RANSAC, and SIFT-
BP-RANSAC were used for image registration. The im-
proved quality of images after super resolution with SIFT-BP 
and SIFT-BP-RANSAC image registration compared to the 
original low-resolution image shown in Figure 6 (left) is ob-
vious. SIFT-BP still suffers from the same artifacts as after 
registration.  
 

 
(a) 

 
 
 
 
 
 

(b) 

 
 

(c) 

 
 

(d) 
 

Figure 5: Results of super resolution for (a) SIFT (b) SIFT-
RANSAC (c) SIFT-BP (d) the proposed method. 

 
 
 
 
 

 
 

 
 
 
 

 
Figure 6: (left) One of the low resolution image (52x93) (right) High 

resolution image (208x372). 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 7: Keypoints matching using (a) SIFT (96 matches) (b) SIFT-RANSAC (83 matches) (c) SIFT-BP (48 matches) and (d) the pro-
posed method (48 matches). 

  
Figure 5 also shows the importance of the image regis-

tration step, since super resolution on wrongly registered  
images with SIFT and SIFT-RANSAC (shown in Figures 5 
(a) and (b), respectively) led to very poor high resolution 
results in Figures 5 (a) and (b), respectively.   
       The second experiment is given to show the effective-
ness of the proposed method with real-world images. Figure 
7 shows the keypoints matches obtained by SIFT, SIFT-BP, 
SIFT-RANSAC, and SIFT-BP-RANSAC. We observe mis-
match points in the original SIFT and SIFT-RANSAC but 
most of the mismatched points were removed after BP. 
        After the wrong matches have been removed the inliers 
are used to solve the transformation matrix. Figure 8 shows 
the registration results. The red circles in Figure 8 highlight 
the most obvious errors in the registered images after resam-
pling. For example, in Figure 8(a) and 8(c) the text has been 
distorted and the same can be said for the arrow in Figure 
8(b). In Figure 8(d) however, the proposed method offers 
improved performance as no such artefacts can be seen in the 
registered image.       
       As demonstrated, applying RANSAC after BP improves 
image registration performance. As a direct result of the reg-
istration improvement, the performance of the super resolu-
tion algorithm is significantly improved. This is illustrated in 
Figure 9 and 10 from which we can see better super resolu-

tion performance as a result of more accurate registration. 
The red circles again highlight the most obvious artefacts in 
the resulting images. The super-resolution image obtained 
using SIFT-BP-RANSAC for image registration has obvi-
ously the highest visual quality.  
        In addition to the above test images, we further tested 
the proposed methods using images from the Oxford build-
ings dataset [10]. The results obtained for these test images 
are similar to those reported.  

5. CONCLUSION 

In this paper, we propose using SIFT-BP-RANSAC based 
image registration for image super resolution. The technique 
was applied on simulated and real-world images and the ini-
tial results are encouraging especially when compared to the 
traditional SIFT method. The advantage of the proposed 
method lies in its ability to overcome the outliers introduced 
in the SIFT-BP method and hence correctly estimate the 
transformation matrix. The resulting super-resolution images 
show better visual quality compared to the case when SIFT  
SIFT-BP or SIFT-RANSAC alone are used for image regis-
tration.  
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 8: Registered image using (a) SIFT (b) SIFT-RANSAC (c) SIFT- BP (d) the proposed method 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9: Super resolution results with (a) SIFT (b) SIFT-RANSAC (c) SIFT-BP (d) the proposed method 
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ABSTRACT
In this paper a multichannel and multicomponent restoration
scheme is introduced for hyperspectral images (HSI) with the
aim of improving target detection. This noise reduction (NR)
method takes advantage of the whole data along all dimen-
sion simultaneously by defining data as a tensor. The aim
of this paper is to prove the improvement in considering the
cross-dependency of spatial and spectral information. Using
jointly spatial and spectral processing enables better spec-
tral signature restoration and consequently increase the target
discrimination. Defining a tensor model, our method is based
on tensor decomposition without any dimensional splitting
during the processing. The optimization criterion used is
the minimization of the mean square error between the es-
timated and the desired signals. This minimization leads to
some estimatedn-mode filters for each dimension, which can
be considered as the extension of the well-known Wiener fil-
ter in a particular mode (such that dimension). In order to
take into account the mode cross-dependency, an Alternating
Least Square (ALS) algorithm is proposed to jointly deter-
mine then-mode Wiener filter. Comparative studies with the
classical bidimensional filtering methods show that our algo-
rithm presents better performances by improving the detec-
tion probability.

1. INTRODUCTION

Although hyperspectral images (HSI) exhibits a correct
signal-to-noise ratio (SNR), in general the SNR is not suf-
ficient to allow anoptimum information extraction. Indeed,
the noise corrupting hyperspectral images depends not only
on the performance of sensors but also on the conditions
during the data acquisition including illumination and atmo-
spheric effects. Under such conditions, noise reduction (NR)
is a necessary preprocessing step to increase the SNR in or-
der to improve the detection or classification processing by
both decreasing the target spectral variability and spatially
smoothing homogeneous areas [5–10]. A basic estimation
scheme processes all channels separately. It is a band-by-
band processing, considering each one as an independent
signal. This NR method does not take advantage of inter-
channel relationships which is one of the principal hyper-
spectral characteristics. In order to make use of this inter-
channel information, a Karhunen-Loeve domain orthogonal-
ization that decorrelates the channels is proposed. Actually,
the most common in NR when deal with multichannel data
is to perform an hybrid filter which consists first in making a
Principal Component Analysis (PCA) transform and then in
removing noise with one spatial restoration for each decor-
related channel [12, 14–16]. But those classical processing
techniques consist in splitting data set into matrices or vec-
tors and operate in the spatial and spectral domains indepen-
dently. The splitting reduces considerably the information
quantity related to the all data without separate spatial and

Figure 1: Tensor of hyperspectral images.

spectral information and hence as a result the possibility of
studying the relations between components of different chan-
nels is lost. In this study, data are modeled as a tensor. Tensor
models are used in a large range of fields such as data analy-
sis or signal and image processing . Each mode (dimension)
of the tensor is associated with a physical quantity. Hence,
we propose a multiway filtering [1], for denoising hyperspec-
tral images. This new approach implicitly implies the use of
multilinear algebra and mathematical tools [1] that extend
the singular value decomposition (SVD) to tensors.

The remainder of the paper is organized as follows. Sec-
tion 2 introduces the tensor formulation of the classical
noise-removing problem. Section 3 presents a new version
of Wiener filtering based on then-mode signal subspace and
tensor decomposition. Section 4 presents some comparative
detection results concerning the multiway filtering, channel-
by-channel based Wiener filtering and an hybrid Wiener fil-
ter. Finally, conclusions are presented in Section 5.

2. TENSOR MODEL FOR HYPERSPECTRAL
IMAGES

2.1 Tensor modeling

Hyperspectral images can be modeled by a three-order tensor
X ∈R

I1×I2×I3 (see Fig.1) whereI1 is the number of rows,I2
the number of columns, andI3 the number of spectral chan-
nels. Each dimension of the tensor is calledn-mode wheren
refers to thenth index. Using tensor model enables to gener-
alize the theory to the N order corresponding to the number
of dimensions.

The interest of tensor modeling is the multilinear alge-
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Figure 2:n-mode unfolding of tensorX .

braic tools associated which allow for example to study the
properties of data tensorX in a givenn-mode. An illustra-
tion of then-mode unfolding of a tensor is represented in Fig.
2.

In each unfolding of the tensor data are rearranged along
all tensor dimension and the whole information contained in
the tensor is present.

2.2 Problem setting

We assume that the hyperspectral tensorR is the sum of the
desired informationX and an additive white Gaussian noise
N :

R = X +N . (1)

Our aim is to estimate the desired signalX thanks to a mul-
tidimensional filtering of the data:

X̂ = R×1 H1×2 H2×3 H3...×N HN , (2)

where×n is then-mode product. Then-mode product gen-
eralize the product between both the data tensorR and the
matrix Hn along then-mode. From a signal processing point
of view, then-mode product is an-mode filtering of data ten-
sorR by n-mode filterHn. In the following, we review the
expression of the multiway Wiener filtering for a tensor of
orderN [1].

The optimization criterion chosen to determine the opti-
mal n-mode filters{Hn, n = 1, . . .N} is the minimization of
the the mean square error between the estimated signalX̂

and the initial signalX :

e(H1, . . . ,HN) = E
(
‖X −R×1 H1 · · ·×N HN‖

2
)

. (3)

In extension of the first order case,n-mode filtersHn corre-
spond ton-mode Wiener filters.
In the classical multidimensional and multi-mode signal pro-
cessing assumptions,E(n) is the superposition of two orthog-

onal subspaces: the signal subspaceE(n)
1 of dimensionKn,

and the noise subspaceE(n)
2 with dimensionIn−Kn, such as

E(n) = E(n)
1 ⊕E(n)

2 .

3. WIENER MULTIWAY FILTERING

3.1 Expression ofn-mode Wiener filters

Following [1] by developing the squared norm of equation
(3), and unfolding it over then-mode and after some compu-
tations, the final expression ofHn n-mode filter associated to
fixed Hm m-mode filters,m 6= n, expression (3) becomes:

Hn = V (n)
s ΛnV (n)T

s (4)

where,V (n)
s is theKn largest eigenvectors originally from

the eigenvalue decomposition along then-mode unfolding of
R

and where,

Λn = diag





λ γ

1 −σ (n)2

γ

λ Γ
1

, ...,
λ γ

Kn
−σ (n)2

γ

λ Γ
Kn




 (5)

in which {λ γ
i ,∀i = 1, . . . ,Kn} and {λ Γ

i ,∀i = 1, . . . ,Kn} are
theKn largest eigenvalues, respectively of matrices

E
[
Xnq

(n)RT
n

]
and E

[
RnQ

(n)RT
n

]

with

q(n) = H1⊗·· ·Hn−1⊗Hn+1 · · ·⊗HN , (6)

Q(n) = HT
1 H1⊗·· ·H

T
n−1Hn−1⊗HT

n+1Hn+1 · · ·⊗HT
N HN . (7)

The symbol⊗ defines the Kronecker product.

Also, σ (n)2

γ can be estimated by determining theIn−Kn

smallest eigenvalues mean ofγ(n)
RR :

σ (n)2

γ =
1

In−Kn

In

∑
i=Kn+1

λ γ
i . (8)

Note that this expression requires the unknown parameter
Kn. To apply it on real data, withouta priori knowledge, we
have to estimate it. We propose in the following section one
criterion for this purpose.

3.2 Estimation of the lowern-mode rank

The Kn parameter is the lowern-mode rank approximation.
In other word,Kn is the usefuln-mode signal subspace di-
mension of the noisy imageR. Actually,
• if Kn is too low , information is lost
• if Kn is too elevated , noise is included in the restoration.

In those two cases, the necessary number of eigenvalues
is not well approximated and the estimated tensor is not
optimum. In this paper, we extend the well-know detection
criteria [17, 18] in order to estimateKn for eachn-mode.
Thus, the estimated signal subspace dimension is obtained
merely by minimizing one of AIC criterion.
Consequently, for eachn-mode unfolding ofR, the detection
criterion AIC can be expressed as

AIC(k) =−2N
i=In

∑
i=k+1

logλi

+N(In− k) log

(
1

In− k

i=In

∑
i=k+1

λi

)
+2k(2In− k) (9)

where(λi)1≤i≤In areIn eigenvalues of the covariance ma-
trix of the n-mode unfoldingR: λ1 ≥ λ2 ≥ . . . ≥ λKn >

λKn+1 = λKn+2 = . . . = λIn = σ2, and N is the number of
columns of then-mode unfoldingR.
Then-mode rankKn is the value ofk (k = 1, . . . , In−1) which
minimizes AIC.
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In this step, we have defined then-mode filters which
now require noa priori knowledge. But our aim is to pro-
pose a multiway filtering, it means then-mode filters must
not be estimated independently. We have to take advantage
of then-mode cross-dependency to propose a coherent multi-
way filter. The way to overcome it is summarized in the next
subsection.

3.3 ALS algorithm

An Alternative Least Square algorithm needs to be used to
jointly find Hn n-mode Wiener filters that enables to reach the
global minimum of mean square errore(H1, . . .HN) given by
(3). This algorithm overcome a non linear optimization. One
ALS algorithm can be summarized in the following steps:
1. initialization k = 0: R0 = R⇔ H0

n = IIn for all n = 1 to
N.

2. ALS loop: while
∥∥X −Rk

∥∥2
> a priori fixed threshold

(a) Kn estimation, for n = 1 to N:
i. Kn = argmink AIC(k), k=1,...,In , eq.(9)

(b) Hn estimation, for n = 1 to N:
i. Rk

n = R ×1 Hk
1 · · · ×n−1 Hk

n−1×n+1 Hk
n+1 . . .×N

Hk
N

ii. Hk+1
n = argmin

∥∥∥X −Rk
n×n Q(n)

∥∥∥
2

subject to

Q(n) ∈ R
In×In .

(c) Multiway filtering ,
Rk+1 = R×1 Hk+1

1 · · ·×N Hk+1
N , k← k +1.

3. output:X̂ = R×1 Hk
s · · ·×N Hks

N , whereks is the conver-
gence iteration index.
Iteration after iteration the multiway filtering improves

the SNR of the estimated tensor. Indeed, for example
some signal-independent white Gaussian noise is added to
a 150x150x158 tensor with a power noise resulting in a
0.9dB, we apply the ALS algorithm and for the iteration
{1,2,10,24} we obtained a estimated tensor with a SNR
equal to{16.12dB,16.98dB,18.15dB,19dB}. These results
prove the fitting of then-mode filters together.
The Figure?? shows the improvement of the SNR output
when the values of the spatial and spectral dimensions of HSI
are well estimated using AIC or MDL criteria.

4. IMPROVEMENT OF TARGET DETECTION

A high spatial resolution HYperspectral Digital Imagery Col-
lection Experiment (HYDICE) is considered in all our ex-
periments. To highlight the advantages of multiway filter-
ing, we compare it detection result with those given by the
classical signal subspace based methods. The first one basi-
cally consists of a consecutive Wiener filtering of each two-
dimensional spectral channel, that we denote hence after by
2D-Wiener. The second one consists of a preprocessing by
projection on the spectral mode to decorrelate the channels,
then Wiener filtering is applied on each two-dimensional
spectral channel, denoted byPCA-2D Wiener.

This noise,N , can be modeled by

N = α ·G (10)

in which every element ofG ∈ R
I1×I2×I3 is an independent

realization of a normalized centered Gaussian law, and where
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Figure 3: SNR output versus SNR input with the optimal
ranks estimated by AIC or MDL.

α is a coefficient that permits to set the SNR in noisy data
tensorG .

Fig. 4a) shows the target test (the second one) in the ini-
tial HYDICE image we want to detect. This target is difficult
to discriminate as the spectral signatures of the 1st , 2nd and
3rd targets are similar, as shown on Fig.4b). To perform the
target detection we use the adaptive coherence / cosine esti-
mator (ACE) detector [13] a well-known constant false alarm
rate (CFAR) and adaptive matched filter (AMF).

The ACE can be expressed as :

DACE(x) =

(
sT Γ̂−1x

)2

(sT Γ̂−1s)(xT Γ̂−1x)
(11)

the adaptive matched filter (AMF) is given by

DAMF(x) =
sT Γ̂−1x

sT Γ̂−1s
, (12)

whereΓ̂ is the estimated covariance matrix,s andx are re-
spectively the target and test spectra.s is assumeda priori
known from a supervised method directly on the initial hy-
perspectral tensor. So when,

{
DACE or DAMF > η , the target is present;
DACE or DAMF < η , the target is absent. (13)

Whereη is a detection threshold which allows the probabil-
ity of detection and of false alarms estimation.

Figs. 5 and 6 represent the receiver operating charac-
teristic (ROC) curves for the second target detection on an
average of ten noise realizations with a standard deviation
of 25. The zone of interest corresponds to false alarm prob-
abilities from 10−4 up to 100. The multiway Wiener filter
gives better results than the other NR methods. This ten-
dency is confirmed in Fig. 7 with respect to theSNRin vary-
ing from –3 to 13 dB and with a probability of false alarm
fixed at 10−3. Whatever noise power the multiway Wiener
filter improves the detection performance of Hyperspectral
tensor. This can be explained by its good spectral signature
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a) HYDICE image at wavelength 1718 nm.
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b) Spectral signatures.

Figure 4: Targets and spectral signatures.
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Figure 5: ROC curves obtained by ACE for the initial and
estimated hyperspectral tensors.

restoration by considering simultaneously spectral and spa-
tial processing. Figures 8 and 9 show examples of the results
obtained on spectral pixel vectors.
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Figure 6: ROC curves obtained by AMF for the initial and
estimated hyperspectral tensors.
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Figure 7: Probability of detection with respect to theSNRin
and with a fixed probability of false alarm equal to 10−3

5. CONCLUSION

In this paper, we described a new algorithm for multidimen-
sional and multicomponent restoration in order to improve
the target detection. For hyperspectral images, we proposed
a tensor model to consider all data as a whole tensor. The
proposed multiway filtering is an extension of the bidimen-
sional wiener filtering to tensor signal which is applied onn-
mode unfolding of the noisy tensor. In order to estimate the
signal subspace for each mode we have extended the well-
known AIC criteria to the tensor signal. Since filters that
minimize the mean squared error need to be determined si-
multaneously, an ALS algorithm was developed: both spatial
and spectral information are jointly taken into account. The
importance of the non-separability of both spatial and spec-
tral information is highlighted and it impact on target detec-
tion detection was demonstrated. We conclude that multiway
filtering realizes valuable target detection of HSI by restoring
the spectral signature.
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Figure 8: Error after denoising the spectral signatures with
different methods
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Figure 9: Error after denoising the spectral signatures with
different methods
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FURTHER IMPROVED EDGE-DIRECTED INTERPOLATION AND FAST EDI FOR 
SDTV TO HDTV CONVERSION 
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ABSTRACT 
High quality video interpolation is always desirable, since 
the definition of video display devices is improving. It is 
always necessary to port a video of lower quality to higher 
quality displays, such as the conversion of SDTV videos to 
HDTV videos. In this paper we will present a further im-
proved Edge-Directed Interpolation (EDI) by proposing a 
new sampling pattern and subsequently give a fast approach 
for the enlargement of a SDTV (704×480) video into a 
HDTV (1280×720) video (1.5 time enlargement). Experi-
mental results show that our approach has a better perform-
ance in terms of edge quality compared to that of the New 
Edge-Directed Interpolation (NEDI) in the literature. More-
over, the fast approach is 50% faster and the visual quality 
is also better than the NEDI. 

1. INTRODUCTION 
Image interpolation aims at reconstructing an image from a 
low-resolution to high resolution. It is well know that for 
classical linear interpolation approaches, such as bilinear 
and bicubic interpolation, they often suffer from edge blur-
ring effect or produce an image with artifacts around the 
edge area [1]. Therefore, many research studies [2]-[9] tried 
to improve the visual quality of the increased resolution im-
age by sharpening the edges and lowering the mean-squared 
errors and to make comparison with the linear interpolation 
techniques. 

The quality of an interpolated image using traditional 
Edge-Directed interpolation methods [2]-[5] depends on the 
step for the detection of edge direction. As the traditional 
edge direction detection only quantizes edge orientations into 
a finite number of choices such as horizontal, vertical or di-
agonal directions, etc., this adversely affects the traditional 
Edge-Directed interpolation methods and limits the quality of 
the interpolated image. Hence, various types of the Edge-
Directed interpolation methods have been further developed 
based on various statistical techniques, such the covariance-
based schemes [6]-[9]. The New Edge-Directed Interpolation 
(NEDI) [10] method is a typical example which possibly can 
give outstanding results. 

A new direction on improving the visual quality of the 
New Edge-Directed Interpolation (NEDI) [10] can be done 
by changing step two of the interpolation in NEDI. The Im-
proved New Edge-directed interpolation (IEDI) [11] was 
proposed in 2003. Subsequently, there have been some fur-
ther improvements either on its objective or subjective qual-
ity, such as the Modified Edge Directed Interpolation 
(MEDI) [12]. The original NEDI involves two steps: (i) to 

interpolate points with four symmetrical neighbours hence 
obtain the predicted value of the center unknown pixel, and 
(ii) to interpolate the rest of the points between the horizontal 
and vertical original pixels. The Modified algorithm MEDI 
has the same interpolation structure with the Improved algo-
rithm IEDI [11] which modifies step two of the fourth order 
NEDI interpolation structure into a sixth order structure. It 
makes fuller use of the local relative information in low-
resolution to get a high-resolution image with visually better 
quality. However, four out of six the data points that are used 
in the sixth order linear prediction equation in the MEDI are 
too far away from the unknown pixel, so it will introduce 
more prediction errors into the interpolated image. 

In this paper, a Further Improved Edge-Directed Interpo-
lation (FEDI) algorithm is proposed for image video interpo-
lation, and we also propose a faster edge-directed interpola-
tion to perform interpolation with an enlargement factor of 
1.5 (Fast EDI-1.5). This new algorithm makes use of six 
nearest original image pixels and two predicted pixels to in-
terpolate the unknown pixel. It can enhance the edge and 
reduce the prediction errors compared to that of the MEDI  
[12] interpolation structure. The fast interpolation approach 
makes a new interpolation step based on the edge-directed 
interpolation algorithm and eliminates unnecessary pixels to 
directly generate an image with 1.5 times, with lower compu-
tational cost. Although many papers have proposed new 
sampling patterns for the image interpolation, our approach 
aims at the conversion of SDTV to HDTV and has the lowest 
computational complexity. In this paper, we also give results 
of our study to minimize the number of the sample points 
using proposed algorithm and its effect on regions with high 
frequency. 

2. THE PROPOSED ALOGITHM 

2.1 FEDI 
The Further Improved Edge-Directed interpolation (FEDI) 
makes use of the nearest original pixels and predicted pixels 
to form a new sampling pattern structure of the FEDI step 
two. This new structure can remove most of the worst esti-
mated points in the MEDI and sharpen the edge of the image 
by making a full use of the local relative information in the 
low-resolution image. 

The interpolation step one of the FEDI is the same as the 
NEDI, which makes uses of the fourth-order linear prediction 
to interpolate the unknown pixels Y2i+1,2j+1 etc. (see Fig. 1). 

In step two of the FEDI, we propose to use two interpo-
lated results obtained from the NEDI first step to obtain the 
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Figure 1. Illustrative example of FEDI step two 

interpolation pixel which is indicated in black as shown in 
Figs. 1 and 2. Hence we interpolate the unknown pixel Y2i,2j+1 
(the black dots) by an eighth-order linear predictor from eight 
neighboring pixels given by the following equation: 
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where αl are the coefficients of the linear predictor. 
The white dots in Figs. 1 and 2 denote the original low-

resolution pixels i.e. Xi,j=Y2i,2j and the gray dots denote the 
interpolation result from the NEDI step one. Moreover, in 
Figs. 1 and 3, the symbols rl and r`l represent the cross-
covariance value in high-resolution and low-resolution, and 
symbols Rkl and R`kl represent the auto-covariance value in 
high-resolution and low-resolution, respectively; also l and k 
mean the positions of the covariances. 

According to Wiener filtering theory, the optimal Mini-
mum Means Square Error (MMSE) prediction coefficients 
set α = [α0, α1, ….α7], can be obtain as 

                                α                                     (2) y
1

yy rR −=
where the auto-covariance matrix Ryy contains sixty-four Rkl, 
for k, l = [0,…7], and the cross-covariance of ry contains 
eight rl , for l = [0,…7]. The rest of the 2nd step interpolation 
points can also be obtained by a similar procedure, such as 
Y2i+1,2j can be computed by (3) below. 
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The high-resolution cross-covariance ry is not available 
now, because of the center pixel Y2i,2j+1 is to be predicted.  
This difficulty can be overcome by the fact that the statistics 
of the pixels with respect to the low-resolution block and that 
of the high-resolution block are most likely to be similar. As 
a result, the auto-covariance and cross-covariance coeffi-
cients among the high-resolution block will be mostly alike 
that of the low-resolution block. Therefore, the low-
resolution covariance R`yy and r`y will be used instead, for 
the calculation.   

According to the classical covariance method, R`yy and 
r`y can be calculated by the following equation: 
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where y = [y1…yk…yM×M] T is a data vector containing M×M 
pixels inside a local window and C is a M 2×8 matrix,  
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whose kth row vector contains its eight nearest neighbors of yk 
as shown in Fig. 1. i.e. if yk = Y2i,2j, then the eight nearest 
neighbors are {Y2i-4,2j-2, Y2i,2j-2, Y2i+4,2j-2, Y2i-2,2j, Y2i+2,2j, Y2i-4,2j+2, 
Y2i,2j+2, Y2i+4,2j+2} as shown in Fig. 1. In Fig. 2, if yk=y1, the 
eight nearest neighbors are {C1,0, C1,1, C1,2, C1,3, C1,4, C1,5, 
C1,6, C1,7}. When the local window is 4×4, vector y and ma-
trix C can be find according to the structure as shown in the 
Fig. 2. 

According to (2) and (4), we have 

                             ( ) ( )yTT CCC 1−
=α                               (5) 

After substituting α into (1) and (3), we can compute the 
predicted values of Y2i,2j+1 and Y2i+1,2j, respectively. 

 
2.2 Fast DEI with 1.5 times interpolation (Fast EDI-1.5) 
In many practical applications, we always encounter the 
situation of converting a video from its original size to 1.5 of 
its size. For example, for converting a SDTV video to a 
HDTV video, we need a conversion ratio of 1.5 times. Let us 
try this conversion by proposing a new fast approach based 
on the edge-directed interpolation method in a block-based 
model. 

The Fast EDI block-based model is shown in Fig. 3. The 
red box indicates the block size of each of the interpolation. 
In each interpolation, we consider eight unknown pixels (the 
black dots) inside the red box as shown in Fig. 3.    

This Faster Edge-Directed Interpolation of 1.5 times (Fast 
EDI-1.5) only needs one-step to achieve the interpolation. 
We propose to make use of a fourth-order linear prediction to 
estimate eight unknown pixels at the same time by making 
use of (6)-(9) in this block-based model: 
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Figure 4. Illustrative example of elimination step in Fast EDI-1.5

Elimination 
of the pixels 

 Image after interpolation step                 Image after elimination step
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Coefficients αc = [αc,0, αc,1  ….αc,3] can be calculated from (2) 
with the auto-covariance Ryy matrix containing sixteen Rkl 
with k, l = [0,…3] and for c = [0,…7]. There are totally eight 
cross-covariances, r0,y, r1,y,…r7,y(rc,y). Each of them contains 
four rc,l with l = [0,…3]. As the high-resolution covariance 
rc,y is not available, the low-resolution covariance R`yy and 
r`c,y are used for the computation. Fig. 3 shows some details 
of estimating pixel Y3. The white dots in Fig. 3 are original 
pixels and black dots are pixels to be interpolated. 

Again R`yy and r`c,y can be calculated by: 
                     

c
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c
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yCrCCR                   (10) 

22
1`,1` ==

where yc = [yc,1… yc,k… yc,M×M] T  is the data vector containing 
the M×M pixels inside a local window for a special position 
c and C is a M2×4 data matrix whose kth row vector contains 
the four nearest neighbors of yc,k. i.e. if y3,k = Xi+1,j+1, then the 
four nearest neighbors are {Xi-1,j-1, Xi+2,j-1, Xi-1,j+2, Xi+2,j+2}.  

The different between equs. (10) and (4) is that equ. (10) 
making use of the eight cross-covariance function r`0, 
r`1,…r`7 at the same time with only one auto-covariance 
function R` inside the red box as shown in Fig. 3. It can be 
done because we estimate the eight unknown pixels (Y0, 
Y1,… Y7) at the same time by using four known pixels {Xi-1,j-

1, Xi+2,j-1, Xi-1,j+2, Xi+2,j+2} in this block-based model.  

From (5), we can find the filter coefficients, αc, and then 
the interpolated value of the Yc can be obtained by substitut-
ing αc into (6)-(9) according to the position of c. 

Finally, after the eight pixels Y0, Y1…Y7 have been esti-
mated, three original pixels Xi+1,j, Xi,j+1 and Xi+1,j+1 need to 
be deleted, so that the image is scaled up properly by 1.5 
times. This is the elimination step which is shown in Fig. 4. 

3. EXPERIMENTAL RESULTS 

A set of the color images is used for comparing the perform-
ance in terms of PSNR among NEDI, MEDI and FEDI, with 
two images as shown in Figs. 5 and 6. We extract intermedi-
ate results of some steps in order to illustrate the effect of 
various approaches. All the programs were written in C++ 
language and run on the same platform. 

The test images with size 2H×2W were firstly down-
sampled by a factor of 2 to images of size H×W. The down-
sampled images were then enlarged with a factor of 2 to 
2H×2W using the NEDI, MEDI and FEDI. 

 
Figure 5.  PSNR of airplane image by FEDI and MEDI 

  
Figure 6.  PSNR of plant image by FEDI and MEDI 

Figure. 3. Illustrative example of interpolation step in Fast EDI-
1.5 using block-based model 
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For each of the figures, there are five PSNR curves. For 
the curve with “NEDI Step 1 alone” (green), it is the PSNR 
of the image after performing the NEDI Step 1 with different 
numbers of the sample points. Both “MEDI step 2 alone” 
(pink) and “FEDI Step 2 alone” (blue) curves are the PSNR 
values of the image after performing the interpolation step 
two only with different numbers of sample points. For the 
last two: “MEDI with both Steps 1 (7*7) and 2” (purple) and 
“FEDI with both Steps 1 (7*7) and 2” (red) curves, we inter-
polated both images by making use of the NEDI step 1 with 
sample points equal to 7×7, and varied the number of sample 
points in interpolation step two from 6×6 to 16×16.  

In both figures, it is obvious that the PSNR of “FEDI step 
2 alone” (blue) is much lower than that of the “MEDI step 2 
alone” (pink), because the FEDI step two requires two pre-
dicted results from step one prediction. However, when we 
interpolated the image by MEDI and FEDI with both steps 
one and two, we can see that our FEDI results (red) in a 
higher PSNR than MEDI (purple) for using any number of 
sample points in interpolation step two. The comparison of 
the visual quality between FEDI and MEDI is shown in Fig. 
7. We can see that our proposed FEDI can achieve a sharper 
image (see Fig. 7: b and d) with less artifacts (uneven pixels 
inside the red ellipses as shown in Fig. 7: a and c) than that of 
the MEDI. 

  
(a)                                                     (b) 

  
                                 (c)                                    (d) 
Figure 7.  Portions of the airplane image: (a) and (c) reconstructed 
image by MEDI (PSNR=29.37 dB), (b) and (d) reconstructed image 
by FEDI (PSNR=29.39 dB). 

In some rare cases, such as Fig. 8 the PSNR of FEDI is 
slightly lower than the PSNR of the NEDI, the visual quality 
of FEDI is still better than NEDI. In Fig. 8, we can see that 
using the FEDI for magnification, it results in a shaper image 
with more continuous edges than the NEDI. 

Note from Figs. 5 and 6 that the PSNR values of the 
FEDI with both steps one and two increase initially and then 
decrease. It means that an increase in the number of sample 
points may not be able to improve the PSNR. Hence, there is 
an optimal number of the sample points for using the FEDI. 
According to the experiment results, we have found that the 
optimal number of the sample points in step one is between 
6×6 and 8×8 and in step two is between 8×8 and 12×12. This 
result can also apply to the MEDI schemes. 

  
                          (a)                                                  (b) 
Figure 8.  Portion of the lady image: (a) reconstructed image by 
NEDI (PSNR=30.15 dB), and (b) reconstructed image by FEDI 
(PSNR=30.11 dB). 

Most of the interpolation schemes based on the edge-
directed interpolation give a poor performance (unwanted 
colour and thick lines inside of the red ellipses in Fig. 9: a-d) 
on high frequency regions of an image. This is because 
when the image contains high frequency regions, the low-
resolution covariance cannot estimate this high frequencies 
covariance structure accurately. However, we find that this 
mismatch problem can be resolved by increasing the number 
of sample points. We directly interpolated the lighthouse 
image by our FEDI from 512×768 to 1024×1536 with dif-
ferent numbers of sample points. Since we only want to 
compare the visual quality on the high frequency region, no 
downsampling is required and the PSNR is not the subject in 
this simulation. Some results are shown in Fig. 9. We can 
see that when the number of the sample points increased, the 
visual quality of the high frequency region is improving, by 
removing the undesirable prediction pixels as shown inside 
of the red ellipses in Fig. 9: e and f.  

       
                              (a)                                            (b) 

       
                              (c)                                            (d) 

       
                        (e)                                            (f) 

Figure 9. Portions of the lighthouse image, reconstructed by the 
FEDI with different numbers of sample points (a) using 7×7, (b) 
using 8×8, (c) using 9×9, (d) using 11×11, (e) using 13×13 and (f) 
using 16×16. 
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For enlarging a SD video to a HD video, the visual qual-
ity of Fast EDI-1.5 is better than the NEDI results which 
were to scale up the image by 2 times and than to downsam-
ple the results by a factor ¾, so that it has the same interpola-
tion factor. From Figs. 10 and 11, we can see that our pro-
posed Fast EDI-1.5 can interpolate a sharpen image than the 
NEDI. It is because the Fast EDI-1.5 does not need an addi-
tion down-sampling operation. Hence it can preserve the 
sharpness of the image. That is, the NEDI needs an addition 
step of downsample operations to perform the 1.5 time 
enlargement, which accounts for the smoothing effect on the 
interpolated image. In additional, the computational cost of 
the Fast EDI-1.5 is about 50% of NEDI (see Table 1). 

  
                              (a)                                                       (b) 
Figure 10. Portions of the interpolated Pak Joy image from SD to 
HD: (a) reconstructed by NEDI and then downsampling by a 
factor ¾, and (b) reconstructed by Fast EDI-1.5 (ours). 

  
                            (a)                                                      (b) 
Figure 11. Portions of the interpolated InTo Tree image from SD 
to HD: (a) reconstructed by NEDI and then downsampling by a 
factor ¾, and (b) reconstructed by Fast EDI-1.5 (ours). 

Table 1. Interpolation time of SD image to HD image 

Name Of The 
Image NEDI Fast 

EDI-1.5 

Time reduce of Fast 
EDI-1.5 

Scheme Compared To 
NEDI 

Ducks Take Off 14.5s 6.8s -53% 
Pak Joy 8.1s 3.7s -54% 
Crowd 12.2s 5.7s -53% 
InTo Tree 10.4s 5.4s -48% 
Old Town Cross 9.8s 4.9s -49% 

4. CONCLUSION 
We have proposed the Further Improved Edge-directed In-
terpolation scheme (FEDI) and applied the EDI concept to 
scales up an image to 1.5 times (Fast EDI-1.5) in this paper. 
Both FEDI and Fast EDI-1.5 can be used in the interpolation 
of a SDTV video to a HDTV video. The proposed FEDI 
scheme has a better visual quality compared with that of the 
MEDI scheme, and has a sharper edge as compared to the 
NEDI scheme, but it requires a high computational cost. 
Hence, we have developed a fast scheme, Fast EDI-1.5, 
which has a better visual quality compared with the NEDI 

and with less computational cost. We also have suggested a 
possible optimal number of sample points and given the 
effect on the number of sample points for high frequency 
regions. Much further work can be done on improving the 
Fast EDI-1.5 approach by making use of the FEDI scheme 
and making further improvement by using some multi-frame 
super-resolution techniques.  
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ABSTRACT
We propose a simple but flexible method for solving the

generalized vector-valued TV (VTV) functional with a non-
negativity constraint. One of the main features of this re-
cursive algorithm is that it is based on multiplicative updates
only and can be used to solve the denoising and deconvolu-
tion problems for vector-valued (color) images.

This algorithm is the vectorial extension of the IRN-NQP
(Iteratively Reweighted Norm - Non-negative Quadratic Pro-
gramming) algorithm [1] originally developed for scalar
(grayscale) images, and to the best of our knowledge, it is
the only algorithm that explicitly includes a non-negativity
constraint for color images within the TV framework.

1. INTRODUCTION

The development of numerical algorithms for vector-valued
regularization has recently attracted considerable interest
[2, 3, 4, 5, 6, 7, 8, 9]. In particular the Total Variation (TV)
minimization scheme for deblurring color images, first intro-
duced in [10], is of special interest since it can handle the
Gaussian noise model and the salt-and-pepper noise model.

The `p vector-valued TV (VTV) regularized solution
(with coupled-channel regularization [11]) of the inverse
problem involving color image data b and forward linear op-
erator A is the minimum of the functional

T (u) =
1
p

∥∥∥∥Au−b
∥∥∥∥p

p
+

λ

q

∥∥∥∥√∑
n∈C

(Dxun)2 +(Dyun)2
∥∥∥∥q

q
,

(1)
where n ∈ C = {r,g,b} (note that C could represent an ar-
bitrary number of channels) and the deblurring of images
corrupted with Gaussian (`2-VTV case) and salt-and-pepper
noise (`1-VTV case) can be performed when p = 2, q = 1
and p = 1, q = 1 in (1) respectively. We use the following
notation:
• un (n ∈C) is a 1-dimensional (column) or 1D vector that

represents a 2D grayscale image obtained via any order-
ing (although the most reasonable choices are row-major
or column-major) of the image pixel.

• u = [(ur)T (ug)T (ub)T ]T is a 1D (column) vector that
represents a 2D color image.

• 1
p‖Au−b‖p

p is the data fidelity term. For the scope of this
paper, the linear operator A is assumed to be decoupled,
i.e.: A is a diagonal block matrix with elements An and
n∈C = {r,g,b}; if A is coupled (interchannel blur) due to
channel crosstalk, it is possible to reduced it to a diagonal
block matrix via a similarity transformation [12, 13],

• 1
q

∥∥∥∥√∑
n∈C

(Dxun)2 +(Dyun)2
∥∥∥∥q

q
is the generalization of

TV regularization to color images with coupled channels
(see [11, Section 9], also used in [5, 7, 8]),

• the p-norm of vector u is denoted by ‖u‖p,
• scalar operations applied to a vector are considered to be

applied element-wise, so that, for example, u = v2 ⇒
u[k] = (v[k])2 and u =

√
v⇒ u[k] =

√
v[k],

•
√

∑
n∈C

(Dxun)2 +(Dyun)2 is the discretization of |∇u| for

coupled channels (see [7, eq. (3)]), and
• horizontal and vertical discrete derivative operators are

denoted by Dx and Dy respectively.
The main target in TV problems is the denois-

ing/deblurring of digital images, either grayscale or color.
The enforcement of a non-negativity constraint, i.e.: u ≥ 0,
for the solution of (1) is not only physically meaningful in
most of the cases: images acquired by digital cameras, MRI,
CT, etc., it also improves the quality of the reconstruction
(see [14]). Nevertheless, the non-negativity constraint is sel-
dom considered in the practice, since it makes a hard prob-
lem even harder. For scalar (grayscale) images, only a hand-
ful of numerical algorithms ([15, Ch. 9] and more recently
[1, 14, 16]) include a non-negativity constraint on the solu-
tion of the TV problem (C = {gray} in (1)). Currently for
vector-valued (color) images, to best of our knowledge, there
is no algorithm that explicitly includes the non-negativity
constraint within the TV framework.

Recently, the IRN-NQP algorithm [1] was proposed to
solve the generalized TV problem with an additional non-
negativity constraint for scalar (grayscale) images. In this
paper we augment the scope of [1] by including the ability to
handle vector-valued (color) images, resulting in the vector-
valued IRN-NQP algorithm, which solves the problem

min T (u) s.t. 0 ≤ u≤ vmax, (2)

where T (u) is defined as in (1), and A is assumed to be a
decoupled linear operator, which includes the denoising case
(A = I in (1)).

The vector-valued IRN-NQP algorithm (Iteratively
Reweighted Norm or IRN, Non-negative Quadratic Program-
ming or NQP) starts by representing the `p and `q norms in
(1) by the equivalent weighted `2 norms, in the same fash-
ion as the vector-valued Iteratively Reweighted Norm (IRN)
algorithm (see [9]), and then cast the resulting weighted `2

functional as a Non-negative Quadratic Programming prob-
lem (NQP, see [17]), which uses an update rule that only in-
volves matrix vector multiplication. Finally, we stress that
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our algorithm can handle any norm with 0 < p,q ≤ 2, in-
cluding the `2-VTV and `1-VTV as special cases.

2. THE VECTOR-VALUED IRN-NQP ALGORITHM

In this section we summarized the derivation of the vector-
valued IRN (Iteratively Reweighted Norm) [9] algorithm as
well as the description of the NQP (Non-negative Quadratic
Programming) [17] problem to finally describe the vector-
valued IRN-NQP algorithm.

2.1 The Vector-valued Iteratively Reweighted Norm
(IRN) Algorithm
The vector-valued IRN approach is an extension of the
IRN algorithm [18], and is closely related to Iteratively
Reweighted Least Squares (IRLS) method for scalar [19] and
vector [12] valued problems.

The vector-valued IRN approach represents the `p and `q

norms in (1) by the equivalent weighted `2 norms, resulting
in (see [9] for details):

T (k)(u) =
1
2

∥∥∥∥W (k)
F

1/2
(Au−b)

∥∥∥∥2

2
+

λ

2

∥∥∥∥W (k)
R

1/2
Du
∥∥∥∥2

2
+ζ

(3)
where u(k) is a constant representing the solution of the pre-
vious iteration, ζ is a constant value, IN is a N×N identity
matrix, ⊗ is the Kronecker product, C = {r,g,b} and

W (k)
F = diag

(
τF,εF (Au(k)−b)

)
, (4)

D = I3⊗ [DxT DyT ]T W (k)
R = I6⊗Φ

(k), (5)

Φ
(k) = diag

(
τR,εR

(
∑
n∈C

(Dxu
(k)
n )2 +(Dyu

(k)
n )2

))
. (6)

Following a common strategy in IRLS type algorithms
[20], the functions

τF,εF (x) =
{
|x|p−2 if |x|> εF

ε
p−2
F if |x| ≤ εF ,

, (7)

and

τR,εR(x) =
{
|x|(q−2)/2 if |x|> εR

ε
(q−2)/2
R if |x| ≤ εR,

(8)

are defined to avoid numerical problems when p,q < 2 and
Au(k)−b or ∑

n∈C
(Dxu

(k)
n )2 +(Dyu

(k)
n )2 has zero-valued com-

ponents.

2.2 Vector-valued IRN as Iteratively Reweighted Least
Squares

We observe that by defining W (k) =
(

WF
(k) 0
0 W (k)

R

)
, Ã =(

A√
λD

)
, and b̃ =

(
b
0

)
, we can cast (3) as a standard

IRLS problem:

T (k)(u) =
1
2

∥∥∥W 1/2(k) (
Ãu− b̃

)∥∥∥2

2
. (9)

Note that we are neglecting the constant term, since it
has no impact on the solution of the optimization problem at
hands. Moreover, after algebraic operations, the minimiza-
tion problem in (9) can be expressed as

min
u

T (k)(u) =
1
2
uT ÃTW (k)Ãu− (ÃTW (k)b̃)T u. (10)

It is straightforward to check that the matrix ÃTW (k)Ã is sym-
metric and positive definite, and therefore solving

(ÃTW (k)Ã)u(k+1) = (ÃTW (k)b̃), (11)

gives the minimum of (10), and converges (see [18] for de-
tails) to the minimum of (1) as the iterations proceeds.

2.3 Non-negative Quadratic Programming (NQP)
Recently [17] an interesting and quite simple algorithm has
been proposed to solve the Non-negative Quadratic Program-
ming (NQP):

min
v

1
2
vT

Φv+cT v s.t. 0 ≤ v ≤ vmax, (12)

where the matrix Φ is assumed to be symmetric and positive
defined, and vmax is some positive constant. The multiplica-
tive updates for the NQP are summarized as follows (see [17]
for details on derivation and convergence):

Φ
+
nl =

{
Φnl if Φnl > 0
0 otherwise and Φ

-
nl =

{
|Φnl | if Φnl < 0
0 otherwise,

v(k+1) = min

{
v(k)

[
−c+

√
c2 +υυυ(k)ννν(k)

2υυυ(k)

]
, vmax

}
(13)

where υυυ(k) = Φ+v(k), ννν(k) = Φ-v(k) and all algebraic oper-
ations in (13) are to be carried out element wise. The NQP
is quite efficient and has been used to solve interesting prob-
lems such as statistical learning [17], compressive sensing
[21], etc. and in general, it is well-suited to solve large-scale
non-negative quadratic programming problems, since its up-
date rule only involves matrix-vector multiplication.

In [17] it is proven that the multiplicatibe updates (13)
converge to the solution of (12), nevertheless there is no ex-
plicit mention of a practical rule to stop the iterations; in the
next section we propose a simple but effective practical con-
dition.

2.4 Vector-valued IRN-NQP
The optimization problem defined in (10) is unconstraint, and
within the IRN framework ([18, 9]), the linear system (11) is
usually solved via conjugate gradient (CG) or Preconditioned
CG (PCG). By setting Φ(k) = ÃTW (k)Ã and c = -ÃTW (k)b̃, in
(12), a subtle but significant result is achieved: the constraint
0 ≤ u≤ vmax is enforced; in other words, by using the pro-
posed change of variables we may solve the non-negative
constraint optimization problem described in (2) by itera-
tively solving (10) via the multiplicative updates described
in (13). We stress that the upper bound constraint may or
may not be enforced (see Sections 2.1 and 2.3 in [17]) but
we consider it since it could be useful when a priory infor-
mation about a physically meaningful upper bound is known.
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The vector-valued IRN-NQP algorithm is summarized in
Algorithm 1. We highlight the matrix Φ(k) does not have
to be explicitly constructed (neither Φ+(k) nor Φ-(k)); for in-
stance if Φ (we drop the superscript to simplify the notation)
is equivalent to the convolution operation, i.e.: Φu = g ∗u,
where g is a convolution kernel (and ∗ the convolution opera-
tor), then we define g = g+−g- (g+ and g- defined in a similar
fashion as Φ+ and Φ- in (13)) to finally note that Φ+u= g+∗u
and Φ-u = g- ∗u.

One key aspect, with a direct impact to the computa-
tional and reconstruction performance of the vector-valued
IRN-NQP algorithm, is when to stop the multiplicative up-
dates described in (13); in [17] there is no explicit mention
about this important detail. Here we propose to use simple
condition (see ε

(k)
NQP in Algorithm 1, which we called NQP

tolerance) to terminate the inner loop in Algorithm 1; this
condition, inspired in the idea of forcing terms [22] for the
Inexact Newton method [23], adapts the tolerance used to de-
cide when to stop the multiplicative updates (break the inner
loop). Experimentally, we have determined that the constants
α ∈ [1 .. 0.5] and γ ∈ [1e-3 .. 5e-1] give a good compromise
between computational and reconstruction performance.

Initialize
u(0) = b

for k = 0,1, ...

W (k)
F = diag

(
τF,εF (Au(k)−b)

)
Ω

(k)
R = diag

(
τR,εR

(
∑
n∈C

(Dxu
(k)
n )2 +(Dyu

(k)
n )2

))
W (k)

R = I6⊗Φ
(k), D = I3⊗ [DxT DyT ]T

Φ
(k) = ATW (k)

F A+λDTW (k)
R D

c(k) = -ATW (k)
F b

u(k,0) = u(k)

ε
(k)
NQP = γ ·

(
‖Φ(k)u(k,0) +c(k)‖2

‖c(k)‖2

)α

(NQP tolerance)

for m = 0,1, ..,M

υυυ
(k,m) = Φ

+(k)u(k,m), ννν
(k,m) = Φ

-(k)u(k,m)

u(k,m+1) = min

{
u(k,m)

[
−c(k)+

√
c(k)2

+υυυ(k,m)ννν(k,m)

2υυυ(k,m)

]
,vmax

}

if

(
‖Φ(k)u(k,m+1) +c(k)‖2

‖c(k)‖2
< ε

(k)
NQP

)
break;

end m= 0,1, ..,M

u(k+1) = u(k,M+1)

end k = 0,1, ...
Algorithm 1: Vector-valued IRN-NQP algorithm.

Finally, we emphasize that the thresholds values for the
weighting matrices WF and WR have a also great impact in the
quality of the results and in the computational performance
as well, and while not done so here, this algorithm can auto-
adapt (as for the IRN algorithm, see [18, Sec. IV.G]) the

values of εF and εR based on the particular characteristics of
the input data to be denoised/deconvolved.

3. EXPERIMENTAL RESULTS

To best of our knowledge, there is no other algorithm that ex-
plicitly includes a non-negativity constraint for color images
within the TV framework, and therefore we choose to com-
pare the vector-valued IRN-NQP (vv-IRN-NQP) algorithm
with the vector-valued IRN (vv-IRN) algorithm [9], focusing
on reconstruction quality, since the latter does not include a
non-negativity constraint; however we do report the compu-
tational performance for both algorithms. It is important to
highlight that in [9] the performance of the vv-IRN algorithm
was compared with that of three alternative variational ap-
proaches: [5], an approximation of the Mumford-Shah func-
tional, the vectorial lagged diffusivity (an extension of [24]
used in [5]) and [25], an implementation of the fast dual min-
imization (FDM) of vector-valued TV [7]. For all cases the
reconstruction quality were about the same, nevertheless the
vv-IRN had a superior computational performance for the
general deconvolution case; only the FDM method [7, 25]
for `2-VTV denoising had a slightly better computational re-
sults.

We used the color natural images from [26] as test im-
ages, which includes aerial, texture and miscellaneous im-
ages (including the standards “Lena” and “Goldhill”, see Fig.
1). The images are between 512× 512 and 1024× 1024
pixel. All simulations have been carried out using Matlab-
only code on a 1.83GHz Intel Dual core CPU (L2: 2048K,
RAM: 4G). Results corresponding to the vector-valued IRN-
NQP algorithm presented here may be reproduced using the
the NUMIPAD (v. 0.30) distribution [27], an implementation
of IRN and related algorithms.

(a) (b)

Figure 1: Test color images: (a) “Goldhill” (787×576 pixel),
and (b) “Lena” (512×512 pixel).

All images were used for the denoising and deconvolu-
tion cases, where we corrupted the test images with Gaus-
sian additive noise or salt-and-pepper noise. For the decon-
volution case, the images were blurred by 7×7 out-of-focus
kernel (2D pill-box filter). Due to space constrains we chose
to present reconstruction SNR values and computation times
for the “Goldhill” and “Lena” test images only; in average
these results are representative of all test images. Recon-
struction SNR values and computation times are compared
in Table 1 (denoising with the salt-and-pepper noise model
or `1-VTV denoising), Table 2 (denoising with the Gaussian
noise model or `2-VTV denoising), Table 3 (deconvolution
with the salt-and-pepper noise model or `1-VTV deconvolu-
tion), Table 4 (deconvolution with the Gaussian noise model
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or `2-VTV deconvolution). In Figs. 2, and 3 we displayed
noisy and reconstructed images for the `1-VTV denoising,
`1-VTV deconvolution and `2-VTV deconvolution respec-
tively.

(a) (b)

Figure 2: (a) “Goldhill” with 50% of its pixel corrupted with
salt and pepper noise (SNR -4.81 dB) (b) “Goldhill” recon-
structed via the vv-IRN-NQP algorithm (SNR 15.0 dB).

SNR (dB) Time (s)
Image Noise vv-IRN vv-IRN-NQP vv-IRN vv-IRN-NQP

Goldhill

10% 21.7 21.9 58.7 66.8
30% 17.7 17.7 79.8 107.2
50% 15.2 15.0 102.7 183.3
70% 12.0 11.5 113.9 209.4

Lena

10% 22.5 23.1 37.7 47.4
30% 18.6 19.0 48.1 73.5
50% 16.1 16.5 53.5 134.7
70% 12.5 12.6 63.5 142.8

Table 1: Denoising performance results for `1-VTV, com-
puted via the vv-IRN [9] and the vv-IRN-NQP algorithms.

SNR values are about the same for all cases with moder-
ate noise levels, nevertheless the images reconstructed via
the vv-IRN-NQP method have better visual quality. For
high noise levels, we particularly point out the deconvolu-
tion performance (reconstruction quality) results for `1-VTV
case: the proposed method results has far better SNR values
than the vv-IRN [9] method (see Table 3); moreover the re-
constructed images via vv-IRN have negative pixel values,
which produces an unpleasant visual effect, and setting them
to zero may result in the presence of spurious ripples in the
reconstructed image. The reconstructed images via vv-IRN-
NQP (proposed method) does not suffer from these kind of
artifacts due to the non-negativity constraint.

As expected the computational performance of the vv-
IRN (which does not include a non-negativity constraint) is
better than performance of our proposed method (vv-IRN-
NQP algorithm), especially for the deconvolution case (about
9 times faster). Experimentally, we have found that the vv-
IRN-NQP method needs high accuracy (we use α = 0.5,
γ = 1e-3 in Algorithm 1) to attain good reconstruction results
for the deconvolution case; one way to improve the compu-
tational performance of the vv-IRN-NQP method could be
to seed it with a good initial solution (found via any uncon-
straint VTV algorithm) so only a few iterations are needed.

(a) (b)

Figure 3: Blurred (a) “Lena” with 50% of its pixel corrupted
with salt and pepper noise (SNR -4.55 dB) (b) “Lena” recon-
structed via the vv-IRN-NQP algorithm (SNR 17.9 dB).

4. CONCLUSIONS

The vv-IRN-NQP algorithm gives very good reconstruction
quality for the `2-VTV and `1-VTV denoising/deconvolution
problems (specially for very high levels of noise), with a sat-
isfactory computational performance, even when compared
to the vv-IRN method [9]. However, to the best of our knowl-
edge, the vv-IRN-NQP method is the only algorithm that ex-
plicitly includes a non-negativity constraint for color images
within the TV framework, and it was expected that its com-
putational performance wouldn’t be as good as those meth-
ods which do not include a non-negativity constraint.

Finally, we highlight that the vv-IRN-NQP algorithm is
very flexible, and some of its parameters, such the tolerance
to stop the multiplicative updates and thresholds for weight-
ing matrices, can be automatically adapted to the particular
input dataset. Furthermore, it can be applied to regularized
inversions with a wide variety of norms for the data fidelity
and regularization terms, including the standard `2-TV and
`1-TV problems.

SNR (dB) Time (s)
Image Noise (σ2) vv-IRN vv-IRN-NQP vv-IRN vv-IRN-NQP

Goldhill 2.5e-3 19.0 18.9 15.2 27.1
1.0e-2 16.2 16.2 18.7 27.4

Lena 2.5e-3 19.9 19.9 9.7 15.1
1.0e-2 17.2 17.2 11.3 15.7

Table 2: Denoising performance results for `2-VTV, com-
puted via the vv-IRN [9] and the vv-IRN-NQP algorithms.
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SNR (dB) Time (s)
Image Noise (σ2) vv-IRN vv-IRN-NQP vv-IRN vv-IRN-NQP

Goldhill 2.5e-3 15.2 15.2 35.4 213.6
1.0e-2 14.1 14.1 70.9 210.0

Lena 2.5e-3 16.4(∗) 16.5 22.5 105.9
1.0e-2 15.3 15.3 42.6 116.4

Table 4: Deconvolution performance results for `2-VTV,
computed via the vv-IRN [9] and the vv-IRN-NQP algo-
rithms. Reconstructed images with SNR values marked with
(∗) have negative pixel values.
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ABSTRACT 

Numerous Image Quality Measures (IQMs) have been 
proposed in the literature. While some are based on 

structural analysis of images, others rely on the cha-

racteristics (or limitations) of the  Human Visual Sys-

tem (HVS). However, none of the existing IQMs is 

shown to be robust across all types of degradations. 

Indeed, some IQMs are more efficient for a given arti-

fact (such as blurring or blocking) but inefficient for 

others. In this paper, we propose to circumvent this 
limitation by adding a preprocessing step before mea-

suring image quality. We propose to detect the type of 

the degradation contained in the image, then use the 

most “relevant” IQM for that specific type of degrada-

tion.  The classification of different degradations is 

performed using simple Linear Discriminant Analysis 

(LDA). The performance of the proposed method is 

evaluated in terms of classification accuracy across 
different types of degradations and shown to outper-

form different IQMs when used independently of the 

degradation type. 

1. INTRODUCTION 

During the last decade, we have witnessed an increasing 

demand for quality multimedia material. This is essen-

tially due to the development of advanced image/video 
production technologies. Indeed, the progress achieved 

in these domains is unprecedented.  Despite such a pro-

gress, quantifying and reducing image degradation con-

tinues to be a challenging problem.  A typical example is 

that of image degradation due to blocking effects in 

JPEG compression. This artifact manifests in the image 

as disturbing horizontal and vertical boundaries. 

In recent years, research efforts in image quality have 
resulted in the development of a number of IQMs. The 

most common metric is the Peak Signal to Noise Ratio 

(PSNR). Unfortunately, PSNR provides poor results in 

terms of correlation with subjective measures such as the 

Mean Opinion Score (MOS). Some methods were pro-

posed to improve the PSNR by adding Human Visual 

System (HVS) characteristics such as the PNSR-HVS 

[1]. This metric takes into account the limitations of the 
HVS in discerning fine details in an image. This limita-

tion is simulated using the Contrast Sensitivity Function  

 

 

 

(CSF). A more recent version was developed which takes 

into account masking effects [2] in the DCT domain [3].  

Some IQMs are essentially based on Human Visual Sys-

tem (HVS) characteristics such as the VDP [4]. How-

ever, this IQM is complex. Other metrics, such as the 

SSIM [5], use structural characteristics, or mutual infor-

mation concepts [6,14] to quantify image quality. 

Despite all these available IQMs, there is no metric aim 

that can predict or measure image quality accurately 

across all degradations. Indeed, the efficiency of a given 

IQM may be excellent for a given degradation but poor 

for others. This is essentially due to the fact that gener-

ally Full Reference (FR) IQMs cannot take into account 

the type of the visual distortion contained in an image. 

To overcome this limitation, one of the solutions is to 
identity first the degradation type contained in image 

then measure the quality of the image, using the most 

appropriate IQM.  Here, we do not focus on the particu-

lar artifacts such as blocking effects or ringing effects, 

but use a statistical framework that covers all possible 

degradations.  

In this paper, we propose to use Linear Discriminant 

Analysis (LDA) to model the statistical behaviour of a 
number of estimated IQMs (seen as features) across all 

types of degradations. After a training stage, the LDA is 

used as a classifier where the classes are the different 

types of degradations. 

The paper is organized as follows: Section 2 describes 

the proposed method and the image database used in our 

experiments.  Our experimental results are discussed in 

section 3 followed by some concluding remarks in sec-
tion 4. 

2. PROPOSED METHOD 

The overall block diagram of the proposed algorithm is 

presented in Fig. 1. We propose to detect the type of deg-

radation contained in a given test image before quantify-

ing the quality of such image using an appropriate IQM. 

We show the importance of knowing the type of distor-
tion contained in an image before measuring its quality 

though the following simple experiment.  

We selected 2 degradation types Blur and JPEG com-

pression. For each type of degradation, we ranked the 

different IQMs using the Pearson’s Correlation Coeffi-

cient (PCC) between each IQM index and the Mean 
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Opinion Score (MOS). The IQMs used here cover struc-

tural analysis, HVS-based, MI-based measures and clas-

sical MSE-based metrics.  These are: VIF, VIFP [6], 

VIF, VIFP [6], PSNR-HVS (PSNRH) [1], PSNRHVS-M 

(PSNRM) [3], SSIM and MSSIM [5], UQI [7], IFC [8], 
WSNR [9], VSNR [10], NQM [11], XYZ [12], SNR and 

PSNR. Other measures can also be used. 

 
 

Figure 1 – Flowchart of the proposed method. 
 

 

The PCC expressed in this context is given: 
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where i  and j  designate the ith degradation and the jth 

IQM, respectively. The index k  stands for the kth image, 

and K is the total number of images. 
 

Table 1 shows the final IQM ranking. Note that the rank-

ing is different between the two types of degradations.  

Indeed, the best metrics for blur and JPEG compression 

are respectively VIFP and PSNRH. 
 

Table 1.  IQM ranking for blur and JPEG distortions 

IQM 

ranking  

Degradation type 

Blur (8) JPEG (10) 

1 VIFP PSNRH 

2 VIF PSNRM 

3 WSNR VIF 

4 VSNR WSNR 

5 PSNRM NQM 

6 PSNRH VIFP 

7 SSIM VSNR 

8 UQI SSIM 

9 NQM XYZ 

10 IFC SNR 

11 SNR UQI 

12 XYZ IFC 

 
The estimated PCCs obtained for VIFP and PSNRH for 

each degradation, are shown in Table 2. The results con-

firm that it would be more efficient to first identify the 

type of distortion before measuring the image quality. 
 

Table 2. PCC for blur & JPEG distortions. 

 

Degradation type 

Person correlation 

VIFP PSNRH 

JPEG 0.9416 0.9120 

Blur 0.9188 0.9543 
 

In what follows, we present the image database used in 

our experiments. Then, after explaining the feature ex-

traction stage, modelling using LDA is discussed. 
 

2.1 The TID 2008 image database 
 

 

Figure 2: Sample images from the TID2008 database. 
 

 

In order to train and test the efficiency of the proposed 
approach, we need both training and test sets. TID 2008 

image database [13] is chosen for this purpose. This im-

age database contains 17 types of degradations with 100 

images per distortion using 25 reference images (i.e. 4 

distortion levels per image and per degradation). Fig.2 

shows some reference images from the TID 2008 data-

base. Table 3 lists the degradation types available in the 

database. The MOS values for all the degraded images 
are also available.  
 

Table 3. Types of degradation in the TID2008 database  

Degradation Type 

1 Additive Gaussian noise 

2 Additive noise in color components 

3 Spatially correlated noise 

4 Masked noise 

5 High frequency noise 

6 Impulse noise 

7 Quantization noise 

8 Gaussian blur 

9 Image denoising 

10 JPEG compression 

11 JPEG2000 compression 

12 JPEG transmission errors 

13 JPEG2000 transmission errors 

14 Non eccentricity pattern noise 

15 Local block-wise distortions of dif-

ferent intensity 

16 Mean shift (intensity shift) 

17 Contrast change 

 

For each degradation, we divide the images from the 
database into two sets: 

 Training set: used only in the learning process. 

 Testing set:  used only to test the efficiency of the 

proposed method. 

 

2.2 Features extraction 

In this paper, we propose to use the different IQMs cited 

above (see section 2) as features of inetrest. We assume 

that we have access to both original and degraded images 
(i.e. Full Reference metrics are thus considered). Some 

of the IQMs are HVS-based (such as the PSNRHVS) 
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while others are based on pixel-wise differences (MSE-

based metrics), or local structural information like the 

SSIM. The total number of features (or IQMs) used is 

12, these were listed in Table 1.  

 

2.3 Classification using LDA 
 

LDA has been used successfully in many applica-

tions including face recognition, microarray gene 

expression data analysis and others [15]. 

In this work, we propose to use the Linear Discriminant 

Analysis (LDA) approach for identifying the different 

degradations. Each degradation is considered as a class 

with a total of M=17 classes.  The IQMs estimated from 
a given image are seen as the extracted feature vectors 

(of dimension n=12). 

Linear Discriminant Analysis (LDA) is a popular 

method for dimensionality reduction and classifica-

tion that projects high-dimensional data onto a low 

dimensional space where the data achieves maxi-

mum class separability. The resulting features in 

LDA are linear combinations of the original features, 
where the coefficients are obtained using a projec-

tion matrix W. The optimal projection or transfor-

mation is obtained by minimizing within-clas-

distance and maximizing between-class-distance 

simultaneously, thus achieving maximum class dis-

crimination. The optimal transformation is readily 

computed by solving a generalized eigenvalue prob-

lem. 

The initial LDA formulation, known as the Fisher 

Linear Discriminant Analysis (FLDA) was origi-

nally developed for binary classifications. The key 

idea in FLDA is to look for a direction that separates 

the class means well (when projected onto that di-

rection) while achieving a small variance around 

these means. Discriminant Analysis is generally used 

to find a subspace with M - 1 dimensions for multi-
class problems, where M is the number of classes in 

the training dataset. 

Contrary to Principal Component Analysis (PCA) which 

considers each observation vector as a class on its own, 

the objective of LDA is to perform dimensionality reduc-

tion while preserving as much of the class discriminatory 

information as possible. Linear Discriminant Analysis 

searches for those vectors in the underlying space 
that best discriminate among classes (rather than 

those that best describe the data as in PCA).  

More formally, for the available samples from the 

database, we define two measures: (i) within-class 

scatter matrix, given by:  

1 1

( )( )
iNM

j j T

w i j i j

j i

S
 

    x μ x μ  

where 
j

ix  (dimension nx1) is the ith sample vector of 

class j, jμ is the mean of class j, M is the number of 

classes, and Ni is the number of samples in class j.   

The second measure (ii) is called between-class scatter 

matrix and is defined as: 

1

( )( )
M

T

b j j

j

S


   μ μ μ μ  

where μ  is mean vector of all classes.  

The goal is to find a transformation W that maximizes 

the between-class measure while minimizing the with-

in-class measure.  One way to do this is to maximize 

the ratio det(Sb)/det(Sw).  The advantage of using 

this ratio is that if Sw is a non-singular matrix then 

this ratio is maximized when the column vectors of 

the projection matrix, W, are the eigenvectors of Sw
-

1
.Sb [15]. It should be noted that: (i) there are at 

most M-1 nonzero generalized eigenvectors, and so 

an upper bound on reduced dimension is M-1, and 

(ii) we require at least n (size of original feature 

vectors) + M samples to guarantee that Sw does not 

become singular. 

3. RESULTS AND DISCUSSION 

To evaluate the efficiency of the proposed method for 

degradation classification, numerous experiments were 

carried covering over 400 natural images different from 

those used during the learning stage.  

The experimental procedure is quite simple and requires 
the original and distorted images. In particular, the fol-

lowing main steps are performed: 

1. The images from the training set are processed to 

obtain the feature vectors.  Such feature vectors are 

then used to find the transformation matrix W. 

2. For each test image, we extract the feature vector 

consisting of the 12 IQMs, which is then projected 

onto W and compared to the feature vectors from 

the images in the training set. 

3. The class index (degradation type) corresponding 

to the minimum distance is declared as the detected 

class or degradation type.   

In our work, we used the Euclidian Distance since the 

results were comparable to those obtained using the Ma-

hanalobis distance but with a much lower computation-

al cost. 

Since the focus is on the degradation type, the perform-

ance of the proposed method was evaluated in terms of 

degradation classification accuracy for the different test 

images.  

We present in Fig. 3 the percentage of good classification 
for each type of degradation. Note that for all types of 

degradations, we achieve accuracies of over 90%. Actu-

ally, we obtained 100% accuracy for the majority of de-

gradations considered in our experiments. For all of the 

17 types of degradations, we obtained an average of  

98.11% classification accurcay.   
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Figure 3 – Percentage of good classification per degradation. 

To better visualize our results, we present the confusion 

matrix for different classes in Fig.4.  Note that the lowest 

results are obtained for classes 9, 12 and 13 (92%). 

 

Figure 4 – Confusion matrix for 1700 images from TID2008. 

The proposed method has been successfully evaluated on 

various images. Now, the quality of a given distorted 

image can be better measured using the more appropriate 
IQM. The detailed results from such analysis are cur-

rently being summarized for future publication. 

4. CONCLUSIONS 

In this study, we proposed a new pre-processing ap-

proach for a more robust estimation of image quality.  In 

particular, we discussed an LDA-based technique for 
classifying degradations before estimating image quality.  

The classification stage uses the different IQMs esti-

mated from a given image as features. Our experimental 

results show that the type of degradation can be esti-

mated with more than 90% accuracy. Such knowledge 

can be used for determining the types of IQMs that need 

to be used for evaluating quality.    
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ABSTRACT
Photographs acquired under low-lighting conditions require

long exposure times and therefore exhibit significant blurring due
to the shaking of the camera. Using shorter exposure times results
in sharper images but with a very high level of noise. By taking
a pair of blurred/noisy images it is possible to reconstruct a sharp
image without noise. This paper is devoted to the combination of
observation models in the blurred/noisy image pair reconstruction
problem. By examining the difference between the blurred image
and the blurred version of the noisy image a third observation model
is obtained. Based on the minimization of a linear convex combi-
nation of Kullback-Leibler divergences between posterior distribu-
tions, a procedure to combine the three observation models is pro-
posed in the paper. The estimated images are compared with images
provided by other reconstruction methods.

1. INTRODUCTION

Taking high-quality photographs under low-light conditions is a
challenging problem. A long exposure time can be set to capture
as many photons from the scene as possible; but unfortunately the
image becomes blurry without the use of a tripod. A short exposure
shot produces a sharp very dark image, but if the ISO sensitivity is
increased, the image becomes noisier. A computational photogra-
phy approach to this problem consists of applying bracketing tech-
niques and acquiring two almost simultaneous images of the above
kind which are then combined using post-processing techniques.

To tackle the blurred/noisy restoration problem it was observed
in [2], following the approach in [7] for multichannel image restora-
tion, that it was possible to obtain an additional observation by ex-
amining the difference between the blurred image and the blurred
version of the noisy image. In [2] inference was carried out assum-
ing that the three observation models were independent.

The combination of observations models, like the combina-
tion of prior models, is a very challenging and interesting problem.
However, while the combination of image prior has received some
interest in the recent literature, see for instance [3] and references
therein, no work has been reported on observation model combina-
tion.

In this paper we develop a method to combine the three above
described observations based on the use of the Kullback-Leibler di-
vergence between distributions. Taking into account that each com-
bination of a given prior model and two of the above observation
models produces a different posterior distribution of the underlying
image, the use of variational posterior distribution approximation on
each posterior produces as many posterior approximations as pairs
of observation models can be formed. A unique approximation is
obtained here by finding the distribution on the original image given
the observations that minimizes a linear convex combination of the
Kullback- Leibler divergences associated to each posterior distribu-
tion. We find this distribution in closed form.

The rest of this paper is organized as follows. In Sec. 2 we
formulate the blurred/noisy image pair problem and mathemati-

This work was supported in part by the “Comisión Nacional de Ciencia
y Tecnologı́a” under contract TIC2007-65533

cally introduce the third observation model. In sec. 3 the unknown
variables are modeled using the hierarchical Bayesian framework
and the posterior distribution associated to each pair of observa-
tion models is presented. Variational inference is used in Sec. 4
to find a unique posterior distribution approximation that takes into
account the information provided by the three observation models.
Finally, experimental results are presented in Sec. 5 and conclusions
are drawn in Sec. 6.

2. PROBLEM FORMULATION

Assuming that the blur is mainly caused by the shake of the cam-
era during the long exposure time (a process which is modeled as
a linear and space invariant operator), and that the two images are
calibrated photometrically and geometrically in advance, the obser-
vation process can be written as

y1 = Hx+n1, (1)
y2 = x+n2, (2)

where y1 and y2 are, respectively, the observed blurred and noisy
images in the pair, x the unknown original image and n1 and n2
the shot noise assumed to be zero mean white Gaussian noise with
variances β

−1
1 and β

−1
2 , respectively. Note that β1 >> β2 since

the image y1 is mainly degraded by blur while y2 is degraded by
a high amount of noise. We use matrix-vector notation throughout
the paper, so that y1, y2, x, n1 and n2 are N×1 vectors, where N
is the number of pixels in each image. The N×N matrix H models
the point spread function (PSF) h with support M, M ≤ N.

Since both y1 and y2 are from the same scene, they are highly
correlated. In [2] an additional degradation model that exploits the
dependency between the observations y1 and y2, with a single un-
known H, is proposed. Combining (1) and (2) we obtain that given
H,

y1−Hy2 = n12, (3)

where n12 ∼ N (000,β1I+ β2HHt). We approximate here |β1I+

β2HHt |−1/2 by β
−N/2
12 where β12 > 0.

The objective of the blurred/noisy restoration problem is to ob-
tain estimates of x and h utilizing y1, y2, and n12 and prior knowl-
edge about x, h, n1, n2 .

3. HIERARCHICAL BAYESIAN MODEL

In this work, we adopt the hierarchical Bayesian framework which
consists of two stages. In the first stage, we define prior distributions
on the unknown image, x, and blur, h, and we propose two different
probability distributions from the degradation models described in
the previous sections. These distributions defined in the first stage
depend on certain parameters, called hyperparameters, which are
modeled by hyperprior distributions in the second stage. Let us
now describe those probability distributions.

Since the blur is mainly caused by the shaking of the camera
during the long exposure time, it exhibits the characteristics of the
nonuniform motion blur. Hence, it is expected to be very sparse,
i.e., most of the PSF coefficients being zero or very small. In order
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to exploit this information, we use a mixture prior of D exponential
distributions on each coefficient of the PSF, that is,

p(h|{τd},{σd}) =
M

∏
j=1

(
D

∑
d=1

τd Expon
(
h j | σd

))

=
M

∏
j=1

(
D

∑
d=1

τd σde−σd h j

)
(4)

with τd the mixture coefficient for class d and σd the parameter
of each exponential distribution. In addition to imposing sparsity,
this prior also imposes positivity on the blur coefficients h j. This
mixture-of-exponentials prior has also been utilized before for mod-
eling PSFs resulting from camera shake [4, 6] and in independent
component analysis [6].

The total variation function is used as the prior model for
the image because it preserves the edges in the image, not over-
penalizing them, while imposing smoothness [1]. So, we can write
the prior distribution of the image x as

p(x|α) = cα
N/2 exp

[
−1

2
α

N

∑
i=1

√
(∆h

i (x))
2 +(∆v

i (x))
2

]
, (5)

where c is a constant and the operators ∆h
i (x) and ∆v

i (x) correspond
to horizontal and vertical first order differences, at pixel i, respec-
tively.

Based in the degradation models in (1), (2) and (3), we can
define the following two observation models, one obtained from (1)
and (2) as

p1(y1,y2|x,h,β1,β2) ∝

β
N/2
1 β

N/2
2 exp

[
−β1

2
‖ y1−Hx ‖2 −β2

2
‖ y2−x ‖2

]
, (6)

and another one obtained from (2) and (3) as

p2(y1,y2|x,h,β2,β12) ∝

β
N/2
2 β

N/2
12 exp

[
−β12

2
‖ y1−Hy2 ‖2 −β2

2
‖ y2−x ‖2

]
. (7)

Although other observation models can also be defined, we will
concentrate here on the two above models, the extension of the the-
ory to be developed to alternative observation models is straightfor-
ward.

Note that in principle, we could have considered a single obser-
vation model combining the three quadratic forms, β1 ‖y1−Hx ‖2,
β2 ‖ y2−x ‖2, and β12 ‖ y1−Hy2 ‖2, this would require the cal-
culation of the partition function. However, proposing two differ-
ent models will allow us to theoretically study how to perform the
combination and, also, determine the best combination of both ob-
servation models, as we will make clear in the following sections.

The proposed prior and observation models depends on a set
of parameters whose value is crucial in determining the perfor-
mance of the algorithm. For their modeling we are going to em-
ploy Gamma distributions for the parameters α , β1, β2, β12 and σd ,
d = 1, . . . ,D, that is,

p(ω) = Gamma(ω|ao
ω ,b

o
ω ) (8)

where ω denotes a hyperparameter and ao
ω and bo

ω are the shape and
inverse scale parameters of the Gamma distribution. For the mixture
parameters τd we use the Dirichlet distribution with parameters co

τd
,

d = 1, . . . ,D

p({τd}D
d=1) = Dirichlet

(
{τd}D

d=1|{c
o
τd
}D

d=1

)
. (9)

Finally, combining (5), (8) and (9) with the two observation
models in (6) and (7) we obtain the joint distributions p1(·) and
p2(·) given by

pi(y1,y2,Ω,βββ i) = p(x|α)p(α)

× p(h|{τd},{σd})
D

∏
d=1

p(τd)p(σd)

× pi(y1,y2|x,h,βββ i)p(βββ i), (10)

for i = 1,2, where Ω = {x,h,α,{τd},{σd}}, βββ 1 = {β1,β2} and
βββ 2 = {β2,β12}.

4. VARIATIONAL BAYESIAN INFERENCE

In Bayesian formulations, the inference is based on the posterior
distribution, which in our case is intractable. Therefore, in this work
we use the variational approach to approximate it. Let us denote by
Θ the set of unknowns, i.e., Θ = {Ω,βββ} with βββ = {β1,β2,β12}.
The goal is to calculate the posterior distribution, in our case is in-
tractable so we approximate the posterior p(Θ|y1,y2) by another
distribution q(Θ) which allows a tractable analysis. Here we pro-
pose to approximate this distribution by the distribution minimizing
the following linear convex combination of Kullback-Leibler (KL)
divergence measures

q̂(Θ) = argmin
q(Θ)

2

∑
i=1

λi CKL(q(Ω)q(βββ i) ‖ pi(Ω,βββ i|y1,y2)), (11)

with λi ≥ 0, λ1 +λ2 = 1,

q(Ω) = q(x)q(h)q(α)q({τd}D
d=1)

D

∏
d=1

q(σd),

q(βββ 1) = q(β1)q(β2)

q(βββ 2) = q(β2)q(β12)

q(h) =
M

∏
j=1

q(h j),

q(Θ) = q(Ω)q(β1)q(β2)q(β12),

and the KL divergence given by

CKL(q(Ω)q(βββ i) ‖ pi(Ω,βββ i|y1,y2)) =∫
q(Ω)q(βββ i) log

(
q(Ω)q(βββ i)

pi(y1,y2,Ω,βββ i)

)
dΩdβββ i + const. (12)

The estimation of λ1 and λ2 will not be addressed in this paper but
we will show experimentally that a non-degenerate combination of
divergences, that is, λ1,λ2 > 0, provides better results than a degen-
erate one. We want to note also that the model in [2] correspond to
choose λ1 = λ2 = 1.

Unfortunately the general results from variational Bayesian
analysis cannot be directly utilized in this work, since the TV and
mixture priors in our model render the calculation of the KL diver-
gence in (12) not possible. The problems caused by the TV prior
can be avoided by utilizing a majorization-minimization approach,
whose details are given in [1], which finds a bound for the distribu-
tion in (5) which makes the analytical derivation of the Bayesian
inference tractable. Let us consider the functional M(α,x,w),
where w ∈ (R+)N is an N−dimensional vector with components
wi, i = 1, . . . ,N,

M(α,x,w) = cα
N/2 exp

[
−α

2

N

∑
i=1

(∆h
i (x))

2 +(∆v
i (x))

2 +wi√
wi

]
,

(13)
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where c is the same constant as in (5). It can be shown (see [1] for
the details) that the functional M(α,x,w) is a lower bound of the
image prior p(x|α), that is,

p(x|α)≥M(α,x,w). (14)

Using this lower bound a lower bound of the joint probability dis-
tributions in (10) can be found, that is,

pi(y1,y2,Ω,βββ i) ≥ M(α,x,w)p(α)

× p(h|{τd},{σd})
D

∏
d=1

p(τd)p(σd)

× pi(y1,y2|x,h,βββ i)p(βββ i)

= Fi(Ω,βββ i,w,y1,y2), (15)

for i = 1,2, which leads to the following upper bound for the KL
divergence in (12)

CKL(q(Ω)q(βββ i) ‖ pi(Ω,βββ i|y1,y2))

≤CKL(q(Ω)q(βββ i) ‖Fi(Ω,βββ i,w,y1,y2))+ const. (16)

An additional approximation of equation (4) is needed when
using mixture priors. Specifically, we utilize Jensen’s inequality as
follows [6]

log(p(h|{τd},{σd})) = log

[
M

∏
j=1

(
D

∑
d=1

τd Expon
(
h j | σd

))]

≥
M

∑
j=1

D

∑
d=1

µ jd log
(

τd

µ jd
Expon

(
h j | σd

))
, (17)

with µ jd ≥ 0, ∑
D
d=1 µ jd = 1, j = 1, . . . ,M. An analysis of the

closeness of this bound can be found in [6]. The auxiliary vari-
ables µ jd need to be computed along with the unknowns Θ, as will
be shown later.

Using (17), we obtain a lower bound of logFi(Ω,βββ i,w,y1,y2)
as follows,

logFi(Ω,βββ i,w,y1,y2) = logM(α,x,w)+ logp(α)

+
D

∑
d=1

logp(τd)p(σd)+ logp(h|{τd},{σd})

+ logpi(y1,y2|x,h,βββ i)p(βββ i)

≥ logM(α,x,w)+ logp(α)

+
M

∑
j=1

D

∑
d=1

µ jd log
(

τd

µ jd
Expon

(
h j | σd

))

+
D

∑
d=1

log [p(τd)p(σd)]+ logpi(y1,y2|x,h,βββ i)p(βββ i)

= Bi(Ω,βββ i,w,µµµ,y1,y2), (18)

with µµµ = {µ jd | j = 1, . . . ,M,d = 1, . . .D}.
Utilizing this lower bound, we obtain the solutions

q(β1) = const× exp(〈B1(Ω,βββ 1,w,µµµ,y1,y2)〉Ω) (19)

q(β12) = const× exp(〈B2(Ω,βββ 2,w,µµµ,y1,y2)〉Ω) (20)

where 〈·〉
Ω
= Eq(Ω)[·], and Eq(Ω) denotes the expectation with re-

spect to the distribution q(Ω). Furthermore, to calculate the rest of
the distributions, q(γ), γ ∈ {Ω,β2}, we have to take into account
both divergences, obtaining

q(γ) = const× exp

〈 2

∑
i=1

λiBi(Ω,βββ i,w,µµµ,y1,y2)

〉
Θγ

 (21)

where Θγ denotes the set of unknown with γ removed.
Calculating the above distributions for each unknown, results in

an iterative procedure, which converges to the best approximation
of the true posterior distribution p(Θ|y1,y2) by distributions of the
form in (11). In this work, we utilize the means of these distribu-
tions as the point estimates of the unknowns. Let us now to make
explicit the form of each of these distributions.

The distribution q(x) is calculated from (21) as a multivari-
ate Gaussian distribution, that is, q(x) = N (x| 〈x〉 ,Σx) where its
mean and covariance are given by

〈x〉= Σx

(
λ1 〈β1〉〈H〉T y1 + 〈β2〉y2

)
(22)

Σ
−1
x = 〈α〉(∆h)

T
W(∆h)+ 〈α〉(∆v)TW(∆v)

+λ1 〈β1〉
〈
HTH

〉
+ 〈β2〉I (23)

with

w j = (∆h
j(〈x〉))2 +(∆v

j(〈x〉))2 , j = 1, . . . ,N, (24)

W = diag

(
1
√w j

)
, j = 1, . . . ,N. (25)

The mean 〈x〉 of the distribution q(x) is used as the image estimate,
which is calculated by applying a conjugate gradient method in (22).
It can be seen that the matrix W in (25) is an spatial adaptivity ma-
trix which controls the amount of smoothing at each pixel location
depending on the intensity variation at that pixel, as expressed by
the vector w representing the total variation of the estimated image.

Next we find the distribution approximations q(h j) of the blur
PSF coefficients. From (21), q(h j) are rectified Gaussian distribu-
tions, given by q(h j) = N R (h j|ĥ j, h̃ j

)
with parameters

ĥ j =
(
h̃ j
)−1

[
−

D

∑
d=1
〈σd〉µ jd

+λ1 〈β1〉
N

∑
n=1

〈
Xn j

(y1)n−
M

∑
m=1
m6= j

Xnmhm

〉

+(1−λ1)〈β12〉
N

∑
n=1

(Y2)n j

(y1)n−
M

∑
m=1
m6= j

(Y2)nm 〈hm〉

], (26)

h̃ j = λ1 〈β1〉
N

∑
n=1

〈
X2

n j

〉
+(1−λ1)〈β12〉

N

∑
n=1

(Y2)
2
n j, (27)

where X and Y2 are convolution matrices constructed from x
and y2, respectively, (·)i j denotes the (i, j)th element of a matrix,
and we used the fact that λ2 = 1−λ1. The mean

〈
h j
〉

of the distri-
butions q(h j), that is, our point estimate for h j, is given by [6]

〈
h j
〉
= ĥ j +

√
2

π h̃ j

1

erfcx(−ĥ j

√
h̃ j
2 )

, (28)

where erfcx(·) is the scaled complementary error function.
We then calculate the distributions of the hyperparameters ω ∈

{α,β1,β2,β12,σd} from (19), (20), and (21) as

q(ω) = Gamma
(
ω|āω , b̄ω

)
, (29)
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(a) (b) (c) (d) (e)

Figure 1: (a) original image, (b) observed noisy image simulating a short-exposure acquisition, (c) blurred image simulating long-exposure
photographs. The blur used to generate this image is shown below the image. (d) using the method in [2], and (e) Estimated image and its
corresponding blur using the proposed method with λ1 = 0.5.

which produces

E(αim) =
ā(αim)

b̄(αim)
=

a(αim)+ N
2

b(αim)+∑ j
√w j

(30)

E(β1) =
ā(β1)

b̄(β1)
=

a(β1)+ N
2

b(β1)+ 1
2
〈
‖ y1−Hx ‖2

〉 (31)

E(β2) =
ā(β2)

b̄(β2)
=

a(β2)+ N
2

b(β2)+ 1
2
〈
‖ y2−x ‖2

〉 (32)

E(β12) =
ā(β12)

b̄(β12)
=

a(β12)+ N
2

b(β12)+ 1
2
〈
‖ y1−Y2h ‖2

〉 (33)

E(σd) =
ā(σd)

b̄(σd)
=

a(σd)+∑ j µ jd

b(σd)+∑ j µ jd
〈
h j
〉 (34)

Furthermore

q({τd}D
d=1) = Dirichlet

(
{τd}D

d=1|{c̄τd}D
d=1

)
, (35)

where c̄τd = co
τd
+∑ j µ jd and so

〈τd〉=
c̄τd

∑
D
d=1 c̄τd

, (36)

Finally, the auxiliary variables µ jd are computed again from (21) as

µ jd ∝ 〈τd〉 Expon
(〈

h j
〉
| 〈σd〉

)
, j = 1, . . . ,M (37)

with the condition

D

∑
d=1

µ jd = 1, j = 1, . . . ,M (38)

To summarize, the proposed algorithm is written as follows:

Algorithm 1 Estimation of the image x, the blur h and the needed
parameters

1. Set initial image estimate 〈x〉(0) = y1
2. Calculate initial estimates of

〈
h j
〉
, β1, β2, β12, α , {σ jd} and

{τd} using 〈x〉(0), y1, y2 and λ .
3. For k = 1,2, . . . until convergence:

(a) Find image distribution qk(x) using (22)-(23)

(b) Find blur PSF coefficient distributions qk(h j) using (26)-
(28)

(c) Find hyperparameter estimates from the distributions (29)
and (35)

(d) Find auxiliary variables {µ jd} using (37)

5. EXPERIMENTAL RESULTS

We have tested the proposed algorithm with synthetic and real im-
ages. In a first experiment, synthetic images are used to test the ac-
curacy of the estimation and numerically and visually demonstrate
that the combination of observation models proposed provides bet-
ter results than using only one model or assuming that the models
are independent [2]. Then the proposed algorithm is applied to real
degraded image pairs and its results compared to existing methods.

In all the experiment we set the initial values as follows: As
described in Alg. 1, the initial estimation of x, 〈x〉0, is set to ob-
served image y1. We chose D = 2 which means that the blur will
be comprised of elements of two classes, one for the elements close
to zero and the other for the elements with higher value. The shape
and inverse scale parameters of the Gamma distributions are set to
a small common value (0.001), co

τd
is set to 1 to obtain vague hy-

perpriors which make the estimation process rely more on the ob-
servations than on prior knowledge. The initial blur estimation is
obtained as argminh ‖Y2h−y1‖2 which can be efficiently com-
puted in the Fourier domain. The blur support M is chosen as the
smallest support that covers the most significant entries of the initial
PSF estimate. The initial value of the parameters β1, β2, β12 and
α are calculated from (29). Since we have two different classes,
initial value for τd is set as the proportion of pixels of the initial
blur estimator that are smaller or greater than half of the maximum
value of h, for d = 1 and d = 2, respectively, and σd to the in-
verse of the mean of the pixels in each class. Then {µ jd} is es-
timated using (37). In the experiments we varied λ1 from 0 to 1
with a step of 0.1 and run the algorithm until the convergence crite-

rion
∥∥∥〈x〉i−〈x〉i−1

∥∥∥2
/
∥∥∥〈x〉i−1

∥∥∥2
< 10−5 is met. We want to note

that we only restore the luminance of the color images. The result-
ing color images are composed by the restored luminance and the
chrominance of the observed blurred image.

For the synthetic experiment we generated the images in the
pair from the original image depicted in Fig. 1a. The image y2 was
obtained by adding a zero-mean Gaussian noise of variance 700.8
to the luminance of the original image to obtain the noisy image in
Fig. 1b with a SNR of 7dB. The blurred image, depicted in the top
row of Fig. 1c, was obtained by convolving the original image with
the blurring function in the bottom row of Fig. 1c and adding zero-
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(a) (b) (c) (d)

Figure 3: (a) Noisy and (b) blurred images in the pair. (c) Restored image and blur using the method in [2], and (d) restored image and blur
using the proposed method with λ1 = 0.8.

Figure 2: Obtained PSNR evolution as a function of λ1 for the syn-
thetic images pair.

mean Gaussian noise of variance 0.35 to obtain a SNR of 40dB.
The pair formed by the blurred and the noisy images are the inputs
of the algorithm.

To numerically evaluate the performance of the algorithm, the
peak signal-to-noise ratio (PSNR) was used. Figure 2 shows the
variation of the PSNR obtained with the proposed algorithm when
λ1 changes from 0.0 to 1.0, reaching its maximum value at λ1 = 0.5
with a PSNR value of 28.4dB. The estimated image and blur ob-
tained by the proposed algorithm with λ1 = 0.5 are depicted in
Figs. 1e. We want to note that the best result was obtained using
a non-degenerate combination of the divergences, making clear that
the combination of both models provides better results than using
a single model (also note that λ1 = λ2 = 0.5 is not equivalent to
the model in [2] which corresponds to setting λ1 = λ2 = 1). For
comparison purposes we run the same experiments with the algo-
rithm in [2] obtaining the image and blur shown in Fig. 1d with a
PSNR of 27.9dB. The proposed algorithm provides better visual re-
sult than the algorithm in [2], with a better estimation of the blur,
not as noisy, and sharper details in the image. Similar results were
obtained when we synthetically blurred the original image with dif-
ferent PSFs. Usually a value for λ1 between 0.4 and 0.7 resulted in
the best PSNR.

We also tested our algorithm on a real image pair taken with a
SLR camera with a fixed aperture of f/8. The noisy image was taken
using an exposition time of 1/200 seconds and ISO 400 while the
blurred one was taken using an exposition time of 1/3 seconds and
ISO 200. The images were photometrically calibrated using his-

togram equalization and then geometrical calibration was carried
out using SURF [5]+RANSAC to obtain the noisy and blurred im-
ages shown in Fig. 3a and 3b, respectively. Those images were the
input of the proposed algorithm. The image obtained by the pro-
posed algorithm using λ1 = 0.8 is shown in Fig. 3d and the image
obtained by the algorithm in [2] is shown in 3c. It is clear that, al-
though both methods successfully removes a great part of the blur,
the proposed method provides sharper details.

6. CONCLUSIONS

In this paper we have proposed a procedure based on varia-
tional Bayesian inference to combine observation models in the
blurred/noisy image pair restoration problem. The procedure is
based on finding the posterior distribution on the restored image
given the observations that minimizes a linear convex combina-
tion of the Kullback-Leibler divergences associated to the prior and
each pair of observation models. We have found this distribution in
closed form. The estimated images compare favorably with images
provided by other reconstruction methods. Future work will address
the estimation of the weights assigned to each Kullback-Leibler di-
vergence in the convex combination.
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ABSTRACT

A blind equalization method based on digital watermarking
is presented. A chunk of data is selected from the data to be
transmitted. This chunk of data is hidden in the entire data
using digital watermarking. For watermarking, DS-CDMA
based spread spectrum watermarking scheme is used. On re-
ceiving side, watermark is extracted from the watermarked
data. With the help of received chunk of data and the ex-
tracted watermark, which is actually extracted version of the
selected chunk of data, the channel is equalized by using
Normalized LMS algorithm. In this method, neither receiver
requires to know the training sequence in advance nor the
sender requires to send training sequence. Proposed algo-
rithm can simultaneously be used for usual watermarking ap-
plications and blind equalization.

1. INTRODUCTION

Intersymbol Interference (ISI) is a very common type of dis-
tortion which a signal undergoes during transmission [1]. To
cope with ISI channel equalization is most commonly used.
The channel is estimated by sending a known training se-
quence over the channel along with the data. With the help
of received and already known reference training sequence,
receiver calculates an estimate for the inverse of the chan-
nel by using algorithms like Least Mean Square (LMS) [2].
Later, received data can be equalized by using the estimated
inverse of the channel.

Digital Watermarking is a well known technique used
for applications like authentication, copyrights protection,
avoiding illict copying etc. Watermark is simply a sequence
of bits which is hidden in host data (e.g. videos, images or
some other data). In this paper digital watermarking is used
to convert traditional trained equalization algorithm into a
blind equalization algorithm. Some researchers already used
watermarking for equalization. Watermarking is used for dy-
namic equalization in [3] and for adaptive equalization in [4].
None of these algorithm is considered as blind, since in both
cases the receiver requires to know the training sequence in
advance.

In comparison to blind equalization, traditional trained
equalization is known to be computationally efficient. But
the most crucial drawback of trained equalization is that it
consumes extra bandwidth. Another disadvantage is that the
receiver must have prior information of the original train-
ing sequence. There are some blind equalization algorithms,
where training sequences are not used and data can still be
equalized [5], [6]. To design a blind equalization algorithm
convergence of the algorithm and computational complex-
ity are two important issues. Constant Modulus Algorithm
(CMA) [5] is one of well known algorithm used for blind

equalization. Disadvantage for CMA is its slow convergence.
Therefore, researchers tried to lessen the computational com-
plexity of CMA and tried to make convergence faster [7], [8].

In this paper a completely different approach to blind
equalization is taken by using digital watermarking. The pro-
posed method does not require training sequences and works
with standard trained equalization algorithms (e.g. LMS)
at low computational complexity. Furthermore, proposed
scheme can simultaneously be used for blind equalization
and usual watermarking applications. The only condition is
that the watermark must be a part of the data.

In the proposed method a chunk of data, which is a part
of the data actually to be transmitted through the channel, is
used as a watermark. This chunk is embedded in the data as
a watermark. With the help of received chunk and extracted
chunk (extracted watermark) the channel can be equalized
blindly. Watermarking algorithm used for this blind equal-
ization scheme, must have the following two qualities:

• Robust (to withstand distortions due to transmission).

• Carry enough payload (which can be used as training se-
quence).

CDMA based spread spectrum watermarking scheme [9] ful-
fills the above requirements. The main advantage of spread
spectrum watermarking is that each watermark bit is em-
bedded in a number of pixels. Because of that it is proven
to be robust in transmission. By using multiple orthogonal
spreading codes, CDMA based watermarking scheme can
carry more payload (large watermark). Normalized Least
Mean Square (NLMS) algorithm [2] is used in this scheme
for equalization. Other equalization algorithms e.g. Least
Mean Square (LMS) and Recursive Least Square (RLS) can
also be used.

This paper is organized as follows: Section 2 presents an
overview of previously described CDMA based watermark-
ing algorithm. In section 3 blind equalization scheme using
digital watermarking is described. Section 4 presents the ex-
perimental results and section 5 concludes this paper.

2. OVERVIEW OF THE WATERMARKING
SCHEME

An oblivious watermarking scheme is presented in [9], which
is further improved by using by-part interleaving in [10]. In
this watermarking scheme every bit of the watermark is hid-
den in mutually similar frequency coefficients in the DCT
domain. These specially selected frequency coefficients are
preferably in middle frequency range. Every vector of the
modified frequency coefficients i

′
j is formed according to:

i
′
j = ij + α[b1s1 + b2s2 + . . .+ bksk] (1)
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where ij is a vector of similar frequency coefficients, bi is a
watermark bit, α is the gain factor and si are the spreading
codes. Watermark bits can be extracted by using:

bi = sign < i
′
j,si > i f |ij · s

T
i | < |αsi · s

T
i | (2)

For complete description of the watermarking scheme see
[9]. This scheme is proven to be robust against many in-
tentional and unintentional attacks. Transmission of water-
marked image through a channel can be seen as an uninten-
tional attack. The watermark easily survives the transmission
attack by using this watermarking scheme. The use of mul-
tiple spreading codes makes this scheme able to carry large
watermark.

3. WATERMARKING-BASED BLIND
EQUALIZATION

Fig. 1 shows how traditional trained equalization works. In
order to equalize the data receiver must know the reference
training sequence in advance. Error e(n) is calculated with
the help of received training sequence and reference training
sequence. Now by minimizing e(n), the inverse of the chan-
nel is estimated and weights (taps) w(n) are updated. The
received data can be equalized by using w(n).

Channel

Training SequenceData

Received
training sequencedata

Received

+

e(n)

w(n)

d(n)

+−

Corrected Data

Equalizer control
algorithm

Adaptive

Figure 1: Traditional trained equalization technique.

Fig. 2 proposes a blind equalization scheme, where a se-
lected chunk of data is hidden (or superimposed) in the en-
tire stream of data (Fig. 3 ). After transmission, this hidden
chunk of data is extracted from the received data. This ex-
tracted chunk can be used as reference training sequence and
received chunk can be used as received training sequence.
Thus e(n) can be calculated and NLMS algorithm can be
used to update w(n). Hence received data can be equalized
blindly.

The above mentioned blind equalization method is im-
plemented by using digital watermarking. Fig. 4 shows how
watermarking can be used for blind equalization. A selected
part of an image is hidden in that image as a watermark. Af-
ter transmission the watermark can be extracted by the re-
ceiver. If the watermarking scheme is robust then this ex-
tracted watermark can be used as a reference training se-

Channel

data
Received

+

e(n)

w(n)

−
+d(n)

Extracted

Adaptive
control

algorithm

Data

Corrected data

chunk

Received
chunk

extractor
Chunk

Equalizer/

Figure 2: Blind equalization method.

Selected chunk

Stream of data

Chunk spread over the stream of data

Figure 3: Selecting a chunk of data and hidding it in the
stream of data.

quence. Received selected part can be used as received train-
ing sequence.

For equalization Normalized LMS algorithm is used.
This algorithm works as under [2]:

Parameter : M = number of taps

a = positive constant

µ̃ = adaption constant (step-size parameter)

0 < µ̃ < 2

Initialization. If prior knowledge on the tap-weight vector
ŵ(n) is available, use it to select an appropriate value for
ŵ(0). Otherwise, set ŵ(0) = 0.

Data
(a)Given : u(n) : M-by-1 tap-input vector at time n

d(n) : desired response at time n

(b)To be computed : ŵ(n + 1) = estimate of tap-weight

vector at time n+1

Computation : n = 0,1,2, . . .

e(n) = d(n)− ŵ
H(n)u(n)

ŵ(n + 1) = ŵ(n)+
µ̃

a+ ‖ u(n) ‖2
u(n)e∗(n) (3)

329



Channel

+

e(n)

w(n)

−
+d(n)

Extracted

Received
watermarked

Corrected
watermarked image

watermark

control
algorithm

Adaptive

Watermarked image

Received

image

Equalizer/

extractor
Watermark

selected part

Figure 4: Blind equalization using digital watermarking.

Normalized LMS is a modified version of LMS algo-
rithm. LMS algorithm also works fine in proposed blind
equalization method. However simulations have shown that
Normalized LMS algorithm works slightly better than LMS
algorithm. LMS algorithm experiences a gradient noise am-
plification problem when u(n) is large, because the correc-
tion applied to the tap-weight vector ŵ(n) at iteration n+1 is
directly proportional to the tap-input vector u(n). In normal-
ized LMS algorithm correction applied to tap-weight vector
ŵ(n) at iteration n + 1 is normalized with respect to squared
Euclidean norm of tap-input vector u(n) at iteration n. That
is why it is called “normalized” LMS.

3.1 Implementation Problem

A very crucial problem arose while implementing proposed
scheme using digital watermarking. A part of an image is
selected, and later it is spread over whole image forming wa-
termarked image. Obviously, watermarked image is slightly
different from the original image. When this watermarked
image is transmitted, channel can not be equalized. Because,
the extracted watermark is a part of the original image and re-
ceived part is from watermarked image. Hence both of them
are different and channel can not be equalized using extracted
watermark and received part of the watermarked image.

One of the simplest solutions to this problem is to hide se-
lected part in the remaining image (other than selected part).
However, this simple solution causes problems for usual wa-
termarking applications, like copyrights protection etc., and
for blind equalization. From general watermarking applica-
tions point of view, it is not good to leave a reference to the
original image. Watermark should be spread over whole im-
age. If reference to the original image is present in the water-
marked image, some denoising algorithm can detect water-
mark as noise. So watermark can be removed easily. There-
fore, this scheme can not be used for usual watermarking
applications.

This problem is solved by watermarking selected portion
with some dummy bits first and then hide this dummy water-
marked selected portion into remaining image (Fig. 5). Now
this watermarked image has same level of noise over whole

image and has no reference to the original image. Therefore,
this watermarked image can simulteneously be used for blind
equalization as well as for usual watermarking applications.

Dummy Watermarked

Dummy Watermarked

Watermarked Image

chunk is spread over
remaining image

Dummy watermarked

Original Image Selected part

Figure 5: Forming a watermarked image, considering imple-
mentation problem.

3.2 Possible Security Issue

As watermark is a part of the watermarked image, it can
be considered as a possible security issue. By using pro-
posed scheme, watermark can be any part of watermarked
image, which is very difficult to locate for an evedropper.
Furthermore, because of proposed implementation scheme
noise level (watermark intensity) is same over the whole im-
age. So it is difficult to distinguish between selected part,
watermark, and remaining watermarked image.

4. EXPERIMENTAL RESULTS

In all the experiments 512×512 (8 bits/pixel, gray scale) im-
ages (Lena Fig. 6(a) and Gold hill Fig. 7(a)) are used. The
simulations are done in MATLAB. The quality of an image
is measured in terms of Peak Signal to Noise Ratio (PSNR).

PSNR = 10log
2552

MSE
dB (4)

First eight rows of an image are watermarked with eight
dummy bits. These dummy bits are hidden in 3rd, 4th, 5th
and 6th row of 8×8 blocks of the DCT coefficients [9]. First
504 bits are selected from the dummy watermarked part and
hidden in remaining rows of the image again in 3rd, 4th, 5th
and 6th row of 8×8 blocks of the DCT coefficients. Two
spreading codes, each of length 512 are used to spread each
bit. These watermarked images (watermarked at 40dB, here
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α = 0.01) are transmitted over four different channels:

channel 1: { 0.986, 0.845, 0.237, 0.123+0.310i}
channel 2: { 0.986, 0.845, 0.537, 0.323, 0.123}
channel 3: Frequency-flat (single path) Rayleigh fading

channel, sample time 1×10−5 and
maximum Doppler shift 0.09 Hz.

channel 4: Frequency-flat (single path) Rician fading

channel, sample time 1×10−5, maximum
Doppler shift 0.9 Hz and Rician factor
equal to 1.

On the receiving side, watermark is extracted from the
watermarked image. The watermark extracted from the re-
ceived image, which forms the training sequence, has a few
erroneous bits (column 2 and 3 of Table 1). However, the
BER is good enough to use it as the reference training se-
quence. This is similar to decision feedback equalization,
where there is also no exact training sequence available. The
received selected part is treated as the received training se-
quence. ŵ(n) are calculated using Normalized LMS with
M = 8 weights, step size µ̃ = 0.01 and ŵ(0) = 0. The calcu-
lated weights ŵ(n) are used to equalize the received image.
Received and corresponding equalized images are shown in
Fig. 6 and Fig. 7. Respective errors and PSNR values are
shown in Table 2 and 3. Here, second and third columns
show PSNR value of received and equalized images with re-
spect to watermarked images. Fourth and fifth columns show
percentage of erroneous bits in received and equalized im-
ages. Column 4 and 5 of Table 1 show the BER in the water-
marks extracted from equalized images. These watermarks
are almost error free. Therefore they can easily be used for
usual watermarking applications.

Table 1: BER in extracted watermarks

Received images Equalized images
channels Lena Gold hill Lena Gold hill

% % % %
1 4.76 8.93 0 0.2
2 6.75 10.52 0 0.2
3 0.2 4.37 0 0.2
4 24.40 17.26 0 0.2

Table 2: Lena received and equalized
PSNR Erroneous bits

channels Received Equalized Received Equalized
dB dB % %

1 26.8461 87.1311 9.67 0.00
2 26.8677 86.5184 13.04 0.00
3 22.5406 102.3162 33.60 0.00
4 12.3285 88.8920 8.06 0.00

Table 3: Gold hill received and equalized
PSNR Erroneous bits

channels Received Equalized Received Equalized
dB dB % %

1 25.6681 84.4629 10.25 0.00
2 25.6381 76.4842 14.06 0.02
3 22.9631 85.9815 33.60 0.00
4 12.3257 93.2853 8.06 0.00

(a) Lena image. (b) Watermarked Lena.

(c) Received through channel 1. (d) Equalized image for (c).

(e) Received through channel 2. (f) Equalized image for (e).

(g) Received through channel 3. (h) Equalized image for (g).

(i) Received through channel 4. (j) Equalized image for (i).

Figure 6: Lena received and equalized.
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5. CONCLUSIONS

How watermarking can be used to equalize transmission
channels only using the received data is discussed in this pa-
per. Simulations have shown that this scheme can correct
almost all the errors from received watermarked images. An
important advantage of this scheme is that it works at the
complexity of traditional trained equalization methods un-
like other very complex blind equalization methods. Pro-
posed scheme can simultaneously be used for blind equaliza-
tion as well as for usual watermarking applications. Further
research can be done to develop a similar scheme for radio
frequency communication signals. Another interesting topic
is the investgation of the presented scheme in combination
with decision feedback equalization. Furthermore, the suit-
ability of different watermarking schemes for the proposed
blind equalization algorithm can be studied.
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ABSTRACT
This paper proposes a reference free perceptual quality met-
ric for blackboard lecture images. The text in the image is
mostly affected by high compression ratio and de-noising fil-
ters which cause blocking and blurring artifacts. As a result
the perceived text quality of the blackboard image degrades.
The degraded text is not only difficult to read by humans but
it also makes the optical character recognition task even more
difficult. Therefore, we put our effort firstly to estimate the
presence of these artifacts and then we used it in our pro-
posed quality metric. The blocking and blurring features are
extracted from the image content on block boundaries with-
out the presence of reference image. Thus it makes our met-
ric reference free. The metric also uses the visual saliency
model to mimic the human visual system (HVS) by focusing
only on the distortions in perceptually important regions, i.e.
those regions which contains the text. Moreover psychophys-
ical experiments are conducted that show very good corre-
lation between the mean opinion score and quality scores
obtained from our reference free perceptual quality metric
(RF-PQM). The correlation results are also compared with
standard reference and reference free metric.

1. INTRODUCTION

There are two common ways to measure the quality of the
images under observation. First by conducting subjective
tests and the second by objective metric. Subjective test
which is also known as psychophysical experiment involves
human viewers. The viewers assess the quality of the image
based on ITU-R BT recommendations. While in objective
metric, the algorithm tries to assess the quality of the image.
Most of the objective assessment methods try to assess the
quality of the degraded image by using some sort of refer-
ence. The reference can either be original undistorted signal
source or some extracted features from the original signal, to
be used later. The objective metric which use original sig-
nal as a reference are known as full reference metric while
those that rely on some extracted features are called reduced
reference metrics.

There are many situations in which the original signal is
not present. In case of images, the signal can be corrupted ei-
ther because of noise over communication channel or by the
introduction of some coding artifacts as a result of compres-
sion. To assess the quality of such type of images where a ref-
erence image is not present, reference free quality metrics are
used. These metrics rely on finding some known artifacts to
estimate the quality of the image. Wang and Alan proposed
the initial work for finding the blocking artifacts in [1]. Re-
cently, different techniques have been adopted to find these
artifacts based on edge sharpness level [2], contrast similarity
[3], geometric moments [4] and based on other spatial fea-

tures [5]. These metrics however do not account for salient
regions.

The rest of this paper is organized as follows: Section 2
gives an overview for the need of a new quality metric. Sec-
tion 3 shows the work flow which is followed by proposed
model in section 4. Section 5 shows the experimental setup
and in section 6 comparisons are made with other metrics.
The last section gives the conclusion.

2. MOTIVATION

Now-a-days many learning system use images and videos as
part of their educational program. The educational content
usually consists of handwritten text, power point slides, fig-
ures and graphs. Standard coding mechanisms introduce cer-
tain artifacts that highly affects the visual quality of the con-
tent. This ultimately leads to poor readability of text. Block-
ing and blurring are the two common artifacts caused by
compression standards and de-noising filters. Psychophys-
ical experiment show that the presence of these two types of
artifacts highly degrade the readability of the text. Thus the
demand for quality evaluation mechanism of these degraded
content become inevitable.

Moreover, the text is the core part of the content on these
educational media and is most salient to attract visual atten-
tion. It is also widely accepted that under normal condition
human eye tends to follow visually salient regions [6]. Thus
visual attention plays an important role in determining the
perceived image quality. On the other hand reference free
objective quality metrics can play an important role in eval-
uating the quality. Perkis combined the attention model for
saliency with perceptual quality in [7]. However the met-
rics that are available today do not incorporate text as salient
regions. Which makes them less desirable to use for such
widely available media. Therefore the need for such an ob-
jective metric is desirable. Hence, we propose a visual atten-
tion based RF-PQM focusing on text as salient region.

3. WORK FLOW

The work flow of our proposed model is shown in Figure
1. The distorted images are processed by our reference free
quality metric. The metric estimates the amount of blur-
ring and blocking artifacts present in the image and give a
quality score. The same set of images are subjected to psy-
chophysical experiment where expert and non-expert view-
ers rate the quality of the image on a scale of 1-5. The mean
opinion score (MOS) is obtained from the subjective exper-
iment. The quality score obtained from the reference free
metric is then correlated with mean opinion score. Some of
the distorted images were used as training dataset for qual-
ity prediction model (QPM). Three correlation parameters
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a = −0.24, b = −0.16 and c = 0.06 were obtained as a re-
sult of non-linear regression routine during training process.
These parameters were then used in the QPM.

4. PROPOSED MODEL

The computation of the RF-OQM consists of 5 major pro-
cessing steps. In the first step, the saliency map is computed
followed by visibility map. Saliency map consists of blocks
containing text regions while the visibility map contains re-
gions where the artifacts may be present. From the visibil-
ity map, the blocking and blurring maps are generated. The
blocking map contains block features, from which the block-
ing score is obtained. While the blurring map contains blur
features from which the blurring score is obtained. Lastly
the blocking score and the blurring score is combined in the
QPM to obtain overall quality score. The processing steps
are as follows:

4.1 Saliency Map
Our proposed quality metric tries to mimic the human per-
ceptual mechanism by introducing the saliency map. The
traditional bottom up saliency models [8] use color, intensity
and orientation as features to compute the salient regions.
These however fail when applied to lecture images with text
because of minor variation in color and intensity. To be able
to detect text as salient regions, we have used the difference
of gaussian (DoG) for identifying text regions from those of
background and noise in form of chalk dust. Following val-
ues of sigma1 = 8.0 and sigma2 = 0.5 give best results for
all the dataset images. The window size was chosen to 27 to
accurately identify text as salient region. Figure 2 shows the
8×8 representation of saliency and visibility map.

In future, this method will be replaced by a recent
saliency model involving contour integration [9] for creat-
ing saliency maps. This model shows that human atten-
tion mechanisms also include the contour linking mecha-
nism. Such mechanisms should enhance contours against
background noise, and are thus very relevant to the compre-
hension of text documents.

4.2 Visibility Map
The next step is to identify artifact features from the saliency
map. To do this, we have computed the visibility map (VM)
by analyzing the local contrast as in [10]. The local contrast
is given as:

C(i, j) =

∣∣SM(i, j)−SM.avg(i, j)
∣∣

SM.avg(i, j)
(1)

Where SM(i, j) is the luminance of the pixel (i, j) and
SM.avg(i, j) is the average luminance of the eight neighbors
of (i, j). The pixel is visible if the contrast is higher then
just noticeable contrast (JNC)[10]. The visibility map is then
computed as:

V M(i, j) =
{

1, i f C(i, j) ≥ JNC(i, j)
C(i, j), otherwise (2)

4.3 Blocking Map
Blocking artifact is introduced by compression standards.
Most of the standard uses 8× 8 pixel blocks for quantiza-

Figure 2: Representation of text regions. (a) original image
(b) saliency image (c) saliency map representation (d) visi-
bility map; blocking and blurring artifacts.

tion that creates artifacts in compressed image at the edges
of these blocks. To extract blocking map from the visibility
map we use same 8× 8 pixel blocks. The extrapolated dis-
continuity between neighboring block is calculated for this
purpose: first across vertical blocks and then horizontal.

Let Bi j is an 8×8 block of pixels from the salient regions
of the image.

Figure 3: Representation of pixel values for blocking arti-
facts.

The value of the blocking artifact Blcv across two hori-
zontally adjacent blocks B11 and B12, as illustrated in Figure
3, represents a measure of the discontinuity at the vertical
boundary between the two blocks. This value is computed in
the following way, first the vertical discontinuity is evaluated
for each line across the two blocks. This vertical discontinu-
ity is computed as the absolute difference of the two extrapo-
lated values, El and Er, across the boundaries of two adjacent
blocks. El and Er are calculated using first order extrapolator
given as:

El =
3
2
∗ x1−

1
2
∗ x2 (3)
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Figure 1: An overview of work flow.

Er =
3
2
∗ y1−

1
2
∗ y2 (4)

Where x1, x2 and y1, y2 are the pixel values at the bound-
ary of the blocks as illustrated in Figure 3. El and Er are the
left and right extrapolated values.

The vertical artifact value is the mean of the eight discon-
tinuities within a single block.

Blcv =
1
8

7

∑
j=0

∣∣∣(Er) j− (El) j

∣∣∣ (5)

Where (Er) j is the ith row extrapolated values. The values
for the horizontal artifacts can be calculated in similar fash-
ion.

4.3.1 Blocking Score

A blocking score can be estimated by summing up the verti-
cal and horizontal blocking values.

BS = Blcv +Blch (6)

4.4 Blurring Map
Blur normally occurs as a result of de-blocking filter and
quantization process which removes the high frequency in-
formation from an image. Blur can be hard to estimate in
regions with too plain or complicated textures [11]. Thus by
introducing VM, the possibility of getting accurate results is
maximized. The blurring map is also extracted from the VM
by analyzing the local variance across horizontal and vertical

blocks. First the variance is calculated across the horizontal
blocks and then the vertical. The local variance at the first
row of blocks B11 and B12 is given by:

σ11 =

√
∑

n
i=1 |xi− yi|
n−1

(7)

Where n = 2 in the example in Figure 3. Next we com-
pute the average of these local variances along row j in the
image, as follows:

∆σ j = mean{σ ji−σ j(i+1)|i ∈ {1,2, ...,K}}, (8)

Where K is the number of 8×8 blocks in the horizontal
direction of the image. The sum of total blur across vertical
direction is given by

Blrv =
N

∑
j=1

∆σ j (9)

Where N is the total number of rows in the image.
The value for the horizontal blur is calculated in similar

fashion.

4.4.1 Blurring Score

The blurring score can be estimated by summing up the ver-
tical and horizontal blurring values.

BS = Blrv +Blrh (10)
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4.5 Quality Prediction Score
The last step is the QPM which combines the blocking and
blurring features extracted from the dataset. First the average
blocking and blurring values are obtained by combining the
vertical and horizontal artifacts.

Blc =
(

Blcv +Blch

2

)
,Blr =

(
Blrv +Blrh

2

)
(11)

Then the following prediction model is used to combine
the artifacts

QPM = 10×
(

α +δ ×Blca×Blrb
)
×T c (12)

Where α = 0.5 and δ = 2.356 are adjusted based on the
opinion score on training dataset. a, b and c are correlation
parameters. A perceptual threshold value T = 2 is also ob-
tained for acceptable amount of blocking and blurring arti-
facts in an image via subjective test questionnaire.

5. EXPERIMENTAL SETUP

We conducted the psychophysical experiment where 17 non-
experts viewers participated. Most of the viewers were stu-
dents at NISlab in Høgskolen i Gjøvik. The monitor white
point, light intensity and color quality was adjusted as per
standard ITU-R BT.500-11 recommendations. Viewers were
asked to rate 130 different images on a scale of 1 to 5. Where
1 corresponds to very annoying image quality and 5 corre-
sponds to imperceptible image quality.

The image dataset for the experiment was created from
the blackboard lecture videos. In Figure 4, left column, some
sample images are shown. The acquired images were or-
ganized into three different categories as shown in Table 1.
Category 1 and category 2 dataset consist of 5 sets of differ-
ent images. Each set contains further 10 degraded variations
of those images. Category 1 images were introduced with
blocking artifact using imwrite routine in Matlab. In cate-
gory 2 images, blur was introduced using gaussian filter. The
third category consist of 3 sets of different images with each
set having 10 degraded variations. These images were sub-
jected to both blocking and blurring artifacts.

Table 1: Classification of artifacts into different categories.
Artifacts Type Sets Images Total Image

Cat. 1 blocking 5 10 50
Cat. 2 blurring 5 10 50
Cat. 3 block/blur 3 10 30

6. EXPERIMENTAL RESULTS

From the psychophysical experiment we obtained the MOS.
The MOS of 45 images from the dataset were used to ob-
tain the correlation parameters a,b and c during the training
of QPM. Once the QPM is trained, we obtained the quality
score from our metrics for all 130 images. The quality scores
from peak signal to noise ratio (PSNR), structural similarity
index metrics (SSIM), universal image quality index (IQI),
Delta Eab with LAB, and non-reference perceptual quality
analysis metric (NR-PQA) were also obtained. The scores

Table 2: Comparison of correlations results.
Pearson Kendall Spearman

correlation correlation correlation
PSNR 0.791 0.714 0.752
RF-PQM 0.841 0.779 0.842
NR-PQA 0.679 0.532 0.710
SSIM 0.579 0.563 0.585
IQI 0.521 0.533 0.510
Delta Eab 0.433 0.408 0.413

Table 3: Individual pearson correlation per dataset.
Blocking

Image Dataset No. 1 2 3 4 5
PSNR 0.77 0.63 0.89 0.54 0.76
RF-PQM 0.87 0.85 0.93 0.63 0.80
NR-PQA 0.70 0.67 0.80 0.65 0.83
SSIM 0.56 0.60 0.53 0.49 0.61
IQI 0.48 0.59 0.55 0.33 0.65
Delta Eab 0.55 0.52 0.48 0.51 0.68

Blurring
PSNR 0.67 0.61 0.78 0.59 0.71
RF-PQM 0.65 0.59 0.80 0.87 0.77
NR-PQA 0.34 0.25 0.48 0.31 0.38
SSIM 0.54 0.72 0.58 0.61 0.69
IQI 0.59 0.65 0.84 0.51 0.48
Delta Eab 0.64 0.55 0.38 0.51 0.29

Blocking/Blurring
PSNR 0.81 0.62 0.85 - -
RF-PQM 0.75 0.79 0.89 - -
NR-PQA 0.64 0.65 0.58 - -
SSIM 0.44 0.70 0.68 - -
IQI 0.54 0.45 0.78 - -
Delta Eab 0.34 0.69 0.58 - -

were then correlated with MOS to obtain the correlation re-
sults for comparison.

A very good correlation result of 0.841 is obtained from
our proposed metric RF-PQM for all 130 images as can be
seen in Table 2. From the results obtained it is evident that
the proposed metric seems to correlate well with HVS unlike
others. There are some cases where other metrics show im-
proved results depicted in Table 3. For example, NR-PQA
in case of blocking artifacts show good results on two occa-
sions. It is actually hard to accurately estimate the amount
of blurring without the presence of original signal. Which is
evident from PSNR, SSIM and IQI that show high correla-
tion in some cases because of significant color and structural
degradation in particular image dataset. PSNR on the other
hand seems to perform better compare to the others for image
datasets with combined artifacts. Nevertheless the RF-PQM
without the presence of reference image still shows improve-
ment in images having both blurring and blocking artifacts
compared to other metrics. The scatter plots shown in Figure
4 also verify the overall correlation results. Where RF-PQM
show very high correlation results compared to the others.
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Figure 4: Sample of images from dataset (left column). Scatter plots between: (a) RF-PQM vs MOS (b) NR-PQA vs MOS (c)
PSNR vs MOS (d) Delta Eab vs MOS (e) IQI vs MOS (f) SSIM vs MOS

7. CONCLUSION

A reference free objective quality prediction metric is pro-
posed that has been designed for text based images. In text
based images people mostly focus on the text rather than the
uniform background. Thus RF-PQM relies on saliency de-
tection for text which makes it correlate better with the HVS.
Subjective tests are also conducted where users are asked to
rate the quality of image. The obtained results were then
compared with standard reference and non reference met-
rics. However the overall image quality for lecture image
is highly depended upon the text size, orientation and hand-
writing style which makes it difficult to adopt a metric for
generalized lecture images.
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ABSTRACT
Image understanding has many applications. Given an im-
age and a ground truth, it is possible to measure the quality
of understanding results provided by different algorithms or
parameters. In this paper, we ask some users to make a sub-
jective evaluation of image understanding results by sorting
them from the best to the worst. We compared the results with
some provided by a metric we defined recently. Experimental
results show the good behavior of this metric compared to the
human judgment.

1. INTRODUCTION

Image understanding is still a great challenge in image
processing. Many applications are concerned such as
target detection and recognition, medical imaging or video
monitoring. Whatever the foreseen application may be, the
extracted information conditions the performances of the
resulting process. It is required for this localization to be
as precise as possible and with a correct recognition. Many
algorithms have been proposed in the literature to achieve this
task [1, 2, 3, 10], but it still remains difficult to compare the
performance of these algorithms that extract the localization
of objects of interest.

In order to evaluate object detection and recognition
algorithms, several research competitions have been created
such as the Pascal VOC Challenge [6] or the French Robin
Project [4]. Given a manually made ground truth, these
competitions use metrics to evaluate and compare the results
obtained by different localization algorithms. If the metrics
used for these competitions appeal to everyone’s common
sense (good correspondence between the ratio height/width
or the size of the detected bounding box and of the ground
truth), none of them puts the same characteristic forward. The
main objective of these competitions is to compare different
image understanding algorithms by evaluating their global
behavior for different scenarios and parameters. We think
that it is then necessary to have a reliable quality score of an
understanding result given the associated ground truth.

In a previous work [8], we proposed a metric that
enables the evaluation of such results. The metric range
from 0 to 1, the lower the score is, the better it is. As an
example, figure 1 presents the evaluation obtained with
this metric for four different understanding results. It
enables an objective comparison of these results. Result
1 and 4 have better scores since all objects are correctly
recognized even if the localization is less precise than the
result 2. Result 2 has as bad score because the dog is

recognized as a sheep, and result 3 has a bad score since
one object is missing. The aim of this work is to check
if this metric corresponds to what can be obtained by an
evaluation done by humans. In order to reach this objective,
we asked many individuals to compare several image
understanding results. We then compare the obtained sub-
jective comparison with the objective one given by this metric.

(a) Original image (b) Ground truth

(c) Result 1: score=0.0157 (d) Result 2: score=0.0774

(e) Result 3: score=0.3383 (f) Result 4: score=0.0118

Figure 1: Examples of understanding results on a single image
and their associated score

This paper is organized as follows: the first part briefly
presents our previous work on the evaluation metric for image
understanding results. We then present the principles of the
conducted subjective evaluation. The results are presented as
well as the conclusions of this study.

2. PREVIOUS WORKS

In a previous work [9], we studied the different existing lo-
calization metrics in the literature. In order to compare these
metrics, we defined an evaluation protocol (see figure 2): we
alter the ground truth and check if results given by a metric
fulfill some properties. A correct metric should fulfill most of
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the following properties:
• Strict Monotony: a metric should penalize the results the

more they are altered,
• Symmetry: a metric should equally penalize two results

with the same alteration, but in opposite directions,
• Uniform Continuity: a metric should not have an impor-

tant gap between two close results,
• Topological dependence: a metric result should depend

on the size or the shape of the localized object.

Localization
metric

Alterations

Figure 2: Evaluation protocol of localization metric

Based on these properties and results from [9], we defined
a metric that enables the evaluation of understanding results
in [8]. As far as we know, there is no other metric that can
evaluate such a result. The metric is composed of four stages,
as we can see on figure 3: (i) Matching objects, (ii) Local
evaluation, (iii) Over- and Under- detection compensation
and finally (iv) Global evaluation score computation.

Matching
objects

Localization
evaluation

Recognition
evaluation

Understanding
evaluation

Over-/under-
detection

compensation

Global
understanding

score

For each matched objects

Figure 3: Image understanding metric

The first stage is necessary to match objects from the
ground truth and from the understanding result. The local eval-
uation stage corresponds to the evaluation of each matched
object. We first evaluate the localization of the object and
then its recognition. Given these two scores, we compute
the local score as the combination of the localization and the
recognition scores. Then, the third stage aims at compen-
sating the under- and over-detection. This stage affects the

local score of under- and over-detection objects with 1, which
is the worst score. Finally, the global score is computed as
the mean of local scores. Several parameters enable to tune
the metrics. We can, for example, provide a distance ma-
trix between each class present in the databases, which will
enable to better evaluate recognition mistakes. We can also
use a parameter α to balance the weight of localization and
recognition evaluation in the local score. Results, presented
in [8], show that the proposed metric enables the evaluation
of image understanding results. However, we would like to
know its relative behavior compared to the evaluation done by
humans. That is why we asked many individuals to evaluate
image understanding results. This subjective evaluation of the
metric is presented in the next section.

3. SUBJECTIVE EVALUATION

This subjective evaluation of image understanding results has
two goals. The first one is to compare results obtained by our
evaluation metric and those obtained from humans. This will
enable us to check if our metric gives a human like evaluation
of image understanding results. The second goal of this study
is to check if the properties defined in [9] are naturally fulfilled
by the judgments of humans.

3.1 Data acquisition
In order to acquire feedbacks from individuals, we created a
web site where a user can create an account and then answer to
questions. Questions in this questionnaire present the original
image, the ground truth and four image understanding results.
An example of question can be seen in figure 4. The user is
asked to order image understanding results from the most to
the less similar to the ground truth.

3.2 Questions
The study is composed of 12 questions. The 12 original
images used in this study come from the Pascal database [6],
where the original image and the ground truth is provided.
The corresponding taxonomy, according to the one used
in Calltech256 [7], is presented in figure 5. For the first
goal of this study, which is to compare our metric to human
evaluation, all questions will be used.

Figure 5: Taxonomy of objects present in the study

However, concerning the properties, questions were
specifically designed to answer them. Some questions also
aim to verify several properties. The first property is the strict
monotony and 5 questions are dedicated to this property:
questions 3 and 9 for the translation alteration, question 4
for the rotation alteration, question 6 for the scale change
alteration and question 12 for the recognition alteration.
The second property is the symmetry and 4 questions are

339



Figure 4: One question from the questionnaire

dedicated to: questions 3 and 9 for the translation alteration,
question 6 for the scale change alteration and question 12 for
the perspective alteration. The third property is the continuity,
but it cannot be evaluated through this subjective evaluation.
Finally, the fourth property corresponds to the effect of the
size and shape of the object and two questions are dedicated
to this property: questions 3 and 9 have one object with the
same alteration for the four image understanding results.

Moreover, we would like to answer some other questions.
The first one is to define which alteration is the most penaliz-
ing one among translation, scale change, perspective change
and rotation for the localization, and also recognition errors
and over- or under-detection errors: 8 questions are dedicated
to this purpose. Finally, we also verify if humans are able to
reproduce their evaluation: 2 questions present exactly the
same original image, ground truth and image understanding
results.

4. DEVELOPED METHOD

The web site was available for one week. 88 individuals par-
ticipated, and 83 completed the study for the 12 questions.
These individuals are researchers in computer science, but not
specifically in the image field. Acquired data consist in 12
matrices, one for each question, with 88 lines corresponding
to each individual which started the study, and 4 columns cor-
responding to its answer (ordering of understanding results).

4.1 Filtering data
First of all, we suppress data corresponding to questions not
completed by the 5 individuals who did not complete the
study. Then, we filter the remaining data. This step consists
in collecting the relevant information by suppressing of this
study the answers too dissimilar compared to the mean answer
for each question. This technique enhances the reliability of

the extracted knowledge. We have used the linear Pearson
correlation factor as defined in equation 1 for the answer
selection.

Pearson(Xi,E[X ]) =
Cov(Xi,E[X ])√

Cov(E[X ],E[X ]).Cov(Xi,Xi)
(1)

where Xi represents the answers of the user i, E[X ] repre-
sents the average value of answers given by users and Cov(., .)
is the covariance function. The Pearson correlation factor be-
tween two variables gives a value between

−1,1

and denotes the linear relationship between them.

The decision criterion given by equation 2, with θ = 0.7
empirically chosen, permits to select the answers that will be
considered for the further analysis.{

Pearson(Xi,E[X ])≥ θ acceptXi
otherwise re jectXi

(2)

Among the 1014 answers collected, 232 are rejected by
this filtering.

4.2 Evaluation of global performances of the metric
As we have relative measures, we can compare the quality
of different image understanding results and sort them as
in [5]. For each question of the subjective study, the 4
image understanding results are sorted according to the
average score given by the individuals. Given this sorting,
we can extract 6 comparisons results for each pair of image
understanding results given by individuals and by using our
metric.
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In order to define the similarity between the criterion and
our reference given by the individuals’ scores, an absolute
difference is measured between the criterion comparison and
the individuals’ one. We define the cumulative similarity of
correct comparison (SCC):

SCC =
12

∑
k=1

6

∑
i=1
|I(i,k)−M(i,k)| (3)

where I(i,k) and M(i,k) are respectively the individuals and
the metric results for the ith comparison of question k. A com-
parison result is a value in {−1,1}. If an image understanding
result is better than another one, the comparison value is set
to 1 otherwise it equals -1. In order to more easily compare
this error measure, we also define the similarity rate of correct
comparison (SRCC), which represents the absolute similarity
of comparison referenced to the maximal value:

SRCC = (1− SCC
SCCmax

)∗100 (4)

where SCCmax corresponds to the biggest difference of the 72
comparison results. In our case, SCCmax =

(4
2

)
∗12∗2 = 144.

The binomial coefficient
(4

2

)
corresponds to the number of

possibilities to compare 2 answers among 4, 12 is the number
of questions in the study and 2 corresponds to the fact that a
comparison is set to be between -1 and 1.

4.3 Validation of properties

In order to determine whether there is a significant relation-
ship between answers from a question, we use the Kruskall-
Wallis test (KW). It is a non-parametric (distribution free) test,
which is used to decide whether K answers are dependent. In
other words, it is used to test two hypothesis given by equation
5: the null hypothesis H0 assumes answers given by individ-
uals are identical (i.e., there is no difference between the
answers) against the alternative hypothesis H1 which assumes
that there is a statistically significant difference between an-
swers from a question.{

H0 : µ1 = µ2 = ...= µk
H1 : ∃i, j, µi 6= µ j

(5)

The Kruskal-Wallis test statistic is given by equation 6
and the p-value is approximated, using chi-square probability
distribution, by Pr(χ2

g−1 ≥ K). The decision criterion used
to choose the appropriate hypothesis is defined in equation 7.

H =
12

N(N +1)

g

∑
i=1

ni r̄i2 − 3 (N +1) (6)

with ni is the number of answers in result i, ri j is the rank
of answer j from result i, N is the total number of answers
across all results.

r̄i2 =
∑

ni
j=1 ri j

ni
and r̄ =

1
2
(N +1)

{
p− value ≥ 0.05 accept H0
otherwise re ject H0

(7)

Figure 6: SRCC

5. EXPERIMENTAL RESULTS

5.1 Global behavior of the evaluation metrics
We first computed the SRCC with default parameters: we
do not use a distance matrix to balance misclassification
and the α parameter, which is used to balance localization
and recognition scores, is set to 0.8. The obtained SRCC is
83.33%, which shows that our metric is able to order image
understanding results correctly in most of cases.

We then present in figure 6 the evolution of the SRCC as
a function of the parameter α , and with or without using a
distance matrix. The distance matrix used for the evaluation
is computed from the taxonomy presented in figure 5: the
distance between two classes depends on their distance on
the graph. It permits us to balance a recognition results
considering the similarity of the affected class and the real
one. We can see that the metric performs globally correctly
as the minimum value of the SRCC is 73.61%, and can be up
to 87.50% with a parameter α equals to 0.40 and a distance
matrix. We can also remark that the use of a distance matrix
enables better performance of the evaluation metric once the
parameter α is correctly set.

5.2 Study on properties
5.2.1 Monotony

In order to verify if individuals order image understanding
results the more they are altered, we have to check the p-values
given by the Kruskal-Wallis test to be sure that responses are
independent (p-values lower than 0.05), and we can also check
that responses are correctly ordered. Five questions in the
study present 2 or 3 images to be ordered with regards of
monotony, and obtained results are presented in table 1. The
p-values are 0 for all 5 questions, which clearly shows that
these results are independent. Moreover, images are correctly
ordered. We can conclude that the monotony property is
expected by individuals.

5.2.2 Symmetry

For this property, we expect that two images will be ordered in
the same way, so we check if the p-values are higher than 0.05.
As we can see in table 2, 2 out of 4 questions have a p-values
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Table 1: Monotony: p-value and mean ordering of image
understanding results

Question p-value Order of answer
Q3 0 1.0000 2.1125 3.9250
Q4 0 1.0189 2.3208
Q6 0 1.3673 3.1020
Q9 0 1.0000 2.2639 3.9028

Q12 0 3.0244 3.8659

higher than 0.05. The symmetry of images on question 3 is
not correctly handled by individuals but is correct for question
9, where the alteration is the translation for both question. The
symmetry of scale change alteration of question 6 is correctly
managed by individuals, but not the perspective alteration in
question 12. The symmetry property is not as clear as the
monotony property for individuals.

Table 2: Symmetry: p-value of questions
Question Q3 Q6 Q9 Q12
p-value 0.0003 0.5379 0.8944 0.0000

5.2.3 Shape and size

Questions 3 and 9 present one object with exactly the same
alteration. We can see if the size and shape of the original
object affect the ordering. For both questions, images are
correctly ordered, which shows that individuals order images
independently of the size or shape of the original object in the
image.

5.2.4 Most penalizing alteration

By analyzing the order of answer from 8 questions, we can
conclude that the less penalizing alterations are the localiza-
tion ones, in order: perspective changes, translation, scale
change and rotation. The recognition alteration errors are less
penalized. We notice than the class has an effect on evalua-
tion: in question 12, the table recognized as a bed is better
evaluated than if it is recognized as a horse. Then comes
the combination of localization and recognition alteration
before detection alteration. Among detection alteration, the
fusion of several objects in the ground truth detected as one
object is the less penalized, then over-detection and finally
the under-detection.

5.2.5 Reproducibility of evaluation

In order to verify if an individual can reproduce the evaluation,
questions 2 and 10 contain exactly the same images. We can
see in table 3 that image understanding results are ordered in
the same way. We can conclude that individuals are able to
reproduce their evaluation.

Table 3: Reproducibility: mean ordering of image understand-
ing results of the same question

Question Order of answers
Q2 1.2105 1.8772 3.0526 3.7368
Q10 1.1034 1.9483 3.0862 3.5690

6. CONCLUSION AND PERSPECTIVES

In this study, we present a subjective evaluation of image un-
derstanding results. We compare results from this evaluation
to the evaluation performed by our metric presented in [8].
Results show that the metric we defined is able to perform
a correct judgment up to 87.50% of comparisons between
understanding results similarly to individuals. Moreover,
it shows that default parameter is quite good, but could be
improved, by choosing a default value of 0.75 for the α

parameter, or by using a matrix distance.

The second conclusion of this study is that properties
chosen to evaluate metrics were correct. It also shows that
individuals are able to reproduce their evaluation. Moreover,
we show that alterations are not managed in the same way:
localization alterations are the less penalizing, then comes
recognition alteration and finally detection alteration.

Perspectives concern the definition of optimal weighting
coefficients of alterations in the metric we defined to maxi-
mize the adequacy to the human judgment.
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ABSTRACT
We take the standing that a characterization of an image, to-
gether with a knowledge of the class the image belongs to, is
required information to assess the quality of the image. We
consider characterizations of images in colour spaces of the
hue-saturation-luminance (ησλ for short) type. We use word
descriptors, the entropy of hue circular histograms and other
indexes that summarize the characterization process. We in-
troduce two spaces of the type ησλ ; one is spherical; in the
other, the saturation is not normalized by the luminance (un-
like the HSV, HSL and HSI spaces).

1. INTRODUCTION

We consider the no-reference assessment of colour image
quality. The hue, saturation (or colourfulness) and luminance
variables are denoted here as η , σ and λ , respectively; ησλ

spaces are more intuitive than RGB colour space and this is
an advantage when estimating colour image quality. Even
though the luminance component is the main determinant of
image quality, the chromatic aspects are important as well.
We consider the main aspects of image quality to be read-
ability and aesthetics.

To assess image quality, we initially characterize the im-
age along several dimensions. Then, depending on the class
(e.g. natural scenes) the image is considered to be in, the
quality assessment process can proceed.

Location-Dispersion plots [5] along each of the dimen-
sions η , σ and λ , provide useful characterizations of colour
images. For the three components of hue, saturation and lu-
minance and for a window that is placed at a large and repre-
sentative set of positions across the image, we compute cor-
responding values of location (e.g. the midrange µ , or the
circular average) and of dispersion (e.g. the linear range ρ ,
or the circular range); indeed, using scatter plots, we plot the
dispersion as a function of the location. The hue component,
being of a circular nature, requires of the use of special tools,
such as circular averages. The information in such scatter
plots is then summarized with the help of word descriptors.

We present two new colour spaces; one has a double-cone
image space and is labeled ρµ; in it, the range (i.e. the max
minus the min) of the triple (R, G, B) is used as an unnor-
malized measure of saturation, while the midrange (i.e. the
average of the max and the min) is used as a measure of lu-
minance. Pixelwise plots of saturation versus luminance are
then used to chromatically characterize colour images. Also,
a spherical colour space, where the colour attributes being
made explicit are those of hue, colourfulness and brightness
is presented; it is called Runge space and is labeled ηκλ . A
simple application of colour modification in virtual restora-
tion, using this space, is shown.

The readability of an image depends on its of contrast
contents while its aesthetics is dependant both on hue loca-
tion and on variety of luminance and saturation. We mea-
sure contrast along the hue, saturation and luminance com-
ponents; likewise, we measure variety as the nonuniformity
of circular histograms of the hue variable, and use codes for
the ways the ρµ-triangle is covered.

2. ησλ -TYPE SPACES

The ησλ variables can be derived from RGB values in sev-
eral ways, as in the spaces HSV, HSL and HSI. Usually, ησλ

spaces normalize the saturation component by the luminance
component; this results in saturation artifacts at luminance
values near 0, near 1, or both.

Geometrically, the luminance of a colour point in RGB
cube is a measure of its distance to the origin while the satu-
ration is a measure of the distance to the achromatic line (in
Runge space, defined below, the saturation is given by a dis-
tance to intermediate gray which has RGB coordinates [1/2,
1/2, 1/2]); the hue is a measure of the angle that is measured
on the projection on the plane that contains the basis elements
R, G and B, with axis the achromatic line, and measured with
respect to R.

2.1 Important subsets of the RGB cube

Call the origin [0, 0, 0] of the RGB cube pure black, the
point [1, 1, 1] pure white, the line segment between them the
achromatic segment Φ and the plane through the origin or-
thogonal to Φ, the chromatic plane Π. Call the faces of the
cube with points with min(R,G,B) = 0, the dark corner of
the cube, and those with max(R,G,B) = 1, the light corner.
The star (i.e. a set of edges) of those edges of the cube with
zero median is the black corner of the cube while the star
of the edges with unitary median is the white corner of the
cube. Call the polygon formed by the edges of the cube of
points (R,G,B) with min(R,G,B) = 0 and max(R,G,B) = 1,
the chromatic hexagon. Finally, call each triangle that has
Φ as one its sides and a point on the chromatic hexagon as
corresponding opposite vertex, a (constant-) hue triangle or
a chromatic triangle. Colour points on Φ (called achromatic
colours) have an undefined hue and the colours on each chro-
matic triangle have the same hue.

Using barycentric coordinates (with reference to the
tetrahedron with vertices pure black, red, green and blue) for
the points (R,G,B) on each chromatic triangle having a ver-
tex (r,g,b) on the chromatic hexagon, one has (R,G,B) =
λ1(1,1,1)+λ2(r,g,b)+λ3(0,0,0) = λ1(1,1,1)+λ2(r,g,b).
Therefore, the points in the cube with a given ordering of the
components R, G and B (there are six such orderings) form a
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tetrahedron with slices given by chromatic triangles.

2.2 The spaces HSL, HSI, HSV and ηρµ: caveats
In the spaces HSV, HSI and HSL, the points on the dark cor-
ner, different from pure black, have saturation σ = 1 and,
since the saturation of pure black (and of each point on the
achromatic line) is defined to be 0, one has a discontinuity of
the corresponding transformations from RGB space.

The range ρ(R,G,B) = max(R,G,B)−min(R,G,B) and
the midrange µ(R,G,B) = max(R,G,B)+min(R,G,B)

2 of the triple
(R,G,B) are respectively measures of saturation [1] and of
luminance that we use below. The midrange is the luminance
component of HSL colour space. We denote as ρ1 the quasir-
ange median(R,G,B)−min(R,G,B) and we denote as µ2 the
”upper midrange” max(R,G,B)+median(R,G,B)

2 .
The saturation component of the space HSL is defined

as σ = ρ

2µ
, if 0 < µ <= 0.5 and σ = ρ

2(1−µ) , if 1 > µ >=
0.5. The circular hue component η is coded in the interval
[− 1

6 , 5
6 ], and is defined as η = 1

6
G−B

ρ
for the orderings RBG

and RGB; η = 1
6

B−R
ρ

+ 1
3 , for the orderings GRB and GBR,

and η = 1
6

R−G
ρ

+ 2
3 , for the orderings BGR and BRG.

For constant values of the luminance component µ , near
0 and near 1, a very small change of ρ results in a large
change of HSL’s saturation.

For the space HSI, the luminance component is given by
the projection [I, I, I] of the colour point C := [R,G,B] on
the line Φ and is given by I = R+G+B

3 . The projection of the
colour point on the plane Π is given by 1

3 [2R−G−B,2G−
R−B,2B−R−G]. The hue component is defined as the an-
gle that the projection PΠ(C) makes with the projection [2/3,
-1/3, -1/3] of pure red. The cosine of H is then given by α :=
cos(H) = 2R−G−B

2
√

R2+G2+B2−RG−RB−GB
, which can be derived as

the cosine in a dot product (our edition of [2], on page 94,
has a typo for this formula). Alternatively, writing PΠ(C) =
[a,b,−(a + b)], we have C = [I, I, I] + [a,b,−(a + b)] and
the alternate expression α =

√
3a

2
√

a2+b2+ab
results. One gets

η = arcos(α), if G≥ B, and H =−arcos(α) if G≤ B.

Figure 1: Caped cylinder of image HSI space.

The saturation component of the HSI space is given by
S := 1− min(R,G,B)

I = 2
3

µ2−min
I . The set of values that the

saturation-luminance pair (S, I) can take, depends on the
value of the hue component H. This posses problems since,
for the modification of the hue at large values of I, it may be
necessary to modify the saturation as well. For a given hue
H, the possible values of the pair (S, I) are bounded below
by the line segment I = 0, with S ∈ [0,1]; on the left, by the
axis S = 0 with I ∈ [0,1], on the left and above, by the ver-
tical segment {(S, I) : S = 1, I ∈ [0, I0]} and a segment of a

hyperbola {(S, I) : I = I0
I0+(1−I0)S ,S ∈ [0,1]}; I0 is indirectly

a function of the hue H; more directly, it is a function of the
median med’ of the point on the chromatic hexagon that is
vertex of the chromatic triangle that contains the point, and
we have I0 = 1+med′

3 see Figure 1.
For the space HSV, the saturation is given by

1 − min
max = ρ

max and the luminance component is given
by the max. The hue is the same as that for the HSL system;
in the three cases HSL, HSI and HSV, the hue is constant
for the points on each chromatic triangle. Even tough a
geometrically uniform space (HSV range space is a cylinder)
and the possible values of the pair (max, ρ

max ) are those in
[0,1]2, in this square, the ”lines of constant ρ” are segments
of a hyperbola connecting the points (ρ,1) and (1,ρ). Each
of these hyperbolas intersect the line s = max at the value
max =

√
ρ; thus, for values of ρ close to 0, the distance

from the origin of the square to the point of intersection
grows rather abruptly with ρ . For small ρ , we are near the
achromatic line, and we have a sharp decrease of saturation
from 1 towards 0, as the max moves away from zero.

 

Figure 2: Above, Luminance-Saturation triangular slice ∆ (same
for each hue angle) of ρµ colour space (by spinning the triangle
across the base of the triangle, a double cone results); values of
corresponding HSV’s saturation σ are indicated. Below, images of
important subsets of the RGB cube.

To avoid the discontinuity issues that arise from the nor-
malization of the saturation by the luminance, we simply use
the space with components η , ρ and µ; see Figure 2. Each
chromatic triangle of the RGB cube maps in a bijective fash-
ion to the ρµ-triangle. Points on the chromatic hexagon get
mapped to (µ,ρ) = (0.5,1). The achromatic line is mapped
to the base of the triangle. Points on the faces of the dark
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(resp. light) corner get mapped to the left (resp. right) edge of
the triangle. The ρµ-triangle is subdivided as shown in Fig
2, into four subtriangles, called Highly Chromatic (labeled
Σ), Moderately Chromatic (labeled σ ), Light (labeled Λ) and
Dark (Labeled λ ). In Section 3.2, the labels of the regions
are ordered according to their resulting relative weights.

2.3 Runge ηκλ space
We propose as well a space that separately codes hue, colour-
fulness and luminance; it is, geometrically, a solid 3-ball and
is named after Otto Runge (1777 - 1810). Initially, shift the
cube so that the central point (intermediate gray) ends up at
the origin, then, with center the origin, radially contract the
cube to a ball of radius 1/2, finally, rotate the ball so that the
achromatic diameter points upwards. The colour attributes
that are made explicit by using spherical coordinates r,θ ,φ
on the resulting Runge ball are those of hue (η = θ ), colour-
fulness (κ = 1− γ , where γ = 1− 2r is the grayness) and
lightness (λ = π−φ

π
). One has θ ∈ [0,2π) and λ ,γ,κ ∈ [0,1].

Thus we get a tridimensional ball, centered at the origin and
with the achromatic axis points vertically upwards. Power
laws can be exploited for lightness and grayness correction,
while hue correction requires the use of circular tools; see
[4].

2.3.1 Matlab Program Code
Matlab code for the routines that convert rectangular RGB
coordinates to Runge’s spherical rθϕ coordinates, and back,
are given below.

function[A] = RGB2RUNGE(v)
M= [.5+.5/sqrt(3), -.5+.5/sqrt(3), -1/sqrt(3);
-.5+.5/sqrt(3), 0.5+.5/sqrt(3), -1/sqrt(3);
1/sqrt(3),1/sqrt(3),1/sqrt(3)];

x=[v(1)-0.5, v(2)-0.5, v(3)-0.5 ];
if x(1)==0 & x(2)==0 & x(3)==0

y=x;
else

xx=[abs(x(1)), abs(x(2)), abs(x(3))];
k=max(xx)/sqrt(x(1)ˆ2+x(2)ˆ2+x(3)ˆ2);
y=k*x;
z= (M*y’)’;
w(1)= sqrt(z(1)ˆ2+z(2)ˆ2+z(3)ˆ2); %r
w(2)= angle(z(1)+ i*z(2) ); %teta
w(3)=
angle(z(3) + i*sqrt(z(1)ˆ2+z(2)ˆ2));

end
A=w;

function[A] = RUNGE2RGB(w)
M= [.5+.5/sqrt(3), -.5+.5/sqrt(3), -1/sqrt(3);
-.5+.5/sqrt(3), 0.5+.5/sqrt(3), -1/sqrt(3);
1/sqrt(3),1/sqrt(3),1/sqrt(3)];

z(3)= w(1)*cos(w(3)); %r cos fi
z(1)= (w(1)*sin(w(3)))*cos(w(2));
z(2)= (w(1)*sin(w(3)))*sin(w(2)); %
y= (M’*z’)’;
if y(1)==0 & y(2)==0 & y(3)==0

x=y;
else

yy=[abs(y(1)), abs(y(2)), abs(y(3))];
k=
sqrt(y(1)ˆ2 + y(2)ˆ2 + y(3)ˆ2)/max(yy);
x=k*y;
color= [x(1)+.5, x(2)+.5, x(3)+.5];

end
A= color;

To illustrate the use of Runge Colour Space we imple-
ment a hue circular shift and power-law corrections of gray-
ness and lightness. We modify the grayness component γ to

γ p, the lightness component component λ to λ q while the
hue contrast of the image is locally enhanced using the for-
mula h0← h0 +α(h0− h̄) where h0 is the hue of the central
pixel of the window, h̄ is a circular location measure (e.g.
the circular mean or the circular median [4]) of the hues in
the window and α is a control parameter; the ordering of
the corrections is immaterial. For example, consider the ap-
plication of this tool, using a window of 5× 5 (image is of
size 614×436) and control parameters p = 1.2, q = 1.1 and
α = 1.5, as shown in Figure 3.

Figure 3: Above, original image Grotta. Below, colour modification
with θ−0.2, γ1.2, λ 1.1, and hue contrast enhancement with α = 1.5
(below).

3. IMAGE CHARACTERIZATION

We consider three main types of characterization. Location
versus dispersion scatter plots along each of the dimensions
of hue, saturation and luminance with corresponding word
descriptors; pixelwise distributions of saturation versus lu-
minance in ηρµ colour space with corresponding word de-
scriptors, and circular histograms where the corresponding
entropy measures the uniformity of the histogram. We base
our discussion on the set of images shown in Figure 4; the
first four images are of a better quality than the last four.

3.1 Location-Dispersion in ηρµ space
We consider here the amount of local (i.e. on the basis of
a moving window) contrast (or dispersion) that is present at
each level (location), for each of the three components of lu-
minance, saturation and hue; we work in ηρµ space. As
shown elsewhere [5], when the location is measured with
the midrange and the dispersion with the range, the location-
dispersion pair lives in a triangle, which we further subdivide
into four subtriangles: A, up or high dispersion; B, left or
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Figure 4: Set of images considered: Mercado1, Venezia1, Mer-
cado2, Gabriela (photo by Nary Kim), Grotta, Ababoles, Venezia2
and Window.

low location; C, right or high location and, D, center or inter-
mediate. (This applies for the dimensions of luminance and
saturation but not for the hue dimension, see below.)

Along the luminance dimension, we have the distribu-
tions shown in Figure 5, to which the data in Table 1 cor-
respond. For the location-dispersion characterization in the

Table 1: Location-Dispersion Characterization for Lumi-
nance, in ηρµ space

Image A B C D word
mercado1 3.58 59.11 22.11 15.17 BCDA
venezia1 1.68 30.24 27.57 40.48 DBCA
mercado2 3.08 77.52 14.14 5.24 BCDA
gabriela 3.10 48.03 18.11 30.75 BDCA
grotta 0.06 45.87 29.75 24.31 BCDA

ababoles 17.78 65.11 14.67 2.42 BACD
venezia2 0.83 66.92 18.60 13.64 BCDA
window 7.28 86.12 2.89 3.68 BADC

dimension of saturation, we have the data shown in table 2,
where the percentages of occupancy of the subtriangles A,
B, C, and D is given. Images with the saturation entirely in
the A (e.g. images Gabriela and Venezia1) subtriangle have
a visually interestingly smooth characteristic. In this sense,
images Venezia2 and Ababoles are rough.

Now, consider the local variation (circular dispersion) of
hue as a function of local hue. The local hue is measured with

Table 2: Location-Dispersion Characterization for Satura-
tion, in ηρµ space

Image A B C D word
mercado1 0.03 96.25 3.39 0.30 BCDA
venezia1 0 99.98 0.01 0 BCD’A’
mercado2 0.61 97.00 2.16 0.20 BCAD
gabriela 0 100 0 0 BC’D’A’
grotta 0 99.68 0.31 0 BCD’A’

ababoles 1.59 87.53 9.99 0.87 BCAD
venezia2 0.03 82.01 9.96 7.98 BCDA
window 0 99.29 0.70 0 BCD’A’

Figure 5: Location-Dispersion plots for luminance: Mercado1,
Venezia1, Mercado2 and Gabriela (above), and, Grotta, Ababoles,
Venezia2 and Window (below).

the circular mean while the local dispersion is measured with
a circular range by measuring first the circle gap and then the
circular range is given by 2π−gap; for more details, see [4].
In Figure 6, a 5×5 window is used; as the window size is in-
creased, the width of the clusters decreases. The occurrence
of clusters at certain hues may suggest a hue shift, as a colour
correction technique, but this depends on the specific image
under consideration.

Figure 6: Location-Dispersion plots corresponding to the hue com-
ponent; window = 5×5. Above: Mercado1, Venezia1, Mercado2,
Gabriela; below: Grotta, Ababoles, Venezia2 and Window. The
horizontal hue axis should be interpreted as circular. (The plot ex-
ists on a cylinder.)

3.2 Pixelwise saturation vs. luminance characterization
The triangular shape of the luminance-saturation subspace of
ρµ double-cone space indicates that the saturation must have
small values for luminance values near 0 and near 1 and that
full saturation is only possible at medium luminance; this
agrees with the fact that, in natural scenes and under pho-
topic conditions, very bright and very dark colours tend to
look desaturated. We have found that natural images tend
to have a unique word descriptor, namely λσΛΣ (a major-
ity of dark pixels followed by a second majority of lowly
chromatic pixels, followed by a minority percentage of light
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pixels, followed by a minority of highly chromatic pixels.)
In fact, corresponding to the images in Figure 4 we have, re-
spectively, the luminance-saturation word descriptors λσΛΣ,
λσΛΣ, λσΛΣ, λΛσΣ′, σλΛΣ, λσΛΣ, λσΣΛ and λσΛΣ;
this points out to a preponderance of low values of satura-
tion followed by one of intermediate values of both saturation
and luminance. To make the descriptor more informative the
horizontal line should perhaps be moved down. Observe the
distributions shown in Figure 7.

Figure 7: Pixelwise distribution of saturation as a function of lumi-
nance, in ρµ space, for the images Mercado1, Venezia1, Mercado2
and Gabriela (above), Grotta, Ababoles, Venezia2 and Window (be-
low). A typical code is λσΛΣ.

3.3 Circular histograms of hue
After grouping the pixel hues into 8 groups labeled ry
(reddish oranges), yr (yellowish oranges), yg (yellowish
cetrines), gy(greenish cetrines), gb (greenish cyans), bg
(bluish cyans), br (bluish purples) and rb (reddish purples),
we get an 8-bin circular hue histogram for each image, as
shown in Figure 8. In addition, we call pixels with chro-
maticities yr and ry, warm while those in with chromaticities
gb and bg, cool; also, we call pixels with chromaticities yg
and gy sour and those with chromaticities br and rb sweet;
see Table 3. To measure the degree of uniformity of the hue
histograms, which in turn tells us how variegated the images
are, we normalize by the number of pixels and compute the
0-1 entropy given by the formula − 1

2.0794 ∑ piln(pi); see Ta-
ble 3. An entropy below 0.5 is evidence of a monochromatic
(prevalence of one of the groups over the others) image.

Table 3: Hue Characterization
Image Degree of balance Dominant chromaticities

mercado 1 0.8633 balanced
venezia1 0.7113 cool and warm
mercado2 0.8451 warm and sour
gabriela 0.6987 warm and sweet
grotta 0.3564 warm and sweet

ababoles 0.3869 warm and sour
venezia2 0.3257 warm
window 0.4611 warm

4. CONCLUSION

We have introduced a double-cone colour space ρµ that al-
lows for a more accurate chromatic characterization of im-
ages by leaving the saturation unnormalized, and a spherical
Runge space of hue, colourfulness and lightness ηκλ , that is
perceptually homogeneous and is suitable for image colour
modification. We have presented set of characterizations of

Figure 8: Hue histograms corresponding to images in Figure 4

colour images in terms of the distributions of dispersion ver-
sus location and also measures of colour variegation such as
the entropy of the circular hue histogram. The corrector of
an image should take into consideration both the image and
the characterizations in order to apply appropriate correction
tools; e.g. neither a low saturation nor a low hue entropy are
necessarily indicators of low image quality. Thus, automatic
correction requires homogeneous databases of images.
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ABSTRACT
This paper proposes a novel iterative data-adaptive spec-
tral estimation technique for blood velocity estimation us-
ing medical ultrasound scanners. The technique makes no
assumption on the sampling pattern of the slow-time or the
fast-time samples, allowing for duplex mode transmissions
where B-mode images are interleaved with the Doppler emis-
sions. Furthermore, the technique is shown, using both sim-
plified and more realistic Field II simulations, to outperform
current state-of-the-art techniques, allowing for accurate esti-
mation of the blood velocity spectrum using only 30% of the
transmissions, thereby allowing for the examination of two
separate vessel regions while retaining an adequate updating
rate of the B-mode images. In addition, the proposed method
also allows for more flexible transmission patterns, as well as
exhibits fewer spectral artifacts as compared to earlier tech-
niques.

1. INTRODUCTION

In medical ultrasound systems, spectral Doppler is a pow-
erful tool for non-invasive estimation of velocities in blood
vessels (see, e.g., [1] and the references therein). The data
for the estimation is created by focusing the ultrasound trans-
ducer array along a single direction and sampling data at the
depth of interest. The velocity of the moving blood can be es-
timated by illuminating the same image line repeatedly, and
hereby follow the motion of the blood. Taking out a sin-
gle sample from each pulse emission produces a slow-time
signal sampled at the pulse repetition frequency, fpr f , which
yields a sinusoidal signal with a frequency of

fp =
2vz

c
fc, (1)

where vz is the blood velocity along the ultrasound direction,
c = 1540 m/s is the speed of propagation, and fc the emit-
ted ultrasound (center) frequency (typically 3-10 MHz) [1].
A common way of estimating the blood velocity at a spe-
cific depth is to estimate the power spectral density (psd)
of the sampled signal. Displaying the psd as a function of
time, a so-called sono- or spectrogram, visualizes changes
in the blood velocity distribution over time. Traditionally,
in ultrasound imaging, the psd is estimated using the peri-
odogram or an averaged periodogram, also known as Welch’s
method [2]. However, as is well-known, this approach suf-
fers from low resolution and/or high leakage, and to achieve
sufficient spectral resolution, the duration of the observation
window must be long. This means that a large number of
transmissions has to be used, which reduces the temporal
resolution and makes it difficult to see details in the rapid

acceleration phases of the cardiac cycle. Furthermore, it is
generally also necessary to acquire B-mode images, allow-
ing the operator to navigate and choose the region in which
the blood velocity should be estimated. As the same system
is used for both the velocity estimation and for forming B-
mode images, these two transmissions are interleaved. Since
it is desirable to update the B-mode images frequently to al-
low the operator to find and track the vessel position, it is
necessary to reduce the number of Doppler transmissions.

In [3], some of the authors introduced the data-adaptive
Capon- and APES-based blood velocity spectral estimation
techniques, herein termed the Blood Power spectral Capon
(BPC) and the Blood APES (BAPES) techniques. These
techniques exploit the availability of additional fast-time
measurements from neighboring depths to improve the es-
timators’ performance, as well as make use of the recent de-
velopment in high-resolution data adaptive spectral estima-
tion techniques. A simple reformulation of BPC along the
lines of [4] would also allow for an amplitude spectral Capon
approach, which we here term the Blood Capon (B-Capon)
approach. As shown in [3], these methods offer substantial
improvements over the traditionally used Welch’s method,
allowing for an accurate estimation of the blood spectrum
on drastically fewer slow-time samples as compared to the
Welch’s method. These results have also been confirmed in
thorough in vivo studies [5, 6].

Recently, researchers have examined spectral estimation
techniques that allow for irregular sampling schemes, so
that B-mode images can be acquired in between the regu-
lar Doppler transmissions. As it is crucial to maintain the
Nyquist frequency, one has to be careful when considering
interleaved acquisition techniques. For example, if every sec-
ond Doppler transmission is replaced by a B-mode image
acquisition, the Nyquist limit is halved, reducing the veloc-
ity range by a factor of two. In [7], one of us proposed a
correlation-based technique for spectral estimation, allowing
for random sampling schemes; however, the method requires
large sets of data and in sampling schemes with few Doppler
emissions, alias occurs. Moreover, in [8], the missing sam-
ples, i.e., samples where a B-mode image was acquired in-
stead, were reconstructed using a filter bank technique, so
that a spectrogram can be estimated from a full set of data.
The technique, however, reduces the velocity range in pro-
portion to the number of missing samples.

Recently, the case of periodically gapped (PG) measure-
ments was investigated in [9], and the B-Capon and BAPES
methods were extended along the lines of [10]; these meth-
ods are here termed the BPG-Capon and the BPG-APES
techniques. However, the methods in [9] are restricted to
the case of periodically gapped sampling of the slow-time
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data and will not work for more general irregular sampling
schemes.

Typically, to allow for an adequate updating frequency
of the B-mode images, about 40% of all the transmissions
should be the broad-band pulses used to form the B-mode
images. Furthermore, it would be beneficial if the remain-
ing measurements could be arranged such that two differ-
ent regions of interest could be examined simultaneously, for
instance, allowing the medical doctor to compare the blood
velocities before and after a region of stenosis in the blood
vessels. These requirements, along with the desire to be
able to form arbitrary sampling patterns, e.g., to allow for
more or less detailed estimates in various regions, necessi-
tate the development of improved techniques able to estimate
the blood spectral density from arbitrary sampled and often
sparse slow-time data.

In this paper, making use of recent work in MIMO radar
systems [11–13], we propose a data-adaptive iterative blood
velocity spectral estimator that allows for an arbitrary sam-
pling of the slow-time measurement. Using both simpli-
fied and realistic Field II [14] simulation data, we show that
the presented method allows for a reliable estimation of the
blood velocity spectrum using only 30% of the available
measurements, thus allowing for the velocity estimation at
two different regions of interest, while still updating the B-
mode images at an adequate pace.

Some words on notation: In the following, (·)T and (·)∗
denote the transpose and the Hermitian, or conjugate trans-
pose, respectively. Moreover, diag(x) and IN denote a diag-
onal matrix formed with the vector x along the diagonal and
the identity matrix of size N×N, respectively.

2. PRELIMINARIES

The slow-time data acquired by the spectral Doppler at depth
k, corresponding to emission n, is commonly modeled as [1,
3]

xk(n) = αvze
jφk+ jψvz n +wk(n), (2)

where αvz is the (complex-valued) amplitude of the sinu-
soidal signal at frequency ψvz , which is directly related to
the blood velocity vz as

ψvz =−
2ωc

c fpr f
vz =−2vz

c
ωcTpr f , (3)

where ωc = 2π fc, and Tpr f is the time between pulse repeti-
tions. Furthermore, φ is the demodulating frequency, relating
the fast-time samples at each depth, defined as

φ =
ωc

fs
, (4)

where fs is the sampling frequency, and wk(n) denotes a
residual term consisting of all signals at velocities different
from vz as well as additive noise. From (2) and (3), we see
that the psd with respect to ψvz is equivalent to the blood ve-
locity distribution at the examined location, so the problem
of estimating the blood velocity can be seen to be equiva-

lent to the estimation of
∣∣αvz

∣∣2 for each velocity of inter-
est. We will herein make no assumptions on the slow-time
sampling pattern, nor the fast-time pattern, thus allowing for
an arbitrary sampling scheme. The slow-time samples are
therefore denoted n = n1, . . . ,nN , and the fast-time samples
k = k1, . . . ,kK .

We will now rewrite the signal in (2), describing it as
the sum of the contributions from each frequency grid point
{ψm,vz}M

m=1,

xk(n) = e jφk
M

∑
m=1

α(k)
m,vze

jψm,vz n + ek(n), (5)

where n = n1, . . . ,nN and ek(n) is zero mean white complex
Gaussian noise with variance η . This means that any possi-
ble noise coloring is modeled by the first term in (5), i.e., the
signal part. Due to the smoothness of the blood flow profile,
the blood spectral amplitude at various fast-time positions,

i.e., over a range of depths, α(k)
m,vz , k = k1, . . . ,kK , will be al-

most constant as long as the fast-time range is limited to be
within the emitted pulse length. Moreover, since φ is known,
we can proceed to demodulate xk(n) to simplify the follow-
ing calculations, introducing

zk(n) = e− jφkxk(n), (6)

or, in a more compact form:

zk = Aα(k)
vz + ek, (7)

where

zk = [zk(n1) · · · zk(nN)]
T , (8)

α(k)
vz =

[
α(k)

1,vz
· · · α(k)

M,vz

]T
, (9)

A = [a1 · · · aM] , (10)

am =
[
e jψm,vz n1 · · · e jψm,vz nN

]T
, (11)

and where ek is defined similarly to zk. From the estimate of

the amplitudes at depth k, α̂(k)
m,vz , one may, due to the smooth-

ness of the blood flow profile, form an estimate of the central
amplitude by simply averaging the neighboring amplitude es-
timates:

α̂m,vz =
1

K

kK

∑
k=k1

α̂(k)
m,vz . (12)

It now remains to find α̂(k)
m,vz , m = 1, . . . ,M, for which we

propose the Blood Iterative Adaptive Approach (BIAA) al-
gorithm.

3. THE BIAA ALGORITHM

Exploiting the similarities to the work in [11–13], we proceed

to derive the BIAA algorithm. Noting that
∣∣∣α(k)

m,vz

∣∣∣2 forms a

measure of the blood spectral density at velocity vz, it is clear
that the covariance matrix of the data zk can be expressed as

R(k)
BIAA =

M

∑
m=1

∣∣∣α(k)
m,vz

∣∣∣2 ama∗m +ηIN = AP(k)
BIAAA∗+ηIN , (13)

where

P(k)
BIAA = diag

([
p(1,k)BIAA · · · p(M,k)

BIAA

])
, (14)

p(m,k)
BIAA =

∣∣∣α(k)
m,vz

∣∣∣2 . (15)
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It should be noted that the amplitudes at neighboring depths
are approximately the same, suggesting that one should form
the estimate using the mean of the covariance matrices:

RBIAA =
1

K

kK

∑
k=k1

R(k)
BIAA =

1

K
A

[
kK

∑
k=k1

P(k)
BIAA

]
A∗+ηIN . (16)

The interference covariance matrix, i.e., the contribution
from all points on the frequency grid except ψm,vz , can now
be defined as

Qp = RBIAA−
∣∣αm,vz

∣∣2 ama∗m. (17)

In order to find an estimate of α(k)
m,vz , we consider the general

linear estimator

α̂(k)
m,vz = h∗mzk. (18)

Then, the weight vector hm can be found by solving the fol-
lowing constrained minimization

min
hm

h∗mQmhm s.t. h∗mam = 1, (19)

i.e., the mth weight vector is designed as a linear estima-
tor that minimizes the output from all grid points other than
ψm,vz , while passing the component with the frequency of
interest undistorted. As is readily seen, (19) is equivalent to

min
hm

h∗m
(

Qm +
∣∣αm,vz

∣∣2 ama∗m
)

︸ ︷︷ ︸
RBIAA

hm s.t. h∗mam = 1, (20)

to which the minimizer is found as (see, e.g., [2])

ĥm =
R−1

BIAAam

a∗mR−1
BIAAam

. (21)

An estimate of the amplitude at ψm,vz can thus be found by
inserting (21) in (18), yielding

α̂(k)
m,vz =

a∗mR−1
BIAAzk

a∗mR−1
BIAAam

, (22)

and an estimate over all depths can be found from (12).
It now remains to find an estimate of the noise variance

η . Reminiscent of [15], we propose a method that computes
the variance for each slow-time and fast-time sample, and
then averages these estimates. Let ηn,k denote the variance of
fast-time sample k at slow-time n. The steering vector corre-

sponding to η1/2
n,k is then the nth column of IN , here denoted

vn. Consequently, an estimate of ηn,k is given by [15]

η̂n,k =

∣∣∣∣∣ v∗nR−1
BIAAzk

v∗nR−1
BIAAvn

∣∣∣∣∣
2

, (23)

and the noise variance estimate can be computed as

η̂BIAA =
1

NK

nN

∑
n=n1

kK

∑
k=k1

η̂n,k. (24)

As RBIAA depends on αm,vz (or, rather, α(k)
m,vz), BIAA must be

implemented as an iterative algorithm. Herein, we suggest

Table 1: Outline of the BIAA algorithm

Initialize:
zk(n) = e− jφkxk(n),

α̂(k)
m,vz = a∗mzk/N,

η̂ = 10−9,

Step 1: p(m,k)
BIAA =

∣∣∣α̂(k)
m,vz

∣∣∣2,

Step 2:
P(k)

BIAA = diag
([

p(1,k)BIAA · · · p(M,k)
BIAA

])
,

PBIAA = 1
K

kK
∑

k=k1

P(k)
BIAA,

RBIAA = 1
K APBIAAA∗+ η̂BIAAI,

Step 3: α̂(k)
m,vz =

a∗mR−1
BIAAzk

a∗mR−1
BIAAam

,

Step 4: η̂n,k =

∣∣∣∣ v∗nR−1
BIAAzk

v∗nR−1
BIAAvn

∣∣∣∣2,

η̂BIAA = 1
NK

nN
∑

n=n1

kK
∑

k=k1

η̂n,k.

Step 5: Repeat Step 1–4 until practical convergence.

Finalize: α̂m,vz =
1
K

kK
∑

k=k1

α̂(k)
m,vz .

to use the least squares (LS) estimate as initialization for the
amplitudes:

α̂(k)
m,vz = a∗mzk/N. (25)

The noise variance estimate can be initialized setting it to
a small number, e.g., 10−9. The BIAA spectral estimators
are thus found by iterating the estimation of RBIAA in (16),
and the estimation of the amplitudes in (22), until a suitable
stopping criterion is met. The amplitude estimate is then ob-
tained through (12). See Table 1 for an outline of the BIAA
algorithm.

Herein, we iterate until the estimates have practically
converged, i.e., the difference between the amplitude es-
timates between two consecutive iterations is smaller than
some preset threshold ε , which generally requires no more
than 10-15 iterations. We note that in [15], the IAA algo-
rithm has been shown to converge locally. All indications
suggest that a similar result would hold also for BIAA.

We also note that it would be possible to form the BIAA
amplitude estimate using the mean of the data over the

depths, i.e., using z̄ = 1
K ∑kK

k=k1
zk, or by computing the am-

plitude estimates for depth k using R(k)
BIAA and not R(l)

BIAA,
k �= l. However, the latter approach is not recommended as
this would require the computation of K covariance matrices
together with their inverse. Empirical studies also show that
the BIAA algorithm herein proposed outperforms the version
using the mean of the data.

4. NUMERICAL RESULTS

We now proceed to evaluating the performance of the pro-
posed algorithm, first by the use of a simplified signal, where
the mean squared error (MSE) of the velocity estimate from
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Table 2: Parameters for transducer and femoral flow simula-
tion

Transducer center frequency fc 5 MHz
Pulse cycles M 4
Speed of sound c 1540 m/s
Pitch of transducer element w 0.338 mm
Height of transducer element he 5 mm
Kerf ke 0.0308 mm
Number of active elements Ne 128
Corresponding range gate size 123 mm
Sampling frequency fs 20 MHz
Pulse repetition frequency fpr f 15 kHz
Radius of vessel R 4.2 mm
Distance to vessel center Zves 38 mm
Angle between beam and flow 60◦

different estimation techniques are compared. We define the
MSE of an estimate x̂ as

MSE(x̂) = E
{
(x− x̂)2

}
, (26)

where E{·} is the expectation operator and x denotes the true
parameter value. We will evaluate the expression in (26) em-
pirically for different signal-to-noise ratios (SNR’s), defined
as SNR = σ2

s /η , with σ2
s denoting the signal energy. In the

following, all data is generated using K = 33 regularly spaced
fast-time samples, and each power spectrum consists of 500
equally spaced points in the interval ψvz ∈ [−0.5,0.5). We
examine the case of a sampling scheme with pattern [1 1 1
1 0 0 0 0 0 0 0 0 0], where 1 denotes an available sample
and 0 that the sample is missing, due to, e.g, B-mode im-
age acquisition or Doppler emission in another region. With
this sampling pattern, it would be possible to use five of the
empty sampling instances (38%) to acquire B-mode images,
and the remaining four to acquire Doppler transmissions in
another region. We used ten blocks of data, giving 130 sam-
pling instances with 40 available samples. For the simplified
simulations, we generated data using (5) with P= 1 sinusoid,
having a true velocity of 0.2 m/s and amplitude αvz = 1, and
with fc, fs, c, and fpr f according to Table 2. The data was
corrupted by zero mean white Gaussian circularly symmet-
ric noise with variance η . The algorithms were then com-
pared using the MSE of the estimated velocity. We com-
pared the BIAA algorithm with BPG-Capon and BPG-APES
from [9], having sample filter length Ñs = 3 and block fil-
ter length Ñc = 5. The result is displayed in Fig. 1, where we
see that BIAA outperforms the other methods for lower SNR,
whereas for higher SNR, all methods perform similarly.

We now proceed to a more realistic simulation, examin-
ing the same sampling pattern, but where we used the Field
II program [14] to generate flow data, using the Womersley
model [16] for pulsating flow from the femoral artery. The
specific parameters for the flow simulation are summarized
in Table 2. As customary, the stationary part of the signal
was removed by subtraction of the mean of the signal. For
signals taken in regions close to the vessel wall, this station-
ary part could be very strong, and would, if not removed,
easily obstruct the blood velocity signal. Moreover, all spec-
trograms were produced using a dynamic range of 40 dB.
The results can be seen in Fig. 2, where we also display a
reference spectrogram, generated from the full data by the
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Figure 1: MSE of velocity estimate in a simplified scenario,
with ten blocks of data, each with sampling pattern [1 1 1 1
0 0 0 0 0 0 0 0 0].

traditional Welch’s method (see, e.g., [3, 14]), so that each
vertical line is computed using 130 slow-time samples. We
compared the perforamance of the BIAA algorithm with that
of BPG-Capon, BPG-APES, and the autocorrelation spectro-
gram [7]. We see that the latter method fails, and that BPG-
Capon and BPG-APES give significant artifacts in the region
of high velocities. BIAA, on the other hand, shows less arti-
facts, still producing a clear spectrogram, closely resembling
the reference spectrogram.

5. CONCLUDING DISCUSSION

In this paper, we have proposed a new algorithm for the es-
timation of blood velocities in medical ultrasound systems.
The new algorithm can handle arbitrary sampling schemes of
the data, allowing not only for duplex mode where B-mode
images are interleaved with the Doppler emissions, but also
for modes where two regions of the blood vessels can be in-
terrograted simultaneously, still offering a sufficient B-mode
frame rate. In such scenarios, using realistic Field II data, the
proposed method was shown to provide a spectrogram con-
taining fewer artifacts than the current state-of-the-art tech-
niques. Simplified MSE simulations also confirmed the ac-
curacy of the BIAA algorithm.
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Figure 2: (a) Traditional spectrogram (no data missing),
(b) autocorrelation spectrogram, (c) BPG-Capon, (d) BPG-
APES, and (e) BIAA spectrograms, for data consisting of
ten blocks with pattern [1 1 1 1 0 0 0 0 0 0 0 0 0], with 33
fast-times samples.
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ABSTRACT

An improved frequency tracker is proposed for the recently
introduced self optimizing narrowband interference canceller
(SONIC). The scheme is designed for disturbances with
quasi-linear frequency modulation and, under second-order
Gaussian random-walk assumption, can be shown to be sta-
tistically efficient. One real-world experiment and several
simulations show that a considerable improvement in distur-
bance rejection may be achieved with the new algorithm.

1. INTRODUCTION

Consider the problem of cancellation of a nonstationary nar-
rowband disturbance d(t) acting at the output of unknown
complex-valued linear stable single-input single-output sys-
tem governed by

y(t) = Kp(q
−1)u(t −1)+ d(t)+ v(t) (1)

where t = . . . ,−1,0,1, . . . denotes discrete time, q−1 is
the backward-shift operator q−1u(t) = u(t − 1), y(t) is
the system output, u(t) is the cancellation signal, v(t)
is a wideband noise and Kp(q

−1) is the transfer func-
tion of a stable linear plant (often called secondary path),
Kp(q

−1) = ∑∞
n=0 h(n)q−n, ∑∞

n=0 |h(n)| < ∞, Kp(e
− jω) 6=

0,∀ω ∈ [−π ,π).
Since elimination of harmonic disturbances may be im-

portant to maintain process quality, the problem was solved
by many authors, under different assumptions and using dif-
ferent approaches. For instance, when a reference sensor can
be placed close to the source of the disturbance, an adaptive
feedforward controller based on a variant of filtered-x least
mean squares (FX-LMS) algorithm is usually the solution of
choice [1]. When such a signal is not available, the problem
is more difficult. Then, one of the most common solutions is
based on the combination of the FX-LMS algorithm with the
internal model control (IMC) architecture. Other successful
approaches are based on the internal model principle [2] or
phase-locked loops [3] – for a more complete overview of
the existing approaches see e.g. [4].

A new approach, based on coefficient fixing and adap-
tive gain scheduling, has been introduced recently [5], [6].
Unlike numerous previous attempts, it requires little or no
prior knowledge of the plant. Furthermore, due to parsimo-
nious controller parameterization, introduction of additional

This work was supported by the Foundation for the Polish Science, the
National Centre for Research and Development and by the European Union
from the European Social Fund under the Human Capital Operational Pro-
gramme and the Innodoktorant project

excitation into the loop is not necessary, even when the plant
varies over time.

The simplified version of the xSONIC (extended self-
optimizing narrowband interference canceller) control algo-
rithm, presented in [6], consists of two loops. The inner loop,
which computes the cancellation signal, takes the form

d̂(t + 1|t) = e jω̂(t|t−1)[d̂(t|t −1)+ µ̂(t)y(t)]

ω̂(t + 1|t) = Ω[Y (t)]

u(t) = −
d̂(t + 1|t)

kn
, (2)

where d̂(t + 1|t) is the one-step-ahead prediction of the dis-
turbance, ω̂(t + 1|t) is the one-step-ahead prediction (based
on the available observation history Y (t) = {y(i), i ≤ t}) of
the unknown and possibly time-varying instantaneous fre-
quency of the disturbance ω(t), and kn is the nominal (as-
sumed) gain of the plant at the frequency ω̂(t|t − 1), usu-

ally different from the true plant’s gain Kp(e
− jω̂(t|t−1)) (prior

knowledge of the plant improves cancellation results; when
no such information is available, one may simply set kn = 1,
see [6]). Finally µ̂(t) is a complex-valued adaptation gain.
Inclusion of a complex gain is an important feature of the
proposed approach, as it allows one to counterbalance any
discrepancy between the plant and its nominal model.

The second, outer loop, adjusts µ̂(t) so as to: 1. Compen-
sate differences between the plant and the assumed nominal
gain. 2. Match the closed loop’s bandwidth to the rate of
nonstationarity of the system. It takes the form

z(t) = e jω̂(t|t−1)
[
(1− cµ)z(t −1)−

cµ

µ̂(t)
y(t −1)

]

r(t) = ρr(t)+ |z(t)|2

µ̂(t) = µ̂(t −1)−
y(t)z∗(t)

r(t)
(3)

where cµ > 0 is a small positive constant and ρ ∼= 1, 0 < ρ <
1, is the forgetting constant which decides upon the effective
adjustment memory length.

The version of xSONIC presented in [6] was fitted with
a general-purpose frequency tracker

ω̂(t + 1|t) = ω̂(t|t −1)+ ηg(t)

g(t) = Arg

[
d̂(t + 1|t)

d̂(t|t −1)e jω̂(t|t−1)

]
(4)

where Arg[ · ] denotes principal argument of a complex num-
ber and η > 0 denotes a small adaptation gain.
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This paper introduces an improved frequency tracker for
the xSONIC controller and presents its analysis. The original
scheme (4) is extended by inclusion of estimation of local
frequency rate. The reason for such an upgrade is the fact
that frequency of many real-world disturbances varies in an
approximately piecewise-linear manner [7]. Exploiting this
feature leads to more accurate tracking of frequency which,
in turn, improves the quality of disturbance rejection.

The analysis of the proposed tracker shows that, for
Gaussian random-walk frequency rate changes, it is a statisti-
cally efficient estimation procedure. Furthermore, numerous
simulation experiments confirm that the resulting xSONIC
controller is robust to modeling errors, i.e., it performs well
even if the underlying assumptions are not fulfilled.

2. THE PROPOSED ALGORITHM

2.1 Improved frequency estimator

The proposed frequency tracking scheme takes the form

α̂(t + 1|t) = α̂(t|t −1)+ ηαg(t)

ω̂(t + 1|t) = ω̂(t|t −1)+ α̂(t + 1|t)+ ηωg(t)

g(t) = Arg

[
d̂(t + 1|t)

d̂(t|t −1)e jω̂(t|t−1)

]
(5)

where α̂(t + 1|t) is the one-step-ahead prediction of the fre-
quency rate α(t) = ω(t)−ω(t − 1), while ηα and ηω are
small gains satisfying the condition 0 < ηα ≪ ηω . Note that
for ηα = 0 and under zero initial conditions, (5) reduces to
(4).

Compared to e.g. the state-of-the art multiple linear fre-
quency tracker (MFT-L) [8], the proposed algorithm is very
simple. Rather unexpectedly, this tracker outperforms MFT-
L in many aspects. The analysis of MFT-L, performed in [8],
showed that it nearly reaches the so-called posterior Cramér-
Rao bounds (PCRB) [9], which hold for frequency and fre-
quency rate tracking and limit the efficiency of any tracking
scheme (the classical Cramér-Rao bound does not apply to
systems with random parameters). The loss in performance,
ranged from 1% to 7% for frequency tracking and from 9%
to 28% for frequency rate tracking. Moreover, the optimal
settings for MFT-L were found to depend on the tracking ob-
jective (frequency or frequency rate). We will show that the
algorithm (5) is able to reach both bounds, and that it reaches
them simultaneously.

2.2 Analysis of the Algorithm

To avoid unnecessary complications, our discussion will be
carried for the constant-amplitude (|d(t)| = a0) disturbance
model

d(t + 1) = e jω(t)d(t)

ω(t + 1) = ω(t)+ α(t + 1)

α(t + 1) = α(t)+ wα(t + 1) , (6)

where ω(t) and α(t) denote the local frequency and fre-
quency rate (trend), respectively, and wα (t) is the one-step
change of frequency rate. Furthermore, we will assume that
v(t) is a zero-mean complex Gaussian circular white noise

with variance σ2
v , and that wα(t), independent of v(t), is a

zero-mean Gaussian white noise with variance σ2
α .

The latter assumption means that frequency obeys a
second-order random walk model

(1−q−1)2ω(t) = wα (t) (7)

which can be considered a stochastic extension of a linear
frequency modulation scheme1, where

ω(t) = ω0 + ∆ωt . (8)

In a short time frame both models yield similar frequency
trajectories. The advantage of the stochastic approach over
the much simpler deterministic case stems from the fact that
it incorporates modeling noise. This makes the stochastic
model more “realistic”.

It is clear that, in order to reject disturbance (6), one
should generate such a narrowband signal u(t) which – after
passing through the plant – will destructively interfere with
d(t). Suppose that the frequency varies sufficiently slowly.

The output of the plant Kp(q
−1), excited by u(t), can then be

approximated using a simple scale-and-shift model

Kp(q
−1)u(t −1)∼= kpu(t −1) (9)

where kp = 1
T ∑t

n=t−T+1 Kp(e
− jω̂(t|t−1)) is the average fre-

quency response of the plant in the local analysis window
[t −T + 1,t] of width T .

Using (2) and (9), the system equation (1) can be rewrit-
ten as

y(t) ∼= d(t)−
kp

kn
d̂(t|t −1)+ v(t) = c(t)+ v(t) (10)

where c(t) = d(t)−
kp

kn
d̂(t|t −1) denotes the cancellation er-

ror. The quantity β = kp/kn, further referred to as modeling
error, will be assumed constant.

Let ∆ω̂(t) = ω(t) − ω̂(t|t − 1) and ∆α̂(t) = α(t) −
α̂(t|t − 1) denote the frequency tracking error and the fre-
quency rate tracking error, respectively. Additionally, let
x(t) = c(t)d∗(t) and z(t) = v(t)d∗(t). Note that z(t) is a zero-

mean circular white Gaussian noise with variance σ2
v a2

0. Us-
ing the approximating linear filter (ALF) method, introduced
in [10] for the purpose of analysis of adaptive notch filters,
one can arrive at the following approximations

x(t + 1) = (1− µβ )x(t)− µβ z(t)+ ja2
0∆ω̂(t)

∆α̂(t + 1) = ∆α̂(t)+ wα(t + 1)−ηαIm

{
µβ

a2
0

[
x(t)+ z(t)

] }

∆ω̂(t + 1) = ∆ω̂(t)+ ∆α̂(t + 1)

− ηω Im

{
µβ

a2
0

[
x(t)+ z(t)

] }
. (11)

3. TRACKING AND CANCELLATION
CAPABILITIES

Observe that any occurrence of β in (11) is always accompa-
nied by µ . Therefore, no matter what modeling error is, its
influence can be always ‘undone’ with the proper choice of

1Note that linear modulation (8) is governed by (1 − q−1)2ω(t) = 0,
which means that (7) can be regarded as a “perturbed” linear model, and
the resulting frequency modulation – as “quasi-linear”.
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the complex-valued gain µ . In [5] we show that such a com-
pensation actually takes place when the adjustment algorithm
(3) is used. Keeping this in mind, in the remaining part of our
analysis we will assume, without any loss of generality, that
β = 1.

Let xR(t) = Re[x(t)], xI(t) = Im[x(t)], zR(t) = Re[z(t)],
and zI(t) = Im[z(t)]. Note that zR(t) and zI(t) are indepen-
dent zero-mean Gaussian white noises with identical vari-
ances equal to σ2

v a2
0/2. Solving equations (11) with respect

to xR(t), xI(t), ∆ω̂(t), and ∆α̂(t), one obtains

xR(t) = F(q−1)zR(t)

xI(t) = G1(q
−1)zI(t)+ G2(q

−1)wα(t)

∆ω̂(t) = H1(q
−1)zI(t)+ H2(q

−1)wα(t)

∆α̂(t) = I1(q
−1)zI(t)+ I2(q

−1)wα (t) (12)

where

F(q−1) = −
µq−1

1− (1− µ)q−1

G1(q
−1) = −a2

0µ
[
q−1 +(ηα + ηω −2)q−2

+(1−ηω)q−3
]
/D(q−1)

G2(q
−1) = −a4q−1/D(q−1)

H1(q
−1) = −µq−1(1−q−1)

[
(ηα + ηω)−ηωq−1

]
/D(q−1)

H2(q
−1) = a2

0

[
1− (1− µ)q−1

]
/D(q−1)

I1(q
−1) = −µηαq−1(1−q−1)2/D(q−1)

I2(q
−1) = a2

0

[
1 +(µ −2)q−1

+(1− µ + ηω µ)q−2
]
/D(q−1)

and

D(q−1) = a2
0

{
1 +(−3 + µ)q−1

+
[
3 + µ(−2 + ηα + ηω)

]
q−2

+(−1 + µ−ηω µ)q−3
}

(13)

3.1 Frequency Tracking

Using basic facts from the linear filtering theory [11], one can
evaluate the steady-state mean-squared values of frequency
and frequency rate tracking errors:

E[|∆ω̂(t)|2] = J[H1(z
−1)]E[z2

I (t)]+ J[H2(z
−1)]E[w2

α (t)]

E[|∆α̂(t)|2] = J[I1(z
−1)]E[z2

I (t)]+ J[I2(z
−1)]E[w2

α(t)] (14)

where

J[X(z−1)] =
1

2π j

∮
X(z)X(z−1)

dz

z

is the integral evaluated along unit circle and X(z−1) is a sta-
ble proper rational transfer function.

Symbolic expressions relating mean-squared errors
E[|∆ω̂(t)|2] and E[|∆α̂(t)|2] to the values of parameters µ ,

ηω and ηα , disturbance amplitude a2
0 and variance σ2

α are
very long and therefore they will not be shown here. Our fur-
ther discussion is based on the results obtained using MAT-
LAB Symbolic Toolbox and on numerical methods.

σ2
α µ ηω ηα E[|∆ω̂(t)|2] Simulation PCRB

10−8 0.104 0.050 0.0013 2.27 ·10−4 2.30 ·10−4 2.27 ·10−4

10−7 0.153 0.072 0.0027 7.43 ·10−4 7.65 ·10−4 7.43 ·10−4

10−6 0.224 0.103 0.0056 2.46 ·10−4 2.66 ·10−4 2.46 ·10−4

(a) SNR=0dB

σ2
α µ ηω ηα E[|∆ω̂(t)|2] Simulation PCRB

10−8 0.153 0.072 0.0027 7.43 ·10−5 7.44 ·10−5 7.43 ·10−5

10−7 0.224 0.103 0.0056 2.46 ·10−4 2.48 ·10−4 2.46 ·10−4

10−6 0.329 0.146 0.0115 8.36 ·10−4 8.39 ·10−4 8.36 ·10−4

(b) SNR=10dB

σ2
α µ ηω ηα E[|∆ω̂(t)|2] Simulation PCRB

10−8 0.224 0.103 0.0056 2.46 ·10−5 2.47 ·10−5 2.46 ·10−5

10−7 0.329 0.146 0.0115 8.36 ·10−5 8.37 ·10−5 8.36 ·10−5

10−6 0.482 0.203 0.0230 2.93 ·10−4 2.93 ·10−4 2.93 ·10−4

(c) SNR=20dB

Table 1: Optimal settings for a tracking of frequency. Com-
parison of predicted mean-squared error, simulation results
and PCRB.

Table I shows the values of the parameters µ , ηω and
ηα which minimize frequency tracking error for SNR =
10log(a2

0/σ2
v )∈ {0dB, 10dB, 20dB} (low, medium, and high

SNR) and σ2
w ∈ {10−8, 10−7, 10−6}. The settings were

found using exhaustive numerical search. Additionally, Ta-
ble I presents theoretical predictions of mean-squared esti-
mation errors (obtained by the ALF method), their actual val-
ues (obtained using simulations) and corresponding PCRB’s.
The simulation results were obtained by combined ensemble
averaging (50 realizations of {v(t), w(t)}) and time averag-
ing (t ∈ [20001,100000]). To ensure that steady-state was
reached, the results obtained for the first 20000 time steps
were discarded. The proposed algorithm was used with the
static plant Kp(q

−1) = 1. The nominal plant gain was set
equal to the true gain kn = kp = 1.

Table II shows similar results obtained for frequency rate
optimization.

The results gathered in Tables I and II are quite remark-
able. Not only is the proposed algorithm able to reach both
PCRB’s, but it also attains them for the very same parameter
settings. Simulations confirm almost-statistical efficiency of
(5). Minor discrepancies, none of which exceeds 0.5%, oc-
cur mostly for low SNR’s and large σα and may be attributed
to the phenomenon of large deviations (not covered by ALF
method).

3.2 Cancellation

The fact that the proposed frequency estimator can be made
statistically efficient is undoubtedly its strong point. How-
ever, our main interest lies in maximizing its disturbance re-
jection capability, i.e. in minimizing E[|c(t)|2]. This can also

be evaluated using ALF equations. Note that E[|x(t)|2] =
a2

0E[|c(t)|2] . Since w(t), zR(t) and zI(t) are independent, it
holds that

E[|x(t)|2] = J[F(z−1)]E[z2
R(t)]+ J[G1(z

−1)]E[z2
I (t)]

+ J[G2(z
−1)]E[w2

α(t)] . (15)

355



σ2
α µ ηω ηα E[|∆α̂(t)|2] Simulation PCRB

10−8 0.104 0.050 0.0013 3.89 ·10−7 3.89 ·10−7 3.89 ·10−7

10−7 0.153 0.072 0.0027 2.67 ·10−6 2.69 ·10−6 2.67 ·10−6

10−6 0.224 0.103 0.0056 1.83 ·10−5 1.87 ·10−5 1.83 ·10−5

(a) SNR=0dB

σ2
α µ ηω ηα E[|∆α̂(t)|2] Simulation PCRB

10−8 0.153 0.072 0.0027 2.67 ·10−7 2.67 ·10−7 2.67 ·10−7

10−7 0.224 0.103 0.0056 1.83 ·10−6 1.84 ·10−6 1.83 ·10−6

10−6 0.329 0.146 0.0115 1.27 ·10−5 1.27 ·10−5 1.27 ·10−5

(b) SNR=10dB

σ2
α µ ηω ηα E[|∆α̂(t)|2] Simulation PCRB

10−8 0.224 0.103 0.0056 1.83 ·10−7 1.84 ·10−7 1.83 ·10−7

10−7 0.329 0.146 0.0115 1.27 ·10−6 1.27 ·10−6 1.27 ·10−6

10−6 0.482 0.203 0.0230 8.83 ·10−6 8.83 ·10−6 8.83 ·10−6

(c) SNR=20dB

Table 2: Optimal settings for a tracking of frequency rate.
Comparison of predicted mean-squared error, simulation re-
sults and PCRB.

σ2
w µ ηω ηα E[|c(t)|2] Simulation

10−9 0.076 0.068 0.0013 7.79 ·10−3 7.79 ·10−3

10−8 0.113 0.096 0.0026 1.17 ·10−2 1.17 ·10−2

10−7 0.169 0.133 0.0054 1.79 ·10−2 1.79 ·10−2

10−6 0.253 0.183 0.0110 2.76 ·10−2 2.77 ·10−2

Table 3: Optimal cancellation settings. Comparison of pre-
dicted mean-squared cancellation error and simulation re-
sults. SNR=10 dB, a2

0 = 1.

Again, due to excessive complexity, the symbolic expression
for E[|x(t)|2] will not be provided here.

Table III shows the values of µ , ηω , ηα which mini-

mize the mean-squared cancellation error for a2
0 = 1, SNR =

10log(a2
0/σ2

v ) =10 dB and σ2
w ∈ {10−9,10−8,10−7,10−6}.

Additionally, the table provides ALF-based evaluations of
E[|c(t)|2], and the actual cancellation results obtained by
means of computer simulation.

Observe almost perfect agreement between the ALF-
based evaluations and simulation results. Note also, that
settings which minimize the mean-squared cancellation er-
ror differ from those minimizing the mean-squared frequency
and frequency rate tracking errors.

3.3 Self-optimization penalty

So far, we have assumed that the gain µ is constant. To
measure performance losses introduced by xSONIC’s self-
optimization loop (3), all simulations from Section IV-B
were repeated with some modifications. To introduce model-

ing error, the nominal plant’s gain was altered to kn = 2e jπ/4.
The parameters ηω and ηα were set constant according to
Table III, while µ was automatically tuned using (3) with
cµ = 0.02 and ρ = 0.999.

The obtained results, summarized in Table IV, show
that performance degradation caused by self-optimization is,
from a practical viewpoint, very small (less than 0.5 dB in

the worst case). For σ2
w = 10−6 occasional large frequency

deviations, causing local error bursts, were observed. Such
cases were excluded from averaging.

σ2
w Auto-adjustment

off on

10−9 7.79 ·10−3 (-21.1 dB) 8.06 ·10−3 (-20.9 dB)

10−8 1.17 ·10−2 (-19.3 dB) 1.21 ·10−2 (-19.2 dB)

10−7 1.79 ·10−2 (-17.5 dB) 1.86 ·10−2 (-17.3 dB)

10−6 2.77 ·10−2 (-15.6 dB) 2.93 ·10−2 (-15.3 dB)

Table 4: Performance losses caused by self-optimization.
SNR=10 dB, a2

0 = 1.

0 0.05 0.1 0.15 0.2 0.25
Time [s]

Figure 1: First 250 coefficients of the estimated impulse re-
sponse of the controlled plant (secondary acoustic path, in-
cluding transport and processing delays).

3.4 Tuning guidelines

Evaluating roots of the polynomial (13), one can arrive at the
following (sufficient) stability conditions: µ < 1, ηω < 1,
ηα < 1 and ηα < µηω which shed some light on the is-
sue of tuning of the algorithm (5). The lower bound µmin

on µ can be evaluated by observing the steady-state behav-
ior of xSONIC equipped with the older version of frequency
tracker, i.e. by setting ηα = 0. Alternatively, the adaptation
law in (3) may be modified so as to prevent µ from taking too
small values. The gain ηα can then be set as ηα = f µminηω

where f plays a role of “safety factor”, e.g. f = 0.1.

4. REAL-WORLD EXPERIMENT

An acoustic experiment was performed using a standard lap-
top PC. The disturbance was generated by the left loud-
speaker, placed about 1 m away from the microphone. The
cancellation signal was generated by the second loudspeaker,
located approximately 30 cm away from the microphone
(which resulted in a 1 ms propagation delay). The system
operated at a sampling rate of 1 kHz.

Fig. 1 shows the first 250 coefficients of the estimated
impulse response of the plant (often referred to as the sec-
ondary acoustic path). Long transport delay, equal to almost
60 sampling intervals, was caused by the hardware (cheap
built-in soundcard) and operating system limitations (buffer-
ing effect).

An artificially generated sinusoidal signal with the in-
stantaneous frequency varying sinusoidally between 280 Hz
and 300 Hz, over a period of 20 s, was used as a distur-
bance. Under this scenario the largest frequency rate (defined
as a derivative of the instantaneous frequency with respect to
time) was equal to 3 Hz/s.

The following settings were used: cµ = 0.01, ρ = 0.999,
ηω = 0.005, ηα = 0.000005. The nominal model of plant
was kn = 1. Additionally, to reduce the risk of erratic behav-
ior during initial phase the maximum allowable values were
adopted for |µ̂(t)| and r(t), µmax = 0.15, rmax = 20 (see [6]
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Figure 2: Comparison of power spectral densities of the out-
put signal with (solid line) and without (dashed line) interfer-
ence cancellation.

for a discussion of advisable safety measures and possible
extensions).

Fig. 2 shows power spectral densities of the signal
recorded by the error microphone with and without distur-
bance cancellation, averaged over the period of 20s. The ob-
tained degree of improvement varied from 5 dB to 15 dB.

5. SIMULATION RESULTS

An extra set of simulations was arranged to check the im-
provement which can be obtained by using the scheme (5) in
place of (4).

The secondary path was modeled using the impulse re-
sponse of a real world acoustic plant. The variance of mea-
surement noise v(t) was set to σ2

v = 10−4 and the amplitude
of narrowband disturbance d(t) was a0 = 1. The nominal

model was equal to the true plant, kn(t) = Kp[e
− jω̂(t+1|t)].

To guarantee fair comparison, the gains η , ηω and ηα

of the compared schemes were tuned optimally using ex-
haustive numerical search. To reduce number of degrees of
freedom a fixed relation ηα = ηω/100 was adopted for the
proposed scheme. The two remaining parameters, cµ and ρ ,
were set to 0.005 and 0.999, respectively. Finally, to improve
transients and to reduce the risk of erratic system behavior,
the magnitude of µ̂(t) was limited to µmax = 0.025.

Frequency trajectory used in the comparison consisted
of ‘back-and-forth’ linear sweeps [each obeying ω(t +
1) = ω(t) ± ∆ω , where ∆ω denotes sweep rate] between
ωmin = 1.57 and ωmax = 1.88, separated by shorter constant-
frequency periods. The top plot of fig. 3 shows a fragment
of a frequency trajectory for a sweep rate equal to 10−4.

The results of the experiment, depicted in the bottom plot
of fig. 3, show that a considerable improvement (from 5 to
15 dB) may be expected with the new scheme.

6. CONCLUSIONS

An improved frequency tracker was proposed for the
xSONIC canceler. The new algorithm, albeit very simple,
is statistically efficient under Gaussian assumptions. Practi-
cal effectiveness of the resulting controller was demonstrated
with a real-world example and confirmed by simulations.
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Figure 3: Comparison of xSONIC controllers equipped with
two frequency tracking schemes: circles – scheme (4), di-
amonds – scheme (5). Top figure – fragment of frequency
trajectory for ∆ω = 10−4. Bottom figure – results.
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ABSTRACT
A multitude of applications contain signals that can be

well described as being formed as a sum of sinusoidal com-
ponents corrupted by noise, and, as a result, the literature
contains a large variety of estimation algorithms tailored for
this problem. Many of these estimators assume a complex-
valued signal model, typically formed using the discrete-time
Hilbert transform. For a large number of observations, or
with frequencies being neither too high nor too low, this ap-
proach works well, whereas it might well cause considerable
problems otherwise. One way to handle these situations is to
instead form the frequency estimation algorithm assuming a
real-valued signal. In this paper, we show how the principle
of angles between subspaces can be applied to this problem
to alleviate some of the shortcomings of subspace-based fre-
quency estimation using the MUSIC algorithm and demon-
strate the resulting attractive properties via computer simula-
tions.

1. INTRODUCTION

When dealing with the problem of estimating the parame-
ters of sinusoidal components from noisy observations, one
often employ a complex-valued model of the observed sig-
nal, typically converting the measured real-valued signal to
its discrete-time analytic counterpart using the Hilbert trans-
form [1, 2]. There are several reasons for doing this. Firstly,
it is generally more convenient from a mathematical point of
view to manipulate the complex-valued model. Secondly, it
can lead to a reduction of the computational complexity of
the estimator as only half the number of complex exponen-
tials have to be considered, as well as only half the number of
samples, although these now being complex-valued. Thirdly,
the estimated parameters are identical to those obtained us-
ing a real model under certain conditions, namely that the fre-
quencies of the sinusoids are neither too low nor too high rel-
ative to the number of observed samples. However, if this is
not the case, there will be significant interaction between the
positive and negative sides of the spectrum, which may lead
to biased estimates, and for applications where this may hap-
pen, one should consider using real signal models instead.

The specific problem considered here can be stated as
follows: a signal consisting of real-valued sinusoids having
frequencies {ωl} is corrupted by additive, real-valued, white
noise, ε(n), having variance σ2, for n = 0, . . . ,N−1, i.e.,

x(n) =
L

∑
l=1

Al cos(ωln+φl)+ ε(n), (1)

where Al > 0 and φl are the amplitude and the phase of
the l’th sinusoid, respectively. The problem of interest is
thus how one should appropriately estimate the frequencies
{ωl} from {x(n)}, taking into account the fact that the sig-
nal is real-valued. Obviously, many methods have been pro-
posed for doing exactly this, with some being more straight-
forward than others. More specifically, several adaptations of
well-known estimators have been proposed, for example for
the MUSIC [3], subspace fitting [4], ESPRIT [5], Capon’s
[6], Pisarenko’s [7], and the linear prediction [8] methods.
Recently, it has been shown that the underlying principle of
MUSIC, i.e., the subspace orthogonality, can be reformulated
and interpreted using the principal angles between the signal
and noise subspaces, and that this concept can also be suc-
cessfully applied to order estimation [9] (see also [10] for
another application). Moreover, it has been shown that the
original MUSIC cost function can be obtained as a special
case of this framework, more specifically as an asymptoti-
cally valid approximation. The aim of this paper is to explore
whether the angles between subspaces can also be applied to
the problem of estimating the frequencies of real-valued si-
nusoids from real-valued measurements.

The remainder of this paper is organized as follows. First,
we review the covariance matrix model along with some ba-
sic results in Section 2. Then, in Section 3, we introduce the
concept of angles between subspaces and its application to
estimation. Finally, we then apply it to the problem at hand
in Section 4, before presenting some results in Section 5, and
concluding on our work in Section 6.

2. COVARIANCE MATRIX MODEL

Before proceeding to address the stated problem, we will first
introduce some basic notation and results. We define x(n) as

x(n) = [ x(n) x(n+1) · · · x(n+M−1) ]T , (2)

with (·)T denoting the transpose. Assuming that the phases
of the sinusoids are independent and uniformly distributed
on the interval (−π,π], the covariance matrix R ∈ CM×M of
the signal in (1) can be written as [11]

R = E
{
x(n)xH(n)

}
= APAH +σ

2I, (3)

where E{·}, (·)H , and I denote the statistical expectation,
the conjugate transpose, and the identity matrix, respectively.
The diagonal matrix P contains the squared amplitudes on
the diagonal, i.e.,

P = diag
(
[ A2

1 A2
1 · · · A2

L A2
L ]
)
, (4)
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and A ∈ CM×2L is a Vandermonde matrix defined as

A = [ a(ω1) a∗(ω1) · · · a(ωL) a∗(ωL) ] , (5)

with
a(ω) = [ 1 e jω · · · e jω(M−1) ]T . (6)

Assuming that the frequencies {ωl} are distinct, the columns
of A are linearly independent, and A and APAH have rank
2L. It should be noted that it is assumed that 2L < M < N.
Let R = QΛQH be the eigenvalue decomposition (EVD) of
the covariance matrix. Then, Q contains the M orthonormal
eigenvectors of R, i.e.,

Q = [ q1 · · · qM ] (7)

and Λ is a diagonal matrix containing the corresponding
eigenvalues, λk, with λ1 ≥ . . . ≥ λM . Let S be formed from
the eigenvectors corresponding to the 2L most significant
eigenvalues, i.e.,

S = [ q1 · · · q2L ] . (8)

We denote the signal subspace, i.e., the space spanned by the
columns of S, as R (S). Similarly, let G be formed from the
eigenvectors corresponding to the M− 2L least significant
eigenvalues, i.e.,

G = [ q2L+1 · · · qM ] , (9)

and, as a consequence, R (G) is referred to as the noise sub-
space. It can then easily be shown that the columns of A, the
sinusoids, span the same space as the columns of S, and that
A therefore also must be orthogonal to G, i.e.,

AHG = 0, (10)

which is the basic result used in the MUSIC algorithm [12,
13, 14]. The MUSIC frequency estimate is formed by finding
the parameters for which the candidate model A is the closest
to being orthogonal to G.

3. ANGLES BETWEEN SUBSPACES

As seen above, the orthogonality property states that for the
true parameters, the matrix A is orthogonal to the noise sub-
space eigenvectors in G. However, due to finite sample ef-
fects, one cannot expect that the vectors will be exactly or-
thogonal, implying that one needs a measure for determin-
ing the extent to which the orthogonality holds. In the orig-
inal MUSIC algorithm, this measure was formed using the
Frobenius norm. As an alternative, one may instead note that
the concept of orthogonality is, of course, closely related to
the concept of angles, in this case the (principal) angles be-
tween the signal and noise subspaces. We will now briefly
introduce the theory behind angles between subspaces and
its application to estimation. Let ΠG be the projection ma-
trix for the subspace R(G) and ΠA the projection matrix for
the subspace R(A). The principal, and non-trivial, angles
{θk} between the two subspaces are defined recursively, for
k = 1, . . . ,K, as (see, e.g., [15])

cos(θk) = max
y∈CM

max
z∈CM

yHΠAΠGz
‖y‖2‖z‖2

(11)

, yH
k ΠAΠGzk = σk, (12)

where K is the minimal dimension of the two subspaces, i.e.,

K = min{L,M−L}, (13)

which is also the number of non-trivial angles between the
two subspaces. Moreover, the vectors y and z are restricted
to being orthogonal in the sense that yHyi = 0 and zHzi = 0
for i = 1, . . . ,k−1. It then follows that {σk} are the singular
values of the matrix product ΠAΠG. The singular values can
be related to the Frobenius norm of the product ΠAΠG as
‖ΠAΠG‖2

F = ∑
K
k=1 σ2

k and, thus, also to the angles between
the subspaces, i.e.,

K

∑
k=1

cos2(θk) = ‖ΠAΠG‖2
F . (14)

Additionally, the Frobenius norm of the product ΠAΠG can
be expressed as

‖ΠAΠG‖2
F = Tr

{
A
(
AHA

)−1
AHGGH

}
. (15)

This expression, being somewhat complicated, can be sim-
plified in the following way: the columns of A consist of
complex sinusoids, and for any distinct set of frequencies,
these are asymptotically orthogonal, i.e.,

lim
M→∞

M ΠA = lim
M→∞

MA
(
AHA

)−1
AH (16)

= AAH . (17)

Based on this approximation, we may now write (15) into a
form similar to that of MUSIC i.e.,

‖ΠAΠG‖2
F ≈

1
M

Tr
{
AHGGHA

}
=

1
M
‖AHG‖2

F , (18)

which only differs from the classical MUSIC estimator in the
scaling. From this, we note that

1
M
‖AHG‖2

F ≈
K

∑
k=1

cos2(θk), (19)

which, interestingly, shows that the original MUSIC cost
function can be explained as an approximation to the angles
between the subspaces. Here, it must be emphasized that
this interpretation only holds for signal models consisting of
vectors that are orthogonal or asymptotically orthogonal; the
result will thus hold for sinusoids, but not for damped sinu-
soids. In the MUSIC algorithm, the set of frequencies {ωl}
are found by minimizing the cost function

{ω̂l}= argmin
{ωl}
‖AHG‖2

F . (20)

As the squared Frobenius norm is additive over the columns
of A, it facilitates finding the individual frequencies as

ω̂l = argmin
ωl
‖aH(ωl)G‖2

F , (21)

with the requirements that the frequencies are distinct and
fulfill the two following conditions:

∂‖aH(ωl)G‖2
F

∂ωl
= 0 and

∂ 2‖aH(ωl)G‖2
F

∂ω2
l

> 0. (22)
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4. APPLICATION TO REAL-VALUED DATA

The question is now the following: in applying the results
from the previous section to the problem of estimating fre-
quencies from real-valued data, what error are we making,
if any? The answer can be found in the approximation (17).
For sinusoids that are well-separated in frequency (relative to
N and M), the approximation can be expected to be a good
one. However, for low frequencies, the complex exponen-
tials and their conjugate counterparts cannot be expected to
be well-separated. This happens under two circumstances.
Firstly, if for a given N, the frequencies are too low or too
high, or, secondly, if for a given frequency, N is too low. To
take these cases into account, we proceed as follows. Let the
matrix A be partitioned as

A =
[

Ã1 · · · ÃL
]

(23)

where
Ãl = [ a(ωl) a∗(ωl) ] (24)

contains a complex sinusoid and its complex conjugate.
Now, ideally, one would use the exact expression for the pro-
jection matrix and then solve for the unknowns, i.e., {ωl}.
However, this generally results in a useless estimator as the
complexity of doing so would be prohibitive–it results in a
multidimensional nonlinear optimization problem. Instead,
we will proceed by assuming that the approximation in (17)
is valid for the sinusoidal components with different frequen-
cies, but not for a complex sinusoids and its complex conju-
gate. To estimate ωl , one now has to compute

K

∑
k=1

cos2(θk) = ‖ΠÃl
ΠG‖2

F (25)

without using the approximation in (17). This expression de-
pends only on one unknown parameter, ωl . The projection
matrix is given by

ΠÃl
= Ãl

(
ÃH

l Ãl

)−1
ÃH

l (26)

which can be shown to equal

ΠÃl
=

1
γ

Re
{

Ma(ωl)aH(ωl)−βa∗(ωl)aH(ωl)
}

, (27)

with
β = aH(ωl)a∗(ωl), (28)

and

γ =
M2−|β |2

2
. (29)

It should be stressed that both β and γ are frequency depen-
dent, but, in the interest of simplicity, we will here omit this
dependence in the notation. The above quantities can be used
for understanding the problem at hand. What happens when
the frequency ωl is far from zero is that β ≈ 0 (in which case
the approximation in (17) is accurate), whereas β → M as
ωl → 0, in which case the matrix ÃH

l Ãl is singular. We re-
mark that similar conclusions apply when ωl is near π . The
cases of interest here are the ones where β 6= 0. Clearly, the
unknown frequencies can be estimated as

ω̂l = argmin
ωl
‖ΠÃl

ΠG‖2
F . (30)
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Figure 1: The magnitude of the quantity β = aH(ωl)a∗(ωl),
which determines the accuracy of the complex model, shown
as a function of frequency.

Using (27), we can rewrite the involved expression as

‖ΠÃl
ΠG‖2

F =
1
γ

(
MaH(ωl)GGHa(ωl) (31)

−Re
{

βaH(ωl)GGHa∗(ωl)
})

, (32)

where it is should be noted that aH(ωl)GGHa(ωl) is just
the usual MUSIC cost function. This shows that the pro-
posed methodology leads to a simple modification of the
well-known MUSIC principle; in fact, we can now redefine
the MUSIC pseudo-spectrum as

P(ωl) =
γ

Re{aH(ωl)GGH (Ma(ωl)−βa∗(ωl))}
, (33)

which can then be used to estimate frequencies as

ω̂l = argmax
ωl

P(ωl). (34)

To summarize:
(i) The estimator in (34) takes the interaction between

complex sinusoids and their complex conjugates into
account.

(ii) It does not take the interaction between different com-
plex sinusoids into account (doing so leads to an in-
tractable problem). Rather, it is based on the usual as-
sumption regarding these.

(iii) Consequently, it is expected to lead to improved esti-
mates for sinusoids having very low or high frequen-
cies, and/or low M and N, but not for closely spaced
sinusoids.

(iv) Interestingly, the proposed improvement leads to a sim-
ple augmentation of the original MUSIC cost function,
wherefrom a modified pseudo-spectrum can easily be
defined.
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Figure 2: Performance of various estimators, measured in terms of bias and variance, as a function of the covariance matrix
size M, for N = 101 and an SNR of 20 dB. Note that the asymptotic CRLB (solid) is shown in Figure 2(b).

5. EXPERIMENTAL RESULTS

We now proceed to demonstrate the properties of the intro-
duced method using simulated data. First, however, we will
provide an example of how the quantity |β | varies as a func-
tion of the frequency. This is shown in Figure 1, with M = 50.
When β is significantly different from zero, one can expect a
discrepancies between the complex- and real-valued models.
As can be seen, β attains the value M in both extremes, near
0 and π , which causes a division by zero in (27).

Next, we will examine the accuracy of the proposed
method as compared to the original MUSIC algorithm (we
note that it is equivalent to the adaptation to real-valued data
in [3] with no weighting). We will do this using Monte Carlo
simulations and then measure the bias and variance of the
obtained frequency estimates. Additionally, we also com-
pare to a number of other frequency estimators proposed
for real-valued data, namely some of those of [4, 5, 6], as
well as a real-valued non-linear least-squares (NLS) estima-
tor. The NLS method is simply an estimator based on mini-
mizing the squared error, which is equivalent to maximizing
xH(n)ΠÃl

x(n), with M = N. As is well-known, under the
assumption of white Gaussian noise, this estimator is equiv-
alent to the maximum likelihood estimator.

The experimental setup is as follows: 100 Monte Carlo
runs are used for each data point and a real sinusoid having
frequency ω1 = 0.0523, i.e., a fairly low frequency, having
unit amplitude and uniformly distributed phase is generated
using N = 101. The signal is then corrupted by a white Gaus-
sian noise with an SNR of 20 dB. In the following figures,
the proposed method is referred to as AbS, whereas Capon is
the method introduced in [6], WSF-1 is the method from [4],
ESPRIT is the real version proposed in [5], and NLS is the
above mentioned nonlinear least-squares method.

First, we investigate the importance of the covariance ma-
trix size for the various methods. The results are shown in
Figures 2(a) and 2(b) in the form of bias and variance of the
estimated frequencies. Also shown in the figure is the asymp-
totic Crámer-Rao lower bound (CRLB). Note that this bound
is not valid for very low frequencies and/or number of sam-

ples. As can be seen, the methods exhibit different depen-
dencies on the covariance matrix size. Some of the methods
work poorly for low M, whereas others work poorly when
M is too high. Consequently, for the MUSIC-like methods,
we use a covariance matrix of size 50×50 in the experiment
that follow, while for the methods of [4, 5, 6], we use 25×25
covariance matrices. We remark that the NLS estimator does
not require any covariance matrices and its performance does
thus not depend on M. In the final experiment, which is the
most important one, we will seek to quantify the improve-
ments that the proposed method offers over the original MU-
SIC algorithm. We do this by varying the number of samples
N. As N gets smaller, β will become larger, meaning the in-
teraction between the positive and negative sides of the spec-
trum gets larger and so, presumably, does the discrepancy
between the estimates obtained using the real and complex
models. The results are shown in Figures 3(a) and 3(b), as
before, in terms of the bias and the variance of the obtained
estimates. As can be seen, the proposed method greatly re-
duces the bias of the MUSIC method for low N, and also
leads to a somewhat lower variance for a high number of ob-
servations. Note that the reason that some of the estimators
exhibit variances lower than the CRLB is that they produce
biased estimates for low N. It can also be observed that the
proposed estimator performs better under these conditions
than the real-valued Capon, ESPRIT and WSF-1 methods.
At this point, it should be stressed that the MUSIC method
is not statistically efficient, so it will not attain the CRLB,
unlike the NLS method. Generally, the experiments demon-
strate the ability of the proposed modifications of MUSIC to
compensate for some of the classical technique’s shortcom-
ings for real signals.

6. CONCLUSION

In this paper, we have considered the problem of estimating
the frequencies of real-valued sinusoidal signals corrupted by
white additive noise. We have proposed to improve the per-
formance of the classical MUSIC algorithm for this problem
using the theory of angles between subspaces. More specifi-
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Figure 3: Performance of various estimators, measured in terms of bias and variance, as a function of the number of samples
N for N = 101 and an SNR of 20 dB. Note that the asymptotic CRLB is shown in Figure 3(b).

cally, we have derived a modified pseudo-spectrum that takes
the interaction between negative and positive sides of the
spectrum into account. Our results confirm that the proposed
method does indeed reduce the bias of the MUSIC method
under adverse condition, i.e., for low or high frequencies,
and/or for a low number of samples. In closing, we remark
that it is quite possible that the results reported here can be
improved further by adapting the proposed scheme using the
alternative covariance matrix model proposed in [5]. Simi-
larly, it is also possible that the technique could benefit from
the various weighted approaches used in weighted subspace
fitting [3, 4, 5], but these suggestions improve other aspects
of the subspaces-methods, for which reason they were not
further considered herein.
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ABSTRACT
The cepstrum of a random process is useful in many appli-
cations. The cepstrum is usually estimated from the peri-
odogram. To reduce the mean square error (MSE) of the
estimator, the periodogram may be smoothed with a kernel
function. We present an explicit expression for a kernel func-
tion which is approximatively MSE optimal for cepstrum es-
timation. A penalty term has to be added to the minimiza-
tion problem, but we demonstrate how the weighting of the
penalty term can be chosen. The performance of the estima-
tor is evaluated on simulated processes. Since the MSE op-
timal smoothing kernel depends on the true covariance func-
tion, we give an example of a simple data driven method.

1. INTRODUCTION

Thecepstrum, an anagram of the word “spectrum”, was in-
vented by Bogart, Healy and Tukey, in the early sixties [1,2].
It is defined as the inverse Fourier transform of the log-
spectrum of a stationary random process. The cepstrum is
often used in classification or detection problems where the
cepstrum coefficients(discrete cepstrum) may serve as a fea-
ture input to a pattern recognition system. Recently, it has
been used for classification of events using neural activity
[3], detection of rot fungi in trees [4], and in fault detection
of a mechanical gear system [5]. The cepstrum is most no-
tably used in audio related applications, such as in speech
and speaker recognition, but also in music genre classifica-
tion and in speech synthesis, [6, 7]. Typically, the cepstrum
is estimated by the Fourier transform of the log-periodogram.
The periodogram suffers from large variance, causing large
estimation errors in the cepstrum coefficients. The variance
of the periodogram can be reduced by convolution with a
smoothing kernel function. In the context of spectrum es-
timation, there has been a lot of research on how to select
the smoothing kernel function. Periodogram smoothing is
not usually performed in the context of cepstrum estimation.
One reason to this may be that the optimal selection of the
kernel function appropriate for cepstrum estimation has not
been considered before. Therefore, we will in this paper dis-
cuss how the smoothing kernel should be selected in order
to minimize the mean square error (MSE = squared bias +
variance) of the cepstrum estimator defined in Section 2. We
believe that the MSE is a useful optimization criterion since it
takes both bias and variance of the cepstrum coefficients into
account. In Section 3, for the first time, an approximate solu-
tion to this optimization problem is derived. The approxima-
tion is significantly improved by introducing a penalty term
as described in Section 3.1. The weight of the penalty term is

This work was supported by the Swedish Research Council.

not very crucial. This is illustrated on a speech-like simulated
process in Section 3.2, where we also compare with the MSE
of the two most common estimators which are the Fourier
transform of the log-periodogram and the Fourier transform
of the Hanning-windowed log-periodogram. These estima-
tors are also used as comparisons in Section 4, where we
demonstrate how the performance depends on the pole lo-
cation in an AR(2) process. Since the optimal smoothing
depends on the true covariance function, which is unknown,
one can in practical applications not expect to select the most
optimal kernel function. Using the sample covariance func-
tion computed from observed data, instead of the true covari-
ance function, we can still yield a better result compared to
no smoothing at all, as shown in Section 5. Section 6 con-
cludes the paper.

2. CEPSTRUM ESTIMATION BY PERIODOGRAM
SMOOTHING

Let {x(t), t = 1, . . . , n} denote a real-valued stationary ran-
dom process with zero mean and finite moments. The covari-
ance functionr : {−n+1, . . . , n−1} 7→ R is defined by

r(τ) = E [x(t)x(t + τ)] .

The spectral densityS: {−n+1, . . . ,n−1} 7→R
+ at frequen-

ciesp/N, p = −n+1, . . . ,n−1, N = 2n−1, is defined by

S(p) =
n−1

∑
τ=−n+1

r(τ)e−i2π p
N τ .

Assuming that the spectrum is strictly positive,S(p) > 0, for
everyp, the cepstrumc : {−n+1, . . . ,n−1} 7→ R of the pro-
cess is defined as the inverse Fourier transform of the log-
spectrum:

c(q) =
1
N

n−1

∑
p=−n+1

log(S(p))ei2π p
N q.

The cepstrum is symmetric,c(q) = c(−q), q = −n +
1, . . . , n−1, and we will from now on only considerq≥ 0.
Note that all the three functionsr, S, and c, are defined
in n unique points. The above defined spectrumS is thus
up-sampled in comparison to the ordinary periodogram of
x which is usually only computed inn/2 points. This is
necessary in order to guaranty thatc(q) ≈ ccont(q/N), q =
−n+ 1, . . . , n− 1, whereccont is the continuous cepstrum,
defined as the continuous Fourier transform of the continu-
ous spectral density. This fact is also recognized in [8].

In order to estimate the cepstrum from an observed re-
alization of the random process, one may first estimate the
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spectrum by the periodogram, and then apply the logarithm
and the inverse Fourier transform to achieve a cepstrum esti-
mate. We denote this estimator by

ĉper(q) =
1
N

n−1

∑
p=−n+1

log(Ŝper(p))ei2π p
N q, (1)

whereŜper is the periodogram:

Ŝper(p) =
n−1

∑
τ=−n+1

1
n

n−|τ|

∑
t=1

x(t)x(t + |τ|)e−i2πτ p
N

=
1
n

∣

∣

∣

∣

∣

n

∑
t=1

x(t)e−i2πt p
N

∣

∣

∣

∣

∣

2

.

The periodogram is an inconsistent estimator of the spec-
trum, since the variance does not approach zero as the data
length, n, goes to infinity. This problem is naturally ad-
dressed by smoothing the periodogram with a kernel func-
tion. We denote and define this estimator by

ŜW(p) =
n−1

∑
p′=−n+1

W(p′)Ŝper(p− p′),

whereW : {−n+ 1, . . . ,n− 1} 7→ R is a smoothing kernel.
Let us define and denote the cepstrum estimator based on
periodogram smoothing by

ĉW(q) =
1
N

n−1

∑
p=−n+1

log
(

ŜW(p)
)

ei2π p
N q. (2)

Choosing an appropriate smoothing kernelW is a difficult
matter. Our aim is to find the MSE optimal smoothing kernel
for estimation of theq:th cepstrum coefficient:

Wq−opt = arg min
W:{−n+1,...,n−1}7→R

F(W), (3)

where

F(W) , E

[

(c(q)− ĉW(q))2
]

. (4)

Note that the smoothing kernel is allowed to depend on
which cepstrum coefficientq we wish to estimate, but we
exclude the zeroth coefficient,q = 0, which is equal to the
mean of the log-spectrum, since in most applications this is
not interesting. The variance and bias of the cepstrum esti-
mated from a tapered periodogram has been derived in [9]
(see also [8]), but such expressions lead to a difficult opti-
mization problem. In the following section, we will demon-
strate that it is possible to compute an approximative solution
to (3) which will turn out to be accurate only after the addi-
tion of a penalty term as in Section 3.1.

3. APPROXIMATIVE OPTIMIZATION

We will now solve the optimization problem in (3) using an
approach where the MSE is rewritten on a form where the
argument of the logarithm operator is likely to be close to 1,
which allows us to apply the approximation log(z)≈ 1−z−1,

for z≈ 1. The MSE is invariant to scaling of the smoothing
window, i.e. the MSE of ˆcW(q) equals the MSE of ˆcW′(q) if
W = αW′, α 6= 0. Therefor, we may solve the minimization
problem subject to||W||= 1, where|| · || denotes theL2 norm,
without imposing any restrictions to the final set of solutions.
The functionF , defined in (4), which we aim to minimize,
can be written:

F(W) =
1

N2E





(

n−1

∑
p=−n+1

log

(

S(p)

ŜW(p)

)

ei2π p
N q

)2


 .

SinceŜW(p) is an estimate ofS(p), it seems reasonable to
believe that the ratio between them is close to 1. Therefor, the

approximation log
(

S(p)

ŜW(p)

)

≈ 1− ŜW(p)
S(p) is justified and we

approximate the functionF with the functionFapproxdefined
by

Fapprox(W) ,
1

N2E





(

n−1

∑
p=−n+1

(

1−
ŜW(p)

S(p)

)

ei2π p
N q

)2




=
1

N2E





(

n−1

∑
p=−n+1

ŜW(p)

S(p)
ei2π p

N q

)2


 ,

since∑ei2π p
N q = 0, for q 6= 0. The requirement||W|| = 1

excludes the trivial solutionW ≡ 0. To minimizeFapprox, we
will now introduce the following vector notation:

Ap =

































n
∑

t=1
x(t)2

2ℜ
{

n−1
∑

t=1
x(t)x(t +1)e−i2π p

N 1

}

2ℜ
{

n−2
∑

t=1
x(t)x(t +2)e−i2π p

N 2

}

...

2ℜ

{

n−(n−1)

∑
t=1

x(t)x(t +(n−1))e−i2π p
N (n−1)

}

































whereℜ denotes real-part and

w = [w(0) . . . w(n−1)]T ,

and wherew is defined by

w(τ) =
1
N

n−1

∑
p=−n+1

W(p)ei2π pτ/N.

With this notation,ŜW(p) = A
T
pw, and the functionFapprox

can be written:

Fapprox(W) =
1

N2E





(

n−1

∑
p=−n+1

1
S(p)

A
T
pwei2π p

N q

)2


 .

With Y = ∑n−1
p=−n+1

1
S(p)Apei2π p

N q (Y is a random element in
R

n):

Fapprox(W) =
1

N2wE
[

YY
T]

w.
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That is, we need to minimize the following expression with
respect tow:

w
T
Mw,

where

M = E
[

YY
T] . (5)

Under the constraint||w|| = 1, the solution to this minimiza-
tion problem is the eigenvector ofM corresponding to its
smallest eigenvalue. For Gaussian processes, the kernel func-
tion can be computed exactly as it only requires an eigenvec-
tor decomposition ofM which can be expressed in terms of
the covariance function as given in Appendix A. Simulation
studies shows thatFapprox is minimized by a smoothing ker-
nel function for which the approximationF ≈ Fapproxunfor-
tunately does not hold, due to that the ratio betweenŜW(p)
andS(p) is too far from 1. To this end, we will add a penalty
term, as described next.

3.1 Approximative optimization with penalty term

We will now use the same approach as previously but we add
a penalty term, which penalizes smoothing kernels for which
the ratio between̂SW(p) and S(p) is too far from 1. Our
aim is now to find the smoothing kernel functionW which
minimizes:

G(W) , E

[

(1−ρ)n(c(q)− ĉW(q))2

+ρ
1
N

n−1

∑
p=−n+1

(

S(p)− ŜW(p)

S(p)

)2
]

(6)

where 0< ρ < 1 is a constant which controls the influence
of the penalty term. The factorn in front of the squared cep-

strum error is justified from the fact thatE

[

(c(q)− ĉW(q))2
]

asymptotically decays as 1/n. Thus, a good choice of the
weighting factorρ will not depend heavily onn. Due to the

penalty term, the approximation log
(

S(p)

ŜW(p)

)

≈ 1− ŜW(p)
S(P) is

more accurate and we can approximateG with Gapprox:

Gapprox(W) = E





1−ρ
N2 n

(

n−1

∑
p=−n+1

ŜW(p)

S(p)
ei2π p

N q

)2

+ρ
1
N

n−1

∑
p=−n+1

(

S(p)− ŜW(p)

S(p)

)2
]

(7)

The constraint||W||= 1 is no longer needed in order to avoid
trivial solutions. With the same vector notation as before we
have:

Gapprox(W) = E





1−ρ
N2 n

(

n−1

∑
p=−n+1

A
T
pw

S(p)
ei2π p

N q

)2

+ρ
1
N

n−1

∑
p=−n+1

(

S(p)−A
T
pw

S(p)

)2




with M as in (5):

Gapprox(W) = w
T 1−ρ

N2 nMw

+E

[

ρ
1
N

n−1

∑
p=−n+1

1−
2AT

pw

S(p)
+

(AT
pw)2

S(p)2

]

= w
T

(

1−ρ
N2 nM+ ρ

1
N

n−1

∑
p=−n+1

E
[

ApA
T
p

]

S(p)2

)

w

−2ρ
1
N

n−1

∑
p=−n+1

E
[

A
T
p

]

S(p)
w+ ρ

With

Ψ ,
1−ρ
N2 nM+ ρ

1
N

n−1

∑
p=−n+1

E
[

ApA
T
p

]

S(p)2 ,

and

Φ , ρ
1
N

n−1

∑
p=−n+1

E
[

A
T
p

]

S(p)
,

the minimization problem is written on the form:

Minimize: w
T
Ψw−2ΦT

w w.r.t. w, (8)

whereΨ is a symmetric matrix. The solution is

w
ρ−approx
q−opt = Ψ

−1
Φ. (9)

And the optimal smoothing kernel function is thus

Wρ−approx
q−opt (p) =

n−1

∑
τ=−n+1

wρ−approx
q−opt (|τ|)e−i2π pτ/N. (10)

3.2 Calibration of the weight of the penalty term

In order to investigate the effect of the penalty term, we
choose an AR-process (n = 240) with parameters estimated
from a recorded speech signal (sampling rate = 8 kHz, model
order given by the Akaike final prediction error). We Monte
Carlo compute (2000 simulations) the MSE of ˆcW(q), where
W is computed as in (10) for different values of the constant
ρ , which regulates the influence of the penalty term. Fig. 1
shows the result as a function ofρ for cepstrum coefficient
q = 3. The MSE of ˆcper, see (1), and the MSE of ˆchandefined
by

ĉhan(q) =
1
N

n−1

∑
p=−n+1

log
(

Ŝhan(p)
)

ei2π p
N q, (11)

where

Ŝhan(p) =
1
n

∣

∣

∣

∣

∣

n

∑
t=1

h(t)x(t)e−i2πt p
N

∣

∣

∣

∣

∣

2

,

whereh is a Hanning window, is also shown as a compari-
son. Fig. 1 also shows the MSE summed up over all cep-
strum coefficientsq = 1, . . . ,15 (these are the coefficients
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Figure 1: Left: MSE of the three estimators: ˆcW(q), ĉper(q)
andĉhan(q), for q= 3 on a speech like simulated process. The
smoothing kernel functionW used in the estimator ˆcW(q) is
computed as in (10), for different values onρ . Right: The
same, but summed overq = 1, . . . ,15.
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ĉper
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ĉper
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Figure 2: MSE of the estimators ˆcW(q) (ρ = 0.8), ĉper(q) and
ĉhan(q), as a function of cepstrum coefficient,q, for two dif-
ferent AR(2)-processes with poles in 0.5e±i2π0.25 (left) and
0.98e±i2π0.25 (right).

most often considered in audio applications). We have Monte
Carlo computed the MSE as a function ofρ on different
AR-processes with parameters estimated from speech sig-
nals. Based on this, we can propose thatρ should be chosen
between 0.5 and 0.9, but the exact choice does not seem to
be very important.

4. EVALUATION ON AR(2)-PROCESSES

We will now study how the cepstrum estimator ˆcW, whereW
is computed as in (10), behaves on a set of AR(2) processes
with poles inαe±i2πν . We chooseρ = 0.8 as weight for the
penalty term. Fig. 2 shows Monte Carlo computed (2000
simulations) MSE of ˆcW(q) for ν = 0.25 and forα = 0.5
andα = 0.98 for different cepstrum coefficients. The MSE
of ĉper(q) and of ĉhan(q) is also shown. The spectrum with
a sharp peak,α = 0.98, is more difficult to smooth than the
slowly varying spectrum,α = 0.5. In both cases, however,
ĉW has considerably lower MSE than the other estimators.
Based on experiments where we have changed the parame-
ter ν, we can conclude that this parameter does not affect
the MSE of the cepstrum estimate much. This is expected,
since the periodogram is convolved with the smoothing ker-
nel function, and thus, a shift of the spectrum should not have
a large influence of the quality of the estimator.
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ĉW
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Figure 3: MSE as a function of the sample sizeK. Left: for
cepstrum coefficientq = 3. Right: averaged over cepstrum
coefficientsq = 1, . . .15.

5. OPTIMAL SMOOTHING KERNEL BASED ON
SAMPLE COVARIANCE

The approximative solution given in (10) of the MSE optimal
periodogram smoothing for cepstrum estimation defined in
(3) depends on the true covariance function, which in practi-
cal applications is unknown. Instead, one has to rely eitheron
a priori knowledge about the application at hand, or on data
driven methods. A simple example of a data driven approach
is to first get a rough approximation of the covariance struc-
ture for the current type of data. The covariance structure can
be plugged into (10) in order to compute a suitable smoothing
kernel function. In the following example we have chosen
an AR(2) process with poles in 0.98e±i2π0.25. We compute
the average ofK sample covariance functions,rsamp(τ) =
1
K ∑K

i=1
1
n ∑n−|τ|

t=1 xi(t)xi(t + |τ|), wherexi , i = 1, . . . , K, are
independent realizations of this process. Using this sample
covariance function, we compute the approximate optimal
smoothing kernel function. On a new realization from the
AR(2) process, we use the smoothing kernel function to es-
timate the cepstrum. In Fig. 3 the Monte Carlo computed
(100×100 simulations) MSE forq= 3 and the MSE summed
over cepstrum coefficientsq = 1, . . . , 15 of such a procedure
are shown as a function ofK. The MSE of ˆcper and of ĉhan
are also shown as a comparison. From only two realizations
a smoothing kernelW can be computed which will make ˆcW
superior.

6. DISCUSSION

We have for the first time presented an approximative solu-
tion to the MSE optimal periodogram smoothing kernel func-
tion for cepstrum estimation. For the solution to be accurate
a penalty term has to be included. On a speech like simulated
process we have shown that the weighting of the penalty term
is not very crucial. The optimal smoothing kernel depends
on the true covariance, which in practical applications is un-
known, and hence one has to rely either on a priori knowl-
edge about the application at hand, or on data driven meth-
ods. A priori knowledge may be captured in a model. The
model can be too restrictive for the application, but still good
enough to provide input to (10), by which a good smoother
is computed. As an example of a data driven method, we
have shown how the sample covariance function, estimated
from data, can be used to compute a good smoothing kernel
function. The approximative solution that we present also
provides a possibility in future research to gain general in-
sights in how the optimal smoothing kernel depends on cer-
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Y =
n−1

∑
p=−n+1

1
S(p)

Apei2π p
N q

=





























(

n−1
∑

p=−n+1

cos(2π p
N 0)

S(p) ei2π p
N q

)

(

n
∑

t=1
x(t)2

)

(

n−1
∑

p=−n+1

cos(2π p
N 1)

S(p) ei2π p
N q

)

(

2
n−1
∑

t=1
x(t)x(t +1)

)

...
(

n−1
∑

p=−n+1

cos(2π p
N (n−1))

S(p) ei2π p
N q

)(

2
n−(n−1)

∑
t=1

x(t)x(t +(n−1))

)





























(12)

Mab = ia,b

(

n−1

∑
p=−n+1

cos
(

2π p
N (a−1)

)

S(p)
ei2π p

N q

)(

n−1

∑
p=−n+1

cos
(

2π p
N(b−1)

)

S(p)
ei2π p

N q

)

×
n−(a−1)

∑
t1=1

n−(b−1)

∑
t2=1

E [x(t1)x(t1 +(a−1))x(t2)x(t2 +(b−1))] (13)

whereia,b = 1 if a = 1 andb = 1, ia,b = 2 if a = 1 andb 6= 1 or if a 6= 1 andb = 1, andia,b = 4 otherwise.

n−(a−1)

∑
t1=1

n−(b−1)

∑
t2=1

E [x(t1)x(t1 +(a−1))x(t2)x(t2 +(b−1))] (14)

= r(a−1)r(b−1)(n−a+1)(n−b+1)+
n−(a−1)

∑
t1=1

n−(b−1)

∑
t2=1

r(t2− t1)r(t2 +b− t1−a)+ r(t2+b−1− t1)r(t2− t1−a+1).

tain properties of the random process.

A. THE MATRIX M

The random vectorY is expressed in terms of the random
processx in (12) and the(a,b):th element of the matrixM is
given in terms ofx in (13). For a Gaussian process with zero
mean, the formulaE[ABCD] = E[AB]E[CD]+E[AC]E[BD]+
E[AD]E[BC] can be applied and the expectation inside the
expression ofM can be expressed as in (14).
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ABSTRACT

In this paper, a new cross periodogram, called Laplace
cross periodogram, is introduced for robust coher-
ence analysis of multiple time series in the fre-
quency domain. It is derived by replacing the ordi-
nary Fourier transform that defines the ordinary cross
periodogram with what we call the Laplace-Fourier
transform obtained from trigonometric least-absolute-
deviations (LAD) regression. Under certain stationarity
assumptions, the Laplace cross periodogram is found
through an asymptotic analysis to be associated with
what we call the Laplace cross spectrum, a function pro-
portional to the Fourier transform of cross zero-crossing
rates. Robustness of the Laplace cross periodogram and
the corresponding coherency estimator is demonstrated
by numerical examples.

1. INTRODUCTION

The objective of coherence analysis is to discover and
quantify the mutual dependence of multiple time series.
Coherence analysis in the frequency domain is tradi-
tionally done through the cross periodogram that can be
regarded as an estimate of the cross spectrum defined as
the Fourier transform of the lagged covariances for sta-
tionary multiple random processes [1]. Although effec-
tive and powerful under regular conditions, the cross pe-
riodogram lacks robustness for analyzing signals con-
taminated by outliers or time series with heavy-tailed
distributions. Recently, a new periodogram, called
Laplace periodogram, is introduced in [2] as a robust al-
ternative to the ordinary periodogram for analyzing sin-
gle time series. In this paper, we extend this methodol-
ogy to multiple time series and introduce a robust cross
periodogram called Laplace cross periodogram and a
robust coherency called Laplace coherency.

For eachk = 1, . . . , p, let {Ytk} (t = 1, . . . ,n) be a
real-valued time series of lengthn and let

Znk(ω) := n−1/2
n

∑
t=1

Ytk exp(−itω)

be the Fourier transform of{Ytk}. The p-by-p matrix
of periodogram and cross periodogram for these time

series is defined as [3]

Gn(ω) := [Gn jk(ω)]p
j,k=1 = Zn(ω)ZH

n (ω), (1)

whereZn(ω) := [Zn1(ω), . . . ,Znp(ω)]T andGn jk(ω) :=
Zn j(ω)Z∗

nk(ω). Under the assumption that{Yt j} and
{Ytk} are jointly stationary in second moments with
mean zero and cross covariancesr jk(τ) := E{Yt+τ, jYtk},
a smoothed cross periodogram, denoted asG̃n jk(ω), can
be used to estimate the cross spectrum defined by

g jk(ω) :=
∞

∑
τ=−∞

r jk(τ)exp(−iτω).

Moreover, for any j 6= k, the coherency between
{Yn j} and{Ynk} at frequencyω , defined asc jk(ω) :=
g jk(ω)/

√

g j j(ω)gkk(ω), can be estimated by [3]

Cn jk(ω) :=
G̃n jk(ω)

√

G̃n j j(ω)G̃nkk(ω)
. (2)

The coherencyc jk(ω) is an ensemble measure of corre-
lation between the trigonometric components of{Yn j}
and{Ynk} at frequencyω .

The cross periodogram defined by (1) and the co-
herency estimator defined by (2) lack sufficient robust-
ness against outliers because the Fourier transform is a
linear function of the data points. To improve the ro-
bustness, we introduce in the next section an alternative
transformation motivated by a relationship between the
ordinary cross periodogram and the least-squares (LS)
trigonometric regression.

2. LAPLACE CROSS PERIODOGRAM

Let β̃ββ nk(ω) := [β̃nk1(ω), β̃nk2(ω)]T denote the LS solu-
tion of the following trigonometric regression problem:

β̃ββ nk(ω) := arg min
βββ∈R2

n

∑
t=1

|Ytk − cT
t (ω)βββ |2, (3)

wherect(ω) := [cos(ωt),sin(ωt)]T . If ω is a Fourier
frequency, i.e., an integer multiple of 2π/n, then it is
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easy to show that∑n
t=1 ct(ω)cT

t (ω) = n/2. In this case,
β̃ββ nk(ω) = 2n−1 ∑n

t=1Ytkct(ω) and hence

Znk(ω) = 1
2

√
n{β̃nk1(ω)− iβ̃nk2(ω)}. (4)

For improved robustness, we replace the LS solution in
(3) by the least-absolute-deviations (LAD) solution

βββ nk(ω) := [βnk1(ω),βnk2(ω)]T

:= arg min
βββ∈R2

n

∑
t=1

|Ytk − cT
t (ω)βββ | (5)

and define a new transform in the same way as (4):

Unk(ω) := 1
2

√
n{βnk1(ω)− iβnk2(ω)}. (6)

We callUnk(ω) theLaplace-Fourier transform of {Ytk}.
The LAD method is known to produce more robust
solutions for linear regression problems than the LS
method [4]. The Laplace-Fourier transformUnk(ω) is
expected to have the same benefit.

With the Laplace-Fourier transform in place of the
ordinary Fourier transform in (1), we obtain a new ma-
trix of periodogram and cross periodogram

Ln(ω) := [Ln jk(ω)]p
j,k=1 = Un(ω)UH

n (ω), (7)

whereUn(ω) := [Un1(ω), . . . ,Unp(ω)]T . We call

Ln jk(ω) := Un j(ω)U∗
nk(ω)

theLaplace cross periodogram of {Yt j} and{Ytk}. It is
easy to see that in the special case ofj = k, we have

Lnkk(ω) = |Unk(ω)|2 = 1
4n‖βββ nk(ω)‖2.

This is nothing but the Laplace periodogram of{Ytk}
discussed in [2]. Therefore, the Laplace cross peri-
odogram is an extension of the Laplace periodogram
for multiple time series.

Unlike the ordinary cross periodogram which is re-
lated to the ordinary cross spectrumg jk(ω), the Laplace
cross periodogram is associated with what we call the
Laplace cross spectrum. This relationship is revealed
through an asymptotic analysis in the next section.

3. ASYMPTOTIC DISTRIBUTION

Assume that for eachk the random process{Ytk} has
zero median and is stationary in zero-crossings [2].
Then, it can be shown [2] that asn → ∞,

Unk(ω) = (1/Ḟk(0))ξnk(ω)+oP(1), (8)

whereḞk(0) denotes the density of{Ytk} at zero and

ξnk(ω) := n−1/2
n

∑
t=1

ψ(Ytk)exp(−itω)

with ψ(u) := 1/2− I(u < 0) = (1/2)sgn(u).
For j 6= k, assume that{Yt j} and{Ytk} are jointly

stationary in zero-crossings in the sense that there exists
a functionγ jk(τ) such that for allt andτ,

P{Yt+τ, jYtk < 0} = γ jk(τ).

We call γ jk(τ) the lag-τ cross zero-crossing rate be-
tween{Yt j} and{Ytk}. We refer to the Fourier transform
of the cross zero-crossing rates, defined by

f jk(ω) :=
∞

∑
τ=−∞

{1−2γ jk(τ)}exp(−iτω),

as thecross zero-crossing spectrum. Note thatγkk(τ)
and fkk(ω) are nothing but the zero-crossing rates and
the zero-crossing spectrum of{Ytk} discussed in [2].

Considerξξξ n(ω) := [ξn1(ω), . . . ,ξnp(ω)]T . Because
E{ψ(Yt+τ, j)ψ(Ytk)} = 1

4{1−2γ jk(τ)}, it follows that

lim
n→∞

E{ξξξ n(ω)ξξξ H
n (ω)} = 1

4ΛΛΛ(ω),

whereΛΛΛ(ω) := [ f jk(ω)]p
j,k=1. This, together with a cen-

tral limit theorem [2], yields

ξξξ n(ω) D→ Nc(0, 1
4ΛΛΛ(ω)), (9)

whereNc(µµµ,ΣΣΣ) denotes a complex Gaussian distribu-
tion with meanµµµ and covariance matrixΣΣΣ. Moreover,
let ηk := 1/{2Ḟk(0)} and S(ω) := [η jηk f jk(ω)]p

j,k=1.
Then, by combining (9) with (8), we obtain

Un(ω) D→ Nc(0,S(ω)). (10)

As can be seen from this result, the asymptotic distribu-
tion of Un(ω) is determined completely by

ℓ jk(ω) := η jηk f jk(ω). (11)

We callℓ jk(ω) theLaplace cross spectrum. By defini-
tion, the Laplace cross spectrum is proportional to the
cross zero-crossing spectrum, where the proportionality
is determined by the densities of the zero-median time
series at zero. With this notation,S(ω) = [ℓ jk(ω)]p

j,k=1
is simply the Laplace spectral matrix.

According to (10), the Laplace periodogram matrix
Ln(ω) is asymptotically distributed asX(ω)XH(ω),
which we denote as

Ln(ω) A∼ X(ω)XH(ω), (12)

where X(ω) := [X1(ω), . . . ,Xp(ω)]T is a complex
Gaussian random vector with distributionNc(0,S(ω)).
This result is the counterpart of a classical assertion for
the ordinary periodogram matrix [3, Theorem 11.7.1].
Note that (12) holds even if the time series do not have
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finite moments. This is a manifestation of robustness to
heavy-tailed distributions.

BecauseE{X j(ω)X∗
k (ω)}= ℓ jk(ω), it follows from

(12) that the asymptotic mean ofLn jk(ω) is equal to
ℓ jk(ω). This observation suggests that the Laplace
cross spectrum can be estimated by smoothing the raw
Laplace cross periodogram across the frequency:

L̃n jk(ωl) :=
m

∑
l′=−m

wl′ Ln jk(ωl−l′),

where theωl := 2πl/n are Fourier frequencies and the
wl are nonnegative weights that sum up to unity. As
usual, the bias-variance tradeoff applies when choosing
the smoothing parameters such asm [3].

By inserting the smoothed Laplace periodogram
and cross periodogram in (2), we obtain

Rn jk(ω) :=
L̃n jk(ω)

√

L̃n j j(ω)L̃nkk(ω)
. (13)

This function can be regarded as an estimate of what we
call theLaplace coherency between{Yn j} and{Ynk} at
frequencyω , defined as

ρ jk(ω) :=
ℓ jk(ω)

√

ℓ j j(ω)ℓkk(ω)

=
f jk(ω)

√

f j j(ω) fkk(ω)
.

Because it does not require the existence of finite mo-
ments, the Laplace coherencyρ jk(ω) serves as a robust
alternative to the ordinary coherencyc jk(ω).

4. NUMERICAL EXAMPLES

In this section, we provide two numerical examples.
The first example demonstrates the robustness of the
Laplace cross periodogram against outliers.
Example 1. Consider the time series shown in Figure 1.
The first two series are real EEG recordings of a subject
when performing the task of identifying the alternative
image in an ambiguous figure. Highly coherent activi-
ties during such tasks have been found and reported in
[5] as evidence of cognitive binding.

Figure 2 depicts the amplitude of the ordinary
and Laplace cross periodograms together with their
smoothed versions, where smoothing is done by using
the Parzen windowwl ∝ {sin(1

2⌊n/m⌋ωl)/sin(1
2ωl)}4

with m = 26 (n = 256). As can be seen, both peri-
odograms portray a similar lowpass spectral pattern.

The solid line in Figure 3 depicts the estimated ab-
solute coherency, showing the existence of very high
coherence between the two time series in the low fre-
quency region and the decay of the coherence as the
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Figure 1:Series 1 and 2 are real EEG recordings; Series 3
is the same as series 2 except for the outlier contamination.
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Figure 2: Amplitude plot of raw and smoothed cross peri-
odograms for series 1 and 2: left, ordinary; right, Laplace.

frequency increases. In addition, the dashed line in Fig-
ure 3 depicts the estimated absolute coherency when the
second series is contaminated by a patch of outliers as
shown in Figure 1 (series 3). The ordinary coherency
changes dramatically because of the outliers, whereas
the Laplace coherency remains nearly intact.

The next example demonstrates the superior perfor-
mance of the Laplace cross periodogram over the ordi-
nary cross periodogram in detecting hidden coherence
from noisy data with heavy-tailed distributions.
Example 2. Let {Xt} be a unit-variance narrow-band
AR(2) process satisfying

Xt +φ1Xt−1 +φ2Xt−1 = ζt ,

whereφ1 = −1.375,φ2 = 0.7225, and{ζt} is Gaussian
white noise. Consider the following time series:

Yt1 := c1(Xt + εt1),

Yt2 := c2(aXt−5 + εt2),

370



0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

FREQUENCY

O
R

D
IN

A
R

Y
 C

O
H

E
R

E
N

C
Y

: A
M

P
LI

T
U

D
E

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20

0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

FREQUENCY
LA

P
LA

C
E

 C
O

H
E

R
E

N
C

Y
: A

M
P

LI
T

U
D

E

Figure 3:Amplitude plot of estimated coherency for series
1 and 2 (solid line) and for series 1 and 3 (dashed line): left,
ordinary; right, Laplace.

where{εt1} and{εt2} are mutually independent i.i.d.
white noise with varianceσ2 = 3.162 and independent
of the unobservable process{Xt}. The scale parame-
tersc1 andc2 are chosen to make the variance of{Yt1}
and{Yt2} equal to unity. The problem under consider-
ation is to detect the presence of the common compo-
nent in these series through coherence analysis. This
can be done by testing the hypothesesH0 : a = 0 ver-
susH1 : a 6= 0 using the maximum absolute value of the
estimated ordinary or Laplace coherency at Fourier fre-
quencies. The tests rejectH0 in favor ofH1 if the maxi-
mum absolute coherency is higher than a threshold. We
call these tests the ordinary and Laplace maximum ab-
solute coherency tests, respectively.

Figure 4 depicts the ROC curves of the tests un-
der four noise distributions: Gaussian (a = 1), double
exponential (or Laplace;a = 0.6), Student’sT distri-
bution with 2.1 degrees of freedom (orT2.1; a = 0.2),
and Cauchy with scale parameter 0.25 (c1 = c2 = 1;
a = 0.3). Note that all three non-Gaussian distributions
have heavier tails than the Gaussian distribution.

As can be seen, the Laplace maximum absolute co-
herency test has greater detection power in all but the
Gaussian case. The performance in the Cauchy case is
particularly impressive: the ordinary coherency is es-
sentially useless in this case, whereas the Laplace co-
herency is able to detect the coherence with high prob-
ability. As with any robust method, the efficiency loss
in the Gaussian case is the unavoidable tradeoff for the
robustness gain in the case of heavy-tailed noise.

5. CONCLUDING REMARKS

We have introduced a robust cross periodogram, called
the Laplace cross periodogram, for coherence analysis
of multiple time series in the frequency domain. We
have derived the asymptotic distribution of the Laplace
cross periodogram and discovered the important rela-
tionship with the cross zero-crossing spectrum through
the mean of the asymptotic distribution. We have also
demonstrated via two examples the robustness of the
Laplace cross periodogram for coherence estimation
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Figure 4:ROC curves of the maximum absolute coherency
test based on the Laplace cross periodogram (solid line) and
the ordinary cross periodogram (dashed line) under different
noise distributions: top left, Gaussian; top right, doubleex-
ponential; bottom left, Student’sT2.1; bottom right, Cauchy.
Results are based on 1,000 Monte Carlo runs.

detection under the condition of outliers and heavy-
tailed noise. The robustness advantage of the Laplace
cross periodogram over the ordinary cross periodogram
is confirmed in these examples.

The methodology described in this paper can be
generalized, for more flexibility in the efficiency-
robustness tradeoff, by replacing the LAD criterion
with theLp-norm criterion for anyp ∈ (1,2) along the
lines of [6], or with any convex criterion function com-
monly used in robust estimation [7].
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ABSTRACT
This paper proposes two lower complexity mean enhanced
greedy (MEG) algorithms for dynamic subcarrier allocation
(DSA) in uplink Long Term Evolution (LTE) systems. The
computational savings are achieved by eliminating some of
the iterative steps in the existing MEG algorithm. We also in-
vestigate the effect of different optimization criteria on DSA.
Simulation results show that the proposed lower complexity
algorithms, have near optimal uncoded bit error rate (BER)
and capacity performances when the minimum BER opti-
mization criterion is employed. This is in contrast to the
poorer average BER performances achieved using maximum
capacity or maximum channel gains as optimization criteria.

1. INTRODUCTION

Multicarrier wireless broadband systems have been shown
to combat effectively, severe frequency selective channels.
Although, orthogonal frequency division multiple access
(OFDMA) is the most widely investigated multicarrier sys-
tem, in this paper, we investigate DSA for single carrier -
frequency division multiple access (SC-FDMA) [1]. The Eu-
ropean third generation partnership project - long term evolu-
tion (3GPP-LTE) has chosen SC-FDMA as the uplink mod-
ulation technique, because it has a lower peak to average
power ratio (PAPR) and a higher frequency diversity than the
OFDMA system [2].

Dynamic subcarrier allocation (DSA) algorithms for
OFDMA and SC-FDMA have been much explored in litera-
ture, [3]-[7] and the references therein. The real time nature
of wireless communication systems restrict the use of com-
plex optimal algorithms for DSA, therefore, most of the algo-
rithms are based on sub-optimal greedy methods. Greedy al-
gorithms have the ability to be fast with a low computational
burden, however, the performance of these methods may be
insufficient. Lots of work has been done on improving the
performance of greedy algorithms, while keeping their com-
putational complexity low. In [9], the mean enhanced greedy
(MEG) algorithm was proposed, which has a near optimal
BER and capacity performance with a much lower computa-
tional complexity than the optimal Hungarian algorithm [8].
It also significantly outperforms the 2-D greedy algorithm
[6] [5] [3] with a comparable complexity. Another impor-
tant factor affecting the performance of DSA algorithms is
the optimization criterion used for finding the suitable al-
locations. The most commonly used criterion is the maxi-
mum capacity or spectral efficiency (SE) [3], where the aim

This work was supported by the Engineering and Physical Sciences Re-
search Council (Grant No. EP/E026915/1), UK.

is to find the allocation with the largest sum total capacity.
In [4], [5] and [6], the maximum channel gain criterion is
employed, where the allocation with the largest sum channel
gain is found, with the aim of maximizing the sum capac-
ity. To the best of our knowledge, is is only in [4], where
a comparison of the maximum channel gains and maximum
capacity criteria is performed, in terms of minimizing the to-
tal transmit power for an OFDMA system. The minimum
BER criterion, which entails finding the allocation with the
smallest sum BER across all the users is not explored in the
literature.

In this paper, we propose two lower complexity mean
greedy algorithms, which are achieved by eliminating some
of the iterative steps in the MEG algorithm [9]. The first
algorithm, referred to as the single mean enhanced greedy
(SMEG) algorithm, eliminates the iterative calculation of the
“mean stage”, and replaces it with one mean calculation. The
second algorithm, referred to as the random mean enhanced
greedy (RMEG) algorithm, restricts the number of users al-
lowed to search for the best available subcarrier block, and
assigns subcarrier blocks randomly to those users not al-
lowed to compete. These random allocations incur negligible
computational cost, similar to the round robin system. The
computation reductions have both BER and capacity perfor-
mance penalties; however, this is greatly dependent on which
of the optimization criteria is employed, which we show with
simulations.

This paper is organized as follows; Section 2, describes
the system model, while DSA and the optimiation criteria
are discussed in Section 3. The proposed algorithms are de-
scribed in Section 4. The complexity of the discussed algo-
rithms and simulation results are presented in Sections 5 and
6, respectively. The paper is concluded in Section 7.

2. SYSTEM MODEL

We consider an uncoded uplink SC-FDMA [1] system, with
U users, as illustrated in Fig. 1 and K blocks of subcarriers
(K =U), with each block made up of M subcarriers. The M
data symbols for the uth user are transformed into the fre-
quency domain by the fast Fourier transform (FFT). The uth
user’s frequency domain data vector Xu = [Xu(0) · · ·Xu(M−
1)]T is then mapped onto the whole subcarrier set of size N
(N = KM) subcarriers, localized [1] subcarrier mapping is
employed, where contiguous subcarriers are allocated to the
same user. The mapped data are then transferred back into
the time domain by N-point inverse FFT (IFFT) and each
block of N time domain symbols is prepended with a cyclic
prefix (CP) before transmission. The CP is discarded at the
receiver to remove the inter-block interference and make the
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channel appear to be circular [10]. The received signals are
transferred into the frequency domain by N-point FFT, which
is followed by subcarrier de-mapping. Frequency domain
equalization is performed for each user, and the equalized
signals are transferred back into the time domain by M-point
IFFT. The total received signal at the base station is given by

Figure 1: SC-FDMA Block Diagram

r =
U−1

∑
u=0

HuMuXu +nu (1)

where r is the frequency domain received signal for all
users. diag{Hu} = [Hu(0), · · · ,Hu(N − 1)]T , Hu(n) =

∑
L
l=0 hu(l)exp(− j2πnl/N), (n = 0, · · ·N− 1), is the discrete

frequency response of the channel for the uth user, where
hu(l) (l = 0,1, · · · ,L) is the lth path gain of channel impulse
response (CIR) between the uth user and the base station, as-
sumed to be an independent and identically distributed (i.i.d.)
complex random variable with Rayleigh distributed ampli-
tude and uniformly distributed phase. nu is the complex ad-
ditive white Gaussian noise (AWGN) with variance N0/2 per
dimension. The mapping matrix that determines the alloca-
tion of subcarriers to the uth user is given by Mu below

Mu =

 0(kM)×M
IM

0(N−kM−M)×M

 (2)

where k (0 ≤ k ≤ K) is the index of the block of contiguous
subcarriers allocated to the uth user. Using the orthogonality
principle [11], the optimal minimum mean square equalizer
(MMSE) weight matrix Wu for each user is given by

Wu = H̄H
u (H̄uH̄

H
u +N0IM)−1 (3)

where superscript H is the Hermitian transpose operation, IM
the M×M identity matrix and H̄u = MT

u HuMu is the uth
user’s M×M effective channel matrix de-mapped from Hu.
Each user’s data is equalized differently as shown in Figure
1. Therefore, the equalized data du for the uth user is du =
Wuru, where ru = MT

u r, is the uth user’s M×1 data vector
de-mapped from r. It can also be derived that the output

SINR for the uth user is given by

γu =
1

1
M ∑

M−1
m=0

1
|Hu(kM+m)|2/N0+1

−1 (4)

3. DYNAMIC SUBCARRIER ALLOCATION

In this section, we formulate the DSA problem as a discrete
combinational assignment problem [8] and discuss suitable
optimization criteria used in conjunction with algorithms to
solve the described problem.

3.1 Problem Formulation
The objective is to allocate one block of subcarriers to one
user with the aim of minimizing or maximizing the sum BER
or capacity, respectively. Therefore, to find the optimal allo-
cation, the following cost function must be optimized

J =
U−1

∑
u=0

K−1

∑
k=0

buksuk (5)

subject to:
suk ∈ {0,1} (6)
U−1

∑
u=0

suk = 1 (7)

K−1

∑
k=1

suk = 1 (8)

where buk may be some suitable wireless communication op-
timization criteria of the kth block of M subcarriers for the
uth user. When the kth block of subcarriers is allocated to
the uth user suk = 1, otherwise suk = 0. Constraints (6) - (8)
ensure that only one block of subcarriers is allocated to a user
(subcarriers cannot be shared).

3.2 Optimization Criteria
Here, we describe different optimization criteria used to
solve (5) - (8). The optimization criterion is represented by
buk in (5). The discussed criteria are the maximum channel
gain, maximum capacity and minimum BER criteria.

Maximum Channel Gain: This criterion is evaluated by
averaging the M subcarrier gains in the K blocks of subcarri-
ers for the uth user, given by

buk =
1
M

kM+M−1

∑
n=kM

|Hu(n)| (9)

It is employed in [5] and [6], for the clustered OFDMA and
SC-FDMA systems, respectively.

Maximum capacity: This criterion is evaluated by esti-
mating the capacity for all the available blocks of subcarriers.
The capacity is related to the output SINR by the equation,
Cu = log2(1+ γu). Therefore, the capacity for each of the K
blocks of subcarriers is given by

buk = BW log2

(
1

1
M ∑

kM+M−1
n=kM (|Hu(n)|2/N0 +1)−1

)
(10)

where BW is the total bandwidth for all the subcarriers in
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Algorithm 1 SMEG Algorithm
1: for all u do
2: Tu =

1
K ∑

K
k=1 buk

3: end for
4: Uorder = sort{Tu} {rank to get user order}
5: while elements in (Uorder)> 1 do
6: k̃ = max(bũk) {highest gain for that user}
7: A← bũk̃
8: bũk = /0 {remove user gains}
9: buk̃ = /0 {remove allocated subcarriers}

10: end while

a block. This criterion is used in many OFDMA subcarrier
algorithms, and in [3] for SC-FDMA.

Minimum BER: The BER of each block of subcarriers is
related to the output SINR by the equation, BERu = Q

√
γu,

where Q(x) = 1√
2π

∫
∞

x e−
t2
2 dt is the Q function. Therefore,

the BER for each of the K blocks of subcarriers is given by

buk = Q

(√
1

1
M ∑

kM+M−1
n=kM (|Hu(n)|2/N0 +1)−1

−1

)
(11)

This is the least investigated DSA optimization criterion in
literature.

4. LOW COMPLEXITY MEAN ENHANCED
GREEDY SUBCARRIER ALLOCATION

ALGORITHMS

The motivation behind the proposal of the two algorithms
discussed in this section, is the need for a reduction in the
computational complexity of DSA, because a reduction in
complexity is necessary for the efficient realization of DSA
in real time wireless communication systems. The proposed
algorithms are based on the MEG algorithm [9]; however,
they are of much lower complexity. The MEG algorithm was
originally developed to be used with the maximum channel
gain criterion (9), but its complexity is relatively high due to
the iterative calculation of the mean of users’ optimization
criterion.

4.1 Single Mean Enhanced Greedy (SMEG) Algorithm
The order with which the users are allowed to greedily com-
pete for subcarriers is determined by a single calculation of
the means for all the users buk’s and ranking them. This is
unlike the original MEG algorithm that dynamically deter-
mines this order at every iteration by re-calculating the mean
of the available buk’s after every user allocation. So for a
system with large number of users, the complexity is greatly
reduced by cutting out the computational time used for the
mean re-calculations. This algorithm is described in Algo-
rithm 1.

4.2 Random Mean Enhanced Greedy (RMEG) Algo-
rithm
This algorithm extends the computational complexity sav-
ings obtained in SMEG algorithm. The mean of the users
buk’s are calculated once, however, greedy search is limited
to a fixed number of users. After these users have iteratively

Algorithm 2 RMEG Algorithm
1: for all u do
2: Tu =

1
K ∑

K
k=1 buk

3: end for
4: Uorder = sort{Tu} {rank to get user order}
5: U1 ⊂U {select the orders needed}
6: while element in (U1)> 1 do
7: k̃ = max(bũk) {highest gain for that user}
8: A← bũk̃
9: bũk = /0 {remove user gains}

10: buk̃ = /0 {remove allocated subcarriers}
11: end while
12: Randomly assign the remaining subcarrier blocks to the

remaining users not un set U1

searched for subcarrier blocks, the remaining users are allo-
cated subcarrier blocks randomly. The users with average
poor performing subcarriers are allowed to compete (made
active) for subcarriers based on the quality of their crite-
rion, while those users that have on average, good subcar-
riers are not given the opportunity to compete (left idle), and
are allocated the remaining available subcarriers. For ex-
ample, in a U = 100 user system, U1 = 50 poorly ranked
users are allowed to search for subcarrier blocks based on
the performance of their buk’s, while the remaining users are
allocated subcarriers blocks randomly without any consider-
ation of their buk performance. The complexity of the sys-
tem is reduced because only U1 greedy search iterations are
carried out, while the random allocation incurs negligible
computational costs (similar to the fixed allocation/round-
robin system). The percentage of randomness is given by
R% = (1− U1

U )100, so for U1 = 75 the amount of random-
ness is R = 25%. This algorithm is described in Algorithm
2.

Note that in both algorithms, when the criterion is the
minimum BER, the mean of the buk’s would be sorted in de-
scending order, while line 6 in SMEG and line 7 in RMEG
would be minimized instead of maximized.

5. COMPLEXITY ANALYSIS

The SMEG algorithm has two main parts that affect the com-
putational complexity. Firstly, the calculation of the mean of
the buk’s for all the users and secondly, the comparisons made
by each user to find the best subcarrier block out of the avail-
able blocks. The number of computations needed for calcu-
lating the mean in a U user system is given by U2, while the
total number of computations for the iterative greedy search
for all the users is given by 1/2(U2−U) [9]. Therefore, the
total number of computations needed for a full allocation is
3/2U2−1/2U = 1/2(U2−U)+U2.

The complexity for the RMEG algorithm is similar. It
requires the same number of computations to calculate the
mean of the buks for all the users. However, only a certain
number of users U1, are allowed to carry out the iterative
greedy search, with the number of computations given by
1/2(U2

1 −U1). Therefore, the total number of computations
is given by 1/2(U2

1 −U1)+U2, where U1 is a fraction of U .
Table 1 shows the computational complexity for all the

discussed algorithms. The Hungarian, MEG and 2-D greedy
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Table 1: Number of operations for the algorithms
Algorithm # of operations

Hungarian [8] (11U3 +12U2 +31U)/6
MEG [9] 1

3U3 +U2− 1
3U

2-D Greedy [6][5] 1
3U3 + 1

2U2− 5
6U

SMEG 3/2U2−1/2U
RMEG 1/2(U2

1 −U1)+U2

Table 2: Normalized complexity of the algorithms
Algorithm Normalized Complexity
Hungarian 124

MEG 22.96
2-D Greedy 22.63

SMEG 1
RMEG (25% randomness) 0.85
RMEG (50% randomness) 0.75

algorithms all have cubic expressions for the total number of
computations needed for a complete allocation based on the
number of users U in the system, while the proposed algo-
rithms have square expressions, with the complexity of the
RMEG algorithm based mostly on the number of users in
the chosen set U1. Furthermore, Table 2, provides a normal-
ized numerical complexity weight based on a system with
100 users. Each of the values are normalized with the nu-
merical value for the proposed SMEG greedy algorithm. The
proposed algorithms Hungarian, MEG and 2-D greedy algo-
rithms are 124, 22.96 and 22.63 as complex as the proposed
SMEG algorithm, respectively. The RMEG algorithm has
a fraction of the complexity of the SMEG algorithm which
depends on the amount of randomness allowed.

6. SIMULATION RESULTS

The uplink SC-FDMA model for 3GPP-LTE is employed
with a bandwidth of 18 MHz. This bandwidth is divided into
1200 subcarriers which are grouped into 100 blocks with 12
subcarriers in each block. There is a subcarrier spacing of 15
KHz, therefore, each block of subcarriers is 180 KHz wide.
The channel model used for all simulations is the standard
typical urban (TU) area channel with 6 taps, with an approx-
imate RMS delay spread of 1 µs [2] and perfect channel state
information (CSI) is assumed. All data are QPSK modulated
and normalized to unit energy and the SNR is defined as the
average ratio of the received signal power to noise power.
RMEG algorithm has 25% and 50% randomness settings,
which corresponds to U1 = 75 and U1 = 50, respectively.
Monte Carlo simulation is used to determine the required
performances.

There are two major observations to note that aid the re-
sults interpretation. i) the algorithms are general and can be
used with any optimization criteria (buk). ii) Performances
measures are average BER and total capacity. Therefore, the
notion of an optimal performance not only depends on the
algorithm, but also on the criteria used. For example, Hun-
garian (max. capacity) means the Hungarian algorithm used
with the maximum capacity criterion. This is optimal when
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Figure 2: Average BER performance of the algorithms using
the min. BER as criterion, U = 100 users

the total capacity performance is investigated, but will not
be optimal for the average BER performance, the optimal
combination of algorithm and criterion for the average BER
performance is the Hungarian with minimum BER criterion,
which is denoted by the Hungarian (min. BER) in the figures.

Fig. 2 shows the average BER performance for the algo-
rithms with the minimum BER as criterion. The MEG and
the proposed SMEG achieve near optimal performance and
are almost indistinguishable from the optimal performance
given by the Hungarian algorithm. Furthermore, the RMEG
algorithm, with 25% randomness has about a 2 dB perfor-
mance penalty compared to the optimal case, while it has
approximately 11 dB performance gain over the 2-D greedy
algorithm at a BER = 10−4. In addition, the RMEG algo-
rithm with 50% randomness also outperforms the existing
2-D greedy algorithm by at least 7.5 dB at BER = 10−4;
however, it has a performance loss of about 7 dB when com-
pared to the MEG algorithm. Nevertheless, this algorithm
provides a suitable trade-off between performance and com-
plexity which is achieved by choosing a suitable number of
users in U1. Lower U1 means higher randomness, lower com-
plexity and poorer performance.

Fig. 3 illustrates the average BER performance for the al-
gorithms with the maximum channel gain as criterion. Under
this criterion, the proposed low complexity algorithms have
almost linear improvements in their BER performance SNR
values above 10 dB, compared to the exponential BER im-
provement under the minimum BER performance in Fig. 2.
Also note that the Hungarian algorithm under this criterion
has approximately 2 dB performance loss at BER = 10−5

compared to the optimal case (Hungarian algorithm with
minimum BER as criterion). Furthermore, comparing Fig.
2 and Fig. 3, we see that the MEG algorithm is insensitive to
the criterion used, it provides almost identical performances
under both criteria.

Fig. 4 compares the total capacity performance of the
proposed algorithms with the minimum BER criterion and to
the optimal case (Hungarian algorithm with the maximum
capacity as criterion). The SMEG algorithm has a near-
optimal performance, with approximately 4 Mbps (about 40
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Figure 3: Average BER performance of the algorithms using
the max. channel gains as criterion, U = 100 users

Kbps for each of the 100 users) penalty at all SNR levels. The
25% and 50% versions of the RMEG algorithm have slightly
worse performance penalties, with about 10 Mbps (100 Kbps
per user) and 15 Mbps (150 Kbps per user) loss, respectively.
The capacity performances of the other algorithms coupled
with the other criteria have been omitted for clarity’s sake;
however, their performances, will lie in-between the opti-
mal and the SMEG performance, which is rather a negligible
performance gap. It can be observed in Fig.4 that there are
smaller capacity performance gaps between the algorithms,
compared to the BER performance gaps in Fig. 2. This im-
plies that, both the BER and capacity performances should
be evaluated to determine the complete performance of an
algorithm. Note that, the poor BER performance of an algo-
rithm, (e.g., the 2-D greedy algorithm) would require a lot of
re-transmissions of the data detected in error, which would
result in a severe degradation of the system throughput, even
though fig. 4 shows that its theoretical capacity performance
is almost optimal.

7. CONCLUSION

In this paper, we have proposed two subcarrier allocation
algorithms for the uplink LTE system, which have a much
lower computational complexity than the MEG algorithm
[9]. The SMEG algorithm provides large computational
complexity reduction, with a negligible performance penalty,
while the RMEG algorithm offers a complexity - perfor-
mance trade-off. We also show that these performance degra-
dations can be kept to a minimum if the minimum BER crite-
rion is coupled with these algorithms for optimization. Fur-
thermore, we have also shown that the original MEG algo-
rithm is very insensitive to the optimization criterion, and it
provides a good performance, irrespective of the optimiza-
tion criterion used, while the other algorithms BER perfor-
mances are very sensitive to the optimization criteria used.
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Abstract — In this paper we consider two-way relaying with

a MIMO amplify and forward (AF) relay. Assuming that the

terminals have perfect channel knowledge, the bidirectional

two-way relaying channel is decoupled into two parallel effec-

tive single-user channels by subtracting the self-interference at

the terminals.

We derive the relay amplification matrix which maximizes

the (weighted) sum rate in the case where the terminals have a

single antenna. By algebraic manipulation of the rate expres-

sions we can rewrite the optimization problem as a generalized

eigenvalue expression which depends on two real-valued param-

eters. The optimum is then found by a 2-D exhaustive search,

which can be efficiently implemented via the bisection method.

The resulting method is called RAGES (RAte-maximization via

Generalized Eigenvectors for Single-antenna terminals).

Moreover, both parameters have a physical interpretation

which allows to find sub-optimal heuristics to reduce the com-

plexity of the search even further. As shown in simulations, a

corresponding suboptimal 1-D search is very close to the opti-

mum sum rate.

Index Terms— Two-Way Relaying, Amplify and Forward,

Beamforming

1. INTRODUCTION

Future mobile communication systems target not only significantly

higher data rates but should also provide a certain quality of service.

Relaying is considered as a promising candidate technology to en-

able this vision. Among the numerous relaying schemes, two-way

relaying [2] is known as a technique which uses the radio resources

in a particularly efficient manner.

In two-way relaying, a bidirectional transmission between two

terminals is achieved in two subsequent transmission phases: First

both terminals transmit to the relay, then the relay transmits back to

both terminals. This compensates the spectral efficiency loss in one-

way relaying due to the half duplex constraint of the relay [3, 1].

Note that unlike in the one-way relaying case [7], the rate-optimal

strategy for two-way relaying is in general not known yet.

In contrast to decode and forward (DF) relays, which decode the

transmission from the terminals and reencode them in the second

phase, we focus our attention on amplify and forward (AF) relays

which just amplify the received signal to transmit it back to the ter-

minals. This causes less delay in the transmissions and lowers the

hardware complexity of the relay stations. Moreover, we consider

the case that the terminals are equipped with a single antenna but the

relay may have multiple antennas. It is desirable to find the relay

transmit strategy which maximizes the (weighted) sum rate of both

UT1

UT1

UT1

UT2

UT2

UT2

RS

RS

RS

1 MR

Fig. 1. Two-way relaying system model.

users. In [8], the capacity region for this scenario is discussed, and

an iterative scheme to compute the relay amplification matrix is pro-

posed. The search space is reduced to four complex numbers with

further simplifications only in some special cases, e.g., parallel or

orthogonal channels.

In this paper we reduce the complexity further by rewriting the

optimization problem in terms of a generalized eigenvalue equation

which depends only on two real-valued parameters. These param-

eters have a physical interpretation which allows to compute sim-

ple bounds and find suboptimal heuristics to reduce the complexity

even more. The resulting method is called RAte-maximization via

Generalized Eigenvectors for Single-antenna terminals (RAGES).

At the end of the paper, the sum rate performance is compared to

existing solutions via numerical computer simulations.

To distinguish between scalars, vectors, and matrices, the fol-

lowing notation is used throughout the paper: Scalars are denoted

as italic letters (a, b, A,B), vectors as lower-case bold-faced letters

(a, b), and matrices are represented by upper-case bold-faced letters

(A,B). The superscripts T and H represent matrix transposition and

Hermitian transposition, respectively. Moreover, ∗ denotes complex

conjugation. The Kronecker product between two matrices A and

B is represented by A ⊗ B. Furthermore, vec {A} aligns the el-

ements of the matrix A ∈ C
M×N into a column vector of length

M ·N ×1. The two-norm of a vector a and the Frobenius norm of a

matrix A are represented by ‖a‖2 and ‖A‖F, respectively. Finally,

the statistical expectation operator is symbolized by E {·}.

2. SYSTEM DESCRIPTION

Figure 1 shows the system we study in this paper. We consider the

communication between two user terminals UT1 and UT2 with the

help of an intermediate relay station RS. The terminals UT1 and

UT2 are equipped with a single antenna; the number of antennas at

the relay station is denoted by MR.

In two-way relaying, the communication takes place in two
subsequent transmission phases. In the first phase, both terminals
transmit to the relay, where their transmissions interfere. Assum-
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ing frequency-flat fading1, the received signal at the relay can be
expressed as

r = h
(f)
1 · x1 + h

(f)
2 · x2 + nR ∈ C

MR×1, (1)

where h
(f)
1 ∈ C

MR×1 and h
(f)
2 ∈ C

MR×1 denote the forward chan-

nel vectors between the terminals and the relay, x1 and x2 represent

the transmitted signals from the terminals, and nR models the ad-

ditive noise component at the relay with noise covariance given by

RN,R = E
{

nR · nH
R

}

. We can define the noise power of the relay

according to PN,R = trace {RN,R} /MR.
In the second time slot, the amplify and forward relay transmits

an amplified version of its received signal which can be expressed as

r̄ = γ ·G · r. (2)

Here, G ∈ C
MR×MR is the relay amplification matrix which is

normalized such that ‖G‖F = 1 and γ ∈ R
+ represents a scalar

amplification factor that guarantees that the relay transmit power

constraint of PT,R is satisfied. For instance, to guarantee that

E
{

‖r̄‖22
}

= PT,R we choose γ according to

γ2 =
PT,R

PT,1 ·MR · α2
1 + PT,2 ·MR · α2

2 + PN,R ·MR
(3)

where the channel amplitudes α1 and α2 are defined according to

α2
n =

∥

∥

∥
h

(f)
n

∥

∥

∥

2

2

MR
, n = 1, 2 (4)

and PT,n = E
{

|xn|
2}

denotes the transmit power of terminal n.

The terminals receive the amplified signal r̄ from the relay via

their reverse channels h
(b)
i ∈ C

MR×1. We can write the received
signals as

y1 = γ · h
(e)
1,1 · x1 + γ · h

(e)
1,2 · x2 + ñ1 (5)

y2 = γ · h
(e)
2,2 · x2 + γ · h

(e)
2,1 · x1 + ñ2, (6)

where we have introduced the short hand notations h
(e)
i,j = h

(b)T

i ·G·

h
(f)
j for the effective channels between terminal i and j. Moreover,

ñi = γ · h
(b)T

i · G · nR + ni denotes the effective noise term at

terminal i consisting of the terminal’s own noise and the forwarded

relay noise, which are assumed to be independent. The noise powers

at both terminals are defined as

PN,i = E
{

|ni|
2} , i = 1, 2. (7)

As it is evident from (5) and (6), each terminal receives the trans-

mission from the other terminal via one of the effective channels

h
(e)
i,j which is superimposed by the effective noise terms ñi as well

as the self-interference from its own transmission. However, if the

terminal possesses channel knowledge, the self-interference can be

subtracted since its own transmitted symbols are known. We assume

that the self-interference is perfectly canceled and only consider the

power of the desired signal component and the effective noise terms.

For a discussion on the acquisition of channel knowledge in two-

way relaying scenarios with time division duplex (TDD), the reader

is referred to [6], [5], and [4].

1 In presence of frequency-selective fading, OFDM can be applied to
transform the frequency-selective channel into a set of parallel flat fading
channels. The RAGES scheme can then be applied on each subcarrier indi-
vidually (or on a chunk of adjacent subcarriers jointly to further reduce the
complexity).
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Fig. 2. Achievable rate pairs via RAGES if ρsig is varied from the

lower bound to the upper bound (provided below (24)) for different

ρnoi (cf. eqn. (22)). Scenario: MR = 5, α1 = α2 = 1, PN,R =
PN,1 = PN,2 = 0.001.

3. SUM-RATE MAXIMIZATION VIA RAGES

In this section we derive the relay amplification matrix G which

maximizes the sum rate in the system. Under the conditions men-

tioned in the previous section, the sum rate can be expressed as

r = r1 + r2 =
1

2
log2

(

1 +
PR,1

P̃N,1

)

+
1

2
log2

(

1 +
PR,2

P̃N,2

)

, (8)

where PR,1, PR,2 denote the power of the received signals given by

PR,1 = E

{

∣

∣

∣
γ · h

(e)
1,2 · x2

∣

∣

∣

2
}

= γ2 · PT,2 ·
∣

∣

∣
h

(b)T

1 ·G · h
(f)
2

∣

∣

∣

2

,

PR,2 = E

{

∣

∣

∣
γ · h

(e)
2,1 · x2

∣

∣

∣

2
}

= γ2 · PT,1 ·
∣

∣

∣
h

(b)T

2 ·G · h
(f)
1

∣

∣

∣

2

,

and P̃N,1, P̃N,2 represent the effective noise powers

P̃N,i = E

{

∣

∣

∣
γ · h

(b)T

i ·G · nR + ni

∣

∣

∣

2
}

= γ2 · h
(b)T

i ·G ·RN,R ·GH · h
(b)∗

i + PN,i, i = 1, 2.

The maximization of the sum rate is performed with respect to

the normalized relay amplification matrix G

Gopt = argmax
G,‖G‖

F
=1

[

1

2
log2

(

1 +
PR,1

P̃N,1

)

+
1

2
log2

(

1 +
PR,2

P̃N,2

)]

= argmax
G,‖G‖

F
=1

1

2
log2

(

(P̃N,1 + PR,1)

P̃N,1

·
(P̃N,2 + PR,2)

P̃N,2

)

= argmax
G,‖G‖

F
=1

(P̃N,1 + PR,1) · (P̃N,2 + PR,2)

P̃N,1 · P̃N,2

, (9)

where we have dropped the logarithm in the last step since it is a

monotonous function. To solve the optimization problem in (9) we

first notice that the received signal power and the effective noise
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Fig. 3. Achievable rate pairs via RAGES with fixed ρnoi if ρsig is

varied (cf. eqn. (22)). Scenario: MR = 3, α1 = 1, α2 = 0.1,

PN,R = 0.01, PN,1 = 0.0001, PN,2 = 0.001.
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Fig. 4. Sum-rate vs. SNR for MR = 4 antennas, α1 = 1, and

α2 = 0.1.

powers can conveniently be expressed in terms of the vector g =

vec {G} ∈ C
M2

R in the following manner

PR,1 = γ2 · PT,2 · g
H ·K2,1 · g (10)

PR,2 = γ2 · PT,1 · g
H ·K1,2 · g (11)

P̃N,1 = γ2 · gH · J1 · g + PN,1 (12)

P̃N,2 = γ2 · gH · J2 · g + PN,2, (13)

where for i, j = 1, 2 the matrices Ki,j and Ji are given by

Ki,j =
(

h
(f)
i · h

(f)H

i ⊗ h
(b)
j · h

(b)H

j

)T

(14)

Ji =
(

RN,R ⊗ h
(b)
i · h

(b)H

i

)T

. (15)

With these definitions, the optimization problem in (9) can be rewrit-
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Fig. 5. Number of evaluations of the cost function (i.e., generalized

eigenvalue decompositions) for RAGES via the 1-D search.

ten in the following way

gopt = argmax
g,‖g‖

2
=1

gH · K̃1 · g · gH · K̃2 · g

gH · J̃1 · g · gH · J̃2 · g
, (16)

where we have introduced the new matrices K̃i and J̃i given by

K̃1 = γ2 · PT,2 ·K2,1 + J̃1 (17)

K̃2 = γ2 · PT,1 ·K1,2 + J̃2 (18)

J̃i = γ2 · Ji + PN,i · IM2

R

(19)

and have exploited the fact that ‖g‖2 = 1. Here, Ip represents the

p × p identity matrix. Examining (16) we observe that the norm of

g does not influence the cost function at all since if we replace g by

α · g for an arbitrary scalar α ∈ C\{0}, the scalar α cancels. In

other words, if we computed the optimal gopt then α · gopt is also

optimal ∀α ∈ C\{0}. Consequently, we can ignore the constraint

‖g‖2 = 1 for the optimization if we normalize the resulting gopt

properly. This transforms (16) into an unconstrained optimization

problem. A necessary condition for the optimum is that the gradient

of the cost function becomes zero. Equating the complex gradient

of (16) with respect to g∗ to zero we obtain

P̃R,2

P̃N,1P̃N,2

· K̃1 · g +
P̃R,1

P̃N,1P̃N,2

· K̃2 · g

=
P̃R,1P̃R,2

P̃ 2
N,1P̃N,2

· J̃1 · g +
P̃R,1P̃R,2

P̃N,1P̃ 2
N,2

· J̃2 · g, (20)

where P̃R,i = gH · K̃i · g and P̃N,i = gH · J̃i · g for i = 1, 2.

Rearranging the terms in (20) we obtain the equivalent condition

(

K̃1 + ρsig · K̃2

)

· g =
P̃R,1

P̃N,1

·
(

J̃1 + ρnoi · J̃2

)

· g, (21)

where we have introduced two parameters ρsig and ρnoi defined via

ρsig =
P̃R,1

P̃R,2

and ρnoi =
P̃N,1

P̃N,2

. (22)
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Fig. 6. Sum-rate vs. SNR for MR = 4 antennas, α1 = α2 = 1,

comparing the case of perfectly known channels (pCSI) and channels

estimated via two pilot symbols (iCSI).

Equation (21) shows that the optimal g must be a generalized eigen-

vector of the two matrices K̃1 +ρsig · K̃2 and J̃1 +ρnoi · J̃2, which

for a given ρsig and ρnoi is very simple to compute. However, the

parameters ρsig and ρnoi depend on g as well. Therefore, to find

the optimum, a two-dimensional search over ρsig and ρnoi must be

performed. Compared to the approach from [8] this is a significant

advantage since there, a matrix containing four complex parameters

has to be found via numerical optimization schemes. Only in special

cases or via suboptimal approximations, the number of parameters

could be reduced. For RAGES, we have two real-valued parameters

with a physical interpretation: ρnoi represents the ratio of the effec-

tive noise powers and ρsig is equal to the ratio of the effective signal

plus effective noise powers (which for high SNRs converges to the

ratio of the effective signal powers) experienced at both terminals.

Both parameters can be bounded in the following way

ρnoi ≤
PN,1

PN,2
+

PN,R

PN,2
· γ2 ·MR · α2

1 (23)

ρnoi ≥

(

PN,2

PN,1
+

PN,R

PN,1
· γ2 ·MR · α2

2

)−1

(24)

ρsig ≤
PN,1

PN,2
+

PT,2

PN,2
· γ2 · α2

1 · α
2
2 +

PN,R

PN,2
· γ2 ·MR · α2

1

ρsig ≥

(

PN,2

PN,1
+

PT,1

PN,1
· γ2 · α2

1 · α
2
2 +

PN,R

PN,1
· γ2 ·MR · α2

2

)−1

,

Within this region we compute G for every combination of (ρsig, ρnoi)
by determining the dominant generalized eigenvector g correspond-

ing to the largest generalized eigenvalue according to (21) and then

reshaping it back into a MR × MR matrix. The final RAGES

solution is the G for which the sum rate is maximized.

The derivation can be extended to the optimization of a weighted

sum rate given by

rw = w · r1 + (1− w) · r2, (25)

where w ∈ R[0,1] is the weighting parameter. Following the same

steps of the derivation we obtain the following criterion for the opti-
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r1 (2-D search)
r2 (2-D search)
rw (2-D search)
r1 (1-D search)
r2 (1-D search)
rw (1-D search)

Fig. 7. User rates and weighted sum rate vs. weighting coefficient

w comparing the weighted sum rate maximization via RAGES using

the full 2-D search and the suboptimal 1-D search (ρnoi = 1). The

parameters are MR = 4, SNR = 10 dB, α1 = α2 = 1.

mal g

(

K̃1 + ρsig · w̄ · K̃2

)

· g = w2 P̃R,1

P̃N,1

(

J̃1 +
ρnoi
w̄

· J̃2

)

· g,

(26)

where w̄ = w

1−w
. Consequently, the maximization of the weighted

sum rate can be performed in a similar manner by optimizing over

two real-valued parameters.

4. BISECTION SEARCH

So far, we have reduced the search space for the optimal relay ampli-

fication matrix G ∈ C
MR×MR from four complex parameters [8] to

two real-valued and bounded parameters. However, the optimization

problem in [8] is convex which allows for an efficient implemen-

tation. Unfortunately, the optimization problem for the two real-

valued parameters ρsig and ρnoi is not convex so that in general, a

2-D exhaustive search is required.

As we show in this section, the nature of the problem allows to

reduce the complexity of the 2-D exhaustive search further since the

optimum can easily be found via the bisection method.

To this end, let ρ̂sig and ρ̂noi be our current estimates of the

actual ratios ρsig and ρnoi defined in (22). Then we can define the

following auxiliary functions

Asig(ρ̂sig, ρ̂noi) = ρ̂sig − ρsig (ρ̂sig, ρ̂noi) (27)

Anoi(ρ̂sig, ρ̂noi) = ρ̂noi − ρnoi (ρ̂sig, ρ̂noi) , (28)

where ρsig (ρ̂sig, ρ̂noi) and ρnoi (ρ̂sig, ρ̂noi) are computed by insert-

ing ρ̂sig and ρ̂noi into (21), computing the dominant generalized

eigenvector and using it in (22) to compute the actual ratios ρsig
and ρnoi. Then, obviously, Asig(ρ̂sig, ρ̂noi) = Anoi(ρ̂sig, ρ̂noi) = 0
for the values of ρ̂sig and ρ̂noi which maximize the sum rate. More-

over, we have observed that Asig(ρ̂sig, ρ̂noi) is a monotonous func-

tion in ρ̂sig for every value of ρ̂noi. Similarly, Anoi(ρ̂sig, ρ̂noi) is a

monotonous function in ρ̂noi for every value of ρ̂sig. Therefore, the

search for the optimum ρ̂sig and ρ̂noi can be implemented efficiently

via a 2-D bisection search.
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As we show in the simulations, in many cases the parameter

ρnoi can be ignored by simply setting it to the geometric mean of the

lower and upper bounds provided in (24) and (23). In this case, the

optimization we have to perform reduces to a 1-D search over the

parameter ρsig. This search can be implemented via a 1-D bisection

search on the function Asig(ρ̂sig, ρ̂noi) for fixed ρ̂noi.

5. SIMULATION RESULTS

In this section we present results of numerical computer simulations

to evaluate the achievable rate using RAGES to compute the relay

amplification matrix. If not stated otherwise, we set PT,1 = PT,2 =
PT,R = 1 and PN,R = PN,1 = PN,2 = σ2 so that the SNR can

be defined as σ−2. Moreover, we consider uncorrelated Rayleigh

fading channels and assume that reciprocity is valid so that h
(f)
i =

h
(b)
i for i = 1, 2.

Figure 2 shows the rate pairs (r1, r2) we obtain by varying ρsig
for three different choices of ρnoi, corresponding the the lower bound

from (24), the upper bound from (23), and the mid point (i.e., the

geometric mean of lower and upper bounds). We set the effective

channel norms α1 and α2 to 1, the SNR to 30 dB, and MR to 5. It

can be seen that in this scenario, the parameter ρnoi has almost no

impact on the rates and the parameter ρsig can be used to achieve

different rate pairs. Therefore, in this scenario, the 2-D search for

the sum rate maximum can be replaced by a 1-D search over ρsig,

leaving ρnoi constant. The heuristic behind this approximation is

that adjusting the ratio of signal plus noise powers via ρsig offers

enough degrees of freedom for sum rate optimization and therefore

it is not required to additionally adjust the noise ratios via ρnoi.
While a similar picture is obtained in many scenarios, for Fig-

ure 3 we choose the parameters in such a way that the impact of ρnoi
becomes visible. Here we consider MR = 3, α1 = 1, α2 = 0.1,

PN,R = 0.01, PN,1 = 0.0001, and PN,2 = 0.001. Obviously, none

of the ρnoi values provides a rate curve that is always on the bound-

ary of the rate region. Still, if we compute the maximum sum rate

over ρsig for different values of ρnoi, we obtain 3.24 Bits/s/Hz for

ρnoi = 0.09, 3.25 Bits/s/Hz for ρnoi = 1.14, and 3.04 Bits/s/Hz for

ρnoi = 15.03, which is only a difference of 7 %. Consequently, if

our goal is to maximize the sum rate, the loss incurred by ignoring

the impact of ρnoi is not very severe.

In Figure 4 we display the sum rate r (which is normalized to the

bandwidth) achieved via different choices of G. We choose MR = 4
and set the channel norms to α1 = 1 and α2 = 0.1. We compare

RAGES via a full 2-D search over ρsig and ρnoi with RAGES via a

suboptimal approximation where ρnoi is fixed to 1 and a 1-D search

over ρsig is used to optimize G. According to Figure 4, the 1-D

search and the full 2-D search perform identically well. If we com-

pute the loss in rate we find that it is around 1 % for low SNRs and

it converges to zero for high SNRs (for 25 dB it has already declined

below 0.1 %). As a comparison, we also depict the sum-rate optimal

approach presented in [8]. As it is evident from the simulation result,

RAGES achieves the same sum rate at a significantly reduced com-

plexity. Finally, the curve labeled “DFT” represents the case where

we choose the relay amplification matrix G as a DFT matrix to show

the loss incurred by the absence of channel state information at the

relay. For the same scenario, Figure 5 depicts the average number of

times the cost function had to be evaluated for the low-complexity

1-D search. Since we use a bisection approach this number is only a

function of the initial size of the search interval as well as the desired

accuracy. We observe a slight increase of this number with the SNR

which is due to the fact that the lower bound on ρsig decreases and

the upper bound on ρsig increases with the SNR.

In Figure 6 we investigate the robustness with respect to chan-

nel estimation errors. Since the robustness of the different relaying

schemes should be compared we depict the maximum mutual infor-

mation over the two-way relaying channel for the case where the

relay has to estimate the channel vectors h1 and h2 and the ter-

minals know the effective channel taps h
(e)
i,j perfectly. Estimation

errors in h
(e)
i,j would affect all schemes in a similar fashion. The

curves labeled “pCSI” represent the case of perfectly known chan-

nels, whereas “iCSI” represents the case where the channel vectors

are estimated at the relay from the transmission of two known pilot

symbols. We observe that the channel estimation error affects all

schemes in a similar fashion, slightly reducing the sum rate for low

SNRs.

The result of weighted sum rate maximization is displayed in

Figure 7. Here we set MR = 4, α1 = α2 = 1 and the SNR to

10 dB. The weighted sum rate is maximized via RAGES for different

choices of the weighting coefficient w. We display the rates for each

user r1, r2 as well as the weighted sum rate rw (cf. equation (25)).

Along with the full 2-D search we also depict the results of using

the suboptimal 1-D search for ρnoi = 1 (the range for ρnoi in this

example is [0.34, 2.90] according to (24) and (23)). As before, the

loss in rate is negligibly small (around 0.2 %).

6. CONCLUSIONS

In this paper we derive a sum-rate optimal relaying strategy for two-

way relaying with a MIMO AF relay in the case where the ter-

minals are equipped with a single antenna called RAGES (RAte-

maximization via Generalized Eigenvectors for Single-antenna ter-

minals). We transform the optimization problem into a generalized

eigenvalue equation which depends only on two parameters. There-

fore, to maximize the sum rate, a 2-D exhaustive search is required.

Another advantage of RAGES compared to previous approaches is

that both parameters have a physical interpretation which allows to

state their bounds and develop heuristics to lower the complexity

even further.

As we show in simulations, in many cases the impact of one

of the two parameters can be ignored and the other parameter can

be used to achieve different rate pairs (r1, r2) in the rate region.

RAGES achieves the same sum rate as a previous proposal at a sig-

nificantly lower complexity. Even with the suboptimal 1-D search

the sum rate is very close to the optimum.
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ABSTRACT
This paper aims to maximise the rate over a MIMO link
using incremental power and bit allocation. Two different
schemes, greedy power allocation (GPA) and greedy bit allo-
cation (GBA), are addressed and compared with the standard
uniform power allocation (UPA). The design is constrained
by the target BER, the total power budget, and fixed discrete
modulation orders. We demonstrate through simulations that
GPA outperforms GBA in terms of throughput and power
conservation, while GBA is advantageous when a lower BER
is beneficial. Once the design constraints are satisfied, re-
maining power is utilised in two possible ways, leading to
improved performance of GPA and UPA algorithms. This
redistribution is analysed for fairness in BER performance
across all active subchannels using a bisection method.

1. INTRODUCTION

Transmission resources (bit and power) allocation according
to channel conditions in multichannel systems has been pro-
ved to significantly enhance the overall system performance
provided that channel state information (CSI) is known to
the transmitter [1, 2]. This includes the achievement of ei-
ther higher data rates or lower power requirements under one
or more practical/design constraints known respectively in
the literature asrate maximisation [3], or margin maximisa-
tion [4]. Multiple transmission channels arise for example in
multicarrier systems such as OFDM and for MIMO systems
using spatial multiplexing based on e.g. the singular value
decomposition (SVD). In both cases a number of subchan-
nels with different gains is obtained over which a reliable
communication is to be established. The parameters to be
considered in such loading problems are the bit error ratio
(BER), the data rate and the total expended transmit power.
The sum-rate of a multichannel system with different sub-
channel gains is of particular interest from the system design
point of view which can be optimised using bit and/or power
loading schemes.

Optimal standard water-filling solutions assume infinite
modulation orders and real-valued data rates which is realis-
tically infeasible and leads to a final rounding remedy step [3]
that degrade the overall performance. Power and bit alloca-
tion problems are usually phrased as closed form expressions
with respect to either channel capacity [5] or bit error pro-
bability [6]. Alternatively, so-called incremental or greedy
approaches optimising sum-rate using power [7] and bit [8]
loading schemes can achieve higher rates at the expense of
computational complexity.

In this paper, the data rate maximisation is considered
using both power and bit loading schemes. Two different

greedy approaches are examined and compared, both are
trying to maximise the overall rate with the same set of
constraints. However, one of these algorithms considers
greedy power allocation (GPA) that achieves the target BER
to its maximum desirable value. The other algorithm [8]
uses the greedy approach but with bit loading (power is uni-
form distributed among all subchannels) and has to carefully
consider achieving of the average BER not to exceed the tar-
get BER, we call this algorithm: greedy bit allocation (GBA).
Both approaches are compared with the standard uniform po-
wer allocation (UPA) scheme.

While achieving target BER, both GPA and UPA
schemes would save some unused (excess) power, this po-
wer can be redistributed for BER improvements. Two power
redistribution algorithms are considered, one simply allocate
power equally among all active subchannels while the other
achieves fair BER across these subchannels. The rest of this
paper is organised as follows. In Sec. 2 the rate maximisation
problem of our system model is formulated, while the greedy
approach solutions are given in Sec. 3. BER improvement
algorithms using excess power redistribution are proposedin
Sec. 4. Simulation results evaluating system performance are
highlighted in Sec. 5 and conclusions are drawn in Sec. 6.

2. PROBLEM FORMALISATION

We consider the problem of maximising the throughput of a
narrowband MIMO system withNT transmit andNR receive
antennas characterised by anNR ×NT channel matrixH un-
der the constraints of: a fixed total transmit power budget
Pbudget, a specified target BERP target

b , and fixed QAM mo-
dulation orders

Mk =

{

2bk 1≤ k ≤ K,
0 k = 0,

(1)

where the maximum constellation sizeMK = 2bmax
, with bk ∈

{0,1,2, · · · ,bmax}, is limited.
By means of a SVD, the channel matrixH can be de-

coupled into anN independent subchannels with gains of
descending orderσ2

i ,1 ≤ i ≤ N, where N = rank(H) ≤
min(NR,NT ) andσi are the singular values ofH. This maxi-
misation can be defined by the optimisation problem

max
N

∑
i=1

bi, (2)

subjected to the constraints

N

∑
i=1

Pi ≤ Pbudget and Pb = P
target
b (2a)
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or
N

∑
i=1

Pi = Pbudget and Pb ≤ P
target
b , (2b)

wherebi and Pi are, respectively, the number of bits and
amount of power allocated to theith subchannel. The ave-
rage BER is defined as

Pb =
∑N

i=1 biPb,i

∑N
i=1 bi

(3)

with Pb,i being the BER of theith subchannel. The aim
of this paper is to explore the effect of these two different
constraints on the overall data rate by using greedy algo-
rithms that perform power or bit allocation, respectively.Mo-
reover, BER improvement is the second stage of interest after
achieving the maximum system throughput.

The channel-to-noise ratio of theith subchannel is given
by

CNRi =
σ2

i

N0
, (4)

whereN0 is the total noise power at the receiver, while its
signal-to-noise ratio (SNR) is

γi = Pi ×CNRi . (5)

Closed form expressions and solutions of the throughput
in (2) are extensively considered in the literature, see for
example [9, 10] for a review. Based on the concept of the
SNR-gap approximation [11], a closed form forbi is given
by [10]

bi = log2

(

1+
γi

Γ

)

, (6)

whereΓ denotes the SNR-gap that signifies the loss in SNR
of a particular transmission scheme when compared to the
theoretical channel capacity. For QAM modulation schemes,
this SNR-gap is given by

Γ =
1
3

[

Q−1
(

Ps,i

4

)]2

, (7)

where Q−1 is the inverse of the well-knownQ-function
Q(x) = 1√

2π

∫ ∞
x e−u2/2du, andPs,i is the symbol error ra-

tio (SER) of theith subchannel. It is clear from (7) thatΓ is
not fixed for all subchannel but depends on the subchannel
SER which in turn depends onbi and γi of (6). This de-
pendence has to be taken into account whenever the rate or
the gain in (6) is changed. Nevertheless, this approximation
is valid only for very low BER, typically 10−6, and higher
QAM orders which is not usually the case for realistic appli-
cations [3].

Direct optimisation of (6) with the constraints in (2a)
or (2b) under consideration leads to the well-know water-
filling solution [5]. However, the resultant bit allocationob-
tained by the water-filling is real-valued and requires roun-
ding off to the nearest integer value. This quantisation leads
to an overall loss in performance. Alternatively and more
accurately, greedy approaches [10] have been proved to be
optimal in this sense [12, 13].

We assumeM-ary QAM modulation where the BER is
given by [14]

Pb,i = F (γi,Mk)

=



















Q(
√

2γi) forBPSK,

1−
[

1−2

(

1− 1√
Mk

)

Q

(√

3γi
Mk−1

)]2

log2Mk
forMk QAM .

(8)
By allocating the power equally among all subchannels, the
subchannels SNRγi in (8) is given by

γi = Pi ×CNRi =
Pbudget

N
×CNRi . (9)

According to (8) and by assuming the existence of the in-
verse ofF , the minimum SNR that is required to achieve a
throughputbk = log2Mk with BER ofP target

b is

γQAM
k = F−1

(

P
target
b ,Mk

)

(10)

3. INCREMENTAL BIT AND POWER LOADING

3.1 Incremental Bit Loading

In [8], an incremental bit loading approach is proposed to
maximise the throughput and efficiently fulfil the quality-of-
service (QoS) in terms of the mean BER, i.e., the constraints
in (2b). However in order to achieve this, a power allocation
scheme has to be predefined across all subchannels which
was chosen to be a simple uniform power allocation (UPA).
The algorithm then starts with filling all subchannels with
the highest modulation orderMK and then iteratively remove
bits from the worst subchannels in order to achieve the mean
BER of (3) not to violate the constraintPb ≤ P

target
b . This

solution can be described as a greedy bit allocation (GBA)
scheme, however, it lacks the beneficial of the efficient po-
wer distribution as power is equally distributed among all
subchannels. In the following, we will introduce an efficient
(greedy) power allocation scheme.

3.2 Greedy Power Allocation (GPA) Scheme

By adjusting the transmit power to exactly fulfil the tar-
get BERP

target
b across all subchannelsPb,i = P

target
b , the

GPA algorithm is trying to maximise the throughput with
the constraints in (2a). In order to achieve this, an initiali-
sation step of a UPA has to be done first to load all subchan-
nels with QAM ordersMki according to theirγi in (9) and by
using (10), where the indexki is obtained such that

ki : γi ≥ γQAM
k and γi < γQAM

k+1 , (11)

with γQAM
0 = 0 andγQAM

K+1 = +∞ (cf. Fig. 1). The throughput
of this UPA scheme is therefore

Bupa=
N

∑
i=1

bupa
i =

N

∑
i=1

log2Mki (12)

while the difference (saved) power from the total budget is

Pupa
d =

N

∑
i=1

γi − γQAM
ki

CNRi
= Pbudget−

N

∑
i=1

γQAM
ki

CNRi
(13)
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Figure 1: Subchannels residing into QAM levels according
to their SNRs and UPA with excess power shown by the sha-
dowed areas.

The procedures of the GPA algorithm based on the UPA
initialisation is illustrated by Fig. 1 and given completely in
Table 1. Then power difference fromPupa

d is collected and
iteratively allocated to subchannels that do not yet reach their
maximum allowable QAM levelK. The throughput of this
algorithm Bgpa and its final power difference fromPbudget,
Pgpa

d , are evaluated. The usage power of both UPA and GPA
algorithms are therefore, respectively,

Pupa
used = Pbudget−Pupa

d , (14a)

and Pgpa
used = Pbudget−Pgpa

d , (14b)

this is a useful measure of how efficient, in terms of power
utilisation, both algorithms are. Note that this quantity is not
defined for the GBA scheme as it uses, by definition, the total
power budget.

4. BER IMPROVEMENT VIA EXCESS POWER
REDISTRIBUTION

Since UPA and GPA algorithms presented in Sec. 3.2 cannot
attain the complete usage of the total power budget due to
the constraint of the fixed modulation orders, in addition that
BER has to be tied to a given (target) valueP

target
b for mathe-

matical tractability. Therefore it is proposed in this Section
to utilise the remaining excess power for BER performance
improvement. This is done by redistribution of the difference
power of both UPA and GPA algorithms, which can be achie-
ved in two distinctive possible algorithms presented in the
following.

4.1 Uniform Power Redistribution (UPR)

The simplest and most straightforward way to redistribute
the excess power that is left unused by the UPA and GPA
algorithms is to equally allocate these powers across all ac-
tive subchannels regardless of how much BER improvement
is attained by each subchannel. We call this power redistri-
bution algorithm: uniform power redistribution (UPR). The

Table 1: Bit Loading using GPA - Constraint (2a)

Initialisation:
Initiate GPA withPgpa

d = Pupa
d in (13)

For each subchanneli do the following:
Setbgpa

i = bupa
i andki using (12) and (11), respectively

Cal. the min required upgrade powerPup
i =

γQAM
ki+1 −γQAM

ki
CNRi

Recursion:
while Pgpa

d ≥ min(Pup
i ) and min(ki) < K

j = argmin
1≤i≤N

(Pup
i )

Updatek j = k j +1, Pgpa
d = Pgpa

d −Pup
j

if k j = 1

bgpa
j = log2M1, Pup

j =
γQAM
2 −γQAM

1
CNRj

elseif k j < K

bgpa
j = bgpa

j + log2

(

Mk j
Mk j−1

)

, Pup
j =

γQAM
k j+1−γQAM

k j
CNRj

else

bgpa
j = bgpa

j + log2

(

Mk j
Mk j−1

)

, Pup
j = +∞

end
end
EvaluateBgpa= ∑N

i=1 bgpa
i andPgpa

d

excess powersPupa
d andPgpa

d are utilised for BER improve-
ment of both UPA and GPA, respectively. The algorithm can
be described for the UPA as follows:
1. Determine the active subchannelsi : bupa

i 6= 0 and their
respective allocated modulation ordersMki that is occu-
pied by the UPA, whereki, as above, is the index of the
QAM orderMk that is assigned to the subchanneli.

2. Calculate the minimum required SNR to achieveP
target
b

across these active subchannels using (10) asγQAM
ki

=

F−1
(

P
target
b ,Mki

)

.

3. Equally allocate the excess powerPupa
d among all active

subchannels and compute the subchannels’ new SNRs as

γi = γQAM
ki

+
Pupa

d

Na
×CNRi , (15)

whereNa is the number of active subchannels.
4. Calculate the subchannels’ new BERs using (8) as

P
upa
b,i = F

(

γi,Mki

)

and then the mean BERP
upa
b

using (3).
The same procedures are applied for the GPA algorithm to
redistributePgpa

d and obtainP
gpa
b .

4.2 Fairness-BER Power Redistribution (FPR)

The UPR presented above equally allocates the excess power
among all active subchannels results in an unequal subchan-
nels’ BERs which depend on subchannels CNRi and their
occupied modulation ordersMki . Therefore, the expected
mean BERP

upa
b or P

gpa
b may be dominated by the worst

individual subchannel’s BER as a result. Moreover, it is de-
sirable to achieve same BER performance across all subchan-
nels for fairness in QoS or link reliability applications. The-
refore in this Section we adapt the power redistribution for
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an algorithm that can achieve this QoS fairness across all
active subchannels for both UPA and GPA algorithms, this
algorithm is referred here as fairness-BER power redistribu-
tion (FPR). Compared to the UPR algorithm, a new factor
αi ∈ R,1≤ i ≤ Na,∑i αi = 1 is introduced to the last term of
the r.h.s of (15) to adjust the power redistribution conditions
for equal BERs across all active subchannels. This can be
mathematically formulated as

solve for α = [α1,α2, · · · ,αNa ]

that results in γi = F−1
(

PF
b ,Mki

)

∀i,
(16)

where
γi = γQAM

ki
+ αi ·Pd ·CNRi (17)

is the new subchannels’ SNRs andPF
b is the fair (constant)

BER across all active subchannels. From (16) and (17), the
entries of the unknown vectorα are given by

αi =
F−1

(

PF
b ,Mki

)

− γQAM
ki

Pd ·CNRi
, 1≤ i ≤ Na . (18)

Since∑Na
i=1 αi = 1 and by defining the function

f (Pb)
d
=

Na

∑
i=1

F−1
(

Pb,Mki

)

− γQAM
ki

Pd ·CNRi
−1, (19)

it is possible to find a solution (root)PF
b of f (Pb) such

that f (Pb) |Pb=PF
b
' 0. The bisection method is used to

find such solution. The complete FPR algorithm is given as
follows:
1. Given the active subchannelsi : 1 ≤ i ≤ Na

and their respectiveMki as well as CNRi and
Pd for either UPA or GPA algorithm, calculate

γQAM
ki

= F−1
(

P
target
b ,Mki

)

.

2. Locate two possible appropriate BER points that return
the function f (Pb) in (19) with two opposite-sign va-
lues that are close to zero. ThesePb points exists in the

domain
(

0,P
target
b − ε

]

, whereε → 0+.

3. Use the bisection method to find the rootPF
b that returns

f
(

PF
b

)

→ 0 . This BER solution is denoted byPF,upa
b

for the UPA algorithm and byPF,gpa
b for the GPA algo-

rithm.
Note that, the complexity of this algorithm is dominated by
the root finding search method. Faster methods can be loca-
ted in the literature, however the bisection method is selected
for its relative simplicity.

5. SIMULATION RESULTS

A 4x4 MIMO system of frequency-flat channelH ∈ CNR×NT

with entrieshi j ∈ CN (0,1) is considered in this simula-
tions. A target BER ofPtarget

b = 10−3 is to be achieved
through the bit loading schemes presented in this paper.
Fixed QAM modulation orders of

{

21,22, · · · ,2bmax}
, where

bmax = 6bits, are constrained by the system under conside-
ration. Both GBA algorithm of Wyglinskiet. al [8] and our
proposed GPA algorithm presented in Sec. 3.2 along with the
UPA scheme are conducted in this simulation.
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Figure 2: Throughput results for a 4x4 MIMO system with
P

target
b = 10−3 and varying SNR.

It is shown from the throughput results in Fig. 2 that GPA
algorithm performs better than both GBA and UPA algo-
rithms. An explanation to this is as follows: since the po-
wer allocation of the GBA algorithm is done using the UPA
which is an inefficient power allocation scheme, therefore
wasting power for unnecessary improvement (compared to
the requirement ofP target

b ) of the mean BERPb < P
target
b .

On the other hand, the GPA algorithm is efficiently utilise
the total power budgetPbudget(power is allocated according
to the greedy approach) to maximise the overall throughput
while achieving BER to its maximum requirements,Pb,i =

P
target
b ,∀i. This means better investment of the total power

towards the rate maximisation problem.
In Fig. 3, the power usage of UPA and GPA algorithms

are compared, in conjunction with the achieved rate in Fig. 2,
which shows better performance of GPA over UPA algo-
rithm. Note that GBA algorithm (shown as thePbudgetcurve)
cannot be compared here as it spends all power budget get-
ting improvement in the achieved average BER as will be
shown in Fig. 4. Once the throughput reaches its expected
maximum of 4(subchannels)× 6bits= 24bits, extra power
is no longer required. Therefore, the effective used power
for both UPA and GPA algorithms in (14a) and (14b), res-
pectively, starts to saturate to the minimum power that is
theoretically required to achieve the maximum bit loading

bmax for all subchannels, i.e.∑i
γQAM

K
CNRi

, which is found to be
≈ 38.17dB and highlighted by the dashed line in Fig. 3.

As proposed in Sec. 4 and demonstrated by Fig. 3, the
excess power of UPA and GPA algorithms are redistributed
to improve the BER performance. Fig. 4 shows these impro-
vements for both power redistribution algorithms UPR and
FPR compared to the actual achieved BER of the GBA al-
gorithm. Mean BER is investigated against varying SNR
showing BER improvements compared to the target BER
(of 10−3). Interestingly, both UPA and GPA algorithms with
excess power redistribution can achieve better performance
than the GBA algorithm of [8], again these results are in
conjunction with the achieved rates in Fig. 2. It is also noted
that FPR performs better than UPR if applied to the UPA,
while the situation is inverted for the GPA algorithm. This
can be attributed to that since the excess power of the UPA
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Figure 3: Power usage for a 4x4 MIMO system with
P

target
b = 10−3 and varying SNR.

algorithm is greater than that of the GPA, it is most likely
that mean BER of UPA-UPR is dominated by subchannels
of poor CNRi while FPR algorithm is advantageous in this
case because of its inherent fair BER property. On the other
hand, for the GPA algorithm since the excess power is relati-
vely small and another constraint of balancing BERs across
all active subchannels, most of the redistributed power will
be seized by subchannels in lower QAM levels leading to lo-
wer BER performance compared to that obtained by the UPR
algorithm.
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Figure 4: BER improvements of UPA and GPA algorithms.

6. CONCLUSIONS

Inefficient uniform power allocation (UPA) scheme leads
to poor throughput performance of multichannel systems
with constrained-loading parameters. This can be improved
through rate maximisation using greedy power GPA and bit
GBA allocation schemes. However, since GBA approach sa-
crifices power utilisation by adapting UPA for BER impro-
vements, degradation in achieved data rate is expected as a
result. By optimising power allocation, GPA demonstrates
optimal performance in the rate maximisation sense. Ano-

ther aspect of UPA and GPA schemes is the saving power
in achieving target BER, this power can be redistributed for
better BER with different design aspects. Simulation results
show that GPA can achieve better BER performance compa-
red to the GBA scheme.
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ABSTRACT
Transmit diversity (TD) techniques are expected to be in-
cluded in the uplink of the upcoming Long Term Evolution
- Advanced (LTE-A) systems to boost the user performance
in low Signal-to-Noise Ratio (SNR) conditions. In this pa-
per, several open loop TD solutions based on both space fre-
quency coding (SFC) and space time coding (STC) are eval-
uated in a Single Carrier Frequency Division Multiplexing
(SC-FDM) system with the aim of discussing their suitabil-
ity for the upcoming standard. Traditional SFC is shown to
increase the Peak-to-Average Power Ratio (PAPR) of the SC-
FDM signal but it also outperforms STC for high speed and
high order modulation and coding schemes (MCSs). More-
over, STC suffers from reduced flexibility in the time domain
encoding. Starting from the single carrier sequences in the
time domain, a SFC solution keeping low PAPR is derived;
it is shown to be a valid option for low delay spread channels
and small amount of data to be transmitted.

1. INTRODUCTION

The 3rd Generation Partnership Project (3GPP) is currently
standardizing the Long Term Evolution - Advanced (LTE-
A) systems [1]. The ambitious peak data rates that LTE-
A aims at (1 Gbit/s in the downlink and 500 Mbit/s in the
uplink) foresee the usage of advanced Multiple Input Mul-
tiple Output (MIMO) antenna techniques as well as a wide
spectrum allocation (100 MHz and more). Orthogonal Fre-
quency Division Multiplexing (OFDM) has been agreed as
the downlink modulation scheme because of its flexibility for
scheduling as well as its capability to efficiently cope with
multipath [3]. Single Carrier Frequency Division Multiplex-
ing (SC-FDM) has been selected for the uplink because of its
advantageous low Peak-to-Average Power Ratio (PAPR) [4],
which translates in lower power derating in the transmitter.
This property allows a better power added efficiency in the
User Equipment (UE) and improved coverage.

In the previous LTE Release 8 [2], MIMO solutions
were standardized only for the downlink. The ambitious tar-
get of LTE-A, however, makes the use of MIMO manda-
tory even for the uplink. While MIMO spatial multiplex-
ing schemes aim to improve the upper data rate by sending
several data streams over multiple antennas in good channel
conditions, transmit diversity (TD) techniques improve the
coverage by enhancing the reliability of the data transmis-
sion. This makes TD solutions particularly suitable for UEs
experiencing low Signal-to-Noise Ratio (SNR), e.g., UEs at
the cell edge.

In this paper, we focus on open loop TD techniques for
the uplink of LTE-A. Several solutions based on the well

known Alamouti principle [5] on both time and frequency
domain are discussed and evaluated in terms of link per-
formance as well as the PAPR. Our aim is obtaining use-
ful insights on the suitability of the discussed techniques for
the upcoming LTE-A standard, taking into account realistic
impairments as channel estimation error as well as the low
PAPR constraint of the SC-FDM technology.

The paper is structured as follows. Section II intro-
duces the system model. Traditional Space Frequency Cod-
ing (SFC) and Space Time Coding (STC) algorithms are pre-
sented in Section III and IV, respectively. Section V deals
with the derivation of SFC solutions starting from the time
domain single carrier signals. The performance results are
shown in Section V. Finally, Section VI presents the conclu-
sions.

Figure 1: Simplified SC-FDM block diagram.

2. SYSTEM MODEL

A simplified baseband model of a MIMO SC-FDM
transceiver chain with one codeword (CW), NT transmit an-
tennas and NR receive antennas is depicted in Fig.1. On the
transmitter side, the information bits are independently en-
coded, interleaved, and finally mapped to QPSK/M-QAM
symbols, yielding the vector d. Then, a Discrete Fourier
Transform (DFT) is performed, spreading each data symbol
over all the subcarriers, obtaining the vector s. The complex
symbols s are then fed to the TD encoder block, which per-
forms spatial transformation of the input symbols giving as
an output the encoded MIMO symbols x. Next, pilot sym-
bols are inserted in predefined positions to enable channel
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estimation at the receiver. Finally, an inverse fast Fourier
transform (IFFT) is applied and a Cyclic Prefix (CP) is in-
serted to avoid the intersymbol interference (ISI). Assuming
that the channel response is static over the duration of a SC-
FDM symbol and that the CP is long enough to cope with
the maximum excess delay of the channel [3], the received
signal after CP removal and fast Fourier transform (FFT) can
be written as follows:

y[k] =H[k]x[k]+w[k] (1)

where w[k] = [w1(k),w2(k), . . . ,wNR(k)]
T is the additive

white Gaussian noise (AWGN) vector with E[wi(k)wi(k)∗] =
σ2

w and

H[k] =

 h11(k) . . . h1NT (k)
...

. . .
...

hNR1(k) . . . hNRNT (k)

 (2)

is the channel transfer function matrix at subcarrier k. hi j(k)
denotes the complex channel gain from the transmit antenna
j to the receive antenna i.

The signal y is then fed to the MIMO receiver block
which performs equalization of the received symbols to com-
pensate for the amplitude and the phase distortions intro-
duced by the channel. To do so, an estimate of the chan-
nel transfer function is provided by the channel estimation
block. The rest of the receiver chain performs the reverse
operations of the transmitter side. Note that, in a SC-FDM
system, an estimate of the data symbols is obtained after the
Inverse Discrete Fourier Transform (IDFT) operation.

3. SPACE FREQUENCY CODING (SFC)

SFC Alamouti scheme provide redundancy by exploiting
both frequency and space domains. The output of the TD
encoder in the two neighbouring subcarriers (i, i+1) can be
written as follows:

[
x1(i) x1(i+1)
x2(i) x2(i+1)

]
=

1√
2

[
si si+1
−s∗i+1 s∗i

]
(3)

for i odd and with subindices on x referring to the two
antennas (NT = 2).

Note that the signal sent over antenna 1 is unmodified
by the encoding. Assuming that the channel remains con-
stant over the two neighbouring subcarriers, an estimate of
the transmit frequency samples can be obtained according to
the Maximal Ratio Combining (MRC) principle [5], as fol-
lows:

s̃u =
√

2
∑

NR
m=1

[
h̃∗m1(u)ym(u)+ h̃m2(u)y∗m(v)

]
∑

NR
m=1

[∣∣h̃m1(u)
∣∣2 + ∣∣h̃m2(u)

∣∣2] (4)

s̃v =
√

2
∑

NR
m=1

[
−h̃m2(u)y∗m(u)+ h̃∗m1(u)ym(v)

]
∑

NR
m=1

[∣∣h̃m1(u)
∣∣2 + ∣∣h̃m2(u)

∣∣2] (5)

with u = i, v = i+ 1, and i odd, where M is the number
of subcarriers per SC-FDM symbol.

Since the TD encoder scrambles the order of the fre-
quency samples to be transmitted by the second antenna,
the low PAPR property of SC-FDM can be affected. Fig.2
shows the Complementary Cumulative Distribution Function
(CCDF) of the PAPR of both Single Input Single Output
(SISO) and SFC for different modulation schemes. OFDM
SISO results are also included for the sake of comparison. It
has to be mentioned that, for OFDM, the PAPR remains the
same regardless of the modulation or encoding scheme [6].
SFC leads to a PAPR penalty of around 0.5 dB in the second
antenna with respect to SISO; however, even for 64QAM a
gain of around 1.5 dB over OFDM is still preserved.
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Figure 2: PAPR performance of SFC vs. SISO.

4. SPACE TIME CODING (STC)

In the STC scheme, symbols are coded in both space and
time to add redundancy. Since in a SC-FDM system the
space coding is still done in frequency domain, the Alamouti
scheme is applied to the whole subcarriers’set to emulate a
time-domain Alamouti operation. In our system, the dimen-
sion of the set corresponds to the DFT size. The output of the
encoder for the first two sets of subcarriers can be expressed
as:

[
x1(0) x1(1) . . . x1(2M−1)
x2(0) x2(1) . . . x2(2M−1)

]
=

1√
2
·[

s0 . . . sM−1 −s∗M . . . −s∗2M−1
sM . . . s2M−1 s∗0 . . . s∗M−1

]
(6)

Note that each group of M subcarriers forms a SC-FDM
symbol after IFFT operation. Of course, the PAPR of the
signals over both antennas is not modified by the encoding
since the conjugating operation is performed over the whole
subcarriers’ set.

The MRC detector aiming at retrieving the information in
the same subcarrier over two adjacent time symbols can be
expressed as in Eq.(4) and Eq.(5) assuming u = i, v = i+M,
with i = 0, . . .M− 1. Again, the MRC detector works with
the assumption that the channel remains constant over the
two adjacent time symbols which are paired by the Alamouti
encoding.
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Note that STC requires an even number of time symbols
in the SC-FDM frame: this reduces the flexibility of this
scheme since in a real system some of the time symbols may
be occupied by sounding reference signals (SRSs) instead of
data [2].

5. DERIVATION OF LOW PAPR SFC SCHEMES

In the previous sections the most known approaches to per-
form Alamouti encoding across time or frequency domains
have been presented. SFC results to be more flexible than
STC since it does not require any assumption on the num-
ber of time symbols in a frame. However, the low PAPR of
the transmit signals is compromised since their single carrier
propery is lost. Note that a time domain sequence can be con-
sidered as a single carrier sequence if the power amplitude
of each sample corresponds to the one of a known symbol
constellation.

In this section, we elaborate on the design of space fre-
quency coding solutions starting from the single carrier se-
quences in the time domain. Our aim is to obtain a scheme
which does not compromise the low PAPR property of the
uplink signals. In order to facilitate the discussion, let us de-
fine the following two criteria:
• Alamouti criterion. Given two complex sequences a =[

a0,a1, · · · ,aN̄−1
]

and b =
[
b0,b1, · · · ,bN̄−1

]
, we claim

that they fulfill the Alamouti criterion if and only if ∀i ∈
{0,1, · · · , N̄−1} there is always j ∈ {0,1, · · · , N̄−1}−
{i} so that the matrix [

ai a j
bi b j

]
(7)

is an orthogonal matrix.
• Contiguity criterion. Given the previously defined com-

plex sequences a and b, we claim that they fulfill the
contiguity criterion if and only if

bi = a∗
(N̄−i−q)modN̄e jφ(i), for i = 0, · · · , N̄−1 (8)

or

bi = a∗
(i−N̄−q)modN̄e jφ(i), for i = 0, · · · , N̄−1 (9)

where φ(i) is a linear function of i and q is a generic
integer number. It is worth to notice that in Eq.(8) the
samples bi conjugate and revert the order of the samples
ai, while in Eq.(9) the samples bi conjugate and cyclically
shift the positions of ai.
Of course, space frequency coding can be performed over

frequency sequences fulfilling the Alamouti criterion. It can
be shown that, given the two time domain single carrier se-
quences d and d̃, the necessary condition so that the corre-
sponding frequency domain sequences respect the Alamouti
criterion is that d and d̃ follow both the Alamouti and the
contiguity criteria. If d corresponds to a vector of data sym-
bols, according to the contiguity criterion the sequence d̃ is
simply a conjugate, sample and phase shifted version of d.

In the following, we elaborate on the sequence d̃ which
in our framework represents the generated time domain se-
quence over the second antenna, while the sequence d over

the first antenna is unmodified. We assume that the sequence
d̃ has length M, hence corresponding to the equivalent pre-
DFT signal (see Fig.1). However, the effective time domain
signal sent over the air is simply an oversampled version of
this sequence, thus not altering its low PAPR property.

According to Eq.(8) and Eq.(9), let us consider the fol-
lowing two cases:
• Conjugated cyclically reverted samples. In this case, the

generic element of the sequence d̃ can be written as:

d̃i = d∗(M−i−q)modMe jφ(i) (10)

for i = 0, · · · ,M− 1. It can be easily verified that, by
assuming φ(i) = π(i+ 1+ 2 iP

M ), with P integer, the se-
quences d and d̃ also respect the Alamouti criterion. The
equivalent frequency domain samples on the second an-
tenna, obtained by applying a DFT operation over d̃, are
given by:

s̃k = (−1)M−q+1 e j 2π
M (P−k)(M−q)ks∗(k−M

2 −P)modM (11)

for k = 0, · · · ,M− 1. It can be noticed that the position
of the frequency samples on the second antenna does not
depend on the value q of the time domain shift, which
is absorbed in a phase term. Furthermore, the sequences
s and s̃ respect the Alamouti criterion only for P = zM,
with z ≥ 0. As a consequence, the Alamouti coding in
the frequency domain results to be applied over samples
having constant distance equal to M/2 subcarriers. This
can severely affect the performance of the MRC detector
in case of a frequency selective channel.

• Conjugated cyclically shifted samples. The generic ele-
ment of the sequence d̃ can in this case be expressed as:

d̃i = u∗(i−M−q)modMe jφ(i) (12)

for i = 0, · · · ,M − 1. The Alamouti criterion between
sequences d and d̃ is fulfilled by assuming φ(i) =

π

(
M−P+1+2 i(M−P)

M

)
. The equivalent frequency do-

main sequence is given by:

s̃k = (−1)M−P+1 e j 2π
M (M+q)(M−P−k)s∗(M−P−k) (13)

for k = 0, · · · ,M− 1. Here, the sequences s and s̃ al-
ways fulfill the Alamouti criterion. It is worth to notice
that, by selecting P = M/2+1, we obtain the lowest av-
erage distance between the frequency samples where the
Alamouti principle is applied. The frequency distance is
indeed comprised between 1 to M/2− 1 samples, thus
in any case lower than in Eq.(11). By further assuming
q = M/2, we obtain the following compact expression
for the sequence s̃:

s̃k = (−1)k+1 s∗(M
2 −k−1)modM (14)

In the numerical evaluation we will only consider the so-
lution in Eq.(14) as low PAPR SFC scheme because of its
lower average distance between coupled Alamouti frequency
samples. The output of the MRC detector can be written as
for SFC assuming u = (o− 1)M

2 + i,v = o M
2 − i− 1, with

o = 1,2 and i = 1, · · · , M
4 −1.
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Table 1: Simulation parameters
Carrier frequency 2 GHz

Sampling frequency 15.36 MHz
Subcarrier spacing 15 KHz

FFT size 1024
CP length 5.2a/4.68b µs

Frame duration 1 ms
SC-FDM symbols per Frame 14

MCS settings QPSK: 1/6, 1/3, 1/2, 2/3
16QAM: 1/2, 2/3, 3/4

64QAM: 2/3, 4/5
Channel Coding 3GPP Rel.8 Turbo code

a1st ,8th SC-FDM symbol in a frame.
b2th−7th,9th−14th SC-FDM symbol in a frame.

6. PERFORMANCE EVALUATION

The proposed TD schemes were evaluated with an LTE-
compliant MATLAB simulator. The main simulation param-
eters are shown in Table I. Two different channel models are
considered: typical urban 6 paths (TU06) and urban micro
spatial channel model (SCMD), with coherence bandwidths
of 200 kHz and 1 MHz, respectively [7]. Each data frame
has a duration of 1 ms, and is formed by 14 SC-FDM time
symbols. It is assumed that the 4th and the 11th symbol carry
the pilots which enable the channel estimation at the receiver.

In Fig.3, SFC and STC are compared with single transmit
antenna, for TU06 and a transmission bandwidth of 5 MHz.
It is further assumed 16QAM with coding rate 2/3, low speed
(3kmph) and full channel knowledge (full chKnol) at the re-
ceiver. Note that a transmission bandwidth of 5 MHz cor-
responds in the LTE numerology to 300 subcarriers, i.e. 25
Resource Blocks (RBs). The additional diversity gain pro-
vided by SFC with respect to 1x2 and 1x4 configurations
is evident from the slope of the Packet Error Rate (PER)
curves. The gain over single transmit antenna schemes is
up to 2.5 dB in 2x2 case and 1.5 dB in 2x4 case. No rel-
evant performance difference is visible between SFC and
STC, since the frequency separation between adjacent sub-
carriers is much lower than the coherence bandwidth of the
TU06 channel, and at low speed the channel does not change
significantly between adjacent time symbols. The MRC de-
tector can therefore work properly for both SFC and STC
schemes. For high speed (150 kmph), SFC outperforms STC
in the 2x2 case (see Fig.4) by around 0.5 dB as the channel
response changes significantly between adjacent time sym-
bols. However, when real channel estimation is considered,
the performance gap between SFC and STC schemes turns
out to be negligible. For channel estimation based on Robust
Wiener (RW) filtering [8] in the frequency domain and lin-
ear interpolation in the time domain (between the responses
obtained from the 4th and the 11th time symbols), the error
due to estimation in frequency direction at high speeds re-
sults to be more critical than the error in the time direction.
This is because of the incurring of Inter-Carrier Interference
(ICI). This explains the higher losses for SFC compared to
STC when real channel estimation is considered (RW). Note

that in 2x4 case both schemes perform equivalently thanks to
the higher diversity gain of the 4 receive antennas.
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Figure 3: SFC/STC performance for low speed.
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Figure 4: SFC/STC performance for high speed: full chKnol
vs. RW.

The performance results over the whole SNR range are
shown in Fig.5 in terms of link adaptation curves, obtained
as the envelope of the spectral efficiency curves for several
modulation and coding schemes (MCSs). The high speed
leads to some performance loss at high SNR region because
of the sensitivity of the high order MCSs to ICI, but, as ex-
pected, STC performs worse than SFC. However, both trans-
mit diversity solutions are effective in low-medium SNR re-
gion, where these techniques are more likely to be used. Fur-
thermore, the increase of diversity in the 2x4 configuration
allows to reduce the gap with the 3kmph case, and at the same
time makes the two techniques have the same performance.
In the TU06 scenario low PAPR SFC fails completely (PER
equal to 1 over the whole SNR range). This is a result of
the frequency separation (up to 150 subcarriers) between the
pair of samples being encoded in the Alamouti TD opera-
tion, a frequency separation which is much wider than the
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2 4 6 8 10 12 14 16
10

−2

10
−1

10
0

SNR[dB]

P
E

R

SCMD, 16QAM 2/3, 180kHz (1RB), 150kmph, RW

1x2
2x2 SFC
2x2 low PAPR SFC
2x2 STC
1x4
2x4 SFC
2x4 low PAPR SFC
2x4 STC

Figure 6: SFC, STC and low PAPR SFC performance with
SCMD and 1 RB.
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Figure 7: SFC, STC and low PAPR SFC performance with
SCMD and 3 RBs.

coherence bandwidth of the TU06 channel. The suitability
of low PAPR SFC is therefore evaluated with SCMD and as-
suming a very small user bandwidth to reduce the frequency
separation between the paired subcarriers. Fig.6 shows the
results obtained assuming the UE moving at 150 kmph and
transmitting over 1 RB (12 subcarriers). In this scenario low
PAPR SFC slightly overcomes STC in a 2x2 configuration.
For an UE transmitting over 3 RBs (see Fig.7), STC turns
to overcome low PAPR SFC, even though their gap is below
0.4 dB. Note that a gain up to 1.8 dB over 1x2 and 1x4 is
preserved. Therefore, low PAPR SFC can still provide addi-
tional diversity gain with respect to single transmit antenna
solutions without incurring a PAPR penalty and avoiding the
STC’s constraint of having an even number of time symbols.

7. CONCLUSIONS

In this paper, we have discussed the suitability of a few open
loop TD solutions for the uplink of the upcoming LTE-A sys-
tems. Both SFC and STC approaches are considered. SFC
suffers from a PAPR penalty, whereas STC has reduced flex-
ibility for the time domain encoding. Both approaches have
about the same performance at low speed. At high speed
SFC overcomes STC in a 2x2 antenna configuration, and es-
pecially for high order MCSs, but with increased diversity
(2x4) their performance is again the same. The PAPR penalty
of SFC can be avoided by using a modified allocation of the
frequency samples; this solution results to be valid for UEs
transmitting a small amount of data over a low frequency se-
lective channel.
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ABSTRACT
The existing copper line telephone network is used success-
fully for very high speed digital subscriber line (VDSL)
transmission systems. There is a major limitation in the re-
sulting data rate by far-end crosstalk (FEXT), which can be
mitigated by zero-forcing crosstalk cancellation procedures
in upstream and precoding procedures in downstream. In
order to obtain the channel state information (CSI) which
crosstalk cancellation and precoding rely on, this paper
presents a pilot-based channel estimation technique. Ad-
ditionally a channel adaptation procedure is proposed, ap-
plying orthogonal pilot sequences. To avoid any pilot over-
head, the pilots are continuously transmitted during the sync
frames. In downstream, the precoder coefficient update
is based on the feedback of the normalized error sample.
The presented techniques lead to a higher efficiency and in-
creased performance of VDSL systems. Simulations show
that 95% of the data rate obtained with perfect CSI can be
achieved in upstream and downstream.

1. INTRODUCTION

Modern DSL communication systems such as VDSL2 use
the frequency band up to 30 MHz on each copper cable to of-
fer high data rates and to provide high-speed internet access
to all users. Additionally the telephone copper line network
infrastructure has been changed in the last years to provide
shorter line lengths to the VDSL2 customer. However, the
major performance limitation in these systems is still given
by crosstalk interferences between adjacent cables inside a
cable binder. The typical crosstalk level can be up to 20 dB
larger than the background noise. Because of that it is very
reasonable and highly effective to eliminate the crosstalk in-
terferences as proposed in [1, 2, 3].

The increased system performance achieved by crosstalk
cancellation techniques can only be achieved with full CSI
knowledge and strongly depends on the CSI accuracy for
both upstream and downstream. Therefore the channel needs
to be measured initially with adequate precision and accuracy
before any transmission including crosstalk cancellation can
be done.

The DSL channel is generally stable, nevertheless it can
vary slowly, for example due to temperature or humidity
changes. Although these changes are relatively small and
smooth, without any adaptation of the coefficients they will
lead to an additional inaccuracy in the CSI knowledge and
performance degradation. Accordingly, updating the can-
celler coefficients is needed to deploy the full potential of
the DSL system.

A straightforward way to estimate and update the CSI is
to periodically transmit a set of pilots as shown in [4]. These

classical pilot-based estimation techniques provide good per-
formance but have the disadvantage of utilizing parts of the
useful bandwidth for pilot transmission. In addition there is a
large signaling overhead in downstream estimation and adap-
tation given by the estimates which need to be sent back to
the Central Office (CO). In [5, 6], LMS-based channel es-
timation and adaptation algorithms are applied in order to
decrease computational complexity of the adaptive precoder
and canceller as well as to reduce overhead in downstream by
feeding back the error samples. Further overhead reduction
in downstream is considered in [7, 8] where only the sign of
the error samples is fed back.

This contribution introduces channel estimation and
adaptation procedures which combine the good performance
of the pilot-based estimation techniques with low pilot and
signaling overhead. An estimation algorithm for channel
state information is proposed which is based on orthogonal
pilot sequences (see chapter 4.1). For channel adaptation it
is further suggested that pilot signals are additionally trans-
mitted during the sync frame which avoids any overhead in
the DSL system. In the upstream, a receiver-based procedure
is presented. In the downstream, CSI is lacking on the trans-
mitter side and therefore a transmitter-based procedure with
error feedback is applied (see chapter 4.2).

2. SYSTEM OUTLINE

Like for most DSL systems, a VDSL2 transmission typ-
ically exists between a CO or Digital Access Multiplexer
(DSLAM) and different Customer Premises Equipment
(CPE). The copper cables of the different users are all bun-

Downstream

Upstream

CPEs
CO/

DSLAM

Figure 1: Considered transmission scenario

dled in a cable binder. Since the different cables are not ide-
ally isolated strong crosstalk interferences will occur. This
kind of transmission scenario is shown schematically in Fig-
ure 1 and is also considered here.

In the VDSL2 system the DMT Technique is applied
to a frequency selective channel. By partitioning the total
bandwidth into a large number of subchannels, narrowband
transmission is enabled on each so called tone. Each tone is
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modulated individually and independently and all subchan-
nel signals are transmitted in a superimposed form. When
the symbol duration is extended additionally by a cyclic pre-
fix of sufficient length, Intersymbol Interferences (ISI) can be
completely avoided. Inter Carrier Interferences do not occur
due to synchronous transmission. Adequate symbol length
and perfect synchronization are assumed here.

Hence, for a single tone and M users (i.e. M cables) in a
cable binder the received signal vector y is given by

y =H ·x+n

where x is the transmit vector and n is the noise contribution
on the different lines, which is assumed to be white. All
vectors are of length M. Matrix

H=


H11 H12 · · · H1M
H21 H22 · · · H2M

...
...

. . .
...

HM1 HM2 · · · HMM


contains the direct channel and the crosstalk coefficients and
therefore is of size M×M. The diagonal elements of ma-
trix H correspond to the direct channel coefficients of the
different CPEs. The off-diagonal elements correspond to the
crosstalk interference contributions and are called crosstalk
coefficients.

3. CROSSTALK CANCELLATION TECHNIQUES

In order to reduce the severe crosstalk interferences coming
from all adjacent lines, several crosstalk cancellation tech-
niques have been invented. For both upstream and down-
stream there are various ways to decrease the crosstalk in-
terference power. In this paper we focus on zero-forcing
crosstalk cancellation in upstream and decomposition-based
zero-forcing precoding in downstream.

3.1 Upstream
In the upstream case, data is transmitted from the different
users to the CO, inducing collocation of the receivers. There-
fore zero-forcing crosstalk cancellation can be performed on
the receiver side. The transmission block diagram including
cancellation is shown in Figure 2.

MOD DEM
Physical
Channel

Crosstalk
Cancellation

x x
n

y
1ˆ −HH

Figure 2: Upstream transmission block diagram

As already mentioned, there are various ways to remove
the interferences produced by cable coupling. In zero-forcing
crosstalk cancellation the received signal is simply equalized
with the inverse of the estimated channel matrix Ĥ, thus pro-
ducing an estimated received signal x̃. It is given by

x̃ = Ĥ−1 ·y
= Ĥ−1 ·H ·x+ ñ (1)

From equation 1 it can be seen that the correctness of x̃
strongly depends on the accuracy of the CSI.

3.2 Downstream
In downstream transmission, the different receivers have var-
ious locations and receiver coordination is not possible. On
the contrary, the transmitters are collocated in the CO and
for that reason decomposition-based zero-forcing precoding
is applied. The transmission block diagram is shown in Fig-
ure 3.

MOD DEM
x x

n
yPrecoding

1ˆ
norm
−H

Physical
Channel

H

Equalizer
1ˆ

diag
−H

′x

Figure 3: Downstream transmission block diagram with pre-
coding

In order to remove the crosstalk influence of all surround-
ing cables, the transmit signals are pre-equalized by the in-
verse of the normalized estimated channel matrix Ĥnorm. It
is given by

Ĥnorm = Ĥ−1diag · Ĥ

where Ĥdiag = diag{H11,H22, · · · ,HMM} represents a diag-
onal matrix containing the direct channel transfer factors. On
the receiver side only direct channel equalization is done in
the individual receivers producing an estimated received sig-
nal x̃ described by

x̃ = Ĥ−1diag ·y

= Ĥ−1diag ·H · Ĥ
−1
norm ·x+ ñ

4. CHANNEL ESTIMATION AND ADAPTATION

Crosstalk cancellation techniques rely on CSI and on the CSI
accuracy wherefore the channel has to be measured with ad-
equate precision. In order to apply zero-forcing cancella-
tion and precoding, the direct channel as well as all crosstalk
channels have to be measured. Due to the fact that the DSL
channel can vary slowly, for example due to temperature
changes, the CSI knowledge in canceller and precoder also
needs to be adapted to these changes.

4.1 Channel and crosstalk measurement
Pilot-based channel estimation methods offer high measure-
ment accuracy and avoid any error propagation. There a var-
ious ways to measure the direct and the crosstalk channels of
a copper cable binder. For the purpose of measurement accu-
racy improvement and reduction of needed time for estima-
tion an orthogonal pilot-based estimation technique is used.

Like shown in Figure 4 a set of M orthogonal pilot se-
quences of length L is transmitted on the appropriate lines
over time. Transmitting more than one pilot for estimation,
the estimation error is reduced. Simultaneously the needed
time for estimation is kept as short as possible as all lines
transmit at the same time.

After reception of the complete sequence the direct and
crosstalk coefficients can be calculated via correlation. In up-
stream and downstream each direct and crosstalk coefficient
is then given by

Ĥi j =

L
∑

l=1
P̃i,l ·P∗j,l

L
∑

l=1

∣∣Pj,l
∣∣2 (2)
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time slot

lines

L

M

Figure 4: Transmission pattern for the initial channel estima-
tion

where P is an M×L matrix given by

P=

 P1,1 · · · P1,L
...

. . .
...

PM,1 · · · PM,L


containing the transmitted pilots for all M users and the se-
quence length L. P̃ is a matrix containing the respective re-
ceived pilots.

4.2 Channel adaptation
In order to guarantee good crosstalk cancellation perfor-
mance, the DSL channel does not only need to be measured
once. Although DSL channels are generally stable, they can
still vary slowly, e. g. due to temperature changes. This
requires a continuous estimation of all channel parameters,
as crosstalk cancellation techniques for upstream and down-
stream are especially sensitive to inaccurate CSI knowledge.

Canceller coefficient adaptation is done continuously.
Therefore when using a pilot-based technique, transmitting
pilots instead of data symbols is to be avoided. During DSL
transmission every 257th transmitted symbol is a sync sym-
bol (see Figure 5). It is normally used for synchronization
purposes but can be used alternatively to transmit pilot sig-
nals. To achieve a channel measurement with sufficient accu-

64.25ms time

256
Data frames

Sync
frame

256
Data frames

Sync
frame

256
Data frames

Sync
frame

Figure 5: Pilot signal sequence

racy, pilot sequences are transmitted, where one pilot is trans-
mitted every superframe, i. e. every TSuper f rame = 64.25ms
(see Figure 5). To enable parallel transmission on all lines,
orthogonal pilot sequences are again used. After reception of
a complete sequence, channel coefficient estimation is done
via correlation.

In upstream, receivers are collocated and therefore all
CSI is available after estimation. Thus, canceller adaptation
is done computing Ĥ−1. Receiver collocation does not ex-
ist in downstream wherefore transmitter-sided precoding is
done. Full channel state information is required on the trans-
mitter side, implying that some information has to be fed
back from the receiver to the transmitter. Due to standard-
ization purposes, the normalized complex error is fed back
given by [9]

Ei(t) = P̃i(t)−Pi(t)

Parameter Value
Bandwidth 17.664MHz
Number of subcarriers K 4096
Subcarrier spacing ∆ f 4.3125kHz
Symbol duration 0.232ms
Transmitter PSD -60dBm/Hz
Background noise -140dBm/Hz
Cable type 0.5mm
Number of cables 10
Cable length 500,700,900,1100m

Table 1: Simulation Parameters

It is normalized to the direct channel coefficients and given
by the complex-valued deviation of the received pilot to the
transmitted pilot. On the transmitter side, the updated chan-
nel matrix is given by

Ĥ= Ĥ−1diag · B̂

where matrix B̂ is calculated by equation 2. Using matrix
decomposition and inversion the precoder is updated with

Ĥ−1norm =
(
Ĥ−1diag · Ĥ

−1
diag · B̂

)−1
5. QUANTITATIVE ANALYSIS

For the quantitative performance analysis based on simula-
tions, several system and channel parameters need to be de-
fined. In this paper a cable binder with 10 cables of equal
length is considered. The cable diameter is given by 0.5mm
[10].The achievable data rate is calculated by the SNR-gap
capacity approximation [11]. No coding gain is considered,
the target symbol error rate is given by 10−7 and the noise
margin is 6dB. All other system parameters are given in Ta-
ble 1. The orthogonal sequences are realized using Walsh-
Hadamard codes of length 16, 32 and 64. Considering the
time-variance of the channel, a slow linear change of ampli-
tude and phase of the crosstalk coefficients is assumed given
by

∆|Hi j| = 20 · log
(

Hi j(t)
Hi j(0)

)
= 1

dB
min
· t, i 6= j

∆φH i j = φH i j(t)−φH i j(0) = 0.1
rad
min
· t, i 6= j

The direct channel coefficients remain constant. This is rea-
sonable as inaccurate off-diagonal coefficient knowledge de-
creases the cancellation performance much more.

For data rate evaluation of the initial channel estimation
procedure, cable lengths of 500,700,900 and 1100m are con-
sidered. Pilot sequence lengths of L = 16,32 and 64 are sim-
ulated. As obvious from Figures 6 and 8 increasing the length
of the pilot sequence decreases the measurement error and
increses the data rate. For both upstream and downstream
using a pilot sequence of length L = 32 results in data rates
larger than 95% of the data rate achievable with perfect CSI.
Figure 7 and Figure 9 show data rate results for adapted CSI
in upstream and downstream respectively. Results are pre-
sented for a cable length of 500m and a pilot sequence length
of 32. The data rate over time with adapted CSI is compared
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to the case, where perfect channel knowledge is assumed and
to the no adaptation case. If canceller and precoder are not
adapted, the initial channel estimation is necessary anyhow.
As obvious from both figures, adapting the CSI avoids any
data rate losses due to the channel changes. Whereas the
performance drops drastically within the simulation time if
no adaptation is performed, CSI adaptation leads to a stable
data rate of at least 95% of the data rate achievable with per-
fect CSI. Therefore the performance is only affected by the
inaccuracy of the pilot-based estimation.

6. CONCLUSION

In this paper, channel estimation and adaptation procedures
are presented to measure the DSL channel with sufficient
accuracy and to overcome data rate losses due to channel
changes. The presented methods use orthogonal pilot se-
quences which are transmitted in an initial channel estima-
tion as well as continuously during the sync frames. Due to
transmission during the sync frames, any pilot overhead is
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Figure 9: Data rate comparison in downstream

avoided. For the channel adaptation in upstream, correlation
is applied in the receiver. In downstream, feedback of the
normalized error sample is required and therefore the coef-
ficient update is calculated on the transmitter side using cor-
relation. It is shown that both procedures achieve high data
rate increases.

In summary, the designed channel estimation and esti-
mation adaptation procedures lead to a higher efficiency and
increased performance figures in a VDSL2 system.
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ABSTRACT
In non-static scenarios where Dynamic Spectrum
Management (DSM) Level 2 is employed, an optimal
power allocation can become invalid e.g. due to a joining
user and thus has to be recomputed. To not unnecessar-
ily interrupt service, the spectra should be updated suc-
cessively as individual users start a new session. If not
done carefully, this results in sub-optimal intermediate
joint power allocations where the actual signal-to-noise
ratio (SNR) margin of users decreases drastically. This
paper investigates a novel approach to gradually update
transmit spectra of modems to a new optimal power al-
location while assuring that the actual SNR margin of
all users does not fall below a specified value during the
transition phase. Also, a low-complexity solution for the
involved hard optimization problem is described. Simu-
lations carried out demonstrate the interdependency be-
tween the minimum margin value and convergence time
of the proposed scheme.

1. INTRODUCTION

It is well-known that far-end crosstalk (FEXT) between
copper wires in a binder is the dominant impairment
in current Digital Subscriber Line (DSL) systems [6],
severely limiting achievable data rates. DSM Level 2
promises to mitigate the capacity loss due to crosstalk by
centrally coordinating the modems transmit power allo-
cation, effectively introducing politeness between users.
In the recent past, the Spectrum Management problem
has been studied extensively in literature, and although
the problem has been proved to be NP-hard [5], a num-
ber of low-complexity algorithms have been proposed,
e.g. [1, 7], which are able to efficiently compute the ma-
jority of user rate tuples achieved by Optimal Spectrum
Balancing [2]. A key issue with most of the proposed so-
lutions is that they assume a scenario with static chan-
nel conditions and a fixed set of active users and as
such, do not cope with the case that some optimal joint
power allocation computed by the Spectrum Manage-
ment Center (SMC) according to the current channel
conditions may become invalid at some point in the
future when the channel or DSM system parameters
change, e.g.:
1. A user is joining or leaving the system. This is likely

to happen in an unbundled environment where cus-
tomers change service providers which all operate
their proprietary DSM system.

2. A user is changing service. If a user upgrades e.g.
from ADSL2 to a VDSL2 service, then necessarily

will the transmit spectrum change which in turn will
alter the crosstalk profile on other users’ lines in the
binder.

In occurrence of any of the two events, the SMC has
to determine a new joint allocation that is optimal for
the new situation. A major problem that arises here
is that transmit spectra of modems already in show-
time cannot be reconfigured without interrupting ser-
vice which is why such an intervention is usually avoided
by the provider. Instead, updating a transmit power
profile should be delayed until the modem enters ini-
tialization phase of the following session where the con-
figured power allocation is then kept until the session
is terminated. Generally, however, by only updating
spectra of part of the users in the system as individual
modems reinitialize, one ends up with an intermediate
joint power allocation that is a mixture of old and new
optimal spectra. These intermediate allocations gener-
ally are not guaranteed to maintain transmission with
the desired target bit error rate (BER) until the sys-
tem has fully updated to the new allocation. At the
least, they are likely to result in a severe drop of the
SNR margin intended for protection against fluctuation
of out-of-domain crosstalk and noise, thus threatening
line stability.

Therefore, a novel approach is studied in this paper
which allows to gradually update power allocations in
a DSM system while assuring that at each point during
the transition phase, the actual SNR margin of each
user does not fall below a given minimum value, thus
improving reliability of transmission.

The remainder of this work is organized as follows:
Section 2 defines the system model for a multi-user
DSL channel. Section 3 discusses the problem of up-
dating multi-user power allocations and a solution is
proposed in Section 4. In Section 5, a technique for
low-complexity implementation of the studied approach
is presented. Finally, Section 6 gives some results from
numerical simulations.

2. SYSTEM MODEL FOR STATIC
SCENARIO

We start out by defining the channel model for a static
DSL system with a fixed set N of users sharing the same
binder, thus causing mutual FEXT on each other’s line.
By employing Discrete Multitone (DMT) transmission
with K orthogonal tones k = 1, . . . ,K, the interfer-
ence channel is effectively divided into K independent
subchannels k. Augmenting each DMT symbol with
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a sufficiently long cyclic extension avoids intersymbol
interference (ISI) and allows the direct channel of user
n ∈ N on tone k to be fully described by a single com-
plex coefficient hn,nk . Similarly, the crosstalk channel
from disturber m to victim line n on tone k is given by
the complex scalar hn,mk (m 6= n). Let snk denote the
power spectral density (PSD) of the transmit signal of
user n and σ2

k the combined PSD of alien FEXT and
receiver background noise on tone k. Then, using Shan-
non gap approximation [6], the number of bits bnk (γ)
per symbol user n can load on tone k with a given SNR
margin γ ≥ 1 is

bnk (γ) = log2

(
1 +

1
γΓ

gn,nk snk∑
m 6=n g

n,m
k smk + σ2

k

)
(1)

where Γ > 1 denotes the gap to capacity [6] which is a
function of the target BER and gn,mk = |hn,mk |2 are the
crosstalk and direct channel gain coefficients. Further
more, the total utilized power Pn and data rate Rn of
user n are given by

Pn = ∆f
∑
k

snk and Rn(γ) = fs
∑
k

bnk (γ), (2)

respectively, where fs is the symbol rate of the DMT
system.

3. UPDATE OF MULTI-USER POWER
ALLOCATION IN NON-STATIC SCENARIOS

In a DSM system, regardless whether operating in rate-
adaptive, margin-adaptive or fixed-margin mode, the op-
timal joint power allocation is determined using a spec-
trum balancing algorithm which typically accounts for
at least three per-user constraints in the optimization
process: the total power constraint

Pn ≤ Pnmax ∀n (3)

where Pnmax is the maximum aggregate transmit power
specified in the respective xDSL standard, a spectral
mask constraint

0 ≤ snk ≤ snk,mask ∀n, k (4)

where snk,mask is the PSD mask determined by the band
profile used and a rate constraint

Rn(γ) ≥ Rntarget ∀n (5)

where Rntarget is the target data rate of user n chosen
according to the Service Level Agreement and γ takes
some value γtarget > 1 which is the target SNR margin
chosen by the provider.

Now, consider a non-static scenario in which an op-
timal allocation sold = {snk,old|n ∈ N ; k = 1, . . . ,K}
computed by the SMC becomes invalid at some time
instance t = t0 when any of the mentioned events such
as a user joining or leaving a DSM system occurs. In
this case, a new allocation snew = {snk,new|n ∈ N ; k =
1, . . . ,K} has to be determined that is optimal for time
t ≥ t0 but, as has been pointed out, cannot be applied

session

t0 t1 tnew time t

s(0) s(1) snewsold

user 3

user 2

user 1

Figure 1: Transition of multi-user power allocation s
after user 3 has joined the DSM system at time t = t0.

instantly to those users already in show-time without
interruption of service.

Figure 1 shows an example scenario where user
n∗ = 3 who has not used a DSL service before joins
the DSM system and becomes active for the first time
at t = t0. snew is determined such that both con-
straints (3) and (5) are satisfied for all users n ∈ N
where N = {1, 2, 3} while with the old allocation sold,
(3) and (5) are satisfied only for users n ∈ {1, 2} and
user n∗ is not yet active for t < t0, i.e. sn

∗

k,old = 0 ∀k.
Of course, the existence of a feasible allocation snew re-
quires an anticipatory planning of the operator when
assigning service levels and hence target data rates to
individual customers. Assuming all users n 6= n∗ are
already in show-time at t = t0, then only the transmit
PSD sn

∗

k of the newly joined user n∗ can be updated at
this point.

We define the time instances i = 0, 1, 2, . . . in dis-
crete time corresponding to the instances t = ti (ti <
ti+1) in continuous where any of the users initiates a new
session and therefore is about to reconfigure its trans-
mit PSD. Furthermore, let s(i) = {snk (i)|n ∈ N ; k =
1, . . . ,K} denote the power allocation used by the sys-
tem in the time interval θi = ti ≤ t < ti+1. Conse-
quently, if a user n does not retrain at instance i, then
snk (i) = snk (i− 1)∀k.

A straight-forward, albeit naive approach would be
to initialize user n∗’s PSD sn

∗

k (0) at instance i = 0 to
the new optimal allocation sn

∗

k,new while users n 6= n∗

continue transmission with old optimal spectra, i.e.

snk (0) =
{
snk,new n = 3
snk,old n ∈ {1, 2} ∀k = 1, . . . ,K. (6)

At the following instance i = 1, assume that user 1 is
about to reinitialize transmit PSD s2k(1) which would be
set to s2k,new while user 2 keeps his spectrum since he is
still in show-time, i.e.

snk (1) =
{
snk,new n ∈ {1, 3}
snk (0) n = 2

∀k = 1, . . . ,K. (7)

Once each of the users has reinitialized at least one time,
the DSM system has been fully updated to snew and
therefore regained an optimal power allocation. In this
consideration, we ignored the possibility that during the
transition phase, another event that would invalidate
snew could occur. However, in this case, we would sim-
ply start over by determining a new optimal snew and
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setting sold to the allocation that was used by the sys-
tem at that point. Thus, without loss of generality, this
case is not further considered explicitly in the remainder
of this work.

During each interval θi, the actual SNR margin γn(i)
of user n resulting from a given multi-user power allo-
cation s(i) is the solution of

Rn
(
γn(i)

)
|s(i) −Rntarget = 0 (8)

However, as has already been mentioned, it cannot be
guaranteed that any of the allocations s(i), which are
a mixture of old and new optimal power spectra, are
feasible, i.e. yield a solution γn(i) ≥ 1 to eq. (8). This
makes the described naive approach impractical as it is
likely to compromise stability of service.

4. PROPOSAL FOR NEW UPDATING
SCHEME

In this section, we describe a novel algorithm which en-
ables seamless transition from power allocation sold to
snew in a DSM system. By this, we mean to determine
the intermediate spectra s(i) in such a manner that at
all times the actual SNR margin γn(i) is guaranteed to
not fall below a specified minimum margin value γ̄.

The key idea of our proposed scheme is to shape
spectra s(i) at each instance i as similar as possible
to the target allocation snew while accounting for per-
user power and target rate constraints. To characterize
similarity between s(i) and snew, we define the distance
function

∆
(
s(i), snew

)
=
∑
n

∑
k

(
snk (i)
snk,new

− 1

)2

(9)

which becomes 0 for s(i) = snew. In order to avoid
division by zero, snk,new should be lower-bounded to some
sufficiently small positive value smin. In our simulations,
a value of −130 dBm/Hz has shown to be reasonable
for DSL applications and is easily handled by single-
precision floating point arithmetic.

Assuming that at instance i, users n ∈ Gi ⊆ N are
about to resynchronize, then, given an minimum SNR
margin γ̄, the intermediate power allocation s(i) is ob-
tained by solving the optimization problem

min
sn

k (i)∀n∈Gi,k
∆
(
s(i), snew

)
(10)

s.t. Rn(γ̄)|s(i) ≥ Rntarget ∀n∑
k

snk (i) ≤ Pnmax ∀n

0 ≤ snk (i) ≤ snk,mask ∀n, k

where the spectra for users n /∈ Gi are kept fixed accord-
ing to

snk (i) =
{
snk,old i = 0
snk (i− 1) i > 0

∀n /∈ Gi; k = 1, . . . ,K.

(11)
The efficient solution of problem (10) is discussed later
on in this work.

We here limit ourselves to an informal conver-
gence analysis of the proposed scheme. Generally,
the sequence of optimal solutions {∆(s(i), snew)} is
monotonously decreasing, i.e. ∆(s(i), snew) ≤ ∆(s(i −
1), snew). In practical scenarios where all DSL ses-
sions are of finite duration, for every instance i where
s 6= snew, there will always be a later instance j > i
such that ∆(s(j), snew) < ∆(s(i), snew) which implies
convergence of the system to snew in a finite number of
time steps.

Existence of a feasible intermediate allocation s(i) is
shown by a simple induction: if a feasible solution for
s(i) exists, then this solution is also feasible for s(i+1).
The remaining issue is to find an initial power allocation
s(0) that is feasible. Coming back to the example sce-
nario from the previous section, we saw that generally,
there is no guarantee that a service with the defined tar-
get rates and target BER can be maintained for all users
once the newly joined user n∗ becomes active. Thus, at
the initial step i = 0, we have to check whether a mini-
mum SNR margin γ̄ with 1 ≤ γ̄ ≤ γtarget exists so that
Problem (10) with G0 = {n∗} is feasible for s(0). If such
a γ̄ is found, then this value can be used to determine all
intermediate power allocations. Obviously, by enlarging
the set of feasible power allocations, a low intermediate
margin γ̄ generally increases flexibility in shaping the
spectra and thus tends to reduce the number of required
intermediate steps i before all users can be configured to
the target allocation snew. At the same time, a trade-off
has to be made between faster convergence and reduced
protection against fluctuation of noise.

If, however, no feasible γ̄ ≥ 1 exists, then the only
choice that remains is to augment G0 by one or more
additional users whose spectra are to be reshaped at
t = t0. In this case, a forced resynchronization of these
users cannot be avoided.

5. LOW-COMPLEXITY SOLUTION

Clearly, the objective ∆(s(i), snew) to be minimized is
convex in snk (i) and separable in the tones k while the
target rate constraint Rn(γ̄)|s(i) ≥ Rntarget leads to a
non-convex set of feasible solutions, making it difficult to
find a solution that is guaranteed to be globally optimal.
Numerous algorithms for solving spectrum management
problems with similar structure as Problem (10) have
been proposed in the literature which differ both in com-
plexity and accuracy. A standard approach is to decom-
pose the Lagrangian

Λ = ∆(s(i), snew) +
∑
n

ωn
(
Rntarget −Rn(i)

)
+
∑
n

λn
(∑

k

snk (i)− Pnmax

)
(12)

into per-tone Lagrangians Λk according to

Λ =
∑
k

Λk +
∑
n

ωnRntarget −
∑
n

λnPnmax︸ ︷︷ ︸
const. in s(i)

(13)
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with

Λk =
∑
n

(
snk (i)
snk,new

− 1

)2

+
∑
n

λnsnk (i)

− fs
∑
n

ωn log2

(
1 +

1
γ̄Γ

gn,nk snk (i)∑
m 6=n g

n,m
k smk (i) + σ2

k

)
.

(14)

This allows solving the dual

max
ωn,λn∀n∈Gi

min
sn

k (i)∀n∈Gi,k
Λ (15)

s.t. ωn, λn ≥ 0 ∀n
0 ≤ snk (i) ≤ snk,mask ∀n, k

of Problem (10) by solving K independent sub-problems

min
sn

k (i)∀n∈Gi

Λk (16)

s.t. 0 ≤ snk (i) ≤ snk,mask ∀n

per Lagrange multiplier search step, thus rendering the
overall algorithm complexity linear in K.

As Λk is non-convex, minimization however still re-
quires an exhaustive search with exponential complexity
in the number of users N . For the rate-adaptive spec-
trum management problem, the authors of [7] propose
an efficient algorithm based on convex relaxation by not-
ing that the Lagrangian can be rewritten as a difference
of convex (d.c.) functions. Rewriting Λk as

Λk =
∑
n

(
snk (i)
snk,new

− 1

)2

+
∑
n

λnsnk (i)

−fs
∑
n

ωn log2

∑
m 6=n

gn,mk smk (i) + σ2
k +

gn,nk snk (i)
γ̄Γ


︸ ︷︷ ︸

A

+ fs
∑
n

ωn log2

∑
m6=n

gn,mk smk (i) + σ2
k


︸ ︷︷ ︸

B

(17)

where part A is convex and part B is concave, one finds
that Problem (10) as well exposes a d.c. structure and
can thus be solved efficiently using the techniques de-
scribed in [7]. The key idea here is to approximate the
solution for the per-tone sub-problem (16) by iteratively
solving a sequence of relaxed convex minimization prob-
lems, where the solution of one iteration is used as an
approximation point for finding a convex relaxation of
Λk in the next iteration. Adaption of the low-complexity
algorithm to Problem (10) is straight-forward and there-
fore omitted here.

6. SIMULATION RESULTS

To numerically evaluate the benefit of the proposed
scheme, we consider an upstream scenario depicted in

CO/ONU

400m
VTU-R user 1

600m
VTU-R user 2

800m
VTU-R user 3

1000m
VTU-R user 4

Figure 2: 4-user VDSL2 scenario

Table 1: Simulation parameters

cable type TP100 [3]
FEXT model ETSI 1% worst-case [3]

without FSAN sum
background noise −140 dBm/Hz
level N0

Alien noise model ETSI MD EX [3]
VDSL2 band profile 998-ADE17M2x-B

with US0 [4]
symbol rate fs 4 kHz
tone spacing ∆f 4.3125 kHz
SNR gap Γ 6.8 dB
including coding gain
Target SNR 6 dB
margin γtarget

Figure 2 where, for time t < t0, only users 1,3 and 4 use
a VDSL2 service and are controlled by an SMC while
the VDSL2 service for user 2 is not active yet. The
SMC operates in fixed-margin mode, i.e. has computed
a joint power allocation sold for users 1,3 and 4 with
minimum sum power

∑
n∈{1,3,4} Pn while accounting for

target rate constraints (5) with R1,target = 25 Mbps,
R3,target = 10 Mbps and R4,target = 10 Mbps as well
as a target SNR margin γtarget = 6 dB.

At t = t0 corresponding to instance i = 0, the service
for user 2 with R2,target = 25 Mbps is activated the first
time so that the SMC has to determine a new optimal
joint power allocation snew for the 4-user DSM system
again using a target margin γtarget = 6 dB. The modems
are assumed to resynchronize successively in cyclic or-
der 2, 3, 1, 4, 2, 3, . . . at instances i = 0, 1, 2, . . . where
the transmit PSDs are updated in order to eventually
converge to the target allocation snew. Two schemes for
updating transmit spectra were compared in the simu-
lations: The naive approach described in Section 3 and
the proposed algorithm for seamless update of power
allocations where the minimum desired SNR margin γ̄
was configured to either 2 dB or 3 dB. The remaining
important simulation parameters are summarized in Ta-
ble 1.

Figure 3 shows the resulting actual SNR margin val-
ues γ1(i) and γ4(i) of users 1 and 4 during the tran-
sition phase. Given an intermediate allocation s(i) at
instance i, the value for γn(i) is obtained by solving
eq. (8) e.g. via bisection method. Clearly, one finds that
for instances i = 0, 1, 2, the actual margin of both users
decreases drastically when naively updating power spec-
tra. In contrast, using our proposed seamless scheme,
γn(i) is guaranteed to not fall below the specified mini-
mum margin γ̄. This comes at the expense of a drop in
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Figure 3: Actual SNR margin γn(i) during transition
phase

margin for user 1 at instances i = 4, 5 compared to the
naive scheme.

Finally, the distances ∆(s(i), snew) as a function of
instance i are depicted in Figure 4 for the different
schemes. Clearly, all three curves show the expected
behavior of monotonously converging towards a value
of 0. As the naive method updates all spectra directly
to the new optimal allocation, it converges only after 4
time steps, that is, before the seamless update method.
However, we have already seen that this comes at the
price of a drastically reduced actual SNR margin. Com-
paring curves of the seamless method for different values
of γ̄, we find the expected result that a higher minimum
SNR margin value tends to increase convergence time.

7. CONCLUSION

In this work, we studied the problem of migrating
transmit spectra in a non-static multi-user xDSL sys-
tem. It was found that using a naive approach can
strongly threaten line stability during the transition
phase. Therefore, a novel power allocation scheme was
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Figure 4: Normalized distance function ∆̃ as transmit
spectra converge towards target power allocation.

proposed to gradually update spectra to the desired new
optimal joint power allocation while respecting a given
minimum SNR margin at any point in time. The op-
timization associated with the proposed approach was
shown to expose a d.c. structure which allows the solu-
tion to be found efficiently based on convex relaxation.
It has been shown that choosing a large minimum mar-
gin in the shaping of the intermediate spectra generally
increases convergence time of the scheme. Due to this
trade-off, an interesting issue for future work is how to
choose the minimum margin value so that the loss of
margin probability is minimized.
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ABSTRACT
In this paper we consider the design of zero forcing (ZF) and mini-
mum mean square error (MMSE) transceivers for non-regenerative
multiple input multiple output (MIMO) relay networks. Our de-
signs utilise linear processors at each stage of the network along
with a decision feedback detection device at the receiver. Under the
assumption of full channel state information (CSI) across the en-
tire link the processors are jointly optimised to minimise the system
arithmetic mean square error (MSE) whilst meeting average power
constraints at both the source and the relay terminals. We compare
the presented methods to linear designs available in the literature
and show the advantages of the proposed transceivers through sim-
ulation results.

1. INTRODUCTION

MIMO relay networks have gained significant attention from re-
searchers lately due to the fact that they can extend communication
range and network coverage [1] as well as provide other benefits
such as increased data throughput and link reliability [2]. Due to
the various advantages offered by multi-antenna relay systems they
are considered an integral component in the design of future gener-
ation wireless networks [2].

Relay networks are generally classed as either regenerative or
non-regenerative depending on the functionality of the relay termi-
nal [3]. These two classes are also commonly referred to as de-
code forward and amplify forward respectively. In the regenera-
tive case the relay terminal decodes the received signal streams and
then retransmits the regenerated symbols to the destination [3]. For
non-regenerative relaying, which is the least complex of the two ap-
proaches, the relay antennas simply amplify their received signal
before forwarding to the next relay.

Most works in the area of MIMO relaying have focussed on
the design of linear transceivers to enhance system performance in
some manner. The design of such transceivers is highly dependant
on the availability of CSI at each stage of the network. In [1] the
authors derive the optimal relay precoder that maximises the mutual
information between the source and destination, under the assump-
tion that the source distributes the available power budget uniformly
across the antennas. This requires the relay to have access to full
CSI of both transmission channels. In [3] the authors also focus on
the relay precoder design to maximise mutual information but intro-
duce linear equalisation at the destination. The introduction of the
linear equaliser improves the system information rate compared to
[1] but requires that the receiver also has full CSI of both channels.

As well as the maximisation of channel capacity other design
criteria such as MMSE have been well studied. In [4] a co-operative
relay strategy was designed to minimise the MSE subject to an av-
erage power constraint at the relay. This work showed that co-
operation between the relay nodes could enhance bit error ratio
(BER) performance compared to schemes that do not allow signal
mixing at the relay terminal [5]. However, co-operation among re-
lays is only possible when the nodes are clustered together with
short range local links [4]. When the relay antennas cannot ex-
change information with each other reliably then non-cooperative

relay protocols provide a more practical solution. In [6] a joint
MMSE optimisation strategy is suggested where the Wiener filter
is utilised at the receiver and the relay precoder is designed to min-
imise the system arithmetic MSE subject to an average power con-
straint.

A unified framework for the design of linear transceivers in con-
ventional two-hop non-regenerative MIMO relay networks, where
it is assumed that there is no direct link between the source and des-
tination, has been presented in [7]. This work presents solutions
to the joint optimisation of the source, relay, and destination pro-
cessors for a broad range of objective functions and is an extension
of the results derived in [8] which were obtained for the case of
point to point MIMO. Assuming Wiener filtering at the destination
the authors derive the optimal source and relay precoders for Schur
convex and Schur concave objective functions which cover most
reasonable design criteria. This work was later generalised to the
case of multi-hop MIMO relay networks in [9] where it was shown
that, as in the case of a two-hop network, the optimal source and
relay precoder structures diagonalise the MIMO relay system into a
set of parallel single input single output (SISO) sub-channels.

In this paper we consider the joint design of linear processors
for a non-regenerative two-hop relay system with decision feedback
detection at the destination. As in many works e.g. [1], [4], [5], and
[7] we assume that, due to high attenuation, the destination does not
receive any information directly from the source. It is also assumed
that the source, relay, and receiver have access to full CSI of both
transmission channels. We aim to jointly design the processors in
the network to minimise the system arithmetic MSE whilst abiding
by power constraints at the source and relay stages. The joint design
of linear processors for point to point MIMO with decision feedback
detection was studied extensively in [10]. Our work can be viewed
as an extension of that in [10] such that the transceiver designs are
applicable to two-hop non-regenerative MIMO relaying.

The remainder of this paper is organised as follows: In Section
2 we introduce the signal model for the communications system un-
der consideration. We then formulate a constrained optimisation
problem for the transceiver designs in Section 3. The problem is
formulated by first deriving an expression for the MSE and then ob-
taining and minimising a lower bound on the MSE subject to aver-
age power constraints. From this constrained optimisation problem
both the ZF and MMSE processors are derived. In Section 4 the per-
formance of the proposed designs are evaluated through simulations
and compared to benchmark linear designs. Finally conclusions are
drawn in Section 5.

Notation: In our notation vectors and matrices are denoted by
lower and upper case bold font respectively. The sets of real and
complex numbers are R and C, which in the case of vector/ matrix
quantities indicate dimensions by means of a superscript. The op-
erators E {·}, tr{·}, (·)H, and |·| denote the expectation, trace, her-
mitian transpose, and determinant respectively. The operator [.]+
signifies taking the maximum value of the term inside the bracket
and zero.
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Figure 1: MIMO relay system model with decision feedback detection.

2. SIGNAL MODEL

In this section we develop the signal model for a conventional
MIMO relay system with M antennas at both the source and destina-
tion, and N ≥ M antennas in the relaying layer. For the purposes of
interference cancellation we admit linear processors in each stage of
the network and, furthermore, employ decision feedback detection
at the destination. This configuration can be seen in Figure 1.

For the half duplex relaying system shown in Figure 1 the trans-
mission of data between the source and destination is carried out
in two separate time slots. In the first time slot the symbols from
the source s ∈ CM , which we assume are uncorrelated with covari-
ance Rss = E

{
ssH}= I, are linearly precoded by the source matrix

F ∈CM×M and then transmitted over the first channel H1 ∈CN×M

to the N relaying antennas. The data vector r ∈ CN received by the
relay layer can thus be written as

r=H1Fs+v1, (1)

where v1 ∈CN is an Additive White Gaussian Noise (AWGN) vec-
tor with covariance Rv1v1 = E

{
v1v

H
1
}
= σ2

v1
I. In the second time

slot the relays precode the received data by the matrix G ∈ CN×N

and transmit across the second stage channel H2 ∈ CM×N giving
the received signals at the destination

y =H2Gr+v2, (2)

where again the vector v2 ∈ CM contains AWGN samples and has
covariance Rv2v2 = E

{
v2v

H
2
}
= σ2

v2
I. The received data is pro-

cessed by the linear equaliser W ∈ CM×M , resulting in z = Wy.
Using (1) and (2) we can write the output of the equaliser as

z=WHFs+Wv, (3)

where for convenience we define H=H2GH1 to be the compound
MIMO channel between the source and destination antennas and
v =H2Gv1 +v2 to be the total noise at the input to the equaliser
with covariance Rvv = E

{
vvH} = H2GRv1v1G

HHH
2 +Rv2v2 .

After processing by W, successive interference cancellation (SIC)
is performed. The feedback matrix B ∈ CM×M is strictly upper
right triangular with co-efficients

B=


0 b12 · · · b1M
...

. . .
. . .

...
...

. . . b(M−1)M
0 · · · · · · 0

 . (4)

The SIC performed at the receiver is then as follows [11]:

ŝm =C

[
zm −

M

∑
n=m+1

bmnŝn

]
, m = M,M−1, . . . ,1, (5)

where the operator C[·] denotes quantisation to the nearest symbol
in the transmitted symbol constellation. This operation is equivalent
to successively making decisions [10] on

s̃=WHFs+Wv−Bŝ. (6)

The error between the input to the decision device and the transmit-
ted data vector provides a useful measure of quality for the decision
feedback transceiver and is constructed as e = s̃− s. Using (6) the
error can be written as

e= (WHF−B− I)s+Wv, (7)

where for mathematical tractability we have assumed correct deci-
sions on the past data symbols in s̃ i.e ŝ= s.

3. TRANSCEIVER DESIGN

The transceivers in this paper aim to minimise the system arith-
metic MSE under average power constraints at the source and re-
lay. From this optimisation problem the ZF and MMSE designs are
obtained depending on whether or not the equaliser W performs
a regularised inversion. In the following sub-sections we begin by
formulating the constrained optimisation problem before presenting
the individual ZF and MMSE solutions.

3.1 MSE Problem Formulation
Using (7) the covariance of the error Ree = E

{
eeH} can be ex-

panded as

Ree = (WHF−B− I)(WHF−B− I)H +WRvvW
H. (8)

The arithmetic MSE is simply given by the average of the diagonal
elements in (8) and can be stated as

σ̄2 = tr
{
(WHF−U)(WHF−U)H +WRvvW

H
}
/M, (9)

where for convenience we have used the substitution U = B+ I.
Although the processors could be designed to minimise (9) we can
obtain a lower bound on the MSE that will lead to transceivers with
better performance.

3.1.1 MSE Lower Bound

The geometric MSE provides a lower bound to (9) which is a sim-
ple consequence of the arithmetic geometric mean inequality [12]
which, for an M×M positive semi-definite matrix X, states that

|X|1/M ≤ tr{X}/M, (10)

which holds with equality when X= βI with β ≥ 0. Using (8) and
(10) we can obtain the following bounds on the MSE

|(WHF−U)(WHF−U)H +WRvvW
H|1/M

≤ tr
{
(WHF−U)(WHF−U)H +WRvvW

H
}
/M. (11)
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In the following designs we shall use the lower bound in (11) as our
objective function. However, the main goal of the transceivers is
to minimise the arithmetic MSE which is given by the upper bound
in (11). The transceivers may only achieve the lower bound on the
arithmetic MSE if (11) holds with equality [10]. Thus, F, G, W,
and U must be designed such that the error covariance matrix has
the structure Ree = βI.

3.1.2 Constrained Optimisation Problem

Using the lower bound in (11) as our objective function and with the
source and relay terminals having limited average transmit power
we can formulate the constrained optimisation problem as

min
F,G,W,U

|(WHF−U)(WHF−U)H +WRvvW
H|1/M (12)

subject to tr
{
FFH

}
= Ps, and (13)

tr
{
G(H1FF

HHH
1 +Rv1v1)G

H
}
= Pr, (14)

where (13) and (14) are the source and relay power constraints re-
spectively and (12) is the geometric MSE objective function.

3.1.3 Channel and Precoder Decomposition

As will be seen in the following sections the optimisation problem
stated in (12), (13) and (14) can be vastly simplified if we consider
the channel matrices H1 and H2, in terms of their singular value
decompositions

H1 =U1ΛVH
1 H2 =U2∆VH

2 . (15)

Although our designs can accomodate other cases, for simplicity we
assume that H1 and H2 are full rank with rank M. We denote the
first M columns of matrices U1 and V2 as Ū1 and V̄2 respectively.
As well as this the upper left M ×M sub-matrices of Λ and ∆ are
denoted by Λ̄ and ∆̄ and contain the non-zero singular values, λii
and δii, of channels H1 and H2.

It is also convenient to represent the source and relay precoders
by the following decompositions

F=ΘΓΨ G=ΞΦΥ. (16)

In the remainder of this paper we assume that the precoder F dis-
tributes power uniformly across the source antennas and thus has
rank M with Γ= γI where γ =

√
Ps/M is such that the power con-

straint in (13) holds with equality. Although an N ×N matrix we
will see in the following sub-sections that G can be at most rank
M. For later convenience we define Ξ̄ and Ῡ to contain the first M
columns of Ξ and Υ and the diagonal matrix Φ̄ to be the upper left
M×M submatrix of Φ containing the non zero singular values ϕii.

3.2 ZF Transceiver Design
The goal is now to design the processors F, G, W and U to min-
imise the geometric MSE in (12) under the power constraints (13)
and (14) whilst also meeting the ZF criterion.

3.2.1 ZF Constrained Optimisation Problem

As previously mentioned, the functionality of our designs is de-
pendant on the equaliser W. In the case of the ZF transceiver the
equaliser is required to eliminate all interference between transmit-
ted data symbols and perfectly reconstruct the signals in the absence
of noise. This requirement can be stated mathematically as

WHF=U. (17)

For a given F, G and U the optimal ZF equaliser can be calculated
directly from (17) as

W =U(FHHHHF)−1FHHH, (18)

where we have used the minimum norm pseudo inverse of the prod-
uct HF. Substituting (17) and (18) in (8) the error covariance ma-
trix for the ZF transceiver can be written as

Ree,ZF =U(FHHHR−1
vv HF)−1UH. (19)

From (11) we obtain the lower and upper bounds on the MSE as

|FHHHR−1
vv HF|−1/M ≤ tr

{
U
(
FHHHR−1

vv HF
)−1

UH
}
/M,

(20)
where we have used the fact that |U|= 1 since U is a unit diagonal
upper right triangular matrix. Using the lower bound in (20) as our
objective function we can then state the constrained optimisation
problem for the ZF transceiver to be

max
F,G

|FHHHR−1
vv HF| (21)

subject to tr
{
G(H1FF

HHH
1 +Rv1v1)G

H
}
= Pr, (22)

where we have used the fact that minimising |FHHHR−1
vv HF|−1/M

is equivalent to maximising |FHHHR−1
vv HF|. We also note that the

source power constraint in (13) has been eliminated as it is guaran-
teed to be met with F chosen as in sub-section 3.1.3.

3.2.2 ZF Processors

We now go on to present the ZF processors F, G and U that max-
imise (21) under the constraint (22). Using the channel and pre-
coder decompositions in sub-section 3.1.3, we can state from the
Hadamard determinant inequality [12] that

|FHHHR−1
vv HF| ≤

M

∏
i=1

γ2λ 2
ii |ϕii|2δ 2

ii
|ϕii|2δ 2

ii σ2
v1
+σ2

v2

, (23)

where the bound holds with equality when Θ = V1, Ξ̄ = V̄2 and
Ῡ= ŪH

1 . We have thus established the following sets of source and
relay precoders

F= γV1Ψ G= V̄2Φ̄ŪH
1 , (24)

where the unitary matrix Ψ provides a degree of freedom that shall
be exploited later in the design. Substituting such precoders in (21)
and (22) the optimal Φ̄ can be calculated by solving the following
optimisation problem

max
ϕii

M

∏
i=1

γ2λ 2
ii |ϕii|2δ 2

ii
|ϕii|2δ 2

ii σ2
v1
+σ2

v2

(25)

subject to
M

∑
i=1

|ϕii|2(γ2λ 2
ii +σ2

v1
) = Pr, |ϕii|2 ≥ 0. (26)

Since the objective function and inequality constraint are convex
and the equality constraint is affine with respect to the design vari-
able |ϕii|2 the solution to this problem can be obtained from the
Karush Kuhn Tucker (KKT) conditions of optimality [13] and is
given by

|ϕii|2 =

[√
µσ2

v2

δ 2
ii σ2

v1
(γ2λ 2

ii +σ2
v1
)
+

σ4
v2

4δ 4
ii σ4

v1

−
σ2

v2

2δ 2
ii σ2

v1

]+
, (27)

where µ is a constant required to fulfill the constraint in (26) and is
akin to the waterlevel in waterfilling procedures [14]. Having cal-
culated the optimal Φ̄ we now focus on computing a unitary matrix
Ψ such that the bound in (20) holds with equality. We firstly note

404



that substituting (24) in (20) the lower bound on the MSE can be
calculated to be

σ̄2
ZF =

M

∏
i=1

(
γ2λ 2

ii |ϕii|2δ 2
ii

|ϕii|2δ 2
ii σ2

v1
+σ2

v2

)−1/M

. (28)

From the arithmetic geometric mean inequality we can state that
(20) holds with equality if, and only if, the error covariance ma-
trix in (19) is diagonal with equal diagonal elements. Thus, the ZF
transceiver achieves the lower bound in (28) only if

U(FHHHR−1
vv HF)−1UH = σ̄2

ZFI. (29)

Using the channel decompositions in (15) and the precoders in (24)
we can re-write (29) as

UΨH
(

γ2Λ̄2Φ̄2∆̄2(Φ̄2∆̄2σ2
v1
+σ2

v2
I)−1

)−1
ΨUH = σ̄2

ZFI.

(30)
Taking the Cholesky factor and re-arranging we arrive at(

γ2Λ̄2Φ̄2∆̄2(Φ̄2∆̄2σ2
v1
+σ2

v2
I)−1

)1/2
=QŪΨH, (31)

where Q ∈ CM×M is a unitary matrix and Ū = (1/σ̄ZF )U is an
upper right triangular matrix with equal diagonal elements given
by 1/σ̄ZF . The matrix decomposition in (31) is the geometric mean
decomposition [11] of (γ2Λ̄2Φ̄2∆̄2(Φ̄2∆̄2σ2

v1
+σ2

v2
I)−1)1/2. This

matrix decomposition is also commonly referred to as the equal di-
agonal QR decomposition [15].

The ZF transceiver that achieves the lower MSE bound in (28)
is thus constructed as follows. The channels H1 and H2 are de-
composed using the singular value decompositions in (15). The
power allocation matrix Γ for the source is constructed as Γ= γI=√

(Ps/M)I and the relay power allocation matrix Φ̄ is calculated
with diagonal elements satisfying (27). The geometric mean de-
composition in (31) is then computed from which the feedback ma-
trix B = σ̄ZFŪ− I can be calculated. Finally the source and relay
precoders are given by (24) and the DFE feedforward matrix from
(18).

3.3 MMSE Transceiver Design
Although the ZF solution completely eliminates interference be-
tween transmitted data symbols it can also amplify noise in the re-
ceiver which can result in poor performance. For this reason we now
consider an MMSE solution where the equaliser takes into account
the noise components in the system.

3.3.1 MMSE Constrained Optimisation Problem

The optimal equaliser W that minimises the MSE at the input to
the decision device is provided by the well known Wiener solution
and is given by

W =UFHHH(HFFHHH +Rvv)
−1. (32)

Substituting (32) in (8) we can write Ree for the MMSE transceiver
as

Ree,MMSE =U(I+FHHHR−1
vv HF)−1UH, (33)

and from the arithmetic geometric mean inequality in (10) we can
obtain the following lower and upper MSE bounds

|I+FHHHR−1
vv HF|−1/M

≤ tr
{
U
(
I+FHHHR−1

vv HF
)−1

UH
}
/M. (34)

As with the ZF design we use the lower MSE bound as our objective
function and under the constraint of limited average power at the
relay we can state the optimisation problem as

max
F,G

|I+FHHHR−1
vv HF| (35)

subject to tr
{
G(H1FF

HHH
1 +Rv1v1)G

H
}
= Pr. (36)

We note that maximising the objective function in (35) is equivalent
to maximising the mutual information.

3.3.2 MMSE Processors

Applying the Hadamard determinant inequality to the determinant
in (35) we can state that

|I+FHHHR−1
vv HF| ≤

M

∏
i=1

(
1+

γ2λ 2
ii |ϕii|2δ 2

ii
|ϕii|2δ 2

ii σ2
v1
+σ2

v2

)
, (37)

where the bound holds with equality when the source and relay pre-
coders have the same structure as given in (24). Substituting (24) in
(35) and (36) we arrive at the following scalar optimisation problem

max
ϕii

M

∏
i=1

(
1+

γ2λ 2
ii |ϕii|2δ 2

ii
|ϕii|2δ 2

ii σ2
v1
+σ2

v2

)
(38)

subject to
M

∑
i=1

|ϕii|2(γ2λ 2
ii +σ2

v1
) = Pr, |ϕii|2 ≥ 0. (39)

The solution to this optimisation problem provides the optimal di-
agonal elements of Φ̄ for the MMSE relay and can be calculated
from the KKT conditions to be

|ϕii|2 =

−bi +
√

b2
i −4aici

2ai

+ , (40)

with the variables

ai = δ 4
ii σ

2
v1
(γ2λ 2

ii +σ2
v1
) bi = δ 2

ii σ
2
v2
(γ2λ 2

ii +2σ2
v1
)

ci =

(
σ4

v2
−

µγ2λ 2
ii δ

2
ii σ

2
v2

γ2λ 2
ii +σ2

v1

)
, (41)

where again µ must be calculated to satisfy the equality in (39). We
now need to calculate the matrix Ψ such that Ree,MMSE is a diag-
onal matrix with equal diagonal elements and thus (34) holds with
equality. With the precoders in (24) and the channel decompositions
in (15) we can calculate the lower MSE bound in (34) to be

σ̄2
MMSE =

M

∏
i=1

(
1+

γ2λ 2
ii |ϕii|2δ 2

ii
|ϕii|2δ 2

ii σ2
v1
+σ2

v2

)−1/M

. (42)

Arguing as done for the ZF design we can state that the MMSE
transceiver only achieves the lower bound in (42) if

U(I+FHHHR−1
vv HF)−1UH = σ̄2

MMSEI. (43)

Substituting (15) and (24) in (43) we can write

UΨH
(
I+ γ2Λ̄2Φ̄2∆̄2(Φ̄2∆̄2σ2

v1
+σ2

v2
I)−1

)−1
ΨUH

= σ̄2
MMSEI. (44)

Similar to the ZF transceiver design the optimal matrix Ψ can be
extracted from the following geometric mean decomposition(

I+ γ2Λ̄2Φ̄2∆̄2(Φ̄2∆̄2σ2
v1
+σ2

v2
I)−1

)1/2
=QŪΨH, (45)
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Figure 2: BER results for proposed and benchmark systems

where Ū = (1/σ̄MMSE)U is an upper right triangular matrix with
equal diagonal elements given by 1/σ̄MMSE .

This concludes the derivation of our MMSE transceiver design.
The MMSE transceiver that achieves the lower bound in (42) is
constructed as follows: Given the transmission channel decompo-
sitions in (15) the source precoder is constructed as in (24) where
γ =

√
Ps/M and the unitary matrix Ψ is calculated from the ge-

ometric mean decomposition in (45). The diagonal matrix Φ̄ for
the relay precoder is calculated with diagonal elements satisfying
(40). The feedback matrix is calculated from B = σ̄MMSEŪ− I
where again Ū results from the decomposition in (45). Finally the
feedforward filter is given by (32).

4. SIMULATIONS AND RESULTS

In this section we evaluate the performance of the proposed ZF DFE
and MMSE DFE transceivers in terms of BER and compare them
to the linear MMSE, max IR, and minimax MSE designs presented
in [6], [3], and [7] respectively.

4.1 Simulation Parameters

In all simulations we assume N = M = 4 antennas in each layer
of the relay network with the resulting MIMO channels having
complex Gaussian entries with zero mean and unit variance. The
symbols from the souce antennas are selected from QPSK constel-
lations with unit variance. The Signal to Noise Ratio (SNR) for
the two transmission stages are defined as SNR1 = Ps/Nσ2

v1
and

SNR2 = Pr/Mσ2
v2

, with the source and relay power budgets being
set as Ps = Pr = 4. The linear transceiver design in [3] was de-
rived under the assumption that σ2

v1
= σ2

v2
and so, for a fair com-

parison, when assessing BER against SNR in simulations we set
SNR = SNR1 = SNR2.

4.2 Results

Figure 2 shows the uncoded BER results for the proposed designs
as well as the three linear benchmark systems. The solid curves
shown in Figure 2 are the results obtained for the proposed designs
in the absence of error propagation in the feedback loop. These
results are purely theoretical but provide an insight into the effect
that incorrect decisions causes on the BER performance of the pro-
posed transceivers. Clearly both the ZF and MMSE DFE designs
far outperform the linear benchmarks, particularly at high SNR val-
ues, with the MMSE solution providing the best performance over
all values of SNR.

5. CONCLUSIONS

In this paper we have presented two transceiver designs for non re-
generative MIMO relay systems that utilise linear processors in the
different stages of the network as well as decision feedback detec-
tion at the receiver. Under the assumption of full CSI at each stage
of the network, the processors for both designs were jointly opti-
mised to minimise the system arithmetic MSE under average power
constraints at the source and relay terminals. From this constrained
optimsation problem the ZF and MMSE solutions were derived de-
pending on the functionality of the equaliser. Simulation results
have shown that both the ZF and MMSE DFE’s provide far supe-
rior performance in terms of BER over linear designs available in
the literature.

REFERENCES

[1] X. Tang and Y. Hua. Optimal design of non-regenerative MIMO
wireless relays. IEEE Transactions on Wireless Communica-
tions, 6(4):1398–1407, Apr. 2007.

[2] B. Wang, J. Zhang, and A. Host-Madsen. On the capacity of
MIMO relay channels. IEEE Transactions on Information The-
ory, 51(1):29–43, Jan. 2005.

[3] O. Munoz-Medina, J. Vidal, and A. Agustin. Linear Transceiver
Design in Nonregenerative Relays with Channel State Infor-
mation. IEEE Transactions on Signal Processing, 55(6):2593–
2604, Jun. 2007.

[4] R. Krishna, Z. Xiong, and S. Lambotharan. A Cooperative
MMSE Relay Strategy for Wireless Sensor Networks. IEEE
Signal Processing Letters, 15:549–552, 2008.

[5] O. Oyman and A. J. Paulraj. Design and Analysis of Linear
Distributed MIMO relaying algorithms. IEE Proceedings —
Communications, 153:565–572, Aug. 2006.

[6] W. Guan and H. Luo. Joint MMSE transceiver design in non-
regenerative MIMO relay systems. IEEE Communications Let-
ters, 12(7):517–519, Jul. 2008.

[7] Y. Rong, X. Tang, and Y. Ha. A Unified Framework for Op-
timizing Linear Non-Regenerative Multicarrier MIMO Relay
Communication Systems. IEEE Transactions on Signal Pro-
cessing, 57(12):4837–4851, Dec. 2009.

[8] D. P. Palomar, J. M. Cioffi, and M. A. Lagunas. Joint Tx-Rx
Beamforming Design for Multicarrier MIMO Channels: A Uni-
fied Framework for Convex Optimization. IEEE Transactions
on Signal Processing, 51(9):2381–2401, Sep. 2003.

[9] Y. Rong and Y. Hua. Optimality of Diagonalization of Multi-
Hop MIMO Relays. IEEE Transactions on Wireless Communi-
cations, 8(12):6068–6077, Dec. 2009.

[10] F. Xu, T. N. Davidson, J. K. Zhang, and K. M. Wong. Design
of Block Transceivers with Decision Feedback Detection. IEEE
Transactions on Signal Processing, 54(3):965–978, Mar. 2006.

[11] Y. Jiang, J. Li, and W. W. Hager. Joint Transceiver Design for
MIMO Communications Using Geometric Mean Decomposi-
tion. IEEE Transactions on Signal Processing, 53(10):3791–
3801, Oct. 2005.

[12] R. A. Horn and C. R. Johnson. Matrix Analysis Cambridge
University Press, 1985.

[13] S. Boyd and L. Vandenberghe. Convex Optimisation. Cam-
bridge University Press, 1985.

[14] D. P. Palomar and J. R. Fonollosa. Practical Algorithms for a
Family of Waterfilling Solutions. IEEE Transactions on Signal
Processing, 53(2):686–695, Feb. 2005.

[15] J. K. Zhang, A.Kavcic, and K. M. Wong. Equal Diagonal
QR Decomposition and its Application to Precoder Design for
Successive Cancellation Detection. IEEE Transactions on In-
formation Theory, 51(1):154–172, Jan. 2005

406



A SEMIDEFINITE RELAXATION BASED CONSERVATIVE APPROACH TO

ROBUST TRANSMIT BEAMFORMING WITH PROBABILISTIC SINR

CONSTRAINTS

Kun-Yu Wang †, Tsung-Hui Chang †, Wing-Kin Ma ‡, and Chong-Yung Chi †

† Institute of Communications Engineering,
National Tsing Hua University, Hsinchu, Taiwan

email: d9764555@oz.nthu.edu.tw; changth@mx.nthu.edu.tw; cychi@ee.nthu.edu.tw
‡ Department of Electronic Engineering,

Chinese University of Hong Kong, Shatin, Hong Kong
email: wkma@ee.cuhk.edu.hk

ABSTRACT

This paper considers a multiuser transmit beamforming de-
sign in the presence of Gaussian distributed channel errors
at the transmitter. We study a stochastic robust design
problem that minimizes the transmission power subject to
probabilistic signal-to-interference-plus-noise ratio (SINR)
constraints on the receivers. While the probabilistically-
constrained design problem is difficult to solve, we present a
conservative approximation formulation that guarantees the
satisfaction of the probabilistic SINR requirements. The pro-
posed conservative formulation is reminiscent of the worst-
case robust design problem with spherically bounded chan-
nel errors, and can be efficiently handled by semidefinite re-
laxation. The presented simulation results show that the
proposed approach outperforms the existing methods and
requires less transmission powers under the same SINR re-
quirement.

1. INTRODUCTION

Multiuser transmit beamforming designs that take into ac-
count channel state information (CSI) errors at the transmit-
ter, or so called robust transmit beamforming, have drawn
significant attention recently [1–6]. Depending on the CSI er-
ror model, robust transmit beamforming can be divided into
two classes: The worst-case robust design and the stochas-
tic robust design. The worst-case robust design assumes
a bounded channel error model, and the beamforming vec-
tors are designed such that the receivers’ quality-of-service
(QoS) requirements are fulfilled for all channels satisfying
this model; e.g., see the works in [2] where the symbol mean
squared error is used as the receiver’s QoS measure, and also
in [3] for signal-to-interference-plus-noise ratio (SINR) based
QoS measure. In the stochastic robust design, the channel
error is assumed to be random, following certain statistical
distribution, and the beamforming vectors are designed such
that the QoS requirement are met with a high probability.
See [4–6] for the related works.

In this paper, we are interested in the stochastic ro-
bust transmit beamforming design. Specifically, we assume
that the channel errors are independent and identically dis-
tributed (i.i.d.) complex Gaussian random vectors, and
consider the design formulation in [4] where the transmis-
sion power is minimized subject to probabilistic SINR con-
straints. The probabilistic SINR constraints guarantee that
the beamforming design provides each receiver with a preset,

This work is supported by the National Science Council,
R.O.C., under Grants NSC-98-2219-E007-003 and NSC-98-2219-
E007-005; and partly by a General Research Fund awarded by
Research Grant Council, Hong Kong (Project No. CUHK415908).

often high, probability that the desired SINR specification is
satisfied (i.e., a high SINR satisfaction probability). The
associated design problem is difficult because the probabilis-
tic SINR constraints in general do not posses any tractable
form. To efficiently handle this problem, conservative ap-
proaches, which can yield approximate solutions satisfying
the probabilistic SINR requirements, have been proposed.
For example, the conservative approaches presented in [4]
can obtain such approximate solutions by simply solving a
convex semidefinite program (SDP).

In this paper, we present a new conservative approach to
approximating the probabilistically-constrained robust de-
sign problem. The idea of the proposed approach is to bypass
the difficult probabilistic SINR constraints and replace them
by worst-case SINR constraints with spherically bounded
channel errors. We show that the spherically-bounded worst-
case SINR constraints guarantee the satisfaction of the orig-
inal probabilistic SINR constraints in the sense that the for-
mer constraints correspond to a problem feasible set that
is subsumed by the latter constraints. The resultant con-
servative formulation resembles the worst-case robust trans-
mit beamforming problem considered in [3,7], and hence can
be conveniently handled by a semedefinite relaxation (SDR)
based method [7]. Moreover, we illustrate that the level of
conservatism of the proposed formulation can be reduced by
a bisection methodology. Simulation results to be presented
will demonstrate that the proposed conservative approach
outperforms the methods in [4], and meanwhile draws less
transmission powers under the same SINR requirement.

2. SIGNAL MODEL AND PROBLEM
STATEMENT

2.1 Signal Model

We consider a multiuser wireless system that consists of
a multiple-antenna transmitter and K single-antenna re-
ceivers. We assume that the transmitter is equipped with
Nt antennas, and wants to transmit K independent data
streams, denoted by si(t), i = 1, . . . ,K, to the K respec-
tive receivers using transmit beamforming [1]. The transmit

signal is given by
∑K

i=1 wisi(t), where wi ∈ C
Nt is the beam-

forming vector for si(t). The received signal at receiver i can
be expressed as

yi(t) = h
H
i

(

K
∑

i=1

wisi(t)

)

+ ni(t), (1)

where hi ∈ C
Nt is the channel vector of receiver i, and ni(t)

is the additive noise, with zero mean and variance σ2
i > 0.
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Assume that E[|si(t)|
2] = 1 for all i = 1, . . . ,K. The SINR

of receiver i can be obtained from (1) as

SINRi =
E[|hH

i wisi(t)|
2]

∑K

k 6=i
E[|hH

i wksk(t)|2] + σ2
i

=
|hH

i wi|
2

∑K

k 6=i
|hH

i wk|2 + σ2
i

.

Since the SINR is directly related to system performance
such as bit error rate, it is commonly used as the receivers’
QoS measure. The goal of the transmitter is to design the
beamforming vectors {wi}

K
i=1 such that each of the receivers

can meet a desired SINR requirement as

SINRi ≥ γi, i = 1, . . . ,K, (2)

where γi > 0 is the target SINR value for receiver i. To this
end, the transmitter requires the receivers’ CSI, i.e., {hi}

K
i=1.

Suppose that the transmitter perfectly knows {hi}
K
i=1. A set

of optimum beamforming vectors can be obtained by solving
the following optimization problem

min
wi∈C

Nt ,
i=1,...,K

K
∑

i=1

||wi||
2 (3)

s.t.
|hH

i wi|
2

∑K

k 6=i
|hH

i wk|2 + σ2
i

≥ γi, i = 1, . . . ,K,

where || · || denotes the vector 2-norm. As seen in (3), our
task is to find a most power-efficient design that guarantees
the desired SINR specifications in (2). It has been shown
in [1] and [8] that problem (3) can be reformulated as a con-
vex second-order cone program (SOCP). Therefore, efficient
solvers, such as CVX [9], can be employed to solve problem
(3).

2.2 Probabilistically-Constrained Robust Design

In wireless systems, CSI at the transmitter is either es-
timated via uplink training (e.g., in time division duplex
systems) or acquired through receivers’ feedback (e.g., in
frequency division duplex systems). Hence it is inevitable
to have CSI errors in practice due to finite-length train-
ing data or due to limited quantization feedback [1]. Let
h̄i, i = 1, . . . , K, denote the obtained channel estimates at
the transmitter. The true channel vectors {hi}

K
i=1 can be

modeled as

hi = h̄i + ei, i = 1, . . . , K, (4)

where ei ∈ C
Nt represents the channel error. With the im-

perfect CSI {h̄i}
K
i=1, the standard transmit beamforming de-

sign in (3) may no longer guarantee the desired SINR spec-
ifications [in (2)] all the time, and therefore SINR outage
may occur. This issue motivates the investigation of robust
transmit beamforming design.

In this paper, we consider the stochastic robust trans-
mit beamforming design. Specifically, we model each ei as
an i.i.d. complex Gaussian random vector, with zero mean
and covariance matrix ε2i INt

, i.e., ei ∼ CN (0, ε2i INt
). This

model is particularly suitable for errors owing to imperfect
channel estimation. Under this stochastic model, it is de-
sirable to have a beamforming design that is able to guar-
antee the SINR specifications in (2) with a high satisfaction
probability, or, equivalently, a low SINR outage probabil-
ity. Let ρi ∈ (0, 1] denotes the maximum tolerable SINR
outage probability for receiver i. We consider the following

probabilistically-constrained design formulation [4]

min
wi∈C

Nt ,
i=1,...,K

K
∑

i=1

||wi||
2 (5a)

s.t. Pr

(

|(h̄i + ei)
H
wi|

2

∑K

k 6=i
|(h̄i + ei)Hwk|2 + σ2

i

≥ γi

)

≥ 1− ρi, i = 1, . . . ,K. (5b)

Problem (5) aims to find a most power-efficient beamforming
design that guarantees receiver i a (1−ρi) SINR satisfaction
probability, for i = 1, . . . ,K. Solving problem (5) is a chal-
lenging task because the probabilistic SINR constraints in
(5b) are intractable and are not convex in general. In the
next section, we present a conservative approach to approx-
imating problem (5).

3. PROPOSED CONSERVATIVE APPROACH

In this section, the proposed conservative approach is pre-
sented. In the first subsection, a conservative formulation
of problem (5) is given. In the second subsection, an SDR
based method is presented to handle the proposed conser-
vative formulation. A bisection technique that can further
enhance the proposed conservative approach is presented in
the last subsection.

3.1 Proposed Conservative Formulation

To present the proposed approach, let us write

ei = εivi (6)

where vi ∼ CN (0, INt
), and rewrite the probabilistic SINR

constraints in (5b) as

Pr

(

|(h̄i + εivi)
H
wi|

2

∑K

k 6=i
|(h̄i + εivi)Hwk|2 + σ2

i

≥ γi

)

≥ 1− ρi (7)

for i = 1, . . . ,K. The proposed conservation approach is
based on the following simple lemma:

Lemma 1 Let v ∈ C
Nt be a continuous random vector fol-

lowing certain statistical distribution and let G(v) : CNt →
R be a function of v. Let r > 0 be the radius of the ball
{v| ‖v‖2 ≤ r2} such that Pr(‖v‖2 ≤ r2) ≥ 1 − ρ where
ρ ∈ (0, 1]. Then

G(v) ≥ 0 ∀ ‖v‖2 ≤ r2 (8)

implies Pr (G(v) ≥ 0) ≥ 1− ρ.

Proof: Let f(v) denote the probability density function
of v. Suppose that (8) holds. We have that

Pr (G(v) ≥ 0) =

∫

G(v)≥0

f(v) dv ≥

∫

‖v‖2≤r2
f(v) dv

= Pr
(

‖v‖2 ≤ r2
)

≥ 1− ρ, (9)

where the first inequality follows from (8). The lemma then
is proved. �

By applying Lemma 1 to (7), we can see that (7) is sat-
isfied whenever

|(h̄i + εivi)
H
wi|

2

∑K

k 6=i
|(h̄i + εivi)Hwk|2 + σ2

i

≥ γi ∀ ‖vi‖
2 ≤ r2i , (10)
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where ri > 0 is the radius of the ball {vi| ‖vi‖
2 ≤ r2i }

such that Pr(‖vi‖
2 ≤ r2i ) ≥ 1− ρi. We should mention that

Lemma 1 does not impose any specific statistical distribution
on vi. However, for the case of vi ∼ CN (0, INt

) which is
of the main interest in this paper, 2‖vi‖

2 is a Chi-square
random variable with 2Nt degrees of freedom. Let ICDF(·)
be the inverse cumulative distribution function of 2‖vi‖

2.
Then one can show that the choice of the following radius

ri =

√

ICDF(1− ρi)

2
(11)

is sufficient to guarantee Pr(‖vi‖
2 ≤ r2i ) ≥ 1 − ρi for i =

1, . . . , K. Therefore, with the radii {ri}
K
i=1 in (11), and by

Lemma 1, the following problem

min
wi∈C

Nt ,
i=1,...,K

K
∑

i=1

||wi||
2 (12)

s.t.
|(h̄i + εivi)

H
wi|

2

∑K

k 6=i
|(h̄i + εivi)Hwk|2 + σ2

i

≥ γi ∀ ‖vi‖
2 ≤ r2i ,

i = 1, . . . ,K.

is a conservative formulation for problem (5). It is interesting
to note from (12) that the probabilistic SINR constraints in
(5) have been replaced by an infinite number of deterministic
SINR constraints with spherically bounded uncertainty vec-
tors {vi}

K
i=1. Problem (12) is reminiscent of the worst-case

robust transmit beamforming problem considered in [2,3,7].
Different from [2,3,7] where the radii {ri}

K
i=1 are preassigned

system parameters, problem (12) now serves as a conserva-
tive formulation of the probabilistically-constrained problem
in (5), and the radii {ri}

K
i=1 are determined according to the

SINR outage probabilities [see (11)].

3.2 SDR for Problem (12)

In this subsection, we present an SDR based method1 for
handling problem (12) efficiently.

To illustrate this method, let us define Wi , wiw
H
i for

i = 1, . . . ,K, and express (12) in terms of {Wi}
K
i=1 as

min
Wi∈C

Nt×Nt ,
i=1,...,K

K
∑

i=1

Tr(Wi) (13a)

s.t. (h̄i + εivi)
H





1

γi
Wi −

K
∑

k 6=i

Wk



 (h̄i + εivi)

≥ σ2
i , ∀ ‖vi‖

2 ≤ r2i , i = 1, . . . ,K, (13b)

Wi � 0, rank(Wi) = 1, i = 1, . . . ,K, (13c)

where Tr(·) denotes the trace of a matrix, Wi � 0 means
thatWi is a Hermitian, positive semidefinite matrix, and the
constraints in (13c) are due to the fact that Wi = wiw

H
i .

The semi-infinite constraints in (13b) can be recast as a fi-
nite number of linear matrix inequalities, by applying the
S-procedure [10]:

Lemma 2 (S-procedure [10]) Let A ∈ C
Nt×Nt be a com-

plex Hermitian matrix, b ∈ C
Nt and c ∈ R. The following

condition

v
H
Av + b

H
v + v

H
b+ c ≥ 0, ∀ ‖v‖2 ≤ r2

1We should mention that the SDR based method presented
in this subsection is inspired by [7] where the same technique is
used to handle another robust transmit beamforming problem in
cognitive radios.

holds true if and only if there exists a nonnegative value
λ ≥ 0 such that

[

A+ λINt
b

b
H c− λr2

]

� 0,

where INt
is the Nt ×Nt identity matrix.

By applying Lemma 2 to the constraints in (13b), one
can reformulate problem (13) as

min
Wi∈C

Nt×Nt ,λi∈R,
i=1...,K

K
∑

i=1

Tr(Wi) (14a)

s.t. Ψi (W1, . . . ,WK , λi) � 0,

Wi � 0, λi ≥ 0,

rank(Wi) = 1, i = 1, . . . ,K, (14b)

where Ψi (W1, . . . ,WK , λi) is a linear matrix function de-
fined as

Ψi (W1, . . . ,WK , λi),

[

εiINt

h̄H
i

]





1

γi
Wi −

K
∑

k 6=i

Wk





[

εiINt

h̄H
i

]H

+

[

λiINt
0

0 −σ2
i − λir

2
i

]

(15)

for i = 1, . . . ,K. One can see that problem (14) has a lin-
ear objective function and convex constraints except for the
nonconvex rank-one constraints in (14b). By removing these
nonconvex constraints, we obtain the following problem

min
Wi∈C

Nt×Nt ,λi∈R,
i=1...,K

K
∑

i=1

Tr(Wi) (16)

s.t. Ψi (W1, . . . ,WK , λi) � 0,

Wi � 0, λi ≥ 0, i = 1, . . . ,K,

as a relaxation to problem (12). The SDR problem (16) is a
convex SDP, and thus can be efficiently solved by CVX [9].

The SDR technique is in general an approximation
method in the sense that the optimum {Wi}

K
i=1 of problem

(16) may not have rank one. In that case, additional solution
approximation procedures to turn the optimum {Wi}

K
i=1

into a rank-one approximate solution of problem (12) is
needed [11]. Interestingly, our experience in simulations indi-
cates that the SDR problem (16) always yields rank-one so-
lutions, which means that SDR provides globally optimum
solutions of problem (12) for all the problem instances we
tried in simulations. Similar empirical observations are also
reported in [7] though a different robust beamforming prob-
lem is considered there. As a future direction, we will inves-
tigate the reason behind this intriguing finding. Here we are
more interested in using this practically appealing result to
help us resolve the conservative formulation (12).

3.3 Reducing the Level of Conservatism by Bisection

In the previous two subsections, we have shown that prob-
lem (12) with the radii {ri}

K
i=1 given by (11) is a conservative

formulation of the probabilistically-constrained problem (5),
and we have discussed that problem (12) may be efficiently
handled by SDR. It is noticed that problem (12) may be too
conservative in the sense that the associated optimum beam-
fomers {wi}

K
i=1 may yield an SINR satisfaction probability

much higher than 1− ρi. Since the level of conservatism of
problem (12) can be reduced by decreasing ri, this motivates
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us to iteratively update ri in a bisection manner such that
the level of conservatism can be reduced.

To illustrate this method, let us assume that all the re-
ceivers have the same SINR outage probability, i.e., ρ ,

ρ1 = · · · = ρK and thus we can let r , r1 = · · · = rK .
In each iteration, we first solve problem (12) with a given
r to obtain the associated optimum beamformers, denoted
by {w?

i }
K
i=1. Given {w?

i }
K
i=1, one can apply the statistical

validation procedure in [12] to determine whether the prob-
abilistic SINR constraints in (5b) are (empirically) met or
not. If yes, it means that there may exist room for further
reducing r; otherwise one should increase r. Hence depend-
ing on the outcome of the validation procedure, the radius
r can be updated in a bisection manner over the interval of
(0,
√

ICDF(1− ρ)/2]. In Table 1, we summarize the bisec-
tion procedure.

It should be mentioned that the above bisection proce-
dure also applies to the conservative approaches presented
in [4] where a different parameter that controls the level of
conservatism can be iteratively updated via bisection; read-
ers are referred to [4] for the details. As will be shown in the
next section, the proposed new conservative approach (with
bisection) can exhibit better performance than the methods
in [4].

4. SIMULATION RESULTS AND DISCUSSIONS

In this section, we present some simulation results to demon-
strate the effectiveness of the proposed conservative ap-
proach. In the simulations, we consider a wireless system
as described in Sec. 2 with the transmitter equipped with
3 antennas (Nt = 3) and 3 receivers (K = 3). The channel
estimates {h̄i}

3
i=1 are randomly generated according to i.i.d.

complex Gaussian with zero mean and unit variance (i.e.,
h̄i ∼ CN (0, I3)). As mentioned in Sec. 2.2, the error vectors
{ei}

3
i=1 are modeled as i.i.d. zero-mean complex Gaussian.

For simplicity, all the entries of ei have identical variance
of 0.002 (i.e., ε21 = ε22 = ε23 = 0.002). The noise powers
at receivers are also set the same: σ2

1 = σ2
2 = σ2

3 = 0.01.
We assume that all the 3 receivers demand the same QoS
requirement. In particular, the receivers’ target SINR val-
ues {γi}

3
i=1 are set the same, i.e., γ , γ1 = γ2 = γ3, and

the SINR outage probabilities {ρi}
3
i=1 are all set as 0.1, i.e.,

ρ , ρ1 = ρ2 = ρ3 = 0.1, which means that a 90% SINR satis-
faction probability is desired. We applied the SDR technique
in Sec. 3.2 to handle the proposed conservative formulation
in (12) using the sphere radius r given in (11), which is la-
beled as ‘Proposed method’. The SDP solver CVX [9] was
used to solve problem (16). The bisection procedure in Table
1 was also tested (labeled as ‘Proposed method with bisec-
tion’) with the solution accuracy ε set as 10−3 (ε = 10−3).
To implement the statistical validation procedure in [12], we
generated 92,103 sets of error vectors {ei}

3
i=1 for each realiza-

tion of {h̄i}
3
i=1, to test whether the probabilistic SINR con-

straints in (5b) are satisfied empirically. According to [12],
this validation procedure has 99% confidence that the ob-
tained empirical probability is correct. We compare the pro-
posed conservative approach with the conservative formula-
tion I proposed in [4] (labeled as ‘Formulation I in [4]’). The
method in [4] also admits a bisection procedure to reduce its
level of conservatism. This procedure was also tested which
is labeled as ‘Formulation I in [4] with bisection’.

In the first example, we compare the feasibility rates of
the proposed method and Formulation I in [4]. We gener-
ate 500 realizations of {h̄i}

3
i=1, and, for each realization, we

determine if the formulation under test is able to yield a
solution {wi}

3
i=1 that has a finite power and satisfies the

probabilistic SINR constraints in (5b) (which is verified by
the statistical validation procedure in [12]). Figure 1 displays

Table 1. Bisection procedure for the proposed conservative
formulation (12).

Given a desired SINR outage probability ρ ∈ (0, 1], and a
solution accuracy ε > 0.

Set rmin = 0 and rmax =
√

ICDF(1− ρ)/2.

Step 1. Solve problem (12) with r = (rmax+rmin)/2 using the
SDR technique in Section 3.2.

Step 2. If (12) is feasible, let {w?
i }

K
i=1 be the associated opti-

mum solution, and go to Step 3; otherwise set rmax = r
and go to Step 1.

Step 3. Apply the statistical validation procedure in [12] to
determine whether {w?

i }
K
i=1 satisfies the probabilistic

SINR constraints in (5b). Let rmax = r if (5b) is
satisfied; otherwise set rmin = r.

Step 4. If rmax−rmin ≤ ε, then output {w?
i }

K
i=1 as the desired

beamforming vectors; otherwise go to Step 1.

the simulation results of the feasibility rate (%) versus the
target SINR γ (dB). As observed from this figure, the pro-
posed method exhibits a much higher feasibility rate than
Formulation I in [4] under the same γ. For example, for
γ = 17 dB, the proposed method has around 30% feasibility
rate; whereas Formulation I in [4] is hardly feasible. One
can also see from this figure that the feasibility rates of both
methods can be considerably increased when their respec-
tive bisection techniques are applied; however the proposed
method (with bisection) still shows better performance.

To look further into the levels of conservatism of the pro-
posed method and Formulation I in [4], we display in Fig. 2
the distribution (%) of the empirical SINR satisfaction prob-
ability of receiver 1 (i = 1). Note that only the realizations
of {h̄i}

3
i=1 for which the proposed method and Formulation

I in [4] are both feasible are taken into account. Figures 2(a)
and 2(b) show the results of the two methods (without bi-
section) for γ = 13 dB, respectively. One can see from the
two figures that both methods are over conservative since
the empirical satisfaction probabilities are much higher than
the required probability 0.9. However, we can observe that
the proposed method is slightly less conservative than For-
mulation I in [4]. Figures 2(c) to 2(f) display the results of
the two methods with the bisection techniques applied. One
can see that the levels of conservatism of both methods with
bisection can be significantly reduced, while the proposed
method with bisection is less conservative in a worst-case
sense. For example, the maximum achieved SINR satisfac-
tion probability in Fig. 2(e) is less than 0.965, whereas it is
more than 0.985 in Fig. 2(f).

In the last example, we examine the required average
transmission powers of the proposed method and the meth-
ods in [4]. To this end, we generate 500 realizations of
{h̄i}

3
i=1, and select the realizations for which the proposed

method, Formulation I in [4] and their bisection counterparts
are all able to satisfy the probabilistic SINR constraints in
(5b) for γ = 9 dB. We obtain 201 such realizations of {h̄i}

3
i=1

and use them to test the four methods for various values of
target SINR γ. The average transmission power of each of
the four methods is calculated over these 201 realizations,
and are plotted in Fig. 3. Note that we set the average
transmission power as infinity if there exist at least one real-
ization of {h̄i}

3
i=1 such that the method under test is infea-

sible. It can be seen from the figure that both the proposed
method and the proposed method with bisection are more
power efficient than the methods proposed in [4], and are
able to support a wider range of target SINR values.

In summary, we have presented a new conservative ap-
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Figure 1. Simulation results of the feasibility rate (%) of
the proposed method and Formulation I in [4].
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Figure 2. Simulation results of the distribution of empirical
SINR satisfaction probability of receiver 1 obtained by the
the proposed method and Formulation I in [4].

proach for the probabilistically-constrained robust transmit
beamforming problem in (5). The proposed approach is
based on the worst-case constrained conservative formula-
tion in (12) which can be efficiently handled by SDR. The
presented simulation results have shown that the proposed
approach is less conservative and outperforms the existing
methods.
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Figure 3. Simulation results of average transmission power
of the proposed method and Formulation I in [4].
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ABSTRACT
We apply the asymmetric restricted isometry property
(ARIP) to recent results of Cai, Wang, and Xu and formulate
a two-parameter family of sufficient conditions for exact k-
sparse signal recovery via `1-minimization. We translate the
sufficient conditions into the phase transition framework and
apply bounds on the ARIP constants to define lower bounds
on the phase transition. By selecting the parameters wisely,
we determine sufficient conditions whose phase transition
curves improve upon those already in the literature.

1. INTRODUCTION

In the simplest setting of compressed sensing (CS), one seeks
the sparsest solution to an underdetermined system of linear
equations. A predominant tool in the analysis of sparse signal
recovery is the Restricted Isometry Property (RIP) of Candès
and Tao [9]. Since the introduction of CS and the related
increase in work on the analysis of recovery algorithms, the
field has produced numerous RIP statements which serve as
sufficient conditions for exact sparse recovery. A framework
for comparison of CS results was set forth by Donoho et al.
[11, 12, for example] and adapted to the RIP [1]. In this ar-
ticle, we apply the asymmetric restricted isometry property
(ARIP) to recent work by Cai, Wang and Xu [6]. In do-
ing so, and by resisting the temptation to force small support
sizes on the ARIP [3], we present the sufficient condition for
`1-minimization which is provably satisfied by the largest re-
gion of Gaussian matrices. We demonstrate this by applying
bounds on the ARIP constants [1] and comparing the region
obtained from this analysis against the regions of previous
results.

1.1 The Noiseless CS Problem and the RIP
We consider signals of dimension N and assume the target
signal has no more than k-nonzero coefficients. Our target
signal class is denoted χN(k) = {x∈RN : ‖x‖0≤ k}where ‖·
‖0 counts the nonzero entries. From y = Ax, we are provided
n measurements of the target signal x from a linear encoder,
A of size n×N. Finally, the signal x is recovered from (y,A)
using one of many CS decoders.

The natural decoder is a combinatorial search for the
sparsest solution:

min
z∈RN
‖z‖0 subject to y = Az. (1)

If the encoder A provides distinct measurements for any two
k-sparse vectors (for any x,x′ ∈ χN(k), Ax 6= Ax′), the so-
lution to (1) is unique. It is now known that other more

JDB is an NSF International Research Fellow at the University of Ed-
inburgh funded by the award NSF OISE 0854991.

tractable decoders can identify this unique solution under ap-
propriate additional conditions on the encoder/decoder pair.
Candès and Tao introduced the RIP [9] which permits a de-
coder analysis independent from the encoder and provides
one form of these appropriate additional conditions for iden-
tifying the unique solution to (1). To admit the largest class
of encoders which might satisfy an RIP condition, we adopt
the ARIP formulation [1].

Definition 1.1 (RIP [9] and ARIP [1]). For an n×N ma-
trix A, the ARIP constants L(k,n,N) and U(k,n,N) are the
smallest nonnegative numbers which satisfy

(1−L(k,n,N))‖x‖2
2 ≤ ‖Ax‖2

2 ≤ (1+U(k,n,N))‖x‖2
2 (2)

for all x ∈ χN(k).
The standard (symmetric) RIP constant R(k,n,N) is then

defined by

R(k,n,N) := max{L(k,n,N),U(k,n,N)}. (3)

Remark 1.2. We refer to the first entry of the RIP constant as
the support size.

There are several decoders with sufficient conditions for
exact k-sparse recovery based on the RIP. Greedy algorithm
decoders with such guarantees include CoSaMP [15], Itera-
tive Hard Thresholding [4], and Subspace Pursuit [10]. Here
we focus on `1-minimization:

min
z∈RN
‖z‖1 subject to y = Az. (4)

The `1-decoder has been studied quite extensively in the
CS setting and sufficient conditions for exact k-sparse recov-
ery have been derived using multiple methods of analysis.
In this article, we focus on the `1 decoder and the sufficient
conditions based on an RIP analysis.
Remark 1.3. For simplicity, we focus exclusively on the ideal
case of exact sparsity and exact measurements. Standard ex-
tensions of the RIP analysis to signals which are not exactly
k-sparse or measurements corrupted by noise yield similar
results. The phase transition curves in this article are upper
bounds on the curves obtained for noisy measurements or
compressible signals.

1.2 An Overview of RIP Conditions for `1-minimization
The RIP was first used in CS by Candès and Tao [9] to estab-
lish a sufficient condition for recovery of a k-sparse vector.
The first method of proof used the RIP to establish a separat-
ing hyperplane on the boundary of the feasible region for (4).
In [8], Candès, Romberg, and Tao used a primal argument to
establish a sufficient condition for successful recovery. The
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general approach to their proof was to show that the error be-
tween the solution to (4) and the target signal x must be zero
if the encoder A satisfied the RIP condition

µ
crt(k,n,N) :=

1
2

R(3k,n,N)+
3
2

R(4k,n,N)< 1. (5)

The major step in the proof was to partition the index set
in such a way that one could apply an RIP analysis. This
technique was then further developed by Foucart and Lai in
[14] where an ARIP analysis and an alternative partitioning
of the index set resulted in the sufficient condition

µ
f l(k,n,N) :=

1+
√

2
4

(
1+U(2k,n,N)

1−L(2k,n,N)
−1
)
< 1. (6)

These theoretical results1 are worst case guarantees
rather than the average case performance observed in empir-
ical testing. However, such theoretical guarantees are at the
heart of the excitement surrounding CS and the fast decoders
which (approximately) solve (1). We do not discuss average
case performance nor empirical investigation, but we show
the evolution of the theoretical guarantees based on the RIP.

1.3 The Phase Transition Framework
The results in Sec. 1.2 can be compared qualitatively in a va-
riety of ways. The general approach in the literature is to
simply formulate the results, using various inequalities, into
statements involving a common support size of the RIP con-
stants. Alternatively, using bounds on the ARIP constants,
one may write the condition in a form that permits direct
quantitative comparison via the phase transition framework
advocated by Donoho. To obtain such a format, we consider
the CS problem in the setting where the problem parameters
(k,n,N) grow in a coordinated fashion.

Definition 1.4 (Proportional-Growth Asymptotic). A se-
quence of problem sizes (k,n,N) is said to grow proportion-
ally if, for (δ ,ρ) ∈ [0,1]2, n

N → δ and k
N → ρ as n→ ∞.

In the asymptotic setting, the extensive existing knowl-
edge regarding singular values of Gaussian matrices was cou-
pled with a large deviation analysis to obtain rather accurate2

bounds on the ARIP constants [1]. We say that the matrix A
is drawn from the Gaussian ensemble when the entries of A
are taken i.i.d. from the normal distribution with mean zero
and variance n−1.

Theorem 1.5 (Blanchard, Cartis, Tanner [1]). Fix ε > 0. Un-
der the proportional-growth asymptotic, Definition 1.4, sam-
ple each n×N matrix A from the Gaussian ensemble. Let
L (δ ,ρ) and U (δ ,ρ) be defined as in [1, Thm. 1]. Define
R(δ ,ρ) = max{L (δ ,ρ),U (δ ,ρ)}. Then as n→ ∞,

Prob [L(k,n,N)< L (δ ,ρ)+ ε]→ 1, (7)
Prob [U(k,n,N)< U (δ ,ρ)+ ε]→ 1, (8)

and Prob [R(k,n,N)< R(δ ,ρ)+ ε]→ 1. (9)

Sufficient RIP conditions, such as those mentioned in
Sec. 1.2 establish when the solution to (4) will coincide with

1Equations (5) and (6) are representatives of the many RIP conditions in
the literature.

2These bounds are within twice the ARIP constants observed during ex-
tensive empirical testing [1].

the solution to (1). We formalize this event as Strong `1/`0

Equivalence.

Definition 1.6 (Strong `1/`0 Equivalence). The event
StrongEquiv(A, `1) denotes the following property of an n×
N matrix A: for every k-sparse vector x, `1-minimization
(4) exactly recovers x from the corresponding measurements
y = Ax.

Under the proportional-growth asymptotic there is a
strictly positive function ρS(δ ;`1) ≡ ρS(δ ) > 0 defining a
region of the (δ ,ρ) phase space which ensures successful re-
covery of every k-sparse vector x ∈ χN(k), [9, 11, 12]. This
function, ρS(δ ), is called the Strong phase transition func-
tion.

Definition 1.7 (Region of Strong Equivalence). Consider the
proportional-growth asymptotic with parameters (δ ,ρ) ∈
(0,1)× (0,1/2). Draw the corresponding n×N matrices
A from the Gaussian ensemble and fix ε > 0. Suppose that
we are given a function ρS(δ ) with the property that, when-
ever 0 < ρ < (1− ε)ρS(δ ), Prob(StrongEquiv(A, `1)→ 1 as
n→ ∞. We say that ρS(δ ) bounds a region of strong equiva-
lence.

That is, if (δ ,ρ) falls in the region of the phase space
below the curve ρS(δ ), then the probability of successfully
k-sparse recovery via `1-minimization converges to 1 when
measurements are taken from the Gaussian ensemble. In this
paper we apply the ARIP to a relatively recent proof tech-
nique of Cai, Wang, and Xu [6]. Then, by formulating the
sufficient conditions in the phase transition framework we
show that this technique yields results with larger regions of
strong equivalence than previously known RIP conditions.

2. SUFFICIENT ARIP CONDITIONS FOR
STRONG `1/`0 EQUIVALENCE

In a recent series of papers [5, 6, 7], Cai et al. have modi-
fied the existing RIP analysis to form an additional family of
sufficient conditions on A which imply StrongEquiv(A, `1).
While their motivation was the reduction of the support size
of the RIP constants, our motivation is to attempt to close the
gap between the regions of strong equivalence implied by the
RIP and by more geometric, algorithm-specific analyses such
as the polytope analysis of Donoho and Tanner [11, 13]. To
do so, we define a function which based on an ARIP analysis
following the techniques in [6].

Definition 2.1 (CWX ARIP Function). For α,β > 0 define
a CWX ARIP Function by

µ
cwx
α,β (k,n,N) := L((1+α)k,n,N)+

1√
β

Ω(α,β ), (10)

where

Ω(α,β ) :=
L((1+α +β )k,n,N)+U ((1+α +β )k,n,N)

2
.

Definition 2.1 defines a family of CWX ARIP functions
parameterized by α,β . For α,β ∈ 1

kN
+ with 2α ≤ β ≤ 4α ,

µcwx
α,β (k,n,N) provides a sufficient condition for `1 recovery

of every k-sparse signal.
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Theorem 2.2. Suppose α,β ∈ 1
kN

+ with 2α ≤ β ≤ 4α and
that A is an n× N matrix with ARIP constants satisfying
µcwx

α,β (k,n,N) < 1. Then we have StrongEquiv(A, `1) for k-
sparse vectors.

The proof precisely follows the analysis of Cai et al. in
[6] with the application of the ARIP that delivers the result
in the form stated in 2.2. The general format of the proofs
obtained by Cai et al. follow the original proofs of Candès
et al. [8]. The index set {1, . . . ,N} is partitioned into sub-
sets of a certain size which determine the support size of the
ARIP constants. In [6], the Shifting Inequality is the main
innovation permitting a flexible partitioning of the index set.

Lemma 2.3 (Shifting Inequality [6]). Suppose q,r∈N+ with
r ≤ q≤ 3r. If

c1 ≥ c2 ≥ ·· · ≥ c2r+q ≥ 0,

Then (
2r+q

∑
i=r+1

c2
i

) 1
2

≤ 1√
r+q

r+q

∑
i=1

ci. (11)

In our version of the proof, we employ the following im-
plication of the ARIP constants which can be found in [2,
Lem. 15(iv)]. For an index set I ⊂ {1, . . . ,N}, |I| denotes the
cardinality of the set.

Lemma 2.4. Let I,J ⊂ {1, . . . ,N} with I ∩ J = /0 and |I|+
|J| = m. Let A be an n× N matrix with ARIP constants
L(m,n,N),U(m,n,N). Then for any h ∈ RN ,

|〈AhI ,AhJ〉| ≤
L(m,n,N)+U(m,n,N)

2
‖hI‖2‖hJ‖2.

Proof of Theorem 2.2. Let x ∈ χN(k), y = Ax, and x̂ be the
solution to (4). Define h = |x̂−x| and T0 = supp(x). Arrange
the elements of h in decreasing order on the complement, T c

0 ,
and partition the complement into subsets

T c
0 = T1∪

(
∪ j≥2Tj

)
where |T1| = αk and |Tj| = βk for j ≥ 2. Now, for j ≥ 2,
further partition each set into the first αk largest entries and
the last (β −α)k entries:

Tj = Tj1∪Tj2; j ≥ 2

with |Tj1| = αk and Tj2 = (β −α)k. For notational brevity,
let T01 = T0 ∪T1, T12 = T1. Finally, hTj is the set of coeffi-
cients in h indexed by Tj. By design, αk ≤ (β −α)k ≤ 3αk
so we may apply Lem. 2.3 to these sets. For j ≥ 2,

‖h j‖2 =

(
∑
i∈Tj

h2
i

) 1
2

≤ 1√
βk

 ∑
i∈T( j−1)2

hi + ∑
i∈Tj1

hi


=

1√
βk

(
‖hT( j−1)2‖1 +‖hTj1‖1

)
. (12)

So, using (12), we can write

∑
j≥2
‖h j‖2 ≤

1√
βk

∑
j≥2

(
‖hT( j−1)2‖1 +‖hTj1‖1

)
=

1√
βk

∑
j≥1
‖hTj‖1 =

1√
βk
‖hT c

0
‖1. (13)

From [8], we use ‖hT c
0
‖1 ≤ ‖hT0‖1, the Cauchy-Schwarz in-

equality, and the fact that ‖hT0‖2 ≤ ‖hT01‖2 to see that

∑
j≥2
‖h j‖2 ≤

1√
β
‖hT01‖2. (14)

Finally, we use this partitioning and (14) to apply the
ARIP constants. Since Ax = Ax̂, Ah = 0 and so

0 =
∣∣〈Ah,AhT01

〉∣∣= ∣∣∣∣∣∥∥AhT01

∥∥2
2 + ∑

j≥2

〈
AhTj ,AhT01

〉∣∣∣∣∣
≥ [1−L((1+α)k,n,N)]‖hT01‖

2
2

−Ω(α,β )‖hT01‖2 ∑
j≥2
‖hTj‖2

≥ [1−L((1+α)k,n,N)]‖hT01‖
2
2−Ω(α,β )

1√
β
‖hT01‖

2
2

=
[
1−µ

cwx
α,β (k,n,N)

]
‖hT01‖

2
2, (15)

where the sequence of inequalities relies on Def. 1.1,
Lem. 2.4, and (14). Thus, if µcwx

α,β (k,n,N) < 1, (15) implies
that hT01 = 0 and therefore x̂ = x.

Theorem 2.2 provides a family of sufficient condition for
exact k-sparse signal recovery in the form of the CWX ARIP
functions µcwx

α,β (k,n,N). This family of functions leads to two
natural questions. First, when is it possible to satisfy the con-
dition µcwx

α,β (k,n,N) < 1 and for which values of α,β will
this condition be easiest to satisfy? Second, do any of the
functions µcwx

α,β (k,n,N) lead to regions of strong equivalence
which are larger than the regions of strong equivalence de-
termined by the either µcrt(k,n,N) or µ f l(k,n,N) defined,
respectively, in (5) and (6).

To answer these question, it will be necessary to define
a function which bounds the regions of strong equivalence.
We apply the bounds from Thm. 1.5.

Definition 2.5 (CWX Region of StrongEquiv(A, `1)). Define

µ
cwx
α,β (δ ,ρ) :=L (δ ,(1+α)ρ)+

L (δ ,(1+α +β )ρ)+U (δ ,(1+α +β )ρ)

2
√

β

and ρcwx
S (δ ;α,β ) as the solution to µcwx

α,β (δ ,ρ) = 1.

Theorem 2.6. Consider the proportional growth asymp-
totic with parameters (δ ,ρ) ∈ (0,1)× (0,1/2). Draw the
corresponding n × N matrices A from the Gaussian en-
semble. Fix ε > 0. If ρ < (1 − ε)ρcwx

S (δ ;α,β ), then
Prob(StrongEquiv(A, `1))→ 1 as n→ ∞.

Therefore the function ρcwx
S (δ ;α,β ) bounds a region of

strong equivalence for `1-minimization.

Proof. By [2, Lem. 16], with overwhelming probability on
the draw of A from the Gaussian ensemble µcwx

α,β (k,n,N) <
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µcwx
α,β (δ ,(1+ ε)ρ) and µcwx

α,β (ρ,δ ) is strictly increasing in ρ .
Thus, by [2, Lem. 17], if ρ < (1− ε)ρcwx

S (δ ;α,β ), then
µcwx

α,β (δ ,(1+ ε)ρ)< 1. Therefore, with overwhelming prob-
ability the hypotheses of Thm. 2.2 are satisfied and we have
StrongEquiv(A, `1) for all k-sparse vectors.

In the next section, we present a heuristic argument
which leads to a choice of α,β that provides the largest
region of strong equivalence while permitting every prob-
lem instance (k,n,N). Then we compare the regions of
strong equivalence for matrices drawn from the Gaussian
ensemble and associated to each of the three conditions
µcwx

α,β (k,n,N),µ f l(k,n,N),µcrt(k,n,N)< 1.

3. PUSHING THE RIP REGION OF STRONG
EQUIVALENCE

As discussed in [3], the general approach in the literature is to
use the parameters α,β in µcwx

α,β (k,n,N) to obtain a statement
with RIP constants with the smallest possible support size.
However, this does not produce the largest region of strong
equivalence. Here we attempt to intelligently choose α and
β to obtain the largest region of strong equivalence. Because
no single choice of α,β results in a function ρcwx

S (δ ;α,β )
which is largest for all values of δ , a heuristic argument for
the choice of α,β is reasonable. First, we fix the problem in-
stance (k,n,N) and observe that µcwx

α,β (k,n,N) consists of two
terms,

L((1+α)k,n,N) and

1

2
√

β
(L((1+α +β )k,n,N)+U((1+α +β )k,n,N)) .

The first term depends only on alpha and the second term
has the important weight 1/(2

√
β ). Since the RIP constants

are nondecreasing, we balance increasing the support sizes of
the RIP constants with impact of the weight 1/(2

√
β ). As α

has no effect on the weight and only plays the role of altering
the support size of the ARIP constants, we take the mini-
mum value of α in order to keep the support sizes of the RIP
constants as small as possible. Therefore, we must choose
α = β/4 according to the hypotheses of Thm. 2.2. Then, we
can rewrite the sufficient condition as µcwx

β
(k,n,N)< 1 for

µ
cwx
β

(k,n,N) := µ
cwx
1
4 β ,β

(k,n,N) =

L((1+
1
4

β )k,n,N)+
L((1+ 5

4 β )k,n,N)+U((1+ 5
4 β )k,n,N)

2
√

β
.

Now, the condition is dependent only on β and one must
balance the growth rates of the ARIP constants as the sup-
port size grows against the benefits of increasing β to force a
smaller weight on the second part of the condition with larger
support sizes. This is highly dependent on the matrix ensem-
ble from which A is drawn. Define ρcwx

S (δ ;β ) as the solution
to µcwx

β
(δ ,ρ) = 1.

Choosing β ∈ 4N+ ensures that µcwx
β

(k,n,N) applies to
every problem instance (k,n,N). It is possible that selecting
β /∈ 4N+ may result in larger regions of Strong Equivalence.
For the Gaussian ensemble, such changes have a minimal
effect on the magnitude of the phase transition curve. From
4N+, β = 4 defines the phase transition function with the
largest magnitude: ρcwx

S (δ ;4) is the red curve in Fig. 1.
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Figure 1: Regions of Strong Equivalence: The region be-
low the curve ρS(δ ) is a region of StrongEquiv(A, `1) for
A drawn from the Gaussian ensemble; (ρcwx

S (δ ;4), red),
(ρbt

S (δ ), black), (ρ f l
S (δ ), blue), (ρS(δ ), green).

Figure 1 also displays three other regions of strong equiv-
alence defined by RIP results from the literature. First,
ρcrt

S (δ ), displayed as the green curve in Fig. 1, bounds the
region of strong equivalence determined by Candès et al. [8]
and stated here as (5). The blue curve is defined by ρ

f l
S (δ )

which is the region of strong equivalence associated with
Foucart and Lai’s RIP condition (6). Previously, the high-
est phase transition curves were represented by the following
condition from [3] which are a generalization of (5); Let

µ
bt(δ ,ρ) :=

11L (δ ,12ρ)+U (δ ,11ρ)

10
, (16)

and define ρbt
S (δ ) as the solution to µbt(δ ,ρ) = 1. Then

ρbt
S (δ ) bounds the region of strong equivalence and is dis-

played as the black curve in Fig. 1. Figure 1 gives a straight-
forward means of quantitatively stating that the method of
analysis in [6] yields larger regions of strong equivalence.
This figure also displays the advances over time and the im-
provements obtained by incorporating new partitioning tech-
niques and the ARIP in the analysis.

The choice of β = 4 is not arbitrary. By plotting other re-
gions of strong equivalence, it is clear that ρcwx

S (δ ;4) bounds
the largest region of strong equivalence for β ∈ 4N+. If we
are willing to let β vary continuously, it is possible to push
the strong phase transition curve slightly higher. However,
no other choice of β will result in a major improvement
for Gaussian matrices. When δ → 0, the improvement ap-
proaches 2%, but even for δ > 0.1 the improvement is never
even 1% (or 5.7×10−5). Figure 2 provides the improvement
ratio for 3 alternative choices of β , which further demon-
strates that no single choice of β is optimal.

Another interesting use of the phase transition curve is
the extraction of a constant of proportionality for the re-
quired number of measurements implied by a given suffi-
cient condition. Namely, by taking the inverse of a curve
that bounds a region of strong equivalence, we can deter-
mine a constant C =(ρS(n/N))−1 such that if n>Ck then the
problem instance (k,n,N) falls in the region of strong equiv-
alence for Gaussian matrices. Thus the curves (ρS(δ ))

−1 de-
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scribe the smallest constant of proportionality for which a
particular theorem guarantees strong equivalence with over-
whelming probability on the draw of A. Figure 3 shows
the inverse of the red curve in Fig. 1 defined by ρcwx

S (δ ;4).
In [9], Candès and Tao developed the first RIP based suffi-
cient condition and determined that for Gaussian matrices,
if n/N = 1/2, then n > 2174k was a sufficient number of
measurements for StrongEquiv(A, `1) with A from the Gaus-
sian ensemble. Since that seminal paper, the introduction
of new proof techniques, the ARIP analysis, and the im-
proved bounds of Thm. 1.5 have dramatically reduced this
constant of proportionality. Using ρcwx

S (δ ;4), if n/N = 1/2,
then n > 198k is a sufficient number of measurements to en-
sure the problem instance falls in the region of strong equiv-
alence. However, there is still a gap from the necessary and
sufficient conditions determined by Donoho and Tanner with
a geometric algorithm specific analysis of the `1 decoder.
Their polytope analysis tells us that if n/N = 1/2, the ac-
tual required number of measurements is n > 11k to guar-
antee StrongEquiv(A, `1) with overwhelming probability on
the draw of A from the Gaussian ensemble.
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ABSTRACT

An accurate representation of the acquired data, while also conserv-
ing limited resources, such as power, bandwidth and storage capac-
ity, is a challenging task. Besides, the Gaussian assumption, which
plays a predominant role in signal processing being widely used as a
signal and noise model, is unrealistic for a wide range of real-world
data, which can be highly sparse in appropriate orthonormal bases.
In the present work, the inherent property of compressed sensing
(CS) working simultaneously as a sensing and compression proto-
col using a small subset of random projections is exploited to reduce
the total amount of data. In particular, we propose a novel itera-
tive algorithm for sparse representation and reconstruction of non-
negative signals in highly impulsive background using the family
of symmetric alpha-stable distributions. The experimental evalua-
tion shows that our proposed method results in an increased recon-
struction performance, while also achieving a higher sparsity when
compared with state-of-the-art CS algorithms.

1. INTRODUCTION

Acquisition of high-resolution data with modern digital devices
rises a very important issue, that is, how to effectively and precisely
describe the information content of a given source signal such that
it can be stored, processed or transmitted by taking into consider-
ation the limited power and storage resources. Several studies [1]
have shown that many natural signals result in highly sparse repre-
sentations when they are projected on localized orthonormal bases
(e.g., wavelets, sinusoids). Motivated by this, compressed sensing
(CS) [2] enables a potentially significant reduction in sampling and
computation costs at a sensing system with limited capabilities. In
particular, a signal having a sparse representation in a transform do-
main can be reconstructed from a small set of random incoherent
projections onto a suitable measurement basis.

The majority of previous works on CS-based reconstruction of a
sparse signal solve constrained optimization problems. Commonly
used approaches are typically based on convex relaxation (basis
pursuit), non-convex (gradient based) local optimization, or greedy
strategies ((Orthogonal) Matching Pursuit ((O)MP) [3, 4]. All these
methods are primarily based on a Gaussian assumption for the un-
derlying signal and/or noise processes, which is often violated in
several distinct environments, such as in underwater acoustics, in
sonar/radar and in medical imaging, where the associate signals take
large-amplitude values much more frequently than what a Gaus-
sian model implies. In addition, several studies have shown that
the family of alpha-stable distributions, and particularly the class of
symmetric alpha-stable(SαS) distributions, is a powerful statistical
tool for modelling highly impulsive, and thus highly sparse, source
signals [5, 6, 7].

Despite its efficiency, the family ofSαSdistributions has never
been exploited in the framework of CS due to the lack of closed-
form expressions for the density functions, as well as the lack of

This work was funded by the Greek General Secretariat for Research
and Technology under ProgramΠENE∆-Code 03E∆69 and by the Marie
Curie TOK-DEV “ASPIRE” grant (MTKD-CT-2005-029791) within the 6th

European Community Framework Program.

second-order statistics. For this purpose, we develop a novel itera-
tive greedy algorithm for CS reconstruction of sparse signals with
non-negative components corrupted by additive heavy-tailed noise.
In particular, the prior belief for a highly impulsive signal and/or
noise is modelled using members from the family ofSαSdistribu-
tions. To the best of our knowledge, this is the first effort to bridge
the fields of CS and alpha-stable modelling.

The paper is organized as follows: in Section 2, we briefly re-
view the main properties ofSαSdistributions exploited in our pro-
posed method. In Section 3, theSαS-based CS reconstruction al-
gorithm is presented by considering jointlySαS signal and noise
components. In Section 4, we compare the performance of the pro-
posed approach with recent state-of-the-art CS recovery methods,
while we conclude in Section 5.

2. STATISTICAL SIGNAL MODEL

In the framework of CS, if a given signal~f ∈ RN is L-sparse in a
suitable transform domain, then it is possible to be reconstructed di-
rectly using a compressed set of (noisy) measurements~g, obtained
through incoherent random projections:~g= ΦΨT~f +~η = Φ~w+~η ,
whereΦ = [~φ1, . . . ,~φM ]T is a M×N (M < N) random measure-
ment matrix,Ψ is a N×N matrix, whose columns correspond to
the transform basis functions and must be incoherent with the rows
of Φ, and~w∈RN is the sparse weight vector withL non-zero com-
ponents (or equivalently, the transform-domain representation of~f ).
Most of the recent literature on CS has concentrated on solving con-
strained optimization problems, where the unknown vector~w and/or
the noise~η (with unknown varianceσ2

η ) are modelled as Gaussian
random variables. However, the Gaussian assumption is inadequate
for a highly sparse vector~w. For this purpose, recent studies in-
corporated several non-Gaussian (heavy-tailed) distributions (e.g.,
Laplace, Cauchy) [8, 9] for modelling the prior belief that the vast
majority of ~w’s components have negligible amplitude. We also
note that in practice~f is not strictlyL-sparse butcompressible, that
is, the re-ordered components of~w decay at a power-law.

In the present work, the prior belief that~w is highly sparse is ex-
ploited by using aSαSdistribution as its prior, which is heavy-tailed
and thus suitable for representing accurately an impulsive behavior.
In the following, we consider that the noise~η is also drawn from a
SαSdistribution. The use of this family is motivated by the fact that
the tails of aSαSdistribution decay at an algebraic rate, which is in
agreement with the rate of decay of the re-ordered components of a
compressible vector~w.

2.1 The family of SαSdistributions

In the following, we introduce briefly the family of univariateSαS
distributions, as well as some of their fundamental properties ex-
ploited in the proposed CS method. ASαSdistribution is best de-
fined by its characteristic function [10]:

φ(t) = exp(iδ t− γα |t|α ), (1)

whereα (0 < α ≤ 2) is the characteristic exponent, which is a
shape parameter controlling the “thickness” of the tails of the den-
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sity function,δ ∈ R is thelocation parameterandγ > 0 is thedis-
persion, which determines the spread of the distribution around its
location parameter, similar to the variance of the Gaussian. The
smaller theα, the heavier the tails of aSαSdensity function. ASαS
distribution is calledstandardif δ = 0andγ = 1. With X∼ fα (γ , δ )
we denote aSαSrandom variableX with parametersα, γ , δ .

In general, no closed-form expressions exist for mostSαSden-
sity functions except for the Gaussian (α = 2) and the Cauchy
(α = 1). Unlike the Gaussian density, which has exponential tails,
stable densities have algebraic tails:Pr{X > x} ∼Cx−α , asx→ ∞,
whereC is a constant depending on the model parameters. Hence,
SαSrandom variables with smallα values are highly impulsive.

An important characteristic ofSαS distributions (withα < 2)
is the lack of second-order moments. Instead, all moments of order
p< α do exist and are called theFractional Lower-Order Moments
(FLOMs). In particular, the FLOMs ofX ∼ fα (γ, δ = 0) are given
by [10]:

E{|X|p}=
(
C(p,α) · γ)p

, 0 < p < α, (2)

where
(
C(p,α)

)p =
Γ
(

1− p
α

)

cos
(

π
2 p

)
Γ(1−p)

. The SαS model parameters

(α,γ) can be estimated using the consistent Maximum Likeli-
hood (ML) method described by Nolan [11], which gives reliable
estimates and provides the tightest possible confidence intervals.
From (2) we get the following expression for the dispersion ofX:

γX =
(
E{|X|p})1/p(

C(p,α)
)−1

. (3)

The covariation normof X ∼ fα (γ ,0) with α > 1 is defined by
‖X‖α = γX , whereγX is given from (3). This definition is extended
to a quasi-norm forα < 1, resulting in the following expressions:

‖X‖α =
{

γX , for 0 < p < α, 1≤ α ≤ 2
γα
X , for 0 < p < α, 0 < α < 1

(4)

The concept of covariance is fundamental in the second-order
moment theory. However, covariances do not exist forSαS ran-
dom variables. Instead, a quantity calledcovariation, which plays
an analogous role forSαS random variables to the one played by
covariance in the Gaussian case, has been proposed. LetX, Y be
jointly SαSrandom variables with1 < α ≤ 2, zero location param-
eters and dispersionsγX andγY, respectively. Then the covariation
of X with Y is defined by:

[X,Y]α =
E{XY<p−1>}
E{|Y|p} ‖Y‖α

α , (5)

where for anyz ∈ R and a ≥ 0 we use the notationz<a> =
|z|asign(z), while for a real vector~z ∈ RN and a ≥ 0 we write
~z<a> = [|z1|asign(z1), . . . , |zN|asign(zN)]. The covariation satisfies
the following (pseudo-)linearity properties in the first and second
argument, respectively: IfX1,X2,Y are jointly SαS, then for any
constantsa,b∈ R we have:

[aX1 +bX2,Y]α = a[X1,Y]α +b[X2,Y]α (6)

[Y,aX1 +bX2]α = a<α−1>[Y,X1]α +b<α−1>[Y,X2]α . (7)

Let X ∼ fα (γX ,0) andY ∼ fα (γY,0) be independentSαS random
variables. Then,cX∼ fα (|c|γX ,0) (c 6= 0) andX +Y ∼ fα

(
(γα

X +
γα
Y )1/α ,0

)
. Thus, for the noisy CS measurements~g = Φ~w+~η , if

{wi ∼ fα (γi ,0)}N
i=1 and{η j ∼ fα (γη ,0)}M

j=1, then

g j ∼ fα
([ N

∑
i=1

(|φ ji |γi)α + γα
η

]1/α
,0

)
, j = 1, . . . ,M , (8)

whereφ ji is the element ofΦ in row- j and column-i, that is, each
CS measurement follows aSαSdistribution with the sameα.

2.2 Estimation of p parameter

Most of the quantities involved in theSαS-CS algorithm, which we
will introduce in Section 3, will depend on the parameterp, whose
optimal value depends onα. We also note that in the subsequent
analysis we are restricted in1≤ α ≤ 2. The optimal value ofp is
computed as the one thatminimizes the standard deviationof the
FLOM-based covariation estimator obtained from (5) by replacing
the expectations with the arithmetic means. For this purpose, we
studied the influence ofp on the performance of the estimator via
Monte-Carlo runs using twoSαS random variablesX, Y of length
N = 2048. We executed1000Monte-Carlo runs withα ∈ [1 : 0.05 :
2] and for dispersions(γX ,γY) ranging in the interval[0.01,5] with
a denser sampling in the sub-interval[0.01,2.5].

Table 1 shows the averaged optimalp values as a function of
α ≥ 1, where the average is taken over the corresponding optimal
p’s for all dispersion pairs(γX ,γY) and Monte-Carlo runs. This
table is then used as a lookup (interpolation) table in order to find
the optimalp for every1≤ α ≤ 2. It is important to note that the
optimal value ofp is close toα/2, as observed in the table.

α 1 1.05 1.1 1.15 1.2 1.25 1.3 1.35
Optimal p 0.52 0.54 0.56 0.57 0.58 0.59 0.61 0.62

α 1.4 1.45 1.5 1.55 1.6 1.65 1.7 1.75
Optimal p 0.64 0.66 0.69 0.71 0.72 0.74 0.76 0.79

α 1.8 1.85 1.9 1.95 2
Optimal p 0.81 0.84 0.88 0.93 0.8

Table 1: Optimalp parameter as a function ofα.

2.3 An adaptiveSαSmeasurement matrix

A disadvantage of the previous CS methods is that they employ
measurement matricesΦ which, in general, are not adapted to the
true statistics of the sparse signal. In this section, we study the
performance of existing measurement matrices in the case of alpha-
stable statistics and we introduce a new measurement matrix, which
is best adapted to the statistics ofSαSdata. In particular, the desired
measurement matrix must: i) approximate thestability propertyas
expressed by (8), that is, the output characteristic exponent esti-
mated from~g is close to the input characteristic exponent of~w, ii)
satisfy therestricted isometry property(RIP) [2].

First, we test the stability property by carrying out a set of1000
Monte-Carlo runs for eachα ∈ [0.9 : 0.05 : 2], where in each run we
generate distinct vectors~w∈ R1000 and~η ∈ RM , for a varyingM,
containing i.i.d.SαSentries (for clarity we present the results only
for M = 250, by noting that asM increases the stability property is
approximated more closely). Their corresponding dispersions are
chosen uniformly at random in the interval[0.01,2.5]. The perfor-
mance was evaluated for several measurement matrices with i.i.d.
entries drawn from distributions satisfying the RIP (e.g., Bernoulli,
Gaussian), but we present the results for the following six matrices,
which approximated more closely the stability property: 1)Φ1 - its
entries are i.i.d. Bernoulli samples, 2)Φ2 - its entries are i.i.d. stan-
dard Gaussian samples (SαSwith α = 2) and normalized columns
to unit `2-norm, 3)Φ3 - its entries are i.i.d. standardSαS sam-
ples, 4)Φ4 - obtained by normalizing the columns ofΦ3 to unit
`2-norm, 5)Φ5 - obtained by normalizing the columns ofΦ3 to
unit `α -norm and 6)Φ6 - obtained by normalizing the columns of
Φ3 to unit covariation norm, where the normalization of a vector
~x∈ RM to unit covariation norm is performed as follows:

~x
‖~x‖α

(3),(4)
=

~x
( 1

M ∑M
i=1 |xi |p

)1/p(C(p,α)
)−1

= C(p,α)M1/p ~x
‖~x‖`p

,

(9)
that is, the normalization to unit covariation norm is a scaled version
of the normalization to unit̀p norm with p < 1. Fig. 1 shows the
output values ofα estimated from~g, averaged over all Monte-Carlo
runs, as a function of the inputα. We observe thatΦ3 andΦ6 are
the top candidates, since they approximate more closely the stability
property (diagonal line).
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Figure 1: Stability property testing for six measurement matrices
Φi (ref. Sec. 2.3).

The second property to be satisfied byΦ is the RIP, which is
known to be valid for sub-Gaussian random matrices1 (e.g., Gaus-
sian, Bernoulli), and random partial bounded orthogonal matrices
(e.g., the partial Fourier ensemble) [2]. However, since our method
will be based oǹ p norms we consider a variant of the RIP, namely,
the restrictedp-isometry property(RpIP). A matrixΦ satisfies the
RpIP of orderL if there exists aδL ∈ (0,1) such that:

(1−δL)‖~wI‖p
`2
≤ ‖ΦI~wI‖p

`p
≤ (1+δL)‖~wI‖p

`2
(10)

for all setsI with card(I) ≤ L and all theL-sparse vectors~w∈ RN

(card(·) denotes the cardinality of a set).
A theoretical proof of the RpIP for general random matrices is

a difficult problem. To the best of our knowledge, the RIP/RpIP has
not been shown for alpha-stable random matrices. Although this
is, by all means, of great independent theoretical interest, however,
here we give a computational evidence that an RpIP-like condition
holds with high probability forSαSmatrices. A theoretical proof is
by its own a special study, which we are currently pursuing.

In the case of aSαSmeasurement matrix we exploit a concen-
tration of measure inequality derived for alpha-stable vectors, which
states that iff is a Lipschitz function (under thè2 norm) and~w is
an alpha-stable vector withα ∈ (1,2), then the deviation probability
Pr{| f (~w)−E{ f (~w)}| ≥ u} is upper bounded bye−cuα

, for u taking
values in a finite range interval, wherec > 0 is a constant depend-
ing onα [12]. We begin with the random variablef (~w) = ‖Φ~w‖p

α ,
where the randomness concerns the selection ofΦ, while the vector
~w is considered to be fixed at a given realization. The expected value
of f (~w), is obtained by combining (2),(8) and noting thatγφ ji = 1,
since the entries ofΦ are i.i.d standardSαSsamples, as follows:

E{ f (~w)} (3),(4)
=

1

M
(
C(p,α)

)p

M

∑
j=1
E

{∣∣ N

∑
i=1

φ ji wi
∣∣p

}

=
1

M
(
C(p,α)

)p

M

∑
j=1

(
C(p,α)

[ N

∑
i=1
|wi |α

]1/α)p
= ‖~w‖p

`α
. (11)

Notice that in the last equation,‖~w‖`α denotes the standard`α norm
and not the covariation norm (‖~w‖α ).

By settingu = ε‖~w‖p
`α

in the above deviation probability for
alpha-stable vectors and combining with (11), the following RpIP-
like inequality holds for aSαSmeasurement matrix with probability
exceeding1−e−c(ε‖~w‖p

`α )α
(whereCM,α = M

(
C(p,α)

)p):

(1− ε)CM,α‖~w‖p
`α
≤ ‖Φ~w‖p

`p
≤ (1+ ε)CM,α‖~w‖p

`α
. (12)

1A random matrixΦ is sub-Gaussian if its i.i.d. entries are drawn from
a sub-Gaussian random variableX with variance1, that is, whose tail dis-
tribution is dominated by that of the standard Gaussian random variable:

∃c1,c2 > 0 s.t. Pr{|X|> x} ≤ c1e−c2x2
, for all x > 0.

Fig. 2 validates the Lipschitz condition for the candidate
measurement matricesΦ3 and Φ6, by showing the ratios∣∣‖Φ~w1‖p

`p
−‖Φ~w2‖p

`p

∣∣
M

(
C(p,α)

)p‖~w1−~w2‖`2

averaged over a set of500Monte-Carlo runs,

where in each run we generate a pair of matrices (Φ3,Φ6),
with M = 250, and two sparse vectors~w1,~w2 ∈ R1000 with L ∈
{50, . . . ,250} non-zero components, whose locations are selected
uniformly at random and their corresponding values are drawn from
a SαS distribution with a dispersion drawn uniformly from the in-
terval [0.1,1]. First we observe that the two matrices satisfy the
Lipschitz condition, since the values of the above ratio are less than
one. In addition, the values ofΦ6’s ratio are equal or less than the
values ofΦ3 for the corresponding pairs(α,L/N) and thus the Lip-
schitz condition is satisfied in a higher extend. This fact, in addition
to the observation thatΦ6 approximates the stability property quite
closely, as shown in Fig. 1, motivated the selection ofΦ6 as the
most suitableSαSmeasurement matrix.

Φ
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Figure 2: Verification of Lipschitz condition forf (~w) = ‖Φ~w‖p
α

and for each matrixΦ3, Φ6, as a function of(α, L
N ) (α ∈ (1,2), L∈

{50, . . . ,250}, N = 1000, M = 250).

3. MINIMUM DISPERSION CS INVERSION

The development of the proposed iterativeSαS-CS method starts
by noting that for alpha-stable data, the Minimum Mean Squared
Error (MMSE) criterion is not valid and it should be replaced by
theMinimum Dispersion(MD) criterion since, unlike the variance,
the dispersion is finite and gives a good measure of the spread of
estimation errors around zero. This provides a natural justification
for the eligibility of `p norms withp < 1 in conjunction with aSαS
prior model. From (3) we also observe that the MD criterion can
be viewed as aleast `p-norm estimation errorcriterion since the
FLOM E{|X|p} can be estimated as the`p norm of the vectorX.

In the subsequent derivations the following conventions are
used: i)In: set withn indices corresponding to the “active” columns
of Φ in the current iteration, ii)ΦIn: submatrix ofΦ containing
only those columns with indices inIn (the same notation is used
for vectors, e.g.,~wIn), iii) ~wn−1

In : card(In)-dimensional vector cal-
culated in iterationn−1, that is, the elements in~wn−1

In which are not
in ~wn−1

In−1 are set to zero.
Similarly to previous greedy CS algorithms, the proposed ap-

proach minimizes an objective function depending on the norm of
the approximation error. However, in contrast to the majority of
them, which are based oǹ2 or `1 norms of the error, ourSαS-CS
method employs̀p norms (p < 1), approximating more closely the
ideal`0 case:

Jp(~w) =
N

∑
i=1
|wi |p , ~w∈ RN , 0≤ p≤ 1 . (13)
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In particular,Jp(·) is minimized in terms of the estimation error
r(~w) = ~g−Φ~w (for convenience we will also use the notation~r
instead ofr(~w)). For this purpose, a hybrid scheme ofdirectional
updatesis employed. Specifically, in then-th iteration the estimated
sparse vector is updated by calculating a direction~vn

In and a step-size
µn as follows

~wn
In = ~wn−1

In + µn~vn
In . (14)

Following a conjugate gradient approach, the step-sizeµn and the
updated residual are given by

µn =
(
~rnT

ΦIn~vn
In

)(
~vnT

In ΦT
InΦIn~vn

In

)−1 (15)

~rn = ~rn−1−µnΦIn~vn
In . (16)

A more computationally efficient sub-optimal direction is computed
by combining the current gradient and the previous direction only

~vn
In = [~∇Jp]In +bn~vn−1

In , (17)

wherebn is a step-size parameter and[~∇Jp] is the negative gradient
vector of the cost function with respect to~w

[~∇Jp] = ΦT |p|diag
(|r1|p−2, . . . , |rM |p−2)~r , (18)

where diag
(|r1|p−2, . . . , |rM |p−2

)
is the M ×M diagonal matrix

with elements the components of the residual vector~r =~g−Φ~w.
In order to calculate the step-sizebn, we introduce a statistical

pseudo-orthogonality condition between twoSαS random vectors.
First we note that if~X,~Y are two jointly Gaussian random vectors,
they are considered to be orthogonal if their covariance is equal to
zero. Since only the FLOMs are finite forSαS variables, then, if
~X, ~Y are two jointlySαS random vectors we consider them to be
orthogonal if the following “inner product” is zero:

(~X,~Y) = ‖~Y‖2−α
α [~X,~Y]α . (19)

Thus, the step-sizebn is computed by requiring the new direction to
be “orthogonal” to the previous one, that is,(~vn

In,~vn−1
In ) = 0, where

(~vn
In,~vn−1

In ) = ‖~vn−1
In ‖2−α

α [~vn
In,~vn−1

In ]α
(17),(6)

= ‖~vn−1
In ‖2−α

α

([
[~∇Jp]In,~vn−1

In

]
α +bn[~vn−1

In ,~vn−1
In

]
α

)
.

By equating the last expression with zero and noting that‖~vn−1
In ‖α 6=

0 and[~vn−1
In ,~vn−1

In ]α = γα
~vn−1

In
, the step-sizebn is given by

bn =−E{[
~∇Jp]In .∗ (~vn−1

In )<p−1>}
E{|~vn−1

In |p} , (20)

where the expectations are estimated by taking the mean of the cor-
responding vectors and “.∗” denotes element-by-element multipli-
cation between two vectors.

3.1 Basis selection rule

The performance of a CS algorithm is affected significantly by
the appropriate selection of the sparsest subset of basis vectors
(columns ofΦ) that best represents the data~g. For instance, MP
selects iteratively the column ofΦ resulting in the largest (in ab-
solute magnitude) inner product with the current approximation er-
ror~rn. In the proposedSαS-CS algorithm, we select the optimal
set of basis functions,In, by introducing the following “distance
measure” between twoSαS random vectors~X,~Y ∈ RN, based on
FLOMs (with 0 < p < α):

dα (~X,~Y) = ‖~X−~Y‖α =





(
E{|~X−~Y|p}

)1/p

C(p,α) , 1≤ α ≤ 2(
E{|~X−~Y|p}

)α/p

C(p,α) , 0 < α < 1

(21)

where|~X−~Y|p , (|x1− y1|p, . . . , |xN− yN|p). In particular, an in-
dex i is added inIn if the “distance” between thei-th basis vector,
~φi , and the current residual,~rn, is below a certain threshold

In = In−1∪{i | dα (~φi ,~r
n)≤ ξ ·min

j
(dα (~φ j ,~r

n))} , (22)

with ξ > 1 (usually it sufficesξ ≈ (1+ δ ) with δ being close to
zero). Notice that whenξ = 1 the basis selection rule reduces to the
completely greedy approach, where a single optimal basis vector
is selected in each iteration. The algorithm terminates whether a
predefined maximum number of iterations is reached, or when the
relative decrease of the residual`p-norm falls bellow a threshold

‖~rn‖p
`p
−‖~rn−1‖p

`p

‖~rn−1‖p
`p

< ε , ε ¿ 1 .

4. EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the proposedSαS-
CS algorithm by comparing it with state-of-the-art norm-based CS
methods. Of course there are quite many CS methods in the recent
literature with which we could compare, however, the scope of this
study is to highlight the advantages of theSαSmodel in developing
CS reconstruction algorithms and to exhibit its superiority against
some of the most recent norm-based iterative CS methods. Hence,
we compared the performance with several CS techniques, which
employ`2, `1, or `p (p≤ 1) norms, but hereafter we present the re-
sults with respect to the main competitors of the proposedSαS-CS
method only, namely, the LASSO with a non-negativity constraint
(nnLasso), the smoothed̀0 (SL0), and the stagewise weak conju-
gate gradient pursuit (SWCGP)2.

As an alternative to the usual signal-to-noise ratio, which is not
valid in theSαS case due to the lack of finite second-order statis-
tics, the so-calledFractional-order SNR(FSNR) is employed as a
signal distortion measure. When the signal and noise components
are jointlySαS(αg = αη ) the FSNR takes the following form:

FSNR= 10log10

( E{|~g|p}
E{|~η |p}

)
= p ·10log10

(
γg/γη

)
, (23)

whereγg, γη are the signal and noise dispersion, respectively.
Under the non-negativity assumption for the sparse vector, first

we generate vectors~x of lengthN = 512with L ∈ {5, . . . ,20} non-
zero components, whose values are drawn from aSαSdistribution,
placed in randomly chosen positions. Then, the non-negative vector
to be reconstructed is~w = abs(~x) , (|x1|, . . . , |xN|). The value ofα
varies in[1.1,2], while the dispersionγw is chosen from[0.1,1]. Ac-
cording to the results of section 2.1, the entries of the measurement
matrix Φ are standardSαSsamples, and then its columns are nor-
malized to unit covariation norm. The noise dispersionγη is deter-
mined via (23) for a given pair(αw,γw) and an FSNR value (in dB).
We also note that the subsequent results are represented as an aver-
age over100Monte-Carlo runs. Besides, the parameterξ involved
in the basis selection rule is set to1.005 in order to accelerate the
SαS-CS approach by permitting the simultaneous selection of more
than one basis vectors in each iteration. The reconstruction quality
is measured via the relative reconstruction SNR (rSNR), which is
defined as follows:rSNR= 10log10

(‖~w‖2
`2

/‖~w− ~̂w‖2
`2

)
, with ~̂w

denoting the reconstructed sparse vector.
In the following, we compare the reconstruction performance

and the degree of sparsity achieved bySαS-CS, along with LASSO,
SL0 and SWCGP, forM = 120andFSNR= 10 dB. In particular, for
each pair(α,L) we perform a set of100Monte-Carlo runs, where

2For the implementation of the other CS methods we used the
MATLAB codes included in the packages:http://sparselab.
stanford.edu/ , http://www.acm.caltech.edu/l1magic ,
http://ee.sharif.ir/˜SLzero , http://www.see.ed.ac.
uk/˜tblumens/sparsify/sparsify.html .
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in each run the dispersionγw is chosen from[0.1,1] uniformly at
random. Fig. 3 shows the corresponding average rSNR values for
the four methods. We observe that for highly impulsive signals, that
is, for α → 1 the proposedSαS-CS method outperforms clearly all
the others. In addition,SαS-CS outperforms all the other methods
for a higher range ofα asL increases. This means that the capabil-
ity of the other CS methods in discriminating an increasing number
of non-negative components drawn from a heavy-tailedSαSdistri-
bution is reduced.

On the other hand, Fig. 4 shows the corresponding CS ratios.
The CS ratio, which is used as an index of sparsity, is defined as
follows:

CS ratio=
number of CS measurementsM

number of non-zero components of~̂w
, (24)

where the number of non-zero components of the estimated~̂w (spar-
sity) depends on the algorithm. The higher the CS ratio the higher
the sparsity is for a fixed value ofM. We can see that on aver-
age the proposedSαS-CS method results in much higher CS ratios,
or equivalently in much sparser solutions when compared with the
other CS techniques. In addition, we note that the slightly better
reconstruction performance of the SWCGP method whenα → 2
comes at the cost of a significant increase in the number of basis
functions (much smaller CS ratio), which must be employed to rep-
resent accurately a highly sparse signal. Besides, the CS ratio of the
SαS-CS method decreases as the number of non-zero components
increases andα → 2. In other words, as the underlying statistics
tend to a Gaussian distribution, theSαS-based algorithm requires
more basis functions to capture the inherent information content
which is related to second-order moments.
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Figure 3: Average rSNR forSαS-CS, LASSO, SL0 and SWCGP
as a function ofα with L ∈ {5,10,15,20} (N = 512, M = 120,
FSNR= 10 dB).

5. CONCLUSIONS AND FUTURE WORK

In this work, we described an iterative CS algorithm for the recon-
struction of highly sparse non-negative signals corrupted by heavy-
tailed noise. The highly sparse behavior was modelled directly with
a heavy-tailed distribution selected from the family ofSαSdistribu-
tions. The experimental results revealed an increased reconstruction
performance, while also achieving an increased sparsity, when com-
pared with other state-of-the-art iterative greedy CS algorithms.

As a future work, we are interested in exploiting theSαSmodel
for developing a CS algorithm in a purely Bayesian framework. We
expect that a probabilistic approach will provide further control on
the sparsity of the sparse vector and furthermore it will permit the
optimal design of future CS measurements with the goal of reducing
the uncertainty of the reconstructed signal, something which is not
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Figure 4: Average CS ratios forSαS-CS, LASSO, SL0 and SWCGP
as a function ofα with L ∈ {5,10,15,20} (N = 512, M = 120,
FSNR= 10 dB).

possible with a norm-based iterative approach. In addition, we will
extend theSαS-CS method in the case of non-jointlySαS signal
and noise components (αw 6= αη ).
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ABSTRACT

Sensor networks gather an enormous amount of data over space and
time to derive an estimate of a parameter or function. Several con-
straints, such as limited power, bandwidth, and storage capacity,
motivate the need for a new paradigm for sensor data processing
in order to extend the network’s lifetime, while also obtaining ac-
curate estimates. In a companion paper [1], we proposed a novel
iterative algorithm for reconstructing non-negative sparse signals in
highly impulsive background by modeling their prior distribution
using symmetric alpha-stable distributions. In the present work, we
extend this algorithm in the framework of distributed compressed
sensing using duality theory and the method of subgradients for the
optimization of the associated cost function. The experimental re-
sults show that our proposed distributed method maintains the re-
construction performance of its centralized counterpart, while also
achieving a highly sparse basis configuration, thus reducing the to-
tal amount of data handled by each sensor.

1. INTRODUCTION

A major challenge in designing wireless sensor network (WSN)
systems and algorithms is that transmitting data from a sensor to
a central processing node may set a significant exhaustion of com-
munication and energy resources. Such concerns may place un-
desirable limits on the amount of data collected and processed by
sensor networks. Thus, it is natural to seek distributed algorithms
for processing the data gathered by the nodes of a sensor network.

Distributed compressed sensing (DCS) [2] enables a potentially
significant reduction in sampling and computation costs at a sensing
system with limited capabilities. In particular, an ensemble of sig-
nals having a jointly sparse representation in a transform domain
(e.g., wavelets, sinusoids) can be reconstructed from a small set
of projections onto a second, measurement basis that is incoher-
ent with the first one. In a WSN scenario, compressive wireless
sensing (CWS) [3] appears to be able to reduce the latency of data
gathering in a single-hop network by delivering linear projections of
sensor readings through synchronized amplitude-modulated analog
transmissions or in a distributed fashion.

On the other hand, the majority of the previous CS algorithms
are based on a Gaussian assumption for the signal and/or noise
statistics, which is violated in several distinct environments, such as
in underwater acoustics [4] and in sonar/radar [5], where the asso-
ciated signals and/or noise take large-amplitude values much more
frequently than what a Gaussian model implies. In addition, these
studies, as well as several other recent works, show that the family
of alpha-stable distributions, and particularly the class ofsymmet-
ric alpha-stable(SαS) distributions, is a powerful statistical tool for
modelling highly impulsive, and thus highly sparse, source signals.
For this purpose, in a companion study [1] we developed a new iter-
ative greedy algorithm for CS reconstruction of sparse signals cor-

This work was funded by the Greek General Secretariat for Research
and Technology under ProgramΠENE∆-Code 03E∆69 and by the Marie
Curie TOK-DEV “ASPIRE” grant (MTKD-CT-2005-029791) within the 6th

European Community Framework Program.

rupted by additive heavy-tailed noise, by modelling the impulsive
behavior using members from the family ofSαSdistributions.

Moreover, there are cases where the information may not be
available in a single node of a WSN. In a WSN, power and stor-
age resources are limited enough such that the communication of
an increased amount of data to a central node (fusion center) would
affect significantly the network’s lifetime. Working in a distributed
framework, it is well known that a famous basis selection method,
namely, the basis pursuit (BP) can be reformulated as a distributed
linear program [6]. However, the resulting approach requires a fully
connected network in the sense that, at each iteration, every sensor
must be able to communicate with all the remaining ones. Mo-
tivated by this, we develop a DCS algorithm for reconstructing a
non-negative sparse signal corrupted by additive heavy-tailed noise,
while requiring a less demanding network topology. The prior be-
lief for a highly sparse signal and heavy-tailed noise is modelled by
employing members from the family ofSαSdistributions.

The paper is organized as follows: in Section 2, we briefly re-
view for completeness the main properties of the family ofSαS
distributions exploited in the development of the proposed method.
In Section 3, the distributedSαS-based CS algorithm is described
by employing a dual non-linear method based on subgradients. In
Section 4, we compare the performance of the proposed approach
with its centralized counterpart, while we conclude in Section 5.

2. STATISTICAL SIGNAL MODEL

According to the CS theory, if a given signal~f ∈RN is L-sparse in a
suitable transform domain, then it is possible to be reconstructed di-
rectly using a compressed set of (noisy) measurements~g, obtained
through incoherent random projections:~g= ΦΨT~f +~η = Φ~w+~η ,
whereΦ = [~φ1, . . . ,~φM ]T is aM×N (M < N) random measurement
matrix,Ψ is aN×N transform matrix, whose columns are the trans-
form basis functions and must be incoherent with the rows ofΦ, and
~w∈RN is the sparse weight vector withL non-zero components (or
equivalently, the transform-domain representation of~f ). We also
note that in practice~f is not strictlyL-sparse butcompressible, that
is, the re-ordered components of~w decay at a power-law.

In the present study, the prior belief that the unknown signal~w is
highly sparse and the noise~η (with unknown varianceσ2

η ) is heavy-
tailed is exploited by using aSαSdistribution as their prior. We also
note that at the present study we consider only a measurement noise
without assuming any kind of quantization. In the following, we
consider that the signal and noise components are also jointlySαS.
The use of this family is motivated by the fact that the tails of aSαS
distribution decay at an algebraic rate, which is in agreement with
the rate of decay of the re-ordered components of a compressible
vector~w.

2.1 The family of SαSdistributions

For convenience, we introduce briefly the family of univariateSαS
distributions, as well as some of their fundamental statistical prop-
erties exploited in the proposed distributed CS method. ASαSdis-
tribution is best defined by its characteristic function [7]:
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φ(t) = exp(iδ t− γα |t|α ), (1)

whereα (0 < α ≤ 2) is the characteristic exponent, which is a
shape parameter controlling the “thickness” of the tails of the den-
sity function,δ ∈ R is thelocation parameterandγ > 0 is thedis-
persion, which determines the spread of the distribution around its
location parameter, similar to the variance of the Gaussian. The
smaller theα, the heavier the tails of aSαSdensity function. ASαS
distribution is calledstandardif δ = 0andγ = 1. With X∼ fα (γ , δ )
we denote aSαSrandom variableX with parametersα, γ , δ .

In general, no closed-form expressions exist for mostSαSden-
sity functions except for the Gaussian (α = 2) and the Cauchy
(α = 1). Unlike the Gaussian density, which has exponential tails,
stable densities have algebraic tails:Pr{X > x} ∼Cx−α , asx→ ∞,
whereC is a constant depending on the model parameters. Hence,
SαSrandom variables with smallα values are highly impulsive.

An important characteristic ofSαS distributions is the lack of
second-order moments. Instead, all moments of orderp < α do ex-
ist and are called theFractional Lower-Order Moments(FLOMs).
In particular, the FLOMs ofX ∼ fα (γ , δ = 0) are given by [7]:

E{|X|p}=
(
C(p,α) · γ)p

, 0 < p < α, (2)

where
(
C(p,α)

)p =
Γ
(

1− p
α

)

cos
(

π
2 p

)
Γ(1−p)

. The SαS model parameters

(α,γ) can be estimated using the consistent Maximum Likelihood
(ML) method described by Nolan [8], which gives reliable esti-
mates and provides the tightest possible confidence intervals. By
restricting ourselves to the case1≤ α ≤ 2, thecovariation normof
X ∼ fα (γ ,0) is defined by

‖X‖α = γX , 0 < p < α , (3)

whereγX is given by solving (2) with respect toγX .
The concept of covariance, which is fundamental in the second-

order moment theory, is not valid in theSαScase. Instead, a quan-
tity calledcovariation, which plays an analogous role forSαS ran-
dom variables to the one played by the covariance in the Gaussian
case, has been proposed. LetX, Y be jointly SαSrandom variables
with 1< α ≤ 2, zero location parameters and dispersionsγX andγY,
respectively. Then, the covariation ofX with Y is defined by [7]:

[X,Y]α =
E{XY<p−1>}
E{|Y|p} ‖Y‖α

α , (4)

where for anyz ∈ R and a ≥ 0 we use the notationz<a> =
|z|asign(z), while for a real vector~z ∈ RN and a ≥ 0 we write
~z<a> = [|z1|asign(z1), . . . , |zN|asign(zN)]. The covariation satisfies
the following (pseudo-)linearity properties in the first and second
argument, respectively: IfX1,X2,Y are jointly SαS, then for any
constantsa,b∈ R we have:

[aX1 +bX2,Y]α = a[X1,Y]α +b[X2,Y]α (5)

[Y,aX1 +bX2]α = a<α−1>[Y,X1]α +b<α−1>[Y,X2]α . (6)

Let X ∼ fα (γX ,0) andY ∼ fα (γY,0) be independentSαS random
variables. Then,cX∼ fα (|c|γX ,0) (c 6= 0) andX +Y ∼ fα

(
(γα

X +
γα
Y )1/α ,0

)
. Thus, for the noisy CS measurements~g = Φ~w+~η , if

{wi ∼ fα (γi ,0)}N
i=1 and{η j ∼ fα (γη ,0)}M

j=1, then

g j ∼ fα
([ N

∑
i=1

(|φ ji |γi)α + γα
η

]1/α
,0

)
, j = 1, . . . ,M , (7)

whereφ ji is the element ofΦ in row- j and column-i, that is, the
CS measurements are jointlySαSwith the signal and noise compo-
nents. In addition, since only the FLOMs are finite forSαS vari-
ables, then, if~X,~Y are two jointlySαSrandom vectors we consider
the following statistical “inner product”:

(~X,~Y) = ‖~Y‖2−α
α [~X,~Y]α . (8)

We observe that most of the above quantities associated with a
SαSdistribution depend on the parameterp, whose value depends
on α. By noting that in the subsequent analysis we are restricted in
1≤ α ≤ 2, we computed theoptimal value ofp as a function ofα
via a Monte-Carlo simulation resulting in a lookup table, which is
then used to find the optimalp for every1≤ α ≤ 2 through inter-
polation (ref. Table 1 in [1]). This table is also employed for the
estimation ofp in the proposed distributedSαS-CS algorithm.

In addition, the efficiency of a CS method is highly affected
by the selection of an appropriate measurement matrixΦ, which
embeds the information content of the sparse signal in a low-
dimensional vector of CS measurements~g. The disadvantage of
the previous CS methods is that they employ measurement matrices
which, in general, are not adapted to the true statistics of the sparse
signal. However, in the companion paper [1] we introduced a mea-
surement matrix, which isbest adaptedto the underlying heavy-
tailed statistics of highly impulsive signal and noise components as
expressed by aSαSmodel. In particular, we showed that the most
appropriate measurement matrixΦ, which will be also used in the
subsequent derivations, satisfying the stability property (7), as well
as an analogue of the restricted isometry property (RIP), is obtained
by drawing independent and identically distributed (i.i.d.) samples
from a standardSαSdistribution and then normalizing its columns
to unit covariation norm. The normalization of a vector~x∈ RM to
unit covariation norm is performed as follows:

~x
‖~x‖α

(2),(3)
=

~x
( 1

M ∑M
i=1 |xi |p

)1/p(C(p,α)
)−1

= C(p,α)M1/p ~x
‖~x‖`p

.

(9)

3. DISTRIBUTED SαS-CS

In the following, we extend our previousSαS-CS algorithm [1] in
a distributed fashion in order to deal with the potentially limited
resources in a WSN scenario. There are cases in a WSN application
where the CS-related information, namely, the measurement matrix
Φ and the sparse signal~w may not be available in a single node. In
particular, we consider the case of a network, where each sensor has
access only to aportion of Φ. In the following, we assume that the
columns ofΦ are distributed across the nodes of the network.

Due to the lack of second-order moments forSαSdistributions
the Minimum Mean Squared Error (MMSE) criterion is not valid
and it should be replaced by theMinimum Dispersion(MD) crite-
rion since, unlike the variance, their dispersion is finite and gives a
good measure of the spread of estimation errors around zero. We
also observe that from (2) the MD criterion can be viewed as aleast
`p-norm estimation errorcriterion since the FLOME{|X|p} can be
estimated as thèp norm of the vectorX. This justifies the use of
the following objective function to be optimized:

Jp(~w) =
N

∑
i=1
|wi |p , ~w∈ RN , 0≤ p≤ 1 . (10)

The problem under consideration is stated as follows: “givenK
nodes each one storing a subset of columns ofΦ, find appropriate
network topologies along with distributed algorithms for solving the
following problem (P1)”,

PRIMAL (P1): minJp(~w) s.t. ~g = Φ~w+~η , −~w≤ 0 ,

where by−~w ≤ 0 (⇔ ~w ≥ 0) we mean that each component of
~w should be non-negative. We assume that the columns ofΦ are
distributed amongK nodes, such that thek-th node stores thek-th
submatrix in the horizontal partition ofΦ = [Φ1, . . . ,Φk, . . . ,ΦK ],
whereΦk ∈ RM×nk , andn1 + · · ·+nK = N. A corresponding parti-
tion also holds for the sparse vector,~w= [~w1, . . . ,~wk, . . . ,~wK ], where
~wk ∈ Rnk . The proposed method is based on theDuality Theory[9]
for the solution of the primal problem (P1). Under the appropri-
ate conditions, such as separability of the objective function and the
constraints, dual problems can be confronted by distributed meth-
ods. Hereafter, we assume thatΦ has full rank in order to ensure
the feasibility of (P1) with high probability.
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By construction of the objective function the followingfeasibil-
ity & boundednesscondition holds: There exists at least one feasi-
ble solution for the primal problem (P1) and the objective function
is bounded, that is,−∞ < J∗p < ∞, whereJ∗p denotes the optimal
value ofJp(~w).

In order to enforce a direct applicability in a distributed setting
(since the objective function is already separable), we introduce a
redundant constraint [9]. In particular, letU > 0 be an upper bound
of the`∞ norm of any solution of (P1). Then, a bounded version of
(P1) is given by:
BoundedPRIMAL (P2):

minJp(~w) s.t. ~g = Φ~w+~η , −~w≤ 0 , ‖~w‖p
∞ ≤U .

The following inequalities determine a rule for the selection ofU :

‖~w∗‖p
∞ ≤ Jp(~w∗)≤ Jp

(
~w) = Jp(Φ†(~g−~η)

)≤ N‖Φ†(~g−~η)‖p
∞

≤ N‖Φ†‖max‖1(~g−~η)‖p
∞ < (N‖Φ†‖maxR

p) = U ,

where‖Φ†‖max = max
{∣∣[Φ†]nm

∣∣}
1≤n≤N,1≤m≤M (Φ† is the pseu-

doinverse),1 ∈ RN×M is the matrix with all of its entries being
equal to one andR is a positive constant greater than the maximum
amplitude component of~g−~η . Since these areSαS random vec-
tors, this maximum is unknown in advance, but it suffices to select
an R that satisfies this requirement with “high-probability”. In a
specific signal processing application, there is usually some prior
knowledge about the signal content so that we can achieve an ap-
propriate choice forR by assigning a relatively large value to it in
comparison with the entries of the (known) measurement vector~g
and the expected noise amplitude.

3.1 Dualization and distributed solution of P1

We consider thedual functionL (·) defined for~λ ∈RM as follows:

L (~λ ) = inf
~w∈RN

+
‖~w‖p

∞≤U

L (~w,~λ ) , (11)

whereL (~w,~λ ) is theLagrangian functionand~λ is the vector of
Lagrange multipliers. Thedual problemis defined by:

DUAL (D1): maxL (~λ ) s.t. ~λ ≥ 0 .

Following the standard dualization approach on all constraints ex-
cept for the redundant ones and exploiting the separability of the ob-
jective function, as well as the partition ofΦ and~w, the Lagrangian
function is expressed as follows:

L (~w,~λ ) = Jp(~w)+~λ T(~g−Φ~w) . (12)

Notice that although the noise component is not explicitly employed
in the above expression, its presence will always result in an approx-

imation~̂w
∗

of the optimal vector~w∗.
Because of the lack of second-order statistics we are interested

in developing a distributedSαS-CS algorithm based on FLOMs.
The standard Lagrangian function (12) employs the usual (Eu-
clidean) inner product, which can be viewed as a measure of vari-
ance between the associated vectors, and thus it is not suitable for
representing the statistics of aSαSmodel. For this purpose, we in-
troduce the following Lagrangian function that exploits covariations
instead of variances and thus it best adapts to ourSαS framework:

L S(~w,~λ ) = Jp(~w)+(~λ ,~g−Φ~w)
(8)
= Jp(~w)+‖~g−Φ~w‖2−α

α [~λ ,~g−Φ~w]α︸ ︷︷ ︸
s

. (13)

For convenience, we will restrict ourselves to the case1≤ α ≤ 2.
By noting that‖~g−Φ~w‖2−α

α = ‖~η‖2−α
α = γ2−α

η (from (3)) and us-
ing the pseudo-linearity property (6), the second term of (13) takes
the following form:

s = γ2−α
η

(
[~λ ,~g]α +(−1)<α−1>[~λ ,Φ~w]α

)

(2),(4)
= γ2−α

η

(
E{~λ .∗~g<p−1>}
C(p,α)p γ p−α

g
− E{

~λ .∗(∑K
k=1Φk~wk

)<p−1>}
C(p,α)p γ p−α

Φ~w

)

(14)

where “.∗” denotes element-by-element multiplication between two
vectors. In order to avoid numerical instability caused by the esti-
mation ofγg andγΦ~w, we will consider scenarios where the signal
power is greater than the noise power (analogous to a relatively high
SNR assumption). In this caseγg ' γΦ~w. We also note that in (14)
the first expectation is taken over~g, while the second expectation
is over~wk. However, the computational implementation proceeds
by substituting the expectations with the corresponding arithmetic
means (expressed as inner products) and (14) takes the following
form:

s =
γ2−α

η γα−p
g

MC(p,α)p

[
~λ T

(
~g<p−1>− (

K

∑
k=1

Φk~wk
)<p−1>

)]
. (15)

Sinceγη is unknown and also along withγg they act as positive scal-
ing factors and thus they do not affect the minimization operator, the
final expression of the proposed Lagrangian function is given by:

L S(~w,~λ ) =
K

∑
k=1

Jp(~wk)+~λ T
(
~g<p−1>−(

K

∑
k=1

Φk~wk
)<p−1>

)
(16)

which is in a separable form and thus amenable to a distributed
implementation. In particular, we solve the dual problem (D1) by
replacingL (~w,~λ ) with theSαS-based LagrangianL S(~w,~λ ). We
proceed by employing the method of subgradients [9], that is,

~λ i+1 = [~λ i +si ~d(~λ i)]+ , (17)

where~λ i is the estimated dual variable in thei-th iteration,si > 0 is
a step-size parameter,~d(~λ i) is a supergradient1 of the dual function
L S(~λ ), obtained by substituting (16) in (11), and[·]+ denotes the
projection of a vector on the non-negative halfplane (due to the con-
straint of (D1)). This method guarantees that for a sufficiently small
step-sizesi the distance of the current iterate,~λ i+1, to the optimal
solution is reduced. In practice, the convergence of the subgradient
method is ensured using the following step-size:

si = ci (L̂ S(~λ i)−L S(~λ i)
)/‖~d(~λ i)‖2 , (18)

whereL̂ S is an approximation to the (unknown) optimal dual so-
lution, which can be estimated using the best current dual value

L̂ S(~λ i) = max0≤i′≤i L
S(~λ i′). In (18), ci is a number chosen such

that it guarantees a diminishing step-size. This can be achieved by
settingci = (1+β )/(i +β ), whereβ is a fixed positive integer.

Turning back into (17), for a given~λ a supergradient~d(~λ ) can
be obtained by differentiating (16) with respect to~λ as follows:

~d(~λ ) =~g<p−1>− (
K

∑
k=1

Φk~w
∗
k(~λ )

)<p−1>
, (19)

where~w∗k(~λ ) maximizesL S(~λ ). We select the{~w∗k(~λ )}K
k=1 by em-

ploying a heuristic approach. First, in the currenti-th iteration the
term~λ iT~g<p−1> can be considered as a constant and thus it suffices

1The vector~h is a supergradient (resp. subgradient) of a concave (resp.
convex) functionf at the point~x if ∀~y, f (~y)≤ f (~x)+~hT(~y−~x) (resp. f (~y)≥
f (~x)+~hT(~y−~x)).
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to find ~w∗k(~λ
i) such that the vector~w∗(~λ i) = [~w∗1(~λ

i), . . . ,~w∗K(~λ i)]
satisfies the expression

~w∗(~λ i) = arg inf
~w∈RN

+
‖~w‖p

∞≤U

( K

∑
k=1

Jp(~wk)−~λ iT (
K

∑
k=1

Φk~wk
)<p−1>

)
. (20)

The following relations hold under the consideration{~a≤~b⇔ ai ≤
bi ,∀ i} (the same holds for “≥”):

(
K

∑
k=1

Φk~wk
)<p−1> =

[|v1|p−1sign(v1), . . . , |vM |p−1sign(vM)
]T

≤
sign(·)≤1

[|v1|p−1, . . . , |vM |p−1]T with vm =
K

∑
k=1

nk

∑
j=1

[Φk]m jwk j ,

(21)

where[Φk]m j denotes the(m j)-th element of the submatrixΦk and
wk j is the j-th component of~wk. Taking the inner products of both

sides of the above inequality with~λ i under the dual constraint~λ i ≥
0 results in the following relations:

~λ iT (
K

∑
k=1

Φk~wk
)<p−1> ≤ ~λ iT [|v1|p−1, . . . , |vM |p−1]T

=
M

∑
m=1

λ i
m|vm|p−1 =

M

∑
m=1

|(λ i
m)

1
p−1 vm|p−1 . (22)

From (22) we can see that them-th component of the current La-
grange multiplierλ i

m, risen to the power of1/(p−1), multiplies the
m-th row of each submatrixΦk. We seek for a vector~w∗(~λ i) that
minimizes (20). By combining with the inequality in (22), whose
right-hand side consists of non-negative terms, we suggest that in-
stead of finding a~w∗(~λ i) satisfying (20) we relax this requirement
by searching for a~w∗(~λ i) such that

~w∗(~λ i) = arg inf
~w∈RN

+
‖~w‖p

∞≤U

( K

∑
k=1

Jp(~wk)−
M

∑
m=1

|(λ i
m)

1
p−1 vm|p−1

)
, (23)

where{vm}M
m=1 (ref. (21)) depend explicitly on{~w∗k(~λ i)}K

k=1 and
the relaxation refers to the fact that the estimated~w∗ does not
achieve exactly the infimum of (20) but a lower value with our goal
being to make this difference as small as possible. This relaxation
has the advantage that we estimate~w∗ without the ambiguity of the
sign(·) function.

Since both terms in the parentheses of (23) are non-negative the
infimum of their difference, under a non-negativity constraint for
~w∗, will be equal to zero. Notice also that the second term implies
that the parts of the partition ofΦ and~w corresponding to thek-th
sensor are distributed overM (additive) terms in a row-wise way
(ref. (21)). Thus, in order to enforce this contribution of thek-th
sensor to be close to its associated objective function value,Jp(~wk),
we keep only these components of~wk for which the sum of their
coefficients over thoseM terms is non-negative, that is, for thek-th
sensor the set of indicesT i

k corresponding to the active components
in the i-th iteration is given by

T i
k =

{
j :

M

∑
m=1

(λ i
m)

1
p−1 [Φk]m j ≥ 0

}
, 1≤ j ≤ nk . (24)

Each sensor computes individually its setT i
k , which is then

transmitted to the central node (fusion center), where the single set
of the current active components,T i , is obtained as the union of
theK sets,

T i =
K⋃

k=1

T i
k . (25)

Finally, then-th component of the current “optimal” vector~w∗(~λ i)
is formed as follows:

[~w∗(~λ i)]n =

{
0 , if n /∈T i

U
1
p , if n∈T i .

(26)

The above discussion indicates a natural star-shaped network topol-
ogy for the distributed implementation of the proposed subgradient
method, where each sensor transmits directly to the fusion center
only its index setT i

k .
Through the Karush-Kuhn-Tucker (KKT) conditions and the

relaxation represented by (23) it can be seen that for any optimal
solution~λ ∗ of (D1), usingL S(·) instead ofL (·), we have that
supp(~w∗)⊂T ∗, wheresupp(~w∗) = {n : [~w∗]n 6= 0} is the support
of the optimal sparse vector satisfying (P2) andT ∗ is the final set
of active components after the algorithm has converged. In other
words, once the central node computes~λ ∗ then, it obtains an over-
estimate of the support of a solution of (P2) and thus of (P1), since
the two problems are equivalent. This means that at this point the
central node could solve a problem (P1) of reduced dimensionality
by removing the columns ofΦ, whose indices are not included in
T ∗ (and consequently setting[~w]n′ = 0 for n′ /∈T ∗).

In particular, the central node estimates the sparse vector~w,
which satisfies the observation model~g = ΦT ∗~wT ∗ +~η , using the
centralizedSαS-CS algorithm described in [1]. The proposed dis-
tributedSαS-CS strategy relies on the knowledge of~λ ∗. In practice,
the subgradient method terminates at the central node after a max-
imum finite number of iterations is reached, or when the relative
error of the estimated dual variable falls below a predefined toler-
anceε, ‖~λ i+1−~λ i‖2 < ε ·‖~λ i+1−~λ 0‖2. As a result, the distributed
algorithm converges to a suboptimal~λ ∗s and consequently to a sub-
optimal setT ∗

s .
Notice thatΦ is distributed over theK nodes. However,ΦT ∗

s

is required to the central node to estimate the sparse vector. This is
carried out as follows: after stopping the subgradient method, the
central node sends~λ ∗s to theK nodes, which compute their corre-
sponding fragments ofT ∗

s in a parallel way and transmit them back
to the central node.

4. EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the proposed dis-
tributedSαS-CS algorithm and compare it with its centralized ver-
sion [1]. We start by noting that the so-calledFractional-order SNR
(FSNR) is employed as a signal distortion measure as an alterna-
tive to the usual signal-to-noise ratio, which is not valid in theSαS
case due to the lack of finite second-order statistics. For jointlySαS
signal and noise components (αg = αη ) the FSNR takes the form

FSNR= 10log10

( E{|~g|p}
E{|~η |p}

)
= p ·10log10

(
γg/γη

)
, (27)

whereγg, γη are the signal and noise dispersions, respectively. The
reconstruction quality is measured via the relative reconstruction
SNR, rSNR= 10log10

(‖~w‖2
`2

/‖~w− ~̂w‖2
`2

)
, with ~̂w denoting the

reconstructed sparse vector.
Under the non-negativity assumption for the sparse vector, first

we generate vectors~x∈ RN, N = 512, with L = 10 non-zero com-
ponents, whose values are drawn from aSαS distribution, placed
in randomly chosen positions. Then, the non-negative vector to be
reconstructed is~w= abs(~x) , (|x1|, . . . , |xN|). The value ofα varies
in [1.1,2], while the dispersionγw is chosen randomly from[0.1,1].
Then, the noise dispersionγη is determined via (27) for a given pair
(αw,γw) and FSNR value (in dB). The entries of the measurement
matrix Φ are standardSαSsamples, and then its columns are nor-
malized to unit covariation norm. We also note that the subsequent
results are represented as an average over100Monte-Carlo runs.

First, we validate the efficiency of the proposed FLOM-based
Lagrangian function (16) in capturing the significant basis functions
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(columns ofΦ) to be activated for the estimation of the sparse vec-
tor ~w, in contrast to the standard Lagrangian given by (12). We do
so using simulatedSαSsignal (~w) and noise (~η) components with
α ∈ [1.1,2], γw = 0.7, FSNR∈ [5,15] by repeating the process for
each triplet (α,γw = 0.7,FSNR) for 100 Monte-Carlo runs. Then,
for each signal~w the centralizedSαS-CS algorithm ([1]) is executed
to estimate~̂w, as well as the corresponding set of significant basis
functions, whose indices are stored in a vectorTR . We proceed by
settingK = 15, M = 100, β = 1 andε = 10−6.

The proposed distributed algorithm is executed next using the
standard and the FLOM-based Lagrangian function for reconstruct-
ing the same sparse vector~w, resulting in the vectorsT andTS,
respectively, containing the corresponding indices of the significant
basis functions. We also note that a different partition ofΦ (and~w)
is created in each Monte-Carlo run, by assigning a different number
of columnsnk to thek-th sensor (k = 1, . . . ,K). However, we take
care of generating “balanced” partitions in the sense that all sensors
obtain a similar number of columns ofΦ.

Fig. 1 shows the average percentage of successful retrievals of
the significant basis functions, as expressed via the cardinalities of
the intersectionsTR∩T andTR∩TS as a function ofα and FSNR
(in dB). It is clear that, on average, the standard Lagrangian func-
tion2, which is based on second-order statistics, is able to retrieve
less than half of the significant basis functions as estimated by the
centralizedSαS-CS method. On the other hand, the distributed
SαS-CS method combined with the FLOM-based Lagrangian func-
tion has an100%percentage of success in retrieving the significant
basis functions given by its centralized implementation.

Fig. 2 shows the relative reconstruction SNR for the proposed
distributedSαS-CS algorithm as a function ofα and FSNR. First,
we observed that the reduced dimensionality problem resulting by
implementing the distributedSαS-CS method, which is then solved
at the central node, achieved the same reconstruction performance
with its centralized full dimensional counterpart. The reason is
that the FLOM-based Lagrangian employed by the distributedSαS-
CS method is able to capture accurately the significant columns of
Φ. In addition, we can see that the reconstruction performance in-
creases as the values ofα and FSNR increase. The decrease of
rSNR asα → 1 is related to the increased inaccuracy in estimating
the characteristic exponentα using a measurement vector~g of small
sizeM = 100. This problem can be alleviated by increasingM.
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Figure 1: Average percentage of successful retrievals of the signif-
icant basis functions for the standard and FLOM-based Lagrangian
function, as a function ofα and FSNR (in dB).

2We mention for clarification that when using the standard Lagrangian
the i-th column ofΦ, ~φi , is considered to be significant if|~φT

i
~λ | ≥ 1.
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Figure 2: Average reconstruction rSNR (in dB) for the distributed
SαS-CS method, as a function ofα and FSNR.

5. CONCLUSIONS AND FUTURE WORK

In this work, we developed a distributed method for CS recon-
struction of highly impulsive signals with non-negative components
working in a non-linear programming framework with application
in a WSN. The high sparsity of the signal and noise components
was modelled directly by usingSαS distributions as their priors.
The experimental results revealed that the distributed method main-
tained the increased reconstruction performance of its centralized
counterpart, while also reducing significantly the cost for process-
ing and transmitting the data at each sensor meeting the limitations
of a WSN. As a future work, we will extend the distributedSαS-CS
method in more complex network topologies, as well as in the case
of disjointly SαSsignal and noise components (αw 6= αη ).
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ABSTRACT
In this paper the problem of Compressive Sensing (CS) is
addressed. The focus is on estimating a proper measurement
matrix for compressive sampling of signals. The fact that
a small mutual coherence between the measurement matrix
and the representing matrix is a requirement for achieving a
successful CS is now well known. Therefore, designing mea-
surement matrices with smaller coherence is desired. In this
paper a gradient descent method is proposed to optimize the
measurement matrix. The proposed algorithm is designed to
minimize the mutual coherence which is described as abso-
lute off-diagonal elements of the corresponding Gram ma-
trix. The optimization is mainly applied to random Gaussian
matrices which is common in CS. An extended approach is
also presented for sparse signals with respect to redundant
dictionaries. Our experiments yield promising results and
show higher reconstruction quality of the proposed method
compared to those of both unoptimized case and previous
methods.

1. INTRODUCTION

Compressive Sensing (CS) [1] [2] is one of the recent in-
teresting fields in signal and image processing communi-
ties. It has been utilized in many different applications from
biomedical signal and image processing [3] to communica-
tion [4] and astronomy [5]. The core idea in CS is a novel
sampling technique which under certain conditions can lead
to a smaller rate compared to conventional Shannon’s sam-
pling rate. The key requirement for achieving a successful
CS is compressibility or more precisely sparsity of the in-
put signal. A sparse signal has a small number of active
(nonzero) components compared to its total length. This
property can either exist in the sampling domain of the sig-
nal or with respect to other basis such as Fourier, wavelet,
curvelet or any other basis. A CS scenario mainly consists
of two crucial parts; encoding (sampling) and decoding (re-
covery). We formally explain both parts in this section, but
the focus in this work is on the first part where we try to
improve the sensing process which consequently affects the
reconstruction performance.

Let x ∈ Rn be a sparse signal, meaning to have at most
s¿ n nonzero elements. We now want to find p linear mea-
surements termed as y = Φx, where s < p < n, and Φ∈Rp×n

is the measurement matrix. Obviously, p = s is the best pos-
sible choice. However, since we are not aware of the loca-
tions and the values of the nonzero elements when recon-
structing x from y, a larger p is needed to guarantee the re-
covery of x [6]. In addition, the structure of Φ is not arbi-
trary, and should be adopted based upon some specific rules.

For instance, it has been proved [6] that for a Φ with i.i.d
Gaussian entries with zero mean and variance 1/p the bound
p ≥ C · s · log(n/p) is achievable and can guarantee the ex-
act reconstruction of x with overwhelming probability1. The
same condition can be applied to binary matrices with inde-
pendent entries taking values ±1/

√
p. As another example,

we imply Fourier ensembles which are obtained by selecting
p renormalized rows from the n× n discrete Fourier trans-
form, with the bound p≥C · s · (logn)6.

Now, assume that x is not sparse in the present form (e.g.
time domain), but it can be sparsely represented in another
basis (e.g. Fourier, wavelet, etc.). Mathematically speaking,
we name α the sparse version of x satisfying x = Ψα , where
Ψ ∈ Rn×m is called the representing (or sparsifying) dictio-
nary (or basis). Ψ is called a complete dictionary if n = m,
otherwise n < m and we call it overcomplete (or redundant).
For consistency in notations we always consider complete
dictionaries thorough the paper, unless it is stated. The ex-
tension to overcomplete dictionaries is easy though. In order
to achieve a successful CS, we must choose a Φ having least
possible coherence with Ψ. In other words, a D := ΦΨ is
desired to have columns with small correlations [7]. This
property is termed as mutual coherence, and usually denoted
by µ . More details about µ will be discussed later in this
paper. The mutual coherence also affects the bound for p
such that p≥C ·µ2 · s · (logn)6 [6]. Interestingly, it is shown
that random ensembles are largely incoherent with any fixed
basis [7]. This is a useful property which allows us to non-
adaptively choose a random Φ for any type of signal. More
details and proofs in this context can be found in [6] and the
references therein.

The second crucial job in CS is reconstruction, which
can be described as solving the well known underdetermind
problem with sparsity constraint,

min‖α‖0 s.t. y = ΦΨα ≡ Dα (1)

where ‖·‖k denotes the `k-norm in general, and here, `0-norm
gives the support of α , which is actually the level of spar-
sity. Although this problem is sometimes described in other
forms, the main issue is to find the sparsest possible α sat-
isfying y = Dα . Unfortunately, the problem (1) is noncon-
vex in general, and the solution needs a combinatorial search
among all possible sparse α , which is not feasible. However,
there are some greedy methods trying to iteratively solve (1).
The family of Matching Pursuit (MP) [8] methods such as
Orthogonal Matching Pursuit (OMP), stagewise OMP [9],
and Iterative Hard Thresholding (IHT) [10] mainly attempt

1C is a computable constant.
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to solve (1) by selecting the vectors of D which are mostly
correlated with y. Thanks to the greedy nature of these algo-
rithms; they are fast. In contrast, there have been proposed
some optimization-based methods, mainly achievable by lin-
ear programming, called Basis Pursuit (PB) [11] which at-
tempt to recover α by converting (1) into a convex problem
which relaxes the `0-norm to an `1-norm problem:

min‖α‖1 s.t. y = ΦΨα ≡ Dα (2)

Although random matrices are suitable choices for Φ, it
has been recently shown that optimizing Φ with the hope
of reducing the mutual coherence can improve the perfor-
mance [12–15]. Elad [12] attempts to iteratively decrease
the average mutual coherence using a shrinkage operation
followed by a Singular Value Decomposition (SVD) step.
Duarte-Carvajalino et al. [13] take the advantage of an eigen-
value decomposition process followed by a KSVD-based al-
gorithm [13] (see also [16]) to optimize Φ and train Ψ, re-
spectively. Overally, the results of the current methods show
enhancement in terms of both reconstruction error and com-
pression rate. That motivates us to work more on optimizing
the measurement matrix to obtain better results and also at-
tempt to make the optimization process more efficient, spe-
cially for large-scale signals.

In this paper we propose a gradient-based optimization
approach to decrease the mutual coherence between the mea-
surement matrix and the representing matrix. This can be
achieved by minimizing the absolute off-diagonal elements
of the corresponding Gram matrix G = D̃T D̃, where D̃ is
the column-normalized version of D, and (.)T denotes the
transposition. Our idea is to approximate G with an identity
matrix using a gradient descent method.

In the next section we formally express the sensing prob-
lem and the required mathematics related to optimization of
the measurement matrix. Then, in section 3, the gradient-
based optimization method is described in details. In section
4, the simulations are given to examine the proposed method
from practical perspectives. Finally, the paper is concluded
in section 5.

2. PROBLEM FORMULATION

Similar to the notations in the previous section, we consider
the signal x to be sparse with cardinality s over the dictionary
Ψ ∈ Rn×m. Consider the noiseless case, we are going to take
p < n linear measurements which based on CS rules can be
done by multiplying a Φ with random i.i.d Gaussian entries
such that y = ΦΨα2. However, p cannot exceed the bounds
mentioned in the previous section, which highly depends on
the coherence between Φ and Ψ and the level of sparsity s.
One of the suitable ways to measure the coherence between
Φ and Ψ is to look at the columns of D, instead. As D = ΦΨ,
the mutual coherence (which is desired to be minimized) can
be defined as the maximum absolute value and normalized
inner product between all columns in D which can be de-
scribed as follows [11],

µ(D) = max
i 6= j,1≤i, j≤m

{
|dT

i d j|
‖di‖ ·

∥∥d j
∥∥

}
(3)

2Note that in cases where x is sparse in the current domain, we ignore Ψ
and consider x = α and Φ = D without loss of generality.

Another suitable way to describe µ , especially for the
purpose of this paper, is to compute the Gram matrix G =
D̃T D̃, where D̃ is column-normalized version of D. We then
define µmx (which is equal to µ(D)), as the maximum abso-
lute off-diagonal elements in G,

µmx = max
i 6= j,1≤i, j≤m

∣∣gi j
∣∣ . (4)

Moreover, the average absolute off-diagonal elements in
G is another useful measure defined as

µav =
∑i 6= j

∣∣gi j
∣∣

m(m−1)
. (5)

Mainly, there are two important reasons why we are in-
terested in matrices with small coherence and these motivate
us to optimize Φ with the aim of decreasing the coherence.
Suppose that the following inequality holds:

‖α‖0 <
1
2

(
1+

1
µ(D)

)
(6)

then, α is necessarily the sparsest reconstructed signal when
y and D are known, and both BP and OMP are guaranteed
to succeed [12] [17] [18]. This implies that as long as µ
is very small, a successful reconstruction is achievable for a
wider range of sparsity degree. Another key notion here is
considering the Restricted Isometry Property (RIP) [6] [11],
which implies that for a proper isometry constant, RIP en-
sures any subset of columns in D with cardinality less than
sparsity level s, is nearly orthogonal. This results in a better
CS behavior and guarantees the identifiability of the original
signal by both OMP and BP [13].

3. PROPOSED APPROACH

So far, it has been realized that a low coherence between
columns of D is a desired property in CS framework. In sec-
tion 2, the mathematical expression of coherence led to com-
puting the Gram matrix and from that point we concluded
that small absolute off-diagonal elements in D is desired. Let
us now consider the ideal case, where minimum possible co-
herence (µmx = µav = 0) occurs. This situation will give us
G = Imm, where Imm is identity matrix with indicated dimen-
sions (note that D̃ is column-normalized). Unfortunately, this
may only occur when p ≥ m, which is meaningless in CS.
However, we might be able to introduce a measurement ma-
trix leading to a G as close as possible to identity, even if
p < m. One way to provide such a matrix is to solve the
following problem,

Ĝ = argmin
G
‖G− I ‖2

∞ (7)

where ‖ . ‖∞ is defined as the maximum absolute off-diagonal
elements of G. However, we prefer to use the Frobenius
norm denoted as ‖ . ‖F , which has the advantages of sim-
plifying the minimization problem, and also participating not
only the maximum absolute off-diagonal, but all off-diagonal
elements of G in the minimization process. Therefor, mini-
mizing (7) with Frobenius norm will effectively, but not di-
rectly, minimize µmx and µav.

In order to set up a practical cost function for our prob-
lem, assume either the case where x is sparse in current do-
main (i.e. D = Φ), or the dictionary Ψ is square (n = m).
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Note, however, the extension to the case of redundant dic-
tionaries (n < m) is easy and will be explained later in the
sequel. If we then express G in terms of D̃ and replace it
in (7) we obtain the following unconstrained minimization
problem,

D̂ = argmin
D̃
‖ D̃T D̃− I ‖2

F (8)

To minimize (8), we adopt a gradient-descent method. To
do this, we first define the corresponding error as,

E =‖ D̃T D̃− I ‖2
F= Tr{(D̃T D̃− I)(D̃T D̃− I)T} (9)

where Tr{·} denotes the trace operation.
Then, we need to compute the gradient of E with respect

to elements of D̃, denoted by d̃i j,

∇E ≡ ∂E
∂ d̃i j

= 4D̃(D̃T D̃− I) (10)

Once the gradient of E is obtained, the solution for (8)
can be described as an iterative process to update D̃ ←
D̃−η∇E, where η > 0 is the stepsize which can be fixed or
variable. Consequently, the full description of update equa-
tion in each iteration is expressed as,

D̃(i+1) = D̃(i)− η̂D̃(i)(D̃
T
(i)D̃(i)− I) (11)

where i is the iteration index and η̂ is the new stepsize after
merging the scaler 4 in (10) with η . The proposed algorithm
starts with an initial random D̃(0) and then iteratively updat-
ing D̃. In addition, a normalization step for columns of D̃,
denoted by d̃ j with j = 1,2 . . .n, is required at each iteration:

d̃ j
(i+1) ← d̃ j

(i)/‖d̃ j
(i)‖2 (12)

After K iterations, when the convergence condition(s) is(are)
met, D̂ = D̃(K) is given as the solution for (8). Finally, if
x is sparse in its current domain, Φ̂ = D̂ would actually be
the required measurement matrix and the algorithm is termi-
nated. However, if x is sparse over Ψnn, then an inverse or
pseudoinverse is required to obtain the measurement matrix
Φ̂ = D̂Ψ−1. Note that the gradient descent methods, mainly
do not guarantee a global minimum, but can normally pro-
vide a local minimum. The pseudocode of the proposed al-
gorithm is given in Algorithm 1.

In order to extend the above algorithm for the case of
sparse signals over a dictionary Ψnm, with n < m, we only
need to consider Ψ in converting (7) to (8). Since G =
D̃T D̃ = ΨT ΦT ΦΨ, we modify the minimization problem and
obtain,

Φ̂ = argmin
Φ̃
‖ΨT ΦT ΦΨ− I ‖2

F (13)

The gradient of the error is then computed,

∂E
∂φi j

= 4ΦΨ(ΨT ΦT ΦΨ− I)ΨT (14)

and the update equation which directly updates Φ is ex-
pressed as:

Φ(i+1) = Φ(i)−ηΦ(i)Ψ(ΨT ΦT
(i)Φ(i)Ψ− I)ΨT . (15)

Algorithm 1: Gradient-descent optimization.
Input: Sparse representation basis Ψnn (if necessary),

Stepsize η , Maximum number of iterations K.
Output: Measurement matrix Φpn.
begin

Initialize D to a random matrix.
for k=1 to K do

for j=1 to n do
d j ←− d j/‖d j‖2

end
D←− D−ηD(DT D− I)

end
if Ψnn has been given as input then

Φ̂←− DΨ−1

else
Φ̂←− D

end
end

4. SIMULATION RESULTS

In this section we illustrate some results of our experiments
to show the ability of the proposed method in optimizing the
measurement matrix and consequently its effect in the recon-
struction process. The results are encouraging and show that
the idea of optimizing the measurement matrix can increase
the performance in CS framework.

In the first experiment we built up a random dictionary
Ψ(200×400) and a random Φ(100×200) both with i.i.d Gaus-
sian elements. We then ran the proposed algorithm with
η = 0.02 and 60 number of iterations to optimize Φ. We
also applied Elad’s algorithm [12] to the same Φ and Ψ. The
parameters we used for Elad’s method were: the shrinkage
parameter γ = 0.5, a fixed threshold t = 0.25 and 60 num-
ber of iterations. Figure 1(a) shows the distribution of ab-
solute off-diagonal elements of G for this experiment. As
seen from the figure, after applying the proposed method,
the distribution becomes denser with more coefficients close
to zero. This change verifies a smaller coherence between Φ
and Ψ, which is also confirmed by having µav = 0.0075 and
µmx = 0.3887 in this experiment, compared to µav = 0.0148
and µmx = 0.4995, for unoptimized Φ. Elad’s method im-
proves the coherence, almost similarly; µav = 0.0187 and
µmx = 0.4255. However, large µav in Elad’s method, also
reported in [13], is due to an undesired peak around 0.15 in
Figure 1(a), which may weaken the RIP conditions [13]. This
drawback has been well mitigated in the proposed method as
can be noticed from Figure 1(a). The same results are also
seen for random i.i.d Gaussian Φ(100×200) and Discrete co-
sine transform (DCT) Ψ(200×200), shown in Figure 1(b).

In the next experiment we generated a set of 10000 sparse
signals with the length of n = 120, at random locations and
random amplitudes, for nonzero samples. We chose DCT
bases for Ψ, with the size of 120×120, i.e. n = m = 120. In
this experiment we used η = 0.01 and 150 number of itera-
tions. For Elad’s method we used γ = 0.95, relative threshold
t = 20% and 1000 number of iterations:
• First, we fixed the sparsity level to s = 8 and varied p

from 20 to 80 in taking the measurements y = ΦpnΨnnα .
We then applied three reconstruction methods: IHT,
OMP, and BP on all 10000 signals. This experiment was
repeated for each p ∈ [20 80], and then the relative error
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(b) Φ: Random, and Ψ: DCT.

Figure 1: Distribution of off-diagonal elements of G.

rate between the reconstructed signals and the original
signals were computed. The result of this experiment is
shown in Figure 2. It is seen that optimization of Φ has a
considerable influence in reducing the reconstruction er-
ror. In addition, it is observed that the proposed method
works better compared to the work in [12]. It is also seen
that the error rate is almost similar for both proposed and
Elad’s, when using BP for recustruction (Figure 2 (c)).

• Second, in order to evaluate the performance of the pro-
posed method against changes in cardinality, we fixed
p = 30 and varied the sparsity level from 1 to 20, and
then reconstructed x by applying IHT and OMP for all
10000 sparse signals. The computed relative error rate
for this experiment is shown in Figure 3. Again we see
improvement compared to unoptimized case.
In the last experiment, we studied the effects of the pro-

posed optimization on sampling and reconstruction of real
images. Due to huge number of pixels, it is mainly impossi-
ble to process the whole image, directly. Hence, we applied
the multi-scale strategy proposed in [19] and [20], consider-
ing wavelet transform as the representing dictionary to spar-
sify the input image. We used symmlet8 wavelet with coars-
est scale at 4 and the finest scale at 5, and followed the same
procedure as in [19]. As an illustrative example, the “Mon-
drian” image of size 256× 256 was compressed using un-
optimized and optimized measurement matrices. Following
the same procedure in [19] to keep the approximation coef-
ficients, the whole image was then compressed to 870 sam-
ples. Then, the image was reconstructed using HALS CS
method [19, 21]. As can be seen from Figure 4, the recon-
struction error computed as ε = ‖x̂− x‖2/‖x‖2, where x̂ is
the reconstructed image, is less when we compress the im-
age using the proposed optimized measurement matrix. We
also recorded the running time of this experiment where a
desktop computer with a Core 2 Duo CPU of 3.00 GHz, and
2 G Bytes of RAM was used. It is seen from Figure 4 that
adding the optimization step increases the running time, as
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Figure 2: Relative error rate vs. the number of measurements p,
using (a) IHT, (b) OMP, and (c) BP for reconstruction.
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Figure 3: Relative error rate vs. the sparsity level s, using (a) IHT
and (b) OMP for reconstruction.

expected. However, less computation time of the proposed
method compared to Elad’s is noticeable.

5. DISCUSSION AND CONCLUSION

In this paper the problem of compressive sensing is investi-
gated. A new gradient-based approach is proposed in which
the aim is to optimize the measurement matrix in order to de-
crease the mutual coherence. An extension to the proposed
algorithm is also presented which is suitable for sparse sig-
nals with respect to overcomplete dictionaries. The results of
our simulations on both real and synthetic signals are promis-
ing and confirm that optimization of the measurement matrix
increases the performance, which is introduced in terms of
reconstruction error and the number of measurements taken.
In practice, however, the proposed method is still not appli-
cable to very large-scale problems. Lower complexity of the
proposed method, compared to the previous methods, indi-
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Figure 4: Reconstruction of Mondrian image using HALS CS
method. (a) Original image. Reconstruction with (b) no optimiza-
tion, (c) proposed optimization, and (d) Elad’s optimization of the
measurement matrix.

cates the possibility of appropriateness of such methods for
very large-scale problems. This fact has not been reported in
the literature yet and needs to be challenged.
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ABSTRACT
Recent work on dimensionality reduction using Cauchy ran-
dom projections has emerged for applications whereℓ1 dis-
tance preservation is preferred. An original sparse signal
b ∈ R

n is multiplied by a Cauchy random matrixR ∈ R
n×k

(k ≪ n), resulting in a projected vectorc ∈ R
k. Two approa-

ches for fast recover ofb from the Cauchy vectorc are
proposed. The two algorithms are based on a regularized
coordinate-descent Myriad regression using bothℓ0 and con-
vex relaxation as sparsity inducing terms. The key element
is to start, in the first iteration, by finding the optimal esti-
mate value for each coordinate, and selectively updating only
the coordinates with rapid descent in subsequent iterations.
For the particular case of theℓ0 regularized approach, an
approximation function for theℓ0-norm is given due to it is
non-differentiablenorm [1]. Performance comparisons of the
proposed approaches to the original regularized coordinate-
descent method are included.

1. INTRODUCTION

Dimensionality reduction using linear random projections
allows the mapping of a set of high dimensional data points
into a set of points in low dimension such that pairwise
distance properties are nearly preserved. Dimensionality
reduction is useful in applications such as searching
for nearest neighbors, data streaming and clustering, or
classification, where the computational cost can be largely
reduced. Methods using Gaussian random projections [2],
are used to estimate the original pairwiseℓ2 distances in
the high dimensional space using the correspondingℓ2
distances in the dimensionally-reduced set of data points,
and the Johnson-Lindenstrauss (JL) lemma [3] provides
the performance guarantee. In Cauchy random projections,
Indyk [4] and Li et. al [5] have shown results analog to the
Johnson-Lindenstrauss bound, for theℓ1-norm. The interest
in Cauchy random projections arise since theℓ1-norm
is more robust to noise, missing data, and outliers, than
the ℓ2-norm. Recent work has addressed dimensionality
reduction inℓ1 using Cauchy random projections [5, 6].

A linear projection of the sparse signalb ∈ R
n into a

dimensionally-reduced data vectorc∈R
k is attained by mul-

tiplying the original data points inb with a random matrix
R ∈ R

n×k, whose entries are realizations of an independent

This work was supported in part by the National Science Foundation
under the Grants ECCS-0725422 and CCF-0915800.

and identically distributed standard Cauchy random variable.
This paper focuses on the recovery of then-dimensional
sparse signal from a reduced set ofk measurements,k ≪ n,
by solving the following problem:

b̂ = argmin
b

‖c−R
T
b‖LL (1)

where LL denotes the Lorentzian norm, defined as
∑k

i=0 log
(

K2 + z2
i

)

;K > 0 for a vector z ∈ R
k. The

Lorentzian error norm is characterized by a re-descendent
function where the influence of a large outlying sample on
the Lorentzian norm increases up to a point, after which it
starts to decrease (redescend) as the error grows. Thus, the
Lorentzian norm is more robust in regression problems than
the ℓ1 and ℓ2 norms and, in fact, it has optimality proper-
ties for Cauchy distributed samples [7]. Exploiting thea
priori knowledge about the sparsity of the signal, a convex
relaxation problem is proposed. The main contribution of
this paper is a proposed approach that efficiently computes
the solution to this optimization problem. Thus, the pro-
posed approach is based on computing an iterative algorithm
that combines the characteristics of the coordinate-descent
method, that decomposes then-dimensional problem into a
sequence of greedy 1-dimensional coordinate updates, and
computing the rate of decrease of the cost function. At the
first iteration, all the coordinates are estimated by using the
Weighted Myriad operator [8], which is optimal for the stan-
dard Cauchy distribution. In the second and subsequent ite-
rations only those entries with non-zero value previously es-
timated in the first iteration and those elements that are de-
creasing most rapidly are re-estimated.
In order to induce sparse signal reconstruction in (1), the
Lorentzian problem is regularized by anℓ0-norm. The se-
lective iterative coordinate-descent algorithm therefore uses
knowledge of the greatest descent rate of the cost func-
tion, significantly improving the convergence speed and run-
time as compared to the standard iterative coordinate-descent
(Standard-ICD) algorithm.

2. SPARSE SIGNAL RECONSTRUCTION:
PROBLEM FORMULATION

Given the projected vectorc∈R
k, we seek the reconstruction

of the original sparse data signalb∈R
n. A common criterion

widely used in the compressive sensing literature is to recon-
struct the sparse signal by minimizing the norm of a residual
error subject to the constraint that the signal is sparse [9]. In
the context of Cauchy projections, a suitable formulation of
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this approach is

b̂ = argmin
b

‖c−R
T
b‖LL + τ‖b‖ℓ0

(2)

where‖.‖ℓ0
denotes theℓ0 quasi-norm that outputs the num-

ber of nonzero components in its argument, and whereτ is a
regularization parameter that balances the two different goals
of minimizing the norm of the residual errors while yielding,
at the same time, a sparse solution onb.
The proposed reconstruction approach is as follows. Each
element of the vectorc can be written asci = ∑n

j=1 ri, jb j, for
i = 1,2, · · · ,k, whereri, j are standard i.i.d. Cauchy random
variables. Assuming the value ofri,ℓ is known, or can be re-
generated, the elements can be scaled into the observations

ci

ri,ℓ
= bℓ +

∑n
j=1, j 6=ℓ ri, jb j

ri,ℓ
, i = 1, · · · ,k. (3)

The above can be thought of as a classical (deterministic)
location parameter estimation problem in one dimension,
where we assume that theℓ-th entry of the sparse vectorb
(i.e. bℓ) is the one to be estimated while keeping the other
fixed. Furthermore, we assume that the other entries are
known or have been previously estimated. Thus, given the
observationsZi,ℓ ,

ci
ri,ℓ

each obeying the Cauchy distribution

with a common location parameterbℓ but varying scaling fac-

tor γi,ℓ =
∑n

i=1,i 6=ℓ |bi|

|ri,ℓ|
, the maximum likelihood estimate ofbℓ

is the Myriad operator [8]:

b̂ℓ = argmin
bℓ

Q(bℓ)
△
= argmin

bℓ

k

∑
i=1

log

[

1 +
1

γ2
i,ℓ

(Zi,ℓ −bℓ)
2

]

= MYRIAD






1,

1
(

γi,ℓ

)2 ◦Zi,ℓ






; i = 1...k , ℓ = 1...n, (4)

where the dispersion parameterγi,ℓ is estimated by using the
non-linear bias-corrected geometric mean estimator [5]. The
regularization term in (2) considers two cases:bℓ = 0 and
bℓ 6= 0 as follows

Q(bℓ) =

{

Q(0) if bℓ = 0
Q(bℓ)+ τ if bℓ 6= 0, (5)

and the solution to theℓ0-RegularizedLL minimization pro-
blem in (2) is given by

b̂ℓ =

{

argminbℓ
Q(bℓ) if Q(0) > Q(bℓ)+ τ

0 otherwise.
(6)

The iterative algorithm for theℓ0-regularized approach is as
follows. At the first iteration, the reconstruction algorithm
follows a coordinate descent solution where we hold constant
all but one of the entries of the sparse vectorb, we then esti-
mate the entry that is allowed to vary, and then we move on
to estimate the entry in the next coordinate. The estimated
coordinate is kept if its magnitude is larger than the initial

threshold valueτ = τ0,ℓ, otherwise it is considered as a non-
significant entry and, hence, it is set to zero. It will be seen
shortly how to select this threshold value since this parame-
ter strongly influences the accuracy of the reconstruction and
may increase the computational complexity of the algorithm.
If the entry is kept, its contribution is removed from the ob-
servation vector. At the second iteration only some entries
are allowed to be re-estimated. In particular, the non-zero
estimate values after the first iteration and entries havingthe
greatest rate of decrease of the cost function are selected.In
order to choose such coordinates that fulfill this criteria,we
compute the gradient of the objective function. As the ob-
jective function is non-differentiable [1], we approximate the
ℓ0-norm by the following norm

‖b‖ =
n

∑
i=1

|b|
λ + |b|

. (7)

As λ → 0, a better approximation of‖b‖ℓ0
is obtained. This

is shown in Fig. 1 .
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Figure 1:ℓ0-approximation norm for differentλ . Solid line: λ =
0.01. Dashed-dotted line:λ = 0.1. Dotted line:λ = 1.

The descent direction used here is thus:

gbℓ
= −

n

∑
i=1

(Zi,ℓ −bℓ)

γ2
i,ℓ +(Zi,ℓ−bℓ)

2 −
n

∑
i=1

sgn(bℓ)λ
(λ + |b|)2 (8)

wheresgn(bℓ) is the sign of the corresponding coordinate
bℓ. Using the gradient of the objective function, we select
only those coordinates that produce rapid descent. We then
choose those entries with the greatest negative gradient of
the cost function. Coordinates that do not satisfy the two
conditions are considered as not significant and, hence, are
pulled to zero. It is important to select the parameterλ in the
ℓ0-approximation since it influences the negative gradient.
If λ is too large, some components that must be selected
to be re-estimated may be seen as not significant enough.
However ifλ is too small, most of the coordinates will have
a high rate of descent, therefore, most of the entries will be
seen as significant and, will be selected to be re-estimated in
the next iteration.
In the subsequent iterations, selected coordinates that
are significant enough are re-estimated by the Weighted
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Myriad operator. This process continues until a stopping
criterion is reached. It is worth mentioning that a stopping
criterion based on the energy of the residual vector, given
by E = ||c − Rb̂||2, could be used to end iterations much
like in greedy based algorithms. This, however, may
restrict the solution to a subset of signals whose underlying
contamination noise has finite second order moments. Also,
this stopping criterion does not guarantee that the algorithm
will reach a global minimum in the optimization problem.
Thus, the iterative algorithm is ended as soon as the residual
energy reach a given threshold (i.e.E < Eth).

Figure 2 shows an illustrative example depicting how the
nonzero values of the sparse vector are detected and esti-
mated iteratively by the proposed algorithm. In this example
a 9-sparse, 300-dimensional signal is generated. The entries
of the projection matrix are random realizations of a stan-
dard Cauchy distributed variable. Note that it takes four ite-
rations for the proposed algorithm to detect and estimate all
the nonzero values of the sparse signal. Note also that the va-
lues are detecting in order of descending magnitude values.
In the first iteration the larger nonzero values are estimated
and its contribution is removed from the observation vector
for the next iteration, therefore, those entries with smallam-
plitude are detected in the subsequent iterations.
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Figure 2: (a) Test 9-sparse signal. (b) Nonzero entries of sparse
vector as the iterative algorithm progresses. Dotted lines: true va-
lues. Solid lines: estimated values.

2.1 Convex relaxation using Lorentzian norm

A second approach to induce sparsity in (1) is to approximate
theℓ0-norm by a norm that is mathematically more tractable.
Our approach to convex relaxation exploits the logarithm
form of the Lorentzian cost function to define the following
norm relaxation function

b̂ℓLL
= argmin

bℓ

k

∑
i=1

log

[

1+
1

γ2
i,ℓ

(Zi,ℓ −bℓ)
2

]

+ log

[

1+
1

γ2
0,ℓ

(Z0,ℓ−bℓ)
2

]

= MYRIAD

{

1;
1

γ2
0,ℓ

◦Z0,ℓ, · · · ,
1

γ2
k,ℓ

◦Zk,ℓ

}

;ℓ = 1...n

(9)

where we letZ0,ℓ = 0 and whereγ0,ℓ is the weight associated
to the zero-valued sample. This additional zero-valued sam-
ple fed into the estimate will induce sparsity, provided that

the corresponding weightγ0,ℓ is sufficiently small.
To implement both iterative reconstruction algorithms, itis
critical to properly estimate the regularization parameter τ in
the first approach and weight of the zero-valued sampleγ0,ℓ

in the second approach, as these parameters govern the spar-
sity of the solution. Consider first the design of the regula-
rization weightγ0,ℓ in (9). Note that high values of the regula-
rization weightγ0,ℓ implies less influence of the zero-valued
sample on the estimation ofbℓ leading to a weighted My-
riad driven by the observation vectorZi,ℓ and the weightsγi,ℓ.
From the mode-property of the weighted Myriad [8, 7], the
regularization weightγ0,ℓ is small enough when

γ2
0,ℓ ≤ min{Z2

i,ℓ + γ2
i,ℓ}|

k
i=1. (10)

The design ofτ in (6) is determined similarly. Sinceγ0,ℓ is
the regularization parameter affectingZ0,ℓ = 0 inside a loga-
rithm term in (9), and sinceτ affectsZ0,ℓ = 0 directly, it fol-
lows that

τ = τ0,ℓ ≥ log(
1

γ2
0,ℓ

). (11)

Furthermore, after the first iteration, our algorithm gradually
reduces the value of the regularization parameter with each
iteration by definingτ = τ0,ℓρ

p, where p refers to the
iteration number, and 0< ρ < 1 is a tuning parameter that
controls the decreasing speed ofτ. This decreasing behavior
of the regularization parameter allows us to quickly detect,
at the first iterations, those entries that have large magnitude
values. As the iteration counter increases, the regularization
parameter decreases more slowly allowing us to detect those
entries with small magnitude values since the strongest
entries are removed from the observation vector. According
to empirical results, the tuning parameterρ is fixed to 0.9
for a suitable regularization.

The iterative algorithm for the convex relaxation approachis
as follows. The first iteration is a rough estimate of the signal
obtained through the Weighted Myriad operator. The resul-
tant residual signal obtained by subtracting the contribution
of the estimate of the non-zero value entries is used in the es-
timation of the sparse vector in subsequent iterations. At the
second iteration, we update only the coordinates that fulfill
two conditions. The first condition is to select those entries
with a non-zero value after the first iteration. The second
condition is to select the coordinates with the greatest rate of
descent. The descent direction used here is

gbℓ
= −

n

∑
i=0

(Zi,ℓ−bℓ)

γ2
i,ℓ +(Zi,ℓ−bℓ)

2 . (12)

Coordinates not satisfying the two conditions are pulled to
zero. Thus, it is expected that subsequent signal estimatesbe
closer to the true values and the convergence speed increases
since only those entries considered relevant are allowed tobe
re-estimated. This process continues until the residual energy
stopping criterion,E < Eth, is reached. The regularized iter-
ative coordinate descent Weighted Myriad algorithm using
convex relaxation for sparse signal reconstruction is shown
in Table 1.
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Table 1: Iterative coordinate descent reconstruction algo-
rithm using convex relaxation regularization.

Input and Sparse signalb
Initialize Measurement MatrixR
Parameters Observation Vectorc

Number of IterationsP
Residual EnergyEth

DispersionΓ(0)
ℓ

=
{

γ(0)
1,ℓ

,γ(0)
2,ℓ

, ...,γ(0)
n,ℓ

}

ResidualZ(0)
i,ℓ

=
{

ci
riℓ

; i = 1, ...,k
}

, Z0,ℓ = 0

τ0,ℓ = min{Z2
i,ℓ + γ2

i,ℓ}|
k
i=0

Initial Estimated Signal̂b(0) = 0
Iteration For ℓ = 1,2, ...,n compute:
Step A

b̂ℓ = Myriad

{

1; 1

(γi,ℓ)
2 ◦

ci−∑n
j=1; j 6=ℓ ri j b̂ j

riℓ

}

|ki=0

g
b̂ℓ

= −∑n
i=0

(Zi,ℓ−bℓ)

γ2
i,ℓ+(Zi,ℓ−bℓ)

2 .

Selectm components with the greatestg
b̂ℓ

.

Step B For ℓ = 1,2, ...,m compute:

τ(p) = τ0,ℓρ p

γ(p)
i,ℓ

= cosk
( π

2k

)

∏k
i=1 |Z

(p)
i,ℓ

− b̂(p)
ℓ

|(1/k)

b̂(p+1) = Myriad

(

1, 1
(

γ (p)
i,ℓ

)2 ◦Z(p)
i,ℓ

)

Step C If E(p) = ||c−Rb̂(p)||2 < Eth, end;
else go to Step A.

Output Recovered sparse signalb̂
(p)

3. COMPUTER SIMULATIONS AND
PERFORMANCE COMPARISONS

In this Section the performance of the two fast iterative
coordinate-descent (Fast-ICD) approaches are evaluated in
the recovery of a sparse signalb from both a reduced
set of noise free and noise contaminated projections. We
compare first the Fast-ICD using the approximateℓ0-norm
regularization with the standard iterative coordinate-descent
(Standard-ICD) algorithm proposed in [6]. We then present
simulations for the convex relaxation using the Lorentzian
norm and compare those results with those obtained by the
Standard-ICD algorithm, also proposed in [6]. In particular,
we present results of execution times and number of ite-
rations. Execution times are measured on a 2.3GHz AMD
Opteron processor.

3.1 Sparse signal reconstruction performance using
approximate ℓ0-norm regularization

The reconstruction capability of the Fast algorithm proposed
to solve the approximateℓ0-norm regularization problem is
tested in the recovery of a 6-sparse signal of 300-samples.
The original signal is generated by randomly placing the
location of the non-zero entries by a uniform random
distribution and with amplitudes in the interval (−1,1).
Furthermore, the projection matrixR is generated with i.i.d.
draws of a standard Cauchy distributionC(0,1). We are
interested in finding the running times and the number of
iterations needed to reconstruct the original signal from
a given number of projectionsk without noise. An exact

reconstruction is assumed when the algorithm reach an
energy of the residual signal less thanEth ≤ 1 × 10−2.
Empirical results have led us to set the tuning parameter
ρ = 0.9 for a suitable regularization and,λ = 1 for the
approximation of theℓ0-norm. Those parameters are used
for all the simulations presented next. Results are obtained
by generating 100 independent realizations and averaging
number of iterations and running times for eachk.

Results in Table 2 indicate that both algorithms faithfully
recovered the signal, since the stopping criterion is reached.
Both algorithms require slightly the same number of ite-
rations. More importantly, the execution time used by the
Fast-ICD algorithm is highly reduced in comparison to
the execution time for the Standard-ICD algorithm. This
is because only those coordinates with the greatest rate
of descent are update on each iteration in the fast-ICD
algorithm while in the standard-ICD, all the coordinates
have to be updated on each iteration. For example, when
k = 50, the execution time used by Standard-ICD algorithm
is up to 8 times the execution time for Fast-ICD and for
k = 100 the execution time used by Standard-ICD algorithm
is 5 times the execution time for Fast-ICD.

In order to test the robustness to noise of the proposed
approaches, the projected signal is now contaminated with
noise. Furthermore, assume that the projections are noisy as
describedc = R

T
b+ ξ , whereξ is the noise vector obey-

ing a Gaussian distributionN(0,σ2). Simulations for differ-
ent noise variancesσ2 are shown. Since Cauchy projections
have infinite-variance, the input SNR becomes less meaning-
ful and thus we use the Geometric Signal-to-Noise Ratio (G-
SNR) defined as [12]:

G-SNR=
1

2Cg

(

S0c

S0g

)2

(13)

whereS0c
is the geometric power of the projected Cauchy

distributed signal,S0g
is the geometric power of the additive

Gaussian noise andCg = eCe ≈ 1.78 is the exponential
of the Euler constant. For each G-SNR 100 independent
realizations are generated and timing measures are averaged.

Table 3 shows the running times achieved by the proposed
Fast-ICD approach and those achieved by the Standard-ICD
algorithm for different G-SNR. The proposed approach fina-
lizes up to 17 times faster than the original Standard-ICD
algorithm, for most G-SNR.

Table 2: Comparison of number of average iterations and
execution times (in seconds) for the Fast-ICD and Standard-
ICD algorithms using approximateℓ0-norm regularization.

k No. iterations Time (sec.)
Fast-ICD Standard-ICD Fast-ICD Standard-ICD

20 65.90 67.20 7.49 104.91
50 12.23 10.91 2.25 18.54
100 3.82 2.88 1.79 8.70
150 2.59 2.71 2.12 11.95
200 3.16 2.73 3.07 16.82
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Table 3: Comparison of execution times (in seconds) for the
Fast-ICD and Standard-ICD algorithms using approximate
ℓ0-norm regularization for different noise levels.

G-SNR (dB) Fast-ICD (sec) Standard-ICD (sec)
5 2.17 38.66
10 2.26 38.00
15 2.37 37.21
20 2.37 34.5
25 2.37 31.11
30 2.37 29.09

3.2 Sparse signal reconstruction performance using con-
vex relaxation

To test the reconstruction capability of the Fast-ICD ap-
proach solving the convex relaxation Lorentzian minimiza-
tion problem, we use the sparse signal and the residual
energy described in Section 3.1. We are interested in fin-
ding the running times and the number of iterations needed
to reach the residual energy as a function of the number of
projectionsk. If the algorithm does not reach the given resid-
ual energy, it is truncated when it reach 50 iterations. Re-
sults in Table 4 show that both the proposed Fast-ICD and
the Standard-ICD does not reach the required residual energy
for low number of projections. As we increasek the pro-
posed Fast-ICD requires less number of iterations than the
Standard-ICD, resulting in a slightly higher speed of con-
vergence. In addition, not only a gain in the number of ite-
rations is obtained, but the execution time is reduced by up to
11 times the execution time for the Standard-ICD algorithm
(whenk = 150).
We also tested the algorithm when the projected data vector
is contaminated with Gaussian noise as described in Section
3.1. Examination of the execution times in Table 5 suggest
a large saving in computation time when the Fast-ICD ap-
proach is used in comparison to the original Standard-ICD
algorithm. For most G-SNR, the proposed approach fina-
lizes about 7 times faster than the original Standard-ICD al-
gorithm.
Table 4: Comparison of number of average iterations and
execution times (in seconds) for the Fast-ICD and Standard-
ICD algorithms using convex relaxation regularization.

k No.Iterations Time (sec.)
Fast-ICD Standard-ICD Fast-ICD Standard-ICD

20 50 50 2.01 24.66
50 50 50 5.21 45.96
100 49.28 49.94 11.12 97.04
150 33.42 42.05 13.15 145.06
200 14.44 19.14 13.27 111.76

Table 5: Comparison of execution times (in seconds) for the
Fast-ICD and Standard-ICD algorithms using convex rela-
xation regularization for different levels of noise.

G-SNR (dB) Fast-ICD (sec) ICD (sec)
4.9 8.59 61.60
8.9 8.66 61.60
15.9 8.68 61.62
23.9 8.80 61.74
28.9 8.90 61.80
33.9 9.06 61.85

4. CONCLUSIONS
We proposed two fast approaches for compressed signal re-
covery in an iterative coordinate-descent fashion. Estima-

tion is achieved by the Weighted Myriad operator. We use
ℓ0-norm as sparsity inducing terms, and also employ convex
relaxation. The proposed approaches reduce the computa-
tional cost by using a coordinate selection technique given
by the rate of decrease. A small increase in the speed of
convergence is obtained by the proposed approaches since
they need less number of iterations than the standard iterative
method. Significant reduction in execution time is achieved
with our proposed algorithms, while yielding similar recons-
truction accuracy to that obtained with the standard itera-
tive coordinate descent. Similarly, satisfactory resultsare
obtained in reconstruction accuracy and execution time for
the proposed approaches with noise-contaminated data. The
proposed methods are inspired by applications on dimensio-
nality reduction with theℓ1-norm, where computational cost
is a primary concern. Those applications include data stream
computation, information retrieval, learning and data mining
among others.
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ABSTRACT 
We consider the design of M-channel orthonormal filter 
banks using polynomial matrix EVD techniques. Modifica-
tions are proposed to a time-domain, polynomial EVD tech-
nique, known as SBR2, which enables it to be applied effec-
tively to the task of FIR paraunitary filter bank design for 
use in subband coding. This algorithm is compared to a 
well-known benchmark FIR compaction filter design 
method. We show that higher coding gains are obtainable 
with our technique for a small number of algorithm itera-
tions. 

1. INTRODUCTION 

Orthonormal filter banks have been extensively studied for 
subband coding [1]-[11]. Subband coding has been exploited 
in an increasing number of applications, including digital 
communications, image and audio coding [6], noise reduc-
tion and channel coding [11]. For the case where the order of 
the filters is unconstrained, it is known that a principal com-
ponent filter bank (PCFB) exists and is an optimal orthonor-
mal (paraunitary) filter bank for this problem [2], [3]. This is 
also true when the filter orders are constrained to be not 
greater than the number of subband channels. In this case, the 
Karhunen-Loeve transform (KLT) or the singular-value de-
composition (SVD) provide the optimal solution. The PCFB 
also exists for the special case of the two-channel filter bank. 
However, in general, it is believed that the PCFB does not 
exist for the intermediate case where order-constrained fil-
ters, i.e. finite impulse response (FIR) filters, are used [7]. 

A number of authors have proposed methods for the de-
sign of suboptimal (near-optimal) constrained-order or-
thonormal filter banks [4]-[10]. A common approach has 
been to calculate an optimal FIR compaction filter [4]-[6], 
[8],[10],  for a given input power spectral density (PSD), then 
use an appropriate completion strategy to construct the filter 
bank, such as that in [5]. Typically, the filter is chosen to op-
timise a specific objective function, such as coding gain or 
energy compaction. As a consequence, all such methods re-
quire the numerical optimisation of non-linear and non-
convex functions. Moulin et al. [5] formulate the FIR com-
paction filter design problem as a semi-infinite linear pro-
gramming problem. Kirac and Vaidyanathan propose a more 
efficient way of obtaining FIR compaction filters in [6], 

called the window method. In [8], Tuqan and Vaidyanathan 
proposed a semi-definite programming method based on a 
state-space description of the compaction filter, and was 
shown to be globally optimal. However, this algorithm is also 
computational more costly and complex than the window 
method.  A drawback with all these techniques is that they 
suffer from the ambiguity caused by the non-uniqueness of 
the FIR compaction filter. In essence, different compaction 
filter spectral factors lead to different filter banks, which in 
turn yield different performances. As such, all such spectral 
factors need to be tested for their performance [10]. 

Other authors have presented paraunitary filter bank de-
sign methods in the context of signal subspace analysis of 
broadband signals [12], [13]. In [12], the fixed degree 
parameterisation proposed by Vaidyanathan [1] is exploited. 
An alternative design can be obtained by generalisation of 
the eigenvalue decomposition (EVD) to polynomial matrices, 
as proposed in [14], [15]. This algorithm is called the second 
order sequential best rotation (SBR2) algorithm. It has been 
successfully used in applications where the EVD has tradi-
tionally been employed, including subspace decomposition. 
In this paper, we present a novel method of designing or-
thonormal filter banks for subband coding that uses an adap-
tation of the SBR2 algorithm. A more thorough treatment of 
the new algorithm is left for a journal publication. 
 

 
 
Fig. 1.  (a) M–channel uniform, maximally decimated filter bank 
and (b) its polyphase representation. 
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2. OPTIMAL FILTER BANKS 

An M–channel subband coder is shown in Fig. 1(a) and its 
polyphase form is shown in Fig. 1(b). This is a maximally 
decimated uniform filter bank; our discussions are limited to 
this type of subband coder. We further assume that the filter 
bank is orthonormal, i.e., the matrix 퐄(푒 ) in Fig.1(b) is 
unitary for all 휔. In other words, 퐄(푧) is paraunitary [1], i.e. 
퐄(푧)퐄(푧) = 퐄(푧)퐄(푧) = 퐈, where 퐄(푧) is an 푀 × 푀 poly-
nomial matrix and 퐄(푧) = 퐄 (푧 ). If 퐅(푧) is chosen such 
that 퐄(푧)퐅(푧) = 푐푧 퐈, for some constant c and integer 휏, 
then the subband coder is a perfect reconstruction filter 
bank. That is, with no subband-processing, 푦(푡) = 푥(푡 − 휏) 
for all 푡, 휏 ∈ ℤ. 

A PCFB offers an optimal solution to two subband cod-
ing problems. Firstly, assuming optimal bit allocation, it is an 
optimal orthonormal subband coder in the sense of maximis-
ing the well-known coding gain [2]: 

 퐺 =
(1/푀)∑ 휎
(∏ 휎 ) / , (1)  

where 휎 = 퐸{|푣 (휇)| }, 1 ≤ 푙 ≤ 푀, is the variance of 
푣 (푡): the output of ℎ (푧), 퐸{∙} denotes the expectation op-
erator and 휇 = 푀푡 denotes the low-rate time index. Sec-
ondly, it minimises the reconstruction error for a proper 
subset of the set of subband channels. Vaidyanathan has 
shown that the outputs of a PCFB simultaneously satisfy:  
(i) Strong decorrelation. The subband signals, 푣 (푡), are 

decorrelated at all relative time lags, i.e., 

 훦 ∑ 푣 (휇)푣 (휇 + 휏) = 0,  (2)  

for 푙 ≠ 푚 and all 휏. 
(ii) Spectral majorisation. Let the PSD of 푣 (푡) be denoted 

as 푆 (푒 ). For all 휔, the set {푆 (푒 )} has the prop-
erty, 

 푆 (푒 ) ≥ 푆 (푒 ) ≥ ⋯ ≥ 푆 (푒 ), (3)  

where the subbands are numbered such that 휎 ≥ 휎 . 

3. POLYNOMIAL MATRIX EVD 

Correlation between signals is a type of redundancy which 
can be exploited to achieve compression. If the signals are 
only correlated at zero relative time lag, then the KLT (or 
SVD) can be used to decorrelate the signals. The decorrela-
tion process converts the form of the redundancy from cor-
relation between the signals to disparity between the signal 
powers. At this stage, it is possible to achieve compression 
by discarding low power channels. 

In the case of an M-channel filter bank (depicted in Fig. 
1(b)), provided the input samples are uncorrelated over any 
lag |휏| < 푀 so that the subband channels are uncorrelated for 
any relative delay, the matrix 퐄(푧) required for the 
KLT/SVD is a unitary matrix applied to the vector 퐱(푡). The 
orthogonality condition implies that the transformation is 
energy preserving. 

However, if the subband signals are correlated for lags 
휏 ≠ 0 in (2), decorrelation by a unitary matrix is not suffi-
cient for accurate signal subspace estimation; and strong 
decorrelation is necessary. To achieve this, the transformation 
applied must be a matrix of polynomials (a bank of FIR fil-
ters), as represented by 퐄(푧). It is desirable to have a suitable 
polynomial matrix EVD (PEVD) algorithm to generate a 
transformation of the form: 퐒(푧) = 퐇(푧)퐑(푧)퐇(푧), where 
퐑(푧) is an estimate of the cross-spectral density matrix for 
the input signals and 퐒(푧) is approximately diagonal and 
provides an estimate of the cross-spectral density matrix for 
the transformed signals. Such a 퐇(푧) can be found by the 
SBR2 algorithm [15]. 

3.1 Sequential Best Rotation Algorithm 
The SBR2 algorithm constitutes a simple scheme for gener-
ating polynomial (FIR) paraunitary matrices to achieve the 
strong decorrelation of multiple channels. The structure of 
the filter bank produced by the technique is an immediate 
generalisation of the paraunitary matrix decomposition 
found by Vaidyanathan in [1]. For the 2 × 2 case, the 
paraunitary matrix may be expressed as, 

 퐇(푧) = 퐏 (푧)퐏 (푧) …퐏 (푧) 
= 퐐 횲 (푧)퐐 횲 (푧) …퐐 횲 (푧) (4)  

where 퐏 ℓ(푧) = 퐐ℓ횲 ℓ(푧) is an elementary paraunitary ma-
trix composed of a 2 × 2 unitary matrix 퐐ℓ and a polyno-
mial matrix 횲 ℓ(푧) = 1 0

0 푧 ℓ
 for which the integer pa-

rameter 휏ℓ can be negative or positive. The SBR2 algorithm 
operates in an iterative manner. At each step, the algorithm 
applies a generalised similarity transformation given by: 
퐑 (푧) = 퐏ℓ(푧)퐑(푧)퐏ℓ(푧). 

This elementary paraunitary transformation constitutes 
one stage of the SBR2 algorithm designed to zero the domi-
nant off-diagonal coefficient of 퐑(푧). The algorithm contin-
ues by making the substitution 퐑 (푧) ← 퐑(푧). In practice, 
this iterative process is repeated until the magnitude of the 
dominant off-diagonal coefficient, 푟 (휏ℓ) , of 퐑(푧) is suffi-
ciently small, at which point the polynomial matrix is de-
clared to be diagonal. The polynomial matrix generated by 
(4) is paraunitary since each stage is paraunitary. The algo-
rithm intrinsically aims to perform PEVD on the (sample) 
cross-spectral density matrix 퐑(푧). 

3.2  Alternative Cost Function 
The SBR2 tends to strongly decorrelate signals with large 
power at the expense of signals that have relatively lower 
power. This limits the extent to which strong decorrelation 
and spectral majorisation is performed. This problem can be 
alleviated by the use a cost function which is proportionately, 
equally sensitive to changes in any of the signals, such as the 
coding gain measure in (1). Hence, we use (1) as our cost-
function but base it on sample statistics. A thorough treat-
ment of this cannot be provided here due to limited space. 
We call this is the modified SBR algorithm. 
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4. CROSS-SPECTRAL COVARIANCE ESTIMATION 
FOR DEMULTIPLEXED SIGNALS 

The SBR2 algorithm can be classed as a ‘blind’ technique 
since it does not use knowledge about the signals or the 
mixing matrix. Furthermore, its formulation is not based on 
knowledge of the input signal statistics save for the minor 
requirement that the mean value of the signals is zero. 
Therefore, the performance of the filter bank it designs de-
pends on the accuracy of its estimate of the true space-time 
covariance matrix for input signals. 

The modified SBR2 algorithm, introduced in Sect. 3, can 
be used directly to construct an 푀 × 푀 paraunitary polyno-
mial matrix 퐄(푧) = 퐇(푧) for the demultiplexed signals 퐱(푧) 
in Fig. 1(b). The output subband signals from 퐄(푧) may be 
expressed as 퐯(푧) = 퐄(푧)퐱(푧). However, if the input signal 
푥(푡) is stationary, this scheme can be improved upon. In this 
case, the statistics of the demultiplexed input signal are such 
that the cross-spectral density matrix 퐀(푧) is pseudocircu-
lant. Knowledge of this structure is implicitly exploited by 
conventional filter bank design algorithms, such as the win-
dow method. In the following we investigate the structure of 
퐀(푧) with a view to improving the covariance matrix esti-
mate. 

4.1 Cross-Spectral Density Matrix 
Consider the subband coder in Fig. 1(b). The blocked sam-
ples from the demultiplexer are 

 퐱(휇) = [푥 (휇),푥 (휇), … ,푥 (휇)]  (5)  

where 푥 (휇) = 푥(푀푡 + 푘 − 1), 1 ≤ 푘 ≤ 푀, are the demul-
tiplexed signals. We assume that the signal 푥(푡) is wide-
sense stationary (WSS): A stochastic process, 휒(푡), is said to 
be WSS if and only if [1] 퐸{휒(푡)} = 퐸{휒(푡 + 휏)}, ∀ 푡,  ∈
ℤ; and 퐸{휒(푡)휒∗(푡 + 휏)} = 훼(휏), where 훼(휏) is the autoco-
variance function of 휒(푡). Note that we assume 퐸{휒(푡)} =
0, ∀ 푡. 

The 푀 × 푀 cross-spectral density matrix for the demul-
tiplexed signals is: 

 퐀(푧) = A(휏)푧 =
푎 (푧) ⋯ 푎 (푧)
⋮ ⋱ ⋮

푎 (푧) ⋯ 푎 (푧)
, (6)  

where 푎 (푧) = ∑ 푎 (휏)푧  and 푎 (휏) =
퐸 푥 (휏)푥∗ (휇 + 휏)  are the cross-covariances between sub-
band signals. 

4.2 Parahermitian Nature of 푨(풛) 
It is easy to show that 퐀(푧) is parahermitian. We have that 
 

 
푎푙,푚(휏) = 퐸 푥푙(휏)푥푚∗ (휇 + 휏)  

= 퐸 푥푚(휏)푥푙∗ (휇 − 휏)
∗
 

= 푎 ,
∗ (−휏)  

(7)  

 and      푎 , (푧) = ∑ 푎 , (휏)푧 = 푎 , (푧),   

therefore 퐀(푧) = 퐀(푧). 

4.3 Pseudocirculant Matrices 
An 푀 × 푀 cross-spectral density matrix 퐀(푧) with entries 
푎 , (푧) is said to be pseudocirculant if there exists polyno-
mials 휑 (푧),휑 (푧), . . . ,휑 (푧) such that [1] 
 

 푎 , (푧) =
휑 (푧), 1 ≤ 푙 ≤ 푚 ≤ 푀

푧 휑 (푧), 1 ≤ 푚 < 푙 ≤ 푀.  (8)  

 
In words, 퐀(푧) is a circulant matrix except that the entries 
below the main diagonal are multiplied by 푧 . 

In the following, we show that the true cross-spectral 
density matrix, A(z), of the demultiplexer outputs, 퐱(푧), 
(see Fig. 1(b))  is a pseudocirculant matrix for a WSS input 
signal. A typical term from the true cross-spectral density 
matrix of 푥(푡), 퐀(푧), is: 
 

푎 , (푧) ∝ 퐸 ∑ 푥 (휇)푧 ∑ 푥 (휇)푧   
 

 

= 퐸 (∑ 푥(푀푡 + 푙 − 1)푧 ) ×  

          (∑ 푥(푀푡 +푚− 1)푧 )   
(9)  

 
= ∑ 퐸 ∑ 푥(푀(푡 + 휏) + 푙 − 1) ×  

                                   푥(푀푡 +푚− 1) 푧 .  
 

Hence 

 
푎 , (푧) ∝ ∑ 푎([푀(푡 + 휏) + 푙 − 1] −   

                      [푀푡 + 푚− 1])푧  
= ∑ 푎(푀휏 +푚− 푙)푧 .  

(10)  

 
So, setting 휑 (푧) = ∑ 푎(푀휏 + 푘 − 1)푧 , we see that 
퐀(푧) is pseudocirculant. 

4.4 Estimation of 퐀(풛) 
Due to the pseudocirculant structure of 퐀(푧), there is extra 
(useful) information about 푎(푧) in the combination of re-
lated entries, which can be used to determine 푎(푧). Given  
휏,푇 ∈ ℤ,  0 ≤ 푡 ≤ 푇, the sample autocovariance function 
for the input signal 푥(푡) may be expressed as: 

 푟(푧) = ∑ ∑ [푥(푡)푥∗(푡 + 휏)] 푧 ,  (11)  

The sample cross-spectral density matrix for the demulti-
plexed signals 퐱(푡) is given by 

 퐑(푧) = ∑ 퐑(휏)푧   (12)  

where 

 퐑(휏) = ∑ 퐱(휏)퐱 (휇 + 휏)   ∈ ℂ × .  (13)  

The SBR2 algorithm can be modified to exploit the pseudo-
circulant structure of 퐀(푧). The set of diagonally related 
elements of 퐑(푧) are different estimates of the same true 
cross-covariance. Therefore, to improve the estimate of 
퐀(푧), averaging may be performed across the associated 
coefficients in 퐑(푧) – taking account of the delay between 
terms above the diagonal and those below. We define 
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휑 (휏) =

∑ 푟 , (휏) +∑ 푟 , (휏+ 1)   (14)  

 
0 ≤ 푘 ≤ 푀 − 1, and a typical entry of the new (averaged) 
sample covariance matrix 퐑′(푧) as 
 

푟 , (푧) =
∑ 휑 (휏)푧 , 1 ≤ 푙 ≤ 푚
∑ 휑 (휏)푧 , 1 ≤ 푚 < 푙.

  (15)  

 
The modified SBR2 algorithm can be applied to our im-
proved estimate of the cross-spectral density matrix. This 
combined system yields the SBR2 coder. A diagram of the 
process blocks constituting the SBR2 coder is shown in Fig. 
2. 
 

 
 
Fig. 2. The SBR2 coder. 
 

5. SIMULATION RESULTS 

In this section, we present simulation results that quantify 
the data encoding performance of the SBR2 coder. The 
coding gain in (1) is used to assess its performance. We 
compare our algorithm to the window method [6]. 

The data simulated for the following experiments are 
based on examples given in [6], [5]. The algorithms were 
tested on an ARMA(5) input process with a PSD as repre-
sented by the dashed curve in Fig. 3. This type of process is 
regarded as a good model for many practical signals such as 
image and speech signals. The input signal 푥(푡) was gener-
ated by filtering a binary phase-shift keying (BPSK) se-
quence with unit variance and zero mean of length 2000 
samples: each sample takes the value 1  with a probability 
of 1/2. The BPSK sequence was filtered with an order 5 
Yule-Walker IIR filter. The ARMA process had the follow-
ing poles and zeros: 

푝 = [0.1195,0.8990푒± . , 0.8824푒± . ] 
푧 = [±0.9992,−0.45416,1.0020푒± . ] 

Unless stated otherwise, experiments quantifying coding 
gain performances were repeated over 50 realisations and 
the mean over the trials were taken. The SBR2 coder was 
applied to the improved estimate of the cross-spectral den-
sity matrix, 퐑′(푧), with entries as in (15), and with a win-
dow of length of 2푡 + 1 = 41, as in (12), which produced 
the best results. 

Example 1: Frequency response. A comparison of the 
coding gain achieved by the SBR2 coder for 퐿 = 11 and the 
window method for 푁 = 11 was made. For this dataset, the 
SBR2 coder achieves a coding gain of 1.46dB higher than 
that obtained using the window method. Fig. 3 shows the 
frequency response of the filters ℎ (푧) and ℎ (푧) produced 
by the SBR2 coder for 퐿 = 11 as the solid curve and the 
dotted curve, respectively. It can be seen that the algorithm 
has designed a multiband compaction filter with passbands 
that coincide with the dominant signal energies, which is 
commensurate with high compaction gains. 

Example 2: Dependence on L. Fig. 4 gives a compari-
son of the coding gain performance between the two-channel 
filter bank designed using the window method and that pro-
duced by the SBR2 coder. The abscissa on this figure repre-
sents both the number of SBR2 iterations L and filter order N 
(window method). The dotted (horizontal) line represents the 
ideal coding gain. As expected, the maximum coding gain 
attained by the algorithms are below the ideal values. An 
important result is that, for the given input process, the filter 
banks constructed by the SBR2 coder generally attain a 
higher coding gain than those of the window method. 
 

 
Fig. 3. The frequency responses of a two-channel filter bank de-
signed by the SBR2 coder with 퐿 = 11 for an ARMA(5) process. 

 
 

 
Fig. 4. Comparison of the coding gain performance of the window 
method and the SBR2 coder for the 2-channel case and the 
ARMA(5) process. 
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6. CONCLUSIONS 

In this paper, an adaptation of a polynomial matrix EVD 
algorithm, namely the SBR2 algorithm, has been proposed 
that takes advantage of the special structure of the subband 
covariance matrix to design multi-band orthonormal sub-
band coders. We also propose a new cost function for use 
with the SBR2 algorithm that improves the diagonalisation 
and data compression performances of the algorithm. 

The resultant algorithm, called the SBR2 coder, can 
converge to a solution that yields a perfect reconstruction 
filter bank which is approximately optimal for subband 
coding in a small number of iterations; the suboptimality of 
the algorithm diminishes as the number of steps increases. 
The SBR2 coder has been shown to outperform a well-
known algorithm, called the window method, for the two-
channel case and for a set of benchmark problems. 

It is envisaged that the SBR2 algorithm can be extended 
naturally for application to the problem of multichannel 
subband coding for applications such as MIMO digital 
communications using sensor arrays. 
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ABSTRACT
The problem of acoustic source localization is important in
many acoustic signal processing applications, such as dis-
tant speech acquisition and automated camera steering. In
noisy and reverberant environments, the source localization
problem becomes challenging and many existing algorithms
deteriorate. Three-dimensional source localization presents
advantages for certain applications such as beamforming,
where we can steer a beam to both the desired azimuth and
the desired elevation. In this paper, we present an acoustic
source localization method with low computational complex-
ity which, instead of using individual microphone signals,
combines them to form eigenbeams. We then use the zero-
and first-order eigenbeams to compute a pseudointensity vec-
tor pointing in the direction of the sound source. In an exper-
imental study, the proposed method’s localization accuracy
is compared with that of a steered response power localiza-
tion method, which uses the same eigenbeams. The results
demonstrate that the proposed method has higher localization
accuracy.

1. INTRODUCTION

While linear and planar microphone arrays have been the
subject of much research, and are now relatively well under-
stood, spherical microphone arrays, on the other hand, have
only recently become a topic of interest. They offer the ad-
vantage of being able to analyze sound fields in three dimen-
sions, and in this paper we will look at their ability to perform
source localization in three dimensions, which is useful in
applications such as beamforming for hands-free telephony,
noise source identification (in vehicles or aircraft), or auto-
matic camera steering.

Acoustic localization in two dimensions has been widely
studied, using time difference of arrival (TDOA) based meth-
ods, subspace-based methods (ESPRIT, MUSIC), or steered
response power (SRP). MUSIC [1] and ESPRIT [2] have
also been generalized to three dimensions, although they are
computationally inefficient due to the need for an exhaustive
search, and are typically not robust to reverberation.

In this paper, we propose a new method of three-
dimensional source localization for a single active source,
based on a pseudointensity vector, pointing in the direction of
the sound source. This vector is calculated using eigenbeams
which describe the sound pressure signals in the spherical
harmonic domain. We compare this method to a spherical

The authors acknowledge the financial support of the Future and Emerg-
ing Technologies (FET) programme within the Seventh Framework Pro-
gramme for Research of the European Commission, under FET-Open grant
number: 226007 SCENIC

harmonic domain implementation of the SRP method which
is commonly used in the time and frequency domains.

This paper is organized as follows: in Section 2 we in-
troduce background theory relevant to spherical harmonics,
in Section 3 we introduce the SRP method, in Section 4 we
present the pseudointensity vector, in Section 5 we briefly
discuss the computational complexity of the two methods
and finally in Section 6 we evaluate their accuracy.

2. SPHERICAL HARMONICS

In this section, we briefly review some of the theory behind
spherical harmonics. For a more exhaustive introduction, the
reader is referred to [3, 4, 5].

Consider a sound pressure field at a point (r,Ω) ,
(r,θ ,φ) (in spherical polar coordinates, with elevation θ and
azimuth φ ), denoted by p(k,r,Ω), where k is the wavenum-
ber. The raw acquired pressure signals p(n,r,Ω) are in the
discrete-time domain, and hence first need to be Fourier-
transformed to give p(k,r,Ω). The spherical Fourier trans-
form of this field is then given by [3, p. 192]:

plm(k,r) =
∫

Ω∈S2
p(k,r,Ω)Y ∗lm(Ω)dΩ, (1)

where
∫

Ω∈S2 dΩ ,
∫ 2π

0
∫

π

0 sinθdθdφ , and (·)∗ denotes the
complex conjugate.

The spherical harmonics Ylm(Ω) of order l and degree (or
mode) m, are given by [3, p. 190]:

Ylm(Ω) =

√
(2l +1)

4π

(l−m)!
(l +m)!

Plm(cosθ)eimφ , (2)

where Plm is the associated Legendre function and i =
√
−1.

They exhibit an orthogonality property which we will make
use of when calculating the sound field in the spherical har-
monic domain [3, p. 191]:∫

Ω∈S2
Ylm(Ω)Y ∗pq(Ω)dΩ = δl pδmq, (3)

where δ is defined as follows:

δi j =
{

1, if i = j;
0, if i 6= j. (4)

The pressure field can be calculated from the Fourier
transform using the inverse relation:

p(k,r,Ω) =
∞

∑
l=0

l

∑
m=−l

plm(k,r)Ylm(Ω). (5)

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 442



If we assume that a sound source is in the far-field, the
wavefront impinging on a spherical array of radius ra can be
assumed to be planar, and if we call its arrival direction Ω0,
we can write plm as [6]:

plm(k,r) = a(k)bl(kr,kra)Y ∗lm(Ω0), (6)

where a(k) is the wave amplitude and bl(kr,kra) are the mode
coefficients or mode strengths. For the sound field on the
surface of a rigid sphere (as used in our experimental study),
again assuming far-field conditions [3, p. 228]:

bl(kr,kra) = 4πil
[
Jl(kr)−

J ′
l (kra)

H
(2)′

l (kra)
H

(2)
l (kr)

]
, (7)

where Jl is the spherical Bessel function of order l, H
(2)

l
is the spherical Hankel function of the second kind and of
order l, and (·)′ denotes the first derivative with respect to kr.
As our microphones are on the surface of the sphere, we let
r = ra and define bl(k) , bl(kra,kra).

In a system with M microphones whose polar coordinates
are (rq,Ωq),q = 1, . . . , M, we must approximate the integral
in (1) with a sum:

plm(k)≈
M

∑
q=1

gq,lm(k)p(k,rq,Ωq). (8)

Weights gq,lm(k) are chosen to ensure that (8) is an ac-
curate approximation of (1). The number of microphones
M must be sufficiently high: if N is the highest har-
monic order, p(k,r,Ω) has (N + 1)2 independent harmonics
(∑N

l=0 ∑
l
m=−l 1 = ∑

N
l=0(2l + 1) = (N + 1)2), therefore in or-

der to not lose information, we need to sample with at least
this many microphones. The number of microphones M must
therefore satisfy [5]:

M ≥ (N +1)2. (9)

3. LOCALIZATION USING THE STEERED
RESPONSE POWER

As a baseline for comparison, we will now present a con-
ventional method for source localization: computing a map
of the SRP which allows us to find the direction with the
highest power. In order to produce this acoustic map, we
must first introduce the theory of beamforming in the spher-
ical harmonic domain.

3.1 Beamforming
The spherical Fourier transform allows us to represent the
sound field in terms of orthogonal basis functions and can
therefore be interpreted as an eigenbeamformer. The signals
plm(k) that result from the spherical Fourier transform are
known as eigenbeams [4] and can be interpreted as individ-
ual sensors in the classical sensor array processing frame-
work. It is important to note that the directivity pattern of the
eigenbeams is frequency invariant while each magnitude re-
sponse depends on the order l. Once we have computed the
eigenbeams, we can synthesize an arbitrary beam pattern by
applying a modal beamformer. In general, the output of the
modal beamformer can be expressed by

y(k) =
N

∑
l=0

l

∑
m=−l

w∗lm(k)plm(k), (10)

where N is the highest array order and wlm(k) are the beam-
forming weights in the spherical harmonic domain. Often it
is sufficient to use a beam pattern which is rotationally sym-
metric around the look direction Ωu [7]:

w∗lm(k,Ωu) =
dl(k)
bl(k)

Ylm(Ωu), (11)

where dl(k) allows us to change the beam pattern. While the
above interpretation has some practical advantages, it should
be noted that the inverse spherical Fourier transform given
by (5) is done implicitly as it is incorporated into the beam-
former weights.

By combining (10) and (11) and reorganizing the terms
we obtain

y(k,Ωu) =
N

∑
l=0

l

∑
m=−l

dl(k)
bl(k)

plm(k)Ylm(Ωu) (12a)

=
N

∑
l=0

dl(k)
bl(k)

l

∑
m=−l

Ylm(Ωu)plm(k). (12b)

As shown in (12b) we can compute the output of the beam-
former in two steps. In the first step (second term on the
right hand side) the beamformer is steered to the look direc-
tion Ωu. In the second step (first term on the right hand side)
the beam pattern is synthesized.

3.2 Steered Response Power Map
An acoustic map can be computed and depicted in different
ways. Here we choose to compute the power corresponding
to the output of a beamformer steered in different directions.
The location with the highest power provides an estimate of
the location of the sound source. It should be noted that the
power of the beamformer output does not relate to one par-
ticular spatial location. The resolution of the acoustic map
depends on the directivity pattern of the beamformer (which
in turn depends on the highest array order N), and the number
of beams for which power is measured.

We take advantage of the orthogonality of the spherical
harmonics in (3) and choose weights gq,lm(k) given by:

gq,lm(k) = Y ∗lm(Ωq), (13)

which makes the approximation in (8) exact if (9) is satisfied
and our microphones are equally spaced on the sphere. How-
ever for non-trivial microphone configurations, it is not pos-
sible for the microphones to be perfectly equidistant, there-
fore there is a small error involved.

By substituting the expression for the weights gq,lm(k) in
(13) into (8) we obtain:

plm(k)≈
M

∑
q=1

Y ∗lm(Ωq)p(k,rq,Ωq), (14)

and substituting this expression into the beamformer output
y(k) expression in (12b), if we choose dl(k) = 1 (which max-
imizes the directivity [8]), we find:

y(k,Ωu)≈
N

∑
l=0

1
bl(k)

l

∑
m=−l

Ylm(Ωu)
M

∑
q=1

Y ∗lm(Ωq)

· p(k,rq,Ωq).

(15)
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The spherical harmonics Ylm for angles Ωu (the angles of
our beams) can be efficiently computed from those for an-
gles Ωq (the angles of our microphones) using the addition-
theorem for Legendre functions.

Once we have the beamformer output as a function of the
look direction Ωu, we can compute a power map M (Ωu) at
a certain number of points on a sphere with polar coordinates
Ωu , (θu,φu):

M (Ωu) = ∑
k

β (k) |y(k,Ωu)|2, (16)

where β (k) is a weighting function which allows us to, for
example, ignore all beams based on recordings below a cer-
tain frequency, which are likely to contain low frequency
noise and little speech, or to apply an A-weighting function.
We can also smooth the map over multiple time frames. In
our experimental study, we applied a moving average filter.

Assuming a single active source, the source location Ωs
is then the direction with maximum power:

Ωs = argmax
Ωu

M (Ωu). (17)

4. LOCALIZATION USING THE
PSEUDOINTENSITY VECTOR

4.1 Motivation
Unfortunately the SRP method, while intuitively simple, is
computationally complex: as the cost function M (Ωu) is
non-convex, we must steer a beam in every direction to deter-
mine which direction has the highest power, and hence where
the sound source is likely to be located. We now present a
novel alternative method based on intensity vectors.

In acoustics, sound intensity is a measure of the flow of
sound energy through a surface per unit area, in a direction
perpendicular to this surface. The idea of a pseudointensity
vector is inspired by the concept of intensity vectors, defined
as [9]:

I =
1
2

Re{p∗ ·v} , (18)

where p is the sound pressure, v = [vx vy vz]T is the particle
velocity vector, va (with a ∈ {x,y,z}) is the particle veloc-
ity in the ith direction (with a dipole directivity pattern), and
Re{·} denotes the real part of a complex number. For a plane
wave,

v =− p
ρ0c

u (19)

where c is the speed of sound in the medium, ρ0 is the ambi-
ent density, and u is a unit vector pointing towards the acous-
tic source.

The intensity vector corresponds to the magnitude and
direction of the transport of acoustical energy, indicating
its utility for determining the direction of arrival (DOA)
of a sound wave. Unfortunately in practice it is difficult
to measure particle velocity, although attempts have been
made using vibrating surfaces and accelerometers, or more
successfully, using the finite difference method with two-
microphone arrays [9]. More recently particle velocity has
been measured with a micromachined transducer, the Mi-
croflown [10]. In order to be able to use only one type of
sensor, we would like to compute the intensity vector using
a spherical microphone array.
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Figure 1: Beam pattern of a linear combination of spheri-
cal harmonics, aligned to the x-axis: |αx,(−1)Y1(−1)(θ ,φ)+
αx,0 Y10(θ ,φ)+αx,1 Y11(θ ,φ)|.

4.2 Definition
We propose a pseudointensity vector I(k) which is concep-
tually similar to an intensity vector, but is calculated using
the zero- and first-order eigenbeams plm(k) (l = 0,1), and is
defined as follows:

I(k) =
1
2

Re

{
p∗00(k)

[ px(k)
py(k)
pz(k)

]}
(20)

where the first term, p∗00(k) is the complex conjugate of the
zero-order eigenbeam, and the second term corresponds to
the particle velocity vector in (18). The components px(k),
py(k) and pz(k) of this vector are dipoles steered in the direc-
tion of the x, y and z axes which are proportional to the par-
ticle velocity. Since we are only interested in the pseudoin-
tensity vector’s direction, the scale factor (ρ0c)−1 is omitted
here.

In order to form the beams px(k), py(k) and pz(k), we
make use of the available eigenbeams p1(−1)(k), p10(k) and
p11(k). This can be done by forming a linear combination of
rotated eigenbeams:

pa(k) =
1

b1(k)

1

∑
m=−1

αa,m p1m(k), a ∈ {x,y,z} (21)

where the b1(k) factor is required to make the beam patterns
wavenumber independent.

To rotate each of the eigenbeams in the appropriate di-
rection (θr,φr), we multiply them by the spherical harmonics
Y1m(θr,φr). It can be shown that we therefore require:

αx,m = Y1m(π/2,0), (22a)
αy,m = Y1m(π/2,π/2), (22b)
αz,m = Y1m(0,0). (22c)

The beam pattern of px, which is aligned to the x-axis, is
shown as an example in Fig. 1.

4.3 Localization
The pseudointensity vector is calculated for every discrete
wavenumber; we therefore have a number of vectors which
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Figure 2: Position errors for the SRP and pseudointensity vector methods as a function of reverberation time (left) and source-
array distance (right). In the first case (left) the source-array distance is 1.5 m and ensures that the direct to reverberation
energy ratio remains above 0 dB. In the second case (right) the reverberation time is 300 ms. The boxes show the median,
upper and lower quartiles, and the whiskers extend to 1.5 times the interquartile range.

point in slightly different directions. While they provide an
approximate location for the sound source, some averaging
is necessary to locate it more precisely. The intensity vector
averaged across frequency is given by:

I = ∑
k

γ(k)I(k) (23)

where γ(k) is a weighting function similar to β (k) in (16).
Note that even with γ(k) = 1, ∀k we are implicitly giving a
higher weight to the intensity vectors with the highest norm.

An estimate of the unit vector u pointing in the direction
of the sound source, as in (19), is given by:

û =
I
||I||2

(24)

where || · || indicates a vector’s `2 norm. When multiple time
frames are available, one can additionally smooth û over
time.

5. COMPUTATIONAL COMPLEXITY

The pseudointensity method requires only the computation
of the four zero- and first-order eigenbeams, and three
weighted averages px(k), py(k) and pz(k) of these eigen-
beams. The SRP method, on the other hand, requires us to
compute these eigenbeams, and additionally steer beams in
all directions as shown in (12).

A fair comparison of these two methods would therefore
be to compute the SRP with only three beams, however for
this number of beams it is impossible to obtain a reasonable
DOA estimate from SRP. As we will see in Section 6, to ob-
tain accuracy of the same order as the pseudointensity vector
method, we must steer several thousands of beams.

In practice, however, it is not efficient to steer this many
beams indiscriminately in all directions: a coarse grid ap-
proach can be taken at first, to determine the DOA within
±30◦, for example, and we can then apply a finer grid to
the area of interest, thus reducing the amount of unnecessary
detail in areas where the acoustic source cannot be located
(based on the results of the first search).

6. PERFORMANCE EVALUATION

6.1 Using simulated data
In order to evaluate objectively the accuracy of the pseudoin-
tensity vector as a localization method, we must be able to
generate pseudointensity vectors in a simulated environment
where the true source positions are known precisely. We
achieve this by using a Room Impulse Response Generator
[11] based on Allen & Berkley’s image method [12], which
allows us to generate the three necessary beams px(k), py(k)
and pz(k). Using these beams and (21), we can also recover
the first order eigenbeams p1(−1)(k), p10(k) and p11(k) in or-
der to compute the SRP.

In order to evaluate and compare the performance of
these two localization methods, we choose to calculate the
angle ε between a vector pointing in the correct direction u,
and a vector pointing in the direction estimated by either of
the two methods û, as in [13]. If these vectors are normal-
ized, ε is given by:

ε = cos−1(uT û) (25)

For these simulations we place a receiver close to the cen-
ter of a room with dimensions 10×8×12 m in which a sin-
gle source is present. The source signal consists of a white
Gaussian noise sequence of duration 1 s. We choose a sam-
pling frequency of 8 kHz and a frame length of 32 ms with
a 50% overlap. We use the same number of eigenbeams for
the SRP as for the pseudointensity vector, i.e. we choose the
limit N = 1. We do not apply any weighting in (16) and (23),
that is, we set β (k) = γ(k) = 1,∀k.

In the first simulation, the reverberation time T60 is var-
ied from 0 (anechoic room) to 600 ms while the source-array
distance is fixed at 1.5 m. With such a configuration, rever-
beration times between 300 and 600 ms correspond to di-
rect to reverberant energy ratios between approximately 10
and 0 dB. In the second simulation the source-array distance
ranges between 0.5 and 2.5 m while the reverberation time is
fixed at 300 ms.

A statistical analysis of the results of these simulations
is shown in Fig. 2 (the boxes show the median, upper and
lower quartiles, and the whiskers extend to 1.5 times the in-
terquartile range), based on Monte Carlo simulations with
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Figure 3: Plot of pseudointensity vector elevations and az-
imuths for a source at approximately (0◦,−90◦). The dark-
ness of the data points indicates the norm of the correspond-
ing vector.

100 runs. For each run a new DOA was randomly selected
from a uniform distribution around the sphere. The accu-
racy of the pseudointensity vector method is significantly
higher than that of the SRP method with a small number of
beams (4096 or less). For a larger number of beams (16384),
the pseudointensity vector method still outperforms the SRP
method, but by a smaller margin. This is still the case even
as the source-array distance increases above 2 m.

6.2 Using spherical microphone array measurements
To experimentally test our proposed method, we measure a
sound field using an em32 Eigenmike from mh acoustics,
which is a spherical microphone array of radius ra = 4.2 cm
with M = 32 microphones. We choose N = 1. Measurements
are taken in a room with dimensions 2.9× 2.7× 3.3 m with
a reverberation time of approximately 300 ms.

Unfortunately as it was not possible to take precise mea-
surements of the true DOAs, a quantitative assessment of the
accuracy of the two methods would not be meaningful, how-
ever for illustrative purposes Fig. 4 shows a power map ob-
tained using the SRP method, and Fig. 3 is a plot of the
azimuths and elevations of some pseudointensity vectors we
obtained for a source located at approximately (0◦,−90◦). In
Fig. 3 we note a cluster of DOA estimates centered around
the correct DOA, and Fig. 4 confirms that the direction of
highest power corresponds to this same DOA.

7. CONCLUSION

The pseudointensity vector offers the possibility of fast
source localization without the computational complexity of
steering beams in all directions. Furthermore the results it
yields are relatively accurate when compared to the SRP
method with a viable number of beams: in typical environ-
ments the mean error is below 0.5◦.
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ABSTRACT
Parahermitian matrices arise in broadband multiple-inputmultiple-
output (MIMO) systems or array processing, and require inversion
in some instances. In this paper, we apply a polynomial eigenvalue
decomposition obtained by the sequential best rotation algorithm
to decompose a parahermitian matrix into a product of two parau-
nitary, i.e. lossless and easily invertible matrices, and adiagonal
polynomial matrix. The inversion of the overall parahermitian ma-
trix therefore reduces to the inversion of auto-correlation sequences
in this diagonal matrix. We investigate a number of different ap-
proaches to obtain this inversion, and and assessment of thenumer-
ical stability and complexity of the inversion process.

1. INTRODUCTION

When characterising a vector processx[n] ∈ CM , which may repre-
sent spatio-temporal data acquired fromM sensors withn being the
discrete time index, a space-time covariance matrix of the form

R[τ] = E

{

x[n] ·xH[n− τ]
}

(1)

can be defined. Its Fourier pairR(z) •—◦R[τ],

R(z) =
∞

∑
τ=−∞

R[τ]z−τ (2)

is a power spectral matrix, which takes the form of a matrix polyno-
mial in z [1]. This power spectral matrix is parahermitian, fulfilling
R(z) = R̃(z) ∈ CM×M(z) with the parahermitian operator̃{·} that
implies complex conjugate transposition and reversal of the polyno-
mials, i.e.R̃(z) = RH(z−1). An example of a 3×3 parahermitian
matrix of order 4 is given in Fig. 1.

The inversion of such a parahermitian matrix is required e.g. for
the generalised Wiener filter sought in [2] and [3]. The approach
in [2] is not further elaborated and the solution approximated by a
scalar matrix, while [3] is a very coarse attempt at what thispaper
addresses below.

The inversion of parahermitian matrices also arises as partof
the pseudo-inverse of an arbitrary rectangular polynomialmatrix
C(z) ∈ CM×N(z), which can represents the transfer function of a
broadband MIMO system. Here, the transfer path between each
pair of transmit and receive antennas requires to be modelled by
an FIR filter, instead of the simpler complex gain factor thatcan
be used in the narrowband case. To compute a zeo-forcing linear
precoder or equaliser, the pseudo-inverse ofC(z) is given by

C†(z) =

{ (
C̃(z)C(z)

)−1
C̃(z) M ≥ N

C̃(z)
(
C(z)C̃(z)

)−1
M ≤ N

(3)

where the products̃C(z)C(z) and C(z)C̃(z) are parahermitian.
Such MIMO systems can be found in multichannel deconvolution
problems in audio and acoustics [4, 5, 6, 7] as well as in communi-
cations [2, 3].

This paper is organised as follows. Sec. 2 will review existing
time- and frequency-domain methods for the inversion of polyno-
mial matrices. The proposed approach will be outlined in Sec. 3

and require the inversion a auto-correlation sequences, which will
be addressed in Sec. 4. Finally, simulation results will be presented
in Sec. 5 and conclusions be drawn in Sec. 6.

2. STATE OF THE ART

To the best of our knowledge, polynomial space-time covariance
matrices have not been inverted previously. However, inversion ap-
proaches exist for dispersive MIMO systems in audio and acoustics,
as well as communications. In the following, a number of the ap-
proaches mentioned in Sec. 1 will be outlined.

2.1 Time-Domain / MMSE Inversion

An early reference to the inversion of MIMO systems can be found
in [4], where a linear system with convolutional matrices issetup
that allows to solved for the inverse system using standard linear
algebraic techniques. However, this requires to select theorder of
the inverse system a priori, on which the accuracy of the solution
will depend.

2.2 Frequency Domain Inversion

For a similar problem in acoustics, [5] uses a DFT approach tore-
duce the broadband problem into narrowband problems that can be
independently solved using standart matrix inversion techniques in
each frequency bin. Evaluating on a finite grid of frequency points
Ωi, the inversion of a MIMO system matrixC(z) is based on the
DFT representationC(z)|z=e jΩi = C(e jΩi), such that

C̃−1(e jΩi) = C†(e jΩi)A(e jΩi) (4)

whereby the matrixA(e jΩ) is a reference control system, which can
e.g. be utilised to permit a delay for the overall system. Theresults
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Figure 1: Example of a 3×3 parahermitian matrixR(z).
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Figure 2: Power spectraΛi(e jΩ) for the matrixR(z) in Fig. 1, ex-
hibiting spectral majorisation.

is transformed back into the time domain by means of an Inverse
DFT, but if the number of frequency bins is selected too low, and
the inverse is longer than anticipated, wrap-around due to the DFT
implementing a cyclic convolution will occur.

Similar to the solution in [5], OFDM approaches to broadband
MIMO inversion will be based on a solution in the DFT domain.
In the following, an approach based on polynomial matrices will be
proposed and evaluated.

3. POLYNOMIAL EVD-BASED INVERSION

The inversion technique for parahermitian matrices proposed in
this paper is based on the polynomial eigenvalue decomposition
(PEVD) by McWhirter et al. [8]. First, the PEVD is characterised,
before the inversion methods and a practical algorithm to implement
a PEVD are presented.

3.1 Polynomial EVD

A polynomial eigenvalue decomposition of a parahermitian matrix
R(z) ∈ CM×M(z) is defined as

R(z) = Q(z)Λ(z)Q̃(z) (5)

wherebyQ(z) ∈ CM×M(z) is paraunitary, i.e.

Q(z)Q̃(z) = Q̃(z)Q(z) = I (6)

and Λ(z) ∈ C
M×M(z) is parahermitian and diagonal with diago-

nal elementsΛi(z) ordered such that the power spectral densities
Λi(e jΩ) fulfill

Λi(e
jΩ) ≥ Λi+1(e

jΩ), ∀Ω, i = 0. . .(M−2) . (7)

The property (7) is called spectral majorisation. While a practical
decomposition algorithm developed in [8] will be discussedlater,
an example for the spectrally majorisedΛ(z) arising from the de-
composition of the matrix in Fig. 1 is given in Fig. 2.

3.2 Polynomial Inverse

Based on the PEVD, the inverse can be formulated as

R−1(z) = Q(z)Λ−1(z)Q̃(z) . (8)

It is straightforward to show that

R−1(z)R(z) = R(z)R−1(z) = I . (9)

The paraunitarity ofQ(z) plays a vital role in the simplicity of this
inverse. It remains to invert the diagonal polynomial matrix Λ(z),
which can be achieved by inverting all elements along on the main
diagonal,

Λ−1(z) =








Λ̃0(z)
Λ̃1(z)

. . .
Λ̃M−1(z)








, (10)

wherebyΛi(z)Λ̃i(z) = 1. Next, a practical decomposition to de-
termineQ(z) will be reviewed, before methods to invert the on-
diagonal elementsΛi(z) are discussed in Sec. 4.

3.3 Sequential Best Rotation Algorithm

SBR2 is an iterative broadband eigenvalue decomposition technique
based on second order statistics only and can be seen as a generali-
sation of the Jacobi algorithm. The decomposition afterL iterations
is based on a paraunitary matrixUL(z),

UL(z) =
L

∏
i=0

QiΓi(z) (11)

wherebyQi is a Jacobi rotation and the matrixΓi(z) a paraunitary
matrix of the form

Γi(z) = I−viv
H
i + z−∆iviv

H
i (12)

with vi = [0 · · ·0 1 0 · · · 0]H containing zeros except for a unit ele-
ment in theδith position. ThusΓi(z) is an identity matrix with the
δith diagonal element replaced by a delayz−∆i .

At the ith step, SBR2 will eliminate the largest off-diagonal
element of the matrixUi−1(z)Rww(z)Ũi−1(z), which is defined by
the two corresponding sub-channels and by a specific lag index.
By delaying the two contributing sub-channels appropriately with
respect to each other by selecting the positionδi and the delay∆i,
the lag value is compensated. Thereafter a Jacobi rotationQi can
eliminate the targetted element such that the resulting twoterms on
the main diagonal are ordered in size, leading to a diagonalisation
and at the same time accomplishing a spectral majorisation.

SBR2 only achieves an approximate diagonalisation after a
finite number of iteration steps when off-diagonal elementsare
smaller than a thresholdϑ ,

R(z) = Q(z)(Λ(z)+E(z))Q̃(z) (13)

with Λ(z) diagonal andE(z) a non-sparse error matrix with
‖E(z)‖∞ ≤ ϑ . Here, the infinity norm‖R(z)‖∞ is defined as re-
turning the largest element across all matrix-valued coefficients of
the polynomialR(z),

‖R(z)‖∞ = max
ν

‖Rν‖∞ . (14)

An alternative stopping criterion is to define a maximum number of
iterations for SBR2 [11, 13].

3.4 Error Gain

SBR2 will reach a decomposition where the matrixQ(z) is per-
fectly paraunitary by definition. However, SBR2 only achieves an
approximate diagonalisation, and as a result the inversionprocess
has an inherent error as off-diagonal terms will be ignored when
computing (10) later.

The decomposition with SBR2 can be characterised as follows

R(z) = Q(z)Λ(z)Q̃(z)+Q(z)E(z)Q̃(z) (15)

= Q(z)Λ(z)Q̃(z)−E1(z) (16)
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whereΛ(z) is perfectly diagonal and the term−E1(z) describes any
remaining off-diagonal elements due to the finite number of itera-
tions of SBR2. Ingnoring off-diagonal elements in the inversion
process leads to

Q(z)Λ−1(z)Q̃(z) = (R(z)+E1(z))
−1 = R−1(z)+E2(z) (17)

An important measure therefore is the amplification of elements in
−E1(z) due to the inversion process, resulting inE2(z). An inter-
esting performance measure of inversion is therefore the error gain

γ =
‖E2(z)‖F

‖E1(z)‖F
, (18)

where the Frobenius norm of a polynomial matrixR(z) =
∞
∑

ν=−∞
Rν z−ν is defined as

‖R(z)‖F =

(
∞

∑
ν=−∞

‖Rν‖
2
F

) 1
2

. (19)

Next, we will concentrate on the inversion of the on-diagonal
elements ofΛ(z).

4. INVERSION OF AUTOCORRELATION SEQUENCES

This section addresses the inversion of on-diagonal elements of
Λ(z). These elements have the properties of auto-correlation se-
quences, i.e.

rii[τ] = r∗ii[−τ] ◦—• Rii(z) = R∗
ii(z

−1) .

This symmetry can be exploited in the inversion process, since the
inverse of a linear phase single-input single-output (SISO) system
must also be a linear phase system and therefore have the samesym-
metry properties [10, 9, 12]. FromRii(z)R

−1
ii (z) = 1 we deduce

rii[τ] ∗ sii[τ] = δ [τ] wheresii[τ] ◦—• Sii(z) = R−1
ii (z) is the inverse

of the auto-correlation sequence. We here useS(z) to describe the
inverse ofR(z) due to potential truncation errors in the methods
described below.

4.1 Spectral Factorisation

Due to its minimum phase property, each auto-correlation function
can be factored into

Λi(z) = Λi,min(z)Λi,max(z) (20)

with Λi,min(z) minimum andΛi,max(z) maximum phase. In the
inversion process, we exclude spectral zeros from theΛi(z), as
this would lead to a non-invertible sequence. Do to symmetry,
Λi,max(z) = Λ∗

i,min(z
−1).

We calculateΛ−1
i,min(z) and have

Λ−1
i (z) = Λ−1

i,min(z)Λ
−1,∗
i,min(z

−1) (21)

First order sections ofΛi,min(z) are inverted using geometric series
expansions of appropriate lengths in the time domain. Thereafter,
convolution yieldsλi,min[τ], and the estimate of the inverse is com-
puted according to

si[τ] = λi,min[τ]∗λ ∗
i,min[−τ]

and truncated to the range−T ≤ τ ≤ T .

4.2 Time Domain / MMSE Inversion

The time domain inversion is based on a convolutional matrixde-
sciption of the convolution of an auto-correlation sequence r[n] and
its inverses[n],















r[N]
...

. . .
r[−N] r[N]

. . .
. . .

r[−N] r[N]
. . .

...
r[−N]


























s[−T ]
...

s[0]
...

s[T ]











=














0
...
0
1
0
...
0














or
As = d

with A ∈C(2T+2N+1)×(2T+1), s ∈C(2T+1) andd∈ Z(2T+2N+1). A
solution can be obtained via the left pseudo-inverse,

s = (AHA)−1AHd (22)

This solution should have the same symmetry properties asr[n], and
any deviation from symmetry must be due to numerical problems in
the inversion process. The symmetry error

ε = ‖s−Js∗‖2
2 (23)

should be as small as possible.
A minimum mean square error solution to (22) can be obtained

by including the noise-to-signal ratio for regularisationpurposes.

4.3 Inversion with Explicit Symmetry Constraint

An ill-conditionedA can lead to an asymmetric solution in (22).
Hence it is advantageous to enforce symmetry in the setup.

This can be performed by a Lagrangian approach, which solves
the constrained optimisation problem

find min
s

‖As−d‖2
2 (24)

subject to s = Js∗ . (25)

Instead of solving this Lagrangian problem, the next section dis-
cusses a direct approach of embedding the constraint into the for-
mulation.

4.4 Inversion with Implicit Symmetry Constraint

The symmetry condition can be incorporated into the system equa-
tion by formulating

[

ℜ(A) −ℑ(A)
ℑ(A) ℜ(A)

]

·

[

ℜ(s)
ℑ(s)

]

=

[

d
0

]

.

In this, the inverse is implicitly constrained by only defining half
the response as

w =








s[−T ]
...

s[1]
1
2s[0]








with

ℜ(s) =





IT 0
0T 2
JT 0



ℜ(w) = M1ℜ(w) (26)

ℑ(s) =





IT 0
0T 0

−JT 0



ℑ(w) = M2ℑ(w) , (27)
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Figure 3: Example of inverting an ACS of length 11 by a response
with length 2T +1 = 101.

to reconstruct the real and imaginary part of the true solution.
Therefore the problem formulation becomes

[

M1ℜ(A) −M2ℑ(A)
M2ℑ(A) M2ℜ(A)

]

︸ ︷︷ ︸

Ac

·

[

ℜ(w)
ℑ(w)

]

=

[

d
0

]

︸ ︷︷ ︸

dc

and the solution is reached via the pseudo-inverse

s = [M1 jM2]
(

AT
c Ac

)−1
AT

c dc .

5. RESULTS

5.1 Comparison of ACS Inversion Approaches

The two approaches of constrained time domain inversion andspec-
tral factorisation are compared in a number of simulations,with
Figs. 3 and 4 showing the inversion of an autocorrelation sequence
for two different lengths of the inverse. Additionally, Fig. 5 ad-
dresses the inversion error — measured Euclidean distance of the
convolved autor-correlation sequence and its inverse froma Dirac
impulse —, and Fig. 6 the computational complexity of the pro-
posed schemes.

For the same length, spectral factorisation is worse in terms
of inversion error but lower in terms of complexity. The MMSE
approaches both achieve the same accuracy for inversion, but the
implicitly constrained method offers a lower complexity due to real
valued arithmetic even for complex valued problems, and theresult-
ing response is perfectly symmetric. Unconstrained optimisation re-
quires complex valued arithmetic, and while the error in symmetry
is not significant, it grows with the order of the inverse, as evident
from Fig. 7.

5.2 Parahermitian Matrix Inversion

As an example, the inversion of the auto-correlation sequences for
the matrix in Fig. 2 is shown in Fig. 8 with the convolution of the
original parahermitian matrix and its inverse shown in Fig.9.

6. CONCLUSIONS

This paper has presented an inversion approach for parahermitian
polynomial matrices. A number of issues, such as the error gain
applied to approximation errors and the possibility of regularisation
that may be linked to the size of off-diagonal terms, still need to be
investigated, and will be included in the full paper. Initial results
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Figure 4: Example of inverting an ACS of length 11 by a response
with length 2T +1 = 501.

indicate that the proposed approach can work well with reasonable
complexity, and presents an attractive approach to existing inversion
methods for arbitrary broadband MIMO systems.
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ABSTRACT

This paper presents an entirely time domain approach for com-
municating over frequency selective multiple-input multiple-output
(MIMO) channels. The proposed system applies a paraunitaryma-
trix to the received signals, which is specifically designedto trans-
form the effective polynomial channel matrix for the systeminto an
upper triangular polynomial matrix. This then enables the MIMO
channel equalisation problem to be transformed into a set ofsingle-
input single-output (SISO) equalisation problems, by exploiting the
upper triangular structure of the transformed channel matrix, which
can then be individually solved using Turbo equalisation. In partic-
ular, this paper investigates how the system performs when there is
error present in the channel matrix state information and discusses
the possible errors that are encountered when formulating the QR
decomposition (QRD) of a polynomial matrix.

Index Terms— Convolutive mixing, paraunitary matrix, poly-
nomial matrix QR decomposition, MIMO channel equalisation

1. INTRODUCTION

Polynomial matrices arise, in the context of this paper, when a set
of signals arrive at an array of sensors via multiple paths resulting in
the received signals consisting of a sum of weighted and delayed ver-
sions of the transmitted signals. The mixing process in thissituation
can be characterised by a polynomial matrix where the indeterminate
variable of each polynomial element of the matrix isz−1, as this is
often used to represent a unit delay. Ap×q polynomial matrix of
this form can be expressed as

A(z)=
t2

∑
τ=t1

A(τ)z−τ=




a11(z) a12(z) · · · a1q(z)

a21(z)
. . .

...
...

. . .
...

ap1(z) · · · · · · apq(z)




(1)

whereτ ∈ Z, A(τ) ∈ Cp×q is the matrix of coefficients ofz−τ and
t1 ≤ t2, where the values of the parameterst1 andt2 are not necessar-
ily positive. The( j ,k)th element of this matrix can then be expressed
as

a jk(z) =
t2

∑
τ=t1

a jk(τ)z−τ . (2)

In terms of a communication channel, this will represent thechan-
nel from thekth transmitter to thej th sensor. The quantity(t2− t1)
represents the temporal length of the channel over this path. For a
polynomial matrix, as expressed in equation (1), this quantity is re-
ferred to as the order of the matrix. Throughout this paper a polyno-
mial matrix, vector or scalar will use the qualifier(z) to denote it is a

polynomial in the indeterminate variablez−1. Furthermore, to avoid
confusion with the notation used for the z-transform of a variable,
polynomial quantities will use the additional underline notation, as
demonstrated in equations (1) and (2).

Algorithms have been developed for calculating several differ-
ent decompositions of a polynomial matrix [1, 2], in particular, the
authors have previously proposed an algorithm for calculating the
QR decomposition of a polynomial matrix (PQRD) in [3, 4]. This
algorithm has been applied to the problem of MIMO channel equali-
sation in [5,6], where the decomposition has been used to transform
this problem into a set of single channel equalisation problems us-
ing a process of back substitution, which are each solved in turn
using a iterative process of SISO channel equalisation and decoding.
However, these papers assume that the receiver has perfect knowl-
edge of the system channel matrix, which is clearly not a realistic
assumption. This paper extends this work to demonstrate howthe
method performs when error is observed in the channel matrixstate
information and confirms the performance of the system for various
levels of this error in terms of average bit error rate (BER).Note that
the conventional approach to communicating over this type of chan-
nel is to use orthogonal frequency division multiplexing (OFDM),
which firstly transforms the signals into the frequency domain, thus
allowing the system to be transformed into a set of frequencyflat
problems. The approach outlined in this paper, however, offers an
entirely time domain approach for communicating over MIMO fre-
quency selective channels.

1.1. Notation and Definitions

Throughout this paper, matrices are denoted as bold upper case char-
acters, vectors by bold lower case characters and scalars byregu-
lar lower case characters.I p defines ap× p identity matrix. Let
C

p×q define the set of polynomial matrices withp rows andq
columns, where the series of coefficients of each of the polynomial
elements are complex scalars. The Frobenius norm (F-norm) of a

polynomial matrix is the quantity‖A(z)‖F =

√√√√
t2

∑
τ=t1

p

∑
i=1

q

∑
j=1

∣∣ai j (τ)
∣∣2.

The paraconjugate of the polynomial matrixA(z) is defined to be
Ã(z) = AT

∗ (1/z) where(·)T denotes matrix transposition and(·)∗
the complex conjugation of each of the coefficients of the polyno-
mial matrix. The tilde notation(̃·) will be used throughout this paper
to denote paraconjugation.

2. THE QR DECOMPOSITION OF A POLYNOMIAL
MATRIX

The PQRD by columns (PQRD-BC) algorithm is a technique for
factorising a polynomial matrix into an upper triangular and a parau-
nitary polynomial matrix [3,4]. LetA(z) ∈ C

p×q, then the objective
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of the algorithm is to calculate a matrixQ(z) ∈ C
p×p such that

Q(z)A(z) = R(z) (3)

whereR(z)∈C
p×q is an approximately upper triangular polynomial

matrix. The polynomial matrixQ(z) must also be paraunitary, which
means it will satisfy the following condition

Q(z)Q̃(z) = Q̃(z)Q(z) = I p. (4)

This matrix represents a multichannel all-pass filter and therefore,
if applied to a set of signals, will preserve the total signalpower at
every frequency. This matrix is calculated as a series of polynomial
Givens rotations [3], which are applied to the matrixA(z) to drive
all polynomial elements beneath the diagonal of each columnof the
matrix approximately to zero in turn. The details of the algorithm
will not be discussed here, but is outlined in detail, together with
example decompositions, in [3].

2.1. Potential Errors in the Decomposition

There are three possible errors that can arise when using thepoly-
nomial matrix QR decomposition technique within a practical com-
munication system. Firstly, the proposed system requires that the
channel matrix must be estimated and so the channel matrix tobe
decomposed can therefore be expressed as

A(z) = AT(z)+E(z), (5)

whereAT(z) is the true channel matrix andE(z) is the matrix ac-
counting for the errors present in the estimated channel matrix. Sup-
pose the PQRD of this matrix is calculated according to equation
(3), then the relative error of the observed decomposition can then
be calculated as

Erel =
∥∥∥AT(z)− Q̃(z)R(z)

∥∥∥
F

/‖A(z)‖F . (6)

This measure can be used to determine the level of accuracy inthe
performed decomposition. Assuming that the only source of error in
the decomposition is from the estimation process, then the relative
error for the decomposition simplifies toErel = ‖E(z)‖F /‖A(z)‖F .

Furthermore, as each element ofA(z) is an FIR filter, it is gener-
ally not possible to obtain an exactly upper triangular matrix. For this
reason the algorithm stops once all coefficients of the elements be-
neath the diagonal ofR(z) are less than a specified valueε in magni-
tude. The relative error of the decomposition can then be calculated
as

Erel =
∥∥∥AT(z)− Q̃(z)R′(z)

∥∥∥
F

/‖A(z)‖F , (7)

where the matrixR′(z) is the approximately upper triangular ma-
trix obtained from the decomposition with all elements beneath the
diagonal of the matrix set equal to zero.

Finally, the third error arises due to truncating the ordersof the
polynomial matrices within the algorithm. With every application of
a polynomial Givens rotation within the decomposition process, the
orders of the polynomial matrices will increase. This will typically
result in the final matricesR(z) andQ(z) of equation (3) both being
of very large orders. In [3] it is shown that a truncation method can
be applied to ensure that an accurate decomposition is stillachieved,
whilst also ensuring that the orders of the final polynomial matrices
are as small as possible. This method will not be discussed here,
but a detailed description can be found in [3] and referencestherein.
This process is also advantageous for the equalisation performed at
the receiver, where the computational complexity is proportional to
the order of the matrixR(z). It has previously been shown in [3]
that a good approximation is achievable when using the PQRD-BC
algorithm.

3. SYSTEM MODEL FOR SPATIAL-TEMPORAL MODE
TRANSMISSION WITH THE PQRD

Assume thatx(τ) ∈ Cq×1, whereτ = 0, . . . ,N1− 1, denote the set
of signals that are to be transmitted, to be received at an array of p
sensors. Thekth element of this vector,xk(τ), is the signal trans-
mitted at timeτ from thekth antenna. The environment between the
transmitters and receivers can be expressed by the polynomial chan-
nel matrixA(z) ∈ C

p×q, where it is assumed thatp≥ q, i.e., there
are at least as many receivers as transmitters. The receivedsignals
from this system can therefore be expressed as

y(t) =
L−1

∑
k=0

A(k)x(t −k)+n(t) (8)

wheret = 0, . . . ,N1 +L−1, the order of the channel matrixA(z) is
L andn(t) ∈ Cp×1 denotes an additive zero-mean circular complex
Gaussian noise process. This could alternatively be expressed, using
the polynomial vector or matrix notation, as

y(z) = A(z)x(z)+n(z) (9)

where

y(z) =
N1+L−1

∑
t=0

y(t)z−t ∈ C
p×1, (10)

x(z) =
N1+L−1

∑
t=0

x(t)z−t ∈ C
q×1 (11)

and

n(z) =
N1+L−1

∑
t=0

n(t)z−t ∈ C
p×1 (12)

denote respectively algebraic power series of the received, transmit-
ted and noise terms.

The PQRD of the matrixA(z) can then be calculated according
to equation (3) to obtain an approximately upper triangularpoly-
nomial matrixR(z) ∈ C

p×q and a paraunitary polynomial matrix
Q(z)∈C

p×p. For this application, all elements beneath the diagonal
of R(z), which are approximately equal to zero, are now set equal to
zero. The received signals are then filtered by the polynomial matrix
Q(z) to obtain

y′(z) = Q(z)y(z) ∈ C
p×1. (13)

Then the equivalent system, from transmitter to receiver, can be ex-
pressed as

y′(z) = R(z)x(z)+n′(z) (14)

wheren′(z) = Q(z)n(z) ∈ C
p×1, which remains an additive zero-

mean circular complex Gaussian noise process with identical spec-
tral properties due to the paraunitary nature ofQ(z). In particular,
theqth element ofy′(z) can now be expressed, due to the position of
the zero elements inR(z), as

y′
q
(z) = rqq(z)xq(z)+nq

′(z), (15)

which is a single channel equalisation problem. This can then be
solved using a standard method for SISO channel equalisation to
obtain an estimate of the signal transmitted from theqth transmit
antenna, i.e.,xq(z). Note that in this equivalent system the polyno-

mial elementrqq(z) is the spatial-temporal mode over which theqth

substream of data is transmitted.
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Fig. 1: Transmitter design for the H-BLAST PQRD system.

Now, the expression for the(q− 1)th element ofy′(z) can be

rewritten, using the estimate of theqth transmitted signal, referred to
asx̂q(z), as

y′
q−1

(z)− r (q−1)q(z)x̂q(z) = r(q−1)(q−1)(z)xq−1(z)+n′q−1(z), (16)

where all terms on the left-hand side of this expression are known
and so this expression is again a single channel equalisation prob-
lem. A SISO equalisation method can again be applied to obtain an
estimate of the signalxq−1(z). This process is now repeated working

upwards through the elements ofy′(z). In particular, theith element
of this vector can be expressed as

y
i
′(z)−

q

∑
j=i+1

r i j (z)x j(z) = r ii (z)xi(z)+n
′

i(z), (17)

which, provided the set of signals is estimated according tothe order-
ing i = q,q−1, . . . ,1, will be a SISO channel equalisation problem.
Each equation can then be solved to obtain an estimate of theith

transmitted signal ˆxi(z) using the previously estimated signals ˆx j(z)
for j = i + 1, . . . ,q. As with OFDM systems, preprocessing tech-
niques such as encoding and interleaving can be applied to improve
the performance of the system.

4. TRANSMITTER AND RECEIVER DESIGN FOR THE
SPATIAL-TEMPORAL MODE CHANNEL

To enable a fair comparison with previous work in the area, wehave
adopted the same PQRD system as implemented in [5], i.e. using
a Bell Laboratories Layered Space Time encoding architecture at
the transmitter and Turbo equalisation at the receiver. Theoverall
polynomial matrix decomposition system that has been used for the
simulations in Section 5 is now described.

4.1. Transmitter Design

When communicating over a MIMO system, it is advantageous to
use all available antennas as this will enable the system to achieve
full diversity order [7]. Horizontal Bell Laboratories Layered Space

Time (H-BLAST)1 architecture is a method for doing this [8],
which operates by demultiplexing the data stream intoq indepen-
dent streams that can then be individually encoded, interleaved and
symbol mapped in parallel prior to transmission from each oftheq
antennas. At the receiver each of thep streams are individually re-
covered before multiplexing to obtain an estimate of the initial data
stream. This system design avoids the impractical high complex-
ity observed with serial encoding [9], where the initial single data
stream will be encoded and then interleaved prior to demultiplexing
into a set ofq substreams.

Assume that the data stream to be transmitted iss =
[s(0), . . . ,s(N2−1)]T . This data stream is firstly demultiplexed into
q independent substreams, where thekth substream is

sk = [s((k−1)N2/q), . . . ,s(kN2/q−1)]T . (18)

Each stream is then independently convolutionally encodedusing
the following code formatting polynomials

G0 = 1+D3+D4 and G1 = 1+D1+D3+D4, (19)

which are taken from the standards for the global system for mo-
bile (GSM) communications [10]. Note that code rate is 1/2 and
so each encoded data stream will be of length 2(N2/q). The en-
coded signal is then interleaved to randomise the encoded bits prior
to transmission. This ensures that any errors appear randomand,
as a result, avoids long error bursts in estimates of the transmitted
data. For the results presented in Section 5, an S-random interleaver
with a depth of 28 bits has been applied [5]. Thekth independent
substream is then symbol mapped to a constellation point to obtain
the sequencexk and then transmitted from thekth transmit antenna.
Note that the transmitted signal in equation (8) at timeτ, where
τ = 0, . . . ,2(N2/q−1), now relates to the independent substreams
as follows

x(τ) = [x1(τ),x2(τ), . . . ,xq(τ)]T (20)

wherexk(τ) is theτ th element of the vectorxk. A block diagram of
the transmitter design, using the H-BLAST encoding structure, can

1Other BLAST architectures can be used within this scheme, H-BLAST
is demonstrated throughout this paper as an example.
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be seen in Figure 1, where it is assumed thatp = q = 3 as these are
the dimensions of our channel model in Section 5.

4.2. Receiver Design

Assume the signal received at thekth antenna at timeτ is yk(τ). Then
the set of received signals at timeτ can be expressed in vector form
as

y(τ) = [y1(τ), . . . ,yp(τ)]T . (21)

Assuming the channel matrix to the system is known at the receiver
and does not vary in time with each data block, the PQRD of thisma-
trix can be calculated according to equation (3). The received signals
are firstly filtered by the paraunitary matrix to obtainy′(τ) ∈ Cp×1.
The qth element of this vector can then be expressed as the single
channel equalisation problem in equation (15) and can now besolved
to obtain an estimate of theqth transmitted signal, i.e.,xq, using a
standard method for SISO channel equalisation. For the results pre-
sented in this paper, an iterative process of equalisation and decod-
ing has been implemented, which exchanges extrinsic information
between the two components to improve the overall bit error rate
performance. The iterative process is known as Turbo equalisation
and is now explained.

At each iteration of this process the following three step routine
is implemented,
1. Firstly, the equalisation of the SISO polynomial problemis per-

formed using a minimum mean squared error (MMSE) equaliser

to obtain a soft output estimate ofxq, this is referred to aŝxs
q. The

series of coefficients ofrqq(z) that are used within the equalisa-
tion process are also truncated to ensure that the process isnot
unnecessarily computationally slow to implement. A detailed
description of this equalisation function, including the truncation
process, can be found in [5,6].

2. The soft estimate ofxq is then deinterleaved.
3. A maximum a posteriori (MAP) decoder is then used to obtain

an estimate ofsq from the deinterleaved̂xs
q. For each transmitted

symbol, the MAP decoder generates a hard estimate ofsq and
also a soft estimate in the form of thea posteriori probability
of the received sequence, referred to asp, which is then inter-
leaved and used within the MMSE equaliser in the subsequent
iteration. This exchange of information between the different
stages of the joint equalisation and decoding process will enable
improved performance of the system.

This routine is now repeated incorporating the soft feedback from
the MAP decoder into the MMSE equaliser as this will generally
demonstrate significant improvements in the BER. For a detailed de-
scription of this technique see [5, 6, 11] and references therein. For
the results presented in this paper three iterations of the joint equal-
isation and decoding process are required. Further iterations offered
no further improvement in terms of average BER performance.A
block diagram of the joint Turbo equalisation scheme can be seen in
Figure 2. Once an estimate ofsq has been obtained, this can be used
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to obtain an estimate ofsq−1 using back substitution as described in
Section 3. This process is repeated until all substreams of transmit-
ted data have been recovered. The overall receiver design isdetailed
in Figure 3, where it has again been assumed thatp = q = 3.

5. SIMULATION RESULTS

The PQRD algorithm was applied as part of a broadband MIMO
communication system as described in Sections 3 and 4, whereav-
erage BER results will be used to assess the performance of the sys-
tem over a range of signal-to-noise ratios (SNR). The polynomial
channel matrix for the systemA(z) ∈ C

3×3 is chosen to be of order
four, where the series of coefficients of each of the polynomial ele-
ments are drawn from a circular complex Gaussian distribution with
mean zero and variance 1/5. The BER results, averaged over 1000
Monte-Carlo simulations, found when using this PQRD systemare
presented in Figure 4. Within the PQRD-BC algorithm, the poly-
nomial matrices are continually truncated to ensure that their orders
are not unnecessarily large and the algorithm computationally slow
to implement. The truncation is performed based on proportion of
the F-norm of the matrix permitted to be lost, this parameter, referred
to asµ was set equal to 10−6 for these results. Furthermore, the al-
gorithm was set to run until all coefficients of elements beneath the
diagonal of the matrixR(z) are less than 10−2. Note that this stop-
ping parameter is referred to asε.

This process was now repeated, allowing for estimation error on
the channel matrix according to equation (5), whereE(z) ∈ C

3×3

is a matrix of complex Gaussian noise with mean zero and variance
σ2. The average BER simulations were then repeated with varying
levels for channel estimation. The observed average BER simula-
tions found whenσ2 = 0.005 andσ2 = 0.01 can be seen in Figure
4. Clearly the more inaccurate the channel, then the worse the per-
formance of the system.

Note that other errors are present in the system, other than the
channel estimation error as explained in Section 2.1. Theseerrors
arise from only calculating an approximate QR decomposition of
the polynomial channel matrix, but can be kept small by choosing
suitable values for the stopping criterionε and truncation parameter
µ when formulating the decomposition. The relative error wasthen
calculated to check the overall accuracy of the decomposition in the
presence of all errors. This measure was on average found to equal
0.0177 whenσ2 = 0, 0.2054 whenσ2 = 0.005 and 0.2257 when
σ2 = 0.01. Further analysis on the effects of the different errors upon
the BER performance of the system is on going. In particular,to
determine the relationship between the three distinct errors discussed
and the error performance of the systems.
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Fig. 4: Average BER performance observed when using the
PQRD system with varying levels of channel state informa-
tion.

6. CONCLUSIONS

This paper has demonstrated how a polynomial matrix QRD algo-
rithm can be used as part of a broadband MIMO communications
system. This paper has also discussed the possible errors that are
encountered when formulating the QR decomposition of a polyno-
mial matrix. In particular, average BER simulations have been used
to illustrate the effect of various levels of channel state information
upon the performance of the system. Future work aims to compare
this method with other approaches of communicating over broad-
band MIMO channels, in particular to compare this method with a
MIMO orthogonal frequency division multiplexing QRD approach,
also when there is error present in the estimate of the channel matrix.
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ABSTRACT
An algorithm is presented for computing the singular value
decomposition (SVD) of a polynomial matrix. It takes the
form of a sequential best rotation (SBR) algorithm and con-
stitutes a generalisation of the Kogbetliantz technique for
computing the SVD of conventional scalar matrices. It
avoids ”squaring” the matrix to be factorised, uses only uni-
tary and paraunitary operations, and therefore exhibits a high
degree of numerical stability.

1. INTRODUCTION

Polynomial matrices have been used for many years in the
area of control [1]. They play an important role in the re-
alisation of multi-variable transfer functions associated with
multiple-input multiple-output (MIMO) systems. Over the
last few years they have become more widely used in the
context of digital signal processing (DSP) and communica-
tions [2]. Typical areas of application include broadband
adaptive sensor array processing [3, 4], MIMO communica-
tion channels [5–7], and digital filter banks for subband cod-
ing [8] or data compression [9].

Just as orthogonal or unitary matrix decomposition tech-
niques such as the QR decomposition (QRD), eigenvalue
decomposition (EVD), and singular value decomposition
(SVD) [10] are important for narrowband adaptive sensor ar-
rays [11], corresponding paraunitary polynomial matrix de-
compositions are proving beneficial for broadband adaptive
arrays [12–14] and also for filterbank design [15, 16]. In
a previous paper [17], we described a generalisation of the
EVD for conventional Hermitian matrices to para-Hermitian
polynomial matrices. This technique will be referred to as
PEVD while the underlying algorithm is known as the 2nd
order sequential best rotation (SBR2) algorithm.

In order to minimise the number of iterative steps re-
quired, and so prevent unnecessary growth in the order of
the polynomial matrix being diagonalised, the philosophy
adopted for the algorithm was one of sequential best rotation
(SBR). In the context of conventional Hermitian matrices,
this corresponds to the classical Jacobi algorithm [18]. The
SBR2 algorithm is, in effect, a generalisation of the classi-
cal Jacobi algorithm to the third (time) dimension associated
with polynomial matrices. A similar approach was subse-
quently adopted for polynomial matrix QR decomposition
(PQRD) [19].

For similar reasons, the PSVD algorithm outlined here
is also based on the SBR principle. It can be viewed as the
generalisation to polynomial matrices of an SBR algorithm
for computing the SVD of conventional matrices. Unlike the
case of Hermitian matrix EVD, no such algorithm seems to
exist already in the literature. This is not surprising since,

for conventional matrices, basing an algorithm entirely on
the SBR philosophy would not be computationally efficient.
Given a matrix X ∈ C

m×n, where we assume that m > n, it is
more efficient to begin the SVD by performing a QR decom-
position of the matrix since this only requires a fixed number
of carefully structured steps. In this case, a unitary matrix
Q ∈ Cm×m is computed s.t.

QX =

[
R
0

]
(1)

where R ∈ Cn×n is an upper triangular matrix with real diag-
onal elements. Computation of the SVD can then proceed by
treating R as a general square matrix and performing an itera-
tive sequence of Kogbetliantz transformations which is guar-
anteed to converge and reduce it to diagonal form. The Kog-
betliantz transformation may be viewed as a generalisation of
the classical Jacobi algorithm to non-symmetric (square) ma-
trices and also belongs to the class of SBR algorithms [18].
It results in a transformation of the form

Q1RV = Σ (2)

where Q1 ∈ Cn×n and V ∈ Cn×n are unitary matrices and
Σ ∈ Rn×n is diagonal. In combination, we have

UXV =

[
Σ

0

]
(3)

where U ∈ Cm×m is a unitary matrix given by

U =

[
Q1 0
0 I

]
Q (4)

and so this constitutes the SVD of X [10].

The first stage in developing a PSVD algorithm based
on the SBR philosophy, is to generate an SBR algorithm for
the case of conventional matrices. In effect, it is necessary
to merge the QR decomposition stage of the SVD algorithm
described above, into the iterative Kogbetliantz process. A
novel algorithm of this type is developed in the next section
for complex (scalar) matrices. Note that the complex case is
more involved than its real counterpart because of the need
to ensure that the diagonal elements remain real throughout
the process. This is vital for the Jacobi transformation step
which relies on Hermitian symmetry of the 2×2 sub-matrix
to which it is applied.
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2. MODIFIED KOGBETLIANTZ ALGORITHM
FOR COMPLEX NON-SQUARE MATRICES

Assuming that m > n, we seek to compute the SVD of a
matrix X ∈ C

m×n as defined by equation (3). Note that for
square matrices, it is not necessary to perform the initial QR
decomposition as indicated in equation (1) so the basic Kog-
betliantz method is sufficient. The corresponding PSVD al-
gorithm can easily be deduced from the one developed below
and will not be treated separately in this paper.

2.1 Initial phase adjustment
The algorithm begins by transforming the matrix to one with
real elements on the principal diagonal. This can be achieved
by multiplying the jth column by exp(−iα j) where α j is the
phase of x j j i.e. x j j =

∣∣x j j
∣∣exp(iα j). The same procedure

is applied to every column and so the entire process may be
written in the form

X← XT (5)

where T∈Cn×n is a diagonal matrix of phase rotations and is
therefore unitary. Note that ‖X‖ is not affected by this initial
phase adjustment (where ‖.‖ denotes the Frobenius norm of
a matrix or of a polynomial matrix as defined in [17]). The
algorithm ensures that each subsequent transformation main-
tains the real property of the diagonal elements of the matrix.
This occurs naturally with the Jacobi transformation which
preserves Hermitian symmetry, but requires more effort in
other cases.

The new SBR algorithm begins by locating the dominant
off-diagonal element of X (i.e. the one with greatest magni-
tude) denoted by x jk. The next step depends on whether or
not j > n.

2.2 Givens rotation
If j > n (i.e. if the dominant off-diagonal element lies outside
the upper n× n sub-matrix), compute and apply a complex
Givens rotation with rotation parameters defined by

[
c seiφ

−se−iφ c

][
xkk
x jk

]
=

[
x′kk
0

]
(6)

where c = cosθ , s = sinθ , and xkk, x′kk∈ R. This requires

−se−iφ xkk + cx jk = 0 (7)

while

x′kk = cxkk + seiφ x jk (8)

Denoting x jk =
∣∣x jk

∣∣eiω , it is clear that we must have φ =−ω
to ensure that x′kk is real. Equation (7) then becomes

−seiω xkk + c
∣∣x jk

∣∣eiω = 0 (9)

which is satisfied by

tanθ =
∣∣x jk

∣∣/xkk (10)

We denote this transformation by

X′ = G(θ ,φ)X (11)

where X′ ∈ C
m×n and G(θ ,φ) ∈ C

m×m takes the form of a
suitably embedded Givens rotation [10] - i.e. an m×m unit

matrix except for the (k,k),(k, j),( j,k) and ( j, j) elements
which serve to embed the 2× 2 rotation matrix in equation
(6). This completes the elementary transformation for the
case j > n. In preparation for the next iteration the input ma-
trix is now updated by setting X←X′. Note that ‖X′‖= ‖X‖
and that for each iteration, ‖diag(X)‖2 (the on-diagonal en-
ergy) increases while ‖offdiag(X)‖2 (the off-diagonal en-
ergy) decreases by the same amount. The operator G(θ ,φ)
in equation(11) contributes to the overall transformation U in
equation (3).

2.3 Complex Kogbetliantz transformation

If j ≤ n (i.e. if the dominant off-diagonal element of X lies
within the upper n× n sub-matrix), perform the following
complex Kogbetliantz transformation designed to eliminate
both x jk and xk j [18]. This transformation may be broken
down into three simple steps - a Givens rotation and a sym-
metrisation followed by a standard Jacobi transformation.
The Givens rotation step, which would not be required in the
real case, is needed here to ensure that the symmetrisation
step leaves the diagonal elements entirely real. First, swap
the indices j and k, if necessary, so that j > k. It is advisable
also to swap rows j and k, and columns j and k, so that the
Givens rotation which follows, is never used to eliminate a
zero element and thus become numerically ill-defined.

2.3.1 Givens rotation

Compute and apply a Givens rotation of the form

[
c seiφ

−se−iφ c

][
xkk xk j
x jk x j j

]
=

[
x′kk x′k j
0 x′j j

]
(12)

where x j j, xkk and x′kk ∈ R. This requires the same choice of
rotation parameters as the Givens rotation applied if j > n.
However we also have

x′j j =−seiω xk j + cx j j (13)

This quantity is not necessarily real, so a further phase ad-
justment is required. Denote x′j j =

∣∣∣x′j j

∣∣∣eiβ and multiply the

jth row of the matrix by e−iβ . This ensures that the matrix
still has real elements on the diagonal. Denote the embed-
ded Givens rotation, together with any phase adjusment and
interchange of rows and columns, by

X′ = F(θ ,φ ,β )X (14)

where F(θ ,φ ,β ) ∈ Cm×m. Once again, since this combined
transformation is unitary, it can be seen that ‖X′‖= ‖X‖ and
that ‖diag(X)‖2 increases while ‖offdiag(X)‖2 decreases by
the same amount.

2.3.2 Symmetrisation

Next, compute and apply a plane rotation with parameters
chosen s.t.

[
c′ s′eiφ ′

−s′e−iφ ′ c′

][
x′kk x′k j
0 x′j j

]
=

[
x′′kk x′′k j
x′′jk x′′j j

]
(15)
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where c′ = cosθ ′, s′ = sinθ ′, x′kk,x
′
j j,x
′′
kk,x

′′
j j ∈ R and x′′k j =

x′′∗jk . This requires

c′x′k j + s′eiφ ′x′j j =−s′eiφ ′x′kk (16)

We also have

x′′kk = c′x′kk (17)

and

x′′j j =−s′e−iφ ′x′k j + c′x′j j (18)

Clearly x′′kk is real. Denoting x′k j =
∣∣∣x′k j

∣∣∣eiγ , it can be seen

that we require φ ′ = γ to ensure that x′′j j is real. Equation
(16) then takes the form

c′
∣∣x′k j

∣∣eiγ + s′eiγ x′j j =−s′eiγ x′kk (19)

which is satisfied by

c′
∣∣x′k j

∣∣ =−s′(x′kk + x′j j) (20)

i.e

tanθ ′ =−
∣∣x′k j

∣∣/(x′kk + x′j j) (21)

We denote the embedded rotation of equation (15) by

X′′ = Q(θ ′,φ ′)X′ (22)

where X′′ ∈ C
m×n and Q(θ ′,φ ′) ∈ C

m×m. Note once again
that ‖X′′‖= ‖X′‖.

2.3.3 Jacobi transformation

Finally, given the matrix X′′ resulting from the symmetri-
sation, compute and apply a Jacobi transformation with the
rotation parameters chosen s.t.

[
c′′ s′′eiφ ′′

−s′′e−iφ ′′ c′′

][
x′′kk x′′k j
x′′jk x′′j j

][
c′′ −s′′eiφ ′′

s′′e−iφ ′′ c′′

]

=

[
x′′′kk 0
0 x′′′j j

]

where x′′kk,x
′′
j j,x
′′′
kk and x′′′j j are real and x′′k j = x′′∗jk . Since the

Hermitian symmetry is preserved, x′′′kk and x′′′j j are guaranteed
to be real. The required rotation parameters are given by

tan2θ ′′ = 2
∣∣x′′k j

∣∣/(x′′kk− x′′j j) (23)

and φ ′′ = δ where x′′k j =
∣∣∣x′′k j

∣∣∣eiδ [10]. We denote the Jacobi
transformation by

X′′′ = J′(θ ′′,φ ′′)X′′J(θ ′′,φ ′′) (24)

where J ∈ Cn×n is the embedded transformation represented
above, X′′′ ∈ Cm×n and J′ ∈ Cm×m takes the form

J′ =
[

JH 0
0 I

]
(25)

The complex Kogbetliantz transformation (including the ad-
ditional triangularisation step) may be expressed in the form

X′′′ = J′(θ ′′,φ ′′)Q(θ ′,φ ′)F(θ ,φ ,β )XJ(θ ′′,φ ′′) (26)

This completes the elementary transformation for the case
j ≤ n. In preparation for the next iteration the input ma-
trix is now updated by setting X← X′′′. Note, once again,
that ‖X′′′‖ = ‖X‖ and that, as a result of the Kogbetliantz
transformation, ‖diag(X)‖2 increases while ‖offdiag(X)‖2

decreases by the same amount. The combined operator
J′(θ ′′,φ ′′)Q(θ ′,φ ′)F(θ ,φ ,β ) applied from the left in equa-
tion (26) contributes to the overall transformation U in equa-
tion (3) while the operator J(θ ′′,φ ′′) applied from the right
contributes to V.

The process of locating the dominant off-diagonal ele-
ment, and then eliminating it using either a Givens rotation
(for j > n ) or a complex Kogbetliantz transformation (for
j ≤ n), is repeated until the dominant off-diagonal element
is sufficiently small. Again, as for the conventional Kog-
betliantz algorithm [18], this process is guaranteed to con-
verge so that

X→
[

Σ

0

]
(27)

3. GENERALISATION TO POLYNOMIAL
MATRICES

Assume, without loss of generality, that we are given a poly-
nomial matrix of the form

X(z) =
T

∑
t=0

z−t X(t) (28)

where X(t) (t = 0,1, . . .T ) ∈Cm×n and m > n. As before, the
algorithm for square polynomial matrices may be deduced
very simply as a special case of what follows. We seek to
compute and apply a transformation of the form

U(z)X(z)V(z) =

[
D(z)

0

]
(29)

where D(z) is an n×n diagonal polynomial matrix and U(z)
and V(z) are paraunitary polynomial matrices of dimension
m×m and n×n respectively i.e.

U(z)Ũ(z) = Ũ(z)U(z) = Im (30)

and

V(z)Ṽ(z) = Ṽ(z)V(z) = In (31)

The tilde notation denotes paraconjugation of a polynomial
matrix as defined in [2].

The algorithm described here generalises the modified
Kogbetliantz algorithm, detailed above, to polynomial ma-
trices in a manner similar to that in which the SBR2 al-
gorithm generalises the classical Jacobi algorithm to para-
Hermitian polynomial matrices [17]. It begins by transform-
ing the polynomial matrix X(z) so that X(0), the coefficient
matrix of order zero (referred to here as the zero-plane ma-
trix), has real diagonal elements. This is accomplished using
a diagonal phase rotation matrix of the type represented by
equation (5). The algorithm continues by locating the domi-
nant off-diagonal coefficient in X(z), denoted here by x jk(t),
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and shifting it to the zero-plane matrix using a pure delay
transformation of the form

X′(z) = B(k,t)
1 (z)X(z)B(k,t)

2 (z) (32)

where

B(k,t)
1 (z) =

[ Ik−1 0 0
0 z−t 0
0 0 Im−k

]
(33)

and

B(k,t)
2 (z) =

[ Ik−1 0 0
0 zt 0
0 0 In−k

]
(34)

Note that the diagonal elements are not affected by this trans-
formation which results in x′jk(0) = x jk(t).

Having shifted the dominant off-diagonal coefficient to
the zero-plane matrix X′(0), a modified Kogbetliantz trans-
formation, as defined in section 2, is computed with respect
to this matrix in order to drive the dominant coefficient to
zero. The sequence of transformations required for the mod-
ified Kogbetliantz transformation is then applied to the entire
polynomial matrix X′(z), i.e. to every coefficient matrix in
X′(z) including X′(0). In preparation for the next iteration,
the transformed polynomial matrix X′(z) is then redesignated
as X(z).

The process of locating the dominant off-diagonal co-
efficient, moving it to the zero-plane, and eliminating it by
means of a modified Kogbetliantz transformation, is repeated
iteratively until the dominant off-diagonal coefficient is suffi-
ciently small. Noting that ‖diag(X(0))‖ increases monoton-
ically throughout the entire iterative process while ‖X(z)‖
remains invariant, it can easily be shown that this procedure
converges to produce a diagonalised matrix Γ(z) of the form
specified on the right hand side of equation (29). The proof
follows a similar line of argument to that used to prove the
convergence proof of the SBR2 algorithm [17].

4. NUMERICAL EXAMPLE

The performance of the PSVD algorithm outlined in section
3 is illustrated here by means of a simple numerical example.
A 5× 3 polynomial matrix X(z) of order 2 was generated
with the real and imaginary components of its complex co-
efficients selected randomly from a normal distribution with
mean 0 and variance 1. This matrix is depicted in figure 1,
where the absolute values of the polynomial coefficients are
plotted in the 5× 3 array of stem plots. Figure 2 provides a
similar representation of the diagonalised polynomial matrix
Γ(z) obtained using the PSVD algorithm after 318 iterations,
when the magnitude of the dominant off-diagonal coefficient
was < 0.005. The value of this quantity as a function of it-
eration number is plotted in figure 3 which shows that the
convergence of the algorithm is quite rapid but, as expected,
non-monotonic [17]. From figure 2 it can be seen that the
output matrix Γ(z) takes the required form. The value of
‖offdiag(Γ(z))‖2 was found to be 0.0005 as compared to the
value of ‖Γ(z)‖2 which was 70.81.
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Figure 1: Input 5×3 Polynomial Matrix X(z).
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Figure 2: Output matrix Γ(z) produced by PSVD algorithm

4.1 Comparison with alternative SBR2 method
An alternative approach to computing the PSVD in equa-
tion (29) is to form the polynomial matrix products P1(z) =

X(z)X̃(z) and P2(z) = X̃(z)X(z) of dimension 5× 5 and
3× 3 respectively. Using the SBR2 algorithm to compute
the PEVD of P1(z) and P2(z) respectively, serves to gener-
ate the paraunitary matrices U(z) and V(z) required for the
transformation in equation (29). The output matrix Γ(z) pro-
duced using this alternative method is depicted in figure 4.
Once again this can be seen to take the required diagonal
form. However, ‖offdiag(Γ(z))‖2 now takes the value 2.32
which is much greater than that achieved using the PSVD al-
gorithm of section 3. This illustrates the reduced numerical
precision which arises from forming the product matrices in
the PEVD method.

5. CONCLUSIONS

An algorithm for computing the PSVD of a complex poly-
nomial matrix, based on a generalisation of the Kogbetliantz
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Figure 3: Convergence of PSVD algorithm: magnitude of
the dominant off-diagonal coefficient plotted as a function of
iteration number.
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Figure 4: Output matrix Γ(z) produced by SBR2 algorithm

method for complex scalar matrices, has been presented. The
results obtained for a simple numerical example demonstrate
that the new PSVD algorithm can work well in practice. A
comparison with the alternative PEVD approach based on the
SBR2 algorithm demonstrated, as expected, that the PSVD
algorithm generates a more accurate decomposition for the
same example.
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ABSTRACT

We propose new features for musical genre classification which are
based on the modulation spectrum of cepstral coefficients, and in-
vestigate the impact of the modulation frequency resolution on the
classification accuracy. We compare the performance of the novel
feature set which is derived from a high-resolution modulation spec-
trum to that of two feature sets which are either based on a coarsely
resolved modulation spectrum or roughly summarize the modula-
tion energy in a few bands. From the results of a 5-class musi-
cal genre classification experiment it can be concluded that a high
modulation frequency resolution is crucial for representing the har-
monic modulation structure of Electronic music in particular. The
proposed features outperform the two competing methods with an
overall detection rate of 81%. After computing the cepstral mod-
ulation spectrum with efficient FFT operations, the computational
complexity for feature extraction is fairly low as only 22 low-level
features need to be computed.

1. INTRODUCTION

A variety of features for the discrimination of different music cat-
egories has been proposed throughout the last decade [1]. Typi-
cally, these are short-time features which are extracted from quasi-
stationary signal segments. The most prominent and certainly
most commonly used features are mel-frequency cepstral coeffi-
cients (MFCC) which are a perceptually motivated variant of linear-
frequency cepstral coefficients (LFCC) [2]. MFCCs, which mainly
represent the spectral envelope, were applied successfully in auto-
matic speech recognition (ASR) [3] and were introduced in the field
of music information retrieval as well, e.g [4, 5]. However, in [6]
the suitability of MFCCs for music modeling is investigated and
possible limitations thereof are discussed.

After extracting short-time features the question arises how they
should be aggregated temporally in order to obtain a compact but
representative feature set. The easiest way certainly is to assume
a Gaussian distribution and express the properties of each feature
time series by its mean and variance as it was done in [4]. This
strategy, however, models the temporal evolution of the underly-
ing music signal insufficiently. Therefore, other approaches such as
feature modulation spectrum analysis [5, 7] or autoregressive mod-
eling [8] were proposed which yield parameters frequently referred
to as dynamic features and considerably improve the performance
in an audio classification task.

The process of feature extraction and temporal aggregation,
however, can also be reversed. In [9] first a low-resolution modula-
tion spectrum of linear-frequency cepstral coefficients is computed
from which the actual features are extracted in the final processing
step. As opposed to conventional feature extraction strategies, this
procedure aims at preserving as much information as possible be-
fore modeling the signal dynamics. In a speech, music and noise
discrimination experiment it was shown that only eight features are
required for obtaining detection rates above 95% where 39 static
and dynamic MFCCs are needed to yield comparable results. Thus,
instead of accumulating a large amount of features from various
signal representations and selecting the most powerful ones subse-
quently as in e.g. [7, 10], we argue that a unified and yet flexible
high-resolution spectro-temporal representation of the signal should

be considered from which simple, but effective dynamic features
can be extracted.

In this contribution, we use the features proposed in [9] for a
musical genre classification task and evaluate their performance.
Further, a novel set of features is derived which is based on a
cepstral modulation spectrum with highly-resolved modulation fre-
quencies as opposed to the low-resolution modulation spectrum
used in [9]. The new features are more related to characteristics
of music signals such as rhythm, timbre and pitch. The perfor-
mances of these two feature sets are compared which will answer
the question if the temporal fine structure of music signals which
is captured by a high-resolution modulation spectrum bears distinc-
tive genre-related properties and therefore needs to be represented.
In addition, a competing method proposed in [5] is evaluated which
uses static and dynamic MFCCs. In this approach the modulation
energy of MFCCs is coarsely summarized in four bands.

After describing the signal processing stages required for ob-
taining the cepstral modulation spectrum in Section 2 and analyzing
it for music signals in Section 3, the two different feature sets de-
rived from this representation are outlined in Section 4. The perfor-
mance of these features is studied in Section 5 where we assume dif-
ferent modulation frequency resolutions, and is compared to static
and dynamic MFCCs.

2. CEPSTRALMODULATION SPECTRUM

We consider a section of a sampled raw audio signal x(ñ), hence-
forth called frame, where ñ = 0,1, ...,NT is the discrete time index
and NT is the total number of samples. The sampling frequency is
denoted by fs. The audio frame is segmented into λT (possibly over-
lapping) subframes x(λR+ n) of length N, i.e. n = 0,1, ...,N− 1,
where λ and R denote the subframe index and subframe shift, re-
spectively. After weighting each subframe with the Hann win-
dow w(n) = 0.5(1−cos(2πn/N)), we perform a short-term spec-
tral analysis by means of a discrete Fourier transform (DFT)

X(µ,λ ) =
N−1

∑
n=0

x(λR+n)w(n) exp

(
− j

2πnµ

N

)
, (1)

where µ = 0,1, ...,N−1 denotes the frequency bin index. A har-
monic decomposition of the spectral content results in coefficients
which correspond to different degrees of spectral detail. This is
achieved by applying the cepstral transform

xc(q,λ ) =
1

N

N−1

∑
µ=0

ln
(
|X(µ,λ )|2

)
exp

(
j
2πµq

N

)
, (2)

where q = 0,1, ...,N−1 is the cepstral index. Low cepstral coeffi-
cients characterize the coarse spectral structure whereas higher cep-
stral coefficients represent the spectral details. Strictly harmonic
structures in the spectrum are mainly mapped on single cepstral co-
efficients, i.e. the fundamental frequency f0 of a periodic signal is
mapped on a cepstral coefficient at q0 = fs/ f0.
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Cepstral dynamics can be captured by means of a sliding win-
dow DFT which results in a cepstral short-time modulation spec-
trum. Starting at subframe λ = ΛS with the modulation analysis
window index Λ and the modulation analysis window shift S the
sliding window considers K consecutive subframes

Xc(ν,q,Λ) =
K−1

∑
κ=0

xc(q,ΛS+κ) exp

(
− j

2πκν

K

)
(3)

where ν = 0,1, ...,K−1 is the modulation frequency bin index.
Temporally averaging over the total number of ΛT magnitude

modulation spectra yields a more compact representation of the
cepstro-temporal structure

Xc(ν,q) =
1

ΛT

ΛT−1

∑
Λ=0

|Xc(ν,q,Λ)|. (4)

which we refer to as the mean cepstral magnitude modulation
spectrum (MCMMS).

3. ANALYSIS OF THE MCMMS FORMUSIC SIGNALS

In Figure 1 the MCMMS of exemplary Rhythm & Blues (R&B),
Classical and Electronic music files are illustrated, respectively.
Here, we consider coarsely resolved modulation frequencies (Fig-
ures 1(a), 1(c) and 1(e)) and highly resolved modulation frequencies
(Figures 1(b), 1(d) and 1(f)) of a cepstral modulation spectrum for
modulation frequencies fmod < 31.25 Hz. Note, that the subframe
shift R and the modulation analysis window length K determine the
modulation frequency range of the MCMMS representation in such
a way that fc,mod = 0.5 fs/R and ∆ fmod = fs/(RK) denote the mod-
ulation cut-off frequency and modulation frequency bin spacing, re-
spectively.

The low-resolution MCMMS of R&B music (Figure 1(a)) and
Classical music (Figure 1(c)) bear a striking resemblance with their
high-resolution counterparts (Figures 1(b) and 1(d)). A difference
can be noticed, however, in the case of Electronic music (Fig-
ures 1(e) and 1(f)). Here, the high-resolution representation shows
fine horizontal lines which result from the highly regular cepstro-
temporal structure of this music style.

4. CEPSTRALMODULATION FEATURES

4.1 Cepstral Modulation Ratio Regressions (CMRARE)

As proposed in [9], the information content of an MCMMS with
coarsely resolved modulation frequencies can be aggregated by
means of cepstral modulation ratios (CMR) which normalize higher
modulation frequency bins on the zeroth modulation frequency bin.
These CMRs can be parameterized, respectively, by means of a
polynomial fit of order p using a standard least-squares procedure
[11]. This results in p+1 polynomial coefficients per CMR which
we term Cepstral Modulation RAtio REgression (CMRARE) pa-
rameters.

4.2 Cepstral Modulation Music (CMM) Features

For an increasing modulation frequency resolution, CMRARE fea-
tures become inappropriate as they reverse the benefits of a high-
resolution cepstral modulation spectrum. Therefore, a set of 22
Cepstral Modulation Music (CMM) features for musical genre clas-
sification is proposed which characterizes the details of a highly-
resolved modulation spectrum.

4.2.1 Decomposition of the MCMMS

For a systematic analysis of the cepstro-temporal properties of mu-
sic signals, the MCMMS is decomposed into three cepstral ranges
which describe the modulation structure of the spectral envelope,
high fundamental frequencies and low fundamental frequencies,
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Figure 1: LFCC based MCMMS for Timbaland - Fantasy (R&B)
[upper plots], Mussorgsky - Pictures at an exhibition 1 (Classi-
cal) [middle plots] and Processor - Nibtal (Electronic) [lower plots],
with fs = 16 kHz, N = 512 and R = 256, q: cepstral index.

respectively. After analyzing the MCMMS of representative mu-
sic signals and assuming the parameters fs = 16 kHz, N = 512,
R = 256, K = 512 and S = 256, we have defined three cepstral
ranges.

The interval q∈ [q1,q2] = [1,30] can be assumed to characterize
the spectral envelope. In Figure 2 the short-time spectrum of an ex-
emplary music signal frame (solid line) is cepstrally smoothed, i.e.
all cepstral coefficients q > 30 are to set to zero before transform-
ing back the cepstral representation into the spectral domain. This
is also referred to as liftering [2]. The liftered spectrum is depicted
as a dashed line which represents the spectral envelope of the signal
section. Therefore, the limits of the spectral envelope range speci-
fied above are chosen reasonably. Further, we define q ∈ [q1,q2] =
[31,130] as the high pitch range and q ∈ [q1,q2] = [131,256] as the
low pitch range, i.e. the transition from high to low fundamental
frequencies is assumed to be at f = fs/130 ≈ 123 Hz.

Furthermore, we consider three equally spaced modulation fre-
quency intervals ν ∈ [ν1,ν2] = [2,86] (slow modulations), ν ∈
[ν1,ν2] = [87,171] (medium modulations) and ν ∈ [ν1,ν2] =
[172,256] (fast modulations). The cepstral and modulation fre-
quency intervals specified above define nine partitions which are
illustrated in Figure 3.

4.2.2 Timbral and Pitch-Related Features

For each cepstral range we compute the cepstral average of the
MCMMS

Yq1|q2(ν) =
1

q2−q1 +1

q2

∑
q=q1

Xc(ν,q). (5)

This quantity exhibits a hyperbolic roll-off along the modulation
frequency axis which is illustrated by solid lines in Figure 4(a) for
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Figure 2: Short-time magnitude spectrum of an exemplary mu-
sic signal segment (solid) and corresponding liftered spectrum
(dashed).

the spectral envelope range of exemplary Rock and R&B music sig-
nals. These shapes indicate a temporal correlation of cepstral coef-
ficients. As R&B music often relies on synthetic instruments and
looped samples, cepstral coefficients are likely to be more tempo-
rally correlated than for Rock music where instruments are played
manually. This results in different slopes for (5).

As indicated by dashed lines in Figure 4(a), Y
q1|q2

(ν) can

be modeled well by means of a hyperbolic function Ŷ
q1|q2

(ν) =

αq1|q2/ν + βq1|q2 , where αq1|q2 describes the shape of the hyper-

bola and therefore influences its genre-related slope. The parameter
βq1|q2 is the vertical shift. We can estimate αq1|q2 by transform-

ing (5) into an approximately linear relation Y lin
q1|q2

(ν) = νY
q1|q2

(ν)

(Figure 4(b)) and performing a first order least-squares polynomial
fit [11]. Since we are not interested in the vertical shift βq1|q2 of the

hyperbola function we only extract the hyperbolic shape parameter

αq1|q2 =

K/2

∑
κ=0

κ2
K/2

∑
ν=0

Y lin
q1 |q2

(ν)−
K/2

∑
κ=0

κ
K/2

∑
ν=0

νY lin
q1|q2

(ν)

K

2

K/2

∑
ν=0

ν2−

(
K/2

∑
ν=0

ν

)2
. (6)

After simplifying (6) and omitting constant, genre-independent
factors we obtain one modulation roll-off feature

tmr(q1,q2) =
K/2

∑
ν=0

(K+1−3ν)Y lin
q1 |q2

(ν) (7)

for each cepstral range, with tmr(q1,q2) ∼ αq1|q2 .
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Figure 3: Decomposition of an MCMMS in (A) spectral envelope
range, (B) high pitch range, (C) low pitch range, (D) interval of slow
modulations, (E) interval of medium modulations and (F) interval
of fast modulations for a section of an exemplary Pop music piece.
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Figure 4: Modulation roll-off in the spectral envelope range 1 ≤
q ≤ 30 for exemplary R&B (Aaliyah - More than a woman) and
Rock (Disturbed - Land of confusion) songs with NT = 960000,
fs = 16 kHz, N = 512, R = 256, K = 512 and S = 256.

The nine partitions which are shown in Figure 3 can be summa-
rized, respectively, by means of a two-dimensional average which
account for the slow, medium and fast modulation strength. Hence,
the modulation strength feature is defined as

tms(q1,q2,ν1,ν2) =
1

∆ν

1

∆q

ν2

∑
ν=ν1

q2

∑
q=q1

Xc(ν,q), (8)

for each cepstral and modulation frequency range, with ∆ν = ν2−
ν1 +1 and ∆q = q2−q1 +1.

Note, that the features defined above coarsely average cepstral
and modulation frequency intervals. We argue that modeling the
pitch modulation structure too precisely may lead to overfitting ef-
fects and is inevitably connected with a higher number of features
to be extracted which increases the computational complexity of the
feature extraction and classification process.

4.2.3 Rhythm-Related Features

For deriving rhythm-related features from the MCMMS representa-
tion we analyze the modulation spectrum of the zeroth cepstral co-
efficient which is an energy-dependent quantity. Since any onset of
musical notes and percussive beats temporarily increases the signal
power, the modulation spectrum of the zeroth cepstral coefficient
Xc(ν,0), which is depicted in Figure 5 for exemplary Pop and Elec-
tronic music sections, is a good measure from which rhythmic infor-
mation about the underlying music signal can be extracted. Hence,
we derive features corresponding to the peaks in Figure 5. For that
we consider a beats-per-minute (BPM) range of 40 to 160 which
encompasses a variety from slow to uptempo music. This range
corresponds to the modulation frequency bin interval V1 ∈ [5,22]
where we assume fs = 16 kHz, R = 256 and K = 512. Further, we
define three octave bands of this interval V2 ∈ [11,44], V3 ∈ [22,87]
and V4 ∈ [44,175] to extract possible harmonics of the fundamental
peak. Note, that these values are rounded.

Then, we can extract the position of the fundamental peak

trr,1 = argmax
ν∈V1

Xc(ν,0) (9)
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Figure 5: MCMMS of two exemplary songs for q = 0 and ν ≥ 1,
with NT = 960000, fs = 16 kHz, N = 512, R = 256, K = 512 and
S = 256.

and the normalized positions of the peaks in the octave bands

trr,i =
1

trr,1
argmax

ν∈Vi

Xc(ν,0). (10)

for i ∈ {2,3,4}. These features represent the rhythmic regularity of
the music signal. The magnitude of the fundamental peak

trs,1 = Xc(trr,1,0) (11)

as well as the normalized magnitudes of the other three peaks

trs,i =
Xc(trr,i,0)

trs,1
, (12)

with i ∈ {2,3,4}, account for the relative rhythmic strength.
A feature corresponding to the cepstro-temporal regularity of

music signals can be found by averaging the MCMMS over a wide
cepstral range

Y1|qmax
(ν) =

1

qmax

qmax

∑
q=1

Xc(ν,q), (13)

where we set qmax = 150. This results in a curve with a hyper-

bolic trend. After linearizing (13) by Y lin
1|qmax

(ν) = νY
1|qmax

(ν) the

linearized trend Ŷ lin
1|qmax

(ν) is estimated and removed which yields

the deviation from the hyperbolic model Ỹ lin
1|qmax

(ν) = Y lin
1|qmax

(ν)−

Ŷ lin
1|qmax

(ν). This deviation which shows the amount of harmonic

modulations is more pronounced for Electronic music than for other
music styles which is illustrated in Figure 6. Its strength can be ex-
pressed by the mean and variance of its absolute value.

5. CLASSIFICATION OF MUSICAL GENRES

In this section we present the results of a musical genre classifica-
tion experiment using CMRARE and CMM features and compare
their performance to static and dynamic MFCCs as proposed by
McKinney and Breebaart in [5] where the latter are referred to as
MB MFCC hereafter. All of these feature sets are based on a mod-
ulation analysis of the underlying signal. However, they differ in the
resolution of the modulation spectrum. Therefore, this experiment
will answer the question if a low-resolution modulation spectrum is
sufficient for discriminating musical genres or if it requires highly-
resolved modulation frequencies. Only in the latter case a distinc-
tive harmonic modulation structure can be resolved for Electronic
music which was demonstrated in Section 3.
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(b) Rock (Nirvana - Smells like teen spirit)

Figure 6: Deviation from the hyperbolic model of the cepstrally
averaged MCMMS in the cepstral range 1≤ q≤ 150 for exemplary
Electronic and Rock music.

5.1 Data Set

In this study music files from own and public sources belonging
to the musical genres Classical, Electronic, Pop, R&B and Rock
are considered where the number of files per genre range between
120 and 180. We decided to merge music from different sources
since we observed that publicly available data sets such as [12] do
not encompass the large musical variety as in commercially avail-
able music. Further, the signal segments provided by Tzanetakis
and Cook for carrying out their work in [4] are not long enough to
extract features which reliably represent the underlying song.

5.2 Feature Extraction

For each music file we analyze a signal section of one minute taken
from the center of the file. This section is sampled at fs = 16 kHz,
i.e. we analyze NT = 960000 signal samples. After setting the sub-
frame length and shift to N = 512 and R= 256, respectively, a spec-
tral analysis (1) is performed. A spectral decomposition is achieved
by obtaining the cepstrum (2).

For computing the cepstral modulation spectrum (3) and the
MCMMS representation (4) we set K = 512 and S = 256 if the
22 CMM features as outlined in Section 4.2 are computed subse-
quently.

For extracting CMRARE features, which are briefly described
in Section 4.1, we adopt the parameters settings from [9], i.e. we
set K = 16 and S = 8 to obtain a low-resolution modulation spec-
trum and compute a CMR for ν = 1 and 2 ≤ ν ≤ 8, respectively.
The order of the polynomial is chosen as p = 10 which yields 22
features.

Further, the MB MFCC features are extracted. Here, the mod-
ulation spectrum of the first 13 MFCCs is computed as in e.g. [13],
based on which the energy in the modulation frequency ranges 1-
2 Hz (musical beat rates), 3-15 Hz (speech syllabic rates) and 20-
43 Hz (perceptual roughness) is obtained alongside the DC values
of the static MFCCs. This approach results in a set of 52 modulation
energy features.

5.3 Classification Procedure

The classification of musical genres using the feature sets described
in the previous section is performed by means of a linear discrim-
inant analysis (LDA) [14]. We randomly select 100 files per genre
and compute the corresponding feature vectors out of which 75 are
used for training and 25 for testing. The disjoint training and test
sets are cross-validated 50-foldly which ensures that training and
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Figure 7: Detection rates for CMRARE features, CMM features as
well as static and dynamic MFCCs [5].

test files are exchanged and consequently leads to more significant
results. In order to account for all available files, the whole pro-
cedure, i.e. random selection of 100 files, training and testing, is
repeated 20 times. Finally, we evaluate the average detection rates.

5.4 Classification Results

The detection rates resulting in the classification experiments are
depicted in Figure 7 for the five musical genres and the different
feature sets. The class averages are shown as well.

On average, CMM features outperform the competing features
sets with a detection rate of 81.0%. For CMRARE and MB MFCC
features we obtain 75.1% and 74.0%, respectively.

CMRARE features work better for Classical music and perform
equally well for Pop music as CMM and MB MFCC features. For
R&B music their performance is comparable to that of CMM fea-
tures (84.4% vs. 81.9%). Here, MB MFCC features perform worse
(71.9%). In the case of Rock music, CMM features (81.4%) and
MB MFCC features (78.4%) show better results than CMRARE
features (73.5%).

The most striking result is obtained for Electronic music. Here,
the classification performance using CMRARE or MB MFCC fea-
tures is poor as the detection rates fall below 60%. CMM fea-
tures, however, significantly improve the detection rate in this case
(82.4%). This set of features characterizes the distinctive harmonic
modulation structure of Electronic music which can only be repre-
sented in a modulation spectrum with highly-resolved modulation
frequencies. The results indicate that low-resolution modulation
features as the CMRAREs or MB MFCCs do not bear enough dis-
criminative information to detect Electronic music or other kinds
of music with a highly regular cepstro-temporal structure. There-
fore, exploiting the fine modulation structure of music signals yields
more distinctive features.

6. CONCLUSIONS

The cepstral modulation spectrum is a well-suited common basis
from which features are extracted for a musical genre classification
task. CMRARE features which are based on a low-resolution mod-
ulation spectrum as well as static and dynamic MFCCs [5] which
coarsely summarize the modulation energy of MFCCs in four bands
do not work well for the detection of Electronic music. It is impor-
tant to choose a highly-resolved modulation frequency range which
ensures that the fine modulation structure of regular and repetitive
music styles such as Electronic music is represented. Therefore,
the newly proposed CMM features which include characteristics
describing the fine modulation structure perform better than CM-
RARE features as well as static and dynamic MFCCs. As opposed

to conventionally used features in music classification which are of-
ten derived from different signal domains, CMM features are all
derived from a single, unified cepstro-temporal representation. The
features are simple, but effective as they are music-related. This
guarantees that, after the cepstral modulation spectrum is obtained
by means of efficient FFT operations, the computational complexity
associated with the feature extraction is fairly low. While static and
dynamic MFCCs contain 52 feature values per music file, only 22
CMM features are required to obtain a detection rate of 81% in a
5-class musical genre classification experiment.
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ABSTRACT 

We present a compact approach to simultaneous modeling of 

non-stochastic time-variant components in audio signals. We 

show that the harmonic energy can be properly described by 

a single polynomial, while short events are well captured by 

a continuous piecewise linear function. The proposed 

method is robust to fundamental frequency estimation errors 

and inharmonicities in the audio signal. The comparative 

results suggest that our method achieves the performance of 

the state-of-the-art by using much less parameters and thus 

yielding higher computational efficiency. 

 

1. INTRODUCTION
1
 

Time-variant harmonic modelling is proven to be a useful 

analysis tool for characterizing audio signals like music and 

speech. It has been widely used in a number of application 

areas like audio synthesis, transformation, coding and en-

hancement. 

The general audio signal model is often conceived as a 

finite sum of harmonically related sinusoids, whose instanta-

neous amplitudes Ai(n) and frequencies iF0(n) vary slowly in 

the analysis window, plus additive noise r(n): 
 

( ) ( ) ( )[ ] ( )nrnniFnAns
i

ii ++=∑ ϕπ 0 2cos  .       (1) 

 

A number of different approaches aim at describing the time 

variations of the harmonic parameters. Methods like [1, 2] 

estimate the harmonic parameters by fitting (1) to the original 

signal through maximum likelihood or least-squares method 

(LS). Another approach is based on the analysis of the sig-

nal’s STFT, where the harmonic parameters are typically 

estimated in the spectral peak detection-description-

classification framework [3, 4]. The statistical approach [5] 

implements a Bayesian network with a particular prior struc-

ture, built from the conditional probabilities which establish 

the relationship among the harmonic parameters. 

These methods, however, often fail to correctly charac-

terize short-time events like fast transients, which are com-
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Vlaanderen), the Flemish Government (Methusalem 1), and the Belgian 

Federal Government (IUAP VI/4). 

mon in audio signals e.g. sharp attacks at note onset/offset, 

transition between voiced/unvoiced regions in speech signals 

etc [6]. There are two general strategies to capture short-time 

events in audio signals. One is based on extending (1) by 

explicit modelling of transients [7-9]. This yields a simulta-

neous estimation of the harmonic and transient components, 

providing thus a compact audio signal description. A large 

number of parameters and high computational cost are how-

ever principal shortcomings of these methods. Regarding the 

second strategy, each signal component is estimated at a time 

by analyzing the signal’s expansion in local trigonometric 

basis or some other conveniently chosen time-frequency or 

time-scale representation [10, 11]. Serious drawbacks in 

these methods consist in mutual bias produced by separate 

signal component estimation and difficulty to impose a clear 

harmonic/transient separating threshold.  

The method we propose herein addresses the issue of 

joint harmonic and transient signal component modeling. The 

key idea is the expansion of the input signal onto a set of 

harmonically related sinusoids determined by the signal’s 

mean instantaneous fundamental frequency. If the signal 

changes in a slow and continuous manner, the expansion 

coefficients define small-order time polynomials. In order to 

allow for fast energy changes during transient events, the 

expansion coefficients are the parameters of small-order time 

piecewise linear functions (PWL). The cue to using the same 

approximation basis is the fact that the polynomial and PWL 

approximations describe very different variation trends. Ac-

cordingly, a simple linear least-squares (LS) algorithm will 

properly mix the contributions from both approximations as a 

function of the “transientness” and “harmonicity” of the ana-

lyzed signal segment. 

The present paper is organized as follows: in Section 2 

we propose a signal model used to describe harmonic and 

transient components in audio signals. Section 3 explains the 

model behavior. In Section 4 we pose the estimation problem 

as linear LS. In Section 5 we present a comparative study 

among different methods together with an illustrative exam-

ple. The conclusions appear in Section 6. 
 

2. THE SIGNAL MODEL 

Similar to [7-9] we are going to treat a realistic audio signal 

model represented as a sum of harmonic, transient and re-
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sidual term. The residual is typically modelled as a Gaussian 

noise whose power spectral density is modified by a time-

variant filter bank. The models for the harmonic and tran-

sient component respectively are described in the following 

subsections. 

 

2.1 The harmonic model 

 

Below is a brief summary of the harmonic model described 

in [12]. It has been developed based on the assumption that 

the harmonic parameters vary slowly and continuously in the 

analysis window. Starting from expression (1), a linear varia-

tion of the parameters accounts for the continuity constraint: 
 

( ) naanA ii

ii

)(

1

)(

0sin +=ϕ ,                    (2) 

 

( ) nbbnA ii

ii
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1
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0cos +=ϕ ,                    (3) 

 

( ) nffnf  100 += .                           (4) 

 

The assumption about the slow variation is formulated 

through the following approximations: 

 
2

1

2

1  2 2sin nfnf ππ ≈ ,      1 2cos
2

1 ≈nfπ .           (5) 

 

By rewriting the harmonic term in (1) as a sum of angles and 

combining it with (2 - 5), we obtain the model h(n) for the 

harmonic component in the audio signal: 
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The last expressions show that both amplitude and frequency 

time-variations are compactly captured by the signal expan-

sion onto the f0 -harmonic basis with polynomial coefficients. 

In addition, (7.a) and (7.b) provide us with the variation 

trends in the signal, as well as a possibility to estimate the 

harmonic model parameters.  

If a short-time event takes place in the analysis window, 

then the initial assumptions no longer hold. As a conse-

quence, the model fails to follow the time-variations in spite 

of incrementing the approximation order. In absence of fre-

quency modulation during the short-time event, the model 

may still be able to operate correctly. In opposite case, the 

coefficients in (7.a) and (7.b) get mutually coupled, not al-

lowing for correct joint modelling of amplitude and fre-

quency variation trends. 

 

2.2 The transient model 

 

It is not an easy task to assign a general model to a transient 

component in an audio signal. Although it can be argued that 

most transients are strongly related to the harmonic compo-

nents (note onset/offset), their overall behaviour can be very 

complex. Continuous PWL approximation, however, turns 

out to be a very good candidate for this task, and the reason 

is twofold. On one hand, it allows fast and abrupt changes in 

the signal’s amplitude. On the other, the modelling can be 

accomplished by using only a few linear segments in the 

analysis window. 

A continuous PWL function can be efficiently repre-

sented by a linear combination of triangular (“hat”) func-

tions, also known as the second-order or linear B-splines. A 

set of hat functions shifted in time forms a basis for a PWL 

approximation of the audio signal. Such basis assures that the 

PWL function is continuous and smooth at the joint points 

i.e. the adjacent linear segments share the same breakpoint. 

As an illustration, a 5-element uniformly distributed basis is 

shown on Figure 1. For an arbitrary number of elements M of 

the basis and length of the analysis window N, we can define 

the k
th
 basis element ψk(n) for the interior breakpoints k ∈ [2, 

M-1]: 
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For the boundary breakpoints (k = 1, M) the expressions are 

slightly different but very similar to (8). According to the 

aforementioned discussion, the model t(n) for the transient 

component will contain the basic harmonic structure modu-

lated by an expansion of the audio signal onto a set of uni-

formly distributed basis functions: 
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where αk and βk are scalars.  

Let us say a couple of words about the choice of decom-

position basis in the context of present work. Higher-order 

basis functions are often used for piecewise polynomial ap-

proximation of smooth functions because of their properties 

of orthogonality and time-shift invariance. However, they are 

not adequate for describing transients because they often 

produce large overshoots between successive breakpoints. 

On the contrary, a PWL approximation follows the variation 

trend of the data without additional inflections, thus preserv-

ing the signal’s shape. Another topic of interest is the choice 

of equidistant (uniform) distribution of the basis functions in 

the analysis window. Although irregular breakpoint spacing 

could yield more optimal signal approximation, the uniform 

distribution proves to be more practical because it is difficult 

to find globally optimal breakpoint spacing without any a 

priori knowledge about the transient energy evolution within 

the analysis window. 
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Figure 1 – Five-element basis for a PWL approximation. 

 

 

3. SIGNAL MODEL BEHAVIOUR 

A superposition of the harmonic and transient model is 

meant to describe the time-variations of the non-stochastic 

energy in an audio signal. In order to get a deeper insight, let 

us examine the joint action of the models within the time 

interval corresponding to a single linear segment of the PWL 

approximation for a single signal harmonic. According to (8) 

and (9) the transient model for the i
th
 harmonic within a k

th
 

linear segment will be determined by the contributions from 

the basis functions ψk-1(n) and ψk(n): 
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Combining (11) and (7) we arrive at the following expres-

sion for the signal’s i
th
 harmonic within a k

th
 linear segment: 
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Accordingly, the modified terms will follow coarse changes 

in the signal while the remaining terms will describe fine 

time-variations. Note that we are now capable of capturing 

correctly amplitude and frequency variations thanks to addi-

tional degrees of freedom in (13.a) and (13.b) provided by 

the parameters c and d. Due to the fact that the polynomial 

and PWL approximation describe different time-variation 

trends in the signal, a simple linear fit will do to adjust the 

contributions from the models. However, due to a certain 

linear dependency between the models, the system of equa-

tions is rank-deficient and has no unique solution. Accord-

ingly, we use pseudo-inverse LS to choose the effective rank 

of the decomposition matrix and thus obtain a solution that 

has the minimum possible residual norm. 

4. PARAMETER ESTIMATION 

In order to apply linear LS, we first have to estimate f0 

which is roughly the mean instantaneous fundamental fre-

quency in the analysis window. Correct instantaneous fun-

damental frequency estimation is crucial in many audio ap-

plications in order to avoid subharmonic errors. There are a 

huge number of strategies which allow us to detect and es-

timate the time-varying fundamental frequency in audio 

signals e.g. direct evaluation of signal’s periodicity, fre-

quency domain harmonic matching, spectral period evalua-

tion, psychoacoustic methods etc.  

It turns out, however, that the proposed method has a 

nice property of efficiently mitigating f0 estimation errors. It 

is easily shown that an incorrectly estimated f0 will produce 

a bias in all except the continuous term in (13). As this bias 

is linearly dependent on the f0 estimation error, a simple re-

adjustment of the coefficients will immediately improve the 

fit. Let us mention that this error compensation mechanism 

is also beneficial for properly capturing inharmonicities (de-

viation from theoretic harmonic frequencies) which are of-

ten present in audio signals.  

Accordingly, we have chosen for our application a very 

simple and computationally efficient f0 estimation method 

based on the Interpolated FFT [13]. Briefly, it consists of 

calculating the Discrete-time Fourier Transform of the signal 

around the fundamental frequency by using only two sam-

ples in the corresponding FFT. The main benefits of this 

method are efficient long and short-term leakage suppres-

sion and stability to additive noise and arithmetic roundoff 

errors. This method has been developed for stationary sinu-

soids but it has been proven heuristically to work well for 

most real-world audio signals which are inherently non-

periodic.  

Once f0 has been estimated, the rest of the model pa-

rameters are obtained by solving a set of linear equations 

generated for each harmonic according to (12). The signal 

matrix expression and corresponding LS solution are: 
 

rps +=Φ ,                                 (14) 

 

sp
+= ΦLSˆ .                                 (15) 

 

The vectors s and r contain the measurement data and addi-

tive noise respectively, while ΦΦΦΦ is built out of time-variant 
sine and cosine terms related to the estimated f0. The matrix 

ΦΦΦΦ+ is the pseudo-inverse of  ΦΦΦΦ. 
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Figure 2 – Signal approximation root mean square error (RMSE). 

The SNRp is calculated with reference to the highest harmonic. 
 

5. EXPERIMENTAL RESULTS 

In this section we quantitatively and qualitatively evaluate 

the efficiency of the proposed signal modelling approach, 

through a comparative study and an illustrative example 

respectively.  

For the comparative study we have chosen [7] (from 

now on the Exponential method) and [3] (from now on the 

Peak Selection method). The choice was motivated by the 

fact that both methods perform simultaneous audio signal 

component description by using very different analysis ap-

proaches. The Exponential method models the signal as a 

sum of stationary sinusoids modulated by a set of slowly 

time-varying damped exponentials. The Peak Selection 

method characterizes each peak in the spectrogram of the 

audio signal in terms of stochastic/non-stochastic. 

The test signal sT(n) used for the comparative study has 

been carefully designed in order to best represent different 

real-world scenarios. For n = 0,1, ..., N-1 the signal sT(n) is:  
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The first signal segment (n < nL) is pure Gaussian noise with 

nL = 0.4N. The energy time-evolution of the transient com-

ponent is described by steep linearly-ascending amplitude 

with the following parameter values: AAM = 0.5 and nT = 

0.5N. The harmonic component combines amplitude (AM)  

Figure 3 – Number of harmonic parameters to be estimated. The 

SNRp is calculated with reference to the highest harmonic.  
 

and frequency (FM) modulation through a sinusoidal law.  As 

argued in [12] this kind of modulation allows a wide range of 

real-world AM and FM conditions to be covered. The har-

monic parameters have been adjusted in such a way to assure 

the presence of the dominant mainlobe at the harmonic fre-

quencies in the STFT. Correct operation of the Peak selection 

method depends on this condition, which is satisfied by let-

ting AFM  = 2, fFM = (4N) 
-1 
and fAM = 2FFM.. The phase angles 

γ, δ and φi take arbitrary values in [-π, π]. The remaining 
parameters have been chosen as: N = 1000, NFFT = 2048, fo = 

1kHz, fs = 44.1 kHz. The noise component is controlled 

through the Peak Signal-to-Noise ratio (SNRp) which we 

define as the peak power of the highest harmonic above the 

neighbouring noise floor. 

To evaluate the performance of the methods, we let the 

SNRp vary in range [0, 30]dB and for each value we calcu-

late the Root mean-squared error (RMSE) of the approxima-

tion over 100 realizations:  
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In case of The Exponential and proposed method, the model 

order selection can strongly influence the approximation ac-

curacy. In order to establish a fair comparison, the model 

order that minimizes the RMSE for a given SNRp has been 

determined experimentally for each method.  

By examining the resulting curves on Figure 2 we ob-

serve that the Exponential and proposed method achieve very 

similar behaviour in presence of additive noise. The Peak 

Selection method, however, falls behind the Exponential and 

proposed method in the whole analysis range. For high SNRp 

the difference of about 15dB is due primarily to failing to 

capture correctly the transient event. For middle and low 

SNRp the difference is reduced to approximately 5dB because 

of the increased noise floor. At the same time, we calculate 

the number of harmonic parameters to be estimated as a 

function of the SNRp and show the corresponding curves on 

Figure 3. 
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Figure 4 – (above) Trumpet signal; (middle) Signal spectrogram; 

(below) Residual spectrogram. 
 

The proposed method is clearly the best, especially at low 

SNRp where the gain with respect to the reference methods 

reaches 20dB. Under this condition the reference methods 

are comparable but as the noise impact gets smaller the Ex-

ponential method needs much more harmonic parameters to 

correctly represent the signal. Regarding the Peak Selection 

method, the number of parameters is roughly independent on 

the SNRp because the total number of peaks in the STFT is 

similar from one experiment realization to another.  

As an example of the qualitative behaviour of the pro-

posed algorithm, we have considered a 250ms excerpt from a 

trumpet recording which contains short transients, as well as 

time-varying harmonic component. Figure 4 shows the time 

record, its spectrogram and spectrogram of the residual 

which is obtained by simply subtracting the estimated model 

(12) from the trumpet signal itself. We observe that the resid-

ual spectrogram exhibits the same line pattern as the signal 

spectrogram but in shades of gray, which means that most of 

the non-stochastic energy has been correctly removed. Note 

that the transient event at the beginning of the record is well 

captured by the model, in spite of the fact that it contains 

frequency modulation as well. By listening to the residual, 

we have detected no audible artefacts.  

6. CONCLUSIONS 

We have shown that both harmonic and transient behaviour 

in audio signals can be compactly described through a basic 

harmonic structure modified by the joint action of polyno-

mial and piecewise linear approximation. The proposed 

model exhibits a high flexibility in reducing subharmonic 

errors and capturing inharmonicities in the signal. In addi-

tion, the parameters are easily computed as the model is 

linear-in-parameters. The experimental results show that the 

proposed method achieves a similar accuracy as one refer-

ence method, but using much less parameters and computa-

tional effort. 
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ABSTRACT
In the absence of context, the process of listening to acous-
tic scenes results in deriving an explicit semantic description
and an implicit assessment of its acoustic properties in terms
of its affective value. In this work, we mainly exploit the
relationship between context-free associations of audio clips
containing unconstrained acoustic sources with their affec-
tive values for clustering. Using over two hundred clips from
the BBC sound effects library, we present a novel, quan-
titative method to compare the clusters of audio clips ob-
tained using its context-free description with the clusters ob-
tained from their affective measures; namely valence, arousal
and dominance. Our results indicate that comparing clusters
across representations is a suitable approach to determinean
appropriate number of clusters to index audio clips in an un-
supervised manner. In this paper we present our findings and
examples of the resulting clusters of audio clips.

1. INTRODUCTION

Portable consumer devices like mobile phones nowadays in-
clude a recording functionality so that users can easily cre-
ate their own multimedia content. Blogs and Web 2.0 ser-
vices like YouTube.com allow for an easy and immediate
distribution. Personal web pages with video clips or mu-
sic for permanent availability and instant accessibility is also
commonplace. For both intentions of infotainment and goal-
oriented search, an appropriate indexing method is desired,
which should ideally work automatically and lead to results
aligned with human expectations. Users usually index or la-
bel multimedia content with descriptions such as “Bird”, but
much of the clips’ attraction arises from its affective quality
like “funny”, “touching” and the spontaneous associations
one has when watching or listening to them. At the same
time, as described in sections 1.1 and 1.3, multimedia con-
tent can also be presented to the listener to express some-
thing funny or touching in a given context. In this paper,
we propose a new way to describe real-life audio material
with context-free associations which are not necessarily con-
fined to direct description of the acoustic scene. For exam-
ple, while “breaking glass” (CLEAR BROKEN GLASS from
the BBC Library) can be understood as the direct description
of the clip, the context free association can be “accident” or
“mishap”, which can then be used for clustering, indexing
and searching. We mainly address unsupervised clustering
based on affective quality and the spontaneous associations
the listeners reported. We present a novel approach to select
a suitable number of clusters by comparing clustering results
across two different representation spaces.

This paper is structured as follows: first, we will address
why affective quality is relevant for multimedia clustering,
searching and indexing. Next in section 1.2 we will give a

brief overview on various human descriptions for audio and
third, we will point out that audio material pre-processed in
this way can also serve as a template for pre-selecting appro-
priate samples for the design of auditory icons. In section
2 of this paper, we describe our own experiment where we
asked subjects to rate selected clips from the BBC sound ef-
fects library on affective dimensions and refer their sponta-
neous association with it. In section 3 we report some re-
sults which show two what extent clustering according to
both types of descriptors (affective and semantic) yields to
comparable results. Finally, in section 4 we present conclu-
sions and further discussions on the work presented here.

1.1 Affective Quality

Next to acquisition of information, entertainment is presum-
ably one of the main reasons people access multimedia con-
tent. Entertainmentin this context is not confined to amuse-
ment or pleasure, but also includes the deliberate exposureto
material that is scary or irritating to a certain extent. From a
psychologist’s point view such behaviour can be interpreted
as a conscious attempt to modulate one’s own mood oremo-
tion regulation[3]. With this purpose in mind, it becomes
apparent that automatic multimedia search should also aim
at indexing their content regarding to its affective quality. A
point that has been of interest in the research community for
a while [12].

One very general approach to quantify and compare the
affective impact of a stimulus is its value on the three di-
mensions of valence that is sometimes also calledpleasant-
nessranging fromunpleasantto pleasant, arousal fromcalm
to arousedand dominance frombeing in controlto being
controlled. Quantification according to these dimensions has
been applied to visual as well as acoustic material by Bradley
and Lang [6, 11] which use a pictogram-based scale, theSelf-
Assessment-ManikinSAM,[5] to let users rate the perceived
affect. The SAM is briefly described in the method section
of this article.

These dimensions are very general and can be applied to
all kind of stimulus material. At the same time, the advan-
tage of generalizabilty also brings along the disadvantageof
a certain lack of specifity, implying that stimuli which cause
different emotions like anger or fear will get quite similar
ratings, namely negative valence and high arousal [13]. One
attempt to overcome this drawback is to map emotion cat-
egories onto the SAM values [16]. For clips with a distinct
semantic content this may be feasible, but for potentially am-
biguous material like real world audio clips, a distinct clas-
sification may be less successful. If the value on the uni-
versal dimensions of valence, arousal and dominance can be
seen as one very general approach to quantify an audio clip,
the individual associations each user has while listening to it
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can be regarded as the other extreme, as they are determined
to great extent by this person’s individual interpretationand
memories. Emotional impact not only triggers attention, but
is also a strong memory enhancer, thus making it likely that
material with a strong emotional connotation will also be rich
in associations on the user’s side. Both properties, attention-
grabbing and evoking of clear associations are also named as
desired features of auditory icons which is why we chose this
as an additional exemplary application.

1.2 Semantic Descriptions

Due to the inherently rich content of audio and multimedia,
there are a variety of language-level descriptions for it. A
common example is the exact description of the content (e.g.,
CLEAR BROKEN GLASS). There have been many success-
ful approaches to using this form of description [2, 7, 14].
These examples also exploit category-based taxonomy for in-
dexing. Alternatively, onomatopoeia-based descriptionshas
also been looked at [17].

In this work, we are mainly interested in spontaneous as-
sociations to audio clips (using descriptive words such as
“funny” or “touching”) that are typically available in the
form of reviews or users’ comments in Web 2.0 applications.
This form of specific description does not necessarily de-
scribe the content exactly, but describes the user’s associa-
tion after listening to the acoustic sources in the clip. Also,
the experience of listening to the clip is measured in a gen-
eralized manner using the affective values. We believe that
the two forms of subject-based inputs help cope with each
other’s limitations of generality and specificity. We use the
associations to derive a semantic representation of the audio
clip using latent semantic indexing described later in section
2.2.

1.3 Auditory Icons

Bill Gaver [10] established the concept of auditory icons as
caricatures of sounds that appear in the real world. He em-
phasized their most important advantage that people listento
those sounds in their everyday life and thus are used to this
kind of auditory information. In addition the mapping be-
tween a certain sound and the event or object it represents is
not arbitrary as it would be with the use of artificial sounds.
Therefore the sounds can intuitively be mapped as analo-
gies to the actions or events. For instance, deleting a file
can be mapped to the sound of a rumpled piece of paper be-
ing thrown into the recycling bin. Finding suitable sounds
that are associated to certain events and objects in human-
computer interfaces is a challenging task for the design of au-
ditory icons as not all events in this context produce a sound
that is directly related. Metaphorical mappings without am-
biguity need to be found in these cases. The stronger existing
associations are the better are learning and retention rates of
sound event pairings [15]. Hence, auditory icons can be a
powerful approach to provide information about an event or
object in a human-computer interface or in a context set by
the content. Given that their acoustic meaning evokes clear
and distinct associations in the user. The challenge is to find
clips that have this property.

2. METHOD

To obtain standardized data set that comprises both affective
ratings and context-free association we have undertaken our

own controlled data collection procedure described below.

2.1 Data Collection

For collecting context-free associations and the correspond-
ing affective ratings we used a selection of 219 audio clips
from the BBC Sound Effects Library [1]. The audio clips
were originally designed to mix audio tracks and consist of
natural, unconstrained audio recorded in real environments.
To obtain reliable results, we wanted to have an experimen-
tal time to rate all the sounds in less than one hour. We split
our selection of clips and conducted two similar experiments
with about 110 clips each. In addition to the BBC clips we
included 5 clips from the IADS database [6] to compare the
ratings of our subjects to the values obtained in the IADS
database in each test. This was used to cross check affective
ratings of our samples with the reference samples in [6].

Altogether, 64 students from the local university campus
(35 male, mean age 26.5, std. 4.2) participated in the two ex-
periments. Upon arrival, subjects were asked to fill in a gen-
eral demographic questionnaire. Next they were seated in an
anechoic chamber and introduced to the general set-up and
procedure, including the computerized version of SAM. In
this questionnaire, valence also sometimes calledpleasant-
nessis depicted with a face varying from happily smiling to
unhappily frowning in the SAM rating scale. A typical stim-
ulus would be baby laughter compared to crying. Arousal
is represented by a pictogram that ranges from an excited
figure with eyes wide open to a relaxed and sleepy charac-
ter. Dominance is illustrated as a manikin of increasing size
that for high dominance values is almost covering the com-
plete frame. The bipolar nature of all dimensions also allows
classification of stimuli that maybe neutral with regard to one
aspect. We used the original instruction [5] translated to Ger-
man where it is explicitly stated to mark the medium value of
5 on the 9 step scale in case of indecision. To let the subjects
practise the rating and type their associations (which could
only be done once the sound was played completely) an ex-
emplary sound file was used. While listening to this example
clip, subjects were said to adjust the loudness to their individ-
ual preference. Once a preferred level was set, it was recom-
mended not to change it during the experiment. As a last step
before the actual experiment started, the lights were dimmed
to avoid visual distractions and let the subjects focus on the
sound stimuli. Sounds were presented using a Sennheiser
280HDPRO headphone and a Fujitsu Siemens S7110 Laptop
with an external Millenium HP3 headphone amplifier. After
listening to all the sound clips in randomized order, subjects
were asked about any remarks or observations which were
noted by the experimenter. Finally, they were paid a sum of
15 Euros for their effort and thanked. Altogether a session
lasted about 60 - 90 minutes.

At the end of the data collection procedure each of the
219 audio clips contains on average of 16 context-free text
associations which underwent a standard manual text nor-
malization procedure. As a first step spelling mistakes were
corrected, special characters (like dots, commas etc.) were
removed and all letters were transformed to lower case. Ad-
ditionally, all function words (like articles, prepositions etc..)
were removed as they don’t convey any lexical information.
Afterwards, we normalized all verbs to their infinitive, all
nouns to their singular and all adjectives and adverbs to their
word stem. As a final step we replaced synonymous words,
e.g. the words “bothersome, annoying, bother” were all con-
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Figure 1: (A-D) Scatter plots of audio clips by affective di-
mensions. (D) the 1st and 2nd dimensions after PCA. Note:
Each audio clip is a single point.

sidered “annoying” because of the most frequently named
word (in this case ”annoying”). In addition to the normal-
ized text association, for each clip, a 3-tuple comprising the
affective ratings was also obtained.

2.2 Clip Representation

Using the subject-based data, we derived two forms of repre-
sentations for each audio clip: a vector in the latent space us-
ing the text associations and a three dimensional representa-
tion after principal component analysis (PCA) of the 3-tuple
affective measures. The representation in the latent space
was obtained by latent semantic indexing (LSI) (see [8]).
Typically, LSI of text documents begins with term-document
frequency counts between the document (the text or the as-
sociations of a clip) and the terms (a selection of meaningful
words). Many state-of-the-art text document indexing and re-
trieval approaches fundamentally rely on this measure. In ad-
dition to direct term-document frequency counts, a entropy-
based measure is also used to weigh the entries in the term-
document frequency matrix [4]. In LSI, the final representa-
tion is derived by dimension reduction using singular value
decomposition (SVD). From the complete collection of as-
sociations, a total of 1634 unique words were hand selected
after a typical text normalization procedure. The associations
corresponding to each clip were used as text document and
the hand selected words as terms. The approach has many ad-
vantages in the application of semantic retrieval of text doc-
uments, these can be found in [4]. This approach is suitable
for the present investigation because it is completely non-
probabilistic and makes no model-based assumptions about
the underlying data. It is also applicable to small to medium
size data.

The scatter plot of the audio clips in terms of the valence-
arousal, arousal-dominance and valence-dominance is shown
in figure 1. It can be seen that scatter of points form an ellip-
tical shape indicating a correlation between the dimensions
also normally observed in [6, 11]. Therefore, to orthogonal-
ize the dimensions and retaining only the required informa-
tion, we performed a PCA and reduced the dimensions to
two. This is illustrated in the lower-right sub-figure (D) of
figure 1.

We are able to derive vectors for audio clips in two differ-
ent representation spaces: using the text-based context free
associations and using the SAM ratings. The relationship
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Figure 2: Across-space overlap of clusters as a function of
number of clusters (K) for different clustering criteria.

between the two representations can be better understood by
unsupervised clustering. This is described in the next section.

2.3 Clustering in Latent and PCA space

Clustering allows us to impose a meaningful structure to the
audio clips in a given representation space. In this work, due
to the processes of human sound identification, an implicit
relationship (or mapping) between the affect of an audio clip
and its context-free association exists. This relationship can
be direct but surjective because a point in the latent space is
related to a point in the PCA space as they both represent
the same audio clip. Notwithstanding the fact that two dis-
tinct audio clips may have exactly the same association or
they may have exactly the same affective values, similar au-
dio clips shall lie in the vicinity of each other in the represen-
tation spaces. Therefore imposing a structure by clustering is
of interest to group and organize similar clips together. Ad-
ditionally, within the framework of multimedia content re-
trieval, an unknown audio clip can be indexed either using its
affective score or by descriptions and subsequently similar
clips from the cluster it belongs to can be retrieved for a user.
In this work, the listening experience is quantitatively cap-
tured by its affective ratings and mapped to the PCA space
and the context free association is captured by the text de-
scription and later represented as a vector in the latent space.

When considering clustering two factors need to be con-
sidered: the number of clusters and the clustering method.
Ideally, due to the relationship between the affective values
of audio clips and the association, it is desirable that on an
average, the resulting clusters in one space overlap with the
clusters in the other space. For reasons mentioned in section
3, in this work, we use hierarchical clustering in which the re-
sulting dendrogram needs to be cut at an appropriate level for
selecting the number of required clusters. For this purpose,
we propose to use across-space overlap between clusters. A
follow up question on this that needs to be addressed is what
is a suitable metric for measuring the overlap between the
clusters formed in different representation spaces. This is
described next.

Let s1,s2,s3, . . . ,sN beN audio clips. Depending on the
application in question, these clips can be represented as
single vectors in multiple spaces. In this work, we are in-
terested in two: one derived from affective values and the
other is the latent space derived from associations (denoted
as A and B). These clips can be clustered in an unsu-
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Cluster
V=5.63,
A=2.45

GREAT-TIT-TEACHER-SONG-B2, ROBIN-SONG-BB RANGANATHITTU-BIRD-SANC2-B2, BIRD-WILLOW-WARBLER-BB,
BRITISH-CHAFFINCH-BB, BRITISH-HOUSEMARTIN-BB, BRITISH-BLACKCAP-BB, CHIFFCHAFF-BIRD-B2,
ROSEATE-COCKATOOS-AUSTRL-BB, COCKEREL-AND-HENS-GRASS-BB, PEREGRINE-FALCON-CALLS-B2,
IBERIAN-MARSH-FROG-BB GARGANEY-BB, GOLDCREST-OTHER-BIRDS-B2, 1-DIESEL-LOCOMOTIVE-PASS-B2,
MALLARD-MALE-FEMALE-B2, MISTLE-THRUSH-SONG-B2, MOORHEN-BB, CITY-PARK-DUCKS-POND-BB,
CAMEROON-RAINFOREST-BB, ADULT-ROOK-CALLING-B2, RUDDY-SHELDUCK-S-ASIA-BB, 2-ADULT-SPARROWS-SING-B2,
BLUSTERY-WIND-BEACH-BB.

Cluster
V=3.49,
A=4.23

ANTARCTIC-WHITE-OUT-WIND-BB, CASTLE-RAIN-THUNDER-BB, REAR-DEBRIS-FALLING-BB, GALE-HEARD-FROM-INSIDE-BB,
HAIL-ON-UMBRELLA-BB, POLAR-WIND-BB, HEAVY-RAIN-ON-CAR-INT-BB, RAIN-ON-CORRUGATED-IRON-BB,
RAIN-ON-WINDOW-WATER-BB, RAIN-AND-DISTANT-THUNDER-BH, APPROACHING-THUNDER-BH.

Cluster
V=3.62,
A=4.27

CAR-WINDOW-DWN-UP-SQUEAK-BB, PARIS-TRAIN-PLATFORM-B2, COMMUTER-RAILCAR-RUN-B2, RAILWAY-STATION-BB,
LONDON-SUBWAY-ARRIVES-01-B2, DIESEL-TRAIN-PASSES-INT-B2, BUDAPEST-TRAM-STATION-B2.

Cluster
V=3.06,
A=4.67

CLEAR-BROKEN-GLASS-BB, CROCKERY-BROKEN-BB, GHOSTLY-FOOTSTEPS-CHAINS-BH, LARGE-GLASS-CRASHES-BB,
MED-TO-LRG-GLASS-BB, NAIL-PULLED-OUT-01-B2.

Cluster
V=3.36,
A=4.34

ALARM-TICKING-BB, CHIMING-CLOCK-1-OCLOCK-BB DIAL-PAY-PHONE-PIPS-BB, ROTARY-PAY-PHONE-DIAL-BB
PAY-PHONE-CALLBOX-RING-1-BB, PHONE-CALLED-PARTY-RINGS-BB, PHONE-PABX-RINGING-TONES-BB,
PHONE-STD-RINGS-ANSWER-2-BB, PHONE-STD-RINGS-ANSWER-1-BB, BT-TELEPHONE-ENGAGED-BB.

Cluster
V=4.79,
A=3.55

BUSY-RESTAURANT-CHATTER-B2, MICROWAVE-LOAD-RUN-BB, PARIS-CAFE-INTERIOR-B2, PUBLIC-BAR-QUIET-CROWD-BB,
QUIET-SMALL-RESTAURANT-B2.

Table 1: Typical examples of clusters and their average affetive values (valence “V” and arousal “A”) obtained by hierarchical
clustering of audio clips forK = 60.

pervised manner using a similarity metric. Let this result
in {CA

1 ,C
A
2 ,C

A
3 , . . . ,C

A
KA
} and{CB

1 ,C
B
2 ,C

B
3 , . . . ,C

B
KB
} mutually

exclusive clusters. Without loss of generality, as we are clus-
tering the same set of audio clips, it is convenient to assume
KA=KB = K. In addition to choosing a suitable clustering
method, quantitatively defining correct clustering between
elements is not trivial. Typically, if labelled data (as pre-
formed categories or clusters) were available, it would be
possible to compare the results of unsupervised clustering
and subsequently define correct clustering. In this work we
are only focussing on using the context-free associations and
affective ratings of audio clips.

Correct clustering across representation spaces between
elements can be defined in the following way: if two or more
elements are simultaneously grouped together in a cluster in
spaceA and also grouped in a cluster in spaceB, then they
have been correctly clustered. That is, in case of two ele-
ments, if for anyj andk if sj andsk simultaneously belong
to pth cluster inA and aqth cluster inB, then they have been
correctly clustered. Even for two selected elements, this pro-
cedure is tedious for a reasonable number of clusters. De-
termining correct clustering also applies to permutationsof
more than two elements and therefore a direct procedure that
goes through all combinations of elements and clusters can
be computationally prohibitive. To alleviate this issue, we
propose to use a matrix approach.

Let s1,s2,s3, . . . ,sN be grouped intoK clusters in space
A . Let AK be aN×N triangular matrix with entriesaK

i j ,
where

aK
i j = Iq(si) · Iq(sj) ∀ 1≤ q≤ K ∀ i < j, 1< j ≤ N (1)

In the above equation,Iq(·) is an indicator function. Matrix
AK is obtained by applying a fixed clustering procedure to he
vectors in spaceA . In our work, a matrixBK is also obtained
by using equation for spaceB. Subsequently, forK clusters,
the across-spaceoverlapbetween the resulting clusters inA
andB can be defined as:

OK
A,B =

AK �BK

AK ⊕BK Where 1≤ K ≤ N (2)

Here,

AK �BK =
N

∑
i, j

ai j ∩bi j (3)

is the intersection of matricesAK andBK and,

AK ⊕BK =
N

∑
i, j

ai j ∪bi j (4)

∀ i < j, 1< j ≤ N, is the union of matricesAK andBK . It is
straightforward to see that for a given clustering procedure,
the overlapOK

A,B can be determined for different number of
clustersK and this measure can be used to determinecorrect
clustering across-spaces.

3. RESULTS

In the information retrieval community a variety of cluster-
ing methods for data have been proposed and studied [9].
For this work, we use hierarchical agglomerative clustering
because they do not impose a probabilistic model on data
and are practical for experiments on limited data set. Figure
2 illustrates the overlap percentage (equation 2) for four dif-
ferent merging criteria. These were selected because for the
current application they resulted in monotonic clusters. In
the figure it can be seen that for small number up to about 60
clusters, the area under the curve for single-linkage criterion
is larger than the area for the other criteria. This indicates
that in this region it performs best. However from about 60
and above, the area under the curve for complete-linkage is
the largest. This observation is consistent in comparison with
other clustering criteria also. While the exact value of num-
ber of clusters is data dependent, it is easy to see that this
method can be unequivocally applied to larger datasets. A
large gap between two successive combinations in agglom-
erative clustering is a good point to cut the dendrogram to
obtain a partition of mutually exclusive or disjoint clusters.
As indicated in figure 2,K = 60 is a reasonable choice. The
resulting clusters also indicate that at this value, the number
of elements under each cluster is less skewed. Examples of
the resulting clusters are indicated in Table 1. The table also
indicates the average valence (V) and arousal (A) values for
the cluster. A closer look at the relative values is interesting.
The first cluster of bird sounds is pleasant but not very arous-
ing. In comparison to this, the fourth cluster in the table with
breaking sounds is less pleasant but more arousing.
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4. CONCLUSION AND DISCUSSION

In this work, we have presented our results on unsupervised
clustering of audio clips in two representation spaces:
affective values after PCA, and latent space from context-
free associations. A controlled data collection procedure
was undertaken to obtain reliable subject-based data for
affective values and context-free associations for a selection
of clips from the BBC Sound Effects Library. A novel
approach to quantitatively measure the overlap between
clusters across spaces was also presented. This measure
was used to select an appropriate clustering procedure and
the number of clusters. The results show that the affective
rating scheme based on the dimensions of valence, arousal
and dominance can be deployed for this purpose, especially
for unconstrained audio content that is typical in Web 2.0
applications. Comparing clusters across-spaces, is a viable
approach to select an appropriate number of clusters for
unsupervised clustering.

Multimedia retrieval using affective quality has gained
interest from other researchers [18], however we believe that
our approach provides refinements to the current state of re-
search: the Self-Assessment Manikin (SAM) [5] represents
a convenient and widespread measurement tool that is well
established in emotion research, thus linking our results to
findings in that domain. Additionally, there is standardized
stimulus material available, auditive (the aforementioned
IADS) as well as visual (International Affective Picture
System, by the same authors) enabling comparisons across
modalities. While the affective quality might trigger the
initial reaction to a stimulus in terms of approach/interest or
withdrawal/avoidance, the mere affective description might
be too unspecific in some cases as described in section 1.1,
which is why we propose to enrich them with the individual
context-free associations in contrast to existing frameworks
[18]. It is certainly the case that affective dimension
values alone are not sufficient to describe/index multimedia
material, but the descriptors are usually implicit in the user
tags. If we can then augment it with our estimated affective
value, we can utilize the combined information for better
content retrieval. For example, the relatively low valence
value of the 4th cluster obtained in 1 shows the sound
of a “breaking glass” is indicating something unpleasant.
This together with the spontaneous association “mishap”
makes it an appropriate candidate to indicate something the
crashing of an application as an auditory icon. As a part
of our ongoing work, we will continue to obtain subjective
measures for all the clips in the BBC library which has
emerged as a standard for training and testing new audio
indexing systems [2, 14]. Not only will this help us and the
research community compare various retrieval mechanism,
it will also help us identify acoustic signal correlates that can
help predict/estimate affective values for an unknown clip.
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ABSTRACT
We investigate the benefits of evaluating Mel-frequency cep-
stral coefficients (MFCCs) over several time scales in the
context of automatic musical instrument identification for
signals that are monophonic but derived from real musical
settings. We define several sets of features derived from
MFCCs computed using multiple time resolutions, and com-
pare their performance against other features that are com-
puted using a single time resolution, such as MFCCs, and
derivatives of MFCCs. We find that in each task — pair-
wise discrimination, and one vs. all classification — the
features involving multiscale decompositions perform sig-
nificantly better than features computed using a single time-
resolution.

1. INTRODUCTION

The cepstrum, and Mel-frequency cepstral coefficients
(MFCCs), provide very successful features in tasks of
speaker verification [1, 2], and speech recognition [3], by
the fact that the human voice can be modeled extremely
well over short time scales by filtering a wide-band peri-
odic source (glottal impulses) by a small-order linear time-
invariant all-pole system (resonances in the throat, mouth,
and nose). In practice, MFCCs are computed using a sin-
gle time resolution, typically 30 ms spaced every 10 ms
for speech. However, the human voice is a relatively well-
behaved signal compared with other manners of sound pro-
duction, for instance, plucked strings and percussion in mu-
sic. Nonetheless, MFCCs and similar features have shown
moderate success for musical signals in tasks such as finger-
printing, e.g., [4], and instrument identification, e.g., [5], al-
though their wider application to polyphonic musical signals
appears limited [6, 7]. A general problem in using MFCCs
for tasks of identification, however, is that signals can con-
tain mixtures and a variety of phenomena that occur over
many time-scales. Computing the cepstrum of musical sig-
nals using a single time-resolution is probably suboptimal
in the sense that it cannot distinguish between these differ-
ent phenomena. One approach to incorporating time-domain
information into discriminating features is the use of deriva-
tives of the MFCCs [5]. This still uses a single time-domain
resolution, however, even though one can integrate the fea-
tures over time-scales longer than the analysis window.

In [8] we propose a novel approach to incorporating time-
domain information into MFCC-like features by first decom-
posing a signal by a greedy iterative descent method of sparse

approximation using a multiresolution time-frequency dic-
tionary of Gabor atoms [9]; then finding the distribution of
energy in the signal as a function of atom scale and modula-
tion frequency; and then reducing redundancy of the feature
space by approximately decorrelating its dimensions using a
discrete Cosine transform (DCT). We applied these features
to simple tasks of instrument discrimination and classifica-
tion in a database [10] consisting of monophonic recordings
of real instruments that are extracted from real performance
contexts, i.e., the violin and cello samples have double and
triple stops; there are multiple notes in the piano and gui-
tar samples; there are extended techniques in the trumpet;
and the recordings are in real reverberant spaces. For this
database and these specific tasks, we found that the features
produced by a much more simple approach — DCTs of com-
bined MFCCs evaluated over multiple scales — are more ef-
fective for these tasks even though the promise of sparse ap-
proximation over a multiresolution dictionary is source sep-
aration with respect to the stationarity of phenomena. In
other words, we predicted that the more complex approach
with sparse approximation could bridge the problems as-
sociated with computing MFCCs for signals having a vari-
ety of time-scale phenomena. In this article, we investigate
more thoroughly the benefits of the simpler approach, and
compare their performance against other proposed features
that attempt to combine time-domain information, e.g., delta
MFCCs, in the context of musical instrument identification.

2. MEL-FREQUENCY CEPSTRAL COEFFICIENTS

We now review the calculation of MFCCs over short time
scales before discussing how we incorporate information
over multiple scales. Given a real discrete sequence x[n] de-
fined for 0 ≤ n ≤ N − 1, and its discrete Fourier transform
(DFT), x̂[k] = DFT{x[n]}, and assuming |x̂[k]| to be nonzero
everywhere, the real cepstrum of x[n] is [3]

cx[l]
∆
=DFT−1{log |x̂[k]|}= 1√

N

N−1∑
k=0

log |x̂[k]|e j2πkl/N (1)

for l = 0,1, . . .N/2+1. Considering that x[n] is an audio sig-
nal, we would like to have a compact and perceptually-based
description of its spectral characteristics. We can do so by re-
placing the magnitude DFT in (1) by the energy observed in
frequency bands that are exponentially-spaced according to
perceived pitch. Such a relationship between frequency and
pitch is given by Mel-frequency scaling, which maps Mel fre-
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quency φ ≥ 0 to Hz f : f (φ) = 700(eφ/1127− 1). Thus, we
may construct a filterbank of L filters with center frequen-
cies linearly spaced in Mels, and substitute the energy of its
outputs into (1) to find a perceptually-relevant spectral de-
scription of x[n].

Many variations exist for the filterbanks used [2], but here
we use L = 48 overlapping bands with triangular magnitude
responses weighted such that each has equal area, and to-
gether the span a bandwidth of [0,9614] Hz. (This repre-
sents an increased bandwidth compared with our work in [8],
which used 40 overlapping bands spanning a bandwidth of
[133,6854] Hz.) Each filter here (l = 1,2, . . . ,48) is given by

ĥl [k]
∆
=


0, 0≤ kFs/N < fc(l−1)
al

kFs/N− fc(l−1)
fc(l)− fc(l−1) , fc(l−1)≤ kFs/N < fc(l)

al
kFs/N− fc(l+1)
fc(l)− fc(l+1) , fc(l)≤ kFs/N < fc(l +1)

0, fc(l +1)≤ kFs/N ≤ Fs

(2)

where Fs is the Nyquist sampling rate, fc(0) = 0, fc(49) =
9614 Hz, the band-dependent magnitude factors are given by

al
∆
=

{
0.015, 1≤ l ≤ 14

2
fc(l+1)− fc(l−1) , 15≤ l ≤ 48. (3)

and the center frequency of the lth band is given by

fc(l)
∆
=

{
66.66l, l = 1,2, . . . ,14
1073.4(1.0711703)(l−14), l = 15,16, . . . ,48.

(4)
The MFCCs of x[n] are defined as the discrete cosine trans-
form of the energies of the L filterbank outputs, i.e.,

ccx[m]
∆
=βL(m)

L∑
l=1

log

(
N−1∑
k=0

∣∣x̂[k]ĥl [k]
∣∣)cos

[
mπ

L

(
l− 1

2

)]
(5)

for 0≤ m < L, where the normalization factor is defined

βL(m)
∆
=

{√
1/L, m = 0√
2/L, m > 0.

(6)

Typically in speech processing [3], only the first M = 13 co-
efficients are kept excepting the term at m = 0 since it is re-
lated only to the signal energy. For music signals, it is com-
mon to use more coefficients, e.g., M = 20 [4, 7].

For non-stationary signals MFCCs are evaluated over
short time-scales using overlapping sliding windows. Time-
localized, or short time, MFCCs are given by

ccx[m, p] ∆
=βL(m)

L∑
l=1

(
P−1∑
k=0

log
∣∣x̂[k, p]ĥl [k]

∣∣)

× cos
[

mπ

L

(
l− 1

2

)]
(7)

for 0≤m < L, and where the length-P DFT of x[n] localized
over the time region [p, p+ s) is defined

x̂[k, p] ∆
=

1√
P

P−1∑
n=0

x[n+ p]w[n]e− j2πkn/P,0≤ k ≤ P−1. (8)

(a) Eb Clarinet: magnitudes of mean multiresolution MFCCs
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(b) Eb Clarinet: magnitudes of OverCs
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(c) Trumpet: magnitudes of mean multiresolution MFCCs
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(d) Trumpet: magnitudes of OverCs
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Figure 1: Magnitudes of mean multiresolution MFCCs,
ccx[m,S(s)] in (12), and of OverCs, ζx[m, t] in (13), for two
instruments playing a chromatic scale from C5 to B5.

for time shifts 0 ≤ p < N− s, and a real window w[n] with
support s≤ P. In speech and music processing, typical win-
dow lengths are 10 – 100 ms, with hop sizes of half their
duration. Zeropadding can be applied, i.e., P > s, to interpo-
late the frequency domain samples. Finally, we compute an
instantaneous derivative of MFCCs features, or ∆MFCCs, by

∆x[m, p] = ccx[m, p]− ccx[m, p−1] (9)

and its second derivative, or ∆∆MFCCs, by

∆∆x[m, p] = ∆x[m, p]−∆x[m, p−1]. (10)

These features describe how the MFCCs change between
subsequent frames of data, and can be likened to frame-rate
spectral flux.

3. INCORPORATING SCALE INFORMATION

While the definition of time-localized MFCCs in (7) involves
a single time-scale over which the signal is observed, we
proposed in [8] to compute multiscale MFCCs-like features
over several time-scales using a method of sparse approx-
imation with a multiscale Gabor dictionary, or compiling
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S(s) index s (samples/ms) ∆p (samples/ms) ∆ f (Hz)
1 128/2.9 64/1.5 43.1
2 256/5.8 128/2.9 43.1
3 512/11.6 256/5.8 43.1
4 1024/23.2 512/11.6 43.1
5 2048/46.4 1024/23.2 21.5
6 4096/92.9 2048/46.4 10.8
7 8192/185.8 4096/92.9 5.4
8 16384/371.5 8192/185.8 2.7

Table 1: Multi-scale MFCC parameters for signals with a
sampling rate of Fs = 44.1 kHz: scale (window size) s,
time resolution (window hop) ∆p, and DFT frequency resolu-
tion ∆ f (zero-padding added to interpolate frequency-domain
samples — which is how we have small scale atoms with a
frequency resolution 43.1 Hz).

MFCCs computed with different frame sizes. Since in [8]
we focus on the former approach, here we look more closely
at the latter. We create the set of time-localized MFCCs,
{ccx[m, p,S(s)],S(s) ∈ S}, where S(s) just maps the scale s
to an index in the set S, using the time and frequency resolu-
tions in Table 1. Now define the set

CS(s),ε
∆
={ccx[m, p,S(s)] : ccx[0, p,S(s)]> ε ≥ 0} (11)

which is the collection of length-L short-time MFCCs us-
ing the window scale s localized at times when the signal
has energy greater than ε ≥ 0 (to avoid problems when there
is no signal). For each scale index S(s), we compute the
mean MFCCs over the set CS(s),ε to give mean multiresolu-
tion MFCCs

ccx[m,S(s)] ∆
=

1∣∣CS(s),ε
∣∣∑

p

ccx[m, p,S(s)]. (12)

Note that each scale index S(s) expresses the short-time
MFCCs over x[n] averaged over the entire signal using a scale
s; and each cepstral index expresses how a particular mean
MFCC changes as a function of the analysis scale used. Fig-
ure 1(a, c) show examples of this feature for two signals cre-
ated by musical instruments playing an ascending and chro-
matic scale from C5 to B5 over a duration of 32 seconds
(Clarinet), and 97 seconds (Trumpet).

Since there is redundancy across scales, we uncouple the
values in each MFCCs coefficient by performing a discrete
Cosine transform in the scale direction. This creates features
we call OverCs [8]:

ζx[m, t] ∆
=β|S|(t)

∑
σ∈S

ccx[m,σ ]cos
[

tπ
|S|

(
σ − 1

2

)]
(13)

defined for 0 ≤ t < |S|. Figure 1(b, d) show the OverCs for
the same musical signals.

4. SIMULATIONS

These new features — mean multiresolution MFCCs and
OverCs — are of course in a higher-dimensional space than
are mean MFCCs, and so we select four subsets of 20 coef-
ficients each to use in our classification experiments. In ad-
dition, we construct three other 20-dimensional features that

do not use time-scale information at all, but two of which in-
clude delta features. For all features, we set ε = 0.1 so as to
avoid frames that have very little signal energy, i.e., we only
use features from signal frames that have zeroth cepstral co-
efficients greater than ε . The detailed set of features we test
in tasks of identification are the following:
1. Mean MFCCs (MFCCs): from ccx[m,S(s)] in (12), the

first 20 coefficients (m = 1,2, . . . ,20) for s = 46.4 ms
with hop of 23.2 ms;

2. Mean MFCCs with mean ∆MFCCs (MFCCs∆): from
ccx[m,S(s)] in (12), the first 10 coefficients for s = 46.4
ms with hop of 23.2 ms; and the mean ∆MFCCs in (9) of
the first 10 coefficients at same scale and hop;

3. Mean MFCCs with mean ∆MFCCs and mean ∆∆MFCCs
(MFCCs∆∆): from ccx[m,S(s)] in (12), the first 8 coeffi-
cients for s = 46.4ms with hop of 23.2 ms; and the mean
∆MFCCs in (9) of the first 6 coefficients at same scale
and hop; and the mean ∆∆MFCCs in (10) of the first 6
coefficients at same scale and hop;

4. Mean multiscale MFCCs (MSMFCCs): from
ccx[m,S(s)] in (12), the first 10 coefficients for s = 46.4
ms with hop of 23.2 ms; and the first 5 coefficients for
a scale of s = 2.9 ms with hop of 1.5 ms; and the first
5 coefficients for a scale of s = 371.5 ms with hop of
185.8 ms;

5. OverCs (OverCs1): from ζx[m, t] in (13), using parame-
ters in Table 1, the first 20 coefficients with t = 0;

6. OverCs (OverCs2): from ζx[m, t] in (13), using parame-
ters in Table 1, the first 14 coefficients with t = 0; the first
6 coefficients with t = 1;

7. OverCs (OverCs3): from ζx[m, t] in (13), using param-
eters in Table 1, the first 12 coefficients with t = 0; the
first 5 coefficients with t = 1; the first 3 coefficients with
t = 2;

Our logic in choosing the subsets of MSMFCCs features is
that the first 10 coefficients of the middle row of Fig. 1(a,c)
describe the mean power spectral shape over an average win-
dow size, while the first 5 coefficients from each of the largest
and smallest window sizes provides additional information
on how the mean power spectrum changes with these ex-
tremely different time-scales. When we take the DCT of
the MSMFCCs in the scale direction, thus producing the
OverCs in Fig. 1(b,d), the coefficients from the 0th DCT fre-
quency represent a feature closest to the mean MFCCs (fea-
ture 1) [8]. By combining with these coefficients at higher
scale frequencies, we aim to provide information on how the
mean cepstral coefficients vary with time-scale.

Our music signal database, which has been used in other
work, e.g., [8,10], consists of 2,755 five-second monophonic
signals excerpted from real musical recordings with no over-
lap between segments. These are recordings of real music
played in real environments, some of which are from com-
mercial CDs, and are not isolated single notes. Furthermore,
many of the segments include extended performance tech-
niques, and non-traditional styles. Each of the seven instru-
ment classes — Cl: clarinet, Co: cello, Gt: guitar, Ob: oboe,
Pn: piano, Tr: trumpet, Vl: violin — contains signals from
five different sources, i.e., different performer, instrument,
composition, recording, etc.

To identify an unknown instrument we use support vector
machines (SVM) with a radial basis function [8, 10, 11]. We
find the best parameters using a grid search method [8, 12].
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Figure 2: Mean correct instrument discrimination rates for features of all pairs relative to that of the mean MFCCs at a single
scale.

To perform instrument identification we train each SVM us-
ing five-fold cross validation of data randomly selected from
four different sources for each instrument class. We then
identify the testing data selected randomly from the remain-
ing sources of each instrument class. We never include fea-
tures from the same source in both the training (and grid
search) and testing data so as to avoid biasing the classifier
performance.

Figure 2 shows for each instrument pair the mean gains
made in discrimination for the different features with respect
to mean MFCCs. We compute these means using indepen-
dent 100 trials with 49 realizations randomly selected from
each instrument class. We see that large gains are made
when using scale information (MSMFCCs and OverCs) for
ClVl, ClGt, GtPn, and ClPn. The only pairs that suffered
from including scale information are GtVl and CoVl. The
top portion of Table 2 shows the overall discrimination rates
for each of the features. Here we see that OverCs2 and
OverCs3 perform the best, with an ANOVA analysis show-
ing that the results from the two features have a p-value of
0.03, i.e., they are likely from different distributions. The
likelihood is p < 10−4 that the classification results using ei-
ther OverCs2 or OverCs3 are from the same distributions of
the classification results using the other features. We find
that the MSMFCCs and MFCCs∆ features do not perform
significantly better (p≈ 0.38) than the features OverCs2 and
OverCs3.

The mean confusion tables of our instrument classifica-
tion simulations are shown in Table 4. We compute these
means using independent 100 trials with 49 realizations ran-
domly selected from each instrument class. The numbers in
bold show the highest scores. The OverCs features have five
of the highest scores, with MSMFCCs only performing best
for classification of Gt, and MFCCs∆ only performing best
for Tr classification. Actually, with p ≈ 0.68, it appears the
results from using MFCCs∆ and MFCCs∆∆ come from the
same distribution in classifying Tr. For five of the seven in-
struments (Cl, Gt, Ob, Pn, and Vl), the best performing fea-
ture involving scale (MSMFCCs and OverCs) performs sig-
nificantly better (p < 0.007) than the best performing fea-
ture that does not involve scale. For Co, the performance
of OverCs2 is not significantly better than MFCCs and
MFCCs∆∆ (p < 0.5). For Tr, the performance of MFCCs∆

and MFCCs∆∆ are significantly better than any of the multi-

Discrimination (1) (2) (3) (4) (5) (6) (7)
Mean 94.38 95.21 94.93 95.27 94.96 95.53 95.66

Stan. dev. 4.7 4.23 4.53 4.93 4.46 4.48 4.25
Classification (1) (2) (3) (4) (5) (6) (7)

Mean 79.85 80.78 81.04 84.0 81.88 84.69 82.72
Stan. dev. 5.56 5.06 5.38 5.09 6.29 4.61 5.27

Table 2: Correct instrument discrimination and classification
rates for each feature: (1) Mean MFCCs. (2) MFCCs∆. (3)
MFCCs∆∆. (4) MSMFCCs. (5) OverCs1. (6) OverCs2. (7)
OverCs3.

scale features (p < 10−8). For all features, Co is often mis-
classified as Vl; but Gt is misclassified as Cl less often when
using features incorporating scale. Finally, the lower portion
of Table 2 shows the mean classification rates over all instru-
ments. Here we see OverCs2 performs significantly better
than all other features (p < 0.014).

5. CONCLUSION

In this paper, we have explored more thoroughly the effec-
tiveness of combining MFCCs features computed over vari-
ous time scales in the context of musical instrument identi-
fication, thus building upon our previous work [8]. We find
that in most of the cases we tested the multiscale MFCCs fea-
tures perform significantly better than features that do not in-
corporate information from multiple time-scales, e.g., mean
MFCCs computed over a single time scale with delta fea-
tures. This provides further evidence pointing to the effect
that we can improve to a large extent the performance of mu-
sical instrument classifiers that use MFCC-like features by
incorporating features computed over multiple time-scales,
and not just by incorporating how features change over time.

Our current work involves using a feature selection strat-
egy for finding the best subset of the multiscale features
MSMFCCs and OverCs that provide the best performance
in instrument identification tasks, and the effectiveness of
these features in classifying instruments in polyphonic sig-
nals. We are also looking at the implications of our work for
other tasks in music signal processing that use short-term but
mono-resolution features.
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MFCCs Cl Co Gt Ob Pn Tr Vl
Cl 75.76 0.59 3.12 5.37 1.45 8.00 5.71
Co 2.31 81.12 2.29 0.10 0.00 0.00 14.18
Gt 14.20 1.35 78.35 0.00 5.94 0.00 0.16
Ob 5.20 0.10 0.00 88.43 0.00 6.27 0.00
Pn 6.24 1.10 12.94 0.00 77.84 1.88 0.00
Tr 9.98 0.00 0.00 8.10 1.59 76.84 3.49
Vl 11.73 6.14 0.24 0.02 0.04 1.20 80.61

MFCCs∆ Cl Co Gt Ob Pn Tr Vl
Cl 71.51 0.84 6.02 9.47 0.92 7.98 3.27
Co 3.29 80.22 2.45 0.16 0.04 0.00 13.84
Gt 12.61 1.12 78.69 0.00 7.55 0.00 0.02
Ob 10.10 0.35 0.00 84.63 0.00 4.92 0.00
Pn 8.80 0.16 10.31 0.00 79.71 1.02 0.00
Tr 5.55 0.00 0.00 4.88 0.61 86.22 2.73
Vl 6.35 8.18 0.20 0.04 0.04 0.76 84.43

MFCCs∆∆ Cl Co Gt Ob Pn Tr Vl
Cl 71.86 0.45 5.57 8.31 1.00 9.31 3.51
Co 2.88 81.39 2.41 0.14 0.06 0.00 13.12
Gt 15.10 1.18 77.51 0.00 6.14 0.00 0.06
Ob 9.82 0.41 0.00 84.90 0.00 4.84 0.04
Pn 8.24 0.35 9.00 0.00 81.10 1.16 0.14
Tr 5.39 0.02 0.00 5.57 0.41 85.94 2.67
Vl 5.94 8.22 0.20 0.20 0.04 0.78 84.61

MSMFCCs Cl Co Gt Ob Pn Tr Vl
Cl 80.98 1.04 1.24 7.41 0.24 8.16 0.92
Co 2.18 80.47 1.22 0.12 0.27 0.02 15.71
Gt 3.18 1.18 89.76 0.00 3.16 0.00 2.71
Ob 7.06 0.18 0.00 88.82 0.00 3.94 0.00
Pn 1.18 0.86 11.94 0.00 85.29 0.73 0.00
Tr 14.88 0.00 0.00 6.45 1.02 74.55 3.10
Vl 2.24 8.67 0.65 0.02 0.04 0.22 88.14

OverCs1 Cl Co Gt Ob Pn Tr Vl
Cl 79.12 0.90 5.00 3.22 2.16 6.18 3.41
Co 2.88 79.80 2.98 0.16 0.06 0.00 14.12
Gt 11.37 1.29 80.18 0.00 5.49 0.00 1.67
Ob 5.39 0.08 0.00 89.53 0.00 5.00 0.00
Pn 9.18 0.39 10.86 0.00 78.92 0.65 0.00
Tr 7.80 0.16 0.00 6.18 1.22 81.76 2.88
Vl 7.73 6.94 0.88 0.22 0.06 0.33 83.84

OverCs2 Cl Co Gt Ob Pn Tr Vl
Cl 83.78 1.35 1.90 3.94 0.22 8.20 0.61
Co 2.24 81.92 1.67 0.39 0.02 0.00 13.76
Gt 3.41 0.86 88.92 0.00 4.57 0.00 2.24
Ob 3.53 0.31 0.00 90.12 0.06 5.94 0.04
Pn 1.61 1.08 9.92 0.00 86.63 0.73 0.02
Tr 12.59 0.02 0.00 7.47 1.61 75.92 2.39
Vl 2.86 10.37 0.51 0.00 0.00 0.76 85.51

OverCs3 Cl Co Gt Ob Pn Tr Vl
Cl 83.53 0.65 2.04 4.43 0.24 8.53 0.57
Co 1.82 77.59 1.76 0.14 0.00 0.02 18.67
Gt 6.80 1.82 83.22 0.00 3.65 0.00 4.51
Ob 6.69 0.47 0.04 83.12 0.04 9.59 0.04
Pn 1.90 0.41 11.80 0.02 84.37 1.51 0.00
Tr 11.00 0.22 0.00 7.14 1.06 77.10 3.47
Vl 2.71 6.31 0.39 0.00 0.00 0.49 90.10

Table 3: Mean confusion tables from 100 independent trials
for one-vs.-all instrument classification. Left-hand column is
instrument class presented; top rows are instrument class se-
lected by classifier.
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ABSTRACT 
A coding algorithm for lossless compression of audio sig-
nals is presented. The proposed algorithm consists of a lossy 
coding part and a lossless coding part. The lossy coding 
part is based on code excitation approach where the excita-
tion gain and the short-term prediction coefficients are 
adapted in a sample-by-sample fashion to cope with rapid 
time-varying nature of audio signals. The error between the 
input and the code-excited synthetic signal is then encoded 
by an arithmetic coder to achieve lossless compression. The 
excitation codebook is searched by using an M-L tree search 
strategy with minimum error energy and minimum code 
length after arithmetic coding as search criteria. The pro-
posed coder has very low decoding complexity due to its 
simple code excitation structure and achieves compression 
performance comparable to other advanced lossless coders 
for coding CD quality audio. 
 

1. INTRODUCTION 

Audio coding has been an active research area for many 
decades. Many popular audio coders such as MP3 (MPEG-I 
Layer 3) and AAC are lossy coders which are based on ex-
ploring the psychoacoustics property of human auditory 
perception to achieve high compression ratios [1][2]. These 
coders, however, may introduce coding artifacts to the de-
coded audio signals even though most of these artifacts are 
perceptually inaudible. Recently, most efforts in audio cod-
ing research are directed to lossless compression of high 
quality audio where the audio data can be faithfully repro-
duced at the decoder without any distortion. There are nu-
merous applications that require storage, transmission and 
processing of high-fidelity audio without distortion, for ex-
amples; music archival systems, distribution of studio audio 
materials, further processing of professional audio, and mu-
sic broadcasting over the internet. High-end consumer ap-
plications such as home theater systems also demand high-
fidelity audio reproduction. With the rapid proliferation of 
large capacity storage devices and high-speed internet con-
nections, more applications utilizing lossless audio compres-
sion technology are expected to appear. Recent research 
trends in lossless audio compression focus on a decorrela-
tion-entropy coding approach in which the audio signal is 
firstly gone through a decorrelation process. The decorre-

lated signal has a smaller entropy which can then be effi-
ciently encoded by a lossless entropy coder such as arithme-
tic coder [3][4], for example; an IIR filter is used in MLP 
coding for DVD-Audio to decorrelate the audio signal prior 
to arithmetic coding [5]. The main disadvantage of this ap-
proach is that the decorrelator has to be implemented using 
lossless arithmetic which requires high precision fixed-point 
processing. In addition, the order of this decorrelation filter 
is generally very high and to compute the filter coefficients 
on the fly in real time is quite a demanding task both in the 
encoder and decoder. Most implementations only employ 
finite sets of filter coefficients pre-computed and stored in a 
table. During encoding, the best set is selected from the table 
to avoid real-time computation from the input data and also 
to guarantee filter stability [5]. In this paper, a new lossless 
coding algorithm is proposed. Instead of using a decorrela-
tor, the proposed algorithm employs a code-excited linear 
predictive strategy to code the audio waveform as close to 
the original as possible, and then the residual having smaller 
entropy is further encoded by an arithmetic coder. 

2. METHODOLOGY 

A block diagram of the proposed coder is shown in Fig. 1. 
The proposed lossless coder is built upon a highly efficient 
lossy coding part and a lossless entropy coding part, where 
the error between the input signal and the synthetic signal 
from the lossy coding part is encoded by an entropy coder. 
The coding parameters for the lossy part and the entropy-
encoded residual are sent to the decoder to achieve lossless 
compression.  In the proposed coding system, the lossy cod-
ing part is based on code excitation strategy similar to code-
excited linear predictive (CELP) coder for coding speech 
signals [6]. However, they are fundamentally different in 
many aspects. The CELP algorithm for speech coding uses 
an adaptive codebook for modeling the periodicity of voiced 
speech. This adaptive codebook is constructed from the past 
excitation signal with a shift delay equal to the pitch of 
voice speech. But this single-tap pitch adaptive codebook 
may not be effective for coding general audio signals such 
as music which may have multiple tones generated from 
various musical instructions. Moreover, the abstract form of 
the parameters for the adaptive codebook, i.e., a pitch lag 
and a pitch gain, is insufficient to achieve accurate matching 
to the input signal such that the residual signal would have a 
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large variance which is not beneficial to entropy coding in 
the later part.  Therefore, the proposed excitation structure 
does not utilize an adaptive codebook, instead, only a simple 
stochastic codebook is used and the excitation gain of the 
stochastic codeword is adapted in a sample-by-sample fash-
ion. Note that in conventional CELP coding of speech, the 
stochastic vector is multiplied by a gain which is unchanged 
within the subframe period. In the proposed system, after 
scaling by the adaptive gain factor, the scaled excitation 
signal is then added with the output from a short-term linear 
predictor whose coefficients are also adapted in a sample-
by-sample fashion. This sample-by-sample adaptation ap-
proach can model rapid amplitude variation of the source 
waveform and remove inter-sample correlation effectively. 
Due to the complexity of close-loop searching the excitation 
codebook, the order of this sample-by-sample adaptive pre-
dictor must be low, therefore, in order to capture the steady 
correlation at a longer term, a high order linear predictive 
synthesis filter which is backward-adapted from the input 
signal in a frame-by-frame basis is further applied to gener-
ate the synthetic signal.  Finally, the error between the input 
and the synthetic signal is encoded by an arithmetic coder to 
complete the lossless coding system. The arithmetic-
encoded error signal, the optimum code indices of the sto-
chastic codebook and the codebook selection indicator are 
the information sent to the decoder. Detailed explanations 
for each coding block of the proposed coder are given as 
follows: 

 
2.1 Excitation Codebook 
The excitation codebook is a fixed codebook constructed 
from a collection of stochastic codewords. Each stochastic 
codeword is a vector of D elements. Each element is a signal 

sample nd  having amplitude limited in the range of 1± . If 
the codebook has B stochastic vectors, the bit rate required 
to encode an audio sample for the lossy coding part of the 
system is ( ) bps/log2 DB . The stochastic codewords are 
obtained by training from a large collection of real audio 
signals. The training process is an iterative procedure. An 
initial codebook is constructed from uniformly distributed 
random codewords. The training vectors are partitioned into 
quantization clusters corresponding to the excitation code-
words by going through the encoding process. Then, each 
excitation codeword is re-optimized from its cluster of train-
ing vectors according to the principle of minimum coding 
error energy. This is done by minimizing the error energy 

mε  within the same cluster mC  with respect to nd , 

∑ ∑
∈ =
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2)(ε                               (1) 

where nx  is the input signal and ny  is the synthetic signal 
obtained as 

)(*)ˆ( nhdsy nnnn Δ+=                               (2) 
where nd  is the excitation signal, nΔ  is the excitation gain, 

nŝ  is the predicted sample of ns , i.e., the input signal to the 
block-adaptive synthesis filter, and )(nh  is the impulse re-
sponse of the block-adaptive synthesis filter. Assuming each 
element of the excitation vector can be optimized independ-
ently and by setting   
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then nd  can be re-estimated during codebook training  as 
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It is found that about 1.5 dB improvement in SNR can be 
achieved with a trained codebook. 
2.2 Sample-by-sample Gain Adaptation 
Conventional CELP coding algorithm employs a fixed exci-
tation gain for the whole subframe period. The gain has to 
be quantized and sent to the decoder. For speech coding 
using large subframe size the overhead is small, but for au-
dio coding, this approach is not feasible because the frame 
size must be small, typically less than 5 samples, in order to 
get accurate matching of fast time-varying audio signals. 
Moreover, the overhead in sending a fixed gain for every 
small frame is too large. In waveform coder such as 
ADPCM [7], the difference between the input and the pre-
dicted signal is scaled by a scaling factor and the scaled dif-
ference signal is then applied to a quantizer for quantization. 
The scale factor is adapted from the quantized codeword so 
that if the difference signal is large, the scale factor is in-
creased to reduce the magnitude of scaled difference signal 
and hence pulls the signal back to the quantization range [8]. 
In this paper, a new adaptation mechanism based on a con-
cept similar to scale factor adaptation of ADPCM coder is 
proposed to adapt the excitation gain in a sample-by-sample 
fashion directly from the excitation codeword. In this 
method, the excitation gain nΔ  is adapted as: 

( ) nnn d Δ⋅+=Δ +
αβ1                                   (5) 

where nd  is the excitation signal having magnitude limited 
to 1  β  is a threshold value chosen such that if β−>1|| nd , 
the gain is increased, otherwise it will be decreased. The rate 
of increasing or decreasing is an exponential function of 
time and α  is a modification factor to further control the 
adaptation rate. This adaptation formula is very simple but 
still capable of following rapid increases in signal magnitude 
during musical attacks and also allows smooth decaying 
during musical releases. The main reason for using such a 
simple adaptation formula is that this gain adaptation has to 
be performed for each codeword from the excitation table 
during close-loop codebook search, and the search complex-
ity will be extremely high if a complicated rule is used. In-
tuitively, the threshold value β  is considered to be at the 
midpoint of the signal magnitude range, i.e. 0.5, however, 
after an optimization procedure similar to codebook training 
described in previous session is applied, an optimum value 
of 727.0=β  is obtained. That means if 273.0>nd , the 
next gain value should be increased. The optimization is 
based on minimizing the error energy from a large collection 
of audio pieces including pop music and classical music. All 
of these audio signals are sampled at 44.1 kHz with 16 bit 
sampling rate and the amplitude range is 1± . This finding is 
a bit surprising, and possible explanation is that audio sig-
nals generally have non-uniform distribution; the statistical 
mean of their magnitudes is probably at around 0.273 in-
stead of 0.5. Furthermore, various kinds of music have been 

run to determine the modification factor of the adaptation 
rate, and 1=α  is found to be a good compromise for its 
lowest adaptation complexity. With this sample-by-sample 
gain adaptation strategy, the use of a long-term adaptive 
codebook is not necessary.  
2.3 Sample-by-sample Adaptive Short Term Predictor 
In order to remove inter-sample correlation to further reduce 
the error signal, a short-term predictor is necessary. The pre-
dictor should have sufficiently high order to capture short-
time correlation while allowing rapid adaptation to cater for 
time-varying characteristics of audio signals. Of course, the 
best performance can be achieved by a high-order predictor 
with its coefficients adapted in a sample-by-sample manner. 
However, the encoding complexity will be extremely high 
because the coefficient adaptation process has to be done 
within the codebook search loop. In this work, a hybrid ap-
proach using two predictors is applied. First, an order-2 pre-
dictor is applied in the coding path and its coefficients are 
adapted in a sample-by-sample manner. Second, a high-
order linear predictive synthesis filter with its coefficients 
adapted on a frame-by-frame basis is applied later. The coef-
ficients of the order-2 predictor are adapted within the code-
book search loop, while the high-order predictor does not. 
The output from the order-2 predictor is 

2211 )()(ˆ −− += nnn snasnas                          (6) 
where )(1 na  and )(2 na  are the predictor coefficients. By 
minimizing the prediction error energy 

[ ]∑ −=
n

nn ss 2ˆε                                   (7) 

with respect to the predictor coefficients, the optimum pre-
diction coefficients can be computed as: 
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where the autocorrelations are computed recursively as 
nnssnrnr +−×= )1(98.0)( 00                   (9) 

111 )1(98.0)( −+−×= nnssnrnr               (10) 

222 )1(98.0)( −+−×= nnssnrnr              (11) 
It is found that the prediction performance achieved by di-
rectly computing the prediction coefficients using equation 
(8) is much better than method used in ITU G.726 ADPCM 
coder which recursively updates the filter coefficients using 
LMS algorithm. The determined )(1 na  and )(2 na are always 
stable, because a close-loop searching method is used in the 
encoder to guarantee the minimum error energy. Therefore if 

)(1 na  and )(2 na  are unstable, the corresponding codeword 
will not be selected. 
2.4 Backward Block Adaptive Linear Predictive  

Filter 
To remove more short-term correlation over a longer period, 
a high-order linear predictor is necessary. By accompanying 
the aforementioned sample-by-sample short term predictor 
to follow the changing of input signals in more details, the 
order of this block adaptive linear predictor does not need to 
be very high.  Here, an order-10 lattice synthesis filter is 
used. The reflection coefficients are computed from the past 
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input samples in a frame-by-frame basis by using an asym-
metric window. The frame shift is 64 samples. These filter 
coefficients are fixed during the codebook searching process 
so the complexity involved is relatively small as compare to 
the sample-by-sample adaptation. Since the filter is back-
ward adaptive, its coefficients do not need to be sent to the 
decoder, because the coding scheme is lossless. 

 
2.5 Excitation Codebook Search criterion 
The search process comprises two stages: codewords search 
and adaptive codebook selection. 
2.5.1 codewords search 
During encoding, a full search technique is performed to 
select the “best” excitation codeword from the stochastic 
codebook. In order to reduce the search complexity, the 
codebook size and the codevector dimension must be kept 
small. A number of codebooks with different combinations 
of dimensions and sizes have been designed, for examples; a 
2 bit per sample (bps) codebook can have a codevector di-
mension of 2 and a codebook size of 16, (i.e., 4 bits for cod-
ing 2 samples), a 2.5 bps codebook can have a dimension of 
2 and a size of 32. Since the codevector dimension is small, 
the inter-frame correlation can not be explored if the search 
is independent of its adjacent frames. In this work, the en-
coding frame size is 64 samples, and each frame is equally 
divided into 4 subframes. In each subframe, an M-L tree 
search technique is applied across several steps to improve 
the coding performance. The idea is to keep the best M 
codewords in each search step, and with the search depth of 
L steps, the best two paths are kept for extended M-L tree 
search in the next subframe while other paths are released 
after L-step search depth is reached. As a compromise of 
search complexity and performance, M=2 and L=4 are used. 
Then the M-L tree search is extended into the second sub-
frame; four best two paths are gotten after the second L-step 
search depth is reached. So and so, at the end of one frame, 
16 best paths are figure out and one of them is chosen as the 
best path to encode the whole frame. Because the codebooks 
have two kinds of dimension; when the dimension is four, 
the searching process is just as shown in Fig. 2. Otherwise, 
the dimension equals 2, which makes the process repeat 
once in each frame. But what is the criterion for choosing 
the best path from the 16 paths to reach our demand? Obvi-
ously, since the proposed coding system is a cascade of a 
lossy coding part and a lossless coding part, two codebook 
search criteria are possible. For the lossy coding part, mini-
mum error energy can be used as search criterion. For loss-
less compression, the ultimate performance measure is only 
the encoding rate because there is no audio quality issue; 
therefore, code length after entropy coding can be used as a 
search criterion. However, since the code length is depend-
ent on the entropy of the source and the entropy is related to 
the statistical distribution which is a very long term measure, 
entropy alone can not be used as codebook search criterion 
because the codebook search is done locally with short in-
terval, therefore, we propose a combined minimum error 
energy and minimum entropy search criterion. For M-L tree 
search in each subframe, the search criterion is minimum 
error energy. After dealing with a whole frame, the residual 

signal as a result of each coding path is arithmetic-encoded, 
the codewords in a path that result in the smallest code 
length is fetched as the best codewords. Since M-L tree 
search using minimum error energy measure already guaran-
tees small residual signal with small entropy, the combina-
tion of energy/entropy search can achieve better perform-
ance.  

 
 
2.5.2 adaptive codebook selection  
Since the encoding bit rate is the sum of the average bit rate 
after arithmetic coding of the residual and the bit rate for 
coding the codebook indices, which in terms is a function of 
the residual entropy, an adaptive choice of codebooks is 
more beneficial so as to account for various signal statistics. 
A total of nine possible combinations of codebooks have 
been tried in turn for every frame separately which have 
encoding rates ranging from 0.75 bps to 4.5 bps. And the 
adopted codebook is the one that has the smallest encoding 
bit rate. In other words, the codebook is adapted in every 
frame based on minimizing total entropy. From the observed 
statistic, four of the nine codebooks are more frequently 
selected. To save the overhead information telling the de-
coder which codebook is chosen, in the proposed codec only 
four codebooks are the candidate codebooks. 
2.6 Arithmetic Coding 
After code-excitation synthesis, the error between the input 
and the synthetic signal has low energy and hence small 
entropy. An adaptive arithmetic coder is then applied to code 
the error signal losslessly. The symbol probabilities of the 
error signal are computed using a sliding window approach 
and updated for each input symbol. The probability table 
represents the statistics of the past 500 samples; this pro-
vides the best performance for accurately matching to the 
local statistics of the input signal. The arithmetic coder is 

485



implemented using an incremental shift out algorithm with 
low complexity. 

3.  EVALUATION RESULTS 

The performance of proposed coding system is evaluated by 
encoding various audio pieces composed of pop music, jazz 
music, and classic music. All audio signals are sampled at 
44.1 kHz with 16 bit A/D conversion. For lossy coding part, 
two performance indexes are used for evaluation, i.e., SNR 
and entropy of the residual signal. Table 1 lists the SNRs 
and entropies obtained from encoding three music pieces by 
the proposed codec.  
 
For lossless coding part, two popular lossless audio coders; 
FLAC [9] and MPEG-4 ALS (RLS-LMS) [10], are used for 
comparison. Table 2 shows the average compression ratios 
achieved by these coders and our proposed coder for various 
kinds of audio pieces. 
 
Table 1. List of the SNRs and entropies achieved by the pro-
posed codec. 

 Jazz  Pop  Classic 
Entropy(bit) 6.013 7.648 8.080 
SNR(dB) 48.445 28.835 31.466 

  
Table 2. Comparison of compression ratios achieved by 
FLAC -2, MPEG-4 ALS (RLS-LMS) and our proposed 
coder. 

 FLAC -2 MPEG-4 ALS Proposed codec 
Jazz 1.675 1.833 1.676 
Pop 1.399 1.543 1.419 
Classic 1.382 1.469 1.372 
average 1.485 1.615 1.489 

 
Under evaluation with compression ratio, the proposed 
coder performs slightly better than FLAC -2 and it only per-
forms 7.80% worse than MPEG-4 ALS (RLS-LMS). None-
theless the proposed coder has advantage of low decoding 
complexity as well as its lossy coding functionalities.  
 
The decoding time of the proposed decoder is listed in Table 
3 to compare with MPEG-4 ALS (RLS-LMS) decoder.  

 
Table 3. Comparison of decoding time (in seconds) 

 MPEG-4 ALS Proposed codec time saving 
Jazz 16.94 8.27 51.18% 
Pop 8.55 4.74 44.56% 
Classic 16.45 8.95 45.59% 

The decoding time of the proposed decoder is 47.64% less 
than that of MPEG-4 ALS (RLS-LMS) decoder, while the 
proposed decoder has not been optimized for speed. 

4. CONCLUSION 

A new lossless audio coding algorithm is proposed. The 
algorithm is a cascade of a lossy coding part and a lossless 
coding part. The lossy coding part is based on a modified 

code-excitation approach where the excitation gain and 
short-term predictor coefficients are adapted in a sample-by-
sample fashion. A close-loop codebook search strategy using 
a combined minimum error energy and minimum code 
length criterion is applied to guarantee good coding per-
formance comparable to many advanced lossless audio cod-
ers. The complexity of decoding is relatively small. 

REFERENCES 

[1] ISO/IEC 11172-3:1993,"Information Technology - Cod-
ing of Moving Pictures and Associated Audio for Digital 
Storage Media at up to about 1.5 Mbit/s - Part 3:Audio" 

 
[2] ISO/IEC 13818-7:2006 "Information technology - Ge-
neric coding of moving pictures and associated audio infor-
mation - Part 7: Advanced Audio Coding (AAC)". 

 
[3] T. Liebchen. Tech.Univ. Berlin, Berlin,Germany, LPAC, 
version 0.99h, 
 http://www-ft.ee.tu-erlin.de/~liebchen/lpac.html. 
 
[4] Eric Knapen, Derk Reefman, Erwin Janssen, and Fons 
Bruekers, “Lossless compression of one-bit audio”, JAES, 
vol. 52, no. 2, February 2004. 
 
[5] M. Gerzon et al., “The MLP lossless compression sys-
tem,” in Proc. AES 17th Int. Conf., Florence, Italy, pp. 61-
75, Sept. 1999. 
 
[6] M. R. Schroeder and B. S. Atal, "Code-excited linear 
prediction (CELP): high-quality speech at very low bit 
rates," in Proceedings of the IEEE International Conference 
on Acoustics, Speech, and Signal Processing (ICASSP), vol. 
10, pp. 937-940, 1985. 
 
[7] P. Cummiskey, N. S. Jayant, and J. L. Flanagan, "Adap-
tive quantilation in differential PCM coding of speech," Bell 
Syst. Tech. J., vol. 52, pp. 1105-1118, Sept. 1973. 
 
[8] ITU-T Recommendation G.726, 40, 32, 24, 16 kbit/s 
Adaptive Differential Pulse Code Modulation (ADPCM), 
Geneva, Switzerland, 1989. 
 
[9] “FLAC – Free Lossless Audio Codec,” 
http://flac.sourceforge.net. 
 
[10] “MPEG-4 Audio Lossless Coding (ALS)” 
http://www.nue.tu-
berlin.de/menue/forschung/projekte/parameter/en/ 
 
[11] “Verification Report on MPEG-4 ALS” 74th MPEG 
Meeting in Nice, France, October 2005. 
 
[12] T. Liebchen, T. Moriya, N. Harada, Y. Kamamoto, and 
Y. A. Reznik, “The MPEG-4 Audio Lossless Coding Stan-
dard - Technology and Applications” 119th AES Conven-
tion, New York, NY, USA, Oct. 7-10. 2005, no. 6589, pp. 1-
14. 

486



IMPROVEMENTS OF CONTINUOUS MODEL FOR MEMORY-BASED AUTOMATIC
MUSIC TRANSCRIPTION
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ABSTRACT
Automatic music transcription is a process recovering
the most likely combination of sounds that produced the
recorded audio signal. We are concerned with memory-based
approach, where the observed signal is modeled as a super-
position of sounds from a library. Moreover, we assume that
only parts of the sounds can be played. The number of pos-
sible combinations is excessive and exact estimation is com-
putationally prohibitive. We propose to transform the orig-
inal discrete-event model into a less restricted parametriza-
tion and impose the constraints in a soft way via prior in-
formation. The resulting model is a non-linear state-space
model with Gaussian disturbances. The posterior estimates
are evaluated by the extended Kalman filter. Performance
of the model is studied in simulation and it is shown that it
outperforms previously published methods.

1. INTRODUCTION

Automatic music transcription (AMT) is a process of decom-
posing recorded music signal into a sequence of higher-level
sound events. The entire AMT—i.e. resolving pitch, loud-
ness, timing and instrument of all sound events in an input
audio music signal [6]—is not theoretically possible in gen-
eral [6], therefore practical AMT has to be restricted to a
specific scenario. Commonly used scenarios are memory-
based and data-based AMT. The former utilizes sound mod-
els corresponding to a certain musical instrument sound (al-
lowing to identify the instruments), the latter utilizes only
rules which hold in general. We are concerned with a special
case of memory-based AMT. Kashino’s transcription system
[9] is another system that is considered as an entire memory-
based AMT system in the sense of [6].

Intuitively, the problem can be understood as an ‘inverse
music sequencer’, Fig. 1. Music sequencers have a pre-
recorded library of sounds (sound components) which are
combined together to create music signal. Input to the se-
quencer is a MIDI file which contains information about be-
ginning of music events in time, their duration, IDs of sounds
(in our case the pre-recorded sound components), their am-
plitude and modification type. Component modification(s)—
e.g. component truncation or pitch shifting—were designed
to reduce the size of the pre-recorded library. In this paper
we consider only component truncation as a possible modi-
fication. Output of the sequencer is the audio signal. Input
of our ‘inverse music sequencer’ is the recorded music signal
and its output is the estimated (transcribed) MIDI-like repre-
sentation of music events.

The sequencer composes the output from sounds stored
in the library of K sounds. Each sound is composed of Lk
frames, which are supposed to be played after each other.

Figure 1: Principle of a music sequencer. The range of active
frames pκ is yellowed. Note that the amplitudes are the same
for all events in a track k (represented by squares of the same
color).

The input events are defined by: (i) index of the sound to
play, k = [1, . . . ,K], (ii) truncation of the sound, i.e. begin-
ning of the range of frames from the kth sound to play, ppp, and
(iii) amplitude of the sound, 0≤ g≤ 1. We assume that each
sound can be played only once at time t. The output sound is
then:

yyyt = ∑
κ∈Kt

gκ f (kκ , pppκ , t), (1)

where yyyt is the φ -dimensional vector of measurements at
time t composed of either time- or frequency-representation
of the input music signal segment (frame); κ denotes ID
of the event from the set of events active at time t, Kt ⊂
[1, . . . ,K]. Function f (kκ , pppκ , t) looks up the frame from
range pppκ of the kκ th sound that is active in time t, see il-
lustration on Fig. 1.

Model (1) is a suitable representation of a sequencer,
however, it is not suitable for the inverse operation since the
number of possible configurations of the unknowns Kt and
pppκ is enormous. Formally, (1) can be written as a sum over
all frames

yyyt =
N

∑
i=1

αi,tgi,t fff i, (2)

where N = ∑
K
k=1 Lk, αi,t ∈ {0,1} is equal to 1 if ith frame,

fff i, is used in (3) and gi,t is the corresponding amplitude. The
values of αi,t are constrained by the parameters Kt and pppκ as
follows:
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• only one frame of the kth sound may be active at time t,
• when the ith frame of the kth sound was active in time

t−1 and t is in pppκ , the (i +1)th frame must be active in
time t,

• no frame is active when t is out of pppκ .
The number of possible combinations of αi,t is still enor-
mous, since we allow arbitrary truncations of the sounds.
Therefore, we propose to relax the hard constraints above
and introduce an unconstrained variable 0≤ ai,t such that

yyyt =
N

∑
i=1

ai,t fff i = FFFaaat . (3)

where FFF = [ fff 1, . . . , fff N ] and aaat = [a1,t , . . . ,aN,t ]′, ai,t being the
amplitude of ith frame. This relaxation has both advantages
and disadvantages.

The advantage is that model (3) is well studied in sta-
tistical literature and efficient parameter estimation methods
exists for its various variants. For example, linear regression,
factor analysis [3], Kalman filtering, matching pursuit [10]
and independent component analysis [5] (ICA) arise from (3)
by imposing different assumptions on parameters aaat and FFF .
These methods are used in music processing, e.g. ICA for
blind (unsupervised) source separation (BSS) techniques in
monoaural input music signals [6]. In this work, we investi-
gate the use of the Kalman filtering approach.

The main disadvantage of the relaxation is that it allows
to explain signal yyyt by a combination of frames that are not
valid from musical point of view (e.g. it allows to play all
frames from one sound at the same time). The original re-
strictions can be restored in less restrictive form via transi-
tion model p(aaat |aaat−1) which needs to be designed. Similar
approach was used in [2] where the prior was designed for
the whole sequence by optimized combination of priors com-
monly used in the area. In this paper, we present a new model
using only first-order Markov transition model which is ob-
tained by conversion of transition model for discrete events
(1) into a form suitable for the continuous model (3).

The paper is organized as follows: model of the sig-
nal transition between time frames is presented in the sec-
ond Section; evaluation of the posterior density implied by
the model is presented in the third Section; simulation study
that assess performance on the model on music data is in the
fourth section.

2. DERIVATION OF THE MODEL

Observation of the signal yyyt are never perfect due to round-
off errors and measurement noise. The observation model
(3) is used as mean value of Gaussian likelihood function of
observations:

p(yyyt |aaat ,FFF) = N (FFFaaat ,ω
−1IIIφ ). (4)

Here, N denotes normal distribution of vector argument, ω

is scalar precision parameter, IIIφ denotes identity matrix of
dimensions φ ×φ .

The task is to estimate posterior density of aaat given
available data, p(aaat |FFF ,YYY t), where YYY t = [yyy1, . . . ,yyyt ]. The
constraints on α will be transformed into Gaussian prior
p(aaat |aaat−1), which is parametrized by mean value of size N
and covariance matrix of size N×N.

2.1 Transformation between αi,t and ai,t

We start with a simple transformation between discrete vari-
able ααα t and continuous amplitude aaat , specifically

p(ai,t |αi,t) =
{

N (1,kσ1) ifαi,t = 1,

N (0,σ1) otherwise.
(5)

Intuitively, zero values of αi,t (i.e., representation of silence)
are mapped on ai,t which are ‘close to zero’ and αi,t = 1 (i.e.,
the loudest sound notation) are mapped to ai,t close to 1. The
closeness is modeled by variance parameter σ1. Since we
allow lower amplitudes of the tone via g, we model variance
of the first component of the pdf in (5) to be k times greater
than that of the second component.

Inverse mapping of aaat to ααα t can be obtained by the Bayes
rule:

p(αi,t |ai,t) = p(ai,t |αi,t)p(αi,t)/p(ai,t).
There is no information on prior of αi,t , thus p(αi,t) is uni-
form, and for a particular component:

p(αi,t = 0|ai,t) ∝

1
2 σ
−0.5
1 exp(− 1

2σ1
a2

i,t)

1
2 σ
−0.5
1

[
exp(− 1

2σ1
a2

i,t)+ k−0.5 exp(− 1
2kσ1

(1−ai,t)2)
]

=
1

1+ k−0.5 exp(− 1
2kσ1

((1− k)a2
i,t −2ai,t +1))

(6)

2.2 Parameter evolution model
In the discrete parametrization (1), the transition between
frames can be modeled by a simple Markov transition:

p(αi,t |αi−1,t−1) αi−1,t−1 = 0 αi−1,t−1 = 1
αi,1 = 0 τ0 1− τ0
αi,1 = 1 1− τ1 τ1

where τ0,τ1 are constant probabilities that the discrete am-
plitude is not changed by the transition from t−1 to t . This
transition model can be combined with (6) as follows:

p(ai,t |ai−1,t−1) = ∑
αi,t−1

∑
αi−1,t−1

p(ai,t |αi,t)p(αi,t |αi−1,t−1)p(αi−1,t−1|ai−1,t−1) (7)

However, direct application of this rule would result in prior
p(aaat) being a mixture of 4NT components which is not com-
putationally tractable. Hence, we project (7) into a single
Gaussian density

p(ai,t |ai−1,t−1) = N (µi,t−1,σi,t−1) (8)

using geometric merging of probabilities [7], which yields

σ
−1
i,t−1 = α̂i,t

(k−1)τ0 +1
kσ1

+(1− α̂i,t)
(k−1)(1− τ1)+1

kσ1
,

=
α̂i,t(k−1)(τ0 + τ1−1)+(k−1)(1− τ1)+1

kσ1
(9)

µi,t−1 = σi,t−1

(
α̂i,t

(1− τ0)
kσ1

+(1− α̂i,t)
τ1

kσ1

)
.

=
α̂i,t(1− τ0 + τ1)+1

α̂i,t(k−1)(τ0 + τ1−1)+(k−1)(1− τ1)+1
(10)
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Figure 2: Visualization of matrix notation of the audio model.

where α̂i,t = p(αi,t = 0|ai,t) from (6).
Prior (7) is valid only when frame with index i− 1 is in

the same sound. First frames in the sound are treated in a
special way. The probability of the whole vector is then:

p(aaat |aaat−1) = N (h(aaat−1),QQQt(aaat−1)), (11)

p(yyyt |aaat) = N (FFFaaat ,ω
−1IIIφ ). (12)

Here, h(aaat−1) is a vector valued function,

hi(aaat−1) =
{

µi,t(aaat−1) if i, i−1in thesamesound
c otherwise

, (13)

and QQQt is a diagonal matrix

Qi,i,t(aaat−1) =
{

σi,t(aaat−1) if i, i−1in thesamesound
q otherwise

.

(14)
Here c,q denote constants on the positions of first frames of
the library sounds, for illustration of the relation between i
and sounds see Fig. 1.

3. BAYESIAN FILTERING OF THE MODEL

The state-space model derived in Section 2 is strongly non-
linear model with Gaussian disturbances. There is a range
of techniques for Bayesian filtering, such as particle filters
[4], extended Kalman filters, and others. The model was de-
rived using projection into Gaussian densities, hence a filter
designed for Gaussian disturbances seems to be appropriate
choice. For the purpose of this paper, we will use a version
of the extended Kalman filter (EKF).

The task is to recursively compute posterior density
p(aaat |YYY t) which is, in the EKF, approximated by a Gaussian

p(aaat |YYY t) = N (h(âaat−1)−KKK(yyyt −FFFâaat−1),PPPt,t),

where âaat−1 is a mean value of the previous density
p(aaat−1|YYY t−1) and matrices KKK and PPPt,t are computed using

the standard EKF as follows:

RRRy = FFF ′PPPt−1FFF +ω
−1IIIφ ,

KKK = PPPt−1FFFRRR−1
y (15)

PPPt|t = PPPt−1−PPPt−1FFF ′RRR−1
y FFFPPPt−1,

PPPt = AAAPPPt|tAAA+QQQt(âaat−1).

Here, AAA = d
daaat−1

h(aaat−1) which is a sparse matrix composed
of derivatives of µi,t (10)

d
dai,t−1

µi,t−1 =
(−1+ t0 + t1)

√
k ((k−1)ai,t−1 +1)εσ1

−1(
k3/2t0 +

√
k−
√

kt0 + ε(k− kt1 + t1)
)2

ε = exp
1
2

(k−1)a2
i,t−1 +2ai,t−1−1

kσ1

Note that Qt(aaat−1) in (11) was replaced by Qt(âaat−1) in
(15). This change is required since EKF does not allow co-
variance matrices to be function of the state variable. We
conjecture that this is an acceptable approximation.

4. EXPERIMENT

The simulated data were generated from piano midi files.
Each note was represented by pitch, onset time, duration and
offset in the sound library. The offset is a non-standard ex-
tension of the midi format. The corresponding amplitude
matrix and the observed audio signal were generated using
model (1). Midi notes that were not available in the library of
sounds were omitted. For testing purposes, 61 library sounds
(corresponding to midi notes 36—96) were used, each of
them having 10 frames. Each frame contained 4096 sam-
ples at 44.1 kHz sample rate, represented by the magnitude
spectrum. For training of the nuisance parameters, only 36
(midi notes 45—80) sounds were considered. Thus, there
were 610 and 360 frames in the testing and training library,
respectively. The sounds assigned to the piano midi events
were obtained by a harmonic tone synthesizer [1] which pro-
duce tones with sharp attack and inner frames of different
loudness, however, the frames were significantly similar to
each other. Hence, the audio signal generated by the first
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frame at low amplitude is remarkably similar e.g. to that of
the third frame at higher amplitude. This is a challenge for
estimation, since the likelihood model alone can not prop-
erly distinguish those two cases and good model of the prior
is required to obtain good performance.

The proposed model contains nuisance parameters δ1 =
[σ1,k,τ0,τ1,c,q] in the apriori part and ω1 in the likelihood.
These were optimized by Matlab function fminsearch us-
ing the following criteria: (i) a measure similar to the total
relative sound-to-distortion ratio [8] that read:

SDR = 10log10
∑t [b ·FFFacoustaaat ]2

∑t [yyyt −b ·FFFacoustaaat ]2
, (16)

where b is a scalar fitting b ·AAA = AAAre f erence + noise accord-
ing to MMSE, and Facoust is the matrix of frames in acoustic
form; and (ii) a hit-measure: m = hits−0.5 ·( f alsepositive+
f alsenegative). Model nuisance parameters were trained on
51 frame long signal of one of Debussy’s preludes and tested
on 582 frame long concatenation of short excerpts of Mozart
and Debussy. In the training phase, 51 units were filtered
by the Kalman filter to a selected optimization criteria value,
frame by frame with no overlap. The SDR criteria was found
to be more suitable for optimization since the hit-measure is
too coarse for the fminsearch optimization. Moreover,
the hit-measure depends on the amplitude threshold to dis-
tinguish active from non-active ai,t amplitudes whereas the
SDR does not. All results presented in the paper are based
on nuisance parameters optimized for the SDR criterion. In
the testing phase, 58 seconds of music audio signal contain-
ing 1325 active frames were estimated by the Kalman filter.

For comparison, two previously published methods have
been applied to the same data. The first approach, la-
beled ‘maxent’, is based on model (3) with different prior
[2]. The prior is obtained by optimized combination of
four phenomena: A) sparsity; B), C) temporal dependence;
D) dissimilarity of simultaneous sounds. Combination of
these phenomena was governed by nuisance parameters δ2 =
[λ ,γ,c,ν1,ν2] and ω2, which were optimized using the same
fminsearch procedure. The original δ2 from [2] con-
tained additional parameter ζ , which was found to be re-
dundant. The second compared method, labeled ‘NMF’, is
non-negative matrix factorization of the measurement matrix
YYY [6], where the matrix of bases corresponds to F that is
known. Even though there are ‘NMFs’ with various restric-
tions on amplitude matrix, the considered ‘NMF’ transcrip-
tion uses no prior knowledge (i.e., no restrictions) to demon-
strate the informativeness of the independent measurements.

Resulting transcriptions of all three tested methods are
displayed via piano-roll schematics in Figures 3 (detail of
note E 64) and 4 (initial 25 samples of the testing set). Note
that the above mentioned ambiguity of the likelihood is well
manifested in the results of NMF approach (Fig. 4, bottom-
right) which is based only on the likelihood. Models of prior
information (maxent or the current model) improve the es-
timation results by sharpening around the most likely path.
However, the ambiguity is affecting these methods as well,
since one missed frame may lead to a postponement of the
whole tone, see detail of the posterior in Fig. 3. This shift in
time has negative influence on the hits factor of the current
method as summarized in Table 1. The maxent model was
poor in estimation of the length of a sounding note. Almost
all lengths were estimated identically despite their variablity.

0 5 10 0 5 10 0 5 10

Figure 3: Focus of the note E 64 from Fig.4: posterior density
of matrix A from NMF (left), using maxent model (middle),
and the current model (right). The simulated value was a
straight line with one vertical step increase in each horizontal
step.

Table 1: Comparison of the presented model with previous
methods.

active
frames
total

hits false
positive

false
nega-
tive

SDR
[dB]

current
model 1325 1219 293 106 10.59

maxent
model 1325 1038 257 557 8.72

NMF 1325 1007 1367 218 3.53

This led either to their over-estimation or under-estimation
according to the tested data. Over-estimation of the lengths
causes only minor decrease of the SDR values since ampli-
tudes of the tones at their ends are small.

Using library of those 61 sounds, one time unit process-
ing ranged from 1.5 to 2 with Kalman filter on Core Duo or
Quad Core CPU. Hundred of iterations of the ‘NMF’ algo-
rithm took about 30 seconds, thus the implementation of the
problem solution by the ‘NMF’ was about 50 times faster
than the problem solution by Kalman filter.

5. DISCUSSION AND CONCLUSION

We have presented a new model with continuous
parametrization for automatic music transcription. The
main motivation of the new prior is on-line transcription of
the signal using only first-order Markov transition model.
The underlying model of discrete events was transformed
into continuous version via Gaussian mixture models.
Projection of these mixtures into a single Gaussian density
yields non-linear state-space model with Gaussian distur-
bances. Music transcription is then converted into estimation
of the state variable which is achieved by the extended
Kalman filter with a minor modification. The nuisance
parameters were tuned on a small training set, while the final
comparison was performed on a significantly larger data-set.
The results compare favorably to the previously published
approaches. Note that the transcription is obtained on-line,
i.e. each point was estimated using only data available up to
the time of the analysis. It can be expected that extensions
using Bayesian smoothing would further improve on the
quality of the estimates. At present, the Kalman gain calcu-
lation is rather expensive—one step takes about one second
in this case—but there is a lot of space for optimization
or approximate evaluation employing e.g. the ensemble
Kalman filter. Further improvement can be obtained by
extension of the prior to higher-order Markov model. In
this paper, we have considered only transition between the

490



0 5 10 15 20 25
D  62

D# 63
E  64
F  65

F# 66
G  67
G# 68
A  69

A# 70
B  71
C  72

C#  73
D  74

D#  75
E  76
F  77

F# 78

0 5 10 15 20 25

0 5 10 15 20 25
D  62 
D# 63
E  64
F# 65
G  66
G# 67
A  68

A# 69
B  70
C  71

C# 72
D  73

D# 74
E  75
F  76

F# 77
G  78

0 5 10 15 20 25

Figure 4: Example of simulated and transcribed piece of polyphonic music. Top-left: original music excerpt; top-right:
the excerpt transcribed by the current model with optimized nuisance δ1 = [4,3 · 10−4,59,0.88,0.93,0.26,0.17], ω1 = 0.69;
bottom-left: the maxent model, optimized nuisance δ2 = [0.005,1.0,4 ·10−6,0.26,10−4], ω2 = 1.0; bottom-right: transcrip-
tion by NMF without any constraints. Vertical axis denotes tone with the due midi keys. The horizontal axis denotes discrete
time (time units). Focused depiction of one note is displayed in Fig. 3.

two consecutive frames in the bank of sounds. Clearly, the
approach can be extended for 3 and more frames.
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ABSTRACT
In this paper, a robust framework for automatic music tag-
ging is proposed. First, each music recording is represented
by its auditory temporal modulations. Then, a multilin-
ear subspace learning algorithm based on sparse label cod-
ing is proposed to effectively harness the multi-label infor-
mation for dimensionality reduction. The proposed algo-
rithm is referred to as Sparse Multi-label Linear Embed-
ding Nonnegative Tensor Factorization. Finally, a recently
proposed sparse representation-based method for multi-label
data is employed to propagate the multiple labels of the train-
ing auditory temporal modulations to annotate the auditory
temporal modulations extracted from a test music record-
ing with the sparse ℓ1 reconstruction coefficients. The pro-
posed framework outperforms both humans and state-of-the-
art computer audition systems in the music tagging task,
when applied to the CAL500 dataset.

1. INTRODUCTION

The emergence of Web 2.0 and the success of music-oriented
social network websites, such as last.fm, has revealed the
concept of music tagging. Tags are text-based labels that en-
code semantic information related to music (i.e., instrumen-
tation, genres, emotions, etc.) resulting into a non-acoustic
representation of music, which can be used as input to col-
laborative filtering systems assisting users to search for mu-
sic content. However, a drawback of these systems is that a
newly added music recording must be tagged manually first,
before it can be retrieved [18, 19], which is a time consum-
ing, expensive process. Therefore, an interesting problem in
Music Information Retrieval (MIR) community is how to au-
tomate the process of tagging music recordings when they
become available. This problem is referred to as automatic
music tagging or automatic multi-label music annotation.

MIR has mainly focused on content-based classification
of music by genre [11, 12, 13], and emotion [14]. Such
classification systems effectively annotate music with class
labels, such as “rock”, “happy”, etc by assuming a prede-
fined taxonomy and explicit labeling of a music recording
into mutually exclusive classes. However, this assumption is
unrealistic and results into a number of problems since mu-
sic perception is inherently subjective [19]. These problems
can be overcome by the less restrictive approach of anno-
tating the audio content by more than one labels, which re-
flect more aspects of music. However, has been made little
work on multi-label automatic music annotation compared
to that on the multi-label automatic image annotation (re-
fer to [2, 20] and the references therein). Automatic mu-

sic tagging algorithms can be roughly classified into three
categories: 1) classification-based methods, 2) probabilistic
modeling-based methods, and 3) web game related meth-
ods. The classification-based methods treat audio tag predic-
tion as a set of binary classification problems where standard
classifiers such as the Support Vector Machines [17] or Ada-
Boost [1] can be applied. The probabilistic modeling-based
methods [19, 5] attempt to infer the correlations or joint prob-
abilities between the tags and the low-level acoustic features
extracted from audio. Web game related methods try to solve
the music tagging problem via games [7].

In this paper, the problem of automatic music tagging is
addressed as multi-label multi-class classification problem
by employing a novel multilinear subspace learning algo-
rithm and sparse representations. Motivated by the robust-
ness of the auditory representations in the music genre clas-
sification [11, 12, 13], each audio recording is represented in
terms of its slow temporal modulations by a two-dimensional
(2D) auditory representation as in [13]. Consequently, an en-
semble of audio recordings is represented by a third-order
tensor. The auditory temporal modulations do not explic-
itly utilize the label set (i.e., the tags) of music recordings.
Due to the well-known semantic gap, it is unclear how the
semantic similarity between the label sets associated to two
music recordings can drive the efficient feature extraction.
Based on the automatic multi-label image annotation frame-
work proposed in [20], the semantic similarities between
two music recordings with overlapped labels are measured
in a sparse representation-based way rather than in one-to-
one way as in [17, 1]. To this end, a novel multilinear sub-
space learning algorithm is developed to efficiently harness
the multi-label information for feature extraction. In particu-
lar, the proposed method incorporates the Multi-label Linear
Embedding (MLE) [20] into the Nonnegative Tensor Factor-
ization (NTF) [11]. It is referred to as Sparse Multi-label
Linear Embedding Nonnegative Tensor Factorization (SM-
LENTF). The SMLENTF is adopted in order to reduce the
dimensionality of the space, where the high-order data (i.e.
auditory temporal modulations representations) lie, by map-
ping the high-order data onto a lower-dimensional semantic
space dominated by the label information. Features extracted
by the SMLENTF form an overcomplete dictionary for the
semantic space of music. If sufficient training music record-
ings are available, it is possible to express any test represen-
tation of auditory temporal modulations as a compact linear
combination of the dictionary atoms, which are semantically
close. This representation is designed to be sparse, because it
involves only a small fraction of the dictionary atoms and can
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be computed efficiently via ℓ1 optimization. Finally, tags are
propagated from the training atoms to a test music recording
with the sparse ℓ1 representation coefficients.

The performance of the proposed automatic music tag-
ging framework is assessed by conducting experiments on
the CAL500 dataset [18, 19]. For comparison purposes, the
MLE [20] is also tested in this task. The reported experi-
mental results indicate the superiority of the proposed SM-
LENTF over the MLE, the human performance, as well as
that of state-of-the-art computer audition systems in music
tagging, on the same dataset.

The paper is organized as follows. In Section 2, basic
multilinear algebra concepts and notations are defined. In
Section 3, the bio-inspired auditory representation based on
a computational auditory model is briefly described. SM-
LENTF is introduced in Section 4. The sparse representa-
tions based multi-label annotation framework is detailed in
Section 5. Experimental results are demonstrated in Section
6 and conclusions are drawn in Section 7.

2. NOTATION AND MULTILINEAR ALGEBRA
BASICS

Tensors are considered as the multidimensional equivalent of
matrices (i.e., second-order tensors) and vectors (i.e., first-
order tensors) [6]. Throughout the paper, tensors are denoted
by boldface Euler script calligraphic letters (e.g. X, A), ma-
trices are denoted by uppercase boldface letters (e.g. U), vec-
tors are denoted by lowercase boldface letters (e.g. u), and
scalars are denoted by lowercase letters (e.g. u). The ith row
of U is denoted as ui: while its jth column is denoted as u: j.

Let Z and R denote the set of integer and real numbers,
respectively. A high-order real valued tensor X of order N is
defined over the tensor space RI1×I2×...×IN , where In ∈ Z and
n = 1,2, . . . ,N. Each element of X is addressed by N indices,
i.e., xi1i2...iN . Mode-n unfolding of tensor X yields the matrix
X(n) ∈ RIn×(I1 ...In−1In+1...IN ). In the following, the operations
on tensors are expressed in matricized form [6].

An N-order tensor X has rank-1, when it is decom-
posed as the outer product of N vectors u(1),u(2), . . . ,u(N),
i.e. X = u(1) ◦u(2) ◦ . . . ◦u(N). That is, each element of the
tensor is the product of the corresponding vector elements,
xi1i2...iN = u(1)i1

u(2)i2
. . . u(N)

iN for in = 1,2, . . . , In. The rank of an
arbitrary N-order tensor X is the minimal number of rank-1
tensors that yield X when linearly combined. Next, several
products between matrices will be used, such as the Khatri-
Rao product denoted by ⊙, and the Hadamard product de-
noted by ∗, whose definitions can be found in [6] for exam-
ple.

3. AUDITORY TEMPORAL MODULATIONS
REPRESENTATION

A key step for representing music signals in a psycho-
physiologically consistent manner is to resort on how audio
is encoded in the human primary auditory cortex. The pri-
mary auditory cortex is the first stage of the central auditory
system, where higher level mental processes take place, such
as perception and cognition [10]. To this end the represen-
tation of auditory temporal modulations for audio signals is
employed [13]. The auditory representation is a joint acous-
tic and modulation frequency representation [15], that dis-
cards much of the spectro-temporal details and focuses on the

underlying slow temporal modulations of the music signal.
Such a representation has been proven very robust in repre-
senting music signals for music genre classification [12, 13].

The 2D representation of auditory temporal modulations
can be obtained by modeling the path of auditory process-
ing as detailed in [13]. The computational model of hu-
man auditory system consists of two basic processing stages.
The first stage models the early auditory system, which
converts the acoustic signal into an auditory representation,
the so-called auditory spectrogram, i.e. a time-frequency
distribution along a tonotopic (logarithmic frequency) axis.
At the second stage, the temporal modulation content of
the auditory spectrogram is estimated by wavelets applied
to each row of the auditory spectrogram. Psychophysio-
logical evidence justifies the choice of discrete rate r ∈
{2,4,8,16,32,64,128,256} (Hz) to represent the temporal
modulation content of sound. The cochlear model employed
in the first stage, has 96 filters covering 4 octaves along the
tonotopic axis (i.e. 24 filters per octave). Accordingly, the
auditory temporal modulation of a music recording is repre-
sented by a real-valued nonnegative second-order tensor (i.e.
a matrix) X ∈ RI1×I2

+ , where I1 = I f = 96 and I2 = Ir = 8.
Hereafter, let x= vec(X) ∈ RI1·I2

+ = R768
+ denote the lexico-

graphically ordered vectorial representation of the auditory
temporal modulations.

4. SPARSE MULTI-LABEL LINEAR EMBEDDING
NONNEGATIVE TENSOR FACTORIZATION

In order to transform the high-dimensional original tensor
space into a lower-dimensional semantic space defined by la-
bel information, multilinear subspace learning algorithms are
required. In conventional multilinear subspace learning algo-
rithms, such as the General Tensor Discrimininant Analysis
[16], the assumption made is that data points annotated by
the same label should be close to each other where data bear-
ing different labels should to be far away in the feature space.
However, this assumption is not valid in a multi-label task as
discussed in [20] and such subspace learning algorithms will
fail to produce a lower-dimensional semantic space based on
multiple labels.

Let {Xq|Qq=1} be a set of Q nonnegative tensors Xq ∈RI1
+

×I2×...×IN of order N. We can represent such a set by a
(N +1)-order tensor A ∈ RI1×I2×...

+
×IN×IN+1 with IN+1 = Q.

Furthermore, let us assume that the multi-labels of the train-
ing tensor A are represented by the matrix C∈RV×Q

+ , where
V indicates the cardinality of the tag vocabulary. Accord-
ingly, c ji = 1 if the ith tensor is labeled with the jth tag in the
vocabulary and 0 otherwise. Since, every tensor object (mu-
sic recording in this paper) can be labeled by multiple labels,
there may exist more than one non-zero elements in a label
vector (i.e. c:i).

To overcome the limitation of conventional multilinear
subspace learning algorithms, the MLE [20] is incorporated
into the NTF. To this end two methods for using multi-label
information in order to drive semantically oriented feature
extraction from tensor objects are adopted. First, the ten-
sor objects with the same label set, that is c:i = c: j, are con-
sidered to be fully semantically related and thus the simi-
larity graph W1 has elements w1

i j = w1
ji = 1 and 0 other-

wise. However, in real-world datasets, data samples with
exactly the same label set are rare, especially in music en-
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sembles. In such a case, the semantic relationship between
data samples can be inferred via the ℓ1 semantic graph as
proposed in [20]. Let us denote by W2 the ℓ1 semantic
graph. W2 contains the coefficients that represent each label
vector c:i as a compact linear combination of the remaining
semantically related label vectors. Formally, let us define
Ĉi = [c:1|c:2| . . . |c:i−1|c:i+1| . . . |c:Q]. If V ≪ Q the linear
combination coefficients a can be obtained by seeking the
sparsest solution to the undetermined system of equations
c:i = Ĉia. That is, by solving the following optimization
problem:

argmin
a

∥a∥0 subject to Ĉia= c:i, (1)

where ∥.∥0 is the ℓ0 quasi-norm returning the number of the
non-zero entries of a vector. Finding the solution to optimiza-
tion problem (1) is NP-hard due to the nature of the under-
lying combinational optimization. In [4], it has been proved
that if the solution is sparse enough, then the solution of (1)
is equivalent to the solution of the optimization problem:

argmin
a

∥a∥1 subject to Ĉi a= c:i, (2)

where ∥.∥1 denotes the ℓ1 norm of a vector. (2) can be solved
in polynomial time by standard linear programming methods
[3].

Therefore, the ℓ1 semantic graph W2 is constructed as
follows. For each label vector, Ĉi is constructed and then it
is normalized so as to have unit length column vectors. Then,
(2) is solved, by replacing Ĉi with the normalized one, and
the sparse representation vector a is obtained. Next, w2

i j = a j

for 1 ≤ j ≤ i−1; w2
i j = a j−1 for i+1 ≤ j ≤ Q. Clearly, the

diagonal elements of W2 are equal to zero.
Given {Xq|Qq=1}, one can model the semantic relation-

ships between these tensor objects by constructing the multi-
label linear embedding matrix, using W1 and W2 as in
[20]. The multi-label linear embedding matrix is defined
as M = D1 −W1 + β

2 (I−W2)T (I−W2), where D1 is a
diagonal matrix with elements d1

ii = ∑i ̸= j w1
i j and β > 0 is

a parameter for balancing the contribution of each graph in
the multi-label linear embedding [20]. Let Z(n) =U(N+1)⊙
. . .⊙U(n+1)⊙U(n−1)⊙ . . .⊙U(1). One can incorporate the
semantic information of tensor objects into the NTF by con-
structing the following objective function for the SMLENTF
in matricized form:

fSMLENT F
(
U(n)|N+1

n=1
)
= ∥A(n)−U(n)[Z(n)]T∥2

F

+λ tr
{[

U(N+1)]T
MU(N+1)

}
, (3)

where λ > 0 is a parameter, which controls the trade off be-
tween goodness of fit to the data tensor A and the multi-
label linear embedding and ∥.∥F denotes the Frobenius norm.
Consequently, we propose to minimize (3) subject to the
nonnegativity constraint on factor matrices U(n) ∈ RIn×k

+ ,
n = 1,2, . . . ,N+1, where k is the desirable number of rank-1
tensors approximating A when linearly combined.

Let ∇U(n) fSMLENT F = ∂ fSMLENT F
∂U(n) be the partial derivative

of the objective function fSMLENT F(U
(n)|N+1

n=1 ) with respect

to U(n). Now, let us define the nonnegative matrices M+

(with elements m+
i j =mi j if mi j > 0 and 0 otherwise) and M−

(with elements m−
i j =−mi j if mi j < 0 and 0 otherwise). Since

U(n), n = 1,2, . . . ,N +1, M+, and M− are nonnegative, the
partial derivatives of the objective function can be decom-
posed as differences of two nonnegative components denoted
by ∇+

U(n) fSMLENT F and ∇−
U(n) fSMLENT F , respectively. It can

be shown that for n = 1,2, . . . ,N we have

∇U(n) fSMLENT F =U(n)[Z(n)]T
Z(n)︸ ︷︷ ︸

∇+

U(n) fSMLENT F

− A(n)Z
(n)︸ ︷︷ ︸

∇−
U(n) fSMLENT F

, (4)

while for n = N +1 and since M=M+−M− we obtain

∇U(N+1) fSMLENT F =

U(N+1)[Z(N+1)]T
Z(N+1)+λ M+U(N+1)︸ ︷︷ ︸

∇+

U(N+1) fSMLENT F

−
(
A(N+1)Z

(N+1)+λ M−U(N+1))︸ ︷︷ ︸
∇−
U(N+1) fSMLENT F

. (5)

Following the strategy employed in the derivation of Non-
negative Matrix Factorization [8], we obtain an iterative al-
ternating algorithm for SMLENTF as follows. Given N + 1
randomly initialized nonnegative matrices U(n)|N+1

n=1 ∈RIn×k
+ ,

a local minimum of (3) subject to the nonnegativity con-
straints can be found by the multiplicative update rule:

U
(n)
[t+1] =U

(n)
[t] ∗

∇−
U

(n)
[t]

fSMLENT F

∇+

U
(n)
[t]

fSMLENT F
, (6)

where the division in (6) is elementwise and t denotes the it-
eration index. The multiplicative update rule (6) suffers from
two drawbacks: 1) The denominator may be zero; 2) U(n)

[t+1]

does not change when U
(n)
[t] = 0 and ∇U(n)[t] fSMLENT F < 0.

In order to overcome these drawbacks, we can modify (6) as
in [9]. A robust multiplicative update rule for SMLENTF is
then

U
(n)
[t+1] =U

(n)
[t] −

Û
(n)
[t]

∇+

U
(n)
[t]

fSMLENT F +δ
∗∇

U
(n)
[t]

fSMLENT F , (7)

where Û
(n)
[t] =U

(n)
[t] if ∇

U
(n)
[t]

fSMLENT F ≥ 0 and σ otherwise.

The parameters σ , δ are predefined small positive numbers,
typically 10−8 [9].

5. MULTI-LABEL ANNOTATION VIA SPARSE
REPRESENTATIONS

In this section, the task of automatic music tagging is ad-
dressed by sparse representations of auditory temporal mod-
ulations projected onto a reduced dimension feature space,
where the semantic relations between them are retained.

For each music recording the 2D auditory temporal mod-
ulations are extracted as briefly described in Section 3 and
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detailed in [13]. Thus, each ensemble of recordings is repre-
sented by a third-order data tensor, which is created by stack-
ing the second-order feature tensors associated to the record-
ings. Consequently, the data tensor A ∈ RI1×I2×I3

+ , where
I1 = I f = 96, I2 = Ir = 8, and I3 = Isamples is obtained. Let
Atraining ∈ RI1×I2×Q

+ , Q < Isamples, be the tensor where the
training auditory temporal modulations are stored. By ap-
plying the SMLENTF onto the Atraining three factor matri-
ces are derived, namely U(1), U(2),U(3), associated to the
frequency, rate, and samples modes of the training tensor
Atraining, respectively. Consequently, the projection matrix
P = U(2) ⊙U(1) ∈ R768×k

+ , with k ≪ min(768,Q), is ob-
tained. The columns of P span a reduced dimension feature
space, where the semantic relations between the vectorized
auditory temporal modulation are retained. Consequently,
by projecting all the training auditory temporal modulations
onto this reduced dimension space an overcomplete dictio-
nary D = PTAT

training(3) ∈ Rk×Q
+ is obtained. Alternatively,

the dictionary can be obtained by D=P†AT
training(3), where

(.)† denotes the Moore-Penrose pseudoinverse
Given a vectorized representation of auditory temporal

modulations x ∈ R768
+ associated to a test music recording,

first it is projected onto the reduced dimension space and a
new feature vector is obtained as x̄ = PTx ∈ Rk

+. Now, x̄
can be represented as a compact linear combination of the se-
mantically related atoms of D. That is the test representation
of auditory temporal modulations is considered semantically
related to a few training representation of auditory temporal
modulations with non-zero approximation coefficients. This
implies that the corresponding music recordings are seman-
tically related, as well. Again, since D is overcomplete, the
sparse coefficient vector b can be obtained by solving the
following optimization problem:

argmin
b

∥b∥1 subject to Db= x̄. (8)

By applying the SMLENTF, the semantic relations between
the label vectors are propagated to the feature space. In mu-
sic tagging, the semantic relations are expected to propagate
from the feature space to the label vector space. Let us de-
note by ā the label vector of the test music recording. Then
ā is obtained by

ā=Cb. (9)

The labels with the largest values in ā yield the final tag vec-
tor of the test music recording.

6. EXPERIMENTAL EVALUATION

In order to assess the performance of the proposed frame-
work in automatic music tagging, experiments were con-
ducted on the CAL500 dataset [18, 19]. CAL500 is a cor-
pus of 500 tracks of Western popular music, each of which
has been manually annotated by three human annotators,
at least, using a vocabulary of 174 tags. The tags used
in CAL500 dataset annotation span six semantic categories,
namely instrumentation, vocal characteristics, genres, emo-
tions, acoustic quality of the song, and usage terms (e.g. “I
would like to listen this song while driving, sleeping etc”)
[19]. All the recordings were converted to monaural wave
format at a sampling frequency of 16 kHz and quantized with
16 bits. Moreover, the music signals have been normalized,

so that they have zero mean amplitude with unit variance in
order to remove any factors related to the recording condi-
tions.

Following the experimental set-up used in [1, 5, 19], 10-
fold cross-validation was employed during the experimen-
tal evaluation process. Thus each training set consists of
450 audio files. Accordingly, the training tensor ACAL500 ∈
R96×8×450
+ was constructed by stacking the auditory tempo-

ral modulations representations. The projection matrix P is
derived from the training tensor ACAL500 by employing ei-
ther the SMLENTF or the MLE [20]. The length of the tag
vector produced by our system is 10, that is each test music
recording was annotated with 10 tags. Throughout the ex-
periments, the value of λ in SMLENTF was empirically set
to 0.5, while the value of β in the matrix M process was set
to 0.5 for both the SMLENTF and the MLE. Furthermore,
both the SMLENTF and the MLE produce a semantic space
of reduced dimensions, i.e. k = 150.

Following [19], two metrics, the mean per-word preci-
sion and the mean per-word recall are employed in order to
assess the annotation performance of the proposed automatic
music tagging system. Per-word recall is defined as the frac-
tion of songs actually labeled with word w that the system
annotates with label w. Per-word precision is defined as the
fraction of songs that the system annotates with label w that
are actually labeled with word w. As in [5], if no test music
recordings are labeled with the word w, then the per-word
precision is undefined, and accordingly these words are omit-
ted during the evaluation procedure.

In Table 1 quantitative results on automatic music tag-
ging are presented. For comparison purposes, the best per-
formance of state-of-the-art computer audition systems eval-
uated on the same dataset is included. In particular, CBA
refers to the probabilistic model proposed in [5]. MixHier is
Turnbull et al. system based on a Gaussian mixture model
[19], while Autotag refers to Bertin-Mahieux et al. system
proposed in [1]. Random refers to a baseline system that an-
notates songs randomly based on tags’ empirical frequencies.
Even though the range of precision and recall is [0,1], the
aforementioned metrics may be upper-bounded by a value
less than 1 if the number of tags appearing in the ground
truth annotation is either greater or lesser than the number
of tags that are returned by the automatic music annotation
system. Consequently, UpperBnd indicates the best possi-
ble performance under each metric. Random and UpperBnd
were computed by Turnbull et al. [19], and give a sense of
the actual range for each metric. Finally, Human indicates
the performance of humans in assigning tags to the record-
ings of the CAL500 dataset. All the reported performance
metrics are means and standard errors (i.e. the sample stan-
dard deviation divided by the sample size) computed from
10-fold cross-validation on the CAL500 dataset. By inspect-
ing Table 1, SMLENTF clearly exhibits the best performance
with respect to the per-word precision and per-word recall
among the state-of-the-art computer audition systems that is
compared to. Furthermore, MLE outperforms the CBA, the
MixHier, and the Autotag systems with respect to per-word
precision, while in terms of per-word precision its perfor-
mance is comparable to that achieved by the CBA and the
MixHier. In addition both the SMLENTF and the MLE per-
form better than the humans with respect to per-word pre-
cision and per-word recall in the task under study. These
results make our framework the top performance computer
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Table 1: Mean Annotation Results on CAL500 Dataset.
System Precision Recall
Human [19] 0.296 (0.008) 0.145 (0.003)
UpperBnd [19] 0.712 (0.007) 0.375 (0.006)
Random [19] 0.144 (0.004) 0.064 (0.002)
SMLENTF 0.387 (0.004) 0.173 (0.0015)
MLE [20] 0.345 (0.004) 0.162 (0.002)
CBA [5] 0.286 (0.005) 0.162 (0.004)
MixHier [19] 0.265 (0.007) 0.158 (0.006)
Autotag [1] 0.281 0.131

audition system that outperforms humans in the music tag-
ging motivating applications to real-world automatic music
tagging tasks. The success of the proposed system can be at-
tributed to the fact that the semantic similarities between two
music signals with overlapped labels that are measured in
a sparse representation-based way rather than in one-to-one
way as in [17, 1] by applying multi-label linear embedding
into and sparse representations both in the features extraction
and classification process.

7. CONCLUSIONS

In this paper, an appealing automatic music tagging frame-
work has been proposed. This framework resorts to auditory
temporal modulations for music representation, while multi-
label linear embedding and sparse representation-based clas-
sification has been employed for multi-label music annota-
tion. A multilinear subspace learning technique (i.e. SM-
LENTF) has been developed, which incorporates the seman-
tic information of tensor objects (i.e., the auditory temporal
modulations) with respect to the music tags into the NTF.
The results reported in the paper outperform humans’ perfor-
mance as well as any other result obtained by the state-of-
the-art computer audition systems in music tagging applied
to the CAL500 dataset.
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ABSTRACT
Musical genres are categorical labels characterizing

pieces of music. Automatically classifying music into gen-
res is gaining importance as a way to structure and organize
the increasingly large numbers of music files available dig-
itally on the web. In this work such a classification algo-
rithm is developed and examined. The algorithm uses a vec-
tor of features based on the timbral texture of the music, and
maps it into a new Euclidean space, by a non-linear method
called “Diffusion Maps”, before the classification stage it-
self. This method allows dimensionality reduction while
preserving and emphasizing the distinction between differ-
ent genres. The proposed classifier classifies accurately 97%
when classifying 2 musical genres, and 52% when classify-
ing 10 musical genres. This is compared to an accuracy of
88% and 28% respectively, when classifying without the pro-
posed mapping.

1. INTRODUCTION

Musical genres are labels created and used for categorizing
and describing the vast universe of music. Different gen-
res differ from each other in their instrumentation, rhythmic
structure and pitch content of the music. They include, for
example - classic music, jazz, rock etc. In recent years there
is a growing interest in automatically categorizing music into
genres, as part of extracting musical information in general.
Automatically extracting musical information is gaining im-
portance as a way to structure and organize the increasingly
large numbers of music files available digitally on the web.
In addition, features evaluated by automatic genre classifica-
tion can be used for tasks as similarity retrieval, classifica-
tion, segmentation and audio thumbnailing.

In existing methods, the process of genre classification
is composed of two steps: in the first step, relevant features
(that represent the instrumentation, rhythmic structure, pitch
content, etc.) are extracted from the signal, and a vector of
features (feature-vector) is built. In the second step, a clas-
sification algorithm is applied on the feature-vector, such as
k-nearest neighbors (k-nn) or Gaussian mixture model [6],
support vector machines [7] or neural networks [4].

There are two fundamental problems in these methods:
1. In order to capture optimally the nature of the signal and

differ efficiently between genres, the feature-vector usu-
ally needs to be high dimensional. As the number of sig-
nals increases, the computational complexity increases as
well, leading to the need of a dimensionality reduction
technique.

2. The traditional classification techniques, applied directly
on the feature-vectors, might yield poor results if the

feature-vectors lie in a non-linear manifold, in which Eu-
clidean distances do not represent the intrinsic distances
between them.

In this work we try to solve these problems using a technique
called “Diffusion Maps” [3, 1]. We add an intermediate step
to the process of classification - a step of dimensionality re-
duction of the feature space, before the classification oper-
ation itself. This technique performs a nonlinear reduction
of the dimension by providing a parametrization of the data
set on a lower-dimensional manifold, while emphasizing the
differences between feature-vectors of different genres.

Another task which is dealt with, is the out-of-sample
extension problem. A method called “Geometric Harmon-
ics” [2] allows to reduce the computational complexity when
building the classifier, by extending the parametrization of
diffusion maps from a limited training data set to the rest
of the data set. Furthermore, it embeds each new song we
wish to classify, into the diffusion maps parametrization of
the training set.

This paper is organized as follows: In Section 2 the clas-
sification algorithm is described, in Section 3 experimental
results are presented and analyzed, followed by conclusions
in Section 4.

2. THE CLASSIFICATION ALGORITHM

The classification algorithm is applied in three steps:
1. Feature extraction - a characteristic vector is defined for

each song. It captures the essence of the timbre and tex-
ture (the “color” of the sound).

2. Dimensionality reduction - the data is embedded into a
lower dimensional subspace. It is parameterized in a
lower dimensional manifold using diffusion maps and ge-
ometric harmonics algorithms [3, 1, 2].

3. Classification - the data is classified according to its new
parametrization using k-nearest neighbors algorithm.
Each of these steps is described in details:

2.1 Feature Extraction
The features used to characterize the songs are timbral tex-
ture features [6], which represent the spectral and temporal
characters of the songs. They are defined over 30s time win-
dows, called “texture windows”, and include the mean and
the variance of different coefficients calculated over short
“analysis windows” of 15ms, during the 30s texture win-
dows. The coefficients calculated over the analysis windows
are:
1. Spectral Centroid: The spectral centroid is defined as the

center of gravity of the magnitude spectrum of the STFT
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Ct = ∑N
n=1(Mt [n] ·n)
∑N

n=1(Mt [n])
. (1)

where Mt [n] is the magnitude of the Fourier transform at
frame t and frequency bin n.

2. Spectral Rolloff : The spectral rolloff is defined as the
frequency Rt below which 85% of the magnitude distri-
bution is concentrated

Rt

∑
n=1

Mt [n] = 0.85 ·
N

∑
n=1

Mt [n]. (2)

The rolloff is another measure of spectral shape.
3. Spectral Flux: The spectral flux is defined as the squared

difference between the magnitudes of successive spectral
distributions

Ft =
N

∑
n=1

(Mt [n]−Mt−1[n])2. (3)

The spectral flux is a measure of the amount of local
spectral change.

4. Time Domain Zero Crossings:

Zt =
1
2

N

∑
n=2

|sign(x[n])− sign(x[n−1])|. (4)

where the sign function is 1 for positive arguments and 0
for negative arguments, and x[n] is the time domain sig-
nal for frame t. Time domain zero crossings provides a
measure of the noisiness of the signal.

5. Mel-Frequency Cepstral Coefficients: Mel-frequency
cepstral coefficients (MFCC) are also based on the STFT.
After taking the log-amplitude of the magnitude spec-
trum, the FFT bins are grouped and smoothed according
to the Mel-frequency scaling. A discrete cosine trans-
form is performed on the result, and the first five coeffi-
cients are taken.

Another feature is the Low-Energy Feature. It is defined as
the percentage of analysis windows that have less RMS en-
ergy than the average RMS energy across the texture window.
Tzanetakis and Cook [6] also extracted rhythmic and pitch
content features, but they don’t improve the results of our
proposed classifier, and therefore are not used in this work.

To summarize, the feature-vector consists of the follow-
ing 19 timbral texture features: low energy, means and vari-
ances of spectral centroid, rolloff, flux, zero-crossings over
the texture window, and means and variances of the first five
MFCC coefficients over the texture window.

2.2 Embedding the data into a lower dimensional space
Let (X ,A,µ) be a measure space. The set X is the high-
dimensional data set and the function µ represents the distri-
bution of the points on X .

In addition to this structure, suppose that we are given a
kernel function k : X×X → R that satisfies, for (x,y) ∈ X :
• It is symmetric: k(x,y) = k(y,x)

• It is positive semi-definite: k(x,y)≥ 0
The kernel is a similarity function between two points of

X , and it constitutes our prior definition of the local geom-
etry of X . This is a major difference from global methods
for dimensionality reduction, like principal component anal-
ysis, where all correlations between data points are taken into
account [5]. The pair (X ,k) define a graph in an Euclidean
space. Following classical construction in spectral graph the-
ory, a Markov random walk on the graph is defined:

p(x,y) =
k(x,y)
d(x)

. (5)

where d(x) =
∫

X k(x,y)dµ(y). The function p can be viewed
as the transition kernel of a Markov chain on X , since∫

X p(x,y)dµ(y) = 1. The operator P is defined by

P f (x) =
∫

X
p(x,z) f (z)dµ(z).

The expression p(x,y) represents the probability of tran-
sition in one time step from node x to node y and it is propor-
tional to k(x,y). Accordingly, the probability of transition
from node x to node y in t time steps is given by pt(x,y),
which is the kernel of the tth power Pt of P. Running the
chain forward in time, or equivalently, taking larger powers
of P, reveals geometric structures of X at larger scales. The
random walk exhibits some important mathematical proper-
ties:
• The Markov chain has a stationary distribution given by

π(y) =
d(y)

∑z∈X d(z)
.

If the graph is connected, which we now assume, then the
stationary distribution is unique [1].

• The chain is reversible:

π(x)p(x,y) = π(y)p(y,x).

• If X is finite and the graph of the data is connected, then
the chain is ergodic [1].
If we apply spectral decomposition, it can be shown [1]

that P has a discrete sequence of eigenvalues {λl}l≥0 and
eigenfunctions {ψl}l≥0 such that 1 = λ0 > |λ1| ≥ |λ2| ≥ ...
and Pψl = λlψl .

Now we relate the spectral properties of the Markov
chain to the geometry of the data set X . In order to compute
the powers of the operator P, we could use the eigenvectors
and eigenvalues of P. Instead, we will directly employ these
objects in order to characterize the geometry of the data set
X . The family of diffusion distances {Dt}t∈N is defined by

Dt(x,y)2 .= ‖pt(x, ·)− pt(y, ·)‖2
L2(X ,dµ/π) = (6)

∫

X
(pt(x,u)− pt(y,u))2 dµ(u)

π(u)
.

For a fixed value of t, Dt defines a distance on the set X ,
which reflects the connectivity in the graph of the data. The
distance Dt(x,y) will be small if there is a large probability
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of transition from x to y. It is shown in [1] that Dt(x,y) can
be computed using the eigenvectors and eigenvalues of P:

Dt(x,y) =

(
∑
l≥1

λ 2t
l (ψl(x)−ψl(y))2

) 1
2

.

Since the eigenvalues λ1,λ2, ... tend to 0 and have a mod-
ulus strictly less than 1, the above sum can be computed to
a preset accuracy δ > 0 with a finite number of terms: We
define s(δ , t) = max{l ∈N such that |λl |t > δ |λ1|t}, then, up
to the precision δ we have

Dt(x,y) =

(
s(δ ,t)

∑
l=1

λ 2t
l (ψl(x)−ψl(y))2

) 1
2

. (7)

The family of diffusion maps {Ψt}t∈N is defined by:

Ψt(x)
.=




λ t
1ψ1(x)

λ t
2ψ2(x)

...
λ t

s(δ ,t)ψs(δ ,t)(x)


 (8)

Each component of Ψt(x) is termed a diffusion coordi-
nate. The diffusion map Ψt : X → Rs(δ ,t) embeds the data
set into an Euclidean space of s(δ , t) dimensions, so that
in this space, the Euclidean distance is equal to the diffu-
sion distance (up to the relative accuracy δ ), or equivalently
‖Ψt(x)−Ψt(y)‖= Dt(x,y)

Therefore, if the dimensionality of the data can be re-
duced to s(δ , t), then Dt(x,y), provided by the family of the
diffusion maps, captures the distance between nodes x and
y in the manifold of dimension s(δ , t). As t increases, the
spectrum decay is faster, and less dimensions need to be used
[s(δ , t) is smaller].

In this work, the set X represents the set of feature-
vectors of different songs. The kernel k(x,y) was chosen to
be Gaussian:

k(x,y) = exp(−||(x− y)./σ ||)2 (9)

where σ is a vector that consists of elements proportional
to the standard deviations of each of the features. The di-
vision of (x− y) by σ is element-wise, leading to a multi
scale embedding, which means a different normalization for
each component in the feature-vector. The matrix P is used
without taking powers (t = 1), and s(δ , t)=10 , which means
that the top 10 diffusion coordinates (which correspond to
the largest eigenvalues that do not equal 1) are taken, so the
family of diffusion maps is reduced to:

Ψ(x) =




λ1ψ1(x)
λ2ψ2(x)

...
λ10ψ10(x)


 (10)

2.3 Out-of-sample extension
The parametrization described in the previous subsection is
conducted over a limited data set, to maintain a limited com-
putational complexity. In order to extend the family of dif-
fusion maps to the rest of the data, we use a method called
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Figure 1: Diffusion coordinates (2D) of the classical and
metal feature vectors

“geometric harmonics” ([3], [2]). If we denote the limited
training data set, which was used to build the matrix P, as
X , and the rest of the training data set as X̄ (X ⊂ X̄), then
the extended eigenvectors which belong to the feature-vector
x̄ ∈ X̄ can be calculated as:

ψ̄ j(x̄) =
1
λ j

∑
x∈X

p(x, x̄)ψ j(x) (11)

and the new family of diffusion maps for each vector x̄ is:

Ψ̄(x̄) =




λ1ψ̄1(x̄)
λ2ψ̄2(x̄)

...
λ10ψ̄10(x̄)


 (12)

Using this extension, the spectral analysis is performed only
over a limited training data set, and then the diffusion coor-
dinates of the rest of the training set are computed.

In order to classify new data from a set which will be de-
noted as X̃ , the geometric harmonics method is applied again
for every feature-vector x̃∈ X̃ , and the extended eigenvectors
ψ̃ j(x̃) are calculated as in (11). The new family of diffusion
maps Ψ̃(x̃) for each vector x̃ is given by

Ψ̃(x̃) =




λ1ψ̃1(x̃)
λ2ψ̃2(x̃)

...
λ10ψ̃10(x̃)


 . (13)

A new song is classified using the k-nearest neighbors
(k-nn) method (k=5), where the corresponding family of dif-
fusion maps {Ψ̃(x̃)} is classified according to the closest k
nearest neighbors from the family of diffusion maps of the
training set {Ψ̄(x̄)}, and the measure distance for the k-nn
is the Euclidean distance. We use k-nearest neighbors as the
classifier because of its simplicity, and show that using the
pre-stage of diffusion map yields good classification results
even with such a simple classifier.

For visualization, the embedding of the feature vectors of
the classical and metal genres to a 2D mapping is shown in
Figure 1.
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Table 1: Averaged Confusion Matrix Using Diffusion Coordinates - 10 Genres
”Blues” ”Classic” ”Country” ”Disco” ”Hiphop” ”Jazz” ”Metal” ”Pop” ”Reggae” ”Rock”

Blues 0.60 0.00 0.09 0.04 0.05 0.02 0.07 0.00 0.04 0.10
Classic 0.01 0.81 0.05 0.01 0.00 0.08 0.01 0.00 0.00 0.03
Country 0.07 0.02 0.48 0.05 0.01 0.11 0.00 0.06 0.07 0.13
Disco 0.02 0.00 0.08 0.37 0.11 0.03 0.07 0.12 0.06 0.14

Hiphop 0.04 0.00 0.02 0.08 0.52 0.00 0.02 0.13 0.16 0.02
Jazz 0.06 0.12 0.10 0.04 0.00 0.54 0.01 0.04 0.02 0.07

Metal 0.06 0.00 0.01 0.08 0.02 0.00 0.73 0.00 0.01 0.10
Pop 0.00 0.00 0.07 0.08 0.06 0.02 0.00 0.68 0.08 0.03

Reggae 0.05 0.00 0.07 0.05 0.07 0.01 0.01 0.07 0.62 0.05
Rock 0.06 0.00 0.19 0.09 0.04 0.10 0.11 0.05 0.05 0.30

3. EXPERIMENTAL RESULTS

The GTZAN dataset [6] was used to evaluate the perfor-
mance of the algorithm. It consists of 1000 songs of 10 dif-
ferent genres, 100 from each genre: blues, classic, country,
disco, hiphop, jazz, metal, pop, reggae and rock. The success
of classification was evaluated using 10-fold cross validation.
The training set was chosen randomly once, and the testing
set was chosen randomly 10000 times. The results presented
here are the average results for the 10000 testing sets.

First, in order to evaluate the feasibility of the algorithm,
we classified two distinct musical genres from GTZAN
dataset - metal and classic (100 songs from each genre). The
accuracy of classification when using the diffusion maps co-
ordinates was 96.74±3.75% (mean and standard deviation),
and when using the feature-vectors themselves, without map-
ping with diffusion maps, it was only 87.99± 6.83%. This
means that the mapping contributes to better classification
results.

Then, we tried to classify the whole data set (10 different
genres). The accuracy of classification when using the dif-
fusion maps coordinates was 56.55±4.50% (mean and stan-
dard deviation), and when using the feature vectors them-
selves, it was 28.27± 3.93%. In both cases there is an im-
provement when mapping the feature-vectors to the lower di-
mensional manifold before the classification.

The confusion matrix for classification using the diffu-
sion maps coordinates is presented in Table 1. The names of
genres without quotation marks represent the true genres, and
those with the quotation marks represent the genres which
the songs were classified to.

From Table 1 we see that the highest classification per-
centages are given to the correct genre in all cases.

Next, we examined the algorithm on 5 genres only -
blues, classical, metal, pop, reggae. The accuracy of clas-
sification when using the diffusion maps coordinates was
84.91± 4.88%, and when using the feature vectors them-
selves, it was 49.89± 6.21%. The confusion matrix for the
classification using the diffusion maps coordinates is pre-
sented in Table 2.

Here the classification results are much better, and they
are significantly better when using the diffusion maps coor-
dinates rather than the feature vectors.

The next experiment was to cluster the songs into pairs
of genres - blues & country, classical & jazz, metal & rock,
pop & hiphop and disco & reggae. The accuracy of clas-
sification when using the diffusion maps coordinates was
64.88± 4.29%, and when using the feature vectors them-
selves, it was 43.63± 4.33%. The confusion matrix is pre-

Table 2: Averaged Confusion Matrix Using Diffusion Coor-
dinates - 5 Genres

”Blues” ”Classic” ”Metal” ”Pop” ”Reggae”
Blues 0.85 0.03 0.09 0.00 0.03

Classic 0.04 0.91 0.02 0.01 0.02
Metal 0.11 0.00 0.88 0.01 0.00
Pop 0.00 0.01 0.01 0.88 0.10

Reggae 0.12 0.01 0.01 0.13 0.73

Table 3: Averaged Confusion Matrix Using the Diffusion
Coordinates - After Clustering to Pairs

”Blues ”Classical ”Metal ”Pop ”Disco
& Country” & Jazz” & Rock” & Hiphop” & Reggae”

Blues & Country 0.64 0.08 0.14 0.04 0.10
Classical & Jazz 0.12 0.75 0.07 0.03 0.03
Metal & Rock 0.14 0.06 0.63 0.05 0.12
Pop & Hiphop 0.06 0.01 0.05 0.69 0.19

Disco & Reggae 0.12 0.02 0.13 0.20 0.53

sented in Table 3.
It is important to demonstrate the significant advantage of

this method over Principal Component Analysis (PCA) as a
method for dimensionality reduction, as indicated in Section
2. Because of the global and linear nature of PCA we would
expect its classification results to be inferior. We performed
dimensionality reduction using PCA to the same dimension
as before (10), and received accuracy results (when classify-
ing 10 different genres) of 28.28±3.91%, the same as when
using the original 19 feature vectors for classification. This
means that the 10 first principal components captured the im-
portant information of the feature vectors, but did not add any
information that would improve the classification results, un-
like the diffusion map, which improved the classification re-
sults.

4. CONCLUSIONS

Using the method of “Diffusion maps” for manifold learn-
ing leads to improved classification of music by genre and to
reduction of the dimension of the problem. From this work
it seems that the features that distinguish between different
genres lie in a non-linear, lower-dimensional manifold, and
therefore the classification of the music signals should be
conducted in this manifold, and not in the original space of
features. Moreover, we achieve the advantage of dimension-
ality reduction, which leads to lower computational complex-
ity and saves storage space.

500



Future work may include comparison to other methods of
manifold learning, such as ISOMAP, LLE, Laplacian Eigen-
maps or Hessian Eigenmaps.
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ABSTRACT
We consider the problem of estimating the fundamental fre-
quency of periodic signals such as audio and speech. A
novel estimation method based on polynomial rooting of the
harmonic MUltiple SIgnal Classification (HMUSIC) is pre-
sented. By applying polynomial rooting, we obtain two sig-
nificant improvements compared to HMUSIC. First, by us-
ing the proposed method we can obtain an estimate of the
fundamental frequency without doing a grid search like in
HMUSIC. This is due to that the fundamental frequency is
estimated as the argument of the root lying closest to the unit
circle. Second, we obtain a higher spectral resolution com-
pared to HMUSIC which is a property of polynomial root-
ing methods. Our simulation results show that the proposed
method is applicable to real-life signals, and that we in most
cases obtain a higher spectral resolution than HMUSIC.

1. INTRODUCTION

In many signal processing applications, it is of great impor-
tance to estimate the fundamental frequency. A specific ex-
ample is in audio and speech processing. For example, the
fundamental frequency is needed in parametric coding of au-
dio and speech using a harmonic sinusoidal model. Also,
many music information retrieval applications, such as au-
tomatic music transcription and musical genre classification,
rely on the knowledge of the fundamental frequency. Within
the last couple of decades, the problem of estimating the
fundamental frequency has attracted considerable attention.
This has resulted in numerous different fundamental fre-
quency estimators. For a few examples of such estimators,
we refer to [1–5].

Following, we define the fundamental frequency estima-
tion problem. Consider a harmonic signal buried in white
Gaussian noise w(n), for n = 0, . . . ,N−1,

x(n) =
L

∑
l=1

αle jω0ln +w(n) , (1)

where L is the model order and αl = Ale jφl is the complex
amplitude of the lth sinusoid with Al > 0 and φl being the real
amplitude and the phase, respectively. In this paper, we will
assume that the model order is known, hence, the problem
at hand is to estimate the unknown fundamental frequency
ω0. While not considered in this paper, we refer the reader
to [6] for few examples on how the model order could be
estimated. In many existing methods for fundamental fre-
quency estimation, the estimator is based on a grid search
over a set of candidate fundamental frequencies [7]. This
can be problematic for several reasons. For example, it can

be hard to choose the resolution of the grid since the width of
the peaks in the cost-function relies on, the sample size, the
method, the signal-to-noise ratio (SNR), the source spacing
(in multi-source scenarios), etc. Another issue is the compu-
ational complexity. Naturally, the computational complexity
depends on the resolution of the grid. That is, if the peaks are
narrow or if high-resolution is required, it is necessary to use
a fine grid which of course increases the computational com-
plexity. The problem of choosing the right grid can, to some
extend, be relieved by introducing a gradient search. To alle-
viate the abovementioned issues, we consider the problem of
obtaining an estimate of the fundamental frequency without
having to do a grid search.

It was shown in [8] that the MUltiple SIgnal Classifi-
cation (MUSIC) estimation criterion [9, 10] can be used to
obtain a high-resolution estimate of the fundamental fre-
quency. The resulting estimator, refered to as Harmonic MU-
SIC (HMUSIC), was shown to have a good statistical perfor-
mance. In this paper, we propose an estimator which is a
relaxation of the HMUSIC cost-function from the unit circle
onto the whole complex plane. That is, the proposed estima-
tor evaluates the HMUSIC cost-function using a polynomial
rooting method which can be seen as a generalization of the
original root MUSIC method [11]. Using polynomial root-
ing has two signficant advantages. First, it gives an increased
spectral resolution in multi-source scenarios and, second, it
will give an estimate of the fundamental frequency without
using a grid search. For more on the performance of the MU-
SIC and root MUSIC algorithms see, e.g., [12, 13]. Through
simulations we investigate the performance of the proposed
method on real-life signals. Also, using synthetic data we
evaluate the proposed estimator in Monte-Carlo simulations,
and we compare the result with both the performance of
the HMUSIC estimator and the Cramér-Rao Lower Bound
(CRLB).

The rest of the paper is organized as follows. In Section
2, we make a brief introduction to the HMUSIC estimation
method and we describe the proposed method. In Section
3, we evalute the performance of the proposed using both
qualitative and quantitative measurements. Finally, Section
4 concludes on our work.

2. PROPOSED METHODS

In this section, we present the fundamental theory behind the
HMUSIC estimator [8] and we present the proposed estima-
tor. Consider a signal of the form (1) from which we take
M consecutive samples. The samples is then used to form a
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signal vector

x(n) = [x(n) x(n−1) · · · x(n−M +1)]T , (2)

where (·)T denotes the transpose. If we then assume that the
phases of the harmonics are independent and uniformly dis-
tributed in the interval (−π;π], we can write the covariance
matrix R ∈ CM×M as [14]

R = E
{
x(n)xH(n)

}
(3)

= APAH +σ
2
wI , (4)

where E{·} and (·)H denotes the expectation and the conju-
gate transpose, respectively, σ2

w is the noise variance and I is
the M×M identity matrix. The matrix P is a diagonal matrix
containing the squared real amplitudes, i.e.,

P = diag
([

A2
1 · · · A2

L

])
, (5)

and A ∈ CM×L is a full-rank Vandermonde matrix

A = [a(ω0) · · · a(Lω0)] , (6)

with a(ω) =
[
1 e− jω · · · e− jω(M−1)

]T . Note that since
we assume a harmonic model, the Vandermonde matrix A
is only dependend on a single frequency, namely the funda-
mental frequency. Let us then define

R = UΛUH , (7)

as the eigenvalue decomposition (EVD) of the covariance
matrix. The matrix U = [u1 · · · uM] then contains the
M orthonormal eigenvectors of R and Λ is a diagonal ma-
trix containing the corresponding eigenvalues, λk. Note that
λ1 ≥ λ2 ≥ . . . ≥ λM . It is well known that the L most sig-
nificant eigenvectors will span the signal subspace while the
noise subspace is spanned by the M − L least significant
eigenvectors. That is, the noise subspace is spanned by G
defined as

G = [uL+1 · · · uM] . (8)

We know that range(A) = range(S) where S =
[u1 · · · uL] spans the signal subspace. Also, we
know that the signal subspace is orthogonal to the noise
subspace which allows us to write

AHG = 0 . (9)

The covariance matrix, however, is most often not available
in practice. Therefore, we will replace the covariance ma-
trix in the above expression by the sample covariance matrix
defined as

R̂ =
1

N−M +1

N−1

∑
n=M−1

x(n)xH(n) . (10)

Due to estimation errors, A will not be exactly orthogonal
to G. Therefore, in HMUSIC, the fundamental frequency is
found by

ω̂0 = arg max
ω0∈Ω0

1
‖AHG‖2

F
(11)

= arg max
ω0∈Ω0

1
Tr
{
AHGGHA

}︸ ︷︷ ︸
J(ω0)

, (12)

with Tr{·} and ‖ · ‖F denoting the trace and the Frobenius
norm, respectively, and Ω0 is the set of candidate fundamen-
tal frequencies. Notice, that the HMUSIC criterion can be
seen as an approximation to the angle between subspaces
[15]. The minimization is done over the set Ω0, i.e., the res-
olution of the estimate depends on the cardinality of Ω0. The
resolution can, however, be refined by performing a gradient
search after a coarse estimate has been obtained.

Instead, we will now present how the cost-function can
be evaluated using a rooting method. This has both the ad-
vantage of obtaining a solution without doing a grid search
and an increased spectral resolution. Let us define a new ma-
trix C = GGH and rewrite the cost-function J(ω0) by using
the definition of the trace

J(ω0) =
1

Tr{AHCA}
(13)

=
1

∑
L
l=1 aH(lω0)Ca(lω0)

. (14)

As mentioned previously, the expression in the denomina-
tor will have no solutions when equated with zero. How-
ever, if we instead replace e jω in a(ω) with the variable
z = |z|e j arg(z), we can expect that denominator will have some
solutions when equated with zero. That is, we can write

1
J(z)

=
L

∑
l=1

aT (z−l)Ca(zl) (15)

=
L

∑
l=1

M−1

∑
k=−(M−1)

ckzlk (16)

=
L

∑
l=1

pl(z) = p(z) = 0, (17)

where pl(z) is the lth polynomial and ck is the sum of entries
of C along the kth diagonal, i.e.,

ck = ∑
m−n=l

Amn . (18)

The expression in (17) will only be zero when all of the in-
dividual polynomials pl(z) for l = 1, . . . ,L is equal to zero.
This can be proven by the fact that C = GGH is Her-
mitian and thereby positive semi-definite. Positive semi-
definiteness implies that

xHCx≥ 0 , ∀x , (19)

which proves our statement. Therefore, we can conclude that
p(z) has a root close on the unit circle only when ω̂0 ap-
proaches ω0. This will only be fulfilled when M→ ∞ which
implies that N→ ∞

lim
N→∞

p(z) = 0
∣∣∣
z=e jω0

⇔ lim
N→∞

J(z) = ∞

∣∣∣
z=e jω0

. (20)

In reality, the roots of the polynomial will not lie exactly on
the unit circle since we have a limited number of samples.
Instead, if N and M are sufficiently large, we can assume
that the root lying closest to the unit circle will correspond
to the largest peak of the HMUSIC pseudospectra. This is
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Figure 1: An example of a HMUSIC cost-function transformed into polar coordinates. The point (0,0) in the right-hand plot
corresponds to J(ω0) = 0 while the whole unit circle corresponds to J(ω0) = ∞. Note that ◦ denotes a root of p(z).

also illustrated in Fig. 1 which shows an example of a HMU-
SIC cost-function and its related roots. The fundamental fre-
quency can therefore be estimated as the angle of the root r̂
being closest to the unit circle, i.e.,

ω̂0 = ∠r̂ . (21)

Notice, however, that the roots come in complex conjugate
pairs so we only consider the roots within the unit circle.

3. EXPERIMENTAL RESULTS

This section contains the experimental results obtained
during evaluation of the proposed method. First, we investi-
gate the performance of the proposed method on a real-life
signal. The signal used in this experiment, was a trumpet
signal sampled at 8,820 Hz. In Fig. 2, the spectrogram of
the trumpet signal is shown. We divided the trumpet signal
into blocks of length N = 160 overlapping each other by
50 %. The fundamental frequency was estimated from each
block with M = 65 and by assuming that L = 7. The results
are depicted in Fig. 2. In the end of the signal, the proposed
estimator seems to give erroneous estimates, however, it can
also be seen that the model order in this part of the signal
is rather five than seven. Except from the parts where there
is a missmatch between the assumed model order and the
true model order, the proposed estimator obtains estimates
close to the true fundamental frequency. This verifies that
the proposed estimator is applicable to real-life signals.

Also, we have conducted a series of Monte-Carlo simu-
lations evaluating the statistical performance of the proposed
method compared to both the original HMUSIC estimator
and the CRLB [16]. In the first of these simulations, we eval-
uated the estimation performance with respect to the choice
of M for N being fixed to 80. The signal used in this simula-
tion, was a synthetic signal composed by L = 3 harmonically
related complex sinusoids each with unit amplitudes with a
fundamental frequency of 189.44 Hz. Complex white Gaus-
sian noise was added to the signal such that the SNR

SNR = 10log10
∑

L
l=1 A2

l
σ2

w
, (22)

was 20 dB. Furthermore, the signal was sampled at fs =
2 kHz. We then conducted 500 Monte-Carlo trials for each

Figure 2: A spectrogram of a trumpet signal sampled at 8,820
Hz (top) and fundamental frequency estimates obtained us-
ing root HMUSIC (bottom).

different M where we estimated the fundamental frequency.
Also, for each different M we calculated the mean squared
estimation error (MSE) defined as

MSE =
1
S

S

∑
s=1

(
ω0− ω̂

(s)
0

)2
, (23)

with ω0 and ω̂
(s)
0 being the true fundamental frequency and

its estimate in the sth Monte-Carlo trial, respectively, and S
is the number of Monte-Carlo trials. The resulting MSEs
for both root HMUSIC and MUSIC from this Monte-Carlo
simulation are shown in Fig. 3 together with the CRLB. We
calculated the CRLB by using the asymptotic expression in
[8]

CRLB(ω0) =
6σ2

w

N(N2−1)∑
L
l=1 A2

l l2
. (24)

The first observation from the first Monte-Carlo simulation
is, that both root HMUSIC and HMUSIC shows similar per-
formance independently on the choice of M. Below M = 10
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Figure 3: Plot of the asymptotic CRLB and the MSE of root
HMUSIC and HMUSIC as a function of M.
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Figure 4: Plot of the asymptotic CRLB and the MSE of root
HMUSIC and HMUSIC as a function of the SNR.

we see some thresholding behaviour for both methods. Also,
we note that both methods are following but not reaching the
CRLB as it was also reported in [8]. In another Monte-Carlo
simulation, we evaluated the performance of root HMUSIC
and HMUSIC with respect to the SNR. The parameters N,
ω0, L and fs had the same values as in the previous Monte-
Carlo simulation while M was fixed to bN

3 c. We then ran 500
Monte-Carlo trials for each different SNR, and the results are
depicted in Fig. 4 in terms of the MSE. We note that for high
SNRs, the two methods show the same performance while
for low SNRs root HMUSIC seems to perform slightly better
than HMUSIC. Thresholding behaviour is observed around
an SNR of 0 dB for this particular setup.

Also, we evaluated the performance with respect to the
fundamental frequency. In this Monte-Carlo simulation, N =
60 samples with a sampling frequency of fs = 2 kHz of a syn-
thetic signal having L = 3 sinusoids with unit amplitudes was
used. Complex white Gaussian noise was added such that
the SNR was 40 dB. Again, M was chosen to bN

3 c. We ran
500 trials for each different fundamental frequency, and the
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Figure 5: Plot of the asymptotic CRLB and the MSE of root
HMUSIC and HMUSIC as a function of the fundamental fre-
quency.
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Figure 6: Plot of the asymptotic CRLB for the one source in
white Gaussian noise scenario and the MSE of root HMUSIC
and HMUSIC as a function of the fundamental frequency fre-
quency spacing in a two-source scenario.

results are depicted in Fig. 5. Notice that for low fundamen-
tal frequencies, the proposed method shows a better perfor-
mance compared to HMUSIC. This is also expected, since it
has been reported that rooting methods have a better spectral
resolution than spectral methods [11]. In the final Monte-
Carlo simulation, we evaluated the performance of both root
HMUSIC and HMUSIC in a two-source scenario. The sam-
ple length in this experiment was N = 120, M was 40 and the
sampling frequency was fs = 2 kHz. We generated the sig-
nal such that it was composed by two harmonic signals each
with L = 2. The fundamental frequency of one of the har-
monic signals was fixed to 114.79 Hz while the fundamental
frequency of the other harmonic signal was varied. Further-
more, the SNR with respect to one harmonic signal was set to
40 dB. We ran 500 trials for each different fundamental fre-
quency of the second harmonic source, and the outcome of
this Monte-Carlo simulations is shown in Fig. 6. Using this
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particular setup, it can be seen that at low frequency spac-
ings (< 30 Hz), both methods show the same poor perfor-
mance since they cannot resolve the sources. However, for
higher frequency spacings (> 30 Hz), the proposed method
shows a better performance compared to HMUSIC. In this
simulation, the performance of both methods are relatively
far away from the CRLB which is partly explained by the
fact, that the CRLB is derived for a single source scenario
with white noise.

4. CONCLUSION

In this paper, we considered the fundamental frequency es-
timation problem. We proposed a new estimation method
which is based on polynomial rooting of the known HMU-
SIC estimator. This has two significant advantages: 1)
using the proposed method we obtain an estimate of the
fundamental frequency without having to do a grid search
and 2) using polynomial rooting we obtain a better spec-
tral resolution compared to HMUSIC. We evaluated the pro-
posed method using simulations. First, we showed that the
proposed method is applicable to real-life signals, by us-
ing the root HMUSIC to correctly estimate the fundamen-
tal frequency. Second, we performed a series of statistical
measurements on the proposed method. These simulations
showed, that in many cases root HMUSIC will have a simi-
lar performance as HMUSIC. However, in multi-source sce-
narios with closely-spaced sources, the simulations showed
that for most fundamental frequency spacings the proposed
root HMUSIC method outperforms HMUSIC. This was also
expected due to the properties of polynomial rooting meth-
ods. Like the HMUSIC method, the root HMUSIC method
follows, but do not reach, the CRLB in good conditions.
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ABSTRACT

Sound signal analysis can involve a large variety of signal pro-
cessing methods. This work addresses the analysis of families of
sound signals through linear transformations that map signals to
each other. These transformations are modeled as Gabor multi-
pliers, which are defined by pointwise multiplication with a given
transfer function in the time-frequency (i.e. Gabor) domain. We de-
velop new approaches for the estimation of such transfer functions,
based upon regularized variational approaches, and propose cor-
responding efficient iterated shrinkage algorithms. The estimated
transfer functions can be used for various purposes in signal anal-
ysis and processing. This paper describes an application to sound
morphing, in which the regularization parameter plays the role of
tuning parameter between input and output signals.

1. INTRODUCTION

A new approach for the analysis and categorization of families of
sound signals has been recently proposed in [1, 2, 3], that exploits
the transformation between signals in the family. In this approach,
the signals are supposed to be similar enough in the time-frequency
domain so that these transformations can be modeled as Gabor mul-
tipliers, i.e. linear diagonal operator in a Gabor representation (sub-
sampled version of Short Term Fourier Transform). Gabor multi-
pliers are characterized by a time-frequency transfer function, here-
after called Gabor mask.

A Gabor mask can be obtained by a simple pointwise quotient
of the Gabor representations of the output and input signals. How-
ever, as we shall see, this is generally an ill-conditioned operation,
that is likely to introduce distortions. We propose here to formulate
the Gabor mask estimation problem as a linear inverse problem,
that is solved using appropriate regularization techniques. The cor-
responding optimization problems are tackled using iterated shrink-
age algorithms, very much in the spirit of the proximal algorithms
(see [11] for a review) or thresholded Landweber iterations [6]. We
consider several different choices for regularization, and describe
the corresponding algorithms.

The so-obtained transformations can be used for several pur-
poses. In [2], the Gabor masks were used for sound categorization,
by means of a corresponding complexity measure. We address here
a different problem, namely a sound morphing problem. We show
that in the above mentioned regularized variational formulations,
the regularization parameter may serve as an interpolation param-
eter between input and output signals. More precisely, setting it
to very small values and acting on the input signal with the corre-
sponding Gabor multiplier yields a signal that is very close to the
output signal. Doing the same with a large value of the regular-
ization parameter yields a signal that is very close to the input sig-
nal. We provide examples showing that intermediate values of the
regularization parameter yield meaningful signals that interpolate
between the input and output signals.

This paper is organized as follows: the mathematical back-
ground of Gabor theory is briefly described and corresponding Ga-
bor multiplier are defined in section 2. The proposed Gabor mul-

tiplier estimation scheme is presented in section 3 and applications
are discussed in section 4.

2. GABOR TRANSFORM AND MULTIPLIERS

Gabor multipliers are defined in the context of Gabor transforma-
tion (see [4, 5] and references therein), which may be thought of
as a subsampled version of the short time Fourier transformation.
For the sake of simplicity, we shall limit the present discussion to
the finite-dimensional setting, i.e. signals are supposed to be fi-
nite length vectors x ∈ CL (with periodic boundary conditions, i.e.
restrictions to {0, . . .L−1} of L-periodic infinite sequences). Here-
after, ‖ · ‖ will denote the Euclidean norm. A similar theory can be
developed in `2(Z) and L2(R).

2.1 Gabor frames
A Gabor frame is an overcomplete family of time-frequency atoms
generated by translation and modulation on a discrete lattice of a
mother window, denoted by g ∈ CL. These atoms can be written

gmn[l] = e2iπnν0(l−mb0)g[l−mb0],

where b0 and ν0 are two numbers (such that L is multiple of both b0
and ν0), which characterize the time-frequency lattice under con-
sideration. Here, all operations have to be understood modulo L.
We set M = L/b0 and N = L/ν0.

The Gabor Transformation associates to each signal x ∈ CL its
Gabor transform Vgx ∈ CM×N , defined by

Vgx[m,n] = 〈x,gmn〉=
l=L−1

∑
l=0

x[l]e−2iπnν0(l−mb0)g[l−mb0]

Under suitable assumptions on the mother window g and with a
small enough b0ν0 product, this transform is invertible. In addition,
it is possible to find mother windows g so that

∀x ∈ CL, x = ∑
m,n

Vgx[m,n]gmn .

Such Gabor frames are called normalized tight frames. For the sake
of simplicity, we limit the present discussion to this case. The ex-
tension to more general situations can be done easily.

2.2 Gabor multipliers
Let m = {m[m,n],m = 1, ..,M and n = 1, ..,N} denote a bounded
sequence, The Gabor multiplier Mm associated with m is then de-
fined by :

Mmx = ∑
m,n

m[m,n]Vgx[m,n]gmn . (1)

m is called Gabor mask (or the upper symbol in the mathematics
literature) and can be viewed as a time-frequency transfer function
(so that Mm is seen as a time-varying filter). Mm is then a linear
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operator on the space of signals CL and is diagonal in the Gabor
representation gmn. Approximation properties of linear operator by
Gabor multipliers have been studied in [9].

A Gabor multiplier acts on a signal x by pointwise multiplica-
tion of the Gabor mask with the Gabor transform Vgx of x. Point-
wise multiplication by m is denoted by a linear operator ϒm. For-
mally, a Gabor multiplier is then written as follows:

Mmx = V ∗g ϒmVgx.

3. ESTIMATION OF GABOR MULTIPLIERS

3.1 Estimation problem

The estimation problem is expressed as follows. Let x0 and x1 de-
note respectively input and output signals, assumed to be linked by
the relation

x1 = Mmx0 + ε ,

where ε is an additive gaussian noise, and m is an unknown Gabor
mask, which we aim at estimating. A possible solution is obviously
m = Vgx1/Vgx0, but such a solution is not bounded in general. We
prefer to turn to a regularized least squares solution. More precisely,
we seek m ∈ CM×N which minimizes the expression

Φ[m] = ‖x1−Mmx0‖2 +λ d(m), (2)

where d(m) is a regularization term, whose influence on solution is
controlled by the parameter λ .

For d(m) = ‖m−1‖2, it is easily seen that the optimization of
the function Φ with respect to m leads to the matrix problem

Gm = U where
{

U = Vgx1 ·Vgx0 +λ

G = Dgx0KgDgx0 +λ Id
(3)

Here Dgx0 is the diagonal matrix Dgx0 = diag(Vgx0), and Kg
the reproducing kernel matrix (Kg(m,n,m0,n0) = 〈gm,n,gm0,n0〉).
The authors of [1, 2] proposed to work with an approximation of
above matrix problem that results from an optimization formulation
defined directly in the Gabor domain

Φ̃[m] = ‖Vgx1−m ·Vgx0‖2 +λ d(m), (4)

or equivalently to a reduction of G in (3) to its diagonal. Such an
approximation yields a simple explicit solution for m, which dif-
fers from the solution of problem (2). More precisely, this approach
does not account for intrinsic correlations of redundant Gabor trans-
forms, represented here by the non-diagonal terms of the matrix G,
and contained in the reproducing kernel.
We develop here an alternative formulation in the form of an inverse
problem. Equation (2) can be rephrased as

Φ̃[m] = ‖Am− x1‖2 +λ d(m) , (5)

where the operator A and its adjoint (needed later on) reads

A = V ∗g ◦ϒVgx0 and A∗ = ϒVgx0
◦Vg (6)

ϒVgx0 denoting the operator of pointwise multiplication with Vgx0.
Notice that this operator depends on the source signal. Even in situ-
ations where a closed form expression for the solution of (5) exists
(for example when the regularization term is the squared norm of
the Gabor mask) the latter can hardly be exploited practically, as it
involves huge matrix calculus. In such cases, as well as cases where
no closed form solution exist, we rather rely on dedicated numerical
algorithms.

3.2 Choice of the Regularization for mask estimation:
For the regularization term, classical choices are given by the `2
norm (i.e the Euclidean norm). In [1], the choice d(m) = ‖m‖2

was used, while in [2], d(m) = ‖m−1‖2 was preferred. The latter
choice was motivated by the desire of retaining m = 1 as reference,
corresponding to “no transformation”.

Motivated by specific applications, weighted norm version
can also be used; for example, introducing frequency-dependent
weights wk, regularization terms of the following form can be used:

‖m‖2
w,2 = ∑

k,l
wk|m(k, l)|2 .

However, given that Gabor transforms of real valued signals are
complex valued, and that the phase of the Gabor transform is gen-
erally difficult to handle precisely, the reference choice may be
|m| = 1 rather than m = 1. This suggests to use as regularization
term penalizations of the form d(m) = ‖|m| − 1‖2, or weighted
variants. This will be further discuss below.

Other choices of regularization can be used, such as `1 regular-
ization, which yield Gabor masks that are 1-sparse, i.e. whose coef-
ficients tend to be shrunk to 1 rather than 0 in the usual approaches.
Notice that the choice of regularization has to be guided by applica-
tions; for the morphing application we shall describe at the end of
this paper, the `2 regularization appeared to be quite adequate.

3.3 Estimation of Gabor mask with shrinkage iterative algo-
rithms
The formulations given in (5) and (6) for our problem, together with
the choice of regularization in section (3.2) allow us to use iterated
shrinkage algorithms similar to those described in [6, 7] to which
we refer for more details and proofs. Those algorithms can also
be formulated in the language of proximal algorithms (see [11] for
a review), but we limit the discussion here to Landweber-type ap-
proaches. Our problem, as explained previously, is written as fol-
lows

minm Φ(m) , with Φ(m) = ‖Am− x1‖2 +λd(m) (7)

It is known that for d(m) = ‖m‖p
p with p > 1, this functional is

convex and then has a unique minimizer. However, the latter is gen-
erally hard to compute in large dimensions, and one has to resort to
appropriate numerical algorithms. The solution that was proposed
in [6], which converges to the solution with minimal assumptions
on A, is based upon surrogate functionals. Assuming A is bounded,
we can pick a constant C such that ‖A∗A‖Op < C (with ‖− ‖Op
the operator norm). In the considered situation, ‖A∗A‖Op can be
computed explicitly and reads

‖A∗A‖Op 6 B2 sup|Vgx0|2

where B is the upper bound of the considered Gabor frame (see e.g.
the introduction of [4]). Then, the surrogate functional

Φ
SUR(m;α) = Φ(m)−‖Am−Aα‖2 +C‖m−α‖2 (8)

is still convex and has the advantage to admit a closed form ex-
pression for its unique minimizer. Starting from some initial guess
α = m0 ∈ CM×N , the idea is then to successively determine the
minimizer of (8) for α = mk−1. This thus defines the iterative al-
gorithm

mk = argmin{ΦSUR(m;mk−1), m ∈ CM×N}

For the sake of clarity let us set

yk−1 = Cmk−1−A∗(x1−Amk−1) ,

where the adjoint A∗ of A is given in (6). The following choices for
the regularization terms are of interest.
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• d(m) = ‖m‖2
2. This choice leads to an iterative shrinkage algo-

rithm, which is a damped version of Landweber iterative method
(corresponding to the case λ = 0) and expressed as

m0 ∈ CM×N , mk =
yk−1

C +λ

• d(m) = ‖m−1‖2
2. As in the previous case, this choice leads to

a shrinkage iterative algorithm expressed as

m0 ∈ CM×N , mk =
yk−1 +λ

C +λ

As mentioned above, to avoid creating phase distortions, it is
also interesting to consider the case

d(m) = ‖|m|−1‖2
2 .

to which the usual convergence analysis unfortunately does not ap-
ply straightforwardly.

The blind application of the above approach to this situation
yields the following update rule: given some initialization m0 ∈
CM×N , iterate

mk =
yk−1 +λeiarg(mk−1)

C +λ
.

Unfortunately, such a regularization term d(m) is not convex and
the uniqueness of the solution in general situations is lost. Neverthe-
less, the algorithm itself is still easily implemented, and shows good
experimental convergence properties when suitably initialized.

In addition, we shall see below that the corresponding results
are quite satisfactory. In particular, for audio applications, this ap-
proach has the advantage of avoiding artifacts caused by an inaccu-
rate phase estimation for large values of λ . More details are pro-
vided below.

Remark 1 Technically speaking, the algorithms described above
belong to the class of first order methods and therefore converge as
O(1/k). The authors in [10] proposed a second order algorithm that
converge as O(1/k2) without important increased complexity in the
iterations. The extension of the present work to such algorithms is
currently under study.

4. AUDIO APPLICATIONS

Let us now turn to the application of Gabor masks to sound analysis.
The information provided by Gabor masks characterizes the differ-
ences between the time-frequency representations. The information
is two-fold:
• The modulus of the mask characterizes the time-frequency en-

ergy differences between the input and output signals.
• The argument of the mask provides a more subtle information

which is for example related to small time-shifts between com-
ponents of input and output signal.

The information present in the masks was shown in [2] to be rel-
evant for audio signals analysis, in a categorization context: dis-
similarity measures extracted directly from masks were shown to
suffice to yield sensible classifications of single note signals from
four different musical instruments. We investigate here potential
applications in the context of sound morphing. We shall illustrate
our results on examples constructed from two single note signals
from (synthetic) clarinet and saxophone of L = 32768 samples, with
fundamental frequency f0 =196 Hz (G3). Their time-frequency
representations are shown in Figure 1 and were obtained using a
gaussian mother window and parameter values M = 1024, b0 = 32.
On all figures, amplitudes are represented with a logarithmic scale.
These two images show significant differences, which can be in-
terpreted physically, and which will be captured by the estimated
Gabor masks. Both signals exhibit a harmonic structure, with the
following two most striking differences

• The overall frequency decay of the clarinet signal is signifi-
cantly faster.

• Harmonics 1,3,5,... have much smaller amplitudes in the clar-
inet signal.

• The attack is much sharper in the saxophone case, and its har-
monic structure is more irregular.

Prior to mask estimation, the signals are adjusted so that their on-
set coincide, which will make the subsequent analysis simpler. It
is worth mentionng that such adjustments can be made within the
Gabor mask estimation. For the sake of simplicity we shall not go
into such details here.
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Figure 1: Source signal: clarinet (top) and target signal: saxophone
(bottom)

In the musical instrument signal processing literature, differ-
ences between instruments are mainly characterized by time and
spectral descriptors (such as attack time, spectral centroid, spec-
tral flow,...). We shall see that these sounds descriptors are implic-
itly captured in the time-frequency representation of a signal and so
their differences are carried by the Gabor masks.

4.1 Comparison of methods
We used the algorithms described above on the clarinet and sax-
ophone signals. First, let us compare the iterative methods with
the diagonal approximations, using the convex regularization term
d(m) = ‖m− 1‖2

2, and a moderate value of the regularization pa-
rameter λ . For small values of λ (results not shown here), we found
the outputs of the two approaches being quite close to each other.

We display in Figure 2 the Gabor masks obtained with λ = 1e−
4, using both the iterative method and the diagonal approximation.
The comparison shows that the iterative method tends to provide
clearer harmonic components for the Gabor mask. The increased
computational cost induced by the iterative approach is therefore
justified.
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Figure 2: Gabor masks modulus obtained with regularization ‖m−
1‖2

2 for λ = 1e−4: output of iterative algorithm (bottom), diagonal
approximation (top).
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Figure 3: Gabor masks modulus obtained with regularization ‖|m|−
1‖2

2 for λ = 1e−4 by diagonal approximation.

However, a closer examination reveals the presence of spurious
oscillations in the estimated Gabor mask. These oscillations turn
out to result from the unappropriateness of the regularization term
‖m−1‖2. The latter constrains the argument of the mask and there-
fore does not account properly for relative phase behaviors of input
and output signals.

This motivated us to turn to the non convex constraint ‖|m| −

1‖2
2, for which we used the diagonal approximation1. Figure 3 illus-

trates the influence of regularization ‖|m|−1‖2
2 on the modulus. We

clearly see that the spurious oscillations are not present any more in
the estimated Gabor mask.

4.2 Sound morphing
We now turn to applications to sound morphing. This expression
covers a wide variety of techniques whose aim is to “interpolate”
between two sound signals. Applications can be found in various
domains, including speech processing, sound design for industry,
or definition of new timbres in computer musics. Our approach is
closer to that domain, and we illustrate it below on musical instru-
ments. Sound morphing is often achieved in two steps: estimation
of low level features from input and output signals (followed by
several processing steps including smoothing, rescaling,...), and ap-
plication of some interpolation method to the selected features. We
refer to [12] and references therein for a more thorough description.

Our point is not here to propose a new sound morphing method
directly comparable with the state of the art, but rather to propose
and describe a new paradigm (to be further developed), exploiting
Gabor multipliers and the estimation algorithms described above.
Gabor representation therefore serves as low level representation,
and Gabor masks are used for interpolation.

More precisely, we approach the sound morphing problem as
follows: given input and output sounds (or families of sounds), es-
timate the Gabor mask of a Gabor multiplier that maps input to out-
put, and associate with it a one-parameter family of Gabor masks
mµ , µ ∈ [0,1] that interpolates between unity and the so-obtained
Gabor mask. For simplicity, assume we are given one input and one
output sounds x0 and x1. Then the morphed signal with parameter
µ is constructed as

xµ = Mmµ
x0 = ∑

m,n
mµ [m,n]〈x0,gmn〉gmn . (9)

A natural choice for the one parameter family of Gabor masks
would be

mµ [m,n] = m[m,n]µ .

However, the mask being complex-valued, such a choice raises
complicated determination problems for non-integer values of µ .
The latter can be addressed by ad-hoc phase unwrapping tech-
niques, which are however poorly understood mathematically and
therefore quite unsatisfactory.

We privilege here a different approach, that uses the solutions
of the above penalized approaches. Given a regularization function
d(m) = ‖|m|−1‖2

2 with its diagonal approximation, the estimated
Gabor mask depends on the parameter λ . For very large values of
λ , m is close to one, the corresponding multiplier Mm is close to
the identity operator, and the morphed signal Mmx0 is close to the
input signal x0. For small values of λ , Mmx0 is close to the output
signal x1. Therefore, any one parameter family of signals of the
form

µ ∈ [0,1] 7−→ xµ = Mmϕ(µ) x0 , (10)

where ϕ is some decreasing function such that limµ→0 ϕ(µ) = ∞

and ϕ(1) = 0 provides a morphing between x0 and x1.
We illustrate this approach with three examples of morphed

sounds between the above mentioned clarinet and saxophone sig-
nals. Figures 4 give three examples of time-frequency represen-
tations of corresponding morphed sounds, obtained with increasing
values of λ (i.e. decreasing µ). As can be seen, the three considered
values of λ yield time-frequency images that go gradually from the
saxophone time-frequency image to the clarinet one:
• Energy gradually appears in the high frequency domain.
• Harmonics 1,3,5,... gradually show up when λ decreases.

1The development of an iterative algorithm for this case is currently un-
der study
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Figure 4: Morphed sounds between sounds represented in Figure 1
for λ = 1e−1, λ = 1e−4 and λ = 1e−7

• The attack is gradually modified, to appear sharper and more
“irregular”.

These visual findings are confirmed by listening to the correspond-
ing morphed waveforms, which can be found and listened to at the
web page [13], where more complete examples are also provided.

This shows the relevance of the proposed approach to sound
morphing. Further work is obviously needed to determine the real
dependence on the regularization parameter λ , which is a problem
we plan to address in the continuation of this work.

5. CONCLUSION

In this paper, we have proposed a new method to solve the Ga-
bor mask estimation problem, given source and target signals. The
method can be easily modified to account for multiple input and
output signals, as well as time-frequency shifts, following the lines

of [1]. Our method is based on a variational formulation, solved
by an iterative shrinkage algorithm. While this algorithm is per-
fectly understood in situations where the regularization term yields
a convex functional, further work is still needed to understand its
behavior for some non convex regularization terms of interest. Ex-
tensions to second order methods such as those described in [10]
and [11] will also be studied.

We also proposed a way to perform sound morphing based on
this penalized variational approach, using the regularization param-
eter as tuning parameter. The goal was not here to compete with
state of the art sound morphing techniques, but rather to provide
a proof of concept. The numerical results shown here, as well as
further results described in the companion web site [13] show the
relevance of this new approach, which has the advantage of being
purely signal-based, and not depending on higher level descriptors.
Further work will investigate the influence of the choice of the reg-
ularization term, and extensions to online morphing, where the pa-
rameter µ in (10) varies continuously as a function of time.
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ABSTRACT
Onset detection is a key application in music processing.
Beat detection algorithms and some music transcribers usu-
ally perform onset detection as the starting point of their pro-
cessing. In music transcription of polyphonic signals, onset
detection is very helpful because it aids to place note-event
starting times. In this paper, a new technique to implement
an onset detection system is proposed. In sinusoidal mod-
elling, the energy burst of non-stationary tones are detected
by means of linear prediction in the frequency domain. In
frequency, the tone peak and its nearby samples does not
match with the window transform when the tone is not sta-
tionary at the current frame. This property can bedetected
whith linear prediction in the frequency domain. When per-
ceptually significant tones are detected as unstable in a time
frame, the system alerts about an onset at this frame. The
proposed onset detection system is evaluated over two sound
databases obtaining encouraging results.

Index Terms - Music onset detection, linear predic-
tion,sinusoidal modeling, Hidden Markov Model, perceptual
modeling.

1. INTRODUCTION

Onset detection provides very usefull information to music
signal processing applications. Onset detection is neededas
a previous task for beat detection, in other words, the onset
information is post processed to obtain beat times of piece
[1]. In applications devoted to align automatically the score
(the MIDI file) and the recording, an onset detector can im-
prove the results [2]. Onset detection is usually combined
with a pitch estimator to obtain an automatic alignment.

Onset detection is very helpful for some music tran-
scribers [3] in order to determine the starting times of note-
events. An onset has tipically unstable frequency regions be-
side it, so a pitch analysis near the onset tends to fail. Other-
wise, when onset frames are known, the system labels these
frames as unestable and focus on analyzing stable regions.

Onset detection systems are often based on searching for
frequency changes in the spectrogram or looking for signif-
icant energy increases in the time domain signal. Then, sta-
tistical models are employed in order to obtain the estimated
starting times of musical events [3]. The main problem of
using the time domain signal is that a new frequency can ap-
pear while the dominant ones are active. Because of this,
a frequency-based analysis is generally performed to avoid
onset time loses [4].

In this paper, we propose an onset detection system based
on sinusoidal modeling. For each frame, first peak locations
are detected. Then, linear prediction in frequency for onlya
few samples close to each peak is implemented. The main

idea is to detect energy increases in consecutive frames for
each sinusoid detected by the modeling. Frames are ana-
lyzed by the sinusoidal model with strong overlapping be-
tween them to merge the information of consecutive frames
for each peak location. In this way, a combined time and
frequency domain analysis is performed to label some sinu-
soids as unstable in a range of frames. When there are a
sufficient set of unstable sinusoids in a range frames, an on-
set is detected by our system. This decision is made taking
into account the psychoacoustic significance [5] of unstable
peaks.

The paper is organized as follows: section 2 explains the
theoretical principles used by the system, section 3 is devoted
to detail the processing steps implemented by the system,
and finally, in section 4 and 5 results and conclusions are
addressed.

2. FUNDAMENTALS

Sinusoidal analysis is almost universally implemented by di-
viding time signal in frames and applying a time window be-
fore computing the Fourier transform. This analysis leads to
mismatches when sinusoids are not stationary. One solution
to this problem is switching to short frames when not station-
ary signals are detected [6]. Another solution is to analyze
the time amplitude modulation by means of linear prediction
in frequency domain [7][8].

The information about time envelope is really available
in the frequency domain. When a sinusoid is not stationary,
its peak (in frequency) appears but does not fit with the ac-
tual form of the main lobe for the time window. In fact, the
actual form of the sinusoid main lobe informs us about the
amplitude modulation in time of the sinusoid. In this paper,
the detection of energy burst for sinusoids is obtained from
frequency domain information.

The use of frequency domain information to obtain time
envelope of a signal is common on audio coding applications
[9][10]. In [10], noise coding is adapted to have the same
time envelope as the signal in order to avoid pre-echo effects
due to coding. In Figure 1, the estimated time envelope in a
frame by a 4 order linear predictor in frequency is shown.

Linear prediction in the frequency domain requires the
estimation of the autocorrelation function in frequency. For
a signalx(n), the DFT at thet-th frame is denoted here as
Xt(k). The estimation of the correlation function can be com-
puted as,

r̂XX(l) =
1

F − l −1

F−l−1

∑
k=0

Xt(k)X
∗

t (k+ l) (1)

whereF is the number of samples in frequency.
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Figure 1:4-pole AR-model from a signal. (a)Frame signal, (b)4-
order estimated time envelope

However, this tool can not be applied directly to onset
detection because only onsets that provoke an increment in
the envelope in time of the signal would be detected. In mu-
sic signals, it is common that some onsets do not affect to
the global signal envelope. In these cases, the onsets can be
detected by searching for new energy in some frequency re-
gions [4][11]. We propose here to use linear prediction in the
frequency domain but restricted to the neighborhood of each
detected peak. In this way, time envelope of each sinusoid is
analyzed in order to estimate onsets.

The main problem of this approach is that time resolution
is very poor. Supposing that stationary and non-stationary
sinusoids can appear at the same time frame, the global au-
tocorrelation fuction should not be estimated from all fre-
quency samples to obtain the time envelope of different si-
nusoids. Instead, the autocorrelation function has to be es-
timated in the neighborhood of each peak location in fre-
quency. With this restriction, only a few samples can be uti-
lized to estimate the local autocorrelation function and low
order models can be estimated. The estimated time enve-
lope for only one order linear predictor is shown for a non-
stationary signal.

The localized autocorrelation function in frequency
around the peak locationkp can be estimated as

r̂
kp
XX(l) =

1
2L+1

kp+L

∑
k=kp−L

Xt(k)X
∗

t (k+ l) (2)

whereL is the shift in frequency from the peak to used
for the estimation.

In order to improve the time resolution of the system,
overlapping between frames in time must be performed. Fol-
lowing this principle, the tracking of a burst of energy in time
can be carried out. Figure 2 shows the estimated time enve-
lope for a tone with one order linear predictor in frequency.
Autocorrelation of frequency samples is estimated with only
5 samples around the sinusoidal peak (L = 2).

The information to be used in order to detect the presence
of a onset for each sinusoid is the phase of the coefficient esti-
mated in the one order linear predictor. The phase of the pole
indicates approximately the time center of the onset energy
with respect to the current frame. This information can be
used as an indicator of the energy burst position along con-
secutive frames and is here utilized as the main clue for onset
detection. In Figure 3, the phase evolution in the z-plane of

Figure 2: Frame to frame evolution of the AR-model Left: Time
signal Rigth: 1-pole time envelope

the models obtained in Figure 2 are shown. Using this analy-
sis a good discrimination between onset and offset detection
can be obtained.
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Figure 3:Pole phase evolution along frame to frame evolution

For only one order linear prediction, the coefficient of
the predictor filter is computed from the localized autocorre-
lation function as follows,

c
kp
t = −

r̂
kp
XX(1)

r̂
kp
XX(0)

(3)

As can be seen in equation 3, the phase information is
carried out only for the localized autocorrelation function at

l = 1 (r
kp
XX(1)).

3. SYSTEM DESCRIPTION

This section describes the proposed onset detection system
as a whole. First, the block diagram of the system is pre-
sented. Then, each processing block is detailed explaining
the information that flows between blocks.

3.1 System structure

The system can be modeled by a block structure like the one
shown in Figure 4. The input is the music signal to be pro-
cessed. This signal is directly processed by the sinusoidal
model and the perceptual model. The perceptual model is
used by two processing blocks of the system. Here, we have
used the perceptual model proposed in [5].
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Figure 4:Onset Detection System Block Diagram

3.2 Sinusoidal model with linear prediction

Sinusoidal modeling assumes a signal model that can be ex-
pressed as,

x(n) ≈

Q

∑
q=0

αq(n)cos(2π fqn+ ϕq(n)) (4)

wherex(n) represents the original audio signal,αq(n) are
amplitudes,fq frequencies andϕq(n) phases for each tone.
Each tone has a modulated amplitude, this AM consideration
helps the modeling of transients. In [9] it is demonstrated that
AM is a good improvement for this particular kinds of sig-
nals. The accurate estimation of phasesϕq(n) for each tone is
an important issue if the signal is going to be resynthesized.

Here, sinusoidal modeling is implemented by means of
perceptual matching pursuits [12]. This approach extractsall
perceptually significant sinusoids from a signal frame fol-
lowing the perceptual model proposed in [5]. It must be
stressed that amplitude, frequency and phase of each tone
are here constant along the current frame.

Once all sinusoids in a frame have been detected, the lo-
calized autocorrelation function in frequency is estimated at
each peak location following equation (2). Then, the coeffi-
cient of one order linear predictor is computed by equation
(3). This information is therefore associated to each modeled
tone.

From this information, the onset location for each tone
can be estimated using the coefficient phaseϕ(c

kp
t ). This

phase is directly related with time envelope. When there is
no onset, the phase is close to zero, while as shown in Figure
3, the phase follows the onset location along frames. This
phase tends to point out to the middle of the energy burst in
each frame. Taking this property into account, we can esti-
mate the sample where the energy burst is placed respect the
begining of the frame asN−

2Nϕ(c)
2π whereN is the frame

length. However, this estimation of the sample where the on-
set appears is not very accurate using only a one order linear

predictor. Instead, we compute the distance in frames hops
from the current one to the frame where the onset appears.

f r =
(N

2 )− (
ϕ(c

kp
t )N
π )

O
(5)

where f r is the distance in frames hops andO the num-
ber of overlapping samples between frames. These onset dis-
tances are computed for each modeled tone. Also, this infor-
mation can be converted to the absolute frame in which the
onset is produced.

3.3 Time/frequency matrixes

First, sinusoids are ordered in frequency following a loga-
rithmic scale. In order to reduce the information, only the
most perceptually important tone at the frequency range of
each MIDI note is maintained, the remaining tones at this
range are rejected. Following this approach, the sinusoidal
model produces a matrix where the time are frames and the
frequency has a sample for each MIDI note. Using this dis-
cretized model, a stationary sinusoid is generally modeledas
a vector in a MIDI note for some consecutive frames. We ob-
tain the following matrixes: complex amplitudes, perceptual
significances, frequencies and onset locations in frames.

The time/frequency matrix for onset locations in frames
which contains onset information is processed and cleaned.
First, a grouping process is implemented to wipe all redun-
dant information from the matrix and only cells which gives
neccesary information about onset will be mantained. The
cleaning condition is the following: only those consecutive
cells in time with a distance in frames less than one frame
(see equation 5) are maintained.

3.4 Onset signal

Now we have all the information to extract onset times, we
compose an onset signal from the information of onset lo-
cation and perceptual significance matrixes. This signal is
conformed by adding at each frame all the perceptual signif-
icances of those tones that point to the current frame accord-
ing to the onset location matrix. To sum up, the perceptual
significance of all non-stationary sinusoids whose energy in-
creases belong to the current frame are added to estimate this
onset signal.

When a note is played, for example in a piano onset, all
harmonic partials belonging to the note are added at the same
location in the onset signal. This property makes robust the
onset detection for harmonic signals.

3.5 HMM

This onset signal is processed by a Hidden Markov Model to
set activation times[13]. This block is needed because not all
peaks at the onset signal really represent an onset. Some of
them are caused by spurious sequences of poles detected at
the analysis stage. They usually have low perceptual impor-
tances. Only significant peaks at the onset signal activates
the HMM block and marks an onset region. Onset signal is
adapted to represent probabilities that goes into the HMM. it
has two states, on (onset is active) and off(stable region).For
each detected onset period the frame that corresponds to the
maximum of the onset signal is set as the onset time. Figure
5 shows an example of the onset signal and HMM activation
time for an excerpt of piano.
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Figure 5: HMM over energy signal and onset determination. (a)
Audio signal, (b) Onset signal, (c) HMM determination. The onset
time location is represented by a ’x’ marker.

4. EXPERIMENTAL RESULTS

Our system has been tested versus the audio transcrip-
tion software, Sonic, for piano signals from MAPS(MIDI
Aligned Piano Sounds) database[14],[15], and the annotated
onset database proposed by Juan Pablo Bello[16]. It has a va-
riety of music including drums, string instruments, electric
instruments, singing voice, piano and a mix of them. This
is to assess the proposed onset detector performs wll with
a variety of signalsword that this is not only a piano onset
detector, it is applicable to other music signals.

A data set of piano sounds where selected from MAPS
data base, these files where input for both system, Sonic and
the proposed one, in order to compare their results. Sonic
[17][18] was selected because of its level of accuracy and
its relevance at the bibliography. This software is more than
an onset detector, it is a transcription system which gives a
MIDI file as an output. We have extracted the onset informa-
tion from the corresponding MIDI data estimation.

MAPS database contains a lot of types of piano sounds,
some of them are isolated or random notes, which are not
interesting for testing our system, and other ones are real
played compositions. For each test file a MIDI and a text
files are given, both of them contain the onset information. In
MAPS database con be found sounds taken at several record-
ing places. For our testing procedure we have taken a pair
of them, which represents the best and the worst situation:
a concert hall (Table 1) and a church (Table 2). Insted of
syntesized piano excerpts [19], real piano composition from
MAPS database is here used to evaluate the onset detection
system.All files at Bello’s database where processed, this
database was selected in order to have results with other types
of music signals,not only piano music.

Three measures have been implemented;Precision(P),
expression (6), which takes false positive detections intoac-
count,Recall(R) expression (7), which takes false negatives
fails into account and theF-measure(F) which is a summary
of them.

Concert Hall Recordings
Sonic Proposed

FILE P R F P R F
alb se3 0.99 0.72 0.83 0.99 0.94 0.97

bach 846 0.92 0.82 0.87 0.93 1 0.97
bach 847 0.94 1 0.97 0.99 0.99 0.99
bk xmas5 0.86 0.67 0.75 0.85 0.94 0.89
chp op31 0.91 0.87 0.89 1 0.83 0.90
chpn op25 0.96 0.78 0.86 0.95 0.97 0.96
chpn op66 0.85 0.71 0.77 0.85 0.81 0.83
MEAN 0.92 0.79 0.85 0.94 0.92 0.93

Table 1: Experimental results: Concert Hall

Church Recordings
Sonic Proposed

FILE P R F P R F
alb se3 0.95 0.71 0.81 0.98 0.83 0.90
alb se4 0.92 0.71 0.80 0.93 0.83 0.87
alb se7 0.98 0.81 0.89 0.96 0.85 0.90

appass1 0.75 0.44 0.55 0.97 0.69 0.80
bach 850 0.78 0.90 0.84 0.90 0.99 0.94
bk xmas1 0.96 0.71 0.82 1 0.88 0.94
bor ps6 0.97 0.60 0.74 0.98 0.88 0.92
MEAN 0.90 0.68 0.77 0.96 0.84 0.90

Table 2: Experimental results: Church

P =
cd

cd+ f p
(6)

R =
cd

cd+ f n
(7)

F =
2PR
P+R

(8)

Wherecdare correct detected onsets,fp are false positive
samples andfn are false negative ones.

At the first evaluation, results for the proposed method
are always greater than Sonic ones. In average (see Tables 1

Bello Database
FILE P R F FILE P R F
arab60s 0,96 0,94 0,95 Jaillet66 0,70 0,73 0,72

dido 0,83 0,80 0,82 Jaillet67 0,83 0,94 0,88
fiona 0,81 0,55 0,65 Jaillet70 1 0,93 0,97

Jaillet15 1 1 1 Jaillet73 0,71 0,83 0,77
Jaillet17 1 0,78 0,88 Jaillet74 1 1 1
Jaillet21 0,61 0,59 0,6 Jaillet75 1 0,50 0,67
Jaillet27 1 0,90 0,93 jaxx 0,48 0,53 0,51
Jaillet29 1 0,71 0,83 metheny 0,92 0,73 0,81
Jaillet34 1 0,93 0,96 PianoDB 0,4 1 0,57
Jaillet64 0,78 0,44 0,56 tabla 0,91 0,83 0,87
Jaillet65 0,91 0,71 0,80 violin 0,85 0,81 0,83

wilco 0,75 0,74 0,74 MEAN 0,83 0,76 0,78

Table 3: Experimental results: Bello Database
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and 2) it is 10% better than Sonic. F-score is the compared
measure because it takes precision and recall measurements
and it is the one used at MIREX for the onset detection com-
petition. Our score is penalized by false negatives samples
showing a high precision rate. The same occurs with Sonic,
but in this case the difference betweenPrecisionandRecall
is higher.

The second evaluation (see Table 3) shows that the sys-
tem has good results for other types of music. Results has a
lower rate than the first ones because piano signal has very
suitable characteristics for this task. However, this evaluation
could be compared versus others algorithms at MIREX 2010
in the ”Audio Onset Detection” task where it is participating
but results are not avaiable at the time of writing this paper.
This is a sign that the system is robust and gives good results
for a variety of music types.

5. CONCLUSIONS AND FUTURE WORK

As it is shown in results, our system is really precise and
robust with piano signals. Then it can be a helpful block
for music signal processing system. Our system gives as an
output stable periods of the signal for any analysis. In this
way, a lot of problems because of transients are avoided. We
have show experiments with piano signals and all other mu-
sic types, the system has good results with harmonic instru-
ments, drums and speech too. Piano signal results are better
as expected, but all result are in good range of accurancy to
consider this system as a previous stage to help other kind of
signal processing.

In future works, we will substitute linear prediction by
the time/frequency reassignment methods[20]. Poor resolu-
tion in time is obtained by using only one order linear pre-
dictor, we think that this resolution can be improved with
reassignment techniques.
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ABSTRACT

Clipping is an essential signal processing operation in real-
time audio applications. Still, existing clipping techniques
introduce a considerable amount of distortion which results
in a significant degradation of perceptual sound quality. In
this paper, we propose a novel approach to clipping which
aims to minimize perceptible clipping-induced distortion.
The clipping problem is formulated as a sequence of con-
strained optimization problems, all of which can be solved
numerically in a very efficient way. A comparative evalua-
tion of the presented “perception-based” clipping technique
and existing clipping techniques is performed using two ob-
jective measures of perceptual sound quality. For both mea-
sures, the application of the perception-based clipping tech-
nique results in consistently higher scores as compared to
existing clipping techniques.

1. INTRODUCTION

In many audio devices, the amplitude of a digital audio sig-
nal cannot exceed a maximum level. This amplitude level
restriction often necessitates a clipping operation to be per-
formed on the audio signal. Clipping consists of attenuating
incoming signal sample amplitudes such that no sample am-
plitude exceeds the maximum level (referred to as clipping
level from here on). However, such a clipping operation may
introduce different kinds of unwanted distortion : harmonic
distortion, intermodulation distortion, and aliasing distortion
[1]. These additional frequency components, which were not
present in the original frequency spectrum, then reduce the
perceptual quality of the audio signal.

Most existing clipping techniques make use of a static
nonlinearity acting on the input audio signal in a sample-
by-sample fashion. These clipping techniques are thus
governed by a fixed input-output characteristic, mapping
a range of input amplitudes to a reduced range of output
amplitudes. Depending on the sharpness of the input-output
characteristic, one can distinguish two types of clipping
techniques. A first type is hard clipping, where the input-
output characteristic exhibits an abrupt (“hard”) transition
from the linear zone to the nonlinear zone. In a series of
listening experiments performed on normal hearing subjects
[2] and hearing-impaired subjects [3], it is concluded that
the application of hard clipping to audio signals has a

This research work was carried out at the ESAT laboratory of
Katholieke Universiteit Leuven, in the frame of K.U.Leuven Research
Council CoE EF/05/006 Optimization in Engineering (OPTEC) and the Bel-
gian Programme on Interuniversity Attraction Poles initiated by the Bel-
gian Federal Science Policy Office IUAP P6/04 (DYSCO, ‘Dynamical sys-
tems, control and optimization’, 2007-2011) and supported by the Research
Foundation-Flanders (FWO).

large negative effect on perceptual sound quality scores,
irrespective of the subject’s hearing acuity. A second type of
clipping techniques is soft clipping, where the input-output
characteristic exhibits a gradual (“soft”) transition from
the linear zone to the nonlinear zone. The actual shape of
the input-output characteristic can vary, and different soft
clipping input-output characteristics have been proposed
(e.g. see [4]). In the above cited listening experiments, it
is concluded that the application of soft clipping to audio
signals has a smaller negative effect on perceptual sound
quality scores, again irrespective of the subject’s hearing
acuity.

The outlined traditional clipping techniques are basically
inflexible in that each input signal sample is processed
independently using a fixed input-output characteristic. In
this paper, in contrast, we propose a more flexible approach
to clipping, enabling to adapt to the instantaneous properties
of the input signal. Our perception-based clipping approach
builds upon recent advances in the fields of psychoacoustics
and numerical optimization. First, incorporating knowledge
of human perception of sounds (psychoacoustics) appears
indispensable for achieving minimal perceptible clipping-
induced distortion. In other applications of audio processing,
this has proven to be successful, e.g. in perceptual audio
coding [5] and audio signal requantization [6]. Secondly, the
clipping problem is formulated as a sequence of constrained
optimization problems, which necessitate efficient numerical
solution algorithms.

The paper is organized as follows. In Section 2, clip-
ping is formulated as a sequence of constrained optimization
problems. Section 3 deals with efficiently solving these op-
timization problems. In Section 4, results of a comparative
evaluation of the presented perception-based clipping tech-
nique and existing clipping techniques are discussed. Finally,
Section 5 presents concluding remarks.

2. OPTIMIZATION PROBLEM FORMULATION

Figure 1 schematically depicts the operation of the
perception-based clipping technique presented here. A
digital input audio signal x[n] is segmented into frames of
N samples, with an overlap length of P samples between
successive frames. Processing of one frame xk consists of
the following steps :

1. Calculate the instantaneous global masking threshold tk ∈

R
N
2 +1 of the input frame xk

2. Calculate output frame y∗k ∈ R
N as the solution of an op-
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Figure 1: Schematic overview of the perception-based clipping technique

timization problem

3. Apply trapezoidal window to output frame y∗k and sum
output frames to form a continuous output audio signal
y∗[n].

In the next subsections, the different processing steps will
be discussed in more detail.

2.1 Convex quadratic program

The core of the perception-based clipping technique con-
sists in calculating the solution of a constrained optimization
problem for each frame. From the knowledge of the input
frame xk and its instantaneous properties, the output frame
y∗k is calculated. Let us define the optimization variable of
the problem as yk, the output frame. A necessary constraint
on the output frame yk is that the amplitude of the output
samples cannot exceed the upper and lower clipping levels U
and L. The cost function we want to minimize must reflect
the amount of perceptible distortion added between yk and
xk. We can thus fomulate the optimization problem as an in-
equality constrained frequency domain weighted L2-distance
minimization, i.e.

y∗k = argmin
yk∈R

N

1

2

N−1

∑
i=0

wk(i)|Yk(e
jωi)−Xk(e

jωi)|2 s.t. l ≤ yk ≤ u

(1)
where ωi = (2πi)/N represents the discrete frequency vari-

able, Xk(e
jωi) and Yk(e

jωi) are the discrete frequency com-
ponents of xk and yk respectively, the vectors u = U1N and
l = L1N contain the upper and lower clipping levels respec-
tively (with 1N ∈ R

N a vector of all ones), and wk(i) are the
weights of a perceptual weighting function to be defined in
subsection 2.2. Notice that in case the input frame xk does
not violate the inequality constraints, the optimization prob-
lem (1) has a trivial solution y∗k = xk and the input frame is
transmitted unaltered by the clipping algorithm.

Formulation (1) of the optimization problem can be writ-

ten as a standard quadratic program (QP) as follows 1

y∗k = argmin
yk∈R

N

(yk − xk)
H DHWkD (yk − xk) s.t. l ≤ yk ≤ u

= argmin
yk∈R

N

1

2
yH

k DHWkD
︸ ︷︷ ︸

Hessian Hk

yk +( −DHWkD xk
︸ ︷︷ ︸

Gradient g=−Hkxk

)H yk (2)

s.t. l ≤ yk ≤ u

where D ∈ C
N×N is the DFT-matrix defined as

D =










1 1 1 . . . 1

1 e− jω1 e− jω2 . . . e− jωN−1

1 e− jω2 e− jω4 . . . e
− jω2(N−1)

...
...

...
...

...

1 e− jωN−1 e
− jω2(N−1) . . . e

− jω(N−1)(N−1)










(3)

and Wk ∈ R
N×N is a diagonal weighting matrix with positive

weights wk(i), obeing symmetry wk(i) = wk(N − i) for i =
1,2, ..., N

2
−1,

Wk =









wk(0) 0 0 . . . 0
0 wk(1) 0 . . . 0
0 0 wk(2) . . . 0
...

...
...

. . .
...

0 0 0 . . . wk(N −1)









(4)

It can be shown that by imposing these requirements on the
weighting matrix, the Hessian matrix Hk in (2) is guaranteed
to be real and positive definite. Hence, formulation (2) de-
fines a strictly convex QP. Many efficient solution algorithms
have been presented to solve such QPs in a fast and reliable
way, e.g. [7]. In Section 3, we willl show that by exploit-
ing the structure of the problem, the QPs can be solved even
more efficiently.

1The superscript H denotes the Hermitian transpose
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2.2 Perceptual weighting function

In order for the cost function in (1) to represent the amount
of perceptible distortion added between input frame xk and
output frame yk, the perceptual weighting function wk must
be chosen judiciously. Distortion at certain frequency bins is
more perceptible than distortion at other frequency bins. Two
phenomena of human auditory perception are responsible for
this,

• The absolute threshold of hearing is the required inten-
sity (dB) of a pure tone such that an average listener will
just hear the tone in a noiseless environment. The ab-
solute threshold of hearing is a function of the tone fre-
quency and has been measured experimentally [8].

• Simultaneous masking is a phenomenon of human au-
ditory perception where the presence of certain spectral
energy (the masker) masks the simultaneous presence of
weaker spectral energy (the maskee).

Combining both phenomena, the instantaneous global mask-
ing threshold of a signal gives the amount of distortion en-
ergy (dB) at each frequency bin that can be masked by the
signal. In this framework, consider the input frame xk acting
as the masker, and yk − xk as the maskee. By selecting the
weight wk(i) for the distortion term |Yk(e

jωi)−Xk(e
jωi)|2 in

the cost function (1) to be inversely proportional to the value
of the global masking threshold of xk at frequency bin i, the
cost function reflects the amount of perceptible distortion in-
troduced. This can be specified as

wk(i) =

{
10−αtk(i) if 0 ≤ i ≤ N

2

10−αtk(N−i) if N
2
< i ≤ N −1

(5)

where tk is the global masking threshold (in dB). Appropriate
values for the compression parameter α are determined to lie
in the range 0.04-0.06.

Part of the ISO/IEC 11172-3 MPEG-1 Layer 1 psychoa-
coustic model 1 [9] is used to calculate the instantaneous
global masking threshold tk of the input frame. A detailed
description of the operation of this psychoacoustic model
can be found in [5]. We will only outline the major steps
in the computation of the instantaneous global masking
threshold here :

1. Identification of noise and tonal maskers

After performing a spectral analysis of the input frame
xk, tonal maskers and noise maskers are identified in the
spectrum. The distinction between these two types of
maskers is important as they have a different masking
power.

2. Calculation of individual masking thresholds

Each tonal masker and each noise masker has an indi-
vidual masking effect on neighboring frequency regions.
This masking effect can be represented by an individual
masking threshold per masker.

3. Calculation of global masking threshold

The input signal xk consists of several tonal maskers and
noise maskers. In this model, additivity of masking ef-
fects is assumed. Under this assumption, the instanta-
neous global masking threshold tk can be calculated as

the sum of the individual masking thresholds and the ab-
solute threshold of hearing.

2.3 Trapezoidal window

To ensure continuity of the output audio signal y∗[n], a trape-
zoidal window is applied to the output frame y∗k before sum-
mation. Hence, in the overlap zone between two consecutive
output frames, the output frames are crossfaded : the pre-
vious output frame fades out while the current output frame
fades in. In this fashion, audible artefacts due to a lack of
continuity in the output signal are greatly reduced.

3. OPTIMIZATION PROBLEM SOLUTION

An instance of the quadratic optimization problem (2) is
solved numerically at each time step. Real-time operation
of the clipping algorithm imposes very strict restrictions on
the maximum problem solution time. For example, consider-
ing a frame length of N=512 samples and an overlap length
of P=128 samples at a sampling frequency of 44.1 kHz, the
time step is 8.7 ms. This means that a 512-dimensional
QP is to be solved in every 8.7 ms. Since general-purpose
QP solvers have shown to be inadequate to achieve suffi-
ciently low solution times, real-time operation calls for an
application-tailored solution strategy. A first step is to for-
mulate the dual optimization problem of (2) as follows. First,
the Lagrangian L (yk,λk,u,λk,l) of the QP is given by

L (yk,λk,u,λk,l) =
1

2
(yk − xk)

T Hk (yk − xk)+λ T
k,u(yk −u)

+λ T
k,l(l − yk)

=
1

2
yT

k Hkyk +(λk,u −λk,l −Hkxk)
T yk (6)

−λ T
k,uu+λ T

k,l l +
1

2
xT

k Hkxk

where λk,u,λk,l ∈ R
N denote the vectors of Lagrange multi-

pliers associated to the upper clipping level constraints and
the lower clipping level constraints respectively. Then, the
Lagrange dual function equals

q(λk,u,λk,l) = inf
yk

L (yk,λk,u,λk,l)

=−
1

2
(λk,u −λk,l −Hkxk)

T H−1
k (λk,u −λk,l −Hkxk)

(7)

−λ T
k,uu+λ T

k,l l +
1

2
xT

k Hkxk

where the last equality follows from the positive definiteness
of Hk. Finally, the dual optimization problem can be formu-
lated as

λ ∗
k = argmax

λk

q(λk) s.t. λk ≥ 0

= argmax
λk

−
1

2
(Bλk −Hkxk)

T H−1
k (Bλk −Hkxk)− eTCλk

+
1

2
xT

k Hkxk s.t. λk ≥ 0

= argmin
λk

1

2
λ T

k BT H−1
k B

︸ ︷︷ ︸

Hessian H̃k

λk +(CT e−BT xk
︸ ︷︷ ︸

Gradient g̃

)T λk s.t. λk ≥ 0

(8)
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Figure 2: Scatter plot of optimization problem solution computation time vs. initial number of violated inequality constraints
[GenuineIntel CPU 2826 Mhz, using qpOASES [10] ]

where λk ∈ R
2N , B ∈ R

N×2N and C ∈ R
N×2N are defined as

λk =

[

λk,u
λk,l

]

(9)

B =

[

In −In

]

(10)

C =

[

UIn −LIn

]

(11)

Computation of y∗k is straightforward,

y∗k =−H−1
k (Bλ ∗

k −Hkxk)

= xk −H−1
k Bλ ∗

k (12)

Optimization problem (2) can be solved efficiently by ex-
ploiting the fact that only few of the large number (2N) of in-
equality constraints are expected to be active in the solution
(see [11] for a similar idea). A two-level external active set
strategy is adopted, where the following steps are executed
in each outer iteration :

1. Check which inequality constraints are violated in the
previous solution iterate. In case no inequality con-
straints are violated, the algorithm terminates.

2. Add these violated constraints to an active set S of con-
straints to watch.

3. Solve a small-scale QP corresponding to (8) with those
λk(i) not in S set to zero. Evaluation of eq. (12) yields
the new solution iterate.

Using this strategy, the solution of optimization problem (2)
is found by solving several small-scale QPs instead of by
solving the full-scale QP at once. Simulations show that
more than 4 iterations are rarely necessary. In Figure 2, solu-
tion computation times for the proposed working set strategy
are compared to the scenario of solving the full-scale QP.
For both solution strategies, solution computation times of
many instances of QP (2) (with N=512 variables) are plotted
against the initial number of violated inequality constraints.
In Figure 2(a), solution computation times for the full-scale

QP can be seen to lie in the range 220-350 ms. In Figure 2(b),
solution computation times for the working set strategy can
be seen to increase with increasing number of constraint vi-
olations and with increasing number of necessary iterations.
A reduction of computation time with a factor ranging from
10 up to 200 is achieved. Moreover, the real-time restriction
of 8.7 ms is met for the majority of the QP instances solved.

4. EVALUATION

For sound quality evaluation purposes, eight audio signals
(16 bit mono @44.1 kHz) of different musical styles and with
different maximum amplitude levels were collected. Each
signal was processed by three different clipping techniques :

• Hard symmetrical clipping (with L =−U)

• Soft symmetrical clipping as defined in [4]

• Perception-based clipping, with parameter values
N=512, P=256, α = 0.06

This was performed for nine clipping factors {0.80, 0.85,
0.90, 0.925, 0.950, 0.97, 0.98, 0.99, 0.995}, where the clip-
ping factor is defined as 1-(fraction of signal samples exceed-
ing the upper or lower clipping level). From the clipping fac-
tor, a corresponding clipping level U can be derived for each
signal.

For each of a total of 216 processed signals, two objective
measures of sound quality are calculated. An objective mea-
sure of sound quality predicts the subjective quality score at-
tributed by an average human listener. A first objective mea-
sure of sound quality is calculated using the Basic Version of
the PEAQ (Perceptual Evaluation of Audio Quality) standard
[12, 13]. Taking the reference signal and the signal under test
as an input, PEAQ calculates an objective difference grade on
a scale of 0 (imperceptible impairment) to -4 (very annoy-
ing impairment). One should note that PEAQ was designed
in particular for predicting the performance of audio codecs,
and that PEAQ quality scores are reported to correlate less
well with subjective quality scores for some other applica-
tions (e.g. [14]). Therefore, also a second objective measure
of sound quality is calculated. Rnonlin is a perceptually rel-
evant measure of nonlinear distortion, for which correlations
as high as 0.98 between objective and subjective ratings have
been obtained [15]. Rnonlin decreases with increasing per-
ceptible distortion (1 = no perceptible distortion).
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Figure 3: Average objective sound quality scores vs. clipping factor for hard clipping, soft clipping and perception-based
clipping

The results of this comparative evaluation are shown in
Figure 3. In Figure 3(a), the obtained average PEAQ objec-
tive difference grade over eight audio signals is plotted as
a function of the clipping factor, and this for the three dif-
ferent clipping techniques. Analogously, Figure 3(b) shows
the results for the Rnonlin measure. The obtained results for
both measures are seen to be in accordance with each other.
As expected, we observe a monotonically increasing aver-
age sound quality score for increasing clipping factors. Soft
clipping is seen to result in slightly higher objective sound
quality scores than hard clipping for all considered clipping
factors. Clearly, the perception-based clipping technique is
seen to result in significantly higher objective sound quality
scores than the other clipping techniques.

5. CONCLUSION

In this paper, we have developed a novel approach to clip-
ping. Clipping of an audio signal was formulated as a se-
quence of constrained optimization problems aimed at min-
imizing perceptible clipping-induced distortion. A compar-
ative evaluation of the presented perception-based clipping
technique and existing clipping techniques was performed
using two objective measures of perceptual sound quality.
For both measures, the application of the presented clipping
technique was observed to result in consistently higher scores
as compared to existing clipping techniques.
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Gabriel Caffarena∗, Juan A. López+, Angel Fernández-Herrero+ and Carlos Carreras+,
∗ Universidad CEU-San Pablo, Urbanización Monteprı́ncipe, 28668, Boadilla del Monte, Madrid, Spain

email: gabriel.caffarenafernandez@ceu.es
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ABSTRACT
In this paper, a fast and accurate quantization noise estima-
tor aiming at fixed-point implementations of Digital Signal
Processing (DSP) algorithms is presented. The estimator en-
ables significant reduction in the computation time required
to perform complex wordlength optimizations.

The proposed estimator is based on the use of Affine
Arithmetic (AA) and it is aimed at differentiable non-linear
algorithms with and without feedbacks. The estimation re-
lies on the parameterization of the statistical properties of
the noise at the output of fixed-point algorithms. Once the
output noise is parameterized (i.e. related to the fixed-point
formats of the algorithm signals), a fast estimation can be ap-
plied throughout the wordlength optimization process using
as a precision metric the SQNR.

The estimator is tested using a subset of non-linear algo-
rithms such as vector operations, adaptive filters and a chan-
nel equalizers. wordlength optimization times are boosted by
three orders of magnitude while keeping the average estima-
tion error down to 13%.

1. INTRODUCTION

The original infinite precision of an algorithm based on
the use of real arithmetic must be reduced to the practi-
cal precision bounds imposed by digital computing systems.
wordlength optimization (WLO) aims at the selection of the
variables’ wordlengths of an algorithm to comply with a cer-
tain output noise constraint while optimizing the character-
istics of the implementation. Fixed-point (FxP) arithmetic
is commonly used in VLSI implementations since it leads
to lower cost implementations in terms of area, speed and
power consumption [1, 2, 3].

WLO is a slow process due to the fact that the optimiza-
tion is very complex (NP-hard) and also because of the ne-
cessity of a continuous assessment of the algorithm accu-
racy. This estimation is normally performed by adopting a
simulation-based approach [4, 3] which leads to exceedingly
long design times. However, in the last few years, there have
been attempts to provide fast estimation methods based on
analytical techniques to reduce design times. Among the dif-
ferent quality metrics used, SQNR is of most interest for DSP
systems. In this work, we focus on fast SQNR estimation
of FxP algorithms covering non-linear mathematical opera-
tions. Thus, a wide range of DSP applications can be tar-
geted (i.e. adaptive filtering, matrix operations, etc.). Our
approach tries to overcome the limitations of previous ap-
proaches, which are: the application to non-recursive algo-
rithms only, the use of non-accurate quantization noise mod-
els, extremely long noise parameterization times, etc.

This paper contains the following contributions:

• A novel AA-based SQNR estimator for differentiable
non-linear algorithms with and without loops. The es-
timator is fast and accurate and it enables fast WLO.

• Performance results of a set of DSP benchmarks covering
algorithms with and without loops, under different appli-
cation scenarios (e.g. 4G equalization, adaptive filtering,
etc.).

The paper is structured as follows: In section 2, related
work is discussed. Section 3 deals with the novel SQNR esti-
mation proposal. Performance results are collected in section
4. And finally, section 5 draws the conclusions.

2. RELATED WORK

In this section, we focus on those approaches aiming at
the automatic SQNR estimation of non-differentiable algo-
rithms. SQNR estimators applicable only to LTI systems are
not included in the discussion ([2, 5]).

2.1 Non-linear approaches

The approaches aiming at non-linear systems are mainly
based on perturbation theory, where the effect of the quanti-
zation of each algorithm’s signal on the quality of the output
signal is supposed to be small. This allows to apply a first-
order Taylor expansion to each non-linear operation in order
to characterize the effect of the quantization of the inputs of
the operations. This constrains the application to algorithms
composed of differentiable operations. The existent methods
enable to obtain an expression that relates the wordlengths
of signals to the power – also mean and variance – of the
quantization noise at the output (see subsection 3.3).

In [6] a hybrid method which combines simulations and
analytical techniques to estimate the variance of the noise is
proposed. The estimator is suitable for non-recursive and re-
cursive algorithms. The parameterization phase is fast, since
it requires N simulations for an algorithm with N variables.
The noise model is based on [7] and second order effects are
neglected by applying first order Taylor expansions. The pa-
per suggests that the contributions of the signal quantization
noises at the output can be added, assuming that the noises
are independent. In non-linear systems this is a strong as-
sumption that might lead to variance underestimation. The
accuracy of the method is not supported with any empirical
data, so it cannot be inferred the quality of the method.

In [8] another method suitable for non-recursive and re-
cursive algorithms is presented. Here, N 2/2 simulations as
well as a curve fitting technique (with N 2/2 variables) are
required to parameterize quantization noise, leading to high
parameterization times. On the one hand, the noise produced
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by each signal is modeled following the traditional quanti-
zation noise model from [9], which is less accurate than [7],
and, again, second order statistics are neglected. On the other
hand, the expression of the estimated noise power accounts
for noise interdependencies, which is a better approach than
[6]. The method is tested with an LMS adaptive filter and the
accuracy is evaluated graphically. There is no information
about computation times.

Finally, in [10] the parameterization is performed by
means of N simulations and the estimator is suitable only for
non-recursive systems. The accuracy of this approach seems
to be the highest since it uses the model from [7] and it ac-
counts for noise interdependencies. Although the informa-
tion provided about accuracy is more complete, it is still not
sufficient, since the estimator is only tested in a few SQNR
scenarios. This approach was successfully extended to recur-
sive systems in [11], with reasonably short parameterization
times due to the use of linear-prediction techniques.

2.2 This work

Our approach tries to overcome most of the drawbacks of the
works presented above: it deals with non-recursive and re-
cursive systems, with an accurate noise model [7] and also
accounting for noise interdependencies. The parameteriza-
tion time can be relatively long for algorithms that contain
loops. However, the computation times are within standard
times (see section 4), and the benefits of fast estimates make
up for the sometimes slow parameterization process. Also,
the use of AA enables reconstructing the error probability
density function at each time step, thus allowing a powerful
tool for error analysis of DSP algorithms, and proposed tech-
nique can be integrated with other AA-based techniques that
enable range estimation, limit cycles analysis [12], etc.

3. SQNR ESTIMATION

3.1 Wordlength optimization

Wordlength optimization is commonly divided into two se-
quential tasks:

• Scaling.
Its objective is to compute the number of integer bits of
each signal. It can be computed by means of a single
simulation that collects the signals ranges or by using in-
terval arithmetic (IA) based approaches.

• Wordlength selection.
Here, the number of fractional bits is calculated. It is
a time-consuming task since it involves the application
of optimization techniques. During the optimization pro-
cess, thousands of estimates of the quality of the fixed-
point version of the algorithm (i.e. SQNR estimation) are
required. Traditionally, this estimation is based on simu-
lations, leading to extremely long optimization times.

The fast SQNR estimation technique that we present in this
paper is intended to replace those simulations, thus reducing
the wordlength selection time dramatically.

3.2 Affine Arithmetic

Affine Arithmetic (AA) [13] is an extension of Interval Arith-
metic (IA) aimed at the fast and accurate computation of the
ranges of an algorithm signals. Its main feature is that it au-
tomatically cancels the linear dependencies of the included

uncertainties along the computation path, thus avoiding the
oversizing produced by IA approaches.

The mathematical expression of an affine form is

x̂ = x0 +
N

∑
i=1

xiεi (1)

where x0 is the central value of x̂ , and εi and xi are its i-th
noise term identifier and amplitude, respectively. In fact, x iεi
represents the interval [−xi,+xi], so an affine form describes
a numerical domain in terms of a central value and a sum
of intervals with different identifiers. Affine operations are
those which operate affine forms and produce an affine form
as a result. Given the affine forms x̂, ŷ and ĉ = c0, the affine
operations are

x̂± ĉ = x0 ± c0 +
N

∑
i=1

xiεi (2)

x̂± ŷ = x0 ± y0 +
N

∑
i=1

(xi ± yi)εi (3)

ĉ · x̂ = c0x0 +
N

∑
i=1

c0xiεi (4)

These operations suffice to model any LTI algorithm.
Differentiable operations can be approximated using a first-
order Taylor expansion:

f (x̂, ŷ)≈ f (x0,y0)+
N

∑
i=1

(
δ f (x0,y0)

δ x̂
· xi +

δ f (x0,y0)

δ ŷ
· yi

)
εi (5)

3.3 AA-based SQNR Estimation

Here, we present a method able to estimate the quantization
noise power of recursive and non-recursive non-linear algo-
rithms from an AA simulation.

Noise estimation is based on the assumption that the
quantization of a signal si from npre bits to n bits can be mod-
eled by the addition of a uniformly distributed white noise
with the following statistical parameters [7]:

σ2
i =

22pi

12

(
2−2ni − 2−2npre

i

)
(6)

µi = −2pi−1
(

2−ni − 2−npre
i

)
. (7)

This noise model is an extension of the traditional modeling
of quantization error as an additive white noise [9]. In [7] is
shown that the traditional continuous model can produce an
error of up to 200% in comparison to this modified version.

In [5] was proved that the effect of the deviation from the
original behavior of an algorithm with feedback loops can
be modeled by adding an affine form n̂ i[n] to each signal i
at each simulation time instant n. The affine form n̂ i models
a quantization noise with mean µ i and variance σ 2

i , if each
error term ε is assigned a uniform distribution:

n̂i[n] = µi +
√

12σ 2εi,n = ε ′i,n (8)
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Thus, it is possible to know at each moment the origin
of a particular error term (i) and the moment when it was
generated (n). The AA-based simulation can be made inde-
pendent on the particular statistical parameters of each quan-
tization thanks to error term ε ′. This is desirable in order to
obtain a parameterizable noise model. This error term en-
capsulates the mean value and the variance of the error term
ε , and now it can be seen as a random variable with vari-
ance σ 2

i and mean µi. This is a reinterpretation of AA, since
the error terms are not only intervals, but they also have a
probability distribution associated. Once the simulation is
finished, it is possible to compute the impact of the quanti-
zation noise produced by signal si on the output of the al-
gorithms by checking the values of xi,n (see eqn.(1)). This
enables the parameterization of the noise. Once the parame-
terization is performed, the estimation error produced by any
combination of (p,n) can be easily assessed replacing all ε ′

i,n
by the original expression that accounts for the mean and
variance (µi +

√
12σ 2εi,n), thus enabling a fast estimation or

the quantization error. We will see all the process in the next
paragraphs.

The expression of a given output Ŷ of an algorithm with
|S| quantized signals is

Ŷ [n] = Y0[n]+
|S|−1

∑
i=0

n−1

∑
j=0

Yi, j[n]ε ′i, j, (9)

where Y0[n] is the value of the output of the algorithm using
floating-point arithmetic and the summation is the contribu-
tion of the quantization noise sources. Note that Yi, j[n] is a
function that depends on the inputs of the algorithm.

The error ÊrrY at the output is in eqn.(10), and it is
formed by a collection of affine forms at each time step n.
The power of the quantization noise of the output can be ap-
proximated by the Mean Square Error (MSE), which is esti-
mated as the mean value of the expectancy of the power of
the summations of the uniform distributions at each time step
m as in eqn.(11). The estimation is performed using an AA
simulation during K time steps.

ÊrrY [n] = Y0[n]− Ŷ [n] =−
|S|−1

∑
i=0

n−1

∑
j=0

Yi, j[n]ε ′i, j, (10)

P
(
ÊrrY [n]

)
=

1
K

K−1

∑
m=0

E
[(

ÊrrY [m]
)2
]

=
1
K

K−1

∑
m=0

(
Var(ÊrrY [m])+

E
[
ÊrrY [m]

]2)
(11)

This equation relies on the fact that error terms ε ′
i,n are

uncorrelated to each other, which is a sensible assumption
in quantized DSP systems [9]. Also, the non-correlation be-
tween quantization noises enables to express the variance of
a summation of random variables as the summation of the
variance of each random variable. The two main terms in
eqn.(11) are developed in (12) and (13).

Var(ÊrrY [m]) = Var(−
|S|−1

∑
i=0

m−1

∑
j=0

Yi, j[m]ε ′i, j)

=
|S|−1

∑
i=0

m−1

∑
j=0

Var(−Yi, j[m]ε ′i, j)

=
|S|−1

∑
i=0

σ2
i

m−1

∑
j=0

Y 2
i, j[m] (12)

E[ÊrrY [m]] = E[−
|S|−1

∑
i=0

m−1

∑
j=0

Yi, j[m]ε ′i, j]

= −
|S|−1

∑
i=0

µi

m

∑
j=0

Yi, j[m] (13)

Combining (11), (12) and (13):

P
(
ÊrrY [n]

)
=

1
K

K−1

∑
m=0

(|S|−1

∑
i=0

σ2
i

m

∑
j=0

Y 2
i, j[m] +

(|S|−1

∑
i=0

µi

m

∑
j=0

Yi, j[m]

)2
⎞
⎠ (14)

The output noise power (eqn. 14) can be expressed more
compactly by using vector �v and matrix M as shown in
equations (eqns. 15-17). The statistical parameters of the

quantization signals are in vectors �σ2 =
〈

σ2
0 . . .σ2

|S|−1

〉
and

�µ =
〈
µ0 . . .µ|S|−1

〉
. Once vector �v and matrix M are com-

puted, the estimation of the quantization noise does not re-
quire a simulation but the computation of (15), which is a
much faster process.

Po =
1
K

(
�σ2 ·�vT +�µ ·M�µT

)
(15)

�v ≡
〈

K−1

∑
n=0

n−1

∑
j=0

Y 2
0, j[n], . . . ,

K−1

∑
n=0

n−1

∑
j=0

Y 2
|S|−1, j[n]

〉
(16)

M ≡

⎡
⎢⎣

m0,0 · · · m|S|−1,0
. . .

m0,|S|−1 · · · m|S|−1,|S|−1

⎤
⎥⎦ (17)

mi1,i2 =
K−1

∑
n=0

(
n−1

∑
j1=0

Yi1, j1 [n]
n−1

∑
j2=0

Yi2, j2 [n]

)
(18)

The parameterization process is composed of the follow-
ing steps:
1. Perform a K−step AA simulation adding a affine forms

n̂i to each signal i
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2. Compute eqns. (16-18) using previously collected Yi, j[n].
During WLO the wordlengths of signals are used to com-

pute vectors �σ2 and �µ, and then the error can be estimated
very quickly by using eqn.(15). Please note that expression
(14) can be applied to DSP algorithms including differen-
tiable operations (e.g. multiplications, divisions, etc.) by
means of eqn.(5) due to the 1st order approximation.

4. RESULTS

This section presents the performance results of our fast es-
timator. The benchmarks used to test the performance of the
SQNR estimator are:
• 8x8 vector scalar multiplication (VEC8x8)
• MIMO channel equalizer (EQ) [14]
• a mean power estimator based on an 1st IIR filter (POW)
• 2nd-order LMS filter (LMS2) [6]
• 5th-order LMS filter (LMS5) [6]

The set of benchmarks covers cyclic and acyclic algo-
rithms and that the set of operations includes additions, mul-
tiplications, and also divisions, usually neglected in similar
research studies. In addition to that, it is interesting to high-
light that the algorithms are not limited to linear filtering;
they address 4G MIMO channel equalizing, vector multipli-
cations and adaptive filtering.

All benchmarks are fed with 16-bit inputs and 12-bit con-
stants and the noise constraint is an SQNR ranging from 40
to 120 dB. The inputs used to perform the noise parameteri-
zation as well as the fixed-point simulation are summarized
in the last column of the table.

The procedure to carry out the tests is as follows:
1. Compute scaling by means of a floating point simulation.
2. Extract noise parameters (eqns. 16-18) performing an

AA-based simulation.
3. Perform a WL selection based on the fast estimator

(eqn. 15), using a gradient-descent approach.
4. Perform a single FxP bit-true simulation and use it as ref-

erence to assess the performance of the estimator.
The accuracy obtained by means of a gradient-descent

optimization [2] under different SQNR constraints – 80 in
total, from 40 dB to 120 dB – for the different benchmarks is
presented in Table 4. The first column indicates the bench-
mark used. The remaining columns show the accuracy of
the estimations measured in terms of the maximum absolute
value of the relative error in dB, and the average of the ab-
solute value of the percentage error, for four SQNR ranges:
[120,100) dB, [100,80) dB, [80, 60) dB and [60,40] dB (see
the expressions of the metrics at the bottom of the table).

The results yield that the estimator is very accurate. The
mean percentage error is smaller than 4.3 %, and the max-
imum relative error is smaller than 1.12 dB. Note that the
accuracy decreases as long as the error constraints get looser.
This is due to the amplification of the Taylor error terms (spe-
cially in the presence of loops) and also to the fact that the
uniformly distributed model for the quantization noise does
not remain valid for small SQNRs. Anyway, the quality of
the estimates is still very high. The average percentage error
confirms the excellent accuracy obtained by our estimator.

Table 4 holds the performance results in terms of com-
putation times. The first column shows the names of the
benchmarks. The second and third columns show the length

of the input vectors required for a fixed-point simulation
and for the parameterization process. The parameterization
time is in the fourth column. The average number of it-
erations required during the optimization process is in the
sixth column. The next two columns present the computa-
tion time required to perform the gradient-descent optimiza-
tion using our estimation-based proposal and using a classi-
cal simulation-based approach. The computation time for the
simulation-based approach is an estimation based on multi-
plying the average number of optimization iterations by the
computation time of a single fixed-point simulation. Finally,
the speed-up obtained by our estimation-based approach is in
the last column.

The parameterization time goes from 330µsecs. to 28
mins. (1646 secs.) and it depends on the size of the in-
put data, the complexity of the algorithm (i.e. number and
types of operations) and the presence of loops. The LMS
benchmarks clearly show how the parameterization time is
increased as long as the number of delays, and therefore
loops, increases. These times might seem quite long, but
it must be bared in mind that the parameterization process
is performed only once, and after that the algorithm can be
assigned a fixed-point format as many times as desired using
the fast estimator.

The mean number of estimates in the fifth column is
shown to give an idea of the complexity of the optimization
process. A simulation-based optimization approach would
require that very same number of simulations,thus taking
a very long time. For instance, the optimization of LMS 5
would approximately require 2500 FxP simulations of 5000
input data. Considering the number of estimations required,
the optimization times are extremely fast, ranging from 0.02
secs to 7.26 secs. The speedups obtained in comparison to a
simulation-based approach are staggering: boosts from×331
to ×1377 are obtained. The average boost is ×776 which
proves the advantage of our approach in terms of computa-
tion time.

In summary, results show that our approach enables fast
and accurate WLO of non-linear DSP algorithms.

5. CONCLUSIONS

A novel noise estimation method based on the use of Affine
Arithmetic has been presented. This method allows to obtain
fast an accurate estimates of the quantization noise at the out-
put of the FxP description of a DSP algorithm. The estimator
can be used to perform complex WLO in standard times lead-
ing to significant hardware cost reductions. The method can
be applied to differentiable non-linear DSP algorithms with
and without feedbacks. In brief, the main contributions of
the paper are:
• The proposal of a novel AA-based quantization noise es-

timation for non-linear algorithms with and without feed-
backs

• The average estimation error for non-linear systems is
smaller than 12% in general, and smaller than 5% for
most cases.

• The computation time of WLO is boosted up to ×1377
(average of ×766)
The reduction of the computation time of the noise pa-

rameterization process in the presence of loops, is to be ap-
proached in the near future, as well as the improvement of
the quantization model for non-linear operations.
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Table 1: Performance of the estimation method: Precision.

Estimation error
Benchmark [120,100)1 dB [100,80) dB [80,60) dB [60,40] dB

(dB)2 (%)3 (dB) (%) (dB) (%) (dB) (%)
VEC8×8 0.05 0.57 0.04 0.40 0.04 0.57 0.13 1.19

EQ∗ 0.27 0.98 0.24 0.71 0.29 0.17 0.18 1.52
POW ∗ 0.39 5.00 0.17 1.55 0.76 5.96 1.12 12.12
LMS∗2 0.09 0.46 0.08 0.24 0.15 0.78 0.92 3.73
LMS∗5 0.09 0.46 0.08 0.07 0.13 1.08 1.09 5.51

All 0.39 1.27 0.24 0.05 0.76 1.48 1.12 4.21
∗ Recursive 1 Error constraint 2 |10log(

Pre f
Pest

)| (max) 3 |100(
Pre f−Pest

Pre f
)| (average)

Table 2: Performance of the estimation method: Computation time.

Bench. FxP Param. Param. No. of estimates Estimation-based Simulation-based Speed-up
Samples Samples time (secs)+ (mean) WLO (secs)+ WLO (secs)+

VEC8×8 20000 20000 330 1739 1.72 2331.79 ×1377
EQ∗ 16000 16000 61.64 231 0.12 105.78 ×904

POW ∗ 20000 20000 546.14 97 0.02 21.93 ×1048
LMS∗2 5000 5000 592.11 1032 0.94 310.93 ×331
LMS∗5 5000 5000 1646.38 2547 7.26 1611.46 ×221

All - - - - - - ×776
∗ Recursive + Using 1.66 GHz Intel Core Duo processor and 1 GB of RAM
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ABSTRACT 

Multicycle implementation (MCI) of a signal adaptive two-
dimensional (2-D) system for space/spatial-frequency (S/SF) 
analysis is proposed. The proposed design optimizes critical 
design performances related to the hardware complexity, 
making it a suitable system for real-time implementation on 
an integrated chip. It allows the implemented system to take 
a variable number of clock cycles (CLKs) (the only neces-
sary ones regarding desirable–2-D Wigner distribution–
presentation of auto-terms) in different frequency-frequency 
points during the execution. This ability represents the ma-
jor advantage of the design which helps optimize the time 
required for execution and produce an improved, cross-
terms-free S/SF signal representation. The implementation 
has been verified by an FPGA circuit design, capable of 
performing S/SF analysis of 2-D signals in real-time. 

1. INTRODUCTION AND BACKGROUND 

Systems used in nonstationary 2-D signals processing are 
based on the developed mathematical methods, defined in 
their 2-D forms, [1–4]. These systems have been analyzed, 
usually in their parallel implementation forms, [5–7]. How-
ever, such architectures (like the one based on the 2-D S-
method, [5]) are quite complex, require duplication of basic 
calculation elements when they are employed more than 
once, and sometimes could not be implemented. In addition, 
the chip dimensions, power consumptions and cost are sig-
nificantly increased in comparison to the corresponding 1-D 
architectures, [7–9], while the processing speed is decreased. 
At the same time, corresponding MCI designs of such sys-
tems, [6], additionally decrease processing speed. Therefore, 
here we propose a way to overcome noted drawbacks of the 
2-D parallel implementation and MCI forms. 

The 2-D short-time Fourier transform (2-D STFT), its 
energetic version (2-D SPEC) and the 2-D Wigner distribu-
tion (2-D WD) are conventional tools used in nonstationary 
2-D signal analysis, [1–3], defined, in vector notation, as: 

 

2

( , ) ( ) ( )
j km

N

m

STFT n k w m f n m e
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= +∑
π

 (1) 
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N
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= − + −∑
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where  1 2( ) ( , )w m w m m=   is  a  2-D  real-valued  window  of  

N×N duration, centered at the point 1 2( , )n n n=  and used to 

truncate the analyzed signal ( )f n . The 2-D STFT and 2-D 

SPEC provide cross-terms-free S/SF representation, but with 
a low concentration around signal’s local frequency [2, 3]. 
On the other side, based on the direct 2-D STFT-to-2-D WD 
relationship, [2], readily following from (1)-(2), 
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( (1) (2)
1 2 2 / 2L L L N= = = ), the 2-D WD significantly improves 

the 2-D SPEC concentration (obtained for i1=i2=0), reaching 
the maximum concentration of each signal component sepa-
rately and resulting in an optimal auto-terms’ presentation, 
[2]. However, based on the full frequency-frequency domain 
2-D convolution (3) of 2-D STFTs, the 2-D WD generates 
emphatic cross-terms in the multicomponent signals case. 

To preserve 2-D WD auto-terms presentation and to si-
multaneously reduce (or, completely eliminate, in the case of 
non-overlapping signal’s components) 2-D WD cross-terms, 
the 2-D convolution in (3) should be performed inside the 2-

D STFT auto-terms’ domains (regions of support ( , )iD n k , 

i=1,…,q of a q-component signal), including only non-zero 
summation terms, and terminated outside these regions. 
Therefore, summation in (3) is limited by introduction of the 
rectangular 2-D convolution window with the signal adaptive 

width 1 2 1( , ) ( ( , ), ( , , )) mL n k L n k L n k i L= ± ≤ , where 1L =  
(1) (2)

1 2 2 1 2 2 1( , ), ( , , ), ( , , )L n k L L n k i L L n k i= + = − , and mL  is 

the maximum width of ( , )L n k , determined by the widest 

( , )iD n k , i=1,…,q, and its corresponding local frequency 

0ik . For each point (k1,k2), this means, [4]: (i) The summation 

in +i2 (limited by 2 1( , , )L n k i+ ), for each i1, i1=0, …, 1 ( , )L n k ,  
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Figure 1: (a) Procedure of 2-D convolution window sliding and of 2-D CTFWD producing; (b) Actual convolution window position corre-
sponding to the point (k1,k2) (thick solid line) and its next position (thick dashed line); (c); (d) Convolution window function, implemented in 

real-time. Cells correspond to the 2-D STFT elements, denoted by their position in frequency-frequency plane. 
 

is performed until 2 2
1 1 2 2| ( , , ) |STFT n k i k i R± ± < , i2=0,…, 

2 1( , , )L n k i+ , is detected1, resuming the summation in –i2; 

(ii) The summation in –i2 (limited by 2 1( , , )L n k i− ), for each 

i1, i1=1,…, 1( , )L n k , is performed until 1 1 2| ( , ,STFT n k i k±  
2 2

2 ) |i R<∓ , i2=0,…, 2 1( , , )L n k i− , is detected, resuming the 

summation for the next i1; (iii) The summation in i1 is per-

formed until 2 2
1 1 2| ( , , ) |STFT n k i k R± < , i1=0,…, 1( , )L n k , 

is detected, corresponding to the detection of the first zero 

                                                           
1 A predefined reference level R2 (a few percent of 2-D SPEC’s 
maximum value, [8]) determines regions Di, i=1,…,q, in the manner 
that 2-D STFTs whose absolute values are below R will be ne-
glected in calculation. 

summation term not multiplied by 2 and resulting in comple-
tion of the calculation (3) in the point (k1,k2). This results in 
inclusion of the variable number of summation terms–the 
only necessary ones regarding the total energy of each auto-
term separately–in different points (k1,k2), k1,k2=0,1,…,N–1, 

reducing (3) to the 2-D SPEC outside ( , )iD n k , i=1,…,q 

(when ( , ) 0L n k = ) and to the 2-D WD inside them and pro-

ducing the 2-D cross-terms-free WD (2-D CTFWD), [4]. 

2. HARDWARE IMPLEMENTATION 

In general, each 2-D CTFWD element is produced by slid-
ing 2-D convolution window over the 2-D STFT input ele-
ments and by computing the 2-D CTFWD output value ac-
cording to the  input  elements  and  the  algorithm  (3).  The  

528



 
Figure 2: Proposed design for S/SF analysis. In the registers, the frequency-frequency positions of the stored 2-D STFT elements are denoted. 
 
obtained result is a 2-D CTFWD element assigned to the 
center of the 2-D convolution window, Fig.1(a). Following 
these observations, the architecture for real-time design of 
the 2-D CTFWD has been implemented, Fig.2. 

2-D CTFWD (3) adapted for real-time implementation 
should include only real multiplications. In that sense, we 
express it as a sum of two computational lines, used for proc-
essing the real and imaginary parts of 2-D STFT (from al-
ready available 2-D STFT or 2-D FFT modules, [3, 7, 8]). 
These lines have identical forms, obtained by replacing the 2-
D STFTs with their real and imaginary parts in (3), respec-
tively. Note that, in different points (k1,k2), k1,k2=0,1,…,N–1, 
the 2-D CTFWD involves variable number of 

1

1

( , )

2 1 2 1 2
1

( , ) ( ( , , ) ( , , ) 2) ( , , 0)
L n k

i

CN n k L n k i L n k i L n k
=

= + + − + +∑
1+  summation terms. The hardware implementation will be 

presented through the implementation of the 2-D CTFWD 
real computational line and the control logic, Fig.2, since the 
imaginary computational line is identical with the real one, 
whereas the control units and configuration signals are 
unique. The design principle follows the form of eq.(3), 
where each summation term is executed during the corre-
sponding step which takes one CLK. In this way, we are able 

to balance the amount of work done in each CLK, resulting 
in minimization of the CLK cycle time, Table 1. During the 

first CLK, when ( , ) 0L n k = , the 2-D SPEC is executed 

from the ( , )STFT n k  element. Residual summation terms, 

obtained for increased indices i1 and/or i2 in subsequent 
CLKs (second, third, …) and existing only in regions of sup-
port frequency-frequency points, are the conditional ones. 
They are used to improve the S/SFD concentration with the 
goal to achieve the one obtained by the 2-D WD. Therefore, 
the 2-D CTFWD real-time implementation requires variable 
number of CLKs by frequency-frequency point to be exe-
cuted, where only 2-D SPEC execution CLK (the first one) 
remains the unconditional one in each point (k1,k2). 

Real-time design, presented in Fig.2, consists of several 
main functional units. The STFT-to-CTFWD gateway repre-
sents a functional kernel of the proposed architecture. It is 
used to produce 2-D CTFWD outputs based on the 2-D 
STFT input elements obtained from the convolution window 
register block. The (2Lm+1)×(2Lm+1) convolution window 
register block and 2Lm first-in-first-out (FIFO) delays mutu-
ally implement the 2-D convolution window function. The 
convolution  window  register  block  determines  the  address  
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Figure 3: S/SF representations of signal (4): (a) 2-D SPEC, (b) 2-D WD, (c) Proposed design based representation, implemented in FPGA,  

(d) Difference between the proposed design signal (4) presentation (c) and the 2-D WD signal presentation (b). 
 

order of the 2-D STFT input elements for which the corre-
sponding 2-D CTFWD output will be computed according to 
(3). FIFO delays provide sliding of the 2-D convolution win-
dow over 2-D STFT input elements, presented in Fig.1(b). 

The STFT_IN elements are imported to the input mem-
ory owing to each double CLK, corresponding to the mini-
mal execution time by frequency-frequency point–2-D SPEC 
execution time. This period simultaneously determines sam-
pling rate of the analyzed analogue 2-D signal. By each 
STFT_Load cycle, the STFT_IN elements are moved to the 
convolution window area that is sliced for one position right. 
According to the actual convolution window position and the 
algorithm (3), corresponding 2-D CTFWD output is calcu-

lated in ( , ) 1CN n k +  CLKs. In each of the first ( , )CN n k  

CLKs, two of the convolution window register block ele-
ments, selected by the SelSTFT_1,2 signals, multiplied in the 
2-input parallel multiplier and either doubled or not (depend-
ing on the SHLorNo signal), produce the corresponding 
summation term from (3) and the first input of the cumula-
tive pipelined adder CumADD. Multiplying and shifting op-
erations are parallel, while adding has a latency of half of a 

CLK. After ( , )CN n k  CLKs, the CumADD output contains 

( , )CTFWD n k . The ( ( , )CN n k +1)-st CLK is the completion 

one. Therefore, the period of the STFT_Load cycle must be 
variable in different frequency-frequency points and 

( , )CN n k +1 times greater than the CLK period. 

In the corresponding CLKs, signals 
1 2,i ix± ±  and 

1 2,i ix± ∓  

are generated as: 
1 2, 1i ix± ± =  if 

2 2
1 1 2 2( , , )STFT n k i k i R± ± >  

and 
1 2, 0i ix± ± =  otherwise, i.e. 

1 2, 1i ix± =∓  if 1 1| ( , ,STFT n k i±  
2 2

2 2 ) |k i R>∓  and 
1 2, 0i ix± =∓  otherwise. They determine 

non-zero values of 1 1 2 2( , , )STFT n k i k i± ±  and of ( ,STFT n  

1 1 2 2, )k i k i± ∓ , 1 10,1,..., ( , )i L n k= , 2 2 10,1,..., ( , , )i L n k i= ± , 

respectively, and simultaneously produce the RegionSup 
control signal, 

1 2 1 2, ,i i i iRegionSup x x± −= ⋅ ∓ . Zero value of the 

RegionSup signal implies following actions: (1) Through the 
participation in the CumADD_CLK signal generation, dis-
ables corresponding term, non-existing into the regions of 
support domains, to enter the summation (3), and (2) 
Through the participation in the RESET_L and the 
High_Count_CLK signals generation, terminates the summa-

tion in +i2 and in –i2 (for each 1 1, 0,1,...,i i = 1 ( , )L n k ), re-

suming the summation in –i2 and for the next i1, respectively. 
Further, zero value of the RegionSup signal, reached in the 

CLK cycle when SHLorNo=0 (corresponding to the summa-
tion term from (3), not multiplied by 2), terminates the sum-
mation (3) in i1, resulting in the calculation completion (in 
the next CLK) for the observed point (k1,k2). In that sense, 
the RS signal, RS=inv(RegionSup), participates in the 
STFT_Load/CTFWD_Store signal generation. With a latency 
of half of a CLK, the CumADD, High_Bin_Count and 
Low_Bin_Count are reset and the execution for the next fre-
quency-frequency point begins. In this way, the RegionSup 
signal allows the proposed design to optimize the number of 
CLKs taken in different frequency-frequency points within 
the execution. The SPEC_EN signal provides execution of 
the first (2-D SPEC execution) cycle, even if x0,0=0. 

A look-up-table (LUT) manages the execution. Its loca-
tions consist of the 4-bit control signals area (SHLorNo, 
Completion_Cond, Termination, Completion bits) and MUX 
addresses. Through the participation in the STFT_Load/ 
CTFWD_Store and CumADD_Clear/RESET signals genera-
tion, the Completion_Cond signal allows the RS signal to 
produce the completion cycle from the conditional one, when 
RS=1 is reached. The Termination and Completion signals 
provide termination of the summation (3) in +i2 and in –i2 
and its completion, respectively, in points (k1,k2) that theo-
retically require maximum convolution window width 
greater than a predefined (2Lm+1)×(2Lm+1) (in practical im-
plementations, Lm has to be predefined and, therefore, can be 
smaller than the theoretically required one in points (k1,k2) 
existing around the local frequency). In these points, the Re-
gionSup signal cannot achieve zero value and, therefore, the 
Termination and Completion signals are introduced to as-
sume its role. Further, the desired–2-D WD–concentration is 
already reached with relatively small Lm, 5≤Lm≤7, which, on 
the other hand, significantly simplify hardware implementa-
tion, Fig.2. Binary counter Low_Bin_Count generates LUT’s 
low addresses, controlling the summation (3) in +i2 and in  
–i2. Binary counter High_Bin_Count sets LUT’s high ad-
dresses, controlling the summation (3) in i1. Operations at the 
bordering positions, as well as the whole S/SF process, are 
managed by Start_Process, Left_Border, Bottom_Border and 
End_Process signals. Through the participation in the Re-
gionSup signal generation, the Left_Border and Bot-
tom_Border signals allow padding the left and bottom bor-
ders with 2Lm 2-D SPECs.  

The longest path that determines the fastest CLK time 
corresponds to the generation of the RegionSup signal in a 
half of a CLK, through a multiplier, an adder and a compara-
tor (Tc/2=Tm+Ta+Tcomp, where Tc, Tm, Ta, Tcomp are CLK, mul-
tiplication, addition and comparison times, respectively). In 
this way,  the  participation  of  the  RegionSup  signal  in  the  
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Table 1. CLK cycle times and execution times (by frequency-frequency point) of the considered implementations of 2-D systems. TcP, TcSF, 
TcSA are CLK cycle times in the cases of the parallel design, MCI one with a fixed number of CLKs and the signal adaptive one, respectively, 

whereas Ts is the 1-bit shift time. Proposed design execution time has been calculated for the considered signal (4) and N=64, Lm=5. 

Implementation Clock cycle time Execution time 

Parallel (when it is possible) 22 (2 2 2)cP m m m a sT T L L T T= + + + +  cPT  

Serial with a fixed number of CLKs 2cSF m a sT T T T= + +  2(2 2 2)m m cSFL L T+ +  

Proposed signal adaptive 2 2 2cSF m a compT T T T= + +  8.6245 cSAT×  

 
CumADD_CLK signal generation in the second half of the 
same cycle is enabled. 

3. TESTING AND VERIFICATION 

The proposed design will be verified by considering the 2-D 
signal 

 

2 2
1 1 2 1 2

1 2

2 2
2 1 2 1 2

( , ) cos[20 ( 0.75) 22 ( 0.75) ]

0.5exp( [ 100cos( / 2) 100cos( / 2)])

( , ) cos{1000 [( 0.5) ( 0.5) ].

f n n n T n T

j n T n T

f n n n T n T

= π − + π −

+ − π + π

= π + + −

 (4) 

consisting of dual components: infinite duration f1(n1,n2), 
considered in the range |n1T|<0.75, |n2T|<0.75, and f2(n1,n2) 
having comparatively small domain of |n1T+n2T|<0.1, |n2T–
n1T–1|<0.1. A sampling interval of T=1/64, the Hanning lag 
window ( )w m , N=64, Lm=5 and R2 of the 1% of the SPEC’s 

maximum value have been used. For the proposed design 
realization, the EP2S15F672C5 device, from the Stratix II 
family, has been used. Results, computed at the point 
(n1T,n2T)=(–0.25,–0.25), are presented in Fig.3. Low 2-D 
SPEC’s concentration, Fig.3(a), high 2-D WD resolution, but 
with the emphatic cross-terms presence, Fig.3(b), as well as 
the optimal auto-terms presentation, but also the pure cross-
terms-free S/SF signal (4) representation, Fig.3(c), obtained 
by the proposed design, can be readily noticed. The pure 2-D 
CTFWD signal representation, reached by the proposed de-
sign and given in Fig.3(c), is readily proven by Fig.3(d). 

4. COMPARATIVE ANALYSIS AND 
CONCLUSIONS 

To underline significance of the proposed MCI signal adap-
tive design, the comparison with the other implementations 
of systems for S/SF signal analysis (the possible parallel one 
with a fixed CLK cycle, [5], and the existing MCI one with 
a fixed number of CLKs, [6]) will be performed. Trade-offs 
and comparisons of the considered implementation ap-
proaches with respect the time required for execution are 
summarized in Table 1. In general, MCI designs imply both 
minimal hardware requirements and much shorter CLK cy-
cle time in comparison to the parallel design. On the other 
side, MCI designs require greater time for execution. How-
ever, the proposed signal adaptive design allows the imple-
mented S/SF system to take variable number of CLKs–the 
only necessary ones that provide CTFWD signal representa-
tion quality–in different frequency-frequency points within 
the execution: the minimal one outside the regions of sup-
port (where the greater part of total frequency-frequency 
points commonly lie, [1, 2, 6]), the higher one inside these 

regions, and the possible maximum one only around the 
central points of each region of support. In this way, the 
proposed design can significantly improve the execution 
time in comparisons to the other designs, removing the main 
drawback of the MCI architectures in comparison to the 
parallel ones, [7–9]. For example, in the analyzed signal (4) 
case, when Lm=5, N=64 are applied, the proposed design 
execution time improves execution times of other corre-
sponding designs under very comfortable hardware demand 
Ts,Tcomp<<Tm<2.935×Ta. Finally, only the proposed design 
produces a pure 2-D CTFWD signal representation in the 
practically only important case of the multicomponent sig-
nals having different 2-D STFT auto-terms widths. Systems, 
based on the non-adaptive S/SF methods, cannot produce so 
high S/SF representation quality (see Fig.3, as well as [1, 4–
6]). These abilities qualify the proposed design to become an 
optimal solution for real-time processing of wide range of 
nonstationary 2-D signals. 
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ABSTRACT 

This paper presents a field-programmable gate array 
(FPGA) implementation of a recently proposed variable step-
size affine projection algorithm (VSS-APA), in the context of 
acoustic echo cancellation. The proposed hardware imple-
mentation scheme takes advantage of the algorithm’s specific 
features. Area and speed results are provided for the Xilinx 
Virtex 5 XC5VFX70T chip from the Xilinx ML507 evaluation 
board, when considering the particular case of the projection 
order p = 2. The overall performance of this acoustic echo 
canceller (AEC) indicates that it could be a reliable solution 
for real-world acoustic echo cancellation scenarios. 

1. INTRODUCTION 

In acoustic echo cancellation scenarios, an adaptive filter 
identifies the acoustic echo path between the terminal’s loud-
speaker and microphone, i.e., the room impulse response [1]. 
The affine projection algorithm (APA) [2] and different ver-
sions of it are reliable candidates for acoustic echo cancella-
tion. As compared to the normalized least-mean-square 
(NLMS) algorithm, the APA achieves faster convergence rate 
and tracking, with only a moderate increase of computational 
complexity. In a similar way to the NLMS, the performance 
of the APA is controlled by the value of its step-size. This 
parameter compromises between the convergence rate and 
misadjustment. In order to optimize this trade-off, several 
variable step-size APAs (VSS-APAs) were developed (e.g., 
see [3] and the references therein). 

The VSS-APA proposed in [3] was designed in the con-
text of acoustic echo cancellation. The main advantages of 
this algorithm are its non-parametric nature (i.e., it does not 
require any a priori information about the acoustic environ-
ment), together with robustness against near-end signal varia-
tion (e.g., double-talk). Thanks to these features, this algo-
rithm could be a reliable candidate for real-world applica-
tions. However, the capabilities of an algorithm could be 
seriously affected when using practical implementation plat-
forms, e.g., a field-programmable gate array (FPGA). In this 
context, several finite-precision effects could significantly 
bias the acoustic echo canceller (AEC) behavior. 

There are two antagonistic aspects that need to be con-
sidered when dealing with a hardware implementation of an 

AEC on FPGA devices using very high speed integrated cir-
cuit hardware description language (VHDL). The first is the 
relation between the values of the sampling frequency and 
the system clock frequency, which allows a large number of 
operations between two successive samples. The second is 
the sensitivity of the adaptive algorithm to quantization er-
rors, which makes the number of bits used for representation 
have a great impact on the AEC performance. Therefore, the 
implementation may benefit by the module reuse-in-time 
advantage that tends to reduce the occupied area; but it also 
may require a large number of bits for representation (in or-
der to get closer to infinite precision simulation results), 
which further increases the number of used resources.  

In the literature, there are many examples of hardware 
implementation of AEC, based on different kinds of adaptive 
algorithms. The authors themselves proposed some of them, 
most recently in [4]. In this paper, we present an AEC im-
plemented on a Xilinx Virtex 5 FPGA (i.e., XC5VFX70T 
chip) [5], [6], based on the VSS-APA proposed in [3]. This 
algorithm is briefly presented in Section 2. The proposed 
hardware implementation scheme of the AEC is detailed in 
Section 3 for the particular case of the projection order p = 2. 
Simulation results are given in Section 4. Finally, Section 5 
concludes this work.  

2. VSS-APA FOR ACOUSTIC ECHO 
CANCELLATION 

In the following, all signals are real-valued and the time 
index is denoted by n. The main goal of an AEC is to identify 
an unknown system (i.e., acoustic echo path) using an adap-
tive filter. In this context, the far-end signal, x(n), coming 
from the loudspeaker goes through the room impulse re-
sponse, providing the echo signal. This signal is added with 
the near-end signal, resulting the microphone signal, y(n). 
The adaptive filter of length L, defined by the vector ĥ(n) = 
[ĥ0(n), ĥ1(n), …, ĥL–1(n)]T (where superscript T denotes trans-
position), aims to produce at its output an estimate of the 
echo, ŷ(n), while the error signal, e(n) = y(n) – ŷ(n), should 
contain an estimate of the near-end signal. 

The VSS-APA proposed in [3] is defined by the follow-
ing relations: 

  ( ) ( ) ( ) ( )ˆ 1Tn n n n= − −e y X h , (1) 
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  ( ) ( ) ( ) ( ) ( )1ˆ ˆ 1 ( )n n n n n n−= − +h h X N µ e , (2) 

where y(n) = [y(n), y(n – 1), …, y(n – p + 1)]T  is the refer-
ence signal vector of length p (with p denoting the projection 
order), N(n) = X(n)TX(n) + δIp, δ is a regularization parame-
ter, and Ip is the pxp identity matrix. The matrix X(n) = [x(n), 
x(n – 1), …, x(n – p + 1)] is the input signal matrix, where 
x(n) = [x(n), x(n – 1), …, x(n – L + 1)]T, and µ(n) is the step-
size matrix defined as 

  ( ) ( ) ( ) ( ){ }0 1 1diag , , , pn n n nµ µ µ
−

=µ K . (3) 

These elements are evaluated for l = 0, 1,…, p – 1 as follows: 

  ( ) ( ) ( )
( )

1

2 2
ˆˆ ˆ

1
ˆ

l

y y
l

n l n l
n

n

σ σ
µ ξ σ

+

− − −
= −

+ e
. (4) 

A small positive number ξ avoids division by zero and el+1(n) 
denotes the (l+1)-th element of the vector e(n); in a general 

manner, a parameter of the form ( )2ˆ nασ  denotes the power 

estimate of the sequence α(n), and can be computed as 

  ( ) ( ) ( ) ( )2 2 2ˆ ˆ 1 1n n nα ασ λσ λ α= − + − , (5) 

where λ is a weighting factor [7]. Since only the parameters 
available from the adaptive filter are required in (4) and there 
is no need for a priori information about the acoustic envi-
ronment, this VSS-APA is easy to control in practice. The 
simulation results presented in [3] indicate that a value of the 
projection order p = 2 offers a good compromise between the 
convergence rate, misadjustment, and complexity. Therefore, 
the following FPGA implementation considers only this case. 

3. PROPOSED HARDWARE IMPLEMENTATION 
SCHEME 

The algorithm described in Section 2 contains some 
challenging operations to implement, i.e., the fractional divi-
sion, square-root, and matrix inversion. Also, modules like 
fractional multipliers with different input widths and two 
input summing units have to be implemented. Besides these 
processing modules, some pre-processing modules are re-
quired due to the very small numerical values obtained for 
some of the algorithm’s parameters (e.g., power estimates of 
the error signal, the value of the matrix’s determinant). These 
modules will be described in the following sub-sections. 
Their design is adapted to the application’s particularities, in 
order to provide modularity to the proposed implementation 
scheme. Finally, a block scheme of the AEC will be pre-
sented in the last sub-section. All the area and speed results 
will refer to Xilinx Virtex 5 XC5VFX70T chip [5] from the 
Xilinx ML507 evaluation board [6]. However, the area result 
is provided in terms of 6-input look-up tables (LUTs), flip-
flops (FFs) and block RAMs (BRAMs), so it should charac-
terize any FPGA with the same architecture. The percentage 
of the used area shows that a much smaller FPGA could be 
used for this implementation. 

 

Figure 1 – Pre-divider procedure and divider block scheme. 

 

3.1 Fractional multiplier 

The fractional multiplier module has a large reuse factor 
in the AEC scheme. When implementing the VSS-APA with 
p = 2, two multipliers are needed for computing the product 
XT(n)ĥ(n–1); other multipliers are required for computing 
the matrix product N–1(n)µ(n)e(n). The system clock fre-
quency is approximately 200 MHz and the sampling fre-
quency is 8 kHz; consequently, there are approximately 
25000 clock periods available between two successive sam-
ples. This observation allows us to increase the reuse factor 
for each module. Also, it indicates that no additional stress 
should be placed on the critical path (from the point of view 
of the maximum delay) if this frequency is reached. 

There is a time relation between the above mentioned 
operations. First, the product XT(n)ĥ(n–1) needs to be evalu-
ated in order to compute the error vector e(n); then, having 
this error vector, the power estimates of its components are 
evaluated in order to be used for computing the step-sizes, 
i.e., the elements of µ(n). At the same time, the operations 
required for obtaining the matrix N–1(n) can be performed. 
The proposed implementation scheme contains two binary 
tree multipliers for the first set of operations. Their inputs 
are time-multiplexed for all the required operations and the 
results are obtained in a pipe-line manner. However, the 
price to pay for this feature is an increase of the occupied 
area. For the second set of operations a single sequential 
multiplier is used. Its inputs are also time-multiplexed, but 
the results are obtained once at Nb clock period, where Nb is 
the number of bits of the operand with the larger width. The 
main advantage is the reduced occupied area. 
 
3.2 Fractional divider 

This module is used in the square-root approximation 
algorithm, in updating the step-size values, and in the inverse 
matrix computation. 
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Figure 2 – Square-root approximation algorithm. 

For the fractional division operation, the dividend has to 
be less than or equal to the divisor. In order to accomplish 
this requirement, the divider module is preceded by a pre-
divider unit that compares the two inputs. The testing unit 
right shifts the dividend until it becomes less then or equal to 
the divisor. The number of shifted positions is stored and 
compensated by left shifting the terms of the inverse matrix 
that multiplies the quotient of the divider. The pre-divider 
unit also scales with the same amount (when possible) both 
the dividend and the divisor in order to increase their values 
for more precise results at the output of the dividers (Fig. 1). 
This remark is true because the width of variables is higher 
than that used in the divider module. 

These processes are applied a fixed number of times, in 
order to obtain the same latency. For two N-bit width inputs, 
the quotient is obtained after N clock periods from the di-
vider unit. A delay line of length N is used to count this time 
period. The logic diagram of the unsigned divider is given in 
Fig. 1. The signs of the two operands are used after the divid-
ing operation, in order to produce the correct result. As one 
can observe, the divider module uses only shifts, tests, and 
adders, so it is very suitable for hardware implementation. 

 
3.3 Square-root module 

The square-root is the most challenging operation 
needed in the step-size computation. The approximation al-
gorithm is described in Fig. 2; it is based on the property of 
the sequence cn = (cn–1 +a/cn–1)/2 which converges to a1/2. 
The simulations show that a number Niter = 12 iterations 
produces a very good approximation of the square-root func-
tion. When the result is ready before Niter, the algorithm 
ends and the result is buffered in order to produce the same 
processing delay. We can efficiently use the number Niter by 
choosing a proper value of the threshold 2–r (see Fig. 2).  

 
3.4 Inverse matrix computation 

For the inverse matrix computation, we propose an op-
timized scheme due to the specific operand structure. First, 
the product M(n) = XT(n)X(n) needs to be computed. For      
p = 2, the matrix M(n) becomes 
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1 1

1
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1
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n n
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and its elements can be computed recursively as follows: 

 
Figure 3 – Matrix inversion diagram. 
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The proposed scheme implements these recursive rela-
tions by using a single block memory and a single sequential 
multiplier, as in Fig. 3 (considering a filter length L = 512). 
The memory acts like a circular buffer, i.e., writing at address 
k and reading from address k + 1. The address is incremented 
modulo L. Then, the new matrix N(n) = M(n) + δIp and its 
determinant need to be computed, providing the outputs of 
this block. The dividers are not included inside this module. 
Although the recursive manner of computation could be sen-
sitive to quantization errors when using a finite precision 
representation, the trade-off between the used implementa-
tion resources and the performances degradation is an ac-
ceptable one, as it will be described in Sections 3.8 and 4.  

 
3.5 Step-size computation 

The computation of the elements of µ(n) is based on (4). 
This module contains a divider (with its corresponding pre-
divider) and a square-root module. These modules are used 
time-multiplexed for the elements of µ(n). These operations 
are made after the computation of the error signal vector. 
 
3.6 Filter coefficient update 

The filter coefficients are updated after computing some 
intermediate terms. For making the first step in computing 
the inverse of the matrix N(n), the product  

1,1 1,2 2,2 2,1 0

2,1 2,2 1,2 1,1 1

( ) ( ) ( ) ( ) ( ) 0

( ) ( ) ( ) ( ) 0 ( )

n n n n n

n n n n n

µ
µ

−     =     −     
T T N N

T T N N
 

needs to be evaluated using two binary tree multipliers for 
two successive input pairs, i.e., N2,2(n)µ0(n) and                     
–N1,2(n)µ0(n), respectively –N2,1(n)µ1(n) and N1,1(n)µ1(n). 
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Figure 4 – AEC block scheme. 

It should be noticed that the elements of the matrix N(n) are 
shifted before these multipliers with the amounts indicated 
by the pre-dividers used in the step-sizes computing module. 

After this stage, the next intermediate terms are com-
puted. The outputs of the previous multiplications are used as 
one set of inputs for the same two binary tree multipliers. The 
other set of inputs is represented by the results of the dividers 
e0(n)/det[N(n)] and e1(n)/det[N(n)], where det[•] denotes the 
matrix determinant and e(n) = [e0(n), e1(n)]T. The computa-
tion of N–1(n) is completed by these two divisions; the first 
set of inputs is shifted with the amount indicated by the pre-
dividers used for these two dividers. The matrix product is 

( )
1,1 1,21 0

2,1 2,22 1

( ) ( )( ) ( )1
( ) ( )( ) ( )det

n nn n

n nn nn

 ′      =      ′          
T TT e

T TT eN
. 

When the second stage is finished, the updating procedure is 
started. The memory blocks containing the far-end signal 
samples and the coefficients are read, and after another mul-
tiplication on the two binary tree multipliers, the final sum 
for update is made for each filter coefficient ĥk(n), with  k = 
0, 1, …, L – 1, i.e., 

 

( ) ( )1 2
ˆ ˆ( ) ( 1) ( ) ( 1) .k kh n h n x n k n x n k n′ ′= − + − + − −T T  

 

3.7 AEC block scheme 

The AEC block scheme is generated on a modular basis. 
All the equations of the VSS-APA from Section 2 are imple-
mented using the elementary modules described in the previ-
ous sub-sections. In addition, in order to provide synchro-
nous operations, memory blocks are used to store the data, as 
it was previously mentioned. Figure 4 depicts the block 
scheme of the AEC, while Fig. 5 presents a timing diagram 
of the module functionality.  For simplicity, the use of the 
two binary tree multipliers is reduced only to compute the 
estimated echo. However, their multiple functions are as de-
scribed above. 
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ĥ

ĥ
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Figure 5 – Timing diagram of the AEC. 

The power estimates (see Fig. 4) are computed using 
sliding windows, as in (5). The value of the parameter λ is 
represented in 2’s complement format. Consequently, the 
products that imply λ and 1 – λ are realized using shifts and 
summing units. A sequential multiplier is used for the square 
of the input signal. This sliding window is time-multiplexed 
for all the power estimates needed in (4). 
 
3.8 Implementation results 

The implementation targets a XC5VFX70T chip from 
Xilinx Virtex5 family [5] found on the evaluation board 
ML507 [6] from Xilinx. The synthesis results are obtained 
using Xilinx XST tool from Xilinx ISE 9.2i. The occupied 
area is reported in terms of slice components (each slice con-
tains four flip flops and four 6-input LUTs). The proposed 
AEC implementation uses 4620 FFs (from a total of 44800), 
5551 LUTs (from a total of 44800), and 3 BRAMs. The 
maximum frequency reported after placing and routing the 
design is 271.3 MHz. Starting from this speed result, as a 
future work, we can modify the timing diagram depicted in 
Fig. 5, in order to increase the reuse factor of the scheme 
components, especially for the binary tree multipliers. For 
maximum area optimization, we can imagine an AEC struc-
ture including only one multiplier and one fractional divider. 

4. SIMULATION RESULTS 

The functional and timing simulations are made using 
the ModelSIM 6.2g tool. We use a test bench that generates 
the echo by passing the far-end signal through a measured 
512 tap acoustic impulse response (the sampling frequency is 
8 kHz). The same length is used for the adaptive filter, i.e.,   
L = 512. The far-end signal is a speech signal. The output of 
the echo path is corrupted by a white Gaussian noise with   
20 dB signal-to-noise ratio (SNR). The performance measure 
is the normalized misalignment (in dB), defined as 
20log10(||h – ĥ(n)||2/||h||2), where h is the true impulse re-
sponse of the echo path and ||•||2 denotes the l2 norm. 
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Figure 6 – Quantization effect on the misalignment of the VSS-
APA. Single-talk case. 

In the first experiment, we test the AEC performance in 
a single-talk scenario. The effect of the quantization error on 
AEC performance is given in Fig. 6. Based on this simula-
tion, we decided to use a 16 bit representation for the AEC 
inputs, and all the other variables (including the coefficients) 
being computed using 31 bits. These variables are used at full 
width in summing units and only on the first 16 most signifi-
cant bits on multipliers. Figure 6 can be used as a reference 
when comparing the implementation performance with those 
described in [3], in infinite precision. In general, less than 2 
dB degradation can be noticed. 

In the second experiment, a double-talk scenario is con-
sidered. It is known that this is one of the most challenging 
situations in echo cancellation. In general, a double-talk de-
tector (DTD) is required in this case, in order to control the 
algorithm’s behaviour and to prevent its divergence. One of 
the main features of our VSS-APA is its robustness against 
double-talk [3]. In order to outline this aspect, we compare 
the VSS-APA with the classical APA (using a fixed step-size    µ = 0.2), without using any DTD. The results are given in 
Fig. 7. First, the VSS-APA suffers less than 2 dB degradation 
when using finite precision implementation. Second, it is 
obvious that the VSS-APA is much more robust then APA 
during double-talk. As it was shown in [3], a simple Geigel 
DTD [8] improves this robustness for the VSS-APA, while 
the classical APA requires more sophisticated DTD, e.g., [9]. 

5. CONCLUSIONS 

FPGA implementation of an AEC based on a VSS-APA 
was presented in this paper. The main features of the VSS-
APA are its non-parametric nature and the moderate compu-
tational requirements. Nevertheless, several challenging op-
erations are required in the step-size parameter formula, e.g., 
division, square-root, and matrix inversion. Dedicated blocks 
for these operations were implemented on the FPGA within 
the AEC scheme. 

The provided AEC implementation represents a low-cost 
solution, which could be very attractive for real-world acous-
tic echo cancellation scenarios. 
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Figure 7 – Misalignment of the APA (infinite precision) and VSS-
APA (finite and infinite precision). Double-talk case, without DTD. 
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ABSTRACT
Nowadays, the direct-conversion and the low-IF transceiver princi-
ples are seen as the most promising architectures for future flexi-
ble radios. Both of the architectures employ complex I/Q mixing
for up- and downconversion. Consequently, the performance of the
transceiver architectures can be seriously deteriorated by the phe-
nomenon called I/Q imbalance. I/Q imbalance stems from relative
amplitude and phase mismatch between I- and Q-branches of the
transceiver. As a result, self-interference or adjacent channel inter-
ference is introduced. This paper addresses details of the real-time
prototype implementation of the transceiver unit realizing widely-
linear least-squares based I/Q imbalance estimation algorithm and
corresponding pre-distortion structure proposed earlier by the au-
thors. First the estimation itself is reviewed and a recursive version
of it is derived. After that, implementation related practical issues
are addressed and implementation platform is also briefly intro-
duced. Finally, implementation details and comprehensive RF mea-
surement results from the real-time implementation are presented.

1. INTRODUCTION

The current trend in implementing future wireless radio transceivers
is to use the direct-conversion or the low-IF transceiver architec-
tures [1, 2]. However, there are still number of practical issues to
be overcome before these transceiver architectures can be fully im-
plemented in future wideband flexible transceiver units. In both ar-
chitectures many transceiver functions have been moved from ana-
log parts towards the digital signal processing (DSP) parts, thus
enabling low-cost, simple, less power consuming and highly inte-
grable transceiver unit [2]. One practical problem, however, is the
sensitivity of such simplified analog front-ends (FE) to imperfec-
tions of the used radio electronics. This is the central theme also in
this article, with most focus on the transmitter (TX) side.

Both of the above transceiver architectures are based on analog
complex in-phase/quadrature (I/Q) up- and downconversion which
makes them vulnerable to amplitude and phase mismatch between
I- and Q-branches. As a result, there is crosstalk between mirror
frequencies which yields, depending on the selected transceiver ar-
chitecture, self-interference or adjacent channels interference, when
interpreted in frequency domain. Other major nonidealities on TX
side are local oscillator (LO) leakage and power amplifier (PA) non-
linearity which also contribute to signal deterioration [3]. Moreover,
future wireless systems demand higher transmission rates which
yields wider bandwidths, higher order modulations and utilization
of multi carrier schemes. However, signals with wider bandwidths
and higher order modulations, and multi-carrier (MC) signals (e.g.
OFDM) are especially sensitive to analog FE nonidealities [3, 4].

This paper focuses to implementations related details and prac-
tical aspects of TX I/Q imbalance calibration scheme based on
parameter estimation by widely-linear least-squares (WL-LS) ap-
proach and pre-distortion (PD) filtering. Special emphasis is on
real-time prototype implementation and RF performance measure-
ments of a complete TX. The approach here is applicable for single-
carrier (SC) and MC signals.

The paper is organized as follows. First in Section 2 I/Q im-
balance as a phenomenon and TX signal model are introduced, and

selected PD structure is reviewed. Thereafter in Section 3, recur-
sive WL-LS approach-based I/Q imbalance parameter estimation is
derived. Then implementation related problems are discussed in
Section 4. After that, the implementation platform is introduced in
Section 5. After that, implementation details and measurement re-
sults are presented and analyzed in Section 6. Paper is concluded in
Section 7.

Notation: (.)∗ denotes complex conjugation, (.)H hermitian
transpose and ∗ convolution. All bold lower-case letters and upper-
case letters denote vectors and matrices, respectively.

2. I/Q IMBALANCE AND DIGITAL PRE-DISTORTER
STRUCTURE

In an ideal I/Q TX, analog circuits in the I and Q branches have
equal characteristics, but in practice, due to hardware manufactur-
ing tolerances a perfectly balanced analog FE is not achievable. In
addition, electrical characteristics of analog components can un-
dergo short time deviation due to e.g. temperature variation and,
similarly, they are subjected to change over long time period due to
aging. These physical limitations in the implementation accuracy
of analog I/Q processing result in a finite attenuation of the image
frequencies and thus degrades the transmit signal quality. Current
state-of-the-art transceivers have around 1− 2% amplitude imbal-
ance and 1−2◦ phase imbalance which yields about 30−40dB im-
age rejection ratio (IRR) [2].

The approach in this paper to overcome I/Q imbalance problem
is to use DSP techniques to compensate the I/Q imbalance effects.
The DSP based calibration methods allow errors in the analog de-
sign and have an advantage of achieving good performance without
modifying the original transceiver architecture. In addition, adap-
tive DSP based approaches enable the possibility to follow time-
variant changes of the TX FE.

2.1 Signal Model
In a wideband system context, the overall effective I/Q imbalance
effects can vary as a function of frequency over the whole frequency
band and wider bandwidths are more vulnerable to the frequency-
selective behavior of I/Q imbalance [5]. Consequently, the I/Q im-
balance can be modeled as frequency-selective relative amplitude
and phase difference between the I and Q branches. In following,
gT and ϕT are the I/Q mixer amplitude and phase imbalances, re-
spectively. In addition, the non-ideal filter characteristics between
the I and Q branches is modeled with the filters hI(t) and hQ(t).
If signal bandwidth is narrow, the imbalance model is considered
to be frequency-independent and the filters hI(t) and hQ(t) can be
extracted from the formulation.

For further analysis, denote the ideal baseband equivalent trans-
mit signal as z(t) = zI(t)+ jzQ(t). The corresponding imbalanced
baseband equivalent is then [6]

x(t) = g1(t)∗ z(t)+g2(t)∗ z∗(t). (1)

With further derivation the impulse responses g1(t) and g2(t) can
be shown to be g1(t) = [hI(t)+ gT exp( jϕT )hQ(t)]/2 and g2(t) =
[hI(t)−gT exp( jϕT )hQ(t)]/2 [7]. In addition, the Fourier transform
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(FT) of x(t) is X( f ) = G1( f )Z( f )+G2( f )Z∗(− f ). From X( f ) the
mirror frequency attenuation can be found to be

IRRdB( f ) = 10log10

(
|G1( f )|2

|G2( f )|2

)
. (2)

2.2 I/Q Imbalance Compensation
The aim of the I/Q imbalance mitigation is to remove conjugate
term in (1) by properly pre-distorting the ideal TX data. Based on
above imbalance model, and switching to discrete-time notations,
the following PD of the form

zp(n) = z(n)+w(n)∗ z∗(n) (3)

can be used [7]. Here w(n) represents the PD impulse response.
From (1) and (3), it follows that the pre-distorted and imbalanced
signal is xp(n) = g1,p(n) ∗ z(n) + g2,p(n) ∗ z∗(n), where the mod-
ified imbalance model impulse responses are g1,p(n) = g2(n) +
g1(n)∗w∗(n) and g2,p(n) = g2(n)+g1(n)∗w(n). From this it can
be derived that optimum solution for PD must satisfy g2,p(n) =
g2(n)+g1(n)∗w(n) = 0,∀n. Solution can be seen more intuitively
after FT, as

WOPT (e jω ) =
−G2(e jω )

G1(e jω )
, (4)

where ω is normalized angular frequency. In practice, however, this
solution cannot be directly used for estimation because g1(n) and
g2(n) are considered unknown. Thus, practical imbalance parame-
ter estimation schemes using feedback from RF back to TX digital
parts are addressed next.

The PD structure realizing above derivation can be seen in Fig.
1. In the figure, after the real mixing, filtering and ADC, the DSP
block performs final down-conversion from the IF to baseband and
consequent decimation and low-pass filtering. Moreover, DC offset
removal, timing synchronization, I/Q imbalance parameter estima-
tion and PD filter calculation are performed inside the DSP block.
Here, real mixing is chosen to avoid any additional I/Q imbalance
to the feedback loop (FBL) signal.
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Figure 1: Block diagram I/Q up-conversion based TX structure with
calibration functionality.

3. I/Q IMBALANCE PARAMETER ESTIMATION

In this section the WL-LS estimation method described in [7] is
briefly reviewed and derivation of recursive version of it is in-
troduced being particularly suitable for real-time implementations.
Imbalance parameter estimation is in general based on a feedback
signal capturing the complex envelope of the generated RF wave-
form back to the TX digital parts. This is illustrated in Fig. 1.

From now on, switching to vector-matrix notation for conve-
nience. First, derive an estimator for g̃1 and g̃2, which include also
FBL response, using time-domain model-fitting approach. The aim
is to find estimates ĝ1 and ĝ2 which give the best fit between original
data sequence z(n) and observed feedback data sequence y(n).

3.1 Block Least-Squares Approach
After removing FBL delay the observed feedback data sequence can
be formulated as

y(n) = Z(n)ĝ1 +Z∗(n)ĝ2

= [Z(n) Z∗(n)]
[

ĝ1
ĝ2

]
= Zb(n)

[
ĝ1
ĝ2

]
,

(5)

where y(n) = [y(n) y(n− 1) · · · y(n−Lb + 1)]T , with Lb denot-
ing the length of the observed feedback data sequence and Z(n)
is the convolution matrix formed from original TX data sequence
z(n). If least-squares (LS) solution is formed with auto-correlation
data windowing method the estimation process gives biased results.
Consequently, covariance or pre-windowing methods should be uti-
lized. For covariance method the convolution matrix Z(n) of the
original signal is formulated in (6) [7, 8], where Ng denotes the
length of estimated imbalance filters ĝ1 and ĝ2.

Z(n) =

 z(n−Ng +1) · · z(n)
· · ·
· · ·

z(n−Lb +1) · · z(n−Lb −Ng)

 (6)

Corresponding observed feedback data sequence is y(n) = [y(n−
Ng +1) y(n−Ng) · · · y(n−Lb +1)]T . The minimum phase imbal-
ance filter coefficients g̃1 and g̃2 best describing the data in the LS
sense can be then solved from[

ĝ1
ĝ2

]
= Z+

b (n)y(n). (7)

In (7) Z+
b (n) = (ZH

b (n)Zb(n))−1ZH
b (n) is the pseudo-inverse of

Zb(n). Finally the PD filter coefficients can be solved from equation

ŵ =−(ĜH
1 Ĝ1)

−1ĜH
1 ĝ0

2, (8)

where ĜH
1 is convolution matrix formed from ĝ1, and ĝ0

2 = [ĝT
2 0 · · ·

0]T is a zero-padded version of ĝ2 with Ng −1 additional zeros. PD
filter w can be truncated to length Nw, where 1 ≤ Nw ≤ Ng.

3.2 Recursive Least-Squares Approach
Recursive LS (RLS) follows the LS principle but it does not exe-
cute matrix inversions which makes it computationally more effi-
cient than plain LS. Recursion has been implemented through ma-
trix inversion lemma which gives tools to create matrix inversions
in recursive manner. Following RLS formulation corresponds to
above block LS with covariance data windowing: [8]

k(n) =
λ−1P(n−1)u(n)

1+λ−1uH(n)P(n−1)u(n)
(9)

e(n) = y(n)− ĝH(n−1)u(n) (10)
ĝ(n) = ĝ(n−1)k(n)e∗(n) (11)

P(n) = λ−1P(n−1)−λ−1k(n)uH(n)P(n−1) (12)

where, u(n) = [z(n) z(n−1) · · · z(n−N +1) z∗(n) z∗(n−1) · · ·
z∗(n−N +1)], P(0) = δ−1I and ĝ(0) = 0. δ is small positive con-
stant to ensure non-singularity of the inverse P(n) of the covariance
matrix formed from the original signal.

From estimated imbalance vectors ĝ we get ĝ1 = [ĝ(0) · · ·
ĝ(Ng − 1)]T and ĝ2 = [ĝ(Ng) · · · ĝ(2Ng − 1)]T . Moreover, zero-
padded versions ĝ0

1 and ĝ0
2 are ĝ0

1 = [0 0 · · · ĝT
1 ]

T and ĝ0
2 =

−[0 0 · · · ĝT
2 ]

T both with Ng − 1 appended zeros. After this PD
filter coefficients ŵ(n) are solved again with recursive calculations
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compared to (8), basically in a similar manner as the estimation of
ĝ. Only differences are that equation (10) is changed to

e(n) = ĝ0
2(n)− ŵH(n−1)u(n), (13)

where u(n) = [ĝ0
1(n) ĝ0

1(n− 1) · · · ĝ0
1(n−Ng + 1)] and equation

(11) is getting the form

ŵ(n) = ŵ(n−1)k(n)e∗(n). (14)

Again, PD filter impulse response ŵ can be truncated to the length
Nw.

4. PRACTICAL ASPECTS

There are a number of implementation related issues which have
to be taken into account to attain maximum performance for the
algorithm. Namely, carrier frequency offset (CFO), delay between
FBL signal and original signal, FBL signal-to-noise ratio (SNR) and
computational complexity of different adaptive algorithms. In this
section, other adaptive algorithms found in the literature are consid-
ered aside of the RLS algorithm because it is computationally rather
complex and performance of the other algorithms have been com-
pared to it. All Matlab simulations are based on frequency-selective
I/Q imbalance model with impulse response of length 3, where to-
tal amplitude response varies between 0.978 and 1.071, and total
phase response varies between 1 and 7 degrees. Moreover, signal
with 16-QAM modulation, 35 % roll-off, 5 times over-sampling, 1
MHz symbol rate, 5 MHz sampling frequency, and 1.275 MHz IF
has been used. 100 independent simulation runs have been ran for
each simulation.

4.1 CFO
First of all, CFO of the FBL signal has to be within certain limits.
This requirement should be trivial to fulfill even with free-running
LO because frequency source is usually common for up- and down-
conversion. For additional info on frequency synchronization see
e.g. [9]. The basic impact how FBL CFO affects the average (inte-
grated) IRR on the whole TX band can be seen in Fig. 2. From the
figure it can be seen that CFO must be lower than 200Hz to achieve
60 dB IRR. It is also worth noticing that Gauss-Newton RLS (GN)
[8] algorithm outperforms other adaptive algorithms when consid-
ering FBL CFO.
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Figure 2: Average IRR as a function of carrier frequency offset.
25,000 samples used for I/Q imbalance parameter estimation.

4.2 Delay Compensation
Another, more paramount requirement is delay estimation and com-
pensation between original digital TX signal and digital FBL signal.
Integer delay is easily estimated and compensated but estimation
and compensation of fractional-delay (FD) has been found to be

more demanding. Moreover, I/Q imbalance tends to bias FD esti-
mates which makes the compensation even more demanding. The
effect of FD between original signal and FBL signal on the IRR can
be seen in Fig. 3 where performance of different algorithms practi-
cally coincide. It can be seen that FD has significant effect on the
performance of the algorithm and residual FD less than 1.1 % gives
over 60 dB IRR. In addition, 1 % accuracy should be achievable
with algorihtms found in the literature, see e.g. [9].
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Figure 3: Average IRR as a function of fractional-delay between
original signal and FBL signal. 25,000 samples used for I/Q imbal-
ance parameter estimation.

On the other hand, it has been discussed in [7] that with long
enough imbalance filters ĝ1 and ĝ2 the FD can be tolerated to some
extent without separate FD compensation. In this paper, it is shown
that longer imbalance filters indeed relax FD compensation require-
ments. To achieve this, the assumption of imbalance filters ĝ1 and
ĝ2 being minimum phase has to be relaxed and delay to them has
to be introduced. However, utilization of longer imbalance filters
requires higher FBL SNR. Comparison of IRR with different im-
balance filter lengths, and corresponding delays, can be seen in Fig.
4. The optimum delay is always D = ⌊(Ng − 1)/2⌋. From the Fig.
4, it can be clearly seen that algorithm performance between integer
delay multiples is significantly improved, and it can tolerate FD to
some extent without performance degradation.
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Figure 4: Average IRR with different filter lengths and delays as a
function of delay between FBL signal and original signal. 25,000
samples used for I/Q imbalance parameter estimation.

4.3 Feedback loop SNR
Number of samples used for the estimation has also influence on
the performance. From the Fig. 5 it can be seen that the SNR of the
FBL signal should be over 30 dB to keep the performance degra-
dation due to feedback noise negligible with the reasonable block
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lengths discussed here. Fixed PD length results in a saturation of
the IRR in Fig. 5. Longer PD lengths result in higher IRR. In the
real-time implementation of this paper SNR of the FBL signal in
the implementation is around 35 dB. The SNR level was examined
offline from received FBL signal.
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Figure 5: Average IRR with different parameter estimation lengths
as a function of SNR of the FBL signal.

4.4 Computational complexity

Computational complexity of different adaptive algorithms is also
a very important aspect of the implementation because computa-
tion power is always limited and computational burden should be
kept as low as possible. In Fig. 6 it can be seen that RLS and
GN are clearly the most complex algorithms that have been consid-
ered. Approximate RLS (ARLS) [10] and Fast Approximate RLS
(FARLS) [11] have complexity close to the normalized least mean
squares (NLMS) and their performance is very good if problems
discussed above have been solved properly. On the other hand,
RLS and GN algorithms outperform other algorithms under more
demanding conditions.
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Figure 6: Computational complexity of adaptive algorithms as a
function PD filter length. Ng is of same length as Nw.

5. REAL-TIME IMPLEMENTATION PLATFORM

The development environment for the real-time prototype imple-
mentation consists of personal computer (PC), software defined
radio (SDR) evaluation board and radio-frequency (RF) daughter
board. In this work, the evaluation board is Universal Software Ra-
dio Peripheral (USRP). The USRP together with daughter board
and PC construct a fully functional transceiver unit. In addition,
this transceiver unit is definable with computer software, namely
GNU Radio [12, 13].

5.1 USRP and RFX2400
USRP is a SDR platform developed by Ettus Research. The USRP
platform is based on field programmable gate array (FPGA) and
it provides analog-to-digital converters (ADC), DACs, decimat-
ing/interpolating low-pass filters, and PC connectivity [13]. Fur-
thermore, it can be used as a low-IF or direct-conversion transceiver
which makes it especially suitable for performance measurement of
the implemented algorithm. USRP is connected to the PC with uni-
versal serial bus (USB) 2.0 interface which limits, in practice, the
Rx/Tx bandwidth to 4 MHz.

In the implementation here, the RFX2400 transceiver daughter
board (DB) is used. It can operate from 2.3 to 2.7 GHz and has
maximum transmission power of 17 dBm [13]. The DB has two RF
antenna connections, one for half-duplex transmit and receive called
RX/TX and another for receiving called RX2. If RX/TX connection
is used for transmitting and RX2 for receiving, the DB is capable
of full-duplex data transmission. The RFX2400 has already fairly
good IRR figure of about 38 dB but still insufficient for future wire-
less systems. Block diagram of the RFX2400 can be seen in Fig.
7.

Figure 7: Block diagram of RFX2400 DB and main connections to
USRP.

5.2 GNU Radio
GNU Radio (GR) is an open-source software running on Linux op-
erating system which can be used with multiple hardware platforms
from a sound card to sophisticated (SDR) platforms, like USRP. Al-
though GR supports multiple platforms, it is mainly intended to be
used with the USRP. GR has also been built and installed on Mac
OS X. Similarly, there has been attempts to install GR on Microsoft
Windows, but successes have not been reported so far [12].

Python flow graphs act as a framework for GR applications.
They consist of signal sources, signal processing blocks and signal
sinks. Though, signals in GR are discrete time signals, they are
processed in block wise manner [14]. GR includes large variety of
built-in signal processing blocks. All signal processing blocks are
written in C++ or Python programming languages [12, 15]. C++
programming language is considerably more efficient than Python
and it has much better ability to execute computationally complex
calculations. As a result, blocks with elaborate functionality are
programmed in C++ language [16].

6. IMPLEMENTATION AND MEASUREMENT
EXAMPLES

RX/TX antenna connection of the RFX2400 was used as a RF out-
put and RX2 antenna connection as FBL RF FE. Physical connec-
tions of the implementation can be seen more clearly in block dia-
gram of Fig. 8. Implementation was built on GR software by writ-
ing C++ signal processing blocks (SPB) for FBL signal synchro-
nization, I/Q imbalance estimation and PD. Additionally, own in-
terfaces to USRP were written to get better controllability of digital
IF and to enable real downconversion in FBL. Also GR Compan-
ion (GRC) graphical user interface (GUI) blocks were written for
programmed SPBs to get easier usability of overall transceiver. Ar-
bitrary 16-QAM data sequence was generated on-line in each mea-
surement made with prototype implementation.
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In the implementation, the accuracy of TX and FBL RX oscil-
lator signals are very good (in the order of 100 Hz), and thus no
additional CFO mitigation is here implemented. Integer delay esti-
mation was performed with fast FT (FFT)-based correlator and FD
was estimated with non-data-aided (NDA) Maximum Likelihood
(ML) algorithm found in [9]. Additionally, the performance of the
NDA ML synchronization algorithm was improved with simple in-
terpolating polynomial fitting approach.

Integer delay was compensated by changing vector indexing
and FD was compensated with look-up-table (LUT)-based FD fil-
tering. The LUT includes 100 all-pass FD filters of order 32 gener-
ated off-line, thus giving an accuracy of 1 % of the sample interval
for the compensation. For further information about FD filters, see
e.g [17]. Integer delay compensation does not increase computa-
tional complexity but FD compensation needs additional 32 multi-
plications and summations for each output sample. Block diagram
of the main implementation DSP functionalities can be seen in Fig.
8. Moreover, RLS parameters for I/Q imbalance estimation in the
measurements have been λ = 1 and δ = 0.01.
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Integer Delay
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Fractional-Delay
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Pre-distortion
Original signal

PC + GNU Radio

USB

Figure 8: Block diagram of the measurement setup where connec-
tions and signal flow can be seen.

Measured spectra are obtained and saved with Rohde&Schwarz
FSG spectrum analyzer with measurement setup seen in Fig. 8. In
Fig. 9 are USRP output spectra with different PD lengths. Finite
image rejection of I/Q mixer on RFX2400 can be seen as rather
strong mirror image at 2455 MHz. The performance of the I/Q im-
balance mitigation on low-IF signal is very good for all PD lengths.
Spectrum plot show over 55 dB average IIR figure which can be
considered sufficient for future flexible transceivers. Note that the
spike at 2456 MHz is due to the LO leakage of the TX which could
be compensated with PD [18] but it has not been considered here.
Lower performance of the PD with 2 and 3 taps could be explained
with estimation noise due to the FBL SNR, phase noise, residual
time synchronization errors or other impairments which have not
been taken into account.
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Figure 9: Output spectrum of USRP without and with I/Q imbal-
ance calibration algorithm. Signal with 16-QAM modulation, 1
MHz symbol rate, 1 MHz TX IF, 4 MHZ RX IF, 35 % roll-off,
4 times over-sampling. PD lengths 1, 2 and 3, and 25,000 samples
used for estimation.

7. CONCLUSIONS

This article focuses on complex I/Q up-conversion based TX archi-
tectures and especially the I/Q imbalance problem in them. An effi-
cient digital PD based imbalance calibration method was presented,
with most focus on prototype implementation related aspects and
corresponding calibration performance evaluations.

The estimation algorithm and PD structure discussed was
shown to be implementable with rather feasible computational re-
sources and it was shown to offer excellent calibration performance.
The reliability of the estimation algorithm is practically dependent
on the exact delay compensation which was proved to be a demand-
ing task. This prototype implementation gives good basis on future
research and work to realize possible FPGA based solutions. Future
work will also include real-time prototype implementation of joint
PA nonlinearity and I/Q imbalance mitigation algorithm [18].
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ABSTRACT
Finding the optimal tradeoff in terms of area, delay and en-
ergy consumption which satises a given DSP functionality
is the main objective of hardware and embedded software de-
signers. Signal bit-widths importantly impact these metrics.
Signals with less bits also require operators with smaller area,
shorter critical path and lower energy consumption. In some
applications, these minimal signal bit-widths can vary sig-
nicantly depending on the quantization mode. As a result,
a rounding-based implementation may require smaller min-
imal bit-widths than a truncation-based one and potentially
lead to cheaper system implementations. The optimal quan-
tization mode combination (QMC) can reduce signicantly
the implementation cost compared to a traditional implemen-
tation based on the truncation mode. This has been demon-
strated on different representative kernels. For example, in
the case of a LMS lter, the optimal QMC can reduce up to
46% of the area of an implementation based on truncation.

1. INTRODUCTION
Finding the optimal trade-off in terms of area, delay and en-
ergy consumption which satises a given DSP functionality
is the main objective of hardware and embedded software
designers. Signal�’s bit-widths importantly impact these met-
rics. Signals with less bits also require operators with smaller
area, shorter critical path and inferior energy consumption.
Software implementations can also benet from reduced bit-
widths as long as processors include some hardware support,
such as sub-word parallel data-paths. In that particular case,
the smaller the sub-word the more parallel operations can be
perform simultaneously.

Fixed-point arithmetic typically requires less bits and
simpler operators than oating point arithmetic, resulting in
cheaper implementations. Unfortunately, xed-point arith-
metic introduces an unavoidable quantization error which de-
grades oating-point performances and needs to be carefully
controlled.

Importantly, this quantization error depends on the quan-
tization mode. The latter determines how an w bits signal is
accommodated into w! k bits by removing its k Less Signif-
icant Bits (LSB). Traditional methods are either truncation
or rounding. Truncation simply discards the k LSB. Alterna-
tively, rounding considers the highest of the k LSB to decide
on the increment-by-1 of the resulting w! k signal. At the
operator level, rounding implies more hardware than trunca-
tion. For example, an w"w-bit multiplier with w-bit output
requires an extra w-bit adder in case that rounding is imple-
mented. This comes with an increase in area, delay and en-
ergy consumption. However, rounding introduces a smaller
quantization error than truncation.

An efcient xed-point implementation contains the
minimal signal bit-widths that satisfy a user-dened quan-
tization error constraint. In some applications, these min-
imal signal bit-widths can vary signicantly depending on
the quantization mode. As a result, a rounding-based im-
plementation may require smaller minimal bit-widths than
a truncation-based one. Thus, despite the fact that round-
ing operators are more expensive, they may enable a cheaper
implementation at the system level: they may need smaller
minimum bit-widths to provide the same precision than the
one offered by operators based on truncation. To the best
knowledge of the authors, this trade-off has not been explic-
itly studied in previous works.

In this paper, the opportunities offered by quantization
modes to optimize the design of xed-point systems are an-
alyzed. Representative kernels of relevant applications are
implemented onto an FPGA considering different combina-
tions for the quantization modes. The optimal combination
of the quantization modes can reduce signicantly the im-
plementation cost compared to a traditional implementation
based on the truncation mode. In our experiments, the opti-
mal combination saves up to 46% of the area required by tra-
ditional implementation. The rest of the paper is organized
as follows. In Section 2, the xed-point conversion process
is explained. The computing accuracy according to different
quantization modes is analyzed in Section 3. In Section 4, the
cost function is presented for the three quantization modes.
The experiment results are presented in Section 5. Finally,
Section 6 draws conclusions.

2. FIXED-POINT CONVERSION
The oating-point to xed-point conversion process is made
up of two main steps corresponding to the determination of
the integer part word-length and the optimization of the frac-
tional part word-length.

The rst step of the xed-point conversion process corre-
sponds to the data dynamic range evaluation. These results
are used to determine the integer part word-length which
avoids overows. For linear systems, an analytical approach
such as the L1 or Chebycheff norms can be used. For non-
linear and non-recursive systems, the interval arithmetic can
be considered [4]. For the other systems, an estimation based
on simulation [5] of representative inputs is required.

The second step of the oating-point to xed-point con-
version process determines the fractional part word-length of
each data format. The number of bits for the fractional part
modies the computing accuracy. So, this step must be car-
ried out with an accuracy constraint. It corresponds to an
optimization process under constraints. The optimization is
an iterative process which minimizes an implementation cost
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C(w) under an accuracy constraint SQNRmin where w is the
vector containing the data word-lengths of all variables.

min(C(w)) with SQNR(w)# SQNRmin (1)

The optimization process returns the xed point cong-
uration of minimal cost Cmin(w). For software implemen-
tation, the cost can be dened by the execution time and/or
energy consumption of the application whereas for a hard-
ware implementation, architecture area can also be included.
The optimization process requires to evaluate the architecture
cost C(w) and the computation accuracy SQNR(w) dened
through the Signal to Quantization Noise Ratio (SQNR) met-
ric at the output of the system. This metric corresponds to
the ratio between the signal power and the quantization noise
power due to nite precision. In this work, the computation
accuracy is evaluated analytically [8]. At each iteration of
the optimization process, the computation accuracy and the
architecture cost is determined by the analytical method in-
troduced in the next sections. A heuristic algorithm based on
Min + b bits procedure [1] is used to signicantly reduced the
number of iterations required by the optimization process.

3. ACCURACY & QUANTIZATION MODES

The computing accuracy according to different quantization
modes is analyzed in this section. The rst and second or-
der moments of the quantization noise are detailed, and the
analytical model to evaluate the computing accuracy is pre-
sented.

3.1 Quantization noise statistics
Let x, be a xed-point variable with a word-length of w bits.
The word-length of the fractional part is equal to n+ k bits
as presented in gure 1. The quantization process Q() leads
to the variable xQ with a word-length of w! k bits. Let XQ
be the set containing all the values which can be represented
in the format after quantization. Let q, be the quantization
step associated with the data xQ. This term corresponds to
the difference between two consecutive values of XQ and is
equal to the weight of the least signicant bit b!n. The term
= 2!(n+k) is the quantization step associated with the data

x before quantization. For continuous amplitude data, goes
to zero.
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Figure 1: Fixed-point data specication

Let eq, be the quantization error dened as difference be-
tween the data x and xQ. The quantization process can be
modeled as the sum of the data x and the quantization error e q
which is considered to be a uniformly distributed white noise
[10]. This quantization noise is uncorrelated with the signal
and other noise sources. A discrete noise model is used [3].
According to the type of quantization, the noise distribution
will differ. In this work, three different quantization modes
are considered: truncation, conventional rounding and con-
vergent rounding.

3.1.1 Truncation
In the case of truncation, the data x is always rounded towards
the lower value available in the set XQ :

xQ = $x ·q!1% ·q= kq &x ' [k ·q;(k+ 1)q[ (2)

with $·%, the oor function dened as $x% =
max(n ' Z|n ( x). The value xQ after quantization is
always lower or equal to the value x before quantization.
Thus, the truncation adds a bias on the quantized signal and
the output quantization error will have a non zero mean.

The Probability Density Function (PDF) of the quantiza-
tion noise eq is given by expression 8 with being the Kro-
necker symbol.

peq(x) =
1
2k

2k!1

j=0
(x! j · ) (3)

3.1.2 Conventional rounding
To improve the precision after the quantization, the rounding
quantization mode can be used. The latter signicantly de-
creases the bias associated with the truncation. This quanti-
zation mode rounds the value x to the nearest value available
in the set XQ as dened below :

xQ =

!"
x+

1
2
q
#
·q!1

$
·q (4)

The quantization value xQ can also be expressed with the
following equation:

xQ =

%
kq &x ' [k ·q;(k+ 1

2)q[
(k+ 1)q &x ' [(k+ 1

2)q;(k+ 1)q] (5)

The midpoint q1/2 = (k+ 1
2)q between kq and (k+ 1)q

is always rounded up to the higher value (k+ 1)q. Thus, the
distribution of the quantization error is not exactly symmet-
rical and a small bias is still present. For this quantization
mode, the PDF is given by the following relation

peq(x) =
1
2k

2k!1!1

j=!2k!1
(x! j. ) (6)

3.1.3 Convergent rounding
To reduce the small bias associated with the conventional
rounding, the convergent rounding can be used. To obtain a
symmetrical quantization error, the specic value q1/2 must
be rounded-up to (k+ 1)q and rounded-down to kq with the
same probability.

The probabilities that a particular bit is 0 or 1 are assumed
to be identical and thus the rounding direction can depend on
the bit b!n value.

xQ =

&
''(

'')

kq & x ' [k.q;(k+ 1
2)q[

(k+ 1)q & x '](k+ 1
2 )q;(k+ 1)q]

kq & x= q1/2 and b!n = 0
(k+ 1)q & x= q1/2 and b!n = 1

(7)

For the convergent rounding, the PDF is equal to
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peq(x) = 1
2k

2k!1!1

j=!2k!1+1
(x! j. )

+ 1
2k+1

*
(x! 2k!1 )+ (x+ 2k!1 )

+
(8)

Quantization Truncation Conventional Convergent
mode rounding rounding

Mean q
2 (1!2!k) ! q

2 (2
!k) 0

Variance q2
12 (1!2!2k) q2

12 (1!2!2k) q2
12 (1+2!2k+1)

Table 1: Noise statistical parameters

3.2 Noise power
The mean µeq and the variance 2

eq of the quantization error
eq are computed from the PDF. For the three quantization
modes, the results are presented in Table 1. The quantization
noises eq(n) at time n propagate through the different opera-
tors in the system and modify the computing accuracy gen-
erating an output noise ey(n). Each contribution e )qi(n) of a
quantization noise eqi(n) comes from its propagation through
the system which is characterized by its impulse response
hi(k) which is time-varying in case of non-linear systems.
As explained in [8] the output noise ey(n) is the sum of all
the Ne noise source contributions. Given that the signal and
noise terms are assumed to be uncorrelated, the output noise
power Pb is obtained with expressions 9 and 10 [8].

Pb =
Ne

i=1

Ne

j=1
µeqi µeq j Gi j+

Ne

i=1

2
eqi
G)
i (9)

Gi j =
n*

k=0

n*

m=0
E[hi(k)h j(m)] G)

i =
n*

k=0
E[h2

i (k)] (10)

4. COST FUNCTION
Despite the proposed quantization mode exploration can be
applied to different sorts of implementations, in this work
hardware implementation is considered and the results are
given only for area obtained with spatial implementations. In
this case an operator is instantiated for each operation. For
other implementations or other optimization goals only cost
functions need to be modied. As an example, [2] proposes
time execution and energy consumption cost functions for
software implementations. In the next subsections, the cost
function is presented for the three quantization modes.

4.1 Truncation cost function
Truncation rounding is widely used because of its cheapest
implementation. The k LSB of x are discarded and no sup-
plementary operation is required. Let i be the term den-
ing the kind of operation of oi. The cost c of each opera-
tion oi depends on the kind of operation i and the operand
word-lengths w(i). This cost is obtained from a library of
synthesized operators. The implementation cost is estimated
from the cost of each operation oi. For the truncation, the

global implementation cost CT is expressed with expression
11 where i is the index on the arithmetic operations.

CT (w) =C0(w) =
i
c i(w(i)) (11)

4.2 Conventional rounding cost function
The conventional rounding can be directly implemented from
equation (4) or by using the technique presented in [6]. In
this case, the conventional rounding is obtained by the addi-
tion of x and the value b!n!1.2!n and then the result is trun-
cated on w! k bits. This implementation requires an adder
of w! k bits.

Let w) be the vector of the data word-length before each
quantization operation. Let k be the vector of the number
of bits eliminated for each quantization operation. These
two vectors are computed from the vector w. The conven-
tional rounding requires a supplementary addition operation
for each quantization operation. For the conventional round-
ing, the global implementation cost CR is expressed with ex-
pression 12 where j is the index on the quantization opera-
tions.

CR(w) =C0(w)+
j
cADD(w

)( j)!k( j)) (12)

4.3 Convergent rounding cost function
The specic value q1/2 has to be detected to modify the com-
putation in this case. For this specic value, the addition of
the data x with the value 2!n!1 has to be done only if the bit
b!n is equal to one.

The alternative to this conditional addition is to add the
value b!n!1.2!n in every case. Then, for the specic value
q1/2, the least signicant bit of the data xQ (b!n) is forced to 0
to obtain an even value. This last operation does not modify
the result when b!n is equal to 1 and discard the previous
addition operation if b!n is equal to 0.

Our implementation of this quantization is based on this
last approach. The convergent rounding requires a supple-
mentary addition operation and an operation (DTC) to detect
the value 2!n!1 and then to force bit b!n to zero. For the con-
vergent rounding (CR), the global implementation cost CCR
is expressed with the following expression

CCR(w) =C0(w)+
j
cADD(w

)( j)!k( j))+ cDTC (k( j))

(13)

5. EXPERIMENTS
Different experiments on representative signal processing
kernels have been conducted to compare the results obtained
with the different quantization mode combinations (QMC).
First, the example of the IIR lter is presented and then the
results obtained for different signal processing kernels are
given. For each quantization operation, the three quantiza-
tion modes are tested. For a given QMC and accuracy con-
straint (SQNRmin), the xed-point conversion is achieved and
the implementation cost is optimized. The implementation
cost Ccx obtained for QMC cx is compared with the cost CT
of a traditional implementation based only on truncation. To
analyze the improvement of this QMC cx, the relative QMC
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gain T
cx of the cost cx compared to the cost CT is computed

with expression 14. Let T
coptim be the relative QMC gain ob-

tained with the combination coptim which leads to the mini-
mal implementation cost.

T
cx =

CT !Ccx
CT

(14)

Let H be a rst order innite impulse response (IIR) l-
ter having x as input and y as output. The expression of the
output y(n) is equal to y(n) = x(n)!a.y(n!1) with |a|< 1.
One noise source eg(n) due to the quantization of the addi-
tion output is considered. Let be a term equal to 0 for the
convergent rounding mode and 1 for the truncation. The ex-
pression of the power Pey of the output quantization noise
ey(n) is as follows

Pey =
q2

4

,
1
3

"
1

1! a2

#
+ .

"
1

1! a

#2
-

(15)
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Figure 2: Output quantization noise level for different values
of the parameters a

The noise level (Pey) is presented in gure 2 for different
values of the parameter a in the case of rounding and trunca-
tion quantization mode. The results show that the difference
of the noise level between the two quantization modes de-
pends of the parameters a value. For a in the range ]! 1;0[,
the impulse response h(n) oscillates between positive and
negative values. The sum of the impulse response terms leads
to a small value in the range [ 1

2 ;1]. Thus, the difference be-
tween the two quantization modes is small. For a in the range
]0;1[, the impulse response is always positive and the sum of
the impulse response terms can lead to a huge value and tends
to innity when a tends to 1. The difference between the two
quantization increases when a tends to 1. To obtain the same
noise power, 1 supplementary bit is required for the trunca-
tion for a in the range [!0.78;0.4], 2 supplementary bits for
a in the range ]0.4;0.82] and 3 bits for a greater than 0.82.

A second order IIR lter has been analyzed. As for the
rst order lter, the noise characteristics depends of the lo-
cation of the lter poles. The case of two complex conjugate
poles ( and +) have been considered. The gain between the
noise source and the output depends of the impulse response
of the transfer function between the source and the output.
The impulse response depends of the pole modulus and the
pole argument ( ) as follows

hby(n) = | |n sin((n+ 1) )

sin( )
(16)

The relative QMC gain is presented in gure 3 for the
different pole location inside the unity circle. When is low,
the oscillation frequency of the impulse response envelope is
low. Consequently, the sum of the impulse response terms
can become huge when tends to 1 and | | tends to 1. The
gain associated with the mean depends on the distance be-
tween the poles and the point (1,0). On the results, the fron-
tier between the regions are based on circles having this point
as center. The maximal relative QMC gain is around 35%.

The relative QMC gain T
coptim have been measured for

different DSP kernels and for different accuracy constraints
between 30 dB and 90 dB. For each kernel, the mean value
and the maximal value are reported in Table 2. For the dif-
ferent kernels, the maximal value of T

coptim is between 0.1%
and 46.3% and the mean value for the different accuracy con-
straints is between 0% and 35.6%. The results show the op-
portunities offered by quantization modes to optimize the de-
sign of xed-point systems. The optimal combination of the
quantization modes can reduce signicantly the implementa-
tion cost compared to a traditional implementation based on
the truncation mode. The results show that the gain is kernel
dependent and even for a given kernel varies depending on
parameters such as the coeffcient values for lter, the num-
ber of taps for the LMS or the number of points for the FFT.

Application max
*

T
coptim

+
! (%) mean

*
T
coptim

+
! (%)

FIR 16 8.9 5.5
IIR 2 ( = 0.99 = 0.003) 36.6 25.2
IIR 2 ( = 0.5 = 3) 0.1 0.01
FFT 128 30.8 23.9
FFT 1024 25.1 21.5
Voltera lter 7.7 4.7
LMS 32 46.3 35.6
LMS 128 44.2 29.9
APA 45 35.2
Sphere decoder 25.5 18.3

Table 2: Maximal and mean value of the optimal relative
QMC gain T

coptim for different kernels

In the particular case of the IIR lter, the optimal QMC
depends on the location of the lter poles. The case of a sec-
ond order IIR lter (IIR 2) with two complex conjugate poles
( and +) has been considered. The gain Gi j associated to
the mean between the noise source and the output depends on
the impulse response hi obtained from the pole modulus and
argument ( ). When is low, the oscillation frequency of the
impulse response envelope is low. Consequently, the sum of
the impulse response terms can become huge when tends to
0 and | | tends to 1. The mean relative QMC gain is around
25.2% for the case of = 0.99 and = 0.003 and is null for
the case of = 0.5 and = 3. In this last case, the truncation
solution leads to a cheaper implementation. In conclusion,
for low-pass lter, the rounding modes will provide better
results and for high-pass lter, the truncation mode will be
better.

Figure 4 shows the relative QMC gain T
cx for a 128 sized

LMS algorithm obtained for six different QMC cx and differ-
ent accuracy constraints SQNRmin. Each QMC cx is dened
by a triplet (Q1,Q2,Q3) dening the quantization modeQ for
the input data, for the coefcients and for the lter output.
The terms T , R and CR stand for Truncation, conventional
Rounding and Convergent Rounding, respectively. The rela-
tive QMC gain depends on the accuracy constraint. For the
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Figure 3: Relative QMC gain for different values of the poles

optimal QMC, the gain varies from 44% to 22% for an ac-
curacy constraint varying from 30 dB to 90 dB. The op-
timal QMC is obtained with the classical rounding for the
input, the convergent rounding for the coefcients and the
truncation for the lter output in all the SQNR. As shown
in the output noise power expression, presented in [7], the
noise due to coefcient quantization is the dominant source
of noise. Moreover, the amplication gain Gi j associated
with the mean of the coefcient quantization noise is very
high due to the recursion inside this application. Thus, only
the convergent rounding remove the effect of the mean of the
coefcient quantization noise. Thus, specic LMS instruc-
tions, like in the C5000 DSP, incorporate automatically the
rounding mode for coefcient update computation [9]. For
the lter part, the effect of the mean of the output quantiza-
tion noise is limited. Thus, the truncation leads to the best
result because it reduces the implementation cost.
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Figure 4: Relative QMC gain T
cx for different combinations

cx for a 128 sized LMS

6. CONCLUSION
A method to evaluate the impact of different quantization
modes on the area of parallel DSP implementations was pre-
sented. The contribution of the different quantization modes
on the output noise power depends on the DSP functionality.
Quantization modes which imply a more expensive opera-
tor can lead to cheaper system implementations. This has
been demonstrated on different representative kernels with
different results. An optimal combination of the quantiza-

tion modes can reduce signicantly the implementation cost
compared to a classical approach with truncation mode. Our
experiments show that the implementation cost can be re-
duced up to 46%. The results underline the opportunities
offered by an optimal combination of the quantization mode.
They motivate the need for techniques, as the one described
here, that explore the different quantization alternatives to
select the optimal xed-point implementation. The optimal
combination of the quantization mode depends on the accu-
racy constraint and the kernel parameters (size, coefcients
values, . . . ) and a general rule can not be established. Thus
for each application with its specic parameters, the different
quantization mode combinations have to be tested.
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ABSTRACT 
The interest in using High-Level Synthesis flows to design 
Digital Signal Processing (DSP) circuits greatly increased 
in the last years. This is primarily due to the growing pro-
cessing complexity combined with the limitations of the 
time-to-market constraint. Dedicated processor design is a 
complex process, and tools have to optimize processor data-
path and controller. In this paper, we propose a controller 
design flow based on mapping Finite-State Machines into 
Memory Blocks in order to limit the controller critical path. 
Our design flow approach takes into account DSP circuit 
singularities providing efficient area saving compared to 
other approaches (more than 5%, and up to 62% on real life 
applications). 

1. INTRODUCTION 

Custom circuits generated using High-Level Synthesis 
(HLS) design methodologies [1, 2] are based on generic 
architectures. Actually, these custom circuits, usually dedi-
cated to Digital Signal Processing (DSP) applications  [3, 4], 
are composed of two parts: a datapath to perform computa-
tions and a controller to control the hardware resources. 
Generated circuit complexity increases with application 
functionalities [5, 6], performance and system constraints 
[7]. Design complexity heavily impacts on the circuit con-
troller size. Therefore, this controller may become a per-
formance bottleneck for the circuit due to increasing critical 
path delay (this delay limits the circuit maximum clock fre-
quency and throughput).  
Many controller related issues have been addressed in con-
trol-intensive researches. It has been demonstrated that im-
plementing a controller using a ROM based design provides 
interesting characteristics [8]. However, existing techniques 
have been developed for control-intensive applications and 
must be adapted to efficiently manage computation-
intensive application specificities. 

In this paper, we present a design flow to save memory area 
for ROM-based controllers dedicated to custom DSP cir-
cuits. These circuits −  hand-written or automatically gener-
ated using HLS tools − have two main characteristics: (1) 
every datapath resource is not used on each clock cycle [9, 
10] (this can permit command signal optimizations) and (2) 
the controller can be split into smaller parts for better area 
reduction. 
This paper approach is different from literature ones, indeed 
we do not consider that the next state computation part of 
the controller is the most complex one. In the case of DSP 
circuits, the controller complexity is located in the output 
decoder part of the design. The main issue is in this case to 
factorize efficiently the output command signals to save 
design area. 
Article is organized as follows. Section 2 presents the litera-
ture approaches for ROM based controller implementation 
optimizations and explains the motivation for studying this 
type of solution. Section 3 details the area optimization al-
gorithm used and extend literature approaches to handle 
DSP singularities. Experimental results validating our meth-
odology are reported in Section 4. Finally, Section 5 con-
cludes this paper. 

2. RELATED WORKS 

Controller optimization techniques [11, 12] have been de-
veloped considering logic-based implementation (Figure 1). 
Logic based controller design has been proved inefficient for 
controllers with: large number of states [13, 14] and huge 
number of output signals. 
One way to cope the relation between the critical path and 
the number of FSM states is to implement the design con-
troller in a ROM-based design (Figure 2). Using such con-
troller architecture, the output values and the transition con-
ditions are pre-computed before logical synthesis and stored 
in ROM element. In this controller architecture, the critical 

 
Figure 1 -  Logic-based implementation of a FSM controller  
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Figure 2 - ROM-based implementation of a FSM controller 
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path is almost constant whatever the number of states and 
the number of resources (depending only on resource char-
acteristics, place and route choices and logical synthesis tool 
options [15]).  
General methods for ROM-based controller synthesis target-
ing implementation of sequential circuits using embedded 
memory blocks have been proposed in [8, 16]. These meth-
ods dedicated to control-intensive applications, save ROM 
area by decomposing the memory block (corresponding to 
the controller) into two blocks: a semi-combinational ad-
dress modifier and a smaller memory block to store the out-
put values. An appropriately chosen decomposition strategy 
may reduce the required memory size at the cost of addi-
tional logic cells. These optimizations focus only on the next 
address computation part of the controller implementation. 
A similar approach was proposed in [17] which considers 
the controller power consumption problem. Finally, in [18, 
19], the author uses don't care value to simplify state transi-
tion equations. This simplification reduces the memory size 
as well as multiplexer complexity of the address modifier 
part only of the controller. 

Literature approaches consider general FSM models with 
uncorrelated output signals. These works consider that the 
next state computation part of the controller is more com-
plex that the output decoding one. DSP circuit controllers do 
not have such characteristics: 

1. The FSM models are mainly linear (the next state de-
coding equations and conditions are simples) 

2. The output signal set is complex (huge numbers of 
states and output signals). 

In custom DSP circuits, the FSM output signals are used to 
control the datapath resources like ones shown in Figure 3. 
The controller next state computation part is elementary 

since its execution path is linear.  

Proposed approach - An efficient way to design this kind 
of controllers is to implement the next state computation 
function f using an adder, a register and a multiplexer re-
source. The output decoding function g is implemented 
using a ROM memory. Each word of the ROM stores the 
output commands associated to state S. In this paper, we 
propose a cluster-based methodology, efficiently reducing 
the ROM area associated to output signal generation. 

3. AREA SAVING TECHNIQUES 

ROM area increases with the number of resources and the 
number of FSM states.  Depending on circuit complexity, 
these requirements can become huge. Two literature tech-
niques have been proposed, removing spatial and temporal 
redundancy. These techniques use the fact that command 
signals (controller outputs) are not required for each hard-
ware resources at each clock cycle. Undefined command 
values named don't care values are represented using X in 
the truth table (example in Figure 4). Don't care values help 
the ROM area reduction process, as they can be modified 
without any design functionality impact. 

Spatial redundancy - The first approach to save ROM area 
is to realize column compaction [20, 21]. This technique 
aims at removing output signals (columns) which are logi-
cally equivalent, or can be made equivalent through as-
signment of don't cares. Given a set of output columns, the 
problem of finding the smallest column set to drive the 
overall datapath resources can be obtained by compacting 
the given set. Figure 4 present the thrust table before and 
after the optimization process. This problem is related to the 
maximum clique-partitioning problem, which is NP-
complete. 

Removing temporal redundancy – The second approach is 
used to remove the inter-instruction redundancy, reducing 
the ROM height. Removing the temporal redundancies 
modifies output computation function g:X×S→Y updating it 

 
Figure 3 - Circuit composed of a datapath and its controller 
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Figure 4 - Column compaction examples. 
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Figure 5 - Instruction compaction examples. 
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Figure 6 - Architecture for instruction indexed controllers 
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by g’:T(X×S)→Y  where T:(X×S)→I  is the function which 
associates an instruction for each controller state. Figure 5 
presents an example of instruction compaction result. This 
indexed relation between current controller state and the 
output signals required an architectural modification: a new 
ROM memory is required to implement the T relation. 
Modified controller architecture is shown in Figure 6. 

However, this optimization technique may leads to ROM 
size increasing in some circumstancies i.e. when their exist a 
low instruction redundancy in the controller (indexing ROM 
may be more expensive than memory saved compacting 
instructions). 

4. PROPOSED CLUSTER-BASED APPROACH 

Using a single controller to manage the overall datapath 
resources (Figure 7a) is a bottleneck during the optimization 
process, i.e. merging rows or columns can be forbidden by 
only one bit value over hundreds. To solve this optimization 
issue, dedicated processing circuits can be divided into in-
dependent synchronous elements. These elements named 
clusters are atomic groups composed of: 
− A computation resource (arithmetic or logic resource), 
− Associated storage elements (registers), 
− Required steering logic resources (multiplexers). 
Each cluster has its own characteristics (i.e. computation 
starting and ending states which depends on resource usages 
specified during the HLS scheduling step [9, 10]). In exam-
ple, architecture shown in Figure 3 is composed of 4 clus-
ters: one for each multiplier (MULT), one for the substractor 
(SUB) and one for the adder (ADD). With such circuit de-

composition (Figure 7b), each cluster controller can be op-
timized without considering others. This approach improves 
results obtained using instruction compaction technique. 
Unfortunately, the drawback of duplicating controllers using 
an island-styled approach (Figure 7b) is design area in-
crease. Fully clustered appraoch reduces the column com-
paction opportunities during area optimization step and it 
requires indexing ROMs in each cluster. 
Efficient datapath controller design is located between the 
clustered approach and single ROM one (Figure 7c). The 
cluster-merging problem is an optimization problem where 
the objective function can be described as follow: 

 

 

with N the number of controllers; Area(ci) the 
controller memory size of the ith controller. 

 
To find an efficient controller solution, a weighted graph 
B=(C, E) is built. Each vertex cl ∈ C represents a cluster 
controller. Node ci is weighted with vi which represents the 
minimum memory cost of the ith controller. E ∈ (C × C) is 
the set of weighted edges el,m between cl and cm. Edges rep-
resent the merging possibility between the linked controller 
nodes. Weight wl,m associated with edge el,m corresponds to 
the area saving  (or lost) obtained while merging both linked 
controllers. 

4.1 First Step: Creating the weighted graph 
For each cluster ci with i ∈ [1, N] in the architecture, we 

 
 (a) A single controller manages the overall elements (b) Each cluster has its own controller (c) Mixed approach where controllers are 

factorized to minimize area 

Figure 7 - Possible controller designs in custom DSP circuits 
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(a) Initial graph model  (b) Redundant edge removing    (c) Inefficient edge removing           (d) ROM factorization result 

Figure 8 - Bi-partite graph models obtained during the proposed optimization process. 
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create a node ci in B. For each node ci we compute the asso-
ciated controller minimum memory cost vi. The optimal vi 
weight is obtained after applying the overall optimization 
schemes. There exist three distinct possible ways to obtain 
the best ROM design: 
1. Using column compaction only 
2. Using column and instruction packing 
3. Using the same optimizations as (2) but executed in 

reverse order. 
These three optimization ways are explored and the best one 
(having the minimum cost value) is selected and used as 
node weight (vi). 
Once all nodes have been created, edges can be inserted. 
Each graph node is linked to all others. Each edge ei,j models 
the area saving obtained while merging controller ci with cj. 
For each node couple (ci, cj) we create three distinct edges, 
weighted using the merged controller cost obtained using the 
three optimization processes (similar as nodes weight). An 
example of such graph is presented in Figure 8a. 

4.2 Second Step: Removing inefficient opportunities 
Once the overall, weighted graph B has been constructed, 
we first eliminate the redundant edges linking node couples: 
for each couple (ci, cj) we only keep one edge ei,j  corres-
ponding to the best area saving. In case of area saving equi-
valence, column compacted only solution is preferred to 
other ones for critical path reason. This step result is pre-
sented in Figure 8b. 

Finally, the inefficient merging possibilities are removed 
(merging opportunities which increase the controller design 
area). Each edge is evaluated and ones with wi,j > 0 are re-
moved. This model transformation is illustrated in Figure 8c. 

4.3 Third Step: Incremental graph compaction 
Graph compaction problem is solved using greedy approach 
to limit the algorithmic complexity. The B graph is analyzed 
to find the maximum weight wi,j value. This weight corres-
ponds to best controller merging opportunity (area saving). 
We merge the two controllers associated to ei,j, removing 
nodes ci and cj from B. A new node ck is inserted in B. Edges 
linking ck to cm with cm  ∈ B/{ck} are created and weighted as 
described in algorithm Step 1. Newly created edges are op-
timized and the procedure performed again until there is no 
more available merging (Figure 8d). 
Saving results may be improved considering smaller clusters 
at the optimization start i.e. one dedicated controller for each 
icrcuit element (registers and multiplexers). Unfortunately, 
increasing the number of clusters will increase in the same 
time drastically the optimization complexity and runtime. 

5. EXPERIMENTAL RESULTS 

In this section, we present experimental results. The ROM 
based optimization techniques have been integrated in the 
VHDL backend of the GraphLab HLS tool [22]. Experi-
ments are based on usually used digital signal processing 
applications. The optimization process results have been 

 
Table 1 - ROM area saving for two applications synthesized under different timing (latency) constraints 

Application Technique
# of execution 

states
# of resources 

(controller output bits)
# of clusters in 

the design
ROM decoder output 

width  (# of bits)
# of different 
instructions

# of ROM 
bits

ROM size 
(kByte)

EXP5 method 
saving

2d DCT2d DCT2d DCT2d DCT2d DCT2d DCT2d DCT2d DCT2d DCT2d DCT

64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT64 taps FFT

inverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEGinverse JPEG

EXP1

80 646

1 646 80 52326 6,4 47,8!%
EXP2

80 646
1 354 80 28674 3,5 4,8!%

EXP3 80 646 1 354 80 28674 3,5 4,8!%
EXP4

80 646

35 515 [2, 65] 34330 4,2 20,5!%
EXP5

80 646

4 396 [16, 80] 27297 3,3 ------
EXP1

120 640

1 640 120 77440 9,5 51,9!%
EXP2

120 640
1 330 120 39930 4,9 6,7!%

EXP3 120 640 1 330 118 39787 4,9 6,4!%
EXP4

120 640

26 481 [3, 97] 49792 6,1 25,2!%
EXP5

120 640

3 348 [59, 117] 37253 4,5 ------

EXP1

91 1247

1 1247 91 114724 14,0 67,3!%
EXP2

91 1247
1 692 91 63664 7,8 41,1!%

EXP3 91 1247 1 692 69 48392 5,9 22,5!%
EXP4

91 1247

61 1043 [6, 35] 45057 5,5 16,8!%
EXP5

91 1247

13 852 [29, 44] 37509 4,6 ------
EXP1

274 1069

1 1069 274 293975 35,9 80,6!%
EXP2

274 1069
1 551 274 151525 18,5 62,3!%

EXP3 274 1069 1 551 157 88707 10,8 35,6!%
EXP4

274 1069

54 873 [3, 65] 74305 9,1 23,2!%
EXP5

274 1069

10 677 [53, 89] 57095 7,0 ------

0,0

EXP1

80 2805

1 2805 80 227205 27,7 77,7!%
EXP2

80 2805
1 1221 80 98901 12,1 48,7!%

EXP3 80 2805 1 1221 72 88479 10,8 42,6!%
EXP4

80 2805

256 2295 [4, 30] 78307 9,6 35,2!%
EXP5

80 2805

37 1674 [13, 33] 50749 6,2 ------
EXP1

140 2472

1 2472 140 348552 42,5 69,4!%
EXP2

140 2472
1 1110 140 156510 19,1 31,9!%

EXP3 140 2472 1 1110 125 139737 17,1 23,7!%
EXP4

140 2472

119 1963 [2, 76] 148909 18,2 28,4!%
EXP5

140 2472

4 1136 [91, 94] 106635 13,0 ------
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obtained for different synthesis constraint sets applied to the 
applications. Generated circuits have different controllers 
architectures (different number of resources to manage, 
different number of states, different decoder filling). This 
procedure helps us to provide a fairly evaluation of the de-
coder area saving obtained. Five methodologies have been 
compared: 
• EXP1: ROM-based implementation of the controller 

without any optimization. 
• EXP2: ROM-based implementation of the controller 

optimized using column compaction technique. 
• EXP3: ROM-based implementation of the controller 

optimized using column and instruction compaction 
techniques. Best solution obtained using both optimiza-
tion orders is provided. 

• EXP4: ROM-based implementation of the controller 
using a full clustered-based approach: each cluster has 
its own ROM decoder. ROM decoders are column and 
instruction compacted. 

• EXP5: ROM-based implementation of the controller is 
obtained using the proposed approach. Clusters are op-
timized and merged according to area saving opportuni-
ties as described in Section 4. 

Results presented in Table 1 show ROM area saving ob-
tained for benchmark applications. Results highlight that the 
proposed technique always provide better area saving (from 
5% to 62% saving, average=27%) compared to other meth-
odologies. Experiments also prove that method efficiency 
depends on controller characteristics and content. Finally, 
proposed approach helps in finding interesting tradeoffs 
between column and instruction compaction. 

6. CONCLUSION 

In this paper, we have presented a new ROM area saving 
methodology which takes care of DSP circuit singularities to 
extend literature approaches. The controller architecture is 
generated using an efficient trade-off between single and 
fully clustered controller approaches. Proposed methodol-
ogy is integrated to a high-level synthesis tool. As the ex-
perimental results show, the controllers generated using our 
design flow have significantly less area: 5% up to 62% com-
pared to a single based controller design and 17% up to 36% 
compared to a fully clustered approach. 
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ABSTRACT

Word-length optimization of signal processing algorithmsis
a necessary and crucial step for implementation. System
level performance evaluation happens to be the most time
consuming step during word-length optimization. Analytical
techniques have been proposed as an alternative to simulation
based approach to accelerate this step. The inability to handle
all types of operators analytically and the increasing diver-
sity and complexity of signal processing algorithms demand
a mixed evaluation approach where both simulation and an-
alytical techniques are used for performance evaluation of
the whole system. The interoperability between simulation
and analytical techniques requires study of noise sources and
noise propagation characteristics. While the noise power and
noise PDF have been studied, the output noise power distri-
bution has not been studied. This paper addresses the prob-
lem of power spectral density estimation of the noise analyt-
ically. This paper also proposes to use the spectral density
estimate for noise power calculation by having an approxi-
mate filter thereby accelerating the process of performance
evaluation.

1. INTRODUCTION

Signal processing algorithms are increasingly finding their
way into modern electronic gadgets. While developing the
algorithm to fulfil objectives is quite a challenge, optimalim-
plementation of these algorithms such that the implementa-
tion cost is kept minimal consists of many tough challenges.
One such challenge is to choose optimal computational ker-
nels having the right word-lengths to perform the signal pro-
cessing computations. It is an obvious choice to use fixed
point kernels over their floating point counter parts to save
area, power and time.

Finite precision word-lengths introduce quantization er-
rors into the system. These errors have been studied with
the help of Widrow quantization [1] model which treats such
noise as small signal perturbations more popularly referred
to as quantization noise. The amount of quantization noise
introduced into the system brings to the forefront an opti-
mization problem which makes a choice between the cost
and accuracy of the system.

The process of optimizing word-lengths is typically an
iterative process where an optimization heuristic is used to
determine optimality by comparing the system cost and the
corresponding system performance. While good optimiza-
tion heuristics can reduce the number of iterations, efficient
techniques for cost and performance evaluation reduce the
time taken for each optimization iteration. The cost of the
system is generally defined as a function of area occupied,

total power consumed and the delay in execution by the sys-
tem. Cost evaluation is typically the sum of individual com-
ponent costs in the system. The performance of any signal
processing system is evaluated in terms of a system specific.
Typically, parameters such as output noise power, signal to
noise ratio (SNR), bit error rate (BER) are used for this pur-
pose. Evaluating performance requires the knowledge of the
system functionality and is hence not trivial.

A hierarchical methodology has been developed [2] for
efficient optimization and performance evaluation of large
systems. At the heart of this methodology is the single-noise
source model, which is used to sub-divide the optimization
problem into smaller optimization problems. In this paper,
we further develop the single-noise source model to incorpo-
rate the noise frequency response estimation.

The paper is organised as follows, the next section pro-
vides motivation and previous related work. Section 3 de-
scribes the hierarchical framework, the role of single-noise
source model and the importance of estimation of the fre-
quency response. Section 4 develops the necessary mathe-
matical framework to deal with non-linear time-variant but
stationary sub-systems. Section 5 applies the proposed
framework for output noise spectrum analysis of a non-linear
second order Volterra filter and presents the results obtained
thereof. In Section 6, the paper concludes with a summary of
contributions and discuss future work.

2. MOTIVATION

Simulation based techniques and analytical models have
been proposed to measure performance of fixed-point sys-
tems. While the simulation based techniques [3, 4] are appli-
cable universally, long execution times is a deterrent to use
them always. On the other hand, the analytical models pro-
vide closed form expressions for evaluating noise power for
different choice of word-lengths. The noise power can then
be used to evaluate the performance metric of the system.
However, analytical models have not been developed thus
far for all types of systems (e.g. un-smooth operators such
as decision operators) and are applicable only on a subset of
systems.

Complex signal processing systems are often described
with well known signal processing sub-systems. The exist-
ing techniques for performance evaluation such as [5] require
the system to be flattened all the way to the operator level
in order to consolidate the noise contributions to the output.
This is not only cumbersome but it is also sometimes impos-
sible as there can be sub-systems made of operators which
do not have an analytical model. Hence a hybrid approach to
measure performance that can exploit the good of both sim-
ulation and analytical approaches is formulated. Also, the
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existing optimization techniques concentrate mostly on opti-
mizing word-lengths at the operator level and treat the word-
length of each operator as an optimization variable. The hier-
archical methodology proposed in [2] uses a divide and con-
quer approach which makes it easier to scale the optimization
algorithm on bigger systems. The single-noise source model
which is at the heart of this approach captures the effect of
quantization noise at the sub-system level for use in the sys-
tem level optimization.

In a hierarchical approach, it is important that the noise
generated in the sub-systems is propagated across hierar-
chies and eventually to the system output. The sub-systems
through which the noise is propagated could be sensitive to
noise distribution and frequency spectrum. Hence, insteadof
a simplistic metric like noise power, the quantization noise
spectral density and distribution needs to be studied at the
output of every sub-system. In the case of sub-systems made
of arithmetic operators, it has already been shown experi-
mentally that the noise distribution is a parametric summa-
tion of uniform and Gaussian distributions [6]. In this paper,
we focus on characterizing the spectral characteristics ofthe
sub-system generated quantization noise.

A technique to shape the noise spectral characteristics for
LTI systems has been proposed in [7]. In this approach, the
fixed point design optimization constraints are specified by
means of spectral characteristics of noise. The proposed al-
gorithm determines the word-lengths such that the spectral
constraints are met while minimizing area. The proposed
technique is interesting as it relates word-length choice to the
spectral density function. However, the problem considera-
tion in this approach is converse of the problem considered in
this paper. Also, the proposed technique has not been applied
on non-linear or time-variant systems. Thus, the problem of
spectral estimation of the quantization noise spectral density
remains largely unexplored.

This paper demonstrates a simple technique to estimate
the power spectral density of the output quantization noiseof
the sub-system and proposes a linear filter model to model
the effect of quantization at various sub-system hierarchical
levels. The proposed model is shown to be applicable to non-
linear, time variant systems.

3. THE HIERARCHICAL APPROACH

The hierarchical approach in [2], a divide-and-conquer strat-
egy is used to solve the multi-variable optimization problem.
The system is hierarchically divided at the boundaries of pre-
defined sub-systems recursively. The problem of system op-
timization in this hierarchical approach is formulated as

min(C (P)) such as λ (P) ≥ λob j (1)

where,P = [P0,P1, . . . ,PNb−1] is a vector of sub-system noise
powers at any given hierarchy. Each ofPi represents the total
noise power at the output of theith sub-system. This tech-
nique uses the sub-system noise power as the optimization
variable.

Each sub-system is optimized by solving the original op-
timization problem which is defined at the word-length level
stated as

min(Ci(WDi
)) such as fPi(WDi

) < Pi (2)

whereWDi is the vector of word-lengths andCi, fPi are re-
spectively the cost and performance functions of theith sub-

system. It is easy to see from comparison between Equa-
tions 1 and 2 that the sub-system noise power replaces the
noise due to word-length quantization in the global optimiza-
tion problem.

To evaluate the performance at the system level, the entire
system is simulated at the system level with double precision
floating point accuracy only once to collect the data required
for use with the noise model. The fixed-point system is then
replaced by the single-noise source and the double precision
floating point system. Any greedy optimization technique is
used to optimize the sub-system optimization problem stated
in Equation 2. The same could be applied recursively up to
the top-level design abstraction to solve the problem defined
by Equation 1.

While the proposed divide-and-conquer approach re-
duces the complexity of the problem by using just the noise
power, performance evaluation at the system level is not a
simple function of the noise power. It is clear from first prin-
ciples of signal processing that the performance of the total
system performance would depend on the sub-system noise
spectral and distribution characteristics. Hence, from the per-
spective of performance evaluation, study of noise spectral
density and distribution is important. While the word-length
quantization effects have been extensively studied in terms
of quantization noise power, little has been done to under-
stand and analyse other properties of quantization noise at
the sub-system level.

3.1 Single Noise Source Model

The single-noise source model allows the use of output noise
power as given by Equation 1. To explain this central theme,
consider a sub-systemB in a hierarchically defined systemB
with inputx and outputs as shown in Figure 1. The noisesbx
andbs are associated with signalsx ands respectively. The
powerPi in Equation 1 corresponds to the noise power of the
signals. The total quantization noisebs at the output of the
system consists of two componentsbsg andbst for the noise
generated within the system and noise transmitted through
the system respectively.

bst

Sub-System

bx

+

bsg

bg

x s + bss

B

T̃

G̃

Figure 1: Single Noise Source Model

The noisebx(n) associated with the input signalx(n) is
independent of the signal. The effect of this noise at the out-
put bst is calculated by passing it through the noise propaga-
tion filter T̃ which modifies the power spectrum ofbx like the
sub-systemB. The noisebsg, generated in the sub-systemB
is modeled by passing the single-noise sourcebg through the
noise generation filter̃G. The noise generation filter shapes
the spectral characteristics of the noise to represent the effect
of quantization noise generated within the sub-systemB. It
has been shown in [6] that the output PDF is not uniform and

553



is in fact closer to being a Gaussian (due to central limit the-
orem). Hence, noise sourcebg is modeled as white Gaussian.

The noise model used for propagation of quantiza-
tion noise through arithmetic operators [5] essentially lin-
earizes the noise propagation for all types of arithmetic non-
linearities under the conditions described by the Widrow
model [1]. Following the Widrow model for quantization
noise, all the operator noise sources are known to be uniform
and white. The noise propagation models however tend to be
time varying in nature.

Taking both noise propagated and generated into consid-
eration and given that the noise models are linear, the total
noise at the output of sub-systemBi is given by

bs(n) = g̃(n)�bg(n)+ t̃(n)�bx(n). (3)

Where ˜g(n) andt̃(n) are the impulse response of the filtersG̃
andT̃ from Figure 1 respectively. As long as the output noise
is stationary, it is possible to compute its noise power density
spectrumSbsbs(e

jω). Deriving an expression for analytical
evaluation of the noise power spectrum at the output is the
primary issue addressed in this paper.

3.2 Accelerating Performance Evaluation

While evaluating the sub-system noise, the noise power, its
spectral density and distribution are estimated. The noise
spectrum is represented by an equivalent linear filter whose
magnitude response is a close approximation of the estimated
spectrum. The linear filters replace the original sub-system
while preserving the topology of the signal network. The
idea here is to provide a framework which can be used for
CAD-based automation for mixed performance evaluation
technique.

The noise-equivalent is used in order to eliminate the
necessity of a full simulation to estimate the performance
degradation with every combination of word-lengths. How-
ever, the original signal is required for evaluating systems
which cannot be handled analytically (such as decision op-
erators). For handling such cases, the signal at the output of
the sub-system which is the sub-system response to the in-
put signal is obtained by means of a floating point simulation
and stored in memory. The stored signal along with the filters
successfully mimic the behavior of the original sub-system,
thus providing an analytical means to perform the perfor-
mance estimation of the fixed point system without having
to simulate the sub-system. This method provides a seamless
framework for interoperability between usage of simulation
and analytical modeling for performance evaluation of the
entire system. This technique also enables traversing hierar-
chies and utilizes the sub-system filter model to construct its
equivalent counterparts at any higher hierarchical level.

4. ESTIMATING FREQUENCY RESPONSE

Consider a sub-systemB which is a non-linear time variant
system as shown in Figure 1 with noise generation and noise
propagation system functions̃T andG̃ respectively. Both of
these filters are similar for analysis in the context of this pa-
per except that, the noise power spectrum of the input to the
generation filterbg(n) is always known to be white while the
input noisebx(n) does not need to be white. Thus the results
obtained in the following Equations are equally applicableto
both system functions.

The noise propagation model for all arithmetic operator-
based functions (including non-linear) can be linearized [5].
Hence without any loss of generality, the propagation and
generation equivalent system functions is considered to be
linear and time-varying system.

4.1 Windowing for Stationarity

Frequency spectrum of the noise is meaningful only when
the noise is stationary. However, not all signals are station-
ary. One way of handling this problem is by windowing the
signals such that they are locally stationary [8]. A patholog-
ical scenario is where there are too many such windows and
the windowing overhead out weighs the benefits. In such
extreme cases, one has to revert back to simulation based
techniques.

The windowing is performed such that all relevant sig-
nals in the given window may be considered stationary. This
sense of pseudo-stationarity or temporally stationarity en-
ables estimation of the noise power spectrum. It is not always
easy to find windows where the so called pseudo-stationarity
would exist. In such cases, the definition of pseudo needs
to be approximated such that the performance degradation is
still conservative.

4.2 Noise Power Spectrum

The noise power spectral distribution at the sub-system out-
put is the magnitude response obtained by calculating the
Fourier transform of the autocorrelation function.

The output of any time varying systemH is obtained by
the convolution operation of the system function with the in-
put signal. Consider a time windowW wherein all the coef-
ficients of the varying systemH are stationary. The output
noiseby(n) contributed by a noisebx(n) at the input given by

by(n) =
∞

∑
k=−∞

h(k,n)bx(n− k) (4)

Here, h(k,n) can be thought of as thepseudo impulse re-
sponse of the time varying systemH at any discrete point in
timen at thekth tap. The autocorrelation functionRbyby of the
noiseby(n) at the output of such a system can be expanded
and simplified as

Rbyby(m) = E{by(n)by(n + m)}

=
∞

∑
k=−∞

∞

∑
r=−∞

E{h(k,n)h(r,n + m) . . .

bx(n− k)bx(n + m− r)} (5)

Applying Fourier transform on both sides of Equation 5, the
power spectral density of the noise at output can be written
and expanded as

Sbyby(e
jw) =

∞

∑
m=−∞

E{
∞

∑
k=−∞

∞

∑
r=−∞

h(k,n)h(r,n + m) . . .

bx(n− k)bx(n + m− r)}e− jωm (6)

So,

Sbyby(e
jw) = E{

∞

∑
m=−∞

∞

∑
k=−∞

∞

∑
r=−∞

h(k,n)h(r,n + m) . . .

bx(n− k)bx(n + m− r)e− jωm} (7)
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By taking m = p + r − k in Equation 6, the expression
power spectral density can be written as

Sbyby(e
jw) = E{

∞

∑
p=−∞

∞

∑
k=−∞

∞

∑
r=−∞

h(k,n)e jωk
. . .

bx(n− k)bx(n + p− k)e− jω p
. . .

h(r,n + p− k)e− jωr} (8)

Sbyby(e
jw) = E{

∞

∑
k=−∞

h(k,n)e jωk
. . .

∞

∑
r=−∞

h(r,n + p− k)e− jωr} . . .

E{
∞

∑
p=−∞

bx(n− k)bx(n + p− k)e− jω p}

︸ ︷︷ ︸

Sbxbx (e jω )

(9)

Thus the noise spectrum at the output can be written as

Sbyby(e
jw) = H̃k,r(e

jω)Sbxbx(e
jω ) (10)

whereH̃k,r(e jω ) is defined as

H̃k,r(e
jω ) = E{

∞

∑
k=−∞

h(k,n)e jωk

︸ ︷︷ ︸

H̃k(e− jω )

∞

∑
r=−∞

h(r,n + p− k)e− jωr

︸ ︷︷ ︸

H̃r(e jω )

}

(11)
Theh(k,n) andh(r,n) terms in Equation 11 are the time-

varying coefficients of the system under consideration. By
expanding the Equation 11 with(k,r) ∈ (−∞,∞), and uti-
lizing the available symmetry, the expression for the power
spectrum of the transfer function can be written as follows

H̃(e jω) =
∞

∑
k=−∞

∞

∑
∆=0

(E{hkhk+∆}+ E{hk+∆hk})cos(∆ω)

(12)
Clearly, the computation of̃H requires the correlation

evaluated at 0∀(k,∆) in Equation 12. This is calculated only
once from one single floating point simulation of the system
and is independent of the fixed point format. Hence, it is
used in every iteration of the optimization process thereby
delivering the acceleration during optimization over simula-
tion based approaches.

In case of LTI systems, the filter coefficients are constant.
Hence it is possible to write the spectrum of the filter as

H̃(e jω) =
∞

∑
i=−∞

∞

∑
∆=0

(hihi+∆ + hi+∆hi)cos(∆ω) (13)

From Equation 13, it can be seen that the expression for
H̃(e jω ) degenerates to|H̃i(e jω)|2 which is a classical result
obtained in the case of LTI systems, thus also verifying the
expression for the spectrum in the LTI case.

4.3 Complexity Analysis

The proposed technique attempts to provide a closed form
expression as given in Equation 13 to represent the noise
coloring filter. The effort for computation of the frequency

response depends on the number of coefficients whose auto
correlation and cross correlations are to be found. When
there areNd number of delays in the noise expression, the
total number of correlation termsNc that need to be calcu-
lated isNd

2.
Each of the delay terms in the noise expression is associ-

ated with a coefficient. These coefficient terms are typically
dependent on the input signal and hence need to be calculated
for every input sampleNs. The effort involved in computing
each correlation at 0 isO(Ns). Hence the total time for eval-
uating the filter expressionTExpr is given by

TExpr = Nd
2
.tCorr + Nd.tCoe f f . (14)

Where tCorr is the time for computing one correlation
term andTCoe f f is the average time to evaluate each coeffi-
cient expression. The multiplication and addition operations
required during correlation and the time for coefficient ex-
pression are proportional to the number of samples. Hence,
it is possible to estimate the time required for computing cor-
relation terms and coefficient terms can be written as

tCorr = αCorr.Ns (15)
tCoe f f = αCoe f f .Ns (16)

Where αCorr and αCoe f f are proportional constants.
Though there is a contribution of theNd term in the com-
plexity estimation, it is of the order of few tens of elements.
Whereas the order ofNs is in millions of samples. Thus, it
can be concluded that the computational complexity to deter-
mine the analytical expression for the system isO(Ns).

In a simulation based approach the performance evalu-
ation takesO(Ns) time and it has to be repeated for every
iteration. In the proposed analytical method, though the time
to arrive at the analytical expression isO(Ns), it is performed
only once which can be regarded as a pre-processing step and
hence better than any simulation based approach.

5. EXPERIMENT AND RESULTS

5.1 Volterra Filter

While it is trivial to obtain the transfer function of an LTI sys-
tem, an equivalent propagation and generation filter is con-
sidered for a non-linear second-order Volterra filter. Given
inputx(n), the outputy(n) for the Volterra filter is given by

y(n) = a11x2(n)+ a22x
2(n−1)+ . . .

a21x(n)x(n−1)+ a1x(n)+ a2x(n−1). (17)

By replacing the operators with their equivalent noise model,
the noise output expression for the Volterra filter is

by = {2a11x(n)+ a1+ a12x(n−1)}
︸ ︷︷ ︸

α1

bx(n)+

{2a22x(n−1)+ a2+ a12x(n)}
︸ ︷︷ ︸

α2

bx(n−1)+ bg(n) (18)

wherebg groups together all the noise generated inside the
system. In this example, all the noise generated within the
system happens to be white and is not very interesting to
study. Also, in the course of study, no quantization effects
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are introduced within the filter. Therefore, only the propaga-
tion filter is presented. The propagation filter is given as

h̃i(n) = α1(n)bx(n)+ α2(n)bx(n−1) (19)

The termsα1(n) andα2(n) are time varying. Thus, by ex-
panding the transfer function Equation 12, the spectrum of
the filter becomes

|H(e jω)|2 = (Rα1,α1(0)+ Rα2,α2(0))+

(Rα1,α2(0)+ Rα2,α1(0))cos(ω) (20)

whereRαi,α j(0) are the cross correlation and auto corre-
lation functions.
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Figure 2: Output noise power spectrum estimation for
Volterra

As input to the Volterra filter, a sine wave perturbed by
Gaussian noise is used as the input to the system. The corre-
lation coefficients and the impulse response of the equivalent
filter is calculated. The magnitude response of the filter com-
puted analytically is compared with the noise spectrum at the
output of Volterra filter which is obtained by fixed-point sim-
ulation.

When the perturbation noise input into the Volterra filter
is white, the output noise spectrum traces the frequency re-
sponse. In the Figure 2, the output noise spectrum calculated
analytically and the spectrum obtained by simulation match
very closely. In the Volterra filter example considered, the
presence ofcos(ω) term in the magnitude response as shown
in Equation 20 is clearly seen as the spectrum tapers towards
the x-axis at higher frequencies. In the case of a colored
noise, the noise used to perturb the sinusoid is a coloured
band-pass noise. The output noise spectrum obtained analyt-
ically matches the spectrum obtained by simulation. It has to
be noted that the effect of thecos(ω) term is visible even in
the coloured noise case.

The outcome of the experiments suggests that, the fre-
quency response of the filter derived analytically by adopting
the procedure described in this paper can faithfully represents
the frequency characteristics of the system.

6. CONCLUSION

A technique to estimate the noise power spectrum of arith-
metic operator based systems and thereby accelerating the
performance evaluation of fixed point systems is presented.
Computation of the power spectrum in this technique re-
quires the auto-correlation functions of the filter coefficients
evaluated at 0 and is hence not computation intensive. The

original sub-system is replaced by the double precision float-
ing point system and linear time-invariant filters whose mag-
nitude spectrum is a close approximation of the noise power
spectrum. The floating point data and the filters are used
for all noise power calculation during every iteration during
optimization. The idea is to be able to seamlessly use this
technique in a complex and hierarchically defined signal pro-
cessing system to find equivalent approximations at all hier-
archical levels. Using this technique accelerates the perfor-
mance evaluation process in situations where both simulation
and analytical techniques are used. This technique also helps
in noise power budgeting in situations where a divide-and-
conquer algorithm is used to for optimization.

This paper contributes by providing the necessary frame-
work and a generic filter coefficient formula for computing
the spectrum of any arithmetic based signal processing sys-
tem. The acceleration obtained is due to the fact that, a fixed
point evaluation of the system is not required during every it-
eration of the optimization algorithm. Though the proposed
method requires windowing in case of non-stationary signals,
it provides an alternative to complete simulation. As long as
it is possible to define pseudo-stationary windows over the
signal, this alternative stands to gains over a pure simulation
approach.
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ABSTRACT 

In this paper, dynamic algorithm transforms (DAT) for re-

configurable real-time processor for audio application 
based on the adaptive wavelet packet (WP) decomposition 

are presented. DAT techniques is to constrain a minimum 

cost sub-band decomposition of wavelet transform by maxi-

minimizing the minimum masking threshold (which is lim-

ited by the perceptual entropy) in every sub-band for the 

given embedded processor architecture and temporal resolu-

tion. The processor architecture is based on the implementa-

tion of the wavelet transform by means of its factoring into 

lifting steps. Practical reconfiguration strategies for the 

given processor are presented. 

1. INTRODUCTION 

The wavelet packet (WP) as a generalization of the standard 

wavelet transform provides a more flexible choices for time–

frequency (time-scale) representation of signals [1]. In many 

applications, such as the design of cost-effective real-time 

multimedia systems and high quality audio transmission and 

storage. In parallel to the definition of the ISO/MPEG stan-

dards, several audio coding algorithms have been proposed 

that use the wavelet transform, in particular, adaptive wavelet 

packet transform, as the tool to decompose the signal [2,3]. 

In practice, WP are often implemented using a tree-structured 
filter bank [2-4]. The WP is a set of transformations that ad-

mits any type of tree-structured filter bank, that provides a 

different time–frequency tiling map. Applying the lifting 

scheme [5-7] for the construction of wavelets filter bank al-

lows significantly reduce the number of arithmetic operations 

that are necessary to compute the transform. 

Algorithm transformation techniques [8,9] such as have 

been employed in high-speed DSP system design. All of the 

above mentioned techniques are applied during the VLSI 

design phase and their implementation is time invariant. 

Therefore, this class of signal processing techniques is re-

ferred as static techniques. 
Recently, dynamic techniques both of the circuit level and 

algorithmic level have been proposed. These techniques are 

based on the principles that the input signal is usually nonsta-

tionary, and hence, it is better (from a coding perspective) to 

adapt the algorithm and architecture to the input signal. Such 

systems are referred to as reconfigurable signal processing 

systems [10,11]. The key goal of these techniques is to im-

prove the algorithm performance by exploiting variability in 

the data and channel. 

Our approach is to design of dynamic algorithm trans-

form (DAT) for design of application-specific reconfigurable 

lifting-based WP pipeline processor, in particular, for audio 

processing in real-time [8,12]. The principle behind DAT 

techniques is to define parameter of input audio signals (sub-
band entropy) and output encoded sequences (subband rate) 

for the given embedded processor architecture. Adaptive 

wavelet analysis for audio signal processing purposes is par-

ticularly interesting if the psychoacoustic information is con-

sidered in the WP decomposition scale. Due to the lack of 

selectivity of wavelet filter banks, the psychoacoustic infor-

mation is computed in the wavelet domain. 

2. DYNAMIC TRANSFORMATION OF WP 

DECOMPOSITION 

We present adaptive WP tree derived via DAT’s. The prin-
ciple behind DAT is to define parameter of input signals 

(subband entropy) and output sequences (subband rate) for 

the given embedded processor architecture. In other hands, 

DAT techniques is to construct a minimum cost subband 

decomposition of WP by maximinimizing the minimum 

masking threshold (which is limited by the perceptual entro-

py(𝑃𝐸)) in every subband for the given computational com-

plexity (for the given embedded processor architecture) 𝐶 

and temporal resolution. Achieving this purpose, we suppose 

that the tree structure of WP decomposition is adapted, as 
closely as possible, to the critical bands 

(𝐶𝐵 − 𝑊𝑃𝐷:  𝑙, 𝑛 ∈ 𝐸𝐶𝐵) as shown in [8]. For the WP tree 

structure 𝐸𝑖  the information density 𝐻 belong to tree 𝐸𝑖  is 

estimated as 

𝑯𝑬𝒊
=   𝒘𝑬𝒊

(𝒌) ∙ 𝒍𝒏 𝒘𝑬𝒊
(𝒌) 

𝒌∀ 𝒍,𝒏 ∈𝑬𝒊

, (1) 

where 

𝒘𝑬𝒊
(𝒌) =

 𝒙𝒍,𝒏,𝒌 

  𝒙𝒍,𝒏,𝒌 ∀ 𝒍,𝒏 ∈𝑬𝒊

. (2) 

Here 𝑥𝑙 ,𝑛 ,𝑘  are wavelet coefficients, 𝑙 is a decomposition lev-

el, 𝑛 is the node number of decomposition level, 𝑘 is the in-

dex of the current wavelet coefficient of the node  𝑙, 𝑛 . 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 557



The growing decision for WP tree based on the given 𝐻 

is being taken in terms of allowing the further decomposition 

of the WP tree can be expressed as: 

𝑯𝑬𝒊
> 𝑯𝑬𝒊−𝟏

. (3) 

If (3) is true we continue the subband splitting process in 
WP tree, otherwise the suboptimal decomposition for the 

given frame of signal is founded.  

The subband splitting process is managed based on the 

estimated values of 𝑃𝐸 in parent and child nodes of current 

WP tree structure. 𝑃𝐸 estimation is described in [13,14] and 

expressed as  

𝑷𝑬𝒍,𝒏 =  𝒍𝒐𝒈𝟐 𝟐 𝒏 𝐢𝐧𝐭 𝑺𝑴𝑹𝒍,𝒏,𝒌  + 𝟏 

𝑲𝒍,𝒏−𝟏

𝒌=𝟎

,

 

(4) 

where 𝑆𝑀𝑅𝑙,𝑛 ,𝑘  is a ration between the absolute value of the 

wavelet coefficients 𝑥𝑙 ,𝑛 ,𝑘  in a subbabnd of tree 𝐸𝑖  (node 

 𝑙, 𝑛 ), and the corresponding masking threshold 𝑇𝑙 ,𝑛 , which 

is linearly spread among the 𝐾𝑙 ,𝑛  coefficients 𝑥𝑙 ,𝑛 ,𝑘 , 𝑘 =

 0, 𝐾𝑙 ,𝑛   of node  𝑙, 𝑛 . The large magnitude of 𝑆𝑀𝑅𝑙,𝑛 ,𝑘  

determines node  𝑙, 𝑛  significance for 𝑃𝐸 formation. 

Each allowed parent node  𝑙, 𝑛  is split on two child 

nodes  𝑙 + 1,2𝑛  and  𝑙 + 1,2𝑛 + 1 , if and only if the sum 

of 𝑃𝐸𝑙+1,2𝑛  and 𝑃𝐸𝑙+1,2𝑛+1 in the child nodes less than in the 

current node 𝑃𝐸𝑙 ,𝑛 , that can written as. 

𝑷𝑬𝒍,𝒏 > 𝑷𝑬𝒍+𝟏,𝟐𝒏 + 𝑷𝑬𝒍+𝟏,𝟐𝒏 +𝟏.

 

(5) 

The computational resource at current WP tree level 𝑐𝑠  is 

estimated, and if it is more than the maximum allowed com-

putation resource 𝐶 the WP tree decomposition is terminated.  

The dynamic WP tree structure growing level by level 

based on the 𝐻 and corresponding time-frequency tilling map 

are demonstrated in a figure 1. 
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Figure 1 – WP tree structure creation and corresponding time-
frequency tilling map. 

Applying the information density 𝐻, the perception en-

tropy 𝑃𝐸, the limited WP tree structure 𝐶𝐵 − 𝑊𝑃𝐷 and the 

maximum allowed computation resource 𝐶 together in WP 

growing procedure allows us to found suboptimal solution 

for input signal analysis on the given hardware architecture. 

3. WP IMPLEMENTATION BASED ON LIFTING 

SCHEME 

In the tree-based scheme of the WP, each node of the tree 

consists of a 2-channel filter bank. Each node can be broken 

down into a finite sequence of simple filtering steps, which 
are called lifting steps or ladder structures. In [15] for two-

channel filter bank proposed a method of transition from the 

implementation on the basis of FIR filters to architecture at 

the based on lifting scheme. The decomposition is essentially 

a factorization of the polyphase matrix of the wavelet filters 

into elementary matrices. As discussed in [6,15], the lifting 

steps scheme consists of three phases: the first step splits the 

data into two subsets: even and odd; the second step recalcu-

lates the coefficients (high-pass) as the failure to predict the 

odd set based on the even; finally the third step updates the 

even set using the wavelet coefficients to compute the scaling 

function coefficients (low-pass). This method allows to re-
duce on halve the number of multiplications and summa-

tions. The filtering results, finding scaling 𝑋𝑙+1,2𝑛  𝑧  and 

wavelet 𝑋𝑙+1,2𝑛+1 𝑧  coefficients relative to the input signal 

𝑋𝑙 ,𝑛 (𝑧) in 𝑧 domain can written as the follows: 

 𝑿𝒍+𝟏,𝟐𝒏 𝒛 𝑿𝒍+𝟏,𝟐𝒏+𝟏 𝒛  = 

=  𝑿𝒍,𝒏,𝒆 𝒛 𝑿𝒍,𝒏,𝒐 𝒛  × 

×    𝟏 𝐬𝒊 𝒛 

𝟎 𝟏
  

𝟏 𝟎
𝒕𝒊 𝒛 𝟏

  

𝑰/𝟐

𝒊=𝟏

 
𝑲𝟏 𝟎
𝟎 𝑲𝟐

 .

 

(6) 

where 𝑋𝑙 ,𝑛 ,𝑒 𝑧  and 𝑋𝑙 ,𝑛 ,𝑜 𝑧  are 𝑧-representation of two 

sequences consisting of even and odd samples of the input 

signal 𝑥𝑙 ,𝑛 ,𝑘 , 𝑠𝑖 𝑧  and 𝑡𝑖 𝑧  are low-order polynomials, 𝐾1 

and 𝐾2 are constants, and 𝐼 is a number of lifting steps.  

Inverse decomposition of a 2-channel filter bank in the 
same terms can be expressed as 

 𝑋𝑙 ,𝑛 ,𝑒 𝑧 𝑋𝑙 ,𝑛 ,𝑜 𝑧  = 

=  𝑋𝑙+1,2𝑛  𝑧 𝑋𝑙+1,2𝑛+1 𝑧  × 

×  
𝐾1  −1 0

0 𝐾2
−1    

1 0
−𝑡𝑖 𝑧 1

  1 −𝑠𝑖 𝑧 

0 1
  

1

𝑖=
𝐼
2

.

 

(7) 

In general case the polynomials 𝑠𝑖 𝑧  and 𝑡𝑖 𝑧  can rep-

resented as  𝑏0 + 𝑏1𝑧
−1 𝑧𝑢 , where 𝑏0, 𝑏1 are constants, 𝑢 is 

the integer exponent. For example, the 𝑏0, 𝑏1 and 𝑢 parame-

ters of lifting scheme for db4 wavelet mother function are 

presented in table 1. 𝐾1 and 𝐾2 are equal −0.1202 and 

−8.3192 correspondingly. 

Table 1 – The parameters of lifting scheme for db4 (8 taps)  

 𝒔𝟏(𝒛) 𝒔𝟐(𝒛) 𝒔𝟑(𝒛) 𝒕𝟏(𝒛) 𝒕𝟐(𝒛) 

𝒃𝟎 3.1029 -5.1995 0.3141 0.0763 -3.1769 

𝒃𝟏 0 1.6625 0 -0.2920 -0.0379 

𝒖 0 -1 -3 1 3 
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In this work, for fixed point WP implementation an 

arithmetic with an arbitrary number of integer and fractional 

bits is used as proposed in [16,17]. The advantage of this 

number representation is the fact that it can be realized using 

conventional integer arithmetic resource. 

The block diagrams of the lifting step for the cases when 

𝑏1 = 0, and for the case when 𝑏1 ≠ 0 (see ) are shown in 

figure 2 and figure 3 correspondingly. The solid and the 

dashed lines at the begin and the end of the block diagrams 

are associate with the instances 𝑠𝑖 𝑧  and 𝑡𝑖 𝑧  accordingly. 
The arithmetic shift right operation (block shift) is realized in 

compliance with the implemented fixed-point algorithm and 

amounts to a signal lines shift before submitting them to the 

adder input. So, the shifters are not used system hardware 

resources. 

shift +

shift

b0

Xe

Xo

Ye

Yo  

Figure 2 – Block diagram of the lifting step when 𝒃𝟏 = 𝟎 
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REG
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Yo
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Figure 3 – Block diagram of the lifting step when 𝒃𝟏 ≠ 𝟎 

4. PIPELINE PROCESSOR WITH DYNAMIC 

RECONFIGURABLE ARCHITECTURE 

4.1 Run time reconfigurable architecture 

The structure of reconfigurable DSP system for signal 

analysis based on DAT approach consists of the specific 

microprocessor oriented on the signal processing (DSP mi-

croprocessor) and WP processor itself with the reconfigur-

able architecture. The DSP microprocessor perform several 

task, such as: processing wavelet coefficients 𝑋𝑙 ,𝑛 ,𝑘  in sub-

bands  𝑙, 𝑛  that corresponds to the current WP tree structure 

𝐸𝑖 ; estimate 𝐻𝐸𝑖
 and 𝑃𝐸𝑙 ,𝑛 ; obtain the reconfiguration vector 

for WP processor 𝑟𝑙 ,𝑛 ,  𝑙, 𝑛 ∈ 𝐸𝑖. WP processor is realized 

on pipeline architecture with dynamic reconfiguration for 

implementing adaptive WP. The length of the pipeline is 

obtained from the limited WP tree structure (𝐶𝐵 − 𝑊𝑃𝐷). 

A great dependence of the process on the WP structure 

grows leads to the necessity of introducing an easily recon-

figurable parallel-pipeline structure with computation re-

source 𝐶. Thus, the DSP system for audio processing based 

on DAT-approach consists as shown on figure 4. 

4.2 WP lifting based pipeline processor  

The pipeline architecture is applied for effective implementa-

tion of the WP algorithm, as it confirmed in [7,18]. 

We suggest the pipeline architecture for constructing the 

WP lifting based processor. This architecture integrates the 

sequential connection of the homogeneous block that imple-

ment a two-channel filter bank that allows to calculate WP 

with an arbitrary tree structure. The maximum number of 
decomposition level that can be realize is 8, it is associate 

with the depth of the 𝐶𝐵 − 𝑊𝑃𝐷.  

Thus, the basic decomposition of WP expressed as proc-

essing unit (PU) which acts a two-channel filter bank based 

on lifting scheme. The block diagram of PU is shown in fig-

ure 5. The input sequence 𝑥𝑙 ,𝑛 ,𝑘  is split into even 𝑋𝑒  and odd 

𝑋𝑜  samples in PU before the processing is started according 

to the lifting scheme. The structure of PU has the following 

abbreviations (see figure 5): 𝑤𝑙 is a bit capacity; 𝐼 is a num-

ber of elementary steps of the lifting scheme; 𝑉𝑃𝐸  is a vec-
tors, each element of it is a set of the parameters of the same 

elementary step of the lifting scheme; 𝑉𝐵𝑈𝐹  is a vector, each 

element of it specify the number of delays, respectively in the 

upper and lower channels after the same elementary step. 

The present elements corresponds to FIFO registers that, on 

the one hand are delay elements 𝑧−1 in the algorithm and, on 

the other hand, makes possible a pipelined realization in ar-

chitecture for throughput performance increasing. The coef-

ficients 𝐾1 and 𝐾2 applies to the result of lifting scheme as it 

described in (6). The estimated hardware resources required 

for PU implementation are shown in a table 2. 

Table 2 – Estimation of hardware resources for PU implementation 

Resource type Utilized 

Multipliers wl×wl N+2 

Adders(wl – bit capacity) N 

Registers(wl – bit capacity) N+1 

Multiplexers 2-in-1 (wl – bit capacity) 1 

N – is the number of filter taps. 
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Figure 4 – DAT-based reconfigurable signal processing system. 
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Next, buffer/switch unit (BSU) realizes double buffering 

scheme known as “ping-pong” for providing parallel access 

to the data for storing results and getting source data from/for 

PU. The additional channel is for outputting the result data. 

The two output streams of samples 𝑥𝑙+1,2𝑛 ,𝑘  and 𝑥𝑙+1,2𝑛+1,𝑘  

from 𝑙-th PU are stored in BSU and simultaneously 𝑙 + 1-th 

PU can get the samples for the next processing stage. Unified 

block diagram of BSU is represented on the figure 6. Each 

BSU in parallel-pipeline architecture has addressed a differ-

ent memory size that depends on the WP decomposition lev-
el. 

The reconfiguration vector 𝑟𝑙 ,𝑛  decoding, memory ad-

dress generation, PU enabling, data exchange controlling and 

the pipe-line synchronizing are performed by the control 

units (CU). All this functions in CU at each WP processor 

stages is carried out in parallel. The stages work of the pipe-

line WP processor are synchronized according to the DAT’s 

techniques. 

REG
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Figure 6 – Unified block diagram of the BSU. 

4.3 Dynamic WP tree decomposition algorithm 

Suppose, a computation resource (𝑚, 𝑟𝑙 ,𝑛 ) is limited by 𝐶. 

The limiting WP tree structure is 𝐶𝐵 − 𝑊𝑃𝐷:  𝑙, 𝑛 ∈ 𝐸𝐶𝐵 . 

Suppose, the required computation resource of 𝑖-th WP tree 
 𝑙, 𝑛 ∈ 𝐸𝑖  is defined as value 𝑐𝑖 . The split decision of divid-

ing the parent node  𝑙, 𝑛  on the two children  𝑙 + 1,2𝑛  and 
 𝑙 + 1,2𝑛 + 1  is referred as a 𝑠𝑝𝑙𝑖𝑡 𝑙, 𝑛  where 𝑙 is a trans-

formation scale level, 𝑛 is 𝑛-th node of the level 𝑙, 𝑚 is a 
stage of the pipeline processor. Number of the input frame of 

the audio signal is 𝑗. 
 

STEP 1. Let 𝑗 = 1, 𝑚 = 1, 𝑙 = 0 and 𝑠𝑝𝑙𝑖𝑡(𝑙, 𝑛) = 𝑌𝐸𝑆, 

𝑟𝑙 ,𝑛 = 𝑌𝐸𝑆, WP tree root node is  0,0  for the first frame 

of the input audio signal with perceptual 

entropy 𝑃𝐸0,0, information density 𝐻𝐸0,0
 

and reconfiguration process is allowed. 

STEP 2. 𝑖 = 𝑗, the first frame of the in-

put audio signal defines growing process 
of WP tree structure. Making the signal 

decomposition is based on 1st PU. 

STEP 3. Estimate the perceptual entropy 

in each node 𝑃𝐸𝑙 ,𝑛  and information density 

𝐻𝐸1,1
 of the WP tree structure. 

STEP 4. Check the WP tree structure 

information density 𝐻𝐸1,1
 in comparison with the WP tree 

𝐸0,0 

 IF 𝐻𝐸0,0
< 𝐻𝐸1,1

, 

 THEN that is not an audio signal, the coefficients are 

not processed and GOTO STEP 1. 

STEP 5. 𝑙 = 𝑙 + 1. 

 IF 𝑙–1 > maximum of the scale level of the limiting WP 

tree structure 𝐶𝐵 − 𝑊𝑃𝐷, 

 THEN STOP – the growing process for the WP tree 

structure 𝐸𝑖 ,𝑚  is finished. 

STEP 6. Check the WP tree structure 𝐸𝑖 ,𝑚  nodes belonging 

to 𝐶𝐵 − 𝑊𝑃𝐷: 𝐸𝐶𝐵 : 

 IF  𝑙, 𝑛 ∈ 𝐸𝑚 ,𝑖 = (𝑙, 𝑛) ∈ 𝐸𝐶𝐵, THEN 𝑟𝑙 ,𝑛 = 𝑁𝑂. 

STEP 7. 𝑚 = 𝑚 + 1. WP tree structure 𝐸𝑖 ,𝑚  growing is 

performed as follows 

 For each node 𝑛 of the level 𝑙: 
 - estimate and check the adequacy of the WP tree com-

putation resource 𝑐𝑖 ,𝑚 : 

 IF 𝑐𝑖 ,𝑚 > 𝐶, 

 THEN 𝑟𝑙 ,𝑛 = 𝑁𝑂 and 𝑆𝑇𝑂𝑃 – the growing process 

for the WP tree structure 𝐸𝑖 ,𝑚  is finished. 

 - perform the decomposition of the parent node (𝑙, 𝑛). 
 - calculate the perceptual entropy into the child nodes 

𝑃𝐸𝑙+1,2𝑛  and 𝑃𝐸𝑙+1,2𝑛+1 : 

 IF 𝑃𝐸𝑙 ,𝑛 ≥ 𝑃𝐸𝑙+1,2𝑛 + 𝑃𝐸𝑙+1,2𝑛+1, 

 THEN 𝑠𝑝𝑙𝑖𝑡(𝑙, 𝑛) = 𝑌𝐸𝑆, 𝑟𝑙 ,𝑛 = 𝑌𝐸𝑆 

 ELSE 𝑠𝑝𝑙𝑖𝑡(𝑙, 𝑛) = 𝑁𝑂, 𝑟𝑙 ,𝑛 = 𝑁𝑂. 

STEP 8. 𝑗 = 𝑗 + 1. Read the next frame of the input audio 

signal. It will be processed according to the WP tree 

structure 𝐸𝑖 ,𝑚 . 

STEP 9. Estimate the information density 𝐻𝐸𝑖,𝑚
 of the WP 

tree structure 𝐸𝑖 ,𝑚 : 

 IF 𝐻𝐸𝑖,𝑚
> 𝐻𝐸𝑖,𝑚−1

, 

 THEN 𝑟𝑙 ,𝑛 = 𝑁𝑂 and 𝑆𝑇𝑂𝑃 – the growing process 

for the WP tree structure 𝐸𝑖 ,𝑚  is finished. 

STEP 10. GOTO STEP 5. 

STOP. Optimal WP tree structure for the ith input frame 

of the audio signal is 𝐸𝑖 ,𝑚−1, 𝑚 = 𝑚 − 2, 𝑙 = 𝑙 − 2, 

𝑖 = 𝑖 + 1. GOTO STEP 5. 

 

The processing of the first six frames for the pipeline 

WP-processor is shown on  

figure 7; 𝑗 is a number of the frame which was loaded to 

WP processor for processing according to the WP tree struc-
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ture 𝐸𝑚 ,𝑖 of the current frame 𝑖. Darkened areas show where 

the optimal WP tree for the each frame was found, and the 

arrows redefine the new WP tree structure for the next cur-

rent frame, which the information density 𝑊𝑇𝐸𝐸𝑚 ,𝑖
 of the 

WP tree structure is estimated on. 
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Initialization: 𝐸0,0, 𝑙 = 0, 𝑚 = 1, 𝑗 = 1, 𝑖 = 𝑗 = 1. 

1. 𝑙 = 1, 𝑚 = 2, parent WP tree 𝐸1,1, child WP tree 𝐸1,2 , 𝐻𝐸1,2
< 𝐻𝐸1,1

, 𝑗 = 2 

2. 𝑙 = 2, 𝑚 = 3, parent WP tree 𝐸1,2, child WP tree 𝐸1,3 , 𝐻𝐸1,3
< 𝐻𝐸1,2

, 𝑗 = 3 

3. 𝑙 = 3, 𝑚 = 4, parent WP tree 𝐸1,3, child WP tree 𝐸1,4 , 𝐻𝐸1,4
> 𝐻𝐸1,3

, no 

 𝐸1,3  – optimal WP tree, 𝑚 = 𝑚– 2 = 2, 𝑖 = 𝑖 + 1 = 2, 

𝐸2,2 = 𝐸1,3 , 𝑙 = 𝑙– 2 = 1 

4. 𝑙 = 2, 𝑚 = 3, parent WP tree 𝐸2,2, child WP node 𝐸2,3, 𝐻𝐸2,3
< 𝐻𝐸2,2

, 𝑗 = 4 

5. 𝑙 = 3, 𝑚 = 4, parent WP tree 𝐸2,3, child WP tree 𝐸2,4, 𝐻𝐸2,4
< 𝐻𝐸2,3

, 𝑗 = 5 

6. 𝑙 = 4, 𝑚 = 5, parent node 𝐸2,4, child WP node 𝐸2,5, 𝐻𝐸2,5
> 𝐻𝐸2,4

, no 

 𝐸2,4 – optimal WP tree, 𝑚 = 𝑚– 2 = 3, 𝑖 = 𝑖 + 1 = 3, 

𝐸3,3 = 𝐸2,4, 𝑙 = 𝑙– 2 = 2 

7. 𝑙 = 3, 𝑚 = 4, parent WP tree 𝐸3,3, child WP node 𝐸3,4, 𝐻𝐸3,4
< 𝐻𝐸3,3

, 𝑗 = 6 

 

Figure 7 – Diagram of the dynamic reconfiguration WP tree struc-
tures and multi-frame processing in the parallel-pipeline WP proces-

sor 

5. CONCLUSION 

In the given paper the dynamic reconfigurable lifting based 

adaptive WP processor was presented. The lifting scheme 

allows to reduce on halve the number of multiplications and 

summations and increase the processing speed. Appling 

DAT-based approach as the design techniques for time-

varying WP decomposition allows us to construct dynami-
cally adapted to input signal WP analysis. 

Reconfigurable systems offers several advantages over 

competing alternatives: faster and smaller than general pur-

pose hardware solutions; lower development cost than dedi-

cated hardware solutions; dynamic reconfigurable supports 

multiple algorithms within a single application; multi-

purpose architecture generates volume demand for a single 

hardware design. 

The proposed techniques optimize system performance, 

and, in addition, provides a convenient framework within 

which ongoing research in the areas of non-uniform filter 
bank applied to speech/audio coding algorithms and recon-

figurable architectures can be synergistically combined to 

enable the design of reconfigurable high-performance DSP 

systems. 
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ABSTRACT
This paper addresses the combination of wordlength op-
timization and architectural synthesis as a single design
task, aiming at reducing the area of FPGA implementations.
These two well-known design tasks are commonly applied
sequentially. On one hand, wordlength optimization’s goal is
to find the fixed-point format of signals that minimizes cost.
On the other hand, architectural synthesis optimizes the ar-
chitecture of the implementation of an algorithm.

These two tasks are highly interdependent, since the
wordlength minimization depends on the architecture and the
architectural synthesis final output depends on the initial sig-
nal wordlengths. By combining them, a wider exploration of
the design space can be performed.

A fine-grain combined wordlength optimization and ar-
chitectural synthesis based on the use of simulated anneal-
ing is presented. The optimizer is tuned for DSP algorithms
and is able to simultaneously optimize in terms of implemen-
tation area and output noise, thus leading to significant im-
provements. A complete comparison between the traditional
sequential approach and the proposed combined approach is
provided. Area improvements of up to 21% are reported.

1. INTRODUCTION

The high complexity involved in the design of DSP hardware
systems requires the introduction of powerful Computer-
Aided Design (CAD) tools to make their physical implemen-
tation possible. The design flow is divided into several tasks
that allow the designer to traverse the path from the design
specification to the implementation. Here, the combination
of two well-known design tasks, Wordlength Optimization
(WLO) and Architectural Synthesis (AS), as a single task is
presented, aiming at the area optimization of DSP DSP hard-
ware architectures.

WLO performs the translation of an initial infinite-
precision description of a DSP algorithm into a finite-
precision description (i.e. fixed-point). Fixed-point arith-
metic is commonly used to implement DSP circuits, as it
has proved to enable low-cost, low-power and high-speed
implementations [1, 2]. It is necessary to wisely select the
wordlengths of the different in the hardware implementation
while keeping the output noise within requirements in order
to minimize design costs.

AS’ final goal is to find the best hardware architecture
that complies with the power, area and speed constraints
[3, 2, 4]. It is mainly composed of the scheduling, re-
source allocation and resource binding phases. AS trans-
forms an initial algorithm specification (i.e. a Data Flow
Graph (DFG)) into a Register Transfer Level (RTL) descrip-
tion, while meeting certain design constraints.

Traditionally, these two tasks have been carried out se-
quentially to reduce computational complexity. First, WLO
is performed to obtain the wordlengths of the algorithm sig-
nals attending to an error constraint. Then, AS explores the
design space to transform an initial description of a quantized
algorithm and produces the final hardware architecture opti-
mized in terms of cost (i.e. speed, etc.). The main drawback
of this two-step methodology is that it does not take into ac-
count the interdependencies between these two tasks. On one
hand, WLO cannot make use of a proper area/speed/power
model since the architecture has not been yet completely de-
fined. On the other hand, the architectural decisions made
during AS are highly affected by the wordlengths of the sig-
nals. Hence, the final cost of the system after AS is not guar-
anteed to be minimal, since the architectural models used in
both tasks may differ considerably.

The combined application of both design tasks allows the
use of a single architectural model during the whole design
process, thus leading to highly optimized implementations.

This paper contains the following contributions:
• A novel simulating annealing (SA) based architecture

generator that combines AS and WLO into a single task
where:
– A complete set of resources (i.e. functional units,

multiplexers and registers) is considered.
– Functional units are wordlength-wise.

• Results for a set of DSP benchmarks under different er-
ror/latency constraint scenarios.
The paper is structured as follows: In section 2, related

work is discussed. Section 3 presents the combined WLO
and AS proposal. Performance results are collected in sec-
tion 4. And finally, section 5 draws the conclusions.

2. RELATED WORK

Here, we present some of the most relevant works regarding
the combination of WLO and AS.

One of the pioneer works in this field is [5], where the
wordlength selection is carried out by minimizing a lower
bound on the area cost of a resource sharing architecture.
Once the wordlengths are selected, scheduling, resource al-
location and resource binding are performed. The inter-
esting point of this work is that quantization makes use of
an estimation of the total area based on output latency and
wordlengths. The latency of resources is considered variable,
although a very simple model is used. The results are com-
pared to an uniform wordlength approach (UWL), but there
is no comparison to the traditional sequential approach.

In [1] WLA and HLS are interleaved. First, the system
is quantized using a noise constraint a little bit more relaxed

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 562



than the required in the specification. Then, a datapath is
created by applying scheduling, resource allocation and re-
source binding. Finally, the architecture is refined by in-
creasing the FUs’ wordlengths until the noise constraint is
met. The work is valuable, however, the approach is too sim-
plistic: a single optimization iteration, 1-cycle latencies FUs,
etc. Again, the authors do not provide any comparison with
a traditional two-step approach.

In [6] the combined problem is explored by means of
MILP. Due to the very long computation times required by
MILP, the problem complexity is reduced through some sim-
plifications: 1-cycle latencies FUs, multiplexers and registers
neglected, etc. The purpose of this work is to present initial
results on the combined problem that can be used as a start-
ing point to develop heuristics (see section 4). The results
prove the validity of the combined approach.

The work in [7] is an extension of [1] and [5]. Here, FUs’
costs (area, latency and power consumption) are wordlength
dependent. Basically, WLO and AS are introduced within
a loop. Operations are grouped after AS, based on mobility
and wordlength information. The wordlength of each group
is optimized by means of WLO to reduce cost. Every change
in the wordlengths of operations produces a new datapath
which leads to new groups of operations. The method iterates
several times and records the best solution. Once more, the
final results are not compared to the sequential approach.

The work presented here is based on a different approach,
since we support a fine-grain optimization, where the archi-
tectural modifications regarding output precision and archi-
tecture components are considered within a simulated an-
nealing (SA) optimization framework. Additionally, some
of the drawbacks of previous approaches are overcome: sim-
plified resource latency model [5, 1, 6], no comparison to
traditional approach [5, 1, 7], multiplexers and registers ne-
glected [5, 1, 6, 7], etc.

3. PRECISION-WISE ARCHITECTURAL
SYNTHESIS

3.1 Formal description

Here we present the resource minimization problem con-
strained in terms of time (i.e. latency) and output error (i.e.
wordlengths). The notation used is based on [6] and [8].

Given a sequencing graph GS(V,S), a maximum latency
λ , a maximum output error ε and a set of resources R
(e.g. functional units RFU , registers RREG and steering logic
RMUX ), it is the goal of the combined WLO and AS to find
the time step when each operation is executed (scheduling),
the types, number and size (i.e. wordlength) of resources
forming R (resource allocation), and the binding between op-
erations and variables to functional units (FU) and registers
(resource binding), that comply with the constraints while
minimizing cost (i.e. area).

GS(V,S) is a formal representation of a single iteration of
an algorithm, where V is the set of operations and S ⊂V ×V
is the set signals that determines the data flow. We consider
V = VM ∪VG ∪VA ∪VD ∪VI ∪VO composed of typical DSP
operations: multiplications, gains, additions, unit delays, and
input and output nodes.

Signals are in two’s complement fixed-point format, de-
fined by the pair (n, p). Parameter n is the wordlength of the
signal – not including the sign bit – and p is the scaling of
the signal that represents the displacement of the binary point

from the sign bit [6]. In order to obtain the quantization noise
generated by a signal (εi) it is necessary to also know the pre-
quantization fixed-point format (n pre, ppre) which expresses
the format before any wordlength reduction. For instance, if
a signal with a dynamic range of [0,4) and precision of 2−8

is quantized reducing its precision to 2−5, this operation can
be expressed as a change from format (n pre, ppre) = (10,2)
to format (n, p) = (7,2). Eventually, the noise contribution
of each signal εi can be related to the total output error ε (see
subsection 3.2 for more details).

Functional units (RFU ) are in charge of executing the set
of operations from V . Registers (RREG) store the data pro-
duced by FUs and some intermediate values. Finally, steer-
ing logic (RMUX ) interconnects FUs and registers by means
of multiplexers. The set of FUs RFU = RA∪RM is composed
of adders and multipliers. An FU r ∈ RFU is defined by its
type type(r) = {Adder,Multiplier} and by its size, that de-
pends on the input wordlengths. An operation is compatible
with an FU if they have compatible types and if the size of
the operation is smaller than or equal to the size of the FU
[6, 9].

Scheduling is expressed by means of function ϕ : O →
Z+, which assigns a start time to each operation. Resource
binding, is divided into FU binding and register binding. FU
binding makes use of the compatibility graph GC(V ∪R,C)
[10], which indicates the compatible resources for each v∈V
by means of the set of edges C ⊂V ×R. The binding between
operations and resources is expressed by means of function
β : V → R×Z+, where β (v) = {r, i} indicates that operation
v is bound to the i-th instance of resource r. The compatibil-
ity rules impose that (v,r) ⊂C. In a similar fashion, register
binding links variables d ∈ D to registers r ∈ RREG by means
of function γ : D → RREG ×Z+. The set of variables D is ex-
tracted from V considering that there is a variable assigned to
the output of each operation from the subset VM∪VG∪VA and
to each delay vD connected to another delay. Registers have
an associated size nr that determines the maximum allowed
wordlength of the variables bound to them.

The steering logic consists of the multiplexers required
in front of FUs and registers to send data to and from these
two types of resources. RMUX is determined by ϕ , β and γ ,
since ϕ determines when data is generated, β when data is
used by FUs, and γ where data is stored.

3.2 Noise estimation

Noise estimation is based on the assumption that the quanti-
zation of a signal si from npre bits to n bits can be modeled
by the addition of a uniformly distributed white noise with
the following statistical parameters [11]:

σ2
i =

22pi

12

(
2−2ni − 2−2npre

i

)
(1)

µi = −2pi−1
(

2−ni − 2−npre
i

)
. (2)

Using this model it is possible to quickly estimate the
quantization error at the output of the algorithm for any given
combination of npre,i and ni [4]. In particular we use the
fast and accurate estimation methods for both LTI and non-
linear systems from [12] that relates the wordlengths of the
signals to the output error (see eqns.3-5). For instance, the
wordlengths enable the computation of the noise statistic pa-

rameters �σ2 =
〈

σ2
0 , . . . ,σ2

|S|−1

〉
and �µ) =

〈
µ0, . . . ,µ|S|−1

〉
.
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Vectors �v and �m, and matrix M can be precomputed before
WLO following the method in [12]. The use of fast estima-
tor speed up process of WLO significantly (several orders of
magnitude).

Po = �σ2 ·�vT +�µ ·M ·�µT (3)

µo = �µ ·�mT (4)

σ2
o = Po − µ2

o (5)

3.3 Resource modeling

The area of the circuits is estimated using the resource mod-
els in [9]. Resources are divided into three types: functional
units (RFU ), registers (RREG) and steering logic (RMUX ). The
area and latency of FUs and registers (i.e. A(r) and l(r)) are
expressed as functions of the input and output wordlength
information. They are obtained by applying curve fitting to
hundreds of synthesis results. The use of accurate delay cost
functions has proved to provided significant performance im-
provements (from 12% to 63%) compared to other existent
naive approaches (see [9]). Registers are assumed to have a
zero latency. The fact that multiplexers and wiring latencies
are neglected could be easily overcome by multiplying the
latency of FUs by an empirical factor, as hwon in [13].

The area of multiplexers in UWL systems is only affected
by the data wordlengths, which set the multiplexers’ sizes,
and by the number of different data sources (e.g. registers
or FUs), which determines the multiplexers’ width. How-
ever, if the wordlengths are optimized, that is, if a multiple
wordlength (MWL) approach is followed, the area of multi-
plexers depends on the wordlengths of their different inputs
and also on the coding that relates multiplexers’ control sig-
nals and the inputs themselves. A lower bound on the area of
a multiplexer is given by [9].

AMUX =
1
4

N−1

∑
i=0

(ni + 1) slices, (6)

where N is the maximum wordlength of the mux’s input sig-
nals and ni is the wordlength of signal i.

4. SIMULATED ANNEALING BASED APPROACH

An optimal analysis based on MILP of the combined synthe-
sis was carried out in [6]. Even though the problem was sim-
plified to reduce the complexity of the optimal analysis, some
fundamental conclusions could be extracted. These conclu-
sions are the basis for the development of a heuristic able to
address the combination of WLO and AS efficiently:
• The combination of WLO and AS as a single task pro-

duces area reduction.
• The area improvements happen sporadically when some

particular combinations of noise and latency constraints
occur.

• The following heuristic rules are derived:
– A shared resource performing operations on sizes

smaller than the resource size can be used to reduce
noise by increasing all operations’ sizes to the max-
imum permitted. An increase in wordlength (size)
produces a decrease in noise, which allows a possi-
ble size reduction (that still may show up as noise
increase in further optimization steps.

Simulated annealing

Find initial quantization
(pi,ni)

GS,

Obtain R and GC

Find initial binding
( 0)

Amin=A (b0)
= 0

Apply movement
ni,new, Rnew, GC,new, new

Compute Anew
enew and new

Constraints met? Anew=max(Amin, Anew)

Accept movement?

A=Anew
ni=ni,new
R=Rnew

GC=GC,new

Anneal temperature

NO

YES

NO

YES

Figure 1: Optimization procedure.

– A shared resource performing operations on sizes
smaller than the resource size can be used to reduce
area by setting all operations’ sizes to the maximum
permitted size minus one unit, thus reducing the size
of the shared resource.

– A combination of the two previous rules.
– Simultaneous increase and/or decrease of the size of

several resources.
All these conclusions and rules have been applied in the

development of the optimization procedure based on SA pre-
sented here (see Fig.1).

Fig. 1 displays the precision-wise architectural synthesis
process. Its inputs are the sequencing graph GS, the error
constraint ε and the total latency constraint λ . Graphs R
and Gc are extracted from GS. First, scaling is carried out
and the values of pi are fixed for each signal. Then a UWL
WLO is applied and the initial sets of n and n pre are obtained.
With this information, the mapping β0 that would produce
the fastest parallel implementation is selected as the initial
resource binding. Then, SA is used to drive the optimization
procedure, where movements are applied to the current bind-
ing β and the sets of ni and npre,i. The following movements
are supported:

• AS movements
– MA

HLS: Map an operation o ∈ O to a non-mapped re-
source.

– MB
HLS: Map an operation o to another already mapped

resource.
– MC

HLS: Swap the mapping of two compatible opera-
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tions mapped to different resources.
– MWLA

A : Select a signal si ∈ S\in(VF)∪ out(VD) and
increase ni one unit .

• WLO movements
– MB

WLA: Select a signal si ∈ S\in(VF)∪ out(VD) and
decrease ni one unit .

– MC
WLA: Select a resource r ∈ RFU and increase one

unit the size of all operations bound to it that do not
increase the original size of the resource.

– MD
WLA: Select two resources r1,r2 ∈ RFU . Apply

movement MC
WLA to r1 and r2. Reduce one unit the

size of operations bound to r2 that meet the original
size of the resource.

As in any SA approach, each time a movement is per-
formed, the resulting area A as well as the output error and
the total latency of the current solution are computed. If the
noise constraint is met and the area is smaller than the cur-
rent minimum area the movement is accepted. If the area is
greater than the minimum so far, the movement is accepted
with a certain probability that decays with time. Movements
that do not comply with the noise or latency constraints can
be accepted with a very low probability, thus enabling a
wider design space exploration [9]. This is carried out by
means of a penalty factor applied to the current area A.

The computation of A is performed after specific
wordlength-wise algorithm for scheduling, register binding
and multiplexer selection [9]. Scheduling is based on a iter-
ative list-based algorithm that obtain the minimum area so-
lution considering the lower and upper bounds on the num-
ber of instances of each resource. Register binding relies on
a wordlength-wise modification of the left-corner algorithm.
Multiplexer selection is also a novel wordlength-wise algo-
rithm that tries to minimize sign extension in order to reduce
multiplexers and registers area. Check [9] for a more de-
tailed explanation. It worth mentioning that every time the
quantization change, R and GC, and therefore A, must be re-
computed.

This method provides a robust way to perform the tasks
of scheduling, resource allocation, resource binding and
wordlength optimization simultaneously. One of its main ad-
vantages is that the resource set can be as complex as desired,
including variable-latency resources, multiplexers and regis-
ters [9].

5. RESULTS

The following benchmarks are used for the analysis:
• ITU RGB to YCrCb converter (RGB).
• 3rd-order lattice filter (LAT3).
• 4th-order IIR filter (IIR4).
• 8-th order linear-phase FIR filter (FIR8).
• 4-point DCT transform (DCT4 [14])
• 8-point DCT transform (DCT8 [14])

All algorithms are assigned 8-bit inputs and 12-bit con-
stant coefficients. The algorithm implementations have been
tested under different latency and output noise constraint sce-
narios assuming a system clock of 125 MHz. In particular,
the noise constraints were σ 2 = {10−k,10−(k+1),10−(k+2)},
where k is the minimum number that makes 10−k as close as
possible to the variance of the output quantization if the out-
put is quantized to 8 bits (n = 7). The target devices belong

to the Xilinx Virtex-II family and Xilinx XST v.9.2 tool [15]
was used to extract the resource model.

For all noise-latency scenarios the benchmarks were im-
plemented using both a sequential approach and the proposed
combined approach. In the sequential approach, first a SA-
based WLO was applied ([12]), followed by a SA-based AS
[9].

Fig. 2-a plots the area improvements of DCT4 obtained by
the combined approach for three different noise constraints
and different algorithm latencies. The latencies range from
λmin, which is the minimum achievable algorithm latency,
to λmin + 10, and it is expressed in the graph using the la-
tency offset ∆λ from the λmin. The results show that area im-
provements are always obtained. However, there are only a
few error/latency scenarios where the improvements are sig-
nificant (σ 2 = 10−3, ∆λ = {1,3}; σ 2 = 10−4, ∆λ = [5,10];
σ2 = 10−5, ∆λ = [4,10] ) since they range from 6.6% to
9.6%. This situation recalls that of the optimal case [6],
where improvements did not happen all the time. However,
now there is an improvement for the majority of cases. This
is due to the fact that the design space is now larger. Also, the
latencies of resources are now dependent on the wordlengths,
which adds new optimization possibilities.

Fig. 2-b displays the DTC4 detailed resource distribu-
tion for σ 2 = 10−4 and ∆λ = 1 (λ = 5). The area required
for functional units (FU), FU’s multiplexers (MUX −FU),
registers (REG) and registers’ multiplexers (MUX − REG)
for the sequential and combined implementations are shown.
The accumulation of the area is the total area of the imple-
mentation. In this case, the improvements of 9% obtaind by
the combined approach are mainly due to a reduction in FUs’
multiplexers and FUs.

The graph on Fig. 3 depicts the overall results regarding
the combined approach. For each quantization scenario the
latency ranges from λmin to λmin+10, and the mean and max-
imum values of the area improvements obtained by the com-
bined implementations in comparison to the sequential im-
plementations are computed. The improvements suggest that
there is a tendency to obtain better results as the complexity
(i.e. number of operations) of the algorithms increases. Sum-
marizing, are improvements are obtained in most cases, with
an overall mean improvement of 3.93% and a maximum area
improvement of 21.32% (DCT8). These should be consid-
ered as very good results, since they describe improvements
over highly optimized results obtained from quasi-optimal
sequential WLO and AS.
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Figure 3: Overall area improvement for all benchmarks.
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Figure 2: Implementation results for DCT4: (a) area improvements vs. latency curves; (b) area resource distribution (normal-
ized with respect to XC2V40 device).

6. CONCLUSIONS

The combination of WLO and AS have been addressed by
presenting a simulated annealing based approach is presented
that deals with the complex optimization process involved.
The proposal is capable of generating an architecture that
meets both latency and error constraints, having as input a
signal flow graph representation of a infinite-precision DSP
algorithm. The architectural optimization accounts for datap-
aths composed of functional units, registers and multiplexers.
Also, the fixed-point format of signals is determined during
the optimization process.

The results show that, in most cases, the combined ap-
proach improve the area cost, with area improvements up to
21% when compared to the traditional approach.

Future work will involve the extension of the combined
approach to include DSP embedded blocks.
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Abstract—In this paper we show that Rader and Bren-
ner’s ‘real-factor’ FFT can be streamlined so that it re-
quires lower computational complexity as compared to the
Cooley- Tukey radix-2 FFT. We then show that the fixed
point implementation of ‘real-factor’ FFT can be modified
so that its noise-to-signal ratio (NSR) is lower than the NSR
of Cooley-Tukey radix-2 FFT. Finally simulation results
are presented which verify the suitability of ‘real-factor’
FFTs.

Index Terms—DFT, FFT, real-factor FFT

I. INTRODUCTION

Discrete fourier transform (DFT) is among the most
fundamental operations in digital signal processing.
However, the wide use of DFT makes its computational
requirements an important issue. Direct computation of
DFT requires on the order of N2 operations where N
is the transform size. The breakthrough of the Cooley-
Tukey FFT [1] comes from the fact that it brings the
complexity down to an order of N log2N operations.

Among the numerous further developments that fol-
lowed Cooley and Tukey’s original contribution are the
Winograd fourier transform algorithm (WFTA) [2] and
the ‘real-factor’ algorithms [3], [4] for reduction in the
order of the multiplicative complexity. However both
WFTA and ‘real-factor’ FFTs did not meet expectations
once implemented as the number of additions (and data
transfers) also matter in the implementation. In addition
Rader and Brenner’s ‘real-factor’ FFT is ill-conditioned
i.e., “small computational errors lead to large output
errors” [3] due to the large values that the twiddle factors
can take. Note that the ‘real-factor’ FFT of Cho and
Temes [4] is numerically well conditioned.

In this paper we present solutions for both the prob-
lems of Rader and Brenner’s ‘real-factor’ FFT. We first
show that the arithmetic complexity (multiplications and
additions, also known as the flop count) of the Rader
and Brenner ‘real-factor’ FFT can be reduced to about

41
2N log2(N) which is less than the arithmetic complex-

ity of radix-2 Cooley-Tukey FFT. We then show that
fixed-point implementation of Rader and Brenner ‘real-
factor’ FFT has lower NSR then radix-2 Cooley-Tukey
FFT and as a result is more suitable as it requires only
half the number of real multiplications. Additionally, the
modified ’real factor’ FFT is not ill-conditioned as the
magnitude of all the twiddle factors is less than 1.

The essence of Radar and Brenner’s DIT FFT is as
follows: Let {Ak} denotes N -point DFT of the sequence
an of N = 2M i.e. {Ak} = DFTN{an}. Then radix-2
DIT FFT is given by

Ak = Bk +W k
NDk, k = 0, · · · , (N − 1) (1)

where W k
N = exp(−j2π/N) and the N/2-point se-

quences are defined as {bn} = {a2n}N/2−1
n=0 ,{dn} =

{a2n+1}N/2−1
n=0 , {Bk} = DFTN/2{bn} and {Dk} =

DFTN/2{dn}. Note that for a N/2-point sequence, if
the index k, n is greater than N/2 − 1 we assume k, n
mod N

2 . Since in general DK and W k
N are both complex

in nature, the basic butterfly operation indicated in (1)
requires ’4’ real multiplications and ’4’ real additions.
Rader and Brenner introduced the following sequence
[3]

cn = dn − dn−1 + qn, n = 0, · · · , N
2
− 1 (2)

where qn = 2/N
∑N

2
−1

m=0 dm It follows that (1) can be
rewritten as

A0 = B0 + C0, AN/2 = B0 − C0,

Ak = Bk −
j

2
csc

(
2πk
N

)
Ck, k 6= 0, N/2− 1 (3)

where Ck = DFTN/2{cn} and where csc(x) is the
cosecant of x. If we change the sign to plus in the
definition of cn, then the coefficient of Ck in (3) is
1
2sec(

2πk
N ) where sec(x) is the secant of x . In either
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case, equation (3) requires 2 real multiplications and
2 real additions. But this is at the expense of more
additions to find qn and cn from dn. Therefore total real
additions per stage will be 2N + N + 2N = 5N . The
real multiplications are given by N and the total flop
count is given by ∼ 6N log2N . The rest of the paper
is organized as follows: In section II we first present
DIF version of new FFT that requires ∼ 5N log2N
flops in subsection II-A. In subsection II-B we derive
the corresponding DIT FFT and in subsection II-C we
show that the flop count can be further reduced to
∼ 41

2N log2N . Notably this is the best known flop count
that can be achieved by a radix-2 FFT. We then present a
fixed-point implementation of Rader and Brenner’s FFT
based on the radix-2 FFTs developed in this paper which
has a lower NSR than the radix-2 Cooley-Tukey FFT in
Section III and conclusions are given in Section IV.

II. NEW FFT
In this section, we first derive a DIF FFT that requires

∼ 5N log2N flops. The corresponding DIT version is
also derived and the algorithm is further modified so
that the flop count is further reduced to ∼ 41

2N log2N .

A. Derivation of DIF version of New FFT
According to the principle of DIF-FFT, the even and

odd DFT coefficients are given by

A2k = DFTN
2
{an + an+N/2}, k = 0, · · · , N

2
− 1 (4)

A2k+1 = DFTN
2
{(an − an+N/2)Wn

N}, k = 0, · · · , N
2
− 1.(5)

To eliminate the complex multiplication factor from (5),
we define the sequence {cn} as

cn[1−W 2n
N +δ(n)] = {an−an+N/2}Wn

N , n = 0, · · · , N
2
−1.
(6)

Equation (6) can be simplified as

c0 = {a0 − aN/2} (7)

cn =
j

2
csc
(

2πn
N

)
{an+N/2 − an}, n = 1, · · · , N

2
− 1. (8)

Applying DFT on both sides of (6) we get

Ck − Ck+1 + c0 = A2k+1, k = 0, · · · , N
2
− 1. (9)

where
Ck = DFTN/2{cn}

and
DFTN/2{cnδ(n)} = c0.

Denote P (n,N) , − j
2 csc(2πn

N ), then the DIF computa-
tion for the new algorithm is schematically represented
for N = 16 in Figure.1.
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Fig. 1. The decomposition of the N -point DFT into two N/2-point
DFTs for new DIF radix-2 FFT algorithm for N = 16

1) Computation complexity for Real Multiplications:
The number of multiplications can be calculated from
(8). For each value of ’n’, ’2’ real multiplications are
needed and the total number of real multiplications
given two N/2 points DFTs is N − 2. Therefore the
total number of real multiplications for a N -point DFT,
M(N) is given by

M(N) = N − 2 + 2M
(
N

2

)
. (10)

Solving by repeated substitutions we have,

M(N) = N log2(N)− 3N + 2. (11)

2) Computation complexity for Real Additions: The
number of real additions, given two N/2 point DFTs, is
are calculated as follows:
• 2(N/2) real additions for evaluating (4) for n =

0, · · · , N2 − 1,
• 2(N/2+1) real additions for evaluating (6) for n =

0, · · · , N2 − 1,
• 4(N/2) real additions for evaluating (9) for n =

0, · · · , N2 − 1.
Let A(N) denote the total number of real additions for
computing a N point DFT. It follows that

A(N) = 4N + 2 + 2A
(
N

2

)
. (12)

Solving by repeated substitutions we have,

A(N) = 4N log2(N)− 2N − 2. (13)

The total flop count is then given by T (N) =
5N log2(N) − 5N . Importantly, the DIF version of the
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FFT presented in Subsection II-A require the same
number of computations (real adds + real multiplies) as
normal radix-2 DIT or DIF FFT while requiring lesser
number of multiplies. Also as compared to DIT version
of Rader and Brenner’s FFT the DIF version requires N
fewer real additions.

B. DIT version of New FFT

In this subsection we derive dual DIT version of the
DIF FFT presented in subsection II-A. The dual DIT
FFT for the DIF FFT of Section II is given by:

cn = dn − dn−1, n = 0, · · · , N
2
− 1. (14)

It follows that (3) is still valid with the exception that
C0, is defined as

C0 =

N

2
−1∑

n=0

cn (15)

The arithmetic complexity of this DIT FFT is again
T (N) = 5N log2(N) − 5N . Note that the difference
between Rader and Brenner’s FFT and our FFT is in
the computation of C0. In Rader and Brenner’s FFT
1
NC0 = q is added to all ci which requires 2N − 2 real
additions while in our version C0 is directly computed
as in (15) which requires N − 2 real additions.

C. Modified DIF version of New FFT

In this subsection we show that the computational
complexity can be reduced further. If we add c0 to (8)
for n = N

4 then

cN
4

= − j
2
csc(

π

2
){aN

4
− a3N/4}+ c0, (16)

and rest of the sequence {cn}, n = 0, · · · , N/4 −
1, N/4+1, · · · , N/2−1 is given by (7)-(8). Equation(9),
for this case, modifies to

A2k+1 =
{
Ck − Ck+1 + 2c0 k is even
Ck − Ck+1 otherwise

(17)

The DIF computation for the new algorithm is schemat-
ically represented for N = 16 in Figure 2. With this
substitution it is obvious that the number of real multi-
plications are same. However, N2 −2 fewer real additions
are required compared to the previous subsections i.e.
II-A, II-B. Accordingly, the number of real additions are
given by

A(N) =
7
2
N + 4 + 2A

(
N

2

)
. (18)
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Fig. 2. The decomposition of the N -point DFT into two N/2-point
DFTs for new DIF radix-2 FFT for N = 16.

Solving by repeated substitution we have,

A(N) =
7
2
N log2(N)− 1

2
N − 4. (19)

The total flop count is then given by T (N) =
41

2N log2(N) − 7
2N − 2. Importantly, the flop count of

this radix-2 FFT is less than other radix-2 FFTs including
standard DIT, DIF radix-2 FFTs. Note that the DIT
version for this modification can be similarly obtained
as in subsection II-A.

III. FIXED-POINT ANALYSIS OF NEW FFT

In this section we consider the fixed-point imple-
mentation of ‘real factor’ FFTs presented in section
II. An important parameter in the analysis of fixed-
point implementation is the noise-to-signal ratio (NSR)
[16], [17]. Note that the NSR of Cooley-Tukey FFT
is 4N2−2b, where b is the bit precision[16], [17]. The
NSR of Rader and Brenner’s algorithm is known to
be very poor because of the large values of csc

(
2πn
N

)
[3]. Accordingly we first modifiy the real-factor FFT for
fixed-point implementation in Subsection III-A and then
derive their NSR in Subsection III-B. Verification of the
desired NSR is then presented in Subsection III-C

A. A Real-factor FFT for fixed point implementation
To start with we modify (7) as

ĉ0 =
c0
2l

=
{a0 − aN/2}

2l
(20)

ĉn =
cn
2l

=

[
j csc

(
2πn
N

)
2l+1

]{
(an+N/2 − an)

}
,

n = 1, · · · , N
2
− 1. (21)
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where l is chosen such that csc
(

2π
N

)
≤ 2l+1. It follows

that
csc( 2πn

N )
2l+1 ≤ 1,∀n. This modification ensures that the

real multiplication factors are less than 1. The resulting
algorithm is not ill-conditioned as the magnitude of all
the twiddle factors is less than 1. Applying DFT on both
sides of (6) (with this modification) we get{

Ĉk − Ĉk+1 + ĉ0

}
2l = A2k+1, k = 0, · · · , N

2
− 1.

(22)
where

Ĉk = DFTN/2{ĉn}
and

DFTN/2{cnδ(n)} = c0.

The purely imaginary twidle factor is now given by
P (n,N) , − j

2l+1 csc(2πn
N ). A similar algorithm with

purely real twidle factors can be similarly developed.
Note that in both the cases 0 ≤ P (n,N) ≤ 1. The
advantage of the presented fixed-point algorithm can be
observed from (22) where in the effect of large values of
csc(θ) has been captured in l and the effective precision
at the output is l + b bits. In the next section we show
by deriving the NSR that this algorithm has effectively
converted the disadvantage of large twidle factors into
an advantage.

B. NSR of modified real-factor FFT

Following the procedure of calculating the NSR of
Cooley-Tukey [16], [17], the main source of noise in a
DFT or FFT calculation is the quantization noise which
is mainly required due to finite register lengths and is
associated with each real multiplication in the DFT/FFT
computation. Note that better and more accurate noise
models have been considered in literature [5]-[15], how-
ever the essence of these models is that other factors are
negligible.

Following [16], [17], the input signal is assumed to be
such that successive sequence values are uncorrelated i.e.
its a white signal with uniform amplitude distribution of
real and imaginary parts in the interval ( 1√

2
,− 1√

2
). For

convenience, it is further assumed that an is of infinite
precision, thus yielding the average signal power of an
as

E{an} =
1
3
. (23)

In fixed point arithmetic overflow has to be prevented
by scaling. If an overall scaling factor of 1/s is used,
then using Parseval’s theorem and the DFT equation, the
output signal power is given by [16], [17]

E{|Ask|2} =
N

3s2
. (24)

Now to avoid overflow in (20) and (21), the input an is
scaled by 1/2 at each stage. As the number of stages
is v = log2N , the total scaling is 1/N and the output
signal power is given by

E{|Ask|2} =
1

3N
. (25)

Note that there is no need of scaling in (22) as will be
discussed later. Similarly, the output noise power can be
estimated as follows; major part of the overall noise in
FFT computation will arise due to finite world length
effects which requires rounding off the results obtained
after multiplications. Now one butterfly of ‘real-factor’
FFT algorithm requires one complex-real multiplication
which in turn contains two real multiplications. More-
over, each real multiplication contributes a roundoff error
ε(n, k). To compute the variance of error in A′k, where
A′k = Ak + ε(n, k) we assume that:

1) The errors are uniformly distributed random vari-
ables over the range (−1/2)2−bto(1/2)2−b. There-
fore, each error source has variance σ2

b = 2−2b

12 .
2) The errors are uncorrelated with each other.
3) All the errors are uncorrelated with input and

consequently also with the output.
Overall noise variance at each (real-factor) butterfly can
then be written as,

σ2
B = 2σ2

b =
2−2b

6
. (26)

A more generalized model is given in [13] as σ2
b = β 2−2b

12
where 3 ≤ β ≤ 4. However, for simplicity, we assume
the model of (26). Now the mean-square magnitude
of the noise at each output node is the sum of the
contributions of each noise source (one per required
butterfly) while computing the output of that node. As
the scaling is assumed to be stage by stage, the noise
introduced at previous stages will be also be scaled along
with signal. Thus, noise sources introduced at different
stages in FFT will contribute different amount of noise
at the output.In a N -point FFT with v = log2(N) stages,
noise source originating at mth array will propagate to
the output with multiplication by

(
1
2

)v−m−1. Also, each
output node connects to 2v−m−1 butterflies and therefore
to 2v−m noise sources that originates at mth array. Thus
at each output node, the mean-square magnitude of the
noise is,

E{|Ank|2} = σ2
B

v−1∑
m=0

2v−m
(

1
2

)2(v−m−1)

= 4σ2
B

(
1− 1

2v

)
(27)
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Fig. 3. SQNR for Cooley-Tukey (CT) FFT and the modified ‘real-
factor’ (New) FFT for N = 64 and different wordlengths.

For large N , E{|Ank|2} ' 4σ2
B = 2

32−2b. The output
noise to signal ratio for the case of step-by-step scaling
(corresponding to k = N ) and white input can be
obtained as

E{|Ank|2}
E{|Ak|2}

= 2N2−2b. (28)

Note that no additional scaling is required for computing
(22). This can be seen from the fact that there is no
overflow in Ĉk, ∀k because of the stage by stage FFT
scaling. Also we know from the DFT equation that a
scaling of 1/N is sufficient for overflow in computation
of Ak [16], [17] which is obtained again because of
the stage by stage scaling. So it follows that as Ak is
computed in (22) there is no need of additional scaling.
It follows that real factor FFT’s have lower NSR as
compared to radix-2 Cooley-Tukey FFT.

C. Simulation results for Signal to Quantization Noise
Ratio (SQNR)

Figure 3 gives the SQNR simulation results for 64
point DFT for the Cooley Tukey (market as ‘CT’) FFT
algorithm and the ‘real-factor’ FFT (marked as ‘New’)
presented in this paper when the twiddle factor and input
word lengths vary from 8 to 32 bits. Observe that as
predicted by theoretical results the modified real-factor
FFT enjoys a 3 dB gain in terms of SQNR (Note that
SQNR is inverse of NSR).

IV. CONCLUSION

In this paper we have shown that the arithmetic
complexity of real-factor FFT’s is significantly less
than that of radix-2 Cooley Tukey FFT. We have also

shown that this FFT has a significant advantage as
compared to Cooley-Tukey FFT when it comes to fixed
point implementation as it has lower number of noise
sources (real multiplications) and hence lower NSR. This
algorithm is of practical importance as radix-2 FFTs
are generally preferred in ASIC implementation and
for software defined radio applications due to ease of
reconfigurability. Overall these factors are in favor of real
factor FFT’s. However, the disadvantage is additional
memory for storage of C0 for each stage (additional
memory access) but as the cost of memory decreases
this might not be significant.
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ABSTRACT
In this study, we address the problem of sparse train/test
data for in-set/out-of-set speaker recognition. Sparse en-
rollment data presents a unique challenge due to a lack of
acoustic space coverage. The proposed algorithm focuses
on filling acoustic holes and fortifying the acoustic infor-
mation using the claimed speaker’s test token histogram.
This scheme is possible by using a GMM model to classify
the speaker phone information at the feature level. Paral-
lel GMM training with EM using the most occurring (top)
and least occurring (bottom) acoustic feature is called “Top-
Down Bottom-Up (TDBU)”, and the method employing the
acoustic token histogram of test token using the TDBU is
called “TDBU using Test Token Histogram (TTH)”. Since
TTH provides test data histogram information, the most oc-
curred (top) parts in test data fortify the its discriminat-
ing ability using same acoustic tokens in enrollment data.
The less occurred (bottom) part in test data provide acous-
tic hole information so that the mismatched acoustic hole be-
tween enrollment and test data can be filled in chance. The
TDBU-TTH method is evaluated using telephone conversa-
tion speech from the FISHER corpus with 5 second train
sets. The TDBU-TTH improves on average 2.17% absolute
EER over the TDBU, and an average 4.03% absolute EER
improvement over GMM-UBM baseline using 2 second test
data. The proposed algorithm improvement is a noteworthy
stage to compensate for both sparse enrollment data and lim-
ited test data.

1. INTRODUCTION

In many scenarios, effective speaker recognition is necessary
with short enrollment utterances (5 second) and/or short test
utterances (2∼6 second). System performance degrades dra-
matically with such short enrollment/test data. In this study,
we focus on how to fill the acoustic sparseness using a for-
mulated acoustic token histogram information of the test data
and an acoustically close speakers’ data. The sparse en-
rollment data results in a unique challenge due to a lack of
acoustic phone coverage in the speaker space compared with
longer conversational speech data. Therefore, it is highly
probable that phoneme mismatch exists between the limited
trained acoustic space and input test sequence. We called this
phenomenon “acoustic holes” in the acoustic model space.
This work has focused on filling acoustic holes using sparse
train/test sets.

In-set/out-of-set problem consists of two main parts,

This project was funded by AFRL under a subcontract to RADC Inc.
under FA8750-09-C-0067.

closed-set speaker identification and open-set speaker veri-
fication. Speaker recognition can be applied in these search
applications by classifying the target group of speakers (in-
set) and the other non-interest speaker group (out-of-set)[3].
Audio search and speaker diarization is also useful applica-
tion of in-set/out-of-set for searching target speakers in fa-
mous speeches or news audio streams. The extended appli-
cation can be employed for identifying speakers in a multi-
speaker conversation, or for a system that grants security ac-
cess for a specific group in organizations.

Acoustic tokens can be transcribed along a temporal data
stream using a Speaker Independent GMM (S.I.GMM). The
GMM represents the most common characteristics of the
available speaker data[1, 2]. The goal here is to balance the
acoustic distribution of enrollment/test data for each in-set
speaker without knowledge of the input phoneme sequence.
The transcribed speaker’s acoustic phoneme-like segments
histogram provides the necessary knowledge of what needs
to be filled in the speaker model as acoustic holes. The pro-
posed system attempts to achieve a major speaker model im-
pact by employing an acoustic token histogram of the test
data(such a histogram matching scheme has not been at-
tempted in the literature for small enrollment data sets; yet
there is a parallel idea seen for large train/test sets based on
keyword codebooks[4]). If the test data is shorter than the
enrollment data, the proposed algorithm focuses on fortify-
ing the expected acoustic token in the test stage. Since the
input test stream is labeled the Gaussian mixture index using
the S.I. GMM as that used for the in-set train data, it is possi-
ble to balance the test data with the available in-set train data
and associated cohort speaker data. Therefore, it is not nec-
essary to fill the acoustic holes of the train space if the test
data is absent in those locations. For other cases, the longer
test data provides further information of acoustic coverage
than the enrollment data. A proposed parallel GMM train-
ing solution based on the EM algorithm using the data from
most occurring and least occurring acoustic features called
“Top-Down Bottom-Up (TDBU)” is developed. Also, em-
ploying the acoustic phoneme-like token histogram of the
test data using the TDBU is called “TDBU using Test Token
Histogram (TTH)”. This approach incorporates the acoustic
information of the test data so that the resulting model fills
the acoustic holes and fortifies the expecting acoustic tokens
using the parallel training strategy.

This paper is organized as follows. Sec. 2 explains the
baseline system for evaluating the proposed algorithm. Sec.
3 presents motivation and a detailed procedure for develop-
ing the proposed algorithm. Next, an evaluation and results
of the proposed algorithm is presented with a comparison to
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the baseline system in Sec. 4.2. Finally, conclusions and
future work is discussed in Sec. 5.

2. BASELINE SYSTEM

2.1 In-set/Out-of-set Speaker Recognition
Assume we are given a set of in-set (enrolled) speakers, and
an organized collected speaker data set Xn, corresponding to
each enrollment speaker Sn, 1 ≤ n ≤ Nin-set . Let the data X0
represent all outside non-enrolled speakers in the develop-
ment set. Each speaker dependent GMM Λn, {Λn ∈ Λ,1 ≤
n ≤ Nin-set}, can be constructed with Xn using the EM algo-
rithm. In the first stage, called (closed-set) speaker identi-
fication, we first classify X as one of the most likely in-set
speakers Λ∗,

Λ∗ = argmax
1≤n≤Nin-set

p(X|Λn).

In the second stage, called speaker verification, we verify
whether the observation X truly belongs to Λ∗ or not (i.e.,
accept/reject).

2.2 GMM-UBM Baseline
The most recognized text-independent system uses the Gaus-
sian Mixture Model (GMM) to represent the out-of-set model
for outliers (e.g. UBM), and to adapt a UBM to the speaker
in the in-set speaker model with Maximum A Posteriori
(MAP) estimation[1, 2]. A speaker model is represented by
M component Gaussians trained from the D dimensional ob-
servation vector xt sequence. A GMM is denoted as Λn =
(ωnm,µnm,Σnm), for m = 1, . . . ,M and n = 1, . . . ,N where
ωnm is the mixture weight of the mth component unimodal
Gaussian density, with each parameterized by a mean vector
µnm and covariance matrix Σnm, which is assumed diagonal.

2.3 GMM Mixture Tagging(GMT)
The short amount of data requires exploiting information
from acoustically similar speakers. Additionally, indexing
the short amount of data enables us to supervise the data
usage. A GMM is employed to classify the acoustic space
represented by each Gaussian. The GMM is built with de-
velopment and in-set speaker data using the EM algorithm,
so we call this the S.I. GMM. The speech observation tokens
are tagged with the highest probability mixture of the S.I.
GMM. The test observation tokens are also labeled with the
mixture index of S.I.GMM.

2.4 GMM-Cohort UBM Baseline
The speaker dependent model is built with MAP using only
mean adaptation from the UBM in Sec. 2.2, where the re-
sulting GMM represents a translation of the same Gaussian
mixture densities of the UBM. The acoustic holes caused
by sparse in-set data are effectively filled with the Cohort
UBM[3]. Since the cohort UBM is built with a reduced
number of speakers (5 speaker) versus the UBM develop-
ment speaker set (60 speaker), the resulting Gaussian mix-
ture density represents a more precise acoustic space for the
speaker phone information than the UBM. The cohort speak-
ers are selected from non overlapping with UBM develop-
ment speaker pool, the notation of cohort speaker’s observa-
tion sequence is defined by Xi,1 ≤ i ≤ Ncoh-dev. The in-set
training speaker’s data is defined with Xn,1 ≤ n ≤ Nin-set .
The speaker model using more cohort speaker data employs

more speaker traits, therefore the noble speaker measurement
are introduced below to select best speaker groups. Here,
the precise speaker similarity measure improves the overall
system[5].

A. Speaker Similarity Measure using KL divergence:
Step 1: Using GMT, build Mixture Tag (MTi) histogram of

short duration (5 s) available training data for each en-
rollment speaker.

Step 2: Select potential cohort data to match enrollment
speaker histogram from Step 1.
a) Use Mixture Tagger to tag mixture index for all data

for potential cohort speaker. (318 potential develop-
ment speakers)

b) Select mixture tagged frames from each potential co-
hort speaker data to match Mixture Tag histogram
from Step 1. (This ensures, consistent acoustic repre-
sentation for input speaker and each potential cohort
speaker.)

c) Move to Step 3 for training, Step 4 for distance mea-
surement.

Step 3: Build the GMM for enrollment and potential cohort
speakers.
a) Build GMM with EM algorithm for enrollment

speaker using 5 s data
b) Using data from each potential cohort speaker, that

has been matched to the Mixture Tag histogram, build
a GMM to test for cohort distance.

Step 4: Measure the distance between enrollment and po-
tential cohort speakers.
a) Find speaker distance between enrollment speaker

and potential cohort speakers.
b) Repeat for all development cohort speakers (318 in

our evaluation)
c) Select top number of cohort speakers so that closest

speakers are used first, and only Mixture Tag entries
that require hole filing data are used.

B. Build the GMM-Cohort UBM:
Step 1: Build the cohort GMM, Λcohort

n , with the EM al-
gorithm using the observation of top Ncohort speakers for
each in-set speaker model Λn. The system performance
using different cohort speaker is studied in [3].

Step 2: Using Λcohort
n as the initial model, adapt the speaker

model via MAP using in-set training data, Xn.

3. PROPOSED ALGORITHM

3.1 Motivation

A speaker recognition system with sparse enrollment data
will have a difficult time in decoding a valid speaker’s iden-
tity given extremely short test data 2 s. The acoustic space
of a 5 s in-set speaker’s data is too sparse to effectively cover
the entire in-set speaker acoustic space. Acoustic holes from
sparse enrollment data are filled by exploiting an acousti-
cally similar cohort speakers’ phoneme data[3]. A previ-
ously proposed system “TDBU”[5] enables us to exploit the
specific speaker’s acoustic information to fill acoustic holes.
The motivation for this study exploits test token histogram
information so that in-set speaker model balances for each
test data. For exceptionally short test data (2 s), the speaker
model should not misrecognize the phones, which have been
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trained for the enrollment stage. By providing test token his-
togram information, the speaker model can be robust by as-
signing more weights on most occurring Gaussian index of
test tokens. A longer test utterance (6 s) than the training
in-set data can take advantage of deciding which acoustic in-
formation is filled, or needs to be filled. The speaker model
emphasized by greater acoustic histogram information than
in-set train data can provide superior system performance.

The short test observation can be instantaneously catego-
rized and quantized by indexing the most probable Gaussian
mixture to represent that part of the acoustic space. Con-
sequently, the emphasis on speaker modeling using the test
speaker’s acoustic token histogram information results in a
better representation of the in-set speaker model for various
amount of test data sequence. Note, the only down-side of
this approach is that new in-set models need to be generated
on-the-fly for new input test set sequences(a small price con-
sidering the challenge in 2-6 s train/test sets).

3.2 Top-Down Bottom-Up Speaker Modeling using Test
Token Histogram (TTBU-TTH)
The parallel training of TDBU focuses on training the most
occurring (top) and least occurring (bottom) enrollment
data[5]. Based on enrollment acoustic histogram, the TDBU
builds top model for focusing own training data and bottom
model for filling acoustic holes . The major difference in
using TTH is that it employs the acoustic token histogram
information of the test data. Since TTH provides test data
histogram information, the most occurring parts in the test
data fortify its discriminating ability using the same acoustic
phoneme-like tags as in the enrollment data. The least occur-
ring part in the test data provides acoustic hole information so
mismatched acoustic holes between enrollment and test data
can be filled. The speaker similarity measure was illustrated
in Sec. 2.4,and the most acoustically similar set of speak-
ers for each enrollment speaker n, 1 ≤ n ≤ N are selected
for each enrollment speaker. Finally, the overall procedure to
build the in-set speaker model is summarized as follows:
Step 1: Tagging mixture index on claimant’s feature obser-

vation (GMT, Sec. 2.3), make a histogram by counting
the most frequently occurring acoustic tokens (Top) and
the least occurring classes (Bottom).

Step 2: Select cohorts data to match histogram for both
classes.

Step 3: Construct cohort GMMs using EM algorithm as
Λtop-cohort

n and Λbottom-cohort
n for each enrolled speaker n.

Do a speaker adaptation from initial model, Λtop-cohort
n

and Λbottom-cohort
n , to construct the enrolled speaker model

Λtop
n and Λbottom

n with the corresponding top and bottom
speaker data using MAP algorithm.

Step 4: Combine Λtop
n and Λbottom

n to build the final enroll-
ment speaker model.

4. EXPERIMENTAL RESULTS

4.1 FISHER Corpus
An evaluation is performed for in-set/out-of-set speaker
recognition with the telephone conversation corpus portion
of FISHER. This corpus is selected for minimizing the chan-
nel mismatch so that this study focuses on filling acoustic
holes using extreme sparse train(5 s)/test(2∼6 s) data. A se-
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Figure 1: Block diagram of TDBU-TTH. Each step is de-
scribed in Section 3.2

lected set of 60 speakers comprise the in-set and out-of-set
speakers. We make three different groups of in-set/out-of-set
speakers to evaluate group size, 15in/45out, 30in/30out, and
45in/15out. As the in-set size becomes larger, the increas-
ing confusability between in-set group causes worse system
performance than smaller in-set group. All 60 speakers are
devoted to the in-set or out-of-set groups, with 50 randomly
chosen combinations for three different groups. A second,
independent development set consists of 378 speakers hav-
ing 30 s of speech data. These speakers are to be used to
draw potential cohort data to fill acoustic holes. The analysis
window size is set to 20 ms with a 10 ms skip rate. Static
19-dimension Mel-Frequency Cepstral Coefficients (MFCC)
are extracted and used for statistical modeling. Silence and
low-energy speech parts are removed using an energy based
detection technique.

4.2 Evaluations
4.2.1 Baseline System

Each in-set speaker model consists of 32 mixtures represent-
ing the short 5 s training data. The parameters for build-
ing GMM are set equal to every speaker model and train-
ing algorithm. The UBM model will reflect the out-of-set
speaker model or outlier, and it built with 60 randomly se-

574



lected speakers from among the 378 speaker development
set. The remaining 318 speakers are used to represent po-
tential cohort speaker pool to fill acoustic holes for the in-set
speaker, and we note that this 318 speaker set does not over-
lap with the 60 speakers used for the UBM. The top 5 cohort
speakers are selected from across all potential GMM-Cohort
UBM Baseline ,TDBU, and TDBU-TTH system. With these
selected cohort speakers, each in-set speaker cohort model
is built with 150 s of data (1 development/cohort speaker ≈
30 s). This cohort model is then adapted with the 5 s in-set
training data via the MAP algorithm.

TDBU is first introduced in a previous study[5], and the
present TDBU-TTH training method was presented in Sec.
3.2. The primary difference is that the 5 s training data his-
togram is used to rank the mixture tagged data, as opposed to
using the test data histogram. Table 1 shows that the TDBU-
TTH improves in-set speaker recognition EER by an average
2.17% absolute over the TDBU, and an average 4.03% abso-
lute EER over the GMM-UBM Baseline system using only
2 s of test data. The impact of test histogram information is
superior than TDBU and baseline system.

Table 1: EER(%) performance comparison using 2s test data.
EER

15in/45out 30in/30out 45in/15out

GMM-UBM Baseline 30.62 31.27 31.55
GMM-Cohort UBM Baseline 32.96 32.10 30.43
TDBU 26.71 29.13 32.02
TDBU-TTH 25.27 26.77 29.30

4.2.2 TDBU-TTH

The proposed TDBU-TTH algorithm employs a cohort
speaker group of 5 speakers, the same size used for the
GMM-Cohort Baseline system. The most occurring (top)
and least occurring (bottom) GMM mixture size was fixed
at 16 based on heuristic results. The top/bottom GMM
is build with supervised data usage depending on test to-
ken histogram. The combined weight ratio is set to 7:3
for the top and bottom GMM speaker model for renormal-
ization of overall score weights. The final speaker model
combines the top model (fortifying expecting test tokens for
training model) and the bottom model (harvesting expect-
ing acoustic hole tokens). By supplying the mixture tagged
test data histogram information, the system performance im-
proves EER on average 2.34% over TDBU for 2 and 6 s
test data. Fig.2 shows that the equal error rate is reduced by
between 2.2%∼6.49% absolute over the GMM-UBM Base-
line. Fig.2 also points that a smaller in-set group tends to
produce a lower equal error rate. The large in-set group in-
cludes more speaker traits into group so unknown speaker
or outliers would become a false acceptance speaker. This
fact increases the EER in larger in-set group. In summary,
the proposed method impacts system performance by focus-
ing the expected acoustic information, and harvesting unseen
acoustic knowledge collected at the feature frame level from
test data.

5. CONCLUSIONS AND FUTURE WORK

In this study, we have developed a novel strategy to ensure an
improved data training balance for an in-set speaker model
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Figure 2: Performance (in terms of EER(%)) of baseline
and proposed algorithm on FISHER, using in-set/out-of-set
speaker sizes of 15/45, 30/30 and 45/15.

using the expected acoustic information from an acoustic to-
ken histogram of 2 s test data. The TDBU-TTH strategy im-
proves acoustic hole filling, resulting from the limited in-set
speaker data. Evaluations were performed using the “land-
line telephone channel” from the FISHER corpus to avoid
handset variation, and focus on acoustic hole filling. The pro-
posed TDBU-TTH training method improves in-set speaker
recognition EER by 2.2∼6.49% absolute with only 2∼6 s of
test data. Future work could consider expanding the method
to normalize for handset variation effect from the FISHER
corpus so that cohort speakers can be selected from any cor-
pus.
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ABSTRACT

T-normalization is a widely used method for normalizing the
scores in a speaker verification system in order to reduce
undesirable variation arising from acoustically mismatched
conditions. In this paper we propose a particular form of T-
normalization using iterative normalization of confusion ma-
trix generated from impostor trials for each client speaker.
The normalized confusion matrix along with a simple dis-
tance metric is then used to select a cohort set based on
similarity modeling for each client speaker. The normal-
ization statistics thus computed from this cohort set is used
for both impostor and claimant scoring. Experiments on
the NIST 2004 SRE data demonstrate reasonable improve-
ments in terms of the equal error rate(EER) computed from
the detection error trade(DET) curves, when compared to the
baseline GMM-UBM schemes. Encouraging improvements
in terms of DCF over the general T-normalization schemes
are also illustrated for 8C-1C and 1C-1C conversation condi-
tions.

1. INTRODUCTION

Speaker verification [1], is a task of identifying whether an
unknown speech utterance was uttered by a claimed speaker
or not. The general approach used in the speaker verifica-
tion system is to apply a likelihood ratio test to an input ut-
terance to determine if the test claimed speaker is accepted
or rejected. The likelihood ratio essentially measures how
much better claimant model scores for the test utterances
compared to some non claimant model. The decision thresh-
old is then set to adjust the trade off between rejecting true
claimant utterances(false rejection errors) and accepting non
claimant utterances(false acceptance errors). An important
issue in the statistical approaches to speaker verification is
that of score normalization which is used to reduce envi-
ronmental and variability effects on the verification decision.
Hence finding an optimal strategy for classification and score
normalization is a significant problem in speaker verification
systems. Both offline [2], and on line [3], methods have been
used earlier for impostor cohort set selection for further use
in the T-normalization process. In this paper we propose an
approach which uses normalized confusion matrices for each
claimant speaker which is herein called the client speaker.
For each client speaker a normalized confusion matrix is gen-
erated using the iterative proportional fitting (IPF) procedure
[4], in multiple passes. A simple distance metric [5], is then
applied on the confusion matrix at each pass to find the most
similar set of impostors to the client speaker. Once the most
similar set of speakers are found, the initial (conventional)

cohort model set is pruned based on the selected number
of impostor speakers. Only these set of cohort models are
then used in computing the statistics for T-normalization of
claimant and impostor scores during the final testing phase.
We first briefly discuss the issue of score normalization in
speaker verification. We then propose the overview of the
new approach of selecting the cohort set to be used in the
final T-normalization process. This is followed by a discus-
sion on the use of IPF based normalized confusion matrices
for each client speaker to come up with the pruned cohort
set. Speaker verification experiments conducted on the NIST
2004 SRE data [6], are then discussed. Reasonable improve-
ments over the conventional GMM-UBM modeling and the
existing T-normalization methods are also illustrated as DET
curves [7]. The results are further substantiated using equal
error rate (EER) and decision cost functions (DCF) on the
8C-1C and 1C-1C conversation sides of the NIST 2004 SRE
corpus. A Bayesian interpretation of the proposed approach
is also described in Appendix I.

2. SCORE NORMALIZATION TECHNIQUES

The GMM-UBM system [1], is a likelihood-ratio detector in
which the likelihood ratio is computed for an unknown test
utteranceYtest between a speaker-independent acoustic distri-
bution (UBM) and a speaker-dependent acoustic distribution
i.e client (claimed) speaker S. The general block diagram of
speaker verification system illustrating score normalization
is shown in figure1. Score normalization technique is used to

Figure 1: Block diagram of a speaker verification system il-
lustrating score normalization.

normalize the log likelihood ratio score for a test utterance Y
and target model S as

LLR(Ytest ,S)norm =
LLR(Ytest ,S)− μ

σ
(1)
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Figure 2: Block diagram illustrating the proposed client-wise cohort selection and normalization (CWCS-NORM) method.

where (μ) is the mean and (σ) is the standard deviation as
computed from the cohort models. Different score normal-
ization techniques can be performed either with respect to the
speaker model or with respect to the test data. Techniques
like Z-NORM and T-NORM [2] are widely used in this con-
text. While T-norm sets use some broad speaker-specific in-
formation, data driven T-norm selection approaches have re-
ceived little attention. We therefore propose an approach to
cohort set selection for score normalization which is essen-
tially data driven albeit by the use of normalized confusion
matrix for each speaker. The discussion on the development
of this approach for client-wise cohort set selection for T-
normalization ensues in the following Section.

3. ON LINE CLIENT-WISE COHORT SET
SELECTION USING NORMALIZED CONFUSION

MATRICES

In this Section, we present an overview of the proposed tech-
nique for the on line selection of the cohort set for each client
speaker. In this approach we select different set of cohort
models for each client speaker model. Note that we are us-
ing the term client model in place of claimed or hypothesized
model as is generally used in speaker verification terminol-
ogy. If the cohort models are chosen during the test phase
(on line), the selected speakers will be more meaningfully
similar depending on the test utterance. This leads to a more
efficient score normalization when compared to conventional
offline T-norm score normalization using a fixed set of im-
postor models for all test utterances. The block diagram il-
lustrating the selection of cohort models using the proposed
approach is shown in Figure 2. In order to select the best
cohort models for each client speaker we start with the im-
postor trials of each client speaker and test it against all the
cohort models. A confusion matrix is generated and normal-
ized using the iterative proportional fitting procedure (IPF)
[4], which is described in detail in the succeeding Section. A
simple distance metric is used in multiple passes to select the
most closest impostor cohort set until convergence in terms
of a adaptive threshold is met. After the selection, each client
model will have its own set of cohort models for each target
speaker. This on line cohort set selection method for each
client speaker leads to better system performance compared

to conventional cohort model selection which do not perform
any similarity modeling and use the same cohort set for all
test utterances.

3.1 Normalizing Confusion Matrices via iterative pro-
portional fitting

In this Section we describe the use of confusion matrices for
selecting the most similar cohort set of models each client
speaker. A confusion matrix lists the values for known types
of the reference data in the columns and for the classified
data in the rows. The columns indicate actual data of the
reference classes while rows indicate the classifications that
result from using a specific classifier. The main diagonal of
the matrix lists the correctly classified data. The Table1, rep-
resents a 3x3 confusion matrix for the classes A,B, and C. In
case of finding the best cohort set for each target speaker, the
confusion matrix is the client models versus the cohort mod-
els. From the table1 we observe that the cell entries need to

A B C
A 6 2 1
B 1 7 1
C 2 2 5

Table 1: An example of a 3x3 confusion matrix.

be converted to probability values to make it more convenient
to compare each cell value irrespective of the number of test
examples used to derive the confusion matrix. The process
of normalization will balance each cell value in the matrix by
its corresponding row and column. This will ensure that both
the cross classification errors and the row-column ambiguity
are taken care of unlike conventional approaches. Iterative
Proportional Fitting (IPF) [4] algorithm, can be used to nor-
malize the confusion matrices, by estimating cell probabili-
ties in a confusion matrix by forcing each row and column
sum to one. Suppose there are ni j > 0 observations in a con-
fusion matrix(r× c), where

r

∑
i=1

c

∑
j=1

ni j = n. (2)
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The cell probabilities are estimated by minimizing the fol-
lowing criterion

r

∑
i=1

c

∑
j=1

(ni j − npi j)
2/ni j (3)

assuming the following fixed marginal totals.

pi+ =
c

∑
j=1

pi j(i = 1,2, ....,r) (4)

p+ j =
r

∑
i=1

pi j( j = 1,2, ....,c) (5)

where pi+ = 1 and p+ j = 1. An involved discussion on the
IPF procedure can be found in [4]. To illustrate IPF, we
consider an example normalized confusion matrix of three
classes (A,B, and C) as shown in Table 2. From Table 2 it

A B C
A 0.6771 0.1314 0.1925
B 0.1685 0.6875 0.1439
C 0.1554 0.1811 0.6635

Table 2: An example normalized confusion matrix computed
using IPF.

can be noted that IPF alleviates the differences in test exam-
ples and also makes the off diagonal values more indicative
of the cross classification errors.

3.2 Cohort set selection using a distance metric

In order to compute the cohort set from normalized confu-
sion matrices a distance metric that quantifies the similarity
in terms of the cell probabilities values is required. The L1
distance measure [5] is used in our work. The L1 distance
measure totals the absolute differences of corresponding co-
ordinate values between two vectors (rows), then takes a pair
wise similarity between all pairs of classes to prepare a upper
triangular matrix, called the incidence matrix.

L1i j =
c

∑
k=1

abs(aik − a jk); i ∕= j;

L1i, j = 0; i ≥ j

where 1 ≤ i ≤ r,1 ≤ j ≤ c and L1i j are the elements in in-
cidence matrix L1. L1i j = 0: i ≥ j to get a upper triangu-
lar incidence matrix. The incidence matrix for L1 measure
using the normalized confusion matrix in Table 2 is. The

0.0000 1.1124 1.0415
0.0000 0.0000 1.0392
0.0000 0.0000 0.0000

Table 3: Incidence matrix corresponding to the normalized
confusion matrix in Table 2 using the L1 distance measure.

confusion matrices in conjunction with the distance metric is
used in multiple passes if necessary to find a cohort set for
each client speaker. Fixing the small fractional probability

threshold is completely data driven and is based on a conver-
gence measure in terms of the cell probability values. It must
be noted here that the row wise candidates of the confusion
matrix are the claimed identities. Hence the possibility of
pruning one closest speaker in the selection of the cohort set
is possible. However possiblitiy of such errors are larger in
other on line cohort set selection [3], techniques.

4. PERFORMANCE EVALUATION

The baseline GMM-UBM system used in the speaker ver-
ification experiments has already been illustrated in Figure
1 A Gaussian mixture model (GMM) is trained using pool-
ing data from many different speakers to create a univer-
sal background model(UBM). The target speaker models are
trained by maximum a posteriori(MAP) adaptation of the
background model to the training data. For a given test
sample, the accumulated and averaged log likelihood ratio
for the target model and the background model is used as a
score. The features used for the experiments in this system
are the thirteen dimensional Mel frequency cepstral coeffi-
cients (MFCCs), without the zeroth order coefficient, and ap-
pended with velocity and acceleration coefficient’s, resulting
in thirty nine dimensional feature vectors. The features are
modeled by 512 mixture component GMMs. Only the GMM
means are adapted to the observed data. The cohort models
are also trained in a similar manner as the target models for
a set of impostor models. In following Section, we describe
the NIST 2002 SRE one-speaker detection task data corpus
and NIST 2004 SRE Mixer data corpus used to carry out the
speaker verification experiments.

4.1 Organization of the NIST 2002 and 2004 data sets
for performance evaluation

Two data sets are used in this work. The first data set corre-
sponds to the one-speaker limited data detection task of the
NIST SRE 2002. This database consists of 191 female and
139 male speakers. The data is recorded using the Switch-
board methodology and consists of excerpts from cellular
telephone conversations. The second evaluation database
used is the NIST 2004 SRE Mixture data corpus. Of the
many conditions evaluated there [6], we will focus on the 8C-
1C and 1C-1C conversation side conditions. In these condi-
tions the test segments contained a whole speaker conversa-
tion side, and the model training material consisted of either
one conversation side (of approximately 5 minutes) or 8 con-
versation sides, respectively. The data is part of the MIXER
data corpus. The evaluation contains different languages and
includes many trials for which the training and testing ma-
terial consists of different languages. Also, there is a great
variation in handset and channel type within the database.
NIST 2002 SRE data was used for training the background
models. For evaluation purposes NIST SRE 2004 data has
been used. The SRE 2004 data was split as per gender in
two separate groups of speakers. The selection of speak-
ers was random. The first split was used for computing T-
normalization statistics. The second split was used for client
model training and also for testing. The UBM model was
trained from the female subset of the NIST 2002 SRE one-
speaker limited data set. It is modeled by a GMM with 512
mixtures. Ten iterations were sufficient for parameter con-
vergence. T-normalization models were trained using one
set of NIST 2004 female SRE data set. The T-normalization
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models are adapted using utterances from T-normalization
speakers in a similar manner as is done with the client mod-
els. In our training and testing phases the NIST 2004 SRE
1C-1C and 8C-1C training/testing female conversation side
condition set served as the data set. The client models were
built by doing MAP adaptation on the UBM.

4.2 Experimental Results

Experiments on the NIST 2004 SRE data for speaker verifi-
cation are conducted using four methods
∙ The GMM-UBM method (GMM-UBM) : In this method

the conventional GMM-UBM method of speaker verifi-
cation is used.

∙ The client-wise hypothesized set method (CWHS) : In
this method we replace the hypothesized speaker model
by a client-wise hypothesized (CWHS) model. This
CWHS model is trained using the most similar speak-
ers as computed from the normalized confusion matrix
method as described earlier in Section 3.

∙ The CWHS followed by T-normalization method (T-
NORM) : This method follows the CWHS approach fol-
lowed by the T-normalization method.

∙ The client-wise cohort set selection followed by T-
normalization method (CWCS-NORM) : In this method
we use the aforementioned client-wise cohort set selec-
tion method followed by T-normalization. Note that a
common set cohort set is not used for score normalization
(T-NORM) as is done in conventional T-normalization
schemes.

The experimental results obtained with the four methods are
given as detection error trade off (DET) curves and also il-
lustrated in terms of the decision cost function (DCF). The
detection error trade-off (DET) plots for the NIST 2004 SRE
for the 8-conversation side training with 1 conversation side
test (8C-1C) condition is shown in Figure 3. Similarly the

Figure 3: DET plots for the NIST speaker-recognition eval-
uations for the 8-conversation-side training condition with 1
conversation side test for all the four methods used for com-
parison.

DET plots for 1-conversation side training condition with

Figure 4: DET plot for the NIST speaker-recognition eval-
uations for the 1-conversation-side training condition with 1
conversation side test.

1-conversation side test(1C-1C) condition is shown in Fig-
ure 4. From Figures 3 and 4, we observe from the DET
curves that the proposed CWCS-NORM method shows rea-
sonable improvements in both the 8C-1C and 1C-1C con-
ditions. In Figures 5 and figure6, the corresponding equal
error rate (EER) and decision cost function (DCF) values for
all the four methods under consideration are illustrated. It

Figure 5: Bar chart of the EER for 1C/1C and 8C/1C condi-
tions on the NIST 2004 SRE data.

can be observed that the proposed CWCS-NORM method
gives consistently reasonable improvements over other meth-
ods in terms of both EER and the DCF. It can also be noted
that the conventional T-NORM method displays characteris-
tic improvement in the low false-alarm region and nominal
gain at the EER point over CWHS. In contrast, the CWCS-
NORM method shows improvement across the entire false
alarm region when compared with all the other methods.
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Figure 6: Bar chart of the DCF for 1C/1C and 8C/1C condi-
tions on the NIST 2004 SRE data.

5. CONCLUSION

In this paper a new approach to cohort model selection de-
pending on the claimed or client speaker is presented. The
advantage of this approach is that the same set of cohort mod-
els are not used for all test utterances. This approach is also
on line i.e, the cohort set is selected based on the test utter-
ance. The primary contribution of this work is also a new
method of similarity modeling via the iterative use of nor-
malized confusion matrices. The experimental results on the
NIST 2004 SRE data are encouraging. A Bayesian inter-
pretation of the approach is also presented in Appendix I, to
illustrate the motivation for the use of confusion matrices in a
a multi pass fashion. We are currently working on improving
the real time performance of the proposed approach.

6. APPENDIX I :
BAYESIAN INTERPRETATION OF THE PROPOSED

SIMILARITY MODELING FOR COHORT SET
SELECTION

Similarity modeling can be used to select the best cohort
set for each client speaker involves selecting the the co-
hort models that are closest to the test utterance in ques-
tion. This can be viewed as a classification problem. Us-
ing a Bayesian approach for this problem one can proceed
as follows. Let ωl , l = 1, ..,N be the N classes in the clas-
sification problem. Assuming Cm,m = 1, ..,L, denote the
classes in the initial classification pass where L < N, the ini-
tial classes Cm form a partition of the original classes ωl , as
Cm = [ωm1,ωm2, ..,ωmk] and the classes Cm are mutually dis-
joint. A diagrammatic illustration of this is shown in Figure
7. When a Bayesian classifier is used, we start by computing
class likelihood given the feature vector X as

P(ωl ∣ X) =
L

∑
m=1

P(ωl ,Cm ∣ X) (6)

Applying Bayes rule on Equation 6 reduces it to

P(ωl ∣ X) =
L

∑
m=1

P(X ∣Cm)P(Cm)

P(X)
(P(ωl ∣Cm,X)) (7)

Figure 7: Illustration of the similarity modeling approach for
cohort set selection.

Further assuming that ωl ∈Ci,

P(ωl ∣Cm,X) =

{
0; m ∕= i

p, p > 0; m = i

}

This assumption also implies that the first pass has to be de-
signed to be robust. With this assumption

P(ωl ∣ X) = P(X ∣Ci)P(Ci)
P(X) (P(ωl ∣Ci,X)) (8)

= P(X ∣Ci)P(Ci)
P(X)

P(X ∣ωl ,Ci)P(ωl ∣Ci)
P(X ∣Ci)

(9)

Note that we have made successive use of Bayes rule and as-
sumption that once the classification decision on Ci is made,
the finer classification decides on wl . Further once Ci is de-
cided during the first pass, the finer classification on wl re-
quires computing

P(X ∣ ωl ,Ci)P(ωl ∣Ci) (10)

This ensures that if the first pass classification is assumed to
be robust, the next pass has the advantage of working with
smaller and manageable class sizes.
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ABSTRACT
This paper presents a new multimodal approach to speaker
diarization of TV show data. We hypothesize that the intra-
speaker variation in visual information might be less than
that in the corresponding acoustic information and therefore
might be better suited to the task of speaker model initialisa-
tion. This is an acknowledged weakness of the computation-
ally efficient top-down approach to speaker diarization that
is used here. Experimental results show that a recently pro-
posed approach to purification and the new multimodal ap-
proach to initialisation together deliver 22% and 17% relative
improvements in diarization performance over the baseline
system on independent development and evaluation datasets
respectively.

1. INTRODUCTION

Speaker diarization is now a main-stream speech processing
research topic and involves determining the number of speak-
ers in an audio document and the intervals when each speaker
is active, a task otherwise referred to as ‘who spoke when?’
Among other previously popular domains of telephone con-
versations and broadcast news, it is today that of conference
meetings which is widely considered to be the most challeng-
ing and accordingly attracts the most attention. Conference
meetings are also the focus of the internationally competitive
NIST Rich Transcription (RT) evaluations [1]. Among other
specific attributes, the highly spontaneous nature of meetings
pose several challenges to speaker diarization systems, many
of which remain problematic, e.g. the detection of overlap-
ping speech and effective system combination strategies.

Since the focus on conference meeting data has some-
what of a narrow application domain, researchers are already
looking to new opportunities. Speaker diarization has utility
in any application where multiple speakers may be expected
and, with the mass of multimedia information now available,
it is arguably for speaker indexing and content structuring
that speaker diarization has the greatest potential.

In recent months we have started some activities in
speaker diarization for mainstream multimedia data and,
due to the immediate availability of the ‘Grand Échiquier’
database1, we have thus far focused our efforts on broad-
cast television (TV) talk-shows. The application of speaker
diarization to new domains is notoriously troublesome and it
is common for systems that are optimised on one domain to
perform poorly when applied without modification to differ-
ent data. This recent experience has proved no different and

1Distributed by the French Institut National de l’Audiovisuel (INA)
www.ina-sup.com/en/

the performance of our baseline system, that is optimised for
conference meeting data, performs poorly when applied to
TV show data.

The TV show data considered here contains far more
speakers than do typical conference meetings, a greater
spread of speaker floor time and more rapid speaker turns. It
can thus prove quite difficult to detect speakers and therefore
to initialise speaker models. Initialisation is a well known
weakness of top-down approaches to speaker diarization;
[2, 3] bottom-up approaches are arguably better suited to this
particular task. However, the top-down approach is particu-
larly computationally efficient and it is therefore of interest
to improve its robustness for large scale applications such as
indexing and content structuring.

A large volume of data in such tasks is multimodal yet
traditional approaches to speaker diarization exploit only
acoustic information. Some earlier work investigated the
utilisation of visual information for speaker diarization but
most of it focuses on conference meeting data, e.g. [4], which
utilised a standard bottom-up approach to speaker diariza-
tion and [5], which used BIC-based segmentation and graph
spectral partitioning for clustering. To our knowledge, none
of the existing work has involved top-down approaches. This
paper therefore reports the first attempt to utilise visual in-
formation to improve performance in a top-down approach
to speaker diarization for large scale multimedia tasks. Due
to the weaknesses of top-down approaches, in this first at-
tempt, we concentrate on utilising visual features only at the
initialisation level.

The remainder of this paper is organised as follows. Sec-
tion 2 gives brief details of the multimodal database on which
we report experimental results and discusses the differences
between it and typical conference meeting recordings. Sec-
tion 3 describes our baseline diarization system and the mod-
ifications which were necessary in order to apply it success-
fully to the new database. Section 4 describes how visual
features are utilised and our experimental work to assess their
benefit is reported in Section 5. Finally, our conclusions are
presented in Section 6.

2. TV SHOWS VS MEETINGS

The baseline speaker diarization system used in this work
was developed for the conference meeting domain, which
is the focus of current NIST RT evaluations. In this pa-
per we report experiments on a corpus comprised of over 50
French-language, ‘Grand Échiquier’ (GE) TV talk-show pro-
grammes from the 1970-80s. Each show focuses on a main
guest, and other supporting guests, who are both interviewed
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by a host presenter. The interviews are punctuated with film
excerpts, live music and other performances. The database
presents numerous characteristics and challenges that have
made it popular among both national and European multi-
media research projects, e.g. the European K-Space network
of excellence [6].

The speaker diarization of such data is especially chal-
lenging and there are numerous differences between confer-
ence meetings and TV shows. Among the most obvious
are those related to recording quality. Meetings are gener-
ally recorded using distant wall-mounted or desktop micro-
phones. The distances between speakers and microphones
can vary greatly and may change throughout the recording if
speakers turn their heads or move around the meeting room.
In contrast, TV shows are usually recorded with high-quality
boom and/or lapel microphones and therefore the signal-to-
noise ratio is often much better than it is for meeting record-
ings.

The better audio quality of TV shows should be to our
advantage. However, perhaps surprisingly, and as we explain
later, speech activity detection tends to be more challenging
for TV shows than it is for meetings. In TV shows, aside
from the presence of film excerpts, live music, audience ap-
plause and laughter, silences during speaker turns can be very
short or almost negligible. Compared to meetings, where
speakers often pause to collect their thoughts or to reflect
before responding to a question, TV show speech tends to
be more fluent and sometimes almost scripted. This is per-
haps due to the fact that the main themes and discussions are
prepared in advance and known by the speakers.

Quantitative differences between TV shows and confer-
ence meetings are summarised in Table 1 which illustrates
various statistics (column 1) for 7 TV shows (column 2) from
the GE database, which have thus far been annotated accord-
ing to standard NIST RT protocols [1], and the 7 conference
meetings from the NIST RT‘09 dataset (column 3). The av-
erage show length for the GE and RT‘09 dataset is 147 min-
utes and 25 minutes respectively. On average there are 50
minutes (GE) and 13 minutes (RT‘09) of speech per show
(i.e. with noise and music removed). In the GE dataset there
are an average of 1033 speech segments per show with an av-
erage length of 3 seconds (cf. 882 segments with an average
length of 2 seconds for the RT‘09 dataset). There are also
differences in the amount of overlapping speech (averages of
5 minutes cf. 3 minutes per show). As a fraction of the av-
erage speech time the percentage of overlapping speech in
each case is 10% (GE) and 23% (RT‘09) and thus there is
less overlapping speech in the GE dataset than there is in the
RT‘09 dataset.

Finally, we consider differences in speaker statistics.
Also illustrated in Table 1 are the average number of speak-
ers and the average floor time for the most and least active
speakers in each show. On average there are 13 speakers
per TV show and only 5 speakers per conference meeting.
This might be expected given the longer average length of
TV shows. Given a larger number of speakers we can expect
a smaller average inter-speaker difference than for meetings
and hence increased difficulties in speaker diarization. Fur-
thermore, we see that the spread in floor time is much greater
for the GE dataset than it is for the RT‘09 dataset. The
average speaking time for the most active speaker is 1476
seconds for the GE dataset (cf. 535 seconds for RT‘09) and
corresponds to the host presenter in each case. The average

Attribute GE NIST RT‘09
No. of shows 7 7
Evaluation time 147 min. 25 min.
Total speech 50 min. 13 min.
No. of segments 1033 882
Av. segment length 3 sec. 2 sec.
Overlap 5 min. 3 min.
No. speakers 13 5

most active 1476 sec. 535 sec.
least active 7 sec. 146 sec.

Table 1: A comparison of Grand Échiquier (GE) and NIST RT‘09
database characteristics.

speaking time for the least active speaker is only 7 seconds
(cf. 146 seconds for RT‘09) and corresponds to one of the mi-
nor supporting guests. Speakers with such little data are ex-
tremely difficult to detect and thus this aspect of the TV show
dataset is likely to pose significant difficulties for speaker di-
arization even if, according to standard NIST protocols, each
speaker’s contribution to the diarization performance metric
is time weighted. Furthermore, the presence of one or two
dominant speakers means that lesser active speakers will be
comparatively harder to detect, even if they too have a sig-
nificant floor time.

Even if there is less overlapping speech the nature of
TV shows thus presents unique challenges not seen in meet-
ing data: the presence of music and other background non-
speech sounds, shorter pauses, a greater spread in speaker
floor time and more speakers. These issues are likely to ex-
acerbate weaknesses with initialisation and thus we seek to
improve performance by utilising video features.

3. SYSTEM DESCRIPTION

In this section we describe a baseline top-down speaker di-
arization system and then some modifications which are nec-
essary so that it may be applied successfully to TV show data.
The system described here is audio-only. A multimodal ap-
proach is described later in Section 4.

The baseline diarization system adopted here is that of
LIA-EURECOM’s submission [2] to the NIST RT‘09 eval-
uation [1]. Developed by LIA, the system is based upon
an evolutive hidden Markov model (E-HMM) [7] approach
to speaker diarization where states correspond to speak-
ers and transitions between states correspond to speaker
turns. Speakers are modelled with Gaussian mixture mod-
els (GMMs). A full description of the system is available
in [2] and accordingly only a brief system summary is re-
ported here. The system is composed of four stages, each
one of which is summarised below with a recently introduced
purification stage [3].

Speech activity detection (SAD) is the first step and is per-
formed by alignment to a 2-state HMM with speech and non-
speech models. Several iterations of decoding and adapta-
tion are performed and produce the speech/non-speech labels
which are used in subsequent stages.

Segmentation and clustering aims to identify the speakers
and when each of them is active. First, a general GMM
model is fitted to all the speech available in the recording
with an expectation maximisation (EM) algorithm. A new
speaker is then identified with the selection of single segment
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currently assigned to the general GMM and a new speaker
model is trained, again with EM. Several iterations of Viterbi
decoding and adaptation are performed to give a new seg-
mentation hypothesis. New speakers are added one-by-one,
in identical fashion, and the process stops when there remains
no more eligible segments for model initialisation.

Purification was added recently [3] and was inspired by the
segmental initialisation approach proposed in [8]. The aim
is to purify the clusters by retraining new speaker models
using only the sub-segments which best fit each model and by
reassigning the other sub-segments to the nearest new model
via several iterations of Viterbi decoding and adaptation.

Resegmentation is applied to refine the speaker boundaries
and to delete irrelevant speakers (speakers with too little
speech). In contrast to the previous segmentation and clus-
tering step the models are incorporated simultaneously into
the HMM, and the models are tuned through the MAP adap-
tation of a world model that is trained on external data.

Normalization and resegmentation involves a final pass of
resegmentation but on feature vectors that are normalised
segment-by-segment to fit a zero-mean and unity-variance
distribution. Full details are available in [2].

The baseline system was developed for conference meeting
data and our preliminary attempts to apply the same system
to TV show data produced poor results. Some minor mod-
ifications were necessary so that the system can be applied
successfully to TV show data.

Non-speech periods in the TV show data are mainly mu-
sic, applause or laughter. Since we have not implemented a
music detector we assume that the few music intervals are
known and thus they are manually removed. Also, as de-
scribed above, speech pauses are far less common than they
are in meeting data. Since the penalty incurred by ignoring
speech pauses is greater than that incurred by trying to detect
them (i.e. it leads to high levels of missed speech), and since
there is in any case very few genuine non-speech intervals,
we decided to skip the SAD step for TV show data.

The recently introduced purification step was also opti-
mized for meetings and did not give good performance when
applied to the TV show data. This is mainly due to inactive
speakers for which, after purification, there remain insuffi-
cient data with which to retrain new speaker models. The
approach still delivers improved performance for speakers
with sufficient data and so purification is here only applied
to speakers who, following segmentation and clustering, are
deemed to be active for more than 14 seconds.

Finally, the normalization step, whose purpose for meet-
ing data includes channel compensation to reduce the effects
of differing distances between microphones and speakers,
was found not to bring any consistent performance improve-
ment for the TV show data, where recordings are made in
far more controlled and consistent conditions. This step is
therefore also skipped.

It is acknowledged that the manual labelling of music
intervals renders our experiments artificial. However, it is
reasonable to assume that automatic music detection errors
should have equivalent effects on speaker diarization system
performance both with and without visual features and so it
should not detract too significantly from the assessment re-
ported here. Further more, even though we do not make any

effort to detect non-speech intervals they are nonetheless in-
cluded for scoring purposes, as dictated by standard NIST
speaker diarization assessment protocols.

4. MULTIMODAL APPROACH

TV show data is edited; shot selection is performed by a TV
director who generally tries to focus on the active speaker.
Therefore we can assume that, most of the time, ‘we see who
we hear’. However, the task is to determine who is speak-
ing, not who we see, and thus it is still the acoustic signal
that carries the most pertinent information. Since it is not
necessarily the case that acoustic and visual information are
correlated in terms of speakers, multimodal feature combi-
nation or fusion can be problematic in speaker diarization
tasks and so standard approaches to combination or fusion
are not appropriate. For this reason, and due to the initiali-
sation weaknesses of top-down speaker diarization systems,
we thus propose to use visual features as early as possible in
the process and here consider their use only for initialization.

Our hypothesis is that, even though visual features might
not always reflect the active speaker, for an unsupervised task
such as speaker diarization, they are better suited to initial-
isation than are acoustic features since they are more stable
and consistent, i.e. whereas the acoustic content will surely
change, certain aspects of a speaker’s appearance, namely
their clothing, will surely not.

The idea is to perform unsupervised pre-clustering with
visual features to over-cluster the data into a pool of small
pre-clusters whose number should exceed the true number of
speakers. A candidate cluster is then selected, according to
some criteria, and is used to introduce a new speaker into
the E-HMM. This is done using the corresponding acoustic
features in exactly the same manner as before. New speak-
ers are added one-by-one, but now using the pre-clusters for
initialisation, and the process is repeated until there are no
more remaining candidate clusters. Except for the model ini-
tialisation stage the system is identical to that described in
Section 3. In the following we describe our choice of visual
features and the approach to pre-clustering.

4.1 Visual features

On a TV set clothing is often carefully chosen so that partici-
pants are easily distinguishable and to avoid clothing clashes.
Therefore we expect that features which characterise faces or
clothing should be of use for speaker diarization.

Face detection is performed according to the popular Vi-
ola and Jones method [9] with the software available in the
OpenCV library [10]. From identified faces bounding boxes
are then determined according to a scaled rectangle situated
immediately below the face, similar to the method described
in [11]. An example is illustrated in Figure 1 where the green
and red rectangles show the bounding boxes for faces and
clothing respectively. Colour features are then extracted from
the clothing region.

A total of 22 visual features were considered (not re-
ported here) and were ranked according to their speaker dis-
criminability according to the method used in [12]. This
analysis showed that the feature based on the average dom-
inant clothing colour had the highest speaker discriminabil-
ity and is that used for visual pre-clustering experiments re-
ported here.
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Figure 1: An illustration of face (green) and clothing (red) bound-
ing boxes. The dominant, on-screen clothing colour is illustrated
below against time and corresponds to the active speaker. Changes
in the dominant clothing colour can indicate a speaker turn.

4.2 Pre-clustering
Since the guest lineup often changes between musical inter-
vals we first segment the show into non-musical (i.e. speech)
intervals and treat each individually. We suppose that each
speech segment contains between 2 and 10 speakers and we
apply a classical k-means clustering [13] to the average dom-
inant clothing colour feature to partition the visual observa-
tions into a number of clusters. So as to reduce the chances
of a single cluster attracting data from more than a single
speaker we aim to identify more clusters than there are speak-
ers and have adopted the method proposed by Sugar and
James in [14] which determines the appropriate number of
clusters automatically. We only keep clusters with more than
10 seconds of assigned observations. Clusters with fewer
than 10 seconds of observations are removed and their data
is reassigned to other clusters. The procedure usually results
in more than one model per speaker.

Then, new models are trained using the acoustic data
which corresponds to each of the pre-clusters. The new mod-
els are then purified using the approach described in [3] but,
to accommodate an increased spread in speaker floor time,
we use a purity factor of 75% (cf. 55% in [3]). This produces
a new set of pre-clusters.

Our experiments have shown that it is important to add
the most dominant speaker to the E-HMM ahead of less dom-
inant speakers and so the five pre-clusters which are assigned
the most data are selected as potential candidates for adding
the first speaker model into the E-HMM. Assuming that pre-
clusters of good quality (i.e. those which largely correspond
to a single speaker) will attract frames from fewer, but con-
centrated segments, rather than a large number of short, frag-
mented segments, we then compute the ratio of the total
amount of data and the number of segments in each of the
five pre-clusters. The pre-cluster with the highest ratio of
frames-to-segments is selected as the first speaker and a new
model is thus added to the E-HMM, which is updated in the
usual way. The four other pre-clusters are moved back into
the pool of pre-clusters which are used to add subsequent
speakers.

Additional speakers are added to the E-HMM by choos-
ing the next pre-cluster which has the largest amount of
data currently assigned to the general GMM model in the
E-HMM. Speaker models are added one-by-one, in the same
way as before, until there remain no more pre-clusters with
more than 6 seconds of data assigned to the general GMM.

System Dataset SpkError SAD DER

Baseline System GE dev. 25.7/26.0 15.2/9.7 40.8/35.6
Baseline + Pur. GE dev. 23.6/23.4 15.2/9.7 38.7/33.0
Optimized audio system + Pur. GE dev. 21.9/21.5 11.8/5.8 33.6/27.3
Multimodal system GE dev. 22.0/23.8 11.8/5.8 33.8/29.6
Multimodal system + Pur. GE dev. 18.3/19.5 11.8/5.8 30.0/25.3

Baseline System GE eval. 30.4/31.1 9.4/5.5 39.7/36.5
Baseline + Pur. GE eval. 28.8/29.5 9.4/5.5 38.2/34.9
Optimized audio system + Pur. GE eval. 22.9/25.9 7.4/3.4 30.3/29.3
Multimodal system GE eval. 24.9/26.2 7.4/3.4 32.3/29.6
Multimodal system + Pur. GE eval. 24.2/25.5 7.4/3.4 31.6/28.8

Baseline RT‘09 17.6/18.3 8.4/3.2 26.0/21.5
Baseline + Pur. RT‘09 12.7/12.8 8.4/3.2 21.1/16.0

Table 2: Speaker diarization performance on the GE dataset (devel-
opment and evaluation subsets) and the NIST RT‘09 dataset with
different system configurations. Illustrated are the contributions of
speaker error (SpkError) and speech activity detection (SAD) per-
formance to the total combined diarization error rate (DER). In all
cases error rates are given with/without scoring overlapping speech
regions.

5. EXPERIMENTAL WORK

Our experimental results are summarised in Table 2 and aim
to demonstrate the potential merit of a multimodal approach
to speaker diarization. We report experiments on two subsets
of the GE database. The 7 annotated shows are divided into a
development set of 4 shows and an evaluation set of 3 shows.
We acknowledge that the number of shows, and therefore the
statistical significance, is small. However, each of the GE
shows is recorded in almost identical conditions and there-
fore the average inter-show difference is likely to be less than
it is for a typical NIST RT dataset. Conference meetings are
recorded at different sites, using different acquisition equip-
ment and different room layouts etc. The TV studio is, in
contrast, mostly the same. Table 1 shows that there is an av-
erage of only 13 minutes of speech per show in the RT‘09
dataset which amounts to a total of 91 minutes of speech for
the whole dataset. The GE evaluation set of 3 shows has an
average of 50 minutes of speech per show. This amounts to a
total of 150 minutes of speech. Therefore we have less inter-
show variation and considerably more speech than there is in
a standard NIST RT speaker diarization dataset.

To facilitate the comparison of performance to the work
of others, all results in Table 2 are presented with/without
the scoring of overlapping speech. In the following, unless
explicitly stated otherwise, we only discuss scores which in-
clude the scoring of overlapping speech. The total diarization
error (DER) is illustrated with the contributions from speaker
errors (SpkErr) and speech activity detection (SAD). The
second line of Table 2 shows performance when the base-
line speaker diarization system of [2] was applied directly
to the GE dataset without modification. This system is that
described in the start of Section 3 but does not include the
recently introduced purification stage. A total diarization er-
ror rate of 40.8% corresponds to an SpkErr of 25.7% and
SAD errors of 15.2%. For comparison we illustrate in line
12 of Table 2 the performance obtained when the exact same
system is applied to the NIST RT‘09 database. Results here
are identical to those published in [2]. For the meeting data,
corresponding results are a total DER of 26.0% (17.6% Sp-
kErr and 8.4% SAD). The 3rd and 13th lines of Table 2 show

584



performance on the GE and RT‘09 datasets with integrated
purification, as described in the start of Section 3. This sys-
tem corresponds to that published in [3]. Respective DERs
of 38.7% and 21.1% show a consistent improvement across
the two datasets.

Performance is considerably worse for TV shows than it
is for meetings. Both SpkErr and SAD performance are poor
for the TV show data (23.6 % and 15.2% respectively cf.
12.7 % and 8.4% for meetings) but significant improvements
in performance are obtained with the system modifications
proposed toward the end of Section 3, namely those of re-
moving SAD, optimized purification and no normalisation.
Corresponding results are illustrated on line 4 which show a
total DER of 33.6%. There are improvements in both SpkErr
and SAD error rates (21.9% and 11.8% respectively). Over
the baseline system with purification (line 3) this corresponds
to a relative improvement in DER of 13%. The SpkErr re-
mains high, however, and is caused by the poor detection of
relatively inactive speakers..

When we perform initialisation with visual features, ac-
cording to the system described in Section 4, but without pu-
rification, we obtain a total DER of 33.8% (line 5). Thus
similar levels of improvement are obtained with purification
and visual features. When we combine purification and ini-
tialisation with the use of visual features we obtain an av-
erage DER of 30.0% (line 6). Therefore the recently intro-
duced purification module, and the approach to initialisation
with visual features that is proposed here, bring complemen-
tary improvements to speaker diarization performance. Com-
pared to the baseline system with purification (line 3) this
corresponds to a relative improvement of 22% in DER and is
attributed to improvements in speaker model purity and the
better detection of relatively inactive speakers.

All of the above results correspond to systems that are
optimised for the development set. To validate our findings
on unseen data we repeated the experiments on the evalua-
tion set and observed a similar trend in performance. The
original baseline system without purification gives an aver-
age DER of 39.7% (line 7). With purification performance
improves to 38.2% (line 8). Without SAD, optimised purifi-
cation and no normalisation, we obtain 30.3% (line 9). Us-
ing visual features for initialisation, but no purification, we
obtain 32.3% (line 10). Finally, when we combine purifica-
tion and visual features we obtain a DER of 31.6% (line 11).
These results are marginally worse than the results for the
optimised audio system with purification (line 9) but do not
discount the merit of visual features. These scores include
overlapping speech even though we do not attempt to detect
overlap. We note that when these regions are not scored,
we achieve a small gain in performance with visual features
and purification (29.3% cf. 28.8%). Referring once again to
scores including overlapping speech, this corresponds to a
relative improvement of over 17% compared to our baseline
system with purification (line 8). The combined approaches
thus deliver complementary improvements in DER on both
development and evaluation datasets and serve to both vali-
date the efficiency of our purification step introduced in [3]
and the merit of video features for initialisation.

6. CONCLUSION

This paper reports our first attempts to utilise visual infor-
mation to assist with speaker diarization. Experiments are

reported on a dataset of 7 TV shows. Whilst the two de-
velopment and evaluation subsets contain fewer files than a
typical NIST RT dataset, they both contain more speech and
should have less inter-show variation.

Based on the hypothesis that we often ‘see who we hear’,
our assumption that visual features are better suited to ini-
tialisation than are acoustic features and due to the acknowl-
edged weaknesses of the computationally efficient top-down
approach to speaker diarization, we investigate the use of vi-
sual information for initialisation purposes only. Experimen-
tal results show that whilst diarization performance is lower
than that reported for conference meeting data, a recently
proposed purification step and the use of visual features give
complementary improvements in speaker diarization perfor-
mance and relative improvements in DER of 22% and 17%
on the development and evaluation sets respectively.

The paper thus establishes the potential of visual infor-
mation for intialisation purposes, in particular for the identi-
fication of relatively inactive speakers. With such a compu-
tationally efficient, top-down approach to speaker diarization
there is thus potential for large scale indexing and content
structuring applications. This work is however a first attempt
and future work should focus on strengthening integration of
visual features.
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ABSTRACT
In this paper two methods for noise-robust text-independent speaker
identification are described and compared against a baseline method
for speaker identification based on the Gaussian Mixture Model
(GMM). The two methods proposed in this paper are: (a) a statis-
tical approach based on the Generalized Gaussian Density (GGD),
and (b) a Sparse Representation Classification (SRC) method. The
performance evaluation of each method is examined in a database
containing twelve speakers. The main contribution of the paper is
to investigate whether the SRC and GGD approaches can achieve
robust speaker identification performance under noisy conditions
using short duration testing and training data, in relevance to the
baseline method. Our simulations indicate that the SRC approach
significantly outperforms the other two methods under the short test
and training sessions restriction, for all the signal-to-noise ratios
(SNR) cases that were examined.

1. INTRODUCTION

Speaker recognition systems are essential in a variety of security
and commercial applications, such as information retrieval, control
of financial transactions, control of entrance into safe or reserved
areas and buildings, etc. [1]. Speaker recognition can be based on
both the separate or combined use of several biometric features [2]
(voice, face, fingerprints, etc.). In our study, we focus on speaker
recognition using only voice patterns.

Speaker recognition can be categorized into speaker verifica-
tion and speaker identification. In speaker verification, a speaker
claims to be of a certain identity and his/her voice is used to ver-
ify this claim. On the other hand, speaker identification is the task
of determining an unknown speaker’s identity. Generally speak-
ing, speaker verification is a one-to-one match where one speaker’s
voice is matched to one template (“voice print” or “voice model”)
whereas speaker identification is a one-to-N match where the voice
is compared against N templates. Speaker recognition methods can
also be divided into text-dependent and text-independent methods.
The former require the speaker to provide utterances of keywords
or sentences, the same text being used for both training and recog-
nition. In text-independent recognition, the decision does not rely
on a specific text being spoken. In our study we focus on text-
independent speaker identification.

In order to correctly identify a person, each speaker in the
database is usually assigned a specific speaker model consistently
describing the extracted speech features. During the identification
process, the system returns the speaker’s identity based on the clos-
est matching of the test utterance against all speaker models. This
procedure has proven to be effective under acoustic conditions in
matched training and testing [3]. However, in practical applications
where speech signals are corrupted by noise due to either the envi-
ronment in which the speaker is present (e.g. the user is crossing a

This work has been funded in part by the PEOPLE-IAPP “AVID-
MODE” grant, within the 7th European Community Framework Program,
and in part by the University of Crete Research Committee, Grant KA2739.

busy street) or due to the voice transmission medium (e.g. the user is
speaking through a cell-phone), robust identification is a challeng-
ing problem.

The most popular approach for speaker identification is based
on Gaussian Mixture Models (GMM) [3] (a brief description is
given in Section 2.1). Other classifiers such as Support Vector Ma-
chines (SVM) [4] have also been used for this task. Recently, the
focus of the speaker recognition research community has been given
both on the study of features that are more robust in noise environ-
ments and on finding more robust and efficient identification algo-
rithms. Specifically, in [5] robust features based on mel-scale fre-
quency cepstral coefficients (MFCCs [6]) are proposed, in combina-
tion with a projection measure technique for speaker identification.
In [7], the speech features are based on a harmonic decomposition
of the signal where a reliable frame weighting method is adopted
for noise compensation. In [8], the descriptors introduced are based
on the AM-FM representation of the speech signal, while in [9] the
proposed features are derived from auditory filtering and cepstral
analysis (in both cases a GMM is used to model the feature space).
In [10, 11] the noise robust speaker identification problem under
mismatched testing and training conditions is studied. In [10], the
identification is performed in the space of adapted GMMs where
Bhattacharyya shape is used to measure the closeness of speaker
models, while in [11] a multicondition model training and miss-
ing feature theory is adopted to deal with the training and testing
mismatch, where this model is incorporated into a GMM for noise
robust speaker identification.

An important aspect in speaker identification is that in real-time
applications the system should be able to respond within a short
time duration about the identity of the speaker. However, when the
number of the enrolled speakers in the database grows significantly,
it is quite difficult for the system to quickly assign the speaker with
a specific identity. For addressing such real-time efficiency con-
cerns, in [12] a method based on approximating GMM likelihood
scoring with an approximated cross entropy is proposed. In [13],
the GMM-based speaker models are clustered using a k-means al-
gorithm so as to select only a small proportion of speaker models
used in likelihood computations. These approaches achieve a more
efficient operation compared to state-of-the-art, without degrading
the identification performance in large population databases.

In this paper, we study the problem of noise-robust text-
independent speaker identification under the assumption of short
testing and training sessions. There are two reasons for following
this approach: (i) it is often not feasible to have large amounts of
training data from all the speakers and (ii) in order to speed up the
identification process, the testing data (i.e., the speaker utterance to
be identified) should be as short as possible. Towards this direc-
tion, two methods are proposed and tested under noisy conditions
(additive white Gaussian noise), and compared to a baseline GMM
method [3]. The first approach is adopted from the music classifi-
cation task [14], while the second method is based on sparse repre-
sentation classification which was recently proposed and applied on
robust face recognition [15].
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2. CLASSIFICATION METHODS

In the current section a brief description of the methods used to per-
form the identification process is given. For the feature extraction
task it is assumed that the speech signal/utterance is segmented into
overlapping frames. In this paper we use the MFCC features [6].

2.1 Gaussian Mixture Model

Gaussian Mixture Models (GMMs) have been applied with great
success in the text-independent speaker identification problem [3].
The approach is to model the probability density function (PDF)
of the feature space of each speaker in the dataset (training phase)
as a sum of Gaussian functions, and then use the maximum a-
posteriori rule to identify the speaker. A Gaussian mixture density
is a weighted sum of M multidimensional Gaussian densities, where
the mixture density can be represented as

λi =
{

pi
m,μ i

m,Σ
i
m

}
, m = 1, . . . ,M, (1)

where for the ith speaker, pi
m is the weight of the mth mixture (prior

probability), μ i
m is the corresponding mean vector,Σi

m is the covari-
ance matrix, and M is the total number of Gaussian mixtures. Each
speaker is represented by a GMM and the corresponding model λ ,
whose parameters are computed via the Expectation-Maximization
(EM) algorithm applied on the training features. For the speaker
identification task (testing phase), the estimated speaker identity
(speaker index) is obtained based on the maximum a-posteriori
probability for a given sequence of observations as follows

Sq = arg max
1≤i≤S

p(λi|X) = arg max
1≤i≤S

p(X |λi)p(λi)

p(X)
. (2)

In the above equation, X = [x1,x2 . . .xn] denotes the sequence of n
feature vectors, and S is the total number of speakers. For equally
likely speakers and since p(X) is the same for all speaker models
the above equation becomes

Sq = arg max
1≤i≤S

p(X |λi). (3)

For independent observations and using logarithms, the identifica-
tion criterion becomes

Sq = arg max
1≤i≤S

n

∑
t=1

log p(xt |λi), (4)

where

p(xt |λi) =

M

∑
m=1

pi
m

(2π)K/2|Σi
m|1/2

exp
{
− 1

2
(xt −μ i

m)
TΣi

m
−1

(xt −μ i
m)

}
,

K being the dimension of each feature vector.

2.2 Statistical Modeling based on Generalized Gaussian Den-
sity

In this subsection, we briefly describe a statistical approach which
treats the speaker identification problem as a multiple hypothesis
problem. We previously proposed this approach within the context
of music genre classification in [14], and in this paper we are inter-
ested to test its applicability for the speaker identification task.

Let us assume that there are S speakers and that we have rep-
resented the speaker to be identified as Sq, given a set X of feature
vectors xt = (x1,x2, ...,xK)

T . Each speaker is assigned a hypoth-
esis Hi. The goal is to select one hypothesis out of S, which best
describes the data from Sq. Under the common assumption of equal
prior probabilities of the hypotheses, the optimal rule resulting in

the minimum probability of classification error is to select the hy-
pothesis with the highest likelihood among the S. Thus, Sq is as-
signed to the speaker corresponding to the hypothesis Hj if

p(xt |Hj)≥ p(xt |Hi), i �= j ,∀ i = 1, ...,S. (5)

For solving this problem, a parametric approach is adopted where
each conditional probability density p(x|Hi) is modeled by a mem-
ber of a family of PDFs, denoted by p(x;θi) where θ i is a set of
model parameters. Under this assumption, the extracted features
for the ith speaker are represented by the estimated model parame-
ter θ̂ i, computed in the feature extraction stage. For assigning Sq to
the closest speaker identity:
1. Compute the Kullback-Leibler Divergence (KLD) between the

density of the speaker to be identified p(x;θq) and the density
p(x;θ i) associated with the ith speaker identity in the database,
∀ i = 1, . . . ,S:

D(p(x;θq)‖p(x;θ i)) =
∫

p(x;θq) log
p(x;θq)

p(x;θ i)
dx. (6)

2. Assign Sq to the identity corresponding to the smallest value of
the KLD.

A chain rule holds for the KLD and is applied in order to combine
the KLDs from multiple data sets or dataset dimensions. This rule
states that the KLD between two joint PDFs, p(X,Y) and q(X,Y),
where X,Y are assumed to be independent data sets, is given by

D(p(X,Y)‖q(X,Y)) = D(p(X)‖q(X))+D(p(Y)‖q(Y)). (7)

The proposed method is based on fitting a Generalized Gaussian
Density (GGD) on the PDF of the data set (features). In fact, in-
dependence among MFCC vector components is assumed, thus a
GGD for each scalar component is estimated. This task can be
achieved by estimating the two parameters of the GGD (α , β ),
which is defined as

p(x; α ,β ) =
β

2αΓ(1/β )
e−(|x|/α)β , (8)

where Γ(·) is the Gamma function, and the GGD parameters are
computed using Maximum Likelihood (ML) estimation. Substitu-
tion of (8) into (6) gives the following closed form for the KLD
between two GGDs

D(pα1,β1
||pα2,β2

) = log
(β1α2Γ(1/β2)

β2α1Γ(1/β1)

)

+
(α1

α2

)β2 Γ(
β2+1
β1

)

Γ( 1
β1
)

− 1
β1

. (9)

Based on the independence assumption for the MFCC coefficients,
(7) yields the following expression for the overall normalized dis-
tance between two test utterances U1, U2

D(U1‖U2) =
1
K

K

∑
k=1

D(pU1,k‖pU2,k), (10)

where K is the order of the MFCCs (dimension of a feature vector).

2.3 Sparse Representation Classification

The approach of classification based on sparse representation is de-
scribed in this subsection. This approach was initially applied in
face recognition in [15], and is first applied in speaker identification
in this paper.

Let us assume that the ni training samples corresponding to the
feature vectors of the ith speaker are arranged as columns of a matrix

Vi = [vi,1|vi,2| . . . |vi,ni ] ∈ R
K×ni , (11)
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where K is the dimension of each (column) feature vector. Given
a new test sample (feature vector) xt ∈ R

K that belongs to the ith

class, xt can be expressed as a linear combination of the training
samples associated with class i

xt = ci,1vi,1 + ci,2vi,2 + . . .+ ci,nivi,ni =Vici, (12)

where ci, j ∈ R are scalars. Let us also define the matrix V for the
entire training set as the concatenation of the N = n1+ . . .+nS train-
ing samples of all S classes (speakers):

V = [V1|V2| . . . |VS] = [v1,1|v1,2| . . . |vi, j| . . . |vS,nS ]. (13)

The linear representation of xt can be rewritten as xt =Vc, where

c= [0, . . . ,0,ci,1,ci,2, . . . ,ci,ni ,0, . . . ,0]
T ∈ R

N , (14)

is a coefficient vector whose elements are zero except those associ-
ated with the ith class. As a result, if S is large enough, c will be
sufficient sparse. This observation motivates us to solve the follow-
ing optimization problem for a sparse solution

ĉ= argmin
c

‖c‖0 , s.t. xt =Vc, (15)

where ‖ · ‖0 denotes the �0 norm, which counts the number of non-
zero elements in a vector. The optimization problem in (15) is an
NP-hard problem. However, an approximate solution can be ob-
tained if the �0 norm is substituted by the �1 norm as follows

ĉ= argmin
c

‖c‖1 , s.t. xt =Vc, (16)

where ‖ · ‖1 denotes the �1 norm of a vector. The efficient solution
of the optimization problem in (16) has been studied extensively.
Orthogonal Matching Pursuit (OMP) [16] is a popular solution to
this problem, and this method is used in our simulations.

In the ideal case, the non-zero entries in ĉ will be associated
with the columns of matrix V from a single class i, and the test
sample will be assigned to that class. However, because of mod-
eling errors and/or noise, there are small non-zero entries in ĉ that
correspond to multiple classes. To overcome this problem, we per-
form an iterative procedure where we classify xt to each one of
the possible classes and use the training vectors of this class for re-
constructing xt . In other words, in each repetition we retain only
the coefficients in ĉ that correspond to a particular class, and use
the training vectors of this class as a basis to represent xt . We in-
troduce for each class a function δi : RN → R

N , which selects the
coefficients associated only with the class i. Then, each test feature
vector is classified to the class that minimizes the �2 norm residual

min
i

ri(xt) = ‖xt −Vδi(ĉ)‖2 (17)

for i = 1, . . . ,S.

3. EXPERIMENTAL RESULTS

In this section, we examine the identification performance of the
three methods described in Section 2, regarding the correct speaker
identification rate. For this purpose, several simulations under noisy
conditions were conducted. The speech signals used for the simu-
lations were obtained from the VOICES corpus, available by OGI’s
CSLU [17], which consists of twelve speakers (seven male and five
female speakers). For all simulations, 20-dimensional MFCC co-
efficients were extracted from the speech utterances in a segment-
by-segment basis. The frame duration was kept at 20 msec with 10
msec of frame shift. Before the feature extraction task, the training
as well as the test utterances were pre-filtered using a low-pass filter
of the form H(z) = 1− 0.97z−1, and then a silence detector algo-
rithm based on the short-term energy and zero-crossing measures of
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Figure 1: Example Amplitude Probability Density curves of the
8th MFCC coefficient from the training data (20 sec) of the 10th

speaker.

speech segments was applied 1. All the speech signals in the corpus
have a sampling rate of 22050 Hz. For the GMM-based identifi-
cation results, a GMM with a diagonal covariance matrix was cho-
sen for the simulations. The number of mixtures depended on the
amount of training data (see description of Experiment 1 below).

For the GGD-based identification case, Amplitude Probability
Density (APD) curves (P(|X | > x)) are adopted to show that the
GGD best matches the actual density of the data. An example for a
part of the VOICES corpus is given in Figure 1, where we compare
the empirical APD (solid line) against the APD curves obtained for
the GGD, Weibull, Gamma, Exponential and the Gaussian mod-
els. The results in the figure correspond to the 8th MFCC coef-
ficient of the training data (20 sec duration) corresponding to the
10th speaker (independence among feature vector components is as-
sumed). Clearly, the GGD follows more closely the empirical APD
than the other densities. This trend was observed in the majority
of the training utterances used in our experiments. Thus, the GGD
model is expected to give better results than the other densities when
applied directly to the MFCC coefficients of the twelve speakers.

The performance evaluation follows the philosophy as de-
scribed in [3]: each sequence of feature vectors {xt} is divided into
overlapping segments of L feature vectors, where the first two seg-
ments have the following form

x1,x2,x3, . . . ,xL︸ ︷︷ ︸
1st segment

,xL+1,xL+2, . . .

x1,x2,x3, . . . ,xL,xL+1︸ ︷︷ ︸
2ndsegment

,xL+2, . . .

The comparison between the identified speaker of each segment and
the actual speaker of the test utterance is repeated for each speaker
in the corpus, and the total correct identification rate is computed as
the percentage of the correctly identified segments of length L over
all test utterances

correct ident. rate =
# correctly identified segments

total# of segments
·100%. (18)

In the previous sections, it was mentioned that in this paper
the focus is given on noise robust speaker identification using short
training and testing sessions. Towards this direction, white Gaus-
sian noise is added on the test utterances, the SNR taking the values

1http://www.mathworks.com/matlabcentral/fileexchange/19298-
speechcore
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of 10, 15, 20, 25 dB. In addition, the test segment lengths L vary
from 10 to 500 with a step size of L = 40. Length L = 10 cor-
responds to 0.1 sec, length L = 50 corresponds to 0.5 sec, and so
forth. The training utterances have a duration of 5, 10, 15 and 20
seconds, corresponding to a quite short training session. The train-
ing for all methods is performed using the clean speech data. The
testing data have a duration of approximately 20 sec.

3.1 Experiment 1 – Identification using GMM

In this experiment, during the training process the MFCC coeffi-
cients for each speaker are collected. For each speaker, the cor-
responding MFCC data are modeled using a diagonal GMM. The
number of mixtures was chosen to be 4, for the 5 and 10 sec train-
ing data, and 8 for the 15 and 20 sec training data. These choices of
parameters were found experimentally to produce the best perfor-
mance for the GMM-based identification. Clearly, the number of
mixtures is small due to the small size of the training dataset. Dur-
ing the identification process, the identification rule (4) is used, and
the correct identification rate is computed as in (18).

3.2 Experiment 2 – Identification using KLD based on GGD

The same experimental steps as in Experiment 1 are also followed
here. Thus, for each speaker the MFCC vectors are collected during
the training process. We estimate the GGD parameters (α ,β ) for
each vector component, assuming independence among the MFCC
components. During the identification process, a test utterance con-
tains multiple MFCC vectors as explained. For each MFCC compo-
nent of the test vectors, the GGD parameters (α ,β ) are estimated.
In order to identify a speaker, we compute the KLD between the
GGD model of the test data and each of the GGD models of the
speakers in the dataset (per vector component). This procedure re-
sults in 20 distance values (since each MFCC vector contains 20
components). The final step is to compute the mean of these dis-
tances, as in (10). The identity of the speaker whose data result in
the minimum distance is identified as the final result. The correct
identification rate is computed as in (18).

3.3 Experiment 3 – Identification using SRC

In this subsection, the experimental procedure for the SRC approach
is described. First, consider that from the training speech data of
each speaker a number of ni of MFCC vectors is extracted. Consider
a test utterance length of L frames. Adopting the notations from the
theory of SRC in Section 2.3, the training matrix V has dimension
20× (12 · ni) and the test sample (feature) vector xt is a 20× 1
vector. The test segment consists of L distinct test samples xt . Thus,
the optimization problem of the form

(Pl) : ĉl = argmin
cl

‖cl‖1 , s.t. xt,l =Vcl , for l = 1, . . . ,L (19)

is solved L times for each different xt,l . The Orthogonal Matching
Pursuit [16] is used to solve this problem. Each solution ĉl of the
problem (Pl) is used to get an identity i (for i = 1, . . . ,12) of one of
the 12 speakers in the dataset. Thus, a segment of length L vectors
will provide L identification results. The predominant identity is
found based on the majority of the decisions and the identification
rate is computed as in (18).

3.4 Discussion

In this subsection, the main observations of the results in Fig-
ures (2.a)-(2.d) are discussed. The percentage of correct identifi-
cation results is given as a function of the length of the test utter-
ance. We are mainly interested to examine the performance of the
described methods for short test sessions. The four figures corre-
spond to training data of duration 5, 10, 15, and 20 sec respectively,
so as to examine the effect of using a short training dataset. The cor-
rect identification rates as a function of the test utterances segment
length L are depicted. The black, red and green curves correspond
to the SRC, GMM and KLD-GGD method, respectively. There are

twelve curves in total, where the first part of each legend name indi-
cates the corresponding method and the last part indicates the SNR
value used for this method, e.g. “SRC 10dB” means that the black
solid curve depicts the identification performance of the SRC ap-
proach under noise conditions of 10dB. From the Figures (2.a)-(2.d)
we notice that the SRC method is superior over the GMM and KLD-
GGD approach, especially for short test and training sessions, and
is quite robust to noise. The GMM performance improves as the
training and test data duration increases because the large amount
of feature vectors increases the accuracy of the GMM model, how-
ever its sensitivity to noise is clearly indicated. The KLD-GGD
approach does not have high correct identification rates even in the
case where the amount of training and test data is 20 and 5 sec,
respectively. Based on the results, we can assume that the GGD
parameters (α ,β ) are not well-estimated in the case where the test
data have short duration.

The main point regarding the SRC method that has to be high-
lighted is that even in the case where the training data duration is
5 sec and the test utterance segments length is as low as 2 sec, the
performance is greater than 80% for SNR values 15, 20 and 25 dB.
Even in the extreme case of 10 dB SNR, the correct identification
rate is above 70% for at least 2 sec test utterance segments length.
Additionally, for lower test sessions than 2 sec the identification re-
sults for SRC are significantly better than the baseline method. For
example, for 20 sec training data and 1.5 sec of test data, the SRC
method gives correct identification above 70% for all SNR values.
For the same case, for 10 dB SNR, GMM results in correct iden-
tification of slightly more than only 20%. This is important for
applications where a decision must be made using a small amount
of test data, without having enough training data for a given number
of speakers, and the speaker is located in a noisy environment.

4. CONCLUSIONS

In this paper, we presented two methods for noise robust speaker
identification using short-time training and testing data. They were
both compared to a baseline GMM-based system. The first method
was previously proposed for music genre classification, based on
modeling the MFCC coefficients of the speakers using the GGD
model. The second identification method was based on the recently
proposed SRC algorithm. It was shown through experimental eval-
uation that the SRC approach performs significantly better than the
other two methods when the amount of testing and training data is
small, and is very robust to noise. Our future research plans include
testing the SRC method with a larger set of speakers and a wide
variety of noise types.
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Figure 2: Speaker identification performance as a function of the test data duration for different number of SNR values. The duration of the
training data is: (a) 5 sec, (b) 10 sec, (c) 15 sec and (d) 20 sec.
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ABSTRACT 
 
The construction of kernel functions to handle sequences of 
speech feature vectors is crucial in using support vector 
machine (SVM) for speaker verification. Previous studies 
have reported the idea of representing speech signals as 
sequences of discrete acoustic or phonotactic events. This 
paper introduces a class of SVM kernels derived based on 
the expected likelihood measure between the probability 
distributions of discrete event sequences. We investigate 
and compare the effectiveness of three expected likelihood 
kernels using the universal background model (UBM) as 
the discrete event detector. Experiments conducted on the 
NIST 2006 speaker verification task indicate that the 
proposed kernel outperforms the popular rank-normalized 
kernel. 

1. INTRODUCTION 

Speaker verification [1] is the task of verifying the identity 
of persons using their voices. Recent advances reported in 
[2, 3, 4, 5] have shown successful application of support 
vector machine (SVM) [6] for speaker modeling. 

The key issue in using SVM for classifying speech 
signals, which have a varying number of spectral vectors, is 
how to represent them in a suitable form as SVM can only 
use input of a fixed dimensionality. A common approach is 
to map the sequences explicitly into fixed-dimensional 
vectors known as supervectors. Classifying variable-length 
sequences is thereby translated into a simpler task of 
classifying the supervectors. For instance, in [3] speech 
vectors are mapped to a high-dimensional space via time-
averaged polynomial expansion. In [4], speech vectors are 
used to train a Gaussian mixture model (GMM) via the 
adaptation of a so-called universal background model 
(UBM). The supervector is then formed by concatenating 
the mean vectors of the adapted GMM. In [7], the 
maximum likelihood linear regression (MLLR) transform is 
used to form the supervectors comprising of the transform 
coefficients. It should be mentioned that the term 
supervector was originally used in [4, 8] to refer to the 
GMM supervector. Here, we use similar term in a broader 
sense referring to any fixed-dimensional vector that 

represents a whole speech sequence as a single point in the 
vector space, having a much higher dimensionality than the 
original input space. 

This paper advocates the use of discrete events and their 
probabilities to construct supervectors. Discrete events 
arise naturally in modeling many types of data, for 
example, letters, words, and DNA sequences. Speech 
signals can also be represented as sequences of discrete 
symbols. For instance, high-level features extraction (e.g., 
idiolect, phonotactic, prosody) usually produces discrete 
symbols. The idea of using such discrete representation as 
features for SVM has been examined previously in [5, 9, 
10, 11]. Their results showed that the greatest difficulty lies 
at the construction of kernel function (i.e., inner product 
function) which should give a proper similarity measure 
between two event sequences. In this paper, we solve this 
problem by first model the distribution of the discrete 
events as probability mass function (PMF). SVM kernel is 
then derived based on the expected likelihood measure 
between PMFs. We report three discrete expected 
likelihood kernels, analyze and compare their efficacy on 
the NIST 2006 speaker recognition tasks. To the best of our 
knowledge, the idea of expected likelihood kernel was first 
reported in [12] for continuous distribution. Here, we 
extend the idea for discrete distribution and investigate its 
relevance to speaker recognition.    

2. SUPERVECTOR OF DISCRETE PROBABILITIES  

We first review the general concept of discrete events and 
the estimation of discrete probabilities. We then apply this 
framework for constructing supervector from the discrete 
probabilities of some acoustic events. 

2.1. Discrete events and the estimation of discrete 
probabilities 

Let some discrete events { }, 1,2, ,iS e i M= = …  have M 
possible outcomes, and let iω  be the probability of 
observing the ith event ie . Given a sequence of speech 
feature vectors, { }1 2, , , T= x x x…X , our goal is to 
estimate the probabilities { 1 2, ,ω ωΩ = }, Mω…  of the 
events observed in the speech signal. These discrete events 
could correspond to abstract linguistic units such as 
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phonemes, syllables, words, or subsequences of n symbols 
(i.e., n-grams). In its simplest form, a discrete event could 
also correspond to a Gaussian density in the acoustic space 
as we shall see in Section 2.2. 

Using the maximum a posteriori (MAP) criterion [13], 
the discrete probabilities can be estimated as 
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subject to the constraints 
1
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ii

ω
=

=∑  and 0iω ≥ . In the 
above equation ( )in X  denotes the number of occurrences 
of the events ie  in X , and ( )g Ω  is the prior density for 
the parameters Ω. Taking the prior as a Dirichlet density 
[13], the MAP estimate { }1 2, , , Mω ω ωΩ = …  can be easily 
solved via the method of Lagrange multiplier, as follows 
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X
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The MAP estimate is simply the sum of the observed 
statistics in  and the so-called hyperparameters iν . The 
denominator ensures that the probabilities iω  always sum 
to one. 

2.2. UBM as soft quantizer 

The universal background model, or UBM, is a Gaussian 
mixture model (GMM) trained by pooling together the 
speech feature vectors from a number of different speakers. 
The UBM, denoted by Θ , is characterized by the density 
function, 

 ( ) ( )
1

| | ,
M

i i i
i

p λ
=

Θ =∑x x μ ΣN , (3) 

where Θ { }, , , 1,2, ,i i i i Mλ= =μ Σ …  denotes the 
parameters of the M Gaussians: the mixture weights ( iλ ), 
the mean vectors ( iμ ) and the covariance matrices ( iΣ ). 

The UBM represents a speaker-independent distribution 
in the acoustic space, where similar acoustic features are 
grouped together and represented with Gaussian densities. 
Let each of the Gaussian densities represent a discrete 
event ie . Given a speech segment X , the number of 
occurrences of event ie  is computed by accumulating the 
posterior probabilities 
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for the whole utterance, as follows 

 ( ) ( )
1

| ,
T

i t
t

n P i
=

= Θ∑ xX , (5) 

where T is the number of speech frames. The UBM 
quantizes the input vectors into discrete symbols; each 

corresponds to a Gaussian density. Since the Gaussian 
densities can be overlapped, rather than partitioned, soft 
membership can be computed based on the Bayes rule as 
given in (4). 

Finally, using the occupancy count in (5), the MAP 
estimate Ω  can be obtained by substituting the results into 
(2) with the parameters iν  set to 

 1i iMν τ λ− = ⋅ ⋅ , (6) 

where iλ  are the weights of the UBM and the controlled 
parameter τ  has to be greater or equal to 0. This is known 
as the τ-initialization method in [13]. Feasible values for τ  
range from 0 to 1, which we have found effective for this 
application. For 0τ = , the MAP estimate reduces to the 
maximum likelihood (ML) estimate. 

2.3. Constructing supervector 

The set of discrete events { }1 2, , , MS e e e= …  and their 
estimated probabilities Ω { 1 2, ,ω ω= }, Mω…  can be 
conveniently represented in functional form as ( )|P h Ω , 
where ( )|i iP h e ω= Ω =  and the variable h S∈  represents 
any possible event in the set. The function ( )|P h Ω  is 
known as the probability mass function (PMF). We can 
further express the PMF in vector form as 

 ( ) ( ) ( )[ ] [ ]T T
1 2 1 2, , , , , ,M MP e P e P e ω ω ω= =p … … , (7) 

where the superscript T denotes transposition. The vector p 
has a fixed dimensionality, M, equivalent to the cardinality 
of the event set S. It represents the speech segment X  in 
terms of the distribution of discrete events observed in X . 
These attributes fulfill our requirement of supervector 
representation. In this paper, Ω  is obtained from X  using 
(2), (4), (5), and (6). The dimensionality of the resulting 
supervector p is determined by the number of Gaussian 
densities in the UBM. 

3. DISCRETE EXPECTED LIKELIHOOD KERNEL 

For a kernel to be admissible for SVM, it has to be 
symmetric and represent an inner product in the feature 
space [6]. In this section, we introduce and compare three 
different expected likelihood measures and show how to 
use them for constructing SVM kernel. 

3.1. Expected likelihood 

Consider two PMFs parameterized by aΩ  and bΩ  
corresponding to speech signals aX  and bX , respectively. 
We are interested in finding a symmetric measure that 
defines the similarity between the PMFs. A natural measure 
that satisfies the symmetric property is the expected value 
of the first PMF with respect to the second one: 

 ( ){ } ( ) ( ) ( ){ }| | | |b a a b a b
h S

E P h P h P h E P h
∈

Ω = Ω Ω = Ω∑ . (8) 

Note that the expectation operation over a discrete 
distribution is the summation of ( )| aP h Ω  by using 
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( )| bP h Ω  as a weighting function. Since the probability 
( ) ( )| |i a aP h e h= Ω = ΩL  is also known as the likelihood 

of the model aΩ , (8) is referred to as the expected 
likelihood (EL). By using the notations ( )|i aP h e= Ω  

,i aω=  and ( )|i bP h e= Ω ,i bω=  in (8), we arrive at the 
following EL kernel 

 ( ) T
EL , ,

1

,
M

a b i a i b a b
i

κ ω ω
=

= =∑ p pX X , (9) 

which is simply the inner product between two 
supervectors of discrete probabilities. 

3.2. Expected likelihood ratio 

The EL kernel in (9) may be suboptimum as rare acoustic 
events might be outweighed by those with higher 
probabilities (which tend to dominate the inner product). A 
normalization term based on the prior weights of the UBM 
Λ = { }1 2, , , Mλ λ λ…  can be included, in which case we 
arrive at the expected likelihood ratio (ELR): 

  ( )
( )

( ) ( )
( )

( )
( )

| | | |
| | |

a a b b
b a

h S

P h P h P h P h
E E

P h P h P h∈

Ω Ω Ω Ω⎧ ⎫ ⎧ ⎫⎪ ⎪ ⎪ ⎪= =⎨ ⎬ ⎨ ⎬Λ Λ Λ⎪ ⎪ ⎪ ⎪⎩ ⎭ ⎩ ⎭
∑ . (10) 

Substituting ( ) ,|i a i aP h e ω= Ω = , ( )|i bP h e= Ω ,i bω=  and 
( )|i iP h e λ= Λ =  into (10), we arrive at the following ELR 

kernel 
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The scaling factor 1 iλ  allows rare acoustic events to be 
emphasized while suppressing those with high 
probabilities. The kernel function can also be written in 
vector notation as follows 

 ( ) ( )ELR ELR
T

ELR ,a bκ = p pX X , (12) 

where 
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⎣ ⎦

p …  (13) 

could be seen as the normalized version of the supervector 
p . Similar normalization method was introduced in [14] 
for the use of n-gram probabilities in spoken language 
recognition application and was referred to as the term-
frequency log-likelihood ratio (TFLLR) scaling. Here, we 
derive and interpret the same normalization method from 
the expected likelihood perspective. 

3.3. Expected square-root likelihood ratio 

In the ELR kernel, the likelihood ratio is taken with respect 
to the UBM. Considering that the likelihood ratio is now 
computed between the two PMFs to be compared, we 
arrive at 
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Notice that a square-root operator is used so that the 
resulting measure will be symmetric. Substituting 
( ) ,|i a i aP h e ω= Ω =  and ( ) ,|i b i bP h e ω= Ω =  in (14), we 

obtain the following expected square-root likelihood ratio 
(ESLR) kernel: 
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where 

 ( )ESLR

T

1 2, , , Mω ω ω⎡ ⎤= ⎣ ⎦p …X . (16) 

Comparing (15) to (9), the only difference is the square-
root operator. Numerically, the square-root operator has an 
effect in applying higher gain to rare events; the gain 
reduces gradually for higher probabilities. The ESLR 
kernel is also simpler compared to the ELR kernel, which 
normalizes individual dimension with a constant scaling 
factor instead of warping. It is worth mentioning that the 
statistical measure in (14) is commonly referred to as the 
Bhattacharyya coefficient in the literature [15]. Here, we 
interpret the same statistical measure from expected 
likelihood perspective. 

4. USING THE EXPECTED LIKELIHOOD KERNELS 
WITH SVM 

We deliberately write the kernel functions in (9), (12) and 
(15) in terms of aX  and bX  so that the kernel function 
represents (i) a mapping from X  to Ω  and (ii) a similarity 
measure between two sequences. Using this notation, the 
discriminant function of the SVM [6] can be expressed as, 

  ( ) ( )
1

,
L

l l l
l

f y bα κ
=

= +∑X X X , (17) 

where ( ),lκ X X  is any of the three kernels above,  b  is 
the bias parameter, L  is the number of support vectors, and 

lα  are the weights assigned to the lth support vector with 
its label given by { }1, 1ly ∈ − + .  

Since a supervector represents a speech utterance as a 
single point in the vector space, it becomes possible to 
remove the unwanted variability, due to different handsets, 
channels and phonetic content, from the supervector by 
linear projection. Let E be an M-by-N matrix representing 
the unwanted subspace that causes the variability.  
Nuisance attribute projection (NAP) [16] removes the 
unwanted variability from a supervector via a projection to 
the subspace complementary to E, as follows 
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 ( )TI′ = −p EE p . (18) 

NAP assumes that the variability is confined in a relatively 
low dimensional subspace such that N  M. The columns 
of E are the eigenvectors of the within-speaker covariance 
matrix estimated from a development dataset with large 
number of speakers, each having several training sessions. 

In (18), the supervector p  depends on the kernel 
function (EL, ELR, or ESLR) used. SVM modeling is then 
performed using the supervectors ′p  that have been 
compensated for session variability. The SVM discriminant 
function can be expressed in terms of the compensated 
supervector as follows 

  ( ) ( )T

1

L

l l l
l

f y bα
=

′ ′ ′= +∑p p p .  (19) 

5. EXPERIMENTAL RESULTS 

The experiments were carried out on the NIST speaker 
recognition evaluation (SRE) 2006 corpus [17]. The core 
test consists of 3612 genuine and 47836 imposter trials. 
There are 810 target speakers each enrolled with one side 
of a 5 minutes conversation. Our development data were 
drawn from the NIST SRE 2004 and SRE 2005. All speech 
samples are first pre-processed to remove silence and 
converted into sequences of 36-dimensional MFCCs with 
deltas and double deltas. RASTA and utterance-level mean 
and variance normalization were performed. NAP and test 
normalization (T-norm) were applied to compensate for 
session variability at the model and score levels, 
respectively. The NAP projection matrix has a rank of 40 
and was derived from NIST SRE 2004 data, while the T-
norm cohorts were selected from NIST SRE 2005 data. 

The UBM used in the experiments contains M = 16384 
mixtures. The parameter τ  in the discrete probabilities 
estimation is set to 0.01. Due to a relatively large number of 
mixtures, Gaussian selection technique [18] is used for 
speeding up likelihood evaluation. Here, the hash model 
size is set to 512 while the length of the shortlists is 2048. 
This leads to approximately six times faster computation. 
We also tie the Gaussian components such that they share 

the same global covariance matrix to further simplify the 
computation of the posterior probabilities. 

We compare the performance of the proposed kernels 
(EL, ELR, and ESLR) and include the rank normalization 
[10] in comparison as well. The scaling factor 1 iλ  in 
(13) and the square-root operator in (16) impose a feature 
normalization step on the supervectors. Proper feature 
normalization is desirable as SVMs are not invariant to 
scaling in the feature space. To this end, rank normalization 
was proposed in [10] for high-level feature having similar 
count-based characteristic. Rank normalization replaces 
each dimension of the supervector by its rank in a 
background data, which is more complicated than any of 
the EL kernels.  

Table 1 shows the performance in terms of equal error 
rates (EERs) and minimum detection cost function 
(MinDCF), while Fig. 1 shows the detection error trade-off 
(DET) curve. It is evident that the ESLR and ELR kernels 
perform better than the EL kernel, which indicates that 
kernel normalization is important. Comparing the ESLR 
and ELR kernels, on the other hand, shows that the square-
root operator is more robust than the inverse probability 
weighting in the ERL kernel, where nuisance features may 
be unintentionally amplified. The ESLR kernel performs 
consistently better than rank normalization in terms of EER 
and MinDCF showing the efficiency of our approach. 

Table 1 also shows the performance of the GMM mean 
supervector (GSV) [4]. For the GSV system, the UBM 
consists of 512 mixtures leading to supervectors of 
dimensionality 18432. Recall that the supervector of 
discrete probabilities has a comparable dimensionality of 

16384M = . The datasets used for UBM training, SVM 

Table 1: EER and MinDCF on the core test of NIST SRE 2006 
for the EL [eq. (9)], ELR [eq. (12)], ESLR [eq. (15)], rank 
normalization [10], and GMM supervector (GSV) [4]. 

System EER (%) MinDCF  
(×100) 

EL 6.81 3.31 
ELR 6.59 3.30 

ESLR 5.11 2.52 

Rank Normalization 5.51 2.61 
GSV 4.85 2.33 
ESLR + GSV 4.50 2.22 
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Figure 1: Detection error tradeoff (DET) curves of individual 
systems and fusion evaluated on the NIST SRE 2006 core 
task. The order of the system in the legend indicates the 
performance with the bottom (i.e., ESLR + GSV) being the 
best, which corresponds to the curve closest to the origin.   
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background data, NAP and t-norm are the same for all 
systems. The proposed ESLR kernel exhibits competitive 
performance compared to the GSV system, both having 
approximately the same dimensionality in the kernel space. 
We fused the two systems using equal weights. The fusion 
gives relative EER improvement of 7.2% over the best 
single system. Since the same datasets were used for system 
development, the fusion result shows the diversity in 
speaker modeling, suggesting that the two approaches 
capture complementary aspects (continuous vs. discrete) of 
speaker characteristics. 

6. CONCLUSION 

We have introduced a class of SVM kernels derived based 
on the expected likelihood measure between the 
distributions of discrete speech events. We demonstrate the 
usefulness of the expected likelihood kernels on the 
discrete speech events representation derived from the 
frame posterior probabilities of UBM. Experimental results 
show that the expected square-root likelihood ratio (ESLR) 
kernel performs better than the rank-normalized kernel 
using the same feature on the 2006 NIST speaker 
verification task. The expected likelihood kernel gives 
equally good accuracy compared to, and fuses with, the 
state-of-the-art GMM mean supervector approach. 

It is worth emphasizing that, even though the current 
work uses a UBM quantizer to construct supervectors, this 
is not necessarily the case; the proposed method can be 
used with other types of front-end quantizer. In particular, 
we expect the method to be readily applicable for spoken 
language recognition, and applications beyond speech 
technology that operate on discrete symbols, such as 
natural language processing (NLP) and bioinformatics. 
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ABSTRACT

Gaussian Mixture Models (GMMs) have been the dominant
technique used for modeling in speaker recognition systems.
Traditionally, the GMMs are trained using the Expectation
Maximization (EM) algorithm and a large set of training
samples. However, the convergence of the EM algorithm to
a global maximum is conditioned on proper parameter ini-
tialization, a large enough training sample set, and several
iterations over this training set. In this work, a Sample Iter-
ative Likelihood Maximization (SILM) algorithm based on
a stochastic descent gradient method is proposed. Simula-
tion results showed that our algorithm can attain high log-
likelihoods with fewer iterations in comparison to the EM al-
gorithm. A maximum of eight times faster convergence rate
can be achieved in comparison with the EM algorithm.

1. INTRODUCTION

Speaker recognition systems are an important part of biomet-
ric systems due to the easy deployment and being less inva-
sive compared to other systems. Speaker recognition is the
process of automatically recognizing who is speaking based
on information provided by speech signals. The main tech-
nique is to find a set of features that best represents a specific
speaker voice. Speaker recognition systems can be catego-
rized depending on their tasks in speaker identification (SID)
and speaker verification (SV) systems. SID systems assign
an input utterance from an unknown speaker to one of the
predefined known speaker models in the system. Conversely,
SV systems are employed to validate whether the speaker is
who he or she claims to be. In this work, we will focus on
SV systems, although the work can also be extended to SID
systems.

Speaker recognition framework can roughly be divided in
two phases independent of the task; enrollment and classifi-
cation. In the enrollment phase, a set of features are extracted
from the speech and then used to create the Gaussian Mixture
Model (GMM) for each speaker in the database. The Expec-
tation Maximization (EM) algorithm [1] is used to estimate
the parameters of the GMMs. In the classification phase, the
likelihoods of the speaker models for a sequence of test fea-
tures from an unknown speaker is computed. Based on the
likelihoods obtained, the system makes a decision, i.e., ac-
cepted/rejected or identified.

For some time now, the GMMs have been the dominant
modeling technique in speaker recognition systems with the
EM algorithm as the base for the estimation of the param-
eters. Other techniques like Gibbs sampling and the meth-
ods based on singular value decomposition have been used

for the estimation of the parameters [2]. Additionally, dis-
criminative GMM modeling techniques have also been pro-
posed [3, 4], aiming to enhance the specific characteristics
of the speaker in the modeling process. Furthermore, other
discriminative modeling techniques like support vector ma-
chines (SVM) [5] and neural networks [6] are combined with
the GMMs as a post-processing stage in order to improve the
performance of the system.

While the EM algorithm is a well established model-
ing technique in speaker recognition, the algorithm requires
a large sample set, several iterations and a specific initial-
ization to achieve convergence. The EM algorithm yields
a monotonically increasing sequence of likelihoods as the
number of iterations increases, implying that the algorithm
converges to a stationary point in the likelihood function
but does not guarantee that the global maximum will be
achieved [7]. Several methods have been proposed to tackle
the convergence problem to local maximums. Among these
methods, we must emphasize the algorithms that replace or
enhance parts of the EM [8] and the ones that accelerate the
convergence rate of the EM [9].

This paper aims at developing a competitive algorithm
against the EM algorithm in terms of convergence rate and
reliability (i.e., high likelihood values at convergence). Sim-
ulation results showed that our proposed algorithm can attain
higher log-likelihoods with fewer iterations in comparison
to the EM algorithm even with random initialization of the
parameters.

2. SPEAKER VERIFICATION FRAMEWORK

2.1 Design Phase

In text-independent speaker verification systems, speaker
GMMs have become the dominant approach over the last
years [1]. Most of the actual verification systems are based
on the GMMs or in combination with other classifiers.
GMMs can be defined as

p(xt |λ ) =
K

∑
k=1

wkN (xt |µk,Ck), (1)

i.e., a weighted sum of Gaussian distributions N (xt |µk,Ck),
where µk is the mean vector, Ck is the covariance ma-
trix and wk is the weight of the k-th Gaussian distribution.
The GMM can also be defined by a set of parameters, i.e.,
λ = {wk,µk,Ck}

K
k=1. In this work, we will use GMMs with

diagonal covariance matrices

Ck = diag(σ2
k,1, . . . ,σ

2
k,D), (2)
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where {σ2
k,d}

D
d=1 is the variance of the k-th Gaussian distri-

bution at the d-th dimension.

In SV systems, two models are defined: the impos-
tor model and the target model. The impostor model also
known as the Universal Background Model (UBM) [10] is
first trained using the EM algorithm and a pool of speak-
ers different from the speaker we would verify. Then, the
speaker model is derived from adapting the mean vectors of
the UBM using Maximum a Posteriori (MAP) [11] and their
own set of features.

2.2 Classification Phase

In the classification phase, the extracted features from a
speaker test utterance {xt}T

t=1 are compared against the
speaker GMM stored in the database. The likelihood of a
given speaker model λ for the input utterance is computed as
follows

L(x|λ ) =
T

∑
t=1

log p(xt |λ ). (3)

Specifically, SV is a statistical hypothesis test between two
hypothesis [12]. The two hypothesis are the target and the
impostor model trained in the enrollment phase, and each
trial consists of a speaker test utterance and a claimed iden-
tity. From each trial, a log-likelihood ratio is computed and
a score Θ is determined as

Θ = log




p(x|λ )

p
(

x|λ̂
)



 ; Θ

accept
≥
<

reject

τ (4)

Θ = L(x|λ )−L
(

x|λ̂
)

, (5)

where λ denotes the hypothesis to accept an utterance

{xt}
T
t=1 as being produced by the target speaker model. λ̂

denotes the hypothesis to reject an utterance {xt}T
t=1 as be-

ing produced by the target speaker and τ is the threshold that
minimizes the expected cost of errors. The greater the score
obtained, the more likely that the trial is the target speaker.

3. EM ALGORITHM

As mentioned before, the EM algorithm attempts to model
the speaker (i.e., determine the underlying pdf of the speaker
features) by an iterative maximum likelihood estimation of
the parameters of the GMMs. Table 1 describes the EM al-
gorithm consisting of two steps: the Expectation E-step and
the Maximization M-step.
The EM algorithm is highly dependent on the initialization
procedure; hence the starting positions of the mixture com-
ponents can determine the convergence rate of the algorithm.
A comparison between a random initialization and an ini-
tial selection of mixture components (i.e., the mean vectors)
close to the speaker pdf shows that the highest likelihood and
faster convergence rate was achieved when the mean vectors
of the mixtures were initially selected [7]. The initialization
algorithm applied in this work consists of K mixture compo-

nents with weights {wk}
K
k=1 = 1/K.

The mean vectors of each mixture component were
initialized using clustering techniques (e.g., vector quan-
tization [13] or K-means [14]) and the covariance ma-

trix {Ck}
K
k=1 was set to the global covariance of the database.

Using the entire training database, the EM iterates until con-
vergence of the likelihood function is attained.

Table 1: EM Algorithm.

E-STEP

1. Using the training database {xt}T
t=1.

Compute the total likelihood LLt

LLt =
K

∑
k=1

wkN (xt |µk,Ck), t = 1, . . . ,T.

2. Normalize the likelihood.

Compute ηk,t =
wkN (xt |µk,Ck)

LLt

.

k = 1, . . . ,K; t = 1, . . . ,T .
3. Compute the sum of weights, ŵk

ŵk =
T

∑
t=1

ηk,t , k = 1,2, . . . ,K.

4. Compute the sum of means, µ̂k

µ̂k =
T

∑
t=1

xtηk,t

ŵk

, k = 1,2, . . . ,K.

5. Compute the sum of covariances, Σk

Σk =
T

∑
t=1

x2
t ηk,t

ŵk

, k = 1,2, . . . ,K.

M-STEP
1. Compute the new parameter values

for each GMM component.

wk =
ŵk

T
.

µk = µ̂k.
Ck = Σk − µ̂2

k .

4. SAMPLE ITERATIVE LIKELIHOOD
MAXIMIZATION ALGORITHM

The Sample Iterative Likelihood Maximization algorithm
(SILM) is based on the fact that the negative of the log-
likelihood function defined in (3) is convex in its parame-
ters. In order to optimize the parameters, we use a stochas-
tic gradient descent method. The principle is to take steps
toward the negative of the gradient to achieve a global mini-
mum [15]. An objective function can be represented as

Hθ (xt) = f (xt ,θ ), (6)

where f (xt ,θ ) is a defined function for the input parameter
x at time t and is differentiable with respect to the parame-
ter θ . We can define an iterative updating function for the
parameter θ as

θ t+1 = θ t −ρ∇Hθ , (7)

where ρ is a step toward the negative of the gradient of the
function ∇H (θt) defined as

∇Hθ =
∂Hθ (xt)

∂θt

. (8)

As mentioned, the SILM algorithm uses the same prin-
ciple as stochastic gradient descent methods, holding as an
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objective function the log-likelihood of training feature sam-
ples, and as parameters the mean vectors, weights and co-
variance matrices of the GMM. Moreover, we must denote
that the SILM algorithm computes sample-wise operations,
contrary to the EM algorithm that performs operations us-
ing the whole database. As an example of the algorithm, we
use the mean vector of a GMM component as optimization
parameter. Substituting (3) in (7) and (8), we attain

µ t+1
k = µ t

k −ρ∇Lµk
(xt |λ ) , (9)

(10)

where

∇Lµk
(xt |λ ) =

∂L(xt |λ )

∂ µ t
k

, (11)

=
wkN (xt |uk,Ck)

∑
K
k=1 wkN (xt |uk,Ck)

(xt − uk) .

(12)

Table 2 describes the SILM algorithm. For simplicity,
the algorithm was divided in three parts: definition of the
step size, computation of the likelihood, and the updating of
parameters. In step 1, we define a decreasing step size as a
function of the number of iterations. The number of sample
iterations (N) is set by the user. The training sample features
{xt}T

t=1 were randomly selected.
Step 2 includes the required operations to compute a single
or individual likelihood component and the total likelihood.
Finally, step 3 shows the GMM parameters updating as in (7).

The initialization of the mean vector µk, covariance ma-
trices Ck, and weights wk can be done using random initial-
ization of all the parameters or clustering algorithms as the
EM algorithm. Moreover, the SILM algorithm as a step de-
scent method requires defining an initial step size (ρ), and
step sizes for the parameters: mean (α), covariance matrices
(β ) and weights (γ). The step sizes for the different param-
eters of the GMM are directly proportional to the gradient
attained. After determining the step sizes, we can iteratively
estimate the parameters of the speaker GMM. An extra re-
quirement is to define a threshold (ε), in order to avoid that
the weights of the GMMs becoming negative.

The SILM parametrization as a stochastic method aims
at avoiding local maxima that may occur with the EM al-
gorithm. Therefore, the algorithm can achieve higher log-
likelihood and convergence rate for a given number of itera-
tions.

Note that in the limit when the step size “ρ” of the SILM
tends to zero, the SILM and the EM algorithm will fulfill a
similar convergence criterion, so the parameters of the GMM
will achieve a stable state at convergence for both algorithms.
In general, the stable state for the parameters of the SILM is
defined as

θ t+1 = θ t −ρ∇Hθ , t −→ N (13)

θ t+1 = θ t −
(

1−
t

N

)

︸ ︷︷ ︸

≈0

∇Hθ ,

θ t+1 = θ t .

Table 2: SILM Algorithm.

1. Step Size Definition
Define a decreasing step size.

ρ
0
= ρ

(
1− t

N

)
.

2.Likelihood Computation

Using the training database {xt}T
t=1.

a. Select one feature vector {xt}.
b. Compute the likelihood

for each individual mixture Lk.
Lk = wkN (xt |µk,Ck),
and the weighted or total likelihood

Ls =
K

∑
k=1

Lk =
K

∑
k=1

wkN (xt |µk,Ck).

3. Parameter Updating
a. Compute the step sizes for means,

covariance matrices and weights.

ρµ
k
= α ·ρ Lk

Ls
.

ρΣ
k
= β ·ρ Lk

Ls
.

ρw
k
= γ ·ρ 1

Ls
.

b. Update means, covariance matrices,
and weights.

Ck = (1−ρΣ
k
)Ck +ρΣ

k
(xt − µk)

2

µk = (1−ρµ
k
)µk +ρµ

k
xt .

wk = max

{

ε,wk +ρwk

(

Lk −
1

k

K

∑
k=1

Lk

)}

5. EXPERIMENTAL SETUP

The experiments were conducted using the female speakers
from the 2005 NIST-SRE “one two-channel (4-wire) conver-
sation” corpus [16]. Each speech file consists of approxi-
mately five minutes one-side telephone conversion. After re-
moving silences at the beginning and end, each speech file
was segmented into frames of 25 ms length with an over-
lap of 10 ms. Each frame was pre-emphasized and Ham-
ming windowed. Then, 13th-order MFCCs are obtained and
warped [17] with a 3 seconds Gaussian window. Afterwards,
deltas, double deltas and delta Log-Energy were computed,
yielding to 40 dimension feature space. Finally, a frame re-
moval algorithm based on the most energetic frame was ap-
plied to select the features from the silence and noise. Then,
we train 64, 128, 256 and 512-mixtures UBMs using 150
speech files from the female speakers in the training set. A
common clustering (i.e., K-means) initialization is done for
the EM and the SILM algorithm. The initial SILM parame-
ters for the experiments were set as follows: initial step size
ρ

0
= 0.02, α = 0.5, β = 0.05 and γ = .0001.

6. EXPERIMENTAL RESULTS

The results are presented in terms of log-likelihood compar-
isons since both algorithms maximize the likelihood function
and experimental evaluation of the performance in speaker
recognition systems showed, that similar performances can
be achieved in terms of error probability. Moreover, we as-
sume convergence of the algorithm, when the log-likelihood
function achieves a stable state.
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Figure 1 shows the log-likelihood as a function of the
number of exponential operations for 64, 128, 256 and 512-
mixture UBM with clustering initialization for both algo-
rithms (initialization operations are not shown). We can
observe that with fewer operations or iterations, the SILM
achieves convergence faster and attains higher log-likelihood
than the EM algorithm. Although the difference in con-
vergence rate between the SILM and the EM algorithm de-
creases as the number of mixture components increases, the
SILM maintains higher likelihood and convergence rate. Ta-
ble 3 presents a summary of the results obtained by compar-
ing the EM and the SILM algorithms. The first column ad-
dresses the number of the mixture components. The second
column indicates the log-likelihood values where we consid-
ered convergence is achieved. The third and fourth column
show the number of exponential operations required to attain
the previous log-likelihood values for the EM and the SILM
algorithms, respectively. Finally, the fifth column illustrates
the convergence speed for the SILM algorithm in compari-
son to the EM. We can observe that as the number of mix-
ture components increases, the convergence rate of the EM
algorithm increases. The reason is that a large number of pa-
rameters and a proper initialization can improve the fitting of
the model to the features. As mentioned, the initialization of
the EM algorithm plays a big roll in the convergence rate and
log-likelihood values at convergence. Conversely, the SILM
algorithm depends in minor way on the initialization of the
parameters.
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Figure 1: Comparison of the convergence rate and log-
likelihood between the EM and the SILM for different num-
ber of mixture components with clustering initialization.

Table 3: Convergence of the log-likelihood as a function of
operations when clustering initialization is used.

No. Log- EM SILM speed
Mixtures likelihood Operations Operations

64 -52.76 63.3× 106 7.3× 106 8.6

128 -52.19 59.5× 106 12.8× 106 4.64

256 -51.73 54.3× 106 22.1× 106 2.45

512 -51.22 41.2× 106 27.9× 106 1.47

Figure 2 and 3 present a comparison between the SILM
algorithm with random initialization of the parameters and
the EM algorithm with clustering initialization for 64 and
512 mixture UBM, respectively. We can observe that even
with this type of initialization we are able to achieve faster
convergence rate than the EM algorithm and in the case of
64-mixture GMM, a higher log-likelihood is achieved. The
shift of the EM log-likelihood values is due to the fact that
no log-likelihood is obtained during initialization of the EM
algorithm. The initialization operations for the EM are pro-
portional to applying K-means to obtain the mean vector of
each mixture component.

0 1 2 3 4 5 6 7 8 9 10

x 10
7

−53.8

−53.7

−53.6

−53.5

−53.4

−53.3

−53.2

−53.1

−53

−52.9

−52.8

−52.7

−52.6

Number of Operations

L
o
g
-l
ik

el
ih

o
o
o
d

 

 

SILM 64

EM 64

Figure 2: Convergence rate comparison between the EM
with clustering initialization and the SILM with random ini-
tialization for 64 mixture components.

0 1 2 3 4 5 6 7 8 9 10

x 10
7

−52.9

−52.7

−52.5

−52.3

−52.1

−51.9

−51.7

−51.5

−51.3

−51.1

Number of Operations

L
o
g
-l
ik

el
ih

o
o
o
d

 

 

SILM 512 mix.

EM 512 mix.

Figure 3: Convergence rate comparison between the EM
with clustering initialization and the SILM with random ini-
tialization for 512 mixture components.

Although the algorithm presented in this work was used
to train the UBM of a SV system, the use of the SILM is
not limited to this application. Our intention was to highlight
the use of this algorithm with the most time consuming and
complex model in speaker recognition. Real time speaker
recognition systems and identification systems can also ben-
efit from the use of the SILM algorithm to estimate their pa-

599



rameters.

7. CONCLUSIONS

In this paper, we show an algorithm capable to overcome
the convergence limitations of the EM algorithm. The al-
gorithm is based on a step descent method, it achieves faster
convergence with fewer number of operations in comparison
to the EM algorithm even with random initialization. We
also achieve for some cases higher reliability at convergence.
This is an ongoing research and requires further study in the
sense of using other optimization techniques and increase the
robustness of the step size.
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phone: + (46) 31 772 18 21 fax: +(46) 31 772 17 48
em1guill@chalmers.se, thomase@chalmers.se

ABSTRACT

Feature extraction is an important stage in speaker recogni-
tion systems since the overall performance depends on the
type of the extracted features. In the framework of speaker
recognition, the extracted features are mainly based on trans-
formations of the speech spectrum. In spite of the great va-
riety of features extracted from the speech, the common em-
pirical approach to select features is based on a complete per-
formance evaluation of the system. In this paper, we propose
an information theory approach to evaluate the information
about the speaker identity contained on the speech features.
The results show that this approach can help on a more effi-
cient feature selection. We also present an alternative AM-
FM based magnitude representation of the speech that attains
better performance than the MFCCs. Moreover, we show
that phase information features can perform well in speaker
verification systems.

1. INTRODUCTION

Speaker recognition aims at finding a set of characteris-
tics that best represents a specific speaker voice. Formally,
speaker recognition is defined as the process of automatically
recognizing who is speaking based on information provided
by speech signals. Speaker recognition contains two main
phases: training and classification. In the training phase,
the extracted features are used to create speaker models. In
the classification phase, the speaker models are used to clas-
sify new input utterances to the system. Speaker recognition
systems can also be categorized depending on their tasks in
Speaker Identification (SID) and Speaker Verification (SV)
systems [1]. SID systems determine from a set of predefined
models to which of them belongs an input test utterance.
Conversely, SV systems are employed to validate whether
the speaker is who he or she claims to be.

Feature extraction, also called front-end, is the first stage
in speaker recognition systems. In this stage, speech samples
are transformed to a sequence of numerical descriptors called
features. The extracted features contain individual and essen-
tial characteristics of the speakers and are used to estimate
the speaker model parameters. In the speaker recognition
framework, the basic front-end extracts and transforms the
magnitude spectrum of the speech signal. The most common
features in speaker recognition are the Mel Frequency Cep-
stral Coefficients (MFCCs) based on the known variation of
the human ear’s critical bandwidths, with filter-banks that are
spaced linear at low frequencies and logarithmic at high fre-
quencies [2]. The extracted features are often complemented
with their delta and double delta, which capture the dynamic
information of the features or in combination with other fea-
tures [3]. On the other hand, focusing on the phase spectrum

features, the Modified Group Delay Features (MGDFs) have
proven to be useful in the extraction of speaker information
from the phase of speech signals. These features are based
on the group delay function [4].

The AM-FM representation can also be used as an al-
ternative method for feature parametrization. This technique
was used specially in the context of modulated signals [5].
In the area of speech processing, this technique is mainly
utilized for formant tracking, speech synthesis, speech and
speaker recognition. The AM-FM modeling decomposes the
speech signals into decorrelated bandpass channels. Each
channel is characterized in terms of its envelope (instanta-
neous amplitude) and phase (instantaneous frequency). In
this work, we propose a methodology to extract features
from the AM-FM representation, called instantaneous Am-
plitude Modulated features (AMFs) and Instantaneous Fre-
quency features (IFFs).

Feature selection is not a new subject, studies comparing
between magnitude spectrum features can be found in [6].
The importance of feature selection lies in the correlation
between the extracted features and the performance of the
system.

Information theory has proven to be useful in analyzing
and selecting features in speaker recognition and in other ap-
plications. Several papers address the use of mutual informa-
tion (MI) between features as a selection criterion [7]. The
main advantage of using MI as a performance measure is that
an analytical solution can be found and maximized.

In spite of the great variety of features extracted from
the speech, the common empirical approach to select fea-
tures is based on a complete performance evaluation of the
system. In this paper, we propose an information theoretical
approach to evaluate the information about the speaker iden-
tity contained on the speech features. We study magnitude
and phase information features and the results show that this
approach can help on a more efficient feature selection.

2. FEATURE EXTRACTION

In this work, we will analyze MFCCs, MGDFs, AMFs and
IFFs. The reason for choosing these features, is to compare
phase information and magnitude information features from
an information theoretical perspective. Moreover, we ana-
lyze the phase of speech signals, such that discriminative in-
formation about the speaker can be used in the recognition
process.

2.1 Modified Group Delay Features (MGDFs)

The MGDFs are features based on the group delay func-
tion [4]. This function provides a way of estimating the for-
mants of the speech directly, without involving the process of
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unwrapping the speech signal. The formants are resonances
of the vocal tract containing discriminative information about
the speaker. The MGDFs are defined as

τ (ω) = ζ (ω)

∣

∣

∣

∣

∣

XR (ω)YR (ω)−XI (ω)YI (ω)

(S (ω))
2γ

∣

∣

∣

∣

∣

α

, (1)

where XR(ω), XI(ω) are the real and imaginary parts of the
Fourier transform (speech spectrum) of the original speech
signal x[n], respectively. Additionally, YR(ω) and YI(ω) are
the real and imaginary parts of the Fourier transform of nx[n],
respectively. S(ω) represents a smoothed version of the spec-
trum, ζ (ω) defines the sign function of the group delay pro-
file and α and γ are tuning parameters with typical values of
0.1 and 0.9, respectively. After obtaining the MGDFs, the
DCT is applied to decorrelate the feature set. Finally, the
feature set is truncate to the desired number of coefficients.

2.2 The AM-FM Parametrization

This type of representation decomposes the speech signal
into decorrelated bandpass channels, each of them character-
ized by its envelope and phase. We will describe the steps for
computing the instantaneous amplitude and frequency. Two
steps are common for both feature extractors: the bandpass
filtering of the speech signal and the computation of the an-
alytical representation for the filtered signal. Then, separate
steps are required to extract each of the features. We must
denote that the speech signal should be pre-processed before
the AM-FM parametrization, i.e., the speech signal should
have been preemphasized and framed and each frame have
to be windowed.

Bandpassing the Speech Signal: The first step is to
bandpass the speech signal such that a number of decorre-
lated bandpass channels are attained. Three main require-
ments are specified for the design of the filters: central fre-
quency, bandwidth and the type of the filter. The central fre-
quencies are similar to the frequencies used in MFCCs, the
bandwidth is defined by the perceptual critical band [8], and
the filter type is a bandpass finite impulse response (FIR) fil-
ter.

Computation of the Analytical Signal: In order to char-
acterize a single instantaneous frequency and amplitude for
a real-valued signal, the analytical signal xa(t) is constructed
from each of the bandpass filtered signal as

xa(t) = x(t)+ jx̂(t), (2)

where x̂(t) is the Hilbert transform of x(t) [5]. The analytical
signal approach provides a signal with no negative frequency
components.

2.3 Amplitude Modulated Features (AMFs)

To extract the AMFs, the framed speech signal is bandpassed
such that a waveform νi(t) is obtained for each i-th channel
and for each frame. Then, the magnitude of the analytical
representation can be computed for each speech frame as

ai(t) =
√

ν2
i (t)+ ν̂2

i (t), (3)

where ν̂i(t) is the Hilbert transform of the i-th bandpassed
waveform νi(t). Subsequently, we average the ai(t) over

each frame and apply the logarithm in order to obtain a
smooth representation of the magnitude and to emphasize the
small variations of the signal for each channel.

Ai = logEa
i
[ai(t)], (4)

= log

(

1

T

T

∑
t=1

ai(t)

)

, (5)

where E[·] represents the expectation, and Ai are the average
smoothed amplitude features for each i-th channel and T is
the size of the frame. Finally, we decorrelate the Ai using
again the DCT transformation.

2.4 Instantaneous Frequency Features (IFFs)

The IFFs are obtained from the analytical representation of
the waveform after bandpass filtering the speech frame. The
instantaneous frequency can be computed as the derivative of
the instantaneous phase defined as

fi(t) =
1

2π

∂

∂ t

[

arctan

(

ν̂i(t)

νi(t)

)]

. (6)

An alternative method to compute the IFFs is to use the an-
alytical form of the waveform, i.e., νa

i (t) = νi(t) + jν̂i(t).
First, the instantaneous frequency can be estimated as [9]

fi(t) =
1

4π
arg
[

−(νa
i [t + 1])(νa

i [t − 1])∗
]

, (7)

where νa
i [t − 1]∗ is the conjugate of the analytical represen-

tation of the waveform νa
i [t−1]. Then, fi(t) is averaged over

each frame, in order to obtain a smooth representation of the
instantaneous frequency for each filtered signal.

Fi = E
fi
[ fi(t)], (8)

=
1

T

T

∑
t=1

fi(t), (9)

where T is the frame size. Finally the DCT-transform is com-
puted and the new set of features are obtained.

3. SPEAKER MODELING

Gaussian Mixture Models (GMMs) have become the domi-
nant approach for modeling speakers over the last years [10].
Given a feature vector xt , the probability density function
(pdf) of the speaker features p(xt |λ ) can be approximated
as a GMM

p(xt |λ ) =
K

∑
k=1

wkN (xt |µk,Ck), (10)

where N (xt ,µk,Ck) is a Gaussian distribution, µk is the
mean vector,Ck is the covariance matrix and wk is the weight
of the k-th Gaussian distribution. The GMM can also be de-
fined by a set of parameters, i.e., λ = {wk,µk,Ck}

K
k=1, es-

timated by the EM algorithm. In SV systems, two models
are defined: the target model and the impostor model. The
impostor model; also known as the Universal Background
Model (UBM), is first trained using the Expectation Max-
imization (EM) algorithm and a pool of speakers different
from the speaker we would verify. Then, the speaker model
is derived from adapting the mean vectors of the UBM using
Maximum a Posteriori (MAP) [11].
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4. CLASSIFICATION

The extracted features from a speaker test utterance {xt}T
t=1

are compared against the speaker GMM. The speaker recog-
nizer computes the log-likelihood of a given speaker model
λ for the test utterances as

L(x|λ ) =
T

∑
t=1

log p(xt |λ ). (11)

Depending on the likelihood values obtained and the
task, the system will emit a decision: the speaker is ac-
cepted/rejected or identified. To evaluate the performance
of a speaker recognition system, we use the probability of
error Pe = Pr[s 6= ŝ] where s represents the identity of the
true speaker and ŝ the decision emitted by the recognition
system. Focusing on the speaker recognition tasks, SV is a
statistical hypothesis test between two hypotheses [10]: the
target and the impostor model. Moreover, each trial consists
of a speaker test utterance and a claimed identity. From each
trial, a log-likelihood ratio is computed and a score Θ is de-
termined as

Θ = log





p(x|λ )

p
(

x|λ̂
)



 ; Θ

accept
≥
<

reject

τ (12)

Θ = L(x|λ )−L
(

x|λ̂
)

, (13)

where λ denotes the hypothesis to accept an utterance
{xt}T

t=1 as being produced by the target speaker. The im-

postor model or UBM (λ̂ ) denotes the hypothesis to reject an
utterance {xt}

T
t=1 as being produced by the target speaker and

τ is the threshold that minimizes the expected cost of errors.

5. INFORMATION THEORETICAL APPROACH

Our feature selection approach is based on the MI between
the set of features and the speaker identity providing a way
to quantify the amount of speaker information contained on
each feature set. In [12], the bounds for the classification er-
ror tied to the mutual information between the feature set and
the speaker identity are presented. The minimum possible
classification error probability (Pe) for values less or equal
to 0.5 is related to the MI between speakers and the feature
vector sequences C as

I(C;S)≤ log2 M− 2Pe, (14)

I(C;S)≥ log2 M−H(Pe)−Pe log2(M− 1), (15)

where M represents the total number of classes or speakers,
which addresses the assumption of a uniform distribution of
the classes S. Figure 1 presents an example of the bounds
for M = 32 speakers for different kinds of features. Note
that the bounds presented in (14) and (15) are based only on
the extracted features and the number of speakers enrolled in
the system. Further improvements on the bounds cannot be
made without knowledge of the actual problem.

5.1 Analytical Expression for Mutual Information

To compute the MI, we let the set C = {c1, . . . ,cZ} contain
all the feature vectors used in the classification. For simplic-
ity, we will assume that independence between consecutive
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Figure 1: Bounds for the probability of error as a function of the
mutual information I(S;C) for a SID system consisting of M = 32
speakers. The squares, triangles and asterisks represent actual val-
ues from experiments performed with MGDFs, IFFs AMFs and
MFCCs, (See section 6 for definitions) respectively.

features so that the entropy is the sum of the frames entropies.
Moreover, we will divide our database into M partitions, i.e.,
{cs,t}T

t=1, s = 1, . . . ,M with equal size T for each partition.
Then, the MI can be defined as

I(c;S) = h(c)− h(c|S), (16)

where h(c) is the entropy of the features and h(c|S) is the
conditional entropy of the features c averaged over all the
speakers enrolled in the database M. The MI in (16) can be
written as

I(c;S) =−E

[

log2

M

∑
s=1

1

M
p(c|s)

]

+E [log2 p(c|S)] , (17)

where p(c|s) is the speaker pdf. We decided to use the
GMMs since the speaker pdfs are already estimated with this
method in speaker recognition systems. Substituting the ex-
pectations in (17) by the sample means and the pdfs by (10),
we attain

I(c;S) = I (x;λS)≈−
1

MT

M

∑
s=1

T

∑
t=1

log2

M

∑
i=1

1

M
p(xs,t |λi)

+
1

MT

M

∑
s=1

T

∑
t=1

log2 p(xs,t |λs). (18)

where x is the feature vector and λi is the speaker model or
class. The major advantage of using the MI as a performance
measure instead of directly using the classification probabil-
ity of error, is that the MI can be analytically computed and
maximized more straightforward than the classification error.
Using the MI estimator defined in (18), we can determine for
any kind of proposed features which of them contains the
largest MI with respect to the speaker and also the lowest Pe.

6. EXPERIMENTAL SETUP

Two different experimental setups were determined. In
the first setup, the experiments were conducted using the
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“YOHO” database [13]. The first session of each of the
first 30 speakers in the enrollment session has been used.
In each speech file, the silences at the beginning and at the
end were removed. Then, the speech file was segmented
into frames of 25 ms and 10 ms of overlapping. Each frame
was pre-emphasized and Hamming-windowed. Four differ-
ent features sets were created: MGDFs, MFCCs, AMFs and
IFFs. In the case of the MFCCs and the MGDFs, we used
a 256-th Fast Fourier Transform (FFT) to extract the spec-
trum. Then, we compute the MGDFs and reduce their di-
mensionality to 22th-order after the DCT. The MFCCs were
extracted with a 23th-order Mel triangular filter-bank. The
first coefficient was discarded after the DCT, attaining 22th-
order coefficients. For the AMFs and the IFFs, we use 23
different bandpass filters. The central frequency of the filters
were similar to the MFCCs filters and the filters bandwidths
were specified by the perceptual critical band [8]. The fea-
tures extracted were used to train 32-mixtures GMM for each
speaker. Then, we estimate the MI using the GMMs for each
feature set. Moreover, we evaluate the system in open test
conditions with 40 trials per speakers.
In the second setup, we verified that the selection of features
for a larger database. The experiments were conducted using
the female speakers from the 2004 NIST-SRE “core” cor-
pus [14]. Each speech file consists of approximately five
minutes one-side telephone conversion. A similar proce-
dure to the first setup was used to create the frames. Then,
MFCCs, MGDFs, AMFs and IFFs are obtained and warped
with a 3 seconds Gaussian window [15]. Afterwards, deltas
(∆), double deltas (∆∆) and delta log-Energy (∆ logE) were
computed. Later, a 512-mixtures UBM was trained and the
speaker models were derived using MAP adaptation and their
own feature set. Finally, we perform verification according
to the 2004 NIST-SRE “core” corpus and compute the MI for
the feature parameterizations with the best performance.

7. RESULTS

In figure 2, a comparison of the MI as a function of the num-
ber of coefficients for different features is presented. The
results show that the AMFs contain the highest discrimina-
tive information about the speaker compared to the other
feature sets. However, the results also show that the phase
information features contain useful information about the
speaker. Note that the MI is always an increasing function
since the computation of the MI is done in closed test condi-
tions (i.e., both model training and MI computations use the
same database).

In figure 3, we present the MI and the Pe as a function
of the number of coefficients for different features in open
test conditions (i.e., different databases were used for model
training and MI computation). We can observe that the mu-
tual information for the magnitude features is always higher
than for the phase information features. However, the MI
computed from the phase features provides evidence that in-
formation about the speaker is contained in the phase. Note
that in this case, the MI is a concave function. The reason
of this behavior is related to the bias and the variance of
the model. In open test conditions, the performance of the
recognition system (i.e., Pe and MI) improves as the number
of parameters increases due to a reduction on the bias of the
model. However, the variance of the model grows as well
as the number of parameters increases due to the uncertainty

in the parameter estimation, until the variance of the model
is extremely high that has a detrimental effect on the perfor-
mance of the system [16]. Moreover, we can notice an agree-
ment between low Pe and high MI for the different feature
sets. Although the best performance is achieved for MFCCs,
the AMFs maintain their performance for higher number of
coefficients indicating that information can be extracted from
these coefficients. In figure 4, we present the performance
evaluation of a SV system using the second setup. Table 1
shows the EER and the MI for the different features showing
that the best performance can be achieved with the AMFs.
Additionally, an agreement between the MI computed previ-
ously and the DET curves of the different features is illus-
trated. Note that the magnitude features provides higher MI
and also better performance.
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Figure 2: Comparison of MI as a function of the number of coeffi-
cients for different magnitude and phase features (closed-test).
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Figure 3: Comparison of MI and Pe for different magnitude and
phase features (open-test).

8. CONCLUSION

In this work, we extracted features based on the AM-FM
representation and compared with others from an informa-

604



  0.1   0.2  0.5    1     2     5     10    20    40  

  0.1 

  0.2 

 0.5  

  1   

  2   

  5   

  10  

  20  

  40  

False Alarm probability (in %)

M
is
s

p
ro

b
a
b
il
it
y

(i
n

%
)

 

 

13th MFCCs+∆ + ∆∆ + ∆logE

13th AMFs+∆ + ∆∆ + ∆logE

20th MGDFs+∆logE

13th IFFs+∆ + ∆∆ + ∆logE

Figure 4: Comparison of DET curves for magnitude and phase fea-
tures.

Table 1: EER and MI comparison for different feature sets.

Feature Set EER % MI

13th MFCCs +∆+∆∆+∆ logE 10.4561 0.2957
13th AMFs +∆+∆∆+∆ logE 10.2267 0.3064

20th MGDFs+∆ logE 19.0134 0.1262
13th IFFs +∆+∆∆+∆ logE 18.7126 0.2325

tion theoretical point of view and show that the MI is closely
connected to the performance of the system (Pe). Our re-
sults show that the magnitude features attain higher MI and
lower Pe. We highlighted that the knowledge of the MI be-
tween features and the speakers can help us for a better fea-
ture selection. Moreover, we address the issue that the phase
of speech signals contains important discriminative informa-
tion, useful for speaker recognition. Finally, we present that
for our SV database, the AM-FM representation attains bet-
ter performance.
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ABSTRACT 

 This paper presents a computationally efficient 
method for the measurement of a dense image correspon-
dence vector field using supplementary data from an inertial 
navigation sensor. The application is suited to airborne im-
aging systems (such as on a UAV) where size, weight, and 
power restrictions limit the amount of onboard processing 
available. The limited processing will typically exclude the 
use of traditional, but expensive, optical flow algorithms 
such as Lucas-Kanade. Alternately, the measurements from 
an inertial navigation sensor lead to a closed-form solution 
to the correspondence field. Airborne platforms are also 
well suited to this application because they  already possess 
inertial navigation sensors and global positioning systems 
(GPS) as part of their existing avionics package. We derive 
the closed form solution for the image correspondence vec-
tor field based on the inertial navigation sensor data. We 
then show experimentally that the inertial sensor solution 
outperforms traditional optical flow methods both in proc-
essing speed and accuracy.   

1. INTRODUCTION 

Image correspondence vector fields for frame to frame 
motion in a video sequence are an enabling input data item 
for a number of image processing algorithms including 
computer vision, optical flow measurement, and super-
resolution enhancement [2], [10]. Traditional methods for 
generating dense correspondence maps, such as Lucas-
Kanade and Horn-Schunk [3], continue to be a challenge in 
the image processing community due to both their computa-
tional complexity as well as their inherent reliance on suffi-
cient image texture. For conditions in which the image flow 
is dominated by the motion of the sensor platform as op-
posed to that of individual objects in the scene, an alterna-
tive method is to directly calculate the frame to frame corre-
spondence based upon data from an inertial navigation sen-
sor.  

Landscape video taken from an airborne platform, such 
as a UAV, is well suited to the above conditions. The land-
scape itself is essentially static in an earth fixed reference 
frame; so, all of the observed image motion is due to the lin-
ear and angular motion of the sensor platform. Additionally, 
airborne platforms have the characteristics 1) they already 

have an embedded inertial navigation sensor as part of their 
avionics package and 2) size, weigh, and power restrictions 
may be prohibitive for the high performance computing 
power needed to estimate motion fields in real-time using 
image based algorithms. 

The challenge in utilizing an inertial navigation sensor is 
that, in order to generate the sub-pixel accuracies required by 
algorithms such as super-resolution enhancement, the inertial 
navigation sensor and the imaging sensor must be well 
aligned and calibrated. In general, this precision alignment 
will require specialized equipment which may not be practi-
cal for small platforms. Therefore, an online calibration pro-
cedure is proposed. 

The remainder of the paper is organized as follows. In 
section 2, we first introduce the geometric models of the iner-
tial navigation sensor and imaging sensor respectively. In 
section 3, we describe the process by which the inertial sen-
sor measurements are utilized to calculate image correspon-
dence. In section 4 we discuss the proposed method for per-
forming a periodic online calibration of the two sensor sys-
tems. The section 5 we presents experimental results using 
simulated imagery and section 6 concludes the paper.   

2. SENSOR MODELS 

2.1 Inertial Navigation Sensor Model 
Advances in both inertial navigation technology using 

micro electromechanical systems (MEMS) as well as global 
positioning system (GPS) receivers has led to low size, 
weight, power, and cost integrated GPS and inertial naviga-
tion sensors. The MEMS inertial sensors consist of an or-
thogonal triad of linear acceleration measurement devices 
and an orthogonal triad of angle rate measurement devices. 
The outputs of the inertial sensors and the GPS are optimally 
combined in a filter to produce an accurate navigation solu-
tion [4]. 

  The output of the inertial navigation sensor is a current 
position, velocity, and attitude of the air vehicle relative to an 
earth fixed reference frame. Typically, the reference frame is 
aligned to the local north, east, and down directions ( ). 
The position output is the geodetic latitude, longitude, and 
altitude of the platform ( , , . The velocity output is pro-
vided in the  coordinate system, . The attitude 
output is represented as a 3x3 orthonormal direction-cosine-
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matrix (DCM) mapping vectors in the NED coordinate sys-
tem to the platform coordinate system, ; i.e. for an arbitrary 
vector : 

 
 

 
2.2 Imaging Sensor Model 
 For purposes of deriving geometric relationships 
between the inertial sensors and the imaging sensors, it is 
convenient to utilize a normalized perspective projection 
model of the image sensor as discussed in [1] (see Figure 1). 
In such a model, the image plane is considered to be located 
at a unit distance from the focal point such that a 3D object 
located at space vector  in a coordinate 
system S attached to the sensor, will be projected to a nor-
malized pixel location  

 
1 / / 1  

 
The normalized pixel location ( , ) will not corre-

spond directly to the true pixel location ( , ) of the projec-
tion of onto the image plane because the real camera will 
not perfectly match the idealized projective projection model. 
However, from the intrinsic calibration parameters of the 
camera, there is a known mapping function,  (⋅), such that 

 
,  ,  
,  ,  

 
The functional form of  (⋅) depends upon if the sensor 

is best described by a thin lens, thick lens, or other more in-
tricate optical model. In either case, the function  (⋅) is as-
sumed known via factory calibration of the sensor. The orien-
tation of the sensor relative to the platform is represented as a 
3x3 orthonormal DCM mapping vectors in the  coordinate 
system to the  coordinate system; i.e. for an arbitrary vector 

 
 

 
 

3. CORRESPONDENCE MAPPING 

3.1 Geometric Mapping 
 Given the geometric models of section 2, it is possi-
ble to explicitly calculate the correspondence field of the 
sensor between video frames. Let , ,   represent 
the 3D vector from the platform to the ground projection of 
normalized image pixel ( , ) on frame . Call this ground 
projection point . Let  ∆ , ∆  represent the 
projection of the same ground point  back onto the normal-
ized sensor image on frame 1 (see Figure 2). Then, 
∆ , ∆  is the correspondence vector for pixel ( , ) be-

tween frames  and 1. In order to calculate the motion 
of the ground point  in the normalized image plane, it is 
necessary to first compute the vector , ,  ac-
cording to 

 

, , , ,

1
, 

 
where the subscript “ ” on the  to platform DCM indi-
cates that it represents the orientation of the platform at a 
time coincident with video frame . The “ ” superscript in-
dicates the matrix transpose. Because the DCM matrices are 
orthonormal, the matrix transpose is equivalent to the matrix 
inverse. The magnitude of the projected line from the plat-
form to the ground point , , , , is calculated 
based on the altitude and position of the platform. This calcu-
lation is discussed in more detail in section 3.2. The second 
step is to calculate the translational motion of the platform, 
∆ , based on the average velocity, that is, 
 

∆ ∆ , 
 

where, again, the subscript “ ” on the velocity indicates the 
velocity indicated by the inertial navigation sensor at a time 
coincident with the video frame k. The time period ∆  is the 
time interval between frames  and 1. ∆  is expressed 
in the  coordinate system. The third step is to adjust the 
position of the fixed ground point G relative to the platform 
using the position change, ∆ , that is, 
 

∆ , ∆ , 1 , , ∆  
 
The final step is to map the  vector back into the sensor 
coordinate system, that is, 
 

∆
∆

1
∆ ,

∆ , 1 , 
 

where,  is a normalizing scale factor such that the third 
elememt on the left-hand side of equation (4) is equal to 
unity. Equation (4) is rearranged into a form suitale for 
computer implementation by substituting in equation (3) and 
subtracting the vector 0  from both sides. This 
yields, 
 

∆
∆
1

, , ∆

0  
 

Again,  is a normalizing scale factor. Equation (5) 
represents the final closed-form solution to the image 
correspondence vector field. For every pixel location ( , ) 
on frame , it computes the correspondence vector ∆ , ∆  
based on the known inputs , , , , , 
and ∆ . 
 

3.2 Range to Ground 
The range to the ground point, , , , is ob-

tained through the use of a digital terrain elevation database 

(1) 

(2) 

(3) 

(4)

(5)
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(DTED). DTED is a table indexed by latitude and longitude 
that provides the elevation of the ground above sea level. 
Global coverage DTED based on the Shuttle Radar Topogra-
phy Mission (SRTM) is publically available in 3 arc-second 
(level 1) or 1 arc-second (level 2) resolution from the Earth 
Resources Observation and Science Center. GPS position is 
all that is needed to accurately calculate ground range. See 
the geometry in Figure 2. 
 

4. ON-LINE CALIBRATION 

 Assuming that intrinsic errors in both the inertial 
navigation sensor and the imaging sensor are minimized 
through factory calibration, the remaining error sources of 
interest are 1) misalignment in the installed orientation of 
the image sensor and 2) mis-synchronization between the 
image and inertial sensor data. These errors may be written 
as small angle modifications to the DCMs, that is, 

 
 

 
 

 
 represents the 3x3 identity matrix.  is the 3-element angu-

lar velocity vector of the platform relative to  (as re-
turned by the inertial navigation sensor).  represents the 
temporal mis-synchronization between the inertial and image 
data and  is a three element vector representing the roll, 
pitch, and yaw misalignment of the platform to image sensor 
DCM. The subscript “ ” applied to the vectors  and  in 
equation (6) is an operator that converts them into the 3x3 
skew-symmetric cross-product matrix; i.e. 
 

0
0

0
 

 
With that definition, the 3x3 matrices: 
 

 and   
 

are small angle approximations to the DCMs generated by 
rotations about the x,y, and z axes given by the elements of  
and  respectively. 

In equation (6), the DCMs with the ^ symbol indicate 
the uncorrected matrices and the DCMs without the ^ repre-
sent the post-correction. The goal is to estimate  and  such 
as to improve the correspondence calculation. The technique 
for doing so is to apply a traditional image based optical flow 
algorithm to a small set of pixels on each video frame and 
find the values of  and  that minimize the discrepancy be-
tween the correspondence vectors as measured via optical 
flow versus the correspondence predicted by the inertial sen-
sor. Only a small number of data points are required to solve 
for the four unknowns in  and . Therefore, it is not neces-
sary to generate a dense correspondence map using a compu-
tationally expensive, optical flow algorithm such a Lucas-

Kanade. Instead, optical flow algorithm only need to return a 
relatively few correspondence vectors per frame. Once the 
error parameters, estimate  and , are resolved, equation (5) 
is used to find the dense flow field. 

The parameter estimation for  and  may be linearized 
to the form 

 
Δ
Δ

Δ
Δ

1 0 0
0 1 0     (8) 

 
where  and  refers to the correspondence vectors deter-
mined by the image processing and inertial system respec-
tively. The matrix  is given by 
 

, ,
1

Δ  

 
where, 

 
1

 

1
 

  

2  

 
By equation (8), each data point generates two equa-

tions. Therefore, a minimum of two data points is required 
for a solution to the four error parameters  and . For a ro-
bust solution, many more data points are necessary yielding 
an overconstrained linear relationship which may be solved 
using a standard least squares approach. Or, if apriori prob-
ability distributions are available for the measurements and 
unknown parameters, through a maximum likelihood or 
maximum a posteriori estimation method. 

5. RESULTS 

The ideal means of testing the above algorithms is to 
collect data from an aircraft of UAV equipped with an imag-
ing sensor and inertial navigation sensor. For the purpose of 
this paper, video data is simulated using a large aerial photo-
graph [6] and remapping the imagery to the point of view of 
a sensor on a simulated aircraft. The mapping requires con-
sidering the large image as a ground fixed texture and then 
using the geometry of Figure 1 to project each pixel of the 
virtual camera to the ground. Bi-linear interpolation is used 
to handle the non-integer relationship between the pixels of 
the virtual camera and the ground map. Figure 3 illustrates 
the ground image (top) and the simulated virtual camera im-
age (bottom). The simulated aircraft is flying at 1000 m alti-
tude with a 10 degree right bank angle. The virtual camera 
has a 60 degree field-of-view such that the ground projection 

(7) 

(6) 
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of the field-of-view is shown by the yellow box in Figure 3 
(top).  

 Although the image plane of the virtual camera is 
square, the ground projection of the field-of-view is asym-
metric due to the 10 degree roll angle of the simulated air-
craft. In order to make a test video feed, it is necessary to 
generate a six degree-of-freedom trajectory for the simulated 
aircraft and repeat the virtual camera projection for a time 
series of frames. 
To test the improvement in execution speed of the closed 
form solution to the correspondence vs. an optical flow tech-
nique, the closed-form option is coded up in Matlab and 
compared to a public code for performing the Lucas-Kanade 
algorithm written by Sohaib Khan [7]. Using the simulated 
data, and not introducing any errors on the inertial sensors 
or alignment errors as discussed in section 4, the closed-
form solution, equation (5), represents the truth reference 
for the correspondence field. The error in the Lucas-Kanade 
method is expressed as a histogram in Figure 4. For the 
purpose of these figures, the correspondence error per pixel 
is defined as 
 

∆ ∆ ∆ ∆  
 
where the subscripts “ ” and “ ” correspond to the 
Lucas-Kanade estimate and the truth reference respectively. 

 
 

 
Figure 1: Normalized Perspective Projection Model 

The histogram of  in Figure 4 is generated for the cor-
respondence map between the image in Figure 3 and the next 
image in a 30 Hz video sequence. The total truth motion be-
tween the two frames was on the order of 0.5 pixels. The 95 
percentile error for the Lucas-Kanade method, based on the 
histogram in Figure 4, was 0.4 pixels. The run-time of the 
Lucas-Kanade code was 77 times that of the code that per-
formed the closed-form solution on every pixel. 

The closed-form inertial based solution, in reality, is not 
error free. The dominant errors affecting the performance are 
the velocity error, the absolute attitude error, and the attitude 

error drift between consecutive video frames. References [8] 
and [9] investigate GPS velocity error. Both of these refer-
ences predict errors that are less than 1 m/s RMS. Reference 
[4] develops an integrated GPS/Inertial filter using a low-cost 
Crossbow AHRS-DMU-HDX inertial measurement unit 
(IMU) which has an empirically measured attitude error of 
0.04 degrees in the roll and pitch attitude axes and 0.36 de-
grees in yaw. The preceding numbers are one-sigma values. 
 

 
Figure 2 – Range Projection to Ground.  

 

 
Figure 3: Simulated Aircraft Imagery 

 
Additionally, the Crossbow IMU has an angular readout 

noise of 8.5e-2 degrees / second (0.0028 degrees over a 1/30 
second frame). Placing these quantities into a 100 run Monte-
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Carlo simulation shows a 95 percentile error of 0.04 pixels 
for the closed-form inertial based solution (see Figure 5).  
 

 
Figure 4: Lucas-Kanade Correspondence Map Error Histo-

gram 

The Monte-Carlo is executed by making a random draw 
of the error sources for each run and using them to perturb 
equation (5). The error form of equation (5) is created by 
making the following replacements 

 
1  

2 1  
∆ ∆ ∆  

 
where the random disturbance matrices 1, 2 and the dis-
turbance vector  are given by, 
 

1
180

0.04 0.04 0.36  

2 180
0.0028 0.0028 0.00286  

1  
 

where the subscript “ ” operator was defined in equation (7). 
The values  through  are independent draws from a zero-
mean, unity variance normal distribution. The numerical val-
ues above are based upon the specific inertial sensor and 
GPS error parameters discussed previously. 

6. CONCLUSION 

This paper has introduced a computationally efficient means 
of calculating a dense correspondence vector field for a 
video sequence in airborne applications where an inertial 
navigation sensor is available. The method bypasses compu-
tationally expensive image processing methods of estimat-
ing the vector field and, instead, uses a closed form solution 
to the geometric mapping from the inertial sensor measure-
ments to the image. Furthermore, the paper outlines an ap-
proach to online estimation of the synchronization and mis-
alignment between the inertial and image sensors. Accuracy 
of these parameters is required for making sub-pixel meas-
urements of the correspondence vector field. Simulation 

based results show that a typical low-cost GPS/inertial sen-
sor system is able to measure the correspondence an order of 
magnitude faster than a typical image-based optical flow 
code while achieving an order of magnitude improvement in 
accuracy.  
 

 
Figure 5: Monte-Carlo Based, Inertial Based Correspondence 

Error Histogram 

REFERENCES 

[1] A. Forsyth and Ponce, Computer Vision: A Modern Ap-
proach. Prentice Hall, Upper Saddle River, New Jersey, 
2003. 
[2] R. Schultz and L. Stevenson, "Extraction of High-
Resolution Frames from Video Sequences,'' IEEE Transac-
tions on Image Processing, vol. 5, no. 6, pp. 996-1011, June 
1996. 
[3] Siong, Mokri, Hussain, Ibrahim, Mustafa, "Motion De-
tection Using Lucas Kanade Algorithm and Application 
Enhancement,'' 2009 International Conference on Electrical 
Engineering and Informatics, Selangor, Malaysia, pp. 537-
542. 
[4] Hide, Moore, and Smith, "Adaptive Kalman Filtering 
Algorithms for Integrating GPS and Low Cost INS,'' Posi-
tion, Location, and Navigation Symposium, 2004, pp. 227-
233 
[5] Performance Specification Digital Terrain Elevation 
Data (DTED), MIL-PRF-89020B, May 2000 
[6]http://www.spatialenergy.com/images/SE_Bourtange_24
x36.pdf 
[7]http://www.cs.ucf.edu/vision/public_html/source.html#O
ptical%20Flow 
[8] Herbert, Keith, Ryan, Lachapelle, and Cannon, “DGPS 
Kinematic Carrier Phase Signal Simulation Analysis for 
Precise Aircraft Velocity Determination”, Proceedings of 
the ION Annual Meeting, Albuquerque, NM, June 3 – July 
2 1997 
[9] Serrano, Kim, and B. Langley, “A GPS Velocity Sen-
sor: How Accurate Can it Be? – A First Look”, ION NTM 
2004, San Diego, CA, 26-28 January 2004 
[10] A.K. Katsaggelos, R. Molina, and J. Mateos, “Super 
Resolution of Images and Video”, Morgan and Claypool 
Publishers, 2007 

610



PROXIMAL METHODS FOR IMAGE RESTORATION USING A CLASS OF
NON-TIGHT FRAME REPRESENTATIONS

Nelly Pustelnik, Jean-Christophe Pesquet and Caroline Chaux

Université Paris-Est
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ABSTRACT
The objective of this paper is to develop a convex opti-
mization approach for solving image deconvolution prob-
lems involving frame representations. Until now, most of
the proposed frame-based variational methods assumed ei-
ther Lipschitz differentiability properties or tight representa-
tions. These assumptions are relaxed here, thus offering the
possibility of considering a broader class of image restora-
tion problems. The proposed algorithms allow us to solve
both frame analysis and frame synthesis problems for vari-
ous noise distributions. The proposed approach is proved to
be effective for restoring data corrupted by Poisson noise by
using (non-tight) discrete dual-tree wavelet representations.

1. INTRODUCTION

Many works in image processing are concerned with chal-
lenging inverse problems such as denoising or deconvolution.
For such problems, the original imagey ∈ R

N is degraded by
a matrixT ∈ R

N×N modeling a convolutive degradation and
by a non-necessarily additive noise. The resulting degrada-
tion model is the following:

z = Dα (Ty) (1)

whereDα denotes the noise effect andα > 0 is some related
parameter (for example,α may represent the variance for
Gaussian noise or the scaling parameter for Poisson noise).
In this context, our objective is to recover an imagey ∈ R

N ,
the closest possible toy, from the observation vectorz ∈ R

N

and available prior information. In early works, this prob-
lem was solved for Gaussian noise using Wiener filtering,
or equivalently quadratic regularization techniques. Later,
multiresolution analyses were used for denoising by apply-
ing a thresholding to the generated coefficients [1]. Then,
in order to improve the denoising performance, redundant
frame representations were substituted for wavelet bases [2].
In [3, 4, 5, 6], authors considered convex optimization tech-
niques to jointly address the effects of a noise and of a linear
degradation within a convex variational framework. When
the noise is Gaussian, the forward-backward (FB) algorithm
[3] (also known as thresholded Landweber when the regular-
ization term is anℓ1-norm [4, 5, 6]) can be employed in the
context of wavelet basis decompositions and its use can be
extended to arbitrary frame representations [7]. However,in
the context of a non-additive noise such as a Poisson noise or
a Laplace noise, FB algorithm is no longer applicable due to
the non-Lipschitz differentiability of the data fidelity term.
Other convex optimization algorithms must be employed

such as the Douglas-Rachford (DR) algorithm [8], the Paral-
lel Proximal Algorithm (PPXA) [9] or the Alternating Direc-
tion Method of Multipliers (ADMM) [10, 11]. Nevertheless,
for tractability issues, the authors have restricted the scope
of their works to tight frame representations [9, 10, 11]. The
goal of this paper is to propose a way to relax the tight frame
requirement by considering a particular class of frame repre-
sentations.

In the following, we consider two convex minimization
problems which are useful to solve frame-based restoration
problems formulated under a Synthesis Form (SF) or an
Analysis Form (AF). The SF can be expressed as:

minimize
y=F⊤x, x∈R

K

n

∑
i=1

fi(Liy)+
m

∑
j=1

g j(x) (2)

and the AF is:

minimize
y∈RN

n

∑
i=1

fi(Liy)+
m

∑
j=1

g j(Fy). (3)

F ∈ R
K×N (resp. F⊤ ∈ R

N×K) denotes the frame anal-
ysis (resp. synthesis) operator. For everyi ∈ {1, . . . ,n},
fi : R

N 7→ ]−∞,+∞] is a convex, lower semicontinuous and
proper function andLi ∈ R

N×N is a convolutive operator. For
every j ∈ {1, . . . ,m}, g j : R

K 7→ ]−∞,+∞] is a convex, lower
semicontinuous and proper function. In numerous works, SF
is prefered since AF appears more difficult to solve numeri-
cally [12, 13, 14].

This paper is organized as follows: Section 2 presents
the structure of the frames considered in this work. Section3
recalls convex optimization tools such as proximity operators
and describes the proposed algorithms to minimize (2) and
(3). Finally, restoration results are given in Section 4 in the
presence of Poisson noise, by using Dual-Tree Transforms
(DTT).

Notation: Throughout this paper,Γ0(R
I) designates the

class of lower semicontinuous convex functionsϕ : R
I →

]−∞,+∞] which are proper in the sense that their domain
domϕ =

{

u ∈ R
I
∣

∣ ϕ(u) < +∞
}

is nonempty. Ifϕ ∈ Γ0(R
I)

has a unique minimizer, it is denoted by argminu∈RI ϕ(u).
The relative interior of a setS is denoted by riS.
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2. FRAME REPRESENTATIONS

Physical properties of the target imagey, such as sparsity or
spatial regularity, are suitably expressed in terms of the frame
coefficientsx = (x(k))1≤k≤K ∈ R

K wherey = ∑K
k=1 x(k)ek and

(ek)1≤k≤K denotes a family of vectors in the Euclidean space
R

N (N ≤ K). Such a family of vectors constitutes a frame if
there exists a constantµ in ]0,+∞[ such that

(∀y ∈ R
N) µ‖y‖2 ≤

K

∑
k=1

|〈y | ek〉|
2. (4)

The associated frame operator is the injective linear operator
defined as

(∀y ∈ R
N) Fy = (〈y | ek〉)1≤k≤K , (5)

the adjoint of which is the surjective linear operator givenby

(

∀(x(k))1≤k≤K ∈ R
K)

F⊤(x(k))1≤k≤K =
K

∑
k=1

x(k)ek. (6)

2.1 Tight frames

A tight frame is such that

F⊤F = µ I , µ ∈ ]0,+∞[ , (7)

where I denotes the identity matrix. A simple example of a
tight frame is the union ofµ orthonormal bases. Other ex-
amples of tight frames can be found in [15, 16, 17]. When
F−1 = F⊤, an orthonormal basis is obtained. Further con-
structions as well as a detailed account of frame theory in
Hilbert spaces can be found in [18].

2.2 A particular class of non tight frames

A subclass of frame representations is defined as

F = U









V1
V2
...

VQ









(8)

where,U ∈ R
K×QN is a tight frame analysis matrix with con-

stantµU ∈ ]0,+∞[, and for everyq ∈ {1, . . . ,Q}, Vq ∈ R
N×N

is a prefiltering operator . For Condition (4) to be fullfilled,
prefilters(Vq)1≤q≤Q must satisfy the following lower bound-
edness relation:

(∀ω ∈ [−π ,π ]2) µU

Q

∑
q=1

|v̂q(ω)|2 ≥ µ , (9)

where, for everyq∈ {1, . . . ,Q}, v̂q(ω) denotes the frequency
response of the filter associated with the convolutive operator
Vq. Indeed, it is straightforward to show that

F⊤F = µU

Q

∑
q=1

V⊤
q Vq. (10)

The simplest example of such a frame is aQ-channel undeci-
mated filter bank satisfying (9), which has a redundancy of a

factorQ. In order to obtain low redundancy representations,
frames such as the 2D real (resp. complex)M-band DTT
have been proposed [19, 20]. The DTT consists of perform-
ing two (resp. four)M-band orthonormal wavelet decompo-
sitions in parallel (orthogonal matricesUq), each one being
preceded by a prefiltering stage (Vq matrices) related to dis-
cretization. Finally, an orthogonal combination (orthogonal
matrix R) of the subbands is applied to ensure directionality.
Such a frame satisfies (8) and (9), where

U = R









U1 0 . . . 0
0 U2 . . . 0
...

...
...

0 . . . . . . UQ









. (11)

Note that thediscrete DTT is not a tight frame in general.
Tight frame representations have been widely used in

convex optimization methods for data recovery. In the next
section, we recall some convex optimization tools and show
the relevance of the class of frames defined by (8) in con-
junction with recent optimization approaches.

3. PROXIMAL TOOLS AND ALGORITHMS

In imaging, there has been recently a growing interest in ad-
vanced convex optimization tools. A commonly used tool
is the Projection Onto Convex Sets (POCS) which is an al-
ternating projection algorithm. The notion of projection was
extended by Moreau [21] by introducing the proximity oper-
ator of a functionϕ ∈ Γ0(R

I):

proxϕ : R
I → R

I : v 7→ arg min
u∈RI

1
2
‖u− v‖2 + ϕ(u). (12)

It can be observed that whenϕ is the indicator functionιC of
a nonempty closed convex subsetC of R

I , i.e.

(∀u ∈ R
I) ϕ(u) =

{

0, if u ∈C;
+∞, otherwise,

(13)

proxιC reduces to the projectorPC ontoC. Other examples of
proximity operators corresponding to the potential functions
of standard log-concave univariate probability densitieshave
been listed in [3, 7, 9]. The proximity operators used in the
experimental part of this paper, are recalled below.

Example 3.1 Let χ > 0, and set

ϕ : R → ]−∞,+∞] : ξ 7→ χ |ξ |. (14)

Then, for every ξ ∈ R,

proxϕ ξ = sign(ξ )max{|ξ |− χ ,0}. (15)

Example 3.2 [7]
Let α > 0, and set

ϕ : R → ]−∞,+∞]

ξ 7→







−χ ln(ξ )+ αξ , if χ > 0 and ξ > 0;
αξ , if χ = 0 and ξ ≥ 0;
+∞, otherwise.

(16)
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Then, for every ξ ∈ R,

proxϕ ξ =
ξ −α +

√

|ξ −α|2 +4χ
2

. (17)

Numerous iterative algorithms are based on proximity
operators such as FB or DR algorithms allowing us to mini-
mize a sum of two functions with secured convergence prop-
erties. The former one can be regarded as more restrictive
than the latter one in the sense that it requires the Lipschitz
differentiability of one function. To solve the considered
minimization problems formulated in (2) and (3), two solu-
tions can be considered. On the one hand, DR formulation
in a product space leads to the PPXA algorithm presented in
[9] for minimizing a sum of more than two convex functions.
However, one of the difficulties of the considered minimiza-
tion problems formulated in (2) and (3) is that they involve
linear operators. A solution consists of using the following
result:

Proposition 3.3 [8]
Let ϕ ∈ Γ0(R

J) and let L ∈ R
J×I . Suppose that LL⊤ = χ I ,

for some χ ∈ ]0,+∞[. Then, ϕ ◦L ∈ Γ0(R
I) and

proxϕ◦L = I +χ−1L⊤(proxχϕ − I )L. (18)

On the other hand, augmented Lagrangian algorithms such as
ADMM (sometimes also named alternating split Bregman al-
gorithm) can be used [10, 11]. Both solutions are considered
in the literature for dealing with tight frame representations.

In [22], it is shown that PPXA and ADMM can be put in
a unifying framework based on proximity operators. The ap-
plication of the resulting algorithm (called PPXA+) to Prob-
lem (2) (resp. Problem (3)) is given in Algorithm 1 (resp.
Algorithm 2). (In these algorithms, the sequences(ai,ℓ)1≤i≤n
and (b j,ℓ)1≤ j≤m correspond to possible numerical errors in
the computation of the proximity operators at iterationℓ.)

Algorithm 1
Initialization












(ηi)1≤i≤n ∈ ]0,+∞[n ,(κ j)1≤ j≤m ∈ ]0,+∞[m

(vi,0)1≤i≤n ∈ (RN)n,(w j,0)1≤ j≤m ∈ (RK)m

x0 = argminu∈RK ∑n
i=1 ηi‖LiF⊤u− vi,0‖

2

+∑m
j=1 κ j‖u−w j,0‖

2

Forℓ = 0,1, . . .










































For i = 1, . . . ,n
⌊ pi,ℓ = proxfi/ηi

vi,ℓ + ai,ℓ

For j = 1, . . . ,m
⌊ r j,ℓ = proxg j/κ j

w j,ℓ + b j,ℓ

λℓ ∈]0,2[

cℓ = argminu∈RK ∑n
i=1 ηi‖LiF⊤u− pi,ℓ‖

2

+∑m
j=1 κ j‖u− r j,ℓ‖

2

For i = 1, . . . ,n
⌊ vi,ℓ+1 = vi,ℓ + λℓ

(

LiF⊤(2cℓ− xℓ)− pi,ℓ
)

For j = 1, . . . ,m
⌊ w j,ℓ+1 = w j,ℓ + λℓ

(

2cℓ− xℓ− r j,ℓ
)

xℓ+1 = xℓ + λℓ(cℓ − xℓ)

The convergence of the sequence(xℓ)ℓ∈N (resp.(yℓ)ℓ∈N)
generated by Algorithm 1 (resp. Algorithm 2) is established
under the following assumptions:

Algorithm 2
Initialization












(ηi)1≤i≤n ∈ ]0,+∞[n ,(κ j)1≤ j≤m ∈ ]0,+∞[m

(vi,0)1≤i≤n ∈ (RN)n,(w j,0)1≤ j≤m ∈ (RK)m

y0 = argminu∈RN ∑n
i=1 ηi‖Liu− vi,0‖

2

+∑m
j=1κ j‖Fu−w j,0‖

2

For ℓ = 0,1, . . .










































For i = 1, . . . ,n
⌊ pi,ℓ = proxfi/ηi

vi,ℓ + ai,ℓ

For j = 1, . . . ,m
⌊ r j,ℓ = proxg j/κ j

w j,ℓ + b j,ℓ

λℓ ∈]0,2[

cℓ = argminu∈RN ∑n
i=1 ηi‖Liu− pi,ℓ‖

2

+∑m
j=1κ j‖Fu− r j,ℓ‖

2

For i = 1, . . . ,n
⌊ vi,ℓ+1 = vi,ℓ + λℓ

(

Li(2cℓ− yℓ)− pi,ℓ
)

For j = 1, . . . ,m
⌊ w j,ℓ+1 = w j,ℓ + λℓ

(

F(2cℓ− yℓ)− r j,ℓ
)

yℓ+1 = yℓ + λℓ(cℓ− yℓ)

Assumption 3.4

1.
(

⋂n
i=1 ridom fi ◦LiF⊤

)

∩
(

⋂m
j=1 ridomg j

)

6= ∅

(resp.
(

⋂n
i=1 ridom fi ◦Li

)

∩
(

⋂m
j=1 ridomg j ◦F

)

6= ∅).

2. There exists λ ∈]0,2[ such that (∀ℓ∈ N), λ ≤ λℓ+1 ≤ λℓ.
3. (∀i ∈ {1, . . . ,n}), ∑ℓ∈N ‖ai,ℓ‖ < +∞

and (∀ j ∈ {1, . . . ,m}), ∑ℓ∈N ‖b j,ℓ‖ < +∞.

In these algorithms, a large-size matrix inversion must be
performed for solving the quadratic minimization requiredin
the initialization step and in the computation of the interme-
diate variables(cℓ)ℓ∈N. As shown next, the form of the frame
operatorF made in (8) renders this inversion tractable:

• for SF (Algorithm 1)

κ
( n

∑
i=1

ηiFL⊤
i LiF

⊤ + κ I
)−1

= I −F
(

κ
(

n

∑
i=1

ηiL
⊤
i Li

)−1
+ F⊤F

)−1
F⊤,

= I −F
(

κ
(

n

∑
i=1

ηiL
⊤
i Li

)−1
+ µU

Q

∑
q=1

V⊤
q Vq

)−1
F⊤, (19)

• for AF (Algorithm 2)

( n

∑
i=1

ηiL
⊤
i Li + κF⊤F

)−1

=
( n

∑
i=1

ηiL
⊤
i Li + κµU

Q

∑
q=1

V⊤
q Vq

)−1
(20)

by settingκ = ∑m
j=1 κ j.

The last matrix inversions in (19) and (20) are easily
performed by noticing that(Li)1≤i≤n and(Vq)1≤q≤Q can be
jointly decomposed by Fourier diagonalization techniques.
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4. EXPERIMENTAL RESULTS

In this part, we apply the proposed optimization methods to
image restoration. More specifically, we consider the follow-
ing SF and AF problems:

min
x∈RK

f1(T F⊤x)+ ιC(F⊤x)+ g1(x) (21)

and
min
y∈RN

f1(Ty)+ ιC(y)+ g1(Fy) (22)

whereF represents the 2-band DTT [20] which, as men-
tionned in Section 2.2, is a particular case of the frame opera-
tor subclass defined by (8), and whereT ∈ R

N×N denotes the
matrix associated with a 2D (periodic) convolution operator.
Problem (21) (resp. (22)) is a particular case of Problem (2)
(resp. (3)) wheren = 2 andm = 1. f1 denotes the data fi-
delity term andf2 = ιC is the indicator function (see (13))
of a nonempty closed convex setC of R

N (for example, re-
lated to support or value range contraints).g1 corresponds
to the regularization term operating in the frame domain. In
the considered problems,L1 = T andL2 = I . The matricesT
and(Vq)1≤q≤Q (related toF) as defined above can be diago-
nalized by using a 2D Discrete Fourier Transform (DFT), in
order to efficiently perform the matrix inversions in (19) and
(20).

Some experiments are presented in Figures 1 and 2, for
images degraded by Poisson noise with scaling factorα =
0.8 and by a uniform blur of kernel size 3× 3. The DTT
[20] is computed using symlets of length 6 over 3 resolution
levels. The data fidelity termf1 corresponds to the general-
ized Kullback-Leibler divergence, which is well adapted to
Poisson noise. Its proximity operator is derived from Exam-
ple 3.2.C = [0,255]N models a constraint on the range of the
pixel values andg1 corresponds to a classical regularization
of the form:

g1 : (ξk)1≤k≤K 7→
K

∑
k=1

τk|ξk|
βk . (23)

In our simulations, the parameters(τk)1≤k≤K ∈]0,+∞[K and
(βk)1≤k≤K ∈ {1,4/3,3/2,2}K in (23) are empirically chosen
to maximize the signal-to-noise-ratio (SNR). Whenβk ≡ 1,
the proximity operator ofg1 reduces to a soft thresholding as
shown by Example 3.1.

Figure 1 shows a comparison between the use of a com-
plex DTT and of a tight frame version of the complex DTT
(where for everyq ∈ {1, . . . ,4}, Vq = I ). In this simula-
tion example, a cropped version of “Barbara” image (N =
128× 128) is considered by adopting a SF criterion. The
use of the non-tight DTT including prefilters allows us to im-
prove the quality of the results both visually and in terms of
SNR and SSIM [23].

Figure 2 displays a second restoration example on a
cropped version of “Marseille” image (N = 128×128), still
by considering DTT, both for the AF and SF criteria. The
restoration results present slight differences in favour of the
AF approach.
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ABSTRACT
In this paper a new combination of image priors is introduced and
applied to Super Resolution (SR) image reconstruction. A sparse
image prior based on the `1 norms of the horizontal and vertical first
order differences is combined with a non-sparse SAR prior. Since,
for a given observation model, each prior produces a different pos-
terior distribution of the underlying High Resolution (HR) image,
the use of variational posterior distribution approximation on each
posterior will produce as many posterior approximations as priors
we want to combine. A unique approximation is obtained here by
finding the distribution on the HR image given the observations that
minimize a linear convex combination of the Kullback-Leibler (KL)
divergences associated with each posterior distribution. We find this
distribution in closed form. The estimated HR images are compared
with images provided by other SR reconstruction methods.

1. INTRODUCTION

Image SR is an active research field that studies the process of
obtaining an HR image from a set of degraded Low Resolution
(LR) images (see [7–9] reviews). The basic principle in SR is that
changes in the LR images caused by the blur and the (camera and/or
scene) motion provide additional information that can be utilized to
reconstruct the HR image from the set of LR observations.

While in image restoration there have been several recent at-
tempts to combine image priors (see [12], [14] and [4]), no such
attempts have been made in the SR literature. In [4] a Student’s-
t Product of Experts (PoE) image prior model was proposed and
learnt only from the observations. Furthermore the introduction of
Bayesian inference methodology, based on the constrained varia-
tional approximation, allowed to bypass the difficulty of evaluating
the normalization constant of the PoE. PoE priors were learnt in [12]
and [14] using a large training set of images and also stochastic sam-
pling methods.

A combination of the TV image model proposed in [1] and the
PoE model of [4] has been very recently proposed in [3]. This
model combination may be considered a spatially adaptive version
of the TV model which furthermore, as the method in [4], has the
ability to enforce simultaneously a number of different properties
on the image.

In this paper, we develop a variational Bayesian methodology
for the combination of the sparse prior, proposed in [15], based on
the `1 norm of the horizontal and vertical differences between im-
age pixel values, and a non-sparse SAR prior. The novel method is
applied to SR image reconstruction.

The rest of this paper is organized as follows. Section 2 pro-
vides the mathematical model for the LR image acquisition pro-
cess. We provide the description of the hierarchical Bayesian frame-
work modeling the unknowns in Section 3. The inference procedure

This work was supported in part by the Comisión Nacional de Cien-
cia y Tecnologı́a under contract TIC2007-65533 and the Spanish research
programme Consolider Ingenio 2010: MIPRCV (CSD2007-00018).

which develops the proposed method is presented in Section 4. We
demonstrate the effectiveness of the proposed approach with exper-
imental results in Section 5. Finally, section 6 concludes the paper.

2. PROBLEM FORMULATION

The imaging process is assumed to have generated L LR images yk,
k = 1, . . . ,L, from the HR image x. The LR images yk and the HR
image x consist of N and PN pixels, respectively, where the integer
P > 1 is the factor of increase in resolution. In this paper we adopt
the matrix-vector notation such that images yk and x are arranged
as N × 1 and PN × 1 vectors, respectively. The imaging process
introduces warping, blurring and downsampling, which is modeled
as

yk =AHkDkx+nk =Bkx+nk, (1)

where A is the N×PN downsampling matrix, Hk is the PN×PN
blurring matrix, Dk is the PN×PN warping matrix and nk is the
N× 1 acquisition noise. In this work, we assume that the blurring
Hk matrices as well as the warping matrices Dk are known. The ef-
fects of downsampling, blurring, and warping can be combined into
a single N×PN system matrix Bk. Given (1), the super resolution
problem is to find an estimate of the HR image x from the set of LR
images {yk} using prior knowledge about {nk} and x.

3. HIERARCHICAL BAYESIAN MODELS

In the following subsections we provide the description of individ-
ual distributions used to model the unknowns.

Using the model in (1) and assuming that nk is zero-mean white
Gaussian noise with inverse variance (precision) βk, the conditional
distribution of the LR image yk is given by

p(yk|x,βk) ∝ β
N
2

k exp
[
−βk

2
‖ yk−Bkx ‖2

]
. (2)

Assuming statistical independence of the noise among the LR im-
age acquisitions, the conditional probability of the set of LR images
y given x and βββ = (β1, . . . ,βL) can be expressed as

p(y|x,βββ ) =
L

∏
k=1

p(yk|x,βk) . (3)

As we have already explained in the introduction, in this paper
for simplicity we are combining only a sparse prior, the `1 model
[15], and a non-sparse one, the simultaneous autoregression (SAR)
model [10]. Note that the idea of combining sparse and non-sparse
models has also been proposed in other contexts, see for instance
[13]. The `1 prior, which is very effective in preserving edges while
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imposing smoothness is defined by

p1(x|α1) =
1

Z(α1)
×

exp

{
−

PN

∑
i=1

[
α

h
1 ‖ ∆

h
i (x) ‖1 +α

v
1 ‖ ∆

v
i (x) ‖1

]}
, (4)

where ∆h
i (x) and ∆v

i (x) represent the horizontal and vertical first
order differences at pixel i, respectively, α1 = {αh

1 ,α
v
1} are model

parameters, and Z(α1) is the partition function that we approximate
as

Z(α1) ∝ (αh
1 α

v
1)
− PN

4 . (5)

The use in Eq. (4) of different parameters αh
1 and αv

1 for horizontal
and vertical directions makes this model more adaptable to the im-
age characteristics than the TV model that uses a single parameter.

We also consider the SAR prior, defined as

p2(x|α2) ∝ α
PN
2

2 exp
{
−α2

2
‖Cx‖2

}
, (6)

where C is the Laplacian operator. This prior is expected to pre-
serve image textures better than the `1 prior.

Notice that in principle we could have considered a prior model
of the form

p(x|α1,α2) =
1

Z(α1,α2)

exp

{
−

PN

∑
i=1

[
α

h
1 ‖ ∆

h
i (x) ‖1 +α

v
1 ‖ ∆

v
i (x) ‖1

]
− α2

2
‖Cx‖2

}
, (7)

but since there is no known approximation to the partition function
Z(α1,α2), the estimation of the parameters would be impossible
with this prior model p(x|α1,α2) (see however [6] in the context of
model learning).

The hyperparameters {αi} and {βk} are crucial in determining
the performance of the SR algorithm. For their modeling, we em-
ploy Gamma distributions, that is,

p(ω) = Γ(ω|ao
ω ,b

o
ω ) =

(bo
ω )

ao
ω

Γ(ao
ω )

ω
ao

ω−1 exp [−bo
ω ω] , (8)

where ω > 0 denotes a hyperparameter, and ao
ω > 0 and bo

ω > 0 are
the shape and scale parameters, respectively.

Finally, combining (3) and (8), with the two different prior
models we obtain the joint probability distributions

pi(y,Ω,αi) = p(y|x,βββ )
L

∏
k=1

p(βk)pi(x|αi)p(αi) , (9)

for i = 1,2, where Ω = {x,βββ}.

4. VARIATIONAL BAYESIAN INFERENCE

Let us denote the set of all unknowns by Θ = {Ω,ααα}, where ααα =
(α1,α2). Bayesian inference is based on the posterior distribution
p(Θ | y). We propose here to approximate this distribution by the
distribution minimizing the following linear convex combination of
KL divergence measures

q̂(Θ) = argmin
q(Θ)

2

∑
i=1

λiCKL(q(Ω)q(αi) ‖ pi(Ω,αi|y)) (10)

where λi ≥ 0, λ1 +λ2 = 1,

q(Ω) = q(x)
L

∏
k=1

q(βk) , q(Θ) = q(Ω)
2

∏
i=1

q(αi) , (11)

and the KL divergences are given by

CKL(q(Ω)q(αi) ‖ pi(Ω,αi|y)) =∫
q(Ω)q(αi) log

(
q(Ω)q(αi)

pi(y,Ω,αi)

)
dΩdαi + const . (12)

The estimation of λ1 and λ2 will not be addressed in this paper,
but we will show experimentally that a non-degenerate combination
of divergences, λ1,λ2 > 0, provides a better reconstruction than a
degenerate one.

Taking into account that∫
q(Ω)q(αi) log

(
q(Ω)q(αi)

pi(y,Ω,αi)

)
dΩdαi =∫

q(Θ) log
(

q(Ω)q(αi)

pi(y,Ω,αi)

)
dΘ , (13)

expression (10) can be rewritten in the more compact form as

q̂(Θ) = argmin
q(Θ)

∫
q(Θ)

log

(
q(Ω)

p(y|x,{βk})∏L
k=1 p(βk)

2

∏
i=1

[
q(αi)

pi(x|αi)p(αi)

]λi
)

dΘ . (14)

Unfortunately, we can not directly tackle the minimization of
(14) because of the `1 image prior p1(x|α1) of Eq. (4). This dif-
ficulty is overcome in this paper by resorting to the majorization-
minimization (MM) approach (see [1]).

The main principle of the MM approach is to find a bound
of the joint distribution in (9) which makes the minimization
of (14) tractable. Let us first consider the following functional
M(α1,x,w), where w = {uh,uv} and uh ∈ (R+)PN and uv ∈
(R+)PN with components uh

i and uv
i , i = 1, . . . ,PN,

M(α1,x,w) ∝ (αh
1 α

v
1)

PN
4 ×

exp

−PN

∑
i=1

α
h
1
(∆h

i (x))
2+uh

i

2
√

uh
i

+α
v
1
(∆v

i (x))
2+uv

i
2
√

uv
i

 . (15)

It can be shown (details can be found in [1]) that the functional
M(α1,x,w) is a lower bound of the image prior p1(x|α1), that is,

p1(x|α1) ≥ M(α1,x,w). (16)

This lower bound can be used to find a lower bound for the joint
distribution, for i = 1, in (9), that is,

p1(y,Ω,α1)≥ p(y|x,βββ )
L

∏
k=1

p(βk)M(α1,x,w)p(α1)

= F(Ω,α1,w,y) , (17)

which results in an upper bound of the KL distance as

CKL(q(Ω,α1) ‖ p1(y,Ω,α1))≤CKL(q(Ω,α1) ‖ F(Ω,α1,w,y)).
(18)

The minimization of CKL(q(Ω,α1) ‖ p1(y,Ω,α1)) can then be re-
placed by the minimization of its upper bound (18), since mini-
mizing this bound with respect to the unknowns and the auxiliary
variable w in an alternating fashion results in closer bounds at each
iteration. The bound in (18) is quadratic and therefore it can be
evaluated analytically.

Before we proceed to calculate the posterior approximation, we
first observe that to calculate q(αi), i = 1,2 we only have to look at
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the only divergence where that distribution is present. So we can
write

q(α1) = const× exp(〈logF(Ω,α1,w,y)〉
Ω
) , (19)

q(α2) = const× exp(〈logp2(y,Ω,α2)〉Ω ) , (20)

where Eq(Ω) [·] =< ·>Ω.
Furthermore to calculate the rest of the unknown distributions

q(ξ ), ξ ∈ Ω we have to take into account both divergences. We
obtain

q(ξ ) = const× exp

(〈
log

[
p(y|x,βββ )

L

∏
k=1

p(βk)

× [M(α1,x,w)p(α1)]
λ1 [p2(x|α2)p(α2)]

1−λ1
]〉

Θξ

)
, (21)

where Θξ denotes the set Θ with ξ removed. In the following, the
subscript of the expected value will be removed when it is clear
from the context.

Let us now calculate the approximation. From Eq. (21), q(x) is
the multivariate Gaussian

q(x) ∝ exp

−1
2

λ1

<α
h
1>∑

i

(∆h
i (x))

2 +uh
i√

uh
i

+<α
v
1>∑

i

(∆v
i (x))

2 +uv
i√

uv
i

}
− (1−λ1)

2
<α2>‖Cx‖2

−1
2 ∑

k
<βk> ‖ yk−AHkDkx ‖2

)
. (22)

Furthermore, the elements of ud , for d ∈ {h,v}, in Eq. (15) are
equal to

ud
i = Ex[(∆

d
i (x))

2] . (23)

In the last step of the algorithm, the distributions q(αd
1 ), for

d ∈ {h,v}, q(α2) and q(βk) are the Gamma distributions, given by

q(αd
1 ) ∝ α

d
1

PN
4 −1+ao

αd
1 exp

[
−α

d
1

(
bo

αd
1
+∑

i

√
ud

i

)]
, (24)

q(α2) ∝ α
PN/2−1+ao

α2
2 exp

−α2

bo
α2

+
Ex

[
‖Cx‖2

]
2

 , (25)

q(βk) ∝ β
N/2−1+ao

β

k exp

[
−βk

(
bo

β
+

Ex
[
‖ yk−Bkx ‖2]

2

)]
(26)

The proposed algorithm is summarized below in Algorithm 1.

Algorithm 1 Variational Bayesian Super Resolution
Calculate initial estimates of the HR image and hyperparameters
while convergence criterion is not met do

1. Estimate the HR image distribution using Eq. (22).
2. Compute spatial adaptivity vector ud , for d ∈ {h,v}, using
Eq. (23).
3. Estimate the distributions of the hyperparameters α1, α2
and {βk} using Eqs. (24), (25) and (26).

5. EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the proposed algo-
rithm. The quality of the restored HR image is measured quanti-
tatively by the peak signal-to-noise ratio (PSNR), which is defined
as PSNR = 10log10

NP
‖x̂−x‖2 , where x̂ and x are the estimated and

original HR images, respectively, and pixel values in both images
are normalized to lie in the interval [0,1]. We also provide examples
of the estimated HR images to assess their visual quality.

In all experiments reported below, the initial values of Algo-
rithm 1 are chosen as follows: The HR image estimate is initial-
ized using the average image [11], which is an oversmooth es-
timate of the HR image obtained using the LR images as xa =
S−1

∑
L
k=1B

T
k yk, where S is a diagonal matrix with the column

sums of Bk as its elements. Note that this initial estimate is cal-
culated very efficiently, and it generally increases the robustness of
the algorithm to noise.

The covariance matrices in Algorithm 1 are initially set equal
to zero. The rest of the algorithm parameters are automatically cal-
culated from the initial HR image estimate using the algorithmic
steps provided in Algorithm 1. As convergence criterion we used
‖xn−xn−1‖2/‖xn−1‖2 < 10−5, where xn and xn−1 are the image
estimates at the n-th and (n−1)-st iterations, respectively.

When we set λ1 = 0 in Eq. (22), our prior model becomes a
SAR. On the other hand, when we set λ1 = 1 in Eq. (22), our mod-
els coincides with the Variational Super-Resolution method in [15]
(denoted by VSR`1). The optimal value of λ1, for our Algorithm 1,
is found here experimentally, and the obtained reconstrution will be
denoted by ALG1(λ1). In this section, we evaluate the performance
of the proposed algorithm ALG1(λ1) in comparison with the fol-
lowing methods: 1) Bicubic interpolation, 2) the robust SR method
in [16] (denoted by ZMT), which is based on backprojection with
median filtering, 3) the robust SR method in [5] (denoted by RSR),
which is based on bilateral TV priors, 4) SAR, 5) Variational Super-
Resolution method in [2] (denoted by VSR) and 6) VSR`1.

We generated sets of 5 synthetic LR images from 80× 80
fragments of an HR disk image and also of the Lena image,
through warping, blurring and downsampling by a factor of 2.
The warping consisted of translations of (0,0)t , (0,0.5)t , (0.5,0)t ,
(1,0)t and (0,1)t pixels respectively, and rotations of angles
(0◦,3◦,−3◦,5◦,−5◦). As blur we used a 3× 3 uniform PSF. The
LR images obtained after the warping, blurring and downsampling
operations are further degraded by additive white Gaussian noise at
SNR levels of 10 dB, 15 dB, and 20 dB.

We conducted simulations with 3 different noise realizations at
each SNR level, and the average PSNR and standard deviations of
these experiments are shown in Tables 1 and 2. As expected, all
SR algorithms result in better reconstructions than bicubic interpo-
lation. It is also clear that the proposed method provides the best
performance among all methods across all noise levels.

Examples of HR restorations are shown in Fig. (1) for the SNR
= 15 dB degradation of the disk image and in Fig. (2) for the
SNR = 15 dB degradation of the Lena image. It is clear that VSR,
VSR`1 and the proposed method provide the most visually enhanced
restorations with significantly reduced ringing artifacts and much
sharper edges compared to the other methods.

Fig. (3)(a) shows the variation of the PSNR of the restoration
obtained with ALG1(λ1) when λ1 changes from λ1 = 0 (SAR) to
λ1 = 1 (VSR`1), reaching its maximum value at λ1 = 0.85, for the
disk image with SNR=15 dB. Fig. (3)(b) shows this same variation
for the SNR=15 dB Lena image, with its maximum value at λ1 =
0.85. Both cases are examples of non-degenerate combinations of
divergences providing better reconstructions than degenerate ones.
Finally, table 3 shows required CPU time, as well as the number
of iterations, by our implementation of the different methods, on a
Xeon 5460 3.16 GHz processor, when processing the SNR=20dB
Lena image.
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 1: Example estimated HR disk images from different SR
methods for the case when SNR=15dB. Results of (a) Bicubic
interpolation (PSNR = 17.61dB), (b) ZMT (PSNR = 19.24dB),
(c) RSR (PSNR = 34.05dB), the proposed methods: using (d)
SAR (PSNR = 35.98dB), (e) VSR (PSNR = 41.03dB), (f) VSR`1
(PSNR = 41.69dB), (g) ALG1(0.85) (PSNR = 42.33dB) and (h)
the original image.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

Figure 2: Example estimated HR Lena images from different SR
methods for the case when SNR=15dB. Results of (a) Bicubic
interpolation (PSNR = 24.27dB), (b) ZMT (PSNR = 30.51dB),
(c) RSR (PSNR = 33.55dB), the proposed methods: using (d)
SAR (PSNR = 35.80dB), (e) VSR (PSNR = 36.59dB), (f) VSR`1
(PSNR = 36.44dB), (g) ALG1(0.85) (PSNR = 37.88dB) and (h)
the original image.
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Table 1: Mean PSNRs with standard deviations provided by the SR
algorithms at different SNR levels for the disk image

SNR 10dB 15dB 20dB
Bicubic 17.61±0.00 17.61±0.00 17.61±0.00
ZMT 19.19±0.00 19.22±0.00 19.24±0.00
RSR 34.31±0.012 34.11±0.004 34.10±0.039
SAR 31.67±0.005 36.01±0.002 40.23±0.005
VSR 36.41±0.001 40.88±0.012 46.02±0.014
VSR`1 37.54±0.00 41.60±0.006 46.49±0.001
ALG1(λ1) 37.70±0.00 42.25±0.003 46.95±0.00
λ1 0.95 0.85 0.85

Table 2: Mean PSNRs with standard deviations provided by the SR
algorithms at different SNR levels for the Lena image

SNR 10dB 15dB 20dB
Bicubic 24.26±0.000 24.27±0.000 24.27±0.000
ZMT 30.33±0.005 30.57±0.002 30.46±0.000
RSR 33.39±0.010 33.55±0.003 33.53±0.002
SAR 32.42±0.0005 35.76±0.010 39.76±0.003
VSR 34.00±0.001 36.63±0.002 40.41±0.023
VSR`1 34.05±0.005 36.46±0.001 40.16±0.023
ALG1(λ1) 34.47±0.003 37.86±0.001 41.36±0.005
λ1 0.9 0.85 0.8

(a) (b)

Figure 3: PSNR values obtained with ALG1(λ1), as a function of
λ1, (a) for the SNR=15 dB disk image, and (b) for the SNR=15 dB
Lena image.

Table 3: CPU time, in seconds, and number of iterations needed by
the different SR algorithms for the SNR=20dB Lena image.

ZMT RSR SAR VSR VSR`1 ALG1
Time 14 17 172 153 165 142
N Iter. 300 300 66 58 63 55

6. CONCLUSIONS

In this paper a new combination of image priors has been intro-
duced, and applied to SR image reconstruction. A sparse prior,
based on the `1 norm of the horizontal and vertical differences be-
tween image pixel values, and a non-sparse one have been com-
bined. The methodology is based on finding the distribution on the
HR image given the observations, which minimizes a linear con-
vex combination of the KL divergences associated with each pair
of observation and prior models. We have found this distribution in
closed form. The HR image estimates obtained from the proposed
method compare favorably with the images provided by other SR
reconstruction methods. Their superiority over the results obtained
when each prior is used independently has also been established ex-
perimentally. Future work will address the estimation of the weights
assigned to each KL divergence in the convex combination.
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ABSTRACT
Strongly varying input content to modern flat panel displays
makes highly adaptive algorithms mandatory. On the one
hand, low quality content is dominated by coding artifacts
and therefore strong artifact reduction can increase image
quality. On the other hand, too strong processing removes
image details in high quality video. These contrary optimiza-
tion criteria cannot be fulfilled easily by simple processing
strategies. This paper proposes a framework utilizing differ-
ent artifact reduction algorithms while their output is con-
trolled by objective quality measures selecting the most suit-
able algorithm at run-time. Thus, a dynamic selection of the
optimal processing for each input scenario over a wide qual-
ity level is possible. Integrating a feedback loop and applying
the process again can further enhance the output quality.

1. INTRODUCTION AND RELATED WORK

Over the last few years, the format diversity of input sources
to high definition displays has strongly increased. On the
one hand, highly compressed video from handheld devices
or web portals with dominating artifacts and poor detail level
must be handled. On the other hand, high definition con-
tent or even 4K resolution video featuring a lot of details
and very few artifacts must be processed as well. Without
highly adaptive processing, high quality aspects like remov-
ing artifacts while preserving sharpness and detail level can-
not be fulfilled. In general, static and adaptive filter algo-
rithms [1] ,[2], trainable filters [3], [4], and iterative recon-
struction techniques [5], [6], [7] can be distinguished with
respect to their adaptivity and flexibility. Whereas static fil-
ters cannot even discriminate artifacts and details, adaptive
filters carry out an image or alternatively an artifact analy-
sis and switch between several processing modes. Trainable
filters are based on an off-line optimization process with the
objective to get optimal filter coefficients for image process-
ing tasks like scaling or artifact reduction. But the results
of this processing strongly depend on the training material,
and several filter coefficient tables may be required for dif-
ferent quality levels. A strategy to increase the adaptivity is
multiple algorithm blending which is depicted in Fig. 1 [7].
Several algorithms optimized for certain image features, e.g.
edges, textures, or homogenous regions, are applied to the
whole image, and then, based on an image analysis discrimi-
nating determined features, the best processing is chosen. In
the approach already described in [7], the image analysis is
only based on information of the input sequence and no out-
put control is carried out.
A further group of processing are iterative reconstruction
algorithms with image models to carry out image process-
ing tasks like artifact reduction [5]. These tasks are usually
solved by a global on-line optimization process. Thus, suit-

Figure 1: Multiple algorithm blending [7]. The grey block
indicates a proposal to integrate image quality control.

able processing for a wide range of input qualities can be
achieved due to automatically adoption at run-time. In Fig.
2 a generalized flow diagram for this strategy is shown. But
the optimization approach can handle only rather simple fea-
tures due to limitations of the image models. Therefore com-
plex image features, especially present in high resolution se-
quences, cannot be described well and therefore may be re-
moved during processing. To overcome these limits, system
based improvements can be introduced, e.g. by applying con-
tent adaptive processing and concentrate the optimization to
regions where the internal image model is fulfilled [7].
The contribution of this paper is a framework to determine
the potentially best processing for each input quality by intro-
ducing image quality measures to control the reached output
quality. Fig. 1 and 2 show solutions how these measures can
be used to improve the performance. Instead of relying on
information about the input sequence only, the output is con-
trolled and the best processing is selected based on this con-
trol unit (Fig. 1). The limited mathematical model in iterative
optimization techniques (Fig. 2) can be improved by check-
ing the quality after each iteration, stopping the process if an
objective quality degradation is reached. As will be depicted
later, not only optimal parameter settings for each algorithms
but the optimal execution order of several algorithms can be
determined at run-time. This paper is organized as follows:
• The proposed framework, its components and the deriva-

tion of an optimization function is described in section 2.
Detailed validation and theoretical assumptions will be
given to guarantee a good output quality.

• Several application scenarios, e.g. switching between al-
gorithms on different levels like pixel or sequence level
are presented in section 3.

• An evaluation of this framework compared to state-of-
the-art processing is given in section 4.

• The results of this paper are summarized in section 5.
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Figure 2: Iterative reconstruction algorithm. The grey block
shows how image quality control can be integrated.

Figure 3: Block diagram of general framework for our sys-
tem concept.

2. FRAMEWORK FOR QUALITY CONTROLLED
PROCESSING

This section deals with a system overview describing each
component. Because the quality selection function is a cru-
cial part of the system and its performance, it will be pre-
sented in detail. Mathematical optimization functions must
fulfil certain mathematical constraints. Thus, a validation of
the function based on extensive measurements and theoreti-
cal considerations are discussed afterwards.

2.1 System overview
Fig. 1 and 2 already depict potential solutions how to
integrate image quality measures into known processing
schemes. By combining both approaches, the framework
in Fig. 3 can be obtained. Several processing strategies al-
ready used for artifact reduction, deblocking [7], regulariza-
tion [8], [7], and temporal filtering [9] are selected for pro-
cessing. The main reason for the selection of these three al-
gorithms is that they are suited to reduce different coding ar-
tifacts under certain situations. Blocking can be reduced by
spatial deblocking in still and moving sequences, temporal
filtering can remove it in moving sequences. Ringing can be
reduced by regularization and temporal filtering, and flicker
can strongly be reduced by temporal filtering. Because each
of these methods comprises an internal image analysis, blur
due to erroneous processing can for the most part be avoided.
The output of each algorithm is fed to an objective qual-

Figure 4: Basic blocks of optimization function.

Figure 5: Evaluation of each quality metric for MPEG-2
coded sequences over all quality levels.

ity measurement unit applying an optimization function de-
scribed in the next section. Based on the results of this opti-
mization function for each processing, the best processing is
determined for each input. After this selection process, the
result is fed back and the methods are applied again. The
implemented framework is flexible, allowing the selection
process on a pixel-by-pixel, frame-by-frame, or sequence-
by-sequence basis. If no improvements could be achieved by
processing in the actual iteration, the final output is obtained.

2.2 Implementation and validation of optimization func-
tion

Crucial for the performance of the artifact reduction frame-
work is the implementation of a suitable optimization or cost
function. To guarantee a unique solution, the function must
be convex with only one global optimum. Moreover, a good
reproduction of the human visual system and its quality per-
ception and in the best case even of a display model must be
achieved. One simple quality measure (e.g. PSNR or SSIM)
can only measure the overall quality and is not focussed on
(local) coding artifacts. Thus a combination of several met-
rics is necessary. Known from iterative optimization tech-
niques [5], a function with two blocks is chosen as illustrated
in Fig. 4: structural similarity index (SSIM, [11]) is used to
guarantee similarity between input and output sequence, and
specific artifact measures (blocking level [10], flicker level
[12], ringing measure) are used as constraint. In optimization
techniques, this second part is interpreted as image model.
Contrary to (global) optimization, no solving strategy is ap-
plied. The output after each iteration is only determined by
the processing of each algorithm. The function only evalu-
ates the results of each processing. As already discussed in
[11] SSIM correlates much better with the visual perception
than e.g. the PSNR and is used therefore.

Several options are possible to build up an optimization
function: non-linear combination (maximum, minimum),
fuzzy classification rules, Pareto optimality, or simple lin-
ear combination like weighted averaging. Because this pa-
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Figure 6: Blocking level measurement for quality levels 3
and 31 of ’foreman’ sequence coded with MPEG-2.

per focuses on a general concept, the latter is chosen for
demonstration. To create a final optimization function, nor-
malization and/or distortion functions are necessary to fulfil
the mathematical prerequisites. After extensive tests the final
equation has been obtained:

f = SSIMnorm−α×{BLnorm +RLnorm +FLnorm} (1)

In this equation a higher value represents a better image qual-
ity. SSIM is measured using the processed result and the
(given) optimal reference. BL, RL, and FL are blocking,
ringing, and flicker level. norm represents a normalization
to scale each measure to the same dynamic range. α is a
weighting parameter controlling the selection process which
focus strongly on similarity to the input or on artifact reduc-
tion. Setting α to 0.15 reaches a good compromise between
both properties. Fig. 5 and 6 depict results of the tests car-
ried out to determine this function. As can be seen in Fig.
5, each of the measures has a different range of values moti-
vating the normalization. As normalization, the output of the
measure between coded input and reference (uncompressed
raw material) is used in equation (1). Additionally it can be
observed that all measures behave nearly linear between each
quality step, so no distortion function (e.g. logarithm, expo-
nentional) is necessary. To determine these behaviors, sev-
eral sequences were coded with MPEG-2 at quality scales
from 1 (high quality) to 31 (poor quality). But the output
of the quality function can strongly vary locally. Fig. 6 il-
lustrates this for the blocking level of different frames of a
MPEG-2 coded sequence. The strong presence of blocking
in the intra frame coded pictures is especially visible in the
output of this measure which is less visible at higher qual-
ity levels. Because each of the chosen measures is computed
locally for every pixel and can then be summed up to a mea-
sure for a frame or the whole sequence, switching between
algorithms is possible on pixel, frame, and sequence level.
Because the optimal input quality is not available in every
scenario, e.g. if this framework is applied in a consumer de-
vice after decoding, the concept from equation (1) can only
be used to develop optimal signal processing chains or for pa-
rameter tuning and the like. To overcome these limit, SSIM
is measured using the processed sequence and the distorted
input. But the distorted input contains image features but also
artifacts and therefore the SSIM of 1 is not optimal. A solu-
tion to this problem is to introduce a deviation δ and replace
the first term in equation (1) by a |δ −SSIM| term. This term

penalizes a SSIM value above and below δ , overcoming the
problem that 1 is not optimal on the one hand and preventing
blur in case of a too strong deviation from the input on the
other hand:

f = |δ −SSIMnorm|+α×{BLnorm +RLnorm +FLnorm} (2)

In this case, a lower value represents a better image quality.
Further improvements are possible by weighting each term
depending on a global image analysis dividing the input se-
quence into edge, flat and textured regions, consider motion
perception or display models. With this information the per-
ception of the human visual system can better be modelled,
because artifacts are masked in specific regions (e.g. tex-
tures) and are strongly visible in flat regions. Moreover, the
erroneous detections of artifacts can be prevented by this pro-
cedure. E.g. ringing can only be present at edges surrounded
by homogenous regions. For normalization, either fixed val-
ues or a specific processing, e.g. described in [9], can be used
as reference material.

2.3 Theoretical considerations
For a validation of this framework concept, a theoretical
proof is essential to underlie the detailed measurements. In
contrast to off-line optimization techniques, not every possi-
ble parameter set is tested to obtain the output solution. In
our case, we propose the processing by several known al-
gorithms, temporal deblocking [9], spatial deblocking [10],
and spatial regularization [7] thus allowing only determinis-
tic step sizes determined by these algorithms. Because each
algorithm is subjectively tuned by its parameters and inter-
nal and adaptive image analysis, completely describing the
overall framework mathematically is very challenging. The
advantage of the additional quality measurement is that after
every step each processing is evaluated and the best one is
chosen. The iterative processing can be formulated mathe-
matically:

In+1 = f (A1(In),A2(In), ...,Am(In), In) (3)

A1 to Am denote the algorithms used for processing of in-
put image In at iteration step n and the output image In+1 is
a combination of every processed output by each algorithm
and the input image. Fig. 7 (a) depicts this selection pro-
cess for every pixel position. Convergence is reached when
no algorithm leads to an improvement and the image from
the previous iteration is bypassed. This convergence is guar-
anteed due to the assumption (based on extensive measure-
ments and the formulation of equations (1)-(3)) that f is con-
vex and thus only improvements are possible otherwise the
unprocessed input is selected. In certain scenarios a fixed it-
eration number is sensible to guarantee real-time processing
or to reduce hardware costs.

3. APPLICATION SCENARIOS

The framework can be used for several applications and lead
to improved solutions for artifact reduction: as a real-time
scenario in consumer electronics selecting the optimal
algorithm execution order for each sequence at run-time,
as a controlled off-line framework for optimization of the
best parameter settings, or as improved objective evaluation
function. The ’granularity’ of this framework can differently
be tuned to every scenario. The selection process can be
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Figure 7: Algorithm selection process on pixel level.

Figure 8: Algorithm selection in iterative quality based
framework for ’akiyo’ sequence.

applied on pixel level, frame level or sequence level. Using
pixel level and optimization function (1) is sensible to
determine the potentially best processing for every input
situtation providing a ’benchmark’ for other algorithms and
frameworks. Fig. 7 depicts a map illustrating the selection
process on pixel level. As can be seen, at certain positions
different algorithms are preferred over the other.
In Fig. 8 a selection process for the ’akiyo’ sequence
on sequence level is depicted. As can be seen, at first a
spatial deblocking is selected because major parts in this
sequence are still (background) and blocking is the most
annoying degradation in this sequence. Afterwards, spatial
regularization is applied further improving image quality,
mainly by reducing ringing artifacts at edges. Then, tem-
poral filtering is carried out several times reducing flicker
and remaining artifacts until no improvements regarding
the optimization function (1) are possible. The number
of iterations strongly depends on the input material and
varied between 3 and 15 in our experiments. For this
sequence, the optimization framework described in this
paper validates the proposed combination of deblocking
and regularization introduced in [7]. The strongest im-
provements are achieved by spatial deblocking in the first
iteration. After several iteration steps, only minor objective
improvements are possible. Therefore, computational
effort can be saved by stopping before convergence of the
framework is reached. For other sequences and quality
levels, different algorithm execution orders will be the result,
e.g. with less temporal filter stages because there is less
temporal correlation between consecutive frames. Other
tasks like objective parameter optimization can directly be
applied to this framework by replacing the different algo-
rithms (regularization, deblocking, and temporal filtering)

Figure 9: ’foreman’ sequence coded with Motion JPEG us-
ing quality scale 3 (a)-(c) and quality scale 19 (d)-(e). Input
(a), (d), STABLE [9] (b), (e), and proposed framework with
reference input (c), (f).

by one and the same method tuned with different parameters.

4. EVALUATION AND RESULTS

In this section objective and subjective results of the frame-
work are presented. As already described, extensive tests
with different sequences (e.g. akiyo, foreman and football)
coded with different coding standards (MPEG-2, MPEG-4,
Motion JPEG) at quality scales 1 to 31 were carried out.
Moreover, the reachable performance compared to other ac-
tual approaches is described, mainly spatio-temporal image
content adaptive coding artifact reduction (STABLE) [9] and
texture preserving spatial regularization with deblocking as
pre-processing (TextPres) [7]. As depicted in literature, these
methods are comparable or sometimes even better than other
state-of-the-art coding artifact reduction algorithm. Fig. 9
shows results of different algorithms for a high quality (qual-
ity scale 3) and low quality (quality scale 19) sequence em-
phasizing the high flexibility of the proposed framework.
The results of our optimization framework measure the im-
age quality against the perfect (unprocessed) reference. The
other methods do not have this advantage and this fact must
be considered during evaluation of the superior performance
at both quality levels regarding artifact reduction but even de-
tail re-establishment. Up to a certain degree, an upper anchor
for benchmarking can be accomplished by the novel frame-
work. In comparison to this, the spatio-temporal image con-
tent adaptive artifact reduction, comprising spatial deblock-
ing, regularization and temporal multi-frame (motion com-
pensated) filtering strongly increases the performance com-
pared to the input sequence, but certain details cannot be re-
established because the optimal (input) case is not known and
must be estimated by internal assumptions within made by
from image models. Whereas for the low bit-rate case image
quality strongly improves due to artifact removal, in the high
quality input some image details are removed degrading the
quality. These subjective observations can be confirmed by
objective measures (SSIM, see Table I). The SSIM measure
is lower for the sequences processed by the spatio temporal
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Figure 10: Motion JPEG coded sequence ’foreman’ using
quality scale 19 (a), processed by TextPres [7](b), STABLE
[9] (c), and proposed framework with (d) and without (e)
ideal reference input.

Table 1: SSIM results for different algorithms for Motion
JPEG coded sequences. (P.w.r. = proposed framework with
reference, P.n.r. = proposed framework without reference)

Akiyo Akiyo Foreman Foreman
Q3 Q19 Q3 Q19

Coded inp. 0.9812 0.9293 0.9632 0.8565
TextPres [7] 0.9743 0.9434 0.9474 0.8731
STABLE [9] 0.9748 0.9454 0.9481 0.8822

P.w.r. 0.9841 0.9605 0.9725 0.9157
P.n.r. 0.9735 0.9445 0.9443 0.8765

image content adaptive processing (STABLE) than for the
unprocessed but compressed input at quality scale 3. For the
lower quality, strong improvements are even objectively pos-
sible. For our proposed framework with the given reference
(P.w.r.) subjective and objective improvements are possible
for low and high quality validating the optimization frame-
work and its underlying mathematical function.
Fig. 10 compares the results of the proposed optimization
framework for two input cases. In (d) the optimal refer-
ence sequence is available (d) and in (e) it is not. As can
be seen, even if the reference is not available (e) a strong
improvement can be achieved compared to the unprocessed
input (a), but remaining blocking is clearly visible. For
benchmarking, results of the texture preserving regulariza-
tion (TextPres) (b) and spatio-temporal image content adap-
tive processing (STABLE) (c) are shown, too. If the refer-
ence is not available, the subjectively and for the low bit-rate
case optimized spatio-temporal processing (STABLE) out-
performs the framework presented in this paper. These re-
sults are confirmed by the SSIM measurements in Table I
which is remarkable because SSIM is one measure used in
the optimization process of the framework. The limits of this
framework can be explained by the fixed parameters δ and α

determining the weighting between artifact measurement and
similarity to the given distorted output, with a predermined
deviation by δ from the input content. If these parameters
are chosen adaptively, higher performance will be possible.

5. CONCLUSION

In this paper a highly adaptive coding artifact reduction
framework based on objective quality selection of a suitable
algorithm for every input scenario is presented. The flexi-
bility of this framework allows automatic tuning to input se-
quences with completely different quality. This is extremely
important for actual displays, to process both low bit-rate
content and HD well. Using this framework and its qual-
ity selection function, optimal parameter sets or alternatively
the optimal execution order of several algorithms can auto-
matically be determined. Depending on processing time and
costs, an iterative feedback loop can be integrated into the
framework with either a fixed number of iterations or com-
putation until convergence. Subjective and objective results
show a high image quality for this framework comparable
or in many cases superior to conventional methods without
quality measurement. Further applications of this framework
can be an improved objective evaluation for artifact reduc-
tion algorithms, because similarity to the original input on
the one hand and the degree of distortions on the other hand
are measured.
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ABSTRACT
In this paper we propose a novel blind image deconvolution
method developed within the Bayesian framework. A vari-
ant of the non-convex lp-norm prior with 0 < p < 1 is used
as the image prior and a total variation (TV) based prior is
utilized as the blur prior. The proposed method is derived
by utilizing bounds for both the image and blur priors using
the majorization-minimization principle. Maximum a pos-
teriori Bayesian inference is performed and as a result, the
unknown image, blur and model parameters are simultane-
ously estimated. We also show that as a special case, the de-
veloped method provides very competitive non-blind image
restoration results when the blurring function is assumed to
be known. Experimental results are presented to demonstrate
the advantage of the proposed method compared to existing
ones.

1. INTRODUCTION

The blind image deconvolution (BID) problem refers to the
inverse problem in which both the image and blurring func-
tion have to be estimated from a single observation. The stan-
dard formulation of the image degradation model is given in
matrix-vector form by

y =Hx+n, (1)

where the N×1 vectors x, y, and n represent respectively the
original image, the available noisy and blurred image, and
the noise with independent elements of variance σ2

n = β−1,
and H represents the blurring matrix created from the blur
point spread function h. The images are assumed to be of
size m× n = N, and they are lexicographically ordered into
N × 1 vectors. Given y, the BID problem calls for finding
estimates of x and H using prior knowledge on them.

A number of methods have been proposed to address BID
(a recent literature review can be found in [4]). Estimat-
ing camera motion from a single photograph was the focus
in [6], where the unknown image and blur were estimated in
a two step process. Estimating camera motion was also in-
vestigated in [1, 9] where the unknown image and blur were
estimated in a simultaneous fashion. Additionally, [1] con-
centrated on synthetic experiments where the performance of
the algorithm was evaluated by the improvement in signal to
noise ratio.

In this paper we propose a novel Bayesian algorithm for
BID that utilizes a variant of the non-convex lp-norm prior as

This work was supported in part by the “Comisión Nacional de Cien-
cia y Tecnologı́a” under contract TIC2007-65533 and the Spanish research
programme Consolider Ingenio 2010: MIPRCV (CSD2007-00018).

the unknown image prior and the TV prior as the unknown
blur prior. In previous works (e.g., [1, 9]), the unknown pa-
rameters are chosen as a sequence of numbers that yield the
unknown image estimate with a good visual quality. Instead,
in this paper we estimate the unknown parameters by taking
the restorations of both the unknown image and unknown
blur into account. Finally, we evaluate the performance of
the proposed algorithm with comparisons with [1].

This paper is organized as follows. In Section 2 we pro-
vide the proposed Bayesian modeling of the BID problem.
The Bayesian inference is presented in Section 3. Exper-
imental results are provided in Section 4 and conclusions
drawn in Section 5.

2. BAYESIAN MODELING

In order to model the unknown components of the BID
problem within the Bayesian framework, the definition of
the joint distribution p(α,β ,γ,x,h,y) is required. Assum-
ing that x and h are independent, the joint distribution
p(α,β ,γ,x,h,y) can be factorized in terms of the observa-
tion model p(y|β ,x,h), the prior distributions p(x|α) and
p(h|γ), and the hyperparamter distributions p(α), p(β ) and
p(γ), that is,

p(α,β ,γ,x,h,y)= p(y|β ,x,h)p(x|α)p(h|γ)p(α)p(β )p(γ).
(2)

As already discussed in the previous section, the observa-
tion noise is modeled as a zero mean white Gaussian random
vector. Therefore, the observation model is defined as

p(y|β ,x,h) ∝ β N/2 exp
[
−β

2
∥ y−Hx ∥2

]
, (3)

where β is the precision of the multivariate Gaussian distri-
bution.

As the image prior we utilize a variant of the generalized
Gaussian distribution, given by

p(x|α) =
1

ZGG(α)
exp

[
− ∑

d∈D
αd ∑

i
|∆d

i (x)|p
]
, (4)

where ZGG(α) is the partition function, 0 < p < 1, α de-
notes the set {αd} and d ∈ D = {h,v,hh,vv,hv}. ∆h

i (u) and
∆v

i (u) correspond to, respectively, the horizontal and vertical
first order differences, at pixel i, that is, ∆h

i (u) = ui − ul(i)
and ∆v

i (u) = ui −ua(i), where l(i) and a(i) denote the nearest
neighbors of i, to the left and above, respectively. The op-
erators ∆hh

i (u), ∆vv
i (u), ∆hv

i (u) correspond to, respectively,
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horizontal, vertical and horizonal-vertical second order dif-
ferences, at pixel i.

In order to eliminate the need to estimate each αd we
assume that αh = αv = α and αhh = αvv = αhv = α/2. Addi-
tionally, in a similar way it was proposed in [8], the partition
function will be approximated as ZGG(α) ∝ α−λ1N/p, where
λ1 is a positive real number. We then simplify (4) accord-
ingly to obtain the following image prior

p(x|α) ∝ αλ1N/p exp

[
−α ∑

d∈D
21−o(d)∑

i
|∆d

i (x)|p
]
, (5)

where o(d) ∈ {1,2} denotes the order of the difference oper-
ator ∆d

i (x).
For the blur we utilize the total-variation prior given by

p(h|γ) ∝ γλ2N exp [−γTV(h)] , (6)

where λ2 is a positive real number and TV(h) is defined as

TV(h) = ∑
i

√
(∆h

i (h))
2 +(∆v

i (h))
2. (7)

In this work we use flat improper hyperpriors on α ,β and
γ , that is, we utilize

p(α)∝ const, p(β )∝ const, p(γ)∝ const. (8)

Note that with this choice of the hyperpriors, the observed
image y is made solely responsible for the estimation of the
image, blur and hyperparameters.

3. BAYESIAN INFERENCE

Bayesian inference on the unknown components of the blind
image deconvolution problem is based on the estimation of
the unknown posterior distribution p(α,β ,γ,x,h | y), given
by

p(α,β ,γ,x,h | y) = p(α ,β ,γ ,x,h,y)
p(y)

. (9)

In this work, we adopt the maximum a posteriori (MAP)
approach to obtain a single point (ᾱ, β̄ , γ̄, x̄, h̄) estimate, de-
noted as Θ̄, that maximizes p(α,β ,γ,x,h | y) as follows,

Θ̄ = argmax
Θ

p(α ,β ,γ ,x,h | y)

= min
Θ

{
β
2
∥y−Hx∥2+

+α ∑
d∈D

21−o(d)∑
i
|∆d

i (x)|p + γTV(h)+

−λ1N
p

logα − N
2

logβ −λ2N logγ
}
.

(10)

As can be seen from (10), obtaining the point estimate
that maximizes the posterior distribution p(α,β ,γ,x,h | y)
is not straightforward since it requires the minimization of
a non-convex functional. Note that maximizing posterior
distribution p(α ,β ,γ ,x,h | y) with the maximum a posteri-
ori approach is equivalent to the variational Bayesian based
maximization (see [2]) for the special case when all the pos-
terior distributions are assumed to be degenerate.

In this paper, we resort to a majorization-minimization
approach to bound the non-convex image prior p(x|α) by
the functional M1(α,x,V), that is

p(x|α)≥ const · M1(α,x,V). (11)

The majorization-minimization approach has been utilized in
several approaches for image restoration [2, 3].

The functional M1(α ,x,V) is derived by considering the
relationship between the weighted geometric and arithmetic
means, which is given by

zp/2v1−p/2 ≤ p
2

z+
(

1− p
2

)
v, (12)

where z,v and p are positive real numbers. We first rewrite
(12) as

zp/2 ≤ p
2

z+ 2−p
p v

v1−p/2 . (13)

Using (13) we obtain

|∆d
i (x)|p ≤

p
2

[∆d
i (x)]

2 + 2−p
p vd,i

v1−p/2
d,i

. (14)

Therefore we have

p(x|α) = const ·αλ1N/p exp

[
−α ∑

d∈D
21−o(d)∑

i
|∆d

i (x)|p
]

≥ const·αλ1N/p exp

−α p
2 ∑

d∈D
21−o(d)∑

i

[∆d
i (x)]

2 + 2−p
p vd,i

v1−p/2
d,i

 .

(15)

and so the M1(α,x,V) is defined as

M1(α,x,V) =

αλ1N/p exp

−α p
2 ∑

d∈D
21−o(d)∑

i

[∆d
i (x)]

2 + 2−p
p vd,i

v1−p/2
d,i

 ,

(16)

where V is a matrix with elements vd,i.
Similarly, the majorization-minimization criterion is

used to bound the blur prior p(h|γ) utilizing the functional
M2(γ,h,u). Let us define, for γ and any N−dimensional
vector u ∈ (R+)N , with components ui, i = 1, . . . ,N, the fol-
lowing functional

M2(γ,h,u) = αλ2N exp

[
−γ

2 ∑
i

(∆h
i (h))

2 +(∆v
i (h))

2 +ui√
ui

]
.

(17)
Using the inequality in (13) with p = 1, for z ≥ 0 and

v > 0
√

z ≤
√

v+
1

2
√

v
(z− v), (18)

we obtain
p(h|γ)≥ const · M2(γ,h,u). (19)
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The lower bounds of p(x|α) and p(h|γ) defined above
lead to the following lower bound of the distribution
p(α,β ,γ,x,h,y)

p(α,β ,γ,x,h,y) = p(α)p(β )p(γ)p(x|α)p(h|γ)p(y|β ,x,h)
≥ const ·M1(α ,x,V)M2(γ,h,u)p(y|β ,x,h).

Therefore, a single point estimate that maximizes a lower
bound of the posterior distribution p(α,β ,γ,x,h | y) is
found as follows

Θ̄ = min
Θ

{
β
2
∥y−Hx∥2+

α p
2 ∑

d∈D
21−o(d)∑

i

[∆d
i (x)]

2 + 2−p
p vd,i

v1−p/2
d,i

+

γ
2 ∑

i

(∆h
i (h))

2 +(∆v
i (h))

2 +ui√
ui

+

−λ1N
p

logα − N
2

logβ −λ2N logγ
}
.

(20)

Using (20) for all unknowns in an alternating fashion, we
obtain the final algorithm as shown below.

Algorithm. Given α1,β 1,γ1,u1 and V1, where the rows of
Vk are denoted by vk

d ∈ (R+)N , with d ∈ {h,v,hh,vv,hv} and
initial estimate of the blurring filter h1.
For k = 1,2, . . . until a stopping criterion is met:
1. Calculate

xk =
[
β k(Hk)t(Hk)+αk p∑

d
21−o(d)(∆d)tWk

d(∆
d)
]−1

×β k(Hk)ty, (21)

where Wk
d is a diagonal matrix with entries Wk

d(i, i) =

vp/2−1
d,i .

2. Calculate

hk+1 =

[
β k(Xk)t(Xk)+ γk ∑

d∈{h,v}
(∆d)tUk

d(∆
d)

]−1

×β k(Xk)ty, (22)

3. For each d ∈ {h,v,hh,vv,hv} calculate

vk+1
d,i = [∆d

i (x
k)]2, (23)

4. Calculate

uk+1
i = [∆h

i (h
k+1)]2 +[∆v

i (h
k+1)]2, (24)

5. Calculate

αk+1 =
λ1N/p

∑d∈D 21−o(d) ∑i |∆d
i (x

k)|p
, (25)

β k+1 =
N

∥ y−Hk+1xk ∥2 , (26)

γk+1 =
λ2N

TV(hk+1)
, (27)

In this work we set the values of the parameters p, λ1 and
λ2 equal to 0.8, 0.5 and 0.5, respectively. The experimental
results in Section 4 validate the proposed parameter estima-
tion procedure. The robustness of the proposed method will
be tested and evaluated under various blurring and noisy con-
ditions. Additionally, since the proposed algorithm is initial-
ized with the unit impulse response as the initial blur esti-
mate, it is particularly important in the first few iterations to
keep parameters α and γ relatively high compared to the pa-
rameter β . This procedure prevents the proposed algorithm
from converging to the undesirable blur estimate of unit im-
pulse.

Note that if the blur h and the hyperparameters α,β and
γ are assumed to be known, the proposed algorithm coin-
cides with the iteratively re-weighted least squares (IRLS)
algorithm presented in [7].

4. EXPERIMENTAL RESULTS

In this section we present experimental results obtained with
the use of the proposed algorithm. As the performance
metric, we utilize the improvement in signal to noise ratio
(ISNR), which is defined as 10log10

(
∥x−y∥2/∥x− x̂∥2

)
,

where x, y and x̂ are the original, observed and estimated
images, respectively. We evaluate the performance of the
proposed algorithm, which will be denoted as ALG, on two
images (Lena and Cameraman) blurred with different mo-
tion blurs, which are shown in Figure 1. Realizations of
white Gaussian noise are added to obtain degraded images
with blurred signal to noise (BSNR) ratios of 30 or 40dB,
depending on the test configuration.

In the first set of experiments, we compare the perfor-
mance of the proposed method with the state of the art
non-blind deconvolution algorithms. Algorithms denoted as
BMK1 and BMK2 represent the first and second methods
in [2], respectively. The algorithm in [7] is denoted as IRLS
and the algorithm denoted as CGMK represents the method
in [5]. Finally, we denote the non-blind version of the pro-
posed method as ALG-NB.

The comparison between the algorithms for the Camera-
man and Lena images, blurred with the uniform blur of size
9x9, is shown in Table 1. For the first set of experiments, the
blur support was assumed a priori to be 15x15. It should be
pointed out that the parameters of ALG are estimated auto-
matically as described in Section 3. On the other hand, the
parameters of the IRLS method are manually selected which
presents the highest performance in terms of the ISNR metric
of both ALG and ALG-NB methods. As can be seen from
Table 1, ALG performs very well and the ISNR values ob-
tained are within few tenths of dB from their respective non-
blind upper bounds. Additionally, ALG-NB is very compet-
itive with the state of the art CGMK algorithm. Example
restored images from Table 1 are shown in Figure 2.

(a) (b) (c) (d) (e)

Figure 1: (a) Blur 1: Uniform 9x9, (b) Blur 2: Out-of-
focus (radius=4), (c) Blur 3: Diagonal motion, (d) Blur 4:
Non-parametric motion (1), (e) Blur 5: Non-parametric mo-
tion (2).
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Table 1: Comparison with non-blind methods for Uniform
9x9 blur.

Cameraman Lena
BSNR Method ISNR[dB] Method ISNR[dB]
40dB BMK1 8.46 BMK1 8.41

BMK2 8.25 BMK2 8.43
CGMK 9.02 CGMK 8.74
IRLS 8.88 IRLS 8.86

ALG-NB 8.73 ALG-NB 8.79
ALG 8.63 ALG 8.66

30dB BMK1 4.47 BMK1 5.61
BMK2 4.11 BMK2 5.46
CGMK 6.16 CGMK 6.26
IRLS 6.14 IRLS 6.29

ALG-NB 5.73 ALG-NB 6.09
ALG 4.93 ALG 5.72

(a) (b)

(c) (d)

Figure 2: (a) Image degraded by the uniform size 9x9
blur (BSNR=40dB), (b) Restored image using CGMK
(ISNR=9.02dB), (c) Restored image using ALG-
NB (ISNR=8.73dB), (d) Restored image using ALG
(ISNR=8.63dB).

In the second set of experiments, we compared the ALG
algorithm with a blind image deconvolution algorithm re-
cently proposed in [1], which will be denoted as AA. The
blur support was a priori assumed to be 15x15.The ISNR re-
sults obtained by the algorithms AA and ALG for the first
three blur PSFs are shown in Table 2. It is clear that ALG
provides a very competitive restoration performance com-
pared to AA. Example restorations from Table 2 obtained
by ALG are shown in Figure 3. Note that compared to AA,
no post processing of the restored image is performed while
calculating ISNR.

Finally, in the third set of experiments, we evaluated the
performance of the ALG algorithm in the presence of non-
parametric blurs. The blur support was a priori assumed to

Table 2: ISNR values for the Lena image degraded by para-
metric motion blurs shown in Figure 1.

Image BSNR [dB] Blur Method ISNR [dB]

Lena 30

Blur 1 AA 4.27
ALG 5.72

Blur 2 AA 4.45
ALG 6.33

Blur 3 AA 5.74
ALG 4.90

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 3: (a,b,c) Images degraded respectively by the uni-
form size 9x9 blur, circular radius 4 blur and diagonal blur
(BSNR=30dB); (d,e,f) Restored images from (a,b,c), respec-
tively; (g,h,i) Restored blurs from (a,b,c), respectively.

be 21x21. The ISNR results are shown in Table 3, and ex-
ample restored images and blurs are shown in Figure 4. It
is clear from the Table 3 and Figure 4 that ALG also per-
forms very well with blindly restoring images exposed to
non-parametric blurs. Note that although no ad hoc post-
processing methods have been utilized during blur estima-
tion (such as denoising, thresholding, etc), as is the case with
many existing algorithms, the blur point spread functions are
estimated with high accuracy.

Table 3: ISNR values for the Cameraman image degraded by
non-parametric motion blurs shown in Figure 1.

Image BSNR [dB] Blur Method ISNR [dB]

Cameraman
40 Blur 4 ALG 3.34

Blur 5 ALG 5.31

30 Blur 4 ALG 4.68
Blur 5 ALG 5.79
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(a) (b)

(c) (d)

(e) (f)

Figure 4: (a,b) Images degraded by the non-parametric blurs
(BSNR=40dB); (c,d) Restored images from (a,b), respec-
tively; (e,f) Restored blurs from (a,b), respectively.

5. CONCLUSIONS

In this paper a novel blind image deconvolution algorithm is
presented. The proposed algorithm was developed within a
Bayesian framework utilizing an lp-norm based sparse prior
on the image, and a total-variation prior on the unknown blur.
Experimental results demonstrate that using sparse priors and
the proposed parameter estimation, both the unknown image
and blur can be estimated with very high accuracy. Further-
more, we have shown that, as a special case of the proposed
algorithm, very competitive non-blind image restorations can
be obtained if the blurring function is assumed to be known.

Finally, it was shown that the performance of the proposed
algorithm is higher than existing state-of-the-art blind image
deconvolution algorithms. Future work includes extending
the proposed method for blind deconvolution of color im-
ages.
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ABSTRACT

This paper introduces a new parametric family of Bayesian estima-
tors. As the estimation with non-standard loss functions can often
only be stated as an optimization problem which has to be solved for
each new observation, it is advantageous to use such a parametric
family. We proof that many well known estimators are included in
our family. Among them are the MMSE and MAP estimator as well
as the optimal Bayesian estimator (OBE) under LINEX loss. By re-
stricting the estimator to lie in this family, we split the estimation
problem into two parts: In a first step, we have to find the best esti-
mator with respect to the Bayes risk for a given loss function, which
has to be done only once. The second step then calculates the esti-
mate for a given observation. We demonstrate the usefulness of the
proposed parametric family in an example.

1. INTRODUCTION

Most often in Bayesian estimation, the MAP or MMSE estimators

are used to estimate an unknown parameter θ ∈ Θ ⊂ R
M from the

observation x ∈R
N . It is well known that the underlying loss func-

tions L(θ, θ̂) are the hit-or-miss loss and the quadratic loss [1]

LMAP(θ, θ̂) =

(

1 ‖θ− θ̂‖> δ

0 ‖θ− θ̂‖< δ
and (1a)

LMMSE(θ, θ̂) = (θ− θ̂)TW(θ− θ̂), W pos. def. (1b)

The reason that they are used so widely is often not their suitability
to the problem at hand but that the corresponding optimal Bayesian
estimators (OBE) are well known and, at least for the MAP estima-
tor, are often computable. They are the maximum and mean of the
a posteriori density p(θ|x). Powerful methods are available to cal-

culate the estimate θ̂ from an observation x, ranging from optimiza-
tion algorithms [1] and the Expectation-Maximization (EM) algo-
rithm [2] to sampling techniques including Markov chain Monte
Carlo methods [3].

In this paper, we will consider Bayesian estimation with other
than those loss functions given in (1). This problem is very impor-
tant for practical applications as the loss function should reflect the
cost that is connected with a certain estimation error, see. e.g. [4,5].
The following two examples illustrate this more clearly:

• Consider the problem of constructing a dam [6]. Underes-
timating the peak water level from older measurements is clearly
more serious than overestimating it and this fact should be reflected

in the choice of the loss function L(θ, θ̂). This example motivates
the use of an asymmetric loss function and it is obvious that the two
loss functions in (1) are not suited for such an estimation problem.

• Another example that gives rise to other loss functions than
those given in (1) can be found in the field of image processing.
Traditionally, the mean squared error is used to compare images and
therefore many algorithms are optimized for this loss function [7].
The problem with the MSE is that it does not well represent the
human perception. Images which have a small mean squared error
may still look very different and therefore in [7] it is suggested to
use other distance measures. One is the structural similarity (SSIM)
index, which was introduced by Wang in [8] and e.g. used in [9] for

the design of linear equalizers. Another related example that dis-
cusses the design of loss functions for the reconstruction of images
is given by Rue in [10].

However, calculating the OBE for many non-standard loss
functions is not trivial and it can often only be stated in terms of an
optimization problem which has to be solved for each new obser-
vation x. Therefore, we propose in this paper a parametric family
F of estimators which are suited for a large variety of loss func-
tions but still have a computationally complexity comparable to the
MMSE estimator for the same problem. Thus, using the best esti-
mator in F that has the smallest Bayes risk for a given loss function
will be a good approximation of the OBE. Our parametric family
of estimators can be viewed as a compromise between the perfect
OBE at the one side and a (nonlinear) regression approach on the
other. It trades off performance against computational complexity
as it will have a larger Bayes risk than the OBE but will be easier to
learn due to the small and fixed number of parameters compared to
a regression approach.

This paper is organized as follows: First, we review in Sec. 2 the
Bayesian estimation problem and introduce the OBE which mini-
mizes the Bayes risk. As the OBE can often not be computed in
closed form, we propose in Sec. 3 and 4 two new parametric fami-
lies of estimators. We start in Sec. 3 by considering a basic family
FB of estimators, which includes the MMSE and the MAP estima-
tor. This family, however, has the disadvantage that the underlying
loss functions are always symmetric. Therefore, we generalize the
estimator family in Sec. 4. This generalized family F also includes
the OBE under LINEX loss and is thus more versatile. In Sec. 5
we consider the general approach how to use the estimator family
and discuss its computational complexity. We show that we can use
importance sampling to efficiently compute an estimate. Finally,
an example in Sec. 6 demonstrates the usefulness of our parametric
family to approximate the OBE.

Following notations are used throughout this paper: x denotes
a column vector, X a matrix and in particular I the identity ma-
trix. The trace operator, determinant, matrix transpose and eu-

clidean norm are denoted by tr{.}, det{.}, (.)T and ‖.‖, respec-
tively. diag{x} returns a squared matrix which has the elements of
x on its diagonal. Finally, X◦Y denotes the elementwise product,
also known as Hadamard product.

2. REVIEW OF BAYESIAN ESTIMATION

Suppose we have an estimator θ̂(x) that estimates the unknown,

random parameter θ ∈ R
M from the observation x ∈ R

N . To eval-

uate the quality of the estimator, we assign a loss L(θ, θ̂) ≥ 0 to

the error of estimating θ̂(x) although the true value is θ. Following
different types of loss functions can be distinguished:

Definition. A loss function L(θ, θ̂) is called

(i) symmetric, if L(θ, θ̂) = L(−θ,−θ̂);

(ii) spherical, if L(θ, θ̂) = L̃(‖θ− θ̂‖).

Note, that a spherical loss function is also symmetric but the
converse is in general not true. An example is the loss (1b) which is
symmetric but not spherical for W 6= αI. Besides these two prop-
erties, scale invariance [11, 12] and boundedness [13, 14] are other
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characteristics of the loss function that may be desired for practical
applications.

Averaging this loss with respect to the joint probability density
function (PDF) p(θ,x) yields an important characteristic value for
an estimator. It is called the Bayes risk (BR) and given by [15]

BR =

ZZ

L(θ, θ̂(x))p(θ,x)dθdx. (2)

The optimal Bayesian estimator (OBE) is now that estimator that
minimizes the Bayes risk, i.e.

θ̂OBE(x) = argmin
θ̂(x)

BR = argmin
θ̂(x)

ZZ

L(θ, θ̂(x))p(θ,x)dθdx

= argmin
θ̂(x)

Z

L(θ, θ̂(x))p(θ|x)dθ (3)

where we used in the last line of (3) the fact that θ̂ is a function of x
and thus argmin

θ̂
BR is equivalent to minimizing the loss averaged

over the a posteriori distribution. Therefore, we immediately see
that all information to find the OBE is included in the a posteriori
density p(θ|x).

Assuming that the loss functionL(θ, θ̂) is differentiable, we can
calculate the first derivative with respect to the estimate and equate
it to zero to obtain a necessary condition to find the OBE, i.e.

∂

∂θ̂

Z

L(θ, θ̂(x))p(θ|x)dθ =

Z

∂L(θ, θ̂)

∂θ̂
p(θ|x)dθ

!
= 0. (4)

Solving (4) can often not be done analytically and therefore
Bayesian estimation with most loss functions is difficult. We will
thus introduce in the next section a parametric family FB of esti-
mators that will transform (3) into an optimization problem to find
one parameter. This family is then extended in Sec. 4 to asymmetric
loss functions.

3. BASIC FAMILY OF ESTIMATORS

3.1 Definition

Let FB be the set of estimators that have the form

θ̂(x;λ) =

R

θp(θ,x)λdθ
R

p(θ,x)λdθ
(5)

and are parameterized by λ. We call FB the basic family of

estimators. Thinking of p(θ,x)λ as a new (unnormalized) den-
sity, we see that (5) calculates the mean of the conditional density

p(θ,x)λ/
R

p(θ,x)λdθ and therefore looks similar to the MMSE
estimator except for the modified PDF.

Note that it is reasonable to restrict λ to positive values,
i.e. λ ∈ [0,∞). Otherwise we average over a new density

p(θ,x)λ/
R

p(θ,x)λdθ which is inverted in the sense that it has
large values at positions where p(θ|x) is small, i.e. it emphasizes

points (θ,x) ∈ R
M+N that are not likely to occur and we can ex-

pect therefore a poor performance for λ < 0.1

3.2 Relationship to other Estimators

In this section, we will show that FB includes three important esti-
mators, namely the uniform a priori MMSE estimator, the MMSE
estimator and the MAP estimator. By uniform a priori MMSE es-
timator, we refer to the estimator where we have no observation x

about θ ∈ Θ ⊂ R
M and the a priori distribution p(θ) is assumed

to be uniform in Θ. The estimator with the minimum MSE is
then the “center of gravity” of Θ, i.e. θ̂ = E[θ] =

R

θp(θ)dθ =
R

Θ θdθ/
R

Θ 1dθ which is well defined if Θ is bounded. The follow-
ing theorem proofs that all three estimators are in FB.

Theorem 1. The estimator family FB defined in (5) includes the
following special cases:

1For example the loss L(θ, θ̂) = 1−LMAP(θ, θ̂) results in seeking the

minimum of p(θ|x) which is related (but in general not identical) to θ̂(x;λ)
for λ →−∞.

(a) If Θ ⊂ R
M is bounded and p(θ,x) 6= 0 then θ̂(x;λ) for λ = 0

exists and is equivalent to the uniform a priori MMSE estimator.
(b) The case λ= 1 corresponds to the MMSE estimator.
(c) The case λ→∞ corresponds to the MAP estimator.

Proof. (a) Assuming Θ to be a bounded set on R
M , we immedi-

ately see that limλ→0 p(θ,x)
λ/
R

p(θ,x)λdθ = const., i.e. it
converges pointwise to a uniform distribution on Θ. Therefore,

θ̂(x;0) calculates the center of gravity of Θ which is equivalent
to the a priori MMSE estimator.

(b) Setting λ = 1 in (5), we obtain p(θ,x)/
R

p(θ,x)dθ = p(θ|x)

and thus θ̂(x;1) =
R

θp(θ|x)dθ = E[θ|x], which is the MMSE
estimator.

(c) To proof this theorem, we use a result from Pincus [16]: Given
a continuous function f(θ), which attains a global maximum at
exactly one point in Θ, then Pincus showed

argmax
θ
f(θ) = lim

λ→∞

R

Θ

θ f(θ)λdθ

R

Θ

f(θ)λdθ
. (6)

Using this theorem, we conclude that limλ→∞ θ̂(x;λ) is the
MAP estimator. �

3.3 Corresponding Loss Functions

Although it is interesting to see the relationship of this basic family
of estimators to other estimators, we also see that the loss functions
associated with λ= {0,1,∞} are all symmetric as they are the hit-
or-miss error (1a) and the squared error (1b). In the following, we
will proof in Theorem 2 that if there is a continuously differentiable

loss function that results in θ̂(x;λ), then the loss function has to be

symmetric.2 For the proof of Theorem 2, we need the following
Lemma. The proofs can be found in the appendix A.

Lemma. The estimator θ̂(x;λ) for the PDFs p(θ,x) = δ(θ− θ0)

and p(θ,x) =Pδ(θ−θ0)+(1−P )δ(θ−θ1) is given by θ̂(x;λ) =

θ0 and θ̂(x;λ) = (Pλθ0 +(1−P )λθ1)/(Pλ+(1−P )λ), respec-
tively.

Theorem 2. Let L(θ, θ̂) be a continuously differentiable loss func-

tion that results in the optimal Bayesian estimator θ̂(x;λ) for an

arbitrary PDF p(θ,x). Then L(θ, θ̂) is symmetric, i.e. L(θ, θ̂) =

L(−θ,−θ̂).

From this Theorem, we see that no estimator resulting from an
asymmetric, continuously differentiable loss function is included in
FB . However, we would like to cover such estimation problems due
to their practical relevance and hence we have to extend FB. This
is done in the next section.

4. GENERALIZATION TO ASYMMETRIC LOSS
FUNCTIONS

Let F be the set of estimators where each estimator has the form

θ̂(x;P) = f
1

 R

f
2
(θ;P2)p(θ,x)

λdθ
R

p(θ,x)λdθ
;P1

!

(7a)

and depends on the 2M+4 parameters P = {λ,P1,P2} with P1 =
{ξ1,φ1, . . . ,φM} and P2 = {ξ2, ξ3,ψ1, . . . ,ψM}. f

1
and f

2
are

defined as

f
1
(z;P1) = ξ1z+φ◦ ln|z|, (7b)

f
2
(z;P2) = ξ2z+ ξ3e

ψ◦z
(7c)

with φ = [φ1, . . . ,φM ]
T

and ψ = [ψ1, . . . ,ψM ]
T

. Note that ez ,

lnz and |z| are understood elementwise. λ is again chosen such
that λ ∈ [0,∞) as discussed in 3.1.

2Note that it is difficult to proof the existence of such a loss function for

an arbitrary λ and the corresponding estimator θ̂(x;λ).
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Note that FB ⊂ F as all estimators θ̂(x;λ) from (5) are in-

cluded in θ̂(x;P) for ξ1 = ξ2 = 1, ξ3 = 0 and φ1 = · · · = φM = 0.
Therefore, we already know from Theorem 1 that the uniform a pri-
ori MMSE, the MMSE and the MAP estimator are included in this
family.

In the following, we will show that the LINEX loss is also in-
cluded in (7). The LINEX loss is frequently used in Bayesian es-
timation, see e.g. [6, 17]. It rises approximately linear on one side
and exponential on the other. The univariate LINEX loss function

is given by LLINEX(θ, θ̂) = b
“

ea∆−a∆−1
”

where ∆ = θ̂− θ,

a 6= 0 and b > 0. The multivariate LINEX loss is defined as a
straightforward extension and given by [6]

L(θ, θ̂) =
M
X

m=1

bm
“

eam∆m −am∆m−1
”

(8)

where ∆m = θ̂m−θm, am 6= 0 and bm > 0. To calculate the OBE,

we use (4) with ∂L(θ, θ̂)/∂θ̂m = bmam
“

eam∆m −1
”

and finally

obtain

θ̂m = −
1

am
ln

Z

e−amθmp(θm|x)dθm, m= 1, . . . ,M. (9)

The next theorem shows that this estimator is included in the
family F .

Theorem 3. The OBE for the multivariate LINEX loss function (8)
is included in the estimator family F .

Proof. Plugging in the values ξ1 = ξ2 = 0, ξ3 = 1, λ= 1 and ψm =
1/φm = −am for m= 1, . . . ,M into (7) proofs the theorem. �

From Theorem 3 we conclude that the new estimator family F
is more general than FB and also includes estimators with asym-
metric loss functions. Actually, the parametric family of estimators
in (7) is designed as a kind of “superposition” of both FB and the
OBE resulting from the LINEX loss.

5. PRACTICAL CONSIDERATIONS

This section explains the general approach how to obtain the esti-
mator for a given signal model and loss function and also shows

how the estimate θ̂(x;P) can be calculated efficiently for a given
observation x. In the sequel, we will make the following two as-
sumptions:

• The generation of samples (θk,xk)∼ p(θ,x) is manageable,
where p(θ,x) is the joint PDF of θ and x. This is often the case as
p(θ,x) can be written as p(θ,x) = p(x|θ)p(θ), where p(θ) is the a
priori PDF of θ and p(x|θ) is the likelihood PDF. Very often, both
are known: p(θ) from expert knowledge and p(x|θ) through the
signal model.

• The generation of samples θk ∼ p(θ|x) is manageable. This
is not a hard restriction as the MMSE estimator is often calcu-
lated using Markov chain Monte Carlo methods (MCMC) [3, 18].
MCMC allows the generation of samples from the a posteriori dis-
tribution and the MMSE estimator is then simply the average over
all samples. Here, we will use importance sampling where the con-
ditional distribution p(θ|x) is the importance function.
Given the loss function and the signal model, the use of our estima-
tor family for a general estimation problem consists of two steps:

Step 1 – Find the optimal estimator in F
In a first step, we have to find the estimator θ̂(x;P0) ∈ F that has
the smallest Bayes risk for the particular loss function and joint PDF
p(θ,x), i.e. we have to solve the optimization problem

P0 = argmin
P

ZZ

L(θ, θ̂(x;P))p(θ,x)dθdx. (10)

This optimization has only to be carried out once to learn the opti-
mal values of the parameters P . In the appendix B, we give the gra-
dient vector of the Bayes risk in (10) with respect to the parameters

in P . The knowledge of the gradient vector allows to use a gradi-
ent descent method to find the optimal parameter values. Note that
the integration with respect to θ and x can be carried out by a plain
Monte Carlo (MC) integration using samples (θk,xk) ∼ p(θ,x).
The optimization problem (10) becomes then

P0 = argmin
P

1

K1

K1
X

k=1

L(θk, θ̂(xk;P)). (11)

If the generation of samples from p(θ,x) is not directly possible
then importance sampling as discussed below is another possibility
to obtain an accurate approximation of the integral.

Step 2 – Calculate the estimate θ̂(x;P0)
In a second step, we calculate the estimate for a given observation
x. Therefore, we need an efficient method to compute both integrals
in (7a). Note that (7a) can be written as

θ̂(x;P) = f
1

 

Z

f
2
(θ;P2)

p(θ,x)λ
R

p(θ,x)λdθ
dθ;P1

!

= f
1

“

Epλ

h

f
2
(θ;P2)

i

;P1

”

. (12)

We see that we can write the integrals as the expecta-
tion of f

2
(θ;P) with respect to a new conditional density

pλ(θ|x) = p(θ,x)λ/
R

p(θ,x)λdθ. Assuming that we can gen-
erate samples from the a posteriori distribution θk ∼ p(θ|x) =
p(θ,x)/

R

p(θ,x)dθ, we can use importance sampling [3] for (12).
The importance sampling algorithm is as follows: Suppose we want
to calculate E[h(θ)] =

R

h(θ)p(θ)dθ. Then we can use the approx-
imation

E[h(θ)] ≈
K
X

k=1

wkh(θk)

ffi K
X

k=1

wk (13)

where θk are drawn from a trial distribution p̃(θ) and the impor-
tance weights wk are defined as wk = p(θk)/p̃(θk). Note that wk
has only to be known up to a multiplicative constant. Using impor-
tance sampling for our problem, we finally obtain the approximation

θ̂(x;P) ≈ f
1

 

K2
X

k=1

wk f2
(θk;P2)

ffiK2
X

k=1

wk;P1

!

(14)

with p̃(θ) = p(θ,x) and thus wk = p(θk,x)
λ−1. The computa-

tional complexity is hence comparable to that of a MMSE estima-
tion if the MMSE estimator also uses MC integration.

6. EXAMPLE

The example is as follows: Given the signal model x= θ+ z, esti-
mate θ which is uniformly distributed in [0,1] from the observation
xwhere we know that the observation is disturbed by additive Gaus-

sian noise z ∼ N (0,σ2). Furthermore, z and θ are independently
distributed. The considered loss function is the bounded LINEX
(BLINEX) loss introduced in [14]. The univariate BLINEX loss
function is given by

LBLINEX(θ, θ̂) =
LLINEX(θ, θ̂)

1+ρLLINEX(θ, θ̂)
, ρ > 0. (15)

Plugging LLINEX(θ, θ̂) from (8) into (15), we obtain

LBLINEX(θ, θ̂) =
1

ρ

 

1−
1

1+ c(ea(θ̂−θ)−a(θ̂− θ)−1)

!

(16)

with c = ρb. It differs from the usually used loss functions (1) in
two main properties, namely it is (a) asymmetric and (b) bounded:

(a) If a > 0 then the positive error θ̂ > θ results in a larger loss
than the corresponding negative error of the same magnitude. If

a< 0 then negative errors θ̂ < θ have a larger loss. A case where
such an emphasis of negative errors is useful is the dam con-
struction example given in Sec. 1 as underestimating the peak
water level is more severe then overestimating it.

633



−1 −0.5 0 0.5 1
10

−2

10
−1

10
0

10
1

10
2

10
3

 

 

BLINEX loss

LINEX loss

θ̂− θ

L
o

ss

Figure 1: LINEX and BLINEX loss (ρ= 1, a= 10 and b= 1)

(b) LBLINEX(θ, θ̂) is bounded by 0 and 1/ρ. Such a requirement for
a loss function may occur naturally out of the considered prob-
lem or may be artificially introduced to improve the robustness
of the estimator in the case of outliers.

In our example, we choose ρ= 1, a=10 and b= 1. Fig. 1 shows the
graph of the BLINEX loss function for this choice of parameters.

Furthermore, the noise variance is σ2 = 0.5. Note that both loss
functions in Fig. 1 differ substantially for such a noise variance.

We compare the following five estimators with respect to the
squared error loss (1b) and the BLINEX loss (16):

• MAP estimator: The MAP estimator is in general given by θ̂ =

argmaxθ p(θ|x) with p(θ|x) ∼ e−(x−θ)2/(2σ2)u[0,1](θ) and

u[0,1](θ) is the a priori PDF of θ which is uniformly distributed

in [0,1]. This yields

θ̂MAP =

8

<

:

0 x < 0

x 0 ≤ x≤ 1

1 x > 1

(17)

• MMSE estimator: The MMSE estimator is given by θ̂MMSE =
E[θ|x]. For our signal model, the conditional mean can be cal-
culated analytically and one obtains

θ̂MMSE = x+

r

2

π
σ

e−
x
2

2σ2 − e−
(x−1)2

2σ2

erf
“

x√
2σ

”

− erf
“

x−1√
2σ

” (18)

• OBE under LINEX loss: The OBE for LINEX loss is given by
(9) which can be calculated analytically.

• OBE under BLINEX loss: The optimization problem (3) for this
example can not be carried out analytically and thus (3) has to be
solved for each new observation x individually, either by Monte
Carlo integration or numerical quadrature which we used here.

• Estimator family (7) with optimal parameters: The optimal
parameters are found via the Matlab function fmincon and

are ξ1 ≈ 6.32× 10−1, ξ2 ≈ 2.57× 10−1, ξ3 = 1.58× 10−1,

λ≈ 1.10×101 , φ≈−5.92×10−5 and ψ≈ 1.90. K1 = 5000
samples are used for the Monte Carlo approximation in (11)
and K2 = 5000 samples are drawn from the a posteriori den-
sity p(θ|x) for (14).
Table 1 shows the results averaged over 10000 trials. Clearly,

the MMSE estimator is optimal in terms of the squared error loss as
expected. Similarly, the OBE under BLINEX loss gives the small-
est Bayes risk if the BLINEX loss function is used. The optimal

estimator θ̂(x;P0) from the set F is a good approximation of the
OBE under BLINEX loss as it has a similar Bayes risk. Thus, al-
though the OBE under BLINEX loss itself is not an element of F ,

there is an estimator θ̂(x;P0) in F which gives nearly the same
performance.

7. CONCLUSIONS AND FUTURE WORK

In this paper a family of estimators was proposed for the Bayesian
estimation with non-standard loss functions. This family has the

Squared error loss BLINEX loss

MAP estimator 1.67×10−1 6.58×10−1

MMSE estimator 7.09×10−2 5.85×10−1

OBE under LINEX loss 1.38×10−1 5.78×10−1

Optimal estimator ∈ F 1.06×10−1 5.45×10−1

OBE under BLINEX loss 1.03×10−1 5.43×10−1

Table 1: Comparison of the Bayes risks

advantage that it is parameterized by a small number of variables
which can be determined offline for a particular loss function. We
proofed that the family includes many important estimators known
from the literature, namely MMSE, MAP, and OBE under LINEX
loss which shows that it is quite versatile. The computational com-
plexity of our approach is comparable to that of an MMSE esti-
mation for the same signal model if we assume that Monte Carlo
integration is used for the calculation of the MMSE estimator.

Because of space limitations, we could only give a simple ex-
ample in Sec. 6. We are currently working on a more sophisticated
application for image denoising using the SSIM quality index [7]
that we want to publish in a follow-up paper.

A. PROOFS

Proof of the Lemma. First of all, we would like to point out that the
delta function can be expressed as a limit of the normal distribution,
i.e.

g(θ;a2) =
1

aMπM/2
e−‖θ‖2/a2 a→0

−−−→ δ(θ).

They are equivalent in the sense that f(0) =
R

f(θ)δ(θ)dθ =

lima→0
R

f(θ)g(θ;a2)dθ.
(a) p(θ,x) = δ(θ− θ0):

θ̂(x;λ) = lim
a→0

R

θg(θ− θ0;a
2)λdθ

R

g(θ− θ0;a2)λdθ
= lim
a→0

R

θ g(θ− θ0; a
2

λ )dθ
R

g(θ− θ0;
a2

λ )dθ

= lim
a→0

Z

θ g(θ− θ0;
a2

λ
)dθ = θ0

(b) p(θ,x) = Pδ(θ− θ0)+ (1−P )δ(θ− θ1):

θ̂(x;λ) = lim
a→0

R

θ [Pg(θ− θ0;a
2)+ (1−P )g(θ− θ1,a

2)]λdθ
R

[Pg(θ− θ0;a
2)+ (1−P )g(θ− θ1;a2)]λdθ

= lim
a→0

Pλ

Pλ+(1−P )λ

Z

θ g(θ− θ0;
a2

λ
)dθ

+ lim
a→0

(1−P )λ

Pλ+(1−P )λ

Z

θ g(θ− θ1;
a2

λ
)dθ

=
Pλθ0 +(1−P )λθ1
Pλ+(1−P )λ

where we used the fact that [Pg(θ− θ0;a2) + (1−P )g(θ−

θ1;a2)]λ → Pλg(θ− θ0;a
2)λ + (1−P )λg(θ− θ1;a

2)λ for
a→ 0. �

Proof of Theorem 2. We will proof this theorem by contradiction.

Suppose θ̂(x;λ) has a corresponding loss function L(θ, θ̂) which is
continuously differentiable but not symmetric. Then at least one of
the following two cases has to be true:
(a) There is a θ0 such that

˛

˛

˛

˛

˛

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛

˛θ=θ0
θ̂=θ0

6=

˛

˛

˛

˛

˛

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛

˛θ=−θ0
θ̂=−θ0

(⋆)

Now, consider the special PDF p(θ,x) = δ(θ− θ0). As θ̂(x;λ)
from (5) holds for all densities, we can directly use the result of
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the Lemma and obtain θ̂(x;λ) = θ0. A necessary condition that

θ̂(x;λ) is the OBE under the loss function L(θ, θ̂) is (4)

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=θ0
θ̂=θ0

= 0.

Furthermore, consider the special PDF p(θ,x) = δ(θ + θ0)

which has the OBE θ̂(x;λ) = −θ0. Using again (4), we obtain
the necessary condition

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=−θ0
θ̂=−θ0

= 0

which can not be true as we assumed (⋆).
(b) There is a θ0 and θ1 such that

˛

˛

˛

˛

˛

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛

˛θ=θ0
θ̂=θ1

6=

˛

˛

˛

˛

˛

∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛

˛θ=−θ0
θ̂=−θ1

(⋆⋆)

Now consider the special PDF p(θ,x) = Pδ(θ− θ0) + (1−
P )δ(θ− θ1) which, according to the above Lemma, has the

OBE u = θ̂(x;λ) = (Pλθ0 +(1−P )λθ1)/(P
λ+(1−P )λ).

A necessary condition that has to be fulfilled is (4) which yields

P
∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=θ0
θ̂=u

+ (1 − P )
∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=θ1
θ̂=u

= 0.

Furthermore, the PDF p(θ,x) =Pδ(θ+θ0)+(1−P )δ(θ+θ1)
results in the OBE −u and the necessary condition (4) is

P
∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=−θ0
θ̂=−u

+ (1 − P )
∂L(θ, θ̂)

∂θ̂

˛

˛

˛

˛θ=−θ1
θ̂=−u

= 0.

Without loss of generality, we can assume

˛

˛

˛

˛

∂L(θ,θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛θ=θ1
θ̂=θ1

=

˛

˛

˛

˛

∂L(θ,θ̂)

∂θ̂

˛

˛

˛

˛

˛

˛

˛

˛θ=−θ1
θ̂=−θ1

as we can otherwise use (a) and show that the

loss is asymmetric. Taking the limit P → 0 (P > 0), we see that
both necessary conditions contradict the assumption (⋆⋆). �

B. GRADIENT OF THE BAYES RISK

In this section, we derive the gradient of the Bayes risk with respect
to an element γ ∈ P . Using the gradient is advantageous to solve
the optimization problem (10) as gradient descent methods can be
used. Taking the derivative of BR in (10) with respect to γ, we
obtain for the first-order derivative

∂BR

∂γ
=

ZZ

 

∂L(θ,u)

∂u

˛

˛

˛

˛

u=θ̂(x;P)

!T
∂θ̂(x;P)

∂γ
p(θ,x)dθdx.

Using the shorthand notations pλ(θ|x) = p(θ,x)λ/
R

p(θ,x)λdθ

and D =
∂f

1
∂z = ξ1I + diag{φ1/z1, . . . ,φM/zM} evaluated at

z =
R

f
2
(θ,P2)pλ(θ|x)dθ, we obtain

∂θ̂(x;P)

∂ξ1
=

Z

f
2
(θ,P2)pλ(θ|x)dθ

∂θ̂(x;P)

∂ξ2
= D ·

Z

θpλ(θ|x)dθ

∂θ̂(x;P)

∂ξ3
= D ·

Z

eψ◦θ pλ(θ|x)dθ

∂θ̂(x;P)

∂λ
= D ·

„
Z

f
2
(θ;P2) ln(p(θ,x))pλ(θ|x)dθ

−

Z

f
2
(θ;P2)pλ(θ|x)dθ

Z

ln (p(θ,x))pλ(θ|x)dθ

«

∂θ̂(x;P)

∂φ
= diag



ln

˛

˛

˛

˛

Z

f
2
(θ;P2)pλ(θ|x)dθ

˛

˛

˛

˛

ff

∂θ̂(x;P)

∂ψ
= ξ3D ·diag


Z

θ ◦eψ◦θ pλ(θ|x)dθ

ff

Note that all integrals can again be calculated using Monte Carlo
integration, especially importance sampling as was shown in Sec. 5.
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ABSTRACT 
Phase slope index is a measure which can detect causal direction 
of interdependence in multivariate time series. However, this co-
herence based method may not distinguish between direct and 
indirect relations from one time series to another one acting 
through a third time series. So, in order to identify only direct rela-
tions, we propose to replace the ordinary coherence function used 
in phase slope index with the partial coherence. In a second step, 
we consider and compare two estimators of the coherence func-
tions, the first one based on Fourier transform and the second one 
on an autoregressive model. These measures are tested and com-
pared with Granger causality index on linear and non linear time 
series. Experimental results support the relevance of the new index 
including partial coherence based on autoregressive modelling in 
multivariate time series. 

1. INTRODUCTION 
In neuroscience, understanding of brain functioning requires the 
investigation of activated cortical networks, in particular the detec-
tion of interactions between different cortical sites. The concept of 
causality between time series was first introduced by Wiener [1] in 
1956, then formulated by Granger [2] and known as Granger Cau-
sality Index (GCI). Later, the frequency decomposition of this fun-
damental tool was given by Geweke [3, 4]. Over the last decade, 
other measures have been derived being applied to chaotic systems 
and multivariate neurobiological signals [5-10]. Furthermore, cross 
correlation in the time domain and coherence functions in the spec-
tral domain were also used to estimate statistical causal relations 
between neural signals [11-14]. 
Recently, a measure named Phase Slope Index (PSI) was proposed 
by Nolte [15, 16] to detect the information flow direction. This 
method, based on linear phase between two signals, estimates the 
causal direction by computing the slope of the phase of ordinary 
coherence function. However, in multivariate time series, when 
two time series have direct and/or indirect causal relations as in 
Figure 1, PSI based on ordinary coherence function is not able to 
distinguish them. In order to detect direct causal relations and dis-
tinguish patterns of connectivity as those presented in Figure 1, we 
recommend a new phase slope index based on partial coherence 
function instead of ordinary coherence function. Moreover, in [15, 
16], ordinary coherence function is obtained using Fourier trans-
forms. Another way is to derive the coherences (ordinary and par-
tial) by means of autoregressive (AR) modelling of signals as pro-
posed hereafter. 

Figure 1 – Two patterns of causal interactions 
(a) causality from signal x1 to x3 is indirect and mediated by x2 
(b) both direct and indirect causalities exist from signal x1 to x3. 

In the following, phase slope based measures are detailed theoreti-
cally. Then, some linear and non linear time series are considered to 
test them and compare their performance with that of GCI. Finally, 
some conclusions are drawn. 

2. METHODS 

2.1 AR modelling 
Let 1X  and 2X  be two zero-mean signals whose time observations 

are noted ( )1x t  and ( )2x t , with 1,2,...,=t T . If we model each 

observation ( )1x t  and ( )2x t  by an univariate AR model of order 
p, we have 

( ) ( ) ( ) ( )1 1 1 1
1

  -α
=

= +∑
p

k
x t k x t k u t                   (1) 

( ) ( ) ( ) ( )2 2 2 2
1

  -α
=

= +∑
p

k
x t k x t k u t                  (2) 

where each signal, at time t , depends only on its own past, ( )1u t  

and ( )2u t  are white Gaussian noises. Now, if we model both sig-

nals ( )1x t  and ( )2x t  by a bivariate AR model of order p, we write 

( ) ( ) ( ) ( ) ( ) ( )1 1.1 1 1.2 2 1
1 1

  - -α α
= =

= + +∑ ∑
p p

k k
x t k x t k k x t k w t   (3) 

( ) ( ) ( ) ( ) ( ) ( )2 2.2 2 2.1 1 2
1 1

  - -α α
= =

= + +∑ ∑
p p

k k
x t k x t k k x t k w t   (4) 

x1 x2 

x3 

  (a)     (b)

x1 x2 

x3
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where each signal depends not only on its own past but also on the 
past of the second signal, ( )1w t  and ( )2w t  are white Gaussian 

noises. This model can be extended to Q signals 1 2,  ,...,  Qx x x , with 

( )

( )

( )

( )

( )

( )

1 1 1

1

-
     

-=

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥

= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦ ⎣ ⎦

∑
p

k
k

Q Q Q

x t x t k w t
A

x t x t k w t
           (5) 

where 

( ) ( ) ( )

( )

( ) ( )

1.1 1.2 1.

.

.1 .

  

α α α

α

α α

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

Q

k m n

Q Q Q

k k k

A k

k k

        (6) 

The coefficient ( ).αm n k  evaluates the linear interaction of 

( )−nx t k  on ( )mx t , whatever ,m n . These coefficients are esti-
mated by solving Yule–Walker equations. 
 
2.2 Granger Causality Index (GCI) 
GCI proposed by Granger is an effective tool to describe causal 
interactions between signals. Hereafter, the bivariate case is detailed 
and extended to the multivariate case. 
Let us begin with the case of two signals by studying the causality 

1 2→x x . From the univariate model given in Eqs. (1) and (2), the 
quality of the representation of 2X  may be evaluated from the vari-

ance of the prediction error 
2 2| −Γ

x x
, where 2

−x  symbolizes 2x  past 

( )( )
2 2

2|
var−Γ =

x x
u t                                        (7) 

where ( )var .  denotes the variance. Using the bivariate model of 
Eqs. (3) and (4), we have 

( )( )
2 2 1

2| ,
var− −Γ =

x x x
w t .                                   (8) 

If 1X  causes 2X  in the Granger sense, then 
2 2 1| ,− −Γ

x x x
 is smaller 

than 
2 2| −Γ

x x
. The level of Linear Granger Causality Index (LGCI) 

from 1X  to 2X  is then evaluated by 

2 2
1 2

2 2 1

|

| ,

LGC I ln
−

− −
→

Γ
=

Γ
x x

x x
x x x

.                                 (9) 

Reciprocally, the LGCI from 2X  to 1X  can be evaluated. 

In the multivariate case, we can analyze independently each pair of 
signals (pairwise analysis). However, pairwise analysis in the multi-
variate case cannot distinguish between direct and indirect coupling. 
For example, for the two coupling schemes displayed in Figure 1, a 
pairwise analysis gives the same patterns of connectivity. In the 
multivariate case, to disambiguate such cases, direct causality from 

mX  to nX  conditionally to other signals is defined by Eq. (10) 
where the numerator is the variance of the prediction error by taking 
all signals into account except mx  

1 1 1

1

|

|

LGC I ln
− − − −

− +

− −
→

Γ
=

Γ
n m m Q

m n
n Q

x x x x x
x x

x x x

.                     (10) 

2.3 Phase Slope Index (PSI) 
PSI is a method to evaluate the direction of information flow in 
multivariate time series [16]. Hereafter, the principle of PSI method 
is first recalled. In a second step, partial coherence function is in-
troduced to detect only direct relations in multivariate case. Finally, 
an AR modelling based method for estimating coherence functions 
is presented. 
 
2.3.1. PSI principle 
The basic hypothesis relies on the phase linearity between signals. 
PSI is based on the slope of the phase of cross-spectrum between 
two time series ( )mx t  and ( )nx t . 
The idea is to define an average phase slope in such a way that this 
quantity properly represents relative time delays of different signals. 
This quantity is termed PSI and defined by 

( ) ( )PSI δ∗

∈

⎛ ⎞
⎜ ⎟= ℑ +
⎜ ⎟
⎝ ⎠
∑mn mn mn
f F

C f C f f                   (11) 

where ( )mnC f  is the coherence function between signals mx and 

nx , δ f  is the frequency resolution, ( )ℑ i  denotes taking the 
imaginary part and the asterisk denotes conjugate value. F  is the 
set of frequencies over which PSI is computed. In this equation, the 
coherence function used by Nolte is the ordinary coherence between 
signals ( )mx t  and ( )nx t , noted as ( )mnOC f  hereafter, and de-
fined by 

( ) ( )
( ) ( )

= mn
mn

mm nn

S f
OC f

S f S f
                           (12) 

where ( )mmS f  and ( )nnS f  are the auto-spectral density func-

tions of signals ( )mx t  and ( )nx t  respectively, and ( )mnS f  is the 
cross-spectral density function. Spectral densities are given by: 

( ) ( ) ( )*⎡ ⎤= ⎣ ⎦mn m nS f E X f X f .                          (13) 

where ( )mX f  is the Fourier transform of the signal ( )mx t and 

where [ ].E  denotes the expectation. The magnitudes of the coher-
ences allow to weight the phase difference between two consecutive 
frequencies and, consequently, to decrease its impact when the co-
herence magnitudes are low. The sign of PSI indicates the flow 
direction and its magnitude increases along with the delay. Given 
Eqs. (11) to (13), when the information flow is from ( )mx t  to 

( )nx t , PSImn  is positive. In the following, PSI using the ordinary 
coherence is named PSI-OC.  
 
2.3.2. PSI using partial coherence 
The partial coherence function gives the level of coupling between 
two signals ( )mx t  and ( )nx t  when the influence of the 2−Q  
other signals is removed [12]. It is defined by 

( )
( )

( ) ( )
2

2
2 2

−
−

− −

⋅
⋅

⋅ ⋅

Q
Q

Q Q

mn X
mn X

mm X nn X

S f
PC f

S f S f
             (14) 

where 2 1 1 1 1 1− − + − +Q m m n n QX x x x x x x . ( )2−⋅ Qmn XS f  is 

the conditioned cross-spectral density function between signals 
( )mx t  and ( )nx t  given 2−QX , ( )2−⋅ Qmm XS f  and ( )2−⋅ Qnn XS f  

are conditioned auto-spectral density functions of signals ( )mx t  
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and ( )nx t  respectively. In PSI given in Eq. (11), we replace the 
ordinary coherence with the partial coherence and the corresponding 
PSI is noted PSI-PC: the influence of the 2−Q  other signals is 
removed and only the direct influence between ( )mx t  and ( )nx t  is 
considered. 
 
2.3.3. Coherence functions estimators 
In Eq. (13), the auto-spectral and cross-spectral density functions 
may be obtained by two different techniques, either from direct 
Fourier transforms of signals ( )mx t  and ( )nx t , or from AR model-
ling. 
In the first one, the expectation required to get the spectral density 
functions is obtained by averaging and overlap. 
In the second one, even if the approach is intended for the multivari-
ate case, we derive hereafter the methodology in the bivariate case 
for reasons of simplicity. We rewrite Eqs. (3) and (4) in the follow-
ing form using the lag operator L  ( ) ( )( )1 , 1,2= − =m mLx t x t m  

( ) ( )

( ) ( )

( )
( )

( )
( )

1.1 1.2
1 1 1 1

2 2
2.1 2.2

1 1

1

1

p p
k k

k k
p p

k k

k k

k L k L
x t w t
x t w t

k L k L

α α

α α

= =

= =

⎛ ⎞
− −⎜ ⎟

⎛ ⎞ ⎛ ⎞⎜ ⎟ =⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎜ ⎟− −⎜ ⎟

⎝ ⎠

∑ ∑

∑ ∑
   (15) 

Fourier transforming both sides of Eq. (15) leads to: 

( ) ( )
( ) ( )

( )

( )
( )

( )
( )

11 12 1 1

21 22 2 2

⎛ ⎞⎛ ⎞ ⎛ ⎞
=⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
D f

D f D f X f W f
D f D f X f W f

                  (16) 

where the components of the coefficient matrix ( )D f  are  

( ) ( ) ( ) ( )2 2
11 1.1 12 1.2

1 1
1 , ,π πα α− −

= =
= − = −∑ ∑

p p
i fk i fk

k k
D f k e D f k e  

( ) ( ) ( ) ( )2 2
21 2.1 22 2.2

1 1
, 1 .π πα α− −

= =
= − = −∑ ∑

p p
i fk i fk

k k
D f k e D f k e  

Defining the transfer function ( )H f  as the inverse of the coeffi-

cient matrix ( )D f , we obtain 

( )
( )

( ) ( )
( ) ( )

( )

( )
( )

1 11 12 1

2 21 22 2

⎛ ⎞ ⎛ ⎞⎛ ⎞
=⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠⎝ ⎠
H f

X f H f H f W f
X f H f H f W f

.                 (17) 

Then, we get the spectral matrix 

( ) ( ) ( )
( ) ( ) ( ) ( )11 12 †

21 22

⎛ ⎞
= = Γ⎜ ⎟
⎝ ⎠

S f S f
S f H f H f

S f S f
            (18) 

where 
( ) ( )

( ) ( )
1 1 2

2 1 2

var cov ,
cov , var
⎛ ⎞

Γ = ⎜ ⎟
⎝ ⎠

w w w
w w w

, cov(.) stands for covari-

ance and †  denotes complex conjugate and matrix transposition. 
Finally, the corresponding PSI-OC can be calculated using Eqs. 
(11), (12), and (18). Practically, the above algorithm is extended to 
the multivariate case to get PSI-OC and PSI-PC. 

3. EXPERIMENTAL RESULTS 
In this section, two examples of linear and nonlinear stochastic 
systems are tested. In the first one, we consider a linear stochastic 
model consisting of three time series simulating (i) the case shown 

in Figure 1.a, in which the causal influence from signal 1x  to sig-
nal 3x  is indirect and completely mediated by signal 2x , (ii) the 
case shown in Figure 1.b, containing both direct and indirect causal 
influences from signal 1x  to signal 3x . The second example corre-
sponds to the same situations considering non linear signals with 
linear coupling. For AR modelling, the order is given by Akaike's 
criterion. 
 
3.1 Linear signals and linear couplings 
For the linear stochastic system we consider, the following three 
signals are generated: 

( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )

1 1 1 1

2 1 2

3 2 1 3

0.95 2 1 0.9025 2
0.5 1

0.4 2 4

⎧ = − − − +
⎪

= − − +⎨
⎪ = − + − +⎩

x t x t x t w t
x t x t w t
x t x t cx t w t

         (19) 

where ( ), 1,2,3=jw t j , are independent white Gaussian noises 

with zero means and unit variances, 0=c  and 0.5=c  are chosen 
to consider two patterns of causal interactions which include direct 
and indirect causal relationships as in Figure 1. The sampling fre-
quency is 512 Hz. Signals spectra are given in Figure 2, for 0=c . 
The signal 1x  oscillates around 65 Hz as well as 2x  and 3x , due 
to the flows 1 2→x x  and 2 3→x x . 
 
3.1.1. Results on LGCI 
Firstly, we estimate LGCI considering pairwise analysis (LGCI-P) 
and multivariate analysis (LGCI-M). Simulation is carried out 100 
times on 1024-point signals, then the means and standard devia-
tions (std) are derived and reported in Table 1. 
 
Table 1 – Results on LGCI-P and LGCI-M. The first line indicates 
the mean, and the second line in parentheses is the standard devia-
tion (std). Reciprocal indices tend to zero and are not displayed. 

 

LGCI-P LGCI-M  
0=c  0.5=c  0=c  0.5=c  

1 2
LGCI →x x  0.8810 

(0.0670) 
0.8810 

(0.0670) 
0.7920 

(0.0456) 
0.5848 

(0.0348) 

1 3
LGCI →x x  0.2522 

(0.0322) 
0.4620 

(0.0346) 
0.0006 

(0.0016) 
0.2908 

(0.0287) 

2 3
LGCI →x x  0.3675 

(0.0332) 
0.3180 

(0.0323) 
0.1793 

(0.0256) 
0.1477 

(0.0219) 
 
From Table 1, it is clear that pairwise analysis (LGCI-P) cannot 
differentiate the two coupling schemes. On the contrary, LGCI-M 
allows us to identify direct causality and distinguish properly the 
two patterns of causal interactions (pairwise

1 3
LGCI 0.2522→ =x x  

while multivariate 
1 3

LGCI 0.0006→ =x x , for 0=c ). 

 
3.1.2. Results on PSI 
In section 2, ordinary and partial coherence functions are used to 
obtain two phase slope indices, respectively PSI-OC and PSI-PC. In 
Eq. (13), spectra can be obtained by two different techniques, either 
based on Fourier transform or using multivariate AR modelling. So, 
in the following, we denote by PSI-OC(FFT) (resp. PSI-PC(FFT)) 
the situation where ordinary coherence (resp. partial coherence) is 
estimated by fast Fourier transform. In the same way, PSI-OC(AR) 
(resp. PSI-PC(AR)) denotes the situation where ordinary coherence 
(resp. partial coherence) is estimated by AR modelling. 
Phase and amplitude of ordinary coherence between 1x  and 2x  are 
displayed in Figure 3. Results on OC(FFT) are in solid lines, and 
results on OC(AR) are in dashed lines. 

638



 
Figure 2 – Spectral amplitudes of ( ) , 1,2,3,=jx t j  for 0=c . 
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Figure 3 – Phases and amplitudes of ordinary coherence between 

1x and 2x  (Eq. (19)), obtained by FFT and AR modelling. 

Table 2 – Results on PSI on two different bands. The first line is the mean, the second line in parentheses is the std. 
 

PSI-OC(FFT) PSI-OC(AR) 
0=c  0.5=c  0=c  0.5=c  

 

[0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz 

12PSI  0.9187 
(0.1230) 

0.4459 
(0.1100) 

0.9187 
(0.1230) 

0.4459 
(0.1100) 

0.9518 
(0.0832) 

0.5025 
(0.0592) 

0.9560 
(0.0854) 

0.4965 
(0.0841) 

13PSI  1.0501 
(0.2135) 

0.7324 
(0.1561) 

2.8546 
(0.2635) 

1.5424 
(0.1341) 

1.1766 
(0.1451) 

0.8763 
(0.0985) 

3.2256 
(0.2380) 

1.8599 
(0.1026) 

23PSI  1.4502 
(0.1880) 

0.5889 
(0.1386) 

1.9124 
(0.2405) 

1.0378 
(0.1667) 

1.5356 
(0.1463) 

0.6729 
(0.0729) 

2.1263 
(0.2096) 

1.2219 
(0.1324) 

PSI-PC(FFT) PSI-PC(AR) 
0=c  0.5=c  0=c  0.5=c   

[0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz [0,256]Hz [40,90]Hz 

12PSI  0.8018 
(0.1235) 

0.3945 
(0.1121) 

0.9964 
(0.1309) 

0.4415 
(0.1061) 

0.8232 
(0.0771) 

0.4351 
(0.0529) 

1.0384 
(0.0844) 

0.5068 
(0.0633) 

13PSI  0.0174 
(0.1472) 

0.0140 
(0.0581) 

1.9558 
(0.2691) 

0.7197 
(0.1391) 

0.0064 
(0.0116) 

0.0025 
(0.0050) 

2.3628 
(0.2361) 

1.0797 
(0.0974) 

23PSI  0.8278 
(0.1692) 

0.1646 
(0.0930) 

0.7473 
(0.1848) 

0.0984 
(0.0819) 

0.8502 
(0.1109) 

0.1626 
(0.0250) 

0.8496 
(0.1208) 

0.1633 
(0.0345) 

 
 

When using FFT, spectra are obtained using a sliding window of 
64-point length and a 50% overlap. As for AR modelling, it is real-
ized on the whole signal length. For one time delay between two 
signals (for example, in Eq. (19), from 1x  to 2x ), the theoretical 
value of the variation of the phase spectrum is π on the whole fre-
quency band. In the upper panel of Figure 3, the variation of 
OC(AR) is actually close to π. For OC(FFT), some fluctuations 
appear in the low and high frequency bands. Since coherence ampli-
tude is not unity on the whole frequency band, PSI is smaller than π 
for one time delay. Moreover, in the frequency band [40, 90]Hz, 
around 65 Hz, the slope of the coherence phase (OC(FFT) and 
OC(AR)) is more regular than outside this band. Consequently, 
hereafter, the four measures PSI-OC(FFT), PSI-PC(FFT), PSI-
OC(AR) and PSI-PC(AR) are computed in the whole frequency 
band [0, 256]Hz and in the frequency band [40, 90]Hz. As previ-
ously, we generate a set of 100 realizations of 1024 data points each. 
Means and standard deviations (std) are computed and shown in 
Table 2. 
First of all, if we compare Tables 1 and 2, PSI-OC takes into con-
sideration the importance of the delay contrary to LGCI: for exam-
ple, 23 12PSI -OC PSI -OC>  whereas 

2 3 1 2
LGCI LGCI→ →<x x x x , 

for 0=c . The latter inequality does not respect the pecking order. 
Secondly, we can analyze the results given in Table 2 according to 
the three following points:  

• PSI-OC versus PSI-PC 
Both PSI-OC and PSI-PC perfectly point out the flow direction of 
information among the 3 signals. PSI-PC reveals the direct relations 
and distinguishes the two patterns shown in Figure 1.a and 1.b while 

PSI-OC cannot distinguish them, whatever the frequency band and 
the computation mode (FFT or AR).  

• FFT versus AR model 
The results obtained with AR modelling are preferred since (i) the 
mean values are generally higher with AR modelling (except for the 
case 1 3→x x  and 0=c , where PSI-PC(AR) remains closer to the 
theoretical null value than PSI-PC(FFT)), and (ii) the corresponding 
standard deviations are smaller.  

• Whole frequency band versus [40, 90]Hz band 
As expected, values of PSI computed on the limited band are lower 
than those computed in the whole frequency band. On the other 
hand, considering the limited band allows to reveal the pecking 
order of the time delays in the phase slope indicator. As for the 
standard deviations, they are comparable in both situations. 
 
3.2 Nonlinear signals and linear couplings 
For this study on nonlinear stochastic systems, we start from the 
example given in [6]: 

( ) ( ) ( )( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )( ) ( ) ( ) ( ) ( )

2 12 11 1 1 1

2 12 22 2 2 1 2

2 12 33 3 3 2 1 3

3.4 1 1 1

3.4 1 1 1 0.5 1 (20)

3.4 1 1 1 0.3 1 1

x t

x t

x t

x t x t x t e w t

x t x t x t e x t w t

x t x t x t e x t cx t w t

− −

− −

− −

⎧
= − − − +⎪

⎪
⎪⎪ = − − − + − +⎨
⎪
⎪

= − − − + − + − +⎪
⎪⎩

 

where 0=c  and 0.5=c  are chosen to examine the same patterns 
of causal interactions as in Figure 1. Noises ( ), 1,2,3=jw t j , are 
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independent white Gaussian processes, with zero means and vari-
ances equal to 0.04. We simulated Eq. (20) to generate a data set of 
100 realizations of 1024 time points each. 
 
3.2.1. Results on LGCI 
Since we already demonstrated that LGCI-M outperforms LGCI-P, 
we only present results on LGCI-M. Means and standard deviations 
are reported in Table 3. 
 

Table 3 – Results on LGCI-M. The first line is the mean, the sec-
ond line in parentheses is the std. Reciprocal indices tend to zero. 

 

LGCI-M  
0=c  0.5=c  

1 2
LGCI →x x  0.2248 

(0.0283) 
0.2310 

(0.0241) 

1 3
LGCI →x x  0.0003 

(0.0013) 
0.2289 

(0.0287) 

2 3
LGCI →x x  0.1053 

(0.0208) 
0.1022 

(0.0192) 
 
From this table, it is clear that LGCI-M can point out the direct 
causality and distinguish the two patterns of causal interactions in 
the nonlinear stochastic system. 
 
3.2.2. Results on PSI 
Since there is no dominant frequency in these nonlinear signals, the 
PSI is only estimated on the whole frequency band. Means and 
standard deviations are shown in Table 4. 
 
Table 4 – Results on PSI. The first line is the mean, the second line 

in parentheses is the std. 
 

PSI-OC(FFT) PSI-OC(AR)  
0=c  0.5=c  0=c  0.5=c  

12PSI  0.6104 
(0.1289) 

0.6388 
(0.1313) 

0.6275 
(0.0706) 

0.6456 
(0.0616) 

13PSI  0.1182 
(0.1408) 

0.6478 
(0.1442) 

0.1279 
(0.0295) 

0.6500 
(0.0682) 

23PSI  0.3017 
(0.1366) 

0.2338 
(0.1207) 

0.3108 
(0.0579) 

0.2372 
(0.0484) 

PSI-PC(FFT) PSI-PC(AR) 
 0=c  0.5=c  0=c  0.5=c  

12PSI  0.5538 
(0.1426) 

0.4859 
(0.1365) 

0.5760 
(0.0672) 

0.5049 
(0.0502) 

13PSI  -0.0156 
(0.1425) 

0.5204 
(0.1469) 

0.0008 
(0.0044) 

0.5300 
(0.0677) 

23PSI  0.2438 
(0.1331) 

0.2458 
(0.1290) 

0.2524 
(0.0484) 

0.2515 
(0.0448) 

 
After analyzing the results in Table 4, we come to the conclusion 
that (i) PSI-OC(FFT), PSI-PC(FFT), PSI-OC(AR) and PSI-
PC(AR) identify carefully the flow direction of information in this 
nonlinear stochastic system, (ii) PSI-PC(FFT) and PSI-PC(AR) can 
reveal the direct relations and distinguish between patterns. PSI-
OC(AR) and PSI-PC(AR) are more relevant than PSI-OC(FFT) 
and PSI-PC(FFT), mainly in terms of standard deviation. 

4. CONCLUSIONS 
In this paper, we focused on information propagation between 
multi-site observations using a phase slope index based approach. 
The technique proposed relies on (i) the introduction of partial 
coherence instead of ordinary coherence to deal with causal rela-
tions, (ii) AR modelling to reduce estimator variance. Combining 
both improvements allow to distinguish direct and indirect causal 

relations in linear and non linear time series with the lowest error. 
Compared to Granger causality index, the new index takes into 
account the importance of the delay. In a next work, we plan to test 
it on real neurobiological time series. 
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ABSTRACT
Medley filters are defined as convex combinations of ele-
mentary smoothing filters (averaging, median) with differ-
ent smoothing bandwidths. It is shown that when adaptive
weights of such a mixture are evaluated using the recently
proposed Bayesian rules, one obtains a tool which often out-
performs the state-of-the-art wavelet-based smoothing algo-
rithms. Additionally, unlike wavelet-based procedures, med-
ley filters can easily cope with non-Gaussian (Laplacian, uni-
form) and temporarily inhomogeneous measurement noise.

1. INTRODUCTION

Consider the problem of noncausal estimation of the signal
s(i) based on its noisy measurements y(i):

y(i) = s(i)+ v(i), i = . . . ,−1,0,1, . . . (1)

where i denotes normalized time and {v(i)} is the sequence
of independent random variables obeying the generalized
Gaussian law [1]

v∼ G N (µ,α,β ) :

p(v; µ,α,β ) =
β

2αΓ(1/β )
exp

{
−
(
|v−µ|

α

)β
}

(2)

where µ is the location parameter (we will assume that µ = 0,
i.e., that measurement noise is zero-mean), α > 0 is the un-
known scale parameter, β ≥ 1 is the known shape parameter,
and Γ(·) denotes Euler’s gamma function.
Generalized Gaussian is a parametric family of symmet-
ric distributions that includes the normal distribution when
β = 2 (with mean µ and variance α2/2), and the Laplace
distribution when β = 1 (with mean µ and variance 2α2).
When β → ∞, the density (2) converges pointwise to a uni-
form density on (µ −α,µ +α) (with mean µ and variance
α2/3).
Distributions corresponding to β ∈ [1,2) are referred to as
super-Gaussian or leptokurtic (with positive kurtosis). They
have heavier tails than Gaussian distribution, i.e., they as-
sign higher probabilities to extreme values. For this reason
Laplace distribution is often used to model mixtures of wide-
band noise and impulsive disturbances. When β ∈ (2,∞) the
distribution (2) is called sub-Gaussian or platykurtic (with
negative kurtosis). It has lighter tails than those of the nor-
mal distribution.

This work was partially supported by the Foundation for the Polish Sci-
ence.

To simplify our further considerations, we will assume that
an infinite observation history is available Y = {y(i), i ∈
(−∞,∞)}. Note that for a given time instant t, Y can be
decomposed into the set of “past” measurements Y−(t) =
{y(i), i < t}, the “present” measurement y(t), and the set of
“future” measurements Y+(t) = {y(i), i > t}:

Y = {Y−(t),y(t),Y+(t)}.
Our objective will be to find the estimate ŝ(t) = f [t,Y ] that
minimizes the mean-squared error

E
{
[s(t)− ŝ(t)]2

}
→min . (3)

It is well known [2] that the optimal, in the mean-square
sense, noncausal estimator of s(t) has the form

ŝ(t) = E[s(t)|Y ]. (4)

When the estimated signal admits a known state-space de-
scription, and when both the signal s(t) and measure-
ment noise v(t) are normally distributed, the conditional
mean estimate (4) can be computed using the celebrated
Kalman smoother. However, even though mathematically
well founded and statistically efficient (under assumptions
mentioned above), Kalman smoothers have limited practi-
cal applicability. In practice one needs algorithms which
are much less demanding in terms of the required prior
knowledge about the recovered signal, and which are capa-
ble of adapting to the unknown and/or time-varying degree
of signal smoothness and noise intensity. To fulfill this de-
mand, several powerful universal smoothing schemes were
proposed, i.e., schemes that require no, or very little, prior
knowledge of signal/noise characteristics. The best-known
examples of universal smoothers are those based on ker-
nel regression [3], [4], order statistic filtering [5], [6], and
wavelet thresholding (shrinkage) [7], [8], [9].
In this paper we present a very simple multiresolution
smoothing procedure combining outputs of several nonlin-
ear median filters, and several linear averaging filters. We
show that, when appropriately designed, the resulting med-
ley filter often outperforms, on a set of benchmarks signals,
the state-of-the-art wavelet-based procedures known for their
excellent smoothing capabilities. On the qualitative level,
we continue research on, increasingly popular, combination
schemes, where the outputs of several filters are mixed to-
gether to obtain an overall output of improved quality [10].

2. MEDLEY FILTERS

Denote by F = {ŝk(t),k = 1, . . . ,K} the family of elemen-
tary smoothers

ŝk(t) = fk[t,Y ] (5)
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with different smoothing bandwidths. The medley filter sup-
ported by F will be defined in the form

ŝ(t) =
K

∑
k=1

µk(t)ŝk(t) (6)

where µk(t) are data-dependent weights, further called cred-
ibility coefficients, that obey

K

∑
k=1

µk(t) = 1, µk(t)≥ 0, k = 1, . . . ,K, ∀t

Hence, ŝ(t) is a convex combination of component
smoothers.

2.1 Selection of Component Smoothers
As already noted in [11], a robust medley filter can be ob-
tained by combining probably the simplest smoothers used
in signal processing: linear averaging filters

ŝk(t) =
∑

nk
i=−nk

y(t + i)

2nk +1
(7)

and nonlinear median filters1

ŝk(t) = med{y(t−nk), . . . ,y(t +nk)} (8)

with local fitting frames Fk(t) = [t − nk, t + nk] of different
lengths Nk = 2nk + 1. Averaging filters efficiently remove
Gaussian noise from lowpass signals. Two remarkable fea-
tures of median filters are their ability to preserve step-like
signal features and their resistance to outliers – this makes
them an attractive choice for smoothing discontinuous sig-
nals and/or signals corrupted by impulsive noise. Both filters
have computationally efficient recursive implementations.
In Section 4 we will show that by combining averaging fil-
ters and median filters, one obtains quite powerful medley
filter, often outperforming wavelet-based solutions. We note
that averaging filters and median filters are the simplest rep-
resentatives of two more general classes of smoothing filters,
usually referred to as kernel smoothers [3] and order statistic
filters [5], respectively. Generally, good medley filters can
be obtained by combining tools from both classes mentioned
above.

2.2 Evaluation of Credibility Coefficients
Following [11], credibility coefficients will be evaluated us-
ing the following formula

µk(t) ∝

[
∑

i∈T (t)
|ε◦k (i)|β

]−M/β

(9)

where T (t) = [t−m, t+m] denotes the local evaluation frame
of lenght M = 2m+1 and

ε
◦
k (i) = y(i)− ŝ ◦k (i), i ∈ T (t)

denote matching errors, i.e., residual errors evaluated for the
holey smoother associated with ŝk(t). Holey smoother ŝ ◦k (t)

1med{·} denotes the central value of the ordered sequence of samples

is identical with ŝk(t), except that it excludes the “central”
sample y(t) from the set of measurements used for estimation
of s(t)

ŝ ◦k (t) = fk[t,Y ◦(t)], Y ◦(t) = Y −{y(t)} (10)

In the uniform noise case (β → ∞), one should set

µk(t) ∝

[
max
i∈T (t)

|ε◦k (i)|
]−M

For many nonlinear smoothing algorithms, including me-
dian filters, holey smoothers are either ill-defined or they
do not preserve important properties of the original scheme.
In cases like this, holey smoothers can be substituted with
patched smoothers, obtained by replacing the central sample
y(t) with the signal estimate ŝk(t), rather than by leaving y(t)
out

ŝ •k (t) = fk[t,Y •(t)], Y •(t) = Y
∣∣
y(t):=ŝk(t) (11)

Similar to the holey smoother, the patched smoother can be
used for the purpose of local evaluation of ŝk(·). This can be
accomplished by replacing matching errors ε◦k (i) in (9) with
the modified matching errors

ε
•
k (i) = y(i)− ŝ •k (i) .

Evaluation of smoothers in terms of the corresponding
matching errors is consistent with the long-standing statis-
tical approach known as leave-one-out cross-validatory anal-
ysis [12]. Similarly, the modified matching errors are the
cornerstone of the so-called full cross-validatory analysis,
proposed by Bunke at al. [13]. We note, however, that
cross-validation results in competitive, rather than cooper-
ative smoothing schemes (winner-takes-all strategy). Our
Bayesian framework brings the notion of filter credibility
into cross-validatory analysis.

2.3 Computational Hints
One can easily check that for the linear averaging filter (7) it
holds that

ε
◦
k (i) = δkεk(i), δk = nk/(nk−1)

ε
•
k (i) = ρkεk(i), ρk = (nk +1)/nk (12)

where
εk(i) = y(i)− ŝk(i)

denotes residual error. This means that both errors can be
computed without actually implementing the corresponding
holey/patched smoothers.
Even though the relationships (12) do not extend to nonlinear
filters, we have observed that they usually yield good approx-
imations when applied to validation of median filters.
Some of the quantities involved in computation of credibility
coefficients µk(t) may take very large or very small values.
The following modified expression, mathematically equiva-
lent to (9), allows one to avoid numerical problems (such as
numerical overflow) caused by improper scaling

µk(t) =
exp{χk(t)}

∑
K
k=1 exp{χk(t)}

(13)
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where

χk(t) = ψk(t)−ψmax(t)
ψk(t) =−(M/β ) logrk(t)

ψmax(t) = max
1≤k≤K

ψk(t) .

and
rk(t) = ∑

i∈T (t)
|ε◦k (i)|β .

3. QUALITATIVE COMPARISON WITH WAVELET
THRESHOLDING

Since the wavelet thresholding (shrinkage) approach has the
reputation for being one of the most efficient denoising tools,
we will use it as a benchmark for both qualitative and quan-
titative evaluation of the proposed approach. Quantitative re-
sults will be presented in section 4. In this section we will
focus on some qualitative features of medley filters which, at
least in some applications, make them an interesting alterna-
tive to wavelet-based smoothers:
1. The basic rules of wavelet thresholding were derived un-

der the assumption that the additive measurement noise
is Gaussian. In contrast with this, medley filters can be
trimmed to the (known) distribution of noise, including
practically important non-Gaussian cases such as Lapla-
cian distribution and uniform distribution.

2. While procedures based on wavelet thresholding are
block-oriented, i.e., they can be used for fixed-interval
smoothing only (suitable for off-line applications), med-
ley filters are fixed-lag smoothers and, as such, they can
be used in near real-time applications, where a constant
decision delay of τ sampling intervals is tolerable. Note
that for the smoother combining averaging filters (7) and
median filters (8) such a decision delay, or lag, is given
by τ = max{m+1,nk +1,k = 1, . . . ,K}.

3. Due to global thresholding, all wavelet-based denoising
procedures fail to work correctly when noise variance
changes across the analysis frame. Since the medley fil-
ter is a local smoothing algorithm, which does not require
information about the local noise variance (note that the
credibility coefficients do not depend on the scale pa-
rameter α), it can easily cope with temporally inhomo-
geneous noise.

4. QUANTITATIVE COMPARISON WITH
WAVELET THRESHOLDING

The four test signals used in our simulation experiments
were proposed by Donoho and Johnstone [8], and are called
Blocks, Bumps, Doppler and HeaviSine, respectively (see
Fig. 1). They exemplify different forms of spatial and tempo-
ral inhomogeneity encountered in many real-world signals.
Since it is agreeably difficult to design a smoothing algorithm
that copes favorably with all four signals, they constitute a
demanding testbed, commonly used for benchmarking pur-
poses.
Test signals, each containing 2048 samples, were extended
by zeros at both ends (to avoid boundary problems) and cor-
rupted with Gaussian (β = 2), Laplacian (β = 1), or uniform
(β = ∞) white noise with intensity varying from σ2

v = 0.01
to σ2

v = 25. We note that for a fixed value of σv the average
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Figure 1: Test signals: Blocks (top left), Bumps (top right),
Doppler (bottom left), and HeaviSine (bottom right).

signal-to-noise ratio (SNR) is for all test signals the same,
e.g. for σ2

v = 1 it is equal to 16.9 dB.
The bank of component filters consisted of five averaging fil-
ters and five median filters, with fitting frames of lenghts
Nk = 2nk + 1,k = 1, . . . ,5, forming (approximately) a geo-
metric progression: N1 = 5, N2 = 11, N3 = 23, N4 = 47,
N5 = 95. The width M of the evaluation frame was set equal
31 (m = 15).
Fig. 2 shows the performance comparison between the med-
ley filter and its component filters. The plots show depen-
dence of the average MSE scores on standard deviation of an
additive Gaussian noise. All results were obtained by ensem-
ble averaging over 100 realizations of measurement noise.
Note that the medley filter almost always works better than
component filters.
Tables 1, 2, and 3 show the comparison of the medley fil-
ter with the state-of-the-art wavelet thresholding procedures
VisuShrink [8] and BayesShrink [9] (for the Daubechies D6
basis). Despite its simplicity, in a majority of cases the pro-
posed scheme yields better results than procedures based on
wavelet thresholding. Wavelet-based procedures work better
when the average SNR is large (> 30 dB). Since wavelets
constitute a complete set of basis functions (i.e., every finite-
length sequence has an exact representation in the wave-
length domain), this high-SNR advantage of wavelet-based
methods is expected and practically impossible to beat.
Finally, Figs. 3–5 illustrate the inhomogeneous noise ex-
periment. Test signals were corrupted by Gaussian noise,
the standard deviation of which linearly grew from 0.5 to
2 along the time axis (Fig. 3). Results of smoothing, pre-
sented in Fig. 4, confirm that medley filter can success-
fully adapt to changing conditions – the corresponding MSE
scores were equal to 0.1564, 0.7118, 0.1176 and 0.0778 for
Blocks, Bumps, Doppler and HeaviSine, respectively. Fig. 6
shows the analogous results obtained using the BayesShrink
procedure (which worked better than VisuShrink). As ex-

643



σn Test signal VisuShrink BayesShrink Medley
Blocks 0.0019 0.0083 0.0013

0.1 Bumps 0.0038 0.0084 0.5502
Doppler 0.0033 0.0049 0.0195
HeaviSine 0.0008 0.0028 0.0011
Blocks 0.0611 0.1057 0.0269

0.5 Bumps 0.0681 0.1194 0.5804
Doppler 0.0572 0.0627 0.0529
HeaviSine 0.0247 0.0241 0.0167
Blocks 0.2497 0.2595 0.1045

1.0 Bumps 0.2870 0.3546 0.6593
Doppler 0.1832 0.1813 0.1240
HeaviSine 0.0812 0.0602 0.0589
Blocks 0.9776 0.7941 0.4095

2.0 Bumps 1.1406 1.0186 0.9467
Doppler 0.6283 0.4795 0.3521
HeaviSine 0.2085 0.1478 0.2046
Blocks 4.2541 2.4839 2.1203

5.0 Bumps 5.5822 3.7826 2.7255
Doppler 2.2825 1.6912 1.6480
HeaviSine 0.8924 0.4817 1.1219

Table 1: Performance comparison (MSE) of the medley fil-
ter with two denoising procedures based on wavelet thresh-
olding: VisuShrink and BayesShrink. Test signals were cor-
rupted by Gaussian noise with standard deviation σn.
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Figure 2: Comparison of MSE errors yielded by component
averaging filters (thin lines marked with squares), compo-
nent median filters (thin lines marked with triangles) and
medley filter (thick line marked with circles). Results are
shown for four test signals: Blocks (top left), Bumps (top
right), Doppler (bottom left), and HeaviSine (bottom right),
corrupted by Gaussian noise with standard deviation σn.

pected, due to global thresholding, in three out of four cases
wavelet-based procedures work considerably worse than the
medley filter (the corresponding MSE scores were equal to
0.5186, 0.5091, 0.3519 and 0.1056).

σn Test signal VisuShrink BayesShrink Medley
Blocks 0.0021 0.0087 0.0007

0.1 Bumps 0.0037 0.0088 0.5800
Doppler 0.0033 0.0057 0.0193
HeaviSine 0.0012 0.0042 0.0008
Blocks 0.0631 0.1374 0.0173

0.5 Bumps 0.0699 0.1486 0.6121
Doppler 0.0625 0.0853 0.0489
HeaviSine 0.0321 0.0427 0.0121
Blocks 0.2622 0.3819 0.0681

1.0 Bumps 0.2807 0.4435 0.6796
Doppler 0.2106 0.2568 0.1086
HeaviSine 0.1282 0.1408 0.0410
Blocks 0.9912 1.0119 0.2813

2.0 Bumps 1.1481 1.2952 0.8823
Doppler 0.7642 0.7925 0.2834
HeaviSine 0.4310 0.4657 0.1345
Blocks 5.0145 4.0721 1.4481

5.0 Bumps 6.0569 5.7126 2.2950
Doppler 3.5126 3.6715 1.2266
HeaviSine 2.2075 2.4523 0.7349

Table 2: Performance comparison (MSE) of the medley fil-
ter with two denoising procedures based on wavelet thresh-
olding: VisuShrink and BayesShrink. Test signals were cor-
rupted by Laplacian noise with standard deviation σn.

σn Test signal VisuShrink BayesShrink Medley
Blocks 0.0021 0.0079 0.3587

0.1 Bumps 0.0041 0.0080 0.5519
Doppler 0.0037 0.0049 0.0220
HeaviSine 0.0008 0.0022 0.0133
Blocks 0.0677 0.0856 0.3514

0.5 Bumps 0.0770 0.1054 0.5765
Doppler 0.0648 0.0573 0.0494
HeaviSine 0.0278 0.0251 0.0199
Blocks 0.2807 0.2812 0.3898

1.0 Bumps 0.3250 0.3884 0.6476
Doppler 0.2079 0.1860 0.1071
HeaviSine 0.0858 0.0645 0.0452
Blocks 1.1068 0.8653 0.6237

2.0 Bumps 1.2912 0.9808 0.9032
Doppler 0.6861 0.4887 0.2936
HeaviSine 0.2218 0.1577 0.1234
Blocks 4.6546 2.5623 2.0343

5.0 Bumps 6.3941 3.6510 2.4581
Doppler 2.4896 1.6804 1.2102
HeaviSine 1.0222 0.4508 0.5698

Table 3: Performance comparison (MSE) of the medley fil-
ter with two denoising procedures based on wavelet thresh-
olding: VisuShrink and BayesShrink. Test signals were cor-
rupted by uniform noise with standard deviation σn.

5. CONCLUSION

We have shown that by combining several linear averag-
ing filters and several nonlinear median filters, one obtains
a powerful smoothing algorithm, called medley filter. Un-
der medium and low SNR conditions, medley filter outper-
forms wavelet-based procedures, known of their very good
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Figure 3: Test signals corrupted by white inhomogeneous
Gaussian noise.

smoothing properties. Medley filter accounts for distribution
of measurement noise and deals favorably with inhomoge-
neous noise. Additionally, unlike wavelet-based procedures,
it can be used as a fixed-lag smoother.
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ABSTRACT

Standard covariance matrix estimation procedures can be
very affected by either the presence of outliers in the data or
some mismatch in their statistical model. In the Spherically
Invariant Random Vectors (SIRV) framework, this paper
proposes the statistical analysis of the Normalized Sample
Covariance Matrix (NSCM) and the Fixed Point (FP)
estimates in disturbances context. The main contribution of
this paper is to theoretically derive the bias of the NSCM
and the FP arising from disturbances in the data used to
build these estimates. The superiority of these two estimates
is then highlighted in Gaussian or SIRV noise corrupted by
strong deterministic disturbances. This robustness can be
helpful for applications such as adaptive radar detection or
sources localization methods.

1. INTRODUCTION

Many signal processing applications require the estimation
of the data covariance matrix. This is the case for instance
for source localization techniques such as conventional
beamforming and high resolution methods (CAPON,
MUSIC, ESPRIT,...) [1, 2, 3]. Adaptive radar and sonar
detection methods also depend on the noise covariance ma-
trix estimate [4]. In these cases, the estimation accuracy has
a strong influence on the resulting performance. However,
standard estimation process can be very affected by either
the presence of outliers in the data or some mismatch on
their statistical model.

In the conventional Gaussian framework, the well-known
Sample Covariance Matrix (SCM) [5] is the Maximum
Likelihood Estimate (MLE) and is therefore widely used
for its good statistical properties : unbiasedness, efficiency,
asymptotic Gaussianity,... Unfortunately, this estimatemay
perform poorly when the noise is not Gaussian anymore.
One of the most general and elegant non-Gaussian noise
model is provided by the so-called Spherically Invariant
Random Vectors (SIRV). Indeed, these models encompass
a large number of non-Gaussian distributions, including the
Gaussian one. Within this modeling, it has been shown that
the Normalized Sample Covariance Matrix (NSCM) and
the Fixed Point (FP) are appropriate in terms of statistical
performance [6, 7]. Moreover we will show in this paper
that the NSCM and FP are also less sensitive to disturbances
(outliers) than the SCM.

The authors would like to thank the Direction Générale de l’Armement
(DGA) to fund this project.

More precisely, one of the contributions of this paper
is to derive the theoretical bias of the NSCM and the FP
arising from disturbances. The paper is organized as follows
: section 2 formulates the problem while section 3 provides
the main results. In section 4, simulations validate the
theoretical analysis and illustrate the robustness of these
estimates. Finally, section 5 concludes this work.

2. PROBLEM STATEMENT

A SIRV is a non-homogeneous Gaussian process with ran-
dom power. More precisely, a SIRV [8] is the product of
the square root of a positive random variableτ (texture), and
an m-dimensional independent complex Gaussian vectorx
(speckle) with zero mean, covariance matrixM = E(xxH)
normalized according to Tr(M) = m :

c =
√

τ x . (1)

Nowadays, SIRVs are increasingly used to model impulsive
noise. In most applications, the speckle covariance matrixis
of great importance (e.g adaptative detection in radar/sonar)
and must be estimated if unknown. For that purpose,N
independent snapshotsy1, ...,yN are usually available.
Ideally, theseN data should share the same distribution asc
in (1).

However, in many situations, it may happen that some
of these data, let us say theK first y1, ...,yK , are outliers
with a different distribution thanc. Thus,y1, ...,yN may be
split into two sets :

{
yk = pk for 1≤ k ≤ K;
yn = cn =

√
τnxn for K < n ≤ N; (2)

wherecn, τn andxn share the same distribution asc, τ andx.

In this paper, the outlierspk will be assumed to be ran-
dom vectors with arbitrary distributions, and our purpose is
to study the robustness of two speckle covariance matrix es-
timates : the NSCM and the FP. The NSCM, originally intro-
duced in [9, 10], is defined by :

M̂NSCM =
m
N

N

∑
n=1

yny
H
n

‖ yn ‖2 . (3)

Its statistical properties have been derived in [6] in an
ideal outlier-free context : (3) is a biased estimate ofM,
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unlessM is the identity matrix.

The FP estimate [11, 12, 13], defined as the unique
solution of the following equation

M̂FP =
m
N

N

∑
n=1

yny
H
n

yH
n M̂−1

FPyn

, (4)

is obtained in practice, by an appropriate convergent
algorithm [11]. It exhibits good statistical performance
(consistency, unbiasedness and asymptotic gaussianity) [6]
in the outlier-free case.

3. MAIN RESULTS

Let M̂ denote a speckle covariance matrix estimate (NSCM,
FP, ...). The goal of this section is to derive its robustness
to outliers within the framework (2). For that purpose, the
additionnal bias∆ due to the presence of outliers is defined
as

∆ = E(M̂|Koutliers)−E(M̂| no outlier). (5)

In the sequel, we will simply writeE(M̂) for E(M̂|K out-
liers). Two results will be provided for each estimate : a
general expression of∆, and a more specific one valid only
for a particular type of outliers :

pk = mk +ck, (6)

wheremk is deterministic and much stronger than the SIRV
component : ‖ mk ‖>>‖ ck ‖. Expression (6) accounts
for the so-called ”data contamination” case, often met in
some adaptative detection problems. In the sequel, it will be
referred to as the ”data contamination model” for outliers.

Theorem 3.1
Let us denoteMNSCM = E(M̂NSCM|no outliers). The addi-
tional bias (5) due to outliers is given by :

∆NSCM = −K
N

MNSCM+
m
N

K

∑
k=1

E

[
pk p

H
k

‖pk‖2

]
. (7)

For the data contamination model (6), the termE

[
pk p

H
k

‖pk‖2

]
in

(7) is given by :

E

[
pk p

H
k

‖pk‖2

]
=

(
1−m

E[τ]

‖mk‖2 + E[τ]
mH

k Mmk

‖mk‖4

)
mkm

H
k

‖mk‖2

+
E[τ]

‖mk‖2

(
I− mkm

H
k

‖mk‖2

)
M

(
I− mkm

H
k

‖mk‖2

)
. (8)

Remark 1
When‖mk‖ → ∞ (very strong data contamination),∆NSCM
simplifies to :

∆NSCM = −K
N

MNSCM+
m
N

K

∑
k=1

mk m
H
k

‖mk‖2 . (9)

Proof 3.1
See Appendix A.

Now let us turn to the FP estimate.

Theorem 3.2
For N >> K, the additionnal bias (6) due to outliers is given
by

∆FP =
m+1

N

(
K

∑
k=1

E

[
pkp

H
k

pH
k M−1pk

]
− K

m
M

)
(10)

In the data contamination model (6), the term

E

[
pkp

H
k

pH
k M−1pk

]
in (10) is given by

E

[
pkp

H
k

pH
k M−1pk

]
=

(
1−m

E[τ]

mH
k M−1mk

+

E[τ]
‖mk‖

(mH
k M−1mk)2

)
mkm

H
k

mH
k M−1mk

+
E[τ]

mH
k M−1mk

×
(
M− mkm

H
k

mH
k M−1mk

)(
M− mkm

H
k

mH
k M−1mk

)
. (11)

Remark 2
When‖mk‖→ ∞ (very strong data contamination),∆FP re-
duces to

∆FP =
m+1

N

(
K

∑
n=1

mkm
H
k

mH
k M−1mk

− K
m

M

)
. (12)

Proof 3.2
See Appendix B.

Expressions (7) and (10) show that both the NSCM and
the FP are robust estimates since their additional biases do
not depend on the outliers norm but solely on the quantities
pk

‖pk‖
.

This is in contrast with the widely used SCM which is
already known to be a poor estimate in impulsive noise. Fur-
thermore, when outliers are present and in a SIRV context,
the resulting bias is trivially shown to be equal to

∆SCM =
1
N

K

∑
n=1

E
[
pkp

H
k

]
− K

N
E[τ]M, (13)

which is obviously very sensitive to strong outliers.

4. SIMULATIONS

To illustrate previous theorems and analyze the robustness
of studied estimates (SCM, NSCM, FP), we compare our
theoretical values of∆ with those obtained by simulations.
In all casesM = I, m = 3, N = 50 andK = 1.
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Figure 1: Frobenius norm of∆ for the SCM, NSCM and FP
versus disturbances power for a Gaussian noise.
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Figure 2: Frobenius norm of∆ for the SCM, NSCM and FP
versus disturbances power for a K-distributed noise.

In figures 1 and 2 we study the validity of the general
expressions (7) and (10), for a single distubance of the form
p = αd whereα is a random Gaussian variableN (0,σ2

α)
and d a fixed unit norm steering vector. Plots give the
Frobenius norm‖.‖F (in dB) of ∆SCM, ∆NSCM and∆FP as
a function of 20log(σα). Figure 1 addresses the Gaussian
noise case (τn = 1 in equation (2)), while in figure 2 the
noise is K-distributed (τn follows a Gamma distribution).
The K-distribution parameterν is equal to 0.1 which results
in a highly impulsive noise.
These simulations prove the validity of the general expres-
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Figure 3: Frobenius norm of∆ for the SCM, NSCM and FP
versus disturbances power for a Gaussian noise: data con-
tamination model.
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Figure 4: Frobenius norm of∆ for the SCM, NSCM and
FP versus disturbances power for a K-distributed noise: data
contamination model.

sions (7) and (10) of the bias. Furthermore, they show the
insensitivity of the NSCM and the FP with respect to the
outliers strength, while the SCM’s performance is strongly
degraded when the outliers power increases.

In the next two simulations (figures 3 and 4), we inves-
tigate the domain of validity of the approximate expressions
(9) and (12) in the data contamination case (6). In figure
3 the noise is Gaussian while in figure 4, it follows a
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K-distribution. As expected, for large‖m1‖, experimental
results are close to the approximate expressions. Indeed,
theoretical results have been derived under the assumption
that‖m1‖ >> ‖c1‖ (cf Remarks 1 and 2).
On the other hand, in figure 3, for low disturbance power,
the NSCM and the FP are slightly better than the SCM.
However, in figure 4 it is not the case. We also notice a better
overall adequacy between experimental and approximate
curves for the FP and for the NSCM estimates. We can
roughly explain that behavior in the case of highly impulsive
noise. Indeed, in this context, one has‖m1‖ >> ‖c1‖
with high probability, even for weak disturbances. Thus the
approximate expressions remain valid in a wider domain for
‖m1‖ than in the Gaussian case.

5. CONCLUSION

In this paper we have investigated the robustness of two
covariance matrix estimates, the NSCM and the FP, when
part of the data are outliers. In this context, we have derived
theoretical formulas of the bias for an arbitrary distribution
of the disturbances. In the data contamination case which
is met in some applications, we have established simple
approximate bias expressions.
These theoretical investigations have been validated by
simulations results, and they demonstrate the superiority
of the NSCM and the FP over the standard SCM, in terms
of robustness. The results are of particular interest in
applications such as adaptive radar and source localization
methods.

A. PROOF OF THEOREM 3.1

(7) is trivial, therefore we provide only the proof of theorem

3.1 in the data contamination case. Let us rewriteE

[
pk p

H
k

‖pk‖2

]

as

E

[
pk p

H
k

‖pk‖2

]
= E

[
(ck +mk)(ck +mk)

H

‖ck +mk‖2

]
,

and setεk =
ck

‖mk‖
. For large‖mk‖, a second order expan-

sion with respect to theεks leads to :

E

[
pk p

H
k

‖pk‖2

]
=

(
1−m

E[τ]

‖mk‖2 + E[τ]
mH

k Mmk

‖mk‖4

)
mkm

H
k

‖mk‖2

+
E[τ]

‖mk‖2

(
I− mkm

H
k

‖mk‖2

)
M

(
I− mkm

H
k

‖mk‖2

)
.

(14)

This concludes the proof.

B. PROOF OF THEOREM 3.2

Within the framework (2), the FP estimate (4) can be written

M̂FP =
m
N

N

∑
n=K+1

cn cH
n

cH
n M̂−1

FPcn

+
m
N

K

∑
k=1

pk p
H
k

pH
k M̂−1

FP pk

=
m
N

N

∑
n=K+1

xn cH
n

xH
n M̂−1

FPxn

+
m
N

K

∑
k=1

pk p
H
k

pH
k M̂−1

FP pk

(15)

By settingR̂ = M−1/2M̂FPM
−1/2 one obtains:

R̂ =
m
N

N

∑
n=K+1

zn zH
n

zH
n R̂−1zn

+
m
N

K

∑
k=1

qk q
H
k

qH
k R̂−1qk

, (16)

where
• zn = M−1/2xn is complex gaussian distributed with zero

mean and covariance matrixI
• qk = M−1/2pk.

Previous equation (16) admits a unique solution such that
Tr(R̂) = m. WhenN tends to+∞ and for fixedK, equation
(16) tends to

A = mE

[
zzH

zH A−1z

]
. (17)

wherez ∼ CN (0,I).
It has been proved in [6] that the unique solution of (17)
which satisfies Tr(A) = m is A = I.

Consequently, whenN tends to +∞, R̂ solution of
equation (16) tends toI, solution of equation (17). This
establishes the consistency ofR̂. Thus, for largeN, one has

R̂ = I+ ∆R where‖∆R‖ << ‖I‖.

Assuming that∆R is small enough to ensure the validity
of a first-order expansion, (16) can be written

I+ ∆R =
m
N

N

∑
n=K+1

zn zH
n

zH
n (I−∆R)zn

+
m
N

K

∑
k=1

qk q
H
k

qH
k (I−∆R)qk

≈ P+
m
N

N

∑
n=K+1

zn zH
n

‖zn‖2

(
1+

zH
n ∆Rzn

‖zn‖2

)

+
m
N

K

∑
k=1

qH
k ∆Rqk

‖qk‖4 qkq
H
k

(18)

whereP =
m

N

K

∑
k=1

qk q
H
k

‖qk‖2.

SinceK << N and‖∆R‖<< 1, the last term in the above
equation may be neglected leading to :

I+ ∆R = P+
N −K

N
R̂NSCM +

m
N

N

∑
n=K+1

znz
H
n

‖zn‖2

zH
n ∆Rzn

‖zn‖2

whereR̂NSCM =
m

N −K

N

∑
n=K+1

zn zH
n

‖zn‖2 .

Now, let us define

• δ = vec(∆R̂), i = vec(I),tn =
zn

‖zn‖
,
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• δ NSCM = vec(R̂NSCM −I)= vec(∆RNSCM), where vec(.)
denotes the operator which reshapes them×n matrix el-
ements into amn column vector.
Then, one obtains

i+ δ = p+
N −K

N

(
i+ δNSCM +

m
N −K

N

∑
n=K+1

(t∗n ⊗ tn)(t
∗
n ⊗ tn)

Hδ

)
(19)

where∗ denotes the conjugate operator and⊗ the Kronecker
product.

By noticing that Tr(∆R) = 0 implies iHδ = 0, the pro-
jection of equation (19) onto the orthogonal subspace ofi
gives :

δ = Π⊥
i p+

N −K
N

Π⊥
i δ NSCM +

(m
N

Π⊥
i

N

∑
n=K+1

(t∗n ⊗ tn)(t
∗
n ⊗ tn)

HΠ⊥
i δ

)
,

whereΠ⊥
i = I− 1

m
iiH and where the equalityΠ⊥

i δ = δ has

been used.

This is equivalent to

α̂δ = Π⊥
i p+

N −K
N

Π⊥
i δ NSCM. (20)

whereα̂ = I−
(

m
N

Π⊥
i

N

∑
n=K+1

(t∗n ⊗ tn)(t
∗
n ⊗ tn)

HΠ⊥
i

)
.

It may be shown that

α̂ P−−−→
N→∞

α = (I− 1
m+1

Π⊥
i ),

where
P−→ denotes the convergence in probability.

Therefore, α̂ may be replaced byα in (20) without
affecting the asymptotic distribution ofδ . By noticing that

αδ =
m

m+1
δ ,

(20) leads to

δ =
m+1

m
Π⊥

i p+
m+1

m
N −K

N
δ NSCM ,

where the identityiHδ NSCM = 0 has been used.

Using the unvec operator (the vec inverse operator ),
one obtains

∆R =
m+1

m

(
P− Tr(P)

m
I

)
+

m+1
m

N −K
N

∆RNSCM .

Since ∆FP = E[M̂FP − M] = E[M1/2∆RM1/2] and

E[R̂NSCM] = I, the previous equation leads to theorem 3.2
which concludes the proof.

Starting from this general result, the additive bias
obtained in the data contamination model can easily be
calculated, using a similar method as in the NSCM case.
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ABSTRACT
We investigate optimal bias corrections in the problem of lin-
ear minimum mean square error (LMMSE) estimation of a
scalar parameter linearly described by a set of Gaussian mul-
tidimensional observations. The problem of �nding the op-
timal scaling of a class of LMMSE �lter implementations
based on the sample covariance matrix (SCM) is addressed.
By applying recent results from random matrix theory, the
scaling factor minimizing the mean square error (MSE) and
depending on both the unknown covariance matrix and its
sample estimator is �rstly asymptotically analyzed in terms
of key scenario parameters, and �nally estimated using the
SCM. As a main result, a universal scaling factor minimiz-
ing the estimator MSE is obtained which dramatically out-
performs the conventional LMMSE �lter implementation. A
Bayesian setting assuming random unknown parameters with
known mean and variance is considered in this paper, but ex-
actly the same methodology applies to the classical estima-
tion setup considering deterministic parameters.

1. INTRODUCTION

A large number of signal processing problems can be ad-
dressed by performing a �ltering operation on a set of mul-
tidimensional observations in order to extract a certain para-
meter of interest. In many of these applications, the under-
lying structure of the observations is linear in the unknown
parameter to be estimated. By forcing the parameter esti-
mator to be unbiased, a linear transformation can be found
under the linear model assumption having the smallest mean
square-error, or equivalently minimum variance, among all
linear transformations. The former is known as the best lin-
ear unbiased estimator (BLUE), which in statistical signal
processing is usually referred to and commonly implemented
via the minimum variance distorsionless response (MVDR)
�lter. Under the further assumption of Gaussian observa-
tions, the previous linear estimator is also the minimum vari-
ance unbiased estimator (MVUE) [1].
Allowing for some bias in the design of optimal estima-

tors by considering the MSE as design objective leads in gen-
eral to unrealizable estimators, in the sense that they depend
on the unknown parameter to be estimated. Nevertheless, ex-
amples of realizable biased estimators can be found in the lit-
erature with a MSE lower than that of the MVUE, and even
below of the unbiased Cramér-Rao Bound (CRB). Seminal
works following this approach are the ones by James and
Stein [2, 3], who in the context of estimating the mean of a
Gaussian random vector showed that the MSE can be further
reduced by using a biased estimator consisting of a nonlinear
shrinkage of the maximum likelihood (ML) method. In [4],
the problem of estimating the unknown variance of a set of
independent and identically distributed (i.i.d.) Gaussian ran-

dom variables with mean zero is addressed. In particular, it is
shown that introducing a linear scaling factor in the MVUE
leads to a reduced MSE, even outperforming the unbiased
CRB. In [5] and [6], a more general framework than in [4]
is considered in order to further reduce the MSE of a general
MVUE by considering a biased version of the estimator ob-
tained via a linear scaling factor, which is optimized in terms
of the minimum MSE achievable. Furthermore, it is shown
that even in the case of an optimal biased estimator depend-
ing upon the unknown parameters, a minimax approach can
be applied to circumvent the problem and to effectively re-
duce the MSE of the MVUE.
In case some distributional information is available re-

garding the unknown parameter, a Bayesian approach can be
followed in order to �nd a way to further minimize the MSE
of a linear estimator by effectively controlling the amount of
bias introduced. This is regarded in the literature as the lin-
ear or af�ne minimum mean square-error (MMSE) estimator
and, under some weak regularity assumptions, is uniquely
de�ned as the conditional expectation of the unknown ran-
dom parameter given the observed sample [1]. Moreover, if
the sample and the random parameter are jointly Gaussian,
then the linear MMSE estimator is also the MMSE.
In this paper, we will consider the previous setup in order

to investigate a class of improved bias corrections in linear
MMSE estimation applied to a set of samples linearly de-
scribing an unknown parameter embedded in noise. More
speci�cally, the problem of optimally scaling the MVDR �l-
ter implementation based on the sample covariance matrix
(SCM) with the aim of reducing the MSE is addressed. Our
approach is based on recent results from the theory of the
spectral analysis of large random matrices, or random matrix
theory (RMT). First, the MSE performance measure is as-
ymptotically approximated as a function of the linear scaling
factor, the unknown theoretical covariance matrix de�ning
the scenario, and the problem dimensions, i.e., the number
of samples and the observation dimension. Then, the optimal
scaling factor effectively rendering the bias correction is es-
timated by using the SCM. We notice that the same approach
can be directly applied to the classical minimum variance es-
timation setup where the unknown parameter is assumed to
be deterministic.

2. OPTIMAL SCALING OF LINEAR MMSE
FILTERS

Consider a collection of multivariate observations�
y (n) 2 CM;n= 1; : : : ;N

	
obtained, for instance, by

sampling across an antenna array with M sensors, namely,
fym (n) ;n= 1; : : : ;N;m= 1; : : : ;Mg, such that the observa-
tions y (n) =

�
y1 (n) � � � yM (n)

�T can be described
according to the following linear data model that properly
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de�nes the structure of a vast number of estimation problems
in statistical signal processing, namely,

y (n) = x(n)s+n(n) ,

where x(n) is an unknown parameter, denoting the signal
of interest (SOI) waveform, that is observed in unknown
colored noise n(n) 2 CM after being operated upon by the
known signature vector s 2 CM . Conventionally, signal and
noise are assumed to be uncorrelated wide-sense stationary
Gaussian random processes, with mean zero and covariance
given by E

h
x(m)x(n)H

i
= δm;nσ

2
x and E

h
n(m)n(n)H

i
=

δm;nRn, respectively, where δm;n is the Kronecker delta func-
tion, σ2x is the SOI power and Rn is the covariance matrix
of the interference-plus-noise contribution. In particular, the
observation y (n) 2 CM may be modeling the matched �l-
ter output suf�cient statistic for the received unknown sym-
bols in, for instance, a multiuser detector, where the columns
of s is the effective user signature associated with a certain
desired user; an array processor, where s contains the an-
gular frequency information (steering vectors) related to the
intended source, represented by x(n).
In the following, we concentrate on the problem of es-

timating the SOI waveform and assume that the SOI power
is known (if the SOI power is unknown, an estimate of the
value of σ2x is customarily obtained from the data observa-
tions and used in conjuction with the SOI waveform). For
the sake of ease of notation, and without loss of general-
ity, we drop the constant σ2x in the following exposition (i.e.,
σ2x = 1). Consider the problem of estimating the signal wave-
form via a linear transformation of the received observations,
i.e., �x(n) = wHy (n). The optimum MVDR/Capon �lter
can be obtained by solving the following linearly-constrained
quadratic optimization problem, namely,

wMVDR = arg min
w2CM

wHRnw subject towHs= 1. (1)

The solution to (1) can be easily obtained applying the
method of Lagrange multipliers as

wMVDR =
R�1n s

sHR�1n s
=

R�1s

sHR�1s
, (2)

where R 2 CM�M is the covariance matrix of the observed
process, i.e.,

R= ssH +Rn,
and the second equality in (2) can be checked using the ma-
trix inversion lemma (in particular, the Sherman-Morrison-
Woodbury identity for rank augmenting matrices).
Formally, this intuitive criterion may be formulated from

a statistical estimation perspective as the problem of con-
structing a linear estimator minimizing the mean square-error
(MSE), i.e., for �x� �x(n) and x� x(n),

MSE( �x) = E
h
jx� �xj2

i
= var( �x)+(bias( �x))2 , (3)

where the expectation is taken wrt. the random interference
distribution, var stands for variance and bias( �x) = E [ �x]� x.
The problem of obtaining a linear transformation minimizing
(3) under the unbiasedness constraint (bias( �x) = 0) is equiva-
lent to the optimization problem above, and the result is usu-
ally referred to as the BLUE. Interestingly enough, when the

observations are Gaussian or have a linear model structure,
the MVUE of the desired parameter turns out to be linear.
Thus, as mentioned above, in these cases both BLUE and
MVUE are equivalent.
The previous linear estimator of the signal waveform

based on the �lter in (2) assumes that the unknown quantities
x(n), n = 1;2; : : :, are �xed or deterministic. In case some
information on the distribution of the unknown parameter is
available for inference purposes, a probabilistic characteriza-
tion of the parameter can be exploited by the Bayesian esti-
mation framework in order to further reduce the MSE risk
in (3). Indeed, under the previous statistical assumptions on
the signal model, the �lter minimizing (3) with the expecta-
tion being taken wrt. the joint distribution of both the sig-
nal waveform and the noise is the so-called linear minimum
mean square-error (LMMSE) �lter, namely,

wLMMSE =R
�1s. (4)

Note that the estimator �x(n) =wHLMMSEy (n) is no longer un-
biased. In fact, the latter is an example of estimation method
aiming at reducing the overall loss function by allowing for
a degree of "biasedness" (see Introduction). In particular,
the optimal bias-variance trade-off is �xed by the minimiza-
tion of the Bayes MSE risk in (3), where the bias correction
is determined as the solution of the following optimization
problem:

min
α

n
MSE(αwMVDR) = E

h��x(n)�αwHMVDRy (n)
��2io ,

(5)
where the effective linear transformation is now given by
w � αwMVDR. Of course, we have αMVDR � 1. More-
over, the optimal α under the LMMSE criterion is clearly
αLMMSE � sHR�1s, leading to the optimal �lter in (4).
In general, for an arbitrary �lter, observe that

MSE(w) = 1�2Re
�
wHs

	
+wHRw

= 1� sHR�1s+MSEexcess (wMMSE;w) , (6)

where

MSEexcess (wMMSE;w) = (wMMSE�w)HR(wMMSE�w) .

is the excess mean-square error. Note that min-
imizing MSE(w) is equivalent to minimizing
the distance MSEexcess (wMMSE;w), and, from
MSEexcess (wMMSE;wMMSE) = 0, the MMSE is given
by

MSE(wMMSE) = 1� sHR�1s: (7)

An alternative performance measure particularly spread
across the communications literature is the so-called signal-
to-interference-plus-noise ratio (SINR), de�ned as

SINR(w) =

��wHs��2
wHRnw

=

 
wHRw

jwHsj2
�1
!�1

. (8)

In principle, maximizing the SINR performance measure
does not guarantee a good estimate of the signal waveform,
which is the actual objective in this work (see discussion in
[7] and also [8, Chapter 5]). However, any scaled version of
the LMMSE �lter in (4) maximizes the output SINR. Indeed,
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assuming the signal model is error-free and that exact knowl-
edge ofR is available, the LMMSE estimator is well-known
to achieve the optimum performance trade-off in the sense of
both minimizing the MSE as well as maximizing the output
SINR, simultaneously, with a maximum SINR (MSINR) at
the output of the MMSE �lter being equal to

SINR(wMMSE) =

�
1

sHR�1s
�1
��1

= sHR�1n s.

3. BIAS CORRECTIONS WITH SAMPLE FILTERS

In situations where the signal model is uncertain or the co-
variance matrix of the observations is unknown, only an un-
balanced optimization of the previous two performance mea-
sures can be expected to be achieved by the LMMSE estima-
tor. An analysis of this effect for the �rst source of mismatch
is provided in [7] and also [8, Chapter 5]. Here, we concen-
trate on the case of estimation strategies based on the sample
covariance matrix (SCM) estimator of the unknown observa-
tion covariance matrix, which is de�ned as

R̂=
1
N

N

∑
n=1
y (n)yH (n) . (9)

More speci�cally, we focus on the generalized asymptotic
regime used in [9] for the analysis of the performance of sam-
ple reduced-rank LMMSE estimators. Our approach here is
based on an asymptotic interpretation of the bias factor in (5).
Consider the above linear estimation problem, where the

unknown covariance matrix of the observations is replaced
with a function of the SCM. Here, in order to allow for an
invertible covariance matrix estimator even in the case that
M > N, we generally consider a diagonal loading (DL) es-
timator of R, namely based on a diagonally loaded SCM,

i.e.,
�
R̂+ γIM

��1
, for a given loading factor γ , and so the

MVDR �lter is implemented as

ŵDL�MVDR �

�
R̂+ γIM

��1
s

sH
�
R̂+ γIM

��1
s
.

In the case γ = 0, we recover

ŵMVDR �
R̂�1s

sHR̂�1s
. (10)

In the sequel, we will focus on the latter for the sake of nota-
tional simplicity and will omit the details on the former due
to space limitations. Nevertheless, notice that all our deriva-
tions can be easily extended to the DL-base �lter estimator,
and �nal results for this case will be provided in the paper
regarding the asymptotic performance analysis and the gen-
eralized consistent estimation.
Then, the sample bias correction factor is obtained from

min
α

n
MSE(αŵMVDR) = E

h��x(n)�αŵHMVDRy (n)
��2io ,

where, with some abuse of notation, here we have used
E [�] = E

h
�jR̂
i
. The solution to the previous optimization

problem can be straightforwardly shown to be

�αLMMSE �

�
sHR̂�1s

�2
sHR̂�1RR̂

�1
s
. (11)

Consequently, if the covariance matrix is unknown, the
MSE-optimal linear �lter in the Bayesian estimation frame-
work is ŵLMMSE = �αLMMSEŵMVDR. In particular, observe
that

MSE(ŵLMMSE) = 1�

�
sHR̂�1s

�2
sHR̂�1RR̂

�1
s
. (12)

Clearly, the SINR measure is invariant to scaling. However,
by comparing (12) with the MSE achieved by the conven-
tional implementation of the LMMSE �lter, i.e.,

MSE
�
R̂�1s

�
= 1�2sHR̂�1s+ sHR̂�1RR̂�1s, (13)

a strictly smaller MMSE can be shown to be achieved by
ŵLMMSE, since

MSE(ŵLMMSE)<MSE
�
R̂�1s

�
.

To see this, we just need to show that�
sHR̂�1s

�2
sHR̂�1RR̂

�1
s
> 2sHR̂�1s� sHR̂�1RR̂�1s,

but this readily follows by completing the square as�
sHR̂�1s

�2
�2sHR̂�1RR̂�1ssHR̂�1s+

�
sHR̂�1RR̂

�1
s
�2

=

��
sHR̂�1s

�2
�
�
sHR̂�1RR̂

�1
s
�2�2

,

and noting that the quadratic term in the RHS is strictly pos-
itive.
The quantity in (11) depends on both the SCM as well

as the unknown theoretical covariance matrix. In prac-
tice, the implementation of �αLMMSE is conventionally based
on replacing R with R̂. In this case, we clearly have
�αLMMSE

�
R̂
�
= sHR̂�1s, which leads to the sample imple-

mentation of wMMSE obtained by directly replacing R with
R̂. The theoretical foundations of the conventional imple-
mentation of �αLMMSE can be set as follows. The SCM is the
minimum variance unbiased estimator of the theoretical co-
variance matrix, as well as the maximum likelihood estima-
tor for Gaussian observations. For a suf�ciently large number
of samples N, implementations of the optimal scaling factor
in (11) based on directly replacing the unknown theoretical
covariance matrix with its sample estimate can be consid-
ered to provide a fairly accurate approximation. However,
such an assumption does hardly hold under realistic scenario
conditions given in a practical setting, where the number of
samples per observation dimension is �nite.
In this work, contrary to conventional practice, we con-

sider an asymptotic approximation of the solution in (11),
such that the ratio between the sample size and the obser-
vation dimension is �xed or constant. In particular, we
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deal here with the following general problem. Consider a
bounded scalar function of the unknown theoretical covari-
ance matrix R, say f (R), which represents a parameter
that needs to be estimated. Under the practically more rel-
evant assumption M;N!+∞ at a constant rate c=M=N 2
(0;+∞), the conventional estimator given by f

�
R̂
�
is not

consistent, i.e., f
�
R̂
�
! g(R) 6= f (R), as N = N (M)!∞

(in the sequel, we will only consider strong consistency and,
therefore, almost sure stochastic convergence of the estima-
tors). Motivated by this fact, we propose an estimator con-
sisting of a certain function of the SCM, say h

�
R̂
�
, and

which is consistent in the previous, practically more mean-
ingful doubly-asymptotic regime, i.e., h

�
R̂
�
! f (R), with

probability one as N = N (M)! ∞.
The two previous ideas on the asymptotic convergence

(or consistency) analysis of conventional SCM-based estima-
tors, and the construction of improved consistent estimators
based on the SCM and a �xed ratio c, are developed next.
Before proceeding, we notice that the distribution of the ran-
dom quantity in (11) is known in the literature (see [10]).

4. ASYMPTOTIC PERFORMANCE ANALYSIS

In this section, we apply recent results from RMT to de-
rive asymptotic deterministic equivalents of the quantities
MSE(ŵLMMSE) in the limiting regime de�ned by M;N !
+∞ with c = M=N 2 (0;+∞). To that effect, it is enough
to study the convergence of the quantities sHR̂�1s and
sHR̂�1RR̂

�1
s describing the the previous performance

measure. Regarding the asymptotic convergence of these two
quantities, we have the following (a � b means both quan-
tities are asymptotic equivalents, i.e., ja�bj ! 0, and the
convergence is with probability one):

sHR̂�1s� (1� c)�1 sHR�1s, (14)

and
sHR̂�1RR̂

�1
s� (1� c)�3 sHR�1s. (15)

For a proof of (14) and (15) we refer the reader to [11, Propo-
sition 1] (see also [8, Chapter 4]) and [9, Theorem 1] (see
also [12]), from where also the result for the more general
case of a DL-based covariance matrix estimator can be ob-
tained.
Finally, based on the previous results we notice that

the asymptotic (deterministic) approximation of the MMSE
achieved by the proposed bias correction is

MSE(ŵLMMSE) = 1�ϑp (c)sHR�1s, (16)

where ϑp (c) � (1� c). The previous measure is to be com-
pared with the asymptotic limit of the MSE achieved by the
conventional LMMSE �lter implementation in (13), i.e.,

MSE
�
R̂�1s

�
= 1�2(1� c)�1 sHR�1s+(1� c)�3 sHR�1s

= 1�ϑc (c)sHR�1s, (17)

where ϑc (c)�
�
2(1� c)�1� (1� c)�3

�
. For a quantitative

comparison between proposed and conventional approaches,
please see the section Numerical Results.
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Figure 1: Asymptotic MSE achieved by the conventional
(R̂�1s) and the proposed ( �αLMMSER̂�1s) LMMSE �lters,
compared to theoretical MMSE.

5. CONSISTENT ESTIMATION OF OPTIMAL
SCALING FACTOR

In order to implement the proposed �lter, the bias correction
in (11) given in terms of the unknown covariance matrix has
to be estimated by using the available SCM. For that purpose,
as introduced above, we �nd an expression only depending
on the signature vector s and the matrix R̂ (both available for
estimation purposes) that converges in our general asymp-
totic regime to the desired quantity. In particular, from the
asymptotic analysis in the previous section, it suf�ces to �nd
an estimator converging to�

sHR̂�1s
�2

sHR̂�1RR̂
�1
s
� (1� c)sHR�1s.

From above, it straightforwardly �nd that

(1� c)2 sHR̂�1s� (1� c)sHR�1s,

so that the proposed LMMSE �lter implementation is
(1� c)2 R̂�1s. Interestingly enough, observe that the latter
corresponds to the classical implementation of the LMMSE
�lter up to the nontrivial scaling (1� c)2. More impor-
tantly, we notice that the optimal scaling minimizing the
MSE achieved by any practical implementation of the SCM-
based LMMSE �lter is universal, and so it does not depend
on the theoretical covariance matrix R, but only on the ratio
c.

6. NUMERICAL RESULTS

In this section, the performance of the proposed �lter is eval-
uated by means of numerical simulations. In Figure 1, the
asymptotic approximation of the MSE achieved by both the
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Figure 2: Finite sample-size MSE performance of the con-
ventional (R̂�1s) and the proposed ( �αLMMSER̂�1s) LMMSE
�lters, compared to theoretical MMSE (M = 10).

proposed and the conventional LMMSE �lters, de�ned by
�αLMMSER̂�1s and R̂�1s, respectively, and given by (16) and
(17) as a function of the ratio c is depicted along with the
theoretical MMSE in (7). It can be observed that when c= 0
both �lters converge to the MSE of the theoretical LMMSE
�lter, i.e., R�1s. This corresponds to the case of classical
asymptotics, so that the sample covariance matrix converges
to the true covariance matrix. On the other hand, when the
number of available samples N is decreased with respect to
the dimension of the observationsM, i.e., the value of the ra-
tio c approaches 1, the performance of the proposed LMMSE
�lter dramatically outperforms that of the conventional one,
as the former is optimized for any value of c whereas the
latter is only optimal for c= 0.
In Figure 2, the performance of the proposed method in

the case of a �nite sample-size and in the context of an ar-
ray signal processing application is considered. Speci�cally,
the scenario consists of the SOI and four interferers in addi-
tive white Gaussian noise with variance normalized to 1. The
powers of the SOI and all interferers are �xed to 1, and their
direction-of-arrival is 0o, 20o, 30o, 50o and 60o, respectively.
The steering vectors are normalized such that ksk2 = 1. For
simulation purposes, M was �xed to 10 and the MSE per-
formance measure de�ned in (6) is shown for both the con-
ventional and the proposed LMMSE �lter implementations.
The theoretical MMSE is also shown. Similar conclusions as
for the previous simulation are observed, therefore validating
the improved performance of the proposed bias correction in
a realistic scenario compared to the classical approach.

7. CONCLUSIONS

The problem of �nding the optimal scaling of a class of
LMMSE �lter implementations, based on a general SCM-
based estimator of the actual covariance matrix, including

diagonal loading, has been addressed. The proposed opti-
mal scaling factor is a correction of the bias of the Bayesian
MMSE estimator that optimizes the bias-variance tradesoff
in an attempt to further reduce the overall MSE when the
estimator is constructed based on the SCM.The scaling fac-
tor minimizing the MSE and depending of both the unknown
covariance matrix and its sample estimator is �rstly asymp-
totically analyzed in terms of key scenario parameters, and
�nally approximated via the SCM constructed using the set
of available samples. To that effect, recent results from ran-
dommatrix theory on the asymptotic analysis of large sample
covariance matrices have been applied. As the main contri-
bution of the paper, for the case of a non-loaded SCM esti-
mator, a universal optimal scaling factor has been obtained
which dramatically outperforms the conventional LMMSE
�lter implementation.
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ABSTRACT 
Steered Response Power-PHAse Transform (SRP-PHAT) 
method has been already proposed and investigated for the 
sound source localization. Grid search methods can be used 
to find global maximum of SRP, but they are so computa-
tionally expensive that can not be used in real-time applica-
tions. In this paper, we have proposed a SRP-based localiza-
tion method which works in cascade with a DOA estimation 
module; i.e. first the direction of speaker is recognized by 
one of the DOA estimation methods; after that, we bound the 
search region to a space fragment around estimated direc-
tion of speaker; then we use SRP-PHAT algorithm computa-
tions and volume contraction methods (such as SRC and 
CFRC) on this fragmentized regions and decrease computa-
tional costs to a large extent. By use of the data collected 
from different (speaker) scenarios, we demonstrate the accu-
racy and speed gained by proposed method. 

1. INTRODUCTION 

Speech source localization is one of the main topics in meet-
ing room processes. The primary aim is to obtain three-
dimensional location of the speech source. The methods of 
speech source localization are divided in two categories: 1) 
one-stage methods, and 2) two-stage ones. TDOA is a two-
stage method to localize the source; this is one of the fast 
methods for speech source localizing. However, its perform-
ance drastically degrades in reverberant situations. A family 
of one-stage methods, called SRP, has been already pro-
posed and investigated in the literature [1,2,3] that are more 
robust than two-stage algorithms. Nevertheless, the SRP 
method has to search among lots of local minimums and 
maximums which results in a large computational complex-
ity. Different region contraction methods have been intro-
duced for SRP-PHAT method, that we name SRC (Stochas-
tic Region Contraction) and CFRC (Coarse-to-Fine Region 
Contraction) here as the most famous ones [4,5,6]. These 
methods try to decrease computational cost of SRP-PHAT 
method by use of an iterative process.  
In this paper, we use DOA estimation methods to fragment 
the region and bound the search region for SRP-PHAT 
method. After that, by applying SRC and CFRC methods on 
these fragmentized regions, we try to decrease SRP-PHAT 
computational costs. In other words, we use a DOA estima-
tion method with a few calculations to firstly determine 
speaker direction; then, considering this direction, we estab-

lish a proper portion of space around that direction and 
search on this portion. 
We show that the proposed method not only decreases com-
putational complexity but also increases the accuracy of 
SRP-PHAT localization. Our experiments in different posi-
tions of speech source show the high yield of proposed 
method in increasing the speed of computations and de-
crease of errors. In this paper we have done our simulations 
by supposing Far-field SRP-PHAT method [7] for DOA 
estimation. 

2. APPLYING SRP-PHAT FOR SPEECH SOURCE 
LOCALIZATION 

For the n-th time frame, SRP, ( )nP x , is a definite-value-
function based on three-dimensional vector x , that is ob-
tained from the output of a directed Delay and Sum Beam-
former. It is supposed that biggest maximum in ( )nP x , even 

in high noisy a reverberant condition, will happen in ( )( )kx n
s  

which contains of K point sources. Biggest maximum will 
be as ( )( )kx n

sˆ , that for a one point source is ( )( )1ˆ n
sx  that 

which is equal to: 
  ( )( ) ( )xPx n

x

n
s maxarg1ˆ =  (1) 

If ( )im t  is the signal from the i-th microphone (in a system 
with M  microphones), for a typical frame (with length of 
T), the SRP is defined as: 

  ( ) ( )( )
( ) 21

1
,

n T M

n i i
inT

P x w m t x i dtτ
+

=

≡ −∑∫  (2) 

iw is the weight and ( ),x iτ  is the time in which signal 
travel from the source ( x ) to the i-th microphone. SRP can 
be calculated by adding up GCCs of all possible micro-
phones. By expanding Equation (2), using frequency-
dependent weights ( )*

lW ω , and also considering Parseval 
theory, we have [4]: 

( )

( ) ( ) ( ) ( ) ( ) ( )( ), ,* *

1 1

n

M M
j x l x k

k l k l
k l

P x

W W M M e dω τ τω ω ω ω ω
+∞

−

= = −∞

=

∑∑ ∫
 (3) 

By the combination of weight functions, we reach to the 
following effective weighting (filter) function for the SRP: 
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  ( ) ( ) ( )*
kl k lW Wω ω ωΨ =  (4) 

One of the most important weighting functions is the Phase 
Transform (PHAT) that is defined as:  

  ( )
( ) ( )*

1
kl

k lM M
ω

ω ω
Ψ ≡  (5) 

Pay attention that collective factors for calculating ( )nP x , 
will establish a symmetric matrix with constant energy on its 
diagonal. The part of this function which changes in relation 
with X will be defined in the form of ( )xPn′ . It means that: 

( )

( ) ( ) ( ) ( ) ( ) ( )( )∑ ∑
= +=

−

=′
M

1k

M

1Kl

klj*
lk

*
lk

n

ωωωωω ττω deMMWW

xP

,x,x  (6) 

In reverberant conditions, PHAT has shown good perform-
ance in the case of both TDOA- and SRP-based methods. In 
fact in SRP-PHAT method we compute the amount of SRP-
PHAT function for all of the space bins in the room. This is 
done by grid search methods. The location which makes this 
function (equation (3)) maximum, will be selected as the 
speech source location [4]. 

 

3. DOA ESTIMATION BY  
FAR-FIELD SRP-PHAT METHOD 

Different methods have been introduced for specifying the 
direction of speaker, such as: 1) Far-field SRP-PHAT, 2) 
root-SRP-PHAT [8] and 3) DOA estimation based on TDOA 
vector [9]. Here, we suppose that the Far-field SRP-PHAT 
method has been used for DOA estimation. Actually, the 
simulation results are based on applying Far-field SRP-
PHAT method in specifying direction of speaker. 
In figure.1 you can see a profile from the room used for as-
sessment of far-field SRP-PHAT method. 
In Figure 2, the wave propagation and the microphone array 
scheme have been drawn.  
The cross power density spectrum for two time signals, 

( )lx t and ( )kx t  is computed as: 

( ) ( ) ( )( )*
lk l kF E x t x tω τ⎡ ⎤Γ = +⎣ ⎦   (7) 

where F(.) and E[.] are the Fourier transform and expecta-
tion operator, respectively. 
Under Far-field assumption, we can say that source signal 
enters the microphone array as a plane waves. Based on this 
assumption, TDOA between these two microphones will be: 

( )ˆ ˆlk l kτ τ= −    (8) 

where τ̂  is TDOA for two adjacent microphones. The opti-
mum value for τ̂  is specified as follows: 

( )

( )
( )

( )

ˆ

ˆ

ˆ 1 1

ˆ ˆarg max

1arg max
2

opt lk

M M
j l klk

l k lk

C

e d

τ

ωτ

τ

τ τ

ω
ω

π ω

+∞
−

= = −∞

= =

⎛ ⎞Γ
⎜ ⎟⎜ ⎟Γ⎝ ⎠

∑∑ ∫
 (9) 

The input angle of a linear array, θ , is computed as [7]: 

ˆarccos opt
s

c
dF

θ τ
⎛ ⎞

= ⎜ ⎟
⎝ ⎠

  (10) 

where c , d , and sF  are sound propagation velocity, dis-
tance between microphones and sampling frequency, respec-
tively.  
 

 

 
Figure 1 - Conference room with 12 speakers and a linear micro-

phone array [7]. 

The above algorithm estimates the direction of the speaker 
(not its 3-D location). This algorithm can be implemented 
with a low computational cost. 

4. PROPOSED METHOD FOR DECREASING 
THE COMPUTATIONAL COST OF SRP-PHAT 

In this research, we have proposed a hybrid sound source 
localization method as follows: instead the search on the 
entire region by SRP-PHAT method, we firstly apply the 
DOA estimator (explained in section 3) to specify direction 
of sound wave. The estimated DOA estimator specifies the 
direction of speech source with some value of error. Actu-
ally, the Far-field SRP-PHAT method is used to determine 
the direction of sound arrival, with a low level of computa-
tional cost. To take the DOA errors into account, we con-
sider the error bounds and limit the search region as a frag-
ment of entire region. 

 

 
Figure 2 - A representation of plane waves entering a uniform mi-

crophone array [7]. 

 
Let θ  to be the estimated DOA for the reference micro-
phone and eθ  to be the bound on the estimation error. Thus, 
we fragmentize a region of space which is limited between 

657



eθ θ−  and eθ θ+ . Since the DOA estimation method has 
determined the direction of source with a definite error, by 
extending the search region to a section limited to the angles 
[ eθ θ− , eθ θ+ ], we expect to cover the source location with 
a high probability.  
Limiting the search region results in high reduction of com-
putational costs. For example, suppose that algorithm re-
ports the source is located in direction of 030  toward refer-
ence microphone array axis (with 010±  error bound). As a 
result, fragmentized region is limited to the angles of 020  
and 040  toward array direction. So, it is actually 

0 0

0

40 20 1
18360

⎛ ⎞−
=⎜ ⎟

⎝ ⎠
 times of the whole region that should be 

searched. 
It means that this method is much faster than already-
proposed contraction methods, including SRC and CFRC; 
furthermore, we can also apply these two methods on the 
extracted fragment and decrease the computational cost 
much more. 
The high reduction in the computational complexity of re-
gion search has been attained at the cost of an extra DOA 
module. Considering that the DOA estimation methods, es-
pecially Far-field SRP-PHAT method, have a very low com-
putational cost, we can neglect their complexity in compari-
son with 3-D SRP-PHAT localization method. Although the 
errors of DOA estimation can results in the missing of 3-D 
location of speech source, however, by considering the 
proper value for the error bound, the probability of this 
event will be minimized. 
In general, we claim that the proposed method highly de-
creases the computational cost of 3-D speech source local-
ization method, while preserving the system accuracy at the 
satisfactory level. 

5. SIMULATION 

In our simulations, we suppose that the speech source is 
located in a 4.5 4.5 3.5m m m× ×  room. It is assumed that the 
source signal is degraded by both Gaussian white noise and 
reverberation. We have used the IMAGE algorithm [10] to 
simulate environment reverberation. An L-shaped micro-
phone array (see Figure 3) has been considered in the mid-
dle of the room. It consists of 10 microphones with 30cm 
distance between adjacent microphones.  
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Figure 3 - L-shaped microphone array. 

We do our experiments on data in 3 different scenarios. In 
the first scenario, we supposed that reverberation is the 
dominant degradation factor. In this scenario, reverberation 
time is supposed to be 500ms and SNR for the reference 
microphone is considered 20dB. This kind of environment is 
called reverberant environment. In the second scenario, the 
noise is considered as the main degradation factor. In this 
situation, reverberation time is supposed to be 200ms and 
reference microphone SNR is considered 5dB. This envi-
ronment is called noisy one. In the third scenario, both noise 
and reverberation have considerable effect. In this condition, 
reverberation time is 500ms and we will have 5dB for refer-
ence microphone SNR. We call this environment a noisy-
reverberant environment. Hamming window, with 60ms 
length and 50% overlap, was used in simulations. 
Also, the experiments have been done in 3 different posi-
tions for the speaker. In the first situation, speaker is located 
in front of the array, with a 1.5m distance. In this situation, 
speaker position is (350,200,180)cm. In the second situation 
the location of speaker is (200,350,180)cm. In the last situa-
tion, the speaker's location is considered at the corner of the 
room with the position equal to (430, 20,180)cm. The posi-
tions of speaker (in these three situations) have been shown 
in figures (4) to (6), respectively. 
Results obtained for specifying direction of speaker in 3 
different speaker situations are reported as follows: 

1- For the speaker in the 1st location, the true DOA 
(measured for the microphone#1) is 059 (referred to 
the upper branch of L-shaped array).  

2- For the speaker in the 2nd location, the true DOA 
(measured for the microphone#1) is 00 (referred to 
the upper branch of L-shaped array).  

3- For the source in the 3rd situation, the true DOA 
(measured for the microphone#1) is 0111 (referred 
to the upper branch of L-shaped array).  

We considered 015±  error bound in simulations. It is just for 
increasing the possibility of locating source in the fragmen-
tized region. In this way we will have a specific region 
fragment for every 3 different positions of source. We will 
do the same computations with these fragments as what was 
done with entire region in SRP-PHAT method, i.e. we will 
apply grid search, SRC method and CFRC method on these 
fragments to find the maximum in each case.  
To examine the algorithm complexity, we consider the num-
ber of functional evaluation (fe) for the algorithms. Actually, 
it has a direct relation to the complexity of the algorithm. 
We used 10cm resolution in grid search method. Also num-
ber of primary search points for SRC-I, SRC-II and SRC-III 
methods are: 

0

0

30 450 450 350 5906
10 10 10360

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞× × × ≈⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

. 

This number for the CFRC method is 5906 for the first stage 

and 7505906 1746
3000

× =  for next stages. 
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Figure 4 - The standing situation of speaker in front of array (first 

position) 

 

 
Figure 5 - The standing situation of speaker beside the array (sec-

ond position) 

 

 
Figure 6 - The standing situation of speaker on the room corner 

(third position) 

 
In the case of random-point-based contraction methods (i.e., 
SRC and CFRC), the program has been repeated 100 times 

and the average results have been reported. This is to acquire 
a normal distribution for the system error. 
We have also evaluated the method accuracy based on local-
ization Mean square Error (MSE). Tables 1, 2 and 3 present 
number of functional evaluations (fe) and MSE values ob-
tained for different scenarios, applying grid search, SRC, 
and CFRC methods on fragmentized regions.  
Table 1 shows the results for the 1st location of speaker. If 
the search is done on the entire region, the functional 
evaluation (fe) is about 70875 for grid search, 12000 for 
SRC-I, 14000 for SRC-II, 20000 for SRC-III, and about 
17000 for CFRC method. These amounts are decreased con-
siderably by use of proposed method; for example, our pro-
posed method has decreased functional evaluation (fe) of 
algorithm to 5472 (from 70875) in the grid search, and to 
about 1000 (from 12000) in SRC-I. Also, it has decreased to 
about 1200 (from 14000) in SRC-II, to about 1400 (from 
20000) in SRC-III, and to 1350 (from 17000) in CFRC 
method.  
In addition to a considerable reduction in computational 
costs, our proposed method has decreased the localization 
error to some extent. In applying SRC and CFRC methods 
on the entire region, some of the evaluated points have a 
clear difference with the true locations; however, in the pro-
posed method we do not see such a clear difference again, 
because points' amounts has been limited to the fragmen-
tized parts of region. So, this method not only decreases 
computations of SRP-PHAT method to a large extent, but 
also increases the localization accuracy. Tables 2 and 3 show 
results obtained for 2nd and 3rd positions of source, respec-
tively. These two tables clearly show the superiority of our 
proposed method, too. As it is shown, new search method 
(based on DOA estimation) significantly decreases computa-
tional cost and also increases SRP-PHAT localization accu-
racy. 

6. CONCLUSION 

SRP-PHAT method is a one-stage method in speech source 
localization which has a large amount of computation. This 
disadvantage prevents us to use this method in real-time 
systems. Methods such as SRC and CFRC decrease SRP-
PHAT method computation cost, but they are still far from 
real-time applications. 
In this research, we proposed, implemented and examined a 
new region search method which is based on space fragmen-
tizing by DOA estimation. It decreases the computational 
complexity of the SRP-PHAT to a large extent. The combi-
nation of this method with SRC-I decreases functional 
evaluation (fe) from 70875 (for complete grid search) to 
about 1000. This improvement is obvious in different sce-
narios and different speaker positions. Moreover, new pro-
posed method not only decreases computational costs con-
siderably, but also increases localization accuracy in SRP-
PHAT method. The increase of accuracy can be justified by 
the limiting of search field. 

Z 

X 
Y 

Z 

Z 

X 
Y 

X 
Y 
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Table 1. Results (functional evaluation (fe) and localization MSE (in cm)) for different methods in the case of speaker lo-
cated at position 1. 

Proposed Search Method Full Search Method  
CFRC SRC-III SRC-II SRC-I Grid search CFRC SRC-III SRC-II SRC-I Grid search 

MSE fe MSE fe MSE fe MSE fe MSE fe MSEfe MSE fe MSE fe MSE fe MSE fe 
Position 1 

36 140747 1475 38 1202 41 106843 547241 1748749 20154 38 14396 46 12155 46 70875 Scenario 1 

38 139141 1440 48 1174 37 104149 547239 1741450 20131 54 14410 42 12251 55 70875 Scenario 2 

76 139968 1443 82 1196 73 107976 547280 1745269 20206 84 14415 82 12202 80 70875 Scenario 3 

 
 

Table 2. Results (functional evaluation (fe) and localization MSE (in cm)) for different methods in the case of speaker lo-
cated at position 2. 

Proposed Search Method Full Search Method  

CFRC SRC-III SRC-II SRC-I Grid search CFRC SRC-III SRC-II SRC-I Grid search 

MSE fe MSE fe MSE fe MSE fe MSE fe MSEfe MSE fe MSE fe MSE fe MSE fe 
Position 2 

30 134141 1621 35 1195 29 110141 5472 31 1704452 20196 47 14775 43 12003 41 70875 Scenario 1 

47 136546 1625 55 1209 50 109154 5472 57 1700747 20145 51 14727 51 11955 45 70875 Scenario 2 

64 139362 1674 84 1218 79 109583 5472 70 1704965 20114 94 14699 84 11981 73 70875 Scenario 3 

 
 

Table 3. Results (functional evaluation (fe) and localization MSE (in cm)) for different methods in the case of speaker lo-
cated at position 3. 

Proposed Search Method Full Search Method  

CFRC SRC-III SRC-II SRC-I Grid search CFRC SRC-III SRC-II SRC-I Grid search 

MSE fe MSE fe MSE fe MSE fe MSE fe MSEfe MSE fe MSE fe MSE fe MSE fe 
Position 3 

71 131962 1571 65 1104 68 103266 5472 79 1722064 20609 71 15295 76 13321 76 70875 Scenario 1 

73 133274 1584 88 1096 81 103989 5472 81 1725480 20625 93 15361 91 13302 87 70875 Scenario 2 

92 1346102 1596 101 1118 98 1030110 5472 93 17259113 20639 105 15364 109 13295 96 70875 Scenario 3 
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ABSTRACT
In the context of passive sources localization using an an-
tenna array, estimation performance in terms of elevation and
azimuth is related to the kind of estimator used, and also
to the geometry of the considered antenna array. Although
there are several available results in the literature aboutlin-
ear and circular arrays, other possible geometries have been
less studied. In this paper, we study the impact of the array
geometry for two kinds of antenna arrays: the so called V-
shaped antenna array (2D) and its 3D extension. The Cramér
Rao lower Bound (CRB) will be used in this context as a use-
ful tool to find the optimal configuration. The performance of
the proposed antenna arrays is verified by comparing its CRB
to the one of the standard uniform circular antenna from both
analytical and simulation results.

1. INTRODUCTION

Direction of arrival (DOA) estimation of sources by an array
of sensors has been widely studied in the array signal pro-
cessing literature. The geometry of the array is one way to
improve the parameters estimation performance and to avoid
the ambiguities. A huge amount of results is available for
linear and circular arrays (uniform or not) [1, 2]. More gen-
erally, planar (or 2D) arrays have also been studied. But the
case of 3D arrays has surprisingly been less studied. How-
ever, there are several applications where the sensors are scat-
tered in the 3D space. Consequently, the antenna has an ar-
bitrary shapee.g. telescopes networks on the Earth’s sur-
face, electrodes networks on the skull of a patient, network
of buoys on the sea’s surface, etc.

Particularly, in [3] (chapter 4), the analysis of the antenna
arrays through their diagrams of radiation pattern was pre-
sented. In a recent work [4], the ambiguity of the antenna
arrays was studied by using differential geometry as a use-
ful tool. There are also some works concerning the study of
CRB in case of planar antenna arrays with non-standard ge-
ometry. We can cite here, for example, [5] and [6] , where,
contrary to our study, the sources are assumed random, hence
leading to different expressions of the CRB and where the
study is limited to the 2D antenna arrays. In this paper, we
are interested to the impact of the array geometry in terms of
estimation performance. Consequently, we use the CRB [7]
as a benchmark to optimize the sensors position.

The antenna array structure proposed here is a first step
for studying the 3D antenna. This allows us to compare our
results with the works done in [5] and [8], on the so-called V-
shaped antenna by measuring the contribution of the third di-

This project is funded by both the Digiteo Research Park and the Région
Île-de-France.

mension. Besides the fact that this type of network has been
less studied in the literature, we adopt an approach where the
two considered geometries have a degree of freedom, which
is formed by the opening angle∆ between the two branches
located on the plane of each array. This explains why the
studied antenna array is called V-shaped antenna in opposi-
tion to the more classical L-shaped antenna array (i.e., ∆ = π

2 )
[9]. As a result, the obtained CRB depends on this open-
ing angle through the steering vector and allows us to study
the optimization of the sensors positions. Several analytical
and simulation results are given to prove that the 3D antenna
overcomes the ambiguity problem of the 2D antenna. More-
over we show that there are some circumstances in which the
3D antenna has better estimation performance than the 2D
antenna even for a weaker aperture.

The notational convention adopted in this paper is listed
as follows: italic indicates a scalar quantity, bold minuscule
indicates a vector, bold majuscule indicates a matrix.

The paper is organized as follows. In Sec. 2, the problem
and the observation model are introduced. The analytic ex-
pressions of CRB for the V-shaped antenna arrays, and for its
3D extension are derived in Sec. 3. Finally, an analysis and
some simulations concerning the analytic CRB are presented
in Sec. 4.

2. MODEL SETUP

We here consider the localization of a source emitting a de-
terministic and narrow band signals(t) using an antenna ar-
ray consisting of identical and omni-directional sensors.The
positions in space of the source and theith sensors of the
antenna array are given by their spherical coordinates,i.e.,
the couple(θ ,φ ) for the source (assumed to be in the far
field area) and the triplet(ρ i ,ϕ i ,ξ i) for the ith sensor (see
Fig. 1(a)). In this study, we consider two geometries of an-
tenna arrays. The first one concerns a planar V-shaped an-
tenna array where its two branches, separated by an opening
angle noted∆, consist of two linear not necessarily uniform
antenna arrays. Note that the same analysis can be found in
[5] for a Gaussian (unconditional) source. The second one is
an extension of this planar array where a branch (also consist-
ing of a linear array not necessarily uniform) orthogonal to
the plane is added (see Fig. 1(b)). From the aforementioned
assumptions, an analysis of the inter-sensors delay leads to
the following observation model at the output of the antenna
array [10]:

y(t) = [y1(t) . . .yM(t)]T = a(θ ,φ )s(t)+n(t), (1)

wheret = 1, . . . ,T, in whichT denotes the number of snap-
shots,λ denotes the wavelength anda(θ ,φ ) is the steering
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(a) The coordinates system of the source and the array
sensors

(b) Geometry of the 3D antenna (In case of the 2D
antenna, only the sensors located on the x0y plane are
presented)

Figure 1: The geometry of the problem

vector given by:

a(θ ,φ ) =









e
2 jπρ1

λ (sinθ sinξ 1 cos(φ−ϕ1)+cosξ 1 cosθ)

...

e
2 jπρM

λ (sinθ sinξ M cos(φ−ϕM)+cosξ M cosθ)









. (2)

The number of sensors located on the plane is denoted
by N1, and the number of sensors located on the orthogo-
nal branch in the case of a 3D antenna array is denoted by
N2. The total number of sensorsM = N1 + N2 will be con-
stant for the comparison of these two arrays. The noise vec-
tor n(t) ∈ CM is assumed to be Gaussian, circular, indepen-
dent and identically distributed with zero-mean and covari-
ance matrixσ2I.

3. CRAMÉR-RAO BOUND

The analysis of the ultimate performance, in terms of vari-
ance, that an unbiased estimator might achieve is generally
conducted by using the CRB. In the case of the observation
model (1), it is clear thaty(t) is distributed according to
a multivariate Gaussian distribution with meana(θ ,φ)s(t),
and varianceσ2I. The parameters of interest in this study
are the azimuth and the elevation,i.e., φ andθ (since these
parameters are decoupled from the noise variance, this latter

is omitted). We can notice that only the mean ofy(t) is pa-
rameterized. In this case, after the concatenation of all the
observation vectors (t = 1, . . . ,T), the CRB, notedC, can be
deduced from [11] and [12]:

C =

[

Cθ θ Cθφ
Cφθ Cφφ

]

= σ2

2sHs





Re
(

∂a
H (θ ,φ)
∂θ

∂a(θ ,φ)
∂θ

)

Re
(

∂a
H(θ ,φ)
∂θ

∂a(θ ,φ)
∂φ

)

Re
(

∂a
H (θ ,φ)
∂φ

∂a(θ ,φ)
∂θ

)

Re
(

∂a
H(θ ,φ)
∂φ

∂a(θ ,φ)
∂φ

)





−1

,

(3)
wheres =[s(1) . . .s(T)]T and, whereCθθ andCφφ denote the
CRB concerning the elevation and the azimuth, respectively,
andCθφ = Cφθ represent the coupling between the parame-
tersθ andφ .

Thanks to the structure of the steering vector given by the
observation model (1) and after some computational efforts
detailed in the appendix, we obtain an analytic expression of
the CRB for the 3D antenna array:



















C3D
θθ = 2

CSNR

1−cos∆cos2φ
S1 sin2∆cos2 θ+2S2sin2 θ(1−cos∆cos2φ)

,

C3D
φφ = 4

CSNRsin2 θ

1
2S1cos2 θ(1+cos∆cos2φ)+S2sin2 θ

S2
1 sin2∆cos2 θ+2S1S2 sin2 θ(1−cos∆cos2φ)

,

C3D
θφ = 1

CSNRtanθ
S1cos∆sin2φ

S2
1 sin2 ∆cos2 θ+2S1S2 sin2θ (1−cos∆cos2φ)

,

(4)
where, the following notations are adopted:‖s‖2 = sHs,

CSNR= 8π2‖s‖2

σ2λ 2 , S1 = ∑N1
i=1 ρ2

i , andS2 = ∑N1+N2
i=N1+1 ρ2

i for N2 ≥

1.
Since the 2D array is only a particular case of the 3D

array (N2 = 0), the CRB are obtained by lettingS2 = 0 in the
above equations, leading to:















C2D
θθ = 2

CSNR

1−cos∆cos2φ
S1 sin2 ∆cos2 θ ,

C2D
φφ = 2

CSNR

1+cos∆cos2φ
S1 sin2 ∆sin2 θ ,

C2D
θφ = 1

CSNR

cos∆sin2φ
S1 sin2 ∆cosθ sinθ .

(5)

Moreover, in the particular case where∆ = π
2 , i.e., when

the 2D and 3D arrays represent the canonical basis ofR2 and
of R3, respectively, we obtain the following more compact
expressions:











C3D⊥
θθ = 1

CSNR

2
S1cos2 θ+2S2sin2 θ ,

C3D⊥
φφ = 2

CSNRS1 sin2 θ ,

C3D⊥
θφ = 0,

(6)

and










C2D⊥
θθ = 2

CSNRS1cos2 θ ,

C2D⊥
φφ = 2

CSNRS1sin2 θ
,

C2D⊥
θφ = 0.

(7)

From these expressions, two important remarks can be
done:

• When the source is located in the planex0y, i.e., θ =π
2 ,

C2D
θθ tends to infinity, whileC3D

θθ remains finite. Conse-
quently, the 3D array overcomes the ambiguity problem
of the 2D array.
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(a) Cφφ /CUCA
φφ versusφ with respect toα for ∆ = 60◦ andθ = 45◦
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(b) Cθθ /CUCA
θθ versusφ with respect toα for ∆ = 60◦ andθ = 45◦

Figure 2: Comparison of performance between V-shaped an-
tenna and UCA

• In the case where∆ = π
2 , φ and θ become decoupled,

which confirms the intuition. Moreover,C3D⊥
φφ andC2D⊥

φφ
no longer depend onφ (isotropic property with respect
to φ ). Furthermore, ifS1 = 2S2, i.e., the three branches
of the 3D array are made of a uniform linear array with
the same number of sensors, the estimation concerning
θ no longer depends on the source’s position (isotropic
property with respect to bothθ andφ ) in the case of the
3D array.

4. ANALYSIS AND SIMULATIONS

In this section, the behavior of the CRB calculated in the pre-
vious section with respect to the degree of freedom∆ is ana-
lyzed. We assume that, all branches,i.e. two branches for the
2D antenna, and three branches for the 3D antenna, are made
from uniform linear arrays (ULA) with a half-wavelength
inter-sensors spacing. All simulations are realized with asig-
nal to noise ratio of 10dBandT = 50 snapshots.

It is interesting to compare the performance of the V-
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Figure 3:K(M) with respect to the number of sensorsM

shaped array with a classical isotropic planar array such that
the uniform circular array (UCA). These arrays have the
same number of sensors. The UCA having its sensors sepa-
rated equidistantly with a half-wavelength spacing, its radius
is given by [13]: r = λ

4sin π
M

. By letting α = N1
M , it is clear

that the value ofα associated to the planar array is equal to
1, while the one associated to the 3D array is strictly lower
than 1. The Fig. 2(a) and (b) represent, respectively, the CRB
concerning the azimuth and elevation versus azimuthφ , w.r.t
α, for the opening angle∆ = 60◦, and the elevationθ = 45◦.
In order to compare the V-shaped antenna with the UCA, the
bounds are normalized by the CRB of the UCA. One can
observe that the estimation performance concerning eleva-
tion with a V-shaped array is always better than with a UCA,
while the one concerning azimuth depends on the number of
sensors located on the orthogonal branch,i.e., on the coef-
ficient α. For a value ofα close to 1, the estimation con-
cerning elevation with a V-shaped array is better than with
an UCA.

In particular, we are interested to detail the performance
comparison in the case where the V-shaped array and its 3D
extension are isotropic (∆ = π

2 ). In this case, we just consider
a comparison concerning the CRB of azimuth of these arrays.
Let us consider

K(M) = 3
α(α2M2−1)sin2 π

M
, (8)

whereK(M) =
C2D⊥

φφ
CUCA

φφ
if α = 1 andK(M) =

C3D⊥
φφ

CUCA
φφ

if α < 1. It is

clear thatK(M) = 3
π2 if α = 1 andM >> 1 orK(M) = 3

π2α3

if α < 1 andαM >> 1. We can say that the V-shaped array
leads to better performance in terms of azimuth estimation
than the UCA if and only if the ratioK(M) is lower than
1. Fig. 3 shows the behavior ofK(M) with respect to the
number of sensorsM and to the coefficientα.

Tab. 1 shows the value of 1−K(M) w.r.t. α for a large
number of sensors. This value represents the gain, concern-
ing the azimuth estimation, of the V-shaped isotropic antenna
array compared to the UCA antenna. We here want to find
the value ofα, with which 1−K(M) > 0 i.e., the V-shaped
antenna array has the better azimuth estimation accuracy than
the UCA antenna. It is clear that, for allα > 0.69, the 3D V-
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Table 1: ’The azimuth estimation performance gain of 3D
V-shaped isotropic antenna according to UCA’

α 1 0.9 0.8 0.7 0.6
1−K(M) 0.6959 0.5829 0.4060 0.1133 -0.4081

shaped isotropic array is always better than the UCA. More-
over, if α = 1 then the azimuth estimation accuracy of the
2D V-shaped isotropic planar array is nearly 70% better than
the UCA antenna.

In the following, we compare the estimation performance
between the 2D and 3D array. In this simulation, the 2D
array is made fromM = 7 sensors (one at origin and three
on each of the two branches). The 3D array is also made
with M = 7 sensors (one at the origin, and two on each of the
three branches). It should be noted that taking some sensors
from the planar array of the 2D antenna array to make the 3D
antenna array will decrease the aperture and hence, reduce its
performance. Therefore, using non ULA such as minimum
redundancy [14], D-optimal [15], etc. instead of using ULA
can maintain the aperture and also, the performance.

Fig. 4(a) shows the behavior ofC3D
θθ , C2D

θθ , C3D
φφ andC2D

φφ
with respect to the opening angle∆ varying from 0 toπ

2 . For
this simulation, the values ofφ andθ are respectively 20◦

and 70◦. In this scenario, the source is low according to the
plane of the array. We observe that for the estimation of the
elevationθ , the 3D array always attains better performance
than the 2D array. In this case, this is always true if the value
of elevation satisfiedθ ≥ 62.2◦, because, we can easily prove
that

C3D
θθ

C2D
θθ

< 1⇔ θ > arctan
√

max
∆,φ

{Γ}. (9)

where Γ =
sin2 ∆((M2−1)−α(α2M2−1))

(1−cos∆cos2φ)4(1−α)((1−α)M+1)(2(1−α)M+1)
, α =

N1
M = 5

7, M = 7, θ ∈ [0◦,90◦], ∆ ∈ (0◦,180◦), φ ∈ [0◦,360◦].
On the contrary, there exists a value of∆ (around 23◦ in
this case), below which, the 3D array has better performance
than the 2D array for the azimuth estimation. This critical
value can be obtained by solving numerically the equation
C3D

φφ = C2D
φφ with respect to∆.

Fig. 4(b) shows the same curves, but for the value ofφ
andθ respectively equal to 50◦ and 30◦. In this scenario,
the source is high according to the plane of the array. In this
case, we should, contrary to intuition, choose the 2D array
over a certain limited of opening angle obtained by solving

numerically max
(

C3D
φφ = C2D

φφ ,C3D
θθ = C2D

θθ

)

.

5. CONCLUSION

In this paper the analytic expressions of CRB concerning az-
imuth and elevation of a single source under conditional ob-
servation model for both V-shaped array and its 3D exten-
sion is derived. Thanks to these results, an analysis of the
two geometries is provided. We found that the 2D isotropic
V-shaped array is always better than UCA in terms of estima-
tion performance concerning azimuth. We also conclude that
according to the source position in the space, below a certain
value of the opening angle of the array, the V-shaped 3D ex-
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Figure 4: Normalized CRB with respect to the opening angle
∆.

tension array is always better than the V-shaped array for the
same number of sensors with respect to estimation concern-
ing azimuth or elevation. In contrast to this result, we show
that there are values of∆ such that the V-shaped array has
better performance in terms of azimuth, while its 3D exten-
sion array obtains better performance in terms of elevation.

6. APPENDIX: PROOF OF (4)

The derivatives of theith element of the steering vector are
given by:

∂ai(θ ,φ)
∂θ =

2 jπρ i
λ (cosθ sinξ i cos(φ −ϕ i)−cosξ i sinθ )

×e

(

2 jπρ i
λ sinθ sinξ i cos(φ−ϕ i)+cosξ i cosθ

)

,
∂ai(θ ,φ)

∂φ = −
2 jπρ i

λ sinθ sinξ i sin(φ −ϕ i)

×e

(

2 jπρ i
λ sinθ sinξ i cos(φ−ϕ i)+cosξ i cosθ

)

.
(10)
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Let us assume thatN1 is an odd number. Since the two
branches of the V-shaped antenna are symmetric, then we
have:

N1

∑
i=1

ρ2
i e−2 jϕ i =

N1−1
2

∑
i=1

ρ2
i e−2 j ∆

2 +

N1−1
2

∑
i=1

ρ2
i e2 j ∆

2

=

N1−1
2

∑
i=1

ρ2
i

(

e− j∆ +ej∆)

= 2cos∆
N1−1

2

∑
i=1

ρ2
i = S1cos∆.

(11)

It is clear that the parameterξ i = π
2 for the sensors located

on the planexOywhile ξ i = 0 for the sensors located on the
orthogonal axis. Finally, applying (10) on (3) by using (11),
the numerators of the CRB are given by:

[C−1]11
CSNR

=
M
∑

i=1
ρ2

i (cosθ sinξ i cos(φ −ϕ i)−cosξ i sinθ )2

=
N1

∑
i=1

ρ2
i cos2 θ cos2 (φ −ϕ i)+

M
∑

i=N1+1
ρ2

i sin2 θ

= cos2θ
4

(

e2 jφ
N1

∑
i=1

ρ2
i e−2 jϕ i +e−2 jφ

N1

∑
i=1

ρ2
i e2 jϕ i

+2
N1

∑
i=1

ρ2
i

)

+sin2 θ
M
∑

i=N1+1
ρ2

i

= 1
4 cos2 θ

(

S1cos∆(e2 jφ +e−2 jφ)+2S1
)

+sin2 θS2

= 1
2S1cos2 θ (cos∆cos2φ +1)+S2sin2 θ ,

(12)
[C−1]22

CSNR
=

M
∑

i=1
ρ2

i (sinθ sinξ i sin(φ −ϕ i))
2

= sin2 θ
N1

∑
i=1

ρ2
i sin2 (φ −ϕ i)

= − 1
4 sin2 θ

(

e2 jφ
N1

∑
i=1

ρ2
i e−2 jϕ i +e−2 jφ

N1

∑
i=1

ρ2
i e2 jϕ i −2

N1

∑
i=1

ρ2
i

)

= − 1
4 sin2 θ

(

S1cos∆(e2 jφ +e−2 jφ)−2S1
)

= − 1
2S1sin2 θ (cos∆cos2φ −1) ,

(13)
and

[C−1]12
CSNR

= −
M
∑

i=1

(

ρ2
i sinθ sinξ i sin(φ −ϕ i)

× (cosθ sinξ i cos(φ −ϕ i)−cosξ i sinθ ))

= −sinθ cosθ
N1

∑
i=1

ρ2
i sin(φ −ϕ i)cos(φ −ϕ i)

= − 1
8 j sin2θ

(

e2 jφ
N1

∑
i=1

ρ2
i e−2 jϕ i −e−2 jφ

N1

∑
i=1

ρ2
i e2 jϕ i

)

= − 1
8 j S1sin2θ cos∆(e2 jφ −e−2 jφ)

= − 1
4S1sin2θ cos∆sin2φ .

(14)
The denominator of CRB is given by:

det[C−1]

C2
SNR

= [C−1]11[C
−1]22−[C−1]12[C

−1]21
C2

SNR

=
(1

2S1cos2 θ (cos∆cos2φ +1)+S2sin2 θ
)

×
(

− 1
2S1sin2 θ (cos∆cos2φ −1)

)

−
(

1
2S1sinθ cosθ cos∆sin2φ

)2

= − 1
4S2

1sin2 θ cos2 θ cos2 ∆cos22φ
+ 1

4S2
1 sin2 θ cos2 θ − 1

2S1S2sin4 θ (cos∆cos2φ −1)
− 1

4S2
1 sin2 θ cos2 θ cos2 ∆sin22φ

= sin2 θ
4

(

S2
1cos2 θ sin2 ∆ +2S1S2sin2 θ (1−cos∆cos2φ)

)

.
(15)
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ABSTRACT
This paper proposes to estimate the reliability of each
direction-of-arrival (DOA) estimate explicitly. Observed
spatial features, which give DOA estimates, are usually dis-
torted by acoustical noise and reverberation. Then, distorted
spatial features are filtered out by particle filters with a sys-
tem model, which describes sound source dynamics on spa-
tial state space. After particle filtering is carried out, set of
the weighted particles can be considered as the discrete ap-
proximation of the true spatial feature. It is reasonable that
particles with large weights concentrate around the true DOA
on spatial state space. In this paper, crest factor, skewness,
and kurtosis are calculated based on the second, third, and
forth order moments from the particle set for representing
how particles concentrate simply. It is confirmed that the
skewness confidence measure is the most suitable for esti-
mating DOA reliability under both directional and distributed
noise conditions.

1. INTRODUCTION

Direction-of-arrival (DOA) plays an important role in mul-
tichannel signal processing [1]. In the field of acoustical
signal processing, DOA contributes to achieve beamforming,
sound source separation, dereverberation, and voice activity
detection. DOA estimation has been a popular issue, but the
almighty approach has not been established yet until now.
Problems on background noise, reverberation, and multiple
target sources make DOA estimation challenging in the real
world. Observed spatial feature, which gives a DOA esti-
mate, is distorted by interferences. Filtering the spatial fea-
ture is indispensable for achieving robust DOA estimation.
Recently, particle filters are widely used for such purpose as
flexible non-linear filters [2]. Particle filters can deal with
non-linear models with non-Gaussian noises as system mod-
els and observation models. Particles are distributed time by
time according to a system model, and their weights are up-
dated by likelihood. We obtain better spatial features through
state estimation by particle filtering than observed spatial fea-
tures. Robust DOA estimation is achieved with particle filters
even under noisy and reverberant environments [3]-[6].

In this paper, we focus on estimating reliability of each
DOA estimate under noisy environments. Once we obtain a
DOA estimate with its reliability, advanced signal process-
ing can be applied for many applications. For example, in
case of noise reduction, spatial filtering is not suitable when

This study was partially supported by the Industrial Technology Re-
search Grant Program from the New Energy and Industrial Technology De-
velopment Organization (NEDO) of Japan, and the Grant-in-Aid for Young
Scientists (B) from the Ministry of Education, Science, Sports and Culture
of Japan.

a DOA estimate is not reliable, and then spectral subtraction
might be substituted for beamforming. It is also possible to
understand complexity of acoustic scene and estimate scene
change based on DOA reliability roughly. In this paper, dis-
crete approximation of a spatial feature is prepared in the
framework of particle filtering. Particles with weights are di-
verted from DOA estimation to reliability estimation. It is
the key to measure how convergent the particles are around
the true direction of a target sound source on spatial state
space. Descriptive statistics, which are calculated from a
set of weighted particles, are investigated as confidence mea-
sures for DOA estimates. Crest factor as the 2nd order statis-
tics, skewness as the 3rd order statistics, and kurtosis as the
4th order statistics are candidates as the confidence measures.
Feasibility of the higher-order statistical measures is exam-
ined for estimating the reliability of each DOA estimate un-
der both diffused and directional noise conditions.

Finally, advanced DOA estimation is proposed using the
higher-order statistical confidence measure. The author has
previously proposed a robust DOA finder with a sequentially-
updated noise model under noisy environments[7]. In this
paper, the noise model is adaptively switched over depend-
ing on reliability of each DOA estimate automatically. Ro-
bustness of DOA estimation with the adaptive noise model is
examined under time-variant noise conditions.

2. CONVENTIONAL DOA ESTIMATION

DOA of an acoustic signal can be estimated using stereo ob-
servations, x(t) ≡ (x1(t),x2(t)), which are signals observed
by spatially-separated two microphones.

x1(t) = h1(t)∗ s(t − τ1)+n1(t), (1)
x2(t) = h2(t)∗ s(t − τ2)+n2(t), (2)

where h1(t) and h2(t) are acoustical impulse responses be-
tween a target sound source and each of two microphones,
s(t) is the signal presented by the target sound source, and
n1(t) and n2(t) are background noises, respectively. Time
difference between τ1 and τ2 is the time difference of arrival
(TDOA). TDOA estimate gives a DOA estimate straightfor-
wardly on single-dimensional state space in [−90 degrees,
+90 degrees].

Conventional DOA finders employ cross-correlation-
based functions [8] or MUSIC spectra [9] as spatial features.
In this paper, a cross-correlation function is employed as a
non-parametric spatial feature, and the spatial feature can
be regarded as a probability distribution for DOA existence.
DOA estimate θ̂ is given as the direction with the maximum
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in the spatial feature p(θ |x).

θ̂ = argmax
θ

{p(θ |x)}. (3)

Difficulty in DOA estimation is caused by distortion on the
spatial feature p(θ |x) due to noise n(t) and room reverbera-
tion h(t). In this paper, we focus on the problem on noise.

3. DOA ESTIMATION WITH SOURCE DYNAMICS
MODEL

Knowledge on dynamics of a target sound source contributes
to obtain a robust spatial feature in adverse conditions. Pro-
vided that DOA estimation is performed frame by frame
independently, it is hard to obtain accurate DOA estimates
even under moderate noise conditions. Temporal trajectory
of DOA can be modeled by a state space model, and it is
estimated through state estimation procedure using particle
filters. Markov modeling of temporal DOA trajectory con-
tributes to yielding accurate and stable DOA estimates, as-
suming that the target sound source moves smoothly in be-
tween short-term frames. Here, random walk process is ap-
plied to model stochastic source movement as follows:

θk = θk−1 +νk, νk ∼ N(0,σ2), (4)

where θk represents the true DOA at the k-th time frame, and
ν means the zero-mean Gaussian noise with the variance σ2.

The true DOA trajectory and the sampled observations
up to the k-th frame is noted as follows.

θ1:k = {θ1,θ2, · · · ,θk}, (5)
x1:k = {x1,x2, · · · ,xk}. (6)

Spatial feature is prepared from a cross correlation function,
rxk(τ), and is normalized by half-wave rectification. The
half-wave rectified cross-correlation function ranges from 0
to 1. Now, the spatial feature, p(xk|θk), can be regarded as
likelihood.

p(xk|θk) ∝ max{rxk(τ), 0}. (7)

State estimation is formally done in a recursive form of
the posterior distribution, p(θ1:k|x1:k), as follows [2].

p(θ1:k|x1:k) ∝ p(θ1:k−1|x1:k−1)p(xk|θk)p(θk|θk−1). (8)

Sequential state estimation is carried out by particle filter-
ing in the Bayesian framework [2]. We employ a bootstrap
filter, which uses the system model as proposal [2]. DOA
estimation is performed with a filtered spatial feature by par-
ticle filtering, where weighted particles are sequentially up-
dated according to Eq. (8) as below.

STEP 0: (initial distribution)
To represent a distribution probability of the initial DOA
θ0, particles {z(l)

0 }M
l=1, where l = {1,2, · · · ,M} means the

particle index, are drawn in the single-dimentional spatial
domain according to an uniform distribution. Initially, each
particle has the same weight w0 = 1/M.

STEP 1: (filtering by CC likelihood)
Particles at the k-th frame are drawn from the system model
in Eq. (4), and weight for each particle is updated by the

likelihood in Eq (7) as follows:

z(l)
k ∼ p(θk|θ

(l)
k−1), (9)

w(l)
k = p(xk|θ

(l)
k ), (10)

where l = {1,2, · · · ,M}.

STEP 2: (resampling)
The particles {z(l)

k }M
l=1 are sampled with replacement in

proportion to the weight {w(l)
k }M

l=1 . The resampled parti-

cles are used as the proposal particle distribution {z(l)
k+1}

M
l=1

in the next (k+1)-th frame.

STEP 3: (finding DOA)
DOA is estimated by finding the peak of the filtered spatial
feature, which is obtained from the filtered, weighted par-
ticles {z(l)

k }M
l=1 convolved with Gaussian kernels.

STEP 4:
go to STEP 1.

4. STATISTICAL CONFIDENCE MEASURES FOR
DOA ESTIMATES

The author has previously proposed a confidence measure for
estimating reliability of each DOA estimate [10]. It is im-
portant for estimating DOA reliability to measure how con-
vergent the particles with large weights are around the true
direction of a target sound source on the spatial state space.
Effective sample size (ESS),

ESSk =
1

∑M
l=1{w(l)

k }2
, (11)

which had been originally proposed for deciding necessity of
the resampling process in particle filtering [11], has been di-
verted to a DOA reliability measure. It represents how much
particles are concentrated in the spatial domain. Feasibil-
ity of the ESS-based confidence measure has been confirmed
under diffused noise conditions [10].

In this paper, availabilities of well-known higher-order
descriptive statistics are also investigated for measuring reli-
abilities of DOA estimates. To measure the degree of con-
vergence of weighted particles, crest factor as the 2nd order
statistics, skewness as the 3rd order statistics, and kurtosis
as the 4th order statistics are calculated from the weighted
particles in Eq. (10). They are defined using the mean,
wmean = 1

M ∑M
l=1 w(l)

k , and the root mean square, wrms =√
1
M ∑M

l=1{w(l)
k }2, of the weighted particles as follows.

Crest factor:

CrestFactork =
w(lmax)

wrms
, (12)

where lmax = argmax
l

{w(l)} for l = {1,2, · · · ,M}.

Skewness:

Skewnessk =
1
M

M

∑
l=1

{w(l) −wmean}3

w3
rms

. (13)
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Kurtosis:

Kurtosisk =
1
M

M

∑
l=1

{w(l) −wmean}4

w4
rms

. (14)

5. PERFORMANCE EVALUATION OF THE
PROPOSED CONFIDENCE MEASURES
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Fig. 1. True DOAs and two kinds of DOA estimates, er-
rors in DOA estimation with particle filtering, and SNR in
each frame are given in upper, middle, and lower panels
under diffused noise condition.

Feasibility of the crest factor, skewness, kurtosis, and
ESS are examined as DOA confidence measures. The target
signal, which was a female speech from the TI-digit speech
database, was re-recorded using a paired-microphone with
the spacing of 0.10 m in a sound-proofed room. The tar-
get sound source moved smoothly and continuously. In this
paper, feasibility of each confidence measure is investigated
individually under either diffused or directional noise condi-
tion. The diffused noises were channel-independent, white
Gaussian noises. In the directional noise condition, another
white Gaussian noise was generated at the direction of −15
degrees. 500 particles were used for particle filtering, that
is, M = 500. The system noise in Eq. (4) is optimized in
advance using the above data.

Figures 1 and 3 show the true DOAs, DOA estimates by
the conventional cross-correlation method in Section 2 and
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Fig. 2. ESS, crest factor, skewness, and kurtosis are given for
each DOA estimate under diffused noise condition.

the robust method with the source dynamics model in Sec-
tion 3 in the upper panels, errors in DOA estimation by the
robust method in the middle panels, and signal-to-noise ra-
tios in the lower panels, for diffused and directional noise
conditions, respectively. Both noises appeared during from
the 11th frame to the 20-th frame, and were added into the
recorded target signal later in a computer. Figures 2 and 4
give ESS, crest factor, skewness, and kurtosis in each frame
under diffused and directional noise conditions, respectively.

From Figs. 2 and 4, it is considered that the ESS con-
fidence measure is not suitable under directional noise con-
ditions. Behavior of the crest factor is similar to that of the
ESS. The skewness value bears a close resemblance to the
kurtosis value in both noise cases. Comparing the behavior
at the 11th frame in the directional noise condition in Fig. 4,
the skewness has slight advantage over the kurtosis as a DOA
confidence measure. Those trends are preserved in real noise
conditions: stationary car interior noise and non-stationary
factory floor noise.
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Fig. 3. True DOAs and two kinds of DOA estimates, er-
rors in DOA estimation with particle filtering, and SNR in
each frame are given in upper, middle, and lower panels
under directional noise condition.

We discuss why the confidence measure based on skew-
ness of a spatial feature is the most suitable. First of all, the
confidence measures based on the second order statistics do
not work well under directional noise conditions as shown
in Fig. 4. In the case of the kurtosis confidence measure, it
evaluates the sharpness of the distribution of a spatial feature,
and does not take the Gaussianity of the distribution into ac-
count. The skewness confidence measure can evaluate both
the sharpness and the asymmetry of a spatial feature. There-
fore, the skewness confidence measure is the most suitable
for estimating the reliability of each DOA estimate theoreti-
cally.

6. APPLICATION TO ROBUST DOA ESTIMATION

Robust DOA estimation can be achieved relying on DOA
reliability given by the skewness confidence measure, be-
cause the proposed method uses amplitude spectrum of back-
ground noise for estimating the dominant frequency of the
target speech signal [7]. In the previous method [7], the noise
model is updated compulsory by beamforming with a DOA
estimate.

Noise model is adaptively updated based on both exis-
tence probability of a target signal and reliability of a DOA
estimate as shown in Table 1. In other words, estimation of

0 5 10 15 20 25 30
0

0.005

0.01

0.015

0.02

E
S

S

# frame (time)

0 5 10 15 20 25 30
1

1.5

2

2.5

3

3.5

C
re

st
 F

ac
to

r

# frame (time)

0 5 10 15 20 25 30
−0.1

0

0.1

0.2

0.3

S
ke

w
ne

ss

# frame (time)

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

K
ur

to
si

s

# frame (time)

Fig. 4. ESS, crest factor, skewness, and kurtosis are given for
each DOA estimate under directional noise condition.

noise spectrum is performed by noise reduction. In the view
point of noise reduction, either spectral subtraction or beam-
forming is properly employed based on reliability of a DOA
estimate as shown in Table 2.

The adaptive noise reduction method is incorporated into
DOA estimation. As the performance of the advanced DOA
finder with the adaptive noise model, DOA estimates are
given by a blue line in Fig. 5. In Fig. 5, the true DOA
trajectory and DOA estimates by the previous method [7] are
also plotted by black and red lines, respectively. The tar-
get speech signal is female utterances in the TI-digit speech
database [12] . Noise scenarios is as follows. Factory floor
noise [13] is presented in the whole section, and some sudden
white noises appeared around 150th-250th and 450th-550th
frames. It is obvious that the proposed adaptive noise model
contributes to improve noise robustness in DOA estimation.
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Signal DOA reliability Noise model
no - Update using observation
yes low Nothing to do
yes high Update by beamforming

Table 1. Adaptive scheme for updating noise model based
on both signal existance probability and reliability of DOA
estimate.

Signal DOA reliability Noise reduction
no - Nothing to do
yes low Spectral subtraction
yes high Beamforming

Table 2. Adaptive noise reduction for updating noise model.

7. CONCLUSIONS

This paper proposed some kinds of confidence measures for
estimating reliability of a DOA estimate under noisy environ-
ments. Degree of sharpness of the main-lobe in a spatial fea-
ture was represented by each of descriptive statistics, which
are crest factor, skewness, kurtosis as the second, third, and
fourth order moments, for weighted particles in particle fil-
tering. Feasibility of the crest factor, skewness, kurtosis be-
sides the effective sample size are investigated as confidence
measure for measuring reliabilities of DOA estimates under
diffused and directional noise conditions. The skewness con-
fidence measure was the most suitable for estimating the re-
liability of each DOA estimate. It is also confirmed that the
DOA confidence measure contributes to improve noise ro-
bustness in DOA estimation. In future, the proposed DOA
confidence measures will be tested under various kinds of
noise conditions.
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ABSTRACT

These two last decades, Higher Order (HO) High Resolu-
tion (HR) Direction Finding (DF) algorithms, such as 2q-
MUSIC (q ≥ 1 ), exploiting the information contained in the
HO circular cumulants of the data, have been developed for
non Gaussian sources to overcome some limitations of second
order (SO) methods. However, for 2q-th order noncircular
sources such as M−PSK sources with M ≤ 2q, strong gains
in performance may be obtained by taking into account the
information contained in both the 2q-th order circular and
noncircular cumulants of the data, giving rise to noncircular
2q-th order DF algorithms. As Noncircular HO DF methods
are very scarce, the purpose of this paper is to introduce and
to analyze some performance of the NonCircular 2q-MUSIC
(NC-2q-MUSIC) method (q ≥ 1), for mixtures of arbitrary
sources ( 2q-th order circular or not), typical of operational
contexts.

1. INTRODUCTION

Angle Of Arrival (AOA) estimation using an array of sen-
sors finds applications in many fields, such as radar, sonar
and wireless communications in particular. For more than
two decades, HO high resolution DF methods, exploiting the
information contained in the HO circular cumulants of the
data, have been developed for non Gaussian sources [12] to
overcome some limitations of SO methods such as MUSIC
[13]. Among these methods, the 2q-MUSIC method (q ≥ 1)
[5], which exploits the information contained in the circu-
lar 2q-th order cumulants of the data [2], [11] is probably
the most popular. This method may process a number of
sources greater than the number of sensors and has a reso-
lution and a robustness to modelling errors which increases
with q [5]. However, for 2q-th order noncircular sources such
as M -PSK sources with M ≤ 2q, omnipresent in radio com-
munications contexts, the information contained in the 2q-th
order circular cumulants of the data is not exhaustive and
some information is also contained in the 2q-th order noncir-
cular cumulants of the data. In such conditions, strong gains
in performance may be obtained by taking into account the
information contained in both the 2q-th order circular and
noncircular cumulants of the data, giving rise to noncircular
2q-th order DF methods. Several noncircular DF methods
have been developed this last decade at the SO (q = 1),
mainly for rectilinear sources [3], [8], [9] except [1] which
also considers the case of nonrectilinear sources. However,
for q > 1, only one noncircular DF method, presented in [10],
seems to be available but under the restrictive condition of
rectilinear sources. The purpose of this paper is to over-
come this limitation by introducing and by analyzing some
performance of the noncircular 2q−MUSIC (NC-2q-MUSIC)

This work was carried out in part within the framework of
Decotes research project (ANR06-BLAN-0074).

method, for mixtures of arbitrary sources (2q-th order cir-
cular or not), typical of operational contexts. The develop-
ment of the NC-2q-MUSIC method for arbitrary noncircular
sources is based on a new tool introduced in this paper and
corresponding to the decomposition of a source in a finite
or infinite number of rectilinear sources. The problem is
formulated in section 2. Higher order statistics of the data
jointly with the new tool are introduced in section 3. The
NC−2q−MUSIC algorithm for arbitrary sources is presented
in section 4. Computer simulations showing off the interest
of the proposed method are presented in section 5. Section
6 concludes the paper.

2. MODEL AND PROBLEM FORMULATION

Let us assume that a noisy mixture of P narrow-band sources
of AOAs Θi, 1 ≤ i ≤ P , is received by an array of N sensors.
The associated observation vector, x(t), whose components
xn(t), 1 ≤ n ≤ N , are the complex envelopes of the signals
at the output of the sensors, is then given by

x(t) =

P∑
i=1

a (Θi) mi(t) + n(t), (1)

where n(t) is an additive noise vector which is supposed to
be spatially white, circular and Gaussian, and mi(t) is the
complex envelope of the ith source and a (Θ) is the array
response in direction Θ (or steering vector). In the case of
plane wave and homogeneous array, this steering vector is

a (Θ) =




a1 (Θ)
...

aN (Θ)


 with an (Θ) = exp

(
j

2π((pn)T k(Θ))
λ

)

(2)
where pn and k (Θ) are the location vector of the nth an-
tenna and the wave vector respectively such that

k (Θ) =

[
cos (θ) cos (∆)
sin (θ) cos (∆)

sin (∆)

]

where θ and ∆ are the azimuth and elevation angles re-
spectively. To simplify the following analysis, the signals
mi(t) are assumed to be statistically independent, but no
particular assumption is made on their circular or noncircu-
lar properties contrary to [10]. The purpose of this paper is
to develop an extension of the 2q-MUSIC (q ≥ 1 ) algorithm
which takes benefit of the potential SO or HO noncircular-
ity of the sources but which can also be adaptable to any
circular sources. To this aim we analyze in section 3 the al-
gebraic structure of the HO statistics of the extended data
x̃(t) = [ x(t)T x(t)H ]T , where (.H) and (.T ) denote the
transpose conjugate and transpose symbols respectively and
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we derive from this analysis the NC-2q-MUSIC algorithm in
section 4. Impact of modelling errors on the NC-2q-MUSIC
algorithm will be presented elsewhere.

3. FULL 2Q-TH ORDER STATISTICS OF THE
DATA

We present in this section the full 2q-th order statistics of the
data and we analyze some properties of the latter, required
to develop the NC-2q-MUSIC algorithm in section 4.

3.1 Full 2q-th order statistics of x(t)

The full 2q-th order statistics of x(t) correspond to the set
of both the circular and the noncircular 2q-th order cumu-
lants of x(t), i.e. to the circular 2q-th order cumulants of
the extended vector x̃(t). According to (1) and the fact

that mi(t) = (hIQ)H mi(t) where (hIQ)H = [ 1 j ] and

mi(t)
T = [ real (mi(t)) imag (mi(t)) ], the signal x̃(t) can

be written as

x̃(t) =

P∑
i=1

A (Θi) mi(t) + ñ(t) (3)

where

A (Θi) =

[
a (Θi)h

H
IQ

a (Θi)
∗ hT

IQ

]
=

[
a (Θi) ja (Θi)
a (Θi)

∗ −ja (Θi)
∗

]

(4)
∗ means conjugate and ñ(t) = [ n(t)T n(t)H ]T . Note
that matrix A (Θi) of (4) has the following properties

1. A (Θi)
H A (Θi) =

(
a (Θi)

H a (Θi)
)
× I2 (5)

2. A (Θi)
∗ = TA (Θi) with T =

[
0 IN

IN 0

]
(6)

Thus, the columns of A (Θi) are orthogonal and
the matrices A (Θi)

∗ and A (Θi) are equal through
a permutation matrix. The circular 2q-th or-
der statistics of x̃(t) correspond to the elements
< cum

(
x̃i1 (t) , ..., x̃iq (t) , x̃iq+1 (t)∗ , ..., x̃i2q (t)∗

)
> for

(1 ≤ ij ≤ 2N), where x̃j (t) is the j−th component of x̃(t),
the symbol <.> corresponds to the time-averaged operation
and cum (.) the cumulant. In a similar way as for the
2q−th-order circular cumulants of the vector x(t), the latter
entries can be arranged in the C2q,x̃ matrix in different ways,
indexed by the same integer l such that (1 ≤ l ≤ q) [5]. How-
ever, we easily deduce from (6) that all the arrangements in
the C2q,x̃ matrix are equivalent and we choose for the fol-
lowing the natural arrangement defined by C2q,x̃ (I, J) =<
cum

(
x̃i1 (t) , ..., x̃iq (t) , x̃iq+1 (t)∗ , ..., x̃i2q (t)∗

)
> with

I = L0 and J = Lq where

Ll =

q∑

k=1

Nq−k (il+k − 1) + 1 (7)

The NC-2q-MUSIC method presented in section 4 has to ex-
ploit the information contained in C2q,x̃. Under the previous
assumptions, we deduce from (3) that in the presence of sta-
tistically independent signals mi(t), the matrix C2q,x̃ can be
written as

C2q,x̃ =
P∑

i=1

A (Θi)
⊗q C2q,mi

(
A (Θi)

⊗q)H
+ C2q,ñ

(8)
where C2q,ñ = σ2I2δ (q − 1), δ (.) is the Kronecker symbol,
⊗ the Kronecker product, σ2 the power of the noise per

sensor, C2q,mi is the 2q-th order statistical matrix of mi(t)
and A⊗q = A ⊗ · · · ⊗ A with q − 1 kronecker products.
To get more insight into the signal and noise subspaces of
C2q,x̃, it is necessary to analyze the algebraic structure, and
in particular the rank, of both the 2q×2q matrix C2q,mi and
the (2N)q × 2q matrix A (Θi) .

3.2 Algebraic structure of C2q,m

We analyze in this section the algebraic properties of
the time-averaged 2q-th order statistical matrix C2q,m of
m(t)T = [ real (m(t)) imag (m(t)) ] = [ u1(t) u2(t) ]
associated with the complex envelope m(t) = u1(t) + ju2(t),
where u1(t) and u2(t) are real-valued quantities. Let us
recall that the elements of C2q,m are the quantities <
cum

(
ui1 (t) , ..., uiq (t) , uiq+1 (t) , ..., ui2q (t)

)
> for (1 ≤ ij ≤

2).These elements are arranged in the C2q,m matrix in a
natural way described in the previous section for N = 2.
The main purpose of this section is to evaluate the potential
rank of C2q,m for a given m(t). To this aim, two methods are
considered. The first one consists to evaluate the number of
different rows of C2q,mwhereas the second one deduces the
rank from available results about the generic rank of q−th
order real tensors.

3.2.1 Method 1 : Evaluation of the number of different
rows of C2q,m

The row I = L0 of C2q,m is associated with the q−uplet
(i1, . . . , iq) through (7) with N = 2. As the 2q-th order cu-
mulants are invariant by any permutation of the indices, we
deduce that when two q−uplets (i1, . . . , iq) and (j1, . . . , jq)
are invariant by permutation, the associated rows are iden-
tical. Such two q−uplets will be qualified as redundant
q−uplets. Then the maximal number of different rows of
C2q,m corresponds to the number of nonredundant q−uplets
of indices (i1, . . . , iq). As the cumulants and the multiplica-
tion operation have the same permutation invariance prop-
erty, the maximal number of nonredundant rows of C2q,m

also corresponds to the maximal number of nonredundant
products ui1 (t) × ... × uiq (t), i.e. the maximal number of

nonredundant components of m(t)⊗q. It is then straightfor-
ward to verify that, for arbitrary nonzero signals u1 (t) and
u2 (t), the nonredundant elements of m(t)⊗q corresponds to

the (q+1) elements u1 (t)q−I+1 u2 (t)I−1 for 1 ≤ I ≤ q+1. A
similar reasoning may be done for the columns of C2q,m. We
deduce from this analysis that the maximal value of the rank
of C2q,m is (q + 1) and this rank is reached in particular for
circular source. At the opposite for noncircular sources, the
rank of C2q,m may decrease below (q +1). It is in particular
the case for a rectilinear source for which u1 (t) and u2 (t)
are proportional (u2 (t) = α u1 (t), where α is a real scalar).

In this case, the (q + 1) elements u1 (t)q−I+1 u2 (t)I−1 for
1 ≤ I ≤ q +1 correspond to the (q +1) elements αI−1u1 (t)q

, which are all proportional to u1 (t)q. Then the (q+1) asso-
ciated rows of C2q,m become also proportional and the rank
of C2q,m is only 1. As a summary we obtain

1 ≤ rank (C2q,m) ≤ q + 1 (9)

Note that the relation between m(t)⊗q and the associated
non-redundant vector m̄(t) is

m(t)⊗q = Γq
2q,q+1 m̄(t)q (10)

Γ2q,q+1 =
(
I2 ⊗ Γ2q−1,q

) [
Iq 0q,1

0q,1 Iq

]
(11)

where m̄(t)q (I) = u1 (t)q−I+1 u2 (t)I−1 and Γ2q,q+1 is a
(2q) × (q + 1) full rank matrix composed by 0 and 1 where
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Γ1,1 = I2.The relation between C2q,m and the matrix
C2q,m̄

IQ
composed by the non redundant elements of C2q,m

is then
C2q,m = Γ2q,q+1C2q,m̄

IQ

(
Γ2q,q+1

)T
(12)

3.2.2 Method 2 : Exploitation of results about generic rank
of 2q-th order real tensors

Expression (9) can be obtained from available results about
the generic rank of q−th order real tensors. Indeed, accord-
ing to [6], the maximal number of components of a q−th or-
der real tensor with indices (i1, ..., iq) such that i1 ≤ ... ≤ iq
and 1 ≤ ik ≤ N is

D(q, N) = Cq
N+q−1 =

(N + q − 1)!

q! (N − 1)!
. (13)

This is equivalent to identify the number of q−sets (i1, ..., iq)
such that (i1 ≤ ... ≤ iq) and (1 ≤ ik ≤ N). Applying
this result for N = 2, we obtain the maximal number of
components of C2q,m, given by D(q, 2) = q + 1.

3.3 Concept of 2q-th order k–IQ-rank source

The results of section 3.2 show that depending on the 2qth-
order correlation between the real and imaginary parts of
a given complex envelope m(t) = u1(t) + ju2(t), the latter
generates a rank k which may be comprised between 1 and
(q+1) in the 2q−th order covariance matrix C2q,m of m(t) =
[ u1(t) u2(t) ]T . As the components of m(t) are the I and
Q components of m(t), we qualify such a source as a 2q−th
order k − IQ−rank source.

A particular family of 2q-th order k − IQ−rank source
corresponds to the family of k−rectilinear sources with (1 ≤
k ≤ q + 1), whose complex envelope m(t) corresponds to a
mixture of k statistically independent rectilinear sources i
(1 ≤ i ≤ k). Indeed, for such a source, assuming that the
complex envelope of the ith rectilinear source is proportional
to the real signal vi(t), the complex envelope m(t) can be
written as

m(t) =
k∑

i=1

vi(t) exp (jΦi) = h (Φ)H v(t) (14)

where the signals vi(t) are real and statistically inde-
pendent, Φi is the phase of the ith source and where
h (Φ)H = [ exp (jΦ1) · · · exp (jΦk) ] and v(t)T =
[ v1(t) · · · vk(t) ].

Note that the complex envelope m(t) of an arbitrary
source can be written as (14) with k = 2 where v1(t) = u1(t),
v2(t) = u2(t), Φ1 = 0, Φ2 = π/2 and where u1(t) and u2(t)
are not necessarily statistically independent. In this context

m(t) = v(t)

(hIQ)H = h
(
[ 0 π/2 ]

T
)H (15)

A particular example of k-rectilinear source is the Phase
Shift Keying (PSK) modulated source with 2k states, called
2k−PSK source. A k−rectilinear source such that k ≥
q + 1 is a 2q-th order (q + 1) − IQ−rank source. A
2q−th order circular source [2], [11] m(t), for which <
cum[m(t)ε1 , · · · , m(t)εl , m(t)εl+1 , · · · , m(t)ε2q ] > is zero for
l 6= q , where εi = 1 for (1 ≤ i ≤ l) and εi = −1 for
(l+1 ≤ i ≤ 2q) with the convention m1 = m and m−1 = m∗,
is a 2q-th order (q +1)− IQ−rank source. As a consequence
of this result, a 2q-th order k−IQ−rank source with k < q+1
is necessarily a 2q−th order noncircular source.

For example a BPSK source or a ASK source, which
are rectilinear sources, are 2q-th order 1 − IQ−rank source

and 2q−th order noncircular sources whatever the value q.
A QPSK source, which is a 2−rectilinear source (or a bi-

rectilinear source), is a 2nd order 2 − IQ−rank and circu-
lar source and a 2q−th order 2 − IQ−rank and noncircular
source for q > 1. A source m(t) for which u1(t) = real(m(t))
and u2(t) = imag(m(t)) are statistically independent is a
2−rectilinear source, as shown by (15), and is then necessar-

ily 2q−th order noncircular for q > 1 and is also 2nd order
noncircular if E[u1(t)

2] 6= E[u2(t)
2].

3.4 Alternative expression of C2q,x̃

In order to estimate the angle Θi of the source with a MU-
SIC approach from C2q,x̃, the purpose of this section is to
analyze the signal subspace structure of the matrix C2q,x̃.
This analysis is difficult for arbitrary sources and will be
presented elsewhere. In this paper, we limit the analysis to
mixtures of either ki−rectilinear sources with ki ≤ q +1 or
general 2q−th order (q + 1)− IQ−rank source.

3.4.1 Case of P ki-rectilinear sources with ki ≤ q + 1

In the presence of ki−rectilinear statistically independent
sources such that ki ≤ q + 1 for (1 ≤ i ≤ P ) the signal
mi(t) is given by (14) where m(t), k, v(t) are replaced by
mi(t), ki, vi(t) respectively. Under this assumption, it is
straighforward to verify that C2q,x̃ can be written as

C2q,x̃ =
P∑

i=1

ki∑
l=1

c2q,vilb (Θi, Φil)
⊗q (

b (Θi, Φil)
⊗q)H

+C2q,ñ

(16)
where c2q,vil is the time average of the 2q−th order cumulant
of the lth component of vi(t) and

b (Θ, Φ) =

[
a (Θ) exp (jΦ)
a (Θ)∗ exp (−jΦ)

]
. (17)

Expression (16) shows that vectors b (Θi, Φil)
⊗q for (1 ≤

l ≤ ki)(1 ≤ i ≤ P ) span the signal subspace of C2q,x̃, whose
rank r is such that

P ≤ r =

P∑
i=1

ki ≤ P (q + 1)

provided that vectors b (Θi, Φil)
⊗q are linearly independent.

3.4.2 Case of P 2q−th order-(q + 1)− IQ−rank source

In the presence of P statistically independent sources, we
deduce from (3) that C2q,x̃ is given by (8) where A (Θi) =
[ b (Θi, 0) b (Θi, π/2) ]. Using (9) (10) and (12), we de-
duce that the signal subspace of C2q,x̃ is spanned by the
columns of matrices (A(Θi)

⊗q) × Γq
2q,q+1 for 1 ≤ i ≤ P .

In the presence of P sources which are 2q−th order-
(q + 1) − IQ−rank, it is possible to show that the signal
subspace of C2q,x̃ is spanned by particular linear combina-

tions of the columns of A (Θi)
⊗q which contain [b (Θi, 0)⊗q

and b (Θi, π/2)⊗q] for (1 ≤ i ≤ P ) because the rank of
Γq

2q,q+1 is q + 1.

A consequence of the results of this section 3.4 is that
for each source i of an arbitrary mixture of statistically
independent 2q−th order-(q + 1) − IQ−rank source and
k−rectilinear sources such that ki ≤ q + 1 , vector of the
kind b (Θi, Φil)

⊗q belong to the signal subspace for each
source i.
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4. THE NC-2Q-MUSIC ALGORITHMS

4.1 The NC1-2q-MUSIC algorithm

As vectors of the kind b(Θi, Φij)
⊗q for (1 ≤ i ≤ P ) belong to

the signal subspace of C2q,x̃ for arbitrary mixtures of 2q−th
order-(q + 1) − IQ−rank and ki−rectilinear sources such
that ki ≤ q +1, we conjecture about the fact that this result
remains true whatever the kind of sources in the mixture
(this conjecture seems to be verified by simulations). In this
context, the directions Θi and the phases, Φij , can be es-
timated with a MUSIC like algorithm [5], giving rise to the
NC1− 2q−MUSIC algorithm defined by

(
Θ̂i, Φ̂ij

)
= min

(Θ,Φ)
(J (Θ, Φ)) (18)

J (Θ, Φ) =

(
b (Θ,Φ)⊗q)H

Π2q b (Θ,Φ)⊗q

(
b (Θ,Φ)⊗q)H

b (Θ,Φ)⊗q
(19)

where Θ is the vector of AOA of a source (azimuth and site),
Φ is a scalar phase term and Π2q is the orthogonal projector
on the noise subspace of C2q,x̃ defined by

Π2q =

(2N)q∑

k=K+1

ei (ei)
H

where ei are the eigenvectors of C2q,x̃ associated to the
smallest eigen values and K is the rank of C2q,x̃. The imple-
mentation of this algorithm requires a search on the phases
and AOA parameters, which may be associated with a high
complexity.

4.2 The NC2-2q-MUSIC algorithm

In order to reduce the computation cost of NC1-2q-MUSIC
algorithm, we may prefer to estimate the phases directly
from de AOA of the sources and to use an algorithm,
called NC2− 2q−MUSIC algorithm, which only implements
a search procedure in AOAs. It can be shown that the 2qth

order steering vector b (Θ,Φ)⊗q can be rewrite as

b (Θ, Φ)⊗q = Uq (Θ) eq (Φ) (20)
{

Uq (Θ) =
[

b (Θ)q,0 · · · b (Θ)q,q
]

eq (Φ) =
[

zq zq−2 · · · z−q
]T

where z = exp (jΦ) and

b (Θ)q,k = Uq,k

(
a (Θ)⊗q−k ⊗ (a (Θ)∗)⊗k

)
(21)

where Uq,k are (2N)q × (q + 1) permutation matrices. Ac-
cording to [7], the criterion of (18) can be reduced to

Θ̂i = min
(Θ,Φ)

(Jopt (Θ)) (22)

Jopt (Θ) =
det (Qq,1 (Θ))

det (Qq,2 (Θ))
(23)

where

Qq,1 (Θ) = (Uq (Θ))H Π2q Uq (Θ)

Qq,2 (Θ) = (Uq (Θ))H Uq (Θ)

The criterion is then reduced to an AOA optimization.

4.3 Identifiability

We evaluate in this section the maximal number of sources
that can be processed by the NC1 − 2q−MUSIC algorithm.
This maximal number is obtained when all the sources are
rectilinear. In this case, the HO Virtual Array (VA) the-
ory presented in [4] for the 2q−th order circular statistics
of x(t) can be easily extended to the 2q−th order circular
statistics of x̃(t) and will be presented elsewhere. Using this
extension and noting NNC

2q the number of different virtual
sensors (VSs) of the VA for the NC 2qth-order array pro-
cessing problem, it can be shown that

NNC
2q =

q∑
l=0

N l
2q

where N l
2q is the number of different VSs of the VA associ-

ated with the circular 2qth-order array processing problem
for the lth arrangement [4]. In practical applications, this
number depends on the structure of the array manifold. In
particular, when the array manifold has no particular struc-
ture, which is the case when there is a strong coupling be-
tween the array and the metallic support on which the array
is installed (plane. . . ) it is possible to show that

NNC
2q ≤ NNC

2q,max (US) =
q∑

l=0

D(q − l, N)×D(l, N)

where US means UnStructured and D(q, N) is defined by
(13). When the array manifold has a particular structure,
without mutual coupling and coupling between the array and
the metallic support, the upper bound NNC

2q,max (S), where S

means structured, becomes lower than NNC
2q,max (US).

In all cases, the maximal number of sources which may
be processed by the NC1− 2q−MUSIC algorithm is Pmax =
NNC

2q −1 rectilinear sources. For k−rectilinear sources such

that k ≤ q + 1, we obtain Pmax = (NNC
2q − 1)/k.

5. SIMULATIONS

We illustrate in this section the performance of the NC2 −
2q−MUSIC algorithm for q = 2. To this aim we consider a
mixture of P = 2 statistically independent sources, having
the same power and impinging on a uniform circular array
of N = 3 sensors with a radius R = 0.2λ, where λ is the
wavelenght. The angles of arrival of the two sources are
Θ1= (θ1 = 60◦, ∆1 = 0◦) and Θ2= (θ2 = 90◦, ∆2 = 0◦)
whereas their phases are such that Φ1 = 0◦ and Φ2 = 45◦

respectively. The signals are n − PSK signals with the
same square pulse shaped filter and with a symbol duration
Ts = 2Te where Te is the sample period. The first source
is a BPSK(n = 2) source, whereas the second source is ei-
ther a BPSK, a QPSK(n = 4) or a 8-PSK(n = 8) source.
Under these assumptions Figures 5 and 2 show respectively
the variations of the probability of acceptable estimate and
the Root Mean Square error (RMSE) of the AOA estimate
of the source 2 and 1 respectively as a function of the SNR
of the sources when either the classical 4 −MUSIC or the
NC2−4−MUSIC algorithm is used. Let us recall that the
probability of acceptable estimate for the source p is defined

by Pp = Pr(Jopt(θ̂p) < η) where η = 0.1 is a threshold that
remove the outliers, whereas the RMSE RMSp for the source

p is defined by (RMSp)2 = E[(θ̂p − θp)2|Jopt

(
θ̂p

)
< η]. For

the simulations, the 4th order statistics are estimated from
K = 1000 snapshots x(tk) for (1 ≤ k ≤ K) and the num-
ber of realizations is L = 200. Note the capability of the
NC2 − 4 − MUSIC algorithm to estimate the AOA of all
the sources in the mixture, even nonrectilinear sources, and
the better performances of this algorithm with respect to
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4−MUSIC for both 4th-order noncircular sources (BPSK,
QPSK) and circular (8-PSK) sources.
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Figure 1: Performances of a source (BPSK, QPSK or 8-PSK)
of direction θ2 = 90◦ and phase Φ2 = 45◦ in presence of a
BPSK of direction θ1 = 60◦ and phase Φ1 = 0◦. Comparison
between the classical and non-circular MUSIC-4 algorithms.

6. CONCLUSIONS

In this paper, two noncircular 2qth order extensions of the
2q−MUSIC algorithm have been presented for q ≥ 1 with-
out any assumption about the noncircularity properties of
the sources not limited to PSK sources. For a given array
of sensors and a given value of q, these NC extensions allow
to process much more sources than the 2q−MUSIC algo-
rithm and improve the performance of AOA estimation for
2qth-order NC sources, not necessarily rectilinear. To our
knowledge, the proposed algorithms are the first algorithm
which can both take benefit of the potential noncircularity
of the sources and accommodate with circular sources and
this is true for arbitrary value of q.
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ABSTRACT
The Problem of non-cooperative narrowband sources loca-
tion is often solved by estimating many parameters, among
them one can cite the angle of arrival (AOA), the time of ar-
rival (TOA) or the frequency of arrival (FOA). To the best of
our knowledge most of the techniques are using separately
estimated location parameters on several stations. Since they
do not take into account that the observed signals on the sta-
tions comes from the same emitters, they are suboptimal.
They lead to ambiguïties especially in multi-emitter context.
Based on the narrowband assumption on the whole sensor
network, composed of the multiple base stations, the pro-
posed method relies on a centralised processing by means
of a stacked observation vector. As we simultaneously treat
all the signals collected in several stations, the correspond-
ing criterion treats all stations together and does not exhibit
ambiguities in presence of multiple emitters. For the sake of
simplicity, we will consider in this paper only two stations.
After having described the implementation of our algorithm,
simulations and Cramér-Rao Bounds illustrate the improve-
ment of our method compared to a classical AOA estimation
based algorithm performed on each station independently.

1. INTRODUCTION

AOA estimation has always been an intensive research
theme. In Radio-communication the problem of geolocation
thanks to an AOA estimation has been especially studied by
the array processing community [1]. As far as we know, less
efforts have been focused on direct non cooperative planar
geolocation. In order to locate an emitter most of the current
“classical” algorithms are estimating parameters that could
be AOA, TOA or FOA using different methods on separated
sensor network [2][3]. Since the emitters location is charac-
terised by at least two parameters, these parameters have then
to be associated for each emitter. Thus, on the one hand such
methods lead to ambiguïties (in presence of muliple emitters)
and on the other hand since the estimations are performed in-
dependently, the technique is suboptimal.

As far as we know less effort has been focused on the
simultaneous estimation of the location parameters, taking
into account that the signals received by all stations belong
to the same emitters. Previous studies [4, 5] provide new in-
sights on the location algorithm by means of a Direct Position
Determining (DPD) in presence of multiple stations. In this
article, focusing on the use of two multiple sensors stations,
we propose a new non-copertaive multiple emitter geoloca-
tion algorithm, on the line-of-sight context, considering that
the narrowband assumption can be performed on the whole
sensor network. Our goal is to highlight the advantages of

using an algorithm performing a simultaneous estimation of
the location parameters by means of an extending stacked
observation vector. In this article a practical implementation
including a second order steepest descent algorithm is pro-
posed. Finally, simulations and Cramer-rao Bounds (CRB)
underline the advantage of our algorithm compared to a clas-
sical method.

2. MODEL OF THE SIGNAL

We focus on the problem of locating multiple emitters on two
stations denoted A and B composed by NA and NB sensors,
respectively. Let xA(t) and xB(t) denote the observation vec-
tors collected on the two stations, and let us consider M nar-
rowband transmitters emitting unkown signals denoted sm(t)
(1≤m≤M). Assuming classically that both stations receive
narrowband signals, that is to say the emitter bandwith of the
emitter times the time delay of propagation accross each base
station is small, leads to

xA(t) =
M

∑
m=1

ρA,ma(αm)sm(t)+nA(t), (1)

xB(t) =
M

∑
m=1

ρB,mb(βm)e− j2π f0τmsm(t− τm)+nB(t), (2)

where a(.) and b(.) are the steering vectors (array responses)
of the stations A and B, without loss of generality, chosen so
as to possess the same norm. αm and βm denote the AOA
of the mth emitter on station A and B, respectively. ρA,m
and ρB,m denote unknown complex parameter standing for
the channel effect. nA(t) and nB(t) are additive gaussian
noises whose covariance matrix are σ2INA

and σ2INB
, re-

spectively, where IN denotes the N×N identity matrix. τm
includes the TDOA of the mth emitter between stations A
and B and the synchronisation time error between both sta-
tions. f0 stands for the carrier frequency.

Let us consider the following stacked observation vector

x(t) =
[

xA(t)
xB(t)

]
, (3)

and the stacked noise vector

n(t) =
[

nA(t)
nB(t)

]
. (4)

Now, we assume the narrowband assumption on the whole
sensor network, that is to say the product emitter bandwith
times time delay of propagation across both base station is
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considered as small. The following expression of xB(t) is
obtained

xB(t) =
M

∑
m=1

ρB,mb(βm)e− j2π f0τmsm(t)+nB(t). (5)

Thus,

x(t) =
M

∑
m=1

umsm(t)+n(t), (6)

where

um =

[
ρA,ma(αm)

ρB,me j2π f0τmb(βm)

]
. (7)

In order to define the following signal to noise ratio

SNR = 10log
(

E[sm(t)sH
m(t)]

σ2

)
, (8)

for the mth source, we will consider the following normal-
ized stacked steering vector :

u(α,β ,ψ,φ) =
1√

1+ψ2

[
a(α)

ψe jφb(β )

]
, (9)

where ψ and φ are unknown deterministic real parameters.
Since a(.) and b(.) have been chosen so as to have an equal
norm, the new stacked steering vector u(.) has a constant
norm. So it leads to

x(t) =
M

∑
m=1

u(αm,βm,ψm,φm)sm(t)+n(t). (10)

And finally a more compact expression is obtained

x(t) =A(ααα,βββ ,ψψψ,φφφ)s(t)+n(t), (11)

where
ααα = [ α1 ... αM ]

T
, (12)

βββ = [ β1 ... βM ]
T
, (13)

ψψψ = [ ψ1 ... ψM ]
T
, (14)

φφφ = [ φ1 ... φM ]
T
, (15)

A(ααα,βββ ,ψψψ,φφφ)= [ u(α1,β1,ψ1,φ1) ... u(αM,βM,ψM,φM) ] ,
(16)

s(t) = [ s1(t) ... sM(t) ]
T
. (17)

According to the equation (11) our goal is to perform the
simultaneous estimation of {(αm,βm),m ∈ [1,M]} and to de-
duce {(xm,ym),m ∈ [1,M]} the location of the emitters.

3. A NEW LOCATION ALGORITHM

Considering the model (11) a MUSIC [6] algorithm approach
is proposed. Let us first denote :

R= E[x(t)xH(t)], (18)

Rs = E[s(t)sH(t)], (19)

we have then

R=A(ααα,βββ ,ψψψ,φφφ)RsA
H(ααα,βββ ,ψψψ,φφφ)+σ

2I, (20)

So we propose to minimize the following criterion :

C(α,β ,ψ,φ) =
uH(α,β ,ψ,φ)ΠΠΠbu(α,β ,ψ,φ)

uH(α,β ,ψ,φ)u(α,β ,ψ,φ)
, (21)

where ΠΠΠb = I−UsUs
H and where the (NA+NB)×M matrix

Us consists of the M eigenvectors of the matrix correspond-
ing to the M largest eigenvalues of R. This would lead to a
4-Dimentionnal search whereas ψ and φ are undesired nui-
sance parameters. But it can be noticed that since

u(α,β ,ψ,φ) =U(α,β )ρρρ(ψ,φ), (22)

where

U(α,β ) =

[
a(αm) 0
0 b(βm)

]
, (23)

ρρρ(ψ,φ) =
1√

1+ψ2

[
1

ψe jφ

]
, (24)

a well known linear algebra result allow us to propose the
following reduced criterion :

C2(α,β )= λmin
{
UH(α,β )ΠΠΠbU(α,β )[UH(α,β )U(α,β )]−1} ,

(25)
where λmin(.) stands for the minimal eigenvalue. For the sake
of computational cost [7] and to avoid the full numerical op-
timisation of the criterion (25) we prefer to compute the fol-
lowing equivalent criteria :

Cr(α,β ) =
|UH(α,β )ΠΠΠbU(α,β )|
|UH(α,β )U(α,β )|

, (26)

where |.| stands for the determinant.
Indeed, as we will see in the section 4 the expression (26)

is well suited to obtain closed-form expresssion for the gradi-
ent and the Hessian requiered in a second order steepest de-
scent algorithm. The optimisation is performed through a 2-
Dimensional search, giving us for each emitter the estimated
location parameter couples

{
(α̂m, β̂m),m ∈ [1,M]

}
. Once

the AOA have been estimated the locations are estimated
thanks to following geometrical relations in the (AB,AC)
plane (where AC is orthonormal to AB ) :{

x = xA + ||AE||cos(α)
y = yA + ||AE||sin(α)

, (27)

where

||AE||= ||AB||
cos(α)− sin(α)

tan(β )

, (28)

and (xA,yA) and (xB,yB) denotes the location of the stations
A and B.

Our extended observation based method appears to be
unambiguous. Indeed, in presence of M emitters, when two
independant MUSIC algorithms are processed on each sta-
tion, M AOA are estimated on both stations leading to M2

possible emitter location. On the contrary the criterion (26)
exhibit directly only M solutions.
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4. PRACTICAL IMPLEMENTATION

The reduced criterion (26) suits well to the use of a second
order steepest descent algorithm. Denoting ΘΘΘ = [ α β ]

T

the parameter vector, at each step i we obtain an iterative
estimate

ΘΘΘi+1 = ΘΘΘi−λH−1(ΘΘΘi)∇∇∇(ΘΘΘi), (29)

where λ stands for the step size, H(ΘΘΘi) and ∇∇∇(ΘΘΘi) are re-
spectively the Hessian and the gradient of the criterion (26)
at the point ΘΘΘi. Well known formulas provide [1]:

[∇∇∇(ΘΘΘ)]k =
|M|

|UH(ΘΘΘ)U(ΘΘΘ)|
Tr
[
M−1Mk

]
, (30)

[H(ΘΘΘ)]kl =
|M|

|UH(ΘΘΘ)U(ΘΘΘ)|
(
Tr
[
M−1Ml

]
Tr
[
M−1Mk

]
,

−Tr
[
M−1MkM

−1Ml
]

+Tr
[
M−1Mkl

])
(31)

with
M=UH(ΘΘΘ)ΠΠΠbU(ΘΘΘ), (32)

Mk =
∂M

∂Θk
, (33)

Mkl =
∂ 2M

∂Θk∂Θl
, (34)

where 1≤ k, l ≤ 2 and Θk denotes the kth component of ΘΘΘ.
In order to initialize this second order steepest descent

algorithm we propose to take the result of two independant
MUSIC algorithm processed on each station independently,
providing us M2 possibilities. The M most appropriate cou-
ples are those providing the M lowest value of (26).

5. CRAMER-RAO BOUNDS

5.1 Cramer-Rao bounds on AOA for the stacked obser-
vations
We focus on unknown deterministic signals. Let us note the
following unknown parameter vector, where the term σ2 is
discarded :

ξξξ =
[
sT αααT βββ

T
ψψψT φφφ

T
]
, (35)

where ψψψ = [ ψ1 ... ψM ]
T , φφφ = [ φ1 ... φM ]

T , s is
the source signal vector s =

[
sT (1) ... sT (T )

]T and
T the number of samples. We can show by means of [8]
and [9] that the CRB of the stacked model (11), where
ηηη =

[
αααT βββ

T
ψψψT φφφ

T
]
, writes :

CRB−1
s (ηηη) =

2
σ2

T

∑
t=1

Re[SH(t)DH
ΠΠΠADS(t)], (36)

ΠΠΠA = I−A(AHA)−1AH , (37)

S(t) = I4⊗diag(s(t)), (38)

D=
[
Dα Dβ Dψ Dφ

]
, (39)

Dµ =
[

∂u(α,β ,ψ,φ)
∂ µ

|µ1 ... ∂u(α,β ,ψ,φ)
∂ µ

|µM

]
, (40)

where µµµ ∈ {ααα,βββ ,ψψψ,φφφ} and diag(v) denotes a diagonal ma-
trix where [diag(v)]i j = δi jvi and where δi j denotes the kroe-
necker symbol. Straightforward calculations provide :

∂u(α,β ,ψ,φ)

∂α
|αm =

1√
1+ψ2

m

[
ȧ(αm)
0

]
, (41)

∂u(α,β ,ψ,φ)

∂β
|βm =

1√
1+ψ2

m

[
0

ψe jφ ḃ(βm)

]
, (42)

∂u(α,β ,ψ,φ)

∂ψ
|ψm =

1
(1+ψ2

m)
3/2

[
−ψma(αm)
e jφmb(βm)

]
, (43)

∂u(α,β ,ψ,φ)

∂φ
|φm =

1√
1+ψ2

m

[
0

jψme jφmb(βm)

]
, (44)

where ȧ(αm) =
∂a(α)

∂α
|αm and ḃ(βm) =

∂b(β )
∂β
|βm .Thanks to

(36) we can compute the stacked observation based CRB
(CRBs(ααα,βββ )) by extracting the corresponding upper-corner
of CRBs(ηηη).

5.2 Cramer-Rao bounds on AOA for independant obser-
vations
As classical estimation of the position can be achieved
through the independent estimation of both angles α and β

considering the equations (1) and (2), that does not requiere
the narrowband assumption, we can examine the correspond-
ing CRB. Now, the considered unknown parameter vector is

ξξξ
′
=
[
sT

A αααT sT
B βββ

T ]
, (45)

where we define

sA =
[
sT

A(1) ... sT
A(T )

]T
, (46)

sB =
[
sT

B(1) ... sT
B(T )

]T
, (47)

sA(t) = [ sA,1(t) ... sA,M(t) ]
T
, (48)

sB(t) = [ sB,1(t) ... sB,M(t) ]
T
, (49)

and where :
sA,m(t) =

1√
1+ψ2

m
sm(t), (50)

sB,m(t) =
ψme jφm√

1+ψ2
m

sm(t− τm). (51)

Thanks to [8] the classical unconditionnal Cramer Rao
Bound CRBi (for independent observation vectors) is
straigthforwardly given by :

CRB−1
i (ααα,βββ ) =

[
CRB−1

i (ααα) 0
0 CRB−1

i (βββ )

]
, (52)

where

CRB−1
i (ααα) =

2
σ2

T

∑
t=1

Re[SH
α (t)(D

′
α)

H
ΠΠΠαD

′
αSα(t)], (53)

CRB−1
i (βββ ) =

2
σ2

T

∑
t=1

Re[SH
β
(t)(D

′
β
)H

ΠΠΠβD
′
β
Sβ (t)], (54)
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where we define

ΠΠΠα = I−Aα(A
H
αAα)

−1AH
α , (55)

ΠΠΠβ = I−Aβ (A
H
β
Aβ )

−1AH
β
, (56)

Aα = [ a(α1) ... a(αM) ] , (57)

Aβ = [ b(β1) ... b(βM) ] , (58)

D
′
α = [ ȧ(α1) ... ȧ(αM) ] , (59)

D
′
β
=
[
ḃ(β1) ... ḃ(βM)

]
, (60)

and where Sα(t) = diag(sA(t)) and Sβ (t) = diag(sB(t)).
This CRB (52) can also be computed when the signals
are considered narrowband for the whole sensor network
(sm(t− τm) = sm(t)).

5.3 Cramer-Rao Bounds on location errors
Once the CRB for (ααα,βββ ) is obtained, the CRB for (x,y) im-
mediatly follows [1] :

CRB(xxx,yyy) = JTCRB(ααα,βββ )J, (61)

where J is the following Jacobian matrix [1] :

[J]i j =
∂ [γγγ] j

∂ [θθθ ]i
, (62)

where θθθ = [ α1 ... αM β1 ... βM ] and
γγγ = [ x1 ... xM y1 ... yM ].

Once the CRB in (x,y) is obtained we can compute for
each emitter the following expressions in meters

CRBs =
√

CRBs(xm)+CRBs(ym), (63)

CRBi =
√

CRBi(xm)+CRBi(ym). (64)

This expressions are standing for the Cramer-Rao
Bounds in distance for the considered algorithms.

6. SIMULATIONS

In this section we consider two base stations A and B whose
coordinates are (xA,yA) and (xB,yB), respectively. They both
are composed of a three sensor uniform circular array which
radius is 0.5 wavelength (NA = NB = 3). a(.) and b(.) are
chosen with a norm equal to

√
NA. The signals are com-

plex, deterministic and unknown. The carrier frequency is
f0 = 100 MHz. The number of sample is T = 500. The sig-
nal to noise ratio is defined on equation (8). In this section we
choose all ψm equal to 1 and φm equal the geometrical phase
delay. The scenario describing the position of the emitters
and the base stations is decribed the Figure 1. The perfor-
mances of our algorithm are studied trough the root mean
square error (RMS) of the miss distance defined in meters :

ε =

√
1
K

K

∑
k=1

(xm− x̂k)2 +(y− ŷk)2, (65)

where K is the number of Monte-Carlo runs and x̂k and ŷk de-
note the kth estimation of the true position (x,y) of the emit-
ter. When ε is computed through our algorithm that simulta-
neously estimates (stacked observation vector based) the two

−2000 −1000 0 1000 2000

0

500

1000

1500

2000

A

S
1

B 

S
2

x [m]

y 
[m

]

 

 

Stations
Sources

Figure 1: Considered scenario : 2 emitters are in
S1(100,300) and S2(−100,1500) and two base stations A
and B respectively in (−1500,0) and (1500,0).

AOAs, ε is denoted εs and when ε is computed with two
classical independent MUSIC at both stations ε is denoted
εi.

Both εs and εi are compared each other and to their re-
spective CRB : CRBs and CRBi on the Figure 2, according to
the scenario defined in Figure 1. The proposed scenario con-
sists in two sources, one beeing close to the stations (Figure2
(a)) and the other beeing further away (Figure 2(b)). As we
can see in both cases CRBs, the CRB of the model (11) lies
under CRBi. It underlines the potential significant gain of our
method based on an extanded stacked vector. On both cases
the computation of the empirical RMS error show that the
stacked obervation vector algorithm outperforms the classi-
cal one (Figure 2).

On the Figure 3 we study the performance of our algo-
rithm when the product “emitter bandwith × time delay of
arrival between the two stations” (called B× τ in the sequel)
varies. Let us define

γ =
εi

εs
. (66)

On Figure 3 we compare the evolution of γ with B×τ and we
clearly see that provided that B× τ is rather small, we have
γ ≥ 1 meaning that the algorithm based on a extended stacked
vector still outperforms the classical one for both sources.
On the contrary when B×τ becomes larger, γ ≤ 1 : the mod-
elling error are not negligible and lead to a decrease of the
performance of the proposed algorithm.

7. CONCLUSION

Based on the narrowband assumption on the whole sensor
network, we provided an original location algorithm. By
means of an extended stacked observation vector it provides
a simultaneous estimation of the location parameters. The
CRB calculation so as the simulations underline the theoret-
ical and practical improvement compared to a classical loca-
tion algorithm where the parameter are estimated indepen-
dently from each other. We illustrate the fact that provided
that the product “emitter bandwith × time delay of arrival
between the two stations” is small enough, our algorithm ex-
hibits still better performance. A more complete sensibility
analysis so as its extension to more complex scenarios will
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Figure 2: Error Distance for the source in S1 and the source
2 in S2. number of Monte-Carlo runs = 200.
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Figure 3: Evolution of γ defined in (66) with the product B×
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number of Monte-Carlo runs = 300.

be given in the future.
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ABSTRACT
We consider the wireless geolocation using the time of arrival
(ToA) of radio signals in a cellular setting. The main concern
in this paper involves the effects of the error knowledge of
the path loss exponent (PLE). We derive the asymptotic error
performance of the maximum likelihood (ML) estimator un-
der the imperfect PLE. We point out that a previous method
provides inaccurate performance prediction and then present
a new method based on the Taylor series expansion. Numer-
ical examples illustrate that the Taylor analysis captures the
bias and the error variance of the ML estimator under the im-
perfect PLE better than the conventional method. Simulation
results also illustrate that in the threshold region, the ML es-
timator outperforms the MC estimator even in the presence
of the PLE error. However, in the asymptotic region the MC
estimator and the ML estimator with the perfect PLE outper-
form the ML estimator under the imperfect PLE.

Keywords: Time-of-arrival estimation, maximum likeli-
hood estimator, path loss exponent.

1. INTRODUCTION
One of the requirements in wireless communications is the
knowledge of the mobile location. For the localization based
on distance estimation where the distance is estimated from
received signal strength (RSS), path loss exponent (PLE) ap-
pears as a key parameter. In many wireless networks, the
value of the PLE is assumed to be known a priori. However,
this assumption is often too ideal for realistic environment,
because the PLE may change according to surrounding vari-
ation and thus may need to be estimated. Since the accuracy
of the PLE is crucial for the geolocation, the imperfect PLE
plays a crucial role in the performance analysis of the wire-
less systems. Despite the uncertain knowledge of the radio
propagation caused by, e.g., the estimation of the PLE and
the possible fluctuation of the PLE, the performance of the
wireless localization systems has to be determined as accu-
rately as possible.

1.1 Literature Review
Several related works are devoted to the problem of the un-
known PLE in the wireless location. In [1], the PLEs are
assumed to be different and random with uniform and nor-
mal distributions, and based on the RSS the consideration of
the different PLEs for each link increases the localization ac-
curacy compared to the identical PLE assumption. In [2] the
PLE is calibrated from the measurements, whereas in [3] and

[4] several algorithms for the PLE estimation are proposed.
In [4], the algorithms for the estimation of the path loss be-
tween any sensor and any arbitrary point inside the network
are designed using the path loss measurements among sen-
sors. In [5], a handover algorithm is presented using the least
squares estimate of path loss parameters for each link from
mobile station to base station (BS). Furthermore, the sensitiv-
ity of the maximum likelihood (ML) estimator under model
error is investigated for the application of direction-of-arrival
estimation (see, e.g., [6, 7]).

In the previous works, no attention was paid to the imper-
fect PLE in the ToA estimation with path attenuation yet. As
far as robustness is concerned, the study of the ML estimator
for the ToA estimation under an imperfect PLE is deemed
meaningful since a system designer will be able based on
such a study to decide whether the path loss model under the
imperfect PLE is useful or not.

1.2 Purpose and Problem Statement
The objectives of this work are twofold: i) to investigate the
performance of the ML estimator in the ToA estimation un-
der the imperfect PLE, and ii) to extend the hybrid RSS-ToA
geolocation approach to the case that the transmitted signal
is the second-derivative Gaussian monocycle pulse. In this
work, we evaluate the ToA estimation performance based on
the Taylor series expansion. The performance of the ML esti-
mator under the imperfect PLE is investigated and compared
to the ML estimator with the perfect PLE and to the maxi-
mum correlation (MC) estimator, which does not require the
knowledge of the PLE.

2. TRANSCEIVER MODEL
The received signal at the b-th BS is given by

rb(t) = abs(t! b)+nb(t), (1)

where ab is the path gain at the b-th BS, s(t! b) is the trans-
mitted signal delayed by b, which is the time delay of the
propagation to the b-th BS, and nb(t) is the additive noise
at the b-th BS, which is assumed as a circularly-symmetric
complex-valued zero-mean white Gaussian process with the
double-sided power spectral density 2

n (Joule). Based on the
path attenuation, the loss gain ab can be written as (see, e.g.,
[8])

ab =
" !

d0
c b

" 1
2 b

, (2)
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where d0 is the close-in distance in the far field region, b is
the PLE at the b-th BS, and is the unitless constant depend-
ing on antenna characteristics and average channel attenua-
tion given by

=
c2

16 2d20 f 20
, (3)

with f0 being the central frequency and c being the speed of
the light. The estimated values of the ToA from the MC and
ML estimators are given by (see [9])

ˆMC,b = argmax
b

( b), (4a)

ˆML,b = argmin
b
a2bEs!2ab ( b), (4b)

where ( b) =
# To
0 (rb(t)s#(t! b))dt is the correlation

between the transmitted and received signals and E s =# T0
0 |s(t)|2dt is the transmitted signal energy with To, (·),
and (·)# being the observation period, the real part, and the
conjugate, respectively.

3. PERFORMANCE ANALYSIS METHODS
We assume for simplicity that the PLEs are the same for all
BSs. The PLE is assumed to be subject to an additive error,
i.e.,

= 0+ , (5)
where 0 is the true value of the PLE and is the additive
error. To study the ML estimator under the imperfect PLE,
the objective function of the ML estimator can be expressed
as (see [10, eq. (5.2.1)])

fML( b| ) = a2b( b| )Es!2ab( b| ) ( b). (6)

For notation brevity, we introduce ab,0 as the loss gain for
the true values of the ToA and the PLE, and ã b,0 as the loss
gain for the true value of the ToA and the imperfect PLE.
Moreover, the first and the second derivatives of fML( b| )
with respect to b and for the true value of the ToA b = b,0
can be derived as (see [10, Appendix A. 6])

b
fML( b| )

$$$$
b= b,0

= ! 1
b,0

%
Esãb,0!Esab,0! ns,0

&
ãb,0!2ãb,0 ˙ns,0,

(7)

2

2
b
fML( b| )

$$$$
b= b,0

=
1
2
b,0

(1+ )Esã2b,0!
1
2
b,0

!
1+

1
2

"
ãb,0 ( b,0)

+
1
b,0
2 ãb,0 ˙ns,0!2ãb,0

%
!4 2 ¯2Esab,0+ ¨ns,0

&
,

(8)

and
2

b
fML( b| )

$$$$
b= b,0

=
1
b,0
ãb,0(ab,0Es+ ns,0!Esãb,0)

! 1
b,0

ln
!

d0
c b,0

"
ãb,0

!
Esãb,0!

1
2
ab,0Es!

1
2 ns,0

"

! ln
!

d0
c b,0

"
ãb,0 ˙ns,0,

(9)

where ns,0 =
# To
0 (n(t)s#(t! b))dt

$$$
b= b,0

is
the correlation between the noise and the trans-
mitted signal at the true value of the ToA, and
˙ns,0 =

b

# To
0 (n(t)s#(t! b))dt

$$$
b= b,0

and ¨ns,0 =
2
2
b

# To
0 (n(t)s#(t! b))dt

$$$
b= b,0

are the first and the

second derivatives of the correlation between the noise and
the transmitted signal at the true value of the ToA, respec-
tively. To derive the error performance, we should also
use the results Enb(t) { ˙ns,0} = 0, Enb(t)

'
2
ns,0

(
= 1

2Es
2
n ,

Enb(t)
'
˙ 2ns,0

(
= 2 2Es ¯ 2 2

n , Enb(t) { ns,0 ˙ns,0} = 0, where
Enb(t){·} is the expectation with respect to the noise nb(t),
and ¯ is the effective bandwidth of the transmitted signal.

3.1 Friedlander Method

The theoretical expression of the error between the estimated
and the true ToAs is given by (see [7, eq. 20])

ˆb,ML( )! b,0 = !
( ! 0)Enb(t)

)
2

b
fML( b| )

$$$
b= b,0

*

Enb(t)
)

2

b b
fML( b| )

$$$
b= b,0

* .

(10)

Substituting the expectation of (8) and (9) with respect to
the noise nb(t) into (10), we obtain the error between the
estimated and the true values of the ToA as follows (see [10,
eq. (5.2.2)])

ˆb,ML( )! b,0 = !
1

1
2
b,0

(1+ )Esãb,0! 1
2
b,0

%
1+ 1

2
&
Esab,0+8 2 ¯ 2Esab,0

( ! 0)
+
1
b,0

(Esab,0+ ns,0!Esãb,0)! ln
!

d0
c b,0

"
˙ns,0

! 1
b,0

ln
!

d0
c b,0

"!
Esãb,0!

1
2
Esab,0!

1
2 ns,0

",
.

(11)

3.1.1 ML Estimator Bias by the Friedlander Analysis
Method

Taking the expectation of (11), we obtain the bias of the
ML estimation under the imperfect PLE as follows (see [10,
eq. (5.2.5)])

Enb(t)
-
ˆb,ML( )! b,0

.
= !

( ! 0)(ab,0! ãb,0)! ( ! 0) ln
/

d0
c b,0

0%
ãb,0! 1

2ab,0
&

8 2 ¯ 2 2
b,0ab,0!

%
(ab,0! ãb,0)+ 2

% 1
2ab,0! ãb,0

&& b,0.

(12)
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3.1.2 ML Estimator Error Variance by the Friedlander
Analysis Method

Taking the expectation of the square of (11), we obtain the
error variance of (11) as follows (see [10, eq. (5.2.14)])

Enb(t)
-
( ˆb,ML( )! b,0)2

.

=
2
b,0( ! 0)2

/
ãb,0
ab,0

(1+ )!
%
1+ 1

2
&
+8 2 ¯ 2 2

b,0

02

1!
1!

ãb,0
ab,0

+ ln
!

d0
c b,0

"!
1
2
!
ãb,0
ab,0

""2

+
1
2
1
a2b,0

2
n
Es

!
1+

1
2
ln

!
d0
c b,0

""2

+
1
a2b,0

2
n
Es
2 2 ¯ 2 2

b,0ln2
!

d0
c b,0

"2
.

(13)

It is worthwhile to observe that when = 0, i.e., for the per-
fect PLE, the error variance in (13) becomes zero. This re-
sult is inconsistent with the intuition, since the error variance
should reduce to (see [9])

Enb(t)
'%
ˆb,ML( 0)! b,0

&2( =
1

SNRa2b,0

!
8 2 ¯ 2+

2
b

2 2
b,0

" ,

(14)
where SNR = Es

2n
is the transmitted signal-to-noise ratio

(SNR). Therefore, the error variance of the ML estimator
calculated by the Friedlander method, i.e., (13), cannot well
predict the error performance. The major reason of the inac-
curate prediction by the Friedlander method is that the Tay-
lor expansion in [7, eq. (19)] has missed the derivative term

b
fML( b| ) at the true values of 0 and b,0. Next we cor-

rect the expansion based on the Taylor series.

3.2 Theoretical Error Performance Based on the First-
Order Taylor Series

By using the first-order Taylor series of the
b
fML( b| ) in

two variables around the true values b,0 and 0, the theoreti-
cal expression of the error between the estimated and the true
ToAs can be written as

ˆb,ML( )! b,0 = !

b
fML( b| )

$$$
b= b,0

+( ! 0)Enb(t)
)

2

b
fML( b| )

$$$
b= b,0

*

Enb(t)
)

2

b b
fML( b| )

$$$
b= b,0

* .

(15)

Substituting (7) and the expectation of (8) and (9) with re-
spect to the noise nb(t) into (15), we obtain the error be-
tween the estimated and the true values of the ToA (see [10,

eq. (5.3.5)])

ˆb,ML( )! b,0 =
+
1
b,0

%
Esãb,0+Esab,0+ ns,0

&
! 1

b,0
( ! 0)Es(ab,0! ãb,0)

+2 ˙ns,0+
1
b,0

( ! 0) ln
!

d0
c b,0

"
Es

!
ãb,0!

1
2
ab,0

",

3

4 1
1
2
b,0

(1+ )Esãb,0! 1
2
b,0

%
1+ 1

2
&
Esab,0+8 2 ¯ 2Esab,0

5

6 .

(16)

3.2.1 ML Estimator Bias by the First-Order Taylor Series
Taking the expectation of (16), we obtain the bias of the
ML estimation under the imperfect PLE as follows (see [10,
eq. (5.3.6)])

Enb(t)
-
ˆb,ML( )! b,0

.
= !

(2 ! 0)
%
ab,0! ãb,0

&
+ ( ! 0) ln

/
d0
c b,0

0% 1
2ab,0! ãb,0

&

8 2 ¯ 2 2
b,0ab,0!

%
(ab,0! ãb,0)+ 2

% 1
2ab,0! ãb,0

&& b,0.

(17)

3.2.2 ML Estimator Error Variance by the First-Order Tay-
lor Series
Using the error expression derived from the Taylor expansion
in (16), we obtain the error variance of the ML estimation
under the imperfect PLE as follows (see [10, eq. (5.3.16)])

Enb(t)
-
( ˆb,ML( )! b,0)2

.
=

!!
(2 ! 0)

!
1!

ãb,0
ab,0

"
+ ( ! 0)

ln
!

d0
c b,0

"!
1
2
!
ãb,0
ab,0

""2
+

1
a2b,0

2
n
Es

!
1
2

2+8 2 ¯ 2 2
b,0

""

!
ãb,0
ab,0

(1+ )!
!
1+

1
2

"
+8 2 ¯ 2 2

b,0

"!2
2
b,0.

(18)

For the perfect PLE, the error variance in (18) reduces to
(14), and therefore, (18) gives a consistent RMSE. The rea-
son why the method based on the Taylor series expansion
is able to better characterize the error performance than the
Friedlander’s method is that in the Taylor series expansion
method, the term

b
fML( b| ) is taken into account. This

additional term fulfils the expansion of the first-order Tay-
lor series in [7, eq. (19)], thus leading to higher prediction
accuracy.

4. NUMERICAL EXAMPLES

In classical impulse radio ultrawideband systems, one of the
most considered waveforms is the second-derivative Gaus-
sian pulse, which can be expressed as (see, e.g., [11]) p(t) =!
1!4

/
t
p

02"
e!2

/
t
p

02
where t > 0, p is the pulse-

shaping factor chosen to adjust the pulse width Tp. Let us
consider the transmitted signal as s(t) = p

%
t! 1

2Tp
&
; t > 0,
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whose effective bandwidth and effective absolute central fre-
quency are given by (see [10, eq. (3.2.2) and eq. (3.3.5)])

¯ =
1
2

7#
!

2|S( )|2d
#
! |S( )|2d =

1
p

8
5
2

, (19a)

f̄abs =
1
2

#
! | ||S( )|2d
#
! |S( )|2d =

1
p

16
3

, (19b)

where is the angular frequency, and S( ) is the Fourier
transform of s(t). Note that f̄abs is considered as an approxi-
mation of the central frequency in (3). Substituting the above
parameters, i.e., (19a) and (19b), into the expressions of the
biases and the variances given by the Friedlander and Taylor
expansion methods, we obtain the theoretical error perfor-
mance of the ML estimator under the imperfect PLE for the
second derivative of the Gaussian pulse as the transmitted
signal.

Fig. 1 shows the bias and the RMSE of the position esti-
mate as a function of the received SNR defined by SNRRx =
a2bEs
2n
. In the upper sub-figure, the bias expressions in (12)

and (17) depend on neither the signal energy E s nor the noise
variance 2

n . As the SNR is varied, the bias is invariant
to the SNR. For SNR = 20 or 25 dB, the simulation has
a zigzag tendency, because the derived bias is accurate for
only asymptotic region, i.e., for large SNR. In the lower sub-
figure, the ML and MC estimates approach their asymptotic
error variances when the SNR is large. In the threshold re-
gion from 0 to 10 dB, i.e., in the transition region where the
error falls quickly, and for a small PLE error, the ML esti-
mator presents lower RMSE than the MC estimator even in
the presence of the imperfect PLE. However, in the asymp-
totic region, especially for the SNR larger than 35 dB, the
MC estimator and the ML estimator with the perfect PLE
outperform the ML estimator under the imperfect PLE. This
is because although the RMSE decreases with the increase
in the received SNR, the bias of the ML estimator under the
imperfect PLE shown in the upper sub-figure does not de-
crease with the increase in the received SNR. Therefore, the
bias dominates the RMSE at high SNR. Although the RMSE
on the order of 0.01 mm for the received SNR to be from 35
to 50 dB seems to be impractical. The figure is used just to
indicate the merits of the approach proposed in this paper.

Moreover, the bias and the RMSE of the position esti-
mate as a function oft the PLE error = ! 0 are shown in
Fig. 2. It can be seen from both sub-figures that, the Taylor
expansion analysis presents higher accuracy in the perfor-
mance prediction than the Friedlander analysis method. The
plot of the theoretical ML estimator under the imperfect PLE
actually changes with the PLE error. A zoomed version of
this RMSE figure is available in [10, Fig. 5.17]. This un-
zoomed version is chosen, because the curve of ”ML Analy-
sis: Friedlander” still appears in the figure. The disagreement
between the bias analysis and the simulation results mainly
results from the two-dimentional Taylor series truncation.

5. CONCLUSION
We have derived the asymptotic error performance of the
ML estimator under the imperfect PLE. It is pointed out that
a previous method provides inaccurate performance predic-
tion and a new method based on the Taylor series expansion,

which can better capture the error performance of the ML
estimator than the conventional method, is presented. More-
over, one can observe from the simulation results that in the
presence of the PLE error, the ML estimator outperforms the
MC estimator for the small PLE error in the threshold region.
However, in the asymptotic region the MC estimator and the
ML estimator with the perfect PLE outperform the ML esti-
mator under the imperfect PLE.
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Figure 1: Bias and RMSE of the position estimate as a func-
tion of the received SNR SNRRx for the imperfect PLE,
0 = 2, = 0.5, db = 3 m, ¯ = 3.1007$109 Hz, sampling
time= 0.01 ps, andNR = 1,000 independent runs. A zoomed
version of the RMSE in the lower figure is available in [10,
Fig. 5.13].
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Figure 2: Bias and RMSE of the position estimate as a func-
tion of the PLE error for the imperfect PLE, 0 = 2,
SNRRx = 20 dB, db = 3 m, ¯ = 3.1007$109 Hz, sampling
time= 0.01 ps, andNR = 5,000 independent runs. A zoomed
version of the RMSE in the lower figure is available in [10,
Fig. 5.17].
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ABSTRACT
This paper proposes a low cost joint AOA-TDOA estimation
strategy to locate multi-emitters in multi-paths contexts, wi-
thout prior information on the transmitted signals. The pro-
posed strategy consists in dividing the multi-emitter geolo-
cation problem in multiple mono-emitters location ones. An
AOA algorithm is firstly performed on the array of sensors of
the main station and a spatial filtering with an ad hoc corre-
lation based criterion selects the LOS paths. In a second step
thanks to an auxiliary station, TDOAs are computed for each
emitter which is then located with conventional AOA-TDOA
techniques. The innovation consists in a simple strategy that
avoid frequent ambiguities which arise when using separa-
tely estimated parameters in a multiple emitters context.

1. INTRODUCTION

The most common methods dedicated to emitter location
are based on measuring specified parameter such as AOA
(Angle Of Arrival), TOA (Time Of Arrival) or TDOA (Time
Difference Of Arrival) (for an overview see [1] and the ref-
erences herein). Most of these conventional radio location
algorithms have been originally developed to operate under
line-of-sight (LOS) propagation between the transmitter and
the receiver [1]. But due to diffractions or reflections, the
non-LOS (NLOS)-induced errors are proven to be dominant
compared to noise [2]. Most of the current algorithms that
deal with NLOS problem are assuming prior information on
the transmitted signals especially with TOA or TDOA mea-
surements based location [1],[3]. Recently the mitigation of
the NLOS have been investigated [4], [5], [6], [7] often re-
quiring many temporal estimations of the desired parameter
and/or many base stations. The previous works assume that
the location parameters are such associated with an emitter.
To the best of our knowledge less efforts have been focused
on the blind multi-emitters, multi-paths problems [7]. More-
over fewer attention has been paid on this critical topic from
an estimation point of view starting directly from the sig-
nals a the output of the multiple arrays of sensors. As far as
we know only the DPD (Direct Position determining) [8],[9]
proposes a direct estimation of sources location, but leading
to a rather high computational cost (a 2D optimization) and
assuming no multi-path.

The purpose of our work is to propose an alternative with
a low-cost signal processing algorithm in a multi-paths con-
text and multi-emitters context. We focus on a two stations

This work has been partially founded by the network of excellence
NEWCOM++ under the contract number 216715 funded by the European
Commission FP7-ICT-2007-1. This work was partially supported by the
GJU contract NoGJU/05/2416/CTR/MAGIC too.

(one being eventually restricted to a single sensor) multi-
stage algorithm dividing a multi-emitters multi-paths prob-
lem in many mono-emitter location ones. The outline of the
paper is as follow : First a brief presentation of the princi-
ple of an AOA-TDOA location is given in section 2. In sec-
tion 3 the model and the assumptions of the received signal
are introduced. In section 4 the proposed algorithm is pre-
sented and some simulations in section 5 illustrates its per-
formances.

2. MODEL OF THE RECEIVED SIGNALS

Let us consider a station S (main or auxiliary) located in
(xS , yS) and composed of N sensors. According to Figure.
1, the emitters and reflectors are Em (1 ≤ m ≤ M) and Rp

(M + 1 ≤ p ≤ M + P ). The reflectors are scattering points
reflecting in all directions. The observation vector x(t) at the
output the array of antennas in S is

x(t) =
M∑

m=1

γm × a(θm)× em(t− τm)

+
M+P∑

p=M+1

γp × a(θp)× rp(t− τp) + n(t) (1)

where
– τm = ||EmS||/c and τp = ||RpS||/c denote the TOA

(Time Of Arrival) of each path,
– θm and γm are the AOA and the attenuation coefficient

of the mth emitter,
– θp and γp are the AOA and the attenuation coefficient

of the pth reflector,
– a(θ) is the steering vector (response of the array in

direction θ)
– n(t) is the additive noise vector,
– em(t) is the signal of the mth emitter and em(t− τm)

is then associated to the direct path,
– and finally rp(t) is the following composite signal at

the output of the pth reflector

rp(t) =
M∑

m=1

γmp × em(t− τmp), (2)

where τmp = ||EmRp||/c and γmp is the complex
attenuation of the mth emitter on the pth reflector. The
expression (1) becomes

x(t) = A(θe)× Γe × e(τ e, t)
+A(θr)× Γr × r (τ r, t) + n(t) (3)
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where τ e = [ τ1 · · · τM ]T , τ r =
[ τM+1 · · · τM+P ]T are the TDOA
vectors, θe = [ θ1 · · · θM ]T , θr =
[ θM+1 · · · θM+P ]T the AOA vectors, (.)T

is the transpose operator and
{

e(τ e, t) = [ e1(t− τ1) · · · eM (t− τM ) ]T

r(τ r, t) = [ r1(t− τM+1) · · · rP (t− τM+P ) ]T

(4){
A(θe) = [ a(θ1) ... a(θM ) ]
A(θr) = [ a(θM+1) ... a(θM+P ) ] (5)

{
Γe = diag ( γ1, ..., γM )
Γr = diag ( γM+1, ..., γM+P ) .

. (6)

According to (3), the expression of x(t) becomes

x(t) = A(θ)× Γ× s(τ , t) + n(t) (7)

where

τ =
[

τ e

τ r

]
, θ =

[
θe

θr

]
,

A(θ) = [ A(θe) A(θr) ] ,

Γ =
[

Γe 0
0 Γr

]
and s(τ , t) =

[
e(τ e, t)
r(τ r, t)

]
.

3. A MULTI-STAGE GEOLOCATION ALGORITHM
BASED ON AOA-TDOA ESTIMATION

In this paper the radio-emitters are located thanks to the
estimation of AOA/TDOA parameters. The originality of the
paper is in estimating without ambiguities the AOA/TDOA
parameters of multi-emitters in presence of multi-paths, lead-
ing so to separate the location problem in several low cost
single-emitter location problems.

Figure 1: Propagation of two transmitters in multi-path con-
text

Let us consider two multiple sensors stations A and B
(see Figure.1). The station A is a multi-sensors array for
AOA estimation, whereas B can be eventually restricted to a

single sensor (used only for TDOA estimation). According
to the previous assumptions in section 3 and the equation (7)
the signals xA(t) and xB(t) collected on stations A and B
respectively are

xA(t) = A(θA)× ΓA × s(τA, t) + nA(t) (8)

xB(t) = A(θB)× ΓB × s(τB, t) + nB(t) (9)

where the kth components of θA, θB, τA and τB are
θAk

, θBk , τAk and τBk respectively

3.1 AOA estimation with station A
Thanks to the modeling introduced in (8), the angles θA

are estimated with a subspace method such as the MUSIC
algorithm [10] and gives θ̂A. In presence of non-coherent
multi-paths (mutual correlation strictly different to one) the
rank of the s(τA, t) covariance matrix is full allowing a cor-
rect use of MUSIC.

3.2 Angular sources separation
The impinging signals s(τA, t) in station A is then esti-

mated from the angles θ̂A as

ŝ(t) = A#
(
θ̂A

)
× xA (t) =




ŝ1(t)
...

ŝk(t)
...

ŝM+P (t)




(10)

where A#(θ) = (AH(θ)A(θ))−1AH(θ) is the Moore-
Penrose pseudo-inverse, (.)H denotes the transpose-
conjugate and θ̂A = [θ̂A1 ... θ̂AM+P

]T . ŝ(t) stands for
the estimation of ΓAs(τA, t). The signal ŝk(t) is now as-
sociated to the kth components θ̂Ak

of the vector θ̂A. For
instance in Figure.1 there is M + P = 3 paths and the signal
ŝk(t) is either associated to one of the two emitters E1 and
E2 or to a composite signal at the output of the reflector in
R1.

3.3 LOS Separation
The purpose is now to identify if the kth components

ŝk(t) of ŝ(t) is either a LOS or a NLOS signals. Indeed, there
is no reason that the M first components of ŝ(t) are associ-
ated to the LOS path as the vector s(τA, t) in (8). In order to
know if either ŝi(t) = em(t−τAm) or ŝi(t) = rp(t−τAM+p

)
we propose the following delay estimation for each pair (i, j)

τ̂ q
ij

1≤q≤Qij

= max
τ

(
ρŝiŝj

(τ) > η
)

(11)

ρxy(τ) =
|E [x (t) y∗ (t− τ)]|2

E
[
|x(t)|2

]
E

[
|y(t)|2

] (12)

where η is a detection threshold and E[.] denotes the mathe-
matical expectation According to Schell and Gardner works
[11, 12], the threshold η is fixed relatively to a targeted
probability of false alarms. The LOS identification is based
on the following straightforward properties where τ̄Amp =
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τAM+p
+ τmp and Qij is the number of maxima τ̂ q

ij of the
criterion ρŝiŝj

(τ)

Prop 1 ρemem′
(τ) = 0,∀τ for m 6= m′ because the emitters

are statistically independents

Prop 2 ρemrp
(τ) exhibit one extremum (Qij = 1 when

ρŝiŝj
(τ) = ρemrp

(τ)) in τ = τ̄Amp
− τAm

due to the pres-
ence of the mth emitter delayed signal in the pth reflected
signal.

Prop 3 ρrprp′
(τ) exhibits M extrema (Qij = M when

ρŝiŝj
(τ) = ρrprp′

(τ)) in τ = τ̄Amp
− τ̄Amp′ for (1 ≤ m ≤

M) due to the presence of the M emitted signal in both re-
flected signals rp(t) and rp′(t).

The correlation function ρij(τ) can be either ρemem′
(τ)

or ρemrp
(τ) or ρrprp′

(τ) and the number M of emitters is the
maximum value in (i, j) of Qij . According to the following
properties, the signal ŝi(t) is a LOS signal for

– M = 1, when ŝi(t) is the first arriving on station
A because the maxima of ρŝiŝj

(τ) = ρemrp
(τ) are

τ̄Amp − τAm and τAm < τ̄Amp

– M ≥ 2, when ŝi(t) is uncorrelated with each other
because ρŝiŝj

(τ) = ρemem′
(τ) = 0 for any τ .

After the LOS identification, the M th first compo-
nents of ŝ(t) are the LOS components ŝm(t) = êm(t −
τAm)(1 ≤ m ≤ M) and the sequels are the NLOS ones
with ŝM+p(t) = r̂p(t − τAM+p

). The LOS signal ŝm(t) =
êm(t− τAm) is now paired to its AOA θ̂Am .

3.4 TDOA estimation
The TDOA of the mth emitter is then estimated from the

LOS signal ŝm(t) = êm(t− τAm) extracted from the station
A and xB(t) at the output of station B as

τm,i
1≤ i≤P+1

= max
τ

(fm(τ)) (13)

where

fm(τ) =
cH

m(τ) RBB(τ)−1 cm(τ)
ρmm(0)

(14)

where RBB(τ) = E[xB(t + τ)xB(t + τ)H ] and cm(τ) =
E[xB(t+ τ)ŝ∗m(t)]. The estimation gives P +1 TDOA τm,i

because the LOS signals are correlated with the LOS and
NLOS signals arriving in station B. As τBm < τBm+p, the
TDOA δτm = τBm−τAm corresponding to the mth emitter
is the following smallest value of τm,i

δ̂τm = min
1≤ i≤P+1

(τm,i) (15)

3.5 Location
The location Êm of the mth emitter is estimated from the

AOA-TDOA parameters (δ̂τm, θ̂Am) of this emitter. Once
the AOA/TDOA parameters are known the location of a sin-
gle emitter is easily performed as recalled now: As illustrated

Step1 : Estimation of the AOAs θ̂A of the im-
pinging paths on station A.

Step2 : Separation of the signals ŝk(t)(1 ≤ k ≤
P + M) of impinging sources associated to the
AOA θAk

with a spatial filtering (10) on station
A.

Step3 : LOS detection based on an inter-
correlation criterion (11) between the signals
ŝk(t). From {ŝk(t)}, identification of the M LOS
signals ŝm(t)(1 ≤ m ≤ M) associated to the
AOA θ̂Am

.

Step4 : Estimation of the LOS TDOA δ̂τm, from
the component ŝm(t) and the signals xB(t) at the
output of station B, with the criterion (14).

Step5 : For (1 ≤ m ≤ M), location of the
mth emitter thanks to the AOA-TDOA couples
(θ̂Am

, δ̂τm) by using expression (16).

Table 1: A multi-stage geolocation algorithm

in Figure.2, let’s note θE and δτ = (||EA|| − ||EB||) /c
the AOA and TDOA parameters of an emitter E located
in (xE , yE) with A and B being two receiving stations of
coordinates (xA, yA) and (xB , yB) respectively. The emit-
ter is located at the intersection of an hyperbola of equation
δτ = (||MA|| − ||MB||) /c and a straight line of direction
θE . Its coordinates in the (

−−→
AB/ ‖AB‖ , ~v) plane (where the

unitary vector ~v is orthogonal to
−−→
AB) are

{
xE = xA + ‖AE‖ cos (θE)
yE = yA + ‖AE‖ sin (θE) ,

‖AE‖ =
(δτ .c)2 − ‖AB‖2

2 ((δτ .c)− ‖AB‖ cos (θE))
(16)

where c is the velocity of the waves.

Figure 2: Principe of location based on AOA-TDOA estima-
tion

The location Êm is then estimated according to (16) with
δτ = δ̂τm and θ̂Am = θE . The steps of the proposed geolo-
cation algorithm is summarized on Table.1
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3.6 Simulations
The simulated emitted signals corresponds to GSM

radio-cellular system where the modulation is GMSK, the
bandwidth is 300kHz and the time observation is the GSM
burst duration with T = 0.577ms. The sampling frequency
is chosen to fe = 6MHz. The performances criterion for
an emitter located in (x, y) is the RMSE (Root Mean Square
Error) defined by

RMSE =

√√√√ 1
K

K∑

k=1

(x− x̂k)2 + (y − ŷk)2 (17)

where K is the number of Monte-carlo runs and (x̂k, ŷk) the
kth estimated position. The Signal to Noise Ratio (SNR)
of the mth emitter is SNR = 20log10 (γm/σ), where σ is
the standard deviation of the noise. The stations A and B are
located in (0, 0) and (3000, 0) respectively and are composed
of Uniform circular arrays of radius R = 0.7λ with NA and
NB sensors respectively. The path attenuation γm, γp and
γmp are equal to 1 for all (m, p).

Figure 3: Illustration of the proposed scenario : the
sources can be either emitters or reflectors and their loca-
tions are P1(500, 2000), P2(2500, 2000), P3(3160, 2530),
P4(500,−2000), P5(2500,−2000) and P6(1500, 0). The
base stations are located in A(0, 0) and B(3000, 0).

On Figure.3 the location A and B of the stations and lo-
cation Pi(1 ≤ i ≤ 6) of emitters or reflectors are presented.
In the sequel 3 scenarios the locations Pi are either emitters
or reflectors

– Two emitters are located in P1 and P2 and the RMSE
of the emitter in P1 is compute Figure.4. As we can
see the performances improve when NB increases.

– On Figure.5 the RMSE of the emitter in P1 is com-
pute in presence of a reflector located in P2 or P3 with
NB = 1 (fig 5.a) or NB = 2 (fig 5.b). The proxim-
ity between P1 and P3 provides a time difference of
arrival of the impinging paths on station B of 2 sym-
bol duration and leads to a path correlation about 0.06
corresponding to a uncorrelated scenario. When the
reflector is in P2 the time difference of arrival of the
impinging paths on station B is 0.8 symbol duration
leading to a correlation about 0.6 and corresponding to
a more severe scenario with correlated paths on station
B. The location of P2 and P3 is such that they possess

Figure 4: RMSE of an emitter in P1 in presence of a second
in P2 with respect to the SNR. NA = 5, number of Monte-
carlo runs =200

the same AOA on station A. We can see that even if
the RMSE increases with the severity of the scenario it
can be greatly improved by adding sensors on station
B.

– Three emitters ( in P1, P4 and P6) and two reflectors
(in P2 and P5) are simulated on Figure.6 illustrating
the performances of our algorithm in presence of two
multi-paths and providing promising results.

– A comparison between the proposed algorithm and the
DPD [8],[9] is given in presence of two emitters lo-
cate in E1(0, 2000m) and E2(1500m, 2000m) respec-
tively. The bandwidth of the FFT channels of the DPD
is 25kHz (250 FFT points) and the time observation
is T = 1.154ms. Figure.7 shows that the DPD is bi-
ased whereas the AOA-TDOA algorithm is unbiased
and more accurate.

4. CONCLUSION

In this paper we have proposed a simple multi-stage algo-
rithm able to estimate the position of multi-emitters in pres-
ence of multi-paths working with only two stations and re-
quiring only one dimensional optimizations criteria. Our first
simulations are promising, further investigations needed to
study performance in more depth. Further comparisons in
multi-emitters context with existing algorithms is an ongo-
ing work.
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ABSTRACT
The estimation of sub-sample time-delay from the phase of the
cross-power spectrum (CPS) of signals received by widely-spaced
receivers requires unwrapped phase. Conventional phase unwrap-
ping methods require a continuous CPS that starts at zero frequency
or at a frequency with a known unwrapped phase. A novel phase
unwrapping method is proposed herein that is capable of carry-
ing out the task without these requirements. The proposed method
is applied to direction-of-arrival (DOA) estimation for a bandpass
signal—a case that conventional methods are unable to handle. An-
alytical performance and experimental results confirm the effective-
ness of the proposed method.

1. INTRODUCTION

A popular approach for DOA estimation is based on estimating the
time-delay (or Time Difference Of Arrival (TDOA)) of the signal,
as observed at a pair (or more) of spatially separated receivers, and
then estimating the DOA by exploiting geometry (e.g., [1, 2, 3]).
The most well known methods for time-delay estimation (TDE) are
those based on the generalized cross correlation (GCC) [4, 5]. In
general, GCC based TDE consists of weighting the Cross-Power
Spectrum (CPS) of the observed signals, and transforming the re-
sulting spectrum to the time-domain. In the time-domain, the peak
location is taken as the time-delay estimate, which is normally an
integer number of samples.

In many cases, it is more convenient to estimate the time-delay
directly from the phase of the CPS in the frequency-domain. The
advantage of this is in obtaining sub-sample delay estimates with-
out resorting to intra-sample interpolation [6]. Other advantages,
including optimality, are discussed in [7, 8]. In spite of this, GCC
based TDE has always been more popular than direct TDE from
CPS phase. The main disadvantage of estimating time-delay di-
rectly from the CPS is the requirement that phase has to be un-
wrapped before it can be used for TDE [7, 6]. The occurrence of
phase wrapping is common when the receivers are widely-spaced,
i.e., the receiver separation exceeds λmin/2, half of the minimum
wavelength of the impinging signal. In practice, wide spacing of re-
ceivers is required to enhance DOA resolution, reduce mutual cou-
pling between receivers, or make the sensor placement physically
realizable [9].

Phase unwrapping is well known to be a difficult problem.
Many phase unwrapping methods have been proposed in the lit-
erature (e.g., [2, 10, 11, 12, 13]). In general, these methods rely on
the fact that the signal spectrum is continuous, and that it starts at
zero frequency (i.e, the wideband signal case) or some wrapping-
free low frequency that can be used as the starting point of the un-
wrapping process. The phase is unwrapped progressively starting
from the lowest frequency, leaving the success of the whole process
dependent on the success of the unwrapping at the low frequencies.

In some cases in practice, even the lowest frequency is subject
to phase wrapping. An example of this is a bandpass signal, re-
ceived by receivers whose separation exceeds λmax/2, half of the
maximum wavelength [9]. Conventional phase unwrapping meth-
ods cannot be used in this case.

In this paper, we report on a new phase unwrapping method that
unwraps phase at each frequency independently (not progressively).
The new method, does not require continuous phase or phase that
starts from zero, and can be applied even when the phase of the low-
est available frequency is uncertain. The proposed method exploits
knowledge of the upper limit of the phase-frequency line slope (the
maximum time-delay) to unwrap the CPS phases using a frequency
pairing approach. The proposed method is capable of handling the
degenerate case of the bandpass signal discussed above, which is
the example considered in this paper. The proposed method can be
generalized to handle the DOA spatial aliasing problem for a multi-
frequency signal using non CPS based methods. Analytical perfor-
mance formulae and experiments with ultrasonic signals show the
effectiveness of the proposed method.

This paper is organized as follows. Section 2 describes the
generic approach for DOA estimation from CPS phase. In Sec-
tion 3, the proposed phase unwrapping method for two frequencies
is explained. Section 4 studies the effect of noise on the proposed
phase unwrapping method. In Section 5, the proposed method is
applied to DOA estimation. Experimental results are presented and
discussed in Section 6, and Section 7 concludes the paper.

2. DOA ESTIMATION FROM CPS PHASE

Consider two signals received by a pair of spatially separated sen-
sors:

x1[t] = s[t]+n1[t] (1)

x2[t] = s[t − τ]+n2[t] (2)

where s[t] (t represents discrete-time) is a transmitted multi-
frequency signal; n1[t] and n2[t] are two random noise processes that
are assumed to be uncorrelated with each other or with the trans-
mitted signal; and τ is the delay or TDOA of s[t] between the two
receivers. The CPS of x1[t] and x2[t] can be estimated by dividing
each of x1[t] and x2[t] into a number (N) of (possibly overlapping)
frames and estimating the complex CPS from these frames accord-
ing to [14]

Ĝx1x2 [ω] =
1
N

N−1

∑
n=0

X1n[ω]X∗
2n[ω] (3)

where ω is the radian frequency which is assumed to be discrete;
X1n[ω] and X2n[ω] are the discrete Fourier transforms (DFTs) of the
nth frames of x1[t] and x2[t] respectively, each frame is multiplied
by an appropriate window function; and “*” denotes the complex
conjugate operation. The CPS Ĝx1x2 [ω] can be related to that of the
transmitted signal by [6]

Ĝx1x2 [ω]≈ Ĝss[ω]e jωτ+ε (4)

where Ĝss is an estimate of the real power spectrum of s[t], and ε
is a phase error due to the effect of noise, finite data record, etc.
Now, assume that there are M frequencies ωm,m = 0, ..,M − 1 in
the passband. The phase at each frequency can be estimated as

φ̂m = arg
(

Ĝx1x2 [ωm]
)

= ωmτ + εm (5)
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where arg(.) denotes the angle of a complex quantity. Considering
phase wrapping, the phases in Eq. (5) can be expressed as

φ̂m = [φ p
m + ε p

m]+2πkm (6)

where km ∈ Z are phase wrapping parameters; [φ p
m + ε p

m] ∈ [−π,π]
are noisy principal phase components with φ p

m being the true prin-
cipal phase and ε p

m representing the contributions of noise and es-
timation errors. Normally phase determination yields [φ p

m + ε p
m].

Obtaining the true phases φ̂m (i.e., unwrapping) requires finding the
correct integers km. It should be noted here that, in some cases, the
effect of noise could result in erroneous integers km due to cycle
slips. Herein, such effects will be ignored in order to simplify the
presentation. In fact, the effect of noise in introducing cycle slips is
found to be significant only at low signal-to-noise ratios (SNRs).

For a bandpass signal with the unwrapped phases given by (5),
time-delay can be estimated using

τ̂ =
∑ M−1

m=0 ψmφ̂mωm

∑ M−1
m=0 ψmω2

m
(7)

where ψm are generic weights (see [2, 6, 7, 8]), for which a unity
value coincides with the linear least squares estimate of τ [15]. Fi-
nally, DOA is calculated from geometry as [1]

θ̂ = arcsin
(

cτ̂
d

)

(8)

where c is the speed of propagation and d is the receivers separation.

3. PHASE UNWRAPPING FOR TWO FREQUENCY
COMPONENTS

Consider two radian frequencies ωu and ωv. The phases of the CPS
at these two frequencies following (6) are

φ̂u = φ p
u + ε p

u +2πku (9)

φ̂v = φ p
v + ε p

v +2πkv. (10)

Theorem 1. In a noise-free situation, a sufficient condition for the
true phases in Eqs. (9) and (10) to be identifiable from the two prin-
cipal components, is that the inter-frequency separation be less than
the reciprocal of the maximum possible slope of the phase-frequency
line multiplied by π , i.e. |ωu −ωv|< πc/d .

Proof.
From the linearity of phase, we have

φv = φu
ωv

ωu
. (11)

where φu and φv are the error-free versions of φ̂u and φ̂v, respec-
tively. By setting the noise contributions in Eqs. (9) and (10) equal
to zero (also ignoring other sources of error), substituting Eq. (11)
in (10), and subtracting the resulting equation from (9), yields

φu =

[

ωu

ωu −ωv

]

[φ p
u −φ p

v +2πkuv] (12)

where kuv , ku − kv. Now phase unwrapping is transformed into a
problem of determining the correct value of the integer kuv. Hence,
it is convenient to write Eq. (12) in the form

φu[k] =
[

ωu

ωu −ωv

]

[φ p
u −φ p

v +2πk] (13)

where k is a general integer variable whose true value (kuv) is be-
ing sought. Now, define the identifiability criterion for the true

phase φu[kuv] as being the only valid phase amongst the phases
φu[k], with the validity of phase defined as falling in the interval
[−ωud/c,ωud/c]. Consider the true phase value φu[kuv]. Any other
false candidate value of the phase φu[kuv ± q],q ∈ N can be ex-
pressed, based on (13), as

φu[kuv ±q] = φu[kuv]±2πq
[

ωu

ωu −ωv

]

. (14)

Noting that a valid value of the phase φu must fall in the interval
[−ωud/c,ωud/c], for φu[kuv±q] to be invalid phases, the following
inequality must be satisfied:

∣

∣

∣

∣

φu[kuv]±2πq
[

ωu

ωu −ωv

]
∣

∣

∣

∣

> ωu
d
c
,∀q (15)

Considering all the sign (+/-) combinations of φu[kuv] and [ωu −ωv],
a sufficient and necessary condition for the true phase to be uniquely
identifiable can be stated as

2π
∣

∣

∣

∣

ωu

ωu −ωv

∣

∣

∣

∣

> ωu
d
c
+ |φu[kuv]| (16)

Since the true phase φu[kuv] is generally unknown, it is more conve-
nient to obtain a more strict—but accessible—version of the condi-
tion in (16) by setting |φu[kuv]|= |φu[kuv]|max = ωu

d
c . After manip-

ulation, this results in the sufficient condition

|ωu −ωv|< π
c
d

(17)

Eq. (17) is the end of the proof of Theorem 1. In the following,
we show how the condition in (17) can be exploited to identify the
true value of φu. The same logic can be applied to φv, or otherwise,
the true value of φv can be directly determined from the true value
of φu using (11). By inspecting Eq. (13) in light of the condition in
Eq. (17), we obtain

|φu[k]|> ωu
d
c

∣

∣

∣

∣

φ p
u −φ p

v +2πk
π

∣

∣

∣

∣

. (18)

It can be deduced from Eq. (18) that there are only three possible
values for k that one of them is anticipated to yield a valid phase
(i.e., |φu[k]| < ωud/c). Literally, the search has to be confined to
the subset {−1,0,1}. The true phase can simply be identified as the
minimum of a triplet.

To recover the true noisy phase φ̂u ≡ φ̂u[kuv] in a general case
where only noisy versions of the principal phases are available (as
in Eqs. (9) and (10)), and when Eq. (17) is satisfied, the following
unwrapping algorithm can be used:
I. Calculate the candidate true phases φ̂u[k] from (13) for

{φ p
u ,φ p

v }= {[φ p
u + ε p

u ], [φ p
v + ε p

v ]} and all k ∈ {−1,0,1}.
II. Find φ l

u such that
∣

∣φ l
u
∣

∣=min
(
∣

∣φ̂u[k]
∣

∣

)

, where min(.) denotes the
minimum value.

III. Substitute φ l
u in (9) and estimate k̂u = r({φ l

u − [φ p
u + ε p

u ]}/2π),
where r(.) is a round-off function.

IV. Substitute k̂u back in (9) and estimate φ̂u = [φ p
u + ε p

u ]+2π k̂u.
The objective of the last two steps is to absorb the effect of noise in
the integer value representing ku. The success/failure of the above
algorithm will be discussed in the following section.

4. NOISE EFFECT

In this section, the effect of noise on the performance of the pro-
posed phase unwrapping algorithm is considered. By considering
the noise terms in Eqs. (9) and (10), one can use the same proce-
dure used to obtain (13), and so obtain the noisy version as

φ̂u[k] =
[

ωu

ωu −ωv

]

+[φ p
u −φ p

v +2πk] + εuv (19)
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where εuv = ωu(ε p
u − ε p

v )/(ωu −ωv) and represents the total effect
of noise. For the purpose of analyzing the performance under noise,
it will be assumed, without loss of generality, that ε p

u and ε p
v are

two zero-mean Gaussian random variables with variances σ 2
u and

σ2
v , respectively. Hence, εuv will be a zero-mean Gaussian random

variable with a variance given by

σ2
uv =

[

ωu

ωu −ωv

]2
[

σ2
u +σ2

v

]

(20)

Noise can have the effect that the algorithm produces erroneous
(integer) values for kuv and/or ku, a situation which we refer to as
failure, while producing the correct integer is referred to as success.
First consider step II of the proposed algorithm, where a selection
between three phase values is made. Each of these three phase val-
ues corresponds to an integer; the integer corresponding to the cor-
rect selection is kuv; the other two integers corresponding to the false
phases will be denoted as k1 and k2. The probability that step II will
produce the correct answer—under noise—can therefore be written
as

Ps,m = P
(
∣

∣φ̂u[kuv]
∣

∣<
∣

∣φ̂u[k1]
∣

∣ &
∣

∣φ̂u[kuv]
∣

∣<
∣

∣φ̂u[k2]
∣

∣

)

= P(|φu[kuv]+ εuv|< |φu[k1]+ εuv|

& |φu[kuv]+ εuv|< |φu[k2]+ εuv|) (21)

where φu[kuv], φu[k1] and φu[k2] are the noise-free candidate phases.
The probability Ps,m depends on the actual values of these phases. A
procedure for evaluating Ps,m from the cumulative distribution func-
tion (CDF) of the random variable εuv is described in Appendix A.

Now, the probability of success of step III (in restoring the cor-
rect integer ku under noise) given the success of step II can be ex-
pressed as the probability that k̂u = ku when φ l

u = φu[kuv]+εuv. That
can be stated as

Ps,r = P

{

r

[

φu[kuv]+ εuv −
(

φ p
u + ε p

u
)

2π

]

= ku

}

(22)

By substituting for (φu[kuv] − φ p
u )/2π = ku and manipulating,

Eq. (22) reduces to

Ps,r = P
[

−0.5 ≤
εuv − ε p

u

2π
< 0.5

]

= P [−π ≤ εuv − ε p
u < π]

= Φ εuv−ε p
u
(π)−Φ εuv−ε p

u
(−π) (23)

where Φ εuv−ε p
u

is the CDF of the random variable εuv −ε p
u , which is

has a Gaussian distribution with a zero mean and a variance equal
to σ2

uv +σ2
u .

Now, the probability of success for the whole algorithm pre-
sented in Section 3 will be given by

Ps = Ps,mPs,r (24)

The probability Ps is directly a function of the variances σ 2
u and σ2

v .
In general, for large number of frames (N), ε p

u and ε p
v are approxi-

mately Gaussian and σ 2
i , i = u,v can be approximated as [6, 8]

σ2
i ≈

1−|γ[ωi]|
2

2N|γ[ωi]|2
(25)

where |γ[ωi]|
2 is the magnitude squared coherence (MSC) at fre-

quency ωi, which can be defined as [17]

|γ[ωi]|
2 =

G2
ss[ωi]

{Gss[ωi]+Gnn[ωi]}
2 (26)
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Figure 1: Probability of success of the proposed method.

where Gnn is the noise power spectrum. It should be noted that
Eqs. (25) and (26) rely on the assumption that the signal power is
equal at the two receivers and so are the noise powers. The quan-
tities Gss and Gnn are generally unknown. To be able to plot Ps
versus SNR, σ2

u and σ2
v must be obtained as functions of SNR. For

a deterministic signal (s[t]), it can be shown that (see Appendix B)

σ2
i ≈

[

1+(α[ωi]LΛ)−1
]2

−1

2N
(27)

where α[ωi] is the ratio of the power of the received signal at the
frequency ωi to the total signal power, L is the length of the DFT
and Λ is the linear SNR. It is noted that for a deterministic signal,
the required parameter α[ωi] is fixed for a fixed DFT length and
does not depend on the signal amplitude, hence it can be calculated
directly from the DFT of a known version of the signal. This re-
quires that the channel does affect the signal frequencies, which is
consistent with the linear channel model in given by (1) and (2).

By using Eq. (27) to calculate the required variances, Ps (and
also Ps,m and Ps,r) can be plotted directly against the SNR. Fig. 1
shows an example of such a plot assuming a signal s[t] that is a sum
of two sinusoids of frequencies, 40 and 45 kHz, and equal ampli-
tude. The two frequencies ωu and ωv are selected to coincide with
the two peaks of the power spectrum (which correspond to 40 and
45 kHz). The DOA of the source is assumed to be 60o. Other pa-
rameters are d = 2 cm, L = 32 and N = 20. From Fig. 1, it can
be seen that both Ps,m and Ps fall when the SNR decreases. At low
SNRs, Ps,m is better than Ps, which suggests that step II alone can
be sufficient for phase unwrapping. However, the whole algorithm
is justified since when outliers are discarded, it can offer a smaller
error than step II. This can be seen from the variance of the output
in the case of success of step II as given by Eq. (20), compared to
that of the whole algorithm, which is expected to be equal to σ 2

u .

5. DOA ESTIMATION WITH PHASE UNWRAPPING

To estimate the DOA of a bandpass signal utilizing the CPS, each
frequency in the passband is paired with all possible frequencies
such that each pair satisfies (17). For each pair, the algorithm de-
scribed in Section 3 is applied to the wrapped phases obtained from
the CPS. The pairing results in multiple estimates for the integer ku
at each frequency ωu (see step III, Section 3). To suppress outliers,
the mode of these estimates is taken as the final estimate of ku. The
unwrapped phase φu is calculated based on this final estimate of the
integer ku (see step IV, Section 3). Finally, the delay is estimated
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Figure 2: Test room with the locations of the transmitter (Tx)
and the receivers (Rx) marked. Heights (H) are quoted be-
tween brackets.

from the unwrapped phases using (7), and the DOA estimate is cal-
culated from (8). In this paper, the weights ψm in (8) are set to a
value of one.

6. EXPERIMENTAL RESULTS

The proposed approach for DOA estimation has been tested ex-
perimentally. The experiments were carried out in a normal office
(see Fig. 2). Ultrasonic bandpass signals consisting of 20 equally-
spaced frequencies in the range 35 - 49.5 kHz were used. The sig-
nals were constructed in a way that resembles a frequency hopping
spread spectrum (FHSS) scheme [18], with a hop duration of 3.2
ms. The sampling frequency was approximately 168 kHz. A frame
size of 512 with 384 sample overlap between successive frames was
used. A Fast Fourier Transform (FFT) was used to calculate the 512
length DFTs after windowing each frame by a Blackman window.
The receivers were kept 2 cm apart (which is approximately 6 times
λmin/2 and 4 times λmax/2), and approximately 170 cm from the
transmitter. The receivers were maintained in the same location for
all of the tests. Changing the angle of arrival of the signal was
achieved by rotating the panel containing the two receivers. Four
different angles were tested, nominally, 0o, 20o, 45o and 60o.

Fig. 3 shows examples of the unwrapped phases for each angle
tested using the method described in Section 2.

Table 1 summarizes the results. The root mean square Error
(RMSE) and the bias (estimated by subtracting the true angle from
the mean) are used to evaluate the performance of the two proposed
approaches. The results were obtained from 20 independent tests
for each angle. Each test involved 3000 snapshots. The SNR was
found to be approximately 30 dB. The column titled “All estimates”
represents the results obtained directly from applying the proposed
method. It can be seen that large errors occur for the largest tested
angle—60o. As can be seen in Fig. 3 (d), more outliers appear
for this angle compared to the smaller angles. Performance can
be improved by excluding the outliers from estimation of the final
DOA, as demonstrated in the column titled “Ex. outliers ”. As it can
be seen, some improvements has been obtained by applying such a
two-stage approach to the larger angle cases.

To demonstrate performance at lower SNRs, artificial white
Gaussian noise was added in simulation. Performance versus SNR
is depicted in Fig. 4 for a DOA of 45o. The figure emphasizes the
fact that outliers can dominate the performance at low SNRs, how-
ever, performance is seen to asymptotically improve as the SNR
increases. The general trend in the figure is consistent with that
in Fig. 1. Note that experimental results can be affected by other
factors such as reverberation and the variation of signal power at
different frequencies.
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Figure 3: Experimental results: The true, true principal, ob-
served principal and unwrapped phases for true DOA of a)
0o, b) 20o, c) 45o and d) 60o.

Table 1: Experimental Results: DOA estimation error for 4
different angles.

All estimates Ex. Outliers
DOA Bias RMSE Bias RMSE

0o 0.17o 0.76o 0.17o 0.76o

20o −1.42o 1.42o −1.42o 1.42o

45o −1.33o 1.51o −1.29o 1.30o

60o −3.06o 4.30o −0.00o 0.15o

7. CONCLUSION

A novel method for linear phase unwrapping, applied to DOA es-
timation of a multi-frequency signal received at two widely-spaced
receivers, is presented. The method does not depend on the exis-
tence of unwrapped phases at low frequencies. Experimental results
with ultrasonic signals show the feasibility of the approach.

APPENDICES

A. EVALUATION OF THE PROBABILITY Ps,m

First, let us start with the probability P(|a+ ε| < |a1 + ε|), where
ε is a random variable with Gaussian distribution and CDF Φ ε (x);
and a and a1 are real constants, a 6= a1. This probability can be
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Figure 4: Performance with noise for a DOA of 45o.
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evaluated as

P(|a+ ε|< |a1 + ε|) = P(ε > ζ1) , for a < a1

= P(ε < ζ1) , for a > a1

(28)

where ζ1 ,−[a+a1]/2. Eq. (28) is also applicable for a1 = a2, etc.
Now, consider the probability P = P(|a+ ε| < |a1 + ε|&|a+ ε| <
|a2 + ε|), a 6= a1 6= a2. Based on 28, four different cases can be
recognized as follows:
case 1: a < a1 and a < a2

P = P(ε > ζ1 & ε > ζ2)

= P(ε > max[ζ1,ζ2])

= 1−Φ ε (max[ζ1,ζ2]) (29)

case 2: a > a1 and a > a2

P = P(ε < ζ1 & ε < ζ2)

= P(ε < min[ζ1,ζ2])

= 1−Φ ε (−min[ζ1,ζ2]) (30)

case 3: a < a1 and a > a2

P = P(ε > ζ1 & ε < ζ2)

= P(ε < ζ2)−P (ε ≤ ζ1)

= 1−Φ ε (−ζ2)−Φ ε (ζ1), for ζ1 < ζ2

= 0, for ζ1 > ζ2 (31)

case 4: a > a1 and a < a2

P = P(ε < ζ1 & ε > ζ2)

= P(ε < ζ1)−P (ε ≤ ζ2)

= 1−Φ ε (−ζ1)−Φ ε (ζ2), for ζ1 > ζ2

= 0, for ζ1 < ζ2 (32)

where ζ2 , −[a+ a2]/2. Hence, for P = Ps,m given by (21), the
above procedure can be used be setting a = φu[kuv], a1 = φu[k1],
a2 = φu[k2] and ε = εuv.

B. DERIVATION OF THE VARIANCE σ 2
i AS A

FUNCTIONS OF SNR

From the definition of |γ[ωi]|
2 in (26)

1−|γ[ωi]|
2

|γ[ωi]|2
=

1− G2
ss [ωi]

{Gss [ωi]+Gnn[ωi]}2

G2
ss[ωi]

{Gss [ωi]+Gnn[ωi]}2

=
{Gss[ωi]+Gnn[ωi]}

2 −G2
ss[ωi]

G2
ss[ωi]

=

{

1+
Gnn[ωi]

Gss[ωi]

}2
−1 (33)

However, for white noise

Gnn[ωi]

Gss[ωi]
=

Pn
L

α[ωi]Ps
=

Pn

α[ωi]LPs
= {α[ωi]LΛ}−1 (34)

where Ps and Pn are, respectively, the total signal power and the total
noise power; α[ωi], Gss[ωi]/Ps; L is the length of the DFT; and Λ
is the linear SNR. Inserting (34) into (33), and inserting the latter
back into (25), (27) is obtained.
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ABSTRACT

The identification of signal components in electroencephalographic
(EEG) data is a major task in neuroscience. The interest to this
area has regained new interest due to the possibilities of multi-
dimensional signal processing. In this contribution we analyze
event-related multi-channel EEG recordings on the basis of the
time-varying spectrum for each channel. To identify the signal com-
ponents it is a common approach to use parallel factor (PARAFAC)
analysis. However, the PARAFAC model cannot cope with compo-
nents appearing time-shifted over the different channels. Further-
more, it is not possible to track PARAFAC components over time.
We show how to overcome these problems by using the PARAFAC2
decomposition, which renders it an attractive approach for process-
ing EEG data with highly dynamic (moving) sources. Additionally,
we introduce the concept of PARAFAC2 component amplitudes,
which resolve the scaling ambiguity in the PARAFAC2 model and
can be used to judge the relevance of the components.

1. INTRODUCTION

In this contribution we focus on analyzing measured electroen-
cephalographic (EEG) data to identify the components of activity.
This analysis can also be used to detect and localize epileptic seizure
onset zones on the scalp as well as projections of cognitive pro-
cessing like speech or auditory handling. Unfortunately, different
sources in the brain can produce the same EEG pattern, which ren-
ders them in general non-separable. Source localization algorithms,
such as LORETA [15] or dipole fitting methods can resolve this am-
biguity by imposing additional assumptions. For further improve-
ments of these methods, preprocessing in form of subspace decom-
positions, e.g., principle component analysis (PCA), independent
component analysis (ICA), singular value decomposition (SVD), or
beamforming algorithms [10] have been applied. However, these
methods cannot exploit the multi-dimensional nature of the EEG
data. Moreover, to obtain matrix decompositions like PCA or ICA,
physically unsatisfiable assumptions like orthogonality or indepen-
dence have to be imposed. Therefore, tensor decompositions are
a more promising approach to handle EEG signals. Especially the
well known parallel factor (PARAFAC) analysis is widely used in
recent literature, because it is essentially unique under mild con-
ditions [2] without any artificial constraints, such as orthogonality.
In the last years PARAFAC was applied to EEG signals, e.g., for
estimating sources of cognitive processing [13], for the analysis of
event-related potentials (ERP) [14], and for epileptic seizure local-
ization [18].

In order to resolve the temporal evolution as well as the fre-
quency content of the EEG recordings, a time-frequency analysis
(TFA) is applied for each channel. Therefore, the data is analyzed
over three dimensions, i.e., time, frequency, and space (channels).
Different TFA algorithms have been studied for the analysis of EEG
signals [7]. The most common method is the continuous wavelet
transformation (CWT). However, wavelet analysis may not provide

adequate time and frequency resolution for EEG data. In [19] it was
shown that the reduced interference distribution (RID) [5] is partic-
ularly useful for the TFA of EEG data and its subsequent multi-way
component analysis, since it provides an improved time-frequency
resolution.

The common approaches for the three-way component analy-
sis of EEG data to date are based on the PARAFAC model. How-
ever, this model is not able to resolve moving EEG components
which appear time-shifted over the different channels. Therefore,
the PARAFAC component analysis is only useful in case of static
sources. In this contribution we introduce the PARAFAC2 decom-
position [9] for the space-time-frequency analysis of EEG data. The
PARAFAC2 model supports time-shifted component signals. Fur-
thermore, we show how the PARAFAC2 model can be adopted
in order to track the different EEG components over time. The
PARAFAC2 model is rarely used up to now, i.e., in [3] it is ap-
plied to chemometric data including retention time-shifts, and [1]
uses it for the time-space-window analysis of EEG and electrocar-
diographic (ECG) recordings. The PARAFAC2 model is essentially
unique up to scaling and permutation. In order to resolve the scaling
ambiguity, we introduce the least squares PARAFAC2 component
amplitudes which can be used to judge the influence of the individ-
ual components.

This paper is organized as follows: In Section 2 we clarify the
notation and define the operators and symbols that are used. In Sec-
tion 3 we discuss the signal processing steps to analyze EEG sig-
nals. Thereby, the Sections 3.1 and 3.2 present the methods for the
measurement preprocessing and the time-frequency analysis. Sub-
sequently, Section 3.3 describes the three-way component analysis
of the different time-frequency distributions using PARAFAC2. In
Section 4 we present the results of the event-related EEG analy-
sis based on measurements, before drawing the conclusions in Sec-
tion 5.

2. NOTATION

To facilitate the distinction between scalars, vectors, matrices, and
higher-order tensors, we use the following notation: scalars are
denoted by lower-case italic letters (a, b, ...), vectors by boldface
lower-case italic letters (a, b, ...), matrices by boldface upper-case
letters (A, B, ...), and tensors are denoted as upper-case, boldface,
calligraphic letters (A, B, ...). This notation is consistently used for
lower-order parts of a given structure, unless stated otherwise. For
example A ∈ R

I1×I2×···×IN represents an N -dimensional tensor
of size In along mode n. Its elements are referenced by ai1,i2,...,iN

for in = 1, 2, . . . In and n = 1, 2, . . . , N . For matrices we use the
superscripts T, H, −1, + for transposition, Hermitian transposition,
matrix inverse, and Moore-Penrose pseudo-inverse, respectively.

The tensor operations we use are consistent with [12]. The
higher-order norm of a tensor A, symbolized by ‖A‖H, is defined
as the square root of the sum of the squared magnitude of all el-
ements in A. The n-mode vectors of a tensor A are obtained
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by varying the n-th index in of the tensor elements ai1,i2,...,iN

within its range (1, 2, . . . , In) while keeping all the other in-
dices fixed. The matrix unfolding of the tensor A, denoted by
[A](n) ∈ R

In×I1·...·In−1·In+1·...·IN contains all the n-mode vec-
tors of the tensor A. The k-th frontal slice of a third order tensor
X ∈ R

I1×I2×I3 is addressed by [X ]:,:,k ∈ R
I1×I2 , where k can

reach the values 1 . . . I3. The operator vec{X } aligns all elements
of the tensor X into a column vector. The n-mode product of a
tensor A ∈ R

I1×···×IN and a matrix U ∈ R
Jn×In is denoted as

(A ×n U ) ∈ R
I1×···×Jn×···×IN . It is obtained by multiplying all

n-mode vectors of A from the left hand side by the matrix U . The
outer product of an N -dimensional tensor A and a K-dimensional
tensor B, denoted by (A ◦ B), is a (N + K)-dimensional tensor
whose elements are given by (A ◦ B)i1,...,iN ,j1,...jK = ai1,...,iN ·
bj1,...jK . An N -dimensional tensor A ∈ R

I1×···×IN is of rank one
if and only if it can be written as the outer product between N non-
zero vectors c(n) ∈ R

Mn , such that A = c(1) ◦ . . . ◦ c(N). The
three-dimensional identity tensor I3,d is defined as

I3,d =
d∑

n=1

en,d ◦ en,d ◦ en,d ∈ R
d×d×d , (1)

where en,d represents the n-th column of a d × d identity matrix
(also termed the n-th pinning vector of size d).

3. SIGNAL PROCESSING STEPS

The processing of EEG data is a very challenging task due to the dif-
ficult nature of these signals, e.g., they are non-stationary and suffer
from very low signal to noise ratios. Moreover, they are affected by
correlated noise with unknown distribution and artifacts originat-
ing from eye blinks, eye movements, and muscle activity as well as
from diverse technical distortions. Therefore, a suitable preprocess-
ing has to be applied in the form of filters, reference EEG channels,
and averaging over several trials. Afterwards, the time-frequency
analysis is applied to each channel individually, in order to resolve
the temporal evolution as well as the frequency content of the EEG
data. This is done by applying the Reduced Interference Distribu-
tion (RID) [5], since it provides an improved time and frequency
resolution. The components of the resulting three-dimensional sig-
nal, which changes in frequency, space (channels), and time, are
extracted via PARAFAC2 analysis (see Figure 1).

Measured
EEG data

Prepro-
cessing

Time-frequency
analysis

PARAFAC2
analysis

Figure 1: Signal processing steps for the identification of signal
components in event-related EEG data. After the measurements and
an appropriate preprocessing, the time-frequency analysis is per-
formed. The resulting three-way data is then analyzed using the
PARAFAC2 decomposition.

3.1 Measurement Description and Preprocessing
The EEG signal is recorded from a 23 year old, healthy and
right-handed woman. The position of the 64 EEG electrodes is
based on the international 10-10-system [4] with earlobe references
[(A1 + A2)/2]. The sampling frequency is chosen to 1000 sps
(samples per second). For the preprocessing of the raw signal, the
following off-line, digital, zero-phase filters are applied: a 7 Hz
high-pass, a 135 Hz low-pass, and a band-stop filter between 45
and 55 Hz. Thereby, all filters showed a stop-band suppression of
at least 60 dB. For the investigation of event-related potentials, we
record EEG data triggered by a visual stimulus. The subject sits in
front of a hemispherical perimeter. The stimulus is a 20 ms cen-
tral light flash from a white LED to the right eye. The triggered
EEG responses to this stimulus are averaged over 1600 trials for all
channels (see Figure 2).
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Figure 2: The course of the visual evoked potentials, averaged over
1600 trials and distributed over 64 channels according to the 10-10-
system [4]. The visual stimulus is a 20 ms light flash coming from
a white LED which is mounted in the central field of the right eye.
The occipital channels show the response (P100 and P200) earlier
than the frontal ones.

3.2 Time-Frequency Analysis
A powerful approach to time-frequency analysis is given by the
family of quadratic time-frequency distributions (TFD), which are
based on the temporal correlation function (TCF) qx(t, τ ) of the
signal x(t) defined as [7]

qx(t, τ ) = x(t +
τ

2
)x∗(t − τ

2
) . (2)

The Wigner-Ville distribution (WVD) Wx(t, f) of x(t) is defined
as the Fourier transform of the TCF with respect to the lag variable
τ [20, 17]

Wx(t, f) =

∞∫
−∞

qx(t, τ )e−j2πfτdτ . (3)

The ambiguity function Ax(θ, τ ) is defined as the inverse Fourier
transform of the TCF with respect to the time t [7]

Ax(θ, τ ) =

∞∫
−∞

qx(t, τ )ej2πθtdt . (4)

Thus, the ambiguity function and the WVD are related by the two-
dimensional Fourier transform. The main drawback of the time-
frequency analysis based on the TCF is that it produces cross terms
in Wx(t, f) as well as in Ax(θ, τ ). However, the time and fre-
quency resolution can be adjusted separately. In 1966 Cohen intro-
duced an overall class of TFDs based on the WVD which allow the
use of kernel functions for reducing cross terms [6]. This group of
TFDs Px(t, f) is defined as

Px(t, f) =

∞∫
−∞

∞∫
−∞

Ax(θ, τ )Θ(θ, τ )e−j2πθt−j2πτfdθdτ , (5)

where Θ(θ, τ ) is the kernel function. A large number of TFDs have
been proposed, each differing only in the choice of Θ(θ, τ ). These
kernel functions can be used to suppress the effect of the cross terms
on the TFD. Choi and Williams [5] introduced the reduced interfer-
ence distribution (RID), which is a TFD based on the exponential
kernel function

Θ(θ, τ ) = e−
θ2τ2

σ , (6)
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where σ > 0 is a scaling factor which influences the cross term sup-
pression. The RID has been proven to be especially useful for the
analysis of EEG data [19], also in connection with the subsequent
tensor decomposition (Figure 1).

3.3 Three-Way Component Analysis
After the time-frequency analysis the EEG data is represented by a
time-varying frequency distribution for every channel. This three-
way data can be expressed in form of a tensor

X ∈ R
NF×NT×NC , (7)

where NF and NT are the number of samples in frequency and
time, and NC is the number of channels, respectively. In order to
separate the signal components in this tensor, it is common to use
a multi-dimensional extension of the singular value decomposition
that is known as the PARAFAC decomposition [8]. Thereby, the
tensor is decomposed into a minimal sum of rank one components.
In the absence of noise, the PARAFAC model for the tensor (7) can
be represented as

X =
d∑

n=1

Y (n) =
d∑

n=1

an ◦ bn ◦ cn , (8)

where the vectors an ∈ R
NF , bn ∈ R

NT , and cn ∈ R
NC ,

represent the frequency, time, and channel signatures of the n-th
PARAFAC component. Moreover, d represents the number of sig-
nal components (PARAFAC model order). Since each PARAFAC
component Y (n) is constructed from the outer product of the chan-
nel, time and frequency signature, it represents a component sig-
nal with a rank-one time-frequency distribution. Furthermore, the
component signal can vary over the different channels only by a
scalar factor ck,n, which is the k-th element of the channel signa-
ture cn. Therefore, the k-th frontal slice [Y (n)]:,:,k ∈ R

NF×NT for
k = 1 . . . NC of each component tensor Y (n) is given by

[Y (n)]:,:,k = an · ck,n · bT
n . (9)

For the analysis of moving EEG sources, it is crucial to allow that
the component signals can appear time-shifted over the channels.
Therefore, we have to adopt the PARAFAC components Y (n) such
that the time signature bn can vary over the channel indices k =
1 . . . NC. This yields the following PARAFAC2 [9] component

[Z (n)]:,:,k = an · ck,n · tTn,k , (10)

where the vector tk,n ∈ R
NT is the time signature for the k-th

channel (k = 1 . . . NC). By introducing the component matrices
A = [a1, a2, . . . , ar] ∈ R

NF×r, Tk = [tk,1, tk,2, . . . , tk,r] ∈
R

NT×r, as well as the vector of channel signatures sk =
[ck,1, ck,2, . . . , ck,r]

T the decomposition of the tensor X reads as

[X ]:,:,k = A · diag{sk} · Tk . (11)

Here, r is the number of PARAFAC2 components (PARAFAC2
model order). The decomposition model (11) is not essentially
unique without an additional constraint introduced by [9]

T T
k · Tk = H ∈ R

r×r . (12)

This constraint together with the model equation (11) yields the
PARAFAC2 decomposition. Please note that equation (12) con-
strains the sample cross-correlation matrix H between the time sig-
natures of the different PARAFAC2 components to be constant over
the channel index k = 1 . . . NC. Thereby, relative time-shifts from
channel to channel between the time signatures of each PARAFAC2
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Figure 3: Reconstruction error for the PARAFAC and the
PARAFAC2 model for different number of sources in a time win-
dow from 121 ms to 240 ms. The PARAFAC reconstruction error
does not decrease with increasing model order, which indicates that
the model does not fit to the data. The PARAFAC2 model is able to
explain the VEP data with adequate number of signal components.

component are allowed. However, these relative time-shifts have to
remain constant for all components.

The direct fitting algorithm for the computation of the
PARAFAC2 model used within this contribution was introduced by
[11]. It is based on the fact that the model equations (11) and (12)
can be transformed into a PARAFAC decomposition of the tensor
W ∈ R

NF×r×NC , which is given by

[W ]:,:,k = [X ]:,:,k · Pk = A · diag{sk} · DT , (13)

where Pk is a matrix of size NT × r with orthogonal columns, and
D is of size r × r. The matrix Pk can be computed via alternating
least squares (ALS) iterations using the singular value decomposi-
tion (SVD) of

D · diag{sk} · AT · [X ]:,:,k = Uk · Σk · V T
k (14)

Pk = Vk · UT
k (15)

The time signatures of the PARAFAC2 decomposition of X are
then given by

Tk = Pk · D . (16)

Please note that for the solution of (13) an arbitrary PARAFAC al-
gorithm can be used. For the computation of the PARAFAC de-
composition the most common methods to date are based on itera-
tive alternating least squares algorithms. However, these algorithms
may require many iterations and are not guaranteed to converge to
the global minimum. In this contribution we use the recently de-
veloped closed-form PARAFAC algorithm [16], which outperforms
the iterative approaches.

3.3.1 Closed-Form PARAFAC

The closed-form PARAFAC algorithm is based on the higher order
singular value decomposition (HOSVD) of the tensor W which is
defined as [12]

W = Q ×1 U1 ×2 U2 ×3 U3 , (17)

where Q ∈ R
NF×r×NC is the full core tensor of same size as

W . The unitary matrices U1 ∈ R
NF×NF , U2 ∈ R

r×r and
U3 ∈ R

NC×NC provide an orthonormal basis for the 1-mode, 2-
mode, and 3-mode vector spaces of W , respectively. Thus, the
HOSVD can easily be obtained from the matrix singular value de-
composition of the n-mode matrix unfoldings of W [12]. In the
non-degenerate case (r ≤ min{NF, NC}) the HOSVD of the ten-
sor W can be truncated to

W = Q[s] ×1 U
[s]
1 ×2 U

[s]
2 ×3 U

[s]
3 , (18)
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where Q[s] ∈ R
r×r×r and where U

[s]
1 , U

[s]
2 and U

[s]
3 are of size

(NF × r), (r × r), and (NC × r), respectively. By defining the
matrix C = [c1, . . . cr] ∈ R

NC×r we can rewrite the PARAFAC
model (8) in terms of the identity tensor I3,r

W = I3,r ×1 A ×2 D ×3 C . (19)

Comparing the equations (18) and (19) indicates that there is a
link between the PARAFAC model and the HOSVD. To exploit
this connection we define the transformation matrices T1 ∈ R

r×r,
T2 ∈ R

r×r, and T3 ∈ R
r×r such that

A = U
[s]
1 · T1 , D = U

[s]
2 · T2 , C = U

[s]
3 · T3 . (20)

Inserting these equations into (19) and comparing it with (18) yields

Q[s] ×1 T −1
1 ×2 T −1

2 ×3 T −1
3 = I3,r . (21)

Therefore, the closed-form PARAFAC algorithm estimates the
transformation matrices that diagonalize the truncated core tensor
Q[s] to the identity tensor I3,r . In [16] it is shown that this can be
accomplished very efficiently by means of joint matrix diagonaliza-
tions, also in the degenerate case. The resulting closed-form algo-
rithm outperforms iterative approaches especially in critical scenar-
ios, since it does not require alternating least squares iterations. By
considering different criteria for the choice of the final component
estimates, it provides the opportunity to obtain a tradeoff between
accuracy and computational complexity.

3.3.2 Scaling ambiguity in PARAFAC2

The PARAFAC2 model equation (11) can be reformulated in terms
of component tensors as

X =

r∑
n=1

Z (n) =

r∑
n=1

an ◦ (Fn · diag{cn}) , (22)

where Fn = [t1,n, t2,n, . . . , tNC,n] is the matrix of time signatures
for the n-th PARAFAC2 component of size NT × NC. Similarly
to the PARAFAC decomposition, the PARAFAC2 decomposition
in (22) together with (12) is essentially unique up to scaling and
permutation. In order to resolve the scaling ambiguity and to judge
the influence of the components, we extend the idea of least squares
PARAFAC component amplitudes [19] to the PARAFAC2 model.
To this end we introduce the following normalization.

a′
n =

an

‖an‖F
, t′k,n =

tk,n

‖tk,n‖F
, c′

n =
cn

‖cn‖F
, (23)

for n = 1 . . . r and k = 1 . . . NC. Here ‖·‖F denotes the Frobenius
norm. Please note that these normalization leads to ‖a′

n ◦ (F ′
n ·

diag{c′
n})‖H = 1 with F ′

n = [t′1,n, t′2,n, . . . , t′NC,n]. Next we
introduce the PARAFAC2 component amplitudes γn by

X ≈
r∑

n=1

γn · a′
n ◦ (F ′

n · diag{c′
n}) =

r∑
n=1

γn · Z(n)′ . (24)

To determine all amplitudes jointly we rewrite this equation by ap-
plying the vec operator to

vec{X } = [vec{Z (1)′}, vec{Z (2)′}, . . . , vec{Z (r)′}] ·γ , (25)

where the vector γ = [γ1, . . . , γr]
T contains all component ampli-

tudes. The least squares solution for the set of linear equations (25)
is given by

γ =
[
vec{Z (1)′}, vec{Z (2)′}, . . . , vec{Z (r)′}

]+

vec{X } . (26)

In practical applications the PARAFAC2 model often does not ex-
actly fit the data, and no apriori knowledge can be used to resolve
the scaling and permutation ambiguity. In these cases we suggest to
judge the influence of the components based on the magnitudes of
the component amplitudes γn.

PARAFAC2 205 ms

PARAFAC2 160 ms

PARAFAC 121 – 240 ms

Figure 4: PARAFAC and PARAFAC2 signal components for the
TFA based on the reduced interference distribution. The analysis
window reaches from 121 to 240 ms. The PARAFAC2 analysis
clearly indicates that there is an occipital component over the right
visual cortex as well as a short component at 205 ms over the mo-
toric center (electrodes C3 / C4). The temporal location of the com-
ponents is resolved only by the PARAFAC2 analysis.

4. EXPERIMENTAL RESULTS

For the experimental validation of the component analysis algo-
rithm, we apply both the PARAFAC and the PARAFAC2 decompo-
sition on the measured visual evoked potentials (VEP) presented in
Figure 2. In this data-set a strong positive wave is observed around
100 ms and 200 ms. This P100 and P200 component is well known
in literature for this kind of VEP. However, both components ap-
pear slightly time-shifted on the different channels, e.g., they are
observed slightly earlier on the occipital parts. This clearly indi-
cates the presence of moving sources, which cannot be analyzed
via the PARAFAC decomposition. This is also reflected by the rel-
ative reconstruction error (27) of the PARAFAC model, which is
depicted in the upper part of Figure 3.

EP(d) =

‖X −
d∑

n=1

an ◦ bn ◦ cn‖H

‖X ‖H
. (27)

It is clearly recognized that the relative reconstruction error does not
decrease with increasing number of PARAFAC components (note
that for each model order the decompositions (8) and (11) are re-
computed). Therefore, the PARAFAC model is not able to explain
the measured data, since the time-shifts lead to a dramatic growth of
the model order. On the other hand, the PARAFAC2 model shows
a significant degradation in the relative reconstruction error (28) for
increasing number of PARAFAC2 components.

EP2(r) =

‖X −
r∑

n=1

an ◦ (Fn · diag{cn})‖H

‖X ‖H
. (28)

Using a model order of r = 3, PARAFAC2 is able to explain
more than 98% of the measured data. This clearly indicates that the
PARAFAC2 decomposition is able to resolve the signal components
of moving (time-shifted) EEG sources. Moreover, the PARAFAC2
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model allows us to track the signal components over the time. This
is achieved by combining the PARAFAC2 time signatures Fn and
the channel signatures cn to a matrix Gn = Fn · vec{cn} of size
NT × NF such that the PARAFAC2 model (22) becomes

X =

r∑
n=1

an ◦ (Fn · diag{cn}) =

r∑
n=1

an ◦ Gn . (29)

Therefore, each PARAFAC2 component can be interpreted as outer
product of a constant frequency signature an and a time-varying
channel signature Gn. Please note that this enables us to track
the channel signatures over time with the same resolution as the
original signal X (note that it is not necessary to compute the
PARAFAC2 model in overlapping time windows to achieve the
time tracking.). The time tracking of channel signatures is not pos-
sible with the PARAFAC component analysis. The time-varying
PARAFAC2 channel signature provide new insights into the com-
ponent analysis of EEG data, as demonstrated in Figure 4. The
upper part of this Figure shows three PARAFAC channel signatures
within a time window ranging from 120 ms to 240 ms. They show
a strong component on the right occipital parts of the scalp, as well
as some activities on the motoric center (C3 / C4 electrode). How-
ever, it is not possible to extract the exact temporal location of these
components. Moreover, we observed that distinct temporally sep-
arated sources mix up to one PARAFAC channel signature, since
the PARAFAC model has to describe the whole data window with
rank-one components. This effect can be seen in comparison with
the temporally exactly located PARAFAC2 channel signatures in
the middle (160 ms) and the lower part (205 ms) of Figure 4. At
160 ms the PARAFAC2 components indicate a clean component
originating from the visual cortex on the right occipital part of the
scalp, whereas the motoric components appear very shortly 45 ms
later over the motoric center (C3 / C4 electrode).

5. CONCLUSION

In this contribution we have derived a novel concept for the
component analysis of multi-channel EEG data by applying the
PARAFAC2 decomposition on the time-frequency distributions of
all channels. We have shown that the PARAFAC2 model is
able to cope with time-shifted signal components originating from
moving EEG sources. Therefore, the PARAFAC2 decomposition
clearly outperforms the commonly used PARAFAC decomposition
in case of highly dynamic signals. Additionally, we have demon-
strated how the PARAFAC2 model can be used to implement a
temporal tracking of the channel signatures for each component.
Thereby, the temporal resolution is the same as for the original
EEG signal, which provides new insights into the temporal evo-
lution of EEG components. In order to increase the robustness
of the direct fitting PARAFAC2 algorithm we use the recently de-
veloped closed-form PARAFAC algorithm for the computation of
the PARAFAC2 model. Moreover, we introduced the least squares
PARAFAC2 amplitudes in order to resolve the scaling ambiguities
of the PARAFAC2 model. Furthermore, we suggest to use these
amplitudes to judge the influence of the PARAFAC2 components.
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ABSTRACT
A new spatiotemporal filtering method for single trial estimation
of event related potential (ERP) subcomponents is presented here.
The method is an extension of the recent method for estimation of
ERP components developed by Li et al. [1]. This method can be
used for estimation of ERP subcomponents when they have tempo-
ral overlap and are often viewed as one component. Using the scalp
projection of the subcomponents, a new constraint is added to the
cost function which can deflate the other subcomponents. Therefore,
the proposed method is capable of estimating the ERP subcompo-
nents effectively. The method is applied to both simulated and real
data and has been shown to perform very well even in low signal
to noise ratios. The approach can be especially useful in mental
fatigue analysis where the relative variability of the P300 subcom-
ponents are the key factors in order to detect the level of fatigue.

Index Terms— Event related potential (ERP), subcompo-
nent, spatiotemporal filtering, constraint.

1. INTRODUCTION

Event related potentials (ERPs) are voltage fluctuations in EEG in-
duced within the brain and are time locked to sensory, motor, or
cognitive events [2][3]. They are used mainly by clinicians in or-
der to assess a number of neurological disorders and cognitive pro-
cesses. An ERP wave consists of a sequence of labeled positive
and negative amplitude components. These components reflect var-
ious sensory, cognitive and motor processes that are classified on
the basis of their scalp distributions and responses to experimental
stimuli.

One common approach to analyze the ERP components is to
average the time-locked single-trial measurements. Averaging the
EEG over a number of trials to obtain the ERP waveform results in
loss of information related to trial-to-trial variability. The ERP vari-
ability across trials can be exploited in identification of many brain
abnormalities. An effective analysis of ERPs should then be based
on single trial estimation. Several methods such as Wiener [4],
maximum a posterior (MAP) [5] and Kalman filtering approaches
[6] have been used in single trial estimation. Other methods are
proposed in [7] and [8] which are based on principal component
analysis (PCA) and independent component analysis (ICA). These
methods are not suitable in low signal to noise ratios and may fail
in many situations because of very low signal to background noise
power and inter-trial variability of the recorded ERPs.

Recently a method for spatiotemporal ERP component estima-
tion from single trials is developed in [1]. The method is effective in
ERP component estimation in negative signal to noise ratios. This
method assumes that there is no temporal correlation or overlap be-
tween the components; in the case of having correlated components
or subcomponents it can not achieve correct results. Therefore, in
this paper we have extended and modified the method presented in
[1] in order to have a single trial estimation of ERP subcomponents
where there is inherent temporal correlation between the subcom-
ponents.
Our proposed method for estimation of the ERP subcomponent de-
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scriptors defines two cost functions (in the case of having two sub-
components which have temporal correlation) and estimates the la-
tency, amplitude, and scalp projections of both subcomponents. The
method can be generalized and considered for the case that there are
more than two subcomponents. However, because one important is-
sue is to deal with the P300 subcomponents (i.e. P3a and P3b), the
method can be used specifically for P300 subcomponent estimation.
In this paper it is shown mathematically that the method in [1] for
ERP component estimation can not be used for ERP subcomponent
estimation because of temporal correlation between the subcompo-
nents whereas, the new ERP subcomponent estimation method pro-
posed here can result in a very good estimation of ERP subcom-
ponent descriptors (latency, amplitude and scalp projection). The
proposed method is highly demanded for some applications such as
mental fatigue in which single trial estimation of P300 subcompo-
nents and their variability can be utilized in detecting the level or
degree of fatigue. The remainder of the paper is structured as fol-
lows. In section 2 linear generative EEG model is described. Then,
in section 3 the new spatiotemporal filtering method is explained. In
section 4 the results of applying the spatiotemporal filtering to both
simulated and real data are provided. Finally, section 5 concludes
the paper.

2. LINEAR GENERATIVE EEG MODEL

In this section a composite EEG model which includes two gener-
ally correlated subcomponents is provided and then a new approach
for estimation of their parameters is proposed. To do this we start
with writing the linear generative EEG model in the matrix form as:

X = a.s+
N

∑
i=1

bini (1)

where X is a D× T matrix which represents the single-trial EEG
data with D channels and T samples, s is a 1×T vector that can be
the time course of ERP component, ni denotes the noise in general
and N is the number of noise components. The vectors a and bi are
of dimension D× 1 and can be considered as the projection of the
corresponding source to the electrodes on the scalp. X can also be
modeled in terms of its constituent normalized components as:

X = σs0a0.s0 +
N

∑
i=1

σib0in0i (2)

where a0, s0, and n0i are the normalized versions of the their coun-
terparts in (1). The scalars σs0 and σi are the overall contributions of
the sources to the multichannel EEG data. For a stable normalized
scalp projection a0, it is expected that a0 is fixed for all the trials and
the amplitude σs0 may change across trials. Now consider the new
formulation which decomposes the ERP component into its corre-
lated subcomponents (we can assume that we are dealing with P300
that has two overlapped subcomponents as P3a and P3b):

X = σ1a1.s1 +σ2a2.s2 +
N

∑
i=1

σib0in0i (3)
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where σ1, a1 and s1 are the amplitude, scalp projection, and time
course of the first subcomponent, and σ2, a2 and s2 are the ampli-
tude, scalp projection, and time course of the second subcomponent
of the combined component described by σs0, a0, s0 in equation (2).
Suppose that the first subcomponent is estimated and normalized as
y1. If we multiply its transpose to both sides of equation (3) we
have the following relation (the cross term n0i.y

T
1 almost vanishes

because it is assumed that the noise is uncorrelated with the ERP
subcomponents):

X.yT
1 = σ1a1.s1.y

T
1 +σ2a2.s2.y

T
1 (4)

If we assume that the normalized estimated subcomponent y1 is
exactly the same as the first source, the first term will be equal to
σ1a1 (the normalization operation makes s1.y

T
1 equal to 1). The

main concern is the second term in which s2.y
T
1 becomes a scale

factor because of temporal correlation between the subcomponents.
If s2.y

T
1 were zero (in the case of having no temporal correlation),

X.yT
1 could result in an estimation of a1. Therefore, multiplication

of one of the estimated subcomponents can not give us an estimate
of its corresponding scalp projection because of the non zero na-
ture of the second term in equation (4) when the subcomponents are
temporally correlated.

This procedure is used in [1] in order to have an initial estimation
of scalp projection a of the ERP component which is considered
to be uncorrelated with the noise. But we showed that the method
is not capable of estimating the scalp projections of the ERP sub-
components when there are some other correlated subcomponents.
Hence, we need to extend the method to work for estimation of ERP
subcomponents. The proposed method here is based on a cost func-
tion which can suppress one of the subcomponents. It is assumed
that the noise is uncorrelated with both subcomponents and there-
fore, a filter is designed for estimation of the ERP subcomponents.
Now consider the following constrained problem:

min ||wT X−r1||22 sub ject to wT a2 = 0 (5)

Where both w and a2 are D× 1 vectors, r1 is an 1× T vector,
and D is the number of channels. Using Lagrange multipliers, the
constrained problem can be converted to an unconstrained problem:

F = ||wT X−r1||22 +wT a2q (6)

where q is the Lagrange multiplier. The gradient of F with respect
to wT is:

∂F
∂wT =

∂
∂wT {r1r

T
1 −2r1X

T w+wT XXT w+wT a2q}
=−2r1X

T +2wT XXT +qaT
2

(7)

By setting the above equation to zero and solving it for wT , we get
the following equation:

wT = 0.5(2r1X
T −qaT

2 )C−1
x (8)

where Cx = XXT . By substitution of (8) into the constraint in (5),
we obtain:

wT a2 = 0.5(2r1X
T −qaT

2 )C−1
x a2 = 0; (9)

The scale q is obtained as:

q =
2r1X

T C−1
x a2

aT
2 C−1

x a2
(10)

Now consider the main cost function in (5):

G = ||wT X−r1||22 (11)

If we set G to zero, the optimum solution given by wT
opt to extract

r1 is:
wT

opt = r1X
T C−1

x (12)

If we multiply wT
opt to both sides of equation (3), it can be seen that

in order to have an estimation of s1, by having an appropriate refer-
ence source for s1 that is r1, wT

opta1 will become 1/σ1 and wT
opta2

will become zero. Therefore, we can conclude that in the case of
having the exact reference for s1, wT

opta1 = 1/σ1 and wT
opta2 = 0.

Substitute wT
opt from equation (12) into wT

opta2 = 0, the following
equation is achieved:

r1X
T C−1

x a2 = 0 (13)

Equation (13) is equal to the numerator of equation (10) and the
Lagrange multiplier will be equal to zero. This is expected because
this makes the cost functions F and G equal to each other. In other
words, when it is reasonable that wT

opta2 = 0 there is no need to
add an extra constraint wT a2 = 0 because as explained, this is hold
implicitly. Now, consider the following cost function:

F̃ = ||wT X−r1||22 +wT ã2q̃ (14)

using equation (10) we have the following solution for the Lagrange
multiplier:

q̃ =
2r1X

T C−1
x ã2

ãT
2 C−1

x ã2
(15)

with the help of equation (8) we find wT as follows:

wT = r1X
T C−1

x − r1X
T C−1

x ã2

ãT
2 C−1

x ã2
ãT

2 C−1
x

w = C−1
x XrT

1 −
r1X

T C−1
x ã2

ãT
2 C−1

x ã2
C−1

x ã2

(16)

we multiply both sides of the above equation by XT to obtain the
following equation:

XT w = XT C−1
x XrT

1 −
r1X

T C−1
x ã2

ãT
2 C−1

x ã2
XT C−1

x ã2 (17)

In this paper, a suitable choice is made for ã1 and ã2 as:

ã1 = XrT
1

ã2 = XrT
2

(18)

Therefore, it is simple to derive the following equations:

ã1 = σ1a1s1r
T
1 +σ2a2s2r

T
1

ã2 = σ1a1s1r
T
2 +σ2a2s2r

T
2

ã1 = σ1a1s1r
T
1 +

(ã2−σ1a1s1r
T
2 )

s2r
T
2

s2r
T
1

ã1 = σ1a1s1r
T
1 + ã2

s2r
T
1

s2r
T
2
−σ1a1

s1r
T
2 (s2r

T
1 )

s2r
T
2

(19)

Using equation (17), the following equations can be derived:

XT w = XT C−1
x XrT

1 −
ãT

1 C−1
x ã2

ãT
2 C−1

x ã2
XT C−1

x ã2

= XT C−1
x XrT

1

−
[σ1s1r

T
1 aT

1 + s2r
T
1

s2rT
2
ãT

2 −σ1
s1r

T
2 (s2r

T
1 )

s2rT
2

aT
1 ]C−1

x ã2

ãT
2 C−1

x ã2
XT C−1

x ã2

(20)
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Now we want to show that aT
1 C−1

x ã2 = 0. We use equation (13)
with swapped indices as:

r2X
T C−1

x a1 = 0

ãT
2 C−1

x a1 = 0

aT
1 C−1

x ã2 = 0

(21)

Therefore, equation (20) can be simplified to:

XT w = XT C−1
x XrT

1 −
[ s2r

T
1

s2rT
2
ãT

2 ]C−1
x ã2

ãT
2 C−1

x ã2
XT C−1

x ã2

= XT C−1
x XrT

1 − [
s2r

T
1

s2r
T
2

]XT C−1
x ã2

= XT C−1
x [σ1a1s1r

T
1 +σ2a2s2r

T
1 ]

−XT C−1
x [

s2r
T
1

s2r
T
2

][σ1a1s1r
T
2 +σ2a2s2r

T
2 ]

= XT C−1
x [σ1a1s1r

T
1 +σ2a2s2r

T
1 ]

−XT C−1
x [

s2r
T
1

s2r
T
2

σ1a1s1r
T
2 +σ2a2s2r

T
1 ]

(22)

XT w can be simplified more into:

XT w = XT C−1
x [σ1a1s1r

T
1 ]−XT C−1

x [
s2r

T
1

s2r
T
2

σ1a1s1r
T
2 ]

= XT C−1
x σ1a1[s1r

T
1 −

s2r
T
1

s2r
T
2

(s1r
T
2 )]

(23)

Then, we can derive the following equation:

XXT w = XXT C−1
x σ1a1[s1r

T
1 −

s2r
T
1

s2r
T
2

(s1r
T
2 )] (24)

Considering Cx =XXT and XXT C−1
x = I, the following equation

is derived:

XXT w = σ1a1[s1r
T
1 −

s2r
T
1

s2r
T
2

(s1r
T
2 )] (25)

If we normalize XXT w, a1 will be obtained. Therefore, follow-
ing (18) if we use ã2 = XrT

2 and solve equation (14) and multiply
the resulted w by XXT , we can have an estimate of a1 which is
the scalp projection of the first subcomponent whose correspond-
ing temporal reference signal is given by r1. Therefore, solving
equation (14) is effective and useful in estimation of the scalp pro-
jection of one of the subcomponents which is the main contribution
of this paper. One significant achievement in this paper which has
also been confirmed by the simulated results, is that when there is
a mismatch between the reference signal and the actual source the
normalized vector of XXT w does not change or because of dif-
ferent noise level it changes very slightly. In other words, the es-
timation of scalp projection of one of the ERP subcomponents is
independent of the choice of reference signals. In the case of hav-
ing a mismatch between the actual source and the reference signal,
still we can have a very good approximation of scalp projections
of the subcomponents. This is because the mismatch results in the
change of the scale ([s1r

T
1 − s2r

T
1

s2rT
2
(s1r

T
2 )]) in equation (25) in the

estimation. After normalization however, this has no effect.
Estimation of scalp projection of the correlated subcomponents

is very useful for localization of the ERP subcomponent in the brain.
However, in order to have the temporal estimation for each subcom-
ponent, we need to solve equation (11) and find wT

opt given in (12)
and then multiply it by X. Therefore, having a reference signal for

each subcomponent, wT
optX can be the temporal estimation of that

subcomponent.
The pseudocode for the new spatiotemporal filtering methodol-

ogy is provided in Algorithm 1. ERP subcomponents are modeled
using parametric functions in many studies and among them Gaus-
sian waveform is very common [9][10]. Although real ERP sub-
components may not look exactly Gaussian the modeling results in
a robust and fast estimation of the peak parameters (latency and am-
plitude) that neurophysiologists and cognitive scientists are primary
concerned. Like the method in [1] we used Gamma wave as an ap-
proximation to ERP subcomponents because any desired shapes can
be easily obtained by tuning its parameters. Based on the given al-
gorithm, first, we generate two references (r1,r2) representing the
first and second subcomponents using Gamma functions expressed
as:

r(t) = ctk−1exp(− t
θ

) (26)

Where k > 0 is a shape parameter, θ > 0 is a scale parameter, and c
is a normalizing constant. After generating Gamma wave as a ref-
erence signal for each ERP subcomponent, we slide each wave in
a range of valid latencies or order to generate more reference sig-
nals for both subcomponents. The peak latency of the reference is
denoted as τ . After generating the references, the value of ã1 and
ã2 can be obtained using equation (18). Then, it is possible to solve
the constrained problem given in (14) considering each reference
and ãi(i=1,2) that is obtained by considering the reference for an-
other subcomponent. Next, we estimate w1(τ1) and w2(τ2) using
equation (16) as shown in Algorithm 1. Then, considering three cost
functions (J1(τ1), J2(τ2), and J̃(τ1,τ2)), the reference signals, for
which the sum of the three cost functions is minimum, are selected.
Then we are able to estimate a1, a2, σ1, and σ2. These estimates are
shown in Algorithm 1. Practically, it is expected to get better results
in peak latency estimation if we use J̃(τ1,τ2) cost function. This is
not surprising since for temporal estimation of the subcomponents
it is reasonable to use wopt given in equation (12) and for the esti-
mation of scalp projections and the amplitude it is better to use the
constrained problem given in (14). Therefore, for peak latency es-
timation we use wopt resulted when using the reference signals for
subcomponents and considering J̃(τ1,τ2) cost function.

3. RESULTS

In this section, the results of applying the proposed method to both
simulated and real data are provided. The goal of the simulation
study is to evaluate the ability of the method in peak latency, ampli-
tude, and scalp projection estimation in different SNR levels. The
method is then applied to real data.

3.1 Simulation Study

In order to evaluate the method and quantify the estimation er-
ror for ERP subcomponent descriptor (latency, amplitude) two
Gamma waves are generated as ERP subcomponents. Therefore,
the Gamma waves are used as approximations to ERP subcompo-
nents because the desired shapes can be easily achieved by adjusting
their parameters. For simplicity of writing, we call the first sub-
component P3a and the second subcomponent P3b. The simulated
subcomponents are shown in Fig. 1 as the synthetic P3a and P3b
subcomponents. Two scalp projections which are somehow orthog-
onal are generated for P3a and P3b. Then, using equation (3), a 20
channel dataset is generated. Each channel includes 40 trials. In all
of the trials the latency of P3a is fixed at 150 ms and the latency of
P3b is fixed at 200 ms. Therefore, the subcomponents are relatively
highly correlated in time domain. The amplitudes of P3a and P3b
changes in different trials. The variance of the noise is fixed at all
the trials. However the noise changes slightly from trial to trial.
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Algorithm 1 New spatiotemporal filtering method
-Generate r1(τ1),r2(τ2) considering reasonable ranges of peak
latencies[τ1 ∈Ts1,τ2 ∈Ts2] for the first and second
subcomponents using Gamma waves
-Set ã1(τ1) = Xr1(τ1)T and ã2(τ2) = Xr2(τ2)T

-Find w1(τ1) = C−1
x Xr1(τ1)T − r1(τ1)XT C−1

x ã2(τ2)
ãT

2 (τ2)C−1
x ã2(τ2)

C−1
x ã2(τ2)

w2(τ2) = C−1
x Xr2(τ2)T − r2(τ2)XT C−1

x ã1(τ1)
ãT

1 (τ1)C−1
x ã1(τ1)

C−1
x ã1(τ1)

-Set J1(τ1) = ||wT
1 (τ1)X−r1(τ1)||22 +w1(τ1)T ã2(τ2)q̃

J2(τ2) = ||wT
2 (τ2)X−r2(τ2)||22 +w2(τ2)T ã1(τ1)q̂

J̃(τ1,τ2) = ||(r(τ1)+r(τ2))[XT C−1
x X− I]||22+

||r(τ1)[XT C−1
x X− I]||22 + ||r(τ2)[XT C−1

x X− I]||22
[l1, l2] = argminτ1,τ2(J1(τ1)+J2(τ2)+ J̃(τ1,τ2))

-Estimate a1 = XXT w1(l1)
norm(XXT w1(l1))

a2 = XXT w2(l2)
norm(XXT w2(l2))

σ1 = 1/[(r1(l1)XT C−1
x )(a1)]

σ2 = 1/[(r2(l2)XT C−1
x )(a2)]

-Find the peak latencies as [τ̃1, τ̃2] = argminτ1,τ2 J̃(τ1,τ2)

We have applied the method to the simulated data considering the
reference signal as the actual synthetic data and the results are
shown in Table 1. The first column corresponds to the average value
of SNR for all 40 trials. The second and fifth columns are the mean
and variance of the estimated latencies for P3a and P3b respectively.
The mean and variance of the ratio between the actual and estimated
amplitudes are available in the third and sixth columns. This value
should be close to 1. The correlations between the estimated scalp
projections and actual scalp projections are available in forth and
seventh columns. The variance of the noise is changed in order to
generate different levels of SNR and the algorithm is run for the
new SNR level. The available noise power is measured by SNR in

Table 1. Estimated latencies, amplitudes and scalp projections for
simulated P3a and P3b in the case of exact match

SNR(dB) P3a latency P3a amplitude P3a scalp projection P3b latency P3b amplitude P3b scalp projection

-4.7985 153.8000±2.0406 1.6039±0.1285 0.9701 206.0500±4.5907 1.4127±0.0837 0.9792
-3.9647 154.3500±2.0450 1.5071±0.1219 0.9751 204.5250±3.9222 1.3517±0.1003 0.9818
-3.0178 153.5000±1.7687 1.4662±0.1022 0.9791 202.8500±4.7907 1.2890±0.0809 0.9853
-2.0325 153.6000±1.5326 1.4165±0.0947 0.9819 203±4.3853 1.2306±0.0576 0.9888
-0.8349 152.8750±1.3623 1.3680±0.0839 0.9858 201.4250±4.4600 1.1866±0.0556 0.9910
0.4663 152.6250±1.1916 1.3294±0.0751 0.9881 201.9750±3.8263 1.1409±0.0480 0.9936
2.0559 152.1000±1.0077 1.2914±0.0660 0.9906 201.4000±2.8266 1.0993±0.0603 0.9953
2.9637 151.6500±0.6998 1.2636±0.0700 0.9920 199.9250±3.5833 1.0789±0.0491 0.9964
3.9945 151.3250±0.6558 1.2680±0.0543 0.9933 200.3250±2.7492 1.0629±0.0363 0.9967
5.1388 151.1250±0.6864 1.2413±0.0484 0.9941 200.1000±2.8627 1.0523±0.0432 0.9978
6.4869 150.8500±0.6222 1.2313±0.0490 0.9945 200.9500±2.5815 1.0295±0.0319 0.9983
8.1083 150.5250±0.5541 1.2131±0.0441 0.9955 200.2750±2.3964 1.0102±0.0201 0.9988
10.0147 150.5000±0.5064 1.2019±0.0336 0.9955 200.4500±1.5013 0.9940±0.0275 0.9992
12.5061 150.0750±0.2667 1.1768±0.0345 0.9962 199.7250±1.3202 0.9691±0.0183 0.9995
16.0293 150.0250±0.1581 1.1705±0.0295 0.9964 200.2500±0.8697 0.9537±0.0121 0.9997

Table 2. Estimated latencies, amplitudes and scalp projections for
simulated P3a and P3b in the case of Mismatch

SNR(dB) P3a latency P3a amplitude P3a scalp projection P3b latency P3b amplitude P3b scalp projection

-3.9329 166.7250±5.5423 1.6461±0.1211 0.9716 182.1500±12.0268 1.3083±0.0960 0.9809
-3.0555 167.6750±4.9634 1.5950±0.1095 0.9740 182.9000±14.0307 1.2197±0.0722 0.9852
-2.0338 167.3000±4.3276 1.5141±0.1036 0.9794 180.4500±12.0829 1.1469±0.0921 0.9883
-0.8666 167.4500±4.2242 1.4607±0.0858 0.9813 181.6750±13.6107 1.0856±0.0795 0.9903
0.5041 164.8750±2.9368 1.4239±0.0773 0.9852 183.1500±15.3749 1.0325±0.0430 0.9927
2.0499 164.1500±2.2481 1.4002±0.0670 0.9866 189.4750±18.9804 0.9768±0.0454 0.9952
2.9711 163.7000±1.5722 1.3712±0.0627 0.9875 192.8750±20.0617 0.9541±0.0530 0.9958
3.9868 163.0250±1.3105 1.3432±0.0619 0.9890 199.3000±20.1357 0.9237±0.0420 0.9968
5.1544 163.3000±1.2445 1.3433±0.0508 0.9906 207.4500±17.7460 0.9074±0.0286 0.9974
6.4777 164.3750±1.1477 1.3173±0.0512 0.9910 216.7500±6.8827 0.8900±0.0329 0.9982
7.9829 165.5250±0.6789 1.3138±0.0396 0.9910 219.2000±0.8829 0.8725±0.0261 0.9985
10.0087 166.5250±0.6400 1.3013±0.0423 0.9914 220.3500±0.8022 0.8481±0.0218 0.9990

dB which is defined as:

SNR = 10log(
Psignal

Pnoise
) (27)

Therefore, in the case of exact match, when the reference is the ac-
tual synthetic signal, with an increase in SNR the variances of the
latency and amplitude estimations decrease and the means of the la-
tency and amplitude tend toward the actual values. The correlation
coefficients of the actual and estimated scalp projections increase
and reach almost to 1. Also, we used two references for P3a and
P3b which were not the exact synthetic signals. These presumed
waves for P3a and P3b are shown in Fig. 1. The results of esti-
mated latency, amplitude, and scalp projections are shown in Table
2. When the SNR increases, the variances of estimations for la-
tency and amplitude decrease. But there is some error in latency
estimation which is about 20 ms. This can not be significant in
some applications. It is possible to enhance the method in order to
achieve better results when there is a mismatch between the actual
and presumed subcomponents. However, still we have good esti-
mations for the scalp projections of both subcomponents which are
significant and favorable.

3.2 Real Data
The EEG data were recorded using a Nihon Kohden model EEG-
F/G amplifier and Neuroscan Acquire 4.0 software. EEG activity
was recorded following the international 10 – 20 electrode setting
system from 15 electrodes. The reference electrodes were linked to
the earlobes. The impedance for all the electrodes was below 5kΩ,
the sampling frequency Fs = 2 kHz, and the data were subsequently
bandpass filtered (0.1 – 70 Hz). Subjects were required to sit alert
and still with their eyes closed to avoid any interference. The stimuli
were presented through ear plugs inserted in the ear. Forty rare tones
(1 kHz) were randomly distributed amongst 160 frequent tones (2
kHz).
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Fig. 2. (a) Reference signals for P3a and P3b, (b) Estimated amplitudes for P3a and P3b in different trials.
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Fig. 3. Scalp projections of P3a in four selected progressive trials.

The subjects were asked to press a button as soon as they heard
a low tone (1 kHz). The task was designed to assess basic memory
processes. ERP components measured in this task included N100,
P200, N200, and P3a and P3b. It is selected 40 trials of the data and
the presented method for estimation of latency, amplitude and scalp
projection of P3a and P3b is applied. Based on the averaged ERP
of 40 trials and also having some prior knowledge about the data,
we have selected two reference signal for P3a and P3b which are
shown in Fig. 2(a) . The amplitude variations of the P3a and P3b are
shown in Fig. 2(b). The mean latency of P3a was 283.3ms and the
mean latency of P3b was obtained as 367.6ms. The estimated scalp
projections of P3a and P3b in four selected but progressive trials
are shown respectively in Fig. 3 and Fig. 4. The P3a has a more
fronto-central distribution as expected and P3b has more posterior
distribution. The scalp projections are plotted using EEGlab [11].

4. DISCUSSION AND CONCLUSIONS
In this paper we proposed a new method for single trial estimation of
the ERP subcomponents. The method defines a new cost function in
which the scalp projection of each subcomponent can be estimated.
The proposed method in this paper overcomes the problem of exis-
tence of temporal correlation between the subcomponents or even
between components in the recently developed spatiotemporal fil-
tering method. Simulated results show that the method is robust in
estimation of latency, amplitude, and scalp projections of ERP sub-
components when there is a correlation between subcomponents.
The scalp projections of both subcomponents can be estimated with
high accuracy even in the case that there is a mismatch between
the reference signal and the actual source. This is very important
when we are dealing with localization of ERP subcomponents in
the brain. Since the scalp projections can be effectively analyzed
and used in order to give us the exact location of the source in the
brain. Also It has been shown that the method is effective for sin-
gle trial estimation of P300 subcomponents. This is very useful for

 

 

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

 

 

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

 

 

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

 

 

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

(a) (b) (c) (d)

Fig. 4. Scalp projections of P3b in four selected progressive trials.

some applications such as mental fatigue where the variability of
P300 subcomponent descriptors can determine the fatigue state.
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ABSTRACT
Eye movement origin electrooculogram (EOG) artifacts
yield significant problems for the saccade-related electroen-
cephalogram (EEG) and its analysis. The denoising of EOG
artifacts is important task to analyze the relationship between
a saccade and a brain function. In this paper, a tensor product
expansion with absolute error (TPE-AE) is applied to reduce
the EOG artifacts from the EEG signal. The TPE-AE has
some difficulty to separate the EOG from the saccade-related
EEG data due to a background noise from a spontaneous
EEG activity. We show that the TPE-AE, which calculates
two outer products, is useful to reduce EOG components re-
lated to the eye movement.

1. INTRODUCTION

Attention is being placed on the saccade-related EEG data
to investigate the brain function in saccadic eye movement.
EEG related to the saccade have researched to achieve a
Brain Computer Interface (BCI) based on eye tracking sys-
tem that uses saccadic EEG[1, 2]. However, the artifact due
to a blinking and eye movement interfere with correct analy-
sis of EEG related to saccadic eye movement.

The typical EEG signal processed with the ensemble av-
eraging indicates that the sharp changes of a potential due
to the saccade-related EEG and the eye movement EOG are
recorded before and after the saccade, respectively. This
EOG yields the difficulty of a saccadic EEG analysis. More-
over, the ensemble averaging requires EEG data of many tri-
als to find characteristics of saccade-related EEG, and is not
suitable to extract a change of a latent time related to the sac-
cade.

Another technique is to reduce EOGs due to a saccadic
eye movement and an eye blinking. In order to character-
ize the saccadic EEG, the EEG data excluding the eye blink-
ing noise should be used for accurately analysis. However,
denoising technique rejects important components for EEG
analysis since the recorded potential during the saccadic eye
movement contains both the saccade related EEG and EOG.
Note that the word EOG used here means the artifact due to
a saccadic eye movement.

Funase shows that a fast independent component analysis
with reference signal (FICAR) can analyze single trial EEG
data to realize a practical use of BCI[3, 4, 5]. The FICAR
method focuses on the extraction of the saccadic EEG ex-
plained by the ensemble averaging by using a reference sig-
nal. Therefore, a feature extraction of other components as-
sociated with a saccade is not considered.

Background noise

Local signal

SB

SL

Mixture
Matrix
      A

h(l1,l2)

Observed

SB

Estimate

Figure 1: Model of noise reduction using outer product ex-
pansion

Saccade-related EOG artifacts yield significant problems
for the EEG and its analysis. The EOG artifact denoising is
important task to analyze the relationship between the sac-
cade and the EEG. In order to find the saccadic EEG, a high-
pass filter which rejects from 0 to 4 Hz is often employed to
avoid the effect of the EOG. Generally speaking, however,
this lower frequency band may include many EEG compo-
nents corresponding to a recognition and consciousness.

In this paper, a tensor product expansion with absolute er-
ror (TPE-AE) is applied to reduce EOG artifacts in the EEG
signal. The conventional TPE-AE has some difficulty to sep-
arate the EOG from the saccade-related EEG data due to a
separability limitation. We apply the novel TPE-AE, which
calculates two outer products, to the denoising problem. Re-
sults show that the TPE-AE employed in this paper is effec-
tive to reduce the EOG component in the EEG data.

2. TPE-AE

TPE-AE is the signal separation based on a tensor product
expansion[6, 7, 8, 9]. Assume that the observed signal con-
sists of two source signals, the one is observed in most sig-
nals (a background noise) while another is seen in just few
signals (a local signal). In this case, the latter signal can be
considered as the outlier. TPE-AE estimates a background
noise from the observed signal as shown in Fig.1, while ma-
jor blind source separation, i.e. independent component anal-
ysis, often estimates then sources fromn input signals.

An absolute error is employed in TPE-AE as a criterion to
calculate the outer product [10, 11], since the absolute error
have little influence of outliers. Leth(l1, l2) be an input 2-
D matrix consists of observed signals. The outer product
and its bias component ofh(l1, l2) is given by the L1-norm
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Figure 2: Model of noise reduction for saccadic EEG data

minimization as shown in (1).

J =
q1

∑
l1=1

q2

∑
l2=1

|h(l1, l2)− ( f1(l1) f2(l2)+ f3(l2))| (1)

whereJ is an error function,f1(l1) f2(l2) and f3(l2) are an
outer product which approximates AC and DC components,
respectively. q1 and q2 is the length of the signal and the
number of signals,f1(l1) and f2(l2) is l1th andl2th element
of a vector, respectively.f1(l1), f2(l2) and f3(l2), which yield
minimum J, gives us the background noise included in the
observed signalh(l1, l2).

The simple and reasonable method based on Monte
Carlo Simulation (MCS) was applied to calculate the optimal
f1(l1), f2(l2), f3(l2). MCS produces optimal solutions by ex-
tensive trials using random numbers. The feasibility and sep-
arability conditions of this method for the background noise
estimation are confirmed [10].

TPE-AE can reduce the background noise generated by
one source, however, the EEG data with an eye movement
includes two undesired signals due to the EOG and a spon-
taneous EEG. We reduce the undesired signal in EEG data
by estimating two terms of the outer product (Fig.2). TPE-
AE applying to the EEG data does not require the estimation
term for DC component since the EEG data is corrected and
processed through a high-pass filter. Therefore, (1) is rewrit-
ten as (2).

J =
r

∑
R=1

q1

∑
l1=1

q2

∑
l2=1

|h(l1, l2)− f1R(l1) f2R(l2)| (2)

whereR and r indicates the index and number of an esti-
mated term for TPE-AE. The EOG and a spontaneous EEG
is estimated asf11(l1) f21(l2) and f12(l1) f22(l2).

3. EEG ANALYSIS

3.1 EEG data collection

The recording is performed in the shielded dark room in or-
der to reduce an electromagnetic noise and a visual stimuli.
The visual target (LED) is set on the board located 30cm
away from the nasion of the subject. One LED is placed
in front of the subject, two LEDs are located on 25 and -
25 degree from the center LED (Fig.3). One LED of three
LEDs is illuminated randomly to avoid the prediction of the
subject which LED is blinking next. The EEG during the
saccadic eye movement that a subject moves his eye toward
the illuminated LED placed on a right or left side is recorded
iteratively.

25deg.

30cm

Left
ear

Right
ear

Inion

Subject

LEDs

Figure 3: Placement of LEDs
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Figure 4: International 10-20 electrode system

EEG data is collected from 19 electrodes, which are
placed at the location based on the international 10-20 sys-
tem as shown in Fig.4. In order to detect an eye movement
and an eye blinking, two pairs of sensors are attached to the
right-left side (HEOG) and top-bottom side (VEOG) of the
right eye. All potentials are digitally sampled at 1000Hz,
and collected for the offline signal processing. A high-pass
filter (cut-off 0.53Hz) and a low-pass filter (cut-off 120Hz)
is applied to the collected EEG data, while the EOG data is
recorded through a high-pass filter (cut-off 0.1Hz) and a low-
pass filter (cut-off 15Hz).

The EEG data according to 50 right saccades and 50 left
saccades from the center is collected by visual target task.
The EEG data used here is 25 for each saccade since some of
recorded data contain an artifact related to eye blinking and
other body movement. 50 EEG signals related to 25 right and
25 left saccades are adopted to the denoising process.

3.2 Denoising procedure

The flow of denoising process using TPE-AE is shown in
Fig.5. The input vectorh(l1, l2) consists of 19 EEG signals
for two seconds whose starting time indicates 1 second be-
fore the eye movement. Outer products are estimated from
EEG signals using TPE-AE. The denoising is performed by
subtracting outer products from the input signal. These pro-
cesses are applied to 50 EEG data for denoising undesired
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Figure 7: EEG and its denoised signal using TPE-AE (1st right saccade)
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Figure 8: EEG and its denoised signal using TPE-AE (6th right saccade)

signals due to the EOG and a spontaneous EEG. In this paper,
TPE-AE which calculated one/two outer product is referred
as TPE-AEr = 1/r = 2

4. EXPERIMENTAL RESULT

4.1 Typical EEG data in saccade

The typical EEG data with right-eye movement recorded on
the left and right occipital lobe (F7 and F8 in international
10-20 system) is shown in Fig.6. This data is the ensemble
average calculated from 25 EEG data. The horizontal axis
is the time, whose 0 [sec] indicates the starting time of an
eye movement to right. The vertical axis indicates the mea-
sured potential. The amplitude of EEG signal on F7 and F8 is
sharply increased and decreased after the eye movement, re-
spectively. This component is the dominant undesired signal
related to the EOG due to the eye movement.

4.2 Example of denoising for single trial EEG

The denoising result of the undesired signal for the EEG sig-
nal with eye-movement is described here. Fig.7 and Fig.8
indicates the EEG on O2 and its denoised signal when the

subject moves his eyes toward the right side. The denoised
signals is the data processed using TPE-AE whose estimated
outer productr is 1 and 2. The result shown in Fig.7 and
Fig.8 is for first and 6th right saccade, respectively. The hor-
izontal axes of these graphs indicate the time cause, where 0
[sec] represents the starting time of eye movement.

From Fig.7, a sharp decrease of the potential recorded
from 0 to 0.1sec is reduced by using TPE-AEr = 1 andr = 2.
This result is not common to all the results we tried. The
sharp decrease in EEG is not always extracted by using TPE-
AE r = 1. The sharp change corresponding to a 6th right sac-
cade in Fig.8(a) is reduced by TPE-AEr = 2 (Fig.8(c)) while
this change remains in the result of TPE-AEr = 1 (Fig.8(b)).
In the case of almost all saccadic EEG data, a sharp decrease
after the eye movement is reduced by using TPE-AEr = 2.

As previously noted, the EOG related undesired signal is
not estimated completely by using TPE-AEr = 1. The TPE-
AE which calculates one outer product can extract the dom-
inant component in input signals. It is difficult to estimate
the EOG related undesired signal by using TPE-AE because
a spontaneous EEG observed at all over the subjects’ head is
extracted. Therefore, the undesired signal related to EOG is
extracted successfully by estimating two outer products us-
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Table 1: Difference of the averaged amplitude spectrum between EEG and denoised EEG [dB]

(a): 0-4Hz (EOG) for right saccade
Fp1 F7 F3 T3 C3 T5 P3 O1 Fz Cz Pz Fp2 F8 F4 T4 C4 T6 P4 O2 Ave.

TPE-AE(r=1) 1.6 2.0 2.5 0.4 7.1 4.3 6.0 4.6 10.5 13.4 7.3 1.5 5.4 1.6 0.7 0.6 1.3 0.9 2.2 3.9
TPE-AE(r=2) 2.6 7.9 4.5 3.2 8.4 5.1 6.9 4.9 12.3 14.1 8.0 3.0 9.2 4.6 1.9 7.4 8.3 9.9 10.8 7.0

Ensemble 11.6 0.6 7.4 9.7 2.6 1.5 1.1 0.6 0.5 1.0 2.2 6.9 -0.9 8.6 9.3 5.6 2.2 2.3 0.4 3.9

(b): 0-4Hz (EOG) for left saccade
Fp1 F7 F3 T3 C3 T5 P3 O1 Fz Cz Pz Fp2 F8 F4 T4 C4 T6 P4 O2 Ave.

TPE-AE(r=1) 1.8 1.8 2.2 0.4 7.8 5.9 8.1 5.0 10.9 12.3 7.4 2.0 5.9 1.0 1.0 -0.1 0.2 -0.3 0.7 3.9
TPE-AE(r=2) 4.9 11.6 5.9 3.6 8.7 7.5 10.8 9.8 11.0 12.3 9.7 3.7 6.9 4.8 2.8 6.0 2.8 2.6 3.1 6.8

Ensemble 5.9 0.4 6.1 7.1 3.8 0.8 0.9 0.3 2.3 1.9 0.5 -1.4 0.3 3.710.3 3.7 2.2 4.8 2.5 3.0
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Figure 9: Ensemble averaging data for
group A (Fp1, F3, T3, Fp2, F4, T4)
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Figure 10: Ensemble averaging data for
group B (C3, T5, P3, O1, Fz, Cz, Pz)
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Figure 11: Ensemble averaging data for
group C (F7, F8, C4, T6, P4, O2)

ing TPE-AE.

4.3 Evaluation in frequency domain

In order to evaluate the denoising performance of TPE-AE, a
decrease of the EOG component from 0 to 4Hz is employed
here. Table 1 represents the decrease of the EOG compo-
nent between an averaged amplitude spectrum of raw EEG
and its denoised EEG in decibel base. In order to extract
the difference, 25 amplitude spectra of an input signal, i.e.
raw EEG, denoised EEG processed with ensemble averag-
ing, TPE-AEr = 1 andr = 2, are calculated by using the fast
Fourier transform. TPE-AEr = 1,2 in Table 1 indicates the
difference between the averaged amplitude spectrum of raw
EEG and its denoised EEG extracted by TPE-AE. Ensemble
indicates the result after subtracting the averaged amplitude
spectrum of recorded EEG from its ensemble averaging data.
Table 1 (a) and (b) shows the difference corresponding to an
eye movement toward right and left side, respectively.

From Table 1 (a), EOG component corresponding to the
saccadic task to a right is decreased an average of 3.9, 7.0
and 3.9 decibel by using the TPE-AEr = 1, r = 2 and the
ensemble averaging, respectively. Table 1 (b) indicates that
the TPE-AEr = 1, r = 2 and ensemble averaging perform a
decrease of the EOG component, which is related to the left
saccade, with an average of 3.9, 7.0 and 3.9 decibel, respec-
tively.

In Table 1 (a), TPE-AEr = 2 reduces the EOG compo-
nent more than other denoising methods excluding Fp1, F3,
T3, Fp2, F4 and T4. We call Fp1, F3, T3, Fp2, F4 and T4
a group A. The ensemble averaging data of group A corre-

sponding to the right saccade shown in Fig.9 indicates that
the sharp change of a potential after the saccade is smaller
than a potential recorded on F7 and F8 (see Fig.6). There-
fore, a decrease of EOG component in the group A is rela-
tively small. The EOG in C3, T5, P3, O1, Fz, Cz and Pz pro-
cessed with a TPE-AEr = 1 is decreased at the same level
asr = 2. The potentials recorded on C3, T5, P3, O1, Fz, Cz
and Pz are defined as a group B. The EEG data excluding
the group A and group B is referred as group C whose EOG
component is reduced by using TPE-AEr = 2. The ensem-
ble averaging data for group B and C is shown in Fig.10 and
Fig.11, respectively. The horizontal axes of these figures rep-
resents a time span where 0 [sec] indicates the starting time
of the eye movement. The vertical axes show the measured
potential. From Fig.10, EEG is decreased rapidly after the
saccade, while EEG shown in Fig.11 represents the abrupt
increase after the eye movement. These results indicates that
the influence of EOG is recorded as three patterns of trends
that are the increase, decrease and few change of a potential
after an eye movement.

As we described above, EEG data during an eye move-
ment includes an EOG and a spontaneous EEG. A sponta-
neous EEG represents the similar trend at almost all posi-
tions, while EOG indicates three patterns of EEG change.
Therefore, the EEG applied to this research includes two
dominant components whose mixing coefficient is signifi-
cantly different. A spontaneous EEG and EOG component,
which has a similar mixture coefficient measured on a spon-
taneous EEG (in this case, the EOG trend shown in group
B), are extracted by TPE-AEr = 1 wrongly since it can es-
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timate the background noise from one source. On the other
hand, TPE-AEr = 2 decrease the EOG component in EEGs
recorded on group B and C which include a little influence
of the saccade.

These results show that the proposed TPE-AEr = 2 is ef-
fective to reduce EOG artifacts related to the eye movement.

5. CONCLUSION

This paper presents the method for reducing the EOG arti-
facts corresponding to the saccadic eye movement. We con-
firmed that a TPE-AE, which estimates two outer products,
is effective to reduce EOG artifacts in a raw EEG. Remain-
ing problems are to only remove the EOG component and to
extract the saccade-related EEG from denoised signals.
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ABSTRACT

A new approach for modelling multichannel signals via hidden
states models in the time-frequency space is described. Multichan-
nel signals are expanded using a local cosine basis, and the (time-
frequency labelled) coefficients are modelled as multivariate ran-
dom variables, whose distribution is governed by a (hidden) Markov
chain. Several models are described, together with maximum like-
lihood estimation algorithms.

The model is applied to electroencephalogram data, and it is
shown that variance-covariance matrices labelled by sensor and fre-
quency indices can yield relevant informations on the analyzed sig-
nals. This is examplified by a case study on the characterization of
alpha waves desynchronization in the context of multiple sclerosis
disease.

1. INTRODUCTION

Many signal classes exhibit specific features that are both time and
frequency localized. This motivates the use of time-frequency sig-
nal representations, such as short time Fourier or Gabor transforms
(see [2, 4,?] and references therein), or orthonormal bases such
as MDCT or Wilson bases. Such elementary waveform systems
have more recently been exploited in sparse regression algorithms
(matching pursuit and variants, basis pursuit,...) in various contexts.
However, real signals often exhibit significant correlations between
time-frequency coefficients, which are often poorly accounted for
by classical sparse expansion methods. In the case of multichan-
nel signals, such as EEG, MEG,... signals, correlations also exist
between channels: information may be somewhat localized in the
channel domain, but close channels (sensors) are often significantly
correlated.

Sparse regression approaches are often not very good at de-
scribing time-correlated or frequency-correlated data, contrary to
channel correlations for which dedicated techniques have been de-
veloped (see for example [5, 6, 10] and references). Motivated
by applications to EEG/MEG signal analysis, we discuss here a
stochastic model implementing simultaneously channel and fre-
quency correlated signals, following the lines of [?, 1], with ex-
plicit modelling of non-stationarity. Indeed, standard stochastic
signal models often rely on (at least implicit) stationarity assump-
tions. However localized phenomena in EEG signals such as alpha
or gamma oscillations cannot be accounted for with such assump-
tions.

The approach we propose models the distribution of time-
frequency coefficients (here MDCT coefficients) in terms of latent
variables. The latter control the covariance matrices of Gaussian
vectors of fixed-time vectors of multi-channel, multi-frequency,
MDCT coefficients. In the framework of application to EEG sig-
nals, the latent variables describe some hidden mental state of the
subject. This model may be seen as a way to introduce non-
stationarity in approaches such as that of [?, 1], where covariance
matrices are expanded as linear combinations of tensor products of
frequency and channel matrices. Inference for the proposed model
can be done using fairly classical algorithms, which yield estimates
for the model parameters, together with maximum likelihood esti-
mates for the sequences of latent variables.

We illustrate the model and algorithms with a case study of
EEG signal analysis, namely the detection of alpha waves in rest
EEG for multiple sclerosis patients and control subjects. We show
that the latent variable estimation is precise enough to confirm a
biological hypothesis, namely the existence of inter-hemispherical
alpha wave desynchronization on multiple sclerosis subjects, which
may be a potential target for diagnosis.

2. HARMONIC HIDDEN MARKOV MODEL

We describe in this section a stochastic model for vector-valued (i.e.
multichannel) signals, based on a local Fourier basis expansion with
random coefficients, and discuss the corresponding inference prob-
lem. Throughout this paper, we denote byB = {ut f , (t, f ) ∈ Λ} a
frame of time-frequency atoms, to be used to expand signals. We
shall limit ourselves here to finite-dimensional local Fourier bases
(also called MDCT bases, see e.g. [?] for a summary), of the form

ut f [n] =

√
2
L

w[n− tL]cos

(
π( f +1/2)

n− tL
L

)
, (1)

t = 0, . . .Nt − 1 (resp. f = 0, . . .Nf − 1) denoting the time (resp.
frequency) index. Herew is a window function, subject to compat-
ibility relations that ensure the family to be an orthonormal basis
of the signal spaceH = R

NtNf . Notice that the model is straight-
forwardly extended to Gabor frames (in which case the estimation
algorithms have to be modified though).

2.1 The model

Consider a time-frequency basisB = {ut f }, for example a MDCT
basis, andNc signals (representingNc sensors’s observations) of the
form

xc = ∑
t, f

ac
t f ut f (2)

The (vector) synthesis coefficientsac
t f are modeled using hidden

Markov models (see [8] for a review), as dependent Gaussian ran-
dom vectors, whose distribution is governed by a time dependent
latent stateXt ∈ {1, . . .Ns}. More precisely, setAt = {(ac

t f , f =

0, . . .Nf −1),c = 1, . . .Nc}. Then we assume that

• Conditional toX = {xt , t = 0, . . .Nt −1} the vectorsAs are mu-
tually independent zero mean Gaussian vectors, with density

ψAt
(a|Xt = k) = N (a;0,Σk)

• The latent states (which depend on the time index only, and are
common to all channels) form a Markov chain, characterized by
its transition matrixπ.

In addition, for avoiding working with large dimensional problems,
we shall be particularly concerned with models in which the covari-
ance matrix takes the form of a Kronecker product

Σ = Σ(c) ⊗Σ( f ) ,
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Σ(c) (resp. Σ( f )) representing channels (resp. frequencies) covari-
ances. More precisely, we shall assume that

E

{
ac

f .a
c′
f ′

}
= Σ(c)

cc′ Σ
( f )
f f ′ ,

where the time index has been dropped for the sake of simplicity.
This is very much in the spirit of [?, 1]. Notice that such a Kro-

necker product form is not unique, i.e. givenΣk, Σ(c)
k andΣ( f )

k are
defined up to a multiplicative factor. This fact has to be taken care
of in the estimation procedure.

2.2 Inference

2.2.1 EM algorithm

Since we are using here an orthonormal basis, the inference prob-
lem can be solved using classical tools, after numerical computation
of the coefficientsac

t f = 〈xc,ut f 〉 using the freely available matlab
toolbox LTFAT [9].

EM is an efficient iterative procedure to compute the Maximum
Likelihood (ML) estimate in the presence of hidden data. In ML
estimation, we wish to estimate the model parameters for which the
observed data are the most likely. For the sake of completeness we
describe here the main points of the algorithm. Each iteration EM
involves two processes: The E-step (Expectation), and the M-step
(Maximization). In the first one, the log-likelihood of the observed
data is estimated given the current estimate of the model parame-
ters, using the forward and backward variables defined here under.
In the M-step, the likelihood function is maximized leading to the
so-called Baum-Welch re-estimation formulas. Convergence is en-
sured since the algorithm is guaranteed to increase the likelihood at
each iteration.

Expectation:For t ∈ 0, ..,Nt −1, we define the following quantities
: the forward variablesαt = (αk

t )k=1,..,Ns
are the normalized distri-

bution of the latent stateXt conditional to the observed coefficients
(Ar)r=0,...t :

αk
t = P(Xt = k/(Ar )r=0,...t)×Lt

where Lt is the likelihood of the observations until timet.
The backward variableβ k

t is the likelihood of the observations
(At+1,At+2, ...,ANt−1) conditional toXt = k for k = 1, . . .Ns and
t = 0, . . .Nt −1.

The forward variables may be obtained recursively fort =
1, . . .Nt −1 while the backward ones may be achieved by recursion
too, operating on decreasing indicest = Nt −1 down to 0. Thanks
to these recursive equations, the complexity of the computation is
linear int.

Given the forward and backward variables, the distribution of
the transition(Xt ,Xt+1) for t = 0, . . .Nt −2 conditional to the obser-
vations up to final timeNt −1 reads

P(Xt =k,Xt+1= l/(At)t=0:Nt−1)=
1

LNt−1
αk

t πk,l ψ(At+1)β l
t+1 (3)

where

LNt−1 =
Ns

∑
k=1

αk
t β k

t

for every timet under consideration.
As a consequence, the distribution of any hidden stateXt , 0≤

t ≤ Nt − 2 conditional to the observations up to final timeNt − 1
satisfies

P(Xt = k/(Ar )r=0:Nt−1) =
1

LNt−1
αk

t β k
t (4)

In order to avoid underflow potentially caused by very small
values of the probabilities, we used normalized versions ofα andβ
defined by Rabiner in [8], to which we refer for more details.

Maximization:the maximum likelihood estimates for the model pa-
rameters read:

ν̂k =
αk

0β k
0

LNt−1
(5)

π̂k,l = πk,l
∑Nt−2

t=0 αk
t ×ψl (At+1)×β l

t+1

∑Nt−2
t=0 αk

t β k
t

(6)

Σ̂k =
∑Nt−1

t=0 αk
t β k

t At
tAt

∑Nt−1
t=0 αk

t β k
t

(7)

2.2.2 Estimation for tensor product covariance matrices.

In order to control the curse of dimensionality when all sensors are
kept (from 32 to 64 sensors are usually used in EEG), we also
consider models in which covariance matrices take the form of
Kröneker products of frequency and channel matrices.

Σk = Σ(c)
k ⊗Σ( f )

k , k = 1, ..,Ns

This approach can be seen as a refinement of the general decomposi-
tion of the covariance into a sum of Kronecker products introduced
by Bijma and De Munck in [?, 1]. The above approaches can be
modified in order to account for that particular structure.
Expectation:the E-step remains unchanged but the computation of
the density simplifies, owing to the fact that

Σ−1
k = (Σ(c)

k )−1⊗ (Σ( f )
k )−1

det(Σk) = det(Σ(c)
k )Nf ×det(Σ( f )

k )NC

Maximization: the re-estimation of covariance matrices in M-step
is achieved using an alternating minimization procedure : consider
Ac

t = (ac
t, f , f = 0, . . .Nf −1) andAf

t = (ac
t, f ,c= 1, . . .Nc) and iterate

the following steps

• Estimation ofΣ(c) givenΣ( f )
k : let Σ( f )

k = ( tBkBk)
−1 denote a

Cholesky decomposition ofΣ( f )
k

−1, define

Mk
t (c,c′) = 〈BkAc

t ,BkAc′
t 〉

and set

Σ̂(c)
k =

1
Nf

∑Nt−1
t=0 P(Xt = k)Mk

t

∑Nt−1
t=0 P(Xt = k)

(8)

• Normalization: set

Σ̂(c)
k = Σ̂(c)

k /‖Σ̂(c)
k ‖F , (9)

‖ · ‖F denoting the Frobenius norm.

• Estimation ofΣ( f ) givenΣ̂(c)
k : Using the Cholesky decomposi-

tion Σ̂(c)
k = ( tDkDk)

−1, define

Pk
t ( f , f ′) = 〈DkAf

t ,DkAf ′
t 〉

and set

Σ̂( f )
k =

1
Nc

∑Nt−1
t=0 P(Xt = k)Pk

t

∑Nt−1
t=0 P(Xt = k)

(10)

These estimators are obtained by alternate optimization of the log-

likelihood with respect toΣ(c)
k andΣ( f )

k respectively. The normaliza-
tion step described here above enables us to raise an indetermination

sinceΣ( f )
k andΣ( f )

k are defined up to a constant. Strictly speaking,
this corresponds to a GEM algorithm for which the convergence to
local minimum is still ensured by the fact that each step increases
the likelihood of the observations with respect to the model.
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Remark 1 As an alternative, the full covariance matrixΣ can
also be estimated classically, the channel and frequency covari-
ances being estimated afterwards by factorization, i.e. by minimiz-

ing a mean square error
∥∥∥Σk−Σ(c)

k ⊗Σ( f )
k

∥∥∥
2

F
under the constraint

∥∥∥Σ(c)
k

∥∥∥
F

= 1.

2.2.3 Estimation of the hidden states sequence

Giving the estimated MAP parameters, we use the Viterbi dynamic
programming algorithm to find the most likely sequence of hidden
states

(XMAP
0 , ...,XMAP

Nt−1) = argmax
l=(l0,..lNt−1)

P(X = l |At , t = 0, ..,Nt −1) (11)

We used the algorithm detailed in [8]. This procedure is also linear
in t but requires numerical evaluation of probability densities, i.e.
inversion of covariance matrices. Therefore, whenNf andNc are
large, using tensor product decompositions yields more stability in
the numerical evaluation.

2.3 Numerical simulations

To validate the algorithms, we simulated signals (Nc = 8 channels
of length 100000 samples each, corresponding to 40 sec of signal)
following the above model.
For the sake of simplicity, and because of the nature of the real EEG
signals we focus on in section 3, we limite ourselves toNs = 2 hid-
den states. MDCT transform was tuned so as to generateNf = 10
frequency bins for each channel.
The frequency covariance matrices were set to the estimated val-
ues for the EEG case study presented below (see Fig. 4 in section
3.2) and artificial channel covariance matrices were generated so
as to exhibit topographically distinct sources for the two states (see
Fig. 1).
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Figure 1: Channel covariance matrices for state ’non-alpha’ (left)
and ’alpha’ (right)

A reference transition probabilityp11 = P(Xt = 1|Xt−1 = 1) =
0.85 was chosen (corresponding to a typical value for alpha waves
duration, i.e. 700ms), simulations were run for various values of
p00 = P(Xt = 0|Xt−1 = 0) in the interval[0.75;0.95] (100 runs per

value ofp00), and relative errors
‖Σ̂−Σ‖F
‖Σ‖F

were computed.

The results, displayed in Fig. 2, clearly show that the Kronecker
product based estimate outperforms the classical one in terms of ac-
curacy (for comparable running time).
As expected, whenp00 grows, the average length of zero-state re-
gions increases, and the accuracy of the estimate ofΣ0 (resp. Σ1)
grows (resp. decays).
The hidden state identification error rates are very comparable for
the two methods and always remain at a very low level (less than
0.5%).

3. APPLICATION TO EEG SIGNALS

The above model, inspired by [7], was motivated by applications to
the modeling of EEG signals, and we describe now a case study,
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Figure 2: Evolution of the estimation relative errors as a function of
the transition probabilityp11

devoted to detection of alpha waves in rest EEG signal1.
Alpha waves are short duration time-localized oscillations (with

frequency around 10 Hz) which appear in EEG signals in some
specific situations, and can naturally be accounted for by time-
frequency representations. They are also topographically localized
in specific sensors situated in posterior regions of head. The alpha
wave occurrence may be considered a non-stationary effect, i.e. a
departure from a stationary background signal. This therefore mo-
tivates the use of hidden Markov models as described above.

3.1 Problem statement and data

We aim at automatic detection of alpha waves, i.e. segmentation of
the signal into time epochs where alpha waves are present/absent.
Such a task could be achieved by band pass filtering of signals,
followed by appropriate thresholding, or time-frequency transform
thresholding. In both cases this would however raise the question
of the determination of the threshold. The HHMM described above
provides a more systematic approach.

The main goal of the current study is to use the model in an
unsupervised manner, in order to test its ability to blindly detect
alpha waves. The case study below provides a positive answer. In
other situations though (i.e. with more complex signals), supervised
training may be necessary in order to obtain accurate detection.

For the problem under consideraton, we use the model with
two instances for the hidden states: alpha (k = 1)/non-alpha (k = 0)
whose parameters are
• the initial hidden state distributionν where

νk = P(X0 = k)

• the stochastic transition matrix of the Markov ChainΠ where

Πk,l = P(Xt+1 = l |Xt = k)

• the covariance matricesΣ( f )
0 ,Σ( f )

1 ,Σ(c)
0 ,Σ(c)

1 .
Once the estimation of these parameters is achieved using the

EM algorithm described here above, we determine the most likely
hidden states sequence. This sequence is the main ingredient in the
case study below since it detects the bursts in the time-frequency
images which corresponds to alpha waves. Indeed, it is clearly seen
in Fig. 3 that values equal to one correspond to regions in the time-
frequency domain with significantly larger MDCT coefficients in
the alpha band.

1Let us stress however that a similar approach can be adapted tomuch
more general situations, in which signals exhibit sufficienttime-frequency
localized components.
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Figure 3: MDCT coefficients for a fixed sensor (top) and hidden
states sequence estimated (from all sensors) using Viterbi algorithm
(bottom)

The approach was applied to EEG data originating from the
CODYSEP dataset, designed to study the impact of sclerosis in
inter-hemispherical transfer. The dataset consists in 31 ill subjects
(hereafter termed SEP) and 20 controls (TEM); 17 channels EEG
signals were collected at a 256 Hz sampling rate.

A subset of 14 ill patients and 16 controls was selected, namely
those exhibiting sufficiently similar time-frequency contents, in par-
ticular in the 8-12 Hz range. For the sake of precision in the time
domain, the hop sizeNf was set toNf = 8 (i.e. a time resolution of
125 ms), resulting in a moderate frequency resolution (each MDCT
basis function having a bandwidth of approximately 4Hz).
This choice is certainly questionable, and the selection procedure
should probably turned into a more sustematic one. Our choice was
motivated by the desire of focusing on th same phenomenon (i.e.
wiht the same time-frequency patterns) for all retained subjects.

3.2 Estimation results

A subset of sensors was also selected that correspond to relevant
scalp locations for observing alpha waves. Corresponding MDCT
transforms were computed, and the model parameters (for a two-
state model: alpha and non alpha states) were estimated using the al-
gorithms above. Examples of covariance matrices for the two states
are displayed in Fig. 4 and 5. The frequency covariance matrices
shown in Fig. 4 are almost diagonal, which indicates a decorrela-
tion of the frequency bands. The main difference between the two
matrices appears for the frequency band 8-12Hz (element (3,3)),
which is significantly bigger in ’alpha’ state. This state therefore
succeds to capture alpha waves. The channel covariance matrices
in Fig 5 are also significantly different for some channels: in par-
ticular, channels O1 and O2 (matrix elements (4,4) and (11,11)) are
overactivated in ’alpha’ state. Again this is coherent, since those
sensors correspond to regions where alpha wave signals are most
visible. This phenomenon is even more obvious on the graphical
representation of topographies (Fig. 6),actually representing the di-
agonals of matrices of Fig 5 on which the relevant sensors O1 and
O2 are clearly more “energetic” in ’alpha’ state.

After completion of parameter estimation, a maximum likeli-
hood estimate for the sequence of latent states is obtained via the
Viterbi algorithm.

3.3 A study of alpha wave desynchronization

Let us start by quoting [3]: “in multiple sclerosis, both axonal dam-
age and demyelination occur. Therefore it can be expected that the
connectivity between the different regions in the brains of MS pa-
tients will be impaired compared to healthy controls.” Losses in

Figure 4: Frequency covariance matrices for state ’non-alpha’ (left)
and ’alpha’ (right)

Figure 5: Channel covariance matrices for state ’non-alpha’ (left)
and ’alpha’ (right)
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Figure 6: Representations of the channels variances for state ’non-
alpha’ (left) and ’alpha’ (right)

synchronization between EEG signals in left and right hemispheres
have been reported in the literature, where coherence is generally
used to detect the phenomenon. The HHMM method described here
is an alternative natural candidate for testing and evaluating it.

To test the desynchronization assumption, hidden states se-
quences were estimated for all subjects in the dataset, separately for
left sensors and rignt sensors. The latter sequences take the form
of sequences of zeros (non-alpha state) and ones (alpha state). For

each subject, the Hamming distance between the left sensorsX(L)
t

and right sensorsX(R)
t sequences was computed

D = ∑
t

∣∣∣X(L)
t −X(R)

t

∣∣∣

and the empirical distributions of the so-obtained distances were
compared using a non parametric test. The figure 7 shows the box-
plots of the two families (SEP and TEM) of distances, and seems to
indicate a significant difference: the SEP data exhibit a larger left-
right assymetry, in accordance with the above mentioned desyn-
chronization hypothesis. To assess statistically the significance of
the result, we performed a Mann-Whitney test. The corresponding
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P-value was found to equalP = 0.0384, which confirms quantita-
tively the hypothesis of two distinct distributions.

Figure 7: Boxplots of the Hamming distances between left and right
hidden states for SEP (left) and TEM (right)

4. CONCLUSIONS AND PERSPECTIVES

We have described in this paper a new stochastic signal model,
based on hidden Markov modelling of vectors of MDCT coeffi-
cients of multichannel signals. We have described corresponding
estimation algorithms, and an adaptation to the case where covari-
ance matrices take the form of Kronecker products of smaller matri-
ces. Finally, we have tested the algorithms on a case study involving
EEG signals.

While the algorithms described here are not new, the model it-
self and its adaptation to EEG type data is original. Our numerical
results on simulations show that the estimators are good enough to
handle data with realistic characteristics (length, number of chan-
nels,...).

In addition, the case study clearly shows the relevance of the
model for real data processing, since it yields a biologically relevant
result. Further work will concern the validation of this approach
to different types of EEG detection and characterization problems.
Applications to BCI (brain computer interfaces) problems are cur-
rently under study. Such applications will probably require online
versions of the algorithms.

From a more fundamental point of view, it is to be noted that
MDCT bases are known for having important limitations in terms of
time-frequency resolution. It is therefore desirable to turn to better
quality time-frequency expansions, such as Gabor frames. How-
ever, the loss of orthogonality in the waveform system makes the
estimation more complex, as it will not be possible any more to use
the expansion as an orthogonal transform and develop standard al-
gorithms on the expansion coefficients. Dedicated algorithms have
to be designed, which is work in progress.
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ABSTRACT

Classification requires building invariant represen-
tations relatively to groups of deformations that
preserve signal classes. Recursive interferometry
computes invariants with a cascade of complex
wavelet transforms and modulus operators. The
resulting representation is stable relatively to elas-
tic deformations and provides invariant representa-
tions of stationary processes. It maps signals to a
manifold which preserves signal discriminability.

1. INTRODUCTION

Signal classes are usually invariant to certain types
of deformations that may include translations, ro-
tations, scalings or any other group of operators.
Classification algorithms must then be invariant
relatively to these deformations. The invariance
often also applies to elastic deformations which
define much larger Lie groups. However, build-
ing invariants reduces the representation dimen-
sion, which may affect its ability to discriminate
different patterns. It is therefore necessary to con-
struct representations that balance invariance, sta-
bility and discriminability requirements.

The Fourier transform modulus is translation
invariant but the representation of high frequen-
cies is highly not invariant to elastic deformations.
Computer vision researchers [2] have introduced
histogram techniques to build local invariants by
delocalizing high frequency information. This has
lead to efficient local descriptors such as SIFT [3]
for classification. However, fully invariant repre-
sentation requires using global histograms, which
may not be sufficiently rich to discriminate pat-
terns.

This paper follows a harmonic analysis ap-
proach to invariant representations. Section 2 in-
troduces a recursive interference representation,
and analyzes the properties low frequency inter-
ferences computed with cascades of wavelet trans-
form modulus. Section 3 studies interference in-
variance and discriminability, and Section 4 pro-

vides a fast filter bank implementation. The paper
concentrates on translation invariance but general-
ization to any other group can be found in [4].

2. RECURSIVE INTERFEROMETRY

Recursive interferometry maps signal high fre-
quencies to lower frequencies, with a cascade of
wavelet transforms and modulus operators, which
yields a progressively more invariant representa-
tion.

2.1 Wavelet Transform Modulus

A modulus operator applied on a wavelet tranform
is shown to compute low frequency interferences.
A wavelet transform filters a real multidimensional
signal f ∈L

2(Rd) with a family ofK−1 wavelets
{ψd}1≤d<K which are scaled by 2j :

∀x∈ Rd , Wj,k f (x) = f ⋆ψ j,k(x)

with
ψ j,k(x) = 2−d jψk(2

− jx) .

It is computed up to a coarse scale 2J where the re-
maining low frequencies are carried by a low-pass
filtering f ⋆ ψJ,0(x), whereψ0(x) is a real low fre-
quency scaling function. Let̂f (ω) be the Fourier
transform off with ω ∈ R

d. The modulus ofω ∈
R

d is written|ω|. SinceŴj,k f (ω) = f̂ (ω) ψ̂k(2 jω)

and f̂ (−ω) = f̂ ∗(ω), if for all ω ∈ Rd

(1−δ ) ≤ |ψ̂0(2
Jω)|2 + (1)

K−1

∑
k=1

∑
j≥J

(

|ψ̂k(2
jω)|2 + |ψ̂k(−2 jω)|2

)

/2≤ 1

then the wavelet transform is a complete contract-
ing mapping

‖ f‖2(1−δ )≤‖ f ⋆ψ0,J‖2+
K−1

∑
k=1

∑
j≥J

‖Wj,k f‖2≤‖ f‖2,

with ‖ f‖2 =
∫

| f (x)|2dx. We consider complex an-
alytic wavelets such that̂ψk(ω) = 0 if ψ̂k(−ω) 6= 0
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for k ≥ 1. At low frequencies,ψ̂0(ω) covers the
domain|ω| ≤ π , with ψ̂0(2pπ) = 0 for p∈Z

d, and
ψ̂k(ω) for k ≥ 1 is mostly non-negligible inside a
1 octave frequency annulusπ ≤ |ω| ≤ 2π .

High frequency wavelet coefficients are
mapped to low frequencies with a complex modu-
lus which computes frequency interferences. The
Fourier transform ofM j,k f (x) = |Wj,k f (x)|2 is the

convolution ofŴj,k f (ω) with itself:

M̂ j,k f (ω) = (2π)−d
∫

Ŵj,k f (ξ )Ŵj,k f
∗
(ξ −ω)dξ .

(2)
This convolution measures the correlation between
frequencies that areω apart. In quantum physics,
where probabilities are calculated as the squared
modulus of complex wave functions, it is inter-
preted as interferences. AlthougĥWj,k f (ω) is
non-negligible inside a frequency annulus 2− jπ ≤
|ω| ≤ 2− j+1π , (2) shows that̂M j,k f (ω) is a corre-
lation measure which is mostly non-zero at lower-
frequencies|ω| ≤ 2− jπ .

To iterate this mapping and guarantee stabil-
ity, the squared complex modulus is replaced by a
modulus, which is contracting. It involves a square
root operator|Wj,k f (x)| =

√

M j,k f (x), which is
singular whenWj,k f (x) vanishes. Let us write

|Wj,k f (x)|2 = ‖Wj,k f‖2 w2(x)(1+ ε(x)),

wherew(x) which is constant over the support off
with ‖w‖ = 1. A series expansion of

√
1+ ε gives

|Wj,k f (x)|= ‖Wj,k f‖w(x)
(

1+
1
2

ε(x)+O(ε2(x)
)

.

The lower frequencies of|Wj,k f (x)| are domi-
nated by the squared modulus interferences term
ε(x) and theO(ε2(x)) higher order terms produce
higher frequency harmonics of low amplitude. As
a result,|Wj,k f (x)| has a Fourier tranform which
is also mostly located at the lower frequencies
|ω| ≤ 2− jπ .

2.2 Recursive Interference Tree

Recursive interferometry computes a progressively
lower frequency representation by iteratively cal-
culating complex wavelet transforms and modulus
operators, which produce “interferences of inter-
ferences”.

An interference tree up to a scale 2J is a set
of signalsĨ j f (x,α) located at the nodes of a tree,

where j ≤ J gives the depth of a node andα its hor-
izontal position in a left to right order. The wavelet
transform modulus off builds a first tree branch
with K −1 leaves per level, which carry 1st order
interferences at each scale

Ĩ j f (x,k) = | f ⋆ψ j,k(x)| for j ≤ J and 1≤ k < K

plus the low signal frequencies at the last level

ĨJ f (x,0) = f ⋆ψJ,0(x) .

Each of theK −1 leaves of depthsm< J are sub-
decomposed with a second wavelet transform and
modulus operator, which computes second order
interferences located at the leaves of a new tree of
depthJ.

The interference tree is progressively con-
structed by decomposing the signalsĨm f (x,α) at
the leaves of a previously calculated tree, with a
wavelet transform modulus up to a scale 2J, un-
til all the tree leaves are at the depthJ, as illus-
trated in Figure 1. The wavelet transform modulus
of Ĩm f (x,α) up to the levelJ defines a new tree
whose leaves are

Ĩ j f (x,αK j−m+k) = |Ĩm f (.,α)⋆ψ j,k(x)| for l < j ≤ J ,

and

ĨJ f (x,αKJ−m) = Ĩm f (.,α)⋆ψ0,J(x) .

The signalsĨ j f (x,α) are recursive interferences,
computed withp(α) wavelet transforms and mod-
ulus operators. The interference orderp(α) at a
nodeα is the number of non-zero digit ofα writ-
ten in baseK.

All tree signals Ĩ j f (x,α) are further filtered
with the low-pass filterψ0, j(x) to eliminate high
frequency harmonics resulting from the last mod-
ulus computation:

I j f (x,α) = Ĩ j f (.,α)⋆ψ0, j(x) .

If f (x) ∈ L
2[0,1]d has a period 1 along thed

directions, then interference signalsĨJ f (x,α) have
also a period 1. Sincêψ0(2pπ) = 0 for p∈ Z

d, at
the maximum scale 2J = 1, all I0 f (x,α) are con-
stant inx. The tree leaves stores a single value
I0 f (α) providing a delocalized information on the
whole support off .
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Figure 1:A recursive interference tree computes a first
wavelet transform modulus (in black), and iteratively
computes wavelet transform modulus of its leaves (2nd
order in green and 3rd order in red), until all leaves are
at the maxium depth.

3. INVARIANCE AND
DISCRIMINABILITY

The classification ability of recursive interferom-
etry relies on its invariance and discriminability
properties that are reviewed. The norm of inter-
ference signals at a depthj is

‖I j f‖2 = ∑
α
‖I j f (.,α)‖2

with ‖I j f (.,α)‖2 =
∫

|I j f (x,α)|2dx. An interfer-
ence tree is computed with a succession of wavelet
transforms and modulus operators and a final low-
pass filtering, which are all contracting operators.
The resulting transform is therefore also contract-
ing:

‖IJ f‖ ≤ ‖ f‖ .

Let Dτ f (x) = f (x−τ(x)) be an elastic transla-
tion with τ(x) = (τm(x))m≤q ∈ R

d for x = (xp)p≤q.
We consider invertible deformations which satisfy:

|∇τ(x)|=
(

d

∑
p,m=1

∣

∣

∣

∣

∂τm(x)
∂xp

∣

∣

∣

∣

2
)1/2

< 1−awith a> 0.

The following theorem [4] proves that at large
scales, a recursive interferometric transform is
nearly invariant to such deformations. We write
‖τ‖∞ = supx |τ(x)| the maximum deformation am-
plitude, andτ .∇ f = ∑p τp ∂ f/∂xp.

Theorem 1 There exists C that does not depend
on f such that

‖IJDτ f − IJ f‖ ≤C‖ f‖
(

2−J‖τ‖∞ +J‖|∇τ|‖∞

)

(3)

and

‖IJDτ f − IJ f − τ .∇IJ f‖ ≤C‖ f‖
(

2−2J‖τ‖2
∞ + (4)

J‖|∇τ|‖∞

)

.

The error terms depends the maximum transla-
tion amplitude‖τ‖∞ relatively to the scale 2J and
on the size of the elastic deformation measured by
‖|∇τ|‖∞. The residual error is reduced by an order
of magnitude with a linearization of the deforma-
tion in (4). If we neglect the error, then at each
positionx the deformationτ(x) can be estimated
by solving a system of linear equations

∀α, IJDτ f (x,α)−IJ f (x,α)−τ(x) .∇IJ f (x,α)≈0.

This system has no solution if the error is not neg-
ligible in (4) because either the elastic deformation
amplitude|∇τ| is too large or the scale 2J is too
small.

If f is 1 periodic then the translation error term
2−J‖τ‖∞ disappears at the maximum scale 2J = 1,
andI0 is fully invariant to rigid translations. Com-
puting an invariant representation relatively to a
group is a form of quotient of the signal space by
this group, One must ensure that the resulting di-
mensionality reduction is not too strong to preserve
the discriminability between signals in the trans-
formed space.

Suppose that the support off̂ (ω) is included
in [−Nπ,Nπ] so that f belongs to a spaceVN of
dimensionN. The Fourier transform modulus is
a translation invariant transformation, which maps
VN over a half space of dimensionN/2. How-
ever, the Fourier transform modulus is not stable
relatively to elastic deformations. The operatorI0

mapsVN over a more complex non-linear mani-
fold. Some properties of this manifold are stud-
ied in [4], in the particular case wherêψk(ω) are
indicator functions of non-overlapping frequency
bands. It proves that the manifold has a dimen-
sion larger thenN1/2, which means that theI0 can
be inverted over certain balls of dimensionN1/2 in
VN. Continuity relatively to elastic deformations
comes with a much larger dimensionality reduc-
tion then with a Fourier modulus but the manifold
dimensionality remains large.

Figure 2 gives a simple classification example
illustrating the translation invariance and discrim-
iability over deformable templates. Deformable
templates [1] are obtained by applying deforma-
tion operators on deterministic signals. We con-
sider two classesC1 and C2 whose elements are
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realizations of two random processesF1 = f1(x−
τ1(x)) and F2(x) = f2(x− τ2(x)). The template
signals f1 and f2 are deformed with two elastic
random deformationsτ1(x) and τ2(x) satisfying
|τ ′

1(x)| ≤ a< 1 and|τ ′
2(x)| ≤ a< 1. LetF̃i = Fi +W

be a noisy realization ofFi with an additive Gaus-
sian white noiseW. Figures 2(a,b) show two real-
izations ofF̃1 andF̃2.

The probability distributions of
‖Φ(F̃i)−Φ(F̃i′)‖2 is shown in Figure 2(c) for
Φ( f ) = f and in Figure 2(d) for a Fourier modulus
Φ( f ) = | f̂ |. In these two cases, the intra class
distance fori = i ′ is of the same order as the
distances across classes wheni 6= i ′. Indeed, if
Φ( f ) = f then the signal representation is not
invariant to translation andΦ( f ) = | f̂ | is not
stable relatively to elastic deformations. Both
classes can therefore not be discriminated with
these distances.

Figure 2(e) gives the distribution of
‖Φ(F̃i)−Φ(F̃i′)‖2 for Φ( f ) = I0 f . Recursive in-
terferences are computed with a one-dimensional
Gabor waveletψ(x) = θ(x)eiξx, where θ is a
Gaussian. The distance is larger across classes
(i 6= i ′) then within classes (i = i ′), so both classes
can be discriminated by thresholding the distance
on recursive interferences.

3.1 Stationary Processes Interferences

Not all signal classes may be obtained as defor-
mations of a deterministic template signal. In par-
ticular, realizations of a stationary texture are not
elastic deformations of a single signal. Recursive
interferences map the realizations of a stationary
process to a small ball in the transformed space.
Discriminating the realizations of two stationary
processes is thus possible through the Euclidean
distance of their interference representation.

If F is a zero-mean stationary process then
IJF(x,α) remains stationary inx. Indeed, it
is computed with a cascade of wavelet trans-
forms which are convolutions and modulus oper-
ators, which both preserve stationarity. Letσ 2 =
E{|F(x)−E{F(x)}|2}. Wavelet signalsF ⋆ψ j,k(x)
are stationary processes, and (1) implies that their
varianceσ 2

j,k satisfy

(1−δ )σ 2 ≤ ∑
j,k

σ 2
j,k ≤ σ 2 .

However, the modulus operator reduce these vari-
ances because of the complex phase suppression.
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Figure 2:(a,b): noisy signals̃F1 andF̃2. (c,d,e): distri-
butions of‖Φ(F̃i)−Φ(F̃i′)‖ for i = i′ (full blue curves),
and i 6= i′ (dashed red curves) forΦ( f ) = f in (a),
Φ( f ) = | f̂ | in (b) andΦ( f ) = I0 f in (c). (f,g): realiza-
tions of two white noisesF1 andF2. (h,i,j): distributions
of ‖Φ(Fi)−Φ(Fi′)‖ as in (c,d,e).

The variancẽσ 2
j,k of |F ⋆ψ j,k(x)| satisfies

σ̃ 2
j,k

σ 2
j,k

= 1−
m2

j,k

σ 2
j,k

wheremj,k is the mean of|F ⋆ ψ j,k(x)| and hence
the first order moment ofF ⋆ψ j,k(x).

If F is a Gaussian process theñσ 2
j,k/σ 2

j,k =
1− π/4. If the correlation ofF decreases suffi-
ciently quickly then one can show thatI jF(x,α)
remains nearly Gaussian for eachα. If I jF(x,α)
are interferences of orderp(α), obtained with a
succession ofp wavelet convolutions and modu-
lus operators, then the varianceσ 2

α . of I jF(x,α)
decreases likeσ 2(1−π/4)p. If σ 2

j,k = O(σ 2), one
can derive [4] that

E{‖I0F −E{I0F}‖2}
E{‖F‖2} = O(N−β ) with β > 0 ,
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where as‖E{I0F}‖2 ∼E{‖F‖2}. It shows thatI0F
remains in a ball whose spread is much smaller
then its distance to 0. Realizations of two station-
ary processes are discriminated by measuring the
distance of their interference transform.

Figures 2(f,g) show the realizations of two dif-
ferent white noise processesF1 andF2. Their sup-
ports are defined by two Bernouilli distributions
Prob{(Fi(n)) = 0} = pi and Prob{(Fi(n)) 6= 0} =
1− pi, with p1 = 2p2. Over its support, each
Fi(n) is a Gaussian white noise. ForΦ( f ) = f
andΦ( f ) = | f̂ |, Figures 2(h,i) show that the dis-
tribution of‖Φ(Fi)−Φ(Fj)‖ are similar within the
same classi = i ′ and and across classesi 6= i ′, when
Φ( f ) = f andΦ( f ) = | f̂ |. On the opposit, intra
class and across class distances are well separated
by an interference representationΦ( f ) = I0 f .

4. FAST ALGORITHM WITH MODULUS
FILTER BANK

This section describes a fast filter bank algorithm
which computes the recursive interference trans-
form of a multidimensional discrete signalf [n] of
sizeN, with n = (n1, ...,nd). We considerf [n] as
a signal obtained by sampling a 1 period func-
tion f (x) at intervalsN−1/d. Each Ĩ j f (x,α) has
a frequency support mostly concentrated at fre-
quencies|ω| ≤ 2− jπ but may go beyond, and it is
thus uniformly sampled at intervals 2j−1. We write
Ĩ j f [n,α] = Ĩ j f (2 jn,α).

The discrete wavelet transform off is com-
puted at scales 2j < 2L = N−1/d. The root of the
tree is at the levelL and ĨL f [n,0] = f [n]. The
finest scale wavelet transform off [n] is computed
without subsampling, using discrete wavelet filters
ψ1,k[n] = 2−1 ψk(2−1n):

ĨL+1 f [n,0] = f ⋆ψ1,0[n]

and

ĨL+1 f [n,k] = | f ⋆ψ1,k[n]| for 0 < k < K.

These signals are nearly oversampled by a factor 2
relatively to their frequency spread.

The filtering algorithm continues recursively
by computing theK children of each̃I j f [n,α], with
one low-pass filter andK − 1 complex band-pass
filters, which are subsampled by a factor 2. If
α 6= 0modK and is thus a band-pass filter output
then the wavelet transform is calculated with over-
sampled wavelets filtersψ2,k[n] = 2−2 ψk(2−2n):

Ĩ j+1 f [n,αK] = Ĩ j f [.,α]⋆ψ2,0[2n]

and

Ĩ j+1 f [n,αK+k] = |Ĩ j f [.,α]⋆ψ2,k[2n]| for 0< k< K.

If α = 0modK and is thus a low-pass filter output
then sincẽI j f [n,α] was already obtained through a
convolution withψ j,0, the next wavelet scale is cal-
culated with the filtersgk[n] whose transfer func-
tion ĝk(ω) satisfies:

ψ̂k(2ω) = ĝk(ω/2)ψ̂0(ω) .

Children are then computed with

Ĩ j+1 f [n,αK] = Ĩ j f [.,α]⋆g0[2n]

and

Ĩ j+1 f [n,αK+k] = |Ĩ j f [.,α]⋆gk[2n]| for 0< k< K.

The oversampling factor 2 is finally removed
by filtering Ĩ j f [n,α] with the low-pass filterψ1,0[n]
and by subsampling the output

I j [n,α] = Ĩ j f [.,α]⋆ψ1,0[2n] .

At each level j of the tree, there areK j−L in-
dicesα and each signalI j f [n,α] has 2−d j samples,
so there is a total of 2−d j K j−L coefficients, with
2L = N−1/d. If K = 2 there areN coefficients. The
filter bank algorithm is implemented withO(N|L−
j|) operations and henceO(N log2N) at the bottom
of the tree. IfK > 2 then the 2−d j K j−L coefficients
are computed withO(2−dJKJ−L) operations, which
makesO(Nlog2(K)/d) at the bottom of the tree.
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ABSTRACT
In the context of acoustic source localization, knowing the
actual propagation speed is crucial especially in uncontrolled
environments where the temperature is subject to significant
changes that influence the sound speed. In a recent paper we
showed the effects of the assumed propagation speed on the
localization performance of two closed-form localizational-
gorithms based on TDOA measurements. It has been shown
that the so-called unconstrained least squares method is not
significantly influenced by a wrongly assumed propagation
speed, whereas the constrained method, the one statistically
more attractive, is impaired even by small speed deviations.
In this article we study in more depth the causes of this
disparity and we propose a novel technique to estimate the
propagation speed and improve the localization performance
when the environment conditions, i.e. the air temperature,
are not known exactly.

1. INTRODUCTION

For the problem of localizing an acoustic source from Time-
Differences-of-Arrival (TDOAs) there are a number of dif-
ferent solution approaches. Of certain interest are the meth-
ods capable of providing closed-form solutions in a linear
fashion. Because of their efficiency, they are well suited
for real time implementation on embedded systems using
cheap, small and lightweight acoustic instrumentation avail-
able today. A valuable review of these methods can be found
in [7], it focuses on methods which provide closed-form solu-
tions given the so-calledspherical or non redundant TDOA
set [8]. This means that given a set ofN + 1 microphones
N TDOAs are calculated with respect to the same reference
microphone.

Most of these methods assume known propagation speed,
which is a reliable assumption only under laboratory and
controlled indoor conditions where the air temperature, in-
fluencing the sound speed, can be monitored. In all other
cases it is meaningful to understand the effects of a wrongly
assumed propagation speed as surveyed in [1].

Starting from these results we propose in this paper a
novel technique to robustly estimate the actual sound speed
from TDOAs. Such an estimate can be used to enhance the
localization by making it aware of the environment condi-
tions, i.e the actual air temperature. Environment awareness
is the vision of the ongoing EU-funded project SCENIC1.
In the next section a brief overview of the two-dimensional
source localization problem is given and some previous work
is reviewed.

1The project SCENIC acknowledges the financial support of theFuture
and Emerging Technologies (FET) programme within the Seventh Frame-
work Programme for Research of the European Commission, under FET-
Open grant number 226007.

2. SOURCE LOCALIZATION METHODS

2.1 Acoustic Source Localization from TDOAs

We consider the Euclidean space ofD = 2 dimensions where

• the acoustic source is located in an unknown positionxxx =
[x y]T,

• N +1 acoustic sensors are distributed at the known posi-
tionsaaan = [xn yn]

T for n = 0, · · · ,N,
• the reference sensoraaa0 is located in the origin[0 0]T and

N microphone pairs(aaa0,aaan) are considered,
• the TDOA valuesτn, n = 1, · · · ,N are estimated for each

pair by suitable correlation between the two microphone
signals.

The localization problem consists of findingxxx given the sen-
sor positionsaaan and the TDOAsτn. Each TDOA can be ex-
pressed in terms of the travelled range difference as

τn =
1
c

dn , n = 1, · · · ,N , (1)

wheredn denotes the source’s range difference between the
sensoraaan and the referenceaaa0, as depicted in Fig. 1.

xxx

aaa0

aaa1

aaanaaaN

||xxx||

||aaan − xxx||

dn

y

x

Figure 1: Geometry of the two-dimensional acoustic source
localization problem using a microphone array. The exten-
sion of the array is sufficiently large to infer the source dis-
tance from the circular wave front.

In the literature the sound speed is typically assumed to
be a known valuec. However, as explained in Sec. 3, such
a value might differ due to temperature variations from the
actual sound speedcs.

From geometrical reasoning follows that

dn = ||aaan − xxx||− ||xxx|| , n = 1, · · · ,N , (2)

where|| · || denotes the Euclidean vector norm, thus the can-
didate positionxxx must fulfill the aboveN equations.
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2.2 Previous Works

It is well known, e.g. from [3], that by squaring Eq. (2) the
following simpler set of equations can be obtained

dn||xxx||+aaaT
n xxx =

||aaa2
n||−d2

n

2
, n = 1, · · · ,N .

The corresponding system of equations is described in matrix
form as follows

ΦΦΦyyy(xxx) = bbb , (3)

yyy(xxx) =

[

||xxx||
xxx

]

, ΦΦΦ = [ddd AAA] , (4)

bbb =





b1
...

bN





, ddd =





d1
...

dN





, AAA =







aaaT
1
...

aaaT
N






, (5)

bn =
1
2

(

||aaan||
2−d2

n

)

. (6)

Solving the system in (3) with respect toxxx is an esti-
mation problem since the elements ofAAA and ddd are subject
to uncertainties and the system does not hold exactly, i.e.
ΦΦΦyyy(xxx) ≈ bbb. Typically the sensor positionsaaan of a well con-
structed sensor array are considered to be exactly known,
whereas the valuesdn are derived from (1) where the values
τn are correlation results, impaired by other acoustic sources
and by room reverberation. The statistical analysis of the
problem is far from the scope of this paper, therefore the
reader is referred to [3, 5, 8], we restrict ourself to consider
in Sec. 3 a deterministic error∆c = cs− c in the propagation
speedc assumed by the localization methods.

In practice the direct solution of such a nonlinear estima-
tion problem is not attractive under real-time and low com-
putational complexity constraints, therefore closed-form lo-
calization methods have been devised which provide approx-
imate solutions in a linear fashion.

2.2.1 Unconstrained Least Squares Method

Several authors, e.g. [3, 5], showed that introducing a new
scalar variabler independent ofxxx in place of the norm||xxx||
enables to address the problem as a linear least squares es-
timation of the unknown vectoryyy = [r xxx]T. Provided that
N ≥ D+1, such a least squares estimate is given in terms of
the pseudo-inverseΦΦΦ+

ŷyy =

[

r̂
x̂xx

]

= ΦΦΦ+bbb = (ΦΦΦTΦΦΦ)−1ΦΦΦTbbb . (7)

This estimate should be considered an approximate solution
of (3) since in generalyyy(x̂xx) 6= ŷyy or quite simply ˆr 6= ||x̂xx||,
hence it is called unconstrained least squares method. In fact
r̂ is usually considered a byproduct and onlyx̂xx is used as an
estimate of the source position.

In [1] an alternative expression for the unconstrained
least squares estimate has been derived. It shows 1) the de-
pendency on the assumed speedc and 2) how this depen-
dency influences the estimated range ˆr and the estimated po-
sition x̂xx, respectively,

r̂(c) =
1
c

ΘΘΘbbb(c) , x̂xx(c) = ΓΓΓbbb(c) , (8)

where

ΘΘΘ = (PPP⊥
AAA τττ)+ , ΓΓΓ = (PPP⊥

τττ AAA)+ , (9)

with the orthogonal projection matrices as shown in [1],

PPP⊥
AAA = I−AAA(AAATAAA)−1AAAT

, PPP⊥
τττ = I−

1
||τ ||2

ττττττT
, (10)

bbb(c) =





b1(c)
...

bN(c)





, τττ =





τ1
...

τN





, (11)

bn(c) =
1
2

(

||aaan||
2− c2τ2

n

)

. (12)

It shall be noted that in ideal conditions Eqns. (8) provide
exact and compatible values of range and position if and only
if the sound speedc is correctly assumed, i.e.c = cs and
∆c = 0.

2.2.2 Constrained Least Squares Method

Constrained methods aim at a more robust localization by
finding an estimatẽyyy = [r̃ x̃xx]T which obeys the constraint be-
tween range and position, i.e ˜r = ||x̃xx||. A constrained least
squares solution of (3) may be obtained employing the La-
grange multipliers technique and an iterative procedure as
shown in [4, 5]. More attractive is its linear approximation
which benefits from the closed-form estimate given in [7]. A
short derivation is given below, since some of its elements
are needed in Sec 3.2.

The residual function corresponding to (3) may be writ-
ten in terms of̂yyy as

εεε(xxx) = ΦΦΦ(yyy(xxx)− ŷyy) , (13)

and then linearized at the estimatex̂xx from (7)

εεε(xxx) ≈ εεε(x̂xx)+ εεε ′(x̂xx)(xxx− x̂xx) . (14)

The termεεε(x̂xx) and the Jacobian matrixJJJ = εεε ′(x̂xx) follow
with (4) as

εεε(x̂xx) = ΦΦΦδδδ , JJJ = εεε ′(x̂xx) = ΦΦΦGGG , (15)

with

δδδ =

[

||x̂xx||− r̂
000

]

, GGG =

[

x̂xxT

||x̂xx||
I

]

. (16)

Now an improved estimatẽxxx = x̂xx+∆xxx can be found for which
the residualεεε(x̃xx) becomes a minimum in the least squares
sense, i.e.

εεε(x̃xx) ≈ εεε(x̂xx)+ εεε ′(x̂xx)∆xxx = ΦΦΦδδδ + JJJ∆xxx , (17)

with

x̃xx = x̂xx− JJJ+ΦΦΦδδδ . (18)

Hereεεε(x̂xx) = ΦΦΦδδδ and the pseudo-inverseJJJ+ may be inter-
preted as the intensity and the direction, respectively, ofone
iteration of the Gauss-Newton algorithm initialized atx̂xx [7].
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2.2.3 Speed Estimation Methods

Some authors [6,9] form from Eq. (2) a linear system inD+2
unknowns, from which a propagation speed estimate along
with the position estimate can be obtained from an uncon-
strained least squares estimation ofD +2 unknowns. These
methods avoid making initial assumptions on the sound
speedc, but unfortunately the corresponding system matrix
might be easily ill-conditioned and moreover the so-obtained
speed estimate is not robust to noise. Thus they are not fur-
ther investigated here.

3. ACOUSTIC SOURCE LOCALIZATION UNDER
TEMPERATURE VARIATIONS

3.1 Speed of Sound under Temperature Variations

It is well known that the actual speed of sound depends on
the air temperature through the following relation [2]

cs(T ) =
√

γRT , (19)

where R is the gas constant,γ = 1.4 and T the absolute
temperature. Linearizing yields the customary expression
cs(θ) ≈ 331m

s + 0,6 m
s◦C θ , whereθ is the air temperature

in degrees Celsius. A popular value results from the air tem-
peratureθ0 = 20◦C as

c0 = cs(θ0) = 343
m
s

. (20)

The actual sound speed for other temperatures can be written
as

cs = c0 +∆c . (21)

In practice, temperature variations are not recorded and nei-
ther the speed deviation∆c nor the actual sound speedcs are
known.

The contribution of this paper is to present a novel tech-
nique to estimate the actual sound speed avoiding the prob-
lems mentioned in Sec. 2.2.3. This estimate is further applied
to enhance the localization performance of the unconstrained
and constrained methods that are differently impaired by a
wrongly assumed sound speed as shown in [1]. The follow-
ing sections investigate the cause of this disparity and show
how to exploit it to achieve a robust sound speed estimate
and to ensure reliable localization also in case of tempera-
ture variations.

3.2 Sound Speed Estimation

In ideal conditions and knowing the actual sound speed, the
vectorεεε(x̂xx) = ΦΦΦδδδ from (15) vanishes since ˆr = ||x̂xx||. On the
other hand whenc 6= cs such a vector engenders the disparity
between the unconstrained solution and the constrained solu-
tion. Using Eqns. (8) it may be expressed as function of the
assumed speedc, i.e.

εεε(c) = ΦΦΦ(c)

[

δ (c)
000

]

= cδ (c)τττ , (22)

with

δ (c) = ||x̂xx(c)||− r̂(c) = ||ΓΓΓbbb(c)||−
1
c

ΘΘΘbbb(c) . (23)

Then the value ˆc which annihilates the vector in (22) has to be
the actual sound speedcs since Eqns. (8) provide compatible
estimates ˆr and x̂xx. Indeed the searched speed value has to
be a zero of the scalar functionδ (c) (obviously the trivial
solutionĉ = 0 is not of interest). In the following an efficient
way for finding such a sound speed value is given.

3.2.1 Linear Approximation

The functionδ (c) involving the Euclidean norm of̂xxx is non-
linear, nonetheless near the actual sound speedcs it can be
shown that it has a fairly linear behavior, see Fig 2.

20 25 30 35 40 45

−0.04
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−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

δ 
(c

)

assumed temperature [°C]

 

 

δ (c)
δ

lin
(c)

Figure 2: Behavior of the functionδ (c) and its linearized
versionδlin(c) assuming an initial temperature guess ofθ0 =
20◦C. The actual air temperature ofθ = 35◦C can be in-
ferred from the zero-crossing of both functions.

This means that given a reliable initial guessc0, e.g. the
nominal value from (20), the following first order Taylor ex-
pansionδlin(c) is a useful approximation ofδ (c)

δlin(c) = δ0 +δ ′
0(c− c0) , (24)

with

δ0 = δ (c0) and δ ′
0 =

dδ (c)
dc

∣

∣

∣

∣

c=c0

. (25)

Thus the desired speed value corresponding to the zero-
crossingδlin(ĉ) = 0 is given by

ĉ =
δ0−δ ′

0c0

δ ′
0

. (26)

The value of the first order derivative atc0 can be calculated
with simple derivation rules from (23)

δ ′
0 =

x̂xxT
0

||x̂xx0||
ΓΓΓbbb′0 +

r̂0

c0
−ΘΘΘ

bbb′0
c0

, (27)
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where ˆr0 andx̂xx0 are the unconstrained estimates of range and
position calculated with the initial guessc0 while bbb′0 is a vec-
tor containing the derivatives of (12) evaluated atc = c0, i.e

bbb′0 = −c0τττ2
. (28)

3.2.2 Further Enhancement

We suggest a further enhancement which makes the speed-
temperature estimation more robust in noisy conditions. So
far the employed TDOA setτττ has been computed merely
regarding the reference microphoneaaa0 positioned at the ori-
gin. Actually apart from a translation of the coordinate sys-
tem the localization can be carried out regarding arbitrarily
positioned references. This means that given an array of
M = N + 1 microphones,M different spherical TDOA sets
τττ j, j = 0. · · · ,N may be calculated from the recorded signals.
If there is no speed deviation unconstrained and constrained
solutions provide in ideal conditions the same location re-
gardless which microphone is chosen as reference, thus nor-
mally only one spherical TDOA set is used and the others are
considered redundant.

However if a speed deviation∆c occurs, it can be shown
that both localization methods give different solutions with
respect to different reference microphones, this effect is
prominent for the constrained method (see the range distor-
tion map in Fig. 3).
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Figure 3: Simulation results which show how the constrained
localization depends on the chosen reference microphone
given a speed deviation∆c corresponding to a temperature
variation of∆T = 25 K. It turns out that the central micro-
phoneaaa0 of the array produces the smallest range distortion.

In brief, the idea is to exploit this dependency in order
to enhance the obtained sound speed value, which has to be
the one minimizing the difference between solutions corre-
sponding to different reference microphones. This is possible
by minimizing the function in (23) in the least squares sense
regarding all reference microphones, i.e. the corresponding

least squares criterion is

N

∑
j=0

δ j(c)
2 =

N

∑
j=0

(

||x̂xx j(c)||− r̂ j(c)
)2

, (29)

wherex̂xx j andr̂ j are the unconstrained estimates for position
and range obtained with the TDOA setτττ j.

An efficient way for solving the above estimation prob-
lem is to use the linear approximation in (24), which leads to
the following least squares estimate for the sound speed

ĉ = (δδδ ′
0)

+(δδδ 0−δδδ ′
0c0) , (30)

where

δδδ 0 =





δ01
...

δ0N





, δδδ ′
0 =







δ ′
01
...

δ ′
0N






. (31)

As long as a reliable value ˆc of the sound speed is avail-
able, it can be used instead of the initial guessc0 and much
better localization results are expected from both estimators,
especially from the constrained one. The following sectionis
devoted to experimental results which confirm the theoretical
reasoning described so far.

4. EXPERIMENTAL RESULTS

We used the same cross-array (N = 4) from [1] and we
performed the localization of 48 different source positions
(loudspeakers emitting white noise) distributed on a circle of
1,5 m radius in a laboratory environment withT60 ≈ 0,25 s.
The TDOA valuesτττ are obtained with GCC-PHAT [4] pro-
cessing signal windows of 1024 samples acquired at 48 kHz.

We calculated initially unconstrained and constrained es-
timates from Eqns. (7) and (18), respectively, assuming a
wrong propagation speedc0 corresponding to a variation
∆T = 25 K from the actual air temperature of 24,1◦C (mea-
sured with an electronic thermometer). The localization re-
sults are depicted in Fig. 4, the range distortion produced by
the temperature variation is clearly visible especially for the
constrained method.

For each position the corresponding TDOAs and the ini-
tial guessc0 are also used to calculate the speed estimate
in (30) which is then applied to perform an enhanced local-
ization. The corresponding results are shown in Fig. 5. It
is clear that the range distortion is compensated through this
enhancement, the constrained method benefits the most from
this and becomes reliable again.

Tab. 1 shows the mean value and standard deviation of
the range error. The enhanced localization with the estimated
speed value ˆc according to Eqns. (26) and (30) yields a sig-
nificant improvement in terms of bias reduction, both for the
unconstrained and the constrained localization. The results
using least squares estimation of the sound speed according
to Eq. (30) are slightly superior to the simpler estimate from
Eq. (26).

Since the localizations of each position have been carried
out sequentially in a short period of time, the corresponding
temperature estimates derived from Eqns. (26) and (30) have
been averaged leading to a mean temperature of 23,2◦C and
24,2◦C respectively, where the latter is very close to the air
temperature of 24,1◦C measured during the experiment.
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Figure 4: Experimental results with a speed deviation∆c cor-
responding to a temperature variation of∆T = 25 K. The tri-
angles are the positions estimated with the conventional con-
strained least squares method (CLS), the circles are the po-
sitions estimated with the conventional unconstrained least
squares method (ULS).

c0 ĉ (26) ĉ (30)
CLS ULS CLS ULS CLS ULS

mean -23.59 5.43 -0.52 0.55 -0.41 0.14
std 9.47 9.66 8.66 9.09 8.40 8.71

Table 1: Mean value and standard deviation in cm of the
range error for conventional and enhanced localization using
the speed estimates from Eqns. (26) and (30).

5. CONCLUSION

In this paper we described a novel technique to obtain a ro-
bust sound speed estimate from TDOA measurements, i.e
in an unsynchronized source-sensors scenario, where the air
temperature is unknown or subject to significant changes. It
is based on the so called unconstrained and constrained least
squares methods for source localization. The obtained sound
speed estimate can be used to infer the actual air tempera-
ture and to enhance the performance of localization meth-
ods which require accurate knowledge about the propagation
speed. Experimental results confirmed the effectiveness of
the proposed technique.
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ABSTRACT

In this paper, there are two contributions for multichannel noise re-
duction techniques under reverberant environments. The first con-
tribution is a theoretical analysis of previously proposed multichan-
nel spatial prediction based noise reduction technique (MSP-BF),
and discussion about the relationship between MSP-BF and MWF.
In MSP-BF, noise sources can be reduced effectively at the first
stage by multichannel spatial filtering. The desired sources are dis-
torted after the first stage. The distortion of the desired sources are
restored at the second stage by multichannel distortion-restoration
filtering. The advantageous point of MSP-BF is that this method
can reduce noise sources without the steering vectors of the desired
sources. However, there is not a sufficient theoretical analysis in the
previous paper. The second contribution is that an alternative noise
reduction technique based on the subspace filtering at the first stage,
NSR-BF, is proposed. The experimental result under a reverberant
environment is shown.

1. INTRODUCTION

For recording systems such as IC recorders or video cameras, the
noise reduction problem for the noisy microphone input signal
which is recorded under highly reverberant environments is one of
the hot research topics. Stationary noise sources that have time-
invariant spectrum can be reduced by the conventional noise can-
cellers. However, nonstationary noise sources cannot be reduced by
the noise cancellers. In this paper, the noise sources are assumed to
be nonstationary point noise sources. Multichannel noise reduction
techniques with a microphone array have been studied [1][2][3][4]
for nonstationary noise sources. Blind source separation techniques
such as independent component analysis (ICA) which uses mutual
independence between sources have been widely studied. However,
the mutual independence between sources degrades under highly
reverberant environments, and the separation performance degrades
under these environments. Generalized sidelobe canceller (GSC)
[2] is one of the major beamforming techniques. The number of
the desired sources is assumed to be 1. GSC is composed of two
stages. At the first stage, a desired source is reduced by using the
steering vector of the desired source, and only the noise sources are
estimated. At the second stage, the noise sources in the microphone
input signal are reduced by using the estimated noise sources. When
the steering vector of the desired source can be correctly estimated,
then the noise sources can be reduced accurately. However, when
the steering vector of the desired source is far from the correct value,
the desired source in the output signal is distorted (signal cancella-
tion). To overcome the signal cancellation problem, various robust
GSC methods have been studied [5][3], and these methods are suc-
cessful under less reverberant environments. However, due to the
large estimation error of the steering vector, robust GSC methods
are not successful under reverberant environments. It is pointed out
that the noise reduction framework based on Multichannel Wiener
Filtering (MWF) is robust against the estimation error of the steer-
ing vector [6]. The cost function of the original MWF is a weighted
average of the cost function of desired-source distortion and that of

noise reduction. MWF can be executed without the steering vec-
tor of the desired source. Furthermore, the number of the desired
sources are not limited. Some of the authors proposed an alterna-
tive multichannel noise reduction technique which is a combination
method of the multichannel spatial prediction based noise reduction
and MWF (MSP-BF). MSP-BF can also reduce the noise sources
without the steering vector of the desired source. MSP-BF is com-
posed of the two stages. On contrary to the GSC based approaches,
only noise sources are reduced without any preknowledge about
the desired sources at the first stage. The distortion of the desired
sources after the first stage is restored in the second stage. The pre-
vious paper [7] is lack of theoretical analysis of the MSP-BF. In this
paper, a theoretical analysis is complemented by comparison with
MWF. From the analysis, we propose an alternative noise reduction
method based on the subspace processing on the first stage, which is
more suitable to the purpose of the first stage. The most important
thing for the distortion-restoration at the second stage is detection
of the period when there are desired sources (the desired-source pe-
riod). It is difficult to detect the desired-source period, when there
are nonstationary noise sources. The advantageous point of the pro-
posed two-stage noise reduction method to MWF is that the pro-
posed method can detect the desired-source period accurately after
the first stage, because signal-to-noise ratio after the first stage is
higher than that of the microphone input signal. The detection al-
gorithm for the desired-source period driven by the energy based
voice activity detection to the output signal after the noise reduc-
tion filtering at the first stage is shown. By using this algorithm, the
distortion-restoration filter can be trained more correctly. The ex-
perimental results under a reverberant environment indicate that the
proposed method can reduce noise sources with less distortion of
the desired sources than MWF and the previously proposed MSP-
BF.

2. PROBLEM STATEMENT

2.1 Setting

We focus on the noise reduction problem under the situation that
the noise-only period is obtained in advance but the preknowledge
of the desired sources is not assumed to be obtained. The image of
the noise reduction problem is shown in Fig. 1.

2.2 Input signal model

In this paper, the noise sources are assumed to be nonstationary
point sources. The desired sources are also assumed to be nonsta-
tionary point sources. Therefore, the m-th microphone input signal
at the sample time t, xm(t), can be defined as follows:

xm(t) =
Ns−1

∑
i=0

hTi,msi(t)+
Nn−1

∑
i=0

gTi,mni(t)+ vm(t), (1)

where T is the transpose operator of a matrix/vector, Ns is the num-
ber of the desired sources, Nn is the number of the noise sources,
vm(t) is the background noise, hi,m is the time-invariant impulse re-
sponse of the i-th desired source at the m-th microphone, gi,m is the
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Fig. 1. Noise reduction focused in this paper

time-invariant impulse response of the i-th noise source at the m-

th microphone, si(t) is [ si(t) si(t−1) . . . si(t−L+1) ]T ,
si(t) is the source signal of the i-th desired source, ni(t) is defined
similarly to si(t), and L is the length of impulse responses. The goal
of the noise reduction is approximation of the noise reduction signal

y(t) to the desired sources at the c-th microphone, ∑
Ns−1
i=0 hTi,csi(t).c

is set to be the first microphone in this paper.

2.3 Subband processing

The length of impulse responses are quite long under reverberant
environments. The noise reduction at the time domain requires
high computational cost. To reduce computational cost, the micro-
phone input signal is converted into the subband domain by discrete
Fourier transform (DFT) modulated filterbank [8]. The microphone
input signal at the subband domain can be depicted as follows:

xm(k,r) =
Ns−1

∑
i=0

hi,m(k)Tsi(k,r)+
Nn−1

∑
i=0

gi,m(k)Tni(k,r)+ vm(k,r),

(2)
where k is the bin index at the subband domain, all variables with
the suffix (k,r) is the r-th variables at the k-th bin, and the variables
with the suffix (k) is time-invariant variables at the k-th bin. The
downsampling ratio is set to be R, and t = Rr. To simplify the
formulation of the noise reduction methods, the microphone input
signal xm(k,r) is depicted with the matrix form as follows:

x(k,r) = [ x1(k,r)
T x2(k,r)

T . . . xM(k,r)T ]T , (3)

where M is the number of the microphones, xm(k,r) is

[ xm(k,r) xm(k,r−1) . . . xm(k,r−L f +1) ]T , and L f is the
length of the noise reduction filter.

3. MULTICHANNEL BEAMFORMING TECHNIQUES

3.1 Multichannel WienerFilter

A. Spriet pointed out the noise reduction performance of MWF
based methods are extremely free from the steering vector error
of the desired sources [6]. MWF reduces the noise source by the
multichannel noise reduction filter wMWF(k,r) as follows:

y(k,r) = wMWF(k,r)Hx(k,r), (4)

where H is the Hermite transpose, and y(k,r) is the output signal.
The cost function of the MWF, LMWF(w(k,r)), is defined as fol-
lows:

LMWF(w(k,r)) = µw(k,r)HE[x(k,r)x(k,r)H ]nw(k,r)

+ E[ | | xc(k,r)−w(k,r)Hx(k,r) | | 2]s, (5)

where E[x] is the mathematical expectation of the variable x, E[x]n
is the expectation at the noise-only period, E[x]s is the expectation

at the desired-only period when there are only desired sources, the
first term in Eq. 5 is the cost function for the residual noise power,
the second term is the cost function for the desired-source distor-
tion, and µ is the tradeoff parameter between the residual noise
power and the desired-source distortion. wMWF(k,r) which fulfills
∂LMWF(w(k,r))

∂w(k,r)
= 0 is obtained as follows:

wMWF(k,r) = (µRn(k)+Rs(k))
−1Rs,c(k), (6)

where Rn(k) is the second order statistics (SOS) of the

noise sources and is E[x(k,r)x(k,r)H ]n, Rs(k) is the SOS of

the desired sources and is E[x(k,r)x(k,r)H ]s, and Rs,c(k) is
E[x(k,r)xc(k,r)

∗]s (∗ is the operator for complex conjugate). Under
the assumption that the noise-only period is given, the SOS of the
desired sources Rs(k) is approximated as Rs(k) ≈ Rx(k)−Rn(k),
where Rx(k) = E[x(k,r)x(k,r)H ]mix is the SOS of the microphone
input signal at the desired-source period when there are both the de-
sired sources and the noise sources. Rs,c(k) is also approximated
by Rs,c(k) ≈ Rx,c(k)−Rn,c(k). In these operations, the statistics
of the noise sources at the desired-source period are assumed to be
the same as that at the noise-only periods. Actually, the expectation
of each variable is replaced by the simple average. In this paper, the
noise-only period are assumed to be selected to identify the noise
sources to be reduced.

3.2 Multichannel spatial prediction based beamforming

Recently, some of the authors have proposed a two-stage beamform-
ing on the subband domain, a multichannel spatial prediction based
beamforming (MSP-BF) [7]. At the first stage, noise reduction fil-
ter which reduces the noise sources at each microphone is obtained
without any preknowledge about the desired sources. The noise
sources in each microphone is predicted by the noise sources in the
other microphones. Residual noises in the output signal after the
first stage are little, but the desired sources are distorted in the out-
put signal. This distortion can be restored at the second stage by
using a multichannel distortion-restoration filter. Noise reduction
filter at the m-th microphone, am(k), can be obtained as follows:

am(k) = argmin
am(k)

E[| | xm(k,r)−am(k)Hxem(k,r) | | 2]n

= Vm(k)−1Cm(k) (7)

where xem(k,r) is a multichannel input signal which excludes the
m-th microphone input signal, the length of xem(k,r) is set to be
(M− 1)L1, L1 is the length of the noise reduction filter, Vm(k) is
E[xem(k,r)xem(k,r)H ]n, and Cm(k) is E[xem(k,r)xm(k,r)∗]n. am(k)
is a prediction filter of the noise source in the m-th microphone.

Subtracting the predicted noise component am(k)Hxem(k,r) from
xm(k,r), a noiseless signal y f ,m(k,r) = xm(k,r)−am(k)Hxem(k,r)
can be extracted.

The residual noise after the first filtering is minimized, but the
desired sources after the first filtering are distorted because there are
no constraint to the desired sources. This distortion is restored at the
second stage. From the multichannel distorted desired sources, the
less distorted desired sources can be extracted by the multichannel
restoration filter wdist(k) as follow:

yc(k,r) = wdist(k)
Hy f (k,r), (8)

where yc(k,r) is the output signal after
the distortion-restoration filtering, y f (k,r) =

[ y f ,1(k,r)
H y f ,2(k,r)

H . . . y f ,M(k,r)H ]H , y f ,m(k,r) =

[ y f ,m(k,r), y f ,m(k,r−1) . . . y f ,m(k,r−L2 +1) ]H , L2 is
the length of the distortion-restoration filter for each microphone.
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wdist(k) is obtained as follows:

wdist(k) = argmin
wdist (k)

E[ | | xc(k,r)−wdist(k)
Hy f (k,r) | |

2]s

+ µE[| | wdist(k)
Hy f (k,r) | |

2]n

= (Ry(k)+ µRy,n(k))
−1Ry,c(k), (9)

where Ry(k) = E[y f (k,r)y f (k,r)
H ]s, Ry,n(k) =

E[y f (k,r)y f (k,r)
H ]n, Ry,c(k) = E[y f (k,r)xc(k,r)

∗]s, and

E[]s is replaced by E[]mix−E[]n. The quality of the output signal
after the distortion-restoration filtering depends on the estimation
accuracy of the statistics of the desired sources, Ry(k) and Ry,c(k).

4. THEORECTICAL ANALYSIS OFMSP-BF

Theoretically, MSP-BF is closely related to MWF. In this section, a
theoretical relationship between MSP-BF and MWF is shown.

4.1 Analysis ofthe first noise reduction filterin MSP-BF

The multichannel input signal (Eq. 2) can be transformed into the
matrix form as follows:

xm(k,r) = Hm(k)s(k,r)+Gm(k)n(k,r)+vm(k,r), (10)

where xm(k,r) is originally defined as the L f vector, but in this

subsection, xm(k,r) is re-defined as the L1 vector. s(k,r) =
[ s0(k,r)

T . . . sNs−1(k,r)
T ]T , n(k,r) is defined similarly to

s(k,r), vm(k,r) is a L1 dimensional vector from vm(k,r), Hm(k) =
[ H0,m(k) H1,m(k) . . . HNs−1,m(k) ], Hi,m(k) is a L1 ×
(L1 + L− 1) Sylvester matrix made by hi,m(k), and Gm(k) is de-
fined similarly to Hm(k). In the noise-only period, xm(k,r) can be
approximated as follows:

xm(k,r) = Gm(k)n(k,r), (11)

where the background noise is neglected. Under the condition that
(M− 1)L1 is larger than Nn(L+L1− 1) and the impulse response
of each noise source does not share a common zero [10], the ideal
prediction filter at the first stage, aideal,m(k), can be depicted as
follows:

aideal,m(k) = argmin
am(k)

E[xm(k,r)−am(k)Hxem(k,r)]n

= argmin
am(k)

E[(Gm(k)[1]−am(k)HGe
m(k))n(k,r)]n

= (Ge
m(k)+)HGm(k)[1]H , (12)

where Gm(k)[1] is the first row of Gm, and Ge
m(k)+ is the general-

ized inverse matrix of Ge
m(k). Ge

m(k) is defined as follows:

Ge
m(k)= [ G1(k)

H . . . Gm−1(k)
H Gm+1(k)

H . . . GM(k)H ]H .

(13)
The estimated prediction filter by Eq. 7, am(k), can be expanded as
follows:

am(k) = (Ge
m(k)Rnn(k)G

e
m(k)H)−1Ge

m(k)Rnn(k)Gm(k)[1]H ,

(14)
where Rnn(k) = E[n(k,r)n(k,r)H ]. Assuming that each noise
source is a white Gaussian signal and each noise source has a same
power, Rnn(k) can be approximated by σ(k)E (E is the identity
matrix). In this case,

am(k) = (Ge
m(k)Ge

m(k)H)−1Ge
m(k)Gm(k)[1]H . (15)

When (M−1)L1 equals to Nn(L+L1−1) and the impulse response
of each noise source does not share a common zero, am(k) equals
to aideal,m(k). When each source is not a white Gaussian signal,

am(k) is different from aideal,m(k). To simplify the following dis-
cussion, the output signal after the first noise reduction filtering is
transformed as follows:

y f ,m(k,r) = ãm(k)H x̃(k,r), (16)

where x̃(k,r) is aML1-dimensional multichannel microphone input
signal, and ãm(k) is defined as follows:

ãm(k) = [ −am(k)[1] −am(k)[2] . . . −am(k)[(m−1)L1]

IT −am(k)[(m−1)L1 +1]

. . . −am(k)[(M−1)L1] ]T , (17)

wherer I is a L1 dimensional vector defined as
[ 1 0 . . . 0 ]H . Furthermore, the L2 dimensional vec-

tor, y f ,m(k,r)H , is denoted as follows:

y f ,m(k,r)H = Am(k)x(k,r), (18)

where x(k,r) is a L f dimensional vector, L f is set to be L1+L2−1,

and Am(k) is a Sylvester matrix of (ãm(k)H)T .

4.2 Analysis ofthe distortion-restoration filtering at the second
stage

y f (k,r), can be described in a matrix form as follows:

y f (k,r) = A(k)x(k,r), (19)

where A(k) is [ A1(k)
T . . . AM(k)T ]T . Furthermore, the

noise sources and the desired sources in x(k,r) can be represented
as follows:

x(k,r) = H (k)s(k,r)+G (k)n(k,r), (20)

where H (k) = [ H1(k)
T . . . HM(k)T ]T , and G (k) =

[ G1(k)
T . . . GM(k)T ]T (Hm(k) and Gm(k)T are L f ×

Ns(L f +L− 1) matrices). The distortion-restoration filter wdist(k)
can be expanded as follows:

wdist(k) = (B(k)Rss(k)B(k)H + µD(k)Rnn(k)D(k)H)−1

B(k)Rss(k)Hc(k)[1]
H

, (21)

where Rss(k) = E[s(k,r)s(k,r)H ]s, B(k) = A(k)H (k), D(k) =
A(k)G (k). D(k) is regarded as a blocking matrix for the noise

sources. Therefore, D(k)Rnn(k)D(k)H is a residual noise term af-
ter the first filtering. When each desired source is a white Gaussian
signal and has a same power and the blocking of the noise sources in
the first stage is performed completely, wdist(k) can be transformed
as follows:

wdist(k) = (B(k)B(k)H)−1B(k)Hc(k)[1]
H

. (22)

B(k) is a ML2×Ns(L f +L−1) matrix and L f = L1 +L2−1. Un-

der the condition that L2 is larger than
Ns(L1+L−2)
M−Ns

and the impulse

response between each source position and the output signal after
the first stage at each microphone has no common zero, the ideal

distortion-restoration filter, wdist,ideal(k), is (B(k)+)HHc(k)[1]
H .

Therefore, wdist(k) is also an approximation of the ideal distortion-
restoration filter. From Eq. 8, the output signal of the MSP-BF can
be represented as follows:

yc(k,r) = Hc(k)[1]Rss(k)B(k)H(B(k)Rss(k)B(k)H +

µD(k)Rnn(k)D(k)H)−1A(k)x(k,r). (23)
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4.3 Relationship between MSP-BFand MWF

The output signal of MWF can be represented as follows:

ymw f (k,r) = Hc(k)[1]Rss(k)H (k)H(H (k)Rss(k)H (k)H +

µG (k)Rnn(k)G (k)H)−1x(k,r). (24)

From comparison Eq. 24 with Eq. 23, the difference between MSP-
BF and MWF is existence of the prefiltering structure. When the
noise reduction filter A(k) is invertible, MSP-BF equals to MWF.
However, the noise reduction filter A(k) is aML2×M(L2+L1−1)
matrix. Therefore, when L1 ≥ 2, A(k) is not invertible and the
output signal of MSP-BF does not equal to that of MWF.

5. AN IMPROVED TWO-STAGE NOISE REDUCTION
STRUCTURE

5.1 An alternative noise reduction structure at the first stage

The spatial prediction based noise reduction can be regarded as a
null beamforming, the noise reduction filter is orthogonal to the
subspace spanned by the noise sources. However, the spatial pre-
diction does not deal with the subspace of the noise sources directly.
Motivated by the subspace approaches, an alternative noise reduc-
tion structure based on the noise subspace reduction (NSR-BF) is
shown. The m-th noise reduction filter, dm(k), is set to be the eigen
vector whose eigen value is the m-th smallest eigen value of the
matrix Rn(k). The l2 norm of each eigen vector is set to be 1.

Rn(k) can be transformed as Rn(k) = G (k)Rnn(k)G (k)H . When
each noise source is a white Gaussian signal and has a same power,

Rn(k) = G (k)G (k)H . When ML1 > Nn(L+ L1 − 1), the rank of

the ML1 ×ML1 matrix ,G (k)G (k)H , is Nn(L+ L1 − 1). There-
fore, there are some subspaces whose eigenvalues are zero, and

dm(k)HG (k)G (k)Hdm(k) = 0. dm(k)H is orthogonal to G (k), and
the noise sources are reduced in the output signal after the filtering

by dm(k)H . The cost function of this process can be interpreted as
follows:

dm(k) =
(m)

argmax
dm(k)

dm(k)HR̃s(k)dm(k)

dm(k)HR̃n(k)dm(k)
,

↔ R̃s(k)dm(k) = SNRmRndm(k)

↔
1

SNRm
R̃s(k)dm(k) = Rndm(k) (25)

where SNRm is the m-th biggest ratio of the desired sources to the

noise sources at the output signal of dm(k), R̃s(k) is a tentative co-
variance matrix of the desired sources and is set to be the identity

matrix, argmax(m) returns the argument which has the m-th biggest
value. Therefore, them-th smallest eigen value ofRn is correspond-
ing to the m-th biggest SNR value. When the noise sources are not
white signals, the frequency characteristic of dm(k) tends to reduce
the dominant frequencies of the noise sources in the spectral do-
main (not in the spatial domain). This effect is prominent when the
assumed desired sources do not contain these frequencies. How-

ever, because each desired source in R̃s(k) is assumed to be a white
signal, R̃s(k) has all frequencies. Therefore, extreme reduction of
particular frequencies in the frequency characteristic of dm(k) is
expected to be suppressed. dm(k) can be used by an alternative of
the noise reduction filter ãm(k) at the first stage. When the actual

covariance matrix of the desired sources are far from R̃s(k), the
output signal after the first stage is distorted, but this distortion can
be restored at the second stage.

5.2 An energybased VAD afterthe first filtering

The detection of the desired-source period is important for the es-
timation of the distortion-restoration filter. When the noise sources
are nonstationary, a simple energy based VAD is not adequate.
ICA-based VAD [9] requires direction of arrival of the desired

sources. To detect the desired-source period without any preknowl-
edge about the desired sources, an energy based VAD by utilizing
the output signal after the first filtering is shown in this subsection.
The advantageous point of the two stage filtering structure is that
SNR (signal to noise ratio) of the output signal after the first filter-
ing is expected to be higher than the unprocessed microphone input
signal. Therefore, even when the noise sources are nonstationary
sources, the desired-source period can be detected by the simple
energy based VAD from the output signal after the first filtering.

The output signal after the first filtering, noise sources are
highly reduced and the desired sources are distorted. The noise re-
duction filter at the first stage makes the spatial nulls toward the
transfer function of the noise sources. When the transfer function
of the desired sources are different from that of the noise sources,
the desired sources are not crucially reduced. Therefore, compared
with the noise sources, the remaining power of the desired sources
are big. A sample of a waveform after the first filtering by NSR-
BF is shown in Fig. 2. It is shown that the desired sources can be

Fig. 2. A sample of a waveform after the first filtering by NSR-BF

extracted. By utilizing this phenomenon, the desired-source period
can be extracted via energy based VAD. The proposed algorithm is
shown as follows:

1. Log-power of the output signal after the first filtering is divided
into two clusters.

2. The bigger cluster is regarded as the desired-source period, and
the smaller cluster is regarded as the noise-only period.

3. Each time period is divided into the noise-only period or the
desired-source period.

4. In the noise-only period, the SOS of the noise sources, Rn(k),
is replaced by Rn,new(k).Rn,new(k) is the SOS of the detected
noise-only period. In the desired-source period, the SOS of the
noisy input signal, Rx(k) is updated.

5.3 Flow ofproposed method

Flow of the proposed method can be summarized as follows:

1. The first noise reduction filter dm(k) is estimated by Eq. 25 from
the pre-given noise-only period. The output signal after the first
noise reduction filtering can be calculated.

2. From the output signal after the first noise reduction filtering,
the desired-source period is detected by the energy based VAD
shown in sec. 5.2;

3. The distortion-restoration filter is updated by Eq. 9from the
detected-source period and the detected noise-only period.
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4. The distortion of the output signal after the first filtering is re-
stored at the whole period.

6. EXPERIMENT

6.1 Condition

The proposed method was evaluated at a reverberant environment.
The reverberation time was about 300 ms. Impulse responses were
measured at the environment, and the evaluation data was made
by the convolution of dry sources with the measured impulse re-
sponses. The sampling rate was set to be 8 kHz. The downsampling
ratio R was set to be 56 pt (point). The length of the low-pass filter
for the analysis/synthesis filterbank was 3584 pt. The number of
the microphones was 3. The equilateral triangle microphone array
(4 cm on a side) was used. The number of the desired sources was
set to be 1 or 2. The number of the noise sources was set to be
2. One noise source was a speech source, and another noise source
was a pink noise source. The proposed two stage noise reduction
techniques were compared with MWF. The length of the noise re-
duction filter of MWF, L f , was set to be 12. In the proposed meth-
ods, the length of the first noise reduction filter, L1 was set to be 8,
and L2 was set to be 5. Therefore, L f = L1 +L2− 1 is 12, and L f
is equivalent to that of MWF. The evaluation measure are MFCC
distance, and SNR improvement. MFCC distance is the evalua-
tion measure for the desired-source distortion, and SNR improve-
ment is a performance measure the noise reduction. MFCC distance

is MFCC(kout ,kdesired) = ∑12
i=0 | | kout(i)− kdesired(i) | |

2. kout is the
MFCC coeficients of the output signal after the noise reduction, and
kdesired is that of the desired source signal in the c-th microphone.

The dimension of the MFCC coeficients is set to be 13. SNR
improvement is SNRimp= SNRout − SNRin. SNRin is the ra-
tio between the desired sources and the noise sources in the c-
thmicrophone input signal, and SNRout is the ratio between the de-
sired sources and the noise sources in the output signal of the noise
reduction system. µ is changed from 1.0 to 10.0 at 1.0 intervals,
and is changed from 10.0 to 100.0 at 10.0 intervals.

6.2 Results

When the number of the desired sources is 1, the experimental re-
sults are shown in Fig. 3. The different point from “NSR-BF”and
“MSP-BF”is only the first filtering structure. “NSR-BF+VAD”is
the noise reduction which uses the first filtering by NSR and detec-
tion of the desired-source period from the output signal after the first
filtering. In this result, the parameter µ is regarded as an intermedi-
ate variable. SNRin is set to be 0 dB. The noise reduction method
reduces noise at the expense of the distortion of the desired sources.
The rapid increase of SNRimp is desirable to the increase of MFCC
distance. In this viewpoint, MWF is superior to MSP-BF, but NSR
is superior to MWF. This means the noise reduction performance of
the first filtering of NSR is superior to MSP-BF. Furthermore, NSR-
BF+VAD is superior to NSR. The proposed detection algorithm of
the desired-source period is shown to be effective. In Fig. 4, the
experimental result when there are 2 desired sources at SNR 0 dB
is shown. NSR-BF+VAD also achieves the best performance.

7. CONCLUSION

In this paper, a two-stage noise reduction method which is com-
posed of the noise reduction stage and the distortion-restoration
stage is discussed. Theoretical analysis of the previously proposed
MSP-BF is shown. From the analysis, an alternative structure for
MSP-BF, namely NSR-BF, is proposed, and the energy based voice
activity detection to the output signal after the noise reduction stage
is proposed. The experimental results under a reverberant environ-
ment show that NSR-BF is superior to the conventional methods.
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ABSTRACT
This paper proposes a 2D Non-negative Matrix Factorization
(NMF) based single-channel source separation algorithm that
emphasizes perceptually important components of audio. Un-
like the existing methods, the proposed scheme performs a
psychoacoustic pre-processing on the mixture spectrogram in
order to supress audio components that are not critical to hu-
man hearing sensation while amplifying the perceptually im-
portant ones. This yields the auditory spectrogram referred
as sonogram of the observed audio mixture and the individ-
ual sources are then extracted by 2D NMF. Test results re-
ported in terms of Signal-to-Distortion-Ratio (SDR), Signal-
to-Inference-Ratio (SIR) and Signal-to-Artifact-Ratio (SAR)
show that the proposed perceptually enhanced separation im-
proves the quality of decomposed audio sources by 1.5-6.5
dB with a reduced computational complexity.

1. INTRODUCTION

Estimating individual audio sources from the mixture signal
is called audio source separation. Audio source separation
has been used in several applications including robust speech
recognition, music transcription, speaker identification, etc.

In this paper the focus is on the separation of music and
speech signals from a single observation. The goal of single-
channel Blind Source Separation (BSS) is to extract the un-
derlying audio source signals from a single linear mixture. In
such situation, human listener has the ability to keep the at-
tention to a single audio source in an adverse acoustical con-
dition. However, the problem of estimating several sources
from one input signal is an ill-posed problem thus has been a
challenging topic for the researchers.

A vast amount of research has been conducted in the
field of blind single-channel audio source separation. Among
these, Non-negative Matrix Factorization (NMF) [1, 2, 3] is
a simple but efficient factorization method which has been
extensively used for factorizing the input data into a linear
combination of basis vectors with non-negativity constraints
on output matrices. Efforts have been made to develop more
robust and efficient algorithms by adding further constraints
for the decomposition, such as sparseness, temporal conti-
nuity [4] or extending the model to be convolutive [3, 2].

* This work is partially supported by the Scientific and Technological
Research Council of Turkey (TUBITAK) BIDEB.

Smaragdis [3] introduced the non-negative matrix factor de-
convolution (NMFD) algorithm in which each instrument is
modeled by a time-frequency signature that varies in inten-
sity over time. Scmidt et al. [2] proposed non-negative matrix
factor 2-D deconvolution (NMF2D) algorithm for separating
the instruments in polyphonic music by representing each in-
strument by a single time-frequency profile convolved in both
time and frequency in a log-frequency spectrogram. A few
approaches in the area of source separation have utilized the
framework of psychoacoustics [5]. Among these, Virtanen
[1] presents a perceptually weighted NMF algorithm for sin-
gle channel source separation that assigns a weight coefficient
for each critical band in each frame to model the loudness
perception of the human auditory system. Although the algo-
rithm achieves a high separation quality on non-overlapping
audio sources, it is not sufficient for separating the mixtures
of instruments/sources which overlap their whole duration. In
[6], a perceptually motivated Frequency-Domain Independent
Component Analysis (FDICA) scheme is proposed which fil-
ters the frequency components that are perceptually irrelevant
by exploiting the masking properties of speech. The defi-
ciency of the frequency domain algorithms is the invariance
to scaling and permutation which means that the output of the
separation algorithm will be the original sources, arbitrarily
scaled, permuted and delayed. In this work, the psychoacous-
tic masking applied prior to FDICA is used to avoid the per-
mutation problem rather than improving the perceptual qual-
ity of the separated sources.

In the proposed method, a Non-negative Matrix Factor
2-D Deconvolution (NMF2D) [2] based perceptual source
separation is performed by applying a psychoacoustic pre-
processing prior to decomposition. The pre-processing is ap-
plied based on the psychoacoustic model proposed in [7] in
order to remove the information in the audio signal which is
not critical to our hearing sensation while retaining the im-
portant parts. In [7], the raw audio signals are pre-processed
in order to obtain a time-invariant representation of the per-
ceived characteristics in two stages. In the first stage of
the feature extraction process, the specific loudness sensa-
tion (sone) per critical band (Bark) is calculated. In the sec-
ond stage, the periodicity and the spectrum histograms are
calculated based on the pre-processing and combined with
the meta-information. The extracted features are then clus-
tered and organized on a 2D map display using Self Organiz-
ing Maps. We just applied the psychoacoustic pre-processing
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step of the work proposed in [7] in order to increase the per-
ceptual quality of the separated sources. We evaluated the
performance of the proposed method on real audio mixtures
which were synthetically generated by summing two differ-
ent sources of music and speech. The effects of the NMF2D
parameters are also investigated by performing the tests using
combinations of various NMF2D parameters on our dataset
which are defined in Section 3. It is shown that the proposed
method enhances the separation performance by an amount
of 1.5 dB to 6.5 dB and outperforms the conventional NMF
[8] and NMF2D [2] algorithms.

2. PROPOSED METHOD

Conventionally Non-negative Matrix Factorization (NMF)
based source separation algorithms aim to factorize the ob-
served non-negative mixture matrix X ∈ R

B×M as a product
of two non-negative matrices W and H such that

X [b, i]≈
N−1

∑
n=0

W [b,n]H[n, i] (1)

where W [b,n] denotes the b−th basis component of the n−th
audio component, H[n, i] is the gain of the n− th component
in time frame i = 0 · · ·M− 1 and N is the number of audio
components. The audio components belonging to the same
source are then clustered into a single source.

In audio source separation applications, the mixture X is
usually represented as a time-frequency spectrogram. Given
the observed mixture X, we are interested in jointly esti-
mating the basis (W ∈ R

B×N) and the gain (H ∈ R
N×M)

matrices which are restricted to be entry-wise non-negative.
The rank N of the factorization is usually chosen such that
(B+M)N < BM, and hence the dimensionality reduction is
achieved.

Unlike the existing methods, the proposed perceptually
enhanced NMF2D framework yields a clustered representa-
tion of the mixture data by performing a psychoacoustic pre-
processing on the spectrogram. Hence the proposed method
improves the quality of the separated sources as well as de-
creases the computational complexity. In this section, we
first describe the psychoacoustic pre-processing applied on
the mixture spectrogram and then present the proposed de-
composition method.

2.1. Auditory Spectrogram
Most of the audio source separation algorithms perform the
separation on audio spectrogram. In this work, we propose
to apply a pre-processing scheme on the spectrogram in order
to retain the perceptually important components and supress
the information which is not critical to human hearing. The
pre-processing is applied using the MA Toolbox [7]. First, the
Short-Time Fourier Transform (STFT) of the mixture signal
x is computed

XF [k, i] =
1

NF

NF−1

∑
t=0

h[t,NF ]x[t, i]e− j2πtk/NF , (2)

where 0 ≤ k ≤ NF
2 , k = 0 · · ·K − 1 is the frequency index,

i = 0 · · ·M− 1 is the frame index, t is the sample index, NF

is the frame length and h is the Hanning window. To model
the frequency response of the outer and middle ear, each fre-
quency component of the spectrogram is weighted as

|Sw[k, i]|2 =W 2
V [k]|XF [k, i]|2, (3)

where the weighting function is defined as

WV [k] = 10AdB

(

kFs
NF

)

/10
. (4)

In Eq.(4), Fs is the sampling frequency and AdB(.) is the re-
sponse of the outer and middle ear model to each frequency f
(kHz), proposed by Terhardt [9]:

AdB( fkHz) =−3.64(10−3 f )−0.8−10−3(10−3 f )4

+6.5exp
(

−0.6(10−3 f −3.3)2). (5)

The main characteristic of this weighting filter is that the in-
fluence of very high and low frequencies is reduced while fre-
quencies around 3−4kHz are emphasized [7].

Subsequently the frequency bins of the STFT are grouped
into 24 critical-bands according to [5] in order to obtain the
spectrogram in bark scale represented as C[b, i], where b =
0 · · ·23 is the critical band index and i = 0 · · ·M − 1 is the
frame index. The conversion between the bark and the linear
frequency scale is computed with,

Zbark( fkHz) = 10arctan(0.76 f )+3.5arctan( f/7.5)2. (6)

These frequency bands reflect the characteristics of the hu-
man auditory system. The width of the critical-bands is linear
from 100Hz to 500Hz and beyond 500Hz the width increases
nearly exponentially [5].

We apply a spectral masking on the bark spectrogram ac-
cording to [7]

Sm[b, i] =
23

∑
p=0

10TdB[b,p]/10C[p, i] (7)

where T [b, p] is the contribution of critical-band zb to zp

T [b, p] =15.81+7.5(zp− zb +0.474)

−17.5
(

1+(zp− zb +0.474)2)1/2
. (8)

The main characteristic is that lower frequencies have a
stronger masking influence on higher frequencies than vice
versa.

The specific loudness sensation (sone) is calculated using
the formula suggested by Bladon and Lindblom [7] in decibel
relative to the threshold of hearing,

X [b, i] =
{

2(SmdB [b,i]−40)/10, ifSmdB [b, i]≥ 40dB,
(SmdB [b, i]/40)2.642, otherwise,

(9)

where SmdB is the loudness in dB defined as

SmdB [b, i] = 10log10 Sm[b, i]. (10)

Fig. 1 illustrates an audio signal representation in
time and various representations in time-frequency domain.
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Fig. 1. The time and time-frequency illustrations of an audio signal.
(a) time domain signal x (b) spectrogram S, (c) filtered spectrogram
Sw (d) Bark spectrogram C (e) masked Bark spectrogram Sm, (f)
sonogram X.

Fig.1(a) depicts the signal in time domain. In Fig.1(b), the
audio spectrogram S is displayed. Fig. 1(c) is a plot of Sw
obtained after applying outer and middle ear filtering to the
spectrogram S. Fig.1(d) illustrates the Bark spectrogram C

obtained by grouping the frequency bands in Sw into critical
bands. Fig. 1(e) is Sm obtained after frequency masking ap-
plied on the Bark spectrogram C and Fig. 1 (f) illustrates the
auditory spectrogram (sonogram) X obtained after loudness
calculation.

As it is seen from Fig.1, the sonogram retains the auditory
components which are critical to human hearing. Note that,
since the sonogram has only B = 24 frequency bands, sono-
gram representation significantly decreases the size of the
time-frequency data which consequently decreases the com-
putational complexity of decomposition.

2.2. Source Decomposition by Non-negative Matrix Fac-
tor 2-D Deconvolution
In Non-negative Matrix Factor 2-D Deconvolution (NMF2D)
based source separation algorithms [2], the observed mixing
data X ∈ R

K×M is factorized to be a 2-D convolution of Wτ

which depends on time τ and H
φ which depends on pitch φ :

X≈Λ=
T−1

∑
τ=0

Φ−1

∑
φ=0

↓φ
W

τ
→τ
H

φ . (11)

In (11), ↓ φ denotes the downward shift operator which moves
each element in the matrix φ rows down, and→ τ denotes the
right shift operator which moves each element in the matrix τ
columns to the right [2]. Each element in Λ is defined as:

Λ[b, i] =
T−1

∑
τ=0

Φ−1

∑
φ=0

N−1

∑
n=0

W τ [b−φ ,n]Hφ [n, i− τ ], (12)

where N is the number of audio components. Note that, NMF
model is a special case of NMF2D model for τ = 0,φ = 0.

In the literature, NMF algorithms [8] are used to estimate
the non-negative basis functions and mixing matrices itera-
tively based on the minimization of the Euclidean distance
between the observed data X and model Λ, or divergence D,
given as

D = ∑
b

∑
i

X [b, i] log
X [b, i]
Λ[b, i]

−X [b, i]+Λ[b, i], (13)

where b= 0 . . .B−1 is the frequency index and i= 0 . . .M−1
is the frame index. In most of the NMF based algorithms, the
frequency index is the index of the linear frequency bands. In
the proposed method, the linear frequency bands k = 0 · · ·K−
1 are grouped into critical bands b = 0 · · ·B− 1 as described
in [7].

Considering the gradient decent optimization scheme, the
multiplicative updates for Hφ and W

τ are obtained as:

H
φ ←H

φ .∗

[

∑
τ

↓φ
W

τ
T
(
←τ
X ./

←τ
Λ
)

]

./

[

∑
τ

↓φ
W

τ
T

1

]

(14)

W
τ ←W

τ .∗

[

∑
φ

(

↑φ
X./

↑φ
Λ
)

→τ
H

φ
T]

./

[

∑
φ
1

→τ
H

φ
T]

(15)

where 1 is a matrix of suitable size with all elements equal
to 1; .∗ and ./ are element-wise multiplication and division,
respectively.
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Fig. 2. Factorization of the piece of music using NMF2D. The two
time-frequency plots on the left are Wτ for each factor, i.e. the time-
frequency signature of the two sources. The two time-pitch plots on
the top are H

φ for each factor showing how the sources are placed
in time and pitch.

It is shown that NMF2D is an effective method for audio
separation [2] because it enables to represent a regularly re-
peating pattern that spans multiple columns(rows) of the spec-
trogram using multiple bases(gains) that describe the entire
sequence. To give an idea, the basis matrices W

τ and the
gain matrices H

φ for each factor are displayed in Fig. 2 to-
gether with the mixture spectrogram. The N columns of Wτ

obtained by NMF2D represent the dominant spectral patterns
contained in the input whereas their weights H

φ correspond
to their temporal profiles.

In the proposed method, NMF2D is performed on the au-
ditory spectrogram (sonogram) of the mixture signal for de-
composing the sonogram of each component. The sonograms
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constituting the same audio source are then clustered into a
single source sonogram by clustering the base matrices us-
ing the K-means clustering algorithm [10]. Each time-domain
source signal is reconstructed by masking the mixture spec-
trogram X depending on the source sonogram. First, we re-
constructed the sonogram of each component by

Λn[b, i] =
T−1

∑
τ=0

Φ−1

∑
φ=0

W τ [b−φ ,n]Hφ [n, i− τ ], (16)

for each specific value of n. Then we clustered the component
sonograms constituting the same source by applying K-means
clustering on the base matrices. Based on the reconstructed
source sonograms, we constructed a spectrogram mask for
each source, so that the value of each spectrogram bin is as-
signed to each source in proportion with the sonogram value
at that bin. The mapping of the spectrogram masks back into
the spectrogram domain is performed as it is proposed in [2].
The complex spectrogram is filtered based on the masks, and
the inverse filtered spectrogram is computed using the mix-
ture phase .

3. SIMULATION RESULTS

To test the proposed approach, monophonic mixtures were
synthetically generated by summing two different sources.
Different datasets have been considered and described below.
• Dataset A consists of synthetic mono mixtures of N =

2 sources (piano and drums) created using 10 seconds-
excerpts of original separated tracks from the song “Sun-
rise” by S. Hurley, available under a Creative Common
License at [11] and downsampled to 16 kHz.
• Dataset B consists of synthetic mixtures of speech and

music sources obtained from the development dataset
of the Signal Separation Evaluation Campaign (SiSEC
2008)[12].

• Dataset C consists of synthetic mixtures of two speech
sources obtained from the development dataset of the Sig-
nal Separation Evaluation Campaign (SiSEC 2008)[12].
All the sources are 10 seconds-long and sampled at 16

kHz.
The separation is performed using the method outlined in

Section 2 by applying a pre-processing on the spectrogram.
The performance of the proposed method (NMF2D-sone) is
compared with the conventional NMF2D model applied on
the spectrogram (no pre-processing) in order to see the con-
tribution of the psychoacoustic pre-processing.

In order to evaluate the quality of the separated
sources we use the Signal-to-Distortion-Ratio (SDR), Signal-
to-Interference-Ratio (SIR) and Signal-to-Artifacts-Ratio
(SAR). We used MATLAB routines for computing these cri-
teria obtained from the SISEC’08 webpage [12] and reported
the results in terms of SIR, SAR and SDR.

The observation signal is represented using the log-
magnitude spectrogram. The audio signals are analyzed by
the short time Fourier transform with a NF = 2048 point Han-
ning windowed FFT and 50% overlap. NF/2+1 = 1025 FFT
slices are obtained. The spectrogram bins are grouped into
blog FS/2

80 / log2(1/48)c = 318 logaritmically spaced frequency

bins in the range of 80 Hz to 8 kHz with 48 bins per octave,
which corresponds to four times the resolution of the equal
tempered musical scale. Then, we performed the NMF2D
analysis of the log-frequency magnitude spectrogram. For the
remaining parameters, we used the following values, rank =
[2 20 80 200], τ = [0 1 5 9], φ= [0 1 5 9]. The sampling
rate of the inputs was 16 kHz. We performed separation us-
ing all combinatios of these parameters on our dataset which
amounted to 64 experiments for each of three mixtures, re-
peated 10 times for a total of 1920 experiments. We averaged
the performance measures over all the experiments and ana-
lyzed the effect of various parametes.

Of more importance than the individual parameters is the
interaction between them. Fig. 3-5 are instrumental in point-
ing this out. We briefly describe some of the major interac-
tions here. We also reported the results of the conventional
NMF2D algorithm proposed in [2] (NMF2D) for comparison
issues. As it is seen from the figures, the length of the bases
(τ) varies the performance measures significantly. The pro-
posed NMF2D-sone algorithm performs better for τ = {0,1}.
Similarly, the NMF2D method also performs better for low τ
values. If we compare the results depending on the number
of gains φ , we see that the proposed method performs bet-
ter SDR and SIR values at φ = {0,1}. The rank parameter
is also of main importance. The proposed method performs
higher SDR and SIR values for rank r = 2. If we compare
the performance of the proposed method to the conventional
NMF2D algorithm, we can see that the proposed method in-
creases the SDR value by an amount of 0.7 dB. The depen-
dency of the NMF2D performance on the same parameters
is quite different. NMF2D method performs better for low τ
and high φ values. The performance of NMF2D increases as
rank increases. The highest SDR, SIR and SAR values are
obtained at around rank r = 20. The performance starts to
decrease slightly if we increase the rank much more.

Figure 4 illustrates the performance of the proposed
method in terms of SIR. We can see the same characteris-
tics depending on the parameters of τ ,φ and rank. However,
the SIR values obtained by NMF2D method is slightly better
than the SIR values obtained by the proposed method.

The change in SAR values for the parameters τ,φ and
rank are completely different than SDR and SIR. The pro-
posed method performs higher SAR values for τ = {0,1},
φ = {5,9} and rank r = {80,200}. The increase in SAR val-
ues obtained by the proposed method is huge and it is around
7 dB.

In general, as τ grows, more bases acted as a detriment
to the separation quality. More gains introduced less interfer-
ence noise, which causes SDR and SIR to increase and SAR
to decrease. Finally as the rank increases we noted that the
number of bases and number of gains become more impor-
tant.

In order to measure the computational load of the pro-
posed method, we implemented the NMF2D and NMF2D-
sone algorithms for a particular experiment using 10 sec mono
mixture (sampled at 16 kHz) with N = 2 sources and NMF2D
parameters selected as r = 200 components, τ = 0 and φ = 9.
The algorithms are run on a PC equipped with a 2.4 GHz Intel
Core2 Quad processor using the same parameters and initial
conditions.
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across different scales indicated by their maximum and minimum
values along the vertical axis.

NMF2D takes about 1879.24 sec to converge in 2000 iter-
ations for this particular experiment. The proposed NMF2D-
sono algorithm takes about 48.59 sec to converge in 185 it-
erations. NMF2D-sono algorithm decreases the size of the
data matrix, thus decreases the computational time while in-
creasing the separation quality of the estimated sources sig-
nificantly.

4. CONCLUSION

In this paper, we propose a perceptual audio source separation
method using NMF2D. The perceptuality is integrated into
the separation algorithm by psychoacoustic pre-processing
applied on the mixture spectrogram. The simulation results
indicate that the proposed psychoacoustic pre-processing sig-
nificantly improves the quality of the reconstructed audio
sources and decreases the computational complexity.
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Fig. 5. Performance measures in terms of SAR for combinations
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column (r = 2,r = 20,r = 80,r = 200). Note that all plots are plotted
across different scales indicated by their maximum and minimum
values along the vertical axis.
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ABSTRACT
We propose a new method to adapt a beamformer under rever-
berant and background noise environments. Several adapta-
tion approaches have two stages consisting of time-frequency
masking and an update of the beamformer. However, in these
approaches, the adaptation error is large under such environ-
ments because the sparseness assumption does not hold. We
focus on the premise that the adaptation error can be reduced
by avoiding the degradation caused by the overlap between
sources in time-frequency bins. Therefore, we derive a for-
mula to update the beamformer in cases when overlap exists
by using soft masking. The proposed method controls adap-
tation with soft masking to avoid the degradation caused by
the overlap and reduces the adaptation error. Experimental re-
sults under a reverberant and background noise environment
indicate that the proposed method improves the performance.

1. INTRODUCTION

Noise reduction techniques based on a microphone array have
been intensively studied in recent years due to their many ap-
plications, for example, in hands-free speech recognition and
in teleconference systems. These techniques are categorized
into two classes: time-frequency domain masking approaches
and beamforming approaches. The former class can be used
in both underdetermined cases and determined cases. The lat-
ter class can be used in the determined cases.

Time-frequency domain masking approaches such as bi-
nary masking [1] separate the desired signal by Direction of
Arrival (DOA) estimation for each time-frequency bin. These
approaches make use of the sparseness assumption, which in-
volves the characteristics of speech where only one source or
zero sources are active in each time-frequency bin. Therefore,
the performance degrades significantly under practical rever-
berant or background noise environments because the reflec-
tion and noise components result in overlap between sources
in each bin, and thus, the sparseness assumption is not true.
Under such environments, binary masking leads to musical
noise as well as to degraded performance. We can allevi-
ate this problem by using several soft masking approaches
[2, 3] by modeling the overlap. These approaches do not solve
the problem completely, but they improve the performance in
practical environments.

Beamforming approaches such as Linearly-Constrained
Minimum Variance (LCMV) [4], can potentially reduce in-
terference while keeping the desired signal undistorted if we

know the transfer characteristics such as the steering vector
and correlation matrix of sound sources. Therefore, we need
to adapt the beamformer to these transfer characteristics. To
adapt the beamformer, we need to know which components
are those of the desired source or the interference in the in-
put signals. Several methods employ binary masking and
beamforming in the time-frequency domain [5, 6, 7] to solve
this problem. These binary masking and beamforming ap-
proaches (BM-BF) use binary masking in the adaptation pro-
cess and beamforming in the final separation. In the adap-
tation process, we separate each source roughly using binary
masking and calculate the beamformer from the roughly sep-
arated signals. In the final separation, we separate the desired
signal by beamforming. BM-BF overcomes the difficulty of
adaptation of beamforming. Moreover, BM-BF does not suf-
fer from musical noise. However, the performance of BM-BF
is degraded by reverberation and background noise because it
employs the sparseness assumption of binary masking.

In this paper, we propose a method to adapt the beam-
former in order to improve the performance in reverberant
and background noise environments. The development of
this method was motivated by the robustness of soft mask-
ing against reverberation and background noise. We focus
on the premise that the adaptation error is reduced by avoid-
ing the degradation caused by the overlap of sources in time-
frequency bins. We model the overlap and formulate an up-
dating formula of the beamformer for cases when overlap ex-
ists by using soft masking. This soft masking and beamform-
ing approach (SM-BF) improves the performance in reverber-
ant and background noise environments because it controls
the averaging weight based on the probability that the desired
component is active, which can be calculated from the mod-
eled overlap. In section 5, our experimental results under a
reverberant and background noise environment show that the
proposed method improves the performance.

2. PROBLEM STATEMENTS AND NOTATION

We observe N sources with M microphones in a reverberant
and background noise environment. This situation is modeled
by the convolutive mixing model

xm(t) =
N−1

∑
i=0

∞

∑
l=0

am,i(l)si(t − l)+dm(t), (1)

where xm(t) is the signal observed by the m-th microphone, t
is the time index, si(t) is the signal of the i-th source, am,i(t)
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represents the impulse response from the i-th source to the
m-th microphone, and dm(t) is the background noise of the
m-th microphone. Now, we define the 0-th source as the de-
sired source and the i-th source (i ̸= 0) as the interference.
The desired source exists in a given area of source directions
Λdes, and the interference sources do not exist in Λdes. This
paper employs a time-frequency domain approach. Using a
short-time Fourier transform (STFT), the time-frequency rep-
resentation is given by

X( f ,τ) =
N−1

∑
i=0

Ai( f )Si( f ,τ)+D( f ,τ), (2)

where f is the frequency bin index, τ is the time-frame in-
dex of the STFT, X( f ,τ) = [X0, · · · ,XM−1]

T , Xm( f ,τ) is the
STFT of xm(t), Ai( f ) = [A0,i, · · · ,AM−1,i]

T , Am,i( f ) is the
STFT of am,i(t), Si( f ,τ) is the STFT of si(t), D( f ,τ) =
[D0, · · · ,DM−1]

T , and Dm( f ) is the STFT of dm(t). Our goal
is to obtain the estimate of S0( f ,τ), i.e., Y ( f ,τ) by calculation
from X( f ,τ). This paper employs beamforming

Y ( f ,τ) =WH( f )X( f ,τ), (3)

and we present an adaptation method of the beamformer W=

[W0, · · · ,WM−1]
T .

We explain the sparseness of sources in the time-
frequency domain. The sparseness assumption means that
for the i-th source, the power of which is the maximum in
( f ,τ) (source i is active in ( f ,τ)), the power of Ni( f ,τ) ,
∑N−1

k=0,k ̸=iAk( f )Sk( f ,τ)+D( f ,τ) is sufficiently small, i.e.,

X( f ,τ)≈Ai( f )Si( f ,τ). (4)

This assumption is widely employed for solving the under-
determined problem. However, the assumption cannot hold
under reverberant and background noise environments.

3. BINARY MASKING-BASED ADAPTATION
CONTROL

We show a conventional adaptation control method of BM-
BF [5]. First, we estimate the direction index of each time-
frequency j( f ,τ) by using a DOA estimation method in
each time-frequency, for example, SPIRE [8] or MDSBF [5].
Next, we separate the desired component and the interference
roughly by using binary masking.

X̂des( f ,τ) =
{

X( f ,τ) if j( f ,τ) ∈ Λdes,
0 otherwise. (5)

X̂int( f ,τ) =
{

0 if j( f ,τ) ∈ Λdes,
X( f ,τ) otherwise. (6)

Then we estimate the steering vector of the desired source and
the correlation matrix of the interference R on the sparseness
assumption.

Â0( f ) =

⟨
X̂des( f ,τ)

∣∣X̂des0( f ,τ)
∣∣

|Xdes( f ,τ)| X̂des0( f ,τ)

⟩
(7)

R( f ) =
⟨
Xint( f ,τ)XH

int( f ,τ)
⟩

(8)

where Â0 is the estimated steering vector of the desired
source, R is the estimated correlation matrix of the interfer-
ence, X̂des0 is the signal of the 0-th microphone of X̂des, and
⟨·⟩ is the time average operator. Finally, we calculate the Frost
beamformer [4],

W( f ) =
R−1( f )Â0( f )

Â0( f )HR−1( f )Â0( f )
. (9)

Under reverberant and background noise environments, the
performance of binary masking is degraded because of the
overlap in the pre-adaptation process, and then the beam-
former W( f ) also degrades.

4. SOFT MASKING-BASED ADAPTATION
CONTROL

We model the overlap that leads to the degradation in
the adaptation process. We do not discard the sparseness
assumption completely, and assume a Gaussian distribu-
tion for Ni( f ,τ) such that the i-th source is active, i.e.,
N (0,σ2( f )Σ( f )) where σ2( f ) is a variance parameter and
Σ( f ) is a correlation matrix divided by σ2( f ) in the reverber-
ant sound field model [9],

Σ( f ) =


1 γ0,1 · · · γ0,M−1

γ1,0 1 · · · γ1,M−1
...

...
. . .

...
γM−1,0 γM−1,1 · · · 1

 (10)

where γm,n = sinc(2π f dm,n/c) where dm,n is the distance be-
tween the m-th microphone and the n-th microphone, and c is
the sound velocity. Therefore, the pdf of X( f ,τ) given that i
is active is given by:

p(X( f ,τ)|σ2( f ),Ai( f ),Si( f ,τ))

=
1

(2πσ 2)M/2 |Σ|1/2

exp
{
− 1

2σ2 (X−AiSi)
H Σ−1 (X−AiSi)

}
(11)

We need to estimate Ai( f ) from the input signals X( f ,τ) to
adapt the beamformer by (9). This is equivalent to the GMM
parameter estimation with missing data because we do not
know which source i is active. We can employ the EM algo-
rithm for maximum likelihood estimation with missing data
like this. The Q function Q(Θ;Θ(t)) of the EM algorithm is
given by:

Q(Θ;Θ(t)) = ∑
f ,τ,i

µ(t)
i ( f ,τ) logri p(X|i,Θ) (12)

µ(t)
i ( f ,τ) =

r(t)i p
(
X|i,Θ(t)

)
∑N−1

k=0 r(t)k p
(
X|k,Θ(t)

) (13)

N−1

∑
i=0

r(t)i = 1 (14)

737



where (t) represents the number of iterations,

Θ= (σ2,(S0, · · · ,SN),(A0, · · · ,AN),ri), (15)

and ri is an a priori probability that the i-th source is active.
We can estimate Ai by using the Lagrange multiplier method,
namely ∂J

∂AH
i
= 0, where J = Q+ λ (∑N

i=0 ri − 1). The esti-
mated Ai with normalized norm and phase is given by:

Âi ∼ ∑
τ

µi( f ,τ)A∗
0,iS

∗
i X( f ,τ)

≈ ∑
τ

µi( f ,τ)
X( f ,τ) |X0( f ,τ)|
|X( f ,τ)|X0( f ,τ)

, (16)

where X0( f ,τ) is the signal of the 0-th microphone of
X( f ,τ). Therefore, Â0( f ) and R( f ) are updated for each
block of T frames as follows:

Â0( f ) =
⟨

µ0( f ,τ)
X( f ,τ) |X0( f ,τ)|
|X( f ,τ)|X0( f ,τ)

⟩
(17)

R( f ) =
⟨
(1−µ0( f ,τ))2X( f ,τ)XH( f ,τ)

⟩
(18)

According to (17) and (18), we can use µi( f ,τ) as the averag-
ing weight in the adaptation process of Â0( f ) and R( f ), and
can compute W from these estimated Â0 and R according to
(9).

To calculate (17) and (18), we need µ0( f ,τ). We iterate
EM steps, i.e., we estimate µi( f ,τ) with (13) and update the
other parameters of Θ as follows:

Ŝi =
ÂH

i Σ−1X( f ,τ)
ÂH

i Σ−1Âi
(19)

r(t+1)
i =

∑ f ,τ µ(t)
i ( f ,τ)

∑ f ,τ,i µ(t)
i ( f ,τ)

(20)

(σ2)(t+1)( f ) =
1

MT ∑
τ,i

µ(t)
i ( f ,τ)

(
X− ÂiŜi

)H

×Σ−1 (X− ÂiŜi
)

(21)

As a result, in each block for T frames, the proposed method
is applied to calculate (19), iterate (13), (20), and (21) until
convergence, and finally to update (17), (18), and (9).

The iteration process of the proposed method is es-
sentially equivalent to an extension to M > 2 of 2ch EM
algorithm-based soft masking [3]. Therefore, we can call the
proposed method the soft masking-based adaptation control
method or the soft masking and beamforming approach (SM-
BF). If the sparseness assumption is true, µi( f ,τ) is near 0
or 1; i.e., the proposed method is equivalent to BM-BF ex-
plained in section 3. Otherwise, we use µi( f ,τ) as the aver-
aging weight in the adaptation of Â0( f ) and R( f ), and avoid
the estimation error of Â0( f ) and R( f ) in time-frequency bins
where the power of Ni is large, and also avoid the degradation
of the beamformer.

r

θ

Desired source

Interference
30°

Simulated 

background noise

…

…

Microphones

θ=60°

θ=180°

θ=-90°

(a) Location of the loudspeakers
15mm20mm45mm 15mm

20mm

32mm

10mm

(b) Microphone array

Fig. 1. Experimental setup. Here, r stands for the distance
between the loudspeakers and the microphone array, and θ is
the direction of interference.

5. EXPERIMENTAL RESULTS

We evaluated the performance of the proposed method under
reverberant and background noise environments. The signals
for evaluation were simulated by convolution of source sig-
nals with the impulse responses which were recorded for each
location of the loudspeaker in a reverberant room. The rever-
beration time was about 400 ms. The impulse responses and
source signals were recorded at a sampling rate of 48 kHz and
then downsampled to 16 kHz. The desired source signal was
human speech. The length of the signals was 18 s. The simu-
lation was done with the setup illustrated in Fig. 1(a), using a
microphone array consisting of eight microphones, as shown
in Fig. 1(b). The desired source was configured in front, and
the interference was configured at rm distance from the mi-
crophone array and the azimuth θ , where r ∈ {1m,3m} and
θ ∈ {180◦,−90◦,60◦}. Λdes was set to be [−30◦,30◦] We
made the background noise by mixing all the signals for each
direction. The desired source for the interference power ra-
tio was set to be about 0 dB, and the desired source for the
background noise power ratio was set to be about 10 dB. The
number of sources N that the proposed method used was set
at five.

First, in Fig. 2, we show an example of phase error of
ϕ0,1( f ) for the adaptation approach based on binary mask-
ing and the proposed one based on soft masking. ϕm,n( f ) is
the m-th row, n-th column component of the estimated cor-
relation matrix R( f ). “BM-BF” is the adaptation approach
based on binary masking that is explained in section 3, and
“SM-BF” is the proposed adaptation approach based on soft
masking. The error is the difference between the phase of
ϕ0,1( f ) estimated by adaptation of “BM-BF” or “SM-BF”
and the ideal phase of ϕ0,1( f ) estimated by adaptation of
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Fig. 2. Examples of phase error of ϕ0,1( f ) for BM-BF and
SM-BF, where ϕ0,1( f ) is the 0-th row, 1-th column compo-
nent of the estimated correlation matrix R( f ).

R( f ) =
⟨
X( f ,τ)XH( f ,τ)

⟩
under the condition where only

the interference and the background noise exist during the
whole time. This result shows that the estimation error of the
correlation matrix of “SM-BF” is lower than that of “BM-BF”
under reverberant and background noise environments.

Next, we compared the separation performance of the pro-
posed method with two other methods: the binary masking
and beamforming approach and the soft masking approach
[3]. The measurements were Noise Reduction Rate (NRR)
and Perceptual Evaluation of Speech Quality (PESQ) [10].

NRR = 10log10
⟨(x0(t)−xdes0(t))

2⟩
⟨(y(t)−xdes0(t))

2⟩ , where y is the output signal

of the final separation by the beamformer, and xdes0 is the de-
sired component in the input signal of the 0th microphone.
Fig. 3 shows example waveforms and spectrograms of the
output signals. Tab. 1 gives the NRR and PESQ of each
method. “BM-BF” is the binary masking and beamforming
approach. “SM” is the extension to M > 2 of soft masking [3].
“SM-BF” is the soft masking and beamforming approach.

In Fig. 3, the residual noise of “SM-BF” was less than
that of “BM-BF.” NRR of “SM-BF” was higher than that
of “BM-BF” under most conditions, “SM-BF” outperformed
“BM-BF” under all the conditions in PESQ. The performance
of “BM-BF” was low under the noisy and reverberant envi-
ronment of these experiments. In particular, “BM-BF” suf-
fered from reverberation when the distance was large. Based
on these results, we can infer that the proposed method re-
duced the estimation error of the correlation matrix and the
steering vector, and the separation performance of the pro-
posed method was also superior to that of “BM-BF” under
reverberant and background noise environments. In Fig. 3,
the residual noise of “SM” was less than that of “BM-BF”
and “SM-BF.” However, as the spectrogram of “SM” shows,
the output signals of “SM” contained some musical noise and
were more distorted than “BM-BF” and “SM-BF.” NRR of
“SM-BF” was higher than or equaled to that of “SM” under
all the conditions, and “SM-BF” outperformed “SM” under
all the conditions both in PESQ. The musical noise and the
distortion are essential problems of time-frequency domain
masking approaches under background noise and reverberant
environments. We could not find any musical noise in the out-
put signals of “BM-BF” or “SM-BF” because the final sepa-

ration process of these methods is beamforming.

6. CONCLUSION

We proposed a method to adapt a beamformer under rever-
berant and background noise environments. We focused on
the premise that the adaptation error can be reduced by avoid-
ing the degradation caused by the overlap between sources in
time-frequency bins under reverberant and background noise
environments, and we derived a formula to update the beam-
former in cases when overlap exists by using soft masking.
The proposed method controls adaptation with soft masking
to avoid the degradation caused by the overlap and reduces the
adaptation error of the correlation matrix and the steering vec-
tor. Our experimental results under a reverberant and back-
ground noise environment showed that the proposed method
outperforms other conventional methods.
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Fig. 3. Example waveforms and spectrograms.

Table 1. Evaluation results.
(a) NRR (dB)

Interference Method
r θ BM-BF SM SM-BF

W
hi

te
no

is
e 1m

180◦ 5.5 6.3 8.7
−90◦ 5.5 6.1 9.2

60◦ 6.6 5.2 6.0

3m
180◦ 3.3 5.0 6.0
−90◦ 3.4 3.5 4.6

60◦ 3.9 3.5 5.2

B
ab

bl
e

no
is

e

1m
180◦ 4.1 5.8 6.9
−90◦ 2.1 4.6 5.6

60◦ 3.3 5.2 6.7

3m
180◦ 2.7 4.3 4.3
−90◦ 1.4 3.6 3.6

60◦ 1.4 3.3 4.0

(b) PESQ
Interference Method

r θ Input BM-BF SM SM-BF

W
hi

te
no

is
e 1m

180◦ 1.78 2.29 2.38 2.60
−90◦ 1.77 2.40 2.43 2.68

60◦ 1.83 2.47 2.42 2.60

3m
180◦ 1.86 2.09 2.12 2.22
−90◦ 1.81 2.08 2.00 2.29

60◦ 1.86 2.15 2.12 2.29

B
ab

bl
e

no
is

e

1m
180◦ 1.65 2.33 2.41 2.55
−90◦ 1.64 2.33 2.25 2.56

60◦ 1.63 2.35 2.29 2.57

3m
180◦ 1.71 2.11 2.21 2.25
−90◦ 1.70 2.11 2.14 2.26

60◦ 1.71 2.10 2.08 2.32

740



BEAMFORMING ARRAY TECHNIQUEWITH CLUSTERED MULTICHANNEL
NOISE COVARIANCE MATRIX FOR MECHANICAL NOISE REDUCTION

Masahito Togami, Takashi Sumiyoshi, Yasunari Obuchi, Yohei Kawaguchi, and Hiroaki Kokubo

Central Research Laboratory, Hitachi Ltd.
1-280, Higashi-koigakubo Kokubunji-shi, 185-8601, Tokyo, Japan

phone: +81-42-323-1111, fax: +81-42-327-7823,
email: { masahito.togami.fe, takashi.sumiyoshi.bf, yasunari.obuchi.jx, yohei.kawaguchi.xk, hiroaki.kokubo.dz }@hitachi.com

ABSTRACT

In this paper, we propose a novel multichannel noise reduction
method for a mechanical noise with a time-variant impulse re-
sponse. The mechanical noise source location moves depending
on the status of the actuator. In accordance with the move of the
noise-source location, a most suitable multichannel beamformer is
selected separately at each time-frequency bin. Each multichannel
beamformer is made from a corresponding multichannel noise co-
variance matrix which is learned in advance. The selection criteria
in the proposed method is to minimize the residual noise power in
the output signal. The multichannel beamformer that minimizes the
residual power after beamforming is selected. Furthermore, to re-
duce directional noise sources, the multichannel directional noise
covariance matrix is inserted into each multichannel mechanical
noise covariance matrix. Experimental results of mechanical noise
reduction show that the proposed method can reduce the mechanical
noise more accurately than the conventional method.

1. INTRODUCTION

Noise reduction techniques are strongly required for automatic
speech recognition of communication robots or speech communi-
cation systems. Especially, the mechanical noises such as a motor
noise of a communication robot or a noise source of a digital cam-
era which happens when optical zoom is active contaminate clean
speech, and degrades speech recognition performance or listenabil-
ity. Conventionally, there are few works about the mechanical noise
reduction. In this paper, we focus on the mechanical noise reduc-
tion. Optimized modified LSA proposed by I. Cohen [1] is the state
of the art noise canceller with single microphone. This method
outputs a amplitude-modified version of the microphone input sig-
nal. Noise reduction performance of these methods greatly depends
on the estimation accuracy of the noise-sources amplitude at each
time-frequency bin. However, the amplitude of nonstationary noise
sources are difficult with single channel microphone. An alterna-
tive noise-sources amplitude estimation method is the estimation
method with the indicator for the existence of the noise sources [2].
However, highly time-variant noise sources are also difficult to be
reduced. Furthermore, the speech distortion of the output signal is
also problematic in the single channel noise reduction techniques.

The multichannel noise reduction techniques have been actively
studied. Frost’ s minimum variance beamformer (MVBF) [3] is one
of the major multichannel noise reduction techniques. On contrary
to the single channel noise reduction techniques, when the location
of the desired source is set correctly, MVBF can reduce the point
noise sources theoretically without any distortion of the desired
source. GSC [4] is one of the online algorithms of MVBF. The noise
reduction performance is depending on the accuracy of the desired-
source location. Conventionally, robust GSC algorithms have been
studied [5] [6] [7]. These methods are robust against the error of
the desired-source location. Blind source separation techniques for
alternatives of beamforming techniques. Recently, internal noise
reduction technqiues based on independent component analysis [8]
have been proposed [9][10]. Conventional beamformers and ICA
can reduce noise sources whose spectrum are nonstationary. When

the impulse reponses of the noise sources are slowly time-variant
sources, these methods can track the change by updating informa-
tion about the noise sources such as a multichannel noise covari-
ance matrix. However, when the impulse responses of the noise
sources are highly nonstationary sources, conventional methods
cannot track the change effectively. The mechanical noise-source
location moves depending on the status of the actuator rapidly, and
the impulse response of the mechanical noise-source can be approx-
imated to be highly time-variant. Therefore, beamforming tech-
niques which can reduce noise sources with time-variant impulse re-
sponses are required. In this paper, we propose a novel mechanical
noise reduction technique. The proposed technique assumes that the
existence of the mechanical noise can be detected by the external in-
strument, because the actuator which causes the mechanical noise is
usually controlled systematically. The most important assumption
in the proposed method is that the time-variant multichannnel noise
covariance matrix of the mechanical noise at each time-frequency
bin can be approximated by a set of the pre-learned multichannel
mechanical noise covariance matrices. This assumption is often
valid, because the number of the patterns of the actuator is lim-
ited in an usual case. Under this assumption, the proposed method
discretizes the time-variant noise covariance matrix of the mechan-
ical noise. The discretized multichannel noise covariance matrices
are obtained in the offline learning period. Compared with single
channel noise reduction techniques which estimate spectral features
of the noise sources, the most discriminative point of the proposed
method in the offline learning period is that the proposed method
does Not learn power spectrum of the mechanical noise sources but
also learns the impulse responses of the mechanical noise sources.
In the online noise reduction period, the proposed method selects
one mechanical noise covariance matrix suitable for the mechanical
noise reduction at each time-frequency bin. Even when the impulse
response of the noise sources change rapidly time-by-time, the pro-
posed method can reduce the mechanical noise sources efficiently.
Furthermore, the directional noise covariance matrix is estimated to
reduce directional noise sources. Direction of arrival (DOA) based
segregation of each time-frequency bin is performed to obtain the
directional noise covariance matrix. From the segregation result,
multichannel covariance matrix of the directional noise sources are
updated. The multichannel directional noise covariance is inserted
into each multichannel mechanical noise covariance matrix. In this
paper, the proposed method was evaluated by two mechanical noise
problems. The first problem is the noise reduction problem of a dig-
ital camera when optical zoom is active. The second problem is the
noise reduction problem of a communication robot when it moves
its arm.

2. PROBLEM STATEMENT

2.1 Input signal model

Input signal in a microphone array is modeled as the sum of the
desired source convolved with a time-invariant impulse response,
the directional noise source convolved with a slowly time-variant
impulse response, and the mechanical noise source signal convolved
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with a time-variant impulse response. The multichannel input signal
is depicted as follows:

x(t) = [ x1(t) . . . xm(t) . . . xM(t) ]T , (1)

where M is the number of the microphones, T is an operator of the
transpose of a matrix or a vector, and xm(t) is the t-th sample of
the m-th microphone input signal. The multichannel input signal is
converted from the time domain to the time-frequency domain by
the short-term-Fourier transform as follows:

x( f ,τ)= s( f ,τ)a( f )+n( f ,τ)b( f ,τ)+
N−1

∑
i=0

di( f ,τ)ci( f )+v( f ,τ),

(2)
where x( f ,τ) is the multichannel input signal at ( f ,τ), f is the
frequency index, τ is the frame index, s( f ,τ) is the desired source
signal at the frequency f and the frame τ , a( f ) is the steering vector
of the desired source signal, which depends on the spatial location
of the desired source, n( f ,τ) is the mechanical noise source signal,
b( f ,τ) is the time-variant steering vector of the mechanical noise
source, di( f ,τ) is the i-th directional noise source, N is the number
of the directional noise sources, ci( f ) is the steering vector of the
i-th directional noise source, and v( f ,τ) is a back ground noise
signal. s( f ,τ), n( f ,τ), di( f ,τ), v( f ,τ) are defined as mutually
independent signals.

2.2 Noise reduction problem forthe mechanical noise with
time-variant impulse response

The conventional multichannel beamforming extracts the desired
source signal from the noisy multichannel input signal by using the
multichannel linear filter w( f ,τ) as follows:

y( f ,τ) = w( f ,τ)x( f ,τ), (3)

where y( f ,τ) is the output signal, which is required to be the desired
source signal s( f ,τ). One way to obtain the suitable w( f ,τ) is to
maximize the power ratio between the extracted desired signal after
filtering by w( f ,τ) and the residual noise signal in the output signal
[11]. The beamformer maximizing SNR, wSNR( f ,τ),is obtained
as follows:

wSNR( f ,τ) = argmax
w( f ,τ)

w( f ,τ)HRs( f ,τ)w( f ,τ)

w( f ,τ)HRn( f ,τ)w( f ,τ)
, (4)

= λmax eig(Rn( f ,τ)−1Rs( f ,τ)), (5)

where max eig is a function to extract the eigen vector whose eigen
value is maximum, Rs( f ,τ) is the multichannel covariance matrix
of the desired source signal, Rn( f ,τ) is the multichannel covari-
ance matrix of the noise source signal, and λ is an arbitrary complex
coefficient. Rs( f ,τ) and Rn( f ,τ) is expanded as follows:

Rs( f ,τ) = E[|s( f ,τ)|2]a( f )a( f )H , (6)

Rn( f ,τ) = E[|n( f ,τ)|2b( f ,τ)b( f ,τ)H ]

+
N−1

∑
i=0

E[|di( f ,τ)|2ci( f )ci( f )
H ]

+E[v( f ,τ)v( f ,τ)H ], (7)

where E[x] is an operator for the mathematical expectation, H is
defined as an operator of Hermite transpose of a vector or a matrix,
∗ is the operator for the complex conjugate. Rs( f ,τ) is a product of
the scalar coefficient Ps( f ,τ) = E[|s( f ,τ)|2] and the time-invariant
matrix R̃s( f ) = a( f )a( f )H . wSNR( f ,τ) can be also separated into
two terms as follows:

wSNR( f ,τ) = λw̃SNR( f ,τ), (8)

where w̃SNR( f ,τ) = max eig(Rn( f ,τ)−1R̃s( f )). Commonly , λ
is obtained as follows [12]:

λ ← argmin
λ

E[||s( f ,τ)a( f )−wSNR( f )s( f ,τ)a( f )||2]

=
E[x( f ,τ)Hx1( f ,τ)]w̃SNR( f ,τ)

w̃SNR( f ,τ)E[x( f ,τ)x( f ,τ)H ]w̃SNR( f ,τ)H
(9)

=
Ps( f ,τ)R̃s( f )[1]w̃SNR( f ,τ)H

w̃SNR( f ,τ)Ps( f ,τ)R̃s( f )w̃SNR( f ,τ)H
, (10)

=
R̃s( f )[1]w̃SNR( f ,τ)H

w̃SNR( f ,τ)R̃s( f )w̃SNR( f ,τ)H
, (11)

where R̃s( f )[1] is the first row of R̃s( f ). It is obvious that Ps( f ,τ)
is no influence on the estimation of w̃SNR( f ,τ) and λ . Therefore,
when R̃s( f ) is estimated at the time period when there is only the
desired source, the estimated value can be utilized at the noisy time
period. On the other hand, Rn( f ,τ) is the time-variant matrix. Es-
timation of Rn( f ,τ) is required at each frame. Therefore, the prob-
lem is that estimation of the time-variant noise covariance matrix
Rn( f ,τ) at each frame. Furthermore, Rn( f ,τ) is divided into 2
matrices as follows:

Rn( f ,τ) = Rmech( f ,τ)+Rd( f ,τ), (12)

where Rmech( f ,τ) is a multichannel mechanical noise covariance
matrix, Rd( f ,τ) is a multichannel noise covariance matrix of the
directional noise sources and the background noise.

3. PROPOSED METHOD

3.1 Discretization ofthe noise covariance matrix

The number of the patterns of the actuator is limited in an usual
case. For example, the patterns of the robot’s motions are limited.
Therefore, even when the multichannel mechanical noise covari-
ance are time-variant, the number of the patterns of the multichannel
mechanical noise covariance is also limited. Under this assumption,
the time-variant multichannnel noise covariance matrix of the me-
chanical noise at each time-frequency bin can be approximated by
a set of the pre-learned multichannel mechanical noise covariance
matrices. The time-variant noise covariance matrix, Rmech( f ,τ) is
discretized and divided into C clusters. The multichannel mechani-
cal noise covariance matrix at ( f ,τ) is depicted as follows:

Rmech( f ,τ) ≈ Rmech,index( f ,τ)( f ), (13)

where index( f ,τ) is the segregated cluster index of ( f ,τ), and
Rmech,c( f ) is the c-th cluster in the discretized C clusters of the
noise covariance matrix. Under the approximation of Eq. 13, when
the cluster index can be obtained at each ( f ,τ), the beamformer
maximizing SNR can be obtained by Eq. 8. The covariance matrix
of the c-th noise source, Rmech,c( f ), can be obtained by utilizing k-
means clustering of the multichannel input signals in the noise-only
period. k-means clustering is performed at each frequency sepa-
rately for the converted multichannel input signal x̄( f ,τ). The ob-
served multichannel input signal, x̄( f ,τ), is converted as follows:

x̄( f ,τ) =
x( f ,τ)|x1( f ,τ)|

|x( f ,τ)|x1
. (14)

x̄( f ,τ) has only the steering vector of the noise source, and this
vector has no information about the power spectrum of the de-
sired source. A distance function in k-means clustering is Eu-
clidean distance between x̄( f ,τ) and the centroid of each cluster.
After k-means clustering, index( f ,τ) which indicates that which
cluster each time-frequency component is segregated is obtained.
By using index( f ,τ), the proposed method estimates the c-th mul-
tichannel mechanical noise covariance matrix as Rmech,c( f ) =

∑index( f ,τ)=cx( f ,τ)x( f ,τ)H .
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3.2 Estimation ofthe multichannel directional noise covari-
ance matrixand the multichannel desired source covariance
matrix

The existence of the mechanical noise can be detected by the exter-
nal instrument. Updating of the multichannel covariance matrices
of the directional noise sources and the desired source is controlled
by information about the existence of the mechanical noise. These
two matrices are updated under the condition that the background
noise is small and there are both the desired source and the direc-
tional noise sources. To update two matrices, sparseness-based up-
dating technique [13] is utilized. When the directional noise sources
and the desired source are sparse enough, these sources are rarely
overlapped at the same time-frequency point [14]. The proposed
method detects which source is active at each time-frequency point
by using direction of arrival (DOA) estimation from multichannel
input signal. When there is no mechanical noise, the covariance
matrix of the desired source is updated by using the sparseness as-
sumption as follows:

Rs( f ,τ) ← α f ,τ Rs( f ,τ −1)+(1−α f ,τ )x( f ,τ)x( f ,τ)H , (15)

where α f ,τ controls speed of updating Rs( f ,τ). When estimated
DOA at ( f ,τ) is beyond the pre-defined desired speech area, α f ,τ is
set to be 0, otherwise α f ,τ is set to be a constant value α . Similarly,
the covariance matrix of the directional noise sources, Rd( f ,τ), is
updated as follows:

Rd( f ,τ) ← β f ,τ Rd( f ,τ −1)+(1−β f ,τ )x( f ,τ)x( f ,τ)H . (16)

When estimated DOA at ( f ,τ) is beyond the predefined desired
speech area, β f ,τ is set to be a constant value β , otherwise β f ,τ
is set to be 0. And when there is mechanical noise, the covari-
ance matrix of the desired source and that of the directional noise
sources are not updated. Therefore, Rs( f ,τ) = Rs( f ,τ − 1) and
Rd( f ,τ) = Rd( f ,τ −1) in this case.

3.3 Selection criterion ofnoise covariance matrixat eachtime-
frequencypoint

The proposed selection criterion of the noise covariance matrix at
each time-frequency point is shown. The multiple hypothesis of
the multichannel noise covariance matrix Rn( f ,τ) appears depend-
ing on the number of the multichannel mechanical noise covariance
matrices. The c-th multichannel noise covariance matrix Rn,c( f ,τ)
can be obtained as follows:

Rn,c( f ,τ) = γRmech,c( f ,τ)+(1− γ)Rd( f ,τ), (17)

where γ is a parameter which controls the balance between the me-
chanical noise reduction performance and the directional noise re-
duction performance. The multichannel noise covariance matrix of
the directional-noise source, Rd( f ,τ), is common in Eq. 17. The
c-th noise reduction filter wSNR,c( f ,τ) which is obtained by using
the desired covariance matrix Rs( f ,τ) and Rn,c( f ,τ) is obtained
by substituting Rn,c( f ,τ) for Rn( f ,τ) in Eq. 8 as follows:

w̃SNR,c( f ,τ) = max eig(Rn,c( f ,τ)−1Rs( f ,τ)), (18)

λc ←
Rs( f ,τ)[1]w̃SNR,c( f ,τ)H

w̃SNR,c( f ,τ)Rs( f ,τ)w̃SNR( f ,τ)H
, (19)

wSNR,c( f ,τ) = λcw̃SNR( f ,τ). (20)

The output signal after filtering by the c-th filter, yc( f ,τ) can be
expanded as follows:

yc( f ,τ) = wSNR,c( f )
H

x( f ,τ), (21)

= os,c+on,c+od,c+ov,c, (22)

where os,c is defined as s( f ,τ)wSNR,c( f )
H

a( f ), on,c is

defined as n( f ,τ)wSNR,c( f )
H

b( f ,τ), od,c is defined as

Fig. 1. Block diagram of proposed method

wSNR,c( f )
H ∑N−1i=0 di( f ,τ)ci( f ), and ov,c is defined as

wSNR,c( f )
H

v( f ,τ). when the λc is correctly estimated, os,c
is approximately independent of the noise cluster index c.
The common directional noise covariance matrix is inserted in
Rn,c( f ,τ), so the residual directional noise in the output signal is
independent of the noise cluster index. Assuming that distribution
of back ground noise is i. i. d, E[||ov,c||

2] = σv||wSNR,c( f )||
2, and

σv is the average power of back ground noise at each microphone.
When the background noise level is low or the l2-norm of each

filter is constant, ||ov,c||
2 is approximately independent of the noise

cluster index c. Therefore, the expectation of the spectral power of
the yc( f ,τ) is obtained as follows:

E[||yc( f ,τ)||2] = E[||os+on,c+od ,ov,c||
2]

≈ E[||os||
2]+E[||on,c||

2]+E[||od ||
2]+E[||ov||

2]. (23)

From Eq. 23, the noise reduction filter which minimizes the residual
noise is defined as follows:

wSNR( f ,τ) = argmin
wSNR,c( f )∈ΩC( f )

E[||wSNR,c( f )
H

x( f ,τ)||2],

≈ argmin
wSNR,c( f )∈ΩC( f )

||wSNR,c( f )
H

x( f ,τ)||2, (24)

where ΩC( f ) is composed of the C noise reduction filters (the c-th
element is wSNR,c( f )).

3.4 Blockdiagram ofproposed method

The block diagram of the proposed method is summarized in Fig. 1.

The proposed method is composed of two phases. The first
phase is the learning phase, in this phase, the microphone input
signal is only the noise signal. Discretized noise covariance ma-
trices are learned by using k-means clustering of the normalized
steering vectors. The second phase is the noise reduction phase. A
microphone input signal is assumed to be mixed with the desired
source and the noise sources. The multichannel desired source co-
variance matrix and the multichannel directional noise source co-
variance matrix are obtained by the sparseness based segregation
of the microphone input signal. The noise signal in input signal is
reduced by selecting the noise reduction filter which minimizes the
output power after filtering.

4. EXPERIMENT

The proposed method was evaluated by two types of real mechani-
cal noises. The first mechanical noise is mechanical noise reduction
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on a digital camera when optical zoom is active. The second one
is mechanical noise reduction on a communication robot when it
moves its arm. A communication robot which was used in this ex-
periment was EMIEW2 [15], which has been developed in Hitachi,
Ltd. The proposed method is compared with the conventional noise
reduction method with single noise reduction filter. The evalua-
tion measures are Source-to-Interferences Ratio (SIR), Source-to-
Distortion Ratio (SDR). These measures are defined in BSS EVAL
[16]. Noise reduction performance of the proposed method depends
on the number of the noise reduction filters. Therefore, the proposed
method was evaluated with various number of the noise reduction
filters. Furthermore, the proposed method also depends on signal-
to-noise ratio of the input signal. Therefore, the proposed method
was evaluated under various SNR conditions. The desired source
signal was set to be a male speech. At first, the mechanical noise
reduction of a digital camera when optical zoom is active is shown.
The reverberation time of the experimental room was about 100 ms.
The number of the microphones used in this experiment was 2, and
the sampling rate was 48 kHz. These are common settings for re-
coding on a digital camera. In Fig. 2, a spectrogram of the noise
signal is shown. At first, the experimental result when there are no

Fig. 2. A spectrogram of noise sources when optical zoom is active

directional noise is shown. The evaluation results of SDR is shown
in Fig. 3, SIR in Fig. 4.

It is shown that SIR is increasing with the number of the noise
reduction filters. When SNR of the input signal is low, SDR results
are also increasing. On the other hand, the improvement of SDR
with respect to the number of the noise reduction filters decreases
at higher-SNR results. That is because there is less noise signal at
the high SNR, so the noise signal can be reduced with the small
number of the noise reduction filters and using the excess number
of the noise reduction filters leads to degradation of SDR. However,
the optical zoom noise happens typically near the microphones, so
SNR tends to be less than 0 dB.

The proposed method was also evaluated under the condition
that there is a directional noise source on a communication robot,

Fig. 3. SDR results of noise reduction for digital camera

Fig. 4. SIR results of noise reduction for digital camera

Fig. 5. Microphone alignment of EMIEW2

EMIEW2. EMIEW2 has 14 microphones. The microphone align-
ment of EMIEW2 is shown in Fig. 5. The sampling rate is 8 kHz.
The reverberation time of the experimental room was about 300 ms.
The desired speech source was located in front of EMIEW2. The
distance between the desired source and EMIEW2 was 1 m. The
mechanical noise that is used in this evaluation is the mechanical
noise which occurs when EMIEW2 moves its arm. The directional
noise source was located just beside EMIEW2. The distance be-
tween the directional noise source and EMIEW2was 1 m. Averaged
power of the directional noise is set to be equivalent to that of the de-
sired speech source. The evaluation result under the condition that
the number of the noise reduction filters is 2 is shown in Table. 1.
γ is defined in Eq. 17. When the γ is a big value, noise reduction
performance for the directional noise source degrades. “dir”is the
multichannel noise reduction result when the mechanical noise is
regarded as one of the directional noise sources and reduced by a
conventional maximum SNR beamformer which maximizes the ra-
tio between the desired source and the directional noise sources in
the output signal. The noise reduction performance of the proposed
method is shown to be higher than this a conventional maximum
SNR beamformer. By comparison γ = 1.0 with γ = 0.1 or γ = 0.5,
SNR is shown to be improved by using a combined multichannel
noise covariance matrix defined in Eq. 17.

Table 1. Evaluation result for both a directional noise source and
mechanical noise reduction: evaluation measure is SIR [dB].

dir γ = 0.1 γ = 0.5 γ = 1.0
SNR=-10 dB -4.2 12.0 13.7 11.4
0 dB 5.8 15.0 14.3 11.4
10 dB 13.3 15.6 14.4 11.4

A sample of the output signal is shown in Fig. 6. In “Section A”,
the mechanical noise is mixed into the input signal. By using the
proposed method, the mechanical noise is shown to be reduced. In
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Fig. 6. A sample of output signal by proposed method

“Section B”, the directional noise source is dominant, but the direc-
tional noise source is reduced in the output signal of the proposed
method.

5. CONCLUSION

In this paper, we proposed a noise reduction method for a mechani-
cal noise whose impulse response is time-variant. The multichannel
noise covariance matrix of a mechanical noise is also regarded as a
time-variant matrix. In the learning phase, the proposed method
discritizes the multichannel noise covariance matrix by k-means
clustering and obtained multiple noise covariance matrices. Un-
like conventional multichannel noise reduction methods with sin-
gle noise reduction filter, the proposed method use multiple noise
reduction filter. Each noise reduction filter is made from the cor-
responding noise covariance matrix in the learning phase. In the
noise reduction phase, the proposed method selects a filter which
minimizes output power after noise reduction, and the output signal
of this filter is regarded as output signal of the proposed method. We
applied the proposed method for noise reduction of a digital cam-
era and a communication robot. Experimental results show that the
proposed method is superior to conventional maximum SNR beam-
former with single noise reduction filter especially at lower SNR.
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ABSTRACT
Blind source separation (BSS) consists in processing a set of ob-
served mixed signals to separate them into a set of original compo-
nents. Most of the current blind separation methods assumes that
the source signals are “as statistically independent as possible”. In
many real-world cases, however, source signals are considerably
dependent. In order to cope with such signals, we proposed in [1]
a geometric method that separates dependent signals provided that
they are nonnegative and locally orthogonal.

This paper also presents a geometric method for separating non-
negative source signals which relies on an assumption weaker than
local orthogonality. The separation problem relies on the identifica-
tion of relevant facets of the data cone. After a rigorous proof of the
proposed method, we give the details of the separation algorithm
and report experiments carried out on signals from various origins,
clearly showing the contribution of our method.

1. INTRODUCTION

Blind source separation (BSS) is a data processing task which is
commonly know as the cocktail-party problem. A concrete descrip-
tion of the problem assumes we are in a cocktail-party where many
groups of person are speaking. There are also many sensors (micro-
phones) scattered in different spots. Each sensor performs a record-
ing of the sound detectable in the spot where it is. The goal is to
retrieve the speech given by each person from the various record-
ings.

There has been a considerable interest for separating source sig-
nals blindly because such a situation occurs in numerous fields such
as analytical chemistry [2], communication [3], data mining [4],
medical sciences [5]. . . More formally, solving a blind source sepa-
ration problem consists in retrieving n unknown source signals from
n of their mixtures, despite the lack of information about the mixing
process. This can be expressed, in the instantaneous and noiseless
case, by the following equation:

X = AS (1)

where X is an n×m matrix holding in its rows the detected sig-
nals. A is an n× n mixing matrix whose entries are the unknown
mixing coefficients and S is an n×m matrix holding in its rows
the unknown source signals. A full identification of A and S is
not possible because the sources can be permuted and scaled pro-
vided that the columns of A are transformed accordingly. More pre-
cisely, if P is a permutation matrix and Λ a nonsingular diagonal
matrix then we have: AS = (APΛ)(Λ−1P−1S). The pairs (A,S) and
(APΛ,Λ−1P−1S) are regarded as equivalent solutions in the sense
of BSS problems. However, the model described by (1) is not vi-
able in practice. Indeed, a more realistic model is the one involving
additive noise:

X = AS +N (2)

where N is an n×m matrix modeling the sensor noise. This of
course yields a more difficult problem because the components of
N are also unknown.

The blind separation of signals has been studied in the field of
statistical signal processing where the concept of independent com-
ponent analysis (ICA) is used to recover the source signals [6]. The
mixtures and sources are therefore defined as sampled functions
of n acquisition variables who may correspond to time slots, fre-
quency slots, positions, wavenumber, etc... depending on the nature
of the physical process under investigation. ICA-based methods
focus on source signals that are statistically independent. But, in
practice, these methods may be applied even if statistical indepen-
dence does not hold. In such case, the goal is to find a set of source
signals that are “as statistically independent as possible” given the
observed signals. But the quality of the separation is degraded as
dependence between sources increases. The separation process is
achieved through the use of mathematical tools from second order
statistics [7], fourth order statistics [6, 8] or information theory [9].

Estimated sources presenting as few dependence as possible,
given the observed data, may not be satisfactory, especially when
the true source signals are known to be correlated. This situation
happens in many scientific fields, like in the medical or the
chemical fields [2, 5]. The present work originates from analytical
chemistry, more precisely, from nuclear magnetic resonance
(NMR) spectroscopy of organic molecules in solution. There is
no reason postulate the non-correlation of the NMR spectra of the
molecules that form a mixture produced by a chemical reaction
or extracted from a biological system. This is particularly true if
the molecules share common structural features and therefore are
difficult to separate by a chemical process. The NMR technique
allows the practical realization of diffusion filters that modulates
signal intensity according to the translational diffusion coefficient
of the molecules [10]. Like in imaging techniques, the signals have
positive values. Therefore, there is a need for blind separation
algorithms that incorporate this constraint imposed by the physical
origin of the signals.

In a previous paper, we proposed a geometric method designed
for nonnegative and locally orthogonal source signals [1]. The blind
source separation is therein expressed as the identification of the
extreme directions of the cone containing the data. The geometric
approach has been explored in many works ever since [18, 20, 19].
This paper presents an improvement of the method proposed in [1].
It addresses the weakening of the local orthogonality assumption.
The latter is replaced by an assumption that can be informally
described by a “good” distribution of the source points in the
nonnegative orthant. We show that under the new hypothesis, the
separation process can be expressed as the identification of relevant
facets of the data cone.

The paper is organized as follows. In section 2, we remind
some notions and properties of convex geometry. Section 3 provides
the theoretical basis of our method. The separation algorithm is
described in section 4. Section 5 reports experiments carried out on
real-world source signals providing a comparison between the JADE
algorithm [8] and ours. Finally, section 6 is a brief conclusion.
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2. ELEMENTS FROM CONVEX GEOMETRY

Let us first remind some concepts and properties from convex ge-
ometry, the theory on which the proposed method is based. For
more on the definitions and proofs omitted in this section see [11].

To begin with, we introduce some notations. We write A v B
to mean that each column of matrix A is collinear to, at least, one
column of matrix B. If Av B and A has less columns than B then we
write A @ B. By A\i, (resp. A\i), we denote the submatrix obtained
from A by removing the ith column (resp. row).

2.1 convex cones
A subset K of Euclidean space IRn is a convex cone iff α1x1 +
α2x2 ∈K for all x1,x2 ∈K and α1,α2 ≥ 0. The dimension of
a convex cone is given by the dimension of the smallest affine set
containing it.

Let X be a matrix of IRn×m. The subset of IRn defined by

X = cone(X) = {Xα | α � 0} (3)

is a convex cone which is termed polyhedral and X is said to be a
generating matrix of X since every element of X is a nonnegative
linear combination of X columns.

Let K be a convex cone. K is said to be pointed if and only
if it does not contain an element x and its opposite −x, unless x is a
zero vector.

2.2 Extreme directions
Let K be a pointed convex cone. A nonzero vector xε ∈K is an
extreme direction of K iff for all α1,α2 ≥ 0 and for all x1,x2 ∈
K \{αε xε | αε ≥ 0}, we have xε 6= α1x1 +α2x2.
Clearly, if xε is an extreme direction of K then all αε xε , αε ≥ 0
are also extreme directions of K and the subset {αε xε | αε ≥ 0} is
called an extreme ray of K . In what follows, all nonzero vectors
belonging to the same extreme ray will be considered as identical
directions.

If a matrix X holds exactly the set of extreme directions of a
pointed polyhedral convex cone X arranged columnar then X is
said to be a minimal generating matrix of X . Let X = cone(X) be
a pointed polyhedral convex cone in IRn. If X is fat full-rank (i.e.
rank(X) = n), then X is termed proper. X is called simplicial iff
it has exactly n extreme directions.

2.3 Dual cone
For any convex cone, its dual is a unique cone which is always con-
vex. When a polyhedral convex cone X = cone(X) is pointed, its
dual X ∗ can be expressed by means of a generating matrix of X :

X ∗ = {y ∈ IRn | XT y� 0} (4)

If the extreme directions number of a pointed, polyhedral and con-
vex cone does not exceed the ambient space dimension then its dual
can be defined by

X ∗ = {X†T
α | α � 0} (5)

were X† denotes the pseudo-inverse of X . Equations (4) and (5) de-
fine the same cone. These are respectively the face description and
the vertex description of X ∗. All cones that are pointed, polyhedral
and convex admit both descriptions. However, for pointed, polyhe-
dral convex cones whose extreme directions number is in excess of
the ambient space dimension, conversion between face description
and equivalent vertex description is not trivial [11]. In fact, this is
a well studied problem in convex geometry which can be solved by
various algorithms [12, 13].

Properties 1 For any convex cone K and its dual K ∗, we have:
(i) K ∗∗ = K
(ii) For any convex cone K ′, we have K ⊆K ′⇒K ∗ ⊇K ′∗.
(iii) K is polyhedral if and only if K ∗ is polyhedral.

(iv) K is proper if and only if K ∗ is proper.
(v) K is simplicial if and only if K ∗ is simplicial.

2.4 Cone faces
A face of cone K is a cone F ⊂ K such that for all x ∈ F , if
x = x1 + x2 with x1,x2 ∈K then x1,x2 ∈F . If K has dimension
n then a face of K having dimension n−1 is called facet.

Properties 2
(i) The extreme directions of polyhedral proper cone X are respec-

tively orthogonal to the facets of its dual X ∗; likewise, the ex-
treme directions of polyhedral proper cone X ∗ are respectively
orthogonal to the facets of X .

(ii) Given a nonsingular matrix A, if cone(F) is a face of a polyhe-
dral convex cone cone(S) then cone(AF) is a face of cone(AS).

3. METHOD

For the purpose of establishing the theoretical background of the
proposed method, we state the blind source separation problem by
considering the noiseless case:

Problem 1 Given a matrix X ∈ IRn×m with n≤m, find a nonsingu-
lar matrix A ∈ IRn×n and a matrix S ∈ IRn×m such that X = AS.

In our case, we are concerned with the separation of mixtures
obtained from nonnegative source signals. Hence, as a first working
hypothesis, we assume that the source matrix S is nonnegative:

Hypothesis 1 S� 0.

A consequence of hypothesis 1 is that the column vectors of X
are constrained to be nonnegative linear combinations of the col-
umn vectors of A. Notice, however, that matrix X is not necessarily
nonnegative because A may contain nonnegative coefficients. For
this reason, nonnegative matrix factorization methods [17] cannot
be applied to problem 1. With the aid of hypothesis 1, the following
lemma expresses a week version of problem 1 in terms of a convex
geometry problem.

Lemma 3 Let A and X be two matrices with the same number
of rows, then there exists S � 0 such that X = AS if and only if
cone(X)⊆ cone(A).

Proof:
(⇒): Let x be in cone(X). Then x = Xα, α � 0. It follows that
x = ASα, α � 0. But S� 0, then α ′ = Sα � 0. We therefore obtain
x = Aα ′, α ′ � 0, which is equivalent to x ∈ cone(A).
(⇐): For any column xi of X , we trivially have xi ∈ cone(X).
Since cone(X) ⊆ cone(A) then xi ∈ cone(A) which is equivalent to
∃ si � 0,xi = Asi. By applying this to every column of X , we obtain
X = AS, S� 0, where S is the matrix whose columns are the si’s.

According to lemma 3, solving problem 1 amounts to finding a
simplicial cone containing the data cone X = cone(X).

Our second assumption is that the n source signals are linearly
independent.

Hypothesis 2 The source matrix S is fat full-rank, i.e. rank(S) = n.

The statement of problem 1 imposes that the mixing matrix A is
nonsingular, then we deduce that data matrix X is also full-rank.
And since S is nonnegative, we can easily show that X is neces-
sarily pointed. Hence, X is a proper polyhedral cone. There is,
in general, an infinity of simplicial cones containing a given proper
cone. Indeed, suppose for instance that our data matrix is nonnega-
tive then all simplicial cones containing the positive orthant, contain
also the data cone and there is an infinity of such simplicial cones.
So we must resort to supplementary hypothesis in order to limit the
number of candidate solutions.

As a third hypothesis, we assume that the source points are
spread in such a way that every facet of the nonnegative orthant
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contains a facet of S = cone(S), the source cone. This can be
equivalently expressed by imposing that S contains n− 1 linearly
independent column vectors that are orthogonal to every vector ei
of the standard basis of IRn.

Hypothesis 3 S contains n−1 linearly independent column vectors
orthogonal to each ei, i : 1, . . . ,n.

Let us designate by Si=0 the matrix composed of the columns of S
which are orthogonal to ei and by Si=0 the polyhedral convex cones
generated by Si=0.

Lemma 4 Si=0 is a facet of S , for i : 1, . . . ,n.

Proof: Since Si=0 is a submatrix of S whose rank is n−1 (hypothe-
sis 3) whereas S has rank n, we have Si=0 ⊂S . Now, we show that
cones Si=0, i : 1, . . . ,n are faces of S . Let us prove that for every
s∈Si=0 such that s = s′+s′′ with s′,s′′ ∈S , we have s′,s′′ ∈Si=0.

Since s ∈Si=0 then si = 0. Moreover, s′ ∈S , which implies
that s′i ≥ 0. Therefore, in order to have s = s′+ s′′, s′i must be zero.
On the other hand, s′ ∈ S then by distinguishing the columns of
Si=0 from the other columns of S, (which are denoted Si 6=0), we
can write s′ = Si=0α + Si6=0ᾱ, with α, ᾱ � 0. More precisely,
s′i = (Si=0)iα +(Si 6=0)iᾱ = 0 and since (Si=0)i is a zero vector and
(Si 6=0)i is a nonnegative and nonzero vector, ᾱ must be zero. It
follows that s′ = Si=0α, α � 0, which is equivalent to s′ ∈ Si=0.
We can proceed in the same manner to show that s′′ is also in Si=0.
Thus, Si=0 is a face of S . Finally, Si=0 has rank n−1, then Si=0
is a facet of S .

Lemma 5 Each facet of A contains a facet of X .

Proof: According to lemma 4, Si=0 = cone(Si=0) is a
facet of S = cone(S). It follows, by property 2-(ii), that
Xi=0 = cone(ASi=0) is a facet of X = cone(AS). But, the ith

row of Si=0 is a zero vector. Then ASi=0 = A\i(Si=0)\i. On the
other hand, by lemma 3, cone(A\i(Si=0)\i) ⊆ cone(A\i). Thus,
Xi=0 ⊆ cone(A\i). But, cone(A\i) ⊂ A trivially verifies the
face definition, moreover, the n− 1 columns of A\i are linearly
independent. Hence, cone(A\i) is a facet of A . The result follows.

Lemma 5 tells us that simplicial cone A may be determined
through its facets which must contain facets of X . These facets are
in turn identified by considering the dual cones.

Lemma 6 Each extreme direction of A ∗ is an extreme direction of
X ∗.

Proof: First, notice that A ∗ and X ∗ are both proper polyhedral
cones of IRn since A and X are so. Let a∗ε be a nonzero extreme
direction of A ∗. According to property 2-(i), a∗ε is orthogonal
to one of the facets of A . The latter facet contains, according to
lemma 5, a facet of X which will be denoted by F . Then a∗ε
is also orthogonal to F . Again according to property 2-(i), F
is orthogonal to one of the extreme directions of X ∗ which will
be denoted by x∗ε . Since F has dimension n− 1, a∗ε and x∗ε are
necessarily collinear. Moreover, a∗ε and x∗ε belong to the same ray.
Indeed, since X ⊆ A and then X ∗ ⊇ A ∗, both x∗ε and a∗ε are in
X ∗. Then x∗ε and a∗ε cannot have opposite directions otherwise
X ∗ will not be pointed. Thus, a∗ε is also an extreme direction of
X ∗.

A simplicial cone A = cone(A) can be determined via its dual
A ∗ = cone(A∗). Indeed, by (5), we have

A = A∗−T (6)

Lemma 6 provides a necessary condition for a given direction
a∗ to be an extreme direction of A ∗: a∗ must be an extreme di-
rection of X ∗. This condition can be written as A∗ v X∗ where

A∗ and X∗ are respectively composed of the extreme directions of
A ∗ and X ∗ arranged columnar. On the other hand, we know that
a simplicial cone is completely identified by the set of its extreme
directions. We begin therefore by computing the extreme directions
of X ∗ from which we can identify those of A ∗. So far, we only
have a face description of X ∗ given by (4), since X is the only
known matrix. Then, we have to obtain a vertex description of X ∗

consisting of a matrix X∗ whose columns are the extreme direc-
tions of X ∗. This can be obtained by means of one of the existing
algorithms allowing the conversion from a face description to an
equivalent vertex description [12, 13].

As suggested by lemma 6, for simplicial cone A ∗ to be deter-
mined, one has to select n columns among those of X∗. There are,
in general, many such combinations since X∗ may contain more
than n columns. It follows that, hypothesis 3 does not guarantee the
uniqueness of the solution to problem 1. Nevertheless, it constrains
the number of solutions to be finite. More precisely, we have

(m∗
n
)

solutions which simultaneously verify hypothesis 1, 2 and 3, where
m∗ is the number of extreme directions of X ∗.

Theorem 7 The rows of S are among those of X∗T X.

Proof: By (1) and (6), we have S = A∗T X . On the other hand, by
lemma 6, each column of A∗ is a column of X∗ and then, each row
of A∗T is a row of X∗T , we deduce that the rows of S are among the
rows of X∗T X .

At this stage, having found a set of candidate source signals
stored in the rows of X∗T X , we need a supplementary criterion in
order to select those corresponding to the true source signals. We
propose to select a set of n sources which are “as orthogonal as
possible” given the data. Since we are concerned with nonnegative
source signals, this requirement results in rather sparse source ma-
trices (where only a few of the components are significantly active).
Sparseness is a property which is often verified by nonnegative sig-
nals as outlined in [14]. An other advantage of maximizing orthogo-
nality is that, in accordance with hypothesis 2, non full-rank source
matrices should be avoided. Hence, we need to define degrees of
orthogonality. To this end, we propose to use the Gram determinant
as a measure of orthogonality:

Γ(S) = det(SST ) (7)

where the rows si, i : 1, . . . ,n of S are assumed to have unit norm.
The properties of the Gram determinant (see [15]) imply that 0 ≤
Γ(S) ≤ ∏

n
i=1 ‖si‖2 = 1. The signals stored in the rows of S are as

orthogonal as the associated Gram determinant is close to one. The
maximal value is reached when the rows of S are pairwise orthogo-
nal. Conversely, a value of Γ(S) close to zero reveals nearly linearly
dependent source signals. Let X denotes the set of all n×m matri-
ces obtained by selecting any n rows from X∗T X and scaling them
to get unit row vectors. Then, as an estimate of the source matrix,
we propose the matrix that maximizes the expression:

Hypothesis 4 S̃ = argmaxS∈X Γ(S).

Once, we have determined an estimate of source matrix S̃, we
can deduce an estimate of the mixing matrix according to (1).

4. ALGORITHM

The DEDS algorithm (for Dual Extreme Direction-based Separa-
tion) (see Function 1) is an implementation of the blind source sep-
aration method described in section 3. It is composed of two main
steps. The first step consists in computing X∗, a matrix that gen-
erates the dual of the data cone. This step can be achieved by the
O(mn2m∗) algorithm proposed in [13] where m∗ denotes the num-
ber of extreme directions of X ∗. It can also be performed by the
double description method [12] for which there is an implementa-
tion running in O(mbn/2c) steps.
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The second step consists in extracting an estimate of the source
matrix by selecting n rows from those of the matrix product X∗T X .
Note that by (4), X∗T X is a nonnegative matrix. According to hy-
pothesis 4, the n selected rows must be associated with the max-
imum value of function Γ. Finding a globally optimal solution is
computationally a difficult task (we suspect that it is NP-hard). For
efficiency reasons, we used a polynomial greedy algorithm which
has experimentally proved to give satisfactory sub-optimal solution
in short times. This algorithm uses the orthogonality measure de-
scribed above which is, nevertheless, expressed in a more appro-
priate form. This is intended to avoid a repeated computation of
determinants, a task that may slow down the separation process.

Using the Gram-Schmidt orthogonalization, we can easily
prove that

Γ(S) = det(SST ) =
n

∏
i=1
‖ri‖2 (8)

where the ri’s are iteratively defined as the difference between si
and its orthogonal projection on the range of r1,r2, . . . ,ri−1:

ri = si−
i−1

∑
k=1

sirT
k

‖rk‖2 rk (9)

The DEDS algorithm calls function OptGramDet which begins
by scaling the rows of X∗T X to obtain unit norm vectors. Denote by
Y the resulting matrix. At iteration i, the algorithm determines the
row si of Y which is associated with the maximum ‖ri‖ according to
(9). At a first glance, s1 can be any of the rows of Y since all these
vectors have unit norm and by (9), we have r1 = s1. Nonetheless,
the choice of s1 has a great impact on the quality of the overall
solution. This is because a bad choice of s1 may lead to a low
Γ(S) value at the end of the optimization process. The clue to a
good chose is to determine the direction (a row of Y ) which is the
more orthogonal to the others. Such a direction can be obtained by
calculating first the mean vector ȳ = 1

m ∑
m
i=1 yi. Then, by projecting

all the yi’s on ȳ and choosing as s̃1 the yi associated with the highest
residual norm:

s̃1 = argmax
i
‖yi−

yiȳT

‖ȳ‖2 ȳ‖ (10)

Once, we have in hand the first vector s̃1, we apply the process
described above to get the n− 1 remaining vectors and to form an
estimate of the source matrix S̃ = (s̃1, s̃2, . . . , s̃n). The complexity
of the selection process requires, at most, O(n2m2) steps. Indeed, it
includes n steps of m linear projections of vectors in IRm on a basis
containing, at most, n−1 vectors. Finally, an estimate of the mixing
matrix is obtained via (1).

Function 1 DEDS(X)→ (A,S)
1. n←− rank(X)
2. X∗←− Dual(X)
3. S←− OptGramDet(X∗T X ,n)
4. A←− XS†

5. RESULTS

We compared the blind source separation results obtained by the
DEDS algorithm presented in this paper with those obtained by the
JADE algorithm [8]. The latter has been chosen because it has
proved to be able to effectively separate a wide variety of signals
without resorting to parameter tuning. We have carried out experi-
ments involving real source signals from two origins:
• Nuclear magnetic resonance (NMR) spectra resulting from the

analysis of chemical organic compounds [2]. We experimented
on four source signals, each of which is composed of 7000 sam-
ples.

• Four of the EEG signals available on the ICALAB site [16]
sampled over 512 frequency slots after conversion to the
frequency domain.

The source signals were subsequently mixed according to the
model described by (2). The mixing matrices were generated at
random. Their elements are normally distributed with zero mean
and unit variance. To show the impact of the mixing process on
the performances of both algorithms, we experimented with three
groups of mixing matrices. In each group, the determinants of the
mixing matrices were varied in a specified interval. We used the
following intervals: 0.5±0.1, 0.05±0.01 and 0.005±0.001.

The additive noise is assumed to be white and Gaussian with
uncorrelated samples having a variance which is assumed to be uni-
form over the rows of matrix N. The signal-to-noise ratio (SNR)
was varied from 2 to 20 dB by a step of 2 dB. Each point appearing
in the graphics of Figures 1 to 3 corresponds to the mean value of
the performance index obtained on 1000 problem instances.

As a measure of algorithm performances, we used the Amari
performance index [9] which is a real number varying in [0,1]. A
signal separation is all the more correct as the value of the Amari
performance index is close to zero.

Figures 1 to 3 depict the variation of the Amari performance
index obtained in the various experiments. Each figure corresponds
to one of the instance groups described above. In each graphic, we
fixed the quality of the mixing process and the source signals from
which the data are constructed and varied the signal-to-noise ratio.

By having a close look at the maximum and minimum points of
the various curves, we can see that the quality of the mixing process
is the most influential parameter. Indeed, the performances of both
algorithms significantly degrade as the determinants of the mixing
matrices decrease. On the other hand, the relevance of the signal-to-
noise ratio is obvious with the exception of an unexplained behavior
of JADE observed on the EEG instances of Figure 3 where we can
see a weak rise of the performance index after having reached a
minimum at 12 dB.

Now we turn to the comparison between the two algorithms.
The quality of the mixing process has proved to be the parameter
which affects the performance ratio of the two algorithms more. In-
deed, on the two first groups of instances, i.e., those corresponding
to the good and the medium mixing processes, DEDS is almost al-
ways superior to JADE. However, when we consider the third group
of instances (∆(A) ≈ 0.005), the trend is partially inverted in the
experiment involving the NMR signals. This suggests that JADE
is less sensitive to a degradation of the mixing process. Nonethe-
less, a compensation phenomenon seems to take place as we con-
sider widely dependent source signals (EEG signals). And we are
tempted to say that the performance deterioration that can be sus-
tained by DEDS due to a bad mixing process can be recovered by a
poor performance of JADE due to statistical dependence of signals.
On the other hand, it is rather difficult to draw any general conclu-
sion concerning the effect of the signal-to-noise ratio on the perfor-
mance ratio of the two algorithms. On the first and third instance
groups, the effect of the signal-to-noise ratio seems to be hidden by
the effect of the mixing process quality. Conversely, on the second
instance group, we can see (Figure 2) a rise in the performance ratio
in favor of DEDS as the signal-to-noise ratio increases.

6. CONCLUSION

This paper presented a new blind source separation method which
can be applied to nonnegative and statistically dependent source sig-
nals. The blind separation problem was expressed as the identifica-
tion of relevant facets of the data cone. This task is achieved by an
effective algorithm which first computes the dual of the data cone
then selects, by means of a greedy process, a promising subset of
source signals from a set of source candidates.

The application of the DEDS algorithm to simulated BSS in-
stances involving real-world source signals showed that its perfor-
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Figure 1: Mean of Amari performance index obtained with DEDS
and JADE algorithms on randomly mixed real life signals. The ran-
dom mixing matrices used in this experiment have their determinant
varying in the interval 0.5±0.1.
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Figure 2: Mean of Amari performance index obtained with DEDS
and JADE algorithms on randomly mixed real life signals. The ran-
dom mixing matrices used in this experiment have their determinant
varying in the interval 0.05±0.01.

mance is highly competitive with one of the most popular blind
separation algorithms: JADE. Further progress can be carried on,
notably by weakening the assumption concerning the distribution
of the source points over the nonnegative orthant. It is also con-
ceivable to extend the method to cope with source signals with real
values (not only nonnegative).
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ABSTRACT
HRIR factorisation allows the extraction of a common direction in-
dependent component from a set of HRIRs leaving a set of rela-
tively short direction dependent filters and provides both memory
and computational savings in real time spatial audio applications.
In this paper this technique is improved by introducing weighted
regularisation to the iterative least squares process. This allows for
a more robust algorithm, that is initial condition independent. Two
forms of regularisation are introduced, one which allows the ITD to
be maintained in the process and one which is suitable for minimum
phase HRIRs. Results are shown which demonstrate the effective-
ness of both variants of this technique.

1. INTRODUCTION

The rising popularity of high resolution interative visual displays in
applications such as gaming have increased the demand for more
immersive and robust 3D audio. Loudspeaker reproduction tech-
niques generally necessitate precise speaker and listener placement
and only provide effective reproduction in a small ‘sweet spot’. Bin-
aural reproduction using HRIRs (Head Related Impulse Responses)
offers more flexibility and is also more compatible with the growing
mobile devices market.

HRIRs, or their frequency domain equivalent Head Related
Transfer Functions (HRTFs), describe the filtering of the pinna
(outer ear), head and torso on impinging waveforms to the head.
HRIRs are measured by placing small microphones in a subjects
ears and taking impulse response measurements in a spherical grid
around the listener. These HRIRs contain the three main cues for
sound localisation, namely interaural time difference (ITD), inter-
aural level difference (ILD) and spectral shaping. To place a sound
source at a given spatial position, left and right ear HRIRs for
that position are convolved with source audio and the resulting two
channels are played binaurally.

If 5◦ spatial sampling in the azimuth plane and 10◦ in eleva-
tion are considered, it is clear that HRIR datasets can easily extend
to over 1000 spatial measurement positions. In a practical system,
employing head tracking, where the virtual sound source and the lis-
tener are moving relative to each other, HRIRs must be updated, and
possibly interpolated, in real time. Both of these demands illustrate
a clear need for shorter filters to allow for more compact storage and
faster HRIR transitions. This motivates the factorisation of HRIR
datasets which would allow for the extraction of a direction inde-
pendent component from a HRIR dataset leaving shorter direction
dependent filters [1]. The possible application of the factorisation
of HRIRs to ear characterisation would necessitate a technique that
is robust and independent of any initial conditions or assumptions
used in the factorisation process.

In this paper we investigate the refinement of the factorisation
process through the use of two regularisation techniques, one
applicable to minimum phase data, the other to full, ITD inclusive
HRIRs. The paper is therefore outlined as follows: In section 2 a
brief review is undertaken on the validity of the minimum phase
assumption in relation to HRIRs and on how ITD is processed by
the brain. The regularised technique will be outlined in section 3.
The application of this technique in different cases will be discussed
and results when applied to the KEMAR HRIRs will be shown

in section 4. Section 5 demonstrates further results using human
HRIR data from the CIPIC database.

2. THE MINIMUM PHASE APPROXIMATION AND ITD

HRIRs are commonly approximated by their minimum phase equiv-
alent and a linear delay in place of an all-pass component. The
minimum phase equivalent is generally calculated using real cep-
strum analysis [2]. This approximation is justified by [3] where
the authors declare the all-pass component of the outer ear transfer
function to be almost linear up to 10kHz. However Avendano et
al. [4] state that contralateral HRIRs are often non minimum phase.
Plogsties et al. [5] propose that such contralateral HRIRs should in-
clude an additional delay if the minimum phase approximation is
used.

The use of the minimum phase assumption on HRIRs removes
the ITD information and necessitates a separate method of ITD cal-
culation. This can be done using several techniques such as physical
modelling of the head and torso, onset detection, interaural cross
correlation (IACC) of left and right ear HRIRs and calculation of
the interaural group delay difference at 0Hz. An explanation and
comparative study of many of the techniques can be found in [6].
The authors indicate that most methods produce incorrect values in
the 90◦ to 110◦ region in the azimuth.

However, ITD, and how it is interpreted by the brain, is still
not completely understood. The Jeffress’ model [7] is the com-
monly accepted hypothesis on how ITD information is extracted
from audio inputs. The model suggests that there is an array of bin-
aural coincidence detectors in the brain which respond maximally
to different magnitude ITDs at different frequencies. However Fitz-
patrick et al. [8] suggests that the Jeffress’ model is incomplete at
best. For example, the model does not consider ITD sensitivity to
the envelopes of high frequency stimulus and it is not adequate to
explain different types of neuron response activity which are evi-
dent.

The ambiguity regarding how ITD is detected in the brain and
the limitations of the minimum phase approach are a strong motiva-
tion for HRIRs to be left intact, with no minimum phase approxima-
tion. In this paper two factorisation techniques are proposed which
cater for those who are willing to accept the minimum phase HRIRs
with separately computed ITD and those who wish to maintain the
ITD information in the data.

3. ALGORITHM

It is proposed that a set of HRIRs (denote hφ , where φ denotes dif-
ferent spatial HRIR measurement positions) be simplified by fac-
toring each filter into the convolution of a direction independent
subsystem (denote f ) which is common to the whole set and a di-
rection dependent residual (denote gφ ). Equation 1 demonstrates
the original, least squares criterion to be satisfied, where the differ-
ence between the original and reconstructed HRIRs is minimised.

min
f ,(g1,···,gN)

N

∑
φ=1
‖hφ − ( f ∗gφ )‖2 (1)
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where hφ = [hφ

0 , ...,hφ

m−1]
T , gφ = [gφ

0 , . . . ,gφ

j−1]
T ,

f = [ f0, f1, . . . , fk−1]T and φ = 1, . . . ,N.

In [1] a least squares based iterative algorithm is proposed to
achieve this factorisation which centres on iterating between two
equations after having first taken an initial guess at f , f0. The two
equations are as follows:

gφ

i+1 = F†
i hφ (2)

fi+1 = G †
i+1h (3)

where G i+1 =

 G1
i+1
...

GN
i+1

 and h =

 h1

...
hN

 .

Gφ is the m×k convolution matrix of gφ , F is the m× j convolution
matrix of f , i is the iteration number and † denotes the pseudoin-
verse. The issue with this technique is that different initial guesses
for the direction independent component, f0, result in different fi-
nal values for the direction independent component. These different
values however tend to produce approximately the same error when
reconvolved with their respective direction dependent component
set and compared to the original HRIR set. It is desirable that dif-
ferent initial guesses would result in the same, meaningful direction
independent component at convergence.

Recall the original criterion used for the optimisation (see equa-
tion 1). If instead of just minimising the difference between the
original and reconstructed HRIRs, a second regularising term is
added which allows for desirable properties to be imposed on f ,
then the criterion to be satified becomes as follows:

min[‖h−G f‖2 +λ‖ f − fp‖2] (4)

where fp is the filter that is regularising the optimisation process and
λ is the weighting which controls the importance or effectiveness
of the regularisation. To solve for f , the modified cost function is
calculated and it’s first derivative with respect to f is set to equal
zero, giving:

f = (GT G+λ I)−1(GT h+λ fp) (5)

I denotes a k× k identity matrix. So we redefine equation 3 in the
iterative process as follows.

fi+1 = (GT
i+1G i+1 +λ I)−1(GT

i+1h+λ fp) (6)

Conversely, it is also possible to regularise with respect to the direc-
tion dependent component.

min[‖hφ −Fgφ‖2 +λ‖gφ −gφ
p‖2] for φ = 1 to N (7)

In this case equation 2 in the iterative process is redefined as fol-
lows:

gφ

i+1 = (FT
i+1Fi+1 +λ I)−1(FT

i+1hφ +λgφ
p) (8)

The different regularisation techniques discussed above are ap-
plicable in situations with different factorisation requirements. If it
is acceptable for minimum phase HRIRs to be used then factorising
the minimum phase set with regularisation on f is most effective.
fp is set to the first k samples of the average of the minimum phase
HRIR set. This gives very low reconstruction error and the solu-
tion is independent of the initial condition used. If minimum phase
HRIRs are not acceptable due to the non minimum phase behaviour
of contralateral HRIRs and the uncertainty regarding the detection
of ITD in the brain as discussed in section 2, then it is necessary for
the delay for each spatial measurement position to be maintained in
the direction dependent component. Hence it is preferable to use

regularisation on gφ . For each position φ , gφ
p is set as an impulse

occurring at the maximum of the HRIR. The impulse’s magnitude is
this maximum value. For each regularisation case λ , the weighting
applied to the regularisation, is varied from a very large value at the
start of the iterative process (∼ 103) to a very small value (∼ 10−3)
at the end. This allows for the correct local minimum to be estab-
lished at the beginning of the process and the least squares criterion
to be given priority at the end.

4. RESULTS

The factorisation techniques described in section 3 were applied to a
sample set of KEMAR HRIRs [9]. A set of 72 HRIRs is taken from
the left ear dataset. Each HRIR is 512 samples long and sampled
at 44.1kHz. The HRIRs used were those for zero degree elevation
with a uniform 5◦ spacing in the azimuth from 0◦ (straight ahead)
to 355◦. For both factorisation cases 20 iterations of the algorithm
are run.
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Figure 1: Different length f components for regularisation on f of
minimum phase data.
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Figure 2: Different length f components for regularisation on gφ of
non minimum phase data.

Figure 1 shows different length common components, f , ex-
tracted from the minimum phase dataset using weighted regularisa-
tion on f in the factorisation process, while Figure 2 shows the same
when weighted regularisation on gφ is employed on the non mini-
mum phase dataset. The black line with no markers on each graph
indicates the averaged minimum phase HRTF of the set. It can be
seen that different length f components maintain broadly the same
spectral information and that this spectrum is very close to the av-
erage spectrum, which is the regularising agent. In Figure 2 only
lengths of up to 470 samples for f are shown, as after this length
the factorisation gives non consistent f . When one considers that
regularisation on gφ requires that gφ be long enough to encompass
the initial delay and main peak it is understandable that the length
of f for this case is more limited than in the minimum phase case.

Figure 3 shows the full HRTF set. Figures 4 and 5 show the re-
constructed HRIR set after a 256 and 470 sample long f have been
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Figure 3: Original HRTFs.

Figure 4: Reconstructed HRTFs. Length f = 256

Figure 5: Reconstructed HRTFs. Length f = 470

Figure 6: Phase of original minimum phase set

Figure 7: Phase of reconvolved set. Length f = 470

extracted respectively. The regularisation on f is employed in the
factorisation process. Figures 3 and 4 are almost identical showing
that extracting a 256 sample component causes, as expected, mini-
mal loss of information. When one examines a more extreme case
where a 470 sample long independent component is used in Figure 5
the reconstruction is still very good but there is a definite smoothing
of the spectrum. In the time domain this manifests itself as a loss
of late reflection information. However the first 100-150 samples
which contain most of the key information of the HRIR are still ac-
curate. Figures 6 and 7 show the phase of the full minimum phase
set and the reconstructed set after a 470 sample long f is extracted.
The phase information is not distorted by the factorisation process.

Figure 8: Original HRIR dataset

Figure 9: Reconstructed HRIRs. Length f = 256

Figure 8 shows the full, non minimum phase HRIR dataset in
the time domain. Figures 9 and 10 show the reconvolved HRIRs
when regularisation on gφ is implemented, with a 256 sample and
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Figure 10: Reconstructed HRIRs. Length f = 430
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Figure 11: ITD for original and reformed HRIRs. Length f = 430

a 430 sample long f extracted. Figure 12 is the frequency domain
equivalent to Figure 10. The 256 sample long case shows near per-
fect reconstruction when compared to the original HRIRs in Fig-
ure 8. For the 430 length case the reconstruction again is good and
the ITD is maintained as can be seen in Figure 11. ITD is calculated
using interaural cross correlation of the left and right ear HRIRs (up-
sampled by a factor of ten) at each position. Figure 12 shows there
is no significant spectral distortion of the HRTFs. If longer lengths
(>450 samples) for f are used, significant activity appears in the
reconstructed HRIRs before the expected onset point and there is
also some distortion of the main peak and reflections for some posi-
tions. This distortion is to be expected when one considers that the
maximum initial delay before the onset of the HRIR in the set is 55
samples. The largest delay before the maximum peak of the HRIR
in the set is longer again at 86 samples.

Figure 12: Reconstructed HRTFs. Length f = 430

Figure 13 shows the frequency domain representation of the di-
rection dependent components after a 430 sample long f component
has been extracted using the regularisation on gφ technique. It can
be seen when comparing this to the original HRTFs in Figure 3, that

the pronounced notches in the 7-10kHz range and 15-17kHz range
have been maintained in the direction dependent component.

Figure 13: gφ components in frequency domain. Length f = 430

5. APPLICATION TO HUMAN DATA FROM CIPIC
DATABASE

HRIRs from Subject 3 (a human subject) in the CIPIC database [10]
were used to further test the algorithm. The factorisation was ap-
plied to the 0◦ elevation HRIRs for the left and right ear. Hence
the dataset contained 100 HRIRs (50 for each ear). Figures 14 and
18 show the left ear HRIRs in the time and frequency domain re-
spectively while Figure 16 shows the phase response. Figures 15
and 17 show the magnitude and phase responses of the reconvolved
HRTFs after a 180 sample long f component was extracted using
factorisation with regularisation on f . Figure 19 shows the recon-
volved HRIRs after a 130 sample long f component was extracted
with regularisation on gφ while Figure 20 shows the ITD. Both reg-
ularisation cases give near perfect reconstruction.

Figure 14: Left ear HRTFs

Figure 15: Reconstructed HRTFs. f regularisation. Length f =180
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Figure 16: Phase. Left ear HRTFs

Figure 17: Phase. f regularisation. Length f =180

Figure 18: Left ear HRIRs

Figure 19: Reconstructed HRIRs. gφ regularisation. Length f =130

6. CONCLUSION

Two regularised factorisation techniques have been introduced as
an extension to [1]. These allow for more robust, initial condition
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Figure 20: ITD. gφ regularisation. Length f =130

independent factorisation. Regularisation on the direction indepen-
dent conponent when factorising minimum phase HRIR datasets al-
lows for long direction independent components to be extracted and
for very low reconstruction error. However this technique necessi-
tates obtaining accurate ITDs for reintroduction. Regularisation on
the direction dependent component allows for the ITD to be main-
tained in the reconstructed HRIRs. However the length of the direc-
tion independent component extracted is more limited than in the
minimum phase case.
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ABSTRACT
This paper addresses the problem of pitch modification, as an
important module for an efficient voice transformation sys-
tem. The Deterministic plus Stochastic Model of the resid-
ual signal we proposed in a previous work is compared to
TDPSOLA, HNM and STRAIGHT. The four methods are
compared through an important subjective test. The influ-
ence of the speaker gender and of the pitch modification ratio
is analyzed. Despite its higher compression level, the DSM
technique is shown to give similar or better results than other
methods, especially for male speakers and important ratios
of modification. The DSM turns out to be only outperformed
by STRAIGHT for female voices.

1. INTRODUCTION

Voice transformation refers to the various modifications one
may apply to the sound produced by a person such that it is
perceived as uttered by another speaker [1]. These modifica-
tions encompass various properties of the speech signal such
as prosodic, vocal tract-based as well as glottal characteris-
tics. Although all these features should be taken into account
in an efficient voice transformation system, this study only
focuses on pitch modifications, as pitch is an essential aspect
in the way speech is perceived. More precisely, the main goal
of this paper is to compare the Deterministic plus Stochastic
Model (DSM) of the residual signal we proposed in [2] to the
main state-of-the-art techniques of pitch modification.

The paper is structured as follows. Section 2 gives a brief
overview on the methods considered in this study, namely:
the DSM of the residual signal [2], the Time-Domain Pitch-
Synchronous Overlap-Add technique (TDPSOLA, [3]), the
Harmonic plus Noise Model of speech (HNM, [4]) and
STRAIGHT [5]. In Section 3 these methods are compared
through a subjective evaluation regarding their pitch modifi-
cation capabilities. Finally Section 4 concludes and discusses
in depth the main observations drawn from the results.

2. METHODS FOR PITCH MODIFICATION

Various approaches for pitch modification have already been
proposed in the literature. Some of them are based on a
parametric modeling (HNM [4], STRAIGHT [5], ARX-LF
[6]), or on a phase vocoder [7], [8], while others rely on a
non-parametric representation (TDPSOLA [3]). This section
briefly presents the methods that will be compared in Section
3. In Section 2.1, the Deterministic plus Stochastic Model
(DSM) of the residual signal we proposed in [2] is described.
The three next subsections (Sections 2.2, 2.3 and 2.4) re-
spectively review the TDPSOLA, HNM and STRAIGHT al-
gorithms. For information, the footprint of each method is

presented in number of parameters/second, giving an idea of
their compression level.

2.1 Deterministic plus Stochastic Model of the Residual
Signal
In [2], we proposed a Deterministic plus Stochastic Model
(DSM) of the residual signal. This approach was reported
to significantly improve the quality delivered by the basic
HMM-based speech synthesizer. The workflow of the DSM
vocoder is presented in Figure 1. The DSM consists of the
superposition of a deterministic rd(t) and stochastic rs(t)
components of the residual. These components act in two
distinct spectral bands delimited by the maximum voiced fre-
quency Fm (as introduced in the HNM [4]). For unvoiced
frames, Fm = 0 and a simple white noise is used as excita-
tion. For voiced frames, Fm is fixed to 4kHz (although one
could think of using a static value depending on the consid-
ered voice, or even of a dynamic approach as in the HNM
[4]).

Figure 1: Workflow of the DSM vocoder. Inputs are the tar-
get pitch values and the MGC coefficients.

The deterministic part rd(t) relies on a specific speaker-
dependent waveform called eigenresidual. This eigen-
residual results from the following procedure. A speaker-
dependent speech corpus is analyzed and Mel-Generalized
Cepstral (MGC, [9]) coefficients are extracted. Residual sig-
nals are then obtained by inverse filtering. Glottal Closure
Instants (GCIs) are accurately located on this signal using the
method described in [10]. Residual frames are then isolated
by applying a GCI-centered two pitch period-long window-
ing. Since the resulting frames have different lengths, a re-
sampling step (by interpolation/decimation) on a fixed num-
ber of points is required. Note that this normalization length
should respect some criterion avoiding high-frequency infor-
mation loss, as explained in [2]. Frames are finally normal-
ized in energy. All this process of GCI-synchronization and
prosody normalization is required in order to ensure that the
resulting residual frames are suited for a common modeling.
In this way, a coherent dataset containing thousands of pitch-
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synchronous normalized residual frames is extracted. The
eigenresidual is then defined as the first eigenvector obtained
by computing PCA on this large dataset. Note that at syn-
thesis time, as shown in Figure 1, a step of resampling to
the target pitch value is required since the eigenresidual was
pitch-normalized. Figure 2 illustrates the typical waveform
of the resulting eigenresidual for three male speakers of the
CMU ARCTIC database. Interestingly, a strong similarity
with models of the glottal flow (such as the LF model [19]),
mainly during the glottal open phase, can be noticed.

Figure 2: First eigenresidual for three male speakers of the
CMU ARCTIC database.

As shown in Figure 1, the stochastic part rs(t) consists of
a white Gaussian noise filtered by an auto-regressive model
beyond Fm, and whose time structure is controled by an en-
velope (modeling the natural pitch-synchronous noise mod-
ulation [11]). In this work, we employed the basic triangular
window used in the HNM [4], although it was shown that
other parametric or non-parametric envelopes could lead to
a higher perceptual quality [12]. It is worth noting that this
energy envelope, which modulates the time evolution of the
stochastic part, is GCI-synchronous and its length is adapted
to the pitch period. As for the filter used for the frequency
modulation, it is estimated as the Linear Predictive model-
ing of the averaged high-frquency content (beyond Fm) com-
puted on the considered residual dataset.

The resulting residual frames are finally overlap-added
and filtered by the MGC coefficients to get the synthetic
speech signal. We used as inputs of the workflow 25 MGC
parameters for the vocal tract, and only F0 for the excitation,
all other data being pre-computed on the speaker-dependent
database. These features are extracted every 5 ms which
leads to a 5200 parameters/s vocoder.

2.2 Time-Domain Pitch-Synchronous Overlap-Add

The TDPSOLA technique [3] is probably the most famous
non-parametric approach for pitch modification. Accord-
ing to this method, pitch-synchronous speech frames whose
length is a multiple of the pitch period are duplicated or elim-
inated. It is in this way assumed that the pitch can be modi-
fied while keeping the vocal tract characteristics unchanged.
In our implementation we considered two pitch period-long
speech frames centered on the GCIs. GCI positions were
located by the method described in [10], providing a high-
quality phase synchronization. As this technique is based on
the speech waveform itself (sampled at 16 kHz in our exper-
iments), 16000 values/s are necessary.

2.3 Harmonic plus Noise Model
The Harmonic plus Noise Model (HNM, [4]) assumes the
speech signal to be composed of a harmonic part and a noise
part. The harmonic part accounts for the quasi-periodic com-
ponent of the speech signal while the noise part accounts
for its non-periodic components (e.g., fricative or aspiration
noise, etc.). The two components are separated in the fre-
quency domain by a time-varying parameter, referred to as
maximum voiced frequency Fm. The lower band of the spec-
trum (below Fm) is assumed to be represented solely by har-
monics while the upper band (above Fm) is represented by
a modulated noise component. In this study, we used the
HNM algorithm with its default options. Since the number
of harmonics (and consequently of parameters) is different
regarding F0 and Fm, the bitrate may vary across speakers
and sentences. In average, we found that around 10000 pa-
rameters were necessary for coding 1s of speech.

2.4 STRAIGHT
STRAIGHT is a well-known vocoding system [5] which
showed its ability to produce high-quality voice manipulation
and was successfully incorporated into HMM-based speech
synthesis. STRAIGHT is basically based on both a source
information extractor as well as a smoothed time-frequency
representation [5]. In this work, we employed the version
publicly available in [13] with its default options. In this im-
plementation, the algorithm extracts every 1 ms: the pitch,
aperiodic components of the excitation (513 coeff.) and
a representation of the smoothed spectrogram (513 coeff.).
This leads to a high-quality vocoder using a bit more than 1
million parameters/s.

3. EXPERIMENTS

In this part, methods presented in Section 2 are evaluated on
3 male (AWB, BDL and JMK) and 2 female (CLB and SLT)
speakers from the CMU ARCTIC database [14]. For each
speaker, the three first sentences of the database were syn-
thesized using the four techniques, and this for 5 pitch mod-
ification ratios: 0.5, 0.7, 1, 1.4 and 2. This leads to a total
set containing 300 sentences. The DSM technique was com-
pared to the three other approaches (TDPSOLA, HNM and
STRAIGHT) through a Comparative Mean Opinion Score
(CMOS) test composed of 30 pairwise sentences chosen ran-
domly among the total set. 27 people (mainly naive listeners)
participated to the test. For each sentence they were asked to
listen to both versions (randomly shuffled) and to attribute a
score according to their overall preference. The CMOS val-
ues range on a gradual scale varying from -3 (meaning that
DSM is much worse than the other technique) to +3 (meaning
the opposite). A score of 0 is given if both versions are found
to be equivalent. It is worth noting that, due to the unavail-
ability of a ground truth reference of how a sentence whose
pitch has been modified by a given factor should sound, par-
ticipants were asked to score according to their overall ap-
preciation of the different versions. These scores then reflect
both the quality of pitch modification, as well as the possible
artifacts that the different signal representations may gener-
ate.

Figure 3 displays the CMOS results with their 95% con-
fidence intervals for the three comparisons and according to
the gender of the speaker. For male voices, it can be no-
ticed that DSM gives scores similar to TDPSOLA, while
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its advantage over HNM, and STRAIGHT in a lesser ex-
tent, is appreciable. For female speakers, the tendency is
inversed. DSM is comparable to HNM while it is superior
to TDPSOLA. Albeit for such comparative subjective tests
transitional properties can not be assumed to hold, it however
seems that STRAIGHT outperforms all other techniques for
female voices. It is also worth noticing that the degradation
of DSM with regard to STRAIGHT for female speakers is
done at the expense of a high gain of compression and com-
plexity. Depending on the considered application, the choice
of one of the compared method should then result from a
trade-off between these latter criteria (i.e speech quality vs
compression rate).

Figure 3: CMOS results together with their 95% confidence
intervals for the three comparisons and for both male and
female speakers.

In Figure 4 the preference scores for both male and fe-
male speakers can be found. Although somehow redundant
with the previous results, this figure conveys information
about the percentage of preference for a given method and
about the ratio of indifferent opinions. Interestingly it can be
noted that DSM was in general prefered to other methods, ex-
cept for female speakers where STRAIGHT showed a clear
advantage. In [6], authors compared an improved ARX-LF
framework to TDPSOLA and HNM through a small prefer-
ence test. Even though these results are obviously not extrap-
olable, the preference scores they obtain are stronlgy similar
to ours, except for the comparison with TDPSOLA on female
voices where ARX-LF was shown to be inferior.

Finally, the evolution of the performance with the pitch
modification ratio is analyzed in Figure 5. As a reminder,
the higher the CMOS score, the more DSM was prefered
regarding the method to which it was compared. A posi-
tive (negative) value means that, in average, the DSM (the
other method) was prefered. Interestingly, it can be observed
that in general plots tend to exhibit a minimum in 1 (where
no pitch modification was applied) and go up around this
point. This implies that the relative performance of DSM
over other techniques increases as the pitch modification ra-
tio is important. This was expected regarding the comparison
with TDSPOLA, but the same observation seems to hold for
STRAIGHT, and for HNM (though in a lesser extent for male
voices). Note that in our implementation of TDPSOLA, a
GCI-synchronous overlap-add was performed even when no
pitch modification was required. This may explain why, for
female voices (for which GCIs are known to be difficult to
be precisely located), listeners slighlty prefered DSM over
TDPSOLA, even without pitch modification.

4. CONCLUSIONS AND DISCUSSION

This paper proposed a comparison between the DSM of the
residual signal and 3 other well-known methods of pitch
modification: TDPSOLA, HNM and STRAIGHT. An im-
portant subjective test allowed a comparative evaluation of
these 4 techniques. From this study, several conclusions can
be drawn:
• Interestingly the DSM approach, despite its small foot-

print, gives similar or better results than other state-of-
the-art techniques. Its efficiency probably relies on its
ability to implicitly capture and process the essential of
the phase information via the eigenresidual. The pitch-
dependent resampling operations involved in its process
indeed preserve the most important glottal properties
(such as the open quotient and asymmetry coefficient).
Nevertheless a degradation for female speakers is no-
ticed. This can be mainly explained by the fact that
the spectral envelope we used may contain pitch infor-
mation. Although this effect can be alleviated by the
use of Mel-Generalized Cepstral (MGC, [9]) coefficients
instead of the traditional LPC modeling (since MGCs
make use of a warped frequency axis), it may still oc-
cur for high-pitched voices where the risk of confusion
between F0 and the first formant F1 is more important.
After pitch modification, this effect leads to detrimen-
tal source-filter interactions, giving birth to some audi-
ble artefacts. Note that this effect is almost completely
avoided with STRAIGHT, as this method makes use of
a time-frequency smooth representation of the spectral
envelope [5]. Reducing this drawback within the DSM
framework is the object of ongoing work, possibly by
applying a GCI-synchronous spectral analysis instead of
achieving it in an asynchronous way.

• The results we obtained for HNM corroborate the con-
clusions from [6] and [15]. In [15], the observation that
sinusoidal coders produce higher quality speech for fe-
male speakers than for male voices is justified by the
concept of critical phase frequency, below which phase
information is perceptually irrelevant. Note also that we
used the HNM algorithm with its default options. In this
version, we observed that the quality of the HNM output
was strongly affected for some voices by a too low es-
timation of the maximum voiced frequency. This led to
an unpleasant predominance of noise in the speech sig-
nal. Fixing the maximum voiced frequency to a constant
value (as in the DSM technique) could lead to a relative
improvement for these problematic voices.

• The degradation of TDPSOLA for female speakers is
probably due to the difficulty in obtaining accurate pitch
marks for such voices. This results in inter-frame phase
incoherences, degrading the final quality. Besides note
that TDPSOLA requires the original speech waveform as
input and is then not suited for parametric speech synthe-
sis.

• It turns out from this study and the one exposed in [6]
that approaches based on a source-filter representation of
speech lead to the best results. This is possible since
these techniques process the vocal tract and the glot-
tal contributions independently. Among these methods,
STRAIGHT gives in average the best results but requires
heavy computation load. The DSM and the improved
ARX-LF technique proposed in [6] seem to lead to a
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Figure 4: Preference scores for the three comparisons and for both male and female speakers.

Figure 5: Evolution of the CMOS results with the pitch modification ratio for both male and female speakers.

similar quality. Note that STRAIGHT and the DSM
were successfully integrated into a HMM-based speech
synthesizer (respectively in [16] and [2]). In [17], it
was also proposed to incorporate the traditional ARX-LF
model in a statistical parametric synthesizer. Although an
improvement regarding the basic baseline was reported,
it seems that this latter is less significant than it was
achieved by STRAIGHT and DSM. It is then clear that
the good quality obtained in [6] and [18] with the im-
proved ARX-LF method is reached thanks to the mod-
eling of the LF-residual (i.e the signal obtained after re-
moving the LF contribution in the excitation). This is
possible in an analysis-synthesis task (where the target
LF-residual is available), but was not yet carried out in
speech synthesis. Finally note that the ARX-LF approach
has the flexibility to potentially produce easy modifica-
tions of voice quality or emotion ([18], [17]) since it re-
lies directly on a paramectric model of the glottal flow
(which is not the case for the DSM and STRAIGHT tech-
niques).

5. ACKNOWLEDGMENTS

Thomas Drugman is supported by the “Fonds National de la
Recherche Scientifique” (FNRS). The authors would like to
thank Prof. Stylianou for providing the HNM code, as well as
Prof. Kawahara for making the version of STRAIGHT pub-
licly available. Authors are also deeply indebted to Alexis
Moinet and Geoffrey Wilfart for their precious help.

REFERENCES

[1] Y. Stylianou, Voice transformation: a survey, Proc.
ICASSP, 2009.

[2] T. Drugman, G. Wilfart, T. Dutoit, A Deterministic plus
Stochastic Model of the Residual Signal for Improved
Parametric Speech Synthesis, Proc. Interspeech, 2009.

[3] E. Moulines, J. Laroche, Non-parametric techniques
for pitch-scale and time-scale modification of speech,
Speech Communication, vol. 16, pp. 175-205, 1995.

[4] Y. Stylianou, Applying the Harmonic plus Noise Model
in Concatenative Speech Synthesis, IEEE Trans. Speech
and Audio Processing, vol. 9, pp. 21-29, 2001.

[5] H. Kawahara, I. Masuda-Katsuse, A. de Cheveigne,
Restructuring speech representations using a
pitch-adaptive time-frequency smoothing and an
instantaneous-frequency-based F0 extraction: Possi-
ble role of a repetitive structure in sounds, Speech
Communication, vol. 27, pp. 187-207, 2001.

[6] D. Vincent, O. Rosec, T. Chovanel, A new method for
speech synthesis and transformation based on a ARX-LF
source-filter decomposition and HNM modeling, Proc.
ICASSP, 2007.

[7] J. Laroche, M. Dolson, New phase-vocoder techniques
for pitch-shifting, harmonizing and other exotic effects,
IEEE Workshop on Applications of Signal Processing to
Audio and Acoustics, pp. 91-94, 1999.

[8] P. Depalle, G. Poirrot, SVP: A modular system for anal-
ysis, processing and synthesis of sound signals, Proc. In-

759



ternational Computer Music Conference, 1991.
[9] K. Tokuda, T. Kobayashi, T. Masuko, S. Imai, Mel gen-

eralized cepstral analysis - A unified approach to speech
spectral estimation, Proc. ICSLP, 1994.

[10] T. Drugman, T. Dutoit, Glottal Closure and Open-
ing Instant Detection from Speech Signals, Proc. Inter-
speech, 2009.

[11] D. Hermes, Synthesis of breathy vowels: some research
methods, Speech Comm., vol. 10, pp. 497-502, 1991.

[12] Y. Pantazis, Y. Stylianou, Improving the modeling of the
noise part in the harmonic plus noise model of speech,
Proc. ICASSP, 2008.

[13] [Online], STRAIGHT: a speech analysis, modifi-
cation and synthesis system, http://www.wakayama-
u.ac.jp/ kawahara/STRAIGHTadv/index e.html.

[14] [Online], CMU ARCTIC databases,
http://festvox.org/cmu arctic/.

[15] D. Kim, On the perceptually irrelevant phase informa-
tion in sinusoidal representation of speech, IEEE Trans.
Speech Audio Processing, vol. 9, pp. 900-905, 2001.

[16] H. Zen, T. Toda, M. Nakamura, T. Tokuda, Details of
the Nitech HMM-based speech synthesis system for the
Blizzard Challenge 2005, IEICE Trans. Inform. Systems,
E90-D (1), pp. 325-333, 2007.

[17] J. Cabral, S. Renals, K. Richmond, J. Yamagishi, Glot-
tal Spectral Separation for Parametric Speech Synthesis,
Proc. Interspeech, pp. 1829-1832, 2008.

[18] Y. Agiomyrgiannakis, O. Rosec, ARX-LF-based
source-filter methods for voice modification and trans-
formation, Proc. ICASSP, pp. 3589-3592, 2009.

[19] G. Fant, J. Liljencrants, Q. Lin, A four parameter model
of glottal flow, STL-QPSR4, pp. 1-13, 1985.

760



ON THE APPEARANCE OF A POSITIVE REAL POLE IN THE RESULTS OF
GLOTTAL CLOSED PHASE LINEAR PREDICTION
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ABSTRACT
Often when performing glottal closed phase covariance linear pre-
diction, a positive real pole can appear in the resulting filter transfer
function. The commonly adopted approach is to discard this pole,
as it does not fit with the usual model of the all-pole vocal tract
filter. However, this real pole describes some aspect of the speech
signal; this paper provides a novel perspective on its occurrence.
This viewpoint has a useful implication to the speech community,
especially from the perspective of fitting a glottal pulse tothe in-
verse filtered signal, as the real pole describes the return phase of
the glottal flow for certain voice types that adhere to a reasonable
criterion. Tests with synthetic signals are performed to validate this
approach.

1. INTRODUCTION

Glottal closed phase linear prediction [1] is a speech analysis tech-
nique for estimating the parameters of the vocal tract filterbased
on the linear source filter theory of speech production. The method
has been shown to have effective formant tracking abilitieswhen
compared to some other inverse filtering methods [2] and found ap-
plication in voice quality analysis [4], speaker identification [3] and
analysis of spoken prosody [5]. The technique assumes that there
exists a region within the speech signal where the glottis isclosed
and leaks no contribution into the speech signal.

However, in practice the resulting solution rarely yields the vo-
cal tract parameters directly. Following analysis, the filter poly-
nomial is factorized to determine the locations of its poleson the
Z-plane, whereupon any pole that appears on the positive realaxis
is removed [1] [4] [6]. In [6], Alku et al. remark that “[poleson
the positive real axis of theZ-plane are] unrealistic from the point
of view of Fant’s source tract theory of vowel production andits
underlying theory of tube modeling”. Because the theory cannot
rationally associate this pole with the vocal tract, it is discarded
and the remaining poles are recomposed into the vocal tract filter of
reduced filter order. Failure to remove this pole can lead to distor-
tions in the time domain signal around the instant of glottalclosure
called “jags” [1] [6] (see Figure 1). Indeed, the development of DC-
constrained closed phase linear prediction [6] was in part motivated
to increase the likelihood that closed phase analysis will yield pole
locations at more realisticZ-domain coordinates.

Wong et al. [1] offer a number of explanations for the appear-
ance of these real poles. They may appear due to the intrusionof
low frequency recording noise, a non-zero mean in the analysis win-
dows and/or the over-specification of the filter order. In thecase of
an ideal closed phase, these reasons cannot be disputed. However,
this paper will illustrate that for reasons related to the identification
of the location of the glottal closed region, certain voice types will
also cause the appearance of such a pole. While the usual approach
to discard this pole is appropriate when only the parametersof the
vocal tract are desired, it is shown here that the pole has a useful
significance in the parameterization of the glottal source.

This paper is outlined as follows: the following section gives
the necessary background of the acoustic theory of speech produc-
tion, glottal closed phase linear prediction and its implementation.
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Figure 1: A diagram illustrating the “jags” that occur when the
positive real pole remains in the speech signal. Above, glottal
derivative source with “jag” of middle pulse highlighted. Be-
low, glottal source signal without “jag” distortion.

It will be shown that, in practical application, a positive real pole
in closed phase analysis should be expected for certain voice types.
The third section discusses relationship between the Z-plane posi-
tion of the pole and the return phase of glottal models, with specific
focus on the Liljencrants-Fant (LF) model [7]. Experimentswhich
validates the theory are described in the fourth section. The fifth
section discusses the results yielded by these experiments. Con-
clusions are drawn in the final section, which also outlines some
directions for future research.

2. BACKGROUND

2.1 Acoustic Theory of Speech Production

The acoustic theory of speech production [8] views speech asthe
convolution of glottal flow signal with a vocal tract filter which is
then radiated at the lips. In theZ-domain, the process can be repre-
sented as follows:

S(z) = G(z)V(z)L(z)

whereS(z) represents the speech waveform,G(z) the glottal flow,
V(z) the vocal tract filter, andL(z) represents lip radiation.

As lip radiationL(z) is usually modeled as a differentiating fil-
ter and the relationship between the speech chain components as-
sumed linear, it is often combined with the glottal flowG(z) to
form the derivative glottal flowG′(z). This reduces the number of
elements in the speech production process to two:

S(z) = G′(z)V(z) (1)
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Figure 2: The figure above shows a synthetic speech signals(n)
generated by an all-pole filter excited by a derivative glottal
pulse traing′(n). The closed phase of a pulse and the corre-
sponding region in the speech has been highlighted.

2.2 Glottal Closed Phase Covariance Linear Prediction

Closed phase inverse filtering was first theoretically outlined by
Wong [1] and is briefly recapitulated here. During voiced phona-
tion, the build-up of air pressure from the lungs sets the glottis
within the larynx into a quasi-periodic cycle of opening andclos-
ing. Individual pulses of air excite the vocal tract and radiate at the
lips, which generates speech.

During the ideal glottal closed phase condition i.e. between suc-
cessive glottal pulses, there exists no exogenous contribution from
the glottis into the speech signal [1]. Therefore, during this inter-
val, the speech signal results solely from the decaying vocal tract
resonances, as in Figure 2. As these resonances are assumed to be
the result of an all-pole system, the speech signal’s closedphase can
theoretically be fully described by these all-pole coefficients during
this interval.

A suitable method for determining an all-pole filter’s coeffi-
cients from its output is covariance method linear prediction [11].
This technique ascertains the filter parameters over finite intervals
by minimizing the energy of the residual of the analyzed signal.

2.3 Detecting the Closed Phase of the Glottal Cycle

As illustrated in Figure 3 by the LF model, the glottal cycle is often
described in three phases [15]:

• the open phase, during which the glottis opens.
• the return phase, the interval when the glottis proceeds to close.
• the aforementioned closed phase, representing the time during

which the glottis is closed and there is no glottal excitation.

One of the main difficulties with closed phase inverse filtering re-
lates to the determination of this closed phase from the speech sig-
nal [6]. This problem can be overcome by the analysis of the signal
of an electroglottograph (EGG) which has been recorded in tandem
with the speech signal [2]. In the absence of such a signal, estimates
of the glottal closed phase can be determined from the speechsignal
directly by a number of different methods [12] [13] [14].

However, rather than the instant of glottal closure, closedphase
detection methods often search for the instant of greatest excitation
of the speech signal; this instant is sometimes called the speech
epoch and is marked in Figure 3 aste. For those voice types that
exhibit an instantaneous closure, the closed phase of the glottal cy-
cle will indeed begin in the sample following this point. However,
for other voice types, the sample after this point can often signify
the beginning of the glottal cycle’s return phase. Should the return
phase be inadvertently included in the interval for closed phase anal-
ysis, its time domain shape will affect the vocal tract filterparam-

eters and introduce unanticipated elements. In many cases,these
deviations will appear as a positive real pole, as discussedbelow.

3. THE GLOTTAL RETURN PHASE AS A SINGLE POLE
IIR FILTER

The return phase of the cycle is an important perceptual aspect of the
glottal flow [15] as it determines the spectral slope of the source and
thus the amount of high-frequency energy present in the spectrum.
An instantaneous closure would cause the most sudden time domain
clip into the signal, imparting the maximum high frequency content.
Similarly, glottal pulses with more gradual closures exhibit more
attenuated upper harmonics. Many glottal models representtheir
return phases as an asymptotic exponential decay from a negative
maximum to zero; this type of segment is fully parameterizedby
the impulse response of a single pole, low pass filter.

During glottal closed phase analysis, linear prediction does not
differentiate between the source and filter contributions of speech.
The results of any attempt to model the speech signal during an
analysis interval that may also include a portion of the return phase
will be affected in some way by all signal elements. Thus, in the
cases where the return phase of the signal can be modeled as an
asymptotic exponential decay, it is unsurprising to see a positive
real pole appear in the result of the linear predictive analysis.

The real pole describing the return phase of glottal flow can
be used to infer the parameters used in the formulation of glot-
tal models as theZ-plane position of the pole is a direct indica-
tion of the graduality of glottal closure. Section 3.1 will illustrate
the mathematical relationship between the real pole and thereturn
phase whose return phases approximate an exponential function is
described. As an illustrative example, a method for determining
the return phase parameter of the prevalent LF model is also given.
Similar relationships can be established to the return phase param-
eters of other glottal models which obey the same basic premise.

3.1 The Glottal Return Phase as the Impulse Response of a
Positive Real Pole

Exponential type functions are often used to model the return phase
of glottal models, e.g. the LF and the KLGLOTT88 models. Refer-
ring to the time domain formulation of the return phase asg′ret, the
normalized return phase of such a model can be expressed mathe-
matically by the following equation:

g′ret(n) = µnu(n) (2)

whereu(n) represents the unit step function andµ is the base of
the exponential. Arbitrarily beginning the return phase atn= 0, its
Z-transformG′

ret(z) can be shown to be:

G′
ret(z) =

∞

∑
−∞

µnu(n)z−n

= 1+µz−1+µ2z−2+µ3z−3+ · · ·

=
1

1−µz−1 =
z

z−µ

Thus, the return phase of derivative glottal signals where (2) holds
can be modeled as the impulse response of a single pole IIR filter.
The Z-plane amplitude of the poleµ therefore reflects the rate of
exponential decay of the return phase.

The signal amplitude independence of the relationship between
the pole amplitudeµ and the return phase parameters implies the
inclusion of any part of the return phase segment will theoretically
yield the same positive real pole in the analysis results so long as
(2) is valid.

3.2 Method to Determine the Return Phase Parameter of the
LF Model

The LF model [7] represents the general flow shape of the glot-
tal flow derivative over one glottal cycle and whose shape canbe
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Figure 3: An LF model of derivative glottal flow, with timing
parameters(To,Te,Ta,Tc,Tp) and amplitude parameterEe. Also
marked are the different phases of the glottal cycle and the tan-
gent at(Te,−Ee) which definesTa.

uniquely described with four parameters. The mathematicalfor-
mula describing the LF model is a piece-wise function, consisting of
two segments, the evolution of which can be seen in Figure 3. The
first segment is an exponentially increasing sine function,character-
izing the glottal flow derivative from the instant of glottalopening
to, through the time axis attp, to the instant of maximum negative
extreme atte. At this point the second segment of the LF model, of-
ten referred to as the return phase, begins. This portion models the
glottal closure as a modified exponential function which returns to
zero at a rate determined by the steepness of the slope of the tangent
to the function atte. The distance of this tangent’s time axis inter-
cept fromte is calledTa, and is referred to as the effective duration
of the return phase. The total number of samples in the pulse is the
pitch period, referred to asT0.

In order to correctly place the pulse in time, the timing instants
are calculated to be relative to the instant of glottal opening, i.e.
To = 0, Tp = tp − to, Te = te− to andTc = tc − to. Below are the
mathematical equations describing time domain LF model shape
using these parameters:

uLF (n) =











E0eαn sinωgn for 0≤ n< Te
−Ee
εTa

(e−ε(n−Te)−e−ε(Tc−Te)) for Te ≤ n≤ Tc

0 for Tc ≤ n< T0

(3)

The return phase of the model deviates from a true exponential
function in that an offset is added to the value of the exponential
to ensure that the curve reaches null at the pointtc. Depending on
the return phase length and the exponential baseµ, the value of
this offset can be negligibly small such that an exponentialfunction
very closely approximates that the LF return phase. Indeed,Fant
[7] notes that in practice, it is convenient to setTc equal toT0 as the
energy difference between the exponential during this interval and
the ideal closed phase is negligible. In those cases, the general LF
return phase can be assumed to be equivalent to a scaled version of
the exponential function given above in (2).

uLF (n) =−Eeg
′
ret(n) for Te ≤ n< Tc

=−Eeµn (4)

In order to determineTa of such a return phase, calculus and
linear geometry can be used. First, differentiating (4) yields the
slope of the general tangent to the exponential return phase:

m=−Eeµn ln µ

Referring to the time and amplitude axes as thex andy axes respec-
tively, the slope and y-intercept of the tangent at the point(te,−Ee)
can be determined by substituting the values into the line equation.
Arbitrarily setting the value ofte to be 0, the equation of the tangent
line can then be shown to be:

y= (−Ee lnµ)x−Ee (5)

Thus, the value ofTa can be calculated by solving (5) aty = 0,
which yields the following identity:

Ta =
−1
lnµ

(6)

4. EXPERIMENT

An experiment was undertaken to validate the theory that thereturn
phase parameterTa can be accurately estimated from the real pole
which appears in the analysis results of glottal closed phase covari-
ance linear prediction. Using a sampling rate of 10kHz, various
vocal tract filters were convolved with an LF model pulse train of
varied configurations to create voiced synthetic speech segments, in
accord with the acoustic theory of speech production given in (1).
Synthetic speech pulses were used for validating the theorydue to
the inherent lack of reference parameters in actual speech.

The LF model pulses were generated using all parameter com-
binations given in Table 1. The relationships between the utilized
shape parameters and the LF model timing parameters given here:

Oq =
te
T0

, αm =
tp
te
, Qa =

Ta

(1−Oq)T0

whereOq is the open quotient of the pulse,αm its asymmetry coef-
ficient, andQa its return phase coefficient.

Parameter Range
f0 80 : 20 : 200 (Hz)

Oq 0.3 : 0.05 : 0.9
αm 0.67 : 0.05 : 0.9
Qa 0.01 : 0.05 : 1

Table 1: All LF model parameter configurations used for synthetic
testing.

Following the recommendations of [7], when producing the LF
pulses, the return phase spanned fromte to to of the following pulse
such that the instantsto andtc coincide between adjacent pulses.

Covariance linear predictive analysis was performed according
to the guidelines laid down by Wong [1]. Care was taken to ensure
that the interval to be minimized extends from one sample following
the instant of glottal closurenc to one sample before glottal opening
no. The instant of glottal closure in all cases was chosen to be the
point marking the beginning of the return phase. However, unlike
Wong [1], a pre-emphasis operation is not performed for two rea-
sons. Firstly, it was noted in [2] that pre-emphasis makes very little
difference to the derived parameters. Secondly, and more acutely in
the context of this work, a pre-emphasis operation alters the return
phase in such a way that the positive real pole located after analysis
would not bear the same relationship to the return phase as the one
outlined in this paper.

The value ofp is usually chosen by a “rule of thumb” derived
from acoustic tube modeling [9] [11]. This rule follows fromthe
relationship betweenp and the length of the average male vocal
tract, the speed of soundc and sampling frequencyfs:

p=
fs

1000

Thus, for a sampling rate of 10kHz, p is 10. However, as the anal-
ysis is also intended to capture the real pole describing thereturn
phase, thep is incremented by one to 11.
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Figure 4: A 3-dimensional histogram displaying the number
of waveforms determined at a particular percentage error ofTa
against the return phase coefficientQa.

Of the derivative glottal pulse trains generated, some wereex-
cluded from the results for two reasons:

• At leastp linear equations are required to ensure convergence of
the linear prediction equations; any glottal source wave config-
uration that prevented this requirement could not undergo anal-
ysis. This excluded 13.19% of configurations.

• Occasionally the covariance analysis did not yield a singlepos-
itive real pole, meaning thatTa could not be estimated by the
outlined method. This excluded 5.38% of configurations.

In all, a total of 185,260 experiments yielded analyzable results.
The error measured by the signal is the percentage error of the

Ta parameter, calculated according to the formula:

ETa = 100
Test

a −Ta

Ta
(7)

whereTest
a has been calculated according to (6).

The routine utilized to generate the LF model pulses requires
integer period lengths. Because of this, fundamental frequency val-
ues are slightly different than the ones listed: period lengths are
rounded to the nearest integerT0 = int( f0

fs
).

In order to test the relationship in more realistic situations, two
other scenarios were also tested: the case where the system is cor-
rupted by varying levels of amplitude modulated Gaussian noise,
and the scenario where the system is noiseless but the glottal clos-
ing instant is offset by a certain number of samples.

5. DISCUSSION OF RESULTS

The graph shown in Figure 4 shows the distribution of theTa param-
eter percentage error determined by the method described inSection
3.2. The diagram shows that for small return phase coefficients, i.e.
smallTa values, the percentage error is low, with a large number of
cases exhibiting errors near 0%.

The graph indicates that as the return phase coefficient of the
tested pulses increases the percentage error in the estimation of the
Ta coefficient also grows larger. This positive correlation was ex-
pected as the relationship given by (6) was derived from the premise
that the return phase is an exponential function. As previously men-
tioned, this segment is not a true exponential, due do the offset re-
quired for a null value attc. The value of this offset can be directly

calculated from the LF model return phase (3):

LFo f f set=
−Eee−ε(Tc−Te)

εTa
(8)

From (8) above, it can be seen that large offsets occur when the
length of the return phase (calculated as(Tc−Te)) is short in dura-
tion and theTa parameter is large. In these extreme cases, it seems
that the return phase would be more appropriately modeled bysome
other mathematical function, rather than an exponential.

As is evidenced by the diagram, the method outlined in this
work is most successful when parameterizing return phases result-
ing from smallQa values. It has been noted in [16] that, for real
speech, normalTa values tend to be small. In order to support this
claim, theQa values for several voice types were calculated from
the typical parameters values given in [17]. These values were ob-
tained from the analysis of data and speech synthesis experiments
in voice conversion, and can be seen in Table 2.

Voice Qa

modal 0.001
vocal fry 0.08
breathy 0.07
falsetto 0.4
harsh 0.01

Table 2: TheQa coefficients of several voice types, from [17].

Modal, vocal fry, breathy and harsh voice types all have small
Qa parameters; Figure 4 suggests that these values would introduce
little percentage error. Only falsetto voices types, whereQa = 0.4
could errors become significant. Informal perceptual testing per-
formed by the first author confirmed this finding.

Inappropriately modeling the return phase influences the abil-
ity of the model to correctly determine the vocal tract parameters.
In cases where the return phase is significantly different from an
exponential, false poles at very low frequencies (usually less than
200Hz) may appear. This low resonance shifts the estimated vocal
tract formant center frequency and bandwidths values in a manner
that is difficult to predict. This observation seems to contradict the
heuristical rule mentioned in [4] where any root below 250Hzis
removed. In those experimental scenarios where low poles were
observed to occur in this work, the remaining resonances arenot
representative of the vocal tract. Although, as this paper confirms,
it is reasonable to remove a single positive real pole, it is not ob-
vious why removing other low frequency resonances would be rea-
sonable. However, the appearance of such poles may be an indi-
cation that closed phase covariance linear prediction is a technique
unsuited to the analysis of that particular speech period.

The results given in Figures 5 and 6 reflect the sensitivity ofthe
relationship between the real pole and theTa parameter to noise and
location of the analysis interval to the glottal closing instant respec-
tively. As would be expected, the greater the noise level within the
signal the less applicable the method, though still offering reason-
able accuracy for certain voice types with high signal-to-noise ratios
(SNRs). In the cases where the analysis interval is misplaced due
to an inaccurately detected glottal closing instant, the relationship is
fairly robust to any positive offset. However, as can be seenin lower
sub-figures of Figure 6, any misplacement which includes anypor-
tion of the open phase offers renders the method virtually useless:
any real pole detected tends to be quite near the unit circle and not
representative of the slope of the signal. In fact, oftentimes two real
poles or a very low frequency complex conjugate pair appear are
detected - anomalies of this type may be used as an indicationof
misplacement.

6. CONCLUSIONS AND FUTURE WORK

In this work, the issue of the positive real pole that sometimes ap-
pear in the results of closed phase covariance linear prediction is
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Figure 5: The percentage error of theTa estimate predicted
by the real pole found by analysis in the case where Gaussian
noise is added to and modulated by the source signal at different
SNRs.

highlighted. Because this pole is unexpected from the pointof view
of the acoustic theory of speech production, the common approach
to deal with this pole is to simply discard it. Rather than discard the
speech signal information implied by the presence of this pole, this
paper has illustrated that it is an indication of time domainshape of
the return phase of the glottal cycle in the common situationwhere
the phase can be approximated by an exponential function anda
portion of the return phase is wrongly attributed to the glottal closed
region. Specific focus was placed upon the prevalent LF modelof
derivative glottal flow, whoseTa parameter was shown to be mod-
eled by a simple mathematical relationship with the pole position.

In order to validate this theory behind this relationship, various
experiments were undertaken for a diverse set of synthetic voice
types. Due to the difficult nature of applying the theory developed
within this work to real speech, the experiments have been neces-
sarily confined to synthetic speech. However, as the LF modelhas
shown to be a suitable model for realistic derivative glottal source
waveforms [7], the techniques described within this work can theo-
retically be applied to real-world scenarios. Depending onthe char-
acteristics of the voice, it was shown that the return phase of the
underlying glottal model can be parameterized with high accuracy.

The techniques outlined in this work also implies that the glot-
tal return phase can be parameterized by applying a single order
covariance method linear prediction directly. Future workincludes
using the techniques above to develop a novel method of glottal
source parameterization, and to extend the technique in order to
more successfully handle return phases that deviate from anideal
exponential function. This would included an exploration the fail-
ure of closed phase inverse filtering in the cases which produces a
very low frequency pole in the analysis results.
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ABSTRACT

The adaptive multi-rate - wideband (AMR-WB) speech
coding standard will improve the speech quality of
telecommunication applications compared to the tra-
ditional narrowband speech transmission. This work
presents a performance evaluation of the different modes
of the AMR-WB standard for hands-free car kits. These
investigations consider different noise situations, single
and multichannel noise reductions systems, and the pos-
sible Bluetooth link between the hands-free device and
the mobile phone.

1. INTRODUCTION

The AMR-WB speech codec is a speech coding stan-
dard which enables wideband audio transmission with a
bandwidth in the range 50 Hz - 7 kHz [1]. This ex-
tension of the classical narrowband signal (300 Hz -
3.4 kHz) will significantly improve the speech quality
transmission in future telecommunication applications.
The publications [2, 3, 4, 5] provide a closer look at
today’s wideband speech and audio coding standards.

This paper considers the AMR-WB speech transmis-
sion for hands-free applications in a car environment.
The AMR-WB codec has been developed for use in
mobile radio environments where typical usage condi-
tions may include both channel errors and high-level
background noise. In the course of AMR-WB stan-
dardization, the codec was extensively tested. The ex-
periments covered tests for clean speech and speech in
four types of background noise including one scenario
with car noise [6]. Under the considered conditions,
the AMR-WB codec provides robust operation. For car
noise Mean Opinion Scores (MOS) from 2.7 for the low-
est bit rate codec (6.6 kps) up to a MOS value of 4.2
with a data rate of 12.65 kbps were reported [6].

However, the speech quality of a hands-free car kit is
not only affected by car noise. Speech has to be picked
up as directly as possible to reduce reverberation and
to provide a sufficient signal-to-noise ratio, where the
distance between microphone and speaker depends sig-
nificantly on the position of the driver and therefore on
the size of the driver. Furthermore, other noise sources
like airflow from electric fans or car windows have to be
considered. Good noise robustness requires the use of
noise suppression techniques like spectral subtraction [7]
for single microphone systems. Such noise reduction

The research was supported by the Baden-Württemberg Min-
istry of Science, Research and the Arts.

algorithms improve the signal-to-noise ratio, but they
usually introduce undesired speech distortion.

Originally introduced as optional features connected
by a wire to mobile phones, hands-free devices are now
generally available with wireless technology. Typically
they use Bluetooth as wireless link to the mobile phone.
However, the speech transmission according to the cur-
rent Bluetooth standard does not support the new wide-
band technology. Currently, the speech signal is trans-
mitted as a 64 kbps PCM coded signal without addi-
tional speech coding. The bandwidth is therefore lim-
ited to the narrowband frequency range. The PCM sig-
nal provides a high quality input signal for the speech
codec of the mobile network, because transcoding of
lossy speech codecs is avoided. To overcome the problem
of the missing wideband support for the Bluetooth link
the ITU-T Focus Group on From/In/To Cars Commu-
nication II has suggested the introduction of the ITU-T
G. 722 standard for Bluetooth speech transmission [8].
This codec works on a sample basis and therefore intro-
duces low delay. On the other hand, transcoding from
G.722 to AMR-WB has to be performed in the mobile
phone. Such a transcoding of lossy speech codecs almost
always introduces generation loss. Moreover, the Blue-
tooth transmission may introduce additional transmis-
sion errors that may further diminish the speech quality.

The introduction of wideband speech requires a dou-
bling of the sampling rate compared with conventional
narrowband speech transmission. For hands-free units
the higher sampling rate significantly increases the com-
putational complexity of the required speech process-
ing like noise reduction and echo compensation. It is
therefore interesting to evaluate the potential quality
improvements of the new wideband speech transmission
for realistic hand-free scenarios.

This work presents a performance evaluation of the
AMR-WB codec for hands-free car kits, where we con-
sider reverberation, different noise situations, single and
multichannel noise reduction systems, and the possible
Bluetooth link between the hands-free device and the
mobile phone. The speech quality is evaluated by means
of instrumental quality measures as well as informal lis-
tening tests.

2. SIMULATION MODEL

For the performance evaluation of wideband speech
transmission we used the system model depicted in
Fig. 1. The system model represents the simulation of
hands-free car communication.
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Fig. 1: System model

The clean speech signal is transmitted from the
mouth of an artificial head to the hands-free micro-
phones. Thereby the speech signal is distorted by car
noise and reverberation. We assume that the acoustic
system is linear, i.e. we can model the system by its
impulse responses.

To improve the signal-to-noise ratio the unprocessed
speech, recorded by the hands-free microphones, is pro-
cessed by a noise reduction algorithm in the hands-free
unit. The output signal of the hands-free unit is trans-
mitted to the cellular phone over a Bluetooth link. To
compress the speech signal for the Bluetooth transmis-
sion we assume that the ITU-T wideband speech codec
G.722 is used as proposed in [8]. The encoded bits are
transmitted using an asynchronous connectionless link
(ACL).

The speech data is then transcoded by the AMR-
WB codec which is utilized in the Universal Mobile
Telecommunications System (UMTS). We assume that
the transmission over the cellular network is error-free.
The AMR-WB codec operates with 9 different bit rates
from 6.6 to 23.85 kbps. For our investigations we con-
sidered only the bit rates 6.60, 12.65 and 23.85 kbps.

For the evaluation of the speech quality the decoded
speech is processed by the 3QUEST algorithm. In the
following subsections some system blocks are discussed
in more detail.

2.1 Acoustic System

Our simulations are based on measurements with two
cardioid microphones with positions suited for car in-
tegration: One microphone was installed close to the
inside mirror. The second microphone was mounted at
the A-pillar. With respect to three different background
noise situations, we recorded driving noise at 100km/h
and 140km/h. As third noise situation we considered
the noise which arises from an electric fan (defroster).
With an artificial head the impulse responses to the two
microphones were measured.

As clean speech signals we took the German-
speaking test samples from the recommendation P.501 of
the International Telecommunication Union (ITU) [9].
For the simulation, the clean speech x(k) was convo-
luted with the impulse responses h1(k) and h2(k) of the
acoustic system. Then the recorded car noise n1(k) and
n2(k) was added. The ith microphone signal is therefore

calculated as

yi(k) = x(k) ∗ hi(k) + ni(k) .

To improve the signal-to-noise ratio, hands-free units
usually utilize noise suppression techniques. We con-
sider to different acoustic front ends: a single micro-
phone system and a two microphone noise reduction
system. The single-channel algorithm uses the micro-
phone installed close to the inside mirror and spectral
subtraction to suppress ambient noise [10]. For the two
channel approach the microphone signals are combined
as proposed in [11]. The input and output signal-to-
noise ratios for both algorithms are given in Table 1.
Note that for the considered noise scenarios, the two
channel noise suppression achieves an improvement of
the MOS values of 0.5 compared with the single-channel
algorithm (informal listening tests with respect to x̂(k)).

2.2 G.722 over Bluetooth

For the radio transmission between the hands-free unit
and the cellular phone the Bluetooth ACL connection
with a maximum bidirectional data rate of 432.6 kbps
was used. The advantage of the ACL connection com-
pared with the synchronous connection oriented (SCO)
connection is that it allows to transmit a binary coded
speech signal. Bluetooth supports circuit switched con-
nection with a data rate of 64 kbps or 128 kbps. But
the current specifications for SCO connections support
only the transmission of PCM coded narrow band speech
data with 64 kbps. The SCO link is therefore not suit-
able for a wideband transmission. The disadvantage of
the ACL connection for speech transmission is that la-
tency and delay increases compared to a SCO connec-
tion. Furthermore, the ACL connection is packet ori-
ented and the timely arrival of speech packages is not
guaranteed. To consider the effects of late package ar-
rivals we used a statistic model as described in section
3.

To allow a wideband audio transmission over the
ACL connection the speech signal was encoded with the
ITU G.722 codec. The G.722 codec provides a signal
bandwidth of 7000 Hz and reduces the bit rate to 48,
56, or 64 kbps, respectively. In our system model we de-
limit the bit rate to 64 kbps to achieve the best possible
speech quality. After the simulated Bluetooth transmis-
sion the G.722 decoder reconstructs the encoded speech
data.
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Noise Reduction Environment SNR of y1(k) SNR of y2(k) SNR of x̂(k)

Two channel noise reduction 100 km/h 4.14 5.77 15.70
140 km/h -0.64 1.15 11.64
Defroster 6.65 7.19 16.96

Single channel noise reduction 100 km/h 4.14 - 14.12
140 km/h -0.64 - 9.61
Defroster 6.65 - 16.62

Tab. 1: Input and output signal-to-noise ratios for the applied noise reduction algorithms for three driving scenarios.

2.3 Evaluation of the Results

The speech quality of the wideband transmission has
been evaluated by means of instrumental quality mea-
sures as well as informal listening tests. The instru-
mental quality analysis of the generated audio data was
done by the tool 3QUEST [12]. It rates the signal by the
mean opinion score (MOS) and therefore automates the
subjective tests. 3QUEST takes as input files the clean
speech signal x(k) as a quality reference, the noisy sig-
nal y1,2(k) which arrives at the microphones and the
processed speech x̂Proc(k) which runs through the com-
plete simulation chain. 3QUEST computes three MOS
values to rate the speech quality.

N-MOS Quality of the noise signal.
S-MOS Quality of the speech signal.
G-MOS Overall quality of the speech signal.

Each MOS value is expressed in one number in the
range from 1 to 5, 1 being the worst and 5 the best.

3. MODEL OF BLUETOOTH ACL
TRANSMISSION

The encoded audio data cG722 is transmitted over a
Bluetooth ACL connection between the handsfree unit
and the cell phone. The errors which happen during this
transmission can not be reproduced accurately for the
same scenario in real Bluetooth transmissions. There-
fore a simulation of the Bluetooth transmission was cre-
ated. The simulation is driven by a model which repro-
duces errors which share the same characteristics as the
errors which were recorded on the measurements of a
scenario.

Two models were created from measurements in two
different scenarios where the set up of the Bluetooth de-
vices was arranged in different ways. The measurements
of each scenario trained the models which are based on
Markov chains. The model is able to estimate how many
packets are going to be received from step to step de-
pending on the state of the transmission.

Models were created for two scenarios where two
Bluetooth devices were placed inside a car. The dis-
tance between both devices was approximately 1.5 m.
With one scenario a Bluetooth device was additionally
covered to shield the Bluetooth antenna.

Both machines were equipped with the same Blue-
tooth chip set. The data stream in each direction had a
throughput of 64 kbps which is the flow-rate of the G.722
encoded audio stream. The stream was fragmented into
packets of 80 byte which are sent in 10 ms time slots.
Each receiver expects these packets in the same 10 ms

but has a jitter buffer of 5 ms implemented. So the la-
tency sums up to 15 ms. The measurements were done
with a bidirectional transmission of ACL packets. The
packet error rates for the two considered scenarios were
0.5% and 2%, respectively. ACL implements a retrans-
mission protocol for a reliable connection and guarantees
that all packets are received in the correct order. So in
this application an error occurs if the packet was not
received within the 15 ms. If no packets were received
within a time slot a simple error concealment was done
by repeating the last packet of encoded G.722 data. If
multiple packets were received during one time slot the
latest packet was taken. More advanced concealment
methods are proposed in the appendices III and IV of
the ITU-T G.722 recommendation.

An error consists typically of two phases. The first
phase is when the connection is disturbed and the packet
stream stalls. During this phase it is very likely that no
packets are received over a time span which can last mul-
tiple time slots. After the connection is not disturbed
any more the catch up phase begins. This phase can
also last for several time slots. During each time slot of
this phase one or typically more of the delayed packets
are received.

To model the dependency of received packets during
different phases the states of the Markov chain had to
be split up into two characteristics. The first one gives
the number of packets received in the last time slot. The
second gives the number of packets the machine is be-
hind of a synchronous transmission. The first character-
istic describes the state of the transmission. The second
characteristic determines the duration of the phase of an
error. The longer the connection stalls the more likely
it will recover and change to the catch up phase.

Both characteristics are combined in a table (see
Fig. 2). Each entry represents a state. And each state
points to a probability distribution which maps a prob-
ability to the number of packets which are expected to
be received in the next time slot.

Number of packets 
since last time slot

Number of packets
behind of a synchron-
ous transmission

Probability distribution for 
the number of packets 
in the following time slot

0 1 ...

...

0

1

0 ...1 2 3

0 ...1 2 3

0.24 0 0.76 0 ...

...0.01 0.99 0 0

Fig. 2: Bluetooth model based on a Markov chain. The table
to the left specifies the state of a transmission error. Each state
points to a probability distribution of how many packets are ex-
pected in the next time slot.
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Listening tests AMR-NB AMR-WB AMR-WB
& G.722

AMR bitrate 12.20 6.60 12.65 23.85 23.85
Noise reduction Environment G-MOS G-MOS G-MOS G-MOS G-MOS

Two channel noise reduction 100 km/h 3.4 3.9 - 4.3 4.4
140 km/h 2.4 3.5 - 3.5 3.6

Single channel noise reduction 100 km/h 2.1 - - 3.0 -
140 km/h 1.5 - - 2.4 -

3QUEST results AMR-NB AMR-WB AMR-WB
& G.722

AMR bitrate 12.20 6.60 12.65 23.85 23.85
Noise reduction Environment G-MOS G-MOS G-MOS G-MOS G-MOS

Two channel noise reduction 100 km/h 3.1 3.6 3.6 3.6 3.6
140 km/h 2.3 3.0 3.0 3.1 3.1

Single channel noise reduction 100 km/h 3.1 3.4 3.4 3.4 3.5
140 km/h 2.5 3.0 3.0 3.1 3.1

Tab. 2: MOS values from listening tests with 21 test persons (upper table) and the 3QUEST results (lower table), error-free Bluetooth
transmission.

Noise reduction Environment AMR-WB 6.60 AMR-WB 23.85
S-MOS N-MOS G-MOS S-MOS N-MOS G-MOS

Two channel noise reduction 100 km/h 4.2 3.6 3.6 4.3 3.4 3.6
140 km/h 3.7 3.0 3.0 3.9 2.9 3.1
Defroster 3.9 3.3 3.3 4.1 3.2 3.4

Single channel noise reduction 100 km/h 4.2 3.0 3.3 4.4 3.0 3.5
140 km/h 4.1 2.4 3.0 4.3 2.4 3.1
Defroster 4.1 3.1 3.3 4.3 3.0 3.4

Tab. 3: Detailed 3QUEST results for error-free Bluetooth transmission.

Noise reduction Environment AMR-WB 6.60 AMR-WB 23.85
S-MOS N-MOS G-MOS S-MOS N-MOS G-MOS

Two channel noise reduction 100 km/h 3.9 3.6 3.4 4.0 3.4 3.4
140 km/h 3.4 2.9 2.8 3.5 2.9 2.8
Defroster 3.7 3.3 3.2 3.9 3.3 3.2

Single channel noise reduction 100 km/h 4.0 3.1 3.2 4.1 3.0 3.3
140 km/h 3.8 2.7 2.9 3.9 2.7 3.0
Defroster 4.0 3.2 3.3 4.2 3.0 3.4

Tab. 4: Detailed 3QUEST results for erroneous Bluetooth transmission.
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4. SIMULATION RESULTS

Tab. 2 presents simulation results of the instrumental
quality measures calculated by the 3QUEST algorithm
as well as results of the listening tests with 21 test per-
sons. The rightmost column contains the results with
G.722 transcoding, where we assume error-free Blue-
tooth transmission. All other values were obtained with-
out G.722 transcoding.

A notable result of the listening test is the subjec-
tive improvement of the voice quality from narrowband
to wideband speech transmission. Tab. 2 shows that
the test persons rated the wideband speech with the
AMR-WB 23.85 codec about one point better than the
narrowband signals in all considered background noise
situations. Even with the data rate of 6.6 kbps, an im-
provement of 0.5 to 0.9 points is achieved. Compar-
ing the results with and without G.722 transcoding, we
observed almost the same voice quality in direct A-B
comparisons. This is also indicated by the results in
Tab. 2. Interestingly, the test persons rated the signals
with lossy transcoding slightly better than the speech
signals without transcoding. The presented results also
demonstrate that the overall speech quality strongly de-
pends on the employed noise reduction approach. The
single channel scheme leads to more speech distortion
and therefore lower MOS values.

Comparing the results of the listening tests with
the values obtained with 3QUEST, we note that the
3QUEST values do not reflect the results of the listen-
ing tests in detail. The 3QUEST results, however, cor-
rectly predict trends in scenarios with the same noise
reduction algorithm.

Tab. 3 and Tab. 4 display the MOS values as cal-
culated by 3QUEST and compare an ideal Bluetooth
transmission with the simulated erroneous transmission.
The comparison shows a decline in the MOS values of
about 0.2 points when transmission errors are consid-
ered. The two Bluetooth scenarios produced almost
identical MOS values, so Tab. 4 represents both scenar-
ios. Further tests in an office scenario showed a rapid
decrease in the MOS values when the Bluetooth connec-
tion is disturbed, e.g. when the Bluetooth devices are
separated over longer distances or by walls. The MOS
values as calculated by 3QUEST dropped by one point
when the devices were located 5 m from each other and
separated by a wooden wall in comparison to a trans-
mission where both devices were located next to each
other.

5. CONCLUSIONS

In this work we have presented a performance evaluation
of the AMR-WB standard for hands-free car kits.

The results of the instrumental quality measures as
well as the listening tests show that the AMR-WB codec
increases the speech quality significantly in comparison
to the AMR-NB codec. This is true for all considered
car noise scenarios. The AMR-WB codec displays good
noise robustness in combination with different noise sup-
pression techniques.

For in-car applications with erroneous Bluetooth
transmission, the simulation results show that the G.722
in combination with the Bluetooth ACL connection is
robust against transmission errors. Transcoding to the
G.722 codec has little influence on the speech quality as

long as the Bluetooth connection introduces few trans-
mission errors. Therefore, the G.722 codec is a suitable
candidate for introducing wideband speech transmis-
sion in the Bluetooth standards. However, in situations
where the Bluetooth devices are separated over longer
distances or by walls, a rapid decrease of the MOS values
was experienced. Here, an improvement could possibly
be achieved by disabling the retransmission algorithm of
the ACL connection and using a best effort transmission
instead. This is the subject of further investigations.
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ABSTRACT
In this paper, the Gaussian mixture model (GMM) based
parametric framework is used to design a product vec-
tor quantization (PVQ) method that provides rate-distortion
(R/D) performance optimality and bitrate scalability. We use
a GMM consisting of a large number of Gaussian mixtures
and invoke a block isotropic structure on the covariance ma-
trices of the Gaussian mixtures. Using such a structured
GMM, we design an optimum and bitrate scalable PVQ,
namely an split (SVQ), for each Gaussian mixture. The use
of an SVQ allows for a trade-off between complexity and
R/D performance that spans the two extreme limits provided
by an optimum scalar quantizer and an unconstrained vector
quantizer. The efficacy of the new GMM based PVQ (GM-
PVQ) method is demonstrated for the application of speech
spectrum quantization.

1. INTRODUCTION

Conventional design of a product vector quantization (PVQ)
method is carried out in a non-parametric framework where
the quantizer is designed directly from a training databasefor
a specified bitrate. Generally, a PVQ method does not pro-
vide R/D optimality and bitrate scalability. To achieve R/D
optimality, an optimum bit allocation strategy can be used
[1], but with the requirement of better modeling a source
pdf in a parametric framework. A simple strategy of mod-
eling a vector source pdf using a unimodal density (such as
a Gaussian or Laplacian pdf) may not lead to a better R/D
performance. On the other hand, for the issue of bitrate scal-
ability, we desire to design a quantizer that can operate at any
specified bitrate (from a lowest bitrate to a specified highest
bitrate) without the requirement of retraining the quantizer or
storing multiple codebooks designed for continuum bitrates.

To achieve R/D optimality and bitrate scalability, Sub-
ramaniam and Rao [2] proposed a pdf optimized paramet-
ric framework where a vector source pdf is modeled using a
multi-modal Gaussian mixture (GM) density. The use of a
Gaussian mixture model (GMM) is well known in the liter-
ature for modeling an arbitrary source pdf quite accurately.
For designing a GMM based PVQ (GMPVQ) method with
R/D optimality, a basic requirement is to design an optimum
PVQ for each Gaussian mixture of the GMM. In [2], Sub-
ramaniam and Rao had used a GMM of an unconstrained
structure, consisting of a lower number of correlated Gaus-
sian mixtures. Hence, for each correlated Gaussian mixture,
they used a transform domain scalar quantizer (TrSQ) [1] as a
simple PVQ. For the TrSQ of a correlated Gaussian mixture,
the relevant mixture specific KLT was used to de-correlate
the source vector and then the transform domain uncorrelated
components were quantized using an optimum scalar quan-
tizer (SQ) [1]. To design an optimum SQ, a variance based

optimum bit allocation strategy was invoked [1]. In the same
framework of using an unconstrained GMM, another GM-
PVQ method was developed in [3] where the use of a lat-
tice VQ was explored as a PVQ. The lattice based GMPVQ
method of [3] was shown to provide better R/D performance
than the SQ based GMPVQ method of [2] at higher bit rates,
but to suffer at lower bitrates. A lattice VQ suffers at lower
bitrates due to the problem of lattice scaling in a support re-
gion and hence, the use of a lattice VQ does not guarantee
better R/D performance for any bitrate.

To quantize a non-stationary source (for example, speech
and image sources, and their parameters), the use of a GMM
consisting of a large number of Gaussian mixtures leads to
better modeling of the source pdf. Because of the choice
of a large number of mixtures, it is a standard practice to
choose a diagonal covariance matrix for each Gaussian mix-
ture leading to uncorrelated vector components within each
mixture [4]. Using such a structured GMM consisting of a
large number of uncorrelated Gaussian mixtures, an optimum
and scalable GMPVQ method was developed in [5] where an
optimum SQ was designed as a PVQ for each uncorrelated
Gaussian mixture. For quantization of non-stationary speech
parameters at any bitrate, the structured GMM based GM-
PVQ method of [5] was shown to provide better R/D perfor-
mance than the unstructured GMM based GMPVQ method
of [2] while retaining bitrate scalability.

Several GMPVQ methods have been developed in recent
literature [6]-[9], notably the switched quantization methods.
Most of these methods address the issue of R/D optimality,
but not the bitrate scalability. Developing a bitrate scalable
GMPVQ method is hamstrung due to the prohibitive mem-
ory requirement of storing PVQ codebooks designed for all
Gaussian mixtures at continuum bitrates. In case of the GM-
PVQ methods of [2] and [5], the use of SQs (as PVQs) al-
lows for invoking a simple statistical normalization (mean
removal and variance normalization) technique without com-
promising the optimality of R/D performance and inherently
helps to solve the memory complexity problem. For these
SQ based GMPVQ methods, storing a set of optimum code-
books designed for a zero mean and unit variance (ZMUV)
Gaussian scalar source at continuum bits/scalar suffices to
address the R/D optimality as well as bitrate scalability; note
that the codebook storage requirement of a ZMUV Gaussian
scalar source at continuum bits/scalar is minimally intensive.

For the scalable GMPVQ methods of [2] and [5], the
use of SQ results in a loss of higher dimensional coding ad-
vantage, mainly the space-filling loss [10]. To recover the
space-filling loss at any bit rate, we propose to use an op-
timum product VQ, namely an split VQ (SVQ) [11]. In the
new GMPVQ method, an optimum SVQ is designed for each
Gaussian mixture. For an optimal SVQ to quantize an un-
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Figure 1: Gaussian mixture model based product vector quantization (GMPVQ) method.

correlated Gaussian vector source, a source vector is split
into subvectors and then quantized independently following
a subvector-based optimum bit allocation strategy [11]. The
R/D performance and complexity trade-off of an optimum
SVQ spans the two extreme limits provided by an optimum
SQ and an unconstrained VQ. In general, for quantizing a
vector source with arbitrary covariance structure, an opti-
mum SVQ does not provide bitrate scalability through the
use of a statistical normalization method. To provide bitrate
scalability, we use a GMM consisting of a large number of
uncorrelated Gaussian mixtures and further impose a struc-
ture on the covariance matrices of the Gaussian mixtures. We
propose to use ablock isotropic covariance matrix for each
uncorrelated Gaussian mixture. Based on such a structured
GMM, we show that it is possible to design and use a bitrate
scalable SVQ through the application of a statistical normal-
ization method. For speech spectrum quantization, we show
that the new SVQ based GMPVQ method provides better
R/D performance than the SQ based GMPVQ methods of
[2] and [5] while retaining bitrate scalability.

2. GMM BASED PVQ

In this section, we discuss the general structure of a GMPVQ
method. LetX be thep-dimensional source vector; the pdf
of X is modeled using a GMM ofM Gaussian components
as

fX(x) ≈
M

∑
m=1

αm N (x; µm,X,Cm,X) , (1)

whereαm, µm,X andCm,X are the prior probability, mean
vector and covariance matrix of them’th Gaussian mix-
tureN (x; µm,X,Cm,X). The approximate equality, used in
eq. (1), is because of modeling a source pdf using the GMM
with finite number ofM mixtures. For the proposed GM-
PVQ method, we choose a large number of mixtures (i.e.
a largeM) and invoke a structure on the covariance matri-
ces of the Gaussian mixtures. A GMM consisting of a large
number of mixtures has been used in the literature [12] to
predict the theoretical high rate performance of a full search
VQ. Following a standard practice, we use an expectation-
maximization (EM) algorithm for evaluating the GMM pa-
rameters.

In the case of an optimum GMPVQ, an optimum PVQ is
designed for each Gaussian mixture of the GMM. Therefore,
a GMPVQ method comprises a set ofM PVQs. A general
block diagram of a GMPVQ is shown in Fig. 1. To quantize
an input vector, the algorithmic steps are as follows:

1. Selection of PVQs: The input vector is compared with
the M mean vectors of all Gaussian mixtures using the
square Euclidean distance (SED) measure and the SED
distance values are rank ordered (sorted); according to
the rank ordering, theL number of nearest neighbor (NN)
optimum PVQs are chosen from the set ofM optimum
PVQs for quantization.

2. Quantization: Quantize the input vector using the se-
lectedL NN optimum PVQs.

3. Analysis-by-synthesis: Reconstruct theL quantized vec-
tors. Choose the best quantized vector using an applica-
tion specific relevant distance measure.

For the GMPVQ method of Subramaniam and Rao [2]
and its later extension [3], a lower number of Gaussian mix-
tures is used to model a GMM. Therefore, the mixtures are
highly overlapping in nature and thus, it is required to use
all the mixture specific PVQs to choose the best quantized
vector through the analysis-by-synthesis (AbS) technique.
This approach of using all the quantizers from a set of avail-
able quantizers follows a framework of universal quantiza-
tion (UQ) [13]. As we use a GMM consisting of a large num-
ber of Gaussian mixtures, strictly following the UQ frame-
work of employing all the PVQs leads to high computational
complexity. Following the work of [5], [9], we use a sub-
set of quantizers from a set of all quantizers. We use a
selection stage where an input vector is compared withM
mean vectors of Gaussian mixtures using the SED measure
(i.e. using nearest neighbor criteria) and a set ofL optimum
PVQs are chosen from the set ofM optimum PVQs using
rank ordering (sorting). For a fixedM, an increase ofL re-
sults in a decrease of quantization distortion. Theoretically,
least quantization distortion is achieved if we truly follow
the UQ framework, i.e., if we useL = M. In practical cases,
a decreasing trend of quantization distortion saturates with
an increase ofL. Therefore, a suitableL can be chosen on
the basis of a trade-off between computational complexity
and quantization distortion. For an input vector, the use ofL
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PVQs (practicallyL ≪ M) keeps the complexity under check
and permits us to choose a much higher value ofM for better
source density modeling. Also, the increase ofM allows for
using Gaussian mixtures with diagonal covariance matrices.
The use of uncorrelated Gaussian mixtures helps to invoke
further structure on the covariance matrices.

3. STRUCTURED GMM BASED PVQ

We design a scalable and optimum GMPVQ method where
a scalable and optimum PVQ is designed for each Gaussian
mixture of the GMM. Invoking a structure on the covariance
matrices of the Gaussian mixtures in the GMM, we design
a set of scalable and optimum PVQs which are not storage
intensive. To model the source pdf using a GMM, we use
a large number of Gaussian mixtures and assume that the
mixtures are uncorrelated.

For the PVQs, we propose to use scalable and opti-
mum SVQs. Let us consider to design a scalable and op-
timum SVQ for them’th Gaussian mixture. For them’th
Gaussian mixture specific SVQ, an input vectorX is split
into Sm number of subvectors (1≤ Sm ≤ p) such thatX =
[

X
T
m,1 X

T
m,2 . . .XT

m,Sm

]T
and each subvectorXm,i is vector

quantized independently. Let, the dimension ofXm,i beqm,i

such that∑Sm
i=1 qm,i = p. It is possible to design an optimum

SVQ for each Gaussian mixture through optimum bit allo-
cation among subvectors [11], but difficult to address the is-
sue of bitrate scalability. For a GMM consisting of a large
number of uncorrelated Gaussian mixtures, we invoke fur-
ther constraint on the structure of the GMM to address the
issue of designing bitrate scalable SVQs. Using the split vec-
tor notation, let us express the diagonal covariance matrixof
them’th Gaussian mixtureCm,X as:

Cm,X =











CXm,1Xm,1 0 . . . 0

0 CXm,2Xm,2 . . . 0

...
...

. . .
...

0 0 . . . CXm,SmXm,Sm











, (2)

whereCXm,iXm,i is the covariance matrix of thei’th subvector
Xm,i; eachCXm,iXm,i is a diagonal matrix of dimensionqm,i×
qm,i. We invoke a constraint such that a sub-vector covariance
matrix is isotropic, i.e.

CXm,iXm,i = σ2
m,iI. (3)

Using such a block isotropic covariance matrix, we note that
theqm,i-dimensional subvectorXm,i can be quantized using a
codebook designed for aqm,i-dimensional subvector consist-
ing of ZMUV Gaussian scalar components. Let us refer to a
subvector consisting of ZMUV Gaussian scalar components
as a ZMUV subvector. An input subvectorXm,i is mean re-
moved and covariance normalized to produce a ZMUV sub-
vector

Ym,i =
{

C
−1
Xm,iXm,i

}1/2
[

Xm,i −µXm,i

]

, (4)

where µXm,i is the corresponding subvector part of
the mean vector ofm’th Gaussian mixture µm,X =
[

µT
Xm,1

µT
Xm,2

. . .µT
Xm,Sm

]T
. The ZMUV subvectorYm,i is

vector quantized aŝYm,i and then the quantized subvector
X̂m,i is computed through statistical inverse normalization as

X̂m,i =
{

CXm,iXm,i

}1/2
Ŷm,i + µXm,i . (5)

For vector quantizingXm,i, we note that the use of an
isotropic sub-covariance matrix allows to use a codebook de-
signed for a ZMUV subvectorYm,i without any loss of quan-
tization performance. That is, we achieve the same quanti-
zation performance as that of the case where a codebook is
directly designed and used for vector quantizingXm,i.

Now, for them’th Gaussian mixture specific SVQ, let us
choose the dimensions of subvectors as equal as possible.

Supposerm =
⌊

p
Sm

⌋

and we choose the dimensions of sub-
vectors as

qm,i =

{

rm for 1≤ i ≤ Sm −1,
p− rm for i = Sm.

(6)

Using such dimensions, we note that them’th Gaussian mix-
ture specific SVQ becomes scalable through the use of a set
of codebooks designed for arm-dimensional ZMUV subvec-
tor and a(p− rm)-dimensional ZMUV subvector.

Further invoking a constraint that the number of splits
is equal for all the SVQs, i.e.∀m,Sm = S, we note that all
the M SVQs become scalable through the use of a set of
codebooks designed for ar-dimensional ZMUV subvector
and a(p− r)-dimensional ZMUV subvector, wherer =

⌊ p
S

⌋

.
The codebooks are designed at varying bits/subvector and
used as reference codebooks. Using such a design choice of
equal number of splits, subvector dimensions and structured
GMM, we design bitrate scalable SVQs and hence, design a
scalable GMPVQ. Note that if we useS = p, the optimum
SVQs are nothing but optimum SQs providing poorest R/D
performance with minimum complexity and the SVQ based
GMPVQ method becomes the SQ based GMPVQ method
of [5]. On the other hand, forS = 1, the SVQs are noth-
ing but unconstrained VQs with best R/D performance at the
expense of highest complexity. Therefore, the use of an op-
timum SVQ provides a trade-off between R/D performance
and complexity which spans the two extreme limits of using
an optimum SQ and an unconstrained VQ. For a practical
SVQ method, a choice of splits decides the trade-off.

3.1 Optimum R/D Performance

In this subsection, we address the R/D performance optimal-
ity of the SVQ based GMPVQ method. For ab bits/vector
GMPVQ coder,bc = log2 M bits are used for transmitting
the winning quantizer (or mixture) identity and thus, the re-
maining (b− bc) bits are used for the corresponding PVQ,
here the corresponding SVQ. In case of them’th Gaussian
mixture specific optimum SVQ,(b− bc) bits are allocated
optimally to theS subvectors as shown in eq. (7) [11],
wherebm,i denotes the allocated bits to thei’th subvector.
In eq. (7), Kr is a dimensionality dependent constant as

Kr = 2
(

r
2Γ

(

r
2

))
2
r
(

r+2
r

)
r
2 . For each Gaussian mixture, the

optimum bit allocation is carried out to minimize the mean
square error (MSE) based on the high rate quantization the-
ory as shown in [11]. To find the integer bit allocation from
the real valued bit allocation of eq. (7), the well-known
water-filling algorithm or the recently proposed lattice based
algorithm by Farber and Zeger [15] may be applied. We use a
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(7)

simple heuristic algorithm [1] to get the integer bit allocation
for practical implementation. The quantized informationsare
the winning quantizer identitym⋆ usingbc = log2 M bits and
the indices of SVQ codebooks using{bm⋆,i}

S
i=1 bits. At the

decoder, the reconstructed vector is obtained after covariance
scaling and mean compensation.

3.2 Design of codebooks and memory complexity

For the SVQs of the GMPVQ method, we need to store
a set of codebooks designed for ar-dimensional ZMUV
subvector and a(p − r)-dimensional ZMUV subvector for
varying bits/subvector. Let us consider that the highest
bits/vector allocated to the GMPVQ method isb(h). We as-
sume that the coder always uses a bitrate ofb bits/vector
where b ≤ b(h). For the highestb(h) bits/vector alloca-
tion, we can find the highest bit allocations to a subvec-
tor among ther-dimensional subvectors and to a(p − r)-
dimensional subvector using eq. (7). Forb(h) bits/vector allo-
cation, let us denote the highest bit allocation to a subvector

amongr-dimensional subvectors asb(h)
r bits/subvector and

to a (p − r)-dimensional subvector asb(h)
p−r bits/subvector.

Therefore,b(h)
r = max

{{

{bm,i}
S−1
i=1

}

∀m

}∣

∣

∣

b=b(h)
andb(h)

p−r =

max
{{

{bm,i}i=S

}

∀m

}∣

∣

b=b(h) . To design scalable SVQs for
all the Gaussian mixtures, we need to store the codebooks
designed for ar-dimensional ZMUV subvector and a(p−r)-
dimensional ZMUV subvector at continuum bits/subvector
upto respectivelyb(h)

r bits/subvector andb(h)
p−r bits/subvector.

For the SVQ based GMPVQ method, the total memory com-
plexity (M ) to store the codebooks is (in floats)

M = ∑b(h)
r

i=1 r×2i +∑
b(h)

p−r
i=1 (p− r)×2i. (8)

Synthetic training datasets of ZMUV subvectors are used
to design the codebooks through employing the LBG algo-
rithm [14]. To keep the complexity under check, we assume
that an allocation of highest bits/subvector does not exceed a
practical limit of 10 bits/subvector1. Such a choice of high-
est bits/subvector can be invoked through a design choice of
number of splitsS.

4. SPEECH SPECTRUM QUANTIZATION

The application of the new GMPVQ method is demonstrated
in the context of speech spectrum quantization. Even though
the new quantization method can be used for several other ap-
plications, such as in image coding, speech waveform quan-
tization etc., we consider the wide-band speech spectrum

1For a practical application, a search complexity more thanO(210) is
computationally intensive.

quantization problem as the real world application since the
performance can be compared against the benchmark results
available in the literature.

In linear prediction (LP) based speech coding, the LP
spectrum is generally coded through the quantization of line
spectrum frequency (LSF) parameters. The performance of
LSF quantization is measured using a perceptual distance
measure called spectral distortion (SD). It is prescribed that
an average SD of 1 dB is required to achieve a transparent
quality quantization performance (i.e. to achieve inaudible
spectrum quantization distortion) [16], [17]. We assume that
a coder need not perform better than achieving the quality of
1 dB average SD. As the direct use of SD is computationally
intensive, an auxiliary distortion measure of vector depen-
dent weighted square Euclidean distance (WSED) measure
can be used for VQ of LSF parameters at high rate [16], [18].
The WSED approximates the SD at high rate [18].

We compared between three GMPVQ methods which are
developed based on unstructured and structured GMMs: (1)
the GMPVQ method of [2] (unstructured GMM based), (2)
the GMPVQ method of [5] (structured GMM based), and
(3) the proposed GMPVQ method (structured GMM based).
The GMPVQ method of Subramaniam and Rao [2] uses an
optimal TrSQ as a PVQ and hence, we refer this method as
GMTrSQ. The GMPVQ method of Chatterjee and Sreenivas
[5] is referred to as GMSQ where an optimal SQ is used as a
PVQ. An SVQ is used as a PVQ in the new GMPVQ method
and hence, it is referred to as GMSVQ. All these three GM-
PVQ methods are bitrate scalable and use AbS technique to
choose the best codevector. For AbS, we use the WSED mea-
sure where the spectral sensitivity coefficients are used asthe
weighting coefficients [18]. We note that the GMTrSQ and
GMSQ methods were earlier used for wideband LSF quan-
tization [17], [5]. For GMTrSQ method, we used eight full
covariance Gaussian mixtures to model a GMM (i.e.M = 8).
To achieve best R/D performance, we designed a variable
rate GMTrSQ method as implemented in [2]. On the other
hand, for GMSQ and GMSVQ, we used a GMM consisting
of 256 uncorrelated Gaussian mixtures (i.e.M = 256). To
keep the computational complexity under check,L = 10 and
L = 5 were respectively chosen for GMSQ and GMSVQ.

The speech data used in the experiments is from the
TIMIT database. The specification of AMR-WB speech
codec [19] is used to compute the 16-th order LP parame-
ter vectors which are then converted to 16-dimensional LSF
vectors. We used 361,046 LSF vectors as training data and
87,961 LSF vectors as test data (distinct from training data).
Using the training data, the GMMs were trained using EM
algorithm. For the SVQs of the GMSVQ method, we used
a split arrangement of (3,3,3,3,4)-dimensional subvectors to
code a 16-dimensional LSF vector. Therefore, in case of
the GMSVQ method, we store the codebooks designed for
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Figure 2: R/D performance comparison between three GM-
PVQ methods: GMTrSQ, GMSQ and GMSVQ.

three and four dimensional ZMUV subvectors from zero
bits/subvector to the highest 10 bits/subvector.

Fig. 2 shows the R/D performance of the three methods.
We note that the use of a GMM consisting of a large number
of Gaussian mixtures in the GMSQ method leads to better
performance than the GMTrSQ method where a GMM con-
sisting of a few Gaussian mixtures is used. The use of a large
number of mixtures helps to model a pdf better. Next, we
note that the GMSVQ method provides better performance
than the GMSQ method. The GMSVQ method provides an
improvement of 1 bits/vector than the GMSQ method at any
chosen bitrate. The GMSVQ method provides the transpar-
ent quality quantization performance of achieving 1 dB av-
erage SD at 44 bits/vector. For the GMSVQ method, we
assume that more than 44 bits/vector is not required to use at
any point of time. At 44 bits/vector, the coder uses a rate of
nearly 3 bits/scalar which is in the region of high rate. On
the other hand, at 30 bits/vector, the coder uses slightly less
than 2 bits/scalar which is in the region of lower rate. Unlike
the case of a lattice quantizer as shown in [3], we note that
the use of SVQ does not lead to a poorer quantization perfor-
mance compared to the use of SQ at the lower rate region.

5. CONCLUSIONS

We show that the use of a structured GMM along-with an
optimum PVQ leads to a design of a bitrate scalable and
optimum quantizer. For the application of wideband speech
spectrum quantization, the new GMPVQ method is shown to
perform the best compared to the recent GMPVQ methods.

We mention that there is still scope for further improve-
ment in R/D performance considering the lower bound of
LSF quantization [20]. Therefore, further research should
consider to develop improved scalable PVQs along-with bet-
ter source density modeling.
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ABSTRACT

In  this  study  two  frameworks,  made  up  of  digrams  and  
trigrams, are built for a complete coverage of the Turkish 
language.  In  addition,  character,  digram  and  trigram 
entropy  values  for  Turkish,  English  and  Spanish  are  
compared.  Examining  meaningful  Turkish  texts,  we  have  
achieved the result that, there are 3 major digram clusters  
which constitute slightly more than 60% of Turkish texts.  
Similar to digram distributions, there are 3 major trigram 
clusters  which  cover  almost  40%  of  Turkish  texts.  The 
statistics show that, for 99% coverage of Turkish, 391 (of  
841 theoretical) digrams and 3,396 (of 24,389 theoretical)  
trigrams  are  sufficient.  The  results  of  this  study  would  
constitute  a  general  roadmap  for  rapid  coverage  to  
researchers who would like to work on Turkish language 
and  speech  based  applications.  As  an  application,  the  
results could lead to a general framework for setting up the 
rules of prioritization in duration modeling in concatenative  
text-to-speech synthesis systems.

1.    INTRODUCTION

Converting  written  text  into  oral  form,  that  is  automatic 
reading of texts,  has been a very interesting and exciting 
area  for  researchers  from  various  disciplines.  In  the  last 
decades,  the  research  has  been  focused  on  concatenative 
text-to-speech (TTS) synthesis systems, which are based on 
combining pre-recorded speech segments via some specific 
signal  processing  techniques.  Interested  readers  could 
proceed  to  [1-3]  for  detailed  information related  to  these 
methods.  The question of interest  regarding concatenative 
speech synthesis  is  the units  (i.e.  speech segments)  to  be 
used  in  concatenation.  Various  segments  of  different 
lengths, ranging from phonemes up to words and phrases, 
can be used for this purpose. Certainly, there is a tradeoff 
between the segment size and the signal processing work 

load.  In  case that  the  phonemes are used,  the  number of 
operations during concatenation will be much more than the 
case of using diphones.  On the other hand, as the speech 
segment gets bigger (such as syllable, triphone, word, etc.), 
the number of total combinations will grow exponentially; 
which  would  dramatically  increase  the  memory 
requirements  eventually.  For  this  reason,  diphones  are 
frequently preferred in the recent studies, since there is  a 
convenient  number  of  diphones  (about  1600 in  Turkish). 
Moreover,  they  include  the  natural  transition  from  the 
middle of  the first  phoneme to the  middle of  the  second 
phoneme. 

In  modern  standard  Turkish,  there  are  29  letters  and  44 
phonemes,  which  are  listed  in  Table  I  [4].  Some  of  the 
letters have variations depending on the articulation and the 
context of usage. Besides this, some phonemes can also be 
lengthened, palatalized, or both; according to where they are 
used in words depending on the adjacent sounds.
In  concatenative  synthesis,  after  deciding  on  the  speech 
segment type, signal processing methods for concatenation 
take place. Here, the basic method is “overlap and add”. In 
this  technique,  periods  from the  end  of  the  first  and  the 
beginning of the second unit are selected. After windowing, 
these units are overlapped and finally added. Independent of 
the overlap and add method used in concatenative speech 
synthesis,  the  unit  selected  has  utmost  importance. 
Distortions  during  synthesis  increase  due  to  misselected 
units.  Moreover,  even  if  the  selected  units  are  “proper”, 
there is  a  significant  challenge  while  picking-up the sub-
units.  Hence,  for  a  natural  speech  synthesis,  the  system 
should  be  able  to  employ  the  “proper”  units,  sub-units, 
duration  and  later  on  intonation  models.  In  light  of  this 
information, for a natural speech synthesis, the prerequisite 
is to establish the coverage statistics and the corresponding 
entropy result for that specific language.
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TABLE I
LETTERS AND PHONEMES IN TURKISH

Letter Phoneme 
(IPA) Example Letter Phoneme 

(IPA) Example Letter Phoneme
(IPA) Example

a
α αnı (memory) j ʒ müʒde (surprise) s s ses (sound)

a laf (utterance) k c cedi (cat) ş ʃ aʃı (vaccine)
b b bal (honey) k akıl (mind) t t ütü (iron)
c ʤ ʤam (glass)

l
l lale (tulip)

u ʊ kʊlak (ear)

ç tʃ setʃim (selection) ł kuł (villein) u uğur (fortune)

d d dede (grandfather) m m dam (roof)
ü ʏ ʏmit (expectance)

e
ε derε (river) n

n anı (memory) y dyğme (button)

e elma (apple) ŋ süŋgü (bayonet)
v

v var (present)

f f fasıl (trial)
o

ɔ sɔru (question) ʋ taʋuk (chicken)

g
ɟ ɟenç (young) o oğlak (goat)

y
j jat (yacht)

g karga (crow)
ö

œ œrtü (tablecloth) :ɪ hu:ɪ (habit)

ğ yağmur (rain) ø øğren (learn) z z azık (viaticum)
h h hasta (patient) p p ip (rope) ʐ yoʐ (virgin)
ı Ï ÏsÏ (heat)

r

r raf (shelf)

i
i iğde (oleaster) ſ ıſmak (river)

ɪ sɪmɪt (bagel) ɣ biɣ (one)

The ideal approach for computation of such statistics would 
be  based  on  data  extraction  from pre-recorded  daily  life 
dialogues of native speakers; where the distribution of these 
speakers  should  better  be  homogenous  in  terms  of  the 
factors such as gender, age, education level, dialect, etc., as 
implemented by Salor  et al  [5]. Certainly,  there would be 
some practical  issues  and hurdles  at  various steps of  this 
process, such as suppression and elimination of background 
noise, proper unit identification and labeling, etc. For that 
reason, our approach in this study is; computation of exact 
written language statistics from literal works, which will be 
succeeded  by retrieval  of  approximate  statistical  data  for 
spoken language. Discussions regarding the granularity of 
such  an  approximation  will  be  held  in  the  upcoming 
sections. 

To our belief, the results of this study might provide bases
for  various  purposes.  The  approximate  spoken  language 
statistics provided in this study might construct a guideline 
to researchers, who will deal with diphone/ triphone based 
concatenative speech synthesis. These results would give an 
idea  for  prioritization  of  diphones/  triphones  for  rapid 
language  coverage  with  minimum  unit-recording  effort. 
Another  possible  outcome  of  these  results  might  be 
ambiguity  resolution  in  speech  recognition  applications. 
Regardless of these potential applications, our main aim is 
to  get  advantage  of  these  results  while  constructing  a 
general framework of a rule-based duration model.

The  outline  of  this  paper  is  as  follows.  After  this 
introductory section, in Section 2,  we explain the digram 
and trigram frameworks in detail. After the classification of 

the  digrams  and  trigrams,  we  give  the  statistical  results 
obtained from the examined Turkish e-books. In Section 3, 
we discuss on entropy of Turkish while comparing with the 
languages English and Spanish. And in the last section we 
discuss  the  potential  uses  of  the  results  of  this  study for 
possible speech and language based applications. 

2. COVERAGE STATISTICS OF TURKISH

IN TERMS OF DIGRAMS AND TRIGRAMS

2.1  Motivation

29 letters; the entire Turkish alphabet (A) is compromised 
of vowels (V) and consonants (C), where;

V = {a, e, ı, i, o, ö, u, ü}       

C = {b, c, ç, d, f, g, ğ, h, j, k, l, m, n, p, r, s, ş, t, v, y, z}

The consonants can further be grouped into 4 subgroups, 
according  to  their  hardness/  softness  and  sustainability/ 
unsustainability properties, as follows:   

Csoft = Cs = {b, c, d, g, ğ, j, l, m, n, r, v, y, z}
(the set of soft consonants)

Chard = Ch = {ç, f, h, k, p, s, ş, t}(the set of hard consonants)

Csustainable = Cs = {f, ğ, h, j, l, m, n, r, s, ş, v, y, z}
(the set of sustainable consonants)

Cunsustainable = Cu = {b, c, ç, d, g, k, p, t}    
(the set of unsustainable consonants) 
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Ch
s = Ch ∩ Cs = {f, h, s, ş}    

(the set of hard and sustainable consonants)

Ch
u = Ch ∩ Cu = {ç, k, p, t}    

(the set of hard and unsustainable consonants)

Cs
s = Cs ∩ Cs = {ğ, j, l, m, n, r, v, y, z}   

(the set of soft and sustainable consonants)

Cs
u = Cs ∩ Cu = {b, c, d, g}   

(the set of soft and unsustainable consonants)

For the following sections, v ∈ V, cx
y ∈ Cx

y; where bold v 
and  cx

y are elements of the sets  V and  Cx
y, respectively.  It 

should be noted that, with such a notation, we can identify 
the plosive consonants: {b, d, g, p, t, k}, which is a subset of 
the union of  the sets  Ch

u and  Cs
u.  In  other  words,  at  the 

instances where the elements of this set are encountered, it 
is possible to identify the potential candidates of the loss of 
“plosion”  effect.  Similarly,  all  vowels  are  prone  to 
unexpected  shortening/lengthening  effect  in  synthesis. 
Other sets and their unions/intersections might similarly be 
correlated  to  some  other  misleading  effects  of  synthesis. 
Hence,  the starting point  of  our  study,  is  nothing but  the 
statistical data analysis about the occurrence rate of all letter 
groups  (i.e.  n-grams,  especially  for  n  =  1,  2  and  3)  for 
meaningful  Turkish texts. The results of this analysis will 
give an overall idea about the expected occurrence rates of 
the relevant misleading effects of synthesis.

2.2  Digram Statistics

Digrams or bigrams are taken as groups of two letters, in 

this study; different from the n-gram word groups reported 
in  [6]  and  syllable  bigrams  reported  in  [7].  There  exist 
29x29 = 841 possible  digrams in  Turkish.  Regarding our 
notation and classification, since the Turkish alphabet  can 
be grouped into 5 major subsets (i.e.  V,  Ch

s,  Ch
u,  Cs

s,  Cs
u), 

these digrams can be grouped into 5x5 = 25 main clusters 
(classes  of  digrams  such  as:  V-Cs

s,  Cs
s-V,  Cs

u-V)  some 
examples of which can be seen in Table II, where x is any 
letter. Using this classification, we examined some Turkish 
e-books (with non-technical but literal content, properties of 
which  are  given  in  Table  III)  in  terms  of  digram 
distributions. The statistics we obtained can be seen in Table 
IV.  The  results  show  that (V-Cs

s) and  (Cs
s-V) clusters  

constitute almost 50% of Turkish digrams. Adding the (Cs
u-

V) cluster  to  these  two,  coverage  of  60% of  the  written 
language is achieved. Furthermore, for 99% coverage, the 
required number of the digrams is 391 of theoretical 841. 
This  shows  us  that,  some  digram combinations  are  very 
much rarely used  in  Turkish  texts.  Since  Turkish  can  be 
considered as a “phonetic language”, except some specific 
words  adopted  from  foreign  languages,  such  as  Arabic, 
Persian and French (i.e. grapheme-to-phoneme mapping is 
one  to  one  in  most  cases),  from the  distributions  of  the 
digrams,  we  obtained  the  corresponding  number  of 
diphones. The calculation is done by multiplying each letter 
with its possible number of phoneme variants, making the 
worst case assumption:  each letter might correspond to all  
of its relevant phonemes.  There will be 1,076 diphones of 
1,936  theoretical,  needed  for  99%  coverage  of  spoken 
Turkish.  The  digram  and  diphone  coverage  curves  are 
plotted in Figure 1.

TABLE  II
SOME EXAMPLES FOR THE DEFINED DIGRAM CLUSTERS

1.  x(cs
s)(ch

s)x : emsal (example)

2.  x(cs
s)(ch

u)x : imkan (facility)

3.  x(cs
s)-(cs

s)x : anla (do understand)

4.  x(cs
s)(cs

u)x : amca (uncle)

5.  x(cs
s)(v)x   : makarna (pasta)

6.  x(cs
u)(ch

s)x : adsız (without name)

7.  x(cs
u)(ch

u)x :   - 

8.  x(cs
u)(cs

s)x : abla (big sister)

9.  x(cs
u)(cs

u)x  : ecdad (ancestor)

10.  x(cs
u)(v)x  :  sancı (pain)

11. x(ch
s)(ch

s)x : müessese (establishment)

12.  x(ch
s)(ch

u)x : aşçı (cook)

13.  x(ch
s)(cs

s)x :  ihmal (negligence)

14.  x(ch
s)(cs

u)x : meşgul (busy) 

15.  x(ch
s)(v)x   : hatıra (memory)

16.  x(ch
u)(ch

s)x : eksen (axis)

17.  x(ch
u)(ch

u)x : teşekkür (thanks)

18.  x(ch
u)(cs

s)x : kaçma (escape)

19.  x(ch
u)(cs

u)x : ikbal (wish)

20.  x(ch
u)(v)x   : kitapçı (book seller)

21.  x(v)(ch
s)x   : araba (car)

22.  x(v)(ch
u)x   : patates (potato)

23.  x(v)(cs
s)x    :kol (arm)

24.  x(v)(cs
u)x   : dede (grandfather)

25.  x(v)(v)x     : saat (watch)

TABLE  III
PROPERTIES OF THE EXAMINED E-BOOKS

Title
of the e-book

Author Type Number 
of pages

.txt File 
size (kB)

Number 
of words

Number 
of digrams

Veda Yemeği
“Farewell Dinner”

Michel 
TOURNIER

novel 
(translation)

111 385 52,537 274,152

Son Antlaşma
“The Last Treaty”

Can
ERYÜMLÜ

novel 250 708 95,988 479,674

Bir Hasta Sahibinin Hastane Günlüğü
“The Hospital Diary of a Patient Owner”

Doğan 
PAZARCIKLI

diary 40 122 16,472 84,021
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TABLE IV
DIGRAM DISTRIBUTIONS

Cluster E-book1 E-book2 E-book3
x(V–Cs

s)x 28.15% 28.40 % 28.72 %
x(Cs

s –V)x 21.66% 21.95 % 21.60 %
x(Cs

u –V)x 11.15% 11.54 % 11.18 %
x(Ch

u –V)x 7.38 % 6.94 % 7.29 %
x(V–Ch

u)x 5.67% 5.35 % 5.73 %
x(Ch

s–V)x 5.15 % 5.10 % 5.90 %
x(Cs

s–Cs
s)x 3.84 % 4.17 % 3.52 %

x(V–Ch
s)x 3.96% 4.16 % 4.33 %

x(Cs
s–Cs

u)x 3.38 % 3.11 % 2.82 %
x(V–Cs

u)x 2.38% 2.77 % 2.71 %
x(Ch

u –Cs
s)x 1.34 % 1.29 % 1.16 %

As  can  be  seen,  the  curves  are  monotonously increasing 
with a decreasing slope, and they are very similar to each 
other; independent of the texts obtained from the e-books.
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Figure 1 - Digram and corresponding diphone coverage curves of 
the examined e-books.

Therefore  it  is  possible  to  conclude  that,  the  digram 
statistics of Turkish texts is stationary. So a good point to 
start for recording, duration modeling, or other experiments 
(like  intonation  modeling)  is  the  set  of  clusters  which 
include  (v-cs

s),  (cs
s-v) and  (cs

u-v) digram combinations for 
quick coverage.

2.3  Trigram Statistics

Similar to digram examinations, illustrated in the previous 
sub-section, we also examined the texts in terms of trigram 
and  triphone distributions.  There  are  29x29x29  =  24,389 
theoretical  number  of  trigrams  in  Turkish.  Based  on  our 
notation, we can identify 5x5x5 = 125 clusters in this case. 
The  trigram  statistics  showed  a  distribution  very  much 
parallel to the digram statistics, such that; the most occurred 
trigram  clusters  are  the  extended  cases  of  the  diphone 
clusters, namely:  (V-Cs

s-V), (Cs
s-V-Cs

s) and (V-Cs
u-V). The 

percent coverage values of these three clusters are given in 
Table V. Since there are 125 clusters, a short list of only the 
most occurred trigram clusters are presented in this table. 
For  the  whole  results,  the  readers  can  refer  to  [10]. 
Trigrams  belonging  to  these  three  clusters  cover 
approximately 40% of Turkish texts. Again using the worst 

case  assumption,  we  calculated  the  required  number  of 
triphones.  There  will  be  16,500  triphones  of  85,184 
theoretical,  needed  for  99% coverage  of  spoken  Turkish. 
The coverage curves for the trigrams and the corresponding 
triphones  can  be  seen  in  Figure  2.  Trigram and  triphone 
coverage curves are very similar to the digram and diphone 
coverage  curves,  which  were  given  in  Figure  1,  again 
showing us the quick coverage property. 
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Figure 2 - Trigram and corresponding triphone coverage curves of 
the examined e-books.

TABLE V
TRIGRAM DISTRIBUTIONS

Cluster E-book1 E-book2 E-book3
x(V-Cs

s-V)x % 16.30 % 16.92 % 16.97
x(Cs

s-V-Cs
s)x % 13.77 % 14.02 % 14.37

x(V-Cs
u-V)x % 7.90 % 7.87 % 8.25

3.  ENTROPY

Entropy;  in  this  context,  is  the  amount  of  average 
uncertainty content in the studied language. Therefore the 
written text statistics in terms of entropy may construct a 
guideline to researchers for applications such as ambiguity 
resolution in  optical  character  recognition  (OCR) and/  or 
approximate  spoken  language  statistics  may  provide  a 
guideline  for  applications  in  speech  recognition. 
Unfortunately,  it  is  not easy to calculate the entropy of a 
language  with  accuracy  due  to  high  dependency  on  the 
context  of  the  text  examined.  Hence  we  aim  to  provide 
some basic results to report entropy values calculated over 
sufficient  amount of text.  Besides  our  statistical  coverage 
analysis, we calculated the entropy of Turkish texts in terms 
of character entropy (F1), digram entropy (F2) and trigram 
entropy (F3), in the unit: bits/ character, using the equations 
(1), (2) and (3) below [8, 9]. 

Character entropy:    

(1)

Digram entropy: 

    (2)
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Trigram entropy:

(3)

The entropy results for Turkish texts are given in Table VI. 

TABLE VI
ENTROPY VALUES FOR THE EXAMINED E-BOOKS

Entropy (bits/ character) E-book1 E-book2 E-book3
for character 4.38 4.36 4.37

for digram 3.88 3.75 3.76
for trigram 2.70 2.49 2.49

We can compare the calculated entropy values for Turkish 
with  other  languages  such  as  English  and  Spanish. 
Theoretical  entropy values  per  character  (F0)  for  Turkish, 
English [8] and Spanish [9] were calculated and presented 
in Table VII.  In  addition, statistics obtained from (1),  (2) 
and  (3)  were  presented  in  Table  VII,  for  character  (F1), 
digram  (F2)  and  trigram  (F3)  entropies  for  these  three 
languages.  The  results  are  interesting  in  the  sense  that, 
although  there  is  a  general  agreement  for  the  average 
entropy values for character and digram combinations, the 
average  entropy  value  for  trigram  for  Turkish  is 
significantly smaller than that of English and Spanish. This 
result is not surprising because, Turkish (possessing a large 
number  of  vowels)  is  an  agglutinative  language  and 
consonant clusters  are not permitted, except for the syllable 
ends, by the syllabic system rules of Turkish [4]. Therefore 
trigram combinations in Turkish exhibit less redundancy. 

TABLE VII
ENTROPY VALUES FOR TURKISH, ENGLISH AND SPANISH

Turkish English [8] Spanish [9]
F0 4.86 4.70 5.04
F1 4.37 4.14 4.40
F2 3.80 3.56 3.98
F3 2.56 3.30 3.68

4.  RESULTS AND CONCLUSION

In this study, a detailed statistical analysis is performed on 
Turkish  literal  texts,  by calculating  the  character,  digram 
and  trigram  distributions,  as  well  as,  entropy  of  the 
language.  The  defined  digram  and  trigram  frameworks 
show us that,  there are 3  major  digram clusters  covering 
approximately 60%, and similarly 3 major trigram clusters 
covering approximately 40% of the written language. 
We  also  determined  that;  almost  55%  of  all  possible 
diphones are sufficient for 99% coverage of spoken Turkish. 
Similarly, almost 20% of all possible triphones are sufficient 
to  cover  99%  of  spoken  Turkish.  As  stated  before,  the 
spoken  language  coverage  statistics  are  obtained 
approximately  from  the  written  language  statistics  as 
Turkish is a “phonetic language”.
In addition, a comparison of character, digram and trigram 
entropy  values  for  Turkish,  English  and  Spanish  is 

performed. Even though there is a general agreement for the 
average  entropy  values  for  character  and  digram 
combinations,  the  average  entropy  value  for  trigram  for 
Turkish  is  significantly  smaller  than  that  of  English  and 
Spanish. This is due to the fact that Turkish (possessing a 
large number of vowels) is an agglutinative language; where 
consonant clusters are not permitted, except for the syllable 
ends. Therefore trigram combinations in Turkish exhibit less 
redundancy. To our belief, this result may have significant 
impact on ambiguity resolution in OCR and other related 
applications.  Detailed  outputs  of  our  analysis  can  be 
downloaded from the web site [10]. 
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ABSTRACT 
Speech animation is widely used in technical devices to al-
low the growing number of hearing impaired persons, chil-
dren, middle-aged and elderly equal participation in com-
munication. This article presents a framework, which can be 
used to animate Speech sound file. The architecture pro-
posed is made up of the following components: Lithuanian 
speech recognition, Lithuanian 3D visemes usage according 
to the MPEG-4 standard and finally translingual viseme and 
phoneme synthesis. All the components are integrated in an 
English visual speech synthesizer iFACE for creation of 
animated Lithuanian speech samples.  

1. INTRODUCTION 

Human communicate using words and sentences; visual 
information, such as facial expressions, lips and tongue 
movements improve the perception of the uttered audio sig-
nal. Therefore animated characters like talking heads with 
lip shape mapping to specific synthesized or natural speech, 
are playing the considerably important role in human com-
puter communication. Despite of the importance of synthetic 
speech animation in movie, advertising and computer game 
industries, talking heads can be widely used for interactive 
applications, where User Interface agents can be developed 
for the application in e-learning, Web navigation or as vir-
tual secretary [1]. But the most important thing is that hear-
ing-impaired people can benefit from synthetically gener-
ated talking faces by means of visual speech, for instance 
videophones can be produced to make possible the distant 
communication of the deaf people. 
Talking heads are mostly driven by English phonetics (or 
visemes). Recently we also see talking heads driven by Fin-
nish [2], Italian [3], Chinese Mandarin (Putonghua) and 
Cantonese [4]. One of the promising approaches is to inte-
grate a talking head based on phonetics in one language, 
with input audio speech in another (target) language. 
The goal of this paper is to propose speech animation archi-
tecture suitable for Lithuanian Speech Animation. Data 
flows are going to be integrated in free/open source facial 
animation framework compatible with MPEG-4 standard 
called iFACE [5]. The basic input speech language of this 
framework is English, so we’ll suggest the architecture how 
it may be driven by input Lithuanian speech. For this reason 

both visual and acoustical aspects of Lithuanian speech will 
be explored. 
This paper is organized as follows: the 2nd section presents 
face animation scripting languages and frameworks. In the 
Section 3 analysis of the aspects of translingual phoneme to 
viseme mapping is presented. Section 4 describes the archi-
tecture that we have proposed for development of the 
framework for Lithuanian speech animation.   

2. SCRIPTING LANGUAGES FOR FACIAL 
ANIMATION  

For the generation of naturally speaking talking head, posi-
tions of the mouth and tongue must be related to characteris-
tics of the speech signal. Many recent researches [6,7,8,9] 
on facial animation are focused on a facial animation plat-
form development. Face parameterization and scripting lan-
guages for assisted and automatic animation generation are 
also widely discussed. One of the most popular standards for 
parameters set is MPEG-4 Facial Animation (MPEG-4 FA) 
[10], which includes Face Definition Parameters (FDPs) and 
Face Animation Parameters (FAPs). FDPs define a face by 
giving measures for its major parts and features such as 
eyes, lips and their related distances. On the other hand, 
FAPs encode the movements of these facial features. To-
gether they allow for a receiver system to create a face (us-
ing any graphical system) and animate that face by a set of 
low level commands in terms of FAPs. However, although 
MPEG-4 FDPs and FAPs are powerful means in facial ani-
mation, they do not provide an animation language but only 
a set of low-level parameters. The content providers and 
animation engines still needed higher levels of abstraction 
on the top of MPEG-4 parameters to provide group actions, 
timing control, event handling and similar functionality usu-
ally provided by a high-level language [5]. 
The absence of a dedicated language for a facial animation 
has been evident especially within the XMT framework. 
Recent advances in developing and using Embodied Con-
versational Agents, especially their web-based applications, 
and growing acceptance of XML as a data representation 
language, have drawn attention to mark-up languages for 
virtual characters. The basic idea was to define specific 
XML tags related to agents’ actions such as speech produc-
tion, facial and body animation, emotional representation, 
dialogue management etc. 
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 SMIL VRML FAML MPML BEAT FML 

Face-specific Parts No No Yes Yes Yes Yes 

MPEG-4 Compatible No No No No No Yes 

Timing Control Yes Partial Yes Yes Yes Yes 

Decision-making Yes Partial No Yes Partial Yes 

XML-based Yes Yes Yes Yes Yes Yes 

High-level Face Components No No Partial Partial Partial Partial 

Behavioural Modelling No No No No Yes Partial 

Table1 – Content description methods and facial animation features. 

Table 1 summarizes major languages that may be used for 
facial animation and their supported features. The need for a 
unifying language specifically designed for facial animation 
that works as an abstraction layer on top of MPEG-4 pa-
rameters was the main motivation in designing Face Model-
ling Language (FML) which allows re-use of existing XML 
tools and products [11]. 
Face parameterization and scripting languages are used to 
develop facial animation frameworks, which aim to provide 
a desirable platform for facial animation research or the de-
velopment of talking heads applications [12].  
Wang [6] described a methodology for the construction of 
an expressive facial animation system with lip synchroniza-
tion. He used affordable off-the-shelf components which are 
provided by the FaceGen Modeller software for face key 
meshes generation and the Microsoft Speech SDK as the 
speech API. 
Cosi [7] proposed a facial animation toolkit implemented in 
MATLAB created mainly to speed up the procedure for 
building the LUCIA talking head through motion capture 
techniques, translated to MPEG-4 parameters.  
Balci et al. [8] designed Xface, a set of open source tools for 
creation of talking heads using MPEG-4 and keyframe 
based animation. Xface uses the SMIL-Agent scripting lan-
guage for its keyframe-based animation module. A set of 
key-meshes with the different facial expressions and vise-
mes must be defined for each talking head model.  
DiPaola and Arya [9] proposed a facial animation frame-
work compatible with the MPEG-4 standard called iFACE. 
iFACE allows interactive non-verbal scenarios through FML 
scripting language [5]. FML allows both parallel and se-
quential description of face actions that include talking, ex-
pressions, head movements and low-level MPEG-4 parame-
ters.  
Our approach also uses iFACE as the facial animation en-
gine and proposes integration architecture for different 
speech animation components.  

3. TRANSLINGUAL PHONEME TO VISEME 
MAPPING 

The speech recognition and animation engine is a critical 
part of any speech animation system. So it is very important 
to explore the possibility to use the speech animation engine 
of the base language (language used in training the speech 

recognition system) to animate the new language in which 
the video has to be synthesized (novel language). In this 
paper we assume that Lithuanian is the novel language and 
English is the base language [13]. 
English phoneme set consist of 48 phonemes (this count 
varies). Standard Lithuanian alphabet consists of 32 charac-
ters, but there is different count of phonemes. According to 
Lithuanian grammar rules Lithuanian phoneme set consists 
of 58 units. Lithuanian and English phonemes are related 
according to the table proposed by Kasparaitis [14]. 
Many acoustic sounds of separate languages are visually 
similar and accordingly different phonemes can be classified 
using the same viseme. Since the system iFACE has to work 
for novel Lithuanian language using the alignment generator 
and the viseme set in the base language, visemic alignment 
cannot be simply generated from the phonetic alignment 
using direct phoneme to viseme mapping.  Lithuanian pho-
neme to English viseme mapping table [13] are going to be 
employed for translingual phoneme to viseme mapping. 
Since the table describes 30 of 58 Lithuanian phonemes and 
some visemes differ from 15 static visemes defined in 
MPEG-4 standard, expansion of this table should be per-
formed. First of all, we need to append the Lithuanian pho-
neme to English viseme mapping table with the column de-
fining the numbers of the English visemes in MPEG-4 stan-
dard (the fragment of this is shown in Table 2). It will sim-
plify Lithuanian phonemes translingual definition in FML.  

 

Viseme 
number (by 
MPEG-4) 

English 
viseme  

Lithuanian phoneme, parameter 
of expressiveness, corresponding 

Lithuanian letter  

0 None /silence/ 50

1 B M P  /b/ 80 (B) , /m/ 80 (M) , /p/ 80 (P)

2 F V /f/ 80 (F), /v/ 80 (V)

3 Th /j’/ 100 (J)

10 Oh /a:/ 80 (Ą), /o/ 60 (O) 

11 Ah /a/ 80 (A),  /e/ 50 (E),  /e:/ 90 (Ę)

Table 2 – Fragment of Lithuanian phoneme to English viseme map-
ping table augmented by viseme number in MPEG-4 standard. 
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However, some Lithuanian sounds (like Į, Y, Č, Ė etc.) don’t 
have a corresponding viseme defined in MPEG-4 standard 
at all. Additional research must be performed to group all 
the Lithuanian phonemes with respect to their visual similar-
ity and to create Lithuanian phoneme to Lithuanian viseme 
mapping table. Nevertheless, the generation of Lithuanian 
phoneme to Lithuanian viseme mapping table is not the goal 
of this paper, it’s the area of future researches, so we don’t 
propose the generation details here. 

4. FRAMEWORK FOR LITHUANIAN SPEECH 
ANIMATION 

Talking heads can be driven by input text or input speech. 
While text-driven talking heads employ both synthesized 
voices and head models, constituting text-to-audiovisual 
speech; speech-driven talking heads involve synthesizing 
visual speech information from genuine speech that makes 
animation more realistic, but more complicated to produce, 
Speech recognition is still the one of the most challenging 
areas for researches.  
For the generation of lip animation, we use iFACE as the 
engine for implementing the face object within multimedia 
systems. Naturally, iFACE uses its own phoneme speech 
alignment tool, which comes with HTK 2.0 for phoneme 
recognition and alignment. Speech stream is decoded into 
phoneme sequence with duration information. The inte-
grated English speech recognition engine doesn‘t produce 
satisfactory results for the Lithuanian speech, when we‘re 
trying to get syllable transcription and the timing informa-
tion. Thus, we propose to utilize Lithuanian speech recogni-
tion engine which was developed by Lithuanian speech rec-
ognition researchers team consisted of Lipeika and etc. [15].  
The overall architecture of our framework designed to ani-
mate Lithuanian speech is presented in Figure 2. The data 
flow is organized as follows: 
1. Firstly, phonetic transcription and the timeline of the Li-
thuanian phonemes (Figure 1) are constructed by Lithuanian 
speech recognition engine. Lithuanian speech sound file 
(.wav) is the input for the engine.  
2. The complete timeline of visemes is generated by translin-
gual phoneme to viseme mapping module. Lithuanian lan-
guage alignments (Figure 1), Lithuanian phoneme to English 
viseme mapping table (Table 2) and the additional Lithuanian 
phoneme to Lithuanian viseme mapping table are merged to 
perform translingual mapping, which connects the phonemes 
to their visual representation (visemes). 
3. The linear interpolation is applied for speech synchroniza-
tion between FAPs of two adjacent visemes in the timeline. 
English and additional Lithuanian visemes are defined by 
FAP parameters and stored in the separate file. Speech pho-
netic transcription (Figure 1) is described by FML scripting 
language specified to describe facial actions. Finally, 
Lithuanian speech audio file (.wav), 3D geometry head file 
(.msh) (editable in geometry and texture) and the animation 
script (.fml) are compound into iFACE to get video of 
Lithuanian talking head synchronized with speech. 

 
Figure 1 – Phonetic transcription and the timeline of Lithuanian 

word “akti””. 

4.1 iFACE as the platform for speech animation 
iFACE (Interactive Face Animation – Comprehensive Envi-
ronment) facial animation engine is the base element for the 
proposed Lithuanian speech animation framework. iFACE 
uses Microsoft Direct3D, DirectSound and .NET frame-
works to allow interfacing through web services and other 
distributed components. Its Stream Layer components are 
built on the basis of DirectShow technology in order to use 
the built-in streaming functionality.  
iFACE was chosen for the following reasons: 
1. Hierarchical 3D head model for controlling facial actions 
from vertex to feature-group levels are incorporated in it. The 
adjustment can be simply done by editing vertices and attach-
ing new textures to it. Also, iFACE supplies the possibility to 
import 3D head mesh through .msh file, so it is easy to inte-
grate a new head model.  
2. The synchronization of speech acoustic and visual output 
can be easily performed by iFACE. Audio kernel processes 
an input audio data and at the same moment the timeline of 
events and actions described in FML file goes through the 
video kernel in order to create video frames corresponding 
to desired facial actions. Possibility to model behavioural 
logic, when actions of an agent (similar to people) is based 
on stimulus-response model, are also very important for 
realistic speech animation.  
3. FML is the scripting language of iFACE system. FML 
characteristics like MPEG-4 compatibility, timing control, 
decision-making, possibility to characterize distinctive 
visemes by MPEG-4 FAP parameters (Table 1) allow us to 
create interactive animation scenarios. 
These three features made iFACE system as the attractive 
basis for Lithuanian speech animation.  
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Figure 2 – Architecture of Lithuanian speech animation framework. 

4.2 FML as the language for speech synchronization 
compatible with MPEG-4 

iFACE facial animation system uses FML as the content 
description mechanism. FML - unifying language specifi-
cally designed for facial animation that works as an abstrac-
tion layer on top of MPEG- 4 parameters. FML compatibil-
ity with MPEG-4 (MPEG-4 FAPs are supported explicitly 
and FDPs implicitly by general purpose model definition 
mechanisms) together with XML and related web technolo-
gies guarantee that our animation scripts later could be sim-
ply used in speech animation web applications. Independ-
ence of the type of head model, timeline definition of the 
relation between facial actions and external events together 
with hierarchical representation of face animation mean that 
in one FML script we can define frames, simple moves, but 
also meaningful actions and even stories. It will be benefi-
cial, when we’ll animate long Lithuanian speeches. Simple 
linear interpolation between neighbouring visemes is de-
scribed by FML language also.  
Timing information which is obtained by Lithuanian speech 
recognition engine (Figure 1) goes through translingual adap-
tation. As we see in the animation script sample (Figure 3), 
visemes are defined by FAP parameters. There are 68 face 
animation parameters which define the deformation of char-
acter’s head in MPEG-4 standard. The first two suit a frame-
work with the high level parameters, representing visemes 
and the six basic emotions [12]. The next ones deal with spe-
cific regions on the face, as left eyebrow, right corner lip, 
tongue tip, etc. 
So the code line: “<param type="FAP" name="1-1-5" 
value="80" begin="20" end="27" />” means, that viseme 
number 5 (by MPEG-4 standard) will be shown in the pe-
riod between 20ms and 27ms. Additionally, expressions like 
sadness, joy etc. and the head movements can be described 
in FML script.  

Having the phoneme-viseme-FAP mapping tables, FML 
script is processed by FML interpreter in iFACE system. The 
result it animated talking head synchronized with Lithuanian 
sound file. 

 
Figure 3 – FML script for animation of word “akti” (translation – 

“to become blind”). 

5. SUBJECTIVE EVALUATION 

Source material consisted of 3 different length Wave Sound 
(.wav) files. To follow the visibility of the phoneme “a” in a 
word, separate words were grouped into 3 categories and 
recorded like separate sound files. Speech records were 
processed through the proposed Lithuanian speech anima-
tion framework in order to generate speech video files (.avi). 
To evaluate the animation quality, they were presented to 15 
students, who judged knowing the recorded text. Speech and 
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video synchronization quality was estimated considering if 
the visual speech looks natural, understandable and believ-
able within a MOS scale (5 = excellent, 4 = good, 3 = fair, 2 
= poor, 1 = bad).  
Word categories were organized as follows: 
CASE A. Entirely English phonemes, short /a/ ("""akt'i", 
"k""ap's'i", "kas""a", "r""azdavo:"). This group of recorded 
words gave the worst result for speech animation (MOS – 
1,5). The observers mentioned that short /a/ in a short word 
is hardly seen and they roughly undestanded the visual 
speech. 
CASE B. English phonemes and additional Lithuanian pho-
nemes, long words, long /a:/ corresponding Lithuanian letter 
-  “ą“ ("""a:Zuolas", "prak""a:sto:"),  
CASE C. Entirely English phonemes, long English /a:/ 
("^a:s'ilas", "k^a:pas", "b^a:das").  
Cases B and C showed better results (case B – MOS 3, case 
C – MOS 3). Cases B and C were better understandable be-
cause the visual shape for long /a:/ is much more expressive 
than the one for the short /a/. Observers mentioned that vi-
deo of Case B was more recognizable when in CASE C be-
cause words were longer (3 sylablles).  
On the basis of numerical experiments it is possible to con-
clude, that speech animation would be better understandable 
if analyzed words would be included in a sentence. Also, 
that emotions would improve the perception of the animated 
speech.  

6. CONCLUSIONS  

Speech animation architecture suitable for Lithuanian 
Speech Animation was proposed in this paper. Facial anima-
tion framework compatible with the MPEG-4 standard 
called iFACE was chosen to integrate different speech ani-
mation components. The basic input speech language of the 
framework is English. Translingual phoneme to viseme 
mapping technology was applied to force iFACE to animate 
recorded Lithuanian speech. Linear interpolation between 
neighbouring visemes was performed to define visual 
speech coarticulation by Face Modelling Language. Lithua-
nian speech recognition engine, translingual phoneme to 
viseme mapping tables, 3D hierarchical head model, 3D 
Lithuanian visemes defined by FAP parameter and FML 
script were merged to get video of Lithuanian talking head 
synchronized with speech. Numerical experiments per-
formed to valuate the visual comprehension of speech were 
performed. Although additional speech synchronization and 
coarticulation rules must be integrated and described by 
FML language, proposed architecture is presentable for 
Lithuanian speech animation.    
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ABSTRACT
In this paper we present a method for adapting an articula-
tory model to a new speaker from acoustic data only. The
main goal of this method is to make acoustic-to-articulatory
inversion a fully automatic process. Speaker-specificity is
modeled by a two dimensional scale factor, which makes it
more flexible than VTLN methods.

Validation of the method is performed on three speakers
by comparing the scale factors found on medical images of
the vocal tract and those estimated. These experiments show
that the method is accurate provided that the speech material
covers a wide acoustic space.

Two additional experiments on longitudinal acoustic data
are presented, in order to study vocal tract evolution with age.

Introduction

When performing acoustic-to-articulatory inversion, oneof
the usual preliminary requirements is to find a model of the
speaker’s vocal tract. When some articulatory data is avail-
able for the speaker, such as a sagittal X-ray view, or a mid-
saggittal MRI image of the vocal tract, this task is usually
easy to perform.

For ”pure” acoutic-to-articulatory inversion however,
only acoustic information is available from the speaker,
which makes the task more complicated.

Several speaker adaptation methods have been presented
in previous studies; the largest class of speaker adapation
techniques are ”vocal tract-length normalisation”, commonly
used e.g. when computing MFCC[2]. The vocal tract ”adap-
tation” is fully automatic, but however quite crude, since it
is assumed that most of the speaker variability can be repre-
sented by one scale factor.

More physiologically accurate models usually use two
scale factors: one for the length of the oral tract, and a sec-
ond one for the length of pharyngeal tract. Some articulatory
models such as that of Maeda[6] thus include two scale fac-
tors, to roughly adjust the model to the speaker.

Some methods for adapting Maeda’s articulatory model
to the speaker from the acoustics only were proposed in some
earlier works [9, 4]. These methods were however not fully
automatic since they required some segmentation of speech,
and phone-specific articulatory modelling. Although the seg-
mentation into phones could arguably be done automatically
using speech recognition techniques, the method still re-
quired some language specific adaptation, because it relied
on the hypothesis that some phones were pronounced with
quasi-identical articulatory configurations among all speak-
ers of the language.

In this paper, we present a fully automatic method that
does not require any manual intervention or modelling. It re-
lies solely on the hypothesis that speakers aim at minimising

the energy spent during speech production[3]. It is an exten-
sion of the method presented by the same authors in [10].

1. METHODOLOGY

Our approach to articulatory-inversion can be classified as
analysis-by-synthesis, using an articulatory model coupled to
a synthesiser. Our most recently published work[10] is based
on variational calculus, and aims at finding an articulatory
trajectory that minimises both acoustic error and articulatory
effort.

The method we present here relies on the same frame-
work, but unlike our previous method which uses only the
7 articulatory parameters of Maeda’s articulatory model (cf.
Fig. 1), our new method uses 9 parameters, i.e. the 7 articula-
tory parameters, plus two additional parameters correspond-
ing to the scale factors of the oral and pharyngeal cavities.

1.1 Vocal tract scale factors

The two vocal tract scale factors were introduced by Maeda
in his original model[7]. To simplify, the effect of applying
an oral scale factor ofl1 is to multiply all dimensions in the
oral tract by this factor, the effect of a pharyngeal scale factor
l2 is to multiply all dimensions in the pharyngeal tract byl2.

In order to have two additional componentsP8 andP9 that
behave similarly to the other componentsP1...P7 of Maeda’s
articulatory model, we linearly transformed Maeda’s scale
factors so as to get ”normalised” parameters. In effect, the
transformation applied is the following:

P8 = (l2−1)∗10,P9 = (l1−1)∗10.

The [−3 : 3] interval (which is the usual interval of vari-
ation allowed for the other articulatory model parameters)
thus corresponds to the scale factors interval[0.7 : 1.3], which
should cover the majority of adult vocal tract shapes dimen-
sions.

1.2 Global variational calculus and cost function

In [10], the iteration conducted was the following:

−

[

∂ f j

∂ατ
i
(t)

]−1

i=1..M, j=1..N

(F(t)− f (ατ (t))) =

−λ~mα ′′τ (t)+ β~kατ (t)+ γ
∂ατ

∂τ
(t) (1)

where:
• t is a time index over the speech sequence,
• α(t) is an articulatory vector (of dimensionM),
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Figure 1: Maeda’s articulatory model and control parame-
ters.

• f is the articulatory-to-acoustic mapping that we wish to
invert,

• F(t) is an acoustic vector (of dimensionN),
• τ is the index of the iteration,
• λ is a weight factor for the articulatory smoothness,
• β is a weight factor for the articulatory position,
• γ is a factor to control the articulatory distance between

two iterations,
• ~m and~k are weighting vectors of dimensionM, to apply

different weight factors to individual components of the
articulatory vector.
In [10], M was equal to 7, and the components of~m and

~k were all equal to 1. In the current study,M is modified to
9, and the scale coefficients are not taken into account in the
articulatory cost function, i.e. the two last components of~m
and~k are equal to 0.

Furthermore, we introduced the additional constraint that
α8 has an unique value along the whole trajectory (i.e. for all
t), and as well forα9.

1.3 Inversion procedure

The idea of this method is to introduce the scale coefficients
in an acoustic-to-articulatory procedure. The iteration pre-
sented above converges in most cases towards the articula-
tory trajectory that can produce the measured acoustic signal
with the minimum articulatory cost. It is assumed here that
a given acoustic signal will always be “harder” (i.e. with a
higher articulatory cost) to be produced identically by a dif-
ferent speaker.

Since variational calculus is guaranteed to converge to-
wards an optimal extremum – provided the initial solution
is close enough to that extremum – and since our method
has been shown to usually converge towards the original ar-
ticulatory trajectory with a 7-dimensional articulatory vector
– even with an arbitrary initial articulatory trajectory – we
expect this method to be fairly reliable to find the optimal

sent. l1 l2
PB01 0.99 0.99
PB02 0.98 1.02
PB03 0.98 1.03
PB08 0.98 1.01
PB09 0.98 1.00
PB15 1.01 0.98
PB17 1.00 1.00
PB18 0.97 0.99
PB24 0.95 0.99
PB28 1.01 0.98
Avg. 0.98±0.02 1.00±0.02

Table 1: Scale factors for speaker PB

scaling factors, provided there are few errors in the acoustic
vectors used as input.

2. EXPERIMENTS AND RESULTS

The validity of the method was checked on a few speakers
for which we could compute the correct scale factors from
articulatory data.

We ran the inversion procedure on the original ”PB”
speaker that provided the articulatory data use to build
Maeda’s model, and on two male speakers from the ASPI
European project[8].

Additionnaly, experiments were conducted on two speak-
ers (one male, one female), for which we had obtained au-
dio recordings at various ages. This tests the validity of the
method in the sense that recordings from comparable years
should lead to similar scale factors, but this also allows us
to investigate a recurring question in vocal aging studies,on
whether a pattern can be observed in the evolution of the vo-
cal tract dimensions along age.

In all these experiments, the acoustic features used were
the three first formants frequencies, tracked automatically
using Wavesurfer or WinSnoori. In one case, the formant
extraction was done manually. The use of more sophisti-
cated acoustic features such as LPC coefficients or MFCC
is not appropriate in this particular case, since our articula-
tory model only allows us to generate the vocal tract transfer
function. Formants frequencies are still to our knowledge the
only reliably extractable features that will have a close match
in the transfer function. MFCC for example will incorporate
the spectral tilt due to the source / lips radiation impedance
and will therefore not match the transfer function.

2.1 Reference speakers and validation

The first speaker we ran experiment on is the reference
speaker used to build the articulatory model[6], PB[1]. The
scale factors for this reference speaker are both 1. The speech
signal being very noisy, the formant tracking was done man-
ually. Speech inversion with speaker adaptation was con-
ducted on all 10 sentences of the corpus.

The second and third speakers were speakers YL and FH
from the ASPI European project[8]. Reference scale factors
were measured on an MRI image in the case of YL, on an
X-ray image for speaker FH.

Table 1 shows the scale factors found through inversion
for PB. Independent experiments were conducted on each
sentence of the corpus, which are about 2 seconds long. For
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Speaker meas. scale fact. est. scale. fact.
YL 1.15, 1.20 1.15, 1.19
FH 1.19, 1.07 1.16, 1.05

Table 2: Scale factors for speakers YL and FH

this speaker, we see that the scale factors are always very
close to the expected values(1.00,1.00). The method thus
seems to be quite successful on that particular speaker, even
with rather short speech sequences. However, the result may
be slightly biased in that case, since the articulatory model
deformation modes are adapted to the speaker, which may
lead to a better scale factors discrimination than for other
speakers. Additionnally, the sentences of the corpus are pho-
netically balanced, which may also make the task easier since
they cover a wide acoustic space, and therefore leave less
leverage for speaker variability.

To further validate the method, we thus conducted similar
experiments on the two male French speakers of the ASPI
project. To measure the phrayngeal and oral scale factors, we
superimposed Maeda’s grid on an image of the midsagittal
slice of the vocal tract. The scale factors were then adjusted
to get the best visual fit between the model and the vocal tract
image.

Table 2 gives the scales factors for speakers YL and FH,
found on medical images (column ”meas. scale fact.”) and
estimated by inversion (column ”est. scale. fact.”). For both
speakers, we see that the factors found through our inversion
procedure are very similar to those measured. In this experi-
ment, we inverted a sequence of logatomes in case of YL, and
a phonetically balanced sentence for FH. The procedure was
also applied on a single VCV or VV, or repetitions of a single
VCV, but the results obtained were then largely incorrect, for
both speakers. It seems that the acoustic space covered in the
sequence has to be fairly large to yield significant results.

2.2 Vocal aging experiments

A fully automatic procedure was run on audio recordings of
two native speakers of English, QE (female) and AC (male).
The originality of these corpus are the very large time inter-
valle covered by the recordings: QE is partially represented
from age 26 to 76, AC from age 38 to 95. These two corpus
were generously provided by J. Harrington[5] for the VAE
team of 2008 CLSP summer Workshop. Formants tracking
was done with WinSnoori in the case of QE, with Wavesurfer
in the case of AC.

For each recording, acoustic-to-articulatory inversion
with speaker adaptation was performed. The corresponding
pharyngeal and oral scales are plotted on Fig. 2 and Fig. 3.
Note that some years have several recordings, and some oth-
ers none at all.

The observations of these figures show a clear trend for
the pharyngeal scale: it is increasing with age in the case
of QE, more slowly increasing with age until about 82 then
decreasing in the case of AC.

Regarding the oral scale, it seems to be slowly decreasing
with age for QE, very slowly increasing until age 85, then
decresing fast for AC.

The results found for the pharyngeal scale show the ex-
pected trend. Furthermore, plotting the evolution of the aver-
age fundamental frequency along age show that the pharyn-
geal and fundamental frequency are strongly correlated (cf.

 0.88

 0.9

 0.92

 0.94

 0.96

 0.98

 1

 20  30  40  50  60  70  80

QE oral scale

 0.88

 0.9

 0.92

 0.94

 0.96

 0.98

 1

 20  30  40  50  60  70  80

QE pharyngeal scale

Figure 2: Oral and pharyngeal scales factors evolution with
age for speaker QE.

Fig 4).

The evolution of the oral scale is harder to interpret.
Since the palate is a rigid body, we were not expecting much
variation in this area (although some variations could possi-
bly be explained by a change in the amount of lips protrusion
with aging). Regardless, the amount of variation observed
is small compared to the pharyngeal scale, below the mar-
gin of error observed for speaker PB, and the two speakers
show opposite trends. We can thus consider that no notable
evolution can be observed.

3. CONCLUSION

These preliminary experiments prove that our method is
quite reliable for determining the correct scale factors for
several speakers, although the margin of error is still larger
than when fitting the model from articulatory data. We ob-
served that the acoustic space has to be quite large for accu-
rate results. A small phonetically-balanced sentence is usu-
ally enough to adapt the articulatory model to the speaker.
Using this method, it is thus possible to build an inversion
system that adapts itself to the speaker fully automatically
and with very little speech material.

This method also appears to be accurate enough to allow
us to observe the pharyngeal lengthening associated with ag-
ing.
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Figure 3: Evolution of oral and pharyngeal scales factors
with age, for speaker AC.
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ABSTRACT 

This paper presents a flexible voice morphing method based 

on conversion using a linear combination of multi-speakers’ 

vocal tract area functions, in which phonological identity is 
maintained in terms of the overall interpolated area. In this 

system, the characteristic of vocal tract resonances is sepa-

rated from that of glottal source waves using AR-HMM 

analysis of speech. The vocal tract resonances and glottal 

source wave characteristics are independently morphed. For 

the morphing of vocal tract resonances, log area vocal tract 

functions, which are derived from AR coefficients, are nor-

malized and then processed by statistical mapping technique. 

For glottal source waves, statistical mapping is conducted in 

the cepstrum domain. Morphed speech is re-synthesized by 

an AR filter of converted glottal source waves which is re-

synthesized using a cepstrum domain conversion. With the 
proposed morphing system, the continuity of formants and 

perceptual differences between a conventional method and 

the proposed method are confirmed. 

1. INTRODUCTION 

Voice morphing or voice conversion usually means trans-

formation from a source speaker’s speech to a target speak-

er’s. Therefore, these techniques are considered to be a kind 

of point-to-point mapping in a feature space. Our research 

on voice morphing aims to extend this restriction to area-to-
area mapping by introducing multi-speakers of adequate 

features derived from a speech production model, since that 

will be useful for such applications as the creation of pecu-

liar voices in animation films. 

 Since the 1990s, many techniques for voice conver-

sion have been proposed [1-7]. One successful technique is 

to use a statistical method for mapping a source speaker’s 

voice to a target speaker’s in the cepstrum domain [2,3]. 

However, a weakness of these methods is the discontinuity 

of formants, due to the fact that the relationship between 

formant transitions and the time pattern of the power spec-

tral envelope sequence is nonlinear, that is, continuous in-
terpolation of log power spectra does not result in conti-

nuous formant transitions. This characteristic behavior will 

result in a deterioration of the phonological quality. Some 

improvements of these methods have been proposed to 

counter this deterioration [5,6]. 

 The proposed method employs an estimated vocal 

tract area function to avoid such weakness. As is well known 

[8,9], partial autocorrelation (PARCOR) coefficients can be 

considered as reflection coefficients of a vocal tract area 

function, and the local peaks of power spectrum envelopes 

of vocal tract area functions have a flat level in a certain 

frequency band for vowels [10]. Moreover, the number of 

coefficients refers to the number of poles contained in the 

power spectrum, i.e., formants. Based on these restrictions, 

interpolation in the vocal tract area domain is considered to 

provide reasonably continuous transition of formants. 
 Estimation of the vocal tract area function implies 

simultaneous estimation of the voice source characteristics. 

For this purpose we introduce Auto-Regressive Hidden 

Markov Model (AR-HMM) analysis of speech, which has 

been proposed for improved AR-modeling of speech [11]. 

AR-HMM represents the vocal tract resonance characteris-

tics by an AR model and the glottal source wave by an 

HMM.  

 The voice morphing system uses the log vocal tract 

area functions and a cepstrum sequence of glottal source 

waves as feature parameters for the linear combination of 

multi speakers’ characteristics. The re-synthesis procedure to 
obtain morphed speech is as follows; the glottal source wave 

is synthesized by the synthesis-by-analysis software package 

STRAIGHT [12], in the cepstrum domain mapping. Output 

speech is synthesized by AR filtering of the glottal source 

wave, where AR coefficients are calculated as reflection 

coefficients of the vocal tract area function obtained by li-

near combination of the log vocal tract area functions. Be-

fore calculating the linear combination, the vocal tract area 

functions of different speakers are stretched to adjust the 

length of different vocal tract areas. We show that the inter-

polated spectral envelopes are reasonable with regard to 
continuous transition of formants, which are substantially 

different from those obtained from the cepstrum domain and 

also improved from using non-stretched vocal tract areas. 

We confirm by perceptual experiment that the differences 

can be perceptually recognized. 

2. PROPOSED METHOD 

2.1 AR-HMM analysis 

The AR-HMM model represents the vocal tract characte-

ristics by an AR model and the glottal source wave by an 

HMM. The AR-HMM model structure is depicted in Fig. 1. 
The AR-HMM analysis estimates the vocal tract reson-

ance characteristics and vocal source waves in the sense of 

maximum likelihood estimation. In this way, components of 

the vocal tract resonance characteristics and those of the 

source waves can be naturally separated. 
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Conventional AR model estimation assumes that the glot-
tal source wave has a Gaussian distribution. This assumption 

however can become invalid, especially when analyzing 

speech with a high fundamental frequency, such as that of 

some female speakers. On the contrary, in AR-HMM estima-

tion, the vocal cord HMM and the vocal tract AR model are 

alternately estimated using the maximum likelihood method. 

AR-HMM can estimate the vocal tract features without being 

biased by pitch harmonics. In addition, since the HMM used 

here adopts an assumption of ring-states for the glottal source 

wave, the estimated glottal source can be regarded as an ap-

proximation of the glottal source wave. An example of AR-
HMM analysis results is shown in Fig. 2. 

 

2.2 Estimation of the vocal tract area function 
The power spectrum was calculated from the AR coeffi-

cients with AR-HMM analysis, and reflection coefficients 

(PARCOR) 
 

niki ,,2,1,   of the vocal tract area function 

were derived from autocorrelation coefficients obtained by 

IDFT applied to the power spectrum.
 
In the approach de-

scribed in this paper, before analysis with AR-HMM, a first 

order adaptive inverse filtering was used for equalization of 

formants [10]. 

The vocal tract area function )1,,2,1(  niAi  was calcu-

lated by: 
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Then, we normalized the vocal tract area functions by di-

viding by their sum. Finally, we used log normalized vocal 

tract area functions, in order to prevent vocal tract area func-

tions from becoming negative and AR coefficients from be-

ing unstable. 

For linear interpolation in the vocal tract area function 

domain, a formant is expected to be a continuous transition. 

This is confirmed in Fig. 3, where two spectra transitions are 

shown; one is a linear interpolation in the cepstrum domain 
and the other is one in the vocal tract area function domain. It 

is obvious that the formant transitions are continuous for the 

graph on the left, i.e., in the vocal tract area function domain. 

 

 
 

Fig. 2: An example of the results of AR-HMM analysis using 

a 500-Hz pitch of synthesized speech: The order of AR coeffi-

cients is 19, and there are 13 HMM states. 

 

 
Fig.3: An example of linear interpolation: power spectra 

sequences obtained using 40 cepstrum coefficients (left), and 

using log vocal tract area functions (right). 

 

2.3 Conversion function 
The voice conversion technique used in the system is 

basically statistical mapping from a source speaker’s voice to 

a target speaker’s. The conversion function is represented as 
a Gaussian Mixture Model (GMM). 

Let us denote the vector analyzed from a source speak-

er’s speech by x, and the corresponding vector analyzed from 

a target speaker’s speech by y. The conversion function 

)(xF  is given as follows. 
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where ),;( ΣμxN denotes a normal distribution with mean 

vector μ and covariance matrix Σ . The value m
 
is the num-

ber of Gaussian components. The vectors x
iμ and y

iμ denote 

the mean vectors of the ith Gaussian model estimated from 

x and y , respectively. The matrix xx
iΣ denotes the cova-

riance matrix of the ith Gaussian model estimated from x . 

yx
iΣ  is the cross-covariance matrix, and i  is the mixture 

weight of each class. 

As described in [2], the GMM-based estimation of the 

conversion function uses a set of time-aligned x and y , 

TTT yx ][z to estimate the parameters of a joint model of 

Gaussian mixtures. Once the model has been trained, the 

density of x and y  is given by the following. 
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In the method described here, the vocal tract characteris-

tics are converted in the log vocal tract area function domain, 

and the glottal source wave characteristics are converted in 

the cepstrum domain. 

 

2.4 Re-synthesis of the converted voice 
The system overview of the voice conversion process is 

shown in Fig. 4, where the system consists of a training 

phase and a conversion phase. The procedure of each phase 

is as follows. 

Training phase: 

1) AR-HMM analysis: Speech samples with the same 

phonetic content from both source and target speaker 

are analyzed, to estimate the AR coefficients for the 

vocal tract features and the glottal source wave for the 

vocal cord features. The AR coefficients are trans-

formed to log vocal tract area functions. The glottal 

source wave is transformed to cepstra. 
2) Feature alignment: The feature vectors obtained above 

are time-aligned using dynamic time warping (DTW) 

in order to compensate for any differences in duration 

between source and target utterances. 

3) Estimation of the conversion function: The aligned vec-

tors are used to train a joint GMM whose parameters are 

then used to construct a stochastic conversion function. 

The conversion function for vocal tract features and the 

conversion function for vocal cord features are esti-

mated independently. 

Conversion and morphing phase: 

1) AR-HMM Analysis: As in the training phase, the vocal 

tract and vocal cord features are estimated using an 

AR-HMM, but in this case only the source speaker’s 

utterances are used. 

2) Features Transformation: The GMM-based transfor-

mation function constructed during training is now 

used for converting every source log vocal tract area 

function and vocal cord cepstrum into its most likely 
target equivalent. 

3) Linear Interpolation: The features of morphed speech 

are obtained using )()1(
11

xx k

n

k
k

n

k
k F 

  , 

where x denotes the original source feature vector, and 
)(xkF  is the converted feature vectors of speaker k ob-

tained using the conversion functions. The parame-

ter k denotes the morphing rate. Vocal tract features 

and vocal cord features are interpolated independently. 

4) Synthesis of the source wave: The source wave for 

LPC synthesis is synthesized with the STRAIGHT 

software, using the converted vocal cord cepstrum. 

5) LPC synthesis: The AR coefficients for LPC synthesis 

are obtained by the PARCOR coefficients derived 

from the converted log vocal tract area functions. Fi-

nally, we filtered the synthesized source wave with the 

AR coefficients. 
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Fig. 4 Block diagram of the voice conversion system 
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2.5 Stretch in the direction of vocal tract length 

In the case of vocal tract area function space interpola-

tion, it is necessary to take into account the differences in 

vocal tract length of the speaker. To accommodate this, we 

stretched vocal tract area functions in the direction of the 

long axis of the vocal tract before linear interpolation. The 

procedure is as follows. 

1) The vocal tract area functions are approximated by 

p order polynomials (in our experiments, p =6), and 

the local maxima and local minima are estimated. 

2)  The correspondence of  the poles between the speak-

ers are selected with minimum distance among those 

poles.  

3) Finally, the vocal tract area function of morphed 

speech are piecewise stretched and interpolated using  

the correspondences. 

Lips Glottis

Speaker A

Speaker B

Morphed speech

Poles of the polynomial

 
Fig. 5 Stretch in the direction of vocal tract length 

 

Lips Glottis

Speaker A

Speaker B

Morphed speech

 
Fig. 6 An example of the piecewise stretch and interpo-

lation of vocal tract area functions 

 

2.6 The method of pitch modification 

A basic prosodic transformation was also applied. The 

fundamental frequencies are modeled by a log-normal dis-

tribution. During the training phase, the mean value and 

variance of the log scale fundamental frequency was calcu-

lated for speakers. We estimated the converted fundamental 

frequency using the following formula. 

)(' 00 x

x

y

y ff 



 

 

where 0f ,
'0f denote log scale fundamental frequencies of 

before-conversion and after-conversion. The values x , y  
are the mean log pitch of source and target speakers, respec-

tively. x , y  are the variances of log pitch. 

3. EXPERIMENTS 

3.1 Experimental conditions 

The speech sample set used for voice morphing con-

tained 50 sentences in Japanese, each uttered by three male 

and three female speakers. The sampling frequency was 16 

[kHz] and the mean duration of the sentence samples was 4.7 

[s]. Forty-five sentences were used for the training of the 
conversion functions; five sentences were used for the syn-

thesis of the morphed speech. 

The number of AR coefficients and HMM states for the 

AR-HMM were 21 and 13, respectively. The HMM states of 

the AR-HMM were connected in a ring topology. There were 

128 mixtures of GMM for the conversion function. Twenty 

cepstrum coefficients were used for re-synthesis of the source 

wave. The following three types of interpolation methods 

were compared: 

(a) Linear interpolation of 40 cepstrum coefficients cal-

culated from the AR coefficients. 
(b) Linear interpolation of log scale vocal tract area 

functions (order 21). 

(c) In addition to (b), using the poles of the approximat-

ing polynomials of the vocal tract area functions, we 

carried out a piecewise linear stretch and interpola-

tion. 

The morphed speech was synthesized using the me-

thods (a), (b), and (c), changing the morphing rate. Three 

combinations of source and target speakers were used; male 

to male, female to female, and male to female. 

3.2 Observation of the formants for the morphed speech 

We observed the power spectrum for the same analysis 

frame of the morphed speech between the original male 

speaker’s features and the target female speaker’s converted 

features, when the morphing rate  =0.5 (Fig. 7). In the case 

of method (a), interpolation in the cepstrum domain, it can 

be seen that the power spectra are smoothed and the for-

mants are indistinct. In the case of method (b), the formants 

are distinct, but each formant is situated at small equal inter-
vals. This is because the form of vocal tract area functions is 

treated as a uniform tube, as a result of interpolation that 

doesn’t take account of varying vocal tract length. In the 
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case of (c), interpolations that do take into account vocal 

tract length, each formant is situated appropriately in the 

middle of the source speaker’s and the target speaker’s fre-

quency ranges. 

3.3 Perceptual test results 

We synthesized the morphed speech that was interpo-

lated with speech from six speakers with a constant morph-

ing rate, and conducted a preliminary listening test for differ-

ences between results of each method. Firstly, we derived 

morphed speech from the original speech samples from the 

six speakers. The listening test result by three subjects indi-

cates that speech derived using the methods (b), (c) was 

clearer than speech derived by method (a). Next, we derived 

morphed speech from one male speaker’s speech samples as 

source and converted speech samples that mapped to the 

other five speakers as targets from the male speaker. As a 

result, clear differences in the hearing of speech derived us-
ing each method were not found. This was possibly because 

the lower formants were maintained to some extent, and also 

because we interpolated between the converted speeches, that 

were of a degraded quality. 

4. CONCLUSION 

This paper has presented a voice morphing method 

based on mappings in the vocal tract area space and glottal 

source wave spectrum that can each be independently mod-

ified. These features have been realized using AR-HMM 
analysis of speech. The research has focused on the phonetic 

continuity of morphed speech converted from a linear com-

bination of multi-speakers’ voices. We have discussed this 

issue by comparing acoustic features and interpolation tech-

niques. The feasibility of the method has been reasonably 

confirmed by observing the positions of the formants of the 

morphed speech, and conducting a preliminary listening test 

on the morphed speech of six speakers. In future, we will 

investigate how to improve the quality of voice conversion 

with interpolation techniques. 
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ABSTRACT

This paper investigates the pitch characteristics of bone
conducted speech. Pitch determination of speech signal
can not attain the expected level of accuracy in adverse
conditions. Bone conducted speech is robust to ambient
noise and it has regular harmonic structure in the lower
spectral region. These two properties make it very suit-
able for pitch tracking. Few works have been reported
in the literature on bone conducted speech to facilitate
detection and removal of unwanted signal from the si-
multaneously recorded air conducted speech. In this
paper, we show that bone conducted speech can also be
used for robust pitch determination even in highly noisy
environment that can be very useful in many practical
speech communication applications like speech enhance-
ment, speech/ speaker recognition, and so on.

1. INTRODUCTION

Presence of additive noise makes speech processing
a challenging problem. Speech enhancement is thus
required in many practical applications of speech com-
munication. Though the enhancement techniques are
somewhat successful in reducing noise at moderately
high SNR (speech to noise ratio) conditions, they are
not effective at low SNR conditions. Again, handling
non-stationary noises has been another difficult prob-
lem in speech enhancement. In non-stationary noisy
environment, determining the state of the speaker
(speaking or not) is one of the most difficult issue.
Since the speech is itself non-stationary in nature, it
is extremely difficult to detect and remove background
noises from just one channel information of speech
signal. To this end, utilization of bone conducted
speech has been studied by many researchers [1, 2],
where the bone conduction pathways have been used to
record the talker’s voices by placing a bone-conductive
microphone on the talker’s head. An important advan-
tage of a bone-conductive microphone over an air boom
microphone is that it is less susceptible to background
noise. Researchers utilized this advantage to detect
and remove non-speech background noise [3] from the
simultaneously recoded air conducted speech. Recently,
a Microsoft research group proposed a hardware device
that combines regular air-conductive microphone with
bone-conductive microphone [4]. They reported to be
able to eliminate more than 90% of the background
speech. Utilization of bone conducted speech in
combination with the air conducted speech has also
been shown to improve accuracy in speech recognition
[5]. Although bone conduction is always induced by

sound vibrations arriving at the head of the listener, its
effectiveness is less than that of air conduction. This
is because sounds at higher frequencies are impeded
more during the transmission of bone conduction. This
leads many researchers to concentrate on improving
the quality of bone conducted speech by incorporating
the higher frequency components derived from the air
conducted speech [6, 7, 8, 9].

In summary, bone conducted speech has great potential
in many applications. In this paper, we identified
its ability in determining the pitch (fundamental
frequency) contours particularly in noisy environments.
A reliable tracking of pitch contour is critical for many
speech processing tasks including prosody analysis,
speaker identification, speech synthesis, enhancement
and recognition. Thousands of pitch determination al-
gorithms have been developed, none of which, however,
is perfect in adverse environmental conditions. Speech
signals in public places, like railway station, crowded
street, industrial working area and battle field, become
very noisy. In contrast, bone-conductive microphone
works by capturing the bone vibrations which is ex-
pected to be immune from air conduction. Experiments
have been set up to measure the noise induction to
bone-conductive microphone from surrounding environ-
ments. Though bone conducted speech is noticed to
be little affected, the quantity is insignificant especially
for pitch determination. When the pitch estimation
using the heavily affected normal speech signal gets
deteriorated, bone conducted signal still yields accurate
pitch estimates that could be very useful for robust
speech processing applications including the quality
enhancement of both the bone conducted speech and
the simultaneously recoded air conducted speech.

2. SPECTRAL CHARACTERISTICS OF
BONE CONDUCTED SPEECH

Conduction of sound through the vocal tract wall and
bones of the skull is referred to as bone conduction.
A headset directly coupled with the skull of the talker
is usually used to capture the bone conduction. Re-
searchers sought to identify the effective head locations
for bone vibrations [1, 2]. Forehead, temple, mastoid
and vertex are reported to be more suitable for picking
up bone vibrations. Study has revealed that effective-
ness of the bone conducted speech is 40 dB less than that
of air conduction [10]. Sounds at lower frequencies are
impeded less during bone conduction transmission than
sounds at higher frequencies. This causes the higher
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frequency components attenuated in case of bone con-
ducted speech. Since the range of human-pitch usually
resides within 50–400 Hz, bone conducted speech signal
is thus appropriate for pitch tracking without making
any spectral improvement (e.g. [6]). Spectrograms of
bone conducted speech spoken by a Japanese male and
a female speaker are shown in Fig. 1. Frequency com-
ponents up to 3 kHz are shown, where the pitch har-
monics are obvious in the lower portion. The sampling
frequency used here is 12 kHz.

Figure 1: Frequency contents (< 3000 Hz) of bone con-
ducted speech. a) Derived from MALE speech, b) de-
rived from FEMALE speech.

In this study, we used Temco Japan HG-17 bone-
conductive microphone comprising three receivers, two
of which are placed on left and right temples and the
other on the top of the head (vertex).

3. PITCH TRACKING OF AIR AND BONE
CONDUCTED SPEECH IN NOISELESS

CONDITIONS

As seen in the spectrograms in Fig. 1, though the
higher pitch harmonics are mostly absent, harmonics
of both the male and female speech signals are clearly
evident in the lower part of the spectrograms. This
facilitates pitch determination using bone conducted
speech. Pitch contours estimated from simultaneously
recorded air and bone conductive speech signals for
four Japanese sentences are shown in Figs. 2 and 3.
A standard Panasonic RP-VK25 microphone is used
for recording air conducted speech. The weighted
autocorrelation method described in [11] is applied for
pitch determination. Pitch frequency is estimated from
30 ms-long frame with a frame shift of 10 ms. Both
type of speech signals are band limited to 2 kHz before
pitch determination.

The left and right panel in Figs. 2 and 3 corre-
sponds to the pitch contours estimated from the air
and bone conducted speech, respectively, in noiseless
environment. The center panel corresponds to the
spectrogram estimated from air conducted speech. In
case of bone conducted speech, shape of the estimated

pitch contours match almost perfectly with the pitch
harmonics apparent in the respective spectrogram. This
can be attributed to the regular harmonic structure in
the the lower region of the spectrum. On the other
hand, pitch tracking is sometimes erroneous in case of
clean air conducted speech, it deteroriates further in
noisy conditions.

The four Japanese sentences used in this study
are,
s1: arayuru genzitsuwo subete zibun no houhe nezimage
tanoda
s2: isshyukan bakari nyuyoku wo shuzaishita
s3: bukka no hendouwo kouryo shite kyuhusuizyunwo
kimeru hitsuyou ga aru
s4: irohanihoheto tirinuruwo

The speech is recorded in a noise-isolated labora-
tory room. We analyzed forty such sentences (four
sentences spoken by five male and five female speakers).
Results presented in Figs. 2 and 3, is typical to our
analysis outcome.

4. NOISE SUSCEPTIBILITY OF AIR AND
BONE CONDUCTED SPEECH

Unlike air conduction, the bone conduction pathway
does not directly confront with outside environment.
Even so, noise induction to bone conducted speech can
not be ignored in highly noisy environment [12, 13]. The
technology of bone- conductive microphone is still in the
early stage of development, it therefore lacks perfection.
An experiment has been conducted (in the laboratory
where the authors are affiliated with) to investigate the
extent at which bone conducted speech is induced from
noisy environments. Artificial noisy conditions have
been created for white and babble noise (noise due to hu-
man crowd) by playing noise signal during the recording
process. The relative amplitude of noise induced with
both the air and bone conducted speech are shown in
Figs. 4(a) and 4(b), respectively. The top and bottom
panels represent the case of white and babble noise, re-
spectively. Recordings of male and female speech are
accomplished separately but in the same noisy condi-
tion. The SNRs calculated from the noise corrupted air
and bone conducted speech are shown in Table 1.

Table 1: SNRs of Air and Bone conducted speech

Speaker Speech
type

White
(dB)

Babble
(dB)

Male Air 0.18 1.31
Bone 5.26 20.30

Female Air -1.02 2.12
Bone 16.23 31.27

Two observations can be made from Fig. 4 and from
the data in Table 1. Firstly, bone conducted speech
is affected much less than air conducted speech. Sec-
ondly, higher SNR values in the last row signify that
female voice is more viable to produce intelligible bone
conducted speech than male voice.
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Figure 2: Pitch tracking of bone conducted speech spoken by a MALE speaker in noiseless condition. Left: Using
air conducted speech, Center: it’s spectrogram, Right: using bone conducted speech.

Figure 3: Pitch tracking of bone conducted speech spoken by a FEMALE speaker in noiseless condition. Left:
Using air conducted speech, Center: it’s spectrogram, Right: using bone conducted speech.

5. PITCH TRACKING OF AIR AND BONE
CONDUCTED SPEECH IN NOISY

CONDITIONS

Satisfactory performance of most pitch detection algo-
rithms are limited to clean speech. Due to the difficulty
of dealing with noise intrusions, the design of a robust
pitch detector has proven to be very challenging. On the
contrary (as it is obvious in the previous section), bone
conducted speech is much insensitive to environmental
adversity. This facilitates robust pitch tracking using
bone conducted speech in highly noisy conditions. Pitch

contours estimated using air and bone conducted speech
for sentence s3 corrupted by white noise are shown in
Figs. 5 and 6, for male and female speakers, respectively.

The same as in Figs. 5 and 6 are repeated in Figs. 7 and
8 in case of babble noise. The signal for sentence s3 is
used here again to have a better comparison.
As depicted in Figs. 5 through 8, numerous octave er-
rors are introduced in the pitch contours determined
from noise corrupted normal speech signal. On the
other hand, pitch contours determined from the cor-
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Figure 4: Relative amplitude of noise induced with
speech (Top: White noise, Bottom: Babble noise). a)
In case of air conducted speech, b) in case of bone con-
ducted speech.

Figure 5: Pitch contours estimated from speech spoken
by a MALE speaker when corrupted by WHITE NOISE.
a) Using air conducted speech, b) using bone conducted
speech.

rupted bone conducted speech almost resembles with
those estimated in noiseless conditions as in Figs. 2 and
3 that indicates its robustness against ambient noise.

6. CONCLUSION

Bone conducted speech has to go a lot far to be suit-
able for independent utilization. It is, however, applied
successfully together with normal speech for enhance-
ment that resulted in improved speech recognition and
speaker identification. In this paper, we have studied
another important property of bone conducted speech,
namely pitch frequency, both in noiseless and noisy envi-
ronments. Experiments have been conducted to see the
degree at which bone conducted speech is corrupted.
It became evident that when the noise corrupted nor-
mal speech fails to yield accurate pitch contours, bone
conducted speech can be employed for much greater ac-
curacy.

Figure 6: Pitch contours estimated from speech spo-
ken by a FEMALE speaker when corrupted by WHITE
NOISE. a) Using air conducted speech, b) using bone
conducted speech.

Figure 7: Pitch contours estimated from speech spo-
ken by a MALE speaker when corrupted by BABBLE
NOISE. a) Using air conducted speech, b) using bone
conducted speech.

Figure 8: Pitch contours estimated from speech spoken
by a FEMALE speaker when corrupted by BABBLE
NOISE. a) Using air conducted speech, b) using bone
conducted speech.
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ABSTRACT 
We propose a Gaussian process based regression scheme 
that provides a direct estimation of the height of unknown 
speakers and is applicable to real-world autonomous sur-
veillance applications. This scheme relies on utterance-level 
speech parameterization followed by regression modelling, 
which estimates the height of the speaker and the uncer-
tainty interval of that estimation. Experiments on the TIMIT 
database demonstrated that a feature vector composed of 
the top-50 ranked parameters offers a good trade-off be-
tween computational demands and accuracy. The proposed 
scheme for automatic height estimation was evaluated in the 
smart-home and public security scenarios offered by the 
PROMETHEUS database. The averaged relative error of 
height estimation remained approximately 3%, in both in-
door and outdoor conditions, which indicates the good ro-
bustness of the proposed scheme.  
 

1. INTRODUCTION 

Nowadays, applications such as data/area access authoriza-
tion, remote user authentication, forensic applications, 
homeland security applications and anti-terror surveillance, 
etc have become common. In these applications, among the 
most widely used biometric processes are fingerprint recog-
nition, finger/hand geometry recognition, face recognition, 
iris and retina recognition, DNA analysis, and recognition of 
various voice-related biometric characteristics, such as the 
speaker voiceprint. Some other biometric traits, referred to 
as soft biometric characteristics are the skin colour, the eye 
colour, the body build, weight, and height and the accent. 
Although the discriminative capacity of the soft biometric 
characteristics does not allow the development of self-
dependent biometric solutions, they were found useful as 
additional features for improving the robustness and accu-
racy of other biometric processes [1]. 

Given specific controlled conditions, human height can 
be estimated from images and video sequences. An early 
study on height estimation from video through calibrated 
cameras, reported for a small set of ten persons with known 
heights [2], has demonstrated promising results – a standard 
deviation of the estimation error of approximately 0.031 me-
ters was observed. However, this approach works only when 
the entire body of the person is in the receptive view of the 
camera and no occlusions occur. A recent work [3] demon-
strated height estimation accuracy of approximately 0.0267 

meters for a set of 127 people from different ages and demo-
graphics. However, this approach assumes that the persons’ 
face is oriented towards the camera, which limits the area of 
its applicability. 

Related work on height detection from speech was re-
ported in [4], where the height scale was split to eleven 
classes of ±0.025 meters range, and for each class a Gaussian 
mixture model was built. Afterwards, each input audio file 
was assigned to one of the eleven clusters. In [5] a scale fac-
tor, based on the EM algorithm and the formant frequencies, 
was correlated with the speakers’ height. In [6] speaker char-
acteristics, among which the body height, were correlated 
with a search tree warp factor. Multiple linear regression al-
gorithms were utilized on phone level [7], and several non-
linear regression algorithms were applied on utterance level 
[8] for estimating the speaker’s height.  

In the present work, we focus on human height estimation 
from speech in two real-world applications: smart-home and 
public security (bankomat i.e. ATM and airport surveillance). 
Both applications involve uncontrolled operational condi-
tions, such as occlusions of the persons of interest by (mov-
ing) objects or other humans, humans partially or completely 
outside the perceptive view of the cameras, bended human 
bodies, various hats, open umbrellas, etc. In these cases, ac-
curate height estimation from video is not always possible, 
and this complicates the person re-identification among dif-
ferent cameras or after her/his reappearing in the scene. In 
such cases, given the availability of a speech utterance, 
height estimation from speech can be indispensable.  

The approach discussed here differs from previous related 
work in that:  
(i) we do not rely on the basic speech features (formants, 

pitch, energy, MFCCs, etc), which in earlier studies were 
reported to be weakly or moderately correlated to height 
but instead use utterance-level audio parameters that are 
derived through statistical processing of frame-level 
speech features, 

(ii) we systematically select the most useful attributes among 
the 6552 statistical parameters offered by the openSMILE 
audio parameterization [9],  

(iii) we perform a direct estimation of the speakers height via 
Gaussian process (GP) regression that also provides the 
uncertainty interval of each estimation, and 

(iv) we aim at the estimation of the height of unknown 
speakers in real-word setup: smart-home and public secu-
rity scenarios. 
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Figure 1 – Regression-based scheme for height estimation from speech for unknown speakers: the training stage. 

The probabilistic nature of the proposed regression scheme 
facilitates fusion with the estimations from other sensors, 
including video cameras, which is quite important for the use 
of this technology in practical applications. 

2. HUMAN HEIGHT ESTIMATION FROM SPEECH 

The efforts for human height estimation from speech are 
based on the assumption that there is a strong correlation 
between the height of a person and the length of her/his vo-
cal tract. Studies with X-ray and magnetic resonance imag-
ing (MRI) provide evidence in support of that assumption 
[10]. Furthermore, the speech production theory [11] as-
sumes that the vocal tract length and the formant frequencies 
of speech are correlated, and therefore human height can be 
inferred from speech. Although it was experimentally found 
that among the speech formants only the forth one is corre-
lated with the human height, other speech descriptors (LPC, 
MFCC, etc) were reported to be correlated as well. 

In the present work, we view the automatic human 
height estimation from speech as a supervised learning task 
that aims at the creation of regression model,  from a 
given training set 

( )f x ,
{ } { }1,2, n=

( ) ,d
ix

( ), , | ..d
i ih i= =D X h x ., . Here 

consists of n  -dimensional feature vectors  which 
are computed from the vocal articulations of multiple per-
sons, each with height ih . We aim at inferring 

D d

( )f x

( )
1

d
n

 from 
, and anticipate that this regression model will be able to 

estimate the value of 1n  for new unseen input 
D

h + +x , which 
is generated from the same underlying process that gener-
ated . To do that we define D f( )h ε= +x , where ε  stands 
for the cumulative ‘noise’, which is due to the combined 
effect of anatomical peculiarities among human individuals 
with the same height, additive acoustic interference from the 
environment that contaminates the speech waveform, and 
‘instrumentation’ errors related to speech acquisition, pre-
processing and parameterization process. In the following, 
we will allow ε  to be modelled as if it was Gaussian with 
variance 2

nσ  but this simplification is introduced mainly for 
simplifying the model estimation, and therefore we do not 
expect that it will hold true in the general case. Another sim-
plification here is that we assume ε  independent of ( )xf .  
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In this manner, for a spoken utterance which is parameter-
ized by the vector +x ( )f x

h
, the model, , estimates not only 

the height 1n+  for unseen speakers but also the variance of 
this estimation, which indicates the degree of uncertainty. 

The model creation steps are summarized in Figure 1, 
and the height estimation process is illustrated in Figure 2. 
As Figure 1 presents, during training speech utterances are 
parameterized to a set of speech features. The speech fea-
tures are afterwards ranked with respect to their relevance to 
the height estimation problem, and a subset of them are se-
lected for the feature vector. Finally, a regression model is 
created using the feature vectors and their corresponding 
ground truth labels, ih . The regression model and the list of 
indexes of the relevant speech features are stored for further 
use. During the operation of the height estimator (refer to 
Figure 2), a multi-sensor microphone array acquires the au-
dio waveforms. The multi-channel audio is amplified, sam-
pled, quantized by level, and next is converted to a single-
channel audio signal. (Alternatively, single sensor audio 
acquisition is also applicable if speaker localization and 
tracking are not needed). After noise reduction and sound 
source enumeration the single speaker utterances are kept. A 
speech activity detector is used for eliminating the silence 
portions of the waveform, and only the speech segments are 
parameterized. The final feature vector is formed by retriev-
ing only those speech features, which were selected as bene-
ficial during the training stage. Finally, the regression model, 
( )f x

w
(0, )pΝ Σw ∼ , once we know the mean value and the co-

variance matrix of the model, we can compute the mean 
and covariance for an unlabeled input , such as  1n+x

,  estimates the height, 1 , that corresponds to the 
present input feature vector, , as well as the uncertainty 
of this estimation.     

nh +
( )

1
d

n+x
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Figure 2 – Regression-based scheme for height estimation from speech for unknown speakers: the operational mode. 

3. IMPLEMENTATION  

For the purpose of model development, we made use of the 
TIMIT database [13]. The training set consists of 462 speak-
ers, including 326 males and 136 females, and the test subset 
consists of the recordings of 168 speakers, including 112 
males and 56 females. In both subsets, each speaker utters 10 
utterances. Likewise previous related work [4, 7], in the fol-
lowing experiments the speaker MCTW0 was excluded from 
the test subset, since his height of 2.032 meters is out of the 
range of heights represented in the training subset, 
htrn∈ [1.448, 1.981]. The test set was used for the purpose of 
model validation. We have downsampled both training and 
test subsets to 8 kHz, with 16 bits per sample.  
 
3.1   Feature Ranking and Selection 
Numerous studies on the relevance of the basic speech pa-
rameters (speech energy, pitch, formants, MFCC, LPC, etc), 
with respect to the height estimation problem, led to the con-
clusion that specific speech descriptors are weakly or moder-
ately correlated with the human height and that some are 
better correlated with height than others. Since, there is no 
single speech feature or a small set of speech features, which 
would permit an accurate estimation of the human height, we 
hypothesize that an automatic height estimator would rely on 
a large set of speech descriptors, which hopefully will be 
complementary to each other, and when combined would 
contribute to increase of the overall estimation accuracy.  

In the present work, we made use of the openSMILE [9] 
audio parameterization framework, which computes 6552 
utterance-level audio descriptors. These are statistical pa-
rameters, which are computed on the basic frame-level audio 
descriptors, such as the root mean square (RMS) frame en-
ergy, the zero-crossing rate (ZCR) from the time-domain 
speech signal, the harmonics-to-noise ratio (HNR) by auto-
correlation function, the pseudo loudness, the Mel-spectra, 
the twelve MFCCs, the fundamental frequency of speech 
normalized to 500 Hz, the voice quality etc, and their first 
and second time-derivatives. Among the statistical functional 
parameters that form the utterance-level feature vector are the 
mean, standard deviation, kurtosis, skewness and higher or-
der moments, segments, extreme values (minimum, maxi-
mum, relative position and range), linear and quadratic re-
gression coefficients (offset, slope, mean square error, etc), 

percentiles, durations, onsets, DCT coefficients etc, which 
are computed over the basic frame-level audio descriptors. 

However, the use of multidimensional feature vectors that 
consist of a large number of audio parameters is costly in 
terms of training and operational complexity, memory de-
mands and required training data. Therefore, it is desired to 
reduce the dimensionality of the feature vectors by discarding 
audio features that are not relevant to the speaker’s height 
and are redundant to others. To investigate the relevance of 
the openSMILE audio parameters, we performed ranking 
with the Regression Relief-F feature-ranking algorithm [14], 
which estimates the quality of each audio feature according 
to its ability to distinguish between instances, which are close 
to each other. In total, 3029 out of the 6552 audio features 
were found to be to some degree relevant to the height esti-
mation problem, i.e. they demonstrated positive attribute 
quality value. Next, the ordered list of attributes, which re-
sulted from the feature ranking, served for the selection of 
subsets of various sizes, which consist of the top-n ranked 
audio descriptors, with n ∈{1, 2,…, 10, 20, …, 100, 200, …, 
1000}. The appropriateness of these subsets was evaluated 
through measuring the accuracy of height estimation for two 
GP-based and two support vector machine (SVM)-based 
regression models. Here the SVM models are considered the 
baseline, as they are known to offer state-of-the-art perform-
ance and to cope well with high dimensional feature space.  

As presented in Figure 3, the GP-based model imple-
mented with normalized polynomial kernel, GP_nPoly, pre-
sented the best overall accuracy and is competitive to the 
SVM based regression model. When the size of the feature 
vector increases over the top-200 attributes, some increase of 
the mean absolute error (MAE) is observed for the SVM with 
RBF kernel and with polynomial kernel and much larger 
increase for the GP with RBF kernel. However, the accuracy 
for the GP-based model with normalized polynomial kernel, 
GP_nPoly, improved slightly, mainly due to the advantages 
of the normalized polynomial kernel. In the following we 
detail only on the results for GP_nPoly. 

Although the best accuracy for the GP_nPoly model is 
observed for large feature vectors (top-300 to top-1000), due 
to practical reasons in the following we will rely on a feature 
vector composed of the top-50 attributes, as this set offers a 
reasonable trade-off between computational complexity and 
height estimation accuracy. Among the top-50 ranked attrib-
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Figure 3 – The height recognition accuracy (MAE in meters) for various sizes of the feature vector: TIMIT test dataset. 

utes multiple audio features related to the fundamental fre-
quency (F0) and the MFCCs were found relevant to the 
height of the speaker. The mean of the fundamental fre-
quency was not ranked in the top-50 audio features, which is 
in agreement with previous research. However, a number of 
derivatives of the fundamental frequency of speech were 
found important for estimating the height of a person. In the 
top-10 ranked attributes there are three F0-related parameters, 
and in the top-50 there are sixteen [15]. The last makes the 
F0-based statistical parameters quite important, when com-
pared to other basic features. The good relevance of the 
MFCC, reported in earlier work [4] was also confirmed be-
cause 25 out of the top-50 attributes are based on the MFCC. 

3.2 Height Estimation Accuracy in Controlled Conditions 
The TIMIT database [13] had been recorded in a controlled 
setup: American English, read sentences, constrained vo-
cabulary, high SNR, small variations in the speaker-
microphone distance etc, which guarantees controlled mis-
match between training and test data. As Figure 3 shows, in 
these controlled conditions, we observed MAE of 0.053 me-
ters for the top-50 feature vector. This corresponds to an av-
eraged relative error of 3.0% with respect to the average 
height of 1.75 meters of the speakers in the TIMIT test data.  
 

4. EVALUATION IN REAL-WORLD SETUP 

4.1 The PROMETHEUS Database 
The multimodal PROMETHEUS database [16] was created 
in support of RTD activities aiming at the creation of a 
framework for monitoring and interpretation of human be-
haviours in unrestricted indoor and outdoor environments. 
The audio part of this database consists of four hours of re-
cordings, representative for two application scenarios: smart-
home (indoors, Greek language) and public security – airport 
and ATM (outdoors, English spoken by non-native speakers). 
Each recording session is comprised of multiple action 
scenes concatenated in a single sequence, where each action 
scene is implemented a number of times by different actors. 
The indoor scenes were implemented by five skilled actors: 
three females and two males, with heights in the range [1.60, 
1.72] meters. In addition, twelve supernumerary actors (in-
cluding one female) were involved in the outdoor scenes. 
The heights of the people involved in the outdoor episodes 
were in the range [1.60, 1.85] meters. The actors’ age was in 

the range [22, 56] years with mean value of 33.8 years. In the 
following, we report results on the so-called selected scenes, 
which the PROMETHEUS consortium identified as the most 
interesting from application point of view. These thirty-two 
scenes with individual durations between 15 and 134 seconds 
have a cumulative length of approximately 30 minutes and 
represent typical multiple-person interaction episodes.  

The audio, recorded with an eight-channel uniform linear 
array with spacing between the microphones of 0.1 meters, is 
sampled at 32 kHz with resolution 32-bits per sample.  

4.2 Experimental Setup 
In all experiments we used off-line processing of the 
PROMETHEUS selected scenes described in Section 4.1. 
Since here we are interested only in the speech portions of 
the signal, we converted the 8-channel audio to sampling 
frequency of 8 kHz and resolution 16-bit. A minimum vari-
ance beamformer with processing window of 0.064 seconds 
and overlap 0.032 seconds was used. Noise reduction was 
performed with a band-pass Butterworth filter of order six, 
with low and high cut frequencies Hz and 250lof =

3700hif = Hz, respectively.  
Instead of relying on the sound source enumeration and 

speech/non-speech detection components, in the present 
evaluation we made use of the manual segmentation of the 
PROMETHEUS audio data, which provides error-free seg-
mentation of single-speaker utterances. The last evades the 
dependence of the height estimation accuracy on the accu-
racy of these two components. In total, eighty single-speaker 
utterances, with SNR in the range between 10 and 20 dB, 
were available in the twelve indoor selected scenes, and 
ninety-two, with SNR between 6 and 12 dB, in the twenty 
outdoor selected scenes. Two additional outdoor sets, desig-
nated as lowSNR and wInterf, were formed by thirty-one sin-
gle-speaker segments with SNR between 0 and 3 dB and 
twelve speech segments with one or more concurrent speak-
ers. The test datasets obtained to this end consisted of utter-
ances from three females and two males for the indoors sub-
set, and by three females and seven males for the outdoors 
subsets. Next, the energy detector of openSMILE was used to 
discard silences, and the openSMILE parameters were com-
puted only for the speech segments. The top-50 audio fea-
tures were kept for the feature vector.  

The WEKA [17] implementation of GP-based regression 
with normalized polynomial kernel was used. The GP-based 
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Table 1.  Height estimation accuracy in terms of MSE, RMSE 
and ARE. All values are in meters, except for the AREs. 

  μt μe μt-μe σe MAE RMSE ARE
Indoor, [10, 20]dB 1.679 1.695 -0.016 0.054 0.041 0.056 2.5%
Outdoor, [6, 12]dB 1.678 1.648 0.030 0.054 0.050 0.062 3.0%
Outd., lowSNR, [0, 3]dB 1.743 1.723 0.020 0.090 0.067 0.093 3.9%
Outd., wInterf,  0dB 1.707 1.640 0.067 0.083 0.097 0.107 5.7%
TIMIT test dataset 1.750 1.750 -1.7e-4 0.068 0.053 0.067 3.0%

Table 2.  Height estimation accuracy – each cell shows the per-
centage of height estimations within the specific error range 

Error range [m] ≤ 0.01 0.02 0.025 0.05 0.075 0.10 0.125 0.15
Indoor, [10, 20]dB 15.0 33.8 43.8 72.5 82.5 95.0 97.5 97.5
Outdoor, [6, 12]dB 16.3 22.8 27.2 54.3 79.3 91.3 96.7 98.9
Outd., lowSNR, [0, 3]dB 16.1 29.0 35.5 51.6 64.5 71.0 80.6 87.1
Outd., wInterf,  0dB 0.0 0.0 0.0 8.3 50.0 66.7 75.0 83.3
 

model created from the TIMIT training set, used in Section 3, 
was reused in all experiments on the PROMETHEUS data.   
 
4.3 Experimental Results 
The experimental results for the GP-based model with nor-
malized polynomial kernel are shown in Tables 1 and 2. Spe-
cifically, the height estimation accuracy for the twelve indoor 
and twenty outdoor scenes is reported in Table 1 in terms of 
MAE, root mean square error (RMSE), and averaged relative 
error (ARE) with respect to the average height μt, and in Ta-
ble 2 in terms of percentages of height estimations with error 
within a specific range. In Table 1, we also show the average 
of ground truth heights, μt, the average of the estimated 
heights, μe, the difference μt-μe which indicates the bias of the 
estimations for the specific dataset, and the standard devia-
tion of the height estimation error, σe.  

As the tables show, despite the mismatch between the 
training (TIMIT) and test (PROMETHEUS selected scenes) 
conditions, the proposed height estimator performed well 
both in the indoor and in the outdoor scenes, especially in the 
cases of reasonable SNR (i.e. SNR between 6 dB and 20 dB). 
The observed MAE of 0.041 and 0.050 meters for the indoor 
and outdoor scenes, are comparable to the 0.053 meters for 
the test dataset of TIMIT, and show that to some degree the 
proposed height estimation scheme is robust against envi-
ronmental noise. The above mentioned MAEs correspond to 
AREs of 2.5%, 3.0% and 3.0%, respectively (Table 1).  
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ABSTRACT
This work proposes a maximum a posteriori (MAP) based
parameter learning algorithm for acoustic-to-articulatory in-
version. Inversion method is based on single global linear
dynamic system (GLDS) representation of acoustic and ar-
ticulatory data. MAP based learning algorithm considers a
prior distribution for the parameter set as well as the likeli-
hood of the training data. Therefore in this paper, we investi-
gate the selection of prior distributions with hyperparameters
for GLDS to improve the performance of articulatory inver-
sion. The performance of the proposed learning algorithm
and comparison of it with the maximum likelihood (ML)
based learning method are examined on an extensive set of
examples. These results show that the performance of the ar-
ticulatory inversion method based on GLDS is significantly
improved via MAP based learning algorithm.

1. INTRODUCTION

Electromagnetic Articulography (EMA) Trajectories provide
the movement of certain articulators during a speech utter-
ance. They contain useful information about speech pro-
duction and this information can be used in a variety of
speech applications including speech recognition and syn-
thesis. Therefore, the reliable estimation of articulatory tra-
jectories could improve performance of these applications.
Recently, numerous methods are proposed to find reliable es-
timates of articulatory trajectories. Among them, [1, 2] uses
neural network and mixture density network. Other methods
given in the literature are GMM regression [3, 4], HMM [5],
SVM regression [6, 7] and codebook usage [8]. A combina-
tion of acoustic and visual features is used in [9, 10].

Consideration of articulatory inversion as a state esti-
mation problem via state space representation can be seen
in [11, 12, 13]. In state space representation, the position
of the each articulator is considered as a state of the dy-
namic system and they are governed by state equation. The
observations are the acoustic (and/or visual) data like Mel-
frequency cepstral coefficients (MFCC), and the transforma-
tion from acoustic to articulatory data is controlled via ob-
servation equation. The observation equation is either a non-
linear [12, 13] or a linear affine function [11]. Studies in the
literature estimate the parameters of the model by ML crite-
rion [12, 13, 11]. The data used in parameter estimation, i.e.
the training data consists of articulatory and acoustic vector
pairs.

State space representation of articulatory inversion prob-
lem gives a compact formulation so that filtering and smooth-
ing can be applied relatively easily. For this purpose
Bayesian recursive estimation (i.e. Kalman filter etc.) can

be used. The performance of the system is directly related to
appropriate modeling of the state and observation, and the ac-
curacy of the estimation of model parameter set. Appropriate
modeling may not be possible due to uncertainties in the sys-
tem structures. The accuracy of the parameter estimation is
related to the adequacy and consistency of the training sam-
ples in the training database. If any one of them (modeling
and parameter estimation problems) is poor, the performance
of the inversion system will degrade.

To avoid these types of problems, in this paper we pro-
pose a MAP based learning algorithm for a single GLDS to
be used in estimation of articulatory trajectories. MAP based
learning algorithm use some prior information about model
parameters. Therefore, we also propose a prior density se-
lection method to improve performance of the articulatory
inversion. We also compare the performances of both ML
and MAP based learning algorithms in various experiments.

The rest of the paper is organized as follows: Sec.2 gives
problem formulation of articulatory inversion based on sin-
gle global linear dynamic system (GLDS). Sec.3 describes
learning and inference methods for GLDS. The experimen-
tal results are given in Sec.4. Sec.5 presents conclusions and
future work plan.

2. ARTICULATORY INVERSION BASED ON GLDS

The acoustic-to-articulatory inversion problem can be con-
verted into the state estimation problem of a single global
linear dynamic system (GLDS). The dynamics of articula-
tion and acoustic-to-articulatory transform are characterized
via piece-wise affine functions given as follows.

xk+1 = Fxk +u+wk (1)
zk = Hxk +d + vk (2)

where
• xk ∈ Rnx denotes the continuous-valued state vector re-

lated to articulatory data with dimension of nx
• zk ∈ Rnz denotes the observation vector related to the

acoustic data with dimension of nz
• wk and vk are Gaussian white noise with corresponding

covariances Q ∈ Rnx×nx and R ∈ Rnz×nz

wk ∼N (wk;0,Q)

vk ∼N (vk;0,R)

• Initial state x1 has Gaussian distribution with following
parameters

x1 ∼N (x1; x̄,Σ)
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• F ∈ Rnx×nx and H ∈ Rnz×nx are state transition and ob-
servation matrices respectively. u ∈ Rnx and d ∈ Rnz are
corresponding bias vectors.

• The over all parameter set of GLDS is Θ =
{x̄,Σ,H,d,R,F,u,Q}

Assume that we have a training database D = {X ,Z} that
links acoustic observations Z and articulatory observations
X . The problem of the acoustic-to-articulatory inversion in-
volves two separate tasks, that we may call “learning” and
“inference”:
• LEARNING: Learning is the estimation of the model pa-

rameters Θ given the training data set D and prior dis-
tribution p(Θ). We examine both maximum likelihood
(ML) and a maximum a posterior (MAP) learning meth-
ods. That is,

Θ̂ML = argmax
Θ

p(Z,X |Θ),

Θ̂MAP = argmax
Θ

p(Z,X |Θ)p(Θ).

• INFERENCE: The estimation of the articulatory state xk
given acoustic data z1:τ = {z1, . . . ,zτ} and estimated pa-
rameter set Θ̂. Estimated state is found via minimum
mean square error (MMSE) method as follows.

xk|τ = E[xk|z1:τ ]

where E[·] is the expectation operator. If τ = k, the esti-
mation is called filtering; if τ = N (where N is the length
of the observation sequence), the estimation is called
fixed-interval smoothing.

The following two sections explore, in detail, the problems
of learning Θ from measured X ,Z, and of inferring X from
measured Z.

3. LEARNING AND INFERENCE

3.1 Learning
For the estimation of the parameter vector Θ, suppose that
training database D contains L training sequences that con-
tains acoustic observations Z = {zl

1:Nl
}L

l=1 and articulatory
observations, X = {xl

1:Nl
}L

l=1. Suppose that each of the lth
sequence contains Nl vectors, that is xl

1:Nl
= {xl

1, . . . ,x
l
Nl
} and

zl
1:Nl

= {zl
1, . . . ,z

l
Nl
}.

3.1.1 Maximum likelihood (ML) Based Learning

In the maximum likelihood learning criterion, the parame-
ter set Θ can be estimated via maximizing the logarithm of
the joint likelihood function L(Θ) = p(Z,X |Θ) using training
data set D.

Θ̂ML = argmax
Θ

lnL(Θ) (3)

Under independent observation sequences assumption, L(Θ)
can be written as follows

L(Θ) =
L

∏
l=1

p(xl
1:Nl

,zl
1:Nl
|Θ)

=
L

∏
l=1

(
p(xl

1|Θ)
Nl

∏
k=1

p(zl
k|xl

k,Θ)
Nl

∏
k=2

p(xl
k|xl

k−1,Θ)

)
(4)

Table 1: ML Based Parameter Estimation for GLDS

Define the following summations:

N , ∑L
l=1 Nl −1, x̄c , 1

N ∑L
l=1 ∑Nl−1

k=1 xk.

x̄p , 1
N ∑L

l=1 ∑Nl
k=2 xk−1, z̄c , 1

N+L ∑L
l=1 ∑Nl

k=1 zk.

ML based estimated parameters:

ˆ̄x = 1
L ∑L

k=1 xl
1, Σ̂ = 1

L ∑L
l=1(x

l
1− ˆ̄x)(xl

1− ˆ̄x)T

F̂ =
(

∑L
l=1 ∑Nl

k=2(x
l
k− x̄c)(xl

k−1− x̄p)T
)

×
(

∑L
l=1 ∑Nl

k=2(x
l
k−1− x̄p)(xl

k−1− x̄p)T
)−1

û = x̄c− F̂ x̄p

Q̂ = 1
N ∑L

l=1 ∑Nl
k=2(x

l
k− F̂xl

k−1−u)(xl
k− F̂xl

k−1−u)T

Ĥ =
(

∑L
l=1 ∑Nl

k=1(z
l
k− z̄c)(xl

k− x̄c)T
)

×
(

∑L
l=1 ∑Nl

k=1(x
l
k− x̄c)(xl

k− x̄c)T
)−1

d̂ = z̄c− Ĥx̄c

R̂ = 1
N+L ∑L

l=1 ∑Nl
k=1(z

l
k− xl

k− d̂)(zl
k− xl

k− d̂)T

Taking the logarithm of L(Θ) and substituting in (3) gives

Θ̂ML =argmax
Θ

(
L

∑
l=1

Nl

∑
k=1

ln p(zl
k|xl

k,H,d,R)

+
L

∑
l=1

ln p(xl
1|x̄,Σ)+

L

∑
l=1

Nl

∑
k=2

p(xl
k|xl

k−1,F,u,Q)

)
(5)

where,

p(xl
1|x̄,Σ) , N (xl

1; x̄,Σ) (6)

p(zl
k|xl

k,H,d,R) , N (zl
k;Hxl

k +d,R) (7)

p(xl
k|xl

k−1,F,u,Q) , N (xl
k;Fxl

k−1 +u,Q) (8)

Derivatives of (5) for each unknown parameter, and roots
of the equations that are obtained by setting the derivatives
equal to zero are listed in Table 1. These roots are the esti-
mation formulae of the unknown parameters.

3.1.2 Maximum a Posteriori (MAP) Based Learning

Maximum likelihood estimation of a GLDS tends to over-fit
the training data, leading to degraded test-set performance.
In order to improve generalizability of the learned parame-
ters, we propose a regularized learning algorithm based on
MAP (maximum a posteriori) learning. Specifically, we
propose to impose a prior distribution p(u,F,Q) that en-
courages the regression matrix, F , to take values slightly
smaller (therefore slightly more generalizable [14]) than its
maximum-likelihood values. In the maximum a posteriori
learning criterion, the parameter set Θ is estimated based
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on training data set D = {X ,Z} and prior distribution p(Θ),
therefore

In the maximum a posteriori learning criterion, the pa-
rameter set Θ is estimated based on the training data set D
and prior distribution p(Θ), therefore

Θ̂MAP = argmax
Θ

lnL(Θ)+ ln p(Θ) (9)

where, L(Θ) is the likelihood function defined in (4) and
p(Θ) is the prior distribution for the model parameter set Θ,
which can be defined as follows. In this work, the model pa-
rameter set is divided into two subsets Θ = {Θ1,Θ2}, where
Θ1 = {x̄,Σ,H,d,R} and Θ2 = {F,Q}. where, F , [u,F ] is
the augmented parameter. Under the prior independence as-
sumption, the joint prior density can be written as follows

p(Θ) = p(Θ1)p(Θ2) (10)

In this work prior density p(Θ1) is assumed to be noninfor-
mative uniform prior, i.e. p(Θ1) = constant. Under this as-
sumption, (9) reduces to the

Θ̂MAP = argmax
Θ

lnL(Θ)+ ln p(F,Q) (11)

The joint prior distribution for p(F,Q) can be written as

p(F,Q) = p(F|Q)p(Q) (12)

Now, we need to specify the prior distribution for p(F|Q)
and p(Q). For this purpose, the conjugate prior distributions
are chosen. A prior distribution is said to be a conjugate
prior distribution for a given model if the resulting posterior
distribution is from the same family as the prior. The prior
distribution p(F|Q) is the matrix normal distribution [15, 16]
defined as

p(F|Q) , N (F;0,Q,Ω)

∝ |Ω−1| nx
2 |Q−1| nx+1

2 exp
(
−1

2
trΩ−1FT Q−1F

)
(13)

where, 0 is the mean of the matrix normal distribution. Ω and
Q are two corresponding covariances. The prior distribution
p(Q) is the inverse Wishart distribution [15, 16] defined as
follows

p(Q) , W −1(Q;Ψ,v)

∝ |Q−1| v+nx+1
2 exp

(
−1

2
trQ−1Ψ

)
(14)

where,v and Ψ are the degrees of freedom and scale matrix
for inverse Wishart distribution. Combining (13) and (14),
the joint prior density p(F,Q) becomes

p(F,Q) ∝ |Ω−1| nx
2 |Q−1| v+2nx+2

2

× exp
(
−1

2
tr

(
Ω−1FT Q−1F+Q−1Ψ

))
(15)

Substituting (15) into (11) and rearranging, the maximization
criterion of Θ2 can be written as follows.

Θ̂MAP =argmax
Θ

{
lnL(Θ)+ ln |Ω−1| nx

2 ||Q−1| v+2nx+2
2

× exp
(
−1

2
tr

(
Ω−1FT Q−1F+Q−1Ψ

))} (16)

Table 2: MAP Based Parameter Estimation for GLDS

MAP based estimated parameters:

F̂ ,
[
û, F̂

]
,xk

l ,
[
1,(xl

k)
T
]T

,ϒ , F̂Ω−1F̂T +Ψ

F̂ =
(

∑L
l=1 ∑Nl

k=2 xl
kx

l
k−1

)

×
(

∑L
l=1 ∑Nl

k=2 xl
k−1x

l
k−1 +Ω−1

)−1

Q̂ = ∑L
l=1 ∑

Nl
k=2(xl

k−F̂xl
k−1)(xl

k−F̂xl
k−1)T +ϒ

∑L
l=1 ∑

Nl
k=2 +v+2nx+2

Taking derivatives of (16) for each unknown parameter, and
setting derivatives equal to zero estimation formulas can be
obtained. These formulas are given in Table 21.

3.2 Inference

After the parameter learning stage, the filtered state x̂k|k can
be estimated by Kalman filter (KF) in a recursive manner.
Smoothing is also a standard procedure in Kalman filtering.
In this work we have obtained smoothed estimates by apply-
ing KF in forward and backward direction. Smoothed states
x̂k|N are obtained as a combination of forward and backward
estimates. Kalman filtering and smoothing algorithms are
described in [17] in detail.

4. EXPERIMENTS

4.1 Experimental Conditions

In this work, we use the MOCHA database [18]. The acous-
tic data and EMA trajectories of one female talker (fsew0)
are used; these data include 460 sentences. Audio features
(Mel-frequency cepstral coefficients (MFCC)) were com-
puted using a 36 ms window with 18 ms shift. The articula-
tory data are EMA trajectories, which are the X and Y coor-
dinates of the lower incisor, upper lip, lower lip, tongue tip,
tongue body, tongue dorsum and velum. EMA trajectories
are normalized by the methods suggested in [1] and down-
sampled to match the 18 ms shift rate. All the model param-
eters of GLDS are tested using 10-fold cross-validation. For
each fold, nine tenths of the data (414 sentences) are used
for training and one tenth (46 sentences) for testing. Cross-
validation performance measures (RMS error and correlation
coefficient) are computed as the average of all ten folds.

4.2 Hyperparameter Assessment

The parameters of the prior distributions are called hyper-
parameters and they must be estimated to solve articulatory
inversion problem. The hyperparameter set of the proposed
model is θh = {Ω,Ψ,α,v}. In this work, we choose the fol-

1Since the estimation formulae of the rest of the parameters are same as
given in Table 1, we do not repeat them in Table 2

807



lowing parameters for joint prior distribution.

Ω−1 = α
L

∑
l=1

Nl

∑
k=2

xl
k−1x

lT
k−1

Ψ =
1
v

Inx×nx

where, xk
l is the augmented articulatory state trajectories de-

fined as xk
l ,

[
1,(xl

k)
T
]T In this way, prior distribution be-

comes an invariant prior distribution [15]. Degree of freedom
of the inverse Wishart distribution v is also fixed and is equal
to the total number of observations. That is,

v =
L

∑
l=1

Nl −1.

Therefore, the only unknown hyperparameter is {α}. The
parameter α is estimated via trial and error. In this work, we
test the values of α ∈ S = {0.1,0.3,0.5}.

4.3 Performance Measures
The performance of the algorithms is measured using three
performance measures, namely, RMS error, normalized
RMS error and correlation coefficient, all of which are de-
scribed in [1, 4, 10].
• RMS error:

E i
RMS ,

√
1
N

N

∑
k=1

(xi
k− x̂i

k)
2, i = 1, . . . ,m

where xi
k and x̂i

k are true and estimated position, respec-
tively, of the ith articulator in the kth frame.

• Normalized RMS error:

E i
NRMS , E i

RMS
σi

, i = 1, . . . ,m

where σi is the standard deviation of ith articulator xi.
• Correlation coefficient:

ρ i
x,x̂ , ∑N

k=1(x
i
k− x̄i

k)(x̂
i
k− ¯̂xi

k)√
∑N

k=1(x
i
k− x̄i

k)
2
√

∑N
k=1(x̂

i
k− ¯̂xi

k)
2

for i = 1, . . . ,m where x̄i and ¯̂xi are the average position
of true and estimated ith articulator respectively.

4.4 Experimental Results
Experimental results of the proposed method are given in this
sub-section. The comparison of the learning methods based
on ML and MAP criteria for a single GLDS in terms of RMS
error and correlation coefficient can be seen in Fig.1. Ex-
amination of the figure shows that the MAP based learning
method significantly improves the performance of the artic-
ulatory inversion. The performance of the proposed algo-
rithm is tested for various α values and it is observed that
α = 0.3 gives the best performance for MAP based learn-
ing algorithm. The RMS error and the correlation coefficient
between the true (measured) and the estimated articulatory
trajectories for filtering mode are about 2.34 mm and 0.52

1.84

1.94

2.04

2.14

2.24

2.34

Learning Method

R
M

S
 E

rr
or

 (
m

m
)

(−a−)

 

 

ML MAP  
 (α=0.1)

MAP  
 (α=0.3)

MAP  
 (α=0.5)

Filtering
Smoothing

0.51

0.53

0.55

0.57

0.59

0.61

0.63

0.65

Learning Method

C
or

re
la

tio
n 

C
oe

ffi
ci

en
t

(−b−)

 

 

ML MAP  
 (α=0.1)

MAP  
 (α=0.3)

MAP  
 (α=0.5)

Filtering
Smoothing

Figure 1: RMS error (-a-) and correlation coefficient (-b-)
between true (measured) and estimated articulatory trajecto-
ries for ML and MAP (with various α values) learning, and
corresponding filtered and smoothed estimation results.

for ML learning method while the corresponding results for
MAP (α = 0.3) based learning method are about 1.93 mm
and 0.59 respectively. That means MAP based learning al-
gorithm in filtering mode reduces RMS error about 17.5%
(from 2.34 mm to 1.93 mm) and improve the correlation co-
efficients about 13.4% (from 0.52 to 0.59). When we con-
sider inferences based on smoothed estimate, The RMS er-
ror and correlation coefficient for ML based learning method
are about 2.3 mm and 0.59, corresponding results for MAP
(α = 0.3) based learning method are 1.85 mm and 0.65. That
means MAP based learning algorithm in smoothing reduces
RMS error about 18% (from 2.26 mm to 1.85 mm) and im-
prove the correlation coefficients about 10% (from 0.59 to
0.65). The second observation from Fig.1 is that the smooth-
ing is highly improves the performance compared to filtering.
A similar result is reported in [3, 4] for articulatory inversion
based on GMM and in [1] for articulatory inversion based on
(TMDN). In our work smoothing reduces the RMSE from
2.34 mm to 2.26 mm (a 3.4% relative improvement) and im-
proves the correlation coefficient about from 0.52 to 0.59
(a 13.4% relative improvement) when ML based learning
is used. Similarly, smoothing reduces RMSE about 4.1%
(from 1.93 mm to 1.85 mm) and improves correlation coeffi-
cient about 10.1% (from 0.59 to 0.65) for the MAP (α = 0.3)
based learning method.

Fig.2 provides more details regarding the utility of MAP
based learning method in articulatory inversion. The ab-
scissa distinguishes different articulators. As an example, in
Fig.2, normalized RMS error for Y axis of upper lip (uly)
reduced from 1.13 to 0.85. That means, there is a 24.7%
relative error reduction. In general, this figure denotes that
MAP based learning algorithm reduces normalized RMS
about (14-28%). Fig.3 illustrates an example of the estimated
(based on ML and MAP (α = 0.3) and the true x-coordinates
of articulatory trajectories for lower incisor. The utterance is
taken form MOCHA database.

5. CONCLUSION AND FUTURE WORK

In this paper, we have examined parameter estimation meth-
ods that are based on ML and MAP criteria for acoustic-to-
articulatory inversion which is done by using a single global
linear dynamic system (GLDS). The main aim of this work
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Figure 3: An example of estimated (based on ML and MAP
method) and true articulatory trajectories of x-coordinate for
lower incisor.(taken from MOCHA database)

is to show that MAP based parameter estimation method sig-
nificantly improves the performance of the articulatory in-
version. Experiments have been conducted on the MOCHA
databases. In the literature, [11] uses a single GLDS in artic-
ulatory inversion with similar experimental setup. They esti-
mate the model parameter set via ML criterion and their best
RMSE and correlation coefficient results between the true
(measured) and estimated articulatory trajectories are 2.15
mm and 0.59 respectively. According to the experimental re-
sults given in Sec. 4.4, our best results are obtained via MAP
based learning algorithm by using smoothing method. The
RMS error and correlation coefficient are about 1.85 mm and
0.65 respectively, which is significantly better than the results
of [11]. The main reason of the improvement is using MAP
based learning instead of ML and also smoothing instead of
filtering.

Our future work plan is to generalize the single GLDS to
a multiple models dynamic system which is known as jump
Markov linear system (JMLS) or switching linear dynamic
system (SLDS) and use MAP based learning. The prelimi-
nary experimental results showed that MAP based learning
algorithm is also improves the performance of articulatory
inversion when multiple models are used.
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ABSTRACT
Robustness analysis of a blind wavelet based ranked-ordered
watermarking scheme against quality scalable image com-
pression is presented in this paper. The analysis considers
a general wavelet-based compression scheme by modeling
the bit-plane discarding, used in achieving quality scalabil-
ity in JPEG2000. In this work we aim to improve the ro-
bustness by proposing the optimum modification for the se-
lected coefficients in order to retain the watermark informa-
tion. A relationship is established between the watermark
detection algorithm and the number of bit planes discarded
and this knowledge is used during the embedding procedure.
The proposed model assumes the same embedding and com-
pression wavelet kernel. The experimental results verify the
proposed model and demonstrate improved performance in
robustness to quality scalable compression in JPEG2000.

1. INTRODUCTION

In recent years, there has been an increase in use of scalable
coded media. JPEG2000 (Joint Photographic Experts Group)
for image coding and H.264/MPEG-4 advanced video cod-
ing (AVC) scalable extension are the main standards used in
universal multimedia access (UMA) applications for seam-
less media content delivery. Digital watermarking addresses
the issues related to multimedia security and digital rights
management. In this context an increasing number of
wavelet domain watermarking schemes are offered consid-
ering JPEG2000 image compression [1–5].

In UMA multimedia usage scenario, the emerging wa-
termarking algorithms attempt to improve the robustness
against scalable coding, either by incorporating the water-
marking into the compression algorithm, as in JPEG 2000
Secured (JPSec) [6], or employing other wavelet domain em-
bedding schemes independent of compression scheme. For
example, in [7], a secure signature scheme is presented based
on JPEG2000 image authentication. However, most of the
algorithms do not provide an insight into how robust these
algorithms to quality scalability or resolution scalability in
JPEG2000 scalable image compression. Common models
restrict their focus only on robustness to image processing
and geometric attacks or conventional compression [8].

In this paper we present a model for improving the
wavelet based blind watermarking robustness to quality scal-
able image compression attacks. To emulate the compres-
sion in JPEG2000, the wavelet based compression using a bit
plane discarding model is considered. The model is derived

The work of Mr Bhowmik is supported by the BP-EPSRC Dorothy
Hodgkin Postgraduate Award and the work of Mr Oakes is supported by
the EPSRC Doctoral Training Award.

by analyzing the effect of compression parameters in scalable
image coding. In our previous work [9], the robustness of
a non-blind watermarking scheme is analysed whereas here
we have consider blind watermarking scheme and exploited a
ranked-order-based blind watermarking algorithm described
in [4]. The model shows the relationship between the com-
pression parameters and the wavelet coefficients to be modi-
fied and uses that relationship to identify the optimum mod-
ification during watermark embedding. The proposed water-
mark embedding criteria ensures improved robustness under
various quality scalability adaptations of JPEG2000 encoded
bitstream. At the same time to improve the imperceptibility,
an imperceptibility model [10] may be used to find the trade
off. Without loosing the generality, we have implemented
the model with an example case in [4]. However other blind
watermarking algorithms can be modeled with a similar ap-
proach.

The rest of the paper is organized with a brief descrip-
tion on the general scalable coding framework and wavelet-
based quantization error modeling in Sec. 2. A discussion is
presented in Sec. 3 on the generalised framework of wavelet
based watermarking schemes. The robustness model is pre-
sented in Sec. 4 followed by the experimental results in Sec. 5
with concluding remarks in Sec. 6.

2. SCALABLE IMAGE COMPRESSION

UMA uses scalable coded content to enable seamless mul-
timedia consumption independent of the application device,
network media, network speed, resource limitation and usage
preferences. The input media is coded in such a way that the
main host server keeps the full resolution content which can
be decoded to produce maximum quality and spatial resolu-
tion. The supply of the scaled content, to a less capable dis-
play or to transmit through the lower bandwidth, is adapted in
different nodes having different scaling parameters. At each
node the scaling parameters might be different and a new bit
stream can be generated. Finally a suitable decoded version
is supplied to the end-user display terminals.

JPEG2000 uses the Discrete Wavelet Transform (DWT)
as its core technology and offers scalable decoding with qual-
ity and resolution scalability. The scalable coders encode the
image by performing the DWT followed by embedded quan-
tizing and entropy coding. The coefficient quantization, in its
simplest form, can be formulated as follows:

Cq =

⌊
C
Q

⌋
, (1)

where Cq is the quantized coefficient, C is the original coeffi-
cient and Q is the quantization factor. Embedded quantizers
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Figure 1: Quantization compression scheme considering N
level bit-plane discarding.

often use Q = 2N , where N is a non-negative integer. Such a
quantization parameter within downward rounding (i.e., us-
ing floor), can also be interpreted as bit plane discarding as
commonly known within the image coding community.

At the decoder side, a reverse process of the encoding is
followed to reconstruct the image. The dequantization pro-
cess is formulated as follows:

Ĉ = Q.Cq +

(
Q−1

2

)
, (2)

where Ĉ is the dequantized coefficient. In such a quantization
scheme, the original coefficient values in the range k.Q ≤
C < (k+ 1).Q, where k ∈ ±1,±2± 3... and Q = 2N for bit
plane wise coding are mapped to Ĉ =Ck, which is the center
value of the concerned region as shown in Fig. 1.

3. WAVELET-BASED WATERMARKING SCHEMES

In an attempt to generalization of wavelet based watermark-
ing schemes, we have accommodated popular algorithms
into a common framework [11] by dissecting the algorithms
into common functional modules and deriving a basic em-
bedding form as follows:

C′
m,n =Cm,n +∆m,n, (3)

where C′
m,n is the modified coefficient at (m,n) position, Cm,n

is the coefficient to be modified and ∆m,n is the modifica-
tion due to watermark embedding. Based on the modification
algorithms we have broadly categorized the algorithms into
two groups: direct modification [1,2] and quantization based
modification [3–5]. The watermarking algorithms can also
be grouped in two different categories: (1) Non-blind wa-
termarking where the original image is required during the
watermark extraction procedure and (2) Blind watermarking
(no original host image needed). Due to the nature of em-
bedding most of the direct modification algorithms defined
under non-blind category where as majority of the quantiza-
tion based schemes can be referred as blind.

Direct modification Direct modification algorithms are
generalized in the following modification value ∆m,n at (m,n)
position:

∆m,n = (a1)α(Cm,n)
bWm,n +(a2)vm,nWm,n

+(a3)βCw +(a4)Sm,n, (4)

where a1, ...,a4 are Boolean variables to identify the presence
of each of the components for a given methodology, Cm,n is
the coefficient to be modified, α is the watermark weighting
factor, b= 1,2... is the watermark strength parameter, Wm,n is

the watermark value, vm,n is the weighting parameter based
on pixel masking in a human visual system model, β is an
HVS-based fusion strength parameter in the case of fusion
based scheme, Cw is the watermark wavelet coefficient and
Sm,n is any other value which is normally a function of Cm,n.

Quantization based modification The ranked ordered
list based algorithms change the median value of a local area
(typically a 3x1 coefficient window) considering the neigh-
boring values. The modification value ∆m,n is decided based
on a quantization step δ (−δ ≤ ∆m,n ≤ δ ) within the range of
the selected 3x1 window. Different functions are suggested
in the literatures to find the value of δ and the functions
normally consists of minimum (Cmin) and maximum (Cmax)
value of the coefficients in each selected window.

δ = f (α,Cmin,Cmax), (5)

where α is the weighting factor and predefined. These meth-
ods vary by the way the coefficients are chosen for the list,
for example, choosing from the same subband (intra subband
quantization) [4] and choosing from different subbands of the
same level (inter subband quantization) [3].

4. ANALYSIS OF ROBUSTNESS TO QUALITY
SCALABLE COMPRESSION

A ranked order based blind watermarking scheme [4] has
been adopted here as the example case. As described pre-
viously in Sec. 3, a non-overlapping 3× 1 running window
is passed through the entire selected subband of the wavelet
decomposed image. At each sliding position, a rank order
sorting is performed on the coefficients C1,C2 and C3 to ob-
tain an ordered list C1 < C2 < C3. The median value C2 is
modified to obtain C′

2 as follows:

C′
2 = f (α,C1,C3,w), (6)

where w is the input watermark sequence and f () denotes a
non-linear transformation. Referring Eq. (5), the quantiza-
tion step δ is defined here as:

δ = α .
|C1|+ |C3|

2
, (7)

where α is the watermark strength parameter.
For the extraction of watermark bit sequence, the DWT is

performed on the test image followed by a rank ordered sort-
ing with a 3× 1 running window to obtain sorted elements
C1,C2 and C3 at each position. The watermarked bit wext as-
sociated with the particular window position is extracted as
follows:

wext ∈ (0,1) =
[

Cq
2 −Cq

1
δ q

]
%2, (8)

where % denotes the modulo operator to detect odd or even
number.

At this point we considered the quality scalable com-
pression on test image and find the parameter which affects
the robustness. We have defined a superscript q to each of
the previously defined notations to represent the quantization
compression including C1, C2, C3 and δ to Cq

1 , Cq
2 , Cq

3 and δ q

respectively.
Due to the quantization operation as discussed in Sec. 2,

all coefficient values in any 3x1 running window are re-
mapped to the center points of the corresponding clusters and
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Figure 2: Mapping of coefficients after quantization com-
pression considering N bit planes discarding.

the watermark extraction will be based on these new values.
At this point, with the example of any selected window, we
assume, C1 is mapped to Ck (= Cq

1), C2 is mapped to Ck+m
(=Cq

2) and C3 is mapped to Ck+n (=Cq
3) as shown in Fig. 2,

where k,m,n ∈ ±1,±2±3... To extract the watermark, new
quantized values are taken in consideration. With reference
to Eq. (2) and Eq. (7), the watermark quantization step value
δ q can be now defined as:

δ q = α |Cq
1 |+|Cq

3 |
2 ,

= α Ck+Ck+n
2 . (9)

Using Eq. (2), we can write the center values of a cluster in
Eq. (9) considering N bit planes are discarded:

δ q = α k.2N+ 2N−1
2 +(k+n).2N+ 2N−1

2
2 ,

= α .2N−1.(2k+n+1)−0.5α ,

≈ α.2N−1.(2k+n+1), (10)

where considering a typical α = 0.1 or 0.05 and the 0.5α
term is ignored as this term is much smaller than the first
part of the equation. With reference to Eq. (8) and Eq. (10),
the extracted watermark bit wext can be expressed with the
following equation:

wext ∈ (0,1) =
[

Cq
2−Cq

1
δ q

]
%2,

=
[

Ck+m−Ck
δ q

]
%2,

=

[
(k+m).2N+ 2N−1

2 −k.2N− 2N−1
2

α .2N .(2k+n+1)

]
%2,

=
[ 1

α .
2m

2k+n+1

]
%2, (11)

where % denotes the modulo operator to identify odd or even
number with the condition that 0 < m ≤ n.

Thus using Eq. (11), it is possible to predict wext at a
given number of discarded bit planes. We can use this re-
lationship during the watermark embedding procedure. For
any selected 3x1 running window, C1 and C3 are not being
modified and hence it is possible to know the values of k and
n in Eq. (11), where α is an user defined known parameter.
Therefore the value of m can be decided during embedding
in order to extract ′1′ or ′0′ correctly at N number of dis-
carded bit planes. Based on the input watermark sequence
and C2 value, the optimum C′

2 value can be calculated, so
that wext sequence will be the same as the input watermark
sequence. One can calculate the similar optimum value of C′

2
for any other N value and find the common suitable optimum
C′

2 value for any N or lower number of bit plane discarding.

Table 1: Values of m and corresponding wext and Cq
2

m wext Cq
2

1 1 79.5
2 1 111.5
3 0 143.5
4 0 175.5
5 1 207.5

Table 2: Ranges of C′
2 to embed ′1′ and ′0′ for different N

being discarded

N → 3 4 5 Combined
Embed 184-192 & 160-176 & 192-224 192-200

′1′ 192-200 192-208
Embed 176-184 & 128-144 & 160-192 176-184

′0′ 200-208 176-192

For an example, we assume C1 = 35, C2 = 181, C3 = 203
and α = 0.1. Referring to Eq. (11) at N = 5, other variables
can be calculated as k = 1, n = 5 and wext = [2.5m]%2. Now
for different values of m we can estimate the value of wext
and Cq

2 as shown in Table 1.
Embed ′1′: Based on the original C2 value and with ref-

erence to calculated m, at N = 5, with minimum modifica-
tion, the modified median coefficient C′

2 should be in the
range of 192≤C′

2 < 224 to embed ′1′ for a correct extraction.
Embed ′0′: Similarly using Table 1 the range for embed-

ding ′0′ can be calculated as 160 ≤C′
2 < 192.

The similar calculation can be done for N = 1,2,3,4...
and the range for C′

2 can be found for a given 3x1 running
window. The overlapping range for all N value can ensure
correct watermark extraction at a given N or lower number
of bit planes discarding. As an example case, we extended
our previous example for N = 3,4.. and calculated the range
to embed ′1′ or ′0′ as shown in Table 2. Now based on the
calculated values for the modified C′

2, to embed ′1′ the coef-
ficient must be within (192−200) and to embed ′0′ the range
will be (176−184) in order to retain the watermark informa-
tion at N = 3, N = 4 or N = 5.

Hence using the above relationship we can optimally em-
bed the watermark sequence in the example watermarking
scheme for a guaranteed watermark extraction at a given
compression ratio. Using a similar model, the watermark em-
bedding criteria for any other blind watermarking schemes
such as in [3, 5] can be derived for better robustness perfor-
mance.

5. EXPERIMENTAL SIMULATIONS

Experimental simulations of the derived model have been
performed with respect to the example case mentioned in
previous sections, considering quality scalable compression
in JPEG2000. Two different experimental sets have been
considered here. Firstly, in experiment set 1, we aim to
verify the model against wavelet-based bit-plane discard-
ing compression and then carried out similar experiment in
JPEG2000 compression scenario. The experimental arrange-
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ments are shown below:
Experiment Set 1: Here we have considered the bit

plane based quality compression effect. Firstly the embed-
ding is done as it is suggested in [4], without considering the
derived model. Then using the model, the wavelet coeffi-
cients are modified assuming different number of discarded
bit planes (N) at the time of watermark embedding. The qual-
ity scalability is applied on watermarked image by discard-
ing different number of bit-planes corresponding to quanti-
zation step Q = 2N . The watermark is extracted from the
compressed image and the Hamming distance is measured
between the extracted and the original watermark. The re-
sults are shown in Fig. 3 with x axis representing quantization
step Q and Hamming distance in y axis. A bi-orthogonal 9/7
wavelet kernel is considered here for embedding and com-
pression in 3 level wavelet decomposition with α value of
0.08. In all cases the low frequency subband is considered
for the watermark embedding.

Experiment Set 2: A similar experimental set up as in
Experiment Set 1, is followed except the compression sce-
nario. A JPEG2000 compression is applied to the water-
marked images and the test images are produced at various
compression ratio. The results are shown in Fig. 4 where x
axis represents the compression ratio and y axis shows the
hamming distance.

In both the experimental set up first two graphs repre-
sent individual image performances whereas the third graphs
show the average Hamming distance for 31 test images
within 95% confidence interval.

The robustness model derived here establishes the rela-
tionship between the quantization compression parameters
and the choice of wavelet coefficients of the host image to
be modified. The experimental simulations were performed
by the optimum modification of the selected coefficients us-
ing the derived model. Firstly, the watermark embedding is
performed with the original algorithm and robustness is mea-
sured against different compression scenario, i.e., different
number of bit plane discarding. Then we embedded the wa-
termark assuming different bit plane discarding (N = 1 : 5)
and modified the wavelet coefficients accordingly. The ex-
perimental results shown in Fig. 3 indicates that the robust-
ness is improved as more number of bit planes are consid-
ered during embedding. Hence the watermark is more ro-
bust to compression if higher value of N is considered during
watermark embedding. This model also strongly supports
JPEG2000 based quality scalable compression as shown in
Fig. 4. Higher the N value considered during embedding
gives better robustness. But at very high compression ratio
the test images do not retain watermark information as the
image pixel information is lost significantly. As a result a
higher Hamming distance is noticed as shown in the figures.

As we conclude that a higher N value during embed-
ding offers better robustness but at the same time it may
cause higher embedding distortion. One can optimize the
watermarking scheme to offer lower distortion and higher ro-
bustness by combining this model with the imperceptibility
model in our previous work [10].

6. CONCLUSIONS

A mathematical analysis of robustness was presented in this
work with reference to a blind wavelet-based watermarking
scheme with reference to quantization based quality scalable
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Figure 3: Robustness performance against quantization
based compression for image 1 (Row 1), image 2 (Row 2)
and average performance of 31 images (Row 3). Quantiza-
tion steps: Q = 21,Q = 22...Q = 26. N = number of bit plane
considered during embedding.

compression including JPEG2000. Firstly, a relationship
was established between the wavelet coefficients responsible
for watermark embedding and the compression parameters
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Figure 4: Robustness performance against JPEG2000 com-
pression for image 1 (Row 1), image 2 (Row 2) and average
performance of 31 images (Row 3). N = number of bit plane
considered during embedding.

such as quantization step. Then necessary conditions were
made to optimally modify the coefficients which can retain
the watermark information at a given compression ratio. A
bit-plane discarding based compression is considered to de-

rive the scheme and experimental verification is done for the
same. The derived model is also supported by experimental
simulations against JPEG2000 compressions. Such an analy-
sis is very useful to optimize the modification of the selected
coefficient during watermark embedding which helps to re-
duce the embedding distortion while keeping better robust-
ness.
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ABSTRACT
A new DWT-SVD perceptual fidelity metric for the evalua-
tion of watermarking schemes is introduced in this paper. A
widely used Human Visual Model in the Discrete Wavelet
Transform domain is employed by the metric to account for
the frequency sensitivity, and the local luminance and con-
trast masking effects of the human eye. A relationship be-
tween the visual model in the DWT domain and the mod-
ification of the wavelet coefficients singular values is de-
rived. Subjective experiments are used to validate the pro-
posed metric, and its performance is compared to several
state-of-the-art perceptual image distortion metrics. The pa-
per focuses on Image Adaptive Watermarking methods in the
Discrete Wavelet Transform Domain since they yield better
results regarding robustness and transparency than other wa-
termarking schemes.

1. INTRODUCTION

Digital Watermarking refers to techniques that imperceptibly
embed information (the watermark) into the original data in
such a way that always remains present and detectable. One
of the main requirements that should be met by any water-
marking technique is theperceptual transparencythat refers
to the property of the watermark of being imperceptible in
the sense that humans can not distinguish the watermarked
images from the original ones by simple inspection [1], [6].

The assessment of watermarked image fidelity is one of
the key aspects in the evaluation of image watermarking in-
sertion methods. Basically, the fidelity is a measure of the
similarity between the images before and after the watermark
insertion. Many works exist in the literature dealing with
quality assessment mainly focused on compression applica-
tions. Nevertheless, visual quality assessment should include
special requirements that depend on the application context.
An extended review of image quality assessment techniques
in watermarking and data hiding applications can be found
in [11].

Generally speaking, image fidelity assessment can be
performed following two different approaches: subjective
evaluation and objective evaluation. In the subjective assess-
ment a number of observers are asked to rank the distortion of
the images in a given scale and a Mean Opinion Score (MOS)
is obtained. This type of evaluation is time consuming and it
can be influenced by experimental conditions (such as light-
ing, monitor characteristics, etc.), and lack of motivation and
mood of the participants. On the other hand, in the objective
assessment approach, a distortion metric is mathematically

defined and computed from the original and watermarked
images, and is then used to quantify the watermarked im-
age fidelity in an automatic way, without the involvement of
human beings. This classification of the different approaches
for image fidelity assessment is considered within the frame-
work of the so-calledfull reference image quality evaluation
techniques, where both the original and the distorted images
are assumed to be available for the computations.

Among the objective image quality metrics, two differ-
ent classes can be distinguished: metrics based only on the
characteristics of the image, usually calledpixel-based met-
rics, and metrics that take also into account perceptual char-
acteristics of the Human Visual System (HVS), which for
this reason are calledperceptual quality metrics. Within the
first class the widely used mean squared error (MSE), the
peak signal to noise ratio (PSNR), the root mean squared
error (RMSE), the mean absolute error (MAE), the signal-
to-noise ratio (SNR), the Universal Image Quality Index
(UQI) proposed in [23], and the metric based on Singular
Value Decomposition (SVD) introduced in [21], can be men-
tioned. Within the second class, the structural similaritymet-
ric (SSIM) introduced in [22], and the Komparator metric
proposed in [12], can be mentioned. As pointed out in [8],
pixel-based metrics do not correlate well with human visual
distortion perception. The same conclusion is drawn in [17],
where a comparison of several perceptual and non perceptual
metrics in the framework of image watermarking is carried
out.

In this paper, a new perceptual metric for fidelity eval-
uation of watermarked images is presented and validated
through subjective tests. The metric resorts to a widely used
perceptual model of the HVS introduced in [25], which takes
into account frequency sensitivity, local luminance and con-
trast masking effects to determine an image-dependent quan-
tization matrix. This model provides the maximum possible
quantization error in the DWT coefficients which is not per-
ceptible by the HVS. A relationship between these maximum
quantization errors in the DWT domain and the maximum
variation of the wavelet coefficients’s singular values is de-
rived. For the purposes of comparison the HVS model intro-
duced in [2], which is a modification of the model in [13],
is used to build a similar metric. The performance of the
proposed metrics are compared with two state-of-the-art per-
ceptual fidelity metrics, namely, the Komparator metric in-
troduced in [12], and the SSIM metric introduced in [24].

A wide variety of watermarking schemes have been pro-
posed in the literature. Among the different approaches,
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the ones in the Discrete Wavelet Transform domain that
are adapted to the particular image, called hereafter Image
Adaptive Discrete Wavelet Transform (IADWT) watermark-
ing schemes, have proved to have better performance regard-
ing robustness against attacks and fidelity. For this reason,
IADWT watermarking schemes will be considered in this
paper. In particular, the IADWT schemes introduced in [20]
and in [7] will be employed for the evaluation of the proposed
fidelity metric.

The rest of the paper is organized as follows. In sec-
tion 2, a brief review of the Singular Value Decomposition
and its application in image processing is presented. In sec-
tion 3, the new perceptual fidelity metric based on DWT and
SV decompositions is introduced. The general conditions for
the subjective tests used to validate the different fidelitymet-
rics are described in section 4. The results of the subjective
evaluation applied on two IADWT watermarking schemes,
together with the results of the proposed objective metric are
presented in section 5. Finally, some concluding remarks are
given in section 6.

2. SINGULAR VALUE DECOMPOSITION

Any real matrixA can be decomposed into a product of three
matrices asA=UΣVT , whereU andV are orthogonal matri-
ces (UTU = I ,VTV = I ), andΣ = diag(σ1,σ2, . . .σN). The
diagonal entriesσi of Σ are called the singular values ofA,
while the columns ofU and the columns ofV are called the
left and right singular vectors ofA, respectively [9]. This
decomposition is known as the Singular Value Decomposi-
tion (SVD) and has many applications in signal and image
processing. In particular, in the area of image processing,the
SVD of an image is an optimal decomposition, in the sense
that most of the signal energy is concentrated in few coeffi-
cients (singular values). In addition, the SVD has properties
of stability, proportion invariance and rotation invariance.

The SVD has also been used in recent years in water-
marking applications, see for instance [4], [5], [15], [18],
[19], [26], [27] where different watermarking schemes based
on modification of the singular values are presented. More
recently, the SVD has been used in combination with the
DWT decomposition in different watermarking schemes. For
instance, in [3] a semi-blind reference watermarking scheme
for copyright protection using gray scale logos as watermarks
is presented. For the watermark embedding, the original im-
age is transformed using DWT, a reference image is obtained,
and then the watermark is embedded into the reference im-
age by modifying its SVs, using the SVs of the watermark. In
[14], a hybrid DWT-SVD watermarking scheme that consid-
ers Human Visual properties is introduced. The embedding
is done by DWT decomposing the host image into four sub-
bands, applying SVD to each subband, and then modifying
the SVs using the SVs of the watermark. The watermark
strength is determined by the HVS model proposed in [13].

3. DWT-SVD METRIC PROPOSAL

In this section, a new image fidelity metric based on DWT
and SVD decompositions is introduced. The metric bene-
fits from the advantages of the Discrete Wavelet Transform
Decomposition regarding space-frequency resolution and of
the Singular Value Decomposition of an image regarding the
compactness of the representation of the signal energy in a

few coefficients. The metric resorts to a widely used percep-
tual model of the HVS introduced in [25], which takes into
account frequency sensitivity, local luminance and contrast
masking effects to determine an image-dependent quantiza-
tion matrix, which provides the maximum possible quantiza-
tion error in the DWT coefficients which is not perceptible by
the HVS. These values are the so-called Just Noticeable Dif-
ference (JND) thresholds. It should be noted that the method-
ology described bellow is flexible enough to accommodate
the use of any HVS model in the DWT for the computation
of the JND thresholds. In particular the model in [2] was also
used in this paper.

In a first stage, a 1-level DWT decomposition is per-
formed for both the original and the watermarked images,
using the biorthogonal 7/9 wavelet [16], resulting in the co-
efficient matricesCLL, CLH , CHL, CHH for the original image
andCw

LL, Cw
LH , Cw

HL, Cw
HH for the watermarked image. Here,

the subindexesLL, HL, LH andHH indicate approximation,
and vertical, horizontal and diagonal details, respectively.

The Singular Value Decomposition of each coefficient
matrix is then performed, resulting in four singular values
matrices for each subband of the original image, namelyΣLL,
ΣLH , ΣHL andΣLL, and four singular values matrices for each
subband of the watermarked image, namely,Σw

LL, Σw
LH , Σw

HL
andΣw

LL. Then, the absolute difference of the singular values
matrices for each subband is computed according to

∆Σi , |Σi −Σw
i |, i = LL,LH,HL,HH (1)

The watermark in the watermarked image will be imper-
ceptible if the variation of the wavelet coefficients associ-
ated to the singular value differences in (1) do not exceed
the JND thresholds of the DWT domain HVS model. An
SVD decomposition of the DWT perceptual thresholds for
the ith-subband,JNDi , permits to obtain the singular value
perceptual thresholds as follows,

JNDi = UiΣJNDiV
T
i ⇒ ΣJNDi = UT

i JNDiVi , (2)

with i = LL,LH,HL,HH.
A variation of the singular values of a specific subband

will then be perceptible if the difference∆Σi in (1) exceeds
the singular value perceptual thresholdsΣJNDi .

A matrix Thresh(∆Σi) can be defined from∆Σi by zeroing
the entries which are below the perceptual thresholdsΣJNDi ,
and then, a single value of distortion for each subband can be
defined as follows:

di ,
‖Thresh(∆Σi)‖F

‖Σi‖F
, i = LL,LH,HL,HH (3)

where‖ · ‖F stands for the Frobenius norm of a matrix, and
the normalization by‖Σi‖F has been performed in order for
the distortionsdi to be in the range[0,1].

Finally, to provide a unique parameter quantifying the
distortion, a pooling of the four subband distortion measures
is needed. An objective fidelity metric can then be defined as
the complement of the linear combination of the four distor-
tion measures in (3),i.e.,

f , 1− (kLLdLL +kLHdLH +kHLdHL +kHHdHH), (4)

where the coefficientskLL, kLH , kHL andkHH must satisfy the
constraint

kLL +kLH +kHL +kHH = 1, (5)
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in order for f to be in the range[0,1].
A schematic representation of the algorithm for the com-

putation of the objective fidelity metric is shown in Fig. 1.

Watermarked Image

1-level
DWT

1-level
DWT

SVD SVD

abs(.)

Thresh(.)

|| . ||
F

|| . ||
F

Pooling

/

Original Image

CLL CHL

CLH CHH

Cw
LL Cw

HL

Cw
LH Cw

HH

ΣLL ΣHL

ΣLH ΣHH

Σw
LL Σw

HL

Σw
LH Σw

HH

∆ΣLL ∆ΣHL

∆ΣLH ∆ΣHH

d1 d2

d3 d4

f

Figure 1: DWT-SVD based image fidelity metric algorithm.

4. METRIC VALIDATION

In this section, the experiments for the subjective validation
of the proposed fidelity metric are described.

As pointed out before the straightforward way to assess
the fidelity of watermarked images is to run a subjective test.
There are standard techniques to perform subjective tests for
general image quality assessment. For instance, the Recom-
mendation ITU-R BT.500-11 [10] specifies a methodology
for the subjective assessment of still image quality. On the
other hand no standards are available for subjective assess-
ment of watermarked image quality. Since watermarked im-

ages can be considered as the result of some processing oper-
ations (the watermark embedding algorithms) applied to the
original image, these general subjective quality assessment
techniques could be applied to watermarked images. In this
paper, the Double Stimulus Impairment Scale (DSIS) proto-
col, described in [10], is used. This protocol has also been
used by Marini and coauthors in [17] in the same context.

The experiments were carried out in a room designed ac-
cording to the recommendation ITU-R BT.500-11 [10]. Fif-
teen non expert observers, with ages from 23 to 33 years,
were enrolled to do the test. Fifteen different natural images
(including portraits, landscapes, wildlife, etc.) were water-
marked using two state-of-the-art Image Adaptive DWT in-
sertion schemes. Namely, the algorithm proposed in [20],
and the one introduced in [7]. These techniques in the DWT
domain take into account the image characteristics and a
model of the Human Visual System to adapt the strength of
the watermark to make it imperceptible. These IADWT tech-
niques have also proved to deliver better results, regarding
robustness and fidelity, than image independent watermark-
ing schemes.

This setup resulted in 20 min sessions where observers
were asked to rate 30 images at an observation distance
(Dobs) of six times the display size of the images. The origi-
nal and the watermarked images were displayed side by side
on the monitor as shown in Figure 2, and the observers were
asked to rate the quality of the marked image compared to
that of the original on a scale of five categories, namely
5=Imperceptible, 4=Perceptible but not annoying, 3=Slightly
annoying, 2=Annoying, and 1=Very annoying.

original image

watermarked image

Dobs

Figure 2: Subjective Experiment Setup.

The results of these experiments are included in section 5.

5. RESULTS

The metric described in Section 3 is used in this sec-
tion to evaluate the fidelity of the two IADWT watermark-
ing schemes mentioned before. A set of fifteen(256×
256) natural color images was used. The complete im-
age data set can be downloaded from the authors’s website
(http://www.fceia.unr.edu.ar/lsd/mrg/watermark/). Four of the
images are shown in Fig. 3

Three perceptual image fidelity metrics are considered
in this section. Namely, the Komparator metric introduced
in [12], the SSIM metric introduced in [24], and the metric
introduced in Section 3 with the two different HVS models,
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Figure 3: Four images in the database.

namely fWatsonfor the HVS model in [25] andfBarni for the
HVS model in [2].

In order to illustrate which metric provides the best ob-
jective assessment of image quality for both watermarking
methods, the three metrics are computed and compared to
the Mean Opinion Score1 (MOS) for the fifteen images.
The corresponding 97.5 % confidence intervals (CI) were
also calculated to specify intervals of values with the highest
likelihood of containing the true value of the general MOS.
These intervals, centered in the MOS, are shown as blue solid
boxes in Fig. 4. The metricfWatson introduced in this pa-
per is denoted with green triangles, the SSIM values with
orange squares, while the Komparator values with brown cir-
cles. The values in Fig. 4 are normalized in the range[1,5].
The metric fBarni is not included in Fig. 4 for the sake of
clarity.

The number of points that fall outside the confidence in-
tervals and the average distance (δ) of each metric to the
MOS were calculated for both Watermarking algorithms and
the corresponding values are shown in Table 1. From Fig. 4
and Table 1, it can be observed that the metricfWatsonis the
one that best fits the subjective results, although the Kom-
parator and thefBarni metrics give also acceptable results.

Table 1: Performance of the metrics for the IADWT water-
marking schemes in [20] and [7].

IADWT [20] IADWTT [7]
Points Points

outsideCI δ outsideCI δ
SSIM 9 0.29 2 0.12

Komparator 3 0.26 3 0.20
fBarni 3 0.29 2 0.15

fWatson 2 0.26 1 0.13

1The Mean Opinion Score for each image is the average of the scores
assigned by all observers.

Figure 4: Comparison of Objective and Subjective Assess-
ment for methods IADWT (top) and IADWTT (bottom).CI:
Blue solid boxes,fWatson: green triangles, SSIM: orange
squares, Komparator: brown circles.

6. CONCLUDING REMARKS

In this paper, a new perceptual metric for fidelity evaluation
of watermarked images was presented and validated through
subjective tests. The proposed metric resorts to a widely used
perceptual model of the HVS, which provides the maximum
possible quantization error in the DWT coefficients which
is not perceptible by the HVS. A relationship between these
maximum quantization errors in the DWT domain and the
maximum variation of the wavelet coefficients’s singular val-
ues was derived in the paper. It was also shown that the
proposed metric can be adapted to other HVS models in the
DWT domain, like the one in [2], with acceptable perfor-
mance.

The performance of the metric was compared with two
state-of-the-art perceptual fidelity metrics, showing better
correlation with the subjective tests for the purposes of
quantifying image watermarking fidelity. The experiments
were performed using two IADWT watermark insertion al-
gorithms. It is the intention of the authors to test the metric
with other watermarking schemes, in particular, with some
of the SVD-based algorithms listed in section 2.
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ABSTRACT
This paper presents a new image fragile watermarking method

aimed at affording higher tampering localisation accuracy and self-
recovery capabilities. First, the distorted regions are roughly lo-
calised by means of a secure block-wise mechanism resilient to
cropping. An additional pixel-wise mechanism is proposed to re-
fine the tampering localisation map and estimate the value of the
distorted pixels prior to the manipulation. We present experimen-
tal comparisons between the proposed method and a scheme re-
ported in recent literature. Results show that our method compares
favourably to the existing scheme in terms of tampering localisation
and self-recovery performance. Furthermore, we show that the pro-
posed scheme is capable of partially recovering pixels in missing
regions, when the cover image has been cropped.

1. INTRODUCTION

The availability of sophisticated image processing tools in exist-
ing image editing software facilitates the creation of forgeries that
cannot be easily identified, even by trained observers. Fragile wa-
termarking has been proposed to address this concern and provide
reliable mechanisms towards the authentication and integrity verifi-
cation of digital images.

A highly desirable feature in fragile watermarking, usually re-
ferred to as tampering localisation, consists in identifying the ma-
nipulated regions, whilst the remainder of the image is properly ver-
ified [1]. Thus, valuable information could still be derived from
genuine regions, even when other parts of the image have been
reckoned to be fake. In Wong’s scheme [8], for instance, an 8-bit
grey-scale image is firstly split into non-overlapping blocks of pix-
els. Then, a message authentication code (MAC) is independently
computed over the 7 most significant bit-planes (MSBPs) in each
pixel-block, and then embedded over its least significant bit-plane
(LSBP). This method is capable of readily localising altered pixel-
blocks, but it has been proved to be vulnerable to vector quantisa-
tion (VQ) attacks, whereby block-wise independence is exploited to
generate counterfeits that would go unnoticed [4].

Different mechanisms have been proposed to establish block-
wise dependence in order to thwart VQ attacks effectively [7, 2].
However, these methods are intended to localise tampered blocks,
but cannot differentiate between genuine and altered pixels within
each block. To address this concern, some statistical elements have
been recently studied in the generation of the authentication data in
order to discriminate altered from genuine pixels [9, 3].

Some fragile watermarking methods have proposed to recon-
struct part of the original content in manipulated regions [6, 5];
this capability is commonly referred to as self-recovery. In these
schemes, a coarse approximation of the relevant perceptual infor-
mation of the host image, encoded as a watermark, can be retrieved,
at some point, to restore altered regions. A novel approach though,
has been recently proposed by Zhang and Wang [10], whereby a
pixel-wise and a block-wise mechanism are hierarchically struc-
tured to calculate not an estimate, but the original watermarked pix-
els by means of exhaustive attempts. First, each pixel is associated

Sergio Bravo-Solorio is supported by the National Council of Science
and Technology (CONACyT) of Mexico.

with a unique binary matrix, which is then multiplied by the five
most significant bits (MSBs) of the pixel. The resulting bit-streams
are assembled together, and divided in subsets. The bits in each
subset are summed, using modulo-2 arithmetic, and concatenated
in a single bit-stream, which is then embedded in the 160 bit po-
sitions selected in the 3 LSBPs of non-overlapping blocks of 8×8
pixels. Finally, a MAC, independently computed for every pixel-
block, is embedded in the 32 remaining bit-positions in the LSBP
of the block. At the receiver side, the MAC is employed to localise
possible corrupted blocks, while the rest of the payload is used to
enhance the tampering localisation and calculate the original MSBs
of the distorted pixels, by means of exhaustive attempts. Unfortu-
nately, not a single pixel can be recovered when the cover image
has been cropped. In fact, this is a common limitation in fragile
watermarking schemes with self-recovery capabilities.

Enlightened by Zhang and Wang’s idea of combining block-
wise and pixel-wise mechanisms for tampering localisation and
self-recovery, we propose a new scheme with improved capabilities.
In particular, we show that the tampering localisation/recovery per-
formance of the proposed method compares favourably with Zhang
and Wang’s scheme. Furthermore, when the cover image has been
cropped, we show that our method manages to recover the original
MSBs of pixels in the missing portion. In Section 2, the proposed
scheme is detailed, and some results are presented in Section 3. Fi-
nally, the paper is concluded in Section 4.

2. PROPOSED METHOD

A block-diagram that illustrates the general framework of the pro-
posed method is shown in Fig. 1. Both phases will be detailed
throughout this section.

(a)

(b)

Figure 1: General framework of the proposed method. (a) embed-
ding phase. (b) image verification and recovery phase.
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Table 1: Pixel-wise embedding algorithm.

Require: X̂q, q, c, u, k.
Ensure: a watermarked subset X̂q.

1: Compute, zq =H(k,c,q, X̂q), whereH(·) is a hash function.
2: Let δq,1, . . . ,δq,mpw be a sequence of pseudo-random integers;

the seed (k + q) is employed to initialise the pseudo-random
number generator.

3: for p = 1 to mpw do
4: Compute, lq,p = zq +δq,pX̂q,p.
5: Embed the watermark as,

X̂q,p = X̂q,p + parity(lq,p)2 (c−1) , (1)

where parity(·) is 1 if the input bit-stream has an odd number
of ones, and 0 otherwise.

6: end for

2.1 Embedding phase
This phase is comprised of the two main stages in Fig. 1(a). Con-
sider an 8-bit grey-scale image X , of size n1×n2, and let nX denote
the total number of pixels (i.e. nX = n1n2). Let u be the num-
ber of LSBPs that will be modified by the embedding process (in
practice, we set u to 2 or 3). The remaining v MSBPs contain the
relevant perceptual information, which will remain intact during the
embedding process. For convenience, we will refer to the u LSBPs
as to authentication bit-planes, and the v MSBPs as to protected
bit-planes.

2.1.1 Pixel-wise embedding method

The authentication bit-planes are firstly removed from the input im-
age by X̂ = 2ub2−uXc, where b·c is the floor function. The proce-
dure below will be iteratively repeated (u− 1) times; let c = 2 be
the bit-plane to be watermarked in the first iteration.

A pseudo-random seed (k + c), where k is a private key, is
used to shuffle the pixels in X̂ . Divide X̂ into disjoint subsets
of mpw pixels; let X̂q denote the q-th subset in the image, for
q = 1, . . . ,(nX/mpw), and X̂q,p denote the p-th pixel in X̂q, for
p = 1, . . . ,mpw. Having watermarked every single subset, using the
algorithm in Table 1, return the pixels in X̂ to their original location.
Increase, by one, the value of c and repeat the procedure if c < u.

Observe that the bit-stream lq,p, defined in Step 4 (Table 1), is
comprised of two terms, namely zq and δq,pX̂q,p. Besides, zq will
remain the same as long as the protected bit-planes are kept intact.
These observations are crucial to understand the core functionality
of the system at the receiver side.

2.1.2 Block-wise embedding method

To afford resilience to cropping and vector quantisation (VQ) at-
tacks [4], we propose a tailored version of the block-wise method
in [2] with improved tampering localisation capabilities. This is
achieved by means of a new detection scheme, presented in Section
2.2.1, which requires no duplicated data in the structure encoded for
every pixel-block.

Let X̄ denote the watermarked image resulting from the pixel-
wise embedding process; note that, at this point, all the bits in the
LSBP of X̄ are zero. Divide X̄ into non-overlapping blocks of m1×
m2 pixels. Let X̄r be the r-th block in X̄ , for r = 1, . . . ,(nX/mbw),
where mbw = m1m2 is the total number of pixels in each block. Hav-
ing submitted every pixel-block to the algorithm in Table 2, assem-
ble all the watermarked blocks together to form the watermarked
image Xw.

Observe that the authentication structures generated in Step 1
(Table 2), whose length in bits is assumed to be mbw, are comprised
of a common prefix (i.e. IX ||nX ||mX ), concatenated with a unique

Table 2: Block-wise embedding algorithm.

Require: X̄r, k, IX , nX , mX , r.
Ensure: a watermarked pixel-block Xw

r .
1: Encode an authentication structure, sr = IX ||nX ||mX ||r, where
IX is an image index exclusively associated to X , and || denotes
concatenation of bits.

2: Compute,
dr =H(k, X̄r) ⊕ sr . (2)

3: Spread the bit-stream dr over the LSBP of X̄r to create a water-
marked block Xw

r .

block-index. This is exploited by the proposed authenticator, eluci-
dated in the forthcoming section.

2.2 Image verification and recovery phase
As illustrated in Fig. 1(b), this phase is comprised of the three main
stages detailed below.

2.2.1 Block-wise detection method

Let Y be the input image of size n′1× n′2. First, divide Y into non-
overlapping blocks of m1×m2 pixels. Retrieve the bit-stream d ′r
from the LSBP in each pixel-block Yr, and compute,

s′r =H(k′,Ȳr)⊕d ′r , (3)

where k′ is the secret key, and Ȳr = 2b2−1Yrc. If Y is a watermarked,
possibly tampered, image, and k′ = k, it is expected that most of
the extracted authentication structures will contain the same prefix
(recall Section 2.1.2). If the number of structures containing an
identical prefix is equal or greater than a predefined threshold τ1,
the image is regarded as authentic. The shape of the original cover
image, n1× n2, can then be retrieved from the prefix with higher
occurrence. If the cover image has not been cropped (i.e. n′1 = n1
and n′2 = n2), the tampered blocks can be readily localised in an
n1× n2 binary bitmap M; pixels in genuine blocks are set to zero,
otherwise they are set to one. Then, proceed with the pixel-wise
detection method in Section 2.2.2.

If the number of structures containing an identical prefix is less
than τ1, one can generate a set of m1m2 different shifted versions
of the input image. In a shifted version, all the pixels of the im-
age are displaced t1 rows and t2 columns, where −m1 < t1 ≤ 0 and
−m2 < t2 ≤ 0. Each version is analysed by the detection procedure,
described above, in a force-brute fashion. This will allow us to de-
tect cover images whose left and/or upper-most edges have been
removed by cropping. If none of the shifted versions were deemed
authentic, the image is regarded as fake and the detection process is
terminated altogether.

In case of cropping (i.e. n′1 6= n1 or n′2 6= n2), the block-index
retrieved from every genuine block is used to calculate the displace-
ment with respect to its location in the original non-cropped cover
image. Assuming the displacement with higher occurrence, we can
localise the altered blocks in an n1×n2 bitmap M (including blocks
with atypical displacements). Additionally, Y must be reshaped to
fit its original size n1× n2 (missing pixel-blocks can be filled with
zeros). These steps are necessary to keep the synchronisation be-
tween the pixel-wise method and the watermark.

2.2.2 Pixel-wise detection method

This method is aimed at identifying authentic pixels that were mis-
takenly regarded as fake by the block-wise detector scheme, as they
belonged to blocks containing one or more tampered pixels. As in
the embedding method, the following procedure will be iteratively
applied for c = 2, . . . ,u, where c denotes the bit-plane to be analysed
in each iteration.

In every iteration, Y and M are shuffled by employing the key
(k′+ c), and then split into disjoint subsets of mpw pixels. Let Ŵq
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denote the c-th bit-plane in Yq. For every subset Yq, compute, z′q =
H(k′,c,q,Ŷq), where Ŷq = 2u b2−uYqc. Recalling the embedding
method in Section 2.1.1, note that it is expected that z′q = zq, only
if Ŷq = X̂q and k′ = k. Next, generate a pseudo-random sequence of
integers δ ′q,1, . . . ,δ

′
q,mpw

, by using the seed (k′+q), and calculate,

l′q,p = z′q +δ
′
q,pŶq,p , (4)

for every pixel in the subset.
Three different scenarios are being considered to determine

whether an analysed subset will be deemed authentic.
a) The computed bits are identical to the ones retrieved from the

authentication bit-planes, i.e., parity(l′q,p) = Ŵq,p, for every
p = 1, . . . ,mpw. Such a situation arises when all the pixels in
Yq are genuine, but some were mistakenly marked as altered by
the block-wise detector. Hence, the protected bit-planes in Yq
are regarded as authentic, and Mq is set to zero.

b) Two conditions must be satisfied in this scenario. First, some
of the bits computed from pixels regarded as fake in Mq do
not match the retrieved authentication bits; i.e. for some p ∈
{1, . . . ,mpw}, it follows that Mq,p = 1 and parity(l′q,p) 6= Ŵq,p.
Second, all the bits calculated from pixels marked as genuine
in Mq match the retrieved authentication bits; i.e. for all p ∈
{1, . . . ,mpw}, such that Mq,p = 0, it follows that parity(l′q,p) =
Ŵq,p. This case occurs when only the authentication bit-planes
in Yq have been altered, but the protected bit-planes remain un-
changed. Therefore, all the pixels in the current subset are
deemed authentic and Mq is set to zero. Since the probability of
validating tampered pixels increases in this scenario, the method
should skip the analysis of subsets that contain more than τ2 pix-
els marked as fake in Mq, where τ2 is a predefined threshold.

c) Some of the bits computed from pixels marked as genuine in Mq
do not match the retrieved authentication bits, i.e. for some p ∈
{1, . . . ,mpw}, it follows that Mq,p = 0 and parity(l′q,p) 6= Ŵq,p.
This happens when the protected bit-planes in the current subset
are corrupted. Hence, Mq is kept intact.

At the end of each iteration, the pixels in Y and M are returned back
to their original location.

To determine the likelihood that a corrupted subset will be mis-
takenly validated in one of the iterations, let dq1 denote the total
number of altered pixels in Yq1 , provided that 1≤ dq1 ≤ τ2. Besides,
let Eq1 be the event that the authentication bits computed from the
(mpw− dq1) pixels marked as genuine, in Mq1 , match the retrieved
bits. The probability that Eq1 will occur is PEq1

= 2−(mpw−dq1 ).

2.2.3 Pixel-wise recovery method

The aim of this method is to estimate the original v MSBs of tam-
pered pixels. The rationale behind this method will be explained
through the following example. Recalling the pixel-wise detector
described above, let us assume that Yq,a is a pixel in Yq whose v
MSBs have been altered, for a ∈ {1, . . . ,mpw}. Let dq2 denote the
number of pixels marked as fake in Mq, provided that 1≤ dq2 ≤ τ2
(we skip the analysis of the subsets where dq2 is out of this range).
In this scenario, it is expected that parity(l′q,i) 6= Ŵq,i, for some
i ∈ {1, . . . ,mpw}, such that Mq,i = 0 and i 6= a. Nonetheless, we can
exhaustively try Yq,a = 0(2u),1(2u), . . . ,2v(2u) to find a valid pixel
value that makes parity(l′q, j) = Ŵq, j , for every j ∈ {1, . . . ,mpw},
such that Mq, j = 0. This procedure is repeated for each one of the
dq2 pixels marked as tampered in Mq. If only one valid pixel value
is found, the subset is deemed genuine, the v MSBs of the pixel is
replaced by the valid pixel value and Mq is set to zero. Otherwise,
both the subset Yq and Mq are kept intact.

Now, let us determine the likelihood that an erroneously esti-
mated pixel value will cause the validation of a tampered subset in
one of the iterations. Let Eq2 be the event that, for a single trial, the
authentication bits computed from the (mpw− dq2) genuine pixels

(a) (b)

(c) (d)
Figure 2: Conventional tampering. (a) Original image. (b) Frag-
ment of the original image bounded by the dashed rectangle in (a).
(c) Tampered pixels (fragment). (d) Tampered cover image (frag-
ment).

match the retrieved bits. The probability of success of a single trial
is PEq2

= 2−(mpw−dq2 ). Denoting, as Xq2 , the total number of occur-
rences of Eq2 , we can express the probability that only one trial, out
of the total dq2 2v, will succeed as,

PXq2 =1 =
(

dq2 2v

1

)
PEq2

(1−PEq2
)dq2 2v−1 . (5)

3. RESULTS

We present some experiments to test the tampering localisation and
self-recovery performance of the proposed scheme. We tested our
system for watermarks embedded in 2 and 3 LSBPs, i.e. u = 2 and
u = 3. In both cases, the block-size used in the block-wise method
was 8(m1)×8(m2), while the subsets in the pixel-wise method were
formed by mpw = 16 pixels. For comparison purposes, the same
experiments were carried out in images watermarked with Zhang
and Wang’s method [10], whereby the watermark is always embed-
ded in the 3 LSBPs. Our interest in comparing our scheme with
this method arises from the fact that, Zhang and Wang’s method
is designed to restore the original value of the watermarked pixels,
instead of retrieving coarse approximations as in [6, 5].

The following measures are used to compare the localisation
accuracy. Let E be the bitmap encoded by our system, and G be the
ground truth, which contains all the pixels whose v MSBs have been
corrupted1. The accuracy (ACC) and the false positive rate (FPR)
will be calculated as,

ACC =
E
⋂

G
G

, and, FPR =
E
⋃

G
G
−1 ,

where the ideal detection would be: ACC = 1 and FPR = 0.

3.1 Conventional tampering
The test image, of size 600×800, used in our experiments is shown
in Fig. 2(a). We employed the peak signal-to-noise ratio (PSNR)
to measure the embedding distortion. The distortion induced to the
images watermarked with the proposed method was assessed to be
44.1 dB, for u = 2, and 37.9 dB, for u = 3. On the other hand, the
distortion induced by Zhang and Wang’s method was assessed to be

1The ground truth used when u = 2 is different to the one used when
u = 3, as the number of protected bit-planes (i.e. v) is different.
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(a) (b) ACC=1.0, FPR=0.11

(c) ACC=1.0, FPR=0.01 (d) ACC=1.0, FPR=0.13

Figure 3: Localisation results from the conventional tampering test.
(a) Proposed detector using 2 LSBPs. (b) Region enclosed by the
dashed rectangle in (a). (c) Proposed method using 3 LSBPs. (d)
Zhang and Wang’s method (uses 3 LSBPs).

(a) (b) Restored pixels: 89.6%

(c) Restored pixels: 99.4% (d) Restored pixels: 90.1%

Figure 4: Self-recovery results from the conventional tampering
test. (a) Proposed detector using 2 LSBPs. (b) Region enclosed
by the dashed rectangle in (a). (c) Proposed method using 3 LSBPs.
(d) Zhang and Wang’s method (uses 3 LSBPs).

38.1 dB. The watermarked images were used to generate identical
counterfeits: the original vehicle registration plate, “N95I GBW”,
was changed to “B59I NGW” and the stickers on the rear window
were concealed. To facilitate visual inspection, the region bounded
by the dashed rectangle in Fig. 2(a) is shown in Fig. 2(b). The
corresponding fragment of the counterfeit, which contains all the
tampered pixels, is shown in 2(d); the altered pixels are illustrated
in Fig. 2(c). The tampering localisation results are presented in Fig.
3, where pixels deemed tampered can be identified as black spots.
Note that the results achieved with the proposed method, using only
2 LSBPs (i.e. u = 2), are comparable to those obtained with Zhang
and Wang’s method, which embeds the data in the 3 LSBPs. On
the other hand, the false positive rate decreased significantly when
using u = 3 in the proposed method. Self-recovery results are sum-
marised in Fig. 4 (pixels whose value could not be estimated are
depicted as black spots). Observe that the percentage of pixels re-
stored by the proposed method, when using 2 LSBPs, is comparable

Figure 5: Tampering+cropping attack.

(a) (b) ACC=1.0, FPR=0.07

(c) ACC=1.0, FPR=0.05 (d) ACC=0.25, FPR=0.13

Figure 6: Localisation results from the tampering+cropping test.
(a) Proposed detector using 2 LSBPs. (b) Region enclosed by the
dashed rectangle in (a). (c) Proposed method using 3 LSBPs. (d)
Zhang and Wang’s method (uses 3 LSBPs).

to the percentage of pixels restored by Zhang and Wang’s method,
which uses 3 LSBPs. Even better is the fact that, embedding the
watermark in the 3 LSBPs, as in Zhang and Wang’s method, our
method managed to restore over 99% of the altered pixels.

3.2 Tampering detection in presence of cropping
As illustrated in Fig. 5, the 40 right-most columns were removed
from the counterfeits generated in the preceding experiment, result-
ing in a 600× 760 forgery. Figure 6 summarises the tampering lo-
calisation results. Since our method managed to detect the crop-
ping, the image could be reshaped to fit its original size (recall Sec-
tion 2.2.1). Hence, the manipulation could be effectively localised.
In contrast, Zhang and Wang’s method failed to detect the crop-
ping, affecting thus the tampering localisation performance. Figure
7 summarises the self-recovery results. Observe that the proposed
scheme managed to restore over 40% of the tampered pixels when
using 2 LSBPs, and over 70% when using 3 LSBPs. In fact, the
original registration plate can be readily discernible in the later case.
On the other hand, as a result of cropping, Zhang and Wang’s recov-
ery method lost synchronisation with the watermark. Therefore, it
failed to restore any pixel.

3.3 Self-recovery: performance comparison
To compare the self-recovery performance of the two schemes, we
used ten 512×512 images in the “miscellaneous” collection of the
USC-SIPI image database2; the test images are named: 7.1.01 to
7.1.10. Each cover image was used to generate a set of 10 differ-
ent forgeries. Every single pixel within a centred disk was deliber-
ately distorted. The diameter of the disk was adjusted to include a

2Available at: http://sipi.usc.edu/services/database/ .
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(a) (b) Restored pixels: 42.4%

(c) Restored pixels: 71.5% (d) Restored pixels: 0%

Figure 7: Self-recovery results from the tampering+cropping test.
(a) Proposed detector using 2 LSBPs. (b) Region enclosed by the
dashed rectangle in (a). (c) Proposed method using 3 LSBPs. (d)
Zhang and Wang’s method (uses 3 LSBPs).
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Figure 8: Image restoration comparison results.

percentage of the total pixels in the image; the tested percentages
varied from 1% to 10%. Figure 8 shows the average percentage
of recovered pixels in each test. The performance of the proposed
method using 2 LSBPs is comparable to the one shown by Zhang
and Wang’s scheme in all the tests. However, when our method used
3 LSBPs, the same as in Zhang and Wang’s scheme, the percentage
of recovered pixels increased over 20% in most of the tests. In fact,
using this set-up, the proposed scheme managed to restore over half
of the altered pixels when the tampered region extended up to 8%
of the image.

4. CONCLUSIONS AND FURTHER WORK

We have proposed a new fragile watermarking method that com-
bines both block-wise and pixel-wise mechanisms to afford higher
tampering localisation accuracy and self-recovery capabilities. The
presented method is aimed at recovering content from images that
have been either tampered with or cropped, as long as the dis-
torted/missing regions are not a large fraction of the total image.
Thus, our method is not intended to recover images affected by
global distortions, such as JPEG compression or filtering. We pre-
sented experiments to demonstrate the effectiveness of the proposed
method to recover content from images that have undergone con-
ventional distortions and cropping. Comparison results show that
our scheme outperforms an existing method, reported in recent lit-
erature, in terms of tampering localisation and self-recovery perfor-
mance. Future research involves combining standard image restora-
tion techniques with the proposed scheme to constrain the exhaus-

tive search to values predicted from genuine pixels in a neighbour-
hood, and thus improve the self-recovery performance.
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ABSTRACT 
In this paper, a fragile watermarking scheme for color im-
ages is proposed.   Tamper proofing and high-quality recov-
ery can be achieved by using the self-embedding water-
marking scheme.  The embedding information including 
feature information, block-edge-pattern information, and 
authentication information are appropriately distributed over 
luminance and chrominance components of the color image 
in the YCbCr color space such that the quality of the water-
marked image can be better obtained.  In the process of 
tamper proofing, a multiple-option parity check method and 
morphological operations.  The former is used to verify au-
thentication information for obtaining better results of tam-
per proofing and the later is used to further improve the 
neighborhood connectivity of the results.  In the process of 
tamper recovery, the feature information of the host color 
image and its corresponding block-edge-pattern information 
are properly extracted to achieve high-quality recovery of 
the tampered image.  The simulation results show that the 
proposed watermarking scheme can effectively proof the 
tempered region with high detection rate and can restore the 
tempered region with high quality. 

1. INTRODUCTION 

Depending on the objective of application, watermarking 
schemes are simply classified into fragile watermarking and 
robust watermarking schemes.  The robust watermarking 
scheme is developed for copyright protection of images, 
while the fragile watermarking scheme is designed for im-
age authentication.  In [1]-[5], the watermarking methods for 
image authentication can be found.  Besides tamper proofing 
for authentication of the image, a variety of watermarking 
methods were further developed to recover the tampered 
region [6]-[8]. Lin et al. [6] presented the block-wise and 
content-based watermarking method for image authentica-
tion and recovery.  Authors in [7] proposed a watermarking 
method not only to achieve tamper detection and recovery 
but also to verify the ownership of the copyright.  In [8], a 
dual watermarking scheme that provides second chance for 
tamper detection and recovery was proposed to increase the 
recovery rate while high percentage of the watermarked 
image was tampered.  

However, a few attempts have been made to color image 
authentication.  The color image watermarking schemes for 
authentication that have been relatively developed can be 
found in [9]-[12].  While most color image watermarking 
schemes concentrate on the efficiency of tamper detection, 
the improvement of visual quality of the recovered color 
image is not discussed.  In this paper, we propose a self-

embedding watermarking scheme for color image tamper 
proofing and high-quality recovery.  The proposed scheme 
focuses on the invisibility of the embedded watermark and 
the quality enhancement of the recovered color image for 
the tampered image.  In the embedding process, the authen-
tication information created by the local mean of blocks in 
luminance component of the host color image is inserted 
into the color image.  Meanwhile, the proposed scheme ap-
propriately distributes the feature information of the host 
color image and its corresponding block-edge-pattern in-
formation over luminance and chrominance components of 
the color image such that the embedded watermark is imper-
ceptible.  In the detecting process, a multiple-option parity 
check method and morphological operations are incorpo-
rated to perform the efficiency of tamper proofing.  The em-
bedded feature information and the embedded block-edge-
pattern information can be extracted from the watermarked 
image to recover the tampered regions with high quality. 

2. THE PROPOSED COLOR WATERMARKING 
SCHEME FOR TAMPER PROOFING AND 

RECOVERY  

For the host image in the YCbCr color space, each color 
component is divided into non-overlapping blocks of size 
2×2 for designing the proposed watermarking scheme.  Then, 
a one-to-one block mapping method is required for the wa-
termark embedding.  The feature information and block-
edge-pattern information of each block will be embedded 
into its mapping block.  For a block of number b in the lu-
minance component, its mapping block of number bm is 
generated by a 1-D transformation that is based on the dy-
namic system proposed in [13] and is given by 

1  mod  )( +×= Kpbbm  (1) 
where mod is the modulo operation, K is the number of 
blocks in the color component, and p∈[0, K-1] is regarded 
as secret key.  In this paper, p and K are co-prime to achieve 
one-to-one mapping.  For each b∈[0, K-1], bm∈[0, K-1] can 
be obtained by Eq. (1).  The block mapping sequence is con-
structed by all the pairs of b and bm.  For simplicity, the 
same mapping sequence for luminance component is also 
applied to chrominance components for watermark embed-
ding in this paper. 

In the process of watermark generation, the blocks in Y, 
Cb, and Cr color components of the host color image at each 
specific position are assembled for watermark embedding 
and named by “triple block” in this paper.  The triple blocks 
are embedded from the top to the bottom and from the left to 
the right in the host image.  The watermark in the triple 
block is composed of feature information of 16 bits, pattern 
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index of 4 bits, pattern gradient indices of 10 bits, and au-
thentication information of 2 bits.  As shown in Fig. 2 where 
color black represents the higher intensity level and color 
white represents the lower intensity level, the set of 14 
block-edge-patterns is used.  The pattern index for each 
block-edge-pattern is hence represented by 4 bits.  By using 
the block mapping sequence, the feature information, pattern 
index, and pattern gradients indices of the triple block M are 
generated and embedded into its mapping triple block N (Fig. 
3).  The processes will be described as follows.   
1. Compute the averages of Y, Cb, and Cr components in 

the triple block M, denoted by Ave_Y, Ave_Cb, and 
Ave_Cr, respectively.  

2. Obtain the feature information of the triple block M by 
truncating the two LSBs of Ave_Y, the three LSBs of 
Ave_Cb and Ave_Cr, respectively (The notation suffix 
(2) means the binary form). 

3. Find the pattern index of Y component in the triple 
block M by choosing the block-edge-pattern that best 
represents it from the pattern set. 

4. Obtain the pattern gradient indices of Y component in 
the triple block M. 

5. Set the two LSBs of each pixel within Y component of 
the triple block N to zero and compute the average in-
tensity of the block, denoted by ϕ. 

6. Generate the authentication information, in terms of 
parity-check bits α and β, of the triple block N as Eqs. 
(2) and (3)  

⎪
⎩

⎪
⎨

⎧

⊕⊕⊕⊕⊕
=⊕⊕
=⊕⊕

=
otherwise,

13mod if    ,
03mod if    ,
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567

ϕϕϕϕϕϕ
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ϕϕϕ
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 (2) 

⎩
⎨
⎧

=
=

=
0 if    ,1
1 if    ,0

α
α

β  (3) 

where ⊕ is the exclusive-or operation, 

)2(01234567 ϕϕϕϕϕϕϕϕ  is in binary form of ϕ, {ki} is a 

pseudorandom sequence generated by a random seed 
that is a key of 2 bits in this paper. 

7. Embed the watermark information into the triple block 
N. 

In step 7, we propose a simple and modified parity check 
method of generating the authentication bit with multiple 
option strategy, in which the embedding authentication bits 
can play complementary roles in resisting various kinds of 
attacks.  By considering the sensitivity of human visual 

perception to luminance and chrominance components, 
more watermark information bits are embedded into the 
chrominance components that is less sensitive than the lu-
minance component for human eyes.  

In the process of tamper proofing, the watermarked 
color image is firstly transformed to the YCbCr color space 
and each color component is then divided into non-
overlapping blocks of size 2×2.  The tamper proofing for 
the triple block, Qw, is detailed as follows. 
1. Extract the authentication information αw and βw from 

Qw. 
2. Set the two LSBs of each pixel within Y component of 

the triple block Qw to zero and compute the average in-
tensity of the block, denoted by wϕ . 

3. Compute the parity-check bits according the pseudo-
random sequence {ki} generated by using the key in-
formation. 

⎪
⎩

⎪
⎨

⎧

⊕⊕⊕⊕⊕

=⊕⊕

=⊕⊕

=

otherwise,

13mod if    ,

03mod if    ,

234567

234

567

wwwwww
i

www
i

www

c k

k

ϕϕϕϕϕϕ

ϕϕϕ

ϕϕϕ

α (4) 

⎪⎩

⎪
⎨
⎧

=

=
=

0 if    ,1
1 if    ,0

c

c
c

α

α
β  (5) 

4. Mark Qw invalid if αc and αw are unequal or βc and βw 
are unequal; otherwise, mark it valid. 

5. Generate a binary image, Ib, to mark the location of 
valid and invalid blocks, on which the bit correspond-
ing to the location of the valid block is set to “0” and 
the bit corresponding to the location of the invalid 
block is set to “1”. 

6. Perform morphological operations on the binary image 
and give the final tamper detection result as 

Ifb = erode( dilate( Ib, SE ), SE ) 
where dilate is the dilation operation, erode the erosion 
operation, and SE the structuring element.  Herein, the 
3×3 standard 8-connected structuring element is 
adopted.  The rule of dilate is that the output is set to 
“1” if any of the binary pixels under the slide window 
of the structuring element is “1”.  On the other hand, the 
rule of erode is that the output is set to “0” if any of the 
binary pixels under the slide window of the structuring 
element is “0”. 

In step 6, two fundamental morphological operations, in-
cluding dilation and erosion, are sequentially applied to Ib 
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Fig. 1 The functional block diagram for watermark generation and embedding in the proposed watermarking scheme. 
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to improve the neighborhood connectivity of the invalid 
region.  Dilation can effectively link the contour of the in-
valid region in the binary image, while erosion can remove 
the noise on the boundary of the invalid region in the binary 
image. 

The recovery of the tampered image is followed by the 
tamper proofing.  For a tampered triple block, denoted by 
Qt, the procedure of recovering the tampered triple block is 
summarized in the follows.   
1. Use the key information and Eq. (1) to find the triple 

block, Sw, where the recovery data of Qt is embedded. 
2. Skip the recovery of Qt if the triple block Sw is invalid. 
3. If the triple block Sw is valid, extract the two LSBs of 

each pixel within Y component and the three LSBs of 
each pixel within Cb and Cr components of Sw to obtain 
the recovery data represented by binary form. 

3. SIMULATION RESULTS 

To justify the validity of the proposed watermarking scheme, 
the simulation of embedding watermark in color images of 
512×512 pixels is conducted, where color pixels are repre-
sented in 24-bit YCbCr format.  The performance in terms of 
the quality of the watermarked image and the recovered 
image is inspected.  In the experiments, a variety of color 
images are used for watermark embedding.  The PSNR val-
ues of all the watermarked color images are shown in Table I.  
The high PSNR values of the watermarked images mean 
that a large amount of the watermark information (i.e., the 
reduced content of the host color image) can be invisibly 
embedded into the color image by the proposed watermark-
ing scheme without degrading the visual quality. 

Through detecting and restoring the changed content of 
the watermarked color image, the performance of tamper 
proofing and recovery of the proposed watermarking 
scheme can be identified.  In the experiments, the attack 
procedure of the watermarked image is implemented by 
removing symbols from the image, inserting patterns into 

the image, or modifying colors in the image.  The original 
“Sign” color image is shown in Fig. 4a where an English 
word “Offices” on its watermarked image is removed to 
simulate the attack procedure.  The tampered “Sign” color 
image is shown in Fig. 4b.  The result of the tamper proof-
ing is given in Fig. 4c.  It is clearly shown that the removed 
region can be completely detected by means of the multi-
ple-option parity check method and the morphological op-
erations.  Meanwhile, the tampered region is fully restored 
by the proposed watermarking scheme.  The PSNR of the 
recovered “Sign” image is 39.68dB.  The proposed scheme 
indeed successfully integrates the feature information and 
its corresponding block-edge-pattern information of the 
“Sign” color image to recover the tampered image. 
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Fig. 2 Set of block-edge-patterns and the corresponding pattern indices. 
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Table. I PSNR of the color watermarked image obtained by using the pro-
posed fragile watermarking scheme. 

Image PSNR of the watermarked images 
Sign 40.02dB 
Sail 40.23dB 
Zuerist 40.59dB 
Pepper 39.84dB 
Monarch 40.18dB 

 
 

 
(a) 

 
(b) 

 
(c) 

Fig. 4 Tamper proofing and recovery of the tampered “Sign” color image 
(a) original “Sign” color image, (b) tampered “Sign” color image, and (c) 
recovered image (PSNR=39.68dB). 
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In the simulation results, the improvement of the recov-
ery quality by incorporating the block-edge-pattern infor-
mation should be verified.  The recovery quality achieved 
by the proposed scheme without using the block-edge-
pattern information is compared.  In Fig. 5, a close-up view 
of part of the recovered “Sign” image obtained by using the 
proposed watermarking scheme is compared with that ob-
tained by using the proposed watermarking scheme without 
utilizing the block-edge-pattern information, while the wa-
termarked “Sign” image is attacked as shown in Fig. 4b.  
Part of the enlarged original “Sign” image is shown in Fig. 
5a.  In fig. 5b, the same part of the recovered “Sign” image 
(PSNR=39.68dB) obtained by using the proposed water-
marking scheme is depicted.  The same part of the recov-
ered “Sign” image given by the proposed watermarking 
scheme without using the block-edge-pattern information is 
shown in Fig. 5c at the PSNR of 38.11dB.  It can be found 
that the visual quality of Fig. 5b is obviously better than 
that of Fig. 5c, so the high visual quality of the recovered 
color image can be successfully achieved by using the pro-
posed pattern-based fragile watermarking scheme. 

4. CONCLUSIONS 

Based on the fact that the embedded watermark is indeed the 
reduced image generated from the host color image, a self-
embedding watermarking scheme for color image tamper 
proofing and recovery in the spatial domain is proposed in 
this paper.  A simple structure of the watermark information 
has been organized for the proposed watermarking scheme.  
The watermarked color image that is visually indistinguish-
able with the host image is obtained by adequately distribut-
ing the watermark over luminance and chrominance compo-
nents of the host color image.  A multiple-option parity 
check method is successfully incorporated with morphologi-
cal operations to perform tamper proofing with high detec-
tion rate.  The method of recovering the tampered image 
from the extracted watermark information has also been 
devised for the quality improvement of the restored color 
image.  The proposed scheme outperforms the relevant ex-
isting scheme in deriving not only higher quality of the wa-

termarked color image but also higher quality of the recov-
ered color image.   
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ABSTRACT
This paper proposes a detection optimization for the DCT-
domain image watermarking system developed by Barni et
al. The visual masking introduced in this scheme causes
performance deterioration in the watermark detection. We
therefore modify the searched watermark, by using linear al-
gebra methods, taking into account the influence of the visual
masking on the watermark detection. The optimized detec-
tion outperforms the standard one for both non-attacked im-
ages and images subjected to a number of standard attacks.
In addition, it allows detection of very weak watermarks. The
optimization process requires a few percents of the original
DCT coefficients.

1. INTRODUCTION

Digital watermarking has tremendous importance nowadays
since for the first time in human history perfect replication
of intellectual works is possible. The cornerstone in the area
was the famous paper [1], in which a class of very powerful
spread spectrum watermarking systems is introduced. Nu-
merous alternative approaches have been developed, mainly
based on correlation techniques similar to that proposed in
[1]. These techniques are applied in time and space domain
[2, 3], spectral domain [4]–[7], or combined space-frequency
domains [8]. However, watermarking challenges have been
constantly growing. For example, many of proposed so-
phisticated attacks are able to remove embedded watermarks
without significant distortion to the multimedia data. More-
over, various applications put difficult requirements for the
watermarking techniques. For example, watermarking in
medical applications should be as low as possible in order
to avoid disturbances to sensitive information that medical
images contain [9].

In this paper, we propose a detection optimization
method for the watermarking technique proposed in [7],
where the watermark invisibility is improved by the visual
masking. This masking, however, deteriorates the water-
mark detection. We propose a way to optimize the detec-
tion considering the influence of the visual masking on the
performance of detector. The term optimization will refer to
a modification of watermark the detector searches for in or-
der to maximize the distance between the probability density
functions (PDFs) of the correlator output when the searched
watermark and the embedded one do not coincide and when
they do coincide. The distance maximization will be per-
formed by using linear algebra methods, and detector char-
acterized by maximal distance between these two PDFs will
be referred to as an optimal watermark detector, whereas de-
tector with no optimization performed will be referred to as
a standard watermark detector.

An overview of the DCT-domain watermarking tech-
nique is given in Section 2. In Section 3, we define the detec-
tion optimization method, whose performance is evaluated in
Section 4. Conclusions are drawn in Section 5.

2. THE DCT-DOMAIN WATERMARKING SYSTEM

The DCT of an N ×N greyscale image I, DI , and its inverse
are defined as follows:

DI (i, j) = DCT(I) =C (i, j)∑N−1
m,n=0 I (m,n)qmiqn j (1)

I (m,n) = IDCT(DI) = ∑N−1
i, j=0 C (i, j)DI (i, j)qmiqn j, (2)

where

qi j = cos
π (2i+1) j

2N
, (3)

and C is the N ×N matrix with

C (i, j) =

1/N i = 0 and j = 0
2/N i > 0 and j > 0√

2/N otherwise.

(4)

In [7], watermark W = {w1,w2, ...,wL} to be embedded
is an L samples long pseudo-random sequence, where wi,
i = 1,2, ...,L, are i.i.d. Gaussian variables with zero mean
and unity variance. The watermark is superimposed on a
fixed set of coefficients of DCT(I). The set is obtained by
reordering DCT(I) into the zigzag scan and taking the co-
efficients from the (P+1)th to the (P+L)th position, thus
forming a vector D= {dP+1,dP+2, ...,dP+L}. The first P co-
efficients are skipped so that the perceptual invisibility is at-
tained. The watermark W is embedded into the image I by
replacing DCT coefficients dP+i with

d′
P+i = dP+i +αwi |dP+i| , i = 1,2, ...,L, (5)

where α is a scaling parameter. The watermarked image I′

is obtained by calculating the IDCT of the DCT with the em-
bedded watermark.

In the watermark detection, we calculate the correlation

z =
1
L ∑L

i=1 d∗
P+iwi, (6)

where W = {w1,w2, ...,wL} is the searched watermark and
D∗ =

{
d∗

P+1,d
∗
P+2, ...,d

∗
P+L

}
is the vector of the DCT coef-

ficients of possibly corrupted image I∗. The correlation z
can be used for deciding whether a given mark is present by
comparing z to a predefined threshold, or as the basis of dis-
tinction between a set of known marks by calculating z for all
marks and declaring a mark with the largest z to be the one
present in the image [7].
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The mean and variance of z satisfy [7]

µz =

{
0 if W ̸=W or no mark is present
αµ|d| if W =W

(7)

σ2
z ≈ σ2

d /L, (8)

where µ|d|=E [|dP+i|] and σ2
d =Var [dP+i]. E [·] and Var [·]

respectively denote the expectation and variance operators.
Approximation (8) is valid for α2 ≪ 1. The detector there-
fore yields two Gaussian random variables, z1 and z2, with
the same variance σ2

z and means 0 and αµ|d|, respectively.
The distance between the PDF curves of z1 and z2,

kz = µz/σz, (9)

provides the measure of goodness of the watermark detector.
Any increase in kz can significantly reduce the error probabil-
ity in the watermark detection. The error probability can be
approximated as Pe = 0.5erfc(µz2/(2

√
2σz2)), where erfc(x)

is the complementary error function [7]. For instance, an in-
crease of µz2/σz2 from 3 to 4 decreases Pe from 6.68% to
2.28%.

The watermark invisibility can be additionally improved
by visually masking the watermarked image I′ given by

I′′ (i, j) = [1−R(i, j)] I (i, j)+R(i, j) I′ (i, j) , (10)

where R(i, j) equals the normalized variance calculated
within the H × H block centered at the (i, j) pixel of I
[7]. Spatial regions with high variance give R(i, j) ≈ 1 and
therefore I′′ (i, j) ≈ I′ (i, j), whereas uniform regions give
R(i, j)≈ 0 and I′′ (i, j)≈ I (i, j).

A downside to the visual masking is the influence of the
matrix R on the watermarked DCT coefficients, and, in turn,
on the watermark detection. Optimization of the watermark
detection, taking into account the influence of R on detec-
tor’s performance, is the subject of the rest of the paper.

3. WATERMARK DETECTION OPTIMIZATION

3.1 Watermarking and visual masking in matrix form
According to (5), the watermark embedding is

D′
I (i, j) = DI (i, j)+αW (i, j)B(i, j) |DI (i, j)|

= DI (i, j)+X (i, j) . (11)

In order to make (11) equivalent to the embedding form (5),
an N×N matrix B is introduced to ensure that the watermark
is embedded only into the proper DCT coefficients. The ma-
trix B is therefore defined as

B(i, j)=
{

1 watermark is embedded into DI (i, j)
0 otherwise. (12)

The N ×N watermark matrix W satisfies

E [W (i, j)] = 0 (13)

E [W (i, j)W (k, l)] = σ2
W δ (i− k, j− l) (14)

E [W (i, j)DI (i, j)] = 0, (15)

where δ (m,n) is the 2D Dirac delta function. The N ×N
matrix X is introduced to shorten the notation and the value
of X (i, j) is clear from (11). Now the watermark embedding
in matrix form reads

D′
I =DI +αW •B• |DI |=DI +X, (16)

where • is the Hadamard (entrywise) product operator. The
watermarked image I′ is obtained as

I′ (m,n) = IDCT
(
D′

I
)
= I (m,n)+X ′ (m,n) , (17)

where X ′ (m,n) = IDCT(X).
The visual masking (10) in matrix form is given as

I′′ = (1−R)• I+R• I′ = I+R•X′, (18)
where 1 represents the N ×N all-ones matrix.

The correlation z, as defined by (6), equals

z =
1
L

N−1

∑
m,n=0

DI′′ (m,n)W (m,n)B(m,n) , (19)

where

DI′′ (m,n) = DCT
(
I′′
)
= DI (m,n)+DRX (m,n) (20)

and

DRX (m,n) = DCT
(
R•X′)

=C (m,n)∑N−1
i, j=0 R(i, j)X ′ (i, j)qimq jn

= αC (m,n)∑N−1
i, j=0 R(i, j)qimq jn

×∑N−1
u,v=0 C (u,v)W (u,v)B(u,v) |DI (u,v)|qiuq jv. (21)

The matrix B in (19) enforces the correlation to be limited
only to the DCT coefficients the watermark is originally em-
bedded into.

3.2 Detection optimization - A whole watermark at once
The distance kz, according to (9), depends on E [z] when
W=W; the following analysis therefore assumes W=W.

The detection optimization will be done by multiplying
W, prior to the detection, by an N ×N matrix M, i.e.

WM=MW =MW, (22)
which, in turn, yields

z =
1
L

N−1

∑
m,n,k=0

DI′′ (m,n)M (m,k)W (k,n)B(m,n) . (23)

In this paper, instead of kz its squared value

Kz = k2
z = E2 [z]/Var [z] (24)

will be maximized. The optimization problem therefore re-
duces to finding a matrix M that maximizes Kz.

Let us start with E [z]. According to (23), (20) and (15),
we get

E [z] = ∑m,n,k E [DRX (m,n)W (k,n)]M (m,k)B(m,n) , (25)

where m, n and k run from 0 to N − 1. The scaling factor 1
L

has been dropped in (25) since 1
L2 appears in both the numer-

ator and denominator of Kz. Now, by substituting (21) into
(25), we have

E [z] =ασ2
W ∑m,n,k M (m,k)B(m,n)C (m,n)C (k,n)

×B(k,n) |DI (k,n)|∑i, j R(i, j)qikqimq2
jn

=ασ2
W ∑m,k M (m,k)∑i, j R(i, j)qikqim

×∑
n

CB (m,n)CB (k,n) |DI (k,n)|q2
jn, (26)
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where
CB =C•B (27)

and i and j also run from 0 to N − 1. By introducing the
N ×N matrix Θ with entries

Θ(k,m) =ασ 2
W ∑i, j R(i, j)qikqim

×∑n CB (k,n)CB (m,n) |DI (k,n)|q2
jn, (28)

E [z] reduces to

E [z] = ∑m,k M (m,k)Θ(k,m) . (29)

Define

MT
1 = [m1 m2 · · · mN ]1×N2 (30)

ΘT
1 =

[
θ T

1 θ T
2 · · · θ T

N
]

1×N2 , (31)

where (·)T represents the transpose operator, mi is the 1×N
vector (ith row of the matrix M) and θi is the N × 1 vector
(ith column of the matrix Θ) and i = 1,2, ...,N. Now it holds

E [z] =MT
1 Θ1. (32)

As for the variance Var[z], we will give only the final ma-
trix form due to the limited paper length1. It is

Var[z] =MT
1 (Ω1 +Φ1 +Λ1)M1, (33)

where the N2 ×N2 matrices Ω1, Φ1 and Λ1 are defined be-
low (relations (34), (37) and (40), respectively),

Ω1 =


ω11 ω12 · · · ω1N
ω21 ω22 · · · ω2N

...
...

. . .
...

ωN1 ωN2 · · · ωNN

 , (34)

where ωm1m2 is the N ×N matrix defined by

ωm1m2 = Ω(m1,m2) I, (35)

and I is the N ×N identity matrix and

Ω(m1,m2) = α2σ4
W ∑i1,i2, j1, j2

R(i1, j1)R(i2, j2)

×qi1m1 qi2m2 ∑n1
CB (m1,n1)CB (m2,n1)q j1n1q j2n1

×∑u,v C2
B (u,v)D2

I (u,v)qi1uqi2uq j1vq j2v, (36)

Φ1 = [ϕ11 · · ·ϕ1N ϕ21 · · ·ϕ2N · · ·ϕN1 · · ·ϕNN ] , (37)

where ϕi j is the N2 ×1 vector defined as

ϕi j = [Φ(1,1, i, j) , · · · ,Φ(1,N, i, j) ,Φ(2,1, i, j) , · · · ,
Φ(2,N, i, j) , · · · ,Φ(N,1, i, j) , · · · ,Φ(N,N, i, j)]T (38)

and
Φ(m1,k1,m2,k2) = α2σ4

W

×∑i1,i2, j1, j2
R(i1, j1)R(i2, j2)qi1m1 qi2m2qi1k2 qi2k1

×∑n1
CB (m1,n1)CB (k1,n1) |DI (k1,n1)|q j1n1q j2n1

×∑n2
CB (m2,n2)CB (k2,n2) |DI (k2,n2)|q j1n2q j2n2 . (39)

1Full derivation is available at request.

Finally

Λ1 =


λ11 λ12 · · · λ1N
λ21 λ22 · · · λ2N

...
...

. . .
...

λN1 λN2 · · · λNN

 , (40)

where λi j is the N ×N matrix defined by

λi j = Λ(i, j) I

and

Λ(i, j) = σ2
W ∑n B(i,n)B( j,n)DI (i,n)DI ( j,n) . (41)

In (36), (39) and (41), all the summation variables run
from 0 to N −1.

The ratio Kz can be finally expressed as

Kz =
MT

1 Θ1Θ
T
1 M1

MT
1 (Ω1 +Φ1 +Λ1)M1

=
MT

1 ZM1

MT
1 YM1

, (42)

where the N2 ×N2 matrices Z and Y are clear from (42).
The final form of Kz may be viewed as the Rayleigh quotient
[10]. The matrices Ω1, Φ1 and Λ1 are symmetric implying
that Y and Y1/2 are also symmetric. We can therefore define
the N2 ×1 vector M̂1 =Y1/2M1 and express (42) as

Kz =
M̂T

1

[
(Y−1/2)T ZY−1/2

]
M̂1

M̂T
1 M̂1

. (43)

The Rayleigh quotient states that Kz reaches its maxi-
mum when M̂1 is an eigenvector of the N2 × N2 matrix
(Y−1/2)T ZY−1/2 that corresponds to its largest eigenvalue.
If we denote such a vector as M̂1max, the optimal detector is
obtained by rearranging the N2 ×1 optimal vector

M1opt =Y−1/2 M̂1max (44)

back into the N ×N matrix M according to (30). The detec-
tor that implements the modification of the watermark W by
such a matrix M will be referred to as the optimal detector,
as opposed to the standard detector obtained for M= I.

The previous analysis is computationally acceptable only
for smaller images. This is due to the fact that the intro-
duced optimization requires the calculation of eigenvalues
of an N2 ×N2 matrix, which for bigger N (e.g., N = 512)
far exceeds the capacity of commercial computers nowadays.
The proposed algorithm will be therefore modified in order
to make the processing of bigger images possible.

3.3 Detection optimization - A block optimization
By dividing the matrices DI′′ , W and B into adjacent non-
overlapping N1 ×N1 submatrices, the correlation (19) can be
rewritten as the sum of partial correlations zγρ , i.e.

z =
1
L

K−1

∑
γ,ρ=0

zγρ , (45)

where K is an integer satisfying K = N
N1

, and

zγρ = ∑N1−1
m,n=0 Dγρ

I′′ (m,n)W γρ (m,n)Bγρ (m,n) , (46)
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Figure 1: The N ×N matrix DI′′ is divided into the N1 ×N1
matrices Dγρ

I′′ ; γ and ρ run from 0 to K −1, and K = N
N1

.

where D
γρ
I′′ , Wγρ and Bγρ are the N1 ×N1 submatrices of

DI′′ , W and B, respectively, defined by

Dγρ
I′′ (m,n) = DI′′ (m+ γN1,n+ρN1)

W γρ (m,n) =W (m+ γN1,n+ρN1) (47)
Bγρ (m,n) = B(m+ γN1,n+ρN1) ,

where m and n run from 0 to N1 − 1. In Figure 1, DI′′ is
divided into the submatrices Dγρ

I′′ .

Instead of the optimization of the whole correlation at
once, the partial correlations zγρ will be now separately opti-
mized by using the approach developed in the previous sec-
tion. To this end, the matrix Wγρ is modified by an N1 ×N1
matrix M, which will be determined to maximize the ratio

Kγρ
z =

(
kγρ

z
)2

= E2 [zγρ ]/Var [zγρ ] . (48)

The optimization procedure is carried out for each γρ block
separately, excluding blocks with the all-zeros matrix Bγρ .
Since the final matrix form of Kγρ

z is very similar to the one
given by (42), we will omit it here.

3.4 Discussion
The matrices Θ1, Ω1, Φ1 and Λ1 depend on DCT(I). It can
be shown, however, that our analysis does not require all the
DCT coefficients, but only those the watermark is embedded
into. A closer look at these matrices reveals that they include
the term of the form CB (k,n)DI (k,n), which, due to (12)
and (27), implies that coefficients DI (k,n) the watermark is
not embedded into will not affect the value of Kz. For in-
stance, in (28) we have CB (k,n) |DI (k,n)|, in (36) there is
C2

B (u,v)D2
I (u,v) etc.

The watermark is usually embedded into a few percents
of the DCT coefficients. These coefficients should be sub-
mitted within the image header file and protected using some
of the standard cryptographic techniques. A user can read
the image file without any difficulties and only the copyright
protection checking involves the submitted coefficients.

Future research activities will include the modification of
the proposed method so that it uses statistical properties of
the DCT coefficients instead of their original values.

4. EXPERIMENTAL RESULTS

We will start with the evaluation of performance of the pro-
posed detector when the whole watermark is optimized at
once, as presented in Section 3.2. The Baboon and Boat
images with N = 32 are considered. This image size is of
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Figure 2: Normalized detector response for the standard and
optimal detectors.

no practical significance; rather, it will be used only to ver-
ify the validity of the underlying method. Therefore, none
of the attacks will be considered at this point. The embed-
ded watermark has zero mean and σ2

W = 1; it is embedded
starting from P = 300 and L = 300. The matrix R is calcu-
lated with H = 9, and the mean value of α , after weighting
by R(i, j) [7], is α = 0.3. In the watermark detection stage,
1000 watermarks are generated and the embedded one is at
position 100. Normalized detector responses for the standard
and optimal detectors are shown in Figure 2. For the numer-
ical comparison of these two detectors, the variance of the
normalized detector response, σ2

znor, is calculated and shown
on the corresponding plot, along with the distance kz. The
simulations were also carried out with other standard images
(Lena, Stream and bridge, Peppers, Man) and similar results
were obtained. The optimal detector outperforms the stan-
dard one, thus giving us the green light to test it on bigger
images.

Consider now the same images with N = 512. The same
form of watermark W is adopted, with P = 2000, L = 8000
and α = 0.1 (which corresponds to the peak signal-to-noise
ratio (PSNR) of 39.70dB) and the matrix R is calculated
with H = 9. We performed the detection optimization, with
N1 = 8, for the non-attacked images and for the images sub-
jected to a number of attacks listed in Table 1. The variances
σ2

znor of the normalized detector responses are shown in Table
1. The both detectors have successfully detected the embed-
ded watermark. The optimal detector, however, outperforms
the standard one in terms of σ2

znor for all the cases. The sim-
ulations were also performed with other standard images and
similar results were obtained.

Finally, we considered the case when the watermark is
very weak. The watermarking parameters are same as in
the previous example. No attacks will be considered herein;
rather, the possibility of the optimized detector to detect a

833



Table 1: Variance σ2
znor of normalized detector responses

Baboon Boat
Stand. Opt. Stand. Opt.

No attack 0.021 0.004 0.030 0.005
JPEG compression (0%
smoothing and 10%
quality)

0.022 0.007 0.040 0.010

Histogram equalization 0.029 0.008 0.023 0.016
Histogram stretching 0.025 0.004 0.025 0.005
Low pass filtering (filter
5×5) 0.029 0.010 0.025 0.017

Median filtering (filter
5×5) 0.030 0.008 0.032 0.007

Dithering 0.025 0.006 0.026 0.006
Resize from 512 × 512
to 256×256 0.026 0.016 0.034 0.016

AWGN with the vari-
ance of 900 0.025 0.016 0.034 0.014

Multiple (five) water-
markings 0.017 0.010 0.011 0.010

very low watermark will be validated. To this end, we cal-
culated σ2

znor for the PSNR that changes from 30dB to 54dB
in increments of 2dB. The corresponding curves are shown
in Figure 3. With this setup, the highest PSNR value for
which the standard detector detects the embedded watermark
is 40dB (α = 0.1323) for Baboon and 42dB (α = 0.0736)
for Boat, whereas the optimal one still detects the water-
mark for PSNR = 52dB (α = 0.0331) for Baboon and 52dB
(α = 0.0234) for Boat.

5. CONCLUSION

In this paper, the problem of detection optimization for the
DCT-domain image watermarking system is investigated.
We optimized detection by modifying the searched wa-
termark in order to maximize the correlation between the
searched watermark and watermarked DCT coefficients. In
addition to the improvement over the standard detection for
both non-attacked and attacked images, the optimal detector
allows detection of much weaker watermarks. The additional
requirement of the optimization are the DCT coefficients the
watermark is embedded into.

6. ACKNOWLEDGEMENT

This work is supported in part by the Ministry of Education
and Science of Montenegro.

REFERENCES

[1] I. J. Cox, J. Kilian, F.T. Leighton, and T. Shamoon, “Secure
spread spectrum watermarking for multimedia,” IEEE Trans.
Image Process., vol. 6, pp. 1673-1687, Dec. 1997.

[2] P. Bassia, I. Pitas, and A. Nikolaidis, “Robust audio water-
marking in time-domain”, IEEE Trans. Multimedia, vol. 3,
pp. 232-241, June 2001.

[3] W.-N. Lie and L.-C. Chang, “Robust and high-quality time-
domain audio watermarking based on low-frequency ampli-
tude modification”, IEEE Trans. Multimedia, vol. 8, pp. 46-
59, Feb. 2006.

30 32 34 36 38 40 42 44 46 48 50 52 54
10

−3

10
−2

10
−1 Baboon

PSNR

V
ar

ia
nc

e 
σ2 zn

or

Standard

Optimal

30 32 34 36 38 40 42 44 46 48 50 52 54
10

−3

10
−2

10
−1 Boat

PSNR

V
ar

ia
nc

e 
σ2 zn

or

Standard

Optimal

Figure 3: The σ2
znor versus PSNR curves. Only the σ2

znor
values for the successful detection are shown.

[4] A. Bors and I. Pitas, “Image watermarking using DCT do-
main constrain”, IEEE Proc. of ICIP’96, vol. 3, Lausanne,
Switzerland, Sept. 1996, pp. 231-234.

[5] V. Solachidis and I. Pitas, “Circularly symmetric watermark
embedding in 2-D DFT domain”, IEEE Trans. Image Pro-
cess., vol. 10, pp. 1741-1753, Nov. 2001.

[6] S. Pereira, S. Voloshynovskiy, and T. Pun, “Effective channel
coding for DCT watermarks”, in Proc. of IEEE ICIP, 2000,
vol. 3, pp. 671-673.

[7] M. Barni, F. Bartolini, V. Capellini, and A. Piva, “A DCT-
domain system for robust image watermarking,” Signal Pro-
cessing, vol. 66, pp. 357-372, May 1998.
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ABSTRACT

This paper is concerned with optimal path planning for mov-
ing sensor platforms in angle-of-arrival (AOA) target track-
ing. A steering algorithm is developed to update sensor plat-
form waypoints for a single or multiple AOA sensor plat-
forms. The waypoint updates are derived from an iterative
normalized gradient descent optimization algorithm subject
to geometric and turn rate constraints. The sensor platform
paths are optimized by minimizing a cost function compris-
ing the mean-square error of predicted target position esti-
mates produced by the extended Kalman filter and penalty
functions for threat/obstacle avoidance. The effectiveness of
the developed steering algorithm is illustrated with simula-
tion examples.

1. INTRODUCTION AND BACKGROUND

Passive localization of targets from unmanned vehicles
equipped with sensing devices is an important research prob-
lem that finds application in electronic warfare, surveillance
and situational awareness, to name a few. A particularly im-
portant aspect of passive localization is control or steering
of the moving platforms in order to maximize the localiza-
tion/tracking performance among other things.

Path optimization algorithms all require a prediction of
the estimation performance for a given control action. In
large signal-to-noise ratio (SNR) situations the estimation
performance can be approximated by the determinant of the
Fisher information matrix (FIM), which is the inverse of the
Cramer-Rao lower bound (CRLB). The criterion of maxi-
mizing the determinant of FIM has been extensively used
in path optimization for bearings-only target motion analy-
sis [1, 2, 3].

More recently a decentralized information-theoretic ap-
proach for unmanned aerial vehicle (UAV) path optimization
for bearings-only localization was considered in [4], utilizing
the information filter to facilitate distributed processing. It
is shown that maximizing the mutual information gain is
equivalent to maximizing the logarithm of the determinant
of predicted FIM, which is in turn closely related to the D-
optimality criterion in optimal experimental design [5].

In [6] posterior Cramer-Rao lower bound (PCRLB) is
used as the optimization criterion for controlling sensor tra-
jectories in bearings-only target tracking under the tacit as-
sumption that the target state estimator achieves PCRLB
approximately. PCRLB is a lower bound for the estimation
of random parameters [7]. The proposed trajectory opti-
mization algorithm uses a Riccati-like recursion to compute
the inverse of PCRLB by means of Monte Carlo integration.
It then calculates the sequence of FIMs for a range of possible
sensor trajectories over a grid. The optimal sensor trajectory
is determined by minimizing a measure of PCRLB, given by
the maximum MSE along the x and y-axis for target location
estimates.

Under the assumption that the localization estimate
is nearly efficient and unbiased, UAV path optimiza-
tion algorithms were developed for scan-based and hybrid
(AOA/scan-based) target localization in [8, 9]. These path
optimization algorithms approximate FIM by substituting
the maximum likelihood target location estimate for its true
value at each waypoint update.

Another research area that is closely related to UAV path
planning is optimal sensor placement, which often assumes a
stationary localization configuration. Optimal sensor place-
ment configurations for AOA and time-difference-of-arrival
(TDOA) sensors based on estimation uncertainty minimiza-
tion (i.e., maximizing the determinant of FIM) are investi-
gated in [10, 11].

In this paper we utilize the covariance matrix of the
predicted target state estimates generated by the extended
Kalman filter (EKF) to optimize mobile sensor platform tra-
jectories. We transform the optimal steering problem into
minimization of a composite cost function comprising the
mean-squared error (MSE) for target state estimates and a
penalty function for obstacle/threat avoidance. The control
vectors for the moving platforms are calculated using a sim-
ple gradient-descent approach akin to [12, 13, 14]. The turn
rate constraints are imposed by limiting the heading change
for the moving platforms. The main contribution of this
paper is the development of a gradient-based steering algo-
rithm for AOA target tracking incorporating threat/obstacle
avoidance and turn rate constraints.

The paper is organized as follows. Section 2 describes
the target tracking problem. In Section 3 the optimal UAV
path planning algorithm is developed. The implementation
of geometric constraints is discussed in Section 4. Simulation
studies are presented in Section 5. The paper concludes in
Section 6.

2. TARGET TRACKING PROBLEM

We consider two-dimensional target tracking using AOA
measurements collected by N ≥ 1 moving platforms at dis-
crete time instants k = 0, 1, 2, . . .. The platform positions
at time k are denoted by pk(1), . . . , pk(N). The target is
assumed to have a nearly constant motion model [15].

The dynamical equation (the process equation) repre-
senting the motion of the target is

xk+1 = F xk + nk, k = 0, 1, . . . (1)

where xk = [xk, ẋk, yk, ẏk]T is the target state vector at
time k and T denotes matrix transpose. Here [xk, yk]T and
[ẋk, ẏk]T are the target position and velocity at time k, re-
spectively. In (1) the dynamical constraint (the state tran-
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sition matrix) is given by

F =

2

6
4

1 T 0 0
0 1 0 0
0 0 1 T
0 0 0 1

3

7
5 (2)

where T denotes the constant time interval between discrete-
time instants k.

The process noise nk is a zero-mean white Gaussian pro-
cess with covariance matrix Q, i.e., nk ∼ N (0, Q), and it
accounts for unknown target maneuvers. For piecewise con-
stant white acceleration errors, the process noise covariance
matrix is [15]

Q =

»
qxB 0
0 qyB

–

(3)

where qx and qy are the acceleration error variances along
the x-axis and y-axis, respectively, and

B =

»
T 4/4 T 3/2
T 3/2 T 2

–

. (4)

For AOA target tracking the measurement equation is

θk = h(xk) + wk (5)

where θk is the vector of AOA measurements taken by N
platforms at time k, xk is the target state vector at time k
and wk is white Gaussian noise with wk ∼ N (0, Rk). In
terms of platform positions and the target position at time k
we have

h(xk) =

2

6
6
6
4

∠
`
[xk, yk]T − pk(1)

´

∠
`
[xk, yk]T − pk(2)

´

...
∠

`
[xk, yk]T − pk(N)

´

3

7
7
7
5

(6)

where ∠z denotes the bearing angle of vector z.
To account for reduced SNR for large target ranges, the

AOA noise covariance is assumed to have the following range-
parameterized form

Rk = σ2
b

2

6
4

dk(1) 0

. . .
0 dk(N)

3

7
5 (7a)

where σ2
b is the AOA noise variance at unit range from the

target and
dk(i) = ‖[xk, yk]T − pk(i)‖γ . (7b)

Here γ ≥ 0 is a power loss exponent that determines the
dependence of the AOA measurement noise variance on the
target range. For γ = 0 we have Rk = σ2

bI , which means
that the AOA noise is invariant to the target range. For
nonzero γ the AOA noise variance increases with increasing
target range. In the absence of compounding factors such as
non-line-of-sight propagation, the AOA noise variance can
be determined easily from received signal power and sensor
characteristics.

In this paper we employ the EKF to estimate the target
state vector. It is possible to extend the discussion to other
recursive estimators such as the unscented Kalman filter.
The prediction and update equations of the EKF are given
by

State Prediction:

xk|k−1 = F xk−1|k−1 (8a)

P k|k−1 = F P k−1|k−1F
T + Q (8b)

State Update:

xk|k = xk|k−1 + Kkθ̃k (8c)

P k|k = (I − KkHk)P k|k−1 (8d)

θ̃k = θk − h(xk|k−1) (8e)

Kk = P k|k−1H
T
k (HkP k|k−1H

T
k + Rk)−1 (8f)

where xk|k−1 is the state prediction at time k given all mea-
surements up to time k − 1, xk|k is the filtered state esti-

mate at time k, θ̃k is the innovations vector at time k, and
P k|k is the error covariance matrix for the filtered state es-
timate at time k. In the event the matrix inversion in (8f)
does not exist due to rank deficiency it can be replaced by
pseudo-inverse. The N ×4 matrix Hk is the Jacobian of the
nonlinear measurement function h(xk) evaluated at xk|k−1:

Hk =

2

6
6
6
6
6
6
6
4

−
d

y

k|k−1
(1)

‖dk|k−1
(1)‖2 0

dx
k|k−1

(1)

‖dk|k−1
(1)‖2 0

−
d

y

k|k−1
(2)

‖dk|k−1
(2)‖2 0

dx
k|k−1

(2)

‖dk|k−1
(2)‖2 0

...
...

...
...

−
d

y

k|k−1
(N)

‖dk|k−1
(N)‖2 0

dx
k|k−1

(N)

‖dk|k−1
(N)‖2 0

3

7
7
7
7
7
7
7
5

(9)

where

dk|k−1(i) =

»
dx

k|k−1(i)
dy

k|k−1(i)

–

=

»
xk|k−1

yk|k−1

–

− pk(i),

i = 1, . . . , N (10)

and
xk|k−1 = [xk|k−1, ẋk|k−1, yk|k−1, ẏk|k−1]

T . (11)

The EKF recursions are initialized by

x0|−1 = E{x0} and P 0|−1 = Cov{x0}. (12)

3. PATH OPTIMIZATION

The objective of sensor path optimization is to determine
moving platform trajectories so as to maximize the tracking
performance in the presence of path constraints such as turn
rates and any threat/collision avoidance.

The waypoints at time instant k + 1 are given by

pk+1(i) = pk(i) + uk(i), i = 1, . . . , N, k = 0, 1, . . . (13)

where pk(i) is the 2D position vector of the ith UAV in
Cartesian coordinates at waypoint update k and uk(i) is the
control input for the ith platform with norm and turn rate
constraints

‖uk(i)‖ = vk(i)T, |∠uk+1(i) − ∠uk(i)| ≤ ϕ. (14)

Here vk(i) is the cruising speed of the ith platform at time
k and ϕ is the maximum turn rate in radians. The control
vector norm ‖uk(i)‖ is assumed to be constant, which implies
that vk(i) is time-invariant.

Optimal path planning requires the selection of control
inputs in order to minimize a cost function that measures
optimality. In our case the cost function to be minimized is
the MSE of predicted state estimates, which is approximately
given by

J(πk) = P k+1|k(1, 1) + P k+1|k(3, 3), πk =

2

6
4

pk(1)
...

pk(N)

3

7
5

(15)
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where P k+1|k(i, j) denotes the (i, j)th entry of P k+1|k. The
cost function J(πk) is approximate since P k+1|k is not the
true covariance of state prediction as a result of approximate
linearization used by the EKF. The path optimization prob-
lem can be solved by gradient-descent waypoint updates:

pk+1(i) = pk(i) − µk(i)
∂J(πk)

∂pk(i)
,

i = 1, . . . , N, k = 0, 1, . . . (16)

where µk(i) is a time-varying step-size that normalizes con-
trol inputs in order to satisfy the norm constraint in (14):

µk(i) =
vk(i)T

‖∂J(πk)/∂pk(i)‖
. (17)

The waypoint update equation (16) can be equivalently writ-
ten as

πk+1 = πk − M k

∂J(πk)

∂πk

, k = 0, 1, . . .

M k =

2

6
4

µk(1)I2 0

. . .
0 µk(N)I2

3

7
5 .

(18)

Here I2 denotes the 2 × 2 identity matrix.
Even though it is possible to obtain algebraic expressions

for the gradient of J(πk), we opt for numerical computation
using a first-order finite difference approximation. This pro-
vides us with flexibility for cost function modifications, e.g.,
to cater for soft constraints. Let

∂J(πk)

∂πk

= [αk(1), αk(2), · · · , αk(2N)]T . (19)

Then the first-order finite difference approximation for the
gradient vector is

αk(i) ≈
J(πk + δi) − J(πk)

δ
(20)

where δi is a 2N × 1 column vector with zero entries ex-
cept for the ith entry which is equal to a small positive real
number δ:

δi =
ˆ
0, · · · , 0, δ

|{z}

ith entry

, 0, · · · , 0
˜T

. (21)

In (20) division by δ can be absorbed into normalization of
control inputs. Thus the gradient based steering algorithm
in (18) can be replaced with

πk+1 = πk − N k

2

6
4

J(πk + δ1) − J(πk)
...

J(πk + δ2N ) − J(πk)

3

7
5 , k = 0, 1, . . .

(22)
where N k is a 2N × 2N diagonal normalization matrix

N k =

2

6
4

ηk(1)I2 0

. . .
0 ηk(N)I2

3

7
5 (23)

and

ηk(i) =
vk(i)T

‚
‚
‚
‚

»
J(πk + δ2i−1) − J(πk)
J(πk + δ2i) − J(πk)

–‚
‚
‚
‚

. (24)

When calculating the approximate gradients, the only
quantities that are affected by the perturbation of πk are
the measurement noise covariance matrix Rk and the Jaco-
bian matrix Hk. Consequently the calculation of J(πk +δi)
only involves re-calculation of Hk and Kk in the EKF equa-
tion (8d).

4. PATH CONSTRAINTS

4.1 Hard Constraints

It is often imperative that a certain minimum clearance be-
tween the moving platforms and the target be maintained
in order to ensure that (i) the platforms are not detected
by the target and (ii) signal reception from the target is not
interrupted.

A simple way to implement distance restrictions is to
impose a circular hard constraint around the target location.
The hard constraint is activated whenever a waypoint update
results in a platform crossing the circular boundary:

• If ‖pk+1(i) − [xk+1|k, yk+1|k]T ‖ > dmin,

pk+1(i) = pk(i) + uk(i) (25)

• Otherwise, rotate uk(i) by a minimum angle so that
pk+1(i) is on the boundary of the hard constraint, i.e.,

‖pk+1(i) − [xk+1|k, yk+1|k]T ‖ = dmin.

Here dmin is the minimum clearance from the target (i.e.,
the radius of the hard constraint), [xk+1|k, yk+1|k]T is the
prediction of the target location produced by the EKF, and
uk(i) is the control input for the ith platform.

4.2 Soft Constraints

Suppose that there are K threats at known locations c(i),
i = 1, . . . , K, to be avoided by the moving sensor platforms.
Soft constraints can be created around threat locations to
steer the platforms away from them. To do this we need to
modify J(πk) so that it tends to infinity at the c(i). This is
easily achieved by introducing maxima at the c(i):

Jc(πk) = J(πk) +

KX

i=1

NX

j=1

1

1 − exp{− 1
κi
‖pk(j) − c(i)‖2}

.

(26)
Here κi > 0, i = 1, . . . , K, is the risk parameter for the ith
threat; i.e., the larger κi the larger the clearance.

4.3 Turn-Rate Constraints

Turn rate constraints have priority over other constraints and
therefore they are applied last. If, for a given control vector,
the constraint |∠uk+1(i)−∠uk(i)| ≤ ϕ is not met, then the
heading direction of the control vector is adjusted so that
|∠uk+1(i) − ∠uk(i)| = ϕ. Significant conflicts between turn
rate and hard constraints can be resolved simply by setting
dmin to a larger value than what is desired.

5. SIMULATION STUDIES

The first two simulation examples consider stationary target
localization by a team of moving sensor platforms. For a
stationary target the process equation (1) becomes

xk+1 = F xk, k = 0, 1, . . . (27)

where x0 = [x0, 0, y0, 0]
T , i.e., ẋk = 0, ẏk = 0 and nk = 0.

The stationary target coordinates are [5, 1]T km. A team
of three sensor platforms with vk(i) = 30 m/s, i = 1, 2, 3,
and ϕ = 40◦ are used to geolocate the target. The pa-
rameters for the steering algorithm are T = 2 s, δ = 1 m
and dmin = 0.5 km. The initial UAV positions at k = 0
are p0(1) = [1, 2]T km, p0(2) = [0.5, 0]T km and p0(3) =
[1,−2]T km. The localization geometry is known to have a
threat at c1 = [3,−1.5]T km to be avoided by a soft con-
straint with risk parameter κ1 = 0.08. The AOA noise stan-
dard deviation at unit range is σb = 1◦ and the power loss
exponent is γ = 0.2 (the target range is converted to meters
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when calculating the AOA covariance matrix). The EKF
assumes zero acceleration error variances, i.e., qx = qy = 0,
and is initialized to x0|−1 = [3, 0, 0, 0]T and P 0|−1 = 5I .
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Figure 1: (a) Optimal sensor paths for geolocating a station-
ary target subject to a soft constraint, (b) evolution of MSE.
The final sensor locations are marked with ∗, + and × in (a).
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Figure 2: Optimal localization trajectory for a single plat-
form with AOA sensor.

Fig. 1 shows the optimal sensor paths generated by (22)
using Jc(πk), along with the evolution of MSE. The soft
constraint keeps the sensor platforms away from the threat
location c1. The hard constraint around the target restricts
the movement of the sensor platforms by rotating the control
vectors onto the circular boundary.
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Figure 3: Optimal sensor platform paths for target tracking
after (a) 50 waypoint updates, (b) 100 waypoint updates,
and (c) 200 waypoint updates; (d) evolution of MSE. The
final sensor locations are marked with large ∗, + and × in
(c).
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Figure 4: Optimal target tracking trajectory for a single
platform.

Intuitively the optimal trajectory for a single sensor plat-
form would be a spiral flight path around the stationary
target with the distance between the sensor and the target
getting gradually smaller. The next simulation example will
demonstrate this. We have a single sensor platform starting
at p0(1) = [1, 2]T km. Fig. 2 shows the simulated trajec-
tory. A circular trajectory around the target would yield
the optimal AOA localization performance. If, however, the
range is not restricted, the optimal trajectory becomes a spi-
ral path combining circular movement with an incremental
range reduction.

The next two simulations consider target tracking. The
target has a nearly constant velocity motion model with ini-
tial target state x0 = [4, 0.01,−1, 0.004]T and acceleration
error variances qx = 2 × 10−8 and qy = −10−7. The EKF
assumes qx = qy = 10−9. Fig. 3 shows the simulated optimal
sensor platform paths and the evolution of MSE. Several ob-
servations are in order. The sensor platforms forgo baseline
expansion for getting closer to the target since the target is
moving away from the platforms and the target range needs
to reduced to achieve better tracking performance. The turn
rate constraints and constant platform speeds produce some
loop maneuvers on hard constraint boundaries, which is seen
in Fig. 3(c).

Fig. 4 shows a simulated optimal sensor trajectory for a
single AOA platform. In this case the optimal trajectory is
not unique as it is influenced by the target maneuvers. The
observability of the target is improved by steering the sensor
platform so that it outmaneuvers the target. Once the plat-
form overtakes the target the path optimization algorithm
steers it in a circular path around the target to achieve this.

6. CONCLUSION

We have developed a sensor steering algorithm for AOA tar-
get tracking based on the minimization of the target state
estimation errors subject to path constraints. For illustra-
tion purposes the target is assumed to have a nearly constant
velocity motion model. The target state (position and veloc-
ity) is recursively estimated by the EKF. The platform way-
points are computed at discrete time intervals by minimizing
the MSE of predicted target state estimates produced by the
EKF, as well as, any soft constraint cost function, leading
to an iterative waypoint update algorithm that can be im-
plemented in real time. The paper also proposes a rotation-
based method for implementing a geometric hard constraint
around the target and applies turn rate constraints by lim-
iting changes in platform headings. The developed steering
algorithm is shown to perform well both in localization of a
stationary target and tracking of a moving target with un-
known dynamics.
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[5] D. Uciński, Optimal Measurement Methods for Dis-
tributed Parameter System Identification. Boca Radon,
Florida: CRC Press, 2005.

[6] M. L. Hernandez, “Optimal sensor trajectories in
bearings-only tracking,” in Proc. of 7th Int. Conf. on
Information Fusion, FUSION 2004, vol. 2, Stockholm,
Sweden, June 2004, pp. 893–900.

[7] H. L. Van Trees, Detection, Estimation, and Modulation
Theory, Part I. New York: Wiley, 1968.
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ABSTRACT 

Time Varying Autoregressive (TVAR) models play a key 

role in various applications such as radar processing, 

aeronautics and speech processing. Nevertheless, 

tracking TVAR parameters may be difficult, especially 

when the process is disturbed by an additive white 

noise. In this paper, we suggest the use of a recursive 

Errors-In-Variables method to estimate the variances 

of the driving process and the additive noise and to 

track TVAR parameters. This method is based on a 

Newton-Raphson algorithm. A comparative study with 

EKF, UKF and CDKF is also proposed. 

1. INTRODUCTION 

Autoregressive (AR) models and Multivariate 

Autoregressive (M-AR) models are used in a wide 

range of applications from speech processing to 

biomedical signal analysis, from radar processing to 

mobile communication systems, etc. 

However, when the observations are disturbed by an 

additive noise, the Least-Squares (LS) estimates of the 

AR parameters, the estimates based on standard Yule-

Walker equations and LS on-line methods, are biased. 

To compensate the influence of the additive noise, 

various solutions have been proposed in the literature. 

When the additive noise is white
1
, on-line noise-

compensated methods such as the -LMS can be 

considered. Mutually interactive approaches 

combining Kalman or H filtering have been also 

proposed. Some of them can be seen as recursive 

instrumental variable techniques and hence provide 

consistent estimates of the parameters. Their relevance 

has been studied for AR and M-AR parameters for 

speech enhancement, channel estimation for CDMA 

or OFDM systems, etc. 

If off-line noise-compensated approaches are 

considered, it is possible to use modified Yule-Walker 

                                                 
1
 For more details, the reader is referred to [4]. 

(MYW) equations that can be seen as an instrumental 

variable technique. Alternative solutions have been 

proposed by Davila [5] who maps this estimation issue 

into a quadratic eigenvalue problem. Iterative 

approaches based on the Noise-Compensated Yule 

Walker equations have been suggested by Zheng in 

[16]. This latter approach has been extended to the  

M-AR process case in [9] and to the case of additive 

colored noise in [15] and [10]. For TVAR tracking 

from noisy observations, one idea would be to derive 

an Expectation-Maximization (EM) algorithm to 

estimate the TVAR process itself (i.e. the complete 

data) from the noisy observations and the coefficients 

of the expansion of the TVAR parameters into the 

basis sequences. Nevertheless, the selection of the 

basis and of its size has to be done ; in addition, the 

number of parameters to be estimated increases much. 

As an alternative, we have suggested using Errors-in-

Variables (EIV) approaches that have the advantage of 

estimating the AR parameters, the variance of the 

driving noise and that of the additive noise directly 

from the noisy observations. This approach is based 

on the search of the kernel of a specific sample 

covariance matrix obtained from noisy data. It has 

been first studied with reference to a noisy scalar AR 

process and applied in the field of speech 

enhancement using a single microphone [4], channel 

estimation in mobile communication systems, and for 

radar sea clutter rejection [11]. EIV techniques have 

then been extended to M-AR processes [12]. These 

approaches provide significant results for signal-to-

noise ratios (SNR) higher than 5 dB also when a 

limited number of samples (few hundreds) is 

available. 

In various applications such as aeronautics [8], radar 

processing [1] and EEG analysis [3], time varying AR 

(TVAR) models are often used to design parametric 

approaches for non-stationary signals. For more 

details about TVAR processes the reader may refer to 
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various pioneering works by Grenier in the field of 

speech analysis, transmission and recognition, like [7]. 

Usually, the TVAR parameters are approximated by a 

weighted combination of a small number of known 

functions such as Legendre polynomials, etc. 

To our knowledge, only few papers deal with the 

direct estimation of the TVAR parameters from noisy 

observations. Possible approaches concern extended 

Kalman filtering, sigma point Kalman filters (SPKF) 

[14], that include the unscented Kalman filter, and the 

central difference Kalman filter. Nevertheless, they 

require the a priori knowledge of the variances of the 

noises. In [13] and [6], particle filtering is considered 

but the computational cost may be particularly high. 

In this paper, we derive a recursive EIV scheme to 

track TVAR parameters from noisy observations of a 

TVAR process. It does not require any a priori 

information about noise variances. 

Given a generic algebraic process described by the 

variables  
Kkkv

,...,1
, the EIV estimation problem 

consists in determining, on the only basis of noisy 

observations  
Kkkkk evt

,...,1
 , the set of K-tuples 

 
Kkk ,...,1

  that satisfy the relation: 

 0...2211  KK . (1) 

By introducing xR , tR  and bR  the autocorrelation 

matrices of  Kvv 1 ,  Ktt 1  and 

 Kee 1  respectively, the above equation is 

equivalent to: 

 
    

0

11




T

Kv

T

Ket RRR  
 (2) 

where 0  is a zero row vector. 

At that stage, the Frisch scheme [2] makes it possible 

to define the set of noise-compensating matrices such 

that  et RR   is positive semidefinite. The kernel of 

 et RR   hence corresponds to the set  
Kkk ,...,1

 . 

In our case,  
Kkk ,...,1

  represent the TVAR 

parameters. 

The remainder of the paper is organized as follows: 

section 2 describes the problem statement. The Frisch 

scheme is then introduced to estimate the variances of 

the driving process and of the additive noise as well as 

the TVAR parameters. Section 3 describes a recursive 

EIV algorithm for parameter tracking while Section 4 

reports a comparison of the proposed approach with 

EKF, UKF and SPKF which require the a priori 

knowledge of the noise variances. 

2. PROBLEM STATEMENT 

Let the TVAR process be defined as follows: 

  




p

l

l nulnxnanx
1

)()()(  (3) 

where   
pll na

,..,1
 denote the TVAR parameters

2
 and 

u(n) is a zero-mean white noise with variance 2
u . 

This process is considered as disturbed by an additive 

zero-mean white noise b(n) with variance 2
b , 

uncorrelated with the driving process: 

 )()()( nbnxny  . (4) 

Let now introduce the following vectors: 
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and the TVAR parameter vector: 

   TTT

p nnanan )(1)()(1)( 1    . 

Then, equations (3) and (4) can be expressed in a 

matrix form as follows: 

   0)()()(  nnn T
u

T
x   (5) 

and )()()( nnn bxy    (6) 

By pre-multiplying equation (5) by  *)()( nn ux    

and by introducing  




 )()( * nnEnR T

xxx  , we 

obtain: 
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where  lp  are the poles. 
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The TVAR parameters could thus be obtained, should 

 nR ux
*
,  be available. 

However, in all real cases, only the observation 

sample covariance matrix  nRy
*  can be computed. 

Let us now focus our attention on a recursive approach 

to estimate the correlation of the noisy observations 

and the variances of the additive noise and of the 

driving process. It should be noted that for every 

estimation of the additive-noise variance 2
b , one can 

easily deduce )(n  and 2
u . Given (6) and (7), the 

extended vector )(n  satisfies the condition: 

0
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Given )(n , equation (8) can be split into the 

following equalities: 

 0)()(*222  nnrT
buy   (9) 

 0)())(()( 2*  nInRnr pby   (10) 

Thus, given an estimation of 2
b , the TVAR 

parameters )(n  can be estimated by using (10); the 

variance 2
u  can then be deduced from equation (9).  

In the following the TVAR parameter vector is 

denoted as a function of 2
b , i.e. 

TT
bb nn ]),(1[),( 22   and a recursive algorithm, 

based on the solution of higher-order Yule-Walker 

equations, is proposed to estimate the additive-noise 

variance 2
b . 

For this purpose, let us consider two column vectors of 

size q with pq   : 

T
h
x qpnxpnxpnxn
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),( 2
bn   satisfies the Yule-Walker equation : 

 0),())(( 2* b
h
y nnR  . (11) 

We thus suggest estimating 2
b  by minimizing the 

following cost function: 
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where 2
max,

20 bb    and 
2

max,b  is the lowest 

eigenvalue of )(nR y . 

In [2] and [4], off-line methods have been proposed to 

estimate the noise variances. In [11], a recursive 

approach has been derived for time-invariant AR 

processes. 

Here, our purpose is to use a Newton-Raphson 

algorithm to track the TVAR parameters. 

3. A NEWTON-RAPHSON ALGORITHM FOR 

PARAMETER TRACKING 

The criterion defined in (12) can be expressed as: 
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where )())((),( 12*2 nrInRng pbyb
  . 

By denoting 
22

22

)(

)(
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 as ))(('' 2 nJ b , the Newton-

Raphson algorithm makes it possible to estimate the 

variance 2
b  iteratively. At time n, let the initial guess 

)(ˆ 2
0, nb  of the variance be equal to the value estimated 

at time n 1. Since the function (.)'J  is well-

p 1 
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behaved, a better approximation of the variance can be 

iteratively obtained as follows: 
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where )(ˆ 2

, nib  is the i+1th estimate of the variance and 

)(ˆ ni  the corresponding TVAR parameters. Moreover: 
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By substituting (14) in (13) we obtain: 
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The process is repeated until convergence that leads to 

the estimate of the additive-noise variance at time n, 

)(ˆ 2 nb . 

 

For TVAR tracking, after an initialization step 

requiring Ntrame samples, the autocorrelation matrix 

is updated as follows: 
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It should be noted that )1(ˆ nr  and )1(ˆ nRh
y  are 

updated in a similar way. In addition, it holds: 
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  . 

 

TVAR tracking can thus be summarized as follows: 

 

1. Update of )(ˆ 2 nb by means of (15). It should be 

noted that several iterations of the Newton-

Raphson algorithm may be required. 

2. Update of )(ˆ nRy , )(ˆ nr  and )(ˆ 2 ny  using (16). 

3. Computation of 
12*1* ))1(ˆ)1(ˆ())1(ˆ(   pbyx InnRnR   and of 

the AR parameters at time n by means of the 

relation )1(ˆ))1(ˆ()1(ˆ 1*   nrnRn x . 

4. Update of )(ˆ 2 nu  by means of (9). 

5. Update of )(ˆ nRh
y  and computation of )1(ˆ  n  and 

)1(ˆ n . 

4. SIMULATION RESULTS 

In this section, the performance of the approach 

proposed in this paper is compared with that of other 

on-line approaches such as standard Kalman filtering, 

EKF and SPKF (including UKF and CDKF). It should 

be noted that noise compensated approaches like the  

-LMS cannot be used in TVAR parameter tracking. 

For a simpler exposition, the order of the simulated 

TVAR process has been taken equal to 2; 2048 

samples have been used. The AR parameters evolve in 

time according to the variation of the associated poles 

reported in fig. 3 and 4. The signal-to-Noise Ratio 

(SNR) is equal to 10 dB. The way the poles evolve in 

time is given in fig. 1 whereas the resulting 

spectrogram points out the non stationarity of the 

signal in fig. 2. 

-1 -0.5 0 0.5 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

real part

im
a
g
in

a
ry

 p
a
rt

 
Figure 1: Evolution of the poles associated to the AR 

signal. 

The simulations that have been carried out show that 

UKF and CDKF approaches provide similar results. 

The number of iterations required by the Newton-

Raphson algorithm used by the approach described in 

the paper has been low (typically equal to 2). 
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Figure 2: Signal spectrogram (dB). 

5. CONCLUSION 

It is thus possible to conclude that the approach 

described in the paper provides results quite similar to 

those of other methods like EKF and SPKF but with the 

advantage that it does not require any a priori 

information on the noise variances. 
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Figure 3: Estimation of the pole modulus 
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Figure 4: Estimation of the pole argument. 
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ABSTRACT

We present a DFT-domain expectation-maximization framework for
maximum-likelihood learning of linear dynamical models. The ex-
pectation step takes the form of a diagonalized DFT-domain Kalman
filter coupled with a fixed-lag smoother, which effectively traces the
evolution of the hidden state for a given underlying dynamical model
defined via its covariance parameters. The maximization step learns
the covariance parameters of the dynamical model and specifically
discerns itself from a conventional algorithm by yielding distinct
outputs for each block within the lag interval. Hence, in our ap-
proach the reliance on a fixed-lag for expressing the complete data
likelihood does not necessarily entail the traditional conjecture of
stationarity for the system within the duration of the lag interval. The
capability to account for possible non-stationarity further helps the
devised algorithm to carry out optimal and mutually synergetic state
estimation and model inference, which we comprehensively substan-
tiate with the help of simulation results.

1. INTRODUCTION

The advantages of describing real world systems by linear dynam-
ical models has over the years attracted considerable attention to-
wards analysis, estimation and learning of model parameters in ap-
plications pertaining to biomedical data analysis, automatic control,
object tracking, etc., [1, 2]. Not only do dynamical models allow the
explicit expression of a priori beliefs about the state and evolution
of the unknown system, but they also provide a useful framework for
including all important factors which influence the observation.
State estimators for dynamical models have been generally pre-

sented in the form of Kalman filter and its variants [3, 4], which con-
sistently, and rightly so, rely heavily upon the parameters of the un-
derlying model. The parameters of a dynamical model are unknown
quantities, which the estimator assumes as known and lacks the ca-
pability to learn as such. Therefore, a state estimator can be flaunted
to be an optimal one in a given statistical sense only if the parameters
of the model are assumed known. The assumption of knowing model
parameters is surely not a trivial one, which at times needs to be te-
diously justified via tuning or application specific knowledge. Thus,
a natural progression in the analysis of dynamical models points to-
wards parameter learning mechanisms [5]. In [1] the EM algorithm
has been construed as a generic framework for joint estimation tasks,
i.e., state estimation and parameter learning.
Motivated by the need for efficient signal processing, we con-

sider a DFT-domain representation for block-wise processing of lin-
ear dynamical systems as proposed in [6]. Thus we express the com-
plete data likelihood in DFT-domain, which is necessary to realize a
maximum-likelihood expectation maximization (ML-EM) algorithm
over a lag interval. We differentiate our approach from works in [5]
and [7] by modeling block-time dependent model parameters within
the lag period, which leads to recursive learning of parameters over

the duration of the lag interval and improves parameter learning of
the algorithm in non-stationary environments.
The complete data likelihood leads to a posterior which, un-

like a traditional filtering distribution, assumes knowledge of a fi-
nite number of adjacent states, encompassing the whole fixed-lag
period. Hence, the expectation step (E-step) of our algorithm com-
prises a diagonalized DFT-domain Kalman filter [6] followed by a
DFT-domain Kalman smoother, which also maintains diagonality.
The smoother stage becomes imperative for learning the complete
posterior and achieving the desired convergence [2]. The maximiza-
tion step (M-step) then exploits the state estimates and pertinent ex-
pectations evaluated in the E-step to yield optimum model parame-
ters in the maximum-likelihood sense for each block-time index in
the lag interval.
In Sec. 2 we describe the DFT-domain observation and state-

transition equations, which together represent the dynamical model.
The focus of Sec. 3 is to express the complete data likelihood for a
fixed-lag interval and derive the corresponding ML-EM algorithm.
In Sec. 4 we delve into simulation results to ascertain the perfor-
mance of the algorithm under diverse conditions of noise and state-
variability. Conclusions are presented in Sec. 5.
We use nonbold lowercase letters for scalar quantities, bold low-

ercase for vectors, and bold uppercase for frequency-domain quan-
tities. The superscript H denotes Hermitian transposition. We use
FM and log to denote the DFT matrix of size M and the natural log-
arithm, respectively. Lowercase letters “t” and “τ” are reserved for
sample- and block-time indices, while R and N are the block-shift in
samples and the number of blocks in the fixed-lag interval, respec-
tively.

2. DFT-DOMAIN DYNAMICAL MODELING

We address the system identification problem, where the time-
domain input xt gets convolved through the unknown FIR system
wτ to give an intermediate signal dt . Measurement noise st is super-
imposed on the intermediate signal to give the observation yt . The
estimated state of the unknown system is denoted by ŵτ .

2.1. Markov Model of a Time-Varying System

A DFT-domain state vector Wτ is defined on the basis of the con-
straint that a time-domain state wτ ofM−R non-zero coefficients is

represented, i.e., Wτ = FM
[
wHτ 0

]H
, where M is the block-size.

Thus, the first-order Markov model expressing the evolution of the
state vectorWτ is described as:

Wτ = A ·Wτ−1+∆Wτ . (1)

Here, the factor A denotes a state transition coefficient in the
range 0< A< 1 and ∆Wτ represents zero-mean and block-wise un-
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correlated process noise withM×M process noise covariance matrix
E

{
∆Wτ ∆WHτ

}
= Ψ∆

τ .

2.2. Block-Frequency-Domain Observation Model

We define block-oriented input and measurement noise signals as

xτ = [xτR−M+1,xτR−M+2, ...,xτR]
H

sτ = [sτR−R+1,sτR−R+2, ...,sτR]
H . (2)

AnM×M input matrix Xτ is created by first applying DFT and then
diagonalization to the input signal, i.e., Xτ = diag{FMxτ}. Using
these definitions, we apply an overlap-save convolution to obtain an
observation vector yτ defined analogous to sτ ,

yτ =QHF−1M XτWτ + sτ , (3)

where QH = (0 IR) is an R×M projection matrix, included to
linearize the cyclic convolution in DFT-domain, and IR denotes an
R×R identity. Application of Q and FM to (3) results in a DFT-
domain representation Yτ = FMQyτ of the observation vector:

Yτ = FMQQ
HF−1M XτWτ +FMQsτ . (4)

The constant term G = FMQQ
HF−1M can be combined with the

input matrix Xτ to give the overlap-save constrained version Cτ =
GXτ of the input signal. These abbreviations then allow a more
compact matrix-vector respresentation of the observation model,

Yτ = CτWτ +Sτ , (5)

where Sτ = FMQsτ is considered as zero-mean and block-wise un-
correlated measurement noise with M×M time-varying measure-
ment noise covariance E

{
SτS

H
τ

}
= ΨSτ .

Combining the Markov model in (1) with the observation equa-
tion in (5), we obtain a DFT-domain state-space model. The covari-

ances Θτ =
{

ΨSτ ,Ψ
∆
τ

}
are then termed as the unknown parameters

of the state-space model.

2.3. Dynamical Model Over the Fixed-Lag Interval

From the equations of the dynamical model, (1) and (5), we express
the i-th DFT-domain block in a given lag interval indexed with κ ,

Wκ,i = A ·Wκ,i−1+∆Wκ,i

Yκ,i = Cκ,iWκ,i+Sκ,i . (6)

where Wκ,i =Wτ , analogy of which can be extended to all other
quantities in (6). The block-index τ and the lag-interval number
κ are related via τ = κN + i and i = 1,2, · · · ,N. A lag inter-
val corresponds to a non-overlapping window comprising N DFT-
domain blocks. The corresponding parameters take the form Θκ,i ={

ΨSκ,i,Ψ
∆
κ,i

}
. Expressions in (6) are illustrated in Fig. 1, which

highlights the state-transition and the observation strata, and depicts
the scope of a fixed-lag.

3. ML-EM ALGORITHM

Maximum-likelihood learning of distinct model parameters Θκ,1:N
for each block-index τ entails the maximization of the following
complete data log-likelihood function over a given fixed-lag inter-
val:

L (Θκ,1:N) = log p(Yκ,1:N |Θκ,1:N)

= log
∫
p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) dWκ,1:N . (7)

∆Wκ,1 ∆Wκ,2 ∆Wκ,N

Sκ,1 Sκ,2 Sκ,N
Cκ,1 Cκ,2 Cκ,N

Wκ,1 Wκ,2 Wκ,N

Yκ,1 Yκ,2 Yκ,N

AAA

Fig. 1. DFT-domain dynamical modeling over a fixed-lag interval.

The term p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) denotes a joint distribution con-
ditioned on model parameters Θκ,1:N , and on the implicitly assumed
known initial state predictor Wκ,0. Considering an arbitrary distri-
bution q(Wκ,1:N), irrespective of its form, we can obtain a lower
boundF (q,Θκ,1:N) on the log-likelihood,

L (Θκ,1:N) = log
∫
q(Wκ,1:N)

p(Yκ,1:N ,Wκ,1:N |Θκ,1:N)

q(Wκ,1:N)
dWκ,1:N

≥
∫
q(Wκ,1:N) log

p(Yκ,1:N ,Wκ,1:N |Θκ,1:N)

q(Wκ,1:N)
dWκ,1:N

= F (q,Θκ,1:N), (8)

making use of Jensen’s inequality, signifying the concavity of the
log function. The EM algorithm alternates between maximizing the
functional F (q,Θκ,1:N) with respect to the distribution q(Wκ,1:N)
and the model parametersΘκ,1:N [8]. EM iterations can be expressed
as:

E-step : qk←− argmax
q

F (q,Θk−1κ,1:N)

M-step : Θkκ,1:N ←− argmax
Θ

F (qk,Θκ,1:N) , (9)

where k denotes the iteration index.

3.1. Expectation Step

The joint distribution p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) used in (8) can
be factorized using the Bayes’ theorem into the posterior
p(Wκ,1:N |Yκ,1:N ,Θκ,1:N) and the likelihood p(Yκ,1:N |Θκ,1:N):

p(Yκ,1:N ,Wκ,1:N |Θκ,1:N)=

p(Wκ,1:N |Yκ,1:N ,Θκ,1:N) p(Yκ,1:N |Θκ,1:N). (10)

On substituting (10) into (8), we can see that maximization in the E-
step is achieved by setting q(Wκ,1:N) = p(Wκ,1:N |Yκ,1:N ,Θκ,1:N),
because for such a selection of q(Wκ,1:N) the objective func-
tional F (q,Θκ,1:N) equals the intermediate log-likelihood at iter-
ation time k [1]. The sample posterior for a given lag interval
p(Wκ,i|Yκ,1:N ,Θκ,1:N) can be recursively learned by means of a
Kalman filter-smoother combination [9].

3.1.1. DFT-Domain Adaptive Kalman Filter

Owing to the assumption of Gaussianity, the mean and covariance
of the filtering distribution p(Wκ,i|Yκ,i,Θκ,1:N) in the E-step are
computed by recursive equations of the DFT-domain Kalman fil-
ter which have been formulated in [6]. The Kalman filtering stage,
which learns the filtering distribution p(Wκ,i|Yκ,i,Θκ,1:N) consti-
tutes a forward pass in terms of the processing direction of the
algorithm, as shown in Fig. 2. It has been verified in [6, 10]
that G, cf. Sec. 2.3, can be approximated as a scaled identity,

G≈ RM IM , and thus Cκ,i ≈
R
MXκ,i. Considering this and the approx-

imate diagonality of the covariances ΨSκ,i and Ψ∆
κ,i in DFT-domain,
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the exact Kalman filter recursions for a given lag interval can be
approximated as a diagonalized DFT-domain adaptive Kalman fil-
ter [6]:

for i= 1 to N
if(i== 1)

Ŵ
i−1

κ,i ←Wκ,0

P i−1
κ,i ← Pκ,0

else

Ŵ
i−1

κ,i ← A ·Ŵ
i−1

κ,i−1

P i−1
κ,i ← A2 ·P i−1

κ,i−1 +Ψ∆
κ,i

end if

µκ,i← P
i−1

κ,i

[
Xκ,iP

i−1
κ,i X

H
κ,i+

M

R
ΨSκ,i

]−1

Eκ,i← Yκ,i−Cκ,iŴ
i−1

κ,i

Ŵ
i

κ,i ← Ŵ
i−1

κ,i + µκ,iX
H
κ,iEκ,i

P i
κ,i ←

[
IM−

R

M
µκ,iX

H
κ,iXκ,i

]
P i−1

κ,i

end for

Here, µκ,i is the Kalman step-size, Eκ,i the error signal, Ŵ
i

κ,i the

estimate of the unknown state, P i
κ,i the state error covariance, and IM

the identity. The intermediate terms, Ŵ
i−1

κ,i and P̂
i−1

κ,i , represent

one-step predictors for the estimate of the unknown state and the
state error covariance. Our framework assumes the knowledge of
the initial belief state, hence the initial predictors for the stateWκ,0
and error covariance Pκ,0 are considered known from the previous
lag interval.

3.1.2. DFT-Domain Fixed-Interval Smoother

We augment the DFT-domain Kalman filter with the DFT-domain
smoother, which constitutes the backward pass, to accomplish the
learning of the complete data posterior p(Wκ,i|Yκ,1:N ,Θκ,1:N) from
the already learned filtering distribution p(Wκ,i|Yκ,i,Θκ,1:N) [9]:

for i= N down to 2

Jκ,i−1← P
i−1

κ,i−1 ·A ·
[
P i−1

κ,i

]−1

Ŵ
N

κ,i−1← Ŵ
i−1

κ,i−1 +Jκ,i−1

[
Ŵ

N

κ,i −Ŵ
i−1

κ,i

]

P N
κ,i−1← P

i−1
κ,i−1 +Jκ,i−1

[
P N

κ,i −P
i−1

κ,i

]
JHκ,i−1

end for

The term Jκ,i−1 is the smoother gain, while Ŵ
N

κ,i and P
N

κ,i are the

mean and covariance of the smoothed posterior. It follows from the
direct reliance of the smoother gain Jκ,i−1 on the state error covari-

ance P i−1
κ,i−1 and its predictor P

i−1
κ,i that the smoother quantities in-

herit the diagonal attributes of the filter in DFT-domain. Fig. 2 while
depicting both the forward and the backward passes, conceptually

illustrates the estimation of Ŵ
N

κ,i and the subsequent and indispens-

able interaction with the M-step for parameter learning.

3.2. M-Step: Parameter Learning Rules

The lower bound on the log-likelihood contains a term which is in-
dependent of the model parameters Θκ,1:N :

F (q,Θκ,1:N)=
∫
q(Wκ,1:N) log p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) dWκ,1:N

−
∫
q(Wκ,1:N) log q(Wκ,1:N) dWκ,1:N . (11)

kth

itera-
tion

forward

backward

pass

pass

Maximization Step: Covariance Parameter Learning

Expectation Step
i= 1 i= 2 i= N−1 i= N

Ŵ
N

κ,1 Ŵ
N

κ,2
Ŵ

N

κ,N−1

Wκ,0 Ŵ
1

κ,1 Ŵ
2

κ,2 Ŵ
N−1

κ,N−1 Ŵ
N

κ,N−1

ΨSκ,1,Ψ
∆
κ,1 ΨSκ,2,Ψ

∆
κ,2 ΨSκ,N−1,Ψ

∆
κ,N−1 ΨSκ,N ,Ψ

∆
κ,N

Eκ,1 Eκ,2 Eκ,N−1 Eκ,N

µκ ,1 µκ,2 µκ,N−1 µκ,N

Fig. 2. DFT-domain expectation maximization algorithm for block-
wise parameter learning.

Since the second term, the entropy of q(Wκ,1:N), is not a function
of Θκ,1:N , the k-th M-step is computed by maximizing the first term
only:

Θkκ,1:N=

arg max
Θκ,1:N

∫
qk(Wκ,1:N) logp(Yκ,1:N ,Wκ,1:N |Θκ,1:N) dWκ,1:N . (12)

The joint distribution in (12) can be factorized to highlight observa-
tion and state-transition distributions:

p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) =

N

∏
i=1

p(Yκ,i|Wκ,i,Θκ,i) p(Wκ,i|Wκ,i−1,Θκ,i) . (13)

As the state-space model has been formulated in DFT-domain, both
transition and transmission processes are described by complex mul-
tivariate Gaussians [11], i.e., we express

p(Yκ,1:N ,Wκ,1:N |Θκ,1:N) = (14)

N

∏
i=1

1

πM |ΨSκ,i|
exp

[
−

(
Yκ,i−Cκ,iWκ,i

)H
ΨS

−1

κ,i

(
Yκ,i−Cκ,iWκ,i

)]
×

N

∏
i=1

1

πM |Ψ∆
κ,i|
exp

[
−

(
Wκ,i−A ·Wκ,i−1

)H
Ψ∆−1

κ,i

(
Wκ,i−A ·Wκ,i−1

)]
,

where | · | denotes the determinant of an M×M matrix. In accor-
dance with (12), we apply the log function to (14) followed by an

expectation operation with respect to the distribution qk(Wκ,1:N),
i.e.,

Eqk
{
log p(Yκ,1:N ,Wκ,1:N |Θκ,1:N)

}
=

N

∑
i=1

{
−2Mlogπ− log|ΨSκ,i| − log|Ψ

∆
κ,i| (15)

−Tr
{

ΨS
−1

κ,i Eqk

{(
Yκ,i−Cκ,iWκ,i

)(
Yκ,i−Cκ,iWκ,i

)H}}

−Tr
{

Ψ∆−1

κ,i Eqk

{(
Wκ,i−A ·Wκ,i−1

)(
Wκ,i−A ·Wκ,i−1

)H}}}
,

where Tr{·} is the trace operator. Covariance terms ΨSκ,i and Ψ∆
κ,i,

for i = 1 to N, are estimated by taking the corresponding partial
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derivatives of these expressions and setting them to zero. Using the
lemmata [12]

∂ log|U|

∂U
=U−T ,

∂U−1

∂U
=−U−1U−1,

∂Tr{U V}

∂U
=VT , (16)

we find the following expressions for i-th parameters in the k-th EM
iteration that maximize (15):

ΨS kκ,i = Eqk
{(
Yκ,i−Cκ,iWκ,i

)(
Yκ,i−Cκ,iWκ,i

)H}
, (17)

Ψ∆ k
κ,i = Eqk

{(
Wκ,i−A ·Wκ,i−1

)(
Wκ,i−A ·Wκ,i−1

)H}
. (18)

The result in (18) represents learning rules that are optimal in the
ML sense under the inferred distribution qk(Wκ,1:N).

3.2.1. Evaluation of the Measurement Noise Covariance

The learning rule for the measurement noise covariance ΨS kκ,i in (17)

can be further expanded as:

ΨS kκ,i = Yκ,iY
H
κ,i−Yκ,iEqk{W

N H
κ,i }C

H
κ,i (19)

−Cκ,iEqk

{
W N

κ,i

}
YHκ,i+Cκ,iEqk{W

N
κ,i W

N H
κ,i }C

H
κ,i .

It is evident from (19) that the expectations Eqk

{
Wκ,iW

H
κ,i

}
and

Eqk
{
Wκ,i

}
have to be evaluated. The mean Ŵ

N

κ,i and covari-
ance P N

κ,i obtained from the DFT-domain adaptive Kalman filter-

smoother (E-step) allow us to write

Eqk
{
Wκ,i

}
= Ŵ

N

κ,i

Eqk

{
Wκ,iW

H
κ,i

}
= Ŵ

N

κ,i Ŵ
N H

κ,i +P N
κ,i . (20)

Using the expectation in (20) we simplify the expression in (19) as,

ΨSκ,i = E
+
κ,iE

+H
κ,i +Cκ,iP

N
κ,i C

H
κ,i , (21)

where E+
κ,i = Yκ,i − Cκ,iŴ

N

κ,i is the a posteriori error, while

Cκ,iP
N

κ,i C
H
κ,i can be approximated with

R
MXκ,iP

N
κ,i X

H
κ,i [6].

3.2.2. Evaluation of the Process Noise Covariance

The expansion of the quantity Ψ∆ k
κ,i in (18) leads to

Ψ∆ k
κ,i =Eqk

{
Wκ,iW

H
κ,i

}
−A ·Eqk

{
Wκ,iW

H
κ,i−1

}

−A ·Eqk
{
Wκ,i−1W

H
κ,i

}
+A2 ·Eqk

{
Wκ,i−1W

H
κ,i−1

}
, (22)

which requires the evaluation of the expectation Eqk

{
Wκ,iW

H
κ,i−1

}
.

This term can be expressed according to [9] as:

Eqk

{
Wκ,iW

H
κ,i−1

}
= Ŵ

N

κ,i Ŵ
N H

κ,i−1+P
N

κ,i,i−1 . (23)

To obtain the above expectation we therefore invoke the lag-one co-
variance smoother [9], which indirectly relies on the computations
of the E-step state-estimator to give, for i= N−1,N−2, · · · ,2:

P N
κ,i,i−1=P

i
κ,iJκ,i−1+Jκ,i(P

N
κ,i+1,i−A ·P

i
κ,i)Jκ,i−1 . (24)

To bring lag-one covariance smoother in conformity with the afore-
mentioned diagonalization, we initialize for i= N as:

P N
κ,N,N−1 =

[
IM−

R

M
µκ,NX

H
κ,NXκ,N

]
P N−1

κ,N−1 ·A . (25)

In light of the expectations, as evaluated in (20) and (23), we can
proceed from (22) to obtain the learning rule for the process noise
covariance,

Ψ∆ k
κ,i = ∆Ŵ

N

κ,i ∆Ŵ
N H

κ,i +P N
κ,i +A2 ·P N

κ,i−1−2 ·A ·P
N

κ,i,i−1 , (26)

where ∆Ŵ
N

κ,i = Ŵ
N

κ,i −A · Ŵ
N

κ,i−1 . It is worth mentioning that

owing to the assumption of diagonality on ΨSκ,i and Ψ∆
κ,i, only the

main diagonals of E+
κ,iE

+H
κ,i and ∆Ŵ

N

κ,i ∆Ŵ
N H

κ,i are evaluated in (21)

and (26), respectively.

4. RESULTS

For analyzing the performance of the derived algorithm we have
considered dynamical systems with quantifiable variability under
diverse conditions of observation noise. The dynamical systems
used for simulations conform to Markov model characteristics,
cf. Sec. 2.1, with a transition coefficient A and a corresponding time-
constant ρ =−R/( fs · logA), where fs = 16 kHz is the sampling fre-
quency. Block-size M and block-shift R of the DFT-domain model
were set to 256 and 64, respectively. The observation noise signal,
which acquires the form of a burst noise signal, provides for time-
varying SNR conditions so that the online covariance estimation ca-
pabilities of the algorithm can be ascertained. The dynamic range of
the observation noise covariance is 25 dB.
We initiated our analysis by evaluating the learning of the time-

varying observation noise covariance ΨSτ . The data for this evalu-
ation was derived from a Markov model with a large time-constant
of ρ = 40s, i.e., A = 0.9999. Fig. 3 illustrates the obtained values
of ΨSτ along with the true observation noise covariance ΨSτ . The
proposed algorithm was compared with the conventional approach
of performing averaging of parameters in the M-step. As the av-
eraging in M-step is performed over whole of the fixed-lag dura-
tion, the conjecture of stationarity of the underlying model is in-
evitable for the given interval. We have considered M-step averag-
ing scheme [13] with various values of the fixed-lag interval, ranging
from N = 100 to N = 10 blocks. It can be observed that the inferred
ΨSτ approaches closer to the true covariance ΨSτ as the fixed-lag in-
terval is reduced from N = 100 to N = 10, which can be expected
as the length of event in the form of noise burst is about 50 blocks.
The proposed approach with N = 100 is, in contrast, oblivious to
the length of the fixed-lag interval and provides near perfect track-
ing of the observation noise covariance. Fig. 4 illustrates the ef-
fect of the quality of observation noise covariance learning on sys-
tem identification. Relative system distance D was considered as
the instrumental measure for quantifying system identification, i.e.,

D= 10 log10(E{||Wτ −Ŵτ ||
2}/E{||Wτ ||

2}). It can be observed in
conjunction with Fig. 3 that the proposed algorithm on the average,
where instantaneous estimates are provided to the E-step, achieves
the lowest system distance D. Noticeable in the figure is also the
degradation in system identification caused by averaging in the M-
step in the contending configurations, which originates from inade-
quate parameter learning.
We carried out a similar analysis for evaluating the learning of

the process noise covariance Ψ∆
τ . In order to focus the analysis on

the learning of the process noise covariance, evaluations were car-
ried out under low and constant observation noise conditions. The
data for the analysis was derived by switching between two Markov
models, with time constants of ρ = 4s and ρ = 45s corresponding to
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A= 0.999 and A= 0.9999, respectively. As the simulation data has
been generated using an underlying system with unit state covari-

ance ΨWτ = E
{
WτW

H
τ

}
, the true value of Ψ∆

τ can be derived under
the stationarity constraint from (1) as:

Ψ∆
τ = (1−A2) ·ΨWτ ,

= (1−A2) ·1 . (27)

Hence, the true value of Ψ∆
τ , as depicted in Fig. 5, switches between

−27 dB and −37 dB for A= 0.999 and A= 0.9999, respectively. A
larger value ofΨ∆

τ signifies an underlying model with a smaller time-
constant and vice versa. It can be seen in the plot that all competitors
seek to track the process noise covariance of the underlying model,
but the smoothing approach with N = 100 almost completely fails to
detect the switching process. Cases with N = 50 and N = 10 tend to
track better, but suffer from over and under-estimation, respectively.
The learning curve for the proposed algorithm, despite larger vari-
ance, effectively recognizes the switching event and veritably tracks

the model covariance Ψ∆
τ .

 

 

O
b
se
rv
at
io
n
n
o
is
e
co
v
ar
ia
n
ce

Ψ
S τ
(d
B
)

Block-index τ

15

10

5

0

0

−5

−10

−15

−20

−25 200 400 600 800 1000 1200 1400

True ΨSτ
N = 100

N = 50

N = 10

N = 100 (Proposed)

Fig. 3. Learning of observation noise covariance ΨSτ .

 

 

S
y
st
em
D
is
ta
n
ce
D
(d
B
)

Block-index τ

0

0

−5

−10

−15

−20

−25

−30

−35 200 400 600 800 1000 1200 1400

N = 100

N = 50

N = 10

N = 100 (Proposed)

Fig. 4. Impact of parameter smoothing on system identification.

5. CONCLUSIONS

We have derived a DFT-domain maximum-likelihood expectation-
maximization algorithm to carry out joint state and parameter learn-
ing of linear time-varying dynamical models. Our framework puts
forth an efficient diagonalized DFT-domain Kalman filter-smoother
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Fig. 5. Learning of process noise covariance Ψ∆
τ .

state estimator, which manifests the expectation step iteratively with
a maximization step. The maximization step utilizes the quantities
estimated in the expectation step to output distinct model parame-
ters for each DFT-domain block within the fixed-lag interval. We
have thus shown that the fixed-lag smoothing in the expectation step
does not necessarily entail averaging in the maximization step. This
enables the algorithm to effectively adapt even in non-stationary en-
vironments. We have substantiated the aforementioned feature of
our algorithm by means of simulation results and comparison to a
maximization step averaging approach.
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ABSTRACT

In earlier work, we have presented a novel approach to non-
linear, non-Gaussian tracking problems. The approach was
based on keeping a bank of unscented Kalman filters, which
were split and merged in order to adapt the level of detail of
the filtering density according to the nonlinearity of the track-
ing problem. More recently, that approach has been refined
and generalized to a general method for nonlinear transfor-
mations of Gaussian mixture random variables. Here, we fur-
ther extend it by the following aspects: we consider splitting
a Gaussian distribution into three components rather than
two; and we show how splitting can be performed in direc-
tion of the nonlinearity, which in simulations gave a 25% re-
duction of the mean squared error, compared to the previous
implementation of the split and merge unscented Gaussian
mixture filter. In addition to that, we show how splitting can
be implemented efficiently, through Cholesky downdates.

1. INTRODUCTION

We have recently proposed an adaptive Gaussian mixture fil-
ter [3] for nonlinear, non-Gaussian tracking problems. It is
based on splitting Kalman filters in likely regions of state
space and on merging them in unlikely ones, with the aim of
adapting the level of detail of the filtering density according
to the posterior probability of the modes. This approach was
inspired by the resampling stage of particle filters [1] where
a similar objective is achieved by multiplying and remov-
ing samples. Further, motivated by the fact that Kalman fil-
ters are optimal for linear, Gaussian problems, we introduced
a split control technique [3] that prevents filters from being
split if they operate in relatively linear regions of state space.
It should be noted that splitting is beneficial in nonlinear re-
gions as it decreases the variances and thereby the degree of
nonlinearity to which the filters are subject. This idea was
further refined in [2] where Gaussians are split based on both
their weight in the mixture and the degree of nonlinearity.
A related but theoretically more well-founded approach has
been taken in [4] where the Gaussians to be split are deter-
mined based on the L2 distance measure. That work, how-
ever, considered one-dimensional tracking problems only.

In [2, 3], multivariate Gaussian distributions are split in
direction of the largest eigenvalue of the covariance matrix.
That gives the greatest reduction in variance. However, it is

This work was supported by the German Research Foundation (DFG),
under the research training network IRTG 715 “Language Technology and
Cognitive Systems”; and by the Federal as well as State Governments of
Germany, through the Cluster of Excellence for Multimodal Computing and
Interaction (MMCI).

not optimal as it disregards the fact that the reason for split-
ting is actually the nonlinearity, which the Gaussians are sub-
ject to during transformation. Hence, in this work, we inves-
tigate how Gaussians can be split in the direction of nonlin-
earity. In addition to that, we show how Gaussians can be
split into mixtures of three components – rather than two [3]
– and further give an efficient implementation of the splitting
procedure, using Cholesky downdates. The latter is of inter-
est, especially if the Kalman filters are implemented in their
square root form [9], as in that case the covariance matrices
are represented by Cholesky factors anyway.

The remaining part of this paper is organized as follows.
Section 2 briefly reviews the unscented transform. Section 3
describes how Gaussian distributions can be split into mix-
tures of two and three components. In Section 4, we intro-
duce the concept of splitting in direction of the nonlinearity,
which is finally evaluated in experiments, in Section 5.

2. REVIEW OF THE UNSCENTED TRANSFORM

The unscented transform (UT) approximates a Gaussian
probability distribution by a finite number of points, which
are chosen in such a way that they have the same mean and
covariance as the original distribution. This procedure was
introduced by Julier and Uhlmann [6] in order to approxi-
mate the nonlinear transform Y = f (X) of an n-dimensional
Gaussian random variable X with distribution

pX (x) = N (x; µX ,ΣX ),

parametrized by the mean µX and the covariance matrix ΣX .
The point mass representation is based on the Cholesky de-
composition RT R of the covariance matrix ΣX and it is ob-
tained as follows. Denoting the rows of R by Ri and defining
λ = n+κ for an arbitrary κ ∈ R, the distribution of X can
be represented by the weighted empirical distribution

p̃X (x) =
2n

∑
i=0

Wiδ (x−Xi) (1)

where δ is the Dirac delta and where the points and weights,
Xi and Wi, are given by

X0 = µX W0 = κ/λ

X2i+1 = µX +
√

λRi W2i+1 = 1/(2λ )

X2i+2 = µX −
√

λRi W2i+2 = 1/(2λ )
(2)

i = 0, . . . ,(n− 1). Note that κ specifies how much weight
is placed on the mean, X0. Setting κ to 1/2 results in a
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weight of 1/n for each of the points. Setting it to 3−n mini-
mizes the error in the fourth moment [7]. Similar as in Monte
Carlo methods, the weighted points Xi can be instantiated
through the function f , Yi = f (Xi), which then in turn yields
a weighted empirical distribution of Y :

p̃Y (y) =
2n

∑
i=0

Wiδ (y−Yi). (3)

Hence, a Gaussian approximation p̂Y (y) = N (Y ; µ̂Y , Σ̂Y ) of
the transformed distribution can be obtained by estimating
the mean and covariance of Y in a maximum likelihood fash-
ion:

µ̂Y =
2n

∑
i=0

WiYi, Σ̂Y =
2n

∑
i=0

Wi(Yi −µY )(Yi −µY )
T . (4)

This is the unscented transform. For linear transforms it is
exact – that is, the Gaussian fit is not an approximation but
the true, transformed density. For nonlinear transforms its
mean and covariance estimates are accurate up to the sec-
ond order term of the Taylor series expansion [7]. In the lat-
ter case, the appropriateness of the Gaussian approximation
can be determined by estimating the degree of nonlinearity
as proposed in [2]:

η ,
1

n

n−1

∑
i=0

ηi, (5)

where ηi denotes the degree of nonlinearity of the i-th triple
{X2i+1,X0,X2i+2} of original points, calculated on the cor-
responding triple of transformed points {Y2i+1,Y0,Y2i+2},
as

ηi =
1

2
‖Y2i+1 +Y2i+2 −2Y0‖2. (6)

This measure is based on the fact that each triple
{X2i+1,X0,X2i+2} forms a set of equidistant points on a
line. Consequently, the degree of nonlinearity is calculated
as the deviation from a linear fit of the transformed points
(see [3] for a more thorough derivation).

3. SPLITTING GAUSSIAN DISTRIBUTIONS

By “splitting” a (multivariate) Gaussian distribution we mean
approximating it by a mixture of Gaussian distributions with
smaller variances. This can be achieved by using a splitting
library, as in [4, 5], or by slightly displacing the means while
adopting the covariance matrix of the original distribution
[8, 4]. In this work, we take a different approach based on
moment matching and symmetry. Moreover, we restrict our-
selves to splitting in direction of eigenvectors. This avoids
problems with – possibly resulting – indefinite covariance
matrices; and it allows us to reduce the generally multivari-
ate, n-dimensional case to splitting a standard normal dis-
tribution. The direction in which we split might be given by
the eigenvector corresponding to the largest eigenvalue – that
is, the direction of the largest variance – or by the eigenvec-
tor to which the direction of the nonlinearity is most similar
(see Section 4 for details). In the following, we start with
splitting the standard normal distribution into two and three
components, respectively, in Sections 3.1 and 3.2. Then, in
Section 3.3, we extend the splitting approach to the general,
multivariate case.

−4 −2 0 2 4
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0.1

0.2

0.3

0.4

(a) mixture

−4 −2 0 2 4 
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0.2

0.3

0.4

(b) components

Figure 1: Splitting into two Gaussians with a displacement
of 0.5. The picture to the left shows the original distribution
(solid line, highlighted area) along with the mixture of split
components (dashed line). The picture to the right shows the
individual components.

3.1 Splitting into Two Components

In order to split the normal distribution N (x;0,1) into two
components, g1(x) and g2(x), we first of all use its symmetry.
The symmetry tells us that if we displace one of the Gaus-
sians by ν from the origin the other Gaussian must be placed
at −ν . For the same reason, the two components must have
the same mixture weight α and the same variance σ2. This
constrains the parameter optimization problem to finding the
displacement as well as the variance of the two components,

g1(x) = N (x;ν ,σ2), g2(x) = N (x;−ν ,σ2). (7)

From the law of total probability it is clear that the mixture
weights must be one half. Hence, splitting the normal distri-
butions is tantamount to replacing it by the mixture

m(x) = 0.5g1(x)+0.5g2(x). (8)

The second moment Em

{
x2
}
=

∫
x2m(x)dx of the mixture

can be obtained by first using the linearity property of inte-
gration to get separate integrals over g1(x) and g2(x) and then
performing a change of variables from x to y = x − ν and
y = x+ ν , respectively, which yields: Em

{
x2
}
= ν2 +σ2.

Subsequently matching the second moment of the mixture to
that of the normal distribution, i.e. one, the variance can be
expressed in dependency of the displacement:

σ2 = 1−ν2. (9)

In order for this equation to be valid ν must be in the range
[−1,1]. Further, it can be shown that the absolute (L1) error

in the fourth moment is 2ν4, which is clearly minimal for
the trivial solution ν = 0 and which monotonically increases
with |ν | until it takes its maximum, 2, at |ν | = 1. As a con-
sequence of this result, we decided to keep ν as a parameter.
A value of 0.5 seemed to give a good trade-off between dis-
placement of components and accuracy of approximation, at
least for the problems that we have been working on so far.

3.2 Splitting into Three Components

The splitting approach from the previous section can eas-
ily be extended to the case of splitting a Gaussian into three
components, g1(x), g2(x) and g3(x). Making use of the sym-
metry of the normal distribution, we again displace the first
Gaussian by ν , the second one by −ν . The third Gaussian
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Figure 2: Splitting into three Gaussians with a displacement
of 0.5. The picture to the left shows the original distribution
(solid line, highlighted area) along with the mixture of split
components (dashed line). The picture to the right shows the
individual components.

is centered at zero as portrayed in Figure 2-b. Then, choos-
ing a weight α ≤ 0.5 for each of the displaced components
uniquely determines the weight of the center component, as
1−2α . Hence the mixture can be written

m(x) = αg1(x)+αg2(x)+(1−2α)g3(x). (10)

The Gaussians in the mixture are further parameterized by
the variance σ2 of the displaced components, as well as the
variance τ2 of the center component. In the following we
will assume that τ is equal to σ , which greatly simplifies the
optimization problem in that it does not require matching the
sixth moment of the distributions. After this simplification,
the mixture components are:

g1(x) = N (x;ν ,σ2), g2(x) = N (x;−ν ,σ2),

g3(x) = N (x;0,σ2).
(11)

Similar to the case of two components, we will try to express
α and σ2 in dependence of the displacement ν . For that, we
match the second and fourth moment of the mixture to those
of the normal distribution:

Em

{
x2
}
= 2αν2 +σ2 = 1

Em

{
x4
}
= 2αν4 +12ασ2ν2 +3σ4 = 3

Solving this system of equations and discarding the trivial
solution σ2 = 1 yields

α =
1

6
, σ2 = 1− 1

3
ν2. (12)

These equations are valid for displacements ν in the range

[−
√

3,
√

3]. The difference to the normal distribution is
shown in Figure 3-b, for ν = 0.5. Figure 3-a gives a compar-
ison to the “splitting into two components” approach from
the previous section. Furthermore, it can be shown that the

absolute (L1) error in the sixth moment is 2
9
ν6.

3.3 Multivariate Gaussian Distributions

Splitting a multivariate Gaussian distribution N (x; µ;Σ) in
direction of an eigenvector can be reduced to splitting a stan-
dard normal distribution. For that, let UT Λ U be the eigen-
decomposition of the covariance matrix Σ, with a diagonal
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−0.01
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0.01

(a) 2 Gaussians
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1
x 10
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(b) 3 Gaussians

Figure 3: Difference between original and split distributions
for a displacement of 0.5. Not that the scale of the image to
the right is one hundredth of that of the image to the left.

matrix Λ containing the eigenvalues λi and a unitary matrix
U containing the corresponding eigenvectors ui:

Λ =








λ1 0 · · · 0

0 λ2

. . .
...

...
. . .

. . . 0
0 · · · 0 λn







, U =








u
T
1u
T
1

...

u
T
nu
T
n







.

Then using the exponentiation identity exp(x+ y) = exp(x) ·
exp(y) and the fact that the determinant of Σ can be factored
as det(Σ) = ∏i λi, the probability density function can be
written

p(x) =
N

∏
i=1

N
(
u

T
i x; uT

i µ, λi

)

︸ ︷︷ ︸

, fi(x)

. (13)

Now, let g̃k(x) = N (x; µ̃k, σ̃
2
k ), k = 1, . . . ,K, be the compo-

nents resulting from a split of the standard normal distribu-
tion. Then, splitting the multivariate distribution p(x) in di-
rection of the j-th eigenvector can be achieved by performing
the following steps:

1. Scaling the components, g̃k(x), by 1/
√

λ j in x-direction

in order to match the variance λ j of p(x) in direction of
the eigenvector u j.

2. Rotating the resulting, rescaled components with dis-

tribution ḡk(x) = N (x;
√

λ j µ̃k,λ jσ̃
2
k ) into u j and then

adding the mean u
T
j µ , which gives:

f̃ j,k(x), N

(

u
T
j x; uT

j µ +
√

λ j µ̃k, λ jσ̃
2
k

)

.

3. Replacing f j(x) in (13) by f̃ j,k(x) for k = 1, . . . ,K in or-
der to obtain the split components of the multivariate dis-
tribution:

gk(x) =






n

∏
i=1
i6= j

fi(x)




 f̃ j,k(x), (14)

As ui
T (µ +

√
λ j µ̃ku j) is (ui

T µ) for i 6= j and (uT
j µ +

√
λ j µ̃k) for i = j, the mean, µk, of the k-th component, gk,

can obviously be recovered as

µk = µ +
√

λ j µ̃ku j. (15)

852



Splitting into Two Gaussians

ω1 =
1
2

µ1 = µ +ν
√

λu Σ1 = Σ−ν2λuuT

ω2 =
1
2

µ2 = µ −ν
√

λu Σ2 = Σ−ν2λuuT

Splitting into Three Gaussians

ω1 =
1
6

µ1 = µ +ν
√

λu Σ1 = Σ− 1
3
ν2λuuT

ω2 =
1
6

µ2 = µ −ν
√

λu Σ2 = Σ− 1
3
ν2λuuT

ω3 =
4
6

µ3 = µ Σ3 = Σ− 1
3
ν2λuuT

Splitting into Two Gaussians

ω1 =
1
2

µ1 = µ +ν
√

λu Σ1 = Σ−ν2λuuT

ω2 =
1
2

µ2 = µ −ν
√

λu Σ2 = Σ−ν2λuuT

Splitting into Three Gaussians

ω1 =
1
6

µ1 = µ +ν
√

λu Σ1 = Σ− 1
3
ν2λuuT

ω2 =
1
6

µ2 = µ −ν
√

λu Σ2 = Σ− 1
3
ν2λuuT

ω3 =
4
6

µ3 = µ Σ3 = Σ− 1
3
ν2λuuT

Table 1: Mixture parameters for splitting N (µ,Σ) into two
and three Gaussians with displacement ν in the direction of
eigenvector u with corresponding eigenvalue λ .

The corresponding covariance matrix Σk can be obtained by
expressing it by means of its eigenvectors and eigenvalues:

Σk =
n

∑
i=1
i6= j

λiuiu
T
i + σ̃2

k λ ju ju
T
j

=
n

∑
i=1

λiuiu
T
i

︸ ︷︷ ︸

=Σ

−
(
1− σ̃2

k

)
λ ju ju

T
j (16)

This is a simple rank-1 downdate. Hence, given the Cholesky
factor of Σ is available – as is the case for the square root im-
plementation of the unscented transform [10] – the Cholesky
factor of Σk can efficiently be obtained through a Cholesky
downdate. Table 1 concludes this section by explicitly giving
the mixture weights ωk, means µk and covariance matrices Σk

for splitting into two and three Gaussians.

4. SPLITTING IN DIRECTION OF THE
NONLINEARITY

In [5] and [3], splitting was performed in the direction of the
largest variance, given by the eigenvector corresponding to
the largest eigenvalue of the covariance matrix. Splitting in
this direction obviously gives the greatest reduction in vari-
ance. However, it might not be optimal as the reason for
splitting is the nonlinearity that the distribution is subject to
during transformation. To illustrate this problem, consider
the following example of a transformation f (X) of a Gaus-
sian random variable X with

µX =

[

0
3

]

, ΣX =

[

9 0
0 1

]

, f

([

x1

x2

])

=

[
x1

x2
2

]

.

For this example, the adaptive level of detail transform
(ALoDT) from [2] cannot improve over the unscented trans-
form – at least not in the first couple of iterations. That is be-
cause the distribution of X is split in x1-direction, where the
variance is largest but where f is linear. From Figure 4 it is
obvious that the transformed distribution portrayed in 4-(a)
is still “almost” Gaussian while the true distribution shown
in Figure 4-(c) is strongly non-Gaussian. Therefore, we pro-
pose splitting in direction of the nonlinearity, which we per-
form as follows. Bearing in mind that, in the unscented trans-
form, the i-th triple {X2i+1,X0,X2i+2} of points forms a set
of equidistant points on a line, the nonlinearity in direction

φi =
X2i+1 −X0

‖X2i+1 −X0‖
(17)

(a) ALoDT-4[v] (b) ALoDT-4[n] (c) true density

Figure 4: Contour plots of the transformed distributions ob-
tained with the ALoDT using 4 Gaussians, for splitting in
direction of the largest variance [v] and splitting in direction
of the nonlinearity [n].

can obviously be approximated by the degree of nonlinearity,
ηi, associated with these points. Consequently, the direction
of nonlinearity can be defined as the eigenvector ψ corre-
sponding to the largest eigenvalue of

Ψ =
n−1

∑
i=0

ηiφiφ
T
i . (18)

That is the direction in which the nonlinearity is strongest.
As a computationally less demanding alternative, the direc-
tion of nonlinearity can be approximated as the average over
the φi, weighted with the corresponding ηi:

ψ ′ =
∑

n−1
i=0 ηiφi

∥
∥∑

n−1
i=0 ηiφi

∥
∥
. (19)

For implementing a split in direction of the nonlinearity, it
should be noted that splitting a Gaussian distribution in an
arbitrary direction ψ turns out to be difficult unless ψ coin-
cides with one of the principal axes of the covariance matrix.
Hence, we split in the direction of that eigenvector ui, which
ψ is most similar to, i.e. the one for which u

T
i ψ is maximal.

5. EXPERIMENTS

In order to evaluate the performance of the proposed exten-
sions, we performed a series of simulations, in which a ma-
neuvering object was tracked based on sensor measurements.
In these simulations, the object moved along the synthetic
trajectory portrayed in Figure 5,

xt = 10 [sin(st)+1 (cos(st)+1)sin( st
2
) cos(2st)st ]

T
,

st =
4πt
500

, t = 1, . . . ,500, and was observed by virtual sen-

sors located at [0 0 0]T providing measurements in polar co-
ordinates. Additive measurement noise was simulated from
a Gaussian, whose means and covariances were chosen at
random – once for each of the 50 experiments performed.
The average variance was 0.073 for the distance, 0.0031 and
0.0044 for the angles. As a process model we used a simple,
zeroth-order linear dynamic model, xt = xt−1+wt , with zero-
mean Gaussian process noise, wt , whose covariance matrix
was estimated on the synthetic trajectory and further scaled
by a factor of two in order to increase stability. At time
t = 1 the filters were initialized with a Gaussian distribution
around the true state, x1, with process noise covariance.

Table 2 shows mean squared errors (MSE)s for the split
and merge unscented Gaussian mixture filter [3] using the
splitting priority from [2] as a splitting criterion. The num-
bers are averaged over 50 simulations and correspond to 500
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Figure 5: Trajectory used in the simulations.

point trajectories. The first row of the table shows results for
splitting into two components, in dependence of the number
of filters (#Gaussians). With 2 filters, the MSE – being 927
for a single unscented Kalman filter – could be greatly re-
duced. Further increasing the number of filters just slightly
improved the result. For splitting into three components (sec-
ond row of the table), the MSE was lower in general but it be-
haved less consistently, which might have to do with the fact
that, in the merge stage, we merge the filters successively in
pairs. As a consequence of this, we only considered splitting
into two components in the following.

Table 3 shows the mean squared errors we obtained by
splitting in direction of the nonlinearity rather than in direc-
tion of the largest eigenvalue of the covariance matrix. In row
one, the direction of nonlinearity was estimated as the eigen-
vector corresponding to the maximum eigenvalue of (18). In
row two, it was estimated according to (19). The best re-
sult was obtained in row two, with 64 filters. In that case,
the MSE was 573, which is almost 40% lower than that of
the unscented Kalman filter and roughly 25% lower than the
best result obtained with splitting in direction of the largest
variance. For a low (≤ 4) number of filters, the proposed ap-
proach failed to give improvements. With just two filters it
even performed worse than the UKF. This problem seems to
be a consequence of the merge stage. The point is that split-
ting in direction of the nonlinearity can result in more dis-
tinct Gaussian components of the transformed distribution,
especially if a lower number of filters is used. Then, if two
distinct Gaussians are merged in the subsequent merge stage
[3] the variances might be “blown up”, which can have a very
detrimental effect. As we have actually observed this prob-
lem with various Gaussian mixture filters – ones that deal
with data association and ones that deal with nonlinearities –
this might well be the next big thing to tackle.

6. CONCLUSIONS

We have demonstrated how Gaussians can be split in the di-
rection of nonlinearity. In addition to that, we have shown
how multivariate Gaussian distributions can be split into mix-
tures of two and three components, respectively, and ana-
lyzed the errors introduced by the resulting Gaussian mix-
ture approximations. The effectiveness of the proposed ex-
tensions with respect to improving the accuracy of nonlinear

splitting #Gaussians
method 2 4 8 16 32 64

2 components 779 774 768 765 764 762
3 components 733 738 739 736 735 734

splitting #Gaussians
method 2 4 8 16 32 64

2 components 779 774 768 765 764 762
3 components 733 738 739 736 735 734

Table 2: MSE / track averaged over 50 runs of the split and
merge unscented Gaussian mixture filter, for splitting into
two and three Gaussians. Here, splitting was performed in
direction of the largest eigenvalue of the covariance matrix.

direction #Gaussians
of split 2 4 8 16 32 64

nonlinearity#1 935 770 688 632 621 608
nonlinearity#2 1104 825 703 628 595 573

direction #Gaussians
of split 2 4 8 16 32 64

nonlinearity#1 935 770 688 632 621 608
nonlinearity#2 1104 825 703 628 595 573

Table 3: MSE / track averaged over 50 runs of the split and
merge unscented Gaussian mixture filter, for splitting in di-
rection of the nonlinearity

tracking problems has been verified in simulations.
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ABSTRACT

In uplink transmissions of a coded orthogonal frequency di-
vision multiple access (C-OFDMA) system, a frequency syn-
chronization has to be addressed. Few papers deal with this is-
sue. Expectation - maximization (EM) approaches have been
proposed but initialization strategies must be consideredbe-
cause the EM may converge to a local extremum. Here we
propose a joint estimation of the channel and the carrier fre-
quency offset (CFO) based on a sigma point Kalman filter.
When considering an OFDMA uplink system over a Rayleigh
fading channel, simulation results confirm that the proposed
algorithm corresponds to a good compromise between CFO
and channel estimation, bit error rate and computational cost.
Since our approach has a lower computational complexity, the
power consumption is lower, which is a great advantage in a
wireless system.

1. INTRODUCTION

Today, orthogonal frequency division multiple access
(OFDMA) is one of the most common solutions for high data
rate transmission systems. OFDMA, initially used for ca-
ble TV network and for DVB-RCT standard is applied in
WiMAX technology (802.16x). When considering this mod-
ulation technique, different users simultaneously transmit their
own data by modulating an exclusive set of orthogonal sub-
carriers. Allocation algorithms [1] exploit this spectraldiver-
sity to allocate the communication resources to the different
users, such as power, constellation size and necessary band-
width to maximize the link efficiency.
In an uplink OFDMA system, orthogonality between sub-
carriers is not satisfied without carrier-frequency offset(CFO)
compensation. Therefore, CFOs have to be estimated. This
issue has been addressed in several papers such as [1], [2] and
[3]. In [4], the CFO estimation is obtained by comparing the
phases of two received OFDMA blocks. Zhaoet al. [5] use
an extended Kalman filter (EKF) to estimate the CFO, pro-
vided that a training sequence is known. In [6], we propose
to combine a Kalman filter based method for the CFO estima-
tion and the so-called minimum mean square error successive
detector, the purpose of which is to estimate the signal sentby

each user; unlike existing approaches, no training sequence is
required.
However, in the above approaches the channel is assumed to
be known or estimated. Recently, the joint CFO/channel es-
timation has been investigated. In [7], [8] and [9], Punet
al. study how to obtain the joint maximum likelihood esti-
mation of the channels and the CFOs of the multiple users.
Thus in [7], a conventional expectation-maximization (EM)is
first proposed: during the E-step the received signals transmit-
ted by each user, namely the ”complete data”, are estimated.
During the M-step, all the CFOs and the channels are jointly
estimated by using these complete data. To simplify the op-
timization issue, the value of the channel is replaced by its
expression depending on the CFO in the criterion to be min-
imized. Therefore, only the estimation of the CFO of each
user has to be addressed. Even if the criterion is explicitly
given, the authors do not mention the estimation method they
use. For instance, exhaustive grid search could be considered
as suggested by the same authors in [8]. To reduce the compu-
tational cost, the authors in [7] suggest using the space alter-
nating generalized expectation-maximization (SAGE). In that
case, instead of simultaneously estimating every-user param-
eters, one iteration of the EM algorithm is dedicated to one
user. Instead of addressing a multi-dimensional optimization
issue, the authors in [8] use the so-called alternating projec-
tion estimator. This method consists in iteratively estimating
the CFO of one user, by means of an exhaustive grid search
over the possible range of the CFO value and by setting the
other CFOs to their last updated values. In [9], a suboptimal
method is presented. In [10], Xiaoyuet al. propose two iter-
ative estimation approaches using the SAGE method. Never-
theless, the EM-based algorithms do not necessarily converge
to the global extremum. An initialization step is thereforere-
quired. Another drawback of the above methods is the high
computational cost due to the iterative estimation and the ex-
haustive grid search.
In this paper, our contribution is the following: a sigma point
Kalman filter (SPKF) [11], namely the unscented Kalman fil-
ter (UKF) or the central difference Kalman filter (CDKF), is
used to simultaneously estimate the channel and the CFO for
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all users. Even if the proposed estimator needs a training se-
quence, its computational cost is lower than the existing ap-
proach ones. This advantage is crucial because one of the
goals in the design of wireless systems is to reduce the energy
consumption of the system. It should be noted that our work
is complementary to the study presented in [12], in which an
unscented Kalman filter (UKF) makes it possible to jointly
estimate the CFO and the channel, but it is designed for an
orthogonal frequency division multiplexing (OFDM) single-
user system.
The paper is organized as follows. The OFDMA system and
the signal models are presented in section 2. Section 3 shows
how to jointly estimate the CFO and the channel coefficients
of each user in order to restore orthogonality among the re-
ceived users’ signals. Simulation results are presented insec-
tion 4 and finally conclusions are given in section 5.
In the following, Re{.} denotes the real part of{.}, Im{.}
the imaginary part of{.} andIL the identity matrix of sizeL.

2. SYSTEM DESCRIPTION

Let us consider an OFDMA network consisting of a single
base station andU simultaneously independent users. The
available bandwidthB is divided amongN sub-carriers, and
a fair distribution of the bandwidthBu = B/U between each
user is supposed.
The signal received by the base station is a superposition of
the contributions from theU active users. In the following, let
S

p
u be the symbols emitted by theuth user with

u ∈ {1, . . . , U} and corresponding to thepth OFDMA sym-
bol:

S
p
u = [Sp

u(0), Sp
u(1) . . . Sp

u(N − 1)]
T (1)

According to the frequency allocation of each user,Sp
u(k) can

be non-zero if thekth carrier is allocated to theuth mobile ter-
minal, fork ∈ {0, . . . N − 1}. The corresponding transmitted
signal from theuth user is given by:

Xp
u(n) =

1√
N

N−1
∑

k=0

Sp
u(k)ej2πnk/N (2)

where−Ng ≤ n ≤ N − 1 andNg < N is the length of the
cyclic prefix.
Moreover, let us assume that the channel impulse response of
theuth user and related to thepth OFDMA symbol is:

h
p
u(n) = [hp

u(n, 0), hp
u(n, 1), . . . , hp

u(n,Lu)]
T (3)

whereLu is the length of the maximum channel delay spread
andLu ≤ Ng so that the cyclic prefix discards the inter block
interference. We suppose a multipath quasi-static Rayleigh
fading channel:

h
p
u(n) = h

p
u(n − 1) = h

p
u (4)

At the receiver, due to the propagation conditions, time off-
set and CFO are induced into the baseband signal. By choos-
ing an appropriate cyclic prefix lengthNg = max

u
{τu + Lu},

whereτu is the normalized spacing and timing error related to
theuth user, the effects of the uplink timing errors are coun-
teracted, i.e they are incorporated as a part of their channel
responses1.
Let us now introduce the normalized CFO to the sub-carrier
spacingǫp

u:
ǫp
u(n) = ǫp

u(n − 1) = ǫp
u (5)

In the following, we will focus our attention on the row vec-
tors ǫp andh

p which contain the normalized CFO and the
channel impulse response of each user respectively:

ǫp = [ǫp
1, ǫ

p
2, . . . , ǫ

p
u, . . . , ǫp

U ] (6)

h
p =

[

h
p
1
T
,hp

2
T
, . . . ,hp

u
T , . . . ,hp

U
T
]

(7)

The U incoming waveforms are naturally combined by the
receiver antenna. After cyclic prefix removing, the resulting
pth received signal can be expressed as follows:

R
p = [Rp(0), Rp(1), . . . , Rp(N − 1)]

T

=

U
∑

u=1

R
p
u + B (8)

whereB = [B(0), . . . , B(N−1)]T is a complex white Gaus-
sian noise vector with covariance matrixσ2

b IN , whileR
p
u, the

pth signal received from theuth user, can be expressed as:

R
p
u = [Rp

u(0), Rp
u(1), . . . , Rp

u(N − 1)]
T

= E
p
u(ǫp

u)Hp
u(hp

u)Xp
u (9)

whereXp
u = [Xp

u(0),Xp
u(1) . . . Xp

u(N − 1)]
T , Hp

u is a circu-
lant matrix formed by N cyclic shifts of h

p
u

T and
E

p
u = diag

[

1, ej2πǫp
u/N , . . . , ej2π(N−1)ǫp

u/N
]

.
Let Yp be the2 × N observation matrix that stores the real
and the imaginary parts of the received signalR

p:

Y
p = [Y p(0), Y p(1), . . . , Y p(N − 1)]

= A
p(ǫp,hp) + V (10)

where
A

p(ǫp,hp) = [Ap(0, ǫp,hp), · · · , Ap(N − 1, ǫp,hp)]

=







Re
{

∑U
u=1 R

p
u(ǫp

u,hp
u)

}T

Im
{

∑U
u=1 R

p
u(ǫp

u,hp
u)

}T






(11)

andV =

[

Re {B}T

Im {B}T

]

which is a white Gaussian noise

vector, the covariance matrix of which is(σ2
b/2)I2.

In order to restore orthogonality among each user sub-carrier,
both the synchronization error vectorǫp and the channel vec-
tor hp have to be estimated, givenYp. Due to the non-linear
feature of the estimation, a new method based either on the
EKF or the SPKF is proposed in the next section.

1Since this paper deals with the CFO/channel estimation,τu andLu are
supposed to be known, foru ∈ {1, . . . , U}.
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3. FREQUENCY OFFSET AND CHANNEL
ESTIMATION

When dealing with a non-linear state-space representation of
a system, local methods such as the extended Kalman filter
(EKF) and global methods including UKF and CDKF can be
considered [11]. In the SPKF, the state distribution is approxi-
mated by a Gaussian. It is then characterized by a set of points
lying along the main eigenaxes of the Gaussian random vari-
able covariance matrix. Then, these so-called sigma-points
propagate through the non-linear system. A weighted com-
bination of the resulting values makes it possible to estimate
the mean and the covariance matrix of the transformed ran-
dom vector, i.e. the random variable (RV) that undergoes the
non linear transformation. On the one hand, the UKF is based
on the unscented transformation. When the density is odd,
the weights are chosen to provide the 2nd order Taylor ex-
pansion around the mean of the RV. On the other hand, the
CDKF is based on the 2nd order Sterling polynomial inter-
polation formula. The difference between CDKF and UKF
stands in the way the mean and the covariance matrix of the
transformed RV are calculated. According to various studies
[6], [11] and [13], there is a very slight difference between
UKF and CDKF. The advantages of the SPKF over the EKF
is that does not require calculations of Jacobians or Hessians
and that the EKF is more likely to diverge. SPKF makes it
possible to recursively estimate the following state vector:

x
p(n) =

[

ǫp(n) Re {hp(n)} Im {hp(n)}
]T

=
[

x
p
1(n) x

p
2(n) x

p
3(n)

]T
(12)

Given (4), (5) and (12),xp(n) satisfies the following state-
equation2, which is the representation of what happens for an
OFDMA symbol:

x
p(n) = x

p(n − 1) ∀n ∈ [0, N − 1] (13)
Given (10) and (11), the measurement equation is defined as
follows:

Y p(n) = Ap(n,xp(n))+V (n) ∀n ∈ [0, N−1] (14)

Hence, (13) and (14) define the state space representation of
the system making it possible to estimate both the channels
and the CFOs. The resulting SPKF estimator is given by:

x̂
p(n) = x̂

p(n − 1) + Re
{

K
p(n)Ỹ (n)

}

(15)

wherex̂
p(n) =

[

x̂
p
1(n) x̂

p
2(n) x̂

p
3(n)

]T
is the estima-

tion of x
p(n), Ỹ (n) = Y p(n) − Ŷ p(n) is the so-called in-

novation and̂Y p is the estimation ofY p, obtained by using a
weighted combination of the sigma points. In addition

K
p(n) =

[

P
p

ǫỸ
(n)

] [

P
p

Ỹ
(n)

]

−1

(16)

is the filter gain, wherePp

ǫỸ
(n) is the covariance matrix be-

tween the state prediction error and the innovation, andP
p

Ỹ
(n)

2It should be noted that transition matrix is equal toIM , where
M = U + 2ULu and there is no state noise.

is the covariance matrix of the innovation. Both are estimated
by using a weighted combination of the sigma points. For
details about the SPKF algorithm description, the reader is
referred to [11]. After some recursions, the algorithm can
provide an ”accurate” joint estimation of the CFO value and
the channel impulse response for theuth user, which is de-
noted aŝǫp

u(n) andĥ
p
u(n) respectively withu ∈ {1, . . . , U}.

4. SIMULATION RESULTS

In the following, a comparative study is carried out between
our approach based on EKF, CDKF or UKF and the method
presented in [7] where a grid search approach is used to up-
date the CFO estimation.
Simulation protocol: we performed 500 Monte-Carlo runs.
We consider an OFDMA uplink system, which is composed
of U = 4 users sharingN = 128 sub-carriers and with cyclic
prefix Ng = N/8 ≥ Lu. We suppose a transmission over a
Rayleigh quasi-static frequency selective channel composed
of Lu = 3 multi-paths. QPSK is used to modulate the infor-
mation bits. The carrier frequency is atfc = 2.5GHz and the
channel bandwidth is set toW = 20MHz. The duration of
an OFDMA symbol isTs = N/W . The users’ normalized
CFO errors satisfy:ǫu = N vu

c fcTs , wherevu is the user
speed andc is the light speed. In addition they are randomly
and uniformly generated in the interval [-0.3,0.3]. We define

Eb/No =
σ2

u

σ2

b

, whereσ2
u is the mean power of the received

signal from theuth user. Here, the EM algorithm proposed in
[7] is based onα = 20 iterations and a grid search precision
equal to10−3; this means thatβ = 2×0.3

10−3 +1 = 601 values of
CFO are studied in the grid search algorithm. For the CFO,
the initialization parameters of the algorithm isǫ̂p

u(0) = 0
whenp = 1 andǫ̂p

u(0) = ǫp−1
u otherwise.

Performances: first of all, our approach provide similar re-
sults when UKF and CDKF are used. Therefore, in the fol-
lowing, we speak of SPKF filtering performances. We focus
our attention on the first user in the system. Figure 1 and 2
show the results in terms of CFO and channel minimum mean
square error (MMSE).
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Fig. 1. CFO estimation performances, 20 iterations per-
formed when using the EM [7].
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Fig. 2. Channel estimation performances, 20 iterations when
using the EM [7].
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Fig. 3. Recursive CFO estimation using EKF and SPKF.

The SPKF algorithms give a better estimation of the CFO
and the channel than the EKF. Figure 3 shows that the SPKF
seem to require less observations than the EKF to estimate
the CFOs. The EM-based algorithms proposed in [7] provide
better performances in terms of MMSE. Nevertheless, the es-
timation error of our algorithm is small enough to guarantee
bit error rates (BERs) that are similar to the ones obtained
when [7] is used. See table 1.
Computational complexity: in the following let us have a
look at the computational cost of both algorithms. The EM-
based algorithm [7] and the SPKF provide similar results in
terms of BER, but the EM algorithm has a a higher compu-
tational complexity due to the exhaustive grid search over the
possible range of CFOs and the iterative estimation.
Table 2 shows the number of arithmetic operations performed
by the EM;Nob represents the number of observations for the
algorithms and it is set toNob = N . The computational cost
of the EM approach depends on the number ofα iterations
and on the number ofβ tested values. The M-step is based on
the inversions ofU matrices of sizeLu ×Lu. In addition, the

Eb/No (dB) theoretical BER BER (EM) BER (SPKF)
0 1.464 × 10−1 1.469 × 10−1 1.584 × 10−1

5 6.418 × 10−2 6.452 × 10−2 6.681 × 10−2

10 2.327 × 10−2 2.361 × 10−2 2.395 × 10−2

Table 1. BER performance.

decision test has to be done to decide which is the best value
of the CFO. Table 3 shows the number of arithmetic opera-
tions performed by the SPKF. The first step of the algorithm,
corresponding to the selection of the sigma points requiresthe
Cholesky decomposition of a matrix of sizeM × M , where
M = U + 2ULu. The measurement update also requires the
inversion of a2 × 2 matrix .

EM algorithm
E-step

additions and αN2
obU + αNobU(2Lu + 6) 1.4336 × 106

subtractions
multiplications αN2

obU + αNobU(U + 2Lu) 1.4131 × 106

and divisions
M-Step

add./sub. for αβN2
obULu + αβNobU(3ULu + L2

u) 2.6382 × 109

the grid search − αβU(3ULu + Lu + 1)
mult./div. for αβU + αβUN2

ob(3ULu + Lu) 3.1190 × 1010

the grid search + αβUNob(L
2
u + 15U + 2Lu + 1)

other αN2
obULu + αNobU(3ULu + L2

u) 4.3901 × 106

add./sub. − 3αU2Lu

other αN2
obU(3ULu + Lu) 5.1855 × 107

mult./div. αUNob(L
2
u + 15U + Lu)

Total arithmetic operations 3.3887 × 1010

Table 2. Number of arithmetic operations performed by the
EM algorithm, 601 tested CFO values and 20 iterations.

SPKF algorithm
step 1: calculation of the sigma points

additions and 2NobU
2(4L2

u + 4Lu + 1) 2.0070 × 105

subtractions
multiplications 2NobU

2(4L2
u + 4Lu + 1) 2.0070 × 105

and divisions
step 2: estimation update

additions and 2NobU(8U2L3
u+12U2L2

u+6U2Lu 6.2290 × 106

subtractions 12UL2
u+U2 + 12ULu+3U+2Lu+1)

multiplications NobU(16U2L3
u+24U2L2

u+12U2Lu 6.1286 × 106

and divisions 20UL2
u+2U2+20ULu+5U+4Lu+2)

step 3: measurement update
additions and 2N3

obU(4ULu+2U+1) 9.6471 × 108

subtractions +2N2
obU(4ULu+2U+1)+ 20Nob

+NobU(28UL2
u+36ULu+11U+96Lu+50)

multiplications 2N3
obU(4ULu+2U+1) +2N2

ob 9.6601 × 108

and divisions +2N2
obU(4ULu+2U+4Lu+3)+18Nob

+2NobU(4UL2
u+4ULu+U+46Lu+23)

Total arithmetic operations 1.9435 × 109

Table 3. Number of arithmetic operations performed by the
SPKF algorithm.

Table 4 shows the number of Giga-operations per second (Go/s)
performed by the EM for different grid search precisions.
Table 5 shows the number of Go/s for different numbers of
users in the system with a channel composed of 3 multi-paths.
In addition, table 5 shows the number of Go/s for different
number of channel multi-paths with4 users in the system.
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grid search precision β Go/s
10−1 7 0.4531
10−2 61 3.4925
10−3 601 33.8871
10−4 6001 337.8323

Table 4. Number of Go/s performed by the EM for different
grid search precisions.

4 users in the system 3 multi-paths
Multipaths Go/s(EM) Go/s(SPKF) Number of users Go/s(EM) Go/s(SPKF)

1 11.5235 0.8477 2 9.6945 0.4935
2 22.6930 1.3934 3 19.9786 1.0984
3 33.8871 1.9435 4 33.8871 1.9435
4 45.1058 3.0628 6 72.5776 4.3584
6 67.6173 3.6352 7 97.3597 5.9304
7 78.9101 4.2183 8 125.7662 7.7467
8 90.2274 4.8136 9 157.7972 9.8086
9 101.5695 5.4226 10 193.4528 12.1169
10 112.9362 6.0469 11 232.7328 14.6728
11 124.3276 6.6882 12 275.6373 17.4773
12 135.7436 7.3479 13 322.1664 20.5314

Table 5. Number of Go/s performed by the EM and the SPKF
algorithm.

The computational complexity of the EM increases faster when
the number of users (or the number of channel multi-paths)
increases. Indeed the EM works in blocks in an iterative way
whereas the SPKF is recursive.
We clearly see by the results, that the computational com-
plexity of the EM is higher than the one of the SPKF. When 4
users in the system and a channel composed of3 multi-paths
are considered, the SPKF algorithm requires only6% of the
number of operations required by the EM. In addition due to
the grid search, the implementation of the EM is relatively
difficult in real environments.

5. CONCLUSIONS

The architecture of the proposed receiver requires a training
sequence, but it does not need an initialization step. In addi-
tion, its computational cost is lower than the EM-based meth-
ods. This advantage is crucial because one of the goals in
the design of wireless systems is to reduce the energy con-
sumption of the system. In current wireless communication
systems only a few Go/s are dedicated to the channel estima-
tion and the synchronization. The proposed approach is hence
completely applicable to practical environments, unlike the
EM-based methods.

6. ACKNOWLEDGEMENTS

This work was partially supported by the National Bureau of
Science, Technology and Innovation of Panama (SENACYT).

7. REFERENCES

[1] M. Morelli, C. C. Jay Kuo, and M. O. Pun, “Synchro-
nization techniques for orthogonal frequency division
multiple access (ofdma): A tutorial review,”Proceed-
ings of the IEEE, vol. 95, pp. 1394 – 1427, July 2007.

[2] X. Dai, “Carrier frequency offset estimation and cor-
rection for ofdma uplink,” IET Commun., vol. 1, pp.
261–273, April 2007.

[3] J. Choi, W. Jung C. Lee, and Y. H. Lee, “Carrier fre-
quency offset compensation for uplink of ofdm-fdma
systems,”IEEE Commun. Letters, vol. 4, pp. 414–416,
Dec. 2000.

[4] M. Morelli, “Timing and frequency synchronization for
the uplink of an ofdma system,”IEEE Trans. Commun.,
vol. 45, pp. 296–306, Feb. 2004.

[5] P. Zhao, L. Kuang, and J. Lu, “Carrier frequency offset
estimation using extended kalman filter in uplink ofdma
systems,”ICC, vol. 6, pp. 2870–2874, June 2000.
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ABSTRACT

In this paper, we propose a Primary User (PU) activity de-
tection algorithm for a wideband frequency range which up-
dates spectrum sensing parameters. We assume that the sig-
nal of PUs and noise are independent and jointly zero-mean
Gaussian processes with unknown variances. We employ a
Markov Model (MM) with two states to model the activity
of PU which representing the presence and absence of the
PU at each subband. By using such a MM, the proposed
PU activity detector estimates the probabilities of PU pres-
ence in different subbands, recursively, in three steps. Our
simulation results show that the proposed algorithm always
performs better than the Energy Detector (ED) and despite its
simple implementation has slightly better performance than
the computationally complex Cyclostationarity Feature De-
tector (CFD) for practical values of the Signal-to-Noise Ratio
(SNR).

1. INTRODUCTION

Recent measurements reveal that many portions of the li-
censed spectrum are not used over significant time periods
[1]. Since the number of users and their data rates steadily
increase, inefficient fixed spectrum policy is no longer a fea-
sible approach. One proposal for alleviating the spectrum
scarcity is allowing Secondary Users (SU)s to use the spec-
trum holes whenever is possible. The Cognitive Radio (CR)
is the promising technology which is considered as the prac-
tical solution for implementation of dynamic spectrum shar-
ing techniques.

One of the major challenges in implementing the CR
technology is the spectrum sensing. In the spectrum sensing,
the CRs must accurately monitor the presence or absence of
the PUs with efficient methods over a particular part of the
spectrum to find the available spectrum holes [2–6]. A com-
mon method for detection of an unknown signal in noise is
using the ED (a.k.a. radiometry) [7].

The ED requires the noise variance to differentiate be-
tween the energies of noise and PU signal. In addition, it
is well-known that the performance of the ED is susceptible
to the noise power mismatches [8]. In the case of unknown
noise variance, the cyclostationarity property of communi-
cation signals can be exploited for spectrum sensing [6]. In
contrast to noise which is considered usually as a wide sense
stationary process, the mean and autocorrelation of commu-
nication signals show built-in periodicity which can be used
to differentiate the noise from modulated signal. A CFD per-
forms better than the ED in discriminating PU signal against
noise due to its robustness to the uncertainty in noise vari-
ance [9]. The drawback of CFD is that, it requires signifi-

cantly long observation time and is computationally complex
for practical implementation.

On the other hand, the concept of the CR implies that
it can learn and then adapt itself to the environment varia-
tions. The decisions in CRs are the results of extrapolations
of the current observation based on reasoning or learning.
The learning and using memory can be done within different
functionaries of the CRs. In the context of the spectrum sens-
ing, the CR must decide about the state of each frequency
band at any given time. The CR in addition to the current ob-
servations can use previous information kept in its memory.
In the most of previously reported works on spectrum sens-
ing the process of learning and using the possible available
information about the PU activity have been ignored.

In general,the available spectrum which is scanned for
finding the spectrum hole is large and can be in order of
GHz [3]. Thus, in this paper, we present a wideband spec-
trum sensing scheme that learn some unknown parameters
from the environment. We study the spectrum sensing prob-
lem across a wide frequency range by dividing the scan-
ning spectrum into multiple subbands. In order to address
the learning process and using the previous observations, we
use a two-state Markov chain with occupied (the channel is
used by a PU) and vacant (the channel is available for the
SU) states to model the usage of each subband. This model
has been proposed and used for spectrum sensing and ac-
cess in the context of CR [10, 11] and we try to use this
model to bring the memory to proposed spectrum sensing
algorithm. In [10] this model has been used for proposing
a decentralized medium access control (MAC) approach for
ah-hoc cognitive networks. In our work, the MM enable us
to consider the previous decisions about the subband occu-
pancy for current time decision making and to consider the
available records for detection. Also, because of the vari-
ations in PU signal and noise variances due to the channel
and the source variations, we assume that the PU signal and
noise are random Gaussian distributed signals with unknown
variances.

The remaining of the paper is organized as follows: In
Section 2, we formulate the problem and present the MM
for PU activity. In Section 3, we propose a three-step algo-
rithm based on MM for the PU activity detector at each of
the subbands. In Section 4, we evaluate the performance of
the proposed detector based on computer simulation. Finally,
Section 5 concludes the paper.

2. SYSTEM MODEL

We assume that the whole spectrum bandwidth is divided
into K subbands, where each subband may be vacant or used
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by a PU. We consider a simple two-state discrete (binary)
MM for PU activity for each subband and at each sensing
time as shown in Figure 1. The two states are vacant (PU
absence) and occupied (PU presence). We assume that the
probability transition matrix of this binary MM for subbands
kth is as follows:

Πk =
[

αk 1−βk
1−αk βk

]
(1)

where αk ∈ (0,1) denotes the probability of vacant subband
when the subband was vacant at the previous sensing time
and βk ∈ (0,1) denotes the probability of presence of a PU
when the PU was present at the previous sensing time. By
using this notation, the probability of appearing PU when the
subband was vacant is 1−αk and the probability of vanish-
ing PU conditioned that it was present in the previous sens-
ing time will be 1−βk. In the context of dynamic spectrum
sharing, the false alarm probability Pfa indicates the proba-
bility that a spectrum holes be falsely detected as an occu-
pied band, i.e., Pfa represents the percentage of the spectrum
holes which are not used. Therefore, the SUs must reduce
the false alarm probability Pfa as much as possible. On the
other hand, the missed detection probability Pm = 1−Pd de-
termines the probability that an occupied subband be mistak-
enly detected as a spectrum hole. Such a missed detection in-
duces unauthorized interference for PU. Thus, the missed de-
tection probability should be smaller than some small thresh-
old to avoid perceptible performance loss for the PU. The
matrix Πk can be determined by considering the activity his-
tory of the PUs across the scanning subbands. This matrix
regulates two trade-offs in the response of the algorithm. A
greater value for αk results to higher spectral usage efficiency
and less PU interference protection level. In the other hand,
a greater value for βk results to the more conservative sce-
nario for PU protection and lower spectral usage efficiency
for SUs. In this model, the activity factor of PU is defined as
proportion of the average occupied time slots to average of
vacant ones and using the geometric distribution average can
be written as follows:

ρk =
1

1−βk
1

1−αk
+ 1

1−βk

=
1−αk

2−αk −βk
(2)

The activity factor can be obtained by using the historical
data of each subband and is about ρk = 0.375 for voice ap-
plications and ρk = 0.1 or less for multimedia and data ap-
plications [12].

Let L denote the number of samples from each subband.
The problem of spectrum sensing at k th ∈ {1, · · · ,K} � S
subband and sensing time m can be written as follows:

Xk(m) ∼
{

CN (0,σ2
k (m)IL), if H k

1
CN (0,σ2(m)IL), if H k

0
(3)

where Xk(m) � [xk,1(m), · · · ,xk,L(m)]T ∈ CL is the observed
vector at the subband k th ∈ S and IL is L-dimensional iden-
tity matrix. In this model, the additive noise and PU signal
are assumed as complex Gaussian distributed random vari-
ables with variances σ 2(m) and {σ 2

k (m)}K
k=1 at the sensing

time m, respectively. The value of the parameters σ 2(m) and
{σ2

k (m)}K
k=1 depend on the powers of noise and transmitted

H k
0 H k

1

Vacant Occupied by a PU

1−αk

βk

1−βk

αk

Figure 1: The PU activity modeling by using MM at k th sub-
band.

PU signal and the channel gains which we consider them as
the unknown parameters. We assume that the variances of the
PU signal and noise are constant during the sensing time and
change smoothly from each sensing time to another one. The
LR function at the sensing time m and for k th ∈ S subband
can be written as following hypothesis testing problem:

Lk(m) =
f (Xk(m);H k

1 )
f (Xk(m);H k

0 )
=

(
σ2(m)
σ2

k (m)

)L

(4)

× exp

{
σ2

k (m)−σ2(m)
σ2

k (m)σ2(m)
‖Xk(m)‖2

}
where ‖.‖ denotes the Euclidean norm. At the each sensing
time, by observing the vectors {Xk(m)}K

k=1, we can calculate
the LR functions by using the above equation and use this LR
function, as explained in the next section, for PU presence
detection at the each subband.

3. PROPOSED ALGORITHM

We define P(k)
m|m−1 as the a priori probability of PU activity at

kth subband and at the sensing time m, i.e,

P(k)
m|m−1 � P[δ (k)(m) = H

(k)
1 |O(k)(m−1)] (5)

Where δ (k)(m) = H
(k)

1 denote the event that subband k th is
occupied at the time m and O(k)(m−1) denote the all avail-
able observations about the subband k th up to time m− 1.
Note that a priori probability of PU activity, in the ab-
sence of any knowledge at time m = 1, can be initialized as

P(k)
1|0 = 1

2 ,∀k = 1, · · · ,K. We develop three-step algorithm for
PU activity detection by using these a priori probabilities:

Step I: LR Function Calculation

In this step, we calculate the LR function in (4) using the
observed samples {Xk(m)}K

k=1 and the estimated variances
in the previous sensing time. We assume that the CR knows
an initial approximate estimations about the noise and PUs
variances which are used to calculate the LR functions at m =
1. After receiving some samples from the subbands, these
approximate estimations can be updated as will be explained
in the step 3.
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Step II: Updating Posterior Probabilities

In this step, we combine the priori probabilities in (5) by LR
functions in current time to obtain the a posteriori probabili-
ties which are defined as follows:

P(k)
m|m = P[δ (k)(m) = H

(k)
1 |O(k)(m)]. (6)

P(k)
m|m−1 and P(k)

m|m are the estimated probabilities of PU pres-

ence at the subband kth and sensing time m, with and without
the use of the current information provided by {X k(m)}K

k=1.
By using Bayes rule, we can derive the posterior probabil-

ities P(k)
m|m by using a priori and current data about the PU

presence as follows:

P(k)
m|m =

Lk(m)P(k)
m|m−1

Lk(m)P(k)
m|m−1 +(1−P(k)

m|m−1)
(7)

where Lk(m) is the LR function of kth subband at time m
given in (4). In this step a hard decision rule is made as:

H (k)(m) =

{
H k

1 , if P(k)
m|m ≥ η

H k
0 , otherwise

(8)

where the threshold η , regulates the trade-off between the
probability of false alarm Pfa and detection probability Pd .
In this way, the PU is determined to be present or not at the
subbands kth ∈ S and at sensing time m and hence we can
partition the the set of all indexes S as S = I

⋃
I , where

I and I denote the subsets containing the indexes of vacant
and occupied subbands, respectively.

Step III: Prediction and Parameter Estimation

A prediction of the priori probabilities for the next sensing

time instant, P(k)
m+1|m is required to obtain the posterior proba-

bilities in (7) as well as the hard decisions in (8). We use the
MM in the Figure 3(a) to predict these probabilities. The pre-
dicted probabilities for the next sensing time m+1 are easily
obtained based on the assumed MM as:[

1−P(k)
m+1|m

P(k)
m+1|m

]
=

[
αk 1−βk

1−αk βk

][
1−P(k)

m|m
P(k)

m|m

]
(9)

that is

P(k)
m+1|m = (1−αk)(1−P(k)

m|m)+ βkP
(k)
m|m. (10)

Also in this step, by considering the subband which their in-
dex belong to the subset I (vacant subbands), we can update
the noise variance estimation for the sensing time m + 1 as
follows:

σ̂2(m+ 1) = (11){
σ̂2(m+ 1), if I = φ
κnσ̂2(m)+ (1−κn)

(
1

|I | ∑i∈I
‖Xi(m)‖2

L

)
if I �= φ

Input Signal
(3)

Calculation of
LR functions

(4)

Calculation of
posterior

probabilities
(7)

Hard
decisions

(8)

Prediction
(9)

Updating unknown
parameters
(11)-(12)

Figure 2: The block diagram of the proposed algorithm

similarly for the subbands which their indexes belong to I
(occupied subbands) the variance updating equation is as fol-
lows:

σ̂2
k (m+ 1) = (12){
σ̂2

k (m+ 1), ∀k ∈ S , if I = φ
κsσ̂2

k (m)+ (1−κs)
‖Xk(m)‖2

L , ∀k ∈ I , if I �= φ

where κn ∈ (0,1) and κs ∈ (0,1) determine the effect of the
previous estimations of noise and the PU signal variances and
the current observations, respectively. The values of the pa-
rameters κn and κs depend on the environment which the CR
is used. Actually, in the proposed algorithm the parameters
αk and βk depends on the PU service and model the proba-
bility of the PU transition between active and idle states. For
instance lower values of αk and βk show a PU with the bursty
transmission. Also to capture the variation of the environ-
ment we use the the paramors κn and κs. These parameters
should be selected near 1 for a quickly varying environment
or 0 otherwise. In the special case, we can chose these pa-
rameters equal, i.e., κn = κs = κ .

By using the above three-step algorithm, we can decide
about the status of the each subband at each sensing time,
recursively. Figure 3(b) shows the block diagram of the pro-
posed algorithm for the PU activity detection.

4. SIMULATION RESULTS

In this section, we present some numerical results for perfor-
mance evaluation of the proposed algorithm and then com-
pare with those of the previously presented algorithms. For a
given average SNR and false alarm probability Pfa, we gener-
ate the decision statistic randomly according to the assumed
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(b) The hard decision output of the proposed algorithm

Figure 3: The initial status and decision outputs of the pro-
posed algorithm for L = 8, K = 4, and average SNR γ = 5dB

distributions for 106 independent trials (in the absence of PU
signal at the subband) and choose the detection threshold as
100Pfa percentile of the generated data, i.e., for Pfa = 10−3,
100× 10−3 = 0.1% of the generated decision statistic (out
of 106) are above the determined threshold. By considering
an occupied subband and using obtained threshold, we can
compute the probability of detection, i.e., Pd .

Figure 3(a) depicts our simulation scenario in order
to evaluate the performance of the proposed algorithm
with four different cases for PU activity over four differ-
ent subbands. We denote the vacant and occupied sta-
tus of subbands with 0 and 1, respectively. It is assumed
that [α1,α2,α3,α4] = [0.6,0.7, .8,0.9] and [β1,β2,β3,β4] =
[0.4,0.3,0.2,0.1] which lead to the PU activity factor of
[ρ1,ρ2,ρ3,ρ4] = [0.4,0.3,0.2,0.1]. Also we assume that av-
erage SNR γ = 5 dB, L = 8 and and κn = κs = 0.9, for forget-
ting factors in (11) and (12). We use the proposed algorithm
to detect the presence or absence of PU in this scenario. Fig-
ure 3(b) illustrates the simulation results of hard detection
H (k)(m) in (8) by using the proposed algorithm. For all
subbands, the threshold has been computed for Pfa = 0.01.
As can be seen the proposed algorithm detect the PU activ-
ity in these scenario with high probability so that respectively
for four subbands in the Figure 3(b), in 99.4%, 98.3%, 97.8%
and 98.8% of times, the proposed detector detects the states
of the subbands, correctly.

In order to evaluate the performance of the proposed al-
gorithm when there are some errors between the actual and
the used transition probabilities, we use the scenario in Fig-
ure 4(a). It is assumed that [α1,α2,α3,α4] = [0.6,0.7, .8,0.9]
and [β1,β2,β3,β4] = [0.8,0.9,0.7,0.6]. We assume that there
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(b) The hard decision output of the proposed algorithm

Figure 4: The performance of the proposed algorithm in the
case of uncertainty in transition probabilities for L = 8, K =
4, and average SNR γ = 5dB

is 10% difference between the actual and the used probabili-
ties in the proposed algorithm. The other simulation param-
eters are the same as Figure 3. Figure 4(b) shows the results
of the simulation based on the proposed algorithm. As can
be seen, in this case the performance of the proposed algo-
rithm is degraded slightly so that the detection probabilities
are 0.916, 0.929, 0.90.7 and 0.918. Our further simulation
shows that for a given constant activity factor, i.e., ρ k, the
more the value of transition probabilities, i.e., αk and βk, the
less the effect of parameters uncertainty on the performance
of the proposed algorithm. In the other words, for a given
constant false alarm probability, the sensitivity of the pro-
posed algorithm increases with the decrease in the value of
transition probabilities. Thus, in the case of having some un-
certainty in MM parameters, the proposed detects the status
of the subbands correctly at most of times.

Figure 5 illustrates the detection probability Pd versus av-
erage SNR γ for different false alarm probabilities Pfa and the
number of samples L = 32. As can be observed by increas-
ing γ or Pfa, the performance of the proposed algorithm im-
proves. It is notable that in practice by increasing the num-
ber of samples L, the average SNR increases and therefore
by considering the mentioned behavior, the performance will
improve. Unfortunately, we can not increase L arbitrarily
since L determines the acquisition time (the waiting time-lag
before a decision can be made). Thus in practice, we have to
make a trade-off between Pfa (the spectrum usage efficiency),
Pd (PU interference protection level) and L (the acquisition
time). In Table 1, the proposed MM based Detector (MMD)
is compared with the ED [2] and CFD [6]. We assume that
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Figure 5: The probability of detection Pd versus SNR for
different false alarm probabilities Pfa and L = 32

the ED knows the average SNR value γ . We see that both
MMD and CFD always have better performance than ED.
When the SNR is low the CFD performs better than MMD.
But when the SNR value increases the performance of the
MMD will be similar to that of the CFD and both of them
have approximately the same probability of detection. As
noted before, the CFD is very complex for practical imple-
mentation and the CR requires to know some features of PU
signals that may not be possible in practice. Also the sens-
ing time for CFD must be large enough to detect the cyclo-
stationarity property of observed signal. By considering the
mentioned trade-offs between performance and sensing time,
the proposed MMD can be performed when there are some
new samples from each of the subbands.

Table 1: The performance comparison of the ED [2], CFD [6]
and proposed MMD for L = 4

SNR Pd
Pfa ED MMD CFD

-15 dB 0.1212 0.00432 0.3212 0.2984
-10 dB 0.0973 0.00921 0.5340 0.5179
-5 dB 0.0384 0.08582 0.8717 0.8702
0 dB 0.0192 0.2063 0.9219 0.9163
5 dB 0.0081 0.8902 0.9972 0.9966

10 dB 0.00097 0.9843 0.9997 0.9993

5. CONCLUSION

In this paper, we proposed a simple adaptive MM based al-
gorithm to detect the absence or presence of PU in multi-
ple subbands. The PU activity was modeled by a two-state
Markov chain with the known transition probabilities. Also,
the PU signal and noise are assumed to be complex Gaussian
distributed random process with unknown variances. By ob-
serving new samples from subbands the LR functions are cal-
culated and a three-step algorithm for PU activity detection is
performed which results in a soft and hard detection outputs
for each subbands. Also, the prior probabilities of PU activ-
ity at the subbands based on the MM model and noise and
PU signal variances for the next sensing time is predicted.

The simulation results showed that the performance of both
MMD and CFD is better that the ED and by increasing the
average SNR the performance of MMD improves and be-
comes slightly better than that of the CFD. By considering
the high complexity and also the large sensing time for CFD,
the proposed MM based algorithm can be performed sim-
ply at the each sensing time. Also this algorithm allows us
to predict the status of the PU presence or absence within
subbands which is useful for predicting the time amount of
subband availability and hence CR signal transmission rate.

REFERENCES

[1] Federal Communications Commissions, “Spectrum
policy task force report (ET Docket No. 02-135),” Nov.
2002.

[2] A. Taherpour, Y. Norouzi, M. Nasiri-Kenari,
A. Jamshidi, and Z. Zeinalpour-Yazdi, “Asymp-
totically optimum detection of primary user in
cognitive radio networks,” IET Communications,
vol. 1, pp. 1138–1145, Dec. 2007.

[3] A. Taherpour, S. Gazor, and M. Nasiri-Kenari, “In-
variant Wideband Spectrum Sensing Under Unknown
Variances,” IEEE Transactions on Wireless Communi-
cations, vol. 8, pp. 2182–2186, May 2009.

[4] A. Taherpour, M. Nasiri-Kenari, and S. Gazor, “Multi-
ple antenna spectrum sensing in cogntive radios,” IEEE
Transactions on Wireless Communications, vol. 9,
pp. 814–823, Feb. 2010.

[5] B. Wild and K. Ramchandran, “Detecting primary re-
ceivers for cognitive radio applications,” in DySPAN
2005, pp. 124–130, Nov. 2005.

[6] P. Sutton, K. Nolan, and L. Doyle, “Cyclostationary
signatures in practical cognitive radio applications,”
IEEE Journal on Selected Areas in Communications,
vol. 26, no. 1, pp. 13–24, 2008.

[7] H. Urkowitz, “Energy detection of unknown deter-
ministic signals,” Proceedings of the IEEE, vol. 55,
pp. 523–531, Apr. 1967.

[8] A. Sonnenschein and P. M. Fishman, “Radiometric de-
tection of spread-spectrum signals in noise of uncer-
tain power,” IEEE Transactions on Aerospace and Elec-
tronic Systems, vol. 28, pp. 654–660, July 1992.

[9] W. A. Gardner, “Signal interception: a unifying theo-
retical framework for feature detection,” IEEE Transac-
tions on Communications, vol. 36, pp. 897–906, Aug.
1988.

[10] Q. Zhao, L. Tong, A. Swami, and Y. Chen, “Decen-
tralized cognitive MAC for opportunistic spectrum ac-
cess in ad hoc networks: A POMDP framework,” IEEE
Journal on selected areas in communications, vol. 25,
no. 3, p. 589, 2007.

[11] C. Clancy, J. Hecker, E. Stuntebeck, and T. O’Shea,
“Applications of machine learning to cognitive radio
networks,” IEEE Wireless Communications, vol. 14,
no. 4, pp. 47–52, 2007.

[12] N. Tripathi, “Simulation based analysis of the radio in-
terface performance of an IS-2000 system for various
data services,” in IEEE VEH TECHNOL CONF, vol. 4,
pp. 2665–2669, 2001.

864



A DASP APPROACH TO WIDEBAND MULTICHANNEL SPECTRUM SENSING 

Bashar I. Ahmad and Andrzej Tarczynski  

Department of Electronics, Communications and Software Engineering, University of Westminster 
115 New Cavendish Street, London W1W 6UW 

email: ahmadb@wmin.ac.uk, tarczya@wmin.ac.uk

ABSTRACT 
This paper introduces a spectrum sensing approach that 
deploys nonuniform sampling and Digital Alias-free Signal 
Processing (DASP) to reliably sense the spectrum using 
sampling rates well below the ones required for uniform-
sampling-based-DSP. The adopted method is based on spec-
tral analysis of the incoming signal from a finite set of its 
nonuniformly distributed samples that are contaminated 
with noise. Reliability guidelines are provided to ensure the 
credibility of the sensing technique where the sampling rates 
can be arbitrary low. The presented analytical results are 
illustrated by a numerical example.   

1. INTRODUCTION 

Spectrum sensing involves detecting meaningful activities 
within a predefined frequency band(s) such as an ongoing 
transmission or occurrence of some event. Emerging Cogni-
tive Radio (CR) technology has initiated intensive research 
into reliable and efficient sensing techniques e.g.[1-3]. In the 
case of sensing multiple disjoint spectral bands stretching 
over wide frequency ranges and with no prior knowledge on 
the characteristics of the conveyed transmissions, methods 
that involve spectral analysis or estimation are viewed as an 
appropriate/efficient candidates for such a task [1]. In this 
paper, the adopted wide-multiband sensing technique relies 
on estimating the spectrum of the received signal using a 
periodogram-type spectral analysis tool. This approach has 
retained its popularity in recent studies e.g. [1-3].  
If no beforehand knowledge on the activity of the examined 
spectral bands is available, the sensing device uniform sam-
pling rate should exceed at least twice the total bandwidth of 
the monitored frequency ranges regardless of the spectrum 
occupancy/activity [4]. Failing to do so could result in alias-
ing and irresolvable detection problems. In this paper, we 
demonstrate that we can detect the active spectral bands by 
the suitable use of arbitrary low-rate intentional nonuniform 
sampling (randomized sampling) and appropriate processing 
of the signal – a methodology referred to as DASP. Few 
monographs e.g. [5] give an overview on the topic. Using 
low sampling rates can exploit the sensing device resources 
e.g. power more efficiently and/or avoid the deployment of 
high-cost, fast hardware capable of dealing with possibly 
very high sampling rates in the event of monitoring ultra-
wide frequency bands. 
Spectral analysis for arbitrary sampling has a long history 
e.g. Lomb periodogram [6] and several spectral estimation 

methods that use alias-free sampling schemes e.g. [7] exist. 
In this paper, the proposed approach relies on utilizing ran-
domized sampling and the processed signal is considered to 
be random. The latter assumption formulates a more general 
stochastic framework in comparison to the aforementioned 
studies. Although the earliest papers on DASP-type algo-
rithms e.g. [8] studied the problem of estimating the signal’s 
Power Spectral Density (PSD), they did not resolve the pre-
dicament of the estimator’s consistency for a finite number of 
samples. In this study, the estimation of the exact signal’s 
PSD is not the objective and an estimate of a 
smoothed/windowed PSD that permits detection of the active 
bands is sufficient. We assess the accuracy of the adopted 
estimator from a finite set of samples and take several meas-
ures e.g. tapering and estimate averaging to appropriate pe-
riodogram-type analysis to the handled problem i.e. spectrum 
sensing and not PSD estimation.  
The primary purpose of this paper is to explore the possible 
use of randomized sampling and DASP methodology for 
spectrum sensing and highlight its benefits over conventional 
uniform sampling. We provide guidelines to ensure sensing 
reliability  in terms of the detector’s performance; namely 
Receiver’s Operating Characteristics (ROC); rather than a 
general performance metric as in [9]. Here we do not attempt 
to resolve implementation issues related to a particular sys-
tem and its limitation(s). Randomized sampling scheme, 
named Total Random Sampling (TRS) is used due to its sim-
ple description and mathematical analysis.  
The rest of the paper is organized as follows. In Section 2 
we state the tackled problem and outline the adopted sensing 
method. In Sections 3 and 4 we analyze the deployed spec-
trum estimator and provide its reliability conditions respec-
tively. A numerical example is given in Section 5 to demon-
strate the endorsed sensing technique and then conclusions 
are drawn in Section 6. 

2. WIDEBAND SPECTRUM SENSING 
 

2.1 Problem Formulation 
Consider a communication system operating over L  narrow 
non-overlapping spectral bands, each of them with band-
width CB . A device sensing the system’s spectral activity 
needs to monitor a total single-sided bandwidth of CB LB= . 
At a particular time-instant and in a certain geographic re-
gion, the maximum number of simultaneously active 
bands/channels and their joint bandwidth are denoted by AL  
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and A A CB L B=  respectively. The central frequencies of all 
system channels are assumed to be known and the positions 
of the active ones are unknown beforehand. The main objec-
tive is to devise a method that is capable of scanning the 
monitored bandwidth B  and identifying which bands or 
channels are active; if any. The algorithm should operate at 
sampling rates significantly less than 2B  which is the theo-
retical minimum rate (not always achievable) that could be 
used when bandpass sampling and classical DSP are de-
ployed [4]. Here we consider the scenarios where all the ac-
tive bands are of similar power levels and the signal propa-
gates via an Additive White Gaussian Noise (AWGN) chan-
nel where 2

0σ  denotes the noise variance.  
 

2.2 Adopted Sensing Technique 
The sensing technique adopted in this paper relies on assess-
ing the magnitude of the estimated spectrum and not using 
the spectral analysis to measure the signal’s energy as in [1, 
2]. The detection procedure consists of three steps: 1) com-
pute M  number of frequency points across B , 2) find spec-
tral peaks and 3) compare those peaks with a threshold. 
Hence, the tackled sensing problem can be formulated as a 
conventional binary detection problem represented by: 

      0,

1,

ˆ: ( )
ˆ: ( ) , 1,2,

k e k

k e k

H X f γ

H X f γ k M

<

≥ = …
         (1) 

where  ˆ ( )eX f  is the estimated spectrum whilst hypothesizes 

0,kH  and 1,kH  represents the absence and  the presence of an 
activity in band k  respectively. The kf frequencies are the 
assessed spectral points where using the minimum number of 
those points is preferred - one per channel, taken at its central 
frequency i.e. M L= . The use of nonuniform sampling in-
troduces a form of aliasing to the signal’s spectrum com-
monly referred to by smeared aliasing; a broadband-white-
noise-like component present at all frequencies [5]. Thus, the 
lack of an activity in band k  does not imply that noise is the 
only contributor to the estimated spectrum within.  

3. SPECTRUM ESTIMATOR 

The processed signal is assumed to be contaminated with 
zero mean AWGN, hence ( ) ( ) ( )n n ny t x t n t= +  is the sum of 
the signal samples ( )nx t  and the added noise ( )nn t . The 
sampling instants nt ’s of the deployed TRS scheme are 
independent identically distributed random variables whose 
probability distribution functions are given by: 0( ) 1/p t T=  
for [ ]0 0 0,t t t T∈ +  and zero elsewhere. This is an alias-free 
randomized sampling scheme that was studied in [7]. We 
perform spectral analysis via endorsing a periodogram-type 
estimator given by:         
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where μ  is the energy of the utilized tapering/windowing 

function 0 0

0

2 ( )
t T

t
μ w t dt

+
= ∫ , N is the number of the signal 

sample points nt ’s and 0T  is the length of the signal analy-
sis time window. Windowing is introduced to minimize 
leakage in the conducted spectral analysis. The sampling 
instants in (2) are placed inside the time window 0 0 0[ , ]t t T+ .  

The processed signal is assumed to be a bandlimited, zero 
mean and Wide Sense Stationary (WSS). Although commu-
nication signals are known to be of a cyclostationary nature, 
phase randomization is a widely adopted technique to sta-
tionarize the process  whenever its cyclic frequency is not of 
an interest [10]. In the following subsection we show that 
(2) is a frequency representation of the incoming signal that 
is suitable for the sensing task. 

 

3.1 Target Frequency Representation 
Given that the components of the summation (2) are inde-
pendent with respect to the sample points, it can be shown 
that the expectation of the estimator i.e. [ ]( ) ( )eC f E X f=  is 
given by: 

 { } 22 2
0

1( ) ( ) ( )
( 1) W

NC f E x t σ E X f
N α μ

⎡ ⎤⎡ ⎤= + +⎣ ⎦ ⎣ ⎦−
        (3) 

where 0/α N T=  is the average sampling rate and ( )WX f is 
the windowed Fourier Transform (FT) of ( )x t . We note that, 

2 2( ) Φ ( )* ( )W XE X f f W f⎡ ⎤ =⎣ ⎦ , where Φ ( )X f  is the PSD of 

( )x t , ( )W f  is the FT of the windowing function and “*” 
denotes the convolution operation.  As a result, 

     { } 22 2
0

1( ) ( ) Φ ( )* ( )
( 1) X

NC f E x t σ f W f
N α μ

⎡ ⎤= + +⎣ ⎦−
    (4) 

For a relatively low α  and finite 0T , the bias of the estimator 
in terms of the windowed signal PSD i.e. the first term in (3) 
is constant and frequency independent. Assuming that the 
signal analysis period 0T  is long enough, the tapered PSD 
forms an identifiable feature of the processed signal. Conse-
quently, ( )C f comprises of a detectable spectral component 

i.e. 2Φ ( )* ( ) /X f W f μ plus a constant offset regardless of the 
sampling rate. Therefore, the adopted estimator poses as a 
legitimate tool to sense the activity of the system bands. 
The use of a long analysis window 0T  results in a high reso-
lution spectral analysis. Hence, maintaining low spectrum 
resolution by utilizing short signal time window minimizes 
the number of needed frequency points in the detection proc-
ess which leads to savings on computations; one per exam-
ined spectral band. As discussed in [9], 0 1/ CT B≥  offers a 
reasonable guideline for choosing the signal analysis win-
dow. It is noted that the use of a relatively short signal analy-
sis window further justifies the stationarity assumption 
(pseudo-stationarity) of a processed communication signal. 
 

3.2 Estimator’s Accuracy 
Although ( )eX f  is an unbiased estimator of ( )C f , it will be 
an adequate tool for assessing the channels’ activity only if 
the difference Δ( ) ( ) ( )ef C f X f= −  is small. According to 
Chebychev’s inequality [10]; which states that: 
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[ ]{ } 2Pr 1/XX E X εσ ε− ≥ ≤  where Xσ is the standard devia-
tion of a random variable X  and 0ε > ; the Δ( )f  can be 
controlled by the suitable reduction of the estimator’s vari-
ance. In this subsection we present an expression for the 
variance of ( )eX f . First we define:  

  
2

2 2 2 20

1
( ) ( ) ( ) ( ) ( )n
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WS n n WS WS
n

TX f y t w t e R f I f
N

−

=
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where ( )WSR f and ( )WSI f represent the real and imaginary 
parts of ( )WSX f respectively. Each of ( )WSR f  and ( )WSI f  
consist of the sum of N  statistically independent random 
variables for every f and hence according to the Central 
Limit theorem they can be assumed to have a normal distri-
bution for large N ( 20N ≥  is often perceived as sufficient in 
practice [1]). It can be shown that those two components are 
dependent, nonetheless they can be replaced with independ-
ent ones without altering ( )eX f . We can write: 

22 ( ) 2 2( ) ( ) ( ) ( )
WS WS

jθ f
WS WSX f X f e R f I f= = + , where ( )WSR f  

and  ( )WSI f  are the phase shifted uncorrelated versions of 
each of ( )WSR f  and  ( )WSI f . Using un-normalized non-
central chi-squared distribution, we arrive at:  
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where 2 ( )SP E x t⎡ ⎤= ⎣ ⎦  is the signal’s power (see [9] for further 
details). Computing the variance can be seen as complicated 
process that demands knowledge of the signal’s PSD. How-
ever, the variance calculations are presented to assess the 
reliability of detection. The sensing procedure only requires 
calculating (2). 
 

3.3 Estimate Averaging 
For an active band to be detectable, its estimated peak spec-
trum amplitude must be above a chosen threshold based on 
the desired accuracy i.e. ROC. The estimator’s accu-
racy/performance is directly related to its variance via Che-
bychev’s inequality. Inspecting ( )eσ f  given by (6)-(10), we 
note that it is nearly constant at frequencies where there is no 
activity. We denote the variance at such frequencies by ,conteσ  
which is inversely proportional to α . On the other hand, 

( )eσ f  has its highest value where the signal is present. A 
classical method to reduce the latter error is to resort to aver-

aging a number of ( )eX f  estimates from K  signal windows 
of length 0T . Therefore, α  and K can be used to minimize 
the present error level and ensure detection credibility. For 
simplicity, non-overlapping signal segments are considered 
here. They are assumed to be uncorrelated in accordance 
with the typically adopted approach in literature e.g. Bartlett 
periodogram [11]. As a result, the variance of the estimator is 
reduced by a factor of 1/ K . Consequently, the adopted sens-
ing approach relies on averaging K  number of ( )eX f  esti-
mates according to: 

1

1ˆ ( ) ( )K i
e ei

X f X f
K =

= ∑                    (11) 

4. RELIABLE SPECTRUM SENSING 

Assessing the ROC is a common technique used to evaluate 
the effectiveness of the detection procedure. In this section 
we deploy the ROC to derive the pursued guidelines. 

 

4.1 Reliability Guidelines 
According to the central limit theorem, for large number of 
averaged windows K ,  ˆ ( )eX f  is approximately normally 
distributed and can be compactly written as:  

( )2
0 0

ˆ ( ) ,eX f m σ∼ N  and ( )2
1 1

ˆ ( ) ( ), ( )e k kX f m f σ f∼ N  for 

0,kH  and 1,kH  respectively. The subscriptions of the mean 
and the variance are discarded since active channels are as-
sumed to be of same power levels. Using the detection deci-
sion described by (1), the probability of a false alarm in a 
particular channel is given by : 

     ( ) { } ( ), 1, 0, 0 0Pr /f k k kP γ H H Q γ m σ= = −⎡ ⎤⎣ ⎦       (12) 

and the probability of correct detection is: 
       { } ( ), 1, 1, 1 1( , ) Pr ( ) / ( )d k k k k k kP f γ H H Q γ m f σ f= = −⎡ ⎤⎣ ⎦    (13) 

where ( )Q z is the tail probability of a zero mean and unit 
variance normal distribution. We recall that due to nonuni-
form sampling a false alarm can be triggered by the com-
bined effect of noise and smeared aliasing; not solely noise  
as the case with classical DSP. Let 2( ) /W kE X f μ U⎡ ⎤ =⎣ ⎦ and 

for simplicity assume a rectangular window. It can be seen 
from (3) that: 

   { }2
0 0 /( 1)Sm N P σ N α= + −                (14) 

and 
1 0( )km f m U= +      (15) 

for 0,kH  and  1,kH  respectively. It is noticed from (14) that 
the component related to the power of the signal is always 
present which depicts smeared aliasing effect. Following 
similar analysis to that in [9], we arrive at :            

        ( ) 22 2
0, /( 1) /k S Nσ N P σ N α K⎡ ⎤≈ + −⎣ ⎦      (16) 

for 0,kH whilst: 

                   ( ) 22 2
1, ( ) /( 1) /k k S Nσ f N P σ N α U K⎡ ⎤≈ + − +⎣ ⎦     (17) 
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for 1,kH . We illustrate via a numerical example that the 
approximations undertaken above; including the assump-
tion on the normal distribution of (11); have insignificant 
implications on the reliability of the devised sensing tech-
nique due to the conservative nature of the analysis.  
We assumed that the active channels are of similar power 
levels. Hence the worst case scenario is considered to be 
when all active channels with total single sided bandwidth of  

AB  are adjacent since spectral leakage and overlapping is 
most severe. Utilising relation (12) and (13) , we can write: 
                ( ) ( )1 1

0 0 1 1( ) ( )f d k kQ P σ m Q P σ f m f− −+ = +           (18) 

Provided that the analysis window 0T  is chosen moderately, 
we can write: 2S AP B U≤ . Endorsing a reasonably conserva-
tive approach to the sensing problem (18) reduces to:  

( ) ( ) ( ) ( )
21

1 1 1
2 1

( 1)
A

f d d

B N SNR
K Q P Q P Q P

N α

−
− − −

⎡ ⎤⎧ ⎫+⎪ ⎪⎢ ⎥⎡ ⎤= − −⎨ ⎬⎣ ⎦⎢ ⎥−⎪ ⎪⎩ ⎭⎢ ⎥⎢ ⎥

(19) 

where 2/S NSNR P σ=  and X⎡ ⎤⎢ ⎥ is the smallest integer bigger 
than X . Formula (19) gives a conservative recommendation 
on the number of needed window averages which is a func-
tion of the channel occupancy, average sampling rate and 
signal to noise ratio. It is a clear indication of the trade-off 
between the sampling rate and the number of averages 
needed in relation to achieving dependable sensing. Accord-
ing to (19), we can use arbitrary low sampling rates for the 
sensing operation at the expense of using considerably long 
signal observation window i.e. 0KT . Besides, (19) shows that 
for large SNR scenario i.e. 1SNR >> , a (1/ )O SNR estimate 
averages are needed to meet the sought detector perform-
ance. Whilst for small SNR value i.e. 1SNR << , the adopted 
sensing algorithm need a window averages of order 

2(1/ )O SNR− .  It is noted that correlated and overlapping sig-
nal windows can be easily incorporated into the analysis 
conducted above by using existing results in literature on 
variance reductions e.g. Welch periodograms [11]. 

 

4.2 Detection Threshold 
Although recommendation (19) ensures that the detection 
conditions specified by the user are met, it does not advice on 
the threshold levels to be used in the detection procedure. 
According to a system requirements i.e. ,f kP ≤ Δ  and 

,d kP ≥ , an upper and lower bound of the threshold that 
would satisfy the sough performance can be provided. From 
(12) and (13) we can write:  

min maxγ γ γ≤ ≤              (20) 
where  

( ) ( ) { }
2 1

2
min 0( 1)( 1)

S N
S

N P σ Q Nγ P σ
N αN α K

−+ Δ
= + +

−−
     (21) 

and 

           ( ) ( ) ( )2 1 1

max 1 1
( 1)

S NN P σ Q Q
γ U

N α K K

− −+ ⎡ ⎤ ⎡ ⎤
= + + +⎢ ⎥ ⎢ ⎥

− ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
       (22) 

deploying formulas (14)-(17). 

4.3 Uniform Sampling 
Uniform sampling based spectrum sensing methods that de-
ploy periodograms to detect active transmissions via assess-
ing spectral peak e.g. [3] typically demand less estimate av-
eraging compared to the proposed technique which suffers 
from smeared aliasing defect. Following similar analysis to 
that of the TRS scheme, it can be shown that the needed 
number of estimate averages for uniform sampling method(s) 
is given by: 

    ( ) ( ) ( )
21

1 1 12 A
US f d d

S

B SNRK Q P Q P Q P
f

−
− − −

⎡ ⎤⎧ ⎫⎡ ⎤⎢ ⎥= − −⎨ ⎬⎣ ⎦⎢ ⎥⎩ ⎭⎢ ⎥
  (23) 

where Sf  is the uniform sampling rate. Hence comparing 
uniform sampling with the proposed approach should take 
into account the required number of averages in each case.  
Nevertheless, with uniform sampling the minimum afford-
able sampling rate is 2B (not always realisable) regardless of 
the spectral activity i.e. /AB B . Since the considered tech-
niques rely on calculating a form of DFT (or an optimised 
version whenever applicable e.g. FFT), the number of proc-
essed samples would be a critical factor in deciding the com-
putational complexity or efficiency of both the uniform and 
nonuniform sampling cases. Generally, for low spectrum 
utilisation i.e. / 1AB B << , the adopted approach in this paper 
offers substantial saving on the used sampling rates and the 
number of processed samples. This is the case in a number of 
applications such as CR networks where spectrum occupancy 
can be 15% [2] or possibly lower in certain bands. However, 
each scenario should be evaluated individually using (19) 
and (23) to assess the cost of each approach. An important 
fact is that for the proposed method extending the monitored 
bandwidth; assuming constant SNR e.g. the sampling pre-
ceded by a filter to limit the noise bandwidth/power; would 
not impose any additional requirements on the needed sam-
pling rates or estimate  averages according to (19) provided 
that the bandwidth of the concurrently active channels i.e. 

AB  does not change.  

5. SIMULATIONS 

Consider a multiband system comprising of 20 channels 
( 20L = ) that are 5 MHz each ( 5CB =  MHz). The system 
channels are located in [ ]1.25,1.35f ∈  GHz.  A Hanning 
window of width 0 0.4T = us is employed. QPSK signals 
with maximum bandwidths are transmitted over the active 
channels and with similar power levels.  A channel occu-
pancy of 10% is assumed i.e. 2AL =  and 10AB = MHz. A 
sampling rate 90α = MHz is used and the SNR is -1.25 dB. 
For 0.8dP ≥ and 0.2fP ≤ , the needed estimate averages is 

min 4K =  according to (19). In Figure 1, we show the ROC 
of the adopted method for various K values via simulations 
sweeping across a wide range of possible thresholds. Whilst, 
Figure 2 shows the dP  and fP  versus the threshold levels 
given by (20). In each of the plots 1000 independent ex-
periments are used to approximate the statistical measures. 
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Figure 1 confirms the conservative nature of the given reli-
ability conditions where the desired performance is achieved 
for minK K≥ . It is evident in Figure 2 that the thresholding 
regime given by (20)-(22) delivers the sought system per-
formance. Using a small number of window averages 
( 20K < ) i.e. weakening the normality assumption of (11) 
did not inflict noticeable error on the attained results. How-
ever, at minK K=  the obtained ROC can marginally differ 
from the sought performance.  To avoid such situations, the 
user is advised to use values that slightly exceed minK . Fur-
ther experimental results (not shown here) showed that the 
distribution of simultaneously active channels across the 
scanned bandwidth does not hinder the performance of the 
detection procedure. 
By adopting the proposed approach, the sought system per-
formance was obtained for an α  of 90 MHz. If uniform 
sampling is deployed the minimum bandpass sampling rate 
that would avoid aliasing within the monitored bandwidth is 
225 MHz. Hence, 60% saving on the used sampling rate is 
achieved with the use of the proposed technique. In terms of 
the needed signal samples, around 20% saving is attained 
via deploying the adopted detection method. Therefore, the 
proposed approach in this paper offers substantial savings 
over conventional uniform sampling methods in terms of the 
sampling rate and the number of processed samples. It is 
noted that averaging a number of short analysis windows of 
length 0T  compares tolerably; favourably in some scenarios; 
with using a one considerably long time window as in [1-3]. 

 
Figure 1, ROC for various K ’s ( min 5K = ) and a threshold 

sweep ( Asterisk is the minimum sought ROC values) 

 
Figure 2, fP and dP  for various K values and min maxγ γ γ≤ ≤  

6. CONCLUSION 

The proposed spectrum sensing approach can operate at arbi-
trary low sampling rates and yet offer dependable spectrum 
sensing provided that the reliability conditions are fulfilled. 
However in order to preserve the reconstrutability of the de-
tected signals, it is necessary that the sampling rates exceed 
twice the total bandwidth of the concurrently active channels 

AB . This features compares favourably with uniform sam-
pling based spectrum sensing methods where the required 
sampling rates grow proportionally to the monitored band 
width B  regardless of spectral utilisation/activity. With low 
spectrum occupancy i.e. AB B<< , it is unambiguously clear 
that the use of the proposed technique would bring substan-
tial savings in terms of the sampling rates and the number of 
the processed samples. This paper serves as an impetus to 
further research into spectrum sensing algorithms that are 
DASP based and consider various system implementation 
issues e.g. transmissions with various power levels.  

REFERENCES 
 
[1] Z. Quan, S. Cui, H. V. Poor, and A. H. Sayed, "Col-

laborative Wideband Sensing for Cognitive Radios," 
IEEE Signal Processing Magazine, vol.25, no.6, pp.60-
73, 2008. 

[2] D. Cabric, S. M. Mishra, and R. W. Brodersen, "Im-
plementation Issues in Spectrum Sensing for Cognitive 
Radios," in Proc. Asilomar Conf. on Sig., Sys. and 
Comp., Nov. 2004. 

[3] R. Fantacci and A. Tani, "Performance Evaluation of a 
Spectrum Sensing Technique for Cognitive Radio Ap-
plications in B-VHF Communication Systems," IEEE 
Trans. on Veh. Tech., vol.58, no.4, pp.1722-1730, 2009. 

[4] R. G. Vaughan, N. L. Scott, and D. R. White, "The 
Theory of Bandpass Sampling," IEEE Trans. on Signal 
Processing, vol.39, pp.1973-1984, 1991. 

[5] F. Marvasti, Nonuniform Sampling Theory and Prac-
tice, New York, Kluwer Academic, 2001. 

[6] J. D. Scargle, "Studies in Astronomical Time Series 
Analysis. II: Statistical Aspects of Spectral Analysis of 
Unevenly Spaced Data," The Astronomical Journal, 
vol.263, pp.835-853, 1982. 

[7] A. Tarczynski  and N. Allay, "Spectral Analysis of 
Randomly Sampled Signals: Suppression of Aliasing 
and Sampler Jitter," IEEE Trans. Signal Process., 
vol.SP-52, pp.3324-3334, 2004. 

[8] H. S. Shapiro and R. A. Silverman, "Alias-free Sam-
pling of Random Noise," SIAM J. Appl. Math, vol.8, 
pp.225-236, 1960. 

[9] B. I. Ahmad and A. Tarczynski, "Reliable Wideband 
Multichannel Spectrum Sensing Using Randomized 
Sampling Schemes," Signal Processing, vol.90, 
pp.2232-2242, 2010. 

[10] W. A. Gardner, Introduction to Random Processes with 
Applications to Signals and Systems, NY, MacMillan, 
1985. 

[11] M. H. Hayes, Statistical Digital Signal Processing and 
Modeling, John Wiley & Sons, 1996. 

869



Out-of-Band Radiation Reduction in OFDM-based 
Cognitive Radio Systems 

 

Negin Sokhandan, Seyed Mostafa Safavi, Mahsa Shafiee 
Electrical Engineering Department Amirkabir University of Technology 

Tehran, Iran 
{ne_sokhandan, msafavi, m.shafiee}@aut.ac.ir 

 
 
 

Abstract—Orthogonal frequency division multiplexing 
(OFDM) suffers from significant out-of-band radiation due 
to high sidelobes of modulated subcarriers. In a cognitive 
radio (CR) system this effect results in high interference 
between secondary and primary users (PUs). Existing 
methods for reducing this interference have the drawbacks 
of significant data transmission rate reduction or high 
complexity. In this paper a simple and adaptive iterative 
method is proposed that treats on OFDM signal in both 
time and frequency domains. Simulation results show that 
when this algorithm is combined with differential 
modulation, a high value of sidelobe suppression is 
achieved while the transmission rate reduction is almost 
insignificant. 

Keywords-Cognitive radio; opportunistic spectrum access; 
OFDM; sidelobe supression. 

I.  INTRODUCTION  
Due to the increasing request for wireless applications with 

high data rate and scarcity of spectrum, many studies are 
considering methods to achieve higher efficiency in spectrum 
usage.  Cognitive Radio (CR), developed by Miltola [1], is a 
promising way to tackle this problem. The CR design is an 
innovative radio design philosophy that involves smartly 
sensing the swaths of spectrum and then determining the 
transmission characteristics of a group of secondary users 
(SUs) based on interaction with its environment with objectives 
of highly reliably communication and efficient utilization of 
these available spectrum resources. 

  Orthogonal frequency division multiplexing (OFDM) has 
been proposed as an appropriate transmission technique for CR 
systems due to its great flexibility in dynamically allocating 
unused spectrum among CR users, and the ease of analysis of 
the PU’s spectral activity [2]. However, modulated OFDM 
subcarriers suffer from high sidelobes, which result in an 
interaction between the licensed system and the OFDM based 
rental system due to the non-orthogonality of their respective 
transmit signals [3]. Thus disabling a set of OFDM subcarriers 
to create a spectrum null may not be sufficient to avoid 
interference to PUs. 

 

Well-known techniques for sidelobe suppression are 
windowing the transmission signal in time domain [4] and the 
insertion of guard bands [5]. With the former method, the 
symbol duration is prolonged, where as with the latter the 
scarce spectral resources are wasted. Both methods reduce the 
system throughput and, in general, do not achieve sufficient 
sidelobe suppression for overlay systems. Other proposed 
algorithms include the use of interference cancellation carriers 
(CC) [6], [7] and subcarrier weighting [8]. While CC technique 
can significantly suppress OFDM sidelobes, it results in an 
increase in the system peak-to-average-power ratio (PAPR) and 
the performance is sensitive to the cyclic prefix (CP) size. On 
the other hand, subcarrier weighting method causes an increase 
in the system bit error rate (BER), and the interference 
reduction is not as significant as it is with the CC method. Two 
optimal methods are proposed in [9] and [10] that both suffer 
high complexity which makes them impractical and moreover 
in [9] transmission rate reduction is significant and [10] needs 
to know the channel coefficient between SU transmitter and PU 
receiver which is not a practical assumption. On the other hand, 
in the optimal scheme proposed in [10], the gain values 
achieved are data-dependent because even if the modulated 
data is of constant amplitude, as in the case of QPSK 
modulation, the phase of data symbols will affect the total 
interference when their interferences are adding up. 

In this paper a simple and adaptive iterative method is 
proposed in which the OFDM subcarriers out-of-band 
sidelobes can be suppressed to the desired level. When this 
algorithm is accompanied with differential modulation, the 
system throughput will maintain almost unchanged and BER is 
significantly less than other mentioned methods.  

The rest of this paper is organized as follows. In section II 
the system model is described. In section III proposed method 
formulation and its performance is discussed. In section IV we 
show that this algorithm does not affect the signal PAPR. In 
section V two suboptimal schemes of [10] are introduced. 
Simulation results are presented in section VI. Finally, 
conclusion is given in section VII.   

II. SYSTEM MODEL 
We consider a CR system employing OFDM as the 

signaling scheme. It is assumed that the CR is aware of the 
surrounding environment and the radio channel characteristics. 
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After scanning the channel, the occupied bands are sensed by 
the CR system and the unoccupied bands are considered for 
possible transmission on each side of PU bands. The 
opportunistic spectrum access algorithms are derived to 
achieve the highest possible spectral efficiency while keeping 
the interference to PUs in an acceptable level. 

The system model is shown in Fig. 1. An OFDM system 
with N subcarriers is considered. The input encoded bits are 
symbol-mapped onto N complex data symbols dk, k=1, …, N 
from a phase-shift keying (PSK) or quadrature amplitude 
modulation (QAM) signal constellation ( )

1[ ,..., ]m
NX d d= and 

is then fed to an inverse fast Fourier transform (IFFT) block  

        ( ) ( )
,

1m m
N Nx F X

N
∗=         (1) 

Where ,N NF  is the N point Fourier transform matrix of a vector 
of length N or 

1 2

1 2
,

2expn n

j n nF
N
π− =  

 
  (2) 

The cognitive engine passes required information regarding PU 
operating bands to both the subcarrier mapper and sidelobe 
suppression block. This information is used to disable 
subcarriers operating in PU bands and to suppress the 
interference caused by OFDM sidelobes to the PUs as 
explained in the following section.   

III. THE PROPOSED ADAPTIVE ITERATIVE ALGORITHM 
Let’s assume the CR system detects a PU signal spanning 

over K subcarriers from 1k  to 1 1k K+ − , where K f∆ is the 
primary signal bandwidth, and f∆ is the frequency subcarrier 
spacing. The above subcarrier set is disabled to avoid 
interference with the PU so ( )

1 11 1[ ... 0...0 ... ]m
k k K NX d d d d− +=  

and ( )mx is its inverse Fourier transform. 

The adaptive iterative proposed algorithm reduces the 
interference exerted to PU to the desired level by choosing the 
number of iterations and it consists of five steps as follows: 

Step 1:  As in [7] and [9] we perform Nγ × length FFT on 

the N-length time-domain vector 
( ) ( )0
m mx x=  to achieve γN-  

 
Fig. 1. System Model 

length frequency-domain vector ( )0
mX γ which contains 

interference values spanning over K γ  indexes from 

( )1 1 1k γ− + to ( )1 1k K γ+ − ( k γ indexes in this region are 
located on the nulls). The subscripts 0 and γ  stand for being in 
0th iteration and having the length of Nγ × respectively. 

Step 2: In the second step ( )0
mX γ  elements over the indexes 

pertaining to the interference region are set to zero. 

Step 3: In this step Nγ × length IFFT is performed on the 

new ( )0
mX γ and vector ( )1

mx γ is achieved. 

Step 4: In this step vector ( )1
mx is defined as the first N 

elements of ( )1
mx γ . A new iteration begins by replacing ( )0

mx   in 

step1 with ( )1
mx . 

In Fig. 2 the power spectral density (PSD) of the secondary 
users’ OFDM transmitted signal for different number of 
iterations, L, is shown. It can be deduced from Fig. 2  that by 
each increasing of the number of iterations to 10 times, the 
interference power level is reduced by almost 10dB. Therefore 
L can be chosen appropriately depending on the tolerable 
interference threshold of the detected PUs. 

From the above steps the relation between signal vectors in 
two consecutive iterations can be derived. In the frequency 
domain we have 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

1

1 1 ,

m mi i

m i

X k fft ifft X k G k w n

X k G k W k n N

γ γ

γ γ

−

−

  = × ×  
  

 = × ∗ ≤ ≤ × 
 

   (3) 

Thus in the time domain we have 

         
( ) ( ) ( ) ( ) ( ) ( )1

1 ,

m mi ix n x n g n w n

k n N

γ γ

γ

− = ∗ × 
 

≤ ≤ ×
            (4) 

where  

              ( ) 1 1
0

n N
w n

n N
≤ ≤

=  >
                         (5) 

and 

  
( )( )( )( ){ }

( ) ( )( )

1

1 /21

( ) 1 1 / 2 /

sin j k K n

g n ifft n k K K

K Kn c n e
N N

γ

γ γ

δ
− + −

= − Π − + −

 = − × × 
 

      (6) 

In which ( )( )( )( )1 1 / 2 /k k K Kγ γΠ − + − is a rectangular 

window of length Kγ and is centered at ( )( )1 1 / 2k K γ+ −  . 

so the relation between time-domain signals in two consecutive 
iterations is 
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Fig. 2. Power spectral density of the secondary users OFDM signal for 

different number of iterations 
 

( ) ( )

( ) ( ) ( ) ( ) ( )( )1 /211 1 sin

1
0

m m

m

j k K ni i

i

K K n
N N

n n c e

n n N
n N

x x

x

γ

γ γ

γ

− + −− −  × 
 

 − ∗ ×
= ≤ ≤
 >


(7) 

 
In other words 

( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( )

( )( )1

1

1 /2 1 /21 1

1
sin

1

m mi i

Nj k K n m j k Ki K n
Nj

K
N

j
jc

n N

n n

e j e

x x

x

γ γ

γ γ

γ

−

− + − + − −  × − 
 =

≤ ≤

=

 − × ×∑  
 

   (8) 

The second term in (8) defines the distortion inserted to the 
time domain signal in the ith iteration. Thus as the number of 
iterations increases, total exerted distortion is increased. In Fig. 
3 the effect of this distortion on the transmitted bits for a large 
number of iterations (L=100000) is shown and is compared 
with the original bits (symbols are BPSK modulated). To 
overcome this change, we consider the fact that the inserted 
distortion performs like a piecewise offset added to data 
symbols. In other words, the amount of distortion exerted to 
consecutive symbols is almost the same. In Fig. 4 the distortion 
difference between consecutive symbols for above signal is 
shown. As it can be seen, the amount of distortion difference 
except for 3 symbols on each side of PU band is insignificant. 
From this it can be inferred that by using a differential 
modulation block after the conventional modulation we can 
shield most of the transmitted symbols form the distortion. For 
example for the BPSK signal, final transmitted symbols bi will 
be 

1 1

1 1

1
1 1 1

1 1 1

i

i i i i i

i i i i

d i
b d d or d d

d d or d d
− −

− −

=
= = = = = −
− = − = = − = −

          (9) 

The same scenario can be performed for other types of PSK or 
QAM modulations. 

 
Fig. 3. Distorted transmitted symbols after L=100000 iterations compared to 

their original values for a BPSK signal 

 
Fig. 4. Consecutive symbols distortion difference for L=100000 iterations 

IV. PROPOSED ALGORITHM IN THE SENSE OF PAPR 
To study the effect of proposed algorithm on the signal’s PAPR 
value, first let check this parameter for the second term or the 
distortion term of (8). For PAPR value of this term we have 

( ) ( ) ( ) ( )( )
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     (10)     

where 
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( ) ( ) ( )( )
1

1 /21sini
j k K nm

i
K K n
N N

n N

dt x n c e γ

γ
−

− + − × 
 

≤

= − ∗ ×
             (11) 

if we evaluate the phrase on the left of the above inequality, 
which is independent of the transmitted signal, for our 
simulation parameters N=256 and K=32 we get the value 1.01 
or 0.071dB which is too small compared to an OFDM signal 
that is known to suffer from high PAPR (between 6 to 12dB). 
From this we can conclude that the PAPR parameter of (8) is 
not affected by the distortion term and it is almost unchanged 
for different number of iterations. The diagram in Fig. 5 
confirms this conclusion. 

V. SUBOPTIMAL SCHEMES A AND B  
In this section two suboptimal schemes of [10] are 

introduced and in section VI they are compared to the proposed 
scheme. In both of these suboptimal schemes power allocated 
to subcarriers is inversely proportional to their spectral distance 
of the PU bands in stepwise manners. In other words less 
power is assigned to the subcarriers that are near to PU bands. 
The total transmit power is determined such that the total 
interference introduced by all the subcarriers is equal to the 
interference threshold.  

A. Scheme A 
In this scheme power is distributed such that for the 

subcarriers that are adjacent to the PU bands the allocated 
power is P, then the power is increased by P as we move away 
from the PU bands. Hence to subcarriers that are adjacent to the 
PU bands the power allocated is P, to those that are right next 
to them the allocated power is 2P, and so on. In Fig. 6 the 
transmitted signal’s PSD when power is allocated using 
scheme A is shown. It is considered that two active PUs are 
present. 

B. Scheme B 
In this scheme, the step size of the ladder is taken to be 

inversely proportional to the total interference that the ith 
subcarrier introduces to all of the PU bands. In other words the 
power allocated to the ith subcarrier using scheme B would be 

                      
1

B th
i J j

ij

Ip
M K

=
∑

=                           (12) 

where Ith is the interference threshold for the PUs, M is the 
number of subcarriers allocated to SUs and j

iK is the 
interference introduced by the ith subcarrier to the jth PU band. 
In Fig. 7 the transmitted signal’s PSD when power is allocated 
using scheme B is shown. 

VI. NUMERICAL RESULTE 
In this section, simulation results for performance 

evaluation of the proposed method are presented and compared 
with the results of the schemes A and B of [10]. We consider 
an OFDM-based CR system with N=256 and CP=16. The up 
sampling factor γ is considered 16. Data subcarriers are 
modulated with a QPSK signal and they are then differential 
modulated as in (9) for both in-phase and quadrature parts of 

the signal. All results shown are averaged over 1000 OFDM 
symbols. 

 
Fig. 5. Transmitted signal’s PAPR value for different number of iterations 

 
  

 
Fig. 6. Transmitted signal’s PSD using the power allocation of scheme A in 

the presence of two PUs 
 

the subcarrier spacing is considered 0.3125f MHz∆ = . It is 
assumed that two PUs are present at 13.125 and 60 MHz each 
with the bandwidth of 5MHz (equal to 16 sub-channels). The 
normalized PSD of the signal at the output of the sidelobe 
suppression block is shown in Fig. 8.  
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Fig. 7. Transmitted signal’s PSD using the power allocation of scheme B in 

the presence of two PUs 

 
Fig. 8. normalized PSD of the transmitted signal at the output of sidelobe 

suppression block for L=1000 
 

In Fig. 9 the CR system throughput rates for the proposed 
iterative method and the schemes A and B when the Signal to 
Interference plus Noise power Ratio (SINR) is equal to 13dB 
are shown. In the proposed algorithm we simply changed the 
number of iteration for changing the interference level while In 
schemes A and B, since the power ratio of subcarriers is always 
the same, we had to change the total power to change the 
interference level for different points on the diagrams. 

As it can be seen in Fig. 9 When compared to schemes A 
and B which have the best performance in [10] suboptimal 
schemes, system throughput of the proposed algorithm is 
significantly higher. We did not allocate any subcarriers for 
sidelobe suppression nor we spread the time domain OFDM 
symbols and nonetheless Fig. 8 shows that the interference level 
is reduced appropriately.  

 
Fig. 9. The transmitted data rates of the CR users 

VII. CONCLUSION 
In this paper we have developed a simple iterative method 

to suppress OFDM sidelobes in PU bands and shape the 
transmitted OFDM signal of the SUs. The proposed iterative 
method reduces the interference power to the desired level by 
choosing an appropriate number of iterations. Simulation 
results show that when this algorithm is accompanied with 
differential modulation it keeps the system throughput almost 
unchanged while the similar schemes usually cost in significant 
reduction in system throughput. We could also show that this 
algorithm does not change the PAPR value of the transmitted 
OFDM signal.   
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ABSTRACT
A long-range transmission demonstrator for low data
rate environmental sensor networks is under develop-
ment. It uses the ISM free-access frequency band at 433
MHz. In addition to distance attenuation, a major issue
is the presence of numerous radio frequency interferences
in this band. With a view to optimizing the sensor life
and cost, the system complexity has been shifted to the
central station which will be based on array processing
techniques. In this paper, we describe a spatial cyclosta-
tionary detector for triggering the acquisition of sensor
data frames in this highly corruptive radio environment.

1. INTRODUCTION

In recent years, water monitoring has become a great
concern for all environmental decision-makers. However,
classical off-line water monitoring (i.e. manual sampling
or data loggers requiring manual downloading) are no
longer suitable for current applications since it would be
cost-prohibitive to collect data. Besides, new environ-
mental regulations have defined more stringent require-
ments in term of efficiency, quality and costs. Among
the monitoring alternatives, Wireless Sensor Networks
(WSN) are very promising approaches[1]. For example,
in [2], a fresh water monitoring system is described. The
WSN is implemented through proprietary wireless net-
works, and secondary data transmission services (GSM
or GPRS) provided by a mobile telephone operator. It
is also possible to use free access bands. This is the
case in [3] where a WSN based on IEEE 802.15.4 radio
components at 2.4 GHz is used for precision agriculture
or in [4] where a Berkeley Mica 2 Mote with a specific
transceiver for low frequency transmissions (40 MHz)
has been experimented. In both cases, the WSNs were
designed to be used in open spaces with little human
activity. In particular, no or few radio frequency inter-
ferences (RFI) occur during transmissions.

In this paper, the concept of a wireless water quality
monitoring system in a highly corruptive radio environ-
ment is described. It is based on a low-rate one-way
data stream over the 433 MHz ISM band. This free
access band is widely used for remote control and the

amount of RFI is very high. Moreover, power transmis-
sion is limited to 10 mW in this band. The challenge
is to achieve long range transmission for our low data
rate sensor array despite the presence of numerous RFI.
To achieve low-cost and autonomous power objectives,
the system complexity has been shifted to the reception
level where a multi-antenna reception system will allow
spatial signal processing. Since the transmission will be
based on periodic (daily) short bursts of data, an off-line
processing receiver is considered. In particular, demod-
ulation and WSN data analysis will be done off-line.

In figure 1 the principles of our WSN are described.
Detailed information is also available in [5]. In quiet
radio environments, our prototype achieves a sensitiv-
ity which allows a long transmission range (� 10 km).
Thus, in this paper we focus on the RFI issue. In
section 2, analyses of some recent RFI surveys in the
433 MHZ band are presented. Based on that knowl-
edge, we propose to implement a spatial cyclostationary
detector to trigger the automatic storage of the WSN
waveforms. Section 3 describes this cyclostationary ap-
proach. In particular, the performances of several imple-
mentations are compared through simulations. In sec-
tion 4, we conclude with some perspectives.

2. RFI ANALYSIS IN THE 433 MHZ ISM
BAND

An experimental set-up has been developed for RFI sur-
veys. It is based on a digital board from Xilinx (Xtreme
DSP IV) which acquires the signal from a dedicated
RF front-end centered in the 433 MHz ISM band. A
digital down-converter is implemented in this board so
that 10 kHz bandwidth waveforms can be acquired and
stored in a computer for off-line statistical analysis. Sev-
eral RFI survey campaigns have been conducted in a
semi-urban area, for different frequencies and schedules.
Figure 1.c shows the implantation of this receiver in sub-
urb of Orléans (France). The location of the experimen-
tal relay station is also given for information. Figure 1.b
compares the level of the relay station signal with the
level of surrounding RFIs.

We have developed a dedicated software which al-
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Figure 1: (a) Description of our wireless water monitoring network demonstrator. A six-parameter probe (Aqua50
from NeoTex-Ponsel) is buried in ground water. It communicates to a surface emitter through an SDI12 wire
protocol. Within a radius of 1km, several (' 20) probe/emitter couples transmit their data to a relay station
(pictures on the bottom right). Finally, all the relay nodes transmit probe information to a central receiver. This
is a one-way star topology. The transmission is based on periodic (daily) short bursts of data (a few seconds at
1200 bds). In quiet radio environments, our prototype achieves a sensitivity which allows a long transmission range
(� 10 km). The main issue is the RFI present in the 433 MHz band. (b) Spectrum of the 433 MHz ISM band. It
shows the maximum power over frequencies after 80 minutes of observation. The small black box corresponds to
the received power level of our 10mW relay station signal located 10 km away. Other spectral lines correspond to
RFI. (c) Experiment location in the suburb of Orléans (France).

lows the automatic extraction of time and frequency RFI
characteristics (bandwidth, duration, average power,
peak power). The algorithm is based on iterative seg-
mentation on power time-frequency planes derived from
the data sets. Figure 2 gives an example of this auto-
matic segmentation. The detection threshold was set to
3 times the system noise variance.

Table 1 provides some parameters extracted from
some of these RFI survey campaigns. The first con-
clusion that can be drawn is that a better RFI envi-
ronment can be found when transmitting during the
night and aside from the ISM center frequency (i.e.
f0 =433.92 MHz). The main reason is that most re-
mote devices transmit at 433.92 MHz and that human
activity is obviously higher during the day. In the low
occupancy 10 kHz band, we can consider that there is
at most 1 RFI at a given instant. Another point is that
98% of the RFIs are shorter than 1 s with a bandwidth
less than a few kHz.

3. CYCLOSTATIONARY DETECTION IN
THE PRESENCE OF INTERFERENCE

Our relay station frames are short, typically less than
a few seconds and there are only a few transmissions
per day. To enhance the transmission performance in
the presence of RFI, spatial filtering will be considered
in a forthcoming evolution of the prototype. However,
to limit both the hardware and the firmware costs, the
objective is to accomplish it off-line. So, by considering
the central station as a phased array, the first step is to
trigger the acquisition of the array output vector at the
right moment. Obviously, this can be done by schedul-
ing the transmissions but we would also like to consider
the case of emergency transmissions.

n° , f0 RFI 4T 4F
when (MHz) per hour (s) (kHz)
1, day 433.92 5277 0.3 1.6
2, night 433.92 4549 0.36 1.58
3, day 434.2 2864 0.28 1.31
4, night 434.2 567 0.32 1.33

Table 1: Average RFI characteristics from 4 RFI sur-
vey campaigns. f0 is the center frequency of the 10 kHz
bandwidth. For each f0, night and day measurements
have been conducted to observe the effect of human ac-
tivity. RFI per hour corresponds to the average number
of RFI detected per hour. 4T and 4F correspond re-
spectively to the RFI average duration and bandwidth.

In this section, we propose an automatic triggering
system based on the cyclic correlation matrices of the
phased array. In subsection 3.1, we will define our ar-
ray model. Then, in subsection 3.2, the cyclostationary
approach will be described and finally in subsection 3.3,
performances will be analyzed through simulations. In
particular, a comparison with a classical power approach
will be proposed.

3.1 Model description

Consider a phased array consisting of M antennas, each
having a received signal zk(t), k = 1, · · ·M . From the
previous discussions, it is clear that the narrow-band
condition holds and that geometric delays for each an-
tenna and each impinging source can be represented by
phase shifts. In this case, the central station output
vector can be modeled in complex base-band form as:

876



Figure 2: RFI analysis in the 433 MHz ISM band.
The antenna signal is acquired with the Xilinx board
and then, digitally down-converted to a 10 kHz band-
width complex waveform (here, from 433.910 MHz to
433.920 MHz). Off-line, a filter bank with 256 channels
provides a time-frequency representation for automatic
segmentation. In the above example, 11 RFIs were de-
tected (black boxes with a number on the bottom right).
Box n°1 is a narrow band RFI, the others are impulsive
RFIs.

z(t) = ass(t)+Arr(t) + n(t) (1)

where:
• z(t) = [z1(t)...zM (t)]

T is the M × 1 vector of central
station signals at time t.

• as = [a1,s...aM,s]
T is the spatial signature of the re-

lay station signal, s(t).
• r(t) = [r1(t)...rK(t)]

T is the K × 1 vector of the
K interferers and Ar = [ar1 ,ar2 , ...,arK ] is a M ×
K matrix where each ark = [a1,rk ...aM,rk ]

T is the
spatial signature of the corresponding kth RFI.

• n(t) is the system noise vector with independent
Gaussian entries. There is no specific assumption
made concerning the whitening of the covariance ma-
trix and calibration of the data (i.e.

〈
n(t)nH(t)

〉
∞ 6=

σ2I, where〈.〉∞is the average operator and I is the
M ×M identity matrix).

At this stage, the phased array is not calibrated. Thus,
all spatial signatures are modeled as random phase vec-
tors.

3.2 Cyclostationary approach
Most telecommunication signals present a hidden peri-
odicity due to the periodic characteristics involved in
the signals construction (carrier frequency, baud rate,
coding scheme...). These parameters are usually scram-
bled and hidden by the randomness of the message to
be transmitted. However, by using a cyclostationary
approach, this hidden periodicity can be recovered thus
making identification of the telecommunications signal
possible. An exhaustive overview of cyclostationarity

theory and applications can found in [6, 7]. For ar-
ray signal processing, cyclostationarity was introduced
by Gardner [8]. In his analysis, the correlation matrix,
Rz(τ) =

〈
z(t+ τ

2 )z
H(t− τ

2 )
〉
∞, is replaced either by

the cyclic correlation matrix:

Rα
z (τ) =

〈
z(t+

τ

2
)zH(t− τ

2
) exp(−j2παt)

〉
∞

(2)

or the cyclic conjugated correlation matrix:

R
α

z (τ) =
〈
z(t+

τ

2
)zT(t− τ

2
) exp(−j2παt)

〉
∞

(3)

where α is the cyclic frequency. This parameter is
linked to the above-mentioned periodic characteristics.
Any signal with the right non-zero cyclic frequency will
generate non-zero cyclic or cyclic conjugated correlation
matrices. Inversely, any stationary signal or cyclosta-
tionary signal with different cyclic frequencies will gen-
erate zero in the above expressions. We will consider
next that we do not receive cyclostationary interferences
with the same cyclic frequencies as our WSN. Thus, the
cyclic correlation matrix for our model defined by Eq. 1
becomes:

Rα0
z (τ) = asa

H
s R

α0
s (τ) +ArR

α0
r (τ)AH

r︸ ︷︷ ︸
→0

+Rα0
n (τ)︸ ︷︷ ︸
→0

(4)

where α0 is the WSN cyclic frequency and Rα0
s (τ)is

the mono-dimensional version of Eq. 2. Similarly, the
cyclic conjugated correlation matrix becomes:

R
α0

z (τ) = ara
T
r R

α0

s (τ) +ArR
α0

r (τ)AT
r︸ ︷︷ ︸

→0

+R
α0

n (τ)︸ ︷︷ ︸
→0

(5)

where α0 is the WSN cyclic conjugated frequency
and R

α0

s (τ)is the mono-dimensional version of Eq. 3.
In our application, the transmission between relay

stations and the central station is based on a BPSK
modulation scheme with a baud rate, 1

T0
, and a carrier

frequency, f0:

s(t) = exp(j2πf0t+ jϕ0).
∑
kεZ

ckh(t− kT0 − t0)

where ck is the binary random sequence (
〈
|ck|2

〉
∞

=

σ2
c ), t0 and ϕ0 are unknown synchronization parameters

and h(t) is the pulse shaping function.
From [9], the expression of Rα0

s and R
α0

s can be de-
rived:

Rα0
s (τ) =

σ2
c

T0
exp(−j2πα0t0). exp(j2πf0τ).r

α0

h (τ)

R
α0

s (τ) =
σ2
c

T0
. exp(−j2π(α0 − 2f0)t0). exp(j2`ϕ0).r

(α0−2f0)
h (τ)

where α0 = k
T0

kεZ? , α0 = 2f0 +
k
T0

kεZ and rαh (τ)
is given by:
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rαh (τ) =

∫ +∞

−∞
h(t+

τ

2
)h(t− τ

2
) exp(−j2παt)dt

Except for a rectangular shaping function, ∃k 6= 0,

r
k
T0

h (τ = 0) 6= 0. Thus, we will only consider next the
case τ = 0.

For the detection of our WSN signal, we propose to
use the cyclic correlation matrix Rα0

z at α0 = 1
T0

or the

cyclic conjugated correlation matrix R
α0

z at α0 = 2f0.
Equations 4 and 5 have shown that asymptotically these
matrices depend on the WSN signal only. Therefore,
these matrices are rank one and asymptotically, all their
singular values are zeros except one. This maximum
singular value is directly linked with Rα0

s and R
α0

s . We
propose to test 3 detectors based on Rα0

z or R
α0

z :
• Tλ(z) computes the maximum singular value of
Rα0
z or R

α0

z

• TF (z) computes the Frobenius norm of Rα0
z or R

α0

z .
The Frobenius norm is computationally less costly
(O(M2)) than the singular value decomposition
(O(M3)).

• Tdiag(z) computes the Frobenius norm of the diago-
nal of Rα0

z or R
α0

z . This is our very low computation
complexity approach (O(M)).

In the following section, the performances of the dif-
ferent cyclic detection algorithms will be studied, and
compared to classic detectors based on Rz. In particu-
lar, the different correlation matrices will be estimated
over a finite set of samples (〈.〉∞ ⇒ 〈.〉N = 1

N

∑
N (.)).

3.3 Performance analysis
For the simulations, the following signal model is con-
sidered:

H0 : z(t) =
√
ρarr(t) +

√
1− ρn(t)

H1 : z(t) = σsass(t) +
√
ρarr(t) +

√
1− ρn(t)

The spatial signatures asand ar are chosen randomly
(‖as‖ = ‖ar‖ = 1 andM = 8), s(t) is BPSK signal with
f0 = 0.1, T0 = 8, h(t) is a root-raised cosine filter (50
coefficients, roll-off factor=0.5). The RFI, r(t), is also
BPSK modulated but with f1 = 0.318, T0 = 13. The
system noise, n(t), is assumed to be independent Gaus-
sian entries. The interference to noise ratio is defined
by INR = ρ

1−ρ with 0 ≤ ρ < 1. The signal to noise plus
interference ratio is defined by SNR = σ2

s .
Monte Carlo simulations are performed on different

reception scenarios. The Fisher criterion is used to eval-
uate the performances of the detectors:

Fisher =
(EH1 [Tk(z)]− EH0 [Tk(z)])

2

varH1
(Tk(z)) + varH0

(Tk(z))
k = λ, F, diag

where EH0,1
[.] and varH0.1

(.) are respectively the mean
and the variance under the H0 or H1 hypothesis.

1. scenario 1: RFI is present and the noise is calibrated
(i.e.

〈
n(t)nH(t)

〉
∞ = I). Figure 3 draws the perfor-

mances for different ρ and SNR. As expected, the
sensitivity of the classic approach (based on Rz) can
be clearly seen. Indeed, such power based detectors
cannot distinguish between WSN and RFI signals.
On the contrary, the cyclostationary approaches are
very robust. For example, whatever the RFI level,
the “cyclic Tλ(z)” behaves as a “classic Tλ(z) with
no RFI”. Note that TF (z) detectors are less efficient
than Tλ(z) detectors. Indeed, cyclic correlation ma-
trices are no longer rank one since they are estimated
over a finite set of samples. Therefore the M − 1
weaker singular values are no longer equal to zero.
Since the TF (z) detector is the sum of the singular
values, uncertainty is added.

2. scenario 2: no RFI but uncalibrated noise (i.e.〈
n(t)nH(t)

〉
∞ 6= I). Figure 4 draws the perfor-

mances for different SNR and different percentages
of noise fluctuations between antennas. Once again,
the robustness of cyclostationary approaches can be
observed.

3. scenario 3: a realistic simulation with 10% noise fluc-
tuations and one RFI with SNR = 8dB . Figure 5
draws the performances for different INR and dif-
ferent numbers of samples. Better performances are
obtained with α0 = 2f0 than with α0 = 1

T0
. The

reason is that r(α0−2f0)
h > rα0

h . However, in practice
it could be difficult to have exact knowledge of f0 be-
fore any carrier synchronization. Note that Tdiag(z)
detectors are less efficient than TF (z) detectors. In-
deed, less cyclic information is used in the second
case. In fact, Tdiag(z) can be seen as the average of M
mono-dimensional cyclostationary detectors. From
these simulations and from measurements on site (
INR = −15dB and SNR = 8dB at 40 km), to
ensure correct detection (Fisher >10) of our WSN
signal at 40 km, N = 2048 samples (respectively
N = 8192) are necessary for TF (z) (resp. Tdiag(z))
with α0 = 1

T0
. These values go down to N = 512

with α0 = 2f0.

4. PERSPECTIVES

In the framework of wireless environmental monitoring,
a radio frequency interference (RFI) survey has been
conducted in the 433 MHz ISM free-access band. From
analysis of the RFI characteristics, three new detectors
based on cyclostationarity have been proposed. The ob-
jective is to detect the signal of interest (SOI) with a
phased array in a highly corruptive environment. These
algorithms have demonstrated by simulation their ro-
bustness against the presence of interferences or uncal-
ibrated noise. These results are based on the fact that
the cyclic correlation or cyclic conjugated correlation
matrices depend asymptotically only on the SOI cyclo-
stationary property. The next step will be to use one of
these detectors to trigger the acquisition of SOI frames
in real time. Then, triggered data are stored for off-line
spatial filtering technique (MVDR), demodulation and
analysis.
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ABSTRACT 

To improve the radio spectrum utilization, cognitive radio (CR) 

technology, which can dynamically use frequency bands detected 

as free, has been proposed. To provide this detection with suffi-

ciently security for the licensed primary user (PU) and without a 

loss of CR capacity, spectrum sensing is a fundamental require-

ment in CR. Also, if this spectrum sensing is addressed for wide-

band, a current idea is to distribute it among all CRs in the net-

work by dividing the wideband sensing into several sub-bands 

sensing. However, this physical spectrum division can be too wide 

to detect narrow band PU. In this paper, we propose to analyse 

digitally these sub-bands by using a numerical fast Fourier trans-

form (FFT). This analysis is then made, in each sub-sub-bands, by 

a double threshold energy detection method. For a targeted prob-

ability of PU detection, simulation results show the possibilities of 

the proposed system when a multi-optimization problem is ad-

dressed. 

1. INTRODUCTION 

Current wireless communication networks are designed with in-

flexible rules in order to operate in a given time slot over a fixed 

frequency range and within certain area. Cellular concept is proba-

bly the most illustrating example. Although all the current usable 

frequency bands are already affected, studies have found that the 

utilization of a large part of these bands is very low. In order to 

improve spectral allocation, cognitive radio (CR) [1] has been pro-

posed as a potential future wireless communication system, which 

enables a new class of mobile terminals to change their transmis-

sion parameters by spectrum sensing. In fact, in contrast to current 

systems where the spectrum allocation is static, future CR devices 

will be able to seek and use the frequencies in a dynamic way for 

network access; this will be done by spectrum sensing which con-

sists in autonomous rapid detection of vacant bands in the radio 

spectrum. 

Spectrum sensing techniques can be classified among three catego-

ries: matched filter with coherent detection [2], energy detector [3], 

and feature detection [4], [5]. When an energy detector is used, the 

hidden terminal problem caused by shadowing or deep primary user 

(PU) fading has to be counteracted by using diversity. There are 

different ways to obtain diversity in energy detection. On the one 

hand, if the spectrum sensing is realized with one CR, multiple an-

tennas permit to maintain a high probability of detection. On the 

other hand, another spectrum sensing scheme consists in using a 

fusion center (FC) that collects the spectrum measurements from 

multiple CRs. This method is called cooperative spectrum sensing. 

Although the cooperative spectrum sensing in narrowband has been 

widely studied in the literature [6]-[8], the wideband spectrum sens-

ing (WSS) is not often considered.  

Wavelet approach was thus developed in [9], where the WSS is 

conducted with an estimated power spectral density in each subband 

(SB). The main drawback of this method is that the authors pro-

posed PU detection by using one CR, that leading to a critical spec-

trum sensing time. In [10], a WSS is proposed. Called multi-bands 

joint detection, it jointly detects the signal energy levels over multi-

ple frequency bands rather than consider one band at a time. Re-

cently, a cooperative shared spectrum sensing has been proposed 

[11] where the wideband is divided into several sub-bands. The 

authors propose a framework designed to minimize uncertainty in 

PU detection, while maintaining control over the amount of energy 

spent and spectrum sensing time. But the main drawback of this 

method concerns the number of necessary analysed SBs and/or CRs, 

which can be extremely large if an important WSS is devoted. In 

fact, the larger band, the more SB should be necessary. It can result 

to a very high number of required CRs and/or spectrum sensing time 

to maintain sufficient PU protection in each SB. 

In this paper, we propose a distributed wideband spectrum sensing 

as in [11], but we digitally divide the SBs by using a numerical fast 

Fourier transform (FFT), which creates sub-SBs (SSB). Further-

more, we use a double threshold energy detector. The proposed 

flexible architecture could permit to keep a moderate number of SB 

and so a moderate number of CRs, while maintaining a sufficient 

PU protection and an efficient spectrum sensing time. Computer 

simulations show that for a 100 MHz SB channel, when the frame 

duration is 1ms, we can maintain a detection probability of 90% 

and a low loss of available bandwidth for a spectrum sensing time 

equals to 10% of the frame duration and for several SSB wide. 

The paper is organized as follows: Section 2 presents the distributed 

WSS method; Section 3 is devoted to the core of the proposed flexi-

ble WSS with double threshold energy detector; Section 4 analyses 

the system performances through simulation results; finally Section 

5 concludes the work. 

2. DISTRIBUTED SPECTRUM SENSING 

Generally, we consider that a frequency band as free when this band 

is only composed of noise. In the opposite case, if the filtered signal 

is composed of noise in addition to an unknown PU signal, the fre-

quency band is considered as occupied. In practice, this signal de-

tection can be performed using a hypothesis test. 

 
2.1 Wideband Spectrum 

 

We suppose a spectrum sensing in a wideband W, which is com-

posed of L primary users. Δfmin denotes the minimum frequency 

space between two adjacent PUs. If we assume that the primary 

users do not occupy the entire bandwidth, then some of the free 

bands could be available for being used by CR (Fig. 1). These free 

bands can be detected by using CR network (CRN). 
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Figure 1 – Available frequency SBs in a wideband spectrum 

 

Figure 2 – Distributed wideband among the different SCRN 

 

2.2 Spectrum sensing distribution 

 

The detection performance of conventional spectrum sensing based 

on energy detector is usually perturbed by the propagation channel 

characteristics between PUs and CRs which performed the detec-

tion. In fact, PU signal can be attenuated by a deep fading, which 

can bring missed detections. In such scenarios, spatial diversity at 

each CR and/or cooperative CR devices would increase the prob-

ability of PU detection by sharing their different spectrum sensing 

measurements. However, the larger the spectrum sensing, the longer 

the time detection, to obtain detection probability close to one. A 

solution consists in dividing wide spectrum in many bands called 

SB. 

To detect free bands in a wideband spectrum, cooperative distrib-

uted spectrum sensing, which consists in affecting a sufficient num-

ber of CRs to sense a part of the wideband spectrum, can be used. 

The set of affected CRs is called a sub-cognitive radio network 

(SCRN) (Fig. 2). 

In this case, W is divided in K SB, and we have: 
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   (3) 

where SBk denotes the kth SB analyzed by the SCRNk (k
th SCRN). 

The width of the sensed band in each SCRN is: KWf  . 

3. FLEXIBLE WIDEBAND SPECTRUM SENSING 

COGNITIVE RADIO 

3.1 Sensed signal model 
 

We suppose that each SCRN is composed of M CRs and Nm denotes 

the number of antennas used by the mth CR. We consider a channel 

environment composed of 



Pm
l
 multi-paths where 



hi
l,m(p)  repre-

sents the discrete-time channel impulse response between the lth PU 

and the ith receive antenna of the mth CR. p refers to the pth multi-

path of the propagation channel. Thus, the base band received signal 

from the lth PU at the ith antenna can be written as: 
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Figure 3 – Sub-band division  

where sl(n) represents the lth PU transmitted complex signal at time 

n and bi(n) is an additive complex Gaussian noise with zero mean 

and variance 2

ib
 . 

Without loss of generality, the PU signal and the noise are assumed 

to be independent to each other and 22,
ibbi   . In the following, 

we focus our interest on the kth SB of width Δf, sensed by the ith 

receive antenna of the mth CR. 

 

3.2 Flexible SSB energy detection 

 

Contrary to [11], we divide the kth SB in K   SSB, by using a 

K  points (
l
mPK  ) fast Fourier transform (FFT) (see Fig. 3). It 

enables to better take multipath fading environment into account 

and offers the possibility to optimize the free band detection, if an 

active PU exists in the kth SB, with a signal bandwidth lower than 

Δf. 

In order to take a decision on the k’th SSB availability, the FFT of 

the received signal (4) can be computed, and we obtain in the k’th 

SSB: 
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where )(kS l   corresponds to the PU signal transmitted over the k’th 

SSB, )(, kH ml
i

  denotes the discrete frequency response of the 

propagation channel and )(kB   represents the received noise in the 

frequency domain. As normalized FFT is a linear operation, the 

random variables  )(kB   are independent normally distributed with 

zero mean and variance 
2
b . 

The k’th SSB gain is assumed to be constant during the detection 

interval DIT  and we have: 

  10for   )(),( ,,  TtkHtkH ml
i

ml
i  (7) 

 where 
s

DI
f

K
T

f
TT







1
. fs denotes the sampling frequency of 

the received signal, T is the number of collected samples in each 

SSB and f  denotes the wide of the sensed SSB. 

 

3.3 Spatial spectrum sensing based on energy detector with 

double threshold 

 

To decide whether the k’th SSB is free or not, we test the classic 

following binary hypothesis on each receive antenna: 
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Figure 5 – Proposed CR architecture 
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We suppose a sensing spectrum time which makes it possible to 

collect T samples of the received signal in each SSB. Thus, we 

compute the received signal energy measured on the k’th SSB for 

the ith receive antenna of the mth CR: 
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To exploit the spatial diversity at the mth CR, we combine the 

received signal energy collected from each antenna and we have: 
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According to the central limit theorem, for large T, )(, kE ml   is 

asymptotically normally distributed with means [12]: 
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and variances: 
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where 
2
s  represents the PU signal power. 

The conventional binary test consists, for the mth CR, in deciding 

whether lth PU in the k’th SSB is present or not. 

If k   represents the decision threshold for the k’th SSB, the proba-

bility of false alarm  mk
m
fa NTP ,,  and the probability of detec-

tion  mk
m

d NTP ,,  are defined as: 
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for j = 0 and j = 1 respectively and where Q is the Q-function. 

 

 

Figure 4 – Double threshold energy detector for the k’th SSB  

(Decision Fusion) 

To optimize the probability of false alarm under required probability 

of detection, double threshold judgment, as in [13], is used (Fig. 4). 

L
k   and 

H
k 

  are the lower and the higher decision threshold respec-

tively. 

 

This method is completed by the use of a FC, which collects coop-

eratively the CR local decisions and makes a final decision for the 

SCRNk.  

Following [13], decision fusion method is so used, and different 

rules can be employed to make the final decision. We use “Logic-

OR” rule and the cooperative probability of detection dQ

 

can then 

be written:    

   



M

m

m
dd PQ

1

11  (14) 

where 
m

dP  is the target detection probability for the mth CR of the 

SCRNk. By considering d
m

dd PPP  ...1
, the target detection 

probability is: 

  M
dd QP  11  (15) 

The same reasoning makes it possible to express the cooperative 

probability of false alarm faQ . 

When local decision is not sufficient enough, so that any decision 

can be made by the FC for some SSB, data fusion method described 

in [13] can also be applied. FC needs then to collect also energy 

values of SSBs which satisfy 
H
k

mlL
k

kE    )(,
. 

Finally, the proposed CR architecture is presented Fig. 5. 
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3.4 Multi-optimization problem 

 

The choice of the threshold leads to a trade-off between the prob-

ability of false and the probability of missed detection. Deploying 

our CRN implies that a multi-optimization problem has to be 

solved. The main objective is a probability of detection close to 1 

subject to the available throughput CRN is maximal.  
The time used for spectrum sensing influences the network through-

put and the lifetime of the CRN. Hence optimizing the spectrum 

sensing time can increase the throughput performances of the CRN. 

As we suppose that a narrow band PU signal can be active in a SB, 

the proposed detection performs a FFT in each of them. It allows 

maintaining a low probability of false alarm, but the SSB spectrum 

sensing time increases. Thanks to the double threshold energy detec-

tor, T can be adjusted. In fact, for a target detection probability 



P d  

and given a low probability of false alarm 



P fa
low

, with (13) by 

cancelling out the threshold variable, the minimum number of sam-

ples for spectrum sensing is given by: 

 
   

2

11

2
)(

2
1

)(

















  kP
N

PQPQ

kP

N
T m

m
d

low
fa

m

m  (16) 

where 





mN

i b

s
ml

im
kH

kP
1

2

2
2

, )(
)(




. 

We assume that the frequency allocation of the L PU is constant 

during a time Tc. We can also define 
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which represents the spectrum sensing time efficiency. If we sup-

pose, to have a high dQ  and a low faQ , the available throughput 

of the CRN can be approximated [16] as follows: 

     kCRmfa
a

kmk HPSNRQWTh ,02, 1log)1(   (18) 

where SNRCRm denotes the mth CR signal to noise ratio and  kHP ,0  

the probability for which the primary users are inactive in SBk. 

fWW k
a

k  )1(  represents the available detected bandwidth in 

SBk and kW  is called the normalized loss of bandwidth. Thus the 

total available CRN throughput for the mth CR is 
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So, the multi-optimization problem consists in solving the follow-

ing system: 
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According to SB sensing, to solve (20), FC could adjust some para-

meters, such as the minimal width of SSB, the number of CRs in the 

SCRN and the double threshold width. By holding α parameter 

constant, it is possible to have different accuracies on each SSB of 

the SB. Nevertheless, it will be necessary to adjust the number of 

CRs in the different SCRN in order to keep a high CRN throughput 

and a detection probability higher than a given threshold. However, 

if the CR available throughput is not an objective, double threshold 

could be adjusted without the need to increase the number of CRs in 

the SCRN. Simulation results show the possibilities of the proposed 

system when the multi-optimization problem (20) is addressed. 

 

 

Figure 6 – Probability of detection versus average PU SNR 

( 05.0faQ , 05.0 , 5M
 CRs in the SCRN) 

 

Figure 7 – Normalized loss of bandwidth versus average PU SNR 

( 05.0faQ , 05.0 , 5M
 CRs in the SCRN) 

4. SIMULATION RESULTS 

The simulation parameters are the following. The sensed spectrum 

has a bandwidth W = 3GHz. We suppose that each CR is equipped 

with Nm = 2 antennas and with a filter bank composed of K = 30 

band pass filters, so we have Δf = 100MHz.  

We suppose that two primary users are present in the analyzed 

SB. PU use QPSK modulator, and the propagation channel between 

PU and the SCRN is composed of 10l
mP  multi-paths. A control 

cognitive radio channel, with a TDMA or a FDMA, is as well used 

by the FC and the CRs. We define ffD optf   as the sensing 

frequency precision where  minmin ,min Bffopt  . 

   k
L
k

H
k    2  allows to change the double threshold 

width. Tc is set to 1 ms and we suppose a low spectrum sensing time 

while fixing α = 90%. 

 

Fig. 6 shows the SSB width impact on the probability of detection. 

We see that our system is able to maintain a cooperative detection 

probability of 0.9, with a loss of detectable PU SNR of 2.5dB 

( 78.0fD ) and 4dB ( 70.0fD ) when compare with the opti-

mal case ( 1fD ). Note that, the method proposed in [11] is 
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Figure 8 – Probability of detection versus    

( 05.0faQ , SNR = 0dB) 

 
Figure 9 – Normalized loss of bandwidth versus    

( 05.0faQ , SNR = 0dB) 

equivalent to considering 1fD
 and so we can see that, contrary 

to our method, many free bands are undetected. 

When the targeted probability of detection is reached, Fig. 7 shows 

that there is no loss of available bandwidth when 78.0fD , 

whereas, when 70.0fD , the normalized loss of bandwidth is of 

2.10-3, which corresponds to 200kHz. 

 

Fig. 8 and 9 show the 
 
influences on the probability of detection 

for various M ,   and fD , when SNR = 0dB. On Fig. 8, we see 

that if we decrease the spectrum sensing time efficiency ( 8.0 ), 

we can maintain 9.0dQ , until 48.0  when 10M  and 

70.0fD  with 0 kW  (see Fig. 9). According to [14] the 

higher  , the higher efficient the spectrum sensing in term of 

bandwidth constraints. Thus, considering 48.0 , in Fig. 9, we 

see that if we consider the optimal case (i.e. 1fD , 9.0  and 

10M  for which dQ
 is maximal  ), we have 38.0 kW . 

So, we can conclude that the better solution according to (20) is for 

8.0  and 70.0fD . 

5. CONCLUSION 

The proposed CRN is coherent with CR concept introduced by J. 

Mitola. Indeed, it can quickly detect in a cooperative way PUs in a 

wideband spectrum, while maintaining a high dQ . Furthermore, we 

propose a distributed wideband spectrum sensing CRN, which 

makes it possible to have an optimal spectrum sensing time and to 

detect narrow-band PU signals.  

In fact, it may be that SB division was not narrow enough, therefore 

leading to a huge loss of available bandwidth. The proposed struc-

ture can adapt to the detection of PU signals, and have a high detec-

tion probability with a weak loss of available bandwidth when a 

narrowband PU exists in the analyzed SB. To our knowledge, this 

kind of system has never been addressed in the open literature. 

Moreover, the distributed spectrum sensing between SCRN that we 

propose, enables to reduce the energy spent by individual CR to 

perform the detection. Finally, we have considered a wideband 

spectrum division, which does not cut occupied bands. But, in prac-

tice, this hypothesis cannot be sure. In future studies, in order to take 

a more realist vision into account, a sliding WSS division could be 

considered. 
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ABSTRACT
In this work we consider the problem of blind identification
of underdetermined mixtures using the generating function
of the observations. This approach has been successfully ap-
plied on real sources but had not been extended to the more
attractive case of complex mixtures of complex sources. This
is the main goal of the present study. By developing the core
equation in the complex case, we arrive at a particular tensor
stowage which involves an original tensor decomposition.
Exploiting this decomposition, an algorithm is proposed to
blindly estimate the mixing matrix. Three versions of this
algorithm based on 2nd, 3rd and 4th-order derivatives of the
generating function are evaluated on complex mixtures of 4-
QAM and 8-PSK sources and compared to the 6-BIOME al-
gorithm by means of simulation results.

1. INTRODUCTION

Blind Identification (BI) methods have been successfully
applied in various scientific areas, including for instance
telecommunications [1], acoustic [2] or biomedical signal
processing [3]. A large family of BI methods relies on the
theory of Independent Component Analysis (ICA) [4] and
thereby involves second or higher-order statistics. BI of
underdetermined mixtures (when the number of sources
exceeds the number of sensors) is an important subcategory
of BI problems which arises in many practical situations,
especially in telecommunications.
Several solutions have been proposed in the literature to
solve this problem (see, e.g. [5, 6, 7, 8, 9]). Notably, some
original methods, which do not exploit cumulants but the
second characteristic function of the observations, have been
proposed in [10, 11, 12, 13] . We are interested here by the
approach proposed in [12], leading to a class of efficient
algorithms such as the ALESCAF algorithm [13]. In that
work, the authors showed that partial derivatives of the
second ChAracteristic Function (CAF) can be stored in a
symmetric tensor. The Canonical Decomposition (CanD)
of this tensor provides a direct estimation of the mixing
matrix up to trivial scaling and permutation indeterminacies.
The ALESCAF algorithm resorts to an Alternating LEast
Squares procedure in order to perform the CanD.
The CAF approach has a nice advantage, which makes it
very attractive for the identification of underdetermined
mixtures. Indeed, for a given number of sensors, the number
of sources is theoretically not limited.
In [13], ALESCAF has been successfully applied on
under-determined mixtures of real sources such as BPSK
or 4-PAM. It can be shown easily that the method holds for

complex mixtures of real sources and that ALESCAF can
be applied to the case of real mixtures of complex sources
within few modifications. However, these are very specific
cases, which are rarely encountered in practice. On the other
hand, as far as we know, this approach has not been extended
to the case of complex mixtures of complex sources although
this scenario1 is far more relevant from a practical point
of view. Most cumulant based algorithms can be directly
applied in both situations whereas it rapidly turns out that
the ALESCAF algorithm is not pertinent in the complex
case. As a consequence, the present work aims at extending
the CAF approach to the complex case, which often occurs
in practice.
In this paper, we firstly transpose the theory of the CAF
approach to the complex case: a new core equation is
obtained. By differentiating this core equation, we obtaina
new tensor decomposition from which an estimation of the
mixing matrix can be obtained. In order to implement this
more general approach a new algorithm is proposed. The
CAF approach is available for most applications involving
BI. Computer results obtained from simulated telecommuni-
cations signals are presented in the last part of the paper as
an application example.

2. THEORY

2.1 Notations

Vectors, matrices and tensors are denoted by lower case bold-
face(a), upper case boldface(A) and upper case calligraphic
(A ) letters respectively.ai is theith coordinate of vectora
andai is theith column of matrixA. The(i, j) entry of ma-
trix A is denotedAi j and the(i, j,k) entry of the third order
tensorA is denotedAi jk. Complex objects are underlined,
their real and imaginary parts are denotedℜ{·} andℑ{·} re-
spectively. E[.] denotes the mean value of a random variable.

2.2 Blind Identification Problem

Consider a noisy mixture ofK statistically independent nar-
rowband sources received by an array ofN sensors. The
vectory(m) containing discrete observations of the received
signal at the sensor outputs is modelled according to the fol-
lowing linear model:

y(m) =Hs(m)+n(m), m = 1· · ·M

1Note that in the following we refer to the real or complex casewhen
both mixture and sources belong toR (”real case”) orC (”complex case”).
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whereH= [h1, . . . ,hK ] ∈ CN×K , s = [s1, . . . ,sK ]
T ∈ CK and

n ∈ CN are the mixing matrix, source and Gaussian noise
random vectors, respectively. It is assumed that for any fixed
sample indexm, s andn are statistically independent. The
problem is to identify the mixing matrixH (up to trivial col-
umn permutation and scaling) from the only knowledge of
the observation vectory(m), using its characteristic func-
tion. Recall that we are interested in the so-called under-
determined case, which means that we haveK > N.
Before to proceed, we describe our working hypotheses:

H1. The mixing matrixH does not contain collinear
columns.

H2. The sourcess1(m), . . . ,sK(m) are mutually indepen-
dent and non-Gaussian

H3. The number of sources is known.
The theoretical justification of the present approach is similar
to that of the real case. It consists in successively differenti-
ating the second generating function2 of the observations at
different points of the observation space. By working with
complex mixtures of complex sources, this leads to a new
core equation following a particular tensor decomposition.
By exploiting the structure of this tensor decomposition, the
mixing matrix is estimated.

2.3 The new core equation

The first step is to obtain the new core equation. This is
achieved by decomposing the second generating function of
the observations as a sum of the individual second generating
functions of the sources. Generating functions of a complex
variable are actually defined by assimilatingC to R

2. Thus
the second generating function of thekth sourceϕk taken at
the pointz of C is defined as a function of two real variables
(real and imaginary parts ofz):

ϕk(ℜ{z},ℑ{z})
def
= logE[exp(ℜ{sk}ℜ{z}+ℑ{sk}ℑ{z})]

In a more compact form we have:

ϕk(ℜ{z},ℑ{z}) = logE[exp(ℜ{z∗sk})] (2.1)

In the same way, the second generating function of the ob-
servationsΦy taken at the pointw of C2N is actually defined
in R

2N by

Φy(ℜ{w},ℑ{w})
def
= logE[exp(ℜ{y}Hℜ{w}+ℑ{y}Hℑ{w})]

thus we have

Φy(ℜ{w},ℑ{w}) = logE[exp(ℜ{wHy})]

Replacingy by its model yields:

Φy(ℜ{w},ℑ{w}) = logE[exp(ℜ{wHHs})]

and from the sources mutual statistical independence hypoth-
esis we can deduce:

Φy(ℜ{w},ℑ{w}) = ∑
k

logE[exp(ℜ{wHhksk})]

2In order to simplify notations and calculations, without any theoretical
impact, we prefer using the generating function instead of the characteristic
function.

wherehk is thekth column of matrixH. Then, (2.1) yields:

Φy(ℜ{w},ℑ{w}) = ∑
k

ϕk
(
ℜ{wTh∗

k},ℑ{w
Th∗

k}
)

Finally, we define two real matricesA andB so thatH =
A+ jB. This leads to the the new core equation that copes
with the complex case:

Φy(ℜ{w},ℑ{w}) = ∑
k

ϕk

(
∑
n

Ankℜ{wn}+

Bnkℑ{wn} , ∑
n

Ankℑ{wn}−Bnkℜ{wn}

)
(2.2)

Note that definingϕk, Φy in R
2N andR2 respectively instead

of CN andC2 allows their differentiation. Hence, the next
step is the differentiation of (2.2).

2.4 Differentiation of Φy(ℜ{w},ℑ{w})

We defineu = ℜ{w}, v = ℑ{w} andw = (u,v). w is an
element ofR2N and (2.2) can be rewritten as:

Φy(w) = ∑
k

ϕk

(
∑
n

Ankun +Bnkvn , ∑
n

Ankvn −Bnkun

)

(2.3)

We also introduce three functionsg1, g2 andg respectively
defined by:

g1(w) = ∑
n

Ankun +Bnkvn ; g2(w) = ∑
n

Ankvn −Bnkun

g : R
2N −→R

2

w 7−→ g(w) = (g1(w),g2(w))

Theϕk functions mapR2 to R and we have:

Φy(w) = ∑
k

ϕk (g(w))

Let us compute the partial derivatives ofΦy(w) with respect
to the real (un,n = 1· · ·N) and imaginary parts (vn,n =
1· · ·N) of w coordinates. The differentiations of (2.3) with
respect toup andvp, p = 1· · ·N yield:

∂Φy(w)

∂up
=

K

∑
k=1

∂ϕk(g)
∂g1

Apk −
∂ϕk(g)

∂g2
Bpk (2.4)

∂Φy(w)

∂vp
=

K

∑
k=1

∂ϕk(g)
∂g1

Bpk +
∂ϕk(g)

∂g2
Apk (2.5)

In order to have a sufficient diversity of equations we have
to use higher differentiating orders. In the theoretical part
of this study, we limit ourselves to the second order. The
associated equations at higher orders can be obtained in a
similar manner. Hence, we can differentiate (2.4) and (2.5)
with respect touq andvq, q = 1· · ·N. For instance,

∂ 2Φy(w)

∂up∂uq
=

∂
∂g1

K

∑
k=1

∂ϕk(g)
∂uq

Apk −
∂

∂g2

K

∑
k=1

∂ϕk(g)
∂uq

Bpk

(2.6)
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Substituting (2.4) and (2.5) in (2.6) yields:

∂ 2Φy(w)

∂up∂uq
=

K

∑
k=1

Apk

[
∂ 2ϕk(g)
∂g1∂g1

Aqk −
∂ 2ϕk(g)
∂g1∂g2

Bqk

]

−
K

∑
k=1

Bpk

[
∂ 2ϕk(g)
∂g2∂g1

Aqk −
∂ 2ϕk(g)
∂g2∂g2

Bqk

]

2.5 Tensor stowage and decomposition

In practice, the partial derivatives ofΦy are computed atS
points ofR2N denotedw(s). The objective is again to in-
crease the order of the tensor, aiming at achieving a better

estimation quality. Let us defineGi j
sk =

∂ 2ϕk(g(w
(s)))

∂gi(w(s))∂g j(w(s))
i =

1,2 ; j = 1,2 (one can note thatG12
sk = G21

sk ). This leads to
the three distinct relations:

∂ 2Φy(w
(s))

∂up∂uq
=

K

∑
k=1

ApkAqkG11
sk −

K

∑
k=1

ApkBqkG12
sk −

K

∑
k=1

BpkAqkG12
sk +

K

∑
k=1

BpkBqkG22
sk (2.7)

∂ 2Φy(w
(s))

∂vp∂vq
=

K

∑
k=1

BpkBqkG11
sk +

K

∑
k=1

BpkAqkG12
sk +

K

∑
k=1

ApkBqkG12
sk +

K

∑
k=1

ApkAqkG22
sk (2.8)

∂ 2Φy(w
(s))

∂up∂vq
=

K

∑
k=1

ApkBqkG11
sk +

K

∑
k=1

ApkAqkG12
sk −

K

∑
k=1

BpkBqkG12
sk −

K

∑
k=1

BpkAqkG22
sk (2.9)

Since all values ofp andq are taken into consideration, equa-
tions (2.7)-(2.9) cover all the partial second order derivatives.
In the real case, the second order derivatives ofΦy are stored
in a third order tensor whose CanD gives a direct estimation
of the mixing matrix. This situation is quite different in the
complex case. Indeed, each of the three previous equations
can be seen as a sum of four CanD of third-order tensors
(p,q,s), involving the elements of the mixing matrix in dif-
ferent ways. It appears that the CanD of these tensors or
of any combination of those is insufficient here. Therefore
CanD based algorithms such as ALESCAF are not pertinent
in this case. However it is still possible to use a tensor ap-
proach by jointly exploiting the three forms of derivatives
in order to build a fourth-order tensor(N,N,S,3) with in-
creased diversity, notedT Φ. The last mode ofT Φ contains
the following elements:

T
Φ

pqs1
def
=

∂ 2Φy(w
(s))

∂up∂uq
; T

Φ
pqs2

def
=

∂ 2Φy(w
(s))

∂vp∂vq

T
Φ

pqs3
def
=

∂ 2Φy(w
(s))

∂up∂vq
(2.10)

3. ALGORITHM

3.1 Building T Φ

We explain in this section how to buildT Φ from the realiza-
tions ofy.
The entries ofT Φ are computed one by one just like in the
real case. We callΓy the first generating function ofy defined
by:

Γy(w
(s))

def
= E[exp(u(s)Tℜ{y}+v(s)Tℑ{y})] (3.11)

so thatΦy = logΓy. In practice, the expected value is esti-
mated by the mean value on all the realisations. Note that
this estimator is consistent but it leads to a biased estima-
tion of the partial derivatives ofΦy, if the latter are computed
by finite differences of (3.11). As in [13], it is preferred to
compute formal derivatives, and estimate the obtained ex-
pressions with the help of sample means.
Let us defineD(w(s)) as the partial derivatives ofΓy(w

(s))

with respect to the components ofu(s) andv(s). Examples of
first and second order derivatives are:

Du
p(w

(s))
def
=

∂Γy(w
(s))

∂up
= ℜ{y

p
}Γy(w

(s))

Dvu
pq(w

(s))
def
=

∂ 2Γy(w
(s))

∂vp∂uq
= ℑ{y

p
}ℜ{y

q
}Γy(w

(s))

Thus, the elements ofT Φ (i.e. second order derivatives) are
given by:

T
Φ

pqs1 =
Duu

pq(w
(s))

Γy(w(s))
−

Du
p(w

(s))Du
q(w

(s))

Γ2
y(w

(s))

T
Φ

pqs2 =
Dvv

pq(w
(s))

Γy(w(s))
−

Dv
p(w

(s))Dv
q(w

(s))

Γ2
y(w

(s))

T
Φ

pqs3 =
Duv

pq(w
(s))

Γy(w(s))
−

Du
p(w

(s))Dv
q(w

(s))

Γ2
y(w

(s))
(3.12)

3.2 Estimation of the mixing matrix

The proposed algorithm is named LEMACAFC-O, where O
is the order of differentiation. Hence, LEMACAFC-2 con-
sists of iteratively fitting the tensor̂T Φ built from the esti-
mated parameters and model equations (2.7)-(2.9) toT Φ us-
ing the Levenberg-Marquardt (LM) method. The LM method
has been used to perform the CanD of multi-way arrays in
[14, 15] for example.
We consider the minimization of the following quadratic cost
function:

fT (p) =
1
2
‖e(p)‖2

F =
1
2
eH(p)e(p)

wheree(p) = vec{T̂ Φ(p)−T Φ} ∈ C3SN2×1 is the residue
andp is the parameter vector defined as:

p=




p
Â

p
B̂

p
Ĝ11

p
Ĝ12

p
Ĝ22


=




vec(ÂT)

vec(B̂T)

vec(Ĝ11T)

vec(Ĝ12T)

vec(Ĝ22T)



∈ C

(2N+S+3)K×1
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Ns Simulation parameters Median values (10−2) and number of acceptable values (%) of fH
Mod. K M SNR LEMC-2 LEMC-2 LEMC-2 LEMC-3 LEMC-4 6-BIOME

Med. Na Med. Na Med. Na Med. Na Med. Na Med. Na
1 4-QAM 4 10000 20 13 16 × × × × 0.21 90 0.26 90 0.43 76
2 4-QAM 4 5000 50 × × × × 4.4 18 0.34 78 0.42 74 0.6 74
3 4-QAM 4 5000 20 24 4 4.5 18 2.9 18 0.45 76 0.5 76 0.58 68
4 4-QAM 5 10000 20 NC 0 × × × × 1.5 40 1.2 40 1.2 46
5 4-QAM 5 5000 30 NC 0 × × × × 1.7 34 1.5 32 1.9 16
6 4-QAM 6 20000 20 × × × × NC 0 2.5 26 1.6 40 1.9 28
7 4-QAM 5 5000 20 NC 0 × × × × 6.8 12 3.2 14 4.2 6
8 8-PSK 4 10000 20 × × × × 1.6 28 0.38 82 0.34 90 NC 0

Table 1:Some comparisons between LEMACAFC algorithms (denoted LEMC here) and 6-BIOME. Ns is the simulation
number. NC means that the corresponding algorithm has neverconverged;× means that it has not been evaluated in this
situation.

and where vec{·} yields a column vector by stacking the
columns of its matrix argument. The LM update is given
as follows:

p(i+1) = p(i)−
[
JH(i)J(i)+λ (i)I

]−1
g(i)

whereJ(i) denotes the Jacobian matrix,g(i) the gradient
vector computed at iterationi and λ (i) is a positive reg-
ularization parameter.p and λ are updated at every it-
eration. There are many ways to proceed with the LM
updates. We retained the scheme described in [16]. Af-
ter convergence, an estimate of the mixture is obtained by
Ĥ= unvec{p

Â
+ jp

B̂
} (up to column permutation and scal-

ing).

4. COMPUTER RESULTS
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Figure 1: Distribution (in %) of the relative estimation error
(fH ) computed from simulation 4 results.

The performance of the proposed approach is evalu-
ated for blind identification of underdetermined complex
mixtures of 4-QAM or 8-PSK sources. Our goal here is to
highlight the performance of LEMACAFC through a limited
number of key simulations.

Three versions of the algorithm (LEMACAFC-2,
LEMACAFC-3, LEMACAFC-4) have been implemented
and compared in various situations to the well known
6-BIOME (Blind Identification of Overcomplete MixturEs)
algorithm [7], also referred to as “BIRTH” (Blind Identifica-
tion of mixtures of sources using Redundancies in the daTa
Hexacovariance matrix).
Algorithms were evaluated with respect to the estimation
error, according to the following normalized measure:

fH(H,Ĥ) =
vec(H− Ĥ)Hvec(H− Ĥ)

vec(H)Hvec(H)

For each situation a median value (Med.) of fH and a number
of ”acceptable results” (Na) is obtained from 50 Monte-Carlo
runs. We chose to define Na as the percentage of Monte-
Carlo results for which fH < 10−2. These values are re-
ported in Table 1 according to simulation parameters and al-
gorithms. Figure 1 focuses on simultion 4 results, giving all
LEMACAFC-3, LEMACAFC4 and 6-BIOME results in an
histogram form. At each run, the source vectors and the mix-
ing matrix were changed and the derivatives were computed
at 10 different points (S= 10) whose real and imaginary parts
were randomly drawn in the range[−1;1]N . Our iterative al-
gorithms were all initialized with the same random entries
and consistently stopped after 60 iterations. Simulation pa-
rameters are source modulation (Mod.), source number (K),
sample number (M) and Signal to Noise Ratio (SNR). The
number of sensors is fixed to 3 for each simulations.
Three variations of LEMACAFC-2 were actually computed
with an eye to evaluate the impact of an ”unlucky” initial-
ization. The first one uses only one random initialization
while for the second and third ones we compared five and
ten different initializations respectively and we kept theini-
tialization corresponding to the smallest value of fT (p) after
the 60 iterations. Only one random initialization was used
for LEMACAFC-3 and LEMACAFC-4. Simulation 3 results
show that increasing the number of random initialization ap-
preciably improves our two performance criteria.
Our simulations on 4-QAM sources can be rank in several
categories. First of all, LEMACAFC-2 only converge in
the most favourable situations (simulations 1,2,3). Actually,
LEMACAFC-2 seems to be not suitable when the number
of sources exceeds 4. Our simulations are ordered in the as-
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cending order of LEMACAFC-3 median values. Hence it
clearly appears that for simulations 1 to 3 (i.e.: the easiest
cases) LEMACAFC-3 provides slightly better results than
LEMACAFC-4 as opposed to simulations 4 and 5 (middle
cases). Finally LEMACAFC-4 is sensibly better for simula-
tions 6 and 7 (difficult cases), indicating that the latter isstill
interesting in some difficult situations, notably when the un-
derdeterminacy level (i.e.: the ratio between source number
and sensor number) is high.
Taking into account both criteria, LEMACAFC-3 provides
better or comparable results than 6-BIOME in most situa-
tions (simulations 1,2,3,5,7) while LEMACAFC-4 is consis-
tently better than the cumulant based approach at the ex-
eption of simulation 4, for which 6-BIOME provides 46 %
of acceptable values against 40 % for LEMACAFC-3 and
LEMACAFC-4. However the histogram plotted in figure 1
shows that when converging, LEMACAFC provides a bet-
ter estimation of the mixing matrix. For instance, 14 % of
LEMACAFC-4 error values are smaller than 0.0033 against
8 % for LEMACAFC-3 and only 4 % for 6-BIOME. In this
sense, figure 1 is typical because a similar observation could
have been done from every simulation histogram. Further-
more the number of LEMACAFC-3 and LEMACAFC-4 ac-
ceptable values could be increase by trying several random
initialization entries.
Finally simulation 8 shows that in this ”easy” case all
LEMACAFC algorithms provide satisfactory results with 8-
PSK sources as opposed to 6-BIOME.

5. CONCLUSION

We have addressed the problem of blind identification of un-
derdetermined complex mixtures of complex sources using
the second generating function of the observations. We de-
tailed the theoretical background and proposed an algorithm
relying on an original tensor decomposition. Finally, three
versions of this algorithm, based on several differentiation
order, have been evaluated on simulated complex mixtures
of telecommunications complex sources.
It has been shown that second order version provides some
satisfying results in the least difficult cases, especiallyif sev-
eral initialization entries are compared. In these conditions,
it can be an option if one is looking for a fast algorithm.
On the contrary, the fourth order version appears as a pos-
sible solution for the most complicated cases. In this con-
nection, a deeper investigation should clarify the respective
influences of SNR, underdeterminacy level and sample num-
ber. In other cases we recommend the use of LEMACAFC-
3 which is enough to overpass a classical 6 order cumulant
based approach in most situations while being less time con-
suming than LEMACAFC-4.
Moreover, the LEMACAFC algorithm also worked fine in
the case of 8-PSK sources.
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ABSTRACT 

In the context of Independent Component Analysis (ICA), we 
propose a near-optimal weighting scheme for the approxi-
mate joint diagonalization of empirical Hessians (second 
derivative matrices taken at selected "processing-points") of 
the observations' log-characteristic function. Our weighting 
scheme is based on the observation, that when the sources 
are nearly-separated, the covariance matrix of these empiri-
cal Hessians takes a convenient block-diagonal structure. 
We exploit this property to obtain reliable estimates of the 
blocks directly from the observed data, and use the recently 
proposed WEighted Diagonalization using Gauss itErations 
(WEDGE) to conveniently incorporate the weight matrices 
into the joint diagonalization estimation. Simulation results 
demonstrate the importance of proper weighting, especially 
for mitigating uncertainties in the selection of "processing 
points". As we show, the properly-weighted version can lead 
to a significant performance improvement, not only with 
respect to the unweighted version, but also with respect to a 
common benchmark like the popular JADE algorithm. 

1. INTRODUCTION 1 

We consider the framework of Independent Component 
Analysis (ICA), where d statistically-independent (real-
valued) sources are instantaneously mixed by an unknown 
constant mixing matrix 0

d d×∈A ℝ , such that [ ] [ ]0t t=x A s , 

1 t T≤ ≤  where [ ] [ ] 1, dt t ×∈x s ℝ  are the observations and 

sources vectors at time t . Given T  observation vectors, the 

goal is to obtain an estimate V̂ of the demixing matrix, 
1

0
ˆ −≈V A , which in turn provides an estimate of the sources  

via [ ] [ ]ˆˆ t t=s Vx . 

A popular approach to ICA is to apply approximate joint 
diagonalization (AJD) to a set of M  matrix-form statistics 
(frequently termed "target-matrices"), having the appealing 
property of being strictly diagonal for random vectors with 
pairwise independent components. Some examples are the 
Joint Approximate Diagonalization of Eigenmatrices 
(JADE, [1]), whose target-matrices are derived from the 
observations' empirical fourth order cumulants; Second-
Order Blind Identification (SOBI, [2]), whose target-
matrices are the observations' empirical covariance matrices 
taken at different delay lags; And CHaracteristic-function-

                                                           
1 This research was supported by THE ISRAEL SCIENCE 
FOUNDATION (grant No. 1255/08). 

Enabled Source Separation (CHESS, [3]), whose target-
matrices are empirical Hessians of the joint log-
characteristic functions of the observations, taken at some 
selected "processing-points" (see more details in Section 2). 
Since AJD can essentially be regarded as an attempted 
Least-Squares (LS) fit of the target-matrices to the joint di-
agonalization model, significant improvement of the result-
ing estimation accuracy can often be attained by applying 
proper weighting to the AJD process, thereby taking a 
Weighted LS (WLS) approach. The optimal weight matrix, 
assuming sufficiently small errors in the estimated target-
matrices, is well-known to be given by the inverse of the 
joint covariance matrix of these errors. In general, however, 
this covariance matrix is unknown in a blind scenario, and 
must be obtained from the observed data.  
Such an approach was first proposed in [4] for SOBI, where 
it was termed "Weights-Adjusted SOBI" (WASOBI), but the 
performance improvement in [4] was attained at the cost of a 
significant computational complexity. A simplified approach 
to the covariance estimation and to the subsequent weighted 
AJD was later proposed in [5,7], which offered a computa-
tionally efficient version of WASOBI. The simplifying idea 
is based on the observation that in a nearly-separated mix-
ture, the required covariance matrix (and, hence, also the 
weight matrix) take a (nearly) block-diagonal form, and 
therefore admit more convenient manipulations.  After an 
initial separation step, which is assumed to transform the 
demixed observation into a nearly-separated "mixture" of 
the sources, the demixing can be further refined by conven-
ient estimation and application of the block-diagonal 
weights. A similar idea was used in [6] for applying optimal 
weighting in JADE. 
Our goal in this paper is to use the same philosophy in ap-
plying asymptotically-optimal weighting to the CHESS al-
gorithm. CHESS was shown in [3] to potentially attain sig-
nificant performance improvement with respect to existing 
alternatives (such as JADE). However, the performance of 
CHESS generally depends on the specific choice of "proc-
essing-points" for the target-matrices. When an arbitrary 
selection of processing-points is used, the "bad" points 
(points at which the respective empirical Hessian has a large 
variance and little information content) can obscure the po-
tential performance gain of the "good" points (at which the 
respective empirical Hessian has a small variance and rich 
information content). However, if proper (let alone optimal) 
weighting is used, the effect of the "bad" points would be 
out-weighted by that of the "good" points, and the desired 
performance gain would become evident. An initial weight-
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ing scheme was presented in [8], but, like the initial 
WASOBI formulation [4], was extremely computationally 
demanding. Here we follow the computationally appealing 
"near-separation" philosophy of [5,7]. We rely on empirical 
estimation of the required covariance matrix (exploiting its 
block-diagonal structure) by partitioning the observation 
interval into blocks, followed by the efficient computation 
of the weighted AJD using the recently proposed Weighted 
Exhaustive Diagonalization using Gauss itErations 
(WEDGE, [5]). 
The remainder of this paper is organized as follows: In sec-
tion 2 we provide a brief overview of the principles of 
CHESS and of WEDGE. In section 3 we present the pro-
posed weighting scheme in terms of the weights-estimation 
approach and the WEDGE-based reweighted AJD algo-
rithm. Some experimental results are presented in Section 4 
and conclusions are summarized in section 5. 

2. PRELIMINARIES 

For completeness of the exposition, we provide in this sec-
tion a brief overview of CHESS [3] (for the basic principles 
of exploiting empirical off-origin Hessians of the log charac-
teristic function), followed by a brief description of 
WEDGE [5] (for the weighted AJD stage). 
 
2.1 CHESS – CHaracteristic-function-Enabled 

Source Separation 
Let τ  denote a real-valued2 arbitrarily-selected "processing-
point" in 1d×

ℝ . The Generalized Characteristic Function 
(GCF) of a random vector 1d×∈s ℝ  at τ  is defined as 

( ) { }exp TEϕ   s τ τ s≜ . Its first derivative (gradient) and 

second derivative (Hessian) with respect to τ  are denoted 

( ) ( ) { } K 1exp RTE
ϕ ×∂

 = ⋅ ∈ ∂
s

s

τ
τ τ s s

τ
≜ϕϕϕϕ , and  

( ) ( ) { }
2

K Kexp RT T
T

E
ϕ ×∂

 = ⋅ ∈ ∂ ∂
s

s

τ
Φ τ ss τ s

τ τ
≜ , respectively. 

The log-GCF is defined as ( ) ( )logψ ϕs sτ τ≜ , and its gradi-

ent and Hessian are similarly defined and denoted ( )sψ τ  

and ( )sΨ τ , respectively. 

Now, assuming the model 0=x A s , we have 

 

( ) ( ) ( ) ( )0 0exp expT T TE Eϕ ϕ   = = =   x sτ τ x τ A s A τ , 

 

which implies that ( ) ( )0
Tψ ψ=x sτ A τ , and therefore that the 

Hessians ( )xψ τ  and ( )sψ τ  are related by 

 

( ) ( )0 0 0
T T=x sΨ τ A Ψ A τ A  

 

                                                           
2 Generally, the processing-points can be complex-valued; 
However, to simplify the exposition we only consider real-
valued processing points in here. 

It is easy to observe (see [3] for details), that if the elements 
of s  are statistically independent, then ( )sΨ τ  is a diagonal 

matrix for all τ . Therefore, any set of Hessian matrices of 
the log-GCF of x  taken at several (M ) processing-points, 
say ( ) ( )1 ,..., Mx xΨ τ Ψ τ , is jointly diagonalized by 1

0
−A . 

Therefore, these Hessian matrices can be used (under mild 
conditions, see [3]) for estimating the mixing matrix using 
(exact) joint diagonalization. In practice, however, these 
matrices are obviously unknown, and have to be estimated 
from the data. 
 
It is shown in  [3], that convenient and consistent estimation 
of the Hessian of the log-GCF can be formulated as "spe-
cially-weighted empirical covariance matrices", 

 

 ( ) [ ]( ) [ ]( )
1

1 1

ˆ ,
T T

T

t t
t t

w w t t
−

= =

 
= − − 
 
∑ ∑xΨ x τ x x x x , (1) 

 

where [ ]{ }exp T
tw t ∈τ x≜ ℝ  can be regarded as weights, 

and [ ]
1

1

1 1

T T
d

t t
t t

w w t
−

×

= =

 
∈ 

 
∑ ∑x x≜ ℝ  is a similarly-averaged 

empirical mean. 
 

Note that for real-valued processing points 1d×∈τ ℝ , all the 
weights tw ∈ℝ  are positive, leading to positive-definite 

weighting, and to guaranteed positive semi-definite matrices 

( )ˆ ,xΨ x τ . Also, for the particular case =τ 0 , all weights 

equal one, and ( )ˆ ,xΨ x 0  is the sample covariance. There-

fore, the sample covariance-matrix is often naturally included 
as one of the empirical Hessian matrices in the set of target-
matrices for AJD, corresponding to one particular process-
ing-point ( =τ 0 ). The other empirical Hessians in the set 
correspond to other (off-origin) processing-points. 
Unsurprisingly, the performance of CHESS depends on the 
selection of processing-points, and without prior knowledge 
regarding the observations' distributions, it is difficult to pre-
dict which processing points would yield better separation 
performance. Since the number of processing-points to be 
used (namely, the number of matrices in the AJD) is theoreti-
cally unrestricted, a natural tendency is to arbitrarily take as 
many processing-points as computationally affordable, hop-
ing that at least some of these points would be "good". But 
then, if no weighting is used in the AJD process, there is a 
risk that the presence of (unknown) "bad" points in the group 
would result in degraded performance, relative to the per-
formance that could have been attained if the only the (un-
known) "good" points were taken. By estimating the covari-
ance of the elements of these matrices (from the available 
data) and properly incorporating its inverse in the AJD proc-
ess, the "good" points are automatically given "the upper-
hand" in the combination (loosely speaking, of course). 
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2.2 WEDGE – WEighted Diagonalization using 
Gauss itErations 

The WEDGE algorithm is developed in  [5], where its use is 
described for the weighted AJD of estimated lagged correla-
tion matrices – giving rise to an efficient implementation of 
WASOBI. Following is a brief outline of the algorithm. 

 
WEDGE 

1. Inputs: 

a.  Set of target-matrices: [ ]ˆ ,1d dm m M×∈ ≤ ≤xΨ ℝ    

b.  Set of weight matrices: ,1M M
kl l k d×∈ ≤ < ≤W ℝ   

c.  An initial guess [ ]0ˆ d d×∈V ℝ , e.g.,
 

[ ] [ ]( )
1
20 ˆˆ 1

−
= xV Ψ    

2. 1j ←   

3. Repeat 4-9 until convergence: 

4.  [ ] [ ] [ ] [ ]( )1 1ˆ ˆˆ ˆ T
j jm m− −=s xΨ V Ψ V  for 1 m M≤ ≤ . 

5.   [ ] [ ]
, ,

ˆ ˆˆ 1
T

k k k
M    =      s sr Ψ Ψℓ

ℓ ℓ
⋯  for each 

1 k d≤ ≤ ≤ℓ . 

6.  Set ,
ˆ 1k k =A  for 1 k d≤ ≤ , whereas for  1 k d≤ ≠ ≤ℓ

 
substitute the solutions of: 

 

  
1

,

,

ˆ ˆ ˆ ˆ ˆ ˆ ˆ
ˆ ˆ ˆ ˆ ˆ ˆ ˆ

T T T
k k kk k k k

T T T
kk k ll kk k kk kk k kk

−     
=     

      

A r W r r W r r W r

r W r r W r r W rA

ℓ ℓℓ ℓ ℓℓ ℓ ℓℓ ℓℓ ℓ ℓ

ℓ ℓ ℓ ℓℓ

 (2) 

 

7.  Set [ ] ( ) [ ]1 1ˆˆ ˆj j− −=V A V  

8.  Normalize the rows of [ ]ˆ jV  such that 

[ ] [ ] [ ]( )
,

ˆˆ ˆ1 1 1
Tj j

k k

k d  = ≤ ≤  xV Ψ V  

9.  1j j← +  

10.  Outputs: The estimated demixing matrix V̂  
 

(Note that [ ] ,k ℓ
i  denotes the ( ),k ℓ -th element of the en-

closed matrix, whereas ˆkr ℓ  and kW ℓ  are the ( ),k ℓ -th vector 

and weight-matrix, as defined above). 
It was shown in [5] that equation (2) is the solution of a sin-
gle Gauss iteration in the nonlinear WLS problem of 
weighted AJD (with the specified block-diagonal structure of 
the weight matrix), starting from an initial guess =A I . The 
algorithm consists of re-transforming the target-matrices (in 
step 7) after each iteration, such that the initial guess for the 
next iteration can again be taken as the identity matrix, lead-
ing to the conveniently decoupled solution of the Gauss itera-
tion in (2). 
The solution of the ( )1 / 2d d−  sets of 2 2×  equations in (2) 

has complexity ( )2 2O M d , and this is also the complexity of 

each iteration.  
 

3. WEIGHT MATRICES FOR CHESS 

 
As already mentioned above, the optimal weight matrix (in 
the sense of minimum mean square error in the estimation of 

elements of the demixing matrix V̂ ) for the weighted AJD 
process is (assuming small errors in the estimated target-
matrices) the inverse of the covariance matrix of all off-
diagonal elements in the target-matrices (properly stacked in 
a single vector). When the signals are nearly separated, this 
covariance matrix possesses the appealing property of being 
block diagonal, with

 
( )1 / 2d d−  blocks across the diagonal, 

each of size M M× , defined as: 
 

 
( )1 ˆ , 1M M

k kCov k d− ×= ∈ ≤ < ≤W rℓ ℓ ℝ ℓ , (3) 

 
where ̂ kr ℓ  has been defined in the description of the WEDGE 

algorithm above, on step 5. This was rigorously shown to be 
the case for the SOBI target-matrices (in [5]) and for the 
JADE target-matrices (in [6]).  
An explicit, exact analytical expression for the empirical 
Hessians' covariance matrices is difficult to obtain, but an 
empirical estimate of this covariance from the data can be 
obtained by dividing the observation interval into blocks and 
estimating the covariance (over blocks) of the empirical Hes-
sians obtained in each block. The weight matrices klW  are 

then set to the inverses of these matrices. 
 
3.1 Error-covariance Estimation: 

1. Inputs: the observed data [ ]ˆ , 1t t T≤ ≤x  and M arbi-

trarily-selected "processing-points" 1,..., Mτ τ .  

2. Partition the observation interval 1 t T≤ ≤  into P  
blocks of equal lengths. 

3. For each block 1 p P≤ ≤ , repeat steps 4, 5: 

4.  Estimate ( ) [ ]ˆ ,1p m m M≤ ≤xΨ  using equation (1). 

5.  Vectorize:  

  ( ) ( ) [ ] ( ) [ ]
, ,

ˆ ˆˆ 1
T

p p p
k

k k
M         x xr Ψ Ψ

ℓ
ℓ ℓ

≜ ⋯    

  

1 l k d≤ < ≤  

7. For each 1 l k d≤ < ≤ , obtain the covariance esti-
mate: 

( )( ) ( )( )
1

1ˆ ˆ ˆ ˆ ˆ
1

P Tp p
k k k k k

pP =

= − −
− ∑C r r r rℓ ℓ ℓ ℓ ℓ

,

 

where ( )

1

1
ˆ ˆ

P
p

k k
pP =
∑r rℓ ℓ≜    

8. Outputs: The weight matrices  

 
1 , 1k k l k d−= ≤ < ≤W Cℓ ℓ  . 

 
3.2 The iterative reweighting algorithm 
The efficiency benefit of WEDGE is achieved when the 
signals are nearly separated. However, usually the given 
mixture is far from this state, and a preliminary separation 
step should be applied first. Therefore the following iterative 
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algorithm is proposed. In our simulation examples (shown in 
Section 4), convergence was attained within 2-3 iterations.  
 
Weighted CHESS: 

1. Input: the observed data [ ], 1t t T≤ ≤x  and M arbitrar-

ily-selected "processing-points" 1,..., Mτ τ . 

2. 0
ˆ ←V  an initial guess for the separation matrix, pro-

vided by some consistent BSS algorithm – e.g., un-
weighted CHESS, set [ ] [ ]0ˆ ,1t t t T= ≤ ≤x x . 

3. 1j ←    

4. Repeat steps 5-9 until convergence: 

5.  [ ] [ ]1 1
ˆˆ ˆ , 1j j jt t t T− −← ≤ ≤x V x   

6.  (Re-)generate the target-matrices: 

  [ ] ( )ˆ ˆ ˆ ,j mm ←x xΨ Ψ x τ
 
 using (1) for 1 m M≤ ≤ ; 

7.  (Re-)estimate the weight matrices: 

  
{ } 1

Weight-Estimation
d

k k> =
←W

ℓ ℓ  
with

 
[ ]ˆ j tx ; 

8.  ˆ WEDGEj ←V  with [ ]{ }
1

ˆ M

m
m

=xΨ ,
{ } 1

d

k k> =
W

ℓ ℓ
; 

9.  1j j← +  

10.  Upon convergence (j J= ): 

 Output: 1 0
ˆ ˆ ˆ ˆ

J J−= ⋅⋅⋅V V V V , the estimated separated 

signals are   [ ] [ ]ˆ ˆ , 1Jt t t T= ≤ ≤s x  

4. SIMULATION 

As mentioned earlier, the relative computational efficiency 
of our proposed reweighted CHESS algorithm is based on 
the assumed block-diagonality of the covariance matrix of 
the concatenated vector of the sample Hessians of the log-
GCF of the observation in a "near-separation" condition. 
Evidently, such (near) block-diagonality implies that 

' 'ˆ ˆ,k kr rℓ ℓ  are (nearly) uncorrelated for all ( ) ( ), ', 'k k≠ℓ ℓ . A 

rigorous proof of that property is too long to be included in 
this contribution, but we illustrate this block-diagonality in 
Figure 1 for a particular case with 3, 5d M= = . The figure 
shows the intensity of absolute values of the empirical co-
variance matrix of the concatenated vector 

12 13 23ˆ ˆ ˆ
TT T T =  r r r r . The expected block-diagonal structure 

of ( )1 / 2 3d d− = block of dimension 5 5M M× = ×  is 

clearly observed. 
 
To capture the essence and effectiveness of the proposed 
weighted approach, we consider a simple scenario of 2d =  
sources, each with a zero-mean unit-variance distribution. 
We present the results of five experiments: 

1. Unweighted CHESS with 8M =  processing-points 
(the selected processing-points are shown and 
marked with 'o' in Figure 2); 

2. Unweighted CHESS with 8 7M = +  processing-
points, which are the same processing-points used in 
the first experiment, with additional 7 processing 

points used in the second experiment (shown and 
marked by '*' in Figure 2); 

3. The proposed weighted version of CHESS with the 
same processing-points as in Experiment 1; 

4. The proposed weighted version of CHESS with the 
same processing-points as in Experiment 2; 

5. For reference we also provide the performance of 
JADE. 

 
Figure 1: Visualization of the covariance matrix of the off-diagonal 

elements of the sample-Hessian of the observations' log-GCF 
 

 
Figure 2 – The processing-points constellations used in  

Experiments 1-4 
 
The results are shown in Figure 3 vs. the observation length 
T , in terms of the attained mean Interference to Source Ra-
tio (ISR) of the two channels, averaged along 400 independ-
ent trials. In all the experiments, the various algorithms were 
applied to the same data in each trial. 
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As evident in Figure 3, while the initial choice of the process-
ing-points for ordinary (unweighted) CHESS in Experiment 
1 slightly outperforms JADE, the performance is degraded 
when the additional processing-points are added in Experi-
ment 2. Initially, this may possibly appear as somewhat 
counter-intuitive: although more target-matrices are added to 
the joint diagonalization process, the performance degrades. 
This is exactly where the optimal weighting comes into play: 
obviously, the addition of data (target-matrices) is guaranteed 
not to degrade (or even to improve) the performance, only if 
such additional data is properly weighted into the estimation 
process. If the additional data is "worse" than the original 
data, then attributing uniform weight to all the data would 
evidently result in loss of performance. 
Indeed, from the results of Experiment 4 we observe that the 
proper weighting of Hessians from all of the processing-
points attains a significant performance improvement, not 
only with respect to the performance attained by the un-
weighted use of Hessians from the original processing-
points in Experiment 1, but also with respect to the opti-
mally-weighted use of these Hessians alone in Experiment 
3. In other words, while in an unweighted framework the 
additional processing-points degrade the performance, in a 
properly-weighted framework the same additional data can 
improve the performance. 

 

Figure 3: The Result of the five experiments: ISR [dB] vs. the ob-
servation length T .  

 

5. CONCLUSIONS 

We considered optimal weighting of the sample Hessians of 
the observations' log-GCF in the AJD process in CHESS. 
Generally, such optimal weighting involves the estimation of 
the covariance matrix of all the elements of the sample Hes-
sians, followed by inversion of this covariance matrix in 
order to obtain the estimated optimal weight matrix. How-
ever, when the sources are nearly-separated, this covariance 
matrix becomes block-diagonal, such that its estimation is 

conveniently reduced to estimation of the particular blocks; 
Likewise, the optimal weight matrix is reduced to a block-
diagonal matrix, whose blocks are obtained as the inverses 
of the respective blocks in the covariance matrix. Moreover, 
such block-diagonal weighting is conveniently applied to the 
AJD process using the recently proposed WEDGE algo-
rithm. 
Thus, our proposed approach first applies an initial separa-
tion stage, and then further refines the separation by itera-
tively applying the aforementioned weighting scheme to the 
nearly-separated observations. 
Using simulation results we demonstrated the ability of the 
proper weighting to better exploit any given choice of proc-
essing-points: When optimal weighting is used, the addition 
of processing-points cannot degrade the mean performance, 
since, in the "worst case", a "bad" processing-point would be 
naturally out-weighted by the algorithm, and will not cause 
any damage. Of course, with any finite data-length, the esti-
mated weights might not be the true optimal weights, and 
therefore in practice such monotonic improvement (with an 
increase in the number of processing points) is generally not 
guaranteed. With a restricted number of processing-points, 
the CHESS results are still quite sensitive to the selection of 
the processing points. A future direction of this research is to 
find optimal choice and number of processing points, de-
pending solely on the observed data (and with a reasonable 
computational complexity). 
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ABSTRACT
In this paper, we propose a new approach for blind separation
of noisy linear instantaneous mixtures of cyclo-stationary
sources using pseudo-correlation matrices in the frequency
domain. This approach is an extension of a new method
based on spectral decorrelation that we recently proposed and
which assumes that all the cyclo-stationary sources and the
stationary noise signals are mutually uncorrelated. Contrary
to most of noisy BSS algorithms, our approach provides good
performance in the determined case even if the noise signals
are colored and/or non-Gaussian and of different variances.
The simulation results show the much better performance of
our approach in comparison to a classical BSS algorithm.

1. INTRODUCTION

This paper deals with the Blind Source Separation (BSS)
problem for noisy, linear instantaneous mixtures of cyclo-
stationary sources (which represent an important class
of non-stationary sources and include telecommunication
signals).

Considering K noisy mixtures xi(t) of M discrete-time
sources s j(t), K ≥M, this problem can be modeled by:

x(t) = As(t)+n(t), (1)

where A is a K × M real mixing matrix and
x(t) = [x1(t), ...,xK(t)]T , s(t) = [s1(t), ...,sM(t)]T and
n(t) = [n1(t), ...,nK(t)]

T are respectively the observation,
source and noise vectors, and T stands for transpose. BSS
aims at restoring source signals s(t) from their mixtures by
estimating the pseudo-inverse of the matrix A, denoted by
A+, provided that A is of full rank (equal to M). To this end,
the approaches based on Independent Component Analysis
(ICA) and exploiting higher-order statistics assume the
sources s j(t) are mutually independent and non-Gaussian
and the noise signals ni(t) are independent from them
[3]. Other approaches, based on second-order statistics,
assume the sources are only mutually uncorrelated, but
autocorrelated and/or non-stationary, and the noises are
only uncorrelated to them [1, 2, 4]. These BSS approaches
may be split into two principal classes depending on their
assumptions about noise:

1. The higher-order approaches like JADE [3], or
second-order approches like SOBI [2], which start
by a whitening step using the correlation matrix
Rx(τ) = E

[
x(t)xH(t− τ)

]
computed at τ = 0 (where

xH(t) represents the Hermitian transpose of x(t)).
These approaches suppose the noise signals ni(t) are
stationary and of the same variance σ2 and the mixture
is strictly over-determined (i.e. K > M), so that the
noise variance σ2 can be estimated and then used to
estimate the whitening matrix. In the second step, which
determines a unitary separating matrix, the noises ni(t)
are supposed white for the second-order approaches and
Gaussian for the higher-order ones.

2. The second-order approaches like SOBI-RO [1] (used
for stationary and autocorrelated signals) and SEONS [4]
(called also SONS1, used for non-stationary and/or auto-
correlated signals), which start by a Robust Whitening
using correlation matrices E

[
x(t)xH(t− τk)

]
computed

this time at τk 6= 0. These approaches require the noise
signals ni(t) to be white (although non-stationary and/or
of possibly different variances, which is a first advantage
of these approaches), so that their correlation matrices
E
[
n(t)nH(t− τk)

]
in whitening step are zero for τk 6= 0.

The second advantage is that these approaches also work
in the case of determined mixtures (i.e. K = M).

The new approach presented in this paper is an extension
to the noisy case of one of the two ”spectral decorrelation”
methods that we recently proposed [6]. These methods
exploit second-order statistics of the signals in the frequency
domain and are used for blind separation of noiseless,
determined, real mixtures of non-stationary, zero-mean
and mutually uncorrelated real sources. The first method
exploits both correlation and pseudo-correlation matrices
of the mixtures in the frequency-domain while the second
method only uses correlation matrices. An extension of
the second method to the noisy case has been recently
proposed in [8]. Contrary to the approaches from the
literature mentioned above, it allows the noise signals
ni(t) to be colored and/or non-Gaussian and only mutually
uncorrelated to each other and to the sources. However in
[8] the noises were supposed stationary and of the same vari-

1For Second (or SEcond) Order Non-Stationary approach.
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ance, and the mixture was supposed strictly over-determined.

In this paper, we propose an extension to the noisy case
of our first spectral decorrelation method. It principally
exploits the properties of the pseudo-correlation matrix of
the noise vector in the frequency domain and only assumes
that the noise signals ni(t) are stationary and mutually
uncorrelated to each other and to the source signals s j(t).
Thus, like for our extension proposed in [8], and contrary
to the classical approaches, the noise signals ni(t) are not
necessarily white and/or Gaussian, which is a first advantage.
Moreover, these noise signals are not necessarily of the same
variance and the mixture may be determined, like for the
classical approaches belonging to the second class presented
above.

The remainder of this paper is organized as follows. A
review of our basic (noiseless) first spectral decorrelation
method is presented in Section 2. In Section 3, we describe
the extension proposed in this new work. Simulation results
are presented in Section 4, before we conclude in Section 5.

2. BASIC METHOD FOR NOISELESS MIXTURES

As presented in [6], our first spectral decorrelation method
deals with noiseless determined mixtures (i.e. K = M and
n(t) = 0). It assumes the sources are real, non-stationary
and mutually uncorrelated. It processes the mixtures in the
frequency domain. In fact, in a determined, noiseless con-
text, we have

x(t) = As(t). (2)

with x(t) = [x1(t), ...,xM(t)]T , s(t) = [s1(t), ...,sM(t)]T .
Computing the Fourier transform, we obtain

X(ω) = AS(ω), (3)

where X(ω) = [X1(ω), ...,XM(ω)]T , S(ω) =
[S1(ω), ...,SM(ω)]T ; S j(ω) and Xi(ω), (i, j) ∈ [1,M]2,
are respectively the Fourier transforms2 of s j(t) and xi(t).
Thus, the frequency-domain observations Xi(ω) are linear
instantaneous mixtures of the frequency-domain sources
S j(ω).

Using the correlation matrix RX (ω) = E
[
X(ω)XH(ω)

]
and the pseudo-correlation matrix QX (ω) =
E
[
X(ω)XT (ω)

]
, where XH(ω) and XT (ω) are re-

spectively the Hermitian transpose and the transpose of
X(ω), our first method in [6] is based on the following
theorem.

Theorem 1: Let s j(t) ( j = 1,2, · · · ,M) be M real, zero-
mean and mutually uncorrelated signals. If there is a fre-
quency ω1 such that E[|S j(ω1)|2] 6= 0,∀ j, and

E[S2
i (ω1)]

E[|Si(ω1)|2]
6=

E[S2
j(ω1)]

E[|S j(ω1)|2]
, ∀ i 6= j, (4)

and if we note V a complex matrix whose columns are the
eigenvectors of the matrix R−1

X (ω1)QX (ω1), then the sepa-
rating matrix A−1 is given, up to a permutation and a real

2The Fourier transform of a discrete-time stochastic process u(t) is a
stochastic process U(ω) defined by U(ω) = ∑

∞
t=−∞ u(t)e− jωt [7].

diagonal matrix, by:

A−1 = ℜ
{
VT} . (5)

The implementation of this method requires one to es-
timate the matrices RX (ω) and QX (ω). Since generally
only one realization of the mixtures is available and the
frequency-domain mixtures are often non-ergodic (because
they are non-stationary), our method may be implemented
in practice only for cyclo-stationary sources. In this case,
by splitting the mixtures into several time frames, each one
containing an integral number of cyclo-stationarity periods,
we obtain several realizations of the mixtures which may be
used for estimating the expected values. Thus, denoting Nc
the cyclo-stationarity period of the temporal mixtures xi(t),
the matrices RX (ω) and QX (ω) are estimated as follows:

1. Split the mixed signals xi(t) into L frames, denoted
xi,l(t)(l = 1,2, · · · ,L), whose length F is an integral
multiple of Nc (F = kNc).

2. Compute the Fourier transform of each frame xi,l(t),
denoted by Xi,l(ω)(l = 1,2, · · · ,L). Define the vector of
frequency-domain observations Xl(ω) by:
Xl(ω) = [X1,l(ω),X2,l(ω), · · · ,XM,l(ω)]T .

3. Estimate the matrices RX (ω) and QX (ω) by averaging
Xl(ω)XH

l (ω) and Xl(ω)XT
l (ω) over the L frames:{

R̂X (ω) = 1
L ∑

L
l=1 Xl(ω)XH

l (ω)

Q̂X (ω) = 1
L ∑

L
l=1 Xl(ω)XT

l (ω)
(6)

In [6], we show that the possible candidates for sat-
isfying the identifiability condition (4) are the frequencies
ω1 = kωcl/2, where k is an integer and ωcl is the least com-
mon multiplier of M− 1 source cyclo-stationarity frequen-
cies. Moreover, as used in some classical time-domain BSS
algorithms (see for example [1] and [4]), it is also possible to
jointly diagonalize several matrices R−1

X (ω1)QX (ω1) corre-
sponding to several frequencies ω1 = kωcl/2. This extension
generally improves the performance of our method because
in this case the identifiability condition (4) is needed to be
satisfied only for one of these frequencies.

3. EXTENSION TO NOISY MIXTURES

In this section, we consider the noisy, determined3 linear in-
stantaneous mixture defined by Eq. (1), with K = M. Our
working hypotheses are:
• the sources s j(t) are real, zero-mean, cyclo-stationary

and mutually uncorrelated,
• the noises ni(t) are real, zero-mean, stationary (not nec-

essarily of same variance, and may be colored) and mu-
tually uncorrelated,

• s j(t) et ni(t) are mutually uncorrelated ∀ i, j.

3Note that if we have an over-determined mixture (i.e. K > M), know-
ing the number of sources M, we can transform it into a determined mix-
ture either by considering only M observations among K, or by applying a
Principal Component Analysis (PCA) and holding only the first M principal
components.
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By mapping Eq. (1) in the frequency domain we obtain:

X(ω) = AS(ω)+N(ω) (7)

where N(ω) = [N1(ω), ...,NM(ω)]T , Ni(ω) are the Fourier
transforms of the noises ni(t).

Thanks to the properties verified by the Fourier trans-
forms of mutually uncorrelated temporal signals, the
pseudo-correlation matrices QS(ω) = E

[
S(ω)ST (ω)

]
and

QN(ω) = E
[
N(ω)NT (ω)

]
are diagonal, and the matrices

E
[
S(ω)NT (ω)

]
and E

[
N(ω)ST (ω)

]
are zero, ∀ω . In

fact, if u(t) et v(t) are two mutually uncorrelated signals,
i.e. if E [u(t1)v(t2)] = 0,∀ t1, t2, then their Fourier transforms
U(ω) = ∑

∞
t=−∞ u(t)e− jωt and V (ω) = ∑

∞
t=−∞ v(t)e− jωt ver-

ify E [U(ω1)V (ω2)] = 0,∀ω1,ω2, because we have

E [U(ω1)V (ω2)] =
∞

∑
t1=−∞

∞

∑
t2=−∞

E [u(t1)v(t2)]e− j(ω1t1+ω2t2),

and E [u(t1)v(t2)] = 0,∀ t1, t2.

Thus, due to (7), by computing the pseudo-correlation
matrix of the vector X(ω) we obtain:

QX(ω) = E
[
X(ω)XT (ω)

]
= AE

[
S(ω)ST (ω)

]
AT +E

[
N(ω)NT (ω)

]
= AQS(ω)AT +QN(ω). (8)

The extension of the method presented in Section 2 to the
noisy case is based on the exploitation of the properties of the
pseudo-correlation matrix QN(ω) which reads:

QN(ω) =

E
[
N2

1 (ω)
]

. . . 0
...

. . .
...

0 . . . E
[
N2

M(ω)
]
 . (9)

The noises ni(t) being stationary, we can use the following
proposition.

Proposition: Let u(t) be a real stationary signal with
Fourier transform U(ω). Then, E[U2(ω)] = 0, ∀ω 6= kπ ,
where k is an integer.

Proof : See Appendix A.

Following this proposition, E
[
N2

i (ω)
]
= 0, ∀ω 6= kπ ,

and consequently:

QN(ω) = E
[
N(ω)NT (ω)

]
= 0M, ∀ω 6= kπ, (10)

where 0M is the null matrix of dimension M×M. Then, Eq.
(8) becomes:

QX(ω) = AQS(ω)AT , ∀ω 6= kπ. (11)

Since the matrix QS(ω) is diagonal ∀ω and reads

QS(ω) =

E
[
S2

1(ω)
]

. . . 0
...

. . .
...

0 . . . E
[
S2

M(ω)
]
 , (12)

a new identifiability theorem for the mixing matrix A in the
noisy case can be formulated as follows.

Theorem 2: Let s j(t) ( j = 1,2, · · · ,M) be M real, zero-
mean and mutually uncorrelated signals. If there are two
frequencies ω1 6= k1π and ω2 6= k2π such that E[S2

j(ω1)] 6=
0,∀ j, and

E[S2
i (ω2)]

E[S2
i (ω1)]

6=
E[S2

j(ω2)]

E[S2
j(ω1)]

, ∀ i 6= j, (13)

and if we note V a complex matrix whose columns are the
eigenvectors of the matrix Q−1

X (ω1)QX (ω2), then the sepa-
rating matrix A−1 is given, up to a permutation and a real
diagonal matrix, by:

A−1 = ℜ
{
VT} . (14)

Proof : See Appendix B.

For implementing this extended algorithm, the sources
are supposed to be cyclo-stationary, so that the matrices
QX (ω1) and QX (ω2) can be estimated as explained in
Section 2 and Eq. (6). Once more, it can be shown that the
possible candidates for satisfying the identifiability condition
(13) are the frequencies ω1 = k1ωcl/2 and ω2 = k2ωcl/2,
where k1 6= k2 are two integers and ωcl is the least common
multiplier of M − 1 source cyclo-stationarity frequencies.
It is also possible to jointly diagonalize several matrices
Q−1

X (ω1)QX (ω2) corresponding to several couples of
frequencies (ω1 = k1ωcl/2 , ω2 = k2ωcl/2), as mentioned in
Section 2. In this case, it is sufficient that the identifiability
condition (13) is satisfied only for one of these couples
(ω1,ω2).

Once an estimate of the separating matrix denoted Â−1 is
obtained, a noisy estimate of the source vector s(t), denoted
ŝn(t), can be obtained using Eq. (1) as follows:

ŝn(t) = Â−1x(t)

= Â−1As(t)+ Â−1n(t)

' s(t)+ Â−1n(t). (15)

Since this extension of our Spectral Decorrelation
method only uses the Pseudo-Correlation matrices, it will be
called SpecDec-PC in the following.

4. SIMULATION RESULTS

We consider a determined noisy mixture of two random
cyclo-stationary autocorrelated sources s j(t)( j = 1,2).
In our first experiment, the sources are two 8192-sample
artificial signals generated using s j(t) = r j(t)µ j(t), where
r j(t) are random stationary signals obtained by filtering two
i.i.d. Gaussian, zero-mean and mutually independent signals
by two different 31th-order FIR filters, µ1(t) = sin(ω0t)
and µ2(t) = cos(ω0t) with ω0 = π/8. It can be easily
shown that the sources s j(t) are cyclo-stationary with a
cyclo-stationarity frequency ωc = 2ω0. In the second
experiment, the sources are two real-world cyclo-stationary
telecommunication signals already used in [6]. The first
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signal is a recorded GMSK-modulated burst signal, used
in the European digital cellular communication system,
called GPS, whereas the second one is a very noisy
QAM16-modulated signal. Both signals were shifted to
the central frequency 20MHz and resampled at 80 million
samples per second. Each cyclo-stationarity period con-
tains Nc = 4 samples and we use 9984 samples of the signals.

In both experiments, the mixing matrix is

A =

(
1 a12

a21 1

)
, (16)

where a12 and a21 are two random variables uniformly
distributed on [0,1]. We consider two cases for the additive
noises ni(t)(i = 1,2). In the first case, the noise signals are
white and uniformly distributed. In the second case, they are
colored and obtained by filtering two uniform white noises
by two 31th-order FIR filters. In both cases, the signal to
noise ratio is equal to 10dB at the first sensor and 15dB at
the second one4.

The separation performance for each source s j(t) is mea-
sured using the performance index, defined, in the case of M
sources, by

∀ j ∈ [1,M], I j = maxi10log10

 g2
i j

∑
k 6= j
k∈[1,M]

g2
ik

 , (17)

where gi j, (i, j) ∈ [1,M]2, are the entries of the M-
dimensional square matrix G = Â−1A, called the perfor-
mance matrix. The global separation performance for M
sources is then measured by the global performance index,
defined by

I =

(
M

∑
j=1

I j

)
/M. (18)

Since the artificial sources used in the first experi-
ment are cyclo-stationary with a cyclo-stationarity period
Nc = 2π/ωc = 8, we split the temporal mixtures into 512
frames of length F = 16 (= 2Nc). We use the first and the 9th
multiples of the frequency ωc/2 as the frequencies ω1 and
ω2. The cyclo-stationarity period of the telecommunication
sources used in the second experiment being equal to 4,
their mixtures are split into 1248 frames of length F = 8
and the first and the 6th multiples of ωc/2 are used as the
frequencies ω1 and ω2

5.

In the following, we compare the performance of our
method with that of the SEONS algorithm [4]. According to
the simulation results presented in [4], SEONS outperforms
some other classical BSS algorithms like SOBI-RO [1], SOBI
[2] and JADE [3] in the determined case6. Moreover, in the

4More precisely, the variances of the noises n1(t) et n2(t), denoted re-
spectively σ2

1 and σ2
2 , are chosen such that 10log10(1/σ2

1 ) = 10dB and
10log10(1/σ2

2 ) = 15dB, knowing that s j(t) are normalized to have unit
power.

5This choice leads to the best results but other choices provide acceptable
results too.

6The moderate performance of SOBI and JADE in the determined case
is not surprising because, as mentioned in Section 1, in the noisy case these
methods are specially adapted to over-determined mixtures.

noisy over-determined case, the tests in [8] show that SEONS
is more efficient than SOBI. Note that all the three methods
SEONS, SOBI and SOBI-RO exploit time correlation of
the sources but SEONS also exploits their non-stationarity.
Hence, it is a good candidate for the comparison with our
method.

Thus, using the ICALAB toolbox [5], we tested the
SEONS algorithm with 16 frames of 512 samples in the first
experiment and 19 frames of 512 samples in the second one
and using 5 covariance matrices on each frame. The mean
and the standard deviation of the global performance index
I for our method and SEONS using 50 MonteCarlo simu-
lations corresponding to 50 different values of the mixing
matrix entries a12 and a21 (and 50 different realizations of
the random signals r j(t) in the first experiment), with and
without an additive noise vector n(t) are reported in Table 1.

This table deserves the following comments:
• Noiseless mixtures: Our SpecDec-PC method is very ef-

ficient and outperforms SEONS even in the noiseless case
(about 6dB in the first experiment and 15dB in the sec-
ond one). This result may be explained by the assumption
of piece-wise stationarity made by SEONS which is not
verified by the cyclo-stationary signals used in our tests.

• Noisy mixtures: Our method always outperforms
SEONS especially in the presence of colored noise. This
result is not surprising because SEONS assumes that the
noise is white, while our method does not need this as-
sumption.

5. CONCLUSION AND PERSPECTIVES

In this paper, we proposed a new BSS approach, called
SpecDec-PC, for noisy mixtures of cyclo-stationary sources,
based on exploitation of Pseudo-Correlation matrices in the
frequency domain. Our assumptions about source and noise
signals are much less restrictive than those made by classi-
cal BSS methods. In fact, our method is able to handle the
determined case in the presence of stationary noises which
may be colored and/or non-Gaussian and of different vari-
ances. Our simulations confirmed the better performance of
our approach compared to the SEONS algorithm for separat-
ing cyclo-stationnary signals especially with colored noise.
A more detailed statistical performance test seems however
necessary and will be done in the future. Moreover, we ex-
pect the performance of our method improves when consid-
ering several matrices Q−1

X (ω1)QX (ω2) defined for different
values of ω1 and ω2, which are diagonalized simultaneously
like in [1] and [4].

Appendix A: Proof of Proposition

Let u(t) be a real stationary signal with Fourier transform
U(ω). We want to show that E[U2(ω)] = 0, for ω 6= kπ .
Using the definition of the Fourier transform, we can write

E[U2(ω)] =
∞

∑
t1=−∞

∞

∑
t2=−∞

E[u(t1)u(t2)]e− jω(t1+t2). (19)

Since u(t) is stationary, its autocorrelation function only
depends on t2− t1: E[u(t1)u(t2)] = f (t2− t1). Denoting the
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Without noise White noise Colored noise
Algorithm I (dB) σI (dB) I (dB) σI (dB) I (dB) σI (dB)

Artificial SpecDec-PC 44.2 7.1 41.6 6.5 40.0 6.5
signals SEONS 38.2 7.0 35.7 8.6 23.4 8.8
Real SpecDec-PC 52.0 2.2 40.0 5.9 38.0 10.4

signals SEONS 37.0 1.1 34.0 2.5 30.9 10.1

Table 1: Mean and standard deviation, in dB, of the global performance index I , obtained using 50 MonteCarlo simulations.

auxiliary variable t = t2− t1,

E[U2(ω)] =
∞

∑
t1=−∞

∞

∑
t=−∞

f (t)e− jω(2t1+t)

=
∞

∑
t1=−∞

e− j2ωt1
∞

∑
t=−∞

f (t)e− jωt . (20)

The inner sum represents the power spectral density of
u(t), denoted by F(ω). Thus, we can write

E[U2(ω)] = F(ω)
∞

∑
t1=−∞

e− j2ωt1 . (21)

Moreover, since ∑
∞
t1=−∞ e− j2ωt1 is the discrete-time

Fourier transform of the constant 1, evaluated at 2ω , we have

∞

∑
t1=−∞

e− j2ωt1 = 2π

∞

∑
k=−∞

δ (2ω−2kπ). (22)

Hence, Eq. (21) can be rewritten as

E[U2(ω)] = 2πF(ω)
∞

∑
k=−∞

δ (2ω−2kπ), (23)

which yields

E[U2(ω)] = 0, ∀ ω 6= kπ. (24)

Appendix B: Proof of Theorem 2

From (11), for two frequencies ω1 6= k1π and ω2 6= k2π we
have:

QX (ω1) = AQS(ω1)A
T (25)

and
QX (ω2) = AQS(ω2)A

T . (26)

If QS(ω1) is nonsingular, i.e. if E[S2
j(ω1)] 6= 0 ∀ j, then

left multiplying (26) by the inverse of (25) yields

Q−1
X (ω1)QX (ω2) = AT−1

Q−1
S (ω1)QS(ω2)A

T . (27)

Since following (12), Q−1
S (ω1)QS(ω2) is a diagonal ma-

trix, the above equation is nothing but an eigenvalue decom-
position of the matrix Q−1

X (ω1)QX (ω2). If the M eigen-
values are distinct (i.e. if the algebraic multiplicity of each
eigenvalue equals one), then the dimension of the eigenspace
corresponding to each eigenvalue equals one. Moreover, it
is clear that the eigenvalues may be arranged as diagonal en-
tries of a diagonal matrix in an arbitrary order. Hence, if the

matrix Q−1
X (ω1)QX (ω2) has M distinct eigenvalues (which

are the diagonal entries of Q−1
S (ω1)QS(ω2)), i.e. if we have

E[S2
i (ω2)]

E[S2
i (ω1)]

6=
E[S2

j(ω2)]

E[S2
j(ω1)]

, ∀ i 6= j, (28)

and if VΛV−1 is an eigenvalue decomposition of
Q−1

X (ω1)QX (ω2), then the columns of V are equal to the
columns of AT−1

up to scaling factors and a permutation, so
that

V = AT−1
DP1, (29)

where D is a complex diagonal matrix and P1 is a permuta-
tion matrix. It follows that

VT = P1
T DT A−1 = PDA−1, (30)

where P = P1
T is a permutation matrix too. Moreover, A

and P being two real matrices, we can write

ℜ{VT}+ jℑ{VT}= P(ℜ{D}+ jℑ{D})A−1, (31)

so that
ℜ{VT}= P(ℜ{D})A−1. (32)
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ABSTRACT

In this paper a new tensor factorization based method is addressed
to separate the speech signals from their convolutive mixtures.
PARAFAC and majorization concepts have been used to estimate
the model parameters which best fit the convolutive model. Having
semi-diagonal covariance matrices for different source segments
and also quasi static mixing channels are the requirements for our
method. We evaluated the method using synthetically mixed real
signals. The results show high ability of our method for separating
the speech signals.

Index Terms— Blind Source Separation, Convoutive Mixture,
Tensor Factorization, PARAFAC2, Majorization, Procrustes.

1. INTRODUCTION

Blind source separation (BSS) is a technique to estimate unknown
source signals from their mixtures without any prior knowledge
about the sources or the medium. In some applications, signals are
mixed through a convolutive model. This makes BSS a difficult
problem. BSS research started from the work of Hrault and Jutten
[1] and continued by many researchers. There are three major ap-
proaches for solving the convolutive BSS problem; (i) time domain
BSS has good results once the algorithm converges, but often they
are computationally expensive and involve causality problem, (ii)
frequency domain BSS, where the convolutive problem is transferred
to frequency domain whereby, the convolution operation changes
to multiplication. Then, instantaneous BSS is applied to each fre-
quency bin. This method however is subject to permutation and
scaling ambiguities and therefore, can be more complicated than the
time domain BSS, (iii) third approach uses time-frequency domain.
These methods estimate filter coefficients in the frequency domain
and then apply the nonlinear functions to exploit time independency
of the sources. This approach is free of permutation problem, but the
switching between time and frequency domains is computationally
expensive [2]. In this paper we deal with the first method and we
develop our time domain BSS based on two well known concepts
namely tensor factorization and majorization. To take advantage
of tensor factorization we build up a tensor data from multichannel
mixture matrix simply by temporal segmentation. Then, we define a
model for tensor data based on the well known parallel factor anal-
ysis (PARAFAC) [3], more specifically PARAFAC2 [4] concept.
Then, we use majorization and PARAFAC fitting optimization algo-
rithms to estimate the parameters of the model. After convergence
the estimated sources and the mixing systems at different lags will
be at hand. The remainder of the paper is structured as follows. In

Section 2 the tensor factorization methods (PARAFAC-PARAFAC2)
will be discussed. In Section 3 our time domain convolutive BSS
method and also the majorization concept are introduced. In Section
4 the results of applying the method to simulated data are provided.
Finally, Section 5 concludes the paper.

2. OPTIMIZATION METHODS

In this section we introduce the tensor factorization and majorization
concepts which are used in our time domain convolutive separation
method. First, we introduce PARAFAC based tensor factorization
metods.

2.1. PARAFAC and PARAFAC2

For mixture signals in tensor form X, the PARAFAC [5] model,
which is used to decompose trilinear data sets with a unique solu-
tion, is given below:

Xijk =

R
∑

r=1

AirFjrCkr + Eijk (1)

where Xijk represents the i, j, k-th element in the three-way data
set, R is the number of components in common in the three modes,
Air, Fjr and Ckr are respectively the elements in A, F and C used
to obtain the Xijk elements, and Eijk is the residual term. Using
matrix notations the above equation can be presented as:

Xk = FDkA
T + Ek (2)

for k = 1, ..., K, where (.)T refers to transpose operation and Xk

represents the transposed kth frontal slice of the three-way array X ,
A and F are the component matrices in the first and second modes,
respectively. Dk is a diagonal matrix, whose diagonal elements cor-
respond to the kth row of the third component matrix C. Finally,
Ek contains the error terms corresponding to the entries in the kth
frontal slice. PARAFAC direct fitting algorithm includes an alternat-
ing least squares (ALS) optimization method for obtaining A, F , and
Dk for all k = 1, ...,K, and consequently finding the three matrices
A, F and C of equation (1) respectively [5]. Trilinear ALS fitting
method to estimate the factors for PARAFAC can be summarized as
follows:

A = X(1)((C � F )†)T

F = X(2)((C �A)†)T

C = X(3)((F �A)†)T
(3)
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Where (.)† stands for Moore-Penrose pseudo inverse operation,� is
Khatri−Rao product and X(n) is the unfolded version of tensor X
on mode n.

PARAFAC2 as an extension of PARAFAC is designed to deal
with non-trilinear data sets, while keeping uniqueness in the solu-
tions, as the PARAFAC model does. To do so, PARAFAC2 allows
a certain degree of freedom on one of the modes [4] . A similar
equation in matrix notation for PARAFAC2 is given as:

Xk = FkDkA
T + Ek (4)

subject to F T
k Fk = Φ, k = 1, ...K, where Fk is the component

matrix in the second mode corresponding to the kth frontal slice,
Φ is required to be invariant for all slices k = 1, ...,K. To keep
the uniqueness in the solutions all cross-product matrices FkF

T
k are

forced to be constant over k, i.e. F1F
T
1 = F2F

T
2 = ... = FkF

T
k .

In equation (4) we observe that unlike in a PARAFAC model, in
PARAFAC2 model the component matrix in the second mode can
vary across slices. Having constant covariance matrices for all
FT
k Fk we can assume that Fk = PkH for a columnwise orthonor-

mal K ×R matrix Pk and an R×R matrix H , for k = 1, ..., K.

Considering these new variables the PARAFAC2 model can be
written as:

Xk = PkHDkA
T + Ek (5)

The direct method for fitting PARAFAC2 model has been proposed
by Kiers [6]. If we compare (5) with Xk = SkA

T + Ek which
is standard formulation of linear mixture signal Xk at kth seg-
ment, Sk is the source matrix and A is the mixing matrix. It seems
PARAFAC2 model tries to decompose each Sk by one orthonormal
matrix Pk, one diagonal matrix Dk and an arbitrary matrix H as:

Sk = PkHDk (6)

Recently, PARAFAC2 has been used as a BSS tool in biomedical
and communication applications [7][8].

3. TIME DOMAIN SEPARATION OF CONVOLUTIVE
MIXTURES

A number of papers and reviews on convolutive BSS (CBSS) as ad-
dressed in [9], have been published recently. In many practical situa-
tions the signals and their reflections reach the sensors with different
time delays. The corresponding delay between source j and sensor i,
in terms of numbers of samples, is directly proportional to the sam-
pling frequency and conversely to the speed of sound in the medium,
i.e. δij ∝ dij × fs/c, where dij , fs, and c are respectively, the dis-
tance between source j and sensor i, the sampling frequency, and
the speed of sound. A general matrix formulation of the CBSS for
mixing the source signals can be given as:

xi(t) =

Ns
∑

j=1

M−1
∑

τ=0

sj(t− τ)aij(τ) + vi(t) (7)

for i = 1, · · · , Nx where Ns and Nx are the number of sources
and sensors respectively, aij(τ) are the elements of mixing matrix A
at different time lags τ . In time domain the above convolutive mixing
operator can be formulated using matrix notations as follows:

X =

M−1
∑

τ=0

Θτ (S)A
T
τ + V, Θτ (S) = ΞτS (8)

where Θτ (.) is a shift operator which can be implemented by pre-
multiplication of shift matrix Ξτ [10]. As we mentioned before, to
build up a tensor from our measurements we use temporal segmenta-
tion. The segment size must be much greater than maximum number
of lags (M ). In matrix notation we have:

Xk =

M−1
∑

τ=0

ΞτSkA
T
τ + Vk (9)

for all k = 1, . . . ,K where K is the number of segments. Then,
we define our source model similar to that using PARAFAC2 rep-
resented in (6) by replacing Sk = PkHDk in (9) using the same
constraints. Therefore,

Xk =

M−1
∑

τ=0

ΞτPkHDkA
T
τ + Vk, s.t. P

T
k Pk = IR (10)

where IR is R × R identity matrix and the other parameters like
H,Dk, and Aτ are similar to (5). Obviously, the above model is
a generalization of PARAFAC2 and PARAFAC2 model is a special
case of this model for τ = 0. We apply alternating least squares
optimization to estimate the parameters of the model alternatingly.
Our optimization method includes three separate processes to esti-
mate (Pk for k = 1, . . . ,K), (Aτfor τ = 0, . . . ,M − 1) and
(H, Dk for k = 1, . . . ,K). For the first part we need to estimate
the orthonormal Pk matrix with respect to all other fixed parameters
to find best fit of each Xk, however because of having summation for
different lags this problem cannot be considered as a quadratic prob-
lem and normal least square solutions are not helpful to estimate Pk.
Kiers has proposed a general method to convert this type of prob-
lems to a quadratic problem and the solution of the new quadratic
problem is a solution of the original problem too [11]. So, in order
to estimate Pk we apply majorization method. In the next subsection
general solution based on majorization is explained. For the second
part we convert the model into linear model by matrix manipulation
of the lags. Finally, for the third part of our ALS optimization, we
use the PARAFAC optimization method given in (3). Before starting
the optimization process we randomly initialize all the above param-
eters.

3.1. Majorization

The problem of minimizing the trace of a matrix is tackled by means
of its majorization. This is done by using another function which has
a simple quadratic shape whose minimum can be easily found, and
minimization on the majorizing function also minimizes the origi-
nal function. By applying this method a monotonically converging
algorithm for minimizing the matrix trace function iteratively is ob-
tained. Kiers introduced a method to minimize a general function of
a (n× p) matrix Π as follows [11]:

J(Π) = β + trWΠ+

M−1
∑

τ=0

tr
(

ΦτΠΨτΠ
T
)

(11)

where W is a fixed p × n matrix, Φτ a fixed n × n matrix, Ψτ

a fixed p × p matrix, for τ = 0, . . . ,M − 1, Π an unknown n × p
matrix, and β a constant that does not depend on Π. The update of
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Π for minimizing J(Π) is given as [12]:

Π← Π−
(

2

M−1
∑

τ=0

ατ

)−1(

WT +

M−1
∑

τ=0

ΦτΠ
TΨτ +

M−1
∑

τ=0

ΦT
τ ΠΨT

τ

)

(12)

where ατ is a scalar equal or greater than the product of the
largest singular values of Φτ and Ψτ [11].

When there is an orthonormality constraint on Π the solution is
somehow simpler and it can be shown by estimating F using:

F =

(

W +

M−1
∑

τ=0

ΦT
τ ΠΨT

τ +

M−1
∑

τ=0

ΦτΠ
TΨτ − 2ατΠ

T

)

(13)

and then finding nearest orthonormal matrix to F as the estimation
of Π. If by singular value decomposition (SVD) of F , we have F =
PDQT then, the estimation of Π in (12) will change to [12]:

Π← QPT (14)

In the next subsection we use the above majorization concept to
estimate the second part of our ALS optimization procedure.

3.2. Estimation of Pk using majorization

Let’s estimate Pk for k = 1, . . . ,K by keeping all other parameters
of the model fixed. We define the optimization problem for each Pk

separately as:

J(Pk) = ||Xk −

M−1
∑

τ=0

ΞτPkHDkA
T
τ ||

2 (15)

By defining a new variable Gτ

Gτ = HDkA
T
τ (16)

The optimization problem based on majorization is performed as:

J(Pk) = ||Xk −

M−1
∑

τ=0

ΞτPkGτ ||
2

J(Pk) = tr
(

XT
k Xk

)

−

(

2

M−1
∑

τ=0

tr
(

GτX
T
k Ξτ

)

)

Pk+

M−1
∑

τ=0

M−1
∑

γ=0

tr
(

GτG
T
γ PkΞ

T
γ ΞτP

T
k

)

= tr
(

XT
k Xk

)

+ tr

(

−2

M−1
∑

τ=0

(

GτX
T
k Ξτ

)

)

Pk+

M−1
∑

τ=0

M−1
∑

γ=0

tr
(

GτG
T
γ PkΞ

T
γ ΞτP

T
k

)

(17)

Having orthonormality constraint on Pks and comparing this mini-
mization problem with (11), we can easily update each Pk using (13)
and (14).

3.3. Estimating Aτ

Assume Pk, Dk for k = 1, . . . ,K, and H are known. Then to esti-
mate Aτ we can convert

∑M−1
τ=0 to matrix multiplication as follows:

Xk =

[Ξ0PkHDk,Ξ1PkHDk, · · · ,ΞM−1PkHDk]











AT
0

AT
1

...
AT

M−1











(18)
Now, let’s define new variables Zk and A as:

Zk = [Ξ0PkHDk,Ξ1PkHDk, · · · ,ΞT−1PkHDk]

A =











AT
0

AT
1

...
AT

M−1











(19)

For different k values we have Xk = ZkA.
By stacking X1, . . . , XK and Z1, . . . , ZK in two new matrices

we have a set of linear equations. The mixing matrix for different
lags, A, can be estimated using pseudo inverse operation as follows:











X1

X2

...
XK











=











Z1

Z2

...
ZK











A (20)

A =











Z1

Z2

...
ZK











†









X1

X2

...
XK











(21)

Then after rearranging A we have all Aτ of the model.

3.4. Estimation of H and Dk using PARAFAC

For this case we need to estimate PkHDk as part of the main model
which is independent of τ , for each k separately and then we are able
to apply PARAFAC method for estimating H and Dk. Similar to the
solution given in [13] for arbitrary Kτ , L, and Qτ :

vec
(

KτLQ
T
τ

)

= (Kτ ⊗Qτ ) vec (L) (22)

where vec denotes matrix to vector converter operator and⊗ is Kro-
necker product operator. We define new variables Lk,Kτ , and Qτ

as:
Lk = PkHDk,Kτ = Ξτ , Qτ = Aτ (23)

and rewrite our model as:

Xk =
∑M−1

τ=0 ΞτPkHDkA
T
τ

=
∑M−1

τ=0 KτLkQ
T
τ

(24)

Then, the vector formulation for each slab Xk is obtained as follows:

vec (Xk) =

M−1
∑

τ=0

(Kτ ⊗Qτ ) vec (Lk) (25)

Then, Lk can be easily estimated by:
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Correlation Original male Original female
Separated male 0.703 0.041
Separated female 0.0508 0.796

Table 1. Correlation between original and separated sounds
using proposed method.

vec (Lk) =
(

∑M−1
τ=0 (Ξτ ⊗Aτ )

)†

vec (Xk) (26)

After estimation of all Lk, k = 1, ...,K to estimate H and Dk we
can rewrite Lk = PkHDk as Lk = PkHDkA

T s.t. A = IR
and obviously we can fit a PARAFAC2 model to all Lk. However,
from majorization outputs we have Pk at hand and because of this
we must fit a PARAFAC method with identical mixing matrix to all
Wk = PT

k Lk = HDkIR. Using (3) we are able to fit the parameters
by:

H = W(2)((C � IR)
†)T

C = W(3)((H � IR)
†)T

(27)

In this optimization we take the advantage of tensor factorization
concept to estimate Dks using the information about all the segments
for k = 1, ...,K.

4. SIMULATED RESULTS

In this section we evaluated our proposed separation method to sep-
arate two sources from their convolutive mixtures and compare the
results with those of Parra’s method [14]. One male and one female
speech signals sampled at 8000 Hz are chosen for our simulation.
Maximum number of lags to build up their convolutive mixtures is
selected as 8 (M = 8) and the mixing matrices for different lags are
random. To build up the tensor data from the mixtures we used tem-
poral segmentation with segment size of 108 with 8 samples over-
lap. All parameters of the model are randomly initialized and the
algorithm converged after 148 iterations and convergence curve is
shown at Figure 1. The sources can be estimated by stacking non-
overlapped part of Ŝk = PkHDk matrices.
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Fig. 1. Convergence curve for 148 iterations.

The separated sources are subject to delays less than 8 samples.
Table 1 shows the correlation measured between the separated and
original sources.

Correlation Original male Original female
Separated male 0.570 0.337
Separated female 0.091 0.4826

Table 2. Correlation between original and separated sounds
using Parra’s method.

Also, we applied the well known Parra’s frequency domain con-
volutive BSS method [14] to the same convolutive mixture signals
to compare the results. Table 2 shows the correlation measured be-
tween the separated and original sources using Parra’s method.

Unlike in the frequency domain methods there is no permutation
within a block of data. Figure 2 shows the normalized original sig-
nals, the normalized separated signals using the Parra method and
our proposed method, and the mixture signals. The delay between
male and female sounds with respect to their original sources mea-
sured by correlation between the normalized signals at different lags.
The measured delay for male sound was 3 samples and for female 1
sample.
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Fig. 2. Original female and male sounds on top, convolutive
mixtures in the middle, and separated sources for both meth-
ods at the bottom plots.

5. CONCLUSIONS

In this paper a new PARAFAC2 based method is proposed to sep-
arate sources from their convolutive mixtures in time domain. We
defined a generalized PARAFAC2 structure to model convolutive
mixture signals within a tensor model and then we tried to opti-
mize all the model parameters using ALS method. The majoriza-
tion technique of [12] has been followed for solving minimization of
the resulting trace function incorporating Procrustes concepts. The
separated signals by this method are subject to delay and scaling for
each source. To evaluate the performance of the system we used ran-
dom value mixing channels for different lags. The results show the
high performance of the method compared to Parra’s CBSS method
to achieve correlation values of greater than 70 percent between sep-
arated and original signals.
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INFINITE NON-NEGATIVE MATRIX FACTORIZATIONMikkel N. Shmidt and Morten MørupTehnial University of Denmark, Rihard Petersens Plads, DTU Bldg. 321, 2800 Kgs. Lyngby, DenmarkABSTRACTWe propose the in�nite non-negative matrix fatorization(inmf) whih assumes a potentially unbounded number ofomponents in the Bayesian nmf model. We devise an infer-ene sheme based on Gibbs sampling in onjuntion withMetropolis-Hastings moves that admits ross-dimensionalexploration of the posterior density. The approah an ef-fetively establish the model order for nmf at a less om-putational ost than existing approahes suh as thermody-nami integration and existing reversible jump Markov hainMonte Carlo sampling shemes. On syntheti and real datawe demonstrate the suess of (inmf).1. INTRODUCTIONNon-negative matrix fatorization nmf has beome an im-portant tool for unsupervised, exploratory data analysis dueto its easily interpretable parts-based representation of data[16℄. nmf deomposes a non-negative matrix V ∈ R
I×J intoa positive low rank approximation (p-rank) given by

V
I×J

= W
I×D

H
D×J

+ E
I×J

, (1)where the dimensions are indiated below eah matrix, and
wid ≥ 0, hdj ≥ 0 and eij is residual noise. Non-negativematrix fatorization is also named positive matrix fatoriza-tion [25℄ but was popularized by Lee and Seung due to asimple algorithmi model �tting proedure based on multi-pliative updates [17℄. The nmf deomposition has provenuseful for a wide range of data where non-negativity is a nat-ural onstraint. Appliations inlude text-mining based onword ounts [16, 5℄, image analysis [16℄, neuro-informatis[22℄, bio-informatis [1℄, hemometris [7℄, astronomy [26℄,and audio proessing [31℄ to mention but a few. For a reentoverview of nmf see also [3℄.While nmf has found widespread use, an important openproblem remains to e�iently determine the number of om-ponents D. Contrary to singular value deomposition (svd)in whih models with di�erent number of omponents arenested, the omponents of the nmf deomposition hangewhen D hanges. Consequently, the interpretation of the de-omposition relies on the number of extrated omponentsand determining the model order is thus ruial in order toreliably interpret the omponents. Choosing the nmf modelorder amounts to estimating the posterior distribution of D(also denoted the marginal likelihood or evidene). UsingBayes' theorem, this is given by

p(D|V ) =
p(V |D)p(D)

p(V )
∝ p(V |D)p(D). (2)This, however, requires the omputation of the quantity

p(V |D) =

∫

p(V |Θ, D)p(Θ|D)dΘ, (3)where Θ denotes the parameters of the nmf model. In gen-eral, this integral is analytially intratable and an be ap-proximated using Markov hain Monte Carlo (mm).

Previous approahes to model order seletion have on-sidered a �xed range of model orders and arried out separateanalyses for eah D. This, however, might be a omputation-ally wasteful approah: If the posterior in Eq. (2) is highlypeaked it is not sensible to spend omputational resouresevaluating a possibly large range of very improbable modelorders. In this paper we will make a �rst attempt to over-ome these limitations by onsidering a non-parametri in-�nite non-negative matrix fatorization (inmf) model wherea potentially unbounded number of omponents an be on-sidered without having to exhaustively evaluate all potentialmodel orders in separate analyses.1.1 MAP estimation of NMFTraditionally, the nmf model has been �tted by various algo-rithms based on optimizing some error measure or omputingmaximum likelihood (ml) or maximum a posteriori (map)estimates of W and H. In many of these approahes, the(non-onvex) joint problem of estimating W and H is splitinto two (onvex) sub-problems estimating W for �xed Hand vie versa. Eah sub-problem is ommonly solved eitherby seond order approahes suh as the ative set proedure[15, 13℄ or �rst order methods suh as multipliative updates[17℄ or projeted gradient methods [18℄. For an overview ofestimation approahes see also [3, 12℄.Several approahes to establish the model order based onmap-parameter estimates have been proposed. The Bayesianinformation riteria (bi) is an asymptoti expansion of thelikelihood given in Eq. (3) suh that the number of om-ponents are seleted by minimizing the following quantity,bi = −2 logL + K logN , where L = p(V |Θmap, D) is thelikelihood, Θmap is the map estimate of the parameters, Kis the number of parameters, and N is the number of datapoints. For least squares estimation this redues to bi =

N log ssemap
N

+ K logN where ssemap = ‖V − W mapHmap‖2Fis the residual sum of squared error of the map parameterestimates. Thus, the bi riteria de�nes a tradeo� betweenmodel �t and omplexity.An alternative approah based on automati relevanedetermination (ard) has reently been applied in onjun-tion with map estimation of the nmf model [33, 21℄. Here,priors on the model parameters are given hyper-parametersthat represents the sale of eah omponent by de�ning itsrange of variation. By optimizing these hyper-parameters,omponents an be removed if their sale goes below somethreshold. This results in an estimate of the model orderwhen the model is initialized with �too many� omponents.Although map based approahes in general are very e�-ient they do not take parameter unertainty into aount,and as suh only form an approximation to Eq. (2).1.2 Bayesian NMFTo evaluate the integral in Eq. (3) Markov hain samplingapproahes an be used to obtain a Monte Carlo estimateof the posterior distribution of the parameters, p(Θ|V , D).In [23, 32, 34℄ Gibbs sampling is used to obtain estimatesof the joint posterior distribution of the nmf parameters Θ.In Gibbs sampling it is assumed that Θ an be partitioned
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into N groups, Θ = {θ1, . . . ,θN}, suh that it is possibleto generate samples from the posterior onditional densities,
p(θn|Θ\θn), for eah of these groups. For the nmf modeleah element of a olumn ofW and a row ofH are ondition-ally independent suh that the olumns of W and rows of Han be sampled independently resulting in N = 2D groups.In addition, parameters of the noise distribution and possiblehyper-parameters must be sampled as well. Given some ini-tial value of the parameters, eah θn is iteratively sampledwhile keeping all other parameters �xed. This proedureforms a homogeneous Markov hain that an be shown tosample from the full posterior distribution.In our in�nite nmf we use Gibbs sampling in onjun-tion with ross-dimensional Metropolis-Hasting moves. Inthe following, we onsider an nmf model based on a Gaus-sian likelihood and reti�ed Gaussian priors,
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N (µ, σ2)1(·) denotes the re-ti�ed Gaussian density where 1(·) is a unit step funtion(see also [30℄), and IG(·|β, γ) denotes the inverse Gammadensity. We note that the ideas presented here an besimilarly applied to other nmf parameterizations suh as[23, 32, 30, 34℄. Our parameterization, Θ = {W ,H, σ2},results in the following posterior onditional distributionsrequired for the Gibbs sampler
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. (14)By iteratively sampling eah parameter from their respetiveposterior onditional distributions, samples from the jointposterior distribution p(Θ|V , D) are obtained. Using thissample estimate, several approahes have been proposed toevaluate the nmf model order.1.2.1 Chib's methodIn [32℄ Chib's method [2℄ for model order estimation is ap-plied to nmf. Here the marginal likelihood p(V |D) is ob-tained through the relation
p(V |D) =

p(V |Θ̄, D)p(Θ̄|D)

p(Θ̄|V , D)
, (15)where Θ̄ is some high posterior density value of the parame-ters. The numerator an be diretly evaluated while the de-nominator is approximated through N suessive runs of theGibbs sampler. As suh the model requires the evaluation ofall possible model orders in some set D = {Dmin, . . . , Dmax},

D̃ = |D|, resulting in a total of ND̃ posteriors densities tobe estimated through Gibbs sampling.

1.2.2 Thermodynami IntegrationIn [34℄ an nmf model order seletion method based on ther-modynami integration [4℄ is proposed. Here, estimatesof the marginal likelihood are derived through the use ofpower posteriors based on ideas from path sampling [6℄from the prior to the posterior. A temperature parameter
t ∈ [0, 1] is imposed forming power posterior, pt(Θ|V , D) =
p(V |Θ, D)tp(Θ), whih is equal to the posterior for t = 1and the prior for t = 0. The thermodynami integral is thengiven by [4℄
log p(V |D) =

∫ 1

0

∫

Θ

log [p(V |Θ, D)]pt(Θ|V , D)dtdΘ. (16)The integral over Θ an be approximated by Gibbs samplingwhile the integral over t is arried out by onsidering a �nitedisretization of t ∈ [0; 1]. Thus, thermodynami integrationrequires the estimation of the joint posterior for eah modelorder D ∈ D and for eah disretized temperature. For Ttemperatures and D̃ onsidered model orders, a total of TD̃joint posteriors must then be estimated through Gibbs sam-pling.1.2.3 RJMCMCTo overome the high omputational ost of Chib'smethod and thermodynami integration, [34℄ proposes touse reversible jump Markov hain Monte Carlo sampling(rjmm) to obtain an estimate of Eq. (2). rjmm was �rstproposed by [8℄ and is a Metropolis-Hastings sampling ap-proah that an perform ross-dimensional moves. Based onideas from [19℄, [34℄ use independent proposal distributionsbased on approximations of the posterior for eah modelorder. A drawbak of this approah is thus that a sepa-rate Gibbs sampling run for eah potential model order isrequired to obtain the proposal densities before the atualross-dimensional sampling is used to estimate Eq (2). It isnoted in [34℄ that�. . . it would be possible to add or remove somerows and olumns of [H℄ and [W℄ and sample fromsome proposal distributions to jump between sub-spaes. However, this would not work as the sampleswould ontinually run out of mass of the extremelyomplex posterior distributions, and thus jumpingfrom one subspae to another would never happen.�In the following, we present suh an rjmm approah thatjumps between subspaes based on adding or removing somerows and olumns of W and H, and demonstrate that byhoosing good proposal densities ross-dimensional jumpsare aepted with high probability. This allows for samplingall parameters as well as the model order jointly, eliminatingthe need for initially sampling from the posteriors of eahpossible model order. The inferene sheme automatiallyinfers the posterior distribution over the model order, andbeause the potential number of omponents is unboundeda priori we denote this method the in�nite non-negative ma-trix fatorization (inmf).1.3 Existing in�nite matrix fatorization methodsRelated to inmf, there exists a lass of in�nite matrix fator-ization approahes, inluding in�nite binary matrix fator-ization (ibmf) [20℄, in�nite sparse oding (is) and in�niteindependent omponent analysis (iia) [14℄, that are basedon the Indian bu�et proess (ibp) [9℄ whih is a distributionover unbounded binary matries. The ibmfmodel is given by
V = UQV ⊤+E, where U and V are binary matries with apotentially in�nite number of olumns. Although attrativefor its non-parametri representation, the binary onstraintsimposed on U and V make the model unable to aount
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well for general non-negative features as in nmf. The isand iia models are given by V = A(S ⊙Z) +E, where Aand S are general unbounded matries, Z is an unboundedbinary matrix, and ⊙ denotes element-wise produt. Themodel results in a sparse feature representation, where Aare the extrated features, the binary matrix Z indiateswhih features are present for eah data point, and S holdsthe real-valued oe�ients of these features. In [14℄, a Gibbssampling inferene proedure is proposed, and with suitableprior densities a bene�t of this model is that when estimat-ing a given element of Z the orresponding element of S anbe marginalized out analytially. By onstraining A and Sto be non-negative, the model orresponds to a sparse nmfrepresentation [10℄; however, the sparsity imposed throughthe binary ativation pattern Z may not always omply wellwith the struture of the data if the assumption in nmf istrue that all features are partially expressed to some degreein every data point.2. INFINITE NMFRather than forming an in�nite nmf model through the bi-nary ibp representation we devie a rjmm sampling pro-edure that an perform general ross-dimensional jumps ef-�iently. Cross-dimensional jumps from a model of order Dwith parameters Θ to a model of order D∗ with parameters
Θ

∗ is aepted with probability given by the reversible jumpMetropolis-Hastings ratio
min

{

p(Θ∗, D∗|V )q(U∗|Θ∗, D∗,V , I∗)q(I |D)

p(Θ, D|V )q(U |Θ, D,V , I)q(I∗|D∗)
, 1

}

, (17)where U and U∗ are auxiliary variables suh that nΘ+nU =
nΘ∗ + nU∗ where nΘ denotes the number of elements in Θ.For ease of notation we have further inluded auxiliary vari-ables I and I∗, whih are index sets that point to a numberof features, i.e., olumns of W and the orresponding rowsof H. Given I , the ross-dimensional jump proposal is de-terministi given by (Θ∗,U∗, I∗) = g(Θ,U , I) where g is abijetive funtion with a Jaobian determinant of 1. (Forthat reason the Jaobian determinant term that usually o-urs in the expression for the rjmm aeptane ratio isomitted.) The funtion g removes the features indexed by Ifrom Θ and plaes them into U∗ and then appends the fea-tures in U to Θ forming the new feature Θ

∗, and I∗ pointsto the indexes of the appended features. Finally, q(I |D) de-notes the probability of seleting a given feature index setfor removal.The rux for the rjmm proedure to be e�ient is toahieve a reasonably high aeptane rate, whih requiresforming highly probable proposals q(U |Θ, D,V , I). In thefollowing, we onsider two approahes for proposing ross-dimensional jumps: A birth-death proedure, whih addsor removes one feature, and an split-merge proedure, whihsplits one feature into two or merges two to one. Both proe-dures are inspired by similar proedures for Dirihlet proessmixtures [11℄.The proposals are based on the idea of a launh state:Sine q(U |Θ, D,V , I) is allowed to depend on the existingfeatures Θ, these an be used to deterministially omputean initial highly probable launh value, U launch, for the newfeatures U . As shown in [11℄, the omputation of the launhstate need not be deterministi: If the proedure is stohas-ti, it simply orresponds to a mixture transition, wherea Markov hain transition is hosen randomly from a setof valid transitions. Here, we use the following proedure:We launh new features generated from the prior and re�nethem through t restrited Gibbs sweeps over the new fea-tures onditioned on the existing features less the removedfeatures. Next, q(U |Θ, D,V , I) an be de�ned as a ran-

dom walk starting from U launch. Here, we use one �nal re-strited Gibbs sweep, q(U |Θ, D,V , I) = q(U |Θlaunch,V ),where Θ
launch = g(Θ,U launch, I). The transition probabil-ity for the restrited Gibbs sweep an be omputed as theprodut of the probabilities of eah onditional parameterupdate given in Eq. (8�14).2.1 Birth-death proedureIn the birth-death proedure we set the probability of gen-erating a new omponent (birth) or removing a omponent(death) to be equal exept if D = 0 where a death move haszero probability. As a result, we have the following ontin-geny table for q(I |D),

q(I |D) D = 0 D > 0 Move type
I = ∅ 1 1

2
Birth

I ∈ {1, . . . , D} 0 1
2D

Death .
(18)Consequently, for a death move we randomly selet a fea-ture to remove among the D ative features with probability

1/D. For a birth move, we launh a new feature as explainedabove. The motivation behind the birth-death proposal isthat it will allow the inlusion of extra features that modelthe residual error if needed, and onversely allow the deletionof unneessary features.2.2 Split-merge proedureWhen inspeting the features of the nmf deompositions fordi�erent model orders it is often observed that inluding ad-ditional omponents has the e�et that a previously observedomponent splits into two new di�erent omponents. As ob-served by [16℄ nmf often results in parts-based representa-tions, and adding additional omponents often results in ex-isting parts being further atomized into smaller onstituentparts. Based on this observation, we devie a split-mergeproedure that expliitly exploits this dynami to generatehighly probable proposal distributions for ross-dimensionaljumps.As for the birth-death approah we will assume that botha split and a merge step has equal probability exept when
D = 1 where a merge move has zero probability. As a resultwe have the following ontingeny table for q(I |D),

q(I |D) D = 1 D > 1 Move type

I ∈ {1, . . . , D} 1 1
2D

Split

I = (i1, i2), i1 6= i2,
i1, i2 ∈ {1, . . . , D} 0 1

2D(D−1)
Merge.

(19)In a split move we randomly selet an existing feature andremove it. We then launh two new features using the launhmehanism desribed above. In a merge move, we randomlyselet two di�erent exiting features and remove them. Thenwe launh one new omponent with the slight modi�ationof the proedure that the initial value of the new feature istaken as the average of the exiting features rather than gen-erated from the prior before it is re�ned through t restritedGibbs sweeps as before.The birth-death proedure as well as the split-merge pro-edure are illustrated in Figure 1.3. RESULTSIn the following we present simulations on toy examples aswell as a real hemial shift imaging data set.We generated four simple data sets by drawing from theprior: We generated two small 10× 10 matries with 3 om-ponents and two 100 × 100 matries with 6 omponents atdi�erent noise levels (see Table 3). The priors were hosen
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HFigure 1: Illustration of the generated proposal densities forthe birth-death (top) and split-merge (bottom) proedures.The features U∗ indexed by I (red) are removed from Θ.New features are generated and re�ned through t restritedGibbs sampling sweeps forming U launch (blue). The �nalnew features, U , indexed by I∗, are generated through one�nal restrited Gibbs sweep, and the proposal density is om-puted by keeping trak of all transition probabilities in the�nal Gibbs sweep.as µid = mdj = 0, τid = sdj = 1, β = 1, γ = σ2. We as-sumed a �at improper prior over the number of omponents,
p(D) ∝ 1. Initializing with D = 0, we then omputed 106posterior samples using the proposed inferene proedure forinmf. In our experiments we interleaved one birth-death andsplit-merge proposal with �ve Gibbs sweeps, and used t = 10restrited Gibbs sweeps to generate the launh states. Theposterior probability of D for eah data set is given in Fig-ure 3. The results are as would be expeted: For the twolow noise data sets, A and C, the posterior is highly peakedaround the orret number of omponents, whereas for thehigh noise data sets, B and D, the posterior is less peakedand skewed towards fewer omponents. In all examples themaximum posterior probability is at the orret model or-der. For omparison we implemented a naive version of therjmm method in [34℄. We omputed a proposal densityfor eah value of D ∈ {1, . . . , 10} based on �tting a reti-�ed Gaussian to 106 posterior samples generated by Gibbssampling from the model. Although we were able to obtainresults similar to the ones obtained using inmf, we expe-riened that our naive implementation had severe di�ul-ties mixing aross dimensionalities. The nmf model has theinherent permutation ambiguity that any two features anbe permuted resulting in the same posterior density. Thus,when the posterior samples re�et this, it should be takeninto aount in onstruting a good proposal density, e.g.

I J D σ2A 10 10 3 1B 10 10 3 10C 100 100 6 1D 100 100 6 103Table 1: Toy example data sets.
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Figure 2: Results on toy data sets A-D: Posterior distribu-tion of D. In the two low noise data sets (left) inmf �nds theorret number of omponents with relatively high posteriorprobability. In the two high noise data sets (right) the pos-terior is less peaked and slightly skewed towards a smallernumber of omponents.by �tting a mixture model or by permuting the posteriorsamples.Next, we analyzed a 369×256 hemial shift imaging dataset [24℄ that has previously been analyzed using several nmfrelated methods [27, 28, 32, 29℄ and is known to ontain twoomponents. To math the noise level and sale of the datain line with [32℄, we hose the prior as µid = −10, mdj =
−106, τid = 10, sdj = 1011, β = 1, γ = 108. Initializingwith D = 0, we omputed 106 posterior samples using theinmf inferene proedure similar as above. The estimatedomponents mathed the ones omputed using other nmfrelated methods, and the posterior distribution of D hadalmost all of its mass at D = 2.4. DISCUSSIONWe proposed the in�nite non-negative matrix fatorization(inmf) model whih has a potential unbounded number offeatures. We devised an e�ient sampling sheme that wereable to perform ross-dimensional jumps using Metropolis-Hastings moves. To avoid extreme low-probability proposalswe derived high-probability on�gurations based on the al-ulation of an intermediate launh state as proposed for theDirihlet proess mixture in [11℄. On syntheti and real datawe demonstrated how the proposed approah was able toextrat the underlying model order reliably at a lower om-putational ost than ompeting approahes suh as Chib'smethod, thermodynami integration, and the rjmm ap-proah given in [34℄.One might suspet that the presented proedure is nearlyas omputationally expensive as [34℄ due to the intermittentGibbs sampling steps used to derive the launh states; how-ever, these steps are only arried out on a small number ofpossible omponents, sine the Markov hain predominantlyexplores the high probability region of the posterior. We donote, however, that the proedure is sensitive to the numberof restrited Gibbs sweeps, t, and that we observed better
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ABSTRACT 

This paper presents a simple and robust method to improve 
detection and quantification of nociceptive withdrawal re-
flexes in surface electromyography, based on pre-processing 
the signals with the Teager-Kaiser energy operator. With-
drawal responses were recorded from tibialis anterior and 
soleus muscles in three hundred subjects, and a subset of 
fifty recordings of each muscle were classified by an expert 
as either exhibiting a reflex or not. Performance of five de-
tection algorithms was compared against the expert’s classi-
fication using a receiver operating characteristic analysis. 
Results showed improvement in the performance of all algo-
rithms when the pre-processing algorithm was applied. 

1. INTRODUCTION 

The nociceptive withdrawal reflex (NWR) is a typical reac-
tion observed in almost all living species, with the purpose 
of withdrawing the extremities from potential tissue-
damaging agents. It was first described at the beginning of 
the 20th century by Sherrington, who observed that nocicep-
tive (i.e., painful) electrical stimulation of the limbs in ani-
mals caused a flexion of the stimulated limb to withdraw it 
from the stimulus, associated with an extension of the other 
limb to preserve balance [1]. This pattern was therefore 
named ‘flexion reflex’, although later research showed that 
an extension reflex could also be elicited [2], thus expand-
ing the concept to the more general term ‘withdrawal re-
flex’. The NWR has been suggested as an electrophysio-
logical measure correlated to pain in humans [3], and it has 
been proven useful as an assessment tool for chemical and 
pharmacological modulation of pain processing and no-
ciceptive neurotransmission at spinal level, as well as in the 
research of chronic pain and other painful disorders (for a 
review, see [4]). 

A NWR can be elicited by natural and artificial stimuli. 
Examples of natural stimuli are heat and pressure, which 
activate specific pain receptors in the skin [5]. On the other 
hand, electrical stimulation is the most widely used artifi-
cial method for eliciting the NWR [6]. This kind of stimu-
lus bypasses the skin receptor and generates an action po-
tential directly in the sensory nerve. In both cases, electro-

myography (EMG) is commonly used to record the reflex 
response from the muscles [1,2,7].  

There are two different recording strategies for EMG: inva-
sive, in which a direct measurement of muscle fibre activity 
is obtained by intra-muscular needle electrodes, and non-
invasive, where integrated potentials are acquired by sur-
face electrodes placed on the skin. For the NWR, surface 
EMG (sEMG) recording is generally preferred. The most 
important advantage of sEMG is that it is not necessary to 
insert needles into the muscle, which could change the sen-
sory inflow to the spinal cord and therefore affect the spinal 
control. However, sEMG has the disadvantage of possible 
contamination by noise, e.g., ambient and transducer noise, 
artefacts and unwanted signals from other muscles in close 
proximity to the muscle fibres of interest, namely myoelec-
tric cross-talk [8]. 

Several methods for detection and quantification of the 
NWR in sEMG recordings have been introduced, e.g., inte-
grated and mean sEMG [9], area under the curve [10], 
maximal peak to peak values [11], and root mean square 
[7], among others. Nevertheless, there is no consensus on 
which one is the best method to define a threshold for the 
NWR and determine its most significant characteristics. 
Furthermore, the performance of all these techniques is 
negatively affected when the sEMG signal is contaminated 
with noise. Most of the methods developed to overcome 
this difficulty are complex and computationally intense, and 
often a priori knowledge of the properties of the sEMG 
signals is required [12]. That is not the case of the algo-
rithm proposed in this paper, which simply consists on a 
nonlinear operator that tracks the energy of the system that 
produces a signal instead of the signal’s energy itself. It was 
developed by Teager while working on nonlinear speech 
modelling, but later applied also in other fields, such as 
image processing and pattern recognition [13]. 

In the present study, a fast and simple method to improve 
the characterization of the NWR is proposed. It consists on 
pre-processing the sEMG signals with the Teager-Kaiser 
energy operator (TKEO) prior to the detection and quantifi-
cation stage. This paper presents the methodology for the 
recording and analysis of the NWR, the basic theory behind 
the TKEO and its application on real sEMG data. Results 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 910



will be presented, demonstrating improvement over tradi-
tional detection and quantification techniques. 

2. MATERIALS AND METHODS 

2.1 Teager-Kaiser energy operator 

The TKEO is a simple algorithm that allows estimating the 
energy required to generate, in a sense, a given signal. This 
should not be mistaken with the traditional definition of 
energy from the signal processing field, i.e., the average of 
the sum of the squares of the magnitude of the signal’s 
samples. It is more related to the ‘physical’ concept of the 
energy of a simple oscillation, which is proportional to the 
square of the amplitude and to the square of the frequency 
of the oscillation.  

The discrete TKEO Ψ  is defined in time domain as: 

 2
1 1[ ]n n n nx x x x+ −Ψ = −  (1) 

For a given oscillatory signal, 

 cos( )n nx A ω φ= +  (2) 

the output of the TKEO is given by (Li et al., 2007) 

 2 2[ ] sin ( )n nx A ωΨ =  (3) 

This expression is exact when 2nω π≤ , that is, when the 

maximum frequency mf  of the signal is one-fourth of the 

sampling frequency 
sf . Also, for small values of nω , 

sin( )n nω ω≈ . If 4nω π≤ , i.e., 1 8m sf f ≤ , the error of 

the approximation is below 10%. Thus, we can rewrite (3) 
as follows: 

 2 2 2 2[ ] sin ( )n n nx A Aω ωΨ = ≈  (4) 

The above expression gives a good approximation of the 
energy of an oscillatory signal, based on its instantaneous 
amplitude and frequency values. The algorithm is very sim-
ple and robust (since it involves only two multiplications 
and a sum, and there are not divisions); it has a very short 
response time to changes in amplitude and frequency (it 
depends on three consecutive sampling instants), and the 
resulting estimation of the energy is independent of the 
initial phase, φ , of the oscillation. 

Surface EMG consists of the sum of the electrical activity 
of the active motor units in a muscle as detected by elec-
trodes placed on the skin. When the muscle contracts, the 
motor units fire action potentials, which are usually accom-
panied by an instantaneous increase in both amplitude and 
frequency contents of the sEMG signal. Therefore, the 
TKEO becomes a useful tool in order to detect this simulta-
neous variation and differentiate it from artefacts or cross-
talk, which have a different pattern for amplitude-frequency 
variations. 

 

2.2 Recording and analysis of the NWR 

2.2.1 Subjects 

Three hundred healthy volunteers (168 men and 108 
women, ages ranging from 18 to 80 years) participated in 
the study. Informed consent was obtained from all subjects, 
and the Helsinki declaration was respected. 

2.2.2 Electrical stimulation 

Ten electrodes (copper, diameter 0.8 cm) were non-
uniformly mounted on the sole of the foot and a common 
anode (10 x 14 cm) was placed on the dorsum of the foot. A 
computer-controlled stimulator delivered a stimulus to one 
electrode at a time in a randomized order, with a random 
inter-stimulus interval ranging from 10 to 15 s. Each stimu-
lus consisted of a constant-current pulse train of 5 individual 
1 ms pulses delivered at 200 Hz. For each electrode position, 
the lowest stimulus intensity that evoked pain (i.e., the pain 
threshold) was assessed, and a stimulation intensity of 1.5 
times higher than the pain threshold was selected. Each elec-
trode site was stimulated 4 times.  

2.2.3 EMG recordings 

The EMG was recorded with surface electrodes from tibialis 
anterior (TA) and soleus (SOL) muscles. Before attaching 
the electrodes, the skin was slightly abraded and cleaned 
with isopropyl alcohol. sEMG signals were amplified (up to 
50000 times), filtered (5–500 Hz, 2nd order), sampled (2000 
Hz), displayed on the computer screen and stored on a hard 
drive. sEMG signals were recorded from 200 ms before 
stimulation to 800 ms after stimulation onset. 

2.2.4 Data analysis 

Fifty sEMG recordings from each muscle were randomly 
chosen to be classified by an expert as either exhibiting or 
not exhibiting a reflex response, in order to have a ‘gold 
standard’ against which to compare the performance of the 
algorithms. All the measurements were calculated on the 
60–180 ms post-stimulation interval (where reflex activity 
may appear), and the 0–120 ms pre-stimulation interval was 
used as a measurement of background activity. Standard 
methods for detection and quantification of the NWR were 
employed, as described in [14]: Signal-to-Noise Ratio (SNR, 
power ratio between the NWR interval and the background 
activity), Interval Mean Value (IMV, mean value of the recti-
fied NWR interval), Interval Peak Value (IPV, peak value of 
the rectified NWR interval), Mean Z-Score (MZS, IMV mi-
nus background activity mean value and divided by back-
ground activity standard deviation) and Peak Z-Score (PZS, 
IPV minus background activity mean value and divided by 
background activity standard deviation).  

2.2.5 Performance assessment 

A receiver operating characteristic (ROC) analysis was car-
ried out to determine the performance of each method while 
detecting the NWR. The methods were compared against the 
classification of the expert using the area under the ROC 
curve. The area under the ROC curve corresponds to the 
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probability of correctly identifying which recording is just 
‘noise’ and which is ‘signal plus noise’. Thus, an area under 
the ROC curve close to 1.0 implies good performance of the 
method, meaning that it is able to discriminate between 
presence and absence of the NWR in a recording, and an 
area under the ROC curve close to 0.5 implies that the 
method is not capable to determine whether there is a reflex 
in the recording or not.  

3. RESULTS 

Figure 1 shows the effect of the TKEO on sEMG signals 
acquired simultaneously. Note the amount of cross-talk in 
the first part of the SOL signal, and how it is reduced after 
pre-processing, compared to the reflex size. 

A comparison of the areas under the ROC curve for each 
algorithm is shown in Table 1, with and without TKEO pre-
processing. All area under the ROC curve estimates are 
significant (p < 0.001).  

Table 1. Receiver operating characteristic analysis. 

4. DISCUSSION 

ROC analysis showed a good performance of all methods in 
the detection of the NWR, as previously reported in [13]. 
Methods involving peak values (IPV and PZS) performed 
best, with areas under the ROC curve greater than 0.92. 
There is a noticeable difference between performances in 
TA recordings compared to SOL recordings: NWR detec-
tion in TA is in average 5% better than in SOL. This is to 
be expected because SOL signals are more affected by 
cross-talk and noise than TA signals, due to the fact that the 
most common withdrawal pattern is dorsiflexion of the an-
kle, which mostly involves TA activity [7]. Nevertheless, 
with TKEO pre-processing this difference disappears (with 
improvements up to 12% in some cases), and all methods 
accomplish areas under the ROC curve greater than 0.95, 
therefore becoming reliable for NWR detection task. 

Since there is not an objective pattern to measure the accu-
racy of quantification for any method, a comparison cannot 
be established. Previous work using both simulated sEMG 
models and experimental data showed that the frequency 
content of the signal recorded alone cannot give any indica-
tion on crosstalk, and as a consequence, cross-talk reduc-
tion cannot be achieved by temporal high-pass filtering 
only [15]. Here, it could be argued that if the detection im-
proves after pre-processing the recordings with the TKEO 
(taking into account both amplitude and frequency content), 
it must be due to a reduction in the effect of noise and 
cross-talk over the signals, that is, an enhancement in the 
signal-to-noise ratio (as can be seen on the example in Fig. 
1). Thus, if the signal-to-noise ratio improves, then the 
quantification process should be more accurate, leading to a 
better characterization of the NWR.  

 Tibialis Anterior  Soleus 

Method 
Without 
TKEO 

With 
TKEO 

 Without 
TKEO 

With 
TKEO 

SNR 0.94 0.96  0.86 0.98 

IMV 0.91 0.96  0.89 0.98 

IPV 0.97 0.98  0.95 0.97 

MZS 0.92 0.95  0.83 0.95 

PZS 0.97 0.98  0.92 0.98 

Figure 1: Examples of sEMG signals befor before and after pre-processing (R: reflex, CT: cross-talk) 
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The theory behind the TKEO was originally developed 
within the field of AM-FM demodulation methods. Over 
the years, these techniques have evolved in order to find 
new solutions for the problems within that field, and new 
algorithms were developed based on the TKEO, such as 
MESA [16] and PACED [17]. Furthermore, re-evaluation 
of the Hilbert transform led to the development of tech-
niques like EMD [18] and IHT [19]. All these techniques 
constitute the current state of the art in AM-FM demodula-
tion [20], and as such, they have grown in complexity 
throughout the years. On the other hand, the TKEO still 
preserves its simplicity and robustness that for example 
makes it suitable for use in online pre-processing of sEMG 
signals [21]. 

In conclusion, TKEO pre-processing improves the detection 
and quantification of the NWR regardless of the methods 
chosen for these tasks. A more extensive analysis involving 
a larger number of recordings is planned in order to obtain 
more accurate statistics. 
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ABSTRACT

The phase rectified signal averaging (PRSA) method is a
technique initially developed to evaluate the acceleration and
deceleration of the cardiac rhythm when applied to long-
term-recordings of heartbeat intervals [1]. Because PRSA
enables better cancellation of non-periodic or/and intermit-
tent components, artifacts and impulsive noise, the quasi-
periodic components are enhanced compared with classical
Fourier analysis. Thus provides a higher accuracy for the
detection of the most important frequencies.

We propose to quantify the changes in sympathovagal
balance by characterizing the PRSA power spectrum of heart
rate variability (HRV) signals during rest and tilt. Synthetic
and clinical HRV signals of short-term recordings are consid-
ered. The results demonstrate the PRSA capacity to signifi-
cantly discriminate rest and tilt in terms of dominant frequen-
cies. The bias and standard deviation of the estimated sympa-
thovagal balance are also computed and compared with those
obtained with a classical spectral method.

1. INTRODUCTION

The heart rate variability (HRV) signals are defined as the
fluctuation time-series in the beat-to-beat RR-intervals.Over
the past two decades, power spectral analysis of HRV signals
has become a commonly used tool, for assessing the effect
of the sympathetic and parasympathetic modulations of the
RR-intervals in a non-invasive manner [2, 3, 4, 5, 6].

The HRV power spectrum is usually divided into differ-
ent spectral bands [2, 4]. The boundaries of the most com-
monly used frequency bands are referred to as the very low
frequency (VLF) band (< 0.04 Hz), the low frequency (LF)
band (0.04Hz - 0.15 Hz) and the high frequency (HF) band
(0.15Hz - 0.4 Hz). These boundaries may fluctuate around
these ranges. Parasympathetic activity is thought to influence
the HF components whereas both sympathetic and parasym-
pathetic activities have an effect on the LF components. The
measure of the ratio of the LF and HF component powers
(LF/HF ratio) has been used as an index of the balance be-
tween the effects of the sympathetic and parasympathetic
systems, which is referred to as the sympathovagal balance.

Unfortunately, HRV signals are non-stationary and often
contaminated by impulsive noise and artifacts due to abnor-
mal beats, unevenly sampled or/and missing data. The can-
cellation of these artifacts and noise using classical spectral
methods is never perfect and it requires assumptions of mod-
els and special rules. Moreover, phantom beat replacement
can deteriorate the estimation accuracy of the power spectral

density (PSD), even at low levels of artifacts [7]. Therefore,
the development of an insensitive method to such artifacts
and abnormal beats is a need for HRV signal processing.

In [1, 8, 9], authors proposed a non-linear signal transfor-
mation, called the phase-rectified signal averaging (PRSA),
the principle of which is very easy and they applied it to
HRV signals. The center deflection of the obtained PRSA
curve efficiently characterizes the average capacity of the
heart to decelerate or accelerate the cardiac rhythm. Later,
the PRSA method was applied to a variety of other appli-
cations to enhance quasi-periodic components embedded in
non-stationarity. For example, the PRSA method was applied
to electrocardiogram signals to perfectly cancel the ventric-
ular component [10, 11]. In [12], a new time-frequency rep-
resentation based on the PRSA principle was defined to ana-
lyze electroencephalogram signals.

In the present paper, we aim at better quantifying the
sympathovagal balance using the PRSA method. The in-
vestigation is performed by a spectral analysis of the PRSA
curves. This can provide a higher sensitivity for the detec-
tion of the dominant frequencies related to sympathetic and
parasympathetic activities during rest and tilt. Because of its
properties: elimination of non periodic components, cancel-
lation of artifacts and reducing impulsive noise, PRSA can
allow a better accuracy of the LF/HF ratio estimation of both
situations. The potential of PRSA is demonstrated through
experiments both on synthetic and clinical HRV signals. A
comparison with a parametric autoregressive (AR) spectral
method is also provided.

The paper is organized as follows. The PRSA principle, a
classical parametric spectral method and the HRV signal data
set are described in section 2. A deflection criterion is also
introduced to help compare the performance of the PRSA
with the classical parametric spectral method. Results and
discussions of assessing the LF/HF ratio based on the PRSA
method are provided in section 3 for synthetic and real data
HRV signals. The final section concludes with a summary
and some progress on our study.

2. METHODS

Two different methods PRSA and a classical parametric
spectral method are compared in the assessment of the
changes in the LF/HF ratio, expected during a stand-test. In
a first step, comparisons were conducted in simulated condi-
tions and in a second step, those were conducted in RR real
data.

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 914



2.1 PRSA method

The basic idea of PRSA is the averaging of selected segments
of a discrete time signalyn corrupted by artifacts and noise.
These segments are symmetric regarding to so-called anchor
points, samples at which the instantaneous phase of the sig-
nal is close to zero. In the simplest version of PRSA [1, 8, 9],
the anchor points coincide with the increases in the signaly
(Fig.1(b)), i.e. instantsn such thatyn > yn−1.

Assuming a total ofM anchor points indexed bynm, m =
1, . . . ,M, segments of length 2L + 1 are centered on these
anchor points (Fig.1(b-d)),

[ynm−L,ynm−L+1, . . . ,ynm , . . . ,ynm+L−1,ynm+L] . (1)

All these segments are averaged, which leads to the PRSA
signalỹℓ

ỹℓ =
1
M

M

∑
m=1

ynm+ℓ, for ℓ=−L,−L+1, . . . ,L. (2)

Finally, a classical PSD estimation technique is applied to
ỹℓ. Figure 1 displays the steps of the PRSA method for a
simulated signal.
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Figure 1: Principle of PRSA: (a) signalyn = sin(2π0.23n) +
1.5sin(2π0.097n) (dotted line), anchor points (circle). (b)-(d) Seg-
ments of length 2L+1= 29 centered on anchor points. (e) PRSA
signalỹℓ (2), (f) PRSA spectrum and (g) signal spectrum. The sam-
pling frequency is 2.7 Hz.

When the signal is corrupted by noise and artifacts, the
potential quasi-periodic components which are hidden in a
classical Fourier transform of the signalyn, appear more
clearly in the spectrum of PRSA signal (2). This is illus-
trated in Fig.2 for a simulated example. The signal con-
sidered is a pure tone at the frequency 0.097 Hz contami-
nated by an impulsive noise. As can be observed, the peak
frequency at 0.097 Hz is clearly enhanced using the PRSA
method (Fig.2(b)) while this peak is hidden in the classical
signal spectrum (Fig.2(c)). Actually, the averaging process
removes correlated or nonperiodic components of the signal

(such as noise and artifacts) while phase resetting helps en-
hance the existing local-periodicities. Other examples illus-
trating the potential of the PRSA as a tool to improve the es-
timation of existing periodicities are provided in [10, 11,12].
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Figure 2: Enhancement of existing quasi-periodic components
in signals using PRSA method: (a) studied signalyn =
1.5 sin(2π0.097n) embedded in impulsive noise, (b) spectrum of
PRSA signal (2) and (c) signal spectrum.

2.2 Parametric spectral estimation

Although the assumption of HRV signal stationarity required
by classical spectral methods is rarely realistic, these meth-
ods are still commonly used to investigate the power alter-
ation in the LF and HF bands in different situations [2, 4, 6].
One standard spectral parametric method among others is the
Yule-Walker autoregressive (AR) method. The estimation of
the Yule-Walker AR parameters is achieved by evaluating a
biased estimate of the signal’s autocorrelation function,and
solving the least squares minimization of the forward pre-
diction error. The Yule-Walker equations can be solved effi-
ciently via Levinson’s algorithm and the obtained AR model
is always a stable all-pole model. However it is important
to note that this method depends on selecting the appropriate
order of the AR model. Therefore, we evaluate the minimum
description length criterion (MDL) to determine the model
order [13].

2.3 HRV data set

Here, we describe the procedure to generate synthetic HRV
signals and we specify the characteristics of the clinical HRV
data.

2.3.1 Synthetic HRV signals

Simulated signals are generated following typical spectra.
We have used two AR models that approximately match the
PSD at supine rest and after tilt described in [3]. The true
model order in both cases isp = 7. The AR model coeffi-
cientsak and the varianceσ2

r of the driving white noise are
reported in Table 1 for a sampling rate of 1 Hz. The noise is
zero mean and the PSD of the AR model is given by [3]

PSD( f ) =
σ2

r
∣

∣∑p
k=0 ak ej2π f

∣

∣

2 . (3)

A very low frequency trend, additive white Gaussian noise
(AWGN) and impulsive noise are then added to the simulated
signals in order to obtain realistic artificial HRV signals.
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Table 1: Coefficients and noise variance of the AR models.

Coeff. Rest Tilt

a0 1 1
a1 -1.6265 -1.8149
a2 1.8849 2.1365
a3 -1.8327 -2.1703
a4 1.2970 1.7194
a5 -0.7758 -0.9221
a6 0.4133 0.5311
a7 -0.2136 -0.3262

σ2
r 404 10−6 137 10−6

2.3.2 Clinical HRV signals

HRV real data are collected from experiments in 11 healthy
human subjects during a classical stand-test by means of a
Holter device at a sampling frequency equal to 1000 Hz. The
mean, bias and STD of the change in the LF/HF ratio are
provided in paragraph 3.2.

2.4 Deflection criterion
In order to decide between the two techniques: PRSA
method and Yule-Walker AR spectral method, in terms
of which technique provides the best measurement of the
LF/HF ratio, we propose to use the deflection criterion
[14, 15, 16]. Actually, this criterion is well-known in de-
tection procedures to discriminate between two hypotheses.
So, let the null hypothesisH0 be the rest situation and the
alternate hypothesisH1 be the tilt position. The deflectionD
is defined as follows,

D =

∣

∣E[r]H0
−E[r]H1

∣

∣

√

STD[r]H0
STD[r]H1

, (4)

wherer is the estimate of the LF/HF ratio. E[.]H0
and E[.]H1

design the mean expectations under hypothesisH0 andH1
respectively. It is of course assumed thatr is such that all
these quantities are finite. It is also worth noting that the
deflection definition of eq.(4) is a symmetric version of that
discussed in [14].

3. RESULTS AND DISCUSSIONS

In order to ascertain the potential of the PRSA, realistic artifi-
cial HRV signals are initially used. The results are compared
to those obtained by the Yule-Walker AR spectral method.
Both methods are then tested on real data to demonstrate con-
sistency with the simulated results.

3.1 Synthetic HRV signal

Figure 3(a) shows a simulated HRV signal composed of a
rest period of 500 samples followed by a tilt period of 600
samples (7 order AR models specified in Table 1 are used).
The signal is embedded in an additive white Gaussian noise
(SNR=30 dB), a very low frequency trend in the rest period
and impulsive noise. The probability of positive or negative
spike occurrence within 100 samples is equal top = 0.01.
Figures 3(b) and (c) display the Yule-Walker AR PSD esti-
mate during rest and tilt respectively. The model orders es-
timated using MDL are 5 and 6. The PRSA spectra during
rest and tilt are depicted in Fig.3(d) and (e) respectively.All
spectra were normalized to have a total energy equal to one.
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Figure 3: HRV signal analysis: (a) Simulated signal (7th AR
model 1). The signal is composed of a rest period (500 samples)
followed by a tilt period (600 samples), embedded in an additive
white Gaussian noise (SNR=30 dB), a very low frequency trend in
the rest period and impulsive noise. A positive or negative spike
occurs within 100 samples with a probability equals top = 0.01.
The parametric PSD estimation during rest (b) and tilt (c). The
spectra of PRSA signal (2) during rest (d) and tilt (e).

From Fig.3(d), one can observe that the significant power
during rest is located in the HF band while the LF band is
almost absent from the PRSA spectrum. In the opposite,
PRSA method clearly enhances the LF components during
tilt with respect to the power of the HF components. Addi-
tionally, application of the PRSA allows the cancellation of
the very low frequency trend which clearly appears in the
parametric PSD estimate.

To statistically report on the application of the PRSA for
assessing the LF/HF ratio, we consider two cases described
as follows.

• Case 1: Signal of Fig.3(a) is embedded in AWGN. We
run 2000 random realizations of zero mean AWGN with a
signal to noise ratio (SNR) varying from 0 to 30 dB. The
mean and standard deviation (STD) of the LF/HF ratio es-
timate are evaluated for each SNR value. The results ob-
tained using PRSA and the AR spectral method are depicted
in Fig.4.

For high SNR (10 to 30 dB), the mean of the LF/HF
ratio estimated during tilt is about 6 times bigger than that
obtained during rest when the PRSA method is used. This
factor is about 2 when the LF/HF ratio is estimated by the
Yule-Walker AR spectral method with a fixed model order
equal to 7. However, both methods exhibit the same STD be-
havior: a small and almost constant STD is observed for all
SNR values during rest whereas a high STD is obtained for
high SNR during tilt.

Figure 5 shows the deflection computed using the PRSA
method. The results are compared with those obtained by
the Yule-Walker AR spectral method using a model order se-
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Figure 4: (a) Mean, (c) bias and (d) STD of the LF/HF ratio es-
timate: (solid line) rest and (dotted line) tilt, (⋄) PRSA, (o) Yule-
Walker AR spectral method. The AR model order is assumed to be
known and fixed equal to 7. (b) Mean quotient: the LF/HF ratio
during tilt normalized by the LF/HF ratio during rest.

lected by the MDL criterion and the Yule-Walker AR spectral
method using a model order fixed to 7.
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Figure 5: Deflection for different SNR: (–⋄) PRSA, (⋆) Yule-
Walker AR spectral method with a model order fixed equal to 7 and
(o) Yule-Walker AR spectral method with a model order selected by
MDL, (dotted line) a preprocessing (median filter) is employed to
remove impulsive noise from data and (solid line) raw data are
used (no preprocessing).

As one can observe, the deflection values computed
using the classical techniques are smaller than the values
obtained by PRSA for SNR varying from 10 to 30 dB.
The PRSA performance is reduced when the SNR tends to
zero. However PRSA is still perform much better than the
classical AR method especially when the model order is not
known and is selected with the MDL criterion.

• Case 2: Signal of Fig.3(a) is embedded in impulsive
noise. The spikes occur with a probability varying from
0.002 to 0.15. A spike probability equals 0.01 means that
one spike may occur within 100 samples. We run 2000 ran-
dom realizations of impulsive noise for each spike probabil-
ity. The deflection (4) is evaluated for each spike probability.
Curves plotted on Fig.6 show that the PRSA method pro-
vides the best deflection value. Actually, the over / or under-
estimation of the model order impacts on the accuracy of the

estimation of the power in LF and HF bands when using the
parametric PSD estimate. However, thanks to the averaging
process included in the PRSA steps, less inclusion of noise
is impacting the PRSA spectrum and thus provides a more
accurate quantification of the most spectral dominant power.
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Figure 6: Deflection when the probability of spike occurrence is
varying: (–⋄) PRSA, (⋆) Yule-Walker AR spectral method with
a model order fixed equal to 7 and (o) Yule-Walker AR spectral
method with a model order selected by MDL, (dotted line) a pre-
processing (median filter) is employed to remove impulsive noise
from data and (solid line) raw data are used (no preprocessing).

3.2 Analysis of HRV real data

An example of a real HRV is depicted in Fig.7. The PRSA
spectrum and the PSD AR estimate are also provided. We
observe the same results as expected with synthetic signals.

Based on the 11 subjects, the mean values of the LF/HF
ratio are 0.2300 and 3.2768 using the PRSA, 0.7774 and
2.4831 using the PSD AR estimate, in rest and tilt positions,
respectively. The STD values of the LF/HF ratio estimate
are 0.1846 and 2.4052 using the PRSA, 0.3459 and 1.8090
in rest and tilt positions, respectively.

Despite its good performance, it is important to men-
tion some limitations regarding the PRSA method. First,
this technique requires the choice of the lengthL. In all the
example shown in this paper, 2L+ 1 is chosen equal to 29.
The small length of PRSA signal may impact the compu-
tation of the power spectrum of the PRSA signal (2). Sec-
ond, few theories about PRSA were developed. Neverthe-
less, the potential of this technique is obvious when it is ap-
plied to quasi-periodic components corrupted by impulsive
noise. The PRSA especially cancels the very low frequency
trend and impulsive noise. There is no need for artificial sig-
nal preprocessing to achieve better accuracy of the LF/HF
ratio compared to classical spectral methods.

4. CONCLUSION AND PERSPECTIVES

The phase-rectified signal averaging method is a simple def-
inition tool that computes a short-term PRSA signal from
the studied signal. The quasi-periodic components, which
are initially hidden in a classical Fourier analysis, are en-
hanced in the PRSA signal spectrum. Indeed, artifacts, cor-
related non-periodic components, noise and especially im-
pulsive noise are canceled thanks to the averaging process
and to the phase synchronization. The noise impact to the
accuracy of the frequency estimation is much reduced.
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Figure 7: (a) HRV real data from experiments in healthy human
subjects during rest followed by tilt. The PSD AR estimate during
rest (b) and tilt (c). The model order in both cases is computed based
on the MDL criterion. The spectrum of PRSA signal (2) during rest
(d) and tilt (e).

In the present paper, the analysis of HRV signals was
considered based on the PRSA method. The aim was to im-
prove the characterization of the response of autonomic sys-
tem to the change from laying to standing. Since the LF /HF
power values are required to measure the LF/HF ratio, which
is a quantity reflecting the change in the sympathovagal bal-
ance, we proposed to evaluate these powers and the LF/HF
ratio using the PRSA signal spectrum.

Synthetic HRV signals and HRV real data obtained from
experiments in human healthy subjects including rest and tilt
are considered. Results observed show the PRSA method ca-
pable of efficiently extracting the LF components while the
HF components are decreased during tilt and vice versa dur-
ing rest. The comparison with the conventional spectral anal-
ysis, the PSD AR estimate, shows the discrimination between
rest and tilt to be particularly significant using the PRSA
method. Indeed, the deviation of LF/HF ratio during rest
from the one during tilt is three times bigger with the PRSA
method.

This analysis suggests that the PRSA method may facil-
itate the detection of impairment in the sympathovagal bal-
ance, when it occurs, in a noninvasive way. This will be ad-
dressed in further works. We also aim to study the impact
of individual time dependent boundaries of the LF and HF
bands developed in [4].
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ABSTRACT
A Brain-Computer interface (BCI) enables a direct com-
munication between human and computers by analyzing
brain activity. When a visual stimulus with a constant
frequency is presented to the user, it is possible to ob-
serve a continuous brain response at the visual corti-
cal area. This response is called the Steady-State Vi-
sual Evoked Potential (SSVEP) and it can be used for
BCI. This paper deals with the methods for creating re-
liable visual stimuli on LCD screens to evoke SSVEP
responses and how to compare them. Three techniques
are proposed and compared for the production of stim-
uli: LEDs, a LCD screen using timers, and a LCD screen
using the vertical refresh rate for synchronizing the vi-
sual stimuli. The comparison is based on the offline
classification of five SSVEP responses. The different vi-
sual stimuli were tested with ten subjects. The visual
stimuli on the LCD screen based on its vertical refresh
rate offer the best recognition rate for the classification
of SSVEP responses. The mean accuracy was improved
of about 5% thanks to this strategy.

1. INTRODUCTION

BCI systems allow people to communicate through di-
rect measures of brain activity [3]. Unlike all other
means of communication, BCIs require no movement.
Therefore, BCIs are mostly dedicated to persons with se-
vere disabilities who are unable to communicate through
any classical ways [11]. To classify different brain sig-
nals, the knowledge of the BCI paradigm guides the
solution to some specific signal processing analysis but
also to specific applications. For improving BCIs, two
main ways have been described and combined. In the
first way, the improvement has to come from the sig-
nal processing part by using advanced classification and
machine learning techniques [8]. In the second way,
the improvement has to come from the user by find-
ing some ways to adapt its behavior to the system [10].
Three main kinds of responses are usually used for non-
invasive BCI systems: the 300-ms component of an
evoked potential (P300) [14], steady state visual evoked
potential (SSVEP) [15, 16], and sensorimotor rhythms
(SMR), also called “event related de-/synchronization”
(ERD/ERS) [13]. Usually the subject has to perform
some mental tasks to produce predefined neural activ-
ity or to focus on specific external stimulus, e.g. vi-
sual=SSVEP or acoustic=AEP (auditory evoked poten-
tial) [6]). In this work we will focus on non-invasive
SSVEP-BCI: SSVEP responses are reliable and good re-
sults are reported in the literature [2]. Some researches
actually aim at producing better EEG caps, better tech-
nologies to facilitate the preparation of the subject and

to integrate the BCI easily. One challenge is the quality
of the visual stimuli: how to improve the SSVEP re-
sponse quality. The second common problem: the BCI
system must facilitate the integration of the stimuli in
the application. In the first section, the different char-
acteristics of SSVEP responses are presented. Different
strategies for producing stimuli on LCD screens are de-
scribed in the second section. The third section deals
with the evaluation of the stimuli quality. The exper-
iments and their results are detailed in the fourth and
fifth sections.

2. SSVEP RESPONSE

For an SSVEP response, the BCI system must reflect
the user attention to a fast oscillating stimulus. The
stimuli are flickering lights at different frequencies and
their responses in the EEG signal correspond to SSVEP
at the same frequencies and their higher harmonics. The
best response for these signals are obtained for stimu-
lation frequencies between 5 and 20Hz [12]. Initially
the amplitude that characterizes an SSVEP response
depends on the frequency, intensity and the structure
of the repetitive stimulus. Some works have been done
to compare the spectrum differences between LED and
monitors [17]. However, no information about the soft-
ware and the way the frequencies are set, are mentioned.
The SSVEP differences are directly related to the fre-
quency spectrum differences of the flickers. According
to these differences, the choice of the stimuli is based on
the complexity of the BCI system. This property con-
firms the need of obtain a stable signal for the stimuli.
An unstable stimuli spectrum will involve an unstable
EEG spectrum in the expected frequencies, which will
be a problem for the SSVEP response detection. Differ-
ent devices can be used for generating such stimuli, we
distinguish two types of stimuli devices, which seem be
optimized for two types of applications: software used
with LCD screen and the device for control of external
LEDs.

With stimuli using LEDs, the response is good for
most of the subjects. It requires a specific device dedi-
cated to the stimuli. It cannot be used easily with soft-
ware as the stimuli and the application results are not
exactly at the same location. An LED is a simple device
that can be inserted in the environment easily; it may
be used for ubiquitous computing. Furthermore, LEDs
have been successfully used in rehabilitation robotic sys-
tem like wheelchair control [9]. It is also easier to set an
exact frequency to an LED. They can be easily combined
to create complex BCIs with many choices. An LED ma-
trix with 48 flickering LEDs was used as stimulator in a
BCI [5]. With stimuli on a monitor screen, the graphi-
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cal user interface (GUI) of the BCI application and the
stimuli can be shown on the same screen. This solution
is usually more convenient for the subjects. CRT mon-
itor have been widely used for displaying SSVEP stim-
uli [7]. Although there is no significant difference be-
tween the SSVEP evoked by a LCD and a CRT screen,
the CRT screen produce more visual fatigue. At the
same luminance and modulation depth, the fundamen-
tal frequency amplitude in the SSVEP evoked by LEDs
stimuli is significantly larger than that evoked by other
stimuli from monitors [17]. Thus LEDs may look to be
the best choice for a reliable SSVEP-BCI.

3. STIMULI ON LCD SCREEN

The creation of flickering boxes on a LCD screen can
be a challenge. We distinguish two main parts: the
hardware, i.e. the LCD screen, and the software that
will produce the flickering boxes on the screen. One
interest of the LCD screens is their wide presence; they
are low cost common devices, which are not dedicated
to BCIs. The characteristics of the screen must not be
too specific in order to allow a large audience to use this
kind of BCI. LCD screens also allow a more convenient
way to create new paradigms for creating BCI.

The stimuli are usually flickering boxes of two col-
ors. Their rendering is not a problem. Nevertheless, the
management of the event that switches from one to the
other color can be an issue. The notion of frequency
implies the notion of time. Fast frequencies require a
perfect management and evaluation of the time. One
way is to use a real time operating system to handle the
time parameters. However, this solution is not a conve-
nient because it is not widely used for building modular
BCIs. The classical way is to use common operating sys-
tems (OS). However, some considerations regarding the
software realization must be taken into account. In ad-
dition, Classical OS like Windows are are not real-time
operating systems. Thus, problems can be expected for
time critical tasks. Although timers are available on
windows, their precision for producing precise and reg-
ular events can be an issue. However, it is possible to
simulate different frequencies over the number of dif-
ferent frames that must be displayed, theoretically up
to a maximum frequency equal to the half of the refresh
rate. The vertical refresh rate is used as an inner counter
for displaying the SSVEP stimuli. Table 1 presents the
rendering order of the frames over desired frequencies:
0 represents a frame with a white box whereas 1 rep-
resents a frame with a black box. It implied that all
the frames must be displayed. The graphic card must
be fast enough to render more images than the screen
can display. In this case, screen tearing effects can hap-
pen. It occurs when the output device sends frames out
of sync with the display’s refresh rate. Screen tearing
can occur on all display types. It is most common with
video games, as heavy processing can limit synchroniza-
tion capabilities but for a simple BCI graphical interface,
it is not the case. In addition, the number of frames per
second is fixed all the time as the display must obey
to a periodic behavior. To solve this problem, the verti-
cal synchronization shall be enabled, which ensures that
only whole frames are seen on-screen.

For an LCD screen, the refresh rate is usually 60Hz.
Table 1 presents the frequencies that are possible to em-
ulate based on the display’s refresh rate. With such
refresh rate, it is possible to directly obtain the frequen-
cies: 30.00, 20.00, 15.00, 12.00 and 8.57Hz. It is worth
mentioning that the duty cycle is not always equal to
0.5 as the number of frames in one period can be an
odd number.

Table 1: The frequencies for a screen with a refresh rate
of 60Hz.

Frames Period Freq. Simulated signal
[#] [ms] [Hz] [-]
3.0 50.00 20.00 011
4.0 66.67 15.00 0011
5.0 83.33 12.00 00111
6.0 100.00 10.00 000111
7.0 116.67 8.57 0001111
8.0 133.33 7.50 00001111
9.0 150.00 6.66 000011111

Therefore, the choice of the frequencies for an
SSVEP-BCI on a LCD screen is limited, but these fre-
quencies are constant. If we According to the usually
used frequency band, the frequencies that could involve
a good SSVEP response are: 7.50 and 6.66Hz (theta
band), 12.00, 10.00 and 8.57Hz (alpha band), 20.00 and
15.00Hz (beta band).

4. EVALUATION METHODS

We distinguish two ways for estimating the signal qual-
ity and to evaluate its impact. First, the stability is
checked objectively with a specific hardware tool (Fre-
quency Checker (FC) with an oscilloscope). It is possi-
ble to get efficient measurements of the produced signal
and it ensures the quality of the frequencies. Second,
the stimuli quality is checked over the signal processing
results (BCI approach). If the stimuli are good, i.e. if
the frequencies are stable, we may expect a good SSVEP
response from the subjects. However, unstable frequen-
cies to some degree may still produce an effective SSVEP
response that can be detected.

4.1 Stimuli estimation

The stability of the frequencies has to be checked pre-
cisely. The frequencies were checked on the LCD screen
with two methods to create the stimuli: the timers, and
the display’s refresh rate. For frequencies lower than
13Hz, the timers could provide stable results most of
the time. However, for high frequencies like 17Hz and
above the quality of the signal is bad. The frequency of
the stimulus may be stable over few seconds, but the sig-
nal is not constant. The frequencies were tested with a
separate simple hardware tool, which consists of a photo
transistor BP103 as a sensor with a following amplifica-
tion with BC547 and a digital justification of the signal
fronts for easy evaluation of the frequencies with two
elements of 4093N.

It is important to obtain a stable signal in a short
time period in order to improve the quality of the
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SSVEP response. Furthermore, a large number of stim-
uli on the screen increase the use of the CPU resources,
which degrades the quality of the observed signal. While
using the refresh rate, all the frequencies are perfectly
stable as it was expected. This first analysis clearly
shows the improvement of the stimuli quality by con-
sidering the refresh rate as a feature for the frequencies
choice. Figure 1 presents a visual comparison between
the observed signals by the Frequency Checker. Al-
though the frequencies are respected to be good with the
timers method, the signal is unstable for 20Hz whereas
only some artifacts appear with 15Hz.

4.2 EEG classification

We consider a visual stimulation with a flicker-frequency
of f Hz is applied. We use the following description for
the signal yi(t) as the voltage between the electrode i
and a reference electrode at a time t:

yi(t) =

Nh∑
k=1

ai,k sin(2πkft+ Φi,k) +Bi,t

where Nh is the number of considered harmonic. The
signal is decomposed into 2 parts. The first part cor-
responds to the evoked SSVEP response signal, which
is composed of a number of sinusoids with the stimulus
frequency and a number of Nh harmonics. Each sinusoid
is defined by its amplitude ai,k and its phase Φi,k. The
second part of the signal Bi,t is the noise, artifacts and
all the information that are not relevant to the SSVEP
response.

The detection of an SSVEP response on an EEG
signal require a time segment for the signal analysis.
We consider a time segment of Nt samples of the signals,
with a sampling frequency of Fs Hz.

yi = Xai +Bi

where yi = [yi(1), . . . , yi(Nt)]
T contains the EEG signal

for the electrode i in one time segment. The SSVEP
information matrix X is of size Nt × 2Nh. For Ny elec-
trodes, the signal is defined as:

Y = XA+B

where Y = [y1, . . . , yNy
] that contains the sampled EEG

signals from all the electrodes. A contains all the am-
plitudes for all the expected sinusoids for all electrode
signals.

In order to extract discriminant features from the
signal, the signals from the electrodes must be com-
bined. A channel is used for a combination of the signals
measured by different electrodes. A vector of channel
data is denoted by s. Its purpose is to enhance the
information contained in the EEG while reducing the
nuisance signals. A channel signal is defined as a linear
combination of yi.

s =

Ny∑
i=1

wiyi = Y w

Several channels can be created by using different sets
of weights. We note Ns the number of channels.

There exists different solutions for the creation of
one or several channels. The published neuroscience
works provide the information that the SSVEP sinusoids
phases vary in relation to the location of the electrodes
on the scalp [1]. The goal of the bipolar approach is to
obtain a better signal by canceling the common nuisance
signals. The Laplacian combination is an alternative to
the bipolar solution. In this work, we will consider the
minimum energy combination [4]. This method allows
the combination of a fixed number of electrodes that
cancel the noise as much as possible. The goal of the
minimum energy combination is to form combinations
of the electrode signals that minimize the nuisance sig-
nals. The first step is to remove any potential SSVEP
components from all the electrode signals.

The SSVEP signal power estimation is defined by:

P̂ =
1

NsNh

Ns∑
l=1

Nh∑
k=1

∥∥XT
k sl
∥∥2

Let Nf be the number of considered frequencies for
the classification. The SSVEP signal power is normal-
ized by Nf .

P ′(i) = ( ˆP (i) − ¯̂
P )/

√
var(P )

where P̄ is the mean of the Nf signal estimation powers,

and
√
var(P ) is the standard deviation of these powers,

1 ≤ i ≤ Nf . Finally, we use a Softmax function to
normalize these powers into probabilities.

P (i) =
eP

′(i)∑j=Nf

j=1 eP ′(j)

j=Nf∑
j=1

P (i) = 1

The frequency O is detected if it has the highest
probability:

O = argmaxiP (i)

where 1 ≤ i ≤ Nf .

5. EXPERIMENTS

We propose to evaluate the different visual stimuli on
the offline classification of SSVEP responses. The five
following frequencies have been considered for the ex-
periments: 6.66, 7.50, 8.57, 10.00 and 12.00Hz. The
experiment aims at comparing three kinds of display for
the creation of flickering boxes:

• (A) A LED.
• (B) A flickering box (black/white) in the center of a

LCD screen. The flicker is achieved with multimedia
timers.

• (C) A flickering box (black/white) in the center of
a LCD screen. The flicker is achieved in relation to
the refresh rate of the screen.
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(a) 24Hz (b) 17Hz (c) 16Hz (d) 15Hz

Figure 1: Oscilloscope plots acquired by the FC for different frequencies on a LCD screen with the timers synchro-
nization.

5.1 Materials

The non-invasive BCI only uses sensors with contact on
the surface of the scalp. In this experiment, 8 stan-
dard Ag/AgCl EEG electrodes were used. They are
placed on position AFZ for ground, CZ for the refer-
ence and PO3, PO4, PZ , O1, O2, OZ for the input
electrodes on the international 10-5 system of measure-
ment. The impedances below 5kΩ were achieved using
an abrasive electrode gel. An EEG amplifier g.USBamp
(Guger Technologies, Graz, Austria) has been used for
the experiments. The EEG data were acquired with
the sampling frequency was 128Hz. During the EEG
acquisition, an analog bandpass filter between 2 and
30Hz, and a notch filter around 50Hz were applied in
the amplifier. In the first part of the experiment, the red
LEDs (4 parallel combined modules HLMP-2685) with
the common luminance of around 2.56cd were used. For
the stimuli display in the second part, a LCD screen of
a laptop with the resolution of 1680 x 1050 pixels and a
refresh rate of 60Hz was used. The luminance is about
180cd/m2 with an estimated contrast of 280 : 1. The
stimulus is centered on the screen and has a size of 384
x 384 pixels that corresponds to the luminance of about
0.27cd.

5.2 Protocol

The experiment was carried out with ten healthy sub-
jects. All subjects use a computer screen for their work
daily. Half of the subjects possess a SSVEP-BCI experi-
ence, they have already used such system for more than
one hour. Therefore, such people may benefit from some
learning acquired during these previous tests. The av-
erage age of the subjects is 27.2 years, with a standard
deviation of 2.44. Each subject had to perform a series
of trials. During a trial, the subject was advised to look
for 20s at one particular stimulus. For each frequency,
six trials are recorded. Between each trial, a pause of
a minimum of 15s was applied. If after 15s the subject
acknowledges a visual fatigue or the need to rest, the
next trial was postponed with a maximum of 5min.

6. RESULTS

Without using a BCI, the quality of the produced sig-
nals can be checked with an oscilloscope and the FC.
The observations on the oscilloscope indicate that the
frequencies are correct for every method. However, the
signal is not stable for the LCD screen with the use of

the timers: the size of the periods vary over time, it
is never constant. Although the average frequency is
correct, the frequency can vary during the short time
period.

Table 6 presents the results for 10 subjects and for
the 5 frequencies, the mean, the standard deviation
(S.D.) and the accuracy in % for three types of visual
stimuli. The EEG signals are classified with a time seg-
ment of 1s with the method previously descibed. The
classification is performed every 100ms. The accuracy is
defined by the number of correct classification by using
the method descibed in the section 4.2. The average ac-
curacy for SSVEP stimuli on the LCD screen with the
vertical refresh rate reaches 90.35% and 85.26% with the
timers’ solution. For the LED’s, the average accuracy is
only 74.46%, although we recall that the luminance of
the LEDs is almost 10 times higher than the luminance
of the stimuli on the LCD monitor. These experiments
display the importance of the SSVEP stimuli and their
high impact on the signal detection. The use of the dis-
play’s refresh rate allows an accuracy improvement of
about 5%. The accuracy is not homogeneous between
the frequencies. The 12Hz frequency gave always the
worst results compared to the four others.

7. CONCLUSION

Two types of SSVEP stimuli were presented. We have
showed that the quality of the stimuli is an important
criterion for obtaining reliable SSVEP-BCIs. The com-
monly used timer implementation of visual stimuli can
lead to problems. For high frequencies it is impossible to
obtain stable frequencies while using timers from a non
real-time operating system. The synchronization of the
frames on-screen can be used wisely to produce reliable
SSVEP stimuli. The main advantages are the possibil-
ity to produce many stimuli on the same screen. With
this software implementation, it is possible to display an
unlimited number of flickering stimuli without concerns
about the CPU usage, which can be dedicated fully to
the signal processing part. This solution has neverthe-
less some drawbacks: the number of frequencies that
can be produced is limited and depends on the refresh
rate of the LCD screen. The frequencies is limited by
the screen and cannot be personalized in relation to the
user. These results can also be extended to all other
situations where SSVEP signals are present. In addi-
tion, LCD monitors with a real refresh rate of 120Hz
start to be available on the market, e.g. for 3D vision.
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6.66Hz 7.50Hz 8.57Hz 10.00Hz 12.00Hz
Mean S.D. Acc. Mean S.D. Acc. Mean S.D. Acc. Mean S.D. Acc. Mean S.D. Acc.

Method A (LED)
Min 0.272 0.050 29.80 0.373 0.067 51.80 0.356 0.102 42.40 0.271 0.050 26.20 0.149 0.024 8.40
Max 0.706 0.249 99.70 0.707 0.243 99.10 0.645 0.246 99.30 0.713 0.239 99.50 0.729 0.262 100.0
Mean 0.551 0.169 78.20 0.513 0.189 74.59 0.505 0.187 74.18 0.538 0.159 76.43 0.501 0.179 68.88
S.D. 0.122 0.059 21.14 0.106 0.059 16.53 0.111 0.055 21.72 0.146 0.070 24.20 0.146 0.069 24.15

Method B (LCD with synchronization based on timers)
Min 0.447 0.045 48.30 0.359 0.035 42.20 0.486 0.028 69.40 0.535 0.009 78.80 0.318 0.027 38.80
Max 0.729 0.224 99.90 0.729 0.247 99.90 0.733 0.215 100.0 0.747 0.228 100.0 0.723 0.254 100.0
Mean 0.612 0.140 88.12 0.594 0.139 84.05 0.623 0.137 89.08 0.654 0.130 92.71 0.508 0.174 72.34
S.D. 0.086 0.062 15.27 0.135 0.076 21.24 0.074 0.056 10.30 0.062 0.075 8.16 0.160 0.087 23.86

Method C (LCD with synchronization based on the vertical refresh rate)
Min 0.568 0.029 75.80 0.340 0.018 46.80 0.555 0.014 82.80 0.506 0.016 73.20 0.374 0.012 57.30
Max 0.738 0.183 99.90 0.739 0.257 100.0 0.744 0.224 100.0 0.743 0.239 100.0 0.743 0.238 100.0
Mean 0.656 0.107 93.46 0.617 0.129 86.15 0.661 0.106 93.45 0.655 0.115 94.14 0.577 0.149 84.56
S.D. 0.055 0.048 8.022 0.127 0.079 20.35 0.066 0.063 7.35 0.074 0.068 9.210 0.112 0.073 15.78

Such screen will extend the possibilities of SSVEP-BCIs
by improving the number of available frequencies to be
used as a stimulus on the screen. Thanks to their refresh
rate, these monitors will provide a new tool for creating
SSVEP-BCI with a large number of flickering objects.
This choice will become more judicious for complex BCIs
than LED based stimulators.
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ABSTRACT

A Brain-Computer Interface (BCI) is a specific type of
human-computer interface that enables the direct com-
munication between human and computers by analyzing
brain activity. Oddball paradigms are used in BCI to
generate event-related potentials (ERPs), like the P300
wave, on targets selected by the user. This paper deals
with the choice of a reduced set of sensors for the P300
speller. A low number of sensors allows decreasing the
time for preparing the subject, the cost of a BCI and the
P300 classifier performance. A new algorithm to select
relevant sensors is proposed, it is based on the backward
elimination with a cost function related to the signal to
signal-plus-noise ratio. This cost function offers bet-
ter performance and avoids further mining evaluations
related to the P300 recognition rate or the character
recognition rate of the speller. The proposed method is
tested on data recorded on 20 subjects.

1. INTRODUCTION

A Brain-computer interface (BCI) is a direct commu-
nication pathway between a human brain and an ex-
ternal device. Such systems allow people to commu-
nicate through direct measurements of brain activity,
without requiring muscular movement [3]. BCIs may be
the only means of communication for people who are
affected by severe motor disabilities like spinal cord in-
juries and amyotrophic lateral sclerosis (ALS) [4]. Pat-
tern recognition and signal processing techniques are
used for the classification and the detection of specific
brain responses. Most of the effective solutions use ma-
chine learning models [10, 13]. Whereas neuroscience
knowledge guides the detection of expected signals, ma-
chine learning techniques allow modeling the signal vari-
ability over time and over subjects. One current chal-
lenge in the BCI community is to find an optimal set of
sensors for a specific subject and paradigm. The choice
of a reduced set of sensors decreases the time for prepar-
ing the subject/patient, the cost of a BCI, but it can
also improve the performance of the classifier by select-
ing a reduced and better set of input features. Several
strategies exist for selecting a sensor subset. First, it is
possible to select sensors based on prior knowledge from
previous experiments. In such case, the choice of the
sensors is fixed and may be an issue for some subjects as
the sensor subset varies across subjects [8]. Indeed, it is
better to personalize the sensor subset in relation to the

1 This work was funded by the ANR RoBIK and CoAdapt
projects.

user. For a set with N sensors, there exist 2N candidate
subsets. We distinguish three main ways for searching
the best subset: complete, random and sequential. The
complete search is usually intractable as the search space
grows exponentially. The random search starts with a
randomly selected subset and add randomness in the se-
quential approach or it generates new random subsets,
like the Las Vegas algorithm [1]. The sequential search
does not guarantee optimality. Several variations are
described in the literature, like the greedy hill-climbing
approach, the forward selection, backward elimination,
and bi-directional selection.

In this paper, we will consider the backward elimina-
tion. The problem that we address in this paper is how
to find an efficient criterion for removing the less rele-
vant sensors, i.e. how to evaluate the relevance of a par-
ticular sensor subset. The consequences of the selected
sensors should be then evaluated in the P300 speller.
The paper is organized as follows. The P300 speller is
presented in the second section. The sensor selection
strategy is explained in the third section. The different
criteria for the sensor evaluation are given in the fourth
section. Section five is dedicated to the proposed meth-
ods. Data and the protocol experiment are detailed in
the sixth section. Finally, the performance of the sensor
selection is discussed in the last section.

2. P300 SPELLER

A P300 speller allows people to write characters (let-
ters, digits, symbols) on a computer screen. Oddball
paradigms are used in BCI to generate event-related po-
tentials (ERPs), like the P300 wave, on targets selected
by the user. A P300 speller is based on this principle [6].
A 6× 6 matrix containing all the available characters is
presented to the user on a computer screen. To spell a
character, the user has to focus on the character s/he
wants to spell. When the user focuses on a cell of the
matrix, it is possible to detect a P300 (a positive de-
flection in voltage at a latency of about 300 ms in the
EEG) after the cell has been intensified. To generate
ERPs, the row and columns are intensified randomly.
Row/column intensifications are block randomized in
blocks of 12 (6 rows and 6 columns). The sets of 12
intensifications is repeated Nepoch times for each charac-
ter. Therefore, 2Nepoch possible P300 responses should
be detected for the recognition of one character.

A P300 speller is composed of two steps, each one
being a classification problem. The first classification
step is to detect the presence of a P300 in the electroen-
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cephalogram (EEG). The second one corresponds to the
combination of a minimum of two P300 responses for de-
termining the right character to spell (one row and one
column). These two steps are sequential. The detection
of P300 responses corresponds to a binary classification:
one class represents signals that correspond to a P300
wave, the second class is the opposite. The timing of the
flashing lights provide the triggers for the P300, which
depends on the user. Although a P300 response can be
expected at one particular latency, it is possible that
the user does not produce a P300 response at the right
moment as many artifacts can occur. In the character
recognition step, the outputs of the P300 classification
are combined to classify the main classes of the applica-
tion (characters). In the oddball paradigm, a character
is defined by a couple (row,column). The flashing lights
are on each row and column and not on each charac-
ter. The character is supposed to correspond to the
intersection of the accumulation of several P300 waves.
The best accumulation of P300 waves for the horizontal
(resp. vertical) flashing lights determines the row (resp.
the column) of the desired character.

We note V ∈ R12×Nepoch the matrix containing the
cumulated probabilities of the P300 detection for each
of the 12 flashes and for each epoch.

V (i, j) =

j∑
k=1

EP300(P (i, k)) (1)

where P (i, j) ∈ RNf×Ne is the pattern at the epoch
j corresponding to the subject response for the flash i,
(i, j) ∈ {1, . . . , 12}×{1, . . . , Nepoch}. Nf and Ne are the
number of sensors and the number of sampling points
representing the signal, respectively. EP300 is a classi-
fier that returns a confidence value v ∈ [1; 0]: 1 (resp.
0) denotes a perfect confidence that P300 response is
detected (resp. not detected).

At each epoch j, it is possible to evaluate the coor-
dinate (xj , yj) of the selected character by:

xj = argmax
1≤i≤6

V (i, j) (2)

yj = argmax
7≤i≤12

V (i, j). (3)

We denote by ESpeller({P (1, Nepoch), . . . , P (12, Nepoch)}) =
(row, column), the selected character.

3. SENSOR SELECTION

3.1 Backward elimination

The chosen method for adaptively selecting relevant sen-
sors is based on the backward elimination. It involves
starting with all candidate variables and testing them
one by one for their significance, deleting those that are
not significant. At each iteration of the algorithm, each
of the Ns remaining sensors is removed one by one, the
subset of Ns−1 remaining sensors are tested and Ns per-
formance scores are given. By choosing the subset with
the highest score, the less relevant sensor is eliminated.
A subset with a high score means that the removed sen-
sor has a low impact on the performance score. In this

(a) Graphical User Interface (b) P300 evoked potentials

Figure 1: P300-BCI Speller. Fig. 1(a): Screen display,
Fig. 1(b): Average P300 response on Cz

work, we eliminate the two worst sensors at each step of
the algorithm, i.e. the sensors corresponding to the two
subsets with the highest score. This iteration procedure
is continued until two sensors only are left. The method
leads us to rank the relevance of each sensor: a relevant
sensor is never eliminated whereas a useless sensor is
eliminated during the first steps of the algorithm. The
rank of a sensor is defined by Ns/2 − i where i is the
iteration where the sensor was removed.

3.2 Subset evaluation

Two types of criterion can be used for evaluating a sub-
set. First, independent criteria aim at evaluating the
goodness of a feature or a set of features by consider-
ing the underlying characteristics without involving any
classification algorithm. For instance, independent cri-
teria can be based on information measures, distance
measures, dependency measures, and consistency mea-
sures [2]. Second, a dependency criterion requires a
predetermined mining algorithm in feature selection. It
uses the performance of the mining algorithm applied on
the selected subset to determine which features are se-
lected. In a classification problem, the accuracy is often
used as a dependent criterion for feature selection. As
features are selected by the classifier that will use these
same selected features for classifying unseen signals, this
strategy usually provides better performance as it finds
features that are better suited to the task. However,
such method tends to be more computationally expen-
sive as they require training and testing models (with
a K-fold cross validation to overcome overfitting). In
a P300 speller, three main criteria can be used for the
subset evaluation: the evaluation of the EEG signal,
the recognition of the P300 responses (EP300) and the
evaluation of the speller, i.e. the application (ESpeller).
Besides, the classification of the P300 can include a pre-
processing steps for creating spatial filters (SF).

The criteria that are used during the backward elim-
ination as a function for selecting the best subsets are
resumed in Table 1. These criteria can be viewed as
three basic criteria applied without (C1, C2, C3) or
with (C4, C5, C6) spatial filtering as preprocessing. C1
and C4 correspond to the signal to signal-plus-noise ra-
tio (SSNR), which can be directly compared from sig-
nal properties. The other criteria needs classification
results. It requires the classification of the P300 re-
sponses with EP300 (C2 and C5) or the complete char-
acter recognition steps with EP300 and ESpeller (C3 and
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C1: SSNR
C2: EP300

C3: EP300 + ESpeller

C4: SF + SSNR
C5: SF + EP300

C6: SF + EP300 + ESpeller

Table 1: The criteria for evaluating sensor subsets.

C6). For C2 and C5, the criterion represents the recog-
nition rate of the P300 speller that is defined as the
average recognition rate over every epoch. For C3 and
C6, it represents the recognition rate of character for
the P300 speller. It is worth mentioning that ESpeller

requires EP300. The more steps are added, the more the
method gets computationally expensive. The goal here
is to identify the best criterion, to analyze the impact of
spatial filtering and if the performance is related to the
number of processing steps.

4. METHODS

This section is dedicated to the methods that were used
for creating the spatial filters, evaluating the SSNR and
classifying the P300 responses.

4.1 Spatial filters

For the evaluation of the EEG signal we consider the
xDAWN algorithm that is fully described in [15, 14].
This method is based on two main hypotheses. First,
there exists a typical response synchronized with the
target stimuli superimposed with an evoked response
by all the stimuli (target and non-target). Second, the
evoked responses to target stimuli could be enhanced
by spatial filtering. We consider an analytical model of
the recorded signals X that is composed of three parts:
the P300 responses (D1A1), a response related to every
superimposed evoked potentials (D2A2) and the residual
noise (N)

X = D1A1 + D2A2 + N. (4)

where X ∈ RNt×Ns , Nt and Ns are the number of sam-
pling points over time and the number of sensors, re-
spectively. D1 and D2 are two real Toeplitz matrices
of size Nt × N1 and Nt × N2 respectively. D1 has its
first column elements set to zero except for those that
correspond to a target. For D2, its first column ele-
ments set to zero except for those that correspond to
stimuli onsets. N1 and N2 are the number of sampling
points representing the target (the P300 response) and
superimposed evoked potentials, respectively. N is a
real matrix of size Nt ×Ns.

By applying spatial filters U1 ∈ RNs×Nf , the goal is
to enhance the signal to signal-plus-noise ratio (SSNR)
of the enhanced P300 responses (D1A1U1), where Nf is
the number of spatial filters

XU1 = D1A1U1 + D2A2U1 + NU1. (5)

We define the SSNR in relation to the spatial filters
by:

SSNR(U1) =
Tr(UT

1 ÂT
1 D

T
1 D1Â1U1)

Tr(UT
1 XTXU1)

(6)

where Â corresponds to the least mean square estima-
tion of A1.

The SSNR is maximized by:

Û = argmax
U1

SSNR(U1). (7)

In the definition of the SSNR, we replace Â1 by BT
1 X

where BT
1 is a part of the least mean square estimation.

Then, we apply a QR decomposition on D1 = Q1R1 and
X = QxRx. Finally, one can express Eq. (6) as:

SSNR(V1) =
Tr(V T

1 (QT
xB1R

T
1 R1B

T
1 Qx)V1)

Tr(V T
1 V1)

, (8)

where V1 = RxU1. V1 is therefore obtained from the
Rayleigh quotient, whose solution is the concatenation
of Nf eigenvectors associated with the Nf largest eigen-
values of QT

xB1R
T
1 R1B

T
1 Qx [7]. These vectors are esti-

mated thanks to a singular value decomposition (SVD)
of R1B

T
1 Qx = ΦΛΨT , Φ and Ψ being two unitary matri-

ces and Λ is a diagonal matrix with nonnegative diagonal
elements in decreasing order.

The solution of Eq. (7) provides the spatial filters,
which are ordered in decreasing order by relevance im-
pact.

Û1 = R−1
x Ψ (9)

4.2 SSNR

The evaluation of the SSNR depends on the application
of the spatial filters. If the spatial filters are used, it is
possible to directly obtain the SSNR thanks to Eq. (7).
Indeed we have after simplification:

SSNR(V1) =
Tr(V T

1 (ΨΛ2ΨT )V1)

Tr(V T
1 V1)

. (10)

By considering again the Rayleigh quotient for V1, the
associated solution corresponds to the Nf largest eigen-
values of ΨΛ2ΨT , which are Λ2. In addition, the de-
nominator can be easily simplified to the trace of the
identity of size Nf ×Nf , as Ψ and Qx are unitary ma-
trices. Therefore, the SSNR of the enhanced signal, i.e.
after spatial filtering, can be defined by:

SSNR = Tr(Λ2)/Nf . (11)

When spatial filters are not used for the evaluation
of the SSNR, the SSNR shall be calculated directly by
replacing U1 by the identity I:

SSNR =
Tr(ÂT

1 D
T
1 D1Â1)

Tr(XTX)
(12)

4.3 Classifier

For the binary classification of P300 and no P300 re-
sponses, we consider the Bayesian linear discriminant
analysis (BLDA) [12]. This classifier has been proved
efficient, it is fast to train and does not require hyper-
parameters to adjust [8]. It finds a discriminant vector
w such that the distance between the associated vector
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of a class c and wT p is minimized when the input vec-
tor p belongs to the class c. The vector p is obtained by
the concatenation of the different time-course signals.
For the classification, only the four first components of
the enhanced signal are considered (Nf = 4 if Ns ≥ 4,
Nf = Ns otherwise). This classifier is used for EP300.

5. DATA AND PROTOCOL EXPERIMENT

5.1 Data acquisition

The EEG signal was recorded on 20 healthy subjects
(average age=26 ,standard deviation=5.7) [11]. For
testing the different subset evaluations methods, we con-
sider two sessions: one for training the classifier, the
other for testing. For the training and test sessions, the
subject had to write 50 and 60 characters respectively.
Each row and column in the spelling matrix was ran-
domly intensified for 100ms. The delay between two
consecutive intensifications was 70ms for the training
(resp. 130ms for the test), leading to an interstimulus
interval (ISI) of 170ms for the training session (resp.
230ms for the test). For each symbol, the number of
epochs was 10 (Nepoch = 10).

5.2 Pre-processing

The EEG signals are sampled at 100Hz. Before process-
ing the data, they were first filtered by bandpass filter
with cut-off frequencies at 1Hz and 20Hz. The signal
was then down sampled to obtain 25 sampling points
per second. For each sensor, the signals were then nor-
malized as to have a zero mean and standard deviation
equal to one.

Although the spatial filters and the classifier can be
used independently as a cost function during the back-
ward elimination, we always use spatial filters for en-
hancing the signals before training the classifier once
the sensor subset are defined. Indeed, this method has
been shown efficient in previous works [15, 14].

6. RESULTS

Figure 2 presents the accuracy on the test database for
each subset evaluation method and for different sizes of
subset. The selection methods that do not consider the
spatial filters (C1, C2 and C3) provide the worst results
(between 66.42% and 89.58% for a subset of eight sen-
sors). With eight sensors, the average recognition rate
of the speller is 94.92%, 94.00% and 93.00% for the se-
lection with C4, C5 and C6 respectively. These results
suggest that eight sensors suffice and provide good re-
sults. With 32 sensors, the recognition rate of the speller
is 95.83%. From 8 to 32 sensors, the gain in peformance
is less than 1%, showing the relevance of the method
for sensor selection. For eight sensors, the impact of the
spatial filters in the sensor subset evaluation is 5.34%,
11.25% and 26.58% for C4, C5 and C6 respectively, sug-
gesting that the criterion based on the SSNR is less de-
pendant to the spatial filters. It also proves that spatial
filtering has a critical impact on the selection of suitable
sensors. Finally, C4 is sufficient for creating suboptimal
sets of sensors. This criterion based of SF+SSNR can
be done in one step thanks to the xDAWN algorithm. It
avoids considering further steps like the EP300 and/or

ESpeller, which increase the complexity of the sensor se-
lection procedure and provide less relevant sensors.
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Figure 2: Accuracy of the P300 speller in relation to the
number of selected sensors, after 10 epochs.

The accuracy of the P300 speller in relation to the
number of epochs is presented in Fig. 3. While the per-
formance naturally decreases in relation to the number
of epochs, the accuracy remains acceptable till about
five epochs. The best performance are always produced
with C4 and C5.
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Figure 3: Accuracy of the P300 speller in relation to the
number of epochs, for 8 selected sensors.

The evolution of the sensor selection criterion over
the number of selected sensors is presented in Fig. 4.
The selection criterion value decreases in relation to the
number of remaining sensors in the backward elimina-
tion, as expected. However, we observe the inverse be-
havior when there is no spatial filters. This is probably
due to the large size of the input data and the low num-
ber of training samples. With pre-processing, feature
reduction improves the accuracy for the selected clas-
sifier. The evolution of the values for C1 and C4 also
decreases in relation to the number of remaining sensors
during the backward elimination. In addition, the use
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of spatial filters in C4 allows keeping the SSNR higher
while decreasing the number of sensors. The impact of
the spatial filters is higher when the number of remain-
ing sensors is low as the gap between C1 and C4 is large.
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Figure 4: Evolution of the different criteria in relation
to the number of selected sensors.

7. CONCLUSION AND PROSPECTS

Several strategies for the sensors subset evaluation of a
P300-BCI speller have been evaluated. The best strate-
gies always consider spatial filters. In addition, the two
best methods are based on the evaluation of the SSNR
and the P300 recognition, showing that it is useless to
take into account the speller stage. While the SSNR
and the P300 recognition provide both equivalent re-
sults, both consider spatial filters based on the xDAWN
algorithm. Hence, the SSNR is directly computed dur-
ing the creation of the spatial filters whereas the P300
classification requires several training and testing. It
shows that the evaluation of the SSNR with spatial fil-
tering (C4), which can be done in one step, is sufficient
for creating suboptimal sets of sensors, i.e. suboptimal
sets of features for the classifier. This strategy allows
avoiding further processing while keeping good perfor-
mance.

Preliminary analysis of the ranks of each sensor ob-
tained with C4 evaluation suggest that several sensors
are common to every subject. For the different subsets
of eight sensors, which are personalized to each subject,

five sensors are common to half of the subjects. These
sensors are mostly located on the occipital area, con-
firming previous works suggesting that occipital sites
are relevant [5, 9]. Further works will treat the selection
of universal sensor locations, a common subset that pro-
vides high accuracy for the majority of individuals.
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ABSTRACT
This paper is about recognition of different gait conditions
from body-worn sensor data. Our sensor, located at sub-
ject’s shank, is a combination of a 3-D accelerometer and
a 3-D magnetometer. Stride detection method relies on the
use of the sole magnetometer readings. Feature extraction
combines both modalities in an original manner and spatial,
temporal, and angular parameters are extracted for subse-
quent classification. Hidden Markov models are employed to
identify the types of gait being performed. Different feature
modelizations are typically considered with the use of Gaus-
sian mixture laws. This paper analyses which stride feature
sets are the most significant and what could be the minimal
number of training sequences for best classification scores.
Classification performances above 90% are demonstrated.

1. INTRODUCTION

Inertial MEMs-based technology is well suited for long-
term ambulatory monitoring of physical activity [5]. In-
deed accelerometers and gyroscopes are highly-integrated
chips that can be embedded into low-power body-worn sen-
sor nodes with on-board memory capability. Several biomed-
ical applications have been designed with this unique capa-
bility of remote (from the hospital) monitoring of physical
activity [6]. In this framework, unsupervised gait analysis is
particularly valuable since gait is a good indicator of health
status. Several articles have been published on the topic of
gait classification from video cameras or from body-worn
sensors, where gait features are either based on temporal,
spatial or angular gait parameters [1], [3], [7].

The motivation of this work is the assessment of gait ac-
tivity in hemiplegic patients during ecological conditions. In
this context, walking activity will be primarily evaluated us-
ing step counting but it is also required to have a better un-
derstanding of the type of walking that is being performed.
The ultimate goal of the project is to quantify the benefits of
rehabilitation therapy for these subjects.

The main contributions of this paper are two-fold with
the gait analysis being performed with a rather uncommon
type of sensor in this context: 3-D accelerometer+3-D mag-
netometer and a robust hidden Markov model gait classifica-
tion. Indeed, using anisotropic magnetoresistive sensors, it is
possible to sense the relative orientation of the sensor in the
surrounding Earth’s magnetic field (MF) and resolve the MF
in the sensor (or body) frame. The sensor is located at the
patient’s shank, although other locations may be envisaged
(See Fig.1). The proposed approach is carried out in two dis-
tinct steps with first the identification of stride events along
with their characterization [10] and second the stride clas-
sification, i.e. the determination of the associated gait class
using hidden Markov models [8].

2. STRIDE DELINEATION AND FEATURE
EXTRACTION

2.1 Stride detection
The gait cycle in human locomotion is divided into two es-
sential phases with a stance and a swing phase in the approx-
imate 60%-40% ratio [9]. In the sequel, each stride will be
time delineated between two successive heel impacts of the
same equipped leg.

Figure 1: Frame Definition during gait in sagittal plane

As shown in Fig.1, denote (u1,u2) the body frame with
u1 the axis along the cranio-caudal direction and u2 along the
antero-posterior direction. Let (Z,ξ ) be the inertial frame
with Z the axis along the (inertial) vertical direction and ξ
along the gait direction. Finally, denote by p1 the unit vector
that supports the projected MF vector in the sagittal plane,
from which we build the orthonormal (p1, p2) frame.

The proposed stride detection is based on the processing
of shank sagittal magnetometer readings. The Earth’s MF
vector, projected in the sagittal plane, is expressed in the in-
ertial (Z-ξ ) frame with components :(

hZ
hξ

)
=

(
sinκ

cosθ1 cosκ

)
= ρ1

(
cosφ1
sinφ1

)
(1)

where κ represents the MF dip angle ( ∼ 60◦ in France).
We now assume that the (u1,u2) frame is simply rotated by
the angle θ2 with respect to the (Z,ξ ) frame. Let denote hu1
and hu2 the Earth’s MF components resolved in body frame
(u1,u2), it holds :(

hu1
hu2

)
=

(
cosθ2 sinθ2
−sinθ2 cosθ2

)(
hZ
hξ

)
= ρ1

(
cos(φ1 −θ2)
sin(φ1 −θ2)

)
(2)
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By differentiating the phase angle φ2 = (φ1 −θ2), it is
thus possible to obtain a pseudo shank angular velocity from
magnetometer readings. As shown in Fig.2, large angular
velocity peaks are particularly visible in the derived signal
φ̇2(t) and do correspond to mid-swing (MSW) events during
gait [1]. These events can easily be detected using threshold-
crossing methods and they serve as robust step identifiers.
Furthermore, as already observed in [1] on gyroscope sig-
nals, local minima respectively before and after mid-swing
event can be identified as toe-off (TO) and heel-strike (HS)
events [9]. The whole procedure is now detailed in Algo-
rithm 1.

Algorithm 1 Gait event detection
Input: (hu1 ,hu2) Earth’s MF components in body frame,
Input: thω Angular velocity threshold (rad/s)
Output: TOn, MSW n, HSn+1 Gait event ticks.

1: Low-pass filter magnetometer components :
(hu1 ,hu2)→

(
h̃u1 , h̃u2

)
2: Cartesian to polar decomposition :

(
h̃u1 , h̃u2

)
→ φ2

3: First-order derivation : φ2 → φ̇2
4: Threshold-crossing detection : (−φ̇2 ≥ thω) →

mswTick.
5: Local minima detection before, resp. after, mid-swing

events : MSW n → TOn, HSn+1.

Figure 2: Gait event detection : Temporal definition of heel-
strike (HS), foot-flat (or mid-stance) (FF), toe-off (TO) and
midswing events (MSW).

2.2 Feature extraction

Without loss of generality, suppose that we have identi-
fied both the beginning and end of a stride. The n-th
stride is thus delineated by the following time sequence
[HSn,FFn,TOn,MSW n,HSn+1] from which temporal gait
parameters are easily deduced, See Fig.2. Swing duration
is thus given by TSW = HSn+1 −TOn.
We propose in Algorithm 2 a simple yet effective method to
evaluate vertical and horizontal displacement during a stride.
For a given stride, we first project acceleration in the mag-

netic inertial frame (p1, p2) .(
ap1
ap2

)
=

(
cosφ2 sinφ2
−sinφ2 cosφ2

)(
au1
au2

)
(3)

Then we perform a simple integration on the centered ac-
celeration to derive an average velocity along those (fixed)
directions. The time interval that is used for integration is
limited to the swing phase.( ⟨

vp1

⟩⟨
vp2

⟩ )=

( ∫
TSW

ac
p1
(t)∫

TSW
ac

p2
(t)

)
(4)

Displacement is finally estimated through :(
dZ
dξ

)
= TSW

(
cosφ1 −sinφ1
sinφ1 cosφ1

)( ⟨
vp1

⟩⟨
vp2

⟩ ) (5)

In this work, the heading-dependent φ1 angle is estimated
during stance phase, when the shank is slowly varying and
the measured acceleration is mainly due to gravity field. It is
estimated from the components (ap1,ap2)≃ (gp1,gp2) using
again a Cartesian to polar decomposition.

Algorithm 2 Stride displacement estimation for the n-th
stride
Input: (au1 ,au2) Acceleration in body frame (m.s−2)
Input: φ1 Stride-fixed angle between (Z, p1) axes (rad)
Input: φ2 Stride-varying angle between (u1, p1) axes (rad)
Input: TOn,HSn+1 Gait swing time events for n-th stride
Output: (dZ ,dξ ) Vertical and horizontal displacement (m)

1: Project and center accelerometer components in (p1, p2)
frame, Eq.(3).

2: Integrate acceleration during swing phase, Eq.(4).
(ap1 ,ap2)→

(⟨
vp1

⟩
,
⟨
vp2

⟩)
3: Project distance in (Z,ξ ) frame, Eq.(5).

The proposed feature vector Yn includes for the n-th stride the
following characteristics:
• Stride duration (s) : TStride
• Stance duration (s) : TST
• Swing duration (s) : TSW
• Angular velocity at foot-flat (rad/s) : ωFF
• Angular velocity at midswing (rad/s) : ωMSW
• Vertical displacement (m) : dZ
• Horizontal displacement (m) : dξ

3. FROM STRIDE FEATURES TO GAIT
CLASSIFICATION

The second part of this algorithm consists in analysing a set
of stride features to identify the gait class being performed.
Our study focus on the following types of gait :

Class ω1: level walking
Class ω2: upslope walking
Class ω3: downslope walking
Class ω4: upstairs walking
Class ω5: downstairs walking
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Figure 3: Probability density estimate of some stride features
with respect to gait class

A rough estimation of the probability densities of the ex-
tracted features Yn has therefore been performed and results
for some of them are shown on Fig. 3. As it can be observed,
the solution of the problem is not straightforward.

To tackle the gait classification issue, an algorithm based
on hidden Markov models (HMMs) [2] has hence been de-
signed. Let us recall that a HMM is a bivariate stochastic
process defined by :
• A process Xn which is a Markov process and in general

not observed. In the gait classification context, the ran-
dom state variable X takes values in {ω1, · · · ,ω5} so that
each value corresponds to a gait class. This process is
fully defined with the transition densities ai, j = p(Xn =
ω j|Xn−1 = ωi) which do not depend on the time index n,
and the 5 initialisation probabilities πi = p(X0 = ωi).

• A second process Yn which is observed. The random vec-
tor variable Yn is independent of Ym, m ̸= n, conditionally
to Xn. It is fully defined by the probability density func-
tion (pdf) of p(Yn|Xn = ωi), ∀i. In the gait classification
context, Yn is a random vector which elements are stride
features, and its state-conditional pdf is defined as a mix-
ture of Gaussian laws which does not depend on the time
index n.
If the hidden process Xn is omitted, the proposed method

can be reformulated as the definition of gait-dependent pdfs.
The gait classification is performed as the evaluation, at each
time index, of the pdf which best fits the observation Yn, i.e.
ω∗

i = argmaxi p(Yn|Xn = ωi). With the hidden Markov pro-
cess Xn, this decision can be enforced with constraints on the
hidden process transition probabilities. For a given tempo-
ral sequence of features Y0:N−1 = {Y0, · · · ,YN−1}, the classi-
fication is now equivalent to compute the unobserved state
sequence X0:N−1 which maximises the following likelihood :

X∗
0:N−1 = arg max

X0:N−1
p(X0:N−1,Y0:N−1) (6)

= arg max
X0:N−1

p(X0)p(Y0|X0)ΠN−1
n=1 p(Yn|Xn)p(Xn|Xn−1)

This kind of estimation is well known and can be performed
thanks to a Viterbi algorithm (see for example [8]).

Now that the algorithm formalism has been introduced
with the classification process, it remains to describe the el-
ements of the vector Yn and its pdf. In Section 3.1, different
definitions of the vector Yn and their pdfs are discussed. Sec-
tion 3.2 is devoted to the learning process to estimate these
densities using standard supervised learning techniques.

3.1 The observation vector Yn and its modelisation
In order to evaluate which stride features, described in Sec-
tion 2, are the most relevant, several subsets have been con-
sidered for the observation vector Yn. For instance, the first
set is defined as

{
dZ ,dξ

}
, which means that the vector Yn is

equal to : Yn = [dZn ,dξn ]
T . Different feature sets have been

analysed :
• Set #1:

{
dZ ,dξ

}
(displacement estimates)

• Set #2: {ωFF ,ωMSW} (angular speed estimates)
• Set #3: {TStride,TST ,TSW} (time estimates)
• Set #4: Set #1 ∪ Set #2
• Set #5: Set #1 ∪ Set #3
• Set #6: Set #2 ∪ Set #3
• Set #7: Set #1 ∪ Set #2 ∪ Set #3

It is also necessary to define a parametric pdf for the vec-
tor Yn which parameters depend on the hidden state.
Two models have been numerically tested and compared.
The first model p(Yn|Xn = ωi) is defined by :

p(Yn|Xn = ωi) N (µi,Σi) (7)

where N (µi,Σi) is a normal law of mean vector µi and Σi
the covariance matrix (with ad-hoc sizes). For each hidden
state value, p(Yn|Xn = ωi) is defined through the pair (µi,Σi).
The second model for the state-conditional pdf of the vector
Yn is a mixture of 2 Gaussian laws defined as :

p(Yn|Xn = ωi) αi,1N (µi,1,Σi,1)+αi,2N (µi,2,Σi,2) (8)

where, αi,1 and αi,2 are weight coefficients in [0,1] such that
αi,1 +αi,2 = 1 to ensure that

∫
p(Yn|Xn = ωi)dYn = 1.

It can be expected from the general second model to give
better classification results that the first one. Nevertheless,
the determination of its parameters is much more involved
than for the first model, with an unknown gain on classifica-
tion performances. This gain will be numerically evaluated
in Section 4.2.

3.2 Probability densities estimation of Yn

The learning process consists in estimating the parameters
of the probabilistic model for each hidden state. This is
mathematically equivalent to estimate for each class ωi, the
different parameters Θi = (µi,Σi) for model #1 and Θi =
(αi, j,µi, j,Σi, j) j=1,2 for model #2.

Because the hidden states are assumed known in our
supervised training context, the algorithm for training the
HMM output distributions is just the standard set of equa-
tions for training GMMs. It is reviewed next for self-
consistency.

For the first model, the parameters estimation is straight-
forward with the use of the maximum likelihood (ML) esti-
mator. Denote S(n) the known (gait) state at time index n,
obtained during the supervised learning stage. For gait class
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ωi, it holds

µi =
∑N−1

n=0 1(S(n) = ωi)Yn

∑N−1
n=0 1(S(n) = ωi)

(9)

Σi =
∑N−1

n=0 1(S(n) = ωi)YnY T
n

∑N−1
n=0 1(S(n) = ωi)

−µT
i µi

where 1(S(n) = ωi) = 1 if S(n) = ωi and 0 otherwise.
The parameters estimation of the second model is more

involved with the use of the expectation maximisation (EM)
algorithm [4].

3.2.1 Expectation maximisation

Consider N samples R0:N−1 defined as independent realiza-
tion of a mixture of two normal distributions.
The logarithm of its pdf equals

l(Θ) =
N−1

∑
n=0

log p(Rn|Θ) ∝
N−1

∑
n=0

log

(
2

∑
j=1

α jτn( j)

)

withτn( j) = |Σ j|−1/2 exp(−1
2
(Rn −µ j)

T Σ−1
j (Rn −µ j)) (10)

The problem is to estimate the set of parameters of this law
Θ̂ = {α1,µ1,Σ1,α2,µ2,Σ2} which maximises l(Θ). Because
of the sum term in the logarithm, this problem is not straight-
forward and the EM algorithm is used to tackle this issue
[4]. Therefore a new unobserved variable Zn, is introduced
such as: p(Rn|Zn = j) ∝ τn( j) and p(Zn = j) = α j. The joint
likelihood of a sequences Rn,Zn has the following form:

l(R0:N−1,Z0:N−1) ∝
N−1

∑
n=0

2

∑
j=1
1(Zn = j) logτn( j)

As the process Zn is not observed, l(R0:N−1,Z0:N−1)
can not be directly maximised. The EM idea is
to maximise instead the expectation of this function :
EZ|Rl(R0:N−1,Z0:N−1). To be computed, this expectation
needs to know the set of parameters Θ which is unavailable.
Hence the idea of EM algorithm is to fix a first set of param-
eters, and make it iteratively evolve to the correct one.
Denote Θ(k) the set of parameters at k-th iteration and τ(k)n ( j)
the associated pdf using Eq.(10).
The two steps are the following ones:
1. Compute for the set of parameters Θ(k):

Q(Θ|Θ(k)) =EZ|Θ(k) l(R0:N−1,Z0:N−1)

2. Estimate the set Θ(k+1) which maximises Q(Θ|Θ(k)).
After some calculations, this leads to update formulae:

α(k+1)
j =

∑N−1
n=0 τ(k)n ( j)

∑N−1
n=0 ∑2

j=1 τ(k)n ( j)

µ(k+1)
j =

∑N−1
n=0 τ(k)n ( j)Yn

∑N−1
n=0 τ(k)n ( j)

Σ(k+1)
j =

∑N−1
n=0 τ(k)n ( j)YnY T

n

∑N−1
n=0 τ(k)n ( j)

−µ(k+1)
j

(
µ(k+1)

j

)T

3.2.2 EM for the second model parameters estimation

In gait recognition problem, the parameters of the mixture
of Gaussian laws have to be estimated for the different gait
types. The above results directly apply taking in account into
the sum only the terms corresponding to the gait of interest.
One iteration of the learning process is summarized in the
Algorithm 3 for the second model.

Algorithm 3 k-th iteration of learning algorithm

1: Compute, ∀(i, j), τ(k)n (i, j):

τ(k)n (i, j) =
exp
(
− 1

2 (Yn −µ(k)
i, j )

T
(

Σ(k)
i, j

)−1
(Yn −µ(k)

i, j )

)
|Σ(k)

i, j |1/2

2: Compute, ∀(i, j), λ (k)
n (i, j) = 1(S(n) = ωi)τ

(k)
n (i, j)

3: Update formulas:∀(i, j) ∈ {1, · · · ,5}∪{1,2}

α(k+1)
i, j =

∑N−1
n=0 λ (k)

n (i, j)

∑N−1
n=0 ∑2

j=1 λ (k)
n (i, j)

µ(k+1)
i, j =

∑N−1
n=0 λ (k)

n (i, j)Yn

∑N−1
n=0 λ (k)

n (i, j)

Σ(k+1)
i, j =

∑N−1
n=0 λ (k)

n (i, j)YnY T
n

∑N−1
n=0 λ (k)

n (i, j)
−µ(k+1)

i, j

(
µ(k+1)

i, j

)T

Note that the EM algorithm is sensitive to its initialisa-
tion set of parameters. This point is not detailed in this paper
because of the lack of space. Note also that Baum Welch al-
gorithms are usually used to train hidden Markov models [8].
It has not been used in this context since we do not want the
model to be adapted to the performed path through the tran-
sition probability of the process Xn. Furthermore, concern-
ing the learning of the probabilities p(Yn|Xn = ωi), the Baum
Welch algorithm is also an EM algorithm where the unob-
served variable is the hidden state. In this context, the hid-
den state is known on the training sequences S(n), so Baum
Welch is also not adequate to learn these probabilities.

4. RESULTS

To enforce a stable classification along time, the probabil-
ity to remain into a given state ai,i is set to 0.99 ∀i, and the
transition probabilities ∀ j ̸= i, ai, j = 0.01/4, cf. Section. 3.

4.1 Performance evaluation method

9 sequences have been provided by the CHU of Saint-
Etienne. They correspond to recordings obtained for 9 differ-
ent users walking a pre-defined path scenario that comprises
different gait classes. Denote by U the number of training se-
quences and denote by V the number of test sequences. The
performance of the algorithm for the #v-test sequence is ob-
tained by comparing the temporal sequence of gait classes re-
turned by the HMM algorithm {X∗

v }0:Nv−1 and the reference
sequence Sv(n), annotated by the medical team for this test
sequence. It is important here to note that although the model
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learning is done by concatenating the U sequences into a sin-
gle one, the classification performance is assessed on the V
distinct stride sequences. Our performance criterion will be
the good detection rate defined by:

J =
1
V

V

∑
v=1

1
Nv

Nv−1

∑
n=0

1(Sv(n) = {X∗
v }n)

For a perfect classification, J = 1.

4.2 Choice of observation vector and its modelisation
The objective of the first numerical simulation is to estimate
numerically the impact of the chosen feature set and also the
best vector model for Yn. The learning process has therefore
been performed on the 9 sequences (one common model for
the 9 persons), and validated afterwards on the same 9 se-
quences. The results are shown on Table 1. For the model #1,
7 features are required to have a good detection rate higher
than 90%. For the model #2, despite a more involved learn-
ing process, a good classification rate higher than 90% is
reached for most of the features set. Note also that for this
last model, the feature sets #1, #5 and #7 gives the 3 best
classification rates.

Model #1 Model #2
Feature Set #1 87.13 % 92.21 %
Feature Set #2 63.83 % 69.79 %
Feature Set #3 70.92 % 91.46 %
Feature Set #4 89.81 % 91.66 %
Feature Set #5 82.18 % 95.53 %
Feature Set #6 89.79 % 93.82 %
Feature Set #7 93.66 % 98.66 %

Table 1: Good classification rate with respect to the observa-
tion set and its modelisation

4.3 Impact of training sequence length
The objective of the second numerical simulation is to eval-
uate the impact of the number of training sequences needed
for learning. In this context, the learning has hence been per-
formed on U sequences, and the validation is done on the
V = 9−U remaining sequences. For each possible value of
U ,
(

9
U
)

sets of training sequences can be used. The perfor-
mance criterion is thus an average of the criterion value J
estimated for each configuration of the training sequences.

Concerning the vector Yn, the model #2 has been used
with the set of features #1, #5 and #7. The results are pre-
sented on Fig.4. The set #1 has a good classification rate
which tends to 90% and can be learnt with only 1 sequence.
The set #5 can also be learned with a few training sequences
but seems to be very user sensitive since the performance
curve is not increasing. Finally, the set #7 leads to good clas-
sification rate if 4 training sequences at least are used to per-
form the training.

5. CONCLUSION

This paper demonstrates that combined 3-D magnetometer
and accelerometer can be used for good-performance HMM
gait classification. Comparison against the gait classification
performances of other relevant sensor types and other classi-
fication techniques is a topic of further research.
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Figure 4: Classification performances with respect to the
number of training sequences U
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ABSTRACT
An asynchronous hybrid brain-computer interface (BCI) sys-
tem combining the P300 and steady-state visually evoked
potentials (SSVEP) paradigms is introduced. A P300 base
system is used for information transfer, and is augmented to
include SSVEP for control state detection. The proposed
system has been validated through off-line and online ex-
periments. It is shown to achieve fast and accurate control
state detection without significantly compromising the per-
formance. For the two subjects who participated in the online
experiments, the system achieved an average data transfer
rate of 20.13 bits/min, with control state classification accu-
racy of more than 97%.

1. INTRODUCTION

Brain-computer interface (BCI) is a system which can be
used for direct communication with a computer system, with-
out reliance on the neuromuscular pathways. The brain activ-
ity patterns are detected and translated into control signals for
a computer or a prosthetic device. The typical patterns in the
electroencephalogram (EEG, the electrical activity of brain
measured on scalp) exploited by BCI systems are evoked
potentials (EPs), event related potentials (ERP), motor im-
agery, various band rhythms etc [1] etc. Two widely used
potentials in BCI research, found in EEG are P300 ERP and
steady-state visually evoked potentials (SSVEP). P300 can
be detected as a positive peak predominant at centro-parietal
region, about 300ms after the presentation of a rare, task-
relevant stimulus [2]. Its amplitude and latency varies be-
tween individuals and even within the same individual over
time, and also depending on the type of stimulus [3]. SSVEP
is another widely used potential, produced by the brain in
response to repetitive periodic visual stimulus. When the
subject focuses on a visual stimulus steadily flickering at a
certain frequency in the range of 3-75 Hz, the brain produces
a detectable signal of the same frequency and its harmon-
ics [4]. By presenting several stimuli, each flickering at dif-
ferent frequencies, researchers have developed robust BCI
systems capable of reaching very high average information
transfer speed of up to 68 bits/minute [5].

A very desirable feature of a practical BCI is the capabil-
ity for asynchronous operation. The BCI system should be
able to detect if the user is intending to input a command at
all, instead of expecting the user to issue one command at ev-
ery fixed interval throughout the period of operation. Hence,
asynchronous BCI has become an active field of research and
encouraging results have been reported [6]. However, very
few P300-based asynchronous systems have been reported.
Zhang et al. developed an asynchronous P300 speller which

is able to communicate at an average of 15 bits/min, and a
false positive rate of 0.7 events/min [7]. They achieved asyn-
chronous control by setting a threshold for the likelihood de-
rived from a probabilistic model of P300 classifier scores.
However, given the high inter and intra-subject variability
of P300 response, the model parameters may not hold for
extended periods of time, and maintaining accuracy with-
out frequent re-training/updating model parameters would
be challenging. An alternate method to develop an asyn-
chronous system is proposed in this paper. The idea is to
use different EPs for control state detection and information
transfer. In this paper, we propose a P300 based system, with
SSVEP providing the control state information.

The base system described here utilizes the P300 ERP.
The advantages of P300 is its suitability for a wide spectrum
of users including disabled patients [8], relaxed requirement
of visual attention and relative ease of detection, and reason-
ably good information transfer rates. Though SSVEP based
systems are generally faster than P300 based systems, they
suffer from several drawbacks such as the requirement of
accurate control of eye-muscles [9], precise and fast hard-
ware, and unsuitability for people with epilepsy. Moreover,
if low frequency stimuli are used, prolonged use of the sys-
tem is very tiring whereas high frequency SSVEP response
is weaker and harder to detect accurately. Here, instead of
basing the complete system on SSVEP, we utilize it just for
control state detection, with P300 as the main BCI paradigm.
Following the terminology used in [7], the EEG data associ-
ated with the flashing of one button, and that associated with
one complete cycle of flashings are called epoch and round
respectively in this paper. Also, the state in which the user
is actively giving an input is called control state, and non-
control state otherwise. The proposed method and the ex-
perimental setup is described in section 2. Section 3 details
the data analysis and section 4 describes results for off-line
and online experiments. The paper is concluded with some
remarks in section 5.

2. HYBRID P300-SSVEP SYSTEM

SSVEP is an ideal candidate to be used in conjunction with
the P300 ERP, for several reasons. Both are well documented
to be reliably evoked in virtually everyone without any need
of prior training. Unlike a pure SSVEP based system, P300
BCI does not require precise control over eye muscles, mak-
ing it suitable for severely disabled patients. The visual stim-
ulus required to elicit SSVEP can be added to the existing
P300 stimuli with relative ease, as both are usually evoked
by a visual stimuli (P300 can also be evoked by other stim-
uli, but visual P300 is dominant in BCI research). Our exper-
iments show that both the signals can be elicited at the same
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Figure 1: The screen will flicker from white to black rapidly.
The row/column flashes are carried out just as in a standard
P300 speller

time in an individual, without greatly compromising the de-
tection accuracy of either.

The experimental setup makes use of a 24 channel ampli-
fier from ANT-Neuro, with a sampling rate of 256Hz. EEG
from 9 channels of the standard 10-20 system [10] - Cz, C1,
C2, Pz, P1, P2, Oz, O1 and O2, were recorded. The data
recording is controlled from a multi-threaded program imple-
mented in Visual C++ through the ActiveX control. Another
thread handles the interface, which is the speller paradigm
[11] implemented using SFML - a multimedia library pro-
viding accelerated graphics using OpenGL as back-end. The
speller consists of 36 characters, arranged as a 6×6 matrix
with characters A-Z and 0-9. The rows and columns are high-
lighted in a random order such that all rows and columns are
highlighted once in every round. When the user is concen-
trating on one particular character, a P300 is elicited when
either the row or column containing the character is flashed.
Precise timing is ensured by recording all time stamps from
the same timer. The processing is done in real time using
MATLAB. A third thread waits for decisions and passes it to
the display interface. In our system, the whole display is set
to flicker at the desired frequency to elicit the SSVEP while
the normal highlighting of rows and columns is done as usual
for the P300 based interface. Figure 1 shows the two alter-
nating states. When the user is gazing at the screen, it can
be assumed that he/she wishes to input a command, which
will manifest as the elicitation of SSVEP. With such an inter-
face, the user would be able to naturally elicit both potentials
without having to pay a split attention. Thus the ability to
evaluate both the control state and the actual decision at all
times is a significant advantage.

Since only one frequency is used in the SSVEP detection,
the precise attention requirement of SSVEP is eliminated.
Hence, the task is reduced to the detection of any SSVEP
near the frequency of interest, as opposed to precisely de-
tecting one among several frequencies. Thus, the need for a
dedicated hardware capable of creating very precise stimuli
of various frequencies is also eliminated; cheap and simple
displays would be sufficient. By choosing the frequency to
be outside the usual range for P300 (i.e. above 12Hz), the
two signals could be separated by simple bandpass filtering
and thus there would be no reduction of accuracy in the clas-
sification process.

Preliminary experiments were conducted to explore the
best flicker frequency to use in the subsequent experiments
and in the online experiments. A stimulus frequency ( fst )
of around 18Hz was chosen due to the following reasons:
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Figure 2: The peak picking algorithm. The objective func-
tion is ratio of power in the band enclosed by the thick lines
as against the power in the band enclosed by the thin lines.

(i) a frequency lower than 15Hz interferes with P300 signal,
adversely affecting the classification accuracy, (ii) there is
a trade off between user comfort (higher frequency is pre-
ferred) and SSVEP amplitude and hence detection accuracy
(lower frequency is better), and (iii) higher frequency is very
demanding on hardware.

3. DATA ANALYSIS

3.1 SSVEP Detection
SSVEP is usually very precise about the stimulus frequency.
Gao et al. reported the possibility of distinguishing two stim-
ulus with frequency difference of just 0.2Hz [5]. Detection of
SSVEP is usually done by a simple thresholding of the am-
plitude of signal’s FFT. More advanced methods like canon-
ical correlation analysis (CCA) have been proposed and are
shown to give excellent SSVEP classification [12]. Various
techniques for enhanced detection of SSVEP can be found
in [13–15].

Unlike the techniques mentioned above, the detection
task in our system is less demanding on frequency preci-
sion, as the presence or absence of SSVEP is all that is re-
quired to be estimated. Therefore, in this control state de-
tection scheme, all other peaks not located around the target
frequency can be safely assumed to be due to noise and ig-
nored. Simple thresholding of band-power would not work
due to high variability of EEG signals and the presence of a
salient peak at the target frequency needs to be ascertained.
Hence, the mean power in a wider range of frequencies is
used as a benchmark for comparison. Figure 2 shows a sam-
ple FFT result of an epoch in which the user used the hybrid
system with the screen flickering at around 18Hz. The rela-
tive mean power spectral density (PSD) of frequency bins in
the narrow range fst ± fn Hz as compared to the mean PSD in
the wider range fst ± fw Hz is the metric chosen for detection.
Thus, an objective function can be defined as

J( fst) =
[S( f )] fst± fn − [S( f )] fst± fw

[S( f )] fst± fw
(1)

where [S( f )] fst± fn is the mean PSD in the narrow range and
[S( f )] fst± fw is the mean PSD in the wider range. In our exper-
iments, fn is chosen to be 0.3Hz, and fw is chosen to be 2Hz.
The value of J( fst) could then be compared with a threshold
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to detect SSVEP, which in turn indicates user’s desire to in-
put a command. The frequency sensitivity of the algorithm
could be tuned by setting the ranges. The threshold controls
the balance between true positive rate (TPR) and false posi-
tive rate (FPR), the setting of which depends on the specific
application. Channel selection was done based on the in-
spection of power spectral densities of the data from various
channels at the frequency of interest.

3.2 P300 Classification
The collected data is bandpass (zero-phase) filtered between
0.5 Hz and 12 Hz using a Butterworth filter of order 3. To
reduce the feature size, it is down-sampled to 32Hz, and data
for a duration of 0.7 seconds from the start of the stimulus is
considered to belong to that particular epoch. Reliable detec-
tion of P300 usually requires several rounds. The optimum
number of rounds to be chosen is a trade-off between classifi-
cation accuracy and the information transfer rate (ITR, com-
puted based on the suggestion by Wolpaw et al. [16,17]), and
varies from person to person. The number of rounds used for
the detection of a character is fixed to be 5, as it was found to
be giving a near-perfect accuracy in our preliminary experi-
ments.

3.3 FLDA
In FLDA, the data is projected to a lower dimension such
that the projected means of the classes are far apart, while
the spread of projected data is small. This can be realized by
optimizing a cost function related to within-class matrix (Sw)
and between-class matrix (Sb), which are defined as

Sw =
nc

∑
k=1

∑
x j∈ck

(x j −mk)(x j −mk)T (2)

Sb =
nc

∑
k=1

nc
k(mk −m)(mk −m)T (3)

where x j; j = 1,2, . . . ,nt are training data vectors, x j ∈ ck

denotes all x j belonging to the kth class, mk is the mean of
samples belonging to the kth class, m is the global mean, nc

is the number of classes (nc=2 in our classification, denot-
ing either the presence or the absence of P300), and nc

k is the
number of samples in the kth class. Given the pattern ma-
trix X = [x1,x2, . . . ,xnt ] and the corresponding label vector
y = [y1,y2, . . . ,ynt ], the problem is to find a projection vec-
tor w = [w1,w2, . . . ,wd ]T such that the projection y = wT X
maximizes the criterion function

Jp(w) =
det(wT Sbw)
det(wT Sww)

. (4)

The solution [18] is to choose w satisfying the eigen
equation

S−1
w Sbw = λw, (5)

if S−1
w exists, λ being the only non-zero eigenvalue of S−1

w Sb.
Once w is estimated, the classifier design is complete and the
output for a single feature vector is

y j = wT x j. (6)

In each round, the scores for all rows and columns are
calculated using Eq.(6). The estimated target is the symbol
at the intersection of the row and the column having the max-
imum of the averaged scores.

4. RESULTS AND DISCUSSION

4.1 Off-line Experiments
To evaluate the performance of the proposed scheme, off-line
experiments were conducted on three healthy subjects aged
22-27 (two males and one female). For training a P300 clas-
sifier, EEG for 300 rounds of stimuli were recorded, with the
target character highlighted during the session. Each sub-
ject performed an experiment of 40 characters with an inter-
stimulus interval (ISI) of 200ms. Subjects are in control state
for the first 10 characters (with 5 rounds per character), and
in non-control state for the next 10 characters and so on. In
control state, the subject is instructed to count the number
of times the target character is highlighted. The subject is
instructed to do a mental task (multiplication) and to relax
with eyes closed for alternate non-control states. The P300
detection accuracy was comparable to that obtained in nor-
mal experiments - out of the 20 characters that the subject
focused on, 20, 19 and 18 characters were correctly classi-
fied for the subjects 1, 2 and 3 respectively. The spectrum of
the first 20 characters for subject 1 is shown in Fig. 3, which
clearly shows that with a full block of data, distinguishing
between control and non-control states can be easily done.

0 50 100 150 200
−0.5

0

0.5

1

1.5

2

2.5

Round Number

J
(f

s
t
)

(a) subject 1

Figure 3: FFT of the first 20 characters for subject 1. The
characters 1-10 are in control state

From the experimental data it was found that the data
from just one round is not always sufficient for reliable con-
trol state detection. However, it is not necessary to follow
P300’s trial demarcation rigidly in this case, and it is pos-
sible to obtain more data per round without lengthening ISI
and sacrificing bit rates simply by allowing some overlap of
data between rounds. It is justified if we assume that the user
would have been focusing on the screen for at least a few sec-
onds before the onset of the stimulus. By extending the data
for a round to include the data from 2 seconds before the start
of the P300 stimulus, the classification accuracy was found to
be better. A sample result obtained by evaluating the objec-
tive function using Eq.(1) for each round with the extension
as mentioned above is given in Fig.4. The vertical (dashed)
lines indicate a change in control state, and as expected, the
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non-control rounds have values around zero. The horizontal
dashed line is the threshold setting used. If the goal is to max-
imize the classification accuracy, the threshold can be found
using exhaustive search of a portion of the data. For exam-
ple, the optimum threshold obtained for subject 1 is 0.58 and
188 out of 200 rounds were successfully classified (94%).
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Figure 4: J( fst) for the subject 1

To evaluate the performance of the system for various
thresholds, the area under curve (AUC) of the receiver-
operating characteristic (ROC) was computed. The ROC is
given in Fig.5, and the AUCs are summarized in Table.1.
Given that AUC for a random classification is 0.5, the detec-
tion capability of the system is very good. The classification
accuracy (CA) of the speller, the corresponding ITR as well
as control state detection accuracies (CD) for the subjects are
also given therein. Voting of classifier labels within a block
was used for the calculation of CD. For example, if blocks of
5 rounds are considered for the detection of one character; as
long as at least 3 rounds are determined to be in control state,
the character is deemed valid.

4.2 Online Experiments
The online experiment is implemented as semi-
asynchronous. The BCI system is still operated in a
discrete, predefined blocks of rounds. In this experiment, 5
rounds per block and an ISI of 200ms were used. The signal
data was overlapped for the purpose of SSVEP detection.
Once stimuli for one block is finished, the system will halt
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Figure 5: ROC curve for the subjects
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Figure 6: J( fst) for the subject 1 in the online experiment

Table 2: Detection results for the online experiment. CS
and NCS are the average SSVEP detections for blocks of 5
rounds, when the subject is in control state and non-control
state respectively. CD is the block-wise correct detection of
control state.

Subject CS NCS CD CA ITR (bits/min)
Sub 1 4.88 0.12 96.30 86.11 17.89
Sub 2 4.78 0.15 98.15 97.22 22.36
Average 4.83 0.135 97.225 91.665 20.13

until a decision has been made, and a new block will start.
In addition to detecting target character using P300 in each
round, the presence of SSVEP is checked for to validate the
detection. As long as SSVEP is detected in at least 3 out of
5 rounds, the subject is deemed to be in control state. P300
classification is employed only when control state has been
established.

The two best performing subjects (subjects 1 and 2) from
the off-line experiments participated in the online experi-
ments. These subjects performed three runs of 18 charac-
ters each. Each character is determined once 5 rounds have
been presented, and the character is determined to be null
if control state is not detected. In each run, the subject fo-
cused on the first 6 characters, gazed away for the next 6,
and focused again on the last 6. Thus, there would be 54
blocks of 5 rounds each, 36 of which are in control state.
The threshold value was set to be 0.5. J( fst) for the subject
1 in the experiment can be found in Fig.6. In blocks of 5, the
average detections for control states and non-controls states
were 4.88 and 0.12 respectively for subject 1 and 4.78 and
0.15 respectively for subject 2. The corresponding control
state detection accuracies were 96.30 and 98.15 respectively;
which shows that the control state detection using SSVEP is
very robust. It was noted that the accuracy is lower when
focusing on the last column of the display, likely due to the
reduced visual attention to SSVEP. Based on the P300 detec-
tion accuracy, the system is capable of information transfer
at 17.89 bits/min and 22.36 bits/min respectively for the sub-
jects if he/she is continuously in control state. The results
are summarized in Table. 2. This is comparable to the results
obtained without the SSVEP and it was observed that the ad-
dition of SSVEP for control state detection does not affect
the accuracy of P300 classification significantly.
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Table 1: Detection results for the off-line experiment

Rounds/char 2 3 5
Subject AUC CA ITR CD CA ITR CD CA ITR CD

(%) (bits/min) (%) (%) (bits/min) (%) (%) (bits/min) (%)
Sub 1 0.958 65 25.24 85 95 33.86 95 100 23.86 97.5
Sub 2 0.928 90 47.87 72.5 95 33.86 97.5 95 21.36 95
Sub 3 0.751 60 22.21 50 70 20.12 65 90 19.32 80
Average 0.879 71.67 31.77 69.17 86.67 29.28 85.83 95.00 21.51 90.83

5. CONCLUSIONS

An asynchronous hybrid BCI system combining two differ-
ent paradigms has been realized. This system takes advan-
tage of the ease of elicitation of the SSVEP, and flexibility of
P300 such that the system has efficient operation and reliable
control state detection. The system achieved an ITR of 20.13
bits/min, with a control state classification accuracy of more
than 97%. Higher frequency flicker could be used to increase
the user’s comfort when using the system [19]. This would
necessitate sophisticated hardware and detection algorithms.
It should be noted that the performance of the system for one
subject was relatively low as compared to the other two. A
detailed analysis with large pool of subjects would be vital to
throw more light into the subjectivity of the system. As the
system involves flickering stimuli, a detailed study of factors
affecting user comfort, and effects of habituation needs to be
done.
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ABSTRACT
A brain-computer interface (BCI) provides the possibility to
translate brain neural activity patterns into control commands
without user’s movement. In recent years, there has been in-
creasing interest in using steady-state visual evoked potential
(SSVEP) in BCI systems. The SSVEP based BCI system re-
quires several simultaneously flickering light sources of dis-
tinct frequencies, enabling the user to interact by focusing on
one of the stimuli. However, the amplitude of the SSVEP
is not the same for different stimulation frequencies or for
different subjects. In order to find optimal stimulation fre-
quencies, stimuli are usually processed sequentially; this can
take several minutes. This paper introduces a novel multi-
target calibration method for SSVEP-based BCIs, which al-
lows significant shortening of the calibration procedure. This
approach was successfully evaluated in 5 neurologically in-
tact subjects, shorting the calibration time by four. No major
influence on the quality of calibration could be observed.

1. INTRODUCTION

BCI systems allow people to communicate through direct
measures of brain activity [1]. These devices may be the only
possible way of communication for severely disabled users,
such as persons with cerebral Palsy, after stroke, or injuries
to the brain or spinal cord. Recent studies have indicated an
increased interest in non-invasive BCI systems, which can
be based on various sensory modalities [8]. In non-invasive
BCIs, electroencephalography (EEG) is commonly utilized
because of its high time resolution, ease of acquisition, and
lower cost when compared to other brain activity monitoring
modalities. In recent years, there has been increasing interest
in using steady-state visual evoked potential (SSVEP) in BCI
systems; the SSVEP approach provides up to date the fastest
and most reliable communication paradigm for the imple-
mentation of a non-invasive BCI system [9, 11]. However,
many aspects of current system realizations need improve-
ment, specifically in relation to speed (in terms of informa-
tion transfer rate as well as time needed for performing a
single command), user variation and ease of use.

An SSVEP-based BCI system must reflect the user at-
tention to a fast oscillating stimulus. The stimuli are lights
flickering at different frequencies and their responses in the
EEG signals correspond to SSVEPs at the same frequen-
cies as the stimuli and their harmonics. The best responses
for these signals are obtained for stimulation frequencies be-
tween 5 and 20 Hz [7]. The amplitude that characterizes an
SSVEP response depends on the frequency, intensity and the
structure of the repetitive stimulus. Some studies have com-
pared the spectrum differences between a variety of stim-

uli sources, e.g. between light emitting diodes (LED) and
monitors [10, 12]. The amplitude of the SSVEP responses
evoked by LEDs are significantly larger than the evoked by
stimuli presented on a computer monitor. Current SSVEP
based BCIs use one-to-one correspondence between stimu-
lating frequency and the command, hence a large number of
choices such as in a virtual keyboard requires a large num-
ber of frequencies. Gao et al. observed that two flickering
targets with a difference in frequency of 0.2 Hz can be suc-
cessfully distinguished in the EEG signals, which allowed
them to develop an online SSVEP BCI system with 48 tar-
gets [3]. However, the amplitude of the SSVEP is not the
same for different stimulation frequencies and for different
subjects [6] (as seen in Fig. 1). Therefore, to obtain op-
timal subject parameters an additional calibration phase is
required [4]. During an extensive analysis of recently pub-
lished works we realized that ALL research groups perform
the training phase in order to select the best individual fre-
quencies (and of course to optimize the spatial filtering and
other parameters needed for real-time processing in the on-
line SSVEP-based BCI system) in sequential way, this chain
calibration usually takes several minutes.

Mukesh et al. suggested the so-called dual stimulation
technique in order to increase the number of BCI commands
by using a suitable combination of frequencies [5]. They
found that for some frequencies spectral peaks of the combi-
nation frequencies were predominant compared to individual
stimulating frequencies. This method increases the number
of selections by using a limited number of stimulating fre-
quencies in BCI. This idea did not find a broad application,
because this method did not cause the direct increase of the
accuracy of signal classification and furthermore, it is possi-
ble to produce any number of stimulating frequencies with
modern hardware.

Derived from this idea, we propose a novel multi-target
technique for the selection of individual subject-dependent
stimulating frequencies to be used in any online SSVEP-BCI
system. This method provides a significant shortening of the
calibration procedure. The aim of the present study is to in-
vestigate the feasibility of suitable combination of frequen-
cies for visual stimulation in order to significantly shorten the
duration of the training phase in SSVEP-based BCIs.

This paper is organized as follows: The second section
presents the experimental protocol used in the study. Two
methods to evaluate the effectiveness of the proposed calib-
ration method are presented. Results shows analyses con-
ducted in frequency and time domains and resulting frequen-
cies obtained for each subject. Discussion and conclusion are
presented in the final section.
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Figure 1: Differences in frequency spectrum for Subjects 3 and 5. EEG signals were acquired during sequential visual
stimulation with 16 individual flickering frequencies ranged from 12.5 to 20 Hz (with a 0.5 Hz steps) at the PO4 electrode.
The SSVEP response can observed as peaks at each of the stimulating frequencies.

2. METHODS

2.1 Subjects

A total of 5 subjects participated in the study. Subjects’ mean
age was 26 years, range 22-29 with standard deviation 2.92.
None of the subjects had neurological or visual disorders,
other than refractive errors. Spectacles were worn when ap-
propriate. All subjects were used to a computer screen for
their daily work. Subjects did not receive any financial re-
ward for participating in this study.

2.2 Data acquisition

The experiments were carried out in a normal office room
of the Institute of Automation at the University of Bre-
men. This is different to the usual EEG recording condi-
tions, in which an electrically shielded room with low back-
ground noise and luminance is usually used. Subjects sat
in a comfortable chair. A LED stimulator shown in Fig. 2
was placed approximately 25 cm from the subject. EEG data
were recorded from the surface of the scalp via eight sin-
tered Ag/Ag-Cl EEG electrodes. They were placed on AFZ
for ground, right ear lobe was used for the reference elec-
trode and PZ ,PO3,PO4,OZ ,O9,O10 as the input electrodes
based on the international system of EEG measurement. The
standard abrasive electrolytic electrode gel was applied be-
tween the electrodes and the skin to bring impedances below
5 kΩ. An EEG amplifier g.USBamp (Guger Technologies,
Graz, Austria) was used for signal acquisition. The sampling
frequency was 128 Hz. During the EEG acquisition, an ana-
log bandpass filter between 2 and 30 Hz, and a notch filter
around 50 Hz (mains frequency in Europe) were applied di-
rectly in the amplifier.

LE
D
1

LE
D
2

LE
D
3

LE
D
4

Figure 2: LED stimulator. The four red LEDs (modules
HLMP-2685, size 10x20 mm each) with common luminance
of around 2.56 cd.

2.3 Experimental Protocol

Subjects were instructed to look at the LED stimulator while
EEG data were collected. The experiment consists of two
runs with a short resting time in between. During each run
the user was stimulated with 16 different frequencies (ranged
from 12.5 and 20 Hz with 0.5 Hz steps). In the first run, only
LED1 (see Fig. 2) was flickering with different stimulation
frequencies, each frequency was randomly selected. The sti-
mulation time was determined randomly and varied from 21
to 25 seconds. Between the stimulation of two different fre-
quencies, there were short breaks that varied from 5 to 7 sec-
onds. In the second run, the user was confronted with four
simultaneously flickering LEDs (LED1-LED4 in the Fig. 2)
presenting 4 stimulating frequencies at once.
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Figure 3: Differences in frequency spectrum (for Subjects 3 and 5) from EEG signals acquired during visual stimulation with
4 groups of 4 LEDs, each with flickering frequencies ranged from 12.5 to 20 Hz (with a 0.5 Hz steps) at the PO4 electrode.
The SSVEP response can be seen as the peaks at stimulating frequencies.

In order to avoid mutual influences between stimulating
frequencies, the following additional restrictions for each
group of four simultaneously flickering LEDs were applied
during the randomization of the 16 frequencies: fi 6= [ f j +
fk]/2, fi 6= 2 f j− fk, fi 6= 2 fk− f j. It is important to mention
that in the second part of the experiment subjects were in-
structed to focus their gaze at the middle of the LED’s array,
but attenting on all four LEDs. The stimulation times were
chosen in the same way as in the first part of the experiment.
The entire procedure took on average about 40 minutes per
subject including subject EEG preparation.

2.4 Evaluation methods
Classical two dimensional control that operates with SSVEP
requires five classes: Four classes are dedicated to the di-
rections (up, down, left and right) and one class for selec-
tion of actions. During the calibration process, the goal is
to determine the five stimulating frequencies that achieve
best SSVEP responses. In order to prove that the calibra-
tion procedure outputs the same five best frequencies with
the strongest SSVEP responses, the standard chain calibra-
tion and the novel calibration method with four flickering
LEDs at once were compared. We distinguish two ways for
estimating the calibration quality and to evaluate its impact:
The conventional fast Fourier transform (FFT) and the Mini-
mum Energy Combination (MEC) method [2].

2.4.1 Discrete Fourier Transform

Fourier analysis is a powerful tool in signal analysis that can
be applied to detect SSVEP peaks. The analysis signal is
the EEG signal recorded from the i-th electrode when visual
stimulation is applied yi(t). The Fourier theorem states that
any function in the time domain can be expressed in the fre-
quency domain as the sum of sinusoidal functions with diffe-
rent frequencies:

y(t) =
N

∑
j=1

An sin(2π fnt +Φn). (1)

The discrete Fourier transform of the signal yi(t) at elec-
trode i sampled at discrete times tn is given by:

F( fn) =
1
N

N

∑
n=1

y(tn)ε j2π fn . (2)

2.4.2 Minimum Energy Combination

To extract discriminant features, the signals from the i elec-
trodes need to be combined. This can be achieved by defining
a channel vector s of length Nt which is a linear combination
of the electrode signals, yi

s =
Ny

∑
i=1

wiyi = Y w, (3)

where w is a vector of weights [w1, . . . ,wNy ] associated with
the individual electrode signals. The aim of the channel s is
to enhance the information contained in the EEG while re-
ducing the nuisance signals. Several channels can be created
by using different sets of weights, depending on the nature of
the SSVEP signal and the noise. Equation (3) can be gener-
alized for Ns channels as

S = YW (4)

with the set of channels S = [s1, . . . ,sNs ] and the correspond-
ing weight matrix W = [w1, . . . ,wNs].

First, orthogonal projection is used to remove any poten-
tial SSVEP activity from the recorded signal,

Ỹ = Y −X(XT X)−1XTY . (5)

The remaining signal Ỹ contains approximately only noise,
artifacts and background activity.

In the next step the weight vector ŵ which minimizes the
energy of the signal Ỹ is found by optimizing

min
ŵ

∥∥Ỹ ŵ
∥∥2

= min
ŵ

ŵT Ỹ T Ỹ ŵ. (6)

Vector w will minimize the component of the noise and
nuisance signal in the corresponding channel signal (equa-
tion (3)). The weight matrix can be chosen based on the
eigenvalues in ascending order (λ1,λ2, . . . ) and the corre-
sponding eigenvectors (v1,v2, . . . )

W =

[
v1√
λ1

. . .
vNs√
λNs

]
. (7)

The total number of channels used, Ns, is selected by finding
the smallest value for Ns which satisfies

∑
Ns
i=1 λi

∑
Ny
j=1 λ j

> 0.1 (8)
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Figure 4: SNR distributions for two different stimuli presentations for Subject 4 (a) during visual stimulation with 16 individual
flickering frequencies ranged from 12.5 to 20 Hz (steps of 0.5 Hz) and (b) during stimulation in groups of 4 LEDs. The five
stimulating frequencies with the strongest SNRs are plotted with a thick line. SNR values were calculated on the basis of
the time segment length of 4 s every 100 ms using Minimum Energy Combination method as described above and six EEG
channels (PZ ,PO3,PO4,OZ ,O9,O10).

This can be interpreted as selecting the number of channels
in such a way as to discard as close to 90% of the nuisance
signal energy as possible [2].

The estimated SSVEP signal to noise ratio over all chan-
nels Ns and all corresponding harmonics Nh is given by

T̂ =
1

NsNh

Ns

∑
l=1

Nh

∑
k=1

P̂k,l

σ̂2
k,l
. (9)

Here, P̂k,l denotes the estimated SSVEP power at the kth har-
monic frequency in the channel signal sl ,

P̂k,l = ‖XT
k sl‖2 , (10)

and σ̂2
k,l is the corresponding estimated noise level which

represents the power in the kth harmonic frequency in the
channel signal sl if no SSVEP response were present. An
auto-regressive AR(p) model of order p = 4 is fitted to each
modified channel signal,

s̃l = Ỹ wl (11)

using a Levinson-Durbin recursion. The resulting model pa-
rameters and the estimated white noise variance driving the
auto-regressive process are then used to predict the noise
level at the kth harmonic SSVEP frequency.

Using the methodology outlined above, the estimated sig-
nal to noise ratio of the EEG signal acquired over a seg-
ment length Ts with respect to one of the stimulation frequen-
cies fi can be denoted as T̂ ( fi), i = 1 . . .N f . In the present
setup, only the first harmonic of the stimulating frequency
was taken into consideration, Nh = 2, and the time segment
length Ts of 4 s was used.

3. RESULTS

Results obtained from two calibration runs for five subjects
are summarized in Table 1. Selected frequencies are shown
when stimuli were presented in sequence order and for multi-
target stimulation (four LEDs flickering with the different
frequencies). Fourier Analysis were performed for single
frequencies and results are shown in column 1. For direct
comparison, column 2 shows results for Fourier analysis and
column 3 for Minimum Energy Combination when stimuli
are presented in groups of four frequencies. Fig. 1 shows the
results of two representative subjects obtained during chain
stimulation with 16 flickering frequencies. Fig. 1a shows re-
sults for subject 3 considered to be a good SSVEP perfor-
ming subject and Fig. 1b for subject 5 considered less perfor-
ming. Fig. 3 shows the results obtained for the same subjects
with stimulation groups of four stimulation frequencies. The
same data was analyzed with the Minimum Energy Combi-
nation algorithm to find the best five stimulation frequencies.
Fig. 4 presents the SNR distributions for subject 4: Fig. 4a
for individually presented stimuli and Fig. 4b for the stimu-
lation in groups of 4 LEDs.

4. DISCUSSION

Two calibration methods were compared: single LED and
multi-target group LED stimuli. For both methods, we com-
puted the frequency spectrum (FFT) of single EEG signal at
electrode PO4 (see section 2.4.1). The length of the time
window used for FFT-analysis was 21 seconds (offset of 1
s). From the results, it can be observed that for both calib-
ration methods (single and multi-target) the visual stimula-
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Table 1: Results over 5 subjects. Table presents five frequencies [Hz] with the largest SSVEP responses for individual stimu-
lation vs. stimuli presented in groups of 4 LEDs, bold marked values represent equal selected frequencies for FFT and SNR.

Subject Single LED FFT Group LED FFT Group LED SNR

1 14.5, 12.5, 20.0, 16.5, 17.0 12.5, 13.5, 20.0, 17.0, 19.5 12.5, 13.5, 14.0, 20.0, 16.0

2 15.5, 16.5, 20.0, 19.5, 17.0 15.5, 16.5, 19.5, 17.0, 17.5 15.5, 17.0, 17.5, 16.0, 19.5

3 13.0, 17.0, 16.5, 15.0, 18.0 16.5, 13.0, 14.5, 19.0, 18.0 17.0, 16.5, 13.0, 19.5, 19.0

4 15.0, 19.0, 17.5 18.0, 13.5 15.0, 19.0, 17.5, 13.5, 18.5 16.5, 17.5, 15.0, 19.0, 18.5

5 17.5, 14.0, 19.0, 20.0, 19.5 20.0, 19.5, 15.0, 19.0, 17.0 16.5, 17.5, 19.5, 18.0, 16.0

tion leads to an increase of the SSVEP response at the cor-
responding frequency (see Fig. 1 and 3). The spectral am-
plitude of the SSVEP response vary significantly between
the subjects and different stimulation frequencies. Based
on the maximal values, we chose five best frequencies for
all subjects as shown in Table 1. A high correlation of the
best frequencies determined by two calibration methods was
found. At least three of five frequencies encountered by two
calibration ways were the same. This approach allows us
to shorten the total duration of calibration time from 464
seconds (16× 23 + 16× 6 = 464, 16 frequencies, 23 sec-
onds is the mean duration of stimulation and 6 seconds is
the mean resting time) to 116 seconds (4×23+4×6 = 116,
four groups a four frequencies).

Another way to compare the two calibration approaches
is the calculation of SNR values using Minimum Energy
Combination method as explained in section 2.4.2. In
comparison to the FFT-analyses with window length of 21
seconds the SNR method returns the adequate outcomes
from data sets recorded during 9 seconds (offset of 1 s).
This brings an additional advantage in terms of the perfor-
mance of calibration. The criterion for the selection of five
best frequencies is based on the calculation of the integral
value of the SNR distribution over the time. In column
Group LED SNR (Table 1) the five best frequencies for each
subject are displayed. The SNR-based calibration provides
similar five best frequencies to the FFT-analysis based ca-
libration. For four subjects at least three of five frequencies
matched. Only for the subject 5, whose responses were very
low compared with other subjects, one frequency of five fre-
quencies matches over all methods.

5. CONCLUSION

In this paper a novel calibration method for SSVEP based
Brain-Computer Interfaces was presented. We have showed
that using multi-target stimulation, the calibration time is
decreased without reducing the quality of the SSVEP re-
sponses. The Minimum Energy Combination algorithm was
useful to determine frequency responses when stimuli are
presented simultaneously (the same procedure as during an
online BCI experiment).
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ABSTRACT
Bi-frequency Coherence is a normalized spectrum func-

tion based on Lòeve Spectrum. In this work, we investigated
the use of Bi-frequency Coherence function for correlationof
two non-stationary processes, particularly for EEG signals.
We define a procedure to achieve Bi-frequency Coherence
starting from Lòeve Spectrum. Then we present a numerical
estimation of this approach. We compare our method with
traditional coherence and TF-coherence functions, by means
of some examples to show its advantages. It is shown that for
some non-stationary processes, the proposed Bi-frequency
Coherence function may extract underlying coupling better
than other approaches.

1. INTRODUCTION

Inspection of the relations between two or more processes
occurred simultaneously, has a significant role in signal pro-
cessing. Analysis of stochastic processes, from this pointof
view, is a challenging issue. Various methods have been pro-
posed to show coupling between stochastic processes such as
cross correlation, cross spectra, coherence function, etc. Co-
herence function is one of the most widely used techniques to
analyze such processes and find applications in a wide range
of disciplines from optics to neuroscience[1, 2, 3, 4, 5, 6].
Coherence function is simply obtained by normalizing cross-
spectrum of two processes with their auto-spectra [1] as
shown in eq. (1):

|CXY(ω)|2 =
|SXY(ω)|2

SX(ω)SY(ω)
(1)

where the cross-spectrum ofX(t) andY(t) is obtained by
taking the Fourier transform of the cross-correlation function
of two processes:

SXY(ω) = F{RXY(τ)} (2)

and the cross-correlation is calculated as,

RXY(τ) = E[X(t)Y(t + τ)] (3)

Here,F andE denote the Fourier transform and expectation
operators respectively.

Coherence function, which is indeed a frequency domain
representation, is very special since, most of the time, pro-
cesses under consideration (thought to be coupled) are trig-
gered by oscillatory events. By definition, coherence func-
tion is effective only on wide-sense-stationary, stochastic

This work was supported by The Research Fund of The University of
Istanbul. Project numbers: 3898, UDP-4382/14102009

processes. However, almost all signals encountered in na-
ture, like physiological signals, are said to be non-stationary.
Thus some further analysis methods are needed to overcome
this theoretical shortcoming of the coherence function. A
method is suggested to observe evolution of coherency by
time, called “Time-Frequency (TF) Coherency” [7, 8, 9]. Ba-
sically, TF Coherence is a reflection of TF “auto” spectra on
“cross” case:

|CXY(ω ,t)|2 =
|SXY(ω ,t)|2

SX(ω ,t)SY(ω ,t)
(4)

TF Coherence function is based upon the fact that second
moment of the processes is dependent on time

RXY(τ,t) = E[X(t)Y(t + τ)] (5)

so is the cross spectrum,

SXY(ω ,t) = F{RXY(τ,t)} (6)

It is obvious that TF-Coherence is very useful examining
time evolution of coherence function. However, as in
the previous case, the assumption of being wide sense
stationary still has to be ensured even though in a manner
of changing by time. Loosely speaking, coherence function
is useful to show coupling in single frequency, correlation
of two processes inωi frequency for instance. On the other
hand, TF-coherence yields information about evolution of
correlation inωi frequency by time. The question is what
if the coupling exists between two different frequenciesωi
andω j . Such processes exist and referred as “Harmonizable
Processes” [10, 11]. In the rest of this paper, we will revisit
the definition of non-stationarity and try to extend it to
investigate bi-frequency spectral concept.

On the other hand, the concept of being coupled involves
stationarity in some manner. To be more precise, we intend
to extract “stationarity” between non-stationary processes.
From this point of view, one may define coupling as being
stationary of two or more processes according to each other
with respect to some manner.

2. BI-FREQUENCY COHERENCE FUNCTION

2.1 Bi-frequency Spectrum

The question is if there is a way to show coupling between
two different processes in different frequencies. The answer
should hold the properties of coherence function besides
it should be applicable to non-stationary processes. As
a starting point, we must go back to the auto-correlation
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function, which can be seen as the ground of coherence func-
tion, and drop the wide sense stationarity (WSS) assumption.

In a more comprehensive way, auto-correlation function
of a stochastic processX(t) is given by,

RX(t1, t2) = E[X(t1)X
∗(t2)]. (7)

Since the auto-correlation functionRX(t1, t2) involves
two time parameters, its frequency domain representation
or “power spectrum” should have two dimensions as well,
and both these dimensions should refer to frequencies. The
Bi-frequency or Loève Spectrum of this process is defined
as 2-dimensional (2D) Fourier transform of the above auto-
correlation function[10]:

SX(ω1,ω2) = Ft1{Ft2{RX(t1, t2)}} (8)

without any assumptions on time parameters. Let the Fourier
transform of any realization of the processX(t) is defined by
equation (9), for any observationx(t).

X(ω) = F{x(t)} (9)

It can easily be shown that the Bi-frequency Spectrum
SX(ω1,ω2) can be calculated as the expected value of the
outer product of Fourier transformX(ω) with its complex
conjugate as,

SX(ω1,ω2) = E[X(ω1)X
∗(ω2)] (10)

In contrast to the WSS case,SX(ω1,ω2) has imaginary
components. Moreover, it is symmetric with respect to the
ω1 = ω2 axis whereas on theω1 = ω2 line it is exactly equal
to its 1D counterpart “Power Spectrum”. We can then say
that, whileω1 6= ω2, SX(ω1,ω2) reveals information about
relations between different frequency components of the
process.

2.2 Bi-frequency Coherence

A cross spectrum function (11) can be defined in bi-
frequency plane as in auto-spectrum case (9).

SXY(ω1,ω2) = E[X(ω1)Y
∗(ω2)] (11)

Normalizing procedure can then be defined as (12), since
(11) is an inner product in Hilbert Space.

|CXY(ω1,ω2)|
2 =

|SXY(ω1,ω2)|
2

SX(ω1)SY(ω2)
(12)

For the case, whenω1 = ω2, CXY(ω1,ω2) function is
equal to its 1D counterpart, i.e., the coherence function given
in (1). We can state that, bi-frequency coherence function is
a combination of weighting coefficients which are produced
by linear relations between two non-stationary processes in
variant oscillations.

3. NUMERICAL CALCULATIONS

3.1 Spectral Estimation

The calculation of a spectra of a stochastic process requires
estimation. Any spectral estimation technique found in the
literature may be used for calculations [12]. For simplicity,
we use Welch’s modified periodograms [13] in our experi-
ments.

ŜXY(ω1,ω2) =
1
N

N

∑
i

Pi
XY(ω1,ω2) (13)

where
Pi

XY(ω1,ω2) = Xi(ω1)Y
∗
i (ω2)

and

Xi(ω) =
∫

x(τ)h(t − i,τ)e− jωτdτ (14)

3.2 Trust Level

Since estimation of the spectrum relies on some approxima-
tion process (i.e. expected value of a quantity) we have to
determine in what condition one can trust these results. In
literature a line called confidence limits is added to the co-
herence graphs as a representation of the trust level and val-
ues below this level is assumed to be zero as the evidence of
lack of coupling [1]. The confidence limit is a measure of the
expectation variance and obtained as;

1− (1−α)1/(L−1) (15)

Here α andL represents the interval of the confidence
limits and the number of observation instances respectively.
%95 confidence interval is used for this work.

4. EXPERIMENTAL RESULTS

We used both synthetic signals and real EEG signals in or-
der to show that there may be some situations where the
bi-frequency method may be more useful then the conven-
tional coherence and the joint TF methods. Synthetic sig-
nals were generated according to two different cases each
of which took under consideration different scenarios. 10-
second long, 25 observations were generated as synthetic sig-
nals.

100 msec. non-overlapping Hamming windows were
used for the analysis. Sampling frequency was chosen as
500 Hz. Upper confidence limit within 95% confidence in-
terval was 0.0012 for bi-frequency-coherence and traditional
coherence. Confidence limit, for TF-coherence, was 0.1178,

4.1 Synthetic Signals

Case 1: Null condition. We considered two uncorrelated
processes as the null situation for the first case. We chose
two Normal distributed random processes with zero mean
and unit variance.

x1(t) = ϕ1(t) ϕ1 ∼ N (0,1)

and
y1(t) = ϕ2(t) ϕ2 ∼ N (0,1)
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Figure 1: Traditional coherence function for Case 1. Dotted
straight line shows upper confidence limit within 95% confi-
dence interval.

Figure 2: TF-coherence function for Case 1. Confidence
limit is calculated as 0.1178. No significant pattern is ob-
served in the absence of coupling, as expected

Case 2: Coupling in different frequencies. In this case,
we have two signals correlated in different frequencies, with
additive noise, i.e.,

x2(t) = asin(θ1(t))+ ϕ1(t), ϕ1 ∼ N (0,1)

and

y2(t) = bsin(θ2(t))+ ϕ2(t), ϕ2 ∼ N (0,1)

where the frequencies are chosen as,

1
2π

dθ1(t)
dt

=

{

25Hz, 3.2 sec≤ t < 4 sec;
72Hz, 6.3 sec≤ t < 7.1 sec;
0, otherwise.

and

f2(t) =

{

57Hz, 3.2 sec≤ t < 4 sec;
37Hz, 6.3 sec≤ t < 7.1 sec;
0, otherwise.

where,

fi(t) =
1

2π
dθi(t)

dt
, i = 1,2

The bi-frequency coherence function is the only approach
that extracts the underlying information in this case. For the

Figure 3: Bi-frequency coherence function for Case 1. No
significant pattern is observed, as expected
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Figure 4: Coherence for Case 2.

analysis of processes having coupling in different frequen-
cies as in this example, the traditional coherence and the TF-
coherence functions give the same results as for the uncorre-
lated processes as shown in figures.

4.2 Bi-frequency Coherence Analysis of EEG Signals

Conventionally, coherence function (1) has been widely used
to determine coupling between two processes. As it is shown
in the previous section, the shortcomings of the traditional
coherence may be overcome using the proposed bi-frequency
coherence. Hence the coupling between two EEG channels
was investigated in this study. Recordings were taken from
BCI III competition [14]. 4− 9 measurements were taken
from a subject in three sessions. With visual feedback on a
screen, left or right imaginary movement task is performed
by the subject in each recording [15].

Off-diagonals indicates some patterns both in Fig.7 and
Fig.8. Hence, one can deduce that linear relations exist
among different frequencies. Also, these patterns may be
used to distinguish different tasks from each other.

5. CONCLUSIONS

In this study, we investigate the use of Bi-frequency Coher-
ence function for non-stationary processes, particularlyfor
EEG signals.

We discuss some conventional methods used for analyz-
ing cross relations of EEG signals and conceptional deficien-
cies of these methods. We present the Bi-frequency Coher-
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Figure 5: TF-coherence for Case 2.

Figure 6: Bi-frequency coherence for Case 2.

ence function by means of the Loève Spectrum. It is shown
that Bi-frequency Coherence can be used as an alternative
way of dealing those shortcomings. Consequently, in some
situations, it is shown that TF Coherence may have some
problems, and Bi-frequency Coherence is more convenient
in extracting the information. Furthermore a sample EEG
signal couple were analyzed with very encouraging results.
It is shown that EEG couples have some components that
could not be determined by TF methods but extracted using
Bi-frequency Coherence.

Joint TF spectral approaches assume that processes under
investigation are stationary around a definite time duration,
even though in a manner of evolution. From this point of
view, one can say that joint TF spectral estimation methods
investigate non-stationarity by tracing information about sta-
tionarity (like in conventional frequency methods) changing
over time. In this work, it is shown that being non-stationary
may exist on the far side of being “stationary changing by
time” generally for any non-stationary process by using syn-
thetic signals. Though bi-frequency plane is not commonly
used in electro-physiological signal analysis, the need may
arise similar to the EEG signal example shown here.

Figure 7: Imaginary right movement

Figure 8: Imaginary left movement

Fourier based methods are considered while calculating
Bi-frequency Coherence in the present study. Other ap-
proaches such as wavelet, AR models etc. may be employed
for calculating Bi-frequency Coherence as well. More-
over, investigating time evolution of Bi-frequency Coherence
function may yield some extra information. Another interest-
ing information is the phase that Bi-frequency function car-
ries. This may be useful for the investigation about which
process is leading (triggering) the other [1], which is fre-
quently searched in most conventional coherence studies.
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ABSTRACT

Brain-computer interfaces (BCI) based on Steady State Vi-
sual Evoked Potential (SSVEP) can provide higher informa-
tion transfer rate than other BCI modalities. For the sake
of safety and comfort, the frequency of the repetitive vi-
sual stimulus (RVS) necessary to elicit an SSVEP, should be
higher than 30 Hz. However, in the frequency range above
30 Hz, only a limited number of frequencies can elicit suf-
ficiently strong SSVEPs for BCI purposes. Consequently,
the conventional approach, consisting in presenting various
repetitive visual stimuli having different frequency each, is
not practical for SSVEP based BCI functioning. Indeed this
would bring low communication bitrates. In order to in-
crease the number of possible repetitive visual stimuli, we
consider modulating the phase of the stimulus instead of the
frequency. Thus, several stimuli, sharing the same frequency,
but with different phase can be presented to the user. The
approach presented in this document, to detect the phase of
the stimulus is termed phase synchrony. It consists in using
as feature, the phase difference between the SSVEP and the
stimulus. The phase is extracted through the Hilbert trans-
form applied on an univariate signal resulting from spatially
filtering the electroencephalogram. The spatial filter is de-
termined in such a way that the SSVEP energy is enhanced
through a linear combination of the signals recorded at dif-
ferent positions on the scalp. Phase detection accuracy for
seven subjects ranges from 70 to 94%.

1. INTRODUCTION

The steady state visual evoked potential (SSVEP) refers to
the response of the cerebral cortex to a repetitive visual
stimulus (RVS) oscillating at a constant frequency. The
SSVEP manifests as an oscillatory component in the elec-
troencephalogram (EEG) having the same frequency (and/or
harmonics) as the RVS [1]. Because of their proximity to
the primary visual cortex, the occipital sites exhibit a higher
SSVEP response. The EEG is typically recorded using an
array of electrodes positioned according to the 10-20 sys-
tem [2] (Figure 1a).

The SSVEP is an effective electrophysiological source
that can be used as input for brain computer interfaces
(BCI) [3]. An SSVEP based BCI operates by presenting the
subject with a set of repetitive visual stimuli (RVSi). In gen-
eral, the RVSi oscillate at different frequencies from each
other [4]. The SSVEP corresponding to the RVS on which
the subject focuses his/her attention is more prominent and
can be detected from the ongoing EEG. Each RVS is asso-
ciated with an action which is executed by the BCI system
when the corresponding SSVEP is detected.

SSVEP based BCIs offer two main advantages over BCIs
based on other electrophysiological sources (e.g. P300,
ERD/ERS): i) have higher information transfer rate, and ii)
require shorter calibration time [5].

Most SSVEP-based BCIs use stimulation frequencies in
the 4-30 Hz range [6]. SSVEPs elicited by frequencies in
this range have high amplitude but can lead to visual fatigue
or even induce epileptic seizures [7]. For safety and com-
fort, higher stimulation frequencies are therefore preferable.
However, only a limited number of frequencies above 30 Hz
can elicit a sufficiently strong SSVEP for BCI purposes (see
Section 4). Thus, if a frequency per target is used, the number
of choices (and consequently the information transfer rate) in
a BCI is limited.

A possible manner to tackle such limitation consists in
combining several frequencies to drive a single visual stim-
ulus [8, 9]. Thus, if N frequencies are used, a target may
combine k frequencies selected among the available N. From

combinatory theory it is known that

(
N
k

)
> N if N > k+1

and k > 1. An alternative manner consists in using the same
frequency for several stimuli but different phase [10, 11]. De-
tecting the phase of the stimulus that receives the user’s focus
of attention is possible because the SSVEP is phase-locked
with the stimulus [1].

The SSVEP phase can be obtained using methods based
on the Discrete Fourier Transform [10, 11, 12]. However,
these methods require relatively long signal segments con-
taining a number of samples that is a multiple of the stimulus
period. This increases the latency period and therefore re-
duces the information transfer rate.

In this paper, the phase is detected using the Hilbert trans-
form. To align the stimulus with the SSVEP, the oscilla-
tory light emanating from one of the stimuli was simultane-
ously recorded (without loss of generality, the stimulus with
0-phase was selected). In the following we refer to such a
signal as stimulation-signal.

This paper is organized as follows. The experimental
protocol is described in Section 2, then the signal process-
ing methods are presented in Section 3. The evaluation of
results are discussed in Section 4. The conclusion and future
directions are presented in Section 5.

2. EXPERIMENTAL PROTOCOL

Four 10× 10 cm luminous panels positioned around a 20-
inch computer screen were used to render the visual stimuli.
Each panel consisted of a 1-watt power green LED shinning
through a diffusion panel. The LED was driven by a square-
shaped oscillating current. The maximum luminance of each
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LED was 1714 nits. The background luminance was 69.7
nits which corresponds to an office environment illuminated
with artificial light and closed curtains.

Subjects were seated on a chair 70 cm away from the lu-
minous panels. The panels rendered repetitive visual stimuli
at the same frequency (which was the optimal stimulation
frequency for each subject, see Table 1) and phases 0, π/2,
π , and 3π/2.

The optimal stimulation frequency for each subject was
determined by: i) presenting stimuli at all integer frequencies
from 30 to 40 Hz, ii) recording the corresponding SSVEPs
and identifying the frequency which elicited the highest
SSVEP. Seven subjects (two female and five male) partici-
pated in this study. Five subjects had normal vision and the
other two used correcting glasses. All subjects signed an in-
formed consent before engaging in this study and had the
right to quit at any time.

Subjects were asked to pay attention to one out of the four
luminous panels for 3 seconds. This 3-second long period as
referred to as trial. For each subject, we recorded 160 trials
separated from each other by a resting period of a random
duration between 3 and 5 seconds. Each subject participated
in four recording sessions which lasted for about 30 minutes
each and were conducted during different days. During each
trial, subjects were asked to focus their attention on a ran-
domly selected panel. The random sequence was such that it
resulted in equal number of trials (i.e. 40) per phase condi-
tion.

EEG signals were collected using a BioSemi acquisition
system [13] in a normal office environment. Signals from 8
electrode locations: P3, Pz, P4, PO3, PO, O1, Oz, and O2
referenced to Cz were recorded at a sampling frequency of
2048 Hz (see [2] for the standard EEG electrode positioning
and Figure 1a). During the trials, subjects were requested to
avoid movement or eye-blinking while they were encouraged
to blink during the resting period between two consecutive
trials.

The light signal from the 0-phase panel was simultane-
ously recorded using a photodiode connected to the EEG
acquisition device. Such signal constitutes the stimulation-
signal that is used to detect the SSVEP phase (Section 3.2).

3. SIGNAL PROCESSING METHODS

A signal recorded at a particular electrode location, that con-
tains T samples can be seen as a vector in R

T . Because of
this interpretation, we use hereafter the terms vector and sig-
nal without explicit distinction.

The EEG signal �xi (where i indexes the electrode loca-
tion) recorded while the subject focuses on an RVS at a fre-
quency f and phase θ can be written as a sum of the SSVEP
component (denoted as�si), background EEG, and noise [14].
For convenience the background EEG and the noise at elec-
trode i are combined into a single term denoted as �y i. Thus,
the following relation holds (see also Figure 1b).

�xi =�si +�yi

=
H
∑

h=1

(
ah,i sin(2πh f�t + θ )+bh,i cos(2πh f�t + θ )

)
+�yi,

(1)
where the SSVEP component is modeled as a linear combi-
nation of vectors in the set:
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Figure 1: (a) 10-20 EEG electrode positioning system. (b)
Vector interpretation of the recorded signals and the space Π
of SSVEP components.

Φ = {sin(2πh f�t),cos(2πh f�t) |h = 1, . . . ,H },
�t = [0, . . . ,T − 1]′ is a vector of sample indices, H is the
number of harmonics that are considered in the model, and
ah,i,bh,i are real numbers. In (1), it is assumed that the phase
of the RVS equally affects all the recorded signals. While this
assumption may not hold for electrode sites located far from
each other, it does hold when the signals are recorded from
electrodes that are relatively close to each other. In particular
in our study, where the signals originate from electrodes in
the proximity of the primary visual cortex (see Section 2).

Equation 1 can be generalized to the whole set of elec-
trodes {�xi |i = 1, . . . ,N } (N being the number of electrodes)
in the following matrix form:

X = SΘA+Y, (2)

where the matrix X ∈ R
T×N has as columns the vec-

tors �xi, Y ∈ R
T×N has as columns the vectors �yi, S ∈

R
T×2H has as columns the vectors in the set Φ, Θ =(

cosθ −sinθ
−sinθ −cosθ

)
, and A ∈ R

2H×N is the matrix of lin-

ear combination coefficients such that Ah,i = ah,i if h is odd
and Ah,i = bh,i if h is even. By means of the coefficients ah,i
and bh,i, the model in (2) takes into account the differences
of SSVEP-strength across the scalp.

3.1 SSVEP enhancement through spatial filtering

This section summarizes the spatial filtering technique for
SSVEP enhancement presented in [14, 15].

The elements of A and the phase θ in (2) cannot be
determined from X and S only. Thus, to determine the
SSVEP strength at different electrode locations, a vector �xw
is constructed such that: �xw = ∑i wi�xi = X�w, where �w =
[w1, . . . ,wN ]′. The vector �xw can be considered to be the
result of a spatial filter (e.g., filtering across the electrodes)
with coefficients {wi} applied to the measured signals�xi. The
spatial filter is determined in such a way that it simultane-
ously maximizes the energy in the SSVEP frequencies and
minimizes the energy elsewhere [15, 16]. This ratio can be
determined by relying on the following geometric interpreta-
tion.

The columns of S (i.e. vectors in the set Φ) are linearly
independent and so the columns of SΘ (i.e. the phase shifted
versions of vectors in Φ). The columns of SΘ generate a
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vector space of dimension 2H which we denote as Π. We
assume Π to be the space where the SSVEP components lie
(Figure 1b). Under this assumption, Π’s orthogonal comple-
ment Π⊥ contains the non-SSVEP components. Since the
columns in SΘ are linearly independent, the projection ma-
trix Q on Π can be written as Q = SΘ(Θ′S′SΘ)−1 Θ′S′ [17].
Following straightforward algebra manipulations, it can
be seen that Q = SΘΘ−1 (S′S)−1 (Θ′)−1Θ′S′ = S(S′S)−1S′.
Thus, the projection matrix is independent of the phase.

The component of X�w in Π⊥ is equal to X�w−QX�w. The
Euclidean norm of the latter: ‖(X −QX)�w‖2 divided by T
represents the power of the non-SSVEP related activity. The
power of the SSVEP related activity can be approximated by
‖X�w‖2. The spatial filter �w corresponds to the argument that
maximizes the ratio ρ = �w′X ′X�w

‖(X−QX)�w‖2 ,

�w = argmax
�̃w

�̃w′X ′X �̃w

�̃w′(X −QX)′(X −QX)�̃w
. (3)

The ratio in (3) is a generalized Rayleigh quotient [18]
whose maximum can be found through a generalized eigen-
decomposition of the matrices X ′X and (X −QX)′(X −QX).
This results into two matrices W,Λ ∈ R

N×N such that,

X ′X = (X −QX)′(X −QX)WΛ, (4)

where Λ is a diagonal matrix whose diagonal contains the
eigenvalues. The corresponding eigenvectors are in the
columns of W . By construction, eigenvalues are larger than
one [19]. The largest element in Λ corresponds to the maxi-
mum of the quotient in (3). The column of W corresponding
to such maximum is the sought spatial filter �w.

Given that high frequency stimulation is applied, and the
limited spectrum of EEG signals, we consider only the stim-
ulation frequency in our model (2) and disregard higher har-
monics. Thus, H = 1 is used to calculate Q.

In this study, we used the calibration strategy detailed
in [15] to obtain �w. Using these coefficients we obtain the
vector (univariate signal),�xw.

For convenience of presentation of the phase synchrony
analysis in next Section 3.2, we refer to �xw in terms of its
time domain representation xw(t).

3.2 Phase synchrony analysis

The instantaneous phases at the stimulation frequency of
the stimulation-signal l(t) (recorded as explained in Sec-
tion 2), and xw(t) can be estimated by using the Hilbert trans-
form [20]. Thus, l(t) and xw(t) are first filtered by a 1-Hz
wide bandpass linear-phase FIR filter centered at the stim-
ulation frequency. This results in the signals l̃(t) and x̃w(t)
which are the bandpass filtered versions of l(t) and xw(t) re-
spectively. The corresponding analytical signals are [20]:

Ax(t) = x̃w(t)+ jH {x̃w(t)} = Rx(t)e jθx(t)

Al(t) = l̃(t)+ jH {l̃(t)} = Rl(t)e jθl(t)
(5)

where H {x̃w(t)}, H {l̃(t)} are the Hilbert transforms of
x̃w(t) and l̃(t).

The phase difference Δθxw,l( f ,t) at frequency f and time
t between the SSVEP and the stimulation-signal can be ob-

tained from:

Δθxw,l( f , t) = arg{e j(θx(t)−θl(t))}
= arg

{
Ax(t)A∗

l (t)
‖Ax(t)‖‖A∗

l (t)‖
} (6)

where ∗ operator stands for the complex conjugate. In prac-
tice, the phase is estimated within a time window. From a τ-
sample long window, we estimate the phase difference within
that particular window as the mode of the distribution result-
ing from the τ phase differences.

4. RESULTS

Table 1 reports the optimal stimulation frequency (Stim.
freq.) for each subject. In addition, Figure 2 depicts the dis-
tribution of the SSVEP energy for integer stimulation fre-
quencies (from 30 to 40 Hz) for subjects S1 (Figure 2a)
and S2 (Figure 2b). The boxplots resulted from forty trials.
Subject S1 exhibits a decreasing trend of the SSVEP for in-
creasing stimulation frequencies. Subject S2 has a maximum
SSVEP at 31 Hz and does also exhibit a decreasing trend for
the SSVEP amplitude for increasing stimulation frequencies
starting from 31 Hz. Such trend is not present in all subjects
since subjects S3, S4, S5, and S7 have optimum stimulation
frequencies higher than 35 Hz.

Figure 3 shows the phase difference between the SSVEP
and the light signal extracted from 1-second long EEG seg-
ment recorded while the attention of subject S1 was focused
on the panel with 0-phase (thick line) and on the panel with
π-phase (dashed line). It is clear that the phase difference can
be extracted by the phase synchrony analysis as it fluctuates
around a constant value. The measured phase difference val-
ues can, therefore, be used to identify which panel received
the subject’s attention.

We used the algorithm discussed in Section 3.1 to ob-
tain the spatial filters for each subject. The spatial filters can
be represented in a topographic map as shown in Figure 4.
Given that each coefficient of the filter is associated with an
electrode location, it can be represented using a color code
which facilitates the interpretation of the result. Although
only 8 coefficients (corresponding to the recorded electrodes)
were calculated, the topographic map for the whole head
(with zero values for sites other than the recorded ones) is
shown for convenience of representation. Subject variability
of the spatial filters is clear from Figure 4.

Two phase differences were estimated per trial. These
corresponded to the one-second long windows starting one
second, and two seconds after stimulus onset respectively.
The first second of each trial was discarded because the
SSVEP establishes few hundred milliseconds after stimulus
onset [1].

To estimate the detection accuracy and the prospective
information transfer rate, a four-class single layer neural net-
work with four input neurons and four output neurons was
trained with half of the available data. This means 4 × 40
phase-differences per phase condition. The average detec-
tion accuracy was then determined and is reported in Table 1
for each subject. Assuming that the probability of attention
focus on each of the four panels is equal, the following for-
mula can be used to estimate the information transfer rate in
bits-per-minute (bpm) [21].
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Table 1: Phase detection performance
Subject Stim.

freq. [Hz]
Avg. Detection
Accuracy

Bitrate [bpm]

S1 30 0.94 100.9
S2 31 0.86 83.0
S3 39 0.92 96.0
S4 36 0.85 81.1
S5 39 0.71 58.3
S6 32 0.81 73.8
S7 39 0.93 98.3
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Figure 2: Boxplot of the SSVEP energy for all integer stim-
ulation frequencies in the 30-40 Hz range for subjects S1 (a)
and S2 (b). These distributions were obtained from analyzing
forty trials at each stimulation frequency.

Bit rate = 60

(
2+ pa log2 pa +(1− pa) log2

1− pa

3

)
(7)

where pa is the average detection accuracy.
Bitrate results are above 70 bpm which ensure smooth

interaction for all subjects except S5. These results are highly
promising and support the idea of using high frequencies and
phase detection to bring SSVEP based BCIs one step further
into a practical assistive tool for the physically challenged
and the healthy.

5. CONCLUSIONS

The phase synchrony analysis can effectively extract the
phase difference between the SSVEP and the light signal.

The difference between these two values deviates slightly
from the expected value , but the difference is sufficient for
detection. In this study, the Hilbert transform was used to
obtain the analytical representation of a signal. In princi-
ple, the Hilbert transform can be applied to any arbitrary sig-
nal to extract its instantaneous phase. Yet, the phase has a
physical meaning only if the signal is a narrow-band signal.
This is why we use an FIR filter centered at the frequency of
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Figure 3: Instantaneous phase difference extracted from a 1-
second long EEG recorded while the attention of subject S1
was focused on the panel with 0-phase (thick line) and on the
panel with π-phase (dashed line)..

Subject S1, f = 30Hz Subject S2, f = 31Hz

Subject S3, f = 39Hz Subject S4, f = 36Hz

Figure 4: Topographic maps for subjects S1 to S4 at their
respective optimum stimulation frequencies (see Table 1).
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interest. A Gabor wavelet convolution can alternatively be
used to analyze neural synchrony as in [22]. The difference
between these two methods is minor and they are fundamen-
tally equivalent for the study of neuroelectrical signals. How-
ever, the Hilbert transform is slightly more efficient from the
computational viewpoint.

As shown in Table 1, the information transfer rate is for
six out of seven subjects larger than 70 bits-per-minute which
can ensure smooth BCI operation.

In this study, the coefficients of the spatial filter for each
subject are fixed. Thus, the phase difference after spatial fil-
tering is non-linearly and invariably related to the SSVEP
phase of the electrode signals which are used to design a
spatial filter. The stimulus phase can deviate from the pre-
established value, especially if the stimulus is presented for
long time. Using the phase difference between the SSVEP
and the stimulus signal as a feature can compensate for this
deviation, because the SSVEP is phase-locked.

While the results in this paper appear to be highly promis-
ing for BCI implementation, it is necessary to implement
this algorithm in an actual BCI to assess its suitability for
real time operation. In the current experimental platform, the
phase shifting is produced by using several computer con-
trolled function generators. In a practical implementation,
the space of possible phase shifts may be reduced due to
hardware limitations.
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ABSTRACT
This paper considers the problem of using binaural micro-
phones to track speakers in a situation where the micro-
phones are themselves in motion (i.e. due to listener head
movement). We present a general framework that applies
particle filtering to combine sequential interaural time differ-
ence (ITD) cues with noisy sensor motion data. The frame-
work is demonstrated in a meeting scenario applied to a
moving-listener version of a speaker-diarization task. The
paper extends previous work by investigating two potentially
complementary ways of exploiting pitch track estimates in
this framework, either, i) informing the time points at which
speaker turn changes may occur, or ii) improving the ITD
estimates by allowing integration over spectro-temporal re-
gions grouped by pitch. Experiments using real meeting
scenario recordings, made with in-ear binaural microphones,
show that the latter approach leads to large and significant
reductions in diarization error rate.
Index Terms: speaker change tracking, binaural hearing,
pitch extraction, particle filtering, active listening

1. INTRODUCTION

Acoustic signals provide one of the simplest and most re-
liable means for localising and tracking moving objects.
Audio-based tracking systems using arrays of two or more
microphones are being researched within a wide range of ap-
plication scenarios, including intelligent meeting rooms and
smart houses (see e.g. [1, 2]). However, in the vast majority
of cases algorithms and methods are developed with the un-
derlying assumption that the microphones are located in fixed
positions. This assumption is a particularly attractive sim-
plification in sound source tracking applications where any
microphone motion introduces added complexity and ambi-
guity in the cues. However, enforcing and relying on station-
ary sensors assumptions introduces a constraint that makes
the technology unsuitable in many situations (e.g. wearable
listening devices, hearing robots, vehicle sensors).

Accepting that acoustic sensors may move, significantly
increases the difficulty of the sound source tracking prob-
lem. First, the quasi-stationary assumptions that are used
in window-based extraction of source location cues (i.e., in-
teraural time and level differences) are not compatible with
rapid head rotations. Head rotation can approach speeds of
up to 500 degrees/sec, equivalent to 5 degrees per 10 ms
analysis window [3]. Rapid rotation thus results in signifi-
cant ‘motion blurring’ of location estimates. Second, head
motion introduces extra ambiguity [3]. For example, if a sin-
gle source is dominating the acoustic scene, then a leftwards
head movement may be hard to distinguish from a rightwards
movement of the source, and vice versa. Note, in biological

systems this second problem may be countered by comple-
mentary sensory input from other modalities such as vision
or proprioceptive feedback.

The human auditory system has clearly developed solu-
tions to the moving sensor problem. Take for example the
ease with which we can interpret a complex acoustic scene
such as a busy street without having to stop and listen: in
general, your ears will be subject to constant movement con-
founding the tracking of the absolute position of external
sound sources. The emergence of mobile hearing applica-
tions, such as perceptual robotics and wearable listening de-
vices, lends urgency to the development of machine listening
technology with comparable ‘on-the-go’ capabilities

In this paper we present initial steps towards mobile ma-
chine listening: in particular, we consider the additional com-
plexity that microphone motion introduces to a problem that
has been well studied from a stationary microphone perspec-
tive – the problem of using auditory localization cues to track
speaker changes in a meeting (i.e. diarization). We recon-
sider this problem from the perspective of a meeting partic-
ipant (human or robotic!) making natural head movements
and propose a model which operates by simultaneously mod-
elling changes in both the state of the external environment
and of the listener.

Solving the moving-listener diarization tasks require ex-
plaining changes in the observed, binaural localisation cues
(which provide information relative to the listener’s head po-
sition) by ‘decoding’ them in terms of changes in the lis-
teners’s head position and changes in the currently active
speaker. This is illustrated in Figure 1. From the acoustic
signal we are extracting localisation cues, θ O, that indicate
the spatial angle of a sound source relative to the rotational
angle of the listeners’s head. This perceived angle is the dif-
ference between the absolute angle of the listener’s head, θ H

(i.e. the angle relative to fixed room axis) and the absolute
spatial angle of the active sound source θ S

cur. It is these un-
derlying angles, θ H and θ S

cur, that we wish to track in order
to recover a full description of the scenario.

In [4] we presented our initial mobile speaker turn track-
ing system based on a particle filtering formulation using bin-
aural localisation cues. This paper describes further improve-
ments to the system through the introduction of pitch-track
information. Through pitch tracking we can identify spectro-
temporal regions (fragments) which are likely to come from
the same sound source. This information can be of potential
use in several ways. First, periods spanned by a single frag-
ment are unlikely to contain speaker changes, i.e. speaker
changes will be commonly indicated by a break in voicing or
a pitch track discontinuity. Second, in [5] we showed how
integrating localisation cues across pitch-based fragment re-
gions improved the accuracy of the localisation cues as well
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Figure 1: Tracking the perceived direction of sound for a typ-
ical meeting scenario and from a moving perspective. Track-
ing the observed spatial angle (θ O) composes into simulta-
neously tracking the absolute angle of the head (θ H ) and the
absolute angle of the active sound source (θ S).

as their robustness to reverberation. In this paper we set out
to investigate whether these potential benefits can be realised
in practise and whether they can be usefully combined.

Section 2 presents both a general statement of the prob-
lem, and a description of the particular speaker turn-taking
scenario on which we have evaluated our systems. Section 3
describes our particle filtering implementation of a sequential
Bayesian approach to the solution. Results and conclusions
follow in Sections 4 and 5.

2. THE SOUND SOURCE TRACKING PROBLEM

2.1 The general problem

The general approach to the tracking problem can be de-
scribed as follows: We assume that we observe the acoustic
mixtures arriving at a pair of microphones set in a binaural
configuration. The microphones are fixed to a head that can
in general move with 6 degrees of freedom (translation and
rotation). The environment contains a number of potentially
moving sound sources which may also switch between being
active or inactive. The listener and sound source position pa-
rameters can be described by a state space that evolves over
time. Our belief about the state space is informed by locali-
sation cues extracted from the microphone data and potential
self-position information originating from other modalities.
We are particularly interested in inferring the sound source
position parameters, but may also be interested in the lis-
tener’s position.

2.2 The turn-taking meeting scenario

For this initial work we have concentrated on a constrained
case of the general tracking problem: tracking speaker turns
in a meeting scenario. Data from the CAVA database has
been used [6]. This data was recorded from the perspec-
tive of a moving ‘listener’ in a conversational situation with
five speakers. The ‘listener’ was fitted with a pair of bin-
aural in-ear microphones and was also wearing a helmet-
mounted tracking device so that the true head position could
be recorded. Using the head tracker information allows us to
model systems with access to self-position information.

We have focused on a particular session from the CAVA
database – Panel Meeting 1 (P1). Here the human listener

and 5 ‘actors’ are sitting around a table1. The listener is blind
folded and the actors take it in turn to speak. Listener head
movements have been induced by giving the listener the task
of monitoring speaker changes and always turning to face
the current speaker. The task for our system will be to use
the ITD cues in the binaural recording to estimate which of
the five speakers is active at any instant. (Note, although
the listener turns towards the active speaker, we do not make
use of this information in solving the task – our solution is
designed to work with arbitrary head motion).

2.3 Modelling the turn-taking meeting scenario
The meeting scenario was chosen for this initial study be-
cause it allows us to reduce the complexity of the general
model described in Section 2.1. We will model the scenario
with three main assumptions: i) that there are a fixed and
known number of speakers seated at fixed, known positions
and making only small scale movements around this position,
ii) that the listener’s head movement is mainly head rotation
in the horizontal plane, i.e. from −90 ◦ to +90 ◦ azimuths,
and iii) that one and only one person is speaking at a time.

Given the above assumptions, the CAVA meeting sce-
nario can be described by a relatively simple state space (see
Figure 1), modelled as

α
4
= (θ H ,θ S

1 , . . .θ S
K ,cur), (1)

where θ H is the absolute spatial angle (azimuth) of the head,
θ S

k is the absolute azimuth of speaker k, K is the total number
of speakers, and cur ∈ {1, . . . ,K}, indicates which speaker
is speaking. This model allows for a fully dynamic setup,
where the listener’s head can be turning, and where each
sound source can be moving around independently. Follow-
ing our assumptions, θ S

k will be constrained to vary within a
small range of a known initial position, θ S′

k .

3. A PARTICLE FILTERING SOLUTION

The task of tracking the state of the meeting scenario lends
itself to a sequential Bayesian filtering approach, and in par-
ticular to a particle filtering implementation (see [7] for a tu-
torial and see Vermaak and Blake [8] for application of parti-
cle filtering to source tracking with a static listener.) In such
approaches, estimates of the system state (Eq. 1) are updated
at each time step by combining the previous state estimates
with new information learnt from the incoming set of ob-
servations. The update is governed by two statistical mod-
els: a system model which describes our prior belief about
how the system state evolves through time; a measurement
model which describes our belief about the observations we
are likely to make given the state of the system. In our case,
the observations are of two types, i) interaural time differ-
ence (ITD) estimates extracted from the microphone signals,
and ii) potentially noisy self-position estimates.

Section 3.1 describes the ITD observations and explains
how they may be enhanced through the use of pitch informa-
tion. Section 3.2 describes the system model and how it can
be informed by pitch track information. Section 3.3 describes
the measurement model which remains essentially the same
as in our previous work [4] but is included here for the sake
of completeness.

1The distances between the listener and the speakers are around 90 cm.
The room is a typical large with T60 = 300 ms.
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3.1 Observations
Both the pitch and localisation cues are extracted from an au-
ditory front-end simulating the cochlear frequency analysis
of the human ear. The model is implemented using a filter-
bank consisting of 64 overlapping bandpass gammatone fil-
ters, with centre frequencies spaced uniformly on the equiv-
alent rectangular bandwidth (ERB) scale [9] between 50 Hz
and 8000 Hz. The output of the filterbank is used to generate
cross-correlograms on lags corresponding to the range −90 ◦
to +90 ◦ azimuth and auto-correlograms corresponding to a
pitch period of up to 15 ms.

The pitch-based fragments are generated from a signal
produced by averaging the left and right ear signals. After
averaging, the fragment generation procedure follows that of
the system designed for monaural signals presented by Ma
et al. [10]. Briefly, from analysis of the auto-correlation
delay patterns, multiple local pitch estimates are computed,
and a simple rule-based tracker is used to form potentially
overlapping pitch track segments that extend through time.
Each pitch track is then used to recruit a spectro-temporal
fragment (see Ma et al. for details).

The standard procedure of estimating ITDs (e.g. Jeffress’
model [11]; and more recently [12, 13]) is to identify one or
more peaks in the summary cross-correlogram (i.e. the cross-
correlogram summed over frequency channels). However,
the data are often very noisy and spurious peaks may arise
due to reverberation in the room or competing sound sources.
Figure 2 illustrates what the summary cross-correlogram
looks like for a 20 second portion of the P1 CAVA session.
The underlying ‘track’ of ITDs is plotted below the image.
The sweeps arising from when the listener’s head is turning
towards a new speaker are clear. However, it is also evident
that the data is challenging and that the largest peak in each
frame would not always capture the active speaker location.

Two strategies are employed to handle the summary
cross-correlogram noise. First, following [4], observations
are obtained by extracting the lags corresponding to the three
largest peaks for each frame rather than just the largest. The
measurement model (Section 3.3) then accounts for the fact
that two of these peaks are due to noise. Second, comput-
ing a summary cross-correlogram by summing the cross-
correlogram across time-frequency fragment regions – rather
than just across frequency – significantly reduces the de-
gree of noise [5]. So, when no fragments are present, the
peaks are extracted from the standard cross-correlogram in-
tegrated over all 64 frequency channels, but when a fragment
is present we extract peaks from a summary computed across
both the frame and the fragment.

3.2 System model
The system model determines how the state is progressed
at each time step: α t → α t+1, i.e. a head angle model
(θ H

t → θ H
t+1) and a speaker change model (θ S

k,t → θ S
k,t+1). The

system model assumes very small, i.i.d. Gaussian distributed
changes in head angle from frame to frame

θ
H
t+1 ∼ θ

H
t +N (0,σ2

H), (2)

with σH = 1 determined empirically. The speaker propa-
gation component of the system model is an obvious place
to exploit pitch information (e.g. pitch tracks). In [4] the
speaker changes controlled by cur were modelled by a two-
state model with a probability q of staying in the same

Jump in ITD

from change

in talker

ITDs
Dominant

sweep in ITD
from head movement 
of perceiver

Time [20sec]

0

−45

45

Figure 2: Illustration of summed cross-correlogram for 20
seconds of data from the P1 CAVA session. The underlying
ITD ‘track’ has been manually drawn below.

sate, i.e. continuing with the same speaker, and a probabil-
ity (1− q) of changing state/speaker. In this paper we have
augmented this model such that the probability q takes on
a different value depending on whether the current frame
is in a pitch track. Specifically we use qt∈P = 0.9982 and
qt∈P ′ = 0.9953 where P is the set of frames associated with
a pitch track, and P ′ is the set of frames without an asso-
ciated pitch track. This ‘tightens’ up the speaker duration
model and inhibits particles changing speaker mid-track. As
previously, the propagated θ S

k,t+1 will be drawn from a Gaus-
sian distribution

θ
S
k,t+1 ∼N (θ S′

k ,σ2
S′) (3)

where θ S′
k and σ ′

S are the known mean position and standard
deviation of the speaker. σ ′

S, was estimated from the data to
be about 2.

3.3 Measurement model
The measurement model expresses our belief about the like-
lihood of observations conditioned on the current state of the
system. The set of three cross-correlogram peak positions
that have been observed are mapped into azimuth estimates

(i.e. time delay is mapped onto angle), D
4
= (D1,D2,D3). We

assume that at most one of the candidate measurements cor-
responds to the true peak and that the rest are due to spurious
peaks, ‘clutter’ peaks. The true azimuth associated with the
system state α , i.e. the true location of the current speaker
relative to the listener’s head, is given by

Dα

4
= (θα) = (θ S

α,cur −θ
H
α ), (4)

2Determined in pilot experiments.
3Estimated from the data.

956



True speaker segmentation

S
pe

ak
er

s

1 3000

1
2
3
4
5

i) Baseline (no pitch); given head position; DER=19 %

S
pe

ak
er

s

1 3000

1
2
3
4
5

ii) Enhanced system model; given head position; DER=17 %

S
pe

ak
er

s

1 3000

1
2
3
4
5

iii) Fragment integration; given head position; DER=14 %

S
pe

ak
er

s

Frames
1 3000

1
2
3
4
5

Figure 3: Examples of speaker change segmentations in the
case of given, known self-position for different systems; the
top panel shows the true speaker segmentation.

The measurement model is used in the ‘update’ state of
the particle filtering algorithm, where the particles are up-
dated with the knowledge we can gain from the new obser-
vations. Hence, we are interested in the likelihood function,
p(D|α). We note that as Eq. 4 defines a deterministic map-
ping, the likelihood satisfies p(D|α) = p(D|Dα), which we
will base our development on. We assume that each of the
peak locations observed are independent, so that

p(D|Dα) =
N

∏
i=1

p(Di|Dα). (5)

Following the approach in [8] we develop a description
for each p(Di|Dα) based on the hypothesis that at most one
of the observed peaks will have arisen as a result of the true
state space and the remaining peaks are clutter. This is de-
scribed below by using the indicator variable ci, such that
ci = T if Di is associated with the true source, and ci = C if
Di is associated with clutter. The likelihood for a measure-
ment from the true source is taken to be

p(Di|Dα ,ci = T ) = cα N (Di;Dα ,σ2
D) f or D(Di), (6)

where D
4
= [−Dmax,Dmax] is the set of admissible azimuth

values for the microphones, and cα is a normalising con-
stant. Thus, a true source peak is assumed to be normally dis-
tributed around the true relative azimuth. The likelihood of a
clutter peak is assumed to be uniformly distributed within the
admissible interval, independent of the true relative azimuth

p(Di|ci = C) = UD (Di). (7)

The overall likelihood is found by summing over the possible
hypotheses of true and clutter peaks [8].

In certain applications, information about the listener’s
position might be available and hence should be included in
the measurement model; Eq. 5 is thus expanded

p(D,H|α) =
N

∏
i=1

p(Di|Dα) · p(H|Hα) (8)
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Figure 4: Examples of speaker change segmentations in the
case of noisy self-position for different systems; the top panel
shows the true speaker segmentation.

where θ H
obs is the observed self-position angle, H

4
= (θ H

obs)

and Hα

4
= (θ H

α ); we have assumed that D and H are indepen-
dent given the state, α . We take the observation noise of the
head position measurements to be normally distributed

p(H|Hα)∼N (H;Hα ,σ2
H). (9)

The σH is set to match the variance used for generating the
simulated, observed head tracks.

4. RESULTS

At each frame the system outputs the value of the current
speaker, cur, which has the maximum posterior probability,
i.e. cur, is chosen as the value k ∈ 1 : K which has the largest
total particle weight associated with it. The system is evalu-
ated by comparing the against the correct active speaker (as
given by the CAVA corpus’ manual annotation) and comput-
ing the diarization error rate (DER) as defined by [14]:

DER =
Number of frames incorrectly assigned

Total number of frames
×100.

(10)
DER was measured on systems without access to self-
position information and on systems with access to self-
position information corrupted by varying degrees of noise.
The noisy self-position observations were obtained by
adding Gaussian noise with increasing standard deviation to
the true head tracks.

Examples of speaker segmentations output are shown in
Figure 3 (no access to the true self-position) and 4 (access
to noisy self-position, σ2 = 20 ◦). The true current speaker
segmentation (top panels) is compared against outputs by the
system for different usages of pitch information. Comparing
Figure 3 to 4 it is visually clear that results deteriorate as self-
position information is reduced, but that pitch information
can improve system performance.

The overall results from measuring DER on segmenta-
tions based on localisation and noisy self-position measure-
ments are presented in Figure 5. The systems have either
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Figure 5: DER scores for different systems using pitch and
different degrees of simulated measurement noise in the self-
position observations. ‘NoSP’ denotes not supplying any
self-position information. Results are averaged over 10 runs
and using 40,000 particles. The error bars indicate the stan-
dard error of the mean.

access to no self-position information (indicated by ‘NoSP’
on the plot) or some measurements of self-position with a
noise variance varying from 90◦ down to 0 ◦ (that is, the true
head position is given to the system). For all the different
systems the DER values decreases from around 70 % down
to only 15-20 %. When the variance of the noise drops to
below 45 degrees the improvement in DER is very notice-
able. Regarding pitch, both using pitch to inform the system
model (system ii) and improving the ITD-based observations
by integrating across pitch-based fragments (system iii) pro-
vide significant improvements over the ITD-only baseline of
our previous system for all but the severest of self-position
noise settings. However, the two systems do not appear to
be complementary as combining them (system iv) does not
provide any significant additional benefit.

5. CONCLUSIONS

It has been demonstrated how pitch and location cues can
be usefully combined with noisy head-position estimates in
a particle filtering framework to track speaker changes from
the perspective of a moving listener. We have proposed two
different methods for using pitch; i) by enhancing the system
model to discourage speaker changes during voiced-speech
segments, and ii) by improving ITD observations through the
integration across pitch-based speech fragments. Although
overall performance decays rapidly as head-position noise
increases, adding pitch information reduces DER by about
10% absolute over a wide range of operating conditions. Us-
ing pitch to extract more reliable ITD observations bought
the biggest gains.
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ABSTRACT
We propose a view-invariant representation of human appearance
in multi-view scenarios consisting in a new set of views that over-
come the view-dependency and moderate occlusion problems of
fixed cameras. First, a 3D reconstruction of the scene is generated,
from which we can track multiple persons in the scenario. For each
tracked subject, we define a set of virtual views by projecting its as-
sociated 3D volume. The synthetic views can be generated in con-
venient directions to detect and classify a number of gestures useful
in assistive and smart environments. Experimental results of the
representation and event detection in a multi-camera environment
prove the effectiveness of the proposed method.

1. INTRODUCTION

Simultaneous analysis and recognition of motion performed by
multiple individuals is a desirable goal when designing human-
computer interaction scenarios, assistive environments or biometric
systems. However, the mutual occlusion among the several subjects
in the scene and the variability of their appearance depending on
their relative position with respect to the camera, render this prob-
lem difficult to be addressed from a monocular point of view. In
this case, multi-camera approaches have been found more suitable
to cope with occlusions and perspective issues. Two approaches
are found in the literature to combine information from multiple
views: decision and data fusion. The first aims at combining the
motion analysis performed separately on every camera view, while
the second builds up a data representation aggregating the informa-
tion from all cameras and then analyzing the motion in this synthetic
space.

On the one hand, multi-view motion analysis using decision
fusion has been adressed in [1] where a set of motion descriptors,
namely the Motion History Image (MHI) and the Motion Energy
Image (MEI), are computed for every view. Then, these descriptors
are combined in order to decide the most likely action. This type
of per-camera analysis is particularly suitable since most of image
processing can be applied at every image view. However, the main
drawback is to place the cameras in the correct orientation with re-
spect to the analyzed subject in order to provide the set most infor-
mative perspectives. On the other hand, data fusion approaches rely
on a synthetic 3D reconstruction of the scene, usually by means
of voxel [4] or mesh representations [6], and a subsequent analy-
sis of these data. Although these representations exploit the spatial
redundancy among camera views to be robust against occlusions,
the number of motion analysis techniques are lesser and are usually
based on an extension the MHI and MEI descriptors [2].

This paper presents a novel view-invariant representation and
analysis of human appearance that combines the ability of data fu-
sion by means of 3D voxel representations to deal with occlusions
and provide convienient perspectives, and the robustness of avail-
able 2D motion descriptors. This representation is based on the
use of tracking information to define virtual cameras with specific

This work has been partially supported by the Spanish Ministerio de
Educación y Ciencia, under project TEC2007-66858/TCM and by the Euro-
pean Commission under contract FP7-215372 ACTIBIO.

view-invariancy properties. Reprojection of 3D data onto these vir-
tual cameras yields a human appearance representation suitable for
human motion analysis. Experimental results in a multi-camera sce-
nario show the feasibility of the proposed technique for represent-
ing separately several humans in the scene and the potential of the
proposed method for recognizing their actions using well-known
view-specific motion descriptors.

2. VIEW-INVARIANT HUMAN APPEARANCE
REPRESENTATION

We target a time-varying projective transformation that, given some
3D synthetic data, yields a view-invariant representation of humans
based on a set of virtual views. Deriving the view-invariancy con-
ditions for such a problem requires the choice of a model. We focus
on a time-varying virtual camera model whose parameters depend
on the individuals’ position and orientation in a given scenario. The
resulting representation has, in general, a lower dimension than the
3D data from which it is obtained, and establishes a connection be-
tween 3D reconstructions and classical holistic approaches for mo-
tion analysis and behavior understanding.

In the following, we present a methodology for defining a view-
invariant human appearance representation based on virtual views.
We first present a method for obtaining a 3D reconstruction of the
scene. Then, we derive the view-invariancy conditions that a the
virtual camera must hold. We particularize these conditions for a
set of informative virtual views to finally link the problem of esti-
mating the virtual camera parameters with a multi-person tracking
and orientation estimation problem.

2.1 3D Data Generation
As abovementioned, the proposed view-invariant representation re-
quires a 3D reconstruction of the scene. We obtain such a recon-
struction by means of Shape-from-Silhouette (SfS) [4].

The first step consists in extracting the foreground pixels in the
available views. To this end, we employ an algorithm based on
the Running Gaussian Average in combination with a shadow sup-
presion method that analyzes the chromaticity changes [8]. With
the resulting foreground maps we apply SfS, which is based on a
multi-camera consistency test that determines whether samples in
the 3-dimensional space within the scene are occupied or not. The
3D space is sampled into elementary volumetric units called voxels
that represent small cubes of a given size (typically a few cm). For
each voxel, an occupancy test is performed. This basically implies
that a selected number of points belonging to the voxel are projected
onto the multiple foreground maps to evaluate the probability of that
voxel to be occupied (see Fig. 1).

2.2 Virtual Cameras
Let us define the time-varying virtual camera in terms of its extrin-
sic and intrinsic parameters according to a pinhole camera model
[5], that is, rotation Rt,v, translation tt,v and intrinsics matrix Kt,v,
where subindices t and v denote the temporal instant and the v-th
view of a set of V virtual views, respectively. Similarly, let us as-
sume that the position and orientation vector (both in R3) of the i-th
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Figure 1: Example of visual hull obtained by means of Shape-from-
Silhouette. Surface voxels have been colored and the scenario has
been schematically represented for a better depiction.

individual, namely ri
t and hi

t , are given at any time instant t. Then,
the problem of defining a virtual camera with rotation, translation
and scale invariancy properties with respect a single individual can
be stated as finding Ri

t,v, ti
t,v and Ki

t,v with the following property:

• Let pt be a point in homogeneous coordinates defined as:

pt =
[

αhi
t +βni

t + γ(hi
t ×ni

t)+ri
t

1

]
(1)

where α , β and γ are real coefficients and ni
t is normal to hi

t .
Given the projection mapping P(x,y,z) := (x/z,y/z), Ri

t,v,ti
t,v

and Ki
t,v verify that (following the matrix notation in [5]):

P(Ki
t,v

[
Ri

t,v|ti
t,v

]
pt) = aα,β ,γ ∀t,α,β ,γ (2)

or equivalently, pt has a constant projection aα,β ,γ on the virtual
camera plane for any t.

Similarly, one can target scale invariancy with respect to some
scale measure for all the individuals. The following states a suffi-
cient condition for scale invariancy:

• Let p1t ,p2t be homogeneous points defined as in (1). Given
the metric distance mi = ‖p1i

t −p2i
t‖ that describes the scale

measure for each individual, Ri
t,v,ti

t,v and Ki
t,v verify that:

‖P(Ki
t,v
[
Ri

t,v|ti
t,v
]
p1i

t)−P(Ki
t,v
[
Ri

t,v|ti
t,v
]
p2i

t)‖= (3)

‖q1−q2‖= ct ∀t, i

The formulated condition is sufficient but not necessary, as scale
invariancy can be imposed after projecting data on the virtual
camera planes by cropping the resulting projections to a given
scale measure in some dimension of the image.

From the above formulations, it becomes evident that the charac-
terization of individuals in terms of position, orientation and scale
will condition the “degree” of view-invariancy of the human appear-
ance representation. We can define these parameters conveniently to
obtain virtual cameras yielding representations of humans that not
only verify the above conditions, but give a purposedly meaningful
representation of human appearance in multi-camera scenarios. In
the following, we describe the basis of how to define a particular
set of virtual cameras yielding a view-invariant representation of an
individual that moves freely across a scenario.

2.2.1 Individual axis-aligned virtual cameras

We want to define the view-invariant virtual cameras aligned with
a coordinate system referred to an individual in the scene. A pri-
ori, three virtual cameras whose image planes are orthogonal would
define a minimum set of views providing a meaningful motion de-
scription for many human actions. Coronal, sagittal and transverse
planes of a standing human are a particular case of an orthogo-
nal plane set that is likely to capture the most relevant motion in-
formation even in cases with self-occlusions. This supposition is
supported by empirical results reported in [7] in the field of action
recognition, where fronto-parallel views are the most informative
planes to infer on human pose. Hence, we state the following defini-
tions and assumptions in order to find virtual cameras whose image
planes are parallel to the mentioned planes:
• The world coordinate system has its axes aligned with the sce-

nario and the Z axis represents the height.
• The individual’s position, ri

t , has a fixed Z coordinate.
• The individual’s orientation, hi

t , is given in the XY plane by
means of a vector in R3.

• The intrinsic parameters are arbitrarily set for all the individuals
(Ki

t,v = Kv) assuming that the virtual camera is an ideal camera
(it has no distortion and the principal point lies on the image
center). Eventually, we could consider a high value for the focal
length and the camera translation that will assure almost scale
invariancy with respect the height of the individuals.
Considering the above conditions, let us define the i-th indi-

vidual coordinate system as the coordinate system whose X axis is
given by the normalized human orientation vector, that is xi

h = hi
‖hi‖

(note that, for the sake of clarity, the dependence with time has
been removed). As a consequence of the second condition imposed
above, the Z axis of such a coordinate system will be aligned with
the Z axis of the scenario, thus yielding the individual coordinate
system completely defined. For the case of a standing human and
sagittal, coronal and transverse planes, the axes of the presented co-
ordinate system define the rotation matrices of the virtual cameras:
• Virtual View in the coronal plane

Ri
cor =

 (−zi
h×xi

h)
T

(−zi
h)

T

(xi
h)

T

 (4)

• Virtual View in the sagittal plane

Ri
sag =

 (xi
h)

T

(−zi
h)

T

(xi
h×zi

h)
T

 (5)

• Virtual View in the transverse plane

Ri
trans =

 (xi
h×zi

h)
T

(−xi
h)

T

(zi
h)

T

 (6)

The above matrices are for one-sided rotations. Opposite views
are defined applying a rotation of π radians around the yc axis of
the camera coordinate system.

The extrinsic parameters are completely defined with the trans-
lation vector, that depends on the rotation definition and an arbitrary
distance d between the individual’s position ri and the virtual cam-
era center of projection. Let zv be the vector in the third row of the
virtual camera rotation matrix, i.e., the Z axis on the virtual camera
coordinate system . The translation can be found as:

ti
v =−Ri

v(r
i−dzv) (7)

An example of virtual camera planes obtained by the above
equations is depicted in Fig. 2.
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Figure 2: Representation of virtual camera planes parallel to coro-
nal, sagittal and transverse planes according to the defined indi-
vidual coordinate system xh, yh, zh. A 3D model of a human is
projected onto each camera plane. x, y and z represent the world
coordinate system.

2.3 Multi-person tracking and orientation estimation

The problem of estimating the time-varying virtual camera param-
eters is shown to be equivalent to estimating the position and orien-
tation of every human in the target scenario. We propose a two-step
method comprising a multi-person tracking stage and a principal
component analysis based orientation estimation.

The multi-person tracking stage relies on 3D Sparse Bayesian
Sampling or simply Sparse Sampling (SS)[3]. This method is an
efficient alternative to Particle Filters (PF) in position estimation
problems where the cost functions that are used to approximate like-
lihoods depend on voxelized data. SS is based on propagation, eval-
uation and re-sampling, thus fullfilling a sequential Monte-Carlo
scheme. However, each one of these steps presents particular char-
acteristics in order to enhance robustness and efficiency.

While a typical cost function used in PF requires evaluating
thousands of voxels for each particle, 3D SS reduces the computa-
tional load of this step by evaluating local neighborhoods of each
sample. The sample set must hold some sparsity conditions in order
to verify that the mean of all the available samples approximates
the centroid of the target (Fig. 3). Hence, 3D propagation and
re-sampling are defined accordingly to guarantee an accurate ap-
proximation. Moreover, the choice of the local neighborhood cost
function can also condition the sparsity of the sample set.

To tackle the multi-person tracking problem efficiently, we use
independent Sparse Samplers for each tracker with a simple yet ef-
fective blocking method that models interactions. In addition, a
higher semantic analysis of the scene, tracks and 3D blobs is per-
formed at every frame to remove spurious objects or to create new
tracks [3].

For the target scenarios considered, we assume that individuals
keep their torso in vertical position most of the time. In the light of
this assumption, orientation estimation is performed combining an
analysis of the individual motion and the shape of the torso on the
XY plane. When moving in certain directions, we assume that the
orientation is given by the direction of the estimated motion. When
the velocity goes below a given threshold, the orientation estimation
relies on the approximate shape of the torso on the XY plane. Such
a shape is represented by the summation of the volumetric recon-
struction along the Z axis on a neighborhood of the individual’s es-

Figure 3: Example of labeled volumes using the Sparse Sampling
multi-person tracker. The dots distributed across the projections of
each volume represent the sparse samples. Propagation, evaluation
and re-sampling have been designed to place these samples on the
surface of each volume.

timated position, ri
t . By performing this summation for z >= 80 cm

we better approximate the torso shape. Then, we find the principal
component with minimum associated eigenvalue. This component
is an approximation of the orientation of the torso, that is, a noisy
observation of the vector hi

t with an undetermination of π radians.
Finally, we model the true orientation as a linear stochastic process
with additive white Gaussian noise. We consider a Gauss-Markov
model where the observations of the true orientation are the values
computed with the abovementioned procedure to apply a Kalman
Filter.

Note that, as the orientation may be given as the principal axis
with minimum associated eigenvalue in a representation of the torso
in the XY plane, the resulting virtual camera planes may not be
strictly parallel to coronal, sagittal and transverse planes for some
motions.

2.4 View-Invariant Silhouettes
The proposed representation requires projecting relevant 3D syn-
thetic data on convenient virtual views. Provided that we use a sim-
ple SfS approach, we project the i-th individual volumetric recon-
struction as a binary mask (see Fig. 4). The associated volume is
obtained by analyzing the connectivity of voxels in a neighborhood
of the estimated position ri

t .

3. APPLICATION TO MOTION REPRESENTATION AND
ACTION RECOGNITION

Human silhouettes have been widely used to represent human pose
and motion in applications aiming at analysis of human motion or
action recognition. The presented framework allows us to repre-
sent humans as silhouettes in convenient views yielding a chance
to deal with multi-camera scenarios where individuals move freely,
thus changing their orientation and their captured appearance in the
available views.

One of the advantages of creating views instead of working di-
rectly on the volumetric reconstruction is that the resulting repre-
sentation can be compared with other scenarios or datasets where
3D representations are not available. Besides, representing a vol-
ume with a reduced set of views presents a potential reduction of
the dimensionality of the feature space. Finally, note that a partic-
ular case of a set of virtual views is the one in which all the virtual
views have the same parameters as the original camera set available
in the multi-camera environment. Hence, one can see this technique
as a general way of dealing with motion analysis in scenarios with
multiple individuals.

In the following, we describe an example of application aiming
at motion representation and recognition of several actions that may
be useful in assitive environments.

3.1 Feature Extraction
To validate the potential of the proposed representation for human
motion analysis and recognition, we choose to use view-specific
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Figure 4: Example of Silhouettes from Virtual Views automatically
extracted in a scenario with two individuals. First row: Original
images from two cameras, showing a moderate occlusion in the first
one. Second row: View-invariant silhouettes in the coronal (frontal)
and sagittal (left) planes for the first individual (leftmost subject -
wearing a red sweater- in the second original view). Third row:
View-invariant silhouettes in the coronal (frontal) and sagittal (left)
planes for the second individual (rightmost subject -wearing a dark
shirt- in the second original view).

motion templates: Motion Energy Images (MEIs) and Motion His-
tory Images (MHIs) [1]. MEIs are defined as binary cumulative
images that represent regions of the image where motion has been
detected. MHIs are scalar-valued representations of motion where
more recently moving pixels are brighter.

To build them, we first reconstruct the scene using SfS. Next,
we track the individuals with SS and we estimate their orientation.
With the obtained position ri

t and orientation hi
t we compute the

virtual camera parameters. Since we aim at motion representation
and analysis, it is desirable to achieve scale invariancy with respect
the height of the individuals. Such a requirement is fulfilled by
setting sufficiently high focal length value and a sufficiently large
distance d value in equation (7). We choose d = 20 m and we set the
first and second diagonal values of Kv to 2000 for virtual images
of 240x240.

Using view-invariant silhouettes, we compute the motion in
each virtual view by temporal differencing and we gather all the
moving pixels in temporal windows of length τ to construct the
MHI (see Fig. 5). MEIs are obtained by binarization of MHIs.
Finally, like in [1], we compute the Hu moments for each template
and each virtual view.

Clearly, the main advantage of using virtual views is the reduc-
tion of training effort. In [1], many viewpoints are recorded for
each motion. In contrast, we collect images once with the original
camera set and then we define virtual views in convenient direc-
tions. In addition, the use of virtual views makes these temporal
templates easily appliable to different multi-camera scenarios. The
main drawback is that our proposal introduces several errors in the
silhouettes because of the projection of visual hulls.
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walk 0.82 0.07 0.00 0.00 0.05 0.01 0.04 0.02
raise hand 0.09 0.60 0.05 0.00 0.14 0.01 0.04 0.07

crouch 0.00 0.01 0.88 0.00 0.00 0.04 0.07 0.01
wave hand 0.15 0.19 0.00 0.60 0.03 0.03 0.00 0.00

bounce 0.01 0.04 0.00 0.00 0.91 0.00 0.00 0.04
clap 0.05 0.07 0.02 0.01 0.02 0.79 0.02 0.03
kick 0.10 0.00 0.02 0.00 0.01 0.01 0.84 0.01

punch 0.16 0.09 0.01 0.00 0.11 0.01 0.09 0.54

Table 1: Confusion Matrix

3.2 Matching

Our approach consists in creating a feature vector with the Hu mo-
ments computed from MHI and MHE in every view. Consequently,
the obtained vectors are in a feature space of 42 dimensions. Some
exemplars are used to train a Support Vector Machine (SVM). Since
we need to detect a few actions, the dimensionality of the feature
vectors will be much larger than the class space, hence linear ker-
nels will be a suitable kernel for classification of these templates.

4. EXPERIMENTAL RESULTS

Experiments were conducted on several sequences in a room with
5 calibrated cameras. In this scenario, four individuals perform 8
actions: walk, raise hand, crouch, wave hand, wave hand vertically
(like bouncing a ball), clap, kick and punch. One or two individ-
uals are allowed to enter the room at the same time. Each subject
walks across the room in arbitrary directions and performs actions
at arbitrary time instants. Each action can be performed an undeter-
mined number of times within a sequence. Actions involving a sin-
gle hand or leg can be performed with right or left hand/leg. These
sequences, containing more than 7000 frames, have been manually
annotated with the actions and subjects that perform the action.

We estimate the position and orientation of each individual to
compute three orthogonal virtual views according to equations (4),
(5) and (6) and we project the individuals’ associated volume onto
them. The resulting silhouettes are used to create the motion tem-
plates every N frames in both training and testing stages. Provided
that annotations are available, we discard those templates that are
created on parts of the sequence without a specific action label. We
assume that a fixed temporal window will be sufficient to represent
the actions of interest. This is a strong assumption for motion tem-
plates, but we are more interested in showing the potential of the
virtual view-based decriptors rather than testing a sophisticated ac-
tion recognition approach. In addition, we expect to capture part
of the temporal variability by gathering different repetitions of each
action rather than adapting temporal windows.

The available sequences are conveniently split into training and
testing. Approximately 2/3 of the sequences are devoted to training
while the rest are left for classification. We perform this procedure
10 times for different permutations to obtain suitable sets to clas-
sify actions using the proposed virtual view-based descriptors. The
averaged classification results are shown in table 1.

Our results show that even with a simplistic approach, the pro-
posed representation has reasonable potential for human motion
analysis and action recognition in multi-camera scenarios. It is
worth remarking that virtual view-based motion descriptors are able
to cope with the presence of more than one individual moving freely
across the considered scenario.

Individual recognition per class reveals the reliability of motion
templates in several virtual views for actions with noticeable motion
energy (walk, crouch, bounce and kick) in contrast to those where
motion is barely captured due to self occlusions or short time ellapse
for the performed action (punch). The high confusion with walk for
some a priori disimilar actions, such as wave hand or punch, is ex-
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Figure 5: Examples of motion templates on virtual views. First row: Original images from one of the cameras. Second Row: MHI in a view
parallel to the coronal Plane. Third Row: MHI in a view parallel to the sagittal Plane. Fourth Row: MHI in a view parallel to the transverse
Plane.

plained by several reasons. First, because of the coarse action seg-
mentation approach presented that does not select convenient time
instants to perform classification. Second, because individuals per-
form actions as they walk and some “walking motion residuals”
appear in the motion templates. Finally, we cannot obviate the ef-
fect of some errors introduced by the reprojection of the visual hull
and by the orientation estimation. In spite of that, the percentage of
correctly classified motion templates is 74%.

5. CONCLUSIONS AND FUTURE WORK

This paper presented a view-invariant human representation for
multi-camera scenarios based on virtual views. Our main contri-
butions are the statement of necessary and sufficient conditions for
view-invariance and scale invariance with respect some measure
and a method for creating these virtual views in a real scenario. The
proposed approach has been used to represent human appearance
and motion with virtual silhouettes. Experiments on action recog-
nition including sequences with two subjects at the same time have
been conducted, showing the potential of the proposed representa-
tion.

Future work involves improving the robustness of the represen-
tation by using more accurate 3D reconstructions, trackers and ori-
entation estimation methods as well as investigating on more so-
phisticated techniques to analyze and recognize human motion by
means of virtual-view based descriptors.
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ABSTRACT

Sensing the presence and state of people is of paramount im-
portance in assistive living environments. In this paper we
utilise a set of fixed, calibrated cameras to model the bodies
of people directly in three dimensions. An adaptive fore-
ground segmentation algorithm is run per camera, provid-
ing evidence to be collected in 3D body blobs. A particle
filter tracker allows monitoring the modelled bodies across
time, offering estimations of their state by using hot-spots
and body posture. We apply our system on fall detection
and activity monitoring for the elderly, addressing both emer-
gency and cognitive care.

1. INTRODUCTION

Much interest has in resent years been directed at sensing the
presence and state of people. The possible applications in-
clude surveillance [1], assistive living environments [2, 3],
and human-machine interfaces [4, 5]. In this paper we build
a system for tracking the position and posture of human bod-
ies in 3D in real-time. For this, a set of 5 fixed and calibrated
cameras is utilized. An adaptive foreground segmentation al-
gorithm runs per camera. The detected 2D foregroundmasks
for each camera are combined into one set of 3D foreground
voxels using a hierarchical approach based on octrees [6].
Segmentation separates the voxels into a number of bodies,
giving indications of the number and position of persons in
the scene. A particle filtering tracker allows monitoring the
modeled bodies in time, offering estimations of their state.

One increasingly relevant application is emergency and
cognitive care for elderly, including fall detection [7, 8] and
activity monitoring [9]. We address these by using the state
estimations from the tracker to detect abrupt height changes
and position persistence. The former are classified as “person
sitting down” or “person falling” and the later are compared
against predefined hot-spots, to reason on possible activities
like “person at dinner table”, “at kitchen”, or “by the TV”.
Also multiple human tracks indicate visits, again classified
as “for dinner”, “for tea”, etc.

The novelty of the proposed system lies partly in the ef-
ficient combination of 2D foreground masks into 3D fore-
ground bodies and partly in the utilization of a bodymeasure-
ment likelihood function within the particle filtering frame-
work. From the 3D foreground representation, projections
onto the floor plan are obtained by summing the body evi-
dence at all heights for the given position. The resulting 2.5D
representation is used to evaluate the measurement likelihood
function of the proposed particle filter tracker.

This paper is organized as follows: In Section 2 the pro-
posed tracking system is detailed. Test results of the imple-

mented system are presented in Section 3, based on test video
from the setup at the AIT. The performance of the system is
evaluated and concluded upon in Section 4.

2. TRACKING SYSTEM

In this section our method for foreground detection in 3D,
target management and tracking is detailed. Tracking is done
using a particle filter based on an effective likelihood func-
tion, and the tracking results are interpreted to determine im-
mobile bodies located near hot spots and the posture of each
body.

2.1 Body Detection

Body detection is carried out in three stages: First foreground
evidence is collected in 2D per camera. This is then com-
bined to 3D foreground mostly following the approach of
[10], and it is finally used to model 3D bodies. Foreground
detection in 2D utilises per pixel Gaussian Mixture Models
inspired by Stauffer et. al. [11]. The performance of the
algorithm at the start-up phase is improved by increasing the
learning rate according to a window based approach, inspired
by [12]. Robustness of foreground blobs is increased by re-
moving shadows as in [13].

2.1.1 Modelling the space in 3D

The purpose of using several cameras for tracking is partly to
be able to track in 3 dimensions, but also to filter out noise.
Noise in the 2D foreground exists no matter the method used.
By combining information from a number of cameras, this
noise can be reduced significantly, thus increasing the robust-
ness of the body detection.

We employ a well-known approachwhere the 3D space is
modelled discretely by spanning a grid of voxels [10, 14, 15].
Information from the different cameras can then be combined
for each voxel, instead of for each person or region. The nov-
elty of our 3D body detection system is the speed improve-
ment by using a hierarchy of voxels of different sizes and
the efficient implementation using distance transform, both
described in the following.

2.1.2 Hierarchical Grid Structure

Foreground in the 3D space will mostly be structured in co-
herent volumes that indicate the presence of persons. Large
areas of the space will be completely without foreground. By
dividing the space into hierarchies of voxels, these areas can
be ruled out efficiently by only testing very large voxels for
foreground. Only if a large voxel contains foreground, is it
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1. Span the room with a grid of voxels on N
hierarchical levels.

2. Project the centre and corners of each voxel on

all levels to the image plane of each camera.

Use the corners to determine an enclosing

circle C.

3. Let the set S consist of all voxels on the

highest hierarchical level.

4. For each voxel in S:

(a) For each camera:

• Test foreground mask for foreground

evidence within the enclosing circle C.

(b) If enough cameras detect significant

foreground:

• If the voxel has any children, then

repeat 4 with S consisting of all

children of the voxel. else mark the

voxel as a foreground voxel.

Figure 1: Recursive algorithm for converting the 2D fore-
ground masks to a 3D grid of foreground voxels using dis-
tance transforms.

necessary to test smaller voxels it contains (its children) to
improve the resolution of the model.

An efficient way to construct hierarchies is to use octrees;
that is to divide every voxel on a particular hierarchical level
into 8 voxels on a lower level [6]. For the test results in
this paper we use a 4-level octree with the following voxel
widths: 40 cm, 20 cm, 10 cm and 5 cm. Only if a parent
voxel contains foreground are its children voxels tested for
foreground. A problem for this approach arises in the bor-
der areas of the 3D space of interest, where the larger vox-
els might not fit very well. If a voxel is partly outside the
3D space but with its centre inside the space, it is used di-
rectly. If the centre is outside the room, it cannot be tested
for foreground, and must therefore be omitted. Instead, the
border region is filled directly with smaller voxels (that have
centres inside the 3D space). The algorithm for converting
the 2D foreground masks into a grid of foreground voxels is
summed up as pseudo-code in Figure 1.

For our system, all of the cameras are stationary. This
causes the projection of voxels to the image plane of each
camera to be identical for all frames. Therefore, the items 1
and 2 in Figure 1 can be carried out off-line, leaving 3D fore-
ground testing as the only potentially computationally heavy
part.

The hierarchical algorithm is a speed optimization of the
non-hierarchical version, and has been tested to reduce the
computational cost of the algorithm by around 80 % when
a distance transform is used to combine the 2D foreground
masks into 3D foreground as described in the following sec-
tion.

2.1.3 Efficient Combination of 2D Foreground Masks into
3D Foreground

To test whether a voxel projected to the image plane of a
camera contains foreground, all foreground mask pixels lo-
cated in that projected voxel should ideally be tested. The
percentage of pixels with foreground can then either be com-
pared with a threshold for significant foreground, or used as

a non-boolean indication for foreground. This is, however,
computationally intensive, since pixels in the 2D foreground
masks are included in many voxels, and will thus be tested
many times.

The speed of the foreground testing can be increased by
making certain simplifications. In many cases, the centre
pixel of the projected voxel indicates correctly if the voxel
contains foreground. To give some resistance to noise, a blur-
ring kernel can be applied before testing. The hierarchical
grid structure causes, however, the voxels to be of very dif-
ferent sizes, which again causes the optimal kernel size to
be very different. Therefore it is chosen to apply a distance
transform instead, where each pixel gets a value correspond-
ing to the distance to the nearest pixel with foreground. After
the distance transform has been applied, the centre pixel can
be tested and compared to the radius of the enclosing circle,
C, of the projected voxel, calculated off-line. This reduces
item 4a in Figure 1 to testing one pixel and comparing to
the radius of C. To minimize the computation time of the
distance transform an approximating 3×3 kernel is applied
following the approach in [16]. This causes the calculated
distances to be slightly imprecise, but also enables the time
consumption to be comparable to a 3×3 blur kernel. In our
implementation, the optimal values 0.95509 and 1.36930 are
used for the horizontal/vertical and diagonal entries in the
kernel, respectively.

It is worth noting that the results of the hierarchical and
non-hierarchical algorithms when based on distance trans-
forms are not completely identical. In some cases, perspec-
tive and camera distortion can cause the enclosing circle of
a child voxel (Cchild) to contain an area not included in the
enclosing circle of its parent voxel (Cparent). If foreground
is present in this area, but not in the rest of Cparent, this will
cause the hierarchical structure to sort out the child voxel,
even though foreground exists within its enclosing circle.
Minor tests have indicated that around 0.1% of the fore-
ground voxels are sorted out for this reason. The issue could
easily be avoided by using a circle slightly larger thanCparent

for parent voxels. However, since this only happens when
there is foreground inside the enclosing circle of a child vox-
els but not inside the voxel itself, there is no actual reason to
prevent it.

2.2 Target Management

Target management includes detection and initialization of
new targets and destruction of older targets.

2.2.1 Detection of Targets

Target detection is necessary for initialization of new targets.
A simple and fast approach which in many cases will work is
to do 3D blob analysis of the detected foreground voxels. For
our system, additional measures are taken in an attempt to
utilise the typical structure of the 3D foreground. These are
illustrated in Figure 2. When two individuals are positioned
close together, their detections will easily be connected near
the ground, e.g. because of shadows. Near their heads they
will, however, often be more easily separable, partly because
the heads are located farther from the ground, and partly be-
cause the head is thinner than the rest of the body. For this
reason the height of the connection of two connected blobs
are compared with a threshold, τ1. The blobs are merged
only if they are connected above this τ1. To make the system
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BLOB1 BLOB2

τ1
τ2

Figure 2: Top/down detection of targets.

robust to people sitting down or falling, an additional thresh-
old τ2 is used. If the height of one of the blobs relative to the
connection point are below τ2, they are always connected.

2.2.2 Maintenance of Existing Targets

To determine which targets that have significant supporting
evidence in the measurements, the position of all targets are
associated with the detected blobs using theMunkres or Hun-
garian algorithm [17]. Non-associated blobs are used to ini-
tialize new targets. A variableM for each target is set to 1 if
it is associated, and 0 otherwise. The reliability of targets is
updated using a simple IIR-filter:

r = r+ l(M− r) (1)

where r is the reliability and l is the learning rate. By com-
paring r with two thresholds, it can be determined whether
the target should be trusted as an individual and (if not) if it
should be destroyed. To allow new targets to become reli-
able relatively fast if they are associated in each frame, while
preserving older targets even if they have been unassociated
for some frames, the learning rate is adjusted according to
the age (given as the number of consecutive frames that the
target has existed). The following equation is used:

l = min(lmax,
1
age

+ lmin) (2)

It may occasionally happen, that two targets follow the
same individual. Therefore targets that are placed very close
to one another consecutively for several frames are merged.

2.3 Tracking

The tracking algorithm used in the system is Particle Filter-
ing (PF) [18, 19]. PF’s are able to provide a numerical solu-
tion to the recursive Bayesian estimation problem when the
system dynamics are not linear and/or the noise models are
not Gaussian. They hence provide robust solutions to the
tracking problem when the object model or the measurement
likelihoods are multimodal. This is offered at the expense of
additional computational complexity due to their numerical
nature. We build a PF that follows the approach for motion
tracking described in [19].

Foreground detection is done in 3D and thus tracking
should ideally also be done in 3D. To make the tracking al-
gorithm fast enough to allow real-time tracking, we propose
what we call a 2.5D approach. All voxels are projected to
the floor, and the number of voxels in each column are used
to calculate likelihood. The vertical dimension thus provides
some additional data for tracking, without itself being part of
the target state, hence the term “half dimension”. The states
related to position can thus be limited to x and y. Note that
the vertical position will provide little extra information for

α

α x

y

Figure 3: The state space consists of the coordinates x and
y on the floor-plan, and the size variable α . The variable α
can vary from 0 to the distance between the centre and the
boarder of the projection map. Note that the area of a state is
given as (2α +1)2.

tracking since the difference in height between different per-
sons humans are typically small.

To reduce the dimensionality of the state-space as much
as possible, only a single dimension α is used to determine
size. The state space S is therefore 3 dimensional, and the
dimensions are illustrated in Figure 3.

2.3.1 Likelihood Function

The multi hypothetical nature of the particle filter allows
tracking of non-global maxima. However, to achieve robust
tracking the likelihood function must in as many situations as
possible give local maxima close to the correct location and
size of the persons in the scene.

To determine a good likelihood function, a number of
values can be taken into consideration (where x and y have
been left out as function arguments for simplicity):

Volume: A person is expected to constitute a certain vol-
ume, which can be given as a number of voxels N(α).

Density: A person is expected to fill most of the volume,
V , inside his bounding box. This amount is expressed as:

F(α) =
N(α)

V
=

N(α)

h · (2α+1)
(3)

where α and h are measured in number of voxels. The height
h is set to the maximum number of voxels in a single column
in that area.

Derivative of density: A good state will be centred close to
the centre of a person and include most of that person. This
means that F(α) is expected to drop fast if α is increased.
This is due to the fact, that most of the area around a person
typically is without foreground. The change in F(α) can be

measured by its derivative
∂F(α)
∂α

, which can be approximated
by:

Fd(α) =
∆F(α)

∆α

=
F(α + k)−F(α− k)

2k

≈
1

2kh

(

N(α + k)

(2(α + k)+1)2
−

N(α − k)

(2(α− k)+1)2

)

(4)
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Figure 4: Different values as a function of α .

where h is simplified to be the maximum height of the
smaller area (which in most cases is identical to that of the
larger area).

Figure 4 shows F(α), Fd(α) and N(α) along with the
final likelihood function when α is varied in the example
shown in Figure 5a. In this example, the maximum of
−Fd(α) is located at the α = 5, which Figure 5a proves is
a good result. This is not sufficient for the likelihood func-
tion, however, since Fd reacts equally strongly on few voxels
of noise and a real person. To counter this effect, the like-
lihood function could be chosen to L(α) = −Fd(α) ·N(α).
N(α) biases towards larger areas. A problem with this ap-
proach is apparent by comparing Figure 5a and N(α) in Fig-
ure 4. When α grows to include both persons, N(α) just
keeps growing. To avoid including multiple persons, F(α) is
also included to give the final likelihood function:

L(α) = −F(α− k)2 ·
√

N(α + k) ·Fd(α) (5)

Instead of F(α) and N(α), F(α − k) and N(α + k) are
used to avoid calculating N(α). The functions are weighted
by squaring F(α− k) and taking the square root of N(α + k)
to bias towards single coherent persons. Figure 5 illustrates
the performance of the likelihood for a particular situation,
where two persons are located close to one another. The
projection of the voxels to the floor is shown in Figure 5b,
where a brighter colour correspond to more voxels in the
same column. Figure 5a illustrates the likelihood for all val-
ues of x and y with α fixed to 4. The set (xi,yi) that satisfy
(xi,yi) = argmaxα(L(x,y,4)) is marked, and α is adjusted at
that location to satisfy αi = argmaxα(L(xi,yi,α)). The state
S(xi,yi,αi) is shown as a box in Figure 5a.

2.3.2 Body Posture and Hot Spots

When noise is present in the detected 3D foreground, it is
mostly located close to the floor. This is partly due to shad-
ows and partly due to the fact, that other kinds of noise in
the 2D foreground detections in most cases are filtered out
by the combination of the cameras. This means, that the
height of the persons can be accurately estimated by taking
the maximum vertical position of the voxels located within

(a) Projection of voxels to the floor.
L is optimised with respect to α with
fixed x and y. The optimal value is
found to be α = 5.

(b) Likelihood L((x,y,4)|~y).

Figure 5: Illustration of likelihood function.

2D-position of the tracked target. By comparing the height
with different thresholds, the body posture is identified as
either standing, sitting or fallen. FIR-filters are applied to
ensure robustness to noise.

People staying near hot spots are detected by analysing
the movement of the targets over a predetermined period of
time. The variance in the distance from the mean 2D location
in the period under consideration is calculated and compared
to a threshold.

3. RESULTS

The system is tested on a setup of 5 calibrated cameras avail-
able at AIT. Four cameras are placed in the corners of a room
and one camera with a fish-eye lens is placed in the ceiling.
Using this setup, qualitative tests of the systems ability to de-
tect people falling, sitting, and spending time on hot spots are
carried out.

In a test sequence, up to four people move around in the
area under surveillance for 6:23 min. At 3 occasions in to-
tal a person falls and at 6 occasions a person sits down. All
of these events are detected correctly and there are no stand-
ing/sitting persons that are falsely detected as fallen. When a
person kneels or bows he can be classified as sitting but not
as fallen.

An image from one of the corner cameras from the test
sequence is shown and compared with the detected fore-
ground in Figure 6 and the complete test videos of both de-
tected foreground and images from the camera are available

on our website1.
With a recorded set of test videos, a single dual-core

2.2 GHz computer is capable of processing a frame in ap-
proximately 1/8 second excluding the time required to load
the images from the hard drive. To make the system run in
real time, a distributed version has been developed, which
enables the whole system to run in real-time on five 3.0 GHz
dual-core computers when the cameras are recording at
15 fps.

4. DISCUSSION AND CONCLUSION

We have in this paper presented an adaptive 3D approach
for sensing people in a multi camera setup. Foreground is
found per camera using a per pixel Gaussian Mixture Model
and combined to a discrete 3D foreground. For this, a novel

1http://kom.aau.dk/~zt/online/3DSensing/
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(a) Detected foreground is shown
as green voxels, targets are shown
using wire frame boxes, and info
boxes are shown for each target.

(b) Frame from one of the corner
cameras with targets and info super-
imposed.

Figure 6: Detected 3D foreground are shown in (a) and rea-
soning results are shown both on top of the foreground and
in (b) superimposed on a frame from a corner camera. The
person lying in the floor is marked as “Fallen”.

approach is used to determine the 3D foreground that com-
bines a hierarchical octree structure with distance transforms
to computational cost of the algorithm.

Our tracker is based on a 2.5D particle filter that pro-
vides fast tracking with relatively little computational cost.
A likelihood function is developed that uses the amount of
foreground, the density of the foreground, and the approxi-
mate derivative of the density with respect to the size of the
target.

The system has been tested on a test video and is able
to detect all occasions where a person falls or sits down. It
should be noted that the system can fail in detecting a fall
if another person is standing close by. This is, however, not
critical for monitoring elderly since the fallen can get help
from the other person.

It is possible for the system to run in real-time using 5
cameras at 15 fps when distributed to 5 computers. Using
5 computers might not be optimal in a real-life implementa-
tion. The major reason is that the computers use USB 2.0,
whose bandwidth prevents more cameras from running si-
multaneously. However, when USB 3.0 gets available one
computer will be able to handle a much larger data flow than
our test computers.

One major limitation in our system is that tracking is
based solely on foreground estimation which again is based
solely on motion. Therefore, if a person stays immobile for
a long duration, the associated target will eventually be lost.
This can be avoided by adding additional modalities to the
tracker such as colour, faces, or even sound [14, 19].
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ABSTRACT

We propose an audiovisual system for detecting the active speaker
in cluttered and reverberant environments where more than one per-
son speaks and moves. The feasibility of the systems is examined in
the context of smart-houses supporting elderly living alone. Rather
than using only audio, the system utilizes audiovisual information
from a minimal setup comprising of three microphones and one
camera feeding separate audio and visual tracking modules. The
audio module operates using a Particle Filter (PF) in order to pro-
vide accurate acoustic source location under reverberant conditions.
The visual module combines with a second PF video cues generated
by colour and face measurements. The final decision is performed
through the employment of a fusion mechanism that combines the
estimate of each modality according to the current observations.
Results indicate that the performance of the proposed multi-modal
tracking can potentially enable services for the elderly in their do-
mestic environment if those require knowledge of speaker.

1. INTRODUCTION

Due to the rising longevity phenomenon, we are witnessing a grow-
ing interest for pervasive context-aware services which target el-
derly users. Ambient assisted living solutions for the elderly target
a variety of assistive functionalities such as social integration and
decentralized communication support [5], as well as e-health and e-
care (e.g., facilitating caretakers and minimizing the need for hospi-
talization) [9]. In all of these scenarios signal processing is of great
importance since it provides means to implement various perceptual
components that are used to provide services.

Central requirement to the above scenarios is the problem of
detecting the location of the active speaker in an environment with
many people. This can facilitate creation of location dependent ser-
vices like targeted audio, emergency detection, and pre-filtering for
speech recognition (e.g. beamforming). Because of the potentially
large number of people moving and speaking in such cluttered envi-
ronments the problem remains challenging. Additionally, employ-
ing such systems in actual domestic environments typically involves
installation of expensive and sizable infrastructure.

Typical solutions to the problem employ multiple microphones
in the enclosure and the use of an Acoustic Source Localization
and Tracking (ASLT) system. Time Delay Estimation (TDE) meth-
ods, like the Generalized Cross Correlation (GCC) [7] remain the
most popular variants for feeding the systems that locate the active
speaker. The ASLT system then combines such estimates to return
the actual location. Three dimensional (3D) visual person track-
ing [8] from multiple cameras is considered to be more accurate
than audio based localization but evidently fails to detect by itself
the active speaker. Nevertheless, there have been efforts to fuse
the two modalities in the general scenario of person tracking where
each modality deals with the weaknesses of the other one. Most of
these approaches require a large number of sensors that are difficult
to install and generate large amounts of data with corresponding
processing power requirements.

This work has been partly sponsored by the FP7 project, HERMES.

In this paper we present a real-time active speaker detection sys-
tem that utilizes both audio and video cues. In addition we assume
use of only one camera and three microphones in order to make the
system easier to employ in a real environment like the house of an
elderly. In this context, we first propose an ASLT system that uses
a state-space approach based on particle filters (PF) to recursively
estimate the probability density of the active speaker location. The
PF assumes that the source moves according to a specific model
that has a specific consistency from a time frame to the next one.
The functionality of this new ASLT system in detecting the active
speaker is extended by the use of a visual tracking system that em-
ploys face and color measurements in a partitioned sampling PF [8].
The fusion of the audio and visual tracks determines whether speech
is present and the location of the speaker.

The paper is organized as follows. In Section 2 we present the
audio module, followed by the visual one in Section 3. Section 4
discusses how the combination of the video and audio cues detects
the presence of speech and the active speaker. In Section 5 the per-
formance of the system is derived, showing ample improvement of
the audiovisual system over the audio one. Finally, conclusions are
drawn in Section 6.

2. AUDIO TRACKING MODULE

An ASLT system considers M microphones in a multi-path envi-
ronment. The sound source that the system attempts to locate and
track is assumed to be in the far field of the microphones. Assuming
a single source, the discrete signal recorded at the mth microphone
(m = 1,2, . . . ,M) at time k is:

rm(k) = hm(k)∗ s(k)+nm(k), (1)

where s(k) is the source signal, hm(k) is the room impulse response
between the source and mth microphone, nm(k) is additive noise,
and ∗ denotes convolution. The length of hm(k), and thus the num-
ber of reflections, is a function of the reverberation time T60 (de-
fined as the time in seconds for the reverberation level to decay to
60 dB below the initial level) of the room and expresses one of the
main problems when attempting to track an acoustic source. This
is because when the system is used in reverberant environments the
source location estimate could occur in a spurious location created
by the ensuing reflections.

Given that ASLT systems typically operate in real-time, we
assume that data at each sensor m are collected over t frames
r
(t)
m = [rm(tL),rm(tL + 1), . . . ,rm(tL + L − 1)] of L samples. At

frame t the representation of the microphone data is as follows:

y1:t =


r
(1)
1 r

(2)
1 . . . r

(t)
1

r
(1)
2 r

(2)
2 . . . r

(t)
2

...
r
(1)
m r

(2)
m . . . r

(t)
m

 (2)

Most localization systems ignore the concatenation of frames
as seen in Eq. (2) and attempt to estimate the source location using
data from the current frame only i.e. using a single column from
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Eq. (2). Most ASLT systems are based on TDE. In this case the
microphones are arranged in P pairs. Since the microphones of
each pair p reside in different spatial locations, their corresponding
recordings will be delayed with respect to each other by a relative
time delay τp. TDE methods estimate the time difference between
the two microphones of each pair p. Using all estimated τp the
localizer can then provide an estimate of the current source location.
Traditional systems typically do this by converting τp to a line along
which the estimated source position is. The problem of localization
then reduces to finding the location which minimizes the distance
to each intersection points of the bearing lines [4].

In the context of the present work we use an alternative ap-
proach as described in [12]. These approaches use PFs to allow us
to integrate the properties of human motion as well as the track-
ing history provided by Eq. (2). The following paragraphs describe
the sub-systems of the audio tracker. These include the general PF
framework for localization, an extension to tackle competing and
interchanging speakers as well as the TDE function.

2.1 State-Space Estimation Using Particle Filters
Assuming a first order model for the acoustic-source dynamics the
source state at any frame t is given as:

xt = [xt ,yt ,zt , ẋt , ẏt , żt ]
T (3)

where st = [xt ,yt ,zt ] is the current source location estimate and
[ẋt , ẏt , żt ] the corresponding source velocity. If we calculate the
conditional probability density p(xt |y1:t), we could then find the
source location by choosing the state that is more likely given the
sensor data until frame t. We can perform this by using the follow-
ing relationship [8]:

p(xt |y1:t) ∝ p(yt |xt)p(xt |y1:t−1) (4)

where for clarity we have assumed yt ≡ yt:t . p(yt |xt) is called the
likelihood function and expresses the means with which we value
the states. p(xt |y1:t−1) is known as the prediction density and it is
given as [8]:

p(xt |y1:t−1) =

∫
p(xt |xt−1)p(xt−1|y1:t−1)dxt−1 (5)

where p(xt |xt−1) is the state transition density, and p(xt−1|r1:t−1)
is the prior filtering density. The solution to (4) and (5) can be found
using a Monte-Carlo simulation of a set of particles with associated
discrete probability masses that estimate the source state [8]. For
this we require a model of how the source propagates from xt−1 to
xt . To keep consistent with the literature we will use the Langevin
model [10]. For the xt -coordinate this is defined as:

ẋt = αxẋt−1 +βxGx (6)
xt = xt−1 +∆T ẋt (7)

ηx = e−βx∆T (8)

βx = υx
√

1−η2
x (9)

where Gx is a normally distributed random variable, ∆T = L/ fs is
the time separating two location estimates and fs is the sampling
frequency. Also, υx refers to the steady-state velocity. Correspond-
ing equations apply for yt and zt .

We also need to decide on the likelihood functions that will
operate on the microphone data.

There are occasions where reverberation or noise sources can
lead the particles to get trapped in a spurious location. Given this,
we use the concept of an external particle filter et that has the same
architecture as the main one xt but it is initialized repeatedly at ev-
ery frame t. The particles of et are distributed randomly across the
entire room. Thus, if these new particles estimate a source loca-
tion that is de m away from the main particle filter for a significant

amount of time Te s then we can reset the locations of the particles
of the main PF to those of the external. This also proves useful for
scenarios where competing speakers are placed far-apart. All three
possible combinations of the 3 microphones are used for TDE.

The general structure of the proposed PF framework can be
itemized as follows:
1. Start with a set of particles x(ι)

0 , ι = 1 . . .N with uniform weights

w(ι)
0 , ι = 1 . . .N. For every new frame of data perform steps 2-8.

2. Resample the particles from state x
(ι)
t−1 using some resampling

method (we used the residual resampling algorithm) and form
the resampled set of particles x̃(ι)

t−1, ι = 1 . . .N.

3. Using the Langevin model, propagate x̃(ι)
t−1 to predict the current

set of particles x(ι)
t .

4. Take a set of frames of L samples from each microphone i.e.
r
(t)
m ,m = 1,2, . . .M and convert them into the frequency domain

using an L-point Short Time Fourier Transfor (STFT) to get
X

(t)
m = [Xm(ω0),Xm(ω1), . . . ,Xm(ωL−1)],m = 1,2, . . .M. ωl de-

notes the lth discrete frequency bin with l = 0,1, . . .L−1.

5. Using a localization function convert the set of X(t)
m into a lo-

calization measurement i.e. a TDE measurement.
6. Weight the particles using the likelihood function i.e. w(ι)

t =

p(yt |x
(ι)
t ), ι = 1 . . .N and normalize the weights so that they

add up to unity.
7. The source location for the current frame st is then given as the

weighted average of the particles: st = ∑N
ι=1 w(ι)

t l
(ι)
t . In the last

expression, l(ι)t denotes the location vector of the ιth particle.

8. If the external PF e(ι)t returns a source estimate that remains at
a distance greater than de m from the estimate of x(ι)

t for more
than Te sec then set x(ι)

t = e(ι)t , ι = 1 . . .N.

2.2 Time Delay Estimation
In this case microphones are organised in P pairs. Consider two mi-
crophones i,q belonging to the same pair p. Since the microphones
reside in different spatial locations, their corresponding recordings
will be delayed with respect to each other by a relative time delay
τp. A variety of methods like the GCC [7] method (or one of its
variants) exist for TDE. For any pair p the GCC-Phase Transform
(GCC-PHAT) variant Rt(τ) is defined as the cross correlation of r(t)i

and r
(t)
q , filtered by a weighting function for a range of delays τ . In

the frequency domain this is given as:

Rt(τ) =
1

2π ∑
ωl

G(ωl)Xi(ωl)X
∗
q (ωl)e

jωlτ (10)

with G(ωl) = (|Xi(ωl)X∗
q (ωl)|)−1. Ideally, Rt(τ) exhibits a global

maximum at the lag value which corresponds to the correct τ .
The GCC-PHAT algorithm is able to return accurate estimates

of the relative delay when the environment is anechoic. However,
it has a major drawback when used in an environment described
by (1). In that case, reflections result in decreased system robust-
ness since the peak provided by Rt(τ) may not always be the global
maximum. This is often the case when T60 is not relatively low.

At every frame t and after the microphones are organised in
pairs, Rt(τ) is evaluated only at a set of candidate delays defined by
the location of every particle ι . For two microphones i, j belonging
in the same pair p the delay is given as:

τp(x
(ι)
t ) =

∥∥∥l(ι)t −mi

∥∥∥−∥∥∥l(ι)t −mq

∥∥∥
c

(11)

where mm denotes the location of the mth microphone at the pth

pair, c the speed of sound (typically defined as 343m/s). The ∥.∥
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operator denotes the Euclidean distance. The likelihood function
for particle ι when TDE is used is given as:

p(yt |x
(ι)
t ) =

P

∏
p=1

Rt(τp(x
(ι)
t )) (12)

3. VISUAL TRACKER

The face bounding boxes are tracked on the image plane by means
of a Particle Filter (PF) tracker that employs two measurement cues:
• Face detection measurement: Face detection [13,14] offers very

precise localization of the face bounding box, but it is not always
present. Adverse poses, illumination and expressions can cause
a face to be missed by the detector, or may lead to ill-framing it
on the camera plane.

• Color model matching: Matching the colors of the target model
against the colors of the pixels comprising the target will al-
ways yield a match, especially if the small variations in the tar-
get caused by illumination and its pose are learnt into the model.
On the other hand color matching is not guaranteed to offer pre-
cise localization in cases where the background has similar col-
ors to the target, especially since color modeling abstracts away
all structure of the colors in the target.

Hence the visual tracker employed in this system benefits both from
the precise localization of the face detection measurement and the
ubiquitous presence of color model matching by combining both
cues using the partitioned sampling approach [8]. To do so, a mea-
surement model p(y |x ) describing the likelihood of a measure-
ment y given the state x is derived for both cues.

3.1 Face likelihood
The face detector employed comprises a boosted cascade of simple
classifiers [11], each classifier comprising stages of Haar-like fea-
tures whose number increases for classifiers down the cascade. The
features are selected using Adaboost during the training stage. The
implementation of the detector found in OpenCV [3] is used, and
the cascade is trained using 9,000 positive and 18,000 negative sam-
ples, minimum feature size 0, 99.9% hit rate and 50% false alarm
per cascade stage, horizontal and 45-degrees tilted Haar-like fea-
tures, non-symmetric faces, four splits and gentle AdaBoost learn-
ing. The positive samples are selected from various face databases,
all cropped slightly above the eyebrows to offer insensitivity to
hairstyles. Illumination insensitivity is increased both by using face
samples with illumination changes and by linearly equalizing illu-
mination in every candidate region, before applying the detector.

When the Viola-Jones frontal face detector is applied on an im-
age, a multitude of candidate face bounding boxes are returned.
Most of them are in groups, with minor variations of their loca-
tion and scale, bounding actual faces. Some other can be found
in much smaller density around non-frontal faces and even around
false alarms. All these say N bounding boxes form the measure-

ment vector y(face) =
[
[y

(1)
p ,y(1)w ], . . . , [y

(N)
p ,y(N)

w ]
]T

where y
(i)
p is

the two-dimensional position of the i-th bounding box and y(i)w is its
width. Note that the height needs not be specified, since the detector
has the same aspect ratio for all the faces it reports.

Given the state vector x = [xp,xw]
T , the likelihood for the

face measurement y(face) receives contributions from candidate face
bounding boxes. These contributions should be larger as the bound-
ing box locations y

(i)
p approach the state location xp and as their

width y(i)w approaches the state width xw. Both goals are achieved
by defining the likelihood as

p
(
y(face)|x

)
=

N

∑
i=1

w(i)
f(

∥ xp −y
(i)
p ∥2 /x2

w

)K/2
+1

. (13)

Figure 1: Image and associated face likelihoods according to eq.
(13), evaluated across all the image plane for three face widths.

Note that each term
((

∥ xp −y
(i)
p ∥2 /x2

w

)K/2
+1

)−1
makes a

large contribution to the likelihood, close to unity if the distances
of the state and the bounding box positions are close to zero. The
exponent K governs how fast the contributions are attenuated as
these distances increase. A good choice is K = 2. The contributions
are weighted in the likelihood summation by the weights w(i)

f :

w(i)
f = exp

(
− | xw − y(i)w | /2σ2

w

)
(14)

to penalize the contribution of candidate face bounding boxes that
are quite different in width than xw. The reason the difference in
width is not included in the norm at the denominator of eq. (13)
is that differences in bounding box locations are not comparable in
scale to differences in bounding box widths. Putting width differ-
ences in the same norm as location differences would scale down
the importance of the former relative to the latter. Also note that the
weights in eq. (14) are not scaled to sum to unity. This is chosen so
that more than one similar detections would increase the likelihood
compared to a single detection. A necessary penalty to pay is that
the likelihood values in eq. (13) are not bounded by unity.

The face likelihood obtained by eq. (13) is a three-dimensional
function, one for each dimension of the state. An example is given
in Figure 1. Evaluating the likelihood for different state locations
xp results to the values of the different pixels on the likelihood plane

evaluating for the different state widths y(i)w results to the different
likelihood planes. Note how the likelihood peaks in the vicinity
of the bounding boxes and does more so as more bounding boxes
are located nearby. Also note the effect of the weights in (14) in
selecting the faces of the wanted width.

3.2 Color likelihood
Color matching is evaluated using the similarity of a model his-
togram to a histogram extracted from a candidate region Rx corre-
sponding to the state x. To alleviate the limitations of color model-
ing regarding precise localization, color is modeled in subregions to
add structure to the model and the effect of similarly-colored back-
ground is attenuated with an immediate background histogram.

Let the target contain nr subregions with known spatial arrange-
ment within Rx. Then nr reference histograms h

(i)
ref, i = 1, . . . ,nr,

are trained using Nh bins per color component and are compared to
the target histograms h(i)

x using the Bhattacharyya distance:

D(i) = 1−
N3

h−1

∑
n=0

√
h
(i)
x (n)h(i)

ref(n) (15)
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where h
(i)
x (n) and h

(i)
ref(n) are the n-th bins of the target and refer-

ence histograms of the i-th subregion.
The overall distance Dtar,ref for the multi-region color likeli-

hood is defined as the weighted average of the distances D(i):

Dtar,ref =
nr

∑
i=1

w(i)
h D(i) (16)

The weights w(i)
h are chosen based on the importance of each of the

subregions. We propose a color model based on four subregions.
These are defined based on the face detection: The eyes and lower
face subregions are located within the original face detection and
are obtained as fixed zones relative to it. The forehead-hair and up-
per torso subregions are cropped around the original face detection,
again with fixed sizes relative to it.

The likelihood for the color measurement y(color) then is

p
(
y(color)|x

)
∝ exp

(
−Dtar,ref/2σ2

color

)
. (17)

The sensitivity to background color similarities is alleviated by
attenuating the effect of colors that appear in the immediate back-
ground from the four subregion histograms h

(i)
x . To do so the

background histogram hbkg is calculated from the pixels across the

face. We calculate the bin values h
(i)
x,bkg(n), n = 1, . . . ,N3

h of the

background-aware model histograms as follows: Let h(min)
bkg be the

minimum non-zero bin value of hbkg. Define:

an = min

 h(min)
bkg

hbkg(n)
,1

 (18)

Then the bin values of h(i)
x,bkg are given by:

h
(i)
x,bkg(n) = an ·h

(i)
x (n) (19)

Note that (19) yields a non-normalized histogram, whose bins need
to be normalized to sum up to unity.

3.3 Partitioned sampling PF tracker
The state-space comprises of the 2D position on the camera plane
and the face width. According to the partitioned sampling approach
[8], each of the measurement cues is used to update a subspace of
the state-space. We utilize face measurements to update position on
the camera plane. Subsequently, the position-updated particles are
re-assembled with their width dimension and are updated using the
color measurement. 50 particles are used.

4. AUDIOVISUAL FUSION

The audio and visual systems described in the previous sections
both give location estimates with some uncertainty. Referring to
Figure 2, the visual position on the image plane (due to the depth
uncertainty) corresponds to any point along the red line connecting
the origin of the camera coordinate system [xv,yv,zv] with the depth-
normalized coordinates vn from the visual track. The image plane
coordinates are transformed to vn using the intrinsic camera param-
eters [15]. Similarly, the audio position (with the height uncertainty
of the audio tracker) corresponds to any point along the green line
connecting the origin of the audio coordinate system [xa,ya,za] with
the depth-normalized coordinates an from the audio track.

Audiovisual fusion utilizes the intersection of the two lines, ef-
fectively eliminating the location uncertainty. Ideally the two lines
intersect, but in practice audio and visual tracking errors and the
different targets (mouth for the audio and center of vaguely frontal

vn

an

xv

yv

zv

za

xa

ya

z

x

y

Tv

Ta

xav

yav

zav

2eav

Figure 2: Normalized audio (an) and visual (vn) estimations with
their uncertainties (green and red thick lines) on the respective co-
ordinate systems ([xa,ya,za] and [xv,yv,zv]), offset and rotated with
respect to the world coordinate system [x,y,z]. The audiovisual fu-
sion is the center [xav,yav,zav] of the minimum length (2eav) seg-
ment connecting the uncertainty lines.

face for the visual tracker) result to no intersection. Instead we em-
ploy a least squares solution to find the point of minimum distance
from both lines, i.e. the center [xav,yav,zav] of the minimum length
segment connecting the uncertainty lines. This minimum length is
2eav, and used as a measure of the quality of match of the audio
location with the visual one.

To formulate the problem, we need to relate the audio and visual
coordinate systems with the world coordinate system [x,y,z]. This is
done by finding the respective translation vectors Ta and Tv (green
and red dashed lines) as well as the rotation matrices Ra and Rv.
For the visual coordinate systems, these are the extrinsic parameters
of the camera [15]. For the audio system, the translation vector is
simply the location reported by the audio tracker on the floorplan,
while the rotation matrix is the identity one, since the orientation
of the system does not change with respect to the world one. The
normalized audio coordinates then are the z-axis unity vector. Then
the least squares solution for xav is obtained by solving:[

I3 −Rvvn 03
I3 03 −Raan

]
·xav =

[
Tv
Ta

]
(20)

where I3 is the 3× 3 identity matrix and 03 is the 3× 1 zero vec-
tor. The system is solved using the pseudo-inverse of the left-hand
matrix.

5. PERFORMANCE DISCUSSION

At every frame, multiple visual targets from the people present and
a single audio one from the speaker are reported. The 2D accuracy
of the video tracks is quite high, especially with the faces at the
camera are approximately frontal, but there is no depth estimate.
The audio tracks are on the other hand quite accurate in estimat-
ing the angle from the microphones, but cannot give accurate depth
estimates. Also, when there is no speech the audio track is quite
erratic, jumping around the space.

In order to fuse the two modalities, both the camera and the mi-
crophones have to be related to the world coordinate system. For
the camera, this is done by calibrating it [2] to extract its intrin-
sic and extrinsic parameters. For the microphones, their position is
simply measured. The fused audiovisual estimate of the location is
obtained by attempting to associate the audio track with each of the
visual tracks and solving (20). Excessive approximation errors eav,
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heights zav and face widths (that are estimated as in [6], given the
depth from the camera and the tracked face bounding box) are used
to discount associations. If no association survived, then the system
assumes there is no speech, resulting to the audiovisual Voice Ac-
tivity Detection. If there is at least one surviving association, then
the fused location of the speaker is returned.

5.1 Performance Measures
We use a single metric to evaluate the different systems. For its
calculation we test the source location estimates provided by the
Audio and the Audio-Visual systems at each time frame against the
ground truth (this is a result of manual annotation), for the total
duration of the test signals.

The squared error for time frame t is given as εt = ∥st −st∥2,
where st denotes the actual (manually annotated) source location.
The metric used for comparison, the Root Mean Square Error
(RMSE) is defined as the square root of the average value of εt
over the total number of frames. In the following results, the above
metric is presented in meters. The lower the values, the better the
performance of the corresponding system.

5.2 Experiments
To demonstrate the effect of video tracking upon active speaker lo-
calization we measured the performance of the audio tracker and
the multi-modal one upon the corpus created for the HERMES
project [1]. The corpus contains A/V recordings in typical reverber-
ant rooms equipped with three microphones and one camera. Col-
lection of audio data is performed using a total of three microphones
and one camera. The microphones are facing the expected location
of the speakers, while the camera is a bit off-center, at one of the
corners of the room. The recordings are conducted in presence of
ambient noise from both air-conditioning and personal computers.
Each recording consists of a discussion between 3 people sitting in
armchairs in front of a television set that hosts the 3 co-linear mi-
crophones being 0.2 m apart.

There exists significant interaction between the people with dis-
cussions that have movements of the speakers, interchanging speak-
ers and numerous acoustic events e.g. interruptions of the discus-
sion due to ringing mobile phones, people coughing and laughing.
The A/V data were manually annotated to provide the Cartesian lo-
cation and the speech activity of each participant at every frame of
video. These annotations are considered to be the ground truth for
the measurement of our system performance.

The audio system used N = 50 particles, L = 0.27 s and fs =
44.1 Khz. Also for the external PF, de = 1 m and Te = 1 sec. The
reverberation time of the room was measured to be approximately
T60 = 0.5 s. The camera was recording at 10 frames per second
and 1600×1200 resolution. The faces are typically 60 to 65 pixels
wide. The associations of the audio with some visual track were
accepted is eav < 600mm, zav ∈ [700,2100]mm and the estimated
face widths are within [111,189]mm. These result to an equal rate
of correctly detected speech and silence at 83.5%. For the frames
correctly identified as containing speech, the RMSE of the audio-
only tracks is 771mm parallel to the microphone plane (x-axis) and
676mm perpendicular to it (y-axis). The equivalent RMSE for the
audiovisual tracks are 391mm and 354mm respectively, while for
height it is 146mm. All RMSE and numbers are less than half for
the audiovisual system leading to a more precise localization.

6. CONCLUSION

Performing acoustic source tracking to detect the active speaker in
the realistic environment of a moderately reverberant office room is
severely limited by reverberation and/or background noises. Under
these conditions, the use of the video modality can prove to be of
advantage compared to more traditional algorithms.

In this paper, we have presented a framework that integrated an
audio and a visual tracking system in order to extends the ability
of the system in order to track the active speaker or the one that

last spoke. The system was designed keeping in mind the minimum
setup of 2 cameras and 3 microphones in order to be appropriate for
easy installation in homes of elderly users.

Using recordings in a cluttered meeting room, we have demon-
strated that the multi-modal framework outperforms the audio only
system in all scenarios. Thus, we have a system that remains ade-
quately robust, easy to employ and can serve as the necessary first
step in offering complex services in smart-homes.
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ABSTRACT

Automatic analysis of interactive people behavior is an
emerging field where significant research efforts of the audio
and image processing communities converge. In this paper
we present a particle filter for jointly tracking the position
of multiple people, their head orientation and speaking activ-
ity based on audio visual cues. These are integrated with a
novel fusion technique that takes into account the spatial dis-
tribution of the sensing infrastructure. The resulting system
provides real time information about peoples’ behavior and
activities that can be used to boost the awareness of technol-
ogy assisted working and living environments.

1. INTRODUCTION

There is an increasing demand from the society to realize
electronic systems that assist people in their working and liv-
ing environment. Applications in the field of Domotics, Am-
bient Assisted Living, Surveillance and Human-Computer
Interaction require such solutions to be sensitive and respon-
sive to the presence of people. Therefore, there is a need to
develop perceptual technologies able to provide detailed re-
ports on their behavior and activities. Audio visual analysis
hereby offers a convenient framework.

This paper focuses on the joint determination of head po-
sition and horizontal orientation, and speech activity of peo-
ple interacting in indoor environments monitored with multi-
ple cameras and microphones. A vast amount of literature is
available on the problem of people tracking and of head lo-
cation and pose estimation. The CLEAR workshops [1] ad-
dressed these tasks and provided a quantitative comparison
of several techniques. Many approaches are based on a two
step strategy: head detection followed by pose estimation,
often using neural networks classifiers (e.g. [2, 3, 4, 5]). A
somehow different approach is followed in [6] where pose
estimation is computed by Bayesian integration of the re-
sponses of multiple face detectors tuned to different views.
An alternative, potentially more robust approach proposed in
[7, 8, 9, 10, 11] is to estimate jointly location and orientation
using a mixed-state particle filter.

The system proposed in this paper follows the joint esti-
mation approach and is based on a particle filter for the inte-
gration of multiple sensor information and temporal dynam-
ics. We build upon our previous work on visual and acous-
tic tracking [12, 13, 14, 15] to come up with an integrated
approach that conveniently marries the advantages of each
modality.

Research partly funded by the Autonomous Province of Trento, Italy,
under project JRP PUMALAB

2. SEQUENTIAL BAYESIAN FRAMEWORK

To analyze the behaviour patterns of interacting people we
adopt a Bayesian approach. Such approach turns out to be
particularly convenient in a multi-sensor multi-modal setting.
It allows to easily link relevant information from different
sources by (i) defining a common reference frame represent-
ing the features of interest, (ii) modeling the dynamics on
the chosen representation, and (iii) implementing, for each
modality, a generative model of the measurement process.

For the task addressed in this paper, i.e. estimating the lo-
cation of people, their focus of attention and speech activity,
the representation x is chosen to be a five dimensional vector
composed of the two dimensional position xp of each person
measured on a horizontal reference plane, the horizontal ori-
entations of the head xh and torso xt , and a binary variable xs

indicating speech activity or silence. For the temporal evo-
lution we assume that speaker turns can happen suddenly,
and that a person can move randomly within the environ-
ment and can orient its head in any direction. Thus our mo-
tion model relies on independence assumptions. Both move-
ments, though, can be executed only with limited velocity.
The resulting dynamical model p(xt |xt−1) at time t does then
not depend on xs and can be expressed as a product of three
Gaussians p(xt |xt−1) = G(xp

t − xp
t−1|σ p) ·G(xh

t − xh
t−1|σh) ·

G(xt
t − xt

t−1|σ t). The observation likelihood q(z|x) for the
multi-source signal z is the key components of the Bayesian
model and is designed in a generative fashion: we first render
the hypothesis x into the sensor domain using a model of the
target and the measurement physics and match it then with
the real observations. Specific models for the acoustic and
visual domain are detailed in the following sections.

The aim of tracking is then to recursively estimate the
posterior distribution p(xt |z1:t) of the representation condi-
tioned on a sequence of sensory observations z1:t . At each it-
eration this is done in two steps, by first propagating the pos-
terior obtained at the previous time p(xt−1|z1:t−1) according
to the dynamical model p(xt |xt−1) and then updating it with
the information contained in the new observation using the
likelihood model q(zt |xt) of the observation process

p(xt |z1:t) ∝ q(zt |xt)
∫

p(xt |xt−1)p(xt−1|z1:t−1) dxt−1.

When the observation likelihood is complex, like in our
case, the posterior cannot be expressed in closed form and
one has to resort to approximations. The particle filter main-
tains a compressed representation of the posterior by means
of a set of representative sample states, the particles. At each
iteration t, a new set of representative particles, {xi}, is i.i.d.-
sampled from the motion prior mixture evaluated over pre-
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Figure 1: The plot shows the estimated horizontal y-
displacement (in mm) of the speech source while a person
turns around at a fixed position (at y ≈ 3m) and speaks to-
wards the four walls and four corners of the room. There is
an evident offset of the speech source from the body center of
about 20 cm. This plot shows also that the proposed acoustic
and visual likelihoods provide estimates that are sufficiently
accurate to exploit this offset for jointly estimating the orien-
tation of an acoustic source.

vious particles. Then, the particle likelihoods are computed
on the new observation zt and used as importance weights
πi = q(zt |xi). To focus on likely trajectories, particles are
periodically resampled according to their weights.

3. AUDIO VISUAL LIKELIHOOD

Following a generative approach, in this section we describe
likelihood functions to estimate the position and head orien-
tation of a person by audio visual means. While audio visual
localization and tracking has been subject of extensive re-
search in the past, not much attention has been paid to the
joint estimation of the speaker orientation. Here we focus on
this latter, exploiting that (i) the acoustic signal is directional
(we use this fact in Sec. 4), (ii) the head orientation is directly
observable in an image by its color and body shape pattern,
and (iii) the location of the speech source has a horizontal
offset from the body along the head orientation. Assuming
that the individual modalities support sufficiently accurate lo-
calization of the speech source and the body center they can
be explicitely conditioned to each other by this offset, sug-
gesting that a joint approach may be most convenient. Fig. 1
shows that with the acoustic and visual likelihoods proposed
in this section this assumption is met in our sensor setup.

3.1 Acoustic likelihood
Given a sound source in spatial position p and two micro-
phones with 3D coordinates s1 and s2, the direct wavefronts
reach the two sensors with a certain time delay which is re-
ferred to as Time Difference of Arrival (TDOA) by τ (p) =
(‖s1 −p‖−‖s2 −p‖)/c, where c is the speed of sound and
‖ · ‖ is the Euclidean norm. Since this equation maps a hy-
pothesis p into its corresponding time delay τ (p) it can be
interpreted as a rendering function into the TDOA measure-
ment domain. Knapp and Carter [16] introduced the general-
ized cross correlation phase transform (GCC-PHAT), which
is the most popular method for TDOA estimation. Denot-

ing by z1 and z2 the digitized sequences captured by the two
microphones over a small time window, GCC-PHAT is for-
mulated as follows:

GCC(τ) = FFT−1
{

FFT (z1) ·FFT ∗(z2))
|FFT (z1)| · |FFT (z2)|

}
where τ is the time lag in samples between the signals. For
each time lag, GCC-PHAT evaluates the similarity between
the two signals and, in ideal conditions, it presents a dominat
peak for τ equal to the actual TDOA. Alternative approaches
to TDOA estimation adopt multiple microphone set up [22]
or information theory [21].

It is a known fact that particle filters do not behave well
with sharply peaked and irregular likelihoods [17]. Therefore
we compute the acoustic likelihood using a smoothed version
of GCC-PHAT computed as follows. For a given hypothe-
sis x an audio source is hypothesized at p = (x,y,z) where
(x,y) are the particle coordinates shifted by an offset of 20
cm along the direction of the particle orientation, and z is
fixed to 90% of target height (which is assumed to be known
apriori). We then compute for each microphone pair the in-
terval of TDOAs which map inside a sphere centered at this
point (in the experiments of Sec. 5 the radius of the sphere
is set to 50 cm). The highest GCC-PHAT response in this
interval is found and weighted with the relative distance to
the source location. Taking its exponential we get the likeli-
hood computed on a microphone pair, which is now a smooth
function of x. This likelihood is used both for tracking and
speech activity detection. If the acoustic likelihoods on a tar-
get’s particle set exceed a given threshold (empirically set
to exp(2) = 7.4 in our implementation) the event is marked
as active speech for that person, and the acoustic likelihoods
are used in the calculation of the particle weights. Otherwise,
the audio scores are neglected and only the visual likelihoods
are considered in the filter update. The presence of multiple
targets is dealt with by removing the GCC-PHAT measure-
ments associated to the active speaker [15] so that they do not
compromise the speech activity detection associated to other
targets.

3.2 Visual likelihood
Following again a generative approach, we define a visual
likelihood that builds upon a rendering function g(x) to map
a hypothesis x into a set of visual features (color histograms
in our case). The rendered features are then scored against
features extracted from the actual observation using an ap-
propriate distance function d (Bhattacharyya distance).

The rendering model has two components: a coarse 3D
shape model assembled from five cone truncs representing a
standing person, and a body part- and viewpoint-based rep-
resentation of the targets color pattern, in form of head, torso
and legs histograms. To obtain its image projection for a state
x we fit a silhouette template around the segment joining the
image projection of the two 3D points representing the tar-
gets center of feet and top of head under x. To account for
the change in the targets profile width we rescale the template
width according to the relative orientation θt of the torso to
the camera by 0.7+0.3 · |cosθt |. In addition, the head patch
is shifted horizontally by a quantity equal to 0.2 · |sinθh| ·wh
where θh is the relative orientation of the head to the cam-
era under x and wh is the width of the head patch. This
makes the shape projection model sensitive to head orien-
tation. The projected shape is decomposed into three body
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parts: head, torso and legs. Within each of these parts, the
appearance of the target is described by a RGB color his-
togram (8× 8× 8 bins). To obtain the histograms under x
we follow a view-based rendering approach. Given a set of
pre-acquired key views of the target, we extract the color his-
tograms for each body part, and generate the histograms for
a new view by interpolation. To compute the interpolation
weights for a given particle, the orientation of the body part
θ with respect to the camera is taken into account. The set of
neighboring model views V is identified and the histogram
is computed by ∑v∈V wv(θ) · hv, where hv indicates the his-
togram of key view v. The interpolation weights account
linearly for the angular offset between the two orientations
wv(θ) = 2cos−1〈~θ ,~θv〉/π where ~θ ,~θv denote the 3D versors
oriented according to θ and key view v. The visual likelihood
for x is then computed by matching the color histograms ex-
tracted from the head, torso and leg patches identified by the
shape projection with the interpolated model histograms us-
ing Bhattacharyya-coefficient based distance.

4. LIKELIHOOD INTEGRATION IN UNEVENLY
DISTRIBUTED SENSOR NETWORKS

In this section we propose a method to consistently integrate
multi-sensor observations in a Bayesian framework that ac-
counts for the spatial distribution of the sensors in the moni-
tored environment. We claim that this is an important aspect
in asymmetric deployments when the signal source is direc-
tional and/or the sensitivity of the signals to variations in the
state variables (i.e. likelihood sharpness) varies significantly
with sensor position and/or modality. We give an example to
support this claim at the end of this section.

To derive the method from a theoretically grounded
model we consider the ideal case in which we have a spa-
tially dense population of sensors, each one providing a con-
ditionally independent measurement z(s) indexed by its po-
sition s. To account for directional sources, we introduce a
model e(s|x) of the emission pattern of the target under state
x, whose purpose is to suppress the contributions of those
measurements that are out of the influence range of the emit-
ted signal under x. The likelihood of a dense measurement
z = {z(s)}s can then be evaluated by

− logq(z|x) ∝

∫
e(s|x)l(z(s)|x)ds (1)

where l denotes the local log-likelihood evaluated on the sen-
sor at s.

In practice, however, we do have only a finite number of
sensors deployed at {si}i in the environment to compute an
approximation of the above integral. To do so in a Monte
Carlo fashion we interpret their measurements {z(si)} as
i.i.d. samples of a importance density s(s|x), such that∫

e(s|x)l(z(s)|x)ds≈∑e(si|x)l(z(si)|x)/s(si|x). (2)

To apply this method the values of s at the sensor positions si
have to be estimated. This can be done by a density estima-
tion technique using a kernel K that accounts for the expected
correlation of the measurements under x.

Although the proposed technique may most conveniently
be adopted in a multi-modal setting (where K has to be de-
signed to jointly consider all modalities, which may not be

Figure 2: Microphone arrays in the experiment room

straightforward) in this paper we focus on its application to
the acoustic component of the likelihood (i.e. we set e/s ≡ 1
for the visual contributions in Eq. 2). This choice is also mo-
tivated by the fact that acoustic estimates are generally more
affected by the sensing and room geometry than their visual
counterparts, and, as a consequence, it allows us to highlight
the advantages deriving from the method. Fig. 3(a) shows a
plot of the density s, the emission pattern e and the weighting
factor e/s we use to approximate the joint acoustic likelihood
in the experiments in Sec. 5. The kernel accounts for the ra-
dial distribution of the microphone pairs si around the source
hypothesized in x (here 〈·, ·〉 is the internal product, [·]y is the
y coordinate, N is the density of the normal distribution)

K(s,si|x) = N (cos−1 〈s−x,si −x〉
‖s−x‖‖si −x‖

; 0, σk) (3)

and

e(s|x) = N (tan−1 [s−x]y

[s−x]x
; xh, σe) (4)

models the acoustic radiation pattern of the directed speech
of a person. Note in the figure that the microphones are un-
evenly distributed around the position of the directed sound
source: three close microphone pairs are available at the left
(T4 in Fig. 2) but only one at the right (T3). In addition,
the reverberation of the room injects more noise in the sig-
nals recieved by the microphone pairs at the left than in the
single microphone pair at the right. By neglecting the den-
sity s the joint likelihood will be heavily biased towards the
(noisy) estimates obtained from the three microphone pairs at
the right. By considering the distribution of the microphones
around the source location by means of s the contribution of
the three pairs are properly down-weighted and the bias is
attenuated (see Fig 3(b)).

5. EXPERIMENTAL RESULTS

To validate the approach, three sequences of graded diffi-
culty have been acquired in our lab. The room dimensions
are 6.0× 4.8× 5.0m. The acoustic sensor set up consists of
a distributed microphone network which includes 7 micro-
phone arrays distributed in the monitored environment (see
Fig. 2). Since each array consists of 3 microphones spaced
at 20 cm, the overall number of available microphone pairs
for GCC-PHAT computation is 21. The reverberation time
of the room is 0.7 s and the sampling rate is 44.1 kHz. Four
firewire cameras with a field of view of about 90deg are in-
stalled in the corners of the room. They deliver RGB images
of size 512×384 at a rate equal to 15 Hz.

In the first sequence (90 s) a person located at the cen-
ter of the room turns around in steps of about 45deg and
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Figure 3: Source orientation estimation with unevenly distributed microphone arrays. (a): importance density s, emission
pattern e, and weigthing function e/s for the directional acoustic source in Fig 2. (b): joint acoustic likelihood in Eq. 2
computed using radial kernel (Eq. 3), and without re-weighting (uniform s). (c) shows the orientation estimation based on
acoustic likelihood. Notice how the estimation is biased towards the three microphone pairs at the left if their contributions
are not re-weighted according to their radial distribution around the source.

speaks towards the four walls and four corners of the room.
The ground truth (position and head orientation) for this se-
quence has been generated manually. The second sequence
(95 s) involves two people moving in the room and speaking
to each other in turn. Both people continue to look to each
other while moving: this way we were able to generate the
references for evaluation in an automatic way by tracking the
spatial position of both targets and using the ray connecting
the two targets to compute a reference for their head orienta-
tions over time. The walking trajectories hereby were com-
puted offline with the color based particle filter described in
this paper using high quality color models acquired offline
and a high number of particles. The quality of the references
obtained this way are comparable to manual labelling. The
third sequence (131 s) is the most challenging one, with two
people moving quickly while speaking in turn. After about
60 s one person sits down and continues to speak to the other
which moves around. After that, a loudspeaker is turned on
and emits the speech of a person at a comparable volume for
about 40 s in the central area of the room (a coherent noise
source in view of our evaluation). The references for evalua-
tion have been generated in the same manner as for the sec-
ond sequence. However, since the targets moved much faster
than in the second sequence the references in this case may
be less reliable, also because visually following a moving
target does not necessarily mean that a persons head orienta-
tion is tightly aligned with the gaze direction: if the direction
changes quickly, as happening in this sequence, one tends to
delay the movement of the head while gazing correctly.

The presented multi-modal particle filter has been imple-
mented as an extension of the SmarTrack system [18, 19]
(http://tev.fbk.eu/smartrack) and runs comfort-
ably in real time on a modern workstation on the evaluation
sequences. It automatically detects people as they enter the
monitored room, acquires their visual signature, and tracks
their position, head orientation and speech activity using
the audio visual likelihoods and fusion technique proposed
in this paper. See http://pumalab.fbk.eu/amm for
videos of some of the evaluation runs and to assess the qual-
ity of the references. We also intend to make the sequences
publicly available for evaluation purpose.

The proposed algorithm is evaluated using the MOT
scoring tool adopted in the CLEAR 2007 evaluation cam-

modality run 1 run 2 run 3 run 4 run 5

Se
ss

io
n

1 video 68 62 68 68 62
0.167 1.38 0.185 0.175 1.35

audio 105 104 108 105 105
0.421 0.421 0.414 0.417 0.420

audio-video 77 77 75 77 82
0.182 0.194 0.164 0.183 0.253

Se
ss

io
n

2 video 62 81 62 94 63
0.922 0.867 0.908 0.440 0.802

audio 141 141 143 142 140
0.485 0.489 0.474 0.491 0.479

audio-video 64 64 54 65 63
0.391 0.414 0.346 0.374 0.404

Se
ss

io
n

3

video 65 49 36 46 81
1.60 1.56 0.278 2.63 1.17

audio-video 54 40 55 38 35
1.20 0.506 1.19 0.225 1.243

Table 1: Experimental results for each session and each
modality. The first row reports the localization precision
(mm) while the second row shows the precision in the head
orientation estimation (rad). The MOTA index is not reported
in the table because it is always above 95%.

paign [20]. The tool was extended to evaluate head orienta-
tion as well by means of the average absolute angular error.
In order to better appreciate the impact of using acoustic and
visual likelihoods jointly, we report on the performance of
the system during speech segments only. Although the be-
haviour of the filter is conditioned also by what happens dur-
ing silence, it can quickly adapt when new acoustic observa-
tions are available, making this kind of analysis reasonable.
When two targets are present, only the speaking one is eval-
uated. For comparison, two mono-modal trackers operating
on either visual [18, 19] and acoustic [15] observations are
also evaluated on the acquired sessions. The acoustic tracker
is designed for a single source and is therefore not evaluated
on session 3 where an interfering speech source is present.

Table 1 reports on the performance for each session and
for each modality. The table shows the results obtained on
5 independent runs on each modality. Since the visual ap-
pearance model of the targets are acquired on-the-fly (color
histograms, but also target height is estimated) their quality
may change significantly from run to run. It is clear that the
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quality of the model has a major impact on the filters ability
to visually track the head orientation; this can be observed
in the table, where the performance of the visual tracker ex-
hibits a high variance in the head orientation error. This is
most evident in session 1 (run 2 and 5). Conversely, adding
the acoustic likelihood, which is not target dependent, en-
sures more uniform performance among different runs. It
is worth noting that the acoustic observations do not signifi-
cantly improve the estimation performance when good visual
models are available. Concerning localization performance,
the visual likelihood alone can already provide accurate esti-
mations of the target position.

The results achieved in session 2 seem to confirm the
trend observed in session 1. It is worth underlining that ref-
erences here are obtained automatically and therefore only
qualitative assessments can be derived from those numbers.
Finally, session 3 shows that the system is not robust to the
presence of interfering sound sources which are not dealt
with in the current implementation. As a matter of fact, the
sound irradiated by the interferer conditions all GCC-PHAT
measurements, weakening the acoustic likelihood. A pos-
sible solution may be to handle the interferer as a non hu-
man target, thus going for a multi-target multi-speaker frame-
work. In this session the performance on head orientation
estimation is further deteriorated by the fact that the quality
of the automatically extracted target model associated to the
second person is low in 4 cases out of 5.

6. CONCLUSION

We have presented an integrated approach to audio visual
tracking of interacting people to determine their spatial posi-
tions, head orientations, and speaking activities. It is based
on a particle filter that operates in real time, thus providing
a suitable online tool for higher level analysis about the be-
haviour of interacting people. Despite the enriched reports
provided by a multi-modal analysis, the integrated use of
both acoustic and visual cues have shown to provide also
more robust and accurate results than their single modality
counterparts. Our plans are to further investigate on the cor-
relations that exist across space, time and modality building
on the integration technique presented in this paper.
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ABSTRACT

The limited audio bandwidth used in telephone systems de-
grades both the quality and the intelligibility of speech. This
paper presents a new method for the bandwidth extension of
telephone speech. Frequency components are added to the
frequency band 4–8 kHz using only the information in the
narrowband speech. First, a wideband excitation is gener-
ated by spectral folding from the narrowband linear predic-
tion residual. The highband of this signal is divided into four
subbands with a filter bank, and a neural network is used to
weight the subbands based on features calculated from the
narrowband speech. Bandwidth-extended speech is obtained
by summing the weighted subbands and the original narrow-
band signal. Listening tests show that this new method im-
proves speech quality compared with a previously published
bandwidth extension method.

1. INTRODUCTION

Most telephone systems in use today transmit narrowband
speech using the traditional telephone band of 300–3400 Hz
or only a slightly wider audio bandwidth. For example, the
Adaptive Multi-Rate (AMR) codec, which is widely used in
the GSM system, is a narrowband speech codec. The narrow
bandwidth degrades speech quality, naturalness, and intelli-
gibility. Significant improvement can be achieved by wide-
band speech coding systems. For example, the AMR-WB
speech codec transmits the audio bandwidth of 50–7000 Hz.
AMR-WB has been selected as the wideband codec to be
used in GSM and in the third-generation (3G) mobile com-
munication system, but the transition period from narrow-
band to wideband telephony is expected to take a long time.

The quality difference between narrowband and wide-
band speech can be reduced by artificial bandwidth exten-
sion (ABE) of narrowband speech. This refers to techniques
that artificially generate frequency components in spectral re-
gions that are not available in the narrowband signal. Band-
width extension of narrowband telephone speech can extend
the audio bandwidth either below or above the telephone
band, or both. In this paper, only bandwidth extension to fre-
quencies above the telephone band is considered. The terms
lowband and narrowband are used to refer to the transmitted
frequency band below 4 kHz, whereas highband stands for
the frequency range 4–8 kHz.

Most of the published speech bandwidth extension meth-
ods are based on the source-filter model of speech produc-
tion. They generate an excitation signal that is modified with
a filter simulating the spectral shaping characteristics of the
vocal tract. Both the excitation signal and the vocal tract fil-
ter are estimated using only the information contained in the

narrowband signal. An artificially generated highband signal
is then combined with the original narrowband signal to form
the wideband signal with extended bandwidth.

Commonly used techniques for generating a wideband
excitation signal include spectral folding, spectral transla-
tion, and nonlinear processing of an excitation derived from
the narrowband signal [7]. Alternatively, sinusoidal synthe-
sis [6] or modulated noise [17] can be used. The vocal tract
filter is often realized as an all-pole filter that is parametrized
using, e.g., line-spectral frequencies or cepstral coefficients
[6]. The parameters of the highband shaping filter can be es-
timated from narrowband features using, e.g., codebooks [6],
Gaussian mixture models (GMM) [9], hidden Markov mod-
els [8], or neural networks [6, 10]. The highband can also
be constructed from subband signals that are weighted and
processed appropriately [9].

An ABE technique without explicit use of the source-
filter model was presented in [11]. This method was based
on spectral folding of the lowband signal to the highband,
classification of speech frames into phonetically motivated
classes, and spectral shaping of the highband in the frequency
domain with smooth spline curves. Listening tests were ar-
ranged to verify the performance of this method with differ-
ent languages [15]. For a couple of years, the technique has
been on the market in several mobile phone models of Nokia
[12]. This method is used as a reference algorithm in this
paper and it is referred to as Ref-ABE.

The method described in this paper was developed in
an attempt to improve the speech quality of the Ref-ABE
method. The following three aspects were considered:
Firstly, Ref-ABE sometimes fails to reproduce the highband
content of sibilant sounds. Using a modified feature set to-
gether with a more sophisticated highband estimation tech-
nique in the new method was expected to produce more con-
sistent sibilants. Secondly, the overall timbre of Ref-ABE
has sometimes been found to be too crisp and to have an un-
natural character. These issues were expected to be reduced
by a more accurate control of the highband spectral shape,
which could be achieved by using a spectrally flat highband
excitation instead of modifying the folded lowband spectrum
directly. Finally, the new method was chosen to be imple-
mented using only time-domain processing in the signal path,
which may be beneficial for practical real-time implementa-
tion on some platforms where fixed-point FFT routines may
cause audible distortion.

2. METHOD

The proposed bandwidth extension method extends the au-
dio bandwidth of narrowband speech by generating spectral
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Figure 1: Block diagram of the bandwidth extension method. The narrowband input and the bandwidth-extended output are
denoted by snb and sabe, respectively. Gray arrows indicate frame-based processing, whereas black arrows show signal paths
where sample-by-sample processing in the time domain can be utilized. The filter bank is depicted in Figure 2.

content in the frequency range 4–8 kHz. A block diagram of
the method is shown in Figure 1.

2.1 Feature extraction

The input signal to the system, snb, has a sampling frequency
of 8 kHz. For analysis, the input signal is divided into frames
of 12 ms with the hop size of 10 ms. Experiments with frame
sizes of about 10 ms and 20 ms showed negligible differ-
ence in quality, and a shorter frame size was chosen due to a
smaller framing delay.

A set of time-domain and frequency-domain features is
extracted from each frame. The features were selected with
the goal of differentiating between various speech sounds
that call for different spectral envelope in the highband. The
following features were found to constitute an appropriate set
with reasonable size:

Energies of five subbands: The frequency range 250–
3500 Hz is divided into five subbands with equal widths
on the mel scale. Subband energies are calculated from
the power spectrum and converted to the decibel scale.

Centroid of the lowband power spectrum: The center of
gravity is computed from the lowband power spectrum,
and the resulting centroid frequency is squared to im-
prove the performance of the feature. A spectral centroid
feature gives higher values for unvoiced speech than for
voiced speech [7].

Gradient index: The gradient index is defined as the sum
of the signal gradient magnitudes at each change of sig-
nal direction [8]. This feature also differentiates between
voiced and unvoiced speech segments [7, 15]. It has been
found to vary depending on speaker, noise, and speech
coding method [11]. Therefore, the feature is normalized
by an adaptive long-term estimate of the range of the gra-
dient index values.

Energy ratio: The signal energy of the current frame is di-
vided by that of the previous frame, and the ratio is con-
verted to the decibel scale. This feature has been found to
be useful for the differentiation of stop consonants from
other unvoiced speech sounds [10, 15].

Spectral flatness: Spectral flatness is the ratio between the
geometric and the arithmetic mean of the power spec-
trum. It is computed from the range 0.3–3.4 kHz. This
feature indicates the tonality of the signal [7].

Voice activity detector: The voice activity detector (VAD)
defined for the AMR coder [1] (option 2) is used. This

allows effective attenuation of the highband when no
speech is present. To avoid abrupt changes, the binary
VAD output is smoothed to change gradually from 1 to 0
when the end of voice activity is indicated.

2.2 Estimation of the highband spectral envelope

The features are fed to a neural network that estimates the
highband spectral shape from the lowband features. The neu-
ral network outputs represent signal energy levels of four
subbands within the highband. Four subbands were exper-
imentally found to provide adequate frequency resolution.
The center frequencies (4595 Hz, 5278 Hz, 6063 Hz, and
6964 Hz) and bandwidths of the subbands were adopted from
the commonly used mel filter bank [14].

The neural network was constructed using the method
called neuroevolution of augmenting topologies (NEAT)
[16]. This method starts from a minimal neural network
topology and incrementally improves the network perfor-
mance not only by modifying the network weights but also
by adding new nodes and connections to the network struc-
ture. The resulting network is not restricted to any predefined
topology but the structure is grown incrementally during the
learning process. The NEAT network used in this study had
29 nodes and 164 connections.

The training data consisted of 17 minutes of spo-
ken American English and Finnish from the NTT speech
database [13]. The speech signals were first high-pass fil-
tered with the MSIN filter [5], which simulates the input
characteristics of a mobile station. To extract narrowband
features, the signals were downsampled to 8 kHz sampling
rate and processed with the AMR speech codec. The cor-
responding highband parameters were extracted from unpro-
cessed wideband speech.

Rapid changes in the highband are limited by smoothing
the outputs of the neural network with a recursive filter when
the output values are rising from the previous frame. To re-
duce noise during pauses, the highband is attenuated when
the power in the telephone band is close to an adaptive noise
level estimate.

2.3 Highband synthesis

The synthesis part of the method produces an artificial high-
band signal according to the estimated subband energy lev-
els. Only time-domain processing is used in the signal path.
A residual signal given by linear predictive coding (LPC)

980



4 5 6 7 8
0

0.5

1

Frequency (kHz)

M
ag

n
. 
re

sp
.

Figure 2: Filter bank with four subbands in the highband.

0 2 4 6 8
−110

−100

−90

−80

−70

−60

−50

Frequency (kHz)

M
ag

n
it

u
d
e 

(d
B

)

 

 
AMR−WB

FB−ABE

Ref−ABE

Original

Figure 3: Comparison of long-term average spectra.

is first computed from the narrowband speech frame using
the autocorrelation method and prediction order of 10. The
residual is modified with a formant filtering technique similar
to the short-term postfiltering used in some speech coders for
noise reduction [2]. This method amplifies formant frequen-
cies and attenuates spectral valleys, and thus restores a weak
formant structure to the residual in order to attenuate possi-
ble noise at spectral valleys. This technique was found to
slightly reduce perceived noise in the highband. Each modi-
fied residual frame is scaled in amplitude to constant average
power, and successive frames are combined with overlap-
add. A wideband excitation is then obtained from this mod-
ified residual by spectral folding, i.e., adding zeros between
the samples. Compared to the direct shaping of folded low-
band signal used in the Ref-ABE method [11], the use of the
residual is supposed to improve the naturalness of the result-
ing extension band signal because strong formant trajectories
are not mirrored from the lowband to the highband.

The highband of the excitation signal is divided into four
frequency bands using a filter bank of linear-phase 128-tap
FIR filters. The filters are designed such that the passbands
of adjacent filters overlap and their magnitude responses sum
to unity. The center frequencies of the filters correspond to
those of the mel filter bank for the highband. Figure 2 shows
the magnitude responses of the four bandpass filters.

A mapping from the estimated subband energies to the
corresponding gain coefficients of passband signals is com-
puted using an iterative technique that assumes a spectrally
white excitation signal. An initial estimate of gain values
is obtained using the assumption that the passband signals
do not affect adjacent mel bands, and the gain coefficients
are then corrected in each iteration by the ratio of the target
mel spectrum to the currently resulting mel spectrum. Tar-
get values for the subband gain coefficients are computed
for each speech frame, and the actual subband weights are
changed smoothly at frame boundaries. The passband sig-
nals are weighted and summed to produce a highband signal.

The lowband signal is upsampled and lowpass filtered.
The output of the system, sabe, is obtained by adding the ar-
tificially generated highband signal to the appropriately de-
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Figure 4: Comparison of spectrograms.

layed lowband signal.

As an alternative to weighting passband signals, a single
FIR filter could be computed for the highband as a weighted
sum of the bandpass filters. A similar filter bank equalizer
technique was used in [3]. Decimation of intermediate sig-
nals could also be used to reduce computation.

The delay caused by the algorithm is due to framing,
overlap-add, and filtering. Framing and overlap-add cause
a delay equal to the frame length of 12 ms and the filter bank
delays the signal by additional 4 ms.

The proposed algorithm is referred to as the filter bank
based ABE (FB-ABE) in the rest of the paper.

3. EVALUATION

This section presents spectral comparisons and subjective
evaluations that are based on 10 speech excerpts spoken in
Finnish by ten different talkers (five females and five males).
Each speech excerpt is between 2 and 7 seconds of length and
contains one spoken sentence. The speech signals have been
recorded with high-quality equipment in an anechoic cham-
ber and stored digitally using a sampling rate of 44.1 kHz.

Test samples simulating realistic cellular telephone
speech were generated from the high-quality recordings. The
signals were downsampled to 16-kHz sampling frequency
and high-pass filtered with the MSIN filter, which approxi-
mates the input response of a mobile station. Speech level
was normalized to−26 dBov, and MSIN-filtered office noise
was added at a signal-to-noise ratio of 35 dB. The prepro-
cessed signals were downsampled to 8-kHz sampling rate
and processed twice through the AMR codec at 12.2 kbps,
thus simulating the suboptimal case in which encoding and
decoding are performed twice in the transmission path. The
coded speech samples were then processed with Ref-ABE
[11] and the proposed FB-ABE method. For reference, wide-
band telephone speech was also simulated by passing the pre-
processed signals twice through the AMR-WB codec using
the bit rate of 12.65 kbps. Finally, the frequency response of
a wideband mobile terminal was approximated by filtering
all samples with a band-pass filter having cutoff frequencies
at about 270 Hz and 7300 Hz.
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Figure 5: Distributions of listener ratings in pairwise comparisons between Ref-ABE and FB-ABE, AMR and Ref-ABE, and
AMR and FB-ABE. The bars indicate relative frequencies of the scores from much worse (−3) to much better (3).

3.1 Comparison of spectra

Long-term average spectra of the signals processed with
AMR-WB and the two bandwidth extension systems are
shown in Figure 3. The average spectrum of the original
speech signals after high-pass filtering, scaling, and noise ad-
dition is also shown for comparison. The highband spectra
of Ref-ABE and FB-ABE have approximately similar shape
and level on average. Both bandwidth extension methods
produce a lower highband level than AMR-WB, which also
attenuates the highband compared with the original wide-
band signal. Both ABE methods also show a gap in the
spectrum at 4 kHz. Such a narrow stopband has been ex-
perimentally found to have only a minor perceptual effect as
described previously in [8, 15].

Figure 4 shows spectrograms of a speech segment pro-
cessed with FB-ABE and Ref-ABE. The spectrogram of the
original speech segment after high-pass filtering, scaling, and
noise addition is also shown for reference. Folded copies
of lowband formants in the highband are less pronounced
in FB-ABE than in Ref-ABE. FB-ABE also regenerates the
spectrum of sibilant sounds more accurately than Ref-ABE.

3.2 Listening test

A formal listening test was arranged to compare the pro-
posed FB-ABE method with the existing Ref-ABE method
and with narrowband (AMR) and wideband (AMR-WB) ref-
erences. The listening test procedure was similar to the Com-
parison Category Rating (CCR) test described in [4]. The
test consisted of pairwise comparisons between the process-
ing types. One sentence, processed in two different ways,
was presented to the listener in each test case. The listener
was asked to evaluate the quality of the second sample in
comparison with the quality of the first sample. Responses
were given using the seven-point comparison mean opinion
score (CMOS) scale ranging from much worse (−3) to much
better (3), zero indicating about the same quality. Listen-
ers were allowed to repeat each sample pair with no limita-
tions before answering. The test was arranged separately for
each listener in a quiet room using a graphical user interface
on a computer screen, and test samples were played to both
ears through Sennheiser 580 headphones. Each listener had a
short practice session before starting the actual test. The sub-
jects were allowed to adjust the volume setting to a suitable
level during the practice session.

Twenty listeners (5 females and 15 males) between 20
and 33 years of age participated in the test. The listeners
were native speakers of Finnish and none of them had any
known hearing defects.

For each of the 10 test sentences, all six combinations
of the four processing types were presented to each listener.

The test included an equal number of comparisons in both
presentation orders for each pair of processing types. For the
evaluation of listener consistency, all comparisons of two of
the test sentences were presented in both presentation orders,
and 12 null pairs of identical samples were also included in
the test. Altogether, the test comprised 84 comparisons. The
order of the test items was randomized separately for each
listener using some balancing constraints on the order.

No listeners were excluded from the data based on their
responses. Duplicated evaluations of the same sample pairs
as well as null pairs were excluded from the data before per-
forming the following analysis.

The distributions of ratings in comparisons between each
pair of processing types was collected. For brevity, Figure 5
presents the score distributions obtained for the three most
relevant comparisons. The bars show the relative frequency
of each score given in the comparisons between the two pro-
cesing types. Bars on the positive side indicate preference
for the latter of the processing types shown in the illustration
title. The order of presentation was normalized such that the
scores were negated in the cases where the processing types
were actually presented in the opposite order.

In comparisons between Ref-ABE and FB-ABE, the
quality was assessed to be about the same in most of the
cases. However, the distribution of ratings shows some pref-
erence towards the FB-ABE method. The distributions of
comparisons involving the narrowband reference (AMR) and
either of the ABE methods show two peaks, one indicating
preference for the ABE-processed sample and the other for
the narrowband reference. The number of cases where the
narrowband sample was preferred is, however, considerably
smaller in the comparisons between AMR and FB-ABE than
in those between AMR and Ref-ABE.

Another visualization of the listener ratings is shown in
Figure 6. The mean score for each processing type was cal-
culated from all the comparisons in which the processing was
involved. Again, the presentation order of the sample pairs
was normalized and the scores negated as necessary. This
method yields the order of superiority and distances between
the processing types, but the mean scores cannot be inter-
preted using the CMOS scale.

The figure shows that both ABE methods were rated sig-
nificantly better than the narrowband reference, while the
quality of the wideband reference processing (AMR-WB)
was considered much better than that of either of the ABE
methods. An important result is that FB-ABE was found to
have significantly higher quality than Ref-ABE.

3.3 Observations in informal listening evaluations

Subparts of the FB-ABE algorithm were tested separately,
e.g., using correct highband mel spectra together with high-
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the listening test. Mean scores and 95 % confidence intervals
are shown.

band excitation generated from the lowband residual sig-
nal. Such experiments verified that the reconstruction of
the highband mel spectrum produces good perceptual qual-
ity, whereas the estimation of the highband mel spectrum is
the most critical part and the source of most of the quality
degradation.

Informal listening comparisons between FB-ABE and
Ref-ABE using a wider set of test samples than in the for-
mal test indicated that FB-ABE improves the overall timbre
of bandwidth-extended speech, and the quality of sibilants
is also improved. Presumably, these quality enhancements
account for the results of the formal listening tests showing
preference for the proposed FB-ABE method. On the other
hand, FB-ABE was found to be more sensitive to breathing
sounds, which cause some additional noise in the highband.

4. CONCLUSIONS

A new FB-ABE method for the bandwidth extension of tele-
phone speech was introduced and a subjective evaluation of
the method was presented. The method generates artificially
spectral content in the band 4–8 kHz. It utilizes a neural net-
work to control the weights of passband excitation signals
that constitute the extension band signal. Only time-domain
processing is used in the signal path, which may be beneficial
for real-time implementation on some platforms. The small
number of subbands in the highband also permits implemen-
tation with moderate computational cost.

The FB-ABE method was developed with the goal of
achieving higher speech quality than what is provided by
the Ref-ABE method, which is used in some Nokia mobile
phone models and has earlier been shown to improve both
quality and intelligibility of narrowband speech [15, 12]. Lis-
tening test results presented in this paper indicate that signifi-
cant quality improvement was indeed achieved, but FB-ABE
also involves substantially more computation than Ref-ABE.
Further work is planned on reducing highband noise that is
sometimes generated by FB-ABE during breathing sounds.
More extensive testing is also needed to evaluate the method
in different languages and background noise conditions.
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velopment, evaluation and implementation of an artifi-
cial bandwidth extension method of telephone speech
in mobile terminal. IEEE Trans. Consum. Electron.,
55(2):780–787, 2009.

[13] NTT Advanced Technology Corporation. Multi-
Lingual Speech Database for Telephonometry, 1994.

[14] J. W. Picone. Signal modeling techniques in speech
recognition. Proc. IEEE, 81(9):1215–1247, 1993.

[15] H. Pulakka, L. Laaksonen, M. Vainio, J. Pohjalainen,
and P. Alku. Evaluation of an artificial speech band-
width extension method in three languages. IEEE
Trans. Audio, Speech, Language Process., 16(6):1124–
1137, 2008.

[16] K. O. Stanley and R. Miikkulainen. Evolving neural
networks through augmenting topologies. Evol. Com-
putation, 10(2):99–127, 2002.

[17] T. Unno and A. McCree. A robust narrowband to wide-
band extension system featuring enhanced codebook
mapping. In Proc. ICASSP, pages 805–808, 2005.

983



A METHOD OF SPEECH PERIODICITY ENHANCEMENT BASED ON
TRANSFORM-DOMAIN SIGNAL DECOMPOSITION

Feng Huang1, Tan Lee1 and W. Bastiaan Kleijn2

1Department of Electronic Engineering, The Chinese University of Hong Kong, Hong Kong, China
2School of Electrical Engineering, KTH - Royal Institute of Technology, Stockholm, Sweden

{fhuang, tanlee}@ee.cuhk.edu.hk, bastiaan@kth.se

ABSTRACT
Periodicity is an important property of speech signals. It
plays a critical role in speech communication, especially
when strong background noise is present. This paper
presents a novel framework of periodicity enhancement for
noisy speech. The enhancement operates on the linear pre-
diction error (residual) signal. The residual signal goes
through a constant-pitch time warping process and two se-
quential lapped frequency transforms, by which the periodic
component is concentrated in the first modulation band. By
emphasizing the respective transform coefficients, periodic-
ity enhancement of noisy residual signal is achieved. The
enhanced residual signal and estimated linear prediction fil-
ter parameters are used to synthesize the speech output. The
effectiveness of the proposed method is confirmed consis-
tently by various objective measures and subjective listening
tests. It is observed that the enhanced speech can restore the
harmonic structure of the original speech.

1. INTRODUCTION

Periodicity is an important property of speech signals. In
the time domain, it is defined by the repetition of signal
waveforms. In the frequency domain, periodicity is re-
flected by the appearance of strong spectral components at
equally spaced harmonic frequencies. From the perspective
of speech production, periodicity in acoustic signal is caused
by periodic vibration of vocal cords when voiced speech is
produced. It determines the pitch of speech, which is essen-
tial in speech communication. Important high-level linguis-
tic information, for examples, intonation, lexical tones, stress
and focus, is conveyed in the pitch contour of an utterance.
Periodicity also means that there exists a great deal of re-
dundancy in both the time and frequency domain. This con-
tributes to the robustness of speech communication in noisy
environments.

There have been numerous attempts to restore the peri-
odicity of noisy speech signal, with the goal of improving
perceptual quality. The approaches can be broadly catego-
rized as spectral-domain harmonicity restoration techniques
and time-domain waveform periodicity enhancement meth-
ods. Comb-filtering was a commonly used method, which at-
tenuates signal components that are not harmonics [1]. In [2],
a regeneration method was proposed to recover the harmonic
structure of original speech. In [3], harmonicity enhance-
ment was performed based on the harmonic+noise model of
speech. In recent studies, harmonicity enhancement was typ-
ically applied as a post-processing step in general speech en-
hancement systems.

There have been relatively fewer studies on the enhance-

ment of time-domain waveform periodicity. This is due to the
difficulty of separating periodic and aperiodic components in
a time-domain speech signal. In the area of hearing research,
temporal periodicity enhancement has been shown effective
in improving pitch and tone perception. The commonly used
techniques include increasing modulation depth and simpli-
fying waveforms [4]. These methods generally cause se-
vere nonlinear distortion and therefore lead to degradation
of speech quality.

In this paper, we describe a new method of periodicity
enhancement by exploiting a recently proposed speech rep-
resentation model [5]. This speech model was developed to
achieve a compact and complete representation of speech
signals. The redundancy related to waveform periodicity
is the basis of such representation. The speech model can
be used for a wide range of applications including speech
coding and prosodic modification. Our work on periodic-
ity enhancement is based on an important property of this
method, which is the effective periodic-aperiodic decompo-
sition. The decomposition is applied on the residual signal of
linear prediction (LP) analysis, which is considered to be the
primary carrier of periodicity-related information in speech.
The LP residual signal undergoes a series of transformations
in a pitch-synchronous manner. Some of the transform coef-
ficients represent the periodic component while the other co-
efficients represent the aperiodic component. Because noise
signals generally do not have the same periodicity character-
istic as speech, periodicity enhancement of noise-corrupted
speech can be achieved by adjusting the relative contribu-
tions of the periodic and aperiodic components.

In Section 2, we first review the signal transformations as
proposed in [5] and give illustrative examples of transformed
and decomposed signals. Then the principle of periodicity
enhancement is explained and some practical issues are dis-
cussed. In Section 3, the complete framework of speech pe-
riodicity enhancement is described. The problem of estimat-
ing LP parameters from noisy speech is addressed. Section
4 contains the experimental results in terms of both objective
quality measures and results of subjective listening tests.

2. TRANSFORM-DOMAIN PERIODICITY
ENHANCEMENT

Pitch or periodicity is caused by long-term dependencies in
the speech signals, which are associated with the excitation
source. It is carried primarily by the residual signal of LP
analysis of speech. On the other hand, the LP filter coeffi-
cients characterize short-term dependencies that are caused
by vocal tract resonances.

Periodic-aperiodic decomposition can be achieved on the
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LP residual signal using the approach described in [5]. A
brief review is given below.

2.1 Constant-pitch warping and lapped frequency
transforms
Let e(t) denote the LP residual signal from a voiced speech
segment. We first time-warp the signal to have a constant
pitch. We assume that the pitch track of the segment is avail-
able. Then a continuous pitch track is defined using a spline
representation. The resulting pitch track is used to re-sample
e(t) to obtain a constant-pitch signal with period P0. We write
this signal as e(ttt(τ)), where the monotonic mapping ttt maps
the constant-pitch time scale τ to the original time scale t.

If a signal segment contains both periodic and aperi-
odic components, they are concentrated in low- and high-
frequency bands, respectively. Thus, to obtain an intu-
itive representation with energy concentration, we first sep-
arate the signal e(ttt(τ))) in frequency channels. This pitch-
synchronous transform is implemented by a DCT-IV trans-
form. The window size is 2P0 with 50% overlap. For a
speech segment of K pitch-synchronous frames, the output of
this transform includes K ·P0 coefficients, denoted by f (k, l),
where k is frame (pitch-cycle) index and l = 1,2, · · · ,P0, in-
dexes the channels.

The transform that follows next is central to our algo-
rithm as it separates out the periodic component from the
signal. The periodic component of a channel is the compo-
nent that does not change significantly from one pitch cy-
cle to the next. Thus, we perform a frequency transform
on each channel. This modulation transform is implemented
by a DCT-II transform. For the lth channel, the coefficients
f (1, l), f (2, l), · · · , f (K, l) are transformed to generate K out-
put coefficients denoted by g(q, l), where q = 1,2, · · · ,K is
the modulation band index. The modulation transform is per-
formed over segments that are selected to maximize energy
concentration. The practical implementation is done as an
iterative process. Initially we start with a segment of one
single frame, on which a measurement of energy concentra-
tion is computed [6, pp.A12]. The segment length is then in-
creased by a step size of one frame, and the new energy con-
centration measurement is compared with the previous one.
If it is increased, the process goes on with segment length
further increased. If not, the length of the current segment is
determined and a new segment starts.

Fig. 1 gives an example of applying the constant-pitch
warping and transforms on a voiced speech segment. It
shows the original and warped LP residual signals, and the
output of the transforms. It is noticed that, in the transform
output, most of the energy is concentrated in the low modu-
lation bands, especially the first band.

2.2 Periodicity enhancement
In the transform domain, the coefficients of the first mod-
ulation band represent the periodic component of the sig-
nal, while the remaining coefficients describe the aperiodic
component. This can be easily understood by consider-
ing a strictly periodic signal. For such a signal, all pitch-
synchronous frames are identical and hence the results of
the pitch-synchronous transform are identical, i.e., f (i, l) =
f ( j, l) for any i, j = 1,2, · · · ,K and l = 1,2, · · · ,P0. In this
case the modulation transform for each channel is applied to
a constant data sequence, and there is only one non-zero out-
put coefficient at the first modulation band (DC). This prop-
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Figure 1: An example of constant-pitch warping and lapped frequency trans-
forms of a voiced speech segment. P0 = 68.
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Figure 2: Effect of noise on transform coefficients.
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Figure 3: Periodicity-enhanced residual and speech waveforms. The blue
solid lines are the results of enhancement while the black dashed lines are
the clean counterparts.

erty suggests that periodic-aperiodic decomposition can be
achieved by separating the low modulation band coefficients
from the others.

In the presence of additive noise, the waveform period-
icity of a speech signal is contaminated. Let us investigate
how the transform-domain coefficients are affected by noise
via an example as shown in Fig. 2. Fig. 2(a) shows the wave-
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form of a noise-corrupted speech segment, which is obtained
by adding white noise to the clean segment in Fig. 1(a). The
SNR is 5dB. Fig. 2(b) gives the LP residual signal extracted
from the noisy segment. Using the same pitch track as es-
timated from clean speech, we obtain the transform-domain
coefficients as depicted in Fig. 2(c). Comparing Fig. 2(c)
with Fig. 1(d), it is observed that the noise leads to an in-
crease in energy in the high bands. Nevertheless, there is still
a high level of energy concentration at the first modulation
band, which represents the underlying periodic component.

Based on the above analysis, we propose to restore the
periodicity of noise-corrupted speech by applying relatively
heavier weights to the transform coefficients of the lower
modulation bands and lighter weights to those of the higher
bands. Let Wq denote the weighting factor for the qth mod-
ulation band. The modified transform coefficient ĝ(q, l) is
obtained as

ĝ(q, l) = Wq ·g(q, l). (1)
Residual signal with enhanced periodicity is re-synthesized
from ĝ(q, l). In the experiments of this study, we use the
following weighting scheme,

Wq =

{ L−q+1
L

q ≤ L
0 q > L

. (2)

L is empirically set to 3. It can be seen that 0 ≤ Wq ≤ 1
for all q. The periodic component is assigned the heaviest
weight, i.e., W1 = 1. For 1 < q ≤ L, the coefficients are at-
tenuated. For q > L, the coefficients are discarded. By apply
this weighting scheme to the example segment of Fig. 2, the
enhanced residual and speech waveforms are given as in Fig.
3. It can be observed that the waveform periodicity is effec-
tively restored.

2.3 Related issues
Pitch estimation The proposed method requires the pitch
track of noise-corrupted input signal. An erroneous pitch
track would cause problems in constant-pitch warping and
affect the effectiveness of periodic-aperiodic decomposition.
A typical pitch estimation algorithm [7] has a gross pitch er-
ror rate of about 5% at 0 dB SNR, i.e., 5% of the estimated
pitch values1 differ from the true values by 10 Hz or more.

In this study, a new algorithm of robust pitch estimation
is used. The robustness is achieved by exploiting both pitch-
related spectro-temporal information in speech and prior
knowledge about pitch harmonics. Spectral peak pattern that
is computed cumulatively over successive analysis frames is
used as a robust feature for pitch estimation. The temporal
cumulation effectively suppresses the effect of noise, which
has irregularly located spectral peaks. For pitch estimation,
the observed noisy pitch feature is assumed to be a sparse
combination of clean feature exemplars. This combination
is determined via an optimization procedure, which is very
similar to the compressive sensing approaches [8]. Details of
the algorithm is given in [9]. Preliminary experimental re-
sults show that the accuracy of pitch estimation at 0dB SNR
is comparable to the noise-free case.
Segmentation and boundary smoothing In [5, 6], non-
overlapping segments were used for speech coding applica-
tions. For periodicity enhancement, we observed that there

1In this paper, the terms “pitch” and “F0” (fundamental frequency) are
used interchangeably.

Figure 4: Complete framework of speech periodicity enhancement.

were noticeable energy discontinuities at segment boundaries
of the re-synthesized signal. This is due to the use of weight-
ing factors at each individual segment. Subjective listening
revealed that the discontinuities lead to severe perceptual dis-
tortion. To alleviate the problem, we impose a certain degree
of overlapping between segments. At the synthesis stage,
signals at the segment boundaries are smoothed by overlap-
and-add with trapezoid windows.

3. COMPLETE FRAMEWORK OF SPEECH
PERIODICITY ENHANCEMENT

Fig. 4 gives the complete framework of the proposed method
of speech periodicity enhancement. Noisy speech is first
processed using conventional linear prediction error filtering
(autocorrelation based). Noisy LP residual signal e(t) is ob-
tained for subsequent periodicity enhancement as described
in Section 2. Meanwhile, a procedure for LP parameter es-
timation is carried out. The estimation aims to acquire an
estimation of the clean LP parameters from the noisy speech
input. Finally, the estimated LP parameters are used in con-
junction with the enhanced residual signal to generate the
speech output.

The problem of estimating LP parameters from noisy
speech has been studied for many years. It aims at estimating
the speech spectrum and the excitation gain. The representa-
tive approaches include noise compensation [10], codebook-
driven estimation [11], and Kalman filtering [12, 13]. In
this study, we adopt the codebook-driven approach [11] and
the iterative Kalman filtering approach [12] for evaluation.
The codebook method is data driven, where LP coefficients
are estimated by searching over trained codebooks of clean
speech and noise for a codeword pair that has the highest
probability to produce the noisy observation. In the Kalman
filter approach, LP filter coefficients are estimated iteratively.
Each frame of speech is first enhanced by the Kalman fil-
ter initialized with the LP coefficients of noisy speech. A
set of new coefficients are then estimated from the enhanced
speech. The process goes on iteratively until convergence is
reached [12].

4. EXPERIMENTS AND RESULTS

Performance of the proposed method is evaluated on two as-
pects: (1) effectiveness of periodicity enhancement of the LP
residual signal, and (2) overall performance of speech pe-
riodicity enhancement with estimated LP parameters. The
evaluation data consists of a total of 48 speech utterances
from 3 different languages: American English, Mandarin and
Cantonese. While English is used to represent western lan-
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Table 1: Performance of periodicity enhancement on LP residual signals under different input noise conditions.
Input

Speech
SNR(dB)

Residual SegHarm Residual SNR (dB)

Noisy Enhanced Noisy Enhanced
R-F0 E-F0 R-F0 E-F0

White
Noise

5 1.16 1.91 1.82 -8.10 -1.40 -1.72
0 0.86 1.71 1.62 -11.91 -4.38 -5.04
-5 0.61 1.47 1.38 -16.26 -8.16 -9.08

AR
Noise

5 0.89 1.68 1.62 -4.71 0.93 0.30
0 0.67 1.49 1.34 -8.45 -1.52 -2.04
-5 0.56 1.32 1.19 -11.9 -4.39 -5.29

mean 0.79 1.60 1.51 -10.22 -3.15 -3.81

guages, Mandarin and Cantonese are among the most rep-
resentative tonal languages, in which pitch is used to dif-
ferentiate words. There are 16 utterances (equal number
of male and female speakers) for each language. They are
taken from TIMIT (English), 863 (Mandarin) and CUSENT
(Cantonese), respectively. Mean duration of one utterance is
about 4-5 seconds. Speech activity ratio2 of the data set is
85% on average. Speech are down sampled to 8 kHz.

Reference pitch, denoted as R-F0, is obtained on
clean speech using conventional time-domain autocorrela-
tion method and the results are manually verified. Estimated
pitch, denoted as E-F0, is obtained with the algorithm as de-
scribed in Section 2.3. Twelfth-order LP analysis is applied
to obtain the residual signals. The analysis frame is 20 ms
long, with 50% overlap. For the proposed method, we ap-
plied the same weighting scheme on unvoiced segments as
well as the voiced segments.

4.1 Periodicity enhancement of LP residual signal
In the first experiment, speech signals are degraded by two
types of noise: white noise and first-order AR noise (sim-
ulating car noise [13]), at SNR of -5, 0 and 5 dB, respec-
tively. Periodicity enhancement based on R-F0 and E-F0 is
performed on the noisy LP residual signals.

We use the Mean Segmental Harmonicity (SegHarm)
[14] and the global SNR of the residual signal as the perfor-
mance indices. SegHarm measures the overall energy ratio
between the harmonic peaks and their surrounding noise in
the target signal. It is computed from all voiced segments in
the utterances. Avarage SegHarm value of the clean residual
signals is 1.72. Table 1 gives the SegHarm and global SNR
of the residual signals before and after enhancement. Signif-
icant improvements can be observed on both types of noise
at all input SNR levels. The average value of SegHarm in-
creases from 0.79 to 1.60 and 1.51, when R-F0 and E-F0 are
used respectively.

4.2 Objective quality assessment of enhanced speech
We also evaluate the quality of periodicity-enhanced speech.
The methods being tested are “codebook-driven LP param-
eter estimation [11] + periodicity-enhanced LP residual”
(CB+PE), “iterative Kalman filtering [12] + periodicity-
enhanced LP residual” (KF+PE). They are compared with
“clean LP parameters + periodicity-enhanced LP residual”
(CleanLP+PE) and the comb-filter method (CombF) [1].

2Duration of speech (excluding silence) over duration of the whole utter-
ance.

Table 2: Performance of the evaluated speech enhancement methods.

SNR
(dB)

fwSNRseg
(dB) CEP

PESQ
(MOS)

Input 0 2.43 6.19 1.56
CB 2.23 3.61 4.82 1.71
KF 1.37 2.74 5.27 1.64

CB+PE 3.38 4.40 4.15 2.41
KF+PE 1.72 3.67 4.86 2.00

CleanLP+PE 5.16 8.25 3.48 3.02
CombF 2.69 2.48 6.20 1.72

We are also interested to compare the two LP parameter es-
timation methods, i.e., “codebook-driven estimation” (CB),
and “iterative Kalman filtering” (KF), without using en-
hanced residual signals.

The speech utterances are corrupted by additive AR noise
at 0 dB SNR. E-F0 is used for residual enhancement. For
codebook-based LP parameter estimation, the speech code-
books are language-dependent. For each language, 24 utter-
ances that are different from the test data are used to train a
codebook with 2048 codewords. The size of noise codebook
is 48. It is trained with a noise signal of 2-second length.

Global SNR, frequency-weighted segmental SNR
(fwSegSNR), cepstrum distance (CEP) and the perceptual
evaluation of speech quality (PESQ) are used as quality
measures [15]. The results are shown in Table 2. It can
be seen that both approaches of LP parameter estimation
(CB and KF) can improve the speech quality to certain
extent. CB is more effective than KF. With periodicity
enhancement of residual signals, the speech quality is further
improved. The PESQ value attained by CB+PE is 2.41, as
compared to 1.71 by CB and 1.72 by CompF. The PESQ
value of CleanLP+PE, i.e., 3.02, can be considered as the
performance upper bound of the proposed approach in this
noise condition.

Fig. 5 gives an example that shows the waveform and
spectrograms of speech output enhanced by CB and CB+PE.
It can be seen that CB is useful to recover the formant struc-
ture. With the use of periodicity-enhanced residual signal,
the harmonic structure can be effectively restored. This is
especially noticeable in the high-frequency region.

4.3 Subjective quality assessment of enhanced speech
Subjective listening tests were carried out on the enhanced
speech as evaluated above. The tests are designed and con-
ducted following the procedures in [16] and [17]. Half of the
test utterances were used, i.e., 8 utterances for each language.
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Figure 5: Waveforms and spectrograms of clean, noisy, CB enhanced and
CB+PE enhanced speech (from top to bottom). Audio samples are available
at http://www.ee.cuhk.edu.hk/~fhuang/pe.html .
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Figure 6: Results of subjective listening tests.

They were randomly selected from the full test set.
A total of 12 subjects participated into the listening tests.

They include 6 native Cantonese speakers and 6 native Man-
darin speakers, who were involved in the assessment of Can-
tonese and Mandarin utterances, respectively. In addition,
all of the 12 subjects were asked to assess the English utter-
ances. Each subject was required to rate a presented signal
on [17]:
SIG: signal distortion, [5=very natural, 1=very unnatural];
BAK: background noise intrusiveness, [5=not notice-

able,1=very conspicuous and very intrusive];
OVRL: overall effect, [5=excellent, 1=bad].

The test results are given as in Fig. 6. In terms of
OVRL, the proposed method CB+PE significantly outper-
forms CombF for all of the three languages. The overall
average of OVRL scores is 3.13, as compared with 2.18 for
CombF. Both CB+PE and CombF introduce noticeable sig-
nal distortion and thus lead to lower SIG scores. CB+PE
consistently attains a high BAK score, indicating that the ef-
fect of background noise has been effectively suppressed.

5. CONCLUSION

A novel framework of speech enhancement has been de-
veloped and evaluated. We have shown that enhancement
of speech and/or suppression of noise can be effectively
achieved by processing the LP parameters and the residual
signal separately. The focus of this paper is on enhancing
the pitch-related periodicity characteristic in the residual sig-

nal. With pitch track robustly estimated from noisy speech,
the proposed method demonstrates significant improvement
in both the signal-to-noise ratio and the perceptual quality of
speech. Two previously proposed methods of LP parameter
estimation have been adopted for evaluation. Quality of en-
hanced speech can be further improved with more accurate
representation of speech spectrum and better restoration of
the unvoiced segments.

6. ACKNOWLEDGEMENT

This research is partially supported by the General Research
Funds (Ref: CUHK 413507 & CUHK 414108) from the
Hong Kong Research Grants Council, and a project grant
from the Shun Hing Institute of Advanced Engineering,
CUHK.

REFERENCES
[1] A. Nehorai and B. Porat, “Adaptive comb filtering for har-

monic signal enhancement,” IEEE Trans. ASSP, vol. 34, no.
5, pp. 1124–1138, 1986.

[2] C. Plapous, C. Marro, and P. Scalart, “Speech enhancement
using harmonic regeneration,” in Proc. ICASSP ’05, March
18–23, 2005, vol. 1, pp. 157–160.

[3] E. Zavarehei, S. Vaseghi, and Qin Yan, “Noisy speech en-
hancement using harmonic-noise model and codebook-based
post-processing,” IEEE Trans. ASLP, vol. 15, no. 4, pp. 1194–
1203, May 2007.

[4] Meng Yuan, Tan Lee, and et al., “Effect of temporal periodic-
ity enhancement on cantonese lexical tone perception,” JASA,
vol. 126, no. 1, pp. 327–337, 2009.

[5] W. B. Kleijn, “A frame interpretation of sinusoidal coding and
waveform interpolation,” in Proc. ICASSP ’00, 2000, vol. 3,
pp. 1475–1478.

[6] M. Nilsson, Entropy and Speech, Ph.D. thesis, Royal Institute
of Technology (KTH), 2006.

[7] T. Shimamura and H. Kobayashi, “Weighted autocorrelation
for pitch extraction of noisy speech,” IEEE Trans. SAP, vol.
9, no. 7, pp. 727–730, Oct. 2001.

[8] J. F. Gemmeke and B. Cranen, “Noise reduction through com-
pressed sensing,” in Proc. Interspeech ’08, 2008, pp. 1785–
1788.

[9] Feng Huang and Tan Lee, “Robust pitch estimation using har-
monic peak cumualtion and compressive sensing technique,”
To be submitted.

[10] C. E. Davila, “A subspace approach to estimation of autore-
gressive parameters from noisy measurements,” IEEE Trans.
SP, vol. 46, no. 2, pp. 531–534, Feb. 1998.

[11] M. Kuropatwinski and W. B. Kleijn, “Estimation of the exci-
tation variances of speech and noise AR-models for enhanced
speech coding,” in Proc. ICASSP 2001, vol. 1, pp. 669–672.

[12] J. D. Gibson, B. Koo, and S. D. Gray, “Filtering of colored
noise for speech enhancement and coding,” IEEE Trans. SP,
vol. 39, no. 8, pp. 1732–1742, Aug. 1991.

[13] M. Kuropatwinski and W. B. Kleijn, “Estimation of the short-
term predictor parameters of speech under noisy conditions,”
IEEE Trans. ASLP, vol. 14, no. 5, pp. 1645–1655, Sept. 2006.

[14] A.-T. Yu and H.-C. Wang, “New speech harmonic structure
measure and it application to post speech enhancement,” in
Proc. ICASSP ’04, 17–21 May 2004, vol. 1, pp. I–729–32.

[15] Yi Hu and P. C. Loizou, “Evaluation of objective quality mea-
sures for speech enhancement,” IEEE Trans. ASLP, vol. 16,
pp. 229–238, Jan. 2008.

[16] ITU-T P. 835, “Subjective test methodology for evaluating
speech communication systems that include noise suppression
algorithm,” ITU-T Recommendation, 2003.

[17] Yi Hu and Philipos C. Loizou, “Subjective comparison and
evaluation of speech enhancement algorithms,” Speech Com-
mun., vol. 49, no. 7-8, pp. 588–601, 2007.

988



ANALYSIS OF TWO GENERIC WIENER FILTERING CONCEPTS FOR BINAURAL
SPEECH ENHANCEMENT IN HEARING AIDS

Klaus Reindl, Yuanhang Zheng, and Walter Kellermann

Multimedia Communications and Signal Processing
University of Erlangen-Nuremberg, Cauerstr. 7

91058 Erlangen, Germany
Email:{reindl, zheng, wk}@LNT.de

ABSTRACT

In this paper, we present a detailed analysis for two generic single-
channel Wiener filtering concepts for binaural hearing aids, namely,
a dual-channel filter approach (individual filters for individual chan-
nels) and a single filter approach (one filter applied to both chan-
nels). After a general description of the concept, this scheme is
thoroughly discussed for a two-source scenario and especially the
influence of a common noise estimate on the two different concepts
is analyzed in detail. Moreover, by evaluating the interaural transfer
function (ITF) comprising the interaural level differences (ILDs) as
well as interaural phase/time differences (IPDs/ITDs), the influence
of both Wiener filter approaches on these binaural cues is analyzed.
The theoretical findings are confirmed by experimental results.

1. INTRODUCTION

Following the advent of wireless technologies for connecting both
ears, many different binaural processing strategies are currently un-
der investigation. Several binaural multi-channel Wiener filtering
approaches preserving binaural cues for the speech and noise com-
ponents were presented, e.g., in [1, 2]. However, these techniques
require estimates for the noise components in each individual mi-
crophone. Since, in practice, it is almost impossible to obtain re-
liable noise estimates for nonstationary noise and interference, we
investigated the combination of a common noise estimate with a
single-channel Wiener-type filter in [3] to obtain binaural output
signals. The common noise estimate is obtained by forcing a spatial
null into the direction of the desired speaker. As this noise estimate
is the complementary signal to the desired speech signal, this esti-
mate captures the entire spatio-temporal information of all interfer-
ing point sources as well as background noise (as long as spatial fil-
tering allows). So far, there was no detailed analysis how this com-
mon noise estimate interacts with single-channel speech enhance-
ment algorithms and, correspondingly, how the combination affects
binaural cues. Thus, in this contribution, the combination of a com-
mon noise estimate with two fundamentally different Wiener filter-
ing concepts is analyzed in detail. Moreover, the influence of the
single-channel speech enhancement techniques on binaural cues is
evaluated. The most important binaural cues for speech understand-
ing in adverse environments and localizing sound sources correctly
are ILDs, ITDs, and the coherence between the signals arriving at
the right and left ear. In order to preserve ITDs, only linear-phase
filter approaches are considered so that the signal delay is equal in
both channels. Correspondingly, only the impairment of ILDs by
both Wiener filtering concepts must be analyzed.

The paper is organized as follows. The general binaural config-
uration is described in Sect. 2 and the Wiener filtering concepts are
introduced in Sect. 3. A detailed analysis for a two-source scenario
is presented in Sect. 4. Experimental results will be presented in
Sect. 5 before providing concluding remarks in Sect. 6.

2. SIGNAL MODEL

Fig. 1 depicts the signal model studied in this paper. Lower-case
boldface characters represent (column) vectors capturing signals or
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Figure 1: General binaural speech enhancement

the spectral weights of Multiple-Input-Single-Output (MISO) sys-
tems. Matrices denoting Multiple-Input-Multiple-Output (MIMO)
systems are represented by upper-case boldface characters. The su-

perscripts (·)∗, {·}T , and {·}H denote complex conjugation, vector
or matrix transposition, and conjugate transposition, respectively.

We consider here hearing aid devices (in-the-ear (ITE) or
behind-the-ear (BTE)) with a single microphone at each ear. Cap-
turing reverberation and scattering at the user’s head, Q point source
signals sq (q = 1, . . . , Q) are filtered by a MISO mixing system
(one Q×1 MISO system for each ear). This can be expressed in the
discrete-time Fourier transform (DTFT)-domain as

xi(e
jΩ) =

Q

∑
q=1

hqi(e
jΩ)sq(e

jΩ) i ∈ {1,2}, (1)

where xi(e
jΩ) is the frequency domain representation of the re-

ceived source signal mixture at the microphone of the right or left

hearing aid, respectively. Ω = 2π f
fs

represents the normalized fre-

quency and fs denotes the sampling frequency. hqi(e
jΩ) denotes

the transfer function between the q-th source and the i-th micro-

phone. We assume that s1(e
jΩ) represents the desired source signal

(’target’) while the remaining Q−1 sources are considered as inter-

fering point sources. For brevity, the frequency-dependency (e jΩ)
will be omitted in the rest of the paper. Using vector/matrix notation
the microphone signals are given by

x = HT s, (2)

where x = [x1, x2]
T is a column vector capturing both microphone

signals. s = [s1, . . . ,sQ]T captures all point source signals and the

acoustic mixing system is represented by the Q×2 matrix H:

H = [ h1 h2 ] =







h11 h12
...

...
hQ1 hQ2






. (3)

The blocking matrix B that performs time-frequency as well as spa-
tial filtering is used to generate a common noise estimate which is
used to control a speech enhancement algorithm. Using the spectral

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 989



weights bi, i ∈ {1,2}, the blocking matrix is given by

b = [ b1 b2 ]T , (4)

B = [ b diag{b} ] . (5)

In (5), diag{b} is necessary to obtain the signals vi, i ∈ {1,2}. The
output signals of the blocking matrix are then given by

[ n̂ v1 v2 ]T = BT x. (6)

The binaural output signals are represented by a 2×1 column vector

y = [y1, y2]
T and can be written as

y = Wx. (7)

The matrix W captures the spectral weights wi, i ∈ {1,2} used to
enhance the microphone signals xi, i ∈ {1,2}:

W = diag{w}, (8)

w = [ w1 w2 ]T . (9)

The diag{·} operator applied to a vector builds a diagonal matrix
with the vector entries placed on the main diagonal. The Wiener
filtering concepts used to enhance the microphone signals are dis-
cussed in the following section. Note that, accounting for the non-
stationarity of the involved signals, all the frequency-domain repre-
sentations are based on a short-time Fourier transform (STFT) with
a finite block length of 32ms.

3. WIENER FILTERING CONCEPTS

The common noise estimate n̂ can be written as

n̂ = bT x = bT HT s. (10)

The most intuitive approach to obtain a speech enhancement filter
would be a dual-channel filter, where individual filters are applied to
the individual channels. If, as in the given scenario, only a common
noise estimate n̂ is available, it seems reasonable to investigate a
single filter that is applied to both channels as well. Consequently,
the following two concepts are analyzed:

• Dual-channel linear-phase filter (individual filters for individual
channels),

• Single linear-phase filter (one filter applied to both channels).

For a dual-channel Wiener filter, the spectral weights are given by

wi = max

[

1−µ
P̂n̂n̂

P̂vivi

,wmin

]

i ∈ {1,2}, (11)

where P̂n̂n̂ and P̂vivi
, i ∈ {1,2} represent the Power Spectral Density

(PSD) estimates of n̂ and vi, i ∈ {1,2}, respectively. vi is given by
[4]

vi = bixi i ∈ {1,2}. (12)

Using (2), (6), and (10), the PSD estimates can be obtained by

P̂n̂n̂ = bHHHP̂ssHb, (13)

P̂vivi
= |bi|

2hH
i P̂sshi i ∈ {1,2}, (14)

where P̂ss is the estimate for the (presumably diagonal) PSD ma-
trix of the source signals, and hi represents the i-th column of H.
wmin (0 < wmin < 1) denotes the minimum value of the spectral
weights (spectral floor). µ is a real number and is used to achieve a

trade-off between noise reduction and speech distortion [5]. For the
frequency response values of a single linear-phase filter we choose:

w = w1 = w2 = max

[

1−µ
P̂n̂n̂

P̂v1v1
+ P̂v2v2

,wmin

]

. (15)

Since the obtained noise estimate consists of noise components
from both channels, n̂ will usually differ from the noise compo-
nents in the individual channels. Thus, the spectral weights for both
concepts are always given by

wi = woi
+δwi

i ∈ {1,2}, (16)

where woi
denotes the channel-specific optimum Wiener-filter

weight (which cannot be realized as the necessary individual PSDs
cannot be observed) and δwi

represents the deviation. The optimum
weights woi

can be written as

woi
= 1−

hH
i UT P̂ssUhi

hH
i
P̂sshi

i ∈ {1,2}. (17)

With s1 denoting the desired source signal, the Q × Q matrix U

serves to select the interference components in P̂ss and is given by

U =

[

01×Q

0
(Q−1)×1

I
(Q−1)×(Q−1)

]

, (18)

where I
(Q−1)×(Q−1)

represents a (Q−1)× (Q−1) identity matrix

and 01×Q and 0
(Q−1)×1

denote zero vectors of size 1×Q and (Q−

1)×1, respectively.

4. DISCUSSION

For a two-source scenario (s1 = s, s2 = n) as depicted in Fig. 2,
the Wiener filtering concepts are discussed in more detail. s and n

s

n

φInt

h11

h12

h21
h22

Figure 2: Investigated scenario with the desired speaker s located at
0◦ (broadside direction) and the interferer n located at φInt.

denote the desired source and the interfering source, respectively.
From Fig. 1 and Fig. 2, the common noise estimate n̂ is obtained by

n̂ = (h11b1 +h12b2)s+(h21b1 +h22b2)n := ñ+ sr, (19)

where ñ represents an estimate of the interfering signal n and sr

describes the residual desired speech components. For negligible
speech components contained in the common noise estimate (i.e., a
nearly perfect blocking matrix), (19) is then given by

n̂ ≈ (h21b1 +h22b2)n. (20)

In this case, the PSD estimate (13) simplifies to

P̂n̂n̂ = (|h21b1|
2 + |h22b2|

2 +2ℜ{h21b1h∗22b∗2})P̂nn. (21)
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4.1 Dual-channel Wiener filter

First of all, we will discuss the influence of (21) on the dual-channel
linear-phase filter approach. The spectral weights are given by

wi = max

[

1−µ
P̂n̂n̂

|h1ibi|
2P̂ss + |h2ibi|

2P̂nn

,wmin

]

, (22)

where P̂n̂n̂ is given by (21). As soon as the interferer is located close
to the desired speaker, both, the desired speaker as well as the in-
terfering source are strongly attenuated by the blocking matrix and

P̂n̂n̂ will converge to zero. Correspondingly, the spectral weights
given in (22) converge to one. Because of the front-back ambiguity
of a two-microphone setup, the same effect occurs for interfering
sources from the rear. Next, we assume a pronounced head shad-
owing effect, i.e., the interferer is either located at φInt ≈ 90◦ or at
φInt ≈ 270◦. It cannot be assumed that the transfer function describ-
ing the path from the interfering source to the contralateral micro-
phone is close to zero for the entire frequency range. Consequently,
the cross-correlation component 2ℜ{h21b1h∗22b∗2} (21) must not be
neglected and optimum spectral weights cannot be obtained for

the ipsilateral channel. In fact, the term 1 − µ
P̂n̂n̂

|h1ibi|
2P̂ss+|h2ibi|

2P̂nn

may become negative as the common noise PSD estimate (P̂n̂n̂)
strongly deviates from the individual noise PSD estimates given by

|h2ibi|
2P̂nn. Consequently, the frequency response values (22) will

be set to the spectral floor and therefore these frequencies will be
more or less strongly attenuated depending on wmin. This effect
becomes pronounced for the contralateral channel as the interfer-
ing components contained in this channel are already suppressed to
a certain extent because of head shadowing. Correspondingly, the
true noise component in the contralateral channel and the common
noise estimate are highly different. Since many frequencies will be
strongly attenuated, higher noise reduction as well as a more severe
speech distortion will result. This effect can be slightly reduced
by choosing a smaller value for the parameter µ , but it cannot be
completely prevented.

4.2 Single Wiener filter

Next, the single linear-phase filter is discussed. Assuming again
negligible speech components contained in the common noise esti-
mate so that (20) holds, the spectral weights for this concept read

w1 = w2 = max









1−µ
P̂n̂n̂

2

∑
i=1

|h1ibi|
2P̂ss + |h2ibi|

2P̂nn

,wmin









, (23)

where P̂n̂n̂ is given by (21). Only for uncorrelated signals

(ℜ{h21b1h∗22b∗2} = 0 in (21)), the weights represent an optimum
’average’ filter. Again, if the interferer is located close to the desired
speaker, the same behavior is obtained as with the dual-channel fil-
ter concept, i.e., the frequency response values converge to one. As
the cross-correlation ℜ{h21b1h∗22b∗2} may become high especially
for low frequencies, and (23) is also limited to wmin, some frequen-
cies may also be strongly attenuated. But this behavior will not be
as dominant as for the dual-channel Wiener filter since for this filter-
ing concept both microphone signals are exploited to compute the
spectral weights. Thus, a lower noise reduction will be obtained,
but more importantly, speech distortion will also be lower than for
a dual-channel filter approach.

4.3 Influence on binaural cues

In the following, the influence of both filtering concepts on the bin-
aural cues (interaural phase/time difference (IPD/ITD), interaural
level difference (ILD)) is analyzed. For this, the interaural trans-
fer function (ITF) is evaluated. The ITF for the single interfering

source signal n at the input and at the output of the binaural noise
reduction scheme depicted in Fig. 1 are given by

ITFn
in =

h21n

h22n
=

h21

h22

, (24)

ITFn
out =

h21w1n

h22w2n
=

h21w1

h22w2

= ITFn
in ·

w1

w2

. (25)

The ITFs for the desired source signal s are given in the same way.
The IPDs at the input and at the output are then given as the argu-
ment of the ITFs:

IPDn
in = arg{ITFn

in} , (26)

IPDn
out = arg{ITFn

out} = arg{ITFn
in}+ arg

{

w1

w2

}

. (27)

Correspondingly, the ILDs are given by the absolute value of the
ITFs:

ILDn
in = |ITFn

in|, (28)

ILDn
out = |ITFn

out| = |ITFn
in| ·

∣

∣

∣

∣

w1

w2

∣

∣

∣

∣

. (29)

From (27), it can be verified that if the speech enhancement filters
applied in the individual channels have the same phase response or
correspondingly the same group delay, the original IPDs/ITDs are
preserved by the binaural noise reduction scheme. For the discussed
filtering concepts, the preservation of IPDs/ILDs is ensured as the
applied filter concepts are linear-phase systems with equal group
delay (the filter lengths of the speech enhancement filters applied in
the individual channels are always the same).

From (29), it can be verified that if a dual-channel filter ap-
proach (concept 1 (11)) is applied for binaural speech enhancement,
it cannot be ensured that the ILD at the output of the scheme is still
the same as the original ILD. Correspondingly, the dual-channel fil-
ter may drastically influence the ILDs so that a correct localization
of all sources cannot be ensured. However, using a single filter (con-
cept 2 (15)) for binaural speech enhancement, the original ILDs can
be preserved and a correct localization of all sources can be guaran-
teed.

5. SIMULATION RESULTS

In the following, experimental results are shown and discussed in
order to illustrate the previous analysis. The simulations were per-
formed in a low-reverberation chamber (T60 ≈ 50ms) and a living-
room-like environment (T60 ≈ 250ms). The source signal compo-
nents were generated by convolving speech signals (both, target
and interference components are speech signals) of duration 10s
with recorded head-related impulse responses (HRIRs). The HRIRs
were measured by using a pair of BTE hearing aid housings with
two microphones and a single receiver (loudspeaker) inside each
device (no processor). The cases were mounted on a real person
and connected, via a pre-amplifier box, to a PC equipped with a
multi-channel RME Multiface sound card. For these simulations
only the HRIRs for the frontal microphones are used. As we assume
that the location of the desired source is only approximately known,
for estimating the target angular position and the interfering signal
component, a BSS-based blocking matrix is applied (for more de-
tails see [6]). For all simulations the sampling frequency was set
to fs = 16kHz. The filter length for the blocking matrix was set to
1024, and 512 coefficients were used for the speech enhancement
filters (concept 1 (11), concept 2 (15)). The trade-off parameter µ
(see (11) and (15)) is set to 0.85 after informal listening tests.

5.1 Performance of Wiener filtering concepts

First of all, the Wiener filtering concepts given by (11) and (15),
respectively, are compared with respect to noise reduction (NR),
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speech distortion (SD), and SIRgain. For w = wi, noise reduction

NR and speech distortion SD are given by (assuming all q ≥ 2 are
interfering noise sources)

NRi =

2π
∫

Ω=0

hH
i UT P̂ssUhidΩ

2π
∫

Ω=0

|wi|
2hH

i
UT P̂ssUhidΩ

i ∈ {1,2}, (30)

SDi =

2π
∫

Ω=0

|1−wi|
2|h1i|

2P̂ssdΩ

2π
∫

Ω=0

|h1i|
2P̂ssdΩ

i ∈ {1,2}. (31)

The SIRgain is given by

SIRgaini
=

SIRouti

SIRini

i ∈ {1,2}, (32)

SIRini
=

2π
∫

Ω=0

|h1i|
2P̂ssdΩ

2π
∫

Ω=0

hH
i
UT P̂ssUhidΩ

i ∈ {1,2}, (33)

SIRouti
=

2π
∫

Ω=0

|wi|
2|h1i|

2P̂ssdΩ

2π
∫

Ω=0

|wi|
2hH

i
UT P̂ssUhidΩ

i ∈ {1,2}. (34)

For the following evaluation, the target speaker was located at 0◦

(broadside direction) and the interferer position varied from 25◦ to
335◦ in steps of 5◦ (clockwise). The range −20◦ ≤ φ ≤ 20◦ is
defined to be the target angular range, whereas the actual target an-
gular position in this range is estimated by the applied BSS-based
blocking matrix [6]. Long-time estimates of (30) - (32) are obtained
by averaging results obtained in individual data blocks. Results are
only depicted for the right channel since both channels produce al-
most identical results. Both concepts are compared with a (nonreal-
izable) channel-specific optimum Wiener filter (see (17)). To com-
pute the optimum Wiener filter we assume to have ideal individual
noise estimates.

Fig. 3 depicts the results for (30) - (32) obtained for the dual-
channel linear-phase filter approach (concept 1 (11)) in dB. The
abbreviations LRC and LR stand for low-reverberation chamber
and living-room environment, respectively. The performance of the
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Figure 3: Performance of the dual-channel Wiener filter

dual-channel Wiener filter drastically decreases for interferer posi-

tions φInt around 150◦ − 210◦ because of the front-back ambigu-
ity of a two-microphone setup. The noise reduction performance
for the ipsilateral channel (φInt ≈ 90◦) is very close to the noise
reduction performance of the optimum Wiener filter (see Fig. 3a).
However, considering speech distortion (Fig. 3b), it can be verified
that it is much higher than for the optimum Wiener filter. Given
the good speech suppression performance of the applied blocking
matrix (see [6] for more information) it is obvious that not only
the residual speech components contained in the common noise es-
timate lead to this high speech distortion. This must result from
strong deviations of the common noise estimate from the channel-
specific noise components. Correspondingly, even for the ipsilat-
eral channel where the interfering signal is dominant (φInt ≈ 90◦)
the common noise estimate greatly differs from the channel-specific
noise components and optimum weights cannot be obtained. This
is also confirmed by the lower SIR gain depicted in Fig. 3c. For
the contralateral channel (φInt ≈ 270◦), the noise reduction as well
as the speech distortion shown in Fig. 3a and Fig. 3b, respectively,
are much higher than for the optimum Wiener filter. Because of the
strong influence of the noise components contained in the ipsilateral
channel, the estimated common noise signal strongly deviates from
the channel-specific noise component in the contralateral channel.
Correspondingly, in the contralateral channel many frequencies are
strongly attenuated resulting in a high suppression of speech and
noise components which was addressed in Sect. 4.1. The SIR gain
(Fig. 3c) is in this case close to the optimum Wiener filter but this
does not give any hint about the quality of the speech as well as the
noise components.

Fig. 4 depicts the results for (30) - (32) for the single Wiener
filter (concept 2 (15)) in dB. This approach has the same behav-
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Figure 4: Performance of the single Wiener filter

ior for interferer positions φInt around 150◦ − 210◦ because of the
front-back ambiguity of the two-microphone setup. In contrast to
concept 1 (11), this approach results in a lower noise reduction per-
formance (compare Fig. 4a and Fig. 3a) as well as a lower SIR gain
(compare Fig. 4c and Fig. 3c). These quantities decrease about
2-3dB. However, more importantly, the speech distortion reduces
about 3-4dB in contrast to concept 1 (compare Fig. 4b and Fig. 3b)
which is very important especially for hearing aid applications. The
reason for the lower performance of concept 2 compared to con-
cept 1 in terms of noise reduction and SIR gain results from the fact
that in concept 2 it is taken into account that the common noise es-
timate is made up of the noise components contained in both chan-
nels (the denominator in (15) is given as a sum of the auto PSDs
of both microphone signals). The performance of the single filter
is still lower than that of the optimum individual filter as the cross
correlation of the noise components in both channels (see (21)) still
influences the spectral weights. As this cross correlation cannot be
easily obtained, optimum weights cannot be calculated.

In Fig. 5, the spectral weights for both concepts as well as for

992



the optimum separate Wiener filter are depicted (for both channels).
The desired speaker was located at 0◦ (broadside direction) and the
interferer position was φInt ≈ 90◦. These weights are obtained as
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Figure 5: Spectral weights for the right and left channel of the dif-
ferent Wiener filter concepts and the optimum Wiener filter. The
desired speaker is located at 0◦ and the interferer is located at 90◦.

follows: The spectral weights for the individual channels were cal-
culated according to (11), (15), and (17) for concept 1, concept 2,
and the optimum Wiener filter, respectively. The depicted filter
weights are long-time estimates, i.e., the filter weights obtained in
individual segments are averaged. The results depicted in Fig. 5 fur-
ther explain the behavior of both Wiener filtering concepts. For con-
cept 1 (dashed line), it can be clearly verified that especially for the
contralateral channel (left channel) many frequencies are strongly
attenuated and thus resulting in a high noise reduction as well as a
high speech distortion compared to the optimum Wiener filter (solid
line). This is caused by the strong deviation of the common noise
estimate of the individual noise components contained in the sen-
sor signals. If the strong attenuation in the range of 200Hz - 1kHz
is undesired, the gain factor µ could be reduced (µ < 1). This ef-
fect is alleviated for concept 2 (dash-dot line) and correspondingly
results in a lower noise reduction, but more importantly, also in a
lower speech distortion compared to concept 1.

5.2 Influence on ILDs

As pointed out in Sect. 4.3, both Wiener filtering concepts do not
have any influence on IPDs/ILDs which humans exploit for the lo-
calization of sources at low frequencies. However, it was shown
that concept 1 may influence ILDs which are necessary for a cor-
rect localization of sources especially at higher frequencies whereas
concept 2 does not influence the ILDs at all. In the following, this
claim shall be experimentally verified. To this end, the ILDs given
by (28) and (29) are calculated for both Wiener filtering concepts.
The ILDs at the input and at the output of the proposed scheme are
depicted in dB in Fig. 6 for both concepts. These results are valid
for the low-reverberation chamber (T60 ≈ 50ms). The ILDs are ob-
tained as follows: The position of the source varied from φInt = 0◦

to φInt = 360◦ in steps of 5◦. For each position, a (long-time) esti-
mate of the PSD of the interfering speech signal is obtained by using
the Welch method. For this, a frame length of 512 samples (32ms)
is chosen and the overlap between consecutive frames is 50%. The
ILDs are then obtained by

ILD
in/out

=















10log10

(

P̂in/out
n
1

n
1

P̂in/out
n
2

n
2

)

dB for 0◦ ≤ φInt ≤ 180◦

10log10

(

P̂in/out
n
2

n
2

P̂in/out
n
1

n
1

)

dB for 180◦ < φInt < 360◦

(35)

for the input and output, respectively. These results reveal that the
dual-channel filter strongly affects the ILDs for most of the inter-
ferer positions (dashed line Fig. 6) whereas the ILDs are preserved
for the single filter (dash-dotted line Fig. 6). For source positions
30◦−150◦ as well as 210◦−330◦ the original ILDs are drastically
reduced by the dual-channel filter approach (dashed line Fig. 6).
The strong influence of the dual-channel filter on the ILDs may af-
fect the localization of sources. However, the effect of influencing
ILDs by this Wiener filter concept has to be assessed by listening
tests with hearing impaired people.

Figure 6: ILDs at the input and at the output of the proposed scheme
for both Wiener filtering concepts ( f = 2kHz)

6. CONCLUSION

An analysis of two generic Wiener filtering approaches in binaural
hearing aids was presented. This analysis included the investiga-
tion of the combination of a common noise estimate with two fun-
damentally different Wiener-filter approaches as well as their im-
pact on ILDs. ITDs are preserved as the speech enhancement filters
are linear-phase filter approaches. We demonstrated that a dual-
channel filter approach will lead to higher noise reduction and to a
higher SIR gain compared to a single filter approach. In contrast
to the dual-channel Wiener filter, the single Wiener filter approach
achieves a lower speech distortion that is important for speech in-
telligibility. Besides, a dual-channel filter approach will impair the
ILDs that in turn may affect a correct localization of sources. Fur-
ther work will focus on the improvement of the performance of the
Wiener-type filters.
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ABSTRACT
In this paper, we provide a new theoretical analysis of the amount of
musical noise generated via generalized spectral subtraction based
on higher-order statistics. Power spectral subtraction is the most
commonly used spectral subtraction method, and in our previous
study a musical noise assessment theory limited to the power spec-
tral domain was proposed. Therefore, in this paper, we propose a
generalization of our previous theory on spectral subtraction for ar-
bitrary exponent parameters. We can thus compare the amount of
musical noise between any exponent domains from the results of
our analysis. We also clarify that less musical noise is generated
when we choose the lower exponent spectral domain; this implies
that there is no theoretical justification for using power/amplitude
spectral subtraction.

1. INTRODUCTION

Over the past decade, the number of applications of speech com-
munication systems, such as TV conference systems and mobile
phones, has increased. These systems, however, always suffer from
a problem of deterioration of speech quality under adverse noise
conditions. Therefore, in speech signal processing, noise reduction
is a problem requiring urgent attention.

Spectral subtraction is a commonly used noise reduction
method that has high noise reduction performance [1]. However,
in this method, artificial distortion, so-called musical noise, arises
owing to nonlinear signal processing, leading to a serious deterio-
ration of sound quality. Moreover, no objective metric to measure
how much musical noise is generated has been proposed in previous
studies. Thus, it has been difficult to evaluate the amount of musical
noise generated and to optimize the internal parameters of a system.

Generally speaking, conventional spectral subtraction methods
have a parameter that determines in which domain the exponent is
applied in the spectral subtraction process, e.g., power spectral do-
main [2], amplitude spectral domain [1], or others [3, 4, 5, 6]. We
investigated in which domain the exponent has been used in con-
ventional spectral subtraction methods via Google Scholar, and we
found that spectral subtraction is most commonly performed in the
power spectral domain with an exponent value of 2 (see Fig. 1).
However, to the best of our knowledge, there have been no studies
on the theoretical advantages of spectral subtraction, in the power
spectral domain and no theoretical analysis of the amount of musi-
cal noise in domains with different values of the exponent parame-
ter.

Recently, one of the authors has reported that the amount of
generated musical noise is strongly correlated with the difference
between the higher-order statistics of the power spectra before and
after nonlinear signal processing [7, 8, 9]. On the basis of the find-
ings, an objective metric to measure how much musical noise is
generated through nonlinear signal processing has been developed.
Hence, using this metric, we were able to analyze the amount of
musical noise generated via spectral subtraction only in the power
spectral domain. However, it still remains as an open problem that

This work was partly supported by MIC Strategic Information and
Communications R&D Promotion Programme in Japan.

Figure 1: Value of exponent used in conventional spectral subtrac-
tion methods. This investigation was conducted via Google Scholar
by surveying 50 highly ranked articles retrieved by the keywords
“spectral subtraction.”

there is no theoretical analysis for the amount of musical noise gen-
erated in a general setting, where the exponent value may differ
from the value of 2 in the power spectral domain.

Therefore, in this paper, we provide a new theoretical analysis
of the amount of musical noise generated, which is a generaliza-
tion of our previous theory on spectral subtraction in the case of
an arbitrary exponent parameter. We can thus compare the amount
of musical noise between any exponent domains from the results
of our analysis. We also clarify from mathematical analysis and
evaluation experiments that less musical noise is generated when
we choose a spectral domain with a lower exponent; this implies
a lack of theoretical justification for using the conventional meth-
ods of power/amplitude spectral domain subtraction. Note that the
main contribution of this paper is not the development of new algo-
rithms but the proposal of a versatile method of theoretical analysis
for generalized spectral subtraction. This is the world’s first mathe-
matical leap in the analysis as far as we know.

2. RELATED WORKS

2.1 Formulation of Generalized Spectral Subtraction
We apply short-time Fourier analysis to the observed signal which
is a mixture of target speech and noise, and then obtain the time-
frequency signal. We formulate generalized spectral subtraction [3,
4] in the time-frequency domain as follows:

Ŝ( f ,τ) =
2n
√
|X( f ,τ)|2n −β ·Eτ [|N̂( f ,τ)|2n]e jarg(X( f ,τ))

(where |X( f ,τ)|2n −β ·Eτ [|N̂( f ,τ)|2n] > 0),
0 (otherwise),

(1)
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Figure 2: Block diagram of generalized spectral subtraction.

where Ŝ( f ,τ) is the enhanced target speech signal，X( f ,τ) is the
observed signal, and N̂( f ,τ) is the estimated noise signal. Also, f
denotes the frequency subband, τ is the frame index, Eτ [·] is the
expectation operator of · over τ , β is the subtraction coefficient,
and n is the exponent parameter. The case of n = 1 corresponds
to power spectral subtraction, and the case of n = 1/2 corresponds
to amplitude spectral subtraction. A block diagram of generalized
spectral subtraction is shown in Fig. 2.

2.2 Mathematical Metric of Musical Noise Generation via
Higher-Order Statistics [7]
We speculate that the amount of musical noise is highly correlated
with the number of isolated power spectral components and their
level of isolation. In this paper, we call these isolated components
tonal components. Since such tonal components have relatively
high power, they are strongly related to the weight of the skirt of
their probability density function (p.d.f.). Therefore, quantifying
the skirt of the p.d.f. makes it possible to measure the number of
tonal components. Thus, we adopt kurtosis, one of the most com-
monly used higher-order statistics, to evaluate the percentage of
tonal components among the total components. A larger kurtosis
value indicates a signal with a heavy skirt, meaning that the signal
has many tonal components. Kurtosis is defined as

kurt =
µ4

µ2
2
, (2)

where “kurt” is the kurtosis and µm is the mth-order moment, given
by

µm =
∫ ∞

0
xmP(x)dx, (3)

where P(x) is the p.d.f. of a power spectral component x. Note
that µm is not a central moment but a raw moment. Thus, (2) is
not kurtosis in the mathematically strict definition but a modified
version; we still refer to (2) as kurtosis in this paper.

In this study, we apply such a kurtosis-based analysis to a noise-
only time-frequency period of subject signals for the assessment
of musical noise, even though these signals contain target-speech-
dominant periods. Thus, this analysis should be conducted during,
for example, periods of silence during speech. This is because we
aim to quantify the tonal components arising in the noise-only part,
which is the main cause of musical noise perception, and not in the
target-speech-dominant part.

Although kurtosis can be used to measure the number of tonal
components, note that the kurtosis itself is not sufficient to measure
the amount of musical noise. This is obvious since the kurtosis of
some unprocessed noise signals, such as an interfering speech sig-
nal, is also high, but we do not recognize speech as musical noise.
Hence, we turn our attention to the change in kurtosis between be-
fore and after signal processing to identify only the musical-noise
components. Thus, we adopt the kurtosis ratio as a measure to as-
sess musical noise [7]. This measure is defined as

kurtosis ratio =
kurtproc

kurtorg
, (4)

0
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Figure 3: Process of deforming p.d.f.

where kurtproc is the kurtosis of the processed signal and kurtorg
is the kurtosis of the observed signal. This measure increases as
the amount of generated musical noise increases. In Ref. [7], it was
reported that the kurtosis ratio is strongly correlated with the human
perception of musical noise.

3. THEORETICAL ANALYSIS OF GENERALIZED
SPECTRAL SUBTRACTION

3.1 Analysis Strategy
In this section, we analyze the amount of noise reduction and mu-
sical noise generated through generalized spectral subtraction using
kurtosis. In the analysis, we first model a noise signal by a gamma
distribution and formulate the resultant p.d.f. after generalized spec-
tral subtraction (see Sect. 3.2). Then, kurtosis is obtained from the
2nd- and 4th-order moments, and the amount of noise reduction is
calculated from the 1st-order moment (see Sect. 3.3). Finally, we
compare the kurtosis values upon changing the exponent parameter
(n in (1)) under the same amount of noise reduction (see Sect. 3.4).

3.2 Process of Deforming P.d.f. of Input Noise Signal via Gen-
eralized Spectral Subtraction

3.2.1 Modeling of Input Signal

The p.d.f. is deformed via multiple processes in generalized spectral
subtraction (see Fig. 3). These processes are as follows: the nth-
exponentiation operation, subtraction in the spectral domain, and
the extraction of the nth root. In this section, we formulate the p.d.f.
in each process.

We assume that the input signal x in the power spectral domain
can be modeled by the gamma distribution as [10]

P(x) =
xα−1exp(− x

θ )
Γ(α)θ α , (5)

where α is the shape parameter corresponding to the type of noise
(e.g., α =1 is Gaussian and α <1 is super-Gaussian), θ is the scale
parameter of the gamma distribution, and Γ(α) is the gamma func-
tion, defined as

Γ(α) =
∫ ∞

0
tα−1 exp(−t)dt. (6)

Full details of the three processes involved in the deformation of
the p.d.f. are described in the following sections.

3.2.2 Exponentiation Operation

The original p.d.f. P(x) is first deformed by the exponentiation op-
eration (see Fig. 3(b)). We can calculate the resultant p.d.f. P(y)
by considering a change of variables of the p.d.f. Suppose that a
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change of variables, y = g(x), is applied to convert an integral in
terms of the variable x to an integral in terms of the variable y. The
converted p.d.f. P(y) can be written as

P(y) = P(g−1(y))|J|, (7)

where |J| is the Jacobian of the transformation, defined by

|J| =
∣∣∣∣∂g−1

∂y

∣∣∣∣ . (8)

We apply (7) to (5). Since x is the power spectral domain signal, y
is expressed as y = xn, i.e., the Jacobian is

|J| =
∣∣∣∣∂x
∂y

∣∣∣∣ =
∣∣∣∣ 1
nxn−1

∣∣∣∣ =
∣∣∣∣ 1
ny(n−1)/n

∣∣∣∣ . (9)

Consequently,

P(y) = P(x)|J| =
yα/n−1exp(− y1/n

θ )
nΓ(α)θ α . (10)

3.2.3 Subtraction Process in Exponent Spectral Domain

Next, the amount of subtraction in the generalized spectral subtrac-
tion is estimated. This corresponds to the estimated noise spectrum
multiplied by the oversubtraction parameter β , where the estimated
noise spectrum is the mean of noise, E[y]. E[y] is given by

E[y] =
∫ ∞

0
yP(y) =

∫ ∞

0

yα/nexp(− y1/n

θ )
nΓ(α)θ α dy. (11)

Here, we let t = y1/n/θ , then dy = nθ(θ t)n−1dt, and the range of
the integral does not change. Consequently,

E[y] =
θ n

Γ(α)

∫ ∞

0
tα+n−1exp(−t)dt, (12)

and, from Γ(α)=
∫ ∞

0 tα−1exp(−t)dt, the amount of estimated noise
is

E[y] =
θ nΓ(α +n)

Γ(α)
. (13)

As a result of the subtraction process, the p.d.f. in the exponent
spectral domain undergoes a lateral shift in the zero-power direc-
tion. As a result, a negative power component with a nonzero prob-
ability arises. To avoid this, the negative component is replaced
with zero (see Fig. 3(c)). Thus, the resultant p.d.f. after subtraction
is

Pgss(y)

=


1

nθ α Γ(α) (y+βθ nΓ(α +n)/Γ(α))α/n−1

exp
(
− (y+βθ nΓ(α+n)/Γ(α))1/n

θ

)
(y > 0),

1
nθ α Γ(α)

∫ βθ nΓ(α+n)/Γ(α)
0 yα/n−1exp(− y1/n

θ ) (y = 0).
(14)

3.2.4 Extraction of nth Root

We apply the extraction of the nth root to Pgss(y), given by (14),
and reconstruct the p.d.f. in the power spectral domain, Pgss(x). In
a similar way to in Sect. 3.2.2, we let x = y1/n and apply a change
of variables, where the Jacobian is

|J| = |∂y
∂x

| = n
y(1−n)/n

=
n

x1−n . (15)

Consequently, the resultant p.d.f. after generalized spectral subtrac-
tion, Pgss(x), is given by

Pgss(x) = Pgss(y)|J|

=


1

θ α Γ(α) xn−1(xn +βθ nΓ(α +n)/Γ(α))α/n−1

exp
(
− (xn+βθ nΓ(α+n)/Γ(α))1/n

θ

)
(x > 0),

1
θ α Γ(α)

∫ βθ nΓ(α+n)/Γ(α)
0 xα−1exp(− x

θ ) (x = 0).
(16)

3.3 Estimation of Amount of Musical Noise and Noise Reduc-
tion

3.3.1 The mth-order moment of Pgss(x)

The mth-order moment of Pgss(x) is given by

µm =
∫ ∞

0
xmPgss(x)dx

=
1

θ α Γ(α)

∫ ∞

0
xm+n−1(xn +βθ nΓ(α +n)/Γ(α))α/n−1

exp

(
− (xn +βθ nΓ(α +n)/Γ(α))1/n

θ

)
dx. (17)

Let t = (xn +βθ nΓ(α +n)/Γ(α))1/n/θ , then dy = nθ(θ t)n−1dt,
and the range of the integral changes from [0,∞] to [(βΓ(α +
n)/Γ(α))1/n,∞]. Thus, µm is given by

µm =
θ m

Γ(α)

∫ ∞{
β Γ(α+n)

Γ(α)

}1/n

{
tn −β

Γ(α +n)
Γ(α)

}m/n
tα−1exp(−t)dt.

(18)

Using the binomial theorem under the condition that m/n is a
natural number, we can rewrite {tn −βΓ(α +n)/Γ(α)}m/n in (18)
as {

tn −β
Γ(α +n)

Γ(α)

}m/n

=
m/n

∑
l=0

{
−β

Γ(α +n)
Γ(α)

}l Γ(m/n+1)
Γ(l +1)Γ(m/n− l +1)

tn(m/n−l). (19)

Consequently, the mth-order moment of Pgss(x) is given by

µm =
θ m

Γ(α)

m/n

∑
l=0

{
−β

Γ(α +n)
Γ(α)

}l Γ(m/n+1)
Γ(l +1)Γ(m/n− l +1)∫ ∞{

β Γ(α+n)
Γ(α)

}1/n tα+m−ln−1exp(−t)dt

=
θ m

Γ(α)

m/n

∑
l=0

{
−β

Γ(α +n)
Γ(α)

}l Γ(m/n+1)
Γ(l +1)Γ(m/n− l +1)

Γ(α +m− ln,(βΓ(α +n)/Γ(α))1/n), (20)

where Γ(α ,z) is the upper incomplete gamma function defined as

Γ(α,z) =
∫ ∞

z
tα−1 exp(−t)dt. (21)

3.3.2 Analysis of Amount of Musical Noise

Using (20), we can obtain the kurtosis after generalized spectral
subtraction as

kurtgss =
µ4

µ2
2

= Γ(α)
M (α,β ,4/n)
M 2(α,β ,2/n)

, (22)
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where

M (α,β ,m/n) =
m/n

∑
l=0

{
−β

Γ(α +n)
Γ(α)

}l Γ(m/n+1)
Γ(l +1)Γ(m/n− l +1)

Γ(α +m− ln,(βΓ(α +n)/Γ(α))1/n). (23)

By substituting β = 0 into (22), we can estimate the kurtosis before
processing. Thus, we can calculate the resultant kurtosis ratio as

kurtosis ratio =
M (α ,β ,4/n)/M 2(α ,β ,2/n)
M (α,0,4/n)/M 2(α ,0,2/n)

. (24)

3.3.3 Analysis of Amount of Noise Reduction

We analyze the amount of noise reduction via generalized spectral
subtraction. Hereafter we define the noise reduction rate (NRR) as
a measure of the noise reduction performance, which is defined as
the output signal-to-noise ratio (SNR) in dB minus the input SNR
in dB [11]．The NRR is

NRR = 10log10
E[s2

out]/E[n2
out]

E[s2
in]/E[n2

in]
, (25)

where sin and sout are the input and output speech signals, respec-
tively, and nin and nout are the input and output noise signals, re-
spectively. Here, the denominator in (25) is the input SNR and the
numerator is the output SNR. If we assume that the amount of noise
reduction is much larger than that of speech distortion in spectral
subtraction, i.e., E[s2

out] ' E[s2
in], then

NRR = 10log10
E[n2

in]
E[n2

out]
. (26)

Since, E[n2
in] = µ1 when β = 0 in (20) and E[n2

out] = µ1 for a the
specific (nonzero) β ,

NRR = 10log10
M (α,0,1/n)
M (α,β ,1/n)

. (27)

In summary, we can derive theoretical estimates for the amount
of musical noise and NRR using (24) and (27). This greatly simpli-
fies the analysis because both equations are expressed analytically
in a form that does not include any integrals.

3.4 Comparison of Amount of Musical Noise under Same NRR
Condition
According to the previous analysis, we can compare the amount
of musical noise between different exponent parameters under the
same amount of noise reduction. Figure 4 shows the theoretical be-
havior of the kurtosis ratio and NRR for various parameter values.
In this figure, the shape parameter α is set to 0.1 and 1.0, NRR
is varied from 0 to 12 dB, and the exponent parameter n is set to
1.0, 0.5, 0.25, and 0.125, where the oversubtraction parameter β is
adjusted so that the target speech NRR is achieved. Note that we
plot the logarithm of the kurtosis ratio because the kurtosis expo-
nentially increases with β [7]. We call this the log kurtosis ratio
hereafter.

Figure 4 shows that a small amount of musical noise is gener-
ated when a the lower exponent parameter is used, regardless of the
type of noise and NRR. This figure also indicates that for higher val-
ues of NRR, there is a larger difference of between the kurtosis ratio
for different values of the exponent parameter. This implies that hu-
mans perceive a greater variation at a higher NRR. In addition, it
is revealed that this variation is less perceptible for super-Gaussian
noise.
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Figure 4: Relation between NRR and log kurtosis ratio.

Table 1: Conditions of evaluation
NRR [dB] 4, 8, 12
Value of exponent 2.0, 1.0, 0.5, 0.25
Objective evaluation measure (1) log kurtosis ratio

(2) cepstral distortion
Subjective evaluation measure preference score of

7 examinees

4. EVALUATION EXPERIMENT AND RESULT

4.1 Experimental Conditions
We conducted objective and subjective evaluation experiments to
confirm the validity of the theoretical analysis described in the pre-
vious section. Noisy observation signals were generated by adding
noise signals to target speech signals with an SNR of 0 dB. The
target speech signals were the utterances of four speakers (4 sen-
tences), and the noise signals were white Gaussian noise and speech
noise, where the speech noise was recorded human speech emitted
from 36 loudspeakers. The length of each signal was 7 s, and each
signal was sampled at 16 kHz. The FFT size is 1024, and the frame
shift length is 256. The shape parameter of the white Gaussian noise
was 0.96 and that of the speech noise was 0.21. We conducted our
experiments regarding on Gaussian and super-Gaussian noise.

In these experiments, we assumed that the noise prototype, i.e.,
the average of |N̂( f ,τ)|2, was perfectly estimated. In addition, the
log kurtosis ratio and NRR were calculated from the observed and
processed signals. Other experimental conditions are listed in Ta-
ble 1.

4.2 Objective Evaluation
We first conducted an objective experiment and evaluated the sound
quality of processed signals on the basis of cepstral distortion and
log kurtosis ratio. Here, we calculated the log kurtosis ratio from the
noise-only period, and the cepstral distortion from the target speech
components. The small value of cepstral distortion indicates that
the sound quality of the target speech part is high.

The result of the experiment is depicted in Fig. 5. The figure
shows that the log kurtosis ratio decreases as the exponent parame-
ter becomes smaller and that the difference between the log kurtosis
ratio of distinct exponent parameters is increased if the input noise
is Gaussian. These results are consistent with the results of theoret-
ical analysis provided in Sect. 3.4. In addition, cepstral distortion
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decreases when the exponent parameter is set to a small value. Con-
sequently, in all cases, we can achieve high sound quality upon set-
ting a lower exponent parameter in generalized spectral subtraction.

4.3 Subjective Evaluation
We next conducted a subjective evaluation. In the evaluation,
we presented three equi-NRR signals processed by the power-,
amplitude-, and root-domain spectral subtraction in random order
to 7 examinees, who selected which signal they considered to con-
tain least musical noise.

The result of the experiment is shown in Fig. 6. It was found
that musical noise is less perceptible when a lower exponent pa-
rameter is used. This result is also consistent with our theoretical
analysis, thus confirming the validity of the proposed method of
theoretical analysis.

4.4 Remark
Although the most commonly used method of noise reduction is
power/amplitude spectral domain subtraction, our results clarify

that there is no theoretical justification for using the correspond-
ing exponent values (= 2 or 1); instead, we recommend that the
exponent parameter should be as small as possible to minimize the
amount of musical noise generated. Note that there are no side ef-
fects in the utilization of a small exponent parameter because we
confirmed the decrease in both kurtosis ratio and cepstral distortion
in Fig. 5. This finding is expected to be of interest to all researchers
using the spectral subtraction technique. A very slight modifica-
tion of the current software code will enable us to realize better
quality noise reduction without performing any additional pre/post-
processing to mitigate musical noise.

5. CONCLUSION

In this study, we performed a theoretical analysis of the amount of
musical noise generated via generalized spectral subtraction based
on higher-order statistics. Also, we conducted objective and subjec-
tive comparisons of the amount of musical noise for distinct expo-
nent spectral domains under the same noise reduction performance.
It was clarified from mathematical analysis and evaluation experi-
ments that in a spectral domain with a lower exponent, less musical
noise is generated.
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ABSTRACT
In this paper, we propose a single channel speech enhancement
system where a postfilter, which is derived from a clean speech
codebook, is applied after a log-spectral amplitude estimator. The
primary motivation of this approach is to include prior knowledge
about clean source signals to improve speech enhancement results.
The codebook, which is trained from clean speech database, serves
as clean speech spectral constraints on the enhanced speech. By
using the prior clean source information, the proposed method can
effectively remove the residual noise presented in traditional speech
enhancement algorithms while leaving the speech information in-
tact. Experimental results of the proposed speech enhancement sys-
tem show improvement in residual noise reduction.

1. INTRODUCTION

The problem of single channel speech enhancement, where the
speech signal is corrupted by uncorrelated additive noise, has been
widely studied in the past. One of the most popular methods was
proposed by Ephraim and Malah [1, 2]. In [1], a short-time spec-
tral amplitude (STSA) estimator is derived from minimum mean
square error (MMSE) estimation of the spectral amplitude under
the assumption of Gaussian statistical models, where the speech and
noise signals are modeled as statistically independent Gaussian ran-
dom processes. In [2], a log-spectral amplitude (LSA) estimator
based on MMSE estimation is also derived. The STSA or LSA es-
timator is used for the estimation of the short time spectral gain at
each frequency bin, where the noisy spectrum is multiplied by the
gain to estimate the clean speech spectrum. The gain is a function
of the a priori signal-to-noise ratio (SNR) and/or the a posteriori
SNR, where a maximum likelihood (ML) or a “decision-directed”
(DD) approach is used for the a priori SNR estimation [1]. The
LSA estimator is superior to the STSA estimator in that the resid-
ual noise level is lowered without increasing the distortion brought
upon the noise-reduced speech [2]. However, both the ML and DD
SNR estimators cannot completely remove all additive noise and
will produce some artifacts in the signal that at times are consid-
ered objectionable. The DD SNR estimator leaves colorless residual
noise while the ML SNR estimator introduces the annoying “mu-
sical noise”. The musical noise is caused by the lack of spectral
constraints during spectral amplitude estimation. Without sensible
spectral constraints, spectral components in some frequency bins
may be unduly boosted or eliminated, resulting in musical noise.

Several methods that may improve the a priori SNR estimation
have been proposed (e.g., [3–5]). Ren and Johnson [3] estimated
the a priori SNR from an MMSE estimation perspective, which di-
rectly incorporates previous frame information and eliminates the
need of empirical weighting factors in the ML and DD SNR esti-
mators Plapous et al. [4] estimated the a priori SNR in a two-step
approach to eliminate the bias introduced by the DD SNR estimator
and improve the estimator adaptation speed. Cohen [5] proposed

a relaxed statistical model for speech enhancement to take into ac-
count the time-correlation between successive speech spectral com-
ponents for the a priori SNR estimation. In these methods, either a
Wiener filter [4] or an LSA estimator [3, 5] is used as the spectral
gain function.

All of the approaches mentioned above rely on the accuracy of
the a priori SNR estimation to lower the residual noise level, with-
out directly addressing the removal of residual noise. To address
the residual noise issue, a codebook-based postfiltering method [6]
was proposed recently, where a postfilter was applied after the LSA
estimator. The postfilter is constructed based on a combination of
prototypical clean speech spectra, which are obtained a priori from
clean speech through vector quantization or Gaussian mixture mod-
eling. The postfilter aims at reducing the residual noise or artifacts
so as to make the final result most resembling a clean speech signal
in terms of statistical characteristics. The spectral constraints take
advantage of the frequency dependencies which are not considered
in traditional speech enhancement algorithms, where the spectral
component in each frequency bin is independently estimated. By
imposing the spectral constraints, the spectral peaks of the noisy
signal can be further enhanced. In the meantime, the artifacts can
be reduced.

In [6], the postfilter consists of a weighted sum of the model
spectra derived from the codebook, where the postfilter weights
are obtained based on the likelihood ratio distortion. However,
the processed speech sounds muffled with this approach. Since the
weighted sum of the model spectra incorporates all codewords, it is
equivalent to applying a filter that effectively averages those code-
words to one instance of spectrum. This is effectively applying an
averaged speech spectrum, which has a spectral roll-off at high fre-
quency. In this paper, we derive alternative solutions to the postfil-
ter weights that are mathematically more tractable and alleviate the
muffledness issue. Specifically, postfilter weights based on MMSE
and non-negative least squares (NNLS) are discussed.

The paper is organized as follows. In Section 2, we review
the LSA estimator with ML and DD a priori SNR estimation ap-
proaches. In Section 3, we present the codebook-based postfilter.
Enhancement results are presented in Section 4 and conclusion is
given in Section 5.

2. MMSE LOG-SPECTRAL AMPLITUDE ESTIMATION

Let x[n] ≡ x(nT ) and d[n] ≡ d(nT ) denote the clean speech and
noise samples, respectively, where T is the sampling period and n
is the sample index. Let y[n] ≡ y(nT ) denote the noisy speech
samples, which is given by

y[n] = x[n] +d[n].

Let Yk(m) ≡ Rk(m)ejφk(m), Xk(m) ≡ Ak(m)ejθk(m), and
Dk(m)≡Nk(m)ejψk(m) be the kth spectral component, in themth
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analysis window, of the noisy signal y[n], the clean speech signal
x[n], and the noise d[n], respectively.

The objective is to find an estimator X̂k(m) which minimizes
the conditional expectation of a distortion measure given a set of
noisy spectral measurements. Let Yk(m′) ≡ {Yk(m′),Yk(m′ −
1), . . . ,Yk(m′−L+ 1)} denote a set of L spectral measurements
and d(Xk(m), X̂k(m)) denote a given distortion measure between
Xk(m) and X̂k(m). Therefore, X̂k(m) can be estimated as [5]

X̂k(m) = argmin
X

E
{
d(Xk(m),X)

∣∣Yk(m′)
}
,

where E{·} denotes the expectation operator.
Without loss of generality, assuming that the current frame is

m, we define the log spectral amplitude distortion

dLSA(Xk, X̂k)≡ |logAk− logÂk|2. (1)

Under the assumption of Gaussian statistical model, where the
speech and noise are modeled as statistically independent complex
Gaussian random variables with zero mean, an estimate for Xk is
obtained by applying a spectral gain function to the noisy spectral
measurements

X̂k =G(ξk,γk)Yk,

where the a priori and a posteriori SNRs are defined as

ξk ≡ λX(k)/λD(k), a priori SNR,

γk ≡ |Yk|2/λD(k), a posteriori SNR.

λX(k) ≡ E{|Xk|2} and λD(k) ≡ E{|Dk|2} denote the variances
of the kth spectral components of the clean speech and the noise,
respectively. Using (1), the gain function is given by [2]

GLSA(ξk,γk) =
ξk

1 + ξk
exp

(
1

2

∫ ∞
νk

e−t

t
dt

)
,

where νk is defined by

νk ≡
ξk

1 + ξk
γk.

Therefore, we need to estimate the a priori SNR ξk as well as the
noise variance λD(k). Note that the estimation of noise variance
is not the focus in this paper. It can be estimated by using meth-
ods such as minimum statistics [7] or minima controlled recursive
averaging [8].

2.1 Decision-Directed Estimation

The DD a priori SNR estimation is given by [1]

ξ̂DD
k (m) = α

|X̂k(m−1)|2

λD(k,m−1)
+ (1−α)P{γk(m)−1},

where X̂k(m−1) is the amplitude estimate of the kth signal spectral
component in the (m−1)th analysis frame, α∈ [0,1] is a weighting
factor, and P{·} is defined as

P{x} ≡
{
x, if x≥ 0,

0, otherwise.

The name “decision-directed” comes from the fact that the a priori
SNR is updated based on the previous frame’s amplitude estimation.

Figure 1: A block diagram of the proposed postfiltering model.

2.2 Maximum Likelihood Estimation
The ML estimation is based on estimation of signal variance by
maximizing the joint conditional probability density function (PDF)
of Yk(m) given λX(k) and λD(k), which can be written as

λ̂ML
X (k) = argmax

λX (k)

{
p(Yk(m)

∣∣λX(k),λD(k)
}
.

This estimator results in the following a priori SNR estimator

ξ̂ML
k (m) =

 1
L

L−1∑
l=0

γk(m− l)−1, if non-negative,

0, otherwise,

where estimation is based on L consecutive frames Yk(m) ≡
{Yk(m),Yk(m−1), ...,Yk(m−L+ 1)}, which are assumed to be
statistically independent. The actual implementation is a recursive
average given by [1]

γ̄k(m) = αγ̄k(m−1) +(1−α)
γk(m)

β
,

ξ̂ML
k (m) = P{γ̄k(m)−1},

where α ∈ [0,1] and β ≥ 1 are both weighting factors.

3. THE PROPOSED POSTFILTER

Prototypical clean speech spectra are obtained from a clean speech
database through codebook training. Postfiltering is done by pass-
ing the noisy speech signal or the LSA enhanced speech signal
through a postfilter H(z), which is given by

H(z)≡
M∑
i=1

wiHi(z),

where M is the number of codewords, Hi(ejω) = 1/Ai(e
jω) is the

frequency response of an all-pole filter corresponding to the model
spectrum derived from the ith codeword based on linear prediction
(LP) analysis, andwi is the postfilter weight of the ith filter. A block
diagram of this model is shown in Figure 1. Without loss of gen-
erality, we can drop the frame index m and define the postfiltered
spectral estimate at each frequency bin k as

X̃k ≡ YkH(k) = Yk

M∑
i=1

wiHi(k). (2)

The name “postfilter” comes from the fact that the postfilter weights
are obtained after the LSA enhancement step. Two possible ways
of obtaining the postfilter weights are discussed below.
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3.1 Postfilter Weights Based on the MMSE Criterion
(2) can be reformulated as

x̃ = Cw,

where x̃ = [X̃1, X̃2, . . . , X̃K ]T, w = [w1,w2, . . . ,wM ]T, and C is a
matrix where the j th column vector is given by

cj =


Y1Hj(1)
Y2Hj(2)

...
YKHj(K)

 , ∀j ∈ 1,2, . . . ,M.

Deriving the postfilter weights based on the MMSE criterion leads
to the following optimization problem

ŵMMSE = argmin
w

E
{
‖x−Cw‖2

}
. (3)

The estimation error is defined as

e= ‖x−Cw‖2 =

K∑
k=1

|Xk− X̃k|2,

whereK is the total number of frequency bins. The minimum value
of E{e} occurs when the gradient is zero. Evaluating the gradient
and we have

∂E{e}
∂wj

=
∂

∂wj

K∑
k=1

E
{
|X̃k|2

}
−E
{

2<{X∗kX̃k}
}

= 2

M∑
i=1

wi

K∑
k=1

Hi(k)Hj(k)E
{
|Yk|2

}
−2

K∑
k=1

Hj(k)E
{
<{X∗kYk}

}
= 0, ∀j ∈ 1,2, . . . ,M,

(4)

where <{·} denotes the real value. Under the assumption of ad-
ditive noise model and that the noise and speech are independent
Gaussian random variables with zero mean, we have E{|Yk|2} =
λX(k) +λD(k) and E{<{X∗kYk}} = λX(k). After Substituting
the above terms into (4), we have

M∑
i=1

wi

K∑
k=1

Hi(k)Hj(k)[λX(k) +λD(k)] =

K∑
k=1

Hj(k)λX(k),

which can be rewritten as a system of equations Tw = b, where T
is a matrix with each element given by

tij = tji, ∀i, j ∈ 1,2, . . . ,M,

tji =

K∑
k=1

Hi(k)Hj(k)[λX(k) +λD(k)].

tij is element in the ith row and j th column of matrix T, and b =
[b1, b2, . . . , bM ]T, where

bj =

K∑
k=1

Hj(k)λX(k), ∀j ∈ 1,2, . . . ,M.

Therefore, we can use the output of speech enhancement algorithms
to estimate λX(k) and use a noise variance estimate for λD(k). In
our experiments, λX(k) for the MMSE postfilter is estimated as

λ̂X(k) = |X̂LSA
k |2 ≡ |GLSA(ξk,γk)Yk|2, (5)

where ξk comes from either the ML or the DD estimation. The
optimal postfilter weights can be determined by solving w=T−1b.
Since the postfilter weights obtained from the MMSE criterion can
result in negative values, the overall spectral gain function is chosen
as

X̃MMSE
k ≡ Yk

∣∣∣∣∣
M∑
i=1

ŵMMSE
i Hi(k)

∣∣∣∣∣.
3.2 Postfilter Weights Based on Non-negative Least Squares
Non-negativity constraints on the postfilter weights can be imposed
by reformulating (3) as an NNLS problem

ŵNNLS = argmin
w

‖x−Cw‖2, subject to wi ≥ 0,

∀i ∈ 1,2, . . . ,M.
(6)

By using NNLS to limit the solution space of the postfilter weights,
most of the postfilter weights will be zero in a given frame. There-
fore, zero weights are assigned to the spectral prototypes which de-
viate from the spectral shape of the speech spectrum in that frame.
On the other hand, if the NNLS postfilter is applied to the noisy
speech, only the overall background noise level will be reduced
while the noise between speech harmonics will be retained. There-
fore, the NNLS postfilter is applied after the LSA filtered signal to
suppress the residual noise of the LSA filtered speech

X̃NNLS
k ≡ X̂LSA

k

M∑
i=1

ŵNNLS
i Hi(k).

In our actual implementation, the following is used to solve (6)

x = [λX(1),λX(2), . . . ,λX(K)]T,

cj =


[λX(1) +ρ(1)λD(1)]Hj(1)
[λX(2) +ρ(2)λD(1)]Hj(2)

...
[λX(K) +ρ(k)λD(K)]Hj(K)

 , ∀j ∈ 1,2, . . . ,M,

where λX(k) is given by (5) and ρ(k) ∈ [0,1] is an attenuation
factor which is determined by the residual noise level. The reason
for this modification is that we are reducing only the residual noise
from the LSA filtered speech rather than all the noise from the noisy
speech. For low SNR bins, ρ(k) has to be small to prevent over
attenuation of the residual noise, while for high SNR bins, the value
of ρ(k) does not have great impact since λX(k)� ρ(k)λD(k). For
this reason, we choose ρ(k) =GLSA(ξk,γk).

4. EXPERIMENTAL RESULTS

Experiments to evaluate the proposed algorithm were performed us-
ing the TIMIT database. The sampling frequency is 16 kHz. A
frame size of 512 samples with 75% overlap was used. A Ham-
ming window was applied on each frame during training and test-
ing. Codebook training was performed using 4620 sentences of
clean speech and testing was performed using 9 noisy speech utter-
ances. The speech database for testing were different from those
used for training. Both male and female speakers were included.
The codebook was trained with truncated cepstral distance distor-
tion measure. A 24th order LP analysis was used and the order of
truncated cepstral coefficients was 48. These parameters are differ-
ent from those in [6] due to different sampling frequencies. Gaus-
sian white noise, F16 cockpit noise, and babble noise were added
to each testing utterance at segmental signal-to-noise ratio (SSNR)
of −5, 0, 5, and 10 dB. Both the DD and the ML a priori SNR
estimation were used for the LSA filter. For the DD estimation, the
weighting factor was α= 0.98, whereas the weighting factors were
α = 0.725 and β = 2 for the ML estimation. The speech variance
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Table 1: SSNR improvement for Gaussian white noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 8.01 8.93 9.09 7.04 8.66 8.79
0 dB 6.29 7.27 7.37 5.63 7.16 7.44
5 dB 4.79 5.72 5.83 4.22 5.56 5.96

10 dB 3.51 4.38 4.49 3.03 4.15 4.63

Table 2: SSNR improvement for F16 cockpit noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 7.29 8.04 8.22 6.27 7.65 7.85
0 dB 5.56 6.45 6.56 4.87 6.29 6.61
5 dB 4.11 5.04 5.07 3.59 4.91 5.26

10 dB 2.99 3.93 3.91 2.58 3.80 4.10

Table 3: SSNR improvement for babble noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 6.60 7.79 7.74 6.26 7.75 7.86
0 dB 4.88 5.98 6.24 4.78 6.11 6.42
5 dB 3.51 4.65 4.73 3.42 4.72 5.12

10 dB 2.45 3.55 3.55 2.37 3.62 3.94

estimates for the MMSE postfilter and the NNLS postfilter were
obtained from the LSA filtered speech. The noise variance estimate
was obtained by recursively averaging past spectral power values of
the noise

λ̂D(k,m) = ηλ̂D(k,m−1) +(1−η)|Dk(m)|2,

where η = 0.85.
The MMSE postfilter results were based on a codebook size of

128, while the NNLS postfilter results were based on a codebook
size of 1024. If the codebook size of the MMSE postfilter is too
large, the inverse problem w = T−1b can become ill-conditioned.
Therefore, a relatively smaller codebook size for the MMSE postfil-
ter is chosen. On the other hand, the NNLS postfilter does not have
this constraint and a larger codebook size provides finer resolution
for the codeword selection, at the expense of longer computation.

Two objective measurements were chosen for evaluation:
SSNR and log spectral distortion (LSD), which and are defined
as [5]

SSNR =
1

J

J−1∑
m=0

T

{
10log10

∑N−1

n=0
x2[n+ Nm

4
]∑N−1

n=0
(x[n+ Nm

4
]− x̂[n+ Nm

4
])2

}
,

LSD =
1

J

J−1∑
m=0

{
1

K
2

+ 1

K/2∑
k=0

[
10log10

CXk(m)

CX̂k(m)

]2} 1
2

,

where J is the number of frames, N = 512 is the size of a frame, T
confines the SNR at each frame to perceptually meaningful range
between 35 dB and−10 dB, i.e., T {x} ≡min{max{x,−10},35}
, and CXk(m)≡max{|Xk(m)|2, δ} is the clipped spectral power
such that the log-spectrum dynamic range is confined to 50 dB,
where δ ≡ 10−50/10max

k,m
{|Xk(m)|2}.

For simplicity, let LSA-DD and LSA-ML denote the LSA fil-
ters using the DD and the ML a priori SNR estimation, respectively.
ML-MMSE and ML-NNLS denote the MMSE and the NNLS post-
filters based on LSA-ML output, while DD-MMSE and DD-NNLS
denote the MMSE and the NNLS postfilters based on LSA-DD out-
put. Table 1, 2, and 3 show the results of SSNR improvement us-
ing LSA filter, NNLS postfilter, and MMSE postfilter. The MMSE
postfilter shows the highest improvement most of the time, while the

Table 4: LSD for Gaussian white noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 5.32 4.80 4.90 5.27 4.98 5.01
0 dB 3.94 3.56 3.59 3.99 3.77 3.74
5 dB 2.72 2.49 2.44 3.01 2.74 2.58

10 dB 1.74 1.63 1.53 2.07 1.85 1.63

Table 5: LSD for F16 cockpit noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 5.07 4.71 4.71 4.95 4.93 4.84
0 dB 3.67 3.32 3.37 3.74 3.55 3.49
5 dB 2.53 2.27 2.29 2.74 2.47 2.39

10 dB 1.64 1.44 1.45 1.87 1.59 1.50

Table 6: LSD for babble noise.

Input LSA- ML- ML- LSA- DD- DD-
SSNR ML NNLS MMSE DD NNLS MMSE
-5 dB 5.03 4.63 4.67 4.64 4.71 4.64
0 dB 3.51 3.14 3.20 3.39 3.29 3.21
5 dB 2.42 2.08 2.15 2.46 2.19 2.16

10 dB 1.58 1.33 1.37 1.71 1.40 1.37

performance of the NNLS postfilter closely follows. Applying the
postfilter always improve SSNR results. Table 4, 5, and 6 show the
LSD for all enhancement algorithms. In most cases, the postfilters
yield lower LSD than the LSA filters.

Figure 2 shows the spectrogram of clean, noisy, LSA filtered
speech, and postfiltered speech in their respective panels, where the
noise type is Gaussian white noise with 5 dB input SSNR. The LSA-
ML filter has a higher output SSNR than the LSA-DD filter at the
expense of musical noise, which can be attributed to isolated fre-
quency spikes in high frequency area. On the other hand, the resid-
ual noise level of the LSA-DD filter is still quite high compared
to LSA-ML. The postfilter removes both the musical noise of the
LSA-ML filter as well as the residual white noise of the LSA-DD
filter. MMSE postfilter performs more aggressively than the NNLS
postfilter in terms of the removal of residual noise, which can also
be verified by the SSNR improvement in Table 1, 2, and 3.

A subjective listening study shows that the proposed method
can successfully remove most of the residual noise from the LSA
filtered speech. Both the MMSE and NNLS postfiltered speech
provides much lower residual noise level than the LSA filtered
speech. Even though the objective scores such as SSNR and LSD
are better on the MMSE postfiltered speech, the NNLS postfiltered
speech sounds more naturally pleasing, since the MMSE postfil-
tered speech may sound too clean and unnatural. On the other hand,
small amount of residual noise from the LSA filtered speech can
still be perceived in the NNLS postfiltered speech, which can also
be observed from Figure 2.

5. CONCLUSION

A speech enhancement system based on a codebook driven postfil-
ter was discussed in the paper. Since the codebook is derived from
a clean speech database, it imposes spectral constraints on either
the noisy speech signal or the LSA filtered signal. The postfilter
consists of a weighted sum of the codeword, where the postfilter
weights are derived from MMSE and NNLS methods. Experimen-
tal results show that the postfilter can effectively remove the residual
noise of the LSA filters. Objective measurements based on SSNR
and LSD also confirm the improved speech enhancement results.
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Figure 2: Spectrograms of clean speech, Gaussian white noise cor-
rupted speech, and enhanced speech at 5 dB input SSNR
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ABSTRACT

We introduce an exponential-based consistent approach
to image scaling. Our model stems from Sobolev repro-
ducing kernels, motivated by their role in continuous-
domain stochastic autoregressive processes. The pro-
posed approach imposes consistency and applies the
minimum-norm criterion for determining the scaled im-
age. We show by experimental results that the proposed
approach provides images that are visually better than
other consistent solutions. We also observe that the
proposed exponential kernels yield better interpolation
results than polynomial B-spline models. Our conclu-
sion is that the proposed Sobolev-based image model-
ing could be instrumental and a preferred alternative in
major image processing tasks.

1. INTRODUCTION

Image modeling is fundamental to many image process-
ing tasks such as enhancement, restoration, analysis and
compression. In the case of image interpolation, the un-
derlying idea of current image modeling approaches cor-
responds to regularity constraints that are imposed on
the continuous-domain image. Both theoretical and ex-
perimental studies have shown that polynomial B-spline
kernels provide the best continuous-domain model for
linearly interpolating a signal in terms of the SNR mea-
sure [1, 2]. Non-linear interpolation methods, on the
other hand, are based on local features of edges; on
wavelet and multiscale image representation; on PDE
(Partial Differential Equation) models; and on the sta-
tistical properties of an image.

In this work, an alternative image modeling ap-
proach is introduced. We consider a deterministic model
that imposes a less restrictive regularization constraint
while utilizing the statistical properties of the image. It
is suggested here to use the Sobolev space framework for
this purpose. Sobolev spaces consist of smooth functions
and they serve as the underlying continuous-domain
model in several image processing tasks [3, 4, 5]. Fur-
ther motivation for the proposed Sobolev model stems
from its relation to autoregressive image modeling. The
reproducing kernel Hilbert space (RKHS) property of

This work was supported in part by a grant from the GIF,
the German-Israeli Foundation for Scientific Research and Devel-
opment, by the Eshkol Fund of the Israeli Ministry of Science, and
by the Ollendorff Minerva Centre. Minerva is funded through the
BMBF. This work was also supported in part by the Swiss Na-
tional Science Foundation under Grant 200020-121763.

Sobolev spaces will be shown to give rise to exponential-
based interpolation kernels that correspond to general-
ized exponential splines introduced in [6].

Motivated by currently available acquisition devices,
an image scaling operation is assumed to be consistent
with the pixels of the given image. The proposed ap-
proach can assume either ideal or non-ideal sampling
procedures, and in either case the sampling model re-
mains the same for the scaled image. The pixels of the
given image are interpreted by means of a continuous-
domain signal in a certain sampling space, while the
scaled image belongs to yet another subspace. The
scaled image is not unique as there are many possible
signals that comply with the consistency constraint. We
identify the set of all possible consistent images and fur-
ther suggest to reconstruct the signal that has the mini-
mum possible norm. Experimental results indicate that
the proposed exponential-based model provides a better
alternative to currently available models, and that the
proposed minimum-norm criterion outperforms visually
other consistent solutions.

2. WEIGHTED SOBOLEV SPACES FOR
IMAGE RECONSTRUCTION

Let H~λ
be a weighted Sobolev space with weights ~λ =

{λn}
p

1. This space consists of all one-dimensional finite-
energy functions defined on the real line for which their
first p derivatives are of finite energy as well. The cor-
responding inner product is given by

〈x,y〉H~λ
=

p∑

n=0

λn ·
〈
x(n),y(n)

〉

L2

, (1)

where the set of weights ~λ provides a positive measure
for 〈x,x〉H~λ

. The reproducing kernel of H~λ
satisfies

x(τ) =
〈
x(t), ϕ(t− τ ;~λ)

〉

H~λ

(2)

for every x ∈ H~λ
, and it is given by the following Laplace

transform

Φ(s;~λ) =
1

λ0 − λ1s2 + · · ·+ (−1)p · λps2p
. (3)

The poles of Φ(s;~λ) are symmetric with respect to the
imaginary axis, and if they are all simple, the corre-
sponding inverse Laplace transform is a weighted sum
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of the exponential function α · eβ|t|. Such symmetric
functions can be described by generalized exponential
splines [6].

2.1 Ideal Sampling

The RKHS framework of Sobolev spaces suggests an or-
thogonal projection interpretation for ideally sampling
a signal. Let x be an arbitrary Sobolev function and let
{n∆} be a set of sampling points. Then, one can iden-
tify a sampling space by shifting the reproducing kernel
accordingly,

S∆,~λ
= Span

{
ϕ(t− n∆;~λ)

}
= Span

{
ψn(t; ∆, ~λ)

}
,

(4)

where
{
ψn(t; ∆, ~λ)

}
is the corresponding biorthonormal

set. Given the sampled version of x, the orthogonal
projection of x onto this subspace is

PS
∆,~λ

x =
∑

n

x(tn) · ψn(t; ∆, ~λ). (5)

The RKHS property ensures that the sampled versions

of both PS
∆,~λ

x and x are identical as each ψn(t; ∆, ~λ)

is interpolative. Additionally, PS
∆,~λ

x is a minimax so-

lution in the following sense,

PS
∆,~λ

x = argmin
x̂

max
‖x‖≤L, {x(tn)}

∥∥∥x− x̂
∥∥∥
H~λ

. (6)

Pointwise evaluation of PS
∆,~λ

x can be performed by vec-

tor multiplication calculation,

PS
∆,~λ

x(τ) = pT ·G−1 · b, (7)

where p[n] = x(n∆), b[n] = ϕ(n∆−τ, ~λ) and G(m,n) =

ϕ((m− n)∆, ~λ) is a Gram matrix.

2.2 Non-Ideal Sampling

Non-ideal samples of a continuous-domain signal are
given here by,

p[n] = 〈x(t), s(t− n∆)〉L2
, (8)

where s(t) is a sampling function that characterizes the
acquisition device. In cases where x is a Sobolev signal,
the L2 inner product can be alternatively described by
a Sobolev inner product

p[n] =
〈
x(t), ϕ̃(t− n∆, ~λ)

〉

H~λ

, (9)

where

ϕ̃(t, ~λ) =
{
ϕ(τ ;~λ) ∗ s(τ)

}
(t) (10)

and ∗ denotes convolution. It then follows that a non-
ideal sampling model defines a modified sampling space,

S̃∆,~λ
= Span

{
ϕ̃(t− n∆;~λ)

}
= Span

{
ψ̃n(t; ∆, ~λ)

}
.

(11)

In this case, however, the biorthogonal functions are not
interpolative. Instead, they comply with a generalized
interpolation criterion given by

〈
ψ̃n(t; ∆, ~λ), sm

〉

L2

= δ[n−m]. (12)

The minimum norm property and the minimax optimal-
ity of PS̃

∆,~λ

x are still valid, though.

3. MMSE SIGNAL INTERPOLATION

The Laplace transform of (3) may also originate from an
autocorrelation function of a continuous-domain autore-
gressive stochastic process. As a matter of fact, both

the reproducing kernel ϕ(t, ~λ) and the autocorrelation

function r(t;~λ) have a similar role in signal interpola-
tion. The minimum mean square error (MMSE) linear
estimator of x(τ) is given by,

x̂(τ) =
∑

n

a[n] · x(tn), (13)

where a is a set of coefficients that is determined by the
orthogonality principle of linear estimators. It follows
that ∑

m

a[m] · r(tm − tn;~λ) = r(τ − tn;~λ) (14)

holds for every coordinate tn, where r(t;~λ) is the auto-
correlation function of x. Denoting G(m,n) = r(tm −

tn;~λ), b[n] = r(τ − tn;~λ) and p[n] = x(tn), the linear
estimation of x(τ) is identical to PS

∆,~λ
x(τ).

This equivalence between the Sobolev-based deter-
ministic model and the autoregressive stochastic model

can be utilized for choosing the optimal weights ~λ of
(1). Given a sampled signal, one can estimate the au-
toregressive parameters of the continuous-domain pro-
cess; determine the autocorrelation function r(t); and
set ϕ(t) = r(t). For a uniformly sampled signal, it is sug-
gested here to assume a discrete-domain autoregressive
process and extract its parameters by the least square
estimation method. In such a case, the z-transform of
the autocorrelation sequence would consist of poles that
appear in reciprocal pairs {zn, 1/zn}

p
n=1 where |zn| < 1.

The poles of the continuous-domain process will be as-

sumed then to be {sn = ln(zn)}
2p
n=1, for which {λn}

p
n=0

can be readily determined. Two-dimensional signals will
be assumed to have a separable autocorrelation function
and the horizontal autocorrelation function will be esti-
mated separately from the vertical one.

The proposed approach posses the simplicity of lin-
ear methods while further pushing the paradigm of su-
per resolution methods by adapting itself to the given
signal [7]. On top of that, it provides a continuous-
domain signal that takes the sampling process into ac-
count.

4. CONSISTENT IMAGE SCALING

Motivated by typical acquisition devices, image scaling
is considered to be a zoom-in/zoom-out operation, for
which the same acquisition device is used for every scale.
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It follows that scaling an image corresponds to reac-
quiring the original signal by scaled versions of the sam-
pling functions that characterize the device. These sam-
pling functions are not necessarily Dirac distributions,
i.e., ideal sampling, but finite-support functions that de-
scribe the non-ideal nature of the device, as is the case
of zero-order-hold (ZOH) sampling for example.

A consistent approach is suggested here for image
scaling. This approach can take either ideal or non-
ideal sampling procedures. In an ideal sampling case,
the pixels of the scaled image correspond to point-wise
evaluation of the reconstructed signal, whereas for non-
ideal sampling procedures, the pixels correspond to av-
eraging the reconstructed signal over scaled intervals.
The sampling step of the given image is assumed to be
of unit size and the sampling step of the scaled image is
assumed to be ∆. The consistent approach would recon-
struct a signal for which its unit-step sampled version
would be consistent with the pixels of the given image
(Figure 1). Furthermore, this signal should be as close
as possible to PS̃

∆,~λ

x , which is the image one would get

from x itself,

min
x̂

max
‖x‖H~λ

≤L,

P
S̃
1,~λ

x̂=P
S̃
1,~λ

x

∥∥∥PS̃
∆,~λ

x− x̂
∥∥∥
H~λ

. (15)

It holds that PS̃
1,~λ

x̂ is a shifted balanced set,

PS̃
∆,~λ

x = PS̃
∆,~λ

PS̃
1,~λ

x+ PS̃
∆,~λ

PS̃⊥

1,~λ

x, (16)

and a minimax solution would minimize the distance to
the center of this set, PS̃

∆,~λ

PS̃
1,~λ

x, which is known. On

the other hand, admissible consistent solutions form a
shifted balanced set, too. Its center is PS̃

1,~λ

x; adding a

vector in S̃⊥
1,~λ

would still result in a consistent solution.

As theses two centers do not necessarily coincide, the
minimax solution is dependent on the norm of the orig-
inal signal L, which in practice is unknown. It is there-
fore suggested here to relax the minimax constraint and

find a consistent solution in S̃∆,~λ
that has the minimum

possible norm. That is,

min
x̂∈S̃

∆,~λ

∥∥∥x̂
∥∥∥
H~λ

s.t. PS̃
1,~λ

x̂ = PS̃
1,~λ

x. (17)

Consistent sampling gives rise to oblique projections
[8, 9]. Such projections are uniquely defined if and only
if the reconstruction and the sampling spaces comply
with a direct-sum relation. However, this is not the
case here. For image up-scaling (∆ < 1), for exam-
ple, there might be several possible signals in the recon-

struction space S̃∆,~λ
that comply with the consistency

requirement. A consistent solution can be written as
x̂ = x̂1 + x̂2, where

x̂1 ∈ S̃∆,~λ

∖(
S̃∆,~λ

⋂
S̃⊥
1,~λ

)
(18)

is consistent with the known samples and x̂2 ∈ S̃⊥
1,~λ

.

x̂ ∈ S̃
∆,

!λ

s(−t/∆)

T = 1

p[n]

T = ∆

p∆[n]

s(−t)

Figure 1: The proposed image scaling approach. The recon-
structed signal x̂ should be consistent with the known pixels
(top branch) and should have a minimum norm property.
The pixels of the scaled image correspond to sampling x̂ at
the new grid while using scaled sampling functions (bottom
branch).

Theorem 1 Let x ∈ H~λ
be given by its unit-interval

samples and let S̃1,~λ be the corresponding sampling

space. Let also S̃∆,~λ
be a sampling space correspond-

ing to a sampling interval ∆ as given by (11). If ∆ < 1
(up-scaling), then a consistent reconstruction of x in the
sense of (17) is the oblique projection of PS̃

1,~λ

x onto the
space

S̃∆,~λ

∖(
S̃∆,~λ

⋂
S̃⊥
1,~λ

)
, (19)

having a null space S̃⊥
1,~λ

.

The approach yields a signal that has the following
properties: 1) It resides in a vector space that is de-
termined by the sampling process and by the stochastic
properties of the given image. 2) Its unit-interval sam-
pled version is consistent with the given image. 3) It is
minimum norm. The scaled image is obtained then by
re-sampling this signal at the required grid. The pro-
posed image scaling algorithm is described next. The

orthogonal projection of x onto S̃1,~λ is given by

PS̃
1,~λ

x =

N−1∑

n=0

a[n] · ϕ̃(t− n), (20)

where a = G−1p. G(m,n) = ϕ̃(m − n) is the Gram
matrix of the sampling functions and p is a vector of
the known samples/pixels. The reconstructed signal is
given by

x̂ =

M−1∑

m=0

b[n] · ϕ̃(t− n∆), (21)

and there need to beM linear equations for determining
the coefficients b. N equations are given by the consis-
tency constraint,

AN×M ·




b[0]
...

b[M − 1]


 =




p[0]
...

p[N − 1]


 , (22)

where A(n,m) = ϕ̃(n − m∆). The additional M − N
equations originate from the constraint

x̂ /∈ S̃∆,~λ

⋂
S̃⊥
1,~λ
. (23)
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The basis functions of this space are determined by the
null space of A, and the reconstructed signal should be
orthogonal to each one of them. This is expressed by

B(M−N)×M ·




b[0]
...

b[M − 1]


 =




0
...
0


 , (24)

where B(m,n) =
∑M−1

k=0 νm[k] · ϕ̃(k∆− n∆) and where
νm is the mth vector in the null space of A. In cases

where S̃1,~λ ∈ S̃∆,~λ
, the reconstructed signal is equal to

PS̃
1,~λ

x. For example, for an ideal sampling model and

for cases where the grid of the scaled image contains the
grid of the given image, the proposed approach yields
the sampled version of PS̃

1,~λ

x, which accounts for stan-

dard resampling. This is not the case, however, for other
sampling grids (Figure 2) or for non-ideal sampling mod-
els.

0 2 4 6 8 10 12 14 16

−6

−4

−2

0

2

4

Time

Figure 2: MMSE interpolation of an autoregressive process
by a non-integer factor. A continuous-domain autoregres-
sive process has been sampled on a unit sampling grid. The
same stochastic process was then sampled at a finer grid of
∆ = 2/3 (dots). Shown here are an exponential-based (solid)
and a polynomial-based (dashed) reconstructed signals that
originate from the unit-interval sample values. Both signals
are consistent with the known samples of the unit-interval
grid and they are of minimum norm. The proposed expo-
nential model provides a better approximation to the true
values of the process than does the polynomial model as in-
dicated by the MSE values of their sampled versions: 0.0982
vs. 0.5683 respectively. It is noted that every third sample
in the figure coincides with both signals as it coincides with
the unit-interval sampling grid. The poles of the continuous-

domain process are ~λ = {−0.5,−1}.

5. EXPERIMENTAL RESULTS

Consistent image scaling experiment were carried out
using the proposed model and the polynomial B-spline
model. An ideal sampling procedure was considered,
i.e., s(t) = δ(t), for which down-scaling was performed
by sampling the original image at a three-times coarser
sampling grid. The down-scaled image was then up-
scaled by a factor of ∆ = 2/3 using both models. Both

reconstructed signals are consistent with the known
pixel values and are of minimum norm. The up-scaled
image was then compared with pixel values of the orig-
inal image taken on a two-times coarser sampling grid.
Numerical comparison is given in Table 1. As reflected
from the table, the proposed model provides higher SNR
values when considering various types of images and tex-
ture [10] as it adopts the Sobolev weights to the given
image. SNR values were carried out while excluding
boundary pixels of the image; the width of the bound-
ary region was 10% of the image size. Shown also in
Table 1 are VIF (Visual Fidelity Information Fidelity)
values [11]. Figure 3 provides visual comparison be-
tween minimum-norm and non minimum-norm signals,
indicating that the proposed minimum-norm criterion is
preferable in this regard.

Image SNR [dB] (VIF)

Polynomial
B-spline

L = 4, cubic

Proposed
Model
p = 2

Autoregressive 22.09 (0.62) 24.66 (0.69)

Lena 22.15 (0.47) 22.39 (0.50)

Fishing Boat 18.77 (0.45) 18.84 (0.46)

Alliums 19.54 (0.51) 19.70 (0.54)

Rose 25.49 (0.39) 25.87 (0.42)

D23 17.37 (0.39) 17.76 (0.40)

D28 15.93 (0.34) 15.96 (0.35)

D75 18.84 (0.39) 19.37 (0.41)

Table 1: A comparison of consistent image scaling. The
original image was down-sampled by a factor of three using
the ideal sampling model and was then up-scaled by a factor
of ∆ = 2/3. The up-scaled image is consistent with the
down-sampled image. The up-scaled image is compared here
with pixel values of the original image taken on a doubly-
spaced sampling grid . VIF indicates Visual Information
Fidelity according to [11].

6. CONCLUSIONS

A reproducing-kernel Hilbert space approach has been
proposed for image and texture scaling. Sobolev func-
tions, which are dense in L2, provide a useful framework
for this purpose. The reproducing kernels of Sobolev
spaces have been shown to be of an exponential type.
These kernels are related to autoregressive processes,
suggesting a method for determining the proper Sobolev
weights for a given image. Image scaling operations
were assumed to be consistent with the pixels of the
given image; these pixels can be either ideal or non-ideal
samples of the continuous-domain image. The proposed
approach assumes that images of different resolutions
originate from a single continuous-domain signal while
being acquired by properly scaled versions of a single set
of sampling functions. A minimum-norm criterion was
also suggested for reconstructing the scaled image, giv-
ing rise to an oblique projection operation in Sobolev
spaces. Experimental results show that the proposed
approach can provide a preferred alternative approach
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Minimum Norm (Proposed) Non Minimum Norm

Figure 3: A visual comparison of consistent image scaling. Shown here are portions of the Fishing Boat image (first row)
and of the D23 Brodatz image (second row) having been up-scaled by a factor of ∆ = 2/3. The left column corresponds to
a consistent reconstruction having the minimum norm property. The other two columns are consistent but not of minimum
norm (the ℓ2 norm is larger by no more than 1%). Every third pixel has the same value for all of the images as they coincide
with pixels of the original image. The non minimum norm images were generated by randomly adding a function from
S̃
∆,~λ

⋂
S̃

⊥

1,~λ
.

to image modeling in general, and in particular to image
scaling tasks.
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ABSTRACT
A new statistical-based tracking method is proposed for the
detection of blood vessels in retinal images. Our algorithm
adopts a statistic sample scheme to estimate the candidate
edge points of local blood vessel. This sampling scheme
combines local grey level profile and the vessel geometric
properties, which improves the accuracy and robustness of
the tracking process. Edge points of blood vessels are de-
tected iteratively based on a Bayesian approach with the
Maximum a posteriori (MAP) Probability criterion. Eval-
uation of our algorithm is presented on both synthetic and
real retinal images.

1. INTRODUCTION

The early diagnosis of several pathologies, and indicators for
the presence of a wide range of diseases, such as arterial hy-
pertension, arteriosclerosis or diabetic retinopathy could be
achieved by analyzing vascular structures. For many clini-
cal investigations, vessel segmentation is becoming a prereq-
uisite for the analysis of vessel parameters such as tortuos-
ity and variation of the vessel width along the vessel. An
extensive research has been devoted to vessel extraction in
medical images using different types of approaches. A ma-
jor review of these methods can be found in [1]. Most of the
work on retinal image segmentation can be categorized into
three approaches: those based on line or edge detectors with
boundary tracing [2], [3], those based on matched filters,
either 1-D profile matching with vessel tracking and local
thresholding [4–7] or 2-D matched filters [8–10], and those
supervised methods which require manually labeled images
for training [11], [12]. A vessel tracking method based on
Bayesian theory was proposed in [13], [14], which was in an
initial stage of development. It needed some improvements
like modelling the blood vessel more accurately and handling
different configurations of the vessel.

In this paper, we present an improved tracking algorithm
based on our previous work. We use a photometric correc-
tion before tracking, which improves the robustness against
noise. A semi-ellipse search window is used during the track-
ing process. Sectional grey level profile of the blood vessel
is approximated more appropriately as a Gaussian model.

2. METHOD DESCRIPTION

Retinal images such as retinal angiograms often suffer from
shading, which may cause measurement error. A photomet-
ric correction is used to remove shading before tracking. We
estimate the shading through an iterative polynomial inter-
polation procedure [15]. An example of retinal image, cor-
responding shading and corrected image are shown in Fig.1.

(a) Retinal image (b) Extracted background (c) Corrected image

Figure 1: Example of an retinal angiogram.

The proposed tracking method is applied after photomet-
ric correction. Tracking process starts from an initial point,
which is determined manually by the user. Edge points are
detected iteratively using local statistical parameters calcu-
lated on grey levels and information obtained in previous iter-
ations. At each iteration, a statistical sample is used to get the
information of local grey levels. A branch detection scheme
is performed at each iteration to find if there is a bifurcation
at current detecting area. All the branches found are treated
as new blood vessels to be detected later. The tracking pro-
cess stops when all the blood vessels are detected.

2.1 Extraction of the statistical sample
In this study, vessel’s structures are categorized into three
types: normal, bifurcation and crossing. Normal case is re-
garded as the situation in which only a single vessel exists in
current research region. The case of bifurcation means that
one single vessel is divided into two branches. A crossing
case is described when one vessel overlaps another. The pro-
posed algorithm can detect different structures and the track-
ing process varies accordingly.

At a given step, new edge points are assumed to be lo-
cated on a semi-ellipse (see Fig.2) which is defined to be cen-
tered on local center point and heading towards current vessel
direction. This semi-ellipse can be regarded as a search win-
dow restricting the range of possible locations of new edge
points. At iteration k, we select Nk points which are num-
bered from 1 to Nk on semi-ellipse Ck as illustrated in Fig.2
(a). Ok and

−→
Dk are local center point and vessel direction

respectively. A configuration χ is defined by a set of edge
point candidates. Only two points are needed to define a nor-
mal configuration. They are assumed to be the mth and nth

points on Ck (1 < m < n < Nk) and correspond to two dia-
metrically opposite vessel edge points. For this normal con-
figuration, Mi (i ∈ [1,Nk]), the ith point on Ck, is assumed to
belong to the blood vessel if i ∈ [m,n] or to the background
if i ∈ [1,m[

∪
]n,Nk].

For a bifurcation configuration, four interface points are
needed to describe the edge points of two branches. Six in-
terface points are needed for the crossing configuration. Two
of them are considered as the next edge points of the same
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vessel, while the other four points are considered as the edge
points of another vessel which is over or under the current
one. These types of configurations are illustrated in Fig.2.
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Figure 2: Three types of configurations: B means background and
V means blood vessel

In order to deal with the complicated features of retinal
blood vessel, the semi-ellipse should be self-adapting. For
example, when vessel’s diameter increases, the semi-ellipse
would be enlarged in order to cover the potential position of
new edge point. Minor axis of the ellipse which is parallel to
local vessel’s direction could denote the look-ahead distance.
To make the algorithm more robust to curve changes, minor
axis is proposed to be adaptive to the vessel’s curvature.

At iteration k, as shown in Fig.3, the major axis ak of
semi-ellipse Ck is perpendicular to

−→
Dk while its minor axis bk

is parallel to it. Let θk stands for the angle between current
and previous directions: θk = (

−−→
Dk−1,

−→
Dk). θk provides the

information of local vessel’s curvature. Parameter ak and bk
can be obtained as:{

ak = αdk

bk = β (π −θk)dk
(1)

where α , β are constant factors, dk is local vessel’s diame-
ter. In this study, α was set to be 2 which is the best value
based on simulated results. β is assigned as 1/π so that the
magnitude of the step distance is not more than the vessel’s
diameter.
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Figure 3: Dynamic search window

2.2 Tracking process
In practice, two initial edge points Û1 and V̂1 are chosen man-
ually diametrically opposed on the interested blood vessel.
Initial tracking direction

−→
D1 is manually set along local di-

rection of blood vessel. Meanwhile, three areas are selected
surrounding the initial point: one inside and two outside the
blood vessel. The selected areas are used to calculate the ini-
tial statistical parameters of local noise. A source-list stores
all the initial information obtained by the user at the initial-
ization or by the algorithm when new branches are identified.

The tracking process of a vessel launches from loading
initial data from the source-list. During the tracking process,
local blood vessel at iteration k can be described by three pa-
rameters: edge points Ûk, V̂k, center point Ok, direction

−→
Dk

(see Fig.3). A semi-ellipse Ck is centered on Ok and head-
ing towards

−→
Dk. We consider all the possible configurations

obtained on Ck. Based on the Maximum a posterior (MAP)
criterion within the frame of Bayesian theory, the best esti-
mate of the blood vessel is obtained by the configuration χ̂
which has the maximum probability. If χ̂ is a normal config-
uration, the two points on Ck used to define χ̂ are regarded as
next edge points Ûk+1, V̂k+1 respectively. Next center point
Ok+1 is considered as the middle point of [Ûk+1,V̂k+1]. New
direction

−−→
Dk+1 heads towards

−−−−→
OkOk+1. This tracking process

of current vessel stops when the vessel ends or a bifurca-
tion or crossing configuration is found. When new diameter
dk+1, dk+1 = |Ûk+1V̂k+1|, is too small, that is less than one
pixel in this study, it means the end of the blood vessel is
detected. When a bifurcation or crossing configuration is de-
tected, new branches will be stored in the source-list as new
blood vessels which are ordered by diameters and processed
later.

As source-list is empty, all the possible blood vessels are
detected, and the whole process ends.

2.3 Bayesian method for vessel segmentation
During the tracking process, new vessel edge points are ob-
tained based on the probabilities of different configurations.
With Bayesian rules, the probability of a configuration at it-
eration k is described as:

P(χ|Yk) =
P(Yk|χ) ·P(χ)

P(Yk)
(2)

χ is the configuration and Yk = {y(k)s ,s = 1,2 . . .Nk} is the
discrete grey level profile relative to the Nk points on semi-
ellipse Ck. P(Yk) does not depend on the configuration and
will be disregarded. The best configuration is obtained as:

χ̂ = argmax{P(Yk|χ) ·P(χ)} (3)

2.3.1 Likelihood function

In this study, conditional probability model is assumed to de-
scribe the variability of a pixel value on a semi-ellipse C be-
longing either to the background or to the blood vessel. The
background is assumed to have a constant intensity with zero
mean additive Gaussian white noise. The grey level profile
of the cross section of a blood vessel is approximated as a
Gaussian shaped curve with the same Gaussian noise as the
background (see Fig.4).

At iteration k, considering the case of a normal configu-
ration χ , two corresponding edge points Mm and Mn are the
mth and nth points on Ck. If yi is the grey level of Mi, the ith
point on Ck, conditional probability has the general form:

P(yi|χ) =
1√

2πσ
exp(− (yi −µi)

2

2σ2 ) (4)

where σ is the standard deviation of the additive Gaussian
noise, which can be obtained from local background. When
i ∈ [1,m[

∪
]n,Nk], Mi is a point on the background and µi is
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equal to µb, the mean intensity of local background. When
i ∈ [m,n], Mi is a point inside the vessel. µi can be math-

ematically expressed as: µi = K exp(− l2
i

2σ2
i
) + µb. li is the

distance between Mi and the middle point of [Mm,Mn]. σi
defines the spread of the sectional intensity profile. In this
study, σi =

1
2 |MmMn|. Parameter K = µv−µb, µv is the max-

imum grey level inside the blood vessel in current detection
area.

Assuming all these conditional probabilities indepen-
dent, the likelihood function P(Yk|χ) is described as:

P(Yk|χ) =
Nk

∏
i=1

P(yi|χ) =
1

(
√

2πσ)Nk
exp(− 1

2σ2

Nk

∑
i=1

(yi −µi)
2) (5)

For the case of bifurcation or crossing, the likelihood func-
tion has a similar form.
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Figure 4: The cross section of a blood vessel

2.3.2 A priori probability

The a priori probability of a configuration χ is expressed on
the basis of Gibbs formulation [16], [17]:

P(χ) =
1
Z

exp(−λU(χ)) (6)

where Z is a normalization parameter and λ is a weighting
factor called regularization term. U(χ) is the energy associ-
ated with the configuration χ . The aim of using Gibbs for-
mulation is to link a configuration with an energy function
which penalizes high energetic configurations.

In our study, blood vessels are assumed to be locally lin-
ear. At a given step, local vessel edges can be estimated as
two straight lines. So the configuration whose candidate edge
points are aligned on current edge line is promoted. At itera-
tion k (k ≤ 5), define L1 and L2 as the straight lines through
edge points Ûk and V̂k respectively and along local direction−→
Dk. When k > 5, L1 and L2 are the least square straight lines
obtained based on five previous detected points (see Fig.5).
Mm and Mn are two edge point candidates of χ . d1 and
d2 denote the distance between L1 and Mm and between L2
and Mn respectively. Then energy U(χ) can be defined as:
U(χ) = d2

1 +d2
2 . A priori probability has the expression:

P(χ) =
1
Z

exp(−λ (d2
1 +d2

2)) (7)

Finally, according to Eq.3, the configuration which has the
maximum value of P(Yk|χ) ·P(χ) will be chosen. New edge
points will be obtained based on this configuration.
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Û

k-3
V̂

k
V̂

k-1
V̂

k-4
V̂

k-2
V̂

1
L

2
L

k
C

n
M

m
M

k
O

Figure 5: Least square lines

3. EXPERIMENTS AND PERFORMANCE
EVALUATION

The performance of our algorithm is evaluated on both syn-
thetic and retinal images. Synthetic image is obtained from
a noise-free simulated vascular image, which will be used as
the true image later. It represents six kinds of vessel segments
with different geometries to model different vessel features
in retinal images (diameter between 3 and 10 pixels, average
grey level 116). Sectional grey levels of these vessel seg-
ments are assumed to follow Gaussian distribution [18]. We
add white noise on the simulated vascular image to evalu-
ate our algorithm. We use a quality parameter, Segmentation
Matching Factor (SMF) [13], to characterize the algorithm
performance.

SMF =
Card(Asim

∩
Aseg)

Card(Asim
∪

Aseg)
(8)

where Asim and Aseg are the sets of pixels belonging to
the simulated and the segmented arterial tree respectively.
Card(A) is the number of elements in set A. SMF equals 1 in
the case of a perfect segmentation, 0 if segmentation fails.

(a) (b)

(c) (d)

Figure 6: Result on simulated images: (a) and (b) are noisy image
(SNR = 3dB) and its resulting image after segmentation and recon-
struction (SMF = 0.83); (c) and (d) are noisy image (SNR = 10dB)
and its resulting image (SMF = 0.91)

Firstly, the influence of noise upon quality parameter
SMF was tested. We find that the best SMF was obtained
when weighting factor λ was 0.01 for all the cases. Fig.6
gives the test result of proposed algorithm on simulated im-
ages. For different given Gaussian noise (SNR from 1dB to
15dB, λ = 0.01), SMF values of different algorithms were
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computed. Fig.7 shows the results on simulated images, us-
ing our method, Chaudhuri’s method [8], and Adel’s method
[13]. As it can be noticed, our method gives better results.
Efficiency of our method was all the higher when SNR was
higher. The SMF value can reach 0.9 when SNR is higher
than 12. It falls to 0.8 when SNR is lower than 3.
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Figure 7: SMF at different SNR’s values with λ = 0.01

On the other hand, we applied our algorithm on retinal
images. Fig.8 shows that our algorithm works well and de-
tects different configurations in retinal images. Fig.9 shows
the results of our method compared with what was obtained
in our previous work [13].

(a) normal (b) bifurcation (c) crossing

Figure 8: Detection of different types of configurations

More tests on retinal images have been done on the pub-
licly available DRIVE database [12]. The database consists
of 40 images taken from a screening programme for diabetic
retinopathy in the Netherlands. The images have been hand-
segmented by three observers: one computer science student,
one clinical expert and one image processing expert. We
tested our method on 20 images and used the manual seg-
mentation as the ”ground truth”. For that purpose, subim-
ages were extracted and ROC curves were calculated. The
maximum TPR (true positive rate) obtained was 0.82 when
corresponding FPR (false positive rate) was 0.01. The FPR
did not exceed 0.1 for all experiments.

4. CONCLUSION

In this paper, a statistical based tracking method was devel-
oped. Vessel edge points are detected based on a Bayesian
method using local grey levels statistics and continuity prop-
erties of blood vessels. From the experiments and evaluation,

(a) Retinal image

(b) Adel’s method [13]

(c) Proposed method

Figure 9: Result on a retinal image

we can see that many improvements have been obtained from
our previous work [13], including handling different vessel
configurations and improving the robustness against noise.
In a near future, a deeper evaluation on retinal images is
planed to be carried on to make this method widely usable
for vessel tracking algorithm.

REFERENCES

[1] C. Kirbas and F. Quek, “A review of vessel extraction
techniques and algorithms,” ACM Comput. Surv., vol.
36, no. 2, pp. 81–121, 2004.

[2] K. Akita and H. Kuga, “A computer method of under-
standing ocular fundus images,” Pattern Recogn., vol.
15, pp. 431–443, 1982.

[3] D.-C. Wu, B. Schwartz, J. Schwoerer, and R. Banwatt,
“Retinal blood vessel width measured on color fun-
dus photographs by image analysis,” Acta Ophthalmol.
Scand. Suppl., vol. 215, pp. 33–40, 1995.

[4] L. Zhou, M. Rzeszotarski, L. Singerman, and J. Chokr-
eff, “The detection and quantification of retinopathy
using digital angiograms,” IEEE Trans. Med. Imag.,
vol. 13, pp. 619–626, 1994.

[5] X. Gao, A. Bharath, A. Stanton, A. Hughes, N. Chap-
man, and S. Thom, “Quantification and characterisation
of arteries in retinal images,” Comp. Meth. Program.
Biom., vol. 63, pp. 133–146, 2000.

[6] Y. Tolias and S. Panas, “A fuzzy vessel tracking al-

1012



gorithm for retinal images based on fuzzy clustering,”
IEEE Trans. Med. Imag., vol. 17, pp. 263–273, 1998.

[7] X. Jiang and D. Mojon, “Adaptive local thresholding by
verificationbased multithreshold probing with applica-
tion to vessel detection in retinal images,” IEEE Trans.
Pattern Recogn. Anal. Mach. Intell., vol. 25, pp. 131–
137, 2003.

[8] S. Chaudhuri, S. Chatterjee, N. Katz, M. Nelson, and
M. Goldbaum, “Detection of blood vessels in retinal
images using two-dimensional matched filters,” IEEE
Trans. Med. Imag., vol. 8, pp. 263–269, 1989.

[9] F. Zana and J. Klein, “Robust segmentation of vessels
from retinal angiography,” Proceedings of the Interna-
tional Conference on Digital Signal Processing, San-
torini, Greece, pp. 1087–1090, 1997.

[10] A. Hoover, V. Kouznetsova, and M. Goldbaum, “Locat-
ing blood vessels in retinal images by piecewise thresh-
old probing of a matched filter response,” IEEE Trans.
Med. Imag., vol. 19, pp. 203–210, 2000.

[11] C. Sinthanayothin, J. Boyce, H. Cook, and
T. Williamson, “Automated localisation of the
optic disc, fovea and retinal blood vessels from digital
colour fundus images,” Brit. J. Ophthalmol., vol. 83,
pp. 902–910, 1999.

[12] J.J. Staal, M.D. Abramoff, M. Niemeijer, M.A.
Viergever, and B. van Ginneken, “Ridge-based ves-
sel segmentation in color images of the retina,” IEEE
Trans. Med. Imag., vol. 23, pp. 501–509, 2004.

[13] M. Adel, M. Rasigni, T. Gaidon, C. Fossati, and
S. Bourennane, “Statistical-based linear vessel struc-
ture detection in medical images,” IEEE International
Conference on Image Processing, pp. 649–652, 2009.

[14] M. Adel, A. Moussaoui, M. Rasigni, S. Bourennane,
and L. Hamami, “Statistical-based tracking technique
for linear structures detection: Application to vessel
segmentation in medical images,” IEEE Transaction on
Signal Processing Letters, vol. 17, pp. 555–558, 2010.

[15] J. Liu, S. Lu, J.H. Lim, Z. Zhang, T.N. Meng, D.W.K.
Wong, and H. Li, “Photometric correction of reti-
nal images by polynomial interpolation,” IEEE Inter-
national Conference on Image Processing, pp. 3893–
3896, 2009.

[16] M.V. Ibanez and A. Simo, “Bayesian detection of the
fovea in eye fundus angiographies,” Pattern Recogni-
tion Letters, vol. 20, pp. 229–240, 1999.

[17] A. Haddouche, M. Adel, M. Rasigni, and S. Bouren-
nane, “Detection of the foveal avascular zone on retinal
angiograms using markov random fields,” Digital Sig-
nal Processing, vol. 20, no. 1, pp. 149–154, 2010.

[18] Phan T.H. Truc, Md. A.U. Khan, Young-Koo Lee,
Sungyoung Lee, and Tae-Seong Kim, “Vessel enhance-
ment filter using directional filter bank,” Comput. Vis.
Image Underst., vol. 113, no. 1, pp. 101–112, 2009.

1013



FAST STRUCTURE FROM MOTION FOR PLANAR IMAGE SEQUENCES

Andreas Weishaupt, Luigi Bagnato, and Pierre Vandergheynst

Signal Processing Laboratory (LTS2), Ecole Polytechnique Fédérale de Lausanne (EPFL)
Station 11, CH–1015 Lausanne, Switzerland

phone: +41 21 69 36874, email: {andreas.weishaupt,luigi.bagnato,pierre.vandergheynst}@epfl.ch

ABSTRACT
Dense three-dimensional reconstruction of a scene from im-
ages is a challenging task. Usually, it is achieved by find-
ing correspondences in successive images and computing the
distance by means of epipolar geometry. In this paper, we
propose a variational framework to solve the depth from mo-
tion problem for planar image sequences. We derive camera
ego-motion estimation equations and we show how to com-
bine the depth map and ego-motion estimation in a single
algorithm. We successfully test our method on synthetic im-
age sequences for general camera translation. Our method
is highly parallelizable and thus well adapted for real-time
implementation on the GPU.

1. INTRODUCTION

The efficient three-dimensional recovery of a scene structure
from images has been a long-term aim in computer vision.
Successful methods would have a big impact on a broad
range of fields such as autonomous navigation, biomedical
imaging or architecture. The geometry that links the 3D
structure of a scene and its projection on images has been
studied thoroughly, e.g. in [5] or [4]. Traditionnally, there is
one main approach: from a pair of stereo images of the scene
the 3D recovery is based on epipolar geometry. Such an ap-
proach has been extended to methods that handle multiple
camera inputs which are now generally known as multi-view
stereo methods (see [7] for a good overview and compari-
son). Structure from motion means the 3D scene reconstruc-
tion from images captured by a moving camera. Usually,
similar methods are used in structure from motion recovery.
They rely on finding pairs of corresponding points in succes-
sive images. This has the following consequences:
• The final result depends on the quality of the found cor-

respondence. If the match is not exact the reconstruction
will not be accurate.

• Finding correspondences is a computationnally expen-
sive task: dense reconstruction cannot be performed in
real-time.

• For real-time reconstruction, the recovery has to be lim-
ited to some few feature points. Often, tracking of the
found feature points is employed to reduce additionnal
computation cost. Tracking introduces a second source
of error for 3D reconstruction.
Another class of recent methods to obtain dense depth

maps is based on the fusion of sparse depth maps by im-
age registration techniques, e.g. [8]. Those have the advan-
tage that traditional structure from motion systems can be
employed. However, in order to provide accurate results, a
large number of depth maps has to be input for such meth-
ods. Finally, in [10] it is shown how robust depth map re-

construction can be achieved from video sequence by belief
propagation and bundle optimization. Even if the results are
promising and the method does not need hundreds of frames
to be input, it is computationally expensive and only destined
for off-line processing.

Bagnato et al. [2, 1] has shown how to recover dense
depth maps from omnidirectional image sequences by em-
ploying a variational framework. The approach does not have
the usual drawbacks found for the methods above:
• Dense depth maps can be obtained without finding corre-

spondences and combining sparse depth maps.
• One depth map can be recovered by using only two suc-

cessive input images.
• The framework can be implemented for a dense frame-

by-frame recovery in real-time.
In this paper, we will show how to modify this approach

in order to handle regular images obtained by a planar image
sensor. In Section 2, we derive a general projection model
that relates depth and camera motion. The model is nonlin-
ear due to the central projection on the image plane and we
show how it can be linearized. In Section 3, the linearized
projection can be used in a TV-L1 optimization framework
for depth from motion reconstruction. In Section 4, we solve
the camera ego-motion estimation problem. As a last step,
in Section 5 we combine both, the ego-motion and the depth
from motion estimation, into a complete structure from mo-
tion framework for planar image sequences. In section 6,
we separately evaluate the ego-motion and depth from mo-
tion estimation on synthetic images, and then we evaluate
the complete algorithm with quite remarkable results.

2. MOTION IN PLANAR IMAGES

We model the camera movement during acquisition of two
successive frames by the rigid 3D translation vector t =
(tx, ty, tz)T . Consequently, during camera motion, a point
p = (X ,Y,Z)T becomes p′ = p−∆p = p− t where ∆p
denotes the relative camera motion. We parametrize p by
p = d(r)er where r = (x,y, f ) is a point on the planar sensor,
f the focal distance and d(r) the distance or depth of the op-
tical center to a point in the scene. The pinhole camera model
and motion is shown in Figure 1. We denote Z(r) = 1/d(r)
the inverse depth or depth map. A point on the sensor plane
can be obtained by central projection:

r =
‖r‖p
d(r)

= ‖r‖Z(r)p. (1)

In Figure 2 we have a side view of the camera model and
motion, as well as projections on the sensor plane and on the
parellel object plane. Based on Eq. 1, we can derive a projec-
tion model that links camera movement, depth of the scene
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Figure 1: pinhole camera model and rigid camera motion

and optical flow. The optical flow u is defined as the appar-
ent motion of brightness pattern between two images. The
central projection on the object plane parallel to the sensor
plane is given by:

tp =
rz

‖r‖Z(r)
· r+‖r‖Z(r)t

rz +‖r‖Z(r)tz
− r
‖r‖Z(r)

. (2)

Let us define Eq. 2 as the parallel projection. The optical
flow can be approximated by the following projection on the
sensor plane:

u = rz ·
r+‖r‖Z(r)t
rz +‖r‖Z(r)tz

−r. (3)

Eq.3 shows the nonlinear dependency of the estimated opti-
cal flow on the depth map Z(r) as well as on the translation tz
perpendicular to the sensor plane. In this nonlinear form, it is
difficult to include the projection in a variational framework.
Nevertheless, combining Eqs. 2 and 3 we find a linearized
relationship between the parallel projection and the optical
flow:

u = ‖r‖Z(r)tp. (4)

3. TV-L1 DEPTH FROM MOTION

We assume for the moment that we know the camera trans-
lation parameters t for two successive frames I0 and I1. Fur-
thermore, we assume that the brightness does not change be-
tween those images. Using the definition of optical flow and
the projection in Eq. 4, we can express the image residual
ρ(Z) as in [6]:

ρ(Z) = I1(x+u0)+∇IT
1 (‖r‖Ztp−u0)− I0. (5)

A depth map Z = Z(r) can be obtained by solving the fol-
lowing optimization problem [2]:

Z∗ = argmin
Z ∑

x∈D
|∇Z|+λ ∑

x∈D
ρ(Z, I0, I1), (6)

where D is the discrete domain of pixels and x their position
on the image. The left term in Eq. 6 represents the regular-
ization term. Here we set it to the TV norm of Z which im-
poses a sparseness constraint on Z and acts edge-preserving.
The right term is the data term which we set to the image
residual as defined in Eq. 5. We have chosen the robust L1
norm as it has some advantages when compared to the usu-
ally employed L2 norm [9]. Eq. 6 is not a strictly convex

Figure 2: side view with the projections of camera motion

optimization problem and thus hard to solve. From [2] and
[9] we know that a convex relaxation can be formulated:

Z∗ = argmin
Z ∑

x∈D
|∇Z|+ 1

2θ
∑
x∈D

(V −Z)2 +λ ∑
x∈D
|ρ(V )|,

(7)
where V is a close approximation of Z and for θ → 0 we
have V → Z. We solve Eq. 7 using an alternative two-step
iteration scheme:
1. For fixed Z, solve for V:

V ∗ = argmin
V ∑

x∈D

1
2θ

(V −Z)2 +λ ∑
x∈D
|ρ(V )|. (8)

2. For fixed V, solve for Z:

Z∗ = argmin
Z ∑

x∈D
|∇Z|+ 1

2θ
∑
x∈D

(V −Z)2. (9)

Eq. 8 can be solved by the following soft-thresholding:

V = Z+


λθ‖r‖∇IT

1 tp if ρ(Z) <−λθ(‖r‖∇IT
1 tp)2

−λθ‖r‖∇IT
1 tp if ρ(Z) > λθ(‖r‖∇IT

1 tp)2

ρ(Z)
‖r‖∇IT

1 tp
if |ρ(Z)| ≤ λθ(‖r‖∇IT

1 tp)2
.

(10)
In order to solve Eq. 9, the dual formulation of the TV norm
can be exploited. It is given by: TV (Z) = max{p ·∇Z :
‖p‖ ≤ 1}. With the introduced dual variable p, Eq. 9 can
be solved iteratively by the Chambolle algorithm [3, 2]:

pn+1 =
pn + τ∇(∇ ·pn−V/θ)
1+ τ∇(∇ ·pn−V/θ)

. (11)

In the discrete domain the stability and properties of the so-
lution depends on the implementation of the differential op-
erators. In Eq. 11, ∇ represents the discrete gradient operator
and the scalar product with ∇ represents the discrete diver-
gence operator as defined in [3]. From Eq. 11, the depth
map can be recovered by Z = V −θ∇ ·p. Furthermore, the
depth positivity constraint has to be imposed on the recov-
ered depth map, i.e. if Z(r) < 0 we set Z(r)← 0. In order
to provide global convergence and to handle different levels
of detail in the depth map Z we propose solving Eq. 7 us-
ing a multi-scale resolution approach. This means that we
use downsampled images kI0 and kI1 of L different sizes (the
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Figure 3: Some of the used input images. Left: two successive frames for movement in x direction with a translation vector
t = (−0.1,0,0)T . Right: two successive frames for movement in z direction with a translation vector t = (0,0,0.1)T .

prefix k denotes the scale level). We start at the coarsest res-
olution, where we solve for LZ. Then we upsample LZ to the
next level L− 1 and use it as input for the projection in the
image residual. This can be repeated until level 0 is reached
where we obtain the final depth map 0Z.

4. EGO-MOTION ESTIMATION

Let us assume now that we have an estimate of the depth map
Z. Given two successive images I0 and I1 we can recover the
camera translation parameters by optimizing the L2 norm of
the image residual with respect to t:

∑
x∈D

(
I1− I0 +‖r‖ZtpT

∇I1
)
‖r‖Z∇I1 = 0. (12)

In the special case of camera movement parallel to the
sensor plane solving Eq. 12 results in the linear system
A(x)b = c(x) with

A(x) =

 ∑x∈D ‖r‖2Z2
(

∂ I1
∂x

)2
∑x∈D ‖r‖2Z2 ∂ I1

∂x
∂ I1
∂y

∑x∈D ‖r‖2Z2 ∂ I1
∂x

∂ I1
∂y ∑x∈D ‖r‖2Z2

(
∂ I1
∂y

)2


and

c(x) =

(
−∑x∈D ‖r‖Z ∂ I1

∂x (I1− I0)
−∑x∈D ‖r‖Z ∂ I1

∂y (I1− I0)

)
.

For general camera motion, we can solve Eq. 12 by itera-
tive methods, e.g. Levenberg-Marquardt or gradient descent:
xn+1 = xn + γ∇E(xn) where x contains the three translation
parameters and E is the energy of the image residual,

∂E
∂xi

= ∑
x∈D

(
I1− I0 +∇IT

1 u
)

∇IT
1

∂u
∂xi

.

The partial derivatives of u with respect to the motion
parameters are given by the Jacobian matrix

JT
u =


rz‖r‖Z

rz+‖r‖Ztz
0

0 rz‖r‖Z
rz+‖r‖Ztz

−rz‖r‖Z rx+‖r‖Ztx
(rz+‖r‖Ztz)2 −rz‖r‖Z

ry+‖r‖Zty
(rz+‖r‖Ztz)2

 .

5. JOINT DEPTH AND EGO-MOTION
ESTIMATION

For a complete depth map reconstruction from input images,
we must show how to combine the depth from motion esti-
mation described in Section 3 and the ego-motion estimation
described in Section 4. Since both parts rely on each other,
it is very likely that we can combine them by performing al-
ternating depth and ego-motion estimation. We find that it
is best to include the alternation scheme in the multi-scale
approach:
1. At the coarsest resolution level L, we initialize Lt by zero

and LZ by some small constant. We can first solve for LZ
as explained in Section 3. Since the ego-motion parame-
ters are zero the estimated depth map will be very flat.

2. With the flat depth map as input we estimate the motion
parameters according to Section 4.

3. Given the estimated motion parameters k+1t and the
depth map k+1Z, we first estimate the optical flow u0 =
‖r‖Z(r)tp, then we compute the depth map at level kZ.

4. From the refined depth map kZ, we compute the motion
parameters kt.

5. Steps 3 and 4 are repeated until the finest resolution is
reached and the final depth map 0Z is obtained.

6. RESULTS

In order to verify our approach, we use synthetic images of
size 512× 512 and ground truth depth maps generated by
ray-tracing of a 3D model of a living room. We have gen-
erated multiple sequences for various types of camera trans-
lation, i.e. for movement parallel and perpendicular to the
image plane as well as for linear combinations of both. The
purpose is to evaluate first ego-motion estimation and depth
from motion seperately.

We run the ego-motion estimation with ground truth
depth maps on the different sequences and we obtain the
translation vector estimates as listed in Table 1. For sim-
plicity we only show the mean and standard deviation of the
normalized vectors.

We evaluate the depth from motion part by using the
ground truth translation vectors as inputs. We normalize the
input images which is convenient for comparing the used pa-
rameters. In our experiments, we use 5 levels of resolution
with a constant scale factor of 2 from level to level. The
functional splitting parameter θ is set to 0.05. θ → 0 means
approaching the true TV-L1 model and thus better accounting
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 4: Depth maps. Top row: ground truth depth maps. Bottom row: recovered depth maps with the depth from motion
algorithm using ground truth ego-motion. Columns from left to right: movement in x, y, z and x+y+z direction respectively.
MSEs of estimated depth d(r) are: e) 3.3, f) 2.8, g) 4.2 and h) 6.4. MSEs of the estimated depth map Z(r) are: e) 4.5 ·10−4,
f) 2.7 ·10−4, g) 3.1 ·10−4 and h) 3 ·10−4.

for discontinuities in the image which in general is very wel-
come for depth map reconstruction. However, the smaller θ

is set, the more iterations are needed for satisfying conver-
gence. Setting θ = 0.05 proofs to be a good choice that does
not require too much iterations while providing an accept-
able recovery of edges in most cases. We find empirically
that the regularization parameter λ should be set such that
the product λθ lies between 1 and 10 percent of the gray-
level range of the input images. We use λ = 0.5. Increas-
ing or decreasing λ too much results respectively in over or
under-regularization and thus in very inaccurate depth maps.

Two successive images of an input sequence for move-
ment in distinct x and z direction are shown in Figure 3.
Ground truth as well as the recovered depth maps are shown
in Figure 4.

The complete joint ego-motion and depth from motion
estimation algorithm is evaluated on the same synthetic se-

Transl. true t mean(t) std(t)
x (1,0,0) ( 0.97,-0.02, 0.16) (0.03, 0.03, 0.18)
y (0,1,0) (-0.02, 0.84, 0.43) (0.02, 0.08, 0.35)
z (0,0,1) (-0.03, 0.06, 0.99) (0.01, 0.01, 0.00)
x+z (1,0,1) ( 0.88, 0.13, 1.09) (0.09, 0.02, 0.08)
y+z (0,1,1) (-0.19, 1.26, 0.38) (0.15, 0.09, 0.47)
x+y+z (1,1,1) ( 0.39, 1.38, 0.84) (0.13, 0.16, 0.45)

Table 1: Ego-motion estimation using nonlinear-least
squares. We use a Levenberg-Marquardt solver with initial
search point t0 = (0,0,0).

quences as above. In Figure 5 ground truth and recovered
depth maps are shown for the complete joint algorithm.

Errors in the ego-motion estimation might be high. This
is primarily due to using a zero-translation vector as start-
ing point which results in a flat depth map at coarse reso-
lution. The motion parameters estimation at coarse resolu-
tion is therefore almost fully constrained by the input images
only. As long as the coarse input images carry enough trans-
lational information, this will result in a reasonable motion
estimation. But it will result in quite large errors if this is not
the case.

Our framework only uses simple, spatially well localized
operations. Consequently, it is well adapted to implementa-
tion on a parallel architecture such as the graphics processing
unit. Our algorithm only needs to process two input frames
in order to compute a depth map. Thus, it is well adapted for
real-time performance. Our current prototype GPGPU im-
plementation runs on a ATI Mobility Radeon HD 3650 GPU.
It reaches a performance of 5 frames per second.

7. CONCLUSION AND FUTURE WORK

This paper presented a variational framework for dense depth
map recovery given two successive frames obtained by a
moving camera with a planar image sensor. We showed re-
sults obtained for different kinds of camera movement which
are very promising given the difficulty of the subject. Since
our framework is highly parallelizable and only needs two
successive images as input to compute a depth map, our
GPGPU implementation reaches a performance of 5 frames
per second.
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Figure 5: Depth maps. Top row: ground truth depth maps. Bottom row: recovered depth maps with the joint ego-motion and
depth estimation algorithm. 1st and 2nd column: movement in x direction. 3rd and 4th column: movement in z direction.
MSEs of the estimated depth d(r): e) 3.9 , f) 7.4 , g) 6.6 and h) 6.1. MSEs of the estimated depth map Z(r): e) 6.2 ·10−4, f)
10.1 ·10−4, g) 4.1 ·10−4 and h) 3.9 ·10−4.

Our framework works well for camera translation while
we find that it is not simple to include camera rotation. This
is mainly due to the limits of planar imaging, i.e. that the op-
tical flow pattern for a small rotation is hardly distinguishable
from the one issued by sensor-parallel translation. However,
the camera rotation can be accurately recovered by external
sensors like accelerometers which are more and more present
in mobile devices.

The theoretical limits of scene depth recovery with our
projection model tell us that we cannot equally well recover
depth for close and far objects. However, there exist different
approaches to bypass this limit, e.g. depth map fusion, voting
or surface models. As future work, we will include such a
method in our framework for a refined depth maps recovery
and for a consistent 3D reconstruction of the scene.
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ABSTRACT
In this work, we propose a no reference color image qual-
ity assessment metric. The proposed metric makes use of
a wavelet-based multiscale structure tensor [1] as an ex-
tension of the single-scale structure tensor proposed by Di
Zenzo [15]. The multiscale structure tensor allows for accu-
mulating multiscale gradient information of local regions of
the color image. Thus, averaging properties are maintained
while preserving edge structure. This structure tensor is ca-
pable of identifying edges in spite of the presence of noise.
Once edges are identified, we define a sharpness metric based
on the eigenvalues of the multiscale structure tensor. Par-
ticularly, we show that the difference of the eigenvalues of
the multiscale structure tensor can be used to measure the
sharpness of color edges. Based on this fact we formulate
our no reference sharpness metric for color images. Exper-
iments performed on LIVE database indicate that the objec-
tive scores obtained by the proposed metric agree well with
the subjective assessment scores.

1. INTRODUCTION

Recently, there has been an increasing need to develop qual-
ity measurement techniques that can predict perceived im-
age/video quality automatically. These methods are useful in
various image/video processing applications, such as com-
pression, communication, printing, display, analysis, reg-
istration, restoration, and enhancement. For example, a
noise metric can be used to estimate the quantization er-
ror caused by compression without accessing the original
pictures, while a sharpness metric can be used as a control
parameter for sharpness enhancement algorithms applied to
digital imagery; a sharpness metric can also be used to esti-
mate the blur caused by image compression algorithms.
Subjectively, to have a look is probably the best way to eval-
uate image quality, because human beings, e.g., end users,
should make ultimate assessment on the performance of al-
gorithms on digital images. However, subjective methods
normally take/cost much time/resources as end users have to
be highly involved, i.e., these methods cannot be routinely
performed as there could even be a difference in assessment
between different (groups of) end users. So, effective and ef-
ficient subjective IQA metrics are desirable but too hard to
develop in real time systems. Therefore, objective IQA is
more demanding.
Depending on whether or not the original image is used or on
how much information from the original image is used, ob-
jective IQA can be classified into three types: full-reference

This work was supported by the French National Research Agency
(ANR) under the QuIAVU project.

(FR), no-reference (NR), and reduced-reference (RR) met-
rics.
FR metrics need full information of the original images and
demand ideal images as references which can be hardly
achieved in practice for some applications (such as broad-
casting...). The traditional methods of FR (such as peak
signal-to-noise-ratio PSNR) are based on pixel-wise error
and have not always been in agreement with perceived qual-
ity measurement.
On the other hand, RR metrics make use of a part of the in-
formation from the original images in order to evaluate the
visual perception quality of the distorted ones. Particularly,
the metric is not relative to a reference image, but rather an
absolute value is computed based on some characteristics of
the given image.
NR metrics aim to evaluate distorted images without any cue
from their original ones. Quality assessment without a ref-
erence is a challenging task; distinction between image fea-
tures and impairments is often ambiguous.
Of particular interest of this work is the noise resilient
wavelet-based no reference (NR) objective sharpness met-
ric for color and multispectral images. For that we used a
wavelet-based multiscale multispectral tensor [1] to detect
the edges of multispectral images. This structure tensor is
capable of detecting edges in spite of the presence of noise.
Then, based on the eigenvalues of this structure tensor, we
propose a NR sharpness metric.
The rest of the paper is organized as follows: section 2 is a
state-of-the-art of the previous work. In section 3 a review
of the multiscale structure tensor is given. In section 4 we
present our NR metric. The last two sections summarize the
experimental results, the conclusions and directions for fu-
ture work.

2. STATE OF THE ART

This section presents an overview of the NR sharpness met-
rics existing in the literature. The easiest way to assess the
quality of an image from edge information is to use the vari-
ance [6]. This method is based on the fact that, when an
image is blurred, the transitions between the graylevels de-
crease. As a result the variance decreases. The problem of
this method is that fine textures and edges in between small
varying regions are regarded as blurred or smoothed edges.
Another simple technique is to use the image histogram [8].
The histogram method consists of fixing a threshold which
is usually the mean of the image, then, the metric is defined
as a weighted sum of the histogram bins which are above
the threshold. A sharp image contains a high number of bins
above the threshold and thus, increases the metric. The prob-
lem of this metric is that the selection of a good threshold
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may not be obvious. Another histogram-based method has
been proposed by Chern et al. in [5]. Chern et al. who
defined their metric on the entropy computed from the his-
togram. The idea is that the entropy increases when the prob-
ability of occurrence of a gray level decreases and vice versa.
Sharp images contain a larger number of gray levels, thus a
lower probability and higher entropy.
An autocorrelation metric was proposed by Batten in [2].
Batten proposed to compute the difference between the au-
tocorrelation values at two different distances along the hor-
izontal and vertical directions. If the image is smoothed or
blurred, the correlation between the neighboring pixels in-
creases and the correlation increases. As a result, the sum of
the difference metric decreases.
Other NR metrics use differential methods such as the gradi-
ent and the laplacian [3] to assess the sharpness of an image.
While these methods have a high accuracy, they are very sen-
sitive to noise.
Some other perceptual metrics such as the one proposed in
[11] predict the sharpness of an image from the width of
edges. In these metrics, an edge detection technique is first
applied, then, the start and end positions of each edge are de-
termined as well as the locations of the local maxima near
the edges. Thereafter, sharpness measure is defined by the
edge width.
Another statistic-based sharpness measure is the well known
kurtosis measure [16] [4]. The kurtosis is a statistical mea-
sure of the peakness and flatness of a distribution and is in-
versely proportional to the sharpness.
Recently, Ferzli et al. [7] proposed a NR sharpness met-
ric based on the notion of just noticeable blur (JNB). They
showed that the human visual system will mask the blurri-
ness around edges up to a certain threshold. They referred
to this threshold as the JNB which is obtained by performing
subjective tests. Then, they used a probability summation on
the JNB to construct their metric.
The above mentioned metrics do not deal with color images,
i.e. they do not take into account the multispectral aspect of
the geometry of a color image. Furthermore, they do not take
into account the noise factor. In fact, the presence of noise
may affect the performance of the sharpness metric. A so-
lution to this problem could be to denoise the image before
applying the metric. However, this may cause the degrada-
tion of edges and, therefore, the failure to predict the edge
sharpness.
In this work, we address the problem of evaluating the sharp-
ness of a color image with and without noise. For that, we
dused a multiscale multisctructure [1] tensor whose norm de-
fines the edges of color images. Then, we define our sharp-
ness metric based on the eigenvalues of this tensor.

3. REVIEW OF THE MULTISCALE
WAVELET-BASED STRUCTURE TENSOR

The multiscale edge representation described in [12] and [13]
is used to define the structure tensor. In this approach, x and
y−directional wavelets are given by the partial derivatives of
a separable, nonorthogonal scaling function θ(x,y) as fol-
lows:(
ψ1 (x,y) ,ψ2 (x,y)

)
=
(

∂θ

∂x (x,y) , ∂θ

∂y (x,y)
)

. The associ-
ated two-dimensional wavelet coefficients of an image I ∈

(a) Noisy Lenna Image (b) Norm of the Di Zenzo tensor

(c) Norm of the multiscale structure tensor ( j = 2)

Figure 1: Norms of the Di Zenzo structure tensor and the
multiscale structure tensor defined in (2)

L2
(
R2
)

at scale j are defined by:(
W 1

j (x,y)I
W 2

j (x,y)I

)
=
(

I ∗ψ1
j (x,y)

I ∗ψ2
j (x,y)

)
= ∇(I ∗θ j) (1)

Where ψ l
j (l = 1,2) and θ j represent the wavelet and the scal-

ing function at scale j, respectively, defined by: ψ l
j (x,y) =

ψ l
(
x
/

2 j,y
/

2 j
)/√

2 j and θ j (x,y) = θ
(
x
/

2 j,y
/

2 j
)/√

2 j.
This stipulates that the wavelet transform of an image
consists of the components of the gradient of the image,
smoothed by the dilated smoothing function θ j.
The direction of the gradient vector at a point (x0,y0) indi-
cates the direction along which the image I has the steepest
slope. Therefore, a point (x0,y0) is regarded as an edge point
at scale j if the magnitude of the wavelet coefficient attains a
local maximum along the gradient direction.
Based on this theory of singularity detection, a multiscale
multistructure diffusion tensor can be constructed for an m-
band image I (x): R2 → Rm with components for Ii (x) :
R2 → R for i = 1,2,3, .....,m (m = 3 for color images) as
follows:

G j
w =


m
∑

i=1

(
W 1

n, j,i

)2 m
∑

i=1
W 1

n, j,iW
2
n, j,i

m
∑

i=1
W 1

n, j,iW
2
n, j,i

m
∑

i=1

(
W 2

n, j,i

)2

 (2)

Where W k
n, j,i is the undecimated wavelet coefficient com-

puted at scale j and position n for the image channel i.
The norm of G j

w is defined in terms of its eigenvalues,∥∥∥G j
w

∥∥∥ =
√

λ+−λ−, and it describes the total local deriva-
tive energy. Figure 1 shows the norms of the multistructure
tensor of Di Zenzo defined in [15] (Figure 1(b)) and the
norm of the multiscale multistructure tensor defined in (2)
(Figure 1(c)) of the noisy ’Lenna’ image.
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It is clear that the multiscale structure tensor provides a
better characterization of the image edges. We formulate in
the next section our NR sharpness metric for multispectral
images based on the eigenvalues analysis of the multiscale
structure tensor.

4. NO REFERENCE SHARPNESS METRIC

In this section, a noise-resilient sharpness metric for color
images is presented. The proposed metric is based on the
behavior of the eigenvalues of the wavelet-based structure
tensor described in the previous section.
Let λ

j
+ and λ

j
− be the largest and the smallest eigenvalues of

G j
w computed at a wavelet scale j.

λ
j
+ is none other the derivative energy in the most prominent

direction which is equal to the orientation in the image with
maximum color change, while λ

j
− describes the amount of

derivative energy perpendicular to the prominent local orien-
tation. The difference λ

j
+−λ

j
− describes the line energy, i.e.,

the derivative energy in the prominent orientation that is cor-
rected for by the energy contributed by noise λ

j
−.

As the scale j increases, λ
j
+ increases at the edge pixels while

λ
j
− decreases at noise pixels. Thus, the difference λ

j
+−λ

j
−

can be used to predict image sharpness. Therefore, we define
our sharpness metric as:

Score =
J

∑
j=1

M

∑
m=1

N

∑
n=1

λ
j
+ (m,n)−λ

j
− (m,n) (3)

where J is the largest wavelet scale (practically we set J = 3)
and, M and N are the height and width of the image respec-
tively.

5. EXPERIMENTAL RESULTS

A good sharpness metric is one which has a curve that
declines slowly or does not decay abruptly when there is
an increase in blurness. This ensures that the metric can
perform robustly under a larger degree of blurness. To test
the performance of our proposed metric we made use of the
image set shown in figure 2.

The images of figure 2 are blurred with a Gaussian
point spread function of different standard deviation σ

values before separately introducing with two most common
additive random noises, namely the zero-mean Gaussian
white noise and salt-and-pepper noise. For each type of
noise, two noise levels are introduced. For Gaussian white
noise, its variance, ν is set equal to 0.010 and 0.020 while
for salt-and-pepper noise, the noise density, d is set equal to
0.10 and 0.20, respectively. Examples of the noisy blurred
images are shown in figure 3 for the Lenna image.

The scores obtained for each image of figure 2 in the
presence of salt-and-pepper and Gaussian noises are shown
in figure 4. It is clear that the proposed metric is quasi robust
to different noise levels and types.

We also evaluate our wavelet-based sharpness metric us-
ing the LIVE database generated by [9], which presents the
most recent and comprehensive survey of the performance
of various image quality metrics available in the literature.

-a- -b- -c-

-d- -e-

Figure 2: Overview of the test material. a-Lena, b- Iris, c-
Lighthouse, d-Caster and e-Haifa.

-a- -b-

Figure 3: Blurred noisy Lenna image, a- Gaussian noise ν =
0.02, b- Salt and Peppers d = 0.2

-a- -b-

Figure 4: a- scores for the gaussian noise vs variance ν , b-
scores for the Salt and Peppers noise vs the density d
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-a- -b-

Figure 5: a- MOS vs scores obtained by our metric, b- MOS
vs scores obtained by the metric proposed in [7]

Table 1: Objective assessment scores
Model PCC SCC MAE OR

Ferzli et al. [7] 0.9477 0.9301 0.3428 0.3400
Our Metric 0.960 0.951 0.3 0.201

Particularly, we used the dataset from the LIVE database se-
lected by the authors of [7] for evaluation. This dataset con-
tains fifty images that were extracted from LIVE database.
These images were subjectively evaluated for sharpness as-
sessment. The sharpness mean opinion scores (MOS) as well
as the source code for the objective metric proposed in [7]
are downloaded from [10]. Figure 5 shows the MOS vs the
scores obtained by our metric as well as the scores obtained
by the metric proposed in [7].

Finally, we calculate the three measurements recom-
mended by VQEG [14] to test the consistency of our sharp-
ness metric and the subjective perception, namely, the Pear-
son correlation coefficients (PCC), the Spearman coefficient
correlation (SCC), the mean absolute prediction error (MAE)
and the outlier ratio (OR). The results are shown in table 1
for our metric and the metric proposed in [7]. From these
results, we can see that the PCC and the SCC coefficients are
high indicating that we can achieve a high accuracy with our
metric.

6. CONCLUSION

This paper presented a wavelet-based noise-resilient sharp-
ness metric for color images. First, a wavelet-based structure
tensor is defined whose eigenvalues are used to define the
metric. Experiment results showed that the proposed metric
is resilient to noise and has a strong correlation with human
judgment. The proposed metric can therefore eliminate the
need to denoise the image before assessing the quality. For
future work, we propose to conduct more extensive human
experiment on high dynamic range HDR images and com-
pare the consistency of our sharpness metric in evaluating
the quality of this type of images.
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ABSTRACT 
As a basic tool for deriving sparse representation of a color image 
from its atomic-decomposition with a redundant dictionary, this 
paper presents a new kind of shrinkage, viz. color shrinkage, which 
utilizes inter-channel color cross-correlations directly in the three 
primary color space. Among various schemes of color shrinkage, 
this paper particularly addresses the hard color-shrinkage, a natu-
ral extension of the classic hard-shrinkage, and shows the advan-
tages over the existing shrinkage approach where the classic hard-
shrinkage is applied after a non-redundant color transformation. 
Moreover, to mitigate defects of the existing shrinkage approach, 
this paper presents a new simple color-shrinkage scheme that ap-
plies the classic hard-shrinkage together with a redundant color 
transformation instead of a non-redundant color transformation. 
Furthermore, this paper applies our color-shrinkage schemes to 
color-image denoising in the tight-frame Haar wavelet transform 
domain, and experimentally demonstrates their superiority over the 
existing shrinkage approach. 

1. INTRODUCTION 
The sparse image-coding with a redundant dictionary, e.g. a frame, 
yields useful image-representation, by which efficient image resto-
ration such as image denoising and image deblurring is success-
fully achieved [1]. Moreover, recently, in the field of the neurosci-
ence, the working hypothesis that in a brain sensory signals are 
compactly represented by the sparse coding has rapidly been gain-
ing ground [2]. The classic shrinkage methods such as the hard 
shrinkage and the soft shrinkage are basic tools by which sparse 
representation of a scalar image is derived from redundant atomic-
decomposition of the image. Although the classic shrinkage meth-
ods are very simple, they efficiently yield desirable sparse-
representation of a scalar image. However, since for a vector-
valued image such as a primary color image, there are intensive 
inter-channel color cross-correlations, the classic shrinkage meth-
ods do not necessarily provide its desirable sparse-representation. 

As a basic tool with which desirable sparse-representation of a 
primary color image is produced, the authors have been devising a 
new kind of shrinkage, named color shrinkage, that utilizes inter-
channel color cross-correlations directly in the three primary color 
space [3], [4], [5]. This paper particularly addresses a new color- 
shrinkage scheme named hard color-shrinkage, which is a natural 
extension of the classic hard-shrinkage, and shows its superiority 
over the existing shrinkage approach that applies the classic hard-
shrinkage together with a non-redundant color transformation such 
as the opponent color transformation. Moreover, to remedy draw-
backs of the existing shrinkage approach, this paper presents a new 
simple color-shrinkage scheme that uses the classic hard-shrinkage 
together with a redundant color transformation instead of a non-
redundant color transformation. Furthermore, this paper applies our 
color-shrinkage schemes to color-image denoising in the tight-frame 

Haar wavelet transform domain, and experimentally demonstrates 
their superiority over the existing shrinkage approach. 

2. SPARSE CODING AND HARD SHRINKAGE 
Let di a dictionary atom with unit l2 norm defined in the N-
dimensional space RN, and let the total number M of the dictionary 
atoms much larger than N. A dictionary matrix D is defined by 
arranging the M dictionary atoms, d1, d2,···, dM, into a horizontally-
long matrix form. Let the dictionary matrix D a full-rank matrix, i.e. 
Rank (D) = N. On the above assumption, the problem of represent-
ing a scalar image x∈RN as a linear combination of the redundant 
dictionary atoms {di} is formulated as an under-determined linear 
simultaneous equation: 

.⋅ =D φ x                                              (1) 
Given x, its coefficient vector ϕ necessarily exists, but it is not 
uniquely determined. The best coefficient vector ϕopt should be 
selected from the linear manifold S (D, x) of solution vectors of the 
equation Dϕ = x. If the dictionary D is proper for representing 
meaningful image features, those features will be almost com-
pletely represented as a linear combination of a few dictionary 
atoms; whereas visually meaningless entities such as noise cannot 
be accurately represented with a few dictionary atoms. Therefore, 
the linear combination of the fewest dictionary atoms will give the 
most appropriate coefficient vector ϕopt, and the problem of seeking 
for this solution is referred to as the sparse image-coding problem, 
which is formulated as the well-known matching-pursuit (MP) 
optimization problem of minimizing the l0 norm of ϕ subject to Dϕ 
= x. However, in most cases, the image x is contaminated with 
noise, and we should make allowance for representation errors; the 
sparse image-coding problem is usually formulated as the MP ap-
proximation (MPA) problem [1]: 

2opt
2 0

: arg min , subject to .R= ⋅ − ≤
φ

φ D φ x φ           (2) 

The MPA problem of (2) is an NP-complete problem, is not a 
convex optimization problem, and hence is hard to solve. However, 
its sub-optimal solvers have been proposed. Among them, the al-
ternate-projection (AP) solver [6] is the most basic. The AP solver 
alternately iterates the two projections: 1) the orthogonal projection 
PS (D, x) (ϕ) of ϕ onto the linear manifold S (D, x), and 2) the projec-
tion PL0(R) (ϕ) of ϕ onto the l0 ball L0 (R): = {ϕ | ||ϕ||0≤R} with a 
radius R. The projection PL0(R) (ϕ) is easily computed by selecting, 
from among the M elements of ϕ, R elements with large magnitude 
in the magnitude-decreasing order and keeping them unchanged, 
and by annihilating the other elements to be null simultaneously. 
This amounts to applying the classic hard-shrinkage to the M ele-
ments of ϕ. Let {φ1, φ2, ···, φM } the sequence of M elements of ϕ 
lined up in the magnitude-decreasing order, a threshold parameter 
µ of the hard shrinkage will be determined as a value satisfying the 
inequality |φR+1| ≤ µ < |φR|, and thus the projection PL0(R) (ϕ) will 
amount to applying the hard shrinkage HT with the threshold pa-
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rameter µ to the M elements, ϕ1, ϕ2, ···, ϕM , of ϕ, as follows: 

( )
, ,

HT ; :
0 , .

i i
i

i

if

if

ϕ ϕ µ
ϕ µ

ϕ µ

⎧ >⎪= ⎨
≤⎪⎩

                 (3) 

However, the projection PL0(R) (ϕ) is not necessarily unique, be-
cause of the non-convexity of the l0 ball L0 (R). If |φR+1| = |φR|, then 
the projection will not be uniquely determined. 

3. FROM SHRINKAGE TO COLOR SHRINKAGE 
The classic shrinkage methods such as the hard shrinkage are de-
rived as a solution of the optimization problem: 

( ) ( ) 2ˆ : arg min F , F :
2

p
ox

x x x x x xλ⎧ ⎫= = + ⋅ −⎨ ⎬
⎩ ⎭

              (4) 

, 0 ; : Input , : Output .ox xλ >  
If the parameter p in (4) is set to p = 0, p = 1 and p = 2, then the 
optimal solution of (4) will be the hard shrinkage HT (x; (2/λ)1/2), 
the soft shrinkage ST (x; 1/λ) and the linear shrinkage LS (x; λ), 
respectively. The linear shrinkage LS (x; λ) is defined by 

( ) ( )LS ; : 2 ,x xλ λ λ= ⋅ +                                               (5) 
but it is not useful for the sparse coding of a scalar image. 

To utilize interdependence among the three primary color 
channels for the shrinkage, we introduce into (4) the lp norms of 
color differences and the lp norms of color sums among atomic-
decomposition coefficients of the three primary color signals, and 
thus we formulate the optimization problem [3], [4], [5]: 

( ) ( )Tˆ : min E , : , ,r g b= =
p

p p p                                                 (6) 

( )

( ) ( ) ( )2 2 2

E :

2 2 2

p p p p p

p p p p

R o G o B o

r g b r g r g

g b g b b r b r

r r g g b b

α β

α β α β

λ λ λ

= + + + ⋅ − + ⋅ +

+ ⋅ − + ⋅ + + ⋅ − + ⋅ +

+ ⋅ − + ⋅ − + ⋅ −

p

 

where po = (ro, go, bo)T is an input color vector and p = (r, g, b)T is 
an output color vector. The five parameters, α, β, and λp (p = R, G, 
B), are set to satisfy α ≥ 0, β ≥ 0, and λp > 0 (p = R, G, B). 

In (6), the l0 norms of the three components of p operate to 
suppress their irregular variations caused by additive noise. The l0 
norms of color differences such as r − g operate to preserve identi-
cally-varying variations in which the two color signals change in 
phase with each other; whereas the l0 norms of color sums such as r 
+ g operate to preserve oppositely-varying variations in which one 
color signal increases while the other color signal decreases [7]. 
For most of natural color images, the occurrence probability of the 
identically-varying variations is considered higher than that of the 
oppositely-varying variations, and hence the two parameters, α, β, 
are usually set so that the inequality α > β may be satisfied. The 
last three terms of l2 norms in (6) are the data-fidelity terms, and 
the three parameters, λR, λG, λB, are referred to as the shrinkage 
parameters. 

Three different color-shrinkage methods are derived as a solu-
tion of the optimization problem of (6) [3], [4], [5]. 
1) Hard color-shrinkage: It is natural extension of the hard shrinkage, 
and is an optimal solution in the case of p = 0. The hard color-
shrinkage is constructed as a non-iterative algorithm that computes 
the energy values of E for all of its finite feasible solutions and then 
chooses one feasible solution giving the minimum energy value. 
2) Soft color-shrinkage [3], [4]: It is natural extension of the soft 
shrinkage, and is an optimal solution in the case of p = 1. The soft 
color shrinkage is constructed as an iterative algorithm. 
3) Linear color-shrinkage [5]: It is natural extension of the linear 
shrinkage, and is an optimal solution in the case of p = 2. The linear 
color shrinkage is constructed as a solution of a linear simultaneous 

equation with three unknowns, r, g, b, but is not useful for the sparse 
coding of a color image. If the three shrinkage parameters are set 
equal to each other, i.e. λR = λG = λB, then the linear color-shrinkage 
will amount to applying the classic linear-shrinkage separately to 
each color component in the opponent color space. 

4. HARD COLOR-SHRINKAGE 
If the parameter p is set to 0 in (6), then the energy function E (p) 
will not be convex with respect to p and its optimal solution will not 
uniquely determined. However, one of its optimal solutions is easily 
sought in the manner described below. 

The energy function E (p) in (6) has the following nine plane 
crevices passing through the origin (0, 0, 0): 

{ 0, 0, 0, , , , , , }.r g b r g g b b r r g g b b r= = = = = = = − = − = −   (7) 
On the nine plane crevices, E (p) appears as different bi-variable 
quadratic polynomial functions. On each plane crevice, the opti-
mization problem of (6) can be converted into a two-variable op-
timization problem with the canonical form: 

( )
,

min G , ,
x y

x y                                                                         (8) 

( )
( ) ( )

0 0 0 0

2 2

G , :

2 2
; 0, 0, 0, 0, 0 ,

X o Y o

X Y

x y x y x y x y

x x y y

γ α β

λ λ
α β γ λ λ

′ ′ ′= + + − + +

+ − + −

′ ′ ′≥ ≥ > > >

 

where (xo, yo) are inputs and (x, y) are outputs. The five parame-
ters, α’, β’, γ’, λX, λY, are uniquely determined from the original 
five parameters α, β, λR, λG, λB. 

The energy function G (x, y) in (8) has the following four lin-
ear crevices passing through the origin (0, 0): 

{ 0, 0, , } .x y x y x y= = = = −                             (9) 
On the four linear crevices, the energy function G (x, y) appears as 
different single-variable quadratic polynomial functions. The ori-
gin (0, 0) is a singular point common to all the linear crevices. 
From these properties, we can enumerate all six feasible solutions 
of (8), as follows. 
0) Origin (0, 0): The origin is a feasible solution common to all 
the four linear crevices. 

1) Feasible solution in a 2-D region except the four linear crev-
ices: This corresponds to the case of {x ≠ 0, y ≠ 0, x ≠ y, x ≠ −y}. 
In this case, the energy function G (x, y) has its minimum at (x, y) 
= (xo, yo), and its feasible solution is (xo, yo). 

2) Feasible solution, except the origin (0, 0), on the linear crevice 
x = 0: This corresponds to the case of {x = 0, y ≠ 0}, and its fea-
sible solution is (0, yo). 

3) Feasible solution, except the origin (0, 0), on the linear crevice 
y = 0: This corresponds to the case of {x ≠ 0, y = 0}, and its fea-
sible solution is (xo, 0). 

4) Feasible solution, except the origin (0, 0), on the linear crevice 
x = y: This corresponds to the case of {x = y = t, t ≠ 0}. In this 
case, the energy function G (t, t) has its minimum at 

( ) ( )4 : ,X o Y o X Yt s x yλ λ λ λ= = + +                    (10) 
and its feasible solution is (s4, s4). 

5) Feasible solution, except the origin (0, 0), on the linear crevice 
x = −y: This corresponds to the case of {x = −y = t, t ≠ 0}. In this 
case, the energy function G (t, −t) has its minimum at 

( ) ( )5 : ,X o Y o X Yt s x yλ λ λ λ= = − +                    (11) 
and its feasible solution is (s5, −s5). 

Each feasible solution of (8) occupies its territory in the 2-D 
space of the two input variables, xo, yo. In Fig. 1, in the two cases of 
typical setting of the five parameters, α’, β’, γ’, λX, λY, in (8), we 
show the territories of the six feasible solutions: {(0, 0), (xo, yo), (0, 
yo), (xo, 0), (s4, s4), (s5, −s5)}. Figure 1(a) corresponds to the case of 
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{α’ = 0, β’ = 0, γ’ = 1}, in which inter-variable cross-correlations 
are not utilized, and hence only the four feasible solutions, {(0, 0), 
(xo, yo), (0, yo), (xo, 0)}, have their territories in the 2-D space, and 
the territories coincide with those of the classic hard-shrinkage, i.e. 
in this parameter setting the hard color-shrinkage amounts to the 
classic hard-shrinkage. Figure 1(b) corresponds to the case of {α’ = 
5, β’ = 1, γ’ = 1}, where inter-variable cross-correlations are utilized, 
and the territories of the six feasible solutions have their respective 
complex shapes, especially near the origin (0, 0), and their shapes 
depend on the setting of the five parameters, α’, β’, γ’, λX, λY. 

On each plane crevice of E (p) in (6), there exists six feasible 
solutions, but a certain feasible solution may coincide with other 
feasible solutions. There necessarily exists a straight line common 
to two different plane crevices, the line coincides with one of the 
linear crevices, and on the linear crevice there necessarily exists 
feasible solutions common to the two plane crevices. In addition, 
the origin (0, 0, 0) is a feasible solution common to all the nine 
plane crevices. Listing all feasible solutions without duplication, 
we have 24 feasible solutions in all, and we denote them by {c (k): 
= (r (k), g (k), b (k)); k = 0, ···, 23}. Table 1 shows all the feasible 
solutions. When we exclude the three l0-norm terms of color sums 
from E (p) in (6) by setting β to 0, its feasible solutions is limited 
to the subset composed of fifteen feasible solutions, viz. {c (k) ; k = 
0,···, 8, and k = 12,···, 17}. 

The shape of the territory occupied by each feasible solution 
is complex, and depends on the setting of the five parameters. 
Hence, a computational algorithm of seeking for the optimal solu-
tion is not constructed as a series of simple-thresholding opera-
tions. Instead, the hard color-shrinkage is constructed as the fol-
lowing computational algorithm. 
[Computational Algorithm of the Hard Color-Shrinkage] 
1) For each feasible solution c (k), firstly we compute its energy 
value E (k): = E (c (k)). 

2) As the optimal solution, we select a feasible solution giving the 
minimum energy value from among the 24 feasible solutions: 

( )

( )

{ | 0,1, ,23}
ˆ : arg min E( ) .

k

k

k =
=

c
p c                                     (12) 

3) If there are plural feasible solutions giving the minimum energy 
value, from among them we will select one feasible solution with 
the fewest nonzero components. This rule is proper for the sparse 
representation of color images.                    [End of the Algorithm] 

5. HARD SHRINKAGE IN THE ORTHOGONAL 
OPPONENT COLOR SPACE 

The classic approach to the utilization of inter-channel color cross-
correlations for the shrinkage of atomic-decomposition coefficients 
of a color image is to apply the classic shrinkage such as the hard 
shrinkage after the non-redundant color transformation of the 
atomic-decomposition coefficients. As the non-redundant color 
transformation, this paper takes up the well-known opponent color 
transformation, which is a kind of orthogonal color transformation. 
The orthogonal opponent color transformation is defined by 

1

2

3

1 1 1
1 0 1
1 2 1

o r
o g
o b

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟= − ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟ ⎜ ⎟−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

                                     (13) 

Similarly in the case of the hard color-shrinkage, we can easily enu-
merate all feasible solutions of the classic hard-shrinkage in the 
orthogonal opponent color space, in the following manner. By 
firstly applying the hard shrinkage separately to the three compo-
nents of the orthogonal opponent color vector o = (o1, o2, o3)T and 
then transforming the shrunken color vector into the three primary 
color vector, all feasible solutions in the RGB primary color space 
are enumerated. The hard shrinkage in the orthogonal opponent 

color space has its eight feasible solutions, {d (k): = (r (k), g (k), b (k)); k 
= 0, ···, 7}, which are shown in Table 2. 
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Figure 1 – Territories of the six feasible solutions, (0, 0), (xo, yo), (0, 
yo), (xo, 0), (s4, s4), (s5, −s5), of the canonical two-variable 
optimization problem of (9). 

 
Table 1 – 24 feasible solutions {c (k): = (r (k), g (k), b (k)); k = 0, 1, ···, 

23} of the hard color-shrinkage. 
( ) ( ) ( ) ( )0 10, 0, 0 ; , ,o o or g b= =c c

( ) ( ) ( ) ( ) ( ) ( )2 3 4, , 0 ; 0, , ; , 0,o o o o o or g g b r b= = =c c c
( ) ( ) ( ) ( ) ( ) ( )5 6 7, 0, 0 ; 0, , 0 ; 0, 0,o o or g b= = =c c c

( ) ( ) ( ) ( )8
8 8 8 8, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= = + + + +c

( ) ( ) ( ) ( )9
9 9 9 9, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − − + +c

( ) ( ) ( ) ( )10
10 10 10 10, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − + − + +c

( ) ( ) ( ) ( )11
11 11 11 11, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − − + + +c

( ) ( ) ( ) ( ) ( ) ( )12 13
12 12 12 12 12, , 0 ; , , ,o R o G o R Gt t t t b t r gλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )14 15
14 14 14 14 140, , ; , , ,o G o B o G Bt t r t t t g bλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )16 17
16 16 16 16 16, 0, ; , , ,o B o R o B Rt t t g t t b rλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )18 19
18 18 18 18 18, , 0 ; , , ;o R o G o R Gt t t t b t r gλ λ λ λ= − = − = − +c c

( ) ( ) ( ) ( ) ( ) ( )20 21
20 20 20 20 200, , ; , , ;o G o B o G Bt t r t t t g bλ λ λ λ= − = − = − +c c

( ) ( ) ( ) ( ) ( ) ( )22 23
22 22 22 22 22, 0, ; , , ;o B o R o B Rt t t g t t b rλ λ λ λ= − = − = − +c c

( ) ( ) ( ) ( )0 10, 0, 0 ; , ,o o or g b= =c c
( ) ( ) ( ) ( ) ( ) ( )2 3 4, , 0 ; 0, , ; , 0,o o o o o or g g b r b= = =c c c
( ) ( ) ( ) ( ) ( ) ( )5 6 7, 0, 0 ; 0, , 0 ; 0, 0,o o or g b= = =c c c

( ) ( ) ( ) ( )8
8 8 8 8, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= = + + + +c

( ) ( ) ( ) ( )9
9 9 9 9, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − − + +c

( ) ( ) ( ) ( )10
10 10 10 10, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − + − + +c

( ) ( ) ( ) ( )11
11 11 11 11, , , R o G o B o R G Bt t t t r g bλ λ λ λ λ λ= − − = − − + + +c

( ) ( ) ( ) ( ) ( ) ( )12 13
12 12 12 12 12, , 0 ; , , ,o R o G o R Gt t t t b t r gλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )14 15
14 14 14 14 140, , ; , , ,o G o B o G Bt t r t t t g bλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )16 17
16 16 16 16 16, 0, ; , , ,o B o R o B Rt t t g t t b rλ λ λ λ= = = + +c c

( ) ( ) ( ) ( ) ( ) ( )18 19
18 18 18 18 18, , 0 ; , , ;o R o G o R Gt t t t b t r gλ λ λ λ= − = − = − +c c

( ) ( ) ( ) ( ) ( ) ( )20 21
20 20 20 20 200, , ; , , ;o G o B o G Bt t r t t t g bλ λ λ λ= − = − = − +c c

( ) ( ) ( ) ( ) ( ) ( )22 23
22 22 22 22 22, 0, ; , , ;o B o R o B Rt t t g t t b rλ λ λ λ= − = − = − +c c

 
 

In comparison with the feasible-solution set {c (k)} of the hard 
color-shrinkage, the feasible-solution set {d (k)} in Table 2 lacks 
symmetry and balance in its structure. As shown in Table 1, the 
feasible-solution set {c (k)} has the three feasible solutions that ren-
der one output primary color value equal with its corresponding 
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input color value and simultaneously force the other two output 
primary color values to be equal with each other. On the other hand, 
as shown in Table 2, the feasible-solution set {d (k)} has only one 
feasible solution having such a property. If the hard shrinkage in the 
orthogonal opponent color space is applied to color-image denoising, 
false color artifacts will be caused by this asymmetry and imbalance. 
 
Table 2 – Eight feasible solutions {d (k): = (r (k), g (k), b (k)); k = 0, 1, ···, 

7} of the hard shrinkage in the orthogonal opponent color space. 
( ) ( ) ( ) ( )0 10, 0, 0 ; , ,o o or g b= =d d

( ) ( ) ( )2 , , , 3o o ot t t t r g b= = + +d

( )3 2 2 2, ,
3 3 3

o o o o o o o o or g b r g b r g b− − − + − − − +⎛ ⎞= ⎜ ⎟
⎝ ⎠

d

( )4 , ,
2 2

o o o o
o

r b r bg+ +⎛ ⎞= ⎜ ⎟
⎝ ⎠

d

( )6 5 2 2 5, ,
6 3 6

o o o o o o o o or g b r g b r g b+ − + + − + +⎛ ⎞= ⎜ ⎟
⎝ ⎠

d

( )7 2 2 2, ,
6 3 6

o o o o o o o o or g b r g b r g b− + − + − − +⎛ ⎞= ⎜ ⎟
⎝ ⎠

d

( )5 , 0 ,
2 2

o o o or b r b− − +⎛ ⎞= ⎜ ⎟
⎝ ⎠

d

 
 

6. HARD SHRINKAGE IN THE REDUNDANT 
COLOR SPACE 

To remedy the asymmetry and the imbalance of the feasible-
solution set of the hard shrinkage in the orthogonal opponent color 
space, this paper introduces a new color-shrinkage approach with 
redundant color transformation. By modifying the orthogonal oppo-
nent color transformation of (13), this paper constructs new redun-
dant color transformation with symmetry about the three primary 
colors, (r, g, b), which is defined by 

1

2

3

4

1 1 1
1 1 0
0 1 1
1 0 1

q
r

q
g

q
b

q

⎛ ⎞ ⎛ ⎞
⎛ ⎞⎜ ⎟ ⎜ ⎟− ⎜ ⎟⎜ ⎟ ⎜ ⎟= ⋅ ⎜ ⎟⎜ ⎟ ⎜ ⎟− ⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎝ ⎠⎜ ⎟ −⎝ ⎠⎝ ⎠

                                   (14) 

Its left inverse color transformation, i.e. the least squares generalized 
inverse transformation, is given by 

1

2

3

4

1 1 0 1
1 1 1 1 0
3

1 0 1 1

q
r

q
g

q
b

q

⎛ ⎞
−⎛ ⎞ ⎛ ⎞ ⎜ ⎟

⎜ ⎟ ⎜ ⎟ ⎜ ⎟= ⋅ − ⋅⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟− ⎜ ⎟⎝ ⎠ ⎝ ⎠ ⎜ ⎟
⎝ ⎠

                        (15) 

Similarly in the case of the hard shrinkage with the orthogonal op-
ponent color transformation, we can easily enumerate all feasible 
solutions of the new color-shrinkage approach that apply the hard-
shrinkage separately to the four redundant components of the color 
vector q = (q1, q2, q3, q4)T. The hard shrinkage in the redundant 
color space of q has sixteen feasible solutions, {e (k): = (r (k), g (k), b 

(k)); k = 0, ···, 15}, which are shown in Table 3. 
As shown in Table 3, the feasible-solution set {e (k)} is sym-

metric and well-balanced, but in trade-off between symmetry and 
compactness the feasible-solution set {e (k)} may be somewhat infe-
rior to the feasible-solution set {c (k)} of our hard color-shrinkage. 
The hard shrinkage in the redundant color space is expected to 
achieve shrinkage performance intermediate between our hard 
color-shrinkage and the existing hard-shrinkage approach with the 
orthogonal opponent color transformation. 
 

Table 3 – Sixteen feasible solutions {e (k): = (r (k), g (k), b (k)); k = 0, 1, 
···, 15} of the hard shrinkage in the redundant color space. 

( ) ( ) ( ) ( )0 10, 0, 0 ; , ,o o or g b= =e e

( ) ( ) ( )2
1 1 1 1, , , 3o o ot t t t r g b= = + +e

( )3 2 2 2, ,
3 3 3

o o o o o o o o or g b r g b r g b− − − + − − − +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )4 2 2, ,
3 3 3

o o o o o o or b g b r g b+ + + +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )5 2 2, ,
3 3 3

o o o o o o or g b r g r b+ + + +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )6 2 2, ,
3 3 3

o o o o o o or g r g b g b+ + + +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )7 2 2, ,
3 3

o o o o
o

r g r g b+ +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e ( )8 2 2, ,
3 3

o o o o
o

g b g br + +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )9 2 2, ,
3 3

o o o o
o

r b r bg+ +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )10 , , 0
3 3

o o o or g g r− −⎛ ⎞= ⎜ ⎟
⎝ ⎠

e ( )11 0, ,
3 3

o o o og b b g− −⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )12 , 0,
3 3

o o o or b b r− −⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )13 2, ,
3 3 3

o o o o o o or b g b r g b− − − − +⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )14 2 , ,
3 3 3

o o o o o o or g b g r b r− − − −⎛ ⎞= ⎜ ⎟
⎝ ⎠

e

( )15 2, ,
3 3 3

o o o o o o or g r g b b g− − + − −⎛ ⎞= ⎜ ⎟
⎝ ⎠

e
 

 

7. APPLICATION TO COLOR IMAGE 
DENOISING 

To remove signal-dependent noise of a color image taken with a 
certain digital color camera with ISO 1600 sensitivity, the hard 
color-shrinkage and the hard shrinkage with the redundant color 
transformation are applied to wavelet coefficients of the three pri-
mary color channels. From a standpoint of a balance of simplicity 
and efficiency, as the wavelet transform, this paper adopts the tight-
frame Haar wavelet transform with five multi-resolution layers. In a 
digital color camera, the variance of signal-dependent noise not only 
depends on signal intensity, but also differs among the three primary 
color channels. The signal-dependent noise is well modelled as the 
following additive noise model [8]: 

( ), , , , ,= + = + ⋅ =o p p p p p p gF S N S w S N p R G B                   (16) 

       Fo,p: Noisy observation, Sp: Signal, Np: Signal-dependent noise, 
       Ng: Gaussian noise with zero mean and unit variance, 
       wp: Standard deviation of the noise Np. 
The function wp defines noise’s signal-dependency and determines 
the standard deviation of noise; it can be measured in advance and 
utilized for color-image denoising. 

In the hard color-shrinkage at each pixel location the three 
shrinkage parameters, λR, λG, λB, are set so that their values may be 
inversely proportional to the noise variance: 

( ) ( )2
,1/ , , , ,p p nk k p R G Bλ σ∝ =                                   (17) 

σp,n(k): Standard deviation of noise at a pixel k for the color p. 
According to the signal-dependent noise model of (16), σp,n(k) is 
given by wp(Sp), but the true noise-free color signal Sp is unknown. 
To cope with this difficulty, instead of Sp we use scaling coefficients 
of the noisy input color channels. 

The denoising simulations are conducted on noisy test color 
images, which are produced by adding artificial signal-dependent 
noise equivalent to ISO 1600 sensitivity to the KODAK standard 
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color images. Table 4 compares PSNR’s [dB] of denoised color 
images for the color-image set of Fig. 2, among the five different 
denoising methods: the wavelet denoising with our proposed hard 
color shrinkage (HCS), the wavelet denoising with our proposed 
color-shrinkage approach described in Sec. 6 (HS-RCT), the wave-
let denoising with the hard shrinkage in the orthogonal opponent 
color space (HS-OCT), the non-local means method (NLM) [9], and 
the 3D transform domain collaborative filtering method (CF) [10]. 
The HS-RCT and the HS-OCT utilize the noise’s signal-dependency 
for denoising in the similar way to the HCS. Our proposed HCS 
achieves the highest PSNR’s, and second to it our proposed HS-
RCT shows the highest PSNR’s. 

Figure 3 shows portions of denoised color images given by the 
HCS, the HS-RCT and the HS-OCT. The HS-OCT produces false 
color artifacts as a side effect in the image regions of yellow flowers 
and bluish metal parts; whereas our proposed methods, the HCS and 
the HS-RCT, do not produce such false color artifacts, so that they 
preserve original colors in those image regions more successfully. 

8. CONCLUSIONS 
As a basic tool for the sparse coding of a color image, we present 
new hard color-shrinkage that utilizes inter-channel color cross-
correlations directly in the primary color space. Moreover, to sup-
press a false color artifact of the existing shrinkage approach, this 
paper presents a new simple color-shrinkage approach that applies 
the classic hard-shrinkage together with a redundant color trans-
formation instead of a usual non-redundant color transformation. 
This paper applies our two different color-shrinkage schemes to 
color-image denoising in the tight-frame Haar wavelet transform 
domain, and experimentally demonstrates that our color-shrinkage 
schemes suppress false color artifacts more successfully than the 
existing shrinkage approach. 
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Figure 2 – Set of the original noise-free color images: from the left 

to the right, No.1, No.2, No.3 and No.4. 
 

Table 4 – Peak SNR’s [dB] of denoised images. 
Image No.1 Image No.2 Image No.3 Image No.4

Noisy test color
image 21.38 21.08 21.36 21.15

Our new approach:
(HCS) 29.20 33.63 31.98 30.56

Our new approach
(HS-RCT) 28.97 33.35 31.47 30.31

Existing approach
HS-OCT 28.95 33.29 31.34 30.25

NLM [9] 27.14 31.91 30.56 29.37
CF [10] 26.92 32.42 31.08 29.16  

 

   
(a) Original noise-free image 

   
(b) Noisy test color image 

   
(c) Our proposed HCS 

   
(d) Our proposed HS-RCT 

   
(e) Existing HS-OCT 

Figure 3 – Portions of denoised color images. 
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ABSTRACT 

This paper concerns the study of the Cramér-Rao type lower 
bounds for relative sensor registration (or grid-locking) 
problem. The theoretical performance bound is of funda-
mental importance both for algorithm performance assess-
ment and for prediction of the best achievable performance 
given sensor locations, sensor number, and accuracy of sen-
sor measurements. First, a general description of the rela-
tive grid-locking problem is given. Afterwards, the meas-
urement model is analyzed. In particular, the nonlinearity of 
the measurement model and all the biases (attitude biases, 
measurement biases, and position biases) are taken into 
account. Finally, the Cramér-Rao lower bound (CRLB) is 
discussed and two different types of CRLB, the Hybrid 
CRLB (HCRLB) and the Modified CRLB (MCRLB), are 
calculated. Theoretical and simulated results are shown. 

1. INTRODUCTION 

An important prerequisite for successful multisensor integra-
tion is that the data from the reporting sensors are trans-
formed to a common reference frame free of systematic or 
registration bias errors ([1], [2]). If not properly corrected, 
the registration errors can seriously degrade the global sur-
veillance system performance by increasing tracking errors 
and even introducing ghost tracks. A first, basic distinction 
can be made between relative grid-locking and absolute 
grid-locking. The relative grid-locking process aligns remote 
data to local data making the assumption that the local data 
are bias free and that all biases reside with the remote sen-
sor. The problem is that, actually, also the local sensor is 
affected by biases that cannot be corrected with this ap-
proach. The absolute grid-locking process assumes that all 
the sensors in the scenario are affected by errors that must be 
removed. One source of registration errors is sensor calibra-
tion (or offset) errors, also called measurement errors. Al-
though the sensors are usually calibrated in an initial calibra-
tion procedure, the calibration may deteriorate over time. 
There are three measurement errors, one for each component 
of the measurement vector, i.e. range, azimuth, and eleva-
tion. Another kind of registration errors are attitude, or ori-
entation errors. Attitude errors can be caused by bias errors 
in the gyros in the inertial measurement unit (IMU) of the 

sensor. There are three possible attitude errors, one for each 
body-fixed rotation axis. The last source of registration er-
rors is represented by the location (or position) errors caused 
by bias errors in the navigation system associated with the 
sensors. There are three kinds of location errors, one for 
each component of the location vector defined in a three-
dimensional coordinate system.  
Various algorithms for sensor bias estimation have been 
proposed in the literature both for relative and absolute grid-
locking process. In [3], both sensors are considered biased 
(i.e. affected by bias errors), but only the measurement er-
rors in range and azimuth are taken into account; i.e. a 2-D 
scenario is considered and the elevation is neglected. A lin-
earized measurement model is assumed and the CRLB is 
evaluated under this ideal assumption. In [4] both sensors 
are considered biased, but only two attitudes bias errors and 
two location bias errors are taken into account. A 2-D sce-
nario is considered and the CRLB is not provided. In [5], 
two 3-D radars are considered. The location errors are ne-
glected and a linearized measurement model is assumed. 
Also in this case, the CRLB is not provided. Finally, in [1] 
and [6], both sensors are considered biased and both the flat 
model and the ellipsoidal model for the Earth are consid-
ered. However, only the measurement bias errors are taken 
into account and the CRLB is evaluated under a linearized 
measurement model.  
In this paper we derive two theoretical Cramér-Rao–like 
lower bounds, the Hybrid and the Modified CRLBs for rela-
tive grid-locking process. Unlike [3] and [6], no hypothesis 
of linearity of the model is made and all possible bias errors 
are taken into account. In our formulation, we need only the 
following assumptions: (1) one of the two radars is assumed 
as unbiased (relative grid-locking), i.e. free of registration 
errors; (2) the registration biases are time invariant during 
the observation interval; (3) K synchronous pairs of meas-
ures coming from a common target are available; (4) the 
Earth model is the flat model.  
Section 2 provides a description of all the geometrical pa-
rameters involved in the relative grid-locking process. The 
measurement models for the measures coming from the two 
radars are discussed in Section 3. A brief overview on the 
CRLB is given in Section 4, where we also evaluate the 
HCRLB and the MCRLB. In Section 5 some numerical re-
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sults are shown and discussed. Finally, the conclusions are 
collected in Section 6. 

2. DESCRIPTION OF SCENARIO 

The geometry of the scenario is shown in Fig. 1. The main 
parameters are: 

  1 1 1
, ,S S Sx y z : radar #1 reference system. Radar #1 is 

assumed to be ideal, then its reference system coincides 
with the absolute one. 

  2 2 2
, ,S S Sx y z : radar #2 reference system. 

 OPk: true target position vector in the absolute reference 
system. 

 OS2: true position vector of radar #2 in the absolute ref-
erence system. 

 S2P
k: true target position vector in radar #2 reference 

system. 
From the geometry of the problem (Fig. 1), the following 
relation holds: 

   2 2, ,k k    OP R S P OS , (1) 

where k is the time index, R is the rotation matrix of angles χ, 
ψ and ξ that aligns the radar #2 reference frame to radar #1 
reference frame. The angles χ, ψ and ξ are named roll, pitch 
and yaw and represent the rotation angles around x, y and z 
axes, respectively. As pointed out before, there are three dif-
ferent types of biases to take into account: attitude biases, 
measurement biases and location biases. In the rest of the 
paper we use the following notation: 
 Attitude biases: we denote by Θt=(χt ψt ξt)

T, Θm=(χm ψm 
ξm)T and dΘ=(dχ dψ dξ )

T the true attitude angles, the 
measured attitude angles and the attitude bias errors, re-
spectively.  

 Measurement biases: we denote by vt
k=(ρt

k θt
k εt

k)T, 
 vm

k=(ρm
k θm

k εm
k)T and dv=(dρ dθ dε)T the true target po-

sition vector in spherical coordinates, the measured target 
position vector and the measurement bias errors, respec-
tively. 

 Location biases: we denote by tt=(tx,t ty,t tz,t)
T, tm=(tx,m ty,m 

tz,m)T and dt=(dtx dty dtz)
T the true relative position, the 

measured relative position and the location bias errors, 
respectively. It can be noted (see Fig. 1), that tt=OS2. 

The assumption adopted in this paper is that the biases must 
be added to the measured value to obtain the true value of 
the specific parameter. According with this assumption, we 
have the following equations for the attitude angles (eq. (2)), 
for the relative position (eq. (3)) and for the measurement 
model (eq. (4)): 

 t m d Θ Θ Θ , (2) 

 t m d t t t , (3) 

 k k k
m t d  v v v n , (4) 

where nk  is a zero-mean, Gaussian discrete random process 
with diagonal covariance matrix Cn. It must be noted that, 
without loss of generality, if the rotation around z is applied 
first, the azimuth measurement bias dθ and the attitude bias 
dξ cannot be distinguished and have to be merged into a 

single bias. Because of this geometrical coupling, we can 
define a single bias error as dξ' = dξ + dθ.  
In the rest of the paper we define the unknown parameters 
vector as: 

  Tx y zd d d d d dt dt dt     Φ . (5) 
 

 

Figure 1 - Scenario’s geometry. 

Finally, in this paper, vectors indicated with r define the 
position vector in Cartesian coordinates, while the ones in-
dicated with v define the same position vector in spherical 
coordinates. The spherical to Cartesian transformation is 
denoted with h(·) and its inverse with h-1(·). In order to han-
dle the non linear transformation of the measurement noise 
nk, we introduce the unbiased conversion function from 
spherical to Cartesian coordinates. In the following, we de-
note with hu(·) such conversion function, defined in [7], as: 

  

1 1

1 1

1

cos sin

, , cos cos

sin

m m m
u

m m m m m m

m m

 

 



    
       

  

 

 



 
 

  
  
 

h , (6) 

where 
2 21 e 


   and 

2 21 e 


  . 

3. MEASUREMENT MODEL 

In this Section, the measurements models coming from ra-
dars #1 and #2 are analyzed. In the following, the true target 
trajectory in the absolute reference frame, i.e. OPk in Fig. 1, 
is assumed to be a discrete random process and is indicated 
with rt

k. If radar #1 is assumed to be unbiased, i.e. without 
bias errors, its reference system can be assumed as the abso-
lute reference frame. Under this assumption, which charac-
terizes the relative grid-locking problem, the radar #1 meas-
urement model is: 

  1
1, 1
k k k

m t
 v h r n , (7) 

where the noise term n1
k is zero-mean Gaussian distributed 

random vector with diagonal covariance matrix given by 

 1

2 2 2
,1 ,1 ,1, ,diag     nC . Now we have to derive the 

radar #2 measurement model. Eq. (1) can be rewritten as 
function of the bias errors as: 

    2
k k k

t m md d     OP r R Θ Θ S P t t , (8) 
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and solving eq. (8) for S2P
k yields to: 

    2
k T k

m t md d      S P R Θ Θ r t t , (9) 

where we have used the fact that if R is a rotation matrix, 
then R-1=RT. Finally, by applying the inverse coordinate 
transformation and by adding the measurement bias errors 
and the measurement noise, we get: 

  
    

 

1
2, 2

2; ,

k T kk
m m t m

k k
t

d dd       

 

v h R Θ Θ v nr t t

μ r Φ n
 (10) 

where n2
k is a zero-mean, Gaussian distributed random vec-

tor with diagonal covariance matrix given by 

 2

2 2 2
,2 ,2 ,2, ,diag     nC . 

4. CRAMÉR-RAO LOWER BOUND 

The Cramér-Rao lower bound of the parameters vector Φ is 
defined, for unbiased estimators, as [8]: 

    1ˆCRLB i ii

    I Φ  (11) 

where I(Φ) is the Fisher Information Matrix (FIM) whose 
entries are defined as: 

 

        

  
2

ln ln; ;

ln ,;

ij
i j

i j

E p p

E p

     
   
     
   

I z Φ z ΦΦ

z Φ

 (12) 

where z is the observation vector. To evaluate the CRLB for 
the estimate of the grid-locking parameter vector defined in 
eq. (5), first we define three sets of K elements as follows: 

      1 1, 2 2,
1 1 1

, ,
K K Kk k k

m m t
k k k

V V R
  

  v v r , (13) 

where V1 and V2 are the sets of the K observations coming 
from radar #1 and #2, and R is the set of the K true targets 
positions. In order to evaluate the CRLB on Φ, we need to 
know the joint probability density function (pdf) of V1 and V2. 
From eqs. (7) and (10), we get: 

 
     

  
1 2 1 2

1 2

, ; , ;

, ; .R

p V V p V V R p R dR

E p V V R





Φ Φ

Φ
 (14) 

By using eq. (12), the FIM can be expressed as: 

 

     

  

2

1 2

2

1, 2,
1

ln , ;

ln , ; .k

Rij
i j

K
k k k

m m t
i jk

E E p V V R

E E p


     
   

     
   

 r

ΦI Φ

v v r Φ

 (15) 

Unfortunately, no further manipulation is possible because 
the logarithm of the expectation operator w.r.t. rt

k cannot be 
evaluated analytically. To overcome this mathematical prob-
lem, we solve the problem differently.  
As pointed out before, for the estimate of Φ we have at dis-
posal the measurement coming from radars #1 and #2 mod-
elled as in eqs. (7) and (10). The classical way to arrange 
such measures is to assume as true target position the radar 

#1 measures and plug them into the radar #2 measurement 
model, so obtaining: 

   2, 1, 2;k u k k
m m v μ h v Φ n . (16) 

With this model, we have: 

   22, 1, 1, ; ,k k k
m m m nv v μ v Φ C  , (17) 

   1

1
1, ,k k k

m t t


nv r h r C  , (18) 

where, for ease of notation, in eq. (17) we have defined the 

function     1, 1,; ;k u k
m mμ v Φ μ h v Φ . Such notation is 

used in the rest of the paper. It can be noted that the radar #2 
measurement model implicitly depends on the realizations of 
the target position process rt

k through v1
k. 

 
4.1 Hybrid Cramér-Rao lower bound 

For the specific case in which the parameters to be estimated 
are deterministic and the nuisance parameters, i.e. additional 
parameters whose estimation is not strictly required, are ran-
dom, we can define the Hybrid CRLB (HCRLB) as the top-
left  dΦ×dΦ (where dΦ is the dimension of Φ) block matrix of 
the inverse of the FIM for the joint estimation of the hybrid 
vector Ψ ([9], [10]). In our case: 

 hybrid vector:    1
1, 1, ,

TT TT K
m m

   
 

Ψ Φ v v  

 hybrid FIM:  
1

T
V

 
   
 

ΦI A
I Ψ

A I
, whose entries can be 

defined as:     ,R Rij ij
E      I Ψ I Ψ where: 

    
1 2 1

2
1 2ln , ;

,R V R V Vij
i j

p V V R
E E

                

Φ
I Ψ (19) 

 finally, using the matrix inversion lemma, the HCRLB 
can be evaluated as: 

    1

11HCRLB .T
i V

ii

     ΦI AI A  (20) 

First, we start to evaluate each entry of IR (Ψ): 

    

 

   

21 1

2,1, 1,

1,

2
1 2

2
1, 2,

1

2
1,

1,
1

ln , ;

ln , ;

ln ;
; ,

kk k k
mm m

k k
m

R VV R Vij
i j

k k kK m m

i jk

k kK mk
ij m

i jk

p V V R
E E

p
E E

p
E g





             
           

  
    

  
 





vv r v

v r

Φ
I Ψ

v v r Φ

v r Φ
v Φ

  

  (21) 
where  

    
2, 1,

2
2, 1,

1,

ln ;
; ,k k

m m

k k
m mk

ij m
i j

p
g E

     
   

v v

v Φv
v Φ  (22) 
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that can be easily evaluated, starting from the model in eq. 
(17) and following the approach in [8], as: 

     
2

1,11,
1,

;;
; .

T
kk

mk m
ij m

ji

g 
      

      
n

μ v Φμ v Φ
v Φ C  (23) 

It’s easy to show that gij represent the entries of a block ma-

trix  1, ;k
mG v Φ  that can be expressed as: 

 

     

 

     

3 31

3 1
1,

3 3 3

;

d k dk K k

dkk
m T

k k

dK k K k K k

k   



   

 
 
 

  
 
 
 

Φ Φ

Φ

Φ

F 0 B 0

0
G v Φ

B N

0 0

  

 
 

         (24) 
where dΦ = dim(Φ), and the sub-matrix F[k], Bk and Nk are 
given by: 

     1, ; , , 1, ,k
ij ij mg i j dk   Φv ΦF   (25) 

 
   

 
1, ; ,

1, , ; , , 3 ,3 2

k
k ij ij mg

i d j d d kk



   Φ Φ Φ

B v Φ

 
 (26) 

 
   

 
1, ; ,

, , , 3 .3 2

k
k ij ij mg

i j d d kk



  Φ Φ

N v Φ


. (27) 

Finally, the first part of the expectation operator in eq. (21) 
can be rewritten in matrix form as: 

    

     

   

   

1,

1 1
1, 1, 1,

1 1 1 1
1, 1,

1, 1,

1,
1

1
1

1 1 3 3

3 3

;

.

k k
m

k k K K
m m m

m m

K K K K
m m

K
k

m
k

K
k

K
k

T

T
K K

E R

E E E

E E

E E









 

 
 
 
 
   
 
 
  
 





v r

v r v r v r

v r v r

v r v r

G v Φ W

F B B

B N 0

B 0 N





   



 

  (28) 
Now, we have to evaluate the second term of the sum in the 
expectation operator in eq. (21). By using the measurement 
model in eq. (18), through some algebraic manipulation, such 
term can be rewritten in matrix form as: 

 

 
1,

1

1

2
1,

1

, 1, , 3

1
3 3

1
3 3

ln ;

,

k k
m

k kK m

K
i jk

i j d K

d d d d

d d

p
E



 

 





 

     
  

 

 
 
 

  
 
  
 


Φ

Φ Φ Φ Φ

Φ Φ

v r

n

n

v r Φ
C

0 0

C 0

0 0 C



 

 

   



 (29) 

The expression in eq. (29) doesn’t depend on the particular 
trajectory R. So, we get: 

    R KR I Ψ W C , (30) 

and finally, calculating the expectation w.r.t. R, we obtain the 
hybrid FIM I(Ψ). Both expectation operators w.r.t. V1 in eq. 
(28) and w.r.t. R are evaluated numerically through inde-
pendent Monte Carlo trials. 

 
4.2  Modified Cramér-Rao Lower Bound 

We introduce the Modified CRLB (MCRLB) for an unbiased 
estimator of the parameters vector Φ, as described in [9]. The 
MCRLB is defined as the inverse of the top-left dΦ×dΦ block 
matrix of the hybrid FIM: 

   1MCRLB ,i ii

    ΦI  (31) 

where Φi is the ith component of the parameters vector Φ. 
 
4.3 Relationships among the various bounds 

In [11] it’s shown that when the marginal pdf p(V2;Φ) is 
used, the resulting lower bound on Φ is tighter than the 
bound obtained for the joint estimation of the hybrid parame-
ters vector Ψ, i. e. CRLB(Φ) ≥ HCRLB(Φ). Moreover, tak-
ing into account that [IΨ

-1]dΦxdΦ ≥ [IΨ]-1
dΦxdΦ [12], the equality 

between HCRLB and MCRLB holds only when the estima-
tion accuracy of Φ doesn’t depend on the nuisance parame-
ters (Φ and the nuisance parameters are decoupled). Collect-
ing the previous results, we can write the following inequal-
ity chain: 

      CRLB HCRLB MCRLB Φ Φ Φ  (32) 

The distance between the HCRLB and the MCRLB gives us 
an idea about how much the estimate of Φ depends on the 
nuisance parameters. If the HCRLB is much higher than the 
MCRLB, the estimate accuracy is strongly affected by the 
nuisance parameters, while if HCRLB and MCRLB are 
similar, the nuisance parameters don’t affect the estimate. 

5. NUMERICAL RESULTS 

In this Section, the HCRLB and the MCRLB are calculated 
in a specific scenario. Radars #1 and #2 are characterized by 
the following parameters: σρ,1 = σρ,2 = 50 m, σθ,1 = σθ,2 = 0.3°, 
σε,1 = σε,2 = 0.3°. The target locations are generated ran-
domly, uniformly distributed in a given three-dimensional 
area defined in the absolute reference system of Fig.1 as 

     , , 0,l l l l lH x x y y z     , then  k
t Hr   . This 

model is consistent with a real operational scenario, because 
we don’t need to perform the plot-track association process. 
At every new acquisition, we only need to know that the 
measures collected by the two radars come from the same 
target, without the need to know which particular target gen-
erated them. The true target position is generated according 
to the following values: xl = yl = 5·104 m and zl = 5·103 m. 
The actual bias errors values are: dρ = -10 m, dθ = dε = 
= -0.0573°, dχ = dψ = -0.0573°, dξ = -0.1146°, dtx = dty = dtz 
= -30m. The radar #2 position vector is OS2 = tt = 
= (1,1,1)·103 m. Finally, the number of the trajectories used 
to evaluate numerically the expectation operator of the FIM 
w.r.t. R is NR = 100, while the number of noisy sequences n1

k 
used to evaluate the expectation operator in eq. (28) is Nn = 
500. 
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Figure 3 - HCRLB  & MCRLB  for dΘ and dε. 
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Figure 4 - HCRLB  & MCRLB  for position errors.  

In Figs. 2, 3 and 4, the square root of HCRLB and MCRLB 
are shown. First, we can see that for the position and attitude 
bias errors, except for dξ', the hybrid and the modified CRLB 
are equal (Figs. 3, 4). This means that the estimate of such 
parameters is uncoupled with the nuisance parameters. A 
different behaviour is observed for the HCRLB and the 
MCRLB on the estimate of the measurement bias errors ex-
plained by noting that there exist a coupling between the 
radar #1 measurement noise n1

k and the estimate of dρ, dθ 
(through dξ') and dε since both n1

k and dv are directly in-
volved in the measure’s inaccuracy of the target position. 
Finally, it can be noted that the bound on the estimate of the 
position error along z, dtz, is higher than the ones on the esti-
mate of dtx and dty. This fact is due to the geometrical asym-
metry of H with respect to the position of radar #1: the z 
component of the target position vector is forced to be always 
non-negative (i.e. there are no targets under the sea or ground 
level), while this geometrical constraint is not present for x 
and y components.  

6. CONCLUDING REMARKS 

In this paper, the HCRLB and the MCRLB have been dis-
cussed and explicitly derived for the estimate of the relative 
registration errors. The mathematical problems involved in 
the evaluation of the classical CRLB have been also shown. 
The HCRLB and MCRLB have been derived to overcome 
such problems, given a particular measurement model for the 
biased radar. We have found that the HCRLB and the 
MCRLB are generally identical, except for the estimate of 
the measurement errors that presents a coupling with the nui-
sance parameters. Future work will explore the performance 
bounds for the absolute grid-locking process.  
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ABSTRACT

A cubic phase function for two-dimensional polynomial-
phase signals of the third order (CPF 2-D) is proposed. The
CPF 2-D based estimator is able to obtain all unknown para-
meters by using reduced number of phase differences, com-
pared to the classical Francos-Friedlander (FF) approach.
Statistical analysis shows that the proposed CPF 2-D based
estimator is asymptotically unbiased and gives low mean
squared error (MSE). Simulation results demonstrate that
the proposed approach outperforms the FF approach.

1. INTRODUCTION

Two-dimensional (2-D) polynomial-phase signals (PPS) can
be found in the radar signal processing and other impor-
tant applications [1]. The most popular technique for para-
meter estimation of the 2-D PPS is based on a phase dif-
ference operator proposed by Friedlander and Francos [2],
[3], which is referred to as the FF approach. The FF ap-
proach requires a fourth-order nonlinear transformation to
estimate the third-order phase parameters of a 2-D cubic
phase PPS (CP-PPS) [3]. Once the highest-order parame-
ters are obtained, a dechirping procedure can be used for
the lower-order parameters estimation. However, this esti-
mation procedure suffers from the error propagation effect,
i.e., spreading of the former estimation errors to the latter
estimates.

In this paper, a generalization of the cubic phase function
(CPF) [4], [5] is proposed for the 2-D signals. The general-
ized CPF is called the CPF 2-D, and it provides a simplified
estimation of the CP-PPS with only a second-order nonlin-
earity. Numerical results show that the CPF 2-D technique
outperforms the FF approach, with respect to the estimation
threshold which is lower by about 7dB.

The manuscript is organized as follows. The signal model
and the FF approach are described in Section II. The pro-
posed technique is presented in Section III. Asymptotic ac-
curacy study is summarized in Section IV. Simulation results
are provided in Section V. Conclusions and discussions are
given in Section VI, while Appendix provides a brief overview
of the asymptotic accuracy study of the CPF 2-D based es-
timator.

This research is supported in part by the Ministry of Science
and Education of Montenegro. The work of Pu Wang is supported
by the National Natural Science Foundation of China under Grant
60802062.

2. SIGNAL MODEL AND FF APPROACH

2.1 Signal model

Consider the following signal model:

y(n,m) = x(n,m) + ν(n,m),

n ∈ [−N/2,N/2), m ∈ [−M/2,M/2), (1)

where x(n,m) is the 2-D CP-PPS,

x(n,m) = A exp (jφ(n,m))

= A exp

Ã
j

PX
p=0

QX
q=0

c(p, q)npmq

!
, (2)

and ν(n,m) is a white complex Gaussian noise with zero-
mean and variance σ2. In (2), A is the constant amplitude,
φ(n,m) is a polynomial phase with total order up to 3, and
c(p, q) is the (p+ q)-layer parameter (P +Q ≤ 3).

The signal model described in (1) has numerous applica-
tions in radar, sonar, seismic signals, [6], etc. For example,
reflected radar signal from moving targets can be represented
by a sum of 2-D CP-PPSs [7]. The parameter estimation of
this signal therefore is of a great interest for radar signal
processing. Our approach is to estimate the second-order
partial derivatives of the signal phase,⎡⎢⎣

∂2φ(n,m)

∂n2
∂2φ(n,m)
∂n∂m

∂2φ(n,m)

∂m2

⎤⎥⎦ = " 2c(2, 0) + 2c(2, 1)m+ 6c(3, 0)n
c(1, 1) + 2c(2, 1)n+ 2c(1, 2)m
2c(0, 2) + 2c(1, 2)n+ 6c(0, 3)m

#
, (3)

and then, based on the above estimates, to estimate signal
parameters {c(p, q)|p ∈ [0, P ] and q ∈ [0, Q], P +Q ≤ 3}, as
well as A, in a more accurate manner than the FF approach
[2], [3], especially at low SNRs.

2.2 FF approach

To estimate the highest-layer parameters of the 2-D CP-PPS
the FF approach uses three phase differences (PD), i.e.:

PD0,2[y(n,m)] = y(n,m)y∗2(n,m+ τm)y(n,m+ 2τm),

PD1,1[y(n,m)] = y(n,m)y∗(n+ τn,m)×

y∗(n,m+ τm)y(n+ τn,m+ τm),

PD2,0[y(n,m)] = y(n,m)y∗2(n+ τn,m)y(n+ 2τn,m), (4)
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where ∗ denotes the complex conjugation, and τn and τm
are two lag coefficients in the n and m axes. For a noise-
free signal x(n,m), the phases of differences (4) are given by
(terms not related to n or m are omitted):

angle{PD0,2[y(n,m)]} = 2τ2mc(1, 2)n+ 6τ2mc(0, 3)m

angle{PD1,1[y(n,m)]} = 2τnτmc(2, 1)n+ 2τnτmc(1, 2)m

angle{PD2,0[y(n,m)]} = 6τ2nc(3, 0)n+ 2τ2nc(2, 1)m.

As a result, it is seen that the PDs in (4) transform the 2-D
CP-PPS into 2-D complex sinusoids with coefficients propor-
tional to the third-order phase parameters. Therefore, by
ignoring terms not related to n or m, c(3, 0), c(2, 1), c(1, 2)
and c(0, 3) can be estimated by locating the positions of the
peaks of the corresponding 2-D Fourier spectra. For exam-
ple, point (ω̂n, ω̂m) at which the 2-D Fourier transform of
PD0,2[y(n,m)] reaches its maximal value,

(ω̂n, ω̂m) = arg max
(ωn,ωm)

|FT2D[PD0,2[y(n,m)]]|,

is used for determination of c(1, 2) and c(0, 3), i.e.

(ĉ(2, 1), ĉ(0, 3)) =

µ
ω̂n
2τ2m

,
ω̂m
6τ2m

¶
.

Phase parameters of the lower layer can be estimated by
dechirping the original signal with the obtained highest-layer
estimates, similarly to the 1-D case.

The fourth-order non-linearity of the PD operator limits
the accuracy of the highest-order estimates, especially in the
presence of noise or multicomponent signals, when the PD
operator produces a great number of cross-terms. This fact
can be easily noticed from (4) where the expansion of the
each equation results in a sum of 12 elements. Only the
one element from that sum is useful, while the other ones
represent cross-terms. Furthermore, the estimate errors,

δc(p, q) = ĉ(p, q)− c(p, q), p+ q = 3,

due to the dechirping procedure, propagate from higher to
lower order coefficients, i.e.

yd(n,m) = y(n,m) exp

Ã
−j

X
p+q=3

ĉ(p, q)npmq

!
= νd(n,m)

+A exp

⎛⎝j
X

p+q≤2
c(p, q)npmq − j

X
p+q=3

δc(p, q)npmq

⎞⎠ .

So, δc(p, q) has a great influence on the accuracy of lower-
layer estimates. By reducing both the order of non-linearity
and the number of dechirping, more accurate estimates can
be obtained.

3. PROPOSED APPROACH

For the purpose of higher estimation accuracy we extend the
CPF [4], [5] for parameter estimation of the 2-D PPS. In this
paper, a new phase differencing operator, referred to as the
chirp differencing, is introduced as a generalization of the
CPF for the case of the 2-D CP-PPS. In distinction to phase
differences in (4), the proposed chirp difference, defined as

ry(n,m; τn, τm) = y(n+τn,m+τm)y(n−τn,m−τm), (5)

has only a second-order non-linearity, which in the presence
of noise reduces the number of cross-terms to 3. This prop-
erty has a great benefit in improving the estimation accuracy,

i.e., decreasing SNR threshold. Following evaluation of the
chirp difference, the magnitude of the CPF 2-D is given as

fy(n,m;Ψ) = |gy(n,m;Ψ)|2 =¯̄̄̄
¯

n1X
τn=−n1

m1X
τm=−m1

ry(n,m; τn, τm)×

exp(−jΩnτ
2
n − jΩmτ

2
m − j2Ωnmτnτm)

¯̄2
, (6)

where Ψ = [Ωn,Ωnm,Ωm], n1 = min(N/2− n− 1,N/2 + n)
and m1 = min(M/2−m− 1,M/2 +m).

Assuming that y(n,m) is a noise free and expanding
φ(n + τn,m + τm) and φ(n − τn,m − τm) in the Taylor
series around (n,m) up to the 3rd order,

φ(n±τn,m±τm) = φ(n,m)± [φn(n,m)τn+φm(n,m)τm]+

1

2
[φnn(n,m)τ

2
n + 2φnm(n,m)τnτm + φmm(n,m)τ

2
m]

±1
6
[φnnn(n,m)τ

3
n + 3φnnm(n,m)τ

2
nτm

+3φnmm(n,m)τnτ
2
m + φmmm(n,m)τ

3
m],

where

φi1i2...iN (n,m) =
∂Nφ(n,m)

∂i1∂i2 · · · ∂iN
,

it follows
ry(n,m; τn, τm) =

A2 exp(jφnn(n,m)τ
2
n+jφmm(n,m)τ

2
m+j2φnm(n,m)τnτm).

(7)
From (7) it is clear that the first-order partial
derivatives of the CPF 2-D is equal to zero at
[φnn(n,m), φnm(n,m), φmm(n,m)], so, in absence of
noise, the CPF 2-D reaches maxima at

Ωn(n,m) = 2c(2, 0) + 2c(2, 1)m+ 6c(3, 0)n,

Ωm(n,m) = 2c(0, 2) + 2c(1, 2)n+ 6c(0, 3)m,

Ωmn(n,m) = 2c(2, 1)n+ 2c(1, 2)m+ c(1, 1), (8)

which are the second-order partial derivatives of the 2-D
PPS. Equations in (8) suggest that the proposed CPF 2-D
can be used to estimate the second-order partial derivatives
of the signal phase (see (3)), even in presence of a high noise.

Based on the estimates of {Ωn(n,mi), Ωnm(n,m),
Ωm(n,m)}, the relevant phase parameters in (3) can be es-
timated as follows:

1) Choose three instants points (ni,mi), i = 1, 2, 3;
2) Estimate corresponding {Ω̂n(ni,mi), Ω̂nm(ni,mi),

Ω̂m(ni,mi)} i = 1, 2, 3, by searching for the maxima of (6);
3) Estimate seven phase parameters including four third-

layer ones {c(3, 0), c(2, 1), c(1, 2), c(0, 3)} and three second-
layer ones {c(2, 0), c(1, 1), c(0, 2)} using:"

ĉ(2, 0)
ĉ(3, 0)
ĉ0(2, 1)

#
=

"
2 6n1 2m1

2 6n2 2m2

2 6n3 2m3

#−1 ⎡⎣ Ω̂n(n1,m1)

Ω̂n(n2,m2)

Ω̂n(n3,m3)

⎤⎦ ,
"

ĉ(0, 2)
ĉ(0, 3)
ĉ0(1, 2)

#
=

"
2 6m1 2n1
2 6m2 2n2
2 6m3 2n3

#−1 ⎡⎣ Ω̂m(n1,m1)

Ω̂m(n2,m2)

Ω̂m(n3,m3)

⎤⎦ ,
"

ĉ(1, 1)
ĉ00(2, 1)
ĉ00(1, 2)

#
=

"
1 2n1 2m1

1 2n2 2m2

1 2n3 2m3

#−1 ⎡⎣ Ω̂nm(n1,m1)

Ω̂nm(n2,m2)

Ω̂nm(n3,m3)

⎤⎦ .
(9)
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It can be seen that (9) gives two estimates of c(1, 2) and
c(2, 1), i.e., ({ĉ0(2, 1), ĉ00(2, 1)} and {ĉ0(1, 2), ĉ00(1, 2)}). The
final estimates of c(1, 2) and c(2, 1) can be therefore obtained
by either choosing one of the two estimates or by averaging
them.

After finding the above estimates, the lower-layer
phase parameters and the amplitude can be estimated in a
straightforward manner as in [8]. As such, for estimating
c(0, 0), c(0, 1), c(1, 0) and A, the dechirping is required.
Therefore, these estimates undergo the error-propagation
effects from the third-layer and second-layer parameter
estimation. Nevertheless, the second-layer parameter
estimates using the above approach do not suffer from
the error-propagation effects, as opposed to the FF based
approach.

4. MSE PERFORMANCE

The statistical performance study of the proposed CPF 2-
D is rather tedious, but in general it follows the idea from
the similar analysis for the 1-D CP-PPS from [5]. Here,
we only summarize the final results while the main steps of
derivations are given in Appendix. The results show that the
proposed estimators for the second- and third-order phase
parameters are asymptotically unbiased. The mean-squared
error (MSE) and corresponding CRLB for the second- and
third-layer parameter estimates are given in Table 1.

Phase Parameters MSE CRLB

c(2, 0)
90(1+ 1

2SN R )
SNRN5M

90
SNRN5M

c(0, 2)
90(1+ 1

2SNR )
SNRM5N

90
SNRM5N

c(1, 1)
72(1+ 1

2SNR )
SNRM3N3

72
SNRM3N3

c(3, 0)
2036.03+ 1844.46

SN R
SNRN7M

1400
SNRN7M

c(0, 3)
2036.03+ 1844.46

SN R
SNRNM7

1400
SNRNM7

c(2, 1)
1440+ 2160

SN R
SNRN5M3

1080
SNRN5M3

c(1, 2)
1440+ 2160

SN R
SNRN3M5

1080
SNRN3M5

Table 1: Variance and CRLB for the second-layer and third-
layer coefficients.

From Table 1 it can be concluded that the estimator of
the second-layer coefficient is asymptotically efficient, i.e.,
the variance of these parameters estimate for high SNR ap-
proaches the CRLB (term SNR−2 can be neglected with re-
spect to SNR−1). In addition, it can be seen that in case of
high SNR, the proposed estimator produces variance 1.63dB
higher than the CRLB for parameters c(3, 0) and c(0, 3) and
for only 1.25dB higher than the CRLB for the mixed para-
meters c(2, 1) and c(1, 2).

5. NUMERICAL EXAMPLE

In this section, numerical examples are provided to verify
the proposed approach. A CP-PPS signal with parameters
A = 1, c(0, 0) = 1, c(1, 0) = 4.5 · 10−1, c(0, 1) = 8.2 · 10−2,
c(2, 0) = −1.5 · 10−3, c(1, 1) = 6 · 10−3, c(0, 2) = −2.2 · 10−3,
c(3, 0) = 1.7 · 10−5, c(2, 1) = 4 · 10−5, c(1, 2) = 3.73 · 10−5,
c(0, 3) = −1.35 · 10−5 is generated with N = 100 and M =
100.

The FF approach is used as a benchmark [3]. The rel-
evant coefficients for the FF approach are chosen as τn =
τm = 33 (the choice of values of τn and τm influences the
estimation accuracy, so these parameters are chosen follow-
ing the instructions from [3]), and corresponding search is
performed over a 2-D space with 512× 512 elements for all

three functions (4). Additional interpolations are performed
around initial estimates by a factor of 100. The CPF 2-D (6)
is evaluated at instants (50, 50), (50, 40) and (40, 50). Nu-
merical results are given in Figure 1, where the MSEs for
four characteristic higher-order parameters of the 2-D CP-
PPS are depicted. Results are obtained with 200 runs of
the Monte-Carlo simulation. Thin solid lines represent the
MSEs achieved by the FF approach, the thick dashed lines
depict the MSEs of the CPF 2-D, while the thin dashed lines
are for the corresponding CRLB.

It can be observed that the proposed approach outper-
forms the FF approach in terms of lower SNR threshold by
about 7dB. This is significant advantage of the proposed ap-
proach. However, it is paid by increased calculation com-
plexity.

6. CONCLUSION AND DISCUSSION

This paper has presented an algorithm for estimating the
parameters of a noisy 2-D CP-PPS. The algorithm is based
on the bilinear chirp difference operator which reduces the
number of cross-terms in comparison to the FF approach.
As a result of reducing the number of cross-terms, the pro-
posed technique has considerably lower SNR threshold for
estimation. The presented statistical analysis has shown that
all the parameter estimates are asymptotically statistically
(near) efficient at high SNR value.

If components of multicomponent 2-D CP-PPS do not
overlap in the 2-D FT domain, the proposed CPF 2-D can be
used for the parameter estimation of each component. After
determination of components’ regions in the 2-D FT, each
component can be extracted by setting the 2-D FT values
outside of the considered region to zero and performing the
inverse 2D FT. The obtained signals are monocomponent 2-
D CP-PPS and their parameters can be estimated by the
proposed algorithm.

For a single point [Ωn,Ωnm,Ωm], evaluation of the CPF
2-D requiresO(NM) operations and since it must be done for
a large number of points, because the 3-D search is used, the
proposed approach has a higher computational complexity in
comparison to the FF technique, which overall complexity is
of the order of magnitude O(NM log2NM). Therefore, our
future research will consider the problem of reducing the
computation complexity as well as generalization to higher-
order PPS.

7. APPENDIX

Appendix provides statistical analysis of the proposed ap-
proach. Here, only the main steps of analysis are given,
while the detailed derivations can be found in [9]. Note that
in [9] we analyzed calculation complexity of the algorithm
and compared it with the FF approach. In addition, effi-
cient evaluation procedure based on the genetic algorithm
has been proposed.

The 2D CPF of a signal (1) can be separated to two
components,
• signal component

gx(n,m;Ψ) =X
τn

X
τm

rx(n,m; τn, τm)e
−jψnτ2n−jψmτ2m−j2ψnmτnτm

• and a component introduced by interferences

δg(n,m;Ψ) =X
τn

X
τm

zxν(n,m, τn, τm)e
−jψnτ2n−jψmτ2m−j2ψnmτnτm ,
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Figure 1: MSEs for c(3, 0), c(2, 1), c(2, 0) and c(1, 1) of the 2-D CP-PPS - MSEs achieved by the FF approach (solid lines);
MSEs of the 2-D CPF (thick dashed lines) and the corresponding CRLBs (thin dashed lines).

where

zxν(n,m, τn, τm) = x(n+τn,m+τm)ν(n−τn,m−τm)+

ν(n+ τn,m+ τm)x(n− τn,m− τm)+

ν(n+ τn,m+ τm)ν(n− τn,m− τm).

The maximum of |gy(n,m;Ψ)|2, due to presence
of the noise, is dislocated from the real position,

Ψ = Ω(n,m)= [Ωn(n,m),Ωnm(n,m),Ωm(n,m)]=
h
∂2φ(n,m)

∂n2
,

∂2φ(n,m)
∂n∂m , ∂

2φ(n,m)

∂m2

i
for δΩ(n,m) = [δΩn(n,m), δΩnm(n,m),

δΩm(n,m)]. Therefore the first-order partial derivatives of
fy(n,m;Ψ) are equal to 0 at Ψ = Ω+ δΩ:∙

∂fx(n,m;Ψ)

∂ψi
+

∂δf(n,m;Ψ)

∂ψi

¸
|Ψ=Ω+δΩ = 0, i = 1, 2, 3,

(10)
where ψi, i = 1, 2, 3 are corresponding elements of the vector
Ψ, ψ1 = ψn, ψ2 = ψnm, ψ3 = ψm (for the sake of brevity,
we removed the dependency of the second-order derivatives
of the signal phase on position (n,m)).

By considering the fact that, at relatively large SNR,
δf(n,m;Ψ) can be approximated by

δf(n,m;Ψ) ≈ 2Re {gx(n,m;Ψ)δg∗(n,m;Ψ)} ,

the Taylor series expansion of (10), up to the second term,
around Ω gives the system of equations

δF1 +F2δΨ = 0, (11)

where

[δF1]i = 2Re

½
∂gx(n,m;Ψ)

∂ψi
δg∗(n,m;Ψ)+

gx(n,m;Ψ)
∂δg∗(n,m;Ψ)

∂ψi

¾
,

δΨ =[ δψ1 δψ2 δψ3 ]
T

and

[F2]il =
∂2fx(n,m;Ψ)

∂ψi∂ψl
|Ψ=Ω

= 2Re

½
∂2gx(n,m;Ψ)

∂ψi∂ψl
g∗x(n,m;Ψ)+

∂gx(n,m;Ψ)

∂ψi

∂g∗x(n,m;Ψ)

∂ψl

¾
, i = 1, 2, 3, l = 1, 2, 3.

The bias of the 2D CPF based estimator can be obtained
from (11) by taking the expectation with respect to δΨ,

E{δΨ} = −F−12 E{δF1}, (12)

while the variances for the estimate errors are the diagonal
of the covariance matrix of δΨ,

E{(δΨ)(δΨ)T } = [F2]−1CδF1 [F2]
−1, (13)

where CδF1 = E{(δF1)(δF1)T }.
The detailed derivations of expressions for F2,CδF1 and

δF1 are performed in [9]. Here, we will only present the
obtained results:

F2 = −
128

9
A4K2L2

⎡⎣ 1
5K

4 0 0
0 K2L2 0
0 0 1

5
L4

⎤⎦ ,
CδF1 = −8KL(2A2σ2 + σ4)F2,
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[δF1]i = −8A2KL Im {Γ(i,K,L)} ,
where

Γ(i,K, L) = ej2φ(n,m)
KX

τn=−K

LX
τm=−L

λi(τn, τm)×

z∗xν(n,m; τn, τm)e
jψnτ

2
n+jψmτ2m+j2ψnmτnτm

and

λi(τn, τm) =

⎧⎨⎩ τ2n − K2

3
i = 1

2τnτm i = 2

τ2m − L2

3
i = 3.

.

Substituting the above results into (12) and (13) gives

E{δΨ} = −F−12 E{δF1} = 0 (14)

and

E{(δψ1)
2} = E{(δΩn)

2} =
45
¡
2 + 1

SNR

¢
16SNRK5L

(15)

E{(δψ2)
2} = E{(δΩnm)

2} =
9
¡
2 + 1

SNR

¢
16SNRK3L3

E{(δψ3)
2} = E{(δΩm)

2} =
45
¡
2 + 1

SNR

¢
16SNRKL5

.

From (14) it is clear that the proposed estimator is unbiased
in an asymptotic sense.

Assuming that the evaluation of the phase coefficients is
performed for the central instant of the considered domain,
MSEs of the second-layer phase parameters can be obtained
as

E{(δc(2, 0))2} =
E{(δΩn)

2}|n=0
m=0

4
=
90
¡
1 + 1

2SNR

¢
SNRN5M

E{(δc(0, 2))2} =
E{(δΩm)

2}|n=0
m=0

4
=
90
¡
1 + 1

2SNR

¢
SNRM5N

E{(δc(1, 1))2} = E{(δΩnm)
2}|n=0

m=0
=
72
¡
1 + 1

2SNR

¢
SNRM3N3

.

Since the estimation errors of the second phase deriva-
tives are linearly related to the phase-parameters estimation
errors (see (9)), MSEs of the third-layer phase-parameters
can be easily evaluated. The relation between δΩn(n,m)
and δc(1, 2) (δc(0, 3)) could be established by estimating Ωn

at three points (n = 0, m = 0), (n,m = 0) and (n = 0, m)
(see the first equation in (9)):

E =

"
δĉ(2, 0)
δĉ(3, 0)
δĉ(2, 1)

#
=

"
2 0 0
2 6n 0
2 0 6m

#−1 " δΩn(0, 0)
δΩn(n, 0)
δΩn(0,m)

#
.

MSEs of the three estimates c(2, 0), c(3, 0) and c(2, 1) repre-
sent the diagonal elements of the covariance matrix of vector
E. From it follows

E{(δc(3, 0))2} = E{(δΩn(0, 0))
2}+E{(δΩn(n, 0))

2}
36n2

−

2E{δΩn(0, 0)δΩn(n, 0)}
36n2

,

E((δc(2, 1))2} = E{(δΩn(0, 0))
2}+E{(δΩn(0,m))

2}
4m2

−

2E{δΩn(0, 0)δΩn(0,m)}
4m2

.

Terms E{(δΩn(0, 0))
2}, E{(δΩn(n, 0))

2} and
E{(δΩn(0,m))

2} can easily be evaluated from (15),
while E{δΩn(0, 0)δΩn(n, 0)} and E{δΩn(0, 0)δΩn(0,m)}
are equal to (see [9] for more information):

E{δΩn(0, 0)δΩn(n, 0)} =

=
452E {Γ(1,N/2,M/2)Γ∗(1,N/2− n,M/2)}

512A4
¡
N
2

¢5 ¡N
2
− n

¢5 ¡M
2

¢2 ,

E{δΩn(0, 0)δΩn(0,m)} =

452E {Γ(1,N/2,M/2)Γ∗(1,N/2,M/2−m)}
512A4

¡
N
2

¢10 ¡M
2

¢ ¡
M
2 −m

¢ .

It is obvious that values of n and m have a great influence
on MSEs. Numerical results show that n ≈ 0.11N and m ≈
0.25M give minimum MSEs for a high SNR (e.g. SNR =
20dB). So, substitution of n = 0.11N and m = 0.25M into
the relations above results

E
©
(δc(3, 0))2

ª
=
2036.03 + 1844.46

SNR

SNRN7M
,

E{(δc(2, 1))2} =
1440 + 2160

SNR

SNRN5M3
.

Similarly, the asymptotic accuracy for c(0, 3) and c(1, 2)
can be derived as

E
©
(δc(0, 3))2

ª
=
2036.03 + 1844.46

SNR

SNRNM7
,

E{(δc(1, 2))2} =
1440 + 2160

SNR

SNRN3M5
,

respectively.
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ABSTRACT

A number of powerful tools for analyzing linear and non-
linear data sets are based on various spectral measures.
In particular, the bispectrum is commonly used for test-
ing Gaussianity and linearity. Due to their inherent ro-
bustness to model assumptions, non-parametric estimators
of the polyspectra are of particular importance. Unfortu-
nately, the most commonly used non-parametric estimator,
the windowed-periodogram, suffers from large sidelobes and
fails to provide high-resolution estimates. In this paper,
we develop a non-parametric estimator that utilizes the re-
cently introduced iterative adaptive approach (IAA) to pro-
vide high-resolution estimates of the polyspectra for nonlin-
ear data. Using the IAA method, we first obtain estimates
of the spectral amplitudes and the covariance matrix itera-
tively, and then use the spectral amplitudes to form accurate
estimates of the polyspectra. The developed estimator can
be extended to the application of unevenly sampled data,
and can also be used in the statistically efficient estimation
of coherence polyspectra. The effectiveness of the proposed
estimator is demonstrated with both real and simulated data.

1. INTRODUCTION

Spectral analysis is an important data analysis tool that
finds applications in a wide variety of fields, including speech
processing, telecommunications, radar and sonar systems,
biomedical and seismic signal processing, and economics.
Two particulary useful spectral measures are the power spec-
trum and the bispectrum [1], [2]. While the power spectrum
shows the contribution of different frequencies to the for-
mation of a signal, the bispectrum indicates any possible
couplings between these frequencies. The power spectrum
is generally used for analyzing linear and stationary pro-
cesses, while the bispectrum finds usage in the analysis of
nonlinear and/or nonstationary processes (see, e.g., [2], [3]
and [4]). Some of the more important uses of the bispectrum
are in testing measured sequences for Gaussianity and lin-
earity. For these, and several other applications, it is desired
to get consistent high-resolutions estimates of the polyspec-
tra from available data. The most commonly used estimator
for polyspectra, the periodogram and its windowed versions,
suffer from either low resolution or high leakage, or both,
and to achieve sufficient spectral resolution, the duration of
the observation window has to be long. Furthermore, these
methods only allow for uniformly sampled data. However,
in a wide range of applications the measured data could be
unevenly sampled, or might suffer from lost samples (see,
e.g., [5–10]). In this regard, a new weighted least squares
(WLS) based non-parametric approach, the so-called itera-
tive adaptive approach (IAA), has recently been shown to
provide high-resolution estimates of the power spectrum [11]

This work was supported in part by the Swedish Research
Council and Carl Trygger’s foundation, Sweden.

and the magnitude squared coherence (MSC) [12] for both
uniformly sampled and non-uniformly sampled data. The
IAA-based estimators first make a frequency-domain refor-
mulation of the given data, and then use it in a WLS fitting
criterion to iteratively obtain estimates of the spectral am-
plitudes and the covariance matrix. In this work, we develop
and discuss IAA-based estimators for polyspectra. Using the
IAA method, we first obtain estimates of the spectral am-
plitudes and the covariance matrix iteratively, and then use
the spectral amplitudes to form high-resolution estimates of
the polyspectra. Without loss of generality, the develop-
ment is carried out for the bispectrum, but the technique
can be easily extended analogously to higher-order spectra.
Furthermore, the work can also be extended along the lines
of [12] to obtain statistically efficient estimates of the coher-
ence polyspectra from unevenly sampled data.

This paper is organized as follows; in the next section,
we provide a brief review of cumulants and polyspectra, and
their estimation. In Section 3, we develop IAA-based esti-
mators for the bispectrum. The performance of the proposed
estimators is evaluated using real and simulated data in Sec-
tion 4.

Notation: (·)T and (·)∗ are used to represent the trans-
pose and the complex conjugate transpose, respectively. Vec-
tors are denoted with bold letters, x, while scalars are in
light-face, x.

2. PRELIMINARIES

In this section, we briefly review the concepts of cumulants
and polyspectra followed by a discussion on how these are
commonly estimated. The second and third order cumulants
of a zero mean1 random process x are defined as

Cxx(k) = E{x∗(n)x(n + k)} (1)

Cxxx(k, l) = E{x∗(n)x(n + k)x(n + l)}, (2)

where E{·} is the expectation operator. The second-order
cumulant, Cxx, is also often referred to as the autocovari-
ance sequence. The power spectrum is defined as the Fourier
transform of the second-order cumulant and represents the
frequency content of the series, i.e.,

Sxx(ω1) =

∞∑

k=−∞
Cxx(k)e−jω1k (3)

= X ∗(ω1)X (ω1), (4)

where X represents the Fourier transform of x. Similarly,
the bispectrum is defined as the Fourier transform of the

1A given process can always be made zero-mean by subtracting
the mean from it.
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Figure 1: Canadian lynx data.

Figure 2: Lynx data: windowed-periodogram based estimate
of the bispectrum.

third-order cumulant,

Sxxx(ω1, ω2) =

∞∑

k=−∞

∞∑

l=−∞
Cxxx(k, l)e−jω1ke−jω2l (5)

= X ∗(ω1 + ω2)X (ω1)X (ω2). (6)

The bispectrum is a function of two frequencies, and as
mentioned in the introduction, it is commonly used in testing
the linearity and Gaussianity of a given sequence (see, e.g.,
[2], [3] and [4]). We note that unlike the power spectrum,
the bispectrum is complex-valued.

Typically, one has to estimate the cumulants and
polyspectra from a limited set of samples. For instance,
consider a vector x containing N samples of a time-series,
i.e.,

x =




x(1)
...

x(N)


 . (7)

The estimates of the second and third-order cumulants of x
may then be obtained through averaging as,
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Figure 3: Lynx data: Contour plot of the windowed-
periodogram based estimate of the bispectrum.

Ĉxx(k) =
1

N

N−γk∑
n=1

x∗(n)x(n + k) (8)

Ĉxxx(k, l) =
1

N

N−γkl∑
n=1

x∗(n)x(n + k)x(n + l), (9)

where

γk = max(0, k) (10)

γkl = max(0, k, l) (11)

k, l > 0. (12)

Then, using Ĉxx(k) and Ĉxxx(k, l) as obtained from (8) and
(9), estimates of the power spectrum and bispectrum may
be obtained through the windowed-periodogram method as
shown in equations (13)-(14) on the next page, where the
window sequences, v(k) and w(k, l), are included to make
the estimators asymptotically unbiased and consistent (i.e.,

limN→∞ Ŝ = S). Further details on the selection of v(k)
and w(k, l) may be found in [4]. The simplicity of the peri-
odogram approach makes it a very useful estimation tool for
general applications. However, as is well-known, the peri-
odogram method does not generally provide high resolution
estimates [1]. We refer the reader to [11] and [12] where some
of these issues for the power spectrum have been addressed.

3. IAA-BASED ESTIMATION OF
POLYSPECTRA

Given the data vector x, a grid-dependent frequency-domain
representation of x may be obtained along the lines of [13],
by selecting I grid points in the frequency domain with cor-
responding frequencies {ωi}I

i=1, as

x(n) =

I∑
i=1

αωie
jωin, n = 1, . . . , N, (15)

where αωi is the (unknown) complex-valued spectral am-
plitude of the ith frequency, including any corrupting noise
elements. It is worth noting that no signal model has been
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Ŝxx(ω1) =

N−1∑

k=−N−1

v(k)Ĉxx(k)e−jω1k (13)

Ŝxxx(ω1, ω2) =

N−1∑

k=−N−1

N−1∑

l=−N−1

w(k, l)Ĉxxx(k, l)e−jω1ke−jω2l (14)
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Figure 4: Zoom-in of Figure 3.

Figure 5: Lynx data: IAA-based estimate of the bispectrum.

assumed; rather the signal is made from the contribution
corresponding to each of the frequency grid points. There
is also no corrupting noise term as is typical in model-based
methods describing the data as a signal and a noise part.
The contribution of any noise component is instead implic-
itly described via its contribution to αωi . Further, defining

a
(
ωi

)
=

[
ejωi · · · ejωiN

]T
(16)

A =
[

a
(
ω(1)

) · · · a
(
ω(I)

) ]T
(17)

α = [ αω1 · · · αωI ]
T

, (18)
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Figure 6: Lynx data: contour plot of the IAA-based estimate
of the bispectrum.

where a
(
ωi

)
represents the Fourier vector corresponding to

the sampling times of x, at the frequency ωi, leads to the
vector representation

x = Aα. (19)

The covariance matrix, R, may thus be written as

R =

I∑
i=1

|αωi |2a
(
ωi

)
a∗

(
ωi

)
. (20)

For each frequency, ωi, the interference and noise covari-
ance matrix, Q (ωi), defined as the contribution from all grid
points other than ωi, may be formed as

Q (ωi) =

I∑

p6=i, p=1

|αωi |2a
(
ωp

)
a∗

(
ωp

)
(21)

An estimate of the spectrum amplitude at frequency ωi, say
α̂ωi , may now be formed using the weighted least squares
problem

α̂ωi = arg min
αωi

∥∥∥∥x− αωia
(
ωi

)∥∥∥∥
2

Q(ωi)

, (22)

where ‖ · ‖Q(ωi) represents the weighted 2-norm. As shown
in [11], the solution to this problem may be obtained as

α̂ωi =
a∗

(
ωi

)
R̂−1x

a∗
(
ωi

)
R̂−1a

(
ωi

) (23)

R̂ =

I∑
i=1

|α̂ωi |2a
(
ωi

)
a∗

(
ωi

)
, (24)
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{ωi}I
i=1 = {ω1(p1)}P

p1=1

⋃
{ω2(p2)}P

p2=1

⋃
{ω1(p1) + ω2(p2)}P

p1,p2=1 (25)

f
1

f 2

0.07 0.08 0.09 0.1 0.11 0.12 0.13

0.06

0.07

0.08

0.09

0.1

0.11

0.12

0.13

0.14

0.15

Figure 7: Zoom-in of Figure 6.
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where (23) and (24) are solved iteratively by initializing R̂
to an identity matrix. Assuming that the desired P × P
grid for the bispectrum is formed from {ω1(p1)}P

p1=1 and

{ω2(p2)}P
p2=1, we may form the frequency grid for IAA,

{ωi}I
i=1 according to (25) on the top of the page, where⋃

represents union of sets. The IAA-based estimate of
the power spectral density and the bispectrum can thus be
formed as

Ŝα
xx(ω1) = α̂∗ω1 α̂ω1 (26)

Ŝα
xxx(ω1 + ω2) = α̂∗ω1+ω2 α̂ω1 α̂ω2 (27)

where the superscript α has been added to show that these
are IAA-based estimates. We note that IAA-based esti-
mates of higher polyspectra may be obtained analogously,
and extension to the non-uniformly sampled data sets can
be formed reminiscent to the approach in [12].
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Figure 9: Coupled sinusoids: contour plot of the windowed-
periodogram estimate of bispectrum.

4. EXAMPLES

In this section, we demonstrate the effectiveness of the pro-
posed IAA-based estimators through application to real and
simulated data. In each case, the suggested approach is com-
pared to the popular windowed-periodogram method2.

4.1 Canadian Lynx Data

The first time-series studied here is the Canadian lynx data
that consists of the annual number of Canadian lynx trapped
in the Mackenzie River district of Northwest Canada for the
years 1821-1934 (see [14] for further details). The trapped-
lynx count is plotted versus time in Figure 1. Figures 2-4
show the windowed-periodogram estimate of the bispectrum
using the Rao-Gabr window. The bispectrum estimate shows
a rather wide peak at around (0.1,0.1) (and other symmet-
ric locations). This indicates the possibility of quadratic fre-
quency coupling. The IAA-based estimate of the bispectrum
is shown in Figures 5-7. As is clear from these figures, the
IAA-based estimate results in much sharper peaks. The ba-
sic peak is at (0.104, 0.104), which gives a period of 9.6154
years, and its coupled harmonic at 4.8077 years.

4.2 Coupled Sinusoids

To show the importance of obtaining high resolution bispec-
trum estimates, we also consider simulated data representing
closely-spaced coupled sinusoids. We generate 100 samples
of a signal, xn, having three sinusoidal components

xn =

3∑
r=1

αr cos(2πfrn + φr) + wn, (28)

where αr and fr denote the amplitude and frequency of the
rth sinusoid, respectively; φ1 and φ2 are independent uni-
formly distributed random variables between 0 and 2π; and

2A particularly useful implementation is
available in the Matlab toolbox ‘HOSA’,
http://www.mathworks.com/matlabcentral/fileexchange/3013.

1041



f1

f2

0.08 0.1 0.12 0.14 0.16 0.18 0.2
0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2

Figure 10: Zoom-in of Figure 9.

f
1

f 2

−0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

Figure 11: Coupled sinusoids: contour plot of the IAA-based
estimate of the bispectrum.

the noise term, wn, represents zero-mean Gaussian random
noise. In the simulations, we set αr = 1, ∀r, f1 = 0.13 Hz,
f2 = 0.15 Hz, f3 = f1 +f2, and φ3 = φ1 +φ2. The simulated
data is shown in Figure 8. The windowed-periodogram
based estimate of the bispectrum, shown in Figures 9 and
10, fails to resolve the closely-spaced peaks. Figures 11-12
show that the corresponding IAA-based estimator provides
accurate estimate of the bispectrum, showing the peaks to
be at the correct frequency locations.
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ABSTRACT

In this paper, we investigate the quality of a weighted least-
square (WLS) parameter estimation method based on binary
observations when only a finite number of samples are avail-
able. An upper bound of the number of samples that are nec-
essary for identifying system with a given accuracy is theo-
retically derived. The accuracy is defined in the sense of cor-
relation coefficient between the system parameters and our
estimated system parameters. Furthermore, we compare the-
oretical results with simulations in order to study the validity
of the results practically.

1. INTRODUCTION

Today, system identification based on binary-valued output
observations play an important role in many applications in
different domains such as switching sensors and industry
sensors in automotive applications, chemical process sensors
for vacuum, pressure, and power levels; traffic condition in-
dicators in the asynchronous transmission mode (ATM) net-
works; gas content sensors in gas and oil industry. In medical
applications, estimation and prediction of causal effectswith
dichotomous outcomes are closely related to binary-valued
output systems [1]. In the context of micro devices, it can be
also used to estimate the parameters of MEMS and NEMS
[2, 3]. Other applications can be found in [1].

In 1998, Wigren has developed a least-mean-squares
(LMS) approach to the problem of online parameter estima-
tion from quantized observations [4]. This method is based
on an approximation of the quantizer, which makes it pos-
sible to define an approximate gradient of the least-squares
criterion [4, 5]. In [1], another method for parameter esti-
mation from binary (or quantized) data was introduced. The
unknown system is excited by a periodic signal and, as in
[6, 7]; the threshold of the quantizer is randomly specified by
a partially known dithering signal. This approach is general-
ized in [8], where it is shown that the cumulative distribution
function (cdf) of the threshold does not have to be known
a priori: it can be estimated along with the parameters of
the system. This work has also been extended from finite
impulse response (FIR) systems to infinite impulse response
(IIR) systems and to nonlinear Wiener systems [9].

In [2], we recently presented an alternative approach to
estimate the parameters of a finite impulse response sys-
tem using binary observations. This method relies on the

minimization of a weighted least-squares (WLS) criterion
where the parameter-dependent weights are chosen in order
to smooth out the discontinuities of the unweighted crite-
rion (classical criterion [10, 11]). The consistency of this
approach can be guaranteed, even in the presence of mea-
surement noise, provided the signal at the quantizer’s input is
Gaussian and centred. This method is also adapted to the test
of microelectronic devices such as MEMS and NEMS [2, 3].
Therefore, in this paper we study the quality of this WLS ap-
proach when only a finite number of samples are available as
it hasn’t been already investigated.

It should be mentioned that the Cramer-Rao bound
(CRB) is usually used to determine the efficiency and quality
of estimation methods in previous papers [1, 8, 9]. However,
the CRB is difficult to establish in our proposed approach,
because there exists no analytical expression of the optimal
parameters in this technique [2]. Therefore, we define an-
other criterion to analyze the quality and performance of this
method based on estimation accuracy and the number of nec-
essary samples to identify the system in the noise-free case.

This paper is organized as follows. Section 2 introduces
the framework and our WLS method to estimate the system
parameters based on binary data, while Section 3 presents the
theoretical results to investigate the quality of our estimation
method. Section 4 resumes some simulations to study the
validity of the results which are established in Section 3. Fi-
nally, conclusions and perspectives are drawn in Section 5.

2. PRELIMINARIES

2.1 Framework and notations

Let us consider a discrete-time invariant linear systemH. We
assumeH has a finite impulse response of lengthL, i.e. the
impulse response can be represented by a column vectorθ =
(θl )

L
l=1 . Let ul be the known scalar value of the system input

at timel . We also defineyl as the (scalar) value of the system
output, so that:

yl = φT
l θ ,

whereφl = (uk)
l
k=l−L+1 is the (column) vector of observa-

tions at timel .
Let dl be a known additive dithering signal at the quan-

tizer’s input. The system output is measured via a 1-bit ADC
so that only the signsl = S(zl ) of the system output is known,
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Figure 1: Block diagram of the system.

where
{

S(x) = 1 , if x≥ 0
S(x) = −1 , otherwise,

andzl = yl +dl .
We are interested in finding an estimateθ̂ of θ , based on

N observations oful ,sl and, if need be,dl . Let us consider
thatul anddl are stationary, independent, white Gaussian and
centred. It is also assumed thatθ̂ has lengthL and σu =
1. The estimated quantities are denoted by a hat (e.g. ˆsl =
S(ẑl )). These notations are summed up in Fig. 1.

2.2 WLS approach for parameter estimation based on
binary observation

In [2], we proved that the problem of parameter estimation
from binary measurement can be treated by minimizing WLS
criteria of the form:

JN
p

(

θ̂
)

=
1
4

N

∑
l=1

ẑ2p
l (sl − ŝl )

2

N

∑
l=1

ẑ2p
l

, p≥ 1 (1)

in which the term ˆz2p
l acts as a (positive) weight to the binary-

valued error(sl − ŝl )
2 and smoothes out the discontinuities of

the unweighted criterion (classical criterion).
We have already established the properties ofJN

0 andJN
1

such as convexity and estimator consistency under a prob-
abilistic framework, whenN goes to infinity in [2]. Some
analytical expression ofJ∞

0 andJ∞
1 were also derived, which

are given here:

J∞
0

(

θ̂
)

=
1
π

arccos(r),

J∞
1

(

θ̂
)

=
1
π

(

arccos(r)− r
√

1− r2
)

,

wherer is the correlation coefficient ofz andẑ. In the noise-
free case, this boils down to:

r
(

θ , θ̂
)

=
σ2

d +θ T θ̂
√

σ2
d +θ Tθ

√

σ2
d + θ̂ T θ̂

. (2)

In addition, it has been shown that:

JN
0 = 0⇐⇒ JN

p = 0,∀p≥ 1, (3)

i.e. thatJN
0 andJN

p are equivalent in the noise-free case [2]

in the sense that all thêθ that minimizeJN
0 also minimize

JN
p and vice versa. Fig. 2 shows criterionJN

0 comparing
with JN

1 for N = 500 which can illustrate (3). As it’s seen
in this figure, all theθ̂ that minimizeJN

0 also minimizeJN
p

(p = 1 in this example). Based on this equivalence between
the two criteria, we establish in the next section some non-
asymptotical properties ofJN

0 and see how they apply toJN
p

in order to investigate the estimation quality and performance
efficiency of our WLS criteria.

3. CONSEQUENCE OF A FINITE NUMBER OF
SAMPLES

In order to investigate the quality of our WLS approach for
parameter estimation based on binary observation introduced
in 2.2 [2], the relation between accuracy (in the sense of cor-
relation coefficient betweenz andẑ) and the number of nec-
essary samples for identifying a system is figured out.

The purpose of this section is to determine how many
samplesN are necessary to estimate a given system with
lengthL by a given ”accuracy”. To ensure the quality of the
estimation, a sufficient condition is that:

∀θ̂ ,JN
p

(

θ̂
)

≈ J∞
p

(

θ̂
)

.

Or, in other words, a sufficient condition is that we are
”close” to the limiting case while N goes to infinity
(N −→ ∞). RegardingJN

p

(

θ̂
)

with a fixed θ̂ as a random
variable (the value of which changes from one experiment
to the other), one can consider that the number of necessary
samples(N) is large enough when:

var
(

JN
p

(

θ̂
))

E
(

JN
p

(

θ̂
))2 < 1. (4)

We have not been able to obtain a satisfactory expression
for any of these quantities except in the casep = 0. How-
ever, because of the ”equivalence” betweenJN

p andJN
0 (3),

reasonably good results can be expected ifJN
0 is used instead

of JN
p in (4) . This is motivated by the fact that is mentioned

in the previous section (3). Therefore, from (3) and (4), we
can consider thatN is large enough when:

var
(

JN
0

(

θ̂
))

E
(

JN
0

(

θ̂
))2 < 1, (5)

As it is illustrated in Fig. 3, when N is small, the probability
thatJN

0 = 0 for θ̂ 6= θ is non zero. IncreasingN reduces the
variance ofJN

0 which reduces the misestimating probability
of θ .

Since 1/4(sl − ŝl )
2 takes only two values (0 or 1), it can
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Figure 2: Comparison ofJN
0 with JN

1 in order to verify (3) for
N = 500 andθ = [1,−1].

be considered as a Bernoulli random variable with parameter
q. The value ofq is equal to:

q = E

(

1
4

(

ŝl
(

θ̂
)

−sl
)2
)

= E

(

1
2
− 1

2
ŝl sl

)

=
1
2
− 1

2
cov(ŝl ,sl ) .

(6)

From [12], (6) reduces to:

q =
1
2

(

1− 2
π

arcsin(cov(ẑk,zk))

)

=
1
π

arccos(r) = J∞
0 (r),

thus,

E
(

JN
0

(

θ̂
))

=
1
N

N

∑
l=1

E

(

1
4

(

ŝl
(

θ̂
)

−sl
)2
)

= J∞
0 (r).

The numerator of (5) is also given by:

var
(

JN
0

(

θ̂
))

=
1

N2 var

(

N

∑
l=1

(

ŝl
(

θ̂
)

−sl
)2

4

)

=
1

N2 var

(

N

∑
l=1

∆(l)

)

.

(7)

Expanding the right-hand side of (7) leads to:

var
(

JN
0

(

θ̂
))

=
1

N2

N

∑
k=1

var(∆(k))

+
1

N2

N

∑
k=1

N

∑
l=1,l 6=k

cov(∆(k),∆(l)) .

Figure 3: Histogram ofJ∞
0 , J2500

0 andJ250
0 for θ = [1,−1] and

θ̂ = [1,1,−1].

Because of the stationarity hypothesis, this can be further
transformed into:

var
(

JN
0

(

θ̂
))

=
1

N2 (Nvar(∆(t)))

+
2

N2

N−1

∑
k=1

(N−k)cov(∆(t) ,∆(t +k)) .
(8)

The second term on the right-hand side is split in two parts:

N−1

∑
k=1

(N−k)cov(∆(t),∆(t +k)) =

L

∑
k=1

(N−k)cov(∆(t),∆(t +k))+

N−1

∑
k=L+1

(N−k)cov(∆(t),∆(t +k)) .

(9)

SinceH has lengthL and the input signalu is white, the sec-
ond term of the right-hand side of (9) equals 0. The Cauchy-
Schwartz inequality is then used to yield:

L

∑
k=1

(N−k)cov(∆(t),∆(t +k)) ≤

L

∑
k=1

(N−k)var(∆(t)) = L

(

N− L+1
2

)

var(∆(t)) .

This can be injected into (8):

var
(

JN
0

(

θ̂
))

≤ N(2L+1)−L(L+1)

N2 var(∆(t)) . (10)

Now var(∆(t)) can be split into:

var(∆(t)) = var

(

1
4

(

ŝl
(

θ̂
)

−sl
)2
)

.
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As 1/4
(

ŝl
(

θ̂
)

−sl
)2

is a Bernoulli random variable with pa-
rameterq = J∞

0 (r), thus, we obtain:

var(∆(t)) = J∞
0 (r)−J∞

0
2(r). (11)

As a consequence, (11) can be injected into (10):

var
(

JN
0

(

θ̂
))

≤N(2L+1)−L(L+1)

N2 ×

J∞
0 (r)(1−J∞

0 (r)) .
(12)

WhenN is large with respect toL, (12) reduces to:

var
(

JN
0

(

θ̂
))

≤ 2L+1
N

J∞
0 (r)(1−J∞

0 (r)) .

Thus, a sufficient condition for (5) to hold is (in the limit of
largeN):

N
2L+1

>
1

J∞
0 (r)

−1. (13)

Whenr is close to 1, assumingN
2L+1 >> 1, a Taylor series

expansion can be applied to (13), which yields:

e= 1− r ≈ π2

2

(

2L+1
N

)2

, (14)

wheree= 1− r is the error on the correlation coefficient, i.e.
the accuracy of the method.

Suppose, for example, that we want to make sure that
the error on the correlation coefficient between the nominal
and estimated system is about 0.01. Lettinge= 0.01 in (14)
yields:

N ≈ 10π√
2

(2L+1) ≈ 22(2L+1).

Choosing N according to (14) thus ensures thatθ̂ , the
parameter vector resulting from the optimization, is ”close”
to θ in the sense that their correlation coefficient (given by
(2)) is aboutr = 0.99. The simulation results are shown in
the next section to confirm the theoretical results.

4. SIMULATION RESULTS AND DISCUSSION

In this section, the validity of the results established in pre-
vious section is put to the test. Four impulse responses of
lengths 2, 4, 8 and 16 are analyzed: they consist of repetitions
of the sequence [1,-1] (oscillatory behaviour is commonplace
in MEMS devices). A sequence ofN samples of a white
Gaussian noise with zero mean and unit variance is applied
at the system input. A dithering signal (of the same nature
as the input signal) is applied at the input of the comparator.
A parameter vector is estimated thanks to the gradient algo-
rithm proposed in [2] and its correlation coefficient with the
nominal parameter vector is calculated and stored. The al-
gorithm is stopped whenJN

1 = 0, which is always achievable
in the noise-free case. This experiment is repeated a large
number of times (typically 104) in order to precisely deter-
mine the average value ofr for a given number of samples
and thus, the accuracy of the method(e= 1− r).

Fig. 4 illustrates the accuracy of the estimation(e) ver-
susN/(2L+1) obtained forσd = 0. These simulation re-
sults for different lengths of impulse response(L) are ob-
tained fromJN

1 . Note that the same simulation results can
be also obtained withJN

p , p ≥ 0 because of (3). The simu-
lations agree rather well with the theoretical results obtained
in the previous section. It confirms thate is inversely propor-
tional to (N/2L+1)2. However, it should be noted that the
experimental value of the accuracy is not only a function of
N/(2L+1) but also ofL (Fig. 4), i.e. the error behaves as:

e= 1− r = K(L)

(

2L+1
N

)2

,

whereK(L) is a factor which depends on the filter that should
be identified and its impulse response length. In the presence
case, the number of necessary samples for reaching a given
accuracy is overestimated by (14). This is a consequence of
using the Cauchy-Schwartz inequality for going from (9) to
(10).

Whenσd 6= 0, the same results as in Fig. 4 are obtained.
However, one must keep in mind that in this case,r repre-
sents the correlation betweenz and ẑ, not θ and θ̂ . Thus,
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Figure 5: (a) Correlation coefficient error (1− r and 1−c) vsσd, (b) Relative amplitude error

(

1− ‖θ̂‖
‖θ‖

)

vsσd for L = 2 and

N
2L+1 = 20.

supposingσd is large with respect toθ Tθ andθ̂ T θ̂ , r (2) can
be close to 1 regardless of whetherθ̂ is actually ”close” toθ .
Consequently, it is also interesting to plot the cosine of the
angle made bŷθ andθ :

c =
θ T θ̂

√
θ Tθ

√

θ̂ T θ̂
,

versusσd compared withr versusσd (Fig. 5-a). These re-
sults show that asσd decreases, thus the angle made byθ̂
andθ becomes smaller. On the other hand, too large or too
small dither is detrimental to the quality of the identification
as it is shown in Fig. 5.

5. CONCLUSION

In this paper, estimation quality of a weighted least-square
(WLS) approach to parameter estimation problems based on
binary observations is investigated in the case of existence of
only a finite number of samples. The relation between ac-
curacy and the number of samples for identifying a system
is figured out. Furthermore, simulation results were com-
pared with good agreement to the theoretical results. This
work will be extended to the cases when measurement noise
is present at the input of the comparator.
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ABSTRACT
This paper addresses the sensitivity of the algorithm proposed by
Andrieu and Doucet (IEEE Trans. Signal Process., 47(10), 1999),
for the joint Bayesian model selection and estimation of sinusoids
in white Gaussian noise, to the values of a certain hyperparameter
claimed to be weakly influential in the original paper. A deeper
study of this issue reveals indeed that the value of this hyperparam-
eter (the scale parameter of the expected signal-to-noise ratio) has
a significant influence on 1) the mixing rate of the Markov chain
and 2) the posterior distribution of the number of components. As
a possible workaround for this problem, we investigate an Empiri-
cal Bayes approach to select an appropriate value for this hyperpa-
rameter in a data-driven way. Marginal likelihood maximization is
performed by means of an importance sampling based Monte Carlo
EM (MCEM) algorithm. Numerical experiments illustrate that the
sampler equipped with this MCEM procedure provides satisfactory
performances in moderate to high SNR situations.

1. INTRODUCTION

In this paper, we address the problem of detection and estimation
of sinusoids in white Gaussian noise, assuming that the number
of component is unknown. A fully Bayesian algorithm, based on
the Reversible Jump Markov Chain Monte Carlo (RJ-MCMC) tech-
nique [8, 9], has been proposed for this problem in [1]. Similar algo-
rithms have also been used for other applications such as polyphonic
signal analysis [3], array signal processing [12], and nuclear emis-
sion spectra analysis [10]. However, to the best of our knowledge,
the sensitivity of the algorithm to the value of its hyperparameters
has never been clearly discussed.

Let y= (y1, y2, . . . , yN)
t be a vector ofN observations of an

observed signal. We consider the finite family of embedded mod-
els{Mk, 0≤ k ≤ kmax}, whereMk assumes thaty can be written
as a linear combination ofk sinusoids observed in white Gaussian
noise. Letωk =

(

ω1,k, . . . ,ωk,k
)

be the vector of radial frequencies
in modelMk, and letDk be the correspondingN×2k design matrix
defined by

Dk(i+1,2 j−1), cos(ω j,ki), Dk(i+1,2 j), sin(ω j,ki)

for i = 0, . . . ,N − 1 and j = 1, . . . ,k. Then the observed signaly
follows underMk a normal linear regression model:

y =Dk.ak +n ,

wheren is a white Gaussian noise with varianceσ2. The unknown
parameters are assumed to be the number of componentsk andθk =
{ak,ωk,σ2}.

Assuming that no (or little) information is available about the
vector of amplitudesak, the conditionally conjugateg-prior is usu-
ally recommended as a default prior in the Bayesian variable selec-
tion literature [14, 21]. Under this prior, the distribution ofak con-
ditionally to σ2, k andωk is Gaussian withσ2/g (Dt

kDk)
−1 as its

covariance matrix, whereg is a positive parameter. Following [1],
a zero-meang-prior for ak will be used in this paper. Our results,
however, are likely to remain relevant for any covariance matrix of
the formσ2/g Σk (with Σk possibly depending onk andωk).

The parameterδ 2 = 1/g, called the Expected SNR (ESNR),
controls the expected size of the amplitudes. Owing to its influence
on the performance of the algorithm, and assuming again that no (or
little) information is available, the hyperparameterδ 2 is given in [1]
a conjugate inverse gamma prior with parametersαδ 2 andβδ 2, that
we denote byIG (αδ 2,βδ 2). Such a hierarchical Bayes approach is
usually hoped to increase the robustness of the statistical analysis;
see [18, Section 10.2] for more information. The first parameter is
set toαδ 2 = 2, in order to have an heavy-tailed “weakly informa-
tive” prior (with infinite variance). It is claimed in [1, Section V.D]
that the value ofβδ 2 has a weak influence on the performance of the
algorithm.

The contribution of this paper, which can be seen as a contin-
uation of [1], is twofold. First, on the basis of extensive numerical
experiments, we argue that the value ofβδ 2 can have a strong in-
fluence on 1) the mixing rate of the Markov chain and 2) the poste-
rior distribution of the number of components. Second, instead of
using a fixed value for the hyperparameterβδ 2, we investigate the
capability of an Empirical Bayes (EB) approach to estimate it from
the data, in the spirit of the approach used in [2, 6] to estimateδ 2.
More precisely, since the marginal likelihood ofβδ 2 is not avail-
able in closed form, we implement an Importance Sampling (IS)
based Monte Carlo Expectation Maximization (MCEM) algorithm
[13, 20] to maximize it numerically.

The paper is outlined as follows. Section 2 recalls the hierar-
chical Bayesian model and the RJ-MCMC sampler proposed in [1].
Section 3 discusses the influence ofβδ 2 on both the mixing rate of
the Markov chain and the posterior distribution of the numberk of
components. Section 4 explains the fundamentals of the MCEM al-
gorithm, which is used for estimatingβδ 2. Section 5 presents the
results of our numerical experiments and discusses the pros and
cons of the Empirical Bayes approach in estimatingβδ 2. Finally,
Section 6 concludes the paper and gives directions for future work.

2. BAYESIAN FRAMEWORK

This section describes the prior distribution and the RJ-MCMC
sampler considered in this paper, following [1] unless explicitly
stated otherwise.

2.1 Prior distributions

The joint prior distribution of the unknown parameters is chosen to
have the following hierarchical structure:

p
(

k,θk,δ 2
)

= p
(

ak | k,ωk,σ2,δ 2) p
(

ωk | k
)

× p
(

k
)

p
(

σ2) p
(

δ 2) .
(1)
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Figure 1: Truncated negative binomial prior onk corresponding
to αΛ = 1.0 (upper plot) andαΛ = 0.5 (lower plot), withkmax= 32
andβΛ = 0.001.

The conditional distribution ofak is theg-prior distribution already
described in the introduction. Conditional onk, the components
of ωk are independent and identically distributed, with a uniform
distribution on(0,π). The noise varianceσ2 is endowed with Jef-
frey’s improper prior, i.e.p(σ2) ∝ 1/σ2, where the symbol∝ de-
notes proportionality.

The prior distribution ofk is defined in [1] in two steps, follow-
ing once again the hierarchical Bayes philosophy. First,k is given
a Poisson distribution with meanΛ, truncated to{0,1, . . . ,kmax}.
Then, to increase the robustness of the inference in a context of
weak prior information onk, the hyperparameterΛ is given a con-
jugate Gamma prior, with shape parameterαΛ ≈ 1

2 and scale param-
eterβΛ ≈ 0. This is equivalent to using fork a (truncated) negative
binomial prior1 that puts a strong emphasis on small values. In this
paper, we setαΛ = 1 in order to have an almost flat prior fork
over{0, . . . ,kmax}; see Figure 1 for a comparison of the two prior
distributions.

2.2 Sampling structure

The hierarchical structure and prior distributions just described
make it possible to integrate parametersak andσ2 out of the poste-
rior distribution analytically. Thismarginalization step [17] yields
the following marginal posterior distribution:

p
(

k,ωk,δ 2,Λ |y
)

∝ (ytPky)
−N/2 Λkπ−k

k! (δ 2+1)k

× p(δ 2) p(Λ)1(0,π)k (ωk) ,

(2)

with
Pk = IN −

δ 2

1+δ 2 Dk
(

Dt
kDk

)−1
Dt

k

whenk ≥ 1 andP0 = IN .
The joint posterior distribution (2) is the target distribution of

the RJ-MCMC sampler. In the following, different steps for sam-
pling from the target distribution are briefly described. For more
detailed expressions please refer to [1, 8].

The RJ-MCMC sampler, that leaves the target density (2) in-
variant, consists of a Metropolis-Hastings (MH) move for updating

1Indeed, the marginal prior distribution ofk is given by

p(k) =
Γ(k+αΛ)

Γ(αΛ) k!

(

βΛ
βΛ +1

)αΛ
(

1
βΛ +1

)k

,

which is a negative binomial distribution. See, e.g., [5, Section 2.7 and 17.2],
where the negative binomial distribution is advocated as a robust alternative
to the Poisson distribution.

the value ofk andωk, followed by a sequence of Gibbs moves to
updateδ 2 andΛ. (The conditional distribution ofδ 2 givenk, ωk, Λ
andy is sampled from by firstdemarginalizing [17] σ2 andak and
then sampling from the full conditional distribution.)

Since the problem under consideration is trans-dimensional,
the proposal distribution for the MH move updatingk and ωk
is in fact a mixture of proposal distributions performing within-
model moves (updating radial frequencies without changingk) and
between-models moves (“birth” and “death” moves, which respec-
tively add and remove components). Except for a modification de-
scribed below, the moves implemented in our sampler are the same
as in [1].

2.3 Correction of the birth ratio in [1]

In the birth move proposed in [1], and also used in this paper, the
insertion of a new sinusoid is proposed as follows: first a new radial
frequency is sampled from the uniform distribution on(0,π) and,
then, it is inserted at a random location2 among the existing ones.
According the theory of RJ-MCMC samplers [8] and using the same
proportion of birth and death moves as in [1], the move is accepted
with probabilityαbirth = min{1,rbirth}, where

rbirth =

(

ytPk+1y

ytPky

)−N/2 1
1+δ 2 · (3)

One should note that the birth ratio computed in [1] differs from (3)
by a 1/(k+1) factor. A similar mistake in computing RJ-MCMC
ratios has been reported in the field of genetics [11]. Note that this
additional factor is equivalent to using a different prior distribution
over k. A detailed justification of (3) will be provided in a forth-
coming paper.

3. SENSITIVITY OF THE ALGORITHM TO βδ 2

This section first reviews related work concerning the role ofδ 2

in the Bayesian variable selection literature, and then proceeds to
describing the role ofβδ 2 in the present problem.

3.1 Review of related work in Bayesian variable selection

It has been highlighted in the variable selection literature that the
parameterδ 2, which controls the expected relative size of the am-
plitudes with respect toσ , implicitly defines a “dimensionality
penalty” from the model selection point of view [2, 6]. Indeed,
considering thatp(k) is approximately constant fork ∈ [0, kmax],
we have

log p
(

k,ωk |y,δ 2
)

≈ −
N
2

log(ytPky)−F · k+C, (4)

whereF = log
(

π
(

1+δ 2
))

andC is a constant which does not de-
pend onk andωk. F can be interpreted as a dimensionality penalty,
which penalizes complex models. Thus,δ 2 plays the role of a reg-
ularization parameter, “large” values of which favor sparse signal
representations at the expense of detection sensitivity. Conversely,
“small” values ofδ 2 typically lead to the selection of overfitting
models (i.e., in terms of detection performance, false positives).

In the Bayesian variable selection literature, many researchers
have tried to either set an appropriate fixed value toδ 2 or estimate
it using different approaches. In [4], several fixed values forδ 2 are
compared in a model averaging framework, andδ 2 = max{N, p2}
is recommended as a default (“benchmark”) value, wherep denotes
the number of variables. Several approaches for the estimation
of δ 2, both EB or fully Bayesian, have been proposed and compared

2Note that the same ratio would be obtained if the radial frequency were
sorted instead [16].
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Figure 2: Mixing of the chain for different values ofβδ 2. The true
model isM15, and the sampler is initialized inM0.

in [2, 6, 14]. It is concluded in [2] that the Maximum Marginal Like-
lihood (MML) approach is superior to the others (in terms of mean
square error), but the conclusions of [14]—in a slightly different
setting—suggest that some fully Bayesian approaches can perform
just as well.

3.2 Role of βδ 2

Our numerical experiments have revealed that the value ofβδ 2 can
have a significant influence on 1) the posterior distribution of the
number of components and 2) the convergence rate of the Markov
chain.

The former fact can be understood in light of Section 3.1 where
the role ofδ 2 as a dimensionality penalty has been highlighted. In-
deed, sinceβδ 2 is a scale parameter for the prior distribution ofδ 2,
it can be expected that, probably to a lesser extent,βδ 2 should play
a similar role. In other words, high values ofβδ 2 are expected to
favor sparse solutions, with a risk of omitting low SNR compo-
nents, whereas low values ofβδ 2 are expected to allow solutions
with many components (high values ofk). This point will be fur-
ther discussed in Section 5 on the basis of numerical results.

Let us now discuss the influence ofβδ 2 on the mixing of the
sampler. We have found that large values ofβδ 2 lead to a sam-
pler that has severe mixing issues and often gets trapped in local
modes of the target distribution. This issue is illustrated in Fig-
ure 2, which shows the mixing of the chain for different values of
βδ 2 in a case where the true model isM15, the number of samples
N = 64, and the sampler is initialized inM0. The mixing issue of
the chain whenβδ 2 > 100 is highlighted in this figure, which causes
the sampler to get stuck for many iterations at a local mode. In fact,
whenβδ 2 = 1000 the sampler cannot escape from the local mode af-
ter 100k iterations. This convergence issue might similarly happen
when the true signal is near null model and the sampler is initial-
ized near full model. So, for large values ofβδ 2, the algorithm is
sensitive to the initialized state. On the other hand, too small values
of βδ 2 which corresponds to assuming low ESNR, would cause the
algorithm to explore many regions of low probability of the space in
low SNR situations which can be really computationally expensive
and causes convergence problems.

A possible solution to the mixing issue would be to use a com-
bination of simulated annealing and MCMC sampler as is done, for
example, in [7]. In the next section we follow a different path and
use an EB approach to estimateβδ 2 from the data.

4. IMPORTANCE SAMPLING BASED MCEM
ALGORITHM

Hierarchical models are commonly used in Bayesian model (or vari-
able) selection problems. However, this hierarchy should stop at
some point with all remaining parameters assumed fixed. Then,
based on some prior beliefs, these parameters can be set. However,
for some parameters which no information is provided beforehand,
rather than setting them to a fixed value, the EB approach uses the
observed data to estimate them. It avoids using arbitrary choices
which may be at odds with the observed data.

In this method, one tries to estimateβδ 2 such that the marginal
likelihood is maximized. In other words,

β̂δ 2 = argmaxβδ2
p(y|βδ 2).

This is similar to MML method proposed in [6] for estimatingδ 2.
The maximum likelihood may be easier to compute when the data is
augmented by a set of latent variables,u say. These latent variables,
in our case, are{ωk,k,δ 2,Λ}. Then, one can use the EM algorithm
that entails, at iterationr+1, an E-step for computing the expected
log-likelihood

Q(βδ 2|β̂ r
δ 2) = Eβ̂ (r)

δ2

{

ln p(y,u|βδ 2)|y
}

(5)

and, an M-step, for maximization ofQ(βδ 2|β̂ r
δ 2) overβδ 2 in order

to obtain the MLE of it,β̂ r+1
δ 2 .

However, in our case, computing the E-step is not possible an-
alytically. Therefore, here, we propose to use Monte Carlo approx-
imation of (5), which is called MCEM [13, 15], by simulating sam-
ples fromp(u|y, β̂ r

δ 2). Moreover, the Monte Carlo estimation of (5)
can be implemented in a more efficient way using the idea of Impor-
tance Sampling (IS). As is explained in [13, 15], in this framework,
samples are just generated fromp(u|y, β̂ 0

δ 2), whereβ̂ 0
δ 2 is the initial

value. Then, form number of generated samples, the E-step can be
written as

Q(βδ 2|β̂ r
δ 2) =

m

∑
t=1

wt ln p(y,ut |βδ 2)
/

m

∑
t=1

wt (6)

where

wt =
p(ut |y,β

(r)
δ 2 )

p(ut |y,β
(0)
δ 2 )

are the weights which in our case would simplify to

wt =





β (r)
δ 2

β (0)
δ 2





αδ2

exp



−
β (r)

δ 2 −β (0)
δ 2

δ 2
t



.

Since the RJ-MCMC sampler introduced in Section 2 can easily
generatem samples fromp(u|y, β̂ 0

δ 2), these samples can be used to
perform the IS based MCEM procedure. So, in each MCEM itera-
tion, a batch ofm samples is generated from the RJ-MCMC sampler
in order to compute (6). The computationally efficient point of this
procedure is that once the IS based MCEM algorithm is stopped,
the generated samples are not discarded. They can be used to gen-
erate the desired posterior distribution of the unknown parameters
by using the importance weights.

However, one should note that this procedure is sensitive to the
value ofβ̂ 0

δ 2. In order to reduce the variations ofwt , it is proposed in
[13] to run a few burn-in iterations using a simple MCEM method
without importance reweighting.
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Figure 3: Estimated values ofβδ 2 using the IS-based MCEM algo-
rithm. The signal is generated underM1 with N = 64,ω1,1 = 0.2π,
for several values of the SNR (see legend). The vertical line indi-
cates the burn-in period.

5. SIMULATION RESULTS AND DISCUSSION

In this section, we will investigate the capability of the IS based
MCEM algorithm for assessingβδ 2 in different situations. More-
over, we will compare the performance of the sampler with several
fixed values ofβδ 2. Simulations are performed on two different
sample sizesN = 64 andN = 256 generated according toM1 with
different SNRs. The SNR is defined as

SNR,
‖Dkak‖

2

Nσ2 .

The parameters of the single sinusoid are as follows:ω1,1 = 0.2π,
−arctan(a2,1/a1,1) = π/3, anda2

11+a2
2,1 = 20.

In the IS based MCEM algorithm, first, 20 burn-in iterations
with m = 100 samples were carried out. Then, the 20 IS based
MCEM procedure iterations withm = 5000 were performed to es-
timateβδ 2. So, finally, in addition to an approximate estimate of
βδ 2, 100k samples from the RJ-MCMC sampler are obtained and
can be used to produce the posterior distributions of the unknown
parameters, of course by using the importance weights. Figure 3
shows the performance of the IS based MCEM algorithm in esti-
mating the value ofβδ 2 for different observed signals. This relation
between the value ofβδ 2 and SNR, that is illustrated in figure 3, is
remarkably consistent with expectations. It is worthwhile to note
that variation of the estimated values ofβδ 2 is substantially reduced
after the burn-in period, as it is shown in figure 3, which illustrates
the convergence of the algorithm.

Table 1 presents the probabilities of argmaxp(k|y) in 100 re-
alizations of the algorithms. In each realization, 100k samples were
generated and the first 20k samples were discarded as the burn-in
period. The results are presented for different fixed values ofβδ 2

together with the results obtained by applying the IS based MCEM
algorithm for estimatingβδ 2.

First, let us consider the case of fixedβδ 2. From the results
presented in Table 1, it can be concluded that the value ofβδ 2 has
a strong influence on the posterior distribution of the number of
components. Indeed choice ofβδ 2 would become more critical as
the SNR decreases. Though the sampler produces reasonable re-
sults for a wide range of values ofβδ 2, i.e. 10≤ βδ 2 ≤ 1000, in
high SNR situations (not shown here), the behavior of the sam-
pler significantly varies by changing the value of this parameter
in low SNR situations. For instance, when SNR= −5 dB, while
the probability of detecting one component is almost the same for
the mentioned interval, settingβδ 2 = 10 provides a sampler which

overestimates the number of components. On the other hand, larger
values ofβδ 2 leads to a sampler that underestimates the number of
components. According to the obtained results, choosing a very
small value forβδ 2, one say, is not suitable. For the values of
SNR< 0 dB, it makes convergence problems for the sampler by
accepting most of proposed birth or death moves. More precisely,
it leads to a sampler which explores all possible regions, even low
probable ones, which would be really computationally expensive
whenkmax is large. However, one should note that for all simula-
tions the samplers were initialized near null model, otherwise for
values ofβδ 2 > 100 the results would definitely changed. In the
case thatN = 256, the sensitivity of the sampler to the choice of
βδ 2 is less critical. This may be caused by the fact that the ob-
served signal is more informative in this case. Finally, a fixed value
of βδ 2 ∈ [50,100] provides a sampler with more reasonable perfor-
mance for most values of SNR.

Turning to the results of the EB approach used here to automati-
cally estimate the value ofβδ 2 from the data, it can be seen from the
table that the sampler equipped with the IS-based MCEM algorithm
has a quite satisfactory behavior in moderate to high SNR situations
(0 dB,−2 dB, and even−5 dB for N = 256). However, it is clear
that the algorithm fails to select an appropriate value forβδ 2 in low
SNR situations (−10 dB, and−5 dB forN = 64): the selected value
is typically much too small, leading to severe overfitting. A similar
behavior is observed in experiments under the null modelM0 (not
shown here).

In fact, based on Table 1, it seems that usingβδ 2 = 50 gives,
in all the situations considered here, results that are similar to or
better than the results of the EB approach. Additional experimental
results under various configurations and sample sizes are required,
however, to issue a general recommendation regarding the choice of
an appropriate fixed value forβδ 2 (possibly depending onN) and,
also, to confirm the capability of the EB approach to automatically
select such a value in moderate to high SNR situations.

6. CONCLUSION

In this paper, first, the sensitivity of the RJ-MCMC algorithm pro-
posed in [1] for detection and estimation of sinusoids to the hyper-
parameterβδ 2 has been investigated. Then, an IS-based MCEM
algorithm has been used to estimate this parameter given the data,
following an empirical Bayes (EB) approach. The IS-based MCEM
method has proved able to automatically estimate an appropriate
value forβδ 2 in moderate to high SNR situations.

The main limitation of the EB approach is that it cannot esti-
mate a proper value forβδ 2 in very low SNR situations. This limita-
tion was, however, predictable as in such cases the observed signal
carries very little information about the parameter of interest. To
overcome this limitation and avoid the problem of choosing ascale
for p(δ 2), a truncated Jeffrey prior has been proposed in [19] and
very promising results have been obtained.

As mentioned in Section 1, this model and RJ-MCMC sampler
have also been used in other applications such as polyphonic sig-
nal analysis [3], array signal processing [12], and nuclear emission
spectra analysis [10]. The contributions of this paper are likely to
be useful in these applications as well.
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ABSTRACT
Most spectroscopic signals are well described as having ei-
ther a Lorentzian or Gaussian lineshape, and the recent lit-
erature contains a variety of estimation approaches for such
models. However, several experimental works indicate that
such signals can be better described as having the more gen-
eral Voigt lineshape, formed as the combination of the two.
Due to the inherent complexity of this model, there exist few
techniques to form estimates of the parameters of the Voigt
model, with a numerical search of the multidimensional non-
linear least squares (LS) cost function being the typical solu-
tion. In this paper, we propose a parametric relax-based es-
timator that estimates the lineshape parameters recursively,
one spectral line at a time. Numerical simulations using both
simulated and real measurement data illustrate the perfor-
mance gain of the proposed methods.

1. INTRODUCTION

Currently, most spectroscopic signals are described as ei-
ther having a Lorentzian or possibly a Gaussian lineshape,
and much work has been done on finding methods for ef-
ficiently estimating the parameters describing these models
(see, e.g., [1–5]). These models are popular and generally
work well, although several experimental studies indicate
that many forms of spectroscopic signals are better described
as having a Voigt lineshape. The structure and/or form of
the lineshape plays an important role in several applications,
for instance, in the detection of counterfeit medicines, and
there is a strong need to develop reliable techniques for im-
proving the estimates of the parameters detailing the spec-
tral lines. Regrettably, due to the complexity of the Voigt
model, few efficient estimation techniques exist to date, with
numerical search of the least squares (LS) cost function in
either the time or frequency domain being the most typi-
cal solution [6–8]. Such techniques are generally compu-
tationally cumbersome and require an accurate initial value
for the search spaces. In this paper, we propose a paramet-
ric relaxation-based technique for estimating the lineshape
parameters from a (possibly) non-uniformly sampled free in-
duction decay (FID) or, alternatively, a sequence of echo sig-
nals, resulting from, for example, a pulse spin-locking (PSL)
excitation sequence. Such a sequence of echoes are here
termed an echo train (ET) sequence (see, e.g., [9, 10]). In
[11], and later in the extended version presented in [12] (see
also [13]), it has been shown that relaxation-based methods
offer excellent estimation performance even in the presence
of colored noise. By alternatively estimating one component
at a time, this form of approaches can often also be imple-
mented quite efficiently. In the here presented extension of
the methods in [11,12], we exploit both the detailed structure
of the signal as well as initial frequency estimates, formed
using either the regular periodogram, or IAA [14, 15] for the

case of non-uniformly sampled data, to restrict the dimen-
sionality of the search space. Numerical studies indicate that
the presented method offers parameter estimates with close
to optimal performance, even though the procedure assumes
that the problem decouples, reducing the dimensionality of
the performed search substantially. Evaluating the method
on real measurements of the explosive TNT indicates that
the model improves parameter estimates for this substance
somewhat.

2. DATA MODEL

Spectroscopic signals are most commonly measured as ei-
ther FIDs or ET sequences. In the following, we shall exam-
ine both these forms of signals, extending the models to also
include a Voigt parameter. Incorporating this extension, the
measured FID signal formed from d resonant lines can thus
be modeled as [9]

yfid(t) = ρ

d

∑
k=1

κ̃ke−βkt−γkt2+iωk(T )t +w(t), (1)

where t = t0, . . . , tN−1 is the FID sampling time, w(t) is an ad-
ditive colored noise and ρ denotes the common scaling due
to the signal to noise ratio (SNR). We note that the under-
lying thermal (Johnson) noise at the RF antenna may often
be well modeled as a white Gaussian noise (WGN) process.
However, the noise is then typically colored by the receiver,
making it more appropriately modeled as the output of an au-
toregressive (AR) filter driven by WGN [16]. Furthermore,
the normalized (complex) amplitudes of the FID, here de-
noted κ̃k for the kth line, can be assumed to be fairly well
known for a given experimental set-up, although these may
vary in between setups and due to, e.g., the crystalline prop-
erties of the sample. The damping and Voigt constants, βk
and γk, for the kth line are often reasonably well known, but
may vary significantly due to, e.g., sample impurities, and
are therefore better to treat as unknown within some limited
set. Finally, the frequencies, ωk(T ), typically depends on the
(unknown) temperature of the examined sample, such that
for a given temperature, T , the frequencies are known, typi-
cally following ωk(T ) = ak + bkT, for some given constants
ak and bk [16]. Echo trains on the other hand will contain
further structure, and the noise-free mth echo of an echo train
may be well modeled as [9]

ym(t) = ρ

d

∑
k=1

κke−ηkmµ
ζ

t
ke−βk|t−tsp|−γk|t−tsp|2 , (2)

where ζk = eiωk(T )−ηk and t = t0, . . . , tN−1 is the echo sam-
pling time1, measured with respect to the center of the re-

1For notational convenience, we will here use the same notation for the
FID and the ET sampling times, although these are generally different.
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Figure 1: MSE error for the estimated amplitudes as com-
pared to the corresponding CRB.

focusing pulse, not necessarily being consecutive instances,
but typically starting at t0 6= 0 to allow for the dead time
between the pulse and the first measured sample (after the
pulse). Here, tsp and µ are known constants. It should be
noted that the normalized (complex) amplitudes for the echo
train, here denoted κk for the kth component, are different to
κ̃k, with the former being also dependent on tsp.

3. THE VOIGT RELAX ALGORITHM

As the data sequences detailed by either (1) or (2) are of-
ten non-uniformly sampled due to the gaps resulting from
the pulsing and the following dead time(s), initial estimates
of the line frequencies should then be formed using a tech-
nique robust to such signals. Furthermore, given that spec-
troscopic sequences are often corrupted by (substantial) ra-
dio frequency interference (RFI) and other spurious signals,
as well as being measured in the presence of colored noise,
we recommend forming initial frequency estimates using
either the periodogram, for regularly sampled data, or the
non-parametric IAA algorithm [14, 15], for more arbitrary
sampling patterns. Using either method, we form initial
estimates of the unknown line frequencies, and then pro-
ceed to form the relax estimate over the parameters βk, γk
and ηk, if relevant, for these frequencies. Let yÑ denote
the (column) vector formed from the available measurement
samples; for the FID measurements, obtained from, e.g., a
stochastic NQR (sNQR) experiment [10], Ñ = N, whereas
for an ET measurement the total number of available sam-
ples is Ñ = NM, where M denotes the number of available
echoes (see, e.g., [9])). Moreover, let

yÑ = ρ

d

∑
k=1

αkA
(i)
θ ,k +eÑ (3)

denote the vectorized model corresponding to either (1) or
(2), where αk denotes the assumed amplitudes κ̃k or κk, and
θ contain the unknown parameters detailing the model, i.e.,

θ
(1) =

[
T ρ {βk}d

k=1 {γk}d
k=1

]T
θ

(2) =
[

T ρ {βk}d
k=1 {γk}d

k=1 {ηk}d
k=1

]T
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Figure 2: MSE error for the estimated β1 and β2 plotted as
compared to the corresponding CRB.

for (1) and (2), respectively. The (column) vector A(i)
θ ,k is

formed as the vectorized form from the kth spectral line from
either (1) or (2) corresponding to yÑ , and eÑ is formed sim-
ilar to yÑ . Thus for (1) and (2), A(i)

θ ,k is given by A1
θ ,k in

equation (4) and A2
θ ,k in equation (6), respectively, listed at

the top of the next page. The non-linear least squares (NLS)
estimate of θ can be found as

θ̂NLS = argmin
θ

∥∥∥∥∥yÑ −ρ

d

∑
k=1

αkA
(i)
θ ,k

∥∥∥∥∥
2

(6)

for i = 1 or 2, where ‖·‖ denotes the Euclidean norm. As
is well known, the θ̂NLS estimate will only coincide with
the maximum likelihood estimate when the additive noise
eÑ is a zero-mean white Gaussian process, although, un-
der quite weak assumptions, the estimates will achieve the
same asymptotical performance even for the colored noise
case [17]. Reminiscent to [11, 12], we proceed to form the
relax-based estimate of θ by minimizing the cost function in
(6) in a recursive fashion, one component at a time. Let

yÑ,` = yÑ −ρ

d

∑
k=1,k 6=`

αkA
(i)
θ ,k +eÑ (7)

where
θk = [ βk γk ηk ]T , (8)

for k = 1,k 6= `, are assumed to be known from prior estima-
tion steps. Then, the NLS estimate of θ` can be found as

θ̂` = argmin
θ

∥∥∥yÑ,`−ρα`A
(i)
θ ,`

∥∥∥2
(9)

= argmax
θ

{∣∣∣A(i)∗
θ ,` yÑ,`

∣∣∣2 /(A(i)∗
θ ,` A

(i)
θ ,`)
}

(10)

where (·)∗ denotes the conjugate transpose. It is worth not-
ing that the maximization in (10) can be efficiently performed
using numerical optimization techniques, such as, for in-
stance, a Levenberg-Marquardt or a Gauss-Newton method
(see, e.g., [18, 19]). The relaxation-based estimate of θ is
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A1
θ ,k =

[
e−βkt1−γkt2

1 +iωk(T )t1 . . . e−βkt1−γkt2
1 +iωktN

]T
(4)

A2
θ ,k = [( f̃ 1

θ ,k), . . . ,( f̃ M
θ ,k)]

T (5)

f̃ m
θ ,k =

[
e−ηkmµ ζ

t1
k e−βk|t1−tsp|−γk|t1−tsp|2 . . . e−ηkmµ ζ

tN
k e−βk|tN−tsp|−γk|tN−tsp|2

]
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Figure 3: MSE error for the estimated γ1 and γ2 as compared
to the corresponding CRB.

thus formed as follows (see also [11, 12] for further details
on the recursive steps):

Step 0. Form initial estimates of the unknown frequencies
using the periodogram or the IAA algorithm in case of non-
uniformly sampled data.
Step 1. Assume d = 1, and compute θ̂1 from yÑ using (10).
Step 2. Assume d = 2. Compute yÑ,2 with (7) using θ̂1, and
then estimate θ̂2 using (10) with yÑ,2. Then, form yÑ,1 using
θ̂2 and reestimate θ̂1. Substeps 1 and 2 are then iterated until
practical convergence is achieved.
Step 3. Proceed by growing the assumed d to d = 3,4, . . .,
until the desired number of spectral lines. For each value
of d, θ̂k, for k = 1, . . . ,d, is estimated recursively using the
approach in steps 1 and 2, with each step extended to recur-
sively estimate all the d lines.

The above mentioned practical convergence is typically set
as when the relative change of the cost function between two
consecutive iteration is below some predetermined cut-off
point, for instance, when the change is less than ε = 10−8.
We note that as a minimization is performed at each step,
the algorithm is bound to converge to a local minimum un-
der mild conditions (although, the achieved minimum might,
of course, possibly not be the global one). It should also be
stressed that due to the recursive nature of the algorithm, the
computational complexity is proportional to d2 for large d,
and can thus be computationally demanding for signals con-
taining a large number of spectral lines. For our considered
applications, d is typically small, with generally d < 5.
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Figure 4: MSE error for the estimated frequencies as com-
pared to the corresponding CRB.

4. NUMERICAL EXAMPLES

In this section, we examine the performance of the pro-
posed estimator using both simulated and real measure-
ment data. Initially, we examine simulated FID data
mimicking a generic sNQR measurement of a pharma-
ceutical substance of interest, assuming d = 2, with N =
200, ω(T ) = {0.3,0.45}, β = {2.056,4.567}× 10−4, γ =
{2.008,3.002}×10−5, and κ̃ = {0.75,1}.The measurements
are formed using (1), where e(t) is modeled as a zero-mean
circularly symmetric white Gaussian noise process with vari-
ance σ2

w. Figures 1-4 show the mean-squared error (MSE)
as compared to the corresponding Cramér-Rao lower bound
(CRB), as derived in the Appendix. These simulations were
obtained using 100 Monte Carlo simulations. As can be seen
from the figures, the relax estimator achieves performance
being close to efficient. However, it should also be noted that
given the parameter values of typical samples of interest, the
estimation variance might well be on the order of the actual
value of interest, or indeed significantly larger than these val-
ues. Figures 5 and 6 illustrate this problem by plotting the
root relative CRB (RRCRB), defined as 100 times the square
root of the CRB divided by the true parameter value, for the
β1 parameter as a function of γ1 =−{4.5,19.7,34.8}×10−5,
and for γ1 for β1 = −{4.95,2.47,0.0505} × 10−4, respec-
tively. As seen from the figure, the variance of the β es-
timate is strongly affected by the size of the γ parameter,
whereas the variance of the γ estimate is seemingly unaf-
fected by changes in the damping parameter. However,
from Figure 5, it is clear that the more detailed Voigt mod-
eling will not offer any improvement of the β estimates for
substances with a combination of too low β and γ values,
and it is recommended that the RRCRB is evaluated for any
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Figure 5: The RRCRB of the β1 parameter in the numerical
example, where β1 is varied for three different values of γ1.

Line no. 1 2 3 4
ωk(T )/2π 0.201 0.074 0.022 -0.146
βk ×10−3 0.00 11.52 0.68 3.38
γk ×10−3 0.23 0.00 0.00 0.00
ηk ×10−3 0.18 0.26 0.22 0.22

|κk| 0.16 1.00 0.54 0.61

Table 1: Estimated parameters detailing the four dominant
TNT lines in the dataset examined in [16].

examined substance to determine the SNR and data length
required to make the model useful. We proceed to examine
real ET measurements from the explosive TNT. Using the
NQR data examined in [16], with N = 256, M = 31, we ap-
ply the relax algorithm now instead formed using (6). The
resulting parameter estimates are given in Table 1, where it
can be seen that only one of the four spectral lines have a
noticeable value for γ . Interestingly, the β -value for this line
is negligible, indicating that this spectral line has a Gaussian,
and not a Lorentzian or Voigt, lineshape. The found values
decrease the sum of the squared residuals with 0.34% com-
pared with the model used in [16], indicating that, as can be
expected from the values in Table 1, the more detailed model
allow for only a minor improvement of the signal model for
TNT. Table 2 presents the RRCRB for the estimated param-
eters, showing that, for instance, the standard deviation of γ1
is about 9% of the estimated parameter value, indicating that
this parameter can be fairly well determined. On the other
hand, one may note that β3 seems not to be possible to esti-
mate accurately, as can also be expected from the small value
of this parameter.
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Figure 6: The RRCRB of the γ1 parameter in the numerical
example, where γ1 is varied for three different values of β1.

Line no. 1 2 3 4
βk − 4.14 68.7 14.3
γk 9.21 − − −
ηk 5.26 0.86 0.92 0.95

Table 2: The RRCRB for the estimated parameters detailing
the four dominant TNT lines.

A. THE CRB FOR THE VOIGT MODELS

The CRB for the Voigt model in (1) omitting the temperature
dependencies of the line frequencies was presented in [20].
Here, we extend on this derivation to incorporate also the
temperature dependencies, as well as derive the CRB for the
ET model in (2). For t = t0, . . . , tN−1, m = 0, . . . ,M−1, let

λk(t) = e−βkt−γkt2+iωk(T )t (11)

ξ
m
k (t) = e−ηkmµ

ζ
t
ke−βk|t−tsp|−γk|t−tsp|2 (12)

Using the same notation as in [20, 21], one thus obtain the
CRB as

Vθ = σ
2

(
2Re

[
∂xÑ
∂θ

(
∂xÑ
∂θ

)H
])−1

, (13)

where

xÑ = ρx̄Ñ = ρ

d

∑
k=1

αkA
(i)
θ ,k, (14)

which leads to (15) and (16), as given at the top of the next
page, for (1) and (2), respectively.
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bkκ̃k fθ ,k, x̄Ñ , − t fθ ,1, . . . , − t fθ ,d , − t2 fθ ,1, . . . , − t2 fθ ,d

]
(15)

∂xÑ

∂ θ̃ (2)
=

[
jρ

d

∑
k=1
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ABSTRACT
Design experiments compare taper-design approaches for a
narrowband planar array of 10,000 or so elements on the
triangular grid. Considered: a hexagonal-kernel McClellan
transformation, a product of three 1D tapers, sampling Tay-
lor’s circular aperture, and second-order cone programming.

1. INTRODUCTION

Simple ways exist for designing element weights—a taper—
for a large narrowband planar phased array, e.g. two or more
1D tapers are multiplied or a continuous distribution such as
Taylor’s circular aperture [1] is sampled. Is this adequate?
Can modern SOCP optimization improve performance?

Here simple example taper designs are compared to opti-
mal designs for an array of nearly 10,000 elements on a tri-
angular grid. Overlapping subarrays make such large tapers
unnecessary today, but this may change as per-element costs
decline further, and here large size favors simple methods.

Notation and plotting conventions are established next.
Then Section 3.1 and Section 3.2 compare design approaches
for arrays with hexagonal and circular outlines respectively.
Major results plots are collected at the end, as Figs. 3 and 4,
even though discussion of them begins before Figs. 1 and 2.

2. THEORY, NOTATION, AND GEOMETRY

2.1 A signal-processing view of basic array theory
A moveable antenna at position x has output a(t,x), an LTI
and space-invariant function of incident fields, the latter since
replacing fields(t,x) with fields(t,x − x′) replaces a(t,x)
with a(t,x−x′)assuming no nearby field-disturbing objects.
Sample spatially at nominal element position x = λBn to
obtain a(t,λBn), where the columns of dimensionless 3×2
basis matrix B are basis vectors, λ is upper-band-edge wave-
length, and where integer two-vector n indexes elements.
Practicality requires the antenna structure to be periodic to be
unchanged by this repositioning. Unused, terminated “guard
elements” at array edges make elements used “feel” electro-
magnetically like they are in an infinite, truly periodic array.

Incident fields from far-off sources are integral combi-
nations of plane waves e j(ω t−k·x) parameterized by ω and
wavenumber vector k. These are LTSI-system eigenfunc-
tions, so the pre-sampling output is that integral with waves
scaled by a complex eigenvalue depending on ω and k.

Spatial sampling will replace x with λBn across the in-
tegral, so we’ll want spatially sampled plane waves in a con-
venient form. Write e j(ω t−k·x)as e j2π(ft+ `̀Tx/λ) using dimen-
sionless vector `̀̀, in the direction of arrival (DOA) when f >

Work supported by the Naval Research Laboratory base program.

0, and sample at x= λBn to obtain e j2π(ft+ `̀TBn). Then write
`̀̀ = `̀̀ + `̀̀⊥ using array-plane and normal components to make
this e j2πft e j2π `̀TBn using that e j2π `̀⊥TBn =1 from the orthogo-
nality of `̀̀⊥ to the basis-vector columns of B. Finally, change
variables using two-vector f = BT`̀̀, inverted by `̀̀ = B+Tf ,
where Moore-Penrose pseudoinverse B+ 4=(BTB)−1BT, to
obtain sampled wave e j2πft e j2πf Tn. Replacing f with f+k ,
with k any integer two-vector, changes nothing, so ranging f
over any unit square accounts for all possible sampled waves.

The signal output by the element at x= λBn takes form

sn(t) =
∫∫

any unit
square

∫
S(f , f)e j2πftdf e j2πf Tndf (1)

with df differential area. Eigenvalue S(f , f) includes effects
of the embedded element pattern and any signal processing
at or referred back to the elements, notably analytic filtering
(referred from DSP) to remove f < 0 components and so re-
solve the sign ambiguity relating `̀̀ to DOA. Helmholtz con-
dition ‖`̀̀‖= |f|/c implies ‖ `̀̀‖≤|f|/c, so a “Helmholtz circle”
in `̀̀ contains the support of “spectrum” S(f , f) = S(BT`̀̀ , f).

Using 1D Fourier pair S(f , t) CT↔ S(f , f) to rewrite (1) as

sn(t) =
∫∫

any unit
square

S(f , t)e j2πf Tndf (2)

makes sn DT↔ S(f) a 2D discrete-“time” Fourier pair. Drop-
ping t-dependence notationally, the array output sought is s0
of (2) with S(f ) scaled using some Fourier pair hn

DT↔ H(f ):

〈output〉=
∫∫

any unit
square

H(f )S(f )df =
[
sn ∗ hn

]
n=0

=
[
∑
m

sm hn−m

]
n=0

= ∑
m

sm h−m . (3)

The array taper is 2D FIR-filter impulse response hn , and
H(f )= H(BT`̀̀)= H(BT`̀̀) is the array factor. Or use
hne j2π `̀T

s Bn DT↔H(f −BT`̀̀s)= H(BT( `̀̀− `̀̀s)) to steer to `̀̀s.

2.2 Specific array and array-factor assumptions
Square plots in figures below depict the origin-centered `̀̀
plane with array boresight into the page. Azimuth and ele-
vation increase rightward and upward respectively. The first
and second basis-vector columns of B point rightward and
downward 60◦ respectively (as later drawn over the contour
plot in Fig. 3, second row left). Basis-vector lengths space
elements at λ/

√
3 to just avoid spatial aliasing for arbitrary

steering (just as λ/2 would for orthogonal basis vectors).
Here complex weights hn are made real—the array-

factor conjugate symmetry is harmless—and are normalized
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to set H(0)= 0. Further, H(BT`̀̀) is given the same twelve-
fold symmetry with respect to rotations and reflections that
the element-position grid has, simply to take computational
advantage of the twelvefold symmetry that then results in hn .

3. THE TAPERS

Array-factor plot conventions are discussed here, ahead of
Figs. 3 and 4 to which they apply, as they are common to all
discussions below. For each array factor, 20 log10 |H(BT`̀̀)|
is plotted. Each 2D plot shows elevation and azimuth on the
Helmholtz circle as latitude and longitude respectively using
10◦grid lines, or as marked in zoomed views. The unit square
is a period of H(f ), so the hexagon circumscribing the unit
circle is a period of array factor H(BT`̀̀). Lines rightward
and upward from origin to edge correspond to nearby plots
of array factor magnitude along those slices. The taper loss

−10 log10
|H(0)|2

‖h‖2N

is the boresight SNR penalty relative to the uniform-
weighting optimum given uncorrelated white noise of com-
mon spectral height at the elements, presumably from
preamps. The N nonguard elements have hn 6= 0. Notation
‖h‖2 = ∑n |hn |2, the energy in function hn.

3.1 A Hexagonal Array
Here three taper-design approaches are compared for a 9,919
element hexagonal array that extends to “radius” 57 this

array of “radius” two .sssssss ssssss sssss s
Such a hexagonal array results by construction from one ap-
proach, the three-way product taper. The McClellan trans-
formation is less restricted but performs best for a hexagonal
array. The optimal approach has no array-shape restriction.

Results for these three designs will be presented in Fig. 3.

3.1.1 The McClellan transformation

McClellan transformation [2] of a 1D prototype into a 2D fil-
ter, well known in image processing, is based on [3] viewing
the impulse response of a real zero-phase filter in 1D as a lin-
ear combination of basis functions. The first two are a unit
impulse at the origin and a discrete-time “spreading func-
tion” xn comprising unit impulses at n =±1, and the others

φ 0
n = δn

-r
φ 1

n = xn
-r r

φ 2
n

-r r
φ 3

n
-r r

φ 4
n

-r r
...

are created using1 the recursion φ k
n = φ k−1

n ∗ xn− φ k−2
n or its

equivalent, Φk(f) = Φk−1(f) X(f)−Φk−2(f). A real 1D zero-
phase prototype filter then has responses of the form

hn =
∞

∑
k=0

hk φ
k
n

DT↔
∞

∑
k=0

hk Φ
k(f) = H(f).

1The spreading function and recursions are usually scaled differently so
that the frequency-domain recursion yields Chebyshev polynomials, but that
normalization is actually immaterial unless the recursion is used in filter
implementation—here they are not—and this development is cleaner.

By construction, these Φk(f) and therefore H(f) depend on f
only through X(f), so H(f) can be written in form G(X(f)).

The McClellan transformation replaces 1D Fourier pair
xn

DT↔ X(f) above with some 2D Fourier pair xn
DT↔ X(f ) to

obtain a 2D filter from the 1D prototype. The same recursion
and weights now yield 2D pair hn

DT↔H(f ) = G(X(f )) and
therefore both the array taper and array factor G(X(BT`̀̀)).
Function G is the same, so f and `̀̀ with X(BT`̀̀)=X(f) yield
H(BT`̀̀)=G(X(BT`̀̀))=G(X(f))=H(f), resulting in the key
to the approach: array factor H(BT`̀̀) at `̀̀ has the same value
as filter frequency response H(f) at f = X−1

(
X(BT`̀̀)

)
.

Here X(BT`̀̀) is in effect the array factor of a tiny array.
This choice maximizes the number of degrees of design free-
dom (basis functions used) given required array symmetry:

weight −2/3 on center “element”
weight 4/9 on outer “elements”

.sssssss-6
The contour plot in the second row of Fig. 3 shows these nor-
malized positions Bn on the same scale as the basis vectors,
with index vector n shown to the left of each position.

The map from the 1D prototype response H(f), top
plot dark line, to array factor H(BT`̀̀), left end of bot-
tom two rows on two scales, is represented by contours of
f = X−1

(
X(BT`̀̀)

)
as a function of `̀̀. To design prototype

H(f), the Opt toolbox [4] is first used to formulate a small
SOCP much like the small-spreading-function example of
[3, Section 3.3.4], the best performing of that preliminary
exploration. This SOCP minimizes the taper loss of trans-
formed 2D array factor H(BT`̀̀) subject to constraints fix-
ing H(0) = 1 and, at many closely spaced frequencies f,
upper bounding 20 log10 |H(f)| by the top plot’s piecewise-
straight line extending from −30 dB at f = 0.015 to −50 dB
at f = 0.237, where it levels off. The contours map this
leveling-off frequency roughly to a a 30◦ radius circle in `̀̀.
The SOCP is solved numerically with SeDuMi [5, 6]. On an
ordinary notebook computer the Opt setup and SeDuMi so-
lution of the SOCP together take about four seconds, which
is less than required to compute basis functions φ 0

n , . . . ,φ 57
n .

3.1.2 Three-way product taper

Specify three array-plane vectors û i
4= 1

2B
+Tk i and verify

that they are unit vectors equally spaced in angle:

k 1 =
[

1
1

]
, k 2 =

[−1
0

]
, k 3 =

[
0
−1
]
,

〈û i, û j〉= 1
4k

T
i B

+B+Tk j = 1
4k

T
i (BTB)−1k j

= kT
i

1
2

[
2 −1
−1 2

]
k j =

{
1 if i = j
− 1

2 if i 6= j.

Heavy arrows û1, û2, and û3 in the λ -normalized Fig. 1 ar-
ray plane are normal to alternate sides of the hexagonal array.
Element rows are effectively numbered in the û i direction by
twice the projection onto û i of λ -normalized nominal ele-
ment location x/λ = Bn or 2ûTx/λ =kT

i B
+Bn =kT

i n .
Define matrix K to combine these row indices into a vector:

Kn =

[
kT

1

kT
2

kT
3

]
n =

[
1 1
−1 0

0 −1

]
n .

Now define a Fourier pair in 3D using notation

sm DT↔ S(f), m 4=

[
m1
m2
m3

]
, f 4=

[
f1
f2
f3

]
.
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Figure 1: Three-way prod-
uct taper hn = qkT

1n
qkT

2n
qkT

3n

uses counts of element rows in
equally spaced directions û1, û2,
and û3 defined by integer two-
vector constants k1, k2, and k3
to index into some 1D taper qm.

Figure 2: A 3D period of separable function
S(f), with planes for main beams of Q( fi).
To construct array factor H(BT`̀̀), rotate to
align the dotted corner above its opposite and
average vertically. An intersection of two
planes has two of three Q( fi) factors in main
beams and creates a “ray” in the average.

We can use a 1D taper qn to write sm 4= qm1 qm2 qm3 if sm is
separable and identical in each dimension. Then S(f) is also
separable: S(f) = Q( f1)Q( f2)Q( f3) using qm

DT↔ Q( f ) in
1D. We construct product taper hn = sKn = qkT

1n
qkT

2n
qkT

3n
.

The taper fixes array factor H(BT`̀̀) and makes computa-
tion simple. To predict its general look. write Fourier integral

sm =
∫

any unit
cube

S(f)e j2πf Tm df = avg
f

{
S(f)e j2πf Tm

}
using an “average over f ” notation to hide the tedious details
of upcoming change of variable f = K+Tf + f⊥, where f is
a 2D coordinate vector and 3D vector f⊥ is normal to the
columns of both K+T and K. Changing variables yields

sm = avg
f

{
avg
f⊥

{
S(K+Tf + f⊥)e j2π(K+Tf +f⊥)Tm

}}
so that, using K+K = I and fT

⊥K = 0, our taper becomes

hn = sKn = avg
f

{
H(f )e j2πf Tn

}
=
∫

any unit
square

H(f )e j2πf Tndf ,

H(f ) = avg
f⊥

{
S(K+Tf + f⊥)

}
(4)

and thus almost establishes that hn
DT↔ H(f ) is the usual

Fourier pair in 2D and therefore that (4) yields array taper

H(BT`̀̀) = avg
f⊥

{
S(K+TBT`̀̀ + f⊥)

}
. (5)

“Almost” is because the required periodicity of H(f ) is so
far unproven, but the Fig. 1 geometry in fact implies it. Zero
results when boresight vector [1 1 1 ]T is left multiplied by

K+TBT = 1
3
√

6

[−2 1 1
1 −2 1
1 1 −2

]
and this matrix’s other two eigenvalues are nonzero and iden-
tical: map `̀̀ 7→K+TBT`̀̀ is scaling and array-plane rotation.

This formalism illumines array-factor behavior. In (5)
separable, periodic 3D frequency response S(f) is first ori-
ented to stand each unit-cube period on a corner and ori-
ent boresight-direction vector [1 1 1 ]T vertically. Averaging
out that vertical dimension then yields a 2D response on the
horizontal plane. Finally the horizontal plane is rotated and
scaled to correct array-factor orientation and periodicity.

The example array factor H(BT`̀̀) in Fig. 3 (center col-
umn) was created from a 115-sample Taylor taper qm with
n = 4 and a−23 dB sidelobe limit. The red curve (top, upper
curve in sidelobes) displays |Q( f )| in dB for 0≤ f ≤ 1

2 .

Six “rays” in H(BT`̀̀) are inevitable, as per Fig. 2. For
example, along the f line where f = [0 0 f3 ]T, only Q( f3)
contributes attenuation to S(f), so that line dominates the
average and forms a ray. The Taylor parameters chosen
roughly match sidelobe levels in the rays to those of the ex-
ample McClellan-transformation design. On the lower right
of Fig. 3 array-factor magnitude is plotted in dB versus each
of azimuth and elevation with the other fixed at zero.

3.1.3 SOCP optimization

An auxiliary variable δ and the 870 real variables required,
given the taper’s constructed-in symmetry, to characterize ta-
per hn are jointly optimized to minimize δ subject to

second-order cone constraint ‖h‖ ≤ δ ,

linear constraint H(0)≥ 1, and
linear constraint pairs −bi ≤ H(BT`̀̀ i)≤ bi, (6)

the latter for i = 1, . . . ,16846 with these many `̀̀ i comprising
a carefully designed fine mesh across 1

12 of the sidelobe re-
gion. The rest of the sidelobe region is constrained implicitly,
as the symmetry constructed into hn implies twelvefold sym-
metry in H(BT`̀̀). Decibel bound 20 log10 bi depends on ‖ `̀̀ i‖
only and ramps from −30 dB at ‖ `̀̀ i‖= sin1.75◦ to −50 dB
at ‖ `̀̀ i‖= sin 30◦, where it remains for larger ‖ `̀̀ i‖.

This SOCP is solved using the Opt [4] matlab-toolbox in-
terface to the SeDuMi [5, 6] solver and yields the array fac-
tor of Fig. 3 (right column). Zero-azimuth and zero-elevation
slices are plotted in the lower right. Sidelobe suppression is
most difficult in directions along which the array is narrower,
and along rays in those directions bounds (6) become active.

Solution on an ordinary linux-based notebook computer
requires about 15 minutes. Large SOCP array optimizations
tend to be memory bound, and here the 4 Gbytes of main
memory is indeed fairly fully used (without paging to disk).

3.2 A Circular Array
Figure 4 compares two tapers for the 9,913-element circu-
lar array of elements at those positions x = λBn for which
‖x‖2 ≤ 2725

3 λ 2. The circular geometry eliminates rays and
better uses the degrees of design freedom but is incompatible
with the McClellan transformation and the three-way prod-
uct. The simple approach is to sample a continuous aperture.

3.2.1 Sampling a continuous aperture

The example array factor in Fig. 4 (center column) samples
Taylor’s classic circular aperture [1], a continuous 2D taper,
at each element position x= λBn using ‖x‖ and the maxi-
mum it attains respectively as Taylor’s radial position ρ and
aperture radius a. His sidelobe-level parameter η is set for
20log10 η = 30 dB, the center of the range tabulated in detail
by Hansen [7], and Schrank’s [8] so-called optimum n for
this η is used: n = 4. Hansen’s tables coarsely sampling the
distribution across the aperture serve as a check on the code.

3.2.2 SOCP optimization

Optimization of the Fig. 4 example (right column) is largely
as in Section 3.1.3 but with the constraint ramp modified to
reach −50 dB at ‖ `̀̀ i‖ = sin12◦ to ease comparison with the
sampled-aperture design. Solving takes 25 minutes due to
tight constraints with few unused degrees of freedom. (Ar-
rays 1

4 this size often optimize in under a minute.)
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Figure 3: Array factors, 9919-element hexagonal array: McClellan transform (left), three-way product (center), SOCP optimization (right).
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Figure 4: Array factors, 9,913-element circular array. Tapers are SOCP optimized (right) and sampled from Taylor’s circular aperture (center).

4. OBSERVATIONS AND CONCLUSIONS

The Fig. 3 hexagonal-array designs suggest the McClellan
transformation is unsuitable when its real-time computabil-
ity [3] is not required, because its symmetry requires high
sidelobes everywhere if there are high sidelobes anywhere.
High ray sidelobes simply take over. The example here also
has ≥ 0.45 dB more taper loss than the competing designs.

At first glance the three-way product yields reasonable
results when rays can be tolerated, with only 0.26 dB more
taper loss than an optimal design constrained to permit simi-
lar rays. Of course there’s nothing reasonable about permit-
ting rays. The Fig. 4 circular-array designs trade away some
of the hexagonal array’s needlessly excessive off-ray side-
lobe rejection in order to simply remove those rays. In those
designs the chosen n gives the circular-Taylor array factor
aggressively attenuated inner sidelobes, and the competing
optimal design was constrained to more or less match, re-
sulting in an optimal taper-loss advantage of only 0.08 dB.

Modern optimization is so simple that it should always
be tried, but its benefits are less about better performance
given specs that are simple than about tradeoff flexibility
when they are not. When a circular-Taylor design is in every
way just adequate, that approach is reasonable. But when
that yields an array factor overdesigned in some way or in
some region, optimizing instead can trade away that overde-
sign, through crafted constraints, for better performance else-
where. The optimal approach’s flexibility particularly suits
the challenging requirements of systems with main-beam or
sidelobe shaping or that involve overlapping subarrays.
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ABSTRACT
In this study, we analyse sensitivity of the likelihood ratio
(LR) p.d.f with respect to the residual temporal correlation of
antenna training samples, caused by non-rectangular band-
pass filters and over-sampling. This temporal correlation
causes deviation of the actual LR p.d.f. from the theoret-
ical one derived for independent (Gaussian) training sam-
ples. This in turn affects performance of “expected likeli-
hood” detection-estimation techniques. This paper outlines
methodologies for correcting for this temporal correlation,
allowing for the application of expected likelihood, and vali-
dates the methods using multichannel receiver data collected
by the Australian OTHR JORN facility.

1. INTRODUCTION

In [1, 2, 3] we suggested an “expected likelihood” (EL) ap-
proach for detection-estimation of a number of sources im-
pinging upon an M-element antenna array. EL operates by
directly examining, for a set of estimated parameters that
uniquely specify the M-variate spatial covariance matrix, the
likelihood ratio (LR) of the reconstructed covariance matrix
relative to the input data. EL treats the estimated param-
eters as appropriate if the LR of the reconstructed model
is within the range of LR values expected for the true (ac-
tual) covariance matrix and operates in the practical circum-
stances where the true covariance matrix is not known a pri-
ori, but the p.d.f. of the LR values for that unknown true
solution can be determined nonetheless. More specifically,
for independent identically distributed (i.i.d) training sam-
ples with (complex) Gaussian p.d.f., this LR distribution can
be shown to be exhaustively described by just the antenna di-
mension M and the number of i.i.d. training samples, Niid ,
both of which are known a priori [3]. This p.d.f may be pre-
calculated analytically (through a fairly complex closed-form
solution given in [1]), or more conveniently via a single up-
front Monte-Carlo simulation. The p.d.f of this LR is highly
dependent on the extent to which the input data is i.i.d., and
unfortunately, in practice, antenna output signals are never
ideally independent.

For real-world systems, to make antenna outputs be fully
temporally i.i.d., the bandpass filters (at least) of the multi-
channel receivers must be ideally rectangular with sample
rate accurately equal to the Nyquist rate. This is often an
impractical approach, even in theory. Radar systems, for ex-
ample, usually are subject to stringent out-of-band emission

control which mandates a taper on the transmitted waveform,
and this taper is often reproduced in receive bandpass filters
during the waveform correlation process. Moreover, such
systems usually operate with some over-sampling in order
to avoid spectral aliasing. In this configuration, even internal
noise samples are never ideally independent. The impact of
training data temporal correlation on the structure and perfor-
mance of different detection and direction of arrival (DOA)
estimation techniques, has been considered in a number of
papers (see, for example, [5]). Note that in most such studies,
internal noise samples are still treated as i.i.d, while temporal
correlation of source signals is considered.

The focus of this study is rather different. Within the
EL approach, a decision regarding any estimated parameters
Ω̂m̂ with uniquely reconstructed covariance matrix R(Ω̂m̂)
is taken based on comparison of the actual likelihood ratio
LR[R(Ω̂m̂] with the theoretical p.d.f. pre-calculated for the
true covariance matrix R0,LR[R0]. Therefore, if the residual
temporal correlation of the training data significantly mod-
ifies the p.d.f. of LR[R0] relative to the one calculated as-
suming an i.i.d-model, then the performance of the expected
likelihood detection-estimation approach may be degraded.
In this study, we analyse these modifications to the p.d.f. for
the LR[R0], caused by non-rectangular shape of bandpass fil-
ters and oversampling. In most DOA estimation techniques,
the accurate description of the additive (internal) white noise
is crucial, and in some applications with broadband signals
impinging upon an antenna array, the power spectrum of all
signals as well as the internal noise power spectrum are spec-
ified by bandpass filters and over-sampling rate. While it is
clear that for N → ∞, the equivalent number of i.i.d. training
samples may be specified as Niid = T ∆F , where T is the ob-
servation interval and ∆F is the actual bandwidth of the pass-
band filter, this is of limited assistance in the pre-asymptotic
domain, where EL is specifically designed to operate [3].
The sensitivity of different equivalent models that account
for sample temporal correlation needs to be carefully evalu-
ated with finite N. In this paper, we introduce our results of
this study conducted with the aid of real internal noise data
collected at the output of the multiple antenna receivers as-
sociated with the Australian JORN OTH Radar in Laverton,
WA [4].
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2. PROBLEM FORMULATION

The traditional theoretical description of the detection-
estimation problem addressed by stochastic (unconditional
maximum likelihood (SML), is that a number of Niid inde-
pendent identically distributed complex Gaussian M-variate
training samples x j, j = 1, . . . ,Niid are observed at the output
of an M-element antenna array. In that case, the true (actual)
spatial covariance matrix is R0 :

ε
{

xpxH
q
}

=

{
R0, for p = q
0, for p ̸= q

(1)

and for the considered model is uniquely specified by the set
of the true parameters Ωm. Within the EL approach, the set
of parameters Ω̂m̂ is treated as the solution of the detection-
estimation problem, if

m̂ = min
µ

{
µ∀LR[R(Ω̂µ)] ≥ γ0

}
(2)

where

γ0 = argγ

{∫ γ

0
w(x)dx = PFA

}
, (3)

where w(x) is the p.d.f for LR[R0] and PFA is the given proba-
bility to miss a “proper” solution. The normalised likelihood
function is used for the Niid ≥ M as the likelihood ratio in (2)
and (3)

LR[R(Ω̂µ ] =

[
det[ 1

Niid
R−1(Ω̂µ)R̂]expM

expTr[ 1
Niid

R−1(Ω̂µ)R̂]

]
(4)

where R̂ =
Niid

∑
j=1

x jxH
j . (5)

When the covariance matrix model R(Ω̂µ) may have an arbi-
trary scaling factor, the “sphericity test” is used as the (con-
densed) likelihood function [1, 2, 3]:

LRsp[R(Ω̂µ)] =
det[R−1(Ω̂µ)R̂]

[ 1
M TrR−1(Ω̂µ)R̂]M

(6)

For the actual covariance matrix R0 = R(Ωµ) in (4) and
(6), the p.d.f’s for LR[R0] and LRsp[R0)] do not depend on the
actual covariance matrix, since

LR[R0] =
det[ 1

Niid
Ĉ]expM

exp Tr[ 1
Niid

Ĉ]
, (7)

where for i.i.d. training samples

Ĉ = R
− 1

2
0 R̂R

− 1
2

0 ∼CW (Niid ,M, IM) (8)

with CW (Niid ,M, IM) indicating the complex Wishart distri-
bution described by Niid and M.

For the model that reflects a practical scheme, the training
samples in the sample covariance matrix

R̂ =
N

∑
j=1

x( j)xH( j) (9)

are not independent, so the MN-variate covariance matrix of
a single (stacked) MN-variate vector of all observed snap-
shots XMN

XT
MN = [xT

1 , . . . ,xT
N ] ∈C1×MN (10)

is defined as the Kronecker product (indicated by ⊗) of the
M ×M variate matrix R0 and an N ×N-variate Toeplitz ma-
trix TN which describes the temporal correlation. For the
considered stationary Gaussian (noise), the Toeplitz matrix
TN

TN = Toep(t0, t1, . . . , tN−1), t0 = 1 (11)

is uniquely specified by the power spectrum f (ω):

t j =
1

2π

∫ 2π

0
f (ω)ei jω dω (t0 ≡

1
2π

∫ 2π

0
f (ω)dω = 1)

(12)
0 ≤ ω ≡ 2π f/ f s ≤ 2π, (13)

where f s is the sampling rate (frequency).
In the over-sampling case, the actual spectrum f (ω) van-

ishes outside of the actual filter bandwidth

0 < ωmin < ωmax < 2π, (14)

In this case, some number of eigenvalues in TN tend to zero,
while the rest of them may not be strictly equal, especially
for a small N:

λ1 ≥ λ2 · · · ≥ λn > λn+1 ≃ ·· · ≃ λN = 0, (15)

and therefore, the p.d.f. of the likelihood ratio

LRsp(Ĉ(TN)) =
detĈ(TN)

[ 1
M TrĈ(TN)]M

(16)

with Ĉ(TN) = R
− 1

2
0 R̂R

− 1
2

0 , should be different from LRsp[Ĉiid ]
for the same number of training samples (Niid = N). This
difference must be investigated and accounted for to retain
fidelity of the EL approach.

3. METHODS TO ACCOUNT FOR RESIDUAL
TEMPORAL CORRELATION (TN ̸= IN) IN EL

METHODOLOGY

Let YN = R
− 1

2
0 XN ; XN = [x1, . . . ,xN ]. (17)

Since
YNY H

N = YNUNUH
N Y H

N , (18)

where UNUH
N = UH

N UN is the N ×N identity matrix IN , the
p.d.f. for LRsp(Ĉ(TN)) may be calculated as

LRsp(Ĉ(TN)) =
detZNΛNZM

N

[ 1
M TrZNΛNZH

N ]M
(19)

where ZN ∼CN (0, IM ⊗ IN)

CN (0,RM ⊗RN) =
1

(2π)MN [detRM]N [detRN ]M
(20)

exp[−TrR−1
M ZNR−1

N ZH
N ]; RM,RN > 0.

For the known a priori shape of the bandpass filter,
covariance matrix TN and its eigenspectrum may be pre-
calculated and used in (19) for pre-calculation of the actual
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(non-i.i.d) p.d.f of the expected likelihood. Another option is
the eigendecomposition-based resampling, with transforma-
tion

Zn = ZNUnΛ− 1
2

n , (21)

where Un ∈ CN×n is the matrix of n eigenvectors that corre-
spond to the essentially non-zero eigenvalues. This accurate
approach now needs to be compared with alternative tech-
niques that are also often applied under these pre-asymptotic
circumstances, but are justified by asymptotic considerations.

3.1 Training data “decimation”
The simplest and most obvious approach is to decimate the
over-sampled training data, with every k-th sample (of N
available) used for covariance estimation (9). While this ap-
proach means obvious reduction of the actual training sam-
ples used, it still does not guarantee strict independence,
since the rate of the“decimated” samples is never accurately
equal to the Nyquist rate and some residual correlation re-
mains. While shown to be partially successful in EL appli-
cations [6], this brute-force technique is wasteful of training
samples and we therefore consider it only for comparison
purposes.

3.2 DFT-based resampling
It is well known that the Fourier coefficients of a stationary
finite-duration continuous signal are asymptotically uncorre-
lated in the sense that the cross-correlation between any two
Fourier coefficients approaches zero as the time duration T
grows infinite [7]. Similar behaviour is observed by discrete-
time signals.

Analytically, this statement means that asymptotically, as
N → ∞, the Toeplitz matrix TN maybe approximated by the
circulant matrix CN , so that limN→0 |TN −CN | → 0. For a
finite N, the bounds for the “weak” norm

∆2 = ||TN −CN ||2 =
1
N

N

∑
p=1

N

∑
q=1

|(TN)pq − (CN)pq|2, (22)

have been derived in [7]. Specifically, for

|t(k)| ≤ M/k; M < ∞ ∀k; ∆2 ≤ 2M2

N
[1+ log(N −1)],

(23)
while for

|t(k)| ≤ ke−αk 0 < α < ∞, ∀k, (24)

∆2 ≤ 2k2

N
e−α

(1− e−α)2

[
1− 1

N
1+ e−α

1− e−α

]
. (25)

One can see, that as N → ∞, the norm ∆ falls like
√

1
N logN

in (23) or like
√

1
N in (25), which means that for modest

N the errors of this approach should be taken into account.
Specifically, we have to investigate the cumulative effect of
these errors on the shape of the expected likelihood p.d.f.

Consider DFT transformation of M ×N-variate training
sample matrix YN into an M×N-variate matrix Yn:

Yn = YNFH
n W

− 1
2

n where Fn =
1√
N

[ei 2π
N pq] ∈Cn×N ; (26)

p = pmin, . . . , pmax; pmax − pmin +1 = n < N;q = 1, . . . ,N.

[Wn]pq =

{
[FH

n TnFn]pp = σ2
p for p = q

0 for p ̸= q
. (27)

Here the n DFT frequencies pmin, . . . , pmax are selected
within the essentially non-zero part of the power-spectrum
f (ω). Therefore, the equivalent stochastic representation for
the LRsp[YnY H

n ]

LRsp[YnY H
n ] =

detYnY H
n

[ 1
M TrYnY H

n ]M
, (28)

is

LRsp[YnY H
n ] ∼ detZnΛnZH

n

[ 1
M TrZnΛnZH

n ]M
, (29)

where Λn is a diagonal matrix of eigenvalues of the Her-

mitian matrix Hn (= W
− 1

2
n FH

n TNFnW
− 1

2
n ̸= In), and Zn ∼

C N (0, Im ⊗ In).

3.3 Rectangular spectrum approximation
If the spectrum f (ω) is approximated as

f (ω) =
{

c ωmin < ω ≤ ωmax
0 elsewhere in [0,2π] ,

then

TN =
[

sin(p−q)(ωmax −ωmin)/2
(p−q)(ωmax −ωmin)/2

]
. (30)

The eigenvectors of such a covariance matrix are known to
be the discrete prolate spheroidal (Slepian) functions, and for
N → ∞, the n = N( fmax− fmin)

f s < N eigenvalues of this matrix
are approximately equal, with the rest of them rapidly reach-
ing zero value. Specifically these considerations justify the
above mentioned equivalent model

LR[ZnZH
n ] =

detZnZH
n

[ 1
M TrZnZH

n ]M
, Zn ∼CN (0, Im ⊗ In), (31)

with n = T F equivalent iid training samples. The ideal rect-
angular shape assumption, and a medium sample support N
volume are the obvious reasons of concern for this technique.

Now, all the mentioned above approximate techniques
need to be compared with the accurate equivalent statistical
model, when applied to the real-world data.

4. EXPERIMENTAL RESULTS

To verify the relative performance of these techniques, noise
data collected at the digitised output of each antenna element
(with the receivers terminated into a matched load) have been
collected at the Australian OTHR JORN at Laverton [4]. In
this collection, the sampling rate f s exceeds the nominal
bandwidth ( fmax − fmin) by a factor of 1.25.

In order to explore small to medium sample volumes, we
considered a M = 20 element portion of the antenna array
using 400 available channels for statistical averaging. The
data have been collected over a large interval with the total
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number of recorded samples Ntotal = 250000 sufficient for
reliable statistical averaging and p.d.f / c.d.f. determination.

Apart from the non-rectangular shape of the bandpass
filter and over-sampling, we also had to consider possible
variations of noise figures across the receivers (i.e. the po-
tential for an “un-balanced” array). Using the entire sample
volume for noise power estimation across the receivers, we
found variations in the estimate powers p j. In addition to the
training samples temporal correlation phenomenon, we then
analysed the impact of this imperfect balance on the expected
likelihood p.d.f.
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spectrum 50
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Figure 1: Noise samples spectra (in DFT units)
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Figure 2: Covariance matrices eigenspectra

To do so, we considered a sphericity test (allowing for an
arbitrary scaling of the sample covariance matrix R̂).

LRsp(Ĉ) =
[detĈ]

1
M

[ 1
M TrĈ]

, Ĉ = R
− 1

2
modR̂R

− 1
2

mod , (32)

using either Rmod = IM (“un-balanced” antenna model) or
Rmod = DM = diag(p1, . . . , pM) (“balanced antenna model”).
For the M = 20-element antenna arrays, we analysed
two training samples volumes, N1 = 50 and N2 = 125,
which with respect to the nominal over-sampling rate are
(roughly) equivalent to Niid = 40(Niid/M = 2) and Niid =
100(Niid/M = 5). These sample volumes span the range of
(i.i.d.) training samples per antenna element often used in

adaptive antenna array literature: Niid/M = 2 to 5. The entire
sample volume and averaging across all available 400 chan-
nels were used for sufficiently accurate calculation of the N =
125-variate Toeplitz matrix and the shape of the bandpass fil-
ter transfer function. At Fig. 1 we introduce the FFT spec-
trum estimate (FH

N TNFN) j j, j = 1, . . . ,125 and eigenspec-
trum of the covariance matrix TN (Fig 2). One can see that
indeed, in ∼ 100 frequency bins the noise power spectrum is
approximately equal, and the n = 100 largest eigenvalues of
the matrix TN are approximately equal. For N = 50 this “rect-
angular” approximation is slightly less accurate (Figures 1
and 2). We considered both original (“un-balanced”) training

data XN , and properly balanced data YN = D
− 1

2
M XN , where DM

is the diagonal matrix with measured noise powers across the
receiver outputs (32). Results of our analysis are illustrated
by Figures 3 and 4.

At Fig. 3 we provide the averaged over all m = 20 avail-
able M = 20-element antenna arrays (m = 400/20) and sam-
ple volume (400 Monte-Carlo runs) sample c.d.f.’s for
• original (un-balanced) data XN ,
• equalized (balanced) data YN ,
• decimated data with the decimation rate of 2 and 5,
• theoretical i.i.d. model (106 trials) for N = 50 and 125,
• theoretical non-i.i.d. model (19) with eigenvalues ΛN

from Fig. 2.
Comparison of these experimental c.d.f.’s with theo-

retical modelling leads to several important observations.
First of all, we notice that sample c.d.f.’s for original (un-
balanced) and balanced data are practically indistinguish-
able, both for N = 50 and N = 125. Although not illustrated
here, this same correspondence was observed for M = 200
element antenna with N = 1250. Therefore, variations of the
noise figures over 400 JORN antenna receivers are found to
be sufficiently small to impose no noticeable impact on the
LR c.d.f, and therefore could be ignored. One can also see
that while 2:1 decimation “shifts” the LR’s c.d.f. closer to the
theoretical LR model with N = 50, it still does not provide a
perfect match that allows the decimated data to be treated as
strictly i.i.d. On the contrary, the theoretical non-i.i.d. model
(19) that adopts the actual eigenvalues ΛN (illustrated by Fig.
2) provides the perfect match with the actual data.

At Fig. 4, we introduce the similarly averaged “experi-
mental” c.d.f’s for
• eigendecomposition-based resampling (n = 40,100)
• FFT-based resampling (n = 40,100)
• theoretical i.i.d. model (106 trials) for Niid = 40,100

This data shows that for a small sample support (N =
50), eigendecomposition-based re-sampling provides a good
match between the experimental and theoretical i.i.d.-based
c.d.f.’s, outperforming FFT-based re-sampling. For a larger
sample support (N = 125) the difference between FFT-based
and eigendecomposition-based re-sampling is smaller. Note
the x scale on Fig.4 is tighter in order to better illustrate the
match between eigen whitened samples and the model.

5. CONCLUSIONS AND RECOMMENDATIONS

In this paper, we analysed the impact of residual temporal
correlation of internal noise data caused by non-rectangular
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Figure 3: Comparison of LR c.d.f’s for decimated and simulated data
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Figure 4: Comparison of LR c.d.f’s for resampled and simulated data

bandpass filters and over-sampling on the accuracy of match-
ing between the actual likelihood ratio c.d.f. and the theo-
retical (assumed i.i.d.) expected likelihood ratio c.d.f. We
demonstrated that in practical systems such as the Australian
OTHR “JORN”, the i.i.d. noise model is not sufficiently ac-
curate for the “raw” noise data to be directly used for ex-
pected likelihood c.d.f. calculations. But accurate theoretical
models and/or re-sampling that takes into account the actual
shape of the noise power spectrum does allow for the EL
matching approach to be applied in practical systems with
theoretically predicted performance. The wide-spread FFT-
based re-sampling technique can be used for relatively large
sample support, while its applicability in particular EL appli-
cations with short data records [8] must be carefully verified.

REFERENCES

[1] Y. I. Abramovich, N. K. Spencer, A. Y. Gorokhov,
“Bounds on maximum likelihood ratio - Part I. Appli-
cation to antenna array detection-estimation with perfect
waveform coherence”, IEEE Trans. Signal Process., vol
52, no. 6 pp 1524-1536, Jun. 2004

[2] Y. I. Abramovich, N. K. Spencer, A. Y. Gorokhov,
“GLRT-based threshold detection-estimation perfor-
mance improvement and application to uniform circular
antenna arrays”, IEEE Trans. Signal Process., vol 55. no
1. pp 20-31, Jan 2007

[3] B. A. Johnson, Y. I. Abramovich, “DOA estimator per-

formance assessment in the pre-asymptotic domain us-
ing the likelihood principle”, Elsevier Journal of Signal
Processing, vol 90 no. 5, pp 1392-1401, May 2010

[4] A. Cameron “The Jindalee Operational Radar Network:
Its architecture and surveillance capability” in Proc. In-
ternational Radar Conference, Alexandria, VA: IEEE,
May 8-11, 1995, pp 692-697

[5] F. Haddadi, M. H. Nayeti. M. R. Aref, “Direction-of-
Arrival estimation for temporally correlated narrowband
signals”, IEEE Trans. Signal Process., vol 57, no. 2, pp
600-609, Feb 2009

[6] B. A. Johnson, Y. I. Abramovich, “Experimental veri-
fication of environmental models for adaptive detection
and estimation in HF skywave radar”, in Proc. Radar
Conference, Verona, NY: 24-27 Apr, 2006, pp 782-787

[7] J. Pearl, “On coding and filtering stationary signals by
discrete Fourier transforms”, IEEE Trans. On Informa-
tion Theory, 17-19, pp 229-232, March 1973

[8] Y. I. Abramovich, B. A. Johnson, “GLRT-based detec-
tion estimation for under-sampled training conditions”,
IEEE Trans. Signal Process., vol 56 no. 8, pp 3100-3612,
Aug 2008

1067



PROPERTIES OF ROBUST MIMO DETECTOR

C. Y. Chong1, F. Pascal1, J-P. Ovarlez1,2, M. Lesturgie1,2

1 SONDRA, Supelec
3 rue Joliot-Curie
91192 Gif-sur-Yvette Cedex, France
phone: + 33 1 6985 1813, fax: + 33 1 6985 1809
chinyuan.chong@supelec.fr

2 ONERA-DEMR
Chemin de la Hunière,
91761 Palaiseau Cedex, France

ABSTRACT

Previously, using the Maximum Likelihood (ML) method,
we obtained a new Gaussian Multiple-Input Multiple-Output
(MIMO) detector which is robust to the correlation between
the subarrays [1]. It is found that this new detector has the
same statistical properties in the absence of target irregard-
less if the subarrays are correlated or not. It becomes the
MIMO Optimum Gaussian Detector (OGD) [2, 3] when the
subarrays are uncorrelated. In this paper, we define two main
configurations, transmit or receive diversity, with varying de-
gree of freedoms (subarrays). Using these configurations, we
study the detection performance of this detector and its adap-
tive version with respect to various parameters.

1. INTRODUCTION

In the context of radar, a statistical Multiple-Input Multiple-
Output (MIMO) radar is one where both the transmit and re-
ceive elements are sufficiently separated so as to provide spa-
tial diversity. This reduces the fluctuations of the target Radar
Cross Section (RCS) due to the different target aspects seen
by each pair of transmit-receive elements. It can also be used
to improve the probability of detection and resolutions. On
top of that, each transmit element sends a different (orthog-
onal) waveform which can be separated at the receive end.
This provides waveform diversity which in turn increases the
separation between clutter and target returns.

Assuming that all the subarrays are uncorrelated, the op-
timum detector under Gaussian clutter is the MIMO Opti-
mum Gaussian Detector (MIMO OGD) [2, 3]. According
to [2], the subarrays have to be sufficiently spaced in order to
decorrelate the signal returns in each subarray. It might not
be possible to respect this condition, especially when we con-
sider MIMO-STAP where the transmit and/or receive subar-
rays are moving. Moreover, perfectly orthogonal waveforms
do not exist, especially in the presence of Doppler frequency.
We assume that insufficient spacing between subarrays and
imperfect orthogonality of the transmitted waveforms intro-
duce correlation between the subarrays.

Under this context, we obtained a new Gaussian MIMO
detector which is robust to the correlation between subar-
rays [1]. It is found that this new detector has the same sta-
tistical properties in the absence of target irregardless if the
subarrays are correlated or not. It becomes the MIMO OGD
when the subarrays are uncorrelated. Due to its robustness,
we will denote it as Robust-MIMO (R-MIMO) detector.

The authors would like to thank DSO National Laboratories (Singapore)
for funding this project.

The following signal model that takes into account the
correlation of the different subarrays has been used:

y = Pααα +z,

where the vectors y, ααα and z are the concatenation of all the
received signals, target RCS and clutter returns, respectively:

y =

 y1
...

yK

 ααα =

 α1
...

αK

 z =

 z1
...

zK

 ,

where K is the effective number of subarrays, αi is the RCS
of the target seen by the i-th subarray. zi is the Lix1 clutter
vector and Li is the effective number of elements in the i-
th subarray. P is the (∑K

i=1 Li)xK matrix containing all the
steering vectors:

P =

 p1 0
. . .

0 pK

 ,

and pi is the Lix1 steering vector for the i-th subarray.
The covariance matrix of each zi is given by Mii while

the inter-correlation matrix between zi and z j is denoted as
Mi j such that z ∼ CN (0,M) where ∼ means to be dis-
tributed as and CN denotes the complex normal distribution.

Remark 1.1. This signal model is of a so-called hybrid con-
figuration, i.e. it can have the characteristics of both the
classical phased array radar and the fully statistical MIMO
radar. It includes also both radars as special cases.

In this paper, we recap the R-MIMO detector as well as
its adaptive version. Based on this detector, we discuss sev-
eral parameters and their effects on performance detection.
Using several different configurations, Monte-Carlo simula-
tions are then done to validate the results.

This paper is organized as follows. Firstly, we recap the
R-MIMO detector and its statistical properties in the begin-
ning of Section 2. We then identify several parameters and
discuss their effects on detection performance (Section 2.2).
Some simulations results are presented in Section 2.3. Next,
in Section 3, we consider the adaptive version of this new de-
tector which has been derived based on the Kelly’s Test [4].
Due to the estimation of the covariance matrix, there is a loss
factor, b which we will discuss briefly in Section 3.2. Sim-
ulation results are then presented in Section 3.3. Finally, the
results are summarized in Section 4.
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2. ROBUST MIMO DETECTOR

The robust MIMO (R-MIMO) detector is given by [1]:

lnΛ(y) = y†M−1P(P†M−1P)−1P†M−1y
H1
≷
H0

λ .

2.1 Statistical Properties
As shown in [1], y ∼ CN (0,M) under H0 and the dis-
tribution of the detector is simply the central chi-square
with 2K degrees of freedom, denoted by χ2

2K(0). This is
the same as the distribution of the MIMO OGD detector
where the subarrays are not correlated. Under H1, y ∼
CN (Pααα,M) and the distribution of the detector becomes
the non-central chi-square with 2K degrees of freedom and
a non-centrality parameter of 2ααα†P†M−1Pααα , denoted by
χ2

2K(2ααα†P†M−1Pααα).
Note that the distribution does not depend on the corre-

lation between the subarrays, showing the M-Constant False
Alarm Rate (M-CFAR) property of the R-MIMO OGD de-
tector. This property is very useful as it means that the re-
quirement of independence between subarrays can be relaxed
for some applications, e.g. the regulation of false alarms.

2.2 Discussion
K - effective number of subarrays
Let there be Ñ transmit subarrays and M̃ receive subarrays.
Due to waveform diversity, the effective number of subarrays
is given by: K = ÑM̃. It determines the degree of freedom
in the distribution of the detector. Given the same Signal-to-
Noise Ratio (SNR), detection performance deteriorates with
increasing degree of freedom, as a higher threshold λ is re-
quired to maintain the same Pf a (see Appendix A). However,
with fewer subarrays, SNR can vary greatly due to the fluctu-
ations of the target RCS. Hence the choice of K will depend
on the applications, e.g. large K for surveillance and small K
for direction finding.

Ne - effective number of elements
Consider that the n-th transmit and m-th receive subarray
contain Nn and Mm elements, respectively, for n = 1, . . . , Ñ
and m = 1, . . . ,M̃. The physical number of elements is given
by N = ∑

Ñ
n=1 Nn + ∑

M̃
m=1 Mm. The effective number of el-

ements in each subarray is Li = NnMm while the effective
number of elements is given by Ne = ∑

K
i=1 Li. One of the ad-

vantages of transmit diversity in MIMO is that it can increase
the effective number of elements such that it is greater than
the physical number of elements, N.

SNR gain is defined to be:

SNRg =
SNRpost

SNRpre
,

=
ααα†P†M−1Pααα

|α|2ave
σ2

,

=
ααα†P†M−1

normPααα

|α|2ave
,

≈ ∑
K
i=1 Li|α|2ave

|α|2ave
= Ne,

where SNRpre and SNRpost are the pre- and post-processing
SNR, respectively. |α|2ave = ααα†ααα

K and M = σ2Mnorm. Note
that the non-centrality parameter in the distribution of the de-
tector under H1 is 2SNRpost . The factor 2 comes from the
fact that the clutter power is divided equally between its real
and imaginary part such that it is halved for each degree of
freedom.

Remark 2.1. SNR gain is proportional to Ne. This gain
comes from the coherent processing gain within the subar-
rays.

2.2.1 Multiple-Input Single-Output (MISO) Case

Consider the Multiple-Input Single-Output (MISO) case
where there are K widely-spaced transmit elements and one
single receive array with L elements. Keeping the total num-
ber of elements, N to be the same, if there are more transmit
elements (thus creating more effective subarrays), there will
be fewer elements in the receive array. This affects the effec-
tive total number of elements which in turn affects the SNR
gain.

2.2.2 Single-Input Multiple-Output (SIMO) Case

On the other hand, consider the Single-Input Multiple-
Output (SIMO) case where there is only 1 transmit element.
The spatial diversity comes only from the receive subarrays.
With N total number of elements, there are L = N−1

K elements
in each receive subarray (where N−1

K is an integer). Hence
the effective total number of elements remains the same for
different K. Note that Ne = N−1 in this case.

The variation of Ne with K for both cases (MISO and
SIMO) is shown in Fig. 1.

Figure 1: Variation of Ne with K for MISO and SIMO cases. N =
13.

2.3 Simulation Results
For the simulations in this paper, the covariance matrix Mii
of each zi, without loss of generalities, is chosen identically
and equal to Msa. Msa is spatially colored and its elements
are given by:

Msa(p,q) = ρ
|p−q|e j π

2 (p−q).
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The correlation coefficient ρ is chosen to be 0.2 such that
there is a slight correlation between different elements of
the subarray. The subarrays are set to be correlated and the
inter-correlation matrices are generated using uniformly dis-
tributed variables:

Mi j(p,q) = τi jρ
|p−q|
i j e j π

2 (p−q),

where ρi j is uniformly distributed in the interval [0,0.4] such
that the mean of ρi j is equal to ρ . The inclusion of τi j is to
make the power of the intercorrelation matrices Mi j smaller
than that of the correlation matrices Mii and it is uniformly
distributed in the interval [0,0.1].

In Fig. 2, the Probability of Detection (Pd) against SNRpre
(dash-dotted lines) and SNRpost (solid lines) are plotted for
K=3,6,12 and N=13 for the SIMO case. Here, the effective
number of elements remains the same. Hence the SNR gain
is basically the same for all K. However, with increasing
degrees of freedom, the detection performance degrades.

Figure 2: Pd against SNRpre (dash-dotted lines) and SNRpost (solid
lines) under Gaussian clutter for correlated subarrays. Pf a = 10−3.
SIMO case.

In Fig. 3, Pd against SNRpre (dash-dotted lines) and
SNRpost (solid lines) are plotted for K=3,6,12 and N=13 for
the MISO case. Here, the effective number of elements Ne
changes depending on K. From Fig. 1, we see that Ne for
K=6 is better than that for K=3. Indeed, we see that the de-
tection performance for K=6 becomes better after taking into
consideration processing gains.

3. ADAPTIVE MIMO DETECTOR

As the covariance matrix is usually unknown in reality, we
consider in this section the adaptive version of the detec-
tor. As derived in [1] based on Kelly’s Test [4], the optimum
adaptive detector is given by:

Λ̂(y) =
y†M̂−1P(P†M̂−1P)−1P†M̂−1y

Nr +y†M̂−1y

H1
≷
H0

η , (1)

where M̂ is the Sample Covariance Matrix of M and is given
by:

M̂ =
1
Nr

Nr

∑
l=1

c(l)c(l)†.

Figure 3: Pd against SNRpre (dash-dotted lines) and SNRpost (solid
lines) under Gaussian clutter for correlated subarrays. Pf a = 10−3.
MISO case.

c(l) are target-free secondary data which are assumed to be
independent and identically distributed and Nr is the number
of secondary data.

3.1 Statistical Properties
According to [5], the distribution of the adaptive version is:

Λ̂(y) d=
{

H0 : βK,Nr−Ne+1(0),
H1 : βK,Nr−Ne+1(γ),

where βK,Nr−Ne+1 is the beta-distributed random variable
(r.v.) with parameters K and Nr-Ne+1. The beta-distributed
r.v. is central under H0 and non-central with non-centrality
parameter γ under H1. γ is conditional on b which is also
beta-distributed with parameters Nr-Ne+K+1 and Ne-K:

γ = 2SNRpost ·b b∼ βNr−Ne+K+1,Ne−K . (2)

b can be considered as a loss factor on SNRpost due to the
estimation of the covariance matrix.

Theorem 3.1. In the case where there is only 1 effective ele-
ment per subarray such that Ne = K, the loss factor becomes
1 and the non-centrality parameter is simply:

γ = 2SNRpost .

Proof. When there is only 1 element per subarray, P = I and
Eqn. (1) becomes:

Λ̂(y) =
y†M̂−1y

Nr +y†M̂−1y
,

=
y†M̄−1y

1+y†M̄−1y
,

where M̄ = NrM̂ ∼ CW(Nr,Ne,M) and CW denotes the
complex Wishart distribution.

Let us define the matrix C = M−1/2M̄M−1/2. Accord-
ing to [6], C∼ CW(Nr,Ne,I). Consider the whitened signal
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x = M−1/2y, we next perform an unitary transformation on
x by V which is defined as:

V =
[

x√
x†x

, Ṽ
]
,

where Ṽ†x = 0. The transformed variable can be expressed
using e†

1 = [1 0 · · · 0]:

V†x =
√

x†xe1

and the detector becomes:

Λ̂(x) =
x†xe†

1G
−1e1

1+x†xe†
1G
−1e1

,

=
x†x g11

1+x†x g11
,

where G = V†CV ∼ CW(Nr,Ne,I) and g11 is the top left
element of G−1. Using Theorem 1 in [5], we find that the
distribution of g11 is χ2

2(Nr−Ne+1) and it is independent from
x.

Under H0, x ∼ CN (0,I) such that x†x ∼ χ2
2Ne

(0) =
χ2

2K(0). Under H1, x ∼ CN (M−1/2ααα,I) such that x†x ∼
χ2

2K(2ααα†M−1ααα) = χ2
2K(2SNRpost). Hence the distribution

of the detector can be described as:

Λ̂(y) d=
{

H0 : βK,Nr−Ne+1(0)
H1 : βK,Nr−Ne+1(2SNRpost)

Therefore, b is equal to one.

3.2 Discussion
b - loss factor
The mean value of the loss factor, b, for receive and transmit
diversity cases, respectively is plotted in Fig. 4. b∈ [0,1] and
there is no SNR loss if b=1. Lr = Nr

Ne
is the number of times

Nr is greater than Ne. Note that for the SIMO case, there
are some values of K that are not possible as it will result in
non-integral number of elements in each subarray.

As expected, with Lr=2, we have mean(b)≈0.5 which is
roughly equivalent to the well-known 3dB loss case. The
loss factor becomes bigger (less loss) with increasing number
of subarrays, K. The SIMO case has bigger loss factor in
general.

3.3 Simulation Results
In Fig. 5, we have Pd against SNRpre for different K, Lr=3
and N=13. This is for the MISO case. As expected, we have
the best performance when the effective number of element
is largest (see Fig. 1). However, note that more secondary
data are required to ensure Lr=2 when Ne is large.

Staying in the MISO case, we have Pd against SNRpre
for different Lr, K=6 and N=13 in Fig. 6. We see that the
minimum number of secondary data required is Lr=2. While
the detection performance improves with increasing Lr, the
improvement is no longer significant for Lr>4.

Fig. 7 shows a slice of Fig. 5 (K=6) and Fig. 6 (Lr=3).

(a) SIMO case

(b) MISO case

Figure 4: Mean value of loss factor b against K and Lr.

Figure 5: Pd against SNRpre and K under Gaussian clutter for cor-
related subarrays. Pf a = 10−3, Lr = 3 and N = 13. MISO case.

4. CONCLUSIONS

In this paper, we studied the properties of the new R-MIMO
detector which takes into consideration possible correlation
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Figure 6: Pd against SNRpre and Lr under Gaussian clutter for
correlated subarrays. Pf a = 10−3 and K = 6. MISO case.

Figure 7: Pd against SNRpre under Gaussian clutter for correlated
subarrays. Pf a = 10−3, Lr = 3, K = 6 and N = 13. MISO case.

between subarrays. Several different parameters were con-
sidered, e.g. the effective number of subarrays K and the ef-
fective number of elements Ne. On one hand, K can change
Ne which in turn affects the SNR gain. On the other hand,
it changes the threshold required to maintain the same Pf a.
Monte-Carlo simulations are then carried out to compare the
detection performance for different K.

For the adaptive version, we discussed the loss factor b
which arises due to the estimation of the covariance matrix
and the number of secondary data Nr required for satisfac-
tory detection performance. Monte-Carlo simulations are
then carried out to compare the detection performance for
different K as well as for different Nr.

A. PROOF THAT THRESHOLD INCREASES WITH
DEGREE OF FREEDOM

Proof. For a given Pf a and Λ(y)∼ χ2
2K(0):

Pf a = P(Λ(y) > λ |H0) =
∫

∞

λ

1
2KΓ(K)

xK−1e−x/2 dx,

=
Γ(K, λ

2 )
Γ(K)

,

where Γ(n,a) and Γ(n) are the upper incomplete Gamma
function and Gamma function, respectively. After modify-
ing Eqn. (6.5.22) in [7], we have:

Γ(K,
λ

2
) = (K−1)Γ(K−1,

λ

2
)+(

λ

2
)K−1e−

λ
2 .

As K is an integer, Γ(K) = (K−1)! and hence:

Γ(K, λ

2 )
Γ(K)

=
Γ(K−1, λ

2 )
Γ(K−1)

+
(λ

2 )K−1e−λ/2

Γ(K)
.

As the second term on the right hand side is positive, it means
that given the same threshold λ , Pf a is bigger for bigger K.
To keep Pf a constant, λ will have to be increased for bigger
K.
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ABSTRACT

The problem of joint decomposition of sets of complex ma-
trices arises in many problems in signal processing. In this
paper, we address the problem for the general case where
the matrices can be Hermitian and/or complex symmetric.
As such, complete statistical information in the complex do-
main can be taken into account for the given signal process-
ing problem. The proposed algorithm is based on an optimal
step size relative gradient approach and computer simula-
tions are provided to illustrate the behavior of this algorithm
in different contexts and to establish a comparison with other
algorithms.

1. INTRODUCTION

Joint decomposition of sets of complex matrices provides
an important tool for a number of signal processing prob-
lems, seee.g., [2–5, 9, 11, 13]. In [2], joint diagonalization
of a particular cumulant matrix has been used for the blind
beamforming problem, which has led to the popular joint
approximate diagonalization of eigenmatrices (JADE) algo-
rithm. Note that this algorithm is also useful for source sep-
aration and array processing. A generalization of the crite-
rion to any order cumulant can be found in [9]. In this ap-
proach, the searched joint diagonalizer happens to be a uni-
tary matrix. Thus, in practice, first a projection (often called
prewhitening) stage is required. However, this first stage in-
duces a bound on the attainable performance and this is why,
recently, joint diagonalization algorithms for the “non uni-
tary” case have been suggested, seee.g.[3,5,11,12].

Besides, when noncircular complex signals are consid-
ered [10] , one can exploit additional matrix decompositions,
see,e.g., [8,11,13]. Noncircular signals can arise in many ap-
plications such as communications, radar, and medical imag-
ing [1]. For example, in order to account for second-order
noncircularity, both the covariance matrix, which is Hermi-
tian, and the pseudo-covariance matrix, which is complex
symmetric, need to be taken into account.

The goal of this paper is to provide an algorithm for joint
decompositions of complex matrices for this most general
case,i.e., including the presence of Hermitian as well as com-
plex symmetric matrices. Hence, in the application in ques-
tion, we can expect improved performance by taking the full
statistical information in the complex domain into account.
We can also expect an increase in robustness due to a further
use of the available diversity in signal statistics. Moreover,
the diagonalization we propose is introduced through a com-
mon framework in order to not to significantly increase the

computational cost. This is achieved by considering a clas-
sical joint quadratic criterion. The proposed optimization
algorithm is an optimal step-size gradient algorithm with a
multiplicative update.

The paper is organized as follows: the general problem
of joint matrix decompositions of sets of Hermitian and/or
symmetric complex matrices is stated in Section 2. In Sec-
tion 3, the suggested approach based on a(n) (optimal step
size) relative gradient approach is detailed. Computer simu-
lations are provided to illustrate the good performance of the
suggested method and to compare it with other “state-of-the-
art” approaches. The purpose of Section 4 is to enhance the
usefulness of the suggested algorithm. Finally, in Section5,
conclusions are drawn.

2. JOINT MATRIX DECOMPOSITIONS

2.1 Problem statement

The problem that we consider is stated as follows. We
consider two setsM j for j = 1,2 of Nj square matrices

M
( j)
i ∈ CM×M, for all i ∈ {1, . . . ,Nj}. The N1 matrices in

M1 all admit the following decomposition:

M
(1)
i = AD

(1)
i AH

, (1)

while theN2 matrices inM2 all admit the following decom-
position:

M
(2)
i = AD

(2)
i AT

, (2)

where(·)H stands for the transpose conjugate operator and

(·)T for the transpose operator. The matricesD
( j)
i , for j =

1,2, for all i = 1, . . . ,Nj , are complex diagonal matrices. We
further assume thatA is full column rank and belongs to
CM×N with M ≥ N (Assumption A0). For all j = 1,2, the

set of theNj square matricesD( j)
i ∈ CN×N is denotedD j .

The general joint matrix decompositions problem that we
consider consists of estimating the matrixA and the two di-
agonal matrices setsD1 andD2 from only the matrix sets
M1 andM2. We finally remark that when only the first of
these two sets is considered (see (1)), the treated problem
simplifies into a well-known joint-diagonalization problem
[2,3,7]–[12].

2.2 An optimization problem

In what follows, the pseudo-inverse (Moore-Penrose gener-
alized matrix inverse)A+ of A is denoted byB. Due to
the matrix factorization, a rather classical way to solve the
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given problem minimizes a positive cost function. Thus, we
suggest to use:

J (B) = α
N1

∑
i=1

‖offDiag(BM
(1)
i BH)‖2

F

︸ ︷︷ ︸

C (B)

+(1−α)
N2

∑
i=1

‖offDiag(BM
(2)
i BT)‖2

F

︸ ︷︷ ︸

D(B)

, (3)

where α ∈ [0, 1], ‖ · ‖F stands for the Frobenius norm.
offDiag{M} = M−Diag{M}, i.e., the offDiag{·} opera-
tor sets to zero all the diagonal elements of the matrix in
argument while theDiag{·} operator sets to zero all the
off-diagonal elements of the matrix in argument. When
α = 1, J (B) = C (B) which is the cost function used in
[2, 3, 7]–[12]. The caseα = 0.5, with an additional third
term log|det(B)| (det(·) is the determinant of a square ma-
trix) was studied in [13]. Even if the purpose of this addi-
tional “constraint” term is to insure thatB does not become
singular, it has two drawbacks: first, it implies the search
for a square matrixB, and second, the log(·) function is not
bounded which may induce numerical problems too. Finally,
in order to avoid the trivial zero matrix solution, a normal-
ization has to be imposed. This will be done in constraining
the norm of the searched matrix to be equal to one.

3. PROPOSED RELATIVE GRADIENT
ALGORITHM

To estimate the matrixB ∈ CN×M, the cost functionJ (B)
given in (3) has to be minimized. To that aim, we propose,
as in [5], to use a relative gradient algorithm. The main in-
terest of such an approach is that for small enough step sizes
the invertibility of the matrixB can be guaranteed which is
not the case with the standard gradient algorithm, see,e.g.,
[12]. We also provide an alternative algorithm in which the
step size is no more fixed but computed algebraically at each
iteration.

3.1 Fixed step size relative gradient approach

We consider a relative gradient approach written as4B =
−µr∇rJ (B)B sinceJ (B) has to be minimized versusB.
µr is a positive small enough number called the step size or
adaptation coefficient and∇rJ (·) is defined as:

∇rJ (B) = 2
∂J (B)

∂B∗
BH = ∇aJ (B)BH

, (4)

whereB∗ stands for the complex conjugate of the complex
matrixB, ∂ is the partial derivative operator and∇aJ (B) =

2∂J (B)
∂B∗ is the complex gradient matrix of the real-valued

scalar cost function given in (3). Subsequently, the suggested
relative gradient-based algorithm can be derived,B is then
updated at each iterationk (for all k = 1,2, . . .) according to
the following scheme:

B(k) = B(k−1)− µr∇rJ (B(k−1))B(k−1)

=
(

IN − µr∇rJ (B(k−1))
)

B(k−1)
. (5)

This updating relation is followed by a normalization of ma-
trix B(k) to unit norm at each iteration. In what follows, the
resulting algorithm will be denoted byJMDRG.
To be able to derive this algorithm, the complex gradient ma-
trix ∇aJ (B) has to be evaluated. Using (3), we have:

∇aJ (B) = α∇aC (B)+ (1−α)∇aD(B). (6)

In [7], it has been demonstrated that∇aC (B) equals:

∇aC (B) = 2
N1

∑
i=1

[

offDiag{BM
(1)
i BH}BM

(1)
i

H

+
(

offDiag{BM
(1)
i BH}

)H
BM

(1)
i

]

. (7)

Focusing now, on the second term∇aD(B), it was shown
[13] that it equals:

∇aD(B) = 4
N2

∑
i=1

[

offDiag{BM
(2)
i BT}B∗M

(2)
i

∗]

. (8)

3.2 Seek of the optimal step size

To eliminate the difficult problem of the choice of the step
size, while decreasing the total number of iterationsNi
needed by the previous algorithm to reach convergence, it
is possible to compute its optimal step sizeµopt at each it-
erationk which means that the algebraical calculation of the
following quantity:

J
(

B(k)
)

= αC
(

B(k)
)

+(1−α)D
(

B(k)
)

= J
(

B(k−1)− µ∇rJ (B(k−1))B(k−1)
)

, (9)

has to be performed to be minimized with respect toµ . To
simplify, we opt to omit the dependency with respect to the
iteration k in what follows. The quantity defined in (9) is
found to be a fourth order polynomial whose expression is
given by:

J (B− µ∇rJ (B)B)

= αC (B− µ∇rJ (B)B)+ (1−α)D (B− µ∇rJ (B)B)

= c0 + µc1+ µ2c2 + µ3c3 + µ4c4

= α(a0 + µa1+ µ2a2 + µ3a3 + µ4a4)

+ (1−α)(b0+ µb1+ µ2b2 + µ3b3+ µ4b4), (10)

where the coefficientsak, ∀k= 0, . . . ,4,bk, ∀k= 0, . . . ,4 (and
consequentlyck, ∀k = 0, . . . ,4), are defined below:

ak = (−1)k ∑N1
i=1(vec{M

(1)
i })HAkvec{M

(1)
i }, (11)

and:

A0 = PToffPH

A1 = PToffQH +QToffPH

A2 = PToffRH +RToffPH +QToffQH

A3 = QToffRH +RToffQH

A4 = RToffRH
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bk = (−1)k
N2

∑
j=1

(vec{M
(2)
j })HBkvec{M

(2)
j }, (12)

and

B0 = LToffLH

B1 = LToffMH +MToffLH

B2 = LToffNH +NToffLH +MToffMH

B3 = MToffNH +NToffMH

B4 = NToffNH

where:
• P = BT ⊗BH

• Q = BT ⊗ (∇rC (B))H +(∇rC (B))T ⊗BH

• R = (∇rC (B))T ⊗ (∇rC (B))H

• L = BH ⊗BH

• M = BH ⊗ (∇rD(B))H +(∇rD(B))H ⊗BH

• N = (∇rD(B))H ⊗ (∇rD(B))H

⊗ is the Kronecker product,vec{·} includes all the columns
of matrix given in argument into a column vector andToff is
a matrix defined as:

Toff = IN2 −diag{vec{IN}} = Toff
H
, (13)

whereIN2 is theN2 ×N2 identity matrix,IN is theN×N
identity matrix matrix,diag{·} is a square matrix containing
the elements of the vector given in argument on its diagonal.
The derivative of (10) with respect toµ leads to:

∂J (B− µ∇rJ (B)B)

∂ µ
= 4c4µ3 +3c3µ2 +2c2µ +c1.

(14)

The optimal step size is obtained in two steps: after finding
all the roots of (14), they are inserted into (10). The root that
provides the minimum value is the optimal step size.

4. COMPUTER SIMULATIONS

In this section, computer simulations are presented to illus-
trate the performance and robustness of the proposed algo-
rithm in comparison with the (adapted) one given in [8].

We consider anM ×N complex matrixA built from a
normal distribution with zero mean and unit variance. The
diagonals of theN×N matricesD(1)

i andD
(2)
i are generated

with a complex Gaussian process with zero mean and vari-

anceσ2
s . Now the matricesM(1)

i andM
(2)
i are then built as

defined in (1) and (2).
To test the robustness of the algorithm, different levels

of additive noise is considered. Then, (1) and (2) have to be
modified, taking into account perturbations:

M̃
(1)
i = AD

(1)
i AH +B

(1)
i , (15)

and
M̃

(2)
i = AD

(2)
i AT +B

(2)
i , (16)

whereB
( j)
i ∀ j = 1,2 are matrices∈ CM×M generated with

a Gaussian process with zero mean and varianceσ2
b . The

Signal-to-Noise Ratio (SNR) is then defined as: SNR=

10log10(
σ2

s
σ2

b
) (in dB).

We use the Performance Index defined in [4] as:

I(G) =
1

r(r −1)

r

∑
i=1





r

∑
j=1

‖Gi, j‖
2
F

max
l

‖Gi,l‖
2
F

−1





+
1

r(r −1)

r

∑
j=1





r

∑
i=1

‖Gi, j‖
2
F

max
l

‖Gl , j‖
2
F

−1




, (17)

whereG = BA is the so-called global matrix. Next, the
proposed algorithmJMDRG is illustrated and compared to
the extendedFAJD one which was introduced in [8] in the
square case. In order to consider the rectangular case for this
method, a dimension reduction by projection is first realized
in order to come back to the square case. For the two algo-
rithms, the initial guess is fixed in using the above projection
that corresponds to the range space of matrixA.
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Figure 1: Influence of noise level on the Performance Index
for square case

In Figure 1, the square case is considered withM = N = 3
andN1 = N2 = 20. The mean performance index over 100
Monte Carlo trials is plotted w.r.t. the SNR in the square
case. We can see that theJMDRG algorithm nearly reaches
the same performances asextendedFAJD in the square case.

In Figure 2, the rectangular case is considered withM =
5, N = 2 andN1 = N2 = 20. 100 Monte Carlo trials are per-
formed. We notice that for low SNR values (between 0 and
20 dB), algorithmextendedFAJD has better performances
while for higher SNR it is the converse. This is certainly
due to the projection stage which reduces the noise influ-
ence onto considered matrices. Remark for SNR greater than
40dB, JMDRG the performance index becomes infinite im-
plying that the sought matrix is perfectly estimated.

5. DISCUSSION

In this article, we present a new approach for joint decom-
position of matrices. Using potentially different matrix de-
compositions, the approach allows the use of more statisti-
cal information in the complex domain. Relative gradient
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Figure 2: Influence of noise level on the Performance Index
for rectangular case

search procedure helps improve the conditioning of the esti-
mated matrix and a search procedure for the optimal step size
(instead of fixing the step size) increases the overall conver-
gence speed. Computer simulations highlights potential ad-
vantage of the proposed algorithm for high SNR in the rect-
angular case while preserving the performance gain in the
square case.
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ABSTRACT
We propose a Bayesian method for separation and recon-
struction of multiple source images from multi-channel ob-
servations with different resolutions and sizes. We recon-
struct the sources by exploiting each observation channel
at its exact resolution and size. The source maps are es-
timated by sampling the posteriors through a Monte Carlo
scheme driven by an adaptive Langevin sampler. We use the
t-distribution as prior image model. All the parameters of
the posterior distribution are estimated iteratively along the
algorithm. We experimented the proposed technique with
the simulated astrophysical observations. These data are nor-
mally characterized by their channel-variant spatial resolu-
tion. Unlike most of the spatial-domain separation methods
proposed so far, our strategy allows us to exploit each chan-
nel map at its exact resolution and size.

1. INTRODUCTION

In this study, we focus on the separation of source im-
ages from multi-channel blurred and noisy observations with
channel-variant spatial resolutions. We face this kind of
problem in astrophysical component inference from multi-
channel observations. The resolutions of the observed chan-
nel maps are generally different, since the aperture of the
telescope beam depends on frequency. Because of this phys-
ical restriction, for low resolution channel maps, less num-
ber of pixels than the the high resolution channel maps is
needed. If the image sizes are different in observations, the
most simple and intuitive procedure that can be applied is
to interpolate the low resolution channels maps or decimate
the high resolution channels maps to equal the size of all
maps. However, data interpolation and decimation correlate
the white noise and convert it to colored noise. The source
separation for channel-variant spatial resolution and convo-
lutional mixture case with equal sized observations has been
taken into account in [1] to estimate the parametric mixing
matrix and the power spectrums of the sources in the spa-
tial frequency domain. In order to deal with different sized
observation images, we propose a Bayesian formulation of
the problem in the pixel domain and find the source maps by
a recently developed Monte Carlo technique for image pro-
cessing, namely the Langevin Sampler [2].

∗ This work is supported by the Italian Space Agency research program
on cosmology and fundamental physics. Koray Kayabol is also supported
by the International Center for Theoretical Physics, Trieste, Italy, Training
and Research in Italian Laboratories program. Partially supported by CNR-
CSIC bilateral project- “Astrophysical data analysis using nonstationary sig-
nal processing”.

Image reconstruction from multi-channel low-resolution
observations without mixing is a high-resolution and super-
resolution image reconstruction problem. The pioneer works
on super-resolution can be found in [3] and [4]. Super-
resolution has been then used in video processing to im-
prove the resolution of a video by using multiple low-
resolution frames [5], [6]. Schultz and Stevenson have pro-
posed a Bayesian approach to super-resolution [7], using the
Maximum-a-Posteriori (MAP) estimation with Markov Ran-
dom Field (MRF) prior. A study on improving the resolution
of the hyper-spectral and astronomical images are found in
[8] and [9] respectively. The studies in [10] and [11] sum-
marize the super-resolution problem. We define our low-
resolution observation model according to the one used in
super-resolution [7].

In Blind Source Separation (BSS), the aim is to separate
multiple sources from mixed observations when the mixture
coefficients are not known. To solve the Bayesian source
separation problem without incurring in smoothing artifacts,
Monte Carlo methods based on drawing random samples
from posterior densities seem a viable approach [12]. In this
study, we propose to improve the efficiency of the standard
Metropolis random-walk sampling scheme by producing the
proposal samples in parallel. To this end, we resort to the
Langevin stochastic equation [13], [14], [2]. The proposed
samples are accepted or rejected by the usual Metropolis-
Hastings scheme.

Bayesian image separation has been investigated in dif-
ferent studies [15], [12], [2]. In [2], the t-distribution is used
as a prior to model the edge images, since it is a good sta-
tistical model for data ranging from broad-tailed to normally
distributed. The t-distribution is a member of the Scale Mix-
tures of Gaussians (SMGs) family. The Bayesian framework
is also capable of full optimization of all the parameters. In
the parameter estimation side of the study, we prefer to use
SMG mixture definition of the t-distribution over an integral.
Since we use the integral form of the t-distribution, we ex-
ploit the Expectation-Maximization (EM) method for esti-
mation of its parameters. We also optimize the discrete time
step of the Langevin equation adaptively along the iterations.
The algorithms have been tested on simulated astrophysical
images, relevant to the PLANCK project [18].

In Section 2, the problem definition is given in a Bayesian
framework. The simulation results are presented in Section
3 and interpreted in Section 4.
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2. BAYESIAN SOURCE SEPARATION AND HIGH
RESOLUTION RECONSTRUCTION

We assume that K observed images, yk,k ∈ {1, . . . ,K}, are
linear combinations of L source images, sl , l ∈ {1, . . . ,L}.
Let the k-th observed image be denoted by yk,i, where i ∈
{1,2, . . . ,M} is the lexicographically ordered pixel index.
Similarly, sl,i, with i ∈ {1,2, . . . ,N} and N ≥M, denotes the
N-pixel representation of the l-th source image. If the ef-
fect of the telescope is taken into account and by denoting sl
and yk as the vector representations of source and observa-
tion images, respectively, then the observation model can be
written as

yk = BkHk

L

∑
l=1

ak,lsl +nk (1)

where Hk is the Toeplitz matrix representation of the point
spread function (psf) in the k-th observation channel, matrix
Bk is an M×N down-sampling matrix, which becomes the
N×N identity IN when one of the highest-resolution maps
is available at the k-th channel (i.e., when M = N) and ak,l is
the mixing coefficient. For example, to convert a 3×3 image
to 2×2 one, we construct the down-sampling matrix such as

B =







1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1






(2)

We do not specify the structure of Bk, but interested read-
ers can find it in [10] and [11]. We use this model to con-
nect the high-resolution sources to the low resolution obser-
vations. It has also the useful property that while BkHk is
the smoothing and the down-sampling operation, its trans-
pose HT

k BT
k is the expansion and the interpolation operation.

The image is first expanded by zero-padding matrix BT
k and

then interpolated by the filter HT
k . The vector nk represents

an iid zero-mean Gaussian noise with Σ = σ 2
k IM covariance

matrix. Although the noise is not homogeneous in the real
astrophysical maps, noise variance is homogeneous within
each considered sky patch.

2.1 Likelihood
Since the observation noise is assumed to be independent and
identically distributed zero-mean Gaussian at each pixel, the
likelihood is expressed as

p(y1:K |s1:L,A) ∝
K

∏
k=1

exp
{

−W (s1:L|yk,A,σ 2
k )
}

(3)

W (s1:L|yk,A,σ 2
k ) =

||(yk−BkHk ∑L
l=1 ak,lsl)||

2

2σ 2
k

(4)

where the mixing matrix A contains all the mixing coeffi-
cients ak,l introduced in (1). We assume uniform prior for
ak,l .

2.2 Source Model
In this paper, we use the image model previously proposed
in [2]. For this purpose, we write an auto-regressive source
model using the first order neighbors of the pixel in the di-
rection d:

sl = αl,dGdsl + tl,d (5)

where the maximum number of first order neighbors is 8 but
we use only 4 neighbors, d ∈ {1, . . . ,4}, in the vertical and
horizontal directions. Matrix Gd is a linear one-pixel shift
operator, αd is the regression coefficient and the regression
error tl,d is an iid t-distributed zero-mean vector with degree
of freedom parameter βl,d and scale parameters δl,d . The
multivariate probability density function of an image mod-
elled by a t-distribution can be written as

p(tl,d |αl,d ,βl,d ,δl,d) =
Γ((N +βl,d)/2)

Γ(βl,d/2)(πβl,dδl,d)N/2

×

[

1+
φd(sl ,αl,d)

βl,dδl,d

]−(N+βl,d)/2

(6)

where φd(sl ,αl,d) = ||tl,d ||
2 = ||sl −αl,dGdsl ||

2 and Γ(.) is
the Gamma function. We can write the density of sl by using
the image differentials in different directions, by assuming
the directional independence, as

p(sl |αl,d ,βl,d ,δl,d) =
4

∏
d=1

p(tl,d |αl,d ,βl,d ,δl,d). (7)

We assume uniform priors for αl,d and δl,d and use non-
informative Jeffrey’s prior for βl,d ; βl,d ∼ 1/βl,d .

2.3 Posteriors
To define the BSS problem in the Bayesian framework, the
joint posterior density of all of the unknowns must be written.

p(s1:L,A,Θ|y1:K) ∝ p(y1:K |s1:L,A)p(s1:L,A,Θ) (8)

where Θ = {α1:L,1:4,β1:L,1:4,δ1:L,1:4}, p(y1:K |s1:L, A) is
the likelihood and p(s1:L,A,Θ) is the joint prior den-
sity of unknowns. The joint prior can be factorized as
p(s1:L|α1:L,1:4,β1:L,1:4, δ1:L,1:4) p(A) p(β1:L,1:4 p(δ1:L,1:4)
p(α1:L,1:4). Furthermore, since the sources are assumed to
be independent, the joint probability density of the sources is
also factorized as

p(s1:L|Θ) =
L

∏
l=1

p(sl |Θ) (9)

To estimate all unknowns, we write their conditional pos-
teriors as

p(ak,l |y1:K ,s1:L,A−ak,l ,Θ) ∝ p(y1:K |s1:L,A)

p(αl,d |y1:K ,s1:L,A,Θ−αl,d ) ∝ p(tl,d |Θ)

p(βl,d |y1:K ,s1:L,A,Θ−βl,d
) ∝ p(tl,d |Θ)p(βl,d) (10)

p(δl,d |y1:K ,s1:L,A,Θ−δl,d
) ∝ p(tl,d |Θ)

p(sl |y1:K ,s(1:L)−l ,A,Θ) ∝ p(y1:K |s1:L,A)p(sl |Θ)

where the ”–variable” expressions in the subscripts denote
the removal of that variable from the variable set.

The Maximum Likelihood (ML) estimations of the pa-
rameters αl,d , βl,d and δl,d are obtained using an Expectation-
Maximization (EM) method [2]. To estimate the source im-
ages, we use Langevin sampler, whose details are given in
Section 2.4.
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2.4 Astrophysical Map Estimation
In the classical Markov Chain Monte Carlo (MCMC)
schemes, a random walk process is used to produce the pro-
posal samples. Although random walk is simple, it affects
adversely the convergence time. Instead of random walk, we
use the Langevin stochastic equation, which exploits the gra-
dient information of the energy function to produce a new
proposal. Since the gradient directs the proposed samples to-
wards the mode, the final sample set will mostly come from
around the mode of the posterior. The Langevin equation
used in this study is written as

sk+1
l = sk

l −
1
2
Dlg(sk

l )+D
1
2
l wl (11)

where the diagonal matrix D
1
2
l contains the discrete time

steps τl,n, n = 1 : N, so that, for the ith pixel, the diffusion
coefficient is Dl(n,n) = τ2

l,n. Matrix Dl is referred to here
as diffusion matrix. We determine it by taking the inverse
of the diagonal of the Hessian matrix which is calculated
through the energy function E(sl) = W (s1:L)+U(sl) where
U(sl) =− log p(sl |αl,d ,βl,d ,δl,d) defined in (7). g(sk

l ) is the
gradient of the energy E(sl) with respect to sl and is defined
in Table 1.

Since the random variables for the image pixel intensities
are produced in parallel by (11), this procedure is faster than
the random walk adopted in [12]. The derivation details of
the equation can be found in [2]. A similar form of Langevin
equation is also found in [16] and [17].

The samples are produced by using this first order equa-
tion, and then they are tested in the Metropolis-Hastings
scheme. The samples produced by (11) are applied to
a Metropolis-Hastings scheme pixel-by-pixel. The accep-
tance probability of any proposed sample is defined as
min{ϕ(sk+1

l,n ,sk
l,n),1}, where

ϕ(sk+1
l,n ,sk

l,n) ∝ e−∆E(sk+1
l,n ) q(sk

l,n|s
k+1
l,n )

q(sk+1
l,n |s

k
l,n)

(12)

where ∆E(sk+1
l,n ) is the energy difference between the pro-

posed and current pixel.
The proposal density q(sk+1

l,n |s
k
l,n) is obtained, from (11),

as

N

(

sk+1
l,n |s

k
l,n +

τ2
l
2

g(sk
l,n),τ

2
l

)

(13)

The summary of the Metropolis-Hastings algorithm with
Langevin proposal is given in in Table 1.

3. SIMULATION RESULTS

This section presents some astrophysical image separation
results of the proposed method, compared to the correspond-
ing results from other methods. The proposed method is de-
noted as ALS (Adaptive Langevin Sampler) and compares
to two ad hoc methods. In both of the competitor meth-
ods, we apply an interpolation (IP) to the low resolution and
small sized channels. It corresponds to the operation HT

k BT
k ,

but one can use any interpolation technique to perform in-
terpolation. In the first competitor method, we apply the
pre-estimated separation matrix to find LS solution. As a

Table 1: Metropolis-Hastings algorithm with Langevin pro-
posal. u: uniform positive random number in the unit in-
terval; z: generated sample vector to be tried; ϕ(zn,sk

l,n) :
acceptance ratio of the generated sample.

1. wl ∼N (wl |0,I)

2. H(sk
l )←− diag{H(sl)}

sl←−s
k
l

3. Dl ←− 2[H(sk
l )]
−1

4. g(sk
l )←− [∇sl E(s1:L)]

s1:L=s
k
1:L

5. produce z ←− sk
l −

1
2Dlg(sk

l ) + D
1
2
l wl from

(11).
6. for all pixel n = 1, . . . ,N

(a) calculate ϕ(zn,sk
l,n)

(b) if ϕ(zn,sk
l,n)≥ 1 then sk+1

l,n = zn

else produce u∼U(0,1).
if u < ϕ(zn,sk

l,n) then sk+1
l,n = zn,

else sk+1
l,n = sk

l,n

(c) n+1←− next pixel.

pre-estimation method, one can use Independent Component
Analysis (ICA), Spectral Matching ICA (SMICA) or Fourier
Domain Correlated Component Analysis (FDCCA) [1]. In
the second competitor method, we first apply de-blurring
(DB) and then find LS solution. For de-blurring, we use the
Wiener filter with known psf and noise covariance. We call
the competitor methods IP+LS and DB+IP+LS, respectively.
We use the solution of IP+LS as initial value for our meth-
ods, so we call the proposed method as IP+LS+ALS. We also
compare the results with those obtained from the channel in-
variant single resolution observations by ALS method. We
have tested our algorithm on a sky patch that is located at
(0,60) galactic coordinates. The observation images are gen-
erated by using a 9×3 mixing matrix simulating nine images
at frequencies 30, 44, 70, 100, 143, 217, 353, 545, and 857
GHz. In other words, we have K = 9 observations and L = 3
sources. Fig. 1 shows the observations in the patch consid-
ered. The size of the first three channel maps, 30, 44 and 70
GHz, is 128×128, whereas the others have size 256×256.

Fig. 2 shows the ground truth astrophysical source im-
ages and the estimated ones with IP+LS+ALS, IP+LS, ch.
invar. IP+LS+ALS with channel invariant observations and
ch. var. IP+DB+LS with channel variant observations. The
mixed sources are CMB, synchrotron and dust maps, as sim-
ulated in preparation of the PLANCK mission of the Euro-
pean Space Agency (ESA) [18].

The Peak Signal-to-Inference Ratio (PSIR) is used as a
numerical performance indicator. The PSIR values of the
estimated maps are reported under each result in Fig. 2.

The PSIR values of ALS are over those of other meth-
ods. We can see from Fig. 2 that the IP+LS gives noisy and
IP+DB+LS gives smoothed estimates, but the results of ALS
are better than the others.

4. CONCLUSION

We have introduced a data model accounting for resolution
and map size differences in the astrophysical source sepa-
ration problem. We then solve this problem in a Bayesian
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Figure 1: The blurred and noisy observations located at 0◦ longitude and 60◦ latitude. The first row: Low resolution 128×128
channels. Second and third rows: High resolution 256×256 channels.

framework by a Monte Carlo technique. The results show
that our method outperforms two other strategies that do not
take the proper resolutions and sizes into account. As part
of our future work, we will evaluate the spatial resolutions
that can be obtained in the source maps reconstructed by
this technique, and explore the possibility of further improve-
ments.

5. ACKNOWLEDGMENT

The authors would like to thank Anna Bonaldi,(INAF,
Padova, Italy) and Bulent Sankur, (Bogazici University,
Turkey) for their valuable discussions. The simulated maps
are courtesy of the Planck working group on diffuse compo-
nent separation (WG2.1).

REFERENCES

[1] L. Bedini and E. Salerno, “Extracting astrophysical
sources from channel-dependent convolutional mixtures
by correlated component analysis in the frequency do-
main,” Lec. Notes in Artificial Intell., vol. 4694, pp. 9–
16, 2007.

[2] K. Kayabol, E. E. Kuruoglu, J. L. Sanz, B.
Sankur, E. Salerno, and D. Herranz, “Adaptive
Langevin sampler for separation of t-distribution
modelled astrophysical maps,” IEEE Trans. on
Image Process., Feb. 2010, Accepted. [Online].
Available: http://www.ieeexplore.ieee.org/xpls/
abs all.jsp?arnumber=5451169

[3] R.W. Gerchberg, “Super-resolution through error en-
ergy reduction,” Optica Acta, vol.21, no.9, pp. 709–720,
1974.

[4] A. Papoulis, “A new algorithm in spectral analysis and
band-Limited extrapolation,” IEEE Trans. Circuits and
Systems, vol.22, no.9, pp. 735–742, 1975.

[5] T. Y. Huang and R. Y. Tsay, “Multiple frame image
restoration and registration,” Advances in Computer Vi-
sion and Image Process., vol. 1, pp. 317–339, 1984.

[6] S. P. Kim, N. K. Bose, and H. M. Valenzuela, “Recursive
reconstruction of high resolution image from noisy un-
dersampled frames,” IEEE Trans. Acoust., Speech, Sig-
nal Process., vol. 38, pp. 1013–1027, 1990.

[7] R. R. Schultz and R. L. Stevenson, “A Bayesian ap-
proach to image expansion for improved definition,”
IEEE Trans. on Image Process.,, vol. 3, no. 3, pp. 233–
242, 1994.

[8] T. Akgun, Y. Altunbasak and R.M. Mersereau, “Super-
resolution reconstruction of hyperspectral images,”
IEEE Trans. on Image Process.,, vol. 14, no. 11, pp.
1860–1875, 2005.

[9] A. Jalobeanu, J.A. Gutierrez and E. Slezak, “Multi-
source data fusion and super-resolution from astronom-
ical images,” Statistical Methodology,, vol. 5, pp. 361–
372, 2008.

[10] S. C. Park, M. K. Park, and M. G. Kang, “Superresolu-
tion image reconstruction: A technical overview,” IEEE
Signal Process. Magazine, vol. 20, no. 3, pp. 21–36, May
2003.

[11] S. Farsiu, D. Robinson, M. Elad, and P. Milanfar, “Ad-
vances and challenges in super-resolution,” Int. J. Imag-
ing Syst. Technol., vol. 14, pp. 47–57, 2004.

[12] K. Kayabol, E. E. Kuruoglu, and B. Sankur, “Bayesian

1080



C
M

B

Groundtruth

S
yn

ch
ro

tro
n

D
us

t

25.7

IP+LS

17.35

17.81

26.9

IP+DB+LS

16.21

22.07

29.33

ch. invar. IP+LS+ALS

28.61

29.77

29.38

ch. var. IP+LS+ALS

31.83

30.4

Figure 2: Reconstructed astrophysical maps from blurred and noisy observations by the IP+LS, IP+DB+LS, ch. invar.
IP+LS+ALS and ch. var. IP+DB+LS methods. The location of the patch is 0◦ galactic longitude and 60◦ galactic latitude.
The numbers under the reconstructed maps are the PSIR values in dB.

separation of images modelled with MRFs using
MCMC,” IEEE Trans. on Image Process., vol. 18, no.
5, pp. 982–994, 2009.

[13] R.J. Rossky, J.D. Doll, and H.L. Friedman, “Brownian
dynamics as a smart Monte Carlo simulation,” J. Chem.
Phys., vol. 69, pp. 4628–4633, 1978.

[14] R.M. Neal, “Probabilistic inference using Markov
chain Monte Carlo methods,” Tech. Rep. CRG-TR-93-1,
Dept. Comp. Scien., University of Toronto”, Sep. 1993.

[15] E. E. Kuruoglu, A. Tonazzini, and L. Bianchi, “Source
separation in noisy astrophysical images modelled by
Markov random fields,” in Int. Conf. on Image Proc.
ICIP’04, pp. 24–27, Oct., 2004.

[16] U. Grenander and M. I. Miller, “Representations of
knowledge in complex systems (with discussion), ” J.
R. Statist. Soc. B”, vol. 56, pp. 549–603, 1994.

[17] P. Dostert, Y. Efendiev, T. Y. Hou and W. Luo, “Coarse-
gradient Langevin algorithms for dynamic data integra-
tion and uncertainty quantification, ” J. Comput. Phys.”,
vol. 217, pp. 123–142, 2006.

[18] Planck Science Team, “PLANCK: The
scientific programme,” European Space
Agency (ESA), 2005. [Online]. Available:
http://www.esa.int/SPECIALS/Planck/index.html

1081



RECEIVER OPERATING CHARACTERISTIC FOR ARRAY-BASED GNSS
ACQUISITION

Javier Arribas, Carles Fernández–Prades, and Pau Closas
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ABSTRACT

This paper investigates the application of the antenna array
Maximum Likelihood (ML) Doppler shift and code delay es-
timator to the Global Navigation Satellite Systems (GNSS)
acquisition problem, considering an unstructured channel
model and Additive White Gaussian Noise (AWGN). We
propose an acquisition test function based on the ML es-
timator and we derive the theoretical false alarm and de-
tection probabilities. Furthermore, this work analyzes the
effect of the acquisition bandwidth on the Receiver Oper-
ating Characteristic (ROC). Finally, we propose an imple-
mentation scheme including a baseband filter to improve the
acquisition ROC. The simulation results validate the theo-
retical analysis.

1. INTRODUCTION

With the increasing demand of more accurate and more ro-
bust Global Navigation Satellite Systems (GNSS) services,
the applications of antenna arrays to GNSS technology are
focusing much attention recently. The capability of the an-
tenna arrays to reject interferences or jamming signals and
the theoretical multipath mitigation potential is usually ap-
plied to the tracking operation of GNSS receivers. In this
work we investigate the application of an antenna array to
the Direct-Sequence Code Division Spread Spectrum (DS-
CDMA) acquisition operation. The acquisition process is in
charge of estimating the DS-CDMA signal synchronization
parameters, defined as the Doppler frequency and the code
delay. In the literature can be found a number of works con-
sidering the array acquisition problem with the assumption
of the receiver capability to estimate the Direction Of Ar-
rival (DOA), see, e.g., [1, 2]. In these works, the DOA is
estimated using either a pilot signal or including the DOA
in the acquisition search grid, and then using the estimated
DOA information to recombine the outputs of the correlators
or matched filters. In a GNSS receiver it is difficult to esti-
mate the DOA without acquiring the signal and the DOA-
based beamforming techniques usually need a calibrated ar-
ray. Here, the Maximum Likelihood (ML) estimator is de-
rived for the synchronization parameters assuming Additive
White Gaussian Noise (AWGN) and considering a receiver
using an unstructured antenna array. Based on the results,
a test function suitable to be used in the acquisition process
is proposed and analyzed in terms of the false alarm and de-
tection probability. This work extends the results of [3] and
extracts the Receiver Operating Characteristic (ROC).
The receiver bandwidth has an important effect on the acqui-
sition and it was analyzed in [4, 5] in terms of the correlation
losses. The second part of this work is devoted to study how
the receiver bandwidth affects the acquisition ROC for the
Galileo E1 Multiplexed Binary Offset Carrier (MBOC) mod-
ulation, and how it can improve the ROC performance. An
implementation scheme of the acquisition is also proposed.
The paper is organized as follows: Section 2 presents the an-
tenna array signal model, Section 3 derives the ML estima-

tor for the synchronization parameters. Section 4 proposes
a new acquisition test function using the resulting estima-
tor and analyzes its performance. The effect of the receiver
bandwidth is theoretically analyzed. In Section 5 we plot
theoretical results and computer simulations, comparing the
performances to the single antenna ML acquisition. Finally,
Section 6 concludes the paper.

2. SIGNAL MODEL

Considering a single GNSS satellite signal received with an
N -element antenna array, the discrete baseband signal model
is defined as:

X = hd(F, τ) + N, (1)

where

• X = [x(t0) . . .x(tK−1)] ∈ CN×K is referred to spatiotem-
poral data matrix, where x(t) = [x1(t) . . . xN (t)]T is de-
fined as the antenna array snapshot and K is the number
of captured snapshots.
• h = [h1 . . . hN ]T ∈ CN×1 is the non-structured chan-

nel model, which models both the channel and the array
response, where |hi|2 is the signal power for the i-th an-
tenna element and | · | is the modulus operator.

• d(F, τ) = [s(t0 − τ)ej2πFt0 . . . s(tK−1 − τ)ej2πFtK−1 ] ∈
C1×K is the GNSS complex baseband DS-CDMA sig-
nal with normalized power and known structure s(t), re-
ceived by the array with a propagation delay τ and a
Doppler frequency F . In this work, we consider s(t) =∑∞
k=−∞ ckpk(t − kTc), where ck are the spreading code

chips, pk is a rectangular pulse of support Tc, and Tc is
the spreading code chip rate [6].

• N = [n(t0) . . .n(tK−1)] ∈ CN×K is a complex, circularly
symmetric Gaussian vector process with a zero-mean and
temporally white.

3. MAXIMUM LIKELIHOOD ESTIMATOR FOR
THE DOPPLER SHIFT AND DELAY

The ML estimator for Doppler shift and code delay for an
antenna array receiver using signal model (1) and consider-
ing unstructured noise covariance matrix was derived in [7].
Hereafter we consider the white noise case. The negative
log-likelihood function of a complex multivariate Gaussian
[8] snapshot vector x, assuming AWGN with a diagonal co-
variance matrix Q = σ2I, neglecting the irrelevant constants
can be defined as:

Λ1(σ2,h, F, τ) = N ln(σ2) +
Tr(C)

σ2
, (2)

we define matrix C as:

C = R̂XX − r̂XdhH − hr̂HXd + hR̂−1
ddhH , (3)
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where the autocorrelation and the cross-correlation matrices
are defined as follows1:

• R̂XX = 1
K

XXH is the estimation of the autocorrelation
matrix of the array snapshots, also known as the sample
covariance matrix.
• r̂Xd = 1

K
XdH is the estimation of the cross-correlation

vector between the array snapshot matrix and the DS-
CDMA signal.

• R̂dd = 1
K

ddH is the estimation of the DS-CDMA signal
autocorrelation.

The next step is to find the ML estimate for each pa-
rameter, which is equivalent to minimize the negative log-
likelihood function:

σ̂2, ĥ, F̂ , τ̂
∣∣
ML

= arg min
σ2,h,F,τ

Λ1(σ2,h, F, τ), (4)

by applying the gradient with respect to σ2, and setting it
to zero we find:

σ̂2
ML =

Tr(C)

N

∣∣
h=ĥML,F=F̂ML,τ=τ̂ML

. (5)

Replacing σ2 with σ̂2
ML in (2) and neglecting the additive

constant term, we obtain Λ2(h, F, τ) = ln(Tr(C)), and by
applying the gradient with respect to h in Λ2 and setting it

to zero again, we find the ML estimator for ĥML:

ĥML = r̂XdR̂
−1
dd

∣∣
σ2=σ̂2

ML
,F=F̂ML,τ=τ̂ML

. (6)

By inserting (6) in (3), we obtain a new cost function to
minimize:

Λ3(F, τ) = Tr(R̂XX − r̂XdR̂
−1
dd r̂HXd). (7)

Finally, by applying the trace cyclic properties and neglect-
ing the additive and multiplicative constant terms, the ML
estimate for F and τ is:

F̂ML, τ̂ML = arg max
F,τ

(r̂HXdr̂Xd), (8)

which is equal to the maximization of the Euclidian norm of
the cross-correlation vector, formulated as ‖r̂Xd(F, τ)‖2. We

define the Euclidian norm as ‖ · ‖ =
√

uHu, where (·)H de-
notes conjugate transpose. Since it is not possible to obtain

a closed expression for F̂ML and τ̂ML, a grid based search is
suitable to find the function maximum [7]. The ML array-
based estimator is the natural extension to the single antenna
ML estimator extensively used in single antenna GNSS re-
ceivers [9].

4. PERFORMANCE OF THE ARRAY-BASED
ACQUISITION ALGORITHM BASED ON ML

ESTIMATORS

The aim of this Section is the characterization of the perfor-
mance of the array-based Doppler frequency and code delay
ML estimation when used as an acquisition algorithm. We
consider GNSS acquisition process as a grid search, evaluat-
ing a test function T (F̌ , τ̌) over a finite and discrete search
space. Each of the possible pairs of (F̌ , τ̌) form a search cell
[9]. The acquisition algorithm compares the output of the
test function to a given threshold γ, and the result decides if
there is a satellite signal present or not. As a consequence,
the performance evaluation of the acquisition algorithm is
based on the false alarm and the detection probabilities over
two hypothesis:

1For the sake of simplicity of the notation, we drop the d(F, τ)
dependency on F and τ .

• The Null Hypothesis H0 is defined as the absence of the
satellite signal, or the misalignment of the signal with the

local replica, (F̌ , τ̌)
∣∣∣
H0
6= (F, τ), which differs sufficiently

either in frequency or code delay or both, to consider the
received satellite signal d(F, τ) orthogonal to the local
replica.

• The Match Hypothesis H1 defines the case when the
searched satellite is present and the detection is per-
formed on the correct cell. In the simulations, we consider
a perfect Doppler frequency and code delay alignment

(F̌ , τ̌)
∣∣∣
H1

= (F, τ).

The false alarm and detection probabilities are defined as:

Pfa(γ) = P (T (F̌ , τ̌) > γ|H0) (9)

Pd(γ) = P (T (F̌ , τ̌) > γ|H1). (10)

4.1 ML based Test Function

The proposed test function can be considered a simplification
of the Generalized Likelihood Ratio Test (GLRT) detector
[10]. Using the ML estimator of (8) we define the test func-
tion as:

T (F̌ , τ̌) = ‖r̂XdL(F̌ , τ̌)‖2, (11)

where a non-filtered locally generated satellite signal replica
dL(F̌ , τ̌) = d(F̌ , τ̌) is used. The test function is equivalent to
perform a non-coherent ML acquisition independently over
each antenna element and adding the results, expressed as:

T (F̌ , τ̌) =

N∑
i=1

(
|hi|2|R̂ddL |

2+ (12)

+
1

K
(hiR̂ddLdNH

i + Nid
HR̂ddLh∗i +

1

K
Nid

HdNH
i )
)

︸ ︷︷ ︸
ηi

,

where hi denotes the i-th component of vector h, (·)∗ indi-

cates complex conjugate, R̂ddL = 1
K

ddL(F̌ , τ̌) is the cross-
correlation between the received satellite signal and the local
replica, and Ni = [n(t0)i . . .n(tK−1)i] is the noise input vec-
tor for the i-th antenna element. The correlation of the local
replica with the input noise can be grouped in a single noise
term ηi.

4.2 Null Hypothesis H0

In order to statistically characterize the function T (F̌ , τ̌)
∣∣∣
H0

we consider (12) as the sum of N independent random
variables with the same Probability Density Function (pdf).
When the satellite signal is present, but not correctly

aligned, E[R̂ddL ]
∣∣∣
H0
' 0 due the misalignment of the local

replica. The remaining term ηi is a central χ2
2 random vari-

able with underlying Normal distribution N (0, σ2), where
σ2 = Pn

2K
, and Pn is the noise power at the correlator input

[11]. Applying the definition of the Chi-Square distribution
[12], we found that the sum of N χ2

2 random variables is

distributed as χ2
2N . As a consequence, T (F̌ , τ̌)

∣∣∣
H0
∼ χ2

2N .

Using (9) the false alarm probability can be expressed
as Pfa(γ) = 1 − PH0(T (F̌ , τ̌) ≤ γ), where PH0(T (F̌ , τ̌) ≤
γ) is the χ2

2N Cumulative Density Function (cdf). Finally,
applying the definition of χ2

2N cdf we find:

Pfa(γ) = exp
{−γ

2σ2

}N−1∑
k=0

1

k!

( γ

2σ2

)k
. (13)
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Figure 1: Implementation scheme for the proposed ML
array-based acquisition.

4.3 Match Hypothesis H1

Considering T (F̌ , τ̌)
∣∣∣
H1

, the correlator output for the i-th

antenna element can be expressed as the sum ofN noncentral
χ2

2 random variables with the noncentrality parameter due
to the despreading gain:

λ2
i =

(
|hi||R̂ddL |

)2

' |hi|2, (14)

where we assume E[R̂ddL ]
∣∣∣
H1
' 1. Using the Chi-Square

properties, it can be shown that T (F̌ , τ̌)
∣∣∣
H1

is a noncentral

χ2
2N with the noncentrality parameter λ2 =

∑N
i=1 λ

2
i .

The presented test function is a non-coherent detector,
and it is affected by twice the noise power than the coherent
detector [13]. Assuming |hi|2 = Ps ∀ i, comparing the array
Signal-to-Noise Ratio (SNR) gain with respect to the single
coherent acquisition SNR, the array gain is defined as:

GARRAY = 10 log

(
λ2

σ2

2Ps
σ2

)
= 10 log

(N
2

)
. (15)

When a calibrated planar array with equal antenna array el-
ements gain patterns is used, the most significant differences
between the signals received by the antenna array elements
are located in the signal phase [14], thus the test function is
not affected by the DOA-dependant phase-shifts. Obviously,
the DOA affects the received signal power due to the indi-
vidual antenna array elements gain patterns.
Finally, using (10), the detection probability can be
computed as Pd(γ) = 1 − PH1(T (F̌ , τ̌) ≤ γ), where
PH1(T (F̌ , τ̌) ≤ γ) is the cdf of a noncentral Chi-square χ2

2N :

Pd(γ) = QN

(√λ2

σ
,

√
γ

σ

)
, (16)

where QN is the generalized Marcum Q-function [12] of order
N and σ was defined in Section 4.2.

4.4 The effect of the receiver bandwidth

The proposed implementation scheme can be found in Fig.
1. From left to right, the array receiver N-channel RF front-
end has a limited RF bandwidth given by the RF Band Pass

Filter (BPF), which for the sake of simplicity, is considered
an ideal BPF covering all the signal bandwidth. After the
amplification and the conversion to baseband, an N-channel
analog-to-digital converter (ADC) is in charge of digitizing
the received signal with a sampling frequency Fs = 2BRF ,
where BRF is the BPF bandwidth. At this point, the sig-
nal is sent both to the acquisition block and to the tracking
block. The acquisition block has a pre-conditioning base-
band Finite Impulse Response (FIR) Low Pass Filter (LPF)
with bandwidth Bbb which improves the SNR. The snapshot
matrix container can be implemented using a Random Ac-
cess Memory, and the operations required by the test func-
tion can be implemented using a Field Programmable Gate
Array device [15].

In order to characterize the effect of the acquisition band-
width we consider equal received signal power over all the an-
tenna array elements and we define the SNR after the LPF
as:

ρacq =
P ′s
P ′n

, (17)

where P ′s and P ′n are the satellite signal and the noise power
after the LPF. Using the convolution property x(t) ∗ y(t) =
X(f)Y (f) and the Parseval’s theorem [12], P ′s can be com-
puted:

P ′s = Ps

∫ + 1
2

− 1
2

Ss(f)|HLPF (f)|2df, (18)

where Ss(f) is the Power Spectral Density (PSD) of the
satellite signal and HLPF (f) is the Fourier transform of the
LPF impulse response hLPF [n]. Considering the Galileo E1
MBOC(6,1,1/11) [6], the analytical expression for the PSD
can be found in [16]:

Ss(f) =
10

11
GBOC(1,1) +

1

11
GBOC(6,1) (19)

GBOC(m,n)(f) =
1

Tc

(
sin(πfFsTc

NB
) sin(πfFsTc)

πfFs cos(πfFsTc
NB

)

)2

,

where NB = 2m
n

is the BOC(m,n) modulation index re-
lation. Using the same approach, the noise power can be
expressed as:

P ′n = N0BRF

∫ + 1
2

− 1
2

|HLPF (f)|2df, (20)

where N0 W-Hz is the antenna noise density.

Fig. 2 shows the theoretical and the simulated depen-
dance of the SNR with the LPF cutoff frequency.

Considering now a band-limited satellite signal d′ =
d ∗ hLPF , using the Wiener-Khinchine theorem and the
convolution properties [12, 5], we can compute the cross-
correlation between d′ and dL :

rd′dL
[n] =

∫ + 1
2

− 1
2

Ss(f)|HLPF (f)|2ej2πfndf, (21)

where the despreading gain is equal to the filtered signal
power rd′dL

[0] = P ′s. Clipping the bandwidth of the received
satellite signal makes the correlation peak wider. Fig. 3
shows the evolution of MBOC(6,1,1/11) rd′dL

[n] function
for different baseband bandwidths. We obtain the 80% of the
despreading gain using Bbb = 2 MHz, which is the minimum
usable baseband bandwidth given by Bbb ≥ 1

2Tc
according to

Nyquist-Shannon criterium [12]. Considering an acquisition
search grid size of τ = ±0.5 chips and F = ±250 Hz [9],
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Figure 2: Theoretical and simulated Galileo E1
MBOC(6,1,1/11) SNR versus the baseband bandwidth.

all the despreading gain can be contained in a single grid cell.

Recalling Section 4.2 and 4.3 the limited baseband band-
width affects both the Pfa and Pd and consequently the ROC
is affected according to the values of:

(λ2)′ = NP ′s (22)

(σ2)′ =
P ′n
2K

, (23)

where (λ2)′ and (σ2)′ are the new values of λ2 and σ2, re-
spectively. It is useful to express the dependence in terms of
the ρacq:

(λ2)′

(σ2)′
= 2KNρacq, (24)

which implies that the maximization of ρacq maximizes the
acquisition ROC performance. The usual threshold setting
criterion for a GNSS receiver is to maximize Pd for a given
Pfa, and γ should be computed using an estimation of the
filtered noise power and the Pfa equation (13).

5. SIMULATION RESULTS

In order to verify the theoretical study of the array-based
ML acquisition, the false alarm and the detection probabil-
ities of the test functions are evaluated by means of Monte
Carlo (MC) simulations. The results are valid for a single
cell acquisition and can be easily extended to multiple cell
search strategies [17]. We simulated a single Galileo satel-
lite on the E1 MBOC(6,1,1/11) carrier signal [6] impinging
on an 8-elements circular isotropic antenna array with half-
wavelength separation between elements. The channel vec-
tor h was generated with equal power |hi|2 = Ps

2
∀ i and

random DOA. The sampling frequency Fs and Tacq was set
to Fs = 50 1

Tc
= 51.150 MHz and Tacq = 4 ms, respec-

tively. The ideal RF BPF was set to have a bandwidth of
BRF = 24.552 MHz. The FIR LPF implementation was a
Butterworth type with 5 coefficients. Each of the MC simu-
lations contains 2000 realizations.

5.1 ROC evolution for different acquisition base-
band bandwidths

The effect of the acquisition bandwidth was simulated for a
constant C/N0 = 25 dB-Hz and bandwidth sweep 2 ≤ Bbb ≤
13 MHz. Using the MC results, the Pfa and Pd curves and
the ROC can be found in Fig. 4 and Fig. 5 respectively.
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The theoretical performance was calculated using the ana-
lytical expressions for the Pfa and Pd defined in (13) and
(16), respectively. Notice there are a slightly differences be-
tween the theoretical curves and the MC curves. The main
reason is the differences between the implemented LPF filter
frequency response and the theoretical LPF frequency re-
sponse used in (18) and (20). Despite this effect, the results
were aligned with the theory and the acquisition with the
minimum bandwidth obtained the best performance.

5.2 ROC evolution for different C/N0

Considering a fixed Bbb = BRF
2

MHz, we performed a sweep
of the impinging satellite signal C/N0 from 25 dB-Hz to 33
dB-Hz. Fig. 6 shows the theoretical and simulated ROC
for the array acquisition compared to a single antenna ac-
quisition. The theoretical models for false alarm and de-
tection probabilities are aligned with the simulations. The
improvement of the array based non-coherent ML acqui-
sition over the single antenna non-coherent acquisition is
Garray = 10 log(8)− 3 ' 6 dB (see Section 4.3).

6. CONCLUSIONS

In this paper, we investigated the application of the an-
tenna array ML Doppler shift and code delay estimator to
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the GNSS acquisition problem, considering an unstructured
channel model and AWGN. The proposed acquisition test
function was analyzed in terms of the detection and false
alarm probabilities, and closed-form expressions were ob-
tained. We found the theoretical improvement of the ROC
performance with respect to a single antenna acquisition,
and we also showed the dependance on the acquisition band-
width. In particular, in order to obtain the best acquisition
performance, the acquisition bandwidth needs to be reduced
to maximize the SNR. Limiting the acquisition bandwidth
we increase the detection probability and we reduce the
false alarm probability. We proposed also an implementa-
tion scheme including a baseband LPF to improve the ROC
performance according with the model. In particular, for the
Galileo E1 MBOC(6,1,1/11) signal, the receiver acquisition
baseband bandwidth should be 2 MHz to obtain the best
ROC performance.
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ABSTRACT

Sparsity of target space in subsurface imaging problem is
used within the framework of the compressive sensing (CS)
theory in recent publications to decrease the data acquisition
load in practical systems. The developed CS based imaging
methods are based on two important assumptions; namely,
that the speed of propagation in the medium is known and
that potential targets are point like targets positioned at dis-
crete spatial points. However, in most subsurface imaging
problems these assumptions are not always valid. The prop-
agation velocity may only be known approximately, and tar-
gets will generally not fall on the grid exactly. In this work,
the performance of the CS based subsurface imaging meth-
ods are analyzed for the above defined problems and possible
solutions are discussed.

1. INTRODUCTION

In recent years the sparsity information about the signals
has found itself a variety of very interesting applications in-
cluding image reconstruction [1], medical imaging [2], radar
imaging [3], shape detection [4] and direction of arrival es-
timation [5]. In these applications the sparsity information
about the signals led to lower number of measurements for
correct reconstruction. The recent theory of compressive
sensing (CS) [6–8] details the reconstruction of sparsely rep-
resentable signals from very small number of linear mea-
surements. Assume a K-sparse signal x = Ψs with length
N, where x is sparse in the basis Ψ with at most K nonzero
entries in s. Instead of measuring all N componenets of x,
CS takes small number of M non-traditional linear measure-
ments in the form of y = Φx. The signal x can be recon-
structed exactly from M = C

(

µ2(Φ,Ψ) logN
)

K [9] com-
pressive measurement with high probability by solving a
convex optimization problem of the following form:

min‖s‖1, subject to y = ΦΨs (1)

which can be solved efficiently with linear programming.
The optimization program in (1) selects the sparsest signal
constraint to the measurements y. The required number of
measurements are only on the order of O(K log(N)).

Although CS enables lower required data acquisition, it
is more important in areas where data acquisition is hard or
expensive. One such area is remote sensing and radar imag-
ing. CS theory is first used in radar literature in [3] where in
simulation it was demonstrated that the radar profile could
be constructed with less number of measurements. Later
in [10, 11] the compressive sensing ideas are extended to
time domain and stepped frequency ground penetrating radar
(GPR) for subsurface imaging with experimentally shown re-

sults. In the development of the theory, the target space was
discritized and assumed to be composed of small number of
point reflectors. A linear relationship (transform or dictio-
nary) between the discritized target space and the measured
time domain samples are constructed assuming a known ve-
locity of propagation in the subsurface medium. Instead of
measuring frequency steps, it was shown that much cleaner
(sparser), robust and high resolution images could be ob-
tained using small number of random frequency step mea-
surements resulting a practical decrease in total data acquisi-
tion time. Recently extended works about MIMO radar [12]
and CS based remote sensing [13] have also been published.

The developed CS based subsurface imaging methods
[10,11] create a model GPR data dictionary by first discritiz-
ing the target space and synthesizing the model GPR data for
each discrete target space position for the data acquisition
process of the radar. Later the imaging problems are formal-
ized as representing the data from the created overcomplete
dictionary. However there are two important points needing
further exploration. First the actual targets might not be point
targets exactly on the grid positions. Depending on the dis-
critization density actual points will be off the grid with vary-
ing levels of distance. It is important to understand the effect
of the grid and the grid size on the imaging performance.
The second problem is to create the model GPR data. This
requires the knowledge of the wave propagation velocity in
the subsurface. Although this could be estimated or known
approximately in practice it is usually not known priori, thus
it is important to understand the effect of mismatch between
the true and assumed velocities on the imaging performance.
This paper analyzes these two problems and discusses possi-
ble solutions.

In Section 2 the CS based subsurface imaging method is
briefly summarized since the later sections uses and refers
to those results. Velocity mismatch problem is analyzed in
Section 3 and the griding problem is discussed in Section 4.
Conclusions are drawn in Section 6.

2. CS BASED SUBSURFACE IMAGING

The standard backprojection algorithms [14] generate sub-
surface images by mainly applying a matched filter of the
measured data with the impulse response of the data acquisi-
tion process. Different from the backprojection methods, the
goal in CS based subsurface imaging is to represent the mea-
sured data as a linear combination of possible measurements
from a dictionary. By this way any possible prior informa-
tion like sparsity could be used. Hence a GPR data dictionary
should be constructed.

A stepped frequency GPR (SF-GPR) is considered. A
detailed explanation on CS based imaging about SF-GPRs is
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given in [11]. Here only a summary is presented for this pa-
per. To generate a dictionary for GPR data, a target model for
which the expected target return can be calculated should be
selected. Although not required a simple point target model
is selected since the response from a point target can easily
be modeled. In addition to this, the total target space can be
seen as combination of small number of point targets making
the sparsity assumption feasible. Assume an SF-GPR taking
measurements over P targets. The received frequency mea-

surements at the ith scan point can be written as

di =
P

∑
k=1

rke− jω(t−τi(pk)) (2)

where τi(pk) is the time delay for the target at the position pk

and when the antenna is at the ith scan position. Note that for
correct calculation of the time delay from each GPR position
to each target position requires the knowledge of the wave
propagation velocity in the medium. Target reflectivity or
other effects are combined in the weights rk. To represent the

ith scan data di as a linear combination from a data dictionary
the target space πT is discritized to generate a finite set of
target points TS = π1,π2, ...,πN where N determines the total
number of possible discrete target space points and each π j is
a 3D vector [x j,y j,z j] representing one possible target space
point. A GPR data dictionary can be generated by synthe-
sizing the time/frequency data for each possible target space

point π j. Hence when the GPR is at the ith scan point the jth

column of the dictionary, corresponding to a target at π j can
be written as

[Ψi] j = exp [− jω(t − τi(π j))] (3)

Repeating (3) for each discrete possible target position
creates the dictionary Ψi. This is the dictionary for only the

ith scan position. Note that the dimension of Ψi will be L×N
if L frequency steps are used. Depending on the discritization
level, N, the possible target points π j will be close to the
actual target points pk. Hence the measured data di can be
represented as a linear combination of the dictionary columns
[Ψi] j as

di = Ψib+ e (4)

where b is a weighted indicator vector defining the target
space and e representing any unmodelled factor or noise.
From the linear relation defined in (4) the goal is to find b
which is actually an image of the medium.

Standard SF-GPRs measure a regularly spaced set of L
frequencies in the frequency band they are using. Sparsity
of the target space leads to less number of measurements,
thus instead of measuring L frequencies only a small random
subset, M of them are measured at each scan point. Here
M < L. The taken measurements are βi = Φidi where Φi

is designed to be an M ×L measurement matrix constructed
by randomly selecting M rows of an L× L identity matrix.
This effectively reduces the data acquisition time of the SF-
GPR by L/M. Using measurements βi from S different scan
positions the target space b is constructed [15,16] by solving

b̂ = argmin‖b‖1 s.t. ‖AT (β −Ab)‖∞ < ε (5)

where β = [β T
1 , . . . ,β T

S ]T , Ψ = [ΨT
1 , . . . ,ΨT

S ]T , Φ =

diag{Φ1, . . . ,ΦS} and A = ΦΨ

3. VELOCITY MISMATCH PROBLEM

One of the most important problems in the method summa-
rized in Section 2 is that the true propagation velocity might
be different than the velocity assumed for the creation of the
dictionary in 3. It is important to understand the effect of
this velocity mismatch on the CS imaging performance. To
do so, a simulated GPR data set from a single point target at
(x,z) = (0,−8) cm is generated using a true propagation ve-

locity of v = 2×1010 cm/s. The test data is used to image the
target space with assumed velocities varying from 1× 1010

cm/s to 3× 1010 cm/s. Hence dictionaries are created with
the assumed velocities. For each assumed velocity 100 in-
dependent images are computed with different noise realiza-
tions with signal to noise ratio (SNR) equals 10 dB and with
different random measurement matrices at each trial. Figure
1 shows the mean images out of these 100 trails.
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Figure 1: Average of the 100 independent imaging assuming

the propagation velocity is (a) 1× 1010 cm/s, (b) 1.5× 1010

cm/s, (c) 2×1010 cm/s, (d) 2.5×1010 cm/s.

Note that the actual target is at one of the grid positions
exactly and when there is no velocity mismatch, i.e., assumed
velocity is same as the true velocity 2× 1010 cm/s, the sin-
gle target is correctly found at its true position. Interestingly
when there is even important amount of velocity mismatch
the CS based imaging could still generate focused images but
the target appears at incorrect depths. This is because first the
CS based imaging algorithm tries generate sparse results and
second the dictionary model data for a different target posi-
tion is similar to the measured data from a different position
and velocity. The average distance of the estimated target
point from the true target position is shown in Fig. 2 as a
function of the assumed velocity.

When the assumed velocity is the same as the true ve-
locity for the medium the target is imaged as a single point
at its correct position as shown in Fig. 1(c). The distance
of the estimated target position from the correct target po-
sition increases as the assumed velocity is further from the
true velocity of the medium. It is important to note that the
CS method locates the x axis of the target correctly while
the unknown velocity affects the depth estimate only. The
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Figure 2: Distance of the estimated target point from the true

target location as a function of the assumed velocity

reason for this depth shift again is that the optimization in
(5) matches the measured data best with the given constraint
using a dictionary element corresponding to a target at an-
other depth. To see this better, Fig. 3(a) shows the model
GPR data from a target at (x,z) = (0,−8) using v = 2×1010

cm/s, while Fig. 3(b) shows the model GPR data from a tar-
get at (x,z) = (0,−4) using v = 1×1010 cm/s. The similarity
of these dictionary elements in two different dictionaries ex-
plains the results in Fig.1.
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Figure 3: Model GPR data (a) for a target at (x,z) = (0,−8)
using v = 2×1010 cm/s and (b) for a target at (x,z) = (0,−4)
using v = 1×1010 cm/s.

To determine the amount of depth shift consider a single
homogeneous medium where targets and antenna are both in
the same medium as shown in Fig. 4.

Figure 4: Two point targets in a homogeneous medium

The total time delay for two points targets p1 and p2

shown in Fig. 4 are τ1 =
2
√

(xA−x1)2+(zA−z1)2

v1
and τ2 =

2
√

(xA−x2)2+(zA−z2)2

v2
respectively. It can be noted that if

x1 = x2 then it is possible to get τ1 = τ2 for all antenna po-
sitions (throughout the full scan) if |zA − z2| = v2

v1
|zA − z1|.

This means that if the target space was homogeneous, apply-
ing our method with an unknown velocity v2 that is different
from the true velocity v1 will result a target space image with
only p2 instead of the correct target position p1, since the
measured data can be exactly matched using the element of
the data dictionary corresponding to p2. Since the results in
Fig. 1 are from a 2-layer medium (air and soil), we dont
observe this exact representation ; but similarly we observe
focused images with sparsely selected target points.

Although there might be exactly represented data for dif-
ferent velocities for a single homogeneous medium, extended
dictionaries can be used to both create a target space im-
age and estimate the wave propagation velocity. For the
extended dictionary case a combined dictionary is created
using a discrete set of varying possible medium velocities
and the imaging problem defined in (5) is solved to obtain
the target image. Using V number of discrete velocities ex-
tends the dictionary V times, thus the obtained vector b is of
length V N where each length N part corresponds to the im-
age with the corresponding assumed velocity. A simulation
is presented next detailing the extended dictionary idea for
the unknown velocity problem. Assume the target space with
3 point reflectors at the corresponding positions as shown in
Fig. 5(a). The space is 40× 40 cm2 area in x-z dimensions
discritized with 2 cm grid size resulting a total of 400 dis-
crete target space points. Actual targets are assumed to be on
the grid points and the true wave propagation is assumed to
be v = 2×1010 cm/s. A bistatic antenna with antenna height
of 10 cm and transmitter-receiver distance of 5 cm takes step
frequency measurements above the ground. The medium ve-
locity is assumed unknown and an extended GPR data model
dictionary is created for velocities 1.8,1.9,2,2.1,2.2× 1010

cm/s, thus the extended dictionary is 5 times wider than the
standard dictionary used in CS based method. When the
imaging is done with the explained extended dictionary, the
images corresponding to each velocity case is shown in Fig.
5. The created images are normalized to the maximum of
them all and they are all shown in the same 30dB scale.

As seen from Fig.5 although nothing is assumed about
the medium velocity the 3 target points appear only in the
image corresponding to the true velocity of the medium. In
30dB scale no other targets are visible in other velocity im-
ages. This shows that extended dictionary can be used to cre-
ate radar images where the wave propagation is not known
exactly but estimated in a range of velocities. Although
preleminary results shown in Fig.5 indicate promising con-
clusions, still important amount of research should be done
to understand pros and cons of such a method in varying con-
ditions. First using extended dictionaries increases both the
memory and computational requirements of CS based imag-
ing methods. Sub optimal greedy based methods [17] could
be used together with extended dictionaries. Next robustness
of such a method to small variations in velocity and the noise
level should be analyzed. Direct velocity estimation algo-
rithms from compressed measurements could also be devel-
oped.
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Figure 5: (a) Correct target space image, Target space image

corresponding to the dictionary part for the velocity (b) v =
1.8e+10 cm/s, (c) v = 1.9e+10 cm/s , (d) v = 2e+10 cm/s,

(e) v = 2.1e+10 cm/s, and (e) v = 2.2e+10 cm/s

4. TARGET OFF THE GRID PROBLEM

Another problem in dictionary selection algorithms is that the
actual targets don’t correspond exactly to any of the grid po-
sitions thus the columns of the dictionary don’t exactly rep-
resent the measured data. In this part velocity of the medium
is assumed known and the effect of the grid size on the cre-
ated subsurface images is analyzed only. A target space im-
aged with a grid size of 1 cm in both x and z dimensions and
with 30× 30 cm2 area is simulated. The target space con-
sists 3 point reflectors at off the grid positions as (7.3,-12.6),
(21.34,-8.9), and (16.5,-22.5). An SNR of 10dB is used. The
image obtained from the simulated data is shown in Fig.6(a).
Although the targets are not exactly on the grid positions,
the imaging algorithm could locate the targets. The reason
for this is that the discritization is fine enough so that the
optimization algorithm could match the data within the re-
laxed constraint using the corresponding closest dictionary
columns. The correct positions of the targets are marked
with circles on the images. Next the discritization in the tar-
get space is increased to 2 cm in both x and z dimensions.
The same data is used to create the target space with this in-
creased grid size. The obtained image is shown in Fig.6(b).
Since each dictionary column corresponds to possibly more
distant target space points, it is harder to match the measured
data using the dictionary. However for the grid size of 2 cm
still the targets could be located correctly but the sparsity of
the target space is less.

When the grid size is 3 cm the 3 peaks in the created
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Figure 6: Imaging for the targets off the grid with grid size

(a) 1cm, (b) 2cm, (c) 3cm, (d) 5cm

image close to the correct target positions can still be seen
although small variations all over the image start to increase.
Further increasing grid size to 5 cm creates totally a wrong
target space image. One advantage of higher grid size is
that the computational complexity of the algorithm decreases
since the total number of discrete points, N, decreases. Also
it can be seen that the discritization creates no problems un-
til a threshold grid size. This point can also be viewed as the
possibility of a multiresolution imaging. The target space im-
age can be created using a rough discritization which would
be around 3 cm for this case and the selected target areas can
be imaged using a finer grid in iterative steps. The future
work in this area will focus on understanding the relation be-
tween the used GPR system and transmitted pulses with the
data constraint parameter ε in (5) and the maximum allow-
able grid size for correct target space reconstruction.
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6. CONCLUSIONS

In this paper the two important assumptions; namely, that the
speed of propagation in the medium is known and that poten-
tial targets are point like targets positioned at discrete spatial
points are analyzed for the compressive sensing based imag-
ing algorithms. In most subsurface imaging problems these
assumptions are not always valid. It was shown that an ex-
tended dictionary can be used covering a range of possible
medium velocities can be used to both create a correct tar-
get space and a velocity estimate. Also it was shown that
the off the grid targets could be successfully imaged until
the grid size is below some threshold leading to the possi-
bility of multiresolution imaging. Also it should be noted
that all these problems are worked under the low number of
measurement case compared to standard backprojection al-
gorithms.
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ABSTRACT
We consider two aspects of linear MMSE signal estimation in wire-
less sensor networks, i.e. sensor subset selection and link failure
response. Both aspects are of great importance in low-delay signal
estimation with high sampling frequency, where the estimator must
be quickly updated in case of a link failure, and where sensor sub-
set selection allows for a significant energy saving. Both problems
are related since they require knowledge of the new optimal esti-
mator when sensors are removed or added. We derive formulas to
efficiently compute the optimal fall-back estimator in case of a link
failure. Furthermore, we derive formulas to efficiently monitor the
utility of each sensor signal that is currently used in the estimation,
and the utility of extra sensor signals that are not yet used. Simula-
tion results demonstrate that a significant amount of energy can be
saved at the cost of a slight decrease in estimation performance.

1. INTRODUCTION

A wireless sensor network (WSN) consists of a large number of
sensor nodes that are (usually randomly) deployed in an environ-
ment, and where each node has a wireless link to exchange data with
neighbouring nodes [1]. The sensor nodes cooperate to perform a
certain task such as signal estimation, detection, localization, etc.
For this task, the data of the different sensors can be centralized in
a so-called fusion center, or it can be partially or fully distributed
over the different nodes in the network.

In this paper, we consider the case where a WSN is used for
adaptive linear minimum mean squared error (MMSE) signal esti-
mation, where the goal is to recover an unknown signal from noisy
sensor observations. By using a WSN, a large area can be covered,
yielding a significant amount of spatial information. This additional
spatial information may result in an improved estimation perfor-
mance compared to beamforming systems with small local arrays.
However, WSN’s often suffer from link failures, e.g. due to power
shortage or interference in the wireless communication. For real-
time signal estimation, the network must be able to swiftly adapt
to these link failures to maintain sufficient estimation quality. In
this paper, we provide an efficient procedure to compute the opti-
mal fall-back estimators in case of a link failure, by exploiting the
knowledge of the inverse sensor signal correlation matrix as used
before the link failure. Due to the low complexity of the procedure,
sensor nodes are able to react very quickly to link failures, even for
high data rate applications such as in acoustic WSN’s for speech
enhancement [2, 3].

*Alexander Bertrand is supported by a Ph.D. grant of the I.W.T. (Flem-
ish Institute for the Promotion of Innovation through Science and Tech-
nology). This research work was carried out at the ESAT Laboratory
of Katholieke Universiteit Leuven, in the frame of K.U.Leuven Research
Council CoE EF/05/006 Optimization in Engineering (OPTEC), Concerted
Research Action GOA-MaNet, the Belgian Programme on Interuniversity
Attraction Poles initiated by the Belgian Federal Science Policy Office IUAP
P6/04 (DYSCO, ‘Dynamical systems, control and optimization’, 2007-
2011), Research Project FWO nr. G.0600.08 (’Signal processing and net-
work design for wireless acoustic sensor networks’). The scientific respon-
sibility is assumed by its authors.

As the sensors in a WSN are usually battery-powered, energy
efficiency is of great importance. To prolong the life-time of the net-
work, it is therefore important to only use those sensors that yield
a significant contribution to the signal estimation process, while
putting other sensors to sleep. This is the well known sensor sub-
set selection problem. The sensor subset selection problem is also
important in bandwidth constrained WSN’s where each node can
only transmit a subset of its available sensor signals. This is for
instance the case in wireless binaural hearing aids with multiple
microphones, where each hearing aid can only transmit a single mi-
crophone signal through the wireless link [3–5]. Notice that a quick
link failure response is also an important aspect in this application.

Solving the sensor subset selection problem is generally com-
putationally expensive due to its combinatorial nature. If the sensor
signal statistics are known in advance, e.g. after an initial training
phase, the sensor selection can be solved off line with unlimited
power. However, in adaptive untrained WSN’s the problem has to
be solved during operation of the estimation algorithm. In this case,
due to the limited power of a WSN, the sensor subset selection must
be performed in an efficient way, generally yielding a suboptimal
solution. We provide efficient closed-form formulas to compute the
contribution of each sensor signal to the mean squared error (MSE)
cost, i.e. the utility of each sensor signal, which can then be used
in an adaptive greedy fashion to sequentially add or remove sensors
in the estimation procedure. Simulation results demonstrate that a
significant amount of energy can be saved in this way, at the cost of
a slight decrease in estimation performance.

The paper is organized as follows. In section 2, we briefly re-
view the linear MMSE (LMSSE) signal estimation procedure, and
address some of the aspects in adaptive LMMSE estimation. In sec-
tion 3, we derive a formula to efficiently compute the optimal fall-
back estimator in case of a link failure. In section 4, we describe
an efficient procedure to monitor the utility of the sensor signals
used in the current estimator, and to compute the potential utility
of sensor signals not currently used. Simulation results are given in
section 5. Conclusions are drawn in section 6.

2. REVIEW OF LINEAR MMSE SIGNAL ESTIMATION

In this section, we briefly review linear MMSE signal estimation,
which is often used in signal enhancement [2–9]. We consider an
ideal WSN with M sensors. Without loss of generality, we assume
that all sensor signals are centralized in a fusion center. However,
the results in this paper can be equally applied to the distributed
case where each sensor node solves a local LMMSE problem, as
in [2–4,8–11]. Sensor k collects observations of a complex1 valued
signal yk[t], where t ∈ N is the discrete time index. For the sake
of an easy exposition, we will mostly omit the time index in the
sequel. We assume that all sensor signals and the desired signal, are
stationary and ergodic. In practice, the stationarity and ergodicity
assumption can be relaxed to short-term stationarity and ergodicity,
in which case the theory should be applied to finite signal segments

1Throughout this paper, all signals are assumed to be complex valued to
permit frequency-domain descriptions, e.g. when using a short-time Fourier
transform (STFT).
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that are assumed to be stationary and ergodic. We define y as the
M-channel signal gathered at the fusion center in which all signals
yk, ∀ k ∈ {1, . . . ,M}, are stacked.

The goal is to estimate a complex valued desired signal d from
the sensor signal observations y. We consider the general case
where d is not an observed signal, i.e. it is assumed to be unknown,
as it is the case in signal enhancement (e.g. in speech enhancement,
d is the speech component in a noisy reference microphone sig-
nal). We consider LMMSE signal estimation, i.e. a linear estimator
d = ŵHy that minimizes the MSE cost function

J(w) = E{|d−wHy|2} (1)

i.e.
ŵ = argmin

w
J(w) (2)

where E{.} denotes the expected value operator and where the su-
perscript H denotes the conjugate transpose operator2. It is noted
that the above estimation procedure does not use multi-tap estima-
tion, i.e. it does not explicitly exploit temporal correlation. How-
ever, this can be easily included by expanding y with delayed copies
of itself. Expression (1) can also be viewed as a frequency domain
description, such that it defines an estimator for a specific frequency
bin. When (2) is solved for each individual frequency bin, this is
equivalent to multi-tap estimation. In its multi-tap form, the so-
lution of (2) is often referred to as a multi-channel Wiener filter
(MWF) [6, 7].

Assuming that the correlation matrix Ryy = E{yyH} has full
rank3, the unique solution of (2) is [12]:

ŵ = R−1
yy ryd (3)

with ryd = E{yd∗}, where d∗ denotes the complex conjugate of d.
The MMSE corresponding to this optimal estimator is

J(ŵ) = Pd −rH
ydR

−1
yy ryd (4)

= Pd −rH
ydŵ (5)

with Pd = |d|2. Based on the assumption that the signals are er-
godic, Ryy can be adaptively estimated from the sensor signal ob-
servations by time averaging. Since d is assumed to be unknown,
the estimation of the correlation vector ryd has to be done indirectly,
based on application-specific strategies, e.g. by exploiting the on-
off behavior of the target signal (as often done in speech enhance-
ment [2,3,6]), by periodic broadcasts of known training sequences,
or by incorporating prior knowledge on the signal statistics in case
of partially static scenarios [10]. In the sequel, we assume that both
Ryy and ryd are known, or that both can be estimated adaptively.

Notice that the inverse of Ryy is required for the computation
of (3), rather than the matrix Ryy itself. When M is large, comput-
ing this matrix inverse is however computationally expensive, i.e.
O(M3), and should be avoided in adaptive applications with high
data rates. Let Ryy[t] denote the estimate of Ryy at time t. In-
stead of updating Ryy[t] for each new sample y[t], and recomputing
the full matrix inversion R−1

yy [t] =
(
Ryy[t]

)−1, the previous matrix
R−1

yy [t−1] is directly updated. For example, Ryy is often estimated
by means of a forgetting factor 0 < λ < 1, i.e.

Ryy[t] = λRyy[t−1]+ (1−λ )y[t]y[t]H . (6)

2In the sequel, we use the superscript T to denote the normal transpose,
i.e. without conjugation.

3This assumption is mostly satisfied in practice because of a noise com-
ponent at every sensor that is independent of other sensor signals, e.g. ther-
mal noise. If not, pseudo-inverses should be used.

In this case, R−1
yy [t] can be recursively updated by means of the

matrix inversion lemma, a.k.a. the Woodbury identity [12], yielding

R−1
yy [t] =

1
λ

R−1
yy [t−1]−

R−1
yy [t−1]y[t]y[t]HR−1

yy [t−1]
λ 2

1−λ
+λy[t]HR−1

yy [t−1]y[t]
(7)

which has a computational complexity of O(M2). It is noted that,
when (7) is used to update R−1

yy [t], the correlation matrix Ryy[t]
itself does not need to be kept in memory.

3. LINK FAILURE RESPONSE

Now assume a link failure with sensor k during operation of the es-
timation process. This means that the fusion center now only has
access to the (M− 1)-channel signal y−k, which is defined as the
vector y with yk removed. In this case, the optimal LMMSE solu-
tion is

ŵ−k = R−1
yy−kryd−k (8)

where Ryy−k = E{y−ky
H
−k} and ryd−k = E{y−kd∗}. Hence, when

the wireless link of sensor k breaks down, estimator ŵ (3) becomes
suboptimal, and should be replaced by (8). However, computing
(8) requires knowledge of R−1

yy−k, which is not directly available.
If Ryy were kept in memory, it is possible to invert its submatrix
Ryy−k to obtain R−1

yy−k. However, this has a large computational
cost when M is large, i.e. O

(
M3).

In the sequel, we derive an efficient formula to compute ŵ−k
without knowledge of Ryy, and without explicitly computing ma-
trix inversions. As explained in section 2, we only assume that the
previous estimate of R−1

yy is known. For the sake of an easy exposi-
tion, but without loss of generality, we assume that k = M, i.e. the
last element of y is removed. We consider a block partitioning of
the inverse correlation matrix

R−1
yy =

[
AM bM
bH

M QM

]
(9)

where AM is an (M − 1)× (M − 1) matrix, bM is an (M − 1)-
dimensional vector, and QM is a real-valued scalar. We define a
similar partitioning of the corresponding (and also assumed known)
optimal LMMSE estimator ŵ (3) before the link failure with sensor
M:

ŵ =
[

cM
WM

]
(10)

where cM denotes the subvector containing the first (M − 1) ele-
ments of ŵ, and where WM defines the scaling that is applied to the
sensor signal M in the estimation process. Similar to (9), we define
the following block partitioning of the correlation matrix

Ryy =
[

Ryy−M rM
rH

M PM

]
(11)

where rM is an (M−1)-dimensional vector, and where PM is a real-
valued scalar, corresponding to the power of the signal yM . By using
the matrix inversion lemma, one can verify that the inverse of this
block matrix is:

R−1
yy =

[
R−1

yy−M +αMvMvH
M −αMvM

−αMvH
M αM

]
(12)

with

vM = R−1
yy−MrM (13)

αM =
1

PM −rH
MvM

. (14)
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By comparing (9) and (12), we find that

R−1
yy−M = AM − 1

QM
bMbH

M (15)

and therefore the optimal fall-back estimator is

ŵ−M =
(
AM − 1

QM
bMbH

M

)
ryd−M . (16)

By plugging (9) and (10) into (3) we obtain

cM = AMryd−M +RyMdbM (17)

WM = bH
Mryd−M +QMRyMd (18)

where RyMd denotes the last element of the correlation vector ryd .
When comparing (16) with (17)-(18), we find with some straight-
forward algebraic manipulation that the optimal fall-back estimator
can be readily computed as

ŵ−M = cM − WM
QM

bM . (19)

Since all variables in (19) are directly available, this allows a very
efficient computation, i.e. O(M).

Remark: The above formulas can also be used in the case where
an additional sensor signal becomes available. That is, formulas
(12)-(14) can be used to efficiently compute the new inverse correla-
tion matrix R−1

yy when sensor M is added in the estimation process.
We will return to this in section 4.2.

4. SENSOR SUBSET SELECTION

Assume that we have an optimal M-channel LMMSE estimator ŵ.
The goal is now to efficiently monitor the utility of each sensor sig-
nal, i.e. we wish to identify how much the MSE cost (1) increases
when a specific sensor is removed from the signal estimation pro-
cedure (sensor deletion), or how much the MSE cost decreases if a
specific additional sensor would be included in the estimator (sen-
sor addition). We will refer to this MSE cost decrease or increase
as the ‘utility’ of the sensor signal. To allow monitoring this utility,
we want to be able to compute it in an efficient way, i.e. without ex-
plicit matrix inversions and without actually computing the optimal
estimator for all possible scenarios. In the case of sensor deletion,
we will show that the utility of each sensor can be monitored at a
computational cost which is negligible compared to the estimator
update based on (7). In the case of sensor addition, the cost of mon-
itoring the potential utility of N extra sensors is more significant,
i.e. N times the cost of (7).

4.1 Sensor deletion
For sensor deletion, the goal is to monitor the contribution of each
sensor to the current MSE cost. The utility of sensor k is defined as

Uk = J(ŵ−k)− J(ŵ) . (20)

The goal is to efficiently compute Uk, ∀ k ∈ {1, . . . ,M}. From (5),
and with the notations4 introduced in section 3, we find that

UM = rH
ydŵ−rH

yd−Mŵ−M . (21)

By using (19), and by using the partitioning of ŵ as defined in (10),
we can rewrite (21) as

UM = R∗yMdWM +
WM

QM
rH

yd−MbM . (22)

4Again, we assume that k = M, without loss of generality.

From (18), we find that

rH
yd−MbM = W ∗

M −QMR∗yMd . (23)

By substituting (23) in (22), we find that

UM =
1

QM
|WM |2 . (24)

To monitor the utility of all the sensors simultaneously, i.e. the
vector u = [U1 . . .UM ]T , it is thus sufficient to monitor the squared
components of the current estimator ŵ, normalized with the diago-
nal elements of the inverted correlation matrix R−1

yy , i.e.

u = Λ−1|ŵ|2 (25)

with
Λ = D{R−1

yy } (26)

where the operator D{X} sets all off-diagonal elements of X to
zero, and where the element-wise operator |x|2 replaces all ele-
ments in the vector x with their squared absolute value. Expression
(25) is computationally efficient, i.e. O(M). Therefore, the com-
plexity of monitoring the utility of each sensor is negligible com-
pared to the estimator update based on (7). When the utility of a
certain sensor drops below a certain threshold, this sensor can be
put to sleep, and the new optimal LMMSE estimator can then be
readily computed as in expression (19). The reduced inverse cor-
relation matrix can be readily computed with (15), which is then
required for future estimator updates with (7).

4.2 Sensor addition
Assume that we have an optimal MMSE estimator ŵ that linearly
combines M sensor signals, and that a set of N additional sensor
signals is available. Which one of these sensor signals would bring
the greatest benefit to the estimator?

To use the results from section 3, we assume that the current
estimator is the (M − 1)-channel estimator ŵ−M . The utility of
adding sensor M to the estimation process, i.e. the decrease in MSE
cost, is again given by (20). However, expression (25) cannot be
used in this case, since WM is not known. Indeed, this time only
R−1

yy−M is kept in memory, instead of R−1
yy . This makes the problem

of sensor addition substantially different from sensor deletion.
By using (4), we can rewrite (20) as

UM = rH
ydR

−1
yy ryd −rH

yd−MR−1
yy−Mryd−M . (27)

By using expression (12), we find that

rH
ydR

−1
yy ryd = rH

yd−M

(
R−1

yy−M +αMvMvH
M

)
ryd−M

−2αMR{rH
yd−MvM}+αM |RyMd |2

(28)

where R{X} denotes the real part of X . By substituting (28) in
(27), we find that the utility of sensor M can be computed as

UM = αM |rH
yd−MvM −RyMd |2 . (29)

The computational complexity is O(M2), which is the same order of
magnitude as the computation of the estimator update based on (7).
Notice that, as opposed to the sensor deletion case, we now do need
the cross correlation between the currently used sensor signals, and
the added sensor signal yM (used in the computation of vM , as given
in (13)). This cannot be circumvented because the current optimal
estimator only uses R−1

yy−M , which indeed does not incorporate any
statistics of yM .

Let us now consider the general case where N extra sensor sig-
nals become available. Define yc as the stacked vector of the M
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sensor signals that are currently used in the estimation process, and
define ye as the stacked N-channel signal that contains the N ex-
tra sensor signals that can be added to the estimation process. We
redefine Ryy as

Ryy =
[

Rycyc Rycye

RH
ycye

Ryeye

]
(30)

where Rycyc = E{ycy
H
c }, Rycye = E{ycy

H
e }, and Ryeye =

E{yey
H
e }. We assume that R−1

ycyc
is kept in memory, since this was

used in the computation of the current optimal estimator. We also
assume that Rycye is available, i.e. the cross correlation between the
currently used sensor signals and the extra sensor signals, which
can be estimated through time averaging. Finally, we assume that
the power of each additional sensor signal is known, i.e. the diago-
nal elements of Ryeye .

Similar to (29), we can compute the vector u = [U1 . . .UN ]T ,
which gives the utility of each additional sensor signal:

u = Σ−1|VT r∗ycd −ryed |2 (31)

where

V = R−1
ycyc

Rycye (32)

Σ = D{Ryeye}−D{RH
ycye

V} (33)

and where rycd = E{ycd∗} and ryed = E{yed∗}. The computa-
tional complexity of (32) is the dominant part, which makes the
total computational complexity O(M2N).

Let Uk = maxi∈{1,...,N}Ui, which means that sensor k will be
selected as providing the most useful additional sensor signal. To
incorporate sensor signal yk in the estimation procedure, the in-
verse correlation matrix R−1

ycyc
should be replaced with R−1

ycyc+k =

E{
[
yT

c yk
]T [

yH
c y∗k
]
}−1, which can be computed similarly to (12),

i.e.

R−1
ycyc+k =

[
R−1

ycyc
+ 1

Sk
vkv

H
k − 1

Sk
vk

− 1
Sk

vH
k

1
Sk

]
(34)

where vk denotes the k-th column of V, and where Sk denotes the
k-th diagonal element of Σ. This has computational complexity
O(M2), which is the same as the complexity of an estimator update
according to (7). The new optimal LMMSE estimator can then be
computed as

ŵ+k = R−1
ycyc+k

[
rycd
Rykd

]
(35)

where Rykd denotes the k-th entry in ryed .

4.3 Greedy sensor subset selection

The formulas (25) and (31) can be readily used in a greedy approach
to efficiently determine a subset of sensor signals that yields a good
estimator. This can be done in two different ways (with generally
different end results). In the case of sensor addition, one starts by
selecting the single sensor signal which results in the best single-
channel estimator, and then in each cycle the sensor with highest
utility is added to the estimation process (forward mode). In the
case of sensor deletion, one starts by computing the optimal estima-
tor using all sensor signals, and then in each cycle the sensor with
lowest utility is deleted (backward mode). An adaptive greedy sen-
sor subset selection (AGSSS) algorithm is described in more detail
in the next section.

−3 −2 −1 0 1 2 3 4 5 6 7
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0
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Scenario

Figure 1: The simulated scenario, containing M = 60 sensors (◦)
with one reference sensor (�), 6 noise sources (5) and one moving
target source (�).

5. SIMULATIONS

In this section, we present simulation results of an adaptive LMMSE
signal estimation algorithm with adaptive greedy sensor subset se-
lection. The scenario is depicted in Fig. 1. This is a toy scenario,
and we do not attempt to model any practical setting or application.
All signals are sampled with a sampling rate of 8kHz. The target
source (�) moves at a speed of 0.5 m/s over the path indicated by
the straight lines, and stops for 5 seconds at each corner. The target
source signal is white and has a Gaussian distribution. There are six
localized white Gaussian noise sources (5) present, each with 25%
of the power of the target source5. The WSN contains M = 60 ran-
domly placed sensors (◦), with one reference sensor (�). The goal is
to estimate the target source signal as it is sensed by this reference
sensor (denoted by d). In addition to the spatially correlated noise,
independent white Gaussian sensor noise, with 5% of the power
of the target source, is added to each sensor signal. The individ-
ual signals originating from the target sources and the noise sources
that are collected by a specific sensor are attenuated in power and
summed. The attenuation factor of the signal power is 1

r , where
r denotes the distance between the source and the sensor. We as-
sume that there is no time delay in the transmission path between
the sources and the sensors6. The estimation performance will be
assessed based on the instantaneous signal-to-error ratio, computed
over L = 1000 samples:

SER[t] = 10log10

(
∑

t
k=t−L+1 d[k]2

∑
t
k=t−L+1(d[k]−d[k])2

)
. (36)

The inverse correlation matrix R−1
yy is updated according to (7)

with a forgetting factor λ = 0.9995. The correlation vector ryd is
updated with the same forgetting factor. We use the clean desired
signal d in the estimation of ryd , to isolate estimation errors. No-
tice that in practice, application-specific techniques are required to
estimate this vector if d is not directly available7 (see e.g. [2, 3]).
During the first 3 seconds, the estimation algorithm estimates the
required statistics of all sensor signals, and computes the optimal
M-channel LMMSE estimator ŵ (3). After 3 seconds, an adaptive

5This is an arbitrary choice that yields practical SNR’s at the sensors.
6Since there are no time delays, the spatial information is purely en-

ergy based in this case. Therefore, the fusion center cannot perform any
beamforming towards specific locations by exploiting different delay paths
between sources and sensors.

7In some applications, the signal d is directly available at certain mo-
ments in time. For example, in communications applications, known train-
ing sequences can be used to estimate ryd during periodic training intervals.
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Figure 2: SER vs. time (above), and the corresponding total power consumed in the WSN (below).

greedy sensor subset selestion (AGSSS) algorithm starts running si-
multaneously with the adaptive LMMSE estimation process.

In the AGSSS, the utility of each currently used sensor sig-
nal is tracked using (25). If a sensor’s utility drops below 1%
of the MSE cost of the current estimator (computed with (5)),
the sensor is put to sleep, and the inverse correlation matrix and
the estimator are updated according to (15) and (19), respectively.
Notice that this corresponds to a decrease in SER of maximum
10log10(1.01) = 0.043dB for each sensor that is removed. The sen-
sors that are put to sleep transmit their sensor signal only 25% of
the time, reducing their power consumption with 75 %. The reason
why sleeping sensors still transmit data, is to estimate the required
statistics to compute their utility, based on (31). Once their utility
exceeds 5% of the MSE cost of the current estimator, they are added
again to the estimation process. This corresponds to an increase in
SER of at least −10log10(0.95) = 0.22dB for each sensor that is
added. The inverse correlation matrix and the estimator are updated
according to (34) and (35), respectively.

The instantaneous SER of the resulting time-varying estimator
is shown in Fig. 2, together with a plot of the total power consump-
tion summed over all sensors. The active sensors have a power con-
sumption of 1, and sleeping sensors have a power consumption of
0.25 (these numbers are unitless since they are not based on actual
physical power consumption). The SER and power consumption of
the optimal estimator that uses all M = 60 sensors is also added as
a reference, which we will refer to as the full estimator. We observe
that, due to the sensor subset selection, the SER slightly drops com-
pared to the full estimator (on average, this is a decrease of 0.56
dB). However, due to the power saving of the sleeping sensors, the
total average power consumption is only 41 % of the total power
consumption of the full estimator. The average number of active
sensors is 13.

6. CONCLUSIONS
In this paper, we have considered two aspects in linear MMSE sig-
nal estimation in wireless sensor networks, i.e. sensor subset se-
lection and link failure response. We have first derived an efficient
formula to compute the optimal fall-back estimator when the wire-
less link of one of the sensors fails. High efficiency is achieved by
exploiting the knowledge of the inverse correlation matrix as used
before the link failure. We have then derived an efficient formula
to monitor the utility of each sensor signal in the current estima-
tion process, which can be used for sensor deletion. We have also
derived a formula to efficiently compute the potential utility of sen-
sors that are not yet used in the estimation process, which can then
be used for sensor addition. Both formulas can be used to perform
an adaptive greedy sensor subset selection procedure. Simulation

results of this greedy procedure in an adaptive LMMSE estimation
algorithm demonstrate that a significant amount of energy can be
saved, at the cost of a slight decrease in estimation performance.
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ABSTRACT

A new technique for removal of the wall EM returns in
Through-the-Wall Radar Imaging is presented. It is based
on the spatial notch-filtering to separate wall and target re-
flections. The proposed technique forms squint beams at the
receiver using a divided aperture. In doing so, it removes the
strong wall signature without eliminating those of the targets.
The proposed scheme provides desirable 3D target detection
which is evaluated using real data examples from Through-
the-Wall radar imaging experiments.

1. INTRODUCTION

In many civilian, law-enforcement and military applications
it is of interest to obtain information about a scene hidden
behind opaque material such as walls. This includes search-
and-rescue missions and hostage crises, homeland security
applications aiming at detection and classification of targets,
such as humans, concealed weapons and explosives to name
a few. Through-the-Wall Radar Imaging (TWRI) [1, 2] is an
emerging technology, using electromagnetic wave propaga-
tion to visualize target reflections from behind walls.

It is crucial to remove the strong EM returns from the ex-
terior wall in order to obtain radar images which reveals tar-
get location and identification. Ideally, background subtrac-
tion [3] is used in which it is assumed that empty scene mea-
surements are available which can be coherently subtracted
from measurements involving the populated scene. Back-
ground subtraction yields a significant improvement in im-
age quality and is applicable in long-term surveillance where
new targets emerge over time. Detection and classification of
background-subtractedTWRI images have successfully been
applied in [4, 5, 6, 7].

However, in most practical applications, it is unrealis-
tic to assume empty or reference scene measurements being
available. In these situations, wall removal techniques have
to be performed using only the scene measurements at hand
[8, 9, 10]. Yoon and Amin proposed a spatial filter [8] to
remove wall reflections. It makes use of the fact that homo-
geneous wall reflections remain almost invariant across array
physical or synthesized aperture, assuming it is parallel to the
wall, whereas target reflections vary with antenna positions.
A spatial highpass filter can, therefore, be used to suppress
wall reflections.

In this paper, we propose an important extension to the
wall removal technique in [8], allowing reduced clutter and
noise effects in the radar images at the cost of a lower tar-
get resolution. In Section 2 and 3, we briefly review the
wideband sum-and-delay beamforming technique for image
formation and the wall removal technique introduced in [8].

Section 4 presents the proposed wall removal approach, fol-
lowed by experimental results in Section 5. Conclusions are
provided in Section 6.

2. BEAMFORMING IN THROUGH-THE-WALL
RADAR IMAGING

We consider imaging a scene behind a wall usingK
transceivers. For simplicity, a line array is assumed. How-
ever, the concept can easily be extended to two-dimensional
arrays.

The scene of interest is described by down-
range/crossrange coordinates(u,v). A stepped-frequency
approach [3] is considered to approximate a wideband pulse
using a total ofL frequencies, denoted asωl , l = 0, ...,L−1.
Let the received signal at thek-th antenna using thel-th
frequency be denoted as the superposition of delayed target
reflections,

z(k,ωl) =
P−1

∑
p=0

Γ(up,vp)e
− jωlτk(up,vp) (1)

whereP is the number of point targets withΓ(up,vp) de-
noting the complex reflectivity of thep-th target, located at
(up,vp). Further,τk(up,vp) denotes the two-way propagation
delay from thek-th transceiver to the point(up,vp),

τk(u,v) = (Rair,1(k,u,v)+
√

εRwall(k,u,v)+ Rair,2(k,u,v))/c
(2)

where ε denotes the dielectric constant of the wall and
Rair,1(k,u,v),Rwall(k,u,v) and Rair,2(k,u,v) represent the
traveling distances of the electromagnetic wave before,
through and beyond the wall using thek-th antenna.

The wideband sum-and-delay beamforming for imaging
is given by the summation [3]

I(u,v) =
L−1

∑
l=0

K−1

∑
k=0

z(k,ωl)e
jωl τk(u,v) (3)

3. WALL REMOVAL USING SPATIAL FILTERING

In a monostatic radar imaging approach, wall reflections are
assumed to be constant along the array elements when con-
sidering a homogeneous wall, i.e. the target spatial frequency
is higher than that of the wall. To remove wall reflections, a
spatial filter along the line array, prior to beamforming, can
be applied. As proposed in [8], we use a spatial IIR notch
filter, which is advantageous if the characteristics of the wall
reflections are not known exactly. It has a flexible design
with a variable passband width that can be adjusted in order
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to achieve desirable results, taking into account the targets’
spatial frequency bandwidth. The optimal passband width
depends on the target range, transmitted waveform and dis-
tance between antenna locations [8, 11].

The IIR notch filter can be described by

HNF (κ) =
1− e− jκ

1−ν e− jκ (4)

whereκ is the spatial frequency andν is the notch width.
We use a two-way filtering technique, i.e., a filter in both di-
rections of the antenna array is applied to maintain the zero
phase property of the filter. Otherwise, the long impulse re-
sponse of the filter would cause long target returns, which af-
fect the target positions when performing beamforming. This
would result in smearing and target defocussing effects and
ghost targets may appear [8].

The first step of the wall removal technique in [8] is the
spatial Fourier Transform of the received signal,

Z(κ ,ωl) =
K−1

∑
k=0

z(k,ωl) e− j( k
K )κ (5)

Applying the notch filter,

Z̃(κ ,ωl) = Z(κ ,ωl) · HNF(κ) (6)

results in the filtered signal for thek-th antenna element and
l = 0, ...,L−1

z̃(k,ωl) =
1
K

K−1

∑
κ=0

Z̃(κ ,ωl) e+ j( k
K )κ (7)

Further, applying the filter in reverse direction

Zr(κ ,ωl) =
K−1

∑
k=0

z̃(K −1− k,ωl) e− j( k
K )κ (8)

and
Z̃r(κ ,ωl) = Zr(κ ,ωl) · HNF(κ) (9)

we obtain the two way filtered signal

z̃TW (K −1− k,ωl) =
1
K

K−1

∑
κ=0

Z̃r(κ ,ωl) e+ j( κ
K )k (10)

The desired signal ˜zTW (k,ωl) is obtained by simply shift-
ing the array elements again. This procedure must then be
applied for every line array of the 2D sensor aperture. The
image is formed via beamforming according to Equation (3),
replacingz(k,ωl) by z̃TW (k,ωl), i.e.,

ITW (u,v) =
L−1

∑
l=0

K−1

∑
k=0

z̃TW (k,ωl)e
jωl τk(u,v) (11)

We consider the scenario depicted in Figure 1 (a) to
demonstrate the beamforming results using the notch filter
from [8]. It consists of a metal dihedral, trihedral and sphere
hidden behind a concrete wall with thicknessd = 5.625 inch
and dielectric constantε = 7.66. A 57×57 element planar
array is synthesized with a single horn antenna. The image
formation is performed by wideband sum-and-delay beam-
forming as presented in Section 2. Here, a stepped frequency

continuous-wave signal in the range of 0.7 up to 3.1 GHz us-
ing 801 frequency steps is considered. Figure 1(b) shows a
typical B-Scan without wall removal which results when fo-
cussing the upper part of the scene, where the dihedral and
trihedral are present. It is evident that the image is strongly
dominated by wall effects, rendering reliable target detection
impossible. If empty scene measurements are available, the
background subtraction technique can be applied resultingin
the radar image shown in Figure 1(c). The wall effects are
practically eliminated and the dihedral (dashed circle) and
trihedral (solid circle) can clearly be seen.
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(a) 3D scene of interest (b) No wall removal
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(c) Background subtraction (d) Notch filter

Figure 1: Experimental setup and acquired B-Scans

The imaging result based on the notch filter approach [8]
is depicted in Figure 1(d). It is a marked improvement over
Figure 1(b), but a strong amount of clutter still remains in the
radar image compared with Figure 1(c). This clutter cannot
be decreased by choosing a smaller filter design factor, be-
cause the clutter has a higher spatial frequency than some tar-
gets which would be removed as well. This becomes obvious
when considering the dihedral in the upper right image cor-
ner. Although it has a larger radar cross section than the tri-
hedral (cf. Figure 1(c)), it is nearly eliminated by the spatial
notch filter. This is due to the fact that the corresponding EM
returns for neighboring antennas do not change sufficiently
and thus become subject to notch filtering suppression.

4. WALL REMOVAL USING
CROSS-BEAMFORMING

As presented in Section 3, notch filtering offers a reasonable
workaround for wall removal in lieu of using background
subtraction. In the following, we present an extension to the
spatial notch filter approach, reducing the amount of clutter
and thus increasing detectability of targets. This, however,
comes at the price of a reduced target resolution.

In typical behind the wall imaging, like the scenario dis-
cussed in the previous section, the weak target returns are
caused by the sensors which are closest to the respective tar-

1098



�������� ����

�	

��
�
��
��

�
�

�

��
�
��
��

�
�

�

��������
�	���

Figure 2: Example of a room segmentation and correspond-
ing critical areas for cross-beamforming.

get. The closer the sensors are to the target, the smaller is
its spatial frequency, and consequently it is more likely that
the target will be suppressed by the spatial notch filter. We
propose to split the scene at the center of the sensor array
and apply beamforming separately for each half of the im-
age using only the sensors of the opposite half to encounter
this problem. Figure 2 illustrates the proposed technique and
highlights critical areas in the scene. The notch filtering pro-
cess described by Equations (5)-(10) is also split up in two
parts. Assuming an even number of sensors for simplicity,
the outcomes arẽzTW,1(k,ωl) for sensorsk = 0, ..., K−1

2 − 1
and z̃TW,2(k,ωl) for sensorsk = K−1

2 , ...,K −1. The whole
return signal is filtered as discussed in Section 3, but only the
return signals of the opposite side are taken into account for
beamforming. Thus, the image formation is given by

I(u,v) =





K−1
2 −1

∑
k=0

L−1
∑

l=0
z̃TW,1(k,ωl)e− jωl τk(u,v) for v > 0

K−1
∑

k= K−1
2

L−1
∑

l=0
z̃TW,2(k,ωl)e− jωlτk(u,v) for v ≤ 0

In order to verify the initial assumption that strong clut-
ter is mainly due to sensors on the same side as the target,
cross-beamforming is applied by illuminating each half of
the scene using only the transceivers located on the same
side. Figure 3 demonstrates that in this case, no target can
be identified while strong clutter appears. Figure 4 depicts
the result when correct cross-beamforming is applied, i.e.,
only the transceivers at the opposite side are used for imag-
ing. It is clear that clutter is strongly reduced and both targets
are visible when comparing the proposed cross-beamforming
technique as in Figure 4 to the existing notch filter approach
in Figure 1(d). Further, the maximum pixel values now ap-
pear at the target rather than at clutter locations, as in Figure
1(d). However, smearing effect of targets are evident due to
a loss in resolution, which may be handled by considering a
sliding window approach. Further, the viewing angle from
the respective array center to the target is changed, which
causes small target shifts.
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Figure 3: Imaging result when using sensors on the same side
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Figure 4: Imaging result when using Cross-Beamforming

5. EXPERIMENTAL RESULTS

We now demonstrate 3D target detection using experimental
data. The same setup as introduced in Section 3 is used, con-
sisting of a metal dihedral, trihedral and sphere. Imaging is
performed through a concrete wall using a SAR system with
57×57 elements and a bandwidth of 2.4 GHz. We compare
the three wall removal methods discussed in this paper, i.e.,
background subtraction, spatial notch filtering, as in [8],and
the proposed cross-beamforming approach.

The iterative detection approach from [5] is used to eval-
uate the detection results in all three cases. It is an image-
domain based target detector for TWRI which does not as-
sume knowledge of the image statistics. The false-alarm rate
is fixed to 1% and we restrict ourselves to square-sized mor-
phological structuring elements [5].

Figure 5 shows the 3D detection when using background
subtraction. The trihedral, dihedral and sphere (marked by
solid, dashed and dotted ellipses, respectively) can clearly be
detected. Only a small amount of clutter is left at approxi-
mately−5 ft crossrange /+6 ft downrange.

A detection map, shown in Figure 6 is obtained when us-
ing the notch filter approach [8]. As already seen when con-
sidering the B-Scan in Figure 1(d), it is hard to discriminate
targets from strong clutter, which still is present all overthe
radar image. The detection result can considerably be im-
proved using the proposed cross-beamforming approach as
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Figure 5: Detection result: Background subtraction

Figure 6: Detection result: Notch filter wall removal

demonstrated in Figure 7. All three targets can be detected
and clutter is strongly reduced, compared to the simple notch
filter approach. It should, however, be noted that the view-
ing angle of the respective array center to the target is also
when due to the splitting of the antenna array. This ultimately
yields a small displacement of the target locations [12] as ev-
ident when comparing Figures 5 and 7.

6. CONCLUSION

An effective wall-clutter mitigation using spatial notch fil-
tering has been presented. The new approach is based on a
cross-beamforming technique which splits the array aperture
for imaging. Experimental data for imaging through a con-
crete wall was used to show a strong reduction in clutter at
the cost of a reduced resolution. Automatic 3D target detec-
tion has been performed, showing the advantages of the new
approach in terms of improved detection.
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ABSTRACT
The statistical efficiency of a batch-processing constant-
modulus blind equalizer for estimating a) the complex-
valued tap weight within a two-path channel model and b)
the equalized signal is investigated. Expanding the constant-
modulus cost-function in a multidimensional Taylor series
up to third order we derive closed-form expressions for the
first-order bias and variance of the path weight and the equal-
ized symbols as a function of the variance of the Gaussian
distributed noise, the block length, and the actual channel
parameters. We study random as well as deterministic sym-
bol sequences. In the first case we compute the average of
the bias and variance over zero-mean random (real-valued)
signals of binary pulse amplitude modulation (PAM), and
(complex-valued) signals of phase shift keying (PSK) modu-
lation. We compare our analytical results with Monte-Carlo
simulations and find good agreement for small to medium
noise variance.

1. INTRODUCTION

Radio communication can be severely distorted due to multi-
path propagation. Then, an equalizer either exploiting train-
ing sequences or operating in a blind way is needed to re-
move the intersymbol interference. The constant-modulus-
algorithm (CMA) is by far the most known and studied
method for blind channel equalization. It was first intro-
duced for blind equalization of quadrature amplitude mod-
ulation (QAM) signals in [1] and of PAM and FM signals
in [2]. A review including a large list of publications about
the constant modulus criterion for blind equalization can be
found in [3]. Theoretical analysis of the CMA mainly deal
with a study of the convergence behavior, see e.g. [4, 5, 6], or
of the error surface [3]. Results concerning an upper bound
for the mean-squared-error (MSE) can be found in [7] and
the steady-state MSE for the equalization of noise-free non-
constant-modulus signals with CMA variants have been pub-
lished in [8].

In this contribution, we present results of a statisti-
cal analysis, both theoretical and numerical, of a batch-
processing constant-modulus blind equalizer using a para-
metric channel model. Our theoretical calculations are based
on a multidimensional Taylor series of the constant-modulus
cost-function in a power series in terms of the additive noise
and the deviations of the estimated parameters from the true
ones. In order to compute the bias, we have to extend the
Taylor series up to third order, as within a second-order ex-
pansion the parameter deviations depend linearly on the ad-
ditive noise which is assumed to be zero-mean. We present
expressions for the first-order bias and variance of the path
parameters as well as an expression for the variance of the

equalized symbols and compare them with the results of
Monte-Carlo simulations. We find that although several ap-
proximations are involved in our theoretical results devia-
tions from the numerical simulations are rather insignificant.

The channel model that we employed in our analysis is
often used as a simple model for a HF-communication chan-
nel. It follows the considerations leading to the Watterson
model [9] which underlies the ITU recommendation [10] for
testing HF modems: Although the HF ionospheric channels
are non-stationary both in frequency and time they can be
considered as nearly stationary for band-limited signals and
sufficiently short times. Furthermore, in most cases the HF
channel is of specular nature, and the representative chan-
nel parameter combinations of the ITU recommendations in-
clude only two fading paths without frequency shifts follow-
ing a complex Gaussian random process. As for quiet and
moderate conditions, which have more than 90 % probability
of occurrence, the frequency spread of the random process
is rather small (up to 1 Hz) we assume the tap-gain func-
tion of each path to be constant for each block of received
data. In this contribution we consider two cases: a channel
with purely real-valued tap-gains distorting a PAM signal,
and the more general case of a channel with complex-valued
tap gains distorting a complex-valued PSK signal.

The paper is organized as follows: we start with the def-
inition of the constant-modulus cost-function. After listing
general expressions for the bias and variance of the path pa-
rameters and the equalized signal we present the main results
for the CM cost-function and compare with MC-simulations.

2. CONSTANT-MODULUS COST-FUNCTION

The algorithm which is analyzed in this work is a variant
of the well known CMA. One modification consists in em-
ploying a parametric zero-forcing filter and the second dif-
ference is that the channel parameters are then estimated
batch-wise from the global minimum of a cost-function us-
ing the constant-modulus-criterion. The impulse responseof
the channel is modeled as

h(t) = δ (t)+ λ δ (t − τ) (1)

with complex-valued path attenuationλ = αe jφ and delay
τ. (As the channel can only be identified up to an unknown
overall factor, we set the amplitude of the first path equal to
one.)

The received lowpass signalx(t) is then the convolution
of the complex envelope

y(t) =
∞

∑
i=−∞

sig(t − iT ) , (2)
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with the channelh(t). Here,g(t) is the combined transmitter
and receiver filter which fulfills the first Nyquist condition,
and si are the (complex-valued) information-bearing sym-
bols with magnitude|si| = 1. Over-sampling the received
signal by a factor ofM times the symbol rateT , we denote
the data in one batchx = (x1, . . . ,xN̄M)T ∈ CN̄M whereN̄ is
the number of symbols in the batch and(·)T denotes trans-
position. The delay isτ = LT/M with L being an integer. In
order to equalize the received signal a zero-forcing filterw
of lengthWL + 1, with W being an integer, is applied to the
received data. The filter is parameterized by the path weight
λ and the delay. The estimation of the delay will not be the
issue of the statistical analysis presented here. The delayes-
timation can be carried out before, independently from the
estimation ofλ , and does typically not rely on the constant-
modulus criterion. Furthermore, provided that the delay does
not change in time, the estimation of the delay is rather robust
for a sufficiently long observation period. We proceed on the
assumption that the estimated delay equals the true one. In
the following, we will treat the case that the second path is
the less dominant one with weight|λ | < 1, so that the filter
acts on the past dataxnM = (xnM−W L, . . . ,xnM)T . (The other
case where the first path is weaker than the following one
can be treated analogously. Then|λ | > 1 and the transversal
filter acts on the ’future’ data.) Explicitly, the zero-forcing
equalized signal is given by:

zn = xT
nMw =

W

∑
k=0

xnM−kL(−λ )k . (3)

We note that in our Monte-Carlo simulations for a given
value of λ , the filter orderW is chosen such that|λ |W <
10−10. On the other hand, in our theoretical analysis we as-
sume an infinite filter lengthW → ∞ as otherwise the esti-
mate for the path parameter would have an additional bias.

It is obvious, that from a batch of length of̄N symbols we
can get out only a smaller number ofN = N̄ −⌈WL/M⌉+1
equalized symbols. (⌈x⌉ denotes the smallest possible integer
larger than or equal tox.)

The cost-function in whichN equalized symbols are con-
sidered depends on the received data, the path parameters,
the particular transmitted symbol sequences= {si}

∞
i=−∞, and

an unknown, overall scaling factorγ ∈ R for adjusting the
magnitude of the equalized signal:

c(x;α,φ ,γ|s) =
N

∑
n=1

(|γ zn|
2−1)2 . (4)

3. GENERAL EXPRESSIONS FOR FIRST-ORDER
BIAS AND VARIANCE

The path parameters are found by minimizing the CM cost-
function c(x;ρ |s) with respect toρ = (α,φ ,γ)T . (In case
of complex-valued receive data, we define the real-valued

receive vectorx = (x(r)
1−W L,x

(i)
1−WL, . . . ,x(r)

NM,x(i)
NM)T and con-

sider the real-valued cost-function as a function of real vari-
ables only.) In case of no noise, the minimum of the cost
function is at the position of the true parameterρ̂. With ad-
ditional noise on the received signal ˆx, i.e. x̂ changes to
x = x̂+ δx, the position of the minimum will change corre-
spondingly fromρ̂ to ρ = ρ̂ + δρ .

An approximation to the position of the new minimum
can be found by using a Taylor expansion of the cost func-
tion around(x̂, ρ̂). A general expression for the multi-
dimensional Taylor series can be found for example in [11]:

f (y) =
∞

∑
m=0

1
m!

[

(δy
T ∇y)m f

]

y=ŷ

. (5)

Here, we have to partition the variables into one part con-
taining the received signal and another part containing the
channel parameter,y = (xT ,ρT )T . The Taylor series up to
third order then involves partial derivatives of second order
which we collect in the following matrices

D
(xx)
i j =

∂ 2c
∂xi∂x j

∣

∣

∣

∣

x̂,ρ̂
D

(xρ)
ik =

∂ 2c
∂xi∂ρk

∣

∣

∣

∣

x̂,ρ̂
D

(ρρ)
kl =

∂ 2c
∂ρk∂ρl

∣

∣

∣

∣

x̂,ρ̂
(6)

and partial derivatives of third order which are comprised in
the tensors

D
(xρρ)
ikl =

∂ 3c
∂xi∂ρk∂ρl

∣

∣

∣

∣

x̂,ρ̂
, D

(xxρ)
i jk =

∂ 3c
∂xi∂x j∂ρk

∣

∣

∣

∣

x̂,ρ̂
. (7)

Furthermore, we define the multiplication of a tensorD with
a vectorz with respect to the first dimension of the tensor to
be the resulting matrix(D ∗1z) with elements

(D ∗1z) jk ≡ Di jkzi , (8)

where we used Einstein’s summation convention, i.e. if an
index occurs twice in a term, summation over the index is
implied. Then, the third-order Taylor expansion reads

c(x;ρ |s) ≈ c(x̂; ρ̂|s)+
[

∇T
x

c ∇T
ρ c

]

[

δx
δρ

]

+
1
2

[

δx
T δρT

]

[

D(xx) D(xρ)

D(ρx) D(ρρ)

][

δx
δρ

]

+
1
6
(δx

T ∇x)3c +
1
2

δx
T (D (xxρ) ∗1 δx)δρ

+
1
2

δρT (D (xρρ) ∗1 δx)δρ +
1
6
(δρT ∇ρ )3c . (9)

As the cost-function containsP = MN +WL values of the
received signal, each perturbed by an amount ofδx, the es-
timation errorδρ of a small number of parameters, here just
three, is typically much smaller than any one of the com-
ponents ofδx. Moreover, the second last term consists ofP
parts, and the third last term even ofP2 parts. Then, provided
that the third order partial derivative with respect toρ is not
significantly larger than the other partial derivatives, wewill
skip the last term in Eq. 9 which is cubic inδρ .

From the necessary condition for the minimum∇δρ c = 0
we get

δρ = −
(

D(ρρ) +(D (xρρ) ∗1 δx)
)−1

· (D(ρx)δx+
1
2
(D (xxρ) ∗1 δx)T δx). (10)

The bias(δρ) = E[δρ] is obtained by taking the expectation
operation, using forδx

E
[

δxδx
T
]

=

{

σ2
n I for real-valued receive data

1
2σ2

n I for complex-valued receive data
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E[δx] = 0 , E[δxiδx jδxk] = 0, (11)

and expanding the denominator of Eq. 10 for small
δx (provided that none of the eigenvalues of the matrix
(D(ρρ))−1(D (xρρ) ∗1 δx) equals one),

(

D(ρρ) +(D (xρρ) ∗1 δx)
)−1

≈ (12)

(D(ρρ))−1(1− (D(ρρ))−1(D (xρρ) ∗1 δx)+ ...
)

.

Finally, defining the vectors with elements∆(1)
k =

D
(xρρ)
jmk D

(ρx)
m j and∆(2)

k = D
(xxρ)
iik , we get for the leading order

term of the bias

bias(ρ) = E[δρ]

= σ2
n (D(ρρ))−1((D(ρρ))−1∆(1)−

1
2

∆(2)
)

. (13)

If we consider only the term of orderO(δx) in Eqs. (10,12)
which would have been obtained from a second-order Taylor
series which, of course, would lead to a zero bias, the leading
order variance is identical to the leading order term of the
MSE. The first-order variance is then contained in:

var(ρ) = E
[

δρδρT
]

= σ2
n (D(ρρ))−1D(ρx)D(xρ)(D(ρρ))−1 . (14)

An expression for the variance of the equalized signal
can be derived by expanding Eq. (3) in a Taylor series inx,λ
(which is trivial forx aszn depends linearly onx). Consider-
ing only the leading order inδx,δλ we obtain for the error
of the equalized signalzn

δ zn = z(x̂nM + δxnM, λ̂ + δλ )− x̂T
nMw(λ̂ )

≈ δxT
nMw+ x̂T

nM
∂w

∂λ

∣

∣

∣

∣

λ̂
δλ . (15)

The first-order variance is computed straightforward:

E[δ znδ z∗n] = σ2
n |w|2 +

∣

∣

∣

∣

x̂T
nM

∂w

∂λ

∣

∣

∣

∣

2

E[δα2] (16)

−2σ2
n ℜ

{

x̂T
nM

∂w

∂λ

(

D(λ λ ∗)
)−1

D(λ ∗x)w∗

}

.

Here, we have used the second-order Taylor series of the cost
function in terms of the complex signalx and the complex
path parameterλ , ignoring the scaling factorγ in the first
instance.

The bias and variance can be computed for a particular
symbol sequences. On the other hand, we are interested in
the average over all possible symbol sequences with a given
probability distributionw(s). Regarding the expectation of
the above expressions with respect to the symbol sequence,
e.g. Es [E[δα]] =

∫

ds E[δα]w(s) we see that an analytical
calculation is not feasible. On the other hand, the expecta-
tions of the individual terms in the expressions for the bias
and variance can be carried out analytically. Because these
individual terms have distributions which are very well local-
ized around their mean for large block lengthN we approx-
imate/replace the above expectation by proper expressions
containing the expectations of the individual terms. More
details of this argument will be published elsewhere.

4. THEORETICAL RESULTS FOR THE
CONSTANT-MODULUS COST-FUNCTION

We studied three different cases with respect to the nature of
the channel and symbols. All different cases have the follow-
ing assumptions in common:

A0.1 The filterg(t) is a rectangular pulse:

g(t) =

{

T−1 0≤ t ≤ T
0 otherwise

(17)

(Note: For path delays larger than the length of the
pulse the results below are the same for arbitrary
pulse which fulfills the first Nyquist condition.)

A0.2 The path delayτ is an integer multiple of the symbol
periodT . (Note: For different path delays the results
below change slightly.)

The calculation of the results below can be carried out by
computing the formulas like Eqs. (13,14,16) containing the
partial derivatives of the cost function. The terms involving
multiple sums can be resolved with the help of the assump-
tions Eqs. (18,24) and formulas for geometric series. Details
of the rather long calculations will be published elsewhere.

4.1 Random complex-valued symbol sequence transmit-
ted over complex two-path channel

In this case, a n-PSK signal passes the two-path channel Eq.
(1) with complex path weightλ = αe jφ and we make the
following assumptions:

A1.1 The symbolssn ∈ C have the expectations

E[sn] = 0,E[sns∗m] = δn,m,E[snsm] = 0. (18)

A1.2 The noiseδxi is a discrete complex-valued Gaussian
random process with

E[δxi] = 0 , E
[

δxiδx∗j
]

= σ2
n δi, j . (19)

Under the above assumptions, the term of leading or-
der in σ2

n for the variance and bias of the CM-estimate for
the path parameters of a two-path channel with tap gain
λ = αe jφ is asymptotically (for large block lengthN)

Es
[

δα2] =
σ2

n

N(1−α2)
+O(N−2) (20)

Es [δα ] = −σ2
n

α
1−α2 +O(N−1) (21)

Es
[

δφ2] =
1

α2 Es
[

δα2] , Es [δφ ] = 0 (22)

and the leading order term for the variance of the equalized
symbols in the caseδγ = 0 reads

E
[

|δ z|2
]

=
σ2

n

1−α2 +O(N−1) . (23)

4.2 Random real-valued symbol sequence transmitted
over real two-path channel

Here, a binary PAM signal passes the channel Eq. (1) with
real path weightλ = α and we assume:

A2.1 The symbolssn ∈ {+1,−1} have the expectations

E[sn] = 0 , E[snsm] = δn,m . (24)
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A2.2 The noiseδxi is a discrete real-valued Gaussian ran-
dom process with

E[δxi] = 0 , E[δxiδx j] = σ2
n δi, j . (25)

Under the above assumptions, the term of leading or-
der in σ2

n for the variance and bias of the CM-estimate for
the path parameter of a two-path channel with tap gainα is
asymptotically (for large block lengthN)

E
[

δα2] =
σ2

n

N
1+ α2

1−α2 +O(N−2) (26)

E[δα] = −σ2
n

α
1−α2 +

σ2
n

N
6α

(1−α2)2 +O(N−2) . (27)

4.3 Periodic real-valued symbol sequence transmitted
over real two-path channel

It is interesting to compute results for a specific symbol se-
quence. There are some particular symbol sequences which
show a relatively large deviation from the average. E.g. fora
deterministic periodic binary PAM signal{+1−1} and the
assumption A2.2 we find for the first-order variance and bias

E
[

δα2] =
σ2

n

N

(

1−
1
N

2α
1−α2

)

+O(N−2) (28)

E[δα] = −
σ2

n

2
3+5α

(1+ α)2 +O(N−1) . (29)

5. NUMERICAL COMPARISONS

We compared the analytical results with Monte-Carlo (MC)
simulations. We considered a block length ofN = 100, i.e.
there are 2N ≈ 1030 different symbol sequences. In order to
obtain smooth curves, we had to use a large number of at
least 200,000 MC runs, resulting in a computation time of
about one day on a PC.
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Figure 1: Standard deviation of the path parametersα,φ for
σn = 0.01 andN = 100. The transmitted symbols are 4-PSK.

For the case of a complex path weight and 4-PSK sym-
bols Figs. 1 and 2 show the standard deviation and bias for
varying path attenuationα. In order to avoid confusion, we
note that the theoretical variance is based on a second or-
der Taylor expansion which by itself does not lead to a bias.
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Figure 2: Bias of the path parametersα,φ for σn = 0.01 and
N = 100. The transmitted symbols are 4-PSK.

Therefore, we have to compare with the standard deviation
of the numerical results, not with the MSE. On the other
hand, the equalized symbols do not show a bias, therefore,
Fig. 3 displays the MSE of the equalized signals. We find
very good overall agreement, only for values ofα close to
one, the numerical results are problematic due to the filter
length approaching infinity.
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Figure 3: Mean-Squared-Error of the equalized 4-PSK sym-
bols atσn = 0.01 andN = 100.

For the case of real path weight and BPSK symbols Figs.
4 and 5 display the bias and standard deviation for varying
path attenuationα. For the bias we plotted two lines: the
first one corresponds to the first term in Eq. 27, which is
the leading order term inN. The small gap to the numerical
result is filled by including both terms. In Fig. 6 the bias
and the square root of the variance are plotted for varying
noise variance. We find that the results start to differ for a
noise variance larger than aboutσ2

n ≈ 0.03, which shows the
limitations of the Taylor series expansion. Finally, in Fig. 7
we show the dependence of the results on the block lengthN.
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ABSTRACT
In line with the trend in wireless communications, power line
communication (PLC) based systems recently draw consid-
erable attention especially for wideband communication ap-
plications due to the advantages they offer. Parallel to the de-
velopments in communications and emergence of new con-
cepts such as cognitive radio (CR), the ability to have ac-
cess to both wireless and power line mediums might be of
great value for future radios considering communication per-
formance and reliability issues. In this study, performance of
an ideal multi–channel receiver which is able to communi-
cate thorough both wireless and PLC channels is considered.
Two combining schemes that are selection combining (SC)
and maximal ratio combining (MRC) are analyzed for fad-
ing compensation. Their statistics are derived and compared
with the simulation results.

1. INTRODUCTION

Wireless communications rapidly grow in line with the user
demand. Diversity is one of the techniques exploited in wire-
less communication systems for the purpose of fading com-
pensation which typically leads to better link performance.
Diversity refers redundantly to the reception of the same
information-bearing signal over two or more communication
channels. Combination of these received replicas at the re-
ceiver increases the overall performance of the communica-
tion system exploiting the fact that the probability of having
multiple links with deep fading at the same time instant is
very low.

In parallel to the tremendous growth of wireless com-
munication applications, communication over the power line
network (PLN) referred as power line communication (PLC)
is recently gaining significant momentum as well for various
applications such as Internet, data and voice transmission [1].
PLC is very promising for many communication applications
in the sense that the communication medium is based on the
use of an existing infrastructure in a very extensive network
that virtually reaches anywhere in the world. This study in-
vestigates the mutual use of these two technologies by em-
ploying diversity and its impact on the performance of com-
munication systems. The mutual use of wireless and PLC
has been previously the topic of not many but several publi-
cations in the literature. Several cases in which PLC commu-
nication and wireless communication is converged are exper-
imentally and analytically analyzed [2–6].

Scarcity of spectrum and interference along with the new
concepts introduced such as cognitive radio (CR) [7] are the
main motivations behind this study. For instance, CRs are
supposed to sense the spectrum and detect white spaces be-
fore commencing transmission in order to make sure that
they do not cause any harmful interference to primary users.

Considering scarcity of available white spaces and the abun-
dance of secondary users for both wireless and PLC environ-
ments for future communication applications, the capability
of accessing both medium could be of great value for the con-
tinuity of reliable communication. In case of the suitability
of both mediums for communication, CRs may change their
strategies and start using both communication channels in or-
der to become more robust to fading. In this way, radios also
reduce the level of interference to the other radios operating
in their vicinity in either wireless or PLC environments by
dividing the total power available among the channels.

In our analysis, both links are assumed to be avail-
able. With the use of both channels, performance of selec-
tion combining (SC) and maximal ratio combining (MRC)
schemes for an ideal multi–channel receiver will be analyzed.

2. SYSTEM AND CHANNEL MODEL
We consider a communication system where transmitter and
receiver are equipped with the capability of using both power
line and wireless links for data transmission and reception.
Keeping in mind that the total transmit power PT is equally
divided among the branches, channel model considered can
be expressed as follows:

Y =
√

pHS+n, (1)

Figure 1: Communication System Model

where Y is the 2x1 matrix of received signals,
√

p refers to
the average received amplitude, H is the 2x2 channel matrix,
S denotes 2x1 transmit data, and n corresponds to the 2x1
noise matrix. In a more explicit matrix form, the channel
model can be rewritten as[

Y1
Y2

]
=

[√
p1 0
0

√
p2

][
h1 0
0 h2

][
S1
S2

]
+

[
n1
n2

]
, (2)

For the theoretical analysis of the communication system
proposed in Fig. 1, we make some assumptions regarding
fading and noise statistics. Fading at wireless link is assumed
to be Rayleigh, hence the h1 is modeled as zero–mean circu-
larly symmetric complex Gaussian random variables. The
probability density function (PDF) of h1 is given by

ph1(h1) =
h1

b0
exp{− h2

1
2b0

}, (3)
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The h2 that implies the fading at PLC branch is defined with
the log–normal distribution [8–10]. PDF of h2 is given by

ph2(h2) =
1

h2σ
√

2π
exp{− (lnh2−µ)2

2σ2 }, (4)

where µ and σ are the mean and standard deviation of ln(h2)
which is a Gaussian distributed random variable (RV). Typi-
cal values of standard deviation (σ ) of fading coefficients for
PLC channels are in the range of 0.5− 0.8. For both links,
E[h2] is assumed to be equal to unity in order to ensure that
the fading does not amplify or attenuate the average received
power. For the wireless link, this can be realized by choosing
the variances of real and imaginary parts of the Gaussian RV
as b0 = 1/2 so that E[h2

1] = 2b0 = 1 is satisfied. For the PLC
link, this requires that µ should be chosen as −σ2 so that
E[h2

2] = exp(2µ +2σ2) becomes unity.
Noise at wireless link is modeled as zero–mean circu-

larly symmetric complex Gaussian random variable. Real
and imaginary parts of the noise are assumed to be indepen-
dent of each other with the following joint PDF:

p(n1R,n1I) = G(n1R,0,σ2
1 )G(n1I ,0,σ 2

1 ), (5)

where n1R and n1I are real and imaginary parts of n1, and G(.)
corresponds to Gaussian density with zero mean and σ2

1 vari-
ance. PLC branch is assumed to suffer from impulsive noise.
Impulsive noise is modeled as Bernoulli–Gaussian process,
i.e. product of real Bernoulli process with the complex Gaus-
sian process [11]. Resulting PDF of the noise at PLC branch
is as follows

p(n2R,n2I) = bG(n2R,0,σ2
2 )G(n2I ,0,σ2

2 )

+(1−b)G(n2R,0,Rσ2
2 )G(n2I ,0,Rσ 2

2 ), (6)

here n2R and n2I are real and imaginary parts of n2, and G(.)
denotes the Gaussian density with corresponding mean and
variances. b is the parameter that defines the Bernoulli pro-
cess. R may be interpreted as the surge above the background
noise whose variance is given by σ2

2 and is equal to or greater
than unity. Note that R equals unity corresponds to impulse–
free noise. In addition, the entries of n are the noise part of
the matched filter output with sampling frequency 1/Tb. The
matched filter is assumed to be rectangular with a support
of Tb leading to the reception of independent noise samples
over time at its output [12]. The average signal-to-noise ratio
(SNR) for the wireless branch is defined as γ̄1 = p1/2σ2

1 . At
the PLC branch, the average SNR is defined with respect to
only background noise, that is γ̄2 = p2/2σ2

2 . In addition, in-
stantaneous noise variances are assumed to be known by the
multi–channel receiver (being an ideal receiver) establishing
a lower bound on the performance of any realistic receiver.

With the assumptions mentioned above, SNR at the wire-
less and PLC branches will be exponentially and Bernoulli
log–normally distributed. The PDF of the SNR at wireless
branch is given by

pγ1(γ1) =
1
γ̄1

exp{−γ1

γ̄1
}, (7)

The PDF of SNR at the PLC branch is expressed as

pγ2(γ2) = b
1

γ22σ
√

2π
exp{− (lnγ2/γ̄2 +2σ2)2

8σ2 }

+(1−b)
1

γ22σ
√

2π
exp{− (lnγ2/γ̄2 + lnR+2σ2)2

8σ2 }, (8)

Corresponding cumulative distribution functions (CDFs) of
(7) and (8) are given by

Fγ1(γ1) = 1− exp(−γ1/γ̄1), (9)

Fγ2(γ2) = b
(

0.5+0.5 erf
( lnγ2/γ̄2 +2σ 2

2σ
√

2

))

+(1−b)
(

0.5+0.5 erf
( lnγ2/γ̄2 + lnR+2σ2

2σ
√

2

))
, (10)

3. PERFORMANCE ANALYSIS
In this section, performance analysis of two combining
schemes namely, SC and MRC for an ideal multi–channel
receiver is performed. Their statistics are derived and corre-
sponding bit error rate (BER) probabilities are investigated.

For an ideal multi–channel receiver that has the knowl-
edge of noise variances, SC is based on selecting the branch
with the highest SNR, hence the instantaneous SNR at the
output of the combiner is

γs
c = max(γ1,γ2), (11)

If average SNR’s at both branches γ̄1 and γ̄2 are assumed to
be the same in order to have a meaningful comparison and
denoted as γ̄ with dropped indexes for convenience, the CDF
of the order statistics is given by [13]

Fγs
c (γ) = Pr[γ1 ≤ γ,γ2 ≤ γ] = Fγ1(γ)Fγ2(γ), (12)

More explicitly, the CDF assumes the following form

Fγs
c
(γ) = b

(
1− exp(

−γ
γ̄

)
)(

0.5+0.5 erf
( lnγ/γ̄ +2σ2

2σ
√

2

))

+(1−b)
(

1− exp(
−γ
γ̄

)
)(

0.5+0.5 erf
( ln(Rγ/γ̄)+2σ2

2σ
√

2

))
, (13)

Differentiating (13) with respect to γ yields the PDF of the
SNR at the output of the SC combiner

pγs
c (γ) = b

(exp(−γ/γ̄)
γ̄

(
0.5+0.5 erf(α)

)

+
(
1− exp(−γ/γ̄)

)( 1
γ2σ

√
2π

exp(−α2)
))

+(1−b)
(exp(−γ/γ̄)

γ̄
(
0.5+0.5 erf(β )

)

+
(
1− exp(−γ/γ̄)

)( 1
γ2σ

√
2π

exp(−β 2)
))

, (14)

where

α =
lnγ/γ̄ +2σ2

2σ
√

2
,β =

lnγ/γ̄ + lnR+2σ2

2σ
√

2
(15)

In MRC scheme, each branch is cophased and weighted
by a coefficient that is proportional to the received SNR be-
fore being combined. Keeping in mind that the receiver is
able to estimate the noise variance at each time instance, in-
stantaneous SNR is equal to the summation of instantaneous
SNRs of both branches at the output of the combiner: [14]

γmrc
c = γ1 + γ2, (16)
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Note that (16) requires the summation of two RVs. This
requirement naturally suggests computing the characteristic
function (CF) of each variable. This is due to the fact that
resultant PDF when two RVs are summed is equal to the
convolution of the PDFs of summands. Convolution of two
PDFs, one being log–normal and the other exponential, is
equivalent to the multiplication of their corresponding CFs.
Although multiplication is a relatively simpler process than
convolution, CF of a log–normal variable is not known in
closed form. In addition, numerical calculation of the CF
is difficult due to the slow rate of decay of the log–normal
PDF [15]. In order to overcome this hardship for further
analysis, we propose the use of gamma PDF, as was done
earlier in the literature, as an approximation to log–normal
PDF [16, 17]. The PDF of gamma distribution is given by

py(y) = yk−1 exp(−y/θ)
θ kΓ(k)

, k,θ > 0 (17)

where Γ(·) represents the gamma function [13]. Note that
the approximating gamma PDF is shaped by two parameters,
namely θ and k. These parameters can obtained by match-
ing the mean and variance of log–normal PDF with those of
gamma PDF. Then,

θ =

(
exp(σ 2

l )−1
)

exp(2µl +σ2
l )

exp(µl +σ2
l /2)

, (18)

k =
exp(µl +σ2

l /2)
θ

, (19)

where µl and σl are the mean and standard deviation of the
log–normal PDF that is to be approximated. By using the
gamma approximation and its corresponding CF, the resul-
tant CF at the output of the MRC combiner is given by

Φγmrc
c ( jω) = b(1− jθω)−k(1− jγ̄ω)−1 +

(1−b)(1− j
θ
R

ω)−k(1− jγ̄ω)−1, (20)

where θ = (exp(4σ 2) − 1)γ̄ and k = 1/(exp(4σ2) − 1).
These values are followed by the choice regarding the mean
of the log–normally distributed amplitude for the PLC branch
mentioned at the beginning of the manuscript. Recall that
the mean of the log–normal amplitude (µ) was chosen to
be −σ2 in order to ensure unity power gain. This leads the
SNR to have log–normal PDF with µl = −2σ2 + ln(γ̄) and
σl = 2σ when impulsive noise does not hit the received sym-
bol. When the received symbol is affected by the impulsive
noise, µl becomes −2σ2 + ln(γ̄/R) with no change in the
standard deviation as can be seen in (8). Plugging these val-
ues into (18) and (19) yields the corresponding values of θ
and k. Following the computation of CF, CDF of the SNR
can be computed by the inversion theorem of Kendall and
Stuart [18];

Fγmrc
c (γ) =

1
2
− 1

π

∫ ∞

0

Im
(

exp(− jωγ)φγmrc
c (ω)

)

ω
dω, (21)

where Im(·) refers to the imaginary part of a complex vari-
able. Theoretically, it is also possible to obtain the analytical
expression for the PDF of SNR at the output of the MRC
combiner after gamma approximation is carried out. Note

that this requires the convolution of an exponential PDF with
a gamma PDF. Note also from (20) that convolution includes
the consideration of one exponential PDF and two gamma
PDFs. The exponential PDF is defined with the rate parame-
ter 1/γ̄ , whereas the two gamma PDFs are defined with (θ ,k)
and (θ/R,k) parameter pairs, respectively. Keeping this ob-
servation in mind, although proof has been skipped due to
the space considerations, it can be shown that the PDF of
SNR at the MRC combiner when gamma approximation to
the log–normal PDF is employed is given by,

pγmrc
c (γ) = b

exp(−γ/γ̄)

γ̄
(
1− θ

γ̄
)k

(
1−

Γu
(
k,γ(

1
θ
− 1

γ̄
)
)

Γ(k)

)

+(1−b)
exp(−γ/γ̄)

γ̄
(
1− θ

Rγ̄
)k

(
1−

Γu
(
k,γ(

R
θ
− 1

γ̄
)
)

Γ(k)

)
, (22)

where Γu(·, ·) means upper incomplete gamma function. Al-
though SNR is analytically derived, ability to establish the
relation between PDF and CF through Fourier transform and
the presence of fast and convenient techniques such as fast
Fourier transform (FFT) make the numerical approach more
practical [19, 20].

3.1 BER Performance
Averaging the instantaneous BER over the PDF of SNR is the
classical method followed while obtaining average BER [12].
For coherent modulation types, BER probability Pe is given
by,

Pe = K
∫ ∞

0
Q(
√

aγ)pγ(γ)dγ, (23)

where Q(·) is the Gaussian–Q function and, K and a are
modulation format dependent constants. For the SC scheme,
this classical methodology can be followed and Pe can be
obtained by averaging the instantaneous BER over the PDF
given by (14). For instance, K and a values are 1 and 2, re-
spectively for binary phase shift keying (BPSK) modulation
format.

Note that we first derived the CF of SNR while we ana-
lyze the MRC scheme. Having the CF provides us with an
alternative approach for computing the average BER. The
average BER probability of BPSK modulation type can be
computed from CF as [21, 22]

Pe =
1
π

∫ π/2

0
Φ

(
j

1
sin2(φ)

)
dφ , (24)

4. NUMERICAL ANALYSIS

In this section, results regarding our analysis are given. First,
results of the performance analysis when only one of the
branches are used will be discussed. Next, the impact of
employing SC and MRC schemes while combining wireless
and PLC branches will be investigated. Several publications
available in the literature are considered as the basis while
determining the parameters of the noise experienced in the
PLC branch [8,9,11,23,24]. Among these parameters, 1−b
value was chosen in a way that it corresponds to the worst and
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Figure 2: Comparison of the statistics of the PLC branch with
wireless branch for different values of b.

the best case scenario. In this respect, 10−1 and 1.35x10−5

are the two values considered in the simulations. Note that
1− b implies the probability that the corresponding symbol
is polluted by an impulsive noise. Hence, 1−b equals 0 cor-
responds to impulse–free communication environment and
it can be inferred that the communication medium becomes
less impulsive as the value of 1− b decreases. In addition,
standard deviation of the log–normal fading (σ ) experienced
in the PLC branch is assumed to be 0.5. R is assumed to be
10.

Fig. 2 shows the CDF of SNR (γ) when only one of the
branches either wireless or PLC is used for different values of
b. It is clearly seen that the PLC branch exhibits ≈2dB more
effectiveness with the 10−2 probability level than the wire-
less branch when the worst case scenario for the impulsive
noise is considered. The advantage of using PLC branch be-
comes more apparent as 1−b decreases. The gain becomes
≈7dB when the lowest value of 1−b is considered which is
1.35x10−5.

Similarly, Fig. 3 and 4 show the CDF of SNR (γ) when
the wireless and PLC branches are combined by employing
SC and MRC schemes. Comparing with the case in which
the PLC branch is solely used, SC provides≈1dB gain when
best case impulsive noise scenario is analyzed. For the worst
case impulsive noise scenario, gain after SC is found be
≈5dB. This proposes that larger gain is obtained by com-
bining the branches when the noise in the PLC environment
is more impulsive for an ideal multi–channel receiver. The
result of this performance improvement is also clearly seen
by looking at the BER curve given by Fig. 5. Simulation
results show that an additional ≈1dB of gain is obtained if
MRC is employed rather than SC. It is also seen that results
of the analysis when gamma approximation is utilized are
more pessimistic than the actual case.

5. CONCLUSION

In this study, performance of an ideal multi–channel receiver
which is capable of using both wireless and PLC links was
investigated. Lower bound on the performance of any realis-
tic multi–channel receiver of the type proposed that does not
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Figure 3: Analysis of SC when both PLC and wireless
branches are used for different values of b.

know the instantaneous noise variances was established. It
was seen that significant performance enhancement may be
achieved by mutually using these two independent commu-
nication links if especially impulsive noise in the PLC branch
can be handled appropriately. Analyzing the performance of
the practical receivers by regarding this study as the basis is
considered as the future direction.
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ABSTRACT

We present a generic and an efficient multimodulus fam-
ily of blind equalization algorithm for use in the higher-
order quadrature amplitude modulation based digital com-
munication systems. The proposed algorithm is memoryless
Bussgang-type and is based on a stochastic gradient descent
of a constrained convex cost function. We show it to be ca-
pable of blindly equalizing the channel and recovering the
carrier phase simultaneously. We also provide the dynamic
convergence analysis of the proposed adaptive algorithm.

1. INTRODUCTION

We consider a baseband linear time-invariant single-input-
single-output discrete-time system. We assume that the
transmitted sequence {an} is independently and identically-
distributed (i.i.d.), and takes values of square-quadrature am-
plitude modulation (QAM) symbols A . The received signal
is expressed as: xn = h

T
an + ϑn, where an is data vector,

h is the impulse response (vector) of symbol-rate moving-
average channel, and ϑn is additive white Gaussian noise.
The output of N-tap equalizer is: yn = w

H
n xn, where wn =

[wn,0, · · · ,wn,N−1]
T
is the vector of equalizer’s coefficients

and xn = [xn, · · · ,xn−N+1]
T
is the channel observation vec-

tor; the superscripts T and H denote transpose and conjugate-
transpose, respectively.

The idea behind the Bussgang blind equalization (BE) al-
gorithm is to minimize (or maximize), through the choice of
the equalizer filter coefficientsw, a certain cost-function de-
pending on the equalizer output yn such that yn provides an
estimate of the source signal an ∈A up to some inherent in-
determinacies, yn = α an′ ,n

′= n−τ with α = |α|eιγ ∈C, τ ∈
Z where |α| and τ represent an arbitrary gain and delay, re-
spectively. The phase γ represents an isomorphic rotation of
the symbol constellation. A Bussgang BE algorithm tries to
solve the following problem:

w = argmin
w

J,with J = E[J (yn)] (1)

where the cost J is an expression for higher-order statistics of
yn and J (yn) is a real-valued function. The equalization is
accomplished when equalized sequence yn acquires an iden-
tical distribution as that of the channel input an [1]. If the
minimization is realized by stochastic gradient-based adap-
tive method, then the updating rule is

wn+1 =wn− µ

(
∂J

∂wn

)∗
=wn + µΦ(yn)

∗
xn,

with Φ(yn)≡−
∂J

∂y∗n
.

(2)

where µ > 0 is a small positive adaptation step-size.1 The
complex-valued error-function Φ(yn) can be understood as
an estimate of the difference between the desired and the ac-
tual equalizer outputs.

Existing gradient descent-based Bussgang BE algorithms
differ mainly by the particular cost function used. They
all adopt non-convex cost functions that can become mul-
timodal for finite equalizer parameterizations and hence do
not preclude the possibility of a non-open eye solution. Con-
trariwise, gradient descent of convex cost functions implies
unimodal convergence and therefore avoids the local min-
ima problem [2]. The second major issue is to resolve the
phase ambiguity. Ideally the adaptation scheme should pro-
vide both equalization (removal of intersymbol interference
(ISI) except for a gain factor) and carrier phase-recovery (to
rotate the output constellation to the correct orientation be-
fore quantization) simultaneously.

In this paper, we study a family of memoryless BE algo-
rithms that is based on the stochastic gradient descent adap-
tive optimization of a constrained and approximated convex
cost-function. In Section 2, we introduce the cost-function
and resulting algorithm. In Section 3, we provide the dy-
namic convergence expressions of the proposed algorithm.
In Sections 4 and 5, we provide, respectively, computer sim-
ulations and conclusions. In the sequel, we will use notations
ℜ[·] (or subscript R) and ℑ[·] (or subscript I) to represent the
real- and imaginary-parts of the enclosed complex entity, re-
spectively. A subscript L will be used to denote either R or
I.

2. PROPOSED ALGORITHM

The cost-function based Bussgang BE algorithms have been
studied to be non-convex in nature [12]. The non-convexity
may lead to undesirable local minima resulting in insufficient
removal of channel distortion [2]. A convex cost-function
which has been specifically designed for square-QAM is that
of Kennedy and Ding [4], which suggested to minimize the
following:

max
{∣∣yR,n

∣∣}+max
{∣∣yI,n

∣∣} = ‖{yR,n}‖∞ +‖{yI,n}‖∞ (3)

The convexity of cost (3) with respect to the equalizer coeffi-
cient vectorw follows from the triangle inequality under the
assumption that all input sequences are possible. The cost (3)
was minimized under a linear constraint ℜ[wn,κ ]+ℑ[wn,κ ] =

1Expression (2) exploits the fact that (for J ∈ R and yn = w
H
n xn):

(
∂J

∂w

)∗
=

(
∂J

∂y∗n

∂y∗n
∂w

)∗
=

(
∂J

∂y∗n

∂x
H
n w

∂w

)∗
=−Φ(yn)

∗
xn.
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1, where wn,κ is the anchored tap at κ th position (to avoid
all-zero situation). Due to the linearity of this constraint, the
convexity of (3) with respect to both the real and imaginary
parts of the equalizer coefficients is maintained, and global
convergence is therefore assured. However, (3) cannot be
exactly evaluated in practice with finite data length, the fol-
lowing approximation was used:

min
w

{
E

[∣∣yR,n

∣∣p+2
]
+E

[∣∣yI,n
∣∣p+2

]}
, (4a)

s.t. ℜ[wn,κ ]+ ℑ[wn,κ ] = 1, (large p) (4b)

Expression (4a) is based on the fact that, given a large p′, the
global minimum of the lp′ norm will be close to the global
minima of the l∞ norm. Using a polar representation, [4]
suggested to adapt wn,κ as follows:

ϖn+1 = ϖn + µ2

(
|yR,n

∣∣pyR,ncR + |yI,n
∣∣pyI,ncI

)

(cosϖn+1+ sinϖn+1)
2

(5a)

wn+1,κ =
exp(ιϖn+1)

cosϖn+1+ sinϖn+1

, (5b)

where (−π/4 < ϖn < 3π/4), cR = ℜ[xn−κ ]−ℑ[xn−κ ] and
cI = ℜ[xn−κ ]+ ℑ[xn−κ ]. For 0≤ (i 6= κ)≤ N−1, viz

wn+1,i = wn,i− µ1

[
|yR,n

∣∣pyR,n− ι|yI,n
∣∣pyI,n

]
xn−i (6)

where ι
.
=
√
−1 and µ1,µ2 > 0. We refer to (5)-(6) as

Kennedy-Ding algorithm (KDA). We found that, for 4/16-
QAM, the performance of KDA is largely improved if larger
p is selected. However, the residual ISI floor achieved by
KDA is either similar to or mostly much inferior to those
obtained from non-convex Bussgang BE algorithms, like the
conventional constant modulus algorithm (CMA) [5] and/or
multimodulus algorithm (MMA) [6]. For higher-order QAM
(≥ 64-QAM), the eye-opening is either achieved only by al-
lowing a very slow convergence or not achieved at all. So,
in spite of its global convergence behavior, its application is
found to be quite limited to small constellations.

We note that the tap-anchoring constraint (4b) can be ad-
justed within the cost-function (4a) leading to the relaxation
of the requirements of separate tap-anchoring and automatic
gain control. A possible constrained solution is

J = E
[
|yR,n|p+2+ |yI,n|p+2

]
+ λ

(
E
[
|yn|2

]
−Pa

)
(7)

where λ is Lagrangian multiplier and Pa = E
[
|an|2

]
, so the

equalizer average output energy is constrained to be equal
to that of the transmitted signal. The stochastic gradient-
descent realization gives the following update:

wn+1 =wn + µ
[(
R
p
R−|yR,n|p

)
yR,n− ι

(
R
p
I −|yI,n|p

)
yI,n

]
xn

(8)
where R

p
L = −2λ/(p+ 2) is a constant. We denote (8) as

pth-order constrained multimodulus algorithm, cMMA(p).
The term multimodulus was used because of its significant
similarity with the multimodulus algorithm reported in [6].

It is easy to show that (due to the constraint), cMMA(p)
does not require separate tap-anchoring and/or additional
AGC for true energy conservation, provided the constant
R
p
L (or equivalently λ ) is correctly evaluated. Notice that

cMMA(p) generalizes a number of existing algorithms.
Like, for p= 1 and 2, it becomes equivalent to the algorithms
appeared in [7] and [6], respectively.

2.1 Evaluation of Dispersion Constant

Here we discuss the evaluation of Lagrange multiplier λ in
(7). Since R

p
L = −2λ/(p+ 2), we can equivalently focus

on the evaluation of dispersion constants RL. The dispersion
constant is considered as the statistical gain of equalizer and
it contains embedded information about the true energy of
the transmitted signal. According to Bellini [1], the (disper-
sion) constant, which controls the equalizer amplification, is
chosen to give zero tap-gain increments when perfect equal-
ization is achieved, i.e., E[Φ(yn)

∗ xn−i] = 0.
Upon convergence,we can assume yn = an−τ +un, where

un constitutes the sum of additive noise (ϑn) through the filter
and it is zero-mean Gaussian; un is known as convolutional
noise. Ignoring the small correlation between yn and additive

noise ϑn−i, we get E

[
Φ(an−τ +un)

∗∑K−1
j=0 h jan− j−i

]
= 0.

We notice that the expected values in the sum are zero when-
ever n− τ 6= n− j− i; on the other hand, considering chan-
nel coefficients constant, we get E [Φ(an−τ +un)

∗an−τ ] = 0.
Since in cMMA(p), the Φ(·) is a decoupled function of i.i.d.
quadrature components, we only need to solve for one of the
quadrature components. So the evaluation of RL requires the
solution of E

[
aL(aL+v)

(
|aL+v|p−R

p
L

)]
= 0, where we use

v to denote either the in-phase or quadrature component of
un and its variance is σ2

v . For p = 1, we obtain

RL =

E

[
2aL(a

2
L + σ2

v )Q

(
−aL

σv

)
+

√
2

π
a2Lσv exp

(
− a2L
2σ2

v

)]

E
[
a2L

]

(9)
Under the limit, σv tends to zero, (9) simplifies to the value
that appeared in [7], i.e., RL = E

[
|aL|3

]/
E
[
a2L

]
. For p = 2,

we obtain
R2L = 3σ2

v +
(
E
[
a4L

]/
E
[
a2L

])
(10)

Under the limit, σv→ 0, this result simplifies to the value that
appeared in [6], i.e., R2L = E

[
a4L

]/
E
[
a2L

]
. Finally, assuming

v = 0, we obtain the value of RL (for a generic p) in a noise
free environment, viz

R
p
L = E

[
|aL|p+2

]/
E
[
a2L

]
. (11)

From (11), for p = 1, we obtain RL = 2.8,5.9 and 11.95 for
16-, 64- and 256-QAM, respectively. For p = 2, we obtain
RL = 2.86,6.08 and 12.34 for 16-, 64- and 256-QAM, re-
spectively. Now we express the value of Lagrange multiplier
in a noise-free scenario: λ =−0.5(p+2)E

[
|aL|p+2

]/
E
[
a2L

]
,

where the negative sign indicates that we need to maximize
output energy while minimizing the higher-order moments.

2.2 Automatic Phase-Recovery Capability

Suppose θ is a residual phase-offset error (in the absence of
noise and ISI), it gives yn = an′ exp(ιθ ). Keeping the four-
quadrant symmetry of square-QAM in mind, it is desirable
that the cost-function of cMMA(p) exhibits local minima
at θ = 0,π/2,π and 3π/2; similarly, local maxima are re-
quired to occur at θ = π/4,3π/4,5π/4, and 7π/4. Consider
cMMA(2), we can show that

J(θ ) =
1

4
E
[
a4R +a4I −6a2Ra

2
I

]
cos(4θ )+ constant︸ ︷︷ ︸

w.r.t. θ

(12)
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Note that E
[
a4R +a4I −6a2Ra

2
I

]
is a sort of kurtosis of square-

QAM and it is negative due to the sub-Gaussian nature of
QAM signals; consequently, the cost exhibits desired station-
ary points for p= 2. Similar evidence can be found easily for
higher values of p.

3. DYNAMIC CONVERGENCE ANALYSIS

We carry out the ODE analysis to gain some understanding
in the dynamic convergence behavior of the proposed equal-
izer. In the sequel, we use the notation [T]i j to denote the
element of matrix T in its ith row and jth column, and [t]i
to denote the ith element of array t. The covariance matrix
of regressor is R = E

[
xnx

H
n

]
= PaHH

H +PϑIN , where Pa
and Pϑ are respectively the average energies of the signal an
and additive noise ϑn; IN is identity matrix of order N andH
is the channel matrix [8]. Exploiting eigen-decomposition,
we get R = U

H
ΛU, where Λ is a diagonal matrix whose

diagonal elements are the eigenvalues of R, and U is an or-
thonormal matrix. UsingU, the transformed update is given
as w̃n+1 = w̃n + µΦ(yn)

∗
x̃n, where w̃n ≡Uwn, x̃n ≡Uxn

and yn = w̃
H
n x̃n. The correlation matrix of w̃n is

[Cw̃]i j = E
[
w̃n,iw̃

∗
n, j

]
=

{
mn,im

∗
n, j i 6= j

Γn,i i = j
(13)

where mn ≡ E [w̃n] = [mn,0, · · · ,mn,N−1], Γn,i ≡ E
[
|w̃n,i|2

]
,

(i = 0, · · · ,N−1) and Γn = [Γn,0, · · · ,Γn,N−1]. We obtain

mn+1,i = mn,i + µE [Φ(yn)
∗x̃n−i] (14)

Γn+1,i = Γn,i+µ2
E
[
|Φ(yn)|2|x̃n−i|2

]
+2µE

[
ℜ
[
w̃∗n,iΦ(yn)

∗x̃n−i
]]

(15)
Defining ρ = diag [Λ] and η =Uh, we present an approxi-
mate expression for the instantaneous residual ISI (deduced
from [9, page: 858-9]):

ISIn ≈
var(yn|an,w̃n)−E

[
|∑i ϑn−iw̃∗n,i|2|w̃n

]

E[|an|2]

≈ ρT
Γn−PaηH

Cw̃η−Pϑ1
T
Γn

Pa|mH
n η |2

(16)

where 1 is an N-element column-vector of ones. Readers
can refer to [10] for detail on recursions (14) and (15) for a
generic Bussgang BE algorithm.

4. SIMULATION RESULTS

We study the performances in terms of (residual) ISI
convergence traces of KDA(p) and cMMA(p) with p =
1, · · · ,4. We consider the transmission of QAM signal over a
complex-valued voice-band telephonic channel already con-
sidered in [11]. This channel also introduces a phase shift
which causes a rotation in signal orientation by 43-44 de-
gree. The input-SNRwas taken as 30 and 34 [dB] for 16- and
64-QAM, respectively. A seven-tap equalizer was used with
central single-spike initialization. The analytic and simulated
ISI traces for 16- and 64-QAM obtained from cMMA(p) are
depicted in Fig. 1-4. For KDA(p), we only depict simulation
based results. Note that each simulated trace is obtained as
an ensemble average of over 200 Monte-Carlo realizations
with independent generation of noise and data symbols.

In Fig. 1 and 3, note that the ISI convergence traces ob-
tained from ODE analysis and Monte-Carlo simulations are
in full agreement with each other. Secondly note that the ISI
mitigation performance of cMMA(p) is far better than that
of KDA(p) for both QAM sizes considered in our simula-
tion. In fact we have noticed that the cMMA(p) is capable
of giving consistent performance for QAM size as large as
1024. Also note that the cMMA(p) is providing a trade-off
between complexity and performance; with a larger p, we are
able to get a faster convergence at the cost of more computa-
tion.

In Fig. 2 and 4, the eye-opening behavior is illustrated
for cMMA(4)/KDA(4) for 16- and 64-QAM, respectively.
Observe that the cMMA(4) successfully removed the phase-
offset introduced by the channel leading to a clear eye-
opening and facilitating a possible switch-over to decision-
directed mode. On the other hand, the KDA(4) restored the
orientation only for 16-QAM and due to low energy of equal-
ized signal, a reliable switch-over to decision-directed mode
can be seen to be not possible (unless a automatic gain con-
trol mechanism is employed).

5. CONCLUSIONS

We have proposed a family of memoryless Bussgang-type
blind algorithms for joint equalization and carrier phase-
recovery of square-QAM signals over complex-valued trans-
mission channel. The main contribution resides in modify-
ing an existing approximation of convex cost-function lead-
ing to a new family of algorithms. Analysis of equalizer gain
evaluation and dynamic convergence behavior have been de-
scribed. The convergence analysis is also shown to be in
conformation with simulation results.
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ABSTRACT
Detection algorithm based on widely linear filtering is pro-
posed for the QAM modulated MIMO system. Unlike the
existing works which focus on non circular signals (e.g.
BPSK, PAM), this paper extends the widely linear detec-
tion to MIMO system transmitting circular signals (e.g.
QAM, QPSK) by eliminating the I (or Q ) component of
the transmitted signals. The proposed algorithm has a ML-
approaching performance with a computational complexity
independent of the modulation order, whose upper bounder
is O(2NT ) (for QPSK) or O(3NT ) (for M-QAM, M > 4), lower
than the complexity (O(M

√
NT ) ) of FSD (Fixed-complexity

Sphere Decoding) for a practical interval of NT , the number
of transmitting antennas. Simulation results show that the
proposed algorithm can achieve quasi-ML performance with
complexity comparable with FSD(1, · · ·, M) for QPSK sig-
nal, and much lower complexity than FSD(1, · · ·, M) when
the system is 16-QAM (64-QAM) modulated.

1. INTRODUCTION

Widely linear filtering has drawn an increasing interest in es-
timation [1], beamforming [2], DoA finding [3], and com-
munications [4]. For example, [1] has provided a general
scheme for widely linear estimation. Beamformers for the
extraction of an unknown signal from non circular interfer-
ences are investigated in [2]. [5] gives a new insight into
widely linear receivers for the BPSK, MSK, GMSK sig-
nals. Blind widely linear structures for multiuser detection
of code-division multiple-access signals are proposed in [4].
However, the existing works dealing with widely linear fil-
tering are mainly restricted in the cases where either the sig-
nal of interest is non-circular (e.g. BPSK, PAM, OQPSK,
OQAM, GMSK MSK) [3]-[4], [5] [6] or the interference is
non circular [2] [7]. An important and practical case, where
circular signal (e.g. QPSK, QAM, PSK) being desired and
interference being circular (e.g. QPSK or QAM modulated
MIMO system) or combination of circular and non circu-
lar ones, has not been considered by these works. In such
cases, widely linear filtering for PAM signal can not be ap-
plied directly. In this paper, we introduce a widely linear
MIMO (Multiple Input Multiple Output [8]) detector for cir-
cular signals in the case of frequency-flat fading channels.
The detection of circular signal corrupted by circular noise
is discussed. It is shown that the proposed algorithm can
achieve quasi-ML performance with an attractive compu-
tational complexity compared with FSD (Fixed-complexity
Sphere Decoding [9], [10]) which efficiently “fixes” the or-
der of complexity of SD (Sphere Decoding [11]). This pa-

This work is supported by China scholarship council, National natural
science foundation of China (No. 60802004) and Guangdong natural sci-
ence foundation (No. 9151064101000090).

per is distinct from previous works in the following aspects:
firstly: widely linear detection of circular signal in the con-
text of circularity is considered, which is different from the
previous work; secondly, widely linear filtering is applied by
eliminating the I (or Q ) component of the transmitted data.
The final decision is made by joint detection of the transmit-
ted vector including both I and Q components.
Notation: Upper case letters in boldface are used for matri-
ces. Lower case letters in boldface denote the column vec-
tors. (·)Hdenotes Hermitian (conjugate transpose), (·)T is the
operation of transpose. The operation of complex conjugate
is denoted by (·)∗. E[·] denotes the expectation. A(:,k) rep-
resents the k th column of matrix A. IN is the N×N identity
matrix. 0 represents zero matrix or vector. ℜ(·) and ℑ(·)
represent the real part and imaginary part of (·) respectively.

2. MIMO COMMUNICATION SYSTEM MODEL

The MIMO system model considered here is a V-BLAST
[12] system with NR antennas at the receiver and NT antennas
at the transmitter, which can be described in equation (1):

y =Hx+w (1)

where y = [y1,y2, · · · ,yNR ]
T is the received vector.

x = [x1,x2, · · · ,xNT ]
T is the transmitted vector, w =

[w1,w2,w3, · · · ,wNR ]
T is the additive white Gaussian noise

vector, H = [h1,h2, . . . ,hNT ] represents the frequency-flat
channel. The original signal x is transmitted, and then dis-
torted by the fading channel and noise, and detected by the
receiver. The most famous receiver is the ZF (Zero Forcing)
[12] detector which has a low computational complexity but
with a limited performance. It is improved by MMSE (Min-
imum Mean Square Error) [13] [14] receiver which mini-
mizes the mean square error distance between the estimated
signal and its original counterpart. Compared to the ML
(Maximum likelihood) algorithm which is theoretically op-
timal but with an unaffordable computational complexity,
there is still a huge gap between MMSE and ML.

3. PROPOSED ALGORITHM: WIDELY LINEAR
DETECTOR FOR COMPLEX SIGNALS

3.1 Second order statistics of the signal and proposed al-
gorithm
The second order statistical characteristics of signal y are
contained in its correlation matrix Ry and conjugate corre-
lation matrix Ryc, which are respectively defined by: Ry =
E[yyH ], Ryc = E[yyT ].
In the following sections, the following assumptions are
used:
1. E[xxH ] = PINT , where P is the average transmitting
power of each transmitting antenna;
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2. E[wwH ] = σ2INR , where σ2 is the power of noise at each
receiving antenna;
3. E[wxH ] = 0, which means that signal and noise are inde-
pendent.

In case of circular signal, conjugate correlation matrix
Ryc = 0, WL-MMSE discussed for SAIC (Single Antenna
Interference Cancelation) in [5] is reduced to the conven-
tional MMSE detector. Unfortunately, the circular signals
such as QPSK and M-QAM (M is the total number of
the constellation points which depends on the modulation
scheme, M > 4.) signals are widely used in communica-
tion systems because of their higher spectral efficiency. For
such circular signals, we propose a technique to make them
non-circular by eliminating the I (or Q) component of the
transmitted signal. One notes that the true signal x can be
estimated by x̂M−SIC using MMSE-OSIC [15] as follows:

x= Q[x̂M−SIC] (2)

where Q[·] denotes the operation of quantization appropriate
to the constellation in use. We assume

x= x+∆ (3)

where ∆ is the error vector of estimation. We define

x= xR + jxI xR = ℜ(x) xI = ℑ(x)
x= xR + jxI xR = ℜ(x) xI = ℑ(x)
∆=∆R + j∆I ∆R = ℜ(∆) ∆I = ℑ(∆)

(4)

In system (1), xI can be eliminated from y as follows:

z= y− jHxI (5)

According to equation (3) and (4), xI = xI −∆I , a non cir-
cular system is given by:

z= y− jHxI + jH∆I =HxR +w (6)

The real part xR can be considered as a PAM signal, and
similarly, the following matrix is constructed based on the
equation (6):

z̃= H̃xR + w̃ (7)

where z̃= [zT zH ]T . Therefore xR is estimated as:

x̂R−E =CEMMSE z̃ (8)

where
CEMMSE =

1
2

PH̃HR−1 (9)

where

R= E[z̃z̃H ] =

[
Rz Rzc
R∗

zc R∗
z

]
(10)

Rz = E[zzH ] = 1
2 PHHH +σ2INR

Rzc = E[zzT ] = 1
2 PHHT (11)

The signal vector x can be estimated as

x̆= x̂R−E + jx̆I (12)

where x̆I is estimate of xI by xI = xI −∆I . The candidate
vector s is obtained by quantization s= Q[x̆] if ∆I is known.

3.2 Evaluation of ∆I

To get an exact expression of equation (6), the main task is
the evaluation of z, which requires to estimate the error vec-
tor ∆I . For the evaluation of ∆I , we should consider the
following NT +1 cases theoretically:
Case 1: The totally correct detection of the imaginary part
xI , then ∆I = 0.
Case 2: Only one element, xI(k1), of xI is wrongly esti-
mated, we assume xI(k1)−xI(k1) = m1d, d is the distance
between two nearest neighbor points in the plane of the con-
stellation.
Case3, · · · , case NT + 1 are corresponding to the situations
where 2, · · · , NT elements are wrongly estimated, respec-
tively. According to different cases, ∆I can be expressed
mathematically as follows:

1 : ∆I = 0 with probability p0
2 : ∆I =Pk1−1[m1d,0, · · · ,0]T with probability

p1, k1 ∈ {1, 2, · · · , NT}, k1 denotes
the position index of the error, m1 is non
zero integer.

3 : ∆I =Pk1−1[m1d,0, · · ·0]T +Pk2−1[m2d,0, · · ·0]T
with probability p2, m1,m2 are non zero
integers , k1,k2 ∈ {1, 2, · · · , NT},
k1 ̸= k2, denote the position indexes of the
two errors

· · · · · · · · · · · ·

NT +1 : ∆I = (
NT
∑

i=1
Pki−1[mid,0, · · · ,0]T ),

with probability pNT
k1, ...,kNT ∈ {1, 2, · · · , NT}
k1 ̸= k2 ̸= · · · ≠ kNT , mi is non zero integer,
denote the position indexes of the NT errors

(13)

where p0 ≫ p1 > p2 > · · · > pNT and
NT
∑

i=0
pi = 1 hold in

a wide interval of SNR value. We define P0 = I, P is a
NT ×NT matrix given by

P=


0 0 · · · 0 0
1 0 · · · 0 0
... 1

. . .
...

...

0 0
. . . 0 0

0 0 · · · 1 0


Candidate vectors corresponding to cases stated above can
be calculated by (12). Finally, likelihood test is performed
among the obtained candidate vectors to determine the one
which minimizes ∥y−Hs∥2. In practical implementation,
we just need to consider the first L (L ≤ NT +1) cases which
occur with much greater probabilities. For a specific mod-
ulation scheme, the number of the candidate vectors can be
sharply reduced by the simplification of ∆I .

3.3 M-QAM signals
Theoretically, mi has multiple choices to determine ∆I if x is
M-QAM modulated (M > 4) signal, however, the wrong de-
cision occurs with the greatest probability between two near-
est neighbor points in the plane of constellation. As a result,
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in equation (13), we choose mi =±1 to simplify the consid-
eration, mi has only one value 1 or -1 for the marginal point
of the constellation plane. Equation (13) can be simplified as
follows:

1 : ∆I = 0
2 : ∆I = [l1d, l2d, · · · , lNT d]T

li ∈ {−1, 0, 1},∑NT
i=1 |li|= 1

3 : ∆I = [l1d, l2d, · · · , lNT d]T

li ∈ {−1, 0, 1},∑NT
i=1 |li|= 2

· · · · · · · · · · · ·
NT +1 : ∆I = [l1d, l2d, · · · , lNT d]T

li ∈ {−1, 0, 1},∑NT
i=1 |li|= NT

(14)

There are at most 2n−1Cn−1
NT

candidate vectors for case n,
where Cl

k denotes the number of l-combinations of an k-
element set. We have at most ∑L

n=1(2
n−1Cn−1

NT
) candidate

vectors if the first L cases in equation (14) are considered.

3.4 QPSK signal (4-QAM)

Every element of xI has only two possible values ( d
2 and −d

2 )
if x is QPSK modulated signal since every point in QPSK
constellation is marginal. We can turn to its contrary po-
larity if the estimate xI(k) is not correct. Therefore, ∆I is
expressed as follows:

1 : ∆I = 0
2 : ∆I = 2[l1xI(1), l2xI(2), · · · , lNT xI(NT )]

T

li ∈ {0, 1},∑NT
i=1 li = 1

3 : ∆I = 2[l1xI(1), l2xI(2), · · · , lNT xI(NT )]
T

li ∈ {0, 1},∑NT
i=1 li = 2

· · · · · · · · · · · ·
NT +1 : ∆I = 2[l1xI(1), l2xI(2), · · · , lNT xI(NT )]

T

li ∈ {0, 1},∑NT
i=1 li = NT

(15)
One should note that there are Cn−1

NT
candidate vectors for

case n. Since p0 ≫ p1 > p2 > · · · > pNT , significant im-
provement can be achieved by considering only the first
two (L = 2) or three (L = 3) cases, which correspond to
C0

NT
+C1

NT
candidate vectors or C0

NT
+C1

NT
+C2

NT
candidate

vectors. We have ∑L
n=1(C

n−1
NT

) candidate vectors if the first L
cases in equation (15) are considered.

3.5 Computation of candidate vectors

The candidate vectors are given by formula (12), however, it
is time consuming to repeat the matrix multiplication in for-
mula (8). It is necessary to optimize the structure of formula
(8). Combining formula (8) and (6), we have:

x̂R−E =m+M∆I (16)

where M =CEMMSE [ jHT − jHH ]T , m =CEMMSE [(y−
jHxI)

T (y∗+ jH∗xI)
T ]T . For the M-QAM (M > 4) sig-

nals, ∆I has the general form:

∆I = [l1d, l2d, · · · , lNT d]T (17)
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Figure 1: Comparison of complexity order between FSD
(M

√
NT ) and proposed algorithm (2NT )

where li ∈ {1, − 1, 0}. Equation (16) can be written as
follows:

x̂R−E =m+d
NT

∑
i=1

[M(:, i)li] (18)

In case of QPSK signal, ∆I can be expressed as follows:

∆I = [2l1xI(1), 2l2xI(2), · · · , 2lNT xI(NT )]
T (19)

x̂R−E =m+
NT

∑
i=1

2[M(:, i)lixI(i)] (20)

where li ∈ {1, 0}. The candidate vectors can be calculated
according to equation (12). Thus time-consuming matrix
multiplication in formula (8) is replaced by simple addition.
Efficiency of computation is improved.

4. COMPLEXITY ANALYSIS

The complexity of the proposed algorithm mainly lies in the
computation of matrix inverse at each layer and the likeli-
hood test among the candidate vectors. To compare its com-
plexity with FSD, we can only consider the number of can-
didate vectors. Because FSD should also calculate the ma-
trix inverse at each level to determine its detection order.
As discussed in section 3.3 and 3.4, L = NT + 1 if all cases
are considered. We have ∑NT+1

n=1 (2n−1Cn−1
NT

) = 3NT candi-
date vectors for the detection of M-QAM signal (M>4), and
∑NT+1

n=1 (Cn−1
NT

) = 2NT for the detection of QPSK signal. The
upper bound of the complexity order is O(3NT ) and O(2NT ),
for the detector of M-QAM signal and QPSK signal, respec-
tively. It is independent of the scheme of modulation, and
is totally determined by transmitting antenna number NT .
One notes that lower bound on the average complexity of
sphere decoding has been shown to be exponential [16]. The-
oretically, FSD algorithm should maintain at the order of
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O(M
√

NT ) to achieve near ML detection [10]. Fig. 1 com-
pares the complexity between FSD and the proposed algo-
rithm with L = NT + 1. Fig. 1 shows that the complexity of
the proposed algorithm is lower than FSD when the number
of transmitting antennas NT is located in quite an applicable
interval, more accurately, NT ∈ [1,4] for QPSK signal and
NT ∈ [1,6] for 16-QAM signal. For 64-QAM signal, the pro-
posed algorithm always has much lower complexity in the
whole applicable interval of transmitting antenna number.

Practically, FSD is implemented as FSD(1, · · ·, M) for
simplicity, which means FSD(1, · · ·, M) has M candidates
vectors. The proposed algorithm (L = 2) has 1+NT candi-
date vectors for QPSK, and 1+2NT for M-QAM. It is easy to
verify that the proposed algorithm (L = 2) still has less can-
didate vectors than FSD(1, · · ·, M) when NT ≤ 7 (or NT ≤ 31,
respectively) for 16-QAM signal (or 64-QAM, respectively),
as shown in Fig. 2.

5. SIMULATION RESULTS

The SER (Symbol Error Rate) performance of the proposed
algorithm has been examined by means of the Monte-Carlo
simulation. The simulated MIMO systems are V-Blast sys-
tems. In addition, SNR is defined as SNR = PNT/σ2 and, in
the figures of this paper, SNR is represented by dB. Fig. 3 is
obtained based on a QPSK 3×3 system. It shows that there
are little distinctions among the performance curves includ-
ing ML, FSD(1, · · ·, M) and the proposed algorithm (L = 2,
L = 3 and L = 4). Fig. 4 simulates a 3×4 16-QAM system,
we can observe that the SER curves are almost overlapped
by one another. Although the better SER performance can
be achieved with larger L theoretically, different values of L
make only a little difference in performance, especially be-
tween L = NT + 1 and L = NT . However, one should note
that L = NT has 2NT less candidates vectors than L = NT +1
for 16-QAM or 64-QAM. Similar situation is showed by Fig.
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Figure 3: Performance comparison (QPSK, NT = NR = 3)

5 which is simulated based on a 64-QAM 4×5 system. For
L ∈ [1,NT + 1], L = 2 (or 3) is a preferred choice, because
the proposed algorithm with L = 2 (or L = 3 for 64QAM)
can achieve much less complexity than FSD(1, · · · , M) with
a little performance degradation.

6. CONCLUSION

Efficient detection algorithm of flexible computational com-
plexity for QAM MIMO system is proposed. The pro-
posed algorithm extends widely linear filtering to the cir-
cular signals (e.g. QAM, QPSK). It is shown that the pro-
posed algorithm (L = 2 or L = 3) has a ML-approaching
performance, and that its complexity is comparable with
FSD(1, · · · ,M) for QPSK signal, and lower than the corre-
sponding FSD(1, · · · ,M) algorithm for 16-QAM or 64-QAM
signal in quite an applicable interval of transmitting antenna
number. The application of the proposed algorithm is not
confined to QPSK or QAM signals, it is also effective in
the situation where other circular signals (e.g. PSK) are em-
ployed.
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ABSTRACT

In this paper we consider the problem of data-aided synchro-
nization in the up-link of a multiple access (MA) orthogonal
frequency division multiplexing (OFDM) system based on
offset quadrature amplitude modulation (OQAM). In particu-
lar, the joint maximum-likelihood (ML) phase offset, carrier-
frequency offset (CFO) and symbol timing (ST) estimator,
exploiting a short known preamble embedded in the burst
received from each of U users in multipath channel, is con-
sidered. Under the assumption that the CFO of each user is
sufficiently small, the considered approach leads to U differ-
ent approximate ML (AML) estimators; moreover, delays,
amplitudes and phase-offsets are jointly estimated for each
path. Specifically, the phase, amplitude and CFO estimators
are in closed form while the AML ST estimators require a
one-dimensional maximization procedure. The performance
of the proposed joint AML estimator is assessed via com-
puter simulations both in AWGN and multipath channel.

1. INTRODUCTION

In the last years, the interest for filter-bank multicarrier
(FBMC) systems is increased, since they provide high spec-
tral containment. Therefore, they have been taken into ac-
count for high-data-rate transmissions over both wired and
wireless frequency-selective channels. One of the most fa-
mous multicarrier modulation techniques is orthogonal fre-
quency division multiplexing (OFDM), embedded in several
standards such as digital audio and video broadcasting or Wi-
Fi wireless LANs IEEE 802.11a/g. Other known types of
FBMC systems are Filtered Multitone (FMT) systems, that
have been proposed for very high-speed digital subscriber
line standards [1] and are under investigation also for broad-
band wireless applications [2] and, moreover, OFDM based
on offset QAM modulation (OQAM) [3].

Unlike OFDM, OFDM/OQAM systems do not require
the presence of a cyclic prefix (CP) in order to combat the
effects of frequency selective channels. The absence of the
CP implies on the one hand the maximum spectral efficiency
and, on the other hand, an increased computational complex-
ity. However, since the subchannel filters are obtained by
complex modulation of a single filter, efficient polyphase im-
plementations are possible. Another fundamental difference
between OFDM and OFDM/OQAM systems is the adoption
in the latter case of pulse shaping filters very well localized
in time and frequency [4].

This work was supported in part by the European Commission under
Project PHYDYAS (FP7-ICT-2007-1-211887).

OFDM/OQAM systems are more sensitive to synchro-
nization errors than single-carrier systems. In particular, the
presence of carrier frequency-offset (CFO) and symbol tim-
ing (ST, i.e., the delay of the first multipath component)
estimation errors can lead to a severe performance degra-
dation. For this reason, it is very important to derive ef-
ficient synchronization schemes. In the last years several
studies have been focused on blind or data-aided CFO and
ST estimation for OFDM/OQAM systems. For example,
in [5] the authors proposed a blind CFO estimator by ex-
ploiting the conjugate second-order cyclostationarity of the
transmitted OFDM/OQAM signal. The derived estimator as-
sures a satisfactory performance only when a large number of
OFDM/OQAM symbols is considered. The second-order cy-
clostationarity property of the OFDM/OQAM signal is also
exploited in [6] to obtain a blind joint CFO and ST estimator,
while in [7] both the conjugate and the unconjugate second-
order cyclostationarity of the OFDM/OQAM signal is used
to derive the joint maximum likelihood (ML) CFO and car-
rier phase estimator. Finally, in [8] a synchronization scheme
for data-aided ST and CFO estimation with robust acquisi-
tion properties in dispersive channels is developed. However,
all cited estimators suffer from the drawback that they cannot
be exploited in up-link FBMC communications. Moreover,
the estimator derived in [9] is proposed under the assumption
of additive white Gaussian noise (AWGN) channel.

In this paper we consider the problem of data-aided
synchronization in the up-link of a multiple access (MA)
OFDM/OQAM system. In particular, the joint ML phase off-
set, CFO and ST estimator exploiting a short known pream-
ble embedded in the burst received from each of U users is
considered. The paper extends the results in [9] since the esti-
mation procedure is derived according to a multipath channel
model. Specifically, under the assumption that the CFO of
each user is sufficiently small, the considered approach leads
to U different approximate ML (AML) estimators; moreover,
delays, amplitudes and phase-offsets are jointly estimated for
each path. In particular, the phase, amplitude and CFO esti-
mators are in closed form while the AML ST estimators re-
quire a one-dimensional maximization procedure. The pro-
posed joint estimator, derived with reference to the more hos-
tile uplink scenario, admits as special case the joint estimator
proposed in [10] for the downlink scenario. The performance
of the proposed joint AML estimator is assessed via com-
puter simulations and compared with that achieved by the
joint AML estimator proposed in [9]. The paper is organized
as follows. In Section II the OFDM/OQAM system model is
described. In Section III the proposed data-aided estimator is
described. In Section IV the performance analysis obtained
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by computer simulations is presented and discussed. Finally,
conclusions are drawn in Section V.

Notation: j
△
=
√
−1, superscript (·)∗ denotes the complex

conjugation, ℜ[·] real part, | · | absolute value, (·)T transpose
and ∠[·] the argument of a complex number in [−π,π). Fi-
nally, lower case boldface symbols indicate column vectors.

2. SYSTEM MODEL

Let us consider an MA OFDM/OQAM system with U users
and N subcarriers. The received signal in the up-link of
a multipath channel with Nc paths, when the information-
bearing signal of the m−th user sm(t) presents a timing off-
set τm,i over the i-th path (of gain γm,i), a CFO normalized
to subcarrier spacing ϵm = ∆fmT and a carrier phase offset
ϕm, can be written as

r(t) =
U

∑
m=1

ej2π∆fmt
Nc

∑
i=1

γm,ie
jϕm,ism(t− τm,i)+n(t) (1)

where n(t) is a zero-mean complex-valued white Gaussian
noise process with independent real and imaginary part, each
with two-sided power spectral density N0. The received sig-
nal r(t) is filtered with an ideal low-pass filter with a band-
width of 1/Ts, where Ts denotes the sampling period. The
sampled signal sm(kTs) is equal to

sm(kTs) =

√
Nu

2Nm

[
sRm(kTs)+ jsIm(kTs)

]
(2)

with

sRm(kTs) =
S−1

∑
p=0

∑
ℓ∈Am

aRp,ℓe
jℓ( 2π

N k+π
2 )g(kTs−pT ) (3)

sIm(kTs) =
S−1

∑
p=0

∑
ℓ∈Am

aIp,ℓe
jℓ( 2π

N k+π
2 )g (kTs−T/2−pT )

(4)
where T = NTs is the OFDM/OQAM symbol interval and
S denotes the number of information-bearing symbols in
the burst. In (3) and (4) Am is the set of subcarriers of
size Nm allocated to the m−th user, Nu is the number of
active subcarriers, the sequences aRp,ℓ and aIp,ℓ indicate the
real and imaginary part of the complex data symbols trans-
mitted on the ℓth subcarrier during the pth OFDM/OQAM
symbol, while g(t) is the real transmitted pulse-shaping fil-
ter. Finally, we assume that the different delays of the paths
of each multipath channel τm,i are sufficiently separated
(|τm,i1 − τm,i2 |> στ ) so that they can be resolved by means
of the available samples.

3. JOINT SYMBOL TIMING AND CFO
ESTIMATOR

In this section we consider the problem of data-aided syn-
chronization in the up-link of an MA OFDM-OQAM system
transmitting over multipath channel. In particular, we derive
the joint ML ST, CFO and phase-offset estimator exploiting
a short known preamble embedded in the burst received from
each of the U users. Specifically, the known preamble of the

mth user, is given by

zm(kTs) =

√
Nu

2Nm

L−1

∑
p=0

∑
ℓ∈Am

ejℓ[
2π
T kTs+

π
2 ]

×
[
aRp,ℓg (kTs−pT )+jaIp,ℓg

(
kTs−pT −T

/
2
)] (5)

where aRp,ℓ, a
I
p,ℓ, 0≤ p≤L−1, ℓ∈Am, denote the known pi-

lot symbols of the m-th user. By considering an observations
window of total length Nη containing the non-zero support
of the preamble received from each user, the log-likelihood
function in multipath channel for the unknown parameters
ϵm, τm,i, γm,i and ϕm,i, m = 1, . . . ,U , and i = 1, . . . ,Nc is
given by (up to an irrelevant multiplicative factor)

logΛ
(
γ̃, ϕ̃, τ̃ , ε̃

)

=−
Nη−1

∑
k=0

∣∣∣∣∣r(kTs)−
U

∑
m=1

ej
2π
N ε̃mk

Nc

∑
i=1

γ̃m,ie
jϕ̃m,iz

τ̃m,i
m (kTs)

∣∣∣∣∣
2

(6)

where γ̃
△
= [γ̃T

1 . . . γ̃T
U ]

T , γ̃m
△
= [γ̃m,1 . . . γ̃m,Nc ]

T , ϕ̃
△
=

[ϕ̃
T

1 . . . ϕ̃
T

U ]
T , ϕ̃m

△
= [ϕ̃m,1 . . . ϕ̃m,Nc ]

T , τ̃
△
= [τ̃T

1 . . . τ̃T
U ]

T ,

τ̃m
△
= [τ̃m,1 . . . τ̃m,Nc ]

T , ε̃
△
= [ε̃1 . . . ε̃U ]

T ,

zτm(kTs)
△
= zm(kTs− τ)

=

√
Nu

2Nm

L−1

∑
p=0

∑
ℓ∈Am

ejℓ[
2π
T (kTs−τ)+π

2 ]

×
[
aRp,ℓg (kTs−pT − τ)

+jaIp,ℓg
(
kTs−pT −T

/
2− τ

)]
(7)

and the notation of the type x̃ indicates trial value of x.
By replacing (7) in (6) and dropping irrelevant multi-

plicative and additive factors the log-likelihood function re-
sults to be equivalent to

λ
(
γ̃, ϕ̃, τ̃ , ε̃

)
=


2
ηN−1

∑
k=0

ℜ{r(kTs)r
∗
I(k)}︸ ︷︷ ︸

△
=A

−
ηN−1

∑
k=0

|rI(k)|2︸ ︷︷ ︸
△
=B


(8)

where

rI(k)
△
=

U

∑
m=1

ej
2π
N ε̃mk

Nc

∑
i=1

γ̃m,ie
jϕ̃m,izm(kTs− τ̃m,i). (9)

The term B in (8) can be easily re-written as

B =
U

∑
m1,m2=1

Nc

∑
i1,i2=1

γ̃m1,i1 γ̃m2,i2e
j(ϕ̃m1,i1−ϕ̃m2,i2 )C (10)
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with

C
△
=
ηN−1

∑
k=0

ej
2π
N (ε̃m1−ε̃m2 )kzm1(kTs− τ̃m1,i1)z

∗
m2

(kTs− τ̃m2,i2).

(11)
Two approximations are considered now. The first approxi-
mation consists in noticing that C ≃ 0 for m1 ̸= m2: it de-
rives from the fact that the scalar product among the signals
of two different users can be neglected since they are prac-
tically separated in frequency (the small offsets ∆fm1 and
∆fm2 are not able to introduce significant frequency overlap-
ping). The second approximation consists in noticing that
C ≃ 0 for i1 ̸= i2, i.e., also the different delays of the same
user are considered able to produce orthogonal signals since
they are assumed to be sufficiently wideband. Here the as-
sumption |τm,i1 −τm,i2 |>στ for i1 ̸= i2 is crucial. By using
these two approximations, the term B is independent of the
frequency offsets ε̃m and of the phases ϕ̃m,i:

B ≃
U

∑
m=1

Nc

∑
i=1

γ̃2
m,i

ηN−1

∑
k=0

|zm(kTs− τ̃m,i)|2. (12)

Moreover, the term A in (8) can be easily re-written as

A=
U

∑
m=1

Nc

∑
i=1

ℜ
{
Zm(γ̃m,i, ϕ̃m,i, τ̃m,i, ε̃m)

}
(13)

with

Zm(γ,ϕ,τ,ε)
△
=

√
Nu

2Nm
γe−jϕcm(ε,τ) (14)

where

cm (ε,τ)
△
= ∑

ℓ∈Am

e−jℓπ2 ej
2π
T ℓτ

×
L−1

∑
p=0

[
aRp,ℓw

(ℓ)
p (ε,τ)− jaIp,ℓw

(ℓ)
p (ε,τ +T/2)

] (15)

with

w(ℓ)
p (ε,τ)

△
=

Nη−1

∑
k=0

r(kTs)e
−j 2π

N εke−j 2π
N kℓg(kTs− τ −pT ).

(16)
In order to approximate the term A in (13 ), let us assume
that

e−j 2π
N εkg(kTs)≃ g(kTs) (17)

which holds provided that the CFO of each user is suffi-
ciently small:

e−j 2π
N εk ≃ 1 ∀k ∈ {0,1, . . . ,ρN} (18)

where ρNTs = ρT is the length of the prototype filter g(t).
From (16) and (17) it follows that

w(ℓ)
p (ε,τ)≃ e−j2πεpe−j 2π

N εθw(ℓ)
p (0, τ). (19)

Analogously, under the same assumption (17), it follows that

w(ℓ)
p

(
ε,τ +

T

2

)
≃ e−j2πε(p+ 1

2 )e−j 2π
N εθw(ℓ)

p

(
0, τ +

T

2

)
.

(20)

From (15), (19), and (20), it follows that, for L= 1,

cm(ε,τ)≃ e−j 2π
N εθ

{
Pm(τ)+e−jπεQm(τ)

}
(21)

with

Pm(τ)
△
= ∑

ℓ∈Am

e−j π
2 ℓej

2π
T ℓτaR0,ℓw

(ℓ)
0 (0, τ) (22)

and

Qm(τ)
△
= ∑

ℓ∈Am

e−j π
2 (ℓ+1)ej

2π
T ℓτaI0,ℓw

(ℓ)
0 (0, τ +T/2). (23)

Using the approximation (12) for B, (8) can be re-written as

U

∑
m=1

Nc

∑
i=1

{
bℜ

{
γ̃m,ie

−jϕ̃m,icm(ε̃m, τ̃m,i)
}
− γ̃2

m,idm(τ̃m,i)
}

(24)

with b
△
= 2

√
Nu

2Nm
, dm(τ)

△
= ∑ηN−1

k=0 |zm(kTs − τ)|2. It fol-
lows that the approximate maximum-likelihood estimates
(denoted with the superscript (AML)) are

ϕ
(AML)
m,i = ∠cm(ε(AML)

m , τ
(AML)
m,i ) (25)

γ
(AML)
m,i =

√
Nu

2Nm

|cm(ε
(AML)
m , τ

(AML)
m,i )|

dm(τ
(AML)
m,i )

(26)

and

(τ (AML)
m ,ε(AML)

m ) = arg max
τ̃m,ε̃m

Nc

∑
i=1

|cm(ε̃m, τ̃m,i)|2

dm(τ̃m,i)
.(27)

Using the approximation (21) in (27) it follows that

ε(AML)
m =

1
π
∠

Nc

∑
i=1

P (d)∗
m (τ

(AML)
m,i )Q(d)

m (τ
(AML)
m,i ) (28)

and

τ (AML)
m =argmax

τ̃m

{ Nc

∑
i=1

[
|P (d)

m (τ̃m,i)|2 + |Q(d)
m (τ̃m,i)|2

]
+ 2

∣∣∣∣∣Nc

∑
i=1

P (d)
m (τ̃m,i)Q

(d)∗
m (τ̃m,i)

∣∣∣∣∣
}

(29)

with

P (d)
m (τ)

△
=

Pm(τ)

dm(τ)
Q(d)

m (τ)
△
=

Qm(τ)

dm(τ)
. (30)

We can see the overall estimation using (28) as an averag-
ing over the different estimations according to the strength
of each path. Consequently, if the considered paths are suf-
ficiently strong the phase term ∠P (d)∗

m (τ̃m,i)Q
(d)
m (τ̃m,i) is

practically independent of i and, then,∣∣∣∣∣Nc

∑
i=1

P (d)
m (τ̃m,i)Q

(d)∗
m (τ̃m,i)

∣∣∣∣∣≃ Nc

∑
i=1

∣∣∣P (d)
m (τ̃m,i)Q

(d)∗
m (τ̃m,i)

∣∣∣ .
(31)
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Figure 1: Performance of the proposed AML symbol timing
estimator in AWGN and multipath channel.

Note that if in addition to the considered strong paths, also
weaker paths are accounted for, the approximation (31) is
still valid due to the contained contribution to the sum in the
left hand side of (31 ). Hence, (29) becomes

τ (AML)
m = argmax

τ̃m

Nc

∑
i=1

{
|P (d)

m (τ̃m,i)|+ |Q(d)
m (τ̃m,i)|

}2
.

(32)
Under the assumption |τm,i1 − τm,i2 | > στ , where στ is re-
lated to the behavior of the functions |P (d)

m (·)| and |Q(d)
m (·)|,

the values of the delays τ
(AML)
m,i are the local maxima of

|P (d)
m (·)| + |Q(d)

m (·)|, and, finally, the ST is the smallest
among the estimated delays.
Note that the computational complexity of the proposed
method is linear with Nc in (28) while it is practically in-
dependent of Nc in delay estimation.

4. NUMERICAL RESULTS AND COMPARISONS

In this section the performance of the proposed joint AML
estimator in (28) and (32) is assessed via computer sim-
ulations. A number of 500 Monte Carlo trials has been
performed under the following conditions (unless otherwise
stated)
1. The considered MA OFDM/OQAM system has a band-

width B = 1/Ts = 44.8 MHz and a total number of sub-
carriers N = 1024.

2. The data symbols aRp,l and aIp,l are the real and imaginary
part of QPSK symbols.

3. The number of users is U = 4 each with Nm =Nu/4 =
228 active subcarriers.

4. The length of the considered prototype filter [11], de-
signed with the frequency sampling technique, is ρN
where the overlap parameter ρ= 4.
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Figure 2: Performance of the proposed AML CFO estimator
in AWGN and multipath channel.

5. The value of Eb/N0 for users 2,3, and 4 has been fixed at
Eb/N0 = 16 dB. Moreover, their carrier phase, CFO and
ST (assumed to be an integer multiple of the sampling pe-
riod Ts) are uniformly distributed in [−π,π), [−0.5,0.5)
and {−TsN/2,TsN/2−1}, respectively.

6. The length of the training sequence is L = 1
OFDM/OQAM symbol; moreover, to reduce the interfer-
ence due to the data symbols, the useful data in the whole
burst is delayed with respect to the preamble of the burst
by one OFDM/OQAM symbol interval.

7. The considered multipath channel model is the ITU Ve-
hicular A [12], which has six multipaths with differential
delays 0, 0.31, 0.71, 1.09, 1.73 and 2.51 µs and relative
power 0, -1, -9, -10, -15, and −20 dB. Moreover, the
channel is fixed in each run but it is independent from
one run to another.

8. Blockwise allocation scheme is adopted.
Note that although the proposed estimator has been derived
by considering only the preamble of each user, in the simula-
tions the burst of each user contains the exploited preamble
and the information bearing data.

In the simulations we have tested the performance of the
derived joint estimators with reference to the two choices:
Nc = 1 and Nc = 2. Note that the choice Nc = 1 is equiv-
alent to the joint synchronization algorithm proposed in [9]
and, therefore, the two values of Nc are chosen in order to
appreciate the advantages of the proposed extension.

Figure 1 displays the root mean square error (RMSE)
(normalized to the OFDM/OQAM interval T ) of the AML
ST estimator for the first user as a function of Eb/N0. More-
over, Fig. 2 shows the RMSE (normalized to the intercar-
rier spacing 1/T ) of the AML CFO estimator for the first
user. The results show that the proposed estimators exploit-
ing Nc = 2 paths outperforms the previously derived estima-
tors almost in the whole range of Eb/N0 values. Note that in
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Figure 3: BER of the proposed joint estimator in multipath
channel.

Fig. 1 is not reported the curve for AWGN since perfect ST
estimates were obtained in all the performed simulation runs.

Finally, Fig. 3 reports the bit error rate (BER) obtained
in multipath channel by exploiting the proposed joint AML
algorithm and a one-tap equalizer with perfect knowledge of
the channel and of the residual timing offset. Moreover, in or-
der to appreciate the advantages of the proposed algorithms,
we have not compensated at all the residual frequency offset
error; however, to avoid to underestimate the performance of
the actual receiver, we have evaluated by computer simula-
tion the bit-error rate only on the sixth transmitted multicar-
rier symbol of the burst of the first user. Note that since 500
Monte Carlo trials have been performed, the BER has been
estimated using 2×Nm×500 = 228×103 bits. The results
show that in the considered scenario the proposed algorithm
with the choice Nc = 2 can assure a reduced BER in compar-
ison to the case Nc = 1 and, moreover, the obtained BER is
nearly equal to that achieved in the case of perfect synchro-
nization for moderate and high values of Eb

N0
.

5. CONCLUSIONS

In this paper we have dealt with the problem of data-aided
synchronization for MA OFDM/OQAM systems. In partic-
ular, we have extended to the case of multipath channel the
joint ML estimator for the phase offset, the CFO and the ST
of each of U users derived in [9]. The extension has pre-
served the nice properties of the estimators in [9]; in particu-
lar, when the CFO of each user is sufficiently small, the de-
rived approach leads to U different AML joint phase offset,
CFO and ST estimators. More specifically, for each user the
phase estimate and the CFO estimate are in closed form while
ST estimate requires a one-dimensional maximization proce-
dure. The performance of the proposed AML joint estimator
has been assessed via computer simulations. The numeri-

cal results have shown that with only one training symbol
(and the data burst delayed by one OFDM/OQAM symbol
with respect to the preamble), the adoption of the proposed
extension assures a contained performance degradation also
when the frequency-domain processing devoted to the resid-
ual CFO compensation is limited.
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ABSTRACT
In this paper, we propose a deterministic tensor-based approach for
joint channel and symbol estimation in the context of multiuser
multiantenna (MIMO) CDMA communication systems. We use a
new nonlinear (NL) coding allowing to obtain a third-order block-
Tucker2 model for the signals received by multiple receive anten-
nas, with a constrained structure for the core tensors that ensures
the uniqueness of the tensor model. Two types of receiver are de-
veloped. First, assuming that the users’ code matrices are mutually
orthogonal and known at the receiver, we derive a blind algorithm
composed of two steps: a separation of users’ contributions in the
received signals, with decoding, followed by a blind channel and
symbol estimation for each user separately. Then, when the code
matrices are unknown, a semi-blind receiver is proposed for jointly
estimating the channels, codes and symbols of all the users. Some
simulation results are provided to illustrate the performance of the
proposed receivers.

1. INTRODUCTION

Since the pioneering work of Sidiropoulos, Giannakis and Bro in
the context of direct sequence code-division multiple access (DS-
CDMA) communication systems [11] and sensor array process-
ing [10], tensor models have found numerous applications in im-
age and signal processing (SP). The parallel factor (PARAFAC)
model, also called canonical decomposition (CANDECOMP), in-
dependently introduced by Harshman [8] and Carroll and Chang
[1] for data analysis in phonetics and psychometrics, respectively,
and the Tucker model [12] are the most used tensor models for ap-
plications.

In this paper, we consider a Tucker model as a mode-n product-
based transformation of an input tensor corresponding to the core
tensor. Such a transformation is applied for modeling a multiuser
multiantenna (MIMO) CDMA communication system, with a non-
linear (NL) coding that allows us to build a constrained structure
third-order input tensor associated with each user. These input ten-
sors are characterized by two types of matrix slices having a Van-
dermonde form whereas the third one has an Hankel structure. Due
to this constrained structure of the core tensors, the block-Tucker2
model of the tensor of signals received by multiple receive anten-
nas, is unique. Considering the uplink of a cooperative multiuser
CDMA communication system, with users’ code matrices assumed
to be mutually orthogonal and known at the base station, we derive a
blind tensor-based solution for channel and symbol estimation. This
solution is composed of two steps: a separation of users’ contribu-
tions in the received signals, with decoding, followed by a blind
channel and symbol estimation for each user separately. Then, in
the case of unknown codes, we propose a semi-blind receiver for
jointly estimating the channels, codes and symbols of all the users.

The rest of this paper is organized as follows. Section 2
provides some tensor prerequisites. In section 3, we introduce
the constrained block-Tucker2 model of the signals received by
a MIMO NL-CDMA system. In section 4, assuming that the
NL spreading codes are known at the receiver, we derive a blind
algorithm for channel and symbol estimation. The case of unknown
codes is considered in section 5 where a semi-blind receiver is

proposed for jointly estimating the channels, codes and symbols of
all the users. Some simulation results are presented in section 6, to
illustrate the performance of the proposed tensor-based receivers,
before concluding the paper in section 7.

Notations: C denotes the field of complex numbers.Vectors are
written as bold-face lower-case letters (u,v, . . .), matrices as
bold-face capital letters (U,V, . . .), and higher-order tensors as
blackboard letters (U,V · · ·). UT , U∗, UH and U† stand for trans-
pose, conjugate, transconjugate and Moore-Penrose pseudoinverse
of U, respectively. We denote by Ui. and U. j the ith row and
the jth column of the (I× J) matrix U, respectively. The scalars
ui, ui j and ui1···iN denote the ith element of u, the (i, j)th element
of U and the (i1, · · · , iN)th element of U, respectively. In is the
identity matrix of order n and ‖.‖F is the Frobenius norm. The
outer product and the Kronecker product are denoted by ◦ and ⊗,
respectively. The operator vec(.) forms a vector by stacking the
columns of its matrix argument.

For A ∈ C I×P, B ∈ C J×Q and C ∈ C P×Q, we have:

vec
(
ACBT

)
= (B⊗A)vec(C) (1)

2. TENSOR PREREQUISITES

For an Nth-order tensor U ∈ C I1×I2×···×IN , also called N-way ar-
ray, of dimensions I1× I2×·· ·× IN , with entries ui1···iN ∈ C (in =
1,2, · · · , In, for n = 1,2, · · · ,N), each index in is associated with a
way, also called a mode, and In is the mode-n dimension.
In the case of a third-order tensor U ∈ C I×J×K , we have three types
of matrix slices, respectively called horizontal, lateral and frontal
slices, and denoted by Ui.., U. j. and U..k, of respective dimensions
K× J, I×K and J× I.

By column-wise stacking the matrix slices of a same type, we get
the three following horizontal matrix unfoldings:

U1 = [U.1. · · ·U.J.] ∈ C I×JK (2)

U2 = [U..1 · · ·U..K ] ∈ C J×KI (3)

U3 = [U1.. · · ·UI..] ∈ C K×IJ (4)

The mode-n product of a tensor U ∈ C I1×···×IN of order N with a
matrix A∈C Jn×In , denoted by V = U×n A, gives a tensor of order
N and dimensions I1×·· ·× In−1× Jn× In+1×·· ·× IN such as [2]:

vi1···in−1 jnin+1···iN =
In

∑
in=1

ui1···in−1inin+1···iN a jnin (5)

This mode-n product can be expressed in terms of horizontal mode-
n matrix unfoldings of tensors U and V as:

Vn = AUn (6)
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For a third-order tensor U ∈ C I×J×K , the Tucker model is given by:

ui jk =
P

∑
p=1

Q

∑
q=1

R

∑
r=1

gpqraipb jqckr (7)

where gpqr is an element of the core tensor G ∈ C P×Q×R, and aip,
b jq and ckr are entries of the matrix factors A ∈ C I×P, B ∈ C J×Q

and C ∈ C K×R, respectively.

It can also be written in terms of mode-n products as:

U = G×1 A×2 B×3 C (8)

The tensor model (7)-(8) is also called a Tucker3 model. When one
(two) of the matrix factors (A,B,C) is (are) an identity matrix, it
is called a Tucker2 (Tucker1) model.

The Tucker model (8) can be interpreted as mode-n product-based
transformations (n = 1,2,3) of the core tensor, i.e. linear trans-
formations defined by the matrices A, B and C, applied to each
mode-n vector space of the core tensor. In this case, the core tensor
and the transformed tensor will be called input tensor and output
tensor, respectively.

3. SIGNAL TENSOR MODELS

We now illustrate the mode-n product-based transformation intro-
duced in the previous section, for modeling the signals received
by a MIMO NL-CDMA communication system, composed of a
linear and uniformly spaced array of M antennas (m = 1, · · · ,M)
receiving signals from Q users (q = 1, · · · ,Q).

Let us define the third-order NL input signal tensor U(q)(n) ∈
C I×J×K for each user q, with the following entry:

u(q)
i jk (n) =

[
u(q)(nK− i− k +2)

] j
(9)

where u(q)(nK) is the symbol transmitted by the qth user, at the
symbol period nK, with i = 1, · · · , I, j = 1, · · · ,J, k = 1, · · · ,K, and
n represents the output data block number. The dimensions I, J and
K represent, respectively, the channel memory expressed in symbol
periods, the code nonlinearity degree and the output data block
length. The three corresponding modes will be called recurrence
mode (i), nonlinearity mode ( j) and time mode (k). The different
user sequences are assumed to be synchronized at the symbol level.

From definition (9), we can deduce that the horizontal and frontal
slices have a Vandermonde structure, whereas the lateral slices
have a Hankel form.

Let us assume that, at the pth chip period of the nth symbol period,
user q transmits the following nonlinearly coded signal:

v(q)
p (n) =

J

∑
j=1

b(q)
p j

[
u(q)(n)

] j
(10)

where b(q)
p j is an entry of the code matrix B(q) ∈ C P×J .

The transformed input tensor V(q)(n)∈C I×P×K , called coded input
tensor, can therefore be written as:

V(q)(n) = U(q)(n)×2 B(q) (11)

or equivalently

v(q)
ipk(n) = v(q)

p (nK− i− k +2) =
J

∑
j=1

u(q)
i jk (n)b(q)

p j

In our work, we make the following assumptions :
A1 In section 4, the code matrices B(q) ∈ C P×J are column-

orthonormal and mutually orthogonal, which implies P≥ JQ.
A2 The channel between user q and antenna m is modeled as a

FIR filter, time invariant over NK symbol periods, with impulse
response a(q)

mi and memory I(q) at the symbol rate.
A3 The number Q of users, the spreading gain P (identical for all

users), and an upper bound I = max
q=1,··· ,Q

{
I(q)
}

on the memory

of all the channels are known by the receiver.
A4 The baseband signals received by each antenna are sampled at

the chip rate.

The pth signal received by antenna m from user q, associated with
the (nK − k + 1)th symbol period, is given, in the noiseless case,
by:

y(q)
mpk(n) = y(q)

m (nK− k +1+(p−1)/P)

=
I

∑
i=1

a(q)
mi v(q)

p (nK− i− k +2)

=
I

∑
i=1

v(q)
ipk(n)a(q)

mi

The transformed tensor Y(q)(n) ∈ C M×P×K contains the signals re-
ceived by the M antennas, during K symbol periods of the nth block,
with P oversamples/symbol, corresponding to the contribution of
the qth user. It can be written as:

Y(q)(n) = V(q)(n)×1 A(q) (12)

Replacing V(q)(n) by its expression (11) into (12) gives:

Y(q)(n) = U(q)(n)×1 A(q)×2 B(q) (13)

or equivalently, in scalar form:

y(q)
mpk(n) =

I

∑
i=1

J

∑
j=1

u(q)
i jk (n)a(q)

mi b(q)
p j (14)

By comparing (13) with (8), we deduce that the received signal
tensor Y(q)(n) satisfies a Tucker2 model with matrix factors(
A(q),B(q),IK

)
and core tensor U(q)(n).

The overall received signal tensor is the sum of the received signal
tensors Y(q)(n), i.e.:

Y(n) =
Q

∑
q=1

U(q)(n)×1 A(q)×2 B(q) +N(n) (15)

where N(n) ∈ C M×P×K represents the additive noise tensor,
including both measurement noise and modeling error.

We have to notice that the input signal tensors U(q)(n) and
the received signal tensor Y(n) are both characterized by three
diversities corresponding to the modes of each tensor : recurrence
(i), input nonlinearity ( j), and time (k) for U(q)(n), and space (m),
code (p), time (k) for Y(n).

Remarks:
1. Due to the constrained structure of the core tensor U(q)(n) and

of two matrix factors
(
B(q) and IK

)
, it is easy to deduce the

uniqueness of the Tucker2 model (13) and consequently of the
block-Tucker2 model (15). This model can also be viewed as a
constrained version of the decomposition in rank-(I, J, *) terms,
introduced in [7].
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2. For I = J = K = 1,which corresponds to the case of a memory-
less channel and a linear coding, (14) simplifies as

y(q)
mnp = amqunqbpq

and the received signal tensor Y ∈ C M×N×P, in the noiseless
case, becomes:

ymnp =
Q

∑
q=1

amqunqbpq

This is the PARAFAC model for DS-CDMA sytems, proposed
in [11]. With this model, each user’s contribution to the received
signal is a rank-one tensor component.

4. BLIND CHANNEL AND SYMBOL ESTIMATION

In this section, we assume that the code matrices are mutually or-
thogonal and known at the receiver which gives, in the noiseless
case, for q ∈ {1, · · · ,Q}:

S(q)(n) = Y(n)×2

[
B(q)

]H
(16)

= U(q)(n)×1 A(q) ∈ C M×J×K (17)

This transformation (16) allows to simultaneously separate and
decode the information transmitted by the qth user. The resulting
decoded received signal tensor satisfies a Tucker1 model, two of its
factor matrices being equal to the identity matrices of order J and K.

The horizontal mode-1 unfolded matrix form of the tensor S(q)(n)
can be deduced from (6) :

S
(q)
1 (n) = A(q)U

(q)
1 (n) ∈ C M×JK (18)

In the sequel, we assume that U
(q)
1 (n) ∈ C I×JK is right-invertible,

i.e. full row-rank, which implies I ≤ JK.

Due to the column-block structure (2) of the horizontal matrix un-
foldings U

(q)
1 (n) and S

(q)
1 (n), (18) can be rewritten as:

S
(q)
. j. (n) = A(q)U

(q)
. j. (n), j = 1, · · · ,J (19)

To improve the symbol estimation, we take the redundancy and con-
strained structure of input tensors into account, i.e. the Hankel and
Vandermonde structures of their matrix slices. Instead of estimat-
ing the Hankel matrix U

(q)
. j. (n) ∈ C I×K , we estimate its generator

vector u(q, j)(n) ∈ C I+K−1 defined as:

u(q, j)(n) =
[(

u(q)(nK)
) j (

u(q)(nK−1)
) j
· · ·

(
u(q)((n−1)K− I +2)

) j
]T

(21)

Applying the vec operator to (19) and using the identity (1) with
B = IK , we get:

vec
(
S

(q)
. j. (n)

)
=
(
IK ⊗A(q)

)
vec
(
U

(q)
. j. (n)

)
j = 1, · · · ,J (22)

with

vec
(
U

(q)
. j. (n)

)
= Mu(q, j)(n) (23)

1. Randomly initialize Â
(q)
0 (1), q = 1, · · · ,Q and form M as de-

fined in (24).
2. For n = 1, · · · ,N, q = 1, · · · ,Q, it = 0:

(a) Compute the decoded signal tensor S(q)(n) using (16).
(b) Iterate until convergence (it = it +1)

i. Symbol estimation:

û
(q,1)
it (n) =

((
IK ⊗ Â

(q)
it−1(n)

)
M
)†

vec
(
S

(q)
.1. (n)

)
Improvement of the symbol estimation using the Van-
dermonde structure.

ii. Channel estimation:

Â
(q)
it (n) = S

(q)
1 (n)

[
Û

(q)
1,it(n)

]†
(20)

iii. Return to step 2b until convergence.
(c) Projection of the estimated symbols onto the alphabet used

by user q.
3. Return to step 2 until n = N.

Table 1: Blind channel and symbol estimation algorithm.

and

M =



II
... 0I×(K−1)

0I×1
... II

... 0I×(K−2)
...

...

0I×(K−2)
... II

... 0I×1

0I×(K−1)
... II


∈RIK×(I+K−1) (24)

where 0I×K denotes the null matrix of dimensions I×K.
Substituting (23) into (22) for j = 1 gives the following LS solution
for the generator vector:

û(q,1)(n) =
((

IK ⊗A(q)
)
M
)†

vec
(
S

(q)
.1. (n)

)
. (25)

It is also possible to take the Vandermonde structure into account
for improving the symbol estimation. Due to a lack of space, this
step is not detailed in the paper. An alternating least squares (ALS)
based solution for blind channel and symbol estimation is presented
in Table 1. This algorithm includes a projection of the estimated
symbols onto the alphabet used by each user.

5. SEMI-BLIND CHANNEL/CODE/SYMBOL
ESTIMATION

In this section, we present a semi-blind channel/code/symbol
estimation algorithm that can be applied when the code matrices
are unknown at the receiver. This algorithm is inspired from the
results in [9].

Let us define the tensors:

T(q)(n) = U(q)(n)×2 B(q) ∈ C I×P×K (26)

Noting that Y(q)(n) = T(q)(n)×1 A(q) = S(q)(n)×2 B(q), with
S(q)(n) defined in (17), and using (6), the horizontal mode-1 and
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-2 matrix unfoldings of Y(n), in the noiseless case, can be written
as:

Y1(n) =
Q

∑
q=1

Y
(q)
1 (n) = AT(n) ∈ C M×PK (27)

Y2(n) =
Q

∑
q=1

Y
(q)
2 (n) = BS(n) ∈ C P×KM (28)

with the following matrix partitionings:

A =
[
A(1) · · · A(Q)

]
B =

[
B(1) · · · B(Q)

]
(29)

T(n) =
[
T

(1)T

1 (n) · · · T(Q)T

1 (n)
]T

(30)

S(n) =
[
S

(1)T

2 (n) · · · S(Q)T

2 (n)
]T

(31)

We also consider the vertical mode-3 matrix unfolding of Y(n)
given by:

Y3(n) =

 Y.1.(n)
...

Y.P.(n)

= (B�A)U(n) ∈ C PM×K (32)

where � denotes the block column-wise Kronecker product:

B�A =
[
B(1)⊗A(1) · · · B(Q)⊗A(Q)

]
∈ C PM×QJI (33)

and

U(n) =


U

(1)
3 (n)

...
U

(Q)
3 (n)

 ∈ C QJI×K (34)

with

U
(q)
3 (n) =


U

(q)
.1. (n)

...
U

(q)
.J. (n)

 ∈ C JI×K (35)

In order to take the Hankel structure of each matrix slice U
(q)
. j. (n)

into account, we define the matrix G(n) ∈ C Q(I+K−1)×J that con-
tains all the generator vectors u(q, j)(n) defined in (21):

G(n) = [G.1(n) · · · G.J(n)] =

 G(1)(n)
...

G(Q)(n)

 (36)

with

G. j(n) =

 u(1, j)(n)
...

u(Q, j)(n)

 ∈ C Q(I+K−1)

G(q)(n) =
[
u(q,1)(n) · · · u(q,J)(n)

]
∈ C (I+K−1)×J

Decomposing M defined in (24) into K blocks as:

M =
[
M(1)T

· · · M(K)T
]T
∈ C IK×(I+K−1) (37)

we have:
vec(Y3(n)) = Du(n) (38)

where u(n) =


vec
(
G(1)(n)

)
...

vec
(
G(Q)(n)

)
 ∈ C QJ(I+K−1) contains all the

generator vectors u(q, j)(n), for q = 1, · · · ,Q, j = 1, · · · ,J, and

D =
[
D(1) · · · D(Q)

]
∈ C PMK×QJ(I+K−1) (39)

with:

D(q) =
(
IK ⊗

(
Bq)⊗A(q)

)) IJ⊗M(1)

...
IJ⊗M(K)

 (40)

The proposed semi-blind joint channel/code/symbol estimation al-
gorithm, summarized in Table 2, is derived by applying the ALS
technique to Eq (27), (28) and (38). We have the following nec-
essary conditions for identifiability: PK ≥ QI, KM ≥ QJ, and
PMK ≥ QJ(I +K−1).

1. Initialization (it = 0, n = 1): Randomly initialize Â
(q)
0 (1) and

B̂
(q)
0 (1), form Û(q)

0 (1) = U(q)(1), for q = 1, · · · ,Q and M de-
fined in (24).

2. Supervised phase (n = 1): joint channel and code estimation
using the first data tensor Y(1), associated with the known input
tensors U(q)(1) , q = 1, · · · ,Q, and a 2 step-ALS algorithm.

(a) Compute: T̂(q)
it (n) = Û(q)

it (n) ×2 B̂
(q)
it (n), Ŝ(q)

it (n) =

Û(q)
it (n)×1 Â

(q)
it (n), for q = 1, · · · ,Q and form T̂it(n) and

Ŝit(n) using (30) and (31).

Âit(n) = Y1(n)T̂†
it(n), B̂it(n) = Y2(n)Ŝ†

it(n). (41)

(b) Return to step 2a until convergence, with it = it +1.
3. Blind phase (n = n+1):

(a) Initialization (it = 0): Â
(q)
0 (n) = Â

(q)
∞ (n−1) and B̂

(q)
0 (n) =

B̂
(q)
∞ (n−1) where Â

(q)
∞ (n−1) and B̂

(q)
∞ (n−1) are the esti-

mated matrices obtained at convergence, for the data block
n−1.

(b) Symbol estimation: Compute Dit(n) using (39)-(40) with
A(q) and B(q) replaced by Â

(q)
it (n) and B̂

(q)
it (n).

ûit(n) = Dit(n)†vec(Y3(n)) (42)

Improvement of the symbol estimation using the Vander-
monde structure.

(c) Channel and code estimation using Eq.(41)
(d) Return to step 3b until convergence, with it = it +1.
(e) Projection of the estimated symbols onto the alphabet used

by each user.
(f) Return to step 3a with n = n+1 if n≤ N, otherwise stop.

Table 2: Semi-blind channel/code/symbol/estimation algorithm.

6. SIMULATION RESULTS

We now present some Monte Carlo simulation results to illustrate
the performance of the proposed receivers. The transmitted sym-
bols are 4-PSK modulated. The number of users and the channel
memory are Q = 2 and I = 3, respectively. The spreading codes
are first assumed to be known at the receiver, the code matrices
B(q) ∈ C P×J , q = 1, · · · ,Q, being Fourier matrices, with P = JQ,
in the blind case. In the semi-blind case, the components of the
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XXXXXXXXXM
SNR (dB)

0 10 20 30 40

2 16.23 11.20 11.92 11.49 15.58
3 4.38 1.68 3.17 0 0
4 1.25 0 0 0 0
5 0.82 0 0 0 0

Table 3: Blind receiver with known codes. SER versus SNR for
M ∈ {2,3,4,5} and J = 2.

PPPPPPPJ
SNR (dB)

0 10 20 30 40

1 64.25 65.10 65.82 67.21 69.23
2 4.38 1.68 3.17 0 0
3 3.46 5.50 5.19 5.77 5.77
4 4.59 0.05 8.70 10.65 11.88

Table 4: Blind receiver with known codes. SER versus SNR for
J ∈ {1,2,3,4} and M = 3.

code matrices are randomly generated from a 16-QAM alphabet
{1+2n+ j · (1+2k)|n,k =−2,−1,0,1}, with P = 4. The Monte
Carlo simulations were carried out with 10 different randomly
generated channel models, and 10 additive complex white Gaussian
noises for each model. The performance is evaluated in terms
of symbol error rate (SER). From these simulation results, we
can conclude that the nonlinear coding provides a very important
performance improvement.

Tables 3 and 4 show the SER obtained with the blind receiver for
{J = 2;M = 2,3,4,5} and {M = 3;J = 1,2,3,4}, after processing
of N = 20 blocks, each one corresponding to K = 10 transmitted
symbols per user. As expected, the SER decreases when the
antenna number increases, and it is quasi constant for a SNR
greater than 10 dB. The best compromise is obtained for J = 2 and
M = 3. Tables 5 and 6 show the SER obtained with the semi-blind
receiver for {J = 2;M = 2,3,4,5} and {M = 3;J = 1,2,3,4},
respectively. From these simulation results, we can conclude that
the proposed semi-blind receiver provides very good performance
with J = 2 and M = 3 for any SNR equal to or greater than 10 dB.

It is to be noticed that the SER was averaged over 65 % of the ex-
periments corresponding to the best SERs in the case of the blind
receiver, while it was averaged on all the Monte Carlo simulations
in the semi-blind case.

7. CONCLUSION

In this paper, a nonlinear coding has been proposed for MIMO
CDMA communication systems. Such a coding allows to define,
for each user, a third-order input tensor with a constrained struc-
ture such as two types of matrix slices have a Vandermonde form
whereas the third one has an Hankel structure. The received signals
tensor satisfies a constrained block-Tucker2 model that is unique.
Assuming that the users’ code matrices are mutually orthogonal and
known at the receiver, an ALS-based blind channel and symbol es-
timation method has been derived. Then, in the case of unknown
codes, a semi-blind receiver has been proposed for jointly estimat-
ing the channels, codes and symbols of all the users. Both the blind
and semi-blind solutions take the constrained structure of the core
tensors into account, which allows to get very good performances
in terms of symbol recovery, as illustrated by simulations.

Several perspectives of this work can be drawn, as for instance
the development of adaptive methods that take all the constrained
structure of the input tensors into account, i.e. both the Hankel and
Vandermonde structures. An optimization of the code matrices is
also a topic for future work. More general multiantenna/multicode
transmission and multipath propagation scenarii, recently intro-
duced for MIMO CDMA systems ([3], [4], [5], [6]) will be also

XXXXXXXXXM
SNR (dB)

0 10 20 30 40

2 40.91 1.34 0.03 0 0
3 16.14 0.20 0 0 0
4 9.20 0.09 0 0 0
5 4.36 0 0 0 0

Table 5: Semi-blind Receiver with code estimation. SER versus
SNR for M ∈ {2,3,4,5} and J = 2.

PPPPPPPJ
SNR (dB)

0 10 20 30 40

1 18.67 0.34 0 0 0
2 16.14 0.20 0 0 0
3 70.78 27.53 0.67 0.03 0
4 73.72 73.55 51.28 21.78 29.40

Table 6: Semi-blind receiver with code estimation. SER versus
SNR for J ∈ {1,2,3,4} and M = 3.

considered for MIMO NL-CDMA systems.
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ABSTRACT

As verified experimentally in literature, the performance of
the semi-blind cross-relation-based channel estimation may
suffer from significant degradation when the involved chan-
nels are ill-conditioned. In this paper, we investigate this
degradation and we introduce simple conditions for the train-
ing part in order to mitigate the problem. The suggested
training design is based on the minimization of the mean
square error of the estimation in a high SNR regime. The at-
tained performance is studied through analytical arguments
and verified via extensive simulations.

1. INTRODUCTION

An interesting problem in digital communications is the
blind and semiblind identification of finite impulse response
channels ([1], [2]). The methods that have been proposed for
the blind case, are based only on the received signals and, in
some cases, on statistical assumptions about the input and the
channels. The so-called semi-blind methods originate from
pure blind methods which are properly extended so as to in-
corporate a training part. This knowledge makes them more
robust with respect to problems that are frequently encoun-
tered in purely blind methods, such as over/under modeling
and existence of common roots ([3]).

Many of the methods that have been proposed in litera-
ture, formulate the problem using a multichannel model as in
Fig. 1. One of the seminal works was [4], where a blind iden-
tification method was suggested based on second order statis-
tics and the so-called Cross-Relation (CR) criterion. Later it
was proved that, for the two sub-channels case, the CR crite-
rion is equivalent to the subspace method [5]. Over the past
15 years, a number of results appeared in literature concern-
ing either the performance or the algorithmic aspects of the
CR method. Thus, in [6] asymptotic bounds for the normal-
ized mean squared error (MSE) were derived, while in [7]
approximate MSE expressions using perturbation theory and
the Cramer-Rao bound were suggested. In [8], the Karhunen-
Loeve expansion was used to improve the performance of the
method. Recently, a new blind CR based algorithm utilizing
orthogonal frequency division multiplexing has been devel-
oped in ([9]). Semi-blind versions of the CR-based blind
method were presented in several papers (see [10] and the
references therein). In [11], an efficient algorithm for semi-
blind channel estimation was proposed utilizing a parametric
model for the channel. Finally, in [3], identifiability condi-
tions for both the pure blind and the semi-blind case were
presented.

This work was supported by the 03ED838 research project, imple-
mented within the framework of the “Reinforcement Programme of Human

h1

h2

s(n)

y1(n)

y2(n)

Figure 1: A single-input, two-output system

If the identifiability conditions hold, the performance of
the CR method depends on whether or not the channels are
ill-conditioned. In [6], performance bounds were derived that
are related to the condition number of the involved channel
matrix. In [7], it was shown that the MSE may degrade con-
siderably if the sub-channels have relatively close zeros.

In this paper, we investigate a similar degradation that
was observed for the semi-blind case. It was shown in [12],
that the degradation of the channel estimation performance
in cases of ill-conditioned channels depends on the partic-
ular structure of the multichannel model. Here we further
investigate this issue and we suggest a simple MSE-based
training design methodology to mitigate the observed degra-
dation and make the CR method to perform acceptably even
in ill-conditioned cases.

In the following, bold capital and small letters denote ma-

trices and vectors, respectively. AT , A∗ and AH denote trans-
position, complex conjugation and conjugate transposition of
A. IN is the identity matrix of size N, Tr{A} is the trace of A,
‖.‖ is the 2-norm of a vector, E {.} denotes expectation over
the noise samples and ∗ denotes the operation of convolution.

In Section 2, a description of the problem and the afore-
mentioned channel degradation is provided. In Section 3, the
system model is presented and in Section 4 the equations for
the semi-blind cross relation estimation are given. Section 5
describes the procedure for the training design. In Section
6, experimental results are presented and, finally, Section 7
concludes the paper.

2. PROBLEM DESCRIPTION

In this paper, we are interested in communication systems
that can fit into a multichannel model with a single input and
two outputs (Fig. 1). Such a model is important if a (semi-
)blind method, utilizing second-order statistics, is to be used
and, actually, it is capable of describing many of the contem-
porary communication systems.

There are two distinct cases related to this model ([3]).
According to the first one, the transmitted signal passes

Research Manpower” (PENED) and co-financed by National and EC Funds.
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s(n)

y1(n)

y2(n)

(a) A two-antenna receiver (at symbol rate).

Ts(n)

y1(n)
S

R

D

T

s(n)

y2(n)
S

R

D

Phase I

Phase II

(b) A two-phase cooperative system (at symbol rate).

T/2

s(n)
y1(n)

y2(n)

(c) A single-antenna receiver (at double the symbol rate).

Figure 2: Examples of communication systems that can fit
into the multichannel model of Fig. 1.

through two (or more) different paths in space (so-called
“space” oversampling case). Some examples of the first case
are provided in Figs. 2(a), 2(b). Thus, for instance, the re-
ceiver of Fig. 2(a) has two antennas and fits naturally to the
multichannel model of Fig. 1. Another example comes from
cooperative communications where a source node S sends in-
formation to a destination node D and a relay node R assists
the transmission. In Fig. 2(b), S sends the signal s(n) to D
during the first phase and the relay forwards the same sig-
nal at the second phase. Obviously, the two received signals
constitute the upper and lower branches, respectively, of the
model of Fig. 1. Note that in the “space” oversampling case
the received signal is time-sampled at a symbol rate.

According to the second case, a single-antenna receiver
samples the received signal at a rate higher than the symbol
rate (e.g. by a factor of 2 in Fig. 2(c)). In this case (so-called
“time” oversampling case), the single output of the system is
split into two data streams that correspond to the outputs of
two different sub-channels to the same input signal s(n).

It is pointed out that, in the first case (i.e. multi-antenna
receivers and cooperative systems), the procedure of “time
oversampling’ can, also, be applied to each separate branch,
treating them as single-input and single-output systems. In
this case, the model of Fig. 1 is easily transformed to the
mixed model of Fig. 3 where, for instance, h1i’s (i = 1,2) are
the sub-channels of h1.

h11

h12s(n)

y11(n)

y12(n)

h21

h22

y21(n)

y22(n)

Figure 3: The multichannel model after “time” oversam-
pling.

Is is important to emphasize that the above mentioned
two cases, i.e. “space” and “time” oversampling, do not
exhibit the same performance under the same conditions.
This fact should be taken into account if both options are
possible for a particular application. Let us see this point
via a typical example. Let us assume that the involved
sub-channels (either “space” or “time” sub-channels) can be
modeled as multipath channels with distinct components, i.e.
hi(t) = ∑k ai,kg(t − τi,k), (i = 1,2), where ai,k’s are indepen-
dent random variables and τi,k is the delay introduced by the

kth path of the i− th sub-channel. The g(.) function is the
combination of the transmit and receive filters (e.g. a raised
cosine pulse).

In case of “space” oversampling, we have symbol rate
sampling (i.e. t = nT ) and therefore the sub-channels can
easily be written in the form hi = G(τ i)ai and can be thought
as uncorrelated if there is a sufficient antenna spacing. Ma-
trix G(τ i) contains as columns delayed and scaled versions
of the sampled g(.) function.

On the other hand, in case of “time” oversampling at in-
stances t1 = nT and t2 = nT +T/2, the sub-channels h1(nT )
and h2(nT + T/2) are created, respectively. These can also
be written in matrix form as h1 = G(τ1)a1 and h2 = G(τ2)a2.
Note however that now, since the sub-channels come from
“time” oversampling of the same channel impulse response,
we have τ2 = τ1 + T/2 and a1 = a2. Thus, the two sub-
channels are correlated and have a covariance matrix equal
to G(τ1)E {a1aH

1 }G(τ2)
H (i.e., their correlation is mainly re-

lated to the form of the pulse shaping function g(.)).
For the purely blind case, it was shown in [6] that the per-

formance is related to the condition number of the involved
channels’ matrix which, in turn, depends on the relation
among the sub-channels. The more related the sub-channels
are, the more degraded the performance is. For the semi-
blind case, a similar dependence was observed experimen-
tally for a cooperative communication system ([12]). Here,
we describe a simple training design procedure based on the
MSE at the high SNR regime in order to combat this degra-
dation. Moreover, a closed-form expression for the MSE is
derived which provides some intuition concerning different
aspects of the performance of the semi-blind method.

3. SYSTEM MODEL

In this section, the multichannel models of Figs. 1, 3 will be
described mathematically. Specifically, if the receiver sam-
ples the received signals at symbol rate (first case in Section
2), the input-output equations are

yi(n) = hH
i s(n)+wi(n), with i = 1,2. (1)

Alternatively, if the receiver oversamples the input sig-
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Figure 4: The blind CR criterion.

nals at a higher rate (e.g. by a factor of 2 - see second case in
Section 2), the input-output equations are

y1i(n) = hH
1is(n)+w1i(n), with i = 1,2, (2)

y2i(n) = hH
2is(n)+w2i(n), with i = 1,2. (3)

In the above equations

hH
j = [h∗j(0),h∗j(1) . . .h∗j(L−1)],

s(n) = [s(n),s(n−1) . . .s(n−L+1)]T

where j ∈ {i,1i,2i} and n = 0, . . . ,M + N − 1. The L and
w j(n) denote the channel length and the noise samples, re-
spectively. The latter are assumed independent and identi-
cally distributed zero mean complex Gaussian random vari-
ables with variance σ2. The first M outputs, i.e. n = 0 . . .M−
1, correspond to known input symbols (training part). The
blind part consists of the remaining N outputs. Finally, the
channels incorporate the transmit and receive filters as al-
ready explained.

4. SEMI-BLIND CR CHANNEL ESTIMATION

In the following, we focus on the input-output description of
the multichannel model as given in Eq. (1). The respective
derivation for Eqs. (2), (3) is straightforward and is omit-
ted. We will start with the noise-free case (i.e. wi(n) = 0 in
Eq. (1)).

The blind CR criterion is shown in Fig. 4. Specifically,
the criterion states that if y1 ∗w1 = y2 ∗w2, then w1 = ah2 and
w2 = ah1, where a is a constant. In matrix form, this criterion
can be written as

[ Y2 −Y1 ]

[

h1

h2

]

= 0, (4)

where

Yk =






yk(M +L−1) . . . yk(M)
yk(M +L) . . . yk(M +1)

. . . . . . . . .
yk(M +N −1) . . . yk(M +N −L)




 , k = 1,2

is a Toeplitz matrix. It is easily verified that in Yk the N
outputs yk(n), with n = M, . . . ,N + M − 1, are used for the
blind part. The training part, i.e. outputs yk(n) with n =
0, . . . ,M−1, can be written as

Sthk = zk, k = 1,2, (5)

where

St =






s(0) . . . s(−L+1)
s(1) . . . s(−L+2)
. . . . . . . . .

s(M−1) . . . s(M−L)






is a Toeplitz matrix constructed by M +L−1 known training
symbols and zk = [yk(0), . . . ,yk(M−1)]T .

Finally, Eqs. (4), (5) are merged together in a single ma-
trix form and a linear system of equations with the desired
channels as unknowns is derived. The corresponding relation
is the semi-blind CR based channel estimation ([11]) and is
given as

Y
︷ ︸︸ ︷
[

Y2 −Y1

St 0
0 St

]
h

︷ ︸︸ ︷
[

h1

h2

]

=

z
︷ ︸︸ ︷
[

0
z1

z2

]

. (6)

In Eq. (6), if noise is added, the relation is transformed
into

Ỹh̃ = z̃, (7)

where

Ỹ = Y +W,

h̃ = h+δh,

z̃ = z+w

and

W =

[
W2 −W1

0 0
0 0

]

, w =

[
0

w1

w2

]

.

The matrices Wk and the vectors wk are defined similarly to
Yk and zk, respectively, by replacing yk(n) with wk(n). Fi-

nally, δh = [δhT
1 δhT

2 ]T is the estimation error.
The channel estimator that is used, is based on Eq. (7)

and is given by

ĥ = Ỹ
†
z̃, (8)

where A† = (AHA)−1AH is the pseudo-inverse of A. Finally,
using Eq. (6) in Eq. (7), the equation

δh = Ỹ
†
(w−Wh) (9)

is derived for the error δh.

5. PERFORMANCE ENHANCEMENT

The performance of the estimator of Eq. (8) is related to
the condition of the Y matrix which, in turn, is related to
the desired channels involved in matrix [Y2 −Y1]. In this
section, we will follow a simple training design procedure
in order to enhance the performance of the estimator. From
the experiments in the next section, we will observe that this
training design actually makes the estimator independent of
the relation between the sub-channels involved in any of the
two cases that were described in Section 2 (i.e., “space” and
“time” oversampling cases).

The proposed training design is based on the minimiza-
tion of the MSE = E {‖δh‖2} at a high SNR regime. Specifi-
cally, following similar arguments as in [13], we write Eq. (9)
as

δh = Y†(w−Wh)

+(Ỹ
†
−Y†)(w−Wh)

a
≈ Y†(w−Wh). (10)
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The approximation in Eq. (10) is reasonable at a high SNR
regime, where W and w contain relatively small elements.

The MSE, using the approximation of Eq. (10), becomes

MSE = E {‖δh‖2}

= Tr{Y†RY†H}, (11)

where R = E {(w−Wh)(w−Wh)H}. The matrix R can be
written as

R =

[

R1 0
0 R2

]

, (12)

where R2 = σ2I2M , while concerning matrix R1, it can be
shown that it is a symmetric and diagonally dominant ma-
trix with its diagonal elements equal to σ2‖h‖2. To sim-
plify the subsequent analysis, we approximate R1 as R1 ≈
σ2‖h‖2IN−L+1. This choice is fully justified by the experi-
ments in Section 6. We also define

Yb = [ Y2 −Y1 ] , Sb =

[

St 0
0 St

]

. (13)

Using Eqs. (12) and (13), the MSE in Eq. (11) becomes

MSE = Tr{(YHY)−1YHRY(YHY)−1}

= Tr{(YH
b Yb +SH

b Sb)
−1

·(σ2‖h‖2YH
b Yb +σ2SH

b Sb)

·(YH
b Yb +SH

b Sb)
−1}. (14)

Using Yb = UΣVH , i.e. the singular value decomposition

of Yb, and the identity Tr{ABA−1}= Tr{B} ([14]), the MSE
in Eq. (14) becomes

MSE = Tr{(Σ2 +VHSH
b SbV)−1

·(σ2‖h‖2Σ2 +σ2VHSH
b SbV)

·(Σ2 +VHsH
b sbV)−1} (15)

= Tr{Q−1PQ−1}, (16)

where matrices Q and P are defined by the respective quanti-
ties of Eq. (15).

In order to minimize the MSE, we use the bound ([15])

Tr{A−1} ≥ ∑
i

[A]−1
ii , (17)

which holds if the matrix A is positive definite. [A]nm stands
for the element of A in position (n,m). Now, the use of the
above bound in Eq. (16) results in

MSE = Tr{(QP−1Q)−1}

≥
2L

∑
i=1

[QP−1Q]−1
ii . (18)

The equality holds when the matrix QP−1Q is diagonal. By
a simple inspection of Eq. (15), we can see that the matrix

is diagonal when the condition SH
b Sb = β I2L holds true or,

equivalently, when SH
t St = β IL (see Eq. (13)). In order for

this to be possible, M ≥ L should be satisfied. Here, we use
the constant amplitude zero autocorrelation sequences that
are described in [16] in oder to construct the training matrix
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Figure 5: The singular values of matrix Yb in decreasing or-
der for the models described by Eqs. (1) and (2), respectively.

St . We, also, assume M = L, i.e. the smallest possible value.
Finally, because the symbols that are used for training have
magnitude equal to one, the constant β is equal to M because

M symbols participate in the inner products of SH
t St .

Using the condition SH
b Sb = MI2L in Eq. (15), the follow-

ing analytical expression is derived.

MSE = σ2
2L

∑
i=1

‖h‖2σ2
i +M

(σ2
i +M)2

, (19)

where the σi’s are the singular values of Yb. The main obser-
vation in Eq. (19) is that the denominator grows faster with
M as opposed to the numerator and, hence, the MSE tends to
zero as M increases.

If, for intuitive reasons, we assume that ‖h‖2 = 1 then
Eq. (19) is simplified to

MSE = σ2
2L

∑
i=1

1

σ2
i +M

. (20)

Eq. (20) provides a more intuitive interpretation regarding
the impact of the training design. In a way, the training part
increases the magnitude of the singular values and assuming
(reasonably) that M ≥ 1, then all denominators are greater
than 1. This mitigates the degradation that is caused by the
singular values that are less than one. In Fig. 5, the values
of the σi’s (averaged over a number of realizations) of the
matrix Yb created by Eqs. (1) and by Eqs. (2) are plotted in
decreasing order. As it can be seen, the training is expected
to be more beneficial to the channel estimation method based
on Eqs. (2), i.e. the model with “time” oversampling because
there are more singular values near zero.

6. SIMULATION RESULTS

In this section, we present simulation results obtained for
the channel estimator of Eq. (8). The channel estimator was
based on the models of (a) Eqs. (1) (“space” oversampling)
and (b) Eqs. (2) (“time” oversampling). In either case, the
training sequence was constructed using (a) the procedure
of Section 5 and (b) the training symbols were selected ran-
domly from a quadrature phase shift keying (QPSK) constel-
lation.

The multipath model hi(t) = ∑k akg(t − τi,k),(i = 1,2),
was used for the channels as already described in Section
2. The ak’s were assumed to be independent and identically

1133



0 5 10 15 20 25 30
10

−4

10
−3

10
−2

10
−1

10
0

SNR[dB]

N
M
S
E

"time" oversampling, random training

"space" oversampling, random training

"time" oversampling, training design

"space" oversampling, training design

Figure 6: NMSE curves.

distributed zero mean complex Gaussian random variables
with variance 2. The function g(.) was the combination of
the transmit and receive filters. Here, we used a raised co-
sine pulse extending to two symbols at each side and roll-
off factor equal to 0.3. Both channels hi(t), with i = 1,2,
are assumed to have four paths and the corresponding delays
are assumed independent and identically distributed random
variables following U(0,4), where U(a,b) denotes the uni-
form distribution in the interval [a,b]. The information sym-
bols were drawn from a QPSK constellation. Finally, it was
assumed that N=150 and M=L.

Fig. 6 shows the normalized MSE ‖ĥ−h‖2/‖h‖2 curves
versus SNR for the two estimators with and without training
design. The results are in accordance with the conclusions
drawn in Section 5, namely, the estimator based on Eq. (1)
(“space” oversampling) is better when random training is
used because the involved channel matrix Yb is better condi-
tioned. Additionally, the estimator based on Eq. (2) (“time”
oversampling) is the one that is mostly benefited from the
training design and its performance is similar to the other,
which implies that the dependence on the channels has been
highly mitigated.

7. CONCLUSION

In this paper, a simple training design procedure is suggested
in order to enhance the performance of the semi-blind CR
channel estimation due to ill-conditioned channels. The main
conclusions are two. First, if a system can be described by
either Eqs. (1) or (2), then the first one is preferable because
in this case (a) the channels are well-conditioned, and (b) no
restrictions are imposed on the training sequence. Second, in
a SISO system, where the use of Eqs. (2) is the only possible
choice, the training sequence should be designed as proposed
in Section 4 in order to overcome ill-conditioning.
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ABSTRACT 
In the last two decades, various blind channel equalization 
algorithms for chaotic communications systems have been 
developed by exploiting properties peculiar to chaotic 
signals. Almost in all of these algorithms, however, the 
propagation channel is assumed to be a single-input single-
output (SISO) system. As far as we know, there is no study for 
multiple-input multiple-output (MIMO) unknown channel 
case. In this study, we propose a blind MIMO finite impulse 
response (FIR) channel equalization algorithm for  chaotic 
communication systems. In MIMO communication systems, in 
addition to intersymbol interference (ISI), multiuser 
interference (MUI) is an important factor that hinders the 
detector performance. To increase the detector performance 
and achieve reliable, high-speed communication, proposed 
MIMO FIR channel equalization algorithm overcomes both 
ISI and MUI. Also, an optimum fixed filter that minimizes the 
mean square error (MSE) between chaotic input signals and 
equalizer outputs is designed. Since there do not exists a 
method for comparison, the proposed method is compared to 
the optimum fixed filter. Computer simulations show that the 
proposed algorithm gives results very close to those of 
optimum fixed filter and is able to recover all channel inputs 
simultaneously.  
 

1. INTRODUCTION 
 

Chaos has received a great deal of attention during the last 
two decades from a variety of researchers, including 
matematicians, physicists and engineers. Researches are 
interested in chaos especially in the area of signal processing 
and communication for the development of non-linear 
communication techniques. Chaotic signals are irregular, 
aperiodic, uncorrelated and impossible to predict over longer 
times. Spread-spectrum communication, multiuser 
communication and secure communication (cryptography) 
are three important applications of chaos arising from these 
properties. Furthermore, impulse-like autocorrelation and low 
cross-correlation functions are characteristic properties of 
chaotic signals [1].  
     The majority of chaos-based applications have been 
developed to see whether the performance increase is 
possible compared to the classical communication systems.  

In chaotic communications, a chaotic sequence is transmitted 
from a propagation channel after being modulated by an 
information bearing signal. The propagation channel distorts 
the transmitted signal unless it is ideal. Hence, channel 
equalization must be performed so that the detector will not 
make an error when deciding on the bit that was transmitted. 
If the parameters of channel are unknown, as in the most of 
practical applications, only the received corrupted signal is 
utilized to perform channel equalization and this method is 
called blind channel equalization. Such methods offer 
potential improvements in system capacity by eliminating the 
training overhead.  
    Depending on the number of inputs and outputs channel 
equalization problem can be classified as SISO and MIMO 
channel equalization. Several chaotic blind equalization 
techniques that exploit the inherent properties of the 
transmitted chaotic signal have been developed for SISO 
chaotic communication systems, recently [2, 3, 4, 5].  There 
exist some MIMO channel equalization algorithms in the case 
of known channel [6, 7]. There is no blind MIMO channel 
equalization algorithm developed for chaotic communication 
systems.  
     In this study, an adaptive blind channel equalization 
algorithm is proposed for MIMO chaotic communication 
systems by modifiying the cost function used in SISO chaotic 
equalization algorithms. In MIMO communication systems, 
in addition to ISI, MUI is an important factor that hinders the 
detector performance. To increase the detector performance 
and achieve reliable, high-speed communication, proposed 
MIMO FIR channel equalization algorithm overcomes effects 
of ISI and MUI. An optimum fixed filter is developed for 
MIMO chaotic communication systems. Since there does not 
exist a method for comparison, the proposed algorithm is 
compared to the optimum fixed filter. That the adaptive 
MIMO equalizer estimates the input signals reliably and it 
gives results very close to that of the optimum fixed filter are 
shown via simulations. 
      The study is organized as follows. In Section II, MIMO 
chaotic communication system model is explained and the 
problem to be solved is introduced. Assuming that channel 
parameters are known, an optimum fixed filter that minimizes 
the MSE  between chaotic input signals and equalizer outputs 
is designed in Section III.  Proposed adaptive MIMO channel 
equalization algorithm is derived in Section IV. In Section V,  
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Figure 1. MIMO chaotic communication system model. 

 
simulation results are provided to evaluate the effectiveness 
of proposed method and its performance is compared against 
the optimum fixed filter.   

 2. MIMO CHAOTIC COMMUNICATION SYSTEM 
AND PROBLEM FORMULATION 

 
Consider a MIMO chaotic communication system shown in           
Figure 1. Information signals ][nm j are mapped to chaotic 

signals ][nx j via chaotic modulators and these chaotic signals 
are sent through different linear FIR systems with impulse 
responses ][nhij for i=1,…, M and j=1,…, p. Output of FIR 
filters are further contaminated by Additive White Gaussian 
Noises (AWGN) ][nwi , before they reach to the receiver.  
      There exist several ways to generate chaotic information 
signal such as the tent, sawtooth, logistic or Chebyshev maps. 
In the literature, these maps are represented by a nonlinear 
dynamical equation given by x[n]=f (x[n-1],…,x[n-d]), where 
d is called embedding dimension of the chaotic system.  
      Let the chaotic input signals vector ][ˆ njx  at jth iteration 
at time n and channel impulse response coefficient vector 

ijh be defined as 

     ,]]1[...]1[][[:][ T
jjjj Lnxnxnxn +−−=x j=1,2,…, p  (1) 

 
      ,]]1[...]1[]0[[: T

ijijijij Lhhh −=h  i=1,2,…, M      (2)          
 

By these definitions, i.th received signal at time n can be 
expressed as 

  ∑
=

+=
p

j
ij

T
iji nwnny

1
][][][ xh   , i=1,2,…,M                (3)   

where ][nwi  is the i.th AWGN component at time n. Note 
that, i.th received signal at time n is a combination of p 
chaotic input signals. This contribution resulting from other 
users is called as multiuser interference (MUI). Hence both 
the ISI and MUI must be eliminated to decide the symbol that 
 
 

 
was transmitted. This process is known as channel 
equalization for MIMO systems.  
As shown in Figure 1, a linear MIMO equalizer that consists 
of FIR filters of length K is implemented to recover chaotic 
input signals from M corrupted received signal. To express 
equalizer outputs with respect to received signal and 
equalizer coefficients, received signal vector at the output of 
channel can be written as 
 
         ][ ]1[]...1[]...[]...[][ 1 +−+−= KnyKnynynyn MM1y        (4) 
 
Received signal vector must be written in terms of channel 
coefficients and chaotic input signals. Let the channel 
coefficient matrix H, chaotic input signals vector x[n] and 
noise vector w[n] at time n be defined as 
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]]2[]2[,],[][[:][ 11 +−−+−−= LKnxLKnxnxnxn pp KKKx (6)   

       
        ]]1[]1[][][[:][ 11 +−+−= KnwKnwnwnwn MM LLLw      (7) 

 
Then similar to the SISO case, received signal vector at time 
n  can be expressed as 
 

                            ][][][ nnn wxy += H                                (8) 
 
Now, the relation between estimated signals and received 
signals can be written in vector-matrix notation by adopting 
the same procedure in expressing the relation between 
received signal vector y[n] and  transmitted signal vector x[n]. 
Hence, let the equalizer output vector ][ˆ njx and equalizer 
coefficient matrix G be defined as,  
 
                                 ]][ˆ][1ˆ[:][ˆ npxnxn K=x                          (9) 
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Figure 2. Definition of error function with channel noise in optimum fixed filter design. 
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Then, the equalizer output at time n can be written as 
 

                             G][][ˆ nn yx =                                  (11) 
 

Substituting Equation (8) in Equation (11) yields  
 
                          GGH ][][][ˆ nnn wxx +=                         (12) 

 
    The problem to be solved can be stated as follows: obtain 
estimates of chaotic input signals from received signals alone 
by designing an adaptive linear equalizer that is applied to the 
received signals.  However, before doing that optimum fixed 
filter that minimizes the MSE between estimated signals at 
the output of equalizer and chaotic input signals is designed 
by assuming the channel parameters are known next.  

 
3. OPTIMUM FIXED FILTER DESIGN 

 
Consider the MIMO channel equalization problem in Figure 
2. The objective is to recover chaotic input signals by 
designing an optimum fixed filter G that minimizes the MSE 
between equalizer output vector ][ˆ nx and chaotic input 
signals vector x[n].  Let redefine the equalizer output vector 

][ˆ nx and chaotic input signals vector x[n] as      
 
                           ]][,],[[:][ 1 nxnxn pK=x                     (13) 
 
                               ]][ˆ,],[ˆ[:][ˆ 1 nxnxn pK=x                           (14) 

 
Perfect equalization ocurs when ][][ˆ τ−α= nn xx  where α is 
a real constant called amplitude ambiguity and τ  is an integer 
called delay ambiguity.  Our goal is to design G that 
minimizes ]][[ 2nEMSE e= , where e[n] is the estimation 
error vector defined as ][ˆ][][ nnn xxe −τ−= . For this 
purpose, the standard approach will be followed. First, MSE 
will be written in terms of the fixed filter. Then the stationary 

points (solutions that equate the derivative of the MSE 
equation with respect to G to zero) of the MSE equation are 
the possible solutions [8]. We will not attempt to derive the 
optimum fixed filter here since the space is limited. It can be 
easily shown that the optimum fixed filter that ensures the 
perfect equalization can be obtained as 
 
             )][()][( 12

τ
−∗ σ+= GXHIHXHG nn T

w
T          (15) 

 
where X[n]= ][][ nnT xx , 2

wσ  is noise variance and I is 
identity matrix.  

 
4. ADAPTIVE BLIND MIMO CHAOTIC CHANNEL 

EQUALIZATION ALGORITHM 
 

As it clear from Eq. (15), design of the optimum equalizer 
requires   knowledge of the channel, chaotic input signals and 
the noise variance which are not avaliable in a blind 
equalization setting. Hence, instead of an optimum fixed filter 
an adaptive equalizer must be built to recover chaotic input 
signals.  
       From Eq. (6), chaotic input signals vector x[n]  is a 
combination of p input signals. From the relation between 
input signals and equalizer outputs given by Eq. (12), each of 
equalizer outputs is also a mixture of input signals. Therefore, 
in MIMO communication systems in addition to the  ISI, 
MUI is an important factor that degrades the receiver 
performance. Hence, adaptive MIMO channel equalization 
algorithm must eliminate effects of both ISI and MUI and 
recover chaotic input signals from received signals alone.  
       In this section,  similar to blind equalization methods for 
MIMO classical communication systems, a blind channel 
equalization algorithm is developed for MIMO chaotic 
communication systems by modifiying the cost function used 
in SISO chaotic equalization algorithms. A plausible cost 
function that overcomes effects of both ISI and MUI can be  
given by 
      

    ∑∑∑
≠
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δ
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i nxnxnxfnxJ

1,

22

1
)][ˆ][ˆ(2]))1[ˆ(][ˆ(

2
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2

1
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      The first term in Eq. (16) is the sum of nonlinear 
prediction errors of equalizer outputs and undo the effect of 
ISI as discussed in [9]. The second term indicates the cross-
correlation between equalizer outputs and penalizes the 
contribution of other chaotic signals.  
      The cost function must be rewritten in terms of the 
equalizer coefficients to update the filter coefficients based on 
the Gradient Descent (GD) algorithm [8]. The general form 
of the GD algorithm for minimizing the proposed cost 
function is 
 
                )]()([ ,,11 nn kpkkk ΛΛGG Kμ−=+                 (17) 

 
where )(, nkiΛ is derivative of cost function with respect to 
the equalizer coefficient matrix G. Derivation with respect to 
a matrix can be found in [8]. By using the chain rule of the 
derivative, )(, nkiΛ  can be written as 
 

   
∑ ∑
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1

T

T

y

yΛ

(18) 

Substituting Eq. (18) in Eq. (17) yields the desired adaptive 
algorithm. The cross-correlation term in Eq. (18) 

][ˆ][ˆ ,, δ−nxnx kjki , is calculated by using rectangular 
window. In other words, the value of the cross-correlation 
function is obtained from the past values of  estimated signals 
according to the length of the window. The weight of the 
cross-correlation functions in Eq. (16) can be made variable. 
The parameters 1δ  and 2δ are integers that should be chosen 
in compliance with the channel delay spread in order to take 
into account all the achievable delays between p user signals. 
μ  is a small constant that should be chosen to ensure the 
algorithm stabilty. 

5. SIMULATION RESULTS 

In this section, two computer simulations are performed to 
evaluate the effectiveness of the proposed algorithm. 
Modulator and demodulator blocks shown in Figure 1 are 
ignored during simulations.  It is assumed that chaotic input 
signals were generated using the logistic map with different 
initial values.  

In the first experiment, the convergence properties of 
proposed MIMO chaotic blind channel equalization 
algorithm are investigated. Let the impulse response of the 
equalized system corresponding to the i-th chaotic input 
signal and j-th output of equalizer be  

 

          ∑
=

∗=
M

m
mijmij nhngns

1
][][:][  i, j=1,…,p.          (19) 

 

The cross-correlation term in proposed algorithm goes to 
zero when 0][][ 2112 == nsns . If this condition is satisfied, 
MIMO chaotic blind channel equalization algorithm is able 
to recover chaotic inputs signals [10]. 

MIMO channel is assumed to be a 2 input/ 3 output FIR 
system with impulse reponse given by 
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     Figure 3 shows the impulse response ][nsij of the 
equalized system after 10000 iterations for i=j=1, 2. As can 
be seen from the figure, the condition 0][][ 2112 == nsns  is 
almost satisfied. Hence, the two chaotic input signals are 
separated and the distortion is compensated. The first 
equalizer output recovers the first chaotic input signal and the 
second output recovers the second chaotic input signal. 
     In the second experiment, performance of the proposed 
algorithm is compared to that of optimum fixed filter. For this 
comparison, interference (IT) measure is used and defined as 

         
2

,

2

,
,

2

][max

][max][

ns

nsns

IT
ijni

ni
ijniij

j

∑ −

= ,  j=1,…,p.        (21) 

 
In Eq. (21), ][nsij is the impulse response of the equalized 
system corresponding to the i-th chaotic input signal and j-th 
output of the equalizer given by Eq. (19).  Figure 4 illustrates 
the variation of interference during iterations for equalizer 
outputs ][1 ny and ][2 ny  calculated by using the proposed 
algorithm and the optimum filter. The proposed algorithm 
gives results very close to those of the optimum fixed filter 
for both outputs.  
 

6. CONCLUSIONS 
 
In all of blind channel equalization algorithms developed for 
MIMO chaotic communication systems, propagation channel 
is assumed to be a SISO filter. In this study, a novel adaptive 
blind channel equalization algorithm is proposed for MIMO 
chaotic communication systems by modifying the cost 
function used in SISO chaotic channel equalization 
algorithms. Computer simulations show that the proposed 
adaptive algorithm is able to recover chaotic input signals 
simultaneously. Furthermore, the performance of the adaptive 
algorithm is compared to that of optimum fixed filter. The 
best results are obtained when the optimum fixed filter is 
used. The developed adaptive algorithm gives equalization 
results close to those of the optimum fixed filter even though 
it is based on the received signal alone.  
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Figure 3. Impulse responses of the equalized system.

Figure 4. Interferences calculated by using the proposed algorithm and the optimum filter for equalizer outputs .
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ABSTRACT
In this paper, we propose two blind decoding approaches for
multi-input single-output (MISO) communication systems.
We first introduce a nonlinear precoding scheme that allows
viewing the received signal as a Volterra-like model with the
following properties: the input solely depends on the cod-
ing sequence, assumed to be known to the receiver, while the
kernel is a multiway array depending on informative data and
on the channel parameters. We show that such a kernel ad-
mits a PARAFAC tensor model. After estimating the kernel
by using the coding sequence, the data symbols are then re-
covered. For this purpose, two methods are proposed. The
first one directly computes the PARAFAC loading factors by
means of an alternating least squares method. The second
one solves the problem by means of a joint diagonalization
of matrices constructed with the slices of the tensor. The per-
formance of the proposed methods is evaluated by means of
simulations.

1. INTRODUCTION

Multi-input Single Output (MISO) communication channel
modelling occurs when the communication system exhibits
multiple antennas and/or transmitters whereas the receiver
has a single antenna (see Fig. 1).

BS

Tx #1

Tx #K

Rx

User #1

User #K

Rx
.
.
.

.

.

.

Figure 1: Multi Input Single Output communication systems.

In both cases several space-time block processing coding
and modulation schemes (in a distributed or cooperative way

in the second case) have been proposed in the literature. For
scenarios in which there is perfect channel state information
(CSI), several linear precoding systems have been proposed
(see [1] and references therein). However, in practice the CSI
at the transmitter suffers from inaccuracies caused by errors
in channel estimation and/or limited, delayed or erroneous
feedback [2]. The derivation of robust coding methods with
few or no knowledge on the transmission channel is then a
topic of particular interest.

In MISO communication channels, the propagation sce-
nario can be viewed as a highly underdetermined mixture of
sources having more sources than sensors. Systems with one
single output sensor have received considerably less attention
(see [3] and references therein).

In this paper, we introduce a nonlinear precoding scheme
where the CSI is not required. From such a scheme, we de-
rive blind decoding approaches for a MISO communication
system. The proposed nonlinear precoding scheme gives rise
to a homogeneous Volterra-like input-output equation whose
inputs depend on the coding sequence whereas the kernel de-
pends on the informative symbols and on the channel param-
eters.

It is now well known that Volterra kernels of order higher
than two can be viewed as tensors or multiway array. We
show that the kernel of the resulting Volterra-like model ad-
mits a PARAFAC model. PARAFAC (PARallel FACtors
analysis) [4] is certainly the most famous tensor model pro-
posed in the literature. In the last decade, several PARAFAC
or more generally tensor based signal processing methods
have been proposed in the literature devoted to communi-
cations [5–9]. Most of them make use of the spatial diversity
induced by multiple receive antennas. The contribution of
this paper is to provide a nonlinear precoding scheme at the
transmitter end and appropriate algorithms for blind decod-
ing. The first decoding approach is based on the alternating
least squares algorithm whereas in the second one the prob-
lem is solved by means of a joint diagonalization of a set
of matrices constructed from tensor slices. The paper is or-
ganized as follows. In section 2, we explain the nonlinear
encoding scheme and deduce the overall system model. In
section 3, two-steps decoding schemes are derived. In sec-
tion 4, the performance of the derived methods are evaluated
by means of simulations before concluding the paper in sec-
tion 5.
Notations: Vectors are written as boldface lower-case letters
(a,b,· · · ) and matrices as boldface capitals (A,B,· · · ). Ten-
sors are written using calligraphic letters X . Ai. and A. j de-
note respectively the ith row and the jth column of the I× J
matrix A. AT stands for the transpose of A whereas AH

stands for its complex conjugate. A† stands for the matrix
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pseudo-inverse. diag(.) is the operator that forms a diago-
nal matrix from its vector argument whereas vec(.) forms a
vector by stacking the columns of its matrix argument. For
X ∈ CI×R and Y ∈ CJ×R, the Khatri-Rao product, denoted
by ¯, is defined as follows:

X¯Y =




Ydiag(X1.)
...

Ydiag(XI.)


 ∈ CIJ×R (1)

It can also be viewed as a column-wise Kronecker product.

X¯Y = ( X.1⊗Y.1 · · · X.R⊗Y.R ) ∈ CIJ×R, (2)

⊗ denoting the Kronecker product.

2. SYSTEM MODEL

The considered communication system has K multiple trans-
mitters or antennas. Each user transmits digital signals at
the same time and using the same bandwidth. The output at
the receiver is then a superposition of K signal waveforms.
For each user, the QM-length symbol stream is first parsed

into M×1 symbol vectors s(k)
q =

(
s(k)

1,q · · · s(k)
M,q

)T
, q =

1, · · · ,Q. The nonlinear precoding considered herein is a
two-stage one. First, each of the symbol vectors s(k)

q is lin-
early precoded by an N×M matrix A. We get b(k)

q = As(k)
q .

Note that the linear coding matrix is the same for all the
users. Then, the codewords c(k)

q to be transmitted are ob-
tained through a nonlinear mapping f (.):

c(k)
q = f (b(k)

q ) = f (As(k)
q ). (3)

The codewords are modulated by a pulse-shape filter gk(t) so
that the baseband signal xk,q(t) transmitted by the kth user is
given by

xk,q(t) =
N

∑
n=1

c(k)
n,qgk (t− (n−1)T ) ,

T being an appropriately chosen fraction of the symbol pe-
riod Ts.
We assume that each of the signals xk,q(t), k = 1, · · · ,K, is
received via a single path characterized by a fading-factor αk
and a delay τk that holds propagation delay and asynchro-
nism. In baseband, the received signal yq(t) is then given
by:

yq(t) =
K

∑
k=1

αkxk,q(t− τk)+wq(t),

wq(t) denoting the additive noise. By sampling at The
discrete-time baseband equivalent model for the received
data is then given by:

yn,q = yq(t)|t=(n−1)T =
K

∑
k=1

hk,qc
(k)
n,q +wn,q

with hk,q = αkgk (t− (n−1)T − τk) |t=(n−1)T assumed to be
quasi-static, i.e. constant during the transmission of the qth
data block.

In the sequel, we consider that the nonlinear function f (.) in-
volved in the encoding process (3) is a pth degree monomial.
Therefore, elementwise the received data can be written as
follows:

yn,q =
K

∑
k=1

hk,qc(k)
n,q +wn,q =

K

∑
k=1

hk,q f (
M

∑
m=1

an,ms(k)
m,q)+wn,q

=
K

∑
k=1

hk,q

(
M

∑
m=1

an,ms(k)
m,q

)p

+wn,q

=
K

∑
k=1

M

∑
m1=1

· · ·
M

∑
mp=1

hk,q

p

∏
j=1

an,m j s
(k)
m j ,q +wn,q. (4)

The aim of our study is to derive estimators of the data sym-
bols s(k)

m,q solely from the received data yn,q. We assume that
the linear precoding matrix A is known to the receiver. By
defining

βm1,··· ,mp,q =
K

∑
k=1

hk,q

p

∏
j=1

s(k)
m j ,q, (5)

we can rewrite (4) as:

yn,q =
M

∑
m1=1

· · ·
M

∑
mp=1

βm1,··· ,mp,q

p

∏
j=1

an,m j . (6)

We can note from (6) that the received signal is linear in the
unknown βm1,··· ,mp,q but nonlinear in the coding matrix en-
tries. In fact, in a system theory point-of-view, Eq. (6) can
be viewed as the input-output equation of a pth-order ho-
mogeneous Volterra model [10], where βm1,··· ,mp,q and an,m
represent respectively the Volterra kernel and the input se-
quence. Moreover, the structure of the kernel (5) looks like
that of a parallel cascade Wiener model (see [11]). There-
fore, in the sequel, we derive two-stage receivers. The first
step consists in estimating the parameters βm1,··· ,mp,q in the
least squares sense whereas the second one make use of the
algebraic structure of the estimated parameters.

In the sequel, we restrict our study to the third-order case,
p = 3.

3. BLIND RECEIVERS

The parameters βm1,m2,m3,q can be viewed as entries of a
symmetric tensor. Indeed, for any permutation π(.) of the
indices (m1,m2,m3), we have βp1,p2,p3,q = βm1,m2,m3,q with
(p1, p2, p3) = π(m1,m2,m3). We can then rewrite (6), in the
noiseless case, as

yn,q =
M

∑
m1=1

M

∑
m2=m1

M

∑
m3=m2

β̃m1,m2,m3,q

3

∏
j=1

an,m j . (7)

where

β̃m1,m2,m3,q =





βm1,m2,m3,q if m1 = m2 = m3
3βm1,m2,m3,q m1 = m2 6= m3
3βm1,m2,m3,q m1 = m3 6= m2
3βm1,m2,m3,q m2 = m3 6= m1
6βm1,m2,m3,q m1 6= m2 6= m3

In matrix form, Eq. (7) can be written as follows:

yq = ( y1,q · · · yN,q )T = ΦΦΦθq, (8)
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where θq is a Q̄ × 1 vector containing the parameters
β̃m1,m2,m3,q to be estimated, ΦΦΦ is an N× Q̄ matrix defined as

ΦΦΦ = ΨΨΨAΩΩΩ, with ΨΨΨA




A1.⊗A1.⊗A1.
...

AN.⊗AN.⊗AN.


, ΩΩΩ is a M3× Q̄

column selection matrix, and Q̄ = (M +2)(M +1)M/6. The
least square solution of (8) is given by:

θ̂q = ΦΦΦ†yq (9)

provided ΦΦΦ is full column rank. Therefore, the most impor-
tant criterion for designing the coding matrix A is to ensure
that ΦΦΦ be full column rank. The design of the encoder is then
decoupled from the channel knowledge. However, in order
to improve the quality of the estimates in a noisy framework
it could be necessary to increase N.

Once the parameters β̃m1,m2,m3,q have been estimated, we
can deduce βm1,m2,m3,q. Therefore, we will estimate the infor-
mative symbols from the estimated parameters βm1,m2,m3,q,
which can be viewed as the entries of a third-order tensor. In
the sequel, we remove the index q since the decoding process
is per-block.

3.1 PARAFAC tensor model
Let us denote by B the M×M×M third-order symmetric
tensor with βm1,m2,m3 as entries. From Eq. (5), we can deduce
that B admits a PARAFAC model [4] with S and Sdiag(h)
as factor matrices. Using the Kruskal operator [12, 13], we
get:

B = [S,S,Sdiag(h)]

with
h = ( h1,q · · · hK,q )T

and

S =




s(1)
1,q · · · s(K)

1,q
...

. . .
...

s(1)
M,q · · · s(K)

M,q




the matrix of the data symbols assumed to be full column
rank, which implies M ≥ K.

From the sufficient condition stated by Kruskal [12], we
can deduce that, the factor matrices are essentially unique,
i.e. unique up to column permutation and scaling, if kS ≥
2
3 (K +2), where kS denotes the Kruskal-rank of S. It is also
called k-rank and is defined as the greatest integer kS such
that any set of kSt columns of S is independent. Moreover,
since the columns of S are associated with independent users,
for M≥K, S is full column rank with a high probability. As a
consequence, the above inequality is always satisfied. Hence,
the factor matrices can be obtained up to a scaling factor. The
scaling ambiguity can be removed by considering differential
modulation or by setting the first row of S equals to one.

Before deriving the estimation algorithm for fitting the
PARAFAC model, we define the following matrix represen-
tations of the tensor. The slices of B are given by

Bm.. = B.m. = B..m =




β1,1,m · · · β1,M,m
...

. . .
...

βM,1,m · · · βM,M,m




= Sdiag(Sm.)diag(h)ST . (10)

By concatenating these slices, we get the unfolding matrix

B =




B1..
...

BM..


 =




B1..
...

BM..


 =




B1..
...

BM..




= (S¯S)diag(ht)ST . (11)

For fitting the parameters of the PARAFAC model, we make
use of an Alternating least squares algorithm. For this pur-
pose, we define A1 = S, A2 = S and A3 = Sdiag(h), so that
we can rewrite the unfolding matrix as follows:

B = (A1¯A2)AT
3 = (A2¯A3)AT

1 = (A3¯A1)AT
2 .

The alternating least squares algorithm consists in alternating
minimization of the cost functions

J1 =
∥∥B− (A2¯A3)AT

1
∥∥2

F ,

J2 =
∥∥B− (A3¯A1)AT

2
∥∥2

F ,

J3 =
∥∥B− (A1¯A2)AT

3
∥∥2

F .

For each cost functions, given the two matrices involved in
the Khatri-Rao product, the least squares solutions are re-
spectively:

ÂT
1 = (A2¯A3)

† B,

ÂT
2 = (A3¯A1)

† B,

ÂT
3 = (A1¯A2)

† B.

After convergence, assuming that S has 1s as entries of its
first row, its estimate is given by:

Ŝ =
1
3

(
A1 +A2 +A3diag(a)−1)

with a the first row of A3. We can summarize the ALS esti-
mation method as follows:
1. Initialize Â(i)

1 and Â(i)
2 , i = 0.

2. Increment i = i+1.

3. Compute Â(i)
3 =

((
A(i−1)

1 ¯A(i−1)
2

)†
B

)T

.

4. Compute Â(i)
1 =

((
A(i−1)

2 ¯A(i)
3

)†
B

)T

.

5. Compute Â(i)
2 =

((
A(i)

3 ¯A(i)
1

)†
B

)T

.

6. Go to step 2 until a stoping criterion is reached.

7. Compute Ŝ = 1
3

(
A(i)

1 +A(i)
2 +A(i)

3 diag(a(i))−1
)

, where

a(i) denotes the first row of A(i)
3 .

3.2 Joint diagonalization approach
Assuming that S is full column rank, we can deduce that
S¯S is also full column rank [14]. Obviously, diag(h)ST

is full row rank, and therefore rank(B) = K, i.e. B is a rank
deficient matrix if M > K.

Let us now consider the reduced singular value decom-
position (SVD) of B:

B = UΣΣΣVT , (12)
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the column-orthonormal matrices U and V, with respective
dimensions M2×K and M×K, containing the left and right
singular vectors of B respectively, whereas the K×K diag-
onal matrix ΣΣΣ is formed with the nonzero singular values of
B.

From equations (11) and (12), and the fact that
rank(BT ) = K, we deduce that V and S span the same col-
umn space. So, there exists a nonsingular matrix F, with
dimensions K×K, such that

S = VF. (13)

We can then rewrite the tensor slices as follows:

B..m = VFdiag(Sm.)diag(h)FT VT .

Now, let us define the following symmetric matrices:

Gm = VT B..mV = Fdiag(Sm.)diag(h)FT , (14)

with m = 1, · · · ,M. We can conclude that F jointly diag-
onalizes the matrices Gm, m = 1, · · · ,M. Therefore F can
be obtained by solving a joint diagonalization problem us-
ing one of the joint diagonalization algorithms proposed in
the literature ( [15] for example). Then, S is estimated using
(13). The decoding process is summarized as follows:
1. Compute the matrix V of the K right singular vectors of

B.
2. Construct the set of matrices Gm, m = 1, · · · ,M as fol-

lows Gm = VT B..mV.
3. Find the K×K matrix F that jointly diagonalizes the ma-

trices G.
4. Compute the data matrix as Ŝ = VF.

4. SIMULATION RESULTS

In this section, we give some simulation results. The sim-
ulated communication system was characterized by the fol-
lowing parameters: K = M = 3. The data sequences was
BPSK ones. Both channel parameters and encoding matrix
were driven from a uniform distribution. The results pre-
sented below are averaged values over 100 Monte Carlo tri-
als. The decoding performance is evaluated in terms of bit-
error-rate (BER). The joint diagonalization method used in
the second decoding approach is the FFDIAG method [15].

For each decoding method, in Fig. 2 and 3 we plot the
BER according to the signal-to-noise ratio (SNR).

In general, the proposed decoding methods give good re-
sults. Significant improvements are obtained by increasing
the number N of rows for the encoding matrix A. That is an
expected result since by increasing the number of rows for
the encoding matrix, the least squares estimation of the data
tensor is improved. The improvement is particularly signifi-
cant for SNR values higher than 2 dB.

In figures 4, 5, and 6 we compare the two decoding meth-
ods for different values of N. We obtain comparable results
with both methods. The joint diagonalization approach gives
slightly better results. Note that the ALS-PARAFAC were
randomly initialized. We considered 10 different initializa-
tion and then that giving the best results was selected. The al-
gorithm were stopped after 100 iterations. For these simula-
tions the joint diagonalization approach seems to have more
desirable features.
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Figure 2: Performance evaluation with different number of
rows for the encoding matrix (ALS-PARAFAC case).
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Figure 3: Performance evaluation with different number of
rows for the encoding matrix (Joint diagonalization).
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Figure 4: Comparison of the decoding methods (N = M3).
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Figure 5: Comparison of the decoding methods (N = 2M3).
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Figure 6: Comparison of the decoding methods (N = 3M3).

5. CONCLUSION

In this paper, we have proposed two blind decoding schemes
for multi-input single-output (MISO) communication sys-
tems. At the transmitter end, we have introduced a new
nonlinear precoding scheme that consists in first linearly pre-
coding the informative symbol with the same matrix for all
the users and then nonlinearly mapping the linearly encoded
data. By considering a polynomial mapping of degree higher
than two, the received signal can be written as the output
of an homogeneous Volterra-like model. The input of this
model solely depend of the coding sequence assumed to be
known to the receiver while the kernel is a multilinear array
depending on informative data and on the channel param-
eters. The proposed decoding scheme is a two-stage one.
First, the data kernel is estimated in the least squares sense.
Second, the kernel is decomposed using the ALS-PARAFAC
method or a joint diagonalization of matrices constructed
from the tensor slices. We have shown the efficiency of the
proposed methods through simulation results.
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ABSTRACT 
Indoor propagation channel appears differently to ultra-
wideband (UWB) systems than it does to narrowband 
systems. UWB signals have very high temporal resolution 
ability and this implies a frequency-selective channel with 
rich multipath in practice. To capture the signal energy 
spread over a multipath environment, a Rake receiver 
consisting of multiple parallel correlators is used. 
Performance of UWB systems employing Rake receivers is 
highly dependent on synchronization and the channel 
estimation. The channel parameters are the attenuations 
and delays incurred by the UWB signal along the 
propagation paths. Maximum-Likelihood (ML) and 
orthogonal subspace (OS) based methods are considered to 
estimate the parameters for IEEE 802.15.3a standard 
indoor multipath channel model. Analyzing the limitations 
and benefits of these methods, a new combined approach is 
proposed to improve channel parameter estimation. 

1. INTRODUCTION 

Ultra-wideband technology is becoming a viable solution 
for short-range high-speed indoor wireless communication. 
UWB systems are currently being developed to help relieve 
the spectrum drought caused by an explosion of 
narrowband systems in the last decade, by offering short-
range broadband services using frequencies already 
allocated to other applications. Impulse based UWB (IR-
UWB) is characterized by the transmission of extremely 
short duration pulses typically on the order of nanosecond 
to form a communication link [1],[2]. 
The band allocated by Federal Communication 
Commission (FCC) for UWB communications is a huge 
7.5 GHz band between 3.1 GHz to 10.6 GHz with a 
transmission power density of – 41.25 dBm/MHz, which 
helps to minimize the interference on the existing 
narrowband systems. The use of an extremely huge 
bandwidth makes it possible to resolve and combine the 
multipath components (MPCs) at receiver whose path 
lengths differ by a few tens of centimeters, e.g. 15 cm for a 
signal bandwidth of 2 GHz. An increase in transmission 
bandwidth will further improve the capability to resolve the 
MPCs. 

Rake receivers are commonly used to fully exploit the 
multipath diversity available in UWB systems. In a Rake 
receiver, each MPC is correlated with a locally generated 
reference signal and then combined in the end to make the 
final decision. So, the proper functioning of Rake receiver 
and eventually the successful operation of UWB system 
depends critically on the availability of full or partial 
channel information i.e. information about attenuations and 
delays incurred by MPCs. 
Channel estimation has been studied extensively in the past, 
mainly for narrowband systems or wideband systems, but 
there is not as much literature available for UWB channel 
estimation. In [3],[4] several frequency-domain methods 
are proposed for UWB channel estimation and rapid 
acquisition. Both data-aided and non data-aided estimation 
is presented in [5], based on ML criterion. TOA estimation 
is focused in [6], also using a ML based approach. OS 
based methods, are also proposed for channel estimation 
[7],[8]. However, most of this literature does not take into 
account the real channel characteristics, some relying on 
the assumption of non-overlapping MPCs which is not at 
all valid for UWB channels and others assuming a very 
small overlapping among MPCs again not valid as the 
delay among MPCs can be even less than 0.1 ns. The 
purpose of this paper is to derive channel parameters of real 
channel model from received waveform. An isolated UWB 
pulse is transmitted through IEEE 802.15.3a standard 
channel model and the corresponding received waveform is 
recorded and analyzed for parameter estimation. 
The rest of the paper is organized as follows. Section 2 
provides a brief description of IEEE 802.15.3a channel 
model. Section 3 describes different algorithms for channel 
estimation along with proposed algorithm. The 
performance of algorithms is assessed in Section 4. Finally, 
some conclusions are drawn in Section 5. 

2. UWB CHANNEL MODEL 

The impulse response of a typical multipath channel is 
given by: 

 ,
1

( ) ( )
L

l l
l

h t tα δ τ
=

= −∑α τ  (1) 

where α = [α1,α2,…,αL] and τ = [τ1,τ2,…,τL] respectively, are 
the amplitudes and time delays of L propagation paths.  
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In this paper, IEEE 802.15.3a standard channel model [9] is 
used. It is a modified version of Saleh-Velenzuela model, 
where MPCs arrive in clusters. In this case the channel 
impulse response (CIR) is mathematically defined as: 

        , ,
1 1

( ) ( )
L K

k l l k l
l k

h t X t Tα δ τ
= =

= − −∑∑        (2) 

where αk,l is the gain coefficient associated with kth ray of lth 
cluster, X represents the log normal shadowing, Tl is the 
delay of lth cluster and τk,l is the delay of kth ray within lth 
cluster relative to the delay of first path of the cluster (Tl). 
The cluster and ray arrivals are modeled as Poisson 
processes with parameters Λ and λ respectively. The 
amplitudes αk,l of MPCs are log-normally distributed and 
defined as: 

      , , ,k l k l l k lpα ξ β=        (3) 
where pk,l ∈ {–1,+1} is an equiprobable random variable 
defined for signal inversion due to reflections, ξl and βk,l are 
the large-scale and small-scale fading coefficients. Four 
different measurement environments were defined, namely 
CM1, CM2, CM3 and CM4. Detailed description of 
parameters of these models can be found in [9].  
The received signal consists of scaled replicas of 
transmitted UWB pulse p(t) after passing through channel 
model, which is given by: 

           ,
1

( ) ( ) ( ) ( ) ( ) ( )
L

l l
l

y t p t h t t s t tη α τ η
=

= ∗ + = − +∑α τ  (4) 

where “*” stands for the convolution product, s(t) is the 
ideal received UWB pulse with Tx-Rx antenna distortions 
and η(t) is an additive white Gaussian noise (AWGN).  
The objective is to estimate the unknown channel 
parameters {α, τ} using the received signal y(t). 

3. UWB CHANNEL ESTIMATION METHODS 

The main idea of the algorithm proposed in this paper is to 
combine ML and OS approaches in order to take advantage 
of their attractive features and to overcome some of their 
limitations. So, a brief overview of ML and OS based 
UWB channel estimation methods is given before 
proposing our approach. 
3.1 ML based UWB channel estimation methods 
In the case of Gaussian noise, ML criterion is equivalent to 
the mean squared error minimization. So the ML estimate 
of the channel parameters α and τ are the values which will 
minimize the following mean squared error: 

               
21 ˆ( )S

M
= − α,τα, τ y y        (5) 

where the vectors y and ˆ α,τy  contain the samples of y(t) 
and ,

ˆ( ) ( )s t h t∗ α τ  respectively, with ,
ˆ ( )h tα τ  estimated CIR. 

The ML estimation used as a basis here is one proposed in 
[6], namely Search Subtract and Readjust (SSR) algorithm. 
The idea is simply to calculate the correlation between 
received signal and reference signal via a matched filter 
(MF) and finding the largest peak in each iteration, which 

will correspond to value of τ. The amplitudes α in kth 
iteration are then calculated by [6]: 

 [ ] [ ]( ) [ ]
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T T
k k k

k

α
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−
⎡ ⎤
⎢ ⎥ =⎢ ⎥
⎢ ⎥⎣ ⎦

1 1s , ...,s s , ...,s s , ...,s yM  (6) 

where sk represents the sampled replica of UWB pulse s(t) 
shifted by delay τk. It is clear from above equation that 
amplitudes are jointly estimated at each step. The estimated 
paths are subtracted from y for the next iteration and this 
process continues until all the paths are estimated. 
ML based estimations are relatively simple but may pose 
some limitations in UWB channels. Mainly, they have 
limited resolution ability, making them less attractive for 
UWB channels. Also the estimation degrades significantly 
for MPCs of small amplitude in the noisy case. One key 
advantage is that as the algorithm focuses on similarity 
between received signal and estimated signal, it can provide 
a low mean-squared error even at low SNR. 
3.2 OS based UWB channel estimation methods 
These methods, also known as superresolution techniques, 
are based on the eigenanalysis of the received signal 
autocorrelation matrix. The observation space is splitted 
into two orthogonal subspaces called signal subspace and 
noise subspace. By taking the Fourier transform of y(t) in 
Eq. (4), we get: 

                
1

( )( ) exp( 2 ) ( )
( )

L

s l l
l

YY j N
S
νν α πντ ν
ν =

= = − +∑       (7) 

It is clear from above equation that the parameter 
estimation problem can be seen as a special case of 
harmonic retrieval problem, which is widely studied in 
spectral estimation literature [10]. 
MUSIC and ESPRIT are two familiar methods in this class. 
They theoretically can provide infinite resolution, but in 
practice show some limitations. Firstly, the autocorrelation 
matrix is generally not known, so its estimation is subject to 
errors. Secondly, as it is parametric approach, precise 
information about the number of MPCs to be estimated is 
needed. For this purpose some estimation procedure is used 
such as Akaike Information Criterion (AIC) or Maximum 
Description Length (MDL) [11]. Again this estimation is 
not reliable for low SNR and under-estimation of MPCs 
present in the received signal may cause errors. These 
effects become very prominent at low SNR, causing 
estimation to degrade drastically and making them 
unsuitable for low SNR scenarios. 
3.3 Proposed Algorithm  
The block diagram of the proposed algorithm is shown in 
figure 1, while the description of different steps is given 
below: 
1. Compute the FFT coefficients for the received signal y(t) 
and the UWB pulse s(t) and form the corresponding vectors 
Y and S respectively. Actually, only the coefficients 
corresponding to the frequency band of interest (3.1 to 10.6 
GHz) are used to further calculate the ratio Ys = Y/S, in 
order to avoid the risk of dividing by zero. 
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Figure 1 – Block diagram of the proposed algorithm 

 
The Nyquist condition is satisfied here in terms of delays as 
1/Δf ≥ 2τmax, where Δf is the frequency sampling interval 
and τmax is the maximum delay of channel. 
2. Form the p×q data matrix using the Ys vector elements: 
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with N = p + q − 1 and p, q ≥ L. 
Next, estimate the data autocorrelation matrix as follows: 
 1ˆ H H

s s s p s s pq− ⎡ ⎤= +⎣ ⎦R D D J D D J  (9) 

where Jp is the p×p anti-diagonal identity matrix.  
The estimate provided by (9) has been preferred to the 
standard one [12] since it allows improving the Toeplitz 
structure of the data autocorrelation matrix. 
3. Perform the ˆ

sR  matrix eigenanalysis and obtain the 
eigenvector matrix V and the eigenvalue diagonal matrix Λ. 
The eigenvalues are sorted and then used by AIC or MDL 
criterion to estimate the signal subspace dimension, i.e. the 
number of MPCs L. The eigenvectors corresponding to the 
largest L eigenvalues span the signal subspace and form the 
Vs matrix. The others span the noise subspace and form the 
Vn matrix. The noise subspace projection operator is then 
calculated as: 
                                       H

n n n
⊥Π = V V                             (10) 

4. Estimate the MPC delays τSSR=[τ1, τ2, … , τL] using SSR 
algorithm and form the signal vectors: 
                     0 02 2 ( 1)1 k k

Tj j p
k e eπυ τ π υ τ− − −⎡ ⎤= ⎣ ⎦a L         (11) 

Validate only the delays resulting in signal vectors 
orthogonal to the noise subspace, that is:  
                                     0H

k n k
⊥Π ≅a a                              (12) 

In the noiseless case false and true peaks are clearly 
separated. In the noisy case, it is more difficult, but still 
possible to classify most of them, using some suitable 
threshold for the projection values. The paths 
corresponding to projection values above that threshold are 
considered as false paths and thus eliminated.                     
5. Use the vector of validated delays, denoted by tSSR in 
figure 1, to estimate the amplitudes of remaining true paths 
cSSR according to (6). 

6. Compute the signal ySSR(t) as: 
                             ,( ) ( ) ( )SSR

SSRy t s t h t= ∗ c t                         (13) 
Now derive a new observation vector, called difference 
vector,  Ys,d = (Y – YSSR)/S, using only the FFT coefficients 
in the frequency band of interest, as done in step 1. This 
newly formed vector will now be used to estimate the 
remaining paths which were either not estimated at all by 
SSR or badly estimated and eventually dropped in step 4. 
7. Estimate the remaining MPCs from Ys,d using MUSIC 
algorithm: follow steps 2 and 3 to estimate autocorrelation 
matrix and to split observation space into orthogonal signal 
and noise subspaces, then estimate multipath delays by 

projecting the vector 0 02 2 ( 1)( ) 1 k k
Tj j pe eπυ τ π υ ττ − − −⎡ ⎤= ⎣ ⎦a L  

onto the noise subspace. 
8. The final delays can be given as τ = [tSSR, tMUSIC] while 
the corresponding amplitudes cSSR and cMUSIC are adjusted 
using (6) to give final coefficients α. 

4. SIMULATION RESULTS 

In this section, performance of different algorithms is 
analyzed. We have used a specially designed, B-spline 
based UWB pulse with time duration TP = 1.28 ns, which 
fulfills the FCC mask constraints and also optimizes the 
spectral effectiveness [12],[13]. The channel model used is 
CM1 which is a line of sight channel with TX-RX 
(Transmitter-Receiver) distance between 0 to 4 m and is 
characterized by the impulse response given in figure 2. 
The strong multipath effect is quite evident from figure 2 as 
the interval between successive MPCs is much less than TP. 
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Figure 2 – CM1 channel impulse response 
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In figure 3, the performance is compared for different 
algorithms in terms of normalized mean square error, 
denoted as Sn and given by: 
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Figure 3 – Normalized mean square error Sn versus SNR in CM1 

channel for different algorithms 

The estimation is averaged over 500 channels for each 
value of SNR. The superresolution methods ESPRIT and 
MUSIC exhibit almost same performance but they do not 
provide good estimation at low SNRs. The performance for 
SSR method is same at all SNR values verifying its ability 
to combat low SNR. The proposed algorithm achieves 
better performance than others under all SNR values. 
The parameter Sn provides good information about 
matching between received signal and signal reconstructed 
using estimated channel parameters. However, a low Sn 
value does not necessarily mean good channel estimation. 
This phenomenon is depicted in figure 4, where 20 paths of  
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Figure 4 – Estimation of 20 MPCs of CM1 channel with SSR 

method (SNR=20dB and Sn = 0.0344) 

CM1 channel are estimated for SNR = 20 dB with SSR 
method. It is clear from figure 4 that about half peaks are 
badly estimated, but yet Sn error is 0.0344 which is 
excellent. Due to this reason, performance is also assessed 
in terms of the correlation coefficient between the ideal 
CIR and the estimated one, denoted by Sac and defined as:  

                               
ˆ,

( , )
ˆacS =

⋅

α,τ

α,τ

h h
τ α

h h
                  (15) 

where ˆ ( )h α, τ  is the estimated discrete time CIR and < > 
stands for the scalar product. 
Sac value for figure 4 is 0.5955, thus verifying bad 
estimation. Hence, it is more reasonable to think that a 
good estimation is one which is good both in terms of Sn 
and Sac. 
The estimation in figure 3 is reproduced in terms of Sac in 
figure 5.  
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Figure 5 – Correlation coefficient Sac versus SNR in CM1 channel 

for different algorithms 

This figure clearly shows the suboptimal estimation of SSR 
method. ESPRIT and MUSIC are good in terms of Sac 
while the proposed algorithm shows an improvement in 
estimation with increasing SNR, outperforming all methods 
above 50 dB. 
Analyzing results of Sn and Sac, it is quite obvious that at 
high SNR, proposed algorithm outperforms all others and at 
low SNR it still provides the best compromise between Sn 
and Sac. 
Finally, Cramer-Rao lower bound (CRLB) is introduced to 
assess the performance for an academic context with 4 
MPCs. The delays of MPCs are defined as τ=[1ns, 1.45ns, 
1.5ns, 2ns] while all MPCs have equal amplitudes. As 
explained in section 3.2 that delay estimation is a special 
case of harmonic retrieval problem, CRLB for noisy 
exponentials is taken as a reference given by [14]: 
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2 2
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n ii

i
i

Mσ
τ

π α
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≥                       (16) 

where [M-1]ii
 is the [i,i] element of the inverse of the 2L×2L 

Fisher information matrix M, with i = 1,3, …, 2L–1. Figure 
6 represents comparison of studied methods with CRLB for 
3rd MPC i.e. MPC with delay 1.5ns, as it is most severely 
affected by other MPCs. Clearly, SSR is suboptimal as it 
can not differentiate two peaks as close as 0.05ns. ESPRIT 
turns out a better estimator in this case while our method 
also showing a performance very close to ESPRIT. 
However, it has been observed that OS based methods are 
also sensitive to the number of multipaths to be estimated. 
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So, the performance of those methods is not same for 100 
MPCs and for 4 MPCs. This fact is already visible from 
figure 3 where MPCs may reach up to 100 and in that case 
the performance of OS does not remain as optimal as 
suggested in figure 6 for 4 MPCs, where our algorithm still 
remains acceptable in both cases. 
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Figure 6 – CRLB and variance of different methods vs SNR 

5. CONCLUSION AND FUTURE WORK 

Channel estimation is a key point for any communication 
system and even more for a IR-UWB because of the dense 
multipath associated environment. ML estimators, which 
are implemented through MF, have been generally used so 
far, since they show robustness to noise. However, they 
have limited resolution and are not able to resolve very 
close multipaths. This may become a critical point if the 
amplitudes of the unresolved multipath is higher enough to 
be taken into account by the S-Rake receiver for example. 
Time domain superresolution methods could be an 
interesting solution from this point of view, but they are too 
sensitive to noise. The method proposed in this paper 
combines the advantages of the two approaches and 
removes their drawbacks. An ML estimator is used in the 
first stage, thus taking advantage of its robustness to noise. 
The provided solution is then validated using noise 
subspace projection operator and only the peaks satisfying 
the orthogonality constraint are conserved. A 
superresolution method is finally used to resolve the 
remaining peaks given the partial solution obtained 
previously. The proposed algorithm is compared to several 
reference methods and its performance is assessed in the 
framework of a real UWB channel model. It is shown that 
the new method can cope with noisy UWB channels and 
provides best performance in both low and high SNR 
scenarios. Its main limitation is the increased processing 
complexity due essentially to the eigenanalysis required by 
the superresolution stage. Finding solutions to reduce this 
additional complexity is the first objective of our future 
work. The second one is to imagine new Rake receiver 
structures being able to better exploit the additional 
information in terms of resolution, provided by the 
proposed channel estimation method. 
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ABSTRACT
This paper describes a novel method using fractional calcu-
lus to estimate non-integer moments of a random variable
from the measured Laplace transform of its probability den-
sity function. We demonstrate that theω-th moment (ω ∈R)
of the random variable can be directly obtained by a linear
transformation of the data. Whenω > 0, computation of
moments corresponds to fractional integration of the data.
Whenω ≤ 0, computation of moments corresponds to frac-
tional differentiation.

1. INTRODUCTION

Fitting exponentials to measured data is a well-known ill-
conditioned problem in science and engineering. It involves
solving for non-negative amplitudefT from the measured
multi-exponential decay in the time-domainM(t)

M(t) =

∞
∫

0

e−t/T fT (T )dT + ε(t). (1)

Here ε(t) is the measurement error modeled as additive,
white, Gaussian noise with known variance. In eqn. (1),
the measured dataM(t) is a Laplace transform of the ampli-
tudesfs(s)≡ T 2 fT (T ), where we sets = 1/T . Traditionally,
the inverse Laplace transform is used to estimate the ampli-
tudes fT (T ) from the measured data. The time constantsT
are often assumed to be a continuum. Without loss of gen-
erality, the corresponding non-negative amplitudefT (T ) is
considered to be the probability density function of variable
T .

Our study is guided by nuclear magnetic resonance
(NMR) applications in biological systems and porous media
where experimental protocols have been developed to mea-
sure data represented by eqn. (1). In these applications, the
time constantT corresponds to the characteristic relaxation
time for loss of energy by protons in hydrocarbons or water
present in pores of a rock or in the bulk fluid. The amplitude
fT (T ) at any givenT is proportional to the number of pro-
tons relaxing at that rate. The mean, width and some of the
moments ofT are used to infer information about the rock
and/or fluid [1, 2]. Although our work is motivated by NMR
applications, the sum-of-exponentials model is widely used
in a number of disciplines including acoustics [3], diffusion
tomography [4], imaging [5] and optics [6].

It is well known in the literature that the inverse Laplace
transform is an ill-conditioned problem: small changes in
the measured data due to noise can result in widely different
fT (T ) [7, 8]. In theory, there are infinitely many solutions
for fT (T ). The classical approach to the problem involves

choosing the ”smoothest” solutionfT (T ) that fits the data.
This smooth solution is often estimated by minimization of a
cost functionQ with respect to the underlyingf [9, 10],

Q = ‖M−K f‖2+α‖ f‖2, (2)

whereM is the measured data,K is the matrix of the dis-
cretized kernele−t/T and f is the discretized version of the
underlying density functionfT (T ) in eqn. (1). The first term
in the cost function is the least squares error between the data
and the fit from the model in eqn. (1). The second term de-
noting Tikhonov regularization, incorporates smoothnessin
the expected solution of the density function.

The mathematical definition of smoothness as well as the
value ofα are subjective. The parameterα denotes the com-
promise between the fit to the data and ana priori expectation
of the density function. Whenα is too small, the inversion
problem is unstable. Small changes in the data (due to ad-
ditive noise) result in widely different estimates forfT (T ).
Whenα is too large, the solution does not sufficiently take
the measured data into account. In this case, the estimated
density functionfT (T ) is stable, but results in poor fit to the
data. In the literature, there are a wide variety of recipes
to chooseα, including the ”L” curve method, generalized
and ordinary cross validation, predictive mean square error
and self-consistency methods [11, 12, 13]. These different
methods provide different values ofα and result in different
solutions fT (T ), all of which provide reasonable fits to the
data.

Often, the density function ofT may itself not be of direct
interest. Instead it is used to derive a second set of parameters
such as specific moments ofT , which are used to provide in-
sight into the underlying physical process. For example, the
negative 0.4-th moment of relaxation time is related empiri-
cally to the irreducible water-saturation in rocks. Similarly,
the 0.2-th moment of relaxation time is found to be a good
predictor of rock permeability [2]. The average chain length
of a hydrocarbon is related to the 0.8-th moment of relaxation
time [14].

Theω-th moment ofT is defined as,

〈T ω 〉 ≡

∞
∫

0

T ω fT (T )dT, ω ∈ R. (3)

In this manuscript, we demonstrate that theω-th moment of
T can be obtained directly from a linear transformation of the
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data,

〈T ω 〉 =
(−1)n

Γ(µ)

∞
∫

0

tµ−1
[

dnM(t)
dtn

]

dt (4a)

ω = µ − n, with

{

n = 0 if ω > 0
n = [−ω ]+1 otherwise.

(4b)

whereΓ() represents the Gamma function and[ω ] refers to
the integral part of the numberω . The contribution of vari-
able ω is in two parts: a real numberµ and an integern
where the mathematical operatortµ−1 operates on then-th
derivative of the data. Eqn. (4) obviates the use of the ill-
conditioned Laplace transform to compute the moments. In
the next section, we provide a derivation of eqn. (4) from the
perspective of fractional calculus. We demonstrate that when
ω > 0, eqn. (4) corresponds to fractional integration of the
data. Whenω ≤ 0, the operation corresponds to fractional
differentiation.

A practical application of this work is in computation of
moments from NMR relaxation data obtained from fluids in
porous media [15].

2. MOMENT ESTIMATION USING FRACTIONAL
CALCULUS

From eqn. (1), it is seen that integer moments ofT can be
obtained by integration or differentiation of the data. For
example,

〈T 〉 =

∞
∫

0

M(t)dt (5a)

〈

1
T

〉

=

∣

∣

∣

∣

dM
dt

∣

∣

∣

∣

t=0
(5b)

〈

1
T 2

〉

=

∣

∣

∣

∣

d2M
dt2

∣

∣

∣

∣

t=0
(5c)

This leads one to naturally consider fractional calculus toob-
tain theω-th moment ofT whenω is not restricted to be an
integer and can take on a real value.

The Liouville fractional integral denoted by−∞D−ω
x of a

functiong() is defined as, [16]

−∞D−ω
x (g)≡

1
Γ(ω)

x
∫

−∞

(x− t)ω−1g(t)dt, ω > 0. (6)

Fractional derivatives are defined by applying differentiation
a whole number of times to fractional integral. Letω ≤ 0
andn be the smallest integer greater than−ω . Let µ = n+
ω ,0< µ ≤ 1. Fractional derivatives are defined as (eqn (6.1),
Chapter 2, [16])

−∞D−ω
x (g)≡ −∞Dn

x

[

−∞D−µ
x g(x)

]

, ω < 0. (7)

The notation−∞D−ω
x unifies integration and differentiation

into a single entity, sometimes referred to as ’differintegra-
tion’. Whenω > 0, −∞D−ω

x denotes a fractional integral and
whenω ≤ 0, it denotes fractional differentiation. Fractional
calculus has so far been a largely theoretical subject with

applications in problems where the governing equation is a
fractional differential equation in time.

Consider an exponential function,g(x) = eax,a > 0,x ∈
[−∞ 0]. In this classical textbook example, it has been shown
that (eqn (6.9), Chapter 1, [16])

−∞D−ω
x eax = a−ωeax, ω ∈ R. (8)

Since fractional differentiation and integration are linear op-
erations, when applied to a sum of exponentials in eqn. (1),
we get,

−∞D−ω
0 (M(−t)) = 〈T ω〉 , ω ∈ R. (9)

To prove eqn. (4), let us first consider the case of fractional
integration withω > 0. Let t1 =−t andg(t1) = M(t). From
eqn. (6),

−∞D−ω
0 (g) =

1
Γ(ω)

0
∫

−∞

(−t1)
ω−1g(t1)dt1, ω > 0. (10)

Reversing the time-axis on the right-hand side of eqn. (10)
yields

−∞D−ω
0 (M(−t)) =

1
Γ(ω)

∞
∫

0

tω−1M(t)dt, ω > 0. (11)

From eqn. (9) and (11), we get,

〈T ω〉=
1

Γ(ω)

∞
∫

0

tω−1M(t)dt, ω > 0. (12)

Next, consider the case of fractional differentiation withω ≤
0. Letω = µ − n, wheren = [−ω ]+1.
Case 1: Let −1< ω ≤ 0. In this case,n = 1 andµ = ω +1.
From the definition of fractional differentiation in eqn. (7),
we get,

−∞D−ω
x (M(−t)) =

1
Γ(µ)

d
dx





x
∫

−∞

(x− t)µ−1M(−t)dt



 .

(13)
The next step is to interchange the integral and differential
operators in eqn. (13). This can be done by applying the
general form of Leibniz integration rule given as,

d
dx

b(x)
∫

a(x)

g(x, t)dt = g(x,b(x))b′(x)− g(x,a(x))a′(x)+

b(x)
∫

a(x)

∂
∂x

g(x, t)dt. (14)

However, in order to avoid artificial singularities that result
from the direct application of Leibniz rule, we first apply in-
tegration by parts to the integral between the square brackets
of eqn. (13) to get

−∞D−ω
x (M(−t)) =

1
Γ(µ +1)

d
dx





x
∫

−∞

(x− t)µ dM(−t)
dt

dt





(15)
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where we use the property thatM(t) vanishes exponentially
ast → ∞. Applying Leibniz integration rule to eqn. (15), we
obtain,

−∞D−ω
x (M(−t)) =

1
Γ(µ)

x
∫

−∞

(x− t)µ−1 dM(−t)
dt

dt. (16)

Whenx = 0, using eqn. (9) and reversing the time-axis we
get,

〈T ω 〉=
−1

Γ(µ)

∞
∫

0

tµ−1 dM(t)
dt

dt. (17)

Case 2: Let −2< ω ≤−1. In this casen = 2 andµ = ω +2.
From the definition of fractional differentiation in eqn. (7),
we get,

−∞D−ω
x (M(−t)) =

1
Γ(µ)

d2

dx2





x
∫

−∞

(x− t)µ−1M(−t)dt



 .

(18)
Applying the integration by parts twice to eqn. (18) followed
by Leibniz rule, we obtain,

−∞D−ω
x (M(−t)) =

1
Γ(µ)

x
∫

−∞

(x− t)µ−1
(

d2M(−t)
dt2

)

dt.

(19)
Whenx = 0, using eqn. (9) and reversing the time-axis we
get,

〈T ω〉=
1

Γ(µ)

∞
∫

0

tµ−1 d2M(t)
dt2 dt. (20)

Case 3: Let ω ≤ 0. Let n = [−ω ]+1 andµ = n+ω . In this
case, from eqn. (7), we get,

−∞D−ω
x (M(−t)) =

1
Γ(µ)

dn

dxn





x
∫

−∞

(x− t)µ−1M(−t)dt



 .

(21)
By induction from cases (1) and (2), we can deduce that

−∞D−ω
x (M(−t)) =

1
Γ(µ)

x
∫

−∞

(x− t)µ−1
(

dnM(−t)
dtn

)

dt.

(22)
Whenx = 0, using eqn. (9) and reversing the time-axis we
get,

〈T ω〉=
(−1)n

Γ(µ)

∞
∫

0

tµ−1 dnM(t)
dtn dt. (23)

3. SIMULATION RESULTS

In this section, we present simulation results on a non-
smooth distributionfT (T ), shown in Fig. 1(A). Simulated
data are generated from this distribution using eqn. (1) and
corrupted with additive Gaussian zero-mean noise with stan-
dard deviationσε . One such data set is shown in Fig. 1(B).
Fractional moments were estimated using eqn. (4) described
in this manuscript. Estimated moments are compared with
the true moments in Fig. 1(C). The errorbars on the estimated
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Figure 1: (A) A complexfT (T ) is considered. (B) Data sim-
ulated from this model with additive white Gaussian noise
with σε = 0.01. One realization of the data is shown. (C)
Moments are estimated from the data using eqn. (4). The
mean and error-bar of estimated moments are obtained from
100 different noise realizations and compare well with the
true moments.

moments are obtained from analyzing data with multiple re-
alizations of noise. The simulation results obtained on this
models are representative of results seen on other models.

4. SUMMARY

Traditional methods of computing moments involves solv-
ing the inverse Laplace transform for the probability den-
sity function, which is a well-known mathematically ill-
conditioned problem. Often, regularization or prior informa-
tion about the expected density function is incorporated to
make the problem better conditioned. However, the choice
of a regularization functional as well as the weight given to
prior information are non-unique and are well-known draw-
backs of the transform.

This paper describes a novel method using fractional cal-
culus to estimate moments of a random variable from the
measured Laplace transform of its probability density func-
tion. The moments are obtained from a simple, straight-
forward linear transformation of the data. Further, we have
demonstrated that whenω > 0, computation of moments cor-
responds to fractional integration of the data. Whenω ≤ 0,
computation of moments corresponds to fractional differen-
tiation.
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ABSTRACT

Markov chains are commonly used in system identification,
modelling and statistical signal processing. In particular
they provide powerful analysis tools for digital communi-
cations, computer networks and flexible manufacturing sys-
tems. For most practical systems the underlying Markov
chain possesses a prohibitively large number of states. This
necessitates state aggregation in an effort to maintain the
computational complexity at manageable levels. In this pa-
per we consider the aggregation of an underlying Markov
chain for a parallel synchronized structure in a closed net-
work. Such Markov chains are encountered in the modelling
of computer networks and manufacturing systems, and do
not have closed-form solutions, requiring numerical compu-
tation. Based on an asymptotic convergence result we pro-
vide a parametric convergence analysis of the transition rates
of the aggregated Markov chain and develop reduced com-
plexity solutions.

1. INTRODUCTION

Markov chains are commonly used to model various pro-
cesses and systems in signal and speech processing, digi-
tal communications, radar, computer networks and flexible
manufacturing, to name just a few. A Markov chain is a
finite random process obeying the memoryless property [1].
A major challenge with using Markov chains in system mod-
elling or analysis is that the number of states of a Markov
chain can easily become prohibitive. A common solution
to such “state-space explosion” is to aggregate the original
Markov chain by grouping subsets of the states into aggre-
gated states, thereby reducing the size (the number of states)
of the Markov chain [2]. A reduction in the number of states
translates into complexity reduction.

In parallel synchronized systems, where the parallel sys-
tems have a common input, but their output can be passed
to the next system only if all systems produce an output, the
presence of synchronization creates considerable difficulty
with the performance analysis [3]. In this paper we con-
sider the aggregation of such a parallel synchronized struc-
ture placed in a closed queueing network. Such structures are
also referred to as closed fork-join nets. Assuming that the
transition rates of packets (or tokens) are Markovian with
negative exponential distribution, the closed fork-join struc-
ture becomes a generalized stochastic Petri net (GSPN) [4],
which is shown at left in Fig. 1. The timed transitions T0,
T1 and T2 are Markovian with transition rates λ0, λ1 and
λ2, respectively. The traditional approach to analysis of the
closed fork-join GSPN involves is to solve the underlying
continuous-time Markov chain (CTMC) for its stationary
distribution. However for a large number of packets (to-
kens) in initial marking, N , the state-space of the underly-
ing CTMC becomes excessively large, rendering the analysis
too complicated if not prohibitive. Therefore the preferred

method of analysis is to aggregate the CTMC as shown at
right in Fig. 1.

The objective of aggregation is to reduce the state-space
of the original CTMC while preserving the stationary to-
ken distribution. For the structure at right in Fig. 1 this is
achieved by having marking-dependent transitions rates for
Tm, denoted λk

m, k = 1, . . . , N . The synchronized transition
in the fork-join structure precludes a product-form solution,
which in turn implies no closed-form solution to the under-
lying CTMC. In [5] stochastic complementation [2] was used
to aggregate the original CTMC and to derive an important
convergence property for the λk

m, providing an approximate
numerical solution for the aggregated Markov chain using a
much smaller Markov chain than the original CTMC.

In this paper we present a parametric analysis with the
aim of deriving parsimonious Markov chain aggregation that
provides significant complexity reduction while preserving
the stationary distribution of the original Markov chain. The
underlying key concept is the asymptotic convergence of the
transition rates, which was proven in [5], but remains to
be scrutinized further to determine the relationship between
original transition rates λ0, λ1 and λ2, and the convergence
behaviour of the aggregated chain’s transition rates λk

m, k =
1, . . . , N . The work presented in this paper elucidates this
important relationship enabling an informed choice for the
number of tokens to be used in the aggregated chain for a
given N .

NP 0T 0 P 1P 2 P 3T 1 T 2P 4 P 5
t 1
t 2 NP 0T 0 P mT m

Figure 1: Aggregation of closed fork-join GSPN—an exam-
ple for aggregated Markov chain.

The paper is organized as follows. Section 2 presents
the original and aggregated Markov chains under consid-
eration. Section 3 reviews the asymptotic convergence re-
sult for marking-dependent transition rates of the aggregated
Markov chain. The parametric convergence analysis of the
marking-dependent transition rates is presented and demon-
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Figure 2: State transition diagrams of the underlying CTMCs for N = 1, 2 and 3.

strated in Section 4. Conclusions are drawn in Section 5.

2. THE ORIGINAL AND AGGREGATED

MARKOV CHAINS

The parallel synchronized system at left in Fig. 1 has an
underlying CTMC with transition diagrams shown in Fig. 2
for N = 1, 2 and 3. For a given number of tokens in initial
marking, N , the number of states of the underlying CTMC
is L = (N + 1)2 states.

Let the L × L matrix Q = [qij ] denote the infinitesimal
generator matrix for the CTMC and let xt ∈ {1, . . . , L} be
the L-state CTMC where t ≥ 0 is a real number. Suppose
that the CTMC is homogeneous and irreducible. Then the
stationary distribution for the CTMC, π, satisfies

π
T
Q = 0

T ,
L

X

i=1

πi = 1, πi > 0 (1)

where

π = [π1, π2, · · · , πL]T (2)

πi = Pr{xt = i}, as t → ∞ (3)

and 0 is a column vector of zeros.

Fig. 3 shows the transition diagram of the underlying
CTMC corresponding to the aggregated structure in Fig. 1.
For N tokens in initial marking, the aggregated CTMC has
N + 1 states compared with L = (N + 1)2 states for the
original CTMC. Let x̃t ∈ {1, . . . , N + 1} be the aggregated
CTMC. The states of the aggregated CTMC are given by
x̃t = N −M(P0)+1. For example, if N = 3 and M(P0) = 2
(where M(P0) denotes the number of tokens in place P0),
the aggregated CTMC is in state 2. The transitions from an
aggregated state with marking M(Pm) to another aggregated
state with M(Pm)− 1 are the marking-dependent transition
rates λk

m, k = 1, . . . , N .

The stationary distribution of the aggregated chain, ξ =
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Figure 3: State transition diagram of the underlying CTMC
for the aggregated Markov chain.

[ξ1, ξ2, . . . , ξN+1]
T , is given by

2

6

6

4

ξ1

ξ2

...
ξN+1

3

7

7

5

=

2

6

6

4

π1

π2 + π3 + π4

...
πN2+1 + · · · + π(N+1)2

3

7

7

5

(4)

where
ξi = Pr{x̃t = i} as t → ∞. (5)

The marking-dependent transition rates are unknown and
need to be calculated. Using the local balance equations

ξkλ0 = ξk+1λ
k
m, k = 1, . . . , N (6)

the marking-dependent transition rates can be expressed as

λk
m = λ0

ξk

ξk+1
= λ0

π(k−1)2+1 + π(k−1)2+2 + · · · + πk2

πk2+1 + πk2+2 + · · · + π(k+1)2
. (7)

3. ASYMPTOTIC CONVERGENCE RESULT

In this section we review an important result for the asymp-
totic convergence of λk

m as N grows unbounded. This asymp-
totic convergence result is central to the ensuing parametric
convergence analysis. In [5] it was shown that as λ0 → 0 the

marking-dependent transition rates λk
m become independent

of N . This observation is then extended to the case of λ0 > 0
by exploiting the coupling between a given aggregated state
and the new aggregated states introduced by increasing N .
We formally have the following asymptotic convergence re-
sult:
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Theorem 1 ([5]). As N → ∞ the transition rates of the
aggregated chain converge to constant values. That is,

lim
N→∞

λk=x
m = γx, x = 1, 2, . . .

where γx are the converged transition rates.

An important observation in relation to the convergence
rate of the marking rate transition rates as N is increased is
that decoupling between a given state and new introduced
states occurs faster for smaller λ0, all other parameters re-
maining constant. This leads to the natural conclusion that
λk

m will exhibit faster convergence for smaller λ0 while λ1

and λ2 are fixed. In the next section we provide a detailed
analysis of transition rate convergence.

4. PARAMETRIC CONVERGENCE ANALYSIS

As N is increased, two problems arise in relation to the aggre-
gated transition rates λk

m for k close to N : (1) they become
difficult to calculate as a result of increased computational
complexity, and (2) barring special cases (e.g., λ0 → 0),
they cannot be approximated by resorting to the asymptotic
convergence result since their converged values cannot be
checked. To overcome these shortcomings of the asymptotic
analysis we will make use of the following observation:

Observation 1. As the number of tokens in the merged
place Pm (see Fig. 1) tends to infinity, the parallel synchro-
nized (fork-join) structure behaves like a single delayed tran-
sition with transition rate given by the slowest branch; i.e.,

λk
m → min(λ1, λ2), as N → ∞ and k → N. (8)

This observation allows us to approximate marking-
dependent transition rates λk

m for large k and N by the
smallest firing rate in the parallel branches of the fork-join
structure. Thus asymptotically as N → ∞ the aggregated
CTMC takes the form shown in Fig. 4.

.  .  . 

��  

�� 

 N+1   1 

�� 

�� 

  2 

�� 

  3 

�� 
�� 

  N 

�� 
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�� 

Figure 4: Aggregated CTMC as N tends to infinity where
λs = min(λ1, λ2).

We will analyze the convergence behaviour of the
marking-dependent transition rates as well as the reducibility
of the aggregated Markov chain under three different condi-
tions for λ0, λ1 and λ2.

4.1 Case I: λ0 < λs

As N is increased this case results in states with small M(P0)
(i.e., large x̃t where x̃t ∈ {1, . . . , N +1}) to have increasingly
smaller state probabilities as a result of reduced likelihood for
them to be visited. The transition diagrams characteristic
of this case as N → ∞ are depicted in Fig. 5. We use
Observation 1 to determine the asymptotic transition rates
for k close to N . Note that in this case the aggregated CTMC
is no longer irreducible as a result of states close to N + 1
not being communicated asymptotically.

For large but finite N , the question of how many states
M in the reduced Markov chain should be retained for a

. . . N + 11 2 3 NN
-

1S t a t e s w i t h z e r o p r o b a b i l i t y. . .1 2 3 M
Figure 5: Reduced aggregated CTMC with M < N+1 states
as N tends to infinity for case I (λ0 < λs).

given desired accuracy measure is answered next. Referring
to the reduced aggregated Markov chain in Fig. 5 we have

λ0ξi = γiξi+1, i = 1, 2, . . . , M − 1 (9a)

M
X

i=1

ξi = 1. (9b)

Solving the above local balance equations for ξM yields

ξM =
1

1 +
PM−1

i=1
ζi

λi

0

, ζi =
i

Y

j=1

γM−j . (10)

The numerical approximation of the reduced aggregated
Markov chain involves selection of M for given γ1, . . . , γM−1

such that ξM is sufficiently small, justifying the elimination
of the remaining states on the grounds of vanishingly small
state probabilities. If M is sufficiently large so that the re-
maining transition rates can be approximated by λs, we have

ξi = ξM

„

λ0

λs

«i−M

, i = M + 1, . . . , N + 1. (11)

Since λ0/λs < 1 the states M + 1, . . . , N + 1 are guaranteed
to have smaller state probabilities than state M :

ξM > ξM+1 > ξM+2 > · · · > ξN+1.

In fact in the limit as N → ∞ we have

lim
N→∞

ξN = 0.

Suppose that we wish to find the smallest M such that
ξM ≤ ǫ for a given threshold ǫ for the approximated reduced
Markov chain. Fig. 6 shows plots of ξM versus M for different
ratios λ0/λs computed using (10) as N → ∞. We observe
that as λ0/λs gets smaller, the aggregated Markov chain can
be approximated by a smaller Markov chain by selecting a
smaller M for a fixed ǫ. Conversely, larger λ0/λs (subject to
λ0/λs < 1) requires larger M . For finite N the same plots
can be used approximately as long as N is sufficiently large.

For given λ0, λ1, λ2, N and ǫ where λ0/λs < 1, i.e.,
case I applies, a computational method for finding approx-
imate aggregation can be conceived as follows: (i) compute

λk
m, k = 1, . . . , Nc, for Nc < N tokens in initial marking,

where Nc is the maximum number of tokens that can be
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(λ1 = 4, λ2 = 5). As the ratio λ0/λs gets smaller, smaller
M is needed to achieve ξM ≤ ǫ for a given ǫ.

handled under the complexity constraint, (ii) approximate
ξM using

ξ̂M =
1

1 +
PM−1

i=1
ζ̂i

λi

0

, ζ̂i =
i

Y

j=1

λk=M−j
m (12)

(iii) find smallest M satisfying ξ̂M ≤ ǫ. As an example,
suppose N = 50, λ0 = 0.5, λ1 = 8, λ2 = 3, Nc = 20
and ǫ = 10−4. Using the above approach we have ob-
tained M = 7 and the sum of absolute differences between
λk

m, k = 1, . . . , M , for Nc tokens and the true marking-
dependent transition rates was 5.4 × 10−11. The reduced
Markov chain that was constructed using Nc = 20 tokens
has only 7 states compared with (N + 1)2 = 2601 states for
the original Markov chain.

4.2 Case II: λ0 > λs

Asymptotically this case results in small states to have van-
ishing state probabilities as illustrated in Fig. 7.. . . N + 11 2 3 NN

-
1S t a t e s w i t h z e r o p r o b a b i l i t y . . .K K + 1 K + 2 N + 1

Figure 7: Reduced aggregated CTMC with N −K +2 states
as N tends to infinity for case II (λ0 > λs).
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Figure 8: Plot of ξK versus D = N − K for different λ0/λs

(λ1 = 4, λ2 = 5). As the ratio λ0/λs gets smaller, larger D
would be required to achieve ξK ≤ ǫ for a given ǫ.

Referring to the reduced Markov chain in Fig. 7 we have

λ0ξi = λsξi+1, i = K, K + 1, . . . , N (13)

N+1
X

i=K

ξi = 1. (14)

Solving the above equations for ξK we obtain

ξK =
1

PN−K+1
i=0

“

λ0

λs

”i
=

λ0

λs
− 1

“

λ0

λs

”N−K+2

− 1
. (15)

We observe that ξi monotonically increases with i and that
ξK only depends on the difference between N and K rather
than their individual values so long as N is sufficiently large.

For sufficiently large N and given transition rates λ0,
λ1 and λ2 complying with λ0 > λs, a reduced aggregated
CTMC can be approximately obtained by setting K to a
value that returns a sufficiently small ξK ; i.e., ξK ≤ ǫ. It is
clear from (15) that, for a fixed threshold ǫ, larger D = N−K
would be necessary for smaller λ0/λs (λ0/λs > 1). This is
illustrated in Fig. 8.

An approximate reduced aggregation can be obtained
simply by determining the smallest D for given ǫ and λ0/λs

using (15). Thus the computational procedure for case II is
much simpler than that for case I, provided that N is suf-
ficiently large to warrant approximation of λk

m by λs. To
demonstrate this, suppose N = 50, λ0 = 5, λ1 = 8, λ2 = 3
and ǫ = 10−4, for which we have obtained K = 34 and the
sum of absolute differences between λk

m, k = K, . . . , N , (i.e.,
the true marking-dependent transition rates) and the asymp-
totic values λs was only 8.9 × 10−10. The reduced Markov
chain has D + 2 = 18 states, which is a significant reduction
compared with the original Markov chain.

4.3 Case III: λ0 = λs

No states can be assumed to have vanishing state probabili-
ties in this case. Fig. 9 illustrates the transition diagram of
the aggregated CTMC as N tends to infinity. Even though
the aggregated Markov chain cannot be reduced, the asymp-
totic convergence result for the marking-dependent transi-
tion rates still holds. To see this first consider the local
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Figure 9: Aggregated CTMC as N tends to infinity for
case III (λ0 = λs). No reduction is possible in this case
since state probabilities do not vanish.

balance equations for a given N :

λ0ξ1 = γ1ξ2

λ0ξ2 = γ2ξ3

λ0ξ3 = γ3ξ4

...

λ0ξN−2 = λ0ξN−1

λ0ξN−1 = λ0ξN

λ0ξN = λ0ξN+1

and
N

X

i=1

ξi = 1.

The local balance equations imply that states, for which Ob-
servation 1 is valid, have identical state probabilities:

· · · = ξN−2 = ξN−1 = ξN = ξN+1.

We will now show that asymptotic convergence of transi-
tion rates to γi and validity of Observation 1 for large states
can be maintained even if state probabilities do not exhibit
any convergence. Consider increasing the number of tokens
to N + 1. To see the effect of this on the state probabilities
in conjunction with the asymptotic result (8), write

λ0ξ
′

1 = γ1ξ
′

2

λ0ξ
′

2 = γ2ξ
′

3

λ0ξ
′

3 = γ3ξ
′

4

...

λ0ξ
′

N−2 = λ0ξ
′

N−1

λ0ξ
′

N−1 = λ0ξ
′

N

λ0ξ
′

N = λ0ξ
′

N+1

λ0ξ
′

N+1 = λ0ξ
′

N+2

where the ξ′i are the state probabilities after increasing the
number of token in initial marking from N to N + 1. To
satisfy the unit sum of state probabilities we have

ξ′N+2 = αξN+1, 1 − α = ξ′N+2, 0 < α < 1 (16)

where α is a scaling factor that multiplies all state prob-
abilities ξi in order to allow the new state N + 2 to have
a non-zero state probability that is equal to the new state
probability of state N + 1. This way none of the converged
transition rates are affected by the new state. From (16) we
have

α =
1

1 + ξN+1
, ξ′N+2 =

ξN+1

1 + ξN+1
.

For given λ0, λ1, λ2, N and Nc where λ0 = λs, the fol-
lowing computational procedure can be used to approximate

the solution to aggregation: (i) compute λk
m, k = 1, . . . , Nc,

for Nc < N tokens in initial marking, (ii) set the remain-
ing transition rates λk

m = λ0, k = Nc + 1, . . . , N . Suppose
N = 50, λ0 = 3, λ1 = 8, λ2 = 3 and Nc = 20. Using the
above procedure the sum of absolute differences between the
approximated and true marking-dependent transition rates
was 2.1 × 10−8.
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6. CONCLUSIONS

We have presented a parametric convergence analysis for the
transition rates of an aggregated Markov chain encountered
in the modelling of parallel synchronized systems. The key to
aggregation is to cluster the states of the underlying Markov
chain into aggregated states in a systematic way that lends
itself easily to mathematical analysis. Since parallel syn-
chronized systems do not have product-form solutions [6], no
closed-form solution can be found to determine their station-
ary distribution among other things. In the paper we have
utilized an asymptotic convergence result for transition rates
of the aggregated Markov chain to ease the computational
burden associated with the solution. Three different cases
have been identified in relation to the transition rates of the
original Markov chain. For two of these cases whereby the
slowest parallel branch has different transition rates to the
transition rate of the initial place, we have shown that the
aggregated chain can be reduced as a result of certain aggre-
gated states having vanishing state probabilities. The third
case where the slowest parallel branch and the initial place
have identical transition rates does not allow any reduction.
For each of these cases we have provided computational pro-
cedures and demonstrated their effectiveness by numerical
examples.

REFERENCES

[1] J. G. Kemeny and J. L. Snell, Finite Markov Chains.
Princeton, NJ: Van Nostrand, 1960.

[2] C. D. Meyer, “Stochastic complementation, uncoupling
Markov chains, and the theory of nearly reducible sys-
tems,” SIAM Review, vol. 31, no. 2, pp. 240–272, 1989.

[3] T. G. Robertazzi, Computer Networks and Systems,
3rd ed. New York: Springer-Verlag, 2000.

[4] M. A. Marsan, G. Balbo, G. Conte, S. Donatelli, and
G. Franceschinis, Modelling with Generalized Stochastic
Petri Nets. Chichester, England: Wiley, 1995.
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ABSTRACT
We consider using sparse simplifications to denoise probabilistic se-
quence models for generative tasks such as speech synthesis. Our
proposal is to find the least random model that remains close to
the original one according to a KL-divergence constraint, a tech-
nique we call minimum entropy rate simplification (MERS). This
produces a representation-independent framework for trading off
simplicity and divergence, similar to rate-distortion theory. Impor-
tantly, MERS uses the cleaned model rather than the original one
for the underlying probabilities in the KL-divergence, effectively re-
versing the conventional argument order. This promotes rather than
penalizes sparsity, suppressing uncommon outcomes likely to be er-
rors. We write down the MERS equations for Markov chains, and
present an iterative solution procedure based on the Blahut-Arimoto
algorithm and a bigram matrix Markov chain representation. We ap-
ply the procedure to a music-based Markov grammar, and compare
the results to a simplistic thresholding scheme.

1. INTRODUCTION

In machine learning, an interesting duality exists between discrimi-
native tasks such as speech recognition, and generative tasks such as
speech synthesis. Both can be seen as mappings between observa-
tion space and model space, but in opposite directions. Generative
and discriminative tasks alike can be addressed using so-called gen-
erative models, of which Markov chains and hidden Markov mod-
els (HMMs) [1] are common examples. Hidden Markov models,
in particular, are used in modern systems for speech recognition as
well as speech synthesis [2, 3].

However, just because the same model family can be applied
for generative and discriminative problems, it does not follow that
the exact same model will be optimal in both cases. On the con-
trary, the practical requirements for a good model typically differ
between the two applications, so what is optimal in one case need
not be the best strategy in the other; see [4]. While the problem
of adapting models to increase recognition performance has been
widely studied [5, 6, 7, 8], we will consider the converse task of
improving models for purposes of sampling and synthesis. To this
end, we propose minimum entropy rate simplification (MERS), a
rate-distortion like framework for simplifying and sparsifying esti-
mated probability models for stochastic sequences, removing noise
and errors inherited from the training data.

The paper is laid out as follows: section 2 describes the bene-
fits of sparse, simplified generative models. We then introduce and
discuss the general MERS framework in section 3. Thereafter, in
section 4, we describe the concrete optimization problem that arises
in the special case of Markov chains, present a solution algorithm,
and apply it to a simple music grammar. Section 5 then rounds off
with conclusions and suggestions for future work.

2. BACKGROUND

As an example of the different requirements in discriminative ver-
sus generative settings, we shall consider the dual topics of speech
recognition and speech synthesis. In both cases, the typical ap-
proach to learning revolves around one or more generative mod-

els trained on human speech data, often using a maximum likeli-
hood estimation technique such as Baum-Welch training for hidden
Markov models [9], a special case of the EM-algorithm [10]. How-
ever, after the training stage, paths diverge [4].

2.1 Discriminative Tasks and Smoothing
For recognition tasks, it is common practice to apply some kind of
smoothing to ML-estimated models [7], which increases the amount
of randomness and number of possible outcomes. This is to allow
for the vast variety of different behaviours present in real, spon-
taneous speech, which is typically much greater than the training
data can represent [11]. Additive smoothers, including pseudocount
methods such as Laplace’s rule, are a common choice, though many
alternatives exist, e.g., [6, 8]. Pseudocounts are often motivated and
interpreted as a Bayesian prior.

The net result of smoothing is to increase the probability of rare
events, and assign small, nonzero probabilities to events previously
deemed impossible by the model. Were this not done, many erro-
neous or simply unusual constructs that tend to occur in the real
world may have probability zero under the unsmoothed maximum
likelihood model [11]. These zeroes are known to be problematic
and degrade practical performance: for example, if only grammat-
ically correct interpretations of speech have nonzero probabilities,
any grammatical mistake by the speaker might make recognition
impossible.

2.2 Generative Tasks
In the case of speech synthesis and other generative tasks, the sit-
uation is the opposite to the above: one would like to decrease
rather than increase the room for errors in samples from the model.
This would reduce the importance of occasional idiosyncrasies in
the training data and generally filter out unlikely and uncharacteris-
tic behaviour, such as grammatically incorrect speech, that the ini-
tially estimated model might still allow. These mistakes and un-
predictable behaviours are generally undesirable from a commu-
nication standpoint in a practical speech synthesis system, even if
removing them makes the model in some sense less realistic.

As another example, we may consider synthesizing species-
specific birdsong. A training dataset of field recordings may not
always be clean, but could include background sounds and occa-
sional interference from other singing birds. By reducing the range
of behaviours that can be expressed by the model, more consistent
output may be obtained, where disturbances from the training ma-
terial are eliminated or suppressed.

In both examples above we presume errors to be inherent to the
data process rather than a finite sampling effect. This is a situa-
tion where Bayesian approaches such as [12]—which in terms of
objective is quite similar to our MERS proposal—are not directly
applicable, since the impact of the Bayesian prior decreases with an
increasing amount of data.

2.3 Sparsity
We have described the need for simplifying stochastic processes so
that uncommon, uncharacteristic behaviour is removed or reduced.
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The result could be seen as a sort of caricature of the original pro-
cess, exaggerating the most prominent features, or we may con-
sider it a “sharpening,” in the sense that it has the opposite effect
of smoothing. However, it can also be considered a kind of spar-
sification of the model output—we want to decrease the number of
possible outcomes and reduce the size of the typical set. In many
model classes where parameters can be interpreted as probabilities,
including Markov chains and HMMs, this directly carries over to
imply sparsity in model parameter space, though not all models may
admit such an interpretation.

Sparse representations, in general, is a topic area that has seen
much recent interest. Well-known techniques such as least angle re-
gression (LARS/Lasso) [13, 14], support vector machines [15], and
the wavelet paradigm in signal processing [16] can all be consid-
ered examples of sparse approaches. Methods for obtaining sparse
probability models have also been addressed before, e.g., [17], but
this does not apply to stochastic processes that are not i.i.d., as con-
sidered here.

General advantages of sparse representations include that they
compress easily [16], may be faster to process [18], and tend to be
more amenable to human interpretation [13, 12]. In general, sparse
representations echo the principle of Occam’s razor that “plurality
should not be posited without necessity.”

Though explicit constraints provide one route to sparsity, e.g.,
[19], sparsity in several of the methods above emerges as a natu-
ral by-product of their construction. A classic example of emergent
sparsity is reverse water-filling in source coding, where, in optimal
coding of stationary stochastic Gaussian processes, certain frequen-
cies (or variables in the discrete case) are omitted completely from
the compressed description [20, 21]. This will serve as the model
for our efforts for identifying sparse simplifications of stochastic
processes.

3. RATE-DISTORTION SIMPLIFICATION

We shall now adapt the rate-distortion framework from source cod-
ing to the task of simplifying stochastic processes, which yields the
MERS framework. This will involve a brief discussion of traditional
rate-distortion theory and how it applies to our problem, after which
we describe how to select suitable analogues of rate and distortion
for stochastic processes. In section 4, we shall then consider the
important special case of a Markov chain.

3.1 Rate-Distortion Theory
Let X be a stochastic variable with known, fixed distribution FX (x),
and let X̂ be some approximation of X reconstructed from partial
information about X . In our particular application, these variables
will be stochastic processes, and we aim to find a simple underlying
X using the incomplete information available through the disturbed
observations X̂ .

Rate-distortion theory in lossy source coding concerns the
trade-off between the rate R = I(X , X̂) (the average number of
bits transmitted) and the expected distortion of the signal given the
transmitted information. The latter is quantified through a distor-
tion measure D(x, x̂)≥ 0, with equality if x̂ = x. The goal of source
coding is to choose a distribution FX̂ |X (x̂ | x) for X̂ that strikes an
optimal balance between the contradictory objectives of low aver-
age rate (simplicity) and low mean distortion (dissimilarity). Cod-
ing can thus be seen as a simplification scheme, similar to what we
want to derive.

By constraining either rate or distortion, the other variable can
be minimized. It does not matter which is fixed; using Lagrange
multipliers, both approaches can be recast as unconstrained mini-
mization of a weighted functional, as in

min
FX̂ |X (x̂|x)

I(X , X̂)−βEFX (x)D(X , X̂). (1)

The minima over the range of Lagrange multipliers β ≥ 0 define
a convex, nonincreasing rate-distortion function D(R) which lower

bounds compression performance for a given distribution FX (x);
only rate-distortion pairs (R, D) on or above the curve are achiev-
able.

The balance between rate and distortion above can be adjusted
continuously through the variable β . Similar information-theoretic
trade-offs recur in, for instance, the opposing forces of relevance
and compression within the information bottleneck framework [22],
and the semi-supervised CRF learning framework in [23]. We shall
let a trade-off of the same form as above define our model simpli-
fication scheme, by studying the rate and distortion components in
turn, arguing for natural generalizations that produce sparse simpli-
fications.

3.2 Rate Minimization
Let X̃t and Xt for t ∈ Z be strictly stationary and ergodic stochastic
processes over a space X . X may be either discrete or contin-
uous. We will take the properties of X̃t to be known and fixed—
typically, this is a model with parameters estimated from possibly
impure training data—and seek a suitable Xt , a cleaned version of
the X̃t -process that strikes an optimal balance between simplicity
and similarity.

We want Xt to be a simplification of X̃t where rare events are re-
moved or generally de-emphasized. Intuitively, the fewer outcomes
that are possible, the less random the output becomes, a notion for-
malized by the classic entropy concept. To obtain an optimally sim-
ple stochastic process Xt , it thus appears sensible to minimize the
entropy rate of the model as

H∞ (Xt) = lim
T→∞

1
T

H (Xt ,Xt+1, . . . ,Xt+T−1) , (2)

or the analogous differential entropy rate

h∞ (Xt) = lim
T→∞

1
T

h(Xt ,Xt+1, . . . ,Xt+T−1) (3)

if X is not discrete. These are parameter-independent information-
theoretic measures of disorder, with units of bits, nats or similar,
depending on the logarithm used to define the entropies.

The lower the entropy rate, the more predictable a process be-
comes, and on average only a few outcomes will have any appre-
ciable probability. The extreme points where the rate is identically
zero correspond to processes that, with probability one, are com-
pletely deterministic once a single sample is known (and are thus
not necessarily ergodic).

We note that the entropy of a general stochastic variable is a
concave function over the unit simplex with minima at the corners.
Thus algorithms minimizing the entropy rate, as we wish to do for
Xt here, might converge on points that are not globally optimal. This
is not necessarily a grave concern—methods such as hidden Markov
models work well in practice despite the fact that the training algo-
rithms are not certain to find global optima.

3.3 Distortion Constraint
In rate-distortion theory, a low rate is balanced against the undesir-
able distortion it induces in the reconstructed variable X̂ . To prevent
oversimplification, we similarly want to ensure that the difference
between Xt and the measurements X̃t is not too great, according to
some appropriate measure of distortion. Selecting this distortion
measure is not as straightforward as minimizing the rate.

The classic case of reverse water-filling with Gaussian variables
occurs for the squared error distortion function d (x, x̂) = ‖x− x̂‖2

2,
but this measure is parameterization dependent and not even defined
for categorical variables. Instead, we describe an approach involv-
ing the Kullback-Leibler divergence, or relative entropy, which in
the discrete case has the form

DKL (P||Q) = ∑
i

pP (i) log
pP (i)
pQ (i)

, (4)
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given random variables P and Q.
This is an information-theoretic error measure that also is

parameterization-independent, and has been used in other frame-
works inspired by rate-distortion theory such as the information bot-
tleneck approach.

To properly adapt the KL-divergence for our purposes, we must
keep in mind the different roles of the two arguments P and Q. In
many applications, the divergence DKL (P||Q) is interpreted as the
mean reduction in per-symbol log-likelihood that occurs when us-
ing the probability model Q, compared to the true sample distribu-
tion P. In source coding, this equals the average excess number of
bits, nats, or similar, consumed when coding the variable P using
a code optimal for Q. Commonly, then, the argument P represents
the fixed, actual distribution of the data (known or inferred from ob-
servations), while Q is some approximation thereof. This strongly
discourages sparsity in Q—in source coding, for instance, it is vital
that nonzero probability symbols all have finite length codewords—
so care must be taken not to rule out sparse output when using this
divergence.

In our case, a different understanding of what constitutes P and
Q is appropriate, compared to many other applications. We consider
the observations from X̃t as a corruption, a noisy approximation of
some clean underlying process Xt , for example birdsong or gram-
matically correct speech. Hence it makes sense to reverse the con-
ventional ordering and constrain the limiting relative entropy rate
D∞

KL(Xt ||X̃t) defined through

lim
T→∞

1
T

DKL((Xt , . . . ,Xt+T−1) ||(X̃t , . . . , X̃t+T−1)), (5)

or the analogous differential entropy rate for continuous-valued pro-
cesses. We shall assume these quantities exist, which is assured if
the processes are Markovian [24]. Another notable example where
the second argument in the KL-divergence is considered fixed in-
stead of the first one is variational Bayesian inference [25].

Constraining D∞
KL(Xt ||X̃t) represents a belief that short se-

quences from the underlying Xt are not too unlikely to be ob-
served in X̃t unaltered. This harshly punishes needless non-sparsity;
any Xt -process which has additional nonzero probability outcome
sequences compared to the observations X̃t will incur an infinite
penalty. Excess sparsity in Xt , so that Ω(Xt) ⊂ Ω(X̃t), leads to a
more modest, finite divergence.

3.4 Method Overview
Summing up the reasoning above, we propose to find a simplified,
sparse model Xt of a process X̃t by solving the optimization problem

min
Xt∈Ξ

H∞ (Xt) (6)

subject to
D∞

KL(Xt ||X̃t)≤ D, (7)

where D is a free parameter and Ξ is a class of stationary, ergodic
discrete-time models. We take appropriate differential entropies and
divergences if the outcome set X is not discrete. Note that this
reduces to a problem from regular rate-distortion theory if the pro-
cesses considered are i.i.d.

Just as in rate-distortion theory and the information bottleneck
framework, the opposing goals of low rate and low distortion in
the problem enable a continuous trade-off between the original esti-
mated process X̃t and complete determinism at zero rate, controlled
by the tolerable distortion D. The different possible optima trace out
a nonincreasing rate-distortion function R(D). From a variational,
information-theoretic perspective, the optimal Xt is determined by
trading bits of increased order for bits of divergence at the exchange
rate specified by the Lagrange multiplier β corresponding to the
constraint (7).

A practical issue with rate-distortion theory is that few closed-
form solutions have been found. Many of these are available in

[26, 21]. Sometimes, fundamental quantities such the entropy rate
(6) may be difficult to write down explicitly, for instance if Xt is a
hidden Markov process [27]. Nevertheless, there are many impor-
tant cases where this is not a problem. A particularly useful example
is the class of stationary and ergodic Markov chains, which we will
consider next.

4. SPARSE MARKOV CHAINS

We have presented a general, abstract rate-distortion problem for
simplifying probability models, with the intent of eliminating noise
and disturbances for sampling applications. To get a more concrete
impression of how the MERS framework operates, we shall now
address how it applies to a simple example, namely that of ordinary
Markov chains. We write down the explicit optimization problem
that results for this particular case, present an iterative solution al-
gorithm, and demonstrate sparsity in an application.

4.1 Optimization Problem Formulation

Let M̃t be a given stationary, ergodic first-order Markov chain on an
alphabet A of cardinality N < ∞, defined by the transition proba-
bility matrix Ã ∈ [0,1]N×N such that

(ã)i j = P(M̃t+1 = j | M̃t = i) (8)

for all i, j ∈ A . Given Ã, the process has a unique stationary dis-
tribution π̃ ∈ [0,1]N such that (π̃)i = P(M̃t = i), which solves the
eigenvector equation ÃT π̃ = π̃ . We shall require π̃ > 0 (meaning
that all elements are greater than zero), else some symbols in A are
not emitted and can be removed from consideration.

Now let Mt be another stationary, ergodic first-order Markov
chain on A . Instead of the transition matrix A, we let Mt be defined
by its bigram probability matrix B with elements

(b)i j = P(Mt = i ∧Mt+1 = j). (9)

The stationary distribution vector π is again required to have all
positive elements and satisfies π = B1 = BT 1 due to stationarity,
where 1 is a column vector of all ones. It is possible to transform
this back to a regular transition-matrix representation using the re-
lation

B = (diagπ)A. (10)

With the above definitions, the minimum-rate simplification Mt
of M̃t for a given Kullback-Leibler distortion D is the solution to the
optimization problem

min
B∈[0,1]N×N

−∑
i, j

(b)i j log
(b)i j

∑ j′ (b)i j′
(11)

subject to

∑
i, j

(b)i j log
(b)i j

(ã)i j ∑ j′ (b)i j′
≤D (12)(

B−BT
)
1 =0 (13)

1T B1 =1 (14)
B≥0. (15)

Equations (11) and (12) are Markov chain versions of (6) and (7),
respectively, derived using the formulas in [28]. The two final con-
straints are required for B to describe a proper probability distribu-
tion, while the relation (13) between the marginals of B is necessary
to obtain a stationary process.
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Figure 1: Simplicity-Divergence Curve

4.2 Iterative Solution
The MERS problem above is nonconvex and typically demanding to
solve using brute force numerical minimization techniques. How-
ever, it is possible to derive fast iterative solution procedures, anal-
ogous to the Blahut-Arimoto [29, 30] for calculating points on the
rate-distortion curve in rate-distortion theory. We introduce an aux-
iliary variable q = B1 and interlace iterative optimization of B and
q. Given a parameter α > 1, a counter m = 0, and an initial guess
B(0) satisfying the above constraints for B, this yields an algorithm:
1. Given B, optimize for q: q(m) = B(m)1.
2. Given q, optimize for B:

(a) Define B′(m+1) through (b′)(m+1)
i j = (ã)α

i j (q)(m)
i .

(b) Let n = 0 and µ(n) = 1.

(c) Let (µ)(n+1)
i =

√
∑

N
j=1, j 6=i(µ)(n)

j (b′)(m+1)
ji

∑
N
j=1, j 6=i

(
(µ)(n)

j

)−1
(b′)(m+1)

i j

.

(d) Let n = n+1 and repeat from 2c until convergence.

(e) Form B′′(m+1) =
(

diag µ(n)
)−1

B′(m+1)
(

diag µ(n)
)

.

(f) Normalize to get B(m+1) =
(
1T B′′(m+1)1

)−1
B′′(m+1).

3. If not converged, let m = m+1 and repeat from 1.
This algorithm can be derived by introducing a Lagrange multiplier
for the divergence constraint (12), and then splitting the problem
into a minimization problem over two sets of variables, B and q
(representing π) using the same trick as for the Blahut-Arimoto al-
gorithm. Minimizing over one parameter set is straightforward if
the other set is fixed, leading to an alternating minimization scheme
as above. The inner loop at 2c provides an iterative solution to an
equation of the form

(diag µ)−1 B′ (diag µ)1 = (diag µ)B′T (diag µ)−1 1, (16)

which is necessary to find Lagrange multipliers µ so that constraint
(13) is satisfied. While we have no formal convergence guarantees,
the algorithm converges quickly in practice. Because of nonconvex-
ity, the obtained solutions are not necessarily globally optimal.

We note that only B-matrix entries where the corresponding
value in Ã is nonzero need to be considered for the computations;
all other entries are zero at the optimum. The parameter α in the
algorithm adjusts the trade-off between simplicity and divergence.
To achieve a target entropy or divergence rate, it may be necessary
solve the problem for several different α , and use a root-finding
procedure to converge on the appropriate value. This is a common
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trait of the Blahut-Arimoto algorithm and its descendants such as
the bottleneck equations in the information bottleneck method [22].

4.3 Numerical Example

To illustrate the behaviour of MERS in practice we present a brief
numerical example from the domain of music. A process M̃t was
created by first extracting the pitch sequences from the Bach chorale
data described in [31]. Taking differences between consecutive el-
ements in each chorale, sequences of pitch changes were obtained;
these were wrapped onto a single octave using modulo 12. An
eleven-state Markov chain M̃t was then fitted to the resulting data
using maximum likelihood. (Only eleven states were necessary
since there were no instances of six-semitone pitch increases.) This
music model was then simplified using MERS for a number of dif-
ferent α-values, yielding the results shown.

Figure 1 graphs the high and medium rate sections of the
simplicity-divergence curve, the MERS analogue of the rate-
distortion curve, for this example. Simplicity and divergence are
here defined by equations (11) and (12), respectively. (The low en-
tropy region of the curve is omitted since the calculation of µ is
slow there.) The curve is smooth and reflects the law of diminish-
ing returns: near full rate, we can take away some variation with
little effect on divergence, but as entropy rate is decreased further
the removed bits (or fractions thereof) carry progressively greater
importance.

For comparison, the figure also includes the performance of a
simplistic thresholding scheme, where all the probability mass in Ã
below a certain threshold is removed. The threshold is different for
every row, such that that an equal mass p is removed from each row;
the matrix is then renormalized by dividing by 1− p. Evidently,
this reverse water-filling-like scheme achieves inferior simplicity-
divergence trade-offs as the parameter p is varied, compared to the
MERS curve.

Figure 2 illustrates progressively increasing sparsity as the rate
is decreased. The lines correspond to the entries of the matrix B
ordered by decreasing magnitude for a number of different entropy
rates. As H∞ (Mt) goes down, only a few bigrams have increased
probability, whereas most matrix entries (typically corresponding
to less common two-note sequences) approach zero at an increasing
pace and rapidly become insignificant. This sparse B-matrix rep-
resentation corresponds to sparsity and simplicity in outcome space
for Mt , as desired; at low rate, only relatively few, highly typical
sequences tend to be observed in practice.
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5. DISCUSSION AND CONCLUSIONS

We have presented MERS, a rate-distortion based framework for
simplifying stationary, ergodic stochastic processes, including the
special case of Markov chains. The framework revolves around
minimizing entropy rate under a Kullback-Leibler divergence con-
straint designed to promote sparsity in outcome space, so that only
a few outcomes have any appreciable probability. Numerical exper-
iments confirm this behaviour.

MERS simplifications are similar to reverse water-filling in
source coding in the sense that less prominent aspects of the origi-
nal distribution are filtered out. This is particularly appropriate for
improving models for generative tasks, and may recover an approx-
imation of the underlying sparsity structure from models disturbed
by imperfections and occasional erratic outcomes.

A distinguishing advantage of MERS is that the information-
theoretic nature of the framework ensures wholly parameterization
independent results. This contrasts with many typical approaches to
sparsity such as thresholding schemes or Lasso-influenced methods,
e.g., [17], that rely on constraining or minimizing the `1-norm of the
model parameters.

We see room for future work in both theory and applications.
On the theory side, we intend to explore fundamental aspects of
the proposed framework in greater depth, such as the properties of
the MERS rate-distortion function and the emergence of sparsity.
For applications, we are pursuing analytic solutions to the MERS
problem for some important special cases. This should open the
door to apply MERS to potentially large problems in a number of
different contexts.

In the case of more general processes such as hidden Markov
models, merely computing entropy rates can be a difficult problem
[27], and analytic solutions may not be possible. It would be in-
teresting to consider minimizing suitable upper bounds on the en-
tropy and divergence rates, which could produce approximate rate-
distortion simplifications while being computationally feasible.
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ABSTRACT
We present a new algorithm for facial expression recogni-
tion that is robust to occlusion. The facial image is divided
into equal sized regions, and a Sparse Representation Clas-
sifier (SRC) classifies the facial expression in each region.
These classification decisions must be combined and dif-
ferent voting methods were considered. A weighted voting
method where the vote assigned to each class in a region was
based on the class representation error led to the best recog-
nition results under a variety of occlusion conditions. The
recognition rate of our algorithm remains very high for un-
occluded images (95.3% success). With large occluded re-
gions (≥25% of the image), it significantly outperforms an
SRC algorithm based on the entire image and a Gabor-based
algorithm. Since each subimage problem can be solved in-
dependently before combining decisions, processing can be
done in parallel leading to a fast SRC based classification
decision if implemented on a multi-core system.

1. INTRODUCTION

Facial Expression Recognition (FER) has long been a topic
of interest in psychology where correctly identifying a per-
son’s emotions can be used in a clinical setting. The Facial
Action Coding System (FACS) has been used extensively by
psychologists. This system details a method for the recog-
nition of expressions by a human observer and is based on
identifying the presence or absence of 46 elementary muscle
movements, called action units (AUs) [1]. Based on the set
of AUs present, the facial expression is categorized as fear,
anger, disgust, sadness, surprise, happiness or neutral.

Automated methods for recognizing facial expressions
have been explored over the last several decades and reviews
can be found in [2, 3]. Human computer interaction (HCI)
represents an important application and more natural inter-
action will require accurate expression recognition systems.
While many methods use the entire facial image to identify
the facial expression, recent successful methods have applied
techniques to extract localized features from the face image
for use in classification. In particular, Gabor filter banks
(which are used to approximately model the processing in
the primary visual cortex) have been successfully used as a
feature extraction method [4, 5, 6]. Other methods such as
Independent Component Analysis (ICA) [7] and Localized
Non-negative Matrix Factorization (LNMF) [8], which have
been successfully applied to FER, have also extracted highly
localized features. These methods more closely parallel the

This work was partially supported by National Science Foundation
Award No. 0837458

identification of localized changes used in FACS for expres-
sion identification.

Very frequently, the FER problem is complicated by oc-
clusion of part of the facial image which can be caused by
glasses, headwear, facial hair, or hands for example. Under
these conditions, recognition methods which use local facial
information have an advantage over holistic features. Fea-
tures extracted from occluded regions will be lost, but the
features extracted from unoccluded regions are not affected
and may be sufficient to allow accurate classification of the
facial expression. The classification decision is most com-
monly obtained using a nearest neighbor algorithm or sup-
port vector machine [9].

Recently, we have proposed the application of a Sparse
Recognition Classifier (SRC) [10] to the recognition of facial
expressions. We used the entire facial image and showed that
excellent recognition performance was obtained when the
system was presented with occluded or noisy images [11]. In
the SRC method [10], a sparse representation of an unknown
test image is formed using training samples whose classes are
known. The pixel values (rather than any extracted features)
are used to represent each image and the sparse representa-
tion is obtained using l1-norm minimization. The represen-
tation is then used directly in the classification of the images,
i.e, there is no need for a secondary classification stage.

In this paper, we propose splitting the image into a num-
ber of smaller subimages which can be classified indepen-
dently by separate Sparse Representation Classifiers. The
expression recognition is therefore based on localized fea-
tures which, as discussed above, have been shown to improve
upon results obtained using whole image features, especially
when part of the image is occluded. When a classification
decision is obtained from each of the local regions, these de-
cisions must be combined to produce a final decision. We
considered a number of different methods of combining the
decisions from the local classifiers and found that a weighted
voting scheme that uses the representation error for each of
the C classes {ρ j}Cj=1 in each local region gave the best re-
sults. This method is termed ρ-Weighted Voting SRC. For
large occlusions (≥25% of the image), we show through sim-
ulations that this new method significantly outperforms the
SRC method based on the entire image and a Gabor-based
method. Furthermore, each subimage classification problem
is of much smaller size and can be solved more quickly and
in parallel. This algorithm could be run on a multi-core pro-
cessor [12] leading to a much faster decision than an SRC
method based on the entire image.

The outline of the paper is as follows. In section 2,
we briefly describe the Sparse Representation based Classi-
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fication (SRC) method. In section 3, we detail the separa-
tion of the images into local regions and the different vot-
ing strategies we used in combining the decisions obtained
from the SRC in each local region. Simulations were used
to determine the performance of our new method and its per-
formance was compared to SRC on the entire image and a
Gabor-based method in section 4. We also examined the dif-
ference in computation time between SRC based on the en-
tire image and subimages. We draw some conclusions from
our work in section 5.

2. SPARSE REPRESENTATION BASED
CLASSIFICATION (SRC)

We consider representing the signal y ∈ Rm using vectors
from a dictionary A = {a1,a2, · · · ,an} where each ak ∈
Rm,k = 1, · · · ,n. A sparse representation of y using elements
from A is one which uses very few vectors from A. Using
x ∈ Rn to denote the weights on each of the dictionary vec-
tors, the sparsest solution is obtained by solving

min‖x‖0 s.t. Ax = y (1)

where the l0 norm counts the number of nonzero entries in x.
Obtaining the solution to this problem is NP-hard, but recent
work in the area of compressed sensing [13] has shown that
if the solution is sufficiently sparse, the solution to (1) can be
obtained exactly by solving the l1 norm problem

min‖x‖1 s.t. Ax = y. (2)

This problem is convex and can be solved in polynomial time
using a variety of methods. The application of sparse repre-
sentation to classification has been proposed in [10], and we
briefly summarize this method in the following paragraphs.

In a classification problem, known samples of the differ-
ent classes are available and are used to give the training vec-
tors. Each sample can be represented by the raw data (e.g.,
image or speech data) or a feature vector (e.g., by project-
ing on principal or independent components derived from the
data). The unknown test samples are represented in the same
manner as the training samples, and the class of the test sam-
ple is derived by finding a representation of the test sample
as a linear combination of the available training samples.

Assuming that there are C classes and nk,k = 1, · · · ,C ex-
amples from each class, the training vectors for each class
are denoted by T k = {tk

j}, j = 1, · · · ,nk. Forming a dic-
tionary of training vectors from all available examples as
A = [T1,T2, · · · ,TC], and denoting a test vector as y ∈ Rm,
some similarity measure must be used to determine which
class of training vectors most closely matches the test vector;
this class is then chosen as the unknown test class. The key
insight from [10] is that a test sample from a class i should be
efficiently representable as a linear combination solely of the
training vectors from the class Ti. Hence, given the matrix A
of all training vectors, the representation of a vector y from
class i ∈ {1, · · · ,C} should ideally produce a solution vector
of the form:

xs = [0, · · · ,0,xi
1,x

i
2, · · · ,xi

ni
,0, · · · ,0]T ∈ Rn. (3)

Since the solution is formed by using a small number of train-
ing vectors from the large training set, the solution is sparse
and can be obtained by solving (2).

In reality, due to noise in the data and correlation between
elements from different classes, the solution obtained from
(2) will not consist solely of vectors from a single class, i.e.,
some elements not associated with class i will have a nonzero
value in (3). The support of y using the different classes j =
1, · · · ,C in A is given by

ŷ j = Tjx j
s , x j

s = [x j
1,x

j
2, · · · ,x

j
n j

]T (4)

where x j
s is obtained from the solution of (2) as the weights

on the training vectors associated with class j. The classifi-
cation decision is obtained from the minimum representation
error ρ j, j = 1, · · · ,C as

c∗ = argmin
j

ρ j = argmin
j
‖y− ŷ j‖2. (5)

As discussed in section 1, occlusion of part of an im-
age makes the classification problem more difficult, and the
framework outlined above needs to be modified to account
for this. An augmented matrix is formed as

B = [A F ] (6)

where the vectors in F are used to represent the corruption
or occlusion. As noted in [10], if the images used to form
the dictionary A and test vector y are represented by the raw
pixel values then the error due to corruption or occlusion can
be represented by the identity matrix I. If the degree of cor-
ruption is not excessively large, the problem can be solved
by using the l1 norm as outlined above and using the matrix
B instead of A:

min‖z‖1 s.t. Bz = y, where z = [x e]T . (7)

When the solution vector zs is obtained, it is separated into
its component parts xs and es. Since the corruption has been
isolated to the components es, this is subtracted from the test
vector in the classification stage and (5) is modified to

c∗ = argmin
j

ρ j = argmin
j
‖(y−Fes)− ŷ j‖2. (8)

with ŷ j given by (4).

3. WEIGHTED VOTING ALGORITHM

Using the notation of section 2, we consider the classifi-
cation of the facial expression of an unknown test image
y ∈ Rm using training images (with known facial expression)
A = {a1,a2, · · · ,an} ∈ Rm×n. Localized subimages are ex-
tracted from the test image giving vectors yp, p = 1, · · · ,P
and training images are processed to give training dictio-
naries Ap, p = 1, · · · ,P. An example image and its separa-
tion into subimages is shown in figure 3(a). Each vector
is of length m/P, which is assumed an integer (in practice,
this will always be the case). The augmented dictionary
Bp = [Ap I{m

P×
m
P }] is formed to account for occlusion. For

each of these local classification problems, the SRC method
classifies the unknown test subimage as belonging to one of
the C classes. Using the original formulation of the SRC
method (given in section 2), the class decision in each region
is made based on the class which yields the lowest represen-
tation error as given in (8). These independent decisions must
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(a) (b) 

Figure 1: (a) Left eye subimage from figure 3(a) and (b)
representation error based on the dictionary training vectors
available for each of the classes.

be combined to produce the final classification decision. The
problem of combining decisions from different classifiers has
received a lot of attention and a summary of different meth-
ods can be found in [14].

A simple method of combining the decisions from the
different regions is to use a voting scheme. If each classi-
fier has one vote, it votes for the class with the lowest rep-
resentation error and all other classes receive no vote. The
final decision is made by a decision center which sums up
the number of votes received by each class and classifies the
image as belonging to the class that receives the most votes.
This method corresponds to a plurality decision rule and we
term this Plurality Voting SRC [14].

We would expect the plurality voting strategy to work
well in informative regions with little or no occlusion where
the correct class is easily identified and gets the one vote
available while all other classes receive no vote. An example
is shown in figure 1 where the subimage includes part of the
left eye and the representation error obtained for the correct
class (Anger) is much less than the other classes. However,
in less informative regions, the difference in representation
errors between classes is fairly small. Figure 2 shows an ex-
ample based on the left cheek subimage where the represen-
tation error for the 3 top choices is very similar. In this case,
the correct class (Anger) does not have the lowest represen-
tation error and gets no vote while an incorrect class receives
a vote. Similarly, when part of a subimage is occluded, it be-
comes difficult for any class to represent the presented image
and the resulting representation error distribution becomes
more similar to that shown in figure 2 than in figure 1. This
led us to consider using a weighted voting strategy in com-
bining the classification results from the local classifiers.

A simple modification of the plurality vote is the Borda
count method where each class is assigned a weight based
on the number of classes which are ranked below it by the
classifier [15]. If we consider a subimage yp, the class which
yields the lowest representation error gets a weight of (C−
1), the next lowest representation error gets (C−2), etc. For
each class j, j = 1, · · · ,C, we denote by N(k)

j the number of
times over all the subimages p = 1, · · · ,P that the class is
ranked in kth position. The total vote obtained by class j,
can be stated as

N j = λ1N(1)
j +λ2N(2)

j + · · ·+λCN(C)
j (9)

where λk,k = 1, · · · ,C are the weights assigned to the differ-
ent rank positions. In the case of the Borda count, the weights

(a) (b) 

Figure 2: (a) Cheek subimage from figure 3(a) and (b) repre-
sentation error based on the dictionary training vectors avail-
able for each of the classes.

are given as λk = (C− k). The class which gets the greatest
number of votes is taken as the output of the classifier which
we refer to as the Borda Count Voting SRC:

ĉBorda = arg max
j∈{1,···,C}

N j. (10)

The Borda count is simple to implement but does not
take into account the differences between classifiers [15].
Each subimage classifier is treated equally although it is well
known that some parts of the face are more informative for
facial expression recognition [1]. In addition, within a region
the relative difference in the representation error between dif-
ferent classes is not reflected in the vote assigned to each
class, i.e., there is a difference of 1 in the vote which each
class receives irrespective of how closely the class is repre-
sented. To rectify this, we propose weighting each vote from
the different subregions p = 1, · · · ,P by using the representa-
tion errors ρ

(p)
j , j = 1, · · · ,C (following the notation in (5))

that are obtained for each class using the SRC. For a subim-
age p, we assign a weighted vote to a class j as 1/ρ

(p)
j . The

final class decision, which we refer to as ρ-Weighted Voting
SRC in the simulation section is obtained as

ĉρ = arg max
j∈{1,···,C}

P

∑
p=1

1/ρ
(p)
j . (11)

We show through simulations that this voting method results
in much better performance with large occlusions than using
the other voting methods.

4. SIMULATIONS

4.1 Database and Image Preprocessing
We used the JAFFE female expression database in our exper-
iments. There are 213 facial expressions from 10 different
people and each person posed for 3 or 4 examples of each
of the six basic expressions plus a neutral expression [6]. To
account for the slightly different head tilts and head sizes,
preprocessing is used to eliminate these differences. Our pro-
cessing is similar to that used in [5]: each image was rotated
so that the eyes were horizontally aligned, and the interocu-
lar distance was used to crop out a rectangular area from the
original image. The image was resized to 96×72 pixels and
histogram equalization was used to increase the local con-
trast in some areas of the image. The images were divided
into 9 subimages as shown in figure 3(a) and each subimage
is of size 32×24 pixels.
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(a) (b) (c) 

Figure 3: (a) Example subimages derived from facial image,
(b) block occlusion of size 40×40 placed randomly, and (c)
occlusion of lower half of the facial image.

4.2 Feature Extraction and Classification
Each of the local image regions extracted was converted into
a vector by stacking the pixels column by column to give the
test images yp, p = 1, · · · ,P and training dictionaries Ap, p =
1, · · · ,P. The decisions obtained from the SRC method in
each local region were combined using the different voting
methods we have outlined in section 3.

We compared our results to those obtained using SRC
on the entire image [11] and to a Gabor-based method [6].
We include the Gabor-based method as these features have
been shown to be robust to block occlusions [16]. 40 Gabor
filters given by the following expression were applied to each
image to form Gabor jets at each point in the image [6]:

ψ(x,y,ω,θ) =
1

2πσ2 e−( x′2+y′2
2σ2 )[eiωx′ − e−

ω2σ2
2 ] (12)

where x′ = xcosθ + ysinθ ; y′ =−xsinθ + ycosθ .

(x,y) is the pixel position in the spatial domain, ω the radial
center frequency, θ the orientation of Gabor filter, and σ is
the standard deviation of the Gaussian function. The param-
eters were set as σ = π/ω , with 5 values of ω chosen as
ωp = π

2 ( 1√
2
)(p−1), p = {1, · · · ,5}, and 8 values of θ given by

θq = (q−1)π/8,q = 1, · · · ,8. The absolute values of the out-
puts from all filters were concatenated to form a large vector
and this was downsampled by a factor of 64. The classifica-
tion was done using a simple Nearest Neighbor (NN) method
[9].

The solution to (2) which leads to the SRC solution was
obtained using the CVX package [17]. Since the dataset is
relatively small, recognition results were obtained using a
leave one out strategy where in each trial one image from the
database is excluded and the remaining images are used in
training. The results from all these recognition experiments
were averaged to give the recognition rate.

4.3 Occlusion Results
In general, any part of the facial image may be occluded.
We simulate this situation by placing a square block of size
W ×W pixels randomly over the image. If this block falls
outside the more informative regions of the face (the eyes
or mouth region) then we expect the occlusion to have less
impact on the recognition of the facial expression. How-
ever, as the size of the block increases, the eyes or mouth
will be partially or fully occluded. For example, a square
block of side W = 40 is large enough to fully occlude the en-
tire eye or mouth but its position may dictate that it partially
occludes more than one feature; an example facial image oc-
cluded with a block of side W = 40 is shown in figure 3(b).
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Figure 4: Comparison of recognition performance obtained
using SRC Voting Methods (Plurality, Borda Count, and ρ-
Weighted) to a Gabor-based method and an SRC method
based on the entire image.

The size of the square block W was increased in steps of 5
and the recognition results obtained using each of the differ-
ent voting methods described in section 3 were compared to
the Gabor based features and the SRC method applied to the
entire image. The results are plotted in figure 4.

All methods perform very well when there is no occlu-
sion and the success rate of all algorithms is over 94% except
for the Plurality Vote which gives a success rate of 92.5%.
Over the range W = 10 to W = 35, the SRC method ap-
plied to the entire image performs the best and its perfor-
mance is slightly better by 1.5% than the ρ-Weighted Voting
SRC method at W = 25. The success rate of the Gabor-based
method drops off over the range W = 20 to W = 40 and its
performance is lower than all of the SRC based methods.

When the occlusion is greater than a size 40× 40 block
(which comprises ≈ 23% of the image), the success rate of
the SRC method based on the entire image drops off quickly
and falls below that of the Gabor-based method. The Borda
Count Voting SRC method does better than the Plurality Vot-
ing SRC method and they both improve on the performance
obtained using the Gabor-based method. The ρ-Weighted
Voting SRC method emerges as the clear winner when the
occlusion size is increased to occupy more of the image, i.e.,
W ≥ 40. Even when the occlusion size is increased to W = 60
(corresponding to an occlusion of ≈ 52% of the image), the
success rate is 68% and much higher than any other method.
To illustrate the different performance obtained by the algo-
rithms in a situation where a particular part of each image is
occluded, we considered the occlusion of the lower half of
the face (as shown in figure 3(c)) and of the upper half of
the face. The results obtained using each algorithm are given
in table 1. The ρ-Weighted Voting SRC algorithm greatly
outperforms all other algorithms on this set of occluded im-
ages. As we would expect, the performance is higher when
the upper half is unoccluded since the eye regions are more
informative than the mouth region. The parts of the image
which are occluded do not impact the decision much while
the eye regions dominate the voting (as we have illustrated in
figures 1 and 2) and this leads to the higher recognition rate
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Occlusion SRC Gabor+NN SRC Voting Methods
Plurality Borda ρ-Weighted

Upper Half of Face 26.8 31.9 24.4 28.2 63.8
Lower Half of Face 41.3 46.5 20.7 29.6 77.0

Table 1: Comparison of recognition performance of SRC Voting Methods (Plurality, Borda Count, and ρ-Weighted) to a
Gabor-based method and an SRC method based on the entire image when half of the presented image is fully occluded.

SRC Variables Constraints Time
Method Mean(Std. Dev.)

Full Image 14248 6912 343.2 (±24.7)
Subimage 1960 768 40.6 (±3.9)

Table 2: Dimensions and computation time (mean and stan-
dard deviation) of the l1-norm problem solved by CVX [17].

obtained using the ρ-Weighted Voting SRC algorithm.

4.4 Computational Considerations
An important consideration outside the performance of an
algorithm is how quickly a solution can be generated and its
memory requirements. We ran our experiments on a low-end
PC (Intel Pentium 4, 3.2 GHz with 3 GB RAM). The original
SRC method uses all the image pixels which results in a com-
plex problem when running the l1-norm optimization while
the subimage problem is much more manageable. Using the
CVX package [17], the optimization problem to be solved
has a number of variables determined by the formation of the
matrix [B −B], where B is obtained from (6). The number
of constraints is derived from the number of pixels. The full
image and subimage problem dimensions are summarized in
table 2 along with the time taken to run each method. Indeed,
the size of the problem using the entire image requires the use
of 64-bit MATLAB running on a 64-bit version of Windows
while the subimage problem can be run on a machine which
has 32 bit versions of MATLAB and Windows. The abil-
ity to use multiple processors, which is an emerging trend in
DSP applications [12], would allow the different classifica-
tion problems in the ρ-Weighted Voting SRC method to be
run in parallel. This would lead to a large reduction in the
time required to solve the classification problem in compari-
son to the SRC method using the entire image.

5. CONCLUSION

We have introduced a Sparse Representation Classifier
(SRC) algorithm based on subimages extracted from a facial
image to recognize facial expressions. The decisions from
the different image regions must be combined. We experi-
mented with a number of methods and introduced a voting
method where the vote assigned to each class in each region
was based on the class representation error obtained. We
termed this algorithm the ρ-Weighted Voting SRC method.
The recognition rate of our algorithm is very high for unoc-
cluded images giving a recognition rate of 95.3%, and the
method performs very well as the occluded region is made
larger. We compared our results to an SRC algorithm based
on the entire image as well as a Gabor-based algorithm. The
performance of our algorithm is particularly impressive when
the occlusion size is increased to occlude more than 25% of
the image. For example, with a square block occlusion of
size 50×50, the recognition rate obtained using ρ-Weighted
Voting is 86.4% compared to 62.4% using a Gabor-based

method and 55.4% using an SRC method based on all the
image pixels. Each subimage problem is independent and
can be solved in parallel before the decisions are combined.
This subimage based SRC method can therefore classify an
image much faster than an SRC method using the entire im-
age if implemented on a multi-core system.
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ABSTRACT 

Most of face recognition methods often use a raw image 
itself for a feature vector. However, the feature vector di-
rectly formed from a raw image is seemed to be susceptible 
to variation of illumination and facial expression. In this 
paper, we propose a face recognition method using local 
statistics of gradients and correlations. BDIP (block differ-
ence of inverse probabilities) is chosen as a local statistics 
of gradients and two types of BVLC (block variation of local 
correlation coefficients) as local statistics of correlations. 
When a test image enters the system, it extracts the three 
types of feature vectors, fuses them, and classifies the image 
by using whitened PCA process and cosine distance. Ex-
perimental results for the three face DBs, Yale, Yale B, and 
Weizmann, show that the fused features of BDIP and BVLCs 
are more robust to variation of illumination and facial ex-
pression and so the proposed method yields good results. 

1. INTRODUCTION 

Over the past few decades, face recognition has received 
significant attention because of its wide applications in enter-
tainment, information security, law enforcement, and surveil-
lance, and so on [1]. One of the most simple and popular 
methods is eigenface technology [2], which is based on prin-
cipal component analysis (PCA). It includes a linear core 
process that projects the high-dimensional data onto a lower 
dimensional space, based on second-order dependencies. 
Bartlett et al. further indicated that important information on 
face recognition may be contained in high-order relationships 
among facial pixels and hence presented two different inde-
pendent component analysis (ICA) architectures, which are 
shown to outperform PCA [3]. However, Yang et al. claimed 
that the two ICA Architectures involve PCA process, whiten-
ing process, and pure ICA projection, and showed that pure 
ICA projection has only a little effect on the performance of 
face recognition [4]. Besides, Hsieh et al. proposed a hybrid 
approach based on sub-pattern technique and whitened PCA 
(WPCA) [5]. 

One of the most important factors to degrade the per-
formance of face recognition is known to be the illumination 
variation problem. Many methods have been suggested to 
solve this problem. One of the effective approaches is trying 
to extract illumination invariant features. Based on a quotient 
image (QI) [6], which is designed for dealing with illumina-

tion variation, Wang et al. proposed a self-quotient image 
(SQI) model to extent the QI theory [7]. Recently, Zhang et 
al. proposed a gradientfaces method as a preprocessing tech-
nique for face recognition under varying lighting. They con-
cluded that traditional PCA methods ignore the underlying 
relationship between neighboring pixels but the gradient do-
main considers the relationship between neighboring pixels 
and can reveal underlying inherent structure of image data 
[8]. 

Related to the illumination variation problem, it is also 
worthy of notice that BDIP (block difference of inverse prob-
abilities) and BVLC (block variation of local correlation co-
efficients) operators, which have been applied to image re-
trieval [9], [10], face detection [11], ROI determination [12], 
and texture classification [13], and yielded very good results. 
Both of the operators are bounded and well locally normal-
ized to be robust to illumination variation. BDIP is a kind of 
nonlinear operator normalized by local maximum, which is 
known to effectively measure local bright variations. BVLC 
is a maximal difference between local correlations according 
to orientations normalized by local variance, which is known 
to measure texture smoothness well [13].  

In this paper, we apply the two operators to extracting 
three types of facial features. The fusion of the three features 
is first transformed by WPCA and then classified by the 
nearest neighbour classifier with cosine distance. The results 
show that the proposed method yields quite good results. The 
rest of this paper is organized as follows. Section 2 will give 
a simple description of WPCA and explain some facial fea-
tures. The proposed method is described in section 3 and the 
experimental results in section 4. Finally, the conclusion is 
shown in section 5. 

2. FACE RECOGNITION USING WPCA AND 
FACIAL FEATURES 

In this section, we will describe a typical face recognition 
method using WPCA and explain some facial features util-
ized in face recognition and image retrieval areas. 

2.1 Overview of face recognition using WPCA 
Figure 1 shows the block diagram of a typical face recognition 
using WPCA. In the training phase, the feature vectors are 
first extracted from training images in a DB and their mean 
vector and WPCA matrix are computed.  
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Figure 1 – Block diagram of a typical face recognition using whit-
ened PCA. 

The training feature vectors are next horizontally centered 
and finally transformed by WPCA to get transformed feature 
vectors. In the testing phase, a test feature vector is extracted 
from a test image, horizontally centered, transformed by 
WPCA, and compared with the transformed training feature 
vectors to obtain a classification result. 

Suppose that there are M training feature vectors v1, v2, 
, vM which are extracted from training images I1, I2, , IM . 
The mean vector and covariance matrix are written as  
 





M

m
mM 1

1
vμ  (1)

 
and 
 

TT

m

M

m
m MM

XXμvμvS
1

)()(
1

1

 


 (2)

 
where X = [x1, x2, , xM] stands for matrix consisting of 
horizontally centered vectors xm = vm –  for m = 1, 2, , M. 

Let us assume we obtain the set of M largest    
 of S and their eigenvector ,[2]Selecting 
n largest eigenvalues where n  M, the horizontally centered 
vectors are then transformed by the WPCA as follows: 
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for m = 1, 2, , M. 

In the testing phase, for the vector vts extracted from a 
test image Its, the transformed vector yts is calculated by 
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The cosine distance between the mth transformed training 
and test vectors is then computed by 
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Finally, the test image is classified to the class of the rth 
training image which gives the maximum distance as 
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2.2 Facial features 

Up to now various face recognition methods have been sug-
gested, most of which use a raw image itself as a feature 
vector. However, a raw image is seemed to be susceptible to 
variation of illumination and facial expression. In this sec-
tion, we thus introduce more robust features useful for face 
recognition. 

 
2.2.1 Gradientface 

A gradientface is defined as [8] 
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where yG(x, y) and xG(x, y) are the derivatives of 
Gaussian kernel function in the x and y direction, re-
spectively. The values of a gradientface should be in a 
period of angles. 

 
2.2.2 BDIP 

BDIP for an image I is defined as 
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where Ip 

denotes intensity at a pixel p of an image I, <  >R 
the averaged value over the pixels q’s in a moving window 

R, and pI


 and pI  stand for the maximum value and mean 

value over the window whose center is at p, respectively. 
Since the quantity within <  >R means the gradient of a pixel, 
Dp implies the mean of normalized gradients over the local 
region whose center is at p. As it is normalized by the local 
maximum, it is expected to be robust to variation of illumi-
nation. For stabilization, the denominator in (8) is clipped 

as ),max( Dpp II 


 . 

 
2.2.3 BVLC 

BVLC for an image I is defined as 
 

)(min)(max ddC pOdpOdp 


  (9)

 
where p(d) is the local correlation coefficient along a direc-
tion d at a pixel p. It is defined as  
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where pI and Var(Ip) stand for the mean and variance over  
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Figure 2 – Block diagram of the proposed face recognition using 
whitened PCA. 

 

the window R whose center is at p, respectively. dpI   
and 

Var(Ip+d)  
denote the mean and variance of the moving win-

dow R whose center is at the pixel p+d, respectively. The 

symbol O denotes a set of orientations, which may be cho-

sen as O = {(–k, 0), (k, 0), (0, –k), (0, k)}. Since p(d) means 

the correlation coefficient along a direction d, Cp in (11) 

implies the maximum deviation of correlation coefficients 

over the local region whose center is at p. As it is normal-

ized by local standard deviations, it is also expected to be 

robust to variation of illumination. For stabilization, the 

variances in the denominator of (10) are clipped with V.  

3. PROPOSED METHOD 

In this section, we will describe our face recognition method 
which is shown in Figure 2. When a test image Its enters the 
system, it first extracts three types of features and fuses the 
three into a feature vector vts. Next, it obtains the horizon-
tally centered vector xts and the transformed feature vector yts 
by performing horizontal centering and WPCA process. The 
system finally classifies the test feature vector by comparing 
it with the training feature vectors in a database (DB).  

One of three types of features used in the proposed 
method is the BDIP defined in (8) and the others are the two 
types of BVLC. In order to distinguish them from each other, 
we redefine the BVLC in terms of the distance k as follows: 
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where Ok denotes a set of four orientations according to k. 
For simplicity, we call them BVLC1and BVLC2 in case of k 
= 1 and k = 2, respectively. 

Examples of BDIP, BVLC1, and BVLC2 feature images 
are illustrated in Figure 3. The first column (a) consists of 
four original images taken from the Yale B and Weizmann 
[5]. The former is chosen for lighting variant experiment and 
the latter for lighting plus expression variant experiment. The 
first two original images come from Subset 1 and Subset 4 of 
Yale B DB and the last two from the training set and Subset 3 
of Weizmann DB. The second column (b) corresponds to the 
BDIP images, the third (c) to the BVLC1 images, the fourth 
(d) to the BVLC2 images. 

We can see from Figure 3 that BDIP, BVLC1, and 
BVLC2 images are shown to be different features from raw 
images. It is shown that BDIP can extract sketch-like feature  

 

 

 

 

(a) (b) (c) (d) 

Figure 3 – Examples of BDIP, BVLC1, and BVLC2 feature images. 
(a) Original images, (b) BDIP images, (c) BVLC1 images, (d) 
BVLC2 images. 

images, where edges and valleys around the eyes and lips are 
more emphasized both for the normal image and the shad-
owy image. We also see that BVLC1 and BVLC2 can extract 
features around eyes, noses, and lips region well. Since the 
texture features BDIP, BVLC1, and BVLC2 are normalized 
well, all of them seem helpful to overcome variation of illu-
mination. In addition, even though facial expressions change, 
the property of facial textures does not change so much, so 
that all of them look less sensitive to variation of expression.  

Extracting BDIP, BVLC1, and BVLC2 images from a 
test image, the system forms the test feature vector vts by 
fusing the three feature images. That is, it is written as 
 

TT

C

T

C

T

Dts ],,[ 21 vvvv   (12)

 
where vA denotes the feature vector formed from a feature 
image A {D, C1, C2}. As a result, the dimension of the 
fused feature vector becomes three times larger than that of 
a single feature vector.   

4. EXPERIMENTAL RESULTS 

In this section, the performance of the proposed approach is 
evaluated with three face DBs: Yale, Yale B, and Weizmann. 
The facial parts of images in Yale and Yale B are cropped 
and resized to images of 112×92 pixels and those in Weiz-
mann are resized to images of 112×92 pixels without crop-
ping. The further detailed description can be found in [5]. 
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For Yale, two types of experiments are performed. In the 
expression variant test, a normal expression for each of 15 
persons is used for a training image and five expressions 
(happy, sad, sleepy, surprised, and winking) for each person 
are chosen for test images. In the leave out one test, every 
one of 11 expression images for each of 15 persons is se-
lected for a test image and the other 10 images for training 
images. 

For Yale B, a lighting variant experiment is executed. A 
training set consists of 190 images of 10 persons in Subset 1 
and Subset 2, and the test set for the experiment contains 140 
images in Subset 4. For Weizmann DB, an expression plus 
lighting variant experiment is performed. A training set con-
sists of 130 images of 26 persons, and the test set for experi-
ment contains 520 images in Subset 3.  

For performance comparison, we implement not only 
our method (BCIP+BVLC1+BVLC2) but also other methods 
using raw image, gradientface, BDIP, BVLC1, and BVLC2 
respectively. As for gradientface, the parameter  in Gaus-
sian kernel is set to 0.5. As for BDIP and BVLCs, the clip-
ping threshold D is set to 2 and V to 0.001, respectively. 
Their moving window whose size is chosen as 3×3 is slid 
pixel by pixel. As a result, BDIP, BVLC1, BVLC2 images 
have the same size as the raw image.  

The performance of face recognition is measured as the 
averaged recognition rate, which is defined as the ratio of the 
number of test images classified correctly to the number of 
all the test images. Figure 4 shows the recognition rates ac-
cording to the number of selected eigenvectors and Table 1 
lists the top recognition rates. 

We can see from Table 1 that the performance of raw 
image feature is the best in the expression variant experiment 
of Yale but the worst in all the other experiments. The per-
formance of all single features except raw image feature are 
better than that of raw image feature for all the experiments 
except for expression variant experiment of Yale. Among 
single features, BDIP and BVLC2 are the best for the leave 
out one experiment and BVLC1 is the best for expression 
variant tests of Weizmann. As a result, the fusion of BDIP 
and BVLCs are shown to be the best for all the experiments 
except for expression variant test of Yale. It also gives the 
gain of maximum 14.04% over raw image feature and the 
gain of maximum 5.34% over gradientface feature. 

5. CONCLUSION 

In this paper, we have proposed a face recognition method 
using the fusion of BDIP, BVLC1, and BVLC2. The fused 
feature vector for a test image was transformed by horizon-
tal centering and WPCA and classified by the nearest 
neighbour classifier with cosine distance. Experimental re-
sults for three face DBs showed that our proposed method 
yielded the best results among eight methods and was robust 
to variation of illumination and facial expression.  
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Figure 4 – Recognition rates according to the number of se-
lected eigenvectors: (a) expression variant test of Yale DB, (b) 
leave one out test of Yale DB, (c) lighting variant test of Yale B DB, 
(d) expression plus lighting variant test of Weizmann DB. 
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Table 1 – Top recognition rates [%] according to various features for the three face DBs. 
DB 

 
Feature 

Yale Yale B Weizmann 

Expression 
variant 

Leave out one 
Lighting 
variant 

Expression plus 
lighting variant 

Raw 100.00 94.55 88.57 85.19 

Gradientface 93.33 98.79 99.29 96.92 

BDIP 98.67 100.00 99.29 92.12 

BVLC1 97.33 99.39 97.86 99.04 

BVLC2  97.33 100.00 97.86 98.46 

BDIP+BVLC1+BVLC2 98.67 100.00 99.29 99.23 
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ABSTRACT

The paper presents the analysis of the robustness of an at-
tributes selection method applied to speech emotion recog-
nition. The features used were extracted by the front-end
ETSI Aurora eXtended of a mobile terminal in compliance
with the ETSI ES 202 211 V1.1.1 standard. On the basis
of the time trend of these parameters, over 3700 statistical
attributes were extracted to characterize semantic units of
varying length (sentences, words and generic chunks). Us-
ing the WEKA (Waikato Environment for Knowledge Anal-
ysis) software the most significant attributes for the clas-
sification of two emotional states were selected using the
CFSSubsetEval-BestFirst method. The results of classifica-
tion, obtained using NaiveBayes models, were obtained using
intra-corpus and inter-corpora experiments on four different
speech corpora performing 4000 trainings and tests. On the
basis of these results we can study the robustness of the at-
tributes selection method.

1. INTRODUCTION

One important research challenge in the last few years
has been automatic recognition of the emotional state of a
speaker through speech. This could be especially important
in situations where speech is the primary communication tool
with the machine. There are various applications for a sys-
tem capable of recognizing emotional states via speech in a
range of fields including psychiatric diagnosis, the toy in-
dustry, Customer Relationship Management (CRM), home
jukeboxes, Automatic Speech Recognition (ASR), Speech
Synthesis, automatic learning, alarms and voicemail systems.
Murray [17] summarized the relationship between emotion
and acoustic features like pitch, intensity, rate and voice qual-
ity. Later researchers added formants, LPC and MFCC to
combine phonetic and prosodic features together in emotion
recognition. For a fixed-length feature vector, researchers
computed derived features and statistics like range, mean and
standard deviation [20][18]. In this work the features were
extracted according to the specifications of the speech recog-
nitions front-end algorithm of the ETSI ES 202 211 V1.1.1
standard [1]. On the basis of the acoustic parameters, over
3700 statistical attributes were extracted for each semantic
unit, as described in section 2. But such large number of fea-
tures is not suitable for classification. Because the accuracy
rate will not increase along with the feature number and the
generalization of the classifier will decrease while in high di-
mension space, feature selection is necessary to achieve high
recognition performance [20, 14, 12, 6, 7, 5]. In this paper,
of the attribute selection techniques provided by WEKA [13],

we used CFSSubsetEval and to determine the best subset we
used the BestFirst search strategy.
The goal of an automatic emotion recognizer is to assign cat-
egory labels that identify emotional states. Numerous stud-
ies have been seen in the last years trying to improve on
features and classifiers [15, 4, 16, 9]. Unfortunately there
is a lack of a definitive description and agreement on a set
of basic emotions. In this study we analyzed the robustness
of the attributes selected to automatic classification of emo-
tion in speech. So we have limited the classification only
into two classes: EMO (grouping all the non neutral emotion
states) and IDLe (consisting of neutral or neutral-like emo-
tion states). Moreover, in order to evaluate the robustness
over different languages, length of semantic unit and spon-
taneous or simulated emotion condition, four databases were
used: the FAU AIBO Emotion Corpus (AIBO), the Berlin
Emotional Speech (EMO-DB), the Speech Under Simulated
and Actual Stress (SUSAS) and the Vera-Am-Mittag (VAM)
Database. The paper is organized as follows. Section 2 pro-
vides the details on the feature extraction method used. Sec-
tion 3 gives an overview of the used speech corpora. Section
4 presents the attributes selection and the performed exper-
iments. Section 5 gives the results in terms of intra speech
corpus and inter speech corpora robustness. Finally, Section
6 gives the concluding remarks and our future research direc-
tions.

2. FEATURES EXTRACTION

The features are extracted according to the specifications of
the speech recognition front-end algorithm of the ETSI ES
202 211 V1.1.1 standard [1]. The specification covers the
computation of feature vectors from speech waveforms sam-
pled at a rate of 16 kHz or 8kHz. The offset-free input sig-
nal is divided into overlapping frames of 25ms. The frame
shift interval (difference between the starting points of con-
secutive frames) is 10ms. The final feature vector extracted
for every frame consists of 15 coefficients: the log-energy
coefficient, the 12 cepstral coefficients C1 −C12, the pitch
period, and the voicing class. The first and second time
derivates are computed for the log-energy coefficient and the
12 MFCCs. In all, excluding the classification of the frame,
there are 13 · 3 + 1 = 40 time series per segment. Prior to
subsequent processing all null elements (unvoiced frames
for which the front-end is unable to compute the pitch) are
eliminated from the pitch sequence, and the initial and final
frames classified as containing silence are eliminated from
the MFCC sequence (thus removing any initial and final si-
lence frames from the segment). The value of a single pa-
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rameter extracted from a frame lasting a few milliseconds is
of little significance to determine an emotional state. It is, on
the contrary, of interest to investigate the trend taken by the
parameter over time. Certain statistics such as the average,
minimum and maximum values are extracted from time seg-
ments of speech signals. On the basis of the trend followed
by each of the features extracted, the following sequences
are computed: local maxima; local minima; distances be-
tween local maxima; distances between local minima; dis-
tances between local minima and maxima; distances between
local maxima and minima; slopes between local minima and
maxima; slopes between local maxima and minima; differ-
ences between minima and maxima; differences between
maxima and minima. For all these sequences the following
statistical informations are estimated: mean; variance; max-
imum; minimum; difference between maximum and mini-
mum; 1st quartile; 2nd quartile (median); 3rd quartile; in-
terquartile range (3rd quartile - 1st quartile) [20, 18]. Two
further statistical features are obtained by evaluating the ra-
tio between the number of relative minima and the number of
frames and that between the number of relative maxima and
the number of frames. According to the classification of the
frames, the following sequences are also extracted: length
of silence segments; length of unvoiced segments; length of
mixed segments; length of voiced segments. For these new
sequences all the statistical informations mentioned above
are estimated. A final statistical attribute estimated is the ra-
tio between the number of transitions between various states
and the number of frames in the segment. We therefore had
40 ·10 ·9+40 ·2+4 ·9+1 = 3717 attributes for each segment
to be classified.

3. SPEECH CORPORA

A record of emotional speech data collections is undoubt-
edly useful for researchers interested in emotional speech
recognition. It is evident that research into emotional speech
recognition is limited to certain emotions, because the ma-
jority of emotional speech data collections encompass 5 or
6 emotions, although there are many more emotion cate-
gories in real life. Four speech corpora were used in this
research: the first, in German, is called FAU AIBO Emotion
Corpus (AIBO) [19, 2] and contains semantic units made
up of chunks; the second, in German, is called the Berlin
Database of Emotional Speech (EMO-DB) [3] and contains
semantic units made up of sentences; the third, in English, is
called Speech Under Simulated and Actual Stress (SUSAS)
[11] and comprises semantic units made up of single words;
the fourth, in German, is the audio-only part of the Vera-Am-
Mittag (VAM) [10] Database and comprises semantic units
made up of sentences.

3.1 AIBO Database

This corpus consists of speech data of 51 children at the
age 10-13 years interacting with Sony’s pet robot Aibo.
The data was collected at two different schools, MONT (8
male and 17 female) and OHM (13 male and 13 female).
The audio recordings of the children have been segmented
manually into small, syntactically meaningful ’chunks’ us-
ing syntactic-prosodic criteria. The data is annotated with
11 emotion categories by five human labelers on the word
level: joyful, surprised, emphatic, helpless, touchy (i.e. irri-
tated), angry, motherese, bored, reprimanding, rest (i.e. non-

neutral, but not belonging to the other categories) and neu-
tral. We use only the portion of the database which were
recorded at OHM school. The chunks in the database were
grouped to work with a two-class problem. It consists of the
classes EMO (subsuming joyful, surprised, emphatic, help-
less, touchy, angry, motherese, bored, reprimanding, rest)
and IDL (consisting of all neutral states). The class EMO
consists of 6601 chunks and the class IDL consists of 3358
chunks (respectively the 66.3% and 33.7% of the entire cor-
pus).

3.2 Berlin Database of Emotional Speech

This database comprises 6 basic emotions (anger, boredom,
disgust, anxiety, happiness and sadness) as well as neutral
speech. Ten professional native German actors (5 female
and 5 male) simulated these emotions, producing 10 utter-
ances (5 short and 5 longer sentences), which could be used
in everyday communication and are interpretable in all ap-
plied emotions. The recorded speech material of about 800
sentences (7 emotions · 10 actors · 10 sentences + some sec-
ond versions) was evaluated with respect to recognizability
and naturalness in a forced-choice automated listening test
by 20-30 judges. After selection, the database contained a
total of 494 sentences (286 uttered by women and 208 by
men).
The sentences were not equally distributed between the vari-
ous emotional states: 55 frightened; 38 disgusted; 64 happy;
79 bored; 78 neutral; 53 sad; 127 angry. The sentences in the
database were grouped accordingly to the two-class problem
in this manner: EMO class (subsuming anger, boredom, dis-
gust, fear, happiness and sadness emotions) and IDL class
(consisting of neutral state). The class EMO consists of 451
sentences and the class IDL consists of 78 sentences (respec-
tively the 85.2% and 15.8% of the entire corpus).

3.3 Speech Under Simulated and Actual Stress Database

The database is partitioned into five domains, encompass-
ing a wide variety of stresses and emotions. The five stress
domains include: talking styles (slow, fast, soft, loud, an-
gry, clear, question); single tracking task or speech produced
in noise (Lombard effect); dual tracking computer response
task; actual subject motion-fear tasks (G-force, Lombard ef-
fect, noise, fear); psychiatric analysis data (speech in states
of depression, fear, anxiety). The database contains both sim-
ulated speech under stress (Simulated Domain) and actual
speech under stress (Actual Domain). A common highly con-
fusable vocabulary set of 35 aircraft communication words
makes up the SUSAS database. The words are uttered by
9 male speakers representing the three main USA dialects
(General American, Boston, New York). Each style contains
2 recordings of the same word by each speaker. The audio is
sampled at 8kHz with a resolution of 16 bits per sample. In
this research only 7 of the 11 available states were used: An-
gry, Fast, Lombard, Slow, Soft and Training. Due to the short
duration of the recordings which did not allow the front-end
to extract the features correctly, 100 ms of silence were added
at the start of each recording. The sentences in the database
were grouped accordingly to the two-class problem in this
manner: EMO class (subsuming Angry, Fast, Lombard, Slow
and Soft states) and IDL class (consisting of Training state).
The class EMO consists of 3150 words and the class IDL
consists of 3780 words (respectively the 45.5% and 54.5%
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of the entire corpus).

3.4 Vera-Am-Mittag Database

The database is the audio-only part of the Vera-Am-Mittag
(VAM) Database, called VAM-Audio. This data was col-
lected from a talk-show on German free-TV channel Sat1. It
consists of segmented utterances of talk-show guests’ speech
in the show ”Vera am Mittag” (Vera at noon), recorded in
2005. Each talk-show consists of several dialogs, and each
dialog consists of spontaneous, unscripted discussions be-
tween 2 or 3 guests, moderated by the anchorwoman Vera.
The language is German. The corpus contains 47 speak-
ers (11 male and 36 female), and a total of 947 sentences.
This database was evaluated by 17 human listeners. They
assessed the emotional content in terms of the emotion prim-
itives valence, activation, and dominance in each sentence.
The merged evaluation results using the method described in
[8] was used to group the database accordingly to the two-
class problem in this manner: EMO class (if the merged va-
lence is less than −0.25 or greater than 0.25) and IDL class
(if the merged valence is greater than −0.25 and less then
0.25). The class EMO consists of 843 sentences and the class
IDL consists of 947 sentences (respectively the 47.1% and
52.9% of the entire corpus).

4. ATTRIBUTES SELECTION

Whereas it would appear, intuitively, that a large number of
features would improve the discrimination capabilities of a
classification system, in reality various studies have shown
that this is not always true. By reducing the size of the clas-
sification vector, the system is provided with a more compact
and more easily interpretable set of data, the performance of
the learning algorithm is improved and the speed of the sys-
tem increased [20, 14, 12, 6, 7, 5]. In this work we try to ver-
ify the robustness of one of the most used attributes selection
method applied to the emotional speech classification. An
attributes selection criteria is composed of two parts: the at-
tributes evaluator and the search method. In this paper, of the
attributes selection techniques provided by WEKA, we used
CFSSubsetEval. This algorithm uses as a feature evaluator
Correlation-based Feature Selection, which tries to identify
and discard components that are closely correlated with one
another. As search method we used the best-first search strat-
egy. To evaluate the robustness of the attribute selection cri-
teria we split up each corpus in 2 non overlapping different
sets. We then use the first set for training and the second
set for testing. Then we split both the train and the test part
into 10 different non overlapping subsets. Using the WEKA
CFSSubsetEval-BestFirst method we evaluate the best sub-
set of attributes for each split using the training part of the
database. So we have 10 different subsets of attributes for
each corpus. The rating of each attributes can’t be evaluated
regardless of the other attributes belonging to the subset of
selected attributes. This because the rating of a vector of se-
lected attributes is related to all the attributes that compose
it. In other words the contribute of an attribute in a vector is
not absolute but related to the other attributes composing the
vector. For this reason we chose to evaluate each vector of
selected attributes a predefined classification method and the
performance of the classification. To evaluate the indepen-
dence of the selected attributes from the split used to obtain
the vector, the attributes selected for split x where used to

train and test splits x (i.e., all others split except x) for each
corpus. So, for example, we use the attributes selected us-
ing the split 1 of the AIBO corpus to train and test all the
remaining splits 2−10 of the same corpus. Then we use the
attributes selected using the split 2 to train and test all the
remaining splits 1,3− 10, rotating until we have exploited
all the possible combinations (90 for each corpus). If the at-
tribute selection method is robust over this intra-corpus anal-
ysis we should obtain similar classification performance for
each test performed. In a subsequent experiment we analyse
the robustness of the attribute selection method over the dif-
ferent speech corpus. In this experiment we should prove if
there is dependence between the selected attributes and the
corpus. So we use the selected attributes from each split
of a predefined corpus to train and test every other splits of
the remaining corpora. For example, we use the attributes
selected using the split 1 of the AIBO corpus to train and
test the splits 1− 10 of the EmoDB, SUSAS and VAM cor-
pora. For each split we execute 30 trainings and testings, so
for each corpus we perform 300 trainings and testings and,
globally in this experiment, we perform 1200 trainings and
testings. If the attribute selection method is robust over this
inter-corpus analysis we should obtain similar classification
performance for each test performed, or we could point out
correlations with the language, the length of the semantic
unit (words or sentences), the spontaneous or simulated type
of the emotions. To evaluate the performance we used al-
ways the WEKA NaiveBayes method to build a model with
the train part of the split and to execute the test with the test
part of the split.

5. RESULTS

In Figure 1 we report the performance of the bimodal classi-
fication using the same split both for attributes selection and
for training and testing. In this and all others results the per-
formance were evaluated as the ratio between the rights clas-
sification and the total number of elements to classify (cor-
rectness). Due to limitations on space we can present only
results in term of correctness but we have also the results in
terms of true/false positive and true/false negative for IDL
and EMO classes. The results obtained with EmoDB corpus
are the best. We can justify this results due to the presence
of marked simulated emotions and to the use of sentences
as semantic unit. Performance obtained using the SUSAS
corpus are lightly better than performance obtained using the
AIBO and VAM corpora. In Figures 2a-2d you can see the
results of the Intra-Corpus experiment (i.e., when we use the
attributes selected for a split and perform the training and test
using all others splits of the same corpus). The columns of
each graph outline the results, in term of correctness, varying
the split used to select the attributes. Each result is averaged
over all the 9 possible combinations. The graphs are respec-
tively for AIBO, EmoDB, SUSAS and VAM corpus. As you
can see the results are aligned to that obtained using the same
split during the selection, training and testing phase. So we
can conclude that there is absolutely no dependence caused
by the split used to select the attributes. Figures 3a-3d show
the results of the Inter-Corpus experiment (i.e., when we use
the attributes selected for a split of a corpus and perform the
training and test using all other splits of the other corpora).
A group of columns of each graph outline the results, in term
of correctness, varying the split used to select the attributes.
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Figure 1: Performance in terms of correctness when we use
the same split for attribute selection and for training

Each column in the group is related to the corpus used to the
training and testing phase and the results are averaged over
all the 10 possible combinations. As you can see from the
Figure 3a the performance remains fairly unchanged when
we use the attributes selected with the AIBO corpus. We
have only a very slight degradation of about 1% for AIBO
corpus, 4% for SUSAS corpus and greater then 5% for VAM
corpus. However a slight performance degradation is present
when we use the attributes selected with the EmoDB corpus
(Figure 3b). This degradation is in the order of 5% for all the
corpora. Using the attributes selected with the SUSAS cor-
pus we obtain a degradation in the performance in the order
of 2−3% for the AIBO corpus, 5−10% for the EmoDB cor-
pus and 3−4% for the VAM corpus (Figure 3c). As you can
see from the Figure 3d, a more marked performance degra-
dation is present when we use the VAM corpus to select the
attributes and the EmoDB to perform the classification (in the
order of 5−15%), while a slight performance degradation is
present when we use AIBO and SUSAS corpora (in the order
of 2−5%). Summarizing we can conclude that there is only a
slight relation between the performance obtained in the clas-
sification and the split or corpus used to perform the attribute
selection. In particular the intra-corpus experiment outline
that this relation is very slightly. The inter-corpora experi-
ment outline that there is a slight degradation in the perfor-
mance when we use the attribute selected with one corpus
to classify the emotions of another corpus (regardless of lan-
guage, length of semantic unit and type of emotions: spon-
taneous or simulated). This result can be considered very
important when we use the selected attributes obtained from
a recorded speech corpus in a real application where the test
environment consist of semantic unit not collected in a labo-
ratory. Furthermore, the partial independence from the lan-
guage and the length of the semantic unit, permit to apply the
subset selection regardless of the language and or semantic
unit to use in the real application.

6. CONCLUSIONS AND FUTURE WORK

In this paper we have addressed the robustness of the at-
tributes selection applied to speech emotion recognition. Us-

(a) Aibo (b) EmoDB

(c) Susas (d) Vam

Figure 2: Performance in terms of correctness when we use a
different split of the same corpus for training ad testing than
that used for attribute selection

ing features extracted from an audio signal by the ETSI ES
202 211 v.1.1.1 standard front-end, we were carried out two
types of experiment: intra-corpus and inter-corpus to prove
the robustness of the attribute selected both for different se-
mantic unit of the same corpus and for different semantic
unit of other corpora. To outperform the experiment we
use 4 different speech corpora: AIBO, EmoDB, SUSAS and
VAM. We use the WEKA CFSSubsetEval-BestFirst method
to evaluate the best subset of attributes for different splits
of each corpus and the NaiveBayes classification method to
evaluate the performance. The results obtained show only
a slightly relation between the corpus used to select the at-
tributes and the performance obtained. So we can conclude
that the CFSSubsetEval-BestFirst is a robust method to per-
form the attribute selection in the speech emotion recognition
field. Possible feature works include the use of other subset
selection method (both different search method, like Genetic
Search, Random Search and different attribute evaluation cri-
teria) and the evaluations of the performance using the mod-
els trained with the split of different corpora. Moreover we
intend to investigate the performance using other Bayes clas-
sification methods and function classification method (based
on Support Vector Machines and Multilayer Perceptron).
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ABSTRACT
In this paper, the Bayes classifier is used to predict
Alzheimer’s disease progress. The classifier is trained on a
subset of the Alzheimer’s Disease Neuroimaging Initiative
database. Subjects are diagnosed by doctors as belonging
to healthy, mild-cognitive impaired, and Alzheimer’s disease
class. A software tool for features selection and time re-
gression is developed. The tool utilizes a variant of the Se-
quential Forward Selection (SFS) algorithm for feature se-
lection, where the criterion used for selecting features isthe
correct classification rate of the Bayes classifier. The tool
also employs linear regression to predict future values of se-
lected biomarkers, such as the hippocampus volume, from
past measurements, so that future class of the subject can be
predicted.

1. INTRODUCTION

Great effort has been made to find a drug that slows down
Alzheimer’s disease (AD) progress. Unfortunately, until now
no such drug has been found, mainly because there is no
biomarker to track faithfully the progress of the disease [1].
Clinicians use neuropsychological features (tests) that track
dementia level in order to decide if a subject is healthy, early
onset AD patient, or AD patient. An intermediate group is
formed by MCI (mild-cognitive impairment) cases; persons
who are not yet diagnosed with Alzheimer. These can be sub-
divided further into persons who either may develop into AD
(so called progressive MCI), or may stay at the current level
(so called stable MCI). Early prediction of in which groups a
certain person falls is of high importance from a health-care
point of view.

Biomarkers related to AD are divided into several cate-
gories. One category of these biomarkers is the concentra-
tion of β -amyloid peptides in the cerebrospinal fluid (CSF).
In AD patients, most ofβ -amyloid peptides are accumu-
lated in the brain, preventing inter-neuron communication.
Therefore, low concentration of these peptides is expected
in CSF [1]. The metabolic activity of the brain calculated
with positron emission tomography (PET) scans is another
biomarker category. Low metabolic activity in neurons of
AD patients has been reported because neurons that do no
communicate to each other do not metabolize any substance
[2]. Furthermore, shapes and sizes of brain parts estimated
with anatomical magnetic resonance imaging (MRI) is also a
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category of biomarkers. The brain shrinks because neurons
that do not operate eventually die [3]. High cholesterol lev-
els in blood [4], and certain genes expressions [?] have been
related also to AD.

In order to select the features, that discriminate AD,
MCI, and Healthy subjects, either neuro-psychological or
biomarkers, a wrapper scheme was selected. The wrapper
employs the cross-validated correct classification rate (CCR)
of the Bayes classifier to find a feature subset that maximizes
CCR when classifying subjects into AD, MCI, and Healthy
classes. In a previous investigation, a statistical variant of
the Sequential Forward Selection algorithm, denoted here as
StatSFS, was proposed [6]. It is faster and more accurate
than the standard SFS due to statistical tests for preliminary
rejection of a feature and comparisons of CCRs with confi-
dence limits that depend on cross-validation variance. Later,
in another investigation, the loss of classification informa-
tion due to the curse of dimensionality was calculated [7].
This loss of information was employed to find a lower bound
of CCR to guarantee the performance of the selected fea-
ture set. Both methods are incorporated into the wrapper
used throughout this paper called asInfoStatSFS. The class-
conditional probability density function (pdf) is modeledas
a multivariate Gaussian in order to maintain low execution
time [6]. In order to find the progress of the AD, a method to
estimate future measurement values of the selected features
based on linear regression with least squares training method
is proposed.

The outline of this paper is as follows. In Section 2, the
feature selection, the linear regression on features, the data,
and the software tool used in the experiments are described.
Experimental results are reported in Section 3. Finally, con-
clusions are drawn in Section 4.

2. METHODS

Let us denote the set of subjectsU = {ui}
N
i=1 whereN is the

total number of subjects. Each subject is treated as a pattern

ui =
{

xW
i (t),ci(t)

}TiE
t=0 (1)

whereTiE is the expected life period in months ofui ; xW
i (t) =

[xi1(t) xi2(t) . . . xiD(t)] is the D measurements vector on
time stampt taken fromui ; W = {wd}

D
d=1 is the whole fea-

ture set ofD features that it is measured on a subject; and
ci(t) ∈ {Ω1, Ω2, Ω3} is the class thatui belongs att, where
Ω1=AD, Ω2=MCI, Ω3=Healthy.
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2.1 Feature Selection

The InfoStatSFS consists of an internal step and an external
step. In the internal step several feature sets of the same car-
dinality are compared. Letd be the instance counter of the
internal step, that is also the dimensionality of the selected
feature set. Initially (d = 0), the subset of selected features
Zd = /0.

We seek the featurew+ ∈ W −Zd to include inZd such
that

w+ = argmax
w∈W −Zd

MCCRB(Zd ∪{w} | U ), (2)

where MCCRB(Zd∪{w} |U ) is the average correct classifi-
cation rate overB cross-validation repetitions usingZd∪{w}
estimated onU , i.e.

MCCRB(Zd ∪{w} | U ) =
1
B

B

∑
b=1

CCRb(Zd ∪{w} | U ).

(3)
B is estimated in our previous investigation [6]. In a cross-
validation repetitionb, the patterns setU is split into a de-
sign setUDb containing 0.9N patterns, and a remaining test
setUT b that containsNT = 0.1N patterns.

The estimate of correct classification rate (CCR) in repe-
tition b using feature setZd ∪{w} is

CCRb(Zd ∪{w} | U ) =
yZd∪{w}

b

NT

, (4)

where yZd∪{w}
b is the number of subjects in the test set that

are correctly classified in repetitionb, when using feature set
Zd ∪{w}. Then,

yZd∪{w}
b = ∑

ui∈UT b

L [ci , ĉi ], (5)

whereL [ci , ĉi ] denotes thezero-one loss functionbetween
the labelci and the predicted class label ˆci returned by the
Bayes classifier forui.

Instead of using argmax
w∈W −Zd

MCCRB(Zd ∪{w} | U ) opera-

tor, statistical comparisons of MCCRs with a t-test have been
employed for accurate results. More details can be found in
our previous investigation [6].

In the external step, feature sets of different cardinality,
d = 1,2, . . . ,D′, are compared. Each feature set is the same
as the previous feature set plus one feature, the one found in
the internal step.D′ is found as follows. The selected feature
set is increasing until the classification information lossdue
to the curse of dimensionality exceeds 50% [7]. For example,
for the set used that consists of 270 patterns per class, classifi-
cation information loss exceeds 50% when more thanD′=34
features are selected. The feature setZDopt that achieves the
maximum lower limit of CCR is the optimum one [7].

2.2 Linear Regression

Some features are measured after 6 and 12 months from the
first measuring time. The first time of measuring is called
as time 0 or screening time for a patient. However, distant-
future measurements that are particularly interesting areun-
known, and therefore, a classification of the subject into the
three classes in distant-future is not feasible. Regression is

used for obtaining distant-future measurements that can be
used to predict when an MCI patient will become an AD one,
which is important information when a drug is tested whether
it delays AD progress or not. Additionally, past measure-
ments can be obtained in the same manner. The past mea-
surements will be used in order to estimate the time stamp
that the subject became AD patient, i.e. how far the AD has
gone.

For a certain subjectui and a certain featurewd, some
measurementsxid(t) for t = T1i ,T2i , . . . ,TΛi are available,
whereΛ is the number of measurement values in the certain
time frame. Regression estimatesxid(t) for t < T1i or t > TΛi .
In order to estimate future or past values of a certain feature
wd on a certain subjectui outside the known time frame, the
linear model

x̂id(t) = âidt + b̂id (6)

is employed, where the uknown parameters ˆaid and b̂id are
found with least squares method, i.e.

âid =
∑txid(t)−Λ−1∑ t ∑xid(t)

∑ t2−Λ−1(∑ t)2 , and (7)

b̂id = Λ−1(∑xid(t)− âid ∑t) (8)

where∑ stands for∑TΛi
t=T1i

.

2.3 Data

The biomarker measurements are obtained from Alzheimer’s
disease Neuroimage Initiative (ADNI) database which is
publicly available [8]. The subset of ADNI used here consists
of 2712 neuropsychological and biomarker features mea-
sured over 819 subjects (patterns). 800 subjects were used in
the experiments as 19 out of 819 subjects had no label. The
distribution of subjects at time 0 into classes is: 185 subjects
are AD patients, 389 are MCI patients, and 226 subjects are
healthy. The ground truth of the pattern is the clinician’s di-
agnosis, which may not be always correct, but it is assumed
in our experiments as the ‘ultimate’ truth. The features are
divided into categories. Some of the 80 categories of ADNI
subset used are ‘Demographic’, ‘Vital signs’, ‘MRI’, ‘PET’,
‘CSF’, ‘Mini-mental exams’, etc. Category information is
important because experiments should be contacted sepa-
rately for neuro-psychological and biomarker feature sets.

An accurate decision about the discrimination informa-
tion of the feature can not be taken when many measurements
are missing. If less than 10% of the feature is missing then
the values missing are replaced with the feature mean, other-
wise feature is discarded. Discrete measurements can cause
singularities during the estimation of the covariance matrix
in Gaussian pdf estimation. When the unique measurements
are less than 50, then a small variance (0.01) noise is added
to the whole feature measurements. For certain subjects, cer-
tain features are measured again after a period of 6 and 12
months. These measurements allow us to use regression in
order to predict distant-future feature values.

2.4 Software tool

A software in Matlab encompassing all the modalities ex-
plained in the previous section is presented in Figure 1.
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1. The user can de-
fine optionally cat-
egories of features
that should not be
used in feature se-
lection process.

2. A report about
the features dis-
carded due to
missing values.

3. A list of the fea-
tures transformed
from discrete to
continuous.

4. The features
available for feature
selection process.

5. Visualization of patterns × features
matrix in an image. Rows are the fea-
tures and columns are the patterns.

9. Visualization of the patterns× selected features matrix during the external step. Patterns
are sorted according to targets so as the discrimination information of a feature can be seen,
i.e. feature 857 differs significantly above AD, MCI, and Healthy parts of the targets ribbon.

6. The class infor-
mation is plotted as
a color ribon.

7. The internal
step. It can be
viewed in real-time.

8. The external
step. It can be
viewed in real-time.

10. Indices of
selected features
during the external
step.

11. The confusion matrix found
with averaging confusion matrices
over cross-validation repetitions for
the selected feature set.

12. Button with
pattern name leads
to class-conditional
histograms per se-
lected feature and
certain pattern val-
ues overlaid as in
Figure 2.

13. Upper multi-
color bar visu-
alizes the class-
conditional proba-
bility of the certain
pattern. Bar’s
length represents
probability.

14. Prediction ac-
cording to class of
highest probability.

15. Lower single
color bar contains
the ground truth.

16. Button for pat-
tern future classifi-
cation using linear
regression as in Fig-
ure 3.

17. A new pat-
tern measurement
vector can be pro-
vided ‘live’.

18. The confusion
matrix for the clas-
sified patterns.

Figure 1: Feature selection and linear regression software. Abbreviations: Use: Features available for feature selection; UnqVal: unique valued features that are discarded;
Low: low presence features that are discarded; Out: excluded by the user features; Contin.: continuous features; Discr.: discrete features.
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Figure 2: Features MMSCORE and CDMEMORY for all patterns against pattern 1251.

3. EXPERIMENTS

3.1 Feature selection results

Feature selection by InfoStatSFS is performed separately for
neuro-psychological features and biomarkers. In Table 1,
the selection results for neuro-psychological features are pre-
sented. InfoStatSFS achieved 94.2±1.5% CCR when the
selected features are the clinical dementia rating (857, CD-
MEMORY) and mini mental state exam (215, MMSCORE).
First, CDMEMORY is selected as it achieves 90.5% CCR.
Second, MMSCORE is added as it improves CCR by 4%.
The lower CCR is the lower limit of CCR due to curse
of dimensionality. The dimensionality curse did not affect
strongly CCR because only two features were selected. It
was found that 44 cross-validation repetitions were enoughto
produce a confidence interval of± 1.5% at 95% confidence
level. The pdfs of the two features can be seen in Figure 2.
First column contains histograms that present distribution of
MMSCORE over the classes AD, MCI, and Healthy. Sim-
ilarly, second column corresponds to feature CDMEMORY.
In third column both features are plotted in 2 dimensional
scatter plots. Rows correspond to classes. In last row all
classes are plotted. The measurements of pattern 1251 are
indicated by a dashed line in histogram plots, and by a square
in 2D scatter plots. It can be inferred that CDMEMORY and
MMSCORE are inversely proportional. So, CCR was not
improved greatly by the second feature.

The optimum biomarkers selected by InfoStatSFS are re-

Table 1: InfoStatSFS cross-validated CCR results in % for
selecting neuropsychological tests. Conf. interv. standsfor
confidence interval.

Step Feature (ADNI Index) CCR Lower
CCR

Conf.
interv.

1 CDMEMORY (857) 90.5 90.5 ±1.5
2 MMSCORE (215) 94.2 93.9 ±1.5

ported in Table 2. The maximum CCR achieved is 57.9%.
The curse of dimensionality for 9 features slightly affected
the result by -0.8% as it is seen in the last row. Features
CEREB8L, PRECUNEUSL, HIPPR, and CALCARINEL
belong to UA (Gene Alexander) MRI SPM voxel based mor-
phometry (VBM) analysis. HMT16 belongs to the cate-
gory Laboratory Data. VSTMPSRC belongs to Vital Signs.
APGEN2 belongs to ApoE genotyping. AVGJACOB is
the Average Jacobian - Temporal (Paul Thompson’s Lab).
LONISID belongs to MRI MPRAGE Ranking. The pdf of
feature HIPPR (hippocampus volume-right part) which is
plotted in the upper-right part of Figure 3. It is seen that
hippocampus volume is smaller in MCI than it is in Healthy
subjects, and smaller in AD than it is in MCI subjects.

3.2 Time regression results on biomarkers

Classification results over time for the subject 1382 are plot-
ted in Figure 3. The hippocampus volume (HIPPR) measure-
ments for time 0 and time +12 months were used for linear
regression, and the predicted values are shown with asterisk
in the upper-left part of the figure. It is inferred that the hip-

Table 2: InfoStatSFS cross-validated CCR results in % for
selected biomarkers.

Step Feature (ADNI Index) CCR Lower
CCR

Conf.
interv.

1 HMT16 (1028) 49.9 49.9 ±1.5
2 VSTMPSRC ( 8) 50.2 50.2 ±1.5
3 CEREB8L (2125) 51.5 51.4 ±1.5
4 APGEN2 (1070) 52.9 52.6 ±1.5
5 PRECUNEUSL (2089) 53.9 53.6 ±1.5
6 AVGJACOB (2010) 55.0 54.5 ±1.5
7 LONISID (1439) 55.1 54.6 ±1.5
8 HIPPR (2060) 55.9 55.2 ±1.5
9 CALCARINEL (2065) 57.9 57.1 ±1.5
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Figure 3: Future and past classification of subjects according to hippocampus volume values predicted by linear regression for
plus 96 months, minus 96 months from the first recording of thecertain feature. Class-conditional is estimated from Gaussian
modeled pdfs fitted on screening dataset at time 0.

pocampus will become smaller as time lapses. The Bayes
classifier employs the class-conditional pdfs for all subjects
at time 0 plotted in the upper-right part of figure. The class-
conditional probabilities over time are plotted as areas inthe
left-down part of the figure. It is seen that AD probability
increases as time lapses, whereas probability of the subject
being healthy becomes smaller. Below the areas of probabil-
ity, the classification result of the classifier is plotted. It is
observed that healthy patient is expected to become an MCI
one after 42 months, and an AD one after 84 months from 0
time point.

4. CONCLUSIONS

From the feature selection results, it is inferred that neu-
ropsychological tests outscored biomarkers with 94% against
58% correct classification rate, with random classification
being at the level of 33%. Actually, it was expected that neu-
ropsychological tests MMSCORE and CDMEMORY will be
selected as best features and will achieve high classification
score because clinicians rely on them for AD diagnosis. The
most useful biomarkers are the ones related to the brain vol-
ume. It is observed that brain is smaller in MCI and AD
subjects than in healthy subjects, as it is also observed in
[1, 3]. Among the brain parts, hippocampus was the most
informative. Its volume distribution fits well in the Gaussian
model employed in the classifier, which was not the case for
features HMT16 or APGEN2 that present discrete distribu-
tion with 2 values. Therefore, a pdf modeled by a Gaussian
mixture will be tested in future experiments.

The linear regression method proposed can be used by
clinicians to predict when a healthy subject will become MCI
or AD patient. Based on two measurements a future value of
a feature is estimated for a certain subject. However, cur-
rently the ADNI database does not contain enough measure-
ments for accurate predictions of features. ADNI is expected
to contain more feature measurements for more subjects over
a greater time frame, so that confidence limits about linear

regression estimates can be employed.
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ABSTRACT 
Diabetes is one of the common and rapidly increasing dis-
eases in the world. It is a major health problem in most of 
the countries. Due to its importance, the need for automated 
detection of this disease is increasing. The method proposed 
here uses genetic programming (GP) and a variation of ge-
netic programming called GP with comparative partner 
selection (CPS) for diabetes detection. The proposed system 
consists of two stages. In first stage we use genetic pro-
gramming to produce an individual from training data, that 
converts the available features to a single feature such that 
it has different values for healthy and patient (diabetes) 
data. In the next stage we use test data for testing of that 
individual. The proposed system was able to achieve 
78.5±2.2% accuracy. The results showed that GP based 
classifier can assist in the diagnosis of diabetes disease. 

1.  INTRODUCTION 

Diabetes is a condition in which your body is unable to pro-
duce the required amount of insulin needed to regulate the 
amount of sugar in the body.  This leads to various diseases 
including heart disease, kidney disease, blindness, nerve 
damage and blood vessels damage. There are two main types 
of diabetes. Type 1 results from the body's failure to produce 
insulin. Presently most persons with type 1 take insulin injec-
tions. Type 2 results from insulin resistance, a condition in 
which cells fail to use insulin properly, sometimes combined 
with absolute insulin deficiency. To survive, people with type 
1 must have insulin delivered by injection or a pump. Many 
people with type 2 can control their blood glucose by follow-
ing a healthy meal plan and exercise program, losing excess 
weight, and taking oral medication. Some people with type 2 
may also need insulin to control their blood glucose. How-
ever, even if diabetes is under control it still contributes to 
heart disease.  
A physician has to analyze a lot of factors before diagnosing 
the diabetes which makes physician’s job very difficult. 
Normally physicians make their decisions by comparing the 
test results of current patient with some previous patients 
who also had similar conditions. This depends not only on 
the physician’s knowledge but depends strongly on the ex-
perience of the physician as well. This is not an easy job as 
the physician has to consider a lot of factors while making a 
decision. Also there will be demand for a large number of 
physicians when everybody at risk will need to be tested. As 

physicians need to have a look at previous results while mak-
ing their decision, they may need a tool for listing all the 
previous decisions made on the patients having similar con-
ditions. So a classifier system is needed which can classify 
that list according to the decisions made by experts. There is 
no doubt that the most important factors in diagnosis are the 
data taken from the patient and expert’s opinion on that data 
but the use of different intelligence techniques and classifiers 
also helps a lot. That is why the use of classifier systems in 
medical diagnosis is increasing. 
There has been numerous classification techniques used for 
the classification of diabetes data in the literature. Carpenter 
and Markuzon, presented an instance counting algorithm 
ARTMAP-IC and obtained 81% accuracy [1]. Deng and 
Kasabov obtained 78.4% classification accuracy with 10-
fold cross-validation (FC) using ESOM [2]. Polat et al. 
used principal component analysis and neuro fuzzy infer-
ence for diabetes data classification [3]. They also proposed 
cascade learning system based on Generalized Discriminant 
Analysis (GDA) and Least Square Support Vector Machine 
(LS-SVM) for diagnosis of diabetes disease. They achieved 
78.21% classification accuracy using LS-SVM with 10x FC 
and reported 79.16% classification accuracy using GDA–
LS-SVM with 10x FC [4]. Kayaer and Yildirim used general 
regression neural networks to achieve an accuracy of 80.21% 
[5]. Hasan Temurtas et al. used neural networks for classifi-
cation of this diabetes data and achieved 82.37% accuracy 
[6].  All of the above performance values do not report their 
standard deviations, so their robustness is unknown. There 
have been many other methods used for the classification of 
diabetes disease with accuracy between 59.5% and 77.7%. 
The performance values of these studies can be seen in Po-
lat et al [4]. 
In this study genetic programming (GP) has been used for 
the detection of diabetes. GP has been used in the past as a 
classifier but it has not been used for this problem. Guo and 
Nandi proposed a method for breast cancer diagnosis using 
the feature generated by GP [7]. They used a modified 
Fisher criterion for this purpose. Guo, Jack and Nandi used 
GP for feature generation. They created new features from 
original data set using GP. Then they used those features 
for fault classification in rotating machines [8]. Kishore et 
al. explored the feasibility of applying GP to multi classifi-
cation problems [9]. Day and Nandi introduced the idea of 
comparative partner selection (CPS) in order to emphasize 
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the importance of phenotype in GP [10]. The same tech-
nique has been used here for diabetes problem. 

2. THE PROPOSED SYSTEM 

In this study two variations of genetic programming have 
been used and their results have been compared with those 
obtained in literature. One is referred as standard GP and the 
other is called GP with comparative partner selection (CPS).  
They differ in the way parents are crossed with each other to 
produce children. GP Lab tool box is used in this study for 
the experiments (http://gplab.sourceforge.net/). The proposed 
system consists of two stages. In the first stage diabetes dis-
ease features are given as input to the GP system which gives 
us a single individual as output using training data. This indi-
vidual in the output gives us a single feature such that it has 
different values for healthy and patient. In the second stage 
we test that individual using test data. The block diagram of 
the proposed method is given in Fig. 1. The details of these 
stages are given in the next section.  

 
2.1    Standard Genetic Programming  
GP belongs to the class of evolutionary algorithms which 
emulate Darwinian model of natural evolution. In GP candi-
dates or individuals compete with each other to get trans-
ferred to the next generation. In this strategy individuals are 
tested and they are given a rank or fitness value. This fitness 
value is then used to compare the individuals and the indi-
viduals with better fitness values go to the next generation. 
GP produces new individuals in every generation and fittest 
of all the individuals lasts in the end. So this is the game of 
‘Selection of the fittest individual’. The new individuals (off-
springs) are created by using genetic operators on the current 
individuals (parents). Genetic operators create new off-
springs typically by crossing copies of two parents’ genes 
(crossover) or by mutating a copy of single parents’ gene 
(mutation). In this way we get a new generation different 
from the current generation and with a higher chance of im-
provement as the parents are the better or fitter individuals in 
the current generation. The idea of GP can be described by 
the following equation.  
 ���� = �� (f (��)) 

 

where ���� is new generation being produced, �� is the 
current generation, function ‘f’ chooses the fittest individuals 
in the current generation and the function �� applies genetic 
operators on the current generation to produce new individ-
uals.  

 
 
 

 
 
 
 
 
 

 
Fig.1. Block diagram of proposed system 

The individuals or the solutions can be represented in differ-
ent ways but the most common representation is using a tree. 
So the same tree structure is used here as well. Three main 
parts of a tree are leaf nodes, intermediate nodes and root. 
The leaf nodes are the terminals of the tree which are the 
inputs given to the tree. Intermediate nodes represent differ-
ent functions which will operate on these terminal values and 
the root of the tree represents the final output of the tree.  
 
2.2    Basic Terms of Standard GP 
2.2.1 Function Pool 
The function pool contains all the functions that will be used 
by the intermediate nodes in the structure of a tree. A func-
tion pool can contain different number of functions depend-
ing upon the nature of the problem. These functions have 
different number of inputs while their output is always single. 
For example for logical problems, logical functions like 
AND, OR etc. are used and for a non-linear problem non-
linear functions are preferred. The function pool used in this 
study is given in Table 1. 
2.2.2 Fitness Function 
The most important parameter that drives the GP algorithm is 
the fitness value of an individual. This is the value that is 
used to decide which individuals are going to be transferred 
to the next generation. Whenever a generation is created each 
individual is given a fitness value and then according to this 
fitness value all the individuals are sorted. Then from this 
sorted list the best individuals are picked. This fitness value 
is calculated using a fitness function which is user defined 
function and it depends upon the type of problem.  
2.2.3 Genetic Operators 
Genetic operators are the programs which operate on the 
current generation and then produce the next generation 
which we expect to be better than the current generation. 
These genetic operators operate similar to any other repro-
duction process for example sexual and asexual reproduction. 
Three genetic operators were used for this diabetes problem. 
Crossover 
This is the genetic operator used mostly in the reproduction 
process. As the name suggests that two parents are crossed 
with each other in this process. In this process a node is ran-
domly chosen on both the parents and then both the sub trees 
from this node downwards are swapped with each other to 
produce off-springs.  An example of a crossover is shown in 
Fig. 2.  
Mutation 
Mutation is a different genetic operator which takes a single 
parent as an input and also returns a single child as output. It 
alters the parent in some random way to create the child. It 
randomly chooses a node on the parent and replaces the tree 
downwards from that node with a randomly generated sub 
tree. 
       Parent1             Parent2      Child1         Child2 
 
 
 
 
 

Fig. 2. Example of a Crossover 

Diabetes Training Data    Diabetes Test Data 
 

Use either Standard 
GP or GP with CPS   

Best tree from either 
Standard GP or GP 

with CPS   

Evaluation of Classification Accuracy 
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Reproduction 
It is similar to cloning or asexual reproduction. It simply cop-
ies the individual into next generation. The amount of repro-
duction used is usually very low in state of the art systems. 
 
2.3    GP with Comparative Partner Selection (CPS)  
In standard GP, genetic operator crossover chooses the indi-
viduals based solely on their fitness values. But between 
these individuals there are no criteria which individuals will 
be crossed with whom. They are just picked randomly. The 
idea of choosing the parents only on a single fitness value 
may be limiting in the sense that individual is judged consid-
ering only one aspect. A typical GP problem has a number of 
training cases. GP individual may be very good in some of 
the training cases and may not be good in the remaining 
cases. So assigning an overall fitness ignores the task-wise 
performance of GP individual. An individual may be strong 
in one direction and weak in other direction. We need to ex-
plore the strengths and weaknesses of an individual.    
A simple way to explore strengths and weaknesses of an in-
dividual could be to check for which cases in the training set 
it performs best. The strengths and weaknesses can be con-
sidered as which examples are classified correctly and which 
examples are not. For binary problems we can create a binary 
string which places a 1 in the binary string, for an example 
which is correctly solved and 0 in the string for an example 
which GP has not been able to solve.  This binary string is 
called Binary String Fitness Characterisation (BSFC) where 
1 represents strength and 0 represents weakness. 
Then in order to remove the weaknesses of an individual 
crossover is encouraged between the individuals, if one indi-
vidual shows strength in an area in which other is weak. And 
crossover is discouraged if both individual have weakness in 
the same area. This process is shown in Fig. 3 where grey 
and black colours represent strength and weakness of an in-
dividual respectively. 
 
 
 
   
           
        CPS Process 
       
                                     P (crossover) 
 
Ind.1   Ind.2 

                  Fig. 3. CPS Process 
 

As the nature of BSFC is binary so logic operations are per-
formed to check whether two individuals should crossover or 
not. The probability of crossover can be calculated as given 
in equation 1.   

 ��(��,�	) = 

����������


������������
���������  (1) 
 

Here �� is the probability of crossover, �� and �	 are binary 
strings of two individuals, and summation represents the    
summation of each bit in the binary string.  The denominator 
in equation 1 can be replaced by a single NAND operation, 
so the equation becomes   

  �� (��,�	) =  

����������

�����������            (2) 

 

The procedure for selecting the parents is as follows: a single 
individual is selected on the basis of fitness value and then 
second partner is also selected using the same criteria. Then 
the probability of crossover between the two individuals is 
calculated using equation 2. This probability will be between 
0 and 1. Then a random number between 0 and 1 is generated 
(just to include some probability in the method) and if that 
random number is less than the probability of cross over cal-
culated through equation 2, crossover takes place. If it is 
greater than crossover probability then crossover does not 
take place between the two. If crossover does not take place 
then the first parent is kept and second parent is selected 
again according to fitness value and the same process is re-
peated to see if they crossover or not. If GP is unable to find 
a suitable second parent for crossover in N/2 trials (where N 
is total population), the second parent is selected randomly, 
ignoring the CPS criteria and crossover takes place between 
the two. The crossover and mutation probabilities are fixed 
initially to 0.6 and 0.4 respectively at the start of the experi-
ment. They remain the same throughout in standard GP while 
they change during the run in CPS. If a parent is not able to 
find a suitable partner after N/2 iterations and a crossover 
takes place outside the CPS criteria then the probability of 
crossover in the current generation is decreased by 1/N and 
the probability of mutation is increased by 1/N. For the next 
generation these probabilities go back to their initial values 
of 0.6 and 0.4. The probability of reproduction is taken as 
0.05. Before selection of genetic operators a random variable 
between 0 and 1 is generated and if that random variable is 
less than reproduction probability, reproduction is chosen 
otherwise crossover or mutation is selected according to their 
probability values. 
  

3. THE EXPERIMENTAL RESULTS 
 
This section first explains the diabetes dataset used in the 
experiments. It then explains the experiments conducted to 
solve this problem. Finally, the experimental results and 
comparison of our results with other results presented in the 
literature is given. 
 
3.1    Diabetes Disease Dataset  
The dataset used in this problem was obtained from UCI 
Repository of Machine Learning Databases 
(http://archive.ics.uci.edu/ml/datasets/Pima+Indians+Diabete
s). National Institute of Diabetes and Digestive and Kidney 
Diseases is original owner of this data. All patients were 
Pima-Indian females who were at least 21 years old. There 
are eight input variables which are shown in Table 1. There is 
one output variable which has either a value of ‘1’ or ‘0’,  
where ‘1’ means positive test for diabetes and ‘0’ means 
negative test for diabetes. There are 268 (34.9%) cases for 
class ‘1’ and 500 (65.1%) cases for class ‘0’.  
There were 8 attribute in total for the diabetes disease data-
set– (1) Number of times pregnant, (2) Plasma glucose con-
centration a 2 hours in an oral glucose tolerance test, (3) Di-
astolic blood pressure (mm Hg), (4) Triceps skin fold thick-

1186



ness, (5) Hour serum insulin (mu U/ml), (6) Body mass in-
dex, (7) Diabetes pedigree function and (8) Age (years).  The 
details of this data set are given in Table 2. Since the mean of 
different attributes is quite different so the attributes were 
preprocessed to get a mean value of 0 and standard deviation 
of 1 before presenting them as inputs to GP algorithm. 
 

Table 1 
Parameters used for the experimental work 

Parameter Standard value 
No. of Generations 125(Exp I), 500(Exp II) 

Population Size 100(Exp I), 100(Exp II) 
Function Pool {+, -, *, /, square, �, sin, cos, 

asin, acos, tan, tanh,  reci-
procal, log, abs, negate} 

Terminal Pool 8 attributes 
Genetic Operators {Crossover, mutation, repro-

duction} 
Operator Probabilities {0.6,0.4,0.05} 

Tree Generation Ramped half-n-half 
Initial Maximum Depth 6 

Maximum Depth 28 
Selection Operator Roulette 

Elitism Half-elitism 
 
3.2    Fitness Value and CPS Criteria 
These eight attributes of diabetes data will be given as input 
to GP algorithm. GP should try to derive such a function so 
that it can clearly differentiate between these two classes. It 
will produce a random population of individuals and then 
will assign each individual a fitness value. It will then 
choose the individuals which have better fitness. Then this 
fitness value will be the driving function to arrive at an indi-
vidual through generations and generations which is able to 
separate the two classes. The final individual that will be 
obtained will have some of the attributes of diabetes dataset 
as an input and then it will perform some actions on those 
attributes and will give a single output feature. This feature 
will contain two distributions of data. One for class ‘1’ and 
other for class ‘0’. These two distributions of classes should 
be as apart as possible. Our aim is to increase the distance 
between these classes (i.e. increase the intra class variance) 
and decrease the distance between the points within each 
class (i.e. decrease the inter class variance). So the fitness 
function should be such which serves this purpose and the 
fitness function is a key function here.  

 

Table 2 
Brief analysis of diabetes dataset  
Attribute No. Mean Standard Deviation Min/Max 

1 3.8 3.4 0/17 
2 120.9 32.0 0/199 
3 69.1 19.4 0/122 
4 20.5 16.0 0/99 
5 79.8 115.2 0/846 
6 32.0 7.9 0/67.1 
7 0.5 0.3 0.078/2.42 
8 33.2 11.8 21/81 

 

The fitness function used here is given in equation 3. 
 

Fitness =��������������
����������

��
  (3) 

 

where ��, �	 are the means of two classes and  �,  	 rep-
resent standard deviations of two classes. This fitness func-
tion tries to increase the distance between the means of two 
classes while minimizing the variance of two classes. As far 
as the CPS is concerned, the criteria for making a binary 
string is that the points closer to the mean of the class are 
given preference over those away from the mean of the 
class.  

 
3.3    Results and Discussion 
 
3.3.1 Experiment I 
In the first experiment 125 generations were used with a 
population size of 100. The fitness function used is given in 
equation 3. Fitness function tries to separate the two classes. 
The lower the fitness, the better the individual and greater is 
the distance between the two distributions. The data used for 
training purpose was 90% of dataset and the remaining 10% 
was used for testing. After going through 125 generations a 
tree is obtained which is then tested for the test data. The 
experiment is done 40 times and then the average perfor-
mance is taken.  
Both the standard GP and CPS were tested. The fitness graph 
is shown in Fig. 4. One can clearly see the difference in per-
formance of standard GP and CPS. As one can see the fitness 
is sill decreasing and it will continue to decrease if run for 
more generations. The only problem that restricted in going 
above 125 generations was tree size. As numbers of genera-
tions go above 125, trees created become too big and are 
difficult to handle. It is evident from Fig. 5. that number of 
nodes are quite high at 125 generations and increasing still. 
In order to counter this problem Experiment II was done. 

 
Fig. 4. Average fitness of best of generations over 125 
             generations for 40 runs of diabetes problem 
 

 
Fig. 5. Average number of nodes of best of generations over 

              125 generation for 40 runs of diabetes problem 
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3.3.2 Experiment II 
As evident from Experiment I a method was needed which 
can penalise the runs having big trees. So a condition was set 
on the number of nodes that if the numbers of nodes of an 
individual in any run go above a certain number then that run 
should stop at that generation and next run should start. A cut 
at 300 nodes was used, so if a generation produces an indi-
vidual having more than 300 nodes, it will stop there and go 
to the next run. The numbers of generations used for this 
experiment were 500 with 100 individuals and the percentage 
of training and test data was the same as in Experiment I.  
3.3.3 Results 
First we compare our results from Experiment I with the re-
sults obtained so far in the literature. Table 3 gives the classi-
fication accuracies of our method and previous methods 
where classification accuracy represents the percentage of 
instances correctly classified using test data. GP has not been 
tried in the past for this problem. As it can be seen from re-
sults that our method achieved 78.2±2.5% for standard GP 
and 78.4%±2.2 for CPS which are quite good. 
 

Table 3 
Classification accuracies obtained using our system and other 
proposed methods in the literature. 
Author Method Accuracy (%) 
Carpenter & Mar-
kuzon [1] 

ARTMP-IC 81.0 

Polat & Gunes [4] LS-SVM 
GDA-LS-SVM 

78.2 
79.2 

Kayaer & Yildi-
rim [5] 

GRNN 
MLNN with LM 

80.2 
77.1 

Hasan Temurtas et 
al. [6] 
Gadaras & Mik-
hailov[11]* 

MLNN with LM 
PNN 
Fuzzy Classification 

82.4 
78.1 
92.3 
 

This Study Standard GP (Exp I) 78.2±2.5 
 GP with CPS (Exp I) 78.4±2.2 
 Standard GP (Exp II) 77.4±2.2 
 GP with CPS (Exp II) 78.5±2.2 
Detailed list can 
be found in Polat 
et al.[4]  

  

*They used 50% training and test data partition. 
 

Experiment II was also run for 40 runs. The classification 
accuracies obtained for Experiment II are 77.4±2.2% and 
78.5±2.2% for standard GP and CPS respectively which are 
not much different from previous results. One can see in Ta-
ble 3 that most of the methods have mentioned their best 
performance without any upper and lower limits while the 
values mentioned in our study show their mean values along 
with standard deviation. If the best performance is taken then 
the best performance achieved in this study is 81.8% for 
standard GP (Exp II) and 84.4% for CPS (Exp II). The values 
mentioned in the Table are averaged over 40 runs.    

4. CONCLUSION 

In this study GP and a modified version of GP (CPS) has 
been used for the classification of diabetes disease. For the 

first time GP has been used for this problem. The results 
strongly suggest that GP based classifier can assist in the 
diagnosis of diabetes disease. GP showed quite good classifi-
cation accuracies for both variations. Much more can be ex-
plored in GP for classification of diabetes disease. We hope 
more interesting results will follow on further exploration of 
GP regarding this problem.  
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ABSTRACT
One-class support vector algorithms such as One-Class
Support Vector Machine (OCSVM) and Support Vector
Data Description (SVDD) often perform poorly with multi-
distributed data. Because in the one-class classification con-
text, only the target class is well represented, the classifi-
cation problem is ill-posed and the task is more a class de-
scription or a class density estimation problem. To deal with
multi-distributed data, we propose in this paper the Multi-
Cluster One-Class Support Vector Machine (MCOS) algo-
rithm, which first clusters the data and then applies a one-
class support vector algorithm on each cluster separately.
A test sample is then classified by using the correspond-
ing local description. K-means clustering and a dendogram
based clustering methods are tested and classification results
are presented for synthetic and real world data by using the
MCOS. Experiments show that in many cases, MCOS out-
performs the OCSVM algorithm.

1. INTRODUCTION

Data in nature are generally rarely evenly distributed. In
many real-world classification problems, there are multiple
subclasses within the same class, which form different clus-
ters in the representation space, with different densities and
extents. It could be necessary in such cases to adapt the clas-
sifier to the local sub-parts of the data. The purpose of local
learning is to adapt learning algorithms to the local properties
of the data [4]. For example, kernel based density estimation
algorithms may use a narrow kernel width in dense regions of
the data distribution and use a larger width in sparse regions.

Some of the best known local learning algorithms are the
k-Nearest Neighbors classifier (kNN) [6] and Radial Basis
Function (RBF) Networks [12]. The kNN algorithm classi-
fies a test example by looking locally at the k nearest training
samples to it, and using a majority vote among the neighbors
to determine its class. In this way, the classification of a test
sample with the kNN algorithm depends directly on the local
structure of the data. RBF networks consist of a hidden layer
with a number of neurons that is small relative to the training
set size, with a Gaussian activation function. As the Gaus-
sian kernel vanishes for distant regions of the space, the local
effect of each neuron on the RBF network behavior, depends
on the width of its Gaussian activation function. This width
is adjusted in order to more accurately represent the structure
of the data in the vicinity of the kernel center.

In the context of one-class classification, Support Vec-
tor Data Description (SVDD) [19, 20] and One-Class Sup-
port Vector Machines (OCSVM) [15] are two algorithms that
have been proposed as elegant solutions for data description.
These two algorithms are based on the principle of support

vector machines (SVMs) [17]. However, because in the OCC
context only the target class is well represented, the classifi-
cation task is mainly a class description or a class density es-
timation problem, for which local learning is well suited. The
SVDD and the OCSVM algorithms, with specific parameter
settings, are equivalent to the Parzen estimator [19, 15]. For
multi-distributed data density estimation, it is well known
that kernel width adaptation is preferred to the use of the
same kernel width for all the training samples [14].

In this paper we propose the Multi-Cluster One-Class
Support Vector Machine (MCOS) algorithm, which aims
to overcome the weakness of OCSVM for multi-distributed
data, by first clustering the training target data and then con-
structing a separate OCSVM for each target data cluster. As
opposed to kNN and RBF networks, which apply the local
learning concept at the sample level, the MCOS considers
clusters of samples and tries to improve the discrimination
power of individual OCC algorithms by looking at the local
characteristics of each cluster separately.

The standard OCSVM algorithm is presented in Sec-
tion 2, then the principle of MCOS is explained in Section 3.
The clustering methods being used in this study are presented
in Section 4. An experimental study on synthetic data is
detailed in Section 5 and some experimental results on real
world data are discussed in Section 6. Conclusions are drawn
in Section 7.

2. ONE CLASS SUPPORT VECTOR MACHINES

Researchers in [15] proposed a maximum margin based clas-
sifier which is an adaptation of the Support Vector Machine
algorithm to the case of one-class classification. This classi-
fier separates the training data from the origin by means of
a hyperplane 〈w,z〉−ρ , where w is the normal vector of the
hyperplane and ρ is its bias.

To separate the data from the origin, Schölkopf et al. pro-
posed to solve the following optimization problem [15]:

min
w,ρ,ζ

1
2 ‖w‖2 + 1

νN ∑
i

ζi−ρ

s.t. 〈w,φ (xi)〉 ≥ ρ−ζi,ζi ≥ 0,∀i,
(1)

with the regularization parameter ν ∈ (0,1] and φ is a trans-
formation from the input space to the same space or to an-
other high dimensional space. Setting the partial derivatives
of the associated Lagrangian of the optimization problem (1)
to 0 according to w, ρ and ζi, i = 1...N, one can obtain the
corresponding dual optimization problem:

min
α

1
2 ∑

i, j
αiα jK (xi,x j)

s.t. ∑i αi = 1,
and 0≤ αi ≤ 1

νN ,∀i,

(2)
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where kernel functions K (xi,x j) =
〈
φ(xi),φ(x j)

〉
are intro-

duced to denote dot products 〈., .〉 of the projected data in
the transformed space [18]. The solution, which is the saddle
point of the optimization problem (1), is given by:

f (z) = sign(〈w,φ (z)〉−ρ) = sign

(
∑

i
αiK (xi,z)−ρ

)
.

Support Vector Data Description is another one-class
support vector algorithm [19, 20]. Instead of separating the
target data from the origin by a maximum margin hyper-
plane, SVDD seeks to enclose the data by a minimum radius
hypersphere. As with OCSVM, SVDD uses kernel functions,
and the solution is found by resolving a quadratic optimiza-
tion problem similar to (2). For radial basis kernel functions
K such as the Gaussian kernel, where K(x,y) = K(||x− y||),
the optimization problems of OCSVM and SVDD are equiv-
alent and the two algorithms produce exactly the same so-
lution [15, 19]. In this study we will restrict ourselves to
the use of the OCSVM algorithm, but the developments pre-
sented here are directly applicable to SVDD also.

3. MULTI-CLUSTER ONE-CLASS SUPPORT
VECTOR MACHINE

In order to overcome the limitation of One Class Support
Vector algorithms to deal with multi-distributed data, we pro-
pose to learn a separate OCSVM for each cluster of the data.
The clusters can be obtained by any clustering method ap-
plied to the training dataset. A test sample is then classi-
fied by using the SVM for which the corresponding cluster
is the closest to the test sample. The closest cluster is found
by comparing the distances from the test sample to the cen-
ters of the training set clusters. The Multi-Cluster One-Class
Support Vector Machine works as the following:
1. Decompose a data set by using any clustering algorithm.
2. Get local data descriptions using any one-class support

vector algorithm such as OCSVM.
3. Cluster a test set according to the centers of the training

set clusters that have been identified in step 1.
4. Classify the clustered test samples by using the corre-

sponding local description (the one of the data cluster of
which the center is the closest to the test sample).

Compared to Mixture Model methods [13], this algorithm
does not assume any specific shape for the individual clus-
ters probability densities, like in the Gaussian Mixture Model
(GMM) algorithm, and a test sample is classified by only us-
ing the closest sub-model.

4. CLUSTERING ALGORITHMS

Many clustering algorithms has been proposed in literature;
for reviews, see [8, 9]. In this study, we propose to exam-
ine the performance of the MCOS algorithm with two dif-
ferent clustering methods: k-means and a dendogram based
clustering algorithm, which are presented in Section 4.1 and
Section 4.2 respectively.

4.1 k-means clustering algorithm
The k-means algorithm is an algorithm to cluster n objects
into k partitions or clusters, with k ≤ n [11, 7]. The k-means

clustering method attempts to find the k centers of data clus-
ters where k is a predefined value. The objective of the k-
means algorithm is to minimize total intra-cluster variance,
or, the squared error function:

V =
k

∑
i=1

∑
x∈Si

‖(x− ci)‖2, (3)

where ci is the center or the mean point of all the objects
x in the cluster Si, i = 1..k. The most popular variant of the
algorithm (heuristic) works as follows:
1. Arbitrarily choose k initial centers {c1,c2, ..,ck}.
2. Set each cluster Si, i = 1..k, to be the set of objects x such

that ‖(x− ci)‖2 < ‖(x− c j 6=i)‖2.
3. Set the new centers ci, i = 1..k to be the mean point of all

objects x of the cluster Si: ci = 1
|Si| ∑x∈Si x.

4. Repeat steps 2 and 3 until the centers ci, i = 1..k no longer
change.
The clustering result of this algorithm, also known as

Lloyd algorithm [10], is very dependent on the starting cen-
ters points which can be determined randomly or by using
certain initialization heuristics [2, 5]. Although it offers no
accuracy guaranties, the simplicity and the speed of this al-
gorithm are very appealing in practice which make of it one
of the most used clustering algorithms.

4.2 Dendogram based clustering algorithm
The second clustering algorithm being used in this study is a
dendogram based one. This clustering method explores the
distance hierarchy inside a set of data points {x1,x2, ..,xn}.
At each iteration, the two closest points are grouped and re-
placed by their mean point until only k points remain, where
k is the desired number of clusters. If the calculation of a
new mean point involves a previous mean point (non-initial
data point) then the number of data points represented by this
previous mean point is taken into consideration to create the
new mean point. This algorithm works as follows:
1. At the beginning of the algorithm, set m = n,ci = xi and

wi = 1,∀i = 1..n.
2. At each iteration, we have a set of points
{(c1,w1),(c2,w2), ..,(cm,wm)}, with k ≤ m≤ n.

3. Replace the closest two points ci and c j by their weighted
mean c = wici+w jc j

wi+w j
and set w = wi +w j.

4. Repeat steps 2 and 3 until to obtain the desired number
of clusters (m = k).
In contrast to k-means, this algorithm always produces

the same solution and does not optimize any performance
measure such as the one given by Equation (3).

5. EXPERIMENTS WITH SYNTHETIC DATA

In order to illustrate the efficiency of MCOS, in this section
we present results of experiments that were carried out on
a synthetic dataset and a relabeled real world Glass dataset.
Throughout this work, as was stated at the end of Section 2,
the OCSVM algorithm is used as the underlying OCC algo-
rithm for the experiments with MCOS. Furthermore we as-
sume the availability of statistically unrepresentative labeled
outlier samples (in which case OCSVM is preferred to SVM)
which are used during training for model optimization.
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Figure 1: Total error rates (in %) obtained by the MCOS
on the synthetic data represented in (a) for different number
of clusters produced by the k-means clustering algorithm on
a dataset of: (b) 100 samples, (c) 200 samples and (d) 400
samples.

In the synthetic dataset, the target class is composed
of two 2-D equiprobable Gaussians with different means
and variances (PDF1 Ã N (µ = (1,0),Σ = 0.25I), PDF2 Ã
N (µ = (6,0),Σ = I)), and the outlier class is composed of
another Gaussian (N (µ = (3,0),Σ = I)) between the two
first ones, where I is the identity matrix. In order to simu-
late a realistic situation, the target samples represent 4/5 of
the data and 1/5 of the data are outlier samples. Figure 1.a
shows an example of this data with 200 samples.

In addition to the clustering method and the number of
clusters, the MCOS depends on the same parameters as the
OCSVM: the kernel function K, the kernel parameter and
the regularization parameter ν . In this study, only the Gaus-
sian kernel of width σ , K(x,y) = exp

(
− ‖x−y‖2

2σ2

)
, is con-

sidered as it has been widely reported in the literature to
be the most suitable for one-class classification compared
to other kernel functions such as Linear, Polynomial or Sig-
moidal [20, 1, 16, 22]. Furthermore, because of the need for
data separation from the origin, only Radial Basis Function
(RBF) kernels such as the Gaussian Kernel can be used with
the OCSVM algorithm [15]. For all the compared methods, a
simple grid search with internal 3 fold cross-validation tech-
nique is used for the selection of the classifiers parameters
by optimization of the validation TER. The values used for
the width parameter σ and the regularization parameter ν
are as follows: σ : {0.01,0.1,1,3,5,8,10,12,15,17,20}; ν :
{0.01,0.02,0.05,0.01,0.2,0.3,0.5}. Integers from 1 to 10
are tested for the number of clusters.

Averaged total error rates (TERs) estimated by using 5
runs of 5 fold cross-validation, are used to measure the per-
formance of the MCOS algorithm. Figure 1 shows plots of
Averaged TERs in function of the number of clusters for
three data sets of 100, 200 and 400 samples respectively. For
the number of clusters going from 1 to 10, plots of TERs are
represented for the MCOS with the k-means algorithm. The
single-cluster case corresponds to the standard OCSVM al-
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Figure 2: Example of clusters and decision boundaries ob-
tained by the MCOS algorithm. Target samples are repre-
sented by ‘∗’ marks and outliers by ‘×’ marks. The samples
and the contour of each training cluster are represented by the
same color. Figure (a) represent the case with one cluster, (b)
two clusters, (c) three clusters and (d) four clusters.

gorithm. The theoretical Bayesian error probability is 7.22%.
In the three cases of Figure 1, the OCSVM algorithm

(MCOS algorithm with one training data cluster) always
gives poor performance. This is expected, since the OCSVM
algorithm using the same kernel on all training samples is
not appropriate to represent this data which is composed of
two clusters with different variances. Interestingly, however,
the best performance for the three cases are obtained by the
MCOS algorithm with 3,4 or 6 clusters, even though the tar-
get class was generated using two Gaussians. An explanation
is that, because of the limitations of sampling, a finite dataset
drawn from this distribution may have some irregularities,
making it more appropriate to represent the target data with
more than two clusters. For example, Figure 2 shows an ex-
ample of clusters and decision boundaries obtained by the
MCOS 1, 2, 3 and 4 training clusters are considered. In the
case of 4 clusters (Figure 2.d), we can see that the three clus-
ters, representing the right Gaussian of the target class, define
three different subsets of the training samples that happen to
have different densities. For each cluster, a different repre-
sentation is optimized.

Note from Figure 2(a), that the conventional OCSVM
(equivalent to MCOS with one cluster) produces a poor rep-
resentation of the data with a broad contour for the left clus-
ter and an irregular contour for the right cluster. Here, the
OCSVM uses the same kernel width σ = 0.5 on the two clus-
ters of the training set which have different variances, 0.25
and 1 for left and right clusters respectively. In Figure 2(b),
the representation by MCOS with two clusters is smoother
and better fitted to the data structure with a small contour on
the smaller cluster and a large contour on the larger cluster. In
Figure 2(c), the larger cluster is represented by two contours
and in Figure 2(d), it is represented by three contours. As the
number of contours increases, we obtain a representation that
is more closely tied to the training set as we can see on Fig-
ure 2(d) where the three right contours reproduce the shape
of the largest cluster quite closely. By increasing the num-

1191



2 4 6 8 10
20

24

28

32

36

Number of clusters

To
ta

l E
rro

r R
at

e 
(%

)

 

 

Figure 3: Performance of the MCOS with k-means clustering
algorithm on the Glass database where class ‘2’ is considered
as the outlier class and the other classes all together are con-
sidered as the target class.

ber of clusters, we will end up by having a contour on each
training point and hence an extreme overfitting of the repre-
sentation to the training set. Note that all the TER curves in
Figure 1 have a generally convex shape. For small numbers
of clusters, the model does not fit the data structure, and for
large values, the model over-fits the training data which re-
sults in bad generalization performance in both cases. The
graphs show that the number of clusters at which overfitting
begins, grows with the size of the training set, which makes
sense: because of the availability of more samples to build
more local representations, bigger training sets can be repre-
sented with more clusters.

In another example, we have considered the Glass
database of the UCI Machine Learning Repository [3]. The
Glass database is composed of six classes {1,2,3,5,6,7}
where in this example the class ‘2’ is considered as the out-
lier class and the other classes all together are considered as
the target class. Figure 3 represents averaged values of TERs
obtained by MCOS with k-means and shows a clear improve-
ment of this algorithm over the performance of OCSVM.
Note that the optimal number of clusters is different, though
close, from the number of sub-classes (sub-distributions) of
the target class which is 5.

6. EXPERIMENTS WITH REAL WORLD DATA

This section presents classification results from experiments
performed on nine databases from the UCI Machine Learn-
ing Repository [3]: Iris, Breast-Cancer, Glass, Haberman,
Pima, Sonar,Balance, Wine and Spam. For each dataset,
each of the classes is considered as the “Target”, at once,
and all the other ones as “Outliers”. 5 runs of 5 fold cross-
validation are performed for total error rate estimation. As
was done in the synthetic dataset experiments, a simple
grid search with internal 3-fold cross-validation procedure
is used for the selection of the classifiers’ parameters, and
the Gaussian kernel function was used in all of the experi-
ments. The following values where used for the kernel width
σ : {0.01,0.1,1,3,5,8,10,12,15,17,20} for the Iris, Wine,
Glass, Sonar and Haberman databases, and the following set
of values {1,3,7,10,20,30,40,50,60,80,100} for the Pima
and Haberman datasets which have a bigger range. The val-
ues {0.01,0.02,0.05,0.2,0.3,0.5} were considered for the
regularization parameter ν . Different values of the number
of clusters are also tested ranging from 1 to to 25.

In order to test the effect of using different clustering

Table 1: Averaged percentage TERs obtained on several real
world datasets. For each dataset class, the best TER ob-
tained by 5×5 fold cross-validation and the optimal num-
ber of clusters are displayed for: MCOSd and MCOSk with
searched number of clusters k, and MCOSd and MCOSk with
k being estimated by using the Gap Statistic algorithm. For
each dataset class, the performances that are better than the
OCSVM one are presented in bold.

OCSVM Optimized k Pre-estimated k
Data(class) MCOSk MCOSd MCOSk MCOSd
Iris(Setosa) 00.66 00.66(1) 00.66(1) 00.66(1) 00.66(1)
Iris(Virgin.) 08.53 07.33(2) 07.79(3) 08.53(1) 08.53(1)
Iris(Versico.) 07.73 07.73(1) 06.53(2) 07.73(1) 07.73(1)
B.Cancer(B.) 03.66 03.57(2) 03.13(3) 03.78(6) 03.94(6)
B.Cancer(M.) 04.97 04.78(2) 04.97(1) 04.97(1) 04.97(1)
Glass(1) 21.57 16.69(2) 16.62(2) 21.57(1) 21.57(1)
Glass(2) 27.95 25.66(9) 26.13(4) 27.95(1) 27.95(1)
Glass(3) 07.65 07.65(1) 07.65(1) 07.65(1) 07.65(1)
Glass(5) 02.71 02.71(1) 02.71(1) 02.71(1) 02.71(1)
Glass(6) 02.98 02.98(1) 02.98(1) 02.98(1) 02.98(1)
Glass(7) 04.01 04.01(1) 03.82(2) 04.01(1) 04.01(1)
Haberman(1) 26.14 24.84(3) 25.69(2) 26.14(1) 26.14(1)
Haberman(2) 27.82 25.62(5) 26.34(7) 27.82(1) 27.82(1)
Pima(0) 30.76 29.73(7) 27.47(11)30.76(1) 30.76(1)
Pima(1) 34.97 29.60(10)28.65(21)34.97(1) 34.97(1)
Sonar(M) 38.36 24.80(16)25.43(12)30.18(5)32.24(5)
Sonar(R) 43.20 34.04(16)40.44(20)42.90(3)38.95(3)
Balance(L) 09.69 09.69(1) 09.69(1) 15.26(4) 14.11(4)
Balance(R) 09.43 09.43(1) 09.43(1) 13.76(4) 13.82(4)
Wine(A) 12.37 11.70(2) 12.03(6) 12.37(1) 12.37(1)
Wine(B) 23.56 20.54(5) 19.16(5) 23.56(1) 23.56(1)
Wine(C) 11.35 09.52(2) 09.52(2) 11.35(1) 11.35(1)
Spam(0) 30.30 26.06(7) 26.01(10) −− −−
Spam(1) 29.80 25.19(7) 26.77(9) −− −−

methods, classification results are presented for the two cases
where the k-means clustering algorithm and the Dendogarm
based one, which is presented in Section 4.2, are used. We
refer to the two cases by MCOSk and MCOSd respectively.

For the target classes of each dataset, the average TERs
which were obtained with OCSVM, MCOSk and MCOSd,
are displayed in Table 1. The number of clusters that led to
the best averaged error rate is also stated in parentheses for
the two MCOS methods. In order to show the difficulty to
estimate a priori the number of clusters for MCOS, the same
information, except for the Spam database, are given for the
case where the number of clusters k is estimated by using the
Gap statistic algorithm [21] (referred to as ’Pre-estimated
k’). The Gap statistic algorithm depends on the variance
function given by Equation 3, and considers the gap between
the observed value of this function and another value that is
estimated over a number of datasets drawn from a reference
distribution that could be uniform for example, see [21] for
more details. In Table 1, for clarity, all the cases that improve
upon the OCSVM performance are presented in bold.

Table 1 shows in many cases that the MCOS is able to
improve over the performance of OCSVM such as in the
case of class ‘1’ of Glass (around 18% of error rate with
MCOS compared to 24% with OCSVM), class ‘1’ of Pima
(around 29% of error rate with MCOS compared to 35% with
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OCSVM), class ‘M’ of Sonar (around 25% of error rate with
MCOS compared to 38% with OCSVM) and class ‘B’ of
Wine database (around 19% of error rate with MCOS com-
pared to 23% with OCSVM).

Note that the performances of the two MCOS methods
are very close for almost all the cases except for some cases
such as the ‘R’ class of the Sonar database (34.04% of TER
for MCOSk against 40.44% for MCOSd) and class ‘0’ of
Pima database (27.47% of TER for MCOSd against 29.73%
for MCOSk). However, the optimal numbers of clusters used
by the k-means and the dendogram clustering methods are
generally different, and the difference can be substantial, as
in the case of class ‘2’ of Glass (the number of clusters k
equals 9 for k-means against 4 for dendogram) and class ‘1’
of Pima database (k = 10 for k-means against k = 21 for den-
dogram). This indicates that it is difficult to predict a priori
the optimal number of clusters as it depends on the used clus-
tering method. This also means that the optimal number of
clusters is different from the underlying number of subsets of
the target class, as was shown on the two synthetic examples
of Section 5, since it is not unique.

7. CONCLUSIONS

In this paper, we have presented the Multi-Cluster One-Class
Support Vector Machine (MCOS), which aims to overcome
the poor performance of One Class Support Vector Algo-
rithms when applied to multi-distributed data. Algorithms
such as OCSVM and SVDD use the same kernel width on all
support vectors, regardless if they are located in a dense re-
gion of the data distribution or in a sparse one. To overcome
this weakness, the MCOS algorithm first uses a clustering al-
gorithm to divide the training sets into coherent clusters, and
then builds a OCSVM with a separate kernel on each cluster.
The final representation of the data is then obtained by the
combination of all the local representations.

Our experiments on synthetic and real world data sets
show that in many cases, by adapting the representation to
the local characteristics of the data, the MCOS can offer
clear improvement over the OCSVM performance. However,
for some problems, MCOS cannot improve on OCSVM, but
since it includes OCSVM as a special case, it is never worse
than OCSVM.

For future work, we will consider the problem of prior
estimation of the optimum number of clusters for a given
classification problem. In our experiments we have adopted
a search method and show that in many cases this approach
leads to considerable improvement compared to the the Gap
Statistic approach, from data discovery domain, that consists
of pre-estimating the number of clusters. Since the aim here
is data classification, more adapted clustering methods, that
take into account both the distributions of target and outlier
classes, need to be searched.
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ABSTRACT

In this paper, we introduce a new distance computed from the
construction of dual-rooted minimal spanning trees (MSTs).
This distance extends Grikschat’s approach [7], exhibits at-
tractive properties and allows to account for both local and
global neighborhood information. Furthermore, a function
measuring the probability that a point belongs to a detected
class is proposed. Some connections with diffusion maps [8]
are outlined. The dual-rooted tree-based distance (DRPT) al-
lows us to construct a new affinity matrix for use in a spectral
clustering algorithm, or leads to a new data analysis method.
Results are presented on benchmark datasets.

1. INTRODUCTION

Data clustering is the task of partitioning a set of data into
non-overlappingsubsets, without using any prior knowledge,
such that patterns belonging to a same cluster share more
similarity with each other than with patterns belonging to
different clusters [15]. Such problems are commonly en-
countered in statistics, data mining, pattern recognition, im-
age segmentation and bio-informatics [17]. Although many
strides were achieved in this area, there remains many open
issues. Hierarchical clustering, graph partitioning algorithms
and k-means [10] for instance are among the most populars
ones (see e.g. [17, 15] for a more exhaustive state of art).
More recently, a new class of clustering methods based on
some graph theory notions has emerged: the spectral clus-
tering algorithms [11]. As in other methods, little success
is found if clusters do not form convex subsets or are not
well separated or even overlapping. Furthermore the pres-
ence of noise or outliers leads to dramatically decreased per-
formances in general. Our methods exhibit improved perfor-
mances in this context.

A crucial issue in clustering problems concerns the
choice of an affinity measure between data points. We will
restrict the scope of this paper to the case where data points
are made of numerical features. Many situations cannot be
efficiently addressed by methods using Euclidean distances
to measure similarities between data points. Consider for
instance an Euclidean space and two imbricated non con-
vex clusters. Two points from cluster 1 may be more sep-
arated from each other than e.g. 2 points from the neigh-
boring borders of cluster 1 and cluster 2 respectively. In
such a case, no linear form will correctly classify the data
from the set of pairwise distances. This makes the motiva-
tion for introducing more geometrically descriptive similar-
ity measures. In their seminal work, Grikschat et al. [7]

proposed a method inspired by some recent research on dif-
fusion graphs [8], establishing connections between diffu-
sion process on manifolds and random walks on finite data
sets. Grikschat’s method is based on symmetrically grow-
ing MSTs rooted at each pairs of points, by Prim’s algorithm
[12]; the hitting time of the two MSTs measures the affin-
ity between points1. Dual rooted trees hitting time allows to
describe global as well as local geometrical properties of the
data set. In this paper, we introduce a slight modification of
Grikschat’s method, that confers new appealing properties.
The new proposed distance is applied for both clustering and
data analysis tasks. Additionally, a probability estimatethat
a point belongs to the different clusters is inferred from the
proposed distance.

In Section 2.1, MST definitions and Prim’s construction
algorithm are briefly sketched. Dual-rooted MST (drMST)
principles and drMST based distance and its properties are
introduced in Section 2.2. Applications in the framework
of clustering is presented in section 2.3; relation to existing
method is proposed in Section 2.4, and some data exploratory
application is presented in section 2.5. Section 3 presentsre-
sults on both synthetic and real datasets.

2. METHODOLOGY

2.1 MST and Prim’s algorithm

Let V = {v1,v2, . . . ,vn} denote a sample of data points inRl

having unknown Lebesgue multivariate densityλ . The goal
is to partitionV into K clusters. LetP= {C1, . . . ,CK} stand
for a set of clusters.

Let G = (V,E) be an undirected graph whereE = (ei j :
e(vi ,v j),(i, j) ∈ (1, . . . ,N)) denotes a set of undirected edges
between vertices ofV. The weightwi j of an edge measures
the dissimilarity between two verticesvi andv j .

A spanning treeT through the set of verticesV is a
connected acyclic graph which passes through all theN ver-
ticesvi , i ∈ {1, . . . ,N} in the set. The minimal spanning tree
(MST) is the tree which has the minimal weight

LN,γ (V) = min
T

∑
e∈T

wi j

A common choice forwi j is wi j = |e|γ , γ ∈ (0, l), wheree is
the Euclidean distance between vertices. The tree of minimal

1Hitting time is defined there as the number of iterations until the two
subtrees collide.
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power weighted length enjoys many interesting properties
(see e.g. [5]). However, in this paper the only assumptions
made for the weightwi j arewii = 0 andwi j = wji . We apply
the Prim’s algorithm [12], whose complexity isO(N log(N)).
Prim’s algorithm is a greedy procedure for growing trees by
recursively connecting a new vertex to the existing subtree.
At each iteration, the new vertex among the unconnected ver-
tices is chosen, such that the edge which connects the new
vertex to the subtree has a minimal weight. The procedure
is iterated until no unconnected vertex remains. The resulted
tree is unique2, i.e., independent of the initial vertex of the
graph, acyclic (no loop) and of minimal weight.

2.2 Dual Rooted Prim Tree

In [7], Grikschat et al. propose a graph-based distance mea-
sure between two verticesvi andv j to be the hitting-time of
the two Prim subtrees simultaneously grown, rooted atvi and
v j . A slight modification is proposed here consisting in com-
petitive growing : at each step of the tree growing procedure,
only one of the two Prim subtrees is grown, namely the one
for which the new edge has minimal weight. As in [7], this
process continues until the two subtrees collide. However,
the number of vertices connected within each subtree are no
longer identical. LetNiter denote the hitting time of the sub-
trees.

The tree obtained by the union of the two Prim subtrees is
referred to asDualRootedPrim Tree (DRPT) (Fig. 1). The
DRPT rooted invi ∈V and inv j ∈V will be notedDR(vi ,v j).

Different distances measuresd(vi ,v j) can be computed
based onDR(vi ,v j):
• the hitting time of the two sub-MSTs

diter(vi ,v j) = Niter , (1)

• the length of the final tree constructed

dleng(vi ,v j) =
Niter

∑
iter=1

witer , (2)

• and the weight of the final edge connected

dmax(vi ,v j) = maxiter∈[1,Niter ]witer . (3)

All these distances measures (1, 2, 3) enjoy the properties
of being metrics in the mathematical sense3.

This DRPT (Fig. 1) enjoys many interesting properties,
some of which are used in the rest of the paper.

Property 2.1 For a given couple of vertices{v1,v2} serving
as roots of two subtreesT1 andT2, the last constructed edge,
which connects the two subtrees together, of weight noted
wlast is always the largest (with maximum weight) among the
set of all edges from both subtrees.

Property 2.2 Let d(v1,v2) = wlast the weight of the largest
edge among all the edges involved on the subtrees rooted at
vertices v1 and v2, d is a distance.

2The symmetry propertywi j = wji insures unicity of the resulting graph,
assuming furthermore that there is no ties in the similaritymatrix.

3They are symmetric, positive, and satisfy the triangular inequality;
proofs are developed with many details in [6].

Property 2.3 The union of the subtreesT1 andT2 rooted at
v1 and v2 respectively is the MST for the subset of vertices
involved in one or the other subtree. This property is rather
straightforward to prove, as a MST is unique and does not
depend upon the root used for initializing Prim’s algorithm.

Property 2.4 Property 2.1 above insures that any Prim’s al-
gorithm rooted at a vertex fromT1∪T2 will connect all ver-
tices ofT1∪T2 before connecting a vertex outsideT1∪T2.
Then, by using property 2.2 above, it can therefore be con-
cluded that

∀vi ∈ T1,∀v j ∈ T2,d(vi ,v j) = d(v1,v2)

and

∀(vi ,v j) ∈ [T1×T1]∪ [T2×T2],d(vi ,v j)≤ d(v1,v2)

Property 2.5 Let R
v1
v2 stands for the relation, defined rela-

tively to v1 and v2 by viR
v1
v2 v j if d(vi ,v j)≤ d(v1,v2).

R
v1
v2 is trivially symmetric and reflexive. Transitivity ofR

v1
v2 is

easily obtained as a consequence of properties 2.2 and 2.4.
Therefore,Rv1

v2 is an equivalence relation and the obtained
clusters are equivalence classes wrtR

v1
v2

4 4.5 5 5.5 6 6.5 7 7.5 8
2

2.5

3

3.5

4

4.5

Figure 1: Dual rooted Prim tree built on a data set. Sym-
bol X marks the rooted vertices. The dashed edge is the last
connected edge.

It must be pointed out that two ’distances’ are involved
in the dual-rooted tree approaches : the first one is related to
the weightwi j , as introduced in section 2.1. The second is
indexed on the MST grown on the vertex set from the knowl-
edge of allwi j .

When a new vertex is added in the process of growing
trees, it is associated to an edge of minimal weight : this
deals with local properties (neighborhood related) of the
vertex set. Although Euclidean distances are commonly
used for thewi j , other dissimilarity measures may better fit
the nature of the data at hand (e.g. information divergences
if the data are spectra as presented later). Whatever the
chosen functionwi j , its properties are encompassed in the
construction of the tree, the DRPT distance properties 2.1
to 2.5 are preserved. More specifically, it is important to
emphasize that the DRPT distance is a metric, whereaswi j
may be a semi-metric only. DRPT distances account for
more ’global’ features of the setV, as described e.g. by
property 2.4.
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2.3 Dual rooted trees-based distances for clustering

There exists a lot of clustering methods developed to parti-
tion a set of data, as mentioned in the introduction. Recently,
spectral graph clustering algorithms [4] have received a lot
of interests because of their properties and the quality of the
results obtained [11, 2]. Basically, the algorithm starts with a
neighborhood graph built on the dataset (either KNN-graph,
ε-graph or even fully connected graph) and a distance matrix
d (di, j = d(vi ,v j)) is computed. This distance matrix is used
to derive an affinity matrix commonly defined as:

Ai j = exp

(

−di, j

σ

)

.

The eigendecomposition of the normalized Laplacian (L)
of the graph is realized:

D = diag
(

∑Ai j
)

,L = D−1/2AD−1/2.

A K-means algorithm is finally applied on the eigenvectors
corresponding to thek largest eigenvalues, to exhibit the can-
didate clusters.

The usual distance measuredi, j used in the expression of
A is the Euclidean distance. In [7], the authors proposed to
use instead their graph-based distance. The obtained results
overcome those obtained with the Euclidean distance, espe-
cially when the classes have non convex shapes. Following
[7], we use DRPT distance together with spectral clustering
algorithms to exhibit clusters.

Parameterσ in the affinity matrix determines the hori-
zon above which two vertices are considered to be extremely
distant from each other and cannot belong to a common clus-
ter. Although this parameter drastically influences the quality
of the results, there is no broadly adopted strategy to deter-
mine its value [9] . In [7], the authors choose the maximum
distance ind. In order to be more robust to the outliers,
Schclar [13] proposed two heuristics for choosingσ : the
median heuristic (median ofd) and the max-min heuristic
(maxi minj di j ). All these heuristics allow to define a global
parameter. Based on this observation, Zelnik-Manor and Per-
ona [18] have proposed to consider a localσ in the compu-
tation of the affinity matrix. The choice ofσ depends on the
neighborhood of each vertex:σi = d(vi ,vK), wherevk is the
K th nearest neighbor ofvi . Therefore, the affinity matrix

is changed into this new expression:Ai j = exp
(

−d(vi ,vj )
σiσ j

)

.

The main drawback of this approach is its sensitivity to the
numberK of neighbors, for which no heuristic exists.

In Fig.2, the Jaccard [17]. index is computed on the re-
sults obtained by applying the spectral clustering algorithm
with the Euclidean distance on the Wine data set [1] for var-
ious values ofσ . Note thatσ (horizontal axis) is normalized
by the median of the distance distribution, in order to insure
independence of the results with respect to affine transform
of the data. Thenσ corresponds to the percentage of the me-
dian distance ofd. This plot highlights the importance of the
parameterσ in the clustering result.

2.4 Relation to Diffusion Maps, probability of member-
ship

In many applications, data clusters may overlap each other
and/or exhibit complicated non convex shapes. In such
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Figure 2: Jaccard index computed on the results obtained by
applying the spectral clustering algorithm with the Euclidean
distance on the Wine data set withσ varying.

situation, “hard labeling” turns out to be not satisfactory
enough. A crucial issue is then to introduce the probability
that a given data point is a member of a detected cluster or
of another. In this section, we introduce such a probability
of membership, and a close relation to transition matrices
introduced for diffusion maps [8] is presented.

For each vertexv, it is proposed to compute the probabil-
ity of being a member of the clusterCi as follows (4):

Proba(v∈Ci) =
∑vi∈Ci

h(d(v,vi))

∑v∈V h(d(v,vi))
, (4)

whereh may be any integrable decreasing function of the
distance measured(v,vi).

A popular choice forh is the exponential function:

h(d(v,vi)) = exp

(

−d2(v,vi)

ε

)

, (5)

whereε stands for the characteristic decay length. Note that
a discussion for choosingε would use similar arguments as
those developed for discussingσ in the previous section.

Euclidean distance is often chosen ford but the algorithm
fails to correctly clusterV when the classes are either non-
convex or lie on some non-linear manifold; it is proposed
here to substitute DRPT distance tod. Actually DRPT prop-
erties allow to deal with non-convex clusters by following
the shape of the clusters on the manifold (see [5]) and to
account for both local and global feature of the data space,
as explained previously (see Fig. 3). Let us emphasize that
replacingd by the DRPT distance is made possible, as the
latter is actually a metric. This could not make sense for
Grikschat’s distances for instance, as it is not a metric.

It is worth noticing that the expression of the probability
measure (4) is similar to the expression of the probabilities
entering the transition probability matrix of Lafon et al. [8]
for constructing diffusion maps. The probability of diffusion
from vertexi to vertex j is actually defined given by

M(vi ,v j) =
exp

(

‖vi−vj‖
2

ε

)

∑exp
(

‖vi−vj‖2

ε

) .

The diffusion map is given by the eigenelements ofM, and
clusters are issued by applying a simple (e.g. K-means) al-
gorithm on the obtained map.
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Figure 3: Probability membership map of the upper half-
moon data set with the use of the DRPT distances.

2.5 Exploratory analysis of Droopi clustering

Several methods can be used to obtain an embedding of the
data set into a low dimensional-space where the data can be
easily explored. A popular method to achieve such represen-
tation consists in projecting the data onto a low dimensional
Euclidean space, under the constraint that the Euclidean dis-
tances on the image space are as close as possible to the dis-
tances in the high dimensional original data space. This is
the strategy adopted in the Multi Dimensional Scaling algo-
rithm (MDS) [16] or Isometric mapping (Isomap) [14]. Note
that Laplacian eigenmaps introduced by Belkin et al. [2] also
provide a solution to this problem, exploited in spectral clus-
tering algorithms. This section is focused on applying MDS
to the Droopi distance matrix introduced previously.

MDS may be summarized by the following steps:

• First computeJ: J = I− 1
N11

t . J is referred to as the
double centering matrix.

• Normalize the row and column ofd: introduceL′
i j =

− 1
2Jdi j J.

• Compute the eigen-decomposition ofL′ and keep thek′

largest eigenvaluesλ j and their corresponding eigenvec-
torsµ j .

• The new set of coordinates is given by computing
√

λ j µ j .

The Iris data set consists in 150 points in 4-dimensions
containing three clusters (one of which is well separated from
the others and the two others exhibit interleave). Figure 4
shows this set embedded in a 2-dimensional space computed
by MDS with the Euclidean distances (a) and with the DRPT
distances (b). This clearly emphasizes the ability of Droopi
distance to ‘concentrate’ the image vertices on the low di-
mensional space into three well separated clusters. No theo-
retical details will be given here, but this appears clearlyas
being a consequence of property 2.4 above. By applying a
basic K-means algorithm in the low dimensional Euclidean
space represented on Fig.4(b), a correct labeling score of
146/150 was obtained (136/150 for classical unsupervised
clustering algorithms).

This simple experimentation allows us to attest the major
importance of the distance measures computed on the data
poin wts. The use of the dual-rooted trees-based distances
better discriminates the data points into relevant clusters.
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Figure 4: Embedded Iris data set with MDS (a) Euclidean
distance, (b) DRPT distances.

3. EXPERIMENTAL RESULTS

The performances of the proposed methods are illustrated
on various data sets. The main features of the algorithm
are tested on simulation data. The quality of the results are
evaluated by computing the Jaccard index LetP∗ be some
known ground truth reference partition of the data and let
P be the obtained partition. The Jaccard (J) index between
P andP∗ measures the similarity between the partitions. It
is expressed asJ(P,P∗) = a

a+b+c, wherea is the number of
pairs of points inV belonging to a same set inP and a same
set inP∗, b is the number of pairs of points inV belonging to
a same set inP and different sets inP∗ andc is the number
of pairs of points inV belonging to different sets inP and a
same set inP∗. J(P∗,P) = 1 indicates a perfect match of the
partitions.

Simulated Data Sets: We consider the classical ’two
moons’ problem with ouliers. Spectral clustering method
(with Euclidean distance) with a local scaling ofσ succeeds
in recovering the classes in the absence of outliers, but fails
when outliers are present (V counts 150 data points and 100
outliers). Replacing the Euclidean distance by the DRPT dis-
tance leads much better results, as shown on figure 5 . For
both cases,σ was chosen according to Zelnik-Malnor and
Perona method. The performance of DRPT based approach
comes from its ability to convey information from both local
and global features of the analyzed setV.
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Figure 5: Two Moons perturbated by a random noise: Spec-
tral clustering with (a) Euclidean distance, (b) DRPT dis-
tances.
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Real data: The Iris and Wine data sets from the UCI
machine learning repository [1] are used for benchmarking
the proposed approach. Firstly, spectral clustering algorithm
are applied to detect clusters, with Euclidean distances and
DRPT based distances (with Euclidean weight used in the
Prim’s growing algorithm). The number of clusters is known
a priori. As Wine dat set is made of a set of proportions of
chemical elements, it behaves like a spectrum. Following
[3], we propose to use a symmetrized Kullback information
divergence (Dkls) for the weight functionwi j ; this choice for
wi j leads to improved results aswi j is better adapted to the
nature of the data, although it is not a metric.

Secondly, we applied MDS algorithm to embed the data
into a 2-dimensional Euclidean space where K-means can be
used. The inter vertex distance matrices computed in their
original (high dimensional) space are either using Euclidean
metric or DRPT based distances.

Again, the proposed graph-based distances allow im-
proved performances, especially in the case (Wine) where
the weightw function is adapted to the data characteristics,
and despite it is not a metric.

Table 1: Results obtained in terms of Jaccard Index for vari-
ous datasets.

Methods Iris Wine
Spectral Clustering (Euclidean) 0.7445 0.4397

Spectral Clustering (diter) 0.8876 0.6627
Spectral Clustering (dleng) 0.8876 0.4276
Spectral Clustering (dmax) 0.5000 0.4276

Spectral Clustering (Grikschat [7]) 0.8876 0.4499
MDS (Euclidean) + Kmeans 0.7016 0.4199

MDS (DRPT) + Kmeans 0.8876 0.5338

Remark : This choice to embed the data in a 2 dimen-
sional space is not motivated by some theoretical properties
but was set for sake of visualization. The determination of
the optimal embedding dimension is not addressed in the
present paper.

4. CONCLUSION

In this paper, we have presented some dual-rooted diffusion
distances (DRPT) computed from the construction of dual-
rooted MSTs. These distances exhibit appealing properties
and allow to account for both local and global properties of
the set to be clustered. As the new proposed distance is a
metric, it allows us to introduce a function that measures
the probability of a point to belong to the different classes,
that brings some connections with diffusion maps. It allows
furthermore to use non metric distance measures for grow-
ing trees on which the DRPT is based, which may leads to
improved clustering performances in some cases (’spectrum-
like’ data). The usefulness of the new proposed distance is
illustrated through some spectral clustering applications, and
for some data exploratory analysis.
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ABSTRACT
This article deals with an extension of the split gradient
method (SGM) applied to the optimization of any diver-
gence between two data fields, under positivity and flux
conservation constraints. SGM is guaranteed to con-
verge for convex cost functions. A SGM-based algorithm
is also derived to solve the nonnegative matrix factoriza-
tion (NMF) problem. It is shown that the multiplicative
algorithms that are usually used for NMF, under posi-
tivity constraints, are particular cases of SGM. Finally,
to validate the algorithm, we propose an example of ap-
plication to hyperspectral data unmixing.

1. INTRODUCTION

In the field of image reconstruction or deconvolution,
the minimization of a Euclidean distance or a Kullback-
Leibler divergence between noisy measurements and a
linear model is usually performed, subject to positiv-
ity constraints, using multiplicative algorithms. Most of
time, the latter are the well known Iterative Space Re-
construction Algorithm (ISRA) [3], and the Expectation
Minimization (EM) [4] or Richardson Lucy (RL) [13, 14]
algorithm. In the last ten years, a general algorithmic
method, called Split Gradient Method (SGM) [9, 10],
has been developed to derive multiplicative algorithms
for minimizing any convex criterion under positivity con-
straints. It leads to ISRA and EM-RL algorithm as par-
ticular cases. SGM has recently been extended to take
into account a flux conservation constraint [11].

During the last few years, many papers have been
published in the field of Nonnegative Matrix Factori-
sation (NMF) with multiplicative algorithms [2, 6, 12].
This problem is closely related to the blind deconvolu-
tion one [5, 8]. The aim of this paper is to propose a
unified framework based on SGM to derive algorithms
for NMF, in multiplicative form or not.

2. NONNEGATIVE MATRIX
FACTORIZATION

We consider here the problem of nonnegative matrix fac-
torization (NMF), which is now a popular dimension re-
duction technique, employed for non-subtractive, part-
based representation of nonnegative data. Given a data
matrix V of dimension F×N with nonnegative entries,
the NMF consists of seeking a factorization of the form

V ≈WH (1)

where W and H are nonnegative matrices of dimen-
sions F ×K and K ×N, respectively. Dimension K is
usually chosen such that FK + KN� FN, hence reduc-
ing the data dimensionality. The factorization (1) is
usually sought through the minimization problem

min
W,H

D(V,WH) s.t. [W]i j ≥ 0, [H]i j ≥ 0 (2)

with [V]i j and [WH]i j the (i, j)-th entries of V and WH,
respectively. In the above expression, D(V,WH) is a
cost function defined by

D(V,WH) = ∑
i j

d([V]i j, [WH]i j) = ∑
i j

di j (3)

In the general case, d(u,v) is a positive convex function
that is equal to zero if u = v. An additional condition
is the normalization of the columns of W and, as a di-
rect consequence of (1), a constant-sum condition on the
columns of H. Minimization problem (2) becomes:

min
W,H

D(V,WH) s.t. [W]i j ≥ 0, [H]i j ≥ 0,

∑
i

[W]i j = 1, ∑
i

[H]i j = ∑
i

[V]i j (4)

The constant-sum constraint is motivated by applica-
tions such as, for example, hyperspectral data unmix-
ing. In this case, W is the matrix of basis spectra that
are supposed to be normalized. To solve (2) and (4),
one can use a minimization method of the SGM-type,
alternatively on W and H.

3. MINIMIZATION UNDER
NON-NEGATIVITY CONSTRAINTS ONLY

SGM was initially formulated and developed to solve
problem (2). Its Lagrangian function is given by:

L (V,WH;Λ,Ω) = D(V,WH)−〈Λ,W〉−〈Ω,H〉 (5)

where Λ and Ω are the matrices of positive Lagrange
multipliers, and 〈·,·〉 is the inner product defined by:

〈U,V〉= ∑
i j

[U]i j[V]i j (6)

The Karush-Kuhn-Tucker conditions must necessarily
be satisfied at the optimum defined by W∗, H∗, Λ∗,
and Ω∗.
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3.1 Minimization with respect to W

Minimization of (5) with respect to W leads to the fol-
lowing Karush-Kuhn-Tucker conditions for all i, j:

[∇W L (V,W∗H;Λ∗,Ω)]i j = 0 (7)
[Λ∗]i j ≥ 0 (8)
[W∗]i j ≥ 0 (9)
〈Λ∗,W∗〉= 0⇔ [Λ∗]i j[W∗]i j = 0 (10)

Condition (7) immediately leads to

[Λ∗]i j = [∇W D(V,W∗H)]i j (11)

Condition (10) then becomes

[W∗]i j[∇W D(V,W∗H)]i j = 0
⇔ [W∗]i j[−∇W D(V,W∗H)]i j = 0 (12)

where the extra minus sign in the last expression is just
used to make a negative gradient descent direction of
D(V,WH) apparent. To solve this equation iteratively,
three points have to be noticed. The first one is that
M · (−∇W D) is a gradient descent direction of D if M
is a matrix with positive entries, where · denotes the
Hadamard product. The second one is that [−∇W D ]i j
can always be decomposed as [P]i j− [Q]i j, where [P]i j
and [Q]i j are positive entries, let us note that this de-
composition is obviously not unique. Last but not least,
the third one is that equations of the form ϕ(W) = 0
can be solved with a fixed-point algorithm, under some
conditions on function ϕ, by considering the problem
W = W + ϕ(W). Implementing this fixed-point strat-
egy with equation (12) and using

[M]i j =
1

[Q]i j
(13)

we obtain the following gradient-descent algorithm

[Wk+1]i j = [Wk]i j + α
k
i j

[Wk]i j

[Q]ki j
[−∇W D(V,WkH)]i j

(14)
with αk

i j a positive step size that allows to control con-
vergence of the algorithm. Using the second point de-
scribed above leads to

[Wk+1]i j = [Wk]i j + α
k
i j

[Wk]i j

[Qk]i j

(
[Pk]i j− [Qk]i j

)
(15)

that is,

[Wk+1]i j = [Wk]i j + α
k
i j[W

k]i j

(
[Pk]i j

[Qk]i j
−1
)

(16)

Let us determine the maximum value for the step size
in order that [Wk+1]i j ≥ 0, given [Wk]i j ≥ 0. Note that,
according to (15), a restriction may only apply if

[Pk]i j− [Qk]i j < 0 (17)

since the other terms are positive. The maximum step
size which ensures the positivity of [Wk+1]i j is given by

(α
k
i j)max =

1

1− [Pk]i j
[Qk]i j

(18)

which is strictly greater than 1. Finally, the maximum
step size over all the components must satisfy

(α
k)max ≤min{(α

k
i j)max} (19)

This choice ensures the non-negativity of the compo-
nents of Wk from iteration to iteration. Convergence of
the algorithm is guaranteed by computing an appropri-
ate step size, at each iteration, over the range [0,(αk)max]
by means of a simplified line search such as the Armijo
rule for example. Finally, it is important to notice that
the use of a step size equal to 1 leads to the very simple
and well-known multiplicative form

[Wk+1]i j = [Wk]i j
[Pk]i j

[Qk]i j
(20)

Positiveness is satisfied if [W0]i j > 0, but convergence of
the algorithm is not guaranteed.

3.2 Minimization with respect to H

Minimization with respect to H can be performed in the
same way, using the decomposition

[−∇HD ]i j = [R]i j− [S]i j (21)

where [R]i j and [S]i j are positive entries. The relaxed
expression of the algorithm takes the form:

[Hk+1]i j = [Hk]i j + β
k
i j[H

k]i j

(
[Rk]i j

[Sk]i j
−1
)

(22)

Again, with a constant step size equal to 1, the algorithm
takes a simple multiplicative form

[Hk+1]i j = [Hk]i j
[Rk]i j

[Sk]i j
(23)

As previously, positiveness is satisfied if [H0]i j > 0 but
convergence of the algorithm is not guaranteed.

Before ending this section, let us compute ∇D with
respect to H and W. It can be expressed in matrix form
as follows:

∇HD = WT A ∇W D = AHT (24)

where A is a matrix whose (i, j)-th entry is given by:

[A]i j =
∂di j

∂ [WH]i j
(25)

Equations (20) (23), associated to (24) (25), lead to the
multiplicative algorithms described in [2, 6, 12]. These
are particular cases of the relaxed algorithms (15) (22),
obtained by using a unit step size.

4. MINIMIZATION UNDER
NON-NEGATIVITY CONSTRAINTS

AND FLUX CONSERVATION

Let us now consider problem (4), which differs from (2)
by additional flux constraints. We make the following
variable changes:

[W]i j =
[Z]i j

∑m[Z]m j
; (26)
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[H]i j = [T]i j×
∑m[V]m j

∑m[T]m j
(27)

In so doing, the problem becomes unconstrained with
respect to the flux. To ensure that the problem remains
convex w.r.t. the new variables, the solution is searched
in a domain where the denominator is a constant, it is
precisely what is performed by our method. To deal with
the non-negativity constraints, let us consider again the
SGM algorithm and compute gradient with respect to
new variables:

∂D

∂ [Z]l j
= ∑

i

∂D

∂ [W]i j
×

∂ [W]i j

∂ [Z]l j
(28)

∂D

∂ [T]l j
= ∑

i

∂D

∂ [H]i j
×

∂ [H]i j

∂ [T]l j
(29)

where, in a compact form,

∂ [W]i j

∂ [Z]l j
=

1
∑m[Z]m j

× (δli− [W]i j) (30)

∂ [H]i j

∂ [T]l j
=

∑m[V]m j

∑m[T]m j
× (δli−

[H]i j

∑m[V]m j
) (31)

with δli the Kronecker symbol. As a consequence, the
components of (the opposite of) the gradient of D with
respect to the new variables can now be written as

− ∂D

∂ [Z]l j
=

1
∑m[Z]m j

((
− ∂D

∂ [W]l j

)
−∑

i
[W]i j

(
− ∂D

∂ [W]i j

))
(32)

and

− ∂D

∂ [T]l j
=

∑m[V]m j

∑m[T]m j

((
− ∂D

∂ [H]l j

)
− ∑i[H]i j

∑m[V]m j

(
− ∂D

∂ [H]i j

))
(33)

It can be noticed that any shift of the form

(−∂D�∂ [W]i j)s ←− (−∂D�∂ [W]i j)+ η , ∀(i, j)
(−∂D�∂ [H]i j)s ←− (−∂D�∂ [H]i j)+ µ, ∀(i, j)

leave equations (32) and (33) unchanged. Consequently,
using

η =−min
i j

(
− ∂D

∂ [W]i j

)
µ =−min

i j

(
− ∂D

∂ [H]i j

)
does not modify the gradient of D with respect to the
new variables Z and T, but ensures the non-negativity
of (−∂D�∂ [W]i j)s and (−∂D�∂ [H]i j)s. Let us note
that this particular decomposition allows to ensure that
the denominator in 26 and 27 remains constant and then
we are always in the convexity domain. We shall now
apply the SGM method.

4.1 Minimization with respect to W

Consider the following gradient (32) decomposition

[−∇ZD ]i j = [P]i j− [Q]i j (34)

that involves the non-negative entries defined as follows

[P]i j =
(
− ∂D

∂ [W]i j

)
s

(35)

[Q]i j = [Q]. j = ∑
i

[W]i j

(
− ∂D

∂ [W]i j

)
s

(36)

The relaxed form of the minimization algorithm can be
expressed as

[Zk+1]l j = [Zk]l j +α
k[Zk]l j

(
(−∂D�∂ [Wk]l j)s

∑i[Wk]i j(−∂D�∂ [Wk]i j)s
−1

)

We clearly have ∑l [Zk+1]l j = ∑l [Zk]l j, for all αk. This
allows to us to express the algorithm with respect to
the initial variable W, that is,

[Wk+1]l j = [W]kl j +α
k[W]kl j

(
(−∂D�∂ [W]kl j)s

∑i[W]ki j(−∂D�∂ [W]ki j)s
−1

)
Again, with a constant step size equal to 1, the algorithm
takes a simple multiplicative form

[Wk+1]l j = [Wk]l j
(−∂D�∂ [Wk]l j)s

∑i[Wk]i j(−∂D�∂ [Wk]i j)s
(37)

4.2 Minimization with respect to H

In an analogous way, consider the following gradient (33)
decomposition

[−∇T D ]i j = [R]i j− [S]i j (38)

that involves the non-negative entries given by

[R]i j =
∑m[V]m j

∑m[T]m j

(
− ∂D

∂ [H]i j

)
s

(39)

[S]i j = S. j =
∑m[V]m, j

∑m[T]m j
∑

i

[H]i j

∑m[V]m j

(
− ∂D

∂ [H]i j

)
s

(40)

This leads to the relaxed form of optimization algorithm
with respect to variable T, that is,

[Tk+1]l j = [Tk]l j +α
k[Tk]l j

 (−∂D�∂ [Hk]l j)s

∑i
[Hk]i j

∑m[V]m j
(−∂D�∂ [Hk]i j)s

−1


It can be seen that ∑l [Tk+1]l j = ∑l [Tk]l j, for all αk,
which implies that

[Hk+1]l j = [Hk]l j +α
k[Hk]l j

 (−∂D�∂ [Hk]l j)s

∑i
[Hk]i j

∑m[V]m j
(−∂D�∂ [Hk]i j)s

−1


The multiplicative form is obtained with a constant step
size equal to 1, namely,

[Hk+1]l j = [Hk]l j
(−∂D�∂ [Hk]l j)s

∑i[Hk]i j(−∂D�∂ [Hk]i j)s
∑
m

[V]m j

(41)
In the next section, we propose to illustrate this algo-
rithm within the field of hyperspectral imaging.
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5. CHOICE OF THE DESCENT STEP SIZE
AND CONVERGENCE SPEED

On one hand, if the descent step size is fixed to one, there
is no way to modify the convergence speed and the iter-
ations number can be high, moreover, the convergence is
not ensured but the algorithm takes a simple form. On
the other hand, if the descent step size is searched by
a simple rule, Armijo for example, the iterations num-
ber decreases but the duration of one iteration increases,
from our experience, when the step size is computed, the
overall gain is about ten or twenty percents and in this
case the convergence is ensured.

6. SIMULATION RESULTS

Hyperspectral imaging has received considerable atten-
tion in the last few years. See for instance [1], [7] and ref-
erences therein. It consists of data acquisition with high
sensitivity and resolution in hundreds contiguous spec-
tral bands, geo-referenced within the same coordinate
system. With its ability to provide extremely detailed
data regarding the spatial and spectral characteristics of
a scene, this technology offers immense new possibilities
in collecting and managing information for civilian and
military application areas.

Each vector pixel of an hyperspectral image charac-
terizes a local spectral signature. Usually, one consider
that each vector pixel can be modeled accurately as a lin-
ear mixture of different pure spectral components, called
endmembers. Referring to our notations, each column
of V can thus be interpreted as a spectral signature ob-
tained by linear mixing of the spectra of endmembers,
i.e., the columns of W. The problem is then to estimate
the endmember spectra W and the abundance coeffi-
cients H from the spectral signatures V.

Many simulations have been performed to validate
the proposed algorithm, eqs. (37) and (41). The exper-
iment presented in this paper corresponds to 10 linear
mixtures of 3 endmembers, the length of each spectrum
being 826. The three endmembers used in this example
were extracted from the ENVI library [15] and corre-
spond to the spectra of the construction concrete, green
grass, and micaceous loam. Equations (37) and (41)
were implemented in the case of a Frobenius norm D .
Fig. 2 shows the estimated endmembers (columns of
W), and their abundance coefficients (rows of H) af-
ter 12000 iterations, and compared them with the true
values. Note that the initial values for W and H were
chosen to satisfy the constraints, i.e., positivity, sum to
one of the columns of W. Fig. 1 shows the behaviour
of the criterion D as a function of the number of iter-
ations, and the 10 reconstructed spectra in comparison
with the true ones. We clearly see that the curves coin-
cide almost perfectly. The normalization of the columns
of matrix W, as well as the flux conservation between
V and H, are satisfied at each iteration. Let us note
that H and W could be estimated up to a permutation
of the columns of W, and to an analogous permutation
of the rows of H.
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ABSTRACT

Human skin color detection plays an important role in the applica-
tions of skin segmentation, face recognition, and tracking. To build
a robust human skin color classifier is an essential step. This paper
presents a classifier based on beta mixture models (BMM), which
uses the pixel values in RGB space as the features. We propose
a Bayesian estimation method based on the variational inference
framework to approximate the posterior distribution of the param-
eters in the BMM and take the posterior mean as a point estimate
of the parameters. The well-known Compaq image database is used
to evaluate the performance of our BMM based classifier. Com-
pared to some other skin color detection methods, our BMM based
classifier shows a better recognition performance.

1. INTRODUCTION

Human skin color detection plays an important and effective role in
the applications of skin segmentation, face recognition, and tracking
problems [1]. Many heuristic and pattern recognition based meth-
ods have been proposed in the past decades. Different color spaces
and methods have been evaluated and compared [2, 3, 4]. From
the feature point of view, several color spaces could be used for
skin detection such as Red-Green-Blue (RGB) [5, 2, 6], CIE-xy,
YIQ, YCbCr [7], Tint-Saturation-Luminance (TSL) [8], and Hue-
Saturation-Value/Intensity (HSV/HSI) [9]. From the standpoint of
classification methods, the explicitly defined threshold (e.g. normal-
ized R/G ratio [2]), non-parametric probabilistic model [2, 6], and
parametric probabilistic model [6, 7] are the most efficient methods
applied in the area of skin color detection.

As the RGB space is the mostly used space, we take the pixel
value in RGB space as features. Since it has be shown [10, 11]
that beta mixture models (BMM) can model data with compact
range better than Gaussian mixture models and the pixel value is
in [0, 255], we apply BMM to model the skin pixel distribution in
RGB space. With the principles of the variational inference (VI)
framework [12, 13, 14, 15], we propose a Bayesian estimation al-
gorithm to estimate the parameter distributions. By applying a set
of non-linear approximations, the posterior distribution of the pa-
rameters in the BMM is obtained. The posterior mean is considered
as the point estimate of the parameters.

The BMM-based classifier is trained and tested with the well-
known Compaq image database [6]. The Receiver Operating Char-
acteristic (ROC) [16] is used to evaluate the performance of the
BMM classifier. This paper presents a method based on the VI
framework for the Bayesian estimate of the parameters in the BMM
and shows the skin/non-skin color detection results with the BMM
classifier.

2. SKIN COLOR MODEL

In the past decades, different color models were proposed for var-
ious properties. The color models used nowadays are mostly ori-
ented to applications. The RGB color space originated from the
CRT display and describes the color in terms of three primary color
channels: red (R), green (G), and blue (B). This is the mostly used
space for image display and storage. Fig. 1 shows a 24-bit RGB
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Fig. 1. Human face image and the corresponding skin histograms
for RGB channels.

color image with a human face and the corresponding (normalized)
histogram for each color channel. The pixel values of each color
channel are linearly compressed to [0, 1] by xc := xc/255, c ∈
{r, g, b}.

Although the RGB space is sensitive to the luminance, and the
images of one object taken in different environments have diverse
characteristics on the RGB space [2], the mixture of probabilistic
models (e.g. skin probability map in [2, 6], Gaussian Mixture Mod-
els (GMM) in [6]) can still model the distribution of the pixel values
in RGB space efficiently. By building the three-dimensional proba-
bilistic skin and non-skin models in RGB space, the distribution of
both skin and non-skin pixels can be represented in a probabilistic
way. A pixel could be classified as a skin pixel or a non-skin pixel
in an optimized way by utilizing the Bayesian classifier [17]. Sev-
eral studies used parametric or non-parametric techniques to model
the pixel value distribution. However, non-parametric techniques,
such as histogram based models, need a large amount of training
data and have high computational cost. With the parametric tech-
nique, we can obtain the parameters of the model, and this is more
convenient in practical problems.

From Fig. 1 we can observe that the pixel values in the RGB
space are in a compact range for each color channel (in the 24-bit
RGB image, the range is [0, 255] and can be linearly compressed
to the range [0, 1]). Furthermore, the distribution of the skin color
pixel is skewed in each channel. Indeed the conventional GMM can
model any distribution shape with a proper number of components.
Since it was shown that the BMM outperforms GMM with the same
number of components in gray image classification [11], and the
color image in RGB space can be considered as the composition
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of three gray images, one from each color channel, the BMM is
a more reasonable choice to model the distribution of skin color.
The correlations among the three channels can be represented by
mixture models.

3. BETA MIXTURE MODELS

The beta distribution is a family of continuous probability distribu-
tions defined on the interval [0, 1] with two positive real parameters.
The probability density function of the beta distribution is

Beta(x;u, v) =
1

beta(u, v)
xu−1(1− x)v−1 , (1)

where beta(u, v) is the beta function

beta(u, v) =
Γ(u)Γ(v)

Γ(u+ v)
(2)

and Γ(·) is the gamma function defined as Γ(z) =
∫ ∞
0
tz−1e−tdt .

Multivariate data are in most cases statistically dependent.
However, for any random vector x consisting of L elements, the de-
pendencies among the elements x1, . . . , xL can be represented by
a mixture model, even if each specific mixture component can only
generate vectors with statistically independent elements. Therefore,
we define the multivariate BMM as

f(x;Π,U,V) =
I∑

i=1

πiBeta(x;ui,vi)

Beta(x;ui,vi) =

L∏
l=1

Beta(xl;uli, vli) ,

(3)

where Π = {π1, . . . , πI}, U = {u1, . . . ,uI}, and V =
{v1, . . . ,vI}. {ui,vi} denote the parameter vectors of the ith mix-
ture component and uli, vli are the (scalar) parameters of the beta
distribution for element xl. For representing the skin color distribu-
tion, each observation x is a three-dimensional vector with L = 3
and each element xl is in the range [0, 1]. In the following sections,
we will uss observed pixel data X = {x1, . . . ,xN} approximate
the posterior distribution f(U,V,Π|X) via the variational infer-
ence (VI) framework in section 3.3 and the algorithm for Bayesian
estimation will be listed in section 3.4.

3.1 Bayesian estimation and conjugate prior

We make a Bayesian estimate of the parameters in the BMM. An
important step in the Bayesian estimation is to find the conjugate
prior f(Z) such that the posterior distribution f(Z|X ) has the same
form as f(Z). The conjugate prior distribution to the beta distribu-
tion in (1) is

f(u, v) =
1

C

[
Γ(u+ v)

Γ(u)Γ(v)

]ν0
e−α0(u−1)e−β0(v−1) , (4)

where α0, β0, ν0 are free positive parameters and C is a normaliza-
tion factor (a function of α0, β0, ν0) such that∫ ∞

0

∫ ∞

0

f(u, v)dudv = 1 .

Then we obtain the posterior distribution of u, v as (with N i.i.d.
scalar observations x = {x1, . . . , xN})

f(u, v|x) = f(x|u, v)f(u, v)∫ ∞
0

∫ ∞
0
f(x|u, v)f(u, v)dudv

=

[
Γ(u+v)
Γ(u)Γ(v)

]νN
e−αN (u−1)e−βN (v−1)∫ ∞

0

∫ ∞
0

[
Γ(u+v)
Γ(u)Γ(v)

]νN
e−αN (u−1)e−βN (v−1)dudv

,

(5)

where 1

αN = α0 −
N∑

n=1

lnxn ,

βN = β0 −
N∑

n=1

ln(1− xn) ,

νN = ν0 +N .

3.2 Variational inference and factorized approximation

Analytically, we can not find a closed-form expression for the pos-
terior distribution in (5) due to the computationally intractable inte-
gration expression in the denominator. Some stochastic techniques
(e.g. Gibbs sampling [10]) can be used to calculate the posterior
distribution numerically. We propose a method based on the VI
framework [12] in this paper. According to the VI framework, the
posterior density function of variable Z given the observation X
(i.e. f(Z|X )) is approximated by g(Z). We decompose the log
likelihood ln f(X ) as

ln f(X ) = L(g) +KL(g ‖ f) , (6)

where

L(g) =
∫
g(Z) ln

f(X ,Z)

g(Z)
dZ (7)

and KL(g ‖ f) is the Kullback-Leibler (KL) divergence defined as

KL(g ‖ f) = −
∫
g(Z) ln

f(Z|X )

g(Z)
dZ . (8)

Since the KL divergence is a non-negative measurement, to maxi-
mize the lower bound L(g) is equivalent to minimize the KL diver-
gence. Especially, when g(Z) is equal to f(Z|X ), the KL diver-
gence vanishes and the lower bound reaches the true log likelihood
ln f(X ). If the target distribution is analytically intractable, some
approximations can be used to achieve tractability with the factor-
ized approximation (FA) method [12, 18].

The FA method partitions the variable Z into disjoint parts
{Zm}, m = 1, . . . ,M and decomposes the distribution as

g(Z) =

M∏
m=1

gm(Zm) . (9)

Amongst all the distributions having the form in (9), we need to seek
a distribution g(Z) that drives the lower bound L(g) to be largest.
By substituting (9) into (7) and denoting gm(Zm) by gm simply,
we obtain

L(g) =
∫ M∏

m=1

gm

{
ln f(X ,Z)−

M∑
m=1

ln gm

}
dZ

=

∫
gn

⎧⎨⎩
∫

ln f(X ,Z)
∏
m�=n

gmdZm

⎫⎬⎭ dZn

−
∫
gn ln gndZn + const.

=

∫
gn ln f̃(X ,Zn)dZn −

∫
gn ln gndZn + const. ,

(10)

1To prevent the infinity quantity in the practical implementation, we as-
sign ε1 to xn when xn = 0 and 1− ε2 to xn when xn = 1. Both ε1 and
ε2 are slightly positive real numbers.
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where

ln f̃(X ,Zn) =E∗�=Zn [ln f(X ,Z)] + const.

=

∫
ln f(X ,Z)

∏
m�=n

gmdZm + const. .
(11)

By recognizing that the first two integrals in the final line of (10) is
a negative KL divergence between gn(Zn) and f̃(X ,Zn), we can
maximize L(g) with respect to any possible form of qn(Zn), while
keeping gm�=n(Zm) fixed, by minimizing the KL divergence. The
optimal value occurs when gn(Zn) = f̃(X,Zn), which gives us
the optimal solution to gn(Zn) as

ln g∗n(Zn) = E∗�=Zn [ln f(X ,Z)] + const. . (12)

3.3 Factorized approximation for BMM

The prior of the beta distribution is analytically intractable. With
the principles of FA, the conjugate prior in (4) can be approximated
as

f(u, v) ≈ f(u)f(v). (13)

Since both u and v are nonnegative variables, we assign the
Gamma distribution to u, v respectively as

f(u;μ, α) =
αμ

Γ(μ)
uμ−1e−αu, α, μ ∈ R+

f(v; ν, β) =
βν

Γ(ν)
vν−1e−βv, β, ν ∈ R+ .

(14)

Furthermore, by introducing the Dirichlet distribution as the prior
distribution of the mixing coefficients, the probability density func-
tion of Π can be written as

f(Π) = Dir(Π|c) = C(c)

I∏
i=1

πci−1
i , (15)

where C(c) = Γ(ĉ)
Γ(c1)···Γ(cI)

, ĉ =
∑I

i=1 ci .

For each observation xn, the corresponding zn =
(zn1, . . . , znI)

T is an indication vector with one element equals to
1 and the rest equal to 0, where zni = 1 means that the nth obser-
vation is generated from the ith component in the BMM. The con-
ditional distribution of X = {x1, . . . ,xN} and Z = {z1, . . . , zN}
given latent variables {U,V,Π} is

f(X,Z|U,V,Π)

=f(X|U,V,Π,Z)f(Z|Π)

=f(X|U,V,Z)f(Z|Π)

=
N∏

n=1

I∏
i=1

[πiBeta(xn|ui,vi)]
zni .

(16)

The logarithm of the joint distribution function of X = {X}
and Z = {U,V,Π,Z} is given by

L(X ,Z) = ln f(X ,Z)

=

N∑
n=1

I∑
i=1

zni

{
ln πi +

L∑
l=1

ln
Γ(uli + vli)

Γ(uli)Γ(vli)

+
L∑

l=1

[(uli − 1) ln xln + (vli − 1) ln(1− xln)]

}

+

L∑
l=1

I∑
i=1

[(μli − 1) ln uli − αliuli]

+
L∑

l=1

I∑
i=1

[(νli − 1) ln vli − βlivli] +
I∑

i=1

(ci − 1) ln πi + const. .

(17)

3.4 Algorithm of Bayesian estimation

The latent variables we have now are U, V, and Π with the hyper-
parameters α, β, μ, ν , and c. The optimal distribution for U and V
are obtained by taking the expected value of L(X ,Z) as (element-
wise)

ln f∗(uli;μli, αli) = E∗�=uli
[L(X ,Z)]

ln f∗(vli; νli, βli) = E∗�=vli [L(X ,Z)] .
(18)

Obviously, the expectations in the RHS of (18) could not lead to
a closed-form expression. The second-order Taylor expansion of
ln Γ(uli+vli)

Γ(uli)Γ(vli)
in terms of (lnuli, ln vli) can be proven to be a lower

bound [19]. The expectation of this lower bound can yield the opti-
mal solution to U,V asymptotically. The update equations for the
hyper-parameters of U,V, and Π are listed as follows (element-
wise):

c∗i =ci0 +

N∑
n=1

E [zni]

μ∗
li =μli0 +

N∑
n=1

E [zni]uli {ψ(uli + vli)− ψ(uli)

+ vli · ψ
′
(uli + vli)(Ev [ln vli]− ln vli)

}
α∗
li =αli0 −

N∑
n=1

E [zni] ln xln

ν∗li =νli0 +
N∑

n=1

E [zni] vli {ψ(uli + vli)− ψ(vli)

+ uli · ψ
′
(uli + vli)(Eu [ln uli]− lnuli)

}
β∗
li =βli0 −

N∑
n=1

E [zni] ln(1− xln) ,

(19)

where (the estimation of ρni is in (20) in the next page)

u =
μ

α
, v =

ν

β

E [zni] =
ρni∑I

k=1 ρnk

Eu[ln u] = ψ(μ)− lnα

Ev[ln v] = ψ(ν)− lnβ

Eu

[
(ln u− ln u)2

]
= [ψ(μ)− (lnμ)]2 + ψ

′
(μ)

Ev

[
(ln v − ln v)2

]
= [ψ(ν)− (ln ν)]2 + ψ

′
(ν) .

To start the iterations, the values of α, β, μ, and ν are
chosen such that the prior distributions are assigned with non-
informative distributions (flat broad distribution). The parameters
for the Dirichlet distribution (ci, i = 1, . . . , I) are assigned with
a small value (i.e., 0.001) to ensure the number of mixture compo-
nents is controlled by the data. By updating the hyper-parameters
α, β, μ, ν , and c recursively in order, the algorithm will converge
so that the KL divergence in (8) is almost equal to 0. Compared to
the conventional expectation maximization (EM) based maximum
likelihood estimation (MLE), this Bayesian estimation can prevent
overfitting and estimate the effective number of mixture compo-
nents automatically. The latent variables are all unimodally dis-
tributed and the posterior distributions are highly peaked. Consid-
ering the posterior mean as the point estimate of uli, vli, we take
ûli = uli = μ∗

li/α
∗
li and v̂li = vli = ν∗li/β

∗
li. More details about

the derivations of this algorithm can be found in [19].
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lnρni ≈ E [ln πi] +
L∑

l=1

[(uli − 1) lnxln + (vli − 1) ln(1− xln)]

+
L∑

l=1

{
ln

Γ(uli + vli)

Γ(uli)Γ(vli)
+ uli [ψ(uli + vli)− ψ(uli)] (E [ln uli]− ln uli) + vli [ψ(uli + vli)− ψ(vli)] (E [ln vli]− ln vli)

+ 0.5 · u2
li

[
ψ

′
(uli + vli)− ψ

′
(uli)

]
E
[
(ln uli − lnuli)

2] + 0.5 · v2li
[
ψ

′
(uli + vli)− ψ

′
(vli)

]
E
[
(ln vli − ln vli)

2]
+ uli · vli · ψ

′
(uli + vli)(E [lnuli]− ln uli)(E [ln vli]− ln vli)

}
(20)

Fig. 2. Original images and the corresponding skin detection re-
sults.

4. SKIN COLOR/NON-SKIN COLOR DETECTION

The skin/non-skin Bayesian classifier [17] is applied here for detec-
tion. With the skin color pixels and non-skin color pixels, we train
two BMMs, one for each kind of pixels. Given a new pixel x, the
decision rule is⎧⎪⎨⎪⎩

If f(x|s)
f(x|∼s)

> λ · f(∼s)
f(s)

x ∈ s

else if f(x|s)
f(x|∼s)

< λ · f(∼s)
f(s)

x ∈∼ s

otherwise arbitrary decision

, (21)

where s and ∼ s denote skin and non-skin respectively. f(s) and
f(∼ s) are the prior skin color and non-skin color probabilities.
λ is a threshold introduced to adjust the trade-off between the two
kinds of decision errors. It is analyzed empirically by experiments.
The conditional likelihood of x is calculated as

f(x|c) =
I∑

i=1

πi

3∏
l=1

Beta(xl;u
c
li, v

c
li), c ∈ {s,∼ s} . (22)

5. EXPERIMENTAL RESULTS AND DISCUSSION

We applied our BMM classifier to the well-known Compaq image
database [6]. This database contains around 4600 skin images and
around 9000 non-skin images. For each skin color image, a cor-
responding mask is available in the database and used to separate
skin/non-skin areas. All the images in the database are color im-
ages obtained from the World Wide Web. Different ethnic people’s
skin colors are represented in the skin images. Also, the skin im-
ages in the database were taken under different angles, positions and
brightness conditions.

Table 1. Comparison of different methods for skin color detection

Method True Positive False Positive
Implicit mathematical 83.3% 15.6%

model [5] 90.7% 13.3%
Thresholding [2] 94.7% 30.2%

Bayes SPM in RGB [2] 93.4% 19.8%
SOM in TS [8] 78% 32%

Maximum entropy
80% 8%in RGB [20]

Bayes SPM in RGB [6] 80% 8.5%
90% 14.2%

GMM in RGB [6] 80% 9.5%
90% 15.5%

Elliptical boundary
90% 20.9%in CIE-xy [7]

Single Gaussian
90% 33.3%in YCbCr [7]

GMM in IQ [7] 90% 30%
Our method 80% 7.2%

with BMM in RGB 90% 11.8%
95% 19.7%

For each evaluation round, the Compaq database was par-
titioned randomly into a training sub-database and a test sub-
database. Each sub-database consists of skin and non-skin images.
We randomly selected a training set from the training sub-database
with 500, 000 skin color pixels and 1, 500, 000 non-skin color pix-
els. Also, a test set with the same size was randomly drawn from
the test sub-database. These pixels were selected randomly and la-
belled. For the training procedure, the labelled pixels from the train-
ing set were used to train the skin color model and non-skin color
model respectively. Then the obtained models were applied to clas-
sify the pixels in the test set to skin or non-skin categories by the
rules in (21). Both the skin color and non-skin color were labelled
so that we can calculate the correct decision of classifying the skin
pixels into skin (True Positive Rate (TPR)) and the false decision
of classifying non-skin pixels into skin (False Positive Rate (FPR))
by comparing the labels and the decisions the model made. Fig.
2 shows some detection results from our model. The overall per-
formance is good and both the skin area of the black lady and the
white couples were detected. The missing part on the man’s left arm
and misclassified part of the hair in a relative brighter background
indicates that the illuminance of the image has influence on the de-
tection result. Also, the misclassified part in the background could
possibly be adjusted by some texture based methods.

To evaluate the performance of our BMM classifier, we apply
the ROC analysis [16]. In the ROC curve, the TPR is plotted on
the vertical axis and the FPR is plotted on the horizontal axis. Any
point in the ROC curve indicates a better performance if the point is
closer to the northwest in the coordinates (the best possible point is
TPR = 100% and FPR = 0%). By changing the value of λ in (21),
different TPR-FPR pairs are obtained. The ROC curve consists of
these TPR-FPR pairs and shows the trade-off between the TPR and
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Fig. 3. Recognition score comparison of different methods.

FPR. Our BMM classifier reported 80% TPR with 7.2% FPR and
90% TPR with 11.8% FPR. The accuracy rate (the total number
of correct decision out of the total input) of the classifier is 88.9%
when the TPR is equal to one minus the FPR. To prevent the effect
of randomness, we executed 60 rounds of the train-test procedures
mentioned above. The mean values of the TPR, the FPR and the
accuracy rate are reported.

Some other classifiers based on the pixel probabilistic model
were also analyzed with the Compaq database in the previous liter-
ature [5, 2, 8, 20, 6, 7]. They reported different classification scores
with different methods and with different color spaces (e.g. RGB,
YCbCr). The best classification scores from some previous stud-
ies and our BMM classifier are listed in table 1. As mentioned in
[21], if the transformation from one color space to another is invert-
ible and provided the optimal skin classifier for the color space is
used, the differences of the color space does not have influence on
the classifier’s performance. Although different methods used dif-
ferent separations of the database and employed different learning
strategies, it is still interesting to compare our ROC curve with the
results in table 1. In Fig. 3, all the results listed in table 1 are in
the southeast side of the ROC curve, which means that our BMM
classifier outperforms all the other methods. For some other tasks
of classification with data in a compact range, the BMM is probably
also a promising model.

6. CONCLUSION

This paper presented a BMM-based classifier for the task of human
skin/non-skin color detection. A Bayesian estimation algorithm for
the parameters was proposed. With the variational inference frame-
work and a set of non-linear approximations, the posterior distribu-
tions for the BMM parameters were approximated and the posterior
mean was used as the point estimate of the parameters.

The BMM classifier was applied to the well-known Compaq
image database, using the pixel values in the RGB color space as the
features. The overall detection performance is good. In comparison
with other methods based on pixel probabilistic models, our BMM
classifier outperforms the previous results.
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ABSTRACT
The dynamics of genome regions are associated to the func-
tional or dysfunctional behaviour of the human cell. In order
to study these dynamics it is necessary to remove all per-
turbations coming from movement and deformation of the
nucleus, i.e. the container holding the genome. In litera-
ture models have been proposed to cope with the transfor-
mations corresponding to nuclear dynamics of healthy cells.
However for pathological cells, the nucleus deforms in an
apparently random way, making the use of such models a
non trivial task. In this paper we propose a mapping of the
cell nucleus which is based on the matching of the nuclear
contours. The proposed method does not put constraints on
the possible shapes nor on the possible deformations, making
this method suited for the analysis of pathological nuclei.

1. INTRODUCTION

The internal organisation of the human cell nucleus in space
and time is essential for its function. Within the limited space
of the nucleus the entire genome as well as many proteins are
accommodated in a non-random manner. Of particular inter-
est are telomeres, the ends of chromosomes, which show a
spatiotemporal behaviour that is functionally relevant to the
cell and organism. Telomeres are arranged in distinct pat-
terns and display mobility regimes at different time scales.
Diverse biological processes such as telomere maintenance,
cell ageing and apoptosis, i.e. cell death, are associated with
specific telomere movements [11]. Likewise, altered telom-
ere dynamics and by expansion nuclear protein dynamics
are associated with specific diseases such as laminopathies
and cancer [8, 4]. Therefore, quantitative studies of nuclear
dynamics may help revealing novel mechanisms of dysfunc-
tion and disease.

However, analyses of dynamics in time-lapse micro-
scopic image data sets are hampered by global cell motion
and deformation. This superimposes a motion on the submi-
cron dynamics that needs to be removed. Gladilin et al. have
proposed a mapping based on a spherical model [5]. This
model can cover for most of the cellular and nuclear displace-
ments (translation, rotation and small affine transformations)
that occur in normal cells during interphase. However, dur-
ing cell division and in certain pathological conditions, such
as laminopathies, the nuclear shape alters dramatically [4]. In
Fig. 1.a an example of such a pathological nucleus is shown.
As can be seen is the spherical model no longer valid. Hence
a method is required that allows reliable motion measure-
ments of subnuclear features in a deformable volume without

∗ Corresponding author: phone: +32 9 264 3416, email:
jonas.devylder@telin.ugent.be

imposing any shape constraints.
In this paper we propose a new mapping technique which

maps two nuclei between consecutive time points without
imposing any constraint such as a spherical shape. Instead
we will extract the contours out of segmented micrographs.
These contours will be matched in such a way that we re-
trieve a point to point correspondence. Based on this match-
ing a mapping of the full nucleus is calculated using polyhar-
monic splines. This paper is arranged as follows: in the next
section we describe a simple segmentation technique, which
can be used to extract the nucleus out of micrograph. Sec-
tion 3 provides a detailed description of the contour match-
ing algorithm. The interpolation using polyharmonic splines
is described in section 4. In section 5 the validation results
are explained and discussed. Section 6 recapitulates and con-
cludes.

2. SEGMENTATION

Since the proposed method estimates the topological changes
based on the deformation of the nucleus, we first need to seg-
ment the nucleus. In this paper we start from fluorescent 3D
micrographs captured by a confocal microscope. We project
the 3D micrograph on a 2D image. This is done by taking
the average in the z direction, i.e.

I(x,y) =
1
n

n

∑
z=1

M(x,y,z) (1)

where I is a 2D image, M is the 3D micrograph and n is the
z-dimension of M. An example of such a z-stack projection is
shown in Fig. 1.a. Depending on the microscope system it is
of course possible to start immediately from 2D micrographs
such as e.g. widefield images.

The 2D image is now thresholded using Otsu’s thresh-
olding [10]. This method calculates the threshold in order to
minimize the variance of the foreground, σ f , and the vari-
ance of the background, σb, i.e.

t = argmin
t

(
p f (t)σ f + pb(t)σb

)
(2)

where p f (t) is the probability that a pixel in the image is
higher than t, while pb(t) calculates the probability the pixel
is lower than t. The result of Otsu thresholding can be seen
in Fig. 1.b. Due to noise, not all desired pixels are consid-
ered to be foreground, e.g. part of the nucleus, whereas some
background pixels are considered to be foreground. Missing
foreground pixels are generally in the vicinity of detected
foreground pixels. By using a morphological closing these
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(a) (b) (c) (d) (e)

Figure 1: An example of the different steps in the segmentation algorithm. (a) shows the projection of the 3D micrograph
on a 2D image. (b) demonstrates the result of Otsu thresholding. (c) and (d) are respectively the morphological opening and
closing. (d) shows the filtered contour plotted on top of the image.

missing pixels are added to the foreground. The falsely de-
tected background pixels are discarded using a morphologi-
cal opening, as can be seen in Fig 1.c-d. Finally the border
delineating the segment is filtered with a Gaussian kernel,i.e.
we assume the nucleus has a smooth surface. The final result
of the segmentation can be seen in Fig. 1.e.

This segmentation algorithm is developed for a specific
dataset which consists of isolated cell nuclei which have
good contrast compared to the background. This is off course
dependent on the application and the dyes used for the fluo-
rescent micrographs. The method for nuclei mapping pro-
posed in this paper can also be used with more complex im-
ages, but would then acquire a more suitable segmentation
technique such as described in [7, 9, 12, 2].

3. CONTOUR WARPING

In this section contours delineating the nucleus in subsequent
frames will be matched, i.e. points belonging to the contour
in a frame will be linked to their counterpoints on the contour
in the next frame. In order to do so, we calculate a signature
out of the contour, then based on this signature the matching
is done.

3.1 Contour Signatures
Consider the contour c(t) = (x(t),y(t)) with t ∈ N and
c(N + 1) = c(1), where N is the number of samples . From
this contour, different signatures can be calculated:
• a complex signature:

s(t) = x(t)+ iy(t)

where i2 =−1
• the centroid distance signature:

s(t) =
√
(x(t)− xc)2 +(y(t)− yc)2

where (xc,yc) is the centroid of c
• a direction signature, i.e. direction of the tangent line at

a point t:

s(t) = cos−1
(

y(t +1)−y(t−1)
‖c(t +1)−c(t−1)‖

)
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Figure 2: An example of different signatures. These are the
signatures for the contour shown in Fig. 1.e. From top to
bottom the complex, the centroid distance and the direction
signature are shown

For a more detailed overview of signature functions we refer
to [6, 13]. In Fig. 2 an example is shown of the defined
signatures. This are the signatures for the nucleus shown in
Fig. 1.e. These signatures are from top to bottom: complex,
centroid distance and the direction signature.

3.2 Signature Matching

Note that each point on a signature exactly corresponds to
one point on the curve. So matching contour points is equiv-
alent to matching points on a signature. For the matching
of two signatures, we propose a matching based on Dynamic
Time Warping or dog-man distance. The DTW distance be-
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Samples Samples

Figure 3: An example of matching two curves. On the left
a naive matching where the matching is done using the pa-
rameterization. On the right the matching with the minimal
cumulative difference between the samples. It is this match-
ing which will correspond with the warping used for DTW.

tween two signals is analogous of a man and a dog each wak-
ing with a different path, i.e. the signals. The dog can walk
on a different speed by giving it a longer leash. Fig. 3 shows
on the left two paths, where both paths are scanned at the
same speed, so man and dog are walking on the same speed.
On the right of the figure, different speeds result in a a better
match, i.e. the cumulative difference between these samples
is less. The dog-man distance is then the shortest possible
cumulative difference between both paths, by changing the
scanning speed, i.e.

dDTW (s1(.),s2(.)) = min
γ

∑
t
‖s1(t)− s2(γ(t))‖ (3)

where γ(.) is a warping function, i.e. any monotonic func-
tion mapping [1,N] on [1,N]. This can be calculated using
dynamic programming:

D(i, j) = d(i, j)+
min(αD(i, j−1),αD(i−1, j),D(i−1, j−1)) (4)

with d(i, j) = ‖s1(i)− s2( j)‖ and α a real number greater
or equal then one. If α equal to one, all warping functions
are considered equally good. In order to penalize warping
functions where to many points of one signal are matched to
a single point in the other signal, one can set α > 1.

The distance itself is of little importance to us, but the
warping function resulting in the minimal distance is, i.e.
γ(.). Using linear interpolation the signals can be consid-
ered continuous, based on the warping function the signals
will be resampled in such a way that there is a unique point
to point correspondence. Consider the left case of Fig. 4,
where one point, s(t) of the signal is matched with multiple
points in the other signal. First define s(t − 1) and s(t + 1)
the last predecessor and first successor of s(t) with a unique
match, e.g. s′(t−1) and s′(t +1) respectively. The point s(t)
will be replaced by the number of points between s(t−1) and
s(t +1): for each point s′(i) between s′(t−1) and s′(t +1) a
new sample is added on s(.). These new samples are calcu-
lated in such a way that

al(s′(.), t−1, i)
al(s′(.), t−1, t +1)

=
al(s(.), t−1, i)

al(s(.), t−1, t +1)
(5)

where al(k(.), l,m) is the arc length from point l to m over
the curve k(.).

S(t)

S(t+1)S(t-1)
S’(a)

S’(t+1)S’(t-1)

S’(b)

S(t+1)S(t-1)
S’(a)

S’(t+1)S’(t-1)

S’(b)

S(b)
S(a)

Figure 4: An example of resampling the curves based on the
warping function of DTW

4. CELL MAPPING

Based on the previous contour matching we get for each
point on the contour at frame t a unique point on the con-
tour at frame t + 1. So for each point on the contour we
assume to know the exact position in the next frame. For the
mapping of points not on the contour, p= (x,y), we propose
interpolation with biharmonic splines:

pt+1 = a+axx+ayy+
N

∑
j=1

w j‖pt −c( j)‖ (6)

where a,ax,ay and w j are a set of weighting coefficients.
These coefficients are calculated in such a way that:
• points on the contour are mapped to the corresponding

points according to the contour matching
• the weighting vector w is orthogonal to c , i.e.

N

∑
i=1

wici = 0 (7)

These weighting coefficients can be found by solving a lin-
ear system of equations, which can be done in a fast way as
proposed by Beatson et al. [1].

5. RESULTS

Two datasets where used for the validation of the proposed
method. Both datasets contain an isolated fibroblast cell nu-
cleus of a patient with a homozygous nonsense mutation in
lamin A/C gene. These are cells where the nucleus can have
big deformations [4]. The datasets where captured using con-
focal controlled light-exposure microscopy [3], resulting in
images of 288×288 pixels. These cells were transfected with
a construct expressing a fluorescent fusion protein targeting
the telomeres (TRF2-mCitrine). Non-bound protein diffuses
freely throughout the nucleus and allows for demarcating the
boundaries for contour identification. For both validation
sets the telomeres where manually tracked by the author us-
ing MTrackJ1. The centroids of these tracked telomeres will
serve as ground truth for the validation. The telomeres them
self might move locally, but this small local motion, e.g. 1
to 2 pixels, is neglectable compared to the big motion intro-
duced by deforming nuclei.

In Fig. 5 three examples of the mapping are shown. The
red and blue curves are the contours of a nucleus in subse-
quent time frames. The red and blue dots are the centroids

1http://www.imagescience.org/meijering/software/
mtrackj/
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Figure 5: Three examples of mapping telomeres from a frame to a subsequent time frame. The red and blue curves represent
the nucleus contour in the concerning frames. The he red and blue dots are the telomere centroids in the frame corresponding
to respectively the red and blue curve. The green dots are the mapping of the red dots based on the warping of the red and
blue contour.

of the telomeres corresponding to respectively the red and
blue contours. The green dots are the location of the red
dots mapped with the proposed technique using the centroid
distance signatures. So the green dots are the prediction of
the location of the blue dots. As can be seen does the map-
ping closely approximate the real telomere location in the
next time frame.

In Table 1 the results are shown for the full datasets. The
first column shows the dataset. In the first dataset 12 telom-
eres where tracked during 12 frames. The second dataset
consists of 11 telomeres which were tracked for 11 frames
In the second column the used signature is shown. Distance
means the non processed data, i.e. the centroid coordinates
are used as they are extracted out of the images, without any
mapping. The third column shows the average Euclidean dis-
tance between the telomeres in the one frame and where the
telomeres are ought to be according to the mapping of the
location of the telomere in the previous frame. This distance
or error is expressed in pixels. In the next column the me-
dian error is shown, also in pixels. The fifth column shows
the variance of the error. For the sixth column the telomeres
of a frame where matched with the telomeres in the previous
frame using the Iterative Closest Point (ICP) method. The
amount of false matches for the full sequence are mentioned
in this column. The last columns give measures of the im-
provement of the proposed techniques compares to using the
unprocessed data, i.e. the ”Distance” row. Both the average
as the median improvements are shown. And for both mea-
surements this is expressed both absolute, i.e. the distance
in pixels that the proposed method works better, as relative,
i.e. the ratio of the error using the proposed method over the
error using the non processed data.

The proposed method results in a significant improve-
ment compared to not mapping the nuclei as can be seen in
the table, although the amount of improvement differs for
both datasets. The centroid distance and direction signature
perform best for both datasets. Since the absolute error is
similar for both signatures, the direction signature is slightly
in favor based on the ICP results.

6. CONCLUSION

In this paper a new mapping algorithm is proposed for the
mapping of cell nuclei. This mapping does not impose
any shape constraints, which allows it to map cell nuclei
of pathological cells. The proposed technique works in two
steps. First the nucleus contours are matched. Three differ-
ent matching techniques are defined and tested. Based on
this contour matching the full nucleus is mapped using bi-
harmonic interpolation. The proposed method was tested on
two real datasets, which both show significant improvement.
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ABSTRACT

In dynamic contrast-enhanced magnetic resonance imaging
(DCE-MRI) of renal perfusion with injection of a contrast
agent, the segmentation of kidney in regions of interest
like cortex, medulla and pelvo-caliceal cavities is neces-
sary for accurate functional evaluation. Several semiautoma-
tic segmentation methods using time-intensity curves of re-
nal voxels have been recently developed. Most of the time,
quantitative result validation consists in comparisons with a
manual segmentation by an expert. However it can be ques-
tionable to consider such a segmentation as a ground truth,
especially because of intra- and inter-operator variability.
Moreover it makes comparisons between results published
by different authors delicate. We propose a method to built
synthetic DCE-MRI sequences from typical time-intensity
curves and an anatomical model that can be used for objec-
tive assessment of renal internal structures.

1. INTRODUCTION

Perfusion dynamic contrast-enhanced magnetic reso-
nance imaging (DCE-MRI) with injection of a contrast agent
like gadolinium chelates is widely used for renal assessment.
The segmentation of kidney in regions of interest like cor-
tex, medulla and pelvo-caliceal cavities is necessary for ac-
curate functional evaluation. In order to avoid tedious and
time-consuming manual segmentation, semiautomatic me-
thods for segmentation of internal renal structures have been
recently developed ; most of them are based on the analysis
of time-intensity curves of renal pixels [1, 2, 3, 4, 5, 6, 7].
Validation is mostly performed by comparing the resulting
segmentations with a manual one. However it can be ques-
tionable to consider such a segmentation as a ground truth or
a gold standard, even if it is done by an expert. It is indeed
subject to intra- and inter-operator variability, especially be-
cause of some subjectivity in gray-level based boundary deli-
neation. It is thus difficult to know whether errors are linked
with this variability or the tested algorithm is not really effi-
cient and should be improved. Moreover it makes compari-
sons between results published by different authors delicate.
A method for objective segmentation assessment would be
worthwhile. We propose to generate synthetic DCE-MRI se-
quences of renal perfusion with contrast agent injection for
normal and pathological kidneys from typical time-intensity
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FIG. 1 – Hard segmentation of a kidney in three compart-
ments (a) : cortex, medulla and cavities (respectively light,
medium and dark gray) and corresponding binary segmenta-
tions (b to d)

curves and an anatomical model. This model can be used as
a ground truth for segmentation validation.

2. BASIC MODEL DESCRIPTION

2.1 Main ideas
We confine ourselves to a 2D model in order to generate

only one slice, but a 3D one could be built in the same way.
The main elements of our model are a 2 dimensional ana-
tomical representation of a kidney slice with three compart-
ments and four average perfusion curves (one for each renal
compartment and one for neighboring organs). Our purpose
is not to simulate the whole MRI acquisition process with
slice reconstruction but to get simply a series of sufficiently
realistic frames to test segmentation algorithms.

2.1.1 Anatomical model

The kidney is represented by a matrix corresponding to
its segmentation in three anatomical compartments with a gi-
ven spatial resolution. Because renal structures are usually
thinner than a voxel, each of them is a mixture of seve-
ral compartments and of other organs. Each element j of
the matrix is thus a quadruplet {α

(i)
j },1 ≤ i ≤ 4 giving the

proportion of cortex, medulla, cavities and other organs for
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(a) (b)

(c) (d)

FIG. 2 – Example of a anatomical renal model with three in-
ternal compartments with the proportions of cortex (a), me-
dulla (b), cavities (c) and other organs (d) for each voxel.

voxel j. Plausible proportions can be obtained simply from a
hard segmentation (figure 1) by filtering every corresponding
binary segmentation with a same two-dimensional low-pass
FIR filter F

F =


c2 c2 c2 c2 c2
c2 c1 c1 c1 c2
c2 c1 c0 c1 c2
c2 c1 c1 c1 c2
c2 c2 c2 c2 c2

 with ∑
i, j

Fi j = 1 (1)

For the example in figure 2, with details in figure 3, c0 =
0.4,c1 = 0.045 and c2 = 0.015. The composition of any voxel
of the hard segmentation is thus modulated by including a
percentage of its 24-nearest neighbors : this takes into ac-
count that voxels located on the boundaries between different
compartments are a mixture of them. The relative values of
filter coefficients can be adjusted to increase or reduce the
mixture.

2.1.2 Time-intensity curves of renal voxels

For each compartment a time-intensity curve is then defi-
ned : it constitute a typical contrast evolution of a voxel that
would contain only one type of tissue, without acquisition
noise (see example in figure 4). Even if exterior organs can
have fairly different contrast evolution, they are represented
by a single average curve for the sake of simplicity. In the

 

 

18 20 22 24 26 28 30 32

24

26

28

30

32

34

36

38

40

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(a)

 

 

18 20 22 24 26 28 30 32

24

26

28

30

32

34

36

38

40

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(b)

 

 

18 20 22 24 26 28 30 32

24

26

28

30

32

34

36

38

40

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(c)

 

 

18 20 22 24 26 28 30 32

24

26

28

30

32

34

36

38

40

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

(d)

FIG. 3 – Example of a anatomical renal model with three in-
ternal compartments with the proportions of cortex (a), me-
dulla (b), cavities (c) and other organs (d) for each voxel :
zoom on selected area in figure 3

proposed example these curves Ii(t),1 ≤ i ≤ 4 are obtained
by denoising average curves from real data.

3. MODELLED PHENOMENA

To build realistic sequences using the above anatomical
model and the curves Ii(t),1 ≤ i ≤ 4, different phenomena
are taken into account according to the flow chart in figure 5.

3.1 Partial volume effect

Signal intensity I( j, t) for a given voxel j at time t is a
linear combination of the contributions of the different tis-
sues it contains [8] : this is known as the Partial Volume Ef-
fect (PVE). For a model with C compartments, let α

(i)
j be the

proportion of tissue i in voxel j :

I( j, t) =
C

∑
i=1

α
(i)
j Ii(t) with

C

∑
i=1

α
(i)
j = 1 et 0 ≤ α

(i)
j ≤ 1 (2)

A first series of frames can thus be built thanks to the anato-
mical model and the curves Ii(t),1 ≤ i ≤ 4 (figure 6a and b).

3.1.1 Dominant anatomical compartment

The dominant anatomical compartment for voxel j is
compartment k with :

k = argmax
i

α
(i)
j (3)

and should be recovered with any consistent segmentation
method.
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FIG. 4 – Typical time-intensity curves for the three renal
compartments and for other organs

3.1.2 Dominant functional compartment

For the proposed model, four typical time-intensity
curves are used. It is possible to compute some distance bet-
ween each of them and the curve of a given voxel. The mi-
nimal distance indicates the dominant functional compart-
ment. The underlying hypothesis for hard time-intensity ba-
sed clustering is that dominant anatomical and functional
compartment are the same : even for real data with no ground
truth, reference segmentation used for validation can rather
be considered as an anatomical one. However this is not true
for all the voxels. For the proposed model, using Euclidean
distance between curves, the dominant functional compart-
ment is not the anatomical one for only 6 voxels out of 1264,
i.e. less than 0.5%. Nevertheless noise, spatial filtering and
misregistration may actually increase this difference.

3.2 Acquisition noise
Noise in MRI magnitude images is signal-dependent and

commonly modelled by the Rician distribution [9]. Each
frame is transformed in a noisy image with the Rician noise
generator proposed in [10] that allows easy noise level ad-
justment. Examples are presented in figure 6c and d.

3.3 Spatial filtering
Reconstruction process is not exactly known and depends

on the scanner. The real data we want to treat afterwards are
acquired on a 1.5 T MR-scanner (General Electric Health-
care) with an ultra-fast gradient echo LAVA sequence with
T1 weighting with the following acquisition parameters : 15◦
flip angle, TR/TE 2.3 ms/1.1 ms. Interval between acquisi-
tions is approximately 1.5 to 2 sec for the first 5 min and 9 sec
for the last 6 min. The initial matrix size is 256× 256 with
pixel size between 1.172 mm and 1.875 mm for a 10 mm
slice thickness. Each kidney can be included in a rectangular
area which size varies between 47×35 and 84×59. It can be
observed on their Fourier transform that images are filtered
with a 2D spatial low-pass filter (approximate pass-band nor-
malized frequencies : 0− 0.5π rad\sample). Such a filter is
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FIG. 5 – Flow chart for sequence synthesis

thus applied to our data. For examples in figure 7b and d, do-
minant anatomical and functional compartments are different
for about 5% of renal voxels.

3.4 Misregistration
As examination duration is about 10 minutes, kidney is

moving essentially because of respiratory motion of the pa-
tient. A registration step can correct most of these move-
ments. Nevertheless it can be noticed that some subpixel mo-
tions remain frequently, as reported in [11, 12, 13]. Imperfect
registration has thus to be taken into account. For the sake of
simplicity, no rotation nor elastic deformation is considered
here. Every frame of the sequence is transformed with ran-
dom independent horizontal and vertical translations drawn
from a normal distribution with mean 0 and standard devia-
tion 0.5 pixel. Required interpolation is performed with cubic
splines. For the proposed example voxels with different do-
minant anatomical and functional compartment represent 8%
of renal voxels.

3.5 Results
Examples of synthetic images are presented in figure 7

and can be compared with real frames of the kidney that our
model is inspired from. Let us stress that our objective is not
to reproduce exactly these frames.

4. CRITICAL ANALYSIS

The proposed model provides fairly realistic synthetic
images of renal DCE-MRI with contrast agent injection des-
pite rough modelling of some steps, in particular spatial fil-
tering. The anatomical structure is simpler than the real one
too. It can be noticed that the dark area around boundary bet-
ween medulla and cavities in real image in figure 7b does not
appear on synthetic image 7d, since typical contrast curves
do not include such a temporal evolution. This model does
not pretend to be universal nor to represent all the variety
of kidney shapes and of average time-intensity curves de-
pending on acquisition conditions. It does not allow to test
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(a) (b)

(c) (d)

FIG. 6 – Example of synthetic images with partial volume
effect but without noise during cortical peak (a) and late per-
fusion phase (b) ; the corresponding noisy images are (c) and
(d)

automatic extraction ok kidney since other organs are only
modelled with a time-varying uniform background. It would
be anyway relatively difficult to simulate their residual non-
rigid motion after kidney registration.

However the model is simple to built and to use and does
not require any simulation of the whole reconstruction pro-
cess. Dominant anatomical and functional compartments can
be distinguished and the origine of segmentation errors dif-
ferentiated. For instance a method based on time-intensity
curve clustering may correctly regroup voxels according to
their dominant functional compartment but fail to recover
anatomical segmentation.

The model highlights the difficulty to delineate compart-
ment boundaries on blurred images and allows estimation of
intra- and inter-operator variability for manual segmentation,
which can then be compared with the one of semiautomatic
methods. For instance, as a preliminary test, a manual seg-
mentation of cortex, medulla and cavities was performed by
two experts on the same synthetic sequence. The results were
then compared with the anatomical ground truth provided by

(a) (b)

(c) (d)

FIG. 7 – Example of real (a and c) and synthetic images (b
and d) near cortical peak and in late perfusion phase

our model. Only about 90 % of pixels belonged to the same
compartments in both any manual and ground truth segmen-
tations, and a 15 % error rate was achieved for comparisons
between the two manual segmentations.

We have adapted the model to pathological kidney simu-
lation too by modifying typical time-intensity curve of cavi-
ties (with low contrast during the whole perfusion) and by
choosing an anatomical model with dilated cavities and thin-
ner parenchyma.

5. CONCLUSION

We proposed a method to generate synthetic DCE-MRI
sequences of renal perfusion for objective assessment of me-
thods based on analysis of voxel time-intensity curves. Our
objective was to build sufficiently realistic images without si-
mulation of the whole reconstruction process while making
easy tuning of some parameters (noise level, spatial mixing
of compartments for PVE simulation, registration error). We
suggest to use such a model for a first validation of segmen-
tation algorithms before assessment on real data in order to
identify different types of error and to quantify their relative
significance in global results.
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The described model is two-dimensional but can easily
be extended to a three-dimensional one from a volumetric
hard segmentation by using 3D filters for anatomical mo-
del creation and for PVE simulation and by allowing out of
plane translation for uncorrected residual motions. The typi-
cal time-intensity curves could also be generated thanks to
some renal model with known parameters [14]. These para-
meters can then be estimated from the synthetic sequence and
the estimated value could be compared with the true one.

Concerning independent component analysis applied to
voxel time-intensity curves [4] or, more generally, methods
resulting in segmentation with fractional labels, it can be dif-
ficult to decide meaning of these coefficients. The proposed
model could help to interpret them and to decide if they are
related or not to the α

(i)
j .
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ABSTRACT
We propose a new algorithm for non-assisted segmentation
of possibly clustered nuclei from histological images. We use
elliptic shapes as parametric models to represent the nuclei
contours and fit the parameters using the information present
in the gray level intensity image and in the derived gradient
image. Multiple seeds for each closed contour are found by
ultimate erosion of an estimated edge image, resulting in an
number of seeds generally larger than the number of nuclei.
Our algorithm, called segmentation of nuclei by ellipse fit-
ting (SNEF), constructs several candidate contours for each
seed by fitting ellipses to selected subsets of edge pixels. In
the end the algorithm selects the contours to be declared nu-
clei by comparing the values of a suitably chosen goodness
of fit criterion. The proposed algorithm produces segmenta-
tions in agreement with an expert pathologist.

1. INTRODUCTION

Diagnosis for diseases that involve phenotypic changes in tis-
sue pathology is typically made by the pathologist, who vi-
sually inspects histological images. When the consequences
of the diagnosis are profound, diagnostic accuracy is under-
standably critical. However, occasionally, an interobserver
variability may exist among the pathologists.

Manual segmentation of diagnostically important pat-
terns from hematoxylin and eosin-stained (H&E) histologi-
cal images is laborious, time-consuming, and inaccurate. Al-
though many segmentation algorithms have been developed
and used in various applications, the segmentation of histo-
logical images raises its specific problems, not completely
solved yet. The two most difficult issues needed to be solved
in view of getting an automatic segmentation of H&E images
are the following: first, intensity variations within the borders
of a nucleus will lead to the erroneous decision to split that
nucleus into more than one object and thus will cause over-
segmentation; a second demanding issue is that a number of
nuclei appear clustered into a single compound object, which
needs to be split into several components.

Thresholding is the simplest method for image segmen-
tation. Typically, the threshold value is chosen based on
histogram characteristics of the pixel intensities of the im-
age [5]. Thresholding alone does not solve the problem of
clustered nuclei and thus more complex methods are neces-
sary.

During the last decade a number of refined segmentation
methods have been introduced, e.g., [1, 3, 4, 7, 8], with spe-
cific algorithms designed for the segmentation of clustered
objects, including morphological operations, watershed tech-
niques, and model-based approaches where ellipses are fit to

the contour of the cluster region. The nuclei images are usu-
ally convex and this shape prior can be used in the segmen-
tation process.

The segmentation obtained from morphological opera-
tions alone, such as watersheds, is sensitive to noise and isbi-
ased towards over-segmentation, thus requiring postprocess-
ing to eliminate the spurious contours. Level set methods are
based on minimization of criteria involving region based or
contour based functionals and produce in an iterative process
accurate segmentations, but often require too high computa-
tional efforts. A special class of methods was intended for
solving the separation of clustered shapes, such as touching
or overlapping grains, based solely on the contour of the re-
gion containing the overlapping objects, by fitting parametric
models, straight lines [4] or ellipses [1, 7, 8]. In order to get
a good separation of the nuclei clusters, the initial contour of
the region needed to be extracted with precision and needed
to be smoothed, which was ensured by a complex prepro-
cessing stage.

Our goal is to find a fast and reliable method to segment
the nuclei in histological images, and provide reconstructions
for the nuclei forming overlapping clusters. Since the sub-
sequent utilization of these results for disease diagnosisre-
quires such features as nuclei size, axes alignment, and ec-
centricity of the shapes, we utilize a parametric representa-
tion of the shapes by ellipses. The elliptic shape is well suited
approximation for providing all the features of interest for the
subsequent processing as it can be observed that most of the
time the real nuclei shapes do not deviate very much from
ellipses. Unlike other existing approaches, we utilize gra-
dient information, not only outer contour information, since
the edges obtained from gradients can convey important cues
of the separation lines of the nuclei inside a clustered region,
impossible to be guessed solely from the outer contour of the
cluster region. We found that a simple criterion expressing
the goodness of fit of each ellipse to its corresponding set of
edge pixels can select the final contours very reliably and in
a more principled way than in the previous approaches.

2. THE SEGMENTATION ALGORITHM

The description of the overall segmentation algorithm is
compactly presented in Figure 1. In the following we present
more details and some rationales behind its main steps.

2.1 Preprocessing

The hematoxylin and eosin (H&E) stained histological im-
ages are originally represented in the red-green-blue (RGB)
colorspace. We convert the RGB image to CIE L*a*b co-
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lorspace and the luminosity component L is denoted in the
sequel as the gray-level imageI , which is further processed
to get the segmentation.

2.2 Combining intensity and gradient information

We present next the Step 1 of SNEF algorithm in more detail
and refer to Figure 2 for illustrations of the intermediate im-
ages introduced here. The imageI is thresholded to a binary
imageB by dual thresholding [3]. The set of background pix-
els isB0 and the set of border pixels of the object isF1. We
construct a gradient magnitude imageG from the gray-level
imageI using Sobel operator [6].

The gradient magnitude imageG is thresholded by dual
thresholding in order to eliminate weak contours. We further
remove from the resulted binary image those pixels which
belong to the background pixel setB0, resulting in the binary
imageE. In order to guarantee closed borders in the image
E, we additionally set ON all the pixels of the border setF1.
From this image we remove the isolated regions of less than
8 pixels and denoteH the resulting edge image. The set of
edge pixels is denotedH1.

2.3 Finding seeds and fitting ellipses

A set of seedsS for closed contours are found by ultimate
erosion applied to the imageH. We prefer to overestimate the
number of seeds since the segmentation algorithm tolerates
to have more seeds than the true number of contours. The
ultimate erosion performs the iterative erosion of an object
within the image until a last stage, when the object disap-
pears; those objects existing in the image at the stage imme-
diately before the last stage are considered as seeds.

Now we shall describe the process of determining the
ellipse that surrounds an arbitrary seed and fits best the in-
tensity and gradient information in imageH. From each
seedSi = (xoi,yoi) ∈ S a ray is rotated at all anglesα ∈
{1o, . . . ,360o} and at a generic angleα the radiusr is in-
cremented to generate the pointsxi = xoi + r cosα, yi =
yoi + r sinα on a line, until a pixel of the edge setH1 is
met; we denote this pixelCα(xoi,yoi). After a complete ro-
tation of the ray the obtained pixelsCα(xoi,yoi) with α ∈
{1o, . . . ,360o} are grouped into connected components, de-
notedC1, . . . ,Cnc. The connected components are arranged
in a list, into a preference order given by the smallest dis-
tance from each connected component to the seed. The list is
then sequentially processed and the connected components
are incrementally appended into a setD . At stageℓ, after
appending a new connected component, an ellipse is fitted
to the pixel coordinates inD by direct least squares fitting
of ellipses [2], resulting in the parameter setΘ(xoi,yoi, ℓ).
The ellipse pixel set,E (xoi,yoi, ℓ), is generated by using the
parametersΘ(xoi,yoi, ℓ) in the equation of the ellipse, and
rounding the obtained coordinates at the image grid resolu-
tion. Thus, considering all stagesℓ = 1,2, . . . we obtain a
number of candidate ellipses, out of which we need to keep
a single winning ellipse, which we will associate to seedSi .
The value of goodness of fit used for ranking the ellipses is
described in the next subsection.

2.4 Goodness of fit criterion

The goodness of fit of an ellipse to a potential contour of
a nucleus is defined to take into account two important fea-
tures: the first tells the percentage of ellipse points whichare

0 Preprocessing step
Consider as gray-level intensity imageI the com-
ponent L obtained in the conversion of the (H&E)
stained histological image from RGB colorspace to
CIE L*a*b;

1 Combine intensity and gradient information
1.1 Construct a binary imageB by thresholding the

gray-level imageI . Denote the background pixel
setB0 and construct the border imageF by ex-
tracting the setF1 of border pixels from the bi-
nary imageB.

1.2 Construct a gradient magnitude imageG from the
gray-level imageI using the Sobel operator.

1.3 Threshold the gradient magnitude imageG and
perform AND operation with imageB to obtain
the intermediate edge imageE.

1.4 Combine the border imageF and the intermedi-
ate edge imageE to obtainH, where the pixels set
ON are called edge pixels, forming the setH1.

2 Find a set of seedsS
Apply ultimate erosion toH.

3 For each seed Si = (xoi,yoi)∈S find several candidate
ellipses and choose the best
3.1 Rotate a ray centered at the seed:

For each angleα consider the linexi = xoi +
r cosα, yi = yoi + r sinα wherer is incremented
until a pixel, denotedCα(xoi,yoi), on the edge set
H1 is reached.

3.2 Group all obtained pointsCα(xoi,yoi) into con-
nected components, denotedC1, . . . ,Cnc. Arrange
the connected components into increasing order
based on the smallest distance from the connected
component to the seed.

3.3 Loop incrementally appending more connected
components into a setD :
For ℓ = 1 tonc

3.3.1
D ←D ∪Cℓ

3.3.2 Fit an ellipse to the pixels coordinates inD ,
resulting in the parameter setΘ(xoi,yoi, ℓ).

3.4 Choose out of the ellipses
Θ(xoi,yoi,1), . . . ,Θ(xoi,yoi,nc) the one which
maximizes the criterion (1).

4 Selecting the final segmentation
Order the seeds in decreasing order of criterion (1).
For every seed check if its ellipse has an overlap
larger than 60% with any of the previously chosen
ellipses, and if yes remove it.

Figure 1: The algorithm for segmentation of nuclei by ellipse
fitting (SNEF)
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(a) Selected part of the original image (b) Gray-level imageI (c) Binary imageB obtained by thresh-
olding I

(d) Gradient magnitudeG (e) Intermediate edge imageE ob-
tained by thresholding the gradient im-
ageG and performing AND operation
with B.

A B

(f) The final edge imageH and the
seeds (red stars). The segmentation of
the selected part of the image (green
box) is illustrated in Fig. 3 for the two
seeds marked as A and B.

Figure 2: Illustration of the Steps 0-2 of the SNEF algorithm: preprocessing, combining intensity and gradient information,
and the set of seeds found.

in the immediate vicinity of any edge pixel belonging toH1;
while the second tells the percentage of connected compo-
nent pixels in the setD that are in the vicinity of an ellipse
pixel. The first term is high when the ellipse corresponds to
almost a close contour made out of edge pixels. But for over-
lapping nuclei we may have incomplete contours in the edge
image, and thus we may want to reward also the situations
with incomplete edge contours, when the edge pixels inD

forming just a partial contour are fitting very well with the
ellipse.

The goodness of fit for the ellipseΘ(xoi,yoi, ℓ) is thus
evaluated as follows:

V(xoi,yoi, ℓ) =
|E (xoi,yoi, ℓ)∩H ′

1 |

|E (xoi,yoi, ℓ)|
+

+
|D(xoi,yoi, ℓ)∩E ′(xoi,yoi, ℓ)|

|D(xoi,yoi, ℓ)|
, (1)

whereE ′ denotes the set of pixelsE dilated by the cross
structural element, and similarlyH ′

1 is the dilation of the
setH1. We use the dilated sets so that we count in the in-
tersection of sets not only exact matching of pixels of the
ellipse and the edge set involved, but also we count the al-
most matching when the pixel of the ellipse is in the four
neighbour vicinity of an edge pixel.

2.5 Selecting the ellipses for the final segmentation

The best fitting ellipse for a seedSi = (xoi,yoi)∈S is chosen
out of the ellipsesΘ(xoi,yoi,1), . . . ,Θ(xoi,yoi,nc) so that the
chosen ellipse has the highest value of criterion (1).

Since we have anticipated a higher number of seeds than
nuclei (this usually happens with the ultimate erosion oper-

ator), the winning ellipses obtained for different seeds can
overlap, as some of the seeds can be near each other and rep-
resent same nuclei. Therefore, we need to decide which one
of several competing ellipses is really representing the nu-
cleus. For this, we first order the seeds in decreasing order
of criterion (1) and for each seed we check if its ellipse has
an overlap larger than 60% with any of the previously chosen
ellipses. If such an overlap exists, the seed and its ellipseare
removed from the list. The list of ellipses obtained in the end
represents the final segmentation.

3. ILLUSTRATION OF THE ALGORITHM

We illustrate the algorithm using the image in Figure 2(a),
which is one of the difficult parts of the original image in Fig-
ure 4(a). The Steps 0 and 1 of the SNEF algorithm in which
we obtain the edge imageH are illustrated in the Figures
2(b) to 2(f). In order to illustrate the segmentation Steps 2to
4 of the algorithm we continue only with the small rectangle
shown in green in Figure 2(f). The results of the operations
performed in Step 3 for the seed A are shown in images 3(a)
to 3(f) and similarly the results for the seed B are shown in
images 3(g) to 3(h). In Figure 3(i) the overall segmentation
results for Figure 2(a) are presented.

In Figure 3(a) is illustrated the Step 3.1 of the algorithm
in which the edge pixels reachable from a seed are obtained.
In Figure 3(b) the obtained pixels are grouped into connected
components (Step 3.2 of the algorithm). From different seeds
one can reach different edge pixels and therefore each seed
will have its different connected components. This can be
seen by comparing the connected components obtained for
the seed A (Figure 3(b)) and the seed B (Figure 3(g)).
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A

(a) A ray centered at the seed A (red star) rotates
picking at each angle one pixel (cyan star) from
the edge pixel setH1 (only three ray positions
are shown).

 A

(b) Edge pixels picked by the ray are grouped
into seven connected components (each separate
connected component has its own color).

 A

(c) The connected component closest to seed A
and the fitted ellipse.

 A

(d) The three connected components closest to
seed A and the fitted ellipse.

 A

(e) All seven connected components and the
fitted ellipse.

A

(f) In blue: all the fitted ellipses for seed A.
In red: the winning ellipse, having the largest
value of criterion (1).

 B

(g) The 12 connected components resulted for
seed B.

B

(h) In blue: all the fitted ellipses for the seed B.
In red: the winning ellipse, having the largest
value of criterion (1).

(i) In blue: the best fitted ellipses for all dif-
ferent seeds. In red: the final segmentation ob-
tained after removing the overlapping ellipses in
the Step 4 of our algorithm.

Figure 3: Illustration of Steps 3 and 4 of SNEF algorithm for fitting ellipses and selecting the final segmentation. The case of
seed A is considered in (a) - (f) while the case of seed B is considered in (g) - (h). In (i) the overall segmentation results for
the image in Figure 2(a) are presented superposed over the edge imageH from Figure 2(f).
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In Figures 3(c) to 3(f) are illustrated Steps 3.3. and 3.4 of
the algorithm in which connected components are incremen-
tally appended into a setD ; after each appending an ellipse is
fitted to pixels in the setD ; finally the value of criterion (1) is
calculated for each fitted ellipse. The closest connected com-
ponent to the seed A (in the sense of the minimum distance
between the seed and the pixels of the connected component)
is shown in Figure 3(c), together with the fitted ellipse. The
value of criterion (1) for this ellipse is 1.65. The first term
of the criterion is 0.68 and the second term 0.97 meaning
that the ellipse fits well the connected components in the set
D (second term) but the relatively low percentage of ellipse
pixels on edge pixelsH1 (first term) penalizes the criterion.
The three closest connected components and their fitted el-
lipse are illustrated in Figure 3(d). The first term of the cri-
terion (1) is 0.86 and the second term 0.99. Thus, the value
of criterion (1) is 1.85, which is better than for the ellipse
presented in Figure 3(c). The biggest change in the value of
the criterion (1) is in the first term of the criterion, caused
by ellipse pixels touching more edge pixels. In Figure 3(e)
there are all seven connected components and their fitted el-
lipse. Now, the value of criterion is 1.74. consisting of 0.96
and 0.78 as a first and second terms, respectively. Although
the ellipse fits better the edge pixels (first term), the fit to
connected components (second term) is lower than in case of
one or three connected components.

In Figure 3(f) are presented all the fitted ellipses of differ-
ent combinations of connected components and emphasized
in red is the best fitted ellipse based on the criterion (1) in
the case of seed A. In case of seed B the similar results are
presented in Figure 3(h).

In Figure 3(i) complete results are presented, for all
seeds, after processing the image in Figure 2(a). From each
seed of Figure 2(f) only the best fitting ellipse based on the
criterion (1) is taken and presented in blue in Figure 3(i).
However, the ellipses of different seeds can overlap. Thus,
the seeds are arranged in the order of criterion and if there
is more than 60% overlap between better fitting ellipse, the
ellipse is removed (Step 4 of SNEF).

In Figure 4 the final results of the algorithm are presented
for a large section of a histological image from the biopsy of
Barrett’s esophagus mucosa. The original image is presented
for comparison. It can be seen that our segmentation algo-
rithm gives accurate results for the segmentation of cell nu-
clei from histological images. The results have been checked
by the expert pathologist who was in complete agreement
with the segmentation.

4. CONCLUSIONS

We proposed a new algorithm for segmentation of possibly
clustered nuclei from histological images using ellipse fit-
ting. To separate the overlapping nuclei, the algorithm uti-
lizes the information from both intensity and gradient im-
ages. We proposed also a criterion to select between several
competing ellipses. We evaluated the algorithm on real his-
tological images and the segmentation results were in agree-
ment with the segmentation proposed by an expert patholo-
gist.
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ABSTRACT
In this paper, we present an approach to improve microa-
neurysm detection in color fundus images. This task is usu-
ally realized by candidate extraction, which is followed by
a classification step. The proposed method aims to increase
the number of true positives in the first phase of the microa-
neurysm detection process. Thus, we establish a framework
for selecting an optimal combination of preprocessing meth-
ods and candidate extractors. Our investigation shows that
the state-of-the-art candidate extractors provide significantly
improved results, when they are optimally combined with
preprocessing approaches. We show that this performance
can be further increased with an ensemble formed by a glob-
ally optimal combination of the preprocessing methods and
candidate extractors.

1. INTRODUCTION

Diabetic retinopathy (DR) is the most common cause of
blindness in the developed countries. DR can be prevented
and its progression can be slowed down if diagnosed and
treated early. Proper medical protocols have been established
[1], but the actual grading required for diagnostics has been
performed manually. Manual grading is slow and resource
demanding, so several efforts have been made to compose an
automatic computer-aided screening system in this field [2].
The screening is based on the processing of digital fundus
images (see Figure 1).

Microaneurysms (MA) are early signs of DR, so the de-
tection of these lesions is essential in an efficient screening
process. Microaneurysms appear as small circular dark spots
on the surface of the retina. The most common appearance of
microaneurysms is near thin vessels, but they cannot actually
lie on the vessels. In some cases, microaneurysms are hard
to distinguish from parts of the vessel system. For example,
the intersections of two thick vessels or a few very thin ves-
sels are rather misleading for the detectors. The detection of
microaneurysms is still an open issue. Thus, several recent
works focus on this problem, including an online challenge
for MA detectors [3].

Microaneurysm detection is based on the analysis of dig-
ital fundus images. The detection process starts with pre-
processing of the images, which is followed by a candidate
extraction phase. Then the extracted candidates are classi-
fied (see Figure 2). In this paper, we present an approach to
increase the microaneurysm detection rate by using an op-
timal combination of preprocessing methods and candidate
extractors.

Individual candidate extractors do not provide sufficient

Figure 1: Sample digital fundus image from the dataset with-
out preprocessing.

number of true positives. Consequently, the classification
stage will be less accurate, as well. Besides the preprocess-
ing recommendations for the individual extractors, there are
other methods which can further improve the extractibility
of the microaneurysms from the other parts of the fundus.
Since the preprocessing methods provide rather different im-
age input, further improvement can be reached if we merge
the output sets of a candidate extractor for the different pre-
processed outputs. We introduce an approach for selecting
the optimal combination dynamically. We show that most of
the candidate extractors provide improved results using this
method. This achievement can be further increased, when
we organize the candidate extractors and the preprocessing
methods into a system, and perform a combination. With this
approach, a globally optimal solution has been found, which
resulted in the detection of the 99% of the microaneurysms in
our test dataset. As it can be seen later, in the ensemble sys-
tem it is not evident to select the individually best performing
combinations for the global solution.

The rest of the paper is organized as follows: in sec-
tion 2, we introduce four state-of-the-art candidate extrac-
tors. In section 3, we present a brief summary of the inves-
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Figure 2: Stages of microaneurysm detection.

tigated preprocessing methods. Then, in section 4 we estab-
lish a method to combine these methods. Section 5 contains
our quantitative results regarding the selection of the opti-
mized preprocessing methods both for the individual algo-
rithms and also for their combination. Finally, some conclu-
sions are drawn in section 6.

2. MICROANEURYSM CANDIDATE EXTRACTORS

Candidate extraction is an effort to reduce the number of ob-
jects in an image for further analysis by excluding regions
which do not have similar characteristics to microaneurysms.
Individual approaches define their own measurement for sim-
ilarity to extract MA candidates. In this section, we provide
a brief overview of the selected candidate extractors, as the
current state-of-the-art literature recommendations.

2.1 Walter et al.

The approach proposed in [4] is a mathematical morphol-
ogy based one, which recommends contrast enhancement
and shade correction as preprocessing steps. Candidate ex-
traction is then accomplished by grayscale diameter closing.

2.2 Spencer-Frame

This approach is one of the most popular candidate extrac-
tors, originally proposed by Spencer [5] and Frame [6]. The
algorithm uses shade correction as preprocessing. The actual
candidate extraction is accomplished by subtracting the max-
imum of multiple morphological top-hat transformation. The
resulting image is binarized after applying a Gaussian filter.
Since the obtained candidates are not good representations
for the actual lesions, a region growing step is also applied.

2.3 Circular Hough-transformation based
Based on the idea presented in [7], we established an ap-
proach based on the detection of small circular spots in the
image. The obvious choice for this procedure is to use circu-
lar Hough-transformation.

2.4 Lazar et al.
This method has been developed by our research group. The
green channel of the image is inverted and smoothened with a
Gaussian filter. A set of scan lines with equidistantly sampled
tangents between -90 ◦ and +90 ◦ is fixed. For each direction
the intensity values along the scan lines are recorded in a one
dimensional array, and the scan lines are shifted vertically
and horizontally to process every image pixel of the image.
On each intensity profile, the heights of the peaks, and their
local maximum positions are used for an adaptive threshold-
ing. The resulting foreground indices of the thresholding pro-
cess are transformed back to two dimensional coordinates,
and stored in a map that records the number of foreground
pixels of different directions corresponding to every position
of the image. The maximal value for each position equals
the number of different directions used for the scanning pro-
cess. This map is smoothened with an averaging kernel and
a hysteresis thresholding procedure is applied. The resulting
components are filtered based on their size. For more details,
see [8].

3. PREPROCESSING METHODS

In this section, we present the selected preprocessing meth-
ods, which can be inserted before executing candidate extrac-
tion. These algorithms were collected from corresponding
literature recommendations. They do not replace the built-
in preprocessing methods of the candidate extractors, but are
realized as independent steps.

The use of the selected preprocessing methods aims to
enhance the accuracy of the microaneurysm detection in dif-
ferent ways. Namely, our experiments showed that Contrast
Limited Adaptive Histogram Equalization is very effective in
emphasizing locally salient values, but also produces noise.
The contrast enhancement technique by Walter and Klein re-
sulting in a grayscale image with a smooth background and
emphasized salient parts, while the vessel removal and ex-
trapolation method aims to reduce the false positives which
caused by the similar appearance of vessel parts and microa-
neurysms. Our results showed that applying these prepro-
cessing methods increase the accuracy of the individual can-
didate extractors.

3.1 Contrast Limited Adaptive Histogram Equalization
(CLAHE)
Contrast Limited Adaptive Histogram Equalization [9] is
a common preprocessing method for medical imaging, be-
cause it is very effective in making the interesting parts more
visible. It is based on local histogram equalization of disjoint
regions extracted from the image. To eliminate the bound-
aries between the regions, a bilinear interpolation is also ap-
plied. An example can be seen in Figure 3.

3.2 Walter-Klein contrast enhancement (WK)
This preprocessing algorithm is proposed in [10]. It aims to
enhance the contrast on fundus images by applying a gray
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Figure 3: Sample image from the dataset with CLAHE ap-
plied.

level transformation. Walter et al. defined the local contrast
enhancement operator in the following way:

u =


1
2 (umax−umin)

(µ f−tmin)
r · (t− tmin)

r +umin, t ≤ µ f ,

− 1
2 (umax−umin)

(µ f−tmax)
r · (t− tmax)

r +umax, t ≥ µ f ,

where {tmin, . . . tmax} are the intensity values of the grayscale
image, {umin, . . . umax} are the intensity values of the en-
hanced image, µ f is the mean value of the grayscale image
and r ∈ R. For a result with WK applied, see Figure 4.

3.3 Vessel removal and extrapolation
Most of the false positives during microaneurysm detection
caused by the similar appearance of a few parts of the vessel
system. Based on the idea proposed in [11], we investigate
the effect of processing images with the complete vessel sys-
tem removed. To fill in the holes caused by the removal, we
extrapolate the missing parts. Figure 5 shows an example for
this preprocessing method.

4. COMBINATION

The proposed framework aims to find an optimal combina-
tion of preprocessing methods and candidate extractors. For
this task, we generate the results for each candidate extrac-
tors using the selected preprocessing method. We also con-
sider the output generated for the original dataset. That is,
we combine the results of candidate extractors applied on
preprocessed images, and we also include the results on the
non-preprocessed images. Then, we search for the optimal
combination with simulated annealing.

Simulated annealing [12] is a widely used global opti-
mization method. This approach is inspired by the annealing
in metallurgy. It is effective for large search space problems

Figure 4: Sample image from the dataset with Walter-Klein
contrast enhancement applied.

by using random sampling to avoid stuck in a local minimum.
For the optimization, we use the following energy function to
be minimized:

E =
1

T P
· ln FP

T P
,

where TP stands for the number of the true, while FP stands
for that of false positive candidates, respectively. This func-
tion provides low values for a high true positive count, but
it penalizes the growth of false positives with the increase
of the true ones. Thus, we search for an optimal solution,
where the highest number of TPs found with keeping the TP
/ FP ratio small.

To minimize the target energy E by simulated annealing,
each element of the search space S relies on a combination of
preprocessing methods and candidate extractors, and consists
of a set of candidates which is created by the union of the
outputs of the algorithm using the corresponding approaches.

The proposed combination can be described formally by
the following algorithm:
1. Let T be an initial temperature, Tmin a minimal temper-

ature, 0 ≤ q ≤ 1, q ∈ R the temperature change, S =
P{Rc,p} the search space, where R is the result of the
candidate extractor c using the preprocessing method p,
and P{X} is the power set of X .

2. Choose x ∈ S randomly, and let e = E (x).
3. Choose xi ∈ S randomly, and let ei = E (xs).
4. If T < Tmin, stop.
5. If ei < e then x = xi, e = ei and T = T ·q, . Go to step 4.
6. Choose a random number r ∈ R. If accept (e, ei, T, r) =

true, then x = xi, e = ei, where

accept (e, ei, T, r) =
{

true, i f exp
( e−ei

T

)
> r,

f alse, otherwise.

7. Let T = T ·q. Go to step 4.
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Figure 5: Sample image from the dataset after vessel removal
and extrapolation.

Currently, we consider four preprocessing methods and
four candidate extractors, but with the use of simulated an-
nealing it can be easily extended to more methods in the fu-
ture.

5. RESULTS

We have tested our approach on 50 images selected from
the Retinopathy Online Challenge (ROC) database [3]. Cur-
rently, it is the only publicly available fundus image database
dedicated to measure the accuracy of microaneurysm detec-
tors. In Table 1, we give the number of true positives (TP)
and the false ones (FP) found by the individual algorithms
with considering only one preprocessing method.

Original WK CLAHE Vessel
Walter TP 120 202 199 154

FP 6748 27811 15173 8801
E 0.034 0.024 0.022 0.026

Spencer TP 45 29 60 31
FP 1632 1526 3063 1342
E 0.080 0.137 0.066 0.122

Hough TP 6 41 125 3
FP 3090 5967 14467 1221
E 1.041 0.121 0.038 2.003

Lazar TP 113 116 191 69
FP 771 7469 20888 539
E 0.017 0.036 0.025 0.030

Table 1: Performance of the candidate extractors using a sin-
gle preprocessing method.

Table 2 shows the optimal selections of preprocessing
methods for all the individual candidate extraction algo-
rithms. As we can see, all but one candidate extractors
earned higher performance after combination. That is, the

0

0,1

0,2

Walter Spencer Hough Lazar

E

Original

WK

CLAHE

Vessel

Proposed

Figure 6: Energy function values for the candidate extractors
combined with preprocessing methods. The lower the value
the better the performance.

method by Lazar et al. provided better results using the non-
preprocessed images. The highest TP increase was achieved
by the Spencer-Frame algorithm. For a more intuitive inter-
pretation of the results presented in Table 2 we include Figure
6, as well.

Walter
Preprocessing: WK, CLAHE, Vessel

TP: 254
FP: 33695
E: 0.019

Spencer
Preprocessing: all

TP: 124
FP: 6686
E: 0.032

Hough
Preprocessing: WK, CLAHE, Vessel

TP: 151
FP: 18429
E: 0.031

Lazar
Preprocessing: Original

TP: 113
FP: 771
E: 0.017

Table 2: Performance of the candidate extractors combined
with preprocessing methods.

We also formed an ensemble from all the candidate ex-
tractors using all the preprocessing methods. The ensem-
ble of the candidate extractors and preprocessing methods is
composed by merging their candidate output sets by a simple
set union. For these data a simulated annealing algorithm is
performed, which is analogous to the above disclosed one,
to find the combination of the preprocessing algorithms and
candidate extractors that are optimal for this ensemble. The
corresponding results and optimal selection of the algorithms
are shown in Table 3. This approach outperforms the individ-
ual algorithms, since the ROC database contains 336 microa-
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neurysms from which the ensemble successfully recognized
331. This number is much higher than the ones found by the
individual approaches. Besides the successful extraction of
TP candidates, the comparison of Table 2 and 3 reflects the
power of the ensemble-based approach. Namely, we can see
in the ensemble that not exactly those preprocessing meth-
ods and candidate extractors are recommended that gave the
optimal results for the individual algorithms.

Candidate extractor Preprocessing
Walter WK
Walter CLAHE
Walter Vessel
Hough WK
Hough CLAHE
Lazar Original
Lazar WK
Lazar CLAHE
TP: 331
FP: 46434
E: 0.015

Table 3: Optimal solution for the ensemble.

6. CONCLUSION

In this paper, we have presented an approach to optimally
combine preprocessing methods and candidate extractors for
microaneurysm detection. With this approach, we have suc-
cessfully increased the number of TPs in the individual cases.
We have also formed an ensemble from the methods, and this
approach resulted in a 99% sensitivity. Our method signifi-
cantly improves the detection of actual microaneurysms with
respect to the increment of FPs.
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ABSTRACT 

This paper addresses the detection of protein spots in pro-
teomics images. A novel level set approach is proposed, 
which is capable of separating spots belonging to multi-
plets. The proposed approach copes with the presence of 
noise and the inhomogeneous background, which are major 
issues in proteomics image analysis. It has been experimen-
tally compared with a recently published method for spot 
detection. The results of the experiments performed indicate 
that the previously proposed method tends to falsely iden-
tify multiplets as singlets, whereas the proposed approach 
succeeds in spot separation.  
 

1. INTRODUCTION 

he genomics revolution was only the beginning of an 
enormous metamorphosis of life sciences. The analysis 
of the proteome has provoked even more radical 

changes in biological research. Most biological functions are 
carried out by proteins that interact with each other within a 
complex biological system. The proteome is defined as a 
protein complement in a specific cell, tissue or organism. 
However, it is more complicated than the genome since a 
gene may encode a number of different proteins. In other 
words, genes are just the instructions for making proteins 
whereas proteins make life.  

Proteomics are mainly applied in medicine for disease 
treatment, as well as for drug discovery by analyzing possi-
ble protein alterations. For instance, the proteomes of a can-
cerous and a benign cell are different. The proteins that are 
missing in the benign cell can be targets for anti-cancer 
drugs. Thus, protein separation is a major part of proteomics.  

The most widely used method for protein separation is 
two-dimensional polyacrylamide gel electrophoresis (2-D 
PAGE) [1-3]. The 2-D PAGE process involves the protein 
separation by two different physical properties: the isoelec-
tric point in the first dimension and the molecular weight in 
the second. This method can easily detect any alterations in 
charge and mass due to the fact that it is highly unlikely for 
two different proteins to resolve to the same position in both 
dimensions. Moreover, it allows the identification of thou-
sands of proteins with computer assisted software programs.  

2-D PAGE results in grey level images illustrating the 
separated proteins as dark spots on a bright background or 
vice versa. Common unwanted factors that influence the re-

sults emerging from the analysis of 2-D PAGE images are:  
the presence of noise, dust particles, fingerprints, cracks in 
the surface and other artefacts such as streaks or tails that are 
not related to proteins. The main challenges of 2-D PAGE 
image analysis are: the inhomogeneity of image background, 
the presence of noise and the existence of overlapping spots. 

The detection of overlapping spots has recently drawn 
the researchers’ attention. This trend is motivated by the fact 
that a large part of the proteins in a gel tend to belong to dou-
blets, triplets or multiplets, which are spot clusters consisting 
of two, three or multiple proteins, respectively [4]. Most false 
estimations on the presence or absence of spots stem from 
the erroneous interpretation of such spot clusters, whereas the 
challenge is to detect individual proteins. An example of a 
2D-PAGE image area containing spot clusters is illustrated in 
Fig.1. 

 

 

Figure 1 – Complex region containing overlapping spots. 

Most common approaches to spot detection include wa-
tersheds [5-6], stepwise thresholding [7] and morphology [8-
9]. However, watersheds commonly require inner markers so 
as to confront the issue of over-segmentation [10], whereas 
stepwise thresholding and morphology fail in the presence of 
artefacts and noise [11]. In addition, they falsely identify 
doublets or triplets as singlets.  

Level set approaches [12-13], which have been effica-
ciously used in image analysis, appear well-suited in 2D-
PAGE spot detection. They are topologically adaptable fa-
cilitating contour merging or splitting, so that multiple 
boundaries can be detected. In addition, region-based level 
set approaches, such as [13], are capable of detecting objects 
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defined by weak edges, like protein spots. Finally, they can 
be relatively insensitive to noise by involving integral opera-
tors, which provide an inherent noise filtering mechanism.  

This work introduces a level set approach for the detec-
tion of multiple overlapping spots on 2-D PAGE images. The 
proposed approach is an expansion of the active contour 
without edges model, originally proposed by Chan and Vese 
[13], and enables the detection of individual proteins in spot 
clusters. 

The rest of this paper is organised as follows: Section 2 
and 3 describe the Active Contour without Edges model and 
the proposed approach respectively. Section 4 presents the 
obtained results on real 2-D PAGE images and finally, Sec-
tion 5 summarizes the conclusions of this study. 

 

2. ACTIVE CONTOUR WITHOUT EDGES 

The active contour without edges model is based on the 
Mumford-Shah functional [14]. The segmentation of an im-
age Ru →Ω:1 , where � is a bounded open subset of 2R  
with ∂� its boundary, is formulated as a minimization prob-
lem: we seek for the infimum of the energy functional 
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1c  represent the average intensities of 1u  in the fore-
ground and in the background respectively and parameters 

0>µ  and 0, 11 >−+ λλ  are weights for the regularizing term 
and the fitting terms, respectively. This model uses the level 
set formulation [12], where the curve Ω⊂C  is represented 
implicitly by the zero level set of a Lipschitz function 
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The average intensities in the foreground (inside the 
contour) and in the background (outside the contour) +

1c  and 
−
1c  are considered for all the pixels in the respective regions 

and are estimated by: 
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where H is the Heaviside function. To start with, the contour 
is initialized and at each time step, the average foreground 
and background intensities are updated. By keeping +

1c  and 
−
1c  fixed, and minimizing F  with respect to 1φ , the associ-

ated Euler-Lagrange equation for 1φ  is deduced. Parameter-
izing the descent direction by an artificial time 0≥t , 1φ  is 
determined by solving the following equation: 
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where Ω∈∞∈ ),(),,0( yxt  and δ is the one-dimensional 

Dirac function. The contour evolves according to Eq. (5) 
guided by the average foreground and background intensi-
ties. In a 2D-PAGE image, the average protein spot inten-
sity differs from the one of the background. The active con-
tour without edges model is capable of detecting the exter-
nal spot boundaries, however fails to separate overlapping 
protein spots. 

 

3. PROPOSED LEVEL SET APPROACH 

A novel level set approach is proposed, aiming to overcome 
the limitations of the active contour without edges model. 
The contour is initialized and evolves by iteratively solving 
Eq. (5), until it converges to the external boundaries of the 
protein spots. Average intensities +1c  and −

1c  are iteratively 
estimated by Eq. (3) and (4) respectively. The results ob-
tained after contour’s convergence provide the actual exter-
nal boundaries of the spot regions. Contour evolution pro-
ceeds on the inside of the already identified spot regions and 
is guided by +

2c  and −
2c , which are estimated by the follow-

ing equations: 
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where 2φ , is the new zero level set function and 2u  is the 
sub-image of 1u  for which 01 >φ . The sub-image 2u  con-
sists of all singlets or multiplets. The average intensities +

2c  
and −

2c  correspond to the slightly different intensity distribu-
tions of the individual spots, which were initially being 
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grouped within +
1c  in cases of overlap. Contour evolution 

proceeds until convergence, when each individual protein 
spot is identified, even if it belongs to a spot cluster. 

 

4. RESULTS 

The experimental evaluation of the proposed approach in-
cluded its application on real 2-D PAGE images, as well as 
on two standard gels used for spot detection analysis and gel 
matching studies which can be downloaded for free [15]. The 
2-D PAGE images were quantized at 8-bit gray level depth, 
whereas the algorithm has been implemented in Matlab 7.0 
and executed on a 3.2 GHz Intel Pentium workstation.  Pa-
rameters 0, 11 >−+ λλ  and � were set to 1, 1 and 0.01 respec-
tively [16]. Figure 2 illustrates a typical 2-D PAGE image 
which has been inverted so that the average protein spot in-
tensity is higher than the one of the background. 

Figure 3 illustrates segmentation results obtained by the 
application of the active contour without edges model on the 
2-D PAGE of Figure 2. Although the contour has identified 
the external boundaries of the overlapping spot regions, it has 
failed to separate the overlapping spots. On the contrary, the 
proposed approach effectively separates the detailed sub-
images a, b and c of Figure 3, as can be seen in Figure 4. 

Figure 5 depicts a part of a standard 2-D PAGE image 
used in spot detection where the average protein spot inten-
sity is lower than the one of the background [15]. Four image 
regions associated with multiplets are marked with a-d. This 
image has been used by Tsakanikas et al. [17] in order to 
evaluate their method. The detection results obtained by ap-
plying this method are illustrated in Figure 6. 

 
 

 

Figure 2 – Part of a 2-D PAGE containing white protein spots. 

 

 

Figure 3 – Segmentation results obtained by the active contour 
without edges model on the 2-D PAGE image of Figure 2. 

 

                  

 

         (a) (b)  

     

    (c) 

Figure 4 – Detection results obtained by the proposed approach on 
the 2-D PAGE image of Figure 3. 

 

 

Figure 5 – Part of a standard 2-D PAGE image containing black 
protein spots. Four regions associated with multiplets are marked 
with a-d. 

a 

c d 

b 

c 

a 

b 
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Figures 7(a-d) illustrate the detailed sub-images corre-
sponding to the multiplets marked with a-d in Fig. 5. Figures 
7(a1-d1) illustrate the corresponding sub-images of the 
ground truth. Figures 7(a2-d2) illustrate the detection results 
obtained by the application of the method of Tsakanikas et al. 
[17] on each multiplet, whereas Fig. 7(a3-d3) illustrate the 
detection results obtained by the proposed approach on the 
same multiplets. Considering the ground truth, it is evident in 
Fig. 7(a2-d2) that the multiplets are identified by the method 
of Tsakanikas et al. as singlets. On the contrary, it is clear in 
Fig. 7(a3-d3) that the proposed approach is capable of separat-
ing multiple overlapping protein spots and thus, can be inte-
grated within a segmentation framework. 
 

 

Figure 6 – Detection results obtained by the active contour without 
edges model on the 2-D PAGE image of Fig. 5 by Tsakanikas et al. 
[17].  

 
 

    
(a) (a1) (a2) (a3) 

    
(b) (b1) (b2) (b3) 

    
(c) (c1) (c2) (c3) 

    
(d) (d1) (d2) (d3) 

Figure 7 – (a-d) Detailed sub-images of Figure 5, (a1-d1) Detailed 
sub-images of the ground truth, (a2-d2) Detection results obtained by 
Tsakanikas et al. [17] in cases of multiplets, (a3-d3) Detection results 
obtained by the proposed approach in cases of multiplets. 

 

5. CONCLUSIONS 

In this paper, a novel level set approach for proteomics image 
analysis is proposed. The proposed approach enables the 
separation of protein spots which belong to multiplets. The 
experimental results demonstrate that it outperforms a re-
cently published proteomics image analysis method [17]. 
Future perspectives of this work involve the enhancement of 
the contour initialization process, as well as experimental 
comparisons with renowned proteomics image analysis soft-
ware, such as PDQuest and Progenesis [18].  
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ABSTRACT
The phased-multiple-input multiple-output (MIMO) radar
has been recently proposed as a new radar technique which
combines the advantages of both the phased-array and
MIMO radars [1]. Based on the beampattern and signal-to-
noise ratio (SNR) analysis of the phased-MIMO radar and
comparing it to the beampatterns and SNRs of the phased-
array and MIMO radars, we explain, in this paper, why
the phased-MIMO radar outperforms the phased-array and
MIMO radars, and why it is the right candidate for future
radar systems. Particularly, the phased-MIMO radar beam-
pattern decouples into a product of three beampatterns each
corresponding to a certain type of processing gain present
in the radar system. Only some of such processing gains are
present in the phased-array and MIMO radars. Moreover, the
phased-MIMO radar improves the SNR gain compared to the
MIMO radar by means of using transmit beamforming. Sim-
ulation results validate our theoretical developments on the
superiority of the phased-MIMO radar.

1. INTRODUCTION

The multiple-input multiple-output (MIMO) radar has been
recently developed based on the idea of employing multiple
antennas to transmit multiple waveforms and multiple an-
tennas to receive the echoes reflected by the target [2]–[4].
Although the MIMO radar has a number of advantages [4],
including the capability of energy integration from different
waveforms [5], it suffers from a significant disadvantage, that
is, the absence of the coherent joint transmit/receive process-
ing gain. This results in signal-to-noise ratio (SNR) gain loss
as compared to the phased-array radar [6]–[7]. Focussing
on the MIMO radar configuration with colocated antennas,
it has been shown in [1] and [7] that the coherent processing
gain can be added to the MIMO radar. The corresponding
technique has been called phased-MIMO radar. The essence
of this technique is that the transmitting array can be parti-
tioned to a number of overlapped subarrays of smaller size
or, more generally, transmit antenna element space can be
transformed into the transmit beamspace. Then, one wave-
form can be transmitted coherently from each subarray (per
each dimension of the transmit beamspace), while different
orthogonal waveforms are transmitted from different subar-
rays (different dimensions of the transmit beamspace).

In this paper, we aim at showing by a basic example
of employing uniform linear array (ULA) at the transmit-

This work was supported in parts by the Natural Science and Engineer-
ing Research Council (NSERC) of Canada and the Alberta Ingenuity Foun-
dation, Alberta, Canada.

ter and using conventional nonadaptive beamforming why
the phased-MIMO radar outperforms the phased-array and
MIMO radars. Toward this end, we study the beampattern
of the phased-MIMO radar and compare it to the beampat-
terns of the phased-array and MIMO radars. It serves us
in claiming that the phased-MIMO radar is the right candi-
date for future radar systems. We show, particularly, that the
beampattern of the phased-MIMO radar decouples into three
components each corresponding to a certain type of process-
ing gain present in the radar system, e.g., the transmit coher-
ent processing gain, waveform diversity processing gain, and
receive coherent processing gain. All these three process-
ing gains are present in the phased-MIMO radar while only
some types of the aforementioned gains are present in the
phased-array and MIMO radars. A beampattern similar to
the phased-MIMO radar beampattern can be archived by ap-
plying a beamspace transformation to the virtual data at the
receiving end of the MIMO radar. However, in the latter case,
no improvement to the SNR gain is achievable. The improve-
ment of the SNR gain is enabled only due to introducing the
transmit coherent processing capabilities, i.e., employing the
beamspace transformation at the transmitter. Therefore, the
SNR gains are also analyzed and compared to each other for
all aforementioned modifications of radar techniques. Sim-
ulation results are used to validate our theoretical develop-
ments and demonstrate the improvements of the beampattern
characteristics archived by the phased-MIMO radar.

2. PHASED-MIMO RADAR MODEL

Consider a MIMO radar system of MT transmit and MR re-
ceive antennas, which are located close to each other in space
so that they see targets at same directions and with same
radar cross-sections (RCSs). In the phased-MIMO radar,
the transmitting array of MT antennas is partitioned into K
(1 ≤ K ≤ MT ) overlapped subarrays [1] and [7]. The kth
subarray is composed of the antennas located at the kth up
to the (MT −K+k)th positions. All elements of the kth sub-
array are used to coherently transmit the signal ϕk(t) so that
a beam is formed towards the direction of the target. At the
same time, different waveforms are transmitted by different
subarrays.

The signal at the output of the antennas belonging to kth
subarray is modeled as

sk(t) =

√
MT

K
ϕk(t)w∗

k , k = 1, . . . ,K (1)

where wk is the unit-norm complex vector of beamforming
weights associated with the kth subarray, ϕk(t) (k = 1, . . . ,K)
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are the orthogonal waveforms, (·)∗ denotes the conjugate
operator, and MT/K is the power normalization coefficient
which ensures that the transmitted energy for the phased-
MIMO radar within one radar pulse equals to MT .

The reflected signal of a target located at direction θ in
the far-field can be modeled as

r(t,θ) =
√

MT

K
β (θ)(c(θ)⊙d(θ))T ϕ K(t) (2)

where β (θ) is the target reflection coefficient which is as-
sumed to be constant during the whole pulse but varies
from pulse to pulse, c(θ) ,

[
wH

1 a1(θ), . . . ,wH
KaK(θ)

]T is
the K × 1 transmit coherent processing vector, ak(θ) is the
steering vector associated with the kth subarray, d(θ) ,[
e− jτ1(θ), . . . ,e− jτK(θ)

]T
is the K × 1 waveform diversity

vector, τk(θ) is the time required for the wave to travel from
the first element of the first subarray to the first element of the
kth subarray, ϕ K(t) = [ϕ1(t), . . . ,ϕK(t)] is the K×1 vector of
waveforms, and ⊙ and (·)T stand for the Hadamard product
and transposition, respectively.

The MR × 1 received complex vector of array observa-
tions can be written as

x(t) = r(t,θs)b(θs)+
D

∑
i=1

r(t,θi)b(θi)+ ñ(t) (3)

where D is the number of interferences, r(t,θi) (i = 1, . . . ,D)
are the reflected interference signals coming from the direc-
tions θi (i = 1, . . . ,D), b(θ) is the MR × 1 receive steering
vector associated with direction θ , and ñ(t) is the spatially
and temporally white zero-mean noise with variance σ2

n .
The returns due to the kth transmitted waveform are then

recovered by match filtering the signal x(t) to each of the
waveforms ϕk(t) (k = 1, . . . ,K), that is,

xk ,
∫

T0

x(t)ϕ ∗
k (t)dt, k = 1, . . . ,K. (4)

Therefore, the so obtained KMR ×1 virtual data vector is

y,[xT
1 · · ·xT

K ]
T=

√
MT

K
βsu(θs)+

D

∑
i=1

√
MT

K
βiu(θi)+n (5)

where βs = β (θs) and βi = β (θi) (i= 1, . . . ,D) are the reflec-
tion coefficients of the target and the interferences, respec-
tively, u(θ) , (c(θ)⊙d(θ))⊗b(θ) is the KMR ×1 virtual
steering vector associated with direction θ , n is the KMR ×1
noise term with covariance Rn = σ2

n IKMR , and ⊗ stands for
the Kroneker product.

The structure of the phased-MIMO radar is flexible and is
characterized by the number of transmitted orthogonal wave-
forms K and the size of transmitting subarrays MT −K + 1.
It is easy to see that:
(a) The phased-array radar structure is a special case of (5)

for K = 1. Then, the MR ×1 received data vector is

y =
√

MT βsu(θs)+
D

∑
i=1

√
MT βiu(θi)+n (6)

where u(θ) =
[
wHa(θ)

]
·b(θ) is the MR × 1 steering

vector and wHa(θ) is the uplink coherent processing

gain of the conventional phased-array radar towards the
direction θ .

(b) The MIMO radar structure is also a special case of (5) for
K = M. Then, the MT MR ×1 virtual data vector is

y = βsa(θs)⊗b(θs)+yi+n (7)

where yi+n denotes the interference-plus-noise compo-
nents.

3. WHY THE PHASED-MIMO RADAR IN BETTER
THAN THE PHASED-ARRAY AND MIMO RADARS

In the case of non-adaptive beamforming, the transmit and
receive beamforming vectors can be designed to maximize
the output SNR gain of a single source signal observed in the
background of white Gaussian noise. Then the correspond-
ing conventional beamformer weight vectors are given for
the kth transmitting subarray as

wk =
ak(θs)

∥ak(θs)∥
=

ak(θs)√
MT −K+1

, k = 1, . . . ,K (8)

and for the receiving array as

wd = [c(θs)⊙d(θs)]⊗b(θs). (9)

3.1 Beampattern improvements
Let G(θ) be the normalized beampattern

G(θ) ,
∣∣wH

d u(θ)
∣∣2∣∣wH

d u(θs)
∣∣2 =

∣∣uH(θs)u(θ)
∣∣2

∥u(θs)∥4 . (10)

Considering the special case of a ULA, we have
aH

1 (θs)a1(θ) = . . . = aH
K (θs)aK(θ). Using (10), the beam-

pattern of the phased-MIMO radar for ULA with partitioning
to K transmit subarrays can be written as

GK(θ)=
∣∣aH

K (θs)aK(θ)
[
(d(θs)⊗b(θs))

H(d(θ)⊗b(θ))
]∣∣2

∥aH
K (θs)∥4∥d(θs)⊗b(θs)∥4 .

(11)

After some algebra and using the facts that ∥aK(θs)∥2 =
MT −K+1, ∥d(θs)∥2 = K, and ∥b(θs)∥2 = MR, the beam-
pattern (11) can be rewritten as

GK(θ) =CK(θ) ·DK(θ) ·R(θ) (12)

where CK(θ), |aH
K (θs)aK(θ)|2/(MT −K +1)2 is the trans-

mit beampattern, DK(θ) , |dH(θs)d(θ)|2/K2 is the wave-
form diversity beampattern, and R(θ) , |bH(θs)b(θ)|2/M2

R
is the receive beampattern. Therefore, the overall beampat-
tern (12) of the phased-MIMO radar with transmitting ULA
can be seen as the product of three individual beampatterns.
Interestingly, the beampatterns of the phased-array, MIMO,
and hybrid MIMO phased-array of [8], [9] radars do not en-
joy all three processing gains as it follows.
(a) The beampattern expression for the phased-array radar

can be deduced form (12) by substituting K = 1, that
gives

GPH(θ) =C1(θ) ·R(θ) (13)

where C1(θ) = |aH(θs)a(θ)|2/M2
T and D1(θ) = 1. Note

that only the transmit and receive beampatterns are
present in (13).
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(b) The beampattern expression for the MIMO radar can be
also deducted from (12) by substituting K = MT , that
gives

GMIMO(θ) = DM(θ) ·R(θ) (14)

where CM(θ) = 1 and DM(θ) = |aH(θs)a(θ)|2/M2
T .

Note that only the waveform diversity and receive beam-
patterns are present in (14).

(c) The beampattern expression for the hybrid MIMO
phased-array radar recently proposed in [8] and [9] can
be deduced from (12) as well. Specifically, the parti-
tioning of the transmitting array to K non-overlapped
subarrays each of size MT/K is adopted in [8] and [9].
Then, the kth element of vector d(θ) corresponds to the
(kMT/K + 1)th element of a(θ) and the MT/K × 1 vec-
tors a1(θ) = . . . = aK(θ) contain the first MT/K ele-
ments of a(θ). Hence, |aH

K (θs)aK(θ)|2|dH(θs)d(θ)|2
= |aH(θs)a(θ)|2, and the beampattern (12) becomes

GK(θ) =
∣∣aH(θs)a(θ)

∣∣2 ∣∣bH(θs)b(θ)
∣∣2

M2
T M2

R
. (15)

It easy to see that in all of these three special cases, we obtain
the same beampattern, while the beampatter (12) is different.

The following theorem is instrumental for supporting the
statement of the paper. We only present the theorem formu-
lation, while the detailed proof can be found in [7].

Theorem 1: The highest sidelobe level of the trans-
mit/receive beampattern of the phased-MIMO radar with
1 < K < MT overlapped subarrays is lower than the high-
est sidelobe level of the transmit/receive beampattern of the
phased-array radar and the highest sidelobe level of the
overall beampattern of the MIMO radar.

This theorem accentually states that the phased-MIMO
radar enjoys better robustness against interfering targets lo-
cated in the sidelobe area as compared to the phased-array
and MIMO radars.

3.2 SNR gain improvement
The output SNR of the phased-MIMO radar is defined as

SNRPH−MIMO ,
MT
K σ2

s |wH
d u(θs)|2

wH
d Rnwd

(16)

where σ2
s = E{|βs|2} is the variance of the target reflection

coefficient.
Using (9), it is easy to find that

wH
d Rnwd = σ2

n (MT −K +1)KMR. (17)

Moreover, using (9) again and the fact that wd = u(θs), it
can be found that

|wH
d u(θs)|2 = |cH(θs)c

H(θs)|2|dH(θs)d
H(θs)|2

×|bH(θs)b
H(θs)|2 = (MT −K +1)2K2M2

R. (18)

Substituting (17) and (18) into (16), the SNR of
the phased-MIMO radar with non-adaptive transmit/receive
beamforming can be expressed as

SNRPH−MIMO = MRMT (MT −K+1)
σ2

s

σ2
n
. (19)

Therefore, the SNR gain for the phased-MIMO radar
with non-adaptive transmit/receive beamforming equals
MRMT (MT −K+1).

As special cases of (19), the following SNRs are instru-
mental for further studies and comparisons.
(a) Substituting K = MT into (19), the SNR for the MIMO

radar can be found as

SNRMIMO = MRMT
σ2

s

σ2
n

(20)

Therefore, the SNR gain for the MIMO radar equals
MRMT that is (MT −K+1) times smaller than the SNR
gain of the phased-MIMO radar with non-adaptive trans-
mit/receive beamforming.

(b) Similarly, substituting K = 1 into (19), the SNR for the
phased-array radar with non-adaptive transmit/receive
beamforming simplifies to

SNRPH = MRM2
T

σ2
s

σ2
n
= MT ·SNRMIMO (21)

It is easy to see from (21) that the SNR gain of the
phased-array radar equals MRM2

T that is MT times larger
than the SNR gain of the MIMO radar. Therefore, the
phased-array radar is more robust to background noise
than the MIMO radar.
Finally, the SNR for the phased-MIMO radar can be ex-

pressed through the SNR for the phased-array radar as

SNRPH−MIMO = η ·SNRPH (22)

where 1/MT ≤ η , (MT −K+1)/MT ≤ 1 is the ratio of
the phased-MIMO radar SNR gain to the phased-array radar
SNR gain. Since η in (22) depends on K, the SNR gain of
the phased-MIMO radar linearly decreases with K. At the
same time, larger K’s provide larger dimension of the ex-
tended virtual array for the phased-MIMO radar. Therefore,
there is a tradeoff between the SNR gain and the high angular
resolution capabilities for the phased-MIMO radar.

On top of the aforementioned argument based on the
SNR gain analysis, it is shown in [7] that the phased-MIMO
radar provides significantly better interference suppression
capabilities as compared to the phased-array and MIMO
radars. Such analysis is carried on using the SINRs under
dominant interference powers of all three radar techniques.

3.3 Joint beampattern, SNR gain, and angular resolu-
tion improvements
As have been shown above the phased-MIMO radar provides
joint improvements to the beampattern, SNR gain, and angu-
lar resolution as compared to the phased-array and MIMO
radars. However, to complete the argument on the superior-
ity of the phased-MIMO radar, the following two cases are
also of interest.
(a) Tapering technique can be used at the transmitter of the

phased-array radar. This is equivalent to partitioning the
transmit array into a number of overlapping subarrays
just as in the phased-MIMO radar, but different from the
phased-MIMO radar, the same waveform is transmitted
from each subarray. Applying the same beamforming
weights per each transmit subarray as in phased-MIMO
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radar, i.e., using (8), it is straightforward to see that the
beampattern and SNR for such phased-array radar with
tapering can be also expressed as in (12) and (22), respec-
tively. However, in this case, the virtual array aperture,
i.e., the dimension of the virtual data vector (5), reduces
to MR only since K = 1. Therefore, the phased-array
radar with tapering is not capable of improving the an-
gular resolution, while the phased-MIMO radar provides
such capabilities.

(b) The beampattern of (12) can also be achieved using
the beamspace transformation at the receiver of the
MIMO radar. Specifically, let us introduce the follow-
ing MT ×K matrix W , 1√

MT−K+1 [w̃1 . . . ,w̃K ]
H , where

w̃k , [0T
[k−1],a

T
k (θs),0

T
[K−k]]

T is the MT × 1 weight vec-
tors with 0T

[k−1] denoting the vector of k−1 zeros. Then,
(7) reduces to the KMR ×1 virtual data vector

y = βs[W⊗ IMR ] · [a(θs)⊗b(θs)]+yi + n̄ (23)

where yi denotes the interference term and n̄ , [W⊗
IMR ]n. Noting that [W ⊗ IMR ] · [a(θs) ⊗ b(θs)] =
Wa(θs)⊗b(θs), (23) can be rewritten as

y = βsWa(θs)⊗b(θs)+yi +[W⊗ IMR ]n

= βs
√

MT/K(c(θ)⊙d(θs))⊗b(θs)+yi + n̄. (24)

Comparing (24) and (5), we can see that they are identical
up to the noise term. Indeed, while the noise in (5) is
zero-mean spatially and temporally white, the noise n̄ in
(24) is colored. Therefore, both models (5) and (24) yield
the same beampattern, however, the SNR gain for (24)
reduces because of the noise amplification. Indeed, the
covariance matrix of the colored noise n̄ can be found as

Rn̄ = σ2
n [W⊗ IMR ][W⊗ IMR ]

H

= σ2
n (MT −K+1)∥dH(θs)W∥2∥b(θs)∥2

= σ2
n MR

(
(MT −2K)K2+2

K

∑
k=1

k2

)

= σ2
n MR

(
(MT−2K)K2+

K(K+1)(2K+1)
3

)
.(25)

In (25), we have used the facts that wH
d [W⊗ IMR ] =

[aH
K (θs)aK(θs)]

1/2[d(θs) ⊗ b(θs)]
H[W ⊗ IMR ] =

(MT−K+1)[dH(θs)W]⊗ [bH(θs)IMR ], ∥dH(θs)W∥ =

MR
(
(MT −2K)K2+2∑K

k=1 k2
)
/(MT − K + 1), and

∑K
k=1 k2 = K(K+1)(2K+1)/6. Substituting (18) and (25)

into (16), we finally obtain the SNR for the the MIMO
radar with beamspace transformation at the receiver

SNRRBC=
KMR(MT −K+1)2

(MT−2K)K2+K(K+1)(2K+1)
3

σ2
s

σ2
n
≤SNRMIMO

(26)
For SNRRBC≤SNRMIMO see also Fig. 4.

4. SIMULATIONS

Assume a ULA of M=10 omnidirectional antennas spaced
half a wavelength apart from each other and used for
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Figure 1: Transmit beampatterns.
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Figure 2: Waveform diversity beampatterns.

transmitting the baseband waveforms sk(t) = e j2π k
T0

t
(k =

1, . . . ,K). Also assume a ULA of N=10 omnidirectional an-
tennas spaced half a wavelength apart from each other at the
receiving end. The additive noise is modeled as a complex
Gaussian zero-mean spatially and temporally white random
sequence with identical variances in each array sensor. As-
sume two interfering targets located at directions −30◦ and
−10◦ and one target of interest located at direction θs = 10◦.

Compare the proposed phased-MIMO radar (5) with the
phased-array radar (6) and the MIMO radar (7). For the
phased-MIMO radar K = 5 overlapped subarrays are used.

Figs. 1 and 2 show the transmit beampatterns and the
waveform diversity beampatterns, respectively, for all three
radar techniques tested, while Fig. 3 shows the overall trans-
mit/receive beampatterns for the same techniques. It can be
seen in Fig. 1 that the phased-array radar has the typical con-
ventional beampattern with mainlobe (of width π/M) cen-
tered at θs, while the MIMO radar has flat (0 dB) transmit-
ting gain. However, the phased-MIMO transmit beampat-
tern is characterized by the aperture of the individual sub-
arrays, i.e., MT −K + 1, which is smaller than the aperture
of the whole array used in the transmit beampattern of the
phased-array radar. The reduction in the subarray aperture
results in the beampattern of the phased-MIMO radar with a
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Figure 3: Overall beampatterns.

wider main beam and a little higher sidelobe levels as com-
pared to the beampattern of the phased-array radar. This
small loss in beampattern shape is repaid at a greater gain
in the waveform diversity beampattern of the phased-MIMO
radar as shown in Fig. 2. Particularly, the phased-array radar
has no waveform diversity gain (0 dB flat pattern), while the
waveform diversity beampatterns of the MIMO and phased-
MIMO radars are equivalent to conventional beampatterns
offered by an MT and K elements arrays, respectively. The
waveform diversity beampattern of the phased-MIMO radar
has a wider mainlobe and higher sidelobe levels as compared
to the waveform diversity beampattern of the MIMO radar
since K ≤ MT . However, it can be seen in Fig. 3 that the
overall transmit/receive beampattern shape for the phased-
MIMO radar is significantly improved as compared to the
shapes of the phased-array and MIMO radar beampatterns.
It is because the overall beampattern of the phased-MIMO
radar is proportional to the multiplication of the transmit and
the waveform diversity beampatterns, while the phased-array
and MIMO radars overall transmit/receive beampatterns are
exactly the same that agrees with (13) and (14).

Finally, Fig. 4 shows the output SNR versus σ2
s /σ2

n . It
can be seen that in agreement with our analytical results the
phased-array radar output SNR is 10 times higher than the
MIMO radar output SNR. Moreover, the output SNR of the
phased-MIMO radar is very close to that of the phased-array
radar, while the MIMO radar with beamspace transformation
at the receiver has even lower SNR than the MIMO radar.
In addition, the phased-MIMO radar enjoys the waveform
diversity benefits. This shows the superiority of the phased-
MIMO radar and depicts the tradeoff between the SNR gain
and the high angular resolution capabilities.

5. CONCLUSION

Answering the question why the phased-MIMO radar is the
right candidate for future radar systems, we have shown
that the phased-MIMO radar provides jointly (i) improve-
ments to the beampattern as compared to the phased-array
and MIMO radar; (ii) improvements to the SNR gain as
compared to the MIMO radar and the MIMO radar with
beamspace transformation at the receiver; (iii) improvements
to angular resolution as compared to the phased-array radar
and the phased-array radar with tapering. Simulation results
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Figure 4: Output SNRs versus σ2
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precisely approve our theoretical developments on the
superiority of the phased-MIMO radar.
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Abstract—In this paper, two resource allocation schemes for
multiple radar systems are proposed. The first approach fully
utilizes all available infrastructure in the localization process,
i.e., all transmit and receive radars, while minimizing the total
transmit energy. The power allocation among the transmit radars
is optimized such that a predefined estimation mean-square error
(MSE) objective is met, while keeping the transmitted power
at each station within an acceptable range. The second scheme
minimizes the number of transmit and receive radars employed in
the estimation process by effectively choosing a subset of radars
such that the required MSE performance threshold is attained. In
the latter, the transmit antennas are assumed to fully utilize the
admissible power range. The Cramer-Rao bound (CRB), which
is known to be asymptotically tight to the maximum likelihood
estimator (MLE) MSE at high signal-to-noise ratio (SNR), is
used as an optimization metric for the estimation MSE. Subset
selection is implemented through a heuristic algorithm, offering
reduced computational cost compared with an exhaustive search.

Index Terms—MIMO radar, Multistatic radar, CRB, convex
optimization, power allocation, target localization.

I. INTRODUCTION

In recent years, radar architectures employing multiple,
widely distributed stations have been introduced, such as
multiple-input multiple-output (MIMO) radar systems with
widely spread antennas [1] and multistatic radar systems [2].
These systems have been shown to offer significant advantages
over traditional single antenna radars, referred to as monos-
tatic, or systems with one transmitter and one receiver which
are widely separated, often referred to as bistatic. MIMO
radar systems with widely distributed antennas offer enhanced
target localization capabilities by exploiting increased spatial
spread [1]. A study of localization estimation mean square
error (MSE) performance based on the Cramer-Rao bound
(CRB) [3] is presented in [4], demonstrating performance
improvement proportional to the product of the number of
transmit and receive antennas. An analysis of the localization
performance for multistatic radar systems is provided in [2],
where the MSE is shown to be a function of the geometric
spread. Localization MSE in MIMO radar systems with non-
coherent processing is inversely proportional to the signal
effective bandwidth, the signal-to-noise ratio (SNR), and the
product of the number of transmit and receive antennas [4].

0The research was supported by the Office of Naval Research under Grant
N00014-09-1-0342.

Localization performance improvement can be achieved
with an increase of either the number of participating radars
or the transmission power. In practice, most systems have
a predetermined performance goal including, but not limited
to, target localization accuracy and maximum total radiated
energy. Consequently, full system utilization may result in
inefficient use of system resources, such as the number of
operating radars, transmitted power, and communication load
between the radars and a central fusion center.

The notion of resource-aware design is of critical impor-
tance when it comes to radar applications that include mobile
deployment of stations or systems operating over prolonged
time periods, in which the cost of operation becomes signif-
icant. For surveillance radars that are mounted on vehicles
and thus have limited energy resources, or for anti-missile
defense radar systems, powered off-grid by diesel generators,
power aware design is beneficial in extending the ability of
such systems to operate before refueling. Furthermore, power
management is an essential part of military operations in
hostile environments, where low-probability-of-intercept (LPI)
operation may be required. In these scenarios, minimizing
the power that is required to perform the task is important.
Another aspect of the problem is the use of the available
infrastructure. For a given multiple radar system, multiple
mission assignments may be accomplished by minimizing the
number of transmit and received stations engaged in a specific
estimation task.

In this paper, two resource allocation schemes are proposed.
The first approach optimizes power allocation among all radars
in the system, while the latter offers a more effective utilization
of the existing radar stations, where the most advantageous
antenna subset is selected to accomplish the task requirements.
The choice of an optimal subset is normally implemented
through exhaustive examination of all possibilities. Here, we
propose a heuristic algorithm for the selection of this subset
and provide a performance comparison to an exhaustive search
alternative.

The paper is organized as follows: The system model is
introduced in Section II. Resource allocation schemes are
proposed in Section III, in which the CRB is derived first
in Subsection III-A, followed by the development of a power
allocation scheme that optimizes power allocation for a given
MSE threshold in Subsection III-B. A subset selection algo-
rithm, minimizing the number of transmit and receive radars
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active in the localization process, is given in Subsection III-C.
Numerical analysis is presented in Section IV. Finally, Section
V concludes the paper.

II. SYSTEM MODEL

We consider a distributed multiple radar system with 

transmit and  receive radars, forming an  × distributed
multiple radar system. An extended target, with a center of
mass located at position ( ), is assumed. The variation in
the location of the targets’ center of mass, as viewed by the
set of radars, is assumed to be small with respect to the system
resolution capabilities. The system is tracking the target’s
location and has available estimates for unknown parameters,
such as the target radar cross section (RCS), from previous
cycles. The search cell is confined to ( ±   ± ).
The transmit and receive radars are located in a two dimen-
sional plane. The  transmit radars are arbitrarily located at
coordinates (

 
),  = 1     , and the  receiver

radars are arbitrarily located at coordinates (  ),
 = 1     A set of orthogonal waveforms is transmitted,
with a lowpass equivalent  (), where

R
T | ()|

2
 = 1,

and T is the duration of the -th transmitted signal. The
waveform effective bandwidth is denoted by  and defined in
[5]. The waveforms’ transmitted powers 

are constrained
by maximal values pmax = [1max  2max   max

]
 .

Let  ( ) denote the propagation time of a signal
transmitted by radar , reflected by the target, and received
by radar :

 ( )=


+


 (1)

where 
is the range from transmitter  to the target and

 is the range from receiver  to the target, i.e.,


=

q
(

− )
2
+ (

− )
2 (2)

and

=

q
( − )

2
+ ( − )

2


where  is the speed of light. The baseband representation for
the signal transmitted from radar  received at radar  is

 ()=

q
 ( ) 

 (− )+()

(3)
The term  ( )=

1
2


2


represents the variation

in the signal strength due to path loss effects. The target
RCS  is modeled as deterministic, complex, and is as-
sumed to be unknown. The term () represents circularly
symmetric, zero-mean, complex Gaussian noise, spatially and
temporally white with autocorrelation function 2 ().

We define a vector of unknown parameters:

u =
£
 h

¤
 (4)

where h =[11 12   ]
 . The following vector nota-

tion is defined for later use: β = [1 2   ]
 , p =

[1  2   
]
 , and τ = [1 2   ]

 .

III. RESOURCE ALLOCATION SCHEMES

For a predetermined threshold for localization MSE, de-
noted by max , system resource utilization may be op-
timized by minimizing the total power radiation needed
to achieve this goal. Another option is for the system
to select a subset of radars that will perform the lo-
calization mission. The given system parameters include
the transmit radar locations set  = {(1  1) 
(2  2)   (3  3)}, receive radar locations set
 = {(1  1)  (2  2)   (3  3)}, tar-
gets’ RCS, h, propagation path loss, α, and noise variance,
2. The controllable design parameters are the transmit power
at each radar, 

, and the signal effective bandwidth β. In
general, power radiation is constrained by a maximum value
max

, determined by the operational design, and a minimal
value min

, chosen such that it may still be classified as
operating in the high SNR region. As the CRB is known to
be asymptotically tight to the maximum likelihood estimator
(MLE) MSE at high SNR [6], it is used here to represent
the localization MSE as a function of the power allocation.
Next, the CRB expression is derived, to support the proposed
resource allocation schemes.

A. The CRB

Given a vector of unknown parameters u its unbiased
estimate bu satisfies the following inequality [3]:

u

n
(bu− u) (bu− u)o ≥ J−1 (u)  (5)

where J (u) is the Fisher Information matrix (FIM) given by:

J (u) = u

(


u
log  (r|u)

µ


u
log  (r|u)

¶)
 (6)

where  (r|u) is the conditional, joint probability density
function (pdf) of the observation r = [11 12   ].
Given the received signal in (3), the conditional pdf  (r|u)
is of the following form:

 (r|u) =
1

(2)

2

exp

⎧⎨⎩− 1

2

X
=1

X
=1

Z


|()− (7)

q
 ( ) 

 (− )

¯̄̄̄2


)


The FIM, J (u), is derived in Appendix A (see (18), (23),
and (24)). The CRB matrix, C, is defined as the 2×2 upper
right block sub-matrix of the inverse of the FIM, J−1 (u),
resulting in the following matrix:

C (u)=

(
X
=1




∙
 
 

¸)−1
 (8)

where the elements , , and , are defined as

 =

X
=1

 ||2
µ


− 



+
 − 



¶2
(9)

 =

X
=1

 ||2
µ


− 



+
 − 



¶2
(10)
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and

 =

X
=1

 ||2
µ


− 



+
 − 



¶
(11)

×
µ


− 



+
 − 



¶


where =
822
2

2 . The trace of the matrix C represent the
lower bound on the sum of the MSEs for the target location
estimation, i.e., tr (C) ≤ 2 + 2 , where 2 and 2 are
the target’s  and  location estimation MSE, respectively.
Following some additional matrix manipulations, the trace of
the CRB matrix C can be expressed as

tr (C) =
p (a+ b)

p

³
ab − cc

´
p

 (12)

where a = [1 2   ]
 , b = [1 2   ]

 , and
c = [1 2   ]

 are defined by the elements in (9),
(10), and (11). For the case of equal power allocation, p =
 [1 1  1]

 , the trace of the CRB is

tr (C) =
1



1 (a+ b)

1
³
ab − cc

´
1
 (13)

where  = ∗ . The expression for the CRB as given
in (12), offers a metric that may be used to represent the MLE
MSE in the power allocation schemes provided next.

B. Power Allocation: Minimize the Power Budget

In this power allocation scheme, the total radiating power,
P
=1


, is minimized to meet a given localization accuracy

threshold, . This can be formulated into an optimization
problem of the form

minimize
p

1p

 tr (C (ũ))≤ 
max




≤ max

 ∀ = 1 2 


≥ min

 ∀ = 1 2 
(14)

where C (ũ) is the 2×2 CRB matrix given in (8) and ũ =h
̃ ̃ h̃

i
is a vector of preliminary estimates of the target

location and RCS, obtained in previous cycles. The search
cell center coordinates, ( ), may also be used instead of
an estimated target location(̃ ̃). The optimization problem
in (14) may be rewritten as

minimize
p

1p

 p

h³
ãb̃

 − c̃c̃
´
p − 1




³
ã+ b̃

´i
≥ 0


≤ max

∀


≥ min

∀
(15)

where ã, b̃, and c̃ are calculated for the estimated
vector ũ. The optimization problem in (15) is non-
convex [7]. To solve it we first relax the constraints
by exchanging the first inequality by an equality, i.e.,

p

h


³
ãb̃

 − c̃c̃
´
p −

³
ã+ b̃

´i
= 0, and since


6= 0, ∀ = 1 2  , the latter constraint is replaced

by
³
ab − cc

´
p − 1


(a+ b) = 0. Minimizing the

power vector results in maximizing the MSE, bringing it as
close as possible to the threshold point 


. The following

relaxed convex optimization problem may be composed:

minimize
p

1p


³
ãb̃

 − c̃c̃
´
p− 1


max

³
ã+ b̃

´
≥ 0


≤ max

∀


≥ min

∀

(16)

The relaxed convex optimization problem formulated in (16)
can be solved using available convex optimization tools, such
as CVX [8]. The optimal solution to (16), p∗ , is then
used as the starting point for a local optimization, applied
to the original nonconvex problem in (15). An appropriate
search algorithm is proposed in Table 1. The local optimum
obtained in this process, p

, is then compared with
the uniform power distribution budget, for which  =
1




1 (a+b)

1 (ab−cc )1 . If needed, the locally optimum search is

updated and repeated.

Table 1: Optimization algorithm for (15)

1. Init:

p = p
∗


 (p) =
p(ã+b̃)

p


ãb̃

−c̃c̃

p

Iteration step 40
Stop conditions 

2. Repeat,
p = argmax

©


−  (p)

ª
s.t. min

≤ −1

4 = 4−1
1p
1p−1

3. while
¡

max
− 

¡
p−1

¢¢ ≥ 

4. p
= p−1

5. end.

C. Subset Selection: Minimize the Number of Operational
Radars

The power allocation scheme introduced previously adapts
the transmitted energy to the system characteristics, such
as physical location of transmit and receive antennas with
respect to the target, reflectivity, and propagation path losses.
For a given scenario, some transmit/receive antenna pairs
are contributing more to the localization performance than
others, i.e., transmit/receive pairs that have lower path prop-
agation losses and better views of the target are advan-
tageous over ones with higher path losses and/or low re-
flectivity viewing angles. Thus, a given localization accu-
racy threshold, , may be obtained by using a smaller
subset of the available transmit and receive antennas. An
optimal set of transmit and receive antennas may be cho-
sen such that tr

³
C (̂ ̂)|min

´
≤ , where min =

{x ∈ x ∈  | = 1     = 1   }, 1 ≤
 ≤  , 1 ≤  ≤  , is a minimal set of transmit
and receive antennas that delivers the required performance
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goal . The choice of the minimal subset of radars may
be implemented through exhaustive examination of all possi-
bilities. Such a search has a complexity of ∼ 

¡
2+

¢
. In

Table 2, a heuristic algorithm is proposed for the selection of
this subset, offering a reduced complexity of ∼  (2).
In the proposed algorithm, a subset is initially generated by
selecting a transmitter and a receiver that are closest to the
target. Following, a receiver that minimizes the trace of the
CRB matrix is added to the subset. Transmitters and receivers
are added sequentially until the trace of the CRB matrix value
is lower than the threshold . A minimum of four antennas
is required for localization, i.e., the cardinality of min, |min|,
is set to be at least four. The transmitters in the subset are
assumed to use their maximum available power max

.
Once a subset is chosen, the transmitted power may be

further optimized by using the power allocation scheme pro-
posed previously with the subset. For large numbers of radars,
significant complexity reduction is achievable through the use
of the proposed algorithm.

IV. NUMERICAL ANALYSIS

To evaluate the performance of the proposed algorithms,
numerical analysis of some specific cases is presented in this
section.

The spatially diverse multiple propagation paths between the
transmit and receive radars have different error characteristics,
reliant on the specific path loss, target reflectivity, effective
bandwidth, and transmitted power (as seen from (8)). The
power allocation methods, proposed in the previous section,
dilute the error variation through adequate distribution of the
transmit power. In Figure 1 a 5 × 5 multiple radar system
( =  = 5) is illustrated; it has four different radars
spreads, accounting for different error characteristics. These
are exploited for a numerical analysis of the proposed power
allocation algorithms.

Case 1 to Case 4 in Figure 1 are equivalent to the case of
different path loss on the  transmit/receive paths, denoted
by  6= 00 ;∀0  0. The reflectivity of the target
on paths originating from transmitter 1 and 5 are set to be
relatively low, 1 ≤ 01 and 5 ≤ 04;∀ . Table 3
summarizes the power allocation optimization, , for
a given localization MSE threshold, which in this case it is set
to 


= 3m2. The power values are normalized to the noise

variance, 2. The total transmit power for uniform allocation,
, is calculated with (13), where tr (C) = 


. The

total power utilized to generate a localization MSE of 


or
less, , is minimized using the allocation algorithm in
Subsection III-B. It is observed that uniform power allocation
is not necessarily the best allocation, where in Case 1 and
Case 2, the total power allocated in the optimization process,
, is about half of that used in the uniform alloca-
tion (). The power efficiency of the optimized allocation
compared with the uniform one is dependent on the radar
spread and the path loss. For Case 4, distributed and unified
power allocations have the same power budget, yet, there
are more than one possible power distribution that meet
performance. This supports integration of additional decision

criteria in determining the final power distribution, based on
the transmitters’ individual power resource status.

Table 2: Subset choice - heuristic algorithm

1. init:
Choose x ∈  s.t. min kx− xk2
Choose x ∈  s.t. min kx− xk2
Select subsets:
min = {x x},
Update:

0
 = \x , 

0
 = \x ,

Set:  = 1

2. while
³
tr
³
C (̂ ̂)|min

´
 

´
&& (|min|  4)
if  =even:

if 
0
 6=  than choose x ∈ 

0
 s.t.

min
°°°tr³C (̂ ̂)|min∪x

´
− 

°°°2
Update: min = min ∪ {x} , 

0
 = 

0
\ {x}

Set:  = + 1

if  =odd:
if 

0
 6=  than choose x ∈ 

0
 s.t.

min
°°°tr³C (̂ ̂)|min∪x

´
− 

°°°2
Update: min = min ∪ {x} , 

0
 = 

0
\ {x}

Set:  = + 1

if 
0
 6=  and 

0
 6=  than go to (4)

3. go to (2)
4. end

Applying the subset selection algorithm to the
four cases in Figure 1 results in the following
selections: min (Case 1) = {x2 x4 x1 x4},
min (Case 2) = {x2 x3 x4 x1 x4},
min (Case 3) = {x2 x4 x2 x4}, and
min (Case 4) = {x2 x4 x1 x4}. The estimation
performance goal may be achieved by using four to five
antennas out of the available ten. An exhaustive search
would have given the same number of radars for all cases,
though for Case 2 it would select a configuration with two
transmitters and three receivers and for Case 3, a subset of one
transmitter and three receivers. In the first of these cases, the
selection of the first transmitter and receiver in the proposed
algorithm prevents the choice given by the exhaustive search.
In the optimization process, transmit/receive pairs with better
locations with respect to the target and lower path losses are
selected. The selection based on the proposed algorithm is
nearly the same as the optimal result achieved by exhaustive
search. This suggests that significant complexity reduction
can be achieved with low penalty via the proposed algorithm.

V. CONCLUSIONS

To support resource-aware design for target localization
in distributed multiple radar systems, two resource alloca-
tion schemes have been developed. One minimizes the total
radiating power to accomplish a predetermined localization
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MSE threshold, while the other minimizes the number of
radars employed to achieve this threshold. The transmitters’
powers are constrained to specific ranges that follow system
design criteria such as minimal SNR or values set by antenna
parameters. A closed-form expression for the CRB has been
used to represent the localization MSE. The power allocation
nonconvex optimization problem has been solved by first
relaxing the original constraints and then using its solution to
find a local optimum for the original nonconvex problem. It has
been shown that uniform power allocation is not necessarily
the best choice, and significant power savings can be obtained
through proper distribution of power, based on the radars’
geometric spread with respect to the target location and the
target RCS. The same accuracy performance may be obtained
by using only a fraction of the available radars, supporting
efficient infrastructure operation. An efficient subset selection
algorithm has been proposed, providing reduced complexity
with little or no penalty compared with an exhaustive search.

Table 3: Minimize power: Different path loss and RCS.

case 1 case 2 case 3 case 4
 166 160 75 165
 238 322 75 165

p

⎡⎢⎢⎢⎢⎣
68

1

1

21

75

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
1

1

60

100

1

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
15

15

15

15

15

⎤⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎣
1

100

1

62

1

⎤⎥⎥⎥⎥⎦
APPENDIX A

DERIVATION OF THE J(U) MATRIX

The FIM for the unknown parameter vector u = [ h] is
derived in this appendix. The conditional pdf in (7) is used as
follows:

J (u) = r|u
h
∇u ln  (r|u) (∇u ln  (r|u))

i
 (17)

As the conditional pdf in (7) is given as a function of the
time delays, , and not the target location, ( ), we first
compute the FIM with respect to the vector γ = [τ h], J (γ),
and use the chain rule to evaluate J (u), as follows [6]:

J (u) = QJ (γ)Q  (18)

where the Jacobian matrix Q is

Q=


u
 (19)

To calculate J (γ), we first derive the second order deriva-
tive of  (r|γ) given in (3) with respect to the elements of
vector τ as

2 [ln  (r|γ)]


=

½
422 ||2  =  and  = 

0 


(20)
The derivative of  (r|γ) with respect to the elements of τ
and h, 2[ln (r|)]


, are

2 [ln  (r|γ)]


=
2 [ln  (r|γ)]


= 0 ; ∀     (21)

Fig. 1. MIMO radar with 5× 5 elements with different geometric layouts.

Finally, the second order derivative of  (r|γ) with respect to
the elements of h, 2[ln (r|)]


, are

2 [ln  (r|γ)]


=

½
  =  and  = 

0 
 (22)

Combining the expressions in (20), (21), and (22), provides
the FIM for vector γ:

J (γ)=
³
422 ||2  

´
 (23)

where  (◦) is a diagonal matrix with diagonal entries listed
in (◦). The Jacobian matrix Q is

Q =

⎡⎢⎣
1−
1

+
1−
1

· · · 
−



+
−


0
1−
1

+
1−
1

· · · 
−



+
−


0

0 · · · 0 I

⎤⎥⎦ 
(24)

The FIM J (u) is composed by applying the chain rule in
(18), combining the FIM J (γ), given in (23), and the Jacobian
matrix Q, given in (24).
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ABSTRACT
Use of multiple transmit waveforms to enable MIMO radar opera-
tion is a technology with strong application to HF over-the-horizon
(OTH) radar. We consider the problem of target detection when the
OTH radar is operating in an environment with a stable ionospheric
propagation path supporting high quality Doppler spectra from
backscattered signals and clutter, and a perturbed ionospheric prop-
agation path which contaminates the signal with spread-Doppler
clutter. In this case, efficient spread-clutter mitigation requires ele-
vation and azimuth beampattern control via 2-D arrays. In addition,
due to the propagation geometry, the beampattern control needs to
range-dependent for both transmit and receive antenna arrays, man-
dating the use of the MIMO radar architecture. We examine the
impact of antenna geometries on clutter mitigation performance.
We also provide performance analysis for a specific configuration
employing 1-D transmit and receive antennas which enables field
experiments that validate MIMO OTH radar operations.

1. INTRODUCTION

We consider high-frequency (HF) over-the-horizon (OTH, sky-
wave) multiple-input multiple-output (MIMO) radar, where both
the (separate) transmit and receive subsystems are arrayed, and the
transmitter is able to simultaneously transmit different waveforms
from each antenna [1, 2]. In the OTH context, spread clutter arises
when the radar signal propagates from a transmitter (Tx) to a sur-
face region and/or from the surface region back to a receiver (Rx)
via a highly perturbed ionospheric layer, such as the F2 layer. When
the radar range (group delay) of such a radar return coincides with
the group delay of the (“proper”) target return that is propagated via
a different stable ionospheric layer (such as the E or Es layer), the
target is masked by these “spread-clutter” returns. Perturbations in
the “unwanted” F2 layer are common, and cause the Doppler spec-
trum of these returns to be much broader than the Doppler spectrum
of the “cold-clutter” returns propagated together with a target via
the stable E or Es layer.

This means that for any given range-resolution cell (RC) on the
surface, we may observe a mixture of the “proper” radar returns
supported by stable two-way propagation (i.e. Tx→ RC→ Rx via
the E or Es layer, known as “E–E mode”) and the unwanted spread-
clutter returns supported by E–F, F–E and F–F modes.

In general, this mixture of four different propagation modes
comprises returns from different patches of the Earth’s surface (ter-
rain or ocean), so each patch has a different elevation direction-of-
departure (DoD) from the Tx and a different elevation direction-of-

arrival (DoA) to the Rx. This is because there is a substantial differ-
ence in the typical ionospheric heights of the E or Es layer (about
100km) and the F2 layer (about 350km). However, this difference
in elevation DoD for the same outgoing modes (E–E and E–F), or in
DoA for the same incoming modes (E–F and F–F) is negligible due
to the geometry of the overall path, and no practical antenna array
would have sufficient (projected) vertical dimension to directly use
its resolution capability to resolve these elevation angles. Only the
difference in elevation angle between the different modes that leave
the Tx (E–F and F–E), or between the different modes that arrive at
the Rx (E–E and E–F), can be considered sufficient to be resolved
given reasonable dimensions of the 2–D Tx and Rx arrays. The
existence of the “mixed” propagation modes E–F and F–E requires
both Tx and Rx adaptive array processing to successfully mitigate
all the three components of the spread clutter (E–F, F–E and F–F).

Another complication is that the elevation angles are range-
dependent. For a modern digital receive antenna array, this is not a
problem, since each radar range cell can be processed by an individ-
ually tailored beamformer. Yet for a conventional single-waveform
radar, range-dependent Tx beamforming is not feasible. This funda-
mental limitation motivates us to investigate the MIMO radar archi-
tecture, with its capability of forming “Tx beams” after the wave-
forms have been transmitted, backscattered and received, i.e. non-
causal (“after-the-event”) processing [3].

More specifically,a MIMO radar with K Tx elements simulta-
neously transmits a different and “orthogonal” (separable) wave-
form from each element. The “orthogonality” of the set of K wave-
forms allows us to separate each of the K radar returns upon receive.
The individual returns can then be linearly combined in a range-
dependent fashion, similarly to conventional radar processing.

In our previous studies [4, 5], we were concerned with the fun-
damental limitations on the maximum range depth and Doppler fre-
quency span that different scatterers (targets, clutter) can occupy in
order for the orthogonality requirement to be retained. We found
that if we observe a peak at the output of a filter matched to the jth

waveform, due to the presence of a point scatterer, there must be
no other signals created by different scatterers or waveforms. The
physical meaning of these conditions is as follows: the peak of a
signal backscattered by some point scatterer (at the output of a filter
matched to the jth waveform) has no contribution from other scat-
terers or other waveforms of the orthogonal set. It is only under
this condition that we can directly associate the output of the jth

matched filter with the signal transmitted from the jth Tx element.
This limitation is fundamental, and is analogous to the famous “vol-

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1244



ume clearance” condition for the radar ambiguity function estab-
lished by Price and Hofstetter [6]. Supposing that this condition is
satisfied by the choice of a suitable waveform set, there is still the
problem of appropriate Tx and Rx array design in order to success-
fully mitigate clutter. In this paper, we provide an analysis of the
MIMO spread-clutter covariance matrix for various Tx and Rx an-
tenna array geometries, and demonstrate the existence of practical
2-D designs. We then explore the performance of a specific config-
uration of 1-D arrsy, where the Tx array and Rx array are “crossed”,
allowing for experimental validation of MIMO radar operation us-
ing existing antenna arrays.

2. SPREAD-CLUTTER POWER AT THE OUTPUT OF A
MIMO RECEIVER

Let u j(t) ( j = 1, . . . ,K, t ∈ {0,T}) be a set of “orthogonal” (sepa-
rable) waveforms transmitted by K Tx subsystems (sub-arrays, ele-
ments, beams, etc.), with identical patterns Gt(ϕ,θ |ϕT ,θT ), steered
in azimuth θT and elevation ϕT . Let {xTK ,yTK} (k = 1, . . . ,K)
be the coordinates of the phase centres of the K transmitting sub-
systems. Similarly, let {xRl ,yRl} (l = 1, . . . ,L) be the coordinates
of the L Rx subsystems with identical patterns GR(ϕ,θ |ϕ0,θ0),
steered in the target direction-of-arrival (DoA) {ϕ0,θ0}.

We consider conventional dimensions of Tx and Rx antenna
arrays, so that the manifold (steering) vectors are

EK(ϕ,θ)≡ exp
[

i
2π

λ
(uxTK + vyTK )

]
k = 1, . . . ,K, u≡ sinϕ cosθ , v≡ sinϕ sinθ (1)

for the transmitting array, and similarly for the receiving array

EL(ϕ,θ)≡ exp
[

i
2π

λ
(u′xRl + v′yRl )

]
l = 1, . . . ,L, u′ ≡ sinϕ

′ cosθ , v′ ≡ sinϕ
′ sinθ . (2)

Expressions (1) and (2) reflect our assumption on the same azimuth
for any point scatterer both for Tx and Rx arrays, with different
elevation angle possible.

Consider the K ×K ambiguity matrix of the K-variate wave-
form set

X (∆τ,∆ f ) =
{

x jk(∆τ,∆ f )
}

j,k=1,...,K where (3)

x jk(∆τ,∆ f )≡
∫ T+τ0

τ0

ū j(t−τ0)uk(t−τ)exp [i2π( f − f0)t]dt,

∆τ = τ− τ0, ∆ f = f − f0. (4)

Let WKL = {wkl} (l = 1, . . . ,L, k = 1, . . . ,K) be the KL-variate vec-
tor of MIMO processing, then the power at the output of MIMO
receiver for a target with the coordinates {ϕ0,θ0,∆τ = 0,∆ f = 0}
and white noise is

(σ2
t )out = σ

2
t |GT (ϕ0,θ0|ϕT ,θT )|2|GR(ϕ0,θ0|ϕ0,θ0)|2

×W H
KL

[
EL(ϕ0,θ0)EH

L (ϕ0,θ0)⊗X (0,0)

EK(ϕ0,θ0)EH
K (ϕ0,θ0)⊗X H(0,0)

]
WKL (5)

(σ2
n )out = σ

2
n W H

KL [IL⊗X (0,0)]WKL (6)

where σ2
t , σ2

n are the target, clutter and noise power with considered
propagation loss, and ⊗ is the symbol for the Kronecker product.

Then the total power of “spread clutter”, collected from the tar-
get range and Doppler resolution cell (for the F–E mode with uni-
form clutter distribution across the sector [−π,π]) in the absence
of the ambiguity function sidelobes in the area occupied by spread
clutter (see [5] for details) is

σ
F−E
c =

σ
2
c Γ0W H

KL

{∫
π

−π

|GR(ϕ0,θ |ϕ0,θ0)|2|GT (ϕF ,θ |ϕT ,θT )|2×

×
[
EL(ϕ0,θ)EH

L (ϕ0,θ)⊗X (0,0)

EK(ϕF ,θ)EH
K (ϕF ,θ)X

H(0,0)
]
dθ

}
WKL. (7)

Similar expressions for the E–F mode have DoD {ϕ0,θ} and DoA
{ϕF ,θ}, while for the F–F mode, both DoD and DoA are the same
{ϕF ,θ}. Equation (7) prompts us to seek the ideal antenna geom-
etry that retains the rank-one property of the covariance matrix in
(7) despite the integration, with all degrees of freedom allocated for
resolution in elevation. Indeed, for a target at the azimuth θ0 = 0,
an antenna array with

|GR(ϕ0,θ |ϕ0,θ0)|2|GT (ϕF ,θ |ϕT ,θT )|2

→ δ (sinϕ0 sinθ − sinϕ0 sinθ0) (8)

(i.e. that product of norms approaches a delta-function in azimuth),
and where

EK(ϕ,θ) =
{

exp
[
i 2π

λ
UxTk

]}
, k = 1, . . . ,K

EL(ϕ,θ) =
{

exp
[
i 2π

λ
U ′xRl

]}
, l = 1, . . . ,L

(9)

then the covariance matrix corresponding to the F–E mode in (7) is
the rank-one matrix

RF−E
KL = σ̂c

2|GT (ϕF ,θ0|ϕT ,θT )|2|GR(ϕ0,θ0|ϕ0,θ0)|2×[
EL(ϕ0,θ0)EH

L (ϕ0,θ0)⊗EK(ϕF ,θ0)EK(ϕF ,θ0)
]
.

(10)

This means that for a given look direction, say θ0 = 0, the optimum
antenna array geometry could be interpreted as Tx and Rx rectangu-
lar arrays with θ0 = 0 in the boresight, with the number of elements
NT or NR in each of the K (for Tx) or L (for Rx) linear arrays tend-
ing to infinity max{NT ,NR}→∞, so that (8) is satisfied. Practically
though, the rectangular arrays with K and L rows correspondingly,
may have only a limited number of sensors in a row (limited ULA
aperture), and have to cover a certain azimuthal sector. Moreover,
these 2-D antennas may have insufficient front-to-back ratio of its
elements, or intentionally be designed to cover front and back sec-
tors simultaneously.

Therefore, analysis of the actual spread clutter potential miti-
gation capability is required, with respect to the practical (limited)
antenna aperture and azimuthal coverage.

3. ANALYSIS OF SPREAD-CLUTTER MITIGATION FOR
PRACTICAL 2–D ANTENNA GEOMETRIES

Potential spread-clutter mitigation efficiency analysis has been per-
formed using expression (7) for the Tx and Rx beampatterns ap-
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proximated as

GT (ϕF ,θ |ϕT ,θT )|2 =

= G2
T exp

{
−bT [(sinϕF sinθ − sinϕT sinθT )]

2
}

(11)

GR(ϕ0,θ |ϕ0,θ0)|2 =

= G2
R exp

{
−bR [sinϕ0(sinθ − sinθT )]

2
}
.

(12)

Calculations have been performed for a typical E-mode HF OTHR
scenario

ϕ
E−E
0 (Zmin) = 79o, ϕ

E−E
0 (Zmax) = 87o,

ϕ
E−E
F (Zmin) = 51o, ϕ

E−E
F (Zmax) = 75o.

(13)

We consider the case where the elements have an ideal front-to-
back ratio which attenuates returns from the back hemisphere of the
array.

In order to obtain the required resolution in the maximum
range regime, the “in-depth” dimension of the Tx array is
chosen to be 70λ , being spanned by either (a) an 8-element
ULA with element spacing d2T /λ=10, or (b) an 8-element non-
redundant array (NRA) with unit spacing d2T /λ=2 and geometry
[0,7,10,16,18,30,31,35].

For the Rx antenna array, we consider L = 16 “rows” with ei-
ther (a) ULA with spacing d2R/λ = 5, or (b) NRA geometry with
the unit spacing d2R/λ = 3/7. Note that the traditional spacing
d2R/λ = 1/2 causes ambiguity in front-to-back resolution for ex-
treme end-fire directions, such as ϕ0 = 87o. We selected the geom-
etry of the Rx “vertical” L = 16-element array to be [0, 6, 19, 40,
58, 67, 78, 83, 109, 132, 133, 162, 165, 169, 177, 179].

It is simple to show that at the maximum range (φ0 = 87◦, φF =

75◦), the large uniform spacing in the Tx array does not create a
problem, but is inappropriate at the minimum range. Indeed, the
“to-be-rejected” direction φF = 75◦ is already outside the main peak
of the beampattern steered at the elevation angle φ0 = 87◦, but has
not yet reached the direction of the nearest grating lobe at φgl =

71.5◦. On the contrary, at the minimum range (φ0 = 79◦, φF =

51◦), even the d2R/λ = 5 uniform inter-row separation in the 16-
row Rx array is too large, since when the main peak is steered at
the target elevation φ0 = 79◦, the nearest grating lobe is observed
at φgl = 69◦, which is much closer than φF = 51◦. The introduced
NRA geometries address this problem, as the first grating lobe of
our 8-element NRA with the unit spacing d2T /λ = 2 is observed
at φgl = 43◦, when the array is steered at the target elevation at the
minimum distance φ0(rmin) = 79◦, since here φgl < φF .

Note that due to the chosen unit separation d2R/λ < 0.5, our Rx
array does not have grating lobes in the visible domain, even when
steered to the extreme end fire direction φ0 = 90◦. However both 8-
and 16-element NRA arrays have a significant sidelobe level, which
will affect the performance of adaptive spread-clutter mitigation.

In order to evaluate the additional penalty in spread-clutter mit-
igation efficiency that is introduced by a high sidelobe level of the
selected NRAs, we compare the ULA and NRA geometries at the
maximum range, where the uniform array geometry is still appro-
priate. A similar comparison at the minimum range, on the contrary,
demonstrates the improvements introduced by an NRA geometry.

3.1 Ideal Front-to-Back Ratio in Either or Both the Tx and Rx
Elements

In our calculations, the equivalent noise power is set to one
(σ2

n χuu(0,0) = 1) and the spread-clutter-to-noise ratio per mode is
30dB. Hence if the clutter is rejected with no signal-to-white-noise
ratio (SNR) losses, the maximum possible SNR at the output of our
MIMO receiver is SNRmax = 10logKL = 10log128 = 21.07dB.
The upper plot in Fig. 1 shows, for the uniform (“vertical”) Tx and
Rx array geometry and at the maximum range (φ0 = 87◦, φF = 75◦),
the output SNR for the optimum (clairvoyant) Wiener filter calcu-
lated for each of the three spread-clutter mode contributions (E–F,
F–E and F–F), and for the sum of all three covariance matrices. In
other words, in addition to all three modes together, we also illus-
trate the efficiency of each single-mode mitigation, as if only this
mode was present. Similarly, the lower plot presents the gain of
the optimum clairvoyant Wiener MIMO receiver with respect to the
conventional (white-noise) matched receiver (i.e. gain wrt CBF): In
order to evaluate the impact of “eigenspectrum smearing” (spread-
ing), for all three interference modes contributing, Fig. 1 also plots
the SNR and SNR gain with respect to the matched filter for the
rank-one contributions in (10) (curve labeled “3 modes no sm”).

Figure 1: Simulation results for the 2-D ULA at maximum range.

As expected, in the bore sight direction θ0 = 0, no difference
between this rank-one and the “full-rank” model (7) exists, but as
θ0 grows, the difference between the rank-one and full-rank covari-
ance matrices becomes evident. In fact, the SNR for the rank-one
model even increases slightly as θ0→ 30◦, while the full-rank SNR
obviously degrades. However, within the entire sector of our inter-
est (|θ0|< 30◦), the SNR losses with respect to the ultimate limit of
21.1dB remain extremely low: less than 1.2dB. Both the Tx and Rx
participate in mitigating F–F spread clutter, whereas only the Tx is
involved in reducing F–E mode clutter and only the Rx is involved
in reducing E–F mode clutter, so it is expected to see that the F–F
mode is better rejected than the E–F and F–E modes; with E–F be-
ing rejected better than F–E, since only 8 degrees of freedom of our
Tx MIMO array are used. Not surprisingly, the gain with respect to
the matched receiver (in Fig. 1(b)) remains above 30dB within the
entire coverage.
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Unfortunately for the horizontal 2D array, a uniform geometry
is inappropriate, as seen in [7]. There it was shown that as the grat-
ing lobes enter the azimuthal coverage, the optimum receiver has no
gain over the matched filter; this is typical behavior for interference
that impinges upon the maximum of a grating lobe. So as predicted,
a ULA geometry with extremely large inter-row separation (10λ in
Tx and 5λ in Rx), cannot be used if the entire range interval from
rmin to rmax is to be covered.

We now analyze the results of our example NRA geometry.
We start from the maximum range (φ0 = 87◦, φF = 75◦), where
we can quantify the losses associated with the very high sidelobe
level in our 8-element Tx NRA (−3.5dB) and 16-element Rx NRA
(−4.6dB). From Fig. 3, it is clear that rejection of the much higher
sidelobes of the NRA patterns causes additional SNR degradation
that is less than 1.6dB. Therefore, with respect to the ultimate limit
of 21.1dB that corresponds to the case with no spread clutter, we ob-
serve SNRs ranging from 20.1dB at θ0 = 0 to 18.9dB at θ0 =±30◦.

Figure 2: Simulation results for the 2-D NLA at maximum range.

At the same time, the SNR gain with respect to the matched
filter remains much higher than at Fig. 1 for the uniform geometry
(above 40dB). Given a quite poor NRA beampattern sidelobe level,
such a poor performance of the matched receiver and, correspond-
ingly, high gains of the optimal MIMO receiver, are not surprising.

Therefore, the suggested Tx and Rx NRA-based array geome-
tries with ideal front-to-back ratio have a very high potential ef-
ficiency of spread-clutter mitigation within the entire range depth
and azimuth coverage. In [7] we demonstrated that for ommidirec-
tional array elements, we have to ultimately consider seven modes
impinging upon a receive antenna from both front and back hemi-
spheres, instead of only three ones from the front hemisphere only.
Analysis in [7] showed that the SNR degradation is less than 2dB,
while the SNR gains with respect to the matched filter remain high
(∼40dB).

3.2 Experimental mode-selective OTH MIMO radar configu-
ration with one-dimensional Tx and Rx antennas

Experimental validation of mode-selective HF OTH MIMO radar
principles may obviously be considered within a relatively limited

coverage in range and azimuth. For end-fire linear Tx and linear
Rx antennas with relatively large apertures, such a limited coverage
may be introduced by exploiting the difference in coning angles of
differently oriented Tx and Rx linear arrays.

Let us consider a case when the end-fire direction of the Tx
array coincides with the broadside (boresight) direction of the Rx
linear array. Then, for relatively close in ranges with

ϕ
E−F
F � ϕ

E−E
0 , (14)

we can specify such an azimuth direction θ0 that due to the coning
equation

sinϕ
E−F
F sinθ

E−F
F = sinϕ

E−E
0 sinθ

E−E
0 (15)

the actual clutter patch on the ocean surface, contributing to spread
clutter delivered to the receiver array via the E-F propagation mode,
would be actually coming from the azimuth θ

E−F
F � θ

E−E
0 . There-

fore, if the aperture of the end-fire Tx array is large enough to
enable adaptive MIMO beampattern sidelobe rejection in direc-
tions (ϕF ,θ

E−F
0 ) (for F-E mode), (ϕF ,θ

F−F
0 ) (for F-F mode), and

(ϕE ,θ
E−F
F ) (for E-F mode), while retaining low gain degradation in

the target direction (ϕE ,θ
E−E
F ), then all three spread clutter compo-

nents may get rejected by means of adaptive Tx MIMO beamform-
ing only.

Naturally, a large Rx linear array aperture is required to retain
low “smearing” of the clutter covariance matrix. The obvious ap-
peal of such a configuration is that mode-selective adaptive MIMO
principles may be tested using existing HF OTHR receive antennas
rather than construction of new 2-D receiver array configurations.

For the considered above scenario at minimal range and with a
Tx endfire array with an aperture of 70λ , optimum filter gains as
a function of θ0, is illustrated by Fig. 3. As expected, no spread
clutter mitigation is observed at the sector close to the Rx antenna
boresight, but off the boresight, there is a considerable sector where
sufficiently high performance may be observed.

Indeed, comparison of the optimum signal to clutter-plus-noise
ratio (SCNR), delivered by the optimum MIMO Tx beamformer at
Fig. 3, with the (SCNR)−1 for the conventional beamformer (Fig.
4), and finally, with the improvement in SCNR delivered by the
optimal MIMO processing with respect to the conventional beam-
former (Fig. 5), supports such a conclusion. Indeed, though the
SCNR never approaches its ultimate value of 10log10(8) = 9dB, in
a sector close to θ = 20o, we achieve an SCNR of 4dB, which is
almost 15 dB above the SCNR in the conventional beamformer at
this sector. This margin may be treated as sufficient for experimen-
tal validation of mode selection capabilities in HF MIMO radar.

4. SUMMARY AND CONCLUSIONS

In this paper we considered the problem of both transmit and receive
antenna geometry selection for spread-clutter mitigation in HF OTH
MIMO radar. We demonstrated that the rank of spread-clutter con-
tribution via a particular propagation mode (E–F, F–E or F–F) tends
to one, if both Tx and Rx arrays consists of K and L “rows” of
linear arrays with forward-only looking elements, and an aperture
in either the Tx or Rx linear array that tends to infinity. When K
orthogonal waveforms are deployed over the conventionally beam
steered K linear arrays of the Tx, and the azimuthal beam width of
the Rx linear array tends to zero as its aperture tends to infinity, the
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Figure 3: Optimal 1-D Tx/Rx filter results at minimum range.

Figure 4: Conventional 1-D Tx/Rx filter results at minimum range.

“elevation rank” of each spread-clutter mode is kept equal to one,
despite a broad azimuthal distribution of spread clutter.

Practical array design with a finite aperture of the Rx linear ar-
rays introduces “rank expansion” of the spread-clutter covariance
matrix, that depends on the azimuth of the look-direction with re-
spect to the linear array’s bore sight.

The SNR performance of the clairvoyant optimal Wiener re-
ceiver has been analyzed for different Tx and Rx 2D array ge-
ometries, with both forward-only looking and omni-directional el-
ements. It was demonstrated that in order to keep the number K of
the waveforms and rows in the Tx array small, and yet to provide
the required resolution within the entire “range depth” of the radar
coverage, sparse non-redundant arrays geometries must be used for
the inter-row distance selection in both Tx and Rx arrays.

Such design precludes the grating lobes from entering the di-
rections of rejection, while performance degradation caused by a
higher level of NRA sidelobes is shown to be acceptable. Specifi-
cally, the conducted analysis demonstrates that for forward-looking
arrays, the selected geometry of the Tx and Rx arrays has only 2–
2.5dB SNR degradation compared with the ultimate white-noise
limit. In all these cases, the spread clutter is mitigated ∼40dB with
respect to white-noise matched conventional Tx and Rx beamform-
ing in the 2D arrays.

We also considered experimental validation of the mode selec-

Figure 5: 1-D Tx/Rx SINR Improvement results at minimum range.

tive capability of a MIMO radar architecture using one-dimensional
Tx and Rx antennas, due to the difference in coning angles of dif-
ferently oriented Tx and Rx linear arrays. We demonstrated that for
significantly different elevation angles for E-E and E-F modes (ob-
served at minimal ranges), one can select a limited azimuth sector
where spread clutter mitigation associated with mode selection can
be clearly demonstrated.
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Introduction 
 

Multiple-Input Multiple-Output (MIMO) radar has 
the capability to simultaneously transmit and receive 
multiple orthogonal waveforms to improve radar 
performances [1, 2]. The unique structure of MIMO 
radar, as shown in Fig.1, allows transmitting 
waveform and signal processing to be optimized to 
achieve a better radar performance in various areas. 
Multiple matched filters are used at the receiver for 
each antenna element to exclusively receive the 
waveforms transmitted by each element. It has been 
demonstrated that virtual transmitting and receiving 
beams can be formed to achieve an optimum signal-
to-noise ratio (SNR) in target detection, through 
digital signal processing at the receiver using 
arbitrary transmitting waveforms. The actual 
transmitting antenna beam can be optimized to 
minimize the radiation power in any direction (or all 
directions) to achieve a low probability of intercept 
(LPI) property, without degrading target detection 
performance. In previous work involving MIMO 
radar virtual beamforming systems, only SNR and 
white noise were considered for target detection 
performance evaluation. However, for some 
applications such as ground moving target detection, 
using airborne assets, ground clutter interference is a 
much more serious threat for reliable target 
detection. In this work, the MIMO system is further 
investigated for clutter rejection as well as waveform 
design for optimizing the actual radar radiation 
pattern. 
 

Clutter and Target Models for MIMO Radar 
 
Consider a MIMO radar with L transmitting antenna 
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Research Laboratory (AFRL) under contract No. FA8650-08-D-
1465 and sub-contract No. DSC6025-01. 
 

elements and the transmitting waveform is assumed 
to be 

 ][ 21 Tjjj Leee  s ,   (1) 

where l  is the initial phase of the waveform 

transmitted at element , (1 )l l L  . It is assumed that 
the MIMO radar system operates with a low pulse 
repetition frequency (PRF) such that there is no 
range ambiguity for the echoes. For clutter patch i in 
the clutter ring shown in Fig. 2, the relative time 
delay vector from the L antenna elements to the 
clutter patch is 

T
iLiii ]  0[ 121   d    (2)  

and the transmit and receive steering vectors for the 
clutter patch in the conventional sense are: 

Tjjj
it

iLii eee ]    1[ 121   v  (3) 

and 
Tjjj

ir
iLii eee ]    1[ 121   v . (4) 

The MIMO radar steering vector for the i-th clutter 
patch is:  

iritis vvv  ,    (5) 

where   denotes the Kronecker product. 
Considering the initial phases of the transmitted 
waveforms , one may define the MIMO radar 
echo of the i-th clutter patch in Fig. 2 as: 
 icici vχ  ,    (6) 

where 

iriti diag vvsv  ])([    (7) 

 
and ci  is a random complex echo magnitude from 

the i-th clutter patch. If the number of clutter patches 
in a clutter ring is N, the received clutter for the 
clutter ring is given by:   

 



N

i
ici

N

i
cic

11

vχχ  .   (8) 
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The random complex magnitudes of clutter patches 
are assumed to be independent and identically 
distributed (iid) and therefore, it follows that: 

jiijiE   }{ *    (9)  

Accordingly, the clutter covariance matrix of the 
clutter ring is: 





N

i

H
iiic

1

vvR     (10) 

The relative time delay vector from L antenna 
elements to the target is assumed to be: 

T
tLttt ]  0[ 121   d    (11) 

The target transmit and receive steering vectors are 
respectively: 

Tjjj
tt

tLtt eee ]    1[ 121   v  (12) 

and 
Tjjj

tr
tLtt eee ]    1[ 121   v  (13) 

The expected target signal vector received from the 
matched filter outputs in Fig. 1 is determined by: 

trttt diag vvst  ])([   (14) 

where t  is the random complex target signal 

magnitude with its power is given by: 

ttE  }{
2

    (15) 

However, in most cases for MIMIO radar with 
closely-located antenna elements, the target signal 
may be considered to be deterministic with an 
unknown amplitude and phase.    
 

Signal Processing and Waveform Optimization 
 
The optimal signal processing is to design the best 
digital filter coefficient vector w in Fig. 1 to 
maximize the output target signal-to-interference 
plus noise ratio (SINR). Because the clutter and 
receiver noise are uncorrelated and considered to be 
zero-mean Gaussian distributed, the covariance 
matrix of the clutter and noise at the outputs of the 
matched filters in Fig.1 is given by: 

IRRRR 2
ncnc     (16) 

where 2
n is the receiver white noise variance and I 

is the unit matrix of size L2L2. 
With both clutter and noise assumed to be Gaussian-
distributed, the maximum likelihood ratio test can be 
applied to determine the best target detector. Hence, 
the optimal filter coefficient vector is obtained as: 

1 Rtw Hk ,    (17) 

where k is a constant, normally defined as 

)/(1 1tRtw  H . Accordingly, the final output for 
the MIMO radar shown in Fig. 1 is given by: 

tRt

xRt
xw

1

1






H

H
T    (18) 

An important metric for radar clutter rejection 
performance evaluation is Signal to Interference plus 
Noise ratio (SINR) improvement factor (IF), defined 
as:  

i

o
SINR SINR

SINR
IF  ,   (19) 

where SINRo is the SINR at the final output and 
SINRi is the SINR for each channel at the output of 
the matched filters in Fig. 1. The SINR improvement 
factor can further be expressed as: 

2

1 2

| | 
 

T
o t t

SINR H
n ci

SINR
IF

SINR 

 
    

w t

w R w
    (20) 

The initial phases of the transmitted waveforms do 
not directly affect the target detection results 
because the phases can be compensated for through 
the digital filtering process. However, the phases of 
the transmitted waveforms affect the actual 
transmitted beam patterns. In order to achieve a low 
probability of intercept (LPI) property, we can 
choose the phases of the transmitted waveforms to 
make the radiation power of the physical antenna 
beams to be roughly uniform in all directions. 
Previous work has demonstrated that by making the 
waveform phases uniformly distributed in  0 2,  , 

the formed antenna beam radiation power is roughly 
uniform in all directions.   
 

Simulation Results 
 
The proposed approach is simulated based upon the 
MIMO radar configuration shown in Fig. 1, with a 
linear antenna array consisting of 16 elements, 
uniformly spaced at half-wavelength  2 . The 

carrier frequency is 450 MHz. The distance from the 
radar to the range ring is 100km. The clutter-to-noise 
ratio (CNR) prior to signal processing is 40dB and 
the signal-to-noise ratio (SNR) is 0dB. The target is 
fixed in the direction of 0 on the range ring. The 
clutter patch is located on the same range ring with 
an extension of 1 in azimuth. When the location of 
the clutter patch is changed from 1 to 360, the 
performance of the SINR improvement factor, after 
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the MIMO clutter rejection processing, is shown in 
Fig. 3. The results shown in Fig. 3 indicate that the 
clutter can be almost completely eliminated through 
the MIMO clutter rejection processing proposed in 
this work, except when the clutter patch is very close 
to the target. Because the processing is only 
performed in the space domain, when the clutter 
patches exist simultaneously in all directions, the 
total removal of all clutter is not feasible.   
The initial phases of the orthogonal waveforms used 
to generate our simulation results in Fig. 3 are 
randomly and uniformly chosen from a value 
between 0 and 2. Subsequently, the actual radiation 
beam pattern of the MIMO radar is shown in Fig. 4. 
Even the maximum radiation power is limited under 
a certain value in any direction to minimize the 
probability of radar signal interception, the best 
target detection and clutter rejection performance is 
still achieved.   
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Fig. 1 Basic structure of MIMO radar processor 

 

 
Fig. 2 Clutter patch i in a clutter ring for MIMO 

radar operation 

 

0 100 200 300
20

40

60

80

Angle of Clutter (Degree)

SI
N

R
 IF

(d
B

)

 

 

MIMO IF
Maximum IF

 

Fig. 3 Signal-to-interference plus noise ratio 
(SINR) improvement factor for clutter at different 

angles 

 

0 45 90 135 180
0

0.2

0.4

0.6

0.8

Angle (Degree)

B
ea

m
 P

at
te

rn

 

Fig. 4  Actual radiation beam pattern generated 
by the transmitted waveforms to achieve LPI 

property 

 

Clutter 
Patch i 

1Lw  

… 1 

MF1 MFL … MF1 MFL … … 

 

… 

Output 

2 L 

LLw  Lw1  11w  

1251



MAXIMIN ROBUST RADAR WAVEFORM DESIGN FOR DETECTION OF WEAPONS 

Fauzia Ahmad and Moeness G. Amin 

Radar Imaging Lab, Center for Advanced Communications, Villanova University 
800 Lancaster Ave, Villanova, PA 19085, USA. 

phone: + (1) 610 519 8919, fax: + (1) 610 519 6118, email: {fauzia.ahmad, moeness.amin}@villanova.edu 
web: www.villanova.edu/engineering/centers/cac/ 

ABSTRACT 
We consider the problem of designing transmit waveforms 
based on target signature exploitation for detection of 
weapons under single-antenna monostatic radar operation. 
The target impulse response changes with the target orienta-
tion relative to the radar, which may not always be available 
or accurately determined in practical situations. We assume 
that the true target impulse response belongs to some uncer-
tainty class of impulse response functions, which encom-
passes the impulse responses corresponding to the various 
target orientations. A transmit waveform-receiver filter 
combination is then designed to achieve the best lower 
bound on performance within this class, assessed by signal- 
to-clutter-and-noise ratio. Supporting design examples using 
electromagnetic modeled data are provided. 

1. INTRODUCTION 

The ultimate objective of an urban sensing system is to de-
tect, locate, and classify animate and inanimate targets, 
such as humans and weapons, behind walls and barriers [1].  
Radio frequency (RF) is the modality of choice since RF 
signals have the ability to penetrate optically opaque media.  
Design of appropriate waveforms with desirable character-
istics is important for improved detection of targets of in-
terest which is an important part of the performance of ur-
ban sensing radar systems applied to point and spatially 
extended targets.   

Sufficient information about the properties and charac-
teristics of the targets, such as shape, size, and composition, 
is available a priori through EM modeling and experimen-
tations. Waveform design techniques based on target signa-
ture exploitation make use of the a priori information to 
achieve higher probability of target detection [2]-[4].  De-
sign of transmission waveforms using target signatures has 
been recently investigated in the context of urban sensing 
and imaging targets behind walls [5], [6].  

In this paper, we do not address urban sensing prob-
lems of imaging based on multiple antennas or arrays [7], 
[8], but rather consider the problem of designing transmit 
waveforms and receivers for detection of weapons under 
single-antenna monostatic radar operation. The optimal 
approach to this problem is based on the matched illumina-
tion signature exploitation concept in which the transmit 
waveform and the receiver filter are designed such that the 
signal-to-clutter-and-noise-ratio (SCNR) at the output of 

the receive filter is maximized. This approach assumes per-
fect knowledge of the target impulse response. In practice, 
however, the target impulse response changes with target 
orientation relative to the radar, which may not always be 
available especially when the target is behind walls or in 
enclosed structures. Thus, it may be more appropriate to 
assume that the true target impulse response belongs to 
some uncertainty class of impulse response functions which 
encompasses the impulse responses corresponding to the 
various target orientations. A waveform-filter combination 
can then be designed to achieve the best lower bound on 
performance over this class. That is, we design transmit 
waveforms and receive filters which are max-min solutions 
for the SCNR over the class of allowable target impulse 
response functions. 

We consider an AK-47 assault rifle as the target of in-
terest and design both aspect dependent matched illumina-
tion and orientation independent maximin waveforms using 
electromagnetically modeled AK-47 impulse responses. 
Detection performance of designed waveforms is evaluated 
in the presence of noise only and is compared to that of the 
commonly used chirp signal of the same duration and en-
ergy.  

The paper is organized as follows. Section 2 summarizes 
the signature exploitation waveform design approaches for 
known and uncertain target orientations. Supporting wave-
form design examples for the AK-47 rifle are provided in 
Section 3. Performance comparison with a chirp waveform 
is also provided in this Section. Section 4 contains conclud-
ing remarks.   

2. WAVEFORM DESIGN 

We model the stationary or slow-moving extended targets of 
interest as linear time-invariant systems over the observation 
period.  Let the finite-energy 1×zN  transmitted signal vec-

tor be defined as .],,,[ )1(10
T

Nz
zzz −= Kz  Let the target im-

pulse response apparent to the radar be given by an 1×qN  

vector .],,,[ )1(10
T

Nq
qqq −= Kq  Then, the received target 

return, free of noise and clutter, is represented by 
,],,,[ )1(10

T
Ns

sss −= Ks  where ,1−+= qzs NNN  and can 
be  expressed as  

  .Qzs =  (1) 
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Here, Q  is the zs NN ×  target convolution matrix, given by 
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Likewise, by representing the noise by 
T

Ns
nnn ],,,[ )1(10 −= Kn  and the clutter impulse response ma-

trix as  
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the received signal can be expressed as 

    T
Ns

rrr ],,,[   , )1(10 −=++= KrnCzsr  (4) 

Accordingly, the system output, after receiver filter, is given 
by 
    nbCzbsbrb TTTTy ++==  (5) 
where T

Ns
bbb ],,,[ )1(10 −= Kb is the receive filter impulse re-

sponse.  
We assume that the target’s impulse response is deter-

ministic, whereas the clutter and the noise are assumed to be 
independent wide sense stationary zero-mean real stochastic 
processes with known covariance matrices. SCNR at the 
output of the matched filter detector is given by [6] 

                   
}{}{

22

2

nbCzb

Qzb

TT

T

EE +
=γ                          (6) 

Under the assumption of exact knowledge of the target 
orientation and, hence, known impulse response, matched 
illumination approach is used for optimal target detection in 
which the transmit waveform and the receiver filter are 
designed such that the SCNR at the output of the receive 
filter is maximized.  In this case, the optimum matched fil-
ter can be written as the Weiner-Hopf equation [3] 

  QzRRb 1)( −+= nc   (7) 

where  
   }{  },{ T

n
TT

c EE nnRCCzzR ==   (8) 

and }{⋅E is the expected value operator. Further optimiza-
tion of the SCNR with respect to z yields the matched il-
lumination waveform. In case of zero clutter, the optimal 

waveform is proportional to the eigenvector of the matrix 
QRQΩ 1−= n

T corresponding to the largest eigenvalue. 
When both noise and clutter are present, the optimal wave-
form can be obtained by using an iterative procedure [3], 
[6].  

For the case of unknown target orientation and thus 
unknown impulse response, we assume that the true target 
impulse response belongs to a convex uncertainty class of 
impulse response functions which encompasses the impulse 
responses corresponding to the various target orientations. 
That is, the target convolution matrix Q  is a member of a 
class  
    }|{ 2

0 Δ≤−= FS QQQ  (9) 

of target matrices which are within Δ  of the nominal target 
matrix 0Q  in terms of the squared of the Frobenius norm 
[6]. The optimization problem can then be expressed as 

                    
}{}{

minmax
22

2

 , nbCzb

Qzb

Qbz TT

T

S EE +∈
            (10) 

An iterative algorithm, proposed in [6], can then be used to 
design the transmit waveform and receive filter which 
maximizes the worst SCNR among all of the possible target 
impulse responses in the uncertainty class .S  

3. DESIGN EXAMPLES 

Electromagnetic simulations were carried out using 
XFDTD®, a commercial full-wave electromagnetic simula-
tor from Remcom Inc., for computing the impulse responses 
(range profiles) of the AK-47 rifle for vertical polarization 
corresponding to three tilt angles (0°, 45°, 90°) and azi-
muthal aspect angles from 0° to 359° at 1° increment. The 
rifle model used consists of 3mm cubical XFDTD mesh 
cells. In the model, the metallic parts of the rifle are as-
signed perfect electric conductors and the wooden compo-
nents are chosen to be lossless with an assigned permittivity 
of 2. The simulation geometry for the three different tilt an-
gles is shown in Fig. 1 for 0° azimuthal aspect. The azimuth 
angle is measured in a counter-clockwise fashion. The inci-
dent waveform was chosen to be a modulated Gaussian with 
frequency content ≥ 10 dB over the 0.5 GHz to 10 GHz 
frequency range. The scattered field due to the incident 
waveform was collected over 360° in azimuth under 
monostatic operation for each tilt angle. The corresponding 
target impulse responses were obtained by deconvolving the 
transmitted waveform from the scattered fields.  In order to 
avoid any numerical modeling errors at both the lower and 
higher ends of the frequency range of interest, both the inci-
dent waveform and the target returns were bandpass filtered 
with a passband from 1 to 8 GHz prior to deconvolution. All 
of the impulse responses were resampled so that there is 
only one sample per range bin. The sampling period of the 
resultant impulse responses is 0.0625 ns.  
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(a)                                                       (b)                                                                        (c) 

Fig. 1.  AK-47 rifle at 0° azimuth. (a) 0° tilt, (b) 45° tilt, and (c) 90° tilt. 
 

3.1 Known Target Response 
The matched illumination concept was applied to the im-
pulse responses covering full 360° azimuthal aspect of 
various tilt angles of the rifle, and the corresponding opti-
mal waveforms were obtained for the case of white noise 
and zero clutter. Magnitude spectra of the AK-47 tilted at 
45°, and the corresponding optimal transmission wave-
forms for each azimuthal aspect angle between 0° and 359° 
are depicted in Fig. 2. We observe that for each aspect an-
gle, the energy in the optimal waveform is concentrated in a 
narrow frequency band corresponding to the frequency of 
the highest target response, which is characteristic of 
matched illumination detection waveforms in the presence 
of noise only [3]. The SNR as a function of azimuth aspect 
angle using the optimum signal and a conventionally used 
chirp waveform of the same energy and duration is pro-
vided in Fig. 3(a) for the rifle tilted at 45°.  On average, the 
optimum waveform provides an improvement of 5.45 dB 
over the chirp signal. We note that in accordance with (7), 
the receive filter is matched to the expected target echo 
rather than the transmitted waveform for both the matched 
illumination and chirp waveforms. 

3.2 Uncertain Target Response 
For this case, we assume that the target impulse response 
belongs to the uncertainty class S  of eq. (9) wherein the 
nominal target convolution matrix 0Q  is generated in ac-
cordance with eq. (2) using the target impulse response 
averaged over all tilt and azimuthal aspect angles. The cor-
responding target orientation independent maximin wave-
form was designed for the case of white noise only. The 
SNR as a function of azimuth aspect for the rifle tilted at 
45° using the maximin and chirp waveforms of same dura-
tion and energy is shown in Fig. 3(b). Two cases of the chirp 
were considered. For the case labeled as ‘Chirp 1’ in the plot, 
the receive filter was matched to the transmitted chirp wave-
form, whereas for ‘Chirp 2’, the maximin receive filter is 
used for the chirp waveform. From Fig. 3(b), we observe that  

 
(a) 

 
(b) 

Fig. 2.  Normalized magnitude of the frequency responses of (a) AK-47 
rifle tilted at 45°, and (b) corresponding optimal matched illumination 
waveforms, over 360° in azimuth. 
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                                                        (a)                                                                                                                       (b) 

       Fig. 3.  SNR improvement over a chirp for the rifle tilted at 45° using  (a) matched illumination waveforms, (b) maximin waveform. 

 
the maximin waveform-filter design significantly outper-
forms both Chirp 1 and Chirp 2. The SNR obtained with the 
matched  illumination waveforms is also provided and serves 
as an upper bound on target detection performance. On aver-
age, the maximin waveform underperforms the matched il-
lumination waveform, which assumes perfect knowledge of 
the target impulse response, by about 11.6 dB. The maximin 
waveform and its magnitude spectrum are depicted in Fig. 4. 
Table I provides the average SNR improvement of the vari-
ous waveforms over each other. A positive value in a cell 
indicates performance improvement of the design approach 
(column heading) over the waveform (row heading) while a 
degradation is indicated by a negative value. 

4. CONCLUSION 

In this paper, we presented target signature exploitation 
waveform design for detection of weapons under uncer-
tainty in target orientation (tilt and azimuthal aspect). Per-
formance of the designed maximin waveform was com-
pared with that of the widely used chirp waveform of equal 
energy and duration for the noise only case. For the target 
considered and with the clutter-free target returns, the 
maximin waveform significantly outperformed the chirp in 
terms of the SNR at the output of the receive filter. The 
aspect dependent matched illumination approach was also 
provided as an upper bound on target detection perform-
ance. Future work will focus on an assessment of the 
maximin approach for a variety of targets of interest in clut-
tered scenes and waveform design with resolution con-
straints. 
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     (a)                                                                                                                       (b) 

       Fig. 4.  (a) Maximin waveform,  (b) Corresponding magnitude spectrum. 

 
 

Table I.  Average SNR improvement of various waveform design approaches 
 

    Approach 
 
 

Waveform  

Matched  
Illumination 

Approach 

Maximin  
Design  

Approach 

Optimal 0 dB -11.61 dB 

Maximin 11.61 dB 0 dB 

Chirp 1 - 19.13 dB 

Chirp 2 5.45 dB 21.87 dB 
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ABSTRACT

This article deals with blind audio watermarking sys-
tems dedicated to data transmission applications, where
high embedded information bitrates are prospected. We
present an original way to improve the robustness of
such systems to perturbations yielded by acoustic convo-
lutive channels. The proposed method, using the anal-
ogy between watermarking and digital communication,
relies on 1) a channel estimation stage based on an orig-
inal adaptation of the trained RICE algorithm to water-
mark inaudibility constraint and 2) a dedicated equal-
izer, built to invert the convolutive channel effects before
data extraction. The efficiency of the proposed method
is evaluated through simulations conducted for various
real acoustic channels and audio signals. It is shown
that the system bit error rate can be decreased from 0.2
to 9.10−4 thanks to our contribution when the bitrate
transmission is 100 bps and the channel is the acoustic
one.

1. INTRODUCTION

Audio watermarking permits to embed inaudible infor-
mation into audio digital content. Practical implemen-
tations fall into two categories:

1. those oriented toward the copyright and intellectual
property protection, pursuing watermark robustness
and security to pirate attacks, that is, preventing
the watermark to be erased or even estimated by
pirates [1];

2. those related to data transmission, that aim at em-
bedding high-capacity information with purpose to
adding value to digital contents. Their design is
subject to standard constraints, namely embedding
transparency and system robustness to classical au-
dio manipulations (like low-pass filtering or lossy
compressions [2]), but no more to pirate attacks.

The proposed contribution stands on this second range
of applications and tackles the issue of watermarking
system robustness when the watermarked audio sig-
nal is emitted with a loudspeaker and recorded by a
microphone. Several distortions that deeply impact
the decoder performance have to be considered, includ-
ing [3], [4]:

∙ desynchronization, both due to the signal prop-
agation delay between the emitter and the receiver
and to (time or frequency) stretching effects;

∙ acoustic channel effects, that significantly modify
the signal frequency response and is usually modeled

by a convolutive filter with finite impulse response
(FIR).

Regarding desynchronization, various efficient solu-
tions have already been proposed in the literature: the
ones [4] achieve system insensibility to delays or stretch-
ing by embedding symbols no more on single embedding
locations but on larger time-frequency blocks repeat-
ing them over several MCLT1 coefficients; the decod-
ing can then be processed anywhere in the neighbor-
hood of the central symbol locations. Others [5] em-
bed equally-spaced synchronization patterns and profit
from the periodical structure exhibited by the autocor-
relation spectrum of the watermarked signal to estimate
the desynchronization parameters and invert its effects
before decoding.

On the contrary, no watermarking study proposes
specific solutions to the acoustic channel problem,
whereas it represents a major challenge regarding wa-
termarking system robustness: systems proposed by
[6, 7, 8] address the camcorder piracy, but their designs
assume the watermark is sufficiently repeated to be ro-
bust to acoustic channel effects; the achieved useful bi-
trates (around 5 bit per second (bps)) are therefore too
low for high-capacity watermarking applications.

Therefore, the proposed contribution aims at im-
proving audio watermarking system robustness to acous-
tic convolutive channels. Thus, synchronization will be
considered as perfectly carried out in order to focus on
the acoustic convolution. What is more, acoustic con-
volutive channels will be assumed non time-selective be-
tween two consecutive channel estimations, that is to say
over around 5 seconds. An original strategy is proposed
to compensate acoustic channel effects: it first involves
an acoustic channel estimation step based on embedded
training data and then a dedicated equalizer, built to
inverse acoustic channel effects before watermark decod-
ing. The proposed strategy is integrated into a State-
Of-The-Art audio watermarking system with purpose to
evaluate its performance through simulations with true
audio signals.

This article is organized as follows. Section 2
presents the design principles of the considered audio
watermarking system and details the acoustic chan-
nel effects. Section 3 describes the acoustic channel
compensation strategy, detailing the channel estimation
module and the equalization method. Simulation results
in terms of channel estimation efficiency and system ro-

1Modulated Complex Lapped Transform
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bustness to acoustic channels are given in section 4. Fi-
nally, section 5 draws conclusions and tackles ways of
improvement for future works.

2. AUDIO WATERMARKING SYSTEM
FACING ACOUSTIC CHANNELS

2.1 Watermarking system principles

The considered audio watermarking scheme, presently
an additive Spread-Spectrum (SS) system for digital sig-
nals sampled at frequency Fs as proposed in [2], is pre-
sented in figure 1.

At the embedder, the modulation interface maps the
emitted binary sequence {bl} (with length Lb) into the
modulated signal v(n) thanks to a SS waveform d(n)
with duration Nb and unit power. v(n) can then be
expressed during the l-th bit interval as:

∀n ∈ [(l − 1)Nb; lNb − 1], v(n) = (2bl − 1)d(n). (1)

To satisfy the inaudibility constraint, the watermark sig-
nal t(n) is constructed by filtering v(n) with an adaptive
perceptual shaping filter H(f). H(f) is designed ac-
cording to a PsychoAcoustical Model (PAM)2 to make
the watermark Power Spectral Density (PSD) equal to
the masking threshold of the audio signal x(n). The wa-
termark power is then maximized under the inaudibility
constraint. The watermarked audio signal y(n) is finally
obtained by adding the watermark t(n) and the audio
signal x(n).

The receiver, a.k.a the extractor, first filters the re-
ceived watermarked signal ŷ(n) by a zero-forcing filter

1/Ĥ(f), aiming at compensating the perceptual shaping
filter H(f). Since the original audio signal x(n) is not
available at the receiver, H(f) is estimated according to
the masking properties of the received watermarked sig-
nal ŷ(n). A second filtering stage, involving a non-causal
Wiener filter W (f) that minimizes the mean square er-
ror MSE = E[v2(n)], is then performed, yielding the
estimated modulated signal v̂(n). Finally, the decoder
exploits a correlation demodulator, comparing v̂(n) and
the SS waveform d(n) on each l-th bit interval; the sign

of the obtained correlation decides the received bit b̂l.
System performance is therefore related to the Bit

Error Rate (BER) with respect to the embedding rate
R = Fs/Nb and is mainly dependent on the watermark
to signal ratio at the receiver.

2.2 Problem formulation including acoustic
channel effects

Supposing that resynchronization has already been per-
formed, the considered acoustic channel can be modeled
by a convolutive filter C(f) with impulse response c(n),
assumed to be time-invariant. The watermarked signal
y(n) is then distorted in such a way that:

ŷ(n) = c(n) ★ y(n) = c(n) ★ (ℎ(n) ★ v(n) + x(n)) , (2)

where ★ denotes the convolution product.
In such a context, achieving the system robustness

to acoustic channels deals with maintaining the BER

2derived [5] from the classical model used in the MPEG 1 Layer
1 codec

obtained by the system when acoustic channel perturbs
the decoding to the value obtained when the system is
free from perturbation.

The receiver (zero-forcing and Wiener filters) must
now include an additional stage, aiming at inverting the
effects of the convolutive acoustic channel C(f). Since
this channel is unknown from the receiver, the proposed
solution depicted in figure 2 is based on the following
two-steps strategy:

∙ first, a channel estimation stage;
∙ second, an additional equalization, preliminary to
the two reception filters and the correlation demod-
ulator.

3. COMPENSATING ACOUSTIC CHANNEL
EFFECTS WITH CHANNEL ESTIMATION

AND EQUALIZATION PROCEDURES

The proposed strategy for compensating acoustic chan-
nel consists in a training stage based on an adaptation
of the training RICE3 algorithm aiming at estimating
the acoustic channel under the watermark inaudibility
constraint, then a dedicated equalization, with purpose
to improve the decoding performance. These two steps
are detailed bellow.

3.1 Acoustic channel estimation

3.1.1 The RICE algorithm

Standard channel estimation methods are mainly split
into blind estimation techniques and trained ones. Blind
estimation methods could be very attractive for high-
capacity watermarking applications since the channel is
directly estimated using the received signal without bi-
trate increase. Nevertheless the estimation efficiency is
directly linked to the number of recorded observations
obtained with several microphones. Since the consid-
ered application supposes an unique recorded version of
the watermarked audio signal, trained methods are then
more suitable.

Among State-Of-The-Art trained techniques, we fo-
cus on the RICE algorithm [9], since this technique is
specifically designed to estimate the frequency response
of the acoustic channel C(f) for audio dereverberation.
A periodic SS training pattern p(n) (with duration Np)
is added to the audio signal before the loudspeaker emis-
sion. At the receiver, the received signal x(n) + p(n)
is averaged over the set of the Lp periods to get the
convolved version of the pattern c(n) ★ p(n) while de-
creasing audio interference. The pattern transparency
is controlled by maintaining the average power of the
training data relatively low in comparison to the audio
signal power. Unfortunately, it does not prevent from
introducing local audible distortions. Thus, we propose
to adapt the RICE algorithm to the watermarking sce-
nario, paying much attention to the inaudibility con-
straint by introducing the perceptual filtering stage.

3.1.2 RICE adaptation to the watermarking system

At the training embedder, the SS training pattern p(n)
is still intended to be periodically added into Lp train-

3Reduced Interference Channel Estimation
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Figure 1: Principles of the considered audio watermarking system.
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Figure 2: The proposed strategy for compensating acoustic channels: CI=Coherent Integration, LS=Least Square.

ing interval with duration Np. For each l-th training-
interval, we propose to shape p(n) according to the
perceptual shaping filter Hl(f) derived from the au-
dio signal PAM (as any watermark information in sec-
tion 2.1). Thus, the training pattern PSD matches the
audio masking threshold, having the maximized autho-
rized power under local inaudibility constraint. The
watermarked audio signal during the training stage is
finally :

∀n ∈ [(l−1)Np; lNp−1], yl(n) = xl(n)+ℎl(n)★p(n), (3)

where ℎl(n) is the impulse response of Hl(f).
At the receiver, the channel estimation module re-

ceives the convolved watermarked audio signal:

ŷl(n) = c(n) ★ xl(n) + c(n) ★ ℎl(n) ★ p(n) (4)

As in section 2.1, the perceptual shaping is first in-

verted using an estimated version ℎ̂−1
l (n) of ℎl(n) com-

puted by applying the PAM to the received watermarked
audio signal ŷl(n). The psychoacoustical properties of
ŷ(n) can be assumed to be equal to those of x(n) and
to be independent of the acoustic channel c(n), so that:

ẑl(n) = ℎ−1
l (n) ★ ŷl(n) ≃ c(n) ★ p(n) + al(n), (5)

swapping c(n) and ℎ̂−1
l (n), considering ℎ̂l(n) equals

ℎl(n) and introducing al(n) = ℎ−1
l (n) ★ c(n) ★ xl(n)

the residual audio contribution. Since the frequency re-
sponse Ĥ(f) (matching the audio masking threshold)
is close to the audio PSD envelope, al(n) is a partially
whitened version of the audio signal.

The original RICE estimation procedure [9] is fi-
nally carried on: the Coherent Integration over training-

intervals is performed, yielding in time:

z(n) = c(n) ★ p(n) + a(n), with a(n) =

Np
∑

l=1

al(n)

Np

(6)

then in frequency (without any edge effect due to the
periodicity of the pilot emission):

Z(f) = C(f)P (f) +A(f), (7)

where Z(f) (resp. P (f), A(f)) is the Discrete Fourier
Transform (DFT) of z(n) (resp. p(n), a(n)) and f varies
from 0 to Np/2 − 1. Denoting by ∗ the conjugate op-
erator, the estimated acoustic channel impulse response
with length Nc is finally given by:

ĉ(n) = ℜ
(

DFT−1{Ĉ(f)}
)

with Ĉ(f) =
Z(f)P ∗(f)

∣P (f)∣2 + �
,

(8)
following a Least Square method in the frequency do-
main and introducing the regularization factor �, that
prevents noise enhancement in weak frequency compo-
nents.

3.2 Acoustic Channel Equalization

Considering the acoustic channel has been estimated as
ĉ(n), we now aim at designing a dedicated equalizer,
integrated in the watermarking chain before the hid-
den information extraction to invert the channel effects
and make the system performance invariant to acoustic
channels.

Since acoustic channels are often non-minimum
phase, they are difficult to equalize with stable filters.
Thus, the proposed solution is a zero-forcing linear
equalizer with Finite Impulse Response (FIR) ĉ−1(n).
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ĉ−1(n) is designed to be the non-causal least-square op-

timal estimation of the inverse filter 1/Ĉ(f) that sup-
presses the Inter-Symbol Interference (ISI) due to the
acoustic channel effects. Suppressing the ISI requires to
have:

ĉ(n) ★ ĉ−1(n) = �(n) (9)

with �(n) the unit impulse. Let N ′

c be the length of
ĉ−1(n). The former equation can then be rewritten with
the following matrix form:

Ĉ

⎡

⎢

⎣

ĉ−1(0)
...

ĉ−1(N ′

c − 1)

⎤

⎥

⎦
= d (10)

with Ĉ the (N ′

c + Nc) × N ′

c Toeplitz matrix built from
the estimated acoustic channel response ĉ(n) and d =

[ 0 ⋅ ⋅ ⋅ 0 1 0 ⋅ ⋅ ⋅ 0 ]
t
is the vectorial represen-

tation of the unit impulse delayed by N ′

c/2 + 1.
The least-square solution of this problem is finally

given by:

⎡

⎢

⎣

ĉ−1(0)
...

ĉ−1(N ′

c − 1)

⎤

⎥

⎦
=

(

ĈtĈ
)

−1

Ĉtd (11)

4. SIMULATION RESULTS

4.1 Test plan and parameters choice

The proposed acoustic channel compensation method
has been tested on five different acoustic channels.
Their impulse responses were first recorded with Nc =
300 samples in a room environment for five different
loudspeaker-microphone dispositions detailed in table 1;
they have then been applied to the watermarking system
to simulate the acoustic channel attack on watermarked
signal.

Channel Speaker/Microphone
distance angle

1 1 m 0∘

2 1 m 45∘

3 15 cm 0∘

4 20 cm 45∘

5 50 cm 0∘

Table 1: Parameters of the tested acoustic channels.

The compensation module parameters were chosen
as follows: the training sequence length is Nb = 1024
samples (taking into account that PAM is applied on
frames shorter than 20 ms), the lengths of the impulse
responses are Nc = 300 and N ′

c = 200 samples.
The proposed method performance is evaluated

through the BER measurement over a set of 10 audio
signals, sampled at Fs = 44.1 kHz, with various styles
(jazz, man voice, classical music). 2000 bits are wa-
termarked into each music, so that the obtained BER
reliability is around 5.10−4.
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Figure 3: Normalized correlation between real and es-
timated acoustic channels with respect to the patterns
number.

4.2 Acoustic channel estimation performance

The performance of the proposed acoustic channel es-
timation procedure is evaluated through a normalized
correlation criterion. It is computed as the normalized
correlation between the impulse response c(n) of the pre-
recorded acoustic channel and the estimated one ĉ(n),

that is:  =
⟨c, ĉ⟩

∥c∥ ∥ĉ∥
, with ⟨c, ĉ⟩ =

Nc−1
∑

n=0

c(n)ĉ(n), with

ĉ(n) is padded with zeros so that c(n) and ĉ(n) have the

same length, ∥c∥ =
√

⟨c, c⟩ and ∥ĉ∥ =
√

⟨ĉ, ĉ⟩. The
higher  is, the more similar c(n) and ĉ(n) are.

The obtained normalized correlations for the five
considered acoustic channels are presented in figure 3
with respect to the number Lp of embedded patterns
involved in the training procedure.

The obtained results show that the estimation per-
formance strongly depends on the acoustic channel,
since for instance channel 2 is well estimated (with
 = 0.9) when the number of training patterns is high,
whereas the estimation of channel 5 is acceptable with
 = 0.77. Note that no relation between the distance
or the angle between the loudspeaker and the micro-
phone and the estimation performance is displayed. The
estimation procedure exhibits a systematic error, since
the normalized correlation metric stagnates with high
training pilot number. This bias comes mainly from
the fact that the convolutive channel introduces slight
differences between the perceptual shaping filter at the
embedder H(f) and at the receiver Ĥ(f) so that the

approximation Ĥ(f) ≈ H(f) no more holds; thus, the
frequency shaping inversion makes the estimation of the
channel-convoluted pilot imperfect.
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Figure 4: Averaged BER with respect to the useful bi-
trate R with 4 configurations: (1) the compensation
module is turned off and (a) the channel is free from
perturbation then (b) acoustic channels are applied;
(2) acoustic channels are applied and the compensation
module is turned on using, for equalization, (c) the real
acoustic channel then (d) the estimated acoustic chan-
nel.

4.3 Acoustic channel equalization performance

The acoustic channel equalization efficiency is evaluated
through the whole system performance in terms of BER:
the mean BERs, obtained with the five considered chan-
nels, are presented in figure 4 with respect to the use-
ful transmission bitrate R (in bps). The acoustic chan-
nel compensation module is turned on with Lp = 100
patterns, yielding a decrease of the transmission bitrate
from 10%.

The obtained results are compared to performance
of the reference system (without the acoustic channel
equalization stage) when: 1) the channel is free from
perturbations and 2) the channel is one of the five con-
sidered acoustic channels, but also when the equaliza-
tion procedure uses the known acoustic channel C(f)

instead of the estimated one Ĉ(f).
These results prove the equalization procedure effi-

ciency. System performance strongly decreases when no
dedicated equalization is performed, but are quite equal
to the BERs obtained with a free-from-perturbation
channel when the real acoustic channel C(f) is used
in the dedicated equalization stage. BERs obtained
with the estimated channel Ĉ(f) are slightly higher than
those with the real channel, since the channel estima-
tion is imperfect; but the system transparency to acous-
tic channels is almost achieved, since for instance at
R = 100 bps the transmission achieves a BER equal
to 9.10−4 with the proposed acoustic channel compen-
sation module (compared to 5.10−4 when the channel is
free from perturbation).

5. CONCLUSION

In this article, we have introduced a new method to face
performance degradations of audio watermarking sys-
tem in presence of acoustic channel perturbations. Our
method is based on a two-stage procedure, including
an estimation module and an equalization block added
in amount of the system extractor. Simulations have
shown the contribution efficiency with a decrease of the
BER from 0.2 to 9.10−4 when the transmission bitrate is
100 bps bitrate whereas the acoustic channel estimation
is biased and imperfect.

Future work will focus on reducing the estimation
bias and on the acoustic channel time variability: the
estimation stage could be replaced with a joint estima-
tion/equalization one and be made adaptive so that the
channel estimation is regularly updated with regards to
the acoustic environment variations.
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ABSTRACT
Audio segmentation has applications in a variety of con-
texts, such as automatic broadcast news transcription, audio
information retrieval, and as a pre-processing step in auto-
matic speech recognition (ASR). The Support vector ma-
chine (SVM), as a binary classifier, is commonly used for su-
pervised audio signal segmentation and classification. In this
study, inspired by the idea of scanning window, we present
and evaluate an unsupervised audio segmentation approach
based on the SVM training error rate. The approach is unsu-
pervised in the sense that it does not require prior knowledge
of audio classes. Experimental results indicate that the seg-
mentation technique outperforms traditional Bayesian infor-
mation criterion (BIC), generalized likelihood ratio (GLR),
and Gaussian mixture models (GMM) methods, particularly
in detecting audio landmarks of short duration.

1. INTRODUCTION

Many audio streams (e.g., broadcast news from either tele-
vision or radio), comprise signals from a wide variety of
sources, most notably including speech and music. Since
the sources are basically different in acoustic nature, a single
method cannot be used to process the entire audio stream.
Audio segmentation has thus become an important pre-
processing step to break audio streams into homogeneous
segments so that each segment can be addressed in a different
manner.

State-of-the-art audio segmentation techniques include
both supervised and unsupervised approaches. Supervised
segmentation methods can be categorized as model-based,
such as GMM or HMM [1], or decoder-based [2]. Model-
based methods perform classification over a small number
of frames in the audio stream, and are able to detect short
duration segments. Nevertheless, these methods require pre-
trained models for each audio class to be used in segmen-
tation. They are thus limited to applications where acoustic
classes are known a priori and a large amount of training data
is available.

Unsupervised segmentation techniques are generally
based on a likelihood ratio test between two hypotheses con-
sisting of change and no change for a given observation se-
quence. Examples of these approaches include model selec-
tion based segmentation, such as Bayesian Information Cri-
terion (BIC) [3, 4], and metric based segmentation, such as
GLR [5]. These techniques, which work based on a scanning
window scheme, have recently become popular because (i)
they are robust and effective for the task, and (ii) they do not
require prior knowledge of audio classes as models are es-
timated directly from the observation sequence. These facts

enable them to serve a wider range of applications as well.
However, both techniques detect changes over a large win-
dow, usually longer than 2 seconds, and tend to miss many
short-duration segments.

Designed specifically for audio segments of short dura-
tion (i.e., less than 2 seconds), in this paper we present and
evaluate an unsupervised segmentation approach, inspired by
the idea of scanning window used in the above mentioned
unsupervised methods and based on SVM training error rate.
The approach is unsupervised in the sense that it does not
require prior knowledge of audio classes.

This paper is organized as follows: In the following sec-
tion, we provide a brief review of the SVM. The segmenta-
tion algorithm is described in Section 3. Section 4 presents
the experiments performed, followed by a discussion of the
obtained results in Section 5. Finally, we draw conclusions
and discuss future work in Section 6.

2. SUPPORT VECTOR MACHINE

A SVM is a binary classifier that makes its decision by con-
structing an optimal separating hyperplane (OSH) that di-
vides a d-dimensional real space into two half spaces with the
largest margin [6]. Binary classification is the task of classi-
fying the members of a given observation sequence into two
groups on the basis of whether they have the same property
or not. More precisely, let D = {(xi,yi), i = 0, . . . , m−1}
denote a training dataset in which each example xi ∈ Rd be-
longs to a SVM binary class labeled as yi ∈ {−1,+1}. A
separating hyperplane (also called discriminant function) sat-
isfying wtx+b = 0, divides the dataset such that all points
with the same class label are on the same side of the hyper-
plane, where x is an input vector, w ∈ Rd is an adjustable
weight vector, and b ∈R is a threshold or bias. Furthermore,
we let wt denote the transpose of w.

The OSH problem can be formed as,{
minimize 1

2‖w‖
2

subject to yi(w
txi +b)≥ 1, i = 0, . . . , m−1.

(1)

The solution to this quadratic problem can be found by
computing the saddle point of the Lagrange function, where
(1) is formulated as,

L(α) =
m−1

∑
i=0

αi−
1
2

m−1

∑
i=0

m−1

∑
j=0

αiα jyiy jxi
tx j, (2)

subject to,
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m−1

∑
i=0

yiαi = 0

C > αi ≥ 0, i = 0, . . . , m−1,

(3)

where C is a penalty parameter that determines the trade-off
between margin maximization and training error minimiza-
tion. Suppose that ai maximizes (2), then, the parameter w
of the discriminant function has the expansion,

w =
m−1

∑
i=0

aiyixi. (4)

The bias of the OSH can be determined from ai and from
the Karush-Kühn-Tucker (KKT) conditions as

b = y j−
m−1

∑
i=0

aiy jxi
tx j, (5)

with any j such that C > α j ≥ 0, i.e., support vectors. The
corresponding training examples (xi,yi) with non-zero coef-
ficients ai are called support vectors. The decision function
for classifying a new data point x can be written as,

f (x) = sgn
{m−1

∑
i=0

aiyixi
tx+b

}
. (6)

The decision function (6) works well when the decision
boundary between the two classes is linear. However, the
training set is not always linearly separable. To achieve bet-
ter generalization performance, the input data can be first
mapped into a high-dimensional feature space where the
decision boundary is linear. As shown in Figure 1, this
mapping, φ : X → F, can simplify the classification task.
Then, the OSH is constructed in the feature space F. If
φ(x) denotes a mapping function that maps X into a high-
dimensional feature space, F, the decision function (6) be-
comes,

f (x) = sgn
{m−1

∑
i=0

aiyiG(xi,x)+b
}
, (7)

where G(xi,x j) = φ(xi) ·φ(x j) is called the kernel function
and must be a positive-definite function [7]. Examples of
such positive-definite functions are as follows,

Linear kernel −→ G(xi,x j) = xi ·x j,

Polynomial kernel −→ G(xi,x j) = (xi ·x j +1)n,

Gaussian RBF kernel −→ G(xi,x j) = exp(−
∥∥xi−x j

∥∥2

2σ
2 ),

where (·) denotes the dot product, n ∈ N is the degree of the
polynomial kernel, and σ ∈ R is the width of the Gaussian
radial basis function (RBF) kernel. In addition to the above
mentioned kernels, there are other kernels which are not ex-
ploited in this study (for more details see [6]).

3. SEGMENTATION ALGORITHM

Using the SVM or generally kernel-based techniques for the
task of audio segmentation is not a novel concept. Lu et al.
[2] adopted a bottom-up binary tree combining three two-
class SVM classifiers for content-based audio segmentation.
Ramona and Richard [8] presented a SVM-based approach

Figure 1: Feature map can simplify the classification task.

combined with a median filter post-processing for the task of
speech/music segmentation. Both of these methods, are sim-
ilar to model based segmentation methods, since they require
a large amount of training data as well as pre-determined
audio classes to train the SVM classifier. In other words,
their methods are supervised. In an unsupervised framework,
Lin et al. [9] introduced a novel speaker change detection
approach based on the SVM called SVM training misclas-
sification rate (STMR). The foundation of our algorithm is
taken from their work. Other unsupervised kernel-based ap-
proaches for audio segmentation have also been proposed in
[10, 11]. Although we also use the SVM, this study presents
an unsupervised method for the task of audio segmentation.

Figure 2: 2-D SVM hyperplane for classifying audio features
in two adjacent windows when they come (a) from the same
class, and (b) from different classes.

The basic concept of the segmentation algorithm is illus-
trated in Figure 2. After framing and feature extraction, an
audio stream is represented as a sequence of frames with d-
dimensional features. Next, for training the SVM classifier,
two windows which comprise the same number of frames are
considered. Inspired by the idea of window scanning which
has been widely used in conventional unsupervised segmen-
tation methods such as BIC and GLR, we begin with the as-
sumption that there is a change point located in the audio
stream at the center of the two adjacent windows under con-
sideration. The data of these two windows, separated by this
hypothetical change point, are labeled as (+1) and (−1) for
training the SVM hyperplane. As shown in Figure 2(a), if
these two windows come from the same class, they will not
have significant differences, and the SVM hyperplane will
not be able to effectively discriminate between them. On the
contrary, if the two windows come from different classes,
they will have significant differences so that the SVM hyper-
plane can effectively classify these data into two classes (see
Figure 2(b)).
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Hence, there will be a relatively large training error rate
when the two windows are from the same class while it will
be small for different classes. If this training error rate is
below a threshold value, the hypothesized change point will
be accepted, otherwise it will be rejected. After one hypothe-
sized change point has been tested, the two adjacent windows
are moved one frame to the right, and then the new hypoth-
esized change point will be tested again. This procedure is
repeated until the right hand window reaches the end of the
audio stream. This technique provides independent hyper-
plane training and also training error computation for every
two adjacent windows, thus we can avoid the error broadcast-
ing problem [9] that is an important drawback of methods
such as BIC [3]. The segmentation algorithm is summarized
as follows:

1. Construct feature set X = {xi, i = 0, . . . , m− 1} from
the frames of the audio stream (where i is the frame in-
dex).

2. Label frames of the left and right hand windows of the
hypothesized change point r as (−1) and (+1) respec-
tively, i.e., {xi, i = 0, . . . , r− 1} ∈ (−1) and {xi, i =
r, . . . , m−1} ∈ (+1), where r =

m
2

.

3. Train an SVM classifier using these labeled frames.
4. Test the SVM classifier with the same data used for train-

ing and calculate the training error rate.
5. If the training error rate is below a threshold, accept r as

a change point, else disregard it.

4. EXPERIMENTS

4.1 Database

The problem of speech/music discrimination [12, 13, 14, 8]
has attracted significant research effort for more than a
decade, motivated primarily because it is essential for auto-
matic transcription of broadcast news as well as audio infor-
mation retrieval [15, 16]. Considering this, we conducted our
experiments on Scheirer and Slaney’s database [13] which
comprises both speech and music segments recorded at ran-
dom times from FM radio1. The total duration is 40 min-
utes consisting of 20 minutes of speech from both male and
female speakers, as well as 20 minutes of music including
samples of classical, jazz, pop, rap, and rock music, with and
without vocals.

Figure 3 shows the distribution of duration of the audio
segments derived manually from the database. About 33% of
the segments are less than 2 seconds in order to enable us to
assess our claim that the segmentation algorithm is capable
of detecting changes in short duration segments. These seg-
ment are concatenated to form audio streams for performing
experiments.

In our experiments, 13-dimensional mel-frequency cep-
stral coefficients (MFCCs) are extracted every 10 ms from
frames of 20 ms duration as audio features. While origi-
nally developed for ASR applications, the MFCCs have been
shown to be quite useful for music modeling, and in particu-
lar for speech/music discrimination [17].

1http://www.ee.columbia.edu/~dpwe/sounds/musp/music-speech-
20051006.tgz
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Figure 3: Distribution of audio segments durations in the
database constructed by concatenating the segments manu-
ally derived from Scheirer and Slaney’s database.

4.2 Evaluation Metrics

In an audio segmentation system, two possible errors can
occur. Type-I errors occur if a true change is not detected
within a certain neighborhood (0.25 second in our case).
Type-II errors occur if a detected change does not correspond
to a true change (also called false alarm). Type I and II errors
can be measured in terms of precision (PRC) and recall
(RCL) respectively, which are defined as,

PRC =
no. of correctly found changes

total no. of changes found
, (8)

RCL =
no. of correctly found changes

total no. of true changes
. (9)

Recall is usually stressed more than precision in evaluating
segmentation algorithms since false alarms can be compen-
sated by subsequent procedures such as clustering or classi-
fication [18]. Here, both metrics are treated equally in this
study.

The F-measure combines PRC and RCL into one mea-
sure as,

F-measure =
2×PRC×RCL

PRC+RCL
. (10)

The F-measure takes on values between 0 and 1, where a
higher score on this metric indicates better performance. In
our experiments, in a parameter tuning stage, the threshold
values and parameters for each segmentation algorithm are
chosen to maximize the F-measure.

5. RESULTS

In this section, the performance of the proposed approach
for speech/music segmentation is compared against that of
conventional segmentation techniques based on the metrics
introduced in the previous section.

We first evaluate the segmentation algorithm on audio
data using the SVM with different kernel functions as men-
tioned in Section 2. Figure 4 shows an example of this ex-
periment on a 9-second audio stream with 3 change points.
We assume there is only one specific speaker or music genre
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Gaussians (5,10,20) (c), BIC curve with λ = 2.75 (d), and GLR curve (e). Dashed and dash-dotted lines represent thresholds
and true change points, respectively.

in each audio segment (this was considered while concate-
nating the audio segments). Two adjacent windows are cho-
sen to be 100 frames (1 second) and are shifted one frame
to the right in iterations of the algorithm until the right hand
window reaches the end of the audio stream. Also, the pa-
rameter C of the SVM classifier is set to 1 in all iterations of
our experiments. As previously noted, in the parameter tun-
ing stage, these parameters are adjusted to maximize the F-
measure. Experiments in the parameter tuning stage are con-
ducted on ten 9-second audio streams which are randomly
selected from the database. The best parameter settings ob-
tained from this stage are used for the following experiments.

As can be seen from Figure 4(b), the SVM classifier
along with the polynomial kernel (n = 2) or the Gaussian
RBF kernel (σ = 1), always correctly classifies frames of the
two adjacent windows into two classes. Consequently, train-
ing error rate trajectories for these two kernels are almost
zero over the time and this phenomenon causes false alarms
to occur for any threshold. On the other hand, the trajectory
for the SVM trained with the linear kernel drops to nearly
zero only around change boundaries with no false alarms oc-
curring elsewhere in the figure. Therefore, the algorithm can
work well with the linear kernel.

To support our claim that the proposed algorithm is supe-
rior in situations of short segment duration (or equivalently
small amount of training data), we replace the SVM classifier
with a GMM classifier and perform the same procedure in the
segmentation algorithm to calculate the training error rate
trajectories. The performance of the GMM with a varying
number of Gaussians is illustrated in Figure 4(c). It is seen

that as the number of Gaussians increases, the false alarm
rate increases. Also, like the SVM with the Gaussian RBF
kernel, the GMM with 20 Gaussians always has a training
error of nearly zero. Furthermore, enormous fluctuations of
GMM trajectories make it difficult to obtain a reliable thresh-
old, so a low-pass filtering is required to eliminate redundant
local minima by smoothing the trajectories.

To assess performance of other unsupervised methods
and compare them with ours, we perform the same experi-
ment on both the BIC and GLR. The results for the BIC with
a penalty parameter λ = 2.75 (obtained during the parame-
ter tuning stage) and the GLR are shown in Figures 4(d) and
4(e), respectively. The main issue with these methods is that
their local minima in different change points vary in mag-
nitude which makes the threshold setting more difficult than
for the SVM. In addition, the BIC tends to miss some change
points in the stream. Moreover, the GLR produces some false
alarms, while the proposed algorithm maintains reliable and
error free detection performance. We assume these phenom-
ena are the result of an insufficient amount of data in short
segments which prevent distance calculations from being ac-
curate in both the BIC and GLR methods.

One of the most important reasons why our algorithm
is able to detect short segments is that the SVM classifier
requires only a small amount of training data in comparison
to the BIC and GLR that require much more data to enable
them to detect changes accurately.

Table 1 shows performance evaluation metric scores for
the proposed technique using the SVM along with the lin-
ear kernel as well as the GMM with 5 Gaussians. Also
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given in the table are scores obtained from evaluating the
BIC (λ = 2.75) and GLR segmentation algorithms. Thresh-
old settings for these four methods are 0, 0.01, 0, and −400,
respectively, which have been obtained from the parameter
tuning stage (also shown in Figure 4 as dashed lines). From
a total of 40 minutes audio data, 1.5 minutes (3.75%) were
used for parameter tuning, while the remaining 38.5 min-
utes (96.25%) have been used as test data for benchmark-
ing the segmentation techniques. It is worth mentioning here
that no smoothing was applied to the trajectories during the
evaluations. In each column of the table, PRC, RCL and F-
scores are reported for short segments (less than 2 seconds)
and longer ones separately. Obtained results indicate that the
proposed technique outperforms other conventional segmen-
tation methods in both short and long duration segments.

Table 1: Results obtained from evaluating the segmentation
techniques on approximately 40 mintues test data.

Method
PRC RCL F-measure

≤ 2s > 2s ≤ 2s > 2s ≤ 2s > 2s

SVM 98.7 96.1 97.4 98.9 98.1 97.5

GMM 85.3 88.0 82.5 82.1 83.9 85.0

BIC 77.2 84.4 72.8 79.0 74.9 81.6

GLR 78.7 83.8 79.2 81.0 79.0 82.4

6. CONCLUSIONS

This study has presented an unsupervised audio segmenta-
tion algorithm, inspired by the idea of scanning window used
in metric-based approaches, and based on the SVM train-
ing error rate. Based on the experimental results obtained in
terms of PRC, RCL, and F-measure, the algorithm consis-
tently outperformed conventional methods such as the BIC,
GLR and GMM, in accurate detection of change points in
audio streams. In particular, the segmentation algorithm can
identify audio content changes with less audio data, making
it capable of detecting landmarks of short duration (less than
2 seconds). This work can be expanded by considering more
classes than speech and music. In addition, the integration of
this algorithm into a framework which includes a classifica-
tion step can also be considered.
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ABSTRACT

This paper presents a system for acoustic event detection in
recordings from real life environments. The events are modeled
using a network of hidden Markov models; their size and topology
is chosen based on a study of isolated events recognition. Wealso
studied the effect of ambient background noise on event classifi-
cation performance. On real life recordings, we tested recognition
of isolated sound events and event detection. For event detection,
the system performs recognition and temporal positioning of a se-
quence of events. An accuracy of 24% was obtained in classifying
isolated sound events into 61 classes. This corresponds to the ac-
curacy of classifying between 61 events when mixed with ambient
background noise at 0dB signal-to-noise ratio. In event detection,
the system is capable of recognizing almost one third of the events,
and the temporal positioning of the events is not correct for84% of
the time.

1. INTRODUCTION

Audio streams, such as broadcast news, meeting recordings,and
personal videos contain sounds from a wide variety of sources. Ex-
amples include audio events related to human presence, suchas
speech, laughter, or coughing, or to sounds of animals, objects, na-
ture, or situations. The detection of these events is useful, e.g., for
automatic tagging in audio indexing, automatic sound analysis for
audio segmentation or audio context classification.

An audio context or scene is characterized by the presence of
individual sound events. In this respect, we may want to manage
a multi-class description of our audio or video files by detecting
the categories of sound events which occur in a file. For example,
one may want to tag a holiday recording as being on the ”beach”,
playing with the ”children” and the ”dog”, right before the ”storm”
came. These are different level annotations, and while the beach as
a context could be inferred from acoustic events like waves,wind,
and water splashing, the audio events ”dog barking” or ”children”
should be explicitly recognized, because such acoustic event may
appear in other contexts, too.

The goal of this paper is to present an event detection systemfor
a large and complex dataset. Previous related work includesaudio
scene recognition [1, 2, 3], analysis of video sound tracks [4, 5], and
acoustic event detection [6]. Earlier work commonly considers only
a rather limited number of audio events in a small set of audioenvi-
ronments. The work presented in this paper extends the eventdetec-
tion task to a comprehensive set of event-annotated audio material
from everyday environments. We consider the task of recognizing
and locating audio events in polyphonic long recordings. Weuse
the term ”polyphonic” for denoting recordings in which there are
overlapping events, and at one instant of time there is no limitation
for the number of event sound sources that can be present.

Our experiments comprise three parts. First, a study of the ef-
fect of hidden Markov model (HMM) size and topology for classifi-
cation performance is performed using a database of isolated audio
events. On the same database, we study the effect of the polyphony

1This work was financially supported by the Academy of Finland.

by adding environmental noise in different signal-to-noise ratios.
The environmental noise is selected from a collection of appropriate
ambient noises where other similar events can be present to create
a realistic polyphonic fragment. Similar classification experiments
are also run on real-life recordings, with the purpose of classifying
the most prominent audio event in segments of various sizes.The
test segments are provided by manual annotation, as it will be ex-
plained later. A final experiment is the detection of audio events in
long recordings, which includes recognition and temporal position-
ing of a sequence of events within the recording.

The paper is organized as it follows: Section 2 presents an
overview of audio scene recognition and event detection studies we
find relevant to our work. Section 3 presents the tests covering iso-
lated sound event classification. Section 4 describes the final choice
for the recognition system stucture, the database of real life record-
ings and the experimental results in classifying and detecting audio
events in the recordings. Section 5 presents discussion andconclu-
sions and the orientation towards future work.

2. PREVIOUS WORK

Most of the previous work classifies an audio signal into one of
predefined classes using standard features such as mel-frequency
cepstral coefficients (MFCC) and classifiers such as hidden Markov
models (HMM) or Gaussian mixture models (GMM). In [3], au-
thors compared various features and classifiers in classifying be-
tween 24 everyday contexts, such as restaurant, car, library, and of-
fice. The system used MFCCs and their first-order time derivatives
as features and HMMs with discriminative training for classifica-
tion. The authors also conducted a listening test to comparethe
system’s performance to the human abilities. The average recogni-
tion accuracy of the system was 58%, against 69% obtained in the
listening tests, in recognizing between 24 everyday contexts. The
accuracies in recognizing six high-level classes were 82% for the
system and 88% for the humans.

The work in [7] deals with direct audio context recognition.
Individual events are considered to be characteristics of the audio
scene, and are not modeled themselves, but included in models of
the contexts. The events and contexts are chosen such that tomin-
imize overlapping. The authors present results for classifying 14
different contexts using MFCCs and matching pursuit features, us-
ing fixed length segments in training and testing.

In [2], the authors propose unsupervised clustering of interest-
ing events recorded automatically in an office environment.The
”interesting” events are detected by continuous monitoring of back-
ground noise and then clustered into discrete categories using unsu-
pervised k-means. Authors of [4] propose a framework for detection
of key audio effects in a continuous stream. They use 10 audioef-
fects, distinct enough to be perceived, modeled using HMMs with
parameters trained using isolated audio effects from Web, and de-
code the optimal sequence using the Viterbi algorithm.

Acoustic information is used also for finding interesting seg-
ments of video in video content analysis. Authors of [5] present an
audio keyword generation system for sports videos based on audio.
They use HMMs for classifying semantic events and a support vec-
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Figure 1: Isolated events classification performance for different
size and type models.

tor machine (SVM) classifier for finding audio keywords in soccer,
basketball and tennis videos. Audio event detection can finda use
also in healthcare monitoring for elderly people [8] or audio-based
surveillance [1].

Efforts on acoustic events detection are presented in the CHIL
project in their CLEAR evaluation [6]. The goal of the acous-
tic event detection task is to detect and recognize a closed set of
pre-defined acoustic events. The evaluation data consistedof over-
lapping acoustic events occurring in the CHIL lecture and meeting
corpus. Participants to the CLEAR evaluation proposed 5 systems
based on HMMs and one on SVMs; the best performing system
used HMMs and AdaBoost for feature selection[9]. Our proposal
consisted of fully connected HMMs, using MFCCs and optimal
path search decoded using the Viterbi algorithm [10].

Despite the research done so far, reliable detection and cat-
egorization of audio events from everyday audio is not mature
enough for practical applications, such as automatic indexing of
video sound tracks. The presented research contributes to the field
by presenting a detailed evaluation of an HMM-based event detec-
tion system on a realistic and diverse set of audio material.

3. ISOLATED EVENTS CLASSIFICATION

In order to select the appropriate size and type of audio event mod-
els, we performed preliminary tests for isolated sound recognition.
For this, a collection of isolated sound effects was selected from the
Stockmusic online sample database1, and organized into 61 classes.
This database contains a total of 1359 samples belonging to 9dif-
ferent contexts: crowd, hallway, household, human, nature, office,
outdoors, shop, vehicles.

Samples from these classes were randomly selected either to
the training set (70%) or to the testing set (30%). The training
and testing set randomization was done five times and the average
performance was calculated. Isolated event recognition was imple-
mented for the 61 event classes, using MFCC based features and
HMMs. We chose the same parametrization method as in [10]. Six-
teen MFCCs were extracted from 20 ms long Hamming-windowed
frames with 50% frame overlap and 40 mel-bands spanning the fre-
quency range up to the Nyquist frequency were simulated in the
frequency domain. The zeroth order coefficient was discarded. In
addition to the static MFCC coefficients, we appended the first and
second time derivatives. Using these features, an HMM was trained
for each audio event class using the Expectation-Maximization
(EM) algorithm. In the classification stage, the likelihoodof each
HMM producing the test observation sequence was obtained using
the Viterbi algorithm, and the event was selected as the one corre-
sponding to the HMM giving the largest likelihood.

Figure 1 presents the recognition rates for different size and
type of HMMs and number of gaussians per state. At a sufficiently
high number of gaussians per state, the system attains its maximum
possible performance for the task, which in our case is 54% for 61
events. We also tried adjusting the number of states according to

1http://stockmusic.com/
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Figure 2: Isolated event classification performance under varying
SNR conditions.

the average length of the audio events; this did not result inhigher
performance. Most of the fully-connected models became diago-
nalized during the training. Based on the simulations, it appears
that a three-state left-to-right HMM with 4 to 16 mixture densities
per state is a good choice for modeling audio events.

We conducted an additional study of how the environment rich-
ness influences the recognition of events. To simulate a natural
polyphonic environment, we studied the effect of differentsignal-
to-noise ratios, the signal being the event to be recognizedand
”noise” being selected from a database of ambient noises2. Am-
bient noise samples were chosen from the same 9 context classes as
the sound effects. The background samples were randomly selected
for each sound effect from the same context to which the eventbe-
longs, and the same background sample was used for the different
SNR-cases. The results of sound effects classification under varying
SNR conditions is presented in Figure 2 for a three-state HMMas
a function of the number of gaussians per state. It can be observed
how the performance decreases considerably with the introduced
polyphony. This happens also in everyday life; when the acoustic
power of the environmental noise is too high compared to individual
events, we simply do not hear or recognize them anymore.

4. EVENT DETECTION IN REAL LIFE RECORDINGS

In the event detection in real life recordings, two tasks areevalu-
ated: classification of isolated events in polyphonic recordings and
detection of events in continuous sequences. For classification of
isolated events, the test data provided to the recognizer consists of
a short segment of audio containing one specific event, but the seg-
ment can have a rich content meaning that other events may also
be present on the duration of the target event to be recognized. This
task is similar to the SNR experiments from Section 3. In the acous-
tic event detection, the system also needs to temporally position the
events. The test data consists of an entire track, and the system
performs segmentation and classification simultaneously.

4.1 System description

The system for event detection consists of 61 event class models
represented by three-state left-to-right HMMs with 16 gaussians per
state. The set of features used for constructing the models are the
MFCCs. The parameterization was the same as in Section 3.

For event classification, the class corresponding to the model
resulting in the largest likelihood for the test observation sequence
is chosen as recognition result. For event detection, the 61models
are connected into a network HMM, having equal transition proba-
bilities from one event model to another. The detection taskoutput
is an unrestricted sequence of the 61 models, where any modelcan
follow any other and there is no limit for the number of events. The
optimal sequence of events is decoded using the Viterbi algorithm.
The output of the system contains the timestamps for the recognized

2http://www.sound-ideas.com/
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Figure 3: Count-based probabilities for the event classes calculated for the entire database. The histogram is dominated by ”speech”, as it is
the most frequently annotated event, appearing in all the recorded contexts.

events, assuming that the system will indicate the most prominent
event at a given polyphonic segment.

4.2 Database of real life recordings

For the modeling and recognition of acoustic events we collected
long recordings (10 to 30 min each) from ten different acoustic en-
vironments (see the list in Table 1). All the recordings are made
using a binaural setup, where a person is wearing the microphones
in his ears during the recording. The recording equipment consists
in a Soundman OKM II Klassik/studio A3 electret microphone and
Roland Edirol R-09 wave recorder using 44.1 kHz sampling rate
and 24bit resolution.

The events in the recordings were manually annotated by spec-
ifying the name and exact location (start and end time) of each
audible event within the files. For each context there are 8 to14
recordings, with a total of 103 recordings in the database. Within
each context there are from 9 to 16 annotated event classes, totalling
to 61 event classes, and there are many event classes appearing in
multiple contexts. We formed distinct classes for events appearing
at least 10 times, while more rare events are included in a class la-
beled as ”unknown”. Figure 3 illustrates the event classes and their
frequencies of occurrence within the database. The classesare not
balanced, some events are very frequent, while other are very com-
mon, as it is expected in a natural environment.

The data was split into non-overlapping training and testing sets
such that in five folds all the material gets tested. Individual event
instances as annotated are used for training. The features for one
event instance were calculated directly from the polyphonic mix-
ture, in the region of each track that was annotated as havingthat
event present. In the case when more events appear simultaneously,
the same part of the track (therefore the same observation vectors)
was assigned to all the event classes present in that segment. The
observations for individual events were used to construct models for
each class. Table 1 presents information about the number ofevent
instances extracted from each context.

4.3 Event classification

In this experiment we are interested in recognizing one event per
presented test segment, considering that the system will identify the
most prominent event in that segment. The experiments were per-
formed in the described five fold setup. In this case, the testdata is
segmented into chunks containing one event, according to the an-
notated start and end times for each event instance. These segments

Table 1: Number of events extracted for each context of the record-
ings

basketball 990 beach 738
bus 1729 car 582
office 1220 hallway 822
restaurant 780 shop 1797
street 827 tracknfield 793

Table 2: Acoustic event classification evaluated using using one,
two and three-best list

one best 2-best 3-best
accuracy 23.8 % 35.4 % 44.1 %

are similar to the data used for training the event classes. In this
respect, the task is isolated event classification, but withpolyphonic
audio, where other events may also be present on the durationof the
target event to be recognized.

The average recognition accuracy is 23.8%, and some event
classes have zero recognition rate. The confusion matrix ispre-
sented in Figure 4, and the recognition rates for individualclasses
are presented in Figure 5. There are cases when one event class
is not present both in training and testing, thus we expect itto be
wrongly classified, while in other cases there may be acoustic events
that are more prominent for a given segment than the target one –
for example water splashing is often recognized as wind on trees,
which is a concurrent event in the beach recordings. To take into ac-
count the possibility of recognizing multiple superimposed events,
we chose from one to three best scoring models for each testedfile.
The results of the experiments are presented in Table 2. The eval-
uation considers an event to be correctly recognized if its model is
among one to three most likely models.

In the SNR experiments from Section 3, the recognition rates
drop with approximately 10% every 5 dB. At the 0dB level, the con-
current background ambient noise has the same level as the acoustic
event to be classified. At that value, the recognition rate iscom-
parable with the results obtained for the real life recordings. This
suggests that the level at which our annotator could still clearly hear
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Figure 4: Confusion matrix for event classification. The labels pre-
sented in the figure represent every fifth event class in alphabetical
order.

and annotate a distinct sound event is when the acoustic power of
the power is approximately the same as the power of the event itself.

4.4 Event detection

As mentioned, for the event detection task, the optimal sequence
of events is decoded using the Viterbi algorithm within the sys-
tem HMM network, assuming that the system will indicate the most
prominent event at a given time. The output contains the start and
end times for the recognized events, marked as the points when the
search path goes from one event model to another.

Prior knowledge of the events frequency of occurrence can be
used in the detection. This information is presented as a normalized
histogram of the event counts, as illustrated in Figure 3. These are
prior probabilities for the event classes. The likelihoodsof the event
classes during recognition will be multiplied by their prior probabil-
ities in order to determine a posterior probability that will then be
used in the Viterbi search.

As a performance evaluation measure for the events detection
we use the accuracy evaluation metric from the CLEAR 2007 eval-
uation. This metric is used to score detection of relevant acoustic
events (AE). It does not take into account temporal coincidence of
the annotated and system output timestamps. It is defined as the
F-score (the harmonic mean between precision and recall). In the
evaluation, the balanced F-score was used:

ACC = 2∗
Precision∗Recall
Precision+Recall

,

where

Precision =
number of correct system output AEs

number of all system output AEs

and

Recall =
number of correctly detected reference AEs

number of all reference AEs

The system output is considered correct if there exists at least
one annotated sound event whose temporal centre is situatedbe-
tween the timestamps of the system output, and the annotatedlabel
and system output are similar, or if the temporal centre of the system

Table 3: Acoustic event detection evaluation results

system Precision Recall Accuracy
no priors 38.9% 24.5% 30.1%
using priors 39.6% 24.2% 30.0%

Table 4: Acoustic event detection error

system missed false substitu- overall
events alarms tions error

no priors 60.6% 1.4% 22.1% 84.1%
using priors 60.7% 1.4% 21.8% 84.0%

output lies between the timestamps of at least one annotatedevent
and the annotated label and system output are similar. The anno-
tated sound event is considered correctly detected if thereexists at
least one system output whose temporal centre is situated between
the timestamps of annotated sound event and the labels are similar,
or if the temporal centre of the annotated sound event lies between
the timestamps of at least one system output and the labels are sim-
ilar. The results are presented in Table 3.

The temporal resolution of the detected acoustic events is
scored using the metric for Speaker Diarization, adapted tothe task
of audio event detection in the CLEAR evaluation. A one-to-one
mapping of the reference acoustic events to the acoustic events out-
put by the system is computed, and the measure is the aggregation
over all reference acoustic events of the time that is jointly attributed
to both the reference and the corresponding system output acoustic
event to which that reference events are mapped. This is computed
over all audio segments, including regions of overlapping.

The overall error scoreER will be computed as the fraction of
the time that is not attributed correctly to an acoustic event:

ER =

∑
seg

{dur(seg)∗max(Nre f ,Nsys)−Ncorrect)}

∑
seg

{dur(seg)∗Nre f }

where the audio data is divided into adjacent segments whoseborder
coincide with the points where either a reference or a systemoutput
acoustic event starts or stops, so that for the given segment, the
number of current reference AEs and the number of system output
AEs do not change. For each segmentseg, dur is the duration of the
seg, Nre f is the number of reference AEs inseg, Nsys is the number
of system output AEs inseg andNcorrect is the number of reference
AEs in seg which have a corresponding mapped system output AEs
in seg .

The overall detection error of the system and some details about
the errors are presented in Table 4. The total amount of scored
time is 920 min; this represents the added duration of all annotated
events, being 2.5 times more than the actual time covered by over-
lapping events. The overall acoustic event detection errorof the pre-
sented system for the 61 event classes is 84.1% of the total scored
time.

Using the prior information based on overall events counts did
not improve the results for event detection. Such direct count may
not reflect the true probability of events in different contexts; be-
cause of averaging over all the contexts, the histogram in Figure 3
is dominated by ”speech”. Indeed, speech is present in all the con-
texts and it overlaps practically all other events, and alsogets a lot
of confusions in the classification.

In the audio events detection of the CLEAR evaluation, the
best system score was 36.3% accuracy and 99.5% detection error.
In comparison, our system has a lower detection error for a much
higher number of classes, but the accuracy of recognition islower.
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Figure 5: Event classification performance of individual classes
.

5. CONCLUSIONS

This paper presented a detailed evaluation of an HMM-based event
detection and classification system using recordings of tendiffer-
ent natural environments. Three different tests were performed. A
study of the topology and size of the selected models was performed
on a database containing isolated audio events, obtaining amaxi-
mum performance of 54% for the three-state left-to right andfully-
connected HMMs. Based on these results, we selected a three-state
left-to-right model for the subsequent experiments. We performed
a similar event classification task on the real-life recordings, obtain-
ing a recognition performance of 24%. Similar performance was
obtained in isolated events recognition with with background noise
mixed at 0 db SNR, suggesting that this is the level where humans
can clearly hear and annotate an audio event in a natural context.
For detecting successive events in a long recording, the proposed
system has an accuracy of 30% for 61 classes and a detection error
of 84.1%. Using prior information based on overall event count did
not bring any improvement. We think this is due to adding up all
the events from different environments, which averages outthe dif-
ferences in count between events specific to certain environments.
Our future work will consider e.g. using missing feature techniques
for improving the event detection robustness in polyphonicmix-
tures. The current event detection system is used in an audiocontext
recognition system based on acoustic events.
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ABSTRACT

This paper presents a method for audio context recognition,
meaning classification between everyday environments. The
method is based on representing each audio context using a
histogram of audio events which are detected using a super-
vised classifier. In the training stage, each context is modeled
with a histogram estimated from annotated training data. In
the testing stage, individual sound events are detected in the
unknown recording and a histogram of the sound event oc-
currences is built. Context recognition is performed by com-
puting the cosine distance between this histogram and event
histograms of each context from the training database. Term
frequency–inverse document frequency weighting is studied
for controlling the importance of different events in the his-
togram distance calculation. An average classification accu-
racy of 89% is obtained in the recognition between ten every-
day contexts. Combining the event based context recognition
system with more conventional audio based recognition in-
creases the recognition rate to 92%.

1. INTRODUCTION

Context recognition is defined as the process of automatically
determining the context around a device. Information about
the surroundings would enable wearable devices to provide
better service to users’ needs, e.g., by adjusting the mode of
operation accordingly. Compared to image or video sensing,
audio has certain distinctive characteristics. Audio captures
information from all directions and is relatively robust tosen-
sor position and orientation, which allows sensing without
troubling the user. Audio can provide a rich set of informa-
tion which can relate to location, activity, people, or whatis
being spoken. The acoustic ambiance and background noise
characterizes a physical location, such as inside a car, restau-
rant, or office.

Early listening tests conducted in [1] showed that humans
are able to recognize everyday auditory contexts in 70% of
cases on average and confusions are mostly between contexts
that have same types of prominent sound events. The study
suggested that distinct sound events recognized from the au-
ditory scene are a salient cue for human perception of audio
context.However, most of the proposed context recognition
systems are modeling global acoustic characteristics of the
audio context rather than sound events [2, 3, 4].

In this paper, we propose a context recognition system
based on detection of individual acoustic events. Our ap-
proach assumes that different contexts, such as a street or
a restaurant, are characterized by the occurrence of certain

1This work was financially supported by the Academy of Finland.

Figure 1: System overview.

sound events. Contexts are modeled with event histograms
collected from annotated recordings. The proposed system
is divided into two stages, sound event detection and context
recognition. A sound event detection system is used to de-
tect sound events present in the tested context and the event
histogram constructed from the recognition result is matched
with context models. The system is evaluated with ten con-
texts that may contain the same events. The overall system
scheme is presented in Figure 1.

The rest of this paper is organized as follows. Section 2
briefs the related work. Section 3 presents the event detec-
tion system, and Section 4 describes how detected events are
used in the context recognition. Section 5 explains the con-
text database used in the evaluation and the evaluation itself.
Section 6 provides conclusions and suggestions for further
study.

2. RELATED WORK

Automatic recognition of the context or environment based
on audio information is known from many earlier works.
However, most of the work on context recognition has been
done by directly recognizing the context from the acoustic in-
formation, without explicitly detecting the individual sound
events in the auditory scene. Eronenet al. [2] presented
an approach to recognize 24 everyday context with mel-
frequency cepstral coefficients (MFCC) and hidden Markov
models (HMM). They reached a 58% recognition accuracy
against 69% obtained in a human listening tests using the
same material. The study in [3] presented an HMM-based
environmental noise classification system and reported over
91% accuracy in classifying 10 contexts using three second
test segments. The authors also performed a listening test
on the same data. The listeners’ performance for the three
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seconds segments was significantly worse than the system
performance. More recently, Chuet al. [4] proposed an ap-
proach using matching pursuit to select a small set of time-
frequency features to represent each context. They achieved
a 84% performance for 14 contexts for four second segments
using these features jointly with MFCC. The used contexts
were chosen to be as different as possible to minimize over-
lapping.

One of the approaches to use sound events in the con-
text recognition was presented in [5]. The authors propose a
framework for detection of key audio effects in a continuous
stream. The optimal key effect sequence is determined using
Viterbi decoding, controlled by a two-loop network defin-
ing possible transitions between sound effects. They use 10
audio effects, distinct enough to be perceived, with models
trained using isolated audio effects from Web. The different
audio effects are modeled using HMMs with 5 to 11 states
per model, trained with various features. The authors treat
overlapping events by using the label of the dominant one for
that region. The detected audio effects are used to recognize
the scene as one of 5 possible (non-overlapping) categories-
humor, pursuit, etc. More recently, the authors proposed an
unsupervised co-clustering approach for the same task [6].
Authors of [7] propose an audio keywords generation system
for sports videos. Low-level features are extracted from au-
dio and after off-line feature selection hierarchical SVM is
used find audio keywords. Hidden Markov models are used
to detect the semantic events in sports videos. The system
was tested with soccer, basketball, and tennis videos.

Sound event detection from audio signals can be per-
formed in an unsupervised or supervised manner. In the un-
supervised approach, the categories of sound events are not
specified beforehand but distinct portions of the audio signal
are detected as potential events, e.g. via clustering [8]. In the
supervised approach, predefined sound event classes are used
to segment and classify sound events. In [9], we presented a
sound event detection system for the meeting room environ-
ment using MFCC based features and a HMM classifier.

3. EVENT DETECTION

The sound event detection in the proposed context recogni-
tion system is based on continuous density HMMs and the
audio signal power spectrum is represented with MFCCs.
These short-term features represent the coarse shape of the
spectrum and provide a good discriminative performance
with reasonable noise robustness. The system uses 16
MFCCs calculated from the outputs of a 40-channel filter-
bank. In addition to the static coefficients, their first and sec-
ond order time differentials are used to describe the dynamic
properties of the cepstrum. Features are extracted in 20 ms
frames with a 50% frame shift.

We train 61 HMMs to represent 61 sound event cate-
gories. Three-state left-to-right HMMs are trained with the
standard Baum-Welch training procedure using a training
database that will be described in Section 5.1. The proba-
bility density of each state is modeled using Gaussian mix-
ture models (GMM) having 16 components. The sound event
HMMs are connected into a single HMM with equal transi-
tion probabilities between the event models.

Manually annotated recordings with overlapping events
were used for training the event models. An audio segment
where multiple events overlap is included in the training data

of all the classes present in that segment. This means includ-
ing the same observation vectors to train multiple event mod-
els. In the detection stage, features are extracted for the entire
audio clip, and the event detection is organized in two ways.
Event detection over the entire recording is done using the
Viterbi algorithm to obtain the most likely event sequence.
However, the order of the sound events will not be used in
the context recognition. In addition to this, we use isolated
event recognition over four second segments by finding the
event HMM that has most likely produced the observation
sequence of each segment. In this case, the system is used
to recognize the most prominent event in each segment.A
more detailed explanation of the event detection system can
be found in [10].

4. CONTEXT RECOGNITION

We assume that each context is characterized by the presence
of certain sound events. The event histogram for a record-
ing is constructed by collecting all the sound events into an
event occurrence histogram. In order to prevent a bias to-
wards longer recordings, the event counts in the histogram
are divided by the number of events present in the recording.
The models for the contexts are constructed by summing up
these event histograms. The context model histogram is nor-
malized so that the bins sum up to one.

In the recognition stage, an event histogram is collected
from the events that are detected in the tested recording. His-
tograms are calculated either from the output of the Viterbi
segmentation or by accumulating the events recognized in
the four second segments. The context recognition is based
on comparing this histogram with the context histogram.

The event histograms are compared by calculating a dis-
tance between them. In the preliminary studies, we tested
three distance metrics for the task: the cosine distance, the
correlation distance and one based on the Kullback-Leiber
divergence. Since they provided rather similar performance,
in the final system we chose to useonly one of them, the co-
sine distance. The cosine distance is defined as the cosine of
the angle between an event histogram for contextC and an
event histogram for tested recordingQ:

Distcos(Q, C) =
∑T

i=1 qici
√

∑T
i=1 q2

i ∑T
i=1 c2

i

, (1)

whereqi is the normalized event count of eventi in the tested
recording,ci is the normalized event count of eventi in the
context andT is number of events in the vector. The con-
text corresponding to the closest distance is selected as the
recognition result.

In order to better model the within context variation in
the distribution of events,k-nearest neighbor (k-NN) classi-
fication is also used. Withk-NN, all the recordings in the
training database can be used to represent the context they
belong to. In this case each context is represented by sev-
eral event histograms, each calculated from a single record-
ing in the training database. Distances to each recording are
calculated and the context recognition is done by majority
voting among classes corresponding to thek nearest context
instances.
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4.1 Weighted event histograms

A weighing scheme for the events can be developed in a
similar manner to the term frequency–inverse document fre-
quency (TF-IDF) used for document indexing [11, 12]. In
our case, the indexing term is the sound event and the doc-
ument is a recording from a specific context or the entire
context depending on the evaluation setup. The main idea
of TF-IDF is that a term is an important indexing term for
documentd if it occurs frequently in it. This is denoted as
term frequency (TF). On the other hand, terms which occur
in many documents are rated less important for indexing due
to their widely common nature. This is denoted as inverse
document frequency (IDF) and it is defined as follows:

IDF(term) = log

(

|D|

DF(term)

)

(2)

where|D| is the total number of recordings andDF(term) is
the number of documents in which the term occurs at least
once. The inverse document frequency of a term is low if it
occurs in many documents and is highest if the term occurs
in only one. The weightwi of a term i in documentd is
calculated as

Wi = T F(termi,d)• IDF(termi), (3)

whereTF(termi,d) is the term frequency, i.e., the number of
timestermi occurs in the documentd.

In the training stage, IDF is collected from the training
data and event histograms (TF) for contexts are weighted. In
the testing stage, event histogram (TF) is collected from the
test data and IDF calculated from the training data is used in
the weighting of the event histogram.

5. EVALUATION

The proposed context recognition system is evaluated with
an audio database collected from real-life environments. The
database is used to train the event detection system and the
context recognition system. Two different methods for ob-
taining the events are evaluated. In the first method, event
recognition is done by splitting each recording into four sec-
ond segments and classifying each segment as correspond-
ing to the most likely event. The events detected in the seg-
ments within the tested recording are collected to form an
event histogram. The second method uses the Viterbi algo-
rithm to obtain the most likely event sequence for the entire
recording and this sequence will be used to construct the his-
togram. In addition to this, two different methods for model-
ing each context are evaluated. The first method is to charac-
terize each context by one histogram constructed from all the
events. In the second method each recording belonging to a
context is used as an example of that context andk-NN clas-
sification is used. We also study the effect of the test segment
length on the recognition accuracy in detail.

5.1 Database

The material for the database was gathered by recording 10
to 30 minute long recordings in ten real-life environments or
contexts. The selected audio contexts were basketball game,
beach, inside a bus, inside a car, hallway, office, restaurant,
grocery shop, street and stadium with track and field events.
For each context, 8 to 14 recordings were made with binau-
ral microphones placed inside the human ears. In total, 103

Table 1: Event statistics from the database.

Context
Number of

present
event

classes

Total
number of

events

Average
events per

1 min.

basketball 14 990 11.3
beach 16 738 3.7
bus 14 1729 12.0
car 12 582 5.3
hallway 9 822 7.4
office 12 1220 12.3
restaurant 13 780 7.8
shop 14 1797 20.4
street 15 827 7.6
track & field 11 793 6.9

Table 2: Context-wise average recognition performances.

4 sec.
segments

Viterbi
segmentation

Cosine 88.5 84.5
TF-IDF 61.1 59.3

stereophonic recording was included in the database.In this
paper, we are using monophonic versions of the recordings,
i.e., two channels are averaged to one channel.

The recordings were manually annotated indicating the
start and end times of all clearly audible sound events in the
auditory scene. The repetitive sound events are usually anno-
tated as long events, e.g. ball hitting the floor in the basket-
ball game, while long events like conversation are annotated
as multiple successive speech events if there is perceivable
pause in the conversation. Annotated sound events present in
the recordings were grouped into 61 event classes. The event
classes include e.g. speech, laughter, applause, car door,
road, dishes, door, chair, music, and footsteps. Each context
contains events from 9 to 16 event classes and many event
classes appear in multiple contexts. There are also event
classes which are context specific. Event statistics from the
recording database are presented in Table 1. Figure 2 shows
the event histograms collected from the database.

The database was organized in a five-fold manner into
training and testing sets, to test all the available recordings.
The audio of the training set is used to train the event detec-
tion system and histograms of annotated event class occur-
rences are used to train the context recognition system.

5.2 Event based recognition

The results for event based context recognition are presented
in Table 2. “Cosine” denotes a system were the distance be-
tween the estimated event histograms and the context his-
tograms is calculated with the cosine distance. “TF-IDF”
denotes a system were the event histograms are TF-IDF
weighted before calculating the cosine distance. Two meth-
ods of collecting events are used in this evaluation. The
method where event recognition is done with four second
segments is denoted as “4 sec. segments” and the method
using Viterbi decoding is denoted as “Viterbi segmentation”
in the table.

The full confusion matrix for the system ’Cosine’ is
shown in Table 3.Some of the confusions are understandable
when looking at the sound events present in the contexts. For
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Figure 2: Normalized event histograms for contexts.

Table 3: Confusion matrix for context recognition using
event histograms. Rows in the matrix correspond to pre-
sented context and columns to the recognition result.

1 2 3 4 5 6 7 8 9 10

basketball 1 100

beach 2 64 36

bus 3 9 91

car 4 100

hallway 5 60 20 10 10

office 6 10 90

restaurant 7 10 90

shop 8 100

street 9 10 90

track & field 10 100

example, in the hallway there are footsteps and ventilation
noise present while footsteps are also present in the street
context and similar ventilation noise in the office context.

Recognition results usingk-NN approach with varying
values fork are presented in Table 4.In this case, TD-IDF
weighting helps the context recognition and provides a better
performance than when using unweighted histograms. Since
the idea of TF-IDF is to weigh rare events more than the
common ones, collecting all the events from the database to
form only one context model for each context will average
out the rare events within each context and the recognition
will only become more difficult.

5.3 Combining event and direct acoustic information

In addition to the event based context recognition, a sys-
tem based on acoustic information of contexts was evaluated.
More specifically, we constructed a baseline system where
each of the ten contexts is modeled with a GMM (16 Gaus-

Table 4: Multiple context instances and kNN based recogni-
tion.

k = 1 k = 3 k = 5 k = 7 k = 9
4 second segments
Cosine 87.3 84.6 85.8 84.8 83.8
TF-IDF 89.3 85.6 84.6 85.5 86.6
Viterbi segmentation
Cosine 86.4 84.6 84.6 82.6 81.5
TF-IDF 89.3 87.5 87.5 89.4 89.4

Table 5: Context-wise average recognition performances.

4 sec.
segments

Viterbi
segmentation

Baseline 88.5
Cosine + Baseline 91.4 92.4
TF-IDF+ Baseline 90.5 90.4

sians) and using MFCCs (static, first and second order time
derivatives). The test recordings for this system are cut into
four second segments which are then classified individually.
This system is later referred as the baseline system.

Since the baseline system models global acoustic charac-
teristics of the audio context instead of sound events, it may
provide complementary information compared to the pro-
posed event based system. Combining these two may thus
lead to improved performance. To combine these two sys-
tems, the distance between the test event histogram and the
context histograms are mapped into probabilities using an in-
verted sigmoid-function. The mapped probabilities are then
multiplied with the context likelihood produced by the base-
line system.

The evaluation results are presented in Table 5. “Base-
line” denotes the system based on acoustic information of
contexts and “Cosine+Baseline” denotes the system where
the output of the baseline system is combined with the event
based context recognition system without TF-IDF weighting.
“Baseline+TF-IDF” denotes a system were the weighting of
the event histograms is used.The proposed context recogni-
tion system provides comparable recognition accuracy with
the baseline system (see Tables 2 and 4). The recognition
accuracy is slightly improved when the proposed system is
combined with the baseline system.

The full confusion matrix for the baseline system is
shown in Table 6. The full confusion matrix for the system
where the output of the baseline system is combined with
the proposed event based system without TF-IDF weighting
(see Table 3) is presented in Table 7.By comparing the con-
fusions in Tables 6 and 7, one can see that the event based
system increased the performance on the bus and hallway
contexts. Confusions of the bus context are now made with
the street context which is understandable since they share
some sound events.

5.4 Test segment length

The effect of different test segment lengths on the recognition
accuracy was evaluated. Evaluation was done by construct-
ing the event histogram from the classification results of dif-
ferent number of four second segments. Using the baseline
system, the likelihoods of successive four second segments
are accumulated over time. The recognition results based on
the test segment length are shown in Figure 3 for the baseline
system and the system usingk-NN approach.
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Table 6: Confusion matrix for context recognition using the
baseline system.

1 2 3 4 5 6 7 8 9 10

basketball 1 100

beach 2 73 9 18

bus 3 73 9 18

car 4 100

hallway 5 50 30 20

office 6 10 90

restaurant 7 100

shop 8 100

street 9 100

track & field 10 100

Table 7: Confusion matrix for context recognition using the
“Cosine+Baseline” system with Viterbi segmentation.

1 2 3 4 5 6 7 8 9 10

basketball 1 100

beach 2 73 9 18

bus 3 91 9

car 4 100

hallway 5 80 20

office 6 10 90

restaurant 7 100

shop 8 100

street 9 10 90

track & field 10 100

5.5 Discussion

TF-IDF weighting was found to help recognition only when
using multiple examples of one context, represented by the
recordings in the training database. This is due to the fact
that TF-IDF weights rare events more than the common ones
and having only one model for the complex contexts will
smooth out the rare events. Furthermore, this weighting has
problems with short segments having small amount of events
which are all common events, and thus will be weighted to
zero.

The performance of the event based system is not supe-
rior to the baseline system. The system is more complex and
requires long test segments to work properly. However, it
gives complementary information (sound event labels) com-
pared to a single context label assigned to the recording.
The baseline system performs nicely with contexts which are
acoustically distinguishable. Combining the event based sys-
tem with the baseline system provides slightly better accu-
racy and robustness with acoustically similar contexts.

6. CONCLUSIONS

In this paper, event histograms were used for context recogni-
tion. Recognition was evaluated on a database consisting of
103 recordings from ten different contexts. The best recog-
nition result, 89.4% correct, for the event based recognition
was obtained using multiple context instances from the train-
ing database and ak-NN classification approach. When com-
bining the event based context recognition with a baseline
context recognition system, the performance was increased
to 92.4%.

In the future, other classification methods than distance
metrics andk-NN will be studied. For example, training sup-
port vector machines with the event histograms might pro-
vide better recognition results.
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Figure 3: Context recognition accuracy as function of test
segment length.
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ABSTRACT

The notion of acoustic stopwords is proposed to improve the
performance of generic unstructured audio information re-
trieval systems. The rationale behind this is based on the
assumption that not all portions of a generic audio signal
contribute toward deriving specific descriptive categories (se-
mantic words and onomatopoeias in this work). Detecting
the non-salient regions in the audio can hence lead to more
robust mapping of signal to categorical descriptions. Using
the latent perceptual indexing (LPI) based framework, we
propose to remove the proposed acoustic stopwords from the
extracted acoustic features, which may include little informa-
tion on descriptive categories. The acoustic stopwords are se-
lected based on data-driven frequency-related measurements
such as document frequency (DF) and inverse document fre-
quency (IDF). The empirical results with BBC sound effect
library show that removing acoustic stopwords based on the
IDF measurement improves the audio classification perfor-
mance especially for onomatopoeic labels.

Index Terms — unstructured audio, audio information
retrieval, acoustic stopwords

1. INTRODUCTION

Detecting salient regions in processing multimedia data is of-
ten critical in various aspects, such as highlight extraction [1]
and feature frame selection [2]. Particularly, in this work, our
focus is on extracting salient regions in generic unstructured
audio signals with respect to the descriptive categories in an
audio information retrieval framework.

One possible approach is to extract prominent segments
that attract users’ attention. Kalinli et al. proposed an audi-
tory attention model to extract gist features from audio sig-
nals [3]. They used 2-D Gabor filters motivated by biological
observations and presented promising results both in speech
recognition [3] and unstructured audio scene classification
[4].

In this work, we use a data-driven method which neither
require prior knowledge nor elaborate modeling of the hu-
man auditory system. We process the given data in a unsu-
pervised way for extracting salient regions for the purpose of
audio information retrieval. Here we use the latent percep-
tual indexing (LPI) based audio information retrieval system
proposed in our previous work [5]. The LPI method was
inspired by latent semantic analysis (LSA) which was origi-
nally devised for text processing applications [6]. By draw-
ing analogies between text and sound, we have proposed var-

ious notions such as acoustic words and latent acoustic topics
to facilitate text-like audio signal processing. The empirical
results with BBC sound library has shown promising results
in classifying semantic labels and onomatopoeias.

Here, we continue our work toward selecting salient re-
gions through the notion of acoustic stopwords, signal por-
tions which may include little or no information with respect
to descriptive categories of audio signals. Drawing paral-
lels between text processing and audio signal processing, the
notion of acoustic stopwords is inspired by the idea of stop-
words in text processing applications [8]. In text applica-
tions, stopwords such as articles, conjunctions, and preposi-
tions are often necessary to be removed prior to actual pro-
cessing since they are considered as non-predictive and non-
discriminating words. Likewise in this work, we derive a list
of acoustic stopwords and subsequently remove these acous-
tic stopwords from the processed audio signal.

In the next section, we provide a review of the unstruc-
tured audio information retrieval system that utilizes the LPI
framework extended by the proposed stopword removal pro-
cess. The detailed description of the proposed stopword re-
moval process is given in Section 3 followed by experimental
results and discussion.

2. UNSTRUCTURED AUDIO INFORMATION
RETRIEVAL SYSTEM

We use the LPI-SVM based audio information retrieval sys-
tem proposed in [5]. It utilizes LPI for feature extraction
and support vector machine (SVM) for classification. Fig. 1
shows the basic diagram of the proposed framework (the
shaded block represents the new stopword removal process),
and the following subsections describe individual steps in de-
tail.

Figure 1: Diagram of the LPI-SVM based unstructured audio
information retrieval system along with the proposed stop-
word removal process.
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2.1 Acoustic features

Using frame-based analysis, we calculate mel frequency cep-
stral coefficients (MFCC) to represent the acoustic proper-
ties of the audio signal. MFCCs provide spectral informa-
tion considering human auditory properties, and have been
widely used in many sound related applications, such as
speech recognition and audio classification tasks [10]. In this
work, we used 20 ms hamming windows with 50% overlap
to extract 12-dimensional feature vectors.

2.2 Acoustic words

With a given set of acoustic features, we derived an acous-
tic dictionary of codewords using the well-known Linde-
Buzo-Gray Vector Quantization (LBG-VQ) algorithm [11].
Similar ideas to create acoustic words can be also found in
[5, 7, 12]. The rationale is to cluster audio segments which
have similar acoustic characteristics and to represent them as
discrete entities like words in a text document. Once the dic-
tionary is built, the extracted acoustic feature vectors from
sound clips can be mapped to acoustic words by choosing
the closest word in the dictionary.

2.3 Stopword removal

In text processing applications, various methods have been
proposed to remove stopwords [8]. In addition to the stan-
dard stopwords, groups of words that have either low or high
document frequency are usually considered as stopwords in
text mining applications since both high frequency and low
frequency groups are considered to carry linguistic content
and so that they facilitate the meaning of the text.

By drawing an analogy between text words and acoustic
words, we also extend that analogy to acoustic stopwords.
We hypothesize that this will preserve more salient regions of
the audio signals. Detailed description of choosing acoustic
stopwords is provided in Section 3.

2.4 LPI-SVM

After removing the stopwords from the extracted acoustic
words, we generate a word-clip co-occurrence matrix which
describes a histogram of acoustic words in individual audio
clips. The word-clip co-occurrence matrix is an N ×M ma-
trix whose element fi j is the frequency of acoustic word wi

in document d j, where N is the number of words in the dic-
tionary and M is the number of audio clips. Each column
is normalized to sum to one so that fi j denotes the probabil-
ity of word wi in document d j which is also known as term
frequency.

The word-clip co-occurrence can be decomposed into
three matrices using singular value decomposition (SVD),
i.e.,

F = U ·S ·VT (1)

where U, S and V represent a matrix of word vectors, a
diagonal matrix with singular values and a matrix with de-
scription vectors. This procedure allows LPI to capture the
association between a set of descriptions and words in a se-
mantic space. A reduced rank approximation can be obtained
by retaining only R greatest singular values, i.e.,

F ≃ UN×R ·SR×R ·VM×R
T (2)

where R < min(N,M). The value of R is determined experi-
mentally.

In this work, we use the matrix with description vectors,
VM×R, to represent audio clips. Each audio clip, therefore,
will be represented with a single R-dimensional feature vec-
tor. The feature vectors will be fed into the SVM framework
for training or classification.

3. ACOUSTIC STOPWORDS SELECTION
METHOD

Let W be an acoustic dictionary that includes N acoustic
words, i.e., W = {w1,w2, · · · ,wN} and Φ = {φ1,φ2, · · · ,φN}
be the corresponding measurement for individual words. In
this work, we choose document frequency (DF) and inverse
document frequency (IDF) as the measurements. Although
there are many other methods to evaluate the saliency of
words such as entropy and mutual information [6, 8], we only
consider these frequency-related measurements in this work.

• Document Frequency (DF): The DF of a word is the
number of documents which include the corresponding
word, i.e.,

DF(wi) = |{d : wi ∈ d}| . (3)

It reflects the contribution of the corresponding word in a
database and widely used in text processing applications
such as text clustering and text classification.

• Inverse Document Frequency (IDF): We also use the
IDF which is a variant of the DF measurement.

IDF(wi) = log
D−DF(wi)+ 0.5

DF(wi)+ 0.5
. (4)

Constant values are added in both numerator and denomi-
nator to avoid division-by-zero or logarithm-of-zero. The
values are inversely proportional to the DF values.

Fig. 2 shows the IDF and DF values of individual acoustic
words with the given database. The acoustic word indices
are sorted in ascending order of IDF values (in other words,
descending order of DF values).

Once individual words are evaluated, we sort the acous-
tic words with respect to the term scores in ascending order.
Then, we select a list of stopwords using a threshold. In this
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Figure 2: IDF (solid line) and DF (dashed line) values of in-
dividual acoustic words. The indices are sorted in ascending
order of IDF values (hence, descending order of DF values).
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work, we set the threshold based on the number of stopwords
rather than specific threshold value. The set of stopwords W ,
therefore, can be written as follows.

W = {wi : I(φi) ≤ ⌊γ ·N⌋}, 0 ≤ γ ≤ 1 (5)

where γ represents the desired number of stopwords among
the total number of acoustic words in terms of percentage
and I(·) represents the index of the sorted list of word mea-
surements. ⌊γ ·N⌋ denotes a maximum integer that does not
exceed γ ·N.

We then eliminate the generated acoustic stopwords from
the audio clips. In other words, we build a new dictionary
that includes only non-stopwords, i.e.,

Ŵ = {wi : wi ∈W and wi 6∈W} . (6)

This will reduce the size of word-clip co-occurrence matrix
to (N −⌊γ ·N⌋)×M in the LPI-SVM procedure.

In case of using DF as measurement, low-DF acoustic
words will be removed from the vocabulary being considered
as stopwords. In case of using IDF, on the other hand, low-
IDF (i.e., high-IDF) acoustic words will be removed. Using
both measurements enables us to investigate the effects of
high and low frequency acoustic words toward the informa-
tion retrieval task performance.

4. EXPERIMENTAL SETUP

4.1 Database

We have collected 2,140 audio clips from the BBC Sound
Effects Library [13] and labeled each file with onomatopoeic
labels, semantic labels, and short descriptions. The semantic
labels and short descriptions are provided with the database.
The semantic labels are given as one of predetermined 21
different categories. They include transportation, military,
ambience, human, and so on. For deriving the onomatopoeic
words, we performed subjective annotation to label individ-
ual audio clips. We asked subjects to label the corresponding
audio clip choosing from among 22 onomatopoeic descrip-
tions. The audio clips are originally recorded with 44.1kHz
(stereo) sampling rate and downsampled to 16 kHz (mono)
for acoustic feature extraction.

4.2 Evaluation

We set the initial acoustic dictionary size to 1,000 and the
size of stopwords was experimentally controlled by γ (we put
a constraint γ ≤ 0.2 for convenience). To evaluate the per-
formance of the proposed framework, we use the F-measure
which is widely used for evaluating information retrieval sys-
tems. The metric considers both precision and recall and can
be written as

F = 2 ·
precision · recall

precision + recall
(7)

and is evaluated through 10-fold cross validation for individ-
ual descriptive categories, i.e., onomatopoeias and semantic
words.

5. RESULTS AND DISCUSSION

Fig. 3 illustrates examples of output of stopword removal
process (γ = 0.2, low-IDF acoustic words are considered as

acoustic stopwords). As shown in the figure, some segments
are removed by being considered as stopwords while some
segments are retained so that they can be used for audio clas-
sification. In Fig. 3(a), it seems that the retained segments
represent sound active region in terms of amplitude (although
it includes some false alarms). However, note that selecting
acoustic stopwords depends on not energy-related measure-
ments but only frequency-related measurements (either DF
or IDF). If we consider the example shown in Fig. 3(b), it is
clear that the acoustic stopwords are not chosen by energy-
related measurements.

Fig. 4 shows the classification results of audio clips in
terms of F-measure for both onomatopoeic words (Fig. 4(a))
and semantic labels (Fig. 4(b)) according to the number and
the method of choosing acoustic stopwords. Solid lines and
dashed lines denote the performance for using IDF and DF
measurements respectively, while the x-axis is the γ value
which represents portion of acoustic stopwords extracted
among the original acoustic words.

In case of classifying onomatopoeic labels, from
Fig. 4(a), it is easily observed that the performance is im-
proved as the size of acoustic stopwords increases with the
IDF measurement. This supports our hypothesis in previous
work [7] that salient region detection method is necessary es-
pecially for deriving onomatopoeic labels for audio. The hu-
man subjects might describe what they hear based on specific
local sound contents rather than global sound contents when
they are asked to annotate with onomatopoeias. However, no
significant improvement can be seen using the DF metric for
stopword identification. This shows that the acoustic words
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Figure 3: Examples of stopword removal process results
(γ = 0.2, low-IDF acoustic words are considered as acous-
tic stopwords).
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that commonly exist across sound clips can be considered
as acoustic stopwords and also that removing these words
can improve information retrieval accuracy. As shown in
Fig. 4(b), in classifying semantic labels, the improvement by
removing acoustic stopwords is not as significant as classify-
ing onomatopoeic labels although the absolute performance
in terms of F-measure is higher than the baseline.

6. CONCLUDING REMARKS

In this paper, we proposed a method to remove non-salient
regions in audio signals with respect to descriptive cate-
gories, i.e., semantic words and onomatopoeias. We inves-
tigated data-driven frequency-related measurements such as
IDF and DF to generate a list of acoustic words that poten-
tially include acoustic stopwords. Empirical results within
the LPI-SVM framework show that removing the stopwords
that are generated by the IDF measurement can improve the
performance in classifying the onomatopoeias.

In the future, we will apply alternative measurements,
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Figure 4: Classification results of audio clips in terms of F-
measure for (a) onomatopoeic words and (b) semantic labels
according to the threshold γ which determines the number of
stopwords.

such as entropy and mutual information, in addition to
frequency-based measurements. We will also investigate bio-
inspired salient detection algorithms in this framework such
as in [4].
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ABSTRACT

The problem of interpolation and decimation of jointly
spectrally correlated (SC) discrete-time stochastic processes
is addressed. Jointly SC processes have Loève bifre-
quency cross-spectrum with spectral masses concentrated on
a countable set of support curves of the bifrequency plane.
Jointly almost-cyclostationary (ACS) processes are obtained
as special case when the support curves are lines with unit
slope. It is shown that two jointly wide-sense stationary or
jointly ACS processes expanded or decimated with different
rates give rise to jointly SC processes. In addition, inter-
polation filtering of jointly SC processes is considered and
sufficient conditions for alias-free filtering are provided.

1. INTRODUCTION

In multirate digital signal processing, systems constituted
by complicate interconnections of interpolators, decimators,
and linear time-invariant (LTI) filters acts on input stochastic
processes [2], [13]. Since interpolators and decimators are
linear time-variant systems, the stationarity or nonstationar-
ity properties of the input processes turn out to be modified
at the output. For example, the expanded version of a wide-
sense stationary (WSS) process is cyclostationary with pe-
riod of cyclostationarity equal to the expansion factor [11].

The effects of multirate systems on second-order WSS
and cyclostationary processes are analyzed in [11]. In [1],
conditions that preserve at the output of an interpolation filter
the wide-sense stationarity of the input sequence are derived.
Moreover, conditions for the joint wide-sense stationarity of
the outputs of interpolation filters are also obtained. Almost-
cyclostationary (ACS) processes and higher-order statistics
are considered in [5].

In [1], [5], and [11], multirate operations on a single pro-
cess are addressed and no cross-statistics between a process
and its expanded or decimated version are considered. More-
over, no cross-statistics are considered between processes ob-
tained by multirate elaborations of the same process with dif-
ferent rates.

In the present paper, results of [1], [5], and [11], are ex-
tended to treat cross-statistics of stochastic processes elabo-
rated with different expansion or decimation factors. Elab-
orations of one process with different rates or scales is en-
countered, for example, in tree-structured filter banks. It is
shown that in several cases of interest the (joint) nonstation-
ary behavior of such processes can be modeled by using the
(jointly) spectrally correlated (SC) processes. SC processes

This work is partially supported by the NATO Grant ICS.NUKR.CLG
983335

are finite-power processes whose distinct spectral component
are correlated and are characterized by Loève bifrequency
spectrum with spectral masses concentrated on a countable
set of support curves in the bifrequency plane [8]. The case
of support lines with non necessarily unit slope is treated in
[6]. ACS processes are obtained as special case of SC pro-
cesses when the support curves are lines with unit slope [3].
In such a case, spectral components of the process are cor-
related when the frequency separation belongs to a count-
able set which is the set of the cycle frequencies, that is,
the frequencies of the Fourier series expansion of the almost-
periodically time-variant autocorrelation function. WSS pro-
cesses are obtained as further specialization when the unique
support line of the Loève bifrequency spectrum is the main
diagonal of the principal frequency domain. In such a case,
distinct spectral components are uncorrelated.

It shown that expansions with different rates transforms
jointly WSS, jointly ACS, and jointly SC processes into
jointly SC processes. An analogous result is obtained by
decimation with different rates. The effects of interpolation
filters on jointly SC processes are also considered. Suffi-
cient conditions to assure that the Loève bifrequency cross-
spectrum of the interpolated processes is a frequency-scaled
alias-free version of that of the original processes are derived.
The case of jointly ACS input processes is treated in detail.
Furthermore, some known results for a single ACS input pro-
cess are obtained as special cases.

2. SPECTRALLY CORRELATED PROCESSES

In this section, the second-order characterization of discrete-
time SC processes is briefly reviewed. For the sake of gen-
erality, a joint characterization of two processes x1(n) and
x2(n) in terms of cross-statistics is provided.

The discrete-time processes x1(n) and x2(n) are said to be
second-order jointly harmonizable if their cross-correlation
function can be expressed by a Fourier-Stieltjes integral

E
{

x1(n1) x
(∗)
2 (n2)

}

=

∫

[−1/2,1/2]2
e j2π [ν1n1+(−)ν2n2] dγxxx(ν1,ν2) (1)

where γxxx(ν1,ν2) is a (spectral) cross-correlation function of
bounded variation [7]

∫

[−1/2,1/2]2
|dγxxx(ν1,ν2)|< ∞ . (2)

In (1), superscript (∗) denotes optional complex conjugation,
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(−) is an optional minus sign which is linked to (∗), and sub-

script xxx = [x1,x
(∗)
2 ].

For complex-valued processes, both cross-correlation
functions E{x1(n1) x∗2(n2)} and E{x1(n1) x2(n2)} must be
considered for a complete second-order characterization
[12]. Notation in (1) allows to treat both second-order cross-
moments by considering or not the optional complex conju-
gation.

Let x1(n) and x2(n) be discrete-time complex-valued
second-order jointly harmonizable stochastic processes.
Their Loève bifrequency cross-spectrum is defined as [7]

Sxxx(ν1,ν2), E
{

X1(ν1)X
(∗)
2 (ν2)

}
(3)

where
Xi(ν), ∑

n∈Z

xi(n) e− j2πνn (4)

is the Fourier transform of xi(n), (i = 1,2), and is assumed to
exist (at least) in the sense of distributions [4]. It results that
dγxxx(ν1,ν2) = Sxxx(ν1,ν2)dν1 dν2.

Let us assume that x1(n) and x2(n) do not contain any ad-
ditive finite-strength sinewave component. The processes are
said to be jointly spectrally correlated if their Loève bifre-
quency cross-spectrum can be expressed as [8]

Sxxx(ν1,ν2) = ∑
k∈I

S
(k)
xxx (ν1) δ̃

(
ν2 −Ψ

(k)
xxx (ν1)

)
(5a)

= ∑
k∈I

G
(k)
xxx (ν2) δ̃

(
ν1 −Φ

(k)
xxx (ν2)

)
. (5b)

In (5a) and (5b), I is a countable set and δ̃ (ν), ∑p∈Z δ (ν −
p) is the periodic Dirac delta train with period 1. In addition,

the complex valued functions S
(k)
xxx (ν) and G

(k)
xxx (ν), referred

to as spectral cross-correlation densities, and the real-valued

functions Ψ
(k)
xxx (ν) and Φ

(k)
xxx (ν), referred to as spectral support

functions, are periodic functions of ν with period 1. Further-

more, each Ψ
(k)
xxx (·) is assumed to be differentiable and locally

invertible in every interval of width 1, Φ
(k)
xxx (·) assumed dif-

ferentiable is the periodic replication with period 1 of one
of the local inverses and, accounting for the variable change
property in the argument of the Dirac delta [14, Sec. 1.7], it
results

S
(k)
xxx (ν1) =

∣∣∣Ψ(k)
xxx

′(ν1)
∣∣∣G

(k)
xxx

(
Ψ

(k)
xxx (ν1)

)
(6a)

G
(k)
xxx (ν2) =

∣∣∣Φ(k)
xxx

′(ν2)
∣∣∣S

(k)
xxx

(
Φ

(k)
xxx (ν2)

)
(6b)

with superscript ′ denoting first-order derivative.
From (5a) it follows that discrete-time jointly SC pro-

cesses have Loève bifrequency cross-spectrum with spectral
masses concentrated on the countable set of support curves

ν2 = Ψ
(k)
xxx (ν1) mod 1, k ∈ I, where mod 1 is the modulo 1

operation with values in [−1/2,1/2). Moreover, the spectral
mass distribution is periodic with period 1 in both frequency
variables ν1 and ν2. Without lack of generality, it can be

assumed that two support curves ν2 = Ψ
(k)
xxx (ν1) mod 1 and

ν2 = Ψ
(k′)
xxx (ν1) mod 1, with k 6= k′, intersect at most in a fi-

nite or countable set of points (ν1,ν2).

Note that in the general case of nonlinear support func-

tions Ψ
(k)
xxx (·), for every k, two spectral cross-correlation den-

sity functions (6a) and (6b) should be considered, depending
on which one of ν1 and ν2 is considered as independent vari-
able in the argument of the Dirac deltas in (5a) and (5b).

SC processes are an appropriate model for signals oc-
curring in mobile wide-band communications [8] and in the
analysis of fractional Brownian motion [10].

Almost all modulated signals encountered in commu-
nications, radar, sonar, and telemetry can be modeled as
almost-cyclostationary. That is, their statistical functions
such as distribution functions, moments, and cumulants
are almost-periodic functions of time [3]. Second-order
jointly ACS signals in the wide-sense are characterized by
an almost-periodic cross-correlation function. That is [3]

E
{

x1(n+m) x
(∗)
2 (n)

}
= ∑

α∈A

Rα
xxx (m) e j2παn (7)

where the Fourier coefficients

Rα
xxx (m), lim

N→∞

1

2N + 1

N

∑
n=−N

E
{

x1(n+m) x
(∗)
2 (n)

}
e− j2παn

(8)
are referred to as cyclic cross-correlation functions and

A , {α ∈ [−1/2,1/2) : Rα
xxx (m) 6≡ 0} (9)

is the countable set of cycle frequencies α in the principal
domain [−1/2,1/2). By double Fourier transforming both
sides of (7), the following expression for the Loève bifre-
quency cross-spectrum is obtained

Sxxx(ν1,ν2) = ∑
α∈A

Sα
xxx (ν1) δ̃ (ν2 − (−)(α −ν1)) (10)

where
Sα

xxx (ν) = ∑
m∈Z

Rα
xxx (m) e− j2πνm (11)

are the cyclic spectra. From (10) it follows that discrete-
time jointly ACS processes are obtained as special case
of jointly SC processes when the spectral support curves
are lines with slope ±1 in the principal frequency domain
(ν1,ν2) ∈ [−1/2,1/2]2. When (∗) is present, if the set A

contains the only element α = 0, then the cross-correlation
function does not depend on n and the processes x1 and x2

are jointly WSS. In such a case the Loève bifrequency cross-
spectrum has support contained in the main diagonal of the
principal frequency domain.

More generally, the processes x1(n) and x
(∗)
2 (n) are said

to exhibit joint almost-cyclostationarity at cycle frequency
α0 if the cross-correlation function is not necessarily an
almost-periodic function of n but contains a finite-strength
additive sinewave component at frequency α0. In such a
case, the cyclic cross-correlation function (8) is nonzero for
α = α0. Second-order ACS processes are those processes
with almost-periodic autocorrelation function that are also
SC [8], [9].

3. EXPANSION AND DECIMATION

In this section, the effects of expansion and decimation oper-
ations on jointly SC processes are analyzed. The special case
of jointly ACS processes is treated in detail.
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3.1 Expansion

Let xIi(n) be the Li-fold expanded version of xi(n), (i = 1,2).
That is

xIi(n),





xi

( n

Li

)
n = kLi,k ∈ Z

0 otherwise

(12)

whose Fourier transform is

XIi(ν) = Xi(νLi) . (13)

If x1(n) and x2(n) are jointly SC with Loève bifrequency
cross-spectrum (5a), the Loève bifrequency cross-spectrum
of the expanded processes xI1(n) and xI2(n) is given by

E
{

XI1(ν1)X
(∗)
I2 (ν2)

}

= E
{

X1(ν1L1)X
(∗)
2 (ν2L2)

}

= ∑
k∈I

S
(k)
xxx (ν1L1) δ̃

(
ν2L2 −Ψ

(k)
xxx (ν1L1)

)

= ∑
k∈I

S
(k)
xxx (ν1L1)

1

L2
∑
h∈Z

δ
(

ν2 −
h

L2
−

1

L2
Ψ

(k)
xxx (ν1L1)

)

(14)

where, in the third equality, the scaling property of the Dirac
delta is used [14, Sec. 1.7]. From (14) it follows that the
expanded processes are jointly SC. In addition, their Loève
bifrequency cross-spectrum is periodic in ν1 with period
1/L1 and in ν2 with period 1/L2.

In the special case of x1(n) and x2(n) jointly ACS, ac-
counting for (10), the Loève bifrequency cross-spectrum (14)
of the expanded processes xI1(n) and xI2(n) specializes into

E
{

XI1(ν1)X
(∗)
I2 (ν2)

}

= ∑
α∈A

Sα
xxx (ν1L1) δ̃ (ν2L2 − (−)(α −ν1L1))

= ∑
α∈A

Sα
xxx (ν1L1)

1

L2
∑
h∈Z

δ
(

ν2 −
h

L2
− (−)

( α

L2
−

L1

L2
ν1

))
.

(15)

Thus, E{XI1(ν1)X
(∗)
I2 (ν2)} is periodic in ν1 with period 1/L1

and in ν2 with period 1/L2. In addition, from (15) it follows
that the Loève bifrequency cross-spectrum of the expanded
processes xI1(n) and xI2(n) in the principal domain (ν1,ν2)∈
[−1/2,1/2)2 has support curves ((−) present)

ν2 = (L1/L2)ν1 −α/L2 α ∈ A (16)

that is, lines with slope L1/L2. Consequently, xI1(n) and
xI2(n) are jointly SC. In particular, considering a single pro-
cess x1(n)≡ x2(n)≡ x(n), by taking L1 = 1, that is xI1(n)≡
x(n), it follows that the ACS process x(n) and its expanded
version xI2(n) are jointly SC with support lines with slope
1/L2. In the special case of x(n) WSS, x(n) and xI2(n) are
jointly SC with support constituted by a unique line. These
results constitute a strong motivation to treat the problem of
multirate processing within the framework of the SC pro-
cesses. In fact, even in the case of WSS input process, the

joint characterization of input and output processes involves
jointly SC processes.

By double inverse Fourier transforming both sides of
(15), it can be shown that when x1(n) and x2(n) are jointly
ACS, for L1 6= L2 the cross-correlation function of xI1(n) and
xI2(n) does not contain any finite-strength additive sinewave

component. That is, xI1(n) and x
(∗)
I2 (n) do not exhibit joint

almost-cyclostationarity at any cycle frequency. In particu-
lar, their time-averaged cross-correlation is identically zero.
Moreover, xI1(n) and xI2(n) are jointly ACS if and only if
L1 = L2 = L. In such a case, the cyclic cross-spectra of xI1(n)
and xI2(n) are given by

Sα

xI1x
(∗)
I2

(ν) =
1

L
SαL

xxx (νL) αL ∈ A . (17)

In the special case of x1 ≡ x2, (17) reduces to [5, eq. (34)]
specialized to second order.

3.2 Decimation

Let xDi(n) be the decimated version of xi(n), with decimation
factor Mi (i = 1,2). That is,

xDi(n) = xi(nMi) . (18)

Its Fourier transform is

XDi(ν) =
1

Mi

Mi−1

∑
p=0

Xi

(ν − p

Mi

)
. (19)

Therefore, if x1(n) and x2(n) are jointly SC with Loève
bifrequency cross-spectrum (5a), by using (19), the Loève
bifrequency cross-spectrum of xD1(n) and xD2(n) can be ex-
pressed as

E
{

XD1(ν1)X
(∗)
D2 (ν2)

}

=
1

M1M2

M1−1

∑
p1=0

M2−1

∑
p2=0

∑
k∈I

S
(k)
xxx

(ν1 − p1

M1

)

δ̃
(ν2 − p2

M2
−Ψ

(k)
xxx

(ν1 − p1

M1

))

=
1

M1

M1−1

∑
p1=0

∑
k∈I

S
(k)
xxx

(ν1 − p1

M1

)

∑
h∈Z

δ
(

ν2 − h−M2Ψ
(k)
xxx

(ν1 − p1

M1

))
(20)

where, in the second equality, the scaling property of the
Dirac delta [14, Sec. 1.7] is used. From (20) it follows that
the decimated versions of jointly SC processes are jointly SC.
In addition, their Loève bifrequency cross-spectrum is peri-
odic with period 1 in both variables ν1 and ν2.

In the special case where x1(n) and x2(n) are jointly ACS,
then

E
{

XD1(ν1)X
(∗)
D2 (ν2)

}

=
1

M1

M1−1

∑
p1=0

∑
α∈A

Sα
xxx

(ν1 − p1

M1

)

∑
h∈Z

δ
(

ν2 − h− (−)

(
αM2 − (ν1 − p1)

M2

M1

))
. (21)
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The delta train is periodic in both ν1 and ν2 with period 1.
In addition, from (21) it follows that the Loève bifrequency
cross-spectrum of the decimated processes xD1(n) and xD2(n)
in the principal domain (ν1,ν2) ∈ [−1/2,1/2)2 has support
curves ((−) present)

ν2 = (M2/M1)ν1 −αM2 − (M2/M1)p1

α ∈ A , p1 ∈ {0,1, . . . ,M1 − 1} (22)

that is, lines with slope M2/M1. Consequently, the decimated
processes xD1(n) and xD2(n) are jointly SC. In particular,
considering a single process x1(n) ≡ x2(n) = x(n), by tak-
ing M1 = 1, that is xD1(n) ≡ x(n), it follows that the ACS
process x(n) and its decimated version xD2(n) are jointly SC
with support lines with slope M2. In the special case of x(n)
WSS, the support line is unique.

From (21) it follows that xD1(n) and xD2(n) are jointly
ACS if and only if M1 = M2 = M. In such a case, their cyclic
cross-spectrum can be expressed as

Sα

xD1x
(∗)
D2

(ν) =
1

M

M−1

∑
p=0

M−1

∑
q=0

S
(α−q)/M
xxx

(ν − p

M

)
. (23)

In the special case of x1 ≡ x2, (23) reduces to [5, eq. (24)]
specialized to second order.

4. INTERPOLATION FILTERS

In this section, the effects of interpolation filters on jointly
SC processes are analyzed and sufficient conditions are
established to assure that the Loève bifrequency cross-
spectrum of the interpolated processes y1(n) and y2(n) is
a frequency-scaled image-free version of that of x1(n) and
x2(n).

Fig. 1 presents two interpolation filters. Each interpo-
lation filter (i = 1,2) is constituted by a Li-fold interpolator
followed by a LTI filter with bandwidth Wi whose purpose
is to obtain image-free interpolation [13]. An additional LTI
filter with bandwidth Bi precedes the Li-fold interpolator to
strictly bandlimit the input process xin,i(n) in order to avoid
overlapping among images in the Loève bifrequency cross-
spectrum.

If xin,1(n) and xin,2(n) are jointly SC processes, then x1(n)
and x2(n) are jointly SC processes strictly bandlimited with
bandwidths B1 and B2, respectively. Using (14), the Loève
bifrequency cross-spectrum of y1(n) and y2(n) is given by

E
{

Y1(ν1)Y
(∗)
2 (ν2)

}

= HW1
(ν1)HW2

(ν2)E
{

XI1(ν1)X
(∗)
I2 (ν2)

}

= HW1
(ν1)HW2

(ν2) ∑
k∈I

S
(k)
xxx (ν1L1)

δ̃
(

ν2L2 −Ψ
(k)
xxx (ν1L1)

)
(24)

where HWi
(ν) is the Fourier transform of the ideal low-pass

filter hWi
(n).

Accounting for the band-limitedness of x1(n) and x2(n),
the support of each term in the sum over k ∈ I in (24) is such

that

supp
{

S
(k)
xxx (ν1L1) δ̃

(
ν2L2 −Ψ

(k)
xxx (ν1L1)

)}

⊆
{
(ν1,ν2) ∈R×R : |(ν1L1) mod 1|6 B1,

∣∣∣Ψ(k)
xxx (ν1L1)

∣∣∣6 B2, ν2L2 = Ψ
(k)
xxx (ν1L1) mod 1

}

=
⋃

`1∈Z

⋃

`2∈Z

Γ
(k)
`1`2

(25)

where

Γ
(k)
`1`2

,
{
(ν1,ν2) ∈ R×R : |ν1 − `1/L1|6 B1/L1,

|ν2 − `2/L2|6 B2/L2, ν2 − `2/L2 =
1

L2
Ψ

(k)
xxx (ν1L1)

}

(26)

In addition, we also have

supp
{

HW1
(ν1)HW2

(ν2)
}
=

⋃

m1∈Z

⋃

m2∈Z

∆m1m2
(27)

where

∆m1m2
,

{
(ν1,ν2) ∈ R×R : |ν1 −m1|6W1,

|ν2 −m2|6W2,
}
. (28)

Since Bi 6 1/2, (i = 1,2), images do not overlap. Fur-
thermore, since Wi 6 1/2, (i = 1,2), then the filter supports
do not overlap. If Bi/Li 6 Wi, (i = 1,2), then the low-pass
filters HW1

(ν1) and HW2
(ν2) capture the main images, i.e.,

those centered in (ν1,ν2) = (m1,m2) ∈ Z
2. That is, ∀k ∈ I it

results

Γ
(k)
m1L1, m2L2

⊆ ∆m1m2
. (29)

Moreover, if Wi 6 1/(2Li), (i= 1,2), then the low-pass filters
HW1

(ν1) and HW2
(ν2) do not capture images different from

the main ones. That is, ∀k ∈ I we have

Γ
(k)
`1`2

∩∆m1m2
= /0 for (`1, `2) 6= (m1L1,m2L2) . (30)

The sufficient conditions such that (29)–(30) hold can be
summarized into

Bi

Li

6Wi 6
1

2Li

i = 1,2 (31)

which is therefore a sufficient condition to assure that the

Loève bifrequency cross-spectrum E{Y1(ν1)Y
(∗)
2 (ν2)} is a

frequency-scaled image-free version of E{X1(ν1)X
(∗)
2 (ν2)}.

Condition (31) is independent of the shape of the support

curves ν2 = Ψ
(k)
xxx (ν1). Moreover, in the special case of a sin-

gle ACS process and L1 = L2 = L, is less restrictive than [5,
eq. (56)] specialized to second-order. In fact, [5, eq. (56)]
assures the lack of images in the densities of spectral cor-
relation (the cyclic spectra) for ν1 ∈ [−1/(2L),1/(2L)] and
cycle frequencies α ∈ [−1/(2L),1/(2L)].

It can be shown that

B1 6 1/2 and 1 > B2 +max
{

B2,sup
k

∣∣∣Ψ(k)
xxx (±1/2)

∣∣∣
}

(32)
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xin,1(n) hB1
(n)

x1(n)
↑ L1

xI1(n)
hW1

(n) y1(n)

xin,2(n) hB2
(n)

x2(n)
↑ L2

xI2(n)
hW2

(n) y2(n)

Figure 1: Interpolation Filters.

is a sufficient condition such that the density of Loève bifre-
quency cross-spectrum (24) along every support curve is a
frequency-scaled image-free version of the corresponding
density of the Loève bifrequency cross-spectrum of x1 and
x2 for every ν1 ∈ [−1/(2L1),1/(2L1)]. In (32), “+” or “-”

sign should be taken if Ψ
(k)
xxx (·) is increasing or decreasing,

respectively.

5. CONCLUSION

The joint statistical characterization of processes elaborated
with different scales or rates is provided within the frame-
work of the (jointly) SC processes. By using the Loève bifre-
quency cross-spectrum as a tool, it is shown that jointly WSS,
ACS, and SC processes expanded or decimated by differ-
ent factors give rise to jointly SC processes. For interpola-
tion filters, sufficient conditions on the expansion factors and
the LTI system bandwidths are derived such that the Loève
bifrequency cross-spectrum of the interpolated processes is
a frequency-scaled alias-free version of that of the original
processes. The derived results are useful in the joint statis-
tical characterization of processes in systems with different
rates as those occurring in tree-structured filter banks.
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ABSTRACT

The main property of the ordered minimum-phase (OMP)
sets is that they can be ordered as minimum-phase sequences.
Several theoretical properties of such sets are already known.
Amongst them, the set of all points having OMP property
is an open non empty set. In this paper we present some
numerical properties of the OMP sets, which may lead to
systematic and fast exploration of permutations, in order to
discover the OMP sets. Both are using lists of permutations:
in the first case we have the most appropriate permutations
list, in the second case we use a tabu-list of permutations.

1. INTRODUCTION

For processing usage, it is very common to describe a set of
samples by mapping it as a sequence of samples [1]. How-
ever, the properties of a sequence are different from the prop-
erties of a set; many additional constraints in the resulting
sequence can add into the properties of initial set [2]. On
the other hand, one can use certain properties of resulting se-
quence to compress the information contained in a set. Thus
the issue of converting a set into a sequence deserves to be
investigated.

In an attempt to reduce the amount the data storage, the
ordered minimum-phase (OMP) sets have been introduced
[3, 4]. Their main property is that they can be ordered as
minimum-phase sequences. Recall that a function is called
minimum-phase function if all zeros are inside the unit open
disk [5]. Based on modulus or phase of the Fourier trans-
form, the reconstruction of a complex sequence can be pos-
sible when we know in advance that its corresponding z-
transform is a minimum-phase function or maximum-phase
function [6].

Several theoretical properties of such sets are already
known [7]. Amongst them, we mention several:

1. The set of all points from RM+1 (or CM+1) having OMP
property is an open non empty set.

2. Whenever x(0)+x(1)+ · · ·+x(M) = 0, the set {x(n)|n =
0,M} has not OMP property.

3. Any set of real, positive and distinct numbers has OMP
property.

4. Any set of three real numbers (except when their sum is
zero) has OMP property.

5. Any set of complex numbers {x(0),x(1),x(2)}, which

satisfies

max{|x(0)|, |x(1)|, |x(2)|}> min{|x(0)|, |x(1)|, |x(2)|}
+median{|x(0)|, |x(1)|, |x(2)|}

has OMP property.
6. Any set of four real numbers {x(0),x(1),x(2),x(3)},

which differ in modulus and satisfying
x(0)x(1)x(2)x(3) > 0 and x(0)+ x(1)+ x(2)+ x(3) 6= 0,
has OMP property.

7. For M = 2 (set of complex numbers) and M = 3 (set of
real numbers), we can find situations that no ordering of
sets will lead to a minimum-phase sequence.

Using Schur transform (Appendix A) and performing all per-
mutations, one can find if a set has OMP property and can
also find the corresponding minimum-phase sequence. How-
ever, this may be computational expensive and fast methods
would be appreciated.

The goal of this paper is to present few systematic proce-
dures for finding the minimum-phase sequence from a given
set. To this end some numerical properties of the OMP sets
are discussed (Section 2), which may lead to systematic and
fast exploration of permutations (Section 3), in order to dis-
cover the OMP sets. Two approaches will be presented, and
both are using lists of permutations: in the first case we shall
implement the most appropriate permutations list, in the sec-
ond case we shall use a tabu-list of permutations.

To proceed we briefly specify the nomenclature.

Definition 1 Let {x(0),x(1), . . . ,x(M)} be a finite complex
valued set. The set is said to have ordering minimum-phase
(OMP) property if there exists a permutation(

x(0) x(1) . . . x(M)
y(0) y(1) . . . y(M)

)

such that Y (z) = y(0) + y(1)z−1 + · · · + y(M)z−M is a
minimum-phase function.

The point (x(0),x(1), . . . ,x(M)) from RM+1 or CM+1 is
said to have OMP property if the set {x(0),x(1), . . . ,x(M)}
has OMP property.

All polynomials will be considered as powers of z−1.
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Figure 1: Relative frequency of OMP sets for real and com-
plex sets, with uniform distribution inside a cube or inside a
sphere

2. NUMERICAL PROPERTIES OF THE OMP SETS

2.1 Relative frequency of OMP sets

Our first goal was to determine the relative frequency of
OMP sets. For this purpose we select the number of ele-
ments of the set from 3 to 8, and for every such selection
we have generated a number of 10000 sets. Then we have
verified whether any generated set has OMP property or not.

We found that OMP property is quite common, however
the relative frequency depends on the way the set is gener-
ated: when data is real or complex, or if it has an uniform
distribution inside a cube or inside a sphere. In the first case
the real or imaginary parts are uniform distributed; in the sec-
ond case the modulus and the phase are uniform distributed.

The outcomes are presented in Figure 1. Except com-
plex cube distribution, in all shown situations the relative
frequency is rather high. We also found that the relative fre-
quency increases if the elements of the set (i.e. the coeffi-
cients of the permuted sequence) are concentrated in certain
area. All these support the interest in systematic procedures
for finding the minimum-phase sequence from a given set.

2.2 OMP sets and associated minimum-phase sequences

Another issue is whether an OMP set has only one or many
more permutations such that associated sequence y(n) is
minimum-phase. We have generated 2000 minimum-phase
sequences and for the corresponding OMP set, we have
looked for all permutation which provided minimum-phase
sequences. The histograms of these permutations are pre-
sented in Figure 2. On y axis we have the number of OMP
sets having a certain number x, corresponding on x axis. We
can see that the number of minimum-phase obtained from an
OMP set has the properties:
1. We have sets with only one minimum-phase sequence;
2. The number of OMP sets having a certain number of

minimum-phase sequences has a general tendency of de-
creasing;

3. The maximum number of OMP sets is obtained for a
large number of minimum-phase sequences.

Figure 2: Histograms of minimum-phase sequences obtained
from an OMP set

To conclude, we may expect that an OMP set has more than
one minimum-phase sequence. However it may happen also
that there will only one minimum-phase sequence for an
OMP set.

2.3 Modulus distribution of OMP sets
One of the properties of minimum-phase systems which may
start our discussion is the energy concentration theorem [8].
From this property, one may suppose that a condition for a
certain sequence x(n) to be a minimum-phase is to have its
energy concentrated around origin such that:

|x(0)|> |x(1)|> · · ·> |x(M)|> 0. (1)

This happens for real positive sequences, but it is not any-
more valid if we skip to real sequences, with both positive
and negative samples, and for complex sequences [3, 4].
However, one can assume that there is a relation between the
moduli of the samples and the probability that the sequence
is minimum-phase or not [9].

To this end we have generated 200000 minimum-phase
sequences of length M +1 with y(k) 6= 0, k = 0,M. The roots
of

Y (z) = y(0)+ y(1)z−1 + · · ·+ y(M)z−M

have been selected with uniform random phase (between 0
and 2π) and random modulus (less than 1). Thus we obtained
200000 sets {x(0),x(1), . . . ,x(M)} such that

{x(0),x(1), . . . ,x(M)}= {y(0),y(1), . . . ,y(M)}

and
|x(0)|> |x(1)|> · · ·> |x(M)|> 0.

For M = 9 the number of appearances of x(n) as the k-
th sample y(k) in minimum-phase sequences generated is
shown in Table 1. It is clear that the sample with the small-
est modulus is most often as the highest order coefficient in
minimum-phase function. Alternatively, the sample with the
largest modulus may occupy usually the lowest order posi-
tions.

This behavior can be emphasized by mapping the Table 1
as a three-dimensional representation (Figure 3). We have
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k x(0) x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9)
0 239882 420543 282314 55487 1736 37 1 0 0 0
1 205548 300709 328651 144509 19355 1161 67 0 0 0
2 178646 171695 237255 315489 88097 8292 502 23 1 0
3 168285 74838 85426 37095 262858 34914 2632 96 1 0
4 12616 22829 45458 69569 55079 172081 12624 484 4 0
5 62217 6814 15042 30709 56473 732752 92271 3647 75 0
6 17358 1976 4543 10605 16604 41569 861395 45166 783 1
7 1880 486 1111 2352 3586 8106 27256 935267 19861 95
8 24 100 186 312 472 1016 3088 14661 974108 6033
9 0 10 14 18 28 72 164 656 5167 993871

Table 1: Number of appearances of x(n) (moduli in decreasing order) as the k-th sample y(k) in all 200000 minimum-phase
sequences generated.

also presented the corresponding images for M = 20 (Fig-
ure 4), and in this cases it is much clearer that the sample
with the smallest modulus is most often as the highest order
coefficient in minimum-phase function.

3. SYSTEMATIC PROCEDURES FOR FINDING
THE MINIMUM-PHASE SEQUENCE FROM A

GIVEN SET

Finding the minimum-phase sequence from a given set can
be done by using Schur transform (Appendix A) and per-
forming all permutations. With such strategy one can find if
a set has OMP property and can also find the corresponding
minimum-phase sequence. However, this may be computa-
tional expensive and fast methods would be appreciated.

In the following we shall present two approaches for this
issue: the first uses a list of most appropriate permutations,
and the second one implements a tabu-search like algorithm.

3.1 The approach based on the list of the most appropri-
ate permutations
Based on previous experimental results (Section 2.3), we can
indicate which is the most appropriate list of permutations
that one can use to convert a set into a minimum-phase se-
quence. This approach has two parts: first we generate a list
of most appropriate permutations, then we search the OMP
set based on the generated list.

3.1.1 Generation of a list of most appropriate permutations

For any permutation(
x(0) x(1) . . . x(M)
y(0) y(1) . . . y(M)

)
we can estimate the probability to produce a minimum-phase
sequence. This can be done by using the number of oc-
currences from Table 1 and assigning to each permutation
a score equal with the product of the number of appearances.

As an example, consider the case when |x(0)|> |x(1)|>
· · ·> |x(9)|, and we have the following permutation(

x(0) x(1) x(2) x(3) x(4) x(5) . . . x(9)
x(1) x(0) x(3) x(2) x(4) x(5) . . . x(9)

)
which has only two transpositions. For such permutation, the
score is given by (Table 1):

205548 ·420543 ·85426 ·315489 ·55079·
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Figure 3: Number of appearances of x(n) as the k-th sample
y(k) (M = 9).

·732752 ·861395 ·935267 ·974108 ·993871.

In this way we assign a score to all permutations. Having the
score for all permutations and using this score in decreasing
order, we can order the permutations in a list of most ap-
propriate permutations for converting a set into a minimum-
phase sequence. For instance, we found for M = 9 that
the most appropriate 10 permutations (Table 2) are different
from those provided by transpositions. Note that the natural
order of permutations as given by transpositions is usually
generated by software.

3.1.2 Searching by using the list of most appropriate per-
mutations

The proposed procedure is as follows. When the set is given,
we compute its sequence of moduli. Then we perform one
by one the permutations given by the order from the most
appropriate permutations list, until the first minimum-phase
sequence is detected.

Our experiments have shown that we did not miss any
OMP set by using the most appropriate permutations list pro-
cedure. However, this may happen when the procedure is not
entirely respected:
1. The matrix score (Table 1) is obtained with a small num-

ber of sequences generated;
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Figure 4: Number of appearances of x(n) as the k-th sample
y(k) (M = 19).

2 3 1 4 5 6 7 8 9 10
2 1 3 4 5 6 7 8 9 10
2 3 4 1 5 6 7 8 9 10
1 3 2 4 5 6 7 8 9 10
3 2 1 4 5 6 7 8 9 10
1 3 2 4 5 6 7 8 9 10
3 2 4 1 5 6 7 8 9 10
3 1 2 4 5 6 7 8 9 10
2 3 4 5 1 6 7 8 9 10
2 4 3 1 5 6 7 8 9 10

Table 2: The best first 10 permutations for M = 9.

2. The search is fulfilled using a reduced list of most appro-
priate permutations.

For instance, we perform simulations when the best permu-
tation list contains only the 50 first permutation (those who
have together 98% of all score). In this case we get only
about half of OMP correct detections.

As comparison, one can also perform permutations from
the natural order permutations list, until the first minimum-
phase sequence is detected. Our simulations show a signif-
icant reduction of computational effort needed by the pro-
posed approach to detect the minimum-phase sequence. The
reduction is in average about ten times for M = 7 and similar
results have been obtained for various M (5≤M ≤ 12) [9].

3.2 Tabu-Search Approach
We start by noting that the Schur transform structure may
lead to a tabu-list [10]. Indeed, when a permutation does
not give a minimum-phase sequence, then for a certain k, we
have γk ≤ 0. All permutations having the same first k and last
k samples may be included in the tabu-list and they do not
need to be considered later on as a candidate for providing
a minimum-phase sequence. Thus finding a minimum-phase
sequence from a given set can be implemented in a similar
way as a tabu-search problem.

There is however an important difference between the
tabu-search method implemented for optimization and the
proposed approach to be used for finding the OMP sets. In
the case of optimization there is a fixed finite length tabu-

1 2 3 4 5 6 7 8 9 10
2 1 3 4 5 6 7 8 9 10
1 3 2 4 5 6 7 8 9 10
3 1 2 4 5 6 7 8 9 10
2 3 1 4 5 6 7 8 9 10
3 2 1 4 5 6 7 8 9 10
1 2 4 3 5 6 7 8 9 10
2 1 4 3 5 6 7 8 9 10
1 4 2 3 5 6 7 8 9 10
4 1 2 3 5 6 7 8 9 10

Table 3: The first 10 permutations for M = 9 in natural order
given by transpositions.

list which is updated after every iteration. Moreover, some
of previous states belonging to the tabu-list must disappear
when updating the tabu-list.

This is not the case when tabu-search is applied for find-
ing an OMP set; we still keep permutations on the tabu-list
until we are sure that no one of possible permutations which
may be derived, fits to the permutations on the list.

Alternatively, if a new candidate for the tabu-list is ob-
tained, the length of tabu-list must be increased. It follows
that when the tabu-search is used to find an OMP set, the
tabu-list may be excessively large and the search for tabu per-
mutations may be rather long. This seems a major drawback
of the approach.

We have performed tests with sets having 7, 8, 9, 10 or 11
elements and in average the tabu-search approach took less
time than to perform all the permutations. However, some-
times tabu-search is not the fastest method. Indeed, we have
verified the source of latency, and we have discovered that
the tabu-list is growing quickly.

Consequently it takes sometimes less time to compute the
Schur transform for a permutation, than to compare the per-
mutation with all the tabu permutations from the tabu-list. In
addition, the tabu-list must be modified, if it is the case, and
this takes time too, especially when the tabu-list is very large.

Let us consider the case of a set having 8 elements. Using
all permutations we need to compute the Schur transform for
5040 times, thus the Schur transform routine is called for
5040 times. The tabu-list might be about 1000 lines for this
case, and for every new permutation we have to compare this
new one, partially or entirely, with all these 1000 lines.

Unfortunately we can have often sets where the γk co-
efficients are very large and consequently almost every new
permutation fills a new position in the tabu-list. Thus the
tabu-list must be updated almost at every iteration and in such
situation the tabu-list is growing significantly.

Recent processors may compute the Schur transform
even faster than searching a very long tabu-list. To reduce
the period for comparison of permutations through the tabu-
list, we keep a permutation in the tabu-list until we are sure
that this combination cannot appear later.

In our simulations, for every M from 6 to 10, we have
considered 100 sets having M +1 elements. Using the tabu-
search approach we have determined the OMP sets. To vali-
date our results we have performed all permutations by trans-
positions, using the same testing sets. To the end, we con-
clude that the results for both methods were the same. Ta-
ble 4 shows the average of computational time in ms, needed
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M OMP non OMP
Transpositions Tabu-Search Transpositions Tabu-Search

6 12.21 9.91 33.30 13.21
7 126.23 43.23 271.7 79.2
8 1019.9 265 2494.4 500.8
9 10638 2777 29854 5902

10 21056 25385 32886 27818

Table 4: The average of computational time (ms) to find if a set is an OMP set or not, using permutation by transpositions or
by tabu-search method

to find if a set is an OMP set or not, using permutation by
transpositions or by tabu-search method. In almost all situ-
ations, tabu-search is faster. However, the reduction is not
substantial as in the case of list of appropriate permutations.

4. CONCLUSIONS

In this paper we have discussed several numerical proper-
ties of the OMP sets. We have found rather high relative
frequencies of OMP sets, and an OMP set may have one
or many more associated minimum-phase sequences. More-
over, we have established that the minimum-phase sequences
are likely to have their moduli in decreasing order.

We have concentrated on fast systematic methods for
finding an OMP set. First the approach based on the list of
most appropriate permutations has been presented and this
gives attractive results. It may also provide wrong decisions
on OMP property, if the list is reduced or based on roughly
estimations. The second method involves tabu-search ap-
proach, which does not fail, but it is not so fast. Mainly,
this is a result of long time needed for comparisons on the
tabu-list.

A. SCHUR TRANSFORM

Following [11], for a polynomial of degree n in z−1 of the
form:

P(z) = a0 +a1z−1 + · · ·+anz−n,

the reciprocal polynomial of P is defined by:

P∗(z) = an +an−1z−1 + · · ·+a0z−n.

Definition 2 The Schur transform of the polynomial P of de-
gree n is the polynomial T P of degree n−1 defined by

T P(z) = a0P(z)−anP∗(z) =
n−1

∑
k=0

(a0ak−anan−k)z−k. (2)

The iterated Schur transforms T 2P, T 3P, . . . , T nP are de-
fined by:

T kP = T (T k−1P), k = 2,3, . . . ,n. (3)

We set γk = T kP(∞), for k = 1,2, . . . ,n.

Theorem 1 (Schur-Cohn Algorithm) [11] Let P be a poly-
nomial of degree n in z−1, P 6= 0. Then all zeros of P lie
inside the open unit disk |z| < 1 if and only if γk > 0, for all
k = 1,2, . . . ,n.
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ABSTRACT
This paper addresses the problem of interpolating a (non-
bandlimited) signal from a discrete set of noisy measurements
obtained from non-δ sampling kernels. We present a linear
estimation approach, assuming the signal is given by a con-
tinuous model for which first and second order moments are
known. The formula provides a generalization of the well-
known discrete-discrete Wiener style estimator, but does not
necessarily involve Fourier domain considerations. Finally,
some experiments illustrate the flexibility of the method under
strong noise and aliasing effects, and shows how the input
autocorrelation, the sampling kernel and the noise process
shape the form of the optimal interpolating kernels.

1. INTRODUCTION

Sixty years after Shannon’s key contribution, we observe a
revived interest in sampling theory mainly due to new devel-
opments in e.g., spline-based signal processing [1, 2, 3], and
estimation theory [4]. The essential message of the present
paper is that even for non-ideal sampling, that is: for non-
bandlimited signals and/or for sampling kernels that strongly
deviate from Dirac δ -pulses, a linear reconstruction which
is optimum in the least squares (LS) sense is possible and
attractive. This statement should appear obvious and self-
evident to anybody trained in statistical signal processing, but
there is only very few work which actually goes along that
line. This linear MMSE solution can be achieved in a much
more straightforward way than this may appear from earlier
publications on reconstruction from non-ideal sampling. For
this approach, the input signals are assumed to be realizations
from a wide-sense stationary (WSS) process, and the first and
second order moment functions – the autocorrelation function
(ACF) – must be given, or estimated. We do not see many
practical situations where these very mild requirements cannot
be met. The range of application of this approach includes sit-
uations when we do not deal with bandlimited signals, that is:
even if the conditions of the Whittaker-Shannon-Kotel’nikov
(WSK) theorem are not met. The price to pay for that is
(obviously) that a perfect reconstruction is not possible, but
a simple, straightforward MSE-optimal solution may be an
attractive goal in many situations anyway.

We stress that the essential mathematical principles em-
ployed here date back to Gauss and Wiener, and that the
decisive point is to use these principles in an unbiased man-
ner. The richness of this theory lies partly on the fact that
it is easily adaptable to different tasks in signal and image
processing, such as optimal filtering [5]. We focus on this
work in the reconstruction from regularly spaced noisy dis-
crete samples, also known as smoothing or approximation [6].
Statistical approaches to reconstruction from samples have

received little attention in the signal and image processing
literature during the recent two decades, whereas early exten-
sive work using Wiener filtering (e.g. [7], or [8]) seems to
be forgotten or pushed aside, possibly due to the extensive
usage of formulations in the Fourier domain, which do not
really simplify the exposition and practical application in case
of discrete signals. However, more recently, statistical recon-
struction methods seem to regain attention. These methods
can be classified as discrete or continuous approaches. On the
discrete side, the work of Leung et al. [9] on image interpola-
tion shows a comparison on the performance between several
ACF image models for both ideal and nonideal sampling. Shi
and Reichenbach [10] derive the Wiener filter for 2-D images
in the frequency domain, and propose a parametric Markov
random field to model the ACF from the sampled (low reso-
lution) data. On the continuous counterpart, Ruiz-Alzola et
al. [6] present a comparison between Kriging (a quite popular
interpolation method in geostatistics) and Wiener filtering,
based on finite sets of noisy samples. A short section in a
contribution by Ramani et al. [11] determines the filter in the
frequency domain.

In contrast to that, we proceed as follows: we first find
the optimal MMSE estimator in the case where only a fi-
nite number of samples are available. This is also done in
[6], but in contrast to that paper we also provide the con-
nection to the case of infinitely many discrete samples. The
formula obtained is shown to be equivalent to the frequency
domain version presented in [12], but both its derivation as
well as its final structure are simpler than in [12]. A short
section provides the link between the proposed formula and
the WSK theorem. For completeness, we review the usual
discrete-discrete approach, as found for instance in [13, 8],
and illustrate with some experimental results.

2. NOTATION AND FUNDAMENTAL
ASSUMPTIONS

In this work, we denote discrete signals with brackets, e.g.,
c[k],k ∈ Z and continuous signals with parenthesis, e.g.,
s(x),x ∈ R. The continuous-space Fourier transform of a sig-
nal s(x) is expressed as S(ω) and the discrete-space Fourier
transform of a sequence c[k] is expressed as C(e jω). Dis-
crete convolution is indicated with an asterisk (∗) and for its
continuous counterpart a star (?) is employed. We write f̄ (x)
(resp. p̄[k]) for the time-reversed function f̄ (x) = f (−x) (resp.
p̄[k] = p[−k]). Each of the stochastic processes considered
here is a zero-mean wide-sense stationary (WSS) process,
unless explicitly stated otherwise. For such a process {s},
we denote by rss(d) its autocorrelation (or autocovariance)
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Figure 1: The block diagram represents the sampling-
reconstruction problem.

function (ACF), namely,

rss(d)
de f
= E [s(x) · s(x+d)] , x arbitrary.

For a random vector ~g, Cg denotes its covariance matrix,

Cg
de f
= Cov [~g,~g] = E

[
~g ·~gT ] .

For reasons of compact and simple presentation, we ad-
dress the problem in a single dimension; generalization to
higher dimensions is straightforward. The process of sam-
pling and reconstruction can be summarized as follows: the
input signal s(x) is sampled with a sampling device character-
ized by the analysis kernel1 a(x) and the sampling raster width
D. Thus, if we define the function z(x) as the convolution
between the signal s and the kernel a, i.e.,

z(x) = (s? ā)(x), (1)

then the samples g[k] are given by

g[k] = z(kD)+ v[k], k ∈ Z,

where v represents a zero-mean noise term with known co-
variance function rvv.

The samples are called ideal (or the sampling process is
said to be ideal) if the analysis kernel a(x) is equal to the
Dirac impulse δ (x). In this case and in the abscense of noise,
the sample g[k] agrees with the signal value s(kD).

The reconstruction aims at finding a linear estimate ŝ(x)
of s(x) from the samples g[k] of the form

ŝ(x) =
+∞

∑
k=−∞

g[k] · rrec(x− kD), (2)

that is optimum in the least squares sense, that is: the second
power Q of the error signal should be minimized. We call
the function rrec the reconstruction kernel. In contrast to
e.g.[14], the expectation is performed over the error signal
process as well as over {s(x)}, that is: s(x) is considered
to be a realization of a random process. In agreement with
other authors [1, 12], we show in Section 4.2, that the recon-
struction process can be formulated as a two-step process, by
first applying a discrete filter on the samples, and secondly
convolving the resulting sequence {u[k]} with a continuous

’generating function ’ ϕ(x). Symbolically,

ŝ(x) =
+∞

∑
k=−∞

u[k] ·ϕ(x− kD). (3)

The diagram shown in Fig.1 illustrates this process.
1see [2, p. 571]

3. OBTAINING THE COVARIANCE FUNCTIONS

For readers familiar with linear estimation theory, it is
not at all surprising that the optimal reconstruction ŝ de-
pends only on the covariances Cov [s(x),s(x̃)] = rss(x− x̃),
Cov [s(x),g[k]], and Cov [g[k],g[`]]. In this section, we ex-
press the last two covariances in terms of the signal autocor-
relation function rss, the sampling kernel a, and the noise
autocorrelation rvv, by adapting results from the theory of
linear systems with stochastic inputs.

Eq.1 is the defining expression for the linear shift-invariant
(LSI) system with stochastic input s(x), impulse response ā,
and output z(x). According to the well-known correlations
formulas for LSI systems (cf. [15, p.272]), an straightforward
adaption to our current setting shows that

rsz(τ) = (rss ?a)(τ), (4)
rzz(τ) = (rss ?a? ā)(τ). (5)

Assume furthermore that the noise and the signal are uncorre-
lated. Then, we obtain

Cov [g[k],s(x)] = Cov [z[kD],s(x)] = (rss ?a)(x− kD), (6)

as a consequence of eq.4. Similarly,

Cov [g[i],g[`]] = Cov [z[iD],z[`D]]+Cov [v[i],v[`]]
= (rss ?a? ā)((`− i)D)+ rvv[`− i], (7)

following eq.5.

4. MMSE ESTIMATION IN THE MIXED
CONTINUOUS-DISCRETE CASE

4.1 Estimation from finite noisy samples
Let us assume that we observe K samples from the signal
s, which are assembled in the vector ~g = (g[N1], . . . ,g[NK ])T .
There are no special requirements on the choice of the sam-
pling locations Ni, but in our case we assume that they are
equally spaced. For each point x, we design the estimate ŝ(x)
to explicitly depend linearly on the sample vector~g as follows:

ŝ(x) = ~wT (x) ·~g. (8)

where the weighting vector ~w is to be chosen in order to
minimize the mean-square error Q = E

[
(s(x)− ŝ(x))2

]
.

Introducing the vector

~f (x)
de f
= ( f1(x), . . . , fK(x))T

where

fi(x) = E [s(x) ·g[Ni]]
= (rss ?a)(x−NiD),

(using eq.6), and noticing that the element cg(i, `) of the co-
variance matrix Cg equals

cg(i, `) = (rss ?a? ā)((N`−Ni)D)+ rvv[N`−Ni], (9)

in virtue of eq.7, then a short algebraic manipulation shows
that the optimal ~w, given by the critical point of Q, satisfies
the normal equation

Cg ·~w = ~f (x). (10)
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Substituting in eq.8, we conclude that the optimal estimate
ŝ(x) is given by

ŝ(x) = ~f T (x) ·C−1
g ·~g, (11)

and the variance of the error term e(x) = s(x)− ŝ(x) equals

Var [e(x)] = rss(0)−~f T (x) ·C−1
g ·~f (x).

4.2 The case of infinitely many noisy samples
Let us address the case where the sample sequence ~g is in-
finitely long, i.e., ~g = (g[k])k∈Z. Then we need to reinterpret
eq.10 and eq.11 accordingly. In particular, Cg can be inter-
preted as a linear operator that maps an (infinitely long) vector
~w to

Cg ·~w = (~ci ·~w)i∈Z (12)

where, for a fixed i, ~ci is the ‘i-th row” of Cg, that is, ~ci
given by eq.9, and the product in 12 should be understood in
some appropriate sequence space, `2 being the usual choice.
Another interpretation is to characterize Cg as a convolution
operator: in fact, eq.12 can be written as

Cg ·~w =~t ∗~w,

where
t[i] = (rss ?a? ā)(x)

∣∣
x=iD + rvv[i].

Now, assume that Cg is an invertible operator and let~u be
the unique vector such that

Cg ·~u =~g.

In terms of convolution,~t ∗~u =~g. Therefore, the formula for
the optimal estimate ŝ(x), derived in eq.11, reduces to

ŝ(x) = ~f (x)T ·~u.

Expanding this product we obtain

ŝ(x) =
∞

∑
i=−∞

ui · fi(x)

=

(
∞

∑
i=−∞

ui ·δ (x− iD)

)
? (rss ?a)(x). (13)

From this formula, we can fully describe the reconstruction
process as a two-step process:
(i) The samples~g are linearly filtered by a discrete-discrete

filter characterized by the matrix C−1
g , whose impulse

response is given by the inverse under convolution of the
vector~t.

(ii) The filtered samples ~u are linearly filtered with a discrete-
continuous filter whose impulse response is given by
ϕ(x) = (rss ?a)(x).

This completes eq.3 and the reconstruction diagram in Fig.1.

4.3 Connection with Fourier domain formulation
In [11], the authors express the reconstruction process just
described (for the case D = 1) by rewriting the estimation
problem in the frequency domain and expressing the discrete-
discrete filter in terms of its Fourier transform. We proceed to

verify that the result obtained in [11] is (as expected) equiva-
lent to the one contained in eq.13.

Let pW be the convolution inverse of~t, and let qW = ϕ

(the notation is chosen in order to match that of [11]). By
definition of the convolution inverse and the formula of~t, we
have that

pW [k]∗
(
rvv[k]+ (qW ? ā)(x)

∣∣
x=k

)
= δ [k].

Taking Fourier transform on both sides, we obtain

PW (e jω) ·
(

Rvv(e jω)+
∞

∑
k=−∞

QW (ω +2πk) ·A(ω +2πk)
)

= 1.

Therefore, the impulse response of the discrete-discrete filter-
ing step in Fourier domain equals

PW (e jω) =
1(

Rvv(e jω)+
∞

∑
k=−∞

QW (ω +2πk) ·A(ω +2πk)

) ,

which coincides with formulas (49) and (50) given by Ramani,
Van de Ville, Blu, and Unser in [11].

4.4 Connection to WSK theorem
As a simple illustration, we show that the WSK theorem is a
particular case of eq.13. The WSK conditions assume that the
analysis kernel is ideal, namely, a(x) = ā(x) = δ (x), and the
process s to be bandlimited. For simplicity, let the process {s}
be uniformly bandlimited to the frequency fmax = 1

2D . Thus,
its power spectrum density is given by Rss( f ) = rect(D · f ),
and consequently, its autocorrelation function is given by
rss(d) = 1

D sinc
( d

D

)
. Then, we see that

fi(x) = sinc
( x

D
− i
)

, and

Cg ·w = ~t ∗~w =
1
D

~w

Substituting these results in eq.10 and simplifying, we obtain
~w =

(
sinc

( x
D − i

))
i∈Z and the optimal estimate ŝ(x) is given

by
ŝ(x) = ~w ·~g = ∑

i
s(iD) · sinc

( x
D
− i
)

,

which coincides with the WSK interpolation formula. It is
also possible to check that the error is actually zero.

5. MMSE ESTIMATION IN THE
DISCRETE-DISCRETE CASE

In this section, we provide a short description of the recon-
struction process in the case where the original process is
assumed to be discrete, in order to show how it follows as a
special case of the mixed continuous-discrete setting previ-
ously studied. The discrete-discrete setting is probably the
most popular among researchers since first, DSP implementa-
tions of the principles shown so far are to be implemented in
terms of discrete signals anyway, and second, the necessary
mathematical tools are significantly simpler to handle. As
should be expected, the reconstruction has the same basic
form as the one found in Section 4.
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So, assume that the signal ~s = (s[1],s[2], . . .s[M])T is a
realization of a WSS discrete process {s[n]} and the sam-
ples g[k], arranged in the vector ~g = (g[1],g[2], . . .g[K])T

are obtained by performing the scalar product of the se-
quence {s[n]} with an analysis kernel sequence ak[n] accord-
ing to g[k] =~aT

k~s+ v[k]. In matrix form, ~g = H ·~s+~v, where
H is the matrix whose ith row equals ~aT

i , for i = 1, . . . ,M.
It is assumed that there exists a positive integer D such that
M = KD (subsampling factor).

If the estimate ŝ[m] of s[m] is modeled as a linear function
of ~g according to ŝ[m] = ~wT

m~g, then following the same con-
siderations for the mixed continuous-discrete approach, one
can show that the operator Cg and the vector ~f are given by

Cg = HCsHT +Cv, ~f = HCT
s ,

and thus the optimal estimate ~̂s (in the MMSE sense) of the
vector~s is given by

~̂s = CsHT (HCsHT +Cv
)−1

~g.

This is of course the well-known discrete-discrete
Wiener/Bayes estimator formula available in [13, p.364] and
in [8, p.292].

6. EXPERIMENTS

In this section, we illustrate the method presented before using
two types of process. The first one is a third order autore-
gressive process AR(3) formed by applying three times the
impulse response h(s) = 1/(1−αs) to a white noise process,
with α = 0.95. We will label this process as AR(3,α).

For this value of α , the process AR(3,α), although non-
bandlimited, is quite smooth and is thus a study case for which
the sampling-reconstruction process does not strongly deviate
from the WSK conditions.

The second type of process is a first order normalized
AR(1) or Markov process, whose ACF is given by rss(d) =
α |d|,0 < α < 1. We denote this process by AR(1,α).

The sampling process for both type of processes was
performed using the ’averaging’ analysis function a(x) =
rect(x/τ). The values of τ used were τ = 1 (maximum width),
τ = 3/5 (intermediate width) and τ→ 0 (ideal sampling). The
SNR (in db) was computed according to 10log10(σ

2
s /σ2

v ).
Reconstruction results from nonideal noisy samples for

AR(3,α) are shown in Fig.2. We remark that, due to the pres-
ence of noise, the optimal reconstruction does not necessarily
pass through the samples, as they are just partially reliable.

In Fig.3 we show reconstruction kernels, that is, the func-
tion rrec(x) in eq.2, for the process AR(3,α), with nonideal
sampling in Fig.3 a) and with ideal sampling in Fig.3 b). In
this case, the non-δ kernel a(x) has an stretching effect on
the shape of the kernel, due to the averaging operation per-
formed according to eq.13. The effect is more noticeable
under favorable noise conditions. Moreover, for both plots
presented in Fig.3, the noise has a clearly visible damping
effect on the reconstruction kernel, in an attempt to reduce
the influence of high frequencies. Nevertheless, notice that
the two dashed kernels (SNR=10 db) in Fig.3(a) and (b) are
indeed very similar to each other. Thus, the magnitude of the
damping effect caused by the noise term on the interpolating
kernels depends on the signal statistics and the analysis kernel.
This agrees with what was observed in [9].

−8 −4 0 4 8
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−8 −4 0 4 8

−1

0

b)a)

SNR = 10 dBSNR = 40 dB

Figure 2: Examples of optimal reconstructions for the third
order process AR(3,α) with α = 0.95. Dashed line: input sig-
nal. Solid line: reconstructed signal. Filled circles: nonideal
noisy samples. Both process were sampled using τ = 1.
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Figure 3: Examples of optimal reconstruction kernels for the
third order process AR(3,α) with α = 0.95, under different
noise levels. For figure a), the process was sampled using
τ = 1 (maximum width), while for figure b), the sampling
process was ideal. Solid line: SNR=40 db. Pointed line:
SNR=20 db. Dashed line: SNR=10 db.

For the AR(1,α) process, Fig.4 shows the reconstruction
results for α = 0.98. This process is then not bandlimited
but the area of the nonbandlimited part of the signal accounts
only for about 10% of the total integral.

In Fig. 4 (c) the interpolation looks almost piecewise lin-
ear, but is actually of exponential type. This family of kernels
are known in the literature as exponential splines [3]. Consid-
ering that Markov models are in many situations adequate for
both image and geostatistics data, then it is not surprising that,
in certain cases, linear interpolation outperforms other more
more sophisticated polynomial splines interpolating functions.
Fig. 4 (a) and Fig. 4 (b) are included in order to stress the
smoothing effect of the analysis kernel on the reconstructions.

For positive values of α away from 1, AR(1,α) processes
exhibit very high frequencies, thus violating drastically the
WSK conditions. Therefore, any attempt to reconstruct the
signal from discrete samples as performed in the previous
cases renders a very rough estimate of the signal. In any case,
it is interesting to regard these extreme cases for which the
optimal interpolation scheme is far from being linear. Fig.5
shows reconstruction kernels for AR(1,α) with α = 0.70 and
α = 0.50. Decreasing the value of α produces an increase on
the concavity of the kernel in the ideal sampling case. This
effect is in agreement with the examples shown in [3].

In summary, we see that the linear MMSE estimator is
able to handle both mild and strong aliasing, as well as noise
present on the samples, and the resulting interpolating func-
tion include the ubiquitous sinc and polynomial interpolation-
type schemes, as well as other more exotic examples.
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Figure 4: Examples of optimal reconstructions for the first
order process AR(1,α) with α = 0.98. The thin red line is
the original signal, while the thicker blue line is the optimal
reconstruction from the samples shown. Figure a): nonideal
sampling with τ = 1, noiseless conditions. Figure b): nonideal
sampling with τ = 1, SNR=10 db. Figure c): ideal sampling,
noiseless conditions. Figure d): ideal sampling, SNR=10 db.
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Figure 5: Examples of optimal reconstruction kernels for the
first order process AR(1,α) under noiseless conditions for
three different values of the width τ . Figure a) shows results
for α = 0.70, while for figure b), α = 0.50 was used. Solid
line: τ = 1. Pointed line: τ = 3/5. Dashed line: τ → 0.

7. CONCLUSION

We have shown how to obtain a mixed continuous-discrete
version of the Wiener/Gauss-Markov estimation technique
commonly known for discrete data. It is applicable to the
problem of interpolating a signal from nonideal samples, un-
der the criterion of minimizing the MSE. For this approach, it
is not necessary to assume a bandlimited input process; the
derivation is straightforward and does not need a frequency
domain formulation. There is a strong relation of our results
shown here both with [4, 11] as well as with the classical
’smoothing splines’ approach by Wahba [16]. The most im-
portant difference to all these works is that the interpolation
kernel is determined here directly from the measurable (!)
statistical properties of the regarded signals, and does not re-
quire to set up a priori a class of signals (polynomial splines,
exponential splines) in which the solution has to reside. Fur-
thermore, with given statistical models for the signal and the
noise there is no need to reason about the determination of
a ’regularization parameter’ λ , since the correct balance be-

tween the measurement model and the prior follows directly
from the theoretical framework, thanks to Mr. Wiener.
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ABSTRACT

We propose an adaptive level crossing approach for the sam-
pling and reconstruction of signals for applications where
clock-free and low-power data gathering are required. Due
to the lack of a priori information on the signal statistics,
uniform levels are typically chosen in level-crossing (LC)
sampling. Our approach uses as reference levels the local
means obtained from an asynchronous sigma delta modu-
lator (ASDM). This signal-dependent sampling constitutes
non-uniform sampling with local means and their times of
occurrence. The local means can be seen as optimal signal
estimators in a mean-square sense. The reconstruction of
the original signal is approached using Prolate Spheroidal
Wave functions which performs well when the signal is time-
limited and essentially band-limited. The optimality of the
levels can be illustrated when comparing our procedure with
uniform LC sampling and reconstruction. The proposed pro-
cedure is especially suited for applications where the signal
occurs in bursts, and data gathering is done under clock–free,
low–power and low–transmission conditions.

1. INTRODUCTION

Although non-uniform sampling is not a preferred method
for data acquisition, since both samples and their corre-
sponding sample times are needed for reconstruction, in
many applications it is an alternative to conventional time-
driven sampling. That is the case whenever clocks are not
desirable, and high energy efficiency and low data transmis-
sion are required. In biomedical monitoring [9], for brain– or
heart–computer interfaces, speech processing and networked
control [1], level crossing (LC) or Lebesgue sampling have
been considered as an alternative to conventional time-driven
sampling. In LC sampling the signal is not sampled but di-
rectly quantized whenever the signal crosses a certain level.
As indicated in [2] this approach avoids frequency aliasing
and could be applied to signals that are not band-limited.
LC is particularly useful in dealing with signals that deliver
the information in bursts rather than in a constant stream.
Such signals appear in biomedical applications [9] and in
sensor network transmissions [3]. Because of their short du-
ration and bursty nature, these signals are not necessarily
band-limited. Level crossing (LC) [4] is a form of nonuni-
form sampling that can be used for bursty or sparse signals.
Given the economical sampling, LC sampling may be used
to obtain a discrete representation for sparse signals in the
compressive sensing [5].

The advantages of LC sampling in both data transmis-
sion and signal reconstruction depend on the proper place-
ment of reference levels within the dynamic range of the
input. Typically, the levels have been treated as uniform
quantization levels [4, 6, 7] instead of optimal level alloca-
tion [3], where the signal dictates the rate of data collection
and quantization.

In this paper, we propose a novel approach to determine
signal–dependent reference levels for the LC sampling. These

adaptive levels are obtained by using an asynchronous sigma
delta modulator (ASDM) which is a nonlinear feedback sys-
tem that performs time–encoding of the signal [9]. The out-
put of an ASDM is a binary signal that is continuous in
time. The ASDM provides a clock-less data acquisition and
reconstruction from the sample times [9, 10, 11]. Moreover,
it enables the computation of the local means of the signal.
It is these local means that we will use as the levels for the
LC sampling. The local means require that more samples be
taken when the signal is bursty and fewer otherwise.

Considering signals that are time limited and essentially
band-limited (a high percentage of the signal energy is con-
centrated in a certain bandwidth) the reconstruction is ap-
proached using prolate spheroidal wave functions (PSWFs).
In biomedical data monitoring, ASDM-based adaptive LC
sampling can be used efficiently and implemented as in [12].
As illustrated by the simulations, the ASDM-based adaptive
LC sampling and reconstruction using PSWFs show a lot
of promise in the processing of time-limited and essentially
band-limited signals, including bursty signals [13, 14, 15].

2. ASYNCHRONOUS SIGMA DELTA
MODULATORS

An Asynchronous Sigma Delta Modulator (ASDM), Fig. (1),
is a nonlinear feedback system consisting of an integrator and
a non-inverting Schmitt trigger [8]. In the ASDM, amplitude
information of a signal x(t) is transformed into time infor-
mation.

+ !

1
!

!
dt

x(t) y(t) z(t)
b

!b

!!

!

!1

1

t1

t2

t3

tSchmitt Trigger
Integrator

z(t)

y(t)

Figure 1: Asynchronous sigma delta modulator

2.1 Duty-cycle Modulation and Time-encoding

Time-encoding can be seen as duty-cycle modulation, where
a sequence of binary rectangular pulses (Fig.2) is character-
ized by the duty-cycle defined for two consecutive pulses of
duration Tk = αk +βk, αk being the duration of the pulse of
amplitude 1 and βk the duration of the other pulse of ampli-
tude −1. For x(t), tk ≤ t ≤ tk+2, the duty-cycle is defined
as

0 <
αk

Tk
=

1 + x(t)

2
< 1 tk ≤ t ≤ tk+2 (1)

Thus, if the signal is zero for all times, x(t) = 0, −∞ <
t < ∞, it is modulated into a train of square pulses with
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αk = βk or with duty cycle of αk/Tk = 0.5. If x(t) = A,
|A| < 1, tk ≤ t ≤ tk+2, then the two pulses for that time are
rectangular where

αk =
(1 + A)Tk

2

and βk = Tk − αk. If the signal is not constant in a time
segment, the duty-cycle is not clearly defined with respect
to the amplitude.

tk tk+1 tk+2 t

z(t)

· · ·· · ·

!k !k

1

!1

Figure 2: Duty-cycle modulation.

Suppose x̄k is the local average of the signal in tk ≤ t ≤
tk+2, from the above we can see that it can be obtained from
the αk and βk in the duty cycle modulation, i.e.,

x̄k =
αk − βk

αk + βk

αk = tk+1 − tk, βk = tk+2 − tk−1 (2)

Time encoding has been proposed in [9] for representa-
tion of a bandlimited signal using ASDMs. The relationship
between the binary output z(t) and the input x(t) of the
ASDM for tk+1 > tk, and integers k ≥ 0, is given by the
integral equationZ tk+1

tk

x(u)du = (−1)k[−b(tk+1 − tk) + 2κδ] (3)

Thus from the duty-cycle modulation, or the output z(t) of
the ASDM, giving the time-sequence {tk} we are only able
to recover local averages in each segment. If the signal x(t)
is continuous in tk ≤ t ≤ tk+2, the local average coincides
with one of the values x(ζ) for tk ≤ ζ ≤ tk+2 and one could
think then of a non-uniformly sampled signal for which we
would like to interpolate the rest of the signal values in that
segment. Thus, equation (3) provides a way to obtain that
interpolation as we will see in the next section.

The train of rectangular pulses z(t) displays non-uniform
zero-crossing times that depend on the input signal ampli-
tude. The reconstruction of the signal x(t) can be done by
approximating the integral in (3), by the trapezoidal rule.
Using an increment ∆ = (tk+1 − tk)/D for an integer D > 1
(the larger this value the better the approximation), we have
that Z tk+1

tk

x(τ)dτ ≈ ∆

"
x(tk)

2
+

D−1X
`=1

x(tk + `∆)

+
x(tk+1)

2

–

We then obtain the following reconstruction algorithm:

(i) v = Qx = QPγ

(ii) γ = [QP]†v

(iii) x = Pγ

where v is the right term in (3), Q is the matrix for the
trapezoidal approximation, P is either a matrix with sinc
functions or PSW functions [9, 15]. The symbol † represents
pseudo-inverse. Thus the signal x(t) can be reconstructed
from the zero crossings {tk} of the output of the ASDM z(t).
The accuracy of the reconstruction however depends on the
approximation of the integral, and on the signal being band-
limited. Our approach strives to avoid these two constrains.

2.2 Calculation of Local Averages

Assuming the output x(t) of the ASDM is bounded as
|x(t)| ≤ c < b, the output of the integrator at time tk+1 > tk

is

y(tk+1) = y(tk) +
1

κ

Z tk+1

tk

[x(u)− z(u)]du.

If the Schmitt trigger is in the state (−b,−δ) at t = tk,
(y(tk) = −δ and z(tk) = −b) , at some time tk+1 > tk we
have that

δ = −δ +
1

κ

Z tk+1

tk

[x(u) + b]du

= −δ +
1

κ

Z tk+1

tk

x(u)du + b(tk+1 − tk)

Right after tk+1, the trigger switches to a (b, δ) state so that
for some time tk+2 > tk+1

−δ = δ +
1

κ

Z tk+2

tk+1

[x(u) + b]du

= δ +
1

κ

Z tk+2

tk+1

x(u)du− b(tk+2 − tk+1)

which when added givesZ tk+2

tk

x(τ)dτ = tk+2 − 2tk+1 + tk = αk − βk (4)

where αk and βk are defined as above. To obtain the local
average we need Tk = αk + βk, which are obtained from the
derivative of the binary signal z(t),

dz(t)

dt
=

X
k

2(−1)kδ(t− tk) (5)

which in practice can be obtained using a time-to-digital
converter [12].

The value chosen for κ is of great significance in the com-
putation of the local averages. If the value of κ is chosen
appropriately, the difference of the output of the integrator
at times tk and tk+1 is

y(tk+1)− y(tk) = 2δ =
1

κ

Z tk+1

tk

[x(u)− z(u)]du

If we let δ = 0.5,

κ =

Z tk+1

tk

x(u)du + αk
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and since |x(t)| < c ≤ 1 we obtain the following upper bound
for κ > 0

κ ≤
˛̨̨̨Z tk+1

tk

x(u)du

˛̨̨̨
+ αk ≤ αk(c + 1)

indicating that it depends on the local variation of the signal
amplitude or local frequency.

If x(t) is bandlimited, its reconstruction from the time
sequence {tk, k = 0, 1, · · ·} is possible if [9]:

max
k

(αk) = max
k

(tk+1 − tk) ≤ TN (6)

where TN = π/Ωmax is the Nyquist sampling period. Thus
for bandlimited signals, we have

κ ≤ (1 + c)TN (7)

Figure 3 shows the operation of ASDM on an arbitrary sig-
nal.
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Figure 3: Operation of ASDM

3. ADAPTIVE LEVEL-CROSSING SAMPLING

Level-crossing (LC) sampling is threshold based: the signal
x(t) is compared with a set of reference levels and only when
the signal exceeds one of the reference levels the sample is
taken. Thus, the signal determines when samples are taken
and what the quantization level is, i.e., it is non-uniform
sampling. For a bursty signal more samples are taken dur-
ing the burst and fewer otherwise. For a smooth signal the
samples are randomly but uniformly distributed. The recon-
struction of the signal depends on this distribution even in
the case of bandlimited signals [17].

A piecewise constant reconstruction of x(t), is obtained
for a set of reference levels {qk} and non-uniform sample
times {ζk} as [3]:

x̂(t) =
X

k

qk[u(t− ζk)− u(t− ζk+1)] (8)

where u(t) is the unit-step function. Assume we wish to
minimize a mean-square error

ε = E[x(t)− x̂(t)]2 (9)

by choosing the levels {qk}. It is not possible to obtain op-
timal levels without statistical knowledge of the signal and
choosing uniform levels does not provide the optimal solu-
tion, either. In [3], the authors propose a sequential algo-
rithm to obtain optimal levels.

To minimize the mean-square error ε with respect to the
levels {qk}, with no additional information that the local
averages provided by the ASDM, the local average x̄k in
[tk, tk+2] constitutes an optimal estimate of the signal in the
interval. This is so since no second-order statistics is avail-
able. These local averages are completely determined by the
time-codes {tk, k = 0, 1, · · ·}.

To insure that the reconstruction is possible, we assume
the signals are not only time-limited, but also essentially
band-limited or that most of its energy is within a certain
frequency band [15]. The essential bandwidth can be used
to determine the value of κ for the ASDM.
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0.5
(b)

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014
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0

0.2
 (c)

time (sec)

Figure 4: Adaptive LC sampling ((a) and (b)) and recon-
struction error (c) of a smooth signal.

4. SIGNAL RECONSTRUCTION USING PSWF

The PSWFs, {ϕn(t)}, are real-valued functions with finite
time support that maximize their energy in a given band-
width [13]. These functions provide an interpolation of a
continuous signal similar to the sinc interpolation in the sam-
pling theory [14, 15]. Indeed, the sinc function S(t) can
be expanded in terms of the basis {ϕn(t)}, with Ts as the
Nyquist period, as

S(t− kTs) =

∞X
m=0

ϕm(kTs)ϕm(t) (10)

allowing us to write the sinc interpolation of a band-limited
signal x(t) as

x(t) =

∞X
m=0

"X
k

x(kTs)ϕm(kTs)

#
ϕm(t)

=

∞X
m=0

γmϕm(t) (11)

which is an infinite dimensional interpolation of the continu-
ous signal in terms of PSWFs [14]. The finite reconstruction
for the above at uniform sampling times tk is:

x̂(tk) =

M−1X
m=0

γM,mϕm(tk) (12)

where the coefficients are

γM,m =

N−1X
k=0

x(kTs)ϕm(kTs)
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and the value of M is obtained when eigenvalues {λn} asso-
ciated with the length N PSWFs are approximately zero for
n ≥ M .
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Figure 5: Uniform LC sampling ((a) and (b)) and recon-
struction error (c) of a smooth signal.

The matrix form of the projected signal at the uniform
times {tk = kTs} is

x̂(tk) = Φ(tk)γM (13)

where x̂(tk), 0 ≤ k ≤ Nn − 1 is a length Nn vector contain-
ing samples {x(kTs)}, γM is the vector formed by the coeffi-
cients of the projection and the matrix Φ(tk) is composed of
PSWFs. The LC-sampling using the local means {x̄k} gives
a set of non-uniform times tk ≤ ζk ≤ tk+2 (which we assume
is a subset of a uniform sample values) where the continu-
ous signal equals the local mean, i.e., x(ζk) = x̄k Thus, the
couples

{x(ζk), ζk} k = 0, 1, ..., N` − 1 (14)

provide the necessary data for the PSWF interpolation:

x(ζk) = Φ(ζk)γM (15)

Since the values {ζk} occur within [tk tk+2] in a non-
deterministic way, the matrix Φ(ζk), of dimension M ×N`,
can be considered non–deterministic. Using its pseudo-
inverse we obtain the coefficients

γM = [Φ(ζk)]† x(ζk),

which can be used to obtain the reconstructed signal

xr(t) = Φ(t) [Φ(ζk)]† x(ζk)

= Θ x(ζk) (16)

Considering the {x(ζk)} the measurements, the recon-
structed signal resembles the results obtained in compressive
sensing.

Figure 4 shows adaptive LC sampling together with re-
construction error for a smooth signal, while Fig. 5 shows
the results using uniform LC sampling with 8 levels and the
accompanying normalized reconstruction error. We chose 8
uniform levels, because we thought it would be a fair com-
parison in terms of the step size of the levels. Although the
uniform LC has 40 samples compared to 21 samples of the
adaptive LC, the normalized reconstruction error for the uni-
form LC is 40× 10−4 compared to 7× 10−4 of the adaptive
LC sampling. It is possible to obtain a lower reconstruction
error for the uniform LC sampling but that would require
many more samples. Notice the different distribution of the
crossing times, in the adaptive case they are more evenly
distributed.

5. SIMULATIONS

The significance of our procedure is highlighted when sam-
pling and reconstructing bursty signals. In the simulations
we used a bursty signal which is from the wavelet decompo-
sition of an EEG signal with a sampling period of 5× 10−3

provided by [16]. We used 0.64 seconds of that signal which
would require 130 samples in uniform sampling case. We
converted the signal into continuous form by using sinc in-
terpolation. An ASDM is then used to find the values of the
local means. For the uniform sampling the dynamic range
is divided into equal levels. As shown in Figs. 6 and 8,
the quantization is finer with the uniform levels compared
to the adaptive one, but the distribution of the samples is
more uniform for the adaptive case. There are certain inter-
vals where the uniform sampling does not have any samples
and as indicated in Fig. 9, it is in those segments where
the reconstruction is the worst. Despite the fewer samples
in the adaptive sampling, the reconstruction is almost per-
fect as in Fig.7. In fact, we found it better than using the
trapezoidal approximation of the integral resulting from the
ASDM processing, shown in Fig. 10.
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Figure 6: Adaptive LC of a bursty signal: (a) quantization
with local means, (b) times of local averages.
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Figure 7: (a) PSWF reconstruction from local levels and
their times, (b) reconstruction error.

6. CONCLUSIONS

We propose a novel approach for the sampling and recon-
struction of signals using level crossing. In particular, our
method is shown to perform well for bursty signals, com-
monly found in biomedical applications and sensor network
transmission. Using local mean values as the levels for LC
sampling, the signal dictates the rate of data collection. The
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Figure 8: Uniform LC of a bursty signal: (a) quantization
with uniform levels, (b) times of uniform levels.
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Figure 9: (a) PSWF reconstruction from uniform levels and
their times, (b) reconstruction error.

reconstruction is done using PSW functions under assump-
tions of finite time support and essentially band-limited for
the signals. The simulations indicate it is the distribution of
the missing samples that determines the performance of the
proposed method.

The advantage of our method over conventional uniform
sampling is in demonstrated in applications where signals
do not satisfy the band–limited conditions, or where high
clock frequencies could cause physical complications. Using
ASDM and level-crossing sampling devices provide a low-
power performance and do not cause frequency aliasing. Fur-
ther study is needed to establish the frequency performance
of the proposed method.
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ABSTRACT

In this paper, symmetric correlation that is a correlation be-
tween symmetrically extended signals is proposed to esti-
mate shifts between two signals. Symmetrical extension cre-
ates smooth boundaries of endpoints of signals to avoid the
discontinuity of endpoints. The symmetric correlation is per-
formed by discrete cosine transform (DCT) without the in-
crease of the number of samples. Moreover, it is shown that
whitening of signals removes the interference effect of sym-
metry. That is, the correlation between signals can be directly
estimated by symmetric correlation with whitening. Using
the signs of DCT coefficients can be approximated as whiten-
ing, which contributes to lower computational complexity.

1. INTRODUCTION

The symmetric extension creates symmetry at the endpoints
for smooth boundaries to mitigate the end effects encoun-
tered in convolving finite-length signals. One area in which
symmetric extension is particularly useful is image filtering.
Symmetric extension has been mainly studied for convolu-
tion [1, 2, 3].

Correlation, on the other hand, is a measure of similar-
ity of two signals, which is used in many areas such as in
communications, pattern recognition, and cryptanalysis. In
signal matching, the shift between two signals is estimated
by maximum correlation values [4]. The correlation can be
calculated in either the spatial domain or the frequency do-
main by discrete Fourier transform (DFT). Although the pe-
riodicity is effective for calculation, finite-length signals may
create the discontinuity of endpoints, which impairs the es-
timation. In this case, window functions are generally used
in order to avoid the discontinuity of endpoints. However,
when the length of signals is not enough, the estimated value
is not reliable because window functions distort signals.

In the present paper, we define symmetric correlation and
describe its properties. Symmetric correlation is used for sig-
nal matching and motivated by low computational complex-
ity and creating smooth boundaries of endpoints of signals.
Symmetric correlation is performed by discrete cosine trans-
form (DCT) without the increase of the number of samples.
Moreover, whitening of signals removes the interference ef-
fect of symmetry, which suggests the correlation between the
original signals are estimated by symmetric correlation. We
show that using the positive and negative signs of DCT coef-
ficients can be approximated as whitening, which also con-
tributes to lower computational complexity. Some experi-
mental results are presented for the appropriateness and ef-
fectiveness of symmetric correlation.

2. PRELIMINARY

Circular correlation, phase correlation, and correlation coef-
ficients matrix are described. One-dimensional notation is
used for the sake of brevity.

2.1 Circular correlation
The circular correlation between x(n) and y(n), both of
length N, is defined as

r(n) = x(n)� y(n) =
N−1

∑
k=0

x(k)y(((n+ k))N) (1)

where the notation ((n))N denotes (n modulo N). Circular
correlation can be also calculated using DFT as

r(n) =
1
N

N−1

∑
k=0

X∗(k)Y (k)W−nk
N (2)

where X(k) and Y (k) are the DFT coefficients of x(n) and
y(n), respectively, and WN denotes exp(− j2π/N).

2.2 Phase correlation
Phase correlation is defined as

rφ (n) =
1
N

N−1

∑
k=0

φ ∗
X (k)φY (k)W−nk

N (3)

where φX (k) and φY (k) are phase factor of X(k) =
|X(k)|φX (k) and Y (k) = |Y (k)|φY (k), respectively. That is,
phase correlation is a kind of weighted cross correlation:

rφ (n) =
1
N

N−1

∑
k=0

WX X∗(k)WYY (k)W−nk
N (4)

where WX = 1/|X(k)| and WY = 1/|Y (k)|.
Phase correlation can be also expressed as a cross corre-

lation between signals whose spectral magnitude is normal-
ized. The normalized spectral magnitude signal is defined as
the inverse DFT of phase factor by

xφ (n) =
1
N

N−1

∑
k=0

φX (k)W−nk
N . (5)

2.3 Correlation coefficients matrix
Correlation coefficient, rXX (l), of N-point signal x(n) is de-
fined as

rXX (l) =
∑N−1

n=0 (x(n)− x̄)(x(n+ l)− x̄)

∑N−1
n=0 (x(n)− x̄)2

(6)
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Figure 1: Composition of signals.

where l denotes a lag and x̄ = ∑N−1
n=0 x(n)/N. Correlation be-

tween samples which are away from l on a signal is evaluated
by correlation coefficient. It is well known that the corre-
lation coefficients of natural images are approximated with
ρ < 1 as

rXX (l) ' ρ |l|. (7)

That is, the nearest samples are highly correlated.
The correlation coefficients matrix is defined as

RXX = RRt (8)

where

R = [rXX (0),rXX (1),rXX (2), · · · ,rXX (M−1)]t . (9)

The correlation coefficients matrix in AR(1) process is given
as a Toeplitz matrix [5], i.e.,

RXX = RRt =


1 ρ ρ2 · · · ρM−1

ρ 1 ρ · · ·
ρ2 ρ 1
...

. . .
ρM−1 1

 . (10)

3. SYMMETRIC CORRELATION

Symmetric correlation is proposed herein. The motivation of
symmetric correlation is to estimate the shifts between sig-
nals with low computational complexity and smooth bound-
ary of end points.

3.1 Symmetric correlation and its type
Let y(n) be a shifted signal of x(n), both of length N. Let
x̂(n) and ŷ(n) be symmetrically extended signal of x(n) and
y(n), respectively, as illustrated in Fig. 1. That is,

x̂(n) = x(n)+ xs(n) (11)
ŷ(n) = y(n)+ ys(n) (12)

where

xs(n) = x(2N −n−1), (13)
ys(n) = y(2N −n−1). (14)

Symmetric correlation, r̂(n), between x(n) and y(n) is de-
fined as

r̂(n) = x̂(n)� ŷ(n) =
2N−1

∑
k=0

x̂(k)ŷ(((n+ k))2N). (15)

Symmetric correlation can be also calculated using DFT, i.e.,

r̂(n) =
1

2N

2N−1

∑
k=0

X̂∗(k)Ŷ (k)W−nk
2N , n = 0,1, · · · ,2N −1

where X̂(k) and Ŷ (k) are the DFT coefficients of x̂(n) and
ŷ(n). The weighted symmetric correlation is hereby defined
as

r̂w(n) =
1

2N

2N−1

∑
k=0

WX̂ (k)X̂∗(k)WŶ (k)Ŷ ∗(k)W−nk
2N (16)

where WX̂ (k) and WŶ (k) are the weights.

3.2 Efficient calculation of symmetric correlation
It is well known that there is a relationship between the DFT
and DCT. From the relationship, symmetric correlation is
calculated by N-point DCT in stead of 2N-point DFT, i.e.,

r̂w(n) =
α
N

N−1

∑
k=0

(kk)2WXC(k)XC(k)WYC(k)YC(k)cos
(

πnk
N

)
,

n = 0,1, · · · ,N −1 (17)

where α is the scale factor, WXC(k) and WYC(k) are the
weights, and XC(k) and YC(k) are N-point DCT coefficients
of x(n) and y(n), respectively. The DCT coefficients, XC(k),
of x(n) is defined as

XC(k) =

√
2
N

kk

N−1

∑
n=0

x(n)cos
(

πk(n+1/2)
N

)
(18)

where

kk =
{

1, k 6= 0
1/
√

2, k = 0 . (19)

That is, the use of DCT achieves a symmetric correlation
without the increase of the number of samples.

There are some types of DCT on the basis of the type
of symmetry. With respect to other type of DCT, the study
of symmetric convolution [3] can be applied to symmetric
correlation.

4. PROPERTIES OF SYMMETRIC CORRELATION

The properties of symmetric correlation is shown and the ef-
fect of weighting is discussed.

4.1 Basic properties
Since circular correlation is a linear operator, symmetric cor-
relation r̂(n) is developed as

r̂(n) = x̂(n)� ŷ(n) = (x(n)+ xs(n))� (y(n)+ ys(n))
= x(n)� y(n)+ x(n)� ys(n)

+ xs(n)� y(n)+ xs(n)� ys(n)
= x(n)� y(n)+ x(n)~ y(n−1)

+ x(n−1)~ y(n)+ y(−n−1)� x(−n−1) (20)

where the operator ’~’ denotes circular convolution of x(n)
and y(n):

x(n)~ y(n) =
2N−1

∑
k=0

x(((k))2N)y(((n− k))2N). (21)
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That is, symmetric correlation consists of two correlation
terms and two convolution terms.

When, the two convolution terms in (20) are{
x(n)~ y(n−1) = 0
x(n−1)~ y(n) = 0 , (22)

then the symmetric correlation shows only the correlation
terms.

r̂(n) = x̂(n)� ŷ(n)+ y(−n−1)� x(−n−1) (23)

To satisfy (22), the correlation coefficients matrix in (8) is an
identity matrix, i.e.,

RXX = I. (24)

4.2 Special case of weighted symmetric correlation
If the weights WX̂ (k) and WŶ (k) in (16) are{

WX̂ (k) = 1/|X̂(k)|
WŶ (k) = 1/|Ŷ (k)| , (25)

then

WX̂ (k)X̂∗(k) ·WŶ (k)Ŷ (k) = ασX (k) ·σY (k) (26)

where σX (k) and σY (k) are the sign of N-point DCT coef-
ficients of XC(k) and YC(k), respectively. Like phase cor-
relation, the weighted symmetric correlation in this case is a
cross correlation between the symmetrically extended signals
whose spectral magnitude is normalized. In condition (25),
the symmetric correlation corresponds to a cross correlation
between normalized DCT-magnitude signals.

The normalized DCT-magnitude signal is defined as the
inverse DCT of the signs of DCT coefficients of a signal by

xσ (n) =

√
2
N

N−1

∑
k=0

kkσX (k)cos
(

πk(n+1/2)
N

)
. (27)

Figure 2(b) shows the normalized DCT-magnitude signal of
the original signal, Lena. Although the structure, such as
edge, of the original signal is preserved in the normalized
DCT-magnitude signal, the brightness of the signal is homo-
geneous. In this case, the weighted symmetric correlation
reduces to DCT sign correlation [6, 7]. However, the discus-
sion was limited to the relationship between the sign of DCT
coefficients and the phase factor of DFT coefficients.

Figure 3(a) shows correlation between samples (x(n),
x(n + l)) on a line of Lena. In the case for which l = 1, the
correlation of each set is high, while in the case for which
l = 4, the correlation is lower than the case for which l = 1.
Figure 3(b) shows the correlation between samples on a line
of the normalized DCT-magnitude signal of Lena. Regard-
less of l, the correlation of the normalized DCT-magnitude
signal of Lena is lower than that of the original image Lena.

Figures 4(a), 4(b), and 4(c) show the correlation coeffi-
cient matrix RXX in (8) of the original signal Lena, the nor-
malized DCT-magnitude signal of Lena, and the normalized
magnitude signal of Lena, respectively. The correlation co-
efficients matrix of the original signal is approximated as
the Toepliz matrix in (10) with ρ = 0.96. Conversely, the
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(a) the original signal (b) normalized DCT-magnitude
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Figure 2: Normalized DCT-magnitude signal. Although the
structure, such as edge, of the original signal is preserved,
the brightness of the signal is homogeneous.
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Figure 3: Correlation between samples, (x(n), x(n + l)).
Regardless of l, the correlation of the normalized DCT-
magnitude signal of Lena is lower than that of the original
signal Lena.

correlation coefficients matrix of the normalized DCT mag-
nitude signal and normalized magnitude signal is approxi-
mated as an identity matrix. In Fig. 4(b), the mean and vari-
ance of the absolute error between RXX and I are 0.0246 and
6.44× 10−4, respectively. In Fig. 4(c), the mean and vari-
ance of the absolute error between RXX and I are 0.0263 and
3.94×10−4, respectively.

4.3 Steps of correlation between the original signals
The calculation steps of correlation between the original sig-
nals are as follows.
1. DCT in (18) is applied to two signals.
2. The DCT coefficients are weighted.
3. The weighted DCT coefficients of two signals are multi-

plied element by element.
4. The inverse transform in (17) is applied to the result.

1303



5
10

15

5
10

15

0.6

0.8

1

1.2

R X
X

5
10

15

5
10

15

0

0.5

1

R X
X

(a) the original signal (b)normalized DCT-magnitude
signal

5
10

15

5
10

15

0

0.5

1

R X
X

(c) normalized spectral-magnitude signal

Figure 4: Correlation coefficients matrix. The correlation
coefficients matrix of the original signal is approximated as
the Toepliz matrix with ρ = 0.96. Conversely, the correlation
coefficients matrix of the normalized DCT magnitude signal
and the normalized magnitude signal is approximated as an
identity matrix.

In Step 2, when the weights are the reciprocal of the ab-
solute value of DCT coefficients, the weighted DCT coef-
ficients become the signs, which reduces the computational
complexity.

5. SIMULATIONS

5.1 Computational complexity
We evaluated the computational complexity of symmetric
correlation. There are fast calculation algorithms of DCT as
well as DFT. Wang’s algorithm achieves N-point DCT with

µN =
N
2

log2 N +1, (28)

αN =
3N
2

log2 N −N +1 (29)

where µN denotes the number of multiplications of real num-
bers, and αN denotes the number of additions [8]. The N-
point FFT, on the other hand, is achieved by

MN =
N
2

log2 N, (30)

AN = N log2 N (31)

where MN and AN denote the number of multiplications and
additions of complex numbers, respectively [9].

Table 1 summarizes the number of real number opera-
tions for circular correlation between two signals, both of
length N. The complex multiplication is commuted to three
real multiplication and three real additions [10]. The number
of real number multiplications is shown in Fig. 5.

5.2 The effect of weighting (1D)
Shift estimation is performed to show the effect of whitening.
Two signals, both of length 400, are shifted by 50 samples.
A line of Lena was used for the two signals.

Table 1: The number of real number operations for circular
correlation between two signals, both of length N. CC and
SC denote circular correlation and symmetric correlation, re-
spectively.

method multiplications additions
CC by (1) N2 N(N −1)
CC by (2) 3(3(N log2 N)/2+N) 2(3N log2 N)

SC by DCT 3((Nlog2N)/2+1)+N 3((Nlog2N)/2−N+1)

1 64 128 192 256
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CC by (1) 

PC 

CC by (2) 
SC by DCT 

weighted SC 

Figure 5: The number of multiplications for correlation be-
tween two signals. CC, PC, and SC denote circular corre-
lation, phase correlation, and symmetric correlation, respec-
tively.

Figures 6(a) and 6(b) show the correlation according to
(2) and symmetric correlation, respectively, between two sig-
nals. Although the location which has the highest correlation
value shows the shift between signals, the effect of convo-
lution terms are shown in symmetric correlation. Figures
6(c) and 6(d) show the phase correlation according to (3) and
weighted symmetric correlation according to (17) where the
signs of DCT coefficients are used, respectively, between two
signals. The effect of whitening is shown by weighting.

5.3 The effect of weighting (2D)
Figures 7(a), 7(b), and 7(c) show the symmetric correlation,
weighted symmetric correlation where signs of DCT coeffi-
cients of one of the signals are used, and weighted symmet-
ric correlation in condition (25). Image Lena was used for
signals in which they are shifted by 20 pixels in the horizon-
tal and vertical directions. Even the case in which signs of
DCT coefficients in one of the signals are used, the effect of
whitening is confirmed.

5.4 Effect of symmetry
We show the effect of symmetric correlation on end effects
encountered in calculating finite length signals. Figure 8(a)
shows two signals, the signal x(n) of length 64, and the sig-
nal y(n) of length 32, in which y(n) = x(n+n0) and n0 = 32.
Although the estimated shift between the two signals is incor-
rect in phase correlation shown in Fig. 8(b), the shift is cor-
rectly estimated by symmetric correlation shown in Fig. 8(c).
This difference is caused by the periodicity of signals in
which the DFT creates the discontinuity of signals and the
DCT creates smooth boundaries.
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Figure 6: Shift estimation (1D). Weighting by (25) provides
the effect of whitening.
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10
20

30
40

10
20

30
40

2

4

6

8

n1
n2

sy
m

m
et

ric
 c

or
re

lat
io

n

10
20

30
40

10
20

30
40

0

0.05

0.1

0.15

n1
n2

sy
m

m
et

ric
 c

or
re

lat
io

n

(b) (WX̂ = 1, WŶ = R) (c) (WX̂ = R, WŶ = R)

Figure 7: Correlation of Lena images. R denotes the recipro-
cal of the absolute value of DFT coefficients in (16).

6. CONCLUSION

We have proposed a symmetric correlation and discussed
its properties. Symmetric correlation is performed by DCT
without increasing samples. We have defined weighted sym-
metric correlation in which weights whiten a signal, and as an
example, a correlation between signs of DCT coefficients has
been shown. Some experimental results have demonstrated
the appropriateness of symmetric correlation.

Acknowledgment

This work has been supported in part by a Grant-in-Aid for
Scientific Research C No.20560361 from the Japan Society
for the Promotion of Science (JSPS).

0 10 20 30 40 50 60
40

60

80

100

120

140

n

x(
n)

0 10 20 30 40 50 60
40

60

80

100

120

140

n

y(
n)

(a) two signals

0 16 32 48 63
-0.2

0

0.2

0.4

0.6

0.8

1

sample

co
rr

el
at

io
n

incorrect peak 

0 16 32 48 63
-0.2

-0.1

0

0.1

0.2

0.3

0.4

sample

sy
m

m
et

ric
 c

or
re

lat
io

n

correct peak 

(b) phase correlation (c) weighted symmetric
correlation

Figure 8: The effect of symmetry. The shift can be correctly
estimated by symmetric correlation.

REFERENCES

[1] H. Kiya, K. Nishikawa, and M. Iwahashi: “A Devel-
opment of Symmetric Extension Method for Subband
Image Coding,” IEEE Trans. Image Process., pp. 78–
81, vol. 3, no. 1, Jan. 1994.

[2] Y. G. Reju, S. N. Koh, and I. Y. Soon, “Convolution Us-
ing Discrete Sine and Cosine Transforms, IEEE Signal
Process. Lett., vol. 14, no. 7, pp. 445–448, July 2007.

[3] S. A. Martucci, “Symmetric Convolution and the Dis-
crete Sine and Cosine Transforms,” IEEE Trans. Signal
Process., vol. 42, pp. 1038–1051, May 1994.

[4] C. D. Kuglin and D. C. Hines, “The Phase Correlation
Image Alignment Method,” in Proc. Int. Conf. Cyber-
netics and Society, pp.163–165, Sept. 1975.

[5] K.R. Rao and P. Yip, Discrete Cosine Transform: Al-
gorithms, Advantages, Applications. Academic, Press.,
1990.

[6] I. Ito and H. Kiya, “DCT Sign-Only Correlation with
Application to Image Matching and the Relationship
with Phase-Only Correlation,” in Proc. IEEE Int. Conf.
Acoustics, Speech and Signal Processing, pp. 1237–
1240, Apr. 2007

[7] I. Ito and H. Kiya, “Multiple-Peak Model Fitting Func-
tion for DCT Sign Phase Correlation with Non-Integer
Shift Precision,” in Proc. IEEE Int. Conf. Acoustics,
Speech and Signal Processing, pp. 449–452, Apr. 2009

[8] Z. Wang, “On computing the discrete Fourier and co-
sine transforms,” IEEE Trans. Accoust., Speech, Signal
Process., vol.33, no.4, pp.1341-1344, 1985

[9] H. J. Nussbaumer, Fast Fourier transform and convolu-
tion algorithms, Springer-Verlog, 1982

[10] K. Nakayama, “A new discrete Fourier transform algo-
rithm using butterfly structure fast convolution,” IEEE
Trans. Acoust. Speech Signal Process., vol.ASSP-33,
no.4, pp.1197–1208, Oct. 1985

1305



APPLICATION OF DIAMETRICAL CLUSTERING TO TREE-BASED

MATCHING PURSUIT FOR SINUSOIDAL MODELING

M. Rosa-Zurera (1,2), MP. Jarabo-Amores (1), R. Gil-Pita (1) E. Alexandre (1), L. Cuadra (1)

(1) Signal Theory and Communications Department, University of Alcalá
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ABSTRACT

This paper deals with the application of Diametri-
cal Clustering to the design of structured dictionaries
in order to reduce the computational complexity of the
Matching Pursuit algorithm for sinusoidal modeling. Di-
ametrical Clustering organizes the dictionary in clusters,
so that the similarity measure (average squared correla-
tion coefficient between two atoms) is maximized. The
optimal centroids are the dominant right singular vec-
tors of the average correlation matrix of the atoms in the
cluster. Some experiments are presented which show the
suitability of this clustering algorithm, because the cor-
relations of the atoms in a cluster with its centroid are
much higher than the correlations with the centroids of
other cluster. A dictionary of sinusoids has been divided
in four clusters, and the centroids have been obtained
and represented.

1. INTRODUCTION

The classical sinusoidal or harmonic model [1] comprises
an analysis-synthesis framework that represents a signal,
x[n], as the sum of a set of K sinusoids with time-varying
frequencies, phases, and amplitudes:

x[n] ≈ x̂[n] =

K
∑

k=1

Ak[n] · cos

(

ωk[n] · n + φk[n]

)

(1)

where Ak[n], ωk[n] and φk[n] represent the ampli-
tude, the instantaneous frequency and the instantaneous
phase of the k-th sinusoid, respectively. This is a linear
model, whose parameters must be estimated using the
available data.

Assuming that the parameters of expression (1) do
not change considerably along the analysis frame, the
signal can be reconstructed from the harmonic parame-
ters with expression (2):

x[n] ≈ x̂[n] =
K
∑

k=1

Ak · cos

(

ωk · n + φk

)

(2)

The length of the analysis frame should be signal
dependent so as to achieve an adapted multi-resolution
analysis [2].

A large number of methods have been proposed for
estimating the parameters of the sinusoidal model. Esti-
mation of parameters is typically accomplished by peak
picking the Short-Time Fourier Transform (STFT).
Usually, analysis by synthesis is used in order to ver-
ify the detection of every spectral peak.

When the parameters of the sinusoidal model vary
with time, the harmonic synthesis model involves a
peak-tracking process, which is usually carried out by
means of linear interpolation of the amplitudes, while
cubic interpolation is used for the phases [1, 3]. This
type of interpolation supposes an important limitation
due to the need to overlap adjacent frames so as to track
changes in the input signal.

Assigning tones to spectral peaks is a direct and sim-
ple method to obtain the parameters of the sinusoidal
model. Nevertheless, the accuracy of the model, spe-
cially in frequency, is limited by frequency sampling,
inherent to the discrete Fourier transform.

Another possibility is the definition of over-complete
dictionaries which contain enough elements to obtain a
precise model. Finding the best linear expansion using
a redundant dictionary is a hard problem, that can be
NP-hard in the general case. Suboptimal solutions can
be sufficiently good. Among them, the Matching Pur-
suit (MP) algorithm proposed by Mallat and Zhang [4]
which has been applied with success for sinusoidal mod-
eling. Unfortunately, the computational complexity of
this algorithm is so high, that real time implementa-
tions are difficult. Several proposals have appeared in
the literature in order to save operations to implement
the MP algorithm with particular over-complete dictio-
naries, like sinusoidal or wavelet functions [5] [6].

Another interesting approach, that can be applied
to any kind of dictionary, is the organization of the el-
ements in clusters, in order to implement a Tree-Based
Pursuit (TBP) [7]. Highly redundant sub-dictionary
of atoms are represented by a unique element, called
molecule. In the original proposal of TBP, the authors
studied how to structure redundant dictionaries in clus-
ters, and the computational complexity of tree-based
search, compared with MP. In this paper, the use of Di-
ametrical Clustering [8] to organize the over-complete
dictionary of sinusoidal functions is proposed. The ob-
tained clusters have molecules whose correlation has
been minimized, but the correlation with the atoms of
the cluster is maximized.
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2. MATCHING PURSUIT

The Matching Pursuit algorithm was introduced by
Mallat and Zhang. So as to explain the basic ideas con-
cerning this algorithm, let’s suppose a linear expansion
approximating the analyzed finite length signal, repre-
sented by vector x in terms of vectors gi chosen from a
over-complete dictionary D = {gi; i = 0, 1, . . . , L − 1}.
The L elements of the dictionary span CL and are re-
stricted to have unit norm. It is possible to build the
approximation one term at a time by selecting at each
step the atom which best correlates with the residual
vector. Greedy algorithms, like MP, extend this idea to
general dictionaries. It offers a suboptimal solution for
decomposing a vector x in terms of unit norm expan-
sion vectors gi chosen from an overcomplete dictionary
D. At the first iteration, the atom gi with the largest
inner product with the analyzed signal is chosen. The
contribution of this vector is then subtracted from the
signal, and the process is repeated on the residual.

The problem of choosing the vector gi which repre-
sent the largest part of energy of the analyzed signal or
vector is computationally very complex. MP is an al-
gorithm that offers a sub-optimal solution by means of
an iterative algorithm. Every step of the iterative proce-
dure the vector in the set D which gives the largest inner
product with the signal (< x,gi >= xT gi) is chosen.
The iterative procedure is repeated on the subsequent
residue rm:

r0 = x

rm = αi(m) · gi(m) + rm+1 (3)

gi(m) = arg min
gi∈D

‖rm+1‖2 (4)

The orthogonality principle (< rm+1,gi(m) > = 0)
allows us to compute the value of αi(m):

αi(m) =
< gi(m), r

m >

< gi(m),gi(m) >
=

< gi(m), r
m >

‖gi(m)‖2
(5)

where αi(m) is the weight associated to the the opti-
mum function (or atom) gi(m) at the m-th iteration.

This algorithm is quite suitable for signal represen-
tation because the procedure converges to the vector x
[4], and the signal energy is conserved:

‖x‖2 =

M−1
∑

m=0

| < rm,gi(m) > |2 + ‖rM‖2 (6)

3. COMPUTATIONAL COMPLEXITY OF
THE MATCHING PURSUIT ALGORITHM

The computational complexity of the MP algorithm is
very high, and is caused by the following factors:

• For initializing the algorithm, correlations of signal
to be decomposed with the dictionary atoms must
be calculated, which results in a computational com-
plexity of O(Mlog(M)) [9]. If the dictionary is com-
posed of complex exponentials or wavelets, an effi-
cient algorithm can be found in order to calculate
correlations [5] [6].

• Correlations must be updated every iteration of the
algorithm, which results in a computational com-
plexity of O(M).

• At each iteration, the possible coefficients of the lin-
ear expansion must be calculated and the optimum
one, must be selected.

• The computational complexity grows up with the
number of extracted atoms. On the other way, the
quality of the signal model can be related to this
number of atoms. Therefore, a trade-off relation be-
tween complexity and accuracy must be taken into
consideration.

In order to reduce the complexity, several approaches
have appeared in the literature, that use orthogonal
transforms, like DFT or wavelet transform, to calcu-
late the coefficients at each iteration. Another interest-
ing approach to reduce the computational complexity is
to organize the dictionary. Similar atoms are grouped
together, and represented by a unique atom, which is
called molecule. The reduced complexity does not have
a penalty on the approximation accuracy [7]. The ad-
vantages of using this idea become more evident if two
dimensional signals are considered, such as Synthetic
Aperture Radar images [10].

4. DIAMETRIC CLUSTERING

Jost et al. [7] studied the properties of subdictionaries
in order to be used to obtain sparse approximations of
signals using greedy algorithms. They established that
if the atoms in the dictionary D are sufficiently uncor-
related, a simple greedy algorithm is able to recover a
sparse approximation of the signal. Unfortunately, over-
complete dictionaries are highly correlated redundant
dictionaries. The idea behind Tree-Based Pursuit is the
representation of correlated dictionaries by molecules,
minimizing the correlation among molecules at the same
time.

First of all, let set the nomenclature in the same
way used in [7]. Let the elements of the dictionary D =
{gi}i∈Γ be labeled by the index set Γ. A subdictionary is
defined as the set of elements such as i ∈ Λ, where Λ ⊂
Γ. The subdictionaries have the following properties:
∪iΛi = Γ and Λi ∩ Λj = ∅, ∀i 6= j. The subdictionary
or cluster is represented by a molecule or centroid (m),
which minimizes the mean distance to all the elements
of the cluster:

mΛ = arg min
m

∑

i∈Λ

d(m,gi) (7)

In order to minimize coherence of a subdictionary,
defined by:

λΛ = min
i,j∈Λ

| < gi,gj > | (8)

the distance between two unit energy atoms is de-
fined by [7]:

d(gi,gj) = 1 − | < gi,gj > |2 (9)

Therefore, for the defined distance to be minimum,
the magnitude of the correlation between atoms must
be maximum.
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The Diametrical Clustering algorithm proposed by
I.S. Dhillon [8], is used to find clusters containing vec-
tors that are highly positively correlated or highly neg-
atively correlated. The square of the correlation coef-
ficient S(g,h) = (gT h)2, where g and h are vectors
with mean zero and norm one, is known as similarity
measure. This measure is high if the vectors have high
positive or negative correlation. Our objective is to find
the representative vector xj that maximizes the similar-
ity measure:

max
xj

∑

g∈Cj

(gT xj)
2 = max

xj

∑

g∈Cj

xT
j (ggT )xj (10)

The optimal solution to this problem was provided
by Golub and Loan [11]. It is achieved when xj

is the dominant right singular vector of the matrix
∑

g∈Cj
ggT . A measure of quality is given by the total

squared correlation coefficient, being vj the dominant
vectors mentioned above:

Q(C1,C2, ...,Ck) =
k
∑

j=1

∑

g∈Cj

(gT vj) (11)

Diametrical clustering is implemented as an iterative
process, with two main tasks: singular vector analysis,
and reorganization of clusters, according to the similar-
ity measure.

5. EXPERIMENTS

In order to illustrate the performance of diametrical
clustering and its potential utility to implement TBP, we
have carried the following experiment. A dictionary of
sinusoids has been built, with 512 atoms of 128 samples
each. The set of functions can be modeled as follows:

gm[n] = cos
(mπn

512

)

(12)

being m ∈ {1, ..., 512} and n ∈ {1, ...128}.
We have implemented the necessary code to divide

the dictionary in four clusters. The clusters and cen-
troids have the following properties:

• Correlation between the centroid and each atom in
its cluster must be higher than the correlation with
the atoms of other clusters.

• If the correlation is maximum, the distance defined
in expression (9) is minimum. It means that cluster-
ing is useful for MP implementation, because we can
focus the search to the atoms of the selected cluster,
reducing the computational complexity. This idea
can be iterated.

• The centroid of each cluster is the dominant right
singular vector of the matrix

∑

g∈Cj
ggT .

The computational complexity is reduced compared
to the direct implementation of Matching Pursuits, once
the structure of clusters and centroids is obtained. This
reduction is due to the following reasons:

• The first step in the implementation of MP is the
calculation of the correlations between the original
signal and the atoms. If 2N atoms are defined in the

dictionary, 2N correlations should be obtained with
the direct implementation. If we use TBP, only two
correlations are calculated in each layer of the tree,
giving rise to 2N correlations in total.

• The second step is the calculation of the residue.
This residue is obtained by subtracting the projec-
tion of the signal in the selected atom (exp. (3)).

• The direct implementation of MP requires to calcu-
late < rm[n], gi[n] >, ∀i, at each step of the algo-
rithm. This calculation can be substituted by an
updating procedure, where the correlations at each
step are obtained by updating the correlations used
in the previous step. The knowledge of the correla-
tions among atoms is necessary, which demands huge
amounts of memory. If TBP is used, we can calcu-
late the 2N correlations that are necessary in each
step, without the used of any updating procedure.

Figures 1 to 4 represent the centroids of the four clus-
ters. On the other hand, Figure 5 represents the magni-
tude spectra of the centroids, demonstrating that they
concentrate the energy in different frequency bands.
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Figure 1: Centroid of the first cluster.

The absolute value of the correlations of the elements
of each cluster with the first, second, third and fourth
centroids are represented in Figures 6 to 9. It must be
highlighted that the correlation between the atom and
the centroid of the cluster it belongs to is almost always
higher.

6. CONCLUSIONS

In this paper, we have discussed about the applicabil-
ity of Diametrical Clustering to reduce the computa-
tional complexity of Matching Pursuit. The Tree-Based
Pursuit algorithm is considered to implement Matching
Pursuit.

Diametrical Clustering is proposed for organizing the
atoms in clusters and also for calculating the centroids
of each cluster. It has been implemented as an iterative
process, with two main tasks: singular vector analysis,
and reorganization of clusters, according to the similar-
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Figure 2: Centroid of the second cluster.
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Figure 3: Centroid of the third cluster.

ity measure. This measure is defined as the squared
correlation coefficient between two atoms. The result is
an organization of the dictionary, where the correlation
of the atoms in a cluster with its centroid is higher than
their correlation with the other centroids.

To illustrate performance, a simple experiment has
been presented, where a dictionary composed of 512 si-
nusoids is organized in four clusters. Some figures are
included in the paper to show the performance of the
algorithm, demonstrating its utility in this task.

The centroids of each cluster have been represented
in the time domain and the frequency domain, demon-
strating that they concentrate energy in non-overlapping
bands. We have also obtained the correlations of the
elements of each subdictionary with the molecules or
centroids, demonstrating that the correlation are higher
with the centroid of the corresponding cluster.
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Figure 4: Centroid of the fourth cluster.
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Figure 5: Magnitude spectra of the four centroids.
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ABSTRACT 

Even after almost three decade of research on automatic 
face recognition, identification results cannot be considered 
comparable to superior biometrics. Reasons have been at-
tributed to various modes of variations such as pose, illumi-
nation and expression. With the advent of video based face 
recognition a decade ago we were presented with some new 
opportunities, algorithms were developed to take advantage 
of the abundance of data and behavioral aspect of recogni-
tion. But this modality introduced some new challenges also, 
one of them was the variation introduced by speech. In this 
paper we present a novel method of handling this variation 
by selecting keyframes from videos based on the temporal 
analysis of lip motion. Evaluation was carried out by com-
paring face recognition results obtained by using keyframes 
selected by the proposed method and frames randomly se-
lected from the videos. 

1. INTRODUCTION 

Automatic Face Recognition (AFR) is a domain that pro-
vides various advantages over other biometrics, such as ac-
ceptability and ease of use, but due to the current trends, the 
identification rates are still low as compared to more tradi-
tional biometrics, such as fingerprints. Image based face 
recognition [1], was the mainstay of AFR for several dec-
ades but quickly gave way to video based AFR with the ar-
rival of inexpensive video cameras and enhanced processing 
power.  
Video AFR also has several advantages over image based 
techniques, the two main being, more data for pixel-based 
techniques, and availability of temporal information. Tech-
niques that do not take advantage of temporal information 
are mostly extensions of image based algorithms adapted for 
video such as statistical models [2], kernel based [3] or 
GMM based [4]. Technique that use temporal information 
can be further divided as Holistic, Feature based and Hybrid. 
In Holistic approaches, [5] computes a discrete video tomo-
graphy to summarize the head and facial dynamics of a se-
quence into a single image. In [6] Aggarwal et al. have mod-
eled the moving face as a linear dynamical system using an 
autoregressive and moving average (ARMA) model. The 
second group exploits individual facial features, like the 
eyes. In [7], they propose to use the optical flow extracted 
from the motion of the face for creating a feature vector 

used for identification. The Hybrid approach combines ho-
listic and feature based methods, Colmenarez et al. in [8] 
have proposed a Bayesian framework which combines face 
recognition and facial expression recognition to improve 
results. 
Degraded performance in face recognition has mostly been 
attributed to three main sources of variation in the human 
face, these being pose, illumination and expression. Of 
these, pose has been quite problematic both in its effects on 
the recognition results and the difficulty to compensate for 
it. Techniques that have been studied for handling pose in 
face recognition can be classified in 3 categories, first are 
the ones that estimates an explicit 3D model of the face [9] 
and then use the parameters of the model for pose compen-
sation, second are subspace based such as eigenspace [5]. 
And the third type are those which build separate subspaces 
for each pose of the face such as view-based eigenspace 
[10]. 
Managing illumination variation in videos has been rela-
tively less studied as compared to pose, mostly image based 
techniques are extended to video. The two classical image 
based techniques that have been extended for video with 
relative success are illumination cones [11] and 3D 
morphable models [9]. Lastly expression invariant face rec-
ognition technique can be divided in two categories, first are 
based on subspace methods that model the facial deforma-
tions, such as by Tsai et al. [12]. Next are techniques that use 
morphing techniques, like Ramachandran et al. [13], who 
morph a smiling into a neutral face.  
In this paper we have focused on another mode of variation 
that has been conveniently neglected by the research com-
munity caused by speech. The deformation caused by lip 
motion during speech can be considered a major cause of 
low recognition results, especially in videos that have been 
recorded in studio conditions where illumination and pose 
variations are minimal. We propose a key frame selection 
method that, given a group of videos for a person repeating 
the same phrase in all videos, studies the lip motion in one 
of the videos and selects key frames based on a criterion of 
significance (optical flow). Next we search these key frames 
from the first video with the rest of the videos of the same 
person, within a predefined window created around the loca-
tion where the key frames were located in the first video. 
For evaluation of our proposed method we use the classical 
eigenface algorithm to compare key frames selected by the 
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proposed method and random frames to observe the im-
provement in a face recognition scenario. 
The rest of the paper is divided as follows. In Section 2 we 
elaborate the proposed key frame selection method. In Sec-
tion 3 we give a face recognition method, after that we re-
port and comment our results in section 4 and finally in sec-
tion 5 we give the concluding remarks and future works. 

2. PROPOSED METHOD 

The proposed method consists of two modules, in the first 
module we propose a key frame selection method that, given 
a group of videos for a person repeating the same phrase in 
all videos, studies the lip motion in one of the videos and 
selects key frames based on a criterion of significance (opti-
cal flow). The next module then compares the motion of 
these key frames with the rest of the videos and selects 
frames with similar motion as key frames. These frames will 
be later compared with random frames using the classical 
eigenface algorithm to observe the improvement in a face 
recognition scenario. 

 
2.1 Key Frame Selection 
The aim of this module is to select key frames from the first 
video of the group of videos for a specific person. Given a 
group of videos Vi for the person p, where i is the video in-
dex in the group, this module takes the first video V1 for 
each person as input and selects key frames SF1 , that are 
considered useful for matching with the rest of the videos.  
The criterion for significance is based on amount of lip mo-
tion, hence frames that exhibit more lip motion as compared 
to the frames around them are considered significant. First 
for the video V1 the mouth region of interest MIt for each 
frame t is isolated based on tracking points provided with 
the database. Then frame by frame optical flow is calculated 
using the Lucas Kanake method (cf. Fig. 1.) for the entire 
video resulting in a matrix of horizontal and vertical motion 
vectors. As we are interested in a general description of the 
amount of motion in the frame we then calculate the abso-
lute mean of the motion vectors Oft  for each frame t.  
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Where N is the number of frames in the video Vi , LK() cal-
culates the Lucas Kanade optical flow. um,n,t vm,n,t are the 
horizontal and vertical components of the motion vectors at  
row m and column n of the frame t. 

 
 

 

                                (a)                            (b)                        
Fig. 1 (a) Lip ROI. (b) LK optical flow. 

 

 

Fig. 2. Mean Optical flow Oft for Video 

The next step is to select key frames SF1 based on the mean 
optical flow Oft, if we select frames that exhibit maximum 
motion there is a possibility that these frames might lie in 
close vicinity to each other.  Thus we decided to divide the 
video into predefined segments and then select the frame 
with local maxima as key frames. 

 

k

N
Dwhere

end

OftoOfvaluewithFrameSF

DofincrementswithDNtotfor

Dtt

=

=
−←

+ ))(max(

)(1

1  
(2) 

Where N is the total number of frames in the video. k is the 
number of key frames, its value is predefined and is based 
on the average temporal length of the videos in the database 
and will be given in the experiments and results section. 

 
2.2 Key Frame Matching 
In the previous module we have selected some key frames 
from the first video of a person and in this module we try to 
match these frames with the remaining videos in the group. 
This module can be broken down into several sub-modules, 
the first one is a feature extractor where we extracted two 
features related to lip motion. The second is an alignment 
algorithm that aligns the extracted lip features before match-
ing, and the last sub-module is a search algorithm that 
matches the lip features using an adapted mean-square error 
algorithm. This results in the key frame matrix SFi for each 
person. 
2.2.1 Feature Extraction 
For the matching algorithm we have studied the suitability 
of two lip features, the first one is quite simply the mouth 
ROI (MIt) as used in the previous module, the second is 
based on lip shape and appearance (LSA) and its extraction 
is described below: 
 Color Transform: The first step is to transform the color 
space so as to enhance the difference between the skin and 
lip. From several color transform proposed in the literature 
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we have selected the one proposed by [14], It is defined in 
eq. 3.  

4
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(3) 

 
Lip Contour Detection: The next step is the extraction of 
the outer lip contour, for this we have used active contours. 
The contour was initialized as an oval, half the size of the 
ROI with node separation of four pixels. 

 

 

         (a)                    (b)                   (c)                    (d) 
Fig. 3. (a) Lip ROI. (b) Colour transform. (c) Snake edge. 

(d) Lip SA. 

Feature Definition and Extraction: Finally the back-
ground is removed based on the outer lip contour. The final 
feature is depicted in Fig. 3. It contains the shape informa-
tion in the form of lip contour and the appearance as pixel 
values inside the outer lip contour. Thus the feature image J 

may consist of either MIt or LSAt. 

2.2.2. Alignment  
Before the actual matching step, it is imperative that the 
feature images J (MIt, LSAt) are properly aligned, the reason 
being that some feature images maybe naturally aligned and 
thus have unfair advantage in matching. The alignment 
process is based on minimization of mean square error be-
tween feature images.  
2.2.3. Key Frame Matching 
The last module consists of a search algorithm, which tries 
to find frames having similar lip motion as key frames se-
lected from the first video in the remaining videos. The al-
gorithm is based on minimizing the mean square error, 
adapted for sequences of images.  
Let Jf(k),i,w be the feature image, where k is the key frame 
index,  f(k) is the location of the key frame in the video, i 
describes the video number and w the search window, which 
is fixed to +/-5 frames. Thus the search algorithm (Eq. 4) 
tries to find key frames SFi by matching the current feature 
image Jf(k),1 previous feature image Jf(k)-1,1 and the future 
feature image Jf(k)+1,1 from the first video with the remaining 
videos within a search window w. The search window w is 

created in the remaining video centered at the location of the 
key frame from the first video given by f(k).  
Where SFi is the final matrix that contains the key frames 
for all the videos Vi for one person. 

3. PERSON RECOGNITION 

Classification was carried out using the classical eigenface 
technique [15]. The pre-processing step consists of histo-
gram equalisation and image vectorisation (image pixels are 
arranged in long vectors). 
We apply a linear transformation from the high dimensional 
image space, to a lower dimensional space (called the face 
space). More precisely, each vectorised image Sn is ap-
proximated with its projection in the face space vn by the 
following linear transformation: 

 
( )µsWv −= n

T
n  (5) 

 
where W is a projection matrix with orthonormal columns, 
and µ is the mean image vector of the whole training set: 
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in which J is the total number of sequences in the training 
set, and sj,n is the n-th vectorised image belonging to video 
Φj. The optimal projection matrix W is computed using the 
principal component analysis (PCA). 
After the image data set is projected into the face space, the 
classification is carried out using a nearest neighbour classi-
fier which compares unknown feature vectors with client 
models in feature space. The similarity measure adopted S, 
is inversely proportional to the cosine distance: 
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4. EXPERIMENTS AND RESULTS 

In this section we elaborate the experimental setup and dis-
cuss the results obtained. Tests were carried out on a subset 
of the Valid database [17], which consists of 106 subjects. 
The database contains five sessions for each subject, where 
one session has been recorded in studio conditions while the 
others in uncontrolled environments such as the office or 
corridors. In each session the subjects repeat the same sen-
tence, “Joe took father's green shoe bench out”. The videos 
contain head and shoulder region of the subjects and the 
subjects are present in front of the camera form the begin-
ning till the end. 
 

 

 

 

 

Fig. 4. Image example from Valid Database 

The first video V1 was selected for the key frame selection 
module and the rest of the 4 videos were then matched with 
the first video using the key frame matching module. 
To estimate the improvement due to our selection process 
we have compared the key frames SFi generated by our al-
gorithm to randomly selected frames from the videos using 
the person recognition module described above. The first 
video was excluded from training and testing due to its un-
realistic recording conditions, 2nd and 3rd videos were used 
for training and 4th and 5th were used for testing both key 
and random frames. In our experiments the eigenspace had a 
dimensionality of 240. 
We have created 8 datasets from our database by varying the 
parameters such as selection method, the type of feature 
image and the number of key frames. The results are sum-
marized in the Table 1. , the first column gives dataset num-
ber, the second column the method for selecting frames, the 
first 4 datasets use the proposed key frame selection method 
and the last 4 datasets were created by selecting random 
frames from the videos.  The third column signifies which 
lip features were used in the key frame matching module. 
The fourth column is the number of key frames k that were 
used for each video, in this study we have limited k to only 7 
and 10 frames as most of the video in our database ranged 
from 60 to 110 frames.  In case of last 4 datasets the number 
of keyframes simply signifies the number of random frames 
selected. The last column gives the identification rates. 

 

Table 1. Person Recognition Results 

Dat-
aset 

Method 
Lip Fea-

ture 

Number 
of key 
Frames 

Identific-
tion 

Rates 
1 Key Frame MI 7 71.80 % 

2 Key Frame MI 10 74.18 % 

3 Key Frame LSA 7 72.28 % 

4 Key Frame LSA 10 74.02 % 

5 Random - 7 69.01 % 

6 Random - 10 69.92 % 

7 Random - 7 69.64 % 

8 Random - 10 68.85 % 
 
The main result of this study is the overall improvement of 
identification results from key frames as compared to ran-
dom frames, which is evident from the Table 1. If we com-
pare the identification results from the first 4 and last 4 data-
sets, it is obvious that there is an average improvement of 
around 4% between the 2 group of datasets. The second re-
sult that can be deduced is the improvement of recognition 
rates when more key frames are used. The number of key 
frames in the case of random frames simply signifies how 
many random frames were used and as it can be seen from 
the table 1, using more random frames has no impact on the 
identification results. The third is insignificant change with 
regards to using MI or LSA as features. Here we would like 
to emphasize that the amount of testing for the second and 
third results is rather limited but this was not the main focus 
of this study.  

5. CONCLUSIONS 

In this paper we have presented a key frame selection algo-
rithm based on mouth motion for compensating variation 
caused by visual speech. The proposed algorithms were 
tested in a face recognition scenario using eigenface algo-
rithm and results compared keyframes selected by the pro-
posed method with randomly selected frames; an improve-
ment of 4% was observed.  
Further improvements to the proposed work could be in the 
form studying variation in number of key frames. Another 
interesting improvement could be testing the method with 
other databases and person classifiers. 
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ABSTRACT 
In this paper we propose a novel interpolation method 
which is a modified the Bi-linear interpolation. The Bi-
linear interpolation is computationally efficient, but it often 
generates jaggy-noise around the edges. We deal with the 
double expansion in this paper. In the case of the double 
expansion, the accuracy of the interpolation is improved and 
jaggy noise is disappeared by improving the interpolation 
method for the interior point. Here, we propose a novel 
edge-adaptive interpolation method for the interior point. By 
the experimental results, the effectiveness of the proposed 
method is verified from the subjective and objective points of 
view. 

1. INTRODUCTION 

When displaying digital images on various devices, we have 
to adjust their resolution according to each device. Therefore, 
image interpolation is an important technique for its 
application to image resolution conversion. 

Typical interpolation methods such as Bi-linear 
interpolation or Bi-cubic interpolation are used for image 
resolution conversion [1]. However, it often generated 
jaggy-noise by using these interpolation methods, since the 
local features of images are not taken into account. Several 
methods improve this problem with locally-varied 
coefficients [2], [3]. These methods produce clearer 
expansion images compared with the conventional 
interpolations. However, the computational cost of these 
methods is very high. In this paper, we propose a novel 
interpolation method which is a modified the Bi-linear 
interpolation which maintains the Bi-linear interpolation 
method’s advantages such as the computational cost with 
improvement to the expanded image quality.  

We deal with the double expansion case in this paper. 
First, the cause why the jaggy-noise is generated is cleared. 
From this study, we can understand that the accuracy of the 
interpolation is improved and the jaggy-noise is disappeared 
by improving the interpolation method for the interior point 
in the double expansion case.  

We will introduce a switching interpolation scheme for 
the interior point. The proposed method is based on the Bi-
linear interpolation. In this method, the two-dimensional 
interpolation or the diagonal direction one-dimensional 
interpolation is selected according to the local gradient and 

the local edge amount for the interior point’s interpolation, 
thereby producing high-quality image interpolation with less 
noise. The proposed method has three parameters. We 
decide the suitable values for these parameters thorough the 
experiments. 

2. THE CAUSE WHY THE JAGGY-NOISE IS 
GENERATED 

2.1 Bi-linear Interpolation 
In this paper, we deal with the double expansion case for 
digital images. In Figure 1, the solid circular dots indicate 
pixels from the original image of low resolution. We begin 
with the interpolation for the points marked by , the 
aligned points as follow; 
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where f(i,j) is an original image. 
   Then, we determine value at point marked , the interior 
point as, 
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                                                                                               (2) 

 
Figure 1 – Original Points and Interpolated points. The solid circular 
dots indicate pixels from original image 
 
2.2 The Cause Why The Jaggy-Noise is Generated 
In the conventional linear interpolation such as Bi-linear 
interpolation or Bi-cubic interpolation, it often generates the 
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jaggy-noise around the diagonal direction edges. We explain 
why the jaggy noise is generated as follow. 
   Figure 2(a) shows the diagonal edge in low resolution. Bi-
linear interpolation result for the low resolution diagonal 
edge is shown in Figure 2(b). The diagonal edge of double 
expansion image is degraded. Jaggy noise is generated. If 
points “A” and “B” in Figure 2(b) change black, jaggy noise 
is disappeared. Points “A” and “B” are corresponded to the 
interior point. 
   Figure 3(a) shows the diagonal line of 2x2 pixels. The Bi-
linear interpolation result of Figure 3(a) is shown in Figure 
3(b). Expanded result is not line image. If Figure 3(a) is a 
black diagonal line (i.e., 135 degree line), the desired result is 
shown in Figure 3(c-1). On the other hand, if Figure 3(b) is a 
white diagonal line (i.e., 45 degree line), the desired result is 
shown in Figure 3(c-2). In both cases, the interpolation of the 
interior point is wrong.  

From these results, we can understand that the accuracy of 
the interpolation is improved and the jaggy noise is 
disappeared by improving the interpolation method for the 
interior point.  

                   
(a) Original                     (b) Double expansion 

Figure 2 – Interpolation result of the diagonal edge 
   

                           
(a) Diagonal line                (b) Double expansion 

   

                       
(c-1) Desired result                (c-2) Desired result 

 (In the case of black line)      (In the case of white line) 

Figure 3 – The cause why the jaggy-noise is generated 

3. A NOVEL INTERPOLATION METHOD FOR 
THE INTERIOR POINT 

If we improve the interpolation for the interior point, the 
jaggy-noise must be disappeared. A novel interpolation 
method for the interior point is proposed. 
 
(Step 1)  
The gradient of the original image f(i,j) is calculated by the 
Sobel operator. The gradient vector magnitude g(i,j) and 
direction ),( jiθ are given by 
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(Step 2) 
Edge map e(i,j) is given by  
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And the edge amount around (i+1/2,j+1/2) is calculated by 
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(Step 3) 
We determine the value at the interior point as follows: 
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Condition (C): Other than condition (A) and condition (B) 
 
 The jaggy-noise is only appeared on the clear diagonal 

edges. If the Condition (A) is satisfied, around (i+1/2,j+1/2) 
is regarded as the clear around °45 directional edge or line. 
And if the Condition (B) is satisfied, around (i+1/2,j+1/2) is 
regarded as the clear around °135  directional edge or line. 
On the other hand, ),( 2

1
2
1 ++ jiER is larger than δ , the 
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surrounding the (i+1/2,j+1/2) is regarded as the detail region. 
At the detail region, the conventional interpolation method 
shows better results compared to the one-dimensional 
interpolation.  

4. DECISION OF PARAMETERS 

In this section, we would like to decide suitable parameters 
of the proposed method (i.e., µε , ,and δ ). We prepare four 
images, “Lena”, ”Barbara”, “parrots” and “lighthouse” for 
examination (Figure 4). Each original image has 256x256 
pixels and 8bits. 128x128 pixels’ image is made by half-band 
filtering and decimation from the original image. Each image 
with 128x128 pixels is expanded by Bi-linear interpolation 
and the proposed method. 
 

      
(a) Lena                               (b) Barbara 

             
      (c)  parrots                             (d) lighthouse  

Figure 4 – Test images 

    First, we examine the decision of µ . Figure 5 shows the 
best RMSE for various µ . In this case, ε  and δ  are set 
adequately. RMSE is defined by 

      
BilinearMSE

MSERMSE
_

=                                             (10) 

where MSE and MSE_Bilinear indicate the mean squared 
error between original 256x256 pixels’ image and the 
expanded 256x256 pixels’ image which is obtained by the 
proposed method and the Bi-linear interpolation, respectively. 
Thus, if the performance of the proposed method shows 
better than that of the Bi-linear interpolation, RMSE value is 
smaller than 1.  

From Figure 5, the proposed method is effective for 
“Lena” and “parrots”. These images have many clear 
diagonal edges. All images show best result when µ =45. 
Therefore, we set µ of 45. 
     Next, we examine the decision ε  and δ . We show 
parameters’ region of 1.01 times (black region) and 1.015 
times (gray region) from minimum MSE for each image in 
Figure 6. In this case, δ is fixed to 45. 

    “Lena” and “parrots” show a similar result. On the other 
hand “Barbara” shows the result that is considerably different 
from “Lena” and “parrots”. And, the common part of Lena’s 
region and Barbara’s region is the smallest. ( ε ,δ )=(80, 15)  
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 5 – RMSE of each image 

  
 
 
     
 
 
 

ε  
(a) Lena 

 
 
 
 
 
 
 
 
 

(b) Barbara  
 
 
 
 
 
 
 
 
       

(c) parrots 
 
 
 
 
 
 
     
 

(d) lighthouse 

Figure 6– Suitable region of parameters  ( ε ,δ ) 
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Table 1 – MSE results. 

 Bi-
linear 

Proposed 
_opt. 

Proposed 
_fix. Cubic 

Lena 73.25 67.71 68.56 58.01 
Barbara 295.4 295.4 299.7 280.2 
parrots 71.42 68.21 69.10 62.56 

lighthouse 273.2 272.0 272.8 242.7 
 

is center position of the common part. Thus, we set ( ε ,δ ) of  
(80, 15). 

5. EXPERIMENT RESULTS 

The performance of the proposed method with ( µε , ,δ ) = 
(80,45,15) (Proposed_fix.) compare to that of the Bi-linear 
interpolation, Cubic interpolation and the proposed method 
with optimal parameters (Proposed_opt.). 128x128 pixels’ 
images which are made by original images are also used in 
this simulation.  
    Table 1 shows the MSE results between the original image 
and the expanded image. The proposed method with optimal 
parameters is superior to the Bi-linear interpolation in the all 
images. The effectiveness of the proposed method is clear 
from the results. However, the performance of the proposed 
method is inferior to that of the Cubic interpolation. 
    The proposed method with ( µε , ,δ ) = (80,45,15) shows 
good results generally. However, the proposed method with 
fixed parameters is slightly inferior in performance only for 
Barbara in comparison with the Bi-linear interpolation.  
    The double expanded images are shown in Figure 7 and 8. 
From Figure 7(a) which is the Bi-linear interpolation result, 
the jaggy noise is generated at the brim of hat. On the other 
hand, the results of the proposed methods don’t cause the 
jaggy noise. The jaggy noise is appeared on the result of 
Cubic interpolation (Figure 7(d)).  
    The similar result is observed by the part of the roof of the 
lighthouse (Figure 8). In the Bi-linear interpolation and 
Cubic interpolation, the striped pattern is observed on the 
part of the roof and the jaggy noise is also observed the edge 
of the roof. Natural expansion results are provided by the 
proposed methods.  

6. CONCLUSION 

We have introduced a new interpolation method which is 
based on Bi-linear interpolation method. In the double 
expansion case, the accuracy of the interpolation is 
improved and the jaggy noise is disappeared by improving 
the interpolation method for the interior point. We have 
proposed a novel switching interpolation scheme for the 
interior point. This method has tree parameters. We clear 
that these three parameters can be fixed. Furthermore, 
suitable parameters are derived. The effectiveness of the 
proposed method is clarified through many examples. 
 
 

 

 
(a)    Bi-linear interpolation 

 
(b)    Proposed _opt. 

 
(c)    Proposed _fix. 

 
(d)     Cubic interpolation 

Figure 7 – The double expansion images (Lena) 
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(a) Bilinear                (b)   Proposed_opt . 

              
 (c)   Proposed_fix.             (d)  Cubic 

 
Figure 8 – The double expansion images (lighthouse) 
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ABSTRACT
The field of optical flow techniques in vision is presently
dominated by global variational techniques based on pixel-
wise matching costs, ie. based on the Horn & Schunck
paradigm, as opposed to local window based matching costs,
ie. based on the Lucas-Kanade paradigm. Motivated by the
needs of some difficult real world data we underline the prac-
tical interest of the combined local global (CLG) method pro-
posed by Bruhn et al. that combines both approaches.

We will show that embedding the basic first order CLG
equations in a large displacement iterative framework leads
to a technical difficulty. We shall see how Bruhn et al. im-
plicitly deal with this difficulty and we will propose an al-
ternative approximation that yields fewer computations and
performs equally well.

1. INTRODUCTION

Modern optical flow algorithms find their roots in approaches
that appeared in the 80’s. We can classify them into local
window based methods and global techniques. According to
Middlebury rating, the latter generally provides better results

However, global methods are known to be noise sensi-
tive. Combining local and global approaches is the solution
given by Bruhn et al. [3]. This method has the advantage of
supposing some local regularity in addition to the global reg-
ularity. This property improves the robustness of the method
and makes it a good candidate for real world application se-
quences with poor image quality, such as sequences from
aerial videos from unmanned aerial vehicle (UAV) and Parti-
cle Image Velocimetry (PIV).

Figure 2 illustrates well the later context. The studied
sequence here is a synthetic set of images generated with the
EUROPIV Synthetic Image Generator (SIG) [6] consisting
in a series of 30 vortices. We present in figure 1 an image
from this sequence and the norm of the ground truth. Figure 2
shows the qualitative differences between the local approach,
the global approach and the proposed combined local global
method. We see here the contour plot of the norm of the
solutions given by these three methods in a close-up on the
seventh vortex (starting from the top left). The global method
solution looks noisy while the local method gives a smooth
but inaccurate solution. The CLG method clearly gives the
better result.

Our contribution concerns the large displacement context
where the so called optical flow constraint (OFC) is not suf-
ficient. Indeed, in figure 4 the maximum flow reaches 8 pix-
els. Bruhn et al. adopt a classical iterative OFC approach in
their original work on CLG. It consists in iteratively rewrit-
ing an OFC equation with images warped by the previously
estimated flow.

Figure 1: Left: Example of a frame from a synthetic PIV
sequence representing a grid of vortices with different radius
and velocity. Right: Norm of the ground truth.

Figure 2: Zoom on the seventh vortex of the PIV sequence
of figure 1. First: L2-norm of the ground truth. Second: L2-
norm of the local method FOLKI [4] result using a window
radius equal to 10 pixels. Third: L2-norm of the TV-L1 [12]
global method result with λ = 40, θ = 0.25, ε = 0.1 and no
edge weighting. Fourth: L2-norm of our CLG implemen-
tation result using α = 60 and a window radius equal to 3
pixels.

This iterative warping approach has been justified in the
global context [8]. However we show that this demonstration
does not work in the CLG framework and we explicit the
approximation made by Bruhn et al.

Starting from the intensity conservation criterion in the
large displacement context, we propose a finer approxima-
tion which can be considered as an original justification of
warping technique in CLG.

The resulting method leads to results very close to CLG
actually slightly smoother for identical parameters. It ap-
pears well adapted to PIV flow field estimation as shown in
our results.

In the next section we recall basic notions concerning lo-
cal and global estimation in the large displacement context.
We then develop the theoretical foundation of warping ap-
proach in CLG and elaborate our modified iterative warping
scheme (MIWS).

In the fourth section we describe our algorithm which
uses a preconditioned block relaxation method that improves
the robustness of the solver. Finally we give some experi-
mental results and concluding remarks.
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2. BASIS NOTIONS ON OPTICAL FLOW
ESTIMATION

Estimation of the optical flow rely on the intensity conserva-
tion (IC) assumption:

I(x) = I(x+u(x)). (1)

Here, I : Ω ⊂ R2×R→ R is a rectangular image sequence,
x , (x,y, t) represents the spatio-temporal coordinates and
u , (u,v,1) is the unknown optical flow between images at
time t and t +1.

Loosely speaking, assumption (1) means that the inten-
sity variation of an image in a sequence is mainly explained
by motion of intensity patterns.

Many methods start from a first order linearization of (1)
around an uniformly null flow, the so-called optical flow con-
straint (OFC):

Ixu+ Iyv+ Iz = 0 (2)

where Ix , ∂ I
∂x , Iy , ∂ I

∂y and Iz , I(x)− I(x+u(x)). Using

∇3I , (Ix, Iy, Iz)T , (2) can be written as uT ∇3I = 0.
Initially, optical flow methods where based on the OFC,

because they assumed small motions between frames. Meth-
ods based on the non linear IC criterion (1) have been intro-
duced to deal with the large displacement context [1, 4, 8].

2.1 Local approach
The Lukas-Kanade method [7] assumes constant motion
within a window centered at each pixel and deals with square
displaced frames difference. According to this, we have to
minimize on every x ∈Ω the least-squares problem:

min
u

Kρ ∗
(
(I(·)− I(·+u(x)))2) (3)

where Kρ is a truncated Gaussian window with standard de-
viation ρ > 0. The symbol “·” is here the dummy variable
for the convolution operation.

We obtain an approximation to (3) using (2):

min
u

uT [∇3I∇
T
3 I]ρu (4)

where [·]ρ , Kρ ∗ (·).

2.2 Global linearized approach
Horn and Schunck [5] decided to suppose a global regularity
of the flow in Ω. This leads to minimize the global energy
functional:

min
u

∫∫
Ω

uT
∇3I∇

T
3 Iu︸ ︷︷ ︸

data term

+α(|∇u|2 + |∇v|2)︸ ︷︷ ︸
smoothing term

dxdy

α ∈ R+ is a tuning parameter controlling the regularization.

2.3 CLG approach
Combining these two points of view in [3], Bruhn et al. pro-
posed to minimize the following global energy functional:

min
u

∫∫
Ω

uT [∇3I∇
T
3 I]ρu+α(|∇u|2 + |∇v|2)dxdy (5)

Criteria (4) is the integrand in the first term of (5).
Problem (5) is equivalent to the Euler-Lagrange system:{

α∆u− [I2
x ]ρ u− [IxIy]ρ v− [IxIz]ρ = 0

α∆v− [IxIy]ρ u− [I2
y ]ρ v− [IyIz]ρ = 0.

(6)

Bruhn et al. , in their implementation, used a stable approx-
imation of the L1-norm by applying a convex ψ-function to
both the regularization and data term.

3. DEALING WITH LARGE DISPLACEMENTS

Note that both HS and Bruhn et al. start from a linearized
OFC constraint.

3.1 Bruhn et al. approach
To handle large displacement, Bruhn et al. rely on a so-called
iterative warping scheme (IWS), ie. they iterate on (5) with
Iz replaced by

In
z , I(x+un(x))− I(x) (7)

where un is the previously estimated flow.
Introducing the motion increment δun , (δun,δvn,0) at

step n, the sought flow writes:

un+1 = un(x)+δun(x). (8)

The problem at hand is

min
δun

∫∫
Ω

δun
T [∇3In

∇
T
3 In]ρ δun +α(|∇un+1|2 +|∇vn+1|2)dxdy

(9)
where In(x) , I(x+un(x)) and ∇3In , (In

x , In
y , In

z )T . Finally,
the derived Euler-Lagrange equations are:{

α(∆un +∆δun)− [(In
x )2]ρ δun− [In

x In
y ]ρ δvn− [In

x Iz]ρ = 0
α(∆vn +∆δvn)− [In

x In
y ]ρ δun− [(In

y )2]ρ δvn− [In
y Iz]ρ = 0.

3.2 How to justify an IWS approach in CLG ?
Let us consider a large displacement framework from the
start by seeking the minimum of the following energy:

min
u

∫∫
Ω

Kρ ∗ (I(·)− I(·+u(x)))2 +α(|∇u|2 + |∇v|2)dxdy.

(10)
In 2004, Papenberg [8] showed that minimizing (10) with

ρ = 0 can be done by an IWS. However, we show in the fol-
lowing that this result does not extend trivially to the case
ρ 6= 0.

3.3 How to interpret Bruhn et al. IWS ?
Can we interpret the Bruhn et al. criterion (9) as a first order
expansion of (10) using the increment (8)?

Injecting (8) in (10), the integrand of the data term writes:

Kρ ∗ (I(·+un+1(x))− I(·))2

=
∫∫

R
Kρ(x′−x)(I(x′+un(x)+δun(x))− I(x′))2dx′dy′

≈
∫∫

R
Kρ(x−x′)

(
I(x′+un(x))− I(x′)+

δun(x)Ix(x′+un(x))+

δvn(x)Iy(x′+un(x))
)2dx′dy′. (11)
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In general, the data term which derives from (11) is not
equal to the one of (9).
The difference is that intensity and gradient of the image I
are taken at point x′+un(x′) in (9) while they are taken at
x′+un(x) in (11). Actually they are two cases where (9) and
(11) can be identified:

- the case where un is uniformly constant.
- the case where ρ = 0, which reduces to the usual global

context.
we conclude that the reasoning of Papenberg et al. [8] can not
be extended to justify Bruhn et al. iterative CLG technique.

3.4 A modified IWS
The problem discussed in section 3.3 has been identified in a
purely local context in [4]. While the classical IWS linearizes
the image intensity I(x′+un+1(x)) around (x′+un(x) ris-
ing (8), we propose a modified IWS based on the lineariza-
tion of I(x′+un+1(x)) around (x′+un(x′)).

This way, we expand the data term of the large displace-
ment CLG criterion (10) as:

Kρ ∗ (I(·+un+1(x))− I(·))2

=
∫∫

R
Kρ(x−x′)

(
I(x′+un(x′)+un+1(x)−un(x′))

− I(x′)
)2dx′dy′

≈
∫∫

R
Kρ(x−x′)

(
I(x′+un(x′))− I(x′)+

(un+1(x)−un(x′))Ix(x′+un(x′))+

(vn+1(x)− vn(x′))Iy(x′+un(x′))
)2dx′dy′

= Kρ ∗
(
(un+1(x)T

∇̄3In(·))2)
= un+1

T [∇̄3In
∇̄

T
3 In]ρun+1, (12)

where we defined

Īn
z , In(x)− I(x)−unIn

x (x)− vnIn
y (x). (13)

∇̄3In , (In
x , In

y , Īn
z )T .

At each step n of the proposed MIWS approach we opti-
mize the criterion:

min
un+1

∫∫
Ω

un+1
T [∇̄3In

∇̄
T
3 In]ρun+1 +α(|∇un+1|2 +|∇vn+1|2)dxdy.

(14)
This criterion is very similar to (9), the differences being

in the computation of Īn
z (13) which includes additional

terms with regards to (7) and that minimizing the quadratic
form (14) gives the total flow field un+1 rather the increment
δun as (9).

The corresponding Euler-Lagrange equations are similar
to (6):{

α∆un+1− [(In
x )2]ρ un+1− [In

x In
y ]ρ vn+1− [In

x Īz]ρ = 0
α∆vn+1− [In

x In
y ]ρ un+1− [(In

y )2]ρ vn+1− [In
y Īz]ρ = 0.

4. ROBUST NORM

For the sake of simplicity and for shorthand writing, we de-
scribed previously our approach using the L2-norm, but we

choose in our implementation to approximate the L1-norm as
in [8]. In fact, used in the data term, the L1-norm ensure ro-
bustness in occlusion regions, and in the regularization term,
it allow regularization while preserving the flow discontinu-
ities. So we apply ψ(|x|2) =

√
|x|2 + ε ≈ |x| to both data and

regularization term (where ε = 10−6 ensure the differentia-
bility of ψ in 0).

This way, the Euler-Lagrange equations for CIWS be-
come:

0 = ψD ·
(
[(In

x )2]ρ δun +[In
x In

y ]ρ δvn +[In
x In

z ]ρ
)

−α ·div(ψR ·∇un+1)

0 = ψD ·
(
[(In

y )2]ρ δvn +[In
x In

y ]ρ δun +[In
y In

z ]ρ
)

−α ·div(ψR ·∇vn+1) (15)

where

ψD , ψ
′(δun

T [∇3In
∇

T
3 In]ρ δun)

ψR , ψ
′(|∇un+1|2 + |∇vn+1|2).

To obtain the Euler-Lagrange equations corresponding to
MIWS, we just need to replace respectively (δun, In

z ,∇3In)
by (un+1, Īn

z , ∇̄3In) in (15):

0 = ψD ·
(
[(In

x )2]ρ un+1 +[In
x In

y ]ρ vn+1 +[In
x Īn

z ]ρ
)

−α ·div(ψR ·∇un+1)

0 = ψD ·
(
[(In

y )2]ρ vn+1 +[In
x In

y ]ρ un+1 +[In
y Īn

z ]ρ
)

−α ·div(ψR ·∇vn+1). (16)

5. IMPLEMENTATION DETAILS

To make some comparisons between CIWS and MIWS, we
wrote a python code [9] using the weave1 package to embed
C++ code and accelerate some critical part of the program.
We will now describe the algorithm that we designed.

We discretize the equations (15) and (16) using finite
difference schemes: image derivatives Ix and Iy are approx-
imated at the third order and the flow derivatives (in ψR) at
the second order.

We then implemented a 2×2 block SOR solver [10] also
known as coupled point solver [2]. To this end, we ordered
our linear system to put the 2× 2 blocks corresponding to
(15) for each pixel on the diagonal and we solved them us-
ing Cramer’s method. This allows us to update a flow vector
(u,v) per SOR loop step instead of updating u or v one at a
time.
The CIWS Euler-Lagrange equation (15) (respectively the
MIWS one (16)) is still non-linear due to the terms with the
ψ function. We fix that by using an implicit scheme ie. by
freezing ψD with δun−1 (respectively un) and ψR with the
previous SOR iterate of δun (respectively un+1).

5.1 Preconditioned SOR solver
During our experiments, it appeared that some of the 2×2
systems that we solve in the loop of our smoother may have
a very large condition number. This makes the result of these

1http://www.scipy.org/Weave
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local systems erroneous and may affect the convergence and
the quality of the global solution. To address this, we choose
to apply the Jacobi preconditioner [10] that simply consists in
taking the diagonal of the matrix as preconditioner. Finally,
rather then solving(

a b
b c

)(
u
v

)
=
(

e
f

)
we solve the equivalent system(

a−1 0
0 c−1

)(
a b
b c

)(
u
v

)
=
(

a−1 0
0 c−1

)(
e
f

)
which has a smaller condition number.

We embed our preconditioned block-SOR solver in a
multilevel scheme performed on a non-dyadic image pyra-
mid with a reduction factor of 0.8 obtained using bilinear in-
terpolation. The image’s warping was also made by bilinear
interpolation and extrapolation.

5.2 Algorithmic differences between CIWS and MIWS
Algorithm 1 describes the Iterative Warping Scheme. There
are three differences between CIWS and MIWS implemen-
tations:
(i) The linear systems creation (line 5) is performed accord-

ing to the corresponding Euler-Lagrange equations: (15)
for CIWS and (16) for MIWS,

(ii) care has to be taken with the regularization term in CIWS.
In fact, un+1 = un +δun appear in the divergence part of
(15), so we have to freeze ψR with the last SOR iterate of
δun and to separate the gradient of un+1 into known and
unknown part,

(iii) in CIWS we need to add δun to un to obtain un+1 after
each solving step (line 6).

Algorithm 1 Iterative Warping Scheme
1: Starting from a given initial flow un = u0

2: for all levels (starting from the coarsest) do
3: repeat
4: Warp the image with un→ In

5: Create the linear system
6: Solve it using block-SOR→ un+1
7: until the number of needed update at each level is

reached
8: if current level 6= finest level then
9: Prolongate un+1 to the next level

10: end if
11: end for

5.3 Complexity operation comparison
MIWS saves computational time compared with CIWS. In
fact, for an m×n image sequence:

- MIWS needs 4mn arithmetic operations more than CIWS
per warp due to Īn

z computation (13)
- CIWS needs 5mn additional arithmetic operations per

preconditioned block SOR iteration compared to MIWS,
due to the management of the regularization term (ii) and
the update of un after each δun computation (iii).

Table 1: Comparison of the CIWS and MIWS algorithms re-
garding the measured average angular error (in degrees) and
average endpoint error (in pixels). Parameters: α = 20 and
window radius = 2 pixels.

Angular Error Endpoint Error
CIWS MIWS CIWS MIWS

Dimetrodon 2.42 2.36 0.13 0.12
Grove2 2.69 2.66 0.19 0.19
Grove3 6.47 6.62 0.67 0.71
Hydrangea 2.24 2.23 0.18 0.19
RubberWhale 4.46 4.55 0.14 0.14
Urban2 3.02 2.99 0.39 0.39
Urban3 6.79 7.30 0.74 0.80
Venus 4.67 4.88 0.31 0.31

Table 2: Comparison of the local and global methods
with our two implementation of CLG method (CIWS and
MIWS) on the synthetic PIV sequence presented in figure 1.
Parameters: α = 60 and window radius = 3 pixels.

Local Global CIWS MIWS
Angular error 5.31 4.03 2.93 2.91
Endpoint error 0.28 0.17 0.15 0.16

Let us say that we perform Niter SOR iteration and Nwarp
warp in our implementation, so we save mnNwarp(5Nwarp−
4) arithmetic operations.

Knowing that in practice Niter may be large, the saved
computational time becomes non negligible: In a typical run,
MIWS is 12% faster than CIWS.

6. EXPERIMENTAL RESULTS

In order to validate the new iterative algorithm MIWS, we
first tested the two algorithms on the frames 10 and 11 of
the well known Middlebury’s public data set2 using the same
fixed parameter α = 20 and a Gaussian convolution window
of radius 2.

Knowing the ground truth flow uGT = (uGT,vGT,1), we
measured the endpoint error using the formula EPE(u) =√

(u−uGT)2 +(v− vGT)2 , and the angular error according

to AE(u) = arccos
(

uGT ·uT

‖u‖ · ‖uGT‖

)
.

We present in table 1 the obtained average errors on the
solution given by our CIWS and MIWS algorithms. We
obtain essentially the same performances with CIWS and
MIWS. Actually, with the same parameters, MIWS leads to
slightly smoother results than CIWS. this explains the bet-
ter performances on Urban3 which is an example with large
motion discontinuities.

We also present in table 2 the measured average errors
on the solutions obtained on the synthetic PIV sequence pre-
sented in figure 1. As expected looking at figure 2, CLG
methods gives the best measured results with almost no dif-
ference between our two implementations CIWS and MIWS.

Figure 3 is a study of the case ’A’ [11] from the PIV chal-
lenge 3 2001 which is a set of experimental images represent-

2http://vision.middlebury.edu/flow/data/
3http://www.pivchallenge.org/
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Figure 3: Top left: A PIV image from the sequence “A”
of the PIV challenge 2001 [11]. Top right: L2-norm of
FOLKI [4] result using a window radius equal to 7 pixels.
Bottom left: L2-norm of TV-L1 [12] result with λ = 40,
θ = 0.25, ε = 0.1 and no edge weighting. Bottom right:
L2-norm of MIWS result using α = 60 and a convlution win-
dow with radius equal to 3 pixels.

Figure 4: Comparison of a cut along the horizontal line pass-
ing through the vortex core of the results presented figure 3.

ing a strong vortex. We present an image from this sequence
and the norm of the flows obtained using the FOLKI local
method [4], the TV-L1 global method [12] and the proposed
combined local global method MIWS. We also present in fig-
ure 4 three curves representing a cut of the vertical compo-
nent of the estimated flow fields along the horizontal axes
passing through the vortex core. The PIV images presents a
highly pitched texture that penalizes pixelwise matching cost
methods. In fact, the TV-L1 solution exhibits a strong resid-
ual noise clearly observable in the region far from the core.
While the local and CLG methods have a satisfactory be-
havior regarding the noise, they differ noticeably in the core
region. In this region the flow gradient is strong and the SNR
is low due to the lack of particles (see figure 3): CLG leads
to a smoother solution which is physically sound. The CLG
method appears here as a good compromise.

Regarding our experiments, we can say that CIWS
and MIWS provide equivalent results. We also observed
that MIWS gives smoother solutions than CIWS. This is
certainly due to its formulation (12) that better modelizes
window warping than the original one (9).

Acknowledgment: We thank Benjamin Leclaire from
the Department of Fundamental and Experimental Aerody-
namics of ONERA (French Aerospace Lab) for providing us
with the synthetic PIV sequence and for his valuable com-
ments on our experimental results on PIV images.

7. CONCLUSION

This paper proposed to give some clarifications of the imple-
mentation of warping in the combined local global method.
In fact, considering the large displacement framework, we
identified a shortcoming arising while embedding the CLG

method in an iterative warping scheme. We then designed
a theoretically justified formulation, and showed a compu-
tational time improvement. We presented some experimen-
tal results and observed that the two implementations give
equivalent results.

We also proposed the use of CLG on the hard real world
application PIV and showed its advantages in this field. We
believe that combining local and global approach is a good
way to address PIV problem.

This work targeted the data part of the CLG method, we
plan now to study the regularization part of the optical flow
problem looking for a formulation better suited for PIV prob-
lem.
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ABSTRACT

This paper describes a novel framework for compressive sam-
pling of multichannel signals that are highly correlated across the
channels. In this work, we assume few number of independent
sources are generating the multichannel observations based on a
linear mixture model. Moreover, sources are assumed to have
sparse/compressible representations in some orthonormal basis. The
main contribution of this paper lies in rephrasing the compressed
sampling of multichannel data as the compressive source separa-
tion problem by knowing the mixture parameters. A number of
simulations measure the performance of our recovery algorithm.
Comparing to the classical CS scheme -which recovers data of all
channels separately- ours indicates a significant reduction in both,
the number of measurements to be sent and the complexity of the
decoding algorithm (i.e., scaling by the number of sources rather
than the number of channels). We demonstrate an application of our
scheme in acquisition of the Hyperspectral images. Our algorithm
proposes an accurate, low cost and fast recovery from small number
of the transmitted measurements that are taken by a low resolution
camera.

Index Terms— Compressed sensing, Hyperspectral images,
Mixture model, Source separation, Sparsity, l1-minimization.

1. INTRODUCTION

Hyperspectral images (HSI) are a collection of hundreds of images
which have been acquired simultaneously in narrow and adjacent
spectral bands. HSI finds many applications including agriculture,
mineral exploration and environmental monitoring. HSI are pro-
duced by imaging spectrometers which measure the light reflected
from many areas, each of which represented as a pixel, on the Earth’s
surface. A prism splits the light into many narrow, adjacent wave-
length and the energy in each band is measured by a separate de-
tector. The spectral range and the spatial resolution of the HSI are
restricted by limitations of detector designs, the requirements of data
storage, transmission and processing [1].

As an alternative to the Shannon/Nyquist sampling which takes
N periodic samples to acquire the data x ∈ RN , it is possible with
the compressive sampling (CS) [2, 3] approach, to reduce the num-
ber of the measurements to M < N , if the data x has a sparse or
compressible representation θ ∈ RN in some basis Ψ ∈ RN×N (i.e.
x = Ψθ). CS measurements are inner product between a measure-
ment vector, which can be a random vector, and the data vector x.

This research was supported by Swiss National Science Foundation
through grant 200021-117884 and the SMALL project funded by the EU
FP7 FET-Open program.

Thus, the set of measurements can be expressed in a matrix form

y = Φx (1)

where y ∈ RM is the vector containing the CS measurements and Φ
is the measurement matrix of size M ×N . The number of measure-
ments M necessary for CS recovery is determined by the sparsity of
x and the mutual coherence between the measurement matrix Φ and
the basis Ψ, see [2, 3].

As it is costly to acquire each pixel of the HSI, it becomes very
interesting to use the CS approach to acquire HSI. This can be done
using the single-pixel hyperspectral camera (SPHC) [4], where the
hyperspectral lightfield is focused onto a digital micromirror device
(DMD). The DMD acts as an optical spatial modulator and reflects
part of the incident lightfield into a spectrometer. Thus the DMD
computes in the analog domain an inner product between a measure-
ment vector with 0/1 entries, and the image in all the spectral bands
simultaneously. As a consequence the same measurement matrix is
applied to each spectral band image and each measurement depends
on only one spectral band image. Different approaches to reconstruct
the data form these separate measurements have been studied in [5].

In multichannel signals, the idea of exploiting the correlations
across the channels have been studied in [6, 7] to decrease even more
the number of the compressive measurements. These approaches as-
sume the signals of all channels having more or less the same sup-
port. As a result only few measurements are required to recover
the joint support, however, they are not sufficient to reconstruct the
coefficients, which remains as the bottleneck of these schemes. In
this paper we assume that the data is generated from a linear source
mixture model, presented in section 2.1. We then propose a new
sampling and transmission scheme for HSI in section 2.2 as well as
a recovery algorithm in section 3. Simulations in section 4 show
that we can drastically reduce the number of measurement needed to
reconstruct the data as compared to the classical CS approach.

2. PROBLEM SETUP

2.1. Observations Model

In order to represent the hyperspectral images, define a matrix X ∈
RJ×N , where each of its rows Xj (in this note, by superscript we
index a row of a matrix) corresponds to a slice of the global cubic im-
age i.e, a 2-D image observed in a certain spectral band (we reshape
this slice into an N dimensional vector). Here, J is the number of
the spectral channels and N denotes the resolution of the images for
each channel.

Typically there is a high dependency between the slice images
of HSI (rows of X) i.e., the structures in the images are more or less
preserved across the spectral channels, however some parts highlight
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more or less in certain frequency ranges. This comes from the fact of
having few subregions consisting of different materials and therefore
due to their different frequency responses they reflect the light with
specific attenuation across the frequency bands. We refer to these
regions as different sources. More precisely, we define a source im-
age Si ∈ [0, 1]1×N as a positive valued vector which represents the
percentage of a given material (indexed by i) in each pixel of the
scene. As a consequence, for a given pixel of the scene (indexed
by n), the sum of the consisting sources must be equal to one i.e.,
∀n ∈ {1, ..., N} the source images must satisfy

P
i S

i(n) = 1.
In practice, if the spatial resolution of the image is high compared
to the structural content of the image, each pixel corresponds to only
one material, which means that the sources are disjoint and take their
values in the set {0, 1}1×N . Moreover, for each source i there is a
spectral response vector Ai ∈ RJ×1 that is associated with each
nonzero element of Si. With descriptions above, any hyperspectral
image can be decomposed by several distinct sources as following
[1]:

X = AS. (2)

Where, rows of the matrix S ∈ RI×N and the columns of A ∈
RJ×I are collections of I source images and their corresponding
spectral vector. If we assume the observed region is composed of
few number of materials, say I∗, there will be only I∗ rows in S
which have nonzero energy and hence, (2) can be rewritten as,

X = AI∗SI∗ , (3)

where, I∗ is the set that indexes the active sources with cardinality
I∗.

In real applications, sources appear as piecewise constant im-
ages (contours of binary values) which implies compact sparse/ com-
pressible representations in wavelet domain for both Si and Xj . We
define matrix Σ to be the 2D wavelet coefficients of the rows of S
and from the model (3) we can deduce

X = AI∗ΣI∗Ψ
T , (4)

where, Ψ is the 2D wavelet basis.
In the next sections we take this representation of the hyperspec-

tral images which contains both sparsification along slices (due to the
wavelet transform) and dimension reduction from J to I∗ (thanks to
the few existing sources), to develop a coding/decoding scheme that
compress the whole cubic image in few number of measurements to
be sampled and transmitted.

2.2. Sampling and Transmission Mechanism

In this section we describe our compression scheme which merges
the idea of compressed sampling together with utilizing the knowl-
edge of the mixture model X = AS, in order to efficiently reduce
the number of the samples and transmitted data. Note that, we need
to know what are the materials that can be present in the HSI as well
as their spectral response which can be picked out of a spectral li-
brary like the USGS digital spectral library [8]. More details are as
follows:

• For each spectral channel j, we sample its corresponding im-
age by only M < N linear measurements

(Y j)T = Φ(Xj)T , (5)

where, Φ ∈ RM×N is the sampling matrix which is unique
for all channels, and we choose it to be i.i.d. random Gaus-

sian due to nice properties 1 of these types of matrices for
compression. In HSI applications, Φ can be implemented by
flipping the micromirrors of DMD at random. Stacking these
samples together we form the J×M matrix of measurements
Y = XΦT .

• We apply the pseudo inverse matrixA† = (ATA)−1AT from
the left side to Y and threshold out the rows with zero energy
to have only measurements from the active sources. Consid-
ering the model (4) for the observations, this step results in
dimension reduction of Y to a I∗ ×M matrix as following,

Y = [A†Y ]+ = ΣI∗Ψ
T ΦT . (6)

Here, by [.]+ we denote the thresholding operator that applies
on matrices to pick their rows with nonzero energy.

Following the steps above, finally we transmit the indices of the
active sources I∗ plus their compressed measurements to the base
station and what is received is typically corrupted by some noise
(e.g. quantization, transmission noise and mismatch with model (2)
due to some unexpected material frequency response) which can be
modeled by, eY = ΣI∗Ψ

T ΦT + Z. (7)

Z ∈ RI∗×M is the noise matrix that is assumed to have elements
with i.i.d. N (0, σ2) distribution.

Note that, to be able to define A† in the second step, A has to be
a full rank matrix. Having a fix number of channels, this fact obvi-
ously pose an upper bound on the number of sources to be detected
such that, at least I ≤ J . In addition, if observations do not per-
fectly obey the model 2 (e.g., due to some noise), in order to have
stability, A has to be chosen such that its pseudo inverse prevents a
huge amplification of noise, which implies even further constraints
(roughly saying it results in I � J). Note that, in the case where
A would be close to be singular, it would be still possible to use the
regularized pseudo-inverse operator (ATA + εI)−1AT , where ε is
a small number. We also need to update the thresholding operator to
pick rows of A†Y , containing more than a certain level of energy.

3. MULTICHANNEL RECOVERY ALGORITHM

In this section we describe our algorithm which recovers the mul-
tichannel data X from a set of incomplete noisy measurements eY .
The measurement matrix Φ has to be known at the base station. As
previously mentioned, the main feature of our scheme lies in recov-
ering the independent sources S, rather than estimating directly the
multichannel data. For this purpose let us rewrite (7) as,

Vec(eY ) = Φ̃ Vec(ΣI∗) + Vec(Z). (8)

Where, Vec(.) reshapes the columns of a matrix to a vector and bold
face Φ̃ ∈ RMI∗×NI∗ is the Kronecker product between the I∗× I∗
identity matrix and ΦΨ i,e., Φ̃ = ΦΨ⊗ IdI∗ .

Considering the fact that sources have sparse representations in
wavelet domain, the source recovery problem can be formulated as
the solution to the following non-convex optimization,

bΣI∗ = arg mineΣI∗∈B ‖Vec(eΣI∗)‖0
s.t. ‖Vec(eY )− Φ̃ Vec(eΣI∗)‖2 ≤ ε (9)

1Random Gaussian matrices have the property of being low-coherent with
any orthogonal basis, with a very high probability [3, 2, 4, 5].
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(a) Original data. (b) Reconstruction without the thresholding
step (Normalized MSE=0.23).

(c) Reconstruction with the thresholding step
(Normalized MSE=0.19).

Fig. 1. Reconstruction of HSI using our recovery scheme, by randomly sampling 0.45% of the original cube, demonstrated for a slice/channel
j = 90.

Here, l0-norm counts the number of the nonzero elements in a vec-
tor, and B denotes the set of matrices such that the inverse wavelet
transform of its rows (i.e. rows of the matrix eΣI∗ΨT ) have binary el-
ements, and are disjoints with each other. This optimization uniquely
recovers Vec(ΣI∗) if it is sparse enough, however, finding this so-
lution is NP-hard [9].

To have a feasible solution which estimates (9) with a polynomial-
time algorithm, our scheme proposes the two following steps:

• First, by using the idea of [2, 3] we substitute the l0 mini-
mization by l1, i.e.,bΣI∗ = arg min ‖Vec(eΣI∗)‖1

s.t. ‖Vec(eY )− Φ̃ Vec(eΣI∗)‖2 ≤ ε (10)

This minimization can be solved via second-order cone pro-
gram (SOCP) with a polynomial time complexity. However,
the solutions obviously may not belong to the set B.

• In order to reconstruct sources that follow our model, here,
we add a simple thresholding step to refine the solution of
l1-minimization. More precisely, after recovering bΣI∗ from
(10), we apply the inverse wavelet transform to find bSI∗ .
Now, since each pixel of the image can only belong to one
source, for each column of bSI∗ , we set the value of its largest
element to one and the rest to zero. In this way, we associate
each pixel to the source that is most likely to be belonged to.

Once the algorithm determines the sources, the whole HSI cube can
be recovered through the mixing model in (3).

4. SIMULATIONS AND PERFORMANCE ANALYSIS

Our simulations are based on HSI synthesized using (2), where I∗ =
6 sources are extracted from a ground truth map image2 of farms at
the suburb of Geneva city and the source spectra (i.e. matrix A)
are choosen at random form the USGS digital spectral library 3 [8].

2We acknowledge Xavier Gigandet for providing this ground truth map.
3Available at the url http://speclab.cr.usgs.gov/spectral.lib06.

Figure 1(a) shows one channel of the resulting HSI. The HSI cube
consists of dimension 256×256×128, which indicates slices of the
resolution N = 256 × 256 that are taken over J = 128 frequency
bands. The encoder (e.g. satellite) assumed to be provided by the
knowledge of the materials (i.e. matrix A) that are potentially ex-
isting in the region (here I = 36, including the true existing source
spectra). Following our sampling scheme, we set M = 6400 to
randomly sample the whole cube by about 10% of its original size.
Further, we apply the decorrelation step and we transmit only MI∗

measurements (i.e., about 0.45% of the original HSI) to the base sta-
tion. Figure 1 compares the recovery performance of our algorithm
for one slice of the HSI, with and without applying the thresholding
step. As we can see, applying thresholding decreases MSE only by
4%, however, comparing those images, 1(c) looks much more simi-
lar to the original one. This highlights the role of source separation
by the last thresholding step, which results in recovering images that
are piecewise constant and indeed looking more natural.

In the second setup we choose the first 64 × 64 pixels of the
upper left part of the images across the first 64 spectral channels,
which enables us to run quick experiments that evaluates the aver-
age performance of our scheme for various compression matrices of
different sizes. Figures 2(a) and 2(b) respectively demonstrate the
accuracy — that is the ratio of the misclassified pixels to the total
number of pixels in the source image — of the source separation and
the reconstruction error, under different SNR regimes and for dif-
ferent compression sizes. The plots are averaged over 20 indepen-
dent realizations of the random measurement matrix and Gaussian
additive noise. Both figures indicate stable recovery, improving by
increasing M , up to a limit that is determined by the noise power.
It is noteworthy that, the total number of measurements has to be
transmitted to have an acceptable reconstruction (say, with accuracy
> 90%) is only about 0.34% of the size of the original HSI.

Figure 3 compares the performance of the classical CS scheme
applied on each channel separately (i.e., compression/reconstruction
of each slice of HSI independently) with the one of our CS scheme
via source separation (Source CS). As we can observe, thanks to
exploiting the underlying correlations in HSI, our scheme indicates
a huge gain in reconstruction for a fixed M . Moreover, comparing
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Fig. 2. Source separation accuracy and HSI reconstruction error (normalized MSE) of our recovery scheme, for different levels of noise and
different number of measurements M.
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Fig. 3. Reconstruction error of the HSI (Normalized MSE) using
classical CS recovery (applied separately on each channel), and our
source separation based recovery scheme (Source CS).

to the classical CS, this improvement is achieved by transmitting
onlyMI∗ measurements (instead ofMJ), which significantly saves
the battery life of the satellite and the complexity of the decoding
algorithm.

5. CONCLUSION

In this paper, we proposed a new method for compressive sampling
(CS) of multichannel data which exploits the correlation across the
channels via a source mixture model. Based on the knowledge of the
mixture parameters, we apply a decorrelation step, so that the num-
ber of the measurements to be transmitted scales with the number of
the sources. Since the source images have sparse representations in
2D wavelet basis, at the decoder side, we solve an inverse problem
with relaxed sparsity constraint (l1-minimization), which follows by
a thresholding step to reconstruct the sources (hence, the whole data)
from those few measurements. We run several simulations on hyper-
spectral images indicating that our scheme stably recovers the noisy
multichannel data and it outperforms the classical CS scheme which
recovers data of each channel separately. However, one of the main

limitation of this approach is that the spectral response of the materi-
als of the HSI, i.e. the matrix A, has to be known in advance. Future
works include the estimation or re-estimation of the spectral matrix
A so as to deal with situations where the materials which compose
the HSI are unknown or different from the spectral library.
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ABSTRACT 

This paper investigates structure tensor field regularization 
applied to directional textured image analysis. From pre-
vious works on tensor filtering, we demonstrate that, know-
ing that the structure tensor is a specific tool coding the 
local geometry of the image, the tensor field filtering 
process must be driven by a geometric dissimilarity measure 
to define the adaptability of the smoothing process. We pro-
pose a new dissimilarity measure combining two terms de-
voted respectively to the orientation and to the shape com-
ponent of the tensor. This intelligible encoding exhibiting the 
geometric structure of the image enables us to overcome 
major drawbacks of conventional Euclidean and Rieman-
nian approaches for which the dissimilarity measure empha-
sizes only the local manifold geometry. Finally, for seismic 
imaging application, our method compared to existing ones 
shows that relevant information can be extracted by enhanc-
ing the seismic structures identification.   

 

1. INTRODUCTION 

Data denoising is a conventional task in signal processing 
applications. For scalar images, many filter paradigms have 
been developed such as local regression, variationnal ap-
proaches, partial derivative methods and robust statistics 
techniques. Surveys have shown the connection between 
existing approaches [1]. Considering these pioneering works, 
most of proposed approaches have been extended in the 
framework of tensor filtering for Magnetic Resonance Imag-
ing applications (MRI). Diffusion Tensor Magnetic Reson-
ance Imaging (DT-MRI) associates a 3x3 real symmetric 
positive-definite (SPD) matrix, called tensor, with each voxel 
in a 3D volume. In this specific framework, non-linear filter-
ing taking into account the manifold of the space of tensors 
has been derived [2],[3],[4]. Processing MRI tensor field 
leads to use appropriate Riemannian metric such as affine 
invariant tensor dissimilarity measure [3],[4], or Log-
Euclidean metric [5]. Using specific tools dedicated to the 
geometry of the space of SPD matrices guaranties to stay 
onto the tensor manifold and remedies to shortcomings such 
as swelling effect [4]. 

Considering the tensor field regularization task, this paper 
focuses on another family of SPD matrices, i.e. the structure 
tensor (ST). In computer vision and image processing appli-

cations, the ST is a conventional tool based on the partial 
derivatives characterizing the local geometry and low-level 
features of the image [6], [7], ranging from local orientation, 
edge and corner or for coherency analysis. Taking into ac-
count the geometric nature of ST, the paper proposes to show 
that for ST field regularization associated with directional 
textured image characterization, the use of dissimilarity fo-
cused on geometric features such as shape and orientation 
rather than conventional Riemannian approaches is suitable. 
The paper is intended as a contribution in this way: by pro-
viding for directional texture, firstly, an enhanced geometric 
scheme to increase the relevance of the ST filtering and, se-
condly, by proposing novel geometric dissimilarity exhibiting 
tractable components in terms of orientation and shape. 

The paper is organized as follows: after a brief description 
of the related works dedicated to the non-linear filtering in 
section 2 and a survey of structure tensor in section 3, a new 
dissimilarity measure called Shape-Orientation is presented 
in section 4 when section 5 discusses experiments in the 
seismic imaging application field in the framework of local 
orientation estimation.     

2. TENSOR FIELD REGULARIZATION 

Numerous algorithms such as M-estimators, nonlinear dif-
fusion or bilateral filters are widely-used in image denoising. 
Although their formalism seems somewhat different, all 
these approaches have been casted into a unified framework 
[1] of functional minimization. Smoothness terms of this 
framework are briefly outlined below. 

Let us consider N samples fi , i=1,…,N of a noisy image f. A 
M-estimator provides a denoised solution u by minimizing 

  ( ) ( )∑∑
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ji fuψuE
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2 . (1) 

where ψ(.) is an error function. As well-known form, the l2 
error function ψ(s2)=s2 leads to an estimation of u which is 
simply the average of f.  

The criterion of equation (1) can be minimized by gradient 
descent algorithm. As a result, each term ui is iteratively es-
timated with the following formula 
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In this paper we focus on the bilateral filter [8] case: the 
sample fj of the initial image f is replaced by the iterative 
estimation k

ju . While the equation (2) involves a global esti-

mate, it can be more consistent to take into account a local 
neighborhood. A weighting function w(.) depending on the 
distance between the positions xi and xj respectively of the 
estimated sample and the reference sample can be introduced 
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Let us consider now the tensor field framework. Equation 
(3) has been extended [9] to the tensor field filtering case. 
Using capital letters Ui to denote tensors, the iterative solu-
tion becomes: 
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where H(.) stands for a transformation function and d(.,.) 
denotes a dissimilarity measure between two tensors. 

A trivial choice for the function H is the identity  
  AAH =)( . (5) 

It is also well-suited to perform the Log-Euclidean trans-
formation due to the specific geometry of tensor manifold: 

  ( )AAH log)( = , (6) 

which ensures the symmetric definite positive property of the 
resulting matrix in equation (4), i.e. Ui. 

The first dissimilarity measure dealing with matrix is the 
Frobenius norm 

  ( )
FF BABAd −=, , (7) 

where ( )MMtraceM T

F
= . 

Taking into account the topology of symmetric positive de-
finite matrices, Pennec et al [4] proposed to use a Rieman-
nian metric known as Log-Euclidean metric to define a dis-
tance adapted to the tensor manifold 
  ( ) ( ) ( )

FLE BABAd loglog, −= , (8) 

where log is the matrix logarithm. Some distances specifical-
ly developed for DT-MRI are also detailed by Dryden et 
al.[10]. 

Because of its edge preservation properties, the error func-
tion ψ which is considered in this paper is the Perona-Malik 
penalizer 
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where λ is a barrier parameter. The derivative ψ’  of ψ used in 
equation (4) is given by 
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The weight function w(.) defines the form of the neighbor-
hood integration. Several choices are possible such as a uni-
form square, a Gaussian, a unit disk, etc. 

3. STRUCTURE TENSOR 

The structure tensor Tσ is defined as the covariance matrix 
of the first partial derivatives of I: 
 ( ) σσ GIIT t ∗∇∇= , (11) 

where t and * denotes respectively the transposition operator 
and the convolution operator, I∇ is the gradient of I and σG  

stands for a 2-D Gaussian averaging window of standard 
deviation σ. The choice of σ is crucial to getting relevant lo-
cal image analysis. The higher standard deviation is, the 
smoother the ST is. On the contrary, a low standard deviation 
ensures an accurate analysis but with high sensitivity to 
noise. 

Let T be a tensor. Its eigen decomposition is written as 
  T=PDP-1  (12) 

and can be developed as follows: 
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where T
yx VVV ][ 111 = and T

yx VVV ][ 222 =  are the eigenvec-

tors respectively associated with the eigenvalues 
1β  and 

2β  

in decreasing order. 
A 2-D tensor can be considered as an ellipse with a prin-

cipal orientation and a shape factor. The orientation θ  of the 
tensor T is determined by the eigenvector associated with 
the highest eigenvalue 

  ( ) 









= −

1

1
1tan

x

y

V

V
Tθ , (14) 

when the shape factor S is defined as:  

  ( )
21

21
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−=TS . (15) 

As mentioned by the authors, the approaches developed by 
Pennec et al within the DT-MRI data do not yield satisfactory 
results for the ST [4]. The most likely explanation lies in the 
particular geometry of the ST in the case of many images 
such as directional textures: unlike DT-MRI, the major part 
of the tensor field contains very thin tensors, that is to say the 
first eigenvalue is much higher than the second one. In order 
to make DT-MRI dedicated works useable, we propose to 
reinforce the shape factor, i.e. to give more weight to the 
second eigenvalue, without changing the orientation through 
a nonlinear transformation of the initial ST expressed by 

  

1−= PPDT p
p

 (16) 

with p<1. Figure 1 exhibits results of such transformation 

 
Figure 1 – Example of tensor transformation. From left to right, 

p=1, 1/2, 1/3, 1/5. 
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4. DISSIMILARITY MEASURES FOR STRUCTURE 
TENSOR 

As far as we know, no distances have been specifically de-
veloped for ST. We propose to build dedicated dissimilarity 
measure by considering geometric properties. 

 
The first geometric feature that distinguishes two tensors A 

and B is the difference of orientation φ. So a dissimilarity 
measure in orientation is obtained by a normalized cross 
product 

  ( ) ( )
BA

BA

VV

VV
BAd
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.
sin,

∧
== ϕϕ

 (17) 

where AV ,1  and BV ,1  denotes respectively the eigenvectors 
associated with the largest eigenvalue of A and B and ˄  the 
cross product of two vectors. 

The angle φ is considered as the difference of orientation of 
eigenvectors AV ,1  and BV ,1  taking into account a π±  ambi-
guity in phase angle. Confidence in the orientation of an ei-
genvector is directly linked to the shape factor of equation 
(15). Higher the shape factor is, the more confident the orien-
tation of the tensor is. Therefore we propose to weight the 
measure ϕd  by the lowest shape factor of A and B so that the 

measure decreases as the orientation of one of the two ten-
sors is uncertain. This new dissimilarity measure 

Od  is de-

fined as 
  ( ) ( ) ( ) ( )( )BSASBAdO ,min.sin, ϕ= . (18) 

A second geometric feature of a tensor is naturally shape 
factor. Let us define another measure 

Sd  between tensors 

only based on a shape difference by computing the ratio of 
intrinsic shape factors 
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This measure is an indicator that ranges from 1 (identical 
shapes) to infinity. 

By combining the measures 
Od  and

Sd , we define the 

Shape-Orientation (SO) distance: 
  ( ) ( ) ( ) q

s
q

OSO BAdBAdBAd −= 1,,,  (20) 

where q is a parameter that varies from 0 to 1 and can adjust 
the weight relative of distances in orientation or in shape. 
Because the shape measure is higher than 1, it is clear that 
the SO measure is mainly dependant of the orientation meas-
ure. Moreover, in the case of a shape factor equal to zero, i.e. 
a circular tensor, the SO dissimilarity measure value is unde-
termined and must be set to zero. 

Behavior of the SO measure is illustrated in Figure 2: we 
set a reference tensor A characterized by a null orientation 

( ) 0=Aθ  and a shape factor S(A)=1/3 when the tensor B is 

characterized by a variable orientation ( ) [ ]2/,0 πθ ∈B  and a 

variable shape factor ( ) [ ]1,0∈BS . 

 
 

Figure 2 - Measure response from a tensor A, with ( ) 0=Aθ  and 

S(A)=1/3, compared to a tensor B with ( ) [ ]2/,0 πθ ∈B  and 

( ) [ ]1,0∈BS . 

5. RESULTS 

A comparative study of methods is carried out on real di-
rectional textured image in order to show the capability to 
enforce the saliency of the structural components highlighted 
in the tensor field. We conduct experiments on seismic data 
which are challenging data due to the fact that seismic imag-
ing exhibits very noisy data with poorly sampling in terms of 
geometric structures. 

 Acquisition of reflection seismic data aims to provide a 
seismic image of acoustic impedance interfaces. These inter-
faces or reflectors are assumed to follow lithologic bounda-
ries and as a consequence a seismic image can be considered 
as an image of subsurface geological units and structures. 
Thus, the goal of seismic interpretation is to recognize plaus-
ible geological patterns in seismic images. The identification 
of structures is critically important to oil and gas exploration 
activities. The structural complexity of seismic field imposes 
to increase continuously the relevance of algorithms used to 
process data for structural interpretation. These techniques 
include dip and azimuth estimation for delineation of fault 
patterns, and fault slices to evaluate juxtaposition and fault 
seal which can be obtained by regularization of the ST field. 

We perform a comparison on real data shown in Figure 3. 
The sample image has been divided coarsely in three geolog-
ical areas delimited by fault crossing. Illustrating the regula-
rization impact is provided by interpreting data on three Re-
gions Of Interested (ROI) which exhibit horizon ends and 
noisy patches.  
The initial tensor field of the image is computed with σ=1, 
i.e. a 7x7 Gaussian window. Moreover, the tensor enhancing 
parameter p is set to 1/3. In all experiments, the following 
bilateral filter parameters are fixed:  

� The mapping (.)H  considered is the Log-

Euclidean.  
� The weight function (.)w  is a 3x3 square. 
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Figure 3 - Up Row, Left: Original Image, 

Middle Row, Left to Right: Filtering results after 10 iterati
Bottom Row, Left to Right: Filtering results after 100 iteration

 

 

 
: Original Image, Middle: Original ST field. Right: Scheme of areas and ROI in the seismic image.

: Filtering results after 10 iterations with SO, Frobenius, Log-Euclidean distance.
: Filtering results after 100 iterations with SO, Frobenius, Log-

Area 1

ROI 3

 

 

 
Scheme of areas and ROI in the seismic image. 

Euclidean distance. 
-Euclidean distance. 

Area 1 Area 2 Area 3 

ROI 1 

ROI 2 

ROI 3 
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� The error function is the Perona-Malik penalizer of 
equation (9). 

The Shape-Orientation, the Log-Euclidean and the Frobe-
nius distances are compared. 
The choice of the penalizer parameter λ is crucial for the 
regularization performance. A low value will result in an 
unchanged tensor field whereas a high value will completely 
smooth the data and provide a blurry tensor field. Moreover, 
according to the used distance, the value of λ can be com-
pletely different, which makes the comparison not trivial. A 
set of values has been chosen according to each distance his-
togram (Figure 4). Indeed, λ values have been selected for 
each method, by observing equivalent discontinuities re-
sponse values on the barrier images resulting from the error 
function ψ’(.). Thus, a comparative table of filtered tensor 
field is shown in Figure 3 where rows 2 and 3 correspond 
respectively to 10 and 100 iterations.  

In ROI 1 and ROI3, we observe that the fault information, 
i.e. horizon ends, has been completely removed by the Log-
Euclidean and Frobenius distances whereas the SO dissimi-
larity measure preserves them. Moreover, with the SO meas-
ure, the ROI 2 after filtering exhibits more homogenous con-
tent and have well defined boundaries. Because the SO 
measure does not take into account the tensor energy, the 
resulting tensor field does not exhibit energy discontinues 
like in the Frobenius and Log-Euclidean cases, and in low 
energy areas, the SO measure provides more accurate orien-
tation. 
 

 

 
Figure 4 – Distance Histograms. Up: Log-Euclidean Distance. Bot-

tom Left: SO dissimilarity measure. Bottom Right: Frobenius 
Distance 

 

6. CONCLUSION 

Because early works on tensor regularization do not deal 
great with structure tensor, we proposed two improvements: 
a shape reinforcement and a geometric based dissimilarity 
measure between tensors called Shape-Orientation dissimi-
larity measure. Applied in a structure tensor field smoothing 
process within bilateral filter, the obtained results proved 
their benefits for seismic images structure analysis. Future 

works will concern extension of other classical filters, like 
anisotropic diffusion filter, to structure tensor case. The in-
terest of our proposition for other applications, such as fin-
gerprint recognition, corner detection or optical flow, will be 
investigated. 
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ABSTRACT 
The main purpose of this work is to develop an analysis tool 
to evaluate differences in brain activation during specific 
tasks in neurologically disabled patients versus a non-
impaired control group. The database will include a set of 
fRMI images obtained by a Siemens Avanto 1.5 T machine. 
The main idea of the authors has been to develop a system 
combining processed fRMI images from SPM software with 
an image processing algorithm to obtain neuronal activation 
regions, measure perimeters and areas and perform com-
parisons between tests, in order to quantitatively evaluate the 
initial situation of the patient as well as to monitor his/her 
evolution. Future work will extend the use of the application 
for a wider range of neurological disorders, and integrate 
EEG studies as a complementary tool for diagnosis. 
 
Index Terms— Image Processing, fMRI, SPM 

1. INTRODUCTION 

The neuropsychological disorders most frequent in children 
are dyslexia and Attention Deficit & Hyperactivity Disorder 
(ADHD), pathologies which are usually chronic and persis-
tent. According to studies carried out in the USA and EU, the 
percentage of child dyslexia occurrence is 5-17% [1] and 3 to 
5% for ADHD with symptoms starting before seven years of age 
[2]. We now have several non-invasive neuro-imaging diag-
nose techniques such as Positron Emission Tomography 
(PET)[3], magneto encephalography (MEG)[4] and Func-
tional Magnetic Resonance (fMRI) [5] [6], which have con-
tributed to understanding these pathologies in the functional 
and morphological fields. These techniques differ on a spatial 
and temporal resolution degree, fMRI being the one with the 
best spatial resolution. 

fMRI has had a profound impact on neuroscience since 
the initial activation of the visual cortex by Belliveau in 
1991. fMRI signal production is due to the paramagnetic 
effect of oxyhemoglobin. The brain’s focal activation results 
in an increase in flow, oxygen distribution and brain volume. 
The relation between oxyhemoglobin and deoxyhemoglobin 
in venous blood increases and, as a result, the blood and tis-
sues have less susceptibility, which causes a higher signal 
measurable on T2 and T2* images. This is known as blood 
oxygen level-dependent (BOLD).  

The main aim of this work is to aid specialists in their 
daily practice by providing them with a tool to objectively 

evaluate neurological diseases using fMRI signal-processing 
algorithms. This being the main aim, a number of secondary 
objectives could also be achieved: 
• To create a complete database with records of fMRI 

images. 
• To develop an image processing algorithm for the ade-

quate segmentation of images for the calculation of ex-
ternal and internal contours of the area of interest. 

• To calculate the numerical value of objective parame-
ters that enable analysis of differences in brain activa-
tion during reading tasks in neurologically disabled 
children as opposed to non-impaired controls. A report 
will be prepared including quantitative parameters, im-
ages, external and internal contours and clinical pa-
rameters. In addition, a figure will clearly represent all 
the parameters, as well as the normal regions and those 
of interest. 

This paper is divided into the following principal sections: 
Section 2 describes the used methodology, section 3 presents 
the proposed system, section 4 describes the results obtained, 
and section 5 presents the authors’ conclusions and future 
work.  

2. DATABASE 

In order to develop and test the implemented algorithms, a 
database containing functional and structural magnetic reso-
nance images was created. The acquisition device was a 
Siemens Magnetom Avanto 1.5 Tesla property of Osatek 
Ltd. at Galdakao Hospital, controlled by radiologists Alberto 
Cabrera and Ibone Saralegui. Two different types of images 
were acquired for each subject: anatomical or structural im-
ages and functional images. The scanner configuration pa-
rameters for structural images were TR =1900ms (Repetition 
Time), TE =2.95ms (Echo Time) and SL =1mm (Slice 
Thickness). Image resolution was 256x256x176 pixels with a 
voxel size of 1x0.977x0.977. For functional images the pa-
rameter values were TR=3000ms, TE=50ms, and SL=3mm. 
Image resolution was 64x64x29 pixels with voxel size 
3x3x4.05. All the data collected from the scanner was coded 
in Siemens Magnetom proprietary format. 

12 subjects between 9 and 11 years old were scanned for 
the purpose of the study. Two of them were male subjects and 
ten female. The control group is formed by eleven of these 
subjects. The twelfth subject was not included, being classi-
fied as a case with undiagnosed but probable dyslexia. The 
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12 subjects performed 5 different task paradigms involving 
the use of language understanding and generation areas 
(Broca and Wernicke, or Brodmann’s 44-45 and 22 respec-
tively), where differences between control and patient groups 
are expected. A total of 75 tests were carried out, 12 of which 
had 110 complete brain volume scans and the remaining 63 
had 90 volumes each, making a total of 6990 volumes 
scanned for the database.  

3. TECHNICAL METHODS 

The main objective of this study is to extract the relevant 
information from the fMRI slices and to take a number of 
measurements, in order to check similarities and differences 
between the neural activation areas belonging to control 
group subjects and those belonging to dyslexic patients. We 
have used the following techniques to process the data, 
which can be grouped into two sets: SPM8 fMRI analysis 
techniques [7] and image processing methods. 
 
2.1 Rigid Body registration 
This technique is used in order to reduce the effect of subject 
movement during the acquisition of the scans and to model 
different head positions of the same subject. It uses general-
ized interpolation, where the images are first transformed 
before applying the local convolution. Generalized interpola-
tion methods model an image as a linear combination of ba-
sis functions with local support, typically B-splines or o-
Moms (maximal-order interpolation of minimal support) 
basis functions. 

∑
! !
max  , 0     (1) 

Rigid-body transformations consist of only rotations and 
translations, and leave given arrangements unchanged. They 
are a subset of the more general affine transformations. For 
each point (x1; x2; x3) in an image, an affine mapping can be 
defined into the co-ordinates of another space (y1; y2; y3), 
applying a simple matrix multiplication (y=Mx). 
 
2.2 Spatial Normalization using basis functions 
When a study involves group analysis or inter-subject com-
parison, it is necessary to register the images of different sub-
jects into roughly the same co-ordinate system, where the co-
ordinate system is defined by a template image (or series of 
images). The method only uses up to a few hundred parame-
ters, so can only model global brain shape. It works by esti-
mating the optimum coefficients for a set of bases, by mini-
mizing the sum of squared differences between the template 
and source image, while simultaneously maximizing the 
smoothness of the transformation using a maximum a poste-
riori (MAP) approach. 

      (2) 

The algorithm starts with a 12 DF affine registration, fol-
lowed by 3 translations, 3 rotations, 3 zooms and 3 shears. 
Afterwards, it fits overall shape and size and refines the reg-
istration with non-linear deformations. The algorithm simul-
taneously minimizes mean-squared difference (Gaussian 
likelihood) and squared distance between parameters and 
their expected values (regularisation with Gaussian prior). 

2.3 Segmentation 
MR images are segmented into different tissue classes using 
a modified Gaussian Mixture Model. By knowing the prior 
spatial probability of each voxel being grey matter, white 
matter or cerebro-spinal fluid, it is possible to obtain a more 
robust classification. Intensity non-uniformity correction is 
also used, which makes the method more applicable to im-
ages corrupted by smooth intensity variations.  

The first step is to estimate the cluster parameters, then 
assign belonging probabilities and finally estimate the modu-
lation function. The variance of each cluster (c) is computed: 

           
∑ ∑

 over k=1...K          (3) 

Bayes rule is used to assign the probability of each voxel 
belonging to each cluster: 

  ∑   over i=1…I, j=1…J and k=1…K   (4) 

To reduce the number of parameters describing an inten-
sity modulation field, it is modelled by a linear combination 
of low frequency discrete cosine transform (DCT) basis func-
tions. The modulation field U can be computed from the es-
timated coefficients (Q) and the basis functions (D1 and D2): 

 
 ∑ ∑    (5) 

 
2.4 General Linear Model 
A general linear model explains the response variable y in 
terms of a linear combination of the explanatory variables 
plus an error term:  

   (6) 
The model implemented in the algorithm has a normally dis-
tributed and non-spherical error. 
 
2.5 Statistical Inference 
Hypotheses are tested using mainly one-way analysis of vari-
ance (ANOVA), one or two sample t tests and F tests de-
pending on the type of analysis. Contrast vectors are estab-
lished to make inquiries regarding the different regressors 
modelled on the design matrix in the general linear model. 
Test statistic t is computed:  

~     (7) 

The proposed algorithm uses ROI (Region of Interest) -based 
processing techniques to isolate the areas showing neural 
activity. The main characteristic of this method is that it util-
ises a binary mask to filter or perform operations on the de-
sired pixels of an image. The binary mask is the same size as 
the image to be processed with pixels that define the ROI set 
to 1 and all other pixels set to 0. Several methods can be used 
for mask generation. 

In this study we chose colour segmentation filtering, due 
to the characteristics of the input image, composed of two 
different types of information: a grayscale background show-
ing the anatomical structure of the brain and skull of the sub-
ject and a red scale overlay containing the intensities and 
special extent of the neuronal activation. The implemented 
filter examines the values in the RGB matrix of the image 
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and extracts the pixels that fit in the range of colour values 
representing the cortical activity. The new image generated 
with these pixels form the mask that defines the ROI for our 
specific purpose. In order to identify and measure the differ-
ent clusters of activated pixels we have used a contour detec-
tion technique for binary images. In our study case, this sim-
ple but effective method presents us with advantages over 
more complex ones, such as active contour models due to the 
characteristics of the input image. The possibility of using 
ROI segmentation to separate the areas of interest in a binary 
image allows the use of edge detection based on pixel con-
nectivity, resulting in a faster and more precise classification 
of the detected clusters. Connected components are found 
and labelled by scanning the entire image searching for pix-
els with a value different from zero (which represents the 
background); all area and perimeter values for each cluster 
are also computed.  

4. SYSTEM DESIGN 

The system can be classified into two blocks, as shown in 
Fig.1. The first block uses SPM8 fMRI analysis routines to 
process and extract the information contained in the func-
tional BOLD (Brain Oxygenation Level Dependent) images. 
The second block implements the cluster detection, feature 
measurement and results presentation. 
 

 
Figure 1 – fMRI analysis system block diagram. 

 
The sequence of the process is as follows: 

• Format conversion (1) from Siemens Magnetom format 
to Nifti-1 image format to be suitable for SPM8 proc-
essing. For this purpose we have chosen the MRICon-
vert tool due to its effectiveness and compatibility with 
Siemens proprietary format. Image header information 
is extracted and recoded according to the Nifti-1 stan-
dard.  

• Reorientation (2) of the functional and structural im-
ages to equalize the origins of the coordinate systems. 
This step sets the images in the correct position with 
reference to the coordinate axis to match the position of 
the templates used in the spatial normalization steps. 
Odd results will appear after normalization if this cor-
rection is not included.  

• Realignment (3) of the functional images to correct 
subject motion artefact during acquisition. Movements 
of the subject’s head inside the scanner can alter the 
BOLD images inducing a change in the signal, which 
can be modelled using rigid body registration. The 
transformation uses a less square approach and consists 
of 3 rotations and 3 translations around and along the 
orthogonal axis [8]. 

• Co-registration (4) of structural and functional images. 
The within-subject registration method used here is 
based on work by Collignon et al [9] and it uses a rigid 
body model. The image that is assumed to remain sta-
tionary (sometimes known as the target or template im-
age) is the mean of the realigned functional BOLD im-
ages, while the source image (structural T1 image) is 
moved to match it.  

• Tissue segmentation (5) separates gray matter, white 
matter and cerebro-spinal fluid into different Nifti im-
ages for subsequent analysis. This step also implements 
bias-correction of the structural image and computes 
the deformation field parameters for spatial normaliza-
tion [10]. The tissue probability maps used for segmen-
tation were generated taking into account the age and 
gender of each study subject with the Template-o-Matic 
toolbox for SPM5 [11].  

• Spatial normalization (6): the algorithm works by mi-
nimizing the sum of squares difference between the 
image which is to be normalized, and a linear combi-
nation of one or more template images. The primary 
use is for stereotactic normalization to facilitate inter-
subject averaging and precise characterization of func-
tional anatomy [12]. Smoothing using a Gaussian Ker-
nel is also applied to the resulting normalized images 
in order to suppress possible noise signals. 

• Model specification (7) according to the general linear 
model, which comprises the specification of the GLM 
design matrix, fMRI data files and filtering, and esti-
mation of GLM parameters using traditional approach-
es.  

• Statistical inference (8) and interrogation of results 
using contrast vectors to produce Statistical Parametric 
Maps (SPMs) and Posterior Probability Maps (PPMs). 
First (within-subject) and second (inter-subject) level 
analyses are tested using F tests and one or two sample 
t tests. 

• Overlay pre-processing (9): the images showing struc-
tural anatomy with neural activation overlay are saved 
and arranged in mosaics to prepare them for feature ex-
traction. 

• ROI segmentation (10): neuronal activation results are 
extracted from the image applying a binary mask. The 
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mask is generated filtering the RGB matrix values with 
a predefined threshold. 

• Cluster detection (11): the contour recognition algo-
rithm labels and detects groups of activated voxels. The 
image is scanned to detect contiguous pixels and assign 
numeric labels to connected areas.   

• Feature measurement (12): perimeter and area are com-
puted for each cluster.  

• GUI (13): measures can be accessed through an inter-
face which allows the user to select the cluster to be 
analysed. Different subject or group results can be ex-
amined to find differences in areas of interest. 

5. RESULTS 

Intermediate and final results obtained for a healthy subject 
are shown in the figures below. The paradigm used was de-
signed to activate the language areas of the subject, and it is 
composed of 90 complete volume scans, with a stimulus 
onset every 20 scans. Stimulus duration is of 10 scans. Pa-
rameters are corrected using FWE correction with a thresh-
old value equal to p<0.05. Fig. 2 shows a T1 (structural) and 
a functional BOLD image in the initial state (1), after reori-
entation, realignment and co-registration (2) and after the 
normalization and functional smoothing step (3). The fourth 
section in the figure shows the SPM (statistical parametrical 
map) computed and an overlay of the neuronal activation 
areas on the normalised T1 image. 

 

 
Figure 2 – fMRI analysis algorithm results. 

Rigid body transformation parameters are shown in Fig. 3. 
Translation values are shown in mm along the x, y, and z 
axis during the acquisition of the different scanned volumes. 
At the same time, the subject’s rotation movement around 
the axis is calculated and measured in degrees to model the 
artifact.  
The analysis block begins with the generation of a 6x6 mo-
saic, choosing the specified slice separation on the horizon-
tal plane which contains the areas relevant for the study of 
language-related neurological disorders, as shown in Fig.4.  

 
Figure 3 – Realignment parameters. 

Fig. 5 shows the binary mask resulting from the segmenta-
tion of the regions of interest using the RGB threshold tech-
nique. 

 
Figure 4 – Pre-processed slices. 

 
The area and perimeter of each cluster is measured, and re-
sults are shown on an interactive user interface which allows 
the specialist to compare different studies for the same sub-
ject and extract conclusions on inferences between control 
and patient groups. An example of the latter is shown in 
Fig.6. 
 

 
Figure 5 – ROI segmentation mask. 
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Figure 6 – Measures and comparison results. 

 
Control group activations are shown on the left-hand side of 
the GUI, while the neural activity of a subject extracted from 
the patient group is situated on the right. The algorithm cal-
culates the difference between areas and perimeters of the 
selected clusters belonging to the different maps and shows 
the results, as well as the respective parameter values of each 
object of the study.  

6. DISCUSSIONS AND CONCLUSSIONS 

Most of the success of the proposed system is due to SPM8 
as a helpful tool for identifying activation regions. Being 
both control and patient group formed by young aged sub-
jects the difficulty of obtaining clear and significant activa-
tions increases. Therefore the selection of an adequate proc-
essing tool is a key factor. Binary mask ROI segmentation 
results have been successful due to the input images charac-
teristics. Grayscale structural background contrasts clearly 
with coloured activation areas, which makes this method 
preferable, as it is faster and more efficient than other tested 
techniques as Snakes or other active contour algorithms. 

Quantitative parameters for the area and perimeter of the 
region under study have been automated by the algorithm, 
and manual measurement tests have been performed to check 
the validity of the results, with a relative error around 0.05%. 

The possibility of comparison of two images from the 
same subject and different acquisition date will allow the 
specialists to make an objective evaluation of the treatment 
and assess the evolution of the patient. 

Regarding objective fulfilling, regions of interest detec-
tion through fMRI processing has been successfully 
achieved, as well as the calculus of the objective numeric 
values related to the cortical activations.  

In reference to the database objective, one of the future 
tasks to accomplish will be to add new samples that allow the 
validation of individual results and the expansion of the sys-
tem to use it on a wider patient population profile. Finally, it 
would be interesting to integrate the system with EEG studies 
as a complementary tool to increase the amount of informa-
tion about the neurological disorders under investigation. 
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ABSTRACT 

In this paper our previously proposed TDCNN simulation 
formulation is rewritten in vector-matrix form and thus a 
matrix condition for the empirical time constraint given in 
[1] is derived. The sinusoidal simulation results for band-
pass filter example are presented. 

1. INTRODUCTION 

In our previous study, we introduced a new simulation me-
thod for time derivative cellular neural networks (TDCNN) 
with first derivatives [1]. The method in [1] uses forward 
Euler approximation for the derivatives on the left hand side, 
and backward Euler approximation for the derivatives on the 
right hand side of the TDCNN equation and computes the 
state of each cell by using convolution sums thus provides a 
great speed advantage. 

In this paper, the formulation for the simulation of TDCNN 
used in [1] is given in vector-matrix form which enables the 
derivation of a matrix condition that formally proves the time 
constraint given empirically in [1]. We show that our 
TDCNN simulation method in [1] has the same solution as 

the forward Euler method iff the eigenvalues iλ  of  ˆ
1A  are 

negative. Then we present the numerical simulation results of 
the method given in [1] and forward Euler method, and show 
that the results are consistent. 

2. TIME-DERIVATIVE CELLULAR NEURAL 
NETWORKS (TDCNN) 

Time-derivative CNN (TDCNN) [2] extends the original 
CNN description in [3] by adding derivative connections 
between cells. A time-derivative linear CNN is described by 
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The first two terms on the right hand side of  (1) are the same 
as in the case of original CNN equation, A and B are feed-
back and feed-forward cloning templates, u is input and x 
denotes the state and output of the linear network. qA  and 

qB  are defined as qth derivative feedback and feedforward 

templates, respectively, and r denotes the neighborhood of 
the CNN. It has been shown that by adding first order deriva-
tives of the outputs of the neighboring cells to the original 
CNN equation, bandpass spatiotemporal filters can be real-
ized [2,4]. For these first derivative TDCNNs (1) becomes 
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3. ANALYSIS OF TDCNN SIMULATION 
METHODS 

Equation (2) can be written in vector-matrix form by using 
one of the several packing schemes. Thus for a network size 
of MxN cells, MNx1 size vector-matrix differential equation 
of TDCNN is obtained as 

  
d dˆ ˆˆ
dt dt

= + 1
x x

Ax+Bu A  (3) 

Here  ˆ ˆ
1A,A and B̂  are MNxMN matrices, x  and u  are 

MNx1 vectors that includes all the cell outputs and inputs 
respectively. We can rearrange (3) so that all the derivative 
terms are on the left hand side of the equation 

( ) dˆ ˆ ˆ
dt

− =1
x

I A Ax+Bu .                       (4) 

where I  denotes identity matrix of MNxMN size, which 
yields 

      ( ) ( )1 1d ˆ ˆ ˆ ˆ
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− −
= − −1 1

x
I A Ax+ I A Bu .          (5) 

 
Let us now apply Euler’s forward approximation to (5): 
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Rearranging (6) yields 
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In [1] we have used forward Euler difference for the deriva-
tive on the left hand side and the backward Euler difference 
for the derivatives on the right hand side of (3), resulting in 
the difference equation: 
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Equation (9) can be rearranged as  
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If the absolute values of eigenvalues of matrix 

( ) ( )1ˆ ˆ−
− −1 1I A A  are less than 1, the powers of this ma-

trix approaches zero as the iteration continues. Consequently 
the last term in (10) decreases and we obtain the same equa-
tion as (7). In [1] we pointed out that the input image is held 
constant for at least 3 iterations for our method to give the 
same results as SIMULINK simulation. This condition cor-
responds to having very small values for 

( ) ( )
31ˆ ˆ− − −  

1 1I A A after three iterations, thus obtain-

ing 
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In other words, the time constraint for the simulation of 
TDCNN given in [1] must be satisfied to ensure that the 

powers of the ( ) ( )1ˆ ˆ−
− −1 1I A A  decrease. 

Let us now examine the eigenvalues of 

( ) ( )1ˆ ˆ−
− −1 1I A A . First we decompose ˆ 1A  as 

                                    1ˆ −
= Λ1 1 1 1A T T                            (12) 

where  idiag( )Λ = λ1  and iλ ’s are the eigenvalues of 

ˆ
1A .  Now we can write 
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4. SIMULATION RESULTS 

 
In this section we present the simulation results for the three 
methods given above.  
 
The input image is spatio-temporal, thus we have time vary-
ing frames of images.  
 
For the simulations we must first evaluate the MNxMN size  
ˆ ˆ

1A,A  and B̂  matrices. Since for a 20x20 TDCNN, the 

size of the matrices would be 400x400, a 4x4 size TDCNN 
example with the templates 
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For this example we have: 
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We simulated the spatio-temporal bandpass filter TDCNN 
example given in [2]. Bandpass filter outputs are given for 
forward Euler method and the method in (8) in Fig. 1 and 
Fig. 2 respectively. As can be seen from the figures, the 
simulation results are consistent.  
 

5. CONCLUSION 

 
General 3D continuous-time discrete-space mixed-domain 
spatio-temporal filters can be realized by TDCNNs. In this 
paper it is proven that the method given in [1] and forward 
Euler method has the same solution under the condition that 

the absolute value of eigenvalues of ( ) ( )1ˆ ˆ−
− −1 1I A A  

are less than 1. The necessary and sufficient condition for this 

outcome is that the eigenvalues iλ  of  ˆ
1A  should be nega-

tive. The sinusoidal simulation results of forward Euler me-
thod and proposed method in [1] are consistent with each 
other. 
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Figure 1.  Bandpass filter simulation (for the template values given in [2]) 

of forward Euler method. The passband of the filter is around 

1 / , 8 /x y trad pix rad sω ω= = Ω =  

 
Figure 2.  Bandpass filter simulation (for the template values given in [2]) 

of our previously proposed method [1]. The passband of the filter is 

around 1 / , 8 /x y trad pix rad sω ω= = Ω =  
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ABSTRACT

Blurred contours are often sought in digital image process-
ing. Most of the existing techniques try to detect blurred
contours by fuzzy techniques. In this article, we propose
to model the blurred contours by generating the virtual sig-
nals from the image, and provide a new viewpoint to de-
tect blurred contour. Especially, the blurred contour with
exponential distribution can be presented by three parame-
ters. Then, array processing methods are adopted to estimate
these parameters, and optimization method is also consid-
ered when the spread parameter is estimated. Experiments
finally prove that the proposed methods estimate the param-
eters of blurred contours accurately and with a reduced com-
putational load.

1. INTRODUCTION

Blurred contours occur very often in images, owing to ob-
ject movements, light transmission environment, etc. Several
methods have been proposed for solving this problem. One
can distinguish two categories of methods: those which per-
form contour-based segmentation, and those which perform
region-based segmentation. Firstly, contour-based segmen-
tation methods consider blurred contours as textured regions
in the image, that is, a set of pixels which has a transverse
width of more than one pixel. These methods aim at de-
termining a mean position of the pixels of the textured re-
gion. In particular a recent model for active contours based
on techniques of curve evolution, which was adapted from
the level set paradigm, was proposed to segment contours
”without edges” [1].

Secondly, region-based segmentation methods rely on
the theory of fuzzy sets, to define membership functions and
classify the pixels. In particular, a blurred paradigm was
adopted in the frame of mathematical morphology to char-
acterize the repartition of objects in an image by ”fuzzy” re-
lationships [2]. In this fuzzy paradigm, one could localize an
object at left or at the right-hand side of another object. This
led in particular to applications for medical 3D image seg-
mentation [2]. Also, unsupervised segmentation was adapted
to classification by a fuzzy version of hidden Markov chains
[3]. In [3], a fuzzy membership function is added to a crisp
membership to characterize the values taken by the Markov
process and thereby classify pixels in an image.

Array processing methods, and in particular high reso-
lution methods [4], were adapted to contour characteriza-
tion [5, 6]: a specific signal generation scheme yields an
array processing signal model out of an image with 1-pixel
wide contours. High resolution methods could then be ap-
plied to distinguish close contours by considering them as

punctual sources. In this paper, we propose a novel approach
to characterize blurred contours, that is, contours which are
no longer one pixel wide but characterized by a spread pa-
rameter. For this, we derive a novel signal model. The ad-
vantage of the proposed model: it permits to characterize en-
tirely a linear blurred contour with three parameters orienta-
tion, offset, and spread. We adapt subspace-based methods
of array processing to provide an estimate of the orientation
and offset parameters. Then, DIRECT optimization method
is adapted to retrieve the spread parameters.

Section 2 states the blurred contour retrieval problem,
section 3 derives an array processing model out of signals
generated from the image. Section 4 adapts subspace-based
methods of array processing to estimate orientation and off-
set parameters of the blurred contours. Section 5 proposes
a method for the estimation of the blurred contour spread
parameters. Section 6 proposes a refined offset estimation.
Section 7 summarizes the proposed methods and section 8
presents experimental results.

2. PROBLEM STATEMENT

In this section, we provide the models that we adopt for the
processed image, for the gray level distribution of the con-
tours which are present in the image, and for the technique
which permits to generate a signal out of the image content.
Let I(i, l) be an N×C recorded image (see Fig. 1(a)). We
consider that I(i, l) is compound of a blurred contour and an
additive uniformly distributed noise. The blurred contour is
supposed to have width 2X f , main orientation θ , and cen-
ter offset x0. The contour gray level variation around its
main orientation in every row can be, in a general manner,
described by a decreasing exponential function; for exam-
ple, a Gaussian evolution depending on a spread parameter

σ : g(x) = 1√
2πσ
e
− x2

2σ2 = G e
− x2

2σ2 .

(a) (b)

Figure 1: (a) linear antenna model in an image containing a blurred line; (b) blurred
contours characterized by the main orientations θk and offsets x0k in the image
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If there are multiple blurred contours in the image, every con-
tour is characterized by the main orientation θk and the off-
set x0k (see Fig. 1(b)). Every blurred contour obeys Gaussian
distribution with the variance σk

2. We expect that such a con-
tour model facilitates the transfer of array processing meth-
ods to the considered parameter estimation issue. In order to
set the link between image data representation and sensor ar-
ray processing methods [7], array sensors are supposed to be
placed in front of each row or column of the image. Each sen-
sor receives the signal only from its corresponding row in the
matrix. All the pixels in the image are assumed to propagate
narrow-band electromagnetic waves with zero initial phases.
Furthermore, we assume that the waves emanating from pix-
els in a given row of the image matrix are confined to travel
only along that row towards the corresponding sensor.

We adopt the signal generation scheme proposed in [7]:

z(i) =
C

∑
l=1

I(i, l) e− jµl , i= 1, . . . ,N (1)

In the next section, we show that the adopted models and
signal generation process yield an array processing signal
model, which is handled by subspace-based methods of ar-
ray processing.

3. ARRAY PROCESSING SIGNAL MODEL

Firstly, we assume that the image contains only one blurred
contour of width 2X f , main orientation θ , offset x0, and

spread parameter σ . The signal generated on the ith sensor is
then expressed as:

z(i) = G ∑
X f
x=1 e

− jµ(x0+x−(i−1)tan(θ))e−
x2

2σ2

+ G ∑
X f
x=1 e

− jµ(x0−x−(i−1)tan(θ))e−
x2

2σ2

+ G e− jµ(x0−(i−1)tan(θ))

(2)

That is:

z(i) = G ∑
X f
x=−X f e

− jµ(x0+x−(i−1)tan(θ))e−
x2

2σ2

= G e− jµx0e jµ(i−1)tan(θ) ∑
X f
x=−X f e

− jµxe−
x2

2σ2

(3)

where G is the maximum gray level value in the image, and
X f is the half-width of the contour. If σ is small enough com-
pared with the number of columns in the image, we can turn
the considered discrete calculation into a continuous case cal-
culation. Eq. (3) becomes:

z(i)≈ G e− jµx0e jµ(i−1)tan(θ) ∫ +∞
x=−∞ e

− jµxe−
x2

2σ2 dx
(4)

A general formula provides the equality:

∫ +∞

x=−∞
e−ax

2+ jbxdx=

√

π

a
e−

b2

4a (5)

It is easy to express eq. (4) by

z(i) =
√
2πG e− jµx0e jµ(i−1)tan(θ)σe−

µ2σ2

2 (6)

Eq. (6) is the signal in the i-th row in the case where there
exists only one blurred contour in the image.

Secondly, we consider the case where the image contains:

• d blurred contours, with orientations θk, offsets x0k, and
spread parameters σk (k = 1, . . . ,d);

• identically distributed noise pixels.

The expression of the received signal by ith sensor becomes:

z(i) =
√
2πG ∑dk=1 e

− jµx0ke jµ(i−1)tan(θk)σke−
µ2σk

2

2 + n(i)
(7)

where n(i) is a noise term originated by the noise pixels
during the signal generation process. The expression of the
signal components in Eq. (7) permits to adopt the notations
coming from array processing. We define:

1. the source amplitude associated with the k-th contour as:

s(k) = G e− jµx0k ∑
X f
x=−X f e

− jµye
− x2

2σk
2
, k = 1, · · · ,d.

When the continuous approximation holds, the source
amplitude components are expressed as:

s(k) =
√
2πGe− jµx0kσke

− µ2σk
2

2 ,k = 1, · · · ,d (8)

2. the steering vector associated with the k-th contour as:

c(θk) = [c1(θk),c2(θk), · · · ,ci(θk), · · · ,cN(θk)]T , with

ci(θk) = e
jµ(i−1) tan(θk).

3. the noise vector n= [n(1),n(2), . . . ,n(N)]T .

These notations permit to express the signal generated out of
the image in a matrix form:

z= C(θ )s+n (9)

where:
z= [z(1),z(2), . . . ,z(N)]T , C(θ ) = [c(θ1),c(θ2), · · · ,c(θd)],
s= [s(1),s(2), · · · ,s(d)]T .

Eq. (9) shows that, by adopting the signal generation
scheme of Eq. (1) and the proposed model for blurred con-
tours, we can make an analogy between the signals gener-
ated out of the image and an array processing signal model.
Therefore, we expect that array processing methods can yield
the parameters of the expected contours.

4. SUBSPACE BASED METHODS OF ARRAY
PROCESSING FOR ORIENTATION AND OFFSET

ESTIMATION

4.1 Estimation of the blurred contour main orientation

An array processing method can be applied to the generated
signal provided in eq. (9), to characterize the contours in the
image by retrieving their parameters. However, for the sig-
nal generated from the image, which is time-independent, we
can not get any sample series, so a subspace-based parame-
ter estimation method such as MUSIC can not be directly
adapted to the image signal [8]. We have to simulate artifi-
cially multiple signal measurements out of a single sample
array data by splitting the array (of length N) into smaller
overlaying sub-arrays (of length M). This is called spatial
smoothing technique. There exist a constraint on M, and a
relationship between N, M and the number of snapshot P:
d <M ≤ N−d+1; andM = N−P+1. For details, refer to
[7]. From the observation vector z we obtain P overlapping
sub-vectors. By grouping all sub-vectors obtained in matrix
form, we obtain

ZP = [z1, · · · ,zP] (10)
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where
zp =CM(θ )sp+np, p= 1, · · · ,P. (11)

Each column ofCM(θ ) is a vector of lengthM expressed as:

c(θk) = [c1(θk),c2(θk), · · · ,ci(θk), · · · ,cM(θk)]T , with
ci(θk) = e

jµ(i−1)tan(θk), and
sp = [sp(1),sp(2), · · · ,sp(d)]T where

sp(k) =
√
2πGσke

− jµx0ke
−µ2σ2

k
2 e j(p−1)µtan(θk), p =

1,2, · · · ,P.
The covariance matrix of all sub-vectors of Eq. (10) is
defined by:

Rzz =
1

P

P

∑
p=1

zpzp
H (12)

where (.)H denotes Hermitian transpose. We operate the sin-
gular value decomposition (SVD) of Rzz.

Rzz = [U1 U2]Λ V (13)

For independent sources, the columns of matrix
U1 (M× d) span the signal subspace, the columns of
matrix U2 (M× (M− d)) span the noise subspace, and
Λ = diag(λ1,λ2, · · ·λd) where λi is the eigenvalue associ-
ated with the ith eigenvector. Hence, U2 is orthogonal to
the steering vectors c(θk) , k = 1, . . . ,d. We estimate the θk
parameters (k = 1, . . . ,d) through the maxima of the pseudo
spectrum [8] given by

MUSIC(θk) =
1

‖ cH (θ ) ·U2 ‖2
(14)

where cH (θ ) is a model for the signal subspace vectors.

4.2 Estimation of the blurred contour offset

Once the orientation values are known, the offset values
can be estimated by variable speed generation scheme [6]
and TLS-ESPRIT algorithm [7]. Variable speed propagation
scheme consists in setting µ = α(i− 1). Eq. (7) becomes:
z(i) =

√
2πG ∑dk=1 e

− jα(i−1)x0ke jα(i−1)2tan(θk)σke−
(α(i−1))2σk

2

2 + n(i)
(15)

We can consider for instance the first orientation θ = θ1.
As θ1 value has been estimated, we can divide z(i) by

the term e jα(i−1)2tan(θ1). We obtain:

w(i) = z(i)/e jα(i−1)2tan(θ1) =

√
2πG e− jα(i−1)x01σ1e

− (α(i−1))2σ1
2

2 + n′(i) (16)

where n′(i) is a noise term resulting from the influence noisy
pixels and all but the first contour.
At this point, the value of σ1 is not known and we propose
an approximation which permits to get momentarily a gross
estimate of x01 without the prior knowledge of σ1. If the
propagation parameter α is chosen such that α(i− 1) <<
1, ∀ i= 1, . . . ,N, we can adopt the following approximation:
w(i)≈ w̃(i) =

√
2πG e− jα(i−1)x01σ1+ n(i) (17)

The signal w̃ = [w̃(1), w̃(2), . . . , w̃(N)] fits the model re-
quired by the frequency estimation TLS-ESPRIT method [7]
which retrieves the first offset value x01 from Eq. (17).

The division process of Eq. (16) and the adaptation
of TLS-ESPRIT method are repeated for each value k =
1, . . . ,d. At this point a gross estimate of the offset values
is available, which will be used to estimate the spread pa-
rameter values.

5. DIRECT METHOD FOR SPREAD PARAMETER
ESTIMATION OF THE BLURRED CONTOURS

In this subsection we propose a least-square criterion which
involves the signal generated out of the image and the signal
model of Eq. (9). This criterion depends on the parameters
of all contours. We adapt DIRECT optimization method to
retrieve the spread parameter values by minimizing this cri-
terion.

5.1 Least-squares criterion derivation

The contour orientations estimated by MUSIC algorithm are
used to compute the steering matrix C(θ ) (see Eq. (9)).
The source vector s depends not only on the offset param-
eters x0k (k = 1, . . . ,d), but also on the spread parameters
σk (k = 1, . . . ,d). Therefore we propose to retrieve the com-
ponents of the source vector s, through the following crite-
rion minimization:

ŝ= argmin
s

||Z−Cs||2 (18)

It is easy to show that the density function of the mea-
surement noise is Gaussian if the outliers are identically
distributed over the image [7]. Therefore, the above least-
squares problem provides the maximum likelihood estimate
for the source vector. The relationship between the source
vector components and the spread parameter values is given
by (see eq. (8)):

s(k) = f (σk) =
√
2πGσke

− jµx0ke−
µ2σk

2

2 (19)

We denote by σ = [σ1, . . . ,σd ]
T

the vector con-
taining all spread parameter values, and by f(σ) =

[ f (σ1), . . . , f (σd)]
T = [s(1), . . . ,s(d)]T the source vector. We

denote by σ̂ = [σ̂1, . . . , σ̂d ]
T
the vector containing the esti-

mates of all spread parameter values. From eqs. (18) and
(19), we get:

σ̂ = argmin
σ

||Z−Cf(σ)||2 (20)

which can be expressed as:

σ̂ = argmin
σ

(J(σ)) (21)

where J denotes the criterion to be minimized. To solve eq.
(21) and minimize criterion J, we adopt a recurrence loop to
modify recursively vector σ̂ . The series vectors are obtained
from the relation ∀q ∈ N:

σ̂q → f(σ̂q)→ J(σ̂q) (22)

When q tends to infinity, the criterion J tends to zero and
σ̂qk = σk, ∀ k = 1, . . . ,d. To carry out this recurrence loop,
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we adopt the robust DIRECT (DIviding RECTangles) opti-
mization method [9]. DIRECT method is initialized by σ̂0,
and a research space which is an acceptable interval for each
value. Vector σ̂0 and the research space are a priori fixed by
the user. The main property of DIRECT is that it is able to
obtain the global minimum of a function. DIRECT normal-
izes the research space in a hypercube and evaluates the so-
lution which is located at the center of this hypercube. Then,
some solutions are evaluated and the hypercube is divided
into smaller cubes, supporting the zones where the evalu-
ations are small. When the required number of iterations
q = It is reached, DIRECT provides the estimated vector of
spread parameters σ̂ It = [σ1,σ2, . . . ,σd ].

6. REFINED ESTIMATION OF THE OFFSET
VALUES

The knowledge of all spread values σk, k = 1, . . . ,d permits
to avoid the approximation made in section 4, which led to
signal components w̃(i) out of signal components w(i) (see
Eq. (17)). Starting from the expression of w(i) in Eq. (16),
we derive the signal ω(i), i= 1, . . . ,d:
ω(i) =

w(i)/(
√
2πσ1e

− (α(i−1))2σ1
2

2 ) = G e− jα(i−1)x01 + n′(i) (23)

where n′(i) is a noise term resulting from the influence of all
but the first contour. The signal components ω(i) fit TLS-
ESPRIT method, which is applied d times to retrieve the ex-
act offset values x0k, k= 1, . . . ,d.

7. SUMMARY OF THE PROPOSED ALGORITHM

An outline of the proposed blurred contour estimation
method is given as follows:

• find out the mean position of the pixels of the contour:

– choose µ as a constant value, and estimate the orien-
tations θk (k = 1, . . . ,d) by MUSIC method;

– choose µ as a variable value µ = α(i− 1), and es-
timate the offsets x0k (k = 1, . . . ,d) by TLS-ESPRIT
method;

• estimate the spread parameters σk (k = 1, . . . ,d) through
the minimization of a least-squares criterion by DIRECT
optimization method;

• obtain a refined estimation of x0k (k = 1, . . . ,d), with the
knowledge of the previously estimated σk values.

8. EXPERIMENTAL RESULTS

8.1 Hand-made images

In all numerical experiments, we consider images of size
N ×N where N = 200. At the same time, all experiments
are performed on a computer equippedwith 2.83GHz 2 Quad
CPU and 4Go memory. As concerns parameter µ , [7] pro-
vides a study that gives the maximum value of an estimated
orientation. Adequate parameters are µ = 10−1, to esti-
mate the orientation parameters with MUSIC method, and
µ = 10−3, to estimate the spread parameters with DIRECT
methods. The value of α is set as 2.5 10−3.

• Case 1: the spread parameters of two blurred contours
have both large values.

Fig. 2 exemplifies the case where the spread parameters
are 8 and 8 respectively, the center offsets of two blurred

contours x01 = 150 and x02 = 40, and the main orientation
of two contours are θ1 = 10◦ and θ2 = −10◦. The proposed
method is compared with Chan and Vese’s level set method
[1], which meant to delimitate blurred contours.
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Figure 2: (a) processed image with two blurred contours; (b) pseudo spectrum
when MUSIC algorithm is exploited; (c) estimation by the proposed method; (d) su-
perposition of the initial image and Chan and vese result

Orientation values are estimated as 10◦ and −10◦. For
this, signal generation and MUSIC algorithm lasts 0.069 sec.
Offset values are estimated as 150 and 40. For this, TLS-
ESPRIT algorithm lasts 0.17 sec. The spread parameters
are estimated as 8.01 and 7.98 by 15 iterations of DIRECT
in 0.053 sec. From Fig. 2(d), we can see that Chan and
Vese method provides a boundary for the two expected con-
tours. Namely, the method converges, and the active contour
stops inside the blurred boundaries of the object. However,
we denote that the proposed method characterizes the whole
contour including grey level variation, whereas the levelset
method considers local properties to stop the evolution of the
active contour.
• Case 2: concurrence between blurred contour and high-
contrast contour in the image.

In the following experiment, we try to detect the image
including blurred contour and high-contrast, one pixel wide
contour. The main orientation of blurred line is 10◦, its offset
is 150, and the spread parameter σ is 8. For the high-contrast
straight line, its orientation and offset are −10◦ and 40.

20 40 60 80 100 120 140 160 180 200

20

40

60

80

100

120

140

160

180

200
20 40 60 80 100 120 140 160 180 200

20

40

60

80

100

120

140

160

180

200
20 40 60 80 100 120 140 160 180 200

20

40

60

80

100

120

140

160

180

200

(a) (b) (c)

Figure 3: (a) processed image; (b) contour center pixels;(c) superposition of the
initial image and the center pixel estimation

From Fig. 3, the estimated orientation of blurred contour
is 10◦. The offset is estimated as 149.6 pixels. The estimated
spread parameter is 8. The detection of high-contrast line
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contour is characterized by the estimated orientation −10◦
and offset 40.3. The estimated spread parameter is found to
be 0.01. So the bias on the estimated parameters is always
1% or less.

8.2 Real-world images

We consider the estimation of the cinematic parameters of
multiple objects in an image. In [10], a technique is proposed
for estimating the parameters of two-dimensional (2-D) uni-
form motion of multiple moving objects in a scene, based
on long-sequence image processing and the application of a
multi-line fitting algorithm.

Figure 4: Motion estimation: image sequence and trajectories [10]

A specific formalism and a line detection algorithm
yields the cinematic parameters of the objects [10]. How-
ever the proposed method does not take into account the
variation along time of the cinematic parameters of the ob-
jects. Fig. 4 shows the first and last images among a set
of 100 images representing two helicopters moving on a
fixed background with a supposedly uniform speed. Esti-
mated cinematic parameters [10] are v1x = 1.1 pixels/frame
and v1y = −0.2 pixels/frame; v2x = −1.5 pixels/frame and
v2y = 0.9 pixels/frame. This estimation would be valid for a
punctual object and a constant speed. The trajectory is not a
straight line because of the size of the object and the slight
speed variations.
We propose to measure the imprecision due to the size of the
object and the speed variation. Fig. 5 is the bottom right im-
age of Fig. 4. By estimating the spread parameter σ for the
two contours, we deduce the accuracy of the estimation of
the cinematic parameters. In this case the estimated spread
parameters are σ1 = 10 and σ2 = 15, which yields a maxi-
mum bias on the trajectory slopes and thereby on the speeds
of ∆v1y = σ1/N = 5% and ∆v2y = σ2/N = 7.5%.

9. CONCLUSION

We show in this paper how array processing and DIRECT
optimization method can be applied to characterize blurred
contours in images. In particular we propose a model for
blurred contours. We show that, with an adequate signal
generation technique, we obtain signals which follow an ar-
ray processing model. We adapt subspace-based methods of
array processing to retrieve the orientation and a gross esti-
mate of the offset of the blurred contours. We propose an
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Figure 5: Trajectory characterization

adequate optimization strategy to retrieve the spread param-
eters of all contours. Then, we obtain the exact offset values
with the knowledge of the spread parameters. Experimental
results obtained on hand-made images and real-world ma-
chine vision images proved the efficacy and the interest of
the proposed method.

REFERENCES

[1] T.F. Chan and L.A. Vese, ”Active contours without
edges”, IEEE Trans. on IP, Vol. 10(2), pp. 266-277, Feb.
2001.

[2] I. Bloch, C. Pellot, F. Sureda, and A. Herment, ”fuzzy
modelling and fuzzy mathematical morphology applied
to 3D reconstruction of blood vessels by multi-modality
data fusion”, blurred Set Methods in Information Engi-
neering: A Guided Tour of Applications, chapter 5, ed.
R. Yager, D. Dubois and H. Prade, John Wiley and Sons,
93-110, 1996.

[3] C. Carincotte, S. Derrode, and S. Bourennane, ”Unsu-
pervised Change Detection on SAR Images using fuzzy
Hidden Markov Chains,” IEEE Trans. Geosci. Remote
Sensing, vol. 44(2), pp. 432-441, Feb. 2006.

[4] M. Frikel and S. Bourennane, ”High-resolution meth-
ods without eigendecomposition for locating the acous-
tic sources,” Applied Acoustics, Vol. 52, No. 2, pp. 139-
154, 1997.

[5] J. Marot and S. Bourennane, ”Subspace-Based and DI-
RECT Algorithms for Distorted Circular Contour Esti-
mation,” IEEE trans. on IP, vol. 16, no. 9, pp. 2369-
2378, Sept. 2007.

[6] S. Bourennane and J. Marot, ”Contour estimation by ar-
ray processing methods”, Applied signal processing, ar-
ticle ID 95634, 15 pages, 2006.

[7] H. K. Aghajan and T. Kailath, ”Sensor array process-
ing techniques for super resolution multi-line-fitting and
straight edge detection”, IEEE IP, vol. 2, no. 4, pp. 454-
65, Oct. 1993.

[8] R. O. Schmidt, ”Multiple emitter location and signal
parameter estimation,” IEEE Trans. Antenna. Propagat.,
vol. 34, no. 3, pp. 276-280, March 1986.

[9] D.R. Jones, C.D. Pertunen, and B.E. Stuckman, ”Lips-
chitzian optimization without the Lipschitz constant”, J.
Optimization and Applications, vol. 79, no. 157-81, 93.

[10] H.K. Aghajan, B.H. Khalaj, T. Kailath, ”Estimation
of multiple 2-D uniform motions by SLIDE: subspace-
based line detection”, IEEE trans. on IP, vol. 8, no. 4,
pp. 517-526, apr. 99.

1348



MULTIWAY SPACE-TIME-WAVE-VECTOR ANALYSIS
FOR SOURCE LOCALIZATION AND EXTRACTION

Hanna Becker1,2, Pierre Comon1, Laurent Albera3, Martin Haardt2, Isabelle Merlet3

(1) Lab. I3S, UMR6070 CNRS,
Univ. of Nice, BP 121, F-06903

Sophia-Antipolis, France
tel: + 33 492942717, fax: +33 492942898
becker@i3s.unice.fr, pcomon@unice.fr

(2) Comm.Research Lab., Ilmenau
Univ. of Technology, PO Box 100565,

D-98684 Ilmenau, Germany
tel: +49 3677692613, fax: +49 3677691195

Martin.Haardt@tu-ilmenau.de

(3) Inserm, UMR 642, LTSI, Bat. 22,
Univ. Rennes 1, F-35042 Rennes

Cedex, France
tel: +33 223235058, fax: +33 223236917,

laurent.albera@univ-rennes1.fr

ABSTRACT

Deterministic approaches for source localization and extrac-
tion are desirable for short or nonstationary data, as op-
posed to techniques based on second or higher order statis-
tics. Techniques based on tensor decompositions are recog-
nized to be efficient in this framework, provided some di-
versity is available, in addition to time and space. With this
goal, some authors have proposed to decompose a Space-
Time-Frequency data tensor. In this paper, we propose a
new multiway approach based on Space-Time-Wave-Vector
(STWV) data which is obtained by a 3D local Fourier trans-
form over space accomplished on the measured data. This
method does not only permit to accurately localize sources
even in a noisy environment, but simultaneously extracts the
temporal behaviour associated with each source. The per-
formance of this STWV analysis is investigated by means
of computer simulations in the context of ElectroEncephalo-
Graphic (EEG) data analysis.1

1. INTRODUCTION

Most antenna array processing techniques are devoted to the
localization of radiating sources. When signal copies are re-
quired, another procedure needs to be executed after localiza-
tion. This two-stage approach has several drawbacks. First,
the signal estimation quality depends on the accuracy of the
localization stage. Second, when the knowledge of the array
manifold is utilized, the estimation of sources is sensitive to
calibration errors. Third, properties of the sources (suchas
nonstationarity, sparseness...) are not utilized. And fourth,
techniques based on second or higher order statistics are not
robust in case of very short data records.

With this in mind, deterministic techniques based on
tensor CANonical Decompositions (CAND) – sometimes
known as PARAFAC – have been introduced; see,e.g., [1].
The common feature of these techniques is that an additional
diversity is required, and that the array manifold is not used,
at least in a first stage. In order to restore identifiability,a
proper tensor of order strictly greater than two is built, by
exploiting this diversity. In [1] for instance, this diversity
comes from a space invariance of the array of sensors.

Several authors have studied the use of the CAND ap-
plied to Space-Time-Frequency (STF) data [3, 4, 5, 6, 7].

1This work has been supported in part by ANR-06-BLAN-0074 project
Decotes, and theComputational Advances in Multi-Sensor Signal Process-
ing (CAMPUS) project.

The method was tested both on real and simulated data and
led to promising results. However, this technique has some
limitations pointed out in Section 3.

In the following, we present a different multiway-
approach, which is extraneous to the temporal behaviour of
the sources. Our technique is based on data transformed into
the Space-Time-Wave-Vector (STWV) domain. The advan-
tage of this method is that it permits to accurately localize
one or several dipole sources and extract at the same time a
good estimate of the associated source signals. Moreover, it
is very robust to additive white Gaussian noise.

2. MULTILINEAR MODELING

Data are collected with the help of an array of sensors as a
function of time and at various locations. Hence this bivari-
ate functionx(r,t), sampled in time and space, can be stored
in a data matrixX ∈ R

N×K whereN andK denote the num-
ber of sensors and time samples, respectively. Assuming a
static propagation medium, this matrix can be factorized into
a mixing matrixAo ∈ R

N×R, depending on spatial parame-
ters and a signal matrixS ∈ R

R×K , which contains the time
samples of theR sources:

X = A
o
S (1)

The goal is to find a relevant transformation allowing to pro-
duce a data tensor from the matrixX. In fact, in contrast to
matrices, a tensor of order strictly greater than two admitsa
unique decomposition into a sum of rank-one terms, under a
reasonable assumption on its rank (see below). This allows
to restore identifiability in a number of problems.

Notation. Once bases of the linear spaces are fixed, ten-
sors of orderd are represented byd-way arrays. For sim-
plicity, they are then usually identified with their array repre-
sentation. We assume the following notation throughout this
paper: bold italic uppercase letters denote tensors,e.g. , T,
bold uppercase letters denote matrices,e.g. , A, bold low-
ercase letters denote column vectors,e.g. , a, and plain font
denotes scalars,e.g. , Xi jk, Ti j or ai.

CAND decomposition. Let T be a third order tensor of
dimensionsI×J×K. The rank ofT is defined as the minimal
numberP of vector outer products that need to be summed
up in order to have the exact representation below:

Ti jk =
P

∑
p=1

ai(p)b j(p)ck(p)
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WhenP is smaller than the bound IJK
I+J+K−2 , the above de-

composition into decomposable tensors2 is almost surely
unique (see,e.g. , [2] and references therein), and will be
referred to asCanonical, and denoted with the CAND3

acronym. Note that, even when the CAND ofT is unique, it
is non uniquely represented by 3 loading matricesA, B and
C of sizeI×P, J×P andK×P, respectively. In fact, scale
and permutation indeterminacies (which may be fixed) exist
in such a representation.

2.1 Space-Time-Frequency (STF) analysis

In order to collect an additional diversity to turn the data ma-
trix X into a tensor, a frequently used idea is to compute
the wavelet transform (or a short-term Fourier transform) of
the measured data. If we assume that time and frequency
variables approximately separate in the time-frequency trans-
form of every source signal, which means that the frequency
content of each signal has to be approximately constant over
time, then the bilinear model (1) is transformed to a trilinear
one. In other words, one obtains a 3rd order tensorW, which
admits the CAND below:

W(r,t, f ) =
P

∑
p=1

a(r; p)b(t; p)c( f ; p) (2)

In fact, the variablesr, t and f (denoting the sensor loca-
tion, the time index and the frequency index, respectively)
are sampled and hence belong to finite sets, so that the di-
mensions ofW are finite and the above decomposition is in-
deed a CAND. Note that the exact functional decomposition
(2) into a finite sum of functions with separated (continuous)
variables does not exist in general.

2.2 Space-Time-Wave-Vector (STWV) analysis

Instead of applying a transform on the time variable, one can
instead act on the space variable. If a 3D Fourier transform is
computed within a small patch on the sensor array, which is
selected by the window functionw centered atr, the trivariate
function below is obtained, where the third dimension is now
the wave vectork.

F(r,t,k) =

∫ ∞

−∞
w(r′− r)x(r′,t)e jkT

r
′
dr′ (3)

Similarly to the STF approach, a CAND decomposition into
a finite number of componentsP is possible.

F(r,t,k) =
P

∑
p=1

a(r; p)b(t; p)c(k; p) (4)

The number of terms,P, equals the number of dipolar
sources if the wave vector content of each of the components
is the same at every sensor.

2.3 Source extraction

After separating the measured data into several components
associated with different sources using the CAND model, an

2decomposable tensors are by definition rank-1 tensors [8].
3One could also talk about “polyadic decompositions”; see [9] and ref-

erences therein.

estimate of the time samples of theses sources can be readily
obtained. The STWV analysis is particularly well suited for
this purpose because the temporal characteristics extracted
by the CAND of the tensorF constitute an accurate approx-
imationŜ of the signal matrixS. This property is due to the
fact that the Fourier transform over space does not affect the
source activities, which means that the tensorF admits the
exact bilinear model:

F(r,t,k) =
P

∑
p=1

b(t; p)D(r,k; p) (5)

By contrast, to estimate the signal activities using the
STF analysis, the signal matrix needs to be computed using
the pseudo-inverse of the mixing matrix. This can be prob-
lematic ifAo is not a tall matrix, meaning that there are more
sources than sensors.

2.4 Source localization

Another reason for using tensor modeling and CAND de-
compositions is that an estimate of the source positions can
be determined. The source localization consists of two steps,
the estimation of the mixing matrix and the determination of
the source parameters which best match the estimated mixing
matrix using a non-linear least squares algorithm.

In the case of the STF method, the wavelet transform
does not affect the mixing matrix, which means that the spa-
tial characteristicsA extracted with the STF approach al-
ready constitute a good approximation for the mixing matrix
A

o.
The STWV approach however, via its Fourier transform

over space, does not lead to clearly separated space and wave
vector characteristics. Consequently, the loading matrixA of
the STWV method does not permit to localize the source, and
another approach based on the signal matrix has to be taken.
Once an accurate estimateŜ of the signal matrix is available
(see previous section), the mixing matrix can be computed
from:

Â
o = XŜ

+ (6)

using the original data. Note that, since it is always possible
to have more time samples than sources, the computation of
the pseudo-inversêS+ of the signal matrixŜ does not raise
any problem.

3. EEG APPLICATION

One possible application for multiway models is the analysis
of ElectroEncephaloGraphic (EEG) data, on which we focus
in this article. Due to its good temporal resolution compared
to other methods (like for example functional Magnetic Res-
onance Imaging (f-MRI)), EEG is routinely used to record
seizures in epileptic patients. An important issue in this re-
gard is the identification of the epileptogenic zone, which can
then be removed by surgery. To localize the sources underly-
ing the electric potential measured on the surface of the scalp
a multitude of different approaches has been proposed in the
past [10]. These methods vary mainly in the assumptions
made on the nature and the number of sources. A common
technique consists in fitting a few equivalent dipolar sources
to the measured EEG data. The performance depends es-
sentially on the assumptions which are exploited to localize
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these sources and on the parameters related to the method
applied. The statistical approach described in [11] is there-
fore limited by the number of time samples used to estimate
higher order statistics, and its performance depends on the
statistical properties of source signals. In [12, 13] an analyt-
ical approach is presented for the localization of monopole
and dipole sources within a disk from given boundary data.

In [3, 4, 5, 6, 7], the CAND is applied to STF EEG data.
But this technique does not permit to separate several simul-
taneously active brain regions with correlated activitiesinto
more than one component, thus preventing the representa-
tion of such a scenario by an adequate number of equivalent
dipoles.

4. COMPUTER RESULTS

In this section, we focus on the application of the STF and
STWV analyses to EEG data and investigate the influence of
various parameters on the capability of localizing superficial,
radially oriented dipole sources with the help of computer
simulations. To this end, electric potential data are gener-
ated using a 3-shell spherical head model (cf. [11, 14]) to
construct the mixing matrix, which is in this context also
called the leadfield matrix, and describes the geometry and
conductive properties of the head; then white Gaussian noise
is added (this corresponds to preprocessed noisy EEG data,
where artifacts have already been removed). The radii of
the shells representing brain, skull and scalp are 8 cm, 8.5
cm and 9.2 cm with conductivities 3.3×10−3, 8.25×10−5

and 3.3× 10−3. The Jansen model [15] is used to create
K = 200 snapshots of epileptic activity at time intervals of
T = 0.008 s. To construct the tensorW ∈ RN×K×M where
M = K stands for the number of frequency snapshots in the
STF approach, the discrete Wavelet transform is used with a
real-valued Morlet-Wavelet. The tensorF ∈ CN×K×J is ob-
tained using the non-uniform, discrete 3D local Fourier trans-
form over space with a Blackman window function where
J = 63 is the number of wave vectors.

A rank P approximate of each of the data tensors is then
determined with a semi-algebraic CAND, namely a Joint Ap-
proximate Diagonalization (JAD) algorithm [16], followed–
in the case of the STWV method, where the tensorF is com-
plex – by one step of the alternating least squares algorithm
to ensure a real valued loading matrixB for the discrete-time
signals. The optimal rankP is determined using Corcon-
dia [17]. In the case of the STWV analysis, the number of
componentsP extracted fromF can be assumed to equal the
number of dipolar sourcesR because the hypothesis that the
wave vector content of each of the components is the same
at every sensor is reasonably well met for superficial dipolar
sources as examined here. This is due to the fact that the en-
ergy at each source is concentrated within a small region on
the scalp where the wave vector content is nearly identical.
On the contrary, for the STF approach,R generally equals
P−1 in the presence of noise because noise accounts for an
additional component [3, 4] in (2).

Eventually, the source extraction is analyzed by the
correlation between original source time signals and esti-
mated temporal characteristics as an intermediate result in
the source localization process of the STWV technique. Fi-
nally, the source locations are estimated according to the STF

and STWV methods described above, and the RMSE local-
ization error is computed according to

RMSE=

√

√

√

√

1
R

R

∑
p=1

||r̂qp − rqp||2 (7)

wherer̂qp andrqp denote the estimated and original source
positions, respectively.

Number of time samples. To examine the influence of
the number of time samples on the performance of the mul-
tiway methods, the correlation coefficient between estimated
and original signals, and the RMSE localization error of a
source positioned atrq = [−π/12,π/5,8] (in spherical coor-
dinates) are determined for different numbers of time sam-
ples; see Figure 1. The EEG data are recorded at a SNR of -3
dB using 64 electrodes. The results consist of the outcome
of 200 trials and show that the STWV analysis allows for
an accurate source extraction, which diminishes only for less
than 40 time samples. Furthermore, the STWV method still
permits to localize the dipole source if only very few tempo-
ral snapshots are used whereas more than 150 time samples
are necessary for the STF analysis to give nearly as accurate
results. If the tensors of both approaches are of the same
size (which is the case forK = 63 temporal snapshots), the
STWV method clearly leads to better results.

Influence of noise. Since EEG data is usually very
noisy, an important issue of source localization methods is
their robustness to noise. In the following simulation, the
influence of additive spatially and temporally white Gaus-
sian noise on the source localization accuracy is examined
for both STWV and STF analyses. The dipole source is po-
sitioned atrq = [π/2,π/8,8] (in spherical coordinates) and
the electric potentialX is computed for 64 sensors. To ob-
tain noisy data a matrix containing white Gaussian noise is
added according to the SNRPs/Pn wherePn is the power
of the noise and where the signal power is given byPs =

1
N·K ∑N

i=1∑K
j=1X

2
i j . Subsequent results, displayed in Figure 2

(top and middle) , constitute an average over at least 200 tri-
als with different noise and signal matrices. Even for a SNR
of -8 dB, the correlation coefficient between original and es-
timated source time signals is more than 90 %, which means
that the signal activity is still well captured by the STWV
method. This can also be seen in Figure 2 (bottom) where
original and estimed signals are plotted for a SNR of -3 dB.

Regarding the source localization, the STWV approach
leads to results clearly superior to those of STF analysis.
This can be explained by the fact that the STWV method
reduces the noise by computing a local average over space
at the time of the 3D Fourier transform and averaging over
time when the leadfield matrix is calculated from the pseudo-
inverse of the estimated signal matrixŜ. On the contrary, the
STF method tries to eliminate the noise by separating it into
an additional component of the CAND model, which is often
not as efficient.

Several sources. If there are several dipole sources of
epileptic activity, a main point of interest is whether theycan
be separated accurately. In the case of the STWV approach,
this depends largely on the distance between the sources and
the number of sensors used to record the scalp potential.
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Figure 1: (Top) RMSE source localization error and (bot-
tom) correlation coefficient of original and estimated signals
for the STWV approach plotted as a function of the number
of time samples for a SNR of -3 dB and 64 electrodes.

In the absence of noise, the STWV method permits for
example to distinguish two sources separated by a distance
of 3.35 cm up to a RMSE of 0.52 cm if 128 sensors are used.
On the contrary, if electric potential data are only available
at 32 positions, the sources cannot be separated. This is only
possible if the distance is increased to 4 cm, although this
leads to a relatively high RMSE of 1.03 cm.

For the STF method, the energy, the frequency and
the correlation of the source activities are the crucial fac-
tors determining whether a distinction of the sources is
possible. An accurate estimation of the source location
can only be achieved if the characteristics of different
sources are not mixed in the components extracted using
the CAND decomposition. Resulting problems can for in-
stance be seen in a simulation with three sources located
at rq1 = [−π/2,π/4,8], rq2 = [−π/12,π/5,8] and rq3 =
[π/2,π/5,7] where the STF approach does not allow to sep-
arate all sources because of their similar activities. Thisbe-
comes manifest by an optimal tensor rank (determinded by
Corcondia) of only two. Since the sources are spread over the
whole head, a separation with the help of the STWV method
is not hindered though (cf. Figure 3).
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Figure 2: (Top) Correlation coefficient of original and esti-
mated source time signals for the STWV approach and (mid-
dle) RMSE source localization error as a function of the SNR
for K = 200 andN = 64. (Bottom) Original and estimated
signals for the STWV approach for SNR= −3 dB,K = 200,
N = 64

5. CONCLUDING REMARKS

As we have demonstrated here in the context of EEG data,
the newly presented multiway model is a powerful tool for
source analysis, not only providing an estimate of the source
locations, but simultaneously extracting the discrete-time
signals associated with each of the sources. Moreover, the
STWV approach is more robust than STF to white Gaussian
noise, especially for short time samples, which could be used
to trace the spatial evolution of sources. Problems are only
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(a) (c1)

(b1) (c2)

(b2) (c3)

Figure 3: Topographic plots of the absolute values of the
original potential distribution, (a) averaged over all time sam-
ples; the estimates for both (b) the STF analysis and (c) the
STWV approach for 128 sensors, 200 time samples and a
SNR of -3 dB. Original dipole positions are marked by a
white cross, estimated dipole locations by a white point.

encountered when trying to separate very close sources, but
if the dipolar EEG sources cannot be distinguished because
of their small distance despite a sufficient spatial resolution
of at least 64 electrodes, they are likely to belong to the same,
larger source. The identification of suchdistributed sources,
which constitute a more realistic representation of the under-
lying physiological phenomena, is a crucial aspect in EEG
analysis and will be addressed in further studies.
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ABSTRACT
This paper presents buried objects localization using a towed
flexible antenna in presence of unknown noise. We take
into account both the reflection and the refraction of wave
at water-sediment interface. A new directional vector, which
contains the bearing and the range of objects, is used instead
of classical plane wave in MUSIC (MUltiple SIgnal Classifi-
cation). We propose to estimate phase distortions by a robust
optimization algorithm which combines DIRECT (DIviding
RECTangles) algorithm and spline interpolation. A fourth-
order cumulant matrix is proposed to reduce correlated Gaus-
sian noise. A novel iterative denoising algorithm is devel-
oped when the noise spectral matrix is one unknown band
matrix. The bilinear focusing operator is used to decorrelate
the received wideband signals. It is shown via experimental
data that this method has a good performance.

1. INTRODUCTION

The array processing is interested in the localization of buried
sources. An important cause of performance loss in source
localization in underwater acoustics is that towed flexible an-
tenna deviates from the assumed rectilinear shape. These
cause phase errors in the received signals. Various previous
studies were proposed to estimate phase errors by finding the
parameters of wavefronts impinging on a distorted antenna
with a relatively low number of sensors [1]. Contrary to this
work, we propose here a novel optimization algorithm which
is adapted to the antenna with a large number of sensors and
a small computational load. The subspace-based array pro-
cessing methods, such as MUSIC, well-developed so far re-
quire a fundamental assumption that the background noise is
uncorrelated from sensor to sensor, or known to within a mul-
tiplicative scalar [2]. In practice this assumption is rarely ful-
filled and the noise may be a combination of multiple noise
sources which is often correlated along the array [3].

In this paper, the proposed approach is based on array
processing methods combined with an acoustic scattering
model. we take into account the water-sediment interface [4]
which means that we attempt to combine both the reflection
and the refraction of wave in the model [5]. A new source
steering vector, which includes the bearings and the ranges
of the objects, is employed in the objective function instead
of the classical plane wave model in MUSIC algorithm. We
propose a version of ”DIRECT” algorithm accelerated by
spline interpolation to cancel phase error. A fourth-order
cumulant matrix [8] is used to handle correlated Gaussian
noise. Then we propose a novel algorithm to estimate the
noise with limit length band covariance matrix[9], [10]. A
fast focusing operator is proposed to estimate coherent sig-
nal subspace [11] .

Figure 1: Geometry configuration of the buried object

The organization of the paper is as follows: problem for-
mulation is presented in Section 2. Section 3 presents re-
trieval and cancellation of phase errors. The algorithms of
reducing noise based on MUSIC are elaborated in Section 4.
We summarize the algorithm in Section 1. Some simulation
results are presented in Section 6. Experimental setup and
conclusion are outlined in Section 7 and 8, respectively.

Throughout the paper, we use to denote: transpose oper-
ation ”T ”, complex conjugate transpose ”+”, complex con-
jugate ”∗”, expectation operator E[.], cumulant Cum(.), Kro-
necker product ⊗, determinant |.| and Frobenius norm ‖.‖F .

2. PROBLEM FORMULATION

2.1 Data model
Consider a situation where a towed flexible array of N sen-
sors receive the signals generated by P (P < N) sources in
presence of an additive noise and sensor phase errors (see
Fig. 1). The complex N-vector of array output is defined by:
r( fn) = A( fn)s( fn) +b( fn), where n = 1, ...,L f , L f is the
number of frequency bins, s( fn) = [s1( fn), . . . ,sP( fn)]T is the
signal vector, b( fn) = [b1( fn), . . . ,bN( fn)]T is the noise vec-
tor. A( fn) is the transfer matrix composed by a( fn,θki,ρki)
for k = 1, . . . ,P, and i = 1, . . . ,N where θki and ρki are the
bearing and the range of the kth object to the ith sensor.
When the sources are in the far field, the wavefronts are as-
sumed to be plane. Thus the DOA (Direction-Of-Arrival) of
the sources are obtained by the peak positions in a so-called
spectrum (MUSIC) defined as:

MUSIC( fn,θ) =
1

a+( fn,θ)Vb( fn)V+
b ( fn)a( fn,θ)

(1)

where a( f ,θ) = [1,e−2 jπ f d sin(θ)
c , . . . ,e−2 jπ f (N−1) d sin(θ)

c ] is the
steering vector of plane wave model, Vb( fn) is the eigen-
vectors of noise subspace. In the presence of P objects,
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MUSIC( fn,θ) algorithm can not solve all the P angles be-
cause the signals are correlated. In the following sections, we
estimate jointly the bearing θ and the range ρ of objects to
extend MUSIC( fn,θ) algorithm when the objects are buried
in the sand with small depth.

2.2 Scattering model

In this section, we will present how to fill the scattering
model vecotr. We assume that a cylindrical shell is buried
in the sediment. The nature of the sediment is known or
can be determined. An incident plane wave with incidence
angle θinc generates reflected plane wave in the water and
refracted plane wave in the sediment. The wave propaga-
tion speed in the water and the sediment are assumed to be
known. Because the object is buried, the pressure in the wa-
ter and the sediment can not be expressed directly in terms of
θk1 and ρk1, but in terms of the unknown θk11, ρk11, θk12, ρk12
and yc. We obtain the expressions of θk11, ρk11, θk12, ρk12
and yc based on θk1 and ρk1 by the law of Snell-Descartes
and Pythagorean theorem (see Fig.1): yc = ρk1 cos(θk1)−
h, θk12 = arcsin( c2

c1
sin(θinc)), ρk12 = ρk1 cos(θk1)−h

cos(θk12) , θk11 =

arctan[ρk1 cos(θk1)−ρk12 cos(θk12)
ρk1 sin(θk1)−ρk12 sin(θk12) ], ρk11 = h

cos(θk11) .
The received signals of the array located in the water

composed by three components: the incident plane wave
generated in the water Pinwater, the reflecting plane wave at
water-sediment interface Pre f water and the transmitted plane
wave diffused by the object Pdi f f cyl . Pcyl( fn,θk1,ρk1) is the
acoustic pressure wave received by the first sensor:

Pcyl( fn,θk1,ρk1) = Pinwater +Pre f water +Pdi f f cyl (2)

where Pinwater = e jk1(−(ρk1sin(θk1))sin(θinc)+hcos(θinc)),
Pre f water = αe jk1((ρk1sin(θk1))sin(θinc)−hcos(θinc)), where
α is the interface reflection coefficient. Pdi f f cyl =

+∞

∑
m=−∞

ξTc(I−Dc)−1ψ t
cyl , where I is the identity matrix, Dc

is a linear operator, Tc being the transition diagonal matrix
, ψ t

cyl is the transmitted wave vector and ξ = [ξ1, . . . ,ξm] is
defined by ξm = β (θinc)e jk2yc cos(θk11) jme− jm(π−θk11), where
β is the transmission coefficient.

The vector a(φk) = [e− jφk1 , . . . ,e− jφkN ]T with φki =
arg[Pcyl( fn,θki,ρki)] is filled with cylindrical scattering
model. Equation (2) gives the first component. The other
Pcyl( fn,θki,ρki) associated with the ith sensor are formed:

ρki =
√

ρ2
ki−1 +d2−2ρki−1d cos(

π
2

+θki−1) (3)

θki =−π
2

+ cos−1(
d2 +ρ2

ki−ρ2
ki−1

2ρki−1d
), i = 2, . . . ,N (4)

In high resolution algorithm, the antenna sharp is as-
sumed to be linear without distortion and the additive noise is
assumed to be white. But in practice, the sharp of the antenna
may be distorted due to the fluctuations in ship maneuvering
and the noise is correlated or unknown. Thus, in the fol-
lowing sections, we propose the algorithms to process phase
errors and unknown spatially correlated noise.

3. BURIED OBJECTS: RETRIEVAL AND
CANCELLATION OF PHASE DISTORTIONS

We consider the phase errors in the received signals. a(φk) =
[e− jφk1 , . . . ,e− jφkN ]T is the new vector, where

φki = arg[Pcyl( fn,θki,ρki)]+∆ϕki (5)

where ∆ϕki is the random additive distortion phase shift value
caused by the array distortion of the antenna or displacement
of the sensor from its initial position (see Fig. 1) . The pro-
cessing of phase distortions is realized in the following steps.

3.1 Phase Shift Retrieval
After estimate grossly initial values of several (the num-
ber is P0 and P0 ≤ P) DOA and the range by beam-
forming method (see step 1) of Alg. 1 in the fol-
lowing section), we calculate phase values vector φ̂ 0

k =[
arg(P̂cyl( fn,θk1,ρk1)), . . . ,arg(P̂cyl( fn,θkN ,ρkN))

]T
(see Eq.

5) for each initial θ̂0k and ρ̂0k with k = 1, . . . ,P0 . Then we
use the orthogonality property between the columns of the
transfer matrix and the noise subspace to form an objective
function to minimize by DIRECT algorithm:

φ̂k = argmin(||V+
b ( fn)a(φk)||F) (6)

DIRECT performs global optimization. When the num-
ber of sensors increases, computational load of DIRECT al-
gorithm grows rapidly. We propose to associate spline in-
terpolation to DIRECT after reducing retrieved unknowns
number. The idea of spline interpolation is to interpolate the
nodes that fit the best set values of φ̂ m

k . It can reduce the num-
ber of retrieved unknowns to obtain the phase values of φ̂ m

k .
The estimation accuracy depends on the interpolation nodes
number. The node points are chosen optimally when series of
vector φ̂ m

k converges. Function minimum ||V+
b ( fn)a(φ̂ m

k )||F
is realized with iteration tends to infinity.

3.2 Cancel Phase Shifts in the Received Signals
The principle of cancel phase shifts in the received signals is
to obtain signals which fit the method based on the orthog-
onality between signal and noise subspaces. According to
Equation (5), the estimated phase distortions vector is given

by: ∆̂φ k =
[
∆̂ϕk1, . . . , ∆̂ϕkN

]T
. We cancel phase distortions

of the received signals for obtaining signals by:

rk,processed = Dk(∆̂φ k) rk (7)

where Dk(∆̂φ k) = diag[e j∆̂ϕk1 , . . . ,e j∆̂ϕkN ]. The received
signals rk,processed are used in high resolution method. For
each iteration m, we use a priori fixed threshold to satisfy

convergence criterion: |θ̂k
m− θ̂k

m−1| < ε which means that
the estimated value does not vary from an iteration to another.

3.3 Proposed algorithm for phase distortion
After we obtain Vb which contains the vectors of the noise
subspace associated with the (N −P) smallest eigenvalues.
Repeat the following process to cancel phase errors:
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1) use DIRECT algorithm associated with spline interpo-
lation to estimate φ̂k: Retrieve the phase shifts between φ̂ 0

k of
phase values corresponding to a plane wavefront by Eq. (2)
and a vector of phase values by Eq. (5),

2) cancel the phase shifts in the received signal realiza-
tions by Eq. (7),

4. BURIED OBJECTS: NOISE REDUCTION

The received signals come from the reflections and the re-
fractions of the objects, thus, these signals are totally corre-
lated and MUSIC method looses its performances.

4.1 Noise reduction based on fourth-order cumulant
A fourth-order cumulant can be generally defined as:

Cum(rk1 ,rk2 ,rl1 ,rl2) = E{rk1 ,rk2 ,r
∗
l1
,r∗l2}−E{rk1r∗l1}E{rk2r∗l2}−E{rk1r∗l2}E{rk2r∗l1}

(8)

where rk1 is the k1 element in the vector r. The cumulant
matrix consisting of the four indices {k1,k2, l1, l2}:

C( fn)
4
=

P

∑
k=1

(
a( fn,θk,ρk)⊗a∗( fn,θk,ρk)

)
uk( fn)

(
a( fn,θk,ρk)⊗a∗( fn,θk,ρk)

)+
(9)

where uk( fn) = Cum
(
sk( fn),s∗k( fn),sk( fn),s∗k( fn)

)
is the

source kurtosis of the kth complex amplitude source. A cu-
mulant matrix denoted by C1( fn) can be calculated for re-
ducing the calculating time. For example, we use the first
row of C( fn) to reshape a (N×N) Hermitian matrix:

C1( fn) = Cum(r1,ri,r∗1,r
∗
j )

i=2,··· ,N;
j=2,··· ,N.

=




c1,1 c1,N+1 . . . c1,N2−N+1
c1,2 c1,N+2 . . . c1,N2−N+2

...
...

...
...

c1,N c1,2N . . . c1,N2




= A( fn) ·Us( fn) ·A+( fn)

(10)

where Us( fn) = diag(Cum(sk,s∗k ,sk,s∗k)) with k = 1, . . . ,P
is diagonal kurtosis matrix and c1,i is the (1, i)th element of
C( fn). Eq. (10) shows that there is no noise term in the
cumulant matrix. The noise influence can be eliminated.

4.2 Band noise covariance matrix estimation
We assume that the noise correlated from sensor to sensor
has a certain length K (K ≤ P). It means that the spatial
correlation attains up to the Kth sensor. We can obtain: the
noise covariance matrix model is a Hermitian [6, 7], positive-
definite band matrix Γb( fn) with half-bandwidth K. The
(i,m)th element of Γb( fn) is ρmi. If |i−m| > K, ρmi = 0
with i,m = 1, . . . ,N. If i = m, ρmi = σ2

i with σ2
i is the ith

sensor noise variance. If |i−m| < K, ρmi = ρ̄mi + jρ̃mi with
j2 = −1, i 6= m, i,m = 1, . . . ,N. The approach is realized in
two steps:

1) Using an iterative algorithm to estimate the noise co-
variance matrix. Initialize noise covariance matrix Γ0

b( fn) =
0. Calculate WP( fn) = Γ( fn)Vs( fn) = Vs( fn)Λs( fn),

where Λs( fn) = diag{λ1( fn), . . . ,λP( fn)}. For the first it-
eration, let ∆1 = WP( fn)V+

s ( fn). Then Calculate the (i, j)th

element of the current noise covariance matrix [Γ1
b( fn)]i j =

[Γ( fn)−∆1]i j, if | i− j |< K and [Γ1
b( fn)]i j = 0, if | i− j |≥K.

2) Eigendecomposition of the matrix [Γ( fn)−Γ1
b( fn)].

The new matrices ∆2 and Γ2
b( fn) are calculated using the

previous steps. Repeat the algorithm until one significa-
tive improvement of the estimated noise covariance matrix
is obtained. The iteration is stopped when ‖Γt+1

b ( fn)−
Γt

b( fn)‖F < ε with t is the number of iteration.

5. ALGORITHM FOR BEARING AND RANGE
ESTIMATION OF BURIED OBJECTS

Because the signals can be arrive to the array from close an-
gles or can be correlated, we use beamforming method to find
initial DOA. Thus, we obtain the number of sources P0 ≤ P.
The proposed algorithm to reduce correlated noise is given:

Algorithm 1 Bearing and range estimation of buried object
by DIRECT and Spline interpolation algorithms
1) use beamformer method to find an grossly initial values
of θk and ρk = X

cos(θk)
, where k = 1, . . . ,P0 with P0 ≤ P,

X = h + yc represents the distance between the receiver and
the bottom of the tank (see Fig. 1),
2) fill transfer matrix at frequency fn using Â( fn) =[
a( fn, θ̂1, ρ̂1), ...,a( fn, θ̂P0 , ρ̂P0)

]
using Eq. (2),

3) estimate spectral matrix Γ( fn) = E[r( fn)r+( fn)] =

1
Lr

Lr

∑
l=1

rl( fn)r+
l ( fn), where Lr is the realization number,

4) estimate noise covariance Γb( fn). If it is white noise,

Γb( fn) = σ2( fn)I, where σ2( fn) = 1
N−P

N

∑
i=P+1

λi( fn). Or if

the noise spectral matrix is one unknown band matrix, we
use the algorithm of section 4.2 to obtain Γb( fn),
5) calculate spectral matrix of signals us-
ing Γs( fn) = (Â+( fn)Â( fn))−1Â+( fn)[Γ( fn) −
Γb( fn)]Â( fn)(Â+( fn)Â( fn))−1. Or calculate Us( fn) =
(Â+( fn)Â( fn))−1Â+( fn)C1( fn)Â( fn)(Â+( fn)Â( fn))−1

based on fourth-order cumulant matrix by Eq. (10),
6) compute the average of spectral matrices:

Γ̄s( f0) = 1
L

L

∑
n=1

Γs( fn) or Ūs( f0) = 1
L

L

∑
n=1

Us( fn), where

f0 is the center frequency and L is the frequency number,
7) calculate Γ̂( f0) = Â( f0)Γ̄s( f0)Â+( f0) or Γ̂( f0) =
Â( f0)Ūs( f0)Â+( f0) using Singular Value Decomposition
(SVD) to obtain Vs( f0),
8) calculate the spectral matrix [Γ( fn) − Γb( fn)] or use
C1( fn), and obtain Vs( fn) by SVD,
9) estimate the bilinear focusing operator: Ts( f0, fn) =
Vs( f0)V+

s ( fn), then form the focused spectral matrix

Γ̂( f0) = 1
L

L

∑
n=1

Ts( f0, fn)[Γ( fn) − Γb( fn)]Ts
+( f0, fn) or

Γ̂( f0) = 1
L

L

∑
n=1

Ts( f0, fn)Us( fn)Ts
+( f0, fn).
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Figure 2: Pseudospectra of MUSIC with SNR = 16 dB: (a)
without cancellation of phase distortions; (b) the estimation
of proposed algorithm with 30 iterations and ε = 10−6

Then we use the proposed algorithm for phase distortion
in section 3.3 to obtain rk,processed in Eq. (7). Repeat the
above algorithm 1 and apply MUSIC method to calculate the
spatial spectrum for the bearing and the range estimation:

MUSIC( f0,θk,ρk)=
1

|a+( f0,θk,ρk)Vb( f0)V+
b ( f0)a( f0,θk,ρk)|

(11)

6. SIMULATION RESULTS

6.1 Performance of the proposed algirthms
An antenna of N = 100 equi-spaced sensors with inter-
element spacing d = c/32 f0 is used. We assume the additive
noise is independent from the signals and Γb( fn) = σ2( fn)I.
The pseudospectrum of MUSIC only shows two maxima if
phase cancellation is not done as shown in Fig. 2 (a). There-
fore we assume that the dimension of the signal subspace is
P0 = 2. Then we initialize the recursive procedure with the
obtained DOA θ̂01 = 56.8◦ and θ̂02 = 63.5◦. When our pro-
posed method is applied and phase cancellation is done for
each DOA, as shown in Fig. 2 (b) with 30 iterations, the ob-
tained values are θ̂1 = 45.2◦, θ̂2 = 57.1◦ and θ̂3 = 64.3◦.

6.2 Numerical Complexity
We compute the time elapsed to evaluate the computational
load. The simulation is test in the same system: Intel 2 Quad
CPU, 2.66 GHz, with 4 G memory.

For each iteration estimation of the phase errors in Fig.
2, computational time is 25 sec.. If we only use DIRECT
algorithm, it needs 300 sec. or more computational times.
So our optimization method leads to an important reduction
of computational load.

The advantage of fourth-order cumulant algorithm lies in
Eq. (10). The reshaped matrix is Hermitian matrix and its
dimension is reduced from N2×N2 to N×N. So the compu-
tational load is hugely decreased. For band noise covariance
matrix method, the search for a criterion of estimate of K is
necessary. We propose to vary the value of K until the sta-
bility of the result by the iteration with a fixed threshold ε .
The choice of K influences the speed and the efficiency of
this algorithm. Indeed, many simulations show that this al-
gorithm estimate the matrix quickly if K ¿ N. If K is close
to N, the algorithm requires a great iteration count. The time
consumed by fourth-order cumulant algorithm is 0.55 sec.,
while it is 1.10 sec. for band covariance matrix algorithm.

Figure 3: Experimental tank

Figure 4: Experimental setup

7. EXPERIMENTAL SETUP

The experiment is carried out in an acoustic tank (see Fig.
7) filled with water and homogenous sand. Four groups of
cylindrical shells with different dimensions are buried be-
tween 0 and 0.05 m under the sand. We carried out four
experiments where the transmitter (on the left in Fig. 7) hor-
izontal axis was fixed at H = 0.45 m with an incident an-
gle θinc = 60 ˚ . The receivers (on the right in Fig. 7), at
h = 0.2 m from the bottom of the tank, moved horizontally
along the XX ′ axis from the initial to the final position with
a step size d = 0.008 m. We took 100 positions (Fig. 4) to
form an array with N = 100. We performed four experiments
Exp. 1, Exp. 2, Exp. 3 and Exp. 4 respectively to the 1st , 2nd ,
3rd and 4th couple. The band frequency is [150,250] kHz and
the mid-band frequency is f0 = 200 kHz.

The experimental environment is not quite noisy (signal
to noise SNR = 20 dB). We use another source which emits
Gaussian noise SNR = 0 dB. The idea is to generate new
data corresponding to a noisy environment. Fig. 5 (a) shows
the output signals with an additive correlated noise and Fig.
5 (b) is the signals after processing of correlated noise.

The white points in Fig.6 correspond to the two cylindri-
cal shells (20.0◦, 0.300m) and (22.0◦, 0.320m). X axis is the
object-1st sensor distance ρ , Y axis is the DOA of object-
1st sensor θ . Figs.6 (a) and (b) show that the proposed al-
gorithms are superior in terms of estimation compared with
MUSIC algorithm without processing of correlated noise in
Fig. 6 (c). Standard deviation of the bearing and the range es-
timation at different SNRs (from -10 dB to 20 dB) are given
in Fig. 7. Several examples are studied, we have obtained
the same results, that is, fourth-order cumulant algorithm is
more accurate than band noise covariance matrix algorithm.

8. CONCLUSION

In this study, we have proposed a novel method to estimate
both the range and the bearing of buried objects. We take into
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Figure 5: (a) Observed signals with correlated noise; (b) ob-
tained signals after processing of correlated noise

(a) (b)

(c)

Figure 6: (a) Localization based on fourth-order cumulant,
(b) localization using band noise covariance matrix and (c)
localization without processing of correlated noise

account both the reflection and refraction of water-sediment
interface. In order to cancel the phase errors, spline inter-
polation is used with DIRECT algorithm for keeping small
computational load. We propose two methods based on MU-
SIC to reduce noise. One is fourth-cumulant matrix for cor-
related Gaussian noise. The other is to process the spatially
unknown noise with band covariance matrix. These methods
performance are investigated through scaled tank test associ-
ated with buried cylindrical shells. The obtained results and
standard deviation with different SNRs are promising.
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ABSTRACT
This paper focuses on the data-aided (DA) direction of arrival
(DOA) estimation of a single narrow-band source in time-
varying Rayleigh fading amplitude. The time-variant fading
amplitude is modeled by considering the Jakes’ and the first
order autoregressive (AR1) correlation models. Closed-form
expressions of the CRB for DOA alone are derived for fast
and slow Rayleigh fading amplitude. As a special case, the
CRB under uncorrelated fading Rayleigh channel is derived.
A analytical approximate expressions of the CRB are derived
for low and high SNR that enable the derivation of a number
of properties that describe the bound’s dependence on key pa-
rameters such as SNR, channel correlation. A high signal-to-
noise-ratio maximum likelihood (ML) estimator based on the
AR1 correlation model is derived. The main objective is to
reduce algorithm complexity to a single-dimensional search
on the DOA parameter alone as in the static-channel DOA es-
timator. Finally, simulation results illustrate the performance
of the estimator and confirm the validity of the theoretical
analysis.

Index Terms−DOA estimation, ML estimator, Cramér
Rao bound, Time-varying fading channel, Jakes’ channel
model, AR1 channel model.

1. INTRODUCTION

Estimating the direction of arrival (DOA) of propagating
plane waves incident on an array of sensors is an impor-
tant problem in array signal processing due to its applica-
tions in radar, sonar, mobile communications, and so on (e.g.,
[1, 2, 3, 4]). Stochastic and deterministic CRBs derivationfor
the DOA parameter alone has been an intensive research field
because the performances of several high-resolution DOA
estimation methods are known to be comparable to these
bounds under certain mild conditions. These bounds have
been derived for circular and non-circular complex Gaussian
sources under uniform white noise field in [5] and [8] respec-
tively. In particular, the DOA estimation problem of a single
source has been extensively studied for a static channel (e.g.,
[6, 7]). A fast and explicit approximate ML algorithm with
lower computational complexity has been developed in [6].
The ML DOA estimation for a constant-modulus signal is ad-
dressed in [7] which utilizes the available knowledge of the
signal waveform. In recent years, DOA estimation for non-
circular complex signal with discrete distributions (e.g., bi-
nary phase shift keying (BPSK) and offset quadrature phase
shift keying (OQPSK) modulated signals) which are widely
used in communication systems, has attracted more attention
due to the performance gain from the non-circular properties
(e.g., [9, 12, 11]). In [10] a closed-form expressions of the
DA CRB and stochastic CRB for DOA alone has been de-
rived for BPSK and QPSK modulated signals in the case of

one narrowband source corrupted by additive white Gaussian
noise (AWGN) channel. We note that in [10], the channel
amplitude is assumed constant over the observation interval.
In radar applications, H. Gu [4] developed a radar tracking
algorithm for multiple moving targets where the targets am-
plitudes are assumed deterministic and time-variant. How-
ever, in many applications requiring DOA estimation (e.g.,
mobile communication, radar), the assumption that the chan-
nel amplitude is constant throughout the observation period
is not valid.

In this paper, basing on the formulation in [10], we con-
sider the problem of estimating the DOA of one source by as-
suming that the Rayleigh fading amplitude of the associated
target vary in time according to Jakes’ or first order autore-
gressive (AR1) correlation models. We derive closed-form
expressions for the DA CRB for the DOA parameter alone
with correlated and uncorrelated time-varying Rayleigh fad-
ing amplitude. This bound enables to evaluate the effect
of the amplitude’s time variation on DOA estimation. We
present a simple estimation procedure derived through an ap-
proximate, high-SNR maximum-likelihood (ML) approach
based on a simplified model for the amplitude fading process.
The estimation procedure requires only a single-dimensional
parameter search.

The paper is organized as follows. Section 2 describes
the signal model, the Jakes’ and AR1 correlation models and
pose the estimation problem. In Section 3, exact and ap-
proximate closed-form expressions for the CRB of the DOA
parameter alone are derived for fast amplitude fading, slow
amplitude fading and uncorrelated amplitude fading models.
In this section, we also prove different properties of the de-
rived bound. In Section 4, the ML estimator is derived for
a high SNR approximation. Finally, simulation results are
presented in Section 5.

2. SIGNAL MODEL AND PROBLEM
FORMULATION

Let an arbitrary array ofM sensors receive a single tar-
get with unknown DOA. Over the observation interval, the
Rayleigh fading amplitude of the target is assumed to vary in
time according to Jakes’ or first order autoregressive (AR1)
correlation models. Assuming a receiver with ideal sample
timing and perfect synchronization, theM×1 array snapshot
complex vectors at the output of the matched filter can be
modeled as

yn = snhna(θ )+nn, n = 0, . . . ,N−1 (2.1)

wherea(θ ) is the steering vector parametrized by the scalar
unknown DOA parameterθ . We suppose‖a(θ )‖2 = M. The
transmitted signalsn is assumed known with|sn|

2 = 1. The
M-variate additive noise vectors(nk)k=0,...,N−1 are assumed
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to be i.i.d. zero-mean complex circular Gaussian with covari-
ance matrix E(nkn

H
k ) = σ2

nI. The processhk is the sample of
the fading amplitude of the target assumed to be zero-mean
circular complex Gaussian with unknown varianceσ2

h and
correlation function given by:

RJ
h(m)

def
= σ2

hE(hnh∗n−m) = σ2
hJ0(2π fdTm),

whereJ0(.) is the first kind 0th-order Bessel function,T is the
symbol period andfd denotes the maximum Doppler shift.
This is frequently referred to as the Jakes’ model [14]. The

signal-to-noise ratio (SNR) is defined asρ def
=

σ2
h

σ2
n
.

Collecting the samples of the received signal to form a

vectory
def
= (yT

0 , . . . ,yT
N−1)

T yields the following model

y = SAh+n, (2.2)

where A
def
= I ⊗ a(θ ), S

def
= Diag(s0, . . . ,sN−1) ⊗ I, h

def
=

(h0, . . . ,hN−1)
T andn

def
=
(

nT
0 , . . . ,nT

N−1

)T
is aNM×1 noise

vector with covariance matrixσ2
nI. Since the transmitted

symbolssn are known,y is a zero-mean complex Gaussian
random vector, with correlation matrix given by

Ry
def
= E(yyH) = SARhA

HSH + σ2
nI, (2.3)

whereRh
def
= E(hhH) is the fading amplitude correlation ma-

trix.
Since|sn|

2 = 1 for all n, the matrixS is unitary (i.e.,SSH =
SHS = I). Subsequently, the probability density function

(PDF) ofy is the same as the PDF ofz
def
= SHy, and which

is given by:

p(y;α) = p(z;α) =
1

πNM det(Rz)
e−z

H
R

−1
z z, (2.4)

whereRz
def
= SHRyS =ARhA

H +σ2
nI is the covariance ma-

trix of the vectorz.
AR1 model of fading Among various channel models, the
information theoretic results in [15] show that the first-order
AR model provides a sufficiently accurate model for time
fading channelshk = γhk−1 + ek whereek ∼ N (0,σ2

h (1−

γ2)) is the additive driving noise and whereγ def
= J0(2π fdT)

is assumed to be unknown. The fading amplitude at timen is
constrained to follow a sequence from a known initial state,
sayh0:

hn = γnh0 +
n−1

∑
k=0

γken−k. (2.5)

The correlation overmsignalling intervals is given by

RAR
h (m) = E(hnh∗n+m) = σ2

h γ |m|,

and it depends on the mobility environment (and on the sym-
bol timeT) at hand. Consequently, the covariance matrix for
the AR1 channel model depends on the unknown parameter
γ can be written as

R
AR
h = σ2

h

















1 γ γ2 . . . γN−1

γ 1 γ . . . γN−2

γ2 γ 1 . . . γN−3

...
...

...
. . .

...

γN−1 γN−2 γN−3 . . . 1

















(2.6)

It is clear that forγ = 0 the channel becomes an uncorre-
lated fading process, and forγ = 1, the channel is simply a
realization of a single random variable (slow fading).

We note that the derivation of analytical expression of
the CRB and the ML DOA estimator are difficult tasks un-
der Jakes’ fading amplitude. Thus, for the sake of analytical
tractability, we choose to model the fading amplitude as an
AR1 process.

The estimation problem can now be formulated as fol-
lows: Given the received signaly whose PDF is given by

(2.4) and an unknown parameter vectorα def
= (θ ,σ2

n ,σ2
h ,γ)T ,

estimateθ . In this problem,θ is the parameter of interest
and the other parameters are nuisance parameters.

3. CRB EVALUATION

The CRB for zero-mean, circular complex, Gaussian mea-
surements vector depend on unknown vector parameterα is
given by the circular complex Gaussian Slepian-Bangs for-
mula [16, rel. B.3.25].

CRB(α) = (Iα)−1

(Iα)k,l
def
= Tr

(

R−1
z

∂Rz

∂αk
R−1

z
∂Rz

∂αl

)

, k, l = 1, . . . ,4.

The expression of the CRB for DOA alone proved in [13], is
summarized by the following result.

Result 1 The DA CRB of the parameterθ alone is decoupled
from that of the other parameters under AR1 fading ampli-
tudes, and is given by:

CRB(θ ) = CRBDA
0 (θ )

Nσ2
h

Tr

(

R2
h

(

Rh + σ2
n

M I
)−1

) (3.7)

where CRBDA
0 (θ ) = 1

Nρ
1
α and whereα is the purely ge-

ometrical factor1 2a′H(θ )Π⊥
a(θ)a

′(θ ) with Π⊥
a(θ)

def
= I −

a(θ )aH(θ )/M anda′(θ )
def
= ∂a(θ)

∂θ .

We note that the CRBDA
0 (θ ) is the DA CRB derived in

[10] when the amplitudes fading is assumed constant within
the observation period.

Remark 1 We note that the results obtained with the sim-
plified AR1 correlation model are not numerically identical
to the results obtained with the Jakes’ model except for high
SNR, the analytical insight obtained under the AR1 correla-
tion model also applies to the Jakes’ model (see Section 5).

In the special cases of slow fading amplitude(i.e.,γ =
1andRh = σ2

h11T) and uncorrelated fading amplitude
(i.e.,γ = 0, andRh = σ2

hI), the result 1 can be extended to
the following result.

Result 2 The CRB for DOA alone over slow and uncorre-
lated fading amplitudes are given by2

1The parameter α is equal the following values αULA =

π2 M(M−1)
6 cos2(θ ) [resp. αUCA = Mπ2

4sin2 π/M
] for uniform linear [resp.

uniform circular] array.
2Where the superscripts Slow and Uncor of CRBSlow(ρ) and

CRBUncor(ρ) refer slow and uncorrelated channel fading respectively.
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CRBSlow(θ ) =
1
N

(

1
α

[

1
ρ

+
1

MNρ2

])

(3.8)

CRBUncor(θ ) =
1
N

(

1
α

[

1
ρ

+
1

Mρ2

])

, (3.9)

We remak that the bound (3.9) is the conventional stochastic
CRB for DOA alone of one source derived under the circular
complex Gaussian distribution [8]. From (3.8) and (3.9), we
have

CRBUncor(θ ) ≥ CRBSlow(θ ) for all SNR

CRBUncor(θ ) ≈ CRBSlow(θ )≈CRBDA
0 (θ ) for high SNR

CRBUncor(θ ) ≈ NCRBSlow(θ )≈
1

Nρ2

1
Mα

for low SNR

3.1 Approximate expressions for CRB

To get more insights on the CRB, we obtain in the following
approximate expressions for the CRB given by (3.7) in the
high and low SNR regimes that enable the derivation of the
properties below.

3.1.1 High and low SNR expressions

For high and low SNR cases, we have
(

Rh +
σ2

n

M
I

)−1

≈ R−1
h for high SNR

(

Rh +
σ2

n

M
I

)−1

≈
σ2

n

M
I for low SNR,

hence, the channel-dependent term of the denominator of Eq.
(3.7) can be approximated as:

Tr

(

R2
h

(

Rh +
σ2

n

M
I

)−1
)

≈ Nσ2
h for high SNR

Tr

(

R2
h

(

Rh +
σ2

n

M
I

)−1
)

≈
σ2

n

M
Tr(R2

h) for low SNR

Consequently, the expressions of the CRB for DOA alone for
high and low SNR cases are given by:

CRBhigh(θ ) = CRBDA
0 (θ ) for high SNR (3.10)

CRBlow(θ ) =
1

ρ2β
1

Mα
for low SNR (3.11)

where the channel-dependent parameterβ is given by
1

σ4
h
Tr(R2

h). We remark that the CRB given by (3.10) is iden-

tical to the DA CRB derived in [10] when the amplitudes
fading is assumed constant within the observation period.

3.1.2 CRB properties
The following properties follow immediately from (3.10) and
(3.11).

Property 1 For high SNR, the CRB for DOA alone is ap-
proximately inversely proportional to SNR and does not de-
pend on the parameter of the channel.

This property implies that the CRBs for DOA alone associ-
ated to Jakes’ and AR1 correlation models are identical for
high SNR. We also note that for a correlation model, the
CRBs for DOA alone associated to slow, fast and uncorre-
lated fading channel are identical for high SNR.

Property 2 For low SNR, the CRB for DOA alone is approx-
imately inversely proportional toρ2 (decreasing rapidly with
SNR).

Note that the parameterβ is a monotone de-
creasing function of fdT for Jakes’ and AR1
correlation models as illustrated in Fig. 1.

10
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10
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10
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10
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10
3

10
4

10
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f
d
T

β

 

 
AR1 correlation model
Jakes correlation model

Fig.1 The channel-dependent parameterβ for the Jakes and AR1
correlation model versusfdT with N = 200.

From this figure, we see thatβ decreases rapidly for
Jakes’ correlation model contrary to AR1 correlation model
for which β remains quite constant up tofdT = 0.0032. As
the CRB (3.11) approximately inversely proportional toβ ,
we have the following property

Property 3 For low SNR, the CRB for DOA alone is a mono-
tonically decreasing function of the channel correlation pa-
rameterγ which varies from uncorrelated fading bound (γ =
0) to the slow fading bound (γ = 1).

4. ML DOA ESTIMATOR

The direct maximization of the likelihood function (2.4) with
respect to the unknown parameterα is a difficult task. To fa-
cility the derivation of the ML estimates ofα, we choose to
model the variation of the amplitude fading as AR1 process
with covariance matrix is given by (2.6). Using the Marko-
vianity property of the AR1 process the log-likelihood func-
tion proved in [13] is given by (after drooping the constant
term)

L(α) = −
(

ln(det(R))− (N−1) ln(det(C))+zH
0 R−1z0

+
N−1

∑
n=1

z̄H
n C−1z̄n

)

(4.12)

where z̄n
def
= (zn −

γσ2
h

Mσ2
h +σ2

n
a(θ )aH(θ )zn−1),

R
def
= σ2

ha(θ )aH(θ ) + σ2
nI and C

def
=

σ2
h

(

1−
γ2Mσ2

h
Mσ2

h +σ2
n

)

a(θ )aH(θ )+ σ2
nI

The following result proved in [13], shows that it is pos-
sible to reduce the optimization problem, under a high SNR
approximation, to a single-parameter search with respect to
the DOA parameterθ .
Result 3 For high SNR environment, the joint ML estimates
that maximize the log-likelihood function(4.12)are given by
the following:
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θ̂ML is obtained by the maximizing with respect toθ

F(θ ) = −
(

N ln(σ̂2(M−1)
n,ML σ̂2

h,ML)+ (N−1) ln(1− γ̂2
ML)

+ zH
0

(

1

σ̂2
n,ML

Π⊥
a(θ) +

1

M2σ̂2
h,ML

a(θ )aH(θ )

)

z0

+
N−1

∑
n=1

z̃H
n C̃z̃n

)

(4.13)

wherez̃n
def
= zn−

γ̂ML
M a(θ )aH(θ )zn−1 andC̃

def
= 1

σ̂2
n,ML

Π⊥
a(θ) +

1
M2σ̂2

h,ML(1−γ̂2
ML)

a(θ )aH(θ ) and whereσ̂2
h,ML, σ̂2

n,ML and γ̂ML

are the estimates of the nuisance parameters given by

γ̂ML = −
k2,z(θ )

2k4,z(θ )
(4.14)

σ̂2
h,ML =

1
N

(

k3,z(θ )+
1

1− γ̂2
ML

(−γ̂MLk2,z(θ )+ γ̂2
MLk1,z(θ ))

)

(4.15)

σ̂2
n,ML =

1
N(M−1)

N−1

∑
n=0

zH
n Π⊥

a(θ)zn, (4.16)

where the the DOA-dependent coefficients kl ,z(θ ), l = 1, ...,4,
are given by

k1,z(θ )
def
=

1
M2

(

N−1

∑
n=1

(zH
n a(θ )aH(θ )zn +zH

n−1a(θ )aH(θ )zn−1)

)

k2,z(θ )
def
=

1
M2

(

N−1

∑
n=1

(zH
n a(θ )aH(θ )zn−1 +zH

n−1a(θ )aH(θ )zn)

)

k3,z(θ )
def
=

1
M2

N−1

∑
n=0

zH
n a(θ )aH(θ )zn

k4,z(θ )
def
= k3,z(θ )−k1,z(θ )

From (4.14) and (4.16), using the high SNR condition,
we get for the true values ofθ that

γ̂ML =
∑N−1

n=1 (zH
n a(θ )aH(θ )zn−1 +zH

n−1a(θ )aH(θ )zn)

∑N−1
n=2 zH

n−1a(θ )aH(θ )zn−1

N→∞
−→

(N−1)M2σ2
hJ0(2π fdT)

(N−2)(M2σ2
h +Mσ2

n)
≈ J0(2π fdT) (4.17)

σ̂2
n,ML

N→∞
−→ σ2

n . (4.18)

Similarly, from (4.15) using (4.17) and the high SNR condi-
tion, we get after some manipulation that

σ̂2
h,ML

N→∞
−→ σ2

h .

Consequently,̂γML, σ̂2
h,ML andσ̂2

n,ML are the consistent esti-

mators ofγ, σ2
h andσ2

n , respectively at high SNR.

5. SIMULATION RESULTS

The purpose of this section is to illustrate the behavior of
the derived CRB for DOA alone and the performance of the
derived estimator.

Assume that a single narrowband source impinges on a
uniform linear array (ULA) of sensorsM = 6 separated by a

half-wavelength for whicha =
(

1,eiθ , . . . ,ei(M−1)θ
)

, where

θ = π sinα, with α the DOA relative to the normal of ar-
ray broadside. The channel is simulated according to the
Jakes and AR1 correlation model [14, 15] with doppler-time
product of fdT. In our simulations, each value of the MSE
is obtained by averaging over 1000 independent runs. The
number of sample is fixed atN = 200.

We begin with Fig.2, which compares CRBSlow(θ ) (3.8),
CRBUncor(θ ) (3.9) and the exact CRB over Jakes’ and AR1
correlation model (3.7) with two values offdT versus SNR.
From this figure, we see that all these bounds are identical for
high SNR except for low SNR where the fast bound decreas-
ing when fdT is increasing as predicted by the Properties 1
and 3. On the other hand, we observe that the CRB associ-
ated with Jakes’ model remains close to the CRB associated
with AR1 model for low SNR.
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Fig.2 Exact CRB on DOA estimation with Jakes and AR1 correlation
model for two values offdT, CRBSlow(θ ) and CRBUncor(θ ) versus SNR
with N = 200.
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Fig.3 Exact CRB and its approximations for the fast fading AR1
correlation model for three values offdT versus SNR withN = 200.

Fig.3 exhibits the domain of validity of the low and high
approximations of the CRB given by Eqs. (3.11) and (3.10),
respectively. We can see from this figure that the domain of
validity depends on the values offdT, where for low SNR
the exact CRB equals to its low approximation bound for a
large low SNR range except whenfdT is decreasing (the am-
plitude fading becomes slow fading). In contrast to the low
SNR case, we observe that the approximates CRB for high
SNR does not depend onfdT which is identical to its exact
bound for large SNR range whenfdT decreasing.

Fig.4 presents the dependence of the CRB for DOA
alone on the Jakes’ and AR1 correlation models for
low SNR throughout the Doppler-time productfdT.
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Fig.4 Exact CRB(θ ) for the Jakes and AR1 correlation model, and
CRBSlow(θ ) versusfdT with SNR= −15dB andN = 200.

We observe from this figure that as the Doppler-
time product fdT increases, the CRBs associated with
Jakes’ [resp. AR1] correlation model remain quite
constant up to Doppler-time product values of 0.0007
[resp. 0.0035], for which these bounds are identical
to the CRB associated to the slow amplitude fading.
We also see that the bounds increase when the time-
Doppler product increases as predicted by Property 3.
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Fig.5 Exact CRB(θ ) for the AR1 correlation model and estimated MSE
E(θ̂ML−θ )2 given by the ML estimator versus SNR fir two values ofN with
fdT = 0.01.

Fig.5 illustrates the Result 3 by comparing the exact CRB
(3.7) and the minimum mean square error (MSE) of DOA
estimate given by the asymptotic high SNR ML estimator
for the AR1 time-variant amplitude fading versus SNR. From
this figure, we observe a good agreement between the derived
CRB and the estimated MSE for high SNR. On the other
hand, we note that the asymptotic ML estimator still gives a
valid estimate of DOA parameter for small values ofN and
for low SNR.

6. CONCLUSION

The effect of time-variant Rayleigh amplitude fading on
DOA estimation of single source was studied. A closed-
form expression of the DA CRB for DOA alone is derived
with AR1 fading amplitudes. As special cases, the CRBs
for DOA alone over slow and uncorrelated amplitude fad-
ing are also derived from the general expression of the fast
amplitude fading bound. We have also derived analytical ap-
proximate expressions for the CRB of the DOA alone for
low and high SNR. Some properties that highlight how the
bound depends on key parameters such as SNR and time-

Doppler product were derived. These properties show that
the DA CRB for DOA alone is insensitive to the channel-
dependent time-Doppler product for high SNR expect for
low SNR. The ML approach for estimating DOA parame-
ter based on a mismatched AR1 channel-correlation model
upon which a high SNR estimator was derived. The estima-
tor was compressed into a single-parameter search over the
DOA parameter alone.

Issues that were not addressed in this paper are the ML
estimator and the CRB on DOA estimation of multiple tar-
gets over time-varying amplitudes. A paper in preparation
deals with these issues.
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ABSTRACT

A consistent graph is a graph with zero cyclic sum of weights
of edges along all loops. Given a number of possible weights
for each edge, we study the problem of synthesizing con-
sistent graphs, i.e. to find the appropriate combinations of
weights, which form consistent graphs. This problem plays
an important role in, e.g. source localization based on time
difference of arrival (TDOA). By using the concept of loop
matrix known from the electric network theory, we propose
some novel systematic approaches for the efficient synthesis
of consistent graphs. We describe our algorithms, demon-
strate their performance and compare their computational
complexity, both in theory and in experiments.

1. INTRODUCTION

A consistent graph contains vertices, edges and weights of
edges whose sum along any closed path (loop) is zero.

A well known example of consistent graphs is the voltage
graph of an electric circuit where the weight is the voltage be-
tween two nodes. According to Kirchhoff’s second law, the
sum of voltages along any loop is zero. This kind of consis-
tent graphs also plays an important role in many other sci-
entific and technical problems. In source localization based
on TDOA, for example, a (generalized) cross-correlation be-
tween two sensor signals is frequently used to estimate the
TDOA values. Unfortunately, the cross-correlation typically
shows many peaks due to desired direct path and (disturbing)
multi-path propagation and multiple sources.

The callenge is to distinguish between the TDOA values
caused by direct or multi-path propagation and to find those
TDOA values from different sensor pairs that are related to
the same source. In [1, 2], Scheuing and Yang proposed
for the first time the concept of consistent TDOA graphs for
solving this problem. Each sensor represents a vertex and
each TDOA value corresponds to a weight of an edge, re-
spectively. It was observed in [1, 2] that the sum of TDOA
values along any loop in the TDOA graph must be zero if
all these TDOA values stem from the same source and di-
rect path propagation. Hence the task is now to synthesize
consistent TDOA graphs, given a number of possible TDOA
estimates for each sensor pair.

To our knowledge, this graph synthesis problem has
never been addressed systematically in the literature.
Scheuing and Yang proposed a first algorithm DATEMM
(disambiguation of TDOA estimates in multi-path multi-
source environments) in [1, 2] for this purpose. Its basic
idea is to first look for consistent TDOA triples (three ver-
tices) and then, using a bottom-up approach, combine them
to consistent TDOA quadrupels (four vertices), consistent
star graphs (quadrupels sharing a common initial triple) and
finally complete consistent TDOA graphs [2]. But this algo-
rithm is ad-hoc and has not been completely understood yet
in the multiple source case. Also it is open whether there are

more efficient synthesis approaches than DATEMM.
The purpose of this paper is to study the efficient syn-

thesis of consistent graphs in a theoretical and systematical
way. By using the well known concept of loop matrix from
the electric network theory, we develop different novel ap-
proaches to synthesize consistent graphs. We show their per-
formance and compare their computational complexity.

2. CONSISTENT GRAPH

A graphG(V,E) is defined by a set ofM vertices (nodes)V =
{vi , · · · ,vM} and a set ofN edgesE = {e1, · · · ,eN}. Clearly,
N ≤

(M
2

)

= 1
2M(M−1), because there are at most

(M
2

)

vertex
pairs. The graph isdirected if its edges are specified by a
start vertexi and an end vertexj. It is weightedif a weight
x(e) ∈ R is assigned to each edgee. In addition, we assume
that the weight changes its sign if we change the direction of
the edge, i.e.xi j =−x ji . This is pretty much like the voltage
between two nodes in an electric circuit.

A connection of neighboured edges is called apath. If
the start and end vertex of this path are the same, the path is
closed and hence aloop. When there exists a pairwise con-
nection of all vertices by a path, the graphG is connected.
If a connected graph hasN = |E| =

(M
2

)

edges forM = |V|
vertices, it iscompletebecause all pairs of vertices are con-
nected by one edge.

In a directed weighted graph, one can compute the sum
of all weights along any loop in a certain direction. This is
called thecyclic sumof weights for that loop. A graph is
consistentif this sum is zero for all loops in the graph. Fig.
1 shows a complete consistent graph withM = 5 vertices
andN = 10 edges. The number on the edges represent the
weights.

v4 v3

v2

v1

v5

3

1-4

-1

-21

2

3

0-3

Figure 1: A complete consistent graph

Note that for a given localization problem with known
sensor and source positions, we obtain a unique set of TDOA
values between different sensor pairs which form a consistent
TDOA graph. Conversely, we can easily show by a construc-
tive proof (not given in the paper) that for any given set of
consistent edge weights as in Fig. 1, it is also possible to
construct a geometric setup1 whose TDOA values match the

1In fact, there is an infinite number of geometric setups.
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edge weights. In other words, each set of consistent weights
has its localization counterpart. For this reason, we use in
this paper simple integer edge weights for illustration with-
out considering the geometrical setups of the corresponding
localization problems.

3. INCIDENCE AND LOOP MATRIX

A formal description of the connectivity of a graph is given
by theincidence matrix[3], which describes the relationship
between the vertices and edges. For the graph in Fig. 1, the
incidence matrix is

A=











edges→ e1 e2 e3 e4 e5 e6 e7 e8 e9 e10
vertices↓

v1 1 1 -1 -1 0 0 0 0 0 0
v2 -1 0 0 0 1 1 -1 0 0 0
v3 0 -1 0 0 -1 0 0 1 1 0
v4 0 0 1 0 0 -1 0 -1 0 1
v5 0 0 0 1 0 0 1 0 -1 -1











.

(1)

Start vertices are marked with a “1” and end vertices by a
“-1”.

In this paper, we study connected graphs only, i.e. each
vertex is connected to each other vertex over a path. A nec-
essary condition is that the graph has at leastN = M − 1
edges. According to [4], it is then always possible to sort the
columns ofA such that its firstM −1 columns are linearly
independent. We rewriteA as

A= [Ast Act] (2)

whereAst is an M × (M − 1) matrix with full rank M − 1
andAct is anM × (N−M + 1) matrix. Ast represents the
spanning treeandAct the complementary tree, alsocotree
of the graph, respectively [4]. The spanning tree defines a
subgraph ofG that reaches every vertex without closing any
loop. One possible spanning tree of the graph in Fig. 1 is
shown in Fig. 2(a) with solid lines.

v4 v3

v2

v1

v5

e1

e2e3

e4

l1

(a) Spanning tree

v4 v3

v2v5

e5e6

e7

e8

e9e10

(b) Complementary tree

Figure 2: A possible spanning tree of the graph in Fig. 1 and
its complementary tree

The complementary tree to Fig. 2(a) is presented in Fig.
2(b) and contains the twigs. Each of the twigs closes one
fundamental loopwith the spanning tree, also referred to as
elementary cyclein graph theory. Fundamental loops are the
minimum set of loops inG without any redundancy. Each
column inAct is hence responsible for one fundamental loop.
In Fig. 2(a) it is shown how the twige5 from the complemen-
tary tree closes one loopl1 with the spanning tree.

There are different ways to obtain the spanning tree from
the incidence matrixA. A breadth-first search would pri-
marily look in the surrounding of a vertex like in Fig. 2(a).
A deepening search would try to find the longest sequence of

v4 v3

v2

v1

v5

e4

e10

e8

e5

(a) Spanning tree of the deepen-
ing search

v4 v3

v2v5

v1

e6

e7

e1

e8

(b) Another spanning tree

Figure 3: Other possible spanning trees for the example of
Fig. 1

vertices and may produce the spanning tree of Fig. 3(a). Fig.
3(b) shows another possible spanning tree.

The loop matrix describes the relationship between the
edges and fundamental loops. For the graph in Fig. 1, we
use the six twigse5,e6, · · · ,e10 of Fig. 2(b) to form six funda-
mental loopsl1, l2, · · · , l6 with the spanning tree in Fig. 2(a).
The corresponding loop matrix is

B=













edges→ e1 e2 e3 e4 e5 e6 e7 e8 e9 e10
loops↓

l1 1 -1 0 0 1 0 0 0 0 0
l2 1 0 1 0 0 1 0 0 0 0
l3 -1 0 0 -1 0 0 1 0 0 0
l4 0 1 1 0 0 0 0 1 0 0
l5 0 1 0 1 0 0 0 0 1 0
l6 0 0 -1 1 0 0 0 0 0 1













. (3)

A “1” indicates identical edge and loop direction, while a
“-1” reflects opposite edge and loop direction.

The loop matrixB has the dimension(N−M+1)×N.
It has the full rankN−M+1 as apparent from the identity
matrix in the last columns in (3). The identity matrix can al-
ways be achieved for any loop matrix when the fundamental
loops in (3) appear in the same order as the twigs. For this
reason,B can be written as

B= [Bst IN−M+1] (4)

whereBst contains the firstM−1 columns ofB correspond-
ing to the edges in the spanning tree. Clearly,N ≥ M if a
connected graph has at least one loop.

4. CHECK OF CONSISTENCY

The fundamental loops play an important role for the synthe-
sis of consistent graphs. A necessary and sufficient condition
for a graph to be consistent is that allN−M+1 fundamental
loops are consistent, i.e. have a zero cyclic sum of weights.
It is no longer necessary to prove the consistency of all loops.

Let xi be the weight assigned to the edgeei (1≤ i ≤ N).
We define the edge weight vector asx= [x1, · · · ,xN]

T ∈ R
N.

The consistency of all fundamental loops and hence of the
whole graph can be easily checked by

B ·x= 0. (5)

The main problem, however, is that each edgeei has a num-
ber of possible weights. They could be the different TDOA
values for a sensor pair caused by different sources and di-
rect as well as multi-path propagations. LetWi be the set
of Si = |Wi | weightsxi ∈ Wi for edgeei . Clearly, there is
a total number of∏N

i=1Si possibilities for the weight vector
x ∈ (W1×·· ·×WN). Each of these vectors corresponds to a
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graph with a certain combination of weights whose consis-
tency has to be examined according to (5). This process is
called synthesis of efficient graphs. In the next section, we
propose different approaches for this purpose.

5. SYNTHESIS ALGORITHMS

In this section, we present systematic approaches for the effi-
cient synthesis of consistent graphs given sets of weightsWi
(1 ≤ i ≤ N). For an easier estimation of the computational
complexity, we assume an equal number of weights per edge
Si = S. All synthesis algorithms rely on the use of the loop
matrixB in (4).

5.1 The brute force approach

The brute force approach tries all∏N
i=1Si = SN possible

weight vectorsx ∈ (W1 × ·· ·×WN). For each combination
x of weights, the consistency condition (5) has to be exam-
ined. Without taking the zero entries inB into account,
the computational complexity of this consistency check is
(N−M +1)N operations, where one operation is either an
addition/subtraction or comparison. This complexity can be
reduced by considering the zero entries inB. The price is
a higher complexity in program code and address calcula-
tions. The total computational complexity of the brute force
approach is hence

CBruteForce(M,N,S) = SN · (N−M+1)N. (6)

5.2 Kirchhoff Potential Synthesis (KiPoS)

KiPoS exploits the special structure of the loop matrix in (4)
that is always possible for a connected graph. We partition
x into two subvectors of lengthM − 1 andN−M + 1, i.e.
x = [xT

st x
T
ct]

T . xst = [x1, · · · ,xM−1]
T contains the weights

of the spanning tree whilexct = [xM, · · · ,xN]
T contains the

weights of the twigs of the cotree. By using (4), the consis-
tency condition can be written as

xct =−Bst ·xst. (7)

Instead of considering allSN combinations forx, we now
look at ∏M−1

i=1 Si = SM−1 combinations forxst. For each of
these combinations of the spanning tree, we computeBst ·
xst and compare it to the weights of the cotreexct. Since
we needM−2 additions/subtractions andScomparisons for
each of theN−M+1 rows ofBst ·xst (fundamental loops),
the computational complexity of this algorithm is reduced to

CKiPoS(M,N,S) = SM−1 · (N−M+1) · (M−2+S). (8)

This algorithm has a nice interpretation in terms of the
Kirchhoff voltage law. We assign a zero “electrical potential”
to a reference vertex andM−1 “potentials” to the remaining
vertices. This assignment corresponds to the choice ofxst.
Then we compute the differences of the potentials and com-
pare them to the “voltages”xct along the twigs of the cotree.
For this reason, this synthesis algorithm is calledKirchhoff
Potential Synthesis (KiPoS).

5.3 KiPoS with initial pruning (KiPoS-P)

In order to further reduce the computational complexity, we
propose to apply a pruning technique before we perform the
previous algorithm. The basic idea of pruning is to reduce
the size of the weight setsSi = |Wi |. In particular, we are

highly interested to reduceSi (1≤ i ≤ M −1) for the span-
ning tree since these numbers affect the complexity of the
KiPoS significantly, see the termSM−1 in (8).

We propose to prune the weight sets by checking the con-
sistency of each of theN−M+1 fundamental loops. Assume
that the fundamental loopl j containsM ≥ Nj ≥ 3 edges.
Then we obtainSNj possible combinations of weights for this
loop. The consistency of each weight combination can be ex-
amined byNj −1 operations. The complexity of the pruning
step ofN−M+1 fundamental loops is thus

CPrune(M,N,S) = SNj (Nj −1)(N−M+1). (9)

If all fundamental loops are triples withNj = 3 which is al-
ways possible for complete graphs with a breadth-first search
spanning tree like in Fig. 2(a), we obtainCPrune(M,N,S) =
S32(N−M+1).

After the pruning step, we have removed all weights
from Wi which are not consistent for any fundamental loop
and thus cannot contribute to the consistency of the whole
graph. The reduced weight set for edgeei is Wi ⊂ Wi with
Si = |Wi | ≤ Si. Then we apply the previous KiPoS algorithm
to find consistent graphs. This algorithm is called Kirchhoff
Potential Synthesis with Pruning (KiPoS-P). Its overall com-
plexity is

CKiPoS-P(M,N,S,S) =CPrune(M,N,S)+CKiPoS(M,N,S)
(10)

if Si = S for all 1≤ i ≤ N.

5.4 Depth-First Search with Back-tracking (DFS-BT)

The theory of obtaining a solution to a problem with con-
straint variables is well known as theConstraint Satisfac-
tion Problem(CSP). One example is Sudoku, where we have
9×9 variables. Each of them can take a value from the set
{1, · · · ,9}. The constraints are that each row, column and
3×3-square can only have a single occurrence of each value,
i.e. the union of the values along a row, column or 3× 3-
square must be the complete set{1, · · · ,9} again.

The theory of CSP goes back to Mackworth in 1977
[6] with the description ofarc- andpath-consistency. This
means a sequence of variables that are connected by logical
or arithmetical constraints that have to be fulfilled. We can
map our problem of consistent graphs to such a CSP formu-
lation by interpreting the zero cyclic sum condition (5) as an
arithmetic constraint on the weights.

A CSP is mainly solved by a method calledsearch strat-
egy [5]. We use theDepth-First-Search(DFS) [7] which
searches a tree or structure in such a way that all nodes along
a path are explored. The ordering of the path in our case is
defined by the ordering of the fundamental loops. In the first
step, we search the edges in the first fundamental loop and
afterwards we explore the edges of the second fundamental
loop and so on. In (3), for example, the order of the edges to
be explored ise1,e2,e5,e3,e6,e4,e7,e8,e9,e10. We assign a
weightx j

i ∈Wi to each edgeei following this order.x j
i repre-

sents thej-th weight inWi . The result is a tree like in Fig. 4
where each transition from one edge of the graph to another
is determined by the weight assigned to the starting edge.

When we follow one path top down, we obtain one com-
plete assignment of all edges. If we check all assignments
for consistency, there are∏N

i=1Si different possibilities like in
the brute force approach in 5.1. Therefore, theback-tracking
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2 · · ·
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2 · · · xS2

2

Figure 4: A tree structure showing the process of assignment
of weightsx j

i to edgesei .

(BT) [9] is added to the DFS. Each time the search algorithm
detects a failure in a new assignment, it skips this value or
returns to the previous edge. The same applies when the al-
gorithm reaches the last edge.

For the synthesis of consistent graphs, a failure is a con-
tradiction to the zero cyclic sum condition in (5), i.e. we find
at a certain edge that the new assigned weight does not match
to the previously assigned weights in the sense of (5). In this
case, we try the next weight fromWi for the current edge and
test its consistency to the previous weights. If all weights
for the current edge have already been considered, we track
back to the previous edge in the search tree and proceed with
its next weight. The improvement of this approach to brute
force is that we skip complete subtrees in Fig. 4, when the
weights of edges of higher levels conflict.

This algorithm is quite similar to the algorithm presented
in [2] where triples are used to synthesize a consistent graph.
Each triple corresponds to a row inB (fundamental loop) for
complete graphs. The test of the zero cyclic sum condition
along a triple in [2] corresponds to the pruning ofWi . The
concatenation of rows ofB and the assignment of weights
to edges is equivalent to the combination of consistent triples
that have a common edge.

The difference is that we have erased the redundancy of
considering all triples. Instead we consider only the funda-
mental loops. Moreover, our approach does not require a
complete graph whose fundamental loops can be chosen as
triples. The loop matrix is a more general concept and appli-
cable to arbitrary connected graphs.

In general, it is difficult to determine precisely the com-
plexity of the DFS-BT algorithm. Taking the consistency
constraints of the fundamental loops into account, we can
approximate the complexity as follows. To test the first fun-
damental loop, we have to assign a weight to all included
edges. In the worst case, that meansM edges (M− 1 from
Bst and one fromIN-M+1 in (4)). Hence we obtainSM dif-
ferent assignments for the first fundamental loop. Assuming
that the first fundamental loop hasS′ consistent weight com-
binations, we can reduce the number of assignments from
SM to S′. For the next fundamental loop, only one new edge
(from IN-M+1) with S possible weights is added which gives
S·S′ different assignments to be checked. Subsequently this
is done for allN−M remaining fundamental loops. Since
each fundamental loop needs at maximumM−1 operations
for a consistency check, we obtain a complexity of

CDFS-BT(M,N,S,S′) = (M−1) ·
[

SM +S·S′ · (N−M)
]

.
(11)

5.5 DFS-BT with initial pruning (DFS-BT-P)

Just like in section 5.3 we can further reduce the computa-
tional complexity of DFS-BT by applying an initial pruning
step to the weight setsWi . By testing the consistency of each
fundamental loop, we can reduceWi to Wi with S= |Wi |
before we apply the DFS-BT algorithm. This algorithm is
called DFS-BT with initial pruning (DFS-BT-P).

In general,S≥ S′ ≥ Sbecause there may exist more con-
sistent fundamental loops than complete consistent graphs
including all loops. But for the sake of simplicity we as-
sumeS′ = Sconsistent graphs and subgraphs (loops). Hence
the overall complexity of DFS-BT-P is

CDFS-BT-P(M,N,S,S)=CPrune(M,N,S)+CDFS-BT(M,N,S,S).
(12)

6. EVALUATION AND COMPARISON

In this section, we evaluate the proposed synthesis algorithms
and compare their complexity.

6.1 Simulation setup

We implemented all algorithms in MATLAB. For a graph
with M vertices andN edges, we generated for each edgeei a
setWi of S= |Wi | weights. We propose the so called potential
approach to generateSgraphs which are consistent by defini-
tion: We first assignM arbitrary “electrical potentials” to the
M vertices. Then we compute their differences (“voltages”)
as the weight of the edgesxi . In this way, the resulting weight
vectorx always satisfies the consistency conditionB ·x= 0.
The remainingS− S weights per edge are generated ran-
domly.

6.2 More consistent graphs than generated

We applied all algorithms to these simulated weight sets. All
algorithms find allSconsistent graphs as expected. Interest-
ingly, the synthesis algorithms often find more thanS con-
sistent graphs. Fig. 5 shows such an example. For a sim-
ple triple, we generatedS= S= 3 consistent weight vectors
x1 = [2,1,1]T , x2 = [3,2,1]T , x3 = [3,3,0]T as shown in
Fig. 5(a). The corresponding weight sets areW1 = {2,3},
W2 = {1,2,3}, W3 = {0,1}. The synthesis algorithms, how-
ever, produce in addition to these consistent graphs a new
onexnew= [2,2,0]T in Fig. 5(b) whose weights are a com-
bination fromW1, W2, W3.

1
e3

2 e1
1e2

1

3 2

0

3 3

(a)

⇒

0

2 2

(b)

Figure 5: Given the three consistent graphs in 5(a), a
new consistent graph in 5(b) occurs by combining existing
weights.

The reason for this phenomenon is pretty simple. If allxi
are consistent in the sense ofB ·xi = 0, then any linear com-
bination ofxi is also consistent because ofB · (∑i cixi) = 0.
In the above example,xnew = 2(x2−x1) and all weights in
xnew occured inx1, x2, x3.
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6.3 Comparison of computational complexity

For comparing the complexity of different algorithms, we fo-
cused on complete graphs withM = 6 andM = 10 vertices
andN =

(M
2

)

edges. Fig. 6 shows the theoretical complexi-
ties of the brute force approach (6), KiPoS (8) and DFS-BT
(11) for a varying numberS= S of weights per edge. The
plots illustrate a polynomial increase of complexity due to
O(SN) in (6) andO(SM) in (8) and (11). It is obvious that the
brute force approach has the highest complexity.
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Figure 6: A comparison of the theoretical complexities of the
brute force approach, KiPoS and DFS-BT forM = 10 (solid)
andM = 6 (dashed)

Next we discuss the improvement of the initial pruning
step for KiPoS and DFS-BT. This step causes little additional
operations of orderO(S3M2) as shown in (9), but reduces the

overall complexity significantly due toS
M
≪ SM in (10) and

(12).
This is shown in Fig. 7 where KiPoS, KiPoS-P, DFS-BT

and DFS-BT-P are compared forM = 6 vertices,N =
(M

2

)

=

15 edges, a varying number ofSweights per edge andS= 1
2S

consistent graphs for each value ofS. The solid curves plot
the theoretical number of operations according to (8), (10),
(11), (12). The dashed curves show the run time of MATLAB
simulations inµsec. As expected, the initial pruning step re-
duces significantly the complexity because not all weights
contribute to consistent graphs and are deleted fromWi . Sec-
ondly, the theoretical comlexity estimates agree well withthe
experimental results, at least forS< 18. For larger values
of S, the complexity in simulations increases faster than the
theoretical predictions. This effect is related to the one de-
scribed in section 6.2. The larger the number of weights per
edge is, the higher the probability is that the synthesis algo-
rithms find more consistent graphs than we generated.

7. CONCLUSION AND OUTLOOK

We have presented several systematic algorithms for synthe-
sizing consistent graphs with zero cyclic sum of weights of
edges. All algorithms are based on the loop matrix which
specifies the fundamental loops in a graph. We not only stud-
ied different search strategies, but also developed a simple ef-
fective pruning step to reduce the size of the weight sets for
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Figure 7: A comparison of the theoretical (solid) and experi-
mental complexities (dashed) of KiPoS(-P) and DFS-BT(-P)
for M = 6 andS= S/2

the edges. We derived the computational complexities for all
algorithms and verified them in computer simulations.

In the future, we will study how to further reduce the
computational complexity of synthesis algorithms and make
a comparison to the DATEMM algorithm in [2]. In addition,
some practical issues like disconnected graphs and approxi-
mately consistent graphs will be investigated.
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ABSTRACT
The problem of the localization of multiple narrow band sources
in the presence of arbitrary noise of unknown spatial spectral den-
sity is addressed. The array geometry can be arbitrary but must be
known. The spatial noise spectrum is described using a sufficiently
rich class of models that somehow covers the set of rational spec-
tra. The Global Matched Filter is used to identify the characteristics
of the sources that are present and to get a approximate model of
the unknown colored noise. It is a technique that can be seen as
a model-fitting or sparse representation approach in which the ob-
servations are decomposed on the association of different bases of
candidate models. The computational complexity is reasonable and
the performance are quite good and compare favorably with other
methods.

1. INTRODUCTION

Estimating the directions of arrivals (DOA) of narrowband sources
impinging on an array of sensors has applications in many differ-
ent fields. Numerous investigations have been performed to inves-
tigate the performance of the more or less sophisticated methods
developed to detect and locate the sources. Most of them assume
and quite often require that the additive noise be spatially white
(i.e. uncorrelated between sensors) or the noise covariance matrix
be known up to a multiplicative constant. In most practical situ-
ations this is not the case and important degradations do appear,
in terms of bias, poor resolution, spurious peaks, non detection of
weak sources.

Many solutions have already been proposed. One possibility is
to bypass or avoid the difficulty by using either higher order statis-
tics [1] or instrumental variable like methods [2]. In the first case,
one assumes that the noise is Gaussian while the source signals are
non-Gaussian, in the second case the assumption is made that the
spatial correlation length of the sources is much larger than that of
the noise. Even if these assumptions are valid, they lead to a loss
in information. For a given number of available samples, the es-
timation of higher order moments is less accurate than the second
order moments and the same remark holds within the covariance
sequence, the initial terms are better identified as well.

The second and by far the most investigated possibility is to
introduce a parametric model for the noise covariance and to iden-
tify the parameters of that model together with the parameters of
interest from the observations. Basically two types of models are
considered. A number of contributions [3], impose a parametric
model on the noise in the spatial domain (i.e. along the array), usu-
ally autoregressive (AR) models are used. A more abstract model
consists in using a pre-specified set of array-geometry-dependent
matrices to model the noise covariance matrix [4]. In both mod-
els, the goal is to approximate the true noise covariance matrix by
a parametrized model whose order (the number of components, the
number of weights to be adapted) has to be fixed a priori. Indeed,
since -in general- maximum likelihood (ML) approaches are then
used to identify all the unknown parameters: the sources DOA’s, the
sources powers and the noise parameters, the precise orders have to
be fixed a priori.

Direct optimization of the resulting multimodal nonlinear like-
lihood function is a difficult task and the main contribution of the
proposed methods lies in the reduction of dimensionality and/or the
tentative separation of the parameters of interest from the others. A
full separation seems unfeasible and a high-dimensional optimiza-
tion problem must be solved.

Global optimization algorithms such as simulated annealing
(SA) [5] , genetic algorithms (GA) [6] or particle swarm optimiza-
tion (PSO) algorithm [7] have been considered to solve this com-
plex, multimodal, highly non-linear optimization problem.

Now, of course optimizing the ML functional is a valuable
approach only if the underlying pre-specified parametric model is
adequate. Strictly speaking it should be the exact model. Since
over-parametrization induces ill-conditioning and local minima and
under-parametrization induces a lack of adequate model, a prior dif-
ficulty with all these approaches lies in the choice of the model or-
der, of the number of free parameters.

The contribution is organized as follows. Section II describes
the model of the signals while in section III two different noise mod-
els are introduced. The Global Matched filter is briefly described in
section IV and applied to the present context in section V. Simula-
tions and concluding remarks follow in section VI and VII.

2. PROBLEM FORMULATION

We consider the problem of estimating the direction of arrivals
(DOA) of P narrowband sources impinging on a array ofN sensors.
To simplify the exposition we limit ourselves to the one dimensional
localization problem (the azimuth angleθ ), i.e., we assume that the
sources and sensors are coplanar and that the sources are in the far
field. We denoteZk the k-th snapshots, an N-dimensional vector of
the array outputs (after Fourier transformation and selection of the
appropriate frequency bin). This vector can be modeled as

Zk = Ask +nk

with A theN×P matrix with columns the steering vectorsa(θp) for
p = 1 to P, sk the P-dimensional signal vector with components
sk(p) andnk the N-dimensional additive spatial noise vector. The
signalssk(p) and noises are wide-sense stationary complex valued
random processes with zero mean.

We assume the source signals to be uncorrelated and uncorre-
lated from the spatial noise and denoteQ the covariance matrix of
the spatial noise that is an arbitrary positive definite unknown her-
mitian matrix. It follows that

R = E(ZkZ∗
k ) = ASA∗ +Q, with S = E(sks∗k). (1)

with S =diag(αp) the diagonal matrix of the source powers.
The steering vectora(θ) is of the form

a(θ) = [ e−2 jπd1 e−2 jπd2 ... e−2 jπdN ]T (2)

with dk, the distance, expressed in wavelengths, between sensork
and the reference sensor projected on the directionθ of the potential
source. This means that some calibration has been performed so that
each sensor has nominal gain 1 and nominal phase 0.
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3. MODELING THE NOISE FIELD

The noise in the receiving system is composed of internal and ex-
ternal noise. The internal noise mainly consists in thermal noise in
the receivers but other contributors may exist. If the thermal noise
is dominant, a scaled identity matrix is a adequate model for the
covariance matrix of internal noise.

The external noise is the result of the combination of all the un-
modeled and unwanted signals that are intercepted by the sensors.
It is difficult to assume that this ambient noise is uncorrelated from
sensor to sensor. One can however assume that, over the consid-
ered time-spans, this noise is stationary with respect to time and
one can then consider modeling it as the contribution of infinitesi-
mal independent sources in the far-field of the array with azimuth
dependend powerp(θ) that varies smoothly withθ . Sharp changes
in p(θ) would be associated with strong localized noise sources that
cannot be distinguished from the point sources of interest that are to
be localized. It is then natural to representp(θ) by its Fourier series
expansion and to expect that, due to its smoothness, only few terms
will be needed to obtain a quite adequate representation.

The ambient noise covariance matrixQ is then given by

Q = γI +
∫ π

−π
p(θ)a(θ)a(θ)∗dθ ,

where the first part represents the internal noise contribution.
Its q-th order expansion is then

Q ≃ γI +
q

∑
m=−q

cmRm (3)

with
Rm =

∫ π

−π
eimθ a(θ)a(θ)∗dθ

and

cm =
1

2π

∫ π

−π
p(θ)e−imθ dθ .

For a linear array the range is limited to]− π/2, π/2[ and a
similar model with the corresponding modifications applies.

Another way to model the noise and its covariance matrix
is to use complex autoregressive/autoregressive moving average
(AR/ARMA) models along the array. And, since complex AR(1)
models can be seen as the building block of the more general
ARMA models, a sum of complex AR(1) processes is a sufficiently
rich model that allows to represent with any desired accuracy, any
covariance sequence and associated spatial spectral density func-
tion. In the present context, the use of these modelsalong the array
amounts to assume that the noise present at one sensor can some-
how be predicted from the noise present at the neighboring sen-
sors. The corresponding noise covariance matrix is then the sum of
hermitian full rank hermitian Toeplitz matrices, the Toeplitz matri-
ces whose first column is the partial covariance sequence associated
with a complex AR(1) process. A complex AR(1) model satisfies
zn = β zn−1+en whereβ = ρeiϕ with ρ ∈ [0, 1[ andϕ ∈ [0, 2π[ and
en is zero complex circular Gaussian noise with varianceσ2. This
means that the real and imaginary parts ofen are independent white
Gaussian noises with varianceσ2/2 each. The associated covari-
ance sequence satisfies thenrk = E(znz̄n−k) = β kr0 for k ≥ 0 with
r0 = σ2/(1− ρ2) and the associated covariance function, needed
for arbitrary geometry arrays, isr(τ) = r(0)β τ with τ expressed in
half-wavelengths. The noise covariance matrix will thus be mod-
eled as, compare with (3)

Q ≃ γI +∑
m

γmT (βm), (4)

where T (β ) is the full rank, positive definite hermitian Toeplitz
matrix associated with AR(1) process with parameterβ andr0 =
r(0) = 1 on the diagonal, to fix ideas.

Indeed since one is not interested in the model of the noise per
se, since the noise is considered as a nuisance, all one needs is a
model that is sufficiently rich. This is the case of both models intro-
duced above.

4. THE GLOBAL MATCHED FILTER

Let us briefly sketch the DOA estimation procedure that will be used
in the sequel.

4.1 Introduction

It is a high resolution DOA estimation scheme for which no prelim-
inary decision has to be made as to its complexity. In the present
context, this means that it is not necessary to fix a priori neither the
number of point sources that are present nor the number of contrib-
utors in the model of the noise covariance matrix (3,4). The scheme
is called the Global Matched Filter (GMF) in [10, 11] and it can be
seen as a sparse representations technique, a model-fitting approach
or an inverse-problem solver. It works whenever one wants to de-
compose a vector of observations into the sum of a small number of
vectors belonging to a known parametrized family of vectors. This
is the case in the present source localization context when, for in-
stance, one considers as vector of observations a set of beamformer
outputs.

The beamformer output at azimuthφ is defined to be

y(φ) = a(φ)∗Ra(φ) (5)

with a(φ) in (2), and with the notations introduced above (1) and
using (3) to modelQ the noise covariance matrix, one gets

y(φ) =
P

∑
p=1

αp|a(φ)∗a(θp)|2 + γN +
q

∑
m=−q

cma(φ)∗Rma(φ). (6)

It can indeed be seen as being the sum of the contributions of the
P sources and of the different spatial noise components. SinceR
is not available estimated beam outputs, say ˆy(φ) are obtained by
replacingR by its estimate

R̂ =
1
T

T

∑
1

ZkZ∗
k , (7)

the so-called snapshot covariance matrix. The GMF uses as input an
L-dimensional vector with components ˆyk = ŷ(φk). We will denote
Ŷ this vector filled with theseL beams. The value retained forL is
equal to the number of real degrees of freedom inR so that there
is no information loss in replacinĝR, the usual input to most DOA
estimation schemes, bŷY . The bearingsφk ∈ Φ depend upon the
array geometry. For a uniform linear array (ULA),L = 2N −1 and
theφk ’s are equispaced in spatial frequencies.

The decomposition (6) ofy(φ) extends to the vectorY

Y =
P

∑
p=1

αp f (θp) + γ N1+
q

∑
−q

cmgm,

where f (θ) denotes theL-dimensional vector of the contribution of
a source with bearingθ and unit power to the beams inY , 1, a vector
of ones, that allows to model the contribution of the spatially white
noise toY andgm the vector with the contribution to the beams of
theRm matrices in (3).

The aim of the GMF is to recover this sparse exact representa-
tion of Y from the observation of its noisy estimateŶ .

One therefore introduces a set ofM L-dimensional vectorsfm =
f (ψm) with ψm ∈ Ψ, a set ofM ≫ L > P bearings representing the
positions of all the potential sources. One builds theL×MF matrix
F with MF=M+2+2q columns: thefm’s, N1 the contribution of the
spatially white noise and thegm’s. A sparse representation ofŶ is
then of the formFX , with X a vector of weights having just a few
non-zero components. Since the true bearingsθp do generically not
belong to the discretization grid pointsΨ, two columns ofF will,
in general, be needed to approximatively model the contribution
of each true source. A typical sparseX representinĝY will thus
have about 2P non-zero components to represent the sources plus a
number of components to model the noise contribution.

Quite specifically a preliminary version of the GMF amounts to
solve the optimization problem
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min
X

1
2
‖FnX − Ŷ‖2

2 +h‖X‖1, (8)

with ‖X‖1 = ∑ |xk|, ‖X‖2
2 = x2

k , Fn the F matrix with its columns
normalized to one in Euclidean norm andh a positive real to be
fixed by the user. This is a convex program, for which fast dedicated
algorithms are available, and one deduces from its unique optimum
the different estimates of interest: the azimuthsθp, powerssp and
also the source numberP since this number as well as the order of
the noise model has not to be fixed a priori.

4.2 The standard version

We now take into account the statistical properties of the obser-
vations inŶ to develop the standard version of GMF. Under the
current assumptionŝR is an estimate of the covariance matrix of
Zk ∈ CN(0,R) and it follows thatT R̂ is a sample of a complex
Wishart distributionCW (T,N,R) [12]. The statistical properties of
the components ˆyk of Ŷ are then easy to obtain. WithΣ, denoting
the covariance matrix of̂Y one has

Σk,l =
1
T
|a(φk)

∗Ra(φℓ)|2.

It is then natural to premultiply bothF andŶ in (8) byΣ− 1
2 to whiten

the observations in̂Y . SinceR and thusΣ are not known, in practice
one replacesR by its estimateR̂, to get an estimatêΣ of Σ. The
components in the resulting observation vector, say,Ŷw = Σ̂− 1

2 Ŷ are
then, asymptotically inT , uncorrelated and of unit variance.

This version of GMF, which is quite close to a maximum likeli-
hood approach applied to the observations inŶ , amounts to replace
(8) by

min
X

1
2
‖FwnX − Ŷw‖2

2 + h ‖X‖1, (9)

with Ŷw = Σ̂− 1
2 Ŷ , Fw = Σ̂− 1

2 F andFwn represents the matrixFw with
columns normalized to one inℓ2 norm. Just as (8), this is a con-
vex program and all the estimates are deduced from its generically
unique optimum.

4.3 Implementation issues

Let us sketch briefly how to implement in practice (9) or (8), further
details can be found in [11] or more recently in [13].

The number of parameters to be tuned is quite small. The
choice of an adequate numberL of components in̂Yw has already
been discussed above. The choice ofM the number of columns inF
devoted to the potential point sources and the associated discretiza-
tion step in bearing should be fixed according to the resolution pos-
sibilities of the array. As an example, for a uniform linear array
(ULA) with N sensors a half wavelength apart and signal to noise
ratios around 0 dB, the resolution limit (Rayleigh limit) in spatial
frequency is about∆ f = 1/N and a high resolution method able to
separate sources at∆ f = 1/2N, so that one takesM = 10N. This
choice allows for about 2 zero weights between two sources that
are close in bearings but nevertheless potentially separable and thus
guarantees that two disjoint clusters on nonzero weights inX will
be obtained in case the two sources are detected.

For a well chosenh, the optimalX will have ideally about
2P nonzero components among its firstM components. A pair of
neighboring nonzero components for each of the sources that are
present. Other nonzero components will be present in the latter
components of the optimalX to model the noise contribution. The
estimate of the number of waveforms present is then given by the
number of (significant) clusters of nonzero components, the power
of a source is estimated by the sum of the weights in its associated
cluster and the azimuth estimate is obtained by linear interpolation
of the associated indices ofψm ∈ Ψ.

The choice ofh is crucial, it varies linearly with the standard
deviation of the (estimation) noise affecting the components inŶ .
For a standard deviation equal to one, as is the case inŶw, one should

takeh ≃
√

2ln2L. Roughly speaking, the largerh, the sparser the
optimalX and vice versa.

If the value ofh is too large, the procedure may not detect weak
sources and ifh is too small, there may appear many false alarms,
i.e., the procedure might detect sources that do not exist.

Eventually, one should mention that the presence ofh in (8) (9)
induces bias into the estimates. This bias while concerning mainly
and directly the amplitude estimates, also affects slightly the bear-
ing estimates.

Let us summarize the algorithm. For a given array, we build the
F matrix whose columns model the contributions of both the point
sources and noise contributors to the observations vectorY build
usingL beam outputs. The beams are computed according to (5)
with R replaced by the estimatêR (7) of the covariance matrix of the
snapshots. To implement the standard version (9), one further has
to whitenŶ and normalize the columns of the whitenedF-matrix.
One then solves (9) withh in between

√
2ln2L and

√
2ln2MF , and

deduces the estimates from its optimum.

5. DEVELOPMENT

Let us come back to the problem we are concerned with, namely the
presence of arbitrary and unknown spatial noise.

To fix ideas, unless otherwise stated, a linear arrays with eq-
uispaced sensors, one half wavelength apart, withN = 10 sensors
andT = 100 snapshots will be considered. The steering vector (2)
associated with a source becomes then

a(θ) = [ 1 e−iπ sinθ e−2iπ sinθ ... e−(N−1) jπ sinθ ]T , (10)

whereθ ∈]−π/2, π/2[ is the bearing of the source with respect to
broadside.

If the non-whiteness of the noise is not taken into account the
degradation in performance can be important. While the basic
beamformer, with its poor resolution performances, is quite robust,
more sophisticated methods are more sensitive. For spatial noise
with relatively smooth spectral densities, one will observe bias and
higher variance, but as soon as the spectral density of the noise be-
comes slightly spiky, spurious sources will appear and the detection
of weak sources will become difficult together with the determina-
tion of therank of the covariance matrix of the snapshots on which
most high resolution methods, such as MUSIC [8, 9], rely.

The technique of noise modeling using the Fourier series ex-
pansion (3) described at the beginning of section 3 allows to model
essentially very smooth noise spectra or, at the least, requires a large
number of components to represent an even only slightly resonant
spectrum. It is thus more adapted to model quite smooth noise spec-
tra that will generally essentially induce bias and additional variance
in the DOA estimates.

Since the more challenging situation where colored noise may
be confused with sources is to be considered here, only the complex
AR modeling approach (4) will be considered in the sequel. The
implementation within the proposed scheme is then slightly more
complex since instead of having just 2q + 1 (see (3)) additional
columns inF , a larger number of additional columns is required.
Indeed to cover potentially all the complex AR(1) processes, one
has to discretizeβ = ρeiϕ over its domain namelyρ ∈ [0, 1[ and
ϕ ∈ [0, 2π[. For ρ = 1 the AR process becomes singular and in-
distinguishable from a point source (10), one therefore limits the
domain of variation ofρ to [0, .9 ] in the sequel. To represent all
the potential noise spectra,nrho = 9 andnϕ = 12 different values of
ρ andϕ , i.e. ρ = 0.1 k for k = 1 to 9 andϕ = (π/6) k for k = 0
to 11. This leads to the construction ofnρ × nϕ = 108 columns
representing the potentials noise contributions to be added in theF
matrix. This number is quite small and the increase in computation
time it induces is negligible. It will be shown in the simulations
below (see section 6.4) that this approach allows to handle smooth
spectra, belonging to the other models, as well.
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6. SIMULATIONS RESULTS

Simulation results are presented to assess the potentialities of the
proposed method. A Uniform Linear Array withN = 10 sensors
is considered andT = 100 snapshots are used. The matrixF has
19 rows (since an hermitian Toeplitz matrix of order 10 has 19 real
degrees of freedom) and 209 columns, 100 equispaced columns to
model the potentials point source contributions, one to model the
white noise contributions and 108 to model the complex AR(1) po-
tentials noise contributions as described in section 5. The hyper-
parameterh is taken equal to

√
2ln2L ≃ 2.70 as recommended

above.

6.1 Example 1.

Let us first comment on the smalldistance that exists between a
complex AR(1) process withρ = .9 and a point source. In the beam-
former output, they lead to extremely similar shapes, see Figure 1a
and 2 below. Though full rank, the covariance matrix associated
with such a process has essentially one large eigenvalue and makes
all source number determination techniques based on the eigenval-
ues inoperable. In the present GlobalMatched Filter context, the
correlation between the normalized column inA associated with
such a process and the most resembling normalized column inA
associated with a source is 0.986, i.e. the angle between these two
columns is less than 10 degrees. It appears that nevertheless the
algorithm is in general not mislead. If one simulates an complex
AR(1) process withβ = ρ = .9 and variancer0 = 1.39 which mim-
ics quite precisely a point source at 0 degree and unit power, the
GMF systematically identifies the AR process and only in 25% of
the realizations detects an additional source around 0 degree with
quite small average power 0.13, about one tenth of the ”true” value.
This is of course without giving any prior information about the true
scenario to the algorithm.

6.2 Example 2.

In a second couple of simulations, one considers a single resonant
complex AR(1) process withρ = 0.9 andr0 = 1 and 2 close sources
with bearings−5 and 0 degrees and powers1 = s2 = 1. The di-
agonal of the exact snapshot covariance matrix is thus equal to 3.
The resonance of the noise is first (a) placed around -30 degrees
(ϕ = π/2) and then (b) placed around 0 degreesϕ = 0). In both
cases 1000 independent realizations are performed and the esti-
mates of the bearings and amplitudes of the two sources are pre-
sented in Table 1.

The output of the beamformer (for the exact covariance matrix)
corresponding to both scenarios are presented in Figure 1.
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Figure 1: The beamformer output: there is one resonant complex AR(1)
processes modeling the noise and two point sources at -5 and 0 degrees.
Left: the resonant noise contribution is around -30 degrees, right: it is
around 0 degrees. The 19 stars are the beams used as input to the local-
ization and detection algorithm.

The results obtained are quite similar in both cases (a) and (b)
with however a slight bias on the bearings in case (a). The perfor-
mances are close to the Cramer-Rao bounds but of course at no mo-
ment one has to indicate to the algorithm that there are two sources
and one AR(1) process to be estimated. The GMF decides by itself
the model that best fits the observations inŶ . For both cases, there

Table 1: Two equipowered sources with bearings −5 and 0 degrees in
quite resonant AR(1) noise, T=100 snapshots: (a) noise resonance at -30o,
(b) noise resonance at 0o.

(a) noise resonance at -30o (b) noise resonance at 0o

bearings amplitudes bearings amplitudes

true -5 0 1 1 -5 0 1 1

mean -5.14 -.11 .88 .95 -4.95 .04 .94 .94
st dev .23 .22 .14 0.13 .29 0.35 .19 .24

Estimates of the mean and standard deviation of the bearings and ampli-
tudes averaged over 1000 independent realizations.

are, in the average, about 5.1 nonzero components in the optimal
X of dimension 209. Among the the first 100 components inX as-
sociated with the potential point sources, 3.6 of them correspond to
the two (true) sources and once they are removed, there remains one
nonzero weight in about 25 % of the realizations in case (a) and less
than 1 % in case (b). This nonzero weight corresponds to a false
alarm (the detection of a spurious source) has average value.09
in both cases, quite weak spurious peaks that are easily discarded,
since about 10 times smaller than the true sources.

Let us just mention that the closeness in bearings of the two
sources makes this a difficult scenario and that even in the usual
spatial white noise case with unit variance, the standard MUSIC
algorithm fails to separate the two sources in more than 1 fourth of
the realizations.

6.3 Example 3.

In the third scenario the noise is modeled using 3 AR(1) processes
with variance equal to 1 each and parameters(ρ, ϕ) respectively
equal to(0.7, 2π/3), (0.8, π/3) and(0.9, 0) and there is one source
at 20 degrees withs1 = 1 in (1), the diagonal of the exact global
covariance matrix is thus equal to 4. This fully characterizes the
simulation and, depending upon the definition, the signal to noise
ratio is slightly below 0 dB.

The output of the beamformer to this scenario is presented in
Figure 2, there are essentially 4 resonances associated respectively
(from left to right) with the 4 contributing components in the order
they are listed above.
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Figure 2: The beamformer output: there are 3 more and more resonant
complex AR(1) processes with contributions at -40, -20 and 0 degrees and a
point source at 20 degrees. The 19 stars are the beams used as input to the
localization and detection algorithm.

Over 1000 independent realizations, the proposed algorithm al-
ways locates the unique source and, in 48% of the realizations, it lo-
cates a second point with much lower amplitude (one sixth) around
0 degrees in about half of these cases and around -20 and -40 de-
grees in about one quarter of these cases each. If the value ofh is
doubled the number of false detection drops to less than one per-
cent. The parameterh can be shown to act as the threshold in a
generalized likelihood ratio test and it allows to tune the probability
of false alarm. The standard value recommended above corresponds
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to a 10% probability of false alarm in the presence of white spatial
noise with unity variance.

6.4 Example 4.

Let us consider now a noise spectrum that does not belong to the
complex AR class. The covariance function is generated using a
Bessel function of the first kind and order zero, i.e. the first col-
umn of the hermitian Toeplitz matrixQ in (1) is taken equal to
J0(kπ) with k = 0 to N −1. This corresponds indeed to the other
type of models (3) considered above since the covariance matrix is
also equal to(1/π)R0, see (3). As in Example 2, the sources that
are present are located at−5 and 0 degrees and have unit power
s1 = s2 = 1. The estimates of the bearings and amplitudes of the
two sources, obtained over 1000 independent realizations, are pre-
sented in Table 2. and the output of the beamformer (for the exact
covariance matrix) is presented in Figure 3.

Table 2: Two equipowered sources with bearings −5 and 0 degrees in
Bessel noise , T=100 snapshots.

bearings amplitudes
true -5 0 1 1
mean -5.12 -0.44 0.65 0.64
st dev 0.31 0.36 0.15 0.21

Estimates of the mean and standard deviation of the bearings and
amplitudes averaged over 1000 independent realizations.
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Figure 3: The beamformer output: A spatially colored noise with Bessel
covariance function and two equipowered point sources at -5 and 0 degrees.
The 19 stars are the beams used as input to the localization and detection
algorithm.

The average number of non zero weights in the optimalX (9)
is 8.7, and 5.2 of them are used to model this noise that does not
belong to the class considered, the remaining 3.5 concern the two
point sources. In 15 % of the realizations there is one non-zero
weight left, ones the two sources are located, but its amplitude is
0.03 in the average and it can thus be discarded and considered as a
false alarm. One could add that, for this scenario, the basic Music
algorithm separates the two sources in less than 10% of the real-
izations, although the noise spectrum seems to be close to a white
noise spectrum.

7. CONCLUSIONS

This paper presents an approach that allows to localize sources in
the presence of additive noise of unknown spectrum. It is indeed one
way to apply the Global Matched Filter [11, 13] to the unknown col-
ored noise situation. It has been presented for the case of a uniform
linear array but can be adapted to any array geometry.

The task that is considered is of great practical interest and has
been considered for at least two decades. Competing algorithm do
in general rely on a complete and precise parametric description of
both the signals and noise covariances and aim to solve the associ-
ated Maximum Likelihood criterion. This is of course a difficult op-

timization problem and most papers are concerned with smart ways
to make this problem solvable in practice. Suboptimal strategies
whose aim is to decouple the estimation of the signal parameters
from the noise parameters are often considered and sensitivity to
the initialization is in general an important problem. This explains
that new types of optimization routines, such as simulated anneal-
ing, genetic algorithms or particle swarm optimizations are being
considered.

All these approaches nevertheless heavily rely on the validity
of the model that is used, and not only upon the model itself but
also quite drastically upon the precise tuning of the model, i.e. the
number of assumed sources and the order (complexity) of the noise
model has to be precisely fixed a priori. This is of course a penaliz-
ing situation because somehow the detection problem and the order
determination has to be done beforehand and these (probably more
complex) issues are seldom addressed.

The method proposed in this paper is only marginally con-
cerned by these preliminary tuning issues. Their is no need to know
a priori neither the number of sought sources, nor the noise type and
noise model order. Some sort of detection scheme has to be added
to the proposed procedure though, to discard occasional weak spu-
rious peaks that are to be considered as false alarms. Indeed the
only parameter whose tuning has a drastic effect ish in (9) that is
indeed strictly comparable to the tuning of the threshold in a de-
tection test [14]. According to the performances observed in the
simulation section, the value recommended for this parameter at the
very end of section 4 seems to be quite adequate.
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ABSTRACT
A low complexity Soft-Input Soft-Output (SISO) module,
based on Viterbi algorithm, is proposed. This module is suit-
able for turbo decoding of Parallel Concatenated Convolu-
tional Codes (PCCCs). The interest of this approach resides
on the fact that the Viterbi algorithm is used unmodified, still
accepting as its inputs soft information. The hard output of
the Viterbi algorithm is used to compute the extrinsic infor-
mation based on the knowledge of systematic anda priori
information. Also, a set of scaling factors is used to improve
the quality of the extrinsic information. The scaling factors
are obtained based on a semi-analytical method. The con-
vergence properties and performance of the proposed turbo
decoder are evaluated using EXtrinsic Information Transfer
(EXIT) charts and Bit Error Rate (BER) simulations.

1. INTRODUCTION

PCCCs are a well known topic of research and have been se-
lected as channel coding technique in several wireless com-
munications standards (e.g. Long Term Evolution [1]). The
classical approach for iterative decoding of PCCCs uses the
log Maximum A Posteriori (MAP) algorithm [2], whose
complexity is much larger than the complexity of the Viterbi
algorithm [11]. The increase in complexity of the MAP al-
gorithm allows to compute soft (extrinsic) information for
each data bit which is exchanged between two SISO mod-
ules in an iterative fashion [3]. In order to further lower the
complexity of the MAP algorithm, several approaches have
been proposed: max log MAP algorithm, threshold MAP al-
gorithm [5], etc. All these variants have in common the fact
that the original structure of the MAP algorithm is kept (with
forward and backward recursions), but the number of needed
operations and/or trellis states is reduced.

A different approach for low complexity turbo decoding
is represented by the Soft Output Viterbi Algorithm (SOVA)
[6]. In SOVA the Viterbi algorithm is modified so that the
extrinsic information is obtained from metric difference be-
tween the surviving and competitor paths. Further, an update
mechanism is used to compute the extrinsic information for
surviving paths. This allows to obtain soft information from
the Viterbi algorithm at the expense of a higher complex-
ity than the original Viterbi algorithm. A modified version
of SOVA has been shown to be equivalent to max log MAP
algorithm [4]. Further improvements allowed to obtain per-
formace close to log MAP algorithm when the target BER is
moderately low [12].

In [7] a novel low complexity turbo decoder is proposed,
based on an unmodified Viterbi algorithm. The novelty of

this approach comes from the fact that the soft information,
needed by the next stage of the turbo receiver, is computed
from the hard output of the Viterbi algorithm. Also, both
intrinsic information of systematic bits anda priori informa-
tion of informational bits are used to compute an extrinsic
information of data bits to be passed to the next stage of the
iterative decoding process.

This paper follows and extends the results presented in
[7] by providing a theoretical framework for the proposed
SISO Viterbi algorithm. Also, a semi-analytical method for
computing some scaling coefficients, used to compute the ex-
trinsic information, is proposed based on EXIT charts. The
rest of the paper is organized as follows: section2 describes
the SISO module based on Viterbi algorithm, followed by the
presentation of some simulation results in section3. Section
4 ends the paper with conclusions and directions of further
research.

2. SOFT-INPUT SOFT-OUTPUT MODULE BASED
ON VITERBI ALGORITHM

This section presents a low complexity algorithm based on
Viterbi algorithm used for turbo decoding of PCCCs.

The encoder is represented by two Recursive and Sys-
tematic Convolutional Codes (RSCCs) separated by an inter-
leaver [3]. Let un, n ∈ {0,1, . . . ,N −1}, be the sequence of
informational bits. The sequence of informational bits enters
unmodified into the upper RSCC, while the input of the lower
RSCC is represented by the interleaved sequence, withN the
interleaver length. The output of the encoder is represented

by the systematic bits,v(s)
n = un and by the parity bits from

both RSCCs:v
(p)up
n andv(p)low

n . Then, the encoded bits are
Binary Phase Shift Keying (BPSK) modulated and sent into
an Aditive White Gaussian Noise (AWGN) channel:

yn = (1−2vn)+ ηn (1)

wherevn is the coded bit (systematic or parity bit) andηn is
an AWGN with zero mean and varianceσ2.

The turbo decoder uses two SISO modules, exchanging
soft information along several iterations (Fig.1) [3]. The
input to the upper SISO module is represented by intrinsic
information of systematic bits defined as:

L(v(s)
n ; I) = ln

p(y(s)
n /un = 1)

p(y(s)
n /un = 0)

(2)

= −
2

σ2 y(s)
n (3)
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Figure 1: Turbo decoder for PCCC

wherep(y(s)
n /un = 1) is the conditional probability density

function of the received symbol,y(s)
n , knowing the systematic

bit un = 1. The second equality comes from the fact that the
additive noise has a Gaussian distribution. Similarly, it can
be shown that the intrinsic information of parity bits from

upper RSCC is:L(v
(p)up
n ; I) =− 2

σ2 y
(p)up
n . This represents the

second input of the upper SISO module. The third input is
represented by thea priori information of informational bits
defined as:

L(un; I) = ln
P(un = 1)

P(un = 0)
(4)

whereP(un = 1) is thea priori probability of the informa-
tional bit un = 1. This soft information is computed by the
lower SISO module during the previous iteration.

The output of the upper SISO module is the extrinsic in-
formation of informational bits,L(un;O), used, after inter-
leaving, as a priori information at the input of the lower SISO
module.

Also, the lower SISO module has as input the intrinsic

information of parity bits from the lower RSCC,L(v(p)low
n ; I).

The lower SISO module produces an extrinsic information
of informational bits used asa priori information in the next
iteration by the upper SISO module.

In the following only the upper SISO module shall be dis-
cussed, since the lower SISO module has exactly the same
functionality (except that no intrinsic information of system-
atic bits is available at its input). Also, in order to simplify
the notation, the superscriptup shall be dropped.

decoder
Viterbi module

HISOL(v(s)
n ; I)

L(v(p)
n ; I)

L(un; I)

ûn

L(un;O)

Figure 2: SISO module based on Viterbi algorithm for RSCC

The proposed SISO module is based on a Viterbi de-
coder, accepting as its inputs soft information and a Hard-
Input Soft-Output (HISO) module, having at one of its inputs
the hard output of the Viterbi decoder, ˆun, (Fig. 2). These two
modules shall be detailed in the following subsections.

2.1 Viterbi decoder with soft information as its inputs

In order to use thea priori information of informational bits,
the metric used for path selection by the Viterbi algorithm is
defined as [9]:

P(y,v) = p(y/v)P(v) (5)
= p(y/v)P(u) (6)

wherey =
[

y(s)
0 y(p)

0 y(s)
1 y(p)

1 · · · y(s)
N−1y(p)

N−1

]

is the

sequence of received symbols,v is the sequence of system-
atic and parity bits andu is the sequence of informational
bits. The second equality comes from the fact that the prob-
ability of the sequence at the output of the encoder,P(v),
equals the probability of the sequence at the input of the en-
coder,P(u).

Using in (6) the fact that the received symbols are inde-
pendent (since the additive noise is white) and based on the
expressions of intrinsic (3) anda priori (4) information, the
metric used by the Viterbi algorithm can be rewritten as:

P(y,v) = ΠN−1
n=0 Kn

exp
(

un(L(v(s)
n ; I)+ L(un; I))+ v(p)

n L(v(p)
n ; I)

)

(7)

whereKn is a constant depending only on the current instant,
n. Note that, since the transition between trellis states de-
pends on the informational (systematic) and parity bits, the
path selection is influenced only by the argument of the ex-
ponential function (7). Thus, the Viterbi decoder can be fed
directly with soft information (the intrinsic informationof
systematic and parity bits). Further, since the encoder is sys-
tematic, thea priori information can be added to the intrinsic
information of systematic bits before being fed to the Viterbi
decoder (Fig.2).

So, when the encoder is systematic, the classical Viterbi
decoder [11] can be used unmodified, still accepting as its
input soft information. The output of the Viterbi decoder is
the hard decoded sequence of informational bits, used by the
HISO module in order to compute the extrinsic information
of informational bits.

2.2 Hard-Input Soft-Output module

The algorithm used by the HISO module represents the main
contribution of our paper. This algorithm follows and ex-
tends the ideas presented in [7].

In order to compute the extrinsic information of infor-
mational bits,L(un;O), from the hard output of the Viterbi
algorithm, the following expression is used:

L(un;O) = Λ(un)−L(un; I) (8)

whereΛ(un) is the Logarithm of Likelihood Ratio (LLR) of
informational bits defined as

Λ(un) = ln
P(un = 1/ûn)

P(un = 0/ûn)
(9)

= (2ûn −1) ln
1−Pn(e)

Pn(e)
(10)

andPn(e) is the Bit Error Probability (BEP), defined as

Pn(e) =P(ûn = 1/un = 0)P(un = 0)+

P(ûn = 0/un = 1)P(un = 1) (11)

Expression (8) can be proven using (9), (4) and the Bayes’
rule.

In order to prove (10) the BEP is rewritten as (11):

Pn(e) =

{

P(ûn = 0/un = 1)P(un = 1) if ûn = 0
P(ûn = 1/un = 0)P(un = 0) if ûn = 1

(12)
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Using Bayes’ rule, (9) can be rewritten as:

Λ(un) = ln
P(ûn/un = 1)P(un = 1)

P(ûn)−P(ûn/un = 1)P(un = 1)
(13)

If ûn = 0, with (12) the above equation becomes:

Λ(un) = ln
Pn(e)

1−Pn(e)
(14)

Using similar develoments for ˆun = 1, the equation (10) is
completely proven.

Note that a result similar to (10) has been obtained in [7],
but instead of using the BEP at each discrete instant,Pn(e),
the BEP for the entire interleaver is used. However, in [7] no
formal proof is provided for this result.

Thus, using the hard output from the Viterbi algorithm,
ûn, and the knowledge of the BEP,Pn(e), the extrinsic infor-
mation of informational bits,L(un;O), can be computed by
the HISO module.

However, the BEP is not available at the decoder side and
some online approximation is needed for BEP computation.
Since there are several methods for online BEP estimation
for the entire interleaver [8], we choose to approximate the
BEP at each instant by the BEP for the entire interleaver:

Pn(e) ≈ P(e) (15)

wheren ∈ {0,1, . . . ,N −1}. Note that this approach allows
to have different BEPs for different interleavers.

Also, note that with (15) the LLR of informational bits
(10) has a constant absolute value for the entire interleaver
length. This effect will worsen the performance of the turbo
decoder due to the poor quality of the extrinsic information
(8). A similar effect can be observed if the LLR of informa-
tional bits, obtained using the MAP algorithm, is limited us-
ing some threshold value. Thus, in order to improve the qual-
ity of the soft information, as provided by the HISO module,
the following approximation is used (10):

Λ(un)≈

{

c(2ûn −1) ln 1−P(e)
P(e) ,H(L(un; I)+ L(v(s)

n ; I)) = ûn

e(2ûn −1) ln 1−P(e)
P(e) ,H(L(un; I)+ L(v(s)

n ; I)) 6= ûn

(16)
where the scaling factorsc ande are positive real values and

H(x) is the Heaviside step function:H(x) =

{

1,x ≥ 0
0,x < 0

.

The approximation (16) has been proposed in [7] and allows
to introduce additional information into the estimated LLRof
informational bits based on the difference between the esti-
mated bits, ˆun, and the soft information of informational bits,
L(un; I)+ L(v(s)

n ; I).
In order to approximate the BEP for the entire interleaver,

P(e), the simplest approach uses the flipped bit error rate [7]:

P(e) =
1
N

N−1

∑
n=0

∣

∣

∣
H(L(un; I)+ L(v(s)

n ; I))− ûn

∣

∣

∣
(17)

More complex approximations forP(e) can be found in [8].
Our simulations showed that the best results can be obtained
using (17), so in the following only this approximation is
used.

Further, the scaling factors,c and e, can be computed
as the ratio between the expected absolute value of the true
LLR, as computed by the MAP algorithm, E[|Λ(un)|], and
the absolute value of the approximated LLR (16):

c =
E[|Λ(un)|]
∣

∣

∣
ln 1−P(e)

P(e)

∣

∣

∣

(18)

where the expectation, E[|Λ(un)|], is taken over the set of in-

dicesn for which H(L(un; I)+ L(v(s)
n ; I)) = ûn (for matching

bits). In a similar manner, the scaling factore is computed

over the set of indices for whichH(L(un; I)+L(v(s)
n ; I)) 6= ûn

(for nonmatching bits).
The method represented by (18) is briefly mentioned in

[7], but is not developed and instead the scaling factors are
obtained empirically. Thus, the method for computing the
scaling factors can be seen as another contribution of our pa-
per.

It is worth to emphasize that the scaling factors com-
puted with (18) depend not only on the Signal to Noise Ratio
(SNR) at the input of the turbo decoder, but also on the itera-
tion number in the turbo decoder. However, by simulation it
can be shown that a single set of scaling factors is enough to
achieve the best performance of the turbo decoder with the
proposed SISO module.

3. SIMULATION RESULTS

A PCCC of coding rateR = 1/3 is simulated. The
two RSCCs are identical and have generator polynomials
[1 15/13] in octal form .

In order to compute the scaling factors used in (16) we
use the ratio between the true LLR, as provided by the MAP
algorithm, and the LLR computed using the proposed SISO
module (18). The magnitude of the scaling factors as a func-
tion of both mutuala priori information [10] and SNR,Eb

N0
, is

shown in Fig.3aand3b. The scaling factors should have in-
creased values when the mutuala priori information (or the
number of iterations) and the SNR increase.

Further, EXIT charts [10] are used in order to estimate
the convergence threshold, expressed as a SNR, at which the
iterative decoding process converges (Fig.4). The turbo de-
coder uses the proposed SISO module with varying scaling
factors as a function of both mutuala priori information and
SNR. The EXIT chart is obtained from the transfer charac-
teristics of the upper and lower SISO modules. The upper
SISO module uses at its input the received systematic and
parity bits and thea priori information, while the lower SISO
module uses only the received parity bits and thea priori
information. As proposed in [10], the a priori information
corresponds to systematic bits and is represented by the real-
isations of an independent Gaussian variable.

From Fig. 4 it can be seen that at aboutEb
N0

= 1.4 dB
there is a tunnel between the transfer characteristics of the
two SISO modules, allowing the convergence of the iterative
decoding algorithm. This represents the convergence thresh-
old for the proposed turbo decoder and can be used to select
a single set of scaling factors.

Based on this result, a single set of scaling factors can be
selected at zero mutuala priori information. This choice is
justified since a zero mutuala priori information corresponds
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Figure 3: Scaling factors magnitude as a function of mutuala priori information and SNR for(a)matching bits(b)non matching
bits
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Figure 4: EXIT diagram for different values of SNR

to the beginning of the iterative decoding process, while the
convergence threshold ensures the convergence of the turbo
decoder. With these choices, the following scaling factors
are obtained:

c = 1.6114 (19)
e = 0.5859 (20)

The performance of the turbo decoder with the above
scaling factors is presented in Fig.5. Also, for compari-
son purposes, the performance of log MAP, max log MAP
and SOVA are also depicted. The SOVA is used unmodified,
thus the poor performance at a SNR above 0.8 dB.

The SISO module based on Viterbi algorithm has the
lowest complexity among the four algorithms, but this comes
with a performance penality at low SNR. Note also from Fig.
5 that the predicted convergence threshold,Eb

N0
= 1.4 dB, is

confirmed by the BER courve for SISO module based on
Viterbi algorithm. This shows that a single set of scaling co-
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Figure 5: Performance of the turbo decoder with different
decoding algorithms

efficients is enough to achieve good performance of the turbo
decoder at the predicted convergence threshold.

It is also worth to emphasize that the results presented
in Fig. 5 were obtained with an interleaver lengthN = 214

bits, while the EXIT charts from Fig.4 have been obtained
with an interleaver lengthN = 105. Thus, small performance
improvement can be obtained, especially at low SNR, with a
careful choice of the scaling factors, depending on the inter-
leaver length [7].

So, the scaling factors can be obtained using a semi-
analytical method by computing the ratio between the true
LLR, as provided by the MAP algorithm, and the LLR com-
puted by the proposed HISO module. Only a single set of
scaling factors is needed, regardless of the current iteration
(mutuala priori information) and SNR.
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4. CONCLUSION

A low complexity SISO module based on Viterbi algorithm
has been presented, suitable for turbo decoding of PCCCs.
Since the encoders are systematic, the classical Viterbi algo-
rithm can be used with no modifications, still accepting at its
inputs soft information. Further, it has been shown how the
extrinsic information can be obtained from the hard output
of the Viterbi algorithm, using also the knowledge of sys-
tematic anda priori information. By approximating the BEP
at the current instant with the BEP of the entire interleaver,
a practical method for extrinsic information computation has
been provided. In order to improve the quality of the extrin-
sic information, two scaling factors have been used. A semi-
analytical method has been proposed for computing the scal-
ing factors, based on the ratio between the expected absolute
value of the true LLR and the absolute value of the approxi-
mated LLR. It has also been shown that a single set of scaling
factors is enough to achieve the best performance of the pro-
posed turbo decoder, regardless of the iteration number and
SNR.

However, the performance of the proposed turbo decoder
is far from the performance of the best known turbo de-
coder, based on the log MAP algorithm. Thus, future reseach
should focus on a hybrid turbo decoder, using both Viterbi
and log MAP algorithms. Also, generalizations of the hy-
brid turbo decoder for other types of encoders (e.g. serial
concatenations) is another direction of future research.
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ABSTRACT

We present a hardware implementations of the selective
spanning with fast enumeration (SSFE) detection algo-
rithm for a spatial multiplexing multiple-input multiple-
output (MIMO) orthogonal frequency division multiplexing
(OFDM) system. We compare the results to a corresponding
implementation of well knownK-best list sphere detection
algorithm in a 3G long term evolution (LTE) system. We
show that due to many favorable properties of the SSFE al-
gorithm, the ASIC design achieves in 2×2 antenna system
up to 210 Mbps decoding rate with 66k gate equivalents (GE)
and in 4×4 antenna case up to 420 Mbps with 254 kGE.

1. INTRODUCTION

Peak data rate up-to 100 Mbps is required for the long term
evolution (LTE) standard [1] and the LTE-A proposal goes
beyond that, up-to a Gbps peak data rates. The multiple-input
multiple-output (MIMO) antenna system combined with the
orthogonal frequency division multiplexing (OFDM) tech-
nique has been proposed for many standards to increase ca-
pacity or diversity in the system. The multipath environment
causes MIMO channel to be frequency-selective and OFDM
can transform such a channel into a set of parallel frequency-
flat MIMO channels, which decreases the receiver complex-
ity. High data rate wireless communication needs power effi-
cient solutions to process the increasing amounts of data with
a limited hardware and low power consumption.

Linear minimum mean square error (LMMSE) and zero
forcing (ZF) principles can be straightforwardly applied in
MIMO detection. Unfortunately, the linear detectors can suf-
fer a significant performance loss in fading channels, espe-
cially when there is a spatial correlation between antenna el-
ements [2].

The maximum likelihood (ML) detector is optimal for
finding the closest lattice point [3]. However, it is not often
feasible for real implementations, because its computational
complexity increases exponentially with the increasing num-
ber of transmit antennas. The sphere detector (SD) [4] calcu-
lates the ML solution with reduced complexity compared to
full-complexity exhaustive search ML detectors [3]. The list
sphere detector (LSD) [5] is a variant of the sphere detector
that can be used to approximate the soft decision maximum
a posteriori probability (MAP) detector. There are multiple
variations of list sphere detectors such as increasing radius
(IR) [6] andK-best [7]. In addition, there are detectors which
have similarities to sphere detectors such as layered orthog-
onal lattice detector (LORD) [8] and selective spanning with
fast enumeration (SSFE) [9]. In this paper, we considerK-
best and SSFE detectors.

The remaining part of the paper is structured as follows:
Section 2 presents the system model and briefly discusses
the MIMO detection problem. Section 3 reviews theK-best
and SSFE algorithms. Simulation model and results are pre-
sented in Section 4. Sections 5 discusses the implementa-
tion flow. Section 6 summarizes the results and compares
theK-best and SSFE detector implementations presented in
literature. Section 7 finally concludes the paper.

2. SYSTEM MODEL

We consider a MIMO–OFDM system withN transmit and
M receive antennas, whereN ≤ M. Figure 1 illustrates the
applied system model. Table 1 summarizes the 3G channel
model parameters based on the International Telecommuni-
cation Union (ITU) specification. The model applies a lay-
ered space-time architecture with vertical encoding in 2×2
antenna system and horizontal encoding in 4×4 antenna sys-
tem. The cyclic prefix of an OFDM symbol is assumed to be
long enough to eliminate intersymbol interference, i.e., larger
than Tm

Ts
, whereTm is the maximum delay spread in channel

andTs denotes the symbol time. The maximum delay spread
and OFDM symbol time are presented in Tables 1 and 2, re-
spectively. The received signal withsth subcarrier can be
presented as

ys = Hsxs + ηs, s = 1,2...,S (1)

whereS is the number of subcarriers,ys ∈ CM, xs ∈ CN

denotes the transmitted symbol vector,A ∈ C is the sym-
bol alphabet andηs ∈ CM is an identically distributed com-
plex Gaussian noise vector with varianceσ2. The sym-
bol Hs ∈ CM×N denotes the channel matrix. Bit-interleaved
coded modulation (BICM) is applied. The entries ofxs are
chosen independently of each other from a quadrature ampli-
tude modulation (QAM) constellation.

Table 1: Channel model parameters

Number of paths 6
Path delays [ns] [0 310 710 1090 1730 2510]
Path power [dB] [0 -1 -9 -10 -15 -20]
BS antenna spacing 4 λ
MS antenna spacing 0.5λ
BS avg angle of dept 50◦

MS avg angle of arrival 67.5◦

BS azimuth spread 5◦

BS azimuth spread 35◦
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Figure 1: A MIMO–OFDM system model.

The ML detector minimizes the Euclidean distance be-
tween the received signaly and the lattice pointsHx and se-
lects the lattice point that minimizes the Euclidean distance
to the received vectory, i.e.,

x̂ = arg min
x̃∈A N

‖ y−Hx̃ ‖2
, (2)

where‖ · ‖ denotes theL2 norm of a vector. The exhaustive
search can be used to solve the ML detection problem. How-
ever, it becomes computationally infeasible as the set of lat-
tice points increases. The sphere detection algorithm solves
the ML approximation (2) by limiting the search to the lattice
points that lie inside aM-dimensional hyper-sphere [3].

3. DETECTOR ALGORITHMS

The LSD algorithm approximates the MAP detection in
channel coded systems with reduced computational com-
plexity. Basically, the LSD algorithm traverses a tree, whose
depth depends on the number of transmit antennas and the
number of branches depends on the used constellation. The
real signal model doubles the depth in the search tree com-
pared to a complex signal model algorithm, but provides for
instance a less complex distance calculation.

The computational complexity can be reduced by limit-
ing the search inside a sphere with radiusd using the sphere
constraintd2 ≥‖ y−Hx ‖2. The channel matrixH can be
QR decomposed (QRD) into two parts. If the number of
transmit and receiver antennas are equal, the channel matrix
can be presented asH = QR, whereQ denotes aN ×N or-
thogonal matrix andR is a N ×N upper triangular matrix.
After the QR decomposition, the equation can be rewritten
as

d2 ≥‖ y−QRx ‖2

⇔d2 ≥‖ QHy−Rx ‖2
,

(3)

whereQH denotes the Hermitian transpose of matrixQ.
By denotingQHy = y′, we get

d2 ≥‖ y′−Rx ‖2
. (4)

LetxN
i = (xi,xi+1, ...,xN−1,xN)T denote the lastN − i+1

components of the vectorx. The sphere search can be
thought as a tree structure, where the root layer corresponds
to xN

N . The last elements of the possible symbol vectors are
calculated first, i.e.,xN ,xN−1, ...,x1.

The partial Euclidean distance can be calculated as [10]

d(xN
i ) = d(xN

i+1)+

∣∣∣∣∣y
′
i −

N

∑
j=i

ri, jx j

∣∣∣∣∣

2

, (5)

wherei = N,N −1, ...,1 andri, j is thei, jth term of the upper
triangular matrixR.

3.1 K-Best algorithm

The K-best LSD algorithm [11] is a breadth-first search al-
gorithm based on the well knownM-algorithm [12, 13]. The
LSD algorithm proceeds a level by level repeating spanning-
sorting-deleting process. The process will continue untilthe
leaf nodes are reached. After the final level, theK best can-
didates are sorted and output as a final candidate list. The
main complexity of theK-best LSD algorithm comes from
the PED calculation and sorting theK best distances into the
list.

Figure 2 presents the spanning-sorting-deleting process-
ing in the tree search algorithm, where list sizeK = 4. The
example illustrates a real-valued signal model with 2×2 an-
tenna system and 16-QAM. The black arrows show theK
best paths at each level and the grey arrows are the deleted
paths, which did not succeed in the selection. Note that
the impact of the node discarding becomes more significant
when the number of transmit antennas increases, a high order
modulation is used or the list size is small.

Level 4

Level 1

Level 2

Level 3

Root level

Figure 2: An example ofK-best LSD tree search.

A large list size improves the decoding performance, but
leads to an increasing computation burden and memory us-
age. Candidate list sorting is required, when the number of
candidates exceeds the list sizeK. The candidate list updating
requires a comparison between a new PED and the maximum
PED in the list. If the new PED is smaller than the maximum
PED in the list, the new PED is included in the list. Other-
wise, the list stays untouched.

The complexity of the algorithm depends mostly on the
number of transmit antennas, the list size and the modulation
level. The algorithm maintains a list of theK best symbol
candidates and the corresponding multidimensional constel-
lation symbol identifiers. For example, in 64-QAM with a
real-valued signal model,

√
64 = 8 QAM symbols can be
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represented withSb = log2(8) = 3 bits, 000 representing the
first QAM symbol and 111 representing the last QAM sym-
bol. By setting the sphere radius to infinity,d = ∞, a fixed
number of nodes is processed in each step of the algorithm.
The algorithm is serial between the PED calculation and sort-
ing, which prevents writing a fully parallel code between the
levels. High computing power is required to achieve real time
requirements.

3.2 SSFE

Selective spanning with fast enumeration algorithm has
many architecturally favorable features such as deterministic
and regular dataflow [9]. The algorithm is characterized by a
level update vectorm = [m1, ...,mM] in complex-valued sys-
tem andm = [m1, ...,m2M] in real-valued system. The level
update vector defines the number of spans for each node on
leveli and also the length of the final candidate list. Hereafter
we consider a real-valued system. Because there is no node
deleting process in the algorithm, some extra computational
complexity is created for the log-likelihood ratio (LLR) unit.
For example in 16-QAM, 2×2 antenna system with real sig-
nal model, the vectorm = [4,4,4,4] would lead to a full
search and to the length of 256 candidates in the final list.
The vectorm = [1,2,2,4] or m = [1,2,2,3] would lead to a
more realistic implementation of the algorithm, only 16 or 12
candidates in the final list.

A short Euclidean distance list keeps also the log-
likelihood radio calculation unit simple. The spanned nodes
are never deleted. Thus, "unnecessary" PED computing is
not done like in theK-best algorithm. The total number of
computed nodes in the search tree can be determined using
vectorm i.e. ∏2M

j=i m j.
The heart of the SSFE algorithm is a slicer unit. The

slicer unit selects a set of closest constellation pointsxi

such that‖di(xi)‖2 is minimized at each level. In Figure
3, the grey nodes present constellation points on the hori-
zontal axis, whereas the white circle is the received symbol.
If m vector requires for instance two constellation points to
be sliced, the slice△1 is picked first and then the slice△2.
Thus, the SSFE is a distributed and greedy algorithm. It is
distributed becausem defines locally the number of spanned
nodes. This is different for instance to the conventionalK-
best algorithm, in which the spanning-sorting-deleting pro-
cess is globally based onK. A K-best version with variable
K for each level would resemble SSFE algorithm. However,
in SSFE the symbol selection is based on the slicer operation
which clearly differentiates these two algorithms.

-3 -1 1 3

1

2

3

4

Figure 3: The principle of slicer operation in 16-QAM real
system model.

Figure 4 presents a SSFE tree search with real-valued

system model assuming two transmit antennas and 16-QAM.
The vectorm = [2,1,2,2], in which the first element (2) cor-
responds the number of slices on the level 1, the second ele-
ment (1) corresponds slices on the level 2 and so forth. The
final list size in this example is eight.

Level 4

Level 3

Level 2

Level 1

Root level

Figure 4: An example of SSFE tree search.

Instead of using a complex-valued system model [9], we
prefer a real-valued one. It provides a simpler Euclidean dis-
tance calculation but also as a simpler slicer operation. The
closest constellation point selection can be done on horizon-
tal axis instead of selecting constellation point from the two
dimensional grid.

4. SIMULATION

The parametersK and the vectorm have a significant im-
pact on the complexity of theK-best and SSFE algorithms.
Floating-point simulations forK-best and SSFE algorithms
have been carried out in a MATLAB environment. Simu-
lation parameters are inspired by the 3G LTE specifications
[14] and are summarized in Table 2.

In LTE, a radio frame period is 10 ms, which is divided
to 1 ms subframes. The subframe is further divided into two
slots both period of 0.5 ms. In case of normal cyclic prefix
(CP) a single slot consists seven OFDM symbols, where the
overall symbol time is the sum of useful symbol time and the
length of CP. A resource block is defined in time-frequency
domain. In time domain, the resource block lasts a slot pe-
riod, which consists seven OFDM symbols with normal CP.
In frequency domain, the resource block has 12 subcarriers.
For LTE, the OFDM subcarrier spacing has been chosen to
be△ f = 15 kHz. The LTE carrier can consist any number
of resource blocks between 6 and 110, which roughly corre-
sponds to a bandwidth from 1 MHz to 20 MHz. In simula-
tions, a 5 MHz bandwidth is assumed, which corresponds to
512 (300 used) OFDM subcarriers.

The simulator takes into account the effect of log-
likelihood ratio (LLR) clipping [15] with thresholdLmax= 8.
The LSD output list is used to calculate the approximation of
the probability LLR of each transmitted bit. By limiting the
dynamic range of the LLR, the required LSD list size can
be decreased and the computational complexity of the LSD
decreases.

Figures 5 and 6 compare the LMMSE, MAP,K-best and
SSFE detectors. We use a moderately correlating channel,
which is based on the 3GPP vehicular A parameters speci-
fied by International Telecommunication Union (ITU). A lin-
ear detector does not perform well in the correlating channel.
The MAP detector illustrates again the optimal receiver per-
formance for the channel coded system. TheK-best algo-
rithm performs better over SSFE algorithm with a list size
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Table 2: Simulation parameters

Number of subcarriers 512 (300 used)
Bandwidth 5 MHz
Carrier frequency 2.4 GHz
Cyclic prefix (CP) duration 4.69µs
Symbol timeTs 66,7µs
Encoding VBLAST, HBLAST
Channel code Turbo code
Code rate 1/2
Channel model 3GPP-VA ITU,
User velocity 120 km/h
Frames per SNR point 1500

K = 8, which can be considered as a feasible list size for an
area and power efficientK-best implementation. However,
in better channel the SSFE algorithm becomes an attractive
alternative. For instance in 16-QAM, 4×4 antenna system,
the K-best detector withK = 8 performs approximately 0.3
dB (10−2 FER) better than the SSFE withm = [11122223].
TheK-best computes 212 PEDs and sorts 152 times, whereas
the SSFE computes 237 PEDs but replaces expensive sorting
operations with 14 slicing operations.
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Figure 5: Frame error rate vs. SNR in a 2x2 system in a
moderately correlating channel.

5. IMPLEMENTATION TOOL CHAIN

In the logic generation flow, we use a high-level Catapult C
synthesis tool. A fixed-point ANSI C/C++ code is first simu-
lated in software simulation and then we slightly modify the
code to fit into the synthesis tool. From a high level synthe-
sis we get a register transfer level (RTL) code. C/C++ coding
is faster and less error sensitive compared to traditional RTL
coding. The high level synthesis tool automates a large part
of the interface and pipeline generation. The tool allows a
designer to choose the best architecture for a given design
specification making tradeoffs between performance, silicon
area and power consumption. The same design can be eas-
ily tested for different pipeline and speed targets. After the
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Figure 6: Frame error rate vs. SNR in a 4x4 system in a
moderately correlating channel.

high level synthesis is finished, we generate the logic synthe-
sis with Synopsys Design Compiler using a 0.18µm CMOS
technology. The tool generates verilog netlist and a standard
delay format (SDF) files. In the next two steps, we create a
testbench and do the simulation with Modelsim tool. Prime-
Power gets input file from the simulation. Based on the input
file, the tool provides an estimation of the power consump-
tion.

6. RESULTS AND COMPARISON

LTE standard set up the decoding rate target for both of our
SSFE implementations. We utilize them = [1224] for 2×2
andm = [11112224] for 4×4 antenna system. A new sym-
bol data is taken every third clock cycle in both SSFE imple-
mentations. Due to efficient pipelining, low 35 MHz clock
frequency enables the required decoding rate. The low clock
frequency has significant influence on low power consump-
tion.

We utilized a 16-bit fixed-point arithmetic. The word is
divided in 5-bit integer part and 10-bit fraction. One bit is
used for sign. The 16-bit fixed-point arithmetic has negli-
gible frame error rate over double precision floating-point
arithmetic. Since a half code rate is assumed, the maximum
throughput for the actual data is half of the decoding rate.
The goodput, which can be defined to be successfully re-
ceived data, depends on the SNR level and is not considered
in the results. We summarize the gate equivalent, power con-
sumption and the decoding rate for implementations in Table
3.

We compare the Catapult C SSFE detector implementa-
tion to a hand coded SSFE detector implementation [16] and
to a Catapult C implementation of theK-best detector. A fair
comparison between designs is difficult. In addition to dif-
ferent design parameters, the used technologies may differ.
Note that the power dissipation between SSFE implementa-
tions are not comparable due to different CMOS technolo-
gies. Scaling a CMOS technology from 180 nm to 65 nm
can reduce the design power dissipation up to 75 percent.

In [16], a hand coded RTL of complex signal model
SSFE is presented. The architecture supports 16-QAM and

1382



64-QAM and is scalable from 2×2 to 8×8 antenna systems.
The expensive multiplication operations are replaced with
shift and add operations. The Euclidean norm (L2-norm) has
been replaced with the Manhattan norm (L1-norm), which
removes the square operation from the PED calculation, and
thus, simplifies the detector. However, the L1-norm has not
been used in our implementations due to significant perfor-
mance loss in the coded channel.

The K-best algorithm gives a reliable data transmission
throughput in correlating channel, but it is also found to be
complex to implement. TheK-best [17] and our SSFE im-
plementation use the same tool flow and CMOS technology,
and thus, they are somewhat comparable. The pipeline of the
K-best implementations can receive new symbol data after
every 8th clock cycle. The long pipeline needs a clock fre-
quency of 150 MHz, which partly explains the high power
consumption. The design supports QPSK, 16- and 64-QAM,
which increases the number of gate equivalents. We summa-
rize the implementation comparison in Table 3.

Table 3: Detector implementation comparison

Detector MIMO kGE Power Dec. rate
(mW) (Mbps)

SSFE 2×2 66 23 210
SSFE 4×4 254 200 420
SSFE, [16] 2×2 45 9 200
SSFE, [16] 4×4 145 28 400
K-Best, K=8 [17] 2×2 110 120 140
K-Best, K=8 [17] 4×4 209 290 280

7. CONCLUSIONS

We implemented an SSFE detector for 16-QAM, 2× 2 and
4×4 antenna systems using a high-level Catapult C synthesis
tool. Our design target is set by the LTE requirements. The
results show that the SSFE detector for 2×2 antenna system
can be implemented with moderate silicon area and power
consumption. In 4×4 case, we kept the same operating fre-
quency but doubled the decoding rate due to doubled number
of transmit antennas. Thus, the silicon area and power con-
sumption are increased but up to 420 Mbps decoding rate is
achieved.
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ABSTRACT 

Turbo coding has been adopted by 3GPP-LTE standard for 

error correction. However, decoding with a fixed number of 

iterations may lead to excessive processing, penalizing bat-

tery-operated terminals while fewer iterations are some-

times sufficient. Early-stopping criteria can stop the itera-

tive process when a certain confidence threshold has been 

achieved. However, practical implementations use a fixed 

threshold. In this paper we propose an adaptive approach 

based on the block size and coding rate to select the best 

threshold for two state-of-the-art early-stopping techniques. 

We show gains up to 38% in average number of iterations 

with respect to a fixed-threshold approach and higher gains 

with respect to a fixed-iterations approach without degrada-

tion under the LTE performance constraints. Moreover, our 

approach does not require SNR knowledge. 

1. INTRODUCTION 

With the explosive growth of broadband mobile wireless 

demands, cellular standards such as Universal Mobile Tele-

communications System (UMTS) need to evolve and pro-

vide higher data rate to remain competitive. As a result, the 

evolved version of UMTS called Long Term Evolution 

(LTE) and LTE Advanced target the daily increasing demand 

on mobile communications for the next years.   

By adopting Orthogonal Frequency Division Multiplexing 

(OFDM), Multiple-Input Multiple-Output (MIMO) antenna 

schemes, and scalable frequency bandwidths, User Equip-

ments (UE) are capable of downlink data rates of 326 Mbps 

in a 20 MHz bandwidth for a 4x4 antenna configuration [1]. 

However, these data rates could not be possible without an 

effective channel coding scheme like turbo coding, sup-

ported by LTE [2]. 

Introduced in 1993, turbo codes proved to have an error 

correction performance close to the Shannon limit [3]. Turbo 

encoding uses a parallel concatenation of codes separated by 

interleavers, while turbo decoding is based on alternately 

decoding each component code and passing soft information 

to the next decoding stage. However, the improvement in 

signal-to-noise ratio (SNR) becomes smaller with each itera-

tion. 

This iterative process is performed over a block of bits or 

code block. It yields a high level of complexity while the 

latency and energy consumption increase linearly with the 

number of iterations. The number of iterations for correct 

decoding strongly depends on channel characteristics. In 

some cases, successful decoding will never be reached even 

with infinite iterations. However, in most cases a few itera-

tions are sufficient to provide a correct decoding. 

Practical turbo decoders implement a fixed number of itera-

tions for all the code blocks based on the worst case even if 

many code blocks could be successfully decoded with fewer 

iterations.  If we could know the number of iterations that 

are sufficient to decode a code block or at least to reach a 

certain degree of confidence, or performance, unnecessary 

decoding operations would be avoided. Such techniques are 

called early-stopping criteria. Several of them have been 

presented in literature and they aim to stop the iteration 

process when a certain confidence threshold is achieved. 

The choice of this threshold results then in a trade-off be-

tween average number of iterations and performance.  

In cellular standards such as 3GPP-LTE, the block size and 

coding rate of a code block are not static. Therefore, benefits 

can be obtained with a threshold adapting to the code block 

characteristics. 

In this paper we propose an adaptive approach of reduced 

overhead based on the code block size and coding rate that 

selects the best threshold for two state-of-the-art early stop-

ping techniques We compute the achievable gain in average 

number of iterations compared to a fixed-threshold and a 

fixed-iterations (classical) approach.  

This paper is organized as follows. Section 2 shows the pre-

vious work and motivates the proposed approach. Section 3 

describes our adaptive-threshold approach. Section 4 shows 

the results of our adaptive approach in a 3GPP-LTE system. 

Finally Section 5 draws the conclusions. 

2. PREVIOUS WORK IN LITERATURE 

An exhaustive classification of early-stopping criteria can be 

found in [4], dividing them into three groups: those based on 

soft decisions [5][6], hard decisions [7], and Cyclic Redun-

dancy Check (CRC)[5].  

In [8] several of the previous criteria are proposed for a 

UMTS turbo decoder. Many of them pose a considerable 

overhead due to their computational complexity and high 

memory requirements. The best criteria suited for imple-

mentation are the minimum Log-Likelihood Ratio (LLR), 

the Sign Difference Ratio (SDR), and the Sum-reliability 

criteria, offering simplicity, low-memory requirements, and 

good performance [8]. Although the last criterion offers 

some reduction in the number of iterations over all SNR 

values compared to a classical approach, it requires more 

iterations than the first two for high SNRs. 
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The SDR criterion consists in comparing the number of bits 

presenting a sign difference between a priori and extrinsic 

information. Decoding is stopped when this number is a 

fraction of the code block size or when we have reached the 

maximum number of iterations. It does not require storage 

from previous iterations.  

The LLR criterion consists in stopping the decoding once 

the absolute value of all the output bit LLRs are above a 

threshold or the maximum number of iterations is reached. 

It only requires limited storage and almost no extra compu-

tation. 

To our knowledge, these criteria have been scarcely assessed 

in a practical system. For example, in [9] some LLR thresh-

olds were tested for an UMTS system using a fixed block 

size and coding rate. In [10] a two-level early-stopping algo-

rithm for LTE was proposed, but it is based on the computa-

tionally-expensive CRC checksum and no soft/hard decision 

approach was considered.  

A CRC stopping rule could achieve almost the same per-

formance than the genie-solution. However it results in more 

computation than SDR or LLR [5]. Also, there are some 

implementation-related problems. For instance, the CRC 

depends on the input bits ordering, so it cannot be calculated 

on-the-fly, which introduces certain latency. In contrast, 

LLR and SDR criteria can be done on-the-fly, with very low 

storage and computation overhead [8]. LLR and SDR do not 

require memory storage of previous iterations. In fact, as 

soon as the number of bits with a sign difference (SDR) or 

any of the LLR values reach the chosen threshold, the itera-

tions can be stopped. This can bring large benefits in terms 

of latency and power consumption.  

Due to the low implementation complexity and memory 

requirements, we assess in this paper the performance of the 

LLR and the SDR early-stopping criteria for the LTE stan-

dard. Most of the papers on early-stopping criteria focus on 

comparing different methods and selecting a fixed threshold. 

Alternatively, in this paper we propose an adaptive early-

stopping threshold for those two methods. 

Our approach is compared with two references. The first one 

is the classical worst-case design with a predefined fixed 

number of iterations. The second one is a “genie-based” 

approach that assumes complete knowledge of the transmit-

ted bits and stops the decoding in the minimum number of 

iterations required to successfully decode a code block. It 

provides a bound on the minimum number of iterations.  

3. ADAPTIVE THRESHOLD APPROACH 

For a given SNR, a strongly-coded block (lower coding rate) 

needs less iterations in average to reach the same perform-

ance achieved with more iterations over a weakly-coded 

block. In addition, large code blocks have more error correc-

tion potential than small ones because of the extra informa-

tion available in a large code block. This can be seen in Fig-

ure 1 and Figure 2 for a “genie” implementation with 6 as 

maximum number of iterations. Furthermore, this reduction 

in the number of iterations could be quite substantial de-

pending on the code block error rate (BLER) that we want to 

achieve (Figure 3). However, we cannot achieve the same 
Figure 3 – Average number of turbo iterations as a function of 

BLER with genie early stopping. 

Figure 1 – Average number of turbo iterations for different block 

size (BS) and coding rates (CR) with genie early stopping. 

Figure 2 – BLER for different block sizes (BS) and coding rate 1/3 

with genie early stopping. 
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average number of iterations than the “genie” approach 

without a penalty.  

Any early-stopping criteria shows degradation from the “ge-

nie” solution at a certain bit error rate (BER). This happens 

when the criterion is not able to guarantee a higher degree of 

confidence, therefore the BER curve separates from the “ge-

nie” as can be seen in Figure 4 for SDR criterion. As the 

threshold becomes smaller, the degradation comes at a lower 

BER, yet more iterations are needed to satisfy this threshold. 

There are even some thresholds that can achieve less itera-

tions in average than the “genie”, but the price to pay in per-

formance is very high. Following the system performance 

bounds, we define a region of no degradation from the opti-

mal solution. This helps us to select the threshold that 

achieves the lowest amount of iterations while still fulfilling 

the system constraints. A practical implementation of such 

an adaptive-threshold approach is simple from a look-up 

table. 

Again, depending on the block size and coding rate, a code 

block can reach a higher degree of confidence with fewer 

iterations. Hence, a fixed-threshold approach is not optimal 

with systems that use code blocks with variable characteris-

tics. For example, in LTE standard, block sizes can vary 

from 40 to 6144 bits with different coding rates (15 possible 

channel quality indicator or CQI values) [2][11]. On one 

hand, the block size choice depends on the input bit se-

quence length. On the other hand, the code rate choice de-

pends on the performance achieved by the decoder and on 

the number of bits needed for radio resource assignment. If 

the decoder achieved a good performance in terms of BLER, 

a higher modulation and coding rate scheme (link adapta-

tion) could be used. 

Also from Figure 4, we notice that the amount of iterations 

that we could save depends on the input SNR, a parameter 

difficult to estimate precisely in a real implementation. 

Hence, we have to select a relevant SNR working region. 

The LTE standard specifies a minimum performance. If it 

increases, the link adaptation mechanism is likely to switch 

to a faster mode to increase capacity. We select then a range 

of 3dB as working region starting from the point of mini-

mum performance. This permits us to quantify the gains of 

the selected threshold, while avoiding the knowledge of the 

SNR. 

4. RESULTS 

Simulations were performed using a standard-compliant 

turbo decoder in an AWGN channel with 6 iterations as a 

maximum. Three different block sizes are considered corre-

sponding to a maximum, an average, and a small code 

block: 6144, 2048, and 512 bits, and 5 different coding 

rates: 1/3, 1/2, 2/3, 3/4, and 7/8. With each possible combi-

nation of block size and coding rate, several thresholds were 

Figure 4 – SDR BER performance and average number of itera-

tions, block size 2048 bits 

  

Figure 5 – SDR BLER performance, block size 2048 bits, 1/3 

coding rate. 

Figure 6 – LLR BLER performance, block size 2048 bits, 1/3 

coding rate. 
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tested for the two considered criteria. The tested thresholds 

for SDR are 0.01, 0.005, 0.0025, 0.001, 0.00075, 0.0005, 

0.00025, 0.0001; and for LLR, 6, 4, 3, 2, 1, 0.5, 0.1, 0.05, 

0.01. The SDR threshold represents the fraction of code 

block bits changing over one iteration, while the LLR 

threshold is the value above which all output LLRs should 

be. 

In LTE, the medium access control (MAC) layer operates on 

the unit of a transport block (TB). As such, retransmissions 

are based on the correct decoding of the entire TB, which 

could be too large to be processed as a whole by the en-

coder. For practical purposes, TBs are divided into a number 

of code blocks that are independently encoded by a 8-state, 

1/3 mother code rate turbo encoder. LTE allows the use of a 

different block size and coding rate for groups of code 

blocks belonging to a single TB depending on the channel 

feedback reported by the terminal [11]. 

Still, a suitable number of bits need to be generated for radio 

resource assignment. This is done by puncturing or repeat-

ing the bits of the mother code rate to generate a desired 

number of bits. This is equivalent to increasing or decreas-

ing the code rate.  

Based on the received signal quality, the UE feeds back for 

which scheme it can receive a TB with a transport block 

error (TBLER) probability of 0.1[11]. However, one errone-

ous code block is enough to retransmit the whole TB. Since 

many code blocks form one TB, the BLER should be much 

lower than the TBLER. 

Based on a TBLER of 0.1, we derive a maximum allowed 

BLER. For a 20 MHz bandwidth, the maximum TB size can 

be of roughly more than 100,000 bits corresponding to 17 

code blocks per TB [2], so we can allow 1 code block out of 

170 (BLER ~ 0.006) to be incorrect in the worst case. In 

order to avoid degradation up to a TBLER of 0.1, the se-

lected threshold should offer the same performance of the 

optimal solution for a target BLER of 0.006 with the small-

est amount of iterations in average.  

The BLER performance of some of the considered thresh-

olds can be seen in Figure 5 and Figure 6 for SDR and LLR 

criteria, respectively. The target BLER below which we can 

allow degradation is indicated with a dotted line (degrada-

tion limit). For SDR, the smaller (tighter) the threshold, the 

smaller the BLER that results in performance degradation; 

while for LLR, a higher value represents a tighter threshold. 

For SDR only threshold 0.001 satisfies the degradation con-

straint, and for LLR both thresholds 6 and 4 do, but 4 

achieves fewer iterations in average. 

The lower graph of Figure 7 shows the average number of 

iterations for the selected SDR and LLR thresholds satisfy-

ing the target BLER with the fewest average iterations for a 

2048 block size with 1/3 coding rate. The criterion offering 

the least amount of average iterations depends on the input 

SNR. In this case, LLR is better than SDR for low values of 

SNR, and SDR is better for high values. Both solutions are 

less than one iteration away from the optimal solution for 

any SNR value. 

Therefore, our adaptive approach cannot be based just on 

selecting a certain threshold and criteria. We use then a 3dB 

working region as explained in Section 2 starting from a 

BLER of 0.006 (upper graph of Figure 7). In case of work-

ing at a higher SNR, the decoder can provide even further 

savings in average number of iterations. 

Figure 8 – Threshold selection for LLR and SDR according to 

block size (BS) and coding rate (CR). 

 
Figure 7 – Average number of iterations of SDR and LLR, block 

size 2048 bits and 1/3 coding rate. 
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The selected thresholds respecting the LTE performance 

bounds for both LLR and SDR criteria are presented in Fig-

ure 8. With respect to different block sizes, there is not an 

important tendency, however, we observe that the tightness 

of the threshold increases with the coding rate for SDR, 

while it decreases for LLR.   

This could be explained by the coding process. The punc-

tured parity bits at the encoding side result in more sign 

changes between a priori and extrinsic information at the 

decoding side. Therefore SDR needs tighter thresholds for 

higher coding rates to obtain the target BLER performance. 

However, in the case of LLR, looser thresholds are needed 

for higher coding rates because without parity information a 

small increase in the LLR values guarantees a good confi-

dence level.  

For each of the selected thresholds, we compute the average 

number of iterations of the adaptive and fixed threshold ap-

proaches and the “genie” implementation in the selected 

SNR working region (3dB starting from the BLER bound). 

The fixed threshold selected for both criteria is a threshold 

that offers no degradation at BLER 0.006 for all the block 

sizes and coding rates. 

In the best case, with an adaptive threshold in both criteria 

we can save up to 2.3 iterations in average iterations (38%) 

for LLR, and up to 1 iteration (16%) for SDR with respect to 

a fixed-threshold.  

Compared to a classical approach our gains are higher than 

38% for most cases without the need of knowing the input 

SNR. LLR adaptive-threshold proves to save more iterations 

than SDR adaptive-threshold for most coding rates. 

The results for a block size of 2048 are presented in Figure 9 

showing the average iterations obtained by the adaptive 

LLR and SDR thresholds compared with a fixed and a “ge-

nie” approach. 

By combining both adaptive-threshold approaches, we can 

achieve high gains for every coding rate. This approach is at 

most one iteration away from the “genie” solution with no 

performance degradation under the system constraints at any 

coding rate and with a small implementation overhead. 

However, already an adaptive-threshold approach for a sin-

gle criterion could bring substantial gains compared to a 

fixed-threshold approach. 

5. CONCLUSIONS 

In this paper, we propose an adaptive approach to select the 

best confidence threshold between SDR and LLR early-

stopping criteria based on the code block size and the coding 

rate. Our solution does not need knowledge of the input SNR 

of the turbo decoder. Also, it is less than one iteration away 

from the optimal solution with no degradation under the LTE 

minimum performance constraints.  

We are able to achieve gains up to 38% for LLR and 16% for 

SDR with respect to a fixed-threshold approach and higher 

than 38% compared to a no-early-stopping solution. By 

combining both criteria we could achieve high gains for 

every coding rate and block size. 

Our analysis also shows that already an adaptive-threshold 

approach for a single criterion achieves substantial gains. In 

this case, LLR adaptive-threshold saves more iterations than 

SDR for most coding rates and block sizes. 

A future study involves the simulation results for frequency 

selective fading channels using different modulation schemes 

and multiple antennas. 
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ABSTRACT
This paper addresses the problem of the distributed deliv-
ery of correlated data sources with help of network coding.
Network coding provides an alternative to routing algorithms
and offers improved system performance, robustness and
throughput, with no need of deploying sophisticated routing
strategies. However, the performance is directly driven by
the number of innovative data packets that reach the receiver.
If the number of received innovative data packets is signifi-
cantly small, the decoder cannot perfectly recover the trans-
mitted information. However, we show that the correlation
between the data sources can be used at decoder for effective
approximate decoding. We analytically investigate the im-
pact of the network coding algorithm, and in particular, of the
size of finite fields on the decoding performance. Then, we
determine an optimal field size that minimizes the expected
decoding error, which represents a trade-off between quanti-
zation of the source data and probability of decoding error.
The network coding with approximate decoding algorithm is
implemented in illustrative multimedia streaming and sensor
network applications. In both cases, the experimental results
confirm the field size analysis and illustrate the effectiveness
of approximate decoding of correlated data.

1. INTRODUCTION

The rapid developments of sensor networks has triggered im-
portant research efforts that study the design of low complex-
ity sensing strategies and efficient solutions for information
delivery. Since it is often difficult to achieve and maintain
the coordination among sensors, the transmission of informa-
tion from the sensors has typically to be performed in a dis-
tributed manner on ad-hoc or overlay mesh network topolo-
gies. Network coding [1] has been recently proposed as a
method to build efficient distributed delivery algorithms in
networks with path and source diversity. It is based on the
paradigm, where the network nodes are allowed to perform
basic processing operations on information streams. The net-
work nodes can combine information packets and transmit
the combined data to the next network nodes. When the de-
coder receives enough data, it recovers the original informa-
tion by performing inverse operations (e.g., Gaussian elim-
ination for linear combinations). Such a strategy permits to
improve the throughput of the system and to approach better
max-flow min-cut limit of networks [2, 3]. It enhances the
robustness to data loss and reduces the need for coordination

This work was supported in part by the Swiss National Science Foun-
dation grants 200021-118230, PZ00P2-121906, and in part by Basic Sci-
ence Research Program through the National Research Foundation of Korea
(NRF) funded by the Ministry of Education, Science and Technology (2010-
0009717). This work was performed while the first author was with EPFL.

S S SNC
S RNC NC S: Source DataNC: Network Coding NodeR: Receiver/Decoder

Figure 1: A distributed data transmission system.

in the transmission of data in overlay networks compared to
classical routing and scheduling algorithms. In practice, ran-
dom linear network coding (RLNC) [4], where coding in the
network is based on a random selection of coefficients, is of-
ten the preferred network coding solution for the distributed
delivery of time-sensitive multimedia information [5]. Us-
ing RLNC enables distributed delivery, as each node can act
independently with no need for central coordination.

We focus on the distributed transmission of correlated
data sources with network coding techniques, which is il-
lustrated in Fig. 1. Correlated data can be sources having
external correlation (e.g., data measured from different loca-
tions in sensor networks) or intrinsic redundancy (e.g., im-
ages in a video sequence). The transmission of correlated
sources is generally studied in the framework of distributed
coding [6], where sources are encoded by systematic channel
encoders and eventually jointly decoded [7, 8]. This choice,
however, does not fully exploit the network diversity. More-
over, in the proposed approach, each sensor does not need to
know the correlation information, which may enable the pro-
posed solutions to take into account more general scenarios.
Thus, network coding is a natural solution to the transmission
of correlated data over networks with diversity [9], where it
leads to efficient distributed algorithms. However, due to the
source and network dynamics, there is no guarantee that each
node receives enough useful packets for successful data re-
covery. This becomes even more critical if applications are
delay-sensitive, as delayed packets are discarded due to tim-
ing constraints. Thus, it is essential to have a methodology
that enables the recovery of the original data with a good
accuracy, when the number of innovative packets1 is not suf-
ficient for perfect decoding.

Since the encoding and decoding processes in each node
of RLNC are based on linear operations (e.g., weighted lin-
ear combinations, inverse of linear matrix, etc.) in finite alge-
braic fields, the original data can be approximately recovered

1A packet is referred to as innovative if it increases the rank of the coding
coefficient matrix.
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Figure 2: An illustrative example for network coding.

with help of regularization techniques such as Tikhonov reg-
ularization [10]. While regularization techniques provide a
closed form solution and can be used in a general case, it may
result in significantly unreasonable approximations [10]. In
this paper, we propose to use the correlation between the
sources to design approximate decoding algorithms when the
number of packets is insufficient. We show that the use of
data correlation, such as external correlation or intrinsic re-
dundancy at decoding can lead to an efficient solution for
data recovery.

The information about correlation provides additional
constraints in the decoding process, such that well-known
approaches for matrix inversion (e.g., Gaussian elimination)
can be efficiently used. We show analytically that the use
of correlation leads to a better data recovery, or equivalently,
that the proposed approximate decoding solution results in
improved decoding performance. Moreover, we analyze the
impact of the accuracy of the correlation information on the
decoding performance, since the correlation information is
usually obtained from estimation in practice. Our analysis
shows that more accurate correlation information leads to
better performance in the approximate decoding. We then an-
alyze the influence of the network coding strategy, and in par-
ticular, of the choice of the finite field size (i.e., Galois Field
(GF) size) on the performance of the approximate decoding.
We demonstrate that the GF size should be selected by con-
sidering the tradeoff between source approximation and de-
coding performance. Specifically, the quantization error of
the source data decreases with the coding GF size, while the
decoding error probability increases with the field size. We
show that there is an optimal value for the GF size when ap-
proximate decoding is enabled at the receivers. Finally, we
illustrate the performance of the network coding algorithm
with the approximate decoding on two types of correlated
data, i.e., seismic data (external correlation) and video se-
quences (intrinsic correlation). We demonstrate the results
of the finite field size analysis and show that the approximate
decoding leads to efficient reconstruction when the correla-
tion information is used during decoding.

This paper is organized as follows. In Section 2, we de-
scribe the network coding framework considered in this pa-
per. The influence of the size of the finite field is studied
in Section 3. In Section 4, we provide illustrative examples
that show how the proposed approach can be implemented in
video delivery or sensor networks applications, and conclu-
sions are drawn in Section 5.

2. PROPOSED FRAMEWORK

In this section, we describe the framework considered in this
paper and present the encoding and decoding strategies. Let
x1, . . . ,xN be N non-negative correlated original data, where
xn ∈ X for 1 ≤ n ≤ N. X denotes an alphabet size of xn.
In RLNC, a node k transmits packets y(k) = ∑N

n=1 cn(k)xn,
which is a linear combination of xn with weights cn(k) ran-
domly chosen from GF(2r). These packets are transmitted
to other nodes. Hence, the GF size is determined by r. The
nodes are distributed over a network (e.g., adhoc network).
We assume that |X | ≤ 2r. An illustrative example of the
coding process in the case where N = 3 is shown in Fig. 2.

If K innovative (i.e., linearly independent) packets,
y(1), . . . ,y(K), are available, the following linear system
y(K) =Cx can be formed2: y(1)

...
y(K)

=

 c1(1) . . . cN(1)
...

. . .
...

c1(K) . . . cN(K)

 x1
...

xN

 . (1)

The goal of decoding is therefore to estimate x̂ from the
received y(K) in (1). If K =N, x̂ can be uniquely determined
as x based on well-known approaches such as the Gaussian
elimination method. However, if K <N, there may be infinite
number of solutions for x̂ as the coding coefficient matrix C
is not full-rank. Hence, additional constraints need to be im-
posed into C appropriately such that the coding coefficient
matrix becomes a full-rank matrix and the corresponding x̂
is a good approximation of x. A similar problem has been
studied in compressive sensing, where the original data can
be recovered from a small set of equations, under sparsity as-
sumptions [11]. However, such approaches are not applica-
ble to this problem, since coding operations are performed in
finite fields on data that are not necessarily sparse. When the
data are correlated, the correlation information can be used
by the decoder in order to provide additional constraints to
C in the decoding process. This leads to approximate decod-
ing solutions that enable the reconstruction of the original
data with tolerable distortion. We study in the next section
the influence of the finite field size (GF size) in the proposed
framework, and then, we provide illustrative examples of ap-
proximate decoding of video and sensor data.

3. INFLUENCE OF FINITE FIELD SIZE

In this section, we study the impact of the construction of
the coding coefficient matrix C on the approximated decod-
ing performance. In particular, we analyze the influence of
the GF size on the performance of the system. We assume
that C is not a full-rank matrix. Approximate decoding is
performed with help of additional constraints, which can be
imposed based on the correlation information. The correla-
tion information is communicated as side information in the
beginning of transmission process.

We study first the influence of the GF size on the decod-
ing error probability. Then, we determine the optimal GF
size that leads to the smallest expected error at decoder.

Theorem 1 Let xn be selected from a finite size alphabet
X and coding coefficients cn(k) be randomly selected from

2In this paper, vectors and matrices are represented by boldfaced lower-
case and boldfaced capital letters, respectively.
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GF(2r). If GF(2r) is extended to GF(2R) (r < R), the proba-
bility that decoding errors become higher increases.

Proof : Let x∈X be an original data, and let x̂r and x̂R be the
decoded x over GF(2r) and GF(2R), respectively, where R> r
for r,R ∈ N. We assume that |X |= 2r. We also assume that
the recovered data is uniformly distributed over X , since
the coefficients of RLNC are randomly selected based on a
uniform distribution over GF(2r) or GF(2R) in RLNC, the
reconstructed data follows a uniform distribution [12]. Thus,
the probability mass function of x̂k is given by

pk(x̂k) =

{
1/2k, if xk ∈ [0,2k −1]
0, otherwise

for k ∈ {r,R}. To prove that extending GF size results in a
higher decoding error, we may show

Pr(|x− x̂R| ≥ |x− x̂r|)> 0.5. (2)

The left hand side of (2) can be expressed as

Pr
(

x̂R ≥ x̂r,x ≤
x̂R + x̂r

2

)
+Pr

(
x̂R < x̂r,x >

x̂R + x̂r

2

)
= Pr(x̂R ≥ x̂r)Pr (2x ≤ x̂R + x̂r| x̂R ≥ x̂r)

+Pr(x̂R < x̂r)Pr (2x > x̂R + x̂r| x̂R < x̂r)

= 2r−R−1 +
(
1−2r−R) P̂

since x̂R and x̂r are both uniformly distributed. We define
P̂ , Pr (2x ≤ x̂R + x̂r| x̂R ≥ x̂r). Using Bayes’ rule,

P̂ = ∑2r−1
z=0 Pr (2z ≤ x̂R + x̂r| x̂R ≥ x̂r,x = z)Pr(x = z)

=
1
2r ∑2r−1

z=0 Pr (2z ≤ x̂R + x̂r| x̂R ≥ x̂r,x = z) .

For r,R ∈ N and R > r, R can be expressed as R = r +α ,
where α ∈ N, and since

∑2r−1
z=0 Pr (2z ≤ x̂R + x̂r| x̂R ≥ x̂r,x = z)

=
1

2r+R ∑2r−1
z=0

[
2r+R −

{
2r−1(2r −1)+2∑z

l=0 l
}]

=
1

2r+R

{
22r+R − 1

6
(
5 ·23r −3 ·22r −2 ·2r)} ,

P̂ can be expressed as

P̂ = 1− 1
6

[
5 · 1

2α − 3
2r+α − 2

22r+α

]
.

Because limr→∞ P̂ > 0.5 for all α ∈ N, and P̂ is a non-
increasing function of r, P̂ > 0.5 for all r and R. Therefore,

Pr(|x− x̂R| ≥ |x− x̂r|)> 0.5 (3)

which completes the proof. �
Theorem 1 implies that a smaller GF size is preferred

given a fixed number of data set, in order to reduce the ex-
pected decoding error. However, if the GF size becomes
smaller, the maximum number of data that can be encoded
and perfectly decoded by RLNC decreases correspondingly.
Specifically, if |X |> 2r′ for r′ < r, part of data in X needs

to be discarded such that |X ′| ≤ 2r′ . Hence, all the data in
X ′ can be distinctly encoded in GF(2r′ ).

In summary, reducing the GF size for coding coefficients
may result in lower decoding errors. However, this also in-
duces higher loss of original data information. Based on this
clear tradeoffs, Theorem 2 shows that
• there exists an optimal GF size that minimizes the ex-

pected decoding error,
• what is the optimal GF size.

In this analysis, we assume that if the GF size is reduced
from GF(2r) to GF(2r−z), the least significant z bits are first
discarded from x ∈ X . Moreover, we assume that the corre-
sponding information (data) loss is uniformly distributed and
the recovered data is also uniformly distributed [12].

Theorem 2 There exists an optimal GF size that minimizes
the expected decoding error of RLNC encoded data. More-
over, the optimal GF size, GF(2r−z∗), is determined at z∗ =
⌈(r−1)/2⌉ and z∗ = ⌊(r−1)/2⌋.

Proof : Suppose that |X | = 2r and GF(2r). If GF size
is reduced from GF(2r) to GF(2r−z), where 0 ≤ z ≤ r − 1
(z∈Z), the decoding errors eD are uniformly distributed over
[−rD,rD], where rD = 2r−1−z −1, i.e.,

peD(eD) =

{
1/(2rD +1), if eD ∈ [−rD,rD]
0, otherwise . (4)

Correspondingly, X is reduced to X ′, where |X ′| = 2r−z

by discarding least significant z bits from all x ∈ X . This
information loss also results in errors eI over [−rI ,rI ], where
rI = 2z −1, i.e.,

peI (eI) =

{
1/(2rI +1), if eI ∈ [−rI ,rI ]
0, otherwise . (5)

The distribution of total error, peT (eT ) = peD(eD)+ peI (eI),
is given by [13]

peT (eT ) =
1
2

H{|eT + rI + rD +1|− |eT + rI − rD|

− |eT − rI + rD|+ |eT − rI − rD −1|}

for |eT | ≤ rI + rD , emax
T and H = (2rI + 1)−1(2rD + 1)−1.

Since eT + rI + rD + 1 ≥ 0 and eT − rI − rD − 1 ≤ 0 for all
|eT | ≤ emax

T (= rI + rD), by substituting rI and rD, we have

peT (eT ) =
1
2

H{2
(
2z +2r−1−z −1

)
−|eT +2z −2r−1−z|− |eT −2z +2r−1−z|}. (6)

By denoting a(z) , 2z − 2r−1−z and b(z) , 2z + 2r−1−z, the
expected decoding error E[|eT |] = ∑∞

eT=−∞ |eT | · peT (eT ) can
be expressed as

1
2

H
emax

T

∑
eT=−emax

T

|eT |[2(b(z)−1)−|eT +a(z)|− |eT −a(z)|].

Since both |eT | and [2(b(z)−1)−|eT +a(z)|− |eT −a(z)|]
are symmetric on z= ⌈(r−1)/2⌉ and z= ⌊(r−1)/2⌋, E[|eT |]
is also symmetric. Moreover, it can be easily shown that for
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Figure 3: Illustrative examples of patch p with size 2×2 and
patches in a generation t.

the case where a(z) > 0, which corresponds to r/2 < z ≤
r−1, E[eT ] can be expressed as

E[|eT |] =
[

H
3

b(z)(b(z)−1)(b(z)−2)− H
3

a(z)(a(z)2 −1)
]

and this is an increasing function for r/2 < z ≤ r−1. Since
E[|eT |] is a symmetric on z = ⌈(r − 1)/2⌉ and z = ⌊(r −
1)/2⌋, and is an increasing function over r/2 < z ≤ r − 1,
E[|eT |] is convex over 0 ≤ z ≤ r − 1. Therefore, there ex-
ists an optimal z∗ that minimizes the expected decoding er-
ror. Moreover, since E[|eT |] is symmetric on ⌈(r−1)/2⌉
and ⌊(r−1)/2⌋, the minimum E[eT ] can be achieved at
z∗ = ⌈(r−1)/2⌉ and z∗ = ⌊(r−1)/2⌋. �

In the next section, we confirm the theoretical results dis-
cussed in this section by implementing the approximate de-
coding strategy to two illustrative applications.

4. ILLUSTRATIVE EXAMPLES

4.1 Network Coding of Uncompressed Video Frames
We illustrate the findings of the previous section in an ap-
plication that perform network coding of images in a video
sequence, and approximate decoding using the information
provided by motion estimation in the video sequence.

Let Y t
p(k) = ∑N

n=1 cn
p(k)X

n
p be the kth received data that

corresponds to a patch p with size L×L in generation t (i.e., a
GOP). Y t

p(k) = [yt p
1 (k), . . . ,yt p

L2(k)]T is a vector of linear com-
bination of corresponding Xn

p = [xnp
1 , . . . ,xnp

L2 ]
T at nth frame

in GOP t with coding coefficients cn
p(k), which is randomly

chosen in GF(2r). We assume that the original data (i.e., pix-
els) has values ranging in [0,255], and thus, |X |= 256 = 28.
An example is illustrated in Fig. 3.

For patch p, if a node receives K innovative data, i.e., the
node has Y t

p(k), k = 1, . . . ,K, the node can form the following
linear system Yt

p(K) =CpXp: Y t
p(1)
...

Y t
p(K)

=

 c1
p(1)IL2 . . . cN

p (1)IL2

...
. . .

...
c1

p(K)IL2 . . . cN
p (K)IL2


 X1

p
...

XN
p

 ,

where IL2 is L × L identity matrix. Correspondingly, for
N frames (each of frame is decomposed into M patches,
1 ≤ p ≤ M), linear system Y(K) = CX in generation t

can also be formed, where Y(K) = [Yt
1(K), . . . ,Yt

M(K)]T ,
C= diag(C1, . . . ,CM), and X= [X1, . . . ,XM]T . Y(K) is a
KML2 × 1 vector, C is a KML2 ×NML2 matrix, and X is a
NML2 ×1 vector. We consider the case of K < N, where the
approximated decoding approach can be deployed by impos-
ing additional (N −K)ML2 constraints into the coding coef-
ficient matrix C.

The illustrative example consists of the first three frames
extracted from Silent QCIF format (174×144) standard se-
quence. The pixel values in each frame have range of [0,
255]. Thus, RLNC coefficients are randomly selected from
GF(28), which corresponds to r = 8 in our analysis of Sec-
tion 3. However, if the GF size decreases by z bits, i.e., the
network coding coefficients are selected over GF(28−z), the
least significant z bits are discarded from each pixel. In our
experiments, we assume that 2/3 of innovative packets are
received. The rest of equations can be additionally imposed
based on the information about the matched units in a patch
(i.e., correlations between frames). To find the matched units
in a patch a simple block-based motion estimation technique
is used.3 Each of the constraints can contribute to C as a
form of row vector with NML2 zeros (i.e., additive identity
over GF(2r)) except two elements of 1 and -1 in the position
of matched units.4 For the motion estimation, we use the first
and the second frames. The patch size is 16×16 and a block
size is 8×8. The experiment results are shown in Fig. 4.

Fig. 4 shows the quality measured as PSNR from actually
decoded the three frames in Silent for different GF sizes 28−z.
As discussed in Theorem 2, the expected decoding error can
be minimized if z∗ = ⌈(r−1)/2⌉ or z∗ = ⌊(r−1)/2⌋, which
corresponds to z∗ = 3 and z∗ = 4. This is confirmed from the
experiment results, where the two highest average PSNRs are
achieved at z = 3 and z = 4.

4.2 Seismic Signals in Sensor Networks
The approximated decoding can be used to recover the
data transmitted from distributed sensors in sensor networks,
where each sensor captures a source signal from different
locations. The correlation among the signals that depends
on the proximity of the sensors used for approximate decod-
ing when the decoding system is not full-rank. Note that
the closer the sensors are located, the higher correlations are
achieved.

We consider seismic signals that are captured by sensors
spaced by 100m transmitted to neighbors nodes (e.g., relay
nodes) or receivers. For this illustration, we assume that a re-
ceiver tries to recover the signals of sensors 1, 2, and 30 from
the received packets in a generation (i.e., signal samples in a
fixed size window) encoded based on RLNC. We assume that
the correlation information among signals is included in ad-
dition to the coding coefficients in the encoding process, and
transmitted with packets. Similarly to the illustrative exam-
ple in Section 4.1, we assume that 2/3 of linear equations
required for perfect decoding are received, and that the rest
of 1/3 of constraints are imposed into the coding coefficient
matrix based on the included correlation information. For
simplicity, we assume that the signals from two close sen-
sors, sensor 1 and sensor 2, are highly correlated. The cap-

3This information is included in the encoded packets in addition to the
coding coefficients.

4-1 denotes the additive inverse of 1 over GF(2r).
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tured data is in the range of [0,1023]. Thus, the maximum
GF size is GF(210). The experimental results are shown in
Fig. 5.

Fig. 5 shows the mean square error (MSE) from decoded
signals for different GF sizes sizes 210−z. Theorem 2 is also
confirmed from these results, as the two lowest average de-
coding errors (i.e., normalized average MSE) are achieved at

z∗ = ⌈(10−1)/2⌉= 5 and z∗ = ⌊(10−1)/2⌋= 4.

5. CONCLUSIONS

In this paper, we have described a framework for the deliv-
ery of correlated information sources with help of network
coding and approximate decoding based on correlation in-
formation. We have analyzed the tradeoffs between the de-
coding performance and the size of finite fields. We can
determine an optimal field size that leads to the highest ap-
proximated decoding performance. The proposed approach
is implemented in illustrative video streaming and sensor net-
works applications, where the experimental results confirm
the effectiveness of the proposed approach. Further interest-
ing research topics may include the relation between delay
and approximate error
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ABSTRACT
In this paper, a novel self-adjustable offset min-sum LDPC decod-
ing algorithm is proposed for ISDB-S2 (Integrated Services Digital
Broadcasting via Satellite - Second Generation) application. We
present for the first time a uniform approximation of the check
node operation through mathematical induction on Jacobian loga-
rithm. The approximation theoretically shows that the offset value
is mainly dependent on the difference between the two most unreli-
able inputs from the bit nodes and the algorithm proposed can adjust
the offset value according to the inputs during the iterative decod-
ing procedure. Simulation results for all 11 code rates of ISDB-S2
demonstrate that the proposed method can achieve an average of
0.15dB gain under the same Bit Error Rate (BER) performance,
compared to the Min-sum based algorithms, and consumes only
1.21% computation complexity compared to BP-based algorithms
in the best case.

1. INTRODUCTION
Low Density Parity Check (LDPC) code is an error correcting
code first discovered in 1963 by Gallager [1], and rediscovered by
Mackay and Neal in 1996 [2]. In Japan, a next generation satel-
lite broadcasting system named ”Integrated Services Digital Broad-
casting via Satellite - Second Generation (ISDB-S2)” was proposed
by NHK (Japan Broadcasting Corporation), and is currently under
the examination of Association of Radio Industries and Businesses
(ARIB) [3]. To ensure the transmission quality and high error cor-
rection capability, LDPC code is selected as the error correction
code for ISDB-S2 and is expected to achieve a Bit Error Rate (BER)
of 10−11.

LDPC code can be efficiently decoded through messages ex-
change between check nodes and bit nodes by performing check
node and bit node operations iteratively. Among decoding algo-
rithms, Belief Propagation (BP) algorithm, also known as Sum
Product algorithm, is well known for its good error correcting per-
formance. However it is not hardware-friendly due to the necessity
of implementing Hyperbolic functions [1]. Min-sum (MS) algo-
rithm approximates BP algorithm with easy hardware implementa-
tion but greatly degrades the error correcting performance [4].

Recently, many approaches have been proposed to trade off be-
tween the BER performance and hardware complexity. These ap-
proaches can be categorized as two kinds of schemes: MS-based
schemes and BP-based schemes. The MS-based schemes aim at im-
proving the error correcting performance of the MS algorithm by in-
troducing a multiplied or additive factor, i.e., Normalized Min-sum
(NMS) algorithm and Offset Min-sum (OMS) algorithm [5]. Later
on, some further derivatives of OMS algorithm appear, such as the
Degree-Matched Min-sum (DMMS) algorithm [6] which associates
the offset with the degree of the check node, and the Adaptive Offset
Min-sum (AOMS) algorithm [7] which adapts the offset according
to the most unreliable information sent from the bit nodes. BP-
based schemes, on the other hand, approximate the BP algorithm
by calculating the Hyperbolic function term by term using Jacobian
logarithm, such as Modified Min-sum (MMS) algorithm and Delta
Min (DM) algorithm [8, 9].

BER Performance

Hardware cost

MS-

based

BP-

based

target

high

low

small large

Figure 1: Requirement for ISDB-S2 LDPC decoder

Generally, BP-based algorithms outperform MS-based algo-
rithms in BER performance, but they require larger hardware cost
due to the iterative term-based implementation, as shown in Figure
1. Specifically, for the LDPC codes in ISDB-S2, a maximum of 90
times of computation complexity is introduced compared to MS al-
gorithm, which directly increases the hardware overhead and power
consumption. As far as the high BER performance requirement of
practical ISDB-S2 application is concerned, MS-based algorithms
are not competent enough. On the other hand, the hardware and
power overhead of BP-based algorithms also limit their practical
usage for the highly parallel implementation of ISDB-S2 LDPC de-
coder. Therefore, a decoding scheme which can achieve a similar
BER performance as BP-based algorithms while maintaining the
low hardware cost, will become the trend of future LDPC decoder
design for next generation satellite applications.

Motivated by this challenging design task, we proposed a hy-
brid decoding scheme as an initial attempt for both high BER per-
formance and low hardware cost design. The algorithm improves
the OMS algorithm by a uniform approximation to the check node
computation while the approximation is derived through mathemat-
ical induction on Jacobian logarithm, adopted widely by BP-based
algorithms. It utilizes a self-adjustable offset based on the differ-
ence of the two most unreliable input values from the bit nodes. The
simulation results further demonstrate that the proposed method can
not only improve the BER performance compared to the MS-based
schemes with nearly no overhead in hardware cost, but also con-
sumes far less hardware than the BP-based schemes.

The rest of the paper is organized as follows. Section 2 intro-
duces the LDPC codes used in ISDB-S2. Section 3 describes LDPC
decoding algorithms in detail. Section 4 discusses the proposed al-
gorithm, its simulation result and hardware cost analysis, and finally
Section 5 concludes.

2. ISDB-S2 LDPC CODES

LDPC codes can be defined by a parity check matrix HMN , where
M and N are the number of rows and columns respectively. Defined
by ISDB-S2, the parity check matrices targeted in this work are 11
different ones with code rate ranging from 1

4 to 9
10 . The numbers of

columns (N) for all 11 codes are fixed as 44,880 and the numbers of
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rows (M) are related to the code rate. And all the LDPC codes are
structured QC LDPC codes, with a sub-block size of 374×374 [3].

3. LDPC DECODING ALGORITHMS
Generally, LDPC decoding can be performed by the Two Phase
Message Passing (TPMP) scheduling [2] or the layered scheduling
(shuffled scheduling) [10]. The latter one was proved to be efficient
for structured QC LDPC codes and converges two times faster than
TPMP schedule. We utilize this layered schedule to meet the high
performance requirement of ISDB-S2 application.

Layered LDPC decoding algorithm is mainly composed of
three operations, i.e., bit node operation, check node operation and
A Posteriori Probability (APP) update operation. Let αmn be the
message sent from check node m to bit node n, βmn be the message
sent from bit node n to check node m, and sumn be the APP message
of the bit node n of the codeword and be initialized as λn, which is
the Log-Likelihood Ratios (LLR) of the received codeword from
the channel. Then, the bit node operation, check node operation
and APP update operation of the BP algorithm can be expressed as
Equation (1), Equation (2) and Equation (3), respectively. Note that
A(m) is defined as A(m) = {n|Hmn = 1}.

βmn = sumn −αmn (1)

αmn = 2tanh−1( ∏
n′∈A(m)\n

tanh(
βmn′

2
)) (2)

sumn = βmn +αmn (3)

Since the check node function of BP algorithm is not hardware
friendly, varies researches have been done to approximate the BP
algorithm for better hardware implementation.

3.1 MS-based approximation
A simple approximation to Equation (2) is called Min-Sum algo-
rithm which uses the minimum magnitude of input β as a replace-
ment of the Hyperbolic functions, as shown in Equation (4).

αmn = ∏
n′∈A(m)\n

sign(βmn′)× min
n′∈A(m)\n

|βmn′ | (4)

Although MS algorithm can be easily implemented in hard-
ware, it suffers a large performance degrading which encourages
further researches to find better approximation based on the MS
algorithm. For instance, a normalization factor or offset factor is
applied to the MS algorithm, which forms the well-known Normal-
ized MS algorithm and Offset MS algorithm, as shown in Equation
(5) and (6) [5].

αmn = γ ∏
n′∈A(m)\n

sign(βmn′)× min
n′∈A(m)\n

|βmn′ | (5)

αmn = ∏
n′∈A(m)\n

sign(βmn′)×max( min
n′∈A(m)\n

|βmn′ |− ε,0) (6)

Note that the normalization factor γ and offset factor ε is not
subject to change during the decoding procedure. Some recent
progress claims that techniques to adjust the offset factor according
to either the degree of the check node (DMMS algorithm [6]) or the
minimum output data from the check node (AOMS algorithm [7])
can achieve better performance. However, DMMS requires signif-
icant computation power to determine the offset factor while the
AOMS lacks sufficient theoretical evidence to support its approxi-
mation.

3.2 BP-based approximation
We first denote a basic computation in the check node operation of
BP algorithm (Equation (2)) as function ⊗:

2 tanh−1(tanh
β1

2
× tanh

β2

2
) = β1 ⊗β2 (7)

Therefore, Equation (2) can be simplified as Equation (8).

2 tanh−1( ∏
n′∈A(m)\n

tanh(
βmn′

2
)) = βm1 ⊗βm2 ⊗ . . .⊗βmn′︸ ︷︷ ︸

|A(m)\n|

(8)

2m
 

3m
 

4m
 

mn
 

1m
!"

"
"

Figure 2: Iterative calculation for row operation using BP-based
scheme

Equation (7), the primitive form of Equation (8), can be ex-
panded using Jacobian Logarithm (ln(ea +eb) = max(a,b)+ ln(1+
e−|a−b|)) twice as follows [8]:

β1 ⊗β2

=sign(β1)sign(β2)
(
(min(|β1|, |β2|)

+ f (|β1|+ |β2|)− f (|β1|− |β2|)
) (9)

where function f(x) is defined as f (x) = ln(1+ e−|x|).
Since f(x) is not hardware friendly, several works focus on the

approximation of Equation (9). An MMS algorithm is proposed in
[8] with Equation (10) as a substitution of Equation (9). Similarly,
a DM algorithm is proposed in [9] using Equation (11) to calculate
the parameter D in Equation (10).

β1 ⊗β2 = sign(β1)sign(β2)
(

max(min(|β1|, |β2|)−D,0)
)

where D =

 0.5 |β1 +β2| ≤ 1 & |β1 −β2| > 1
−0.5 |β1 −β2| ≤ 1 & |β1 +β2| > 1
0 else

(10)

D = max
(
(0.9− δ

2
),0

)
where δ =

∣∣|β1|− |β2|
∣∣ (11)

Equation (10) and Equation (11) are then applied iteratively for
the check node operation (Equation (8)). Figure 2 demonstrates
this iterative computation process for message αm1. In each iter-
ation, the ⊗ function of the intermediate result and a β message
is calculated. Therefore, for each α value, a total of (|A(m)| − 2)
⊗ computations are required. Since altogether there are |A(m)| α
values to be calculated in one row, the computation complexity of
the check node operation is proportional to |A(m)| × (|A(m)| − 2),
which is relatively large for some codes in ISDB-S2.

4. PROPOSED ALGORITHM
In this section, a novel self-adjustable offset min-sum algorithm is
proposed, in which a uniform approximation for the check node
operation of the BP algorithm is developed through mathematical
induction on Jacobian logarithm. The effectiveness of the proposed
approximation is demonstrated by the simulation results of all the
11 parity check matrices in ISDB-S2, showing a better BER perfor-
mance than MS-based schemes. The computation complexity and
area cost are also analyzed to further exhibit that the proposed algo-
rithm has much smaller hardware cost than the BP-based schemes.

4.1 Proposed approximation of BP algorithm
In order to reduce the computation complexity of check node op-
eration, we first consider a general case as shown in Equation (12).
Note that the general case is targeted here by considering n′ ∈ A(m)
rather than n′ ∈ A(m)\n in Equation (2). The exact calculation of
αmn will be explained after the uniform approximation is derived.

2 tanh−1( ∏
n′∈A(m)

tanh(
βmn′

2
)) = βm1 ⊗βm2 ⊗ . . .⊗βmn′︸ ︷︷ ︸

|A(m)|

(12)

Since function ⊗ holds commutative law, we can fairly assume
that |βm1| < |βm2| < .. . < |βmn′ |. Under this assumption, Equation
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(12) can be further expanded as Equation (13) through a mathemat-
ical induction based on Equation (9).

2 tanh−1 (
tanh(

βm1

2
) . . . tanh(

βmn′

2
)
)

≈sign(βm1) . . .sign(βmn′)
(

min(|βm1|, . . . , |βmn′ |)
− f (|βm2|− |βm1|)− f (|βm3|− |βm1|)− . . .− f (|βmn′ |− |βm1|)
+ f (|βm2|+ |βm1|)+ f (|βm3|+ |βm1|)+ . . .+ f (|βmn′ |+ |βm1|)

)
(13)

The detailed proof of Equation (13) is listed below.

(1)The condition of n′ = 2 is already proved in Section 3.2.
(2)Suppose n′ = k is correct, consider the situation of n′ = k+1

tanh(
βm1

2
) . . . tanh(

βmk

2
) = X

2tanh−1 (
tanh(

βm1

2
) . . . tanh(

βmk

2
)
)

= Y

⇒ X = tanh(
Y
2

)

2tanh−1 (
tanh(

βm1

2
) . . . tanh(

βmk

2
) tanh(

βm(k+1)

2
)
)

=2tanh−1 (
tanh(

Y
2

) tanh(
βm(k+1)

2
)
)

=sign(Y )sign(βm(k+1))
(

min(|Y |, |βm(k+1)|)

+ f (|Y |+ |βm(k+1)|)− f (|βm(k+1)|− |Y ||)
)

=sign(βm1) . . .sign(βmk)sign(βm(k+1))(
min(min(|βm1|, . . . , |βmk|)
− f (|βm2|− |βm1|)− . . .− f (|βmk|− |βm1|)
+ f (|βm2|+ |βm1|)+ . . .+ f (|βmk|+ |βm1|),
|βm(k+1)|)− f (|βm(k+1)|− |Y |)+ f (|βm(k+1)|+ |Y |)

)
∵min(|βm1|, . . . , |βmk|)
=min(|βm1|, . . . , |βmk|, |βm(k+1)|) = |βm1|
|Y | ≈ min(|βm1|, . . . , |βmk|) = |βm1|

∴2tanh−1 (
tanh(

βm1

2
) . . . tanh(

βmk

2
) tanh(

βm(k+1)

2
)
)

≈sign(βm1) . . .sign(βm(k+1))
(

min(|βm1|, . . . , |βmk|, |βm(k+1)|)
− f (|βm2|− |βm1|)− f (|βm3|− |βm1|)− . . .− f (|βm(k+1)|− |βm1|)

+ f (|βm2|+ |βm1|)+ f (|βm3|+ |βm1|)+ . . .+ f (|βm(k+1)|+ |βm1|)
)

Since |A(m)| is usually a large number for ISDB-S2, the im-
plementation of Equation (13) requires a large amount of hardware
resources. Hence an efficient approximation to the equation to re-
duce hardware cost is a necessity. Based on the characteristics of
function f(x), we find out that f(x) is a monotonically decreasing
function with f (x) .= 0 when x > 2.5. Because of the relation-
ships among |βm1|, . . . , |βmn|, we can derive that |βm2|−|βm1| is the
smallest one among all the arguments of f (x) in the equation, thus
− f (|βm2| − |βm1|) becomes the dominant term of all the function
f (x) terms. We can easily figure out, through the above derivation,
the offset term is mainly dependent on the two most unreliable in-
puts from the bit nodes which are denoted as βmin1 and βmin2 from
now on. However, simply keeping the dominant term and ignoring
all the other ones degrades the precision of computation. There-
fore, we further approximate all the other ones by multiplying a
normalization factor or adding an offset factor to the dominant term
− f (βmin2 −βmin1). In this work, we use the normalization factor γ ′
and obtain Equation (14) as an approximation to Equation (13).

2 tanh−1 (
tanh(

βm1

2
) . . . tanh(

βmn′

2
)
)

≈sign(βm1) . . .sign(βmn′)
(
min(|βm1|, |βm2|, . . . , |βmn′ |)

− γ ′ f (|βmin2|− |βmin1|)
) (14)

As can be seen from Equation (2), the computation of αmn is
based on βmn′ values with n′ ∈ A(m)\n. However, Equation (14) is
derived considering the βmn′ values with n′ ∈A(m). In the following
parts, we will discuss, in three different cases, how we derive the
proposed approximation of Equation (2) from Equation (14).
• Case 1: |βmn| is |βmin1|, the smallest one among all absolute

β values. In this case, |βmin1| should not be included in the
computation of αmn. Therefore, |βmin2| and |βmin3| become the
minimum value and second minimum value among all βmn′(n′ ∈
A(m)\n). Hence,

αmn = ∏
n′∈A(m)\n

sign(βmn′)
(
|βmin2|− γ ′ f (|βmin3|− |βmin2|)

)
• Case 2: |βmn| is |βmin2|, the second minimum value among all

absolute β values. In this case, |βmin1| and |βmin3| become the
minimum value and second minimum value among all βmn′(n′ ∈
A(m)\n). Therefore,

αmn = ∏
n′∈A(m)\n

sign(βmn′)
(
|βmin1|− γ ′ f (|βmin3|− |βmin1|)

)
• Case 3: |βmn| is neither |βmin1| nor |βmin2|. In this case |βmin1|

and |βmin2| are still the minimum value and second minimum
value among all βmn′(n′ ∈ A(m)\n). Therefore,

αmn = ∏
n′∈A(m)\n

sign(βmn′)
(
|βmin1|− γ ′ f (|βmin2|− |βmin1|)

)
So altogether three cases should be considered to implement

Equation (14), which gives rise to additional design overhead.
To solve the problem, we further simplify the check node op-
eration. Through simulation, we notice that the computation of
|βmin3|−|βmin2| in Case 1 can be approximated as |βmin2|−|βmin1| ,
and using −γ ′ f (|βmin2|−|βmin1|) instead of −γ ′ f (|βmin3|−|βmin1|)
for Case 2 incurs nearly no performance degrading. Hence, we
combine three cases into one uniform expression shown in Equa-
tion (15), which greatly reduces the hardware implementation cost.

αmn ≈ ∏
n′∈A(m)\n

sign(βmn′)
(

min
n′∈A(m)\n

|βmn′ |

− γ ′ f (|βmin2|− |βmin1|)
) (15)

From Equation (15), we can see that the offset factor is self-
adjustable, during the iterative decoding, according to the differ-
ence of the two most unreliable inputs from the bit nodes. Such
adjustable scheme precisely models the variations of bit node mes-
sages, hence enhances the decoding efficiency.

4.2 Simulation results
Software simulation of the proposed decoding algorithm has been
conducted for all 11 parity check matrices used in ISDB-S2. The
QPSK modulation and AWGN channel is modeled in the simula-
tion. A total of 10,771,200 input bits are used for simulation. The
maximum number of iteration is set to 50, and the simulation pro-
gram terminates when the decoded codeword is a valid one or the
maximum iteration times are achieved.

Figure 3 and Figure 4 illustrate the simulation result of the BER
performance of BP, NMS, OMS, DMMS, AOMS, MMS, DM and
the proposed decoding algorithm using layered scheduling for rate
3
5 and 3

4 , which will be mainly used in ISDB-S2 service. Except
BP algorithm is simulated using floating values, all the intermedi-
ate messages of simulations for the other algorithms are coded in
6 bit sign-magnitude format and the APP message is realized in
an 8 bit sign-magnitude format to avoid overflow. The parameters
of all algorithms are chosen to optimize both the BER performance
and hardware implementation as γ = 0.875 for NMS (Equation (5)),
ε = 0.125 for OMS (Equation (6)), and γ ′ = 0.125 for the proposed
method (Equation (15)). Also, for simple hardware implementa-
tion, we use the same ∆ function ∆(x) = max( 5

8 −
|x|
4 ,0) as [10] for

approximation of function f (x) for the proposed algorithm in this
work. It can be observed from the figure that the proposed algo-
rithm achieves an average of 0.2dB gain compared to the MS-based
algorithms, and sometimes even outperforms BP-based algorithms.

1396



1.9 2 2.1 2.2 2.3 2.4 2.5 2.6
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

CNR(dB)

B
E

R

 

 

Floating BP
NMS
OMS
DMMS
AOMS
MMS
DM
Proposed

Figure 3: BER performance for rate 3
5

3.5 3.6 3.7 3.8 3.9 4 4.1 4.2 4.3
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

CNR(dB)

B
E

R

 

 

Floating BP
NMS
OMS
DMMS
AOMS
MMS
DM
Proposed

Figure 4: BER performance for rate 3
4

4.3 Comparison of required CNR
In order to further analyze the efficiency of the proposed algorithm
and its suitability to all the LDPC codes in ISDB-S2, we use a
metric, called the required CNR. The required CNR is defined as
the carrier-to-noise ratio when the BER exceeds 10−11 for ISDB-
S2 [11]. Because of the error floor free performance of ISDB-S2
code and relatively long computer simulation time to evaluate the
BER downto the range of 10−11, in this work, we use the same
evaluation method as [11], namely extrapolation, to calculate the
required CNR. The simulation uses 107 input data, if no error can
be found in the simulation, it is fair to say that this point is free
of error at BER = 10−7. We call this point “BER = 0 Observation
Point”, as shown in Figure 5. In this figure, P1 and P2 are simu-
lation points obtained from the computer simulation result. P3 is
the BER=0 Observation Point and P4 is the point with the required
CNR (CNR4). We calculate CNR4 as shown in Equation (16) using
the extrapolation technique.

CNR4 = 2 · log(10−11)− log(BER3)
log(BER2)−log(BER1)

CNR2−CNR1 + log(BER3)−log(BER2)
CNR3−CNR2

+CNR3

(16)

The results of the required CNR are listed in Table 1 for BP
algorithm with TPMP scheduling [11], BP with layered schedul-
ing, and all other algorithms discussed in this paper with layered
scheduling. Except that BP algorithms use floating simulations,
other algorithms include a 6-bit quantization. The row ∆BP(TPMP)
in the table indicates the average differences of required CNR for
all the code rates compared to the BP(TPMP) algorithm. As can be
seen from Table 1, the proposed algorithm is only 0.147dB away
from the standard BP algorithm [11], and is about 0.15dB better
than the MS-based algorithms in average.
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BER =10-11 Point

Figure 5: Required CNR calculation using extrapolation

4.4 Comparison of Computation Complexity and Hardware
Cost

Although the BER performance of BP-based algorithms outper-
forms the proposed algorithm, their computation complexity and
hardware cost can not be neglected. The comparison of computa-
tion complexity and the hardware cost of the check node operation
for one row (exclude the sign computation) are listed in Table 2.
Under column computation complexity, [comp], [add], [shi f t] in-
dicate the computation complexity of comparison operation, addi-
tion or subtraction operation, and shift operation, respectively. For
MS-based algorithm, |A(m)| items are compared serially to get the
minimum and the second minimum value, so 2× |A(m)| × [comp]
is needed. After that, normalization factor or offset factor is applied
to minimum and second minimum value, so additional calculations
for the normalization factor γ and offset factor ε in Equation (5) and
Equation (6) are needed. For the proposed algorithm, after the min-
imum value and the second minimum value are found, according to
Equation (15), we require two more subtraction, two more shift op-
eration and 2 subtraction for offset. For BP-based algorithm, Equa-
tion (10) or Equation (11) is invoked (|A(m)| − 2) times for each
n(n ∈ A(m)) and a total of |A(m)| different n values, thus requiring
|A(m)|× (|A(m)|−2) times of Equation (10) or Equation (11). For
rate 9

10 with the biggest row weight |A(m)| of 32 among all the par-
ity check matrices in ISDB-S2, the computation complexity relation
between NMS, OMS, DMMS, AOMS, MMS, DM and the proposed
method is 1.03 : 1.03 : 1.22 : 1.05 : 90 : 75 : 1.09. The computation
complexity for the proposed algorithm is similar to MS-based algo-
rithms, and much smaller compared to BP-based algorithms. Figure
6(a) shows the relation of average computation complexity and av-
erage required CNR for all the rates in ISDB-S2. From the figure,
we can see that the proposed algorithm consumes much less com-
putation complexity compared to the BP-based algorithms but can
achieve much better error correcting performance compared to MS-
based algorithm with almost the same computation complexity.

We also estimate the hardware cost for one check node opera-
tion (exclude the sign operation) using gate counts. The estimation
results are listed under column hardware cost with [adder5] and
[adder6] indicating the cost of an adder or subtractor for 5 bits and
6 bits. Note that we assume a comparator shares a similar cost with
an adder, and we neglected the cost for shifter. To keep almost the
same clock cycles for one check node operation for all algorithms,
MMS and DM require a parallel implementation of comparison,
thus making the hardware cost almost |A(m)| times as the other al-
gorithms. In Figure 6(b), we show the relation of area cost and
average required CNR for all the rates in ISDB-S2. The adder is
estimated as 6 gates per bit and the LUT is estimated as 10 gates
per bit. The figure demonstrates a similar trend as Figure 6(a) that
the proposed algorithm greatly reduces the area compared to the
BP-based algorithms while achieves much better error correcting
performance than MS-based algorithms.
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Table 1: Comparison of Required CNR (dB)

Rate floating BP MS-based BP-based proposedTPMP [11] Layered NMS OMS DMMS AOMS MMS DM
1/4 -2.1 -2.15 -1.56 -1.33 -1.49 -1.52 -1.73 -1.56 -1.55
1/3 -1.0 -1.14 -0.60 -0.45 -0.42 -0.41 -0.94 -0.86 -0.67
2/5 0.0 -0.16 0.31 0.36 0.44 0.54 0.04 0.13 0.34
1/2 1.2 1.05 1.42 1.45 1.45 1.44 1.14 1.24 1.38
3/5 2.5 2.35 2.67 2.67 2.55 2.54 2.46 2.45 2.45
2/3 3.3 3.27 3.47 3.46 3.34 3.34 3.26 3.25 3.25
3/4 4.0 3.95 4.29 4.26 4.36 4.36 4.06 4.05 4.05
4/5 5.0 4.97 5.28 5.37 5.15 5.16 5.08 4.95 5.07
5/6 5.5 5.48 5.79 6.01 5.66 5.66 5.46 5.46 5.45
7/8 5.9 5.97 6.16 6.08 6.15 6.15 6.01 5.96 6.07
9/10 6.8 6.79 7.09 6.89 6.87 6.87 6.78 6.78 6.88

∆BP(T PMP) 0 -0.065 0.293 0.335 0.269 0.275 0.047 0.068 0.147

Table 2: Comparison of computation complexity and hardware cost
Computation Complexity Hardware Cost

NMS 2×|A(m)|× [comp]+2× [shi f t] 2× [adder5]
OMS 2×|A(m)|× [comp]+2× [add] 4× [adder5]

DMMS (2×|A(m)|+4)× [comp]+3× [shi f t]+7× [add] 5× [adder5]+6× [adder6]
AOMS 2×|A(m)|× [comp]+1× [shi f t]+2× [add] 4× [adder5]+8word ×3bit[LUT ]
MMS |A(m)|× (|A(m)|−2)× (3× [comp]+3× [add]) |A(m)|× (4× [adder6]+2× [adder5])
DM |A(m)|× (|A(m)|−2)× (1× [comp]+3× [add]+1× [shi f t]) |A(m)|× (4× [adder5])

proposed 2×|A(m)|× [comp]+4× [add]+2× [shi f t] 6× [adder5]
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Figure 6: Performance comparison: (a) average required CNR vs.
average computation complexity, and (b) average required CNR vs.
area

5. CONCLUSION

In this paper, in order to achieve high BER performance for satel-
lite transmission services, a novel self-adjustable offset min-sum
algorithm is proposed with the check node operation approximat-
ing BP algorithm. The correctness of the approximation is proved
by mathematical induction through using Jacobian logarithm iter-
atively. The proposed algorithm is hardware-friendly compared to
the BP-based algorithms and the simulation results show that the
proposed algorithm can achieve an average of 0.15dB gain com-
pared to Min-sum based algorithms.
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ABSTRACT
This paper presents a performance analysis of the single
antenna interference cancellation (SAIC) and the multiple
antenna interference cancellation (MAIC) techniques in the
presence of non null frequency offsets of both the signal of
interest (SOI) and interference, that are neither corrected nor
compensated, in terms of signal to interference plus noise
ratio (SINR) and bit error rate (BER). General theoretical
expressions of the SINR and BER are given for BPSK SOI
and interference. To obtain engineering insight, the particu-
lar case of the SAIC with no return to zero (NRZ) pulse shape
filters is considered, where simple expressions are given and
analyzed. It is proved in particular that the performance more
deteriorates for non null frequency offset of the interference
than for non null frequency offset of the SOI. Finally illus-
trative examples are presented in order to specify the validity
domain of our approximations and to quantify the obtained
results in the context of the global system for mobile com-
munication (GSM) standard.

1. INTRODUCTION

For more than a decade, there has been an increasing inter-
est in optimal widely linear (WL) processing [1] in radio-
communication contexts involving rectilinear signals, such
as binary phase shift keying (BPSK) signals or quasi rectilin-
ear signals such as continuous phase modulation (CPM) with
modulation index 1/2, or such as offset quadrature amplitude
modulation (OQAM).

In particular, it has been pointing out in [4] that SAIC
may be performed by WL filters in the context of rectilin-
ear SOI and interference. Then it has been shown in [3],
that the Gaussian minimum shift keying (GMSK) modula-
tion whose linearized approximation was introduced in [2],
may be interpreted as a BPSK modulation after a simple al-
gebraic operation of derotation, displaying the great interest
of optimal WL filtering for cochannel interference mitigation
in the GSM network.

Concerning the performance of these SAIC and MAIC
techniques, only a few contributions have appeared in the
literature. Among them, [3] have given some bounds on
the maximum likelihood sequence estimation (MLSE) for
cochannel interference cancellation within the current GSM
standard and [4] have presented some enlightening results
about the behavior, properties and performance of the SAIC
and MAIC techniques for the reception of a BPSK, MSK
or GMSK SOI corrupted by interference of the same kind.
In this latter case, no performance analysis has been given
concerning the loss in performance in terms of SINR and

BER in the presence of residual frequency offsets of the SOI
and interference that are practically unavoidable. Therefore,
it is of paramount importance to specify how these residual
frequency offsets degrade the performance of the SAIC and
MAIC receivers.

The purpose of this paper is to quantify this sensitivity.
The paper is organized as follows. After the introduction of
the observation model and data statistics given in Section 2,
Section 3 reviews the optimal BPSK SAIC and MAIC re-
ceivers. A performance analysis of these receivers in the
presence of residual frequency offsets of the BPSK SOI and
interference is presented in Section 4 with a particular atten-
tion paid to SAIC with NRZ pulse shape filter. Finally, il-
lustrative examples are given in order to specify the validity
domain of our approximations and to quantify the obtained
results in the context of the GSM standard in Section 5. Sec-
tion 6 contains the conclusion.

2. HYPOTHESES AND DATA STATISTICS

Let us consider an array of N narrow-band sensors. Each
sensor is assumed to receive a BPSK SOI corrupted by a
noncircular total noise composed of a BPSK interference and
background noise. Note that in cellular radiocommunication
networks, such an interference may be generated by the net-
work itself (e.g., from signals coming from neighboring cells
using the same carrier frequency). Hence, this interference
have the same waveform and modulation as the SOI. The
complex envelopes of the SOI and the interference are given
respectively by

s(t) = ∑
n

anυ(t−nT ),

and
j(t) = ∑

n
bnυ(t−nT − t j),

where an = ±1 and bn = ±1 are independent sequences of
independent equiprobable symbols, T is the symbol duration,
t j ∈ [0,T ) is the time origin of the interference assuming an
optimal sampling time for the SOI at t = kT,k ∈ Z and υ(t)
is a square root raised cosine Nyquist filter. The vector x(t)
of complex amplitudes of the signals at the output of these
sensors is given by

x(t) = µss(t)ei2π∆ fsths + µ j j(t)ei2π∆ f jth j +n(t), (1)

where hs and h j are the channel impulse response vectors of
the SOI and interference respectively. Note that model (1)
assumes propagation channel with no delay spread, which
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occurs for example, for flat fading channel or ideal propa-
gation. hs = eiφss and h j = eiφ j j, where φs and φ j, s and j
correspond to the phases and the steering vectors (such that
their first components is one) of the SOI and interference, re-
spectively. ∆ fs and ∆ f j, are the frequency offsets of the SOI
and interference respectively. µs and µ j control the power of
the SOI and interference. The background noise n(t) is as-
sumed independent of the SOI and interference, zero-mean
Gaussian circular, temporally and spatially white.

The sampled observation vector xυ(kT ) def= x(t) ⊗
υ(−t)∗/t=kT (where ⊗ is the convolution operation) ob-
tained after a matched filtering operation to the pulse shape
filter υ(t) and a decimation operation at the symbol rate, is
given by

xυ(kT ) = µsakei2π∆ fskT I0hs + µs ∑
n6=k

anei2π∆ fskT Ik−nhs

+ µ j ∑
n

bnei2π∆ f jkT Jk−n(t j)h j +nυ(kT ), (2)

where

In
def=

∫
υ∗(−τ)υ(nT − τ)e−i2π∆ fsτ dτ

Jn(t j)
def=

∫
υ∗(−τ)υ(nT − τ− t j)e−i2π∆ f jτ dτ. (3)

The extended model is given by x̃υ(kT ) =
[xυ(kT )T ,xυ(kT )H ]T with

x̃υ(kT ) = µsakh̃s(k,k)+ µs ∑
n6=k

anh̃s(k,n)

+ µ j ∑
n

bnh̃ j(k,n)+ ñυ(kT ), (4)

where

h̃s(k,n) def= [ei2π∆ fsnT Ik−nhT
s ,e−i2π∆ fsnT I∗k−nh

H
s ]T ,

h̃ j(k,n) def= [ei2π∆ f j(nT+t j)Jk−n(t j)hT
j ,

e−i2π∆ f j(nT+t j)J∗k−n(t j)hH
j ]T ,

ñυ(kT ) def= [nυ(kT )T ,nυ(kT )H ]T .

The second order statistics of the data considered in this pa-
per are defined by Rx̃(k) def= E[x̃υ(kT )x̃H

υ (kT )] and we as-
sume that E[ñυ(kT )ñυ(kT )H ] = η2I where η2 is the mean
power of the background noise per sensor and I is the
2N×2N identity matrix.

3. SAIC AND MAIC RECEIVERS

3.1 Optimal receiver
Under the assumption of equiprobable SOI symbol se-
quences, without any residual offset and stationary noncir-
cular Gaussian distributed total noise of extended covariance
matrix denoted specifically here by Rñ, the MLSE receiver
which minimizes the output sequence error rate is given [4]
by a WL filtering of xυ(kT ). This one is the so-called WL
spatial matched filter w̃MLSE defined by

w̃MLSE
def= R−1

ñ h̃s, (5)

with h̃s
def= [hT

s ,hH
s ]T , whose output y(kT ) is real-valued, fol-

lowed by a zero threshold detector. This filter is proportional
to the filter w̃MMSE which minimizes the mean square er-
ror (MSE) between the output w̃H x̃υ(kT ) of the WL filter
w̃ = [wT ,wH ]T and ak and is given by

w̃MMSE
def= R−1

x̃ rx̃,a (6)

= [µs/(1+ µ2
s h̃

H
s R−1

ñ h̃s]R−1
ñ h̃s

def= βw̃MLSE,

where Rx̃
def= E[x̃υ(kT )x̃H

υ (kT )], rx̃,a
def= E[x̃υ(kT )ak]. Note

that this WL MMSE gives the same output SINR that the
MLSE receiver (5).

3.2 Implementation
Without any knowledge about hs, but if a training sequence
(ak)k=1,...,K is available after a synchronisation process, we
use the following estimated WL MMSE receiver.

̂̃w(K) def= R̂−1
x̃ (K)r̂x̃,a(K), (7)

with R̂x̃(K) def= 1
K ∑K

k=1 x̃υ(kT )x̃H
υ (kT ) and r̂x̃,a(K) def=

1
K ∑K

k=1 x̃υ(kT )ak.
Then a sequence (ak)k=K+1,...,K+L of information sym-

bols is transmitted1 for which the output y(kT ) of the es-
timated WL MMSE filter is given from (4) for k = K +
1, . . . ,K +L by

y(kT ) = ̂̃w(K)H x̃υ(kT ), k = K +1, . . . ,K +L, (8)

= µsak
̂̃w(K)H h̃s(k,k)+ µs ∑

n6=k
an

̂̃w(K)H h̃s(k,n)

+ µ j ∑
n

bn
̂̃w(K)H h̃ j(k,n)+ ̂̃w(K)H ñυ(kT ). (9)

4. PERFORMANCE ANALYSIS

4.1 Assumptions
The performance analysis of such a scheme is challeng-
ing because y(kT ) given by (9) is a random variable (RV)
depending on the RVs (ak,bk,nυ(kT ))k=1,...,K of the train-
ing period through the estimate ̂̃w(K) and on the RVs
(ak,bk,nυ(kT ))k=K+1,...,K+L of the information period. To
simplify the performance analysis, we assume that for K
”sufficiently large”, the loss of SINR with respect to those
obtained with

w̃(K) def= R−1
x̃ (K)rx̃,a(K) (10)

is ”very weak”, where

Rx̃(K) def=
1
K

K

∑
k=1

Rx̃(k) and rx̃,a(K) def=
1
K

K

∑
k=1

rx̃,a(k)

with rx̃,a(k)
def= E[x̃υ(kT )ak]. Note that in the absence of fre-

quency offset for which xυ(kT ) is stationary, this assump-
tion is valid for relatively small values of K. More precisely,

1In practice in each burst, the training sequence is preceded and followed
by this information sequence with e.g., K = 26 and L = 58 in the GSM
standard.
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it is proved in [5, Chap. 6.1.2] that to obtain a loss of SINR
lower than 3dB, K = 2N samples are needed for not too small
output SINR. We will consider throughout our performance
analysis that ̂̃w(K) can be replaced by w̃(K) given by (10),
without affecting the SINR at the output y(kT ).

4.2 Theoretical SINR, SNR and INR

With ̂̃w(K) given by (10) in (8) and with the independence
of ak, bk and ñυ(kT ), for k = K + 1, . . . ,K + L, the SINR,
the interference to noise ratio (INR) and the signal to noise
ratio (SNR) at the output of the estimated WL MMSE filter
are given by

SINR(kT ) = µ2
s [w̃H(K)h̃s(k,k)]2/µ2

s ∑
n 6=k

[w̃H(K)h̃s(k,n)]2

+ µ2
j ∑

n
[w̃H(K)h̃ j(k,n)]2 +η2||w̃(K)||2, (11)

INR(kT ) = µ2
s ∑

n 6=k
[w̃H(K)h̃s(k,n)]2

+ µ2
j ∑

n
[w̃H(K)h̃ j(k,n)]2/η2||w̃(K)||2, (12)

SNR(kT ) = µ2
s [w̃H(K)h̃s(k,k)]2/η2||w̃(K)||2. (13)

4.3 Theoretical BER
But the relevant criterion to evaluate the loss in performance
is the output BER. Using (9)

y(kT ) = akαk + ∑
n6=k

anαn,k +∑
n

bnβn,k +nk, (14)

with αk
def= µsw̃H(K)h̃s(k,k), αn,k

def= µsw̃H(K)h̃s(k,n),

βn,k
def= µ jw̃H(K)h̃ j(k,n) and nk

def= w̃H(K)ñυ(kT ) which
is a real valued zero-mean Gaussian RV of variance
η2||w̃(K)||2 and conditioning on specific values of the se-
quence (an)n6=k, (bn), the BER at time kT is clearly given

by BER(kT ) = Q
(

αk−∑n6=k anαn,k−∑n bnβn,k

η1/2
2 ||w̃(K)||

)
, where Q(v) def=

∫ +∞
v

1√
2π e−u2/2du. This gives from the total probability for-

mula and from the assumption of equiprobable sequences
(an)n6=k, (bn) contained in (14), the following BER

BER(kT ) =
1

2I+J

2I+J

∑
s=1

Q

(
αk−∑i6=k as

i αi,k−∑ j bs
jβ j,k

η1/2
2 ||w̃(K)||

)

(15)
where (. . . ,as

k−1,a
s
k+1, . . . ,b

s
k−1,b

s
k,b

s
k+1, . . .) denotes

the 2I+J different (I + J)-uplets2 of binary symbols
(ai)i∈I ,(bi) j∈J with (ai)i∈I are the SOI inter symbol inter-
ference and (bi) j∈J are the interference symbols associated
with the SOI symbol ak.

4.4 Particular case of SAIC with NRZ pulse shape filter
To give an interpretation of the loss in performance from the
different theoretical expressions (11), (12), (13) and (15) that

2where I = J − 1 with J is such that JT represents the length of the
”significant” part of

∫
υ(τ)υ∗(τ− t)dτ .

are lacking of engineering insights, we consider the particu-
lar case of SAIC (N = 1) with t j = 0 and with the following
NRZ filter

υ(t) =
{

1/
√

T if− T
2 ≤ t ≤ T

2
0 elsewhere

for which the values of In and J(t j) defined in (3), are given
by

In =
sin(π∆ fsT )

π∆ fsT
δ (n) and Jn

def= Jn(0)=
sin(π∆ f jT )

π∆ f jT
δ (n).

Consequently x̃υ(kT ) given by (4) reduces to

x̃υ(kT ) = µsakh̃s(k,k)+ µ jbkh̃ j(k,k)+ ñυ(kT ), (16)

with no interference inter symbol coming from
the SOI and interference, where h̃s(k,k) =
I0(ei2π∆ fskT eiφs ,e−i2π∆ fskT e−iφs)T and h̃ j(k,k) =
J0(ei2π∆ f jkT eiφ j ,e−i2π∆ f jkT e−iφ j)T . This gives

Rx̃(K) = µ2
s I2

0

(
1 αs(K)e2iφs

α∗
s (K)e−2iφs 1

)

+ µ2
j J2

0

(
1 α j(K)e2iφ j

α∗
j (K)e−2iφ j 1

)
+η2I

rx̃,a(K) = µsI0

(
α ′

s(K)eiφs

α ′∗
s (K)e−iφs

)
,

where αs(K) def= 1
K ∑K

k=1 ei4π∆ fskT , α j(K) def= 1
K ∑K

k=1 ei4π∆ f jkT

and α ′
s(K) def= 1

K ∑K
k=1 ei2π∆ fskT .

Using these expressions of Rx̃(K) and rx̃,a(K) in (10),
the inversion matrix lemma gives after straightforward but
cumbersome algebraic derivations w̃(K) = (w(K),w(K)∗)T

with

w(K) ∝ (1+ εs + ε j)α
′
s(K)eiφs

− [εsαs(K)e2iφs + ε jα j(K)e2iφ j ]α
′∗
s (K)e−iφs , (17)

where ∝ denotes proportional up to a real-valued constant

and εs
def= µ2

s I2
0

η2
and ε j

def=
µ2

j J2
0

η2
.

Consequently the general expressions of (11), (12), (13)
and (15) reduce to

SINR(kT ) =
2εs[ℜ(w∗eiψs,k eiφs)]2

2ε j[ℜ(w∗eiψ j,k eiφ j)]2 + |w(K)|2 , (18)

INR(kT ) =
2ε j[ℜ(w∗eiψ j,k eiφ j)]2

|w(K)|2 , (19)

SNR(kT ) =
2εs[ℜ(w∗eiψs,k eiφs)]2

|w(K)|2 , (20)

with ψs,k
def= 2π∆ fskT and ψ j,k

def= 2π∆ f jkT and [4]

BER(kT ) =
1
2

{
Q(

√
SNR(kT )+

√
INR(kT ))

+ Q(
√

SNR(kT )−
√

INR(kT ))
}

.(21)
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We assume to get engineering insight that the residual
frequency offsets are sufficiently weak3 such that (K +
L)|∆ fs|T ¿ 1 and (K + L)|∆ f j|T ¿ 1 which implies that

εs ≈ µ2
s

η2
and ε j ≈ µ2

j
η2

. Furthermore, we assume that the power
of the interference is large with respect to the power of the
background noise, i.e., ε j À 1. We note [4] that in the ab-

sence of residual offset and for ψ def= φ j − φs = 0, the SAIC
receiver has no rejection capability, i.e., the INR at the out-

put of the optimal SAIC receiver is INR= 2ε j =
2µ2

j
η2

. So
we assume that ψ is such that |ψ| À (K + L)|∆ f j|T and
|ψ| À (K + L)|∆ fs|T . To proceed on, we must specialize
the case where there is residual offset of interference or SOI
only.

4.4.1 Frequency offset of interference only

In this case ∆ fs = 0, and thus αs(K) = α ′
s(K) = 1 and ψs,k =

0. With respect to the SINR, INR and SNR given by the
optimal SAIC without residual offset, we obtain from (18),
(19) and (20)

SINR(kT )≈ SINR
1+2ε j[π{2k−K−1}∆ f jT ]2

, (22)

whereas INR(kT ) ≈ 2ε j[π{2k−K− 1}∆ f jT ]2 with INR ≈
1

2ε j tan2(ψ) ¿ 1 and SNR(kT ) ≈ SNR ≈ 2εs sin2(ψ) for k =
K+1, . . . ,K+L. We see that the SNR is preserved in contrast
to the INR and SINR which strongly degrade in the presence
of residual offset of interference for ε j À 1. This loss in
performance naturally increases with |∆ f j|T and (using 2k−
K = 2(k−K)+K) with the position k−K of the information
symbol, but also strongly with the input INR ε j and the size
K of the training sequence.

4.4.2 Frequency offset of SOI only

In this case ∆ f j = 0, and thus α j(K) = 1 and ψ j,k = 0. The
simplification of the expressions of SINR(kT ), INR(kT ) and
SNR(kT ) is more complex because we must distinguish ψ =
±π/2 from the case where ψ is not in the neighborhood of
±π/2. For φ =±π/2 we have

SINR(kT )≈SINR
(

1− (2π∆ fsT )2((K +1)2 +4k2)
8

)
,

(23)
whereas INR(kT ) ≈ 1

2ε j
(π(K + 1)∆ fsT )2 with INR = 0 and

SNR(kT )≈ SNR
(
1−4(πk∆ fsT )2

)
with SNR= 2εs for k =

K +1, . . . ,K +L.
For ψ not in the neighborhood of ±π/2, we have

SINR(kT )≈ SINR
(

1− 4πk∆ fsT
tan(ψ)

)
, (24)

whereas INR(kT ) ≈ INR
(

1+ 4π(K+1)∆ fsT
sin(2ψ)

)
with INR ≈

1
2ε j tan2(ψ) ¿ 1 and SNR(kT ) ≈ SNR

(
1− 4πk∆ fsT

tan(ψ)

)
with

SNR= 2εs sin2(ψ) for k = K + 1, . . . ,K + L. In a similar

3Note that when (K +L)|∆ fs|T ∼ 1 or (K +L)|∆ f j|T ∼ 1, the SOI or the
interference are seen by the SAIC receiver as second order circular and no
rejection capability is possible.

way for ψ = ±π/2, the loss in performance increases with
|∆ fs|T , with the position k−K of the information symbol
and the size K of the training sequence, but no longer with
ε j. But for ψ not in the neighborhood of ±π/2, depending
of the sign of ∆ fsT/ tan(ψ), the SINR can locally decrease
or increase for (K +L)|∆ fs|T ¿ 1, independently of ε j.

4.4.3 Comparisons

Comparing the loss in performance due to residual offsets of
the interference or the SOI from the aforementioned expres-
sions is not easy. But comparing (22), (23) and (24) using the
assumption that ε j À 1, we see that a loss in SINR greater
than e.g. 3dB is obtained for weaker value of |∆ f j|T than
of |∆ fs|T , and larger is ε j, weaker is this ratio |∆ f j|/|∆ fs|.
Consequently, under the assumption that ε j À 1, the SAIC
is less sensitive to residual offsets of the SOI than of the in-
terference. Note that this property is similar to the sensitivity
to steering errors in spatial beamforming for which the loss
in SINR is much more sensitive to interference steering error
than to SOI steering error. This property will be specified
and confirmed in the next section in other scenarios.

5. ILLUSTRATIONS

Throughout this section we use εs = 10dB and ε j = 20dB
with K = 26 and L = 58 (GSM standard).

5.1 Validation of the assumptions

Here, ψ def= φ j − φs is fixed to π/3. Figs.1 and 2 show
the theoretical (exact (21) and approximate (22) and (24))
and empirical (Monte Carlo with 10000 runs) SINR as a
function of the position k − K of the information sym-
bol for ∆ fs = 0, ∆ f jT = 5 10−4 and ∆ f j = 0, ∆ fsT =
5 10−4 respectively, for the SAIC receiver with NRZ pulse
shape filter. The SINRs at the middle of the burst (30-
th symbol) are plotted in Figs.3 and 4 as a function of
∆ f jT and ∆ fsT for ∆ fsT = 0 and ∆ f jT = 0, respectively.
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Fig.1 SINR for ∆ f jT = 5.10−4 and ∆ fsT = 0.
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Fig.2 SINR for ∆ fsT = 5.10−4 and ∆ f jT = 0.
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Fig.3 SINR at 30-th symbol for ∆ fsT = 0.
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Fig.4 SINR at 30-th symbol for ∆ f jT = 0.
We see from these figures that all the theoretical SINR

fit the empirical ones. However, we note in Fig.1 that the
empirical SINR perfectly fits the theoretical SINR in contrast
to Fig.2. This shows that the assumptions of Subsection 4.1
is better justified in case of frequency offset of interference
than of SOI. This is likely due to the estimated filter w(K) in
(17) that is more perturbed to frequency offset of SOI than
of interference. Furthermore our simplified expressions (22)
and (24) are roughly valid up to ∆ f jT = 10−3 and ∆ fsT =
5 10−3 respectively.

5.2 Practical applications
We consider now the practical case in which the phases of the
SOI and interference for the SAIC receiver, and the phases
and the directions of arrival for the MAIC receiver are totally
unknown. Figs.5 shows the theoretical BER given by (21)
and the empirical BER (Monte Carlo with 20000 runs) aver-
aged over the phases φs and φ j, and the L information sym-
bols for the SAIC receiver with an NRZ pulse shape filter,
as a function of ∆ f jT for ∆ fsT = 0 and ∆ fsT for ∆ f jT = 0.
This BER is compared to those obtained with a raise cosine
pulse shape filter with a roll-off of 0.22 in Fig.6. Note that
it is derived by 20000 Monte Carlo runs because the deriva-
tion from (21) is too computationally demanding due to the
truncation of υ(t) to 15 samples.
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Fig.5 Averaged BER, NRZ pulse
10

−4
10

−3
10

−2
10

−1
10

−2

10
−1

10
0

10
−4

10
−3

10
−2

10
−1

10
−2

10
−1

10
0

∆f(s, j)T

B
E

R

∆fs=0

∆fj=0

Fig.6 Averaged BER, raise cosine pulse

We see from Fig.5 that the averaged theoretical BER fits
the empirical ones and that the raise cosine pulse shape fil-
ter roughly does not modify the loss in performance. Note
that the SAIC is less sensitive to residual offsets of the SOI
than of the interference. More precisely, we note an in-
crease of the BER of ten per cent for ∆ f jT = 1.5 10−4 or for
∆ fsT = 5 10−4, i.e., 40Hz or 135Hz for the GSM standard
(T = 1/270) ms, respectively. We note that for ε j = 10dB

and ε j = 30dB these values become ∆ f jT = 4 10−4 and
∆ f jT = 1.2 10−4, whereas the value of ∆ fsT keeps the same
value as predicted by our approximations (22) and (23).

Finally Figs.7 shows the averaged theoretical BER given
by (21) and the empirical BER (Monte Carlo with 10000
runs) with respect to the phases φs and φ j, the directions
of arrival θs and θ j and the L information symbols for the
MAIC receiver (with N = 2 omnidirectional sensors equis-
paced half a wavelength apart) with an NRZ pulse shape filter
as a function of ∆ f jT for ∆ fsT = 0 and ∆ fsT for ∆ f jT = 0.
We see that MAIC receiver roughly presents the same sensi-
tivity than the SAIC receiver.
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Fig.7 Averaged BER, NRZ pulse for MAIC (N = 2)

6. CONCLUSION
In this paper, we have presented a theoretical performance
analysis of the loss in performance of the SAIC and MAIC
receiver in the presence of residual frequency offsets of
BPSK SOI and interference. We have proved for NRZ pulse
shape filters than the SAIC receiver is less sensitive to resid-
ual offset of the SOI than of the interference for strong in-
terference w.r.t. background noise and some rules of thumb
about the normalized tolerable residual offsets have been
given. In particular for a burst structure similar to those of
the GSM, an increasing of BER of ten per cent is obtained
for ∆ f j = 40Hz or ∆ fs = 135Hz. These properties of sen-
sitivity have been extended by Monte Carlo experiments to
raise cosine pulse shape filters, MAIC receivers and exten-
sive scenarios of phases and directions of arrival.

Extension of this work to MSK and GMSK signals will
be considered in a future contribution to analyze the behavior
of the SAIC and MAIC receivers for cochannel mitigation
with nonnull residual offsets in the GSM network.
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ABSTRACT
In this study, we address the effect of spreading sequences
on the performance of asynchronous direct-sequence (DS)
ultra-wideband (UWB) systems. We consider the two cases
of short and long sequences in a multipath environment. In
particular, we propose the use of sequences generated with a
family of spatiotemporal chaotic systems, namely Piecewise
Coupled Map Lattices (PCML), as spreading sequences.
Such sequences are shown to reduce the MUI variance
with regard to i.i.d. and Gold sets for both short and long
sequences. Furthermore, simulation results show that the
use of long PCML codes improves the average bit error rate
(BER) of the system, which hence can accomodate more
active users.

1. INTRODUCTION

Ultra Wide-Band (UWB) communication systems have re-
cently drawn considerable attention among both, researchers
and standardization communities, for their advantageous fea-
tures; low power density, large bandwidth, low complexity
and excellent multipath immunity. Time Hopping (TH) [1]
and Direct Sequence (DS) [1, 2] are the main multiple ac-
cess (MA) approaches for UWB Impulse Radio (IR) technol-
ogy. In this paper, we focus on asynchronous DS-UWB sys-
tems demodulated by a Rake receiver. Just like conventional
code division multiple access (CDMA), DS-UWB systems
are based on direct-sequence spread spectrum technique to
ensure multiple access.

In most of the recent works [2, 3] on DS-UWB technol-
ogy, conventional codes such as independent identically dis-
tributed (i.i.d.) and Gold sequences have been considered.
Due to their poor correlation properties their performance
is however affected by the multi-user interference (MUI)
and inter-symbol interference (ISI) terms which represent
the main degradation cause, hence a capacity limitation in
terms of the users number. The ISI term is not so important
if the channel is short enough compared to the symbol pe-
riod. However, the MUI is inherent to the DS-UWB system
and can be mitigated only by properly designing the codes.
The MUI has been assumed to be a random Gaussian process
in free-space communications [2] or in multipath channels
[3, 4].

According to this assumption, the resulting MUI does
not depend on the code realization, and thus, no code op-
timization has been done. The authors in [9] have derived a
more general expression of the MUI variance for short codes,
which involves the correlation properties of the spreading
codes. They have further proposed a codes-selection crite-
rion in the sense of the minimization of the MUI variance,

which is independent of the number of fingers of the Rake
receiver. However, to our knowledge, no study has been done
using long spreading sequences in DS-UWB systems.

In this work, we address the two cases, short and long
codes. We consider a family of spreading codes which are
generated with chaotic dynamical systems. In this context, a
number of contributions, using chaotic [5, 6] or spatiotempo-
ral chaotic [7] spreading codes for DS-UWB communication
system have been done by several researchers. In [7], the au-
thors have studied the correlation properties of the spatiotem-
poral chaotic sequences and have also evaluated the perfor-
mance of the DS-UWB system in AWGN and Rayleigh mul-
tipath channels. In this paper, we propose the use of a family
of spatiotemporal chaotic systems, namely Piecewise Cou-
pled Map Lattices (PCML), which has been considered in
previous works for DS-CDMA systems [8]. Firstly, when
they are used as short codes, the proposed PCML sequences
are shown to outperform conventional ones, namely Gold
and i.i.d., in the sense of the codes-selection criterion which
has been proposed in [9]. Secondly, we investigate the DS-
UWB system performance, in terms of bit error rate (BER),
with respect to the spreading codes. Simulation results show
that long PCML codes achieve the best performance levels
and increase consequently the system capacity in terms of
users number, as compared to long i.i.d., short PCML and
short Gold sequences.

This paper is organized as follows. In section 2, a brief
presentation of the system model and the Rake receiver struc-
ture is given. Then, we present the selection criterion en-
abling the choice of short codes minimizing the MUI vari-
ance. In section 3, we explain the generation of PCML codes.
In section 4, we discuss the simulation results obtained with
respect to the codes-selection criterion as well as the BER
performance. Some conclusions are drawn in section 5.

2. TRANSMISSION MODEL

We consider an asynchronous direct-sequence UWB system
with K interfering users using a binary phase-shift keying
(BPSK) modulation. The baseband system model is shown
in figure 1. The transmitted signal of the kth user is given by
[2]:

Sk(t) =
√

Pk

∞

∑
i=−∞

bk(i)
Nc−1

∑
j=0

Ck( j)w(t− iTs− j Tc−τk), (1)

where
• Pk is the transmitted signal power of user k,
• Ts is the symbol time,
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Figure 1: A model of an asynchronous DS-UWB system in
a multipath channel

• Tc is the chip duration,
• Nc is the number of chips per symbol,
• w(t) is a pulse waveform of duration Tw << Tc and is

normalized to satisfy
∫ ∞
−∞ w(t)2 dt = 1,

• bk(i) ∈ {−1,+1} are the information symbols of user k
assumed to be independent and identically distributed,

• Ck is the spreading sequence taking values in the set
{−1,+1},

• τk denotes the time asynchronism, assumed to be a uni-
form random variable within [0,Ts].

2.1 UWB fading channel model

According to [10], the channel impulse response of the kth

user is modelled as

hk(t) =
L

∑
l=1

Al,k δ
(

t −θl,k
)

(2)

We assume that the delays verify ∀l,k, θl,k < θl+1,k. For sim-
plicity, L is the number of paths, assumed to be the same for
all users. The amplitude Al,k is usually assumed to be de-
pendent on the delay θl,k as Al,k=al,k f (θl,k), where al,k are
independent and zero-mean random variables (rv) which ac-
count for the amplitude statistics (independent of θl,k) and
f (θl,k)=e−θl,k/2γ , where γ is the path power decay time. For
sake of simplicity, we also consider that the channel response

is normalized ∑L
l=1

[

A2
l,k

]

= 1 to have unit energy in order

to remove the path loss factor. In the following we put
Il,k:=Ea

[

(Al,k)
2
]

=σ 2
a . f 2

(

θl,k
)

where σ 2
a = Ea

[

(al,k)
2
]

.

2.2 Rake Receiver Structure

After propagation through the multipath channel, the re-
ceived input signal is the sum of the attenuated and delayed
transmitted signals from the different users. Its expression is
given by

r(t) =
K

∑
k=1

(

L

∑
l=1

Al,k Sk(t −θl,k)

)

+η(t), (3)

where η(t) is an Additive White Gaussian Noise (AWGN)
with two-sided power spectral density N0/2. In order to cap-
ture most of the energy carried by the large number of re-
solvable paths, typically, over one hundred, we assume that
the channel estimation algorithm can provide the correlator
template and we consider maximal-ratio combining (MRC)
Selective rake (SRake) receiver with N ≤ L fingers. We also
assume that the receiver is synchronized on user 1, so τ1 = 0.
Thus, the Rake receiver output for the first symbol of the first
user is

Z = ∑
n∈N

An,1

∫ Ts

0
r(t +θn,1)υ1(t)dt = S + Ic + Is + Iη (4)

where υ1(t)=
Nc−1

∑
j=0

C1( j)w(t − j Tc) is the receiver template

for user 1, N represents a set of paths for the desired user
with card (N )=N. S and Iη are the energy collected from the
user of interest and the filtered Gaussian noise, respectively
and their expressions do not depend on the multiple access
code.
• Is is the ISI for the desired user, and is expressed as

Is =
√

P1 ∑
n∈N

An,1

L

∑
l 6=n=1

Al,1yl,n,1(0) (5)

• Ic is the MUI, and is given by

Ic = ∑
n∈N

An,1

K

∑
k=2

√

Pk

L

∑
l=1

Al,kyl,n,k(τk) (6)

where,

yl,n,k(τk) =

∫ Ts

0

∞

∑
i=−∞

bk(i)
Nc−1

∑
j=0

Ck,i( j) (7)

w(t − iTs − j Tc − τk −4θl,n,k)υ1(t)dt,

with 4θl,n,k = θl,k −θn,1.

Using short sequences, the same code Ck,i=Ck for all bits
of user k is considered. Hence, the cross-correlations be-
tween users remain unchanged over time. In the case of long
sequences, information bits of a given user are spread with
different spreading codes. Thus, the MUI changes randomly
from bit to bit where we employ the fact that the Ck,i denotes
the code for bit i of user k.

The ISI term is related to the autocorrelation of the code
of user 1 and is not so important if the channel is short
enough compared to the symbol period. However, the MUI
can only be mitigated by a judicious choice of the multiple
access codes.

2.3 Variance Expression of the MUI

The authors in [9] have proposed an approach for the opti-
mization of spreading sequences in asynchronous DS-UWB
systems. In particular, they have derived a selection criterion
(β ) of optimal sequences which is based on minimizing the
MUI variance. However, they have considered only short-
type sequences. The expression of the MUI variance denoted
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by σ 2
S :=Ea,b,θ ,τ

[

I2
c

]

, which is averaged over the channel am-
plitude al,k, the symbol bk, the asynchronism τk and the delay
θk, is given by (8)

σ 2
S =

γ1

Ts

K

∑
k=2

Pkψk β1,k (8)

where

γ1 =
∫ ∞

−∞
r2

ww(t)dt, (9)

rww(s) =

∫ ∞

−∞
w(t)w(t − s)dt, (10)

β1,k =
Nc−1

∑
q=0

[

C
−2
1,k (q)+C

+2
1,k (q)

]

, (11)

C
−
m,n(q) =

q−1

∑
k=0

Cm(k)Cn(k−q), (12)

C
+
m,n(q) =

Nc−1

∑
k=q

Cm(k)Cn(k−q), (13)

ψk = ∑
n∈N

Eθ [In,1]
L

∑
l=1

Eθ
[

Il,k
]

. (14)

The expression (8) clearly shows the dependance of the MUI
variance on the pulse shape through the parameter γ1, and on
the codes through β1,k and on the channel through ψk. The
interesting formulation of this expression is that the codes
contribution appears in factor of the other terms and thus,
can be optimized independently from the channel and the
pulse waveform. So, it is necessary to find good sequences
to minimize the MUI variance and to improve consequently
the system performance in terms of BER.

The Average BER of user of interest 1 is minimum, if and
only if, the set of pairs of DS codes {(C1, Ck), k=2,....,K},
satisfies

Nc−1

∑
q=0

[

C
−2
1,k (q)+C

+2
1,k (q)

]

= Nc (15)

Clearly we can see the importance of the criterion β1,k which
must verify Eq. (15), to minimize the MUI variance and
therefore, to improve the system performance.

3. GENERATION OF SPREADING SEQUENCES
WITH SPATIOTEMPORAL CHAOTIC MAPS

Chaotic dynamics have been shown to have interesting prop-
erties for the generation of spreading sequences in several
spread-spectrum applications, such as DS-CDMA systems.
Indeed, owing to their broadband feature, chaotic sequences
have been shown to improve the system performance with
regard to conventional sequences (m-sequence, Gold, Gold-
Like,...) [11, 12]. A large family of chaotic systems have
been considered in the literature for this purpose. In this
work, we address a kind of spatiotemporal chaotic systems,
namely the Piecewise Coupled Map Lattices (PCML) [8, 13]
defined by :

xi(k +1) = (1− ε) f (xi(k))+ ε f (xi−1(k)), (16)

where

• i is the space index, i = 1, ...,M,
• k is the time index, k = 1, ....,N,
• ε is the coupling coefficient, we here choose ε = 0.98,
• f (.) is a one dimensional chaotic map. In this paper,

we consider the piecewise-linear map defined by f (x) =
4xmod(1),

• x0(k) is the key sequence which is chosen to be a series
of uniformly distributed values in [0,1].
This system can generate a set of M-long sequences, each

of which is a series of N real values
: {xi(k) ∈ [0,1] , i = 1 · · ·M,k = 1 · · ·N} . These sequences
can be transformed to binary sequences by applying a quan-
tization in the following way :

{

Q(xi(k)) = −1 i f xi(k) ≤ 1/2
Q(xi(k)) = +1 i f xi(k) > 1/2.

(17)

The so obtained sequences can then be used as spreading
codes Ck for the DS-UWB system as we shall show in the
following sections.

4. SIMULATION RESULTS

In this section we propose to assess the effect of the choice
of spreading sequences on the performance of asynchronous
DS-UWB systems. We consider three families of spreading
sequences, namely Gold, i.i.d. and PCML sequences (as gen-
erated in section 3) and we treat the two cases of short and
long codes. Regarding the pulse waveform, we consider the
Scholtz monocycle pulse defined by the second derivative of
the Gaussian pulse and which is given by

w(t) = (1−4π(
t

τp
)2)e

−2π ( t
τp

)2

f or t ∈ [0,Tw] (18)

where τp represents a time normalization factor.

4.1 Selection criterion β for short sequences

We first consider the case of short codes and try to compare
the performance of the three considered families with respect
to the criterion β . We choose a spreading factor Nc = 31. We
report in table (1) the minimum values achieved by βm,n over
different possible sequence pairs (m,n). For the i.i.d. and
PCML codes, we consider a set of 1000 sequences, whereas
the number of Gold codes is limited by construction to 33
(Nc = 31). The table shows that the PCML codes achieve
the least value of minβ , and that the Gold ones achieve the
largest value with a great gap (91 against 379). The i.i.d.
codes achieve a medium value which is closer to the PCML
than the Gold ones (159).

min βm,n Value
Short i.i.d. sequences 159
Short Gold sequences 379
Short PCML sequences 91

Table 1: Values of min βm,n for the short code families

For a further investigation of this criterion, we plot in
figures 2, 3 and 4 the distribution of the number of code pairs
versus the values of βm,n for the three code families, Gold,
i.i.d. and PCML, respectively.
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Figure 2: Distribution of βm,n using short Gold sequences
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Figure 3: Distribution of βm,n using short i.i.d. sequences
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Figure 4: Distribution of βm,n using short PCML sequences

The figures show that the three families have similar
shapes, but the i.i.d. and the PCML have very close be-
haviours with smoother shapes than the Gold ones. The
smoothness can be explained by the large number of se-
quences considered for the two former families (1000 against
33 for Gold). However, apart from this smoothness, we can
notice that there are more clustering pairs around low values
of β with regard to the Gold codes. This behaviour can be
interpreted in the following way; there is likely more good
sequence pairs among short i.i.d. and short PCML families
than among the Gold one, in the sense of the minimization
of the criterion β . Thus, short i.i.d. and PCML codes do
not only achieve lower values of β , but can contain more β -
minimizing sequences than Gold families. Hence, the min-
imization of the MUI variance according to (8). These re-
sults will be corroborated by the performance evaluation of
an asynchronous DS-UWB system in the case of multipath
fading channel.

4.2 BER for short and long sequences

The following system parameters are assumed: K=8, Nc= 31,
Tw=0.5 ns, Tc=0.9 ns and τp=0.2877 ns. Fading delays and
amplitudes are generated according to the IEEE 802.15.3a
[10]. Specifically, the CM1 model is considered, and the
mean delay spread is 5 ns. Slow fading is assumed so that the
symbols are transmitted in the coherence time of the channel.
A different channel realization provided by IEEE 802.15.3a
is assigned to each user. Monte Carlo simulations have been
carried out and the BER curves are then obtained by averag-
ing 200 realizations. For short i.i.d. and PCML sequences,
at each realization we randomly choose K among 1000 gen-
erated sequences.
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Figure 5: Average BER versus SNR with K=8 users

For the SRake receiver, the strongest 20 fingers are se-
lected. Figure 5 depicts the BER versus signal-to-noise ra-
tio (SNR) using both short and long sequences. When short
sequences are considered, the graphical plots show that all
spreading sequences families provide similar performance
for small values of SNR (≤ 6dB); however, it is clear that
DS-UWB system performance depends on the choice of the
spreading sequences for medium and large SNR values. It is
also observed that the PCML codes achieve the lowest level
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Figure 6: Average BER versus number of users with an SNR=20 dB

of BER compared to i.i.d. and Gold ones. An improvement
of around 1 dB at a BER of 5∗10−3 was obtained for PCML
codes over the i.i.d. codes. This result corroborates the previ-
ous one with respect to the distribution and the lowest value
of the selection criterion β . The average minimization of
β (hence MUI variance) achieved with respect to the codes
choice (PCML then i.i.d. then Gold) results in an improve-
ment of the system performance. On the other hand, the long
sequences (i.i.d. and PCML) are shown to outperform the
short ones (i.i.d., PCML and Gold). Moreover, the PCML
codes perform much better than i.i.d. As one can see that the
long PCML codes can achieve an improvement of around 4
dB at a BER of 3∗10−3 over the short i.i.d. codes.

Figure 6 represents the BER performance versus number
of users with SNR=20 dB. As we can see, the long PCML se-
quences improve the performance of the system, which can
hence accomodate more users for a given BER level. For a
BER=4 ∗ 10−4, we observe that long PCML codes can in-
crease the system capacity up to 2 users compared to short
i.i.d. ones.

5. CONCLUSIONS

In this work, we have highlighted the importance of the
choice of spreading-sequences on the performance of asyn-
chronous DS-UWB systems. We have considered three fam-
ilies of sequences, namely Gold, i.i.d. and PCML which
have been generated with a spatiotemporal chaotic system.
We have shown that short PCML sequences can achieve the
best level of a code-selection criterion, in terms of MUI min-
imization, as compared to short i.i.d. and Gold sets. Further-
more, long PCML are shown to improve substantially the
average BER of the system with regard to all short and long
code sets which have been considered.
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ABSTRACT 

In this paper, we propose a new insights for the chaos coded 
modulation (CCM) schemes originally proposed by Kozic & 
al. using the approximation of the distance spectrum 
distribution with some usual laws, a complete study of the 
performances of these CCM schemes when they are 
concatenated with a Space Time Block Code (STBC) is 
proposed. Accurate bounds are obtained even in the case of 
time selective channels.   

1. INTRODUCTION 

Chaotic signals, i.e. signals which can be described as 
outputs of nonlinear dynamical systems exhibiting chaotic 
behavior. The possibility of using these signals to carry 
information was proposed in 1993 [1] and, since then, 
chaotic communications has been an important topic in 
digital communications. The seemingly unpredictable 
behaviour of chaotic systems renders their use in secure 
communication systems highly attractive. Due to their 
extreme sensitivity to initial conditions which, for example, 
facilitates theoretically the separation of merging paths in a 
trellis based code, these systems have also been considered 
as good potential candidates for channel encoding [2-3]. This 
explains why chaotic modulations and channel encoders 
derived from chaotic systems have been extensively studied 
in the open literature. There are several types of chaos based 
channel encoders, According to us, our type those which 
transmit a complex quasi-continuous alphabet i.e. those 
which are inherently chaotic in all their characteristics. These 
channel encoders exhibit a high spectral efficiency and can 
be compared to Trellis Coded Modulation (TCM) schemes. 
Many works deal with the optimization of such coders and, 
among them, perhaps the most famous ones were those 
named Chaos Coded Modulation (CCM) schemes. However, 
the weakness of such transceiver was their poor BER 
performance since they did not have even better 
performances than un-coded systems such as Binary Phase 
Shift Keying (BPSK) [4-5]. This was particularly the case for 
the systems which use CSK (Chaos Shift Keying) 
Modulation [6-7]. Nevertheless, some recent studies have 
stressed the fact that Chaos Coded Modulation (CCM) 
systems, working at a joint waveform and coding level, can 

be efficient in additive white Gaussian noise channels [8-9]. 
These promising works on the AWGN channel have been 
recently further extended by Escribano & al in the case of 
Rayleigh flat fading channels [10]. In this paper, we use 
Chaos Coded Modulation designs of S. Kozic [11-12] and we 
optimize them using the distance spectrum. Using this 
optimization step, we study the performances of the proposed 
Chaos Coded Modulation designs when we concatenate them 
with a Space Time Block Code (STBC) such as the famous 
Alamouti’s scheme [13]. Concatenation of a Trellis Coded 
Modulation (TCM) with a STBC code is recognized as a 
performing alternative to the use of Space Time Trellis Codes 
(STTC) [14-15]. The strength of our study consists to study 
the case of block fading channels and we derive accurate 
BER bounds. The contributions of our paper are thus the 
following ones: 
 
- Detailed study of the distance spectra of the chaos based 

encoders. 
- Derivation of accurate BER bounds for quasi-static block 

fading channels. 
 
The rest of the paper is organized as follows. In Section 2, we 
give new insights for the chaos coded modulation schemes 
proposed by S. Kozic. In section 3, we study the 
performances of the concatenation of the Chaos Coded 
Modulation (CCM) together with the Alamouti’s STBC code 
for quasi static block fading channels. The concluding 
remarks are eventually given in Section 4.  

 

2. CHAOS CODED MODULATION SCHEME, 
DISTANCE SPECTRUM STUDY  

2.1 CHAOTIC CODER STRUCTURE 
 
We consider the Chaos-Coded modulation scheme of Fig. 1. 
This scheme was originally given by S. Kozic in his PhD 
works [12]. The scheme of Figure.1 can be represented by 
means of a convolutional coder of rate η=1/(n.(Q+1)), 
where at each time step k, one bit bk enters the coder and a 
vector of (Q+1) bits v = [vQ,vQ-1,…,v0]

Tis produced. The 
signal constellation is realized by a weighted sum of vectors 
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2-i.A(Q-i+1) mod (1) where A is some matrix which optimizes 
the distance spectrum of the code. This mapping, due to the 
modulus operation, is a highly non-linear operation and 
serves as a chaos generator. Henceforth, we have a system 
which combines a convolutional coder with a high 
dimensional mapping in the same way as Multi-level Trellis 
Coded Modulation (M-TCM). The corresponding 
convolutional coder is classically described by: 

( ), , 1 ,0

v ( )
( ) . ... . 1

( )
Qi

i i Q i Q i

D
h D t t D t D

b D −= = + + +  

S. Kozic defines several possible matrices T={ ti,j} in his 
work which give good performances: 

 
 
 

 
Concerning, the choice of the matrix A, we can write the 
transmitted vector at the output of the modulator: 

( )( 1) ( 1)

0 1

2 . . ( ) 2 . ( ) mod(1) 2
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a

a

Q Q
Q ii i

k i i
i i Q

D D−− + − +

= = +

= +∑ ∑v vx A  

Before transmitting xk on the channel propagation medium, 
we modulate each of its components in NRZ-BPSK in order 
to obtain a average zero mean value to better interface with 
a zero mean  additive  noise  such as  for AWGN channel i.e: 
xk → 2 xk -1. 
Rather than a global optimization algorithm which should 
look for the convolutional coder together with the mapping 
process, we choose to fix a convolutional coder structure 
and then we work on the mapping process by using a 
particular form of matrix A. We found that the choice 
Ti,j=Tshift for i = j and Ti,j=Ttent  for i ≠ j enables to obtain a 
large set of performing non-linear mapping with A. For 
example, in the case n = 2, using this choice for matrices  T,  
we  are  looking   for    matrices   A   with the  following 
structure:                                                                                

             
 

and we optimize the choice of a21 using the distance 
spectrum.  

 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 1:  Trellis chaos coded modulation encoder 

 The choice of the remaining parameters ai,j is done using 
the distance spectrum of the code. The state of the coder is 
defined by vector Sk: Sk=[bk,…,bk-n,…bk-Qn,…,bk-(Q+1).n+1]

T  
Concerning the choice of Q, it’s clear that the Viterbi 
decoding algorithm is rapidly limited by the complexity in 
the number of states which is equal to 2 n.(Q+1). Practically, 
the number n(Q+1) should not exceed 12 which correspond 
to 4096 states. For n = 2, this gives a maximum value of Q 
equal to 5. The choice of Qa, is related to the chaotic 
behaviour of the coder. 

 

2.2 SPECTRUM DISTANCE ANALYSIS  
 
In order to optimize the coders, we study their distance 
spectrum. To do this, we have to determine the trajectories 
in the trellis which start with a common state Si =  Si

* and 
evolve in disjoint paths for (L-1) time steps and then merge 
again into the same state Si =  Sk

*  not necessarily equal to Si. 
This kind of trajectory in the trellis defines a loop and the 
loop is characterized by its initial state Si, its final state Sk 

and its length L. The distance of corresponding codewords 
belonging to the two competing paths in the loop is: 

21
2 *
, ,

1

(3)
i k

L

L S S m m
m

d
−

=

= −∑ x x  

The problem of the computation of (3) is that, unlike linear 
codes when we can choose a reference path equal to a all 
zero sequence, due to the non-linear mapping, we have to 
test all the possible transmitted sequence for a given loop 
length together with all the possible starting states. Hence, 
the distance spectrum computation problem is of non 
polynomial complexity and in straightforward manner 
requires the inspection of all possible initial conditions and 
all possible controlled trajectories. For example, there are 2 
n.(Q+1).2nL  different controlled trajectories of length L. In 
order to compute the distance spectrum with a reasonable 
complexity while keeping a sufficient accuracy, we form all 
the possible pair of sequences starting from a given state and 
both converging towards an other state after L steps with L 
belonging to the interval [Qn+1, n.(Q+m)], i.e. the length of 
the loop varies from Qn+1 (the constraint length of the code 
plus one) to to n.(Q+m) (we limit practically the search to m 
= 2 or 3 in our case due to the computation burden). We 
have partitioned the distance spectrum into subsets by 
distinguishing error events which entail one error bit, error 
events which entail two error bits, error events which entail 
three error bits and so on... In practice, we limit our search 
to error events which entail five maximum error bits since 
simulation results evidenced that it was sufficient to obtain 
accurate upper bounds for the BER. 
We obtain for example with matrices: Ti,j=Tshift for i = j and 
Ti,j=Ttent  (i.e. n = 2) for i ≠ j and a21  = 8, Q = Qa = 3, the 
distance spectrum illustrated on figure 2.  
In fact, we found that, in a majority of cases, the shape of 
the distance spectrum is close to a Rayleigh distribution with 
the following probability density function:  
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For example, with the distance spectrum plotted on figure.2, 
we calculate parameters µj and σj

2 to obtain the best fitting 
between the pdf of the distance spectrum and fc(x,mj,σj

2) we 
obtain with classical MMSE technique: µj ≅ σj

2≅6.7. This 
corresponds to a minimum free distance of the coder equal 
to dfree≅ 6.7. We have developed an original EM 
(Expectation-Maximization) algorithm to obtain the 
approximated Rayleigh distribution of the distance spectrum 
in the general case where the distance spectrum looks like a 
mixture of Rayleigh laws [16].  

 

 

 

 

 

 

 

 

 

Figure 2:  Distance spectrum of the chaos coded modulation 

To end this part, we give some BER results on AWGN 
channels, using the optimization obtained by the distance 
spectrum computation to find good modulation parameters. 
Due to a lack of place we only give simulation results. For n 
= 2, we obtain the following result on figure 3 
The chaotic coder outperforms uncoded BPSK at high 
SNR’s due to good asymptotic properties with a moderate 
high free distance. The weakness of this kind of code is their 
poor coding rate. 

 
 
 
 
 
 
 
 
 

 
 
 
 
 

 

Figure 3:   Performances of Trellis Chaos-Coded Modulation over 
AWGN channels for n = 2,  Q = 3 

There are several solutions to improve this. The first is to 
make input bits enter the coder by groups of k bits. In this 
case, the coding rate becomes equal to: k/(n.(Q+1)). 
However, this considerably reduces the correlation degree 
between consecutive states and renders the trellis non-
binary. We found that the penalty encountered by this 
method too much important (using k = 2 results in 4 dB 
losses compared to k = 1) so we prefer using puncturing to 
increase the coding rate of our proposed coders.  

3. CHAOS CODED MODULATION SCHEME 
CONCATENATED WITH STBC 

 
3.1 Computation of the Pairwise Error Probability 

 
the concatenation of the chaotic encoder with a (Space 

Time Block Code) STBC, as the well known Alamouti’s 
scheme, is illustrated on figure 4: 

 
 
  
 
 
 
 
 
 

 
Figure 4: Concatenation of the chaos coded modulation encoder and 

a STBC code 
 
We consider xk is a vector of two transmitted analog 

symbols: 
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In the case of quasi-static block fading channels, channel 
remains constant over the duration of a transmitted packet 
but changes from packet to packet and there is no need to use 
an interleaver between the chaos-based channel encoder and 
the STBC. The received signal within two consecutive time 
slots can be written in the following way: 
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using the Maximum Ratio Combiner (MRC) we obtain the 
two decision variables Z1(n) and Z2(n) : 
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there will be an error event when having sent the sequence x 
each time the decoder chooses x’≠ x, both sequences starting 
in the same state and merging again in possibly other state 
after L steps, when the decision metric implying x’ will be 
inferior to those with x. Assuming ML decoding, this is 
equivalent to: 
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After some manipulation, we obtain the conditional 

probability of error: 
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In fact, since h11 and h21 are complex Gaussian random 
variables, B=(|h11|

2+|h21|
2) is a central chi-squared distributed 

random variable, whose probability density function (PDF) 
is given by: 
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To derive Pe, we need to Averag (8) over the distribution of B 
(9) [17]: 
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To compute the probability Pe(x�x’ ), it is then necessary to 
study the distance spectrum of the channel coder, i.e, we 
need to average (10) over the distribution of the quantity C. 
Using Gaussian distributions [16], we obtain: 

 

( ) ( ) ( ) ( )
( )( )

( )

( )

( )
( ) ( ) ( )

1 2 1

2 2 1
1 1

1
1

1 .2 . . 1 . 2 1 !
' . .

2 . .1 !

1 . !
. . 11

!

n nL n

e j n
j n j h

p
p np n

j pp
jp n

n n n
P x x

n

Ip
m J

p n m

σπ
π σ σ

++∞ +

+
= =

+∞ −−
+

= +

− + +
→ =

+

  −
  +

 −   

∑ ∑

∑

 

with:         

2 2

min

2 2

/2.

/2.

1

. .

.

j

j

j

j

j

m
up

p

d m

u

p p
m

I u e du

e
J du

u

σ

σ

−

−

+∞ −

−

=

=

∫

∫

  

In and Jn can be computed recursively. We have:  
2 2

/ 2.

2 1 2

1
.

( 1).( ) .( 1)

j j
m

p pp

j j

e
J J

p m p

σ

σ

−

+ +
= −

+ +
 

Depending on the parity of p, the former formula enables to 
calculate Jp given the first values J1 or J0. 
For J1, we have: 
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For J0, we have: 
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For the computation of Ip: 
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The expressions of the Pairwise Error Probability (11) are 
serial expansions in terms of σσσσ2, the variance of the additive 
white Gaussian noise on the link. It can also be expressed in 
terms of Eb/N0 taking into account that: 
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Es=1/3 corresponds to the average energy per transmitted 
symbol. 
To obtain Pb we have to average some approximations [18], 
finally we obtain this expression: 
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With Pe(x�x’ ) denoting the Pairwise Error Probability 
(PEP) for pair of sequences which having w error length 
weight. Pe,w(x�x’ ), has been given in (11). 

 
3.2 Simulation results 

 
We checked formula (13) using the chaotic coder of Fig. 

1 (a = 8, n =2, Q = 3) and the coder optimized for n = 3, Q = 
2. We compare the upper bound of (13) with the simulation 
results on Figure 5. One can see that the two curves are very 
close to each other in the two cases (n = 2 and n = 3) 
showing the accuracy of the formulas (11) and (13). The 
system for n = 3, Q = 2 has a high diversity gain at high 
SNR’s since its slope is much more important that those for 
the case n = 2, Q = 3. This is due to a better free distance. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Performance comparison between simulation results and 
the Upper-Bound results 

 

4. CONCLUSION 

 
Based on the former work of Kozic & al, we have proposed 
new insights for the stud of performing Chaos Coded 
Modulation (CCM) schemes. We have studied in detail the 
distance spectrum of some CCM schemes. Using the 
approximations of their pdf’s with some well known laws, 
we have been able to study the performances of these CCM 
schemes when they are concatenated with a Space Time 
Block Code (STBC). We obtained accurate BER bounds for 
quasi-static block fading channels. The provided simulation 
results, together with the computation of the BER bounds, 
illustrate the accuracy of our closed form expressions except. 
 

REFERENCES 

 
[1] D. R. Frey, “Chaotic digital encoding: An approach to 

secure communication,” IEEE Trans. Circuits Syst. II, 
vol. 40, no 10, pp. 660-666, Oct. 1993. 

[2] F. J. Escribano, L. Lopez, M. A. F. Sanjuan, 
“Evaluation of channel coding and decoding 
algorithms using discrete chaotic maps”, Chaos, 

American Institute of Physics, Issue 16, 1054-
1500/2006/16(1)/013103/12. 

[3] I. P. Marino, L. Lopez, M. A. F. Sanjuan, “Channel 
coding in communications using chaos”, Physics 
Letters Elsevier Science, Vol. 295, n°4, pp. 185-191, 
2002.  

[4] A. Abel, W. Schwarz, “Chaos communications-
principles, schemes, and system analysis”, Proceedings 
of the IEEE, Vol. 90, Issue 5, pp. 691-710, May 2002. 

[5]  W. M. Tam, F. C. M. Lau and C. K. Tse, “Digital 
Communications with Chaos”, Oxford, U.K.: Elsevier, 
2007. 

[6] Y. S. Lau, Z. M. Hussain, “A new approach in Chaos 
Shift Keying for Secure Communication”, Proceedings 
of the third International Conference on Information 
Technology and Applications (ICITA’05), Vol. 2, pp. 
630-633. 

[7]  H. Dedieu, M. P. Kennedy, M. Hasler, “Chaos shift 
keying: modulation and demodulation of a chaotic 
carrier using self-synchronizing Chua's circuits”, IEEE 
Transactions on Circuits and Systems II: Analog and 
Digital Signal Processing, Vol. 40, Issue 10, pp. 634-
642, Oct. 1993. 

[8] F. J. Escribano, L. Lopez, M. A. F. Sanjuan, “Parallel 
concatenated chaos coded modulations”, IEEE Conf. 
15th International Conference on Software, 
Telecommunications and Computer Networks, 
SoftCOM 2007. 

[9]  F. J. Escribano, L. Lopez, M. A. F. Sanjuan, 
“Iteratively decoding chaos encoded binary signals”, 
Proceedings of the Eighth International Symposium on 
Signal Processing and Its Applications, 2005, Vol. 1, 
pp. 275-278, Aug. 2005. 

[10]  F. J. Escribano, L. Lopez, M. A. F. Sanjuan, “Chaos-
Coded Modulations Over Rician and Rayleigh Flat 
Fading Channels”, IEEE Trans. Circuits Syst. II, vol. 
55, no 6, pp. 581-585, June 2008. 

[11] S. Kozic, T. Schimming, “Coded modulation based on 
higher dimensional chaotic maps”, IEEE International 
Symposium on Circuits and Systems, 2005. ISCAS 
2005, pp. 888-891. 

[12]  S. Kozic, “Channel coding and modulation based on 
chaotic systems”, PhD Thesis EPFL, no 3634 (2006). 

[13]  S. M. Alamouti , “A simple transmit diversity 
technique for wireless communications”, IEEE Journal 
on Selected Areas in Communications, Selected Areas 
in Communicationsol. 16, Issue 8, pp:1451-1458, Oct. 
1998 

[14] S. Sandhu, R. Heath and A. Paulraj, “Space-Time 
Block Codes versus Space-Time trellis Codes”, IEEE 
International Conference on Communications, 2001. 
ICC 2001, Vol. 4, pp: 1132-1136, June 2001. 

[15] J.C. Guey, “Concatenated coding for transmit diversity 
systems”, Proceedings of IEEE Vehicular Technology 
Conference (VTC), Vol. 5, pp: 2500-2504, 1999. 

[16] Naim Khodor, Jean-pierre Cances, Vahid Meghdadi 
and Raymond Quere,”study of the distance spectum of 
chaos coded-modulation”, IEEE 17th International 
Conference on Software, Telecommunications and 
Computer Networks  Sept. 2009. 

[17] R. Mohammadkhani, V. Meghdadi , J.P. Cances and L. 
Azizi, "Maximum Likelihood Decoding Rules for 
STBC : Generalized Framework for Detection and 
Derivation of Accurate Upperbounds", Conference 
IEEE ICC, Vol. 5, pp. 2578-2583, Paris, Juin 2004. 

[18] J.G. Proakis, “Digital Communications”, Edition 1995, 
Mc Graw-Hill. 

1413



ON THE QAM PARALLEL TURBO-TCM SCHEMES USING RECURSIVE 

CONVOLUTIONAL GF(2
N
) ENCODERS 

Adrian Florin Păun
1
, Cǎlin Vlǎdeanu

1
, Ion Marghescu

1
, Safwan El Assad

2
, and Alexandru Marţian

1
 

1Telecommunications Department, University Politehnica of Bucharest 
1-3 Iuliu Maniu Bvd., Zip 061071, Bucharest, Romania 

phone: + (40) 21 402 4765, fax: + (40) 21 402 4765, email: {adi, martian}@radio.pub.ro, {calin, marion}@comm.pub.ro 
2IREENA, École Polytechnique de l’Université de Nantes 

Rue Christian Pauc, B.P. 50609, 44306 Nantes, cedex 3, France  
phone: + (33) 2 40 68 30 36, fax: + (33) 2 40 68 32 32, e-mail: safwan.elassad@univ-nantes.fr 

 

ABSTRACT 

In this paper, parallel turbo quadrature amplitude modula-

tion – trellis coded modulation (Turbo QAM-TCM) schemes 

are designed using recursive convolutional encoders over 

Galois field GF(2
N
). These encoders are designed using the 

nonlinear left-circulate (LCIRC) function. The LCIRC func-

tion performs a bit left circulation over the representation 

word. An optimum 1-delay GF(2
N
) recursive convolutional 

encoder scheme using LCIRC (RC-LCIRC) is proposed for 

QAM-TCM schemes. The minimum Euclidian distance is 

estimated for these QAM-TCM schemes and it is shown that 

these structures offer the maximum coding gains. However, 

the RC-LCIRC encoders are less complex than the corre-

sponding binary encoders are. The optimum RC-LCIRC 

encoder is used as component encoder of a parallel turbo 

QAM-TCM transmission scheme, using the iterative multi-

level log-MAP algorithm in the receiver. The bit error rate 

(BER) is estimated by simulation for the proposed Turbo 

QAM-TCM transmissions over an additive white Gaussian 

noise (AWGN) channel, and the results are similar to the 

conventional Turbo-TCM schemes. 

1. INTRODUCTION 

The nonlinear functions were used lately in several blocks of 
communications systems to increase their performances.  
Frey [1] proposed a chaotic digital infinite impulse response 
(IIR) filter for a secure communications system. The Frey 
filter contains a nonlinear function named left-circulate 
function (LCIRC), which provides the chaotic properties of 
the filter. This work considered the Frey encoder as a digital 
filter, operating over Galois field GF(2N).  
Barbulescu and Guidi [2] made one of the first attempts re-
garding the possible use of the Frey encoder in a turbo-
coded communication system, but the paper lacks of proof 
for the stated performance enhancement.  
In [3] it was demonstrated that the Frey encoder with finite 
precision (wordlength of N bits) presented in [1] is a recur-
sive convolutional encoder operating over GF(2N). New 

methods for enhancing the performances of the PAM – trel-
lis-coded modulation (PAM-TCM) and the phase shift key-
ing – trellis-coded modulation (PSK-TCM) transmissions 
over a noisy channel were proposed in [4] and [5], respec-
tively. These encoders follow the rules proposed by Unger-
boeck [6] for defining optimum trellis-coded modulations by 
proper set partitioning. Two-dimensional (2D) TCM 
schemes using a different trellis optimization method for 
Frey encoder were proposed in [7]. 
The turbo coding scheme introduced by Berrou and Gla-
vieux in their seminal paper [8] allow communications sys-
tems performances close to the Shannon limit, by concate-
nating in parallel recursive convolutional encoders in the 
transmitter and using iterative decoding algorithms in the 
receiver. Turbo schemes were developed as well for the 
TCM schemes [9], [10], [12]. 
In the present work, the recursive convolutional LCIRC 
(RC-LCIRC) from [5] is adapted to and introduced in a par-
allel turbo quadrature amplitude modulation QAM-TCM 
transmission scheme, and the performances of this scheme 
are analyzed in case of transmitting over a channel with ad-
ditive white Gaussian noise (AWGN). A similar analysis 
was performed in [11] for the turbo PSK-TCM transmission 
scheme. 
The paper is organized as follows. Section 2 is presenting 
the RC-LCIRC encoder operating over Galois field GF(2N) 
and its use for optimum PSK-TCM schemes. The asymp-
totic gain of rate (N – 1)/N RC-LCIRC encoder is estimated. 
In Section 3, a parallel turbo QAM-TCM transmission 
scheme using RC-LCIRC component encoders is proposed. 
A multilevel log-MAP algorithm is used for the iterative 
detection. The simulated bit error rate (BER) performance in 
an AWGN channel is plotted in Section 4 for the 16 QAM -
TCM transmission as compared to 8PSK, using two types of 
mappings: Gray and set partitioning (SP). The coding gains 
of 16QAM-TCM schemes using these different mappings, 
as compared to the uncoded modulation and the non-
iterative schemes, are derived from simulations. Finally, the 
conclusions are drawn and some perspectives are presented 
in Section 5. 
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Figure 1. –.Rate Nin/N optimum GF(2N) recursive convolutional 
LCIRC encoder for Nin b/s/Hz. 

2. OPTIMUM RECURSIVE CONVOLUTIONAL 

LCIRC ENCODERS FOR PSK-TCM SCHEMES 

In this section, a new family of recursive convolutional en-
coders operating over Galois field GF(2N) and their use for 
optimum QAM-TCM schemes are presented.  
The main component of the chaotic encoder introduced by 
Frey in [1] and the recursive convolutional encoder pre-
sented in [3] is the nonlinear LCIRC function. Let us denote 
by N the wordlength used for binary representation of each 
sample. The LCIRC function is used as a typical basic ac-
cumulator operation in microprocessors and performs a bit 
rotation by placing the most significant bit to the less sig-
nificant bit, and shifting the other N-1 bits one position to a 
higher significance.  
The block scheme for an optimum recursive convolutional 
LCIRC (RC-LCIRC) encoder, using one delay element and 
the LCIRC function is presented in Fig. 1 [5]. For each mo-
ment n, u[n] represents the input data sample, x1[n] denotes 
the delay output or the encoder current state, and e[n] is the 
output sample. The superscript U denotes that all the sam-
ples are represented in unsigned N bits wordlength, i.e., 
u

U[n], eU[n] ∈ [0, 2N-1]. The encoding rate for the encoder 
in Fig. 1 is the ratio between the input wordlength Nin and 
the output wordlength N=Nout, i.e., R=Nin/N [7], [8]. 
LCIRCNin represents the LCIRC function application for Nin 
times consecutively. Both adders and the multiplier are 
modulo-2N operators.  
For a fixed output wordlength N, an optimum recursive con-
volutional encoder can be designed for each input 
wordlength Nin ∈{1, 2, …, N-1}, for which the encoding 
rate is R = {1/N, 2/N, …, (N – 1)/N} [4], [5].  
The trellis complexity of the codes generated with the 
scheme in Fig. 1 increases with the wordlength, because the 
number of trellis states grows exponentially with the output 
wordlength, i.e., 22N, while the number of transitions origi-
nating from and ending in the same state grows exponen-

tially with the input wordlength, i.e., inN22 .  
It can be easily demonstrated that the minimum Euclidian 
distance for the PSK-TCM scheme using encoder in Fig. 1 
has the following expression [5]: 
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Figure 2. – Asymptotic gain as function of the spectral efficiency for 
rate (N-1)/N optimum GF(2N) recursive convolutional LCIRC en-

coders. 
 
where ∆k represents the kth order Euclidian distance be-
tween the M-PSK signal constellation points. We can write 
the following expressions of the M-PSK Euclidian distances 
in the ascending order: 
      ∆k = 2 ·  sin[(k+1) · π / M], k∈{0, 1, …, log2(M)-1} (2) 
For example, let us consider the optimum encoders for the 
8-PSK-TCM scheme, i.e., the output wordlength equal to 3, 
i.e., N=3. The input wordlength may take three values Nin 
∈{1, 2}, and the corresponding encoding rates are R ∈ {1/3, 
2/3}. For the rate 1/3 encoder the scheme in Fig. 1 is set 
with all the values corresponding to Nin=1. From (1) and (2) 
results that the minimum distance of this code is d2

E, R=1/3, opt., 

8-PSK, u
U

∈{0,4} = 14, having a coding gain of 10·log10(d2
E, R=1/3, 

opt., 8-PSK, u
U

∈{0,4} / d
2
E,R=1,N=3, opt., 8-PSK) = 10·log10(14/1.1716) ≈ 

10.77 dB over the optimum 8PSK (N=3) using a rate 1 en-
coder. For the rate 2/3 encoder (Nin=2) the minimum dis-
tance of this code is d

2
E, R=2/3, opt., 8-PSK, u

U
∈{0,2,4,6} = 4 + 4 · 

sin2(π/8) ≈ 4.5858, having a coding gain of  approximately 
5.93 dB over the optimum 8PSK (N=3) using a rate 1 en-
coder. The rate 1 optimum encoder is obtained for Nin = N, 
for any value of N, considering that  

UUNU xxLCIRCxLCIRC == )()(0 assumes no bit circula-

tion. This rate 1 optimum encoder offers a minimum dis-
tance of d2

E, R=1, opt. N=3, opt., 8-PSK = 8 · sin2(π/8) ≈ 1.1716. 
It can be easily demonstrated starting from (1) that all the 
rate (N – 1)/N, for any N value, the optimum recursive con-
volutional LCIRC encoders are offering the same minimum 
distance as the corresponding binary optimum encoders de-
termined by Ungerboeck in [6]. For example, the above-
mentioned rate 2/3 encoder (Nin=2) has the minimum 
Euclidian distance of 4.5858 determining an asymptotic 
coding gain of 3.6 dB. Using the expressions in (1) we can 
easily plot the asymptotic gain of optimum rate (N – 1)/N 
LCIRC as a function of the spectral efficiency N – 1. The 
results are presented in Fig. 2.  

The asymptotic coding gain is estimated using the fol-
lowing expression: 
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Figure 3. – Turbo TCM encoder with RC-LCIRC. 
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where d
2
E, R=(N-1)/N, 2

N
-PSK denotes the minimum Euclidian 

distance of the rate (N – 1)/N LCIRC TCM scheme using a 
PSK modulation with 2N phase levels, and d

2
0, 2

(N-1)
-PSK 

represents the minimum Euclidian distance in the 2(N-1)-PSK 
non-coded signal constellation. Hence, the asymptotic coded 
gain specifies the gain of the coded scheme when doubling 
the signal constellation size over the non-coded signal. As 
shown in Fig. 2 the asymptotic gain decays rapidly to a limit 
value when the number of signal levels increases. Similar 
results can be obtained for QAM-TCM schemes. 
However, the GF(2N) optimum recursive convolutional 
LCIRC encoders are less complex than the corresponding 
binary encoders. The memory size of the binary encoders 
increases logarithmically with the number of states in the 
trellis, while the GF(2N) optimum recursive convolutional 
LCIRC encoders include only one delay element, no matter 
what the trellis complexity is. As another advantage of these 
encoders, we can also mention the Euclidian distance com-
pact expression as a function of Nin and N. 

3. RC-LCIRC ENCODER IN QAM TURBO-TCM 

SCHEME 

Fig. 3 shows the turbo TCM encoder for 2N-QAM modula-
tion. The information sequence and the Nin bits block-wise 
interleaved sequence are fed into component encoders RC-
LCIRC1 and RC-LCIRC2 of rate Nin/N, and mapped into 2N-
QAM symbol sequences (xn). The non-systematic nature of 
RC-LCIRC encoder does not permit the parity bits punctur-
ing as in traditional turbo-TCM schemes. Hence, the overall 
coding rate for the scheme in Fig. 3 is Nin/(2⋅N). The 2N-
QAM symbol sequence is transmitted over a noisy channel. 
The received signal over the n-th symbol interval is given 
by: 
  nnn wxy +=  (4) 

where wn is an additive white gaussian noise (AWGN) se-
quence and xn denotes the 2N-QAM symbol sequence 
mapped from the encoder output sequence {e

U[n], e(i)U[n]}.  
The receiver structure, shown in Fig. 4, has two components 
that use multilevel version of log-MAP algorithm. The odd 
symbols from the received sequence are fed into first com-
ponent decoder that corresponds to the RC-LCIRC1 in order 
to compute the a posteriori log likelihood ratio (LLR) per 
transmitted bit Lap, as following:  
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Figure 4. – Iterative turbo-TCM receiver. 

where btn is the t-th bit from n-th encoder input information 

word, {bn}↔u
U  with 1...2 inN

t= , and y is the received sym-
bol vector. 
Using Bayes’ theorem under the assumption of statistically 
independent bits, the joint probabilities can be split into 
products: 
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       (6) 

where  ( )0
t

b  and ( )1
t

b  are the sets of 12 inN −  words of input bits 

with the t-th position bit bt = 0 or bt = 1, respectively. The 
third term in (6) represents the a priori bit knowledge fed by 
the other decoder La(btn). The first two terms in both sums 
from denominator and nominator of (6) represent the sym-
bol probability that depends on a priori bit values and trellis 
encoder constraints, which are used in transition metric 
computation of multilevel log-MAP algorithm [9]. The rela-
tion (6) is evaluated iteratively as:  
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using an eight entries approximation table of the so called 
Jacobian Logarithm, given by [9]: 

  
( ) ( ) ( ) ( )max* , ln max , ln 1 a ba b
a b e e a b e

− −= + = + +
 (8) 

Then, the extrinsic information Lext is calculated by subtract-
ing the a priori LLR La(btn) from Lap(btn). The extrinsic in-
formation shows the increment of the decoded symbol reli-
ability. The extrinsic information sequence from the first 
log-MAP decoder (corresponding to the component encoder 
RC-LCIRC1) is interleaved and fed into the second compo-
nent decoder as a priori value, La

(i). It corresponds to the 
component encoder RC-LCIRC2. At the same time, the even 
order received symbols sequence is also fed into the second 
decoder and then this decoder calculates the extrinsic infor-
mation, Lap

(i). This extrinsic information sequence is deinter-
leaved and fed back into the first component decoder as a 
priori value, La, thus ending each iteration.  
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Figure 5. – BER for 16QAM turbo-TCM with Gray mapping. 
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Figure 7. – BER for 8PSK turbo-TCM with Gray mapping. 

 
The role of deinterleaver is to rearrange the sequence of 
extrinsic information in the order corresponding to the re-
ceived information from the first decoder component input. 
At the last iteration, a final decoded bit is obtained from the 
sign of Lap. 

4. SIMULATION RESULTS 

The turbo-TCM scheme proposed in Section 3 was tested 
for 8-PSK and 16-QAM modulation by simulation over an 
AWGN channel, using an equivalent symbol wise block 
interleaver of length 31x31. Both component encoders in the 
turbo-TCM scheme in Fig. 3 are identical rate-2/3 RC-
LCIRC encoders for 8-PSK and rate-3/4 for 16-QAM, re-
spectively. Hence, the overall coding rate is 1/3 for 8-PSK 
modulation and 3/8 for 16-QAM modulation, respectively.  
The TCM employed the modulations 8-PSK and 16-AQM 
with two mapping rules: Gray, and anti-Gray, where sym-
bols at minimum Euclidean distance differ in one bit or in 
maximum number of bits, respectively [12]. 
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Figure 6. – BER for 16QAM turbo-TCM with anti-Gray mapping. 
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Figure 8. – BER for 8PSK turbo-TCM with anti-Gray mapping. 

 
Each of following simulation results are shown as BER per-
formances versus Eb/N0, where Eb is the signal energy per 
one information bit and N0 is one-sided power spectral den-
sity of the background noise. 
Figure 5 shows the bit error rate (BER) performances of 
turbo-TCM using 16-QAM, Gray labeling. At 5-th iteration, 
we observe a 7 dB gain as compared with non coding 
scheme, for BER=4·10-5. 
This scheme provides a 5.5dB gain over non-iterative 
scheme and 4 dB improvement through five iterations.  
In figure 6 the BER performances of 16-QAM, anti-Gray 
labeling over first five iterations are depicted. Further itera-
tion do not improve decoder/detector performances. This 
scheme offers about 8 dB gain versus encoded 16-QAM 
modulation and 4.25 dB gain as compared with non-iterative 
scheme. 
Figure 7 shows the BER performances using 8-PSK, Gray 
labeling over first three iterations. Further iteration do not 
improve decoder/detector performances. This scheme offers 
about 8 dB gain versus encoded 8-PSK modulation and 2 dB 
as compared with non-iterative scheme.  
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BER performances for 8-PSK, anti-Gray labeling is shown 
in figure 8. This scheme attained the best threshold from all 
three mapping rules. It needs 3dB and 8 iterations to per-
form at BER=3·10-5. It provides 10dB gain versus uncoded 
modulation and 3.7dB as compared with non-iterative 
scheme.  
The increased throughput of 16-QAM modulation has a 
penalty of 1dB and 2 dB for Gray and anti-Gray mapping 
respectively, compared to 8-PSK modulation. 
We can note that the BER floor is about 10-5 for all simula-
tions. This is due to low constraint length of the block inter-
leaver, i.e., 961 symbols, and is relatively independent of the 
modulation type and mapping rule. 

5. CONCLUSIONS 

It was shown that the proposed RC-LCIRC encoder can be 
used as a component encoder in turbo-TCM schemes. The 
BER performances improvement with iterations was dem-
onstrated by means of simulations. For simulations, we con-
sidered the 16-QAM and 8-PSK turbo-TCM scheme, using 
two mappings: Gray and anti-Gray. Similar to the classical 
turbo-TCM scheme, the maximum coding gain is deter-
mined for the anti-Gray mapping. Nevertheless, the nonlin-
ear LCIRC function drives to low complexity encoder, while 
the lack of non-systematic property attains good perform-
ances in iterative schemes. 
In further studies it is necessary to to evaluate the perform-
ances using EXIT chart and investigate the punctured ver-
sion of this turbo-TCM schemes. In addition, the scheme 
performances analysis when transmitting over a channel 
with fading requires further attention. 
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Abstract 

In this paper, a class of real numbered block and convolutional 

codes are encoded and decoded using various iterative methods to 

remove channel impulsive noise and erasures. In order to recover the 

received vector, two iterative algorithms are used for erasure and 

impulsive noise distortions. Similarities of real number convolutional 

codes to linear block codes are discussed. An iterative method with 

adaptive thresholding is described for the reconstruction of impulsive 

noise using sparse signal processing.   

 
Index Terms—Real number codes, Impulsive noise cancellation, 

Erasure channel, Convolutional codes, Iterative technique, IMAT 

method.  

 

1. INTRODUCTION 

enerally, the channel encoding is performed in finite 

Galois fields as opposed to real/complex fields. The 

reason is the simplicity of logic circuit implementation and 

insensitivity to the pattern of errors. On the other hand, the 

real/complex field implementation of error correction codes 

has stability problems with respect to the pattern of impulsive, 

quantization and additive noise [1]-[3]. Nevertheless, such 

implementation has found applications in fault tolerant 

computer systems [4]-[6] and impulsive noise removal from 1-

D and 2-D signals [7], [8]. Similar to finite Galois fields, 

real/complex field codes can be implemented in both block 

and convolutional fashions. These coding methods are over 

the real or complex number fields, and can be implemented 

with standard digital signal processors. The possibility of 

utilizing real numbered codes permits the codes to be 

implemented with operations normally available in standard 

programmable digital signal processors. 

Also, many of the well-known algebraic principles of error 

correction codes hold over the fields of real number and these 

principles are therefore directly applicable. The signal 

processing techniques which are introduced in this paper are 

appropriate for erasure and impulsive noise channels.  

The paper is organized in the following manner. In Section 

II, a brief introduction of real numbered linear block codes is 

given by defining DFT codes and summarizing the important 

properties. In Section III, we define real numbered 

convolutional codes, and show the similarities between these 

codes and linear block codes. Section IV introduces an 

iterative algorithm to compensate the distortion of the erasure 

channel. Section V deals with a non-linear iterative technique 

 
 

named the IMAT method
1
. This method is presented to 

reconstruct the impulsive noise in the code vector, thus it can 

be omitted from the received vector. Some simulation results 

are presented in section VI and section VII concludes the 

paper. 

2. REAL NUMBER LINEAR BLOCK CODES  

    The (N, K) Complex field linear block codes are a class of 

error correcting codes similar to finite field codes which 

consist of message and code blocks of K and N symbols, 

respectively. The generator matrix G is a K×N matrix 

consisting of K independent vectors which form the code 

space. The parity check matrix is a (N-K) ×N matrix including 

N-K independent vectors which are orthogonal to the code 

space. In order to form such a generator matrix, K rows of a 

unitary matrix can be chosen for matrix G and the remaining 

rows form the parity check matrix. Since rows of a unitary 

matrix are orthogonal, the following equation is satisfied [9]: 

   

GH
H
=0                       (1) 

 

By using the inverse DFT matrix as a unitary matrix, the 

generator matrix consists of any K rows of the IDFT matrix. 

The parity check matrix of the code consists of the remaining 

rows. Thus, each code word is zero in N-K parity frequencies. 

If the parity frequencies are not zero, the presence of error in 

the code vector will be indicated. In order to form DFT codes 

in the field of real numbers, the frequencies are selected in 

such a way that the complex conjugate of each row also 

belongs to the generator matrix [10]. DFT codes have a 

minimum distance equal to N-K+1, which it implies they can 

correct up to ����
� � sample errors or N-K sample erasures.  

We first consider the message signal is sent through an 

erasure channel. We use the signal space projection method to 

compute the projection of the received vector in the code 

space [11]. In other words, the code word which has the 

minimum distance to the received vector is computed in order 

to approximate the message signal. This method can be used 

for all linear block codes with the generator matrix G. The 

matrix which gives us the message signal is called the pseudo 

inverse matrix. 

 

�� = 
 ��(�. ��)�����������
������ ������� 

            (2) 

where �� is the minimum distanced code to the received 
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vector and y is the received code word. 

In the case of DFT codes, the pseudo inverse matrix simply 

becomes ��. Because of the erased samples of the received 

signal, the approximated message is distorted. In order to 

recover the distorted message, an iterative technique is used.  

3. CONVOLUTIONAL CODES 

 Convolutional codes can be represented from two points of 

view. First, they can be considered as linear block codes. Then 

the generator matrix and the parity check matrix are as 

follows: 
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Where  m   is the constraint length. 

Gi and Hi i = 0,…,m are K×N and (N-K)×N matrices, 

respectively. In real numbered codes, each element of these 

matrices is real. For the convolutional codes we have: 

 

)(1)(1 mpNpkpkmpN GUC
+⋅×⋅⋅×+⋅×

=                   (5) 

 

where C, U, (k×p) and N×(p+m) are the message, code vector, 

message length and code length, respectively. Thus 

convolutional codes can be decoded similar to the linear block 

codes. From the second point of view, convolutional codes are 

considered as the response of message vector to two or more 

filters; these responses are multiplexed to form the code 

vector. 

Because of the lost samples in erasure channels, the 

responses of the decoders are distorted. In the next section, an 

iterative technique is applied to compensate for this type of 

distortion to achieve the original signal. 

 

4. ITERATIVE METHOD FOR ERASURE CHANNELS 

Iterative methods can be applied to compensate for the 

distortion of an erasure channel. In order to obtain the original 

signal from the distorted one, we use a recursive relation as 

follows [12]: 

 

kkk xxfyx +−=
+

)]([1 λ
                        (6) 

 

where   and k are the relaxation parameter and k
th

 iteration, 

respectively. �! is replaced by �� in equation (2).  "(∙) can be 

considered as the distorting operator and y is the distorted 

signal, which must be recovered. This equation converges to � 

(original signal) if k goes to infinity.  

 Figure 1 demonstrates the block diagram for the iterative 

algorithm.  

 

 
 

Fig. 1. Block diagram of the iterative algorithm. 

 

4.1 Decoding linear block codes using iterative technique 

The iterative decoding scheme for linear block codes is to 

substitute the block " with a distorting function which, in this 

case, consists of the generator matrix, known erasure channel 

and the pseudo inverse of the generator matrix. Figure 2 

depicts the block diagram of the described distorting function. 

If the rate of erasure does not exceed the encoder capacity, 

which is 
���

�  in case of erasure channel, the iteration 

represented in Fig. 1 converges to the actual signal. 

 

 
 

 

Fig. 2. Block diagram of the distorting function in iterative method for 

linear block codes decoder. 

 

4.2  Decoding of convolutional codes using an iterative 

technique 

Real numbered convolutional codes can be assumed as 

linear block codes; thus they can be decoded using the method 

described in the previous subsection. The generator matrix of 

these codes is depicted in (3). On the other hand, considering 

convolutional codes as linear filters, an approximation of the 

message code can be computed by averaging the responses of 

these filters. Figure 3 shows the block diagram of encoding 

and decoding of convolutional codes. 
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Fig. 3. Block diagram of the averaging method for convolutional codes 

decoding. 

 

This block diagram can also be considered as the distorting 

function "(∙)in the iterative block diagram in order to 

compensate for the distortion. Figure 3 is designed for the rate 
�
� convolutional encoder. At each stage of decoding, the results 

of the two branches are averaged in order to recover the 

message signal. 

5. THE IMAT METHOD FOR IMPULSIVE NOISE CANCELATION 

    In this section, a non-linear iterative technique is proposed 

to reconstruct the impulsive noise, which is called the IMAT 

method. This method was first proposed in [13]. The goal of 

this technique is to reconstruct the impulsive noise in order to 

remove it from the received signal. In order to separate noise 

from signal, parity check matrix is used; denoting the 

observation vector at the receiver by 
�, we have: 

 


� = 
 + %                     (7) 

 

where n is the impulsive noise. Multiplying 
�  by the 

Hermitian of the parity check matrix, we have: 

 


�. &� = (
 + %). &� = �. �. &� + %. &� = %. &�         (8) 

 

Using the pseudo inverse of &� , we obtain: 

 


�. &� . (&. &�)��. & = %. &� . (&. &�)��. & = %'           (9) 

 

%' is an approximation of n. In the case of DFT codes, %. &�  

defines the amplitudes of the parity check frequencies of the 

noise which are available. Thus, the goal is to compute the 

whole noise from its known parameters using the fact that it is 

sparse. The non-linear function in this method is thresholding. 

According to the sparsity of impulsive noise, a thresholding 

block is used in the process to keep the sparse characteristic of 

the impulsive noise in consecutive iterations. The threshold 

value is decreased exponentially through the iterations in order 

to find every impulse. The following block diagram represents 

the IMAT method. 

 
 

Fig. 4. Block diagram of the IMAT method. 

 

where f is the distorting function.  

 
 

Fig. 5. SNR vs. the percentage of erasure for the linear block code decoder. 

 

In both cases of real numbered linear block and convolutional 

codes, the distorting function relates n to %'  according to (9): 

 

"(�) = �. &� . (&. &�)��. &                       (10) 

 

Thus, we can obtain better approximation of the noise 

vector through the iterations; thus, it can be removed from the 

code vector which results in the correct decoding of the 

message signal. If the rate of the erasure does not exceed the 

encoder capacity, which is
���

��  in the case of a channel with 

impulsive noise, the iteration represented in Fig. 4 converges 

to the actual signal with a proper choice of the relaxation 

parameter. The threshold level is reduced exponentially in 

each iteration. 

6. SIMULATION RESULTS 

6.1 Real numbered linear block code (DFT code) results: 

 The input signal is taken from a uniform random 

distribution of block length 50 and the simulations are run 

1000 times and then averaged. The SNR value ,which is 

mentioned in these figures, is the ratio of the original signal 

power to the difference of the original and the recovered 

signal power. The following subsections describe the 

simulation results for erasure and impulsive noise channels. 

6.1.1) Decoding for Erasure Channels: The iterative method 

which is shown in Fig. 1 is used for the decoding of DFT 

codes for erasure channel. The encoder rate is 
�
� and the 

relaxation parameter is set to 0.01. The SNR improvement 

versus the relative rate of erasures with respect to the 

theoretical maximum rate of correction capability (full 

capacity) is shown in Fig. 5. 

6.1.2) Decoding for Impulsive Noise Channels: In this 

figure, the locations of the impulsive noise samples are 

generated randomly and their amplitudes have Gaussian 

distributions with zero mean and variance equal to 1, 2, 5. The 

SNR values versus the percentage of the channel capacity is 

shown in Fig. 6. 
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Fig. 6. SNR vs. percentage of channel capacity using the IMAT method for 

detecting the location and amplitude of the impulsive noise. 

 

6.2 Real numbered convolutional codes results: 

 The performance of convolutional decoders depends on the 

coding rate, the number and values of FIR taps for the 

encoders, and the type of the decoder. Let us take the 

convolutional encoder of rate 
�
� of Fig. 3 as our platform for 

simulations. For simulation results, the taps of the filters in the 

encoder of Fig. 3 are: 

  

ℎ1 = *1 2 3 4 5 160 
ℎ2 = *16 5 4 3 2 10                  (11) 

 

6.2.1) Decoding for Erasure Channels: For the erasure 

channels, we employ two methods as described below:  

  a) Iterations with Averaging: The averaging method to 

decode for erasures in the convolutional code is shown in Fig. 

3. This figure is designed for the rate 
�
� convolutional encoder. 

At each stage of decoding, the results of the two branches are 

averaged. For the rate 
�
� and specific FIR structure, the SNR 

improvement versus the relative rate of erasures is shown in 

Fig.7. This figure shows that the SNR values gradually 

decrease as the channel erasure rate increases. 

  b) Decoding Using the Generator Matrix: The generator 

matrix of a convolutional encoder of the type depicted in Fig. 

2 with taps given in (11) can be shown to be: 
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With a proper choice of the relaxation parameter, the iteration 

represented in Fig. 1 converges to the actual signal. By using 

 
 

Fig. 7. SNR vs. the percentage of erasure for the convolutional decoder 

with averaging method after 50 iterations. 

 

the above operator G in our iterative simulations, better results 

can be obtained in comparison with the averaging method of 

Fig. 7. Figure 8 shows that the SNR values gradually decrease 

as the rate of erasure reaches its maximum (capacity). This 

figure shows that the generator matrix approach for decoding 

using the iteration matrix performs much better than the 

averaging method represented in Figs. 7 and 8. However, the 

complexity of the matrix approach is higher than the averaging 

method. 

 

6.2.2) Decoding for Impulsive Noise Channels: For 

simulation results, we use the generator matrix shown in (12). 

Its parity check matrix can be calculated from [14] and is 

given below: 
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In our simulations, the locations of the impulsive noise 

samples are generated randomly and their amplitudes have 

Gaussian distributions with zero mean and variance equal to 1, 

2, 5 and 10 times the variance of the encoder output. The 

results are shown in Fig. 9 after 300 iterations. This figure 

shows that the high variance impulsive noise has a better 

performance. 
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Fig. 8. SNR vs. the relative rate of erasures in an erasure channel applying 

the iterative method with the generator matrix. 

 

 

 
 

Fig. 9. SNR vs. percentage of channel capacity using the knock out method 

for detecting the location and amplitude of the impulsive noise,   = 1.9. 

 

 

7. CONCLUSION 

Real numbered block and convolutional codes can be useful in 

fault tolerant systems. We have developed decoding methods 

for removing erasure and impulsive noise using various novel 

algorithms. Two iterative algorithms are introduced to recover 

the received signal from erasure and impulsive noise channels. 

A non-linear method (IMAT) to reconstruct the impulsive 

noise is simulated for both block and convolutional codes. The 

results are quite impressive.  
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ABSTRACT 

The conventional method for determining target angle of 

arrival with an array of sensors is to digitize the output of 

each sensor at the Nyquist sampling rate for the system 

bandwidth and use digital signal processing algorithms such 

as maximum likelihood estimation or multiple signals classi-

fication (MUSIC).  Here we show that if the targets sparsely 

populate the angle/frequency domain, the angles and fre-

quencies can be obtained from a much smaller number of 

measurements by randomly summing sensor outputs and by 

randomly sampling in time through the use of a novel appli-

cation of recently developed compressive sensing algorithms.   

1. INTRODUCTION 

Angle-of-arrival (AOA) determination using an array of 

sensors is an important topic across a wide range of disci-

plines [1-3].  Recently, several researchers have applied the 

new paradigm of compressive sensing (CS) [4-6] to AOA 

determination [7-10].   In this prior work, the authors have 

exploited sparsity in either the time or angle domains to ease 

receiver constraints while retaining AOA resolving capabil-

ity.  Here we take advantage of sparsity in both angle and 

frequency to formulate the conventional AOA problem [1] 

in the conventional CS format.  Some of this work is related 

to that presented in [4-6] but our formulation shows how to 

treat frequency domain and angle domain sparsity on an 

equal footing and how to morph the doubly-sparse AOA 

problem into the conventional CS format.  The major contri-

bution of our work is, however, the use of a super-resolution 

algorithm with our CS AOA formulation to determine angle.  

We present, for the first time to our knowledge, cumulative 

probability distributions as a function of angle for CS with 

variable compression ratios and compare these results to 

AOA determination with reduced numbers of elements. 

2. COMPRESSIVE SENSING 

In the conventional formulation for compressive sensing [3], 

a sparse vector s of dimension j can be recovered from a 

measured vector y of dimension k (k << j) after transforma-

tion by a sensing matrix  as shown in eq. (1) 

 

  y =  s + w    (1) 

 

where w is a noise vector.  Often,  is factored into two ma-

trices, where  is a “random” mixing matrix and  

is a Hermitian matrix with columns that form a basis in 

which the input vector is sparse.  A canonical example is the 

case in which the input is a time series with samples taken 

from a single sinusoid with an integer number of periods.  

These data are not sparse but are transformed into a sparse 

vector by the discrete Fourier transform (DFT). Note that 

although  is not square and hence not invertible, is both 

square and invertible.   Work in compressive sensing has 

shown that under quite general conditions, all j components 

of s may be recovered from the much smaller number of 

measurements of y.  With no noise (w = 0) recovery proceeds 

by minimizing the  norm of a test vector s’ (the sum of the 

absolute values of the elements of s’) subject to the constraint 

y =  s’.  In the presence of noise, recovery proceeds by 

minimizing a linear combination of the  norm of the target 

vector and the  norm of the residual vector given by y -  s  

 

 s’( ) = arg  mins( ||s||1  + || y -  s ||
2
)

where the parameter  is chosen such that the signal is opti-

mally recovered [11].   

 

Figure 1 – Target-antenna element array geometry. 

 

3. APPLYING CS TO AOA ESTIMATION ON THE 

GRID 

Here we consider angle of arrival estimation using the array 

shown in Fig. 1.  For simplicity, we consider a linear array of 

antenna elements and a set of targets located far from the 

sensors.  Thus the incoming signals are plane waves and the 

relative delay at the individual elements gives the angle of 

arrival directly.  Conventional algorithms for determining the 

angle of arrival are discussed in the pioneering paper on Mul-

tiple Signal Classification (MUSIC) and include beamform-

ing, maximum likelihood, maximum entropy as well as 
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MUSIC itself [1].  Following Schmidt, we consider the ma-

trix formulation of the angle-of-arrival problem given by 

 

  X(t) = AF(t) + W(t)  (3) 

 

where X(t) is the vector of signals received at the N antenna 

elements, F(t) is the vector of the target signals at J locations 

in angle space, and W(t) is a noise vector.  For a single fre-

quency f, the elements anj of the N x J matrix A are given by 

exp(i k nj) where k = 2 f/c (c is the speed of light) and nj is 

given by the product of the location of the n
th
 antenna ele-

ment with the unit vector corresponding to the j
th

 angle loca-

tion [1].  In a conventional system, the output of each an-

tenna element is digitized at the Nyquist rate and digital 

signal processing is used to obtain the target angle and fre-

quency.  Denote the matrix formed by the output of N an-

tenna elements for M time steps D.  In many systems, it is 

neither possible nor desirable to make and/or process all the 

measurements required to form D.  For example, the N Ny-

quist-rate ADCs, one at each antenna element, may consume 

too much power [7] or the communication rate between 

elements may be limited [9].  This motivates us to determine 

if we can achieve the desired target information (amplitude, 

angle and frequency) from a smaller number of measure-

ments using techniques described in the well-known papers 

on compressive sensing [1-3]. 

 

Angle of arrival estimation can be converted to the conven-

tional compressive sensing format as follows.  We assume 

that the number of targets is small compared to the total 

number of elements in the D matrix.  Thus, even though D is 

not measured, its 2-dimensional Fourier transform in the 

sine-of-the-angle (sine-angle) and the frequency domain is 

sparse.  This assumption might break down for wideband 

targets such as chirp radar reflections or cluttered environ-

ments with chaff at many angles.  The dimension of the angle 

space is determined by the number of antenna elements. 

Therefore, before compression the number of sine-angle bins 

is taken to be equal to the number of elements in the array; 

likewise, the number of frequency bins is equal to the num-

ber of time samples.  The matrix D can be transformed from 

the antenna-element/time domain to the sine-angle/frequency 

domain with Fourier transforms to obtain a sparse matrix S 

given by S = FtDFa  where Ft is the Fourier transform from 

time to frequency and Fa is the Fourier transform from array 

position to sine-angle position (Ft and Fa are square matrices 

compatible with D). In our sytem, neither the measurements 

of D, nor the transforms Ft and Fa are performed at the re-

ceiver.  The inverse transforms are, however, required during 

the recovery of D, since D = Ft
-1

 S Fa
-1

 where F
-1

 is the in-

verse Fourier transform.  Therefore, after determining S 

through compressive sensing techniques, the original data 

matrix D can be recovered as if it were measured at the Ny-

quist rate at each array element, and then D could be proc-

essed with traditional techniques. 

 

The next step is to mix the matrix D along the lines of con-

ventional compressive sensing.  D is compressed in the an-

tenna-array dimension by a “wide” pseudo-random matrix L 

and in the time dimension by a “skinny” pseudo-random 

matrix R such that L is of dimension n x N and R is of dimen-

sion M x m.  L and R are known matrices that we generate 

and store.  The new matrix C, given by C = LDR, is of di-

mension n x m.  In our system C is digitized with mn/MN 

fewer resources (sampling steps per unit time) than would be 

required for a similar measurement of D.  Note that neither 

the sampling rate nor the array dimension changes as a result 

of measuring C; only the total number of measurements is 

reduced.   

 

The sparse representation S can be recovered from the com-

pressed measurements C as follows.  First, write C = L D R = 

L Ft
-1

 S Fa
-1

 R.   Second, minimize the matrix  norm of S 

subject to the constraint C = L Ft
-1

 S Fa
-1

 R in the absence of 

noise or in the presence of noise.  

 

S’( ) = arg minS ( ||S||1 +  || C - L Ft
-1

 S Fa
-1

 R||2
2
) (4) 

 

where as in eq. (2) we use the double bar notation to indicate 

the “entry-wise” norm  of the enclosed matrix and the choice 

of the penalty parameter  allows optimal recovery of S with 

minimal noise [11].        

 

There are two differences between eq. (4) and eq. (2).  First, 

in eq. (4), the target quantity S is a matrix. This can be fixed 

by “flattening” the N x M dimensional matrix S to a vector s 

of length MN.  Second, the matrix multiplications in the 

least-squares term of eq. (4) must be rewritten in terms of a 

single matrix on the left-hand side of s.  That is, since both 

the 2D Fourier transform and the transformations by the left 

and right mixing matrices are linear, we can express eq. (4) in 

the form:  

 

 G.F2 s = Flatten(L Ft
-1

 S Fa
-1

 R)  (5) 

 

where G performs the left-right mixing matrix transforma-

tions and F2 performs the 2D discrete Fourier transformation. 

A brief derivation of G and F2 in terms of L, R, Ft, and Ft (or 

L, R, Ft
-1

 and Fa
-1

) is given in the Appendix.  One final step is 

needed before most CS packages can be used.  All matrices 

in eq. (4) are complex (including the mixing matrices) while 

most packages use real numbers.  We rewrite G as {{GR, -

GI}, {GI, GR}} and s as {sR,sI} where the subscripts R and I 

indicate the real and imaginary parts of G and s.  Although 

this formulation is a slight departure from the strict minimi-

zation of the  norm for complex vectors, we have shown 

with extensive calculations that this recovery technique 

works well without modification to existing codes.     

 

Fig. 2 shows the mean square error in the recovered matrix S 

as a function of the small dimension of the mixing matrix (m 

= n in these calculations) with a 32-element array and 32-

time steps and 3 targets with the target angles and frequen-

cies chosen such that S is sparse.  The sharp dependence of 

CS recovery on the small dimension of the mixing matrix is 

characteristic of CS systems.    
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Figure 2 – Residual error as a function of the small dimension m or 

the mixing matrices use in space and time with noise level  as a 

parameter.   Residual error is defined as the mean-square of the 

difference between the elements of the S matrix calculated from the 

penalized  norm and the S matrix calculated directly from trans-

forming D.  There are 32 antenna elements and 32 time points sam-

pled at each ADC.  Three targets are present with angles and fre-

quencies on the grids. 

4. RESOLVING AOA OFF THE GRIDS 

The critical issue in using compressive sensing for determin-

ing AOA is formatting the recovery such that the flattened S 

matrix is sparse.  But the Fourier transform of a digital rep-

lica of a single frequency sine wave is sparse if and only if 

the duration of digital replica is exactly an integer number of 

periods.  If the duration of the time window is not an exact 

number of periods, then the discrete Fourier transform will 

not be sparse because of the extra frequency components 

introduced by truncating the waveform at a fraction of a pe-

riod.  For AOA determination in a scenario with a single tar-

get the elements djk of the D matrix can be written as a exp( 

2 i f tj + 2 i f xk sin ) where  a, f and  are the target ampli-

tude, frequency, and angle; tj ranges from 0 to tmax (the dura-

tion of the time window) in units of t (the sampling period); 

and xk ranges from 0 (the position of the first antenna) to xmax 

(the position of the last antenna) in units of x (the separation 

of individual antennas).  The values of t and tmax set the 

values of a frequency grid for which the Fourier transform in 

time of D is sparse.  For a given frequency, the values of x 

and xmax determine the angular grid for which the array di-

mension Fourier transform of D is sparse. 

 

Our calculations proceed as follows.  First, we define the 

time, position, frequency and sin  grids.  Then we calculate 

the D matrix.  Next we mix the D matrix from the left and 

right with wide and skinny matrices whose elements are ran-

domly chosen from +/-1+/-i to calculate the matrix C, which 

is the basic matrix to be measured.  We have used a Mathe-

matica package for minimizing an -penalized functional 

called L1Packv2 developed by Loris [11] to recover S from 

C and the G matrix discussed above.  With no noise, recov-

ery is perfect, provided that m and n satisfy the usual com-

pressive sensing relations relative to M and N and the number 

of targets, which determines the number of non-zero ele-

ments in S.   

 

To insure that the discrete 2D Fourier transformation can be 

inverted, the dimension of the frequency grid equals the 

number of time steps while the dimension of the angle grid 

equals the number of antenna elements (the number of an-

tenna elements need not equal the number of time steps).  If 

the target frequency and/or angle do not lie on the grids, the 

matrix S defined above is not sparse.  But sliding the Fourier 

transforms by the correct offsets as given in eq. (6), trans-

forms a target with an arbitrary angle or frequency on to the 

grid and makes S sparse:    

 

exp[2 i(j-1)(k-1)/N]  exp[2 i(j-1-offset)(k-1)/N]. (6) 

 

Since the Fourier transforms are used only in the recovery 

process, the correct offsets can be found by minimizing the 

penalized norm as a function of offset to find the true target 

angle and frequency.  The data taking process, the random 

matrices, and the measurement matrix C are unchanged. 

5. RESULTS 

In test calculations the matrices D and S are known and one 

can calculate the error in the compressive sensing estimate 

of the coefficients of S compared to the true value.  Fig. 2 

shows this error as a function of the small dimension of the 

mixing matrices for several values of , the standard devia-

tion of the Gaussian pseudo-random noise added to the real 

and imaginary parts of each element of D in the simulation.  

In an actual application, where the input angle and fre-

quency are unknown and off the grid, the error shown in 

Fig. 2 cannot be used to determine the angle and one must 

evaluate the penalized norm given in eq. (4) as a function of 

offset for each realization of the random noise.   Illustrations 

of such calculations are shown in Fig. 3.  Note that the true 

offset is 0.8 and in the large noise case (  = 0.3), particu-

larly, the offset inferred from the minimum in the penalized 

norm has large errors.  We emphasize that for targets off the 

grid, the value of the offset at the minimum of the penalized 

norm is the only knowledge of the unknown target angle.   
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 a)

 b) 

Figure 3 – Penalized norm (p.n.) as a function of Fourier transform 

offset for 4 realizations of the pseudo-random noise added to each 

measurement.  a)  = 0.03, b)  = 0.3. 

 

To find the cumulative probability distribution, the angle (or 

frequency) must be determined from the minimum of the 

curves shown in Fig. 3 for a large number of independent 

realizations.  Fig. 4 shows the results for a 32 element array 

and a single time point. We performed 1024 calculations for 

each curve.  The red curves are generated using an identity 

mixing matrix, that is, unmixed, and using the penalized -
norm as the angle estimator.  We have shown in separate 

work that using the -norm as the angle estimator with un-

mixed signals gives the same results as using the MUSIC 

algorithm.  The leftmost curve is for an unmixed 32-element 

array while the right hand curve is for an unmixied 16 ele-

ment array.  The median angular error [  for P(  = 0.5] 

for the 16-element array is about 2
3/2

 larger compared to the 

median angular error for the 32-element array, in agreement 

with simple arguments for conventional arrays and proces-

sign discussed in the next section. The four green curves cor-

respond to compressive sensing with the small dimension of 

the mixing matrix equal to 4, 8, 16 and 32.  Note that the 

performance of the compressive sensing algorithm with a 

4x32 mixing matrix is about the same as the unmixed 16 

element array.  The 32x32 mixing matrix result is slightly 

inferior to the identity mixing matrix result as expected since 

the non-unitary random mixing matrix distorts the distribu-

tion of the noise.  The median angle error scales by 2
1/2 

in 

going from the unmixed 32 element result to the 16x32 CS 

result.  This reflects the loss in SNR in the 16x32 CS system 

compared to the 32 element system without CS as discussed 

in Section 6.  In all calculations shown in Figs. 2-4 we set the 

penalty parameter  equal to the noise standard deviation . 

Results are not sensitive to this assumption as shown by the 

probability distributions given in Fig. 5 for  = 0.3 and  = 

0.1, 0.3, 0.6.  We emphasize that the choice of  is a system 

design issue and determined by a priori knowledge of noise 

levels.   

Figure 4 – Cumulative probability P( ) as a function of for 32 

and 16 element arrays mixed with an identity matrix, which yields 

the same results as conventional MUSIC alogorithm,(red curves) 

and for a 32 element array randomly mixed to 32, 16, 8 and 4 ele-

ments. 

 

 

Figure 5 – Cumulative probability P( ) as a function of for a 

32-element array randomly mixed down to 4 measurements with  

= 0.3 and  = 0.01 (magenta), 0.3 (green), 2.0 (blue) 

 

6. SIGNAL-TO-NOISE RATIO DEPENDENCE 

Define the signal-to-noise ratio (SNR) of a signal s in the 

presence of noise to be ||s||
2
 / (2  

2
), where 

2
 is the variance 

of the noise in the real and imaginary part of a single sample 

in the received signal. On average, compressive measure-

ments reduce the SNR of a signal by the compression ratio 
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[12], which will limit the utility of large compression ratios 

in practical applications.  Even under the modest compres-

sion, say by reducing the number of measurements by half, 

the SNR will drop by 3 dB and this loss of SNR affects 

AOA accuracy. 

 

AOA accuracy is proportional to 1/( SNR
1/2

 xmax) [13] where 

xmax is the width of the linear array.  Alternatively, the num-

ber of measurements can be reduced by simply measuring 

fewer elements of the array.  We compare two reduced 

measurement approaches to standard array measurements 

using the full array: compressive sensing and standard sens-

ing on a smaller array. The accuracy standard is the uncom-

pressed, full sized array AOA ~ 1/(SNR
1/2

xmax).  The AOA 

uncertainty for the compressively sensed full sized array for 

the same signal is CSAOA ~ 1/ [(SNR/2)
1/2 

xmax] = 

2
1/2

/(SNR
1/2 

xmax). Finally, the uncertainty for the half sized 

array with standard processing is HAOA ~1/ [(SNR/2)
1/2 

xmax/2] = 2
3/2 

/ (SNR
1/2 

xmax).  The constant of proportionality 

is the same in all three cases.   

7. CONCLUSIONS 

We formulate AOA estimation in the conventional format 

used in compressive sensing and calculate AOA by finding 

the minimum in the penalized -norm of a sparse target 

vector as a function of the offset in the Fourier transform 

necessary to sparsify the input signal.  We calculate cumula-

tive probability distributions for the AOA error for varying 

noise levels and degrees of compression.  Relations between 

median angle errors for different cases are in good agree-

ment with simple scaling laws.  We recognize that the CS 

recovery algorithms developed in this paper may be compu-

tationally complex and/or slow but there is extensive work 

going on world-wide to develop optimized CS recovery al-

gorithms. 

8. APPENDIX 

 

In order to apply standard minimization packages [11], to the 

matrix formulation of the AOA problem given in equation 

(4), the problem needs to be restated in terms of -
minimization of vectors.  This is easily accomplished since 

the mapping of C=LDR is linear in the elements of D. 

   

Let G be the nm x NM complex matrix with columns Gk; k is 

in the set {1…NM} defined by the flattened outer product of 

the i
th
 column of L with the j

th
 row of R where k = Nj + i. 

Then c=Gd, where d is the vector formed by flattening D and 

c is the vector formed by flattening C.  In other words, if 

Col(G, k)=Flatten(Outer(Col(L, i), Row(R, j))) for each k,  

1≤ k ≤NM, then Flatten(C) = G Flatten(D) = Flatten(LDR). 

 

This flattened formulation can be derived by considering the 

image of the standard basis {Eij} of the space of NxM matric-

es under the linear transformation given by C=LDR, where 

Eij is a matrix with a one in the i
th
, j

th
 position and zeros else-

where.  The same technique may be used to derive the matrix 

formulation of the discrete 2D Fourier transformation F2
-1

 

from Ft
-1

 and Fa
-1

. 
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ABSTRACT 
This paper considers the problem of Through-the-Wall Ra-
dar Imaging (TWRI) from multiple views using Compressed 
Sensing (CS). The scene reconstruction problem is reformu-
lated in terms of finding a sparse representation of the target 
locations, consistent with the observations. In contrast to the 
common approach of first applying image formation to each 
view and then fusing the single-view images, observations 
from the different views are combined together into a com-
posite measurement vector and a new dictionary is con-
structed accordingly. A sparse image representation of the 
scene is then obtained from the composite measurement vec-
tor and the new dictionary using 1 -norm minimization. 
Experimental results demonstrate that the proposed ap-
proach using various standoff distances and perspectives 
achieves a better performance in terms of detecting targets 
compared to the alternative approach of image formation 
followed by fusion. 

1. INTRODUCTION 

Through-the-Wall Radar Imaging (TWRI) is emerging as a 
viable technology for producing high quality imagery of en-
closed structures. Much attention has been paid to TWRI in 
recent years due to its ability to “see” through walls and 
opaque materials. TWRI makes use of electromagnetic 
waves below the S-band to penetrate through building wall 
materials to illuminate an indoor scene. A plethora of signal 
processing techniques has been developed for the image re-
construction, target detection, classification and tracking us-
ing TWRI; see [1, 2] and references therein for more details 
on TWRI and its potential applications. There is, however, 
increasing demands on TWRI systems to produce high reso-
lution images in shorter acquisition times. High resolution in 
both down-range and cross-range requires Ultrawide fre-
quency band and long antenna arrays to be synthesized [3], 
which increases the time of data acquisition and processing, 
not to mention cost.  
 
Compressed sensing (CS) has received considerable attention 
recently for its ability to perform data acquisition and com-
pression simultaneously [4–6]. It can reconstruct a sparse 
approximation of a compressible signal (or a scene) from far 

fewer measurements than required by the sampling theorem. 
This has the advantage of reducing the data acquisition time 
and, at the same time, improving the image quality. More 
recently, it has been applied to image formation in TWRI [7–
9] and stepped-frequency ground penetrating radar [10]. It 
has been shown that if the scene contains a small number of 
point-like targets, it is sufficient to reconstruct the image 
from few random measurements. Moreover, images obtained 
using CS exhibit less clutter, higher resolution, and are more 
robust to noise compared to those obtained using traditional 
beamforming and backprojection methods.  
 
One problem associated with the received data is that signals 
are corrupted by noise and other effects such as layover and 
shadows. For example, large metallic objects may obscure 
smaller targets placed behind. Combining multiple views of 
the same scene reveals hidden targets and offers the opportu-
nity to improve the accuracy and completeness of the recon-
structed image. When a sequence of raw data representing 
the same region of interest is collected from different views, 
the question of how to make proper use of the observations 
plays a fundamental role in the fusion process. Usually, the 
fusion strategy is problem-dependent and requires some a 
priori knowledge. In TWRI, fusion techniques have been so 
far applied to images obtained using beamforming. In [3], 
fusion of TWRI data is implemented by a pixel-wise multi-
plication scheme. Although this approach is simple and low-
cost, it only performs better than a single view when the tar-
gets return strong reflections in all the received radar signals. 
Also, due to the adopted thresholding scheme, a too low or 
too high threshold may cause false detections or false rejec-
tions. In [11], a hypothesis testing approach, based on the 
Neyman-Pearson test, was developed for target detection 
from multiple views; however this approach relies on knowl-
edge of the models or reliable estimates of the statistics of 
clutter, noise, and targets. More importantly, in the previous 
two methods, fusion is effected after each image correspond-
ing to a single view has been aligned and image registration 
has been properly performed.  
 
In this paper, a new approach for multi-view TWRI based on 
compressed sensing is proposed. So far all CS techniques 
developed for radar imaging have been applied to the single 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1429



view image reconstruction. Here, CS is applied to the com-
bined measurement data from several views. The views can 
represent different locations of the imaging system along the 
same wall or from different sides of the building. The re-
mainder of the paper is organized as follows. Section 2 gives 
a brief introduction to wideband beamforming for single-
view TWRI. Section 3 presents the proposed approach for 
multiple-view TWRI, which is followed by a comparison 
between the proposed CS-based algorithm and the traditional 
approach for TWRI fusion. Finally, Section 5 presents some 
concluding remarks. 

2. WIDEBAND BEAMFORMING FOR TWRI 

High resolution SAR (synthetic aperture radar) imagery has 
extensively been considered as a source for detection and 
reconstruction of human scale features. In [12], synthetic 
aperture beamforming was applied to through-the-wall radar 
imaging. While high cross-range resolution is obtained by 
synthesizing a larger aperture, the down-range resolution is 
improved by increasing the signal bandwidth. In the stepped 
frequency approach, a large bandwidth is achieved by trans-
mitting N  narrowband signals of frequency, 

 ,0 fnffn Δ+=  for  1,,1,0 −= Nn … ,  (1) 

where 0f  is the first frequency and fΔ is the  frequency step. 
Consider the region of interest (ROI) to be imaged as a rec-
tangle of size yx NN × , where xN and yN denote  the spa-
tial resolutions along the x- and y-axis, respectively. Suppose 
an M-array of transmit/receive antennas, each operating with 
N  frequencies, is placed parallel to the wall along the x di-
rection. The reflections from any targets inside the ROI 
would be collected by each antenna. Given P targets in the 
scene, the reflected signal for frequency nf  received by the 
mth antenna can be expressed as follows: 

 ),2exp(],[
1

pmn
P

p
p fjnmz τπσ −= ∑

=
 (2) 

where pσ  is the reflection coefficient of the pth target, and 

pmτ  denotes the round-trip propagation delay between the 
pth target and the mth transmit/receive antenna. Here, we 
assume a monostatic operation. Let  1ml  and  2ml  be the dis-
tances traveled through the walls, and let 1mr  and 2mr  be the 
distances traveled in the air, in both transmit and receive di-
rections, respectively. (We should note that for monostatic 
operations, transmit and receive distances are equal.) The 
round-trip time delay pmτ  is given by 
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where c  is the velocity of light in the air, ε/cv =  is the 
velocity inside the wall, and ε  is the dielectric constant. The 
image of a pixel at location ),( ji is formed by combining all 

the signals recorded at the M receivers. Using delay-and-sum 
beamforming, the complex amplitude of the pixel ],[ jis  is 
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jis τπ∑ ∑

= =
=  (3) 

where  ijm,τ  is the two-way propagation time between the 
the ijth pixel and the mth antenna. The total number of data 
points used in (3) is NM × , which is equal to the number of 
antennas times the number of frequencies. Equation (3) also 
represents the frequency domain backprojection method. 

3. COMPRESSED SENSING FOR TWRI 

3. 1 CS and its application in single-view TWRI 

With the rapidly increasing demand on large-scale signal 
processing, it is not surprising to see compressed sensing 
emerging as one of the most important research areas in the 
past decade. CS can reconstruct a sparse signal from small 
number of nonadaptive linear projections, or measurements. 
Consider the previous through-the-wall radar image forma-
tion problem again.  Since the number of enclosed targets is 
fewer than the number of pixels, the image formation prob-
lem in TWRI can be formulated as a CS problem.  

Let ijs be an indicator function 

 
⎩
⎨
⎧

=
 target no is  thereif,0

 pixelat  existsa target  if, ij
s p

ij
σ

 (4) 

The elements ijs  are arranged into a column vector s  by a 
lexicographical ordering. The measurement ],[ nmz  given in 
Eq. (2) can be expressed as  

snmnmz ,],[ ψ= , 

where )2exp( ,, ijmnnm fj τπψ −=  is a row vector.  Therefore, 
the data vector z , obtained by a lexicographical ordering of 
the measurements  ],[ nmz , can be expressed as 

sz ψ= . 

The vector z  has length MN . Given a measurement matrix 
Φ  of size MNK × (with MNK < ), we can write 

 ss  y A=Φ= ψ  (5) 

Compressed sensing seeks to  

 1min s    subject to   sy A=  (6) 

where 1|||| ⋅  denotes the 1  norm.  

The problem now consists of designing a measurement ma-
trix Φ  that ensures a stable recovery of a sparse vector s . A 
sufficient conditions for stable recovery is incoherence be-
tween the measurement matrix Φ  and the matrix ψ . The 
stable recovery can be achieved by simply choosing a ran-
dom measurement matrix [8, 9]. In particular, if the elements 
of  Φ  are chosen randomly as 1 or 0, then this is equivalent 
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to selecting a subset of antennas and frequencies to perform 
the measurements, which leads to a reduced set of measure-
ments. 

3.2 Multiple-View TWRI using CS 

The previous subsection introduced CS for TWRI from a 
single vantage point. Multiple-view TWRI requires imaging 
to be performed from at least two different antenna arrays, 
which could simply amount to shifting the array to new loca-
tions or placing it along different walls. Several possible lo-
cations for the antenna setup for the multiple-view data ac-
quisition are shown in Fig. 1.  
 

 
Figure 1 – Data acquisition from multiple-view TWRI. 

 
When only one side of the enclosed structure is available, the 
multiple-view data can be acquired by synthesizing the same 
aperture according to different horizontal or vertical dis-
tances w.r.t the center point.  For example, as seen in Fig .1, 
the first view is obtained by specifying the antenna array in 
the (Dh1, Dv1) position, where Dh1 and Dv1 denote the 
horizontal and vertical distances from the array to the center 
point and the edge of the wall, respectively. While shifting 
the same array to (Dh2, Dv2) position, the second view is 
available. Moreover, with access to other sides of the scene, 
the array can be deployed against different walls. The third 
view, for instance, is obtained from the 90 degree aspect an-
gle. 
 
One advantage of using multiple-view imaging is to over-
come the lay-over or shadow effects when only a single view 
is available. This is due to the weak reflection of some targets 
compared to their surroundings. In some cases, targets of 
interest may be shadowed by other targets resulting in low 
radar signal returns. If the position of the antennas happen to 
be placed facing strong reflective obstacles, with the weak 
targets behind, it may result in some lay-over effects, render-
ing detection of the weak target difficult or impossible if only 
a single view is available. By contrast, information gathered 
from different views provides different perspectives, hence 
merging of multiple views can be very useful. However, ac-
cording to the traditional image fusion, the obtained images 
from each single view require their own image registration 

before the final fusion operation. Accordingly, if data from a 
single view is incomplete or blurred, the performance of the 
fusion process will be compromised. Furthermore, since we 
need to image from each single view, system complexity and 
data processing time may become an impeding factor. 
 
In this paper, we present a novel approach for the image fu-
sion from multiple view data. This algorithm starts from 
building the relationship among different views of the same 
scene. Without loss of generality, we consider two views 
from the 0 and 90 degree aspect angles, respectively. Let 1y  
and 2y  be the reduced measurement vectors obtained using 
CS, see Eq. (5), from °0  and °90  views, respectively: 

111111 ss  y A=Φ= ψ  and  222222 ss  y A=Φ= ψ  

Note that the measurement vector 1s  is obtained by scanning 
the pixels from top to bottom, and left to right, as shown in 
Fig 2(a). 
 

 
(a)     (b) 

Figure 2 –  Pixel scanning: (a) °0 view and (b) °90  view. 

 
When the second view is considered, the first pixel (first row 
and first column) in 2s  corresponds to the pixel from 1s in 
the last row and first column. Similarly, the last pixel in 2s  
corresponds to the pixel in the first row and last column from 

1s . Naturally, we try to rearrange 2s  and generate a new 

vector *
2s  subject to the pixels from *

2s  sharing the same 
sequence as 1s . Fig.2 (b) demonstrates a simple rearrange-

ment method to construct *
2s , where the pixels are extracted 

from right to left, and top to bottom. A pixels in 1s  appears 

in the same location as in *
2s . Similarly, we construct the ma-

trix *
2ψ  according to the same strategy. Therefore, we obtain   

*
2

*
222222 ss  y ψψ Φ=Φ=  

Consequently, we can employ the CS image formation algo-
rithm to calculate a combined sparse representation for 1s  

and *
2s :  

*
21 sss == . 
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Define a new measurement vector y~   and matrices Φ~  and 
ψ~  as follows: 
 

⎥
⎦

⎤
⎢
⎣

⎡
=

2

1~
y
y

 y ,  ⎥
⎦

⎤
⎢
⎣

⎡
Φ

Φ
=Φ

2

1~
0

0
 ,  ⎥

⎦

⎤
⎢
⎣

⎡
= *

2

1~
ψ
ψ

ψ   

 
The composite measurement vector y~  can be written as  

s  y ψ~~~ Φ=  

A sparse solution for s  can be obtained by solving the CS 
problem in (6), where hopefully the target locations can be 
revealed and false targets removed. 
 
One of the advantages of this intelligent combination is to 
maintain all the collected data without losing potential in-
formation from a single view. Also, incorporating the avail-
able data from different views reduces the blurring effects in 
the case of two targets being close to each other, and hence 
providing more accurate evidence for target detections. 

 

4. SIMULATION RESULTS AND DISCUSSION 

The proposed algorithm is tested on synthesized through-the-
wall radar data using different views. In this experiment we 
consider only point targets. 

4.1 Experimental Setup 

Since the multi-view TWRI requires placing the antennas in 
different locations, without loss of generality, we consider 
two different aspect angles: the °0  view (facing the front of 
the enclosed structure) and °90  view (rotating the array anti-
clockwise by °90 ). We assume that the wall thickness and 
the dielectric constant of the wall material are known, and 
reflections from the front wall are eliminated. For the simula-
tions we used a wall thickness 0.3m and a dielectric constant 

6=ε . Furthermore, the array consists of 51 antennas spaced 
at 0.04 m intervals. The transmitted narrowband signals have 
frequencies ranging from 1 to 3 GHz, with 40-MHz fre-
quency step: there are 51 frequencies in total. In each single 
view, we suppose that the middle of the wall (centre point) is 
the origin of coordinates. Consider the first view (from 
°0 aspect angle), the coverage of the down-range and cross-

range is [-4.0545 m, 4.0545 m] and [0 m, 3.825 m], respec-
tively. Three point targets are considered which are located at 
(-1.749 m, 0.525 m), (-0.477 m, 0.525 m), and (-0.477 m, 
2.025 m), respectively. The three targets have the same re-
flection coefficients. Moreover, the size of the image pixel is 
set to (0.159 m ×0.075 m). Similarly, the corresponding pa-
rameter can be obtained for the second view (from the °90  
angle) by simply exchanging the coordinates x and y. In both 
cases the centre of the array is 1.05 m away from the centre 
point of the wall.  

4.2 Comparison and Analysis 

To measure the error between the original scene and the 
reconstructed image, we use the Peak Signal-to-Noise Ratio 
(PSNR): 

( )10P S N R = 20log 255/R M S E  
where RMSE denotes the root-mean-square error. Figure 
3(a) shows the original scene, which consists of three tar-
gets. From the °0 view and °90  view, only two targets are 
visible, the third target is obscured. However, the obscured 
target changes depending on the image view. As a conse-
quence, the simple image fusion will not reveal the over-
lapped target. In fact if pixel-wise multiplication is em-
ployed, then the two obscured targets disappear in the fused 
image (Fig. 3(d)). Obviously, the pixel multiplication-based 
method only emphasizes the strong targets that appear in all 
views. The PSNR obtained by this multiplication-based 
method is only 64.12db. 
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(a) Original                (b) °0 view 
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(c) °90  view                (d) Fused view 

Figure 3 – TWRI from single views. 
 

Figure 4 demonstrates the effectiveness of the proposed ap-
proach. Here, only 30 measurements are obtained from each 
view. CS is then applied to the composite measurement vec-
tor y~ .  The simulation was run 10 times. A typical result is 
displayed in the top-left corner of Fig. 4. The other three im-
ages are obtained by applying different thresholds to the top-
left image: the thresholds are set, respectively, at 10%, 15%, 
and 25% of the maximum magnitude. It’s clear that the three 
targets are visible even before thresholding. The PSNR for 
the four images (Fig. 4(a), (b), (c) and (d)) is 72.69db, 
73.10db, 73.15db and 73.21db, respectively. Compared to the 
traditional multiplication-based method, the proposed algo-
rithm improves significantly the fusion performance. Again, 
we should note that the full data vector consists of  

601,25151 =×  measurements.  
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(a)  Without thresholding           (b) Thresholding: 10% 
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(c)  Thresholding: 15%          (d) Thresholding: 25% 

 

Figure 4 – Target Detection using multi-view CS. 

From the above results, the following observations are in 
order: 
 
(1) Prior to applying the proposed multi-view CS algorithm, 

a new measurement vector y~  and dictionary ψ~~
Φ  need 

to be constructed as described in Section 3.2.  The pro-
posed algorithm only requires solving the CS problem 
once, instead of calculating each single view separately. 
By doing so, significant computational savings can be 
achieved. 

(2)  Some false targets may appear initially as shown in the 
first image in Fig. 4. However, we can notice that the 
difference in intensity between the false targets and the 
actual targets is obvious; the false targets are much 
weaker and can be removed with simple thresholding. 

5. CONCLUSION 

A new approach for the multi-view through-the-wall radar 
imaging using compressed sensing was presented in this pa-
per. A novel image fusion strategy was developed, which 
combines the measurement data from different views into a 
composite measurement vector, and then applies CS to solve 
the image formation problem. Finally, simulation results 
were provided which clearly demonstrate the effectiveness of 
the proposed method; it achieves much higher reconstruction 
accuracy compared to the alternative approach of image for-
mation followed by fusion. 
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ABSTRACT

Compressive sensing (CS) is an emerging field that exploits
the underlying sparsity of a signal to perform sampling at
rates below the Nyquist-criterion. This article presents a
new code aperture design framework for compressive spec-
tral imaging based on the Coded Aperture Snapshot Spectral
Imaging (CASSI) system. Firstly, the methodology allows
the CASSI system to use multiple snapshots which permits
adjustable spectral and spatial resolution. Secondly, themea-
surement codeword matrices are generated using a pair of
model equations, leading to code aperture patterns that per-
mit the recovery of specific spectral bands of a given object.
The developed methodology is tested using a real data cube
and simulations are shown which illustrate that one can re-
cover arbitrary spectral bands with high flexibility and per-
formance.

1. INTRODUCTION

Compressive sensing has emerged as a promising research
area that can enable the acquisition of signals at sampling
rates below the Nyquist-criterion. In CS traditional sampling
is replaced by measurements of inner products with random
vectors. The signals are then reconstructed by solving an
inverse problem such as a linear program or a greedy pur-
suit in a basis where these admit sparse representations. The
key idea in CS is the realization that most signals encoun-
tered in practice are sparse in some sense and the theory of
CS exploits such sparsity to dictate that far few sampling re-
sources than traditional approaches are needed [4, 5, 7, 8].
More formally, given aT sparse signalx ∈ Rn on some ba-
sis Ψ = [ψ

1
,ψ

2
, . . . ,ψ

n
], such thatx can be approximated

by a linear combination ofT vectors fromΨ with T ≪ n,
the theory of compressive sensing shows thatx can be re-
covered fromm random projections with high probability
whenm ≈ T logn ≪ n. The projections are given byy = Px,
whereP is an m × n random measurement matrix with its
rows incoherent with the columns ofΨ. Commonly used
random measurement matrices for CS are random Gaussian
matrices (Pi j ∈ {N (0,1/n)}), Rademacher matrices (Pi j ∈
{±1/

√
n}) and partial Fourier matrices.

Recently, the Coded Aperture Snapshot Spectral Imag-
ing (CASSI) architecture has made it possible to implement
CS in spectral imaging [2, 3]. CASSI is indeed a remarkable
imaging architecture that has been studied in [1, 2, 3, 6]. The
single-shot CASSI architecture, however, suffers from the
following limitations as it pertains to the goals of this work.

†This work was supported in part by the National Science Founda-
tion under the Grants ECCS-0725422, CCF0915800 and by ONR under the
Grant N00014-07-1-0393.

Figure 1: Diagram of the experimental CASSI system set-
up.The fixed aperture is replaced for a DMD in the new de-
sign andF is the focal distance.

Firstly, the single-shot system uses excessive compression to
represent spectrally rich image cubes, which may result in
poor-quality image reconstructions as well as low spectral
resolution. Secondly, the reconstruction algorithms are rigid
in that the entire spectral image cube is reconstructed at once;
thus, not satisfying the agile spectrum sensing requirements
of some applications. In this work, a new strategy is pro-
posed in which aperture code designs are used to develop a
multi-shot CASSI system. This new approach enables the
extraction of specific bands. The mathematical model and
the details of operation of the CASSI system are described
in Sec. 2. A strategy to recover a periodically spaced group
of bands is shown in Sec. 3. Finally, a general approach to
recover a more flexible spaced group of spectral bands is de-
rived in Sec. 4.1. Simulations illustrating the new techniques
are presented in Sec. 5.

2. CODED APERTURE SNAPSHOT SPECTRAL
IMAGING (CASSI) SYSTEM

The CASSI system realizes a single shot compressive spec-
tral imaging system [1, 3]. It encodes both 2D spatial and
spectral information of objects through an aperture code pro-
jection that is captured after it propagates through a disper-
sive element (Figure 1). An array detector then collects all
light passing through the aperture and the dispersive element
[1]. Figure 1 shows the CASSI system and its principal com-
ponents. It is important to emphasize that the code aperture
pattern remains fix in the sampling process. Suppose that the
scene or object is represented byf (λ ,x,y) whereλ is the
wavelength andx andy correspond to the spatial position, in
discrete form it is denoted asfmnk. Suppose that the code
pattern isCmn then the signal in front of the array detector
can be expressed by [2],

Smn = ∑
k

f(m+k)nkC(m+k)n +ωmn. (1)
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The sum in (1) captures the single measurement (shot) of
the CASSI system taking into count all spectral information.
Each spectral band is weighted differently byC(m+k)n. The
termωmn takes into account all possible noise sources.Smn
is a compressed version offmnk modulated byCmn. Smn is
thus a compressive sensing version offmnk. A reconstruc-
tion algorithm is thus necessary to recoverfmnk from Smn. A
number of strategies have been developed for CS signal re-
construction. All of them take into account the sparsity of the
sourcefmnk [2, 3, 6]. Accordingly, the spectral data cubefmnk
can be expressed asf = Wθ whereW is the inverse wavelet
transform andθ is the three dimensional coefficient wavelet
decomposition offmnk. Equation (1) can then be rewritten
as,

Smn = HWθ +ωmn, (2)

where the linear operatorH represents the system forward
model. The reconstruction offmnk is attained by solving the
optimization problem,

f̂ = W
[

argmin
θ ′

∥

∥

∥
Smn −HWθ

′
∥

∥

∥

2

2
+ τ

∥

∥

∥
θ

′
∥

∥

∥

1

]

. (3)

The first term minimizes theℓ2 difference between the model
and the measurementSmn. The variableτ > 0 controls the
level of sparsity attained in the reconstruction. The sparser
the sourcefmnk in W, the better the performance of the recon-
struction algorithm. In this work the l1-ls CS reconstruction
algorithm was used to solve (3) [11].The above procedure
tries to recover the overall data cube with only one measure-
ment and hence it often yields a low SNR output performance
[10].

This paper aims at generalizing the CASSI architecture
allowing multishot measurements such that different subsets
of spectral data cube can be separately recovered with higher
SNR and lower reconstruction time. The new approach thus
replaces the static code aperture in the CASSI system by a
Digital Micromirror Device(DMD) that permits changes in
the code pattern, enabling the design of a multi-shot CASSI
system. The multishot system thus requires the design of a
sequence of code aperture patterns. The contribution of this
paper is precisely the design of a family of aperture codes
that will provide the above mentioned advantages.

3. RECOVERING UNIFORMLY SPACED
SPECTRAL BANDS

The method developed in [10] derives a set of spectral codes
that allows the simultaneous recovery ofL uniformly spaced
bands. Suppose that the spectral information offmnk is
formed by K different bands,k ∈ [1,K]. The spectral data
cube can then be expressed asΩ = { f0, f1, ..., fK−1}, where
fi is an N × N spectral image. In this method,Ω is di-
vided intoL subsets, each one shifted byL spectral bands
of each other asΩi =

{

fi, fL+i, ..., f(M−1)L+i

}

, whereM =
K/L is the number of spectral sub bands in each group and
i = 0, ...,L−1. In general,L CASSI snap-shots are neces-
sary to extract theL subsets. Suppose thatPr is anN ×N
random matrix andPi

g is given by,

Pi
g =

{

1, mod (n,L) = mod (i,L)
0, otherwise

(4)

wheremod is the modulo operation, then each code aperture
modulation patterni is defined by

Pi = Pi
g ×Pr. (5)

If the ith snap-shot is taken using a different code pattern
given by (5), thenL matrices ofN × (N + L− 1) elements
are needed and these are given by

Smni =
K−1

∑
k=0

fk(m,n+ k)Pr(m,n+ k)Pi
g(m,n+ k). (6)

Each of these matricesSmni represents a compressive and
combined version of theith subsets ofΩ. In order to sep-
arate each group a decoding process is necessary. This pro-
cess consists in reorganizing the measurements of the CASSI
system so that only the information of each group appears in
theŜmni matrix

Ŝmni = Smni i f mod(i,L) = mod(n+ k−1,L). (7)

At this point, there areL matricesŜmni, i ∈ [0,L−1] of size
N × (N +L−1). EachŜmni matrix encodesM spectral bands
that can be recovered using (3). The number of nonzero ele-
ments of the matrixPr over its dimensions is called the com-
pression rater, which is an important parameter that estab-
lishes the percentage of points taken in each spectral band.
This parameter will be analyzed in detail in the simulations
section. It is important to note that the above coding proce-
dure depends highly on the valueL ≤ K used. In general, the
largerL, the better SNR in the reconstruction; however, the
trade off is more time consumming snap-shots asL increases.

4. SPECTRAL BAND SELECTIVITY

In some applications, it is desirable to recover only a spe-
cific subset of bands within the complete data cubeΩ. For
example, suppose that it is necessary to simultaneously re-
cover two specific bandsx1 andx2 of Ω. One option is to
use the approach of the previous section. In order to use this
method, however, it is necessary to find all factors ofK and to
use each factor as a possible valueL. Next, for eachL value,
one must verify if there are any subsetsŜmni that contains si-
multaneously the desired bandsx1 andx2. If x1 andx2 are in
different subsetŝSmni, then it would be necessary to solve (3)
twice which is computationally expensive. The method of
Sec. 3 can only recover subsets of bands uniformly spaced.
A more general method is thus introduced next.

4.1 Multishot code aperture design

In order to find all allowed values ofL to be used in the
method of Sec. 3, a codeword measurement matrixC is cre-
ated. This matrix contains all possible valid combinationsof
spectral bands that the method of Sec. 3 can recover effec-
tively. First, it is necessary to define a factor that expresses
the concentration of spectral information of a subset of spec-
tral bands; this is called the density factor,

η =
NL

K
, (8)

whereNL is the number of sub bands recovered simultane-
ously andK is the number total of bands of the spectral data
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Figure 2: Example of(a) A representative row of matrix
C ( j,m), (b) Periodical extension̂C ( j,m) (c) Circular shift

of (b): Ĉ ( j,(m− k)K) (d) C
(

j,(m− k)K/N j

)

takes onlyK

values of(c). K = 19 andN j = 6.

cubeΩ. The lowerη , the easier it is to recover theNL bands,
in terms of computational complexity. Notice that this factor
is bounded by1

K ≤ η ≤ 1.
The measurement codeword matrixC is defined as aT ×

K matrix, whereT is a selectable parameter. Each column
of C expresses a spectral band ofΩ and each row ofC is
a possible combination of bands to be recovered using the
method of Sec. 3. Furthermore, each row ofC is periodic
with periodN j 6= 0 that satisfies,

N j = min
N j

{

C ( j,m) =C ( j,m+N j)
}

, (9)

where j ∈ [0,T −1] andm ∈ [0,K −1]. Additionally, define

C
(

j,(m− k)K/N j

)

as having a circular shift of durationk and

periodN j where onlyK values are taken into account. Thus,

C
(

j,(m− k)K/N j

)

= Ĉ ( j,(m− k)K) wherem = 0, ...,K −1

and

Ĉ ( j,m) =







C ( j,m) , 0≤ m ≤ K −1
C ( j,m−N j) , K ≤ m ≤ (([x]+1))N j −1
0, elsewhere

.

(10)
Ĉ ( j,m) is called the periodic extension ofC ( j,m). To clar-
ify, a typical row of the matrixC, C( j,m),m = 0, ...,K −1 is
illustrated in Fig. 2. Each square represents an element of
row C ( j), if the square is black then this element is 1 and 0
elsewhere. In this exampleK = 19 andN j = 6. Further, the
correlation between two rowsi and j in C obeys

r̂i j (l) =
K−1

∑
k=0

C (i,k)C
(

j,(k− l)K/N j

)

i 6= j, (11)

for i, j ∈ [0,T −1] andk, l ∈ [0,K −1]. Now, it is defined that
row i and j are shift-independent if they obey

max(r̂i j (l))
K

< min(ηi,η j)

max(ηi,η j) 6= min(ηi,η j) i 6= j,
(12)

for i, j ∈ [0,T −1] and ηi and η j are the densities of
C (i) andC ( j) calcualted using (8) that are equal toηi =
1
K ∑K−1

k=0 C (i,k) andη j =
1
K ∑K−1

k=0 C ( j,k).
Equations (9), (12) are used to generate the matrixC. The

numberT of rows ofC can be limited to a given number or
it can be established or bounded by 2K . Computer simula-
tions of these model equations are showed in Fig. 3. Next to
theC matrix appears the factor of density (η j) of each row
and the numberL = N j of snap-shots necessary to get this
combination of spectral bands using the method of Sec. 3.

Figure 3: A typical matrixC. The density factorη is shown
for each row as well as the numberL = N j of snap-shots
necessary to implement each codeword through the method
of Sec. 3.

4.2 Code aperture design algorithm

The basis of the code aperture design algorithm is to find one
or more rows of matrixC that can recover the desirable bands
simultaneously. Different rows recover unknown bands from
different subsets with different density factor. The higher
density factor, the poorer quality of reconstruction and the
larger the time of recovery, but less snap-shots are neces-
sary. The lower density factor, the higher quality and the
lower time of recovering process, but more snap-shots are
required. In some applications, the number of snap-shots is
critical due to motion. In other applications, the object or
scene can change extremely fast and there is not sufficiently
time to take several snap-shots. On the other hand, certain
applications require the highest possible SNR.

Suppose that is necessary to recover a given numberLx of
spectral bands in positions{p1, p2, ..., pLx} inside the spec-
tral data cube. Then a binary vectorx is derived with each
element representing a spectral band. The element is a 1 if it
is necessary to recover this band or 0 otherwise;

x(n) =

{

1, if n band is required
0, otherwise

(13)

Next, it is necessary to calculate the correlation matrix be-
tween matrixC and the vectorx. Thus, ˆr jl = x K©Ĉ ( j,(−l))
for j = 1, ...,T − 1, where T is the number of rows ofC
and K© is the circular convolution of periodK. r̂ jl can
be calculated through a Fast Fourier Transform(FFT) by,
r̂ jl = IFFT

{

X ( f )Ĉ∗ ( j, f )
}

, whereX ( f ) andĈ∗ ( j, f ) are
the FFT ofx andC ( j) respectively. It is then necessary to
calculate the variablesy andd given by,

y( j) = max
{

r̂x j
}

(14)

d ( j) =

{

1, i f y( j) = Lx

0, otherwise,
(15)

1436



whereLx is the number of nonzero elements ofx or the same
the number of spectral bands that it wants to recover. The
variabled is the decision variable, ifd ( j) = 1 then the row
j of matrixC can be used to recover the spectral bands indi-
cated byx. Each selected row ofC is a combination of spec-
tral bands that can be effectively recovered using the method
of Sec. 3. At this point, the user can select a row ofC with
periodN j. The method of Sec. 3 then separates the data cube
into subsetsΩi =

{

fi, fL+i, ..., f(M−1)L+i

}

whereL = N j. In
order to recover simultaneously the desired bands given by
x, the measurement 2D vector is created

Ŝmnx =
{

Ŝmnp1, Ŝmnp2,...,ŜmnpLx

}

. (16)

Using equation (3) withSmn = Ŝmnx it is possible to recover
the desired bands

{

fp1, fp2, ..., fpLx

}

simultaneously. Figure
3 shows an example of this procedure. In the top of this
figure appears: a typical vectorx, the codeword measurement
matrix C, respective values ofη j, numberL = N j of snap-
shots and the decision variabled ( j). In this example, it is
desirable to recover bands 1, 6 and 16. In the column labeled
with d, all rows or codeword ofC appears that can be used to
recover the spectral bands indicated.

(a) (b)

(c) (d)

Figure 4: Examples of the same spectral band recovered us-
ing diferent density factors and the method of section 3, a)
η = 1 PSNR=24.45dB b)η = 1

2 PSNR=26.6dB c)η = 1
4

PSNR=27.21 d) Original spectral band.

5. SIMULATIONS AND RESULTS

Simulations were performed using a 24 channel real data
cube of size 256×256, the algorithm was implemented in
Matlab using a 3GHz Intel processor with 4GB RAM. Other
parameters were, wavelet basisSymmlet order 8 and maxi-
mum number of iterations equal to 2000. Figure 4 shows the
implementation of the method of Sec. 3 for different values
of η and their respective peak signal-to-noise ratios (PSNR).
In all cases the spectral band number 1 was recovered, how-
ever, the method of Sec. 3 recovers other spectral bands si-
multaneously spaced periodically that are not shown there.
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Figure 5: Recovering time and PSNR in function of density
factor.

For example in Fig. 4 withη = 1
4 indicates thatL =

η × 24= 6, thus the spectral bands 1, 7, 13 and 19 are re-
covered at the same time. It is observed that the lowerη ,
the higher the expectedPSNR. This method improves on

Figure 6: Examples of spectral bands 1 and 2 recovered si-
multaneously, (a) and (b)η = 1

2 PSNR=24.37dB and 33.4dB
respectively b) and c)η = 1

4 PSNR=28.88dB and 37.67dB
respectively.

other similar works in the area because it can recover the
same spectral band with different values ofη and therefore
with diferent PSNRs. The Fig. 5 depicts the PSNR and time
reconstruction time as a function ofη . Results indicate that
it is possible to recover a specific or subset of spectral bands
with different PSNR values and reconstruction time. These
results show the flexibility of the new method developed in
this paper. As expected, high PSNR values and lower recon-
struction times are obtained for low density factors. These
results verify the importance of taking into count the density
factorη in the codeword selection.

The Fig. 6 shows the results of the procedure developed
in section 4.1 to recover bands 1, 2 together for diverse val-
ues ofη . It is important to note that the method of Sec. 3
by itself cannot recover these bands together with high SNR
because are spaced only one spectral band apart. This figure
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shows that applying code aperture design algorithm is possi-
ble to recover whatever subsets of bands with high flexibility
and high PSNR. Additionally, it is important to analyze the
compression performance of this method, namely the num-
ber the bits used to save the information. The compression
rater used in Fig. 4 was 0.5 then the total number of pixels
of information wasN × (N +L−1)× r and the real infor-
mation contained was 24×η ×N ×N pixels. This provide
a compression factor of 44, 22 and 11 times for Fig. 4 (a),
(b) and (c), respectively. Notice that the compression factor
is important in applications where the spectral information is
needed to be sent through a band limited channel. The Fig. 7
shows the PSNR for diverse values of compression rate. No-
tice that for lower compression rates, near to 0.2, low PSNR
is obtained. Surprisingly, simulations showed that for com-
pression rates near to 1 there are no good performances. The
higher performance is attained setting the compression rates
to values near to 0.5. This result is consistent for diverse val-
ues ofη . On the other hand, Fig. 8 shows the reconstruction
time for diverse values ofη as a function of compression rate.
At lower compression rates more computationally efforts are
necessary to recover the original signal, for this reason Fig.
8 shows that at lower compression rates more reconstruction
time is required.

6. CONCLUSIONS AND FUTURE WORK

A method to recover spectral bands selectively from a scene
was developed. A code aperture design method was pre-
sented to recover a group of bands uniformly spaced. Us-
ing this method and a measurement codeword matrix, it is

possible to recover arbitrary combinations of bands, simulta-
neously. Simulations showed that this method improves the
PSNR and reconstruction time significantly. Furthermore, it
was discovered that compression rates near to 0.5 appears
to be the optimal value for the CS system. The methodol-
ogy exposed here can be used to sensing spectral information
at high ratios of compression that enables transmissions of
this information through band limited channels. The method
developed shows high flexibility in terms of user options,
namely the method allows the recovery of a group of bands
using different density factors.
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ABSTRACT

This paper explores the potential of applying com-
pressed sensing (CS) to multichannel audio coding.
In this context, we consider how sinusoidally-modelled
multichannel audio signals might be encoded using com-
pressed sensing, as opposed to directly encoding the si-
nusoidal parameters (amplitude, frequency, phase) as
current state-of-the-art methods do. The results, ob-
tained from listening tests using 80 sinusoids per frame
with no residual noise signal, show that such a model
can achieve equal or better performance to that of the
state-of-the-art methods. Given that CS can lead to
novel coding systems where the sampling and compres-
sion operations are combined into one low-complexity
step, this can be considered as an important step to-
wards applying the CS framework to audio coding ap-
plications.

1. INTRODUCTION

Multichannel audio allows the recreation of rich sound
scenes, through the transmission of multiple audio chan-
nels. As the number of channels used can be many times
that of a 2-channel stereo signal (8 channels for 7.1 mul-
tichannel audio, for example), the bitrate requirements
can be considerable.

The sinusoidal model [1, 2] represents an audio sig-
nal using a small number of time-varying sinusoids. The
model allows for a compact representation of the orig-
inal signal and for efficient encoding and quantization.
Extending the sinusoidal model to multichannel audio
applications has also been proposed (e.g. [3]). State-of-
the-art methods for encoding and compressing the pa-
rameters of the model (amplitudes, frequencies, phases)
are based on directly encoding these parameters [4–7].

Compressed sensing (CS) [8, 9] seeks to represent a
signal using a number of linear, non-adaptive measure-
ments. Usually the number of measurements is much
lower than the number of samples needed if the sig-
nal is sampled at the Nyquist rate. Thus, CS com-
bines compression and sampling of a signal into one
low-complexity step. An important restriction is that
CS requires that the signal is sparse in some basis—in
the sense that it is a linear combination of a small num-
ber of basis functions—in order to correctly reconstruct
the original signal. This prohibits the application of CS
to a large class of signals, including audio signals, which
are of interest in this paper.

This work was funded in part by the Marie Curie TOK-DEV
“ASPIRE” grant within the 6th European Community Framework
Program, and in part by the FORTH-ICS internal RTD program
“AmI: Ambient Intelligence and Smart Environments”.

Thus, we apply the CS framework to the
sinusoidally-modelled part of an audio signal. This is
a sparse signal, since by definition it contains only a
small number of frequency components for each time
segment. In our previous work [10, 11], we introduced
a novel method of encoding the parameters of a mono-
phonic sinusoidal model using CS. Here, we extend that
work by deriving a system which applies CS to the case
of sinusoidally-modelled multichannel audio. Listening
tests demonstrate that the proposed system can achieve
equal or better performance compared to current state-
of-the-art sinusoidal coding methods. Given the advan-
tages of the CS methodology in terms of computational
complexity, applicability to sensor networks and local
signal compression, as well as inherent encryption, this
paper provides an important step towards applying CS
to audio coding, at least in low-bitrate audio applica-
tions where the sinusoidal part of an audio signal pro-
vides sufficient quality. It is shown here that, except
from one primary (reference) audio channel, a simple
low-complexity system can be used to encode the si-
nusoidal model for all remaining channels of the multi-
channel recording. It is noted that low-complexity local
encoding of audio signals could enable a variety of audio-
related applications, such as environmental monitoring,
recording audio in large outdoor venues, and so forth.
At the same time, the paper proposes a novel psychoa-
coustic modelling analysis for the selection of sinusoidal
components in a multichannel audio recording.

2. SINUSOIDAL MODEL

The sinusoidal model was initially applied to the anal-
ysis/synthesis of speech [1]. A signal s(t) is represented
as the sum of a small number K of sinusoids with time-
varying amplitudes and frequencies. This can be written
as

s(t) =

K
∑

k=1

αk(t) cos[βk(t)], (1)

where αk(t) and βk(t) are the instantaneous amplitude
and phase, respectively. To estimate the parameters
of the model, one needs to segment the signal into a
number of short-time frames and compute a short-time
frequency representation for each frame.

Each component in the l-th frame is represented as a
triad of the form {αl,k, fl,k, θl,k} (amplitude, frequency,
phase), corresponding to the k-th sine wave. Practically,
after the sinusoidal parameters are estimated, a residual
noise component is computed by subtracting the sinu-
soidal component from the original signal.

Current state-of-the-art methods for sinusoidal mod-
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elling employ perceptual matching pursuit algorithms to
determine the model parameters of each frame. To per-
form multichannel sinusoidal analysis, we have extended
the method presented in [12] to include state-of-the-art
psychoacoustic analysis [13]. At each iteration, the al-
gorithm picks a sinusoidal component frequency that is
optimal for both channels, as well as channel-specific
amplitudes and phases. This choice minimizes the per-
ceptual distortion measure

Di =
∑

c

∫

Ai,c(ω)|Ri,c(ω)|2dω, (2)

where Ri,c(ω) is the Fourier transform of the residual
signal of the c-th channel after the i-th iteration, and
Ai,c(ω) is a frequency weighting function set as the in-
verse of the current masking threshold energy. The con-
tributions of each channel are simply summed to obtain
the final measure.

This paper utilizes the improved masking model de-
tailed in [13]. An important question is what masking
model is suitable for multichannel audio where the dif-
ferent channels have different binaural attributes in the
reproduction. In transform coding, a common prob-
lem is caused by Binaural Masking Level Difference
(BMLD); sometimes quantization noise that is masked
in monaural reproduction is detectable because of bin-
aural release, and using separate masking analysis for
different channels is not suitable. However, this effect
in parametric coding is not so well established.

We performed preliminary experiments using:
firstly, separate masking analysis, i.e. individual Ai,c(ω)
based on the masker of channel c for each signal sepa-
rately (see (2)), secondly, using the masker of the sum
signal of all channel signals to obtain Ai(ω) for all c,
and thirdly, power summation of the other signals’ at-
tenuated maskers to the masker of channel c according
to

Ai,c(ω) = 1/[Mi,c(ω) +
∑

k
k 6=c

wkMi,k(ω)], (3)

where Mi,c(ω) is the masker energy of the c-th channel
after the i-th iteration, wk the estimated attenuation
(panning) factor that was varied heuristically, and k it-
erates through all channel signals excluding c. In this
paper we chose to use the first method, i.e. separate
masking analysis for channels (wk = 0), for the rea-
son that we did not find notable differences in BMLD
noise unmasking, and that the sound quality seemed to
be marginally better with headphone reproduction. For
loudspeaker reproduction, the second or third method
may be more suitable.

The use of this psychoacoustic multichannel sinu-
soidal model resulted in sparser modelled signals, in-
creasing the effectiveness of our compressed sensing en-
coding.

3. COMPRESSED SENSING

In the compressed sensing methodology, a signal which
is sparse in some basis can be represented using much
fewer samples than the Nyquist rate would suggest.
Given that a sinusoidally-modelled audio signal is
clearly sparse in the frequency domain, our motivation
has been to encode such signal using a small part of its
actual samples, thus avoiding encoding a large degree
of unnecessary information. In the following, we briefly

review the CS methodology.

3.1 Measurements

Let xl be the N samples of the sinusoidal component in
the sinusoidal model in the l-th frame. It is clear that xl

is a sparse signal in the frequency domain. To facilitate
our compressed sensing reconstruction, we require that
the frequencies fl,k are selected from a discrete set, the
most natural set being that formed by the frequencies
used in the N -point fast Fourier transform (FFT). Thus
xl can be written as xl = ΨX l, where Ψ is an N × N
inverse FFT matrix, and X l is the FFT of xl. As xl

is a real signal, X l will contain 2K non-zero complex
entries representing the real and imaginary parts—or in
an equivalent description, the amplitudes and phases—
of the component sinusoids.

In the encoder, we take M non-adaptive linear mea-
surements of xl, where M � N , resulting in the M × 1
vector yl. This measurement process can be written as

yl = Φlxl

= ΦlΨX l, (4)

where Φl is an M × N matrix representing the mea-
surement process. For the CS reconstruction to work,
Φl and Ψ must be incoherent. In order to provide in-
coherence that is independent of the basis used for re-
construction, a matrix with elements chosen in some
random manner is generally used. As our signal of in-
terest is sparse in the frequency domain, we can simply
take random samples in the time domain to satisfy the
incoherence condition, see [14] for further discussion of
random sampling. In this case, Φl is formed by ran-
domly selecting M rows of the N × N identity matrix.

3.2 Reconstruction

Once yl has been measured, it must be quantized and
sent to a decoder, where it is reconstructed. Recon-
struction of a compressed sensed signal involves trying
to recover the sparse vector X l. It has been shown [8,9]
that

X̂ l = arg min ‖X l‖p s.t. yl = ΦlΨX l, (5)

with p = 1 will recover X l with high probability if
enough measurements are taken. The `p norm is de-

fined as ‖a‖p = (
∑

i |ai|
p)

1

p . It has recently been shown
in [15] that p < 1 outperforms the p = 1 case, and it is
this method that we use for reconstruction in this paper.

A feature of CS reconstruction is that perfect recon-
struction cannot be guaranteed, and thus only a prob-
ability of “perfect” reconstruction can be guaranteed,
where “perfect” defines some acceptability criteria, typ-
ically a signal-to-distortion ratio. This probability is
dependent on M , N , K and the quantization used.

Another important feature of the reconstruction is
that when it fails, it can fail catastrophically for the
whole frame. Not only will the amplitudes and phases
of the sinusoids in the frame be wrong, but the sinu-
soids selected—or equivalently, their frequencies—will
also be wrong. In the audio environment, this is sig-
nificant as the ear is sensitive to such discontinuities.
Thus it is essential to minimize the probability of frame
reconstruction errors (FREs), and if possible eliminate
them.

Let F l be the positive FFT frequency indices in xl,
whose components Fl,k are related to the frequencies
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Figure 1: A block diagram of the proposed system. In the encoder, the sinusoidal part of each audio channel
is encoded by randomly sampling its time-domain representation, and then quantizing the random samples using
scalar quantization. In the decoder, the sinusoidal part is reconstructed from the random samples.

in the xl by fl,k = 2πFl,k/N . As F l is known in the
encoder, we can use a simple forward error detection
scheme to detect whether an FRE has occurred. We
found that an 8-bit cyclic redundancy check (CRC) on
F l detected all the errors that occurred in our simula-
tions.

Once we detect an FRE, we can either re-encode and
retransmit the frame in error or use some interpolation
between the correct frames before and after the errored
frame to estimate it. Previous work has shown that
a suitable target for the probability of FRE (PFRE) is
less than 10−2 [11]. Obviously, the retransmission of a
frame in error requires more bandwidth compared to the
interpolation option, but if the probability of FREs is
kept low enough this increase should be tolerable. For
instance, PFRE ≤ 10−2 would incur an increase in bit-
rate of approximately one percent.

In this work, the retransmission scheme is used. We
note that in addition to the retransmission and the in-
terpolation options, a third alternative is the error-free
operation. This is done by reconstructing the frame
in the encoder using the random samples selected. If
the frame is successfully reconstructed, then these ran-
dom samples are transmitted. If not, then a new set of
random samples are selected and reconstruction is at-
tempted again. This process is repeated until a set of
random samples that permit successful reconstruction
is found. In addition to eliminating the need for CRC
and retransmission, or interpolation, the error-free mode
allows for a lower bit-rate, by allowing the system to op-
erate with many less random samples than the other two
modes. Clearly, the reconstruction in the encoder dra-
matically increases the complexity of the encoder, and
so we do not explore this mode further in this work.

4. SYSTEM DESIGN

A block diagram of our proposed system is depicted in
Fig. 1. The first channel is encoded in a manner very
similar to that of [10], and is shown in Fig. 1(a). The
C-channel audio signal is first passed through a psy-
choacoustic sinusoidal modelling block to obtain the si-
nusoidal parameters {F 1,l, α1,l, θ1,l} for the l-th frame
of the primary channel. These then go through what
can be thought of as a “pre-conditioning” phase where

the amplitudes are whitened (SW) and the frequencies
remapped (FM). The interested reader is referred to [10]
for more details. The modified sinusoidal parameters
{F ′

1,l, α′

1,l, θ1,l} are then reconstructed into a time do-
main signal, from which M1 samples are randomly se-
lected (RS). These random samples are then quantized
to Q bits by a uniform scalar quantizer (Q), and sent
over the transmission channel along with the side infor-
mation from the spectral whitening, frequency mapping
and cyclic redundancy check (CRC) blocks.

In the decoder, the bit stream representing the ran-
dom samples is returned to sample values in the dequan-
tizer block (Q−1), and passed to the compressed sensing
reconstruction algorithm, which outputs an estimate of

the modified sinusoidal parameters, {F̂
′

1,l, α̂′
1,l, θ̂1,l}.

If the CRC detector (CHK) determines that the block
has been correctly reconstructed, the effects of the spec-
tral whitening and frequency mapping are removed—
(SW−1) and (FM−1), respectively—to obtain an esti-

mate of the original sinusoid parameters, {F̂ 1,l, α̂1,l,

θ̂1,l} , which are passed to the sinusoidal model resyn-
thesis block. If the block has not been correctly recon-
structed, then the current frame is either retransmitted
or interpolated, as previously discussed.

Due to the fact that the sinusoidal models for all the
channels share the same frequency indices,

F c,l = F 1,l c = 2, 3, . . . C, (6)

F ′
c,l = F ′

1,l c = 2, 3, . . . C, (7)

F̂
′

c,l = F̂
′

1,l c = 2, 3, . . . C, (8)

F̂ c,l = F̂ 1,l c = 2, 3, . . . C, (9)

the encoding and decoding for the other (C−1) channels
can be a lot simpler, as shown in Fig. 1(b). In particu-
lar, the compressed sensing reconstruction collapses to a
back-projection. Let us write the measurement process
of (4) as

yc,l = Φc,lΨXc,l (10)

where yc,l, Φc,l and Xc,l denote the c-th channel ver-
sions of yl, Φl and X l, respectively.
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V & K Our Scheme

Chorus

Tr.&Vi.
Speech

Singing

Jazz

Rock

25 bits
(17&8)

35 bits
(23&12)

37 bits
(24&13)

30.5 bits
(21&9.5)

32 bits
(21&11)

33.5 bits
(21&12.5)

Very
annoying

Annoying

Slightly
annoying

Perceived,
not annoying

Not
perceived

Figure 2: Results of quality rating tests for various
stereo signals. “V & K” refers to the method of [6].
(“Tr.&Vi.” denotes a signal containing trumpet and vi-
olin.) The bits per frame per sinusoid are given for each
of the two transmitted audio channels.

Let ΨF be the columns of Ψ chosen using F 1,l, and

XF
c,l be the rows of Xc,l chosen using F 1,l. We can

write (10) as

yc,l = Φc,lΨF XF
c,l. (11)

This can then be rewritten as

XF
c,l = (Φc,lΨF )

†
yc,l (12)

where (B)
†

denotes the Moore-Penrose pseudo-inverse

of a matrix B, defined as (B)
†

=
(

B
H
B

)−1

B
H with

B
H denoting the conjugate transpose of B.

Thus (12) gives a way of recovering XF
c,l from Φc,l,

F 1,l and yc,l. However, the decoder only has Φc,l, F̂ 1,l

and ŷc,l, which is yc,l after it has been through quanti-
zation and de-quantization. So the decoder for the other
(C − 1) channels can recover an estimate of XF

c,l using

X̂
F̂

c,l =
(

Φc,lΨF̂

)†
ŷc,l. (13)

which is much less complex than (5).
One particular advantage of the recovery of (13) is

that it is only the primary (c = 1) audio channel that
determines whether or not an FRE occurs. The number
of random samples required for the other (C − 1) chan-
nels can be significantly less than that for the primary
channel, and thus Mc < M1, c = 2, 3, . . . C. Decreasing
Mc only decreases the signal-to-distortion ratio, which
the ear is much less sensitive to than the effect of FREs.
This of course means that the primary channel will be
the best quality channel, with the other (C − 1) being
of lower quality. This may or may not be desired, and
if not, sum and differences of the channels may be sent
instead of the actual channels. This allows the recovery
of the original channels with a more even quality.

5. LISTENING TESTS

While the proposed multichannel coding scheme oper-
ates in principle regardless of the number of channels,
and in fact becomes more beneficial in terms of total bi-
trate when the number of channels is high, it was conve-
nient for us to perform listening tests using headphones

Table 1: Parameters used to encode the signals used
in the listening tests, and their associated per-frame bi-
trates.

raw overhead final per
chan M bitrate CRC FM SW bitrate sine

1 240 960 8 406 320 1694 21.2

2 210 840 0 0 160 1000 12.5

2 180 720 0 0 160 880 11.0

2 150 600 0 0 160 760 9.5

and stereo signals, following ITU-R BS.1116 [16]. Ten
volunteers participated, and the tests took place in a
quiet office room. The following six stereo signals were
used: male and female speech, male and female cho-
rus, trumpet and violin, a cappella singing, jazz and
rock. For the former three stereo signals, the speech
recordings were obtained from the VOICES corpus [17]
of OGI’s CSLU, the chorus signals were provided by
Prof. Kyriakakis of the University of Southern Cali-
fornia, and the individual instrument recordings were
obtained from the EBU SQAM disc. The latter three
types of recordings were obtained from popular music
CDs. The test signals can be found at 1.

The sinusoidal model analysis was performed us-
ing K = 80 sinusoid components per frame and an
N = 2048-point FFT. All the audio signals were sam-
pled at 22 kHz with a 20 ms window and 50% overlap-
ping between frames. Using K = 80 provided a high-
enough quality that the residual signals were not re-
quired.

The results of this test are given in Fig. 2, where the
vertical lines indicate the 95% confidence limits. Our
proposed method was implemented using 4-bit quanti-
zation of the random samples and the parameters given
in Table 1. The primary channel was the sum of the left
and the right channels, and the secondary channel their
difference. The primary channel had 4 bits per sinusoid
of spectral whitening (SW) and approximately 5 bits per
sinusoid for frequency mapping (FM), and required 240
random samples to achieve a PFRE of less than 10−2,
giving a required bit rate of 21.2 bits per sinusoid. The
secondary channel had 2 bits per sinusoid of spectral
whitening and no bits were required for frequency map-
ping. The number of random samples for the secondary
channel were {150, 180, 210}, giving {9.5, 11.0, 12.5} bits
per sinusoid respectively.

In Fig. 2, the notation e.g. 21 & 9.5 bits in the x-
axis, corresponds to using 21 bits for the primary chan-
nel and 9.5 bits for the secondary channel per sinusoid,
while 30.5 is the total number of bits per sinusoid used
(the summation of all channels). Note that for each
additional audio channel in this example, 9.5 bits per
sinusoid would be required. We used the retransmission
mode to ensure no FREs occurred.

The signals generated by our method were compared
to a popular sinusoidal coding method, namely that
of [6], denoted as “V&K”, operating at the rates of 17
& 8, 23 & 12, and 24 & 13 bits per sinusoid, for the
left and right channels respectively. Both channels are
coded separately, and no frequency information is sent
for the right channel as it is the same as that used in
the left channel. Thus, the fact that our multichannel

1http://www.ics.forth.gr/˜ mouchtar/cs4sm/
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sinusoidal model uses the same frequency indices for all
channels, which was exploited in our multichannel CS
coding method as explained, is also exploited for the
method of [6], so that the comparison provided is fair.
In this case though, the left and right channels (and not
their sum and difference) are encoded. As previously
stated, the notation e.g. 17 & 8 in Fig. 2 corresponds
to using 17 bits per sinusoid for the left channel (used
as primary), and 8 bits for the right channel (used as
secondary).

The signal with 17 & 8 bits per sinusoid was used
as an anchor signal, and it is clear that the listeners
could distinguish the reduction in bitrate and thus qual-
ity. It can be clearly seen in Fig. 2 that our proposed
method achieves a similar quality to that of [6] for the
slightly lower bitrate, 33.5 vs 37 bits per sinusoid for the
stereo signal. These rates were chosen for comparison as
they achieve a consistent quality for all signals. Since at
this rate the proposed method performs slightly better
than [6] for some signals and slightly worse for others, we
claim that their performance is comparable. Of interest
is also the lower rate of 32 bits for the proposed method
compared to the 35 bits of [6], where it can be seen that,
with the exception of the trumpet/violin signal, the pro-
posed method performs very well, and more consistently
compared to [6]. We are confident that these gains ex-
tend to the multichannel case (more than 2 channels).
More generally, our interest in this paper is to provide
a study as to whether CS can be applied to audio cod-
ing, and in this sense the results in this paper are quite
encouraging.

6. CONCLUSIONS

We have presented a new method for encoding a mul-
tichannel signal that has been modelled using the sinu-
soidal model, making use of compressed sensing (CS).
The complexity of the secondary channels is significantly
lower than that of the primary channel. Through listen-
ing tests, we have shown that our method can achieve
equal or better performance to that of other state-of-
the-art sinusoidal coding methods. This can be consid-
ered an important result towards the final objective of
being able to apply the CS framework to audio signals,
where the challenge is that of addressing the sparsity
requirement. Application of CS to audio coding, even
for low-bitrate applications such as those examined here
(i.e. parametric modelling) can lead to novel systems
for analog-to-digital conversion of audio signals and al-
low for local coding of audio signals (e.g. using a sensor
network for recording and compressing the audio infor-
mation in large outdoor spaces).
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ABSTRACT

Compressed sensing samples signals at a much lower
rate than the Nyquist rate if they are sparse in some
basis. Using compressed sensing theory to reconstruct
speech signals was recently proposed, assuming speech
signals are sparse in the excitation domain if they are
modelled using the source/filter model. In this pa-
per, the compressed sensing theory for sparsely ex-
cited speech signals is applied to the specific problem
of speaker identification, and is found to provide en-
couraging results using a number of measurements as
low as half of the signal samples. In this manner, com-
pressed sensing theory allows the use of less samples to
achieve accurate identification, which in turn would be
beneficial in several sensor network related applications.
Additionally, enforcing sparsity on the excitation signal
is shown to provide identification accuracy which is more
robust to noise than using the noisy signal samples.

1. INTRODUCTION

Speaker identification is the task of determining an
unknown speaker’s identity. In this paper, text-
independent speaker identification is performed based
solely on a speaker’s voice. Speaker identification is
achieved by performing a one-to-many match among
the unknown voice signal and the previously available
speech database of multiple speakers, assuming that the
unknown speaker belongs in this dataset. The paper
focuses on the possibility of performing speaker identi-
fication by applying the recently-proposed compressed
sensing theory.

Compressed sensing (CS) [1–3] seeks to represent
a signal using a small number of linear, non-adaptive
measurements. Usually the number of measurements is
much lower than the number of samples needed if the
signal is sampled at the Nyquist rate. Thus, compressed
sensing combines compression and sampling of a signal
into one low-complexity step. An important restriction
is that compressed sensing requires that the signal is
sparse in some basis—in the sense that it is a linear
combination of a small number of basis functions—in
order to correctly reconstruct the original signal.

The reasons for examining the applicability of com-
pressed sensing theory to the speaker identification

This work was funded in part by the PEOPLE-IAPP “AVID-
MODE” grant within the 7th European Community Framework
Program, and in part by the FORTH-ICS internal RTD program
“AmI: Ambient Intelligence and Smart Environments”.

problem are twofold. Firstly, compressed sensing the-
ory achieves the reconstruction of a sparse signal using
only a fraction of the number of samples dictated by the
Nyquist theorem. Therefore, in a sensor-network sce-
nario, the measurement operation could be performed
locally and the few measurements in each time frame
could be transmitted to a base station for further pro-
cessing. From a different point of view, the second rea-
son is due to the aforementioned sparsity restriction: by
forcing the signal to be sparse in some basis, a noisy
signal may be more robustly reconstructed. This is sim-
ilar to signal denoising by low-rank modelling. In this
case, the signal sparsity is an important factor, since the
CS reconstruction will only be valid for signals which are
initially sparse in some domain. Thus, in this second ap-
proach, we are interested in testing whether compressed
sensing-based speaker identification results in a more ro-
bust identification than when directly using the signal’s
samples to perform the identification.

A key question is whether a speech signal can be
considered to be sparse in some sense. For audio sig-
nals, we recently showed that their sinusoidally mod-
elled component can be considered to be sparse, and
compressed sensing theory was applied to low-bitrate
audio coding [4]. For speech signals, compressed sens-
ing was recently applied to a sparse representation us-
ing the source/filter model in [5] for speech coding, and
encouraging preliminary results were obtained. In this
paper we extend the work of [5] by applying the pro-
posed methodology to the problem of text-independent
speaker identification. In that work, it was found that
applying compressed sensing theory to speech signals
modelled using the source/filter model, and assuming
a sparse excitation, resulted in accurate estimation of
the filter part (spectral envelope) of the speech signal.
For the filter part, a codebook for the speaker was used.
Consequently, in this paper we create a filter codebook
for each of the speakers in the database, and the identi-
fication process is based on selecting the speaker in the
database corresponding to the codebook that results in
the best compressed sensing reconstruction. It is shown
that the percentage of correct identification using com-
pressed sensing theory can reach 80% on average using
a number of measurements which are as low as half of
the signal’s samples. When additive noise is used, the
performance of compressed sensing-based identification
is shown to be quite robust, with reference to a baseline
GMM-based approach [6] for this task.

It is relevant at this point to mention the work in [7],
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where compressed sensing is used in the same context of
the source/filter model, in order to derive a sparse resid-
ual for speech signals, when their filter part is known. In
that case, the signal is sampled at the Nyquist rate (so
as to derive the filter part), and the use of compressed
sensing is to derive a sparse excitation signal as an al-
ternative to multi-pulse excitation coders. In contrast,
in this paper (as in [5]), the signal is in fact sampled at a
rate which is significantly smaller compared to Nyquist,
and consequently the codebook for the filter part is nec-
essary in order to perform the CS-based reconstruction.

The proposed work mainly examines the applicabil-
ity of CS-based reconstruction to speaker identification
due to the advantage of sub-Nyquist sampling. At the
same time, the fact that this method is shown here to be
noise-robust, relates to previous work on feature extrac-
tion for robust speaker identification. A great amount
of research efforts has focused on deriving robust fea-
tures from the noisy speech signals, which can then be
used for improving speaker identification performance as
in [8–11]. Alternatively, the noise robust speaker identi-
fication problem can be examined as a problem of mis-
matched testing and training conditions as in [12,13].

The remainder of the paper is organized as follows.
In Section 2, the basics of compressed sensing are re-
viewed. In Section 3, the compressed sensing method-
ology for sparsely excited speech signals of [5] is sum-
marized. Section 4 presents our approach on speaker
identification using the compressed sensing reconstruc-
tion for sparsely excited speech signals. Identification
results are given in Section 5, and concluding remarks
are given in Section 6.

2. COMPRESSED SENSING

We sample the speech signal x(t) at the Nyquist rate
and process it in frames of N samples. Each frame is
then an N × 1 vector x, which can be represented as

x = ΨX, (1)

where Ψ is an N × N matrix whose columns are the
similarly sampled basis functions Ψi(t), and X is the
vector that chooses the linear combinations of the basis
functions. X can be thought of as x in the domain of Ψ,
and it is X that is required to be sparse for compressed
sensing to perform well. We say that X is K-sparse if
it contains only K non-zero elements. In other words,
x can be exactly represented by the linear combination
of K basis functions.

It is also important to note that compressed sensing
will also recover signals that are not truly sparse, as long
these signals are highly compressible, meaning that most
of the energy of x is contained in a small number of the
elements of X.

At the sensor, we take M non-adaptive linear mea-
surements of x, where K < M < N , resulting in the
M ×1 vector y. This measurement process can be writ-
ten as

y = Φx

= ΦΨX,

where Φi is an M × N matrix representing the mea-
surement process. For compressed sensing to work, Φ

and Ψ must be incoherent. Incoherent means that no
element of Φ has a sparse representation in terms of the
elements of Ψ. In order to provide incoherence that is
independent of the basis used for reconstruction, a ma-
trix with elements chosen in some random manner is
generally used. Thus unlike Ψ, which is constant, Φ
will change every frame.

Once y has been obtained, it is transmitted in some
fashion to a processor, where it is processed by a re-
construction algorithm. Reconstruction of a compressed
sensed signal involves trying to recover the sparse vector
X. It has been shown [1,2] that

X̂ = argmin ‖X‖1 s.t. y = ΦΨX, (2)

will recover X with high probability if enough measure-
ments are taken. In general, the �p norm is defined as

‖a‖p =

⎛
⎝∑

j

|aj |p
⎞
⎠

1
p

.

Equation (2) can be reformulated as

X̂ = argmin
X

‖y−ΦΨX‖2 s.t. ‖X‖0 = K, (3)

where the �0 norm, ‖a‖0 just counts the number of non-
zero elements in a.

There are a variety of algorithms to perform the re-
constructions in (2) and (3), in this paper we make use
of orthogonal matching pursuit (OMP) [14] to solve (3).
OMP is a relatively-efficient iterative algorithm that
produces one component of X̂ each iteration, and thus
allows for simple control of the sparsity of X̂. As the
true sparsity is often unknown, the OMP algorithm is
run for a pre-determined number of iterations, K, re-
sulting in X̂ being K-sparse.

3. SPARSELY-EXCITED SPEECH

The speech model used in [5] is based on the Nyquist-
sampled speech sample sequence x(n) being represented
by the convolution relation

x[n] = h[n] ∗ r[n], (4)

where h[n] is the signal domain impulse response of the
smooth spectral envelope (which in this paper is repre-
sented using the Linear Prediction Coefficients - LPC),
and r[n] is the residual excitation component. The con-
volution relation of (4) can be expressed in frame-by-
frame matrix form as

x = hr, (5)

where h is an N×N impulse response matrix and r is an
N×1 excitation vector. We consider linear convolution,
and thus h is Toeplitz lower triangular.

The residual excitation vector is not truly sparse, as
for real speech all of the elements of r will be non-zero.
However, the work of [5] showed that r is indeed highly
compressible, and thus (5) is a suitable representation
of speech for use with compressed sensing.
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So substituting h and r into (3) for Ψ and X respec-
tively, we obtain

r̂ = argmin
r

‖y−Φhr‖2 s.t. ‖r‖0 = K (6)

Unfortunately, the basis matrix h is signal-dependent,
and the authors of [5] solve this problem by construct-
ing a codebook of L basis matrices from training speech
data. Given that h is formed by the LPC coefficients of
the speech signal, L is in fact the codebook size formed
using the LPC vectors, represented as Line Spectral Fre-
quencies (LSFs).

By performing the compressed sensing reconstruc-
tion over the codebook, the complexity is linearly scaled
by L, and (6) becomes

ĥl, r̂ = argmin
hl,r

‖y−Φhlr‖2 s.t. ‖r‖0 = K, (7)

where l = 1, 2, . . . , L.

4. SPEAKER IDENTIFICATION

4.1 GMM Speaker Identification

As a baseline, we implemented the speaker identifica-
tion system of [6], which is a simple but powerful sys-
tem that has been shown to successfully perform this
task. This is a GMM-based system, where for each
one of the speakers in the database, a corpus is used
to train a GMM model of the extracted sequences of
(short-time) spectral envelopes. Thus, for a predefined
set of speakers a sufficient amount of training data is
assumed to be available, and identification is performed
based on segmental-level information only. During the
identification stage, the spectral vectors of the examined
speech waveform are extracted and classified to one of
the speakers in the database, according to a maximum
a posteriori criterion. More specifically, a group of S
speakers in the training dataset is represented by S dif-
ferent GMM’s λ1, λ2, . . . , λS , a sequence (or segment)
of n consecutive spectral vectors X = [x1x2 · · ·xn] is
identified as spoken by speaker ŝ based on:

ŝ = arg max
1≤q≤S

p(λq|X) = arg max
1≤q≤S

p(X|λq)p(λq)

p(X)
. (8)

For equally likely speakers and since p(X) is the same
for all speaker models the above equation becomes

ŝ = arg max
1≤q≤S

p(X|λq), (9)

and finally, for independent observations and using log-
arithms, the identification criterion becomes

ŝ = arg max
1≤q≤S

n∑
k=1

log p(xk|λq), (10)

where

p(xk|λq) =
M∑
i=1

pq(ωi)N (xk;µi,q,Σi,q), (11)

where N (x;µi,Σi) denotes a Gaussian density with
mean µi and covariance Σi. Note that this is a text-
independent system, i.e. the sentences during the val-
idation stage need not be the same as the ones used
for training. As in [6], the error measure employed is
the percentage of segments of the speech recording that
were identified as spoken by the most likely speaker. A
segment in this case is defined as a time-interval of pre-
specified duration containing n spectral vectors, during
which these vectors are collectively classified based on
(10), to one of the speakers by the identification sys-
tem. If each segment contains n vectors (n depending
on the pre-specified duration of each segment), different
segments overlap as shown below, where Segment #1
and Segment #2 are depicted:

Segment #1︷ ︸︸ ︷
x1,x2, . . . ,xn,xn+1,xn+2, · · ·

x1,

Segment #2︷ ︸︸ ︷
x2, . . . ,xn,xn+1,xn+2, · · ·

The resulting percentages are an intuitive measure of
the performance of the system. There is a performance
decrease when decreasing the segment duration, which
is an expected result since the more data available, the
better the performance of the system. A large number
of segments is also important for obtaining more accu-
rate results; it should be noted, though, that an iden-
tification decision is made for each different segment,
independently of the other segments.

4.2 Speaker Identification Using CS

In order to perform speaker identification using com-
pressed sensing, we propose forming a codebook of ba-
sis matrices from speech training data for each of the
S speakers that we wish to identify. This is essentially
formed by performing a codebook of the LSF vectors of
each speaker separately. This process is in fact similar
to the GMM training for speaker identification, and is
based on the assumption that LSF’s are suitable feature
vectors for the classification task.

A simple way to do classification using compressed
sensing is to find a basis for each of the C classes of
interest, and then reconstruct a sparse vector from each
of the class bases. The measured signal is then said to
come from the class that produced the sparsest recov-
ered vector. This can work well, but requires that the
class bases be incoherent.

In our case, the class bases would be the hl’s for
each speaker. Unfortunately these bases are far from
incoherent. We thus need to find another method to
perform speaker identification, and we proceed in the
following manner.

We first find a residual excitation vector for each
basis matrix from each speaker’s codebook using

r̂s,l = argmin
r

‖y−Φhs,lr‖2 s.t. ‖r‖0 = K. (12)

Once these have been found, we then calculate

ds = min
l

‖y−Φhs,lr̂s,l‖2, (13)
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Figure 1: Probability of correct identification versus the
number of iterations of the reconstruction algorithm for
a codebook size of 16. The number of measurements is
equal to half the Nyquist rate (M = N/2).

which represents the minimum distance between the
measurements y and measurements from the reconstruc-
tions from the s-th speaker’s codebook.

Now, let di,s be the ds calculated for the i-th frame.
The actual speaker s∗ in the i-th frame should have the
smallest distance, so that

di,s∗ < di,s, ∀s �= s∗. (14)

Thus if this is true we have chosen the correct speaker,
and if not we have an error.

In practice, we can greatly improve the reliability
of speaker identification by considering n frames at a
time (i.e. a segment as defined in Section 4.1). This is
based on the fact that the speaker will not change from
frame to frame, and will rather be constant for a group
of frames. Thus we use a sliding window to determine
the most probable speaker as

ŝ = argmin
s

i∑
j=i−(n−1)

di,s, (15)

to determine the speaker. Obviously if ŝ �= s∗ then the
identification has failed for this particular segment. This
approach is the same as the segment-based approach for
identification as explained in the last part of Section 4.1.

5. RESULTS AND DISCUSSION

We now discuss the results we obtained from the simu-
lation of our proposed method. All speech signals used
in training and testing were obtained from the VOICES
corpus, available by OGI’s CSLU [15]. The speech sig-
nals, originally sampled at 22 kHz, were downsampled
to 8kHz, with N = 320 samples per frame and 50% over-
lapping between frames. The training data consisted of
30 sentences from 12 speakers, resulting in around 6000
frames per speaker.

Our codebooks were constructed in a manner similar
to that of [5], we analysed the training data to obtain
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Figure 2: Probability of correct identification versus the
number of measurements for various speaker codebook
sizes. The number of iterations of the reconstruction
algorithm is equal to one quarter of the number of mea-
surements (K = M/4).

the LPC and LSF vectors from which we generated the
set of hl’s for each speaker. We chose to use an LPC
order of 22 as that provided better performance, and
results in no increase in run-time complexity.

All the simulations were performed using 10 sen-
tences for each speaker different to those used to gen-
erate the codebooks. This provided more than 2000
frames of test data for each speaker.

Initially, we tested the performance of the sparsity-
based speaker identification. The measurement matrix
Φ consisted of M×N Gaussian samples with zero mean
and unit variance. The performance measure used was
the probability of correct identification of the speaker
using (15) with n equal to 140 frames (2.8 seconds),
and averaged over all 12 speakers.

As an initial investigation, we looked at the effect of
the number of iterations of the OMP algorithm, K, on
our proposed method for M = N/2 measurements per
frame. The results are shown in Fig. 1 for a codebook
size of L = 16. The identification process can be seen
to not be very sensitive to K around K ≈ M/4, and it
is this value for K that we used in the rest of this work.

Fig. 2 presents the performance of our proposed
method as the number of measurements M and the
size of each speaker’s codebook L are varied. These
results are intuitively satisfying; as M decreases, the
reconstruction quality will degrade, and thus the proba-
bility of correct identification decreases. The results for
M/N = 1 do not use compressed sensing, and this can
be thought of as the best possible performance. The per-
formance also improves as L increases, although there
seems to be diminishing returns after L = 32, and each
increase in L increases the complexity of the identifica-
tion process. Thus for L = 32 with 50% measurements
the probability of correct identification is about 0.8, and
if the measurements are lowered to 25% this probability
drops to about 0.6.

All the previous results are for noise-free speech.
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Figure 3: Probability of correct identification versus the
signal to noise ratio of the speech signal for the Gaus-
sian mixture model (GMM) method and the proposed
compressed sensing (CS) method.

We also explored the effect of additive white Gaus-
sian noise on the probability of correct identification
for the L = 32, M = N/2 case, and this is presented
in Fig. 3, along with the corresponding results for the
GMM method discussed in Section 4.1. The GMM
method used 32 diagonal mixtures and the same train-
ing and testing data as the compressed sensing (CS)
method. It is clear that the CS method outperforms
the GMM method once the signal to noise ratio (SNR)
is below 30dB. In fact, there is very little loss in perfor-
mance for the CS method down to an SNR of 20dB, and
even an SNR of 15dB affects the performance mildly.

Assuming the two methods were used in a sensor
with limited power resources, the CS method would re-
quire slightly more processing than the GMM method
in the sensor, as it needs to calculate the measurements,
although efficient measurement methods do exist. How-
ever the CS method would require half the bandwidth of
that of the GMM method to transmit the measurements
back to a central processor.

This transmission power gain and the robustness to
noise for the CS method come at the cost of increased
complexity in the speaker identification algorithm, but
for many applications this is acceptable.

6. CONCLUSIONS

We have presented a novel method for speaker identifica-
tion based on a sparse signal model and the use of com-
pressed sensing. The use of compressed sensing permits
the use of less transmission power for the sensor record-
ing the voice. Additionally, our method has been shown
to be robust to noise in the recorded speech signal. This
is encouraging and warrants further investigation.
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ABSTRACT
In this paper1, we study the discrete power allocation game
for the fast fading multiple-input multiple-output multiple
access channel. Each player or transmitter chooses its own
transmit power policy from a certain finite set to optimize its
individual transmission rate. First, we prove the existence
of at least one pure strategy Nash equilibrium. Then, we in-
vestigate two learning algorithms that allow the players to
converge to either one of the NE states or to the set of corre-
lated equilibria. At last, we compare the performance of the
considered discrete game with the continuous game in [7].

1. INTRODUCTION

Game theory appears to be a suitable framework to analyze
self-optimizing wireless networks. The transmitters, based
on their knowledge on the environment and cognitive capa-
bilities, allocate their own resources to optimize their indi-
vidual performance with very little or no intervention from a
central authority.

Game theoretical tools have recently been used to study
the power allocation problem in networks with multiple an-
tenna terminals. In [1],[2],[3],[4],[5], the authors studies the
MIMO slow fading interference channel, in [6] the MIMO
cognitive radio channel, and in [7] the multiple access chan-
nel. The main drawback of these approaches is the fact that
the action sets (or possible choices) of the transmitters are the
convex cones of positive semi-definite matrices. In practice,
this is an unrealistic assumption and discrete finite action
sets should be considered. Another raising issue is related
to the iterative water-filling type algorithms that converge to
the games’ Nash equilibria (NE) states. In order to apply
these algorithms, the transmitters are assumed to be strictly
rational players that perfectly know the structure of the game
(at least their own payoff functions) and the strategies played
by the others in the past.

An alternative way of explaining how the players may
converge to an NE is the theory of learning [14]. Learn-
ing algorithms are long-run processes in which players, with
very little knowledge and rationality constraints, try to opti-
mize their benefits. In [8], the authors propose two stochas-
tic learning algorithms that converge to the pure strategy NE
and to mixed strategy NE of the energy efficiency game in
a single-input single-output (SISO) interference channel. In
[10], the multiple access point wireless network is investi-
gated where a large number of users can learn the correlated

1This work was supported by the Research Council of Norway and the
French Ministry of Foreign Affairs through the AURORA project entitled
“Communications under Uncertain Topologies”.

equilibrium of the game. A similar scenario is studied in
[12]. In [9], learning algorithms are proposed in a wireless
network where users compete dynamically for the available
spectrum. In [11], the authors study learning algorithms in
cellular networks where the links are modeled as collision
channels. An adaptive algorithm was proposed in [1] for the
MIMO interference channel. The proposed algorithm allows
the users to converge to a Stackelberg equilibrium by learn-
ing the ranks of their own covariance matrices that maximize
the system sum-rate.

In this paper, we study the power allocation game in fast
fading multiple-input multiple-output (MIMO) multiple ac-
cess channels (MAC), similarly to [7]. We assume that the
action sets of the transmitters are discrete finite sets and con-
sist in uniformly spreading their powers over a subset of an-
tennas. Assuming the single user decoding scheme at the
receiver, we show that the proposed game is a potential one
and the existence of a pure strategy Nash equilibrium (NE)
follows directly. However, the uniqueness of the NE cannot
be ensured in general and, thus, several iterative algorithms
that converge to one of the NE states are studied. A best-
response type algorithm is compared with a reinforcement
learning algorithm in terms of system performance, required
information, and cognitive capabilities of players. To im-
prove the system performance, we consider a second learn-
ing algorithm based on regret matching that converges to the
set of correlated equilibria (CE).

We begin our analysis by describing the system model in
Sec. 2 and introducing some basic game theoretical concepts.
Then, in Sec. 3, we analyze the Nash equilibria of the power
allocation game. First, we review the setting of [7] in Subsec.
3.1 and then, study the discrete game in Subsec. 3.2. In
Sec. 4, we study two learning algorithms: One that allows
the users to converge to one of the NE (see Subsec. 4.1) and
another that allows the users to converge to the set of CE (see
Subsec. 4.2). We analyze the performance of the different
scenarios via numerical simulations in Sec. 5 and conclude
with several remarks in Sec. 6.

2. SYSTEM MODEL

We consider a multiple access channel (MAC) composed of
an arbitrary number of mobile stations (MS) K ≥ 2 and a
single base station (BS). We further assume that each mobile
station is equipped with nt antennas whereas the base station
has nr antennas. We assume the fast fading model where the
receiver has perfect knowledge of the channel matrices. The
knowledge required at the transmitters depends on the differ-
ent scenarios and will be defined accordingly. The equivalent
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baseband signal received at the base station is:

Y =
K

∑
k=1

HkXk +Z, (1)

where the time index has been ignored and X k is the nt -
dimensional column vector of symbols transmitted by user
k, Hk ∈ Cnr×nt is the channel matrix (stationary and ergodic
process) of user k and Z is a nr-dimensional complex white
Gaussian noise distributed as N (0,σ 2Inr).

In order to take into account the antenna correlation ef-
fects at the transmitters and receiver, we will assume the
different channel matrices to be structured according to the
unitary-independent-unitary model introduced in [23], ∀k ∈
K , Hk =VkH̃kWk, where K = {1, ...,K}, Vk and Wk are
deterministic unitary matrices. Also H̃k is an nr ×nt matrix
whose entries are zero-mean independent complex Gaussian
random variables with an arbitrary profile of variances, such
that E|H̃k(i, j)|2 = σk(i, j)

nt
. Note that the Kronecker propa-

gation model ( where the channel matrices are of the form

Hk = R
1/2
k Θ̃kT

1/2
k ) is a special case of the UIU model. The

BS is assumed to use a simple single user decoding (SUD)
technique. The achievable ergodic rate of user k ∈ K is
given by:

uk(Qk,Q−k) = E[ik(Qk,Q−k)], (2)

where ik(Qk,Q−k) denotes the instantaneous mutual infor-
mation

ik(Qk,Q−k) = log2

∣

∣

∣

∣
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Inr +ρHkQkH
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(3)
In this paper, we study the power allocation game where the
players are autonomous non-cooperative devices that choose
their power allocation policies, Qk, to maximize their own
transmission rates, uk(Qk,Q−k).

2.1 Non-Cooperative Game Framework

In what follows, we briefly define some basic game theoreti-
cal concepts ( see e.g. [13] for details) and standard notations
that will be used throughout the paper. A normal-form game
is defined as the triplet G = (K ,{Ak}k∈K ,{uk}k∈K ) where
K is the set of players ( the K transmitters), Ak represents
the set of actions ( discrete or continuous) that player k can
take ( different power allocation policies), and uk : A → R+

is the payoff function of user k that depends on his own
choice but also the choices of the others ( the ergodic achiev-
able rate in (2)) where A = ×k∈K Ak represents the overall
action space. We denote by a ∈ A a strategy profile and by
a−k the strategies of all the players except k.

The Nash equilibrium has been introduced in [15] and
appears to be the natural solution in non-cooperative games.
The mathematical definition of a pure-strategy NE is given
by:

Definition 1 A strategy profile a∗ ∈A is a Nash equilibrium
for the game G = (K ,{Ak}k∈K ,{uk}k∈K ) if for all k ∈ K

and all ak ∈ Ak: uk(a∗k ,a
∗
−k) ≥ uk(ak,a∗−k).

This definition translates the fact that the NE is a stable state
from which no user has any incentive to deviate unilaterally.
A mixed strategy for user k is a probability distribution over
its own action set Ak. Let ∆(Ak) denote the set of probabil-
ity distributions over the set Ak. The mixed NE is defined
similarly to pure-strategy NE by replacing the pure strate-
gies with the mixed strategies. The existence of NE has been
proven in [15] for all discrete games. If the action spaces
are discrete finite sets, then p

k
∈ ∆(Ak) denotes the probabil-

ity vector such that pk, j represents the probability that user k

chooses a certain action a( j)
k ∈ Ak and ∑

a( j)
k ∈Ak

pk, j = 1.

We also define the concept of correlated equilibrium [16]
which can be viewed as the NE of a game where the players
receive some private signaling or playing recommendation
from a common referee or mediator. The mathematical defi-
nition is as follows:

Definition 2 A joint probability distribution q ∈ ∆(A ) is a

correlated equilibrium if for all k ∈ K and all a( j)
k ,a(i)

k ∈Ak

∑
a∈A :ak=a( j)

k

qa

[

uk(a
( j)
k ,a−k)−uk(a

(i)
k ,a−k)

]

≥ 0, (4)

where qa denotes the probability associated to the action pro-
file a ∈ A .

At the CE, User k has no incentive in deviating from the me-

diator’s recommandation to play a( j)
k ∈ Ak knowing that all

the other players follow as well the mediator’s recommenda-
tion (a−k). Notice that the set of mixed NE is included in the
set of CE by considering independent p.d.f’s. Similarly, the
set of pure strategy NE is included in the set of mixed strat-
egy NE by considering degenerate p.d.f.’s (i.e. pk, j ∈ {0,1})
over the action sets of users.

3. NON-COOPERATIVE POWER ALLOCATION
GAME

In this section, we analyse the NE of the power allocation
game in fast fading MIMO MAC. First, we briefly review
the case where the action sets of the users are continuous
[7]. Then, we focus our attention on the practical case where
the action sets of the users are discrete and finite. In this
section, the players are assumed to be strictly rational trans-
mit devices. Based on the available information, the trans-
mitters choose the power allocation policy maximizing their
own transmission rates. Furthermore, rationality is assumed
to be common knowledge.

3.1 Compact and Convex Action Sets

We consider the same scenario as [7]. The transmit-
ters are assumed to know only the statistics of the chan-
nels. The non-cooperative normal-form game is denoted by
GC = (K ,{Ck}k∈K ,{uk}k∈K ). Each mobile station k ∈ K

chooses its own input transmit covariance matrix Qk ∈ Ck
to maximize its own achievable ergodic rate defined in (2).
The action set of player k ∈K is the convex cone of positive
semi-definite matrices:
Ck =

{

Qk ∈ Cnt×nt |Qk � 0,Tr(Qk) ≤ Pk
}

. In [7], the au-
thors proved the existence and uniqueness of NE using The-
orems 1 and 2 in [17]. We provide here an alternative proof
based on the notion of potential games [18].
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Definition 3 A normal form game G =
(K ,{Ak}k∈K ,{uk}k∈K ) is a potential game if there
exists a potential function P : A → R+ such that, for all
k ∈ K and every a,b ∈ A

uk(ak,a−k)−uk(bk,a−k) = P(ak,a−k)−P(bk,a−k). (5)

Following [18], the local maxima of the potential function
are the NE of the game. Thus, every potential game has at
least one NE. For the game GC, the system achievable sum-
rate:

R(Q1, . . . ,QK) = E log2

∣

∣

∣

∣

∣

I+ρ
K

∑
k=1

HkQkH
H
k

∣

∣

∣

∣

∣

, (6)

is a potential function. It can be checked that R(Q) is strictly
concave w.r.t. (Q1, . . . ,QK). Thus, it has a unique global
maximizer which corresponds to the unique NE of the game.
Furthermore, based on the finite improvement path (FIP)
property [18], the iterative water-filling type algorithm in [7]
converges to the unique NE. In [19], the author proves that
for strict concave potential games, the CE is unique and con-
sists in playing with one probability the unique pure NE. So
the CE reduces to the unique NE of the game.

There are several drawbacks of this distributed power al-
location framework: i) The action sets of users are assumed
to be compact and convex sets ( unrealistic in practical sce-
narios); ii) In order to implement the iterative water-filling
algorithm, the transmitters need to know the global channel
distribution information and to observe, at every iteration,
the strategies chosen by the other players ( very demanding
in terms of information assumptions and signaling cost).

3.2 Finite Action Sets

Let us now consider the scenario where the action sets of
users are discrete finite sets. The discrete game is very simi-
lar to GC and is denoted by GD = (K ,{Dk}k∈K ,{uk}k∈K ).
The action set of user k is a simple quantized version of Ck:

Dk =

{

Pk

`
Diag(e`)

∣

∣

∣

∣

∣

` ∈ {1, . . . ,nt},e` ∈ {0,1}nt ,
nt

∑
i=1

e`(i) = `

}

.

(7)
Dk represents the set of diagonal matrices that consists in
allocating uniform power over only a subset of ` eigenmodes.
Note that the discrete game GD remains a potential game with
the same potential function in (6). Thus, the existence of at
least one pure NE is guaranteed. However, the uniqueness
property of the NE is lost in general.

We consider hereunder two particular scenarios that il-
lustrate the extreme cases where either all strategy profiles in
D = ×kDk are NE or where the NE is unique.

3.2.1 Completely Correlated Antennas

Let us assume the Kronecker model where the transmit an-
tennas and receive antennas are completely correlated, i.e.,
for all k, Rk = Jnr and Tk = Jnt . The matrix Jn is a n× n
matrix with all entries equal to one. In this case, the potential
function is constant and independent of the users’ covariance
matrices:

R(Q1, . . . ,QK) = E log2

∣

∣

∣

∣

∣

Inr +ρP
K

∑
k=1

nr

∑
i=1

nt

∑
j=1

|hk(i, j)|2Jnr

∣
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∣

∣

.

(8)

This means that all the possible action profiles in
(Q1, . . . ,QK) ∈ D are potential maximizers and thus NE of
GD.

3.2.2 Independent Antennas

Now, we consider the other extreme case where the anten-
nas at the terminals are completely uncorrelated, i.e., for
all k, Rk = Inr and Tk = Int . In other words, Hk is a
random matrix with i.i.d. complex Gaussian entries. Let
us recall that in the continuous setting derived in Subsec.
3.1, if Hk are i.i.d. matrices, then the NE policy for all
users is spread their powers uniformly over all the anten-

nas: ∀k,Q(UPA)
k = Pk

nt
Int . In the continuous case, the poten-

tial function is strictly concave. Thus, for that any user k the

strategy Q
(UPA)
k strictly dominates all the other strategies in

Ck. From the fact that Dk ⊂ Ck, the strategy Q
(UPA)
k strictly

dominates all the other strategies in Dk also. In conclusion,
the NE is unique and corresponds to the same solution as
in the continuous game. Note that this is a very particular
case and occurs only because the NE profile in the continu-

ous case, (Q
(UPA)
1 , . . . ,Q

(UPA)
K ) ∈ C = ×kCk happens to be

also in the discrete set D .
We see that, when quantizing the action sets of players,

the uniqueness of the NE is no longer guaranteed. This raises
an important issue when playing the one-shot game. There
is a priori no explanation for users to expect the same equi-
librium point. Because of this, their actions may not even
correspond to an NE at all. A possible way to cope with this
problem is to consider distributed iterative algorithms that
converge to one of the NE points. Let us consider the iterative
algorithm based on the best-response functions (similarly to
[7]). Knowing that GD is a potential game, by the FIP prop-
erty, the users converge to one of the possible NE depend-
ing on the starting point. At each iteration, only one of the
players updates his action by choosing its best action w.r.t.
its own payoff. For exemple, at iteration t user k chooses

Q[t]
k = arg max

Qk∈Dk

uk

(

Qk,Q
[t−1]
−k

)

, while the other users don’t

do anything and Q
[t]
−k =Q

[t−1]
−k . Notice that user k is supposed

to know the previous actions of the other players Q
[t−1]
k . This

involves a high amount of signaling between players. At the
end of each iteration, the user that updated its choice needs
to send it to all the other users. Furthermore, the users are
assumed to be strictly rational and need to know the struc-
ture of the game and their own payoff in order to compute
the best-response functions.

4. LEARNING ALGORITHMS

In this section, we discuss a different class of iterative al-
gorithms that converge to the equilibrium points of the dis-
crete game GD described in Subsec. 3.2. As opposed to the
best-response algorithm, the users are no longer rational de-
vices but simple automata that know only their own action
sets. They start at a completely naive state choosing ran-
domly their action (following the uniform distribution over
their own action sets for exemple). After the play, each users
obtains a certain feedback from the nature (e.g., the real-
ization of a random variable, the value of its own payoff).
Based only on this value, each user applies a simple updating
rule of its mixed strategy. It turns out that, in the long-run,
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the updating rules converge to some desirable system states
(NE, CE). Note that the rationality assumption is no longer
needed. The transmitters don’t even need to know the struc-
ture of the game or even that a game is played at all. The
price to pay will be reflected in slower convergence time.

4.1 A Reinforcement Learning Algorithm

We consider a stochastic learning algorithm similar to [20].

Let us index the elements of DK = {D
(1)
k , . . . ,D

(mk)
k } with

mk = Card(Dk) (i.e., the cardinal of Dk). At step t > 0 of the
iterative process, User k randomly chooses a certain action

Q
[t]
k ∈Dk based on the probability distribution p[t−1]

k from the
previous iteration. As a consequence, it obtains the realiza-
tion of a random variable, which is, in our case, the normal-

ized instantaneous mutual information i[t]k =
ĩk

(

Q
[t]
k ,Q

[t]
−k

)

Imax
∈

[0,1]. Where ĩk(·, ·) is a finite approximation of the mutual
information ik(·, ·) such that:

ĩk(·, ·) =

{

ik(·, ·) , if ik(·, ·) ≤ Imax
Imax , otherwise , (9)

where Imax is chosen such that the expectation of ĩk(·, ·) ap-
proximates the expected mutual information and thus de-
pends on the system’s parameters (nr,nt ,ρ). Based on this
value, User k updates its own probability distribution as fol-
lows:

p[t]
k, j =

{

p[t−1]
k, j −bi[t]k p[t−1]

k, j , if Q
[t]
k 6= D

( j)
k ,

p[t−1]
k, j +bi[t]k (1− p[t−1]

k, j ), if Q
[t]
k = D

( j)
k ,

(10)

where 0 < b < 1 is a step size and p[t]
k, j represents the proba-

bility that user k choses D
( j)
k at iteration t. Using well known

results in weak convergence of random processes [20], the
sequence will converge, when b → 0 to the solution of a de-
terministic ordinary differential equation (ODE). Similarly
to [21], it can be checked that the potential function in (6) is
a Lyapunov function for this ODE. This means that the sta-
tionary stable points of the ODE correspond to the maxima
of the potential and, thus, to the pure strategy NE of GD. In
conclusion, when t →+∞, the updating rule (10) converge to
one of the pure strategy NE. This means that the users learn
their own NE strategies knowing only the realization of their
mutual information and using a simple updating rule.

4.2 Learning Correlated Equilibria

In general, the performance at the NE for discrete games de-
pends on the quantized choice of the action sets of users. In
order to improve the users’ performance, we study a different
learning algorithm which allows them to converge towards a
correlated equilibrium.

We consider the modified regret matching algorithm in-
troduced in [22] which allows the players to converge to the
set of correlated equilibria. Each user needs only the knowl-
edge of its own payoff values received over the time.

At iteration t, User k choses randomly an action Q
[t]
k fol-

lowing the distribution p[t−1]
k and obtains the value of its pay-

off u[t]
k = uk(Q

[t]
k ,Q

[t]
−k). Without loss of generality, assume

Q
[t−1]
k = D

( j)
k . The play probabilities are updated as follows:











p[t]
k,i =

(

1− δ
tγ

)

min
{

1
µ M[t−1]

k ( j, i), 1
mk−1

}

+ δ
tγ

1
mk

, for i 6= j,

p[t]
k, j = 1− ∑

i6= j

p[t]
k,i,

(11)
where 0 < δ < 1, 0 < γ < 1/4, µ > 0 a sufficiently large
parameter that ensures the probabilities are well defined. We

observe that User k needs to know not only u[t]
k but also all

the past values of its payoff
{

u[τ]
k

}

τ<t
. The basic idea is that

if at time t a player plays action D
( j)
k then the probability

that at time t +1 the player chooses a different action D
(i)
k is

proportional to the regret for not having chosen action D
(i)
k

instead of D
( j)
k . The regret is measured as an approximation

of the increase in average payoff ( if any) resulting if User k

had chosen action D
(i)
k in all the past when D

( j)
k was chosen

and is denoted by M[t]
k ( j, i):

M[t]
k ( j, i) =





1
t ∑

τ≤t,Q[τ]
k =D

(i)
k

p[τ ]
k, j

p[τ ]
k,i

u[τ ]
k −

1
t ∑

τ≤t,Q[τ]
k =D

( j)
k

u[τ ]
k





+

.

(12)
It turns out (see [22]) that the empirical distribution of

play up to t denoted by zt ∈ ∆(D)

zt(Q1, . . . ,QK) =
1
t

Card{τ ≤ t : (Q[τ ]
1 , . . . ,Q

[τ ]
K )= (Q1, . . . ,QK)},

(13)
for all (Q1, . . . ,QK) ∈D converges almost surely as t →+∞
to the set of correlated equilibria.

There are several differences with the learning algorithm
we discussed in Subsec. 4.1. Here, the learning process is
no longer stochastic and the feedback each user gets at iter-

ation t is the value of the deterministic payoff u[t]
k = uk(·, ·)

instead of ik(·, ·). The consequence is that the convergence
is faster but the nature has to feedback not only the instan-
taneous mutual information but the ergodic achievable rate.
Also, the updating rule for User k at iteration t depends on

the whole history of received payoff values
{

u[τ]
k

}

τ≤t
and

not only on the current iteration u[t]
k .

5. SIMULATION RESULTS

In what follows, we evaluate the gap between the results ob-
tained at the equilibrium point of GC in Subsec. 3.1 and
GD in Subsec. 3.2. We also analyze the performance of
the two learning algorithms. We consider the following sce-
nario: Two users (K = 2), nr = nt = 2, the Kronecker chan-
nel model where the transmit and receive correlation follow
the exponential profile (i.e. Rk(i, j) = r|i− j|

k and Tk = t |i− j|
k )

characterized by the coefficients r1 = 0.7, r2 = 0.5, t1 = 0.2,
t2 = 0.4, and σ 2 = 1 W.

First, we consider the discrete game in Subsec. 3.2. In
Fig. 1, we plot the expected payoff depending on the prob-
ability distribution over the action sets at every iteration for
User 1 in Fig. 1(a) and for User 2 in Fig. 1(b) assuming
P1 = P2 = 5 W. We assume here that the stochastic reinforce-
ment algorithm in Subsec. 4.1 is applied by both users in
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(b) User 2.

Figure 1: Expected payoff vs. iteration number for K = 2 users.
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Figure 2: The achievable sum-rate at the NE. Compact action sets game vs. discrete
action sets game. There is an optimality loss due to the quantization of the users’ action
sets.

order to learn their NE strategies. We observe that the users
converge after approximatively 8 ·104 iterations. By using a
based response algorithm the convergence is almost instan-
taneous ( only 2 or 3 iterations). However, the rationality
assumption and perfect knowledge of the game structure for
each player are required.

At last, we compare the performance of the overall sys-
tem in terms of achievable sum-rate of the two games dis-
cussed in Sec. 3 as function of P ∈ {0, . . . ,10} W, assuming
P1 = P2 = P. In Fig. 2, we plot the achievable sum-rate
obtained at the NE with the iterative water-filling type algo-
rithm proposed in [7] for GC. Also, we plot the achievable
sum-rate obtained at the NE point of GD to which the users
applying the learning algorithm in Subsec. 4.1 converge. We
observe that there is a performance loss due to the quantiza-
tion of the action sets of users. The discrete action sets Dk
can be further refined and the results of the algorithms im-
proved. However this will result in a higher complexity and
computational costs.

6. CONCLUSIONS

We study the discrete non-cooperative power allocation game
in MIMO MAC systems. In the long-run, the transmitters can
learn their optimal subset of active antennas. The players are
not assumed to be rational but automata which apply simple
updating rules on the p.d.f.’s over their possible power alloca-
tion policies. We evaluate the performance gap between the
convergence NE state of the learning procedure and the NE
of the analogous game with rational players and assuming
compact and convex action sets.
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ABSTRACT
1
 

The paper considers a new method of the spectrum 

scheduling process and QoS support in distributed wireless 

networks using a game theoretic-framework. The game uses 

incomplete information model, so the concept of the 

Bayesian Nash equilibrium is used. Moreover, we consider 

the new algorithm of distributed spectrum sharing based on 

the Cournot oligopoly competition. Multiple traffic classes 

of high and low priority have been used with special 

parameters which represent priority classes and the volume 

of users’ individual demands. The proposed resource-

sharing algorithm may be used in distributed opportunistic 

or cognitive wireless networks. 

1. INTRODUCTION 

In contemporary wireless communication, radio spectrum is 

the scarce resource, particularly in scenarios, where there 

exist multiple players (network users and nodes) with high 

Quality of Service (QoS) demands. This spectrum has to be 

efficiently and fairly shared by the players. In a centralized 

architecture, it is easier to solve the problem of resource 

scheduling, because at the central element of that network 

(the resource manager or the spectrum broker) usually the 

channel state information (CSI) for all players is available. 

In the networks without that element a fair spectrum sharing 

algorithm is difficult to design. In this paper, we discuss the 

Cournot spectrum-sharing competition, which can be used 

for the distributed resource assignment, and which 

incorporates some fairness and QoS-support mechanisms. 

Our approach proposed below can be used in the cognitive 

wireless networks with a decentralized architecture, in 

which some information is made available to all network 

devices, e.g. in the case, when one of the cognitive devices 

becomes a central (master) node, has some management (or 

broadcasting) rights, but is not interested in sharing the 

computing resources with other players. The model of the 

considered network is shown on Figure 1.  

The idea of the Cournot competition has been first shown 

and applied in economy. Studies of that game have been 

presented in [1] and [2]. The same idea has been adopted in 

radio communication for resource-sharing in [3] and [4]. 

Here below, we contribute to the advance of the work 

presented in [3] and [4]. We adopt the same utility function, 

extend the Cournot model to the distributed spectrum 
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management game with incomplete information, and 

analyze the Bayesian Nash Equilibrium (BNE) in this game. 

 

 

Figure 1 – Cognitive devices in a distributed network 

2. GAME MODEL 

A. System description 
 

Let us consider a decentralized network with N users. We 

assume that there is some spectrum available, and its size is 

given by B. The demand of an i-th user for some portion of 

that spectrum is denoted by bi. We assume that the users 

monitor the behaviour of the rest of the players, and that 

their effective SNR’s are made known to all of them (e.g. by 

the master node). This concept is used to hide the CSI in one 

parameter called effective SNR denoted by γi for the i-th 

player [6]. The values of γi may be easily sent in a 

signalization channel (e.g. in the Cognitive Pilot Channel – 

CPC [5]) without wasting much of the spectrum for that 

purpose. Each player maps her frequency-selective channel 

characteristic and the associated SNRs in the considered 

band to one effective γi value. This value is used to make an 

efficient decision on the adaptive transmission parameters, 

e.g. coding scheme and rate, adopted power, modulation 

constellation. The effective-SNR concept is presented in [6]. 

In the effective scheduling process, the players use the 

continuous function of their spectral efficiency. For an i-th 

player it is defined as ([7]): 

  ( )iii γαη ⋅+= 1log2 ,    (1) 

where for the QAM modulation schemes: 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1454



  














=

i

i

eP

2.0
ln
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α ,   (2) 

and 
ie

P  is the target Bit Error Probability (BEP) of an i-th 

player. The αi  parameter allows to estimate the data rate and 

the spectral efficiency for a target BEP [7]. The players may 

transmit data of various QoS demands and priorities which 

are reflected in the pair of parameters (
ie

P , ri) (ri is the 

revenue per unit of the allocated spectrum, the parameter 

characterizing the traffic class of an i-th user). These pairs 

translate to traffic classes. We assume that the probability 

that other user wants to transmit the data of the k-th priority 

is given by pk. We can also assume that users, which 

compete for the spectrum, always have enough data to send. 

In other case we can assume that they are out of the game.  

 

B.  The principles of the Cournot competition  

 

Let us consider the static Cournot competition to model the 

spectrum sharing market. In that market, the players compete 

for an available bandwidth. If there are two players the 

market is called duopoly, if there are more than two players 

we have the oligopoly [3]. The strategy of each player is 

related to the amount of spectrum which they want to 

demand and use (bi). The cost function (reflecting the cost of 

the acquired spectrum) for all competing users given by [4]: 

 ( )
τ














⋅+= ∑

=

N

j

jbyxc

1

b ,    (3) 

where b is the vector of (b1, …, bN), x is a fixed cost of 

spectrum sharing, y is the cost of the spectrum unit (assumed 

to be the same for all users), which affects (increases) the 

players’ cost, and thus also reduces their demands, and τ is 

the factor additionally impacting the cost, as well as the 

fairness of spectrum sharing. We consider cost function with 

τ = 1 for the oligopoly case. The revenue of the i-th player is 

related to the obtained spectral efficiency, and is given by [4, 

7] 

 iiii brR ⋅⋅= η ,   (4) 

where ri (let us note again) is the revenue per unit of the 

allocated spectrum of an i-th user. The profit of the i-th 

player is given by the revenue minus the cost: 

 ( ) ( )bb cbbr iiiii ⋅−⋅⋅= ηπ . (5) 

The above profit function is a concave function of bi [4], and 

thus, we can find its maximum by solving the equation: 

 0=
∂

∂

i

i

b

π
. (6) 

For τ = 1, and in the oligopoly case, we obtain the best-

response function of an i-th player (for other players the 

formula is the same) which is given by 
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. (7) 

To obtain the Nash Equilibrium (NE) of this game, the set of 

equations must be solved, as defined above for i = 1, …, N. 

For the duopoly case, the solution (NE) is given by the 

following equation: 

 
y

xrr
b

jjii

i ⋅

−⋅−⋅⋅
=

3

2
*

ηη
.  (8) 

 

C.  Enhancements of the Cournot competition model 

 

Let us assume that the nature of the transmitted traffic in the 

network is unknown. Any station can transmit data with 

various priorities (the priority is the feature of a traffic class). 

Without the loss of generality, we will consider two players 

(duopoly case) and a finite number K of traffic classes, 

defined by priorities }{
kjj rr ∈  (where k = 1,…, K). The 

players know only the effective SNRs of the rest of the 

players and the probabilities (pk) of the traffic class of the 

opponent (which can be collected during the previous 

observations as this may be the characteristic cognitive 

feature of the cognitive radio). Equation (8) presents the 

Nash equilibrium for the case of the perfect and complete 

knowledge of the opponent’s parameters: rj and ηj. Now we 

can add the element of uncertainty to the game of two 

players. We assume that the target BEP of that both traffic 

classes is the same, and we use x = 0, y = 1, τ = 1 in the cost 

function (3). The mobile device knows her own traffic class 

(
ie

P , ri), and she also knows with probability pk that the 

other player wants to transmit the data with the priority class 

k. She does not know the exact nature of the traffic that is in 

the buffers of the other player. According to the theory of 

games with incomplete information [2] we have to find the 

Bayesian Nash equilibrium, and we have to consider not only 

one opponent but actually K opponents with different traffic 

behaviour, denoted by jk (for k = 1,…, K).  

Let us assume that the particular player i wants to transmit 

data of the priority class ri. The profit of the other (j-th) 

player in case of having priority 
kj

r data in buffers is given 

by: 

 ( ) ( )ikjjjjjj bbbbr
kkkk

+⋅−⋅⋅= ηπ b .  (9) 

and the profit of the considered (i-th) player is given by 

( ) 
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1
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The sum of probabilities pk must be equal to 1. Now, the 

profit maximization proceeds according to the same steps as 

in the classic Cournot competition (6): 
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The result of (11) is the following set of equations: 

( )
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where ( )...ib  is the best-response spectrum demand of the i-

th user. It can be written in the matrix form as 

 DbA =⋅ T , (13) 

where 
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and  
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The result (the BNE) is given by  

 DAb ⋅= −1*T . (17) 

For two players in the game (denoted by i and j) it is easy to 

write the full formula for the Bayesian Nash equilibrium as 

the result, and it is given by: 
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Formula (18) is the most important for us because in the 

duopoly case each player uses that formula for the decision 

on her strategy.  

We have obtained the result with the element of uncertainty 

defined by the probability pk which may be modelled by 

observing the character of the traffic in the network. For 

more than two players, we can start gathering the statistics of 

the other players as one and use these statistics for each 

player. Using one parameter as generalization of all users 

may be better and simpler than gathering statistics for each 

user separately, but in terms of game-solution effectiveness it 

may produce worst results. We suggest that the collection of 

data should be done separately for each user only when 

number of users is small and compressed to one number 

when there is more than an assumed threshold. One of the 

disadvantages of the Bayesian games is that when we have N 

players then we have to consider (NK-K+1) equations.   

We can write presented game for N players. We assume x = 

0, y = 1, τ = 1 . The profit of considered (i-th) player is given 

by 
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The profit of anyone of the rest of the players, e.g. of the j-th 

player having the k-th traffic class is given by: 
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Now, the profit maximization proceeds according to the 

analogous steps as in the classic Cournot competition (6) and 

in the duopoly game (11). Then we can achieve the matrices 

A, D, and b
*T
 in the same way as in the previous game. 

Below we present the matrices A, D, and b
T
 for the game 

with three players and K = 2. 
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In that game each player solves equation (17) and is looking 

only for her solution (b1). That value is processed in next 

stages of the new spectrum sharing algorithm. Observing 

(21), (22) and (23) it is easy to generalize those matrices for 

N players and K traffic classes. It is also worth to mention 

that ri parameters have to be chosen correctly and are strictly 

dependent on the available bandwidth size.   

3. DISTRIBUTED SPECTRUM SHARING 

ALGORITH 

In the previous section we have formulated the enhancement 

of the Cournot competition and we added the elements of 

uncertainty into the players’ strategies. Now, let us propose 

the new algorithm of the spectrum sharing in the distributed 

cognitive networks, where each player may demand a portion 
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of the spectrum from 0 to all available bandwidth. This 

algorithm is defined as follows: 

1. One of the mobile devices starts to play a leading 

(master) role the distributed network and informs the 

players about the beginning of a new game and about 

the effective SNRs in the network.  

2. The players solve the Cournot competition according to 

(17) or (18) for the game of two players or according to 

generalized (17) for n players.  

3. The players’ demands are sent to the network master 

node. Each player sends only her demand. 

4. The master-node of the network makes an adjustment to 

the Available Bandwidth Size (ABS) according to the 

following formulas, as suggested by us in [8]: 

 ∑=
i

ibD *  (24) 

and 

 










 ⋅
=

D

bS
s

i
i

*

, (25) 

where D is the sum of players’ demands, S is the number of 

available spectrum units (the element of the game) and si is 

number of assigned spectrum units. This is the only 

operation which is processed by the master node. This step 

may be omitted but the advantages of this step are that the 

entire available spectrum is utilized, and that the sum of 

demands does not exceed the ABS.  

5. The master node informs the players about the amount 

of spectrum units they may use. 

6. The players transmit their data and build their statistics 

which will be used in the next games. 

4. NUMERICAL RESULTS 

In this section we show the effect of uncertainty in the 

Cournot game presented in Section 2, which is the basis of 

the new spectrum sharing algorithm presented in Section 3. 

We consider the game of two players and an algorithm with 

an adjustment to the ABS. As mentioned above this 

adjustment action is needed because for some values, the 

sum of demands may be higher than available spectrum. 

Demands for both players have been calculated as if they did 

not know the opponent’s revenue parameter. We consider 

only two traffic classes of two priorities resulting in the 

revenue parameter values: ρ1 = 12 for the high priority data 
(first traffic class) and ρ2 = 8 for the low priority data (second 
traffic class), i.e. r1, r2 ∈ {ρ1, ρ2}. Moreover, we consider the 

system with the following parameters: B = 15 MHz of the 

ABS, x = 0, y = 1, τ = 1, 
1e

P = 
2e

P = 10
−4
 and p11 = p21 = p 

being in the range [0, 1] (it implies p12 = p22 = 1 − p). An 
example of γ1 = γ2 = 10 has been considered for comparison 

of the game with complete and incomplete information. 

First, in Table 1 the solutions are presented for the game with 

full information and for the game with incomplete 

information (concerning the traffic classes). These solutions 

are obtained after step 3 of the algorithm discussed in the 

previous section. It is easy to observe that all demands from 

Table 1 are in the area of the Bayesian game in Figure 2, 

where the Cournot-game solution options are presented. We 

can observe the effect of uncertainty in the second player 

demands, which are calculated may be not optimal. In case 

when one player has high priority data, her demands may be 

in the range of [6.29, 8.38] and are dependent on the traffic 

priority of the other player. The resulting demands of the 

player with the low-priority traffic are in the range of [2.10, 

4.19]. The area of the Bayesian game shown on Figure 2 is 

dependent on the p parameter.  

TABLE 1. Results of using BNE and NE in the Cournot 

competition for spectrum sharing. 

Parameters 

used 

Results 

(MHz) 

Remarks on the types of the 

game and solutions 

r1 = ρ1, r2 = ρ1  b1 = 6.29 

b2 = 6.29 

complete information, NE  

r1 = ρ1, r2 = ρ2 b1 = 8.38 

b2 = 2.10 

complete information, NE 

r1 = ρ2, r2 = ρ1 b1 = 2.10 

b2 = 8.38 

complete information, NE 

r1 = ρ2 r2 = ρ2 b1 = 4.19 

b2 = 4.19 

complete information, NE 

r1 = ρ1, r21 = 

ρ1, r22 = ρ2,   
p = 1 

b1 =  6.29 

b21 = 6.29 

b22 = 3.14 

incomplete information, BNE 

r1 = ρ2, r21 = 

ρ1, r22 = ρ2, 
p = 1  

b1 =  2.10 

b21 = 8.38 

b22 = 5.24 

incomplete information, BNE 

r1 = ρ1, r21 = 

ρ1, r22 = ρ2, 
p = 0.5  

b1 =  7.34 

b21 = 5.76 

b22 = 2.62 

incomplete information, BNE 

r1 = ρ2, r21 = 

ρ1, r22 = ρ2,  
p = 0.5 

b1 =  3.14  

b21 = 7.86 

b22 = 4.72 

incomplete information, BNE 

r1 = ρ1, r21 = 

ρ1, r22 = ρ2,  
p = 0  

b1 =  8.38 

b21 = 5.24 

b22 = 2.10 

incomplete information, BNE 

r1 = ρ2, r21 = 

ρ1, r22 = ρ2,  
p = 0 

b1 =  4.19 

b21 =  7.34 

b22 = 4.19 

incomplete information, BNE 

 

Figure 2. Demands of the players resulting from the Bayesian game 
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Figure 3 – Spectrum assigned to players (after the adjustment to 

ABS) versus the channel condition of player 2 in case of player 1 

and 2 having the high and low priority traffic respectively  

 

In Figures 3 and 4, the final results (in MHz) of the 

spectrum sharing algorithm are presented, that uses the 

Cournot competition and the final adjustments to the ABS. 

These presented results have been calculated based on the 

values obtained in spectrum units and on the total available 

bandwidth B. In both figures, the impact of the second 

player variable channel-quality on the game solution is 

presented, however for different distribution of traffic 

priorities. We can observe that when the quality of the 

second player’s channel increases, her demands for the 

spectrum increase too. In the same time, the first player has 

to verify and decrease her demands, even though her 

channel quality is not decreasing.  

5. CONCLUSIONS 

The paper has presented the idea of sharing the resources in 

the distributed cognitive wireless network based on the 

Cournot competition with the elements of uncertainty about 

the players’ strategies. The Bayesian Nash equilibrium, as 

stable solution of that game, has been examined. The 

possibility of the transmission of the traffic with various 

priorities has been also considered, as well as the uncertainty 

concerning the players’ revenue parameters (that translate to 

traffic classes and their priorities). Moreover, the revenue 

parameters are strictly dependent on the available spectrum 

size and should be chosen correctly for efficient results.  

Our presented idea may be used especially in the wireless 

distributed networks, where multiple stations take 

independent decisions, and one station (master) plays a 

leading role in that network and decides about the final 

resource allocation, based on the players’ demands. Each 

station must solve a set of KN-K+1 equations (that set of 

equation is different for each of n stations) to obtain her own 

demand for the spectrum. Due to the fact that the network is 

distributed, each station must observe the network, collect 

data and build her own statistics on the traffic classes, 

because they are needed to make the best decisions. 

Moreover, the efficient SNR values of the other stations have 

to be obtained (e.g. from the CPC) by each player. Thus, the 

idea of the cognitive radio is perfectly fitted in our 

framework. The considered model can be directly applied in 

flat-fading environment. In the selective-fading scenario, our 

proposed model requires an amendment on the distribution of 

spectrum units acquired by the users according to their sub-

band channel qualities. This is a subject of our ongoing work. 

 
Figure 4 – Spectrum assigned to players (after the adjustment to 

ABS) versus the channel condition of player 2 in case of player 1 

and 2 both having the high priority traffic. 
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ABSTRACT

Positioning in Wireless Sensor Networks is a key feature in
many applications. Finding efficient algorithms to perform
this task is of practical importance in systems where limita-
tions on the computational power and battery life are a ma-
jor issue. Forming coalitions within the set of visible nodes
to a target can help reduce communication costs. We can
then formulate the problem as a coalitional game where co-
operation does not come for free.

1. INTRODUCTION

Wireless Sensor Networks (WSN) are receiving high inter-
est in many communication problems and applications. The
main features of WSN’s are that of low-cost nodes with lim-
ited resources both in terms of computational power and
battery whose purpose is sensing the environment (i.e. tem-
perature, humidity, motion, etc). Additional requirements
of accuracy or scalability may be also needed for some ap-
plications. These constraints have motivated an intensive
research for efficient algorithms in WSN, offering many chal-
lenging problems in a wide range of applications. One of such
problems is source localisation which has emerged as a key
feature in applications like tracking, monitoring or surveil-
lance among others. In the literature [1, 2] we can find a vast
variety of applications where location plays a key role. As
mentioned earlier, energy efficiency is a major issue in WSN
so it will be interesting to reduce the energy consumption of
the network in order to increase the network’s lifetime. Us-
ing only a small subset of nodes within the set of all available
nodes can suffice for getting a similar performance as con-
sidering the whole set. This is due to the fact that data may
be correlated among closely located nodes. Further, in some
situations it could also be beneficial to remove some of the
sensing nodes due to failures and biases in the measurements
that can lead to an increase in the overal error.

One way of forming small subsets within the whole set
of nodes is to use game-theoretic tools. Game theory is
the branch of mathematics that deals with the interaction
of independent (intelligent, selfish) agents [3]. There are
two different approaches in game-theory depending on
whether the interest is focused on the individual agents

This work was supported in part by the Spanish Ministry
of Science and Innovation under the grant TEC2009-14219-C03-
01; the Spanish Ministry of Science and Innovation in the pro-
gram CONSOLIDER-INGENIO 2010 under the grant CSD2008-
00010 COMONSENS; the European Commission under the grant
FP7-ICT-217033-WHERE; the European Commission under the
grant FP7-ICT-223994-N4C and the Spanish Ministry of Science
and Innovation under the complementary action grant TEC 2008-
04644-E; Spanish Ministry of Science and Innovation under the
grant TEC2007-67520-C02-01/02/TCM; the European Commis-
sion CELTIC program and Spanish Ministry of Industry, Tourism
and Commerce under the AVANZA I+D grant TSI-020400-2009-
20.

(non-cooperative) or in a coalition / group of agents (coop-
erative). We are interested in the later one (cooperative)
where agents benefit from the cooperation with other
agents by forming coalitions. Some of the applications
where it has been applied are beamforming for interference
minimization, code and power selection, rate optimization,
spectrum sharing in cognitive radio, cross-layer optimization
or infrastructure management among others, see [5, 4] and
references therein.

In this contribution we propose a cooperative localisa-
tion and tracking scheme using game-theoretic tools. In
particular, sensors are modeled as selfish agents that try
to locate and track the target. For that purpose, nodes
will organise into groups or coalitions that will perform
the localisation task. The formation of coalitions is done
following the general framework presented in [6] having into
account the cost for cooperation. At the end of the coalition
formation process severeal coalitions will result that will be
tracking the target. For further energy saving only the best
coalition is kept while the other coalitions will be allowed to
go to sleep. This process will repeat over time in order to
adaptively follow the motion of the target.

The paper is organised as follows: in Section II we
present the system model. The formation of coalitions is
treated in Section III and some simulations are provided in
Section IV. The paper concludes in Section V.

2. SYSTEM MODEL

Through this section we describe the system model and the
network behaviour. Let us assume a WSN formed by N
nodes and assume the presence of a target node whose posi-
tion is to be tracked. The target node broadcasts messages
and a number of K nodes can hear it. Then, this subset of
nodes tries to position the target. Locating nodes are not
allowed to communicate for free, instead a communication
cost between nodes is present. The cost is a measure of
the power consumed by the communication between nodes
and is proportional to the distance (at some power) between
communicating entities.

2.1 Locating nodes

For getting estimates of the target position, nodes employ
distance estimates. We use the standard lognormal model
[1] that uses Received Signal Strength Indicator (RSSI) mea-
surements to get distance estimates. In a real world scenario
a calibration phase will be needed in order to build up a
lookup table between RSSI and distance. For simplicity, we
assume that the RSSI follows a linear relationship with the
received power PR. Hence, the received power follows a log-
normal distribution [1] with a distance-dependent mean as

PR[dB] = P0 − 10 np log10

„

d

d0

«

+ X, (1)
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where P0 is the received power (in dB) at reference distance
d0, np is the path-loss exponent and X is a Gaussian random
variable of zero mean and variance σdB. Let us denote PR,i as
the measured power at the i-th locating node. The maximum
likelihood estimate of the distance to the target is then given
by

di = d0 10

„

P0−PR,i
10 np

«

. (2)

Once each node has its own estimation of the distance to the
target, the position estimation problem can be formulated as
a linear problem [1] in the form Hx = b, where x = [x0, y0]

T

is the target position vector and H and b are given by

H =

2

6

6

4

x2 y2

x3 y3

...
...

xM yM

3

7

7

5

, (3)

b =
1

2

2

6

6

6

4

K2
2 − d2

2 + d2
1

K2
3 − d2

3 + d2
1

...
K2

M − d2
M + d2

1

3

7

7

7

5

, (4)

where [xi, yi]
T are the node coordinates, di are the distance

estimates at node i and K2
i = x2

i + y2
i and M is the number

of nodes that are performing the localization. Without loss
of generality, d1 > d2 > · · · dM and node 1 is assumed to be
at position [0, 0]T . If the number of nodes is greater than
3, matrix H is a tall matrix. The position estimate can be
then calculated as

x̂ =
“

H
T
H

”

−1

H
T
b . (5)

With the distance estimator of (2), the position estimate
(5) is biased. It can be easily shown that in order to get
an unbiased estimate of the position the distance estimate
should be modified to

d′

i = di e−σ2

i = d0 10

„

P0−PRi
10 np

«

e−σ2

i , (6)

where σi =
log(10)σdB,i

10 np
and σdB,i is the variance of the re-

ceived power PR,i[dB]. With distance estimator (6) the esti-
mated position of the target can be expressed as

x̂ = x + e , (7)

where e is a zero-mean random variable that represents the
position estimation error. Further, as the number of locating
nodes increases the distribution of e approaches a Gaussian
distribution by the Central Limit Theorem. For simplicity
reasons it is also assumed that communication channel be-
tween nodes is ideal and no errors occur when exchanging
information among neighboring nodes.

2.2 Target movement

The target node can be placed at any arbitrary position in
the network area. It is assumed that the target moves freely
through the network by following a random force movement
[7] given by

xt+1 = xt + vtT +
1

2
at+1T

2

vt+1 = vt + at+1T ,

where xt is the target position at time instant t, vt is the
target speed, at is the acceleration and T is the elapsed

time between consecutive samples. It is assumed that the
target is initially at some position x0 = [x0, y0]

T with initial

speed of v0 = [vx
0 , vy

0 ]T and that the acceleration follows
a Gaussian distribution, a ∼ N (0, σ2

aI). Using the above
state transition model and assuming that the position
estimate (5) is a noisy measurement of the true distance
as in (7), we can employ the Kalman filter for target tracking.

It is worth to mention that instead of using the Kalman
filter on the joint estimate we could employ other tracking
strategies based, for example, on particle filtering.

3. FORMING COALITIONS

In this section we present an algorithm for forming coalitions
using game theoretical tools and having in mind communi-
cation costs. Let us first review some concepts of coalitional
game theory and then analyze the properties of the game at
hand.

3.1 Coalitional Game-theory

A coalitional game G (K, v) is defined by a set of players K
and an utility function v(·) that assigns a value to a coali-
tion of players in the set K. We will refer only to games
in characteristic form, that is, games in which the value of
a coalition depends solely on the members of that coalition
and not on the members outside the coalition. Within games
in characteristic form we can differentiate between Transfer-
able Utility (TU) games and Non-Transferable Utility games
(NTU). In TU games the utility function v(·) maps to a real
number and this coalition value can be arbitrarily aportioned
between the members of the coalition. In some sense it is like
having a common currency for all players. In NTU games,
however the payoff each player receives within one coalition
depends on the joint actions that players take. In general,
the utility function of NTU games does not map into a single
real value but into a set of payoff vectors [3].

A common assumption made in classical coalitional game
theory problems is that the game is superadditive, that is
v(A ∪ B) ≥ v(A) + v(B), where A and B are two disjoint
coalitions. This means that increasing the size of the coali-
tion is always beneficial and hence, the grand coalition will
form (i.e. the coalition of all players).

In many problems however, superadditivity does not hold
due to the introduction of some costs associated with the for-
mation of coalitions. Under this setting the grand coalition
will not form due to cooperation costs. The problem of how
to form coalitions becomes the main challenge in such situ-
ations. In [6] a general framework for coalition formation is
proposed that has been applied to wireless communication
problems like beamforming and cognitive radio [8]. We follow
the general framework of [6] but applied to our positioning
game.

3.2 Positioning game

From the perspective of coalitional game theory (coalition
formation) we can interpret our problem as a game where
nodes want to locate the target node with the lowest pos-
sible error and with the lowest cost in terms of consumed
power. As all nodes within the locating coalition will end
up with the same position estimate and given the fact that
the consumed power depends on the relative positions of the
nodes, our positioning game is of clear NTU nature. We con-
sider that the elements (players) of the game are those nodes
detecting the signal of the target. Within this subset several
coalitions will form based on the merge and split operations
[6]. Within a coalition we assume the presence of a coalition
head that acts as fusion center and performs the estimation
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and tracking tasks (i.e. the one with the lowest distance to
the target at the coalition formation phase).

For forming coalitions it becomes necessary to define a
suitable utility function that accounts for the trade off be-
tween performance and costs. We define the value of a coali-
tion A ∈ K to be

v(A) =

(

0 |A| ≤ 1
δ |A| = 2

(1− η) Q(A)− η C(A) otherwise

where the function Q(A) represents a quality indicator of
the coalition A and the function C(A) is the associated cost
function. The parameter 0 ≤ η ≤ 1 controls the compromise
between cost and performance. In our case we select the
quality function to be based on the discrepancies that every
node experiences between its measured distance and the fi-
nal joint estimated distance within the coalition. The cost
function is selected to be related to the energy consumption
necessary for communication. The number |A| represents
the cardinality of the coalition A. As localization can only
be done if three nodes are hearing the target, the value of a
singleton coalition is 0. The value of a two-element coalition
will be a small positive number 0 < δ ≪ 1. This will allow
the formation of bigger coalitions.

For |A| ≥ 3 the coalition value (utility) is given by

v(A) = (1− η)

"

|A| −
X

i∈A

(d′

i − d̂i)
2

R2

#

| {z }

Q(A)

−η
X

i∈A

d2
ih

R2

| {z }

C(A)

, (8)

where d′

i is the estimated distance of the i-th node (6), d̂i

is the distance of the i-th node to the joint estimated posi-
tion of the target, R is the coverage range of the target (i.e.
maximum distance covered by the target) and h is the index
of the coalition head (fusion center). Then, the payoff that
each node j ∈ A receives is

φj(A) = (1− η)

"

1−
(dj − d̂j)

2

R2

#

− η
d2

jh

R2
. (9)

It can be clearly observed that the utility will increase as
locating nodes are closer (less cost) and as the discrepancy
between measurement and estimation becomes smaller (less
error). It is worth to mention that nodes that exhibit a high
discrepancy (i.e. due to a bias in the estimation) are less
likely to join a coalition.

3.3 Algorithm

The formation of the locating - tracking coalitions is achieved
in a distributed manner by the application of two basic rules
[6]:

MERGE {C1, . . . , Cl} if {
[

Cj} ⊲ {C1, . . . , Cl} (10)

SPLIT {
[

Cj} if {C1, . . . , Cl} ⊲ {
[

Cj}, (11)

where {C1, . . . , Cn} is a collection of coalitions and ⊲ rep-
resents an ordering criterium. For this particular game the
ordering criterium selected is the Pareto order on the indi-
vidual payoffs. The Pareto order is defined as

(k1, . . . , kn) ≻p (l1, . . . , ln) if

ki ≥ li and ∃ ki > li, i ∈ {1, . . . , n} ,

where ki, li are real numbers. With these considerations,
coalitions will form by successive application of merge and

Algorithm 1 System operation

while Target is in coverage area do
Each locating node measures the distance to the target
if elapsedT ime > sleepInterval then

repeat
Merge coalitions
Split coalitions

until Merge & Split terminates
Select the best coalition and set all remaining coali-
tions to sleeping state
elapsedT ime← 0

else
Tracking (KF) within the best coalition
elapsedT ime← elapsedT ime + 1

end if
end while

split rules using the Pareto order. Iterative application of
merge and split operations is guaranteed to converge [6].
Furthermore, the procedure of forming coalitions can be done
in a fully distributed manner at both coalition and individual
level. However, this distributed implementation comes at the
cost of increasing signalisation overhead. It is worth men-
tioning that nodes can handle variations in the environment
such as mobility of the target by continuously refreshing the
coalition structure. However, this will imply a high amount
of communication overhead that will reduce the efficiency of
the system. Instead, nodes can dynamically adapt to envi-
ronmental changes by reducing the rate at which coalitions
are formed. Obviously, this will imply a reduction in terms
of error performance but it will also imply a reduction in
the communication overhead. A trade-off solution between
cost and performance should be made. Keeping in mind
these considerations the general operation of the system will
be the following: Initially nodes that are visible to the tar-
get (i.e. lie within the coverage area of the target signal)
perform a measure of the received power. Each node trans-
lates its local measured value into distance by (6). If the
elapsed time since last coalition formation is greater than the
sleeping time, then current coalitions begin with the process
of coalition formation by attempting to merge with nearby
coalitions following (10). Afterwards any formed coalition
is subject to a split operation into smaller coalitions if (11)
is satisfied. This process is repeated until convergence, that
is merge and split do not produce any new partition of the
visible set. Once a final partition has been reached only the
coalition with the highest utility will remain while all others
will go to sleeping state in order to save energy. The win-
ner coalition will perform the positioning and tracking task
during the next sleeping interval. For simplicity, we have im-
plemented the target tracking task in a centralized manner
by using a Kalman filter. A coalition head will be selected as
the node with the shortest distance estimate and all the other
nodes within the coalition will communicate their measured
distances to the coalition head. Once all data has been col-
lected the target location is estimated and used to feed the
Kalman filter. It is worth noting that the same approach
can be done in a fully distributed way by using any dis-
tributed version of the Kalman filter (i.e. consensus based).
After the tracking time, the current coalition structure will
be revisited and the described process will be repeated. An
illustration of the network behaviour is depicted in Figure 1
where locating nodes are the blue circles and the target node
is a red square. The red line represents the true trajectory
of the target while the dashed green line is the estimated
position. Yellow faced nodes are the current tracking coali-
tion. The pseudo-code of the system operation is described
in Algorithm 1.
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3.4 Stability remarks

The application of the proposed algorithm will end up with
a sequence of tracking coalitions that evolve as the target
moves through the network. Let us give first some clar-
ifying definitions about nomenclature. The set of players
K = {1, . . . , |K|} is called the grand coalition and any non-
empty subset of K is a coalition. A collection is any family
C = {C1, . . . , Cl} of mutually disjoint coalitions. Further, a

collection C is a partition of K if
Sl

j=1 Cj = K.
The stability of the coalition formation process is anal-

ysed using the concept of a defection function D that assigns
to each partition of the grand coalition K, some partitioned
subset of the grand coalition [6]. Before ongoing with the
analysis let introduce the notation C[P ] (collection C in the
frame of partition P = {P1, . . . , Pm}) as

C[P ] = {P1 ∩
l

[

j=1

Cj , . . . , Pm ∩
l

[

j=1

Cj} \ {∅}.

With the above notation and assuming an ordering criteria
⊲, a partition P is said to be D-stable [6] if:

C[P ] ⊲ C for all C ∈ D(P) .

Two natural defection functions are Dp which allows
formation of all partitions within the grand coalition and
Dc, which allows formation of all collections in the grand
coalition. Thus a partition P is Dp-stable if there is no
partition T of K such that T ⊲ P . Analogously, a partition
P is a Dc-stable if for all collections C ∈ K it is satisfied
that C[P ] ⊲ C. These definitions of stability are related to
the Merge and Split rules by virtue of the following theorem
[6].

Theorem 3.1. Suppose that ⊲ is a comparison relation and
P is a Dc-stable partition. Then

- P is the unique outcome of every iteration of the merge
and split rules

- P is a unique Dp-stable partition

- P is a unique Dc-stable partition

As an immediate consequence of Theorem 3.1 we have
that in the coalition formation phase of the proposed algo-
rithm we converge to the unique Dc-stable partition if such
a partition exists. Two necessary and sufficient conditions
for the existence of a Dc-stable partition are given in [6].
However, in our particular problem such existence can not
be always guaranteed as it depends on the geometry of the
network (positioning nodes). If the case is such that no Dc-
stable partition exists then the algorithm converges to a sta-
ble partition with respect of the merge and split rules (i.e.
the algorithm is guaranteed to have a finite runtime).

4. SIMULATIONS

In this section we present some numerical results in order
to evaluate the performance of the proposed locating algo-
rithm. A total of 100 nodes have been randomly deployed
into an area of 50× 50 m2 as shown in Figure 1. A number
of 100 random trajectories have been simulated. The target
is set to a random position on the boundaries of the locating
area with an initial speed of |v0| = 0.2 m/s and acceleration
standard deviation σa = 0.01. For the propagation model a
reference distance d0 = 1 m have been taken with reference
power P0 = 0 dBm. The path-loss exponent is np = 2
and σdB = 2. It is assumed that all nodes have the same
parameters for the propagation model and that the coverage
range of the target is 10 m. It is also assumed that each
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Figure 1: Illustrative example of the network operation

node performs average a number of ten measurements before
locating / tracking the target. A value of η = 0.65 has been
used for the simulations. For comparison purposes we have
implemented a base solution where all the nodes within the
range of visibility of the target (i.e. the grand coalition)
cooperate and jointly perform positioning and tracking.
For computation of the overhead cost due to the coalition
formation process we have associated with any merging
attempt between two coalitions a cost proportional to the
squared distances between the centers of the coalitions.
If merging is successful also the necessary broadcasting
messages have been taken into account. This will provide
us an approximation to the average costs involved in the
merging operation. The splitting operation is assumed to be
performed by the coalition head (in a centralised way) and
hence, only successful splitting operations will result in a
overhead cost proportional to the squared distance between
splitted coalitions.

In Figure 2 it is displayed the average estimation error
versus the time rate at which coalitions are rebuilt. As it
can be observed the coalition formation approach exhibits
(as expected) a higher mean error as the solution where all
nodes cooperate. This is obviously due to the fact that not
all nodes that hear the target cooperate but only a subset of
them. However, if we have a look at the average cooperation
costs depicted in Figure 3 it can be realised that the proposed
scheme provides a better performance than the base solution
despite the generated overhead even for a small duration of
the sleep interval. In Figure 4 it is depicted an example of
the cost evolution over time for both the grand coalition and
for the tracking coalition. Peaky regions correspond to the
process of coalition formation that are repeated every sleep
interval.

5. CONCLUSIONS AND FUTURE
DIRECTIONS

We have presented a coalition formation algorithm for local-
ization and tracking purposes. Estimates of the target loca-
tion have been made by forming coalitions over time as the
target moved. The tracking part has been implemented by
relying on a fusion center but a fully distributed can also be
implemented. The stability of the algorithm has been anal-
ysed and the benefit in terms of communication cost at the
expense of some performance degradation has been demon-
strated via simulation. A characterisation of the effects of
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the different parameters at hand into the locating algorithm
and a fully distributed implementation are our next steps as
well as the extension to more general scenarios.
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ABSTRACT
The problem of non-cooperative spreading code allocation,
linear receiver design, and transmit power control for wire-
less networks employing femtocells is considered in this pa-
per. Several utility functions to be maximized are considered,
and, among them, we cite the received SINR, and the trans-
mitter energy efficiency, which is measured in bit/Joule, and
represents the number of successfully delivered bits for each
energy unit used for transmission. Resorting to the theory
of potential games, non-cooperative games admitting Nash
equilibria in multi-cell networks regardless of the channel
coefficient realizations are designed. Computer simulations
confirm that the considered games are convergent, and per-
mit to assess the benefic impact that femtocells have on the
network performance.

1. INTRODUCTION AND WORK MOTIVATION

The demand for coverage and for higher data rates in wire-
less networks is becoming more and more urgent nowadays.
In order to support cell-edge users with high-data rate ser-
vices under agile frequency reuse one very promising option
is the use of smaller cells. A recent development in this con-
tinuous micronization of cellular networks is given by femto-
cells, or home base stations, which are short-range, low-cost,
low-power, indoor base stations which have been shown to
achieve better performance than macrocells [2, 4, 1]. Given
the short range of femtocells, a lower transmit power can
be used by nearby mobile devices, which results in longer
battery life. Moreover, since they operate in an indoor en-
vironment, femtocells’ users suffer little interference from
outdoor users and viceversa, which implies larger Signal-to-
Interference-plus-Noise-Ratios (SINRs) and a remarkable in-
door coverage.

As in every wireless networks, the problem of resource
allocation is a crucial one also in femtocells-based networks.
In [5] power allocation has been studied, wherein femtocell
users adjust their maximum transmit power using an open-
loop and a closed-loop technique, while in [3] an utility-
based, non-cooperative SINR adaptation for transmit power
allocation is studied. There, the authors considered the pecu-
liar case wherein a single macrocell user is active with mul-
tiple cochannel femtocells users transmitting in each slot.

A customary trend in the design and analysis of resource
allocation procedures is the use of game-theoretic tools. In-
deed, game theory, a branch of mathematics studying the in-
teractions among several autonomous subjects with contrast-

ing interests, is well suited to model the interactions between
selfish active users in wireless networks, who are indeed
in mutual competition for the available network resources
[6]. Motivated by this background, this paper is concerned
with the problem of resource allocation in a femtocell-based
wireless data network using a non-orthogonal multiple ac-
cess strategy such as code division multiple access (CDMA).
Since femtocells are employed, each macrocell in the net-
work is composed of a number of smaller cells, and there-
fore can be seen as a multipoint-to-multipoint communi-
cation system. Indeed, the uplink of such a system can
no longer be modeled as multiple access channel, but an
interference channel model is to be used. As a conse-
quence, while several studies and abundance of results are
available on non-cooperative resource allocation procedures
for single-cell data networks (see [7, 8, 9, 10] and refer-
ences therein for a non-exhaustive list), the case in which
multipoint-to-multipoint communication takes place is much
more challenging, and several non-cooperative resource allo-
cation games conceived for single-cell systems appear to be
no longer convergent (i.e., to have no equilibrium). As no-
table exceptions, we cite here the work [11], wherein a non-
cooperative power control game for energy-efficiency max-
imization is proposed, and the recent paper [12], wherein,
resorting to the theory of potential games [13], a non-
cooperative spreading code allocation algorithm has been
proposed, under the assumption that a simple matched filter
is used at the receiver. Roughly speaking, in a potential game
each change in the utility enjoyed by a given player due to an
unilateral change of strategy by that player is paired by a
similar change in a global function called the potential func-
tion. In a potential game, the best response strategy always
leads to a Nash equilibrium (NE). Using [12] as our departure
point, in this paper we make the following contributions:

- We propose and analyze several non-cooperative games
for joint transmitter and receiver optimization, aimed at
maximizing utility functions strictly related to the signal-
to-interference plus noise ratio (SINR).

- We propose a non-cooperative joint transceiver optimiza-
tion and transmit power control game aimed at maxi-
mization of the energy efficiency of each active user.
Energy efficiency, measured in bit/Joule, represents the
number of bits that are successfully delivered at the re-
ceiver for each energy unit taken from the battery and
used for transmission. Unfortunately, for such a game
the existence of an NE is shown only through numerical
evidence, since we were not able to obtain an analytical
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proof.
We give extensive numerical results, and show the merits of
the proposed non-cooperative resource allocation algorithms
with respect to the case in which femtocells are not em-
ployed.

2. SYSTEM MODEL

Let us consider the uplink of a direct-sequence CDMA wire-
less data network in which each macro-cell contains B access
points (AP)1, and let hi, j be the real channel gain between the
i-th user and the j-th AP; moreover, denote by a(i) the index
of the AP assigned to the i-th user2. After chip-matched fil-
tering and chip-rate sampling, the N-dimensional received
data vector at the `-th AP, say r`, can be written as

r` =
K

∑
k=1

√
pkhk,`bksk +n` , `= 1, . . . ,B . (1)

Assuming that a linear detector is used at the receiver, so
that the symbol bk is detected according to the rule b̂k =
sign

{
dT

k ra(k)
}

, the SINR for the k-th user is expressed as

γk =
pkh2

k,a(k)(d
T
k sk)

2

dT
k

(
σ2

n I+ ∑
j 6=k

p jh2
j,a(k)s jsT

j

)
dk

(2)

3. SPREADING CODE ALLOCATION

We consider now the problem of spreading code allocation
for multi-cell system, thus reviewing some of the existing
non-cooperative approaches, and proposing two new proce-
dures.

3.1 Greedy spreading code allocation with LMMSE re-
ception [10]
Consider the case that an linear minimum mean square error
(LMMSE) filter is used at the receiver. In this case the k-th
user SINR can be expressed as

γk = pkh2
k,a(k)s

T
k

(
σ

2
n I+ ∑

j 6=k
p jh2

j,a(k)s jsT
j

)−1

sk . (3)

Given the above expression, it is trivially shown that the
SINR-maximizing spreading code for the k-th user is the
eigenvector associated to the minimum eigenvalue of the ma-
trix (

σ
2
n I+ ∑

j 6=k
p jh2

j,a(k)s jsT
j

)
,

which is indeed the covariance matrix of the overall inter-
ference suffered by the k-th user. The non-cooperative game
wherein users cyclically update their spreading code in or-
der to maximize the SINR in Eq. (3) is widely known as
greedy interference avoidance procedure [10]. Such a proce-
dure, while being always convergent in single-cell systems,
does not always converge in multi-cell systems, and is thus

1Some of these AP may be femtocells.
2Note that we are assuming here that each user is assigned to a certain

AP, i.e. AP assignments have already taken place.

not suited to our scenario; for comparison purposes, however,
in the following we will include performance results for this
technique as well.

3.2 Minimization of the individual MSE [9]
As an alternative optimization criterion, we can consider
minimization of the individual MSE. The MSE for the k-th
user, say ε2

k , is expressed as

ε2
k = E

{
(bk−dT

k ra(k))
2
}
= 1−2

√
pkhk,a(k)dT

k sk−

−N0

2
‖dk‖2 +dT

k

(
K

∑
j=1

p jh2
j,a(k)s jsT

j

)
dk .

(4)

Following [9], it is easily seen that the minimizer of ε2
k can

be obtained as the unique stable fixed point of the following
iterations:  dk =

√
pkhk,a(k)M−1

ra(k)
sk ,

sk = dk/‖dk‖ ,
(5)

for any k = 1, . . . ,K. In the above equation Mra(k) =

E
{

ra(k)rT
a(k)

}
is the covariance matrix of the data vector re-

ceived at the a(k)-th AP. Now, convergence of iterations (5)
in a multi-cell system is not always guaranteed.

3.3 Minimization of the sum of inverse SINR [12]
As previously discussed, non-cooperative maximum SINR
game with respect to the spreading code and uplink receiver
[10] is not always convergent. In [12], instead, based on the
theory of potential games, a modification to the utility func-
tion to be considered has been introduced, so as to have a
guaranteed convergence for any channel realizations. Let us
thus assume that a matched filter (MF) is used at the receiver
and consider the sum of the inverse SINR, i.e.:

V =
K

∑
k=1

1
γk

. (6)

Pointing out the dependence on the k-th spreading code sk, V
can be expressed as

V = sT
k

[
σ2

n

pkh2
k,a(k)

I+

+ ∑
j 6=k

(
p jh2

j,a(k)

pkh2
k,a(k)

+
pkh2

k,a( j)

p jh2
j,a( j)

)
s jsT

j

]
sk +D ,

(7)

with D an additive term independent of sk. It is thus clear
that a non-cooperative game wherein the utility function for
the k-th user is

uk = sT
k

[
σ2

n

pkh2
k,a(k)

I+

+ ∑
j 6=k

(
p jh2

j,a(k)

pkh2
k,a(k)

+
pkh2

k,a( j)

p jh2
j,a( j)

)
s jsT

j

]
sk ,

(8)

is a potential game with potential function V and thus admits
an NE.
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Q =
K

∑
m=1

ρm = sT
k

[
pkh2

k,a(k)σ
2
n I+ ∑

j 6=k
pk p jh2

k,a(k)h
2
j,a(k)s jsT

j + ∑
j 6=k

pk p jh2
k,a( j)h

2
j,a( j)s jsT

j

]
sk︸ ︷︷ ︸

depends on sk

+

K

∑
j=1, j 6=k

p jh2
j,a( j)s

T
j

(
σ

2
n I+ ∑

6̀=k, j
plh2

`,a( j)s`s
T
`

)
s j︸ ︷︷ ︸

does not depend on sk

.

(10)

K

∑
m=1

ε
2
m = 1−2

√
pkhk,a(k)dT

k sk +
N0

2
‖dk‖2 +dT

k

(
K

∑
j=1

p jh2
j,a(k)s jsT

j

)
dk + ∑

6̀=k
dT
`

(
pkh2

k,a(l)sksT
k

)
d`︸ ︷︷ ︸

depends on sk

+

(K−1)+ ∑
6̀=k

dT
`

(
∑
j 6=k

p jh2
j,a(`)s jsT

j

)
d`−2 ∑

6̀=k

√
p`h`,a(`)dT

` s`+ ∑
6̀=k

N0

2
d`︸ ︷︷ ︸

does not depend on sk

.

(12)

3.4 Greedy interference avoidance revisited
We now propose a new non-cooperative game which will be
shown to achieve much superior performance levels than the
previously discussed solutions.

Since the greedy interference avoidance procedure is not
always convergent in multi-cell systems, we resort to the the-
ory of potential games in order to come up with a modified
utility function whose non-cooperative maximization leads
to an NE. Assume that an LMMSE detector is user at the re-
ceiver, so that the k-th user SINR can be shown to be written
as

γk = pkh2
k,a(k)s

T
k

(
σ

2
n I+ ∑

j 6=k
p jh2

j,a(k)s jsT
j

)−1

sk .

Considering the minimization of the sum of the inverse
SINRs (as done in [12] for the case of a matched filter re-
ceiver) reveals to be a complicated task in this case, and, also,
maximization of the sum of the SINRs turns out to be com-
plicated as well. We consider instead the following quantity

Q =
K

∑
k=1

ρk =

K

∑
k=1

pkh2
k,a(k)s

T
k

(
σ

2
n I+ ∑

j 6=k
p jh2

j,a(k)s jsT
j

)
sk .

(9)

Note that the above quantities is directly tied to the SINRs
enjoyed by the active users in the network, since it is easy
to show that Q is a decreasing function of the SINR of each
user. Upon straightforward algebraic manipulation, we find
Eq. (10) shown at the top of the page. Accordingly, a non-
cooperative game wherein each user aims at maximizing the
utility

uk = −sT
k

[
σ

2
n I+ ∑

j 6=k
p jh2

j,a(k)s jsT
j +

+ ∑
j 6=k

p j
h2

k,a( j)

h2
k,a(k)

h2
j,a( j)s jsT

j

]
sk ,

(11)

is a potential game whose potential function is −Q. Accord-
ingly, such a non-cooperative game always admits an NE.

3.5 Non-cooperative minimization of the TMSE
Since non-cooperative minimization of the individual MSE is
not always convergent in a multi-cell scenario, we can again
resort to the theory of potential games to obtain a convergent
non-cooperative game in this case too. Let us thus consider
the total MSE, defined as ∑

K
k=1 ε2

k . Upon some straightfor-
ward algebraic manipulations, we have Eq. (12), shown at
the top of this page. It is easy to realize that the part depen-
dent on sk, say L(sk), may be written as

L(sk) = ε
2
k + ∑

6̀=k
dT
`

(
pkh2

k,a(l)sksT
k

)
d` , (13)

thus implying that the latter summand in the right-hand-side
of the above equation is the correcting term that needs to
be added to the MSE for the k-th user to make the non-
cooperative game convergent. Summing up, we thus con-
sider the following game:

min
sk,dk

L(sk) , subject to: ‖sk‖= 1 . (14)

Using standard Lagrangian optimization techniques, we have
that the solution to (13) is written as

sk =
√

pkhk,a(k)

(
λ I+

K

∑
`=1

pkh2
k,a(`)d`dT

`

)−1

dk , (15)

where λ , the Lagrange multiplier, is such that ‖sk‖= 1.

4. A NON-COOPERATIVE GAME FOR ENERGY
EFFICIENT COMMUNICATIONS

Let us now consider the case that each transmitter is inter-
ested in maximizing its energy-efficiency, i.e. the number of
data bits successfully delivered to the receiver for each en-
ergy unit taken from the battery and used for transmission.
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Figure 1: Achieved SINR at the NE versus the number of
users.

Following [11, 8], the following utility function should be
considered for the k-th user

uk = R
L
M

f (γk)

pk
, (16)

with R the transmit data rate, L/M the ratio between the pay-
load length and the total length of each data packet, and
f (·) the efficiency-function, which is usually expressed as
f (γk) = (1− e−γk)M . We are here interested in the non-
cooperative maximization of uk with respect to pk, sk and
dk. While things are easy in a single-cell system, and indeed
results for this scenario are reported in [8], in multi-cell sys-
tems some approximations and modifications are to be con-
sidered in order to obtain a game admitting an NE.

We thus propose to consider the concatenation of two dif-
ferent games, namely
a) for fixed transmit powers, the non-cooperative minimiza-

tion of the TMSE with respect to the users’ spreading
codes, assuming that an LMMSE receiver is used at the
receiver; and

b) for fixed spreading codes, the maximization of the
energy-efficiency (16) with respect to the transmit pow-
ers3.

More precisely, we assume that users continuously switch
between games a) and b), until convergence is reached. Un-
fortunately, we are not able to provide an analytical proof that
the proposed alternative strategy always converges to an NE,
and indeed this is the object of current investigation; how-
ever, we point out that extensive numerical simulations have
shown that an NE always exists; the remarkable performance
advantage that the proposed strategy brings with respect to
the case in which spreading code adaptation is not carried
out are discussed in the forthcoming section.

5. NUMERICAL RESULTS

We have considered a system with processing gain N = 8
and users randomly located in a square of 106 sq. meters.

3This game admits a unique NE [11].
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Figure 2: Achieved utility at the NE versus the number of
users.

We compare the scenario in which there are 2 AP’s, and the
scenario in which we have 2 APs and 4 femtocell APs serv-
ing an area of radius 100m. The channel coefficients h2

i, j
have been generated according to an exponential distribution
with mean equal to d−2

i, j , with di, j the distance between the
i-th user and the j-th access point. It is assumed that each
user’s data are decoded at the AP with the largest channel
coefficient, namely a(k) = arg max

`=1,...,B

(
h2

k,`
)
. The curves here

shown come from an average over 500 independent realiza-
tions of the channel coefficients, users’ locations, and starting
set of spreading codes.

First of all we consider the waveform adaptation games
discussed in Section 3: Fig. 1 shows the achieved SINR at
the equilibrium for the illustrated spreading code allocation
procedures versus the number of active users. A maximum of
5000 iterations has been included in the simulation program
in order to have a stopping rule for the resource allocation
games of section 3.1 and 3.2, which indeed are not always
convergent in multicell systems. It is seen that the proposed
resource allocation strategy of section 3.4 achieves the best
performance. It is also seen that when femtocells are active
we have a much better performance.

Fig.’s 2 - 4 refer to the system performance at the equi-
librium for the case in which transmit power and spread-
ing code are tuned so as to maximize energy efficiency. In
Fig. 2 we report the achieved energy-efficiency (bit/Joule)
at the equilibrium (which, we recall, has been reached in all
the randomly generated scenarios) versus the number of ac-
tive users for three different non-cooperative games, i.e. (a)
power control with a matched filter at the receiver [11], (b)
joint power control and uplink receiver design, and (c) joint
power control, spreading code allocation and uplink receiver
design. Fig.’s 3 and 4 report, for this considered scenario, the
average transmit power and the fraction of users transmitting
at the maximum power (that is indeed taken equal to 0dBW)
at the NE. Again, we see that the newly proposed joint pro-
cedure greatly outperforms the competing alternatives, and
that femtocells bring substantial performance improvements:
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Figure 3: Average transmit power at the NE versus the num-
ber of users.

indeed, for a fully loaded system (i.e. K = 46 users), the
proposed game coupled with femtocells provides at the NE
an energy efficiency that is 10 times larger than that of the
proposed game in a system with no femtocells, and several
orders of magnitude larger that that achieved by the alter-
natives. Similar considerations apply when considering the
average transmit power and the fraction of users transmitting
at the maximum power.

6. CONCLUSIONS

This paper has considered the problem of joint transmit-
ter waveform adaptation and power control in a multi-cell
multiuser wireless data network equipped with femtocells.
Leveraging on the study [12], wherein it has been revealed
that the theory of potential games can be used to obtain con-
vergent non-cooperative resource allocation games in multi-
cell networks, we have proposed a new transmitter wave-
form adaptation game. Additionally, we also considered
the issue of energy-efficiency in a multi-cell network, and
a new joint power control and transmit waveform adaptation
game has been proposed for its maximization. Overall results
have confirmed that femtocells have a positive impact on the
whole network performance.
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ABSTRACT

We address the problem of identifying continuous-time auto
regressive (CAR) models from sampled data. The expo-
nential nature of CAR autocorrelation functions is taken
into account by means of exponential B-splines modelling,
allowing one to associate the available digital data with
a CAR model. A maximum likelihood (ML) estimator is
then derived for identifying the optimal parameters; it re-
lies on an exact discretization of the sampled version of
the continuous-time model. We provide both time- and
frequency-domain interpretations of the proposed estimator,
while introducing a weighting function that describes the
CAR power spectrum by means of discrete Fourier transform
values. We present experimental results demonstrating that
the proposed exponential-based ML estimator outperforms
currently available polynomial-based methods, while achiev-
ing Cramér-Rao lower bound values even for relatively low
sampling rates.

1. INTRODUCTION

Continuous-time auto regressive (CAR) stochastic processes
are widely used in control theory and in signal/image pro-
cessing and analysis. Typical examples of applications are
system identification and adaptive filtering [1, 2]; speech
analysis and synthesis [3]; image modeling [4, 5, 6] to name
a few. In practical situations, however, the available data
is discrete and one is forced to estimate the underlying
continuous-domain parameters from sampled values.

The problem of CAR parameter estimation from sam-
pled data has been approached from several points of view
using indirect or direct methods [7]. In indirect methods,
the sampled version of the process is treated as a discrete-
time auto regressive moving average (ARMA) process which
can be identified by standard estimation algorithms such as
least squares, maximum likelihood and maximum a posteri-
ori [1]. CAR parameters are then recovered from the ARMA
model by reverse mapping. The advantage of the indirect
approach resides in the use of well-established identification
methods. Its accuracy, however, is compromised since the
discrete-time ARMA model does not take into account pa-
rameters dependencies. In direct methods, derivatives are
replaced by weighted finite differences, providing an approx-
imated discrete-time model. The model is then identified
while keeping the original CAR parametrization [8, 9, 10].
Other direct methods are based on a frequency domain anal-
ysis [11]. Current methods are sensitive to aliasing artifacts,
meaning that they require that the signals be sampled at a
sufficient rate.

In this paper, we present a novel direct approach to CAR
identification that is based on exponential B-spline interpola-

This work was funded (in part) by the Swiss National Science
Foundation under Grant 200020-121763.

tion. Our formulation can be interpreted and implemented
in both time- and frequency domains, allowing one to de-
rive a maximum likelihood estimator (MLE). The proposed
framework is suitable for uniformly sampled data and it per-
forms well over a large range of sampling rates.

The foundation of our method is an analytic form for
the ARMA discrete-time model that stems from the sampled
version of the CAR model. This expression is then used for
developing an MLE algorithm. Specifically, we show that
the autocorrelation (AC) function of a CAR model is an
exponential spline and we propose here to use exponential
B-splines to relate the AC sequence of the digital data with
the AC function of the continuous-time process.

Our algorithm relies on an exact discretization of a CAR
model; there is no prior assumptions regarding sampling
rates and effective bandwidth of the process. For this reason,
our method performs well even at relatively low sampling
rates. We show in our experiments that the proposed al-
gorithm outperforms polynomial B-spline models [11] while
achieving the Cramér-Rao lower bound at any sampling rate.
We further show that in the presence of aliasing, the pro-
posed ML cost function has several local minima, but that it
still admits a global minimum that corresponds to the MLE.
A proper initialization of the algorithm is derived in this
work, too.

2. EXPONENTIAL SPLINE MODELS FOR CAR
PROCESSES

A CAR model that is driven by white Gaussian noise is spec-
ified in the time domain by the following expression:

P (D)y(t) = w(t), (1)

where y(t) is the CAR output signal and w(t) is white
Gaussian noise with zero mean and variance σ2; P (D) =
DN+a1D

n−1+. . .+anI is the n-th order constant coefficient
differential operator that acts on the output of the system.
In order to identify this stochastic system, we parametrize
its power spectrum by introducing a vector ~α that consists
of the poles of the system. Therefore, the CAR process y(t)
of order n is characterized by the power spectrum:

Φ(jω; ~α) = σ2

∣

∣

∣

∣

∣

n
∏

i=1

1

jω − αi

∣

∣

∣

∣

∣

2

(2)

where ~α = (α1, · · · , αn) are the poles of the system. Stability
of the system (2) is ensured if ℜ{αi} < 0. The one-to-
one relation between the poles, ~α, and the coefficients of
the differential operator P (D) allows one to express (2) as a
function of real variables that can be used in the optimization
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process θ = (a1, · · · , an):

Φ(jω;θ) = σ2

∣

∣

∣

∣

1

(jω)n + a1(jω)n−1 + · · ·+ an

∣

∣

∣

∣

2

(3)

Typically, CAR identification is performed in the discrete do-
main where the corresponding model is an ARMA process,
derived by some discretization scheme. The main contri-
bution of this paper is the use of exponential B-splines (E-
B-splines) to establish an exact link between the discrete-
and the continuous- domain models. Interpolating the dis-
crete AC sequence with E-B-splines seems to be a proper
choice since the AC function of a stochastic model (CAR
or CARMA) is a linear combination of exponentials, which
admits an exact representation in an E-B-spline basis.

An E-B-spline [12, 13] for a given set of poles ~α and
sampling rate T is defined as follows,

β~α,T (t) = F
−1

{

1

Tn−1

n
∏

i=1

1− e(αi−jω)T

jω − αi

}

(t). (4)

Given a CAR model Φ(jω; ~α), one can derive the cor-
responding E-B-spline by localizing the Green function of
the differential operator P (D) [12]. These functions are de-
pendent on the poles of the system ~α and are compactly
supported in [0, nT ).

The key result of this work consists in the E-B-spline
based representation of the AC function of a CAR process
which is expressed in the following theorem.

Theorem 1 The autocorrelation function of a CAR process
of order n, ϕ~α(t) = F

−1 {Φ(jω; ~α)}, is given by

ϕ~α(t) =
∑

k∈Z

σ2p(−~α:~α),T [k]β(−~α:~α),T (t− (k + n)T ) (5)

where ~α are the poles of the process and
β(−~α:~α),T is the exponential B-spline with poles
(−~α : ~α); p(−~α:~α),T [k] is specified via its z-domain

P(−~α:~α),T (z) =
(−1)n

∏
n
i=1

(1−eαiT z−1)(1−e−αiT z−1)
.

Theorem 1 implies that the z-transform of the AC sequence
Φd(z; ~α, T ) =

∑

k∈Z
ϕ~α(kT )z

−k is given by

Φd(z; ~α, T ) = σ2·zn·B(−~α:~α),T (z)·
n
∏

i=1

eαiT

(1− eαiT z)(1− eαiT z−1)

(6)

where B(−~α:~α),T (z) =
∑2n

k=0 β(−~α:~α),T (kT )z
−k.

The z-transform of the AC sequence can be expressed as
a function of the poles ~α or equivalently as a function of the
coefficients θ: Φd(z; ~α, T ) ≡ Φd(z;θ, T ). The latter formu-
lation introduces real variables only which lend themselves
better to numerical optimization, as will be described in the
following section.

Proposition 1 The z-transform of the discrete autocorrela-
tion Φd(z;θ, T ) can be expressed as the product of a causal
and an anti-causal filter:

Φd(z; ~α, T ) = λ2Hd(z;θ, T )Hd

(

z−1;θ, T
)

, (7)

where

Hd(z;θ, T ) =

n−1
∏

i=1

(1− ζiz
−1)

n
∏

i=1

(1− eαiT z−1)

. (8)

ζi are the zeros of B(−~α:~α),T (z) located inside the unit circle.

The constant λ2 is the variance of the corresponding discrete
innovation process (white Gaussian noise); and it is given
by,

λ2 = σ2β(−~α:~α),T [1]
n−1
∏

i=1

−1

ζi

n
∏

i=1

eαiT . (9)

Hd(z;θ, T ) represents the discrete-time process correspond-
ing to the CAR system; it corresponds to a discrete
ARMA(n, n − 1) model whose poles and zeros are inter-
dependent (as the zeros of B(−~α:~α)T (z) are also functions
of ~α).

Thanks to this exact discretization, we are actually able
to estimate the samples of the Fourier transform of the
continuous-time signal y(t) by applying an appropriate spec-
tral weighting to the DFT of its discrete samples.

Proposition 2 The interpolated representation of a CAR
autocorrelation function is given by

ϕ~α(t) =
∑

k∈Z

ϕ~α(kT )η~α,T (t− kT ) (10)

where the fundamental exponential spline interpolator
η~α,T (t) is defined in the Fourier domain as

η̂~α,T (ω) =
β̂(−~α:~α),T (ω)

B(−~α:~α),T (ejω)
(11)

with β̂(−~α:~α),T (ω) = F
{

β(−~α:~α),T (t)
}

(ω).

Note that expression (11) introduces the correct spec-
tral weighting for restoring the power-spectrum of the
CAR model from its discrete samples: Φ(jω; ~α) =
η̂~α,T (ω)Φd(e

jω; ~α, T ).
Recently, Gillberg and Ljung [11] proposed a different

frequency domain weighting function for CARMA systems
based on polynomial splines. The spectral weighting of [11]
is defined as

η̂2n,T (ω) =

∣

∣

∣

ejωT −1
jωT

∣

∣

∣

2n

∣

∣

∣

∏
2n−1

(ejωT )

(2n−1)!

∣

∣

∣

(12)

where
∏

2n−1(z) is the Euler-Frobenius polynomial. The ap-

proach proposed in [11] was shown to perform well for rela-
tively high sampling rates.

While (12) is derived for the limiting case T → 0, the
spectral weighting (11) provides an exact mapping between
continuous- and discrete-time models. Further, changing
the sampling interval results in scaled versions of the poly-
nomial B-spline functions; this scaling property does not
hold, however, for the exponential B-spline functions [12].
Also, the proposed exponential model is not restricted by
the partition-of-unity condition, allowing for more flexibility
in the estimation process.

We note that (12) depends on the number of poles n
alone and it is independent of θ; furthermore it corresponds
to a low-pass model. It is therefore limited to the spectral
content that is captured by the DFT of the discrete-time
signal. In contrast, the proposed spectral weighting (11)
can assume both low-pass or band-pass configurations, al-
lowing one to estimate CAR parameters even in cases where
aliasing effects are prominent, as will be shown in Section 4.
In the particular case when the continuous-time signal has
base-band power spectrum that occupies frequencies that are
much lower than the sampling rate, the proposed approach
and the method of [11] provide similar results; this stems
from the approximation properties of piece-wise polynomial
models.
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3. MAXIMUM LIKELIHOOD ESTIMATOR

The maximum-likelihood parameter estimation of a CAR
model can be carried out by minimizing the following log-
likelihood function:

VN (θ) = log |Σ| +
1

2
y · Σ−1 · y. (13)

Here, y = (y[1], · · · , y[N ]) is the output signal sampled data
vector, Σ [m, k] = ϕ~α,T [m− k] is the AC matrix and N is the
number of samples. When N is relatively large, calculating
the determinant and inverting Σ is computational demand-
ing. A possible way of avoiding this step is to assume N ≫ 1.
If we neglect boundary effects, y ·Σ−1 · y corresponds to fil-
tering y by the inverse of λHd(z;θ, T ) and then taking the ℓ2
energy of the output. As for the determinant, we calculate
it by applying Szegö’s theorem in the following manner,

lim
N→∞

log |Σ|1/N =
1

2π

∫ 2π

0

log λ2|Hd(e
jωk ;θ, T )|2dω (14)

Utilizing (8) and the Residue theorem, the integral on the
right-hand-side of the equation reduces to log λ; it follows
that for N ≫ 1,

VN(θ) ∼=
N

2
log λ2 +

1

2
‖y ∗ g‖2ℓ2 , (15)

where the z-transform of g is G(z;θ, T ) = 1/Hd(z;θ, T ).
We can further approximate the ℓ2 norm in (15) by a

Riemann sum within the Fourier domain, which leads to a
slightly different definition of the MLE cost function:

VN(θ) ∼=

N
∑

k=1

|Y [k]|2

2λ2|Hd(ejωk ;θ, T )|2
+

1

2
log λ2|Hd(e

jωk ;θ, T )|2

(16)

where Y [k] = 1√
N

∑N−1
l=0 y[k]e−j2πk l

N is the DFT of the dis-

cretized CAR process, y. The logarithmic term in (16) can
be computed more precisely by using the integration between
0 and 2π, suggested in (14), instead of the Riemann sum.
The resulting expression of the logarithmic part is 1

2
log(λ2),

as in (15). Equation (16) describes the joint likelihood of
the DFT samples Y [k], which are complex random variables.
The mean of these random variables is zero and their vari-
ance can be approximated by λ2|Hd(e

jωk ;θ, T )|2; the ap-
proximation error decays at a rate of 1√

N
. This value of the

variance becomes exact when a periodic random process is
observed over an integer number of periods.

Due to the possible infinite support of g, sampling its
z-transform on the unit circle may involve information loss
and introduce numerical inaccuracies in the Riemann sum
approximation (16). Yet, our experiments suggest that the
approximation is adequate for relatively high values of N ,
in which one can can choose either a spatial-domain imple-
mentation of y ∗ g or a DFT approximation scheme. The
maximum-likelihood estimate is then given by:

θ̂ ∼= argmin
θ

VN (θ) (17)

The proposed MLE approach differs from currently available
methods in several aspects. First, it considers exponential
AC models for both the continuous and the discrete domain
processes, establishing a link between the continuous and
the discrete domain models. This, in turn, allows for the
discrete model to stem naturally from the continuous do-
main formulation while no a priori assumptions are made
on the digital data. Second, the log-likelihood function sug-
gested here holds true for any value of sampling interval,

Table 1: Local minima of the likelihood function for a
CAR(2) process with poles in −1± 5i.

Region Log-likelihood
Value

Estimated
Poles

Frequencya

[rad/time-unit]

1 -3656 −2.4± 2.1i 0

2b -3675 −0.96± 5.0i 4.9

3 -3557 −0.46± 7.8i 7.8

4 -3067 −0.25± 11.1i 11.1

5 -2212 −0.16± 14.0i 14.0

a Frequency of maximum response.
b Global minimum of the log-likelihood function.

rather than describing the limiting case of T → 0. Finally,
the log-likelihood function utilizes discrete-domain data for
determining continuous-domain statistics while no approxi-
mation of continuous-domain frequency spectrum nor of an
impulse response function is required.

The choice of the starting point for the MLE is essential
since the cost function may have several minima and an ini-
tial guess too far from the correct solution may yield a wrong
convergence point. This can be avoided with an appropriate
choice of the initial parameters of θ.

Since the DFT of a sampled signal comes from sum-
ming shifted versions of its continuous-domain Fourier trans-
form, it only yields information about the shifts that fall in
[− π

T
, π
T
], while the continuous signal may also have a band-

pass power spectrum, involving higher frequencies. Beside
the low-pass band, possible shifts of the continuous-time re-
sponse are in any band Bk = [k π

T
, (k+ 1) π

T
]. The cost func-

tion VN (θ) may therefore have one local minimum in each
band Bk, but the global minimum is in the band the original
continuous-time signal of the model, y(t), corresponds to.

An example of this kind of behaviour is reported in Table
1 for a second order CAR system, where the likelihood value
of the solutions found by the MLE in five consecutive bands
is shown. The global minimum among all local minima cor-
responds to the correct solution.

This suggests selecting K frequencies ωk from any band
until an arbitrary K− th band, for example the central ones:
ωk = (1 + 2k) π

2T
. K starting points can thus be defined as

parameters θk for which the continuous spectrum has max-
imum response centered in ωk.

The value of K may be derived either from known phys-
ical constraints of the investigated system translated in fre-
quency domain constraints. It can also be empirically es-
timated for a known class of systems. When there is no
knowledge about the process, this parameter can be deter-
mined iteratively as part of the identification process. One
can learn K by observing the behaviour of the likelihood
function in progressive bands: after the global minimum has
been achieved, the value of the likelihood function at the lo-
cal minimum increases in a consistent manner, allowing one
to determine the number of bands to be investigated.

Once the starting points θk are selected, one can per-
form minimization of VN (θ) starting from every θk catching

all the local minima θ̂k in the bands considered. The opti-

mal parameter θ̂opt is the one corresponding to the global
minimum of the cost function. This strategy is robust since
it works also for very low sampling rates, but requires several
minimizations of the cost function. A flowchart describing
the proposed optimization strategy is shown in Fig.1.
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Figure 1: The proposed CAR estimation algorithm.

4. EXPERIMENTS AND RESULTS

In order to assess the performance of the proposed algorithm,
we considered several CAR(2) systems, introducing both
low- and band-pass power spectra. For every system 250
Monte Carlo simulations were performed. The sampled sig-
nals y[k] were generated from the system Hd(z;θ, T ) driven
by discrete-time white Gaussian noise of 1000 samples. The
variance of the continuous-time white noise was set to unity
and considered known.

For every experiment we compare the proposed MLE
with the traditional ARMA(n, n−1) estimator and with the
polynomial spline algorithm of [11].

For every system we consider several sampling intervals.
For band-pass signals, we choose sampling frequency ranging
from 1.5 to 4.5 times the peak frequency, while for low-pass
signals we defined a maximum frequency ωmax at −10dB
the peak frequency and considered a sampling time rang-
ing between 0.5 and 3 times the maximum sampling time:
Tsmax = π

ωmax
. These sampling rates cover a range of both

aliased and non aliased spectra.
In Table 2 we compare the performance of exponen-

tial spline and polynomial spline MLE’s for band-pass sig-
nals and low-pass signals. We report the relative MSE,

E

[

(

θ−θtrue

θtrue

)(

θ−θtrue

θtrue

)T
]

for the estimation of the first and

the second coefficient of θ = (a1, a2)
T . The MSE is com-

puted as mean value over 250 simulations for several sam-
pling conditions, while the standard deviation is always be-
low 10−3. The exponential-spline-based algorithm outper-
forms the polynomial spline MLE in all cases; as expected,
the largest gain is encountered in coarse sampling conditions.

In Fig.2 we show the results of identification of a CAR(2)
system and compare the performance of ARMA, polyno-
mial spline MLE, and the proposed MLE. The Cramér-Rao
Bound (CRB) [14] is also included in the figure to show the
effectiveness of the proposed algorithm. The CRB repre-

Table 2: MSE (dB) for band-pass and low-pass signals

Coefficients MSE

Model T
Tsmax

a1 a2

Exp Poly[11] Exp Poly[11]

[−1 ± 5i]

0.67 -24.55 -23.97 -33.00 -31.64
0.73 -24.97 -24.34 -32.75 -32.76
0.81 -24.91 -23.64 -33.49 -32.65
0.90 -25.70 -23.51 -32.51 -32.28
1.02 -25.89 -22.82 -34.42 -31.41
1.17 -25.27 -21.71 -33.25 -28.95
1.39 -23.98 -23.93 -27.87 -22.40
1.69 -22.85 -19.50 -22.47 -11.62
2.16 -26.72 -1.26 -31.75 -5.12

[−1 ± 10i]

0.56 -21.08 -20.87 -35.30 -35.25
0.62 -21.68 -21.10 -35.68 -35.84
0.68 -22.74 -21.57 -36.44 -35.68
0.76 -22.40 -20.83 -36.23 -34.84
0.86 -22.56 -19.25 -36.67 -34.49
0.99 -23.78 -16.66 -36.69 -32.72
1.17 -24.09 -15.84 -35.23 -27.62
1.43 -23.40 -10.70 -32.65 -10.88
1.83 -25.15 4.40 -36.54 -3.63

[−5,−1]

0.50 -30.42 -28.02 -23.68 -23.39
0.78 -31.15 -23.90 -25.71 -25.51
1.06 -29.61 -21.31 -26.67 -27.44
1.33 -29.24 -18.58 -25.93 -25.42
1.61 -28.00 -16.83 -25.41 -22.62
1.89 -25.96 -15.55 -24.39 -19.74
2.17 -24.95 -14.49 -23.63 -17.37
2.44 -22.05 -13.94 -20.59 -15.33
2.72 -21.17 -13.69 -19.45 -13.95
3.00 -19.95 -13.42 -18.55 -12.77

sents a lower bound for unbiased estimators; from the figure,
it is evident that exponential spline based algorithm follows
closely this limit.

The reason for which the proposed algorithm succeeds
also in the presence of aliasing is linked to its ability to lo-
cate the local minima in different frequency bands from the
DFT of discrete samples. There, the method largely bene-
fits from the use of exact discretization. Interpolating data
in an exponential spline basis is the proper approach as the
spectral weights in (11) are parameter’s dependent and can
assume band-pass configurations. The weights proposed in
[11], on the other hand, are fixed and thus restricted to low-
pass configurations. In Fig. 3 a CAR(2) signal output is
analysed in a low sampling rate situation in the presence of
strong aliasing. The correct model is located in the second
band of the DFT, whereas the MLE based on polynomial
splines provides a low-pass solution. By contrast, the spec-
tral weights η̂~α,T (ω) for the exponential MLE adapt to the
data during the search process and gathers around the ideal
solution in the second band.

5. CONCLUSIONS

We presented a novel maximum likelihood algorithm for
identifying continuous-time AR systems from sampled data.
The proposed maximum-likelihood estimator is based on ex-
ponential B-spline interpolation of the autocorrelation se-
quence of the digital data. Unlike currently available iden-
tification methods, the proposed model can identify CAR
parameters of both low-pass and band-pass power spectra
processes, regardless of the sampling rate. The proposed
formulation can yield time or frequency estimators. We
presented an analysis of exponential-spline-based MLE for
identification of low-pass and band-pass stochastic systems
for variable sampling rates. We did also compare our al-
gorithm with the traditional ARMA estimator and with a
polynomial-based maximum-likelihood estimator, and found
it consistently to perform better, especially at low sampling
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Figure 2: Averaged relative MSE for ARMA, polynomial
spline MLE and the proposed exponential spline MLE. The
error measure refers to identification of coefficients a1 (Fig.
2(a)) and a2 (Fig. 2(b)) of a CAR(2) system 1/(s2 + a1s +
a2) with poles ~α = [−1 ± 10i]. The corresponding CRB is
included in the graphs for comparison purposes.

rates. When aliasing effects are prominent, the proposed
MLE follows the Cramér-Rao lower bound at all rates, too.
Because the cost function of the proposed MLE may have
several local minima due to aliasing, we proposed a strategy
to select a set of starting points in order to successfully es-
timate the correct band of the original CAR process. It is
believed that the proposed approach provides a good alter-
native to the currently available methods.
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ABSTRACT
This paper addresses the sparse representation (SR) problem within
a general Bayesian framework. We show that the Lagrangian for-
mulation of the standard SR problem, i.e., x? = argminx{‖y−
Dx‖2

2 +λ‖x‖0}, can be regarded as a limit case of a general max-
imum a posteriori (MAP) problem involving Bernoulli-Gaussian
variables. We then propose different tractable implementations of
this MAP problem and explain several well-known pursuit algo-
rithms (e.g., MP, OMP, StOMP, CoSaMP, SP) as particular cases of
the proposed Bayesian formulation.

1. INTRODUCTION

Sparse representations (SR) aim at describing a signal as the com-
bination of a small number of atoms chosen from an overcomplete
dictionary. More precisely, let y ∈ RN be an observed signal and
D ∈ RN×M a rank-N matrix whose columns are normalized to 1.
Then, one standard formulation of the sparse representation prob-
lem writes

x? = argmin
x
‖x‖0 subject to ‖y−Dx‖2

2 ≤ ε, (1)

or, in its Lagrangian version,

x? = argmin
x
‖y−Dx‖2

2 +λ‖x‖0, (2)

where ‖ ·‖p denotes the lp-norm1 and ε,λ > 0 are parameters spec-
ifying the trade-off between sparsity and distortion.

Finding the exact solution of (1)-(2) is usually an intractable
problem. Instead, suboptimal algorithms have been devised in the
literature. We can roughly divide the existing algorithms into 3 main
families: i) the pursuit algorithms, like matching pursuit (MP) [1],
orthogonal matching pursuit (OMP) [2], stagewise OMP (StOMP)
[3], subspace pursuit (SP) [4] or compressive sampling matching
pursuit (CoSaMP) [5] build up the sparse vector x by making a
succession of greedy decisions; ii) the algorithms based on a prob-
lem relaxation, like basis pursuit (BP) [6], FOCUSS [7] or SL0 [8],
approximate (1)-(2) by relaxed problems which can be solved effi-
ciently by standard optimization procedures; iii) the Bayesian al-
gorithms express the SR problem as the solution of Bayesian infer-
ence problem and apply statistical tools to solve it. Examples of
such algorithms include the relevant vector machine (RVM) algo-
rithms [9], the sum-product and the expectation-maximization SR
algorithms proposed in [10] and [11] respectively.

Whereas the connection between the pursuit/relaxation-based
algorithms and the standard problem (1)-(2) is usually clear, it is
not the case for the Bayesian algorithms available in the literature.
In this paper we show that, under some conditions, the standard
sparse representation problem (2) can be considered as a limit case
of a maximum a posteriori (MAP) problem involving Bernoulli-
Gaussian (BG) variables. This interpretation gives new insights into
several existing pursuit algorithms and paves the way for the design
of new ones.

1‖x‖0 denotes the number of non-zero elements in x.

Thus, we exploit the equivalence between the standard and the
BG MAP problems to derive novel Bayesian pursuit algorithms.
The proposed algorithms generalize standard pursuit procedures in
several aspects: i) they can exploit prior information about the atom
occurrence and/or the amplitude of active coefficients; ii) unlike
most of the existing pursuit procedures, they naturally implement
the process of atom deselection; iii) the estimation of model param-
eters (noise variance, etc) can be nicely included within the consid-
ered Bayesian framework.

The rest of the paper is organized as follows. In section 2, we
present a BG probabilistic framework modeling sparse processes
and establish a connection between the standard problem and a
maximum a posteriori (MAP) problem involving this model. In
section 3 , we briefly review some well-known standard pursuit pro-
cedures. Section 4 is devoted to the derivation of Bayesian pursuit
algorithms. Simulation results showing the good performance of
the proposed approach are exposed in section 5.

2. A BAYESIAN FORMULATION OF THE STANDARD SR
PROBLEM

Let s ∈ {0,1}M be a vector defining the support of the sparse rep-
resentation, i.e., the subset of columns of D used to generate y.
Without loss of generality, we will adopt the following convention:
if si = 1 (resp. si = 0), the ith column of D is (resp. is not) used to
form y. Denoting by di the ith column of D, we then consider the
following observation model:

y =
M

∑
i=1

si xi di +w, (3)

where w is a zero-mean white Gaussian noise with variance σ2
w.

Therefore,

p(y|x,s) = N (Dsxs,σ
2
wIN), (4)

where IN is the N×N-identity matrix and Ds (resp. xs) is a matrix
(resp. vector) made up of the di’s (resp. xi’s) such that si = 1. We
suppose that x and s obey the following probabilistic model:

p(x) =
M

∏
i=1

p(xi), p(s) =
M

∏
i=1

p(si), (5)

where

p(xi) = N (0,σ2
x ), (6)

p(si) = Ber(pi), (7)

and Ber(pi) denotes a Bernoulli distribution with parameter pi.
It is important to note that (4)-(7) only define a model on y and

may not correspond to its actual distribution. Despite this fact, it is
worth noticing that the BG model (4)-(7) is well-suited to modeling
situations where y stems from a sparse process. Indeed, if pi � 1
∀ i, only a small number of si’s will typically2 be non-zero, i.e., the

2In an information-theoretic sense, i.e., according to model (4)-(7), a re-
alization of s with a few non-zero components will be observed with proba-
bility almost 1.
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observation vector y will be generated with high probability from a
small subset of the columns of D. In particular, if pi = p ∀ i, typical
realizations of y will involve a combination of pM columns of D.

Model (4)-(7) (or variants thereof) has already been used in
many Bayesian algorithms available in the literature, see e.g.,
[10, 11, 12, 13]. However, to the best of our knowledge, no con-
nection with the standard problem (2) has been made to date. The
following result gives a Bayesian interpretation of standard problem
(2) as a limit case of a MAP estimation problem involving the BG
model defined in (4)-(7):

Theorem 1: Consider the following MAP estimation problem:

(x̂, ŝ) = argmax
(x,s)

log p(y,x,s), (8)

where p(y,x,s) = p(y|x,s) p(x) p(s) is defined by the Bernoulli-
Gaussian model (4)-(7).

If,
i) ‖(DT

s Ds)−1DT
s y‖0 = ‖s‖0 with probability 1, ∀s ∈ {0,1}M ,

ii) σ2
x → ∞, pi = p ∀ i and λ = 2σ2

w log( 1−p
p ),

then, with probability 1,

x? = x̂, (9)

i.e., the solution of the BG MAP problem (8) is equal to the solution
of standard SR problem (2). �

A proof of this result can be found in the appendix. Condition i)
is only technical and ensures to discard some “pathological” cases.
It is satisfied in most practical settings encountered in practice. In
particular, this condition is verified as soon as y is a continuous
random variable on RN .

The result established in Theorem 1 recasts the standard sparse
representation problem (2) into a more general Bayesian frame-
work. In particular, it reveals the statistical assumptions which are
implicitly made when considering problem (2). It is interesting to
note that the Bayesian formulation allows for more degrees of free-
dom than (2). For example, any prior information about the atom
occurrence (pi’s) or the amplitude of the non-zero coefficients (σ2

x )
can explicitly be taken into account. The particular case σ2

x = ∞

corresponds to a non-informative prior p(x).
Not surprisingly, the BG MAP formulation (8) does not offer

any advantage in terms of complexity with respect to (2), i.e., it
is NP-hard. The practical computation of solutions of (8) requires
therefore to resort to approximated (but practical) algorithms. In
the rest of this paper, we will propose several greedy algorithms
dealing with this task. Due to the equivalence (9), the proposed
greedy procedures will share some similarities with standard pursuit
algorithms.

3. STANDARD PURSUIT ALGORITHMS

In this section, we briefly recall the process of standard pursuit al-
gorithms. In particular, we dwell upon four of the most popular,
namely MP, OMP, StOMP and CoSaMP/SP3.

Standard pursuit algorithms iterate between 2 main steps:
Support update: the algorithm updates the support of the
sparse representation, i.e., makes a guess about the columns
(or atoms) of the dictionary which have been used to generate y.

Coefficient update: the estimate of x is refined by taking into
account the latest decision about the support.

MP, OMP, StOMP and CoSaMP/SP basically differ in the way they
implement these two steps.

3CoSaMP and SP are two slightly different versions of the same algo-
rithm (see [4] and [5]).

The MP algorithm performs iteratively the following steps:

ŝ(n)
j =

 1 if j = argmax
i
〈r(n),di〉2,

ŝ(n−1)
j otherwise,

(10)

x̂(n)
j =

 x̂(n−1)
j + 〈r(n),d j〉 if j = argmax

i
〈r(n),di〉2,

x̂(n−1)
j otherwise,

(11)

where 〈u,v〉 , uT v denotes vector inner product and r(n) is the
current residual:

r(n) , y−∑
j

x̂(n−1)
j d j. (12)

At each iteration, MP adds at most one single atom to the support
based on the amplitude of its projection with the residual. It can be
seen that this support update strategy maximizes the decrease of the
residual norm at each iteration.

OMP performs the same support update as MP but computes
the coefficient estimate in a different way. Let ŝ(n) define the sup-
port estimate at iteration n. Then, OMP computes an estimate of the
non-zero coefficients as follows:

x̂s(n) = D†
s(n)y =

(
DT

s(n)Ds(n)

)−1
Ds(n)y, (13)

where D†
s(n) represents the Moore-Penrose pseudo inverse of Ds(n) .

StOMP is a modified version of OMP which allows for the se-
lection of several new atoms at each iteration. The choice of the
atoms added to the support estimate ŝ(n) is made by a threshold
decision on 〈r(n),d j〉2:

ŝ(n)
j =

{
1 if 〈r(n),d j〉2 > T (n),

ŝ(n−1)
j otherwise,

(14)

where T (n) is a threshold depending on the iteration number. In [3],
the authors proposed two different approaches to tune the value of
the threshold T (n) according to some criterion.

Common to MP, OMP and StOMP is the fact that atom des-
election is not possible: once a column of D has been added to
the support, it can never (explicitly) be removed. CoSaMP and SP
provide a solution to this problem. These procedures rely on the
following support-update rule:

ŝ(n) = argmax
s

{
∑

j
s j |x̃

(n)
j |

}
subject to ‖s‖0 = K, (15)

where K denotes the number of atoms used to generate y and x̃(n)

is a trial coefficient estimate computed from (13) and using the fol-
lowing trial support estimate

s̃(n) = argmax
s

{
∑

j
s j〈r(n),d j〉2

}
subject to ‖s‖0 = P, (16)

with P > K. Clearly, updates (15)-(16) allow for the deselection of
atoms throughout the iterative process. Note however, that CoSaMP
and SP require the knowledge of the number of non-zero coeffi-
cients K.

4. BAYESIAN PURSUIT ALGORITHMS

In this section, we derive pursuit algorithms from the Bayesian
framework described in section 2.

As previously mentioned, we will see that these algorithms turn
out to be extensions of standard pursuit algorithms (see section 3).
They offer in particular highest flexibility and precision in the com-
putation of the support and coefficient estimates:
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• The prior information about the occurrence of each atom in the
sparse decomposition, i.e., pi’s, can explicitly be taken into ac-
count into the estimation process.

• The problem of column deselection is naturally solved.
• The Bayesian framework allows for model parameter estima-

tion. In particular, we will see that the estimation of the noise
variance throughout the iterations plays a crucial role in the al-
gorithm performance.
The proposed algorithms are tractable procedures search-

ing for the solution of (8) by iterative greedy maximization of
log p(y,x,s). We describe hereafter four different greedy imple-
mentation of (8).

4.1 Bayesian Matching Pursuit (BMP)
As mentioned in section 3, MP updates at each iteration the coef-
ficient leading to the maximum decrease of the residual norm. A
similar approach can be followed within the Bayesian framework
considered here: the BMP algorithm can be defined so that the cou-
ple (s j,x j) updated at each iteration locally maximizes the increase
of log p(y,x,s).

In order to properly describe this procedure, let us first define

ρ
(n)(s j, x̂

(n−1)),max
x j

log
p(y, x̂

(n−1)
j , ŝ

(n−1)
j )

p(y, x̂(n−1), ŝ(n−1))

 , (17)

where x̂
(n)
j (resp. ŝ

(n)
j ) is a vector equal to x̂(n) (resp. ŝ(n)) but for

the jth component which is free to vary. Therefore, ρ(n)(s j, x̂
(n−1))

represents the variation of the goal function when optimized over x j
while all other variables are kept fixed. Note that this variation is a
function of the value assigned to s j ∈ {0,1}.

We define the Bayesian MP (BMP) algorithm by the following
recursions:
• BMP support update:

ŝ(n)
j =

 s̃(n)
j if j = argmax

i
ρ

(n)(s̃(n)
i , x̂(n−1)),

ŝ(n−1)
j otherwise.

(18)

where

s̃(n)
j , argmax

s j∈{0,1}
ρ

(n)(s j, x̂
(n−1)),

=

{
1 if 〈r(n) + x̂(n−1)

j d j,d j〉2 > Tj,
0 otherwise.

(19)

with

Tj , 2σ
2
w

σ2
x +σ2

w
σ2

x
log
(

1− p j

p j

)
. (20)

• BMP coefficient update:

x̂(n)
j =

 x̃(n)
j if j = argmax

i
ρ

(n)(s̃(n)
i , x̂(n−1)),

x̂(n−1)
j otherwise.

(21)

where

x̃(n)
j = argmax

x j

log p(y, x̂
(n−1)
j , ŝ(n)),

= ŝ(n)
j

(
x̂(n−1)

j + 〈r(n),d j〉
)

σ2
x

σ2
x +σ2

w
. (22)

We can make the following comments about these recursions:
- Since the procedure described in (18)-(22) corresponds to

a sequential maximization of the upper-bounded function
log p(y,x,s), the convergence to a fixed point, say (x̂(∞), ŝ(∞)),
is ensured. Moreover, the fixed points must be “local” maxima4

of log p(y,x,s).
- The algorithm complexity is similar to MP: the most expensive

operation is the maximization in (18) which scales as O(M) (we
omit the details here due to space limitation).

- s̃(n)
j is the locally-optimal decision about s j, i.e., the decision

maximizing the increase of the goal function given the current
estimate. The value of s̃(n)

j is based on the comparison of a sig-
nal energy in the direction of d j to a threshold Tj (see (19)).
This threshold depends on the probability of occurrence of each
atoms, p j : the larger p j the smaller Tj and the more likely is
the column to be selected in the sparse representation. Note that
if s̃(n)

j = 0 whereas ŝ(n−1)
j = 1, the locally-optimal decision con-

sists in removing column d j from the support. As mentioned
earlier, the BMP algorithm therefore naturally implements the
process of deselecting some of the columns of the current sup-
port.

- The update of the coefficient amplitude (see (22)) is made by
taking into account some prior information about the distribu-
tion of x, i.e., σ2

x . Note that if ŝ(n)
j = 1 and σ2

x → ∞, (22) be-
comes

x̃(n)
j = x̂(n−1)

j + 〈r(n),d j〉. (23)

i.e., we recover the MP coefficient update (11).

In section 2, we emphasized that the joint BG MAP problem
(8) and the standard SR problem (2) are equivalent when σ2

x → ∞

and pi = p ∀ i. These conditions are not sufficient to ensure the
equivalence between BMP and MP algorithms5 because of the atom
deselection, allowed by BMP but impossible in the MP procedure.
Withdrawing this opportunity (by forcing s̃(n)

j = 1 ∀ j), i.e., only
considering the addition (but never the removal) of new atoms in the
support, one recovers standard MP implementation. The standard
MP algorithm can therefore be regarded as a particular case of the
Bayesian pursuit algorithm presented in this section.

4.2 Bayesian Orthogonal Matching Pursuit (BOMP)
We now consider the implementation of the Bayesian orthogonal
matching pursuit by modifying the coefficient-update step of the
BMP algorithm. In particular, BOMP computes the estimate of x
as follows:

x̂(n) = argmax
x

log p(y,x, ŝ(n)). (24)

Solving this problem, we obtain that the x̂(n)
j ’s such that ŝ(n)

j = 1 are
given by

x̂
(n)
s(n) =

(
DT

s(n)Ds(n) +
σ2

w
σ2

x
I‖s(n)‖0

)−1

DT
s(n)y, (25)

and x̂(n)
j = 0 otherwise. Observe that, like BMP, BOMP updates

non-zero coefficients by taking into account the prior information
about the coefficient amplitude, σ2

x .

4Concerning s which takes on values in a finite set, the local optimal-
ity has to be understood as follows: there is no modification of one single
component of ŝ(∞) that leads to an increase of the goal function.

5This can readily be shown by using σ2
x →∞ and pi = p ∀ i in recursions

(18)-(22). We omit however the details here due to space limitation.
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The update of the support remains unchanged with respect to
BMP. Hence, like BMP, BOMP also implements atom deselection.
For this reason, similar to the one mentioned for the BMP/MP
equivalence, BOMP does not reduce to OMP when σ2

x → ∞ and
pi = p ∀ i. Finally, from the same reasoning as for BMP, it can be
seen that BOMP converges to local maxima of log p(y,x,s).

4.3 Bayesian Stagewise Orthogonal Matching Pursuit
(BStOMP)
BStOMP is a modified version of BOMP where several entries of
the support vector s can be changed at each iteration. We propose
the following approach:

ŝ(n)
j =

{
1 if 〈r(n) + x̂(n−1)

j d j,d j〉2 > Tj,
0 otherwise.

(26)

where Tj is defined in (20). Note that if the jth atom was not se-

lected at iteration n−1, i.e., (x̂(n−1)
j , ŝ(n−1)

j ) = (0,0), (26) becomes

ŝ(n)
j =

{
1 if 〈r(n),d j〉2 > Tj,

ŝ(n−1)
j otherwise.

(27)

In such a case, the support update rules of StOMP and BStOMP
are therefore similar. However, in the general case (26), BStOMP
allows for the deselection of atoms.

Another crucial difference between StOMP and BStOMP is the
definition of the threshold Tj. Indeed, the Bayesian framework con-
sidered in this paper naturally leads to a definition of the threshold
as a function of the model parameters. Unlike the approach fol-
lowed in [3], it requires therefore no additional hypothesis and/or
design criterion.

Finally, let us mention that the performance of BStOMP can
be greatly improved by including the estimation of the noise vari-
ance σ2

w in the iterative process. As mentioned earlier, the esti-
mation of model parameters is naturally included in the Bayesian
framework considered in this paper. In particular, the maximum-
likelihood (ML) estimate of σ2

w writes

ˆ(σ2
w)

(n)
= argmax

σ 2
w

p(y, x̂(n−1), ŝ(n−1)),

= N−1‖y−Dx̂(n−1)‖2
2 = N−1‖r(n)‖2

2. (28)

Plugging this expression into (20), we obtain:

T (n)
j , 2

‖r(n)‖2
2

N
σ2

x +r(n)N−1

σ2
x

log
(

1− p j

p j

)
. (29)

The threshold therefore becomes a function of the iteration number.
Note that, when σ2

x → ∞, T (n)
j has the following expression:

T (n)
j

σ 2
x→∞
= 2

‖r(n)‖2
2

N
log
(

1− p j

p j

)
. (30)

T (n)
j is then proportional to the residual energy; the factor of pro-

portionality depends on the probability of occurrence of each atom.

4.4 Bayesian Subspace Pursuit (BSP)
We finally propose a Bayesian pursuit algorithm having some flavor
of CoSaMP/SP. We will refer to this algorithm as Bayesian subspace
pursuit (BSP) algorithm.

We define the support update performed by BSP as follows:

ŝ(n) = argmax
s

{
∑

j
ρ

(n)(s j, x̃
(n))

}
subject to ‖s‖0 = K, (31)
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Figure 1: Frequency of exact reconstruction versus number of non-
zero coefficients; N = 128, M = 256, σ2

w = 10−5, σ2
x = 10.

where x̃(n) is a trial coefficient estimate computed from (24) by
using s̃(n) as support estimate:

s̃(n) = argmax
s

{
∑

j
ρ

(n)(s j, x̂
(n−1))

}
. (32)

A new coefficient estimate x̂(n) is finally computed from (24).
It is interesting to note that, unlike CoSaMP/SP, BSP imposes

no constraint on the number of non-zero elements in s̃(n). In par-
ticular, ‖s̃(n)‖0 can be larger or lower than K. In fact, s̃(n) is com-
puted by making the best local decision for each atom of the dictio-
nary. This is equivalent to the support update rule implemented by
StOMP in (26). The support estimate ŝ(n) is then computed by only
keeping in the support the K columns having the largest components
x̃(n)

j .

5. SIMULATION RESULTS

In this section, we study the performance of the proposed SR al-
gorithms by extensive computer simulations. We follow the same
methodology as in [4] to assess the performance of the SR algo-
rithms: we calculate the empirical frequency of correct reconstruc-
tion versus the number of non-zero coefficients in x, say K. We
assume that a vector has been correctly reconstructed when the am-
plitude of the error reconstruction on each non-zero coefficient is
lower than 10−4.

Fig. 1 illustrates the performance achieved by BMP, BOMP,
BStOMP, BSP and MP, OMP, StOMP, SP. We use the following
parameters for the generation of these curves: N = 128, M = 256,
σ2

w = 10−5. For the sake of fair comparison with standard pursuit
algorithms, we consider the case where all the atoms have the same
probability of occurrence, i.e., p j = K/M ∀ j. The data is therefore
generated as follows. The positions of the non-zero coefficients are
first drawn uniformly at random. Then, the amplitude of the non-
zero coefficients is generated from a zero-mean Gaussian with vari-
ance σ2

x = 10. The elements of the dictionary are i.i.d realizations
of a zero-mean Gaussian distribution with variance N−1. For each
point of simulation, we run 400 trials. In order not to favor our
methods with any additional prior information, we use σ2

x = 1000
in the proposed Bayesian algorithms.

MP and OMP are run until the l2-norm of the resid-
ual drops below

√
Nσ2

w. The Bayesian pursuit algorithms
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iterate as long as log p(y, x̂(n), ŝ(n)) > log p(y, x̂(n−1), ŝ(n−1)).
We use the SparseLab implementation of StOMP available at
http://sparselab.stanford.edu/ and SP implementation available at
http://igorcarron.googlepages.com/cscodes. StOMP is used with
the (so-called) CFDR threshold criterion. BStOMP and BSP con-
sider thresholding based on noise variance estimates (29).

We observe that the proposed Bayesian algorithms improve
the performance upon their standard version. The gain in perfor-
mance depends on the algorithms. On the one hand BMP leads to
a small improvement whereas the performance of OMP and BOMP
overlaps. We observe however that BOMP decreases the compu-
tational time by a factor between 5 and 10 with respect to OMP.
This is a consequence of the atom deselection process which ef-
ficiently reduces the size of the support when required. On the
other hand BStOMP and BSP exhibit a clear superiority with re-
spect to StOMP and SP. Note that BSP achieves the same perfor-
mance as BOMP/OMP but with a computational time similar to SP,
i.e., roughly 50 times smaller than OMP.

6. CONCLUSION

In this paper, we addressed the sparse representation (SR) prob-
lem within a general Bayesian framework. We first showed the
equivalence between the standard SR formulation and a maximum a
posteriori (MAP) problem involving Bernoulli-Gaussian variables.
We exploited this result to give a Bayesian generalization of well-
known standard pursuit algorithms. We emphasized theoretical ad-
vantages of the proposed algorithms, like atom deselection and pa-
rameter estimation, and confirmed them by some practical experi-
ments.

7. APPENDIX: PROOF OF THEOREM 1

Let f (x), ‖y−Dx‖2
2 +λ‖x‖0 and x?(s) be the solution of

x?(s) = argmin
x

f (x) s.t. xi = 0 if si = 0. (33)

x?(s) is therefore the optimal solution of the standard problem if
the position of the non-zero coefficients is specified. Note that the
notation x?(s) is somehow misleading since, strictly speaking, the
solution of the “argmin”’-problem in (33) is non-unique if ‖s‖0 >
N. However, for the sake of conciseness we will consider hereafter
that ‖s‖0 ≤ N. The case ‖s‖0 > N is similar although slightly more
involved.

Clearly, the solution of (2) can thus be reformulated as

x? = x?(s?) with s? = argmin
s∈{0,1}M

f (x?(s)). (34)

Similarly, let g(x) , − log p(y,x,s) and x̂(s) be the solution of
x̂(s) = argmaxx log p(y,x,s). Problem (8) can then be reformu-
lated as:

x̂ = x̂(ŝ) with ŝ = argmin
s∈{0,1}M

g(x̂(s)). (35)

Theorem 1 can therefore be proved by showing that x̂(s) = x?(s)
and g(x̂(s)) = f (x?(s)) ∀s under the considered hypotheses.

Without loss of generality, we assume that the first k compo-
nents of s are non-zero. If Ds denotes the matrix made up of the
first k columns of D and D†

s its Moore-Penrose pseudo-inverse, we
then have

x?
i (s) =

{ (
D†

sy
)

i
i ∈ {1, . . . ,k},

0 otherwise.

On the other hand, the solution of (35) writes

x̂i(s) =


((

DT
s Ds + σ 2

w
σ 2

x
Ik

)−1
DT

s y

)
i

i ∈ {1, . . . ,k},

0 otherwise.

Clearly, limσ 2
x→∞ x̂(s) = x?(s). Using this result and taking (4)-(7)

into account, we have

lim
σ 2

x→∞

g(x̂(s)) =
‖y−Dx?(s)‖2

2
2σ2

w
+ log p(s)+ lim

σ 2
x→∞

∑
k
i=1(x

?
i (s))

2

2σ2
x

.

Note that the last term tends to zero when σ2
x → ∞. Moreover,

p(s) ∝ exp{‖s‖0 log( 1−p
p )} if pi = p ∀i. Now, we have by hypoth-

esis that ‖x?(s)‖0 , ‖D†
sy‖0 = ‖s‖0 with probability one. There-

fore, since λ = 2σ2
w log( 1−p

p ), we have g(x̂(s)) = f (x?(s)) with
probability one.
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ABSTRACT
We address the blind separation of two autoregressive
(AR) processes from a single mixture thereof, when
their respective driving-noise (“innovation”) sequences
are known to be temporally sparse. Unlike other
single-channel separation schemes, which use dictionary-
learning, our method essentially estimates the sparsify-
ing transformation of each source directly from the ob-
served mixture (by estimating the respective AR param-
eters), and therefore does not require a training stage.
We cast the problem as a constrained, non-convex `1-
norm minimization and propose an iterative solution
scheme, which iterates between linear-programming-
based estimation of the respective driving-sequences
given estimates of the AR parameters, and gradient-
based refinement of the estimated AR parameters given
the estimated driving sequences. Near-perfect separa-
tion is demonstrated using a simulated example.

1. INTRODUCTION

The exploitation of sparsity in many signal processing
tasks, such as Blind Source Separation (BSS), Sparse
Component Analysis (SCA), Compressed Sensing, Error
Correction and Spectrum Estimation, has recently seen
increased interest in the signal processing community.
One of the principal reasons is that the sparsity-model
assumption, either in the form of explicit time-domain
sparsity or in some hidden, underlying sparse represen-
tation, is often well-justified in practice. Furthermore,
when the relevant sparsity-model assumption is indeed
justified, sparsity-based tools are capable of delivering
significant performance improvement over classical tools
which ignore the sparsity.

In this work we address the problem of single-channel
blind separation of the sum of two autoregressive (AR)
sources. Our key to separation is the underlying as-
sumption, that the driving-noise (sometimes called the
“innovation”) sequences of these AR processes are tem-
porally sparse, i.e., mainly consist of sporadic spikes (of
unknown locations and amplitudes). Such a model can
be justified, for example, when the processes are voiced
speech segments, where the “driving noise” resembles
a “spikes train” generated at the vocal chords (e.g.,
[5]). Other possible examples are seismic measurements,
electrocardiograms, or, more generally, processes which
consist of several superimposed, differently-scaled and
shifted replica of damped sinusoids (each representing
the impulse-response of the all-poles system associated
with the AR process generation).

The “blindness” implies that neither the respective
AR-parameters of the two sources, nor the locations

and amplitudes of the spikes in their respective inno-
vation sequences, are known in advance. The only
available data is the observed sum of the two processes
(and, of course, the assumed sparsity of the innovation
sequences). The goal is to recover the two sources,
and, as a possibly important by-product, to provide
estimates of their AR parameters and innovation se-
quences. Note that classical sparsity-based approaches
to single-channel source separation usually rely on a pre-
determined sparse representation (e.g., the short-time
Fourier transform, or some wavelet transform [4], [8]), or
employ a “training” stage, in which statistical or struc-
tural properties of the sources are learned (in the form
of an over-complete dictionary learning, e.g., [10]). In
this context, our approach can be seen as being based on
specially parameterized sparse decompositions, in which
each source has its own sparsifying transformation (the
inverse of its all-poles generating system), and the un-
known (AR) parameters of these transformation are es-
timated directly from the observed signal, rather than
being fixed in advance or learned in a training stage.

A common approach to sparsity-based estimation
is the formulation of a sparsity-based criterion, whose
minimization with respect to the unknown parameters
and signals would yield the desired estimates. While
the “natural” sparsity measure is the `0-norm (count-
ing the number of non-zero elements), the minimiza-
tion thereof often becomes computationally-prohibitive
and extremely sensitive to even the slightest noise. A
well-established, computationally more permissive alter-
native to `0-norm minimization, is the `1-norm mini-
mization, which was shown to yield consistent estimates
(equivalent to `0-norm minimization under some mild
conditions) in various contexts - see, e.g., [6, 7, 1, 2].

Therefore, our separation approach in this paper is
based on `1-norm minimization of the implied innova-
tion sequences with respect to the separated sources and
to their AR parameters. However, despite the convex-
ity of the `1-norm, the resulting constrained minimiza-
tion problem is generally non-convex. Our proposed
solution is based on an alternating-directions iterative
approach, alternating between `1 minimization of the
implied innovation sequences given the AR parameters,
and gradient-based refinement of the AR parameters’
estimates given the innovation sequences.

2. PROBLEM FORMULATION

Consider the mixture

x[n] = x1[n] + x2[n] ∀n, (1)
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where x1[n] and x2[n] are two AR processes,

xk[n] = −
Pk∑

`=1

ak,`xk[n− `] + sk[n] k = 1, 2 ∀n, (2)

P1 and P2 denote the respective AR-orders (assumed
to be known), {a1,`}P1

`=1, {a2,`}P2
`=1 are the respective

(unknown, real-valued) AR-parameters, and s1[n], s2[n]
are the respective (unknown, real-valued) innovation (or
“driving-noise”) sequences. The innovation sequences
s1[n] and s2[n] are assumed to be sparse.

Given N samples x[n], n = 0, . . . , N − 1, we wish to
estimate x1[n] and x2[n] (over the same interval, n =
0, . . . , N − 1). As by-products we would also obtain
estimates of the AR parameters and of the innovation
sequences.

In the sequel we shall denote by X(z), Xk(z) and
Sk(z) the Z-transforms of the respective sequences x[n],
xk[n] and sk[n] (k = 1, 2) taken over the observation
interval n = 0, . . . , N − 1. Likewise, we shall denote by
Ak(z) (k = 1, 2) the Z-transform of the respective AR-
coefficients, Ak(z) = 1+

∑Pk

`=1 ak,`z
−`. We assume that

A1(z) and A2(z) do not have common roots. We further

define A(z)
4
= A1(z)A2(z), and denote the coefficients of

this polynomial as {a`}P
`=0, with P

4
= P1 + P2.

3. THE CLASSICAL APPROACH

For comparison (and also for use as an initial guess)
in the sequel, let us briefly describe the “classical” ap-
proach, which ignores the sparsity assumption and re-
gards the sources as general AR processes. Assuming
that the driving-sequences s1[n] and s2[n] are mutually
uncorrelated, spectrally-white random processes, with
variances σ2

1 and σ2
2 , respectively, x[n] is obviously an

autoregressive - moving-average (ARMA) process of or-
ders (P, max{P1, P2}), whose Z-spectrum is given by

Sxx(z) =
σ2

1A2(z)A2(1/z) + σ2
2A1(z)A1(1/z)

A(z)A(1/z)
. (3)

Following estimation of the correlation sequence Rxx[`]
for |`| ≤ P + max{P1, P2}, the coefficients of A(z) can
be estimated using the modified Yule-Walker (MYW)
equations (see, e.g., [9]). Next, the estimated correlation
sequence is convolved with the polynomial coefficients of
the estimated Â(z)Â(1/z), yielding an estimate of the
numerator polynomial (for |`| ≤ max{P1, P2}), denoted
B̂(z). Now, in order to associate each of the poles (or
complex-conjugate pole-pairs) of Â(z) with either A1(z)
or A2(z), we can try all possible partitions: for each can-
didate partition (implying a choice of Â1(z) and Â2(z)),
we would obtain (by a linear least-squares solution) val-
ues σ̂2

1 and σ̂2
2 optimizing the fit of

σ̂2
1Â2(z)Â2(1/z) + σ̂2

2Â1(z)Â1(1/z) ≈ B̂(z), (4)

(in the sense of minimizing the sum of squared differ-
ences between the polynomial coefficients). We would
then select the partition which yields the closest fit (with
positive σ̂2

1 and σ̂2
2), thereby obtaining the estimates of

Â1(z) and Â2(z), which in turn provide estimates of the
respective AR coefficients.

Once the AR coefficients are estimated, the sources
can be estimated by Wiener filtering of x[n], e.g., in
Z-transform domain,

X̂1(z) =
Ŝx1x(z)
Ŝxx(z)

X(z) =
Ŝx1x1(z)

Ŝx1x1(z) + Ŝx2x2(z)
X(z) (5)

with Ŝxkxk
(z) = σ̂2

k/Âk(z)Âk(1/z), k = 1, 2. Note that
under mild ergodicity conditions the AR coefficients’ es-
timates are consistent, and, therefore, if the innovation
sequences s1[n] and s2[n] are Gaussian, then asymptot-
ically, the Wiener-filtering separation would be optimal
(in the mean square error sense). In our case, however,
the innovation sequences are clearly not stationary white
Gaussian processes, which therefore leaves much room
for improvement by exploitation of their sparsity.

4. SEPARATION USING `1-NORM
MINIMIZATION

Applying Z-transform to (1), (2) over the interval n =
0, . . . , N − 1 and neglecting end-effects, we get

X(z) =
S1(z)
A1(z)

+
S2(z)
A2(z)

=
S1(z)A2(z) + S2(z)A1(z)

A(z)
,

(6)
and therefore

X(z)A(z) = S1(z)A2(z) + S2(z)A1(z). (7)

Thus, we can consider finding P1-th and P2-th order
causal, monic FIR filters h1[n], h2[n] (resp.) and se-
quences ŝ1[n], ŝ2[n], which satisfy the convolution rela-
tion:

x[n] ∗ h1[n] ∗ h2[n] = ŝ1[n] ∗ h2[n] + ŝ2[n] ∗ h1[n], (8)

such that ŝ1[n] and ŝ2[n] are “as sparse as possi-

ble”. More explicitly, using the definition h[n]
4
=∑P1

`=0 h1[`]h2[n− `], (8) reads

P∑

`=0

h[`]x[n− `] =
P2∑

`=0

h2[`]ŝ1[n− `] +
P1∑

`=0

h1[`]ŝ2[n− `].

(9)
h1[n], h2[n] would then serve as estimates of a1,n and
a2,n (resp.), and ŝ1[n], ŝ2[n] will be the estimated inno-
vation sequences, which may all be substituted in (2) so
as to yield the separated signals.

Thus, using the `1-norm as a measure of sparsity, we
need to solve the following optimization problem:

min
h1,h2,ŝ1,ŝ2

‖ŝ1‖1 + ‖ŝ2‖1

s.t. :
{

h1[0] = h2[0] = 1
x[n] ∗ h[n] = ŝ1[n] ∗ h2[n] + ŝ2[n] ∗ h1[n],

(10)

where for shorthand we used hk
4
= [hk[0] · · · hk[Pk]]T ,

ŝk
4
= [ŝk[0] · · · ŝk[N − 1]]T (k = 1, 2), and where ‖ · ‖1

denotes the `1-norm.
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Although this problem is generally non-convex, we
propose a method for finding a (possibly local) min-
imum, which, as we shall demonstrate, can yield es-
timates of the sources and AR parameters which are
considerably more accurate than those attained by the
“classical” approach above.

An outline of the proposed algorithm is given below,
followed by details regarding implementation of the non-
trivial steps.

Algorithm Outline

1. Find an initial guess for the FIR
filters coefficients h1, h2, possibly
taking the estimated AR parameters
â1,n and â2,n (resp.) obtained by the
"classical" approach above;

2. Given h1, h2 (therefore also h), solve

O1 : s∗1, s
∗
2 = argmin

ŝ1,ŝ2

{‖ŝ1‖1 + ‖ŝ2‖1}

s.t. : x[n] ∗ h[n] = ŝ1[n] ∗ h2[n] + ŝ2[n] ∗ h1[n]

3. Find the derivatives of f
4
= ‖s∗1‖1 + ‖s∗2‖1

with respect to h1, h2;
4. Update hk using the gradient method,

hk = hk − η∇hk
f, where

∇hk
f ,

[
∂f

∂hk[0]
· · · ∂f

∂hk[Pk]

]T

(k = 1, 2) and η is a small step-size;
5. Repeat 2-4 until convergence of h1, h2;
6. Generate the sources’ estimates x̂1[n],

x̂2[n] (for n = 0, . . . , N − 1) as:

x̂k[n] = −
Pk∑

`=1

hk[`]x̂k[n− `] + s∗k[n], k = 1, 2

(using zero initial conditions).

4.1 Solving the optimization O1 in Step 2

Problem O1 (in Step 2 above) is a convex minimization
problem, which can be cast as a standard linear program
as follows. First, we express O1 in matrix-vector form:

min
ŝ
‖ŝ‖1 s.t Hŝ = Xh, (11)

where ŝ
4
= [ŝT

1 ŝT
2 ]T , h = [h[0] · · · h[P ]]T , and the

matrices H and X are structured as follows: Neglecting
end-effects, H is an N×2N matrix, H = [H2 H1] with:

Hk =




1
hk[1] 1

...
. . .

hk[Pk]
. . . . . . 1
. . . . . .

hk[Pk] · · · hk[1] 1




(12)

(an N × N matrix) for k = 1, 2 (the empty entries are
zeros), and X is an N × (P + 1) matrix,

X =




x[0]
x[1] x[0]

...
. . .

x[P ] · · · · · · x[0]

x[P + 1]
. . . . . . x[1]

...
...

x[N − 1] · · · · · · x[N − 1− P ]




. (13)

It can be shown [3] that a solution to (11) is obtained
from the solution of the following linear program (LP):

min
z

1T z s.t z º 0, H[I − I]z = Xh (14)

where 1 and 0 are 4N × 1 all-ones and all-zeros vectors,
I is the 2N × 2N identity matrix and º stands for an
elementwise≥ relation. The solution s∗ of (11) is related
to the solution z∗ of (14) via s∗ = [I − I]z∗, with the
minimizing norm given by ‖s∗‖1 = ‖z∗‖1 = 1T z∗.

4.2 Calculating the Gradient in Step 3

In order to calculate the gradients of ‖s∗‖1 (the solu-
tion of (11)) with respect to h1 and h2, we first obtain
the derivatives of a general LP problem with respect to
its constraints, as derived by Pearlmutter et al. in [10],
and then apply the chain-rule with reverse accumula-
tion to obtain the derivatives with respect to the filter
coefficients.

Let us consider the general LP problem:

min
z

wT z s.t Az ¹ a , Bz = b (15)

With w, z ∈ Rn, A ∈ Rk×n, B ∈ Rm×n.
Each row in A and in B (with their matching ele-

ments in a and b) defines a constraint. A constraint
is called “active” if the solution lies on its respective
boundary. Given feasibility, boundedness and unique-
ness, the LP solution satisfies n independent linear equa-
tions, which correspond to the n active constraints [3].
In [10], the authors defined a sparse n×(k+m) matrix P,
which is an all-zeros matrix with a single 1 in each row,
transforming the constraint matrix C

4
=

[
AT BT

]T and

constraints vector c
4
=

[
aT bT

]T into a matrix CA and
a vector cA, which contain only the active constraints
(it is assumed that the information regarding the indices
of the active constraints is provided by the LP solver).
Therefore, defining

CA , PC, cA , Pc, (16)

the minimizing solution z of (15) can be readily ex-
pressed as the solution to the n × n set of linear active
constraints,

z = CA
−1cA. (17)
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4.2.1 Differentiation of the minimized criterion with
respect to the constraint matrices and vectors

For convenience of notations we shall adopt the notation
from [10] for the derivative of wT z with respect to an
arbitrary matrix Y:

Ỳ , ∂(wT z)
∂Y

, (18)

where ∂f(Y)/∂Y denotes a matrix of the same size as
Y, whose (i, j)-th element equals ∂f(Y)/∂Yi,j .

It is relatively straightforward to show (see [10] for
details) that the derivatives c̀A and C̀A of the mini-
mized criterion wT z = Trace(zwT) with respect to the
active constraints vector cA and matrix CA (resp.) are
given by

c̀A , ∂(wT z)
∂cA

= (wT CA
−1)T , C̀A = −c̀AzT .

(19)
Since the derivative of the minimized criterion with re-
spect to the non-active constraints is zero, we conclude
that

c̀ = PT c̀A , C̀ = PT C̀A. (20)

4.2.2 Differentiation of the minimization criterion with
respect to the filters’ coefficients

We now return to our original problem (14), which, in
terms of the general LP problem (15), has

w = 1, A = −I, a = 0, B = H[I − I], b = Xh. (21)

C and c are therefore given by

C =
[ −I
H[I − I]

]
, c =

[
0

Xh

]
, (22)

and CA and cA are obtained from (16) once P is pro-
vided by the LP solver.

Since both CA and cA are functions of the filter co-
efficients, we apply the chain-rule with reverse accumu-
lation in order to obtain the derivatives of the minimized
`1-norm criterion with respect to the filter coefficients.
Let h̀k[n] denote the derivative of the minimization cri-
terion with respect to the k-th sources’ n-th filter coef-
ficients (k = 1, 2). The derivative can be calculated by
combining the two following terms:
• h̀I

k[n], the term resulting from the relation to the
constraint matrix H[I − I]; and

• h̀II
k [n], the term resulting from the relation to the

constraint vector Xh,
so that

h̀k[n] , ∂‖ŝ‖1
∂hk[n]

= h̀I
k[n] + h̀II

k [n]. (23)

Defining y
4
= Xh, we have, from (22), ỳ = [0 I] c̀, and

H̀ = [0 I] C̀
[

I
−I

]
. (24)

Now, beginning with the derivatives with respect to
h1, we have

h̀I
1[n] =

3N∑

i=1

2N∑

j=1

∂‖ŝ‖1
∂Ci,j

∂Ci,j

∂h1[n]
(25)

=
3N∑

i=1

2N∑

j=1

C̀i,j
∂Ci,j

∂h1[n]
=

N∑

i=1

2N∑

j=1

H̀i,j
∂Hi,j

∂h1[n]

=
N∑

i=n+1

2N∑

j=1

H̀i,j(δ[j − (N + i− n)])

=
N∑

i=n+1

H̀i,N+i−n

and

h̀II
1 [n] =

3N∑

i=1

∂‖ŝ‖1
∂ci

∂ci

∂h1[n]
(26)

=
3N∑

i=1

c̀i
∂ci

∂h1[n]
=

N∑

i=1

ỳi
∂yi

∂h1[n]

=
N∑

i=1

ỳi

(
Xh̃n

2

)
i
= ỳT Xh̃n

2 ,

where we have used

∂yi

∂h1[n]
=

(
Xh̃n

2

)
i

(27)

with
h̃n

k
4
= [0, ..., 0︸ ︷︷ ︸

n

,hT
k
, 0, ..., 0︸ ︷︷ ︸

Pk−n

]T k = 1, 2, (28)

k denoting the other filter’s index, which is 2 if k = 1
and 1 if k = 2.

A similar derivation for the derivative with respect
to the second process’ filter coefficients h2[n] yields:

h̀I
2[n] =

N∑

i=n+1

H̀i,i−n . h̀II
2 [n] = ỳT Xh̃n

1 . (29)

5. SIMULATION RESULTS

To demonstrate the attainable separation, we applied
the proposed algorithm to a mixture generated as fol-
lows. First, we generated each innovation process sk[n]
(k = 1, 2) as a product of an independent, identically
distributed (iid) Bernoulli process (taking the values
1, 0 with probabilities ρk, 1 − ρk, resp.) with an iid
zero-mean Gaussian process with variance σ2

k. We used
ρ1 = ρ2 = 0.1 and σ2

1 = σ2
2 = 1. The generated se-

quences are shown in Figure 1. Then, these sequences
were used for generating the sources xk[n] (k = 1, 2)
by applying the difference equation (2) with AR orders
P1 = P2 = 2, with AR coefficients set such that A1(z)
has its poles at 0.9 · e±jπ/6 and A2(z) has its poles at
0.98 · e±jπ/3. The resulting signals and their sum x[n]
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Figure 1: The innovation sequences (solid) and their
sparsity-based estimates (dotted) (the two plots are nearly
indistinguishable).
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Figure 2: The generated AR sources and their mixture.

(from which they need to be estimated) are shown in
Figure 2. The observation interval’s length is N = 256.

We first applied the “classical” approach described
in Section 3, and obtained initial estimates of the AR pa-
rameters (as well as estimates of the separated sources).
The AR estimates were used as the initial guess for our
sparsity-based algorithm. As shown in Table 1, the
accuracy in estimating the poles was significantly im-
proved by this algorithm.

Table 1: AR parameters and poles estimation

True MYW est. `1-norm est.

x1[n]

a1 -1.5588 -1.6275 -1.5589
a2 0.8100 0.8705 0.8101
|p1,2| 0.9000 0.9330 0.9000
∠p1,2 ±π

6 ±0.9763π
6 ±1.0001π

6

x2[n]

a1 -0.9800 -0.9868 -0.9799
a2 0.9604 0.9691 0.9605
|p1,2| 0.9800 0.9844 0.9801
∠p1,2 ±π

3 ±0.9987π
3 ±1.0001π

3

The errors in the separated signals are shown in Fig-
ure 3, comparing our sparsity-based separation error to
the error attained by the “classical” Wiener separation
(based on the MYW AR parameters estimate). The
time-averaged square error was 0.0879 for the Wiener
separation, and 9.15·10−9 for the sparsity-based separa-
tion (for both signals; note that since the sum of outputs
must equal x[n], the estimation error signals are “mirror
images” of each other, so their averaged squared values
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Estimation errors: x
1
[n]

 

 
sparsity−based
Wiener−based
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Figure 3: The estimation errors in x1[n] and in x2[n] at-
tained by the Wiener-based and sparsity-based approaches.

are the same).

6. CONCLUSION

We demonstrated, as a “proof of concept”, the ability
to obtain good separation results for a single mixture of
AR sources of unknown parameters, based solely on the
assumption that their innovation sequences are sparse.
Such AR processes are generally not sparse in the time-
domain, frequency-domain or in classical time-frequency
or wavelet-decomposition domains. Nevertheless, they
each admit a sparsifying linear transformation (by FIR
filtering), however the parameters (filter coefficients) of
these transformations are unknown in a blind, untrained
scenario. Our approach enables joint estimation of these
parameters together with the `1-norm based separation
process, without a need for a training stage.

Statistical characterization of the performance, as
well as computational and convergence issues and
additive-noise effects, are still under study.
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ABSTRACT
We present an adaptive version of the greedy least squares
method for finding a sparse approximate solution, with fixed
support size, to an overdetermined linear system. The infor-
mation updated at each time moment consists of a partial or-
thogonal triangularization of the system matrix and of partial
scalar products of its columns, among them and with the right
hand side. Since allowing arbitrary changes of the solution
support at each update leads to high computation costs, we
have adopted a neighbor permutation strategy that changes
at most a position of the support with a new one. Hence, the
number of operations is lower than that of the standard RLS.
Numerical comparisons with standard RLS in an adaptive
FIR identification problem show that the proposed greedy
RLS has faster convergence and smaller stationary error.

1. INTRODUCTION

The interest in adaptive algorithms dedicated to sparse FIR
filters started about a decade ago [6], the main application
being echo cancellation. There are at least two types of ap-
proaches. The first, illustrated by [9, 10, 12] among others,
tries to use techniques that traditionally belong to field of
adaptive filters in order to decide what filter coefficients are
nonzero and hence should be updated. The second line of at-
tack, to which this paper belongs, uses ideas from the devel-
oping topic of sparse approximations. Before reviewing the
literature, let us first state the problem. The aim is to find re-
cursive least-squares (RLS) solutions to the overdetermined
system

Atxt ≈ bt (1)

wheret ∈ N is the current time; the matrixAt ∈ R
t×N and

the vectorbt are given. We want sparse solutions, namely
vectorsxt with at mostM nonzero elements, whereM ∈ N

is given, such that, ideally,‖bt −Atxt‖2 is minimized. In a
time-varying environment, a forgetting factorλ ≤ 1 is used
and, at each timet, the given part of (1) is built by

At =

[ √
λ ·At−1
aT

t

]

, bt =

[ √
λ ·bt−1

bt

]

, (2)

the vectorat ∈R
N and the scalarbt depending on data avail-

able at timet.
For illustration, we consider the standard identification

problem of the FIR system (channel) defined by

d(t) =
N−1

∑
i=0

h̃iu(t− i)+ η(t), (3)

Work supported by Tekes FiDiPro program. B.Dumitrescu is onleave
from Department of Automatic Control and Computers, ”Politehnica” Uni-
versity of Bucharest.

whereu(t), d(t), η(t) are the input, output and noise signals,
respectively; the true coefficientsh̃i are not available. Given
the input and output signals, the aim is to find a best fit model,
i.e. the filterH(z) = ∑N−1

i=0 hiz−i , having at mostM nonzero
coefficients, that minimizes the RLS criterion

J(t) =
t

∑
τ=1

λ t−τ |e(τ)|2, (4)

where

e(t) = d(t)−
N−1

∑
i=0

hiu(t− i) (5)

is the estimation error. In this context, the data appearingin
(2) are

at = [u(t) u(t−1) . . . u(t−N+1)]T , bt = d(t). (6)

In this paper, we present an adaptive version of the greedy
LS algorithm [3] (named also forward regression for subset
selection) for solving (1). In signal processing literature, the
algorithm is known as optimized orthogonal matching pur-
suit [11]. This algorithm (reviewed in section 2) selects the
nonzero elements of the solution one by one, at each step
choosing the position that mostly decreases the LS residual;
it gives typically better results than matching pursuit (MP)
and orthogonal MP (OMP), but has a higher complexity.
Adaptive versions of MP and OMP are given in [5] and [8],
respectively; however, the latter paper does not gives imple-
mentation details, simply stating that (1) is solved via OMP.
The alternative to greedy algorithms in the field of sparse
approximation is the use of a lasso criterion, in which the
(weighted) term‖h‖1 is added to the criterion (4) in order to
force a sparse solution. This is the technique used in [1, 2].
(A similar idea is employed with an LMS criterion in [4, 7].)

The challenge of such algorithms is to have better perfor-
mance (lower stationary error, shorter adaptation time) than
the standard RLS algorithm, with lower computation com-
plexity. The difficulty is that not only the coefficients of the
filter have to be adapted, but also its support. Our algorithm
(presented in section 3) achieves low complexity by letting
the support change withat mostone position at each time
t. This constraint is not likely to reduce performance, since
anyway the RLS algorithm is unable to react instantly to sud-
den changes in the channel. Numerical evidence presented in
section 4 confirms our claims.

2. GREEDY LS ALGORITHM

The greedy least squares algorithm finds a sparse approx-
imate minimizerx ∈ R

N to ‖b−Ax‖2, with A ∈ R
T×N,

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1484



by selecting a subsetΦM of M columns ofA (named ac-
tive columns) and then minimizing‖b−ΦMz‖2. The vector
z contains the nonzero elements ofx, whose positions are
those of the columns fromΦM in A. The algorithm works
iteratively, starting withΦ0 = /0 and, at each stagek, adding
to Φk−1 the column minimizing the residual‖b−Φkζ‖2,
i.e. greedily finds the best LS solution toΦkζ ≈ b, given
that the firstk−1 columns ofΦk are those fromΦk−1. The
algorithm can be implemented using basically an orthogonal
triangularization with column pivoting, see also [3, sec. 4.3].

Algorithm GreedyLS
Input: A ∈ R

T×N, b ∈ R
T , M

0. p = [1 2 . . . N]
1. for k = 1 : M
1.1. j = arg max

ℓ=k:N
|A(k : T, ℓ)Tb(k : T)|/‖A(k : T, ℓ)‖

1.2. Swap columnsk and j of matrixA. Swappk↔ p j .
1.3. Find Householder reflectorUk that zeros thek-th

column ofA below the diagonal.
1.4. PutA←UkA, b←Ukb.
Output: the solution of the upper triangular systemA(1 :

M,1 : M)z = b(1 : M). The nonzero elements of the solution
arex(p(i)) = z(i), for i = 1 : M.

At iterationk, pivoting in step 1.2 ensures that the active
columns are in the firstk positions, their initial indices be-
ing stored in the firstk positions of the permutation vector
p; although the algorithm can be implemented without actu-
ally permuting the matrix, we use explicit permutations for
the sake of simpler presentation. Step 1.1 finds what column
should be added to the set of active columns by comparing
normalized scalar products between orthogonal projections
of the inactive columns ofA on the subspace(ImΦk−1)

⊥

(the orthogonal complement of the subspace spanned by the
active columns) with the current residual (this step could be
implemented more efficiently, but the presented form helps
further explanations). Initially, the residual is equal tob. The
orthogonal triangularization process ensures that the projec-
tions of the inactive columns on(ImΦk−1)

⊥ and the current
residual are obtained by simply ignoring the firstk−1 rows
of the currentA andb.

3. GREEDY RLS

We want now to give a recursive version of the greedy LS al-
gorithm, that, at timet, uses in an efficient manner the current
information (6) to produce an updated sparse LS solution to
system (1). The challenge is that not only the coefficients
of the solution may change, but also the support. We stress
that, once a support is chosen (in a way that can never be
guaranteed to be optimal), we want to compute the exact LS
solution with that support.

Let us assume that, before the data available at timet are
considered, a greedy LS algorithm has been run onAt−1,
bt−1. The algorithm may differ from that presented in sec-
tion 2 in the selection of the active columns, but is otherwise
identical. We denote hereA andb the output of the algo-
rithm, with

A =

[

R
0 F

]

, b =

[

c
g

]

}M
} t−1−M

︸︷︷︸

M
︸︷︷︸

N−M

(7)

The (fat) upper triangular matrixR ∈ R
M×N is A(1 : M,1 :

N) and the vectorc ∈ R
M is b(1 : M); they correspond to

”present” information. The firstM columns ofR are the
active ones, while the others are inactive. We assume that a
vectorp is available, containing a permutation of 1 :N, the
first M positions being the indices of the active columns. The
remaining rows ofA andb represent the ”past”, which is not
stored completely. Instead ofF andg, we have access (and
store) only the scalar products of columns (projected on the
current(ImΦM)⊥) with the residual

s = A(M +1 : t−1,1 : N)T ·b ∈ R
N

and the scalar products between columns

Ψ = A(M +1 : t−1,1 : N)T ·A(M +1 : t−1,1 : N).

We note that the firstM elements ofs are zero (the other
being equal toFTg) and thatΨ is a symmetric matrix
whose firstM rows (and columns) are zero (the lower right
(N−M)× (N−M) block isFTF); we will take this into ac-
count only when computing updating costs, but not for pre-
sentation. So, these scalar products correspond to the pastof
inactive columns. (The active columns have no past.)

We aim to design a greedy RLS algorithm in which the
information that is available and that will be updated at time
t consists of the variablesp, R, c, s andΨ. The nonzero
elements of the LS solution at timet are those of the solution
of the upper triangular systemR(1 : M,1 : M)z = c.

3.1 Update without permutation

Let us first discuss the case when the active set is not
changed, hence the permutationp is conserved at timet.
Similarly to (2), we append a new row toR andc by

R←
[ √

λ ·R
aT

t (p)

]

, c←
[ √

λ ·c
bt

]

, (8)

whereat (p) is the vectorat permuted according top, e.g.
the vector from (6) becomes[. . . u(t− pi +1) . . .]i=1:N. Due
to the arrow structure of the matrix, the triangular form can
be restored using Givens rotations, applied to bothR and
c. Finally, before retaining only the firstM rows ofR and
c, the last row must be used for updating the inactive scalar
products. The complete algorithm is the following.

Algorithm Nopermutationupdate
1. for k = 1 : M
1.1. Compute Givens rotationGk that zerosR(M+1,k).
1.2. PutR←GkR, c←Gkc.
2. Updates← λs+R(M +1,1 : N)Tc(M +1)
3. Ψ← λΨ+R(M +1,1 : N)TR(M +1,1 : N)
4. Delete rowM +1 of R andc
The current nonzero coefficients are given by the solution

of the upper triangular systemR(1 :M,1 :M)z = c. We note
that the multiplications in step 1.2 affect only rowsk and
M + 1, hence the cost of triangularization isO(MN). The
other expensive task is the update in step 3, whose cost is
3/2 · (N−M)2 operations (an operation is either an addition
or a multiplication).

3.2 Update with neighbor permutation

If, at time t, we allow all columns to compete for the first
M positions, the computational costs become very high. The
triangular form ofR may be completely destroyed by per-
mutations and its restoration (whose details are not yet clear,
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Figure 1: MatrixR during the first stage of orthogonal trian-
gularization with permutation (M = 3, N = 5).

since when an inactive column becomes active, the ”past”
information from the scalar productss andΨ must be taken
into account) requires at leastO(M2N) operations. Although
not yet discussed, the update of the scalar productss andΨ
should also be more complex than in the no permutation case.

However, it is unlikely that the changes in the system
structure are very sudden. Even if they are, the RLS algo-
rithm cannot react instantly. So, instead of allowing the per-
mutationp to change completely at each timet, we propose
the following strategy:
• for each positionk = 1 : M − 1 we let compete only

columnsk andk+1; so, the permutations that may occur
are only between neighbors in the active set;
• for the last active position (M), we allow all columns (po-

sitionsM to N) to compete; so, at most a single active
column (presumably the one with the least contribution
in decreasing the residual) may be replaced by an inac-
tive one.

Moreover, this permutation strategy needs not be applied at
each timet, but only at multiples of a small integerτ0; slower
changes in the system allow a largerτ0.

We discuss now the operations required by the neigh-
bor permutations. For illustration, consider the case of the
first two columns, detailed in Figure 1. Diagram (a) shows
the matrixR for M = 3, N = 5, after appending the row
µ = M + 1 corresponding to the data considered at timet;
nonzero elements are represented with×. If the first two
columns are swapped, the shape (b) is obtained (the nonzero
elements affected by the change are denoted by∗). Tri-
angularization in the first column implies the use of two
Givens rotations: the first zeros the element in position(2,1)
and produces the matrix (c), while the second zeros element
(µ ,1) and produces the desired structure (d). If no permuta-
tion is necessary, then one goes directly from (a) to (d) like
in algorithmNo permutationupdate.

The decision to permute two columns ofR is based on
on their norms and on their scalar products withc (see step 1
of algorithm GreedyLS). This implies only few operations,
as only two or three nonzero elements are involved in the
computation. So, the cost of the triangularization of the first
M−1 active columns is at most twice the cost of the triangu-
larization part of algorithmNo permutationupdate, i.e. still
O(MN). The following algorithm results.

Algorithm Neighborpermutations
1. for k = 1 : M−1
1.1. Denoteρ1 = [R(k,k) 0 R(µ ,k)]T

1.2.ρ2 = [R(k,k+1) R(k+1,k+1) R(µ ,k+1)]T

1.3. γ = [c(k) c(k+1) c(µ)]T

1.4. If |ρT
1 γ|/‖ρ1‖< |ρT

2 γ|/‖ρ2‖
1.4.1. Swap columnsk andk+1 ofR. Swappk↔ pk+1.
1.4.2. Compute Givens rot.̂Gk that zerosR(k+1,k).
1.4.3. PutR← ĜkR, c← Ĝkc.

1.5. Compute Givens rotationGk that zerosR(µ ,k).
1.6. PutR←GkR, c←Gkc.

3.3 Selection of last active column

After the triangularization with neighbor permutation of the
first M−1 columns, all remaining columns compete for the
M-th position, the last active one. The best column is that for
which the quantity

α(ℓ) =
|R(M, ℓ)c(M)+R(µ , ℓ)c(µ)+ s(ℓ)|

√

R(M, ℓ)R(M, ℓ)+R(µ , ℓ)R(µ , ℓ)+Ψ(ℓ,ℓ)
(9)

is maximum (withℓ = M : N). The numerator accounts for
the scalar product of columnℓ with the residual. Due to
the orthogonalization process in the firstM−1 columns, the
”present” contributes only with rowsM and M + 1 of R,
while the ”past” part of the product is completely contained
in s. Similarly, the denominator of (9) is the squared norm of
columns, for which the past is stored on the diagonal ofΨ.
The cost of the decision is onlyO(N−M) operations.

After permuting the best column in positionM, we have
to zero it below the diagonal with orthogonal transforma-
tions. ElementR(M + 1,M) can be zeroed with a Givens
rotation, which affects only the last two rows ofR andc,
as in the last iteration of algorithmNo permutationupdate.
However, if an inactive column became active, the whole
past must be zeroed. In (7), a column ofF was swapped
with columnM, which was zero. To make it zero, we need a
Householder reflector. Let us first review the basic operations
associated with a Householder reflector

U = I− (uuT)/β ,

defined by the vectoru ∈ R
m and the scalarβ .

Given a vectory ∈ R
m, the reflector that zeros all ele-

ments of the vector excepting the first is computed by the
operations

1. σ = sgn(y(1))
√

∑m
i=1y(i)2 =

sgn(y(1))
√

y(1)2 +y(2 : m)Ty(2 : m)
2. u(1) = y(1)+ σ , u(i) = y(i) for i = 2 : m
3. β = u(1)σ
The first element ofUy is−σ (the norm is conserved by

an orthogonal transformation).
If the reflectorU is multiplied with another vectorw,

then, taking into account that

w̃ = Uw = w− (uTw/β )u,

the computation of ˜w is performed by
1. θ = uTw/β = (u(1)w(1)+u(2 : m)Tw(2 : m))/β
2. for i = 1 : m
2.1. w̃(i)←w(i)−θu(i)
Returning to our problem, we work with (virtual) vec-

tors of unknown size, whose first element is that on rowM
of R (or c), which is known, and whose other elements are
columns ofF (or g), which are not directly available. The
vectory corresponds to columnM andw to any of the inac-
tive columns (or the right hand side of the linear system). We
note from both above algorithms that the computation of the
reflector and of the value ˜w(1) depend only on scalar prod-
ucts involving the unknown part (indices 2 :m) of the vectors
u (equal toy for these indices) andw. Hence, it is possi-
ble to compute the Householder reflector zeroing the past of
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the newM-th column and the element ˜w(1) using only the
information from the scalar productsΨ ands.

Finally, we have to update these scalar products. Let
w̃1 = Uw1, w̃2 = Uw2. Since multiplication with an or-
thogonal matrix conserves the scalar products, it results that

w̃1(2 : m)Tw̃2(2 : m) = w1(2 : m)Tw2(2 : m) (10)
+w1(1)w2(1)− w̃1(1)w̃2(1)

and hence the update of the scalar products can be com-
puted. Aggregating all information developed in this section,
we obtain the following algorithm.

Algorithm Lastactivecolumn
1. Puts← λs, Ψ← λΨ
2. j = argmaxℓ=M:N α(ℓ), see (9)
3. Swap columnsM and j of R. SwappM↔ p j , s(M)↔

s( j). Swap rows and columnsM and j of Ψ.
4. Compute Givens rotationG that zerosR(µ ,M).
5. PutR←GR, c←Gc.
6. σ = sgn(R(M,M))

√

R(M,M)2 +Ψ(M,M)
7. u(1) = R(M,M)+ σ , β = u(1)σ
8. SavevT = R(M,1 : N), γ = c(M)
9. R(M,M)←−σ
10. fork = M +1 : N
10.1.θ = (u(1)R(M,k)+Ψ(M,k))/β
10.2.R(M,k)←R(M,k)−θu(1)
11. θ = (u(1)c(M)+ s(M))/β
12. c(M)← c(M)−θu(1)
13. s← s+vγ−R(M,1 : N)c(M)+R(µ ,1 : N)c(µ)
14.Ψ←Ψ+vvT −R(M,1 : N)R(M,1 : N)T

+R(µ ,1 : N)R(µ ,1 : N)T

15. Delete rowµ of R andc
The most complex operation is the update of the scalar

products, requiring about 7/2(N−M)2 operations.

3.4 Initialization

Adding a regularization termδλ t‖h‖22 to the criterion (4)
amounts to the initializationA0 =

√
δIN, b0 = 0N×1. Hence,

we initialize the diagonal elements ofR with
√

δ and the
lower N−M diagonal elements ofΨ with δ , while c ands
are initialized with zero.

3.5 Review of the complete algorithm

The input parameters of the algorithm are the maximum de-
gree of the filterN, the maximum number of nonzero coef-
ficients M, the forgetting factorλ , the permutation update
lag τ0 and the regularization constantδ . The variablesR, c,
Ψ ands are initialized as above andp = [1 2 . . . N]. The
operations performed at timet are the following.

First, form (8). Ift is not a multiple ofτ0, no permutation
is performed and hence algorithmNo permutationupdate
is run. If t is a multiple of τ0, the algorithmsNeigh-
bor permutationsandLast activecolumnare run in succes-
sion.

The number of operations is
(

3
2

+
2
τ0

)

(N−M)2 +O(MN).

For comparison, the standard RLS algorithm requires about
6N2 operations for a filter of lengthN.
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Figure 2: A priori squared estimation error forM = 12.
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Figure 3: Squared coefficient error forM = 12.

3.6 Further algorithmic developments

Until now we have considered the numberM of nonzero co-
efficients to be fixed. However, it can be easily increased
or decreased by 1 at each timet. DecreasingM can be im-
plemented by putting columnM in the inactive set, after the
permutations of the active columns; rowM of R andc is
used to update the scalar productsΨ ands and then deleted.
IncreasingM is done by running an algorithm in the style of
Last activecolumnfor the selection of the(M + 1)-th col-
umn, which is then added to the active set; rowM +1 is ap-
pended toR andc. However, the difficulty lies in a method
to decide whenM should be changed. The decision can be
based on the norms of the residuals resulting from the differ-
ent choices ofM, which can be computed easily in the con-
text of the proposed algorithm (although not detailed here).
These issues are left for further research.

4. NUMERICAL RESULTS

To test the performance of the proposed algorithm, we have
used the following setup. The input-output data from (3)
are generated withu(t) ∈ N (0,1) and η(t) ∈ N (0,σ2);
we report forσ2 = 0.01, but similar results were obtained
for other values; the filter̃H(z) has a lengthN = 200 and
M̃ = 6 nonzero coefficients, in randomly chosen (uniformly
distributed) positions; the coefficients are generated from
N (0,1), then their vector normed to 1. The first 1000 out-

1487



0 200 400 600 800 1000 1200 1400 1600 1800 2000

10
−2

10
−1

10
0

RLS

G−RLS

SI−RLS

Time (t)

A
 p

rio
ri 

sq
ua

re
d 

es
tim

at
io

n 
er

ro
r

Figure 4: A priori squared estimation error forM = 6.
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Figure 5: Squared coefficient error forM = 6.

put samples are generated with a filter, the next 1000 with
another one; this corresponds to a sudden change in the chan-
nel. We report results for 1000 runs of the algorithms (dif-
ferent filters generated at each run). We compare three RLS
algorithms: our greedy algorithm (G-RLS), the standard one
with full support of sizeN (unaware of sparsity, named sim-
ply RLS) and the standard one on a support of sizeM con-
taining the trueM̃ positions and otherM− M̃ random ones
(named SI-RLS,sparsity informed RLS). The forgetting fac-
tor is λ = 0.99 for all algorithms.

We take firstM = 12, i.e. a value that is larger than the
true one. The a priori squared output estimation error (5)
(averaged over the 1000 runs) is shown in Figure 2. It is vis-
ible that G-RLS converges more quickly than RLS and has a
better stationary error (hence better misadjustment), closer to
that of SI-RLS. The squared estimation error averaged over
the last 100 samples is 2.22· 10−2 for RLS, 1.22· 10−2 for
G-RLS and 1.07·10−2 for SI-RLS; this translates into a gain
of about 5.25 dB of G-RLS over RLS. G-RLS was run with
δ = 0.5; larger values tend to slow the convergence, while
smaller values tend to increase the error in the first samples.
The time lagτ0 for performing permutations wasτ0 = 2;
increasingτ0 to 5 only slightly slows the convergence; for
τ0 = 10, the G-RLS algorithm still tracks faster than RLS.
Figure 3 shows the mean square error of the coefficient vec-
tor ‖h− h̃‖2 (whereh̃ ∈R

N is the vector of true filter coeffi-

cients, with‖h̃‖= 1, andh the estimated one, with zeros in
the inactiveN−M positions for G-RLS and SI-RLS).

A second round of experiments was performed changing
only the support size toM = 6, i.e. to the true value. The
squared estimation and coefficient errors are shown in Fig-
ures 4 and 5. The squared estimation error averaged over the
last 100 samples is 1.04·10−2 for G-RLS and 1.03·10−2 for
SI-RLS. The performance of G-RLS is much closer to that
of SI-RLS, compared to the caseM = 6. Occasionally, G-
RLS loses track of the true support, which explains the worse
steady-state behavior compared with SI-RLS. This happens
only if the filter has some small coefficients. Imposing a suf-
ficiently large threshold on the coefficients, e.g.|h̃i | ≥ 0.05,
leads to identical steady-state responses of G-RLS and SI-
RLS.
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ABSTRACT 

 Discrete Wavelet Transform (DWT) and its generaliza-

tion, Wavelet Packets (WPs) have acquired central position 

for signal representation. DWT provides good compaction 

for low pass signals only. On the other hand WPs offers 

good approximation property for arbitrary signal but the 

associated computational cost of finding an optimal WP 

basis is quite high. In this paper, we introduce a signal 

conditioning based modulated wavelet transform. The pro-

posed transformation provides better approximation per-

formance than that offered by DWT for signal with arbi-

trary spectra, which can be used in signal approximation, 

compression, de-noising etc. The proposed transformation 

in its original form requires computation of signal parity 

information for which a fast algorithm is proposed. The 

proposed transform can be implemented efficiently similar 

to wavelet transform. Simulation results to demonstrate the 

improved approximation performance are also provided. 

1. INTRODUCTION AND MOTIVATION 

In the last two decades the wavelet transform has become a 

vital tool for signal representation and processing [1] - [4]. 

The multiresolution features, embedded in the wavelet trans-

form, are typically suited for a variety of applications, such 

as, including among others, signal approximation, analysis, 

compression, coding, storage and transmission [5] - [9]. It 

provides good compaction  for signals which are low pass in 

nature. But the signal in practice can have arbitrary spectra 

[1] - [3], [10]. The DWT being a fixed transform is typically 

suited for low pass signals.  At the same time efficient algo-

rithm exits for their fast implementation, which not only rely 

on divide and conquer strategy but also on the other features 

like structured basis etc. [11] - [14]. Wavelet packets [15] - 

[19] are an elegant generalization of wavelets transformation 

and provide flexible subband decomposition for arbitrary 

signal. The process of selecting the best basis for a particular 

signal, for compactly representation, is computationally very 

intensive [17] - [19]. Hence, the issue of representing a sig-

nal having arbitrary spectra with improved compaction 

property and at reduced computational cost remains impor-

tant. 

In this article, a novel signal conditioning transformation is 

introduced based on the spectra of the given signal. Based 

on this a modification of DWT is presented with improved 

approximation performance. Compared to DWT, resulting 

transformation is an adaptive transformation and provides 

improved approximation performance for arbitrary signal. 

The signal conditioning information is compactly described 

by a parameter called signal parity, which is computational 

intensive activity. This limitation is addressed through a 

computationally efficient algorithm to find signal condition-

ing information based on the signal spectra. In this paper 

these topics will be described in the same order.  

2. SIGNAL CONDITIONING BASED WAVELET 

TRANSFORM 

Let x[n]  l2(Z) be a given discrete time deterministic 

signal having arbitrary spectra. The J level decomposition 

by a DWT of x[n] results in approximation space, VJ and 

detailed spaces WJ, WJ-1, WJ-2, … , W1. The role of each 

stage of DWT decomposition is to compact the signal ener-

gy in few coefficients, and the emphasis has been on the 

decomposition low frequency bands, as shown in Fig. 1. If 

after j stages of decomposition, the signal in Vj has more 

energy in high frequency band than in the low frequency 

band, then on further decomposition, Vj+1 space will have 

less signal energy compared to that in Wj+1. Hence, further 

decomposition of Vj+1 space, which has less signal energy 

compared to that in Wj+1, would not provide any additional 

energy compaction. That is further efficiency in terms of 

approximation performance will not be achieved, and hence 

further decomposition of Vj as such is not required. With 

these considerations in mind, we propose a signal condi-

tioning transformation, which ensures better decorrelation 

at each stage of signal decomposition. In the following sub-

sections we introduce a modification of DWT based on the 

concept of signal conditioning [20], which provides an al-

ternate and an efficient non-linear representation for signals 

with arbitrary spectra. 
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Figure 1 – Vector space for J-band decomposition by DWT in 

frequency domain. 
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2.1 Signal Conditioning 

Let X(e
j

) be the discrete-time Fourier Transform of the 

signal x[n]. We define two parameters, namely, Low Pass 

Signal Energy (LPSE) and High Pass Signal Energy 

(HPSE) as follows:  
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We propose and define the following signal conditioning 

transformation aT  for the given signal as: 















HPSELPSEif],n[x)1(

HPSELPSEif],n[x
])n[x(T]n[y n

a , (3) 

where, the superscript „a‟ is used to denote the signal condi-

tioning for analysis side. In the first case, in (3), the signal 

conditioning transformation is an identity transformation, 

and the signal y[n] becomes a low pass signal. For the sec-

ond case, taking discrete time Fourier transform of both 

sides, we get  







n

njnj e]n[x)1()e(Y 
)e(X )(j  .  (4) 

where, we have used the fact that 1je . Hence the sig-

nal is transformed to low pass again. In the z-domain, the 

transformation in (3) becomes: 















HPSELPSEif),z(X

HPSELPSEif),z(X
))z(X(Ta .  (5) 

That is, irrespective of the type of signal, the conditioning 

transformation always transforms the given signal into a 

dominantly low pass signal.  

Based on this conditioning transformation, we propose a 

modification of DWT transform. Let the embedded DWT in 

the proposed transformation is implemented by J stages of 

perfect reconstruction (PR) filter bank, where analysis and 

synthesis filter pairs are  )n(h),n(h 10  and  )n(g),n(g 10  

respectively. Here, )n(g),n(h 00  are low pass filters and 

)n(g),n(h 11  are high pass filters respectively. We propose 

one stage of conditioning based modulated wavelet trans-

formation as a stage of signal conditioning followed by de-

composition by a stage of DWT. The signal - conditioning 

step ensures that the signal corresponding to low pas filter-

ing path has more signal energy compared to that in the high 

pass filtering path. Then for better decorrelation, it is mean-

ingful to apply the next stage of decomposition on the low 

pass filtering path. We call the proposed transformation as 

Spectral Density Driven Wavelet Transformation 

(SDDWT). The resultant complete signal conditioning 

based J level SDDWT decomposition tree is as shown in 

Fig. 2(a), where, 
a
jT , is the signal conditioning transforma-

tion at the j-th stage of decomposition by the proposed 

SDDWT. This process leads to decomposition of the signal 

in vector sub spaces VJ
’
 and Wj

’
 for j = 1 to J. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The reconstruction process takes into account the signal 

conditioning and provides for the synthesis filter bank pair 

of a stage of DWT followed by a synthesis signal condition-

ing transformation s
jT  at each stage of reconstruction. The 

signal conditioning at the j-th stage of reconstruction is de-

fined in terms of signal conditioning at the j-th stage of de-

composition a
jT  as follows: 
















otherwise,radiansbyspectraofChange

,tiontransformaidentityisTif,Identity
T

a
js
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 (6) 

 That is, the transformation s
jT  at j-th stage of reconstruc-

tion is same as that at the stage j of analysis tree and does 

not depend on the statistics of the transform coefficients, i.e. 

it is an identity if the a
jT  at that level of decomposition is 

identity and frequency shifting otherwise. The signal recon-

struction process by the synthesis tree is shown in Fig. 2(b). 

For J-level SDDWT based decomposition, we need to 

compute signal-conditioning information J times. This in-

formation is compactly represented by a parity vector p of 

the decomposition, which we define as follows: the j-th com-

ponent‟s value, p(j) is „1‟ if the signal conditioning transfor-

mation 
a
jT  is frequency shifting and „0‟ if 

a
jT  is identity at 

the j-th level i.e. 














)j(HPSE)j(LPSEif1

)j(HPSE)j(LPSEif0
)j(p .    (7) 

Here LPSE(j) and HPSE(j) are the signal energies, in the low 

pass and high pass bands, respectively, before the  j-th  level 

of decomposition as defined by (1) and (2). The proposed 

scheme for the J level of decomposition is as shown in Figs. 

2(a) and 2(b).  This is the only extra cost compared to DWT. 

In a number of applications, we would like infer something 

about signal using a subset of information. In wavelet repre-

sentation this role is played by signal corresponding to VJ 

space. This signal provides the „average‟ information about 

signal. This is particularly good for signals which are low 

pass and not for others. We call the signal corresponding to 

subspaces VJ
’
 as „representative signal‟ as it is representative 
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Figure 2(a) – SDDWT decomposition tree for J-stages 

SDDWT. 
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of the given signal independent of the spectra. This is be-

cause, irrespective of type of given signal, this subspace car-

ries more energy per coefficient. This has been ensured be-

cause of signal conditioning. Figure 3 shows 4-level decom-

position of frequency plane for parity p = [0 1 0 1]. Note the 

corresponding emphasis on the particular band. 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2 Properties of DWT 
The proposed SDDWT transform has a number of positive 

features.  The fundamental difference between the DWT and 

the proposed SDDWT is that while DWT is blind to signal 

characteristics, the SDDWT is an adaptive transformation 

and utilizes the spectral information of the signal at each 

stage of decomposition for decorrelation. That is, it is able to 

provide better or equal approximation performance when 

compared to DWT. Signal conditioning is an integer, unary 

transformation, which is particularly important attribute 

from implementation point of view; the complete SDDWT 

scheme is invertible as the filter bank is also assumed to 

have perfect reconstruction (PR) property. The complete 

specification of the SDDWT decomposition requires the 

information about the SDDWT coefficients along with the 

parity information. The SDDWT also keeps the nice proper-

ties like successive approximation, structured basis, and 

computational regularity etc. of the conventional DWT in-

tact. Hence, existing fast algorithm for DWT implementa-

tion in software or hardware can be also used for SDDWT 

implementation. 

3. FAST SIGNAL PARITY COMPUTATION 

ALGORITHM 

The computation of parity at each stage of decomposition is 

the additional computational burden of the proposed trans-

formation. Hence, it is clear that any computationally effi-

cient scheme for the implementation of SDDWT would 

hinge upon the scheme to find signal parity information. To 

this effect, we propose an algorithm for efficiently comput-

ing the parity information, leading to an efficient implemen-

tation of SDDWT. 

Let x[n] be a given signal of length Ns and let )z(X  and 

)e(X j  respectively, be the z-transform and discrete time 

Fourier transform of the given signal. Also for the analysis 

filters, )(zH i  and )( j

i eH for i = 0 and 1, be, respec-

tively, the z-transform and discrete time Fourier transform. 

The key insight about the proposed algorithm is obtained by 

observing the dependence of LPSE and HPSE, at each stage, 

on the given signal and the wavelet used for the decomposi-

tion. This algorithm obtains the signal conditioning informa-

tion without doing the actual decomposition at each stage by 

the SDDWT. 

Let Xj(z) be the signal in the low pass path 

after j stages of decomposition by the SDDWT scheme, with  

X0(z) X(z) the original signal. Referring to the Fig. 4, one 

can easily write )(zX j  as: 
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Equivalently, in the frequency domain, the signal at different 

stages is given as: 
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Equation (9) relates the spectrum of the signal at the (j-1)-th 

stage to that of the j-th stage, in the low frequency filtering 

path. Hence using (9), the spectra, and hence the parity can 

be computed for each stage of decomposition, from the 

spectra of the given signal and the analysis side low pass 

filter.  

 

 

 

 

 

 

 

 

Parity Calculation Algorithm 

Step 1: Initialization Evaluate the DFT of the signal as well 

as that of analysis filter h0 at N0 = N+1 equidistant frequency 

points. Here N is chosen as some power of 2, i.e. N=2
q
 , 

where q is greater than the number of stages J of decomposi-

tion i.e. q  J and N  Ns. 

Evaluate 
N

)1k(
)k(





 , for k=1 to N0 and set j=1. 

Also define 1
2

N
N

jj   as the number of frequency points 

after j stage of decomposition. 

Step 2: Calculate the LPSE(j) and HPSE(j), the low pass and 

high pass energy prior to the j-th stage of decomposition, 

using 1jN  frequency points by : 











2/)1N(

1i

2
)i(j

1j

1j

)e(X)j(LPSE  , 

and 




 


1j

1j

N

2/)1N(i

2
)i(j

1j )e(X)j(HPSE  . 

V1
’ W1

’

V2
’W2

’

V3
’W3

’

V4
’ W4

’

0  

M
a
g
n
it

u
d
e
 r

e
s
p

o
n
s
e

V1
’ W1

’

V2
’W2

’

V3
’W3

’

V4
’ W4

’

0  

M
a
g
n
it

u
d
e
 r

e
s
p

o
n
s
e

 
Figure 3 – Vector space for 5-band decomposition in fre-

quency domain by SDDWT with parity p = [0 1 0 1]. 
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Figure 4 – Signal dependence in lowpass filtering path of 

SDDWT decomposition. 
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Then find the parity p(j) using (7) and if j = J then STOP. 

Step 3: Calculation of  )e(H)e)1((X 2/j
0

2/jp

1j
j   for Nj 

points.  

Use the value of )e(HHN )k(j
0k

  for Nj frequency points 

given by 
)1N(2

)1k(
)k(

j 





  for k=1 to Nj. 

Use the value of )e(XXN )k(j
1jk


  evaluated in previous 

stage for Nj frequency points depending on the value of par-

ity p(j). 

If p(j) = 0, then frequency points are given by 

)1N(2

)1k(
)k(

j 





  for k=1 to Nj. 

If p(j) = 1, then the frequency points are given by 

)1N(2

)1k(
)k(
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  for k=1 to Nj. 

Therefore the above expression is evaluated by multiplying 

kk XNandHN for k=1 to Nj. 

Step 4: Calculation of  )e(H)e)1((X 2/j
0

2/jp

1j
j    for 

Nj points. 

Use the value of )e(HHA )k(j
0k

  for Nj frequency points 

given by 
)1N(2

)1k(
)k(

j 





  for k=1 to Nj. 

Use the value of )e(XXA )k(j
1jk


 , evaluated in previous 

stage, for Nj frequency points depending on the parity p(j). 

If p(j) = 0, then for following frequency points are given by 
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  for  k=1 to Nj. 

If p(j) = 1, then the frequency points  are given by 

)1N(2

)1k(
)k(
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  for k=1:Nj. 

Therefore the above expression is evaluated by multiplying 

kk XAandHA for k=1 to Nj. 

Step 5: Evaluate  )XAHA()XNHN(
2

1
)e(X kkkk

)k(j
j   

by (18) for k = 1 : Nj .  Set  j = j+1. And go to step 2. 

 

Computational Complexity and Comments: 
The efficiency, of the algorithm, is primarily due to 

two reasons. Firstly, the algorithm requires only two evalua-

tions of ‘N+1’ point Discrete Fourier Transform (DFT).  

This is a drastic reduction in comparison to direct computa-

tion where DFT‟s of size 1
2

N
N

1j1j 
  point are to be 

computed for each stage ‘j’ from 1 to J. Secondly, as de-

scribed above, the number of DFT points N can be chosen 

much smaller than the signal‟s length Ns. This is because, 

for accurate comparison of LPSE and HPSE at each stage of 

decomposition, LPSE and HPSE need not be absolutely 

accurate. So a small number of DFT points are sufficient for 

these calculations. Further, this choice and (9) dictate that 

the number of frequency points decrease by a ratio of 2, as 

we go from a stage to next. On these two counts, the pro-

posed algorithm provides a computationally efficient and 

fast solution. This is the only additional computational cost 

of proposed scheme, when compared to the conventional 

DWT. Importantly; the cost of reconstruction is same as that 

for DWT. 

4. SIMULATION RESULTS AND DISCUSSIONS 

In this section we present the numerical simulation results to 

compare the performance of the SDDWT with that of DWT. 

Various clippings/frames of real life signals are chosen as test 

signals. The simulations are done on Matlab software. First 

we take up the simulation results to demonstrate the „aver-

age‟ and „representative‟ signal interpretation. In this regard, 

we have chosen a „speech‟ frame as shown in Fig. 5. We have 

taken wavelet „bior 3.5‟ for simulations and did 6 stages of 

decomposition. For this signal, the parity vector is p = [0   0   

0   1   1   1], which shows that even though signal is domi-

nantly low pass at low scale but at higher scale it is deviating 

from the low pass nature. The signal is reconstructed from 

the V6 and V6’  subbands for DWT and for SDDWT respec-

tively. Note that both the bands have the same number of 

coefficients. The PSNR is 7.6277 dB for the „average signal‟ 

and 9.3052 dB for „representative signal‟. Simulation results 

clearly demonstrate that the signal reconstructed from 

SDDWT scheme is a better replica of the given signal than 

from the wavelet scheme.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In Figs. 6(a and b), different frames of speech and music 

clipping from different sources are taken. The approxima-

tion/compaction performance is measured via reconstructed 

signal for a fixed percentage of coefficients (pN) having 

maximum magnitude across all the scales. From the simula-
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Figure 5 – This figure shows the given signal (speech), its magnitude 

spectrum and the average signal and representative signal. J = 6. 

PSNR(dB) for average is  7.6277 dB and for representative is 9.3052 

dB. Parity vector for the signal is p = [0     0     0     1     1     1]. 
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tion results we can clearly see that SDDWT performs better 

than the conventional DWT. The parity vector is calculated 

using the proposed fast signal parity computation algorithm. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. CONCLUSIONS 

In this article, an adaptive SDDWT transform based on a 

new concept of signal conditioning is introduced. The 

SDDWT transform provides much improved approximation 

than the conventional DWT. Larger the deviations from low 

pass nature, better is the approximation performance com-

pared to that for DWT.  The structure of implementing the 

decomposition and reconstruction transformation is similar to 

that of DWT; hence prevalent fast algorithm to implement 

DWT can be used. The signal conditioning information is 

compactly represented by J bits parity vector for J levels of 

SDDWT decomposition and is computed by a fast algorithm. 

Then an important concept of “representative” signal, which 

is a better replica of the given signal, is also given. The pro-

posed transformation can represent signal with arbitrary 

spectra efficiently and hence can be exploited for compres-

sion, de-noising and analysis etc. 
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Figure 6(a) – This figure shows PSNR(db) for different sig-

nal clippings of speech signals for DWT and SDDWT, when 

signal reconstructed from pN percentage of coefficients. 
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Figure 6(b) – This figure shows PSNR(db) for different signal 

clippings of song/music signals for DWT and SDDWT, when 

signal reconstructed from pN percentage of coefficients. 
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ABSTRACT
We propose a new adaptive playout scheme for VoIP. The k-
Erlang distribution is introduced to model the packet inter-
arrival time distribution. A cost function is proposed for
the next played out packet in the buffer based on modelling
packet-arrival times with the k-Erlang distribution. The cost
function essentially balances the average buffering delay and
the packet-loss rate. The optimal playout length of the packet
is determined by minimizing the cost function and realized
by either inserting or dropping pitch cycles from the packet.
Our real-world data experiments show that our scheme out-
performs two reference methods for both low-jitter and high-
jitter cases.

1. INTRODUCTION

In recent years, the usage of internet telephony, commonly
known as VoIP, has expanded rapidly. This service allows
real-time voice communications between computer, mobile
and regular phone. The service requires high transmission
reliability and network stability for good quality. Packet loss
and undesirable varying network delays, known as jitter, are
the two main network impairments. It is known that the
packet loss during transmission directly degrades the speech
quality, and delay variation can introduce either underflow or
overflow [1-4].

To reduce the packet loss ratio, a jitter buffer is com-
monly introduced [1-4] at the receiver side. The jitter buffer
stores incoming packets before playout. A long buffer length
evens out jitter significantly, but it introduces a negative ef-
fect on the conversational interactivity. However, a short
buffer length may be not sufficient to eliminate the jitter. The
problem of designing a proper buffer length is commonly re-
ferred to the playout scheduling problem. The objective of
adaptive playout scheduling is to pursue an optimal trade-off
between packet-loss rate and average buffering delay.

Existing methods for playout scheduling can be classified
into two classes. A segment of speech can be separated into
”talkspurts” and ”silence periods” [1]. The first class only
adjusts the lengths of silence packets, referred as silence-
oriented adjustment. The scheme has the advantage that the
adjustment does not influence the speech quality. However,
when the talkspurts in a speech signal are quite long, the
scheme is not effective for adjusting the buffer length. The
second class of methods adjusts the playout lengths of both
active packets and silence packets [2]. This scheme is re-
ferred to as voice-oriented adjustment. Compared to the first
class, it provides better control of the buffer length. Moti-
vated by this advantage we choose the voice-oriented adjust-
ment for our approach.

In this paper we propose a new playout scheduling
method by using the k-Erlang distribution modelling. The
k-Erlang distribution has been widely used in queuing the-
ory (e.g., Internet traffic modelling) [5] and in mathemati-
cal models for hydrology [9], as well as other fields. It also
has been successfully applied in modelling the packet arrival
process in video transmission [6]. However, in many appli-
cations the buffering delay is less important than a disconti-
nuity in video transmission. Thus, the authors in [6] did not
take delay into consideration explicitly. In contrast, in this
paper we directly focus on balancing the cost of delay and
packet loss rate.

We consider using a k-Erlang distribution to model the
statistics of the inter-arrival time between successive packets.
To our best knowledge, this distribution has not been used
before for playout scheduling of VoIP. The distribution has
the advantage that the jitter level of the packet network delay
can be described accurately. To determine a proper playout
length for the next played out packet in the buffer, a cost
function is proposed. Then the optimal playout length of the
consid-ered packet is determined for this cost function.

The remainder of this paper is organized as follows. Sec-
tion 2 motivates the model of packet inter-arrival time by us-
ing a k-Erlang distribution. Section 3 derives the cost func-
tion to determine the optimal playout length of the consid-
ered packet. Implementation issues are discussed in Section
4. The verification of model and the comparison between
our algorithm and the other two algorithms are in Section 5,
followed by a short conclusion.

2. SYSTEM MODELLING

Speech packets are transmitted periodically from a sender
with a production rate λpac (number of packets per ms). We
denote the production interval time between two successive
packets as T , which is also equal to the length of a packet.
Because of the undesirable time-variation of network delays,
the inter-arrival time at the jitter buffer fluctuates around the
production time T . We denote the inter-arrival time between
packets i and i− 1 as Xi. Obviously, the expected length of
inter-arrival time is E[Xi] = T = 1/λpac. We assume that Xi is
independent and identically distributed (i.i.d), thus enabling
a k-Erlang distribution model of Xi.

In this work, we use a k-Erlang distribution to model the
packet inter-arrival process Xi. It was show in [6] that a k-
Erlang distribution captures the jitter effect better than an ex-
ponential distribution.

The probability density function of a k-Erlang distribu-
tion is

f (t;k,λ ) =
λ ktk−1e−λ t

(k−1)!
t,λ ≥ 0. (1)
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We use Fk(t) to denote the corresponding cumulative distri-
bution function. The parameter k is called the shape param-
eter which is used to represent the jitter level. The parameter
λ is called the rate parameter, which essentially determines
the average packet arrival rate (λ/k = 1/T ).

We choose moment estimation to estimate the parameters
of an Erlang distribution. It is known that the moment esti-
mation method is unbiased in this case [7]. Given a sequence
of inter-arrival time (x1,x2 . . .xn), the moment estimation of
the parameters k̂ and λ̂ is given by

k̂ =
n · x̄2

n

∑
i=1

(xi− x̄)2
, (2)

λ̂ =
n · x̄

n

∑
i=1

(xi− x̄)2
,

where x̄ is the average value of xi, which is approximately
20ms when n is large.

Since a k-Erlang distribution can be obtained as a k-
fold convolution of an exponential distribution, we can in-
terpret the inter-arrival time Xi as a summation of k i.i.d.
exponentially distributed random variables with mean value
T/k. Denote these k variables as Yi j, j = 1,2 . . .k. Then
we have Xi = ∑k

j=1 Yi j. It is immediate that each sequence
Yi j, j = 1,2 . . .k is a Poisson process. Thus, k independent
Poisson processes are coupled to render a k-Erlang distribu-
tion.

The level of network jitter is reflected by the variance
of Xi, i.e.,Var[Xi] = k ·Var[Yi j] = T 2/k. When k is large, the
packet-arrival process has a narrow distribution. On the other
hand, a small k indicates that the distribution is broad. This
means the delay trace exhibits high jitter level. To summa-
rize, the parameter k can be used to describe the jitter level.

3. OPTIMAL PLAYOUT STRATEGY

In this section, a cost function will be constructed. Then,
the optimal playout length of the considered packet will be
derived by minimizing the cost function. Finally, we will
discuss the proper choices of the weighting coefficients in
the cost function.

3.1 Cost function
In this subsection we propose a cost function that reflects the
conversational quality. To build the cost function, we con-
sider three measures that are known to be relevant to the con-
versational quality. The measures are functions of the play-
out length of the next played out packet in the buffer.

We first give motivations for the three measures. Gen-
erally speaking, the underflow risk becomes relatively high
when there is only one packet in the jitter buffer. The human
perceptual system is sensitive to the playout cut-off caused
by underflow. In such situations, it is desirable to extend the
playout length of the packet (to reduce the underflow risk).
On the other hand, the buffering length could become large
at some time due to ”delay spikes”. In this situation, it is
desirable to speed up the playout rate to reduce the buffer-
ing delay. However, delay adjustments introduce distortion
to the speech. Thus, a penalty on the adjustment should also
be introduced into the cost function.

We are now in a position to introduce the three mea-
sures. The first measure, ”expected buffering length”, is a
measurement of the expected buffer length (in ms) after the
current packet is played out. It penalizes long delays that de-
grade conversational quality. The second measure is called
”adjustment distortion”, which measures the distortion in-
troduced to the current packet by extending or compressing
the packet length. The third measure is ”average waiting
time”, which measures the expected time it takes for a new
packet to arrive after the current packet is played out. It is
taken into account only when the current packet is the last
one in the buffer. In this situation, ”average waiting time”
measures the duration of probable underflow.

We now describe these three measures in detail. We de-
rive the analytic expression for each of them by using the
k-Erlang distribution. We denote the number of packets cur-
rently stored in the buffer as npac +1, and the playout length
of the next played out packet in the buffer as Dp.

We first consider the expected buffering length. We know
from the k-Erlang distribution that the packet arrival rate
is λ/k. Thus, the expected number of arriving packets is
λDp/k. There are npac packets left in the buffer in addition to
the current one. The cost should increase non-linearly with
the increasing of npac. Therefore, we define the cost intro-
duced by the expected buffering length as

J1(Dp) =
(

npac ·T +
λDp

k
·T

)2

. (3)

Since λ/k = 1/T , the cost J1 can be simplified to

J1(Dp) =
(
npac ·T +Dp

)2
. (4)

The second measure ”adjustment” is relatively easy to
deal with. We define the cost of buffer-length adjustment as

J2(Dp) =
(
Dp−T

)2
. (5)

The third measure ”average waiting time” is considered
only when one packet is stored in the buffer. It measures
the expected time it takes to wait for the next packet arriving
after current packet is played. We define:

d =
{

0, t < Dp
t−Dp, t ≥ Dp

. (6)

The expectation of the waiting time is thus given as:

E[d] =
∫ ∞

Dp
(t−Dp) · f (t;k,λ )dt (7)

=
k
λ
·
[
1−Fk+1(Dp)

]
−Dp ·

[
1−Fk(Dp)

]
.

Similar to the definition of J1 and J2, we use square of the
average waiting time E[d], to define the third cost

J3(Dp) =
[

k
λ
·
[
1−Fk+1(Dp)

]
−Dp ·

[
1−Fk(Dp)

]]2

.

(8)
It can be viewed as a measurement of the expected underflow
risk.
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Based on the above three introduced measures, a global
cost function can then be proposed. We define the global cost
function as a weighted summation of the above three sub-cost
functions:

J(Dp) =
{

w1 · J1 +w2 · J2 +w3 · J3, onepacket
w1 · J1 +w2 · J2, otherwise (9)

where w1,w2,w3 are the nonnegative weighting coefficients
in the cost function. We will explain how to choose their
values in subsection 3.3. The optimal playout length Dopt is
defined as the one that minimizes the cost function in (9),
expressed as

Dopt = argmin
Dp

J(Dp). (10)

3.2 Minimizing the cost function
In this subsection, we consider the derivation of the optimal
playout length Dopt in (10). We first study the convexity of
the global cost function (9). It is obvious that the two costs
J1 and J2 are convex functions since they have quadratic ex-
pressions.

We now study this convexity of J3. First, we compute the
first and second derivatives of E[d].

∂E[d]
∂Dp

= −
[
1−Fk(Dp)

]
< 0, (11)

∂ 2E[d]
∂D2

p
= f (t;k,λ ) > 0. (12)

By using the chain rule, we arrive at

∂J3

∂Dp
= 2 ·E[d] · ∂E[d]

∂Dp
< 0, (13)

∂ 2J3

∂D2
p

= 2 ·
(

∂ 2E[d]
∂D2

p

)
+2 ·E[d] · ∂ 2E[d]

∂D2
p

> 0. (14)

From (13) and (14), it is immediate that the term J3 is
a convex function over Dp Consequently, J, a nonnegative
weighted sum of convex functions in (9) is convex [8].

We now discuss how to find the optimal value Dopt in
(10). For the case with only one packet in the buffer, the
cost function appears complicated. We use a greedy search
method to find the optimal solution. For the other case, the
global cost function is quite simple. The expression of the
optimal playout length takes the form:

Dopt =
T ·

(
1− w1

w2
·npac

)

1+ w1
w2

. (15)

3.3 Boundaries of the weighting coefficients
In subsection 3.2, the optimal playout length Dopt was de-
rived. We now explain how to choose proper weighting co-
efficients in the global cost function J. Two constraints will
be considered to derive the boundaries of the weighting co-
efficients.

The first constraint is related with reducing the under-
flow risk. Specifically, when there is only one packet in the
buffer, we let Dopt > T . Note that J is a convex function

of Dp. This property guarantees that when Dp > Dopt the
first derivative of J is positive, and when Dp ≤ Dopt, the first
derivative of J is non-positive. Thus, the first derivative of J
at Dp = T is non-positive. In addition, the first derivative of
J2 at Dp = T is zero. Hence, we arrive at:

w3

w1
≥ T

[1−Fk(T )] · [ k
λ · [1−Fk+1(T )]−Dp · [1−Fk(T )]

] .

(16)
We note that Fk(T ) and Fk+1(T ) are the probabilities that a
packet arrives in a packet production period for two different
k values. It is obvious that they are close to 1. In addition,
the ratio k/λ is fully determined by the packet production
rate. Thus, the lower bound of w3/w1 in (16) can be properly
approximated. This is appropriate for any trace.

Next we impose a constraint to find the relationship be-
tween w1 and w2. In the case that more than one packet
is stored in the buffer, the optimal playout length takes the
form (15). We let Dp > Dcont, for a range of npac within
[1,nmax]. The parameter Dcont is a threshold on the playout
length. Considering the extreme case of nmax in (15), we
obtain a lower bound of the ratio between w1 and w2 as:

w2

w1
>

T ·npac +Dcont

T −Dcont
. (17)

By empirical study, we find that nmax = 50 provides good
performance in most cases. Due to the network dynamics,
it might happen that the number of packets in the buffer is
more than nmax. In this situation, the optimal playout length
of the considered packet is then set to be Dcont.

4. IMPLEMENTATION ISSUES

4.1 Implementation of algorithm

In practice, a speech segment usually exhibits periodicity.
Thus, the playout length of the considered packet should be
carefully chosen such that it is close to optimal playout length
Dopt, and the processed speech still preserves periodicity as
before.

In the implementation, we consider two scenarios. The
first scenario refers to the situation that one or more packets
stored in the buffer. We check if the next played out packet
contains silence or active speech. For the active speech, if
it is a voiced packet, we estimate the pitch period from the
speech segment in the packet using pitch analysis algorithm
[10], if it is an unvoiced packet, we assume a typical pitch
length for it. Then we either subtract from or add integer
multiple of the pitch cycles to the segment to produce a play-
out length closest to Dopt. On the other hand, if it is a silence
packet, we simply set the playout length to Dopt.

In the second scenario no packet remains in the buffer.
Then we apply a special procedure to fill the playout gap.
If the last played packet contains active speech, we insert
an integer number of pitch cycles from the last packet into
the buffer until a new packet comes. If the last played packet
contains silence speech, we only insert a silence segment into
the buffer until a new packet arrives. In addition, it may hap-
pen that a packet is lost during transmission, which means
that another packet with higher sequence index arrives before
the packet. We then simply insert an integer number of pitch
cycles or a silence segment to reconstruct the lost packet.
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4.2 Performance measurements
The packet-buffering delay and packet adjustment ratio are
two important measurements in evaluating the performance
of a playout scheduling method. The low values of both lead
to a higher conversational quality. The packet-buffering de-
lay is measured by averaging the differences between packet
arriving time and packet playout time, defined as:

De =
∑
i⊆N

(
ti,playout− ti,arrive

)

N
, (18)

where we denote the number of packets in the delay trace as
N.

Next, we introduce the packet adjustment ratio. We de-
note the round-off version of optimal playout length as D

′
opt,

the length of pitch cycles of packet i as li, the number of pitch
cycles that are used to conceal the gap as ni. The first term
(case A) of the packet adjustment ratio is the adjustment of
playout length. The second term (case B) is the number of
pitch cycles that are used to conceal the underflow. The third
term (case C) is the number of pitch cycles inserted to com-
pensate for packets lost by the network. Note that we select
the larger value between compensated pitch cycles and T to
calculate the adjustment for packets lost by the network.

Ar =
∑

i⊆A

∣∣∣D′
opt−T

∣∣∣+ ∑
i⊆B

ni · li + ∑
i⊆C

max(ni · li,T )

∑
i⊆active

T
. (19)

5. EXPERIMENTS

In this section, we first verify the accuracy of using a k-
Erlang distribution model. Then we compare the perfor-
mance between our algorithm and two other reference algo-
rithms.

5.1 Model verification
We tested 26 different traces which were collected from
different remote locations, and found that inter-arrival his-
tograms extracted from these traces can be matched accu-
rately by appropriate k-Erlang distributions, especially in low
jitter case. We used the Kullback-Leibler divergence to mea-
sure the difference between a k-Erlang distribution and a real
data distribution. We discretized the k-Erlang distribution
into a probability mass function to make it comparable to the
real data distribution.

There are two typical cases in the modelling (Figure 1).
One is for the low jitter case (corresponding to order 47, the
K-L divergence is 0.0110), and the other is for high jitter case
(corresponding to order 7, the K-L divergence is 0.0483).

The K-L divergence between the k-Erlang distribution
and a real data distribution decreases with increasing order of
Erlang distribution (Figure 2). This verifies that the k-Erlang
distribution modelling is accurate for both low and high jitter
cases.

5.2 Performance comparison
We compared the performance of our proposed playout
scheme with that of two existing methods. Algorithm 1 [1]
is based on the silence-oriented adjustment. If the current
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Figure 2: The order of the Erlang distribution and the
Kullback-Leibler divergence.

packet is checked to be a silence packet, the absolute playout
delay (the end-to-end network delay plus the buffering delay)
of this packet is set to be d̂i + β · v̂i, where d̂i and v̂i are the
estimated network delay and variation. We adjust β to con-
trol the buffering delay and the packet loss ratio. Note that in
this silence-oriented adjustment, the packet loss ratio is only
related to underflow and and packets lost by the network.

Algorithm 2 is based on voice-oriented adjustment [2].
The algorithm uses the statistics of the past end-to-end net-
work delay trace to determine the optimal playout length of
the considered packet. When it is a active packet, the seg-
ment length will be scaled to meet the optimal playout length.

For our experiments, delay traces were collected by se-
lecting different remote locations (in Table 1). Each trace
consists of 10000 packets, and each packet consists of 20 ms
speech content. A real speech segment from a male speaker
was imposed on each delay trace in the test. The weighting
coefficients were selected based on (16) and (17) in subsec-
tion 3.3: w3/w1 = 80 and w2/w1 is from 50 to 160.

Table 1: Collected network delay traces

Trace Hosts’ Location Remote Host IP
Trace01 Paris → Stockholm 80.14.55.252
Trace02 Massachusetts → Stockholm 128.31.1.14
Trace03 Stockholm → Berkeley 169.229.50.12
Trace04 Stockholm → Hongkong 137.189.98.30
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Figure 3: Performance comparison of the algorithms in high jitter and low jitter conditions. The subplot (a) and (b) are high
jitter cases, the subplot (c) and (d) are low jitter cases. The labels of the curves in subplots (b), (c) and (d) are the same as
those of (a).

From Figure 3, one observes that our proposed algorithm
outperforms the reference algorithms in both high and low
jitter cases. Especially when the jitter level is high, the per-
formance gain is significant. It is likely that in a high jitter
situation, the network delays of adjacent packets are less cor-
related. Thus the prediction accuracy of the other two algo-
rithms is low. Our algorithm is more suitable in this situation.

6. CONCLUSIONS

We conclude that a k-Erlang distribution can describe the jit-
ter level well. We construct a cost function with the play-
out length of the next played out packet in the buffer as its
variable. It takes into account the future expected buffering
length, the artificial adjustment length, and the expected un-
derflow risk. The optimal playout length of the packet is de-
termined by minimizing the cost function. The experimental
results show that our method outperforms two classical ap-
proaches in both low jitter and high jitter cases.
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ABSTRACT
The growth of new multimedia technologies has provided
the user with the ability to become a videomaker, instead
of being merely part of a passive audience. In such a sce-
nario, a new generation of audiovisual content, referred to
as video mashup, is gaining consideration and popularity. A
mashup is created by editing and remixing pre-existing ma-
terial to obtain a product which has its own identity and, in
some cases, an artistic value itself. In this work we propose
an emotional-driven interactive framework for the creation
of video mashup. Given a set of feature movies as primary
material, during the mixing task the user is supported by a
selection of sequences belonging to different movies which
share a similar emotional identity, defined through the inves-
tigation of cinematographic techniques used by directors to
convey emotions.

1. INTRODUCTION

Recent advances in technology have brought basic and semi-
professional tools for the production of multimedia content
within the reach of common users. As a result, new forms of
creativity are emerging and acquiring an ever-growing vis-
ibility, such as the practice of combining multiple audiovi-
sual sources into a derivative work (known as video mashup)
whose semantics could be very different compared to the one
of the original videos. In this context, a key point is the use of
pre-existing material, which could be protected by copyright
law [6]. This issue has been widely discussed and, although
no coordinated action has yet been done to understand such
a phenomenon from a juridical point of view, a substantial
amount of user-generated content uses copyrighted material
in ways that are eligible for fair use consideration, i.e., their
value to society is considered greater than the value to the
copyright owner [1].

So far, several semi-automated tools for video editing and
mashup have been proposed. In [7] and [3] authors present
systems for the creation of custom videos which are able
to omit those part of the source streams characterized by a
low quality in terms of camera motion (too fast pan, slow
zoom, etc.). While this approach is suitable for home-made
videos which are likely to contain useless parts, the method
proposed in [10] focuses on professional content and guides
the user in the editing process according to well known rules
of the film grammar, combining a low-level analysis of the
video with high-level metadata.

The LazyCut system [9], based on both content analysis
techniques and content-aware authoring templates, suggests
the user the temporal structure of the video to be authored
and different composition methods. In [12] instead, authors
propose a system based on media aesthetics: given a video
and an incidental background music, a new content is gener-

ated by skimming the video stream so that the visual rhythm
caused by shot changes in the final product is synchronous
with the music tempo.

In this paper we propose a framework for the interactive
creation of new multimedia content using a set of feature
movies as primary material. Our approach differs from those
adopted by most of the existing tools since in the mixing task
we concentrate on the emotive sphere of the video semantics
[8]. In such a way, rather than trying to achieve a cogni-
tive coherence of the final mashup, we give preference to its
continuity at the emotional level. To do this, we rely on the
emotional space built in [4] whose dimensions are related to
filming techniques adopted by directors to convey emotions.
Here each movie is represented as a trajectory, whose evolu-
tion over time provides a strong characterization of the film
itself, since emotionally different scenes occupy different re-
gions of the emotional space. The principle is that suitable
mixing points between movies are to be found where their
emotional trajectories get very close and share a common be-
haviour, thus ensuring a good continuity in the evoked mood
of the generated audiovisual product.

Our framework offers two ways to create a mashup: in
the first one, on a specific user command the best switch can-
didate between one movie and another is submitted for user
approval. In the second one, the user gets more control on
the application being able to constrain the mixing points to a
suitable portion of the emotional space as well as to choose
among a pool of candidate scenes at each mixing step.

This paper is organized as follows: in Section 2 the emo-
tional space is presented, together with the characterization
of its axes. Section 3 illustrates the proposed framework for
video mashup, while Section 4 describe a user study and ex-
amples of generated mashups. Conclusions are finally drawn
in Section 5.

2. SPACE OF EMOTIONAL IDENTITY

The creation of a blockbuster movie is a creative process that
undergoes complex phases of product design. One among
the several aspects investigated during the movie conception
is its emotional impact (or ‘identity’) i.e., the mixture of feel-
ings the director intends to communicate while shaping such
an art product.

In [5] the author presents a tool to describe the emotional
identity of any design object, by placing it in a 3D space ac-
cording to its shape, efficiency and social context. In this
space the three axes refer to the so called natural, tempo-
ral and energetic dimensions, respectively. The natural one
splits the space into a passional hemisphere, referred to warm
emotions, and a reflective hemisphere, that represents offish
and cold feelings. The temporal axis divides the space into
two zones, one related to the slowness of the past and expe-
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rience and another describing an identity quickly projected
towards the future. Finally, the energetic axis identifies ob-
jects with high emotivity and, in opposition, minimal ones.

Considering a movie as a piece of art and design, in
[4] the emotional identity is transposed in cinematographic
terms. At first, each axis is associated to a couple of adjec-
tives in a dichotomic relationship. The couple warm/cold
is linked to the natural axis. The temporal axis is de-
scribed in terms of dynamic/slow, while the dichotomy en-
ergetic/minimal is associated to the third axis. Then, filming
and editing techniques used by directors to convey emotions
and give scenes a particular mood [2] are investigated and
linked to the selected dichotomies.

2.1 Movies as space trajectories
The dichotomies warm/cold, dynamic/slow and ener-
getic/minimal characterise the axes of the emotional space
described in [4] (where the reader can refer to for an in-depth
description). For the natural axis, the colour of the light illu-
minating the scene is considered, since the spectral composi-
tion of the light source is very important in the definition of
a scene atmosphere. By using a white patch algorithm and
a non-uniform quantization law, the illuminant is mapped on
the N -th interval of a one-dimensional warm/cold scale.

For characterising the temporal axis, the motion sensa-
tion evoked in the movie is selected, since motion dynam-
ics are often employed by directors to stress the emotional
identity of a scene. To capture the sensation of speed and
dynamism or a feeling of calm and tranquility, shot pace,
camera and object motions are combined in a single index
T , which is bound to the dichotomy dynamic/slow on the
temporal axis.

The energy E of the audio track is linked to the energetic
axis, as important scenes in movies are usually bound to a
particular choice of the soundtrack, e.g., gentle and pleasant
music for romantic moments, loud and aggressive audio for
action sequences, silences and reprises in dialogues.

In the defined space, a movie is drawn as a cloud of
points, where each point represents a shot, and it is defined by
a triplet S̄ = (N ,T ,E ). During the movie playback, these
points are connected in temporal order by a cubic spline,
creating a trajectory which describes the evolution of the
movie’s emotional identity, as shown in Figure 1. This tra-
jectory, free to move over the entire space, gives an accurate
characterization of the movie, since it is not restricted to a
fixed set of emotions or to a pleasure-arousal scheme [11].

3. MASHUP FRAMEWORK

In order to provide the user with a video mashup tool, a
framework has been built, as depicted in Figure 2. The core
of the system is the emotional space, where a shot is rendered
as a point whose coordinates give a strong characterization of
its emotional identity.

The upper stage, the application level, is composed by
two modules that implement the mashup functionalities: the
first one, called Assisted mashup (AM), guides the user al-
most completely through the mixing task and is suitable for
those people who want to be introduced to the mashup prac-
tice or just to see at a glance what the system is able to of-
fer. The second one, named Creative mashup (CM), has been
designed to give the user an in-depth control of the system,
accessing and tuning several parameters, in order to obtain
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Figure 1: Space of emotional identity: general framework
(top) and trajectory from an excerpt of “Matrix” (bottom).

a final multimedia content characterized by a high level of
customization.

At the top level, the graphical user interface (GUI), pro-
viding visual feedback, makes the communication between
the user and the system easier. Here follows an explanation
of how suitable mixing points are selected as well as a de-
scription of the modules and of the user interface.

3.1 Mixing point candidates

Suitable mixing points in the emotional space are selected
according to minimum distance criteria on both shot coordi-
nates and movie trajectories. This means that when the user
decides to swich movie, the system first looks for a restricted
number of shots belonging to other movies which are at low
Euclidean distance from the current shot. By using this dis-
tance d, defined as

d
(
S̄i,S̄ j

)
=
[
(Ni−N j)

2 +(Ti−T j)
2 +(Ei−E j)

2
] 1

2
,

the system is able to retrieve the best shot candidates based
on low-level feature characterisation. However, in order to
preserve the continuity of the evoked mood over a longer in-
terval and reduce the risk of outliers, the analysis of emo-
tional similarity is extended to movie trajectories. To do this,
the pool of the suitable mixing shots is then ranked according
to the distance between trajectories over a neighbourhood of
shots. In particular, the distance D between the trajectories
ξA and ξB of the movies A and B over a neighbourhood Nh of
shots around S̄i ∈ ξA and S̄ j ∈ ξB is given by:

D(ξA,ξB) = ∑
k ∈ Nh

d
(
S̄i+k,S̄ j+k

)
.

The ranked list of the best shot candidates is then provided as
an input to the mashup modules which are described in the
following.
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Figure 2: Block scheme of the proposed mashup framework.

3.2 Assisted mashup
The AM module is responsible for the creation of the
mashup, without the necessity for the user to set or tune any
parameter of the system. This makes the composition task
very quick, intuitive and suitable for beginners.

The principle is the following: the user selects a movie
in the database and one of its scenes, and the playback starts.
On a specific user command, the movie reproduction stops
and the user can browse through already played shots. Mean-
while the system looks for a restricted number of shots be-
longing to different movies which are closer to the one cur-
rently browsed in terms of representation in the emotional
space, and orders them according to the similarity of the tra-
jectory shapes over a neighbourhood of shots. At any time,
the highest shot in the rank is proposed as the best candidate
for the continuation of the mashup. In case the user approves
it as a suitable mixing point, the playback is resumed start-
ing from the new inserted shot and continues with the movie
it belongs to, until the next user interaction. Otherwise, the
next shot from the ranked list is submitted for user approval.

3.3 Creative mashup
With respect to the AM module, the Creative mashup gives
the user more in-depth control on the mixing activities. Be-
fore the choice of a starting scene, the user can focus on a
particular sub-volume of the emotional space, so that only
shots within this “reachable” portion will participate in the
final mashup. Space constraints can be set independently on
the three dimensions, so as to obtain a product with a very
specific emotional identity (e.g., fast rhythm, cold lighting
and loud music). In case the playback tries to access a shot
which does not belong to the reachable volume, the movie
reproduction jumps to the following shot placed inside the
allowed area.

Differently from the AM module, where only one shot is
proposed at a time, here the whole pool of browsable candi-
dates for selection is shown at once to the user, who can fi-
nally perform his choice regarding the new mixing segment.

3.4 Graphical user interface
Thanks to the two modules described in Sections 3.2 and 3.3,
our framework is suitable for both beginners and experts in
the mashup practise, who are supposed not to be interested
in being aware of the technology behind the application, but
to deal only with the editing task at a high level.

The mockup of the interface related to the CM mod-
ule has been designed (Figure 3) following these guidelines
and aiming at obtaining an intuitive and easy-to-use product.
This interface is composed of four main objects:
• the window for the playback in the right upper corner;
• the big panel in the bottom where the user can browse

through the key-frames of the played shots;
• the panel where the trajectory is depicted synchronously

with the playback and where the boundaries of the reach-
able volume of the emotional space can be tuned by using
the three bars on the left;

• the window in the left bottom corner containing the key-
frames of the candidate shots for the mashup task, which
is activated by pressing the red “mashup” button placed
in the middle of the interface.

The interface associated with the AM module can be eas-
ily derived from the one presented, by hiding those elements
which are not intended to be available in this modality (e.g.,
the three bars for the selection of the sub-volume in the emo-
tional space).

4. USER TEST AND GENERATED EXAMPLES

In order to verify how our framework is perceived by users
and to have a feedback about the quality of the achievable
results, a user study has been carried out by using the video
material coming from 90 movies of different genres. A group
of 8 people of both genders, with a different degree of expe-
rience in the usage of multimedia editing tools and interested
in the practice of video mashup have been asked to generate
new mashups with the AM module.

At first, users have been taught about the system, i.e.,
the principles it is based on and how it works. Contextually,
they have been freed to use the module for a session of thirty
minutes, in order to become more confident with the appli-
cation. After the initial training, each member of the group
has been assigned the task to create a mashup (from 2 to 5
minutes long) trying to convey a particular mood which is up
to him/her to decide.

In Figure 4 the mashup generated by user #3 is given. The
user chose one scene of The Matrix as a starting segment and
interrupted its playing after 50 s. Among the proposed list of
shots he selected the ninth in the rank, belonging to Riders
of the Lost Ark, to continue his mashup. After around 40 s
the user decided to switch to a War of the Worlds shot, which
was the fourth one in the selection list. Beyond showing a
strong coherence in the scene lighting, motion and sound
(corresponding to a cold/dynamic/energetic sub-volume of
the emotional identity space), all the three segments of the fi-
nal mashup share, up to a certain extent, “chasing” as a main
theme: Trinity hunted by an Agent in the first segment, Indi-
ana Jones escaping from a cave in the second one, and people
running away from aliens in the third one.

Figure 5 illustrates a second mashup example, created
by user #7. She focused on movies belonging to the drama
genre, mainly selecting dialogue scenes with a positive re-
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Figure 3: Mockup of the graphical user interface for the Creative mashup module.

MASHUP

MASHUP

Figure 4: Mashup created by user #3 by mixing scenes from
The Matrix, Riders of the Lost Ark and War of the Worlds.

inforcement, but excerpted from prevailing dour movies. To
start the mashup with, she chose a segment from A Beautiful
Mind (102s), when the two main characters fall in love. Then
she selected an excerpt from The Patriot, the third proposed
by the system: a touching scene when the main characters
are leaving their families heading for war. After 45 s she de-
cided to switch to a segment from All or Nothing, the third
in the ranking, which depicts a family gathered around the
son who is recovering after a heart attack, where the fam-
ily members are laughing and trying to get relaxed after the
strain of the previous scenes. Beyond the evident continuity

MASHUP

MASHUP

Figure 5: Mashup created by user #7 by mixing scenes from
A Beautiful Mind, The Patriot and All or Nothing.

of the low-level features which characterise their emotional
identity, all three segments involve “dialogues among lovers
or relatives” as a main theme and play an essential narrative
role in the respective film plots.

As a final step, users filled in a questionnaire (reported in
Table 1) for rating their satisfaction with both the quality of
the generated mashups and the respondence to their own ex-
pectations. Marks were given using a five-level Likert scale
(1=min/fully disagree, 5=max/fully agree) and the obtained
evaluation results are presented in Figure 6 as a diagram of
the average mark per each question.
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Table 1: Selected statements from the user questionnaire.

No. Statement
1. The colour atmosphere does not change across the

transitions between mashup segments
2. The sensation of motion does not change across the

transitions between mashup segments
3. There is no brisk change in audio between different

mashup segments
4. The general mood of the whole mashup is coherent
5. Rate the whole experience of creating the mashup
6. Using such a tool stimulated my creativity
7. The final product responds to my expectations
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Figure 6: Average mark per question for evaluating user sat-
isfaction with the mashup tool and experience.

By evaluating the answers to the user test, we observed a
substantial agreement among users regarding the ability of
the system to create mashups which are in general continuos
in terms of colour atmosphere and sound. On the other hand,
we noticed that when the pace of the selected segments is
high, the users perceive a continuity in the sensation of mo-
tion which is stronger if compared to that of mashups with a
slower rhythm.

As a concluding remark, all users judged the whole expe-
rience of creating a mashup as a positive recreational activ-
ity which stimulates their creativity. Additional positive and
negative aspects about the tool, together with personal com-
ments, were also gathered from users and will be soon used
as potential improvements to be integrated in the next release
of the mashup application.

5. CONCLUSIONS

In this paper we propose a framework for the automatic cre-
ation of new multimedia content by editing and remixing pre-
existing material taken from a set of feature movies. The
system guides the user through the mixing task by providing
a selection of emotionally similar scenes, which have been

previously characterized by using a space of emotional iden-
tity. The proposed approach, instead of trying to achieve a
cognitive coherence of the final product, focuses more on the
continuity of the evoked mood on the emotive level. The
performed user test shows that the mashup application suc-
cessfully assists both professional and non-expert users in
the editing of new video products, stimulating their creativity
along the different phases of the recreational process.
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ABSTRACT
Recently, a variety of chaos-based cryptosystems have been
proposed. Some of these novel chaotic encryption schemes
are not very suitable for image encryption due to their density
function which is not uniformly distributed or due to their
small key space. In this paper, we propose a new scheme
for image encryption based on the use of a chaotic map
with large key space and Engle Continued Fractions (ECF)
map. The ECF-map is employed to generate a pseudo ran-
dom sequence which satisfies uniform distribution, zero co-
correlation and ideal nonlinearity to achieve higher level of
security. The proposed scheme is resistant to the known at-
tacks. Theoretic and numerical simulation analyses indicate
that our scheme is efficient and satisfies high security.

1. INTRODUCTION

Recently, cryptographic algorithms based on chaos sys-
tems [11, 24, 22, 23, 25] have been proposed with good cryp-
tographic properties. Chaos systems have many important
features such ergodicity, sensitivity to initial conditions, sen-
sitivity to control parameters and randomness [9]. These fea-
tures are very important in cryptography and they have sug-
gested some new and efficient ways to develop encryption
algorithms for secure digital image transmission over the In-
ternet and through public networks. In addition, a chaotic
system would have a large key space, for resistance to brute-
force attacks, and generates sequence with an uniform invari-
ant density function for resistance to statistic attacks. The
problem is not all chaotic systems can satisfy these charac-
teristics [10, 21]. For example, the logistic map is widely
used to design chaotic system. The known 1-Dimensional lo-
gistic map is defined as xn+1 = λxn(1− xn) where λ ∈ [0,4]
and xn ∈ [0,1]. Mi et al. [16] proposed a new chaotic en-
cryption scheme based on randomized arithmetic coding us-
ing the logistic map as the pseudo random bit generator. In
[13], Lian et al. proposed a new block cipher based on the
use of logistic map in the diffusion process. In [7], Kanso et
al. proposed a new cipher based on logistic maps for gen-
erating two pseudo random binary sequences. The logistic
map is weak in security because it does not satisfy uniform
distribution property and it has a small key space [1, 2]. Re-
cently, a new chaos-based image cryptosystems using piece-
wise linear chaotic map (PWLCM) has been proposed. The
PWLCM is a chaotic map which depends on the comput-
ing precision, and its phase space includes a linear structure.
Although a PWLCM has a non uniform distribution in fi-
nite computing precision and has weak security. In [12],

Li et al. demonstrated that the chaotic encryption scheme
proposed by Zhou et al. [27, 26], which is based on a kind
of computerized PWLCM realized in finite computing pre-
cision is not secure enough from strict cryptographic view-
point. Thus, find a secure and efficient cryptosystem moti-
vates us to propose a new scheme which consists of using
the standard map with large key space and the Engle Contin-
ued Fractions (ECF) map. The use of ECF-map increases the
complexity of a cryptosystem based only on one chaotic sys-
tem and thus makes difficulties in extraction of information
about it [18]. In addition, ECF-map conserves the cryptogra-
phy properties of the chaotic system; like sensibility to initial
conditions and control parameters non periodicity and ran-
domness; and add interesting statistical properties such uni-
form distribution density function and zero co-correlation.
The rest of this paper is organized as follows. In Section
2, we present the CF theory and describe the ECF-map and
some important features. Section 3 details our proposed al-
gorithm for image encryption. In Section 4, we analyze the
security of the proposed algorithm and we provide experi-
mental results to prove its performances through some well
known attacks. Finally, conclusions of this paper is discussed
in Section 5.

2. CONTINUED FRACTIONS

2.1 Regular Continued Fractions (RCF)
A continued fraction (CF) [14, 19, 20] refers to all expres-
sions of the form:

x = b0 +
a1

b1 +
a2

b2 +
a3

b3 +
a4

. . .

, (1)

where ai (i > 0) are the partial numerators, bi the partial de-
nominators, b0 is the integer part of the CF and x is a real
number. Note that the partial numerators and the partial de-
nominators can assume arbitrary real or complex values. CF
theory [8] has become used in various areas. For example,
they have been used for computing rational approximations
to real numbers and for solving various well known equa-
tions.

2.2 Engel Continued Fractions (ECF)
Hartono et al. [6] introduce a new CF expansion, called
Engel continued fraction (ECF) expansion.
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Let the Engel continued fraction (ECF) map TE : [0,1]→
[0,1) be given by:

TE(x) =

{
1
b 1

x c
( 1

x −b
1
x c) if x 6= 0

0 if x = 0
. (2)

For any x ∈ [0,1), the ECF-map generates a new and
unique CF of x of the form:

x =
1

b1 + b1

b2+ b2

b3+
...+ bn−1

bn+
...

, bn ∈ N, bn ≤ bn+1. (3)

Let x ∈ [0,1), and define:{
b1 = b1(x) = b 1

x c
bn = bn(x) = b1(T n−1

E (x)), n≥ 2, T n−1
E (x) 6= 0

.

(4)
From definition of TE it follows that:

x = 1
b1+b1TE (x)

= 1
b1+ b1

b2+
b2

b3+
...+ bn−1

bn+bnT n
E (x)

,
(5)

where T 0
E (x) = x and T n

E (x) = TE(T n−1
E (x)) for n≥ 1.

Note that any x∈ [0,1) have a unique ECF representation.
We paid most attention to the following sequence:

Zi(x) = bi(x)T i
E(x), i≥ 1. (6)

The sequence {Zi(x)}n
i=1 ∈ [0,1) and uniformly dis-

tributed for almost all values x (for a proof see [6]). The
ECF-map has an underlying dynamical system which is er-
godic, and their ergodic properties follow from those of the
RCF-map [5]. So, the ECF-map generates a random and un-
predictable sequence {Zi(x)}n

i=1 with uniform distribution.
These properties which are very useful in cryptography mo-
tivate us to propose a new scheme for image encryption based
on ECF-map.

3. THE PROPOSED ENCRYPTION ALGORITHM

The proposed symmetric image encryption algorithm utilizes
chaotic standard map [17] and the ECF-map.

The 2-D map function known as the standard map is de-
fined by: {

x1, j = x1, j + p0sin(x2, j)
x2, j = x2, j + x1, j

, (7)

where x1, j and x2, j are taken modulo 2π . The secret key in
the proposed encryption technique is a set of three floating
value numbers and one integer (x1,0,x2,0, p0,N0), where X0 =
{x1,0,x2,0} ∈ [0,2π) is the initial value set, P = {p0} is the
control parameters set and can have any real value greater
than 18.0 as described in [17] and N0 is the number of initial
iteration times of the chaotic map. We suggest to use the
standard map because it has a good chaotic properties and
it has large key space which is near to 157 bits [17] with

a precision of 10−14, the key which is sufficient enough to
resist the brute-force attack. So, for generating chaotic key
stream using the chaotic standard and ECF maps, we propose
to apply the following steps.

Assuming that the pixels of the plain-image are scanned
from left to right and from top to down to get a set S =
{S1, · · ·SN}. The corresponding encrypted image is repre-
sented by the set C = {C1, . . . ,CN}. Each element of these
two set is an 8-bit value representing the gray level of pixel.
N is the total number of image pixels and M is the color level
and for a 256 gray-scale image M = 256.

Assume that fM(x) = i, if x ∈ Ii, i ∈ {0, · · · ,M−1} where
I0, · · · , IM−1 denote M consecutive part intervals of I = [0,1).
The operation procedures of the proposed chaos-based image
cryptosystem are described as follows:
• Step 1: We propose to use the 2-D chaotic standard map

with X0 = {xi,0}n
i=1 and P = {pi}n

i=1 are respectively the
set of the initial values and the set of the control param-
eters of the chosen chaotic system. We propose to iterate
the chaotic map for N0 times, where N0 is an element of
the key.

• Step 2: The n-Dimensional chaotic map is iterated con-
tinuously. For the jth iteration, the output of the chosen
chaotic map is a new set X j =

{
xi, j
}n

i=1.
• Step 3: Generally, most of the n-Dimensional chaotic

map generates a set X j with
∣∣xi, j
∣∣ ≤ 1, ∀i, j. So we pro-

pose to calculate:{
A = (∑n

i=1

∣∣xi, j
∣∣+ S j−1

256 )
y j = A−bAc

, (8)

with S0 is a secret value and |x| returns the absolute value
of x.

• Step 4: Finally the set S is encrypted and the encrypted
image set C = {C1, . . . ,CN} are calculated by the follow-
ing equation:

C j = S j⊕

{
fM(

n

∑
i=1

Zi(y j))modM

}
, (9)

where ⊕ represents the exclusive OR operation bit by bit
and Zi(y j) is calculated according to equation (6). The
standard and ECF maps are iterated until all elements in the
set S are encrypted to the corresponding encrypted set C. In
our scheme, the keystream depends on the initial conditions
set X0, to the control parameters set P and also the plain
image gray value set S. The majority of cryptosystems with
keystreams independent of plaintexts are vulnerable under
known plaintext attacks [21]. Thus, to enhance the security
of our encryption method, we propose to use the plain-image
pixels set S when producing keystreams. It should be noticed
that for the decipher algorithm we use the same procedure
used in the encipher process, but we should reverse the
sequences S j and C j used in step 4.

4. SECURITY ANALYSIS

In this section, we present some security analysis of the pro-
posed encryption algorithm, including the most important
ones like key sensitivity test, statistical analysis and differ-
ential analysis. Table 1 lists four different secret keys used in
the security analysis steps.
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Table 1: Keys used in security analysis.
k0 k1 k2 k3 k4

x0 5.87574682393162 5.87574682393161 5.87574682393162 5.87574682393162 5.87574682393162

y0 0.20543974869398 0.20543974869398 0.20543974869399 0.20543974869398 0.20543974869398

p0 90.41936758463719 90.41936758463719 90.41936758463719 90.41936758463720 90.41936758463719

N0 250 250 250 250 251

4.1 Statistical analysis
a) Histograms of encrypted images:

An ideal encryption algorithm should resist to statisti-
cal attacks [17]. So, we have analysed the histograms
of 100 plain images and their corresponding encrypted
images using different keys. The plain-image of Lena
and the encrypted image by using the secret key k0 are
shown in Fig. 1.a and 1.b respectively. Fig. 1.c and 1.d
show respectively the histogram of the original and the
encrypted image. These two histograms are significantly
different and from Fig. 1.d we can see the uniform distri-
bution of gray-scale of the encrypted image. In all other
cases of histogram analysis, we have found simular re-
sults. Hence, the proposed algorithm does not provide
any clue to employ any statistical analysis attack on the
encrypted images.

(a) (b)

(c) (d)

Figure 1: Histogram analysis of plain-image Lena and its
encrypted image obtained using the key k0.

b) Correlation of adjacent pixels:
For an ordinary image, each pixel is usually highly corre-
lated with its adjacent pixels either in horizontal, vertical
or diagonal directions. However, an efficient encryption
scheme should generate encrypted images with low cor-
relation between adjacent pixels [23]. For each pixel of
the image, a duplet (xi,yi) can be found where yi is the
adjacent pixel of xi and then the correlation γxy is:

γxy =
1
N ∑

N
i=1(xi−E(x))(yi−E(y))√

1
N ∑

N
i=1(xi−E(x))2

√
1
N ∑

N
i=1(yi−E(y))2

,

(10)
where N is the total number of duplets (xi,yi) obtained
from the image and E(x) = 1

N ∑
N
i=1 xi is the mean value of

x. Table 2 shows the three correlation coefficients of three

plain-images and those of the average values of various
correlation coefficients of their corresponding cipher im-
ages founded by using 100 different keys. Fig. 2 shows
the correlation distribution of two horizontally adjacent
pixels in the plain-image Lena and that in it encrypted
image produced by using k0. These correlation analysis
prove that our encryption algorithm satisfies zero corre-
lation.

Table 2: Correlation coefficients of adjacent pixels in three
plain images and the avarege values of various correlation
coefficients of their corresponding cipher images founded by
using 100 different scret keys.

plain-image encrypted images
Lena
horizontal 0.9411 -0.0003
vertical 0.9702 0.0014
diagonal 0.9153 0.0001
Boat
horizontal 0.9368 0.0012
vertical 0.9709 0.0026
diagonal 0.9293 -0.0002
House
horizontal 0.9736 -0.0005
vertical 0.9504 0.0004
diagonal 0.9246 0.0022

(a) (b)

Figure 2: Correlations of two horizontally adjacent pixels in
the plain-image Lena and in its encrypted image: a) Cor-
relation analysis of plain-image, b) Correlation analysis of
encrypted image.

4.2 Key sensitivity
According to the basic principle of cryptology, a cryptosys-
tem should be sensitive to the key. Thus, we propose the
following tests [15].
a) Assume that the encryption key used is k0, see Table 1.

First, a 256×256 Lena plain-image is encrypted by using
the test key and the resultant encrypted image is shown
in Fig.1.b. Next, the same plain image is encrypted with
four slightly different keys described in Table 1.
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We propose for each of the used secret keys, to conserve
at least three parts of k0 and to change the fourth one
by 10−14 (if it is a floating number) or by 1 (if it is an
integer). The encrypted images, produced by using dif-
ferent keys, are shown in Fig. 3.a, 3.c, 3.e and 3.g. Now,
the encrypted images produced by slightly different keys
are compared and the difference between images Fig. 1.b
and 3.a, Fig. 1.b and 3.c, Fig. 1.b and 3.e and Fig. 1.b
and 3.g are shown in Fig. 3.b, 3.d, 3.f and 3.h, respec-
tively. The NPCR (Number of Pixel Change Rate) and
the UACI (Unified Average Changing Intensity) [3, 4]
between various encrypted images produced by using
slightly different keys, are calculated and the results are
given in Table 3.

Table 3: Pixel difference between image encrypted by keys
with slightly difference.

test item test results between images
encrypted with tiny change in the key

k1 k2 k3 k4
NPCR (%) 99.60 99.56 99.57 99.60
UACI (%) 33.54 33.58 33.44 33.53

b) In addition, to test the key sensitivity of our encryption
algorithm, we propose to decrypt image using key with
a difference by 10−14 on x0, y0 and p0, and with only by
1 on N0. Fig. 4 clearly shows that an image encrypted
by the key k0 is not correctly decrypted by using a key
which is changed a little 10−14 or which has only one
difference by 1. Thus, having a perfect approximation of
the encryption secret key makes decryption impossible.
In addition, the histograms of the decrypted images with
a little change in the secret key have a random property.

5. CONCLUSIONS

In this paper, the ECF-map has been presented and then used
to design a new and secure symmetric chaos-based image
encryption scheme. This new scheme utilizes the chaotic
standard map and the ECF-map to generate keystreams with
both good chaotic and statistical properties. The use of the
ECF-map increases the resistance of the proposed scheme to
various attacks and especially to statistical and differential
attacks. The detailed numerical analysis demonstrates that
the proposed encryption algorithm is secure and its is very
suitable for image encryption.
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k1, c) Encrypted image with key k2, d) Difference between two encrypted images using k0 and k2, e) Encrypted image with
key k3, (f) difference between two encrypted images using k0 and k3, g) Encrypted image with key k4, h) Difference between
two encrypted images using k0 and k4.
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ABSTRACT 

This paper investigates the efficiency of unbalanced versus 

balanced multiwavelets in stereo correspondence matching. 

A multiwavelet transform is first applied to a pair of stereo 

images to decorrelate them into a number of subbands. In-

formation in the approximation subbands of an unbalanced 

multiwavelet carries different spectral content of the input 

image while the balanced multiwavelet approximation sub-

bands produce similar spectral content of the input image. 

Hence, the application of the approximation subbands of the 

unbalanced multiwavelets in disparity map generation could 

produce more accurate results compared to that of balanced 

multiwavelets. A global error energy minimization technique 

is employed to generate a disparity map for each approxi-

mation subband. The information in the resulting disparity 

maps is then combined using a Fuzzy algorithm to generate 

a dense disparity map. Simulation results show that the un-

balanced multiwavelets produce a smoother disparity map 

with less mismatch errors compared to that of balanced mul-

tiwavelets. 

1. INTRODUCTION 

Stereo correspondence matching is a long-standing topic, 

which has attracted much research interest over the past 

decades.  In stereo correspondence matching algorithms, the 

best correspondence points between the images taken at the 

same time but from slightly different viewpoints are found 

and used to generate a disparity map. The disparity map 

along with the stereo camera parameters are then used to 

calculate a depth map and produce a 3D view of the scene. 

However, finding the correct corresponding points between 

the two views poses a number of potential problems such as 

occlusion, ambiguity, illumination variation and radial 

distortion [1]. 

The correspondence matching algorithms are categorized 

into area-based (local) and energy-based (global) 

algorithms. In area-based methods a disparity vector for 

each pixel within a window search area is calculated using a 

matching algorithm while in energy-based methods, the 

disparity vector is determined using a global cost function 

minimization technique. The area-based methods are fast 

but they produce descent results, while global methods are 

time consuming and generating more accurate results. 

Stefano et al [2] proposed an area-based correspondence 

matching method which is based on the uniqueness and 

constraint and relies on the left-to-right matching phase. 

Yoon et al [3] introduced a correlation (local) based 

correspondence matching technique, which uses a refined 

implementation of the Sum of Absolute Differences (SAD) 

criteria and a left-right consistency check. This algorithm 

uses a variable correlation window size to reduce the errors 

in the areas containing blurring or mismatch errors. Another 

local-based algorithm was reported by Yoon and Kweon [4], 

which uses different supporting weights based on the color 

similarity and geometric distances for each pixel in the 

search area to reduce the ambiguity errors.  

Ogale and Aloimonos [5] proposed a global-based 

correspondence matching algorithm, which is independent 

of the contrast variation of the stereo images. This algorithm 

relies on multiple spatial frequency channels for local 

matching and a fast non-iterative left/right diffusion process 

for the global solution. An energy-based algorithm for stereo 

matching, which uses a belief propagation algorithm, was 

presented in [6].  This algorithm uses a hierarchical belief 

propagation to iteratively optimize the smoothness of the 

disparity map. It delivers a fast convergence by removing 

redundant computations. Choi and Jeong [7] proposed an 

energy-based stereo matching technique, which models the 

intensity differences between the two stereo images using a 

uniform local bias assumption. This local bias assumption is 

less sensitive to intensity dissimilarity between the stereo 

images when the normalized cross correlation matching cost 

function is used.  The resulting information from the cost 

function and the fast belief propagation algorithm are 

combined to generate a smooth disparity map. 

Recently, multiresolution based stereo correspondence 

matching algorithms have received much attention due to 

the hierarchical and scale-space localization properties of 

the wavelets [8-10]. This allows for correspondence match-

ing to be performed on a coarse-to-fine basis, resulting in 

decreased computational costs. Sarkar and Bansal [9] 

presented a multiresolution based correspondence matching 

technique using a mutual information algorithm. They 

showed that the multiresolution technique produces 

significantly more accurate matching results compared to 

correlation based algorithms with less computational cost.  
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Scaling Function 1 Scaling Function 2

Wavelet Function1 Wavelet Function 2

Scaling Function 1 Scaling Function 2

Wavelet Function1 Wavelet Function 2

a)  Balanced GHM multiwavelet

b) Unbalanced GHM multiwavelet
 

Figure 1 – GHM multiwavelet with multiplicity 2 and approxima-

tion order 2: a) balanced, b) unbalanced. 

Research has shown that unlike scalar wavelets,  

multiwavelets can possess orthogonality (preserving length), 

symmetry (good performance at the boundaries via linear-

phase), and a high approximation order at the same time 

[11], which could potentially increase the accuracy of the 

correspondence matching techniques. In spite of their highly 

desirable advantages compared to scalar wavelets, 

multiwavelets have been little investigated in the literature 

for stereo correspondence matching. Bhatti and Nahavandi 

[10] proposed a multiwavelet based stereo correspondence 

matching algorithm. In the matching process, they use 

wavelet transform modulus maxima as the matching feature 

in the coarse level to generate a disparity map. This is then 

followed by the coarse to fine strategy to refine the disparity 

map up to the finest level. 

This paper investigates the use of balanced and unbalanced 

multiwavelet transforms in stereo correspondence matching.   

A multiwavelet transform (either balanced or unbalanced) is 

applied to the input stereo images to decompose them into 

their subbands. A global error energy minimization 

algorithm is then employed to generate a disparity map for 

each of the approximation subbands. A fuzzy algorithm is 

then used to combine the resulting disparity maps and 

generate a dense disparity map.  

The rest of the paper is organized as it follows. Section 2 

presents a brief review of the multiwavelet transform. The 

proposed stereo matching technique is discussed in Section 

3. Experimental results are presented in Section 4 and the 

paper is concluded in Section 5. 

2. MULTIWAVELET TRANSFORM 

Multiwavelet transforms operate on a similar principle to 

scalar wavelets and can be considered as a multichannel 

version of scalar wavelets. Classical wavelet theory is based 

on the refinement equations as given below: 
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where ( )tφ  is a scaling function, ( )tψ  is a wavelet function, 

kh and kg  are scalar filters and m represents the subband 

number. In contrast to the wavelet transform, multiwavelets 

have two or more scaling and wavelet functions. The set of 

scaling and wavelet functions of a multiwavelet in vector 

notation can be defined as:  
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where ( )tΦ and ( )tΨ  are the multi-scaling function and 

respectively the multiwavelet function, with r scaling and 

wavelet functions. A multiwavelet with two scaling and 

wavelet functions can be defined in a similar fashion to the 

wavelet transform given in equation (1) as shown in [12]: 
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where kH  and kG are rr × matrix filters and m is the sub-

band number. In the case of scalar wavelets 1=r , while 

multiwavelets support 2≥r . In this paper the value of r  

restricts to 2 . Figure 1 shows an example of GHM balanced 

and unbalanced multiwavelet basis functions with multiplic-

ity 2=r   and approximation order 2 [11, 13]. 

Similar to wavelet transforms, multiwavelets can be imple-

mented using Mallat's filter bank theory [8]. Figure 2 shows 

the analysis and synthesis stages for a  1-D multiwavelet 

transform and one level decomposition, where blocks G  

and H  are the low-pass and high-pass analysis filters and 
~G and ~H are the low-pass and high-pass  synthesis   fil-

ters. The multiwavelet    transform    is    separable,    hence   

a  2D   multiwavelet  transform  can   be  calculated  via   

two       successive   1D    multiwavelet    transforms,     first  
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Figure 2 – Analysis/synthesis stage of a one level multiwavelet 

transform. 

performed on the image rows and then performed on the 

resulting columns. Therefore, by applying a one level 2D 

multiwavelet with multiplicity of 2, sixteen subbands are 

generated, which four are approximation subbands.  

Multiwavelets support symmetry, orthogonality and ap-

proximation order higher than 1 simultaneously, while scalar 

wavelet does not allow theses extra degree of freedom. Syn-

thesis and analysis stage of a multiwavelet with multiplicity 2 

produces four different approximation subbands. Analysis 

filter banks that multiwavelet transforms usually use have 

poor frequency characteristics. Therefore the approximation 

subbands contains some of the high frequency information. 

In the case of unbalanced multiwavelets, the resulting ap-

proximation subbands carry different spectral content of the 

image information, while the balanced multiwavelets ap-

proximation subband produce similar spectral content of the 

original image [17]. This feature of unbalanced multiwave-

lets has the potential to increase the accuracy of the calcu-

lated disparity maps and reduce the number of erroneous 

matches compared to that of balanced multiwavelets. Figure 

3 gives a visual  comparison of the resulting subbands for the 

Antonini 9/7 scalar wavelet, as well as for the balanced and 

unbalanced GHM multiwavelets applied to Lena test image. 

The results are shown in Figures 3(a) to 3(c). As it can be 

seen from Figure 3, multiwavelets generate four subbands 

instead of each subband that a wavelet creates. The resulting 

unbalanced multiwavelet subbands carry different spectral 

content of the original Lena test image, while the balanced 

multiwavelet subbands produce similar spectral content of 

the Lena test image. More information about the generation 

of multiwavelets, their properties and their applications can 

be found in [11-13]. 

3. MULTIWAVELET BASED STEREO 

MATCHING TECHNIQUE 

A block diagram of the multiwavelet based stereo matching 

technique using the global error energy minimization algo-

rithm is illustrated in Figure 4. A pair of stereo images is 

input to the stereo matching system. The images are first 

rectified to suppress the vertical displacement. A multiwave-

let transform is then applied to the input stereo images 

which decomposes them into their subbands as shown in 

Figure 5, where yxLL represent the approximation  subbands 

and yxHL , yxLH and yxHH  are the detail subbands, with 

2,1=x  and 2,1=y . For the propose of this paper, only 

one level of decomposition is used. The pre-filtering  

process  used  in  this  paper  is  a  repeat row type, which 

means  that  after  one  level of decomposition, the resulting 

(a) (b) (c)
 

 

Figure 3 – Single level decomposition of Lena test image (a) 

Antonini 9/7 wavelet transform,  (b) balanced GHM multiwavelet 

transform and (c) unbalanced GHM multiwavelet transform. 

 

size of the four approximation subbands will be the same as 

the size of the original image. In the case of the unbalanced 

multiwavelet, each of the four resulting LL  subbands    is   

an    approximation   of   the    input   image with different 

spectral content of the input image, while the resulting 

LL subbands of the balanced multiwavelet carry similar 

spectral content of the input image. In addition to this, the 

information in the approximation subbands is less sensitive 

to the shift variability of the multiwavelets. Hence, ap-

proximation subbands are used to generate the correspon-

dence matching. The same approximation subbands in the 

two images are then passed to a regional based stereo 

matching block. The matching algorithm uses a global  error 

energy minimization technique [14] to generate a disparity 

map between the two input subbands. This global error en-

ergy minimization technique is briefly described in sub-

section 3.1. The matching process outputs four disparity 

maps. These maps are then combined using a Fuzzy algo-

rithm to generate a dense disparity map which reduces the 

number of erroneous matches. 

 

3.1 Global Error Energy Minimization technique 
The Global Error Energy Minimization (GEEM) technique 

[14] calculates a disparity vector for each pixel. It searches 

for the best match for each pixel in the correspondence 

search area of the other image using an error minimization 

criterion.  For RGB images, the error energy criterion can be 

defined as: 

∑
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where 1I  and 2I  are the two input images,  

),,,( yxen wwjiEr is the energy difference of the pixel 

),(2 jiI and pixel ),(1 yx wjwiI ++ , xd  and yd are the 

maximum displacements around the pixel in the x  and re-

spectively y directions , m and n are the image size and  k  

represents the three components of an RGB image. 

In order to determine the disparity vector for each pixel in 

the current view, the GEEM algorithm first calculates enEr  

of  each  pixel  with  all  the  pixels  in  its  search area in the 
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Figure 4 – Block diagram of the multiwavelet based stereo matching 

technique using the global error energy minimization algorithm. 
 

correspondence    image .   For    every   disparity    vector 

),( yx ww in the disparity search area, the energy of the error 

is  calculated  using  equation (4)  and  placed into a  matrix.  

Each of the resulting energy error matrices is first  filtered  

using an  average filter to  decrease the  number of incorrect 

matches [15]. The disparity index of each pixel is then de-

termined by finding the disparity index of the matrix which 

contains the minimum energy error for that pixel. In order to 

increase the reliability of the disparity vectors around the 

object boundaries, which is the result of object occlusion in 

images, the generated disparity map undergoes a threshold-

ing procedure as it follows: 
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where ),(
~

jid  is the processed disparity map, ),( jid  is the 

 
Figure 5 – Multiwavelet subband structure for one level of decom-

position. 

disparity map, α  is a tolerance reliability factor, 
),( jiEren is the minimum error energy of the pixel ),( ji cal-

culated and selected in the previous stage. Finally a median 

filter is applied to the processed disparity map, ),(
~

jid  to 

further smooth the disparity map.  

4. SIMULATION RESULTS 

In order to investigate the performance of the unbalanced 

multiwavelet compared to the balanced multiwavelet, both 

balanced and unbalanced multiwavelets are employed in the 

proposed multiwavelet based GEEM technique. The result-

ing  disparity  maps  from  both  balanced  and  unbalanced 

multiwavelets are compared to each other as well as to a 

similar algorithm operating in the spatial domain and in the 

wavelet domain. The results were generated using the 'Art'  

stereo  test  images from the Middlebury stereo database 

[16]. Figure 6  shows  the  left  image  and  the  ground truth 

of the test images. The experimental results were generated 

using the unbalanced GHM multiwavelet, balanced GHM 

multiwavelet and the Antonini 9/7 wavelet. Figures 7(a) to 

7(d) show the resulting disparity maps using the multiwave-

let subbands 11LL , 21LL , 12LL and 22LL , respectively. In 

order to give a visual comparison, the resulting disparity 

maps using the proposed multiwavelet based algorithm for 

both balanced and unbalanced GHM multiwavelets, the 

wavelet based GEEM algorithm and the GEEM technique 

applied to the original stereo views, are illustrated in Figures 

8(a) to 8(d), respectively. In these figures areas with inten-

sity zero represent unreliable disparities. From Figure 8, it is 

clear that the unbalanced multiwavelet based algorithm pro-

duces a more accurate and smoother disparity map com-

pared to the similar balanced multiwavelet- and wavelet-

based technique and also the GEEM algorithm in the spatial 

domain.  This can be explained by the different spectral con-

tent of the approximation subbands of the unbalanced mul-

tiwavelet. This feature of unbalanced multiwavelets enables 

the global error energy minimization algorithm to generate 

more reliable matches from the four unbalanced multiwave-

let approximation subbands, compared to using balanced 

multiwavelets, scalar wavelets and/or the spatial domain. 

5. CONCLUSION 

In this paper, we presented an investigation on the efficiency 

of the unbalanced multiwavelets compared to balanced  

multiwavelets in stereo correspondence. A  stereo corre-

spondence matching technique using a global error energy 

minimization algorithm was employed for the propose of 

this investigation. For one level of decomposition, a multi-

wavelet transform (either balanced or unbalanced) with mul-

tiplicity of 2 was applied to a pair of stereo test images. The 

resulting four approximation subbands of the two views 

were employed to generate the disparity maps using the 

global error energy minimization algorithm. The resulting 

four disparity maps were   then   combined  using  a  Fuzzy  

algorithm.  Results   show  that  the proposed  unbalanced  

multiwavelet based technique produces a disparity map with 
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Figure 6 – The left image and the ground truth of the 'Art' stereo 

images. 

 

( a ) ( b )

( c ) ( d )  
 

Figure 7 – Disparity maps using the multiwavelet approximation 

subbands: a) 11LL , b) 21LL , c) 12LL  and d) 22LL . 

significantly less   mismatch   errors   compared    to   the   

global error energy minimization algorithm applied to the 

original image data in the spatial domain or the balanced 

multiwavelet transformed and wavelet transformed image 

data. 
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ABSTRACT
The goal of the future terrestrial and mobile digital video broad-
casting standards is to combine diversity and spatial multiplexing
in order to fully exploit the multiple-input multiple-output (MIMO)
channel capacity. Full-rate full-diversity (FR-FD) space-time codes
(STC) such as the Golden code, that maximize the rate preserving
the diversity gain, are studied for that purpose. Most of them present
a high-complexity detection problem which results in a handicap
for their hardware implementation. Therefore, we analyze the per-
formance of a sub-optimal full-rate full-diversity 2x2 STC, whose
design reduces the complexity of the detection, as an alternative for
future MIMO broadcasting TV systems. The assessment of the pro-
posed STC code is carried out over the bit-interleaved coded mo-
dulation (BICM) scheme of DVB-T2 system which includes low-
density parity check (LDPC) codes for error correction. Finally,
soft STC list detection is studied in order to generate soft informa-
tion for LDPC decoding.

1. INTRODUCTION

Multiple-input multiple-output (MIMO) wireless communication
systems are based on signal processing with multiple antennas at
both transmitter and receiver side. MIMO processing can increase
the limits of the channel capacity, adding spatial diversity or can-
celing interference. This versatility has caused MIMO techniques
to be incorporated in many of the current wireless communications
systems. The second generation of terrestrial digital video broad-
casting (DVB-T2) [1] has been the first broadcasting standard to
include a multi-antenna system as an optional technique. This con-
sists of a multiple-input single-output (MISO) transmission scheme
for two transmit antennas based on the Alamouti transmit diversity
technique [2]. On the other hand, the DVB-T2 MISO technique is a
pure diversity approach which forms a subset of MIMO since it only
includes two antennas at the transmitter side. Therefore, DVB-T2
does not fully exploit the capacity of MIMO channels.

The proposal for the future generations of terrestrial, portable
and mobile digital video broadcasting (DVB-NGH) is the combi-
nation of the advantages of the Alamouti scheme and the multiple-
xing gain in order to approach the full MIMO diversity-multiplexing
frontier. The family of space-time codes (STC) called full-rate full-
diversity (FR-FD) are the best candidates for that purpose since they
make the most of MIMO channel capacity maximizing the diver-
sity order. There exist several FR-FD STCs in the literature but
the named Golden code [3] is considered the 2x2 FR-FD STC that
offers the best performance. In fact, its implementation in broad-
casting digital TV systems has been studied in [4]. The main dis-
advantage of Golden code arises from its very high decoding com-
plexity, which is proportional to the fourth power of the conste-
llation size. Consequently, we propose a different FR-FD 2x2 code
introduced in [5, 6] as an alternative for future broadcasting TV sys-
tems since the decoding complexity is reduced at least to the second
power of the constellation size.

The current bit-interleaved coded modulation (BICM) systems
proposed for wireless communications standards such as DVB-T2
include low density parity check (LDPC) codes for forward error

correction (FEC). That is due to the fact that LDPC codes allow
us reliable communications close to the Shannon limit. The deco-
ding of this channel code is performed using soft information from
the conditional probabilities for all possible transmitted symbols.
Therefore, we need to detect and decode the aforementioned STCs
giving a soft solution. In this paper, we propose a list version of the
maximum likelihood (ML) detection algorithm based on [7] in order
to analyze the behavior for DVB-T2 of a 2x2 MIMO system using
different STCs: Alamouti scheme, Golden code and low complexity
FR-FD. We provide simulation results that show the performance
of these codes in typical TV broadcasting simulation environments,
such as Rayleigh and Rician channels.

This paper is organized as follows: in the next section, we
present the evaluated MIMO schemes. Section 3 describes the com-
plete DVB-T2 BICM system and the soft ML detection problem.
Later, in section 4, bit error rate (BER) performances are shown
and finally, the conclusions are drawn.

2. DESCRIPTION OF MIMO SCHEMES

In this section, we focus on the MIMO schemes which are evalu-
ated in this research work. First of all, we define the analyzed sys-
tem with M = 2 transmit and N = 2 receive antennas using matrix
notation. Next, the Alamouti transmit diversity scheme proposed
in DVB-T2 is described and finally, the FR-FD codes are presented
after stating the optimal STC design criteria for Rayleigh channels.

2.1 Description of the 2x2 MIMO system
Due to the fact that DVB-T2 is an orthogonal frequency division
multiplexing (OFDM) system, STC coding is carried out in fre-
quency and space domains. If the codeword is transmitted combi-
ning two adjacent carriers of an OFDM symbol, it is named space-
frequency block coding (SFBC). On the other hand, if the code-
word is transmitted at the same carrier of two consecutive OFDM
symbols, it is called space-time block coding (STBC). In our case,
the evaluated STC codes are implemented as SFBC. If we assume
the fading channel to be quasi-static in two adjacent carriers, a 2x2
MIMO transmission can be written in the form:

Y = HX+Z, (1)

where Y denotes the 2x2 received symbol matrix for two adja-
cent carriers and two receive antennas, H denotes the 2x2 com-
plex channel matrix, X is any codeword matrix with M = 2 rows
and T = 2 columns, and finally, Z denotes the zero-mean additive
complex Gaussian noise matrix whose complex coefficients fulfill
CN
(
0,2σ2) being σ2 the variance per real component.

The 2x2 codeword X can be expressed generically as:

X =
[

x11 x12
x21 x22

]
= f (s1, . . . ,sQ), (2)

where X is formed by a linear combination of Q symbols. As a
result, we can define the spatial rate as:
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L =
Q
T

. (3)

Therefore, we can observe that SFBC codes vary the raw bit rate by
a factor of L in comparison to the single-input single-output (SISO)
system.

2.2 The SFBC DVB-T2 system

As we have stated in the introduction, the DVB-T2 standard [1] in-
cludes an Alamouti MISO transmission scheme as an optional tech-
nique. We can observe the corresponding transmission structure in
Fig. 1. Using matrix notation, the pairwise processing of symbols
s = (s1,s2) can be written generically as:

Xal =
[

s1 s2
−s∗2 s∗1

]
, (4)

where Xal defines the 2x2 codeword matrix and ∗ denotes complex
conjugate. The DVB-T2 SFBC technique provides the same diver-
sity order as maximal ratio combining (MRC) with one transmit
antenna and two receive antennas maintaining the same spatial rate
as a SISO system. The model can be easily generalized to N receive
antennas providing a diversity order of 2N.

Both OFDM 
symbols are 
transmitted 

sinchronously

Payload cells within an OFDM symbol

(Frequency axis)

...

...

  ...

  ...

SFBC OFDM

 SFN 
Transmitter 1 s

1
s

3
s

5
s

7s
2

s
4

s
6

s
8

-s
2

* s
1

* s
3

* s
5

* s
7

*

Encoding process is done on 
pairs of OFDM payload cells

Data
Cells

 ...s
1
s

2
s

3
s

4
...

 SFN 
Transmitter 2

-s
4

* -s
6

* -s
8

*

Figure 1: DVB-T2 MISO transmission.

2.3 Full Rate-Full Diversity SFBC codes

2.3.1 STC design criteria

The code optimization is based on the analysis of pairwise error pro-
bability (PEP) P(X→ X̂) which is the probability of transmitting X
and detecting X̂ at the receiver. Assuming ideal channel state infor-
mation (CSI), Chernoff bound analyses proposed in [8, 9] lead to
two criteria in order to minimize PEP for Rayleigh fading channels:

1. Rank criterion: In order to achieve maximum diversity, the ma-
trix ∆ = X− X̂ has to be full rank for any codewords X and X̂.
Then, the code is said to have full diversity.

2. Determinant criterion: In order to obtain maximum coding
gain, the minimum of the determinants of the matrices ∆H∆
has to be maximized for all pairs of different codewords X and
X̂.

The forthcoming STC schemes have full diversity and a large
coding gain. They are also considered full-rate since they send as
many data symbols as the number of the system’s degrees of free-
dom MT .

2.3.2 The Golden code

The Golden code is the best full-rate full-diversity 2x2 STC which
achieves the maximal coding gain [3]. In this case, a group of four
symbols s = (s1,s2,s3,s4) is transmitted as follows:

Xg =
1√
5

[
α (s1 +θs3) α (s2 +θs4)
iᾱ
(
s2 + θ̄s4

)
ᾱ
(
s1 + θ̄s3

) ] , (5)

with θ = 1+
√

5
2 , θ̄ = 1−

√
5

2 , α = 1+ i− iθ and ᾱ = 1+ i− iθ̄ .
The main drawback of the Golden code lies on the decoding

complexity. In order to choose a detected vector ŝ, we need a maxi-
mum likelihood detector which solves

ŝml = argmin
s
‖Y−HX‖2 , (6)

performing an exhaustive search for all symbol vectors s =
(s1,s2,s3,s4) which form the codeword X. The complexity of com-
puting ŝml is exponential in the length of the symbol vector s, i.e.
O(P4), which is prohibitive for large constellation sizes P.

2.3.3 Low complexity FR-FD codes

The following STC scheme, which we call FR-FD code from now
on, is designed in such a way that maximizes the aforementioned
STC design criteria and allows us to perform an optimum detec-
tion with lower complexity, which can be described in the worst
case as O(P2). Although this sort of STC first appeared in [10],
its low-complexity detection property was not analyzed until [5, 6].
Despite FR-FD coding gain is lower than Golden coding gain, its
reduced complexity makes it a good candidate if MIMO techniques
are considered in future broadcasting TV systems. The FR-FD code
consists of a combination of two Alamouti schemes as follows:

X f r f d =
[

as1 +bs3 as2 +bs4
−cs∗2−ds∗4 cs∗1 +ds∗3

]
, (7)

with a = c = 1/
√

2, b =
1−
√

7+i(1+
√

7)
4
√

2
and d =−ib. These scalars

are chosen to constrain the transmit power and fulfill the STC design
criteria. In [5] it is demonstrated that optimum detection is reached
with complexity O(P2) and this can be further reduced by means
of sphere decoding [11]. However, we must take into account that
sphere decoder complexity is also upper-bounded by O(P2).

3. THE MIMO-BICM SYSTEM

This section describes the complete DVB-T2 system analyzed in
this work. On one hand, we describe the transmission scheme and
on the other hand, we detail the necessary soft STC detection for
channel decoding.

3.1 Transmission system
One of the main current research topics in digital TV concerns the
optimization of the MIMO-OFDM schemes in order to improve the
spectrum efficiency for high-definition television (HDTV) services.
So far, DVB-T2 [1] is the only standard in broadcasting TV sys-
tems which has included multi-antenna processing. Consequently,
we have implemented a MIMO-OFDM system over the basic chain
of DVB-T2 in order to analyze the STC codes for future propo-
sals. As it is depicted in Fig. 2, the main feature of DVB-T2 is
the great number of interleavers combined with an LDPC encoder.
This structure increases considerably the robustness of the system
making mobile reception possible. After all the interleaving blocks,
SFBC processing is included before OFDM modulation. On the
other hand, DVB-T2 allows us to increase the capacity using high
modulation orders (up to 256-QAM) and low LDPC code rates R.

The applicability of MIMO techniques in broadcasting digital
TV systems is based on the deployment of single-frequency net-
works (SFN). In SFN, multiple antennas transmit synchronously the
same signal at the same frequency carrier. The SFN networks are
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Figure 2: Block diagram of DVB-T2 system.

currently formed by SISO systems. However, DVB-T2 defines a
distributed MISO scheme where every transmit antenna of the sys-
tem is a transmitter of the SFN network. In the case of MIMO,
SFBC encoding is carried out between two adjacent cells of the
SFN network while the receive antennas are sited at the terminal as
is shown in Fig. 3.

Tx 1 Tx 2

SFN Cell 2SFN Cell 1

Figure 3: Distributed MIMO transmission in SFN networks.

For a correct reception of the depicted transmission scheme,
the MIMO detector must provide soft-information to the LDPC de-
coder. That is achieved by means of a soft detector that we explain
in the following subsection.

3.2 Soft Detection

3.2.1 MAP Detection

The main idea of the LDPC decoding algorithm is to exchange soft
information between nodes that are linked by a parity check matrix.
The method to obtain this soft information is called maximum a
posteriori (MAP) detection and consists of taking a posteriori pro-
bability (APP) information expressed in the form of log-likelihood
ratios (LLRs) (i.e. L-values [12]). The LLR of a bit bk is defined
as the logarithm of the ratio of the probabilities of the bit taking its
two possible values and can be expressed as:

L(bk) = ln
Pr [bk = +1]
Pr [bk =−1]

, (8)

where the values of the bits are taken to be +1 and -1, representing
logical ‘1’ and ‘0’, respectively. We can assume that the information
bits are scrambled by means of several interleavers in such a way
that the bits within Y may be considered statistically independent.
Therefore, using Bayes’ rule, Eq. (8) can be expressed as follows:

LD(bk|Y) = ln
Pr [bk = +1|Y]
Pr [bk =−1|Y]

= LA(bk)+LE(bk|Y), (9)

where LA(bk) and LE(bk|Y) denote the a priori and extrinsic in-
formation, respectively and k = 0, . . . ,MT log2 P−1. The extrinsic
information conditioned to the received vector Y can be written as:

LE(bk|Y) = ln

∑
b∈Bk,+1

p(Y|b)exp

(
∑

j∈Jk,b

LA(b j)

)

∑
b∈Bk,−1

p(Y|b)exp

(
∑

j∈Jk,b

LA(b j)

) , (10)

where p(Y|b) represents the likelihood function. Defining Kb =
MT log2 P, Bk,+1 represents the set of 2Kb−1 bit vectors b having
bk = +1, so that,

Bk,+1 = {b|bk = +1} ,Bk,−1 = {b|bk =−1} , (11)

and Jk,b is the set of subindexes that can be written as

Jk,b =
{

j| j = 0, . . . ,Kb−1, j 6= k,b j = +1
}

. (12)

3.2.2 Likelihood function for MAP detection

The most important part of the calculation of LD in (9) is the like-
lihood function p(Y|b). Considering our system in (1) and follo-
wing [11], we rewrite (1) in such a way that we can observe an
equivalence with a MIMO system with M=4 and N=4 where there
is no channel interference between the sets of transmit antennas
{1,2}, {3,4} and the sets of receive antennas {3,4}, {1,2} respec-
tively. First, we define the column vectors x̄ = [x11,x21,x12,x22]

T ,
ȳ = [y11,y21,y12,y22]

T and z̄ = [z11,z21,z12,z22]
T , whose elements

are taken column-wise from matrices X, Y and Z respectively. Next,
we define the real-value column vector

x̄R = [ℜ{x11} ,ℑ{x11} ,ℜ{x21} , . . . ,ℑ{x22}] . (13)

The described STC codes belong to the class of linear disper-
sion codes [13] so they can be written as x̄R = Gs̄R, where s̄R co-
rresponds to the symbol vector s = [s1,s2,s3,s4]

T expressed as (13)
and G is the real generator matrix of the STC. Then, using the new
notation, the likelihood function p(Y|b) can be written as:

p(Y|s̄R = map(b)) =
exp
(
‖ȳR−H̆Gs̄R‖2

2σ 2

)
(
2πσ2

)NT , (14)

where s̄R = map(b) is the mapping of the vector b into the symbols
of column vector s and the equivalent channel H̆ is obtained from
channel matrix H as H̆ = (1/2)I2⊗ (H⊗E+H∗⊗E∗), where ⊗

corresponds to the Kronecker product and E =
[

1 j
− j 1

]
. Only

the term inside the exponent in (14) is relevant for the calculation
of the LE -value, and the constant factor outside the exponent can be
omitted. Therefore, with the Max-log approximation, the extrinsic
value LE (10) becomes
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LE(bk|Y)≈
1
2

max
b∈Bk,+1

{
− 1

σ2

∥∥ȳR− H̆Gs̄R
∥∥2 +bT

[k]LA,[k]

}
−1

2
max

b∈Bk,−1

{
− 1

σ2

∥∥ȳR− H̆Gs̄R
∥∥2 +bT

[k]LA,[k]

}
. (15)

3.2.3 List ML detection

The computation complexity of each LE value for Golden and low-
complexity FR-FD can be expressed as O(P4) and O(P2), respec-
tively. Therefore, in the same way as the sphere decoder in hard
detection, we define the list sphere decoder based on [7] in order to
simplify the calculation of LE . In this case we use a candidate list
L of the ML metrics ∥∥ȳR− H̆Gs̄R

∥∥2
, (16)

which provides a good approximation of (15). The list includes
1≤Ncand < P4 vectors s̄R which give the smallest ML metrics (16).
The number of candidates Ncand must be predetermined sufficiently
large in such a way that contains the maximizer of (15) with high
probability. Hence, (15) can be approximated as:

LE(bk|Y)≈
1
2

max
b∈L∩Bk,+1

{
− 1

σ2

∥∥ȳR− H̆Gs̄R
∥∥2 +bT

[k]LA,[k]

}
−1

2
max

b∈L∩Bk,−1

{
− 1

σ2

∥∥ȳR− H̆Gs̄R
∥∥2 +bT

[k]LA,[k]

}
. (17)

4. ASSESSMENT OF FR-FD IN DVB-T2

This section presents the simulation results for the previously des-
cribed SFBC codes over the DVB-T2 system using a soft list de-
tector. The numbers of antennas are M = 2 and N = 2 for all the
evaluated STC codes. Therefore, in the case of the DVB-T2 MISO
technique, we have included a MRC at the receiver side so that the
diversity order is the same for all the systems. The performance has
been assessed using bit error rate (BER) curves for systems with
the same bit rate η = RL log2 P and the same bit energy Eb. The
DVB-T2 parameters used in the simulations are the following:
• Length of LDPC block: 64800 bits
• LDPC code rate: R = 2/3
• Constellation sizes: QPSK, 16-QAM and 256-QAM
• FFT size: 2048 carriers (2K)
• Guard interval: 1/4

The simulations have been carried out over a Rayleigh channel
(Typical Urban of six path, TU6) and a Ricean channel (Rural Area
of six paths, RA6), both commonly used as simulation environ-
ments of terrestrial digital television systems [14]. We consider per-
fect CSI at the receiver and non-iterative MIMO detection. There-
fore, there is no a priori information LA(bk) and hence (17) is sim-
plified. The number of candidates has been set to Ncand = 100 based
on [15].

In Fig. 4 and Fig. 5 we compare the aforementioned STC
schemes using the DVB-T2 system over TU6 and RA6 channels,
respectively. Two different bit rates have been used in the analysis:
η = 8/3 and η = 16/3. These correspond to the configurations of
Table 1.

As we can observe in Fig. 4, FR-FD code and Golden code
achieve a higher gain than the DVB-T2 MIMO system for η =
16/3. However, the DVB-T2 scheme has a better behavior than the
full-rate codes for η = 8/3. On the other hand, the performance of
FR-FD is 0.3 dB worse than Golden code. Therefore, FR-FD code
provides a good performance with lower detection complexity.

In Fig. 5, where we have a channel with line of sight (LOS),
both FR-FD code and Golden code provide a lower performance
than the DVB-T2 MIMO scheme. In this case, the gain between
FR-FD and Golden codes is also maintained.

Figure 4: BER curves of 2x2 MIMO-BICM schemes based on
DVB-T2 system over the TU6 channel.

Figure 5: BER curves of 2x2 MIMO-BICM schemes based on
DVB-T2 system over the RA6 channel.

5. CONCLUSIONS AND FUTURE WORK

In this paper, we have analyzed the performance of a sub-optimal
2x2 FR-FD code with low complexity detection for its possible
implementation in future broadcasting TV systems. This code
fully exploits the MIMO channel capacity comparing to the cu-
rrent MISO scheme defined in DVB-T2. The result comparisons of
MIMO-BICM systems with the same bit rate and bit energy show
that FR-FD code achieves a higher performance gain in Rayleigh
channels than the current DVB-T2 MISO system combined with a
MRC technique at the receiver for high bit rates and that is reduced
in low bit rates. Furthermore, it provides similar performance as
Golden code with lower detection complexity. On the other hand,
both FR-FD and Golden codes provide a reduction of the perfor-
mance in LOS environments, being worse than the DVB-T2 Ala-
mouti scheme with MRC for the analyzed bit rates. This is due to
the fact that these codes have been designed for Rayleigh channels
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Table 1: Configurations according to the bit rate.

Bit rate (η) STC scheme Spatial rate (L) Code rate (R) Constellation size (P)
16/3 Alamouti 1 2/3 256-QAM
16/3 Golden 2 2/3 16-QAM
16/3 FR-FD 2 2/3 16-QAM
8/3 Alamouti 1 2/3 16-QAM
8/3 Golden 2 2/3 QPSK
8/3 FR-FD 2 2/3 QPSK

following the STC design criteria. Therefore, they could be opti-
mized for Ricean channels.

Despite the reduction of performance in LOS scenarios in com-
parison to the DVB-T2 MIMO scheme, FR-FD code allows us to
use higher constellation sizes and hence, to increase the capacity
for HDTV system reducing the detection complexity.

As future work lines, we propose the definition of FR-FD codes
for Ricean channels, which are very common in terrestrial broad-
casting TV scenarios, as well as the evaluation of the behavior of
the system in SFN networks with different transmitter power. More-
over, we can analyze the number of candidates Ncand that is nece-
ssary to obtain a good performance and the inclusion of an iterative
process between the STC and LDPC blocks decoding in order to
reach near-capacity.
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ABSTRACT
This paper proposes an adaptive averaging periodogram
(AAP) spectral estimator based on the structure of noise
power spectral density (NPSD) for speech enhancement,
which will be herein referred to as NPSD-AAP. In the pro-
posed spectral estimator, both the raw periodogram and the
NPSD are smoothed over frequency to reduce their vari-
ances if the NPSD has a relatively flat spectrum. Other-
wise no smoothing is performed so as to satisfy the high-
frequency resolution demand for the non-flat spectrum of
the NPSD. The NPSD-AAP provides a low-variance and
adaptive-bandwidth estimate of the power spectral density,
which could be applied to any frequency-domain speech en-
hancement algorithms. Especially, the NPSD-AAP is applied
to spectral subtraction to suppress the musical noise without
introducing audible speech distortion. Experimental results
confirm the validity of the proposed algorithm.

1. INTRODUCTION

The fast Fourier transform (FFT) is often used to compute
the raw periodogram for speech enhancement due to its com-
putational efficiency [1]. However, it is well-known that the
raw periodogram is not a good spectral estimate for its large
variance, which leads to the musical noise problem for most
frequency domain speech enhancement algorithms [2]-[11].

There are two ways to suppress the musical noise. One is
to reduce the variance of the raw periodogram directly, which
will be herein referred to as the direct approach. The other is
based on other mechanisms, which will be herein referred to
as the indirect approach. A typical indirect approach is the
decision-directed approach of Ephraim and Malah [3] and its
improved variants [4]-[8], where the key mechanism is the
smoothness of the priori signal-to-noise-ratio (SNR) [11].
Another typical indirect approach is to use the psychoacous-
tic models to suppress the musical noise. For example, Virag
[12] proposed an oversubtraction scheme based on psychoa-
coustic models, and Gustafsson et al. [13] developed a psy-
choacoustically motivated audio enhancement algorithm.

Several direct approaches also have been proposed re-
cently. Boll [2] used the magnitude averaging technique to
reduce the musical noise. It is an effective way to reduce the
variance of the raw periodogram by averaging the magnitude
over time, but only a limited time averaging is allowed due
to the non-stationary characteristic of the speech. Hendriks
et al. [10] proposed an adaptive time segmentation algorithm
to find neighboring wide sense stationary segments for each
frame. Hu and Loizou [11] proposed a speech enhancement
algorithm based on wavelet thresholding the multitaper spec-
trum (WTMS), where the WTMS is a low-variance spec-
tral estimator. Gustafsson et al. [14] suggested using the

Bartlett averaging periodogram (BAP). Both the WTMS and
the BAP have a constant time-frequency bandwidth product.
Spectral subtraction (SS) with adaptive bandwidths was pro-
posed by Gulzow et al. [15], where the bandwidth was adap-
tively determined by the voice activity detector (VAD). An
efficient realization without VAD had been proposed in [15],
but it needed to estimate the subband SNR to determine the
bandwidth. Obviously, when the narrowband noise is much
larger than the speech, the WTMS, the BAP, and the adaptive
bandwidths-based SS algorithms may cause audible speech
distortion due to their wide main-lobe characteristic.

It is well-known that the SS algorithm often requires
an accurate estimate of the noise power spectral density
(NPSD). That is to say, the performance of the SS algo-
rithm is somewhat influenced by the accuracy of the NPSD
[16]. Whereas, the characteristic of the NPSD is rarely used
in most conventional SS algorithms [17]. Considering the
harmonic-plus-noise model of speech, the spectral estimator
must have high-frequency resolution in order to distinguish
two neighboring harmonic spectra. This should be the main
reason why the raw periodogram is often used to provide a
high-frequency resolution spectral estimator for most of the
conventional SS algorithms. In fact, using the high or low
frequency resolution spectral estimator dose not make any
conspicuous difference for the speech signal. This is because
using low-frequency resolution spectral estimator may not
cause serious speech distortion and only reduces the amount
of the noise reduction for voice at low frequencies, where the
residual noise could be masked by the voice in most cases.
However, using the high or low frequency resolution spectral
estimator for the noise has obvious influences on speech en-
hancement. For the narrowband noise, using low-frequency
resolution spectral estimator may cause audible speech dis-
tortion and also may decrease the amount of the noise re-
duction due to the wide main lobe. Therefore, the structure
of the NPSD should determine whether the high-frequency
resolution is used or not.

In this paper, we propose to smooth the raw periodogram
over frequency adaptively, and basing on the structure of the
NPSD, to provide a low-variance and adaptive-bandwidth
spectral estimator for speech enhancement, which will be re-
ferred to as the structure of NPSD-based adaptive averaging
periodogram (NPSD-AAP). The basis of the NPSD-AAP is
the flatness of the estimated NPSD: if the estimated NPSD
has a relative flat spectrum, adjacent averaging smoothing is
applied to both the raw periodogram and the estimated NPSD
to significantly reduce their variances; otherwise, no smooth-
ing technique is used to satisfy the high-frequency resolu-
tion demand. To validate the proposed spectral estimator, the
NPSD-AAP is applied to the SS algorithm to suppress the

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1519



musical noise while achieving low levels of speech distor-
tion. Experimental results verify the better performance of
the proposed NPSD-AAP-based SS algorithm.

This paper is organized as follows: In section 2, the the-
ory and the implementation of the NPSD-AAP are presented.
In section 3, the NPSD-AAP is applied to the SS algorithm.
Performance evaluation and conclusions are presented in sec-
tion 4 and section 5, respectively.

2. NPSD-AAP

2.1 Theory
Let PD( f ) be the NPSD at frequency f . The first derivative
of the natural logarithm of the NPSD is selected to measure
the flatness, which is defined as

ℜ( f ) =
∂ [lnE {PD ( f )}]

∂ f
=

1
E {PD ( f )}

∂ [E {PD ( f )}]
∂ f

, (1)

where ln{•} is the natural logarithm function; and E {•} is
the expectation function. Obviously, the gradient ℜ( f ) mea-
sures the variation of the NPSD. When ℜ( f ) becomes in-
finite, the NPSD is increasing or decreasing rapidly at fre-
quency f ; On the contrary, if ℜ( f ) is close to zero, the NPSD
is flat. In practice, the discrete Fourier transform (DFT) is
used, then (1) can be rewritten as

ℜ(k, i) =
|E {PD (k + i)}−E {PD (k)}|

i ·E {PD (k)}
, (2)

where k is the frequency index, i =±1,±2, · · ·±K f , and K f
is the number of the adjacent frequency bins. (2) shows that if
and if only E {PD (k)}= E {PD (k + i)},with i =±1,±2, · · ·±
K f , holds, then ℜ(k, i) ≡ 0, where the special case is only
valid for flat spectra, such as white noise. To be mentioned,
(2) is somewhat different from (1) since the absolute opera-
tion is applied in (2). ℜ(k, i) is still an effective measurement
because it has the same physical meaning as ℜ( f ). (2) can
be rewritten as

λ (k, i) = E{PD(k)}
E{PD(k+i)}

=

{
1

i·ℜ(k,i)+1 E {PD (k + i)} ≥ E {PD (k)}
1

1−i·ℜ(k,i) otherwise
(3)

where λ (k, i) indicates the ratio between the expected value
of the NPSD at bin k and that of the NPSD at bin k+ i. When
λ (k, i) is close to one, the NPSD at bin k and the NPSD at bin
k + i can be averaged because they have the same expected
values.

Given the following two hypotheses,

H0 (k, i) : λ (k, i) = E {PD (k)}
/

E {PD (k + i)}= 1
H1 (k, i) : λ (k, i) = E {PD (k)}

/
E {PD (k + i)} 6= 1 (4)

where i = ±1,±2 · · · ±K f . H0(k, i) indicates a hypothesis
that the NPSD at bins k and k+ i have the same expected val-
ues; and H1(k, i) indicates an alternative hypothesis that the
NPSD at bins k and k + i have the different expected values.
If H0(k, i) is true, the smooth operation can be applied to bins
k and k+ i to reduce the variance because they have the same
expected values.

2.2 The NPSD estimation and the implementation of the
NPSD-AAP
2.2.1 The NPSD estimation

There are two ways to estimate the NPSD. One is based on
the VAD, where the NPSD is estimated from the noise-only
segment [3],[14],[15]. The other is based on the minimum
statistics (MS) approach [16]. Martin has proved that the
variance of the minimum statistics power estimate is smaller
than the variance of a single recursively smoothed power es-
timate [16]. Thus, the MS approach is applied to estimate the
NPSD due to its low-variance characteristic.

We assume that the noise is d(n) and the clean speech is
s(n), then the noisy speech y(n) is given by

y(n) = s(n)+d(n). (5)

We further assume the raw periodogram of y(n), computed
by the N-point FFT with Hanning window, is IY (k, l), where
l is the frame index, and k = 0,1 · · ·N−1. The NPSD can be
estimated by the following two steps:

1) Recursive smoothing of the raw periodgoram IY (k, l)
leads to

PY (k, l) = αPY (k−1, l)+(1−α) IY (k, l) , (6)

where α is a forgetting rate parameter.
2) The minimum from the Ω consecutive samples of

PY (k, l) is the estimated NPSD, which is given by

PD (k, l) = βc min(PY (k, l) |l−Ω+1, · · · l ) , (7)

where βc compensates the bias. In the rest of this paper, the
frame index l is discarded without causing confusion.

2.2.2 The NPSD-AAP

The NPSD estimated by the MS approach has a low-variance
characteristic, so we can define

λ̂ (k, i) = PD (k)
/

PD (k + i), (8)

then the decision rule for the binary hypothesis problem de-
fined in (4) can be given by

 H0 (k, i) true,w(k, i) = 1, i f λ̂ (k, i) ∈
[

1
λth

λth

]
H1 (k, i) true,w(k, i) = 0, i f λ̂ (k, i) /∈

[
1

λth
λth

] (9)

where w(k, i) = 1 indicates accepting H0(k, i); otherwise,
w(k, i) is set to zero. λth ≥ 1 is the threshold for accept-
ing or rejecting H0(k, i), which can be obtained by the false
alarm rate (FAR), where the FAR is the probability of choos-
ing H1(k, i) when in fact H0(k, l) is true. Obviously, if
H0 (k, i) is accepted, the hypothesis H0 (i,k) also must be ac-
cepted for symmetry. This is the reason why the interval is[

1
/

λth λth
]

in (9). The FAR is given by

Pf a =
∫ 1/λth

0
f
λ̂ (k,i)|λ (k,i)=1 (x)dx+

∫
∞

λth

f
λ̂ (k,i)|λ (k,i)=1 (x)dx

(10)
where f

λ̂ (k,i)|λ (k,i)=1 (x) is the conditional probability density

function (pdf) of λ̂ (k, i) given λ (k, i) = 1. The threshold
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For all time frame l  

1) Estimate the NPSD by the MS approach at all frequency bins k: ( )kPD . 

2) Calculate the ratio between the NPSD at bin k and the NPSD at bin k+i

( )ik,λ̂  using Eq. (8) 

3) Determine the weighted factor ( )ikw ,  using Eq. (9). 

4) Smooth the raw periodogram ( )kIY  and the estimate NPSD ( )kPD  using 

Eqs. (11) and (12). 

5) Compute the gain function ( )kG  using Eq. (13). 

6) Calculate the estimate of the clean speech ( )nŝ  using Eq. (14). 

 

Figure 1: NPSD-AAP-SS algorithm.

Table 1: Parameter values for the NPSD-AAP-SS, where N
is the frame length, and M is the frame shift parameter.

fs = 16kHz α = 0.8 βc = 1.85 Ω = 120 K f = 6
λth = 3 β = 3 Gmin =−20dB N = 512 M = N/2

λth relies on the window type, the overlapping parameter, the
forgetting rate parameter α , and the parameter Ω used in the
MS approach. In this paper, the threshold λth is obtained by
Monte Carlo method and a typical value is 3.

Based on (8) and (9), the smoothed periodogram and the
smoothed NPSD at bin k can be computed by

ĨY (k) =
K f

∑
i=−K f

w(k, i) IY (k + i)

/
K f

∑
i=−K f

w(k, i), (11)

P̃D (k) =
K f

∑
i=−K f

w(k, i)PD (k + i)

/
K f

∑
i=−K f

w(k, i). (12)

Implementing (8) directly requires K f /2 + 1 divisions for
each bin as considering the symmetry of the raw peri-
odogram. When K f is not too large, the computation load of
the NPSD-AAP does not increase too much compared with
that of the raw periodogram.

3. SPECTRAL SUBTRACTION BASED ON THE
NPSD-AAP

The gain function of the SS algorithm based on the NPSD-
AAP (NPSD-AAP-SS) is given by

G(k) = max
{

max{ĪY (k)−β P̄D (k),0}
max{ĪY (k)−β P̄D (k),0}+ P̄D (k)

,Gmin

}
,

(13)
where β > 1 is the oversubtraction factor, and Gmin is the
minimum gain value. After the gain function is obtained, the
enhanced speech could be computed by

ŝ(n) = IFFT{G(k)Y (k)} , (14)

where Y (k) is the FFT of the noisy speech y(n) and ŝ(n) is
the estimate of the clean speech s(n).
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Figure 2: Comparison of the spectral estimators. (a)(b)(c)
in the first row show the sinusoids in WGN, car noise, and
bandlimited noise, respectively. (d)(e)(f) in the second row
and (g)(h)(i) in the third row show the raw periodogram and
the BAP, respectively. (j)(k)(l) in the last row illustrate the
NPSD-AAP.

Table 2: The RIMSE of the three spectral estimators, includ-
ing the raw periodogram, the BAP, and the NPSD-AAP.

Noise/Algorithms the raw periodogram the BAP the NPSD-AAP
Sinusoids in WGN 0.44 27.33 0.42
Bandlimited WGN 10.12 4.69 3.76

WGN 256.35 93.90 89.09

We summarize the implementation of the NPSD-AAP-
SS algorithm in Figure 1. All of the signals used in this paper
are sampled at fs = 16kHz, and the parameter values for the
proposed algorithm are shown in Table 1.

4. PERFORMANCE EVALUATION

In this section, we first compare the NPSD-AAP with the
raw periodogram and the BAP to show the low-variance
and adaptive-bandwidth characteristics of the proposed spec-
tral estimator by using three types of noise, including si-
nusoids buried in white Gaussian noise (WGN), car noise,
and bandlimited WGN. The frame length for the raw pe-
riodogram and the BAP is 512 and 64, respectively; and
[512/64] subblocks are averaged to obtain the BAP in the
simulation. Second, the NPSD-AAP-SS is compared with
the raw periodgoram-based SS (RP-SS) and the BAP-based
SS (BAP-SS) algorithms.

4.1 Comparison of the spectral estimators
Three types of noise, including sinusoids buried in WGN, car
noise, and bandlimited WGN, are shown in the first row of
Figure 2, respectively. The raw periodogram and the BAP
of these noise signals are shown in the second and the third
rows of Figure 2, respectively. The last row of Figure 2 de-
picts the estimation results of the NPSD-AAP. In the pro-
posed NPSD-AAP algorithm, the variance is better reduced
for the flat spectrum of the NPSD, and the frequency resolu-
tion is high enough for the non-flat spectrum of the NPSD.
Whereas, the raw periodogram has a large variance with
high-frequency resolution; and the BAP has a low variance
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Table 3: Comparison of the log-spectral distance (LSD) for the three SS algorithms, including the RP-SS, the BAP-SS, and
the proposed NPSD-AAP-SS algorithms.

LSD [dB]
Algorithm RP-SS BAP-SS NPSD-AAP-SS

Input Segmental SNR -5 0 5 10 -5 0 5 10 -5 0 5 10
WGN 8.20 4.87 2.94 1.81 5.65 3.51 2.55 1.78 5.61 3.42 2.49 1.76

Bandlimited WGN 4.81 3.15 2.06 1.38 4.28 2.81 1.81 1.27 3.97 2.58 1.70 1.26
Sinusoids in WGN 3.34 2.02 1.27 0.86 5.19 3.01 2.18 1.38 3.44 2.08 1.34 0.95

Car noise 4.28 1.84 1.20 0.89 3.95 2.12 1.38 1.16 2.51 1.76 1.07 0.78
Babble 6.26 3.92 2.47 1.60 5.36 3.31 2.09 1.41 5.47 3.38 2.07 1.36

with low-frequency resolution. The proposed NPSD-AAP
is a low-variance and adaptive-bandwidth spectral estimator,
which could make a good trade-off between the variance and
the frequency resolution based on the flatness of the NPSD.

To give a quantitative result, the root integrated mean
square error (RIMSE) defined in [18] is used to evaluate the
performance of the three spectral estimators, where the re-
sults are shown in Table 2. The best performance of the
NPSD-AAP is further confirmed by the minimum RIMSE
among the three spectral estimators for any type of noise.
The RIMSE of the car noise is not presented in Table 2 for
which the car noise is non-stationary, and it is unable to de-
fine its expected value. Even for the WGN, the variance is
only reduced by a factor of less than 2K f +1. The main rea-
son is that the Hanning window and the overlap used in the
raw periodogram reduce the independence.

4.2 Comparison of the three SS algorithms

The NPSD-AAP-SS is compared with the RP-SS and the
BAP-SS, where the noise signals include two types of arti-
ficial noise as shown in Figure 2(a) and (c), and three noise
signals (WGN, car noise, and babble) taken from the Noi-
sex92 database [19]. More than 400 clean speech samples
are taken from the TIMIT database [20]. These clean speech
samples are summed up to about 20 minutes without inter-
vening pauses and degraded by the various noise types with
segmental SNRs in the range [-5 10]dB. The log-spectral dis-
tance (LSD) [21], the perceptual evaluation of speech quality
(PESQ) [22], and the speech spectrograms are used to give
the objective comparison results. The results of the LSD are
shown in Table 3.

As shown in Table 3, the proposed NPSD-AAP-SS algo-
rithm has a smaller LSD than the other two SS algorithms
for most cases. For the broadband noise with small dy-
namic range, such as the WGN and the bandlimited WGN,
the performance of the BAP-SS is comparable with that of
the NPSD-AAP-SS. The main reason is that the BAP and
the NPSD-AAP nearly have the same frequency resolution,
and the NPSD-AAP is also a low-frequency resolution and
low-variance spectral estimator just like the BAP; while the
performance of the RP-SS is the worst due to the large vari-
ance of the raw periodogram. For the narrowband noise with
large dynamic range, such as the sinusoids buried in WGN,
the BAP-SS is the worst due to the low-frequency resolu-
tion of the BAP; the proposed NPAD-AAP-SS has nearly the
same performance with the RP-SS because the NPSD-AAP
could reduce the variance and achieve high-frequency reso-
lution simultaneously based on the flatness of the NPSD. For
the non-stationary broadband noise with medium dynamic

Table 4: Comparison of the PESQ improvement for the three
SS algorithms at an input segmental SNR = 0dB.

Noise PESQ Improvement
Algorithm RP-SS BAP-SS NPSD-AAP-SS

WGN 0.59 0.62 0.62
Bandlimited WGN 0.60 0.57 0.72
Sinusoids in WGN 0.59 0.09 0.50

Car noise 0.50 0.24 0.50
Babble noise 0.08 0.13 0.13

range, such as the car noise and the babble, the best per-
formance of the proposed algorithm reveals that the NPSD-
AAP-SS is not seriously deteriorated when the MS approach
underestimates the NPSD.

The PESQ has been found to have a good correlation
overall with the mean opinion score (MOS), so it is used
to further confirm the better performance of the proposed
NPSD-AAP-SS, where the PESQ improvement for the three
SS algorithms is shown in Table 4. The NPSD-AAP-SS has
a higher PESQ improvement for most cases, which is consis-
tent with the results of the LSD.

To give indications of the structure of the residual noise
and the speech distortion, an example of spectrograms of the
noisy and the enhanced speech samples is presented in Figure
3, where the clean speech is corrupted by the sinusoids buried
in WGN at -5dB. For the proposed algorithm, the musical
noise is reduced without introducing more speech distortion.
The BAP-SS suppresses the musical noise at the expense of
more speech distortion at the sinusoidal frequencies, while
the RP-SS still has annoying musical noise.

Informal listening tests further show that the RP-SS still
has annoying musical noise for the five types of noise, while
the BAP-SS has audible speech distortion for three types of
noise including the sinusoids buried in WGN, the bandlim-
ited WGN, and the car noise. Both the BAP-SS and the
NPSD-AAP-SS can effectively suppress the musical noise,
while the NPSD-AAP-SS does not introduce audible speech
distortion for the five types of noise.

5. CONCLUSIONS

This paper proposes an adaptive averaging periodogram
based on the structure of noise power spectral density, where
the proposed NPSD-AAP could be applied to any frequency-
domain speech enhancement algorithms that need peri-
odogram estimation. Compared with the raw periodogram
and the BAP, the NPSD-AAP provides a low-variance and
adaptive-bandwidth estimate of the power spectral density,
which could achieve high-frequency resolution of the NPSD
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Figure 3: Speech spectrograms for the clean speech cor-
rupted by sinusoids buried in WGN at -5dB. (a) Noisy
speech. (b) Enhanced speech by the RP-SS. (c) Enhanced
speech by the NPSD-AAP-SS. (d) Enhanced speech by the
BAP-SS.

and reduce the variance of the raw periodogram simultane-
ously based on the flatness of the NPSD. Compared with the
raw periodogram-based and the BAP-based spectral subtrac-
tion algorithms, the NPSD-AAP-based SS algorithm could
suppress the musical noise without causing more speech dis-
tortion for any type of noise.

We wish to emphasize that there are at least two ways to
improve the performance of the NPSD-AAP-SS. One is to
select the oversubtraction parameter β in (13) according to
the speech presence probability (SPP) [23]. When the SPP is
close to one, β should be small to reduce speech distortion;
otherwise, if the SPP is close to zero, β should be large to
suppress the noise. The other way is to further reduce the
nonstationary noise by cepstral smoothing technique [7].
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ABSTRACT

In this paper, a novel Kalman filter based noise suppression
algorithm for hearing aids, using spatial information for es-
timating the required noise and speech models, is proposed.
The main assumption of the scheme is that the target (usu-
ally the speech signal) is directly in front of the hearing aid
user while the interference (usually the noise signal) comes
from the back hemisphere. While in an earlier paper [1], a
related approach based on instantaneous Wiener filters using
a Weighted Overlap Add (WOLA) decomposition has been
presented, this paper focuses on a time domain approach
employing a time varying Kalman filter. Clearly, with the
proper noise and speech models, one would expect a bet-
ter performance of a time varying Kalman filter than of a
WOLA Wiener filter. Hearing tests as well as objective per-
formance measures show the excellent performance of the
Kalman filter based noise suppression algorithm.

1. INTRODUCTION

The proposed algorithm is based on the LOCO (LOw COm-
plexity) idea, which was originally published in [1]. Based on
an adaptive Elko-beamformer, LOCO describes a new way to
estimate the statistical properties of the signal and noise in
the beamformed signal. While in traditional approaches, the
single beamformed signal is used to drive the statistical esti-
mators which attempt to estimate the power spectral density
(PSD) of the noise and the PSD of the speech, LOCO makes
use of the spatial information. Based on our main assump-
tion that the target is directly in front of the hearing aid user
while the noise comes from the back hemisphere, LOCO uses
the front- and back-cardioids of the Elko-beamformer for the
estimation of the speech and the noise properties respectively
(Fig. 3).

This idea can be implemented in different ways. In [1],
it was used to estimate the PSDs as the squared magnitude
of a frame based Fast Fourier Transform (FFT). Based on
these PSDs, a corresponding instantaneous Wiener filter was
calculated and applied to the beamformed signal, which re-
sulted in excellent acoustic properties. Implemented in a
WOLA framework (WOLA-LOCO), this scheme results in
a data expansion. To avoid this, alternative schemes based
on wavelets (Wavelet LOCO) have been proposed [1]. These
Wavelet LOCO algorithms showed similar acoustic proper-
ties to the WOLA-LOCO, but as they don’t result in a data
expansion, they are computationally more efficient.

While applying a Wiener filter, the WOLA-LOCO as
well as the Wavelet LOCO algorithm treat the beamformed
signal as if it were stationary. Since this assumption is in-
correct for a natural speech signal, the applied Wiener filter
has to be changed from frame to frame. Since a Kalman fil-
ter is the nonstationary equivalent of a causal Wiener filter,
the step away from the instantaneous Wiener filter towards
a time varying Kalman filter should result in a smaller mean
squared error and hence in improved performance. Clearly,
while for the Wiener filter the estimation of the speech and
noise PSDs is the critical part, for a Kalman filter, the esti-
mation of the speech and noise model parameters is of fun-

damental importance.
Note that this paper presents the most important results

of a larger thesis (in German), which can be found in [7].
Furthermore, the source code required to generate the results
presented in this paper can also be found in [7].

The paper is organized as follows. In section 2, the no-
tation and the performance measures used throughout this
paper are introduced. In section 3, the main ideas behind the
proposed scheme and the underlying speech/noise models are
discussed and one selected implementation based on LPC
analysis is presented in detail. Finally, the experimental re-
sults are shown in section 5, where the results of the proposed
scheme are compared to the well-known Elko-beamformer [8]
and the WOLA-LOCO [1] scheme.

2. NOTATION AND PERFORMANCE
MEASURES

Algorithm
x = s+n

s

n

ŝ

Itakura Distortion Measure / MSE

sSNRoutsSNRin

Figure 1: Notation

To measure the final speech signal quality, different qual-
ity measures were used. For good comparability with [1]
the same two representative objective speech quality mea-
sures will be used here: the segmental Signal to Noise Ratio
(sSNR) and the Itakura Distortion Measure (ID). And fi-
nally, since the Kalman filter is built to optimize the Mean
Squared Error (MSE), we will use this measure as well.

2.1 Mean Squared Error

It is well known that the MSE is not an adequate measure for
speech quality. It is nevertheless important for this paper,
since the Kalman filter minimizes the MSE:

MSE =
1

N

N∑
n=1

(s(n)− ŝ(n))2 (1)

where N is the length of the speech signal in samples.

2.2 Segmental SNR

The segmental SNR is a simple and effective speech quality
measure which allows for good comparability:

sSNRdB = 10 · 1

M
·
M−1∑
m=0

log


N·m+N−1∑
n=N·m

s2[n]

N·m+N−1∑
n=N·m

n2[n]

 (2)
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where N denotes the segment width in samples. During
the project, various segment sizes suggested in the literature
were evaluated and 20ms = 410 Samples (at a sampling rate
of 20480 Samples/s) resulted in the best performance. To
calculate the instantaneous signal and noise output powers,
the algorithm is fed with the x = s and x = n signals sep-
arately. However, all internal parameters are adapted as in
the x = s+n case. In other words, this allows the calculation
of the output sSNR because the response of the system to
the noise only as well as to the signal only can be measured.

2.3 Itakura Distance Measure

The well known Itakura Distance Measure, which is also
called the Log Likelihood Ratio, is selected as the second rep-
resentative objective speech quality measure. The Itakura
Distance Measure is defined as follows:

dID
(
Sm(k), Ŝm(k)

)
= ln

(
bT RSS b

aT RSS a

)
(3)

where k = n ∈ [N ·m, N ·m+N −1], RSS is the correlation
matrix of the clean signal and a and b are the LPC coefficient
vectors of the approximated (output) signal and the clean
signal, respectively. Again, segments of 20ms and LPC order
of 14 showed good results. In the end, all segmental values
are arithmetically averaged. Even though objective quality
measures are important, the final judgment of the speech
quality is reserved for human listeners. For this purpose, the
original and processed sound files can be found in [7].

2.4 Scenarios

During this project, carefully recorded sound files using a
KEMAR were used to test the algorithm. The KEMAR
manikin was equipped with two behind the ear (BTE) hear-
ing aids. Each hearing aid contained two microphones in
end-fire configuration that were connected to a digital audio
recording system. For the results reported in this paper, the
recording was done in an anechoic chamber.

Furthermore, several acoustic scenarios were used, the
four most common ones being shown here as examples. The
desired speech signal always comes from the front (0◦), but
the direction of the interfering signal differs. This different
direction of the interfering signal exhibits itself in a time
delay between the front microphone signal and the back mi-
crophone signal.

Interfering signal Desired signal

Figure 2: Acoustic scenarios

In the above figures, the interference is a female speech
signal, while the desired signal (the signal at 0◦) is a male
speech signal and the listener stands in the middle of the
circle. The three leftmost scenarios show the interference at
90◦, 135◦ and 180◦, while the rightmost scenario shows the
so called cocktail-party situation, where there are multiple
interferences (male and female) from all around the listener
at 45◦, 90◦, 135◦, 180◦, 225◦, 270◦ and 315◦.

2.5 LOCO

The proposed algorithm, which has been named LOCO, is
based on an Elko-beamformer (see Fig. 3). Since we expect

the desired speech signal to come from the front and de-
fine everything from the back as noise, we can use the front
and back cardioid signals (which are already available from
the Elko-beamformer) as estimators of the speech and noise
signals (Fig. 3).

β
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a[n]

b(n)

-
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B
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Figure 3: LOCO Algorithm

The front and back cardioid signals as well as the beam-
formed signal show highpass characteristics (1− z−2 for sig-
nals from the front with α = 1). The beamformed signal can
be equalized very efficiently with an IIR filter which has the
inverse transfer function

H(z) =
1

1− β · (1− α)− α · z−2
(4)

where β is the adaptive parameter which determines the
directivity of the Elko-beamformer. The cardioid signals
used for the speech/noise model parameter estimates can
be equalized with the following filter:

H(z) =
1

1− α z−2
(5)

Choosing α < 1 ensures the stability of these equalizers.

3. SPEECH MODEL AND KALMAN FILTER

ζ(n) AR(p)

η(n) AR(q)

+ +

v(n)

Kalman-
filter

s(n)

i(n)

s(n)
y(n)

Figure 4: The speech / interference model

Using a Kalman filter for speech enhancement asks for
a state space model. An appropriate one that is often used
(e.g. in [3]), assumes that the speech signal s(n) as well as
the interference signal i(n) can be adequately modeled by
Autoregressive (AR) processes of order p and q respectively:

s(n) = −
p∑
k=1

ak(n) s(n− k) + ζ(n) (6)

i(n) = −
q∑
k=1

bk(n) i(n− k) + η(n) (7)

The excitation signals ζ(n) and η(n) are assumed to be
independent zero mean white Gaussian noise with variance
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σ2
ζ(n) and σ2

η(n) respectively.
A corresponding state space model with the state vector

x(n) = [s(n− p+ 1) · · · s(n) i(n− q + 1) · · · i(n)]
T

can be given as

x(n) = A(n− 1)x(n− 1) + Bu(n) (8)

y(n) = C x(n) + ν(n) (9)

where ν(n) is the white, Gaussian measurement error with

variance σ2
ν and the input u(n) = [ζ(n) η(n)]

T
. The transi-

tion matrix A(n), the input matrix B and the output matrix
C are defined as follows:

A(n) =



p︷ ︸︸ ︷
0 1

. . .

1

−ap · · · · · · −a1

0p,q

0q,p

0 1

. . .

1

−bq · · · · · · −b1︸ ︷︷ ︸
q


(10)

B =


p︷ ︸︸ ︷

0 · · · 0 1

0 · · · 0 0

q︷ ︸︸ ︷
0 · · · 0 0

0 · · · 0 1


T

(11)

C =

[
p︷ ︸︸ ︷

0 · · · 0 1

q︷ ︸︸ ︷
0 · · · 0 1

]
(12)

Note that for simplicity A(n) in (10) is shown as time
invariant, while in fact, the parameters ak and bk may change
at every time step n (as shown in (6) and (7)). This ability
of the Kalman filter to deal with a time variant signal and
speech model is essential for the use of the Kalman filter
instead of a Wiener filter.

Since in real world applications the input u(n) is un-
known, one will consider it to be zero. Based on this sim-
plification one will have an uncertainty in the state vector
x(n). The covariance matrix Qw(n) of the corresponding
state error can be calculated as follows:

Qw(n) = BE
{
u(n)uT (n)

}
BT = B

[
σ2
ζ(n) 0
0 σ2

η(n)

]
BT

(13)
Based on this state space model, a Kalman filter can be

used to estimate the state vector x(n) based on the noisy
measurements y(k) (k up to n). This estimate x̂(n) is given
as follows [2].

x̂(n|n− 1) = A(n− 1)x̂(n− 1|n− 1)

P̂ (n|n− 1) = A(n− 1)P̂ (n− 1|n− 1)AT (n− 1) + Qw(n)

K(n) =
P̂ (n|n− 1)CT

CP̂ (n|n− 1)CT + Qv(n)
(14)

x̂(n|n) = x̂(n|n− 1) + K(n)[y(n)−C(n)x̂(n|n− 1)]

P̂ (n|n) = [I −K(n)C(n)] P̂ (n|n− 1)

Where P̂ (n|n − 1) and P̂ (n|n) are the a priori and the a
posteriori error covariance matrices respectively. K(n) is

the Kalman gain vector and I the identity matrix of order
p+ q. The estimated speech signal ŝ(n) can be found at the
pth position of the estimated state vector x̂(n|n).

Note that because of the special structure of the
vector x(n), one will estimate not only s(n) but also
s(n− 1) · · · s(n− p+ 1). Since these estimates are all based
on measurements y(k) with k up to n, they correspond to
fixed-lag estimates ŝ(n−1|n) · · · ŝ(n−p+1|n) [6]. As shown
in [4], fixed-lag smoothers can give better results because
they lead to better suppression in spectral valleys.

While working with artificial speech signals, with a grow-
ing fixed-lag, the improvement was evident [7]. However,
with real-world speech signals fixed-lag smoothing did not
result in the expected better performance.

4. DIFFERENT SCHEMES

The way the proposed speech and noise models and the cor-
responding Kalman filter are employed for the purpose of
noise suppression is not unique. One can think of several
different approaches, to estimate the parameters and to run
the Kalman filter. Most meaningful combinations have been
implemented in [7]. In our tests, the three schemes shown in
Fig. 5 resulted in the best performances.

Kalman LOCO

Framebased 
parameter estimation 

(LPC)

Streambased 
parameter estimation 

(RLS)

Framebased  
Kalman-filter

Streambased 
Kalman-filter

Streambased 
Kalman-filter

Kalman LOCOSSKalman LOCOFSKalman LOCOFF

Figure 5: Different Kalman LOCO Schemes

Because of the brevity of this paper, we will focus on
the Kalman LOCOFS scheme. From all the tested schemes,
this has shown to be the most successful one. For more
information on the other schemes, refer to [7]. Figure 6 gives
an overview of the proposed Kalman LOCOFS scheme.

4.1 Parameter estimation

The estimation of the target (speech) and interference (noise)
parameters ak, bk, σ2

ζ and σ2
η proved to be one of the key

points in the proposed scheme. Based on the LOCO idea,
several algorithms have been implemented and tested on
real-world speech signals. Estimating the parameters by Lin-
ear Predictive Coding (LPC) analysis showed the best overall
performance. The frames of length 128 samples used for the
LPC analysis are windowed (with a Hann window) and over-
lapped by 75%.
To ensure stability of the estimated systems, we use the
autocorrelation method for the LPC analysis [5]. With

the autocorrelation vector rx = [rx(1) · · · rx(p)]
T

of
the windowed frame, the corresponding LPC parameters

a = [a1 · · · ak]
T

can be calculated with the following formula:

Rxa = −rx (15)

where Rx is the p× p Toeplitz autocorrelation matrix. The
power σ2 of the corresponding excitation signal can be cal-
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Figure 6: Kalman LOCOFS

culated as follows:

σ2 =

rx(0) +
p∑
k=1

ak rx(k)

N
(16)

where N = 128 is the number of samples per frame.
To suppress possible artifacts, the estimated parameters

need to be smoothed. To avoid the risk of producing unstable
systems, the parameters are not smoothed directly. Instead,
the autocorrelation vector rx used in the LPC analysis is
smoothed with a simple first order IIR lowpass filter with a
time constant of τ = (−32/20480)/ ln(0.95) ≈ 30ms.

For the estimation of the variance σ2
ν of the measure-

ment error, we assume that it is a property of the measure-
ment equipment and stays constant over time. Based on this
assumption, it is straight forward to measure this variance
offline during a speech pause. It is then implemented as a
constant in the algorithm.

4.2 Usage of the estimated parameters

Since the Kalman filter works sample-by-sample (stream)
based, the estimated parameters a and σ2, which are es-
timated per frame f , need to be structured into a stream as
well (the Kalman filter expects one parameter set for every
time instant n). We assume that the estimated parameters
are the most accurate in the middle of a frame. This as-
sumption leads to using the parameters for the middle 32
samples of the corresponding frame (Fig. 7).

<= LPC analysis

<= LPC analysis

<= LPC analysis

<= LPC analysis

parameter stream parameter stream

Figure 7: Usage of the estimated parameters

4.3 Model order

Two obvious parameters which have to be optimized are the
model orders p and q. As we expect the target as well as the
interference to be a speech signal, these orders have always
been considered equal. Generally speaking, one can say that

with higher orders, the speech and interference signal can
be modeled more precisely and therefore the results become
better. This behavior can be seen in Figs. 8 to 10.
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Figure 8: The MSE vs. the model order
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Figure 10: The ID vs. the model order

However, with higher order models, the matrices used
for LPC analysis as well as for the Kalman filter become
bigger. From a computational point of view, this is clearly
undesirable. Considering these two effects of higher model
orders, a reasonable tradeoff are model orders p = q = 10.

5. EXPERIMENTAL RESULTS

Tables 1-4 compare the proposed Kalman LOCOFS with
the WOLA-LOCO and the simple Elko-Beamformer. The
Kalman LOCOFS is implemented with model orders p = q =
10. The different tables show the results for the four acous-
tic scenarios shown in Fig. 2. Note that for the scenarios
where the interference comes from the side, only the results
from the left channel are shown, since the right channel is in
the acoustic shadow of the head and hence the interference
is not really a problem on that side.

As expected, the Kalman LOCOFS achieves in every sce-
nario a considerably better MSE than the WOLA-LOCO.
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Also, the sSNR achieved by the Kalman LOCOFS is always
better than the one achieved by WOLA-LOCO. While the
better MSE shows that the Kalman filter can handle the
nonstationary speech signals better than the Wiener filter,
the improved sSNR shows that the Kalman filter can also
improve the perceptual quality of the speech signal. How-
ever, the WOLA-LOCO shows the better Ithakura Distance
(ID).

On average, the objective results of our algorithm are
better than the ones of WOLA-LOCO. But even more impor-
tant than these objective measures are listening tests, since
for noise suppression human listeners must be the ultimate
judges of the quality. Therefore, the original and processed
sound files as well as the MATLAB code can be found in [7].
These files show that our new algorithm performs acousti-
cally comparable to WOLA-LOCO. The suppression of the
interference is very similar and it is hard to tell which algo-
rithm sounds better, since both of them produce slight, but
different, acoustic artifacts.

Method MSE sSNR ID

Only Elko-beamformer 1.936 -0.190 0.597
WOLA-LOCO 1.095 -0.229 0.563
Kalman LOCOFS 0.714 0.277 0.654

Table 1: Interference at 90◦, left channel only

Method MSE sSNR ID

Only Elko-beamformer 0.651 2.39 0.494
WOLA-LOCO 0.269 2.88 0.409
Kalman LOCOFS 0.212 3.63 0.472

Table 2: Interference at 135◦, left channel only

Method MSE sSNR ID

Only Elko-beamformer 0.735 1.04 0.438
WOLA-LOCO 0.250 0.98 0.367
Kalman LOCOFS 0.212 1.94 0.495

Table 3: Interference at 180◦, average of the left and the
right channels

6. SUMMARY AND CONCLUSION

The proposed Kalman filter based noise suppression algo-
rithm shows that the advantage of a Kalman filter over a
Wiener filter can successfully be exploited. While consider-
ing the MSE, the proposed scheme outperforms the WOLA-
LOCO algorithm significantly, as it is able to track the
nonstationery speech signals better than the WOLA-LOCO.
Tests with artificial speech signals (generated with time vary-
ing all-pole models) showed that using a Kalman smoother
instead of a Kalman filter can further improve the perfor-
mance of the proposed scheme significantly. The fact that
with real world speech signals a Kalman smoother does not
lead to better performance, suggests that an improvement
of the speech/noise models and/or the estimation of the
speech/noise model parameters could lead to even better re-
sults.

The segmental SNR and the Ithakura Distance as well
as subjective listening tests show, that the Kalman-LOCO
performs similarly to the WOLA-LOCO if one considers
the human perception. In contrasts to WOLA-LOCO, the
Kalman-LOCO has the advantage that one has a model of

Method MSE sSNR ID

Only Elko-beamformer 1.157 2.16 0.495
WOLA-LOCO 0.405 2.15 0.473
Kalman LOCOFS 0.361 2.81 0.632

Table 4: Cocktail-party noise at 45◦, 90◦, 135◦, 180◦, 225◦,
270◦ and 315◦, average of the left and the right channels

the speech/noise processes. As shown in [4], such models
could be used for deemphasizing and emphasizing filters.
With such filters, the perceptional quality can be improved
at the price of a higher MSE. The optimal use of these mod-
els for such pre- and post processing is currently one of our
research efforts.

As the matrices involved in the LPC analysis and the
Kalman filter are quite large, the computational effort of
the proposed scheme is higher than the one of the WOLA-
LOCO. There are many possibilities to reduce this computa-
tional effort (e.g. subsampling of the Kalman filter or making
use the sparse A matrix ). However, as the computational
effort was not the main topic of this work, it has not been
further investigated for this paper. Now that the potential of
this approach has been shown, we are currently investigating
efficient computational approaches.

In summary, the novel scheme presented in this paper,
Kalman-LOCO, shows that a Kalman filter based approach
to noise suppression is quite competitive with the existing
schemes such as WOLA-LOCO. From a perceptual point
of view, Kalman-LOCO and WOLA-LOCO sound similar,
both with their distinct artifacts. From an objective measure
point of view, Kalman-LOCO outperforms WOLA-LOCO.
On the other hand, currently Kalman-LOCO consumes more
computational resources than WOLA-LOCO. One great ad-
vantage of Kalman-LOCO which has not yet been exploited
is the ability to use the noise and the speech model necessary
for the Kalman filter for a pre- and/or post- filter. These fil-
ters are known to further improve the perceptional quality at
the expense of the MSE and are currently subject to further
research.
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ABSTRACT
We have proposed a zonal beamformer (ZBF), which enhances the
sound source located in a zonal space, and applied the ZBF to noise
reduction systems for robot audition. A conversational partner of a
robot does not always remain stationary with respect to the robot.
In order to cope with such a situation, we have proposed a fan-like
beamformer (FBF), which enhances the sound source located in a
fan-like space in front of the robot under the assumption that the
partner is in front of the robot. However, the FBF may degrade the
noise reduction performance when directional noise sources are lo-
cated behind the target source because the FBF widens the space
as the distance from the robot increases. The ZBF can better im-
prove the performance of eliminating the directional noise coming
from behind the target source than the FBF because the ZBF has a
considerably sharper directivity than the FBF.

1. INTRODUCTION

Robots that converse with people in real environments need to ex-
tract and recognize the speech utterances of their conversational
partners. In addition, autonomous mobile robots need miniature
microphone systems and signal processing devices because such
robots have restrictions with respect to the weights and sizes of the
devices that are mounted on them. Because of the miniaturization
of these devices, robot audition systems require noise reduction sys-
tems that achieve high performances using low-computational-cost
algorithms. Moreover, the target sound source (i.e., conversational
partner) is not always at the same position.

Noise reduction methods using microphone arrays[1, 2] have
been applied to the preprocessing of noisy speech recognition sys-
tems. Most of the beamforming techniques need a considerable
number of microphones and large microphone spacings. Adaptive
beamforming based on an independent component analysis (ICA)
can carry out sound source separation by sequentially estimating the
direction-of-arrivals (DOAs) of the sound source[3]. However, this
method complicates the algorithm of real-time sound source sepa-
ration for moving sources because this method induces unavoidable
delays for the convergence of adaptive filters after the sound source
positions are estimated. Therefore, these beamforming techniques
may not be suitable for robot audition systems.

In contrast, we assume that a conversational partner of a robot
is in front of the robot. Under this assumption, we proposed a fan-
like beamformer (FBF), which enhances the sound sources located
in the fan-like space in front of the robot, using compact micro-
phone arrays[4, 5]. Since this method enhances not a sound source
but a space, it can cope with the moving of the conversational part-
ner without the delays that occur in adaptive beamforming. How-
ever, in this method, the enhanced space becomes larger as the dis-
tance between a sound source and the robot increases. In this case,
directional noise sources located behind the target source degrade
the performance of noise reduction. In order to solve this problem,
we propose a zonal beamformer (ZBF), which enhances the sound
sources located in the zonal space in front of the robot. The ZBF
can improve the performance of eliminating the directional noise
coming from behind the target sound source.

The rest of this paper is organized as follows. The microphone
systems used are described in Sect. 2. The noise reduction methods

are described in Sect. 3. In Sect. 4, details of the experimental
investigation of the proposed method in terms of speech recognition
performance, noise reduction performance, and speech quality are
provided. Finally, in Sect. 5, the concluding remarks are presented.

2. MICROPHONE SYSTEM

We used compact and light-weight microphone arrays that are suit-
able for autonomous mobile robots.

2.1 MEMS microphones

We used four-line or six-line analog micro electro mechanical sys-
tems (MEMS) microphones, which are constructed on the basis of a
semiconductor integrated technology and are significantly compact
and light in weight. We used SPM0208HD5 made by Knowles Co.,
Ltd. The width, depth, and height of the microphone are 4.72 mm,
3.76 mm, and 1.25 mm, respectively. We prepared 1.5-cm2 sub-
strates, each of which consisted of a MEMS microphone and pe-
ripheral circuits, including a pre-amplifier. These substrates were
mounted on the robot head.

2.2 Microphone arrangement

We placed microphone arrays on the top of the robot head, as shown
in Fig. 1. We used the microphone arrays shown in Figs. 1(a) and
1(b) for developing the FBF and ZBF, respectively. These micro-
phone arrangements were aimed at suppressing the influences of
the reflections and diffractions induced by the robot head and body.
Microphone channels were labeled as shown in Fig. 1. The front,
right, and left direction of the robot were defined as zero, positive,
and negative degrees, respectively. In this study, we assumed that
the target speech utterances arrived from the front of the robot.

3. DIRECTIONAL NOISE REDUCTION

In this section, we review directional noise reduction method using
FBF, which is our previous work[5, 6]. Next, we describe ZBF,
which is an extension of FBF, in detail. In the present paper,xi(t)
denotes a signal received by the microphones Chi(F) and Chi(Z) at
a discrete timet, andX(ω,k) denotes an STFT coefficient ofxi ,
wherek and ω denote a discrete frame and a discrete frequency,
respectively.

3.1 Fan-like beamformer (FBF)

We developed FBFs using the microphone array shown in Fig. 1(a).
In this system, null beamformers and subtractive beamformers were
developed, and then time-frequency masking was carried out using
the outputs of these beamformers.C1(ω,k) andC2(ω ,k) denote the
spectral components of the outputs of the null beamformers that
were developed by delay addition followed by subtraction using
X1(ω ,k) and X3(ω,k). C1(ω ,k) andC2(ω ,k) were computed as
follows:

C1(ω,k) = X3(ω,k) ·exp(− jωτd)−X1(ω ,k) (1)

C2(ω,k) = X1(ω,k) ·exp(− jωτd)−X3(ω ,k) (2)
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Figure 1: Microphone arrangements.

whereτd denotes a delay corresponding to the spacing of the mi-
crophones placed in a diagonal position. The directivity patterns of
C1 andC2 are shown in Fig. 2(a). In this case,C1 andC2 indicate
the directivity with a null in the direction of 0◦ and that with a null
in the direction of 180◦, respectively.

S1(ω ,k) denotes a spectral component of the output of the sub-
tractive beamformer developed usingX1(ω ,k) and X3(ω,k), and
S2(ω,k) denotes a spectral component of the output of the subtrac-
tive beamformer developed usingX2(ω ,k) andX4(ω,k). S1(ω,k)
andS2(ω,k) were computed as follows:

S1(ω,k) = X1(ω,k)−X3(ω,k) (3)

S2(ω,k) = X4(ω,k)−X2(ω,k) (4)

The directivity patterns ofS1 and S2 are shown in Fig. 2(b).S1
indicates the directivity that has maximum gains in the directions
of 0◦ and 180◦, and nulls in the directions of 90◦ and -90◦. S2
indicates the directivity that has maximum gains in the directions of
90◦ and -90◦, and nulls in the directions of 0◦ and 180◦. Note that
the directivity patterns shown in Fig. 2 hold for the frequency range
approximately from 300 to 2500 Hz.

In the case of the FBF, the spectral component of the target
sound source,̂SFBF, was estimated by the following time-frequency
masking:

ŜFBF(ω ,k) =





S1(ω ,k),
if |S1(ω ,k)|> |S2(ω ,k)|

and |C1(ω,k)|< |C2(ω,k)|
β ·S1(ω ,k), otherwise

(5)

whereβ denotes a flooring coefficient. This time-frequency mask-
ing suppressed the directional noise coming from the side of
the robot by selecting the time-frequency components in which
S1(ω,k) was larger thanS2(ω ,k), and then it suppressed the noise
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Figure 2: Directivity patterns of beamformers for developing FBF.

coming from behind the robot by selecting the components in which
C2(ω ,k) was larger thanC1(ω,k). As a result, the FBF extracted the
spectral components of the signal coming from the sound source lo-
cated in the fan-like space in front of the robot (i.e., the common
shaded area of Figs. 2(a) and 2(b)) as the target source.

3.2 Zonal beamformer (ZBF)

ZBF, which is a new contribution in the present paper, uses the mi-
crophone array shown in Fig. 1(b). The microphone arrangement
of ZBF is intended to develop zonal spacial filter that can eliminate
the directional noise coming from behind the target sound source.
In this system, eight null beamformers and two subtractive beam-
formers were developed, then time-frequency masking was carried
out using the outputs of these beamformers. Eight null beamform-
ers were computed as follows:

C1(ω,k) = X2(ω,k)−X1(ω,k) ·exp(− jωτn) (6)

C2(ω,k) = X1(ω,k)−X2(ω,k) ·exp(− jωτn) (7)

C3(ω,k) = X5(ω,k)−X4(ω,k) ·exp(− jωτn) (8)

C4(ω,k) = X4(ω,k)−X5(ω,k) ·exp(− jωτn) (9)

C5(ω,k) = X1(ω,k)−X3(ω,k) ·exp(− jωτn) (10)

C6(ω,k) = X3(ω,k)−X1(ω,k) ·exp(− jωτn) (11)

C7(ω,k) = X5(ω,k)−X6(ω,k) ·exp(− jωτn) (12)

C8(ω,k) = X6(ω,k)−X5(ω,k) ·exp(− jωτn) (13)

whereτn denotes a delay corresponding to the spacing of the neigh-
bor microphones. Figure 3 shows the directivity patterns of these
beamformers.

S1(ω ,k) andS2(ω ,k) denote spectral components of the out-
puts of the subtractive beamformers computed as follows:

S1(ω ,k) = X1(ω,k)−X3(ω ,k) (14)

S2(ω ,k) = X5(ω,k)−X6(ω ,k) (15)

The directivity patterns ofS1 andS2 are shown in Fig. 4. Note that
the directivity patterns shown in Figs. 3 and 4 hold for the frequency
range approximately from 300 to 3500 Hz.

The ZBF estimated the spectral component of the target source,
ŜZBF, by the following time-frequency masking:

ŜZBF(ω,k) =





(S1(ω,k)+S2(ω,k))/2,
if α · |C1(ω,k)|> |C2(ω ,k)|,

α · |C4(ω,k)|> |C3(ω ,k)|,
|C5(ω ,k)|> |C6(ω,k)|,

and |C7(ω ,k)|> |C8(ω,k)|
β · (S1(ω,k)+S2(ω,k))/2,

otherwise

(16)

whereα denotes a positive constant for adjusting the width of the
target zonal space andβ denotes a flooring coefficient. Figure 5
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shows the space enhanced by the original ZBF withα = 1.0 and the
space enhanced by the wider ZBF withα > 1.0. Time-frequency
masking withα = 1.0 (original ZBF) enhanced the sound sources
located in the shaded zonal space shown in Fig. 3(a) by select-
ing the time-frequency components in whichC1(ω,k) was larger
thanC2(ω ,k) andC4(ω,k) was larger thanC3(ω,k), and then it
enhanced the sound sources located in the shaded space shown
in Fig. 3(b) by selecting the time-frequency components in which
C5(ω ,k) was larger thanC6(ω ,k) and C7(ω,k) was larger than
C8(ω ,k). As a result, the ZBF extracts the spectral components of
the signal coming from the sound source located in the zonal space
in front of the robot (i.e., the common shaded area of Figs. 3(a) and
3(b)) as the target source.

Since the original ZBF withα = 1.0 formed a small width
of zonal directivity, this beamformer could deteriorate the perfor-
mance of estimating the target spectral components when the target
source moved from a position directly in front of the robot. In order
to solve this problem, we modified the original ZBF so that it could
enhance the sound sources at wider angles (i.e., Fig. 5(b)) than the
original ZBF (i.e., Fig. 5(a)) by usingα > 1.0.

4. NOISE REDUCTION EXPERIMENT

We carried out an experimental comparison of noise reduction per-
formances between the FBF and ZBF under the condition that the
target source was not always located at a position directly in front of
the robot and the directional noise was simultaneously observed. In
the present study, the FBF and ZBF were evaluated in terms of the
automatic speech recognition performance on the basis of the word
accuracy, the noise reduction performance on the basis of the noise
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Figure 5: Directivity patterns of ZBF.
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Figure 6: Recording environment.

reduction rate (NRR)[7], and the speech quality on the basis of the
log-spectral distance (LSD)[8].

4.1 Experimental condition

4.1.1 Speech materials

The target speech utterances consisted of 100 sentences, which were
spoken by 23 male speakers; these sentences were taken from a
continuous speech database that contained sentences from Japanese
newspaper articles[10]. In the case of directional noise (i.e., dis-
turbance speech utterances), 100 sentences were selected from the
same database; however, these sentences were different from the
target speech utterances. In this case, each disturbance speech utter-
ance was of approximately the same duration as the corresponding
target speech utterance.

4.1.2 Speech recording

Figure 6 shows the recording environment. A microphone array was
placed on the head of the conversation robot “ROBISUKE”[9]. We
placed a target source at one of the five frontal positions(θtrg, rtrg) =
(0◦,1.0 m), (±5◦,1.0 m), or (±10◦,1.0 m), and we placed a
disturbance source at one of the eight positions(θdst, rdst) =
(±20◦,2.5 m), (±30◦,2.5 m), (±40◦,2.5 m), or (±50◦,2.5 m).
The heights of the target and disturbance sources were 1.0m. The
target and disturbance speech utterances were recorded separately.
100 utterances were played back through a loudspeaker placed at
each position and then they were observed at the microphones
mounted on the robot head. In total, 500 utterances and 800 ut-
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Table 1: Setup for noise reduction.
sampling frequency 16 kHz
frame length 64 ms (w/ 64 ms zero padding)
frame shift 16 ms
analysis window Hamming window
analysis range 300–5500 Hz

Table 2: Setup for speech recognition.
sampling frequency 16 kHz
frame length 25 ms
frame shift 10 ms
analysis window Hamming window

12 MFCCs, 12∆MFCCs,feature parameters
and a∆log energy

terances were recorded for the target and disturbance speech utter-
ances, respectively. A disturbance speech utterance was electroni-
cally superposed on the corresponding target speech utterance at an
SNR of 0 dB.

4.1.3 Noise reduction and speech recognition

Experimental conditions for noise reduction and acoustic feature
extraction are listed in Tables 1 and 2, respectively. For noise reduc-
tion, we used zero padding in the time domain to increase the fre-
quency resolution. We used the analysis range from 300 to 5500Hz
in order to reduce the influence of spacial aliasing to the beamform-
ers. At high-frequency bands in that analysis range (e.g., above
3500Hz), the directivity patterns shown in Figs. 2, 3 and 4 do not
hold. Despite this, preliminary experiments indicated that the fre-
quency range from 300 to 5500 Hz was necessary for the purpose of
speech recognition. The flooring coefficient used in time-frequency
masking (i.e.,β in Eqs. 5 and 16) was 0.01. Acoustic models were
trained with 20414 sentences spoken by 133 male speakers, taken
from the ASJ database[10], which consisted of Japanese newspaper
article sentences (ASJ-JNAS) and phonetically balanced sentences
(ASJ-PB) recorded with close-talking microphones. We used tied-
state triphones with 2000 states. The distribution function in each
state of the models was represented by a 16-mixture Gaussian distri-
bution with diagonal covariances. We used word trigram language
models that were constructed using a lexicon with a vocabulary size
of 20 K.

4.1.4 Evaluation criterion

In this experiment, we evaluated the performances of the proposed
method in terms of the word accuracy, NRR, and LSD, which are
frequently used in assessments of noise reduction systems and auto-
matic speech recognition systems, for separated speech utterances.

The word accuracy was calculated as follows:

WA (%) =
N−D−S− I

N
×100 (17)

whereN, D, S, andI denote the number of words included in the
correct word sequences, deletion errors, substitution errors, and in-
sertion errors, respectively.

The NRR was computed as follows:

NRR (dB) = SNR(O) −SNR(I) (18)

whereSNR(O) andSNR(I) denote the output SNR, which is com-
puted using the separated signal of the target sound and that of the
disturbance sound, and the input SNR, which is computed using
the observed signal of the target sound and that of the disturbance
sound, respectively.

The LSD was computed as follows:

LSD (dB) =
10
K

K−1

∑
k=0

[
1
W

W−1

∑
ω=0

(
log10

|ŜBF(ω,k)|2

|Sref(ω ,k)|2

)2] 1
2

(19)

whereŜBF(ω ,k) denotes the spectral component of the sound sep-
arated using the FBF or ZBF, andSref(ω,k) denotes the spectral
component of the reference sound, which was recorded when only
the target sound was observed.K andW denote the number of dis-
crete frames and that of discrete frequencies, respectively.

4.2 Experimental result

Figures 7, 8, and 9 show the word accuracies, NRRs, and LSDs of
the FBF, original ZBF (α = 1.0 in Eq. 16,θα = 0◦ in Fig. 5), and
10◦-wider ZBF (α = 1.42 in Eq. 16,θα = 10◦ in Fig. 5) as a func-
tion of the DOAs of a disturbance source (i.e.,θdst = ±20◦, ±30◦,
±40◦, and±50◦), respectively. Each bar represents the average
performance for five DOAs of a target source (i.e.,θtrg = 0◦, ±5◦,
and±10◦). The reason why the performances shown in these fig-
ures were asymmetrical to the DOAs of the disturbance source was
that the phase characteristics of the microphones used were slightly
different.

In the evaluation in terms of the speech recognition perfor-
mance, the word accuracy was below 0% (e.g., -3.0%), on an av-
erage for the DOAs of the target and disturbance source, without
any noise reduction. The word accuracy did not improve (e.g.,
1.7%) even with the application of the conventional delay-and-sum
(DS) beamformer. In these cases, speech recognition was not ef-
fective because considerable insertion errors were induced by the
directional noise. In contrast, the word accuracies achieved when
the FBF, original ZBF, and 10◦-wider ZBF were carried out were
27.0%, 39.1%, and 52.3%, on an average for the DOAs of the tar-
get and disturbance source, respectively. The rest of this subsection
deals with the results of the FBF, original ZBF, and 10◦-wider ZBF
in detail. Figure 7 shows that the ZBF reduced word errors of the
FBF. The FBF could reduce the directional noise from the distur-
bance source located at the DOA of|θdst|> 45◦ at least in principle.
In contrast, the ZBF could reduce the directional noise even when
the disturbance source was located at the DOA of|θdst| < 45◦. In
this experiment, the target source was not always located at a posi-
tion directly in front of the robot (i.e.,θtrg = 0◦). In this case, the
directivity of the original ZBF might be too sharp to cope with the
movement of the target source from the position directly in front of
the robot. In fact, the 10◦-wider ZBF gave better word accuracies
than the original ZBF.

From the evaluation in terms of noise reduction (Fig. 8), the
ZBF gave better NRRs than the FBF, irrespective of the DOAs of
the disturbance source. In particular, the original ZBF gave the
best NRRs, irrespective of the DOAs of the disturbance source.
In this case, the noise reduction performance of the original ZBF
was higher than the 10◦-wider ZBF because the original ZBF had
sharper directivity than the 10◦-wider ZBF.

Instead, the original ZBF found it difficult to avoid more distor-
tions included in the separated sounds as compared to the 10◦-wider
ZBF. This result was observed from the evaluation in terms of the
speech quality based on the LSD (Fig. 9), i.e., the 10◦-wider ZBF
achieved lower LSDs than the original ZBF. In addition, 10◦-wider
ZBF achieved better speech quality (i.e., lower LSDs) than the FBF,
irrespective of the DOAs of the disturbance source.

We mainly used the noise reduction systems in order to improve
the performance of the speech recognition systems for robot audi-
tion. Therefore, from the above results, we can conclude that the
10◦-wider ZBF is suitable for robot audition systems.

5. CONCLUSION

We developed a zonal beamformer, which enhances only the sound
source located in the zonal space in front of the microphone array,
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and applied this beamformer to the preprocessing of speech recogni-
tion systems for a spoken dialog robot. Experimental results showed

that this beamformer could better improve the performances of the
reduction in the directional noise coming from behind the target
source than a fan-like beamformer.
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ABSTRACT

The performance of automatic speech recognition for signals ac-
quired through a hands-free speech interface is limited by the ad-
verse effect of the noise and the reverberation. Frequency do-
main blind signal processing techniques, like blind signal separa-
tion, have been used with success for suppressing the noise in real
situation but they usually do not take into account the reverberation.
In this paper, we present a method based on frequency domain blind
signal extraction that is aimed at suppressing both the adverse effect
of the noise and the reverberation.

1. INTRODUCTION

The hands-free speech interface not only allows the user to interact
with the machine in a natural way by using speech but it also frees
the user from carrying a microphone or a headset as the speech is
picked up at a distance by means of a microphone array. But this
ease of use comes with a non negligible cost: the performance of
automatic speech recognition system is deteriorated by the effect of
the noise and the room reverberation.

Several microphone array techniques can be used to improve
the captured speech by reducing these adverse effects [1, 2]. Among
these techniques, frequency domain blind signal separation (FD-
BSS), see review paper [3], has been used with success for estimat-
ing the diffuse background noise present in the hands-free speech
interface [4]. In particular, as FD-BSS gives a better estimate of
the diffuse background noise than of the target speech, it has to be
combined with some nonlinear post-filtering techniques in order to
improve the quality of the captured speech. However the approach
proposed in [4] does not suppress the adverse effect of the reverber-
ation.

As showed by the authors of [5, 6, 7], the late reverberation is
the most harmful to the automatic speech recognition system. Con-
sequently, they proposed approaches that suppress the later part of
the reverberation by means of nonlinear filters (for example spec-
tral subtraction of an estimated late reverberant speech). But these
approaches were proposed in the noise free case.

In this paper, we present a method that combines frequency do-
main blind signal extraction (FD-BSE) [8] and nonlinear filter to
suppress the noise as in [4] (we do not use single channel spectral
subtraction but channel-wise Wiener filters as nonlinear post-filters
as in [8]). But the proposed architecture also suppresses the late
reverberation effect in a channel-wise manner by using another set
of Wiener filters. The late reverberation effect is estimated by us-
ing the output after noise suppression, somea priori knowledge of
the room reverberation and the information given by FD-BSE on
the user’s position (see [9] for late reverberation suppression using
statistical room impulse response model). The effectiveness of the
proposed method is illustrated by a dictation task performed with a
hands-free speech interface in presence of both diffuse background
noise and reverberation.

Notations: throughout the paper, vectors and matrices are in
bold face, for signalsX( f ,k) is the frequency domain representation
of x(t) and for filtersH( f ) is the frequency domain representation
of h(τ).

2. HANDS-FREE SPEECH INTERFACE

Let us first define the model of the hands-free speech interface,
when a single user is talking in a noisy and reverberant room. We
assume that the noise is a diffuse background noise created by noise
sources far from the microphone array and that the user, closer to
the array, is a point source.

The multi-dimensional signal (n components) received at the
microphone arrayx(t) is the sum of the speech contributionxS(t)
and the diffuse background noise contributionxN(t).

x(t) = xS(t)+xN(t).

The multi-dimensional speech contribution reflects the effect of the
room impulse responseh(τ) on the clean speechs(t) and is com-
posed of an early parthE(τ) and a late parthL(τ)

xS(t) = (hE(τ)+hL(τ))∗s(t)

= xE(t)+xL(t)

wherexE(t) andxL(t) are the early reverberant speech and the late
reverberant speech.

Modern hidden Markov model (HMM) based speech recogniz-
ers are able to cope with the filtering effect of the room impulse re-
sponse up to a certain delayτd (for example by applying cepstrum
mean normalization). ThushE(τ) andhL(τ) are defined as

hE(τ) =

{
h(τ) for τ ≤ τd
0 for τ > τd

hL(τ) =

{
h(τ) for τ > τd
0 for τ ≤ τd

meaning that the effect ofhE(τ) is handled by the recognizer
whereas the effect ofhL(τ) must be handled by the signal process-
ing front end (for the recognizer we use [10] the early/late reverber-
ation threshold isτd = 75 ms as shown in [7]).

To present the technique used to suppress the diffuse back-
ground noise, we use a simplified frequency domain model of the
hands-free speech interface (not taking explicitly into account the
late reverberation). The frequency domain signals are obtained us-
ing a short time Fourier transform of sizeF . In the remainderf
denotes the frequency bin andk denotes the frame index. Consid-
ering that the user is a point source, the mixing model in thef th
frequency bin is approximated by

X( f ,k) ≈Hθ ( f )S1( f ,k)+N( f ,k), (1)

whereS1( f ,k) is the anechoic speech component,N( f ,k) is a vec-
tor containing then components of the diffuse background noise
and

Hθ ( f ) = {exp( j2π( f/F) fs
id
c

sinθ( f ))}i∈[0,n−1]

is an×1 vector depending of the speech direction of arrival (DOA)
θ( f ) (also of the sampling frequencyfs, microphone inter spacing
d, and sound velocityc). Note that the vectorHθ ( f ) is function
of the frequency. The reason is that theapparentDOA at a given
frequency, that accounts for the effect of the reflection and the re-
verberation, differs from thephysicalDOA of the speech, which is
the angle defined by the user’s position relatively to the microphone
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array. With this model, some amount of the late reverberation effect
is included in the noise.

We can reformulate (1) as a noiseless instantaneous mixture

X( f ,k) = [ Hθ ( f ) In ]

[
S1( f ,k)
N( f ,k)

]
,

whereIn is the identity matrix of sizen.
For convenience we define

S( f ,k) = [S1( f ,k),S2( f ,k), · · · ,Sn+1( f ,k)]T

with S2( f ,k), · · · ,Sn+1( f ,k) = N( f ,k).

Then the noiseless instantaneous mixture is re-written as

X( f ,k) = A( f )S( f ,k). (2)

It is a realistic assumption that, in a given frequency bin, the target
speech component is statistically independent of the diffuse back-
ground noise components. But the statistical independence of the
diffuse background noise components is not assumed.

3. DIFFUSE BACKGROUND NOISE SUPPRESSION

In the f th frequency bin, the estimatesY( f ,k) of the separated com-
ponents estimate are obtained by applying demixing matricesW( f )
to the observed signals

Y( f ,k) = W( f )X( f ,k)

this matrix is updated in order to minimize the mutual information
of the components ofY( f ,k) (see [3, 4] for FD-BSS method de-
tails).

In [4], Takahashi et al. showed that in this situation the square
matrixW( f ) estimated by BSS is such that the row corresponding
to the speech component estimate is a delay and sum (DS) beam-
former in the direction of the speech’s apparent DOA at that fre-
quency. The other rows corresponding to the estimates of the noise
components are null beamformers at the speech’s apparent DOA at
that frequency.

After separation, assuming that the speech component is the
first component ofY( f ,k), the noise estimatêXN( f ,k) is obtained
by projecting back the noise components

X̂N( f ,k) = W( f )−1
DW( f )X( f ,k)

whereD is a diagonal matrix with entries[0,1, · · · ,1] along the
diagonal. We have

X̂N( f ,k) ≈ [ On×1 In ]S( f ,k).

Consequently the quality of the noise estimate is highly superior
to that of the speech estimate as the null beamformers efficiently
suppress the speech (a point source) from the estimated noise com-
ponents whereas the DS beamformer does not suppress the noise
from the estimated speech component. For this reason the authors
in [4] propose to use FD-BSS for estimating the diffuse background
noise and then apply a nonlinear post-filter to suppress the noise.
This architecture, called blind spatial subtraction array (BSSA), is
composed of two paths (see Fig. 1 ). The primary path (bottom) is
a DS beamformer in the user’s direction

X̂S( f ,k) = B(θ( f ))X( f ,k)

and the second path (top) is the FD-BSS based noise estimation.
The same DS beamformer is applied to the noise estimate

X̂N( f ,k) = B(θ( f ))X̂N( f ,k)

then spectral subtraction is used to suppress the diffuse background
noise from the primary path

|Ŝ( f ,k)| =





|X̂S( f ,k)|2−α |X̂N( f ,k)|2

if |X̂S( f ,k)|2−α |X̂N( f ,k)|2 > 0
β |X̂S( f ,k)|2 else

(3)

where the over subtraction parameterα and the flooring parameter
β control the processing.

n n n-1 n

n 1

1
1BSS

Speech
Noise

selection

Noise
PB

Spectral
Subtract.

1

DS

DS

Figure 1: BSSA architecture.

4. SUPPRESSION OF THE LATE REVERBERATION
EFFECT

In presence of heavy reverberation, the performance drop observed
for the automatic speech recognition based on HMM is mainly
caused by the later part of the reverberationhL(τ) that cannot be
handled by the recognizer (see [7] for example). For this reason
it is necessary to suppress this effect by pre-processing the speech
with a dereverberation algorithm.

The method proposed in this paper uses the framework pre-
sented in [6] and in [7]. The speech signal has a strong correla-
tion within each local time frame due to articulatory constraints but
early and late reflections are uncorrelated. Consequently the au-
thors of [6] proposed to estimate the early reverberant component
by subtracting in the power spectrum domain an estimate of the late
reverberant component to the observed signal.

A blind estimation of the late reverberant component with
multi-step forward linear prediction was proposed in [11] where
an effective suppression of the late reverberation was achieved by
spectral subtraction.

The method proposed in [7] uses prior knowledge to avoid the
costly blind estimation of the late reverberant component. It as-
sumes that the late part of the impulse responsehL(τ) that creates
the late reverberation is not varying significantly within the room
contrary to the early part of the impulse responsehE(τ) that is
strongly affected by the position of the speaker and the microphone
array within the room. Consequently it is possible to obtain an ac-
ceptable estimate of the late reverberation for the room by measur-
ing one impulse response before hand (thus this method is designed
for systems that operate in a given room). The method in [7] uses
the received speech to estimate the late reverberant speech and re-
quires a modification of the spectral subtraction in order to compen-
sate the estimation error on the late reverberant part.

5. PROPOSED JOINT SUPPRESSION OF DIFFUSE
BACKGROUND NOISE AND LATE REVERBERATION

EFFECT
5.1 Suppression of the diffuse background noise

In FD-BSE, at thef th frequency bin, the estimatey( f ,k) is obtained
by applying an extracting vectorW( f ) to the observed signals

Y( f ,k) = W( f )X( f ,k)

The vectorW( f ) that extract the speech component can be ob-
tained by the method presented in [8] that minimize the cost func-
tion

J(W( f )) =
1
2
E {|Y( f ,k)|}2 under the constraint

E

{
|Y( f ,k)|2

}
= 1 with an iterative gradient descent.

Then the diffuse background noise is estimated by subtracting the
projection of the speech component from the observation

X̂N( f ,k) =
(
In−ΓX( f )λ H

W
H( f )λW( f )

)
X( f ,k)

whereΓX( f ) is the covariance ofX( f ,k) andλ is a scalar such
that Z( f ,k) = λW( f )X( f ,k) verifiesE {|Z( f ,k)|2} = 1. With a
few assumption on the diffuse background noise we have [12]

X̂N( f ,k) =
[

On×1 In−
1
nHθH

H
θ

]
S( f ,k).

To suppress the diffuse background noise effect, a Wiener filter
is applied on each component of the observed signal
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X̂Si( f ,k) = W

(
Xi( f ,k),αNX̂Ni( f ,k)

)
.

whereαN is a parameter controlling the noise reduction and the
Wiener filterW (·, ·, ·) is defined as

S( f ,k) = W (X( f ,k),N( f ,k))

=
√

G( f ,k)|X( f ,k)|2
X( f ,k)
|X( f ,k)|

with G( f ,k) =
|X( f ,k)|2

|X( f ,k)|2 + |N( f ,k)|2
.

5.2 Suppression of the late reverberation effect

Assuming the noise suppression was efficient, then components
of X̂S( f ,k) contains the early reverberant speech components
XE( f ,k) and the late reverberant speech componentsXL( f ,k).

As proposed in [11, 7] we use nonlinear filtering to suppress
the late reverberation effect: another channel-wise Wiener filter is
applied to the signal after noise suppression

X̂Ei( f ,k) = W

(
X̂Si( f ,k),αRX̂Li( f ,k)

)

where theX̂Li( f ,k) are the components of the late reverberant
speech estimate andαR controls the filter strength.

Thus the focus is on the determination of the late reverberant
speech estimatêXL( f ,k). Using the relation

xL(t) = hL(τ)∗s(t)

this estimation is separated in two tasks: Obtaining an estimate of
the filterhL(τ) and obtaining an estimate of the signals(t).

The estimate of the late reverberation filter exploits the fact that
the late reverberation is rather room dependent and can be approxi-
mated by using a synthetically generated tail. Here we use a simple
random tail with exponential decay

hi(τ) = au(τ)e−d(τ−τ0)

wherea is a scalar,u(τ) a Gaussian random random variable with
zero mean and unit variance,τ0 is the limit between early and late
reverberation (τ0 = 75 ms for our recognizer) andd is a decay fac-
tor. The decay factor is set to have an impulse response with a given
T60 (the time after which the power of the tail decreased by 60dB).
We use the approximation

d =
ln106

2(T60− τ0)

obtained by neglectingu(τ) while computing the integral in the
power ratio

∫ ∞
T60

a2u(t)2e−2d(t−τ0)dt
∫ ∞

τ0
a2u(t)2e−2d(t−τ0)dt

≈

∫ ∞
T60

a2e−2d(t−τ0)dt
∫ ∞

τ0
a2e−2d(t−τ0)dt

.

Consequently the method requires an estimate of the reverberation
time T60 and setting a value toa.

In the second task, the estimate ofs(t) is just instrumental in
obtainingX̂L( f ,k). We propose an approach that uses the output of
the noise suppression stagêXS( f ,k) to get an intermediary signal
for suppressing the late reverberation effect.

The FD-BSE method estimates a vectorW( f ) from which we
can estimates a projection back filter for the speech signal

X̂S( f ,k) = ΓX( f )λ H
W

H( f )λW( f )X( f ,k)

= K( f )X( f ,k).

The energy for each microphone of the filterK( f ) is used to get the
scale parametersa of the synthetic tail.

Assuming thatW( f ) converged toλ
n H

H
θ ( f ) we have

d

T60 = 900ms

Figure 3: Experimental setting.
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Figure 4: Comparison methods.

{K( f )}p+1,q

{K( f )}p,q
= exp( j2π( f/F) fs

d
c

sinθ( f ))

from which we can estimateθ( f ) by taking

θ̂( f ) = asin

(
cF

2π f fsd
angle

(
{K( f )}p+1,q

{K( f )}p,q

))

this method is quite similar to the one in [13] but does not require
a matrix inversion (estimatingθ( f ) directly fromW( f ) is possible
but it is less robust in practice when the relationW( f ) = λ

n H
H
θ ( f )

is approximate). Then a mean DOÂθ is obtained from theθ̂( f )
and used to apply a DS beamformer in the directionθ̂ to X̂S( f ,k).
The output of this DS beamformer is used as speech estimate to
get the late reverberant speech. This signal is slightly closer to the
true S( f ,k) than the components of̂XS( f ,k) because of the DS
beamformer but it is a coarse estimate as the room impulse response
effect is still present. However, the method is quite robust to this
mismatch as can be seen in Sect.6.

5.3 Architecture

Fig. 2 shows the proposed architecture. The BSE algorithm is used
to obtain both the DOA estimatêθ and the diffuse background noise
(an component signal) then the first set ofn Wiener filters suppress
the noise. After noise suppression, the upper path estimates the
late reverberant speech. First the DS beamformer in the directionθ̂
gives the intermediary speech estimate, then the synthetic tail is ap-
plied (in the time domain) to this signal to get then component esti-
mate of the late reverberant speech that is suppressed by the second
set of Wiener filters. Finally the speech estimateŜ( f ,k) is obtained
by applying the DS beamformer in the directionθ̂ of the estimated
target speech to merge the output components of the second set of
Wiener filters.

6. EXPERIMENTAL RESULTS

The simulation uses data recorded in a train station, see Fig. 3. A
four (n = 4) microphone array (inter microphone spacing of 2.15
cm) was used to record the diffuse background noise, and estimate
the impulse responses from two locations, 50 cm and 150 cm, in
front of the array (DOA of 0o). Since our goal is speech recogni-
tion, a 20K-word Japanese dictation task from the database JNAS is
used as performance measure [14]. The test set (100 signals, female
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Table 1:System specifications.
Sampling frequency 16 kHz
Frame length 25 ms
Frame period 10 ms
Pre-emphasis 1−0.97z−1

Feature vectors 12-order MFCC,
12-order∆MFCCs
1-order∆E

HMM PTM , 2000 states
Training data Adult and Senior (JNAS)
Test data Adult and Senior female (JNAS)

speakers only) is convoluted with the impulse responses and mixed
with the recorded noise at different SNRs.

The quality of the speech estimate given by the proposed
method (prop) is compared to the quality of the speech estimate ob-
tained by: unprocessed signal (obs), FD-BSE alone (bse), FD-BSE
with noise suppression by channel-wise Wiener filter (bse-w) and
each of the three previous approaches cascaded with the multi-LPC
dereverberation (obs-lpc, bse-lpc and bse-w-lpc). Fig. 4 shows
some of these methods. The LPC block refers to the dereverber-
ation method in [11] where the delay isd = 400 and the prediction
filter is 3000 taps (these parameters correspond to the ones in [11]).

For the frequency domain processing, the short time Fourier
transform uses a 512 point hamming window with 50% overlap.
The separation is performed by 600 iterations of a BSE method
with adaptation step of 0.3 divided by two every 200 iterations (the
method is presented in [8]). For the proposed method, the parame-
terτ0 is set to 75 ms and we useT60 = 450 ms (this is a mismatched
value, simulations withT60 = 900 ms were also performed but the
under estimation ofT60 gave better results; maybe because the latest
part of the reverberation is masked by the noise).

The recognizer is JULIUS [15] using Phonetically Tied Mixture
(PTM) model. The conditions used in recognition are given in Table
1. The acoustic model is a clean model with super-imposed noise
(office noise 30dB SNR). The recognition was performed with and
without a masking noise; the same office noise as the acoustic model
is mixed with the processed signal before recognition is performed
(the mixing SNR is 30dB).

The word accuracies achieved with the different methods are
given in Table. 2. The word accuracies displayed forbse-w, bse-w-
lpc andprop are the higher one obtained from the parameter sets
αN = {0,1,3,5,7,9,11,13,15} andαR = {0,1,3,5,7,9}.

The proposed method gives the best performance except for 10
dB SNR when the user is close to the microphone array and there
is no masking noise in which case the suppression of the diffuse
noise alone (bse-w) is the most efficient method. Using a masking
noise especially improves the performance at the higher SNR. But
the proposed method is less affected than thelpc methods by the
presence or not of the masking noise.

Fig. 5 shows the effect of the parametersαN and αR on the
word accuracy for a distance of 150 cm at both 10 dB and 30
dB SNR. The case(αN = 0,αR = 0) corresponds tobse and the
cases(αN 6= 0,αR = 0) correspond tobse-w whereas all the other
cases correspond toprop. At 10 dB of SNR, good performance is
achieved by taking a set of parameters with similar average sizes or

Wacc[%] Wacc[%]SNR 10dB SNR 30dB

Figure 5: Effect of the set of parameters(αN,αR) on the word ac-
curacy.

by taking a set with a big and a small coefficient. Whereas at 30 dB
of SNR it is preferable to have a smallαN as one can expect.

7. CONCLUSION

In this paper, we proposed a method that both suppresses the dif-
fuse background noise and the late reverberant speech in order to
improve automatic speech recognition performance while using a
hands-free speech interface. The method that relies on blind signal
processing for the noise and somea priori knowledge for the re-
verberation proved to be efficient in a realistic simulation. The next
development is to include a blind estimation ofT60 in the method
and to propose better strategy for the choice of the set of parameters
(αN,αR) (done in a room/SNR dependent manner now). Prelimi-
nary results showed that the method is robust to error estimation on
T60 but also that the selection of appropriate values for the set of
parameters(αN,αR) is closely related to the estimate ofT60.
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ABSTRACT 

In noise suppression methods that are based on an analysis-

synthesis approach, speech is enhanced by re-synthesis us-

ing acoustic cues extracted from harmonic noise model 

(HNM) analysis. In this paper, a complete analysis-synthesis 

framework using HNM is introduced and generalized for 

different noise conditions. Fine details in choosing and esti-

mating HNM parameters are discussed. Techniques that 

contribute to robust estimation of HNM parameters are pro-

posed. Evaluation results demonstrate the effectiveness of 

the proposed HNM-based noise suppression method in low 

signal-to-noise ratio environments. 

1. INTRODUCTION 

A noise suppression method based on an analysis-synthesis 

approach using harmonic noise model (HNM) is proposed in 

[1] to enhance the speech in the presence of car noise. This 

method is attractive as it can retrieve damaged speech struc-

ture and at the same time remove residual noises such as 

musical tones, provided that the modelling of HNM is accu-

rate. In such cases, the choice and estimation of model pa-

rameters are crucial as they directly affect the perceptual 

quality of synthetic speech. In this paper, we focus on robust 

modelling of HNM. Details in choosing auxiliary estimation 

tools such as preliminary filter and voiced/unvoiced (V/UV) 

classifier are discussed. Techniques for pitch tracking and 

harmonic restoration are proposed to improve the robustness 

of estimating HNM parameters for speech enhancement in 

different noise environments.  

This paper is organized as follows. Section 2 introduces 

a complete analysis-synthesis framework for applying HNM 

in speech enhancement. In Section 3, we look into details of 

each important component of the speech enhancement sys-

tem and evaluate their interactions within the proposed 

analysis-synthesis framework. Section 4 shows and discusses 

the results of performance evaluation and Section 5 con-

cludes this work.  

2. ANALYSIS-SYNTHESIS FRAMEWORK 

The proposed speech enhancement system comprises  two 

stages, namely speech analysis stage and speech synthesis 

stage. At speech analysis stage, noisy speech is initially pre-

cleaned by a classical speech enhancement algorithm. 

Acoustic features are extracted from the pre-cleaned speech 

through spectral analysis. Pitch frequency and harmonic 

magnitudes are estimated based on the spectrum matching 

between the pre-cleaned spectrum and the excitation spec-

trum. V/UV decision of each frame is made according to the 

total energy of pre-cleaned signals. Mixing function is cal-

culated from the spectral envelope of pre-cleaned signals. 

Residual energy is obtained from both spectral envelope and 

mixing function. The refined pitch, harmonic magnitudes, 

residual energy, and mixing function are passed to the syn-

thesis stage. At speech synthesis stage, voiced speech is syn-

thesized in time domain to allow a smooth evolution of fun-

damental frequency from frame to frame. The amplitude 

function is linearly interpolated between frames with V/UV 

band information while a quadratic phase interpolation is 

resulted from linearly interpolated harmonic frequencies. 

Unvoiced speech is also synthesized in time domain. The 

weighted power spectrum is converted to autocorrelation 

data and then an all-pole linear predictive coding (LPC) 

model is fitted to the autocorrelation data to compute the 

synthesis filter’s residual signal gain. Random Gaussian 

noise is generated and fitted into the synthesis filter to pro-

duce the unvoiced speech signal. The resulting synthesized 

speech is simply the sum of voiced and unvoiced speech. 

The block diagram of speech analysis and synthesis are 

shown in Figure 1.  

 

 

Figure 1 - Block diagram of speech analysis and synthesis 
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3. HNM MODELLING 

3.1 Pre-cleaning 

At the first stage, the degraded speech is initially enhanced 

by a classical speech enhancement algorithm. The major 

reason of doing so is that the distortion between clean 

speech spectrum and noise corrupted spectrum will be large 

in low signal-to-noise ratio (SNR) environment. For this 

reason, spectrum matching based pitch estimation method 

will have large errors if it is directly applied on original de-

graded speech. It is confirmed that pre-cleaning procedure 

becomes necessary when noise is aggressive (e.g. 

SNR<15dB). Hence the choice of the pre-cleaning algorithm 

is significant and it is selected based on the following three 

criteria: (i) the pre-cleaning algorithm should be able to re-

store some distorted harmonics; (ii) average noise level 

should be suppressed to a certain level; and (iii) suppression 

should not be too aggressive to distort those dominant for-

mants. Speech enhancement algorithms used in [2] have 

been tested as a pre-cleaning tool to evaluate their interac-

tions with the proposed HNM-based system. Results show 

that the minimum mean square error incorporating signal 

presence uncertainty (MMSE-SPU) algorithm [3] is the best 

choice based on the above criteria. 

3.2 Pitch Estimation 

The proposed analysis-synthesis framework is developed 

based on the prototype of multi-band excitation (MBE) cod-

ing. In MBE analysis, the optimum pitch period is obtained 

by minimizing an error function returned from the spectrum 

matching between an input spectrum  and an excitation 

spectrum  obtained from Fourier transform magni-

tude of a windowed impulse train with pitch period . An 

improved measure is proposed in [4] and adopted in this 

work to reduce the gross pitch errors owing to pitch dou-

blings. The improved error measure is defined as 
 

 (1) 

where 

                        (2) 

 

                   (3) 

 

and  is a weighting factor for biasing the pitch dependent 

error,  is total number of bands in the speech spectrum, 

 and  are the lower and upper boundaries of the  

-th harmonic band, respectively. This algorithm is very 

robust in clean environment and no extra pitch tracking pro-

cedure is required. However, in low SNR environment, the 

input spectrum would be severely distorted even after pre-

cleaning. In order to reduce the mismatches, two post-

processing techniques are proposed to improve the robust-

ness of pitch estimation. 

           Initially, the algorithm searches the whole range of the 

pitch period that covers all possible fundamental frequencies 

of human voice. The assumption made here is that only one 

dominant speaker is talking at a time. Hence we assume that 

the evolution of pitch contour should be smooth, and it 

would not undergo abrupt fluctuation during a single voiced 

period. In this scenario, the first five consecutive robust pitch 

values estimated in a single voiced period, i.e., those pitch 

values which are derived with the normalized matching error 

less than a predefined threshold, are averaged to form a base-

line pitch value. This value is updated using first order infi-

nite impulse response (IIR) smoothing once a new robust 

pitch value is available and it is reset when a single voiced 

period is over. The pitch period searching is then refined to a 

narrower range based on the baseline value during this 

voiced period. There are two advantages of doing so: (i) it 

will reduce the gross pitch errors such as double pitch errors 

by neglecting the out-of-range values; and (ii) it will reduce 

the computational load significantly. To further reduce the 

gross pitch errors, we place an additional favor to those 

neighboring pitch periods of last estimated pitch period dur-

ing searching process. Assume  is the pitch period in ms 

at -th frame, and  is the improved error function, and 

then modified error function  is defined as: 
 

                                                                  (4) 

where 

     

           (5) 

and  is the searching index,  is the fast Fourier transform 

(FFT) size,  is the sampling frequency,  is the upsampling 

factor,  is the offset with favor,  is the weighting factor 

which is empirically set to 0.88, and  stands for truncation 

to its lower closest integer value, respectively.  

3.3 Harmonic Magnitude Estimation 

Harmonic magnitudes are estimated in each frame for accu-

rate restoration of harmonic structure in synthetic speech. 

Practically, for application of harmonic analysis in speech 

coding, band magnitudes are derived and encoded as the 

LPC spectral envelope of the original spectrum because of 

the compact representation of LPC parameters for low bit-

rate transmission. However, in the application of speech 

enhancement, there is no strict limitation on the transmission 

rate, so the band magnitudes can be estimated directly from 

the original spectrum as  
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                  (6) 

 

provided that the pitch  has been accu-

rately estimated. This approach offers accurate and robust 

estimation for noise-free spectra. However, in low SNR en-

vironment, it is typical that only those dominant harmonics 

remain after the pre-cleaning process. A post-processing 

technique is proposed to restore missing harmonics. Figure 2 

illustrates the post-processing technique for magnitude res-

toration. 

 

Figure 2 - Magnitude restoration using low-order LPC envelope 

 It is noticed that the region between dominant formants is 

over-suppressed after pre-cleaning. A lower order (e.g. order 

4) LPC spectral envelope is applied to scale up the over-

suppressed harmonics between formants (i.e. resample the 

harmonic magnitudes from the lower order envelope). Ex-

periments have been carried out to evaluate this technique. It 

is testified that the perceptual quality is sensitive to the 

modification of magnitudes. Consequently, a conservative 

strategy of using this technique is adopted for magnitude 

post-processing, i.e., only those voiced frames with large 

drift in consecutive harmonics (e.g. difference >10dB) be-

tween formants are shaped using a lower order envelope. 

The employment of this post-processing technique generally 

gives better results in most of objective measures such as 

SNR gain and perceptual evaluation of speech quality 

(PESQ).  

3.4 V/UV frame classification 

In HNM analysis, a voice activity detector (VAD) is needed 

to classify voiced and unvoiced frames as only those frames 

labelled as voiced are applied with the aforementioned pitch 

estimation technique while for those unvoiced frames pitch 

values are set to zero. A total of three attempts are made for 

selecting a suitable VAD for HNM-based speech enhance-

ment system. In clean speech analysis, the modified match-

ing error function described in (4) is sufficient. However, 

some experiments have been conducted, showing that a 

good cut-off threshold that gives satisfactory V/UV classifi-

cation in very low SNR environments still cannot be deter-

mined. A statistical VAD suggested in [1] is proven to be 

effective in most cases and no additional calculation is 

needed since it is already obtained in the pre-cleaning proc-

ess. Alternatively, signal energy of pre-cleaned speech is 

found to be effective as a V/UV frame classification tool. 

This method generally offers a better classification than sta-

tistical VAD as it offers the flexibility to take into account 

which portion of the spectrum to compute the total energy. 

As a result, certain frequency regions can be exempted from 

VAD decision if it is deteriorated by strong colored noise. 

3.5 V/UV harmonic band classification 

V/UV harmonic band classification is used within an indi-

vidual frame to guide harmonic magnitude interpolation in 

voiced speech synthesis. Basically, there are two approaches 

to label V/UV harmonic bands for different spectral regions. 

In the first approach, matching error returned in each har-

monic band is used while in the second approach a V/UV 

mixing function adopted in [1] is employed. The latter ap-

proach is more robust in low SNR environment as illustrated 

in Figure 3. 

 

Figure 3 - Comparison of V/UV band classification 

It shows a typical over-suppressed frame after pre-cleaning. 

It is observed that the dominant harmonics are retained 

while other minor harmonics are highly suppressed to insig-

nificant level comparable to high-frequency noisy region. 

Consequently, the matching error approach may misclassify 

these over-suppressed harmonics as unvoiced, and hence 

they cannot be restored during synthesis stage. On the other 

hand, the mixing function approach is calculated based on 

less-sensitive LPC spectral envelope and the searching starts 

from the high-frequency region. Once the transition point is 

found, all of the harmonic bands in lower frequency regions 

are classified as voiced and the rest are classified as un-

voiced.  

4. PERFORMANCE EVALUATION 

To correlate with the subjective evaluation conducted in [1], 

objective evaluations are carried out on the proposed method 

with improved HNM modelling in this work. The evaluation 

consists of a frequency weighted segmental SNR measure 

[5], a standardized PESQ measure [6], and a study of speech 

spectrograms. In all the experiments, speech signal is sam-

pled at 8 kHz, FFT with length of 256 is used for analysis. 
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Overlap-save sectioning procedure is adopted and the per-

centage of overlapping is 75%. Three types of noisy files are 

used for objective measures: speech corrupted by car noise 

and street noise at SNR level ranges from 0dB to 15dB, with 

a step size of 5dB, are taken from NOIZEUS database [6], 

which contains standard IEEE sentences corrupted by real-

world noise from AURORA database. Noisy speech of the 

third type is manually corrupted by white Gaussian noise also 

at same SNR levels, using ITU-T P.56 standard [8]. Evalua-

tion results are averaged out using 10 utterances from the 

aforementioned NOIZEUS database. Half of the utterances 

are from male speakers and half are from female speakers. 

         Based on the results reported in [2] and the results of 

our previous experiment [1], the MMSE-SPU method [3] 

and the log-spectral minimum mean square error 

(LOGMMSE) method [9] generally give better subjective 

results. In this work, we compare the proposed method, 

which we label as HNM method, with the original MMSE-

SPU method [3], the LOGMMSE [9] method and the corre-

sponding noisy speech without enhancement (WE). Figures 

4 and 5 show the results of PESQ measure and the fre-

quency weighted segmental SNR measure, respectively. It is 

observed that the proposed noise suppression method ob-

tains an average of around 0.2 point improvement in PESQ 

score (1.0 is worst and 4.5 is best) and an average of 1dB 

gain in frequency weighted segmental SNR measure over 

conventional methods in low SNR environments. For PESQ 

measure, the proposed method achieves substantial gain 

over conventional methods for all three types of noise at low 

SNR levels, particularly for colored noise (street noise and 

car noise). It suffers little degradation at relatively high SNR 

levels, comparing to conventional methods. For frequency 

weighted segmental SNR measure, the proposed method 

also achieves obvious improvement over conventional 

method for all three types of noise, at low SNR levels. How-

ever, obvious degradation is observed at relatively high SNR 

levels for colored noise. The major reason for performance 

gain in low SNR environments is that the proposed HNM-

based method is able to eliminate residual noises, which can 

not be effectively suppressed by conventional methods. On 

the other hand, it is able to compensate the over-suppression 

caused by conventional methods at low SNR levels. Never-

theless, in relatively high SNR environments, the objective 

measures are more sensitive to the variability between the 

clean and re-synthesized speech signals. Consequently, the 

penalty on variability cancels out the potential gain obtained 

by better noise suppression ability. Practically a toggle may 

be placed so that HNM processing is enabled when esti-

mated noise is aggressive. Otherwise, pre-cleaning is suffi-

cient. Figure 6 demonstrates the effectiveness of the pro-

posed method in retrieving damaged speech structure. It is 

observed from the spectrograms that substantial improve-

ment has been made to restore the harmonic structure using 

the proposed method. At the same time, residual noises such 

as musical tones are greatly mitigated.   

5. CONCLUSION 

In this work, a complete analysis-synthesis framework for 

speech enhancement in different noise conditions is intro-

duced. Improved HNM modelling, which includes estima-

tion techniques for better tracking the pitch contours, post-

processing technique for restoring missing harmonics are 

proposed. Choice of different HNM parameters is discussed. 

Simulation results, in terms of frequency weighted segmen-

tal SNR and PESQ score, have shown that the improved 

HNM-based speech enhancement system achieves consider-

able improvement over conventional methods in low SNR 

environments.  
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Figure 5 - Comparison of frequency weighted segmental SNR in different noise and SNR settings 

Figure 6 - Comparison of spectrograms of a male speech segment at input SNR level of 5dB 
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ABSTRACT 

Binaural hearing aids are configured to have a wireless 

transmission link between the left and the right hearing aid. 

State-of-the-art hearing aids use two microphones in each 

instrument for compactness and power consumption con-

straints. In environments with multiple interferers, direc-

tional signal processing in hearing aids use techniques such 

as differential microphone arrays to improve speech intelli-

gibility. However, these hearing aids have maximum sensi-

tivity to target sources located directly in front or directly 

behind the user. In this paper, a novel binaural system is 

presented for steering the look direction of the hearing aid 

to other angles than 0/180 degrees. The new system was 

tested in a real-time environment to confirm the results. 

1. I�TRODUCTIO� 

One popular solution to hearing loss is the use of hearing 

aids. There remain many deficiencies in hearing aid tech-

nologies. A common problem encountered in the hearing 

aid’s signal processing is the removal of unwanted distur-

bances, i.e. noise from desired speech signals. Adaptive sig-

nal processing techniques such as active noise cancellation 

are commonly used when enhancing speech sequences, with 

[1] or without [2] a noise reference. Alternative approaches 

exist, however in the case of non-stationary signals such as 

speech in a complex hearing environment with multiple 

speakers, directional signal processing is vital to improve 

speech intelligibility by enhancing the desired signal. Tradi-

tional hearing aids utilize simple differential microphone 

arrays (DMA) [7]  to focus on targets in front or behind the 

user. In many hearing situations, the desired speaker azimuth 

varies from these predefined directions. Therefore, direc-

tional signal processing which allows the beam to be steered 

to a focus direction would be effective at enhancing the de-

sired source.  

Recent approaches for binaural beamforming have been 

presented in [3], [4] and [5]. In [3], a binaural beamformer 

was designed using a configuration with two 3-channel hear-

ing aids. The beamformer constraints were set based on the 

desired look direction to achieve a steerable beam with the 

use of three microphones in each hearing aid which is im-

practical and too costly in current hearing aids. The system 

performance was shown to be dependent on the propagation 

model used in formulating the steering vector. Binaural 

multi-channel Wiener filtering (MWF) was used in [4] to 

obtain a steerable beam by estimating the statistics of the 

speech signal in each hearing aid. MWF is computationally 

expensive and the results presented were achieved using a 

perfect voice activity detector (VAD) to estimate the noise 

while assuming the noise to be stationary during speech ac-

tivity. Another technique for forming one spatial null in a 

desired direction using DMA has been reported in [6]. How-

ever, this was shown to be sensitive to the microphone array 

geometry and therefore not applicable to a hearing aid setup. 

In this paper, new techniques are proposed for a binaural 

system in the hearing aid which can focus on directions other 

than zero degrees using differential microphone arrays and 

filtering techniques. A realistic constraint was that each state 

of the art hearing aid uses two microphones. Due to the data 

transmission constraint in a binaural system, only one micro-

phone signal was transmitted from each hearing aid to the 

other using a wireless data link. In section 2, the binaural 

hearing aid setup is presented along with the background 

necessary to understand DMA beamforming. In section 3, a 

“side-look” beamformer is developed which focuses its beam 

to either side of the head. The proposed technique decom-

poses the problem to process the low frequencies (≤1 kHz) 

and the high frequencies (>1 kHz) independently. For the low 

frequencies, a binaural array is used and for the high fre-

quencies, the head shadow effect is utilized to develop a sys-

tem to achieve the side look. In section 4, a steerable binaural 

beamforming system is presented which can focus its beam 

to a desired source at a given azimuth for the frequency range 

approximately up to 750 Hz. The proposed technique in-

volves filtering of the noisy signal using an estimate of the 

desired source signal and an estimate of the noise signal. 

Section 5 demonstrates the effectiveness of the systems using 

directivity plots from actual hearing aid signals in a real time 

environment. Finally, conclusions are made in section 6.  

2. BI�AURAL HEARI�G AID SET-UP  

The proposed scheme for the binaural hearing aid is illus-

trated in Figure 1(a) where the left and the right hearing aids 

are connected by a bidirectional wireless link. Size con-

straints impose that each hearing aid has two microphones 

separated by a distance of approximately 10 mm. Due to 

practical rate constraints and minimization of power con-

sumption, only one microphone signal is transmitted from 

one hearing aid to the other. In Figure 1(a), the signals xL,j[n] 

and xR,j[n] are the j
th
 microphone signals from the left and the 

right hearing aid respectively where j=1,2. In Figure 1(a), 

xL,1[n] corresponds to the signal being transmitted from the 

front microphone in the left hearing aid to the right hearing 
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aid. Without loss of generality, xR,1[n] corresponds to the right 

front microphone signal being transmitted to the left hearing 

aid. 

 

2.1 Differential Microphone Array (DMA) 

Traditional hearing aids use a first order DMA [7] with two 

omni-directional microphones separated by a distance l 

(approx. 10 mm in an individual hearing aid) to generate a 

directional response. Its response is independent of frequency 

as long as the assumption of small spacing to acoustic wave-

length, λ, holds. Consider the signal s[n] impinging on the 

first order DMA at an angle θs as illustrated in Figure 1(b). 

Under farfield conditions, the magnitude of the frequency 

and angular dependent response of the array is given by [7]: 

( cos )

( , ) 1
s

l
j T

vH e
θ

θ
− Ω +

Ω = −  (1) 

where v is the speed of sound. The delay T may be adjusted 

to cancel a signal from a certain direction to obtain the de-

sired directivity response. In hearing aids, this delay T is 

fixed to match the microphone spacing l/v and the desired 

directivity response is instead achieved using a back-to-back 

cardioid system [7] as shown in the adaptive differential 

microphone array (ADMA) in Figure 1(c). From Figure 

1(c), cF[n] is the cardioid beamformer output that attenuates 

signals from the back direction and cR[n] is the anti-cardioid 

beamformer output which attenuates signals from the front 

direction. The array output y[n] is given by: 

[ ] [ ] [ ]F Ry n c n c nβ= −  (2)

For y[n] from (2), the signal from 0
º
 is not attenuated and a 

single spatial notch is formed in the direction θnull for a value 

of β given by [7]: 

1
arccos

1
null

β
θ

β
−
+

≃  (3) 

In ADMA for hearing aids, the parameter β is adapted to 

steer the notch to direction θnull of a noise source to optimize 

the directivity index. This is performed by minimizing the 

MSE of the output signal y[n]. Using a gradient descent tech-

nique to follow the negative gradient of the MSE cost func-

tion, the parameter β is adapted by: 

[ ] [ ]( )2
[ 1]n n y n

δ
β β µ ε

δβ
+ = −  (4) 

where µ is the update step size as detailed in [7]. 

3. BI�AURAL SIDE LOOK STEERI�G 

In hearing situations, the desired speaker may be on one side 

of the hearing aid user. Therefore, a system which performs 

side-look beam steering is realized using binaural hearing 

aids with a bidirectional audio link. It is known that at high 

frequencies, the Interaural Level Difference (ILD) between 

measured signals at both sides of the head is significant due 

to the head-shadowing effect. The ILD increases with fre-

quency. This head-shadow effect is exploited in the design 

of the binaural Wiener filter for the high frequencies (>1 

kHz). At low frequencies (≤1 kHz), the acoustic wavelength 

λ is long with respect to the head diameter. Therefore, there 

is minimal change between the sound pressure levels at both 

sides of the head and the Interaural Time Difference (ITD) is 

the more significant acoustic cue. At low frequencies, a bin-

aural first-order DMA is designed to create the side-look. 

Therefore, this side-look steering is decomposed into two 

smaller problems with a binaural DMA for the low frequen-

cies and a binaural Wiener filter approach for the high fre-

quencies. The proposed system diagram is shown in Figure 

2. 

The input noisy speech signal x[n] from Figure 2 is 

given by: 

[ ] [ ] [ ] x n s n d n= +  (5) 

where s[n] is the desired speech signal from direction 

θs∈ [90° -90°] and d[n] is the noise signal incident from di-

rection θd where θd = - θs. The input signal is decomposed 

into sub-bands by the analysis filterbank [8]. The proposed 

directional processing is applied and then the signal is recon-

structed using a synthesis filterbank [8]. The signal from the 

side of the interferer is termed the interferer side and the sig-

nal on the side of the desired source is termed the focus side. 
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A bidirectional audio link between the hearing aids is as-

sumed. 

3.1 High Frequency Side Look 

The head shadowing effect is exploited in the design of a 

binaural system to perform the side-look at high frequencies 

(f >1 kHz). The signal from the interferer side is attenuated 

across the head at these high frequencies and the analysis of 

the proposed system is given below. 

 

3.1.1 System Model 

Consider a target speaker s[n] on the left side (-90°) of the 

hearing aid user and an interferer d[n] on the right side (90°). 

From Figure 1(a), the left ear signal model xL,1[n] recorded at 

the front left microphone and the right ear model xR,1[n] re-

corded at the front right microphone are given by: 

,1 ,1[ ] [ ] [ ] [ ]L Lx n s n h n d n= + ∗  (6) 

,1 ,1[ ] [ ] [ ] [ ]R Rx n h n s n d n= ∗ +  (7) 

where hL,1[n] is the transfer function from the front right mi-

crophone to the left front microphone and hR,1[n] is the trans-

fer function from the front left microphone to the front right 

microphone. Transformation of equations (6) and (7) into the 

frequency domain gives: 

 ,1 ,1( ) ( ) ( ) ( )L LX S H DΩ = Ω + Ω Ω  (8) 

,1 ,1( ) ( ) ( ) ( )R RX H S DΩ = Ω Ω + Ω  (9) 

Let the short-time spectral power of signal ( )aX Ω  be de-

noted as ( )
aXΦ Ω . Since the left side is the focus side and 

the right side is the interferer side, a classical Wiener filter 

can be derived as: 

,1

,1 ,1

( )
( )

( ) ( )

L

L R

X

X X

W
Φ Ω

Ω =
Φ Ω +Φ Ω

 (10) 

For analysis, assume that 
,1 ,1

( ) ( ) ( )
L RH H αΦ Ω = Φ Ω = Ω . 

( )α Ω  is the frequency dependent attenuation corresponding 

to the transfer function from one hearing aid to the other 

across the head. Therefore, (10) can be simplified to: 

( )( )
( ) ( ) ( )

( )
1 ( ) ( ) ( )

S D

S D

W
α

α
Φ Ω + Ω Φ Ω

Ω =
+ Ω Φ Ω +Φ Ω

 (11) 

As explained earlier, at high frequencies the ILD attenuation 

( ) 0α Ω →  due to the head-shadowing effect and (11) tends 

to a traditional Wiener filter. At low frequencies, the attenua-

tion ( ) 1α Ω →  and the Wiener filter gain ( ) 0.5W Ω → . The 

output filtered signal at each side of the head is obtained by 

applying the gain ( )W Ω  to the omni-directional signal at the 

front microphones on both hearing aid sides. X is given as 

the vector X=[ ( ),1LX Ω  ( ),1RX Ω ] and the output Y from 

both hearing aids is denoted as Y=[ ( ),1LY Ω  ( ),1RY Ω ] and is 

given by: 

( )W= ΩY X  (12) 

Therefore, the spatial impression cues from the focussed and 

interferer sides are preserved since the gain is applied to the 

original microphone signals on either side of the head.  

 
Figure 3 - System diagram for steerable binaural beamformer 

3.2 Low Frequency Side Look 

At low frequencies, the signal’s wavelength is long com-

pared to the distance lhead across the head between the two 

hearing aids. Therefore spatial aliasing effects are not sig-

nificant. Assuming lhead=17 cm, the maximum acoustic fre-

quency to avoid spatial aliasing is approximately 1 kHz. The 

proposed system for the low frequency side look is designed 

using the first-order ADMA from Figure 1(c) across the 

head which is described below. 

 

3.2.1 Binaural First Order ADMA 

The left side is the focussed side of the user and the right 

side is the interferer side. Therefore a system is designed 

which performs directional signal processing to steer to the 

side of interest. As described in section 2, consider the left 

ear signal xL,1[n] and the right ear signal xR,1[n]. A binaural 

first order ADMA is implemented along the microphone 

sensor axis across the head pointing to θs =-90°. Two back-

to-back cardioids are thus resolved setting the delay to 

lhead/v. The array output is a scalar combination of a forward 

facing cardioid cF[n] (pointing to -90°) and a backward fac-

ing cardioid cB[n] (pointing to 90°) as in (2).  

4. STEERABLE BI�AURAL BEAMFORMER 

The main goal of the steerable system is to achieve specific 

look directions θs,n where: 

,  45*    0,..7s n n nθ = ° ∀ =  (13) 

Beam steering to 0° and 180° is achieved using the basic 

first order DMA [7]. Section 3 described the proposed sys-

tem for steering to 90° and 270°. This section details the 

proposed model for focusing the beam to the subset of an-

gles θsteer ⊂  θs,n where θsteer ∈ [45°, 135°, 225°, 315°]. First 

the proposed parametric model is presented for achieving 

these desired look directions. This model is used to derive 

an estimate of the desired signal and an estimate of the inter-

fering signal for enhancing the input noisy signal. 
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4.1 Parametric Steering Model 

The desired signal incident from angle θsteer and the interfer-

ing signal are estimated by a linear combination of direc-

tional signal outputs. The directional signals used in this 

estimation are derived as shown in Figure 3. The outputs of 

the system CF,b(Ω) and CR,b(Ω) result from the binaural first 

order DMA and respectively denote the forward facing and 

backward facing cardioids. CF,m(Ω) and CR,m(Ω) result from 

the monaural first order DMA and follow the same naming 

convention as in the binaural case. The parameter 

“side_select” selects which microphone signal from the bin-

aural array is delayed and subtracted and therefore is used to 

select the direction to which CF,b(Ω) and CR,b(Ω) point. 

When “side_select” is set to one, CF,b(Ω) points to the right 

at 90° and CR,b(Ω) points to the left at -90° as indicated in 

Figure 4(a) and vice versa when “side_select” is set to zero 

as indicated in Figure 4(b). Conversely, the parameter 

“plane_select” selects which microphone signal from the 

monaural array is delayed and subtracted. Therefore, when 

“plane_select” is set to one, CF,m(Ω) points to the front plane 

at 0° and CR,m(Ω) points to the back plane at 180° as indi-

cated in Figure 4(c) and vice versa when “plane_select” is 

set to zero as indicated in Figure 4(d). For conciseness, the 

frequency-domain variable Ω will be omitted from now on.  

4.2 Signal and �oise Estimation 

Consider the desired speaker s[n] to be at azimuth θsteer of 

45°. Since the direction of the desired signal θsteer is known, 

an estimate of the desired signal power can be obtained from 

measuring the minimum of the power obtained from the di-

rectional outputs which mutually have maximum response in 

the direction of the signal. For this orientation, the parame-

ters “side_select” and “plane_select” are both set to 1 to give 

binaural and monaural outputs as indicated in Figure 4(a) and 

Figure 4(c) respectively. From the frequency domain signals, 

hypercardioids [9] Y1 and Y2 are obtained and signals Y3 and 

Y4 create notches at  90
°
/-90

°
 and 0

°
/180

°
 respectively in: 

,,1

,,2

,3 ,

4 , ,

/

/

R mF m

R bF b
hyp

R m hypF m

F b R b hyp

CCY

CCY
CY C

Y C C

β β

β

   
   
    = −
   
        

 (14) 

where βhyp is set to a value to create the desired hypercardi-

oid.  Equation (14) can be rewritten as: 

  hypβ= −F,1 R,1Y C C  (15) 

where Y=[Y1 Y2 Y3 Y4]
T
, CF,1=[CF,m CF,b CF,m CF,b]

T
 and 

CR,1=[CR,m CR,b CR,m/ βhyp CR,b/βhyp]
T
. An estimate of the short 

time desired signal power ˆ
SΦ  is obtained from measuring 

the minimum short time power of the four signal compo-

nents in Y  as given by: 

( )ˆ minS YΦ = Φ  (16) 

The noise estimate is obtained by measuring the maxi-

mum power from two directional signals which mutually 

have a null placed in the direction θsteer of the desired source. 

For the same parametric values of “side_select” and 

“plane_select” as before, let CR,2=[CR,m CR,b]
T
 and  

 

 
CF,b(Ω) 

 
CR,b(Ω) 

(a) side_select=1 (10dB gridlines) 

CF,b(Ω) CR,b(Ω) 
(b) side_select=0 (10dB gridlines) 

 

 
CF,m(Ω) 

 
CR,m(Ω) 

(c) plane_select=1(10dB gridlines) 

 
CF,m(Ω) 

 
CR,m(Ω) 

(d) plane_select=0 (10dB gridlines) 

Figure 4 – Differential microphone array outputs for (a)-(b) binaural 

and (c)-(d) monaural cases 

CF,2=[CF,m CF,b]
T
. These two signals are used to measure the 

signal V which is used for the noise power estimation as 

given by: 

,2 ,2  steerβ= −R FV C C  (17)  

where V=[V1 V2]
T
 and βsteer is set to place a null at the direc-

tion of the desired source. An estimate of the short time noise 

power ˆ
DΦ  is obtained from the maximum of the short time 

power of the two noise components in V as given in: 

( )ˆ maxDΦ = ΦV  (18) 

The corresponding Wiener filter gain ( )W Ω  is obtained 

from: 

( )
ˆ

ˆ ˆ
S

S D

W
Φ

Ω =
Φ +Φ

 (19) 

The enhanced desired signal is obtained by filtering the lo-

cally available omni-directional signal. Steering to the other 

directions of 135°, 225° or 315° is done by setting the pa-

rameter values of [side_select, plane_select] to [1, 0], [0, 0] 

or [0, 1] respectively. 

0º 

0º 

0º 

0º 0º 

0º 0º 

0º 

90º -90º -90º 90º 

-90º 90º -90º 90º 

-90º 90º -90º 90º 

90º -90º 90º -90º 
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Dark blue – left ear signal 

Light blue – right ear signal 

Dark blue – left ear signal 

Light blue – right ear signal 
Dark blue – left ear signal 

Light blue – right ear signal 
Dark blue – left ear signal 

Light blue – right ear signal 
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 (b) 

 
 

 
(c) 

 
  

 

 (d) 

Figure 5 (a) Beam steered to left side at 250 Hz (b) Beam steered to left side at 2 kHz (c) Beam steered to 45° at 250 Hz (d) Beam steered to 45° at 

500 Hz 

5. PERFORMA�CE EVALUATIO� 

The performance of the side-look beamformer and the steer-

able beamformer was evaluated by examining the output 

directivity patterns. A binaural hearing aid system was set up 

as described in section 2 with two “Behind the Ear” (BTE) 

hearing aids on each ear and only one signal being transmit-

ted from one ear to the other. The measured microphone 

signals were recorded on a KEMAR dummy head and the 

beampatterns were obtained by radiating a source signal 

from different directions at a constant distance. 

5.1 Binaural side-look steering beamformer 

The binaural side-look steering beamformer was decom-

posed into two subsystems to independently process the low 

frequencies (≤1 kHz) and the high frequencies (>1 kHz). In 

this scenario, the desired source is located on the left side of 

the hearing aid user at -90° (≡270° on the plots) and the 

interferer on the right side of the user at 90°. The effective-

ness of these two systems is demonstrated with representa-

tive directivity plots at 250 Hz (low frequency) in Figure 

5(a) and at 2 kHz (high frequency) in Figure 5(b). In both 

plots, the responses from both ears are shown together to 

illustrate the desired preservation of the spatial cues. It can 

be seen that the attenuation is more significant on the inter-

fering signal impinging on the right side of the hearing aid 

user. Similar frequency responses were obtained across all 

frequencies for focussing on desired signals located either at 

the left (270°) or the right (90°) of the hearing aid user. 

5.2 Steerable beamformer: Example 45° steering 

The performance of the steerable beamformer is demon-

strated for the scenario described in section 4.2 where the 

desired speaker s[n] is at azimuth θsteer of 45°. From (16) and 

(18), estimates of the signal power ˆ
SΦ   and the noise power 

ˆ
DΦ were obtained. A null is placed at 45° for the noise esti-

mate from (18). The corresponding value of βsteer can be cal-

culated as in (3).The polar plot of the beampattern of the 

proposed steering system to 45° is shown from the left and 

right hearing aids at 250 Hz and 500 Hz in Figure 5(c) and 

Figure 5(d) respectively. As required, the maximum gain is in 

the direction of θsteer. These simulations were performed us-

ing actual recorded signals. The steering of the beam can be 

adjusted to the direction θsteer by fine-tuning the ideal value 

of βsteer from (3) for real implementations. 

6. CO�CLUSIO� 

The systems presented in this paper were shown to be effec-

tive at steering the look direction of binaural hearing aids to 

directions other than 0°/180°. These results were achieved 

using real hearing aid recordings under the constraint of two 

microphones in each hearing aid and only one signal being 

wirelessly transmitted from one side to the other. The tech-

nique presented for the steerable beamformer operated up to 

approximately 750 Hz since the estimates were obtained 

from a combination of monaural and binaural array outputs 

(limited due to large spacing between hearing aids across the 

head). Future work involves extending this system to operate 

for the high frequencies. Both systems were tested in a real-

time environment using hearing aids with multiple interferers 

from different directions to confirm the results.  
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ABSTRACT
In this paper, we propose a speech spectral enhancer based
on the MAP estimation using variable speech probability
density function (PDF). The proposed speech enhancement
algorithm adaptively changes the speech PDF used in the
MAP estimation according to the observed spectral power.
In speech segments, the speech spectral density approaches
a Rayleigh distribution to keep the quality of the enhanced
speech. In non-speech segments, it approaches a delta func-
tion to reduce noise effectively. The proposed technique is
effective in suppressing residual noise well. Computer simu-
lation results show that the proposed speech enhancer is su-
perior to the conventional methods in the noise reduction ca-
pability.

1. INTRODUCTION

Speech enhancement technique is necessary in a wide range
of applications including mobile communication and speech
recognition systems. Single microphone speech enhance-
ment has been a research topic for decades [1]-[5], and one
of the famous methods in the spectral domain is the spectral
subtraction algorithm proposed by Boll [1]. Unfortunately
it provides annoying artifacts called “musical noise” in the
enhanced speech. Ephraim and Malah have thus proposed
an effective method for removing musical noise, called the
MMSE-STSA (minimum mean square error short time spec-
tral amplitude) method [2]. The MMSE-STSA becomes a
strong tool of speech enhancement. The improved methods
are also proposed in [3], and a noise suppressor employing
the algorithm is implemented in a cellular phone [3].

The MMSE-STSA method minimizes the mean square
error of the short time spectral amplitude. This method as-
sumes that the discrete Fourier Transform (DFT) coefficient
of speech obeys Gauss probability density function (PDF).
The PDF of the speech spectral amplitude then results in
Rayleigh distribution. However, Martin has pointed out that
the DFT coefficient is more likely to fit a Gamma PDF and
has shown that the estimator designed under Gamma model
decreases the mean square error as compared with the one
under Gaussian model [4]. However, neither of the speech
models fits the actual DFT coefficient of the speech suffi-
ciently.

Lotter and Vary have proposed an efficient speech en-
hancement method using the joint Maximum a Posteriori
(MAP) estimation with a parametric PDF of the speech spec-
tral amplitude [6]. This PDF is modeled by a single set of
parameters estimated from a large amount of actual speech
data. The enhanced speech is obtained by applying the MAP
estimation rule with the derived PDF. The performance of
the MAP estimator is superior to that of the MMSE-STSA

method in terms of noise attenuation. However, the speech
intelligibility in a speech segment is not sufficiently good, be-
cause the parameters of the PDF are determined, regardless
whether the observed signal is in a speech or a non-speech
segment.

To solve this problem, we have previously proposed an
adaptive algorithm for speech enhancement, so that it adap-
tively changes the PDF parameters depending whether the
observed signal is in a speech segment or in a non-speech
segment. In a speech segment, we adjust the parameters so
that the speech PDF approaches a Rayleigh distribution un-
der the assumption that the speech PDF in speech segment
approaches a Rayleigh distribution [7]. In a non-speech seg-
ment, since the speech signal does not exist, the speech PDF
can be assumed a Delta function. In this case, we adjust
the PDF parameters so that the speech PDF approaches the
Delta function to strongly reduce the noise. Unfortunately,
in [7], the one PDF parameter is fixed, while the another
one is adaptively changed. Although the simulation results
provided a good performance of this method, the approx-
imation of the Delta function in non-speech segments was
very rough. As a result, the noise suppression effect of this
method was not sufficiently exercised.

To obtain more faithful approximation of the Delta func-
tion in non-speech segments, we propose an adaptive algo-
rithm that adaptively changes the both of the two PDF pa-
rameters. Since the proposed adaptive speech PDF can con-
siderably approaches the Delta function, the speech enhancer
can suppress a large amount of noise signal from an observed
signal especially in non-speech segments. Simulation re-
sults show that the noise reduction capability of the proposed
method is superior to the other conventional methods.

2. CONVENTIONAL SPEECH ENHANCEMENT
SYSTEM

2.1 Structure of the Speech Enhancer

Fig.1 shows the structure of the conventional speech en-
hancement system based on the MAP estimation [6], where
x(t) denotes the input signal at timet. After x(t) is seg-
mented and windowed, the spectral amplitude|Xn(k)| and the
phase̸ Xn(k) are calculated by using the fast Fourier trans-
form (FFT), wheren andk denote the analysis frame number
and the frequency index, respectively. Using the noise power
spectrumλn(k), thea priori SNRξn(k) and thea posteriori
SNRγn(k) are calculated as

ξn(k) =
E[|Sn(k)|2]

λn(k)
, (1)
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Figure 1: Structure of the speech enhancement system.

γn(k) =
|Xn(k)|2

λn(k)
, (2)

whereSn(k) denotes the speech spectrum andE[·] is an ex-
pectation operator. SinceE[|Sn(k)|2] is not directly available,
ξn(k) is calculated by using the following decision-directed
method [2]:

ξn(k) = αξn−1(k)+(1−α) ·max[γn(k)−1,0] , (3)

whereα is a forgetting factor satisfying 0<α < 1. The spec-
tral gain functionGn(k) = G(ξn(k),γn(k)), which is char-
acterized byξn(k) andγn(k), magnifies the speech spectral
amplitude. The enhanced speech spectrumYn(k) is then ex-
pressed as

Yn(k) = Gn(k)Xn(k)

= Gn(k)|Xn(k)|exp( j ̸ Xn(k)) , (4)

where j =
√
−1. The enhanced speechy(t) is obtained from

Yn(k) by using the inverse FFT with the overlap-add method.
The speech enhancement system includes two important

parts, namely the noise estimation and the spectral gain esti-
mation. If either does not work well, serious distortion or in-
sufficient residual noise occurs in the enhanced speech. Ac-
curate noise and speech estimators are indispensable to main-
tain good quality of the enhanced speech.

2.2 Noise Estimation

Noise estimation is also an important issue in speech en-
hancement systems. A weighted noise estimator is proposed
[3], and it exhibits a better performance than the methods
based on minimum statistics [8]. We shall briefly describe
the weighted noise estimation method proposed in [3]. This
method recursively updates the noise power spectrum by

λn(k) =

{
βλn−1(k)+(1−β )Hn(k)|Xn(k)|2, Hn(k)> 0

λn−1(k), Hn(k) = 0 ,

whereβ is a forgetting factor satisfying 0< β < 1 andHn(k)
is the weight on the power spectrum|Xn(k)|2. The weight co-
efficient is designed so that it is almost inversely proportional

to the estimated SNR:

γ̃n(k) = 10log10

(
|Xn(k)|2
λn−1(k)

)
. (5)

Then,Hn(k) is empirically chosen as

Hn(k) =


1, γ̃n(k)≤ 0

− 1
γz

γ̃n(k)+1, 0< γ̃n(k)≤ θz

0, θz < γ̃n(k)
, (6)

whereγz is a constant to decide a slope of graph andθz is a
threshold to eliminate an unreliableγ̃n(k).

2.3 Gain Estimation

We shall explain the gain estimation method based on the
joint MAP method [6]. We here omit the subscripts, the
frame numbern and the frequency numberk for simplicity.
Let p(S) and p(̸ S) denote the PDFs of the speech spectral
amplitude and the phase, respectively.p(X) denotes the PDF
of the input DFT coefficient andp(S, ̸ S|X) is the conditional
joint PDF. The joint MAP estimator gives the speech spectral
amplitudeŜ that maximizesp(S, ̸ S|X) as follows:

Y = argmax
S

p(S, ̸ S|X)

= argmax
S

p(X|S, ̸ S)p(S, ̸ S)
p(X)

. (7)

We assume thatp(X|S, ̸ S) is Gaussian and thatp(S) and
p(̸ S) are statistically independent. Moreover,p(S) and
p(̸ S) are assumed to be

p(S) =
µν+1

Γ(ν +1)
Sν

σν+1
S

exp

(
−µ

S
σs

)
, (8)

p(̸ S) =
1

2π
, (9)

whereΓ(·) denotes Gamma function,σ2
S is the variance of

the speech spectrum. The PDFp(S) is characterized by pos-
itive parametersµ andν . Substituting Eqs.(8) and (9) into
Eq.(7), and solving it forS, we have

Y = GX (10)
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Figure 2: Parametric speech PDF.

with

G = u+
√

u2+ ν
2γ , u= 1

2 −
µ

4
√

γξ
. (11)

ThisG is the Lotter’s spectral gain [6].

3. SPEECH SPECTRAL ESTIMATOR USING
ADAPTIVE PDF MODEL

3.1 Derivation of the proposed algorithm

In the parametric speech PDF derived by Lotter and Vary,
the two parametersµ and ν are fixed [6]. However, an
actual speech signal involves the both of speech segment
(speech exists) and non-speech segment (speech does not ex-
ists). Clearly, in the non-speech segments, the speech PDF
becomes a Delta function because all speech data are zero.
On the other hand, in the speech segments, the speech PDF
can be approximated as a Rayleigh PDF [7]．Hence, we have
previously proposed the adaptive speech PDF model based
on Eq.(8). Our approach is to adaptively change the PDF
with the parameterν . Fig. 2 shows some parametric PDFs
made by differentν , where the other parameterµ is fixed to
3.2. This result supports that the PDF with variableν can
provide the Rayleigh PDF in speech segments and an expo-
nential PDF in non-speech segments. Unfortunately, in the
non-speech segments, the actual speech PDF is not identi-
cal to the exponential PDF. So, the more appropriate PDF
is the Delta function. Since the speech enhancement algo-
rithm proposed in [7] cannot use the appropriate speech PDF
in non-speech segments, it produced residual noises in the
enhanced speech.

To solve this problem, we adaptively change the both of
two parametersν and µ to approximate the Delta function
in non-speech segments.µ is the parameter to adjust the
descent of the PDF, whileν controls its ascent. Fig. 3.1 (a)
shows the most steep ascent withν = 0. It is impossible to
get more steep ascent. To approximate the Delta function,
we have to get more steep decent. A large value ofµ gives
such effect. Fig. 3.1 (b) shows the parametric speech PDF
with µ = 50 andν = 0. We see from this result that the
obtained PDF considerably approaches to the Delta function
in comparison to the conventional one. Hence, decreasingν
and increasingµ in non-speech segments may give a good
performance for noise reduction.

(a) Conventional speech PDF model in noise segment [7]
(µ = 3.2, ν = 0.0).

(b) Proposed speech PDF model in noise segment
(µ = 50,ν = 0.0).

Figure 3: Speech PDF models.

We propose the following adaptive parametersνn andµn.

νn =

{
0, ν̃n ≤ 0
ν̃n, otherwise , (12)

ν̃n = A· log10Rn, (13)

µn =

{
0, µ̃n ≤ 0
µ̃n, otherwise , (14)

µ̃n = B/Rn (15)

Rn =
∑M−1

k=0 |Xn(k)|2

∑M−1
k=0 λn(k)

, (16)

whereM is the FFT size, andA andB are constants for adap-
tation. We see from Eq. (14) and (15) thatµn changes recip-
rocal to the SNR,Rn. Substitutingνn andµn into Eq.(11), we
have the speech spectral gain.

3.2 Simulation

We carried out computer simulation for confirming the effec-
tiveness of the proposed method. In the simulation, we added
a tunnel noise to a female speech signal to make an observed
signal. We putα = 0.98, β = 0.92, A = 0.5, B = 100 for
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(a) Observed signal

(b) Lotter’s method [6]

(c) Tsukamoto’s method [7]

(d) Proposed method

Figure 4: Results of speech enhancement

speech enhancer, andθz = 7 andγz = 10 for noise estimator.
The proposed method compared with Lotter’s method [6] and
Tsukamoto’s methods [7] Fig. 4(a)–(d) show the spectro-
grams of simulation results, where horizontal axis shows the
time and vertical axis shows the frequency. From Fig. 4(b),
Lotter’s method gives a good speech enhancement capability
although residual noises arise especially in non-speech seg-
ments. In Fig. 4(c), the residual noise is more suppressed
than the result of (b). But, the persistent residual noises are
perceptible. We see from Fig. 4(d) that the proposed method
reduces the noise sufficiently small, and it is almost not per-
ceptible.

Next, we show the trajectories of the adaptive parameters
νn andµn in Fig. 5(a) and (b). Here, (a) shows the trajec-
tory of νn. Sinceνn is proportional to the SNR,νn becomes
large when the observed signal includes speech signal, and
becomes small in absence of the speech signal. Fig. 5(b)
shows the trajectory ofµn. We see from this results thatµn
increases whenνn decreases and vice versa, becauseµn is re-
ciprocal to the SNR. The pameterν ≈ 0.1 andµ ≈ 50 around
200 frames that is in non-speech segment. In this case, the
adaptive speech PDF approximates the Delta function like
Fig. 3.1(b).

4. CONCLUSION

We have proposed a speech spectral enhancer using adaptive
speech PDF that are controlled with two parametersν and
µ. In the proposed method, the speech PDF in non-speech
segments approaches to Delta function by decreasingν and
increasingµ . Since the non-speech segment is unknown, we
adaptively change the two parameters based on the SNR of
the observed signal. Simulation results show that the pro-
posed method effectively reduced the noise more than that

(a) Trajectory ofνn

(b) Trajectory ofµn

Figure 5: Trajectories of adaptive parameters

of the conventional methods, especially in non-speech seg-
ments.
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ABSTRACT 
 
This paper deals with blind speech separation of convolutive 
mixtures of sources. The separation criterion is based on the 
Oriented Principal Components Analysis (OPCA) method. 
OPCA is a (second order) extension of standard Principal 
Component Analysis (PCA) aiming at maximizing the power 
ratio of a pair of signals. The convolutive mixing is obtained 
by modeling the Head Related Transfer Function (HRTF). 
Experimental results show the efficiency of the proposed 
approach in terms of subjective and objective evaluation, 
when compared to the widely used CFICA (Convolutive Fast-
ICA) algorithm.  
 
Index Terms— Blind source separation (BSS), convolutive 
mixture, speech signals, Oriented Principal Component 
Analysis 

1. INTRODUCTION 

The objective of Blind Source Separation (BSS) is to extract 
the original source signals from their mixtures and possibly to 
estimate the unknown mixing channel using only the 
information of the observed signal with no, or very limited, 
knowledge about the source signals and the mixing channel. 
Methods for this problem can be divided into methods using 
second-order [1] or higher-order statistics [2], the maximum 
likelihood principle [3], the Kullback-Liebler distance [4] 
PCA methods, non-linear PCA [5], and ICA methods [2], [4], 
[6]. Further information on these methods and some 
applications of ICA can be found in [7]. Most approaches to 
BSS assume the sources are statistically independent and thus 
often seek solutions of separation criteria using higher-order 
statistical information [2] or using only second-order 
statistical information in cases where the sources have 
temporal coherency [3], are non-stationary [4], or eventually 
are cyclo-stationary. We must note that second-order methods 
do not actually replace higher-order ones since each approach 
is based on different assumptions. For example, second-order 
methods assume that the sources are temporally coloured 
whereas higher-order methods assume white sources. Another 
difference is that higher-order methods do not apply to 
Gaussian signals but second-order methods do not have any 
such constraint. 

This paper is organized as follows: in Section 2, we present 
the mixing model. In section 3, we present the separation 
model. In Section 4 we briefly describe the implementation of 
the OPCA method that we propose for the separation of 
mixed speech signals. Section 5 presents the experimental 
results and discusses them. Finally, Section 6 concludes and 
gives a perspective of our work. 
 

2. THE MIXING MODEL 
 

At the discrete time index t, a set of M source signals s(t) = 
(s1(t), . . . , sM(t)) is received at an array of N sensors. The 
received signals are denoted x(t) = (x1(t), . . ., xN(t)). In many 
real-world applications the sources are said to be 
convolutively (or dynamically) mixed. The convolutive model 
introduces the following relation between the n’th mixed 
signal and the original source signals. 
The real convolutive mixing process (including delays) can 
be assumed as: 
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The mixed signal is a linear mixture of filtered versions of 
each of the source signals, and amnk represents the 
corresponding mixing filter coefficients. In practice, these 
coefficients may also change in time, but for simplicity the 
mixing model is often assumed stationary. 
In matrix form, the convolutive model can be written as: 
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where Ak is an M × N matrix which contains the k’th filter 
coefficients. 
The convolutive mixing process in eq. (2) can be simplified 
by transforming the mixtures into the frequency domain. The 
linear convolution in the time domain can be written in the 
frequency domain as separate multiplications for each 
frequency: 

).()()( fSfAfX =  (3) 

At each frequency f, A(f) is a complex M ×N matrix, X(f) is 
complex M ×1 vector, and similarly S(f) is a complex N × 1 
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vector. The frequency transformation is typically computed 
using a discrete Fourier transform (DFT) within a time frame 
of size T starting at time t: 

[ ]( ),)1(),.....(),( −+= TtxtxDFTtfX  (4) 

and correspondingly for S(f, t). Often a windowed discrete 
Fourier transform is used: 
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where the window function )(τw is chosen to minimize band-
overlap. By using the fast Fourier transform (FFT) 
convolutions can be implemented efficiently in the discrete 
Fourier domain. 

3. THE SEPARATION MODEL 

The objective of blind source separation is to find an estimate, 
ŝ(t), which is a model of the original source signals s(t). For 
this, it may not be necessary to identify the mixing filters Ak 

explicitly. Instead, it is often sufficient to estimate separation 
filters W that remove the cross-talk introduced by the mixing 
process (figure 1). 
The goal in source separation is not necessarily to recover 
identical copies of the original sources. Instead, the aim is to 
recover model sources without interferences from other 
sources; each separated signal ŝn(t) should contain signals 
originating from a single source only. Therefore, each model 
source signal can be a filtered version of the original source 
signals, 

,t)(f)A(f)S(f (f,t) = WŜ  (6) 

 

 

 

Figure 1: Source separation system 

The criterion for separation is satisfied if the recovered 
signals are permuted, and possibly scaled and filtered, 
versions of the original signals, 

 P(f)D(f),W(f)A(f) =  (7) 

where P is a permutation matrix and D(f) is a diagonal matrix 
with scaling filters on its diagonal. If one can identify A(f) 
exactly and choose W(f) to be its inverse, then D(f) is an 
identity matrix, and one recovers the sources exactly.  
A survey of frequency-domain BSS is provided in [8]. An 
advantage of blind source separation in the frequency domain 
is that the separation problem can be decomposed into smaller 
problems for each frequency bin in addition to the significant 
gains in computational efficiency [9]. The convolutive 
mixture problem is reduced to “instantaneous” mixtures for 
each frequency. Another problem that arises in the frequency 

domain is the permutation and scaling ambiguity. If the 
convolutive problem is treated for each frequency as a 
separate problem, the source signals in each frequency bin 
may be estimated with an arbitrary permutation and scaling, 

.ˆ ,t)(f)D(f)S(f (f,t) = PS  (8) 

4. OPCA METHOD 

The OPCA algorithm was previously proposed by 
Diamantaras and Papadimitriou [10], specifically for 
separating four multilevel PAM (Pulse Amplitude 
Modulation) signals filtered by an ARMA (Auto-Regressive 
Moving Average) coloring filter. In this work we aim to use 
OPCA to perform a BSS on a convolutive mixture of speech 
signals according to the model illustrated in Figure 2.  
OPCA can be considered as a generalization of PCA. It 
corresponds to the generalized eigenvalue decomposition of a 
pair of covariance matrices in the same way that PCA 
corresponds to the eigenvalue decomposition of a single 
covariance matrix. Oriented PCA (OPCA) describes an 
extension of PCA involving two signals u(k) and v(k). The 
aim is to identify the so-called oriented principal directions 
e1,…,en that maximize the signal-to-signal power ratio 
E(ei

Tu)2/E(ei
Tv)2 under the orthogonality constraint: ei

TRuej=0, 
i≠j. OPCA is a second-order statistics method, which reduces 
to standard PCA if the second signal is spatially white Rv = I. 
The solution of OPCA, as shown in Figure 2, is a generalized 
eigenvalue decomposition of the matrix pencil [Ru,Rv]. 
Subsequently, we shall relate the BSS problem with the 
OPCA analysis of the observed signal x and almost any 
filtered version of it. Note that the 0-lag covariance matrix of 
x(k) is: 

TT
Sx AAAARR == )0()0(   (9) 

Now, consider a scalar, linear filter having h=[h0.,…,.hM] 
(referred to as J-Filter in Figure 2) operating on X(f,t): 
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The 0-lag covariance matrix of Y is expressed as: 
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From Eq. (1) it follows that: 
T
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Figure 2: Block diagram of BSS for convolutive mixtures 
using the OPCA method. 

Provided that A is square and invertible we can write: 

DARDAAAADAR T
X

TTT
Y

−−− === )0()0( . (15) 

Eq. (15) expresses a Generalized Eigenvalue Decomposition 
problem for the matrix pencil [RY(0), RX(0)]. This is 
equivalent to the OPCA problem for the pair of signals [Y(f,t), 
X(f,t)]. The generalized eigenvalues for this problem are the 
diagonal elements of D. The columns of the matrix A-T are the 
generalized eigenvectors. The eigenvectors are unique up to a 
permutation and scale provided that the eigenvalues are 
distinct (this is true in general). In this case, for any 
generalized eigenmatrix W we have W = A-TP with P being a 
scaled permutation matrix; each row and each column 
contains exactly one non-zero element. Then the sources can 
be estimated as: 

),(),(ˆ tfXWtfS T= , (16) 

which can be written as: 

),(),(),(ˆ 1 tfSPtfASAPtfS TT == − , (17) 

where Ŝ(f,t)=[Ŝ1(f,t), Ŝ2(f,t)]T is the estimated source signal 
vector and W(f) represents an unmixing matrix at frequency 
bin f. The unmixing matrix W(f) is determined so that Ŝ1(f,t) 
and Ŝ2(f,t) become mutually uncorrelated, because the source 
signals S1(f,t) and S2(f,t) are assumed to be zero mean and 
mutually uncorrelated. The estimated sources are equal to the 
true ones except for the (unobservable) arbitrary order and 
scale.  
Then we apply the IFFT of Ŝ(f,t) for recovering the estimated 
signals in time domain. 

( )( )tfSIFFTts ,ˆ)(ˆ =  

The J-filter mentioned in Figure 2 is expressed as: 

[ ] [ ]βα ,,1,, 210 == hhhh ,  (18) 

where α and β are parameters to be fixed. These parameters 
are optimized by re-formulating the D matrix of eq. (15) as 
the following [10]:     
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Note that the optimality criterion of the J-filter is related to 
the eigenvalue spread [10]. The maximization criterion used 
to find α and β is given by:  
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where di,j represents the diagonal elements of D. In our 
experiments, the J-filter order of 3 was chosen. The search of 
the optimal filter is transformed into the search for the filter 
that spreads the eigenvalues as much as possible [10]. The 
search is exhaustive and is performed for values of α and β 
varying within a given interval of h (∀ α, β ∈ [hmin, hmax]). In 
the experiments we fixed hmin = -5, hmax = 5, while the 
increasing step was 0.2. 

5. EXPERIMENTS AND RESULTS 

In the following experiments the TIMIT database was used. 
The TIMIT corpus contains broadband recordings of a total of 
6300 sentences, 10 sentences spoken by each of 630 speakers 
from 8 major dialect regions of the United States, each 
reading 10 phonetically rich sentences [11]. Some sentences 
of the TIMIT database were chosen to evaluate our BSS 
methods. We tested OPCA using a filter of order 3, as 
mentioned earlier. The use of more correlation matrices 
increases the information input in the estimation process and 
then improves the separation quality. We consider a two-input, 
two-output convolutive BSS problem, so we mixed in 
convolution two speech signals: s1(n) and s2(n), that 
respectively pronounced by a man and a woman. 
In the experiment a dummy head with two microphones (one 
in each ear) was used instead of the microphone array. This 
kind of recording was used to investigate how effective the 
BSS is during a more natural configuration of the sources. 
This situation takes into account all the changes in an acoustic 
field connected with the head, i.e., the Head Related Transfer 
Function. The HRTF influences both sound pressure level and 
spectra of the source signals reaching the ears. 
We tested our overall framework with a mixing filter 
measured at the ears of a dummy head. We selected impulse 
responses associated with source positions defined by 30 and 
-80-degree angles in relation to the dummy head as we can 
see in figure 3.  
To evaluate our approach in the convolutive case, we 
compared it with the well-known C-FICA and DUET 
techniques. 
 
 

W=A-1 

Y(f) X(f) x(t) HRTF 
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s2 
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Figure 3: The convolutive (HRTF) model with source 

positions at 30-and 80-degree angles in relation to the dummy 
head 

• The C-FICA algorithm (Convolutive extension of 
Fast-ICA) [7] is a time-domain fast fixed-point 
algorithm that realizes blind source separation of 
convolutive mixtures. It is based on a convolutive 
sphering process (or spatio-temporal sphering) that lets 
the use of the classical Fast-ICA updates extract 
iteratively the innovation processes of the sources in a 
deflation procedure.  

• DUET (Degenerate Unmixing and Estimation 
Technique) is a method that applies when sources are 
W-disjoint orthogonal, that is, when the time-
frequency representations of any two signals in the 
mixtures are disjoint sets. The method uses an online 
algorithm to perform gradient search for the mixing 
parameters and simultaneously construct binary time-
frequency masks that are used to partition one of the 
mixtures to recover the original source signals [12]. 

Through this comparison, we aim to demonstrate the 
effectiveness of the proposed separation technique based on 
the OPCA method. The OPCA method is effective, as can be 
seen in the time domain, where we note that the original 
signals (Figure 5) and estimated signals by OPCA (Figure 7) 
are very close. The OPCA method has the advantage that the 
time processing is less than with the C-FICA algorithm. With 
our experimental setup, the OPCA method takes 45 sec while 
the C-FICA technique takes 55 sec to be performed. These 
results were achieved with a computer whose specifications 
are: Processor: Intel (R) Core(TM) 2 Quad CPU Q9550 @ 
2.83 GHz, RAM: 4 GB, OS: Windows 7 professional 64-bit. 
The method was verified subjectively by listening to the 
original, mixed and separated signals. We obtained a very 
good separation. 
To measure the speech quality, one of the reliable methods is 
the Perceptual Evaluation of Speech Quality (PESQ). This 
method is standardized in ITU-T recommendation P.862 [13]. 
PESQ measurement provides an objective and automated 
method for speech quality assessment. As illustrated in Figure 
4 [14], the measure is performed by using an algorithm 
comparing a reference speech sample to the speech sample 
processed by a system. Theoretically, the results can be 
mapped to relevant mean opinion scores (MOS) based on 
degradation of the sample [15]. The PESQ Algorithm is 
designed to predict subjective opinion scores of a degraded 

 
Figure 4: Block diagram of the PESQ measure computation  

speech sample. PESQ returns a score from 0.5 to 4.5, with 
higher scores indicating better quality. For our experiments 
we used the code provided by Loizou in [14]. This technique 
is generally used to evaluate speech enhancement systems. 
Usually, the reference signal refers to an original (clean) 
signal and the degraded signal refers to the same utterance 
pronounced by the same speaker as in the original signal but 
submitted to diverse adverse conditions. In the PESQ 
algorithm, the reference and degraded signals are level-
equalized to a standard listening level thanks to the 
preprocessing stage. The gain of the two signals is not known 
a priori and may vary considerably. In the original PESQ 
algorithm, the gains of the reference, degraded and corrected 
signals are computed based on the root mean square values of 
band-passed-filtered (350-3250 Hz) speech. The full 
frequency band is kept in our scaled version of normalized 
signals. The filter with a response similar to that of a 
telephone handset, existing in the original PESQ algorithm, is 
also removed. The PESQ method is used throughout all our 
experiments to evaluate the OPCA estimated speech. It has 
the advantage to be independent of listeners and number of 
listeners. 
For PESQ evaluation, OPCA was the best one in comparison 
with C-FICA and DUET approach, which we can see in Table 
1. We note the very good improvement in PESQ of OPCA 
method compared to mixed signals. 
Table1: Comparison of PESQ for the C-FICA, DUET, OPCA 
methods and convolved mixed signals without any processing 

PESQ PESQ (female 
speech)  

PESQ (male 
speech) 

Mixed Signals  0.78 1.2 
C-FICA 1.686 1.734 
DUET 0.417 1.002 
OPCA 3.599 3.696 

In frequency domain algorithms, the challenge is to solve the 
permutation ambiguity, i.e., to make the permutation matrix 
P(f) independent of frequency. Especially when the number 
of sources and sensors is large, recovering consistent 
permutations is a severe problem. With N model sources 
there are N! possible permutations in each frequency bin [8]. 
Many frequency domain algorithms provide ad hoc solutions, 
which solve the permutation ambiguity only partially, thus 
requiring a combination of different methods. The problem is 
not very severe in our case, because we work with two 
sources. 
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Figure 5: (a): Original signals: Male sentence: “This brings us to the 

question of accreditation of art schools in general”, (b): female 
sentence: “She had your dark suit in greasy wash water all year”. 

 
Figure 6: Signals mixed by convolution. 

 
Figure 7: Estimated signals by the OPCA method. 

6. CONCLUSION 

We have presented a blind speech separation technique of 
convolution mixtures using an oriented principal component 
analysis method. All earlier approaches have consistently 
used two steps: one pre-processing (sphering) step followed 
by a second-order analysis method such as PCA .The OPCA 
approach has the advantage that no pre-processing step is 
required as sphering is implicitly incorporated in the signal-
to-signal ratio criterion which is optimized by OPCA [10]. 
The proposed separation technique of mixed observations into 
source estimates is effective, as shown in the time domain. 
Subjective evaluation is performed through listening to the 
estimated signals before and after mixing and after separation 
was used. The results are very satisfactory; we obtained a 
very good separation. We tested the method with other speech 
signals from the TIMIT, Noizeus and AURORA databases. 
We experimented also with other types of mixtures (e.g. like 
anechoic) and the results were similar. These results confirm 
the efficiency of the OPCA method that we previously used 
for the first time, in the separation of speech signals in an 
instantaneous mixing case [16]. For future work, we will use 
mixtures of more than two sources, and also we are 
continuing our research efforts by implementing a 
combination of OPCA and different methods, for resolving 
the problem of permutation ambiguity and applying it in a 
mobile communication framework. 
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ABSTRACT

While current speech enhancement algorithms can signifi-
cantly reduce background noise, the output speech is com-
monly unacceptably damaged – a strong penalty for sensi-
tive applications. Alternatively, reducing the aggressiveness
leads to more background residual noise – another rejection
criterion in practice. In this work, a cost-effective technique
for residual noise reduction is presented as a postprocessor
for less aggressive enhancement algorithms. The main mo-
tivation is to keep their beneficial characteristics, and use
the noisy and pre-enhanced signals to remove the remaining
noise. The proposed method decomposes pre-enhanced sig-
nals into subbands, then performs framewise scaling of the
downsampled subband time series based on the estimated
Signal-to-Residual-Noise Ratio. Since many popular en-
hancement algorithms already operate in subbands, the ap-
plication of the postprocessor is appealing from a compu-
tational standpoint. Results show the method consistently
reduces background noise, with no further apparent speech
damage, as reported by several objective measures and infor-
mal listening experiments.

1. INTRODUCTION

One of the central issues in speech enhancement consists of
the tradeoff between noise reduction and intelligibility [1],
and it is in fact rare for a method to consistently improve
intelligibility. Rather than trying to improve it, practitioners
usually set the more reasonable goal of at least not affecting it
in the noise removal process. In sensitive applications where
intelligibility and naturalness are important, non-aggressive
setups for speech enhancement algorithms are thus privi-
leged, at the cost of the presence of a larger amount of back-
ground residual noise in the enhanced speech. In this work,
a post-processing technique is proposed with the following
objectives in mind:

1. Remove surplus background residual noise while retain-
ing the positive features of (pre)enhanced speech (i.e. in-
telligibility, low distortion, naturalness, etc)

2. As simple and efficient implementation as possible (i.e,
aim for low computational complexity).

Both objectives are treated here with equal importance:
indeed, if the second objective is not respected, one might
as well rework and upgrade the pre-enhancement scheme.
On the other hand, if the first objective can be attained with
very small additions, then the appeal is more significant
for real-world applications already employing certain well-
established algorithms. Indeed, in many real-word applica-
tions, real time requirements are to begin with hardly met

The authors would like to thank the Natural Sciences and Engineering
Research Council of Canada for funding this work.

and hence we are interested in improving performance with
adding very little computational requirements. Such a con-
cern would for example be applicable to the post-processing
method shown in [2], in which the non-negligible additional
workload consists of a harmonic analysis combined with
pitch tracking on the pre-enhanced signal, followed by a (pre-
trained) codebook mapping for the restoration of the parts of
the signal that were damaged during the initial noise reduc-
tion algorithm. In addition, note that the primary goal of
restoring damaged speech components is fundamentally dif-
ferent from our first objective of removing excessive residual
noise.

In this work, the objective of the post-processor is not
enhancement per se, but rather noticeable background noise
removal. Other methods with similar objectives have ap-
peared in the literature; for example the post-filtering method
of [3], based on the detection of formant locations and spec-
tral valleys, is found to perform well for narrowband speech
in AWGN. In contrast, the proposed post-processor shown in
this paper is designed to be incorporated naturally as a mod-
ule to already existing subband enhancement architectures,
and is meant to operate in the same complex noise condi-
tions. The paper is organized as follows: In Section II, the
procedure is formally introduced, accompanied by qualita-
tive explanations. In Section III, several tests are performed
with well-established algorithms in various conditions (bab-
ble, factory, military vehicle noise, and car interior noises).
The performance between direct output quality and post-
processed quality is compared using several objective mea-
sures and the conclusions of informal listening tests are re-
ported. Then, conclusions are given in Section IV.

2. THE PROPOSED POST-PROCESSING SCHEME

In simple terms, the idea consists of scaling, on a frame-by-
frame basis, the pre-enhanced signals depending on the re-
spective estimated levels of speech and residual noise. How-
ever, even in ideal conditions, it is not desirable to apply such
volume-scaling in a fullband setup, as it would perceivably
modulate the amplitude of the signal in a potentially disturb-
ing manner. Thus, the method is chosen to be applied in the
subband domain, as in the generic structure shown in Fig-
ure 1. A similar form of subband-signal scaling structure has
been successfully applied as the core of a “standalone” sub-
band speech enhancement algorithm (as opposed to a mere
“post-processor”) in [4], where subband gains are directly
applied to the incoming noisy speech, and are determined
from a VAD-based estimation of the a posteriori Signal-to-
Noise Ratio. In our context however, the goal is to determine
scaling factors to be applied to pre-enhanced subband speech
signals, for which an estimate of the SNR has already been
determined or is directly accessible.
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For simplicity, assume that each subband domain signal
(i.e., each of the decimated signals at the outputs of the filters
of the filterbank) are here real-valued and locally viewed as
time-domain signals.
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Figure 1: The proposed post-processing scheme. The Signal
to Residual Noise Ratio (SRNR) is estimated from both the
noisy fullband and the enhanced subband signals to produce
scaling factors which are then applied before reconstruction.

To determine the scaling function in this context, we
begin by assuming that the speech and noise statistics are
fixed over small frames. Denote by ym(:, i) the pre-enhanced

decimated speech vector at subband m and at the ith frame,
assumed to contain the sum of the clean subband vector
xm(:, i) and some residual noise rm(:, i). Next, suppose that

over the ith frame, xm(:, i) and rm(:, i) are approximately i.i.d.

with respective distributions N (0;σx(i)
2) and N (0;σr(i)

2)
(the sequences can indeed be negative-valued, as opposed to
spectral amplitudes in usual frequency-domain processing
for example). With these assumptions, it is easy to show
that, for all k indexing the subband frame:

p(xm(k, i)|ym(:, i)) =

N

(

xm(k, i)|ym(k, i)
σx(i)

2

σx(i)2 +σr(i)2
;

σx(i)
2
σr(i)

2

σx(i)2 +σr(i)2

)

(1)

From the above, we can thus write the conditional ex-
pected value of xm(:, i) in terms of the Signal-to-Residual-
Noise-Ratio, denoted here by SRNRm(i), to obtain the post-
processed enhanced series x̂m(:, i) = E (xm(k, i)|ym(:, i)) as:

x̂m(:, i) =
(

1+ SRNRm(i)
−1
)−1

ym(:, i) (2)

The gain function is shown in Figure 2. As the reader will
have noted, in its form the gain function given in Eqn. 2
is essentially superimposable to an SNR-based frequency-
domain filtering formulation of a spectral subtractive gain.
Besides the distinct decimated filterbank context and as-
sumptions regarding the nature of the intervening signals,
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Figure 2: The proposed subband scaling function. When the
subband Signal-to-Residual-Noise Ratio SRNR is low, the
subband frame is strongly scaled down. As it can also be
seen, the variable p ≥ 1 is an aggressiveness factor.

there are notable differences of practical nature: what is pro-
posed here is to reduce the gain to a single number per band
and per frame – i.e., to locally reduce it to a scaling factor.
In other words, we take advantage of the time/frequency lo-
calization of each small frame of data at the output of the
decimated filters to formulate some simplifying assumptions
resulting in the application of a fixed gain within one sub-
band over a few consecutive samples. To respect this crite-
rion, a “medium” amount of subbands and a relatively small
subband frame size is required. As an important practical
advantage, our proposed method is both embeddable in ex-
isting enhancement algorithms already using filterbanks, and
the resulting scaling is very efficient.

Obviously, the above requires the knowledge of
SRNRm(i), which is difficult to accurately estimate as it
strongly depends on the method/algorithm used and on the
noise conditions. Nevertheless, a practical solution con-
sists of estimating it from SNRm(i), the Signal-to-Noise Ra-
tio in the current subband frame (obtainable from the pre-
enhancement stage) – the two are indeed strongly correlated.
For this purpose, several methods can be envisioned: For ex-
ample, using various training data obtained specifically us-
ing the chosen pre-enhancement algorithm, some mathemat-
ical relationship (e.g. linear regression) between the two sets
of subband SNRs could be obtained. On the other hand, a
complex scheme will threaten the crucial simplicity objective
stated in our introduction. While attempting to efficiently
approximate it, heuristically it was found that satisfactory re-
sults can be obtained by using the simple following rule:

SRNRm(i)≃ max{SNRm(i), SNR(i)} (3)

In the above rule, the practical value used to represent the
residual noise ratio in each subband is simply taken as the
maximum between the fullband estimated SNR and the cur-
rent subband estimated SNR. The rationale for incorpo-
rating the fullband SNR was initially based on the obser-
vation that in many situations the “local” subband SNR is
found to be in discordance with the fullband SNR and thus
some low-amplitude speech components that are still im-
portant for intelligibility are more at risk of being scaled
down. Note also that from Eqn. 3 we necessarily have
SRNRm(i)≥ SNRm(i), which is consistent with the expected
effect of the pre-enhancement scheme. In practice, to further
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account for the effect of pre-enhancement, we found that the
introduction of a parameter p ≥ 1 is also beneficial and pro-
vides an accessible aggressiveness parameter, so as to obtain
the final rule:

x̂m(:, i) =
(

1+ SRNRm(i)
−1
)− p

2 ym(:, i) (4)

In our implementations, p is set to 1.15. The use of Eqn. 4 al-
lows for a very low-cost post-processing (one of our primary
goals), while the effectiveness of the above solution will be
confirmed in practical tests in Section 3.

Regarding once again computational complexity, note
that if the pre-enhancement scheme is already frame-based
and employing subbands, the overall computational overhead
is minimal.

3. EXPERIMENTAL RESULTS

3.1 Speech and noise material

The audio material used in this paper has a sampling fre-
quency of 20 kHz. The clean speech material is obtained
by concatenating multiple speakers from the TIMIT database
[5], and inserting silences in order to obtain a 60% activ-
ity rate (as recommended for objective quality estimation
in [6]). The total length of the clean speech material is ap-
proximately 30 seconds. The noise data was obtained from
http://spib.rice.edu/spib/select noise.html, containing exam-
ples from the NOISEX-92 database [7]: the babble, factory,
and military vehicle noises were used. The obtained noisy
signals are scaled with 3 different values to obtain various
conditions, from low to high input SNR. Thus, 9 different
conditions were tested for 3 different algorithms.

3.2 Objective quality measures

In order to illustrate the performance of our postproces-
sor, we resort to several objective speech quality measures.
The tools used are the SNR and the average segmental
SNR (ASNR) [8]; the Coherence Speech Intelligibility In-
dex (CSII) [9]; the wideband extension for the PESQ score
(WPESQ) from [10]; and the three composite measures
shown in [1], meant to reflect the level of speech distortion
(Csig), the level of background noise intrusiveness (Cbak),
and the overall quality (Covl). For the CSII and WPESQ,
the signals are resampled at 16 kHz beforehand, and for the
Csig, Cbak, and Covl, at 8 kHz.

3.3 Choice of enhancement algorithms used as pre-
processors and subband decomposition

First, in order to test our post-processor, we choose two well-
established and well-recognized algorithms:

• The statistical-based (LMMSE) algorithm, presented in
[11]. The performance of this method is very well rated
amongs various algorithms (see [13]).

• The multi-band spectral subtractive algorithm (MSSUB)
shown in [12], which is shown to largely outperform the
traditional spectral subtraction algorithm.

The MATLAB implementations for these two methods
were directly used from the accompanying CD-Rom from
[1]. The post-processed version of these algorithms are de-
noted by LMMSE-P and MSSUB-P. Next, our postprocessor
is chosen to operate in 32 subbands, obtained via pseudo-
QMF filterbanks decomposition [14]. For further illustrative

purposes, the LMMSE algorithm above is adapted to func-
tion in these subbands, in a configuration identical to that
shown in Figure 1. To distinguish this method with the full-
band LMMSE, we denote it by LMMSE-S.

3.4 Results and analysis

For the sake of clarity and concision, the output scores were
averaged over all types of noise for each of the three SNR
conditions – yielding three tables. Some example waveforms
in military noise conditions are given in Figure 3.

Average scores for Low SNR conditions

Type of algorithm
Objective measures

SNR ASNR CSII WPESQ Csig Cbak Covl
Noisy -0.32 -5.16 0.04 1.04 1.39 1.22 1.12

LMMSE 9.02 0.22 0.77 1.21 1.48 1.60 1.25
LMMSE-P 10.61 1.91 0.97 1.32 1.60 1.76 1.38
Difference 1.59 1.69 0.20 0.11 0.12 0.16 0.13
LMMSE-S 10.04 0.85 0.86 1.26 1.53 1.67 1.35

LMMSE-S-P 11.34 2.30 0.97 1.36 1.66 1.78 1.40
Difference 1.30 1.45 0.11 0.10 0.13 0.11 0.05
MSSUB 9.45 -0.05 0.86 1.28 1.71 1.73 1.45

MSSUB-P 10.01 1.21 0.97 1.41 1.73 1.85 1.52
Difference 0.56 1.26 0.11 0.13 0.02 0.12 0.07

Table 1: Average results for low SNR input conditions. Each
result reported in this table are an average over 4 simulations
for each method (corresponding to the 4 types of noise used).

Average scores for Medium SNR conditions

Type of algorithm
Objective measures

SNR ASNR CSII WPESQ Csig Cbak Covl
Noisy 5.69 -1.64 0.89 1.12 1.88 1.64 1.50

LMMSE 12.83 2.83 0.98 1.43 1.87 2.02 1.62
LMMSE-P 13.26 3.91 0.99 1.52 1.85 2.10 1.70
Difference 0.43 1.08 0.01 0.09 -0.02 0.08 0.08
LMMSE-S 13.45 3.23 0.99 1.48 2.03 2.04 1.70

LMMSE-S-P 13.80 4.04 0.99 1.54 2.10 2.09 1.75
Difference 0.35 0.81 0 0.06 0.07 0.05 0.05
MSSUB 13.24 2.73 0.98 1.65 2.26 2.22 1.95

MSSUB-P 13.43 3.56 0.99 1.78 2.34 2.37 2.24
Difference 0.19 0.83 0.01 0.13 0.08 0.15 0.29

Table 2: Average results for medium SNR input conditions.
Each result reported in this table are an average over 4 simu-
lations for each method.

Average scores for High SNR conditions

Type of algorithm
Objective measures

SNR ASNR CSII WPESQ Csig Cbak Covl
Noisy 11.71 2.26 0.99 1.40 2.41 2.17 1.99

LMMSE 16.20 5.32 0.99 1.66 2.25 2.40 1.97
LMMSE-P 16.73 6.34 0.99 1.71 2.31 2.47 2.06
Difference 0.53 1.02 0 0.05 0.06 0.07 0.09
LMMSE-S 15.98 5.16 0.99 1.68 2.36 2.35 1.99

LMMSE-S-P 16.64 5.98 0.99 1.73 2.38 2.37 2.11
Difference 0.66 0.82 0 0.05 0.02 0.02 0.12
MSSUB 15.25 4.86 0.99 2.01 2.71 2.63 2.38

MSSUB-P 15.80 5.69 0.99 2.12 2.72 2.68 2.45
Difference 0.55 0.83 0 0.11 0.01 0.05 0.07

Table 3: Average results for high SNR input conditions.
Each result reported in this table are an average over 4 simu-
lations for each method.

First of all, observing Tables 1, 2, and 3, it is clear that
the post-processor consistently increases the objective scores
obtained by the enhancement algorithms. This is especially
the case for the average segmental SNR, the WPESQ, but
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Figure 3: Visual example of the effect of the post-processor.
The background noise is clearly reduced.

also the SNR and the Cbak measures. Moreover, it appears
that the most benefits are seen at medium and low SNR,
which correspond to situations where improvements are most
needed. Interestingly, the ASNR (the measure that is most
increased) and the Cbak measures have been shown to be
mostly correlated with the level of background noise intru-
siveness [1,15], and thus these results are consistent with our
objective of reducing the residual noise. From informal lis-
tening tests, we also find that the proposed post-processor
is able to remove a significant amount of background noise.
This is particularly noticeable when no speech is present,
but it can also be heard during speech utterances, especially
when the original noise contains high frequencies. This is
well observed in Figure 3. Note that the WPESQ, Csig,
Cbak, and Covl measures do not take into account silences,
confirming that the postprocessor also provides benefits dur-
ing speech. Some audio demonstrations can be found at
http://www.site.uottawa.ca/∼bouchard/papers/Eusipco RNR.zip

4. CONCLUSION

This paper introduced a very simple and low-complexity add-
on to speech enhancement algorithms, and it was shown that
it can reduce the excess of residual noise in the enhanced
speech without further damaging the remaining speech. The
method is particularly advantageous when the enhancement
algorithm used operates in subbands, in which case the addi-
tional complexity is minimal.
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ABSTRACT 

We establish the dynamic Radar Cross Section (RCS) signal 
model for a conical ballistic missile warhead with preces-
sion motion. Two Maximum Likelihood Estimation (MLE) 
approaches are presented for the estimation of the important 
missile precession frequency. In one method we approximate 
a log-normal multiplicative process by a Gaussian process. 
In the second method we assume zero additive noise. While 
the approximations in both methods are introduced to make 
the mathematics tractable, simulations show the practical 
usefulness of both approaches. 

1. INTRODUCTION 

Interception of separating ballistic missiles is particu-
larly difficult because the warhead is a distinct object that 
needs to be discriminated from the nearby objects such as the 
booster, the attitude control module, and the debris [1], all of 
which are separated in mid-course flight. 
      Since many warheads are spin-stabilized, they will pre-
cess due to the separation disturbance, and will keep the pre-
cession motion until they re-enter the atmosphere [2, 3]. Pre-
cession motion, which is a kind of micro-Doppler motion [4], 
will impose a micro-Doppler modulation effect on the radar 
echoes, and this is a unique feature of the ballistic targets. 
The precession frequency is an important feature parameter 
in ballistic target recognition, and it can reflect kinematical 
characteristics as well as structural and mass distribution 
features. 
       Due to the precession motion, the radar aspect angle 
varies periodically. Since the RCS return signal fluctuates as 
a function of radar aspect angle, the precession period can be 
extracted by analyzing the RCS signal. The static RCS of a 
warhead can be predicted by approximate methods. However, 
due to the wide variability of RCS scintillation sources, the 
RCS signal is modelled statistically as a random process. 
Evidence from the analysis of RCS measurements has shown 
that the RCS distributions of ballistic targets are log-normal 
[5]. So taking the receiver noise into account, the signal 
model for the RCS signal for a ballistic missile should be in 
the form of the product of the deterministic signal with log-
normal multiplicative noise and Gaussian additive noise. 
While the estimation of a deterministic signal observed in 
additive white Gaussian noise is a well-researched problem, 

not much attention has been given to the corresponding 
multiplicative noise problem [7, 8].  

In order to estimate the parameter of precession fre-
quency from the RCS signal, we will propose in this paper 
two different approaches based upon maximum likelihood 
estimation. Both approaches will include some simplification 
of the RCS signal model in order to keep the mathematics 
tractable. 

So the structure of the paper is as follows. In Section 2, 
we analyze the variation of the radar aspect angle when the 
warhead is precessing, and then establish the model for the 
RCS signal of a conical warhead. Then two methods of 
Gaussian Maximum Likelihood (GML) estimation and 
Maximum Likelihood Estimation (ML∞) with infinity sig-
nal-to-noise-ratio (SNR) will be proposed in Section 3. 
Simulation results are presented in Section 4 and concluding 
remarks are given in Section 5. 

2. SIGNAL MODE 

Most radar systems use the RCS signal as a means of 
missile discrimination and so an accurate prediction of target 
RCS is critical in order to design and develop robust dis-
crimination algorithms. Exact methods of RCS prediction are 
very complex, even for simple shaped objects. Due to the 
difficulties associated with exact RCS prediction, approxi-
mate methods have become the only viable alternative.  
 

 
Fig. 1 Geometric model of a precessing conical warhead with veloc-

ity  m/s. 
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Most approximate methods can predict the RCS within few 
dBs of the true value and such an error is usually deemed 
acceptable. 

Now, a conical tip is a commonly seen feature in many 
ballistic missiles. The RCS signal from a cone can be de-
scribed as [9] 

 
 

tan  
8 sin

tan ,   0, π , π 2⁄
                                                 

  
8π 

9
tan  
cos

,    π 2⁄      

1  

 
where  is the radar aspect angle,  is the wavelength,   is 
the speed of light,  is the length of the warhead,  is the half 
cone angle of the conical warhead, tan ⁄ , and  
 is the bottom radius of the conical warhead (see Fig. 1). 

When missile warheads are released, they usually spin in 
order to keep their orientation [10]. It is known in geostatic 
theory that a spinning rigid body will precess if there is lati-
tudinal disturbance. Generally, this disturbance is unavoid-
able during missile release. Therefore, missile warheads will 
keep precessing until re-entering the atmosphere. Fig.1 illus-
trates the precession motion model of a conical warhead. The 
warhead spins around its geometrical axis and precesses 
along the direction of velocity  (see Fig.1). 

        

  
Fig. 2 RCS ( of a conical warhead versus aspect angle . 

(Note that “dBsm” refers to “dB relative to a square meter” and is 
commonly used for RCS signal precessing) 

 
According to the geometry and the precession model of 

a rigid body object, as illustrated in Fig.1, the relationship 
between the aspect angle , the precession angle , the pre-
cession frequency  and the observation time  can be ex-
pressed by 

 

cos
sin sin cos 2

cos
 

cos cos
sin sin

cos
           2  

where  is the initial reference angle,   is the initial refer-
ence time and   is the angle between the radar line sight 
(LOS) and the vector direction of the warhead velocity, .  

 

 
Fig. 3 Theoretical RCS signal  versus observation time . 

 
        It can be seen from (2) and Fig. 2 that the aspect angle 

 is pseudo-periodic and the period is determined by the 
precession frequency  . If we can compensate the time-
variation of parameters  and , the period of the as-
pect angle   will be the same as the precession 
riod 1/ . In fact, compared with the aspect angle , 

 and  change very slowly. So it is not complicated to 
compensate for the time-variation of the parameters 

 and  and this compensation need not be discussed 
in this paper.  

So here we may treat the parameters  and  as 
constant over the observation time, and substituting (2) into 
(1) we can get the RCS signal versus time (i.e., ). As 
shown in Fig. 3, which is the plot of theoretical RCS signal 
( ) of a conical warhead, there is pseudo-periodicity in 

, where the precession frequency is set as 0.5Hz.. 
In most practical radar systems there is relative motion 

between the radar and an observed target. Therefore, the RCS 
signal measured by the radar over a period of time fluctuates 
not only as a function of frequency and the target aspect an-
gle, but also in amplitude and/or in phase. Phase fluctuation 
is called “glint”, while amplitude fluctuation is called “scin-
tillation” [10]. For most radar applications, glint introduces 
linear errors in the radar measurements and thus it is not a 
major concern. RCS scintillation is quite complicated and it 
cannot be ignored in radar measurements. It can vary slowly 
or rapidly depending upon the target size, shape, dynamics, 
and its relative motion with respect to the radar. Many of the 
RCS scintillation models were developed and verified by 
experimental measurements. Swerling [5, 6] points out that 
some experimental analysis conducted on RCS measure-
ments of ships and missiles show that the fluctuation of these 
target types is often well modelled as a log-normal random 
variable. 

So taking the scintillation effect and receiver noise into 
account, the RCS sequence model can be written as  
 

· .                 3  
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Here we treat the scintillation effect as multiplicative log-
normal ~ ,  and where  is white Gaussian 
additive noise  ~ , . The probability density 
function (pdf) of   is 
 

1

√2

1
exp

1
2

ln        4  

 
where  and  are the mean and standard deviation of the 
natural logarithm of  . The expected value and variance are 

 

, 
 

1 .             5  
 

       

 
Fig. 4 RCS signal from a conical warhead with scintillation 
 
As shown in Fig. 4, a sampled sequence of the RCS sig-

nal is quite random in appearance. In order to analyze the 
performance of the estimation methods, the RCS 
quence   is modelled by curve fitting in the discrete-time 
domain as follows,  
 

cos 2  

   0,1,2, , 1                        6  
 

where  is the sampling frequency, the parameters 
, , ,  and    are all deterministic constants,   is the pre-

cession frequency, and   represents the total number of 
samples taken. Note that for simplicity, we write  instead 
of  , where  1/ . Thus the discrete-time ob-
served signal model can be expressed by: 
 

, 0,1, … , 1    7  
 
with the following assumptions: 
AS1):  is a real stationary, log-normal, stochastic proc-
ess with mean 0 and variance ; 

AS2):  is a real stationary, white, Gaussian process with 
mean  and variance ; 
AS3):  and  are mutually independent, where  
is a multiplicative process with a log-normal distribution, 

~ , , ~ , , and where (without loss 
of generality) 0. 

 

3. PARAMETER ESTIMATION 

MLE is a popular approach in estimation theory [10]. 
However, if we want to estimate the precession frequency  
via MLE then the pdf of the observed signal (  in (7)) 
must be derived. The pdf of  is the convolution of the 
pdfs of  and , which are log-normal and Gaussian 
distributed respectively. Even if both  and  have the 
same pdf, it may be hard to obtain an analytic expression for 
the pdf of  except in special cases such as Gaussianity 
[7].  

So addressing this point, we propose two Maximum 
Likelihood estimators for the parameter . One considers the 
lognormal multiplicative noise  as an approximately 
Gaussian distribution and in the other simply ignores the 
noise term  . With these two approximation assumptions 
we can now derive the pdf of  . 

 
3.1 Gaussian Maximum Likelihood (GML) 

Although the multiplicative noise  is a log-normal 
distributed, let us assume it is Gaussian. Let  

0 , , 1  and then the log-likelihood function 
of the process  can be written as 

 

ln , ,
1
2

ln  

1
2 2

ln 2 .    8  

 
The estimators of the unknown parameters are: 
 

, , argmax
, ,

ln , , .  9  

 
If parameters  and  are known, we have to maximize the 
function with respect to just one unknown. If not,  can be 
obtained as 
 

∑

∑
.                      10  

 
And so replacing  in (8) gives  
 

ln ,
1
2

ln  
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1
2 2

ln 2      11  

 
and  can be obtained by 
 

, argmax
,

ln , .       12  

 
3.2 Maximum Likelihood with Infinity SNR (ML∞) 

Before the derivation of the ML∞ estimator the signal-
to-noise-ratio (SNR) should first be defined. The multiplica-
tive noise  is deemed as a part of the signal in (7) and so 
let 

 
, 0,1, … 1.       13  

 
Now   is from a non-stationary, log-normal process with 
time-varying mean and variance: 
 

, 
 

s s 1 . 14  

 
The SNR is then defined as 
 

SNR 10log

1

.   15  

 
      If we assume 0, which means that  in (7) is pu
rely from a multiplicative process, then the SNR defined in 
(15) is infinity. With this premise, we can get easily obtain th
e pdf of , and then develop the ML estimation for the pa
rameter . We will refer to this as “ML∞ Estimation”. 
        So with the infinity SNR, the signal model of the pdf of 

 is given by 
 

1

√2

1
exp

ln ln
2

  16  

 
where once again  and  are respectively the mean and 
standard deviation of the natural logarithm of , and they 
can be derived from the mean and variance of  is (14). 
Thus 
 

ln  

 

ln 1 .                               17  

 
And now we have  
 

ln , ,
1
2

ln ln
 

ln ln ln 2 .     18  
 

If  and  are known, we can get easily estimate . If not, 
then   can be obtained as 
 

1
ln ln                  19  

 
and    
 

 
1

ln ln .      20  

 
Then, using   and  instead of   and  in (18), we get 
 

ln
1
2

ln ln  

  
 

ln ln   ln 2 .      21  
 

Finally,  can be obtained by 
 

argmax ln .                    22  

 

4. SIMULATION AND EXPERIMENTAL RESULTS 

       In order to evaluate the performance of the two proposed 
methods, 300 independent Monte-Carlo trials were per-
formed. The parameters were: (a) radar carrier 
quency 10GHz; (b) sampling frequency 20Hz; (c) 
bottom radius of warhead 0.329m (see Fig.1); (d) length 
of warhead  2.09m. 
       The plots of the precession frequency estimation mean 
square error (MSE) versus SNR by the methods of GML and 
ML∞ are shown in Fig.5. We set the mean and variance of 

 as 1 and 0.4. It can be seen from Fig. 5 that 
when the SNR is higher than 8dB, the performance of the 
two estimation methods are comparable. However the ML∞ 
approach is always superior.  
       Note from Fig.5 that there is an abrupt drop in the MSE 
curve for the GML method. This is because for low SNR, the 
GML does not accurately predict the MSE. This phenomenon 
is commonly known as the outlier or threshold effect. It is 
worth pointing out that ML∞ estimation exhibits a lower 
threshold value than GML estimation. Apparently forcing the 
Gaussianity assumption onto the multiplicative noise incurs a 
higher penalty than ignoring the additive noise. Further, 
ML∞ estimation not only provides better performance but 
also has a lower complexity. Indeed it only requires a one-
dimensional search unlike the GML method which requires a 
two-dimensional search.   
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Fig.5 MSE of  (versus SNR) by GML and ML∞  

estimation methods. 
 

         As shown in Fig.6, if the observation duration is ex-
tended, the MSE performances (as expected) will improve. In 
Fig.6, we set the variance of the additive Gaussian noise as 
constant and let the SNR of the 20-seconds observation pe-
riod be 6dB. However, in a ballistic target recognition system, 
the shorter the observation period the better. As we can see in 
Fig.6, if we set the MSE threshold approximately to 10  , 
then both approaches will achieve this for observation win-
dows approximately 45 seconds or longer. 
 

 
Fig. 6 MSE for  versus observation duration for GML and ML∞ 

methods. 
 

5. CONCLUSIONS 

       A ballistic missile will precess during flight, and this 
will cause periodicity in the RCS radar return signal. In or-
der to extract the important precession frequency  , we 
established the model of the RCS signal from the conical 
warhead. The RCS signal is a deterministic signal multiplied 
by a log-normal process plus an additive Gaussian noise. We 

proposed two maximum likelihood estimators for : GML 
and ML∞ estimation. Both of these two approaches made 
certain approximations about the signal model in order to 
make the mathematics tractable. However, even with these 
assumptions/approximations, both MLE methods perform 
well in Monte Carlo simulations, with ML∞ (i.e., assuming 
infinity SNR) outperforming GML (i.e., where we assumed 
that the log-normal multiplicative process was Gaussian).  
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ABSTRACT

Following recent works from Lavancier et. al., we study the
covariance structure of the multivariate fractional Gaussian
noise. We evaluate several parameters of the model that al-
low to control the correlation structure at lag zero between all
the components of the multivariate process. Then, we spec-
ify an algorithm that allows the exact simulation of multivari-
ate fractional Gaussian noises and thus fractional Brownian
motions. Illustrations involve the estimation of the Hurst ex-
ponents of each of the components.

1. INTRODUCTION

Functional Magnetic Resonance Imaging (fMRI) consists in
observing the functional brain at low frequencies, around 2
Hertz. One time series for each anatomical region of the
brain is recorded and the objective is to study the networks
of propagation of information in the brain. In [2], the au-
thors computed pairwise inter-regional correlations between
wavelets coefficients in order to take into account the prop-
erties of long range dependence of the time series. Indeed,
the fMRI time series are well modeled by a long range de-
pendent Gaussian process [2]. In order to combine the mul-
tivariate and long range dependence properties of the fMRI
time series, there is a need to develop models of multivariate
Gaussian long range dependent processes.

Here, we concentrate on a model recently introduced
in [6, 8] as a generalization of fractional Brownian motion
(fBm) to multivariate fractional Brownian motion (vfBm).
The definition is much wider in [6] whereas [8] concen-
trates on the covariance structure of multivariate processes
that are jointly self-similar. Note that these works have
closed links with the work of Stoev&Taqqu [10]. The pro-
cess we study here is thus the particular Gaussian case. To
develop model of multivariate Gaussian fractal noises needed
to model fMRI signal, we particularly study the increments
of the multivariate fractional Brownian motions. We ex-
hibit interesting features of the covariance structure, such as
long range dependence of marginals or long range interde-
pendence between components. Furthermore, we specify the
parameters in order to get a prescribed correlation structure
between the components. We also develop an exact sim-
ulation algorithm based on the extension of Wood&Chan’s
method [12] to simulate univariate Gaussian signals to mul-
tivariate Gaussian random fields [3]. Some properties of the
algorithm are discussed, especially conditions for exactness
of the simulation. Finally we present several simulations to
illustrate the sample paths of the processes, and to illustrate
the good behavior of the simulation algorithm.

2. THE MULTIVARIATE FBM AND FGN

2.1 Model and properties

The fractional Brownian motion, as defined by Mandel-
brot&Van Ness [9] is a causal linear transform of a Wiener
process, with a kernel that respect self-similarity and which
is parametrized by the self-similarity index H. This trans-
form can be generalized in several ways, including time-
varying index and non causal integration [10], or operator
self-similarity [6]. Here, we concentrate on particular cases
of the latter, and study the multivariate fractional Brownian
motion defined via a causal integration of the mixing of in-
dependent Wiener processes. This comes after the work of
Didier&Pipiras in [6] when we restrict the operators involved
to be diagonal matrices. Let x(t) of dimension p be defined
as

x(t) =
∫

kH(u, t)A+dW (u) (1)

where W is a vector of p independent standardized Wiener
processes or Brownian motions, A+ is a p× p matrix of re-
als. H is a diagonal matrix of parameters H j ∈ (0,1),∀ j =
1, . . . , p, and kH(u, t) is a matrix of kernels that reads (t −
u)H−1/2

+ −(−u)H−1/2
+ . In this notation, (a)+ = max(a,0) and

tH is understood as the exponential of a matrix exp(H log(t)).
As seen in the stochastic integral representation (1) of the
vfBm, x(t) is a multivariate non-stationary Gaussian process
with stationary increments. Moreover, the components of
x(t) are correlated, and the structure of the correlation is in-
herited from the presence of the mixing matrix A+. And the
correlation structure is sufficient to completely determine the
process since it is Gaussian and zero mean (as a linear trans-
form of a zero mean Gaussian process).

2.2 Covariances and cross-covariances

Let r jk(s, t) = E[x j(s)xk(t)] and γ jk(h) = E[∆x j(t)∆xk(t +h)]
respectively denote the cross-covariance of the components
j and k of x, and the cross-covariance of the increments of
the components j and k. For the sake of simplicity, let B jk =
B(H j + .5,Hk + .5) where B(x,y) is the beta function.

Let σ j, j = 1, . . . , p be positive numbers, and ρ jk, j =
1, . . . , p,k > j be real numbers in [−1,1]. Let the matrix A
be defined for j,k = 1 . . . , p by

A j j =
σ2

j sin(πH j)
B j j

(2)
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A jk =


σ jσkρ jk sin(π(H j +Hk))

(cos(πH j)+ cos(πHk))B jk
if H j +Hk 6= 1

2σ jσkρ jk

(sin(πH j)+ sin(πHk))B jk
if H j +Hk = 1

(3)

Then, if A is positive-semidefinite, the resulting process
x(t) defined by (1) with A = A+AT

+ is a vector of p correlated
fBm of parameters H j, j = 1 . . . , p, and the correlation matrix
at zero lag of the increments, i.e. γ(0), is given by γ j j(0) =
σ2

j , γ jk(0) = ρ jkσ jσk.

Moreover, we may derive the following computations. In
the sequel, let |h| ≥ 1. For j = 1, . . . , p, the j-th component
x j(t) of x(t) is a fractional Brownian motion. Hence,

r j j(s, t) =
σ2

j

2

{
|s|2H j + |t|2H j −|t− s|2H j

}
,

γ j j(h) =
σ2

j

2

{
|h−1|2H j −2|h|2H j + |h+1|2H j

}
.

Now, for j 6= k, two cases occur.

Case 1: H j +Hk 6= 1,

r jk(s, t) =
σ jσkρ jk

2

{
c jk(s)|s|H j+Hk + ck j(t)|t|H j+Hk

−ck j(t− s)|t− s|H j+Hk

}
,

γ jk(h) =
σ jσkρ jk

2

{
ck j(h−1)|h−1|H j+Hk −2ck j(h)|h|H j+Hk

+ck j(h+1)|h+1|H j+Hk

}
with c jk(t) = c jk1R+(t) + ck j1R−(t) and c jk =
2cos(πH j)/(cos(πH j)+ cos(πHk)).

Case 2: H j +Hk = 1

r jk(s, t) =
σ jσkρ jk

2

{
(|s|+ |t|− |t− s|)

+ f jk (s log |s|− t log |t|− (t− s) log |t− s|)
}

γ jk(h) =
σ jσkρ jk f jk

2

{
(h−1) log |h−1|−2h log |h|

+(h+1) log |h+1|
}

,

with f jk = 2/π tan(πH j). The case H j = Hk = 1/2 is a par-
ticular case leading to γ jk(h) = 0.

For details on the computations of r jk(s, t) we refer the
reader to [8]. The calculation of γ jk(h) follows easily from
the knowledge of r jk(s, t). The preceding results raise several
remarks:
• A j j can be obtained from A jk when j = k and ρ j j = 1.
• The limit of A jk when H j +Hk → 1 is equal to the defini-

tion of A jk when H j +Hk = 1. This can be easily verified
using trigonometric identities to write the first as (forget-
ting σ ’s and ρ’s) sin(π(H j +Hk)/2)

/
cos(π(H j−Hk)/2)

and the second as 1
/(

sin(π(H j + Hk)/2)cos(π(H j −
Hk)/2)

)
. Thus A jk for H j + Hk = 1 could have been de-

fined by continuity.
• If H j = Hk, we observe that c jk(t) = c jk = 1 which leads

to γ jk(h) = γk j(h),∀h. Thus in this particular case, this
cross-covariance function is proportional to the covari-
ance of a fGn of parameter H j.

• As |h| →+∞, we derive the following equivalences. De-
note f ∼ g when lim f (h)/g(h) = 1. For j 6= k and
H j +Hk 6= 1, expanding (1−1/h)H j+Hk allows to obtain

γ jk(h)∼
σ jσkρ jkck j(h)(H j +Hk)(H j +Hk−1)

2
|h|H j+Hk−2

Setting j = k and ρ j j = 1 allows to recover the well-
known asymptotic behavior for the covaraince of a mono-
variate fGn

γ j j(h)∼
σ2

j 2H j(2H j−1)
2

|h|2H j−2

If j 6= k and H j +Hk 6= 1 but H j 6= 1/2 we obtain

γ jk(h)∼
σ jσkρ jk f jksign(h)

2
|h|−1

These equivalences allow to have interesting conclusions.
Firstly, if H j = 1/2 = Hk, the Brownian motions are un-
correlated, except at lag 0. When H j + Hk = 1 but H j 6=
1/2, the fractional Gaussian noises are long range inter-
dependent since their cross-covariance is not summable.
Note that in this case one fGn is long range dependent
and the other is necessarily not.
When H j + Hk 6= 1, the same conclusion may be drawn.
If the two fGn are long range dependent (H j > 1/2 and
Hk > 1/2), then necessarily they are long range interde-
pendent. Interestingly, two fGn can be long range in-
derdependent when only one is long range dependent.

• Behavior of γ jk(h): without loss of generality, let h ≥ 1
and ρ jk ≥ 0. When H j +Hk 6= 1

γ jk(h) = σ jσkρ jkck j × γ̃ Hj+Hk
2

(h),

where γ̃H(h) is the covariance function of a fGn with
Hurst parameter H and with variance 1. Since, γ̃H(·) is
a negative and increasing (resp. positive and decreasing)
function when H < 1/2 resp. (H > 1/2), we may de-
rive the following statement (by studying the sign of ck j)
illustrated by Fig. 1:

γ jk(h)

{ is negative and increasing when H j < 1/2
is positive and decreasing when H j > 1/2
equals zero when H j = 1/2.

Let us underline that the study of the function (h −
1) log(h−1)−2h log(h)+(h+1) log(h+1) leads to the
same conclusion when H j +Hk = 1.

2.3 Discussion on the non-negatitivity of A

The non-negativity condition of the matrix A defined by (2)
and (3) is the main limitation of this model. In the gen-
eral case, there is no general condition on the vector H =
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Figure 1: Examples of cross-covariance functions for different pa-
rameters H j, Hk. Without loss of generality, the parameters σ j, σk
and ρ jk are fixed to 1.

(H1, . . . ,Hp) and on the matrix γ(0) except if one assumes
that H1 = . . . = Hp = H̃. Indeed, it is easily verified that
A = c(H̃)×γ(0) with c(H̃) = sin(πH̃)/B(H̃ + .5, H̃ + .5) and
so A is positive since γ(0) is a covariance matrix. In this par-
ticular case, there is no limitation: H̃ ∈ (0,1) and ρ ∈ [−1,1].

In the simple case p = 2, the condition depends only on
H1,H2 and ρ = ρ12. A plot is feasible to determine the range
of possible parameters, see Fig. 2. One observes that the
more |H1 −H2| is high (resp. low) the more the maximal
possible correlation ρ is low (resp. high). For instance, for
H1 = .1, H2 = .9, A is positive for |ρ| ≤ 0.11 (approximately)
and for H1 = .45, H2 = .55 this is true for |ρ| ≤ 0.97 (approx-
imately). Note that this sufficient condition when p = 2 is a
necessary one when p > 2.

3. EXACT SIMULATION OF VFBM

3.1 Introduction
The exact simulation of fBm has been a question of great
interest in the nineties. In principal this may be done by gen-
erating a sample path of a fractional Gaussian noise (fGn)
which is more simple due to the stationarity of the incre-
ments. An important step towards efficient simulation was
obtained after the work of Wood&Chan about the simulation
of arbitrary stationary Gaussian sequences with prescribed
covariance function [12]. The technique of Wood&Chan re-
lies upon the embedding of the covariance matrix into a cir-
culant matrix, a square root of which is easily calculated
using the discrete Fourier transform. This leads to a very
efficient algorithm, both in terms of computation time and
storage needs. Wood&Chan methods provide an exact sim-
ulation method provided that the circulant matrix is definite
positive, a property that is not always satisfied. However, for
the fGn, it can be proved that the circulant matrix is definite

Figure 2: Maximal values of the absolute possible correlation pa-
rameter |ρ12| ensuring that the matrix A is positive, in terms of H1
and H2.

positive for all H ∈ (0,1) [5, 7].
In [3], Wood&Chan extended their method and provided

a more general algorithm adapted to multivariate stationary
random Gaussian signals. The main characteristic of this
method is that if a certain non-negativity condition for a
familiy of Hermitian matrices holds then the algorithm is
exact in principal, i.e. the simulated data has the true co-
variance. We present hereafter the main ideas and briefly
describe the algorithm.

3.2 Method and algorithm
In the sequel, the letter i is reserved for the complex number√
−1. For a vector z and a matrix Q, z and Q? respectively

denote the conjugate of z and the conjugate transpose of Q.
For two arbitrary matrices A = (A jk) and B, we use A⊗B to
denote the Kronecker product of A and B that is the block
matrix (A jkB).

Let ∆x denote the increments of a vfBm, that is a
vectorial fractional Gaussian noise (vfGn) discretized at
times j = 0, . . . ,n− 1. The covariance matrix G of ∆x,
given by G = E[∆x∆xT ] is a np× np block matrix with
each block G(h) of dimension p × p given by G(h) :=
G`,`+h = E[∆x(`)∆x(`+h)T ] =

(
γ jk(h)

)
j,k=1,...,p. The sim-

ulation problem can be viewed as the generation of a random
vector following a Nnp(0,G). This may be done by comput-
ing G1/2 but the complexity of such a procedure is O(pn3).
To overcome this numerical cost, the idea is to embed G
into the following block circulant matrix C = circ{C( j), j =
0, . . . ,m−1}, where m is a power of 2 greater than 2(n−1)
and where each C( j) is the p× p matrix defined by

C( j) =


G( j) if 0≤ j < m/2
1
2

(
G( j)+G( j)T

)
if j = m/2

G( j−m) if m/2 < j ≤ m−1.
(4)
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Such a definition ensures that C is a symmetric matrix with
nested block circulant structure and that G = {C( j), j =
0, . . . ,n−1} is a submatrix of C. Therefore, the simulation of
a Nnp(0,G) may be done by taking the n “first” components
of a vector Nmp(0,C), which is done by computing C1/2.
The last problem is more simple since one may exploit the
circulant characteristic of C: there exist m Hermitian matri-
ces B( j) of size p× p such that the following decomposition
holds

C = (Q⊗ Ip) diag(B( j), j = 0, . . . ,m−1) (Q?⊗ Ip), (5)

where Q is the m×m unitary matrix defined for j,k = 0,m−1
by Q jk = e−2iπ jk/m. The computation of C1/2 is much less
expensive than the computation of G1/2 since, as in the one-
dimensional case (p = 1), (5) will allow us to make use of the
Fast Fourier Transform (FFT) which considerable reduces
the complexity.

Now, the algorithm proposed by Wood&Chan may be de-
scribed through the following steps. Let m be a power of 2
greater than 2(n−1).
Step 1. For 1≤ u≤ v≤ p calculate for k = 0, . . . ,m−1

Buv(k) =
m−1

∑
j=0

Cuv( j)e−2iπ jk/m

where Cuv( j) if the element (u,v) of the matrix C( j) defined
by (4) and put Bvu(k) = Buv(k)?.

Step 2. For each j = 0, . . . ,m − 1 determine a unitary
matrix R( j) and real numbers ξu( j) (u = 1, . . . , p) such that
B( j) = R( j) diag(ξ1( j), . . . ,ξp( j)) R( j)?.

Step 3. Assume that the eigenvalues ξ1( j), . . . ,ξp( j) are
non-negative (this will be discussed later) and define
B̃( j) = R( j) diag(

√
ξ1( j), . . . ,

√
ξp( j)) R( j)?.

Step 4. For j = 0, . . . ,m/2 generate independent vectors
U( j),V ( j)∼Np(0, I) and define

Z( j) =
1√
2m

×
{ √

2U( j) for j = 0, m
2

U( j)+ iV ( j) for j = 1, . . . , m
2 −1,

let Z(m − j) = Z( j) for j = m
2 + 1, . . . ,m − 1 and put

W ( j) := B̃( j)Z( j).

Step 5. For u = 1, . . . , p calculate for k = 0, . . . ,m−1

∆xu(k) =
m−1

∑
j=0

Wu( j)e−2iπ jk/m

and return
{

∆xu(k),1≤ u≤ p,k = 0, . . . ,n−1
}

.

Step 6. For u = 1, . . . , p take the cumulative sums ∆xu to get
the u− th component xu of a sample path of a vfBm.

3.3 Discussion
3.3.1 Computation cost

Let us concentrate on the computation cost of the most ex-
pensive steps, that is steps 1, 2 and 5. Step 1 requires p(p+1)

2

applications of the FFT of signals of length m, Step 2 needs
m diagonalizations of p× p Hermitian matrices and Step 5
requires p applications of the FFT of signals of length m.
Therefore, the total cost, κ(m, p) equals

κ(m, p) = O

(
p(p+1)

2
m logm

)
+O(mp3)+O(pm logm).

3.3.2 Semidefinite-positivity condition

The crucial point of the previous algorithm lies in the non-
negativity of the eigenvalues ξ1( j), . . . ,ξp( j) for any j =
0, . . . ,m−1. In the one-dimensional case (when p = 1) Steps
2 and 3 disappear, and in Step 1, B11(k) corresponds to the
k−th eigenvalue of the circulant matrix C11 with first line de-
fined by C11( j) = γ11( j) for 0 ≤ j ≤ m/2 and γ(m− j) for
j = m/2 + 1, . . . ,m− 1. For the fractional Gaussian noise,
it has been proved by Craigmile for H < 1/2 [5], and by
Dietrich&Newsam for H > 1/2 [7] that such a matrix is
semidefinite-positive for any m (and so for the first power
of 2 greater than 2(n− 1). In the more general case p > 1,
the problem is much more complex: the quantities Buv(k) are
not necessarily real, and the establishment of a condition of
positivity for the matrix Buv(k) does not seem obvious. When
the condition in Step 3 does not hold, Wood&Chan suggest
to either increase the value of m and restart Steps 1,2 or to
truncate the negative eigenvalues to zero which leads to an
approximate procedure. These problems will be deserved in
a separate paper. Let us assert that for the simulation exam-
ples presented in the next section, we have observed that this
condition is satisfied for m equal to the first power of 2.

4. SOME EXAMPLES

4.1 Bivariate fractional Brownian motion

Fig. 3 proposes some examples in the case p = 2. Except for
the parameters H = (0.2,0.8) for ρ = 0.9 all the parameters
satisfy the semidefinite-positivity condition on the matrix A
defining the model and on the matrices B( j) defined in Step
2 of the Wood&Chan’s algorithm. We are then interested
in retrieving the parameters based on a sample path. To es-
timate the Hurst exponents, we applied to each component
of the vfBm an estimator built for the fBm, based on discrete
variations [4]. To estimate the correlation parameter, we sim-
ply use the empirical correlation of the vfGn. Clearly, these
estimators are naive and we hope to construct more adapted
estimators by taking into account the behaviour of the cross-
covariance for example. This interesting topic will be studied
in a separate paper. The aim here is to have quickly an idea
on the performance of the simulation method. The results are
summarized in Fig. 4.

4.2 High dimensional fBm

We consider now a more complex vfBm with p = 20 compo-
nents, H j = 0.7 + 0.1× ( j− 1)/19, ρ j,k = 0.8 and σ j = 1
for j,k = 1, . . . ,20. A sample path is proposed in Fig 5.
We have also performed a simulation based on m = 200
realizations. Denote by TH and Tρ the following statistics
TH := ∑

20
j=1(Ĥ j−H j) and Tρ := ∑

20
j=2(ρ̂1 j−ρ1 j). We obtain

the results T H = 5.02× 10−3 (resp. T ρ = −0.023) with a
standard deviation of 0.046 (resp. 0.072).
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Figure 3: Sample paths of length n = 1000 of a bivariate fractional
Brownian motion with σ1 = σ2 = 1 for different Hurst parameters
and for ρ = 0.2 (left) ρ = 0.9 (right).

Figure 4: Boxplots of empirical biases of Hurst parameters and
correlation coefficient based on m = 200 realizations of a vfBm of
length n = 1000. The details of the parameters are the following:
-A- H = (0.2,0.3), ρ = 0.2 -B- H = (0.2,0.3), ρ = 0.9 -C- H =
(0.7,0.8), ρ = 0.2 -D- H = (0.7,0.8), ρ = 0.9 -E- H = (0.2,0.8),
ρ = 0.2

Figure 5: A sample path of a vfGn with p = 20 components of
length n = 500 with H j = 0.7 + 0.1× ( j− 1)/19, ρ j,k = 0.8 and
σ j = 1 for j,k = 1, . . . ,20.
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ABSTRACT
In this paper a fast method for blind identification of peri-
odic sources is presented. In the well-known second order
blind identification method, the information is extracted from
instantaneous mixtures by simultaneously diagonalizing sev-
eral time-delayed covariance matrices, however, the delays
are chosen arbitrarily. This imposes computational cost which
is linearly related to the number of covariance matrices. Sta-
tistical characteristics of periodic sources are exploited here to
develop a method to effectively choose the appropriate delays
in which the diagonalization takes place. Detail theory to-
gether with the corresponding theorems have been presented.
Software simulations verify the superior performance of the
algorithm in the face of different noise and frequency varia-
tion levels over alternative methods.

1. INTRODUCTION

Blind source separation (BSS) has attracted many researchers
during recent years and has been effectively applied in differ-
ent fields including biomedical engineering, telecommunica-
tions, sound, and image processing. In general, it is impossi-
ble to solve a BSS problem unless some information is known
a priori.

There are many processes in nature that originate from
periodic phenomena and are studied or used in science and
engineering. The knowledge about the periodicity of the sig-
nals can be exploited to separate the sources. In [1] and
[2] a method based on generalized eigenvalue decomposition
(GEVD) is used to diagonalize the covariance matrices of the
observation vector at zero and a lag equal to the period of
the source of interest. The method called periodic component
analysis (πCA) maximizes a cost function which is a mea-
sure of periodicity of the estimated source. In the case of
varying periods, the observations have to be adjusted to have
perfect periods [2]. The performance of this method depends
on proper detection of the cycles of the periodic source sig-
nal(s).

Second order statistics are widely used in source separa-
tion context. In [3] an average eigen structure of the data
is obtained by simultaneous diagonalization of a set of co-
variance matrices each calculated at a different delay of the
pre-whitened data. It has been shown that the sources can be
estimated using the joint diagonalizer ([3] and [4]) of the co-
variance matrices. This method is called second order blind
identification (SOBI). Whitening a nonzero delay covariance
matrix is suggested in [5] to reduce white noise effects in the
non-stationary data. In order to reduce the effects of spatially
colored noise on the separation performance, the whitening is

performed on a positive definite matrix in [6]. This matrix is a
linear combination of covariance matrices at different delays.
To minimize the effects of spatially colored noise on sepa-
ration performance, a bank of subband filters is proposed in
[7]. The method is based on reducing the covariance matrix of
noise subband from the covariance matrix of the observations.

Despite the good performance of the methods in [5, 6, 3,
7], there is no guideline regarding the selection of the appro-
priate delays in order to achieve the best performance and the
least computational cost in separation. Moreover, it is not
known how many delayed covariance matrices are required
such that the condition of essential uniqueness theorem [3]
is met. In the simulations, the first min(100,N/3) delayed
covariance matrices are used as default, where N is the total
number of samples. Although using this number of covari-
ance matrices provides acceptable average eigenvalue decom-
position, the computational cost is high (computational cost
of jointly diagonalizing c matrices is proportional to c [3]).

Under the periodicity assumption of the sources, a method
for selecting appropriate delays used in SOBI is presented in
this paper. It is shown that for n periodic signals using just n
delayed covariance matrices is enough to obtain a high quality
estimation. This method is also robust to noise and performs
well in those cases where the main frequency of the sources
varies with time.

The outline of the letter is as follows. Problem formula-
tion is detailed in the next section. The proposed algorithm
and the simulated experiments are presented in sections III
and IV, respectively. Section V contains concluding remarks.

2. PROBLEM FORMULATION

Assume a typical instantaneous BSS problem in which m mu-
tually statistically independent unknown sources are mixed
through an unknown medium and measured at n (n ≥ m) sen-
sors. Also, let the mixing medium be modeled by matrix A.
Such a system therefore can be formulated in a vector form as

x(t) = As(t)+n(t) (1)

where s(t) = [s1(t)...sm(t)]T is the m × 1 source vector,
n(t) = [n1(t)...nn(t)]T is an n × 1 stationary zero mean,
white noise vector independent of the source signals, x(t) =
[x1(t)...xn(t)]T is the n×1 measurement vector, A is an n×m
unknown full column rank mixing matrix and superscript T
represents the transpose operator.

Here, it is assumed that the source signals are periodic
with distinct fundamental frequencies. Furthermore, to sim-
plify the notation and with no loss of generality we assume
that m=n.
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The covariance matrix of vector v(t) at time t and delay τ
is defined as

Rv(t,τ) = ⟨v(t)vH(t + τ)⟩= lim
N→∞

1
2N +1

N

∑
t=−N

v(t)vH(t + τ) (2)

where ⟨.⟩ is the expected value of the enclosed term, N is the
total number of samples and superscript H denotes complex
conjugate transpose of matrix. We refer the ijth element of
Rv(t,τ) as ri j

v (t,τ).
In order to overcome the scaling problem, without loss of

generality, we assume that the source signals are unit norm,
which means

Rs(t,0) = ⟨s(t)sH(t)⟩= I (3)

where I is an n×n identity matrix . From this assumption we
can easily conclude the following relations for ijth element of
the covariance matrix (3):

|rii
s (t,τ)| ≤ |rii

s (t,0)| ∀t,τ; ∀i 1 ≤ i ≤ n (4)

|ri j
s (t,τ)|= 0 ∀t,τ; ∀i, j 1 ≤ i ̸= j ≤ n (5)

To estimate the original sources, the observations are
firstly pre-whitened to obtain z(t) = Wx(t) = Cs(t), where
C = WA. C is a unitary matrix because Rz(t,0) =
⟨z(t)zH(t)⟩ = WA⟨s(t)sH(t)⟩AHWH = CCH = I. The fun-
damental idea behind the method is to find a matrix B which
estimates the source signals by a rotation. In other words, the
sources can be identified by ŝ(t) = BHz(t).

The covariance matrix of the whitened data at lag τ is:

Rz(t,τ) = ⟨z(t)zH(t + τ)⟩= C⟨s(t)sH(t + τ)⟩CH (6)

which clearly is a normal matrix. We want to find a matrix
B which is equal to C or essentially equal to C. In this case
Â = W♯B where Â is the estimation of A and W♯ denotes
Moore-Penrose pseudo inverse of W.

It is known from linear algebra that all normal matrices
are diagonalizable by some unitary matrices (spectral theo-
rem in [8]) which may lead to separation. The unitary diago-
nalizer matrix of a whitened covariance matrix at some lag τ
is the separating matrix if the covariance matrix has distinct
eigenvalues. However, without a prior knowledge it is diffi-
cult to find the a time delay in which the covariance matrix
is full rank. In order to reduce the probability that an unfor-
tunate choice of time lag τ results in unidentifiability of C
from Rz(t,τ) the joint diagonalization of several covariance
matrices is proposed in [3]. The consequent problem in joint
diagonalization is the uniqueness of the unitary diagonalizer
matrix. Here, the periodicity of the sources is used to obtain
the unique unitary diagonalizer, which is the separator matrix.

We know that the source signal si(t) is periodic for all
1 ≤ i ≤ n. This requires that for every source si, we have:

rii
s (t,kTi) = rii

s (t,0) ∀t, i 1 ≤ i ≤ n (7)

where Ti is the period of source si, and k is an arbitrary inte-
ger. rii

s (t,0) is the maximum allowed value for the covariance
of the ith source. It means that the value of this function is
less than rii

s (t,0) for all delays except those which are inte-

ger multiples of Ti. Since the original sources are unit norm,
the covariance matrix of s in delay kTi obeys the following
structure:

Rs(t,kTi) = diag(r1, ...,ri−1,1,ri+1, ...,rn)

|rl |< 1, l ̸= i, kTi ̸= Tj, 1 ≤ i, j, l ≤ n, k ∈ N
(8)

Assume a unitary matrix B diagonalizes the covari-
ance matrix Rz(t,τ) at lag τ such that BHRz(t,τ)B =
BHCRs(t,τ)CHB = Λ. Both B and C are unitary matrices,
so D = BHC is also a unitary matrix and the diagonal matrix
Λ = diag(λ1,λ2, ...,λn) is the eigenvalue matrix of Rs(t,τ)
which is equal to Rs(t,τ). Therefore, for each delay Ti, the
covariance matrix Rz(t,Ti) is diagonalizable and only one of
its eigenvalues is equal to 1. This means for each Ti we have:

ri = 1 ̸= r j ∀ j 1 ≤ j ≤ n, j ̸= i (9)

This fact is used in the following theorem to guarantee
uniqueness of the the unitary diagonalizer.

Theorem 1. Assume that z(t) is a white mixture of peri-
odic sources with distinct periods and the covariance matri-
ces of the source vector s(t) satisfy (8). If a unitary matrix
B simultaneously diagonalizes the set of covariance matrices
R = {Rz(t,Ti) ∀i 1 ≤ i ≤ n}, (i.e. for all i Rz(t,Ti) = BDiBH ,
where Di = diag(d1(i),d2(i), ...,dn(i))) then any joint diago-
nalizer of elements of R is essentially equal to B.

Proof. To prove the sufficiency of the theorem, we assume
that a linear combination of the columns of B (i.e. e =
∑n

i=1 αibi) is a common eigenvector of the members of R.
Therefore, for all 1 ≤ j ≤ n

Rz(t,Tj)e = λ je =
n

∑
i=1

λ jαibi (10)

where bi is the ith column of B, λ j is an eigenvalue of
Rz(t,Tj) and αi’s are complex coefficients. We arbitrarily
assume that αp ̸= 0. Then, j can be found in a way that
dp( j) = bH

p Rz(t,Tj)bp = 1, 1 ≤ p ≤ n. We also know that

Rz(t,Tj)e =
n

∑
i=1

αiRz(t,Tj)bi =
n

∑
i=1

αidi( j)bi (11)

From (10) and (11) one can conclude that for all i, αi(λ j−
di( j)) = 0. As the sources are periodic, we know that d j( j) =
1 ̸= di( j). Therefore, λ j = dp( j) and αi = 0 for all i ̸= p.

For the necessity condition assume that for two arbitrary
indices (p,q) dp( j) = dq( j) for all j. It’s clear that any linear
combination of the columns of B is a common eigenvalue of
the members of R.

Although the above analysis is based on the assumption
that the periods of the signals are exactly known, the analy-
sis is still true for some delays close to the exact periods. In
other words, when there is uncertainty about the fundamental
periods of the sources or fundamental periods vary with time
the method can still successfully be used. In (7) and (8) we
showed that for each periodic signal there is a set of delays in
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which the source covariance has a maximum value. A rough
estimation of the source frequencies may be obtained by dif-
ferent time and frequency domain methods. It is very likely
that the maximum covariance value can be found in a delay
close to the estimated period. Hence, to best cover the esti-
mation indeterminacy or the frequency variations a window
W centered at the delay corresponding to the estimated fre-
quency is used. A suitable window length L (which depends
on the nature of the sources) meets the condition of Theorem
1 and so can lead to separation of the source signals. It is
also noteworthy that choosing the appropriate window length
is not our major concern here.

Remarks:
• Periodic component analysis [1] is a special case of the

presented method in which the diagonalization is done in
only two lags (i.e. zero and the one corresponding to the
frequency of periodic signal). However, the accuracy of
this method is subject to the frequency variations. The
presented method in [2] for adjusting the period is useful
as long as the cycles of the periodic signals can be accu-
rately recognized by some means.

• The proposed method can be considered as a special case
of the well-known SOBI method. SOBI is a widely used
method and has an approved performance, however, a
large number of matrices is usually used in this method.
As it is shown in section IV selecting a small number of
covariance matrices does not provide a correct separation
by SOBI and a large number of matrices require higher
computational cost.

3. SEPARATION ALGORITHM

Based on Theorem 1 our objective is to find a unitary matrix
B which jointly diagonalizes the set of selected delayed co-
variance matrices. In other words, the desired B is the one
which minimizes the squared off-diagonal elements of the set
of all BHRz(t,Ti)B for all periods Ti. The implementation of
the proposed method is presented in Algorithm 1.

Algorithm 1
1) Estimate periods of the sources
2) Pre-whiten the data by W as z(t) = Wx(t). W = Λ−1/2ET where Λ
is the eigenvalue matrix of x(t) and E is the corresponding eigenvector
matrix.
3) Calculate R =

∪n
i=1 Ri where Ri = {Rz(t,Ti),Rz(t,Ti ±

1), ...,Rz(t,Ti ±⌊L/2⌋)} ∗

4) Find B, the joint diagonalizer of the set of covariance matrices R.
5) The estimated sources are formed by B and W as ŝ(t) = BH Wx(t).

where ⌊.⌋ is the floor operator, i.e. the largest integer not greater than the
operand.
* The set of covariance matrices Ri can be formed for any delay kTi instead
of Ti as long as kTi ̸= Tj , j ̸= i and k ∈ N.

4. EXPERIMENTS

To evaluate the performance of the proposed method, differ-
ent experiments were designed for both synthetic and real
world data. The first data set used here includes four peri-
odic sources, each composed of sine waves with normalized
frequencies of 0.023, 0.01, 0.037, and 0.017 Hz and few har-
monics. To evaluate the performance of the method in such
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Fig. 1: Four periodic sources used in the experiments. For some
experiments the frequencies of the sources are changed by time. The
black dashed lines show the distorted sources when change of up to
10% in frequencies is permitted in each cycle.
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Fig. 2: Mean rejection level vs. the number of covariance matrices.

cases that the main frequency of the signals vary in time, a
random coefficient is also applied to the frequencies in each
cycle. Fig. 1 illustrates 500 samples of pure periodic sources
along with their distorted versions. The main frequency of the
distorted sources have a random variation of up to 10%. The
second data set is a mixture of voice and music signals. Ex-
periments 1-4 are performed on the synthetic data, and in the
last experiment the proposed method is applied to real world
data.

In the ideal case of the separation, Â should be equal to A,
or in other words Â♯A = I. Therefore, the sum of the squared
off-diagonal elements of Â♯A which is called mean rejection
level (MRL) is used here as a quantitative measure to evaluate
the algorithm [3]. The lower the value of MRL is, the better
performance from the algorithm is expected.

In the following experiments, 2000 samples of the peri-

1574



Table 1: Simulation time vs. number of covariance matrices for
the proposed method. The average time for SOBI with c = 100 is
94.1ms. (All times are in milliseconds.)

No. of covariance matrices (c)
11 18 39 53 64 79 94 100

time 19.1 23.0 38.1 50.0 57.0 70.5 87.3 94.3
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Fig. 3: Mean rejection level vs. SNR. The proposed method and
SOBI (c=100) perform similarly.

odic sources are mixed through linear mixtures while Gaus-
sian noise is added to the mixtures. MRL (when used) is av-
eraged over 100 independent trials for each value of the hor-
izontal axis. L covariance matrices are calculated for each
estimated period and after omitting the overlapping delays a
set of c matrices are jointly diagonalized.

Experiment 1: In order to compare the execution time
of the proposed method to that of SOBI, both methods were
applied to the first data set (while the sources are pure peri-
odic sources, Fig. 1). The experiments were conducted on
a PC with 3.2 GHz Pentium IV CPU and 1.5GB of RAM.
The average execution time of 100 independent trials of the
original SOBI and the proposed method for different number
of covariance matrices have been reported in Table 1. Lower
number of covariance matrices, yields lower execution time.
At the same time that the algorithm converges fast, by analyz-
ing the mean rejection levels of the experiments it is verified
that the separation quality is very close to that of SOBI (see
Fig.2).

Experiment 2: MRL against the total number of delayed
covariance matrices (c) is shown in Fig. 2. The horizon-
tal axis represents the total number of covariance matrices.
The results of the proposed algorithm along with the results
of SOBI, when the same number of covariance matrices are
used are presented in this figure. Result of SOBI with 100
covariance matrices is also presented as a reference. In this
experiment the signal-to-noise ratio (SNR) defined as SNR =
−10log10 σ2 is set to -1dB, where σ2 is the noise variance.
For almost all values of c the proposed method performs very
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Fig. 4: Mean rejection level vs. variations in frequency.

close to SOBI with 100 covariance matrices.

Experiment 3: In this experiment the effects of SNR on
the performance of the methods were investigated and the re-
sults have been depicted in Fig. 3. Different levels of noise
were added to the linear mixtures of the same sources used
in previous experiments. The results of the proposed method
are shown by red dashed line. Although only 4 covariance
matrices are diagonalized by the proposed method, the per-
formance is very close to SOBI with 100 covariance matrices
(blue solid line). This performance is the result of choosing
appropriate time delayed covariance matrices.

Experiment 4: Fig. 4 demonstrates the performance of
the proposed algorithm for a set of periodic signals with
time varying frequencies. Again, the main frequencies of
the signals are equal to those of the signals used in experi-
ment 1, but for each cycle of the ith source, fi +β fi is used
as the main frequency, where fi is the main frequency and
−0.15 < β < 0.15 is a random coefficient. As expected, the
proposed method with c=12 and SOBI with c=100 provide
better performance compared to periodic component analysis
and SOBI with c=12.

Experiment 5: The second data set includes linear mix-
ture of voice and music signals. Both the original sources
and the mixtures were obtained form the ICA demo page at
Helsinki University of Technology ICA research group web-
site1. The sources 2, 4, 5, and 7 were selected and the pro-
posed method was applied to their linear mixtures. Figures 5.a
and b show the original sources and the mixtures respectively.
The proposed method is applied to the mixtures while only 12
covariance (L = 3, c= 12) matrices are carefully chosen to be
diagonalized simultaneously. The result of application of the
method is presented in Fig. 5.c. Although there are scaling
and permutation ambiguities, the estimated sources are very
similar to the original ones.

1The demo page is accessible from: http://www.cis.hut.fi/
projects/ica/cocktail/cocktail_en.cgi
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Fig. 5: A set of voice and music signals; (a) original sources, (b)
linear mixtures, and (c) output of the proposed method.

The period of the original sources have to be known a
priori. Here, the appropriate time delays are chosen using
the power spectral density (PSD) of the sources. In Fig. 6 a
portion of the PSD of the sources are presented. The period-
icity of the sources can be detected from the high peaks of the
PSDs, as for this case 34.9, 97.5, 134.6, and 164.4 hertz are
selected empirically.
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Fig. 6: Part of power spectral densities of the original sources in Fig.
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appropriate time delays to be used in the proposed algorithm.

5. CONCLUSION

In this paper an efficient method for selecting the optimal de-
lays for second order blind identification of periodic signals
has been presented. The cost of computations for simultane-
ous diagonalization of covariance matrices in the second or-
der blind identification method is a linear function of the num-
ber of covariance matrices, however in the proposed method
using considerably small set of covariance matrices results in
a fast and still precise separation. Different experiments show
that the results of the proposed method are the asymptotic re-
sults of SOBI with a significantly lower computational cost.
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ABSTRACT 

Estimating a signal which is buried inside colored noise is 

challenging since significant amount of the noise 

frequencies with considerable or higher power reside in the 

same band as that of the desired waveform. In this paper, 

an optimization- and Karhunen-Loeve Transform (KLT)-

based approach has been investigated and tested to 

estimate the latencies of single-trial visual evoked 

potentials (VEPs) which are highly corrupted by colored 

electroencephalogram (EEG) noise. The normal voltage 

level for a VEP is around 10 µV and the background EEG 

is in the proximity of 100 µV, producing a signal-to-noise 

ratio (SNR) in the range of -10 dB. The studied method 

devices an explicit pre-whitening scheme aimed at 

producing a symmetric basis matrix, which eventually 

generates a unitary eigenvector matrix that simultaneously 

diagonalizes both the wanted signal and noise correlation 

matrices. The absolute diagonalization ensures full 

decorrelation of the observed signal, and permits the 

segregation of the transformed signal space into the "signal 

plus noise subspace" and "noise only subspace." The 

performance of the KLT-based method in estimating VEP 

latencies has been assessed using comprehensively and 

realistically simulated data at SNR ranging from 0 to  

-10 dB, and real patient data gathered in a hospital. The 

technique produces reasonably high success rates, high 

accuracies and precisions, and narrow standard deviations 

in both experiments. 
 
Keywords: Karhunen-Loeve transform, eigenvalue decom-

position, subspace methods, time-domain estimator, visual 

evoked potentials.  

1. INTRODUCTION 

Visual evoked potentials (VEPs) are special types of 

elecroencephalogram (EEG) signals generated by the human 

brain when a specific visual stimulation is applied to the eye 

(left or right) of the subject under study. In a hospital, a 

visual evoked potential test is used as an objective test to 

assess the conduction of the human visual pathway from the 

retina to the brain's occipital cortex. Usually, the latency of 

the robust and positive going P100 component is used by 

doctors to determine the normality/abnormality of a subject's 

optical pathway. The ideal P100 values are 100 ms; the 

borderline P100's value for a normal subject is 115 ms. This  

 

means, subjects with defective visual pathways will register 

prolonged P100 latencies greater than 115 ms (e.g., at  

120 ms, 130 ms, etc.). Conventionally, VEPs are extracted 

from the spontaneous brain activity by collecting a series of 

time-locked electroencephalogram (EEG) epochs and 

performing multi-trial ensemble averaging (EA) on these 

samples to improve the SNR. Alternatively, a VEP 

estimation scheme based on a single VEP trial can be 

developed to reduce VEP recording time, minimize fatigue 

on subjects, and promote consistencies in the outcome of the 

VEP latencies. 

The focus of this study is to correctly estimate VEP 

latencies, instead of VEP amplitudes; clinicians are more 

interested in the VEP latencies as opposed to the VEP 

amplitudes, as far as the VEP test is concerned. The VEP 

extraction method presented here is inspired by work from a 

speech enhancement area, originally proposed by Ephraim 

and Van Trees [1] for white noise elimination, and further 

extended by Rezayee and Gazor [2], and Lev-Ari and 

Ephraim [3] to deal with colored noise.  

Moreover, this paper is an extension of our signal 

subspace work reported in [4]. In [4], we applied the 

constrained optimization concept suggested by [1] and 

adapted the estimator enhanced by [2] to estimate the P100 

components from EEG background, without using a pre-

whitening stage. In this paper, we still utilize the 

minimization procedure in [1] and now adapt [3] to extract 

VEPs and estimate the associated P100 latencies. The 

application of [3] results in better VEP estimation 

performance in comparison to the application of [2]. This is 

because the technique in [3] permits full diagonalization of 

signal and noise covariance matrices, as opposed to that in 

[2] which only approximately diagonalizes the two matrices. 

   

2. MODEL DEVELOPMENT 

2.1 VEP Model 
 
It is assumed that a VEP is actually a “known" waveform 

which can be artificially produced. The created VEP will 

then be added to much higher power “colored noise” that 

represents EEG and other background noise. Thus, the 

following model is defined. 
 

 y = x + n                      (1) 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1577



where, y is the M-dimensional vector of the corrupted 

(noisy) VEP signal; x is the M-dimensional vector of the 

original (clean) VEP signal; n is the M-dimensional vector 

of the additive EEG noise which is assumed to be  

uncorrelated with x. Further, H is defined as the M x M-

dimensional matrix of the VEP time-domain constrained 

linear estimator.  

Next, x̂  is defined as the M-dimensional vector of the 

estimated VEP signal. The estimated VEP signal x̂  is  

related to H and y in the following way: 
 

 yHx •=ˆ                                        (2) 

The estimated VEP signal x̂  will never be exactly equal to 

the original VEP signal x; the error signal ε defined by [1] is 

written as: 

( )
( ) Hnε    xIHεεε

HnxIHxHyxxε

    

 

==+=

+=−==

nxnx , -       where

 -   - ˆ
       (3) 

 
The εx represents the VEP distortion and εn represents the 

residual noise. If the VEP signal covariance matrix Rx is 

known, then the energies of the signal distortion can be 

written as 

{ }( ) ( )T
x

T
xxE )()(tr tr

2
IHRIHεεεx −−==        (4) 

 
Similarly, if the EEG noise covariance matrix Rn is known, 

the energies of the residual noise can be expressed as 
 

{ }( ) ( )T
n

T
nnn E HHRεεε tr tr

2 ==          (5) 
 
Both energies in (4) and (5) lead to the total residual 

energies given as 
222
nx εεε +=                            (6) 

 
The EEG noise covariance matrix Rn can be obtained from 

the pre-stimulation EEG samples, during which the VEP 

signals are absent. If the VEP and EEG noise are 

independent, the following relationships can be established: 
 

Ry = Rx + Rn
  
                                  (7) 

  
where, Ry is the covariance matrix of the corrupted VEP. 

Using (7), we can approximate Rx by subtracting Rn from 

Ry. The aim is to minimize the unwanted energies in (6) so 

that the generated error is minimal. A difficulty arises since 

lowering noise energies means increasing the distortion 

energies, and vice versa. Therefore, a proper balance needs 

to be determined so that the noise residues can be 

reasonably reduced without introducing significant 

distortion to the processed signal. The excessive amount of 

the residual noise prohibits the discrimination between the 

desired VEP peak (i.e., the P100) and the noise peaks itself, 

even if the desired signal is successfully extracted. On the 

other hand, the excessive distortion means the desired VEP 

peak may have shifted either to the left or right of its 

original position, resulting in an inaccurate measurement of 

the VEP latency.  

   

2.2 Estimator Optimization 
 
An optimal time domain constrained linear estimator H that 

minimizes the VEP signal distortion and maintains the 

residual noise within a permissible level, is mathematically 

formulated by [1] as 
 

222 :subject to    

            

min Mσnxopt ≤= εε

H

H                (8) 

where M is the dimension of the noisy vector space and σ 
2
 

is a positive constant noise threshold level. The σ 
2
 in (8) 

dictates the amount of the residual noise allowed to remain 

in the linear estimator. Next, the Lagrangian function in 

association with the “Kuhn-Tucker necessary conditions for 

constrained minimization” [1] are applied to (8) to obtain 

Hopt. The formed Lagrangian function can be expressed as 
 

)(  ),(
222

Mσµµ nx −+= εεHL                       (9) 
 
where µ is the Lagrange multiplier. It follows that the filter 

matrix H is a stationary feasible point if it satisfies the  

following gradient equation ∇HL(H, µ) = 0: 
 

0  )]([  
),( 222 =−+

∂

∂
=

∂

∂
Mσµ

µ
nx εε

HH

HL
         (10) 

 
Subsequently, the gradient equation in (10) can be solved to 

yield the following H. 
 

1)( −+= nxx µRRRH

                          

(11)    
 

The filter matrix H stated in (11) functions as a fixed 

filter, which performs well to estimate the VEP at a 

relatively high SNR. As the SNR degrades, it is desirable if 

H can be adjusted and manipulated accordingly to 

minimize the noise residues while keeping the signal 

distortion at an acceptable level.  

 

2.3 Generic Subspace Approach 
 
With reference to (11), eigenvalue decomposition is to be 

performed on Rx and Rn. By assuming that Rx = U∆∆∆∆xU
T
 and 

Rn = U∆∆∆∆nU
T
 exist, we rewrite (11) as 

 
Hopt = U∆∆∆∆x(∆∆∆∆x + µ∆∆∆∆n)

−1
U

T
                (12) 

   
where, Hopt denotes an optimal estimator; U is the unitary 

eigenvector matrix produced from a symmetric basis matrix 

ΣΣΣΣ which is to be computed from the proper combinations of 

Rx and Rn terms; ∆∆∆∆x is the diagonal eigenvalue matrix of Rx; 

∆∆∆∆n is the diagonal eigenvalue matrix of Rn; µ is the Lagrange 

multiplier which has to be set to a proper value. The higher 

value of µ  eliminates more noise residues at the expense of 

higher distortion in the recovered VEP.   

Theoretically, the linear estimator in (12) functions  

optimally if the unitary eigenvector matrix U derived from ΣΣΣΣ 

is able to simultaneously diagonalize both Rx and Rn. The 

full diagonalization of their eigenvalues can be obtained if 

and only if Rx and Rn multiplication is commutative  

(i.e., Rx Rn = Rn Rx). In reality, complete diagonalization (i.e., 

without pre-whitening) is not possible since their 

multiplication is non-commutative.  
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2.4 Karhunen-Loeve Transform Method Based on the 

Explicit Prewhitening of the Correlation Matrix 

of the Desired Signal 
 

Next, we employ the basis matrix 2/12/1 −−= nxn RRRR  

from [3] to create a unitary eigenvector matrix V that 

indirectly, simultaneously and fully diagonalizes both Rx and 

Rn. To make use of R, (11) will need to be further 

manipulated to yield the following: 
 

2
1

2
1

2
1

2
1

2
1

2
1

      where,)(    

,)(

1

1
21

1
212121

−−−

−

=+=

==+=

−

−−

nxnnn

nnnxx

µ

µ

RRRRRIRRR

RRIIIRIIRIIRIH
 (13) 

 
The eigendecomposition operation of the symmetric basis 

matrix 2/12/1 −−= nxn RRRR  leads to the following: 
 

        VΛRV =                                    (14) 
TTT V VΛV ΛVRΛRVV ==↔= −− 1               (15) 

 
where Λ and V are, respectively, the eigenvalue and unitary 

eigenvector matrices of R. It is to be noted that VV   =−T
  

and 
T

VV   1 =−
for unitary V. By putting R in (15) into (13), 

the KLTM-based H can be written as  
 

1

1
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2
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2
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2
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−

−
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where G is known as the gain matrix. Based on (2) and (16), 

the estimated VEP can be expressed as 
 

( )
1

1

)(  ,             

      ˆ

2121

2121 
−

−

+==

+==

•
−

•
−

•

IΛΛGyRVGVR

yRVIΛVΛRyHx

µ

µ

//

//

n
T

n

n
T

nKLTM

  
   

(17)   

 
The corrupted VEP y in (17) is explicitly pre-whitened 

by 2/1−
nR . Afterwards, the whitened signal is decorrelated by 

the KLT matrix V
T
. Then, the transformed signal is modified 

by a signal subspace gain matrix G. Next, the modified 

signal is retransformed back into the original form by the 

inverse KLT matrix V. The retransformed signal is further 

de-whitened by 2/1
nR  to obtain the desired VEP signal.  

 

2.5 Algorithm Implementation 
 
The proposed approach can be formulated in the following 

eight steps. For each VEP trial: 
 
Step 1: Compute the covariance matrix of the noisy signal Ry 

which can be directly obtained from the observed (corrupted) 

signal. 

Step 2: Estimate the covariance matrix of the noise Rn which 

can be obtained from the pre-stimulation EEG, during which 

the VEP sample is absent. 

Step 3: Approximate the covariance matrix of the desired 

signal Rx, by using Rx = Ry − Rn. 

Step 4: Perform the eigendecomposition operation on the 

basis matrix 2/12/1 −−= nxn RRRR  and extract the resulting 

unitary eigenvector and eigenvalue matrices V and ΛΛΛΛ, 

respectively. 

Step 5: Assuming that λk series represented by λ1 > λ2 > λ3 … 

λM are the diagonal elements of ΛΛΛΛ sequenced in descending 

order, approximate the dimension L of the VEP signal 

subspace by counting the number of non-zero elements of ΛΛΛΛ.  

L = arg{
Mk ≤≤   1

max
 λk > 0}      (18) 

Step 6: Compute the gain vector of the KLTM estimator as 

follows: 

Liµ)ixλixλiq ≤≤+= 1      )()/(()(             (19) 
 

Experimentally, µ was varied from 0 to 25, and µ = 2 was 

found to be ideal. The gain matrix G is obtained by 

diagonalizing the gain vector q. 

Step 7: Determine the linear KLTM estimator using (16). 

Step 8: Estimate the KLTM-enhanced VEP signal using (17). 

3. PERFORMANCE EVALUATION 

The KLTM method was tested and assessed using artificial 

and real human data obtained from a hospital. 
 
3.1 Assessment of the Algorithm using Artificial Data 
 
The clean artificial VEP x is generated by superimposing 

several Gaussian functions; the amplitudes, variance and 

mean of these functions are tweaked to generate precise 

peak latencies at 100 ms, mimicking the real P100. The pre-

stimulation EEG colored noise e(k) is generated using 

autoregressive (AR) model [5] given by the following 

equation. 
 

  e(k) = 1.5084e(k – 1) – 0.1587e(k – 2) – 

   0.3109e(k – 3) – 0.0510e(k – 4) + u(k)          (20) 
 

where u(k) is the input driving noise of the AR filter and e(k) 

is the filter output. The artificial post-stimulation EEG noise 

n is generated by changing the variance of e. Since noise is 

assumed to be additive, the artificially-corrupted VEP signal 

y is then produced by adding together x and n.  

To test the robustness of KLTM, the ratio of the 

artificial VEP over the EEG noise was varied from 

approximately +0 dB to -10 dB using the following formula: 
 

(Watts)EEG  stimulus-post ofPower 

(Watts) VEP ofPower 
log10(dB) SNR =     (21) 

 
The corrupted VEP signal with a specific value of SNR was 

applied to the input of the KLTM filter and the estimated 

P100 waveform was retrieved at the output. To obtain 

reliable statistics, five hundred different runs were 

performed for each level of SNR. Success rate, average 

errors, mean of peak latencies and standard deviations are 

used as performance indicators to assess the effectiveness of 

KLTM in single-trial estimation of VEP latencies. To 

measure success rate, visual inspections were performed to 

judge whether or not the estimators’ processed waveforms 

are acceptable. The highest peak within 100 ±10 ms is 

considered as the wanted P100 component. Any trial is 

noted as a failure if the waveform fails to show clearly the 
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pertinent peak within the stated ±10 ms tolerance. The 

success rate for each algorithm is expressed in terms of a 

percentage. It is calculated according to the following 

formula: 
 

100% x )   / successes ofnumber ( rate  success N=        (22) 
 
where N is the number of runs (trials) per SNR which in this 

case equals to 500. Next, the average errors eP100  in 

estimating the latency of the P100 was calculated as follows: 
 

∑ −=
=

500

1
100100 100)(ˆ 

i
PP ite                     (23) 

where )(ˆ
100 itP  represents the estimated P100 latency in 

milliseconds. For five hundred runs per SNR, the average 

(mean) of the estimated P100 peak latencies, denoted as 

100P , is calculated as 

∑=
=

500

1
100100 )(ˆ

i
P itP                        (24) 

where )(ˆ
100 itP  is the individually estimated latency of the 

P100 peak in milliseconds. Next, the standard deviation 

100Pσ  of the P100 peak latencies is computed as 
 

)1500/())(ˆ(
500

1

2
100100100 −∑ −=

=i
PPP titσ                  (25) 

where )(ˆ
100 itP and 100Pt  are the estimated P100 latencies 

and average value (in milliseconds), respectively, of the 

five hundred P100 data sets. Specifically, the P100 with a 

latency average closer to 100 ms, coupled with a narrower 

standard deviation indicate better performance. 

Table 1 below tabulates the success rate, average 

errors, peak latency mean, and standard deviations for the 

KLTM estimator. 
  

 
Table 1 - The success rate, average errors, peak latency mean 

and standard deviations of the KLTM estimator at  

SNR = 0 to -10 dB.  
 

SNR 

[dB] 

Success 

Rate 

[%] 

Average 

Error 
Mean 

Latency 

Standard 

Deviation 

0 98.7 4.1 101.2 2.6 

-2 96.9 4.9 101.8 5.7 

-4 94.3 5.1 102.4 5.9 

-6 92.1 5.8 102.9 6.4 

-8 89.6 6.7 103.5 7.5 

-10 85.4 7.6 104.3 8.1 
 

 
From Table 1, it can be stated that KLTM produces the 

highest success rate at 0 dB and the least success rate at  

-10 dB. Correspondingly, the lowest average error occurs at 

0 dB and the highest one is generated at -10 dB also. The 

mean latency and standard deviation produced by KLTM 

increase slightly as the SNR value gets lower.  

For some graphical illustrations, various waveforms 

with successfully estimated P100's at -6 and -10 dB are 

shown in Figure 1 below. 
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Figure 1 - Clean VEP, corrupted VEP, and estimated VEP 

waveforms by KLTM at (a) -6 dB; (b) -10 dB. 

 

3.2 Assessment of the Algorithm using Human Data 
 

This section evaluates KLTM in estimating human P100 

peaks, which are used by doctors as objective evaluation of 

the visual pathway conduction. Experiments were conducted 

at Selayang Hospital, Kuala Lumpur using RETIport32 

equipment, and carried out on sixteen subjects having 

normal (P100 [ 115 ms) and abnormal (P100 > 115 ms) 

VEP readings. They were asked to watch a pattern reversal 

checkerboard pattern. The detailed test setup (sampling 

frequency, electrode connections, etc.) can be found in  

[4, 6]. Eighty trials for each subject’s right eye were 

processed by the VEP machine using ensemble averaging 

(EA). The averaged values were readily available and 

directly obtained from the equipment. Since EA is a multi-

trial scheme, it is expected to produce good estimation of the 

P100 that can be used as a baseline for comparing the 

KLTM estimator performance.   

Further, KLTM requires unprocessed data from the 

machine. Thus, the equipment was configured accordingly 

to generate the raw data. The recording for every trial 

involved capturing the brain activities for 333 ms before 

stimulation was applied; this enabled us to capture the 

colored EEG noise alone. The next 333 ms was used to 

record the post-stimulus EEG, comprising a mixture of the 

VEP and EEG. The same process was repeated for the 

consecutive trials. For comparisons with EA, the eighty 

different waveforms per subject produced by KLTM were 

also averaged. Again, the strategy here was to look for the 

highest peak from the averaged waveform. The purpose of 
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averaging the outcome of KLTM was to establish the 

performance of KLTM as a single-trial estimator; the mean 

KLTM peak that is close to the EA peak reflects the 

accuracy of the individual single-trial outcome.  

Illustrated in Figures 2(a) and 2(b) below are the 

KLTM's extracted Pattern VEPs for S1 from trial # 46 and 

for S7 from trial # 21, respectively. It is to be noted that any 

peaks that occur below 90 ms are noise and are therefore 

ignored. Attention is given to any dominant (i.e., highest) 

peak(s) from 90 to 140 ms.  
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Figure 2 - The P100 of (a) the first subject (S1) taken from 

trial # 46; (b) the seventh subject (S7) taken from trial # 21.  
 

From Figure 2(a), the highest peak produced by KLTM 

is at 100 ms, which is close to 99 ms obtained by EA. On the 

other hand, the corrupted VEP (unprocessed raw signal) 

contains a dominant peak at 121 ms. From Figure 2(b), the 

highest peak produced by KLTM is at 111 ms, which is close 

to 108 ms obtained by EA. However, the corrupted VEP 

shows a dominant peak at 117 ms.  

Table 2 below summarizes the mean latency values of 

the P100's by EA and KLTM for the sixteen subjects, S1 to 

S16. If the maximum allowable mean error (em) is set at !5, 

KLTM successfully estimated the P100's from twelve 

subjects: S1, S2, S3, S4, S6, S7, S8, S12, S13, S14, S15, and 

S16. On the other hand, KLTM unsuccessfully estimated the 

intended peaks from subjects S5, S9, S10, and S11. 

Therefore with the given number of subjects, the success rate 

for KLTM is at 75 %, and the average mean error is 4.5. In 

brief, the simulated and real data experiments exhibit the 

capability of KLTM in VEP estimation. 
 

Table 2 - The mean latencies of P100's of the EA and KLTM 

estimators for sixteen different subjects.  
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S1 99 99 0 S9 130 145 15 

S2 100 100 0 S10 117 108 9 

S3 119 119 0 S11 119 111 8 

S4 128 131 3 S12 114 113 1 

S5 99 118 19 S13 102 103 1 

S6 107 105 2 S14 123 118 5 

S7 108 109 1 S15 102 105 3 

S8 107 112 5 S16 108 108 0 
 

4. CONCLUSION 

A Karhunen Loeve transform method (KLTM) based on 

the eigendecomposition of the explicitly pre-whitened VEP 

signal covariance matrix has been presented and tested to 

estimate the VEP's P100 peaks severely degraded by colored 

EEG noise. The results of the simulated and real patient data 

reveal that the method is a promising technique that can be 

further refined and applied in the real world as a single trial 

estimator of biomedical signals, which are currently 

extracted by means of multi-trial ensemble averaging. 
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ABSTRACT
In this paper we address the problem of scale parameter esti-
mation, introducing a reduced complexity Maximum Likeli-
hood (ML) estimation procedure. The estimator stems from
the observation that, when theestimandum acts as a shift pa-
rameter on a multinomially distributed statistic, direct max-
imization of the likelihood function can be conducted by an
efficient DFT based procedure. A suitable exponential warp-
ing of the observation’s domain is known to transform a scale
parameter problem into a shift estimation problem, thus al-
lowing the afore mentioned reduced complexity ML estima-
tion for shift parameter to be applied also in scale param-
eter estimation problems. As a case study, we analyze a
gain estimator for general QAM constellations. Simulation
results and theoretical performance analysis show that the
herein presented estimator outperforms selected state of the
art high order moments estimator, approaching the Cram´er-
Rao Lower Bound (CRLB) for a wide range of SNR.

1. INTRODUCTION

Given a parametric family of probability density functions
(pdf), a parameter is said to be a scale parameter if its value
determines the scale or, equivalently, the statistical disper-
sion of the pdf itself along one or more of its components.
Scale parameter estimation problems are often encountered
in lots of applications. To give few examples, the Gamma
distribution, and most of its related pdfs, are parameterized
by a scale parameter. Of particular relevance is the Nakagami
distribution, often used to model attenuation in multipath en-
vironment.

In this paper we propose a Maximum Likelihood esti-
mation technique for scale parameters. We will first derive
the ML estimator for the case in which the observed statis-
tic is a multinomial distributed random variable. Then, we
will show how, thanks to a link established between scale
and location parameters, the direct maximization of the log-
likelihood function is straightforwardly achieved via a com-
putational efficient DFT based approach. Namely, a logarith-
mic transformation of the observed random variable modifies
the pdf so that the scale parameter relation is mapped into a
location parameter problem, that can be efficiently solved in
the DFT domain.

As a case study, here we apply the ML estimation crite-
rion to the problem of blind estimation of the gain factor for
a general Quadrature Amplitude Modulated (QAM) signal.
Gain estimation is often required, for instance, to drive blind
estimation techniques for phase and frequency offset estima-
tion, as for instance in [1], as well as decision directed esti-
mations procedures. Simulation results show that the herein

introduced estimator outperforms High Order Moments state
of the art technique for gain estimation, as in [2], approach-
ing the Cramér-Rao Lower Bound (CRLB) for a wide range
of SNR. We also carried out theoretical performance analy-
sis, whose results are confirmed by numerical simulations.

This paper is organized as follows. In Sect.2 we intro-
duce the concept of scale parameter and determine the form
of the ML estimation for scale parameters under multino-
mially distributed observations. In Sect.3 we explicitate the
relation between a scale and a location parameter, and we
show how this allows to devise a reduced complexity ML es-
timator. In Sect.4 we analyze the case of gain estimation for
general QAM constellations. Finally Sect.5 reports simula-
tion results and the related discussion.

2. ON THE ML ESTIMATION OF A SCALE
PARAMETER

In this Section we will briefly define the concepts of scale
parameter for a pdf family and we will determine the form
of the ML parameter estimator when the observation statis-
tic is multinomially distributed. Let us consider a param-
eter α1 to be estimated after a finite numberN of real-
izations of a relatedn-dimensional random variablex, i.e.
x∈Kn, gathered in the vectorx= [x0, . . .,xN−1]T is observed.
Then, α is said to be a scale parameter for the pdf family

px|α

(
x(1), . . .,x(n−1),x(n)|α

)
when this latter depends onα

only through the scale relationx(n)/α :

px|α

(
x(1), . . .,x(n−1),x(n)|α

)

=
1
|α |

px|α

(
x(1), . . .,x(n−1),

x(n)

α
|1

)
(1)

Let us now suppose that we observe the histogram of the
marginal variablex(n) on a set ofK uniform intervals of
width ∆ centered around the pointsξk, k = 0, . . .,K − 1.
In other words, the observations are given by the number
νk, k = 0, . . .,K − 1 of occurrences of the eventEk, being
Ek = {x(n) ∈ [ξk − ∆/2,ξk + ∆/2)}, in N statistically inde-
pendent trials. TheK random variablesν0, . . .,νK−1 are then
multinomially distributed:

P(ν0, . . .,νK−1) =
N!

K−1

∏
k=0

νk!

·
K−1

∏
k=0

πνk
k

1From now on we will always assume, without loss of generality, the
parameterα to be monodimensional. Extension to multidimensional pa-
rameters is straightforward.
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beingπk the probability of the eventEk. The multinomial
model applies in several frameworks in which histograms
are evaluated for measurement, calibration, characterization
purposes (see for instance [3]). The probabilitiesπk of the
r.v. νk, k = 0, . . .,K−1 are nothing else that the area of the

marginal conditional probabilitypx|α

(
x(n)|α

)
over an inter-

val of width ∆ centered inξk:

πk = f

(
ξk

α

)
=

1
∆

ξk+∆/2∫

ξk−∆/2

dx(n)

·
[∫ +∞

−∞
· · ·

∫ +∞

−∞
px|α (x|α ) dx(1) · · ·dx(n−1)

]
(2)

Let us introduce for notation purposes the following vectors,

collecting the values off

(
ξk

α

)
and f̂k

def=νk/N:

f (α ) =
[

f

(
ξk

α

)]K−1

k=0

f̂ =
[

f̂k
]K−1

k=0

The log-likelihood off̂ can be written as:

l
(
f̂ ; f (α )

)
= S +N

K−1

∑
k=0

f̂k ln

(
f

(
ξk

α

))

S = lnN!− ln
K−1

∏
k=0

(
N f̂k
)
!

(3)

The maximum likelihood estimate ofα is then attained by
maximizing (3) with respect toα . Neglecting all the terms in
(3) that do not explicitly depend onα , we come up with the
following estimation rule

α̂ = argmax
α

f̂ T · f̃ (α ) (4)

where we have compactly denotedf̃ (α )def= ln f (α ). In this
form, the above relation is highly nonlinear and must be
solved by exhaustive-search or suitably initialized gradient-
search techniques. A reduced complexity ML procedure is
presented in the following Section.

3. REDUCED COMPLEXITY ML ESTIMATION
FOR SCALE PARAMETER

In this Section, we explicitate the relation between a scale
parameter and a location one, and we show how this allows
to devise a fast, FFT based, computational procedure that
obtainsα̂ in a two-stage, coarse-to-fine, estimation steps.

3.1 On the Relation between Scale and Location Param-
eter
Let us now briefly recall the concept of location parameter
for a pdf family and prove how a suitable exponential warp-
ing constitutes a bind between a scale parameter and a loca-
tion parameter. As far as a location parameter is concerned

the pdf family px|α

(
x(1), . . .,x(n−1),x(n)|α

)
must satisfy the

following property:

px|α

(
x(1), . . .,x(n−1),x(n)|α

)

= px|α

(
x(1), . . .,x(n−1),x(n) −α |0

) (5)

Properties of location parameters have been exploited by
the authors in [4] to devise a gain control free near efficient
phase offset estimator for QAM constellations.

Now let us consider a transformationZ : Kn → Kn and
the corresponding transformed random variablez = Z (x).
When the transformationZ (·) assumes the following re-
markable form:

z(1)(x(1)) = x(1), · · · , z(n−1)(x(n−1)) = x(n−1)

z(n)(x(n)) = logx(n)
(6)

it can be easily proved that relation (5) holds, with the care
of substitutingα with αz = logα . Thus, whenever a scale
parameter estimation problem is encountered, it is always
possible to map it into a location parameter one, by means
of a preliminary transformation of the observation as the one
appearing in (6). The estimandumα , scale parameter for the
r.v x, has then correctly the meaning of a location parameter
for the transformed r.v.z, in the form ofαz = logα .
3.2 Reduced Complexity ML Estimation for Location
Parameter
In analogy to the case of scale parameters, the maximum
likelihood estimate ofαz is attained by maximizing

α̂z = argmax
αz

f̂ T · f̃ (αz) (7)

with respect to αz where we have compactly denoted

f̃ (αz)
def= ln f (αz) , with f (α ) = [ f (ζk −αz)]

K−1
k=0 , and where

f (ζk −αz) =
1
∆

ζk+∆/2∫

ζk−∆/2

dz(n)

·
[∫ +∞

−∞
· · ·

∫ +∞

−∞
pz|αz

(z|αz) dz(1) · · ·dz(n−1)
] (8)

Sinceαz is a location parameter for the statisticf (ζk −αz),
we can expand the inner product in (7) having:

α̂z = argmax
αz

C (αz)

C (αz) =
K−1

∑
k=0

f̂k ln f (ζk −αz)
(9)

where we have discarded all the terms that do not explicitly
depend onαz. We recognize that in (9) we have the cross
correlation between the sequences collected in the vectorf̂
andf (0).

Therefore, the relation between a scale parameter and a
location one allows to devise a fast, FFT based, computa-
tional procedure that obtainŝαz in a two-stage, coarse-to-
fine, estimation steps. Specifically, first the lag of the maxi-
mum of the cross correlation obtains a coarse estimate. The
resolution in this step is limited by the values ofK. The
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employment of an interpolation technique, as for instance in
[8], obtains a finer estimate. The overall computational com-
plexity is significantly reduced by choosing the value ofK
according to selected FFT algorithms.

After the estimation ofα̂z has been performed, the esti-
mate of the original parameterα is simply obtained by in-
verting the transformationZ (·), having thus:

α̂ = eα̂z (10)

Elaborating over the above described estimation procedure, it
turns out that it is constituted by an exponential warping over
one component of the observed variable (the remaining being
saturated while performing the nonlinear moment in (2)), and
then by a DFT based cross-correlation between the warped
versions of the moment in (2) and its unbiased estimate.

Interestingly enough, the cascade of an exponential warp-
ing and a DFT is in turn implicitly realized by the discrete
Mellin Transform [5]-[6]. Hence, the estimation procedure,
can be implemented by means of the discrete Mellin trans-
form, which can be efficiently implemented as described in
[7].

4. A CASE STUDY: GAIN ESTIMATION FOR QAM
CONSTELLATIONS

In this Section, as a case study, we apply the scale parame-
ter estimation technique described in the previous sections,
to the problem of gain factor estimation for general QAM
constellations.
Let us consider a digital transmission system where the in-
formation is carried on byM-ary QAM symbols drawn from
a, power normalized, constellationA ={s0, .., sM−1}. At the
receiver side, a complex low-pass version of the received sig-
nal is extracted by means of front-end processing. Letxn
be the samples of the complex low-pass received signal ex-
tracted at symbol rate. We assume the following analytical
model of the observations:

xn = Gsn e jθ +wn (11)

wheresn is then-th transmitted symbol,G is the unknown
overall gain, θ is the unknown phase-offset, andwn is
a realization of a circularly complex Gaussian stationary
noise process, statistically independent ofsn, with vari-

anceσ2
W

def= E
{
|wn|2

}
. The signal-to-noise ratio (SNR) is

η def= G2/σ2
W . Here we address the estimation of the unknown

gain factorG after the observation ofN consecutive received
signal samplesxn,n = 0, · · ·N −1.

Let us then represent the received samples in polar co-
ordinatesi.e. xn = rne j ·ϕn with rn = |xn|, ϕn = argxn . We
recognize thatG is a scale parameter for the pdf family
pR,Φ(rn,ϕn|G). More specifically let us consider the non-
linear moment as in (2):

f
(ρ

G

)
=

1
∆

ρ+∆/2∫

ρ−∆/2

dr ·
[∫ π

−π
pR,Φ(r,ϕ |G)dϕ

]
(12)

where we dropped the subscriptn for the sake of simplicity.
The nonlinear moment in (12) is proved to exhibit the fol-

lowing remarkable form, for equiprobable constellation sym-
bols:

f
(ρ

G

)
=

M−1

∑
m=0

2η
MG

ρ
G
·exp

(
−η
(

ρ2

G2 +ρ2
m

))
I0
(

2ρmη
ρ
G

) (13)

whereIn(·) is then-th order modified Bessel function of the
first kind andρm is the magnitude of them-th constellation
symbolsm.

A sample estimate of the nonlinear moment in (13) is
calculated by evaluating the histogram of the magnitudeρ
of the received signal samples inK intervals of width∆ =
ρmax/K:2

f̂k =
1
N

N−1

∑
n=0

rect∆

(
|xn|−

(2k+1)∆
2

)
(14)

We remark that the valueŝfk in (14), being histogram esti-
mates, are multinomially distributed. According to the
estimation criterion exposed in Sect.2, the ML estimate ofG
is given by:

Ĝ = argmax
G

Cg (G)

Cg (G) = f̂ T · f̃ (G)
(15)

The maximization problem in (15) is non-convex, and its
solution would require the employment of computationally
onerous numerical algorithms, like exhaustive-search or suit-
ably initialized gradient-search techniques.

A reduced complexity solution is obtained, following the
guidelines in Sect.3.2, by applying the transformationZ (·)
as in (6) to the observations in (11), and then performing the
estimation of the location parameterGz = logG.

The employment of the Mellin transform allows to im-
plicitly perform the cascade of the exponential warping and
of the DFT to solve the maximization problem in (15).

Hence, beingM {·} andM −1{·} respectively the dis-
crete Mellin transform and its inverse we can write:

Ĝ = argmax
G

Cg (G)

Cg (G) = M −1
{

M
{
f̂
}T ·M

{
f̃ (G)

}∗} (16)

where the superscript{·}∗ denotes complex conjugation.
The accuracy of̂G being limited by the value ofK, a finer

estimate is obtained by means of parabolical interpolation
technique [8], being

Ĝ( f ) = Ĝ− ∆
2
·

Cg
(
Ĝ+∆

)
−Cg

(
Ĝ−∆

)

Cg
(
Ĝ+∆

)
−2Cg

(
Ĝ
)
+Cg

(
Ĝ−∆

) (17)

The theoretical performance analysis can be conducted re-
sorting to the parabolical interpolation formulas as in [8],
where the objective function is approximated around its max-
imum with the second order Taylor expansion. Following the
guidelines of [8] the asymptotic variance of the fine estimate

2Albeit in principle the value of the magnitude is unbounded, we can
approximate its maximum value to beρmax = maxm{|sm|}+4σW.
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is written in terms of the first and second order moment of
the objective function. Let us set:

x
def= Cg

(
Ĝ+∆

)
, X

def= E{x} ,

y
def= Cg

(
Ĝ−∆

)
, Y

def= E{y} ,

z
def= Cg

(
Ĝ
)
, Z

def= E{z}
c = X −Y, d = X −2Z +Y.

Then, within a first-order approximation of (17), the variance
of Ĝ( f ) is given by:

Var{Ĝ( f )} =
∆2

2

[(d− c
d2

)2

Var{x}

+
(

d + c
d2

)2

Var{y}+
(

2c
d2

)2

Var{z}

−
(

d2− c2

d4

)
Cov{x,y}+

(
2dc+2c2

d4

)
Cov{z,y}

+
(

2dc−2c2

d4

)
Cov{x, z}

]

(18)

The mean valuesX ,Y,Z and the covariances ofx,y, z of the
objective function are reported in Appendix I.

5. NUMERICAL EXPERIMENTS

In this Section we report simulation results concerning the
analytical and numerical performance of the reduced com-
plexity ML (RCML) gain factor estimator introduced in the
previous Section. The simulations settings are fixed as fol-
lows. The signal samples are generated according to the
model in (11); the sample size is set toN = 512 samples and
the phase offsetθ is chosen randomly with an uniform dis-
tribution in (−π,π]. The value ofK has been set toK = 512.
The value ofG to be estimated has been set to 1dB. Each
numerical experiment consist of 1000 Monte Carlo runs. For
the sake of comparison we also reported the accuracy of a
classical state of the art fourth order estimator [2] (M2M4).
The performance are illustrated by plotting the results of the
theoretical analysis in terms of the normalized standard devi-
ation (

√
N ·StdDev) of the estimation error and the results of

the numerical simulation are reported in terms of the normal-
ized Root Mean Square Error (

√
N ·RMSE). For reference

sake, we also report the Cram´er-Rao lower bound, derived
following the guidelines in [9]. Fig.1 shows both the theoret-
ical and numerical performance of the herein presented esti-
mator for 16 and 32 QAM constellations. We observe a good
matching between the theoretical performance and numeri-
cal results; for both of the constellations, at medium to high
SNR, the herein described estimator approaches the CRLB,
outperforming the estimator in [2]. Since the evaluation of
the nonlinear moment in (13) requires the knowledge of the
SNR, that is, in turn, to be estimated from the received sam-
ples, we tested the performance of the estimator in presence
of a SNR estimation mismatch. Fig.2 reports the degradation
performance for 16 and 32 QAM constellations in presence
of a ±2 dB SNR estimation mismatch. The curves report
also the worst measured performance. We observe that the
accuracy preserves the CRLB slope, although the mismatch
slightly affects the estimator performance.

Finally, we show in Fig.3 the Symbol Error Rate (SER)
reduction achieved in correspondence of the gain estimation
error variance reduction. We plot the SER obtained after
2000 Montecarlo runs over a sample size ofN = 512 sam-
ples by the herein presented estimator and by the estimator in
[2] for 256 and 512 QAM constellations. For the sake of ref-
erence we also report the corresponding SER for an AWGN
channel. Result in 3 show that the herein presented estimator
tightly approaches the AWGN performance, outperforming
the M2M4 estimator.

Appendix I. FIRST AND SECOND ORDER
MOMENTS OF THE OBJECTIVE FUNCTION

As far as the first order moments are concerned, since E{f̂}=
f (G) we have:

E
{
Cg (G)

}
= f (G)T · f̃ (G)

The variances-covariances are evaluated as follows:

N ·Cov
{
Cg (G1) ,Cg (G2)

}

= N · f̃ (G1)
T ·Cov

{
f̂ , f̂ T

}
· f̃ (G2)

(I.1)

For what the (k, l)-entry of the covariance matrix
Cov

{
f̂ , f̂ T

}
, we have:

N ·Cov
{

f̂k, f̂l
}

= f

(
k∆
G

)
δk,l − f

(
k∆
G

)
· f

(
l∆
G

)
(I.2)

whereδk,l is the Kronecker delta.
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Figure 1:Normalized standard deviation of the gain estimation error
√

N ·StdDev{Ĝ( f )} vs. SNR for 16-QAM and 32-QAM
constellations: RCML estimator (numerical: circles, theoretical: dashed line) and M2M4 estimator (triangles). The solid line
represents the CRB .

Figure 2:Normalized standard deviation of the gain estimation error
√

N ·StdDev{Ĝ( f )} vs. SNR for 16-QAM and 32-QAM
constellations: in presence of ±2 dB SNR estimation mismatch. No mismatch (dashed line) 2dB mismatch (circles), −2dB
mismatch (triangles), worst case performance (solid line) .

Figure 3:SER vs. SNR for 256-QAM and 512-QAM constellations RCML estimator (circles gray), and M2M4 estimator
(triangles). The black squares represents the AWGN channel .
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Department of Electrical and Computer Engineering
Stony Brook University, Stony Brook, NY, 11794, USA

phone: + (1) 6316328424, fax: + (1) 6316328494, email: {bxshen, monica, djuric}@ece.sunysb.edu

ABSTRACT
Population Monte Carlo (PMC) algorithms iterate on a set of
samples and weights to approximate a stationary target distri-
bution. Their estimation quality and convergence efficiency
rely on many factors including the number of samples and the
choice of importance function. The computational complex-
ity of the PMC algorithm becomes increasingly challenging
as the numbers of the unknowns increases. In this paper, we
propose a marginalized PMC algorithm for high-dimensional
problems, where the state space of the system is partitioned
into several subspaces of lower dimensions and handled by a
set of marginalized PMC estimators. Simulation results show
the accuracy and feasibility of the method as well as its im-
provement with respect to other conventional approaches.

1. INTRODUCTION

The Population Monte Carlo (PMC) algorithm is a topic of
recent interest in the field of Monte Carlo-based signal pro-
cessing. The PMC algorithms approximate a stationary target
distribution by an iterative importance sampling procedure.
An overview of the general PMC algorithm via computation
of the products of non-negative sparse matrices is given in [1].
The algorithm has been developed and applied in the fields
of quantum physics, polymer science, statistical physics, and
statistical sciences.

The PMC algorithms have similarities with Markov Chain
Monte Carlo (MCMC) sampling [1]. Both methods are use-
ful tools for the calculation of multi-dimensional integrals.
The MCMC algorithms draw samples and move them around
the equilibrium distribution in relatively small steps, entailing
that it might take a long time to explore the space [2]. PMC
employs the resampling/reweighting concept, which updates
the weights by learning from previous proposals and target
distributions. The advantage of PMC over MCMC algorithms
is that they are approximetely unbiased at every iteration and
therefore can be stopped at any time. PMC is also more robust
than MCMC on initialization parameters [3].

A PMC scheme was applied to missing data problems
in [4]. Instead of using a constant importance function or
a sequence of importance functions, importance functions
that depend on both the iteration and the sample index were
proposed. Advantages of this PMC scheme were illustrated
for problems with settings of increasing difficulty, where the

This work has been supported by the National Science Foundation under
CCF-0515246 and the Office of Naval Research under Award N00014-09-1-
1154.

missing data could not be simulated or approximated through
completion devices. A comparison with MCMC for missing
data problems was also presented.

In [5], PMC was used to achieve variance reduction,
which has always been a critical issue of Monte Carlo meth-
ods. A set of importance functions was iteratively optimized
to minimize asymptotic variance. PMC methods were applied
to restoration of ion channels using a fixed dimension model
in [3]. PMC algorithms were also shown to be progressively
adapted to a target distribution with a diminishing Kullbak-
Leibler divergence in [6].

In many real-world problems, a high dimensional state
space makes the PMC implementation very challenging due
to the necessity of large number of samples. In some of
these problems, some of the unknown parameters are condi-
tionally linear given the remaining parameters. Marginalized
PMC (MPMC) was proposed to lower the computational cost
by only generating samples of the nonlinear parameters and
marginalizing the remaining linear parameters [7]. This ap-
proach is based on the well-known Rao-Blackwell theorem.

The computational efficiency of the PMC method can be
further improved by the use of a distributed structure. In this
paper, we propose a novel method referred to as Multiple
PMC (MultiPMC) where the state space of interest is parti-
tioned into several subspaces with lower dimensions and han-
dled by a set of parallel PMC filters. Each PMC filter updates
the weights of the samples and the importance functions, if
necessary, using information from the other PMC filters. A
similar structure used for sequential Monte Carlo methods ap-
plied to the problem of target tracking can be found in [8]. A
related approach to ours was the one from [9], where the in-
tended application was in speaker recognition. A finite mix-
ture of Gaussians was decomposed into subproblems, which
were easier to work with. Then missing data were introduced,
and samples were drawn from posteriors. We note, however,
that drawing directly from posteriors is often infeasable. In
this paper, we employ PMC algorithms to make the genera-
tion of samples easy.

The rest of the paper is organized as follows. A brief
overview of the current state-of-art is presented in Section 2.
The proposed MultiPMC scheme is presented in Section 3 as
well as the Multiple MPMC (MultiMPMC). We demonstrate
the implementation of the MultiPMC and MultiMPMC by ap-
plying it to the problem of frequency estimation of complex
sinusoids in Section 4. We conclude with some final thoughts
in Section 5.
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2. PROBLEM FORMULATION

The problem is to estimate an unknown vector of parameters
x based on the vector of observations y. The general model is

y = h(x)+v, (1)

where the observation y is a dy× 1 vector and the unknown
parameter x is a dx×1 vector with known prior density p0(x).
In most cases, h(⋅) is a nonlinear function of unknown param-
eters. Finally, v is a dy×1 additive noise vector with a known
probability distribution p(v).

2.1. PMC algorithm
The underlying principle of PMC is importance sam-
pling [10], [11]. A commonly used point estimator is the
minimum mean-square estimator (MMSE), which is defined
as

ηx =
∫

xp(x∣y)dx, (2)

where p(x∣y) is the posterior of x. If we can draw samples
from the posterior,

x(m) ∼ p(x∣y), m = 1,2, ...,M, (3)

where M is the total number of independently drawn samples,
then we can compute the integral in equation (2) according to
classical Monte Carlo integration by

η̂x ≃
1
M

M

∑
m=1

x(m). (4)

This estimate will converge to the true value by the strong law
of large numbers.

However, samples usually cannot be drawn directly from
the posterior p(x∣y) in practice. Alternatively, samples can be
generated from another probability distribution q(x), called
importance function, and the estimate is computed as

ηx =
∫

xp(x∣y)dx

=
∫

x
p(x∣y)
q(x)

q(x)dx

≃ 1
M

M

∑
m=1

x(m)p(x(m)∣y)
q(x(m))

.

When q(x) satisfies some conditions, it can be shown that by
the strong law of large numbers, this estimate also converges
to the true mean of the posterior.

The above approximation can also be written as

ηx ≃
M

∑
m=1

w(m)x(m) (5)

where w(m) denotes the weight of sample x(m), i.e.,

w(m)
∝

p(x(m)∣y)
q(x(m))

, (6)

and
M

∑
m=1

w(m) = 1. (7)

PMC employs an iterated and adaptive importance sam-
pling scheme. It also uses resampling as do particle filtering
methods, where samples with small weights are most likely
removed and ones with large weights are replicated. The
method can be summarized as follows. Let j denote the it-
eration number, j = 1,2, ..., and let m represent the index of
the particle, m = 1,2, ...,M.

Step 1. Choose an importance function q(m)
j (x);

Step 2. Draw samples x(m)
j from q(m)

j (x);
Step 3. Compute weights of the samples

w̃(m)
j ∝

p(x(m)
j ∣y)

q(m)
j (x(m)

j )
; (8)

Step 4. Normalize the weights:

w(m)
j =

w̃(m)
j

ΣM
k=1w̃(k)

j

; (9)

Step 5. Resample the samples according to their
weights;

Step 6. If more iterations are needed, set j = j + 1,
and go back to step 1.

2.2. MPMC algorithm
MPMC employs a scheme where PMC is only applied to
the nonlinear parameters, while the linear parameters are ob-
tained by analytical integrations with prior distributions. In
high dimensional problems with some of the unknown param-
eters being conditionally linear given the remaining param-
eters, MPMC needs less particles than PMC, and therefore
achieves an improved computational efficiency [7, 12, 13].

We assume that the model of the data is

y = h(xn)+A(xn)xl +v, (10)

where the observation y is a dy× 1 vector and the unknown
parameter x is a dx× 1 vector. The vector x is composed of
nonlinear parameters xn of dimension dxn and linear parame-
ters xl of dimension dxl , where dx = dxn + dxl , and the prior
density of x is given by p(xn,xl). As in (1), h(⋅) is a nonlinear
function of the parameters xn; A(xn) is a matrix of functions
of the nonlinear parameter xn and has dimension dy×dxl ; and
v is a dy×1 noise vector with a known probability distribution
p(v).

In the MPMC algorithm, at iteration j, one only generates
samples of the nonlinear parameters, x(m)

n, j . The corresponding
weights to these samples are

w(m)
n, j ∝

p(x(m)
n, j ∣y)

q(m)
n, j (x

(m)
n, j )

, (11)
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The numerator p(x(m)
n, j ∣y) is the marginalized posterior of xn,

which has the following property

p(x(m)
n, j ∣y) ∝

∫
p(y∣xl ,x

(m)
n, j )p(xl ,x

(m)
n, j )dxl . (12)

The proposed MPMC algorithm is summarized as fol-
lows. Let j denote the iteration number, j = 1,2, ..., and let m
denote the index of the particle, m = 1,2, ...,M.

Step 1. Choose an importance function q(m)
n, j (xn, j);

Step 2. Draw samples x(m)
n, j from q(m)

n, j (xn, j);

Step 3. Based on x(m)
n, j , use the MMSE criterion to es-

timate the corresponding xl ;
Step 4. Compute weights of the samples

w̃(m)
n, j =

p(x(m)
n, j ∣y)

q(m)
n, j (x

(m)
n, j )

; (13)

Step 5. Normalize the weights

w(m)
n, j =

w̃(m)
n, j

ΣM
k=1w̃(k)

n, j

; (14)

Step 6. Resample the samples according to their
weights;

Step 7. If more iterations are needed, set j = j + 1,
and go back to step 1.

3. MULTIPLE PMC

Besides marginalizing the linear parameters, one can avoid
generation of too many samples for accurate estimation in
high-dimensional problems by partitioning the problem into
subproblems and use “independent” PMC algorithms for each
subproblem [8, 9]. The partitioning often depends on the
problem [14]. By decomposing the original problem, one can
considerably reduce the computational complexity.

3.1. Multiple PMC

We will further assume that the model in equation (1) can be
partitioned into K subproblems as follows:

y =
K

∑
k=1

hk(xk)+v, (15)

where [x1,x2, ...,xK ] forms the unknown vector x in the gen-
eral model described by (1).1

We assign each unknown vector xk a PMC filter
with the target distribution p(xk∣y). The sample genera-
tion/propagation and resampling step of each PMC estimator
can be implemented as the algorithm stated in Section 2.1.
The key question is the weight updating of the samples for

1Equation (15) represents only one particular case where MultiPMC can
be applied.

xk based on the other PMC filters. Theoretically the weight
update w̃(m)

k, j should be carried out by

w̃(m)
k, j =

p(x(m)
k, j ∣x−k,y)

q(m)
k, j (x

(m)
j )

, (16)

where x−k contains the true values of all unknowns except xk.
This form of update requires the knowledge of x−k, which is
not available. Here we propose to implement the updates as

w̃(m)
k, j =

p(x(m)
k, j ∣x̃−k,y)

q(m)
k, j (x

(m)
k, j )

, (17)

where x̃−k are the most recent estimated values of all the un-
knowns except xk

x̃−k = x̃∖ x̃k = [x̃⊤1 , x̃
⊤
2 , ..., x̃

⊤
k−1, x̃

⊤
k+1, ..., x̃

⊤
K ]
⊤,

and

x̃k =
M

∑
m=1

w(m)
k, j x(m)

k, j , (18)

where w(m)
k, j is the normalized weight.

In each iteration, the PMC estimators use the exchanged
estimates to compute their weights in an alternating way. For
good performance of the method, we propose that in each iter-
ation the implementation order of the PMC filters is selected
randomly.

3.2. Multiple MPMC
The distributed structure of multiple estimators can also be
applied to MPMC methods. If we modify (10) for a model of
type (15), we can write

y =
K

∑
k=1

(hk(xk,n)+Ak(xk,n)xk,l)+v, (19)

where [x1,n,x1,l ,x2,n,x2,l , ...,xK,n,xK,l ] form the unknown
vector x in the general model described in (10).

We assign each unknown vector xk,n an MPMC filter, and
use MMSE to estimate the corresponding marginalized lin-
ear unknowns xk,l . The sample generation/propagation and
resampling step of each MPMC filter can be implemented in
the usual way. The proposed weight update is implemented
by

w̃(m)
k,n, j =

p(x(m)
k,n, j∣x̃−k,n,y)

q(m)
k,n, j(x

(m)
k,n, j)

, (20)

where x̃−k,n represents the most recent estimated values of all
nonlinear unknowns except xk,n, i.e.,

x̃−k,n = x̃n ∖ x̃k,n = [x̃⊤1,n, x̃
⊤
2,n, ..., x̃

⊤
k−1,n, x̃

⊤
k+1,n, ..., x̃

⊤
K,n]
⊤,

and

x̃k,n =
M

∑
m=1

w(m)
k,n, jx

(m)
k,n, j. (21)

The implementation order of each MPMC estimator is
randomized at each iteration as before.
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Fig. 1. Estimates for f3 vs iterations using the PMC, Mul-
tiPMC, MPMC, and MultiMPMC algorithms.
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Fig. 2. Estimates vs SNR using MPMC, MultiMPMC and
MUSIC algorithms.

4. SIMULATIONS

In this section, we consider the problem of estimating the fre-
quencies of complex sinusoids. The model of the observa-
tions is given by

yt =
K

∑
k=1

Akei(2π fkt+φk)+ vt , t = 1,2, ...,dy, (22)

where i =
√
−1, 0 < f1 < f2 < ... < fK < 1; Ak and φk are the

amplitude and phase, respectively, of the k-th frequency com-
ponent; and vt is white complex Gaussian noise. The param-
eters to be estimated are x = [A1,φ1, f1, ...,AK ,φK , fK ], and
therefore the space of unknowns has dimension 3K.

The complex noise was drawn from the distribution

vt ∼ C N (0,σ2
v ),

or more specifically,

real(vt)∼N (0, σ2
v

2 ), and imag(vt)∼N (0, σ2
v

2 ),

and the value of the variance was defined by using the signal-
to-noise ratio (SNR)

SNR =
A2

k
σv2 ,

where SNR was measured in dB, Ak was the amplitude of the
signal, and σ2

v was the noise power.
The model described by (22) can be rewritten as

yt = ∑
K
k=1 Ãkei2π fkt + vt , t = 1,2, ...,dy,

where fk are the nonlinear parameters, and Ãk =Akeiφk are the
linear parameters.

We had dy = 25 observations with K = 3 sinusoids gener-
ated according to the model. Observations were generated
using three frequencies f1 = 0.2, f2 = 0.5 and f3 = 0.52,
with amplitudes A1 = 1, A2 = 1 and A3 = 1, and phases
φ1 = 0, φ2 = 0 and φ3 = π/4. PMC, MultiPMC, MPMC and
MultiMPMC were applied to estimate the parameters in this
9-dimensional problem. For the prior of Ãk in MPMC and
MultiMPMC we used

Ãk ∼ C N (0,5).

The initial importance functions for the frequencies had
preselected means at the estimates obtained by the Yule-
Walker method [15], and a predetermined variance vec-
tor [16] given by v = σ0

2× [12,0.12,0.012,0.0012,0.00012]⊤

with σ0
2 = 0.12. At the initial step, for the frequencies, a vari-

ance from the available five variances was assigned randomly
to each particle with probability of 1

5 . After each iteration,
the weights of available variances for each parameter were
updated separately according to the performance of the sam-
ples. Updated importance functions had means located at the
previous samples after resampling, and had variance coming
from the predetermined variance vector with updated weights.
In order to keep every variance valid after each iteration, re-
scaling was employed to ensure that the minimum weight for
each available variance was 0.05.
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The performances of the methods for estimation of the
parameters of the third sinusoid are shown in Figure 1. The
performances of the algorithms to this problem were quan-
tified based on the MSE of the parameters to be estimated,
given by

MSE =
1
R

R

∑
r=1

(x̂r− x)2, (23)

where r represented the r-th run of the algorithm, x̂r denoted
the estimates obtained in the r-th run, and x was the true
value of the parameter. All the points on the plot were av-
eraged over R = 500 runs for iteration number of 1 to 20 with
SNR = 5 dB. In each run, an amount of M = 600 samples
were generated from an initial importance function for PMC
and MPMC, and Mk = 200 for each filter, which sums up to
M = 600 total samples, when implementing the MultiPMC
and MultiMPMC algorithms. It can be concluded from the
plots that MultiPMC and MultiMPMC perform accurately
and converge much faster.

The performances of the proposed methods in terms of
the MSE of the estimated frequencies for various values of
SNR are shown in Figure 2. All the points on the plot are
averaged over R = 500 runs with sample size of M = 600
and iteration number of J = 20. The methods are also com-
pared with the MUltiple SIgnal Classification (MUSIC) al-
gorithm, which estimates the pseudospectrum of the observa-
tions using Schmidt’s eigenspace analysis method [17]. The
conventional MUSIC algorithm performs similarly with the
proposed methods at low SNRs, but does not improve with
SNR as do the PMC methods. The poor performance of MU-
SIC was caused by the small difference between f2 and f3.
The proposed methods perform well, and their MSEs con-
verge to the Crámer-Rao lower bound (CRBL) as the SNR
increases.

5. CONCLUSION

In this paper, we propose new PMC algorithms for high-
dimensional nonlinear problems. The algorithms have dis-
tributed structures, and we refer to them as MultiPMC and
MultiMPMC. With the approach, a high-dimensional prob-
lem is partitioned into several subproblems with lower dimen-
sions and handled by a set of PMC or MPMC filters. Simula-
tion results have shown the accuracy of the estimates and the
feasibility of the methods.
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[16] O. Cappé, R. Douc, A. Guillin, J. M. Marin, and C. P.
Robert, “Adaptive importance sampling in general mix-
ture classes,” Statistics and Computing, vol. 18, no. 4,
pp. 447–459, December 2008.

[17] R. O. Schmidt, “Multiple emitter location and signal
parameter estimation,” IEEE Trans. Antennas Propaga-
tion, vol. AP-34, pp. 276–280, March 1986.

1591



A SEMI-BLIND BASE STATION POWER ESTIMATION ALGORITHM FOR
INTERFERENCE AWARE HSDPA RECEIVERS

Clemens Buchacher∗, Joachim Wehinger∗, Mario Huemer†

∗Infineon Technologies AG
Wireless Solutions
81726 München, Germany
email: drizzd@aon.at

†Klagenfurt University
Embedded Systems and Signal Processing Group
9020 Klagenfurt, Austria
email: mario.huemer@ieee.org

ABSTRACT

In order to mitigate multipath and inter-cell interference in a mo-
bile terminal, the received signal statistics have to be estimated. In
a Code Division Multiple Access (CDMA) system with multiple
users, it is difficult to estimate all sources of interference directly.
The multipath channel can be estimated using a pilot sequence, but
since the pilot is code-multiplexed, it gives no indication for other
code powers. We show that assuming a fixed ratio between pi-
lot power and total power has a severe impact on throughput per-
formance if multipath or inter-cell interference are dominant. We
develop a low-complexity, semi-blind power estimation algorithm,
which is optimized for minimum estimation variance and delay. The
algorithm is benchmarked using the interference aware High Speed
Downlink Packet Access (HSDPA) type 3i reference implementa-
tion as defined by the 3GPP standard.

1. INTRODUCTION

Signals transmitted over a multipath channel to a mobile receiver
are subject to interference and fading. In order to achieve the data
rates required by services such as HSDPA reliably, the equalizer
attempts to reverse the effects of the multipath channel. If the chan-
nels of interfering base stations are known as well, the equalizer can
exploit this information to reduce inter-cell interference. The test
scenarios and reference implementation for the interference aware
receiver are defined in 3GPP technical report 25.963 [6]. The docu-
ment also defines a reference receiver based on the Linear Minimum
Mean Square Error (LMMSE) optimization criterion.

Each Universal Mobile Telecommunications System (UMTS)
base station transmits a known pilot sequence, which can be used
to estimate the multipath channel. The pilot channel is transmit-
ted simultaneously with other control and data channels. The pi-
lot power therefore amounts to only a fraction of the total transmit
power. While many test cases define −10dB pilot to total transmit
power ratio, the standard does not require a fixed relationship. In-
deed, while the pilot power must remain constant, the total transmit
power can change almost arbitrarily (cf. Figure 1).

While several authors have investigated pilot-aided channel es-
timation and equalization for HSDPA [1–5], to the authors’ best
knowledge, no publications have been made which also consider
the fact that the transmit power is time-variant and unknown to the
receiver.

Knowledge of the transmit power is necessary to obtain the re-
ceived signal’s autocorrelation matrix from the pilot-aided chan-
nel estimates, however (cf. Equation (5)). One possible solution
is to despread all codes and estimate the transmit power for each.
Since the code tree allocation for other users is unknown – even the
spreading factor can vary – this approach also requires a reliable
code detection algorithm. Considering that this has to be done for
potentially dozens of users and multiple base stations, it becomes
evident that such an algorithm has significant computational com-
plexity.

This problem can be avoided by ignoring the pilot sequence
and estimating the autocorrelation matrix using the received signal’s

sample covariance. This approach is both inaccurate and computa-
tionally complex, however.

We will therefore develop a semi-blind approach which does
not concern itself with other users’ codes at all. Instead, we exploit
the orthogonality of spreading codes in order to cancel the signal of
one base station. The base station power can then be inferred from
the difference between the remaining power and the total power.

Section 2 introduces the model used to describe the received
signal. Section 3 develops a power estimation algorithm. Section 4
discusses the simulation environment and results.

Notation
N (x0,σ

2) denotes the circular-symmetric complex Gaussian dis-
tribution with mean x0 and variance σ2 as defined by the probability
density function

p(x) =
1

πσ2 exp(−|x− x0|2 /σ
2) .

Let A be an n× n matrix with elements ai, j, then B = toeptrm A
denotes the m×m Toeplitz matrix B with elements

bi, j =
n−1−|i− j|

∑
k=0

amax(0,i− j)+k,max(0, j−i)+k ,

that is, the elements of the mth off diagonal of B have the value of
the sum of the nth off diagonal of A. ‖x‖ =

√
xHx denotes the 2-

norm of x. E and Var denote the expectation and variance operators,
respectively.

2. SYSTEM MODEL

In a scenario with N base stations we observe the received signal

y(n) =
K

∑
k=1

hT
k~xk(n)+ v(n) ,

where v is an independent and identically distributed noise pro-
cess, v(n) ∼ N (0,σ2

v ), ~xk(n) = (xk(n), . . . ,xk(n− L+ 1))T is the
transmit signal vector of base station k at time index n, and hk =
(hk,1, . . . ,hk,L)

T is the L× 1 channel vector, where hk,l denotes the
lth channel tap of base station k. The received signal power is
σ2

y = E(|y|2).
Each base station transmits a known pilot signal, which is code

multiplexed as part of the transmit signal xk. Since the pilot transmit
power must remain constant, it is convenient to normalize it to one.
The total transmit power αk = E(|xk|2) in this scale is therefore also
the ratio of total transmit power to pilot power. While the standard
specifies that the pilot power must remain constant, the total trans-
mit power is variable due to varying cell load, power control, and
bursty traffic.

Figure 1 shows live network pilot power to total receive power
measurements during a bursty HSDPA transmission in the absence
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Figure 1: Live network pilot to total receive power ratio measurements during bursty HSDPA transmission.

of inter-cell interference. The measurements are averaged over
100ms intervals. Nevertheless, the power variations due to bursty
traffic are significant. The most likely cause for this behavior is a
bottleneck in the network backbone.

3. POWER ESTIMATOR

By correlating with the pilot sequence of base station k, for each
symbol we get the channel estimate

ĥk,l ∼N
(

hk,l ,σ
2
k,l

)
with variance

σ
2
k,l =

1
SF

(σ2
y −αk

∣∣hk,l
∣∣2) , (1)

where SF is the spreading factor. Multipath and inter-cell interfer-
ence at the correlator output are approximated as Gaussian noise. In
order to reduce the estimators’ complexity, we will assume that the
estimation noise zk,l = ĥk,l −hk,l , l = 1, . . . ,L is uncorrelated.

Figure 2 illustrates the power proportions of the signals y and ĥ
on the left- and right-hand-side bars, respectively. By estimating the
noise power of ĥk,l and the power of y, we therefore get a relation
for αk.

Rearranging Equation (1) and replacing σ2
y with the sample

variance σ̂2
y = 1

SF ∑
SF
n=1 |y(n)|

2 yields the following estimate for αk.

α̂k,l =
1∣∣hk,l
∣∣2 (σ̂

2
y −SF

∣∣zk,l
∣∣2) (2)

This estimate is unbiased, E(α̂k,l) = αk, and has variance

Var(α̂k,l) =
1∣∣hk,l
∣∣4 (Var(σ̂2

y )+SF2 Var(
∣∣zk,l

∣∣2))
=

1∣∣hk,l
∣∣4
(

1
SF

σ
4
y +SF2

σ
4
k,l

)
=

1∣∣hk,l
∣∣4
(

1
SF

σ
4
y +(σ2

y −αk
∣∣hk,l

∣∣2)2
)

≤ 1/
∣∣hk,l

∣∣4 (1/SF+1)σ
4
y

≈ σ
4
y /
∣∣hk,l

∣∣4 ,

where we have used that the modulus squared of a zero-mean
complex Gaussian random variable X ∼ N (0,σ2) has variance
Var(|X |2) = σ4. This estimate assumes that the channel is known
ideally, but scaled with the pilot channel power, as it would be ob-
served by a real channel estimator.

Using maximum ratio combining (MRC) with weights

γk,l = (Var(α̂k,l))
−1/

L

∑
l=1

(Var(α̂k,l))
−1

pilot

pilot

SF
x
k

y SF ĥ
k

in
te

rf
er

en
ce

despreader

Figure 2: Power proportions of total receive signal y (left-hand-side)
and pilot despreader output (right-hand-side).
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we get the estimator

α̃k =
L

∑
l=1

γk,l α̂k,l (3)

which is again unbiased and has variance

Var(α̃k)≤ σ
4
y /

L

∑
l=1

∣∣hk,l
∣∣4 , (4)

where the inequality becomes equality asymptotically as SF→ ∞

and αk ‖hk‖2 /σ2
y → 0. Since αk is required to compute the MRC

weights, a preliminary estimate has to be used in its place.
Equation (4) implies that the standard deviation of α̃k/αk is

approximately the inverse of the instantaneous SNR, which can be-
come quite large at fading dips. At the same time, transmit power
can change due to power control and bursty traffic. If more data is
transmitted over the air than the backbone can provide, the transmit
power can change significantly from subframe to subframe, depend-
ing on whether or not an HSDPA transport block is scheduled for
transmission.

We therefore require an adaptive filter, which takes instanta-
neous estimation variance into account. We optimize it to minimize
both estimation variance and filter delay. Let βn,n = 1,2, . . . , be
the IIR filter coefficient at pilot symbol index n, and start out with
β0 = 1. Then, the estimate at the filter output is

ᾱn = βnα̃
(n)+(1−βn)ᾱn−1 ,

where we have dropped the base station index k, and ˜al pha(n) de-
notes the power estimate at pilot symbol index n. Given the es-
timation variance of the previous filter output Vold = Var(ᾱn−1) and
a new estimate with the instantaneous variance Vnew = Var(α̃(n)),
we have the variance

Var(ᾱn)≈ β
2Vnew +(1−β )2Vold ,

which achieves its minimum

Vmin =Vnewβmin

at βmin = Vold/(Vnew +Vold). This is optimal with respect to vari-
ance minimization. The filter delay, however, will become infinitely
large, since forgetting a past estimate would never decrease vari-
ance. We therefore specify a variance target Vmax, beyond which
the filter should never try to minimize. The corresponding optimal
coefficient is

β =


βmin if Vmin >Vmax ,

1 if Vnew <Vmax ,

βmin +
√

Vmax−Vmin
Vnew+Vold

otherwise.

As a measure for delay we define

∆n =
n

∑
m=1

mam,n ,

where a0,n = βn,am,n = (1−βn−1)am−1,n−1 for m = 1, . . . ,n are the
coefficients of an equivalent FIR filter at symbol index n. The filter
delay can be computed recursively using

∆n = (1−βn)(∆n−1 +1) .

In order to optimize the estimation variance independently of
the pilot power we define the normalized variance V ′max = Vmaxᾱ2,
using a previous estimate for α .

4. SIMULATION RESULTS

In order to evaluate the power estimation algorithm performance we
implemented an HSDPA receiver capable of “two-branch interfer-
ence mitigation” as defined in [6]. Maximum ratio combining is
performed over both receive antennas, analogously to Equation (3).

The simulation starts recording statistics only after the power
estimation filter has settled.

The equalizer is a two-branch, two times oversampled 20-chip
Linear Minimum Mean Square Error (LMMSE) equalizer, as de-
fined in [6], i.e. an Finite Impulse Response (FIR) filter of order Q
with coefficients f defined as the solution to the equation

(Cy +ηI) f = ryx

with regularization factor η (explained below). The autocorrelation
matrix Cy and the cross-correlation vector ryx of this equation are
computed using the channel and power estimates, i.e.

Cy = ∑αkHkHH
k +σ

2
v I , (5)

where Hk is the channel convolution matrix of base station k, ryx =

(ryx,1, . . . ,ryx,Q)
T, and

ryx,q = E(y(n+q−bQ/2c)x1(n))

= α1

{
h1,q−bQ/2c if q > bQ/2c ,
0 otherwise .

The equalizer performs spatial interference suppression. Please
see [1–3] for more details on the LMMSE equalizer. In case of
real power estimation, α in the above equations is substitued by the
corresponding estimate ᾱ . The noise power σ2

v is substituted by the
estimator σ̂2

v = σ̂2
y −∑

K
k=1 ᾱk ∑

L
l=1
∣∣hk,l

∣∣2.
We assume that hk is known to the receiver. At low to medium

mobile speed, the channel can be estimated quite accurately by av-
eraging the pilot correlator output zk,l over multiple symbols. For
high mobile speeds, such as 120km/h, this assumption is too opti-
mistic. But we would like to demonstrate that the power estimation
algorithm works independently of the fading conditions.

Note that the simulator actually samples the received signal
with oversampling factor 2 and it precedes the equalizer with a root
raised cosine (RRC) matched filter. The signal is also received via
two antennas. As a result, the FIR filter has 80 taps total, one per
chip, polyphase and antenna. For notational convenience, however,
the equations in this paper do not consider oversampling. Please
confer [6] for a more detailed description.

Note also that the receiver uses a finite channel window length
of L = 20 chips. Due to the RRC pulse shape, the actual channel
is longer than that. In order to account for this error, we therefore
add the regularization parameter η = 0.05 to the diagonal of the
autocorrelation matrix.

H-Set 6 denotes the test case configuration and is defined in [7].
It specifies 10 multicodes and 6438 bits transport block size for
QPSK, 8 multicodes and 9377 bits transport block size for 16QAM.
These transport block sizes correspond to a maximum throughput of
3.2MBit/s and 4.7MBit/s, respectively. The serving base station
continually transmits at these data rates. Apart from incremental
redundancy due to the Hybrid Automatic Repeat Request (HARQ)
protocol, no adaptive coding is performed. The HARQ buffer size
is 19200 softbits. The remaining transmit power, after subtracting
CPICH and HS-PDSCH power, is filled with the Orthogonal Chan-
nel Noise Simulator (OCNS) signal.

Figure 3 plots throughput performance of a single base station
scenario for Pedestrian B and Vehicular A power delay profiles at 3
and 120 km/h, respectively. The parameter Common Pilot Channel
(CPICH) Ec/Ior = α

−1
1 specifies the relative pilot to total transmit

power. The Pest=const curve assumes CPICH Ec/Ior =−10dB, un-
less the resulting signal power would exceed the total receive power.
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Figure 3: Throughput performance, H-Set 6, 16QAM, Îor/Ioc = 10dB, HS-PDSCH Ec/Ior =−3dB
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Figure 4: Throughput performance with 2 interfering base stations
DIP1 = −2.75dB, DIP2 = −7.64dB for different CPICH Ec/Ior
configurations [α−1

1 ,α−1
2 ,α−1

3 ] in dB, H-Set 6, QPSK, Îor/Ioc =
0dB, HS-PDSCH Ec/Ior = −3dB. The bar colors corresponds to
the algorithms Pest=const , Pest=real with V ′max = 10−3 or
V ′max = 5 ·10−3 , and Pest=ideal .

Îor/Ioc specifies the average serving cell (i.e., base station 1) to in-
terference power ratio. In this case, the entire interference Ioc = σ2

v
is modelled as white Gaussian noise. In this scenario, performance
is sensitive to power estimation, because it is used to estimate the
SNR. If SNR is underestimated, the equalizer cannot properly mit-
igate multipath interference. If SNR is overestimated, the equalizer
does not sufficiently account for noise amplification.

Figure 4 shows throughput performance in a scenario with
two interfering base stations for different CPICH Ec/Ior configu-
rations [α−1

1 ,α−1
2 ,α−1

3 ]. The dominant interferer proportion (DIP)
values specify the average observed power Îor,k+1 of the interfer-
ing base station k at the receiver, i.e. Îor,k = αk E(‖hk‖2) and
DIPk = Îor,k+1/Ioc. The residual interference Ioc−∑

K
k=2 Îor,k = σ2

v
is modelled as white Gaussian noise.

Depending on the scenario, the fixed power assumption either
under- or overestimates the interference. Either way, the estimation
error causes a performance degradation.

Throughput performance is therefore sensitive to power estima-
tion if either multipath or inter-cell interference is dominant.

Figure 5 plots average power estimation filter delay over base
station power. While the average delay is a single-digit number of
subframes at 10dB SNR, at 0dB SNR, as in the type 3i scenario,
the weakest base station requires hundreds of subframes (one sub-
frame is 2ms) averaging delay. Since throughput performance is
less sensitive to power estimation error at low SNR, V ′max can be
increased in order to reduce delay. The best tradeoff depends on the
base station’s scheduling behavior and will have to be found in field
tests.

In order to simulate a bursty traffic scenario as observed in
Figure 1, we consider a scenario with only one interfering base
station of average strength equal to the serving cell, without any
residual other cell interference. The OCNS is turned off in the in-
terfering base station. Its maximum load is therefore the sum of
CPICH Ec/Ior = −10dB and HS-PDSCH Ec/Ior = −3dB from a
data channel transmitted to a mobile station connected to the inter-
fering cell. This data channel is periodically transmitted for t sub-
frames and then turned off for T − t subframes. The performance
results for this scenario are shown in Figure 6 for different duty cy-
cles [t T ] of the interfering data channel. Depending on the duty
cycle, V ′max is either too large or too small. Nevertheless, the perfor-
mance is close to a receiver which knows the transmit power, and
far exceeds the performance of a receiver which assumes constant
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Figure 6: Throughput performance with bursty traffic on one inter-
fering base station with duty cycle [t, T ] and relative power DIP1 =
0dB, H-Set 6, QPSK, Îor/Ioc = 0dB, HS-PDSCH Ec/Ior =−3dB,
CPICH Ec/Ior = α−1 =−10dB, no OCNS, in a 30km/h flat fading
channel. The bar colors corresponds to the algorithms Pest=const

, Pest=real with V ′max = 10−3 or V ′max = 5 ·10−3 , and
Pest=ideal .

transmit power.

5. CONCLUSION

It was shown that power estimation is necessary to avoid severe
performance degradation. We developed a low-complexity general-
purpose power estimation algorithm for CDMA systems with code-
multiplexed pilot channels. It can be used by HSDPA receivers
which are based on LMMSE equalizers in order to estimate serving
cell and inter-cell interference power with little performance loss
compared to ideal knowledge of the power.

For weak base stations, however, a significant amount of aver-
aging delay is necessary in order to achieve the required accuracy.

Items for further study could be the effects of real channel es-
timation error, as well as potential improvements by taking correla-
tion of instantaneous power estimates into account.
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ABSTRACT

In this paper, we present a robust and efficient structure for
the reconstruction of uniform samples of a signal from its re-
current nonuniform samples. This structure makes use of the
synthesis part of a uniform discrete Fourier transform (DFT)
modulated filterbank. The proposed structure is a refinement
over an existing filterbank structure that utilizes the inverse of
a nonuniform DFT matrix, the numerical stability of which
cannot be guaranteed. The poor numerical stability of the
inverse is overcome in a modified structure by inverting a
preconditioned matrix having an improved numerically sta-
ble inverse. Necessary and sufficient conditions that ensure
numerical stability of the preconditioned matrix inverse have
been presented.

1. INTRODUCTION

There are a variety of applications in which the signals are
sampled nonuniformly and some of them have been dis-
cussed in [1, 2]. Different reconstruction schemes for obtain-
ing uniform samples of a signal from its nonuniform sam-
ples have been proposed and a few of them are presented
in [1]. A common type of nonuniform sampling is recur-
rent nonuniform sampling. When many parallel low speed
A/D converters are operating in a time-interleaved manner
[3], there will be a time offset among these A/D converters.
This results in a sequence of recurrent nonuniform samples
of the original signal. The filterbank interpretations of re-
current nonuniform sampling scheme have been proposed in
[2, 4]. The problem of recurrent nonuniform sampling and
its reconstruction for multiband signals have been studiedin
[5, 6]. In [2], multilevel piecewise constant filters have been
used. A new alternative model has been proposed in such a
manner that there is a simple mutual relation between differ-
ent filters, as outlined in [7] . This mutual relation can be
used to switch the order of the up-samplers and the filters,
resulting in a realization with improved efficiency.

In [7], an alternative model has been described by the
analysis part of a uniform DFT modulated filterbank, from
which different uniformly distributed and down-sampled fre-
quency bands are mixed in a particular manner. This alter-
native model description gives an efficient structure for re-
constructing uniform samples of a signal from its recurrent
nonuniform samples [7]. The limitations of this filterbank
reconstruction structure have been explained in [7]. In [8], a

new fast and efficient Adaptive weights-Conjugate gradient-
Toeplitz matrix (ACT) algorithm was proposed for the recon-
struction of uniform samples of a signal from its recurrent
nonuniform samples. The iterative Conjugate Gradient (CG)
algorithm is briefly described in Proposition 3 in [8]. The
ACT algorithm in [8] utilizes a Toeplitz Hermitian matrix,
which is inverted by means of the CG algorithm to obtain the
vector of reconstructed uniform samples of the signal. If the
time gap between any two adjacent samples is suitably upper
bounded, then the condition number of the Toeplitz Hermi-
tian matrix is also upper bounded (Proposition 2 in [8]). This
means that the Toeplitz Hermitian matrix has a numerically
stable inverse if the gap between any two adjacent time in-
stants is suitably upper bounded (upper bound of which is
given in [8]).

The statement of our problem is as follows: In this paper,
we address one of the limitations of the alternative model fil-
terbank reconstruction structure proposed in [7] (third point
in Section VII of [7]). The reconstruction structure presented
in [7] makes use of the inverse of a nonuniform DFT matrix.
This inverse matrix will become numerically unstable if any
two delays (nonuniform time instants) are almost equal. In
this paper, we precondition the nonuniform DFT matrix used
in [7] in a specific manner to obtain a Toeplitz Hermitian
matrix similar to the one utilized in [8]. Since our precon-
ditioned matrix and the Toeplitz Hermitian matrix in [8] are
similar, the conditions under which the Toeplitz Hermitian
matrix has a numerically stable inverse are also applicablefor
our preconditioned matrix. We utilize the same conditions
provided in Proposition 1 and 2 in [8] to obtain the neces-
sary and sufficient conditions for our preconditioned matrix
to have a numerically stable inverse. Finally, we present a
modified, robust and efficient reconstruction structure which
makes use of the inverse of the Toeplitz Hermitian precon-
ditioned matrix. For the recurrent nonuniform sampling sets
satisfying the above conditions, our modified robust filter-
bank reconstruction structure is a better choice than the re-
construction structure proposed in [7]. However, a limitation
of our modified reconstruction structure is that the numeri-
cal stability of the preconditioned matrix cannot be guaran-
teed for sampling sets violating the above conditions. In this
paper, an example is provided to demonstrate a case where
the modified structure gives accurate output in lower num-
ber of CG method iterations when compared to the original
structure. Our proposed approach is suitable for applications
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where the maximum separation of the sampling points can
be controlled but not the minimum separation.

This paper is organized as follows: In Section 2, we
briefly discuss the reconstruction equation and the recon-
struction structure proposed in [7]. In Section 3, we provide
an upper bound for the condition number of the precondi-
tioned matrix. This section also lists the necessary and suf-
ficient conditions under which the upper bound exists. We
present a modified robust and efficient reconstruction struc-
ture which makes use of the inverse of the preconditioned
matrix. In Section 4, we discuss the simulation results and
Section 5 concludes the paper.

Notation Convention: We will follow the same notation
convention as outlined in [7]. Lower case characters repre-
sent the signals in the time-domain and upper case characters
represent the signals in the frequency-domain. Underlined
boldface characters are used for vectors, boldface characters
for matrices,diag{} is a diagonal matrix,WWW † is the pseudo-
inverse of the matrixWWW , cond(QQQ) represents thel2-condition
number of the matrixQQQ andsqrt(.) is the square root func-
tion.

2. EFFICIENT DFT MODULATED FILTERBANK
RECONSTRUCTION STRUCTURE [7]

In [7], a new alternative discrete-time analysis model of the
recurrent nonuniform sampling scenario was presented. This
new alternative model was introduced in order to avoid the
phase jump in the Fundamental Interval (FI) of the aliased
signal that results after the down-sampling operation. This
alternative model structure was illustrated in Fig. 8 of [7].
This model was described by the analysis part of a uniform
DFT modulated filterbank from which the uniformly dis-
tributed and down-sampled frequency bands were mixed in
a specific manner. This new alternative model was used to
obtain an efficient DFT modulated filterbank structure for re-
constructing uniform samples of a signal from its recurrent
nonuniform samples. The down-sampler and the up-sampler
values of this structure are defined asK. Also, 1

T0
is the

Nyquist rate and the recurrence period,Ts = KT0. Each of the
K inputs to this structure is taken at1

K times the Nyquist rate.
This implies that the recurrent nonuniform samples are taken
at the Nyquist rate. Here, we consider the same structure
with recurrent nonuniform samples taken at a rate greater
than or equal to the Nyquist rate. Now, each recurrence pe-
riod (Ts) consists ofN nonuniform sampling points, where
N ≥ K. Thus, the recurrent nonuniform samples are consid-
ered here atNK times the Nyquist rate. The basicN nonuni-
form time instants in a recurrence period are{τpT0}

N−1
p=0 ,

where 0≤ τ0 < τ1 < · · · < τN−1 < K. The complete set of
recurrent nonuniform time instants forn ∈ (−∞,∞) is given
by

τpT0 +nTs, p = 0,1, . . . ,(N −1).

Let the normalized nonuniform time instant beti = τi
K , for

i = 0,1, . . . ,(N −1).

0≤ t0 < t1 < · · · < tN−1 < 1 . (1)

From [7], let X(e jθ ) represent the discrete-time Fourier
transform (DTFT) of the uniform samples of the original
continuous-time signalx(t). The output discrete-time
signals of the alternative discrete-time model in [7]

combinedly represent the recurrent nonuniform sam-
ples of x(t). Their frequency responses are given by
Y0(e jθ ), Y1(e jθ ), . . . ,and YN−1(e jθ ), i.e., {Yp(e jθ )}N−1

p=0 .

For p = 0,1, . . . ,(N − 1), define Ys,p(e jθ ) as
Ys,p(e jθ e j(K−1)π) = Yp(e jθ ). Let FFF be aK ×K DFT matrix
with elements(FFF)p,q = W pq

K , for p,q = 0,1, . . . ,(K − 1),
where the twiddle factorWK = e− j2π/K . The frequency shift

matrix is defined asSSS = diag{W
−K−1

2 ·0
K , . . . ,W

−K−1
2 ·(K−1)

K }.
Therefore, the shifted DFT matrix is represented by
FFFs = SSSFFF .

The matrix-vector equation describing the alternative
discrete-time model presented in [7], is given by

YYY s(e
jθ ) =

1
K
·∆∆∆(e jθ/K) ·WWW ·XXX(e jθ/K) , (2)

where XXX(e jθ/K) = [X(e jθ/K · W
K−1

2
K ), . . . ,X(e jθ/K ·

W
−K−1

2
K )]T , ∆∆∆(e jθ/K) = diag{e− jτ0θ/K , . . . ,e− jτN−1θ/K},

WWW is aN ×K nonuniform DFT matrix with entries(WWW )k,p =

W
(p−K−1

2 )τk
K , for k = 0,1, . . . ,(N −1) and p = 0,1, . . . ,(K −

1). Also, we haveYYY s(e
jθ ) = [Ys,0(e jθ ), . . . ,Ys,N−1(e jθ )]T .

The frequency responses of the outputs representing
the recurrent nonuniform samples are given by the fol-
lowing vector: YYY (e jθ ) = [Y0(e jθ ), . . . ,YN−1(e jθ )]T =

[Ys,0(e jθ · e j(K−1)π), . . . ,Ys,N−1(e jθ · e j(K−1)π)]T .
The description of the alternative discrete-time model

of the recurrent nonuniform sampling scenario in [7] con-
sists of a mixture of theK uniformly distributed down-

sampled frequency bands:X(e jθ/K · W
K−1

2
K ), X(e jθ/K ·

W
K−3

2
K ), . . . , X(e jθ/K ·W

−K−3
2

K ) andX(e jθ/K ·W
−K−1

2
K ). From

(2), the reconstruction equation can be presented as

1
K
·XXX(e jθ/K) = WWW † ·∆∆∆−1(e jθ/K) ·YYY s(e

jθ ) . (3)

Based on [7], the efficient DFT modulated filterbank recon-
struction structure for recurrent nonuniform samples taken at
N
K times the Nyquist rate is given in Figure 1.

3. A MODIFIED ROBUST AND EFFICIENT DFT
MODULATED FILTERBANK RECONSTRUCTION

STRUCTURE

We have,WWW † = (WWW HWWW )−1WWW H and the matrixWWW HWWW will
have a bounded condition number if a subset ofK sampling
instants (from the totalN sampling instants in a recurrence
period) are sufficiently separated. But, in practice, differ-
ent delays (nonuniform time instants) can almost be equal
to each other. In such cases,WWW † used in the reconstruction
structure in Figure 1 will have poor numerical stability. This
leads to inaccurate reconstruction of uniform samples of the
signal or results in a slow convergence of the output in Fig-
ure 1 towards the original signal uniform samples. One com-
mon technique to overcome this problem is to precondition
the nonuniform DFT matrixWWW , such that the resultant ma-
trix has an improved condition number. In this paper, we
preconditionWWW in a specific way (as described below) to ob-
tain a Toeplitz Hermitian matrix whose properties have been
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Figure 1: Efficient DFT modulated filterbank structure for reconstruction from recursive nonuniform samples taken atN
K times

the Nyquist rate (from [7])

discussed in [8]. From (2),

1
K
·WWW ·XXX(e jθ/K) = ∆∆∆−1(e jθ/K) ·YYY s(e

jθ ) .

Let the diagonal matrixGGG = diag{α0,α1, . . . ,αN−1}, where
{αp}

N−1
p=0 are positive adaptive weights defined in [8]. Multi-

plying the above equation byWWW HGGG on both sides, we obtain

1
K
·WWW HGGGWWW ·XXX(e jθ/K) = WWW HGGG ·∆∆∆−1(e jθ/K) ·YYY s(e

jθ ) .

The preconditioner used forWWW is (WWW HGGG)−1 and the resultant
matrix obtained after preconditioning isQQQ = WWW HGGGWWW . The
modified reconstruction equation is given by

1
K
·XXX(e jθ/K) = QQQ−1WWW HGGG ·∆∆∆−1(e jθ/K) ·YYY s(e

jθ ) . (4)

The preconditioned matrixQQQ is aK ×K Toeplitz Hermitian
matrix with elements,

(QQQ)k,q = (WWW HGGGWWW )k,q =
N−1

∑
p=0

αpW
−(k−q)τp
K

=⇒ (QQQ)k,q =
N−1

∑
p=0

αpe j
2π(k−q)τp

K =
N−1

∑
p=0

αpe j2π(k−q)tp , (5)

for k,q = 0,1, . . . ,(K − 1). The dimensions ofQQQ are inde-
pendent ofN (number of nonuniform sampling points per
recurrence period), which is not so in the case of theN ×K
matrixWWW . The adaptive weights [8] are defined as

αp =
tp+1− tp−1

2
, p = 0,1, . . . ,(N −1) , (6)

wheret−1 = tN−1 − 1 andtN = t0 + 1. This impliesτ−1 =
τN−1−K andτN = τ0 + K. We can observe that the matrix
QQQ is same as the transpose of the matrixTTT w defined in [8].
The factorsr and 2M defined in [8] correspond to the factors
N andK −1, respectively. SinceTTT w is a Hermitian matrix,
TTT w and TTT T

w will have the same eigenvalues and, therefore

the same condition number. This implies thatTTT w defined in
[8] andQQQ have the same condition number. In [8], an upper
bound for the condition number ofTTT w was obtained, when
the maximal gap is less than12M . We define a similar upper
bound for the condition number ofQQQ and the conditions un-
der which the bound exists. Forp = 0,1, . . . ,N, let maximal
gap beδ = maxp(tp − tp−1) andd = maxp(τp − τp−1).

δ =
d
K

(7)

Based on [8], the equivalent condition on the maximal gap is

δ <
1

K −1
=⇒ d <

K
K −1

(8)

0≤ τ0 < τ1 < · · · < τN−1 < K . (9)

Hence, (8) and (9) are the two conditions to be satisfied in
order to have a finite upper bound forcond(QQQ). From these
two assumptions, we obtain

cond(QQQ) ≤

(

1+δ (K −1)

1−δ (K −1)

)2

=⇒ cond(QQQ) ≤

(

1+ d
K (K −1)

1− d
K (K −1)

)2

(10)

As d moves closer to K
K−1, the upper bound forcond(QQQ)

goes towards infinity. Such sampling sets should be avoided
for obtaining a good performance. Ford = 1, we have
cond(QQQ)≤ (2K−1)2 and therefore,d ≤ 1 can be considered
to be a safe range for obtaining a good condition number.

SinceWWW is not a square matrix, we have to interpret
cond(WWW ) as sqrt(cond(WWW HWWW )). Hence cond(WWW ) has a
proper upper bound if a subset ofK nonuniform sampling
instants (from theN nonuniform sampling instants in a re-
currence period) are sufficiently separated. But, if any two
sampling instants in the subset ofK nonuniform sampling
instants are almost equal, thencond(WWW ) will have a poor up-
per bound and hence numerical stability ofWWW † will be poor.
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Figure 2: Modified robust and efficient DFT modulated filterbank realization of reconstruction of uniform samples from
recursive nonuniform samples

Whereas, the upper bound forcond(QQQ) is independent of the
clustering effects of the nonuniform time instants. Hence,
for sampling sets satisfying (8) and (9), the matrixQQQ will
have a good numerically stable inverse irrespective of the
shortest distance between the nonuniform time instants. This
does not mean thatcond(QQQ) is smaller thancond(WWW ) for
all sampling sets satisfying (8) and (9). But, utilizingQQQ−1

instead ofWWW † in Figure 1 guarantees better and improved
numerical stability for sampling sets satisfying (8) and (9),
which leads to accurate reconstruction. Also, matrixQQQ being
Toeplitz Hermitian, there are many fast direct and iterative
Toeplitz solvers for solving (4), some of which are presented
in [9, 10]. One efficient iterative method for solving (4) is
the Conjugate Gradient (CG) acceleration method briefly de-
scribed in Proposition 3 in [8]. A poor numerically stable
matrix will require much larger number of CG method itera-
tions when compared to a numerically stable matrix in order
to converge to an approximate inverse solution.

By implementing (4), we obtain a modified, robust and
efficient DFT modulated filterbank reconstruction structure
presented in Figure 2. Since there are many fast Toeplitz
solvers for inverting the Toeplitz Hermitian matrixQQQ, we can
say that our proposed reconstruction structure is more effi-
cient than the reconstruction structure proposed in [7]. Also,
since the matrixQQQ has a better numerically stable inverse
for sampling sets satisfying (8) and (9), we can say that our
proposed reconstruction structure is more robust than the re-
construction structure proposed in [7].

For sampling sets violating (8) and (9), the improved nu-
merical stability ofQQQ−1 cannot be guaranteed. This is a lim-
itation of the modified reconstruction structure presentedin
Figure 2. It should be noted that all the recurrent nonuni-
form samples are available simultaneously at the inputs of
the structure in Figure 2.

4. SIMULATION RESULTS

The continuous time signal considered isx(t) =
2sin(0.1πt) + sin(0.4πt) + 3sin(0.75πt). The sam-
pling interval isT0 = 1 s and 3600 uniform samples ofx(t)
have been considered. We assumeK = 18 andN = 24.
There are many ways to implement non-integer delays. We

have followed the same implementation scheme as given in
[7]. Resolution factor of fractional delay is1L = 1

20 = 0.05.
The length of the fractional delay FIR filters used isLp = 38
coefficients. The nonuniform time instants considered are [0,
0.05, 0.1, 0.2, 0.8, 1.2, 2, 3, 4, 5, 6, 7, 8, 8.9, 9.9, 10, 11, 12,
13, 14, 15, 16, 16.9, 17.9]. We can observe that the assumed
sampling set satisfies (8) and (9). We compare the original
reconstruction structure (Figure 1) output with our modified
robust reconstruction structure (Figure 2) output. The
parameter used for comparison is the Error-to-Signal-Ratio
(ESR) defined by

ESR =
∑(x(nT0)− x̂(nT0))

2

∑(x(nT0))2 ,

where ˆx(nT0) represents the reconstructed uniform samples.
For computingESR, we have used a fragment of length 2500
samples which only excludes few samples at both the ends,
i.e., from n = 501 to n = 3000. We use the CG iterative
method to compare theESR (in dB) of both the structures
with respect to the number of iterations. SinceWWW in the
original reconstruction structure is a rectangular matrix, CG
method is applied for inverting the square matrixWWW HWWW (size
K ×K). For the proposed modified reconstruction structure,
CG method is applied to invert theK ×K matrix QQQ.

From Table 1, we can observe that the modified recon-
struction structure proposed in this paper gives accurate out-
put using much lower number of iterations. This demon-
strates that our proposed reconstruction structure has a more
numerically stable inverse compared to the reconstruction
structure proposed in [7].

5. CONCLUSION

In this paper, we presented a robust and efficient structure for
reconstructing uniform samples of a signal from its recurrent
nonuniform samples. The structure presented has been ob-
tained by preconditioning the matrixWWW used in the recon-
struction structure discussed in [8]. Equations (8) and (9)
provide the necessary and sufficient conditions for the condi-
tion number of the preconditioned matrixQQQ to have a finite
upper bound. For nonuniform sampling sets satisfying (8)
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Table 1: Comparison of convergence rate of outputs of origi-
nal and modified reconstruction structures using CG method

Number of Error-to-Signal ratio (dB)

iterations Original structure Modified structure

1 -6.2876 -21.1847
2 -16.6271 -38.3623
3 -34.4162 -61.8226
4 -46.1789 -67.7101
5 -61.4257 -67.6265
6 -67.5299 -67.6239
7 -67.6184 -67.6233

and (9), the matrixQQQ of our modified reconstruction struc-
ture (Figure 2) has an improved numerically stable inverse
compared to the matrixWWW used in the original reconstruction
structure (Figure 1) given in [7]. However, a limitation of the
modified reconstruction structure is that the numerical stabil-
ity of QQQ−1 cannot be guaranteed for sampling sets violating
(8) and (9).
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ABSTRACT
Impulsive interference has been measured recently in some
wireless communication environments. By using measured
data of partial discharge, we show in this paper that the Mid-
dleton Class A model can approximate the impulsive noise
in an electricity substation better than the Gaussian noise.
The measured data was obtained from Hydro-Québec’s Re-
search Institute in cooperation with ETS (École de technolo-
gie suṕerieure of Montreal). We derive an extension of Mid-
dleton Class A model for multi-antenna systems. Using this
model with estimated parameters from measured data, we
evaluate the performance of two linear MIMO precoders
with two spectral efficiencies (4 bit/s/Hz and8 bit/s/Hz).
The max-dmin precoder optimizes the minimum Euclidean
distance of the received constellation and the max-SNR or
single beamforming maximizes the received SNR.

1. INTRODUCTION

Wireless communications systems may experience several
kinds of noise. In most of cases, e.g. thermal noise, it can be
represented by a Gaussian model. However, wireless com-
munications systems are seldom interfered by white Gaus-
sian noise alone. The human-made electromagnetic (EM)
environment, and much of the natural one, is basically im-
pulsive and it can not be assumed to be Gaussian. The im-
pulsive noise has a highly structured form characterized by
significant probabilities of large interference levels andshort
duration [1]. The impulsive noise or electromagnetic inter-
ference (EMI) can be found in many indoor and outdoor
environments [2]. The electricity substation and electrical
transmission networks are a typical example of such impul-
sive environment, where the partial discharge (PD) and the
corona effect are major sources of impulsive noise. Deploy-
ment of wireless communications (sensor network for exam-
ple) in electricity substation for monitoring and control ap-
plications offers significant benefits over wired communica-
tions [3, 4]. Since wireless networks do not use expensive
signal and control cables for data transmission, they are eas-
ier to install and use, and provide a cost-effective solutions
for these applications. However, the impulsive character of
the interference can drastically degrade the performance and
the reliability of wireless communications systems even in
case of high signal to noise ratios (SNR). In order to guard
against unacceptable performance, the true characteristics of
the noise must be taken into account. To do so, one needs an
accurate model for the impulsive noise.

Statistical-physical models of EMI have been derived by

Middleton with three models (class A, B and C) including
the non-Gaussian components of natural and human-made
noise [5]. The models are parametric with parameters ex-
plicitly determined by the underlying physical mechanisms,
and are canonical i.e. their mathematical form is indepen-
dent of the physical environment. The distinction between
the three models is based on the relative bandwidth of noise
and receiver. Middleton models have been shown to accu-
rately model the non-linear phenomenon governing electro-
magnetic interference. These models have been widely used
in electromagnetic applications and communication prob-
lems [1, 6, 7]. In [7], for example, it was demonstrated that
radio frequency interference (RFI) in a computation platform
(e.g. laptop computer) is well modeled using the Middleton
Class A model. In this paper, our goal is to validate this sta-
tistical model for an electricity substation by using measured
data and show its impact in (2×2), (2×4) and (4×4) MIMO
systems.

This paper is organized as follows: section 2 introduces
a brief overview of the Middleton Class A model. Section 3
focuses on the validation of the Middleton Class A model
with measured data of partial discharge. The MIMO system
based on max-dmin solution and the extension of Middleton
Class A model for multi-antenna systems are presented in
section 4. Performances in terms of bit error rate (BER) are
presented in section 5.

2. MIDDLETON CLASS A MODEL

Middleton Class A model refers to Narrowband Noise where
interference spectrum is narrower than the receiver band-
width. In this model, the received interference is assumed
to be a process having two components [1, 5]:

X(t) = XP(t)+XG(t) (1)

whereXP(t) andXG(t) are independent processes. They rep-
resent the non-Gaussian (impulsive) and Gaussian compo-
nents respectively. The probability density function (PDF)
of X(t) is given in [1]:

fP+G(x) = e−A
∞

∑
m=0

Am

m!
√

2πσ2
m

e
−x2

2σ2
m with σ2

m =
m
A +Γ
1+Γ

(2)

Note that f is a weighted sum of zero-mean Gaussians with
increasing variance.A andΓ are the basic parameters of the
model. Let us consider their definitions and physical signifi-
cance:
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1) A is the Overlap Index or Nonstructure Index.

A = vTs (3)

wherev is the average number of emission events imping-
ing on the receiver per second andTs is the mean dura-
tion of a typical interfering source emission. The smallerA
is, the fewer the number of emission (events) and/or their
durations. Therefore, the (instantaneous) noise properties
are dominated by the waveform characteristics of individual
events. AsA is made larger, the noise becomes less struc-
tured, i.e., the statistics of the instantaneous amplitudeap-
proach the Gaussian distribution (according to central limit
theory [5]). Hence,A is a measure of the non-Gaussian na-
ture of the noise input to the receiver.
2) Γ is called the Gaussian factor. It is the ratio of powers in
the Gaussian and non-Gaussian components

Γ =
(XG)

(XP)
(4)

In general,A∈ [10−4,1] andΓ ∈ [10−6,1] [8]. By adjusting
the parametersA andΓ, the density in (2) can be made to fit
a great variety of non-Gaussian noise densities.

3. VALIDATION OF MIDDLETON CLASS A
MODEL FOR PARTIAL DISCHARGE

This work has been done in scientific collaboration between
XLIM-SIC laboratory, Hydro-Qúebec’s Research Institute
and ETS as part of project for wireless sensor communica-
tion in disturbed environments. The electricity substation
is an example of such environment where the partial dis-
charge (PD) is a major source of impulsive noise. The PD
is a result of incomplete electrical breakdown in insulating
dielectrics resulting in an impulsive and component of cur-
rent. Hence, three specimens have been used in a laboratory
of ETS in order to reproduce the PD and measure the impul-
sive noise. Therefore, they have provided us with three mea-
sured datasets. We validated the Middleton Class A model
with the measured noise by the following procedure of Fig-
ure 1. From the measured noise, we used the method of mo-
ments [9] to estimate the parametersA andΓ of Middleton
Class A model:

Aest =
9(e4−2e2

2)
3

2(e6 +12e3
2−9e2e4)2

(5)

Γest =
2e2(e6 +12e3

2−9e2e4)

3(e4−2e2
2)

3
(6)

wheree2, e4 ande6 are the second, the fourth and the sixth
order moments of the envelope data respectively. These es-
timated parameters will then be used to generate the noise.

Measured noise

Estimation of A and Γ

Simulated noise

Comparison

PDF, CCDF

PDF, CCDF

Middleton Class A

Figure 1: Procedure of validation of Middleton Class A model

In the procedure for validation, three statistical methodsare
used to compare measured and simulated noises:
1) The probability density function (PDF) is estimated from
measured data by using kernel density estimators [10]. A set
of 105 noise samples were used in estimation.
2) The complementary cumulative distribution function
(CCDF) gives the probability that the random variable is
above a particular level and is defined as:

CCDF(x) = P(x > a) =
∫ ∞

x
PDF(x)dx= 1−CDF(x) (7)

where CDF is the cumulative distribution function.
3) The Kullback-Leibler divergence (K-L) measures the dis-
similarity between two probability distributionsP and Q,
where (K-L)= 0 indicates thatP = Q [11].
Figures 2 and 3 show both PDF and CCDF for two measured
noises. Table 1 presents The K-L divergences of measured
noise and the two models of noise. These results show that
the measured impulsive noise is better modeled by the Mid-
dleton Class A model as compared to Gaussian noise. Hence,
we can use the Middleton Class A as an approximated model
for impulsive noise in electricity substation. Therefore,we
evaluate the performance of wireless communication in such
environment by using the estimated parameters.
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Figure 2: Measured Noise-1 PDF and CCDF, estimated parame-
ters:Aest = 0.0280,Γest = 0.3978

Measured noise-1 Measured noise-2
Class A 0.04 0.02
Gaussian 0.3 0.27

Table 1: K-L divergences
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Figure 3: Measured Noise-2 PDF and CCDF, estimated parame-
ters:Aest = 0.3575,Γest = 0.1194

4. MIMO SYSTEM AND NOISE MODEL FOR
MULTI-ANTENNA SYSTEMS

Our research focuses on the wireless sensor communication
in disturbed environments. Recently, there has been a great
amount of research on various MIMO techniques for wire-
less communication systems, more particularly cooperative
MIMO and virtual antenna array concepts have been pro-
posed to achieve MIMO capability in sensor networks [12].
In [12] the results showed that in some cases, cooperative
MIMO based sensor networks may lead to better energy op-
timization and smaller end-to-end delay. Therefore, we con-
sider a MIMO system to evaluate the impact of the impulsive
noise. The MIMO system is based on a linear precoder with
the assumption that the channel state information (CSI) is
available at both transmit and receive side. The use of CSI
allows designing linear precoders by optimizing a pertinent
criteria such as maximizing the received Signal-to-Noise Ra-
tio (max-SNR or beamforming), minimizing the mean square
error (MMSE), maximizing the capacity (Water-Filling solu-
tion) [13] or the maximization of the minimum Euclidean
distance of received constellation (max-dmin solution) [14].
The max-dmin precoder achieves good performances in terms
of BER providing a significant gain of SNR compared to
other precoders [15] and it will be used in our MIMO sys-
tem.

4.1 Linear precoder and max-dmin solution

Let us consider a MIMO system withnt transmit andnr re-
ceive antennas over which we want to achieveb independent
data streams (b≤ min(nt ,nr)). The received signal can then
be expressed as:

y = GHFs+Gv (8)

wherey is theb×1 received vector,s is theb×1 symbols
vector of the constellationC, v is an additive noise vector of
sizenr ×1,H is the channel matrix,F andG are the precoder
and decoder matrices, respectively. In our case, the additive
noise is the Middleton Class A model. The CSI permits the
precoder to diagonalize the channel:

y = GDHvFDs+GDvv (9)

whereHv = GvHFv = diag(σ1, . . . ,σb) is the virtual chan-
nel matrix of sizeb×b, σi stands for every subchannel gain
(sorted by decreasing order),vv = Gvv is the virtual noise,
FD andGD areb×b matrices, representing the precoder and
decoder in the virtual channel. The power constraint is ex-
pressed as trace{FF∗}= trace{FDF∗

D}= po wherepo is the
mean available transmit power. As only a maximum Likeli-
hood (ML) detection is considered in the rest of the paper, the
decoder matrixGD has no impact on the performance and is
consequently assumed to beGD = Ib, with Ib the identity
matrix of sizeb×b. The minimum Euclidean distance be-
tween signal points at the receiver sidedmin is defined by :

dmin(Fd) = min
(sk,sl )∈Cb,sk 6=sl

‖HvFd(sk− sl )‖ (10)

wheresk andsl are 2 symbols vector whose entries are ele-
ments ofC. Then, the max-dmin precoder is the solution of:

FD = argmax
Fd

dmin(Fd) (11)

A very exploitable solution of (11) is given in [14] for two
independent data streams,b= 2 and a 4-QAM with a spectral
efficiency of 4bit/s/Hz. Recently, the solution with two 16-
QAM symbols was also given [16]. This extension permits
to increase the spectral efficiency to 8bit/s/Hz.

4.2 Extension of Middleton Class A model

Middleton Class A model was derived for single antenna sys-
tems. For a two-antenna system, we considered a bivariate
Middleton Class A model used in [7]. This model is limited
to nr = 2 antennas. Thus, we derive an extension fornr ≥ 2.
We can write (2) as

f (x) =
∞

∑
m=0

amg(x,µ ,σ2
m) (12)

wheream = e−AAm

m! , µ = 0 andg(x,σ2
m) = 1√

2πσ2
m

e
−x2

2σ2
m . The

density of Middleton Class A can be approximated by the
two-term model (m= 0,1) [8]

f (x) = e−Ag(x,σ2
0 )+(1−e−A)g(x,σ2

1 ) (13)

Let x = [x1,x2,x3, . . . ,xk] be a vector ofk = nr random vari-
ables, each variable has a Middleton Class A density function
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Figure 4: BER of max-dmin 2 symbols 4-QAM, 2× 2 MIMO,
(4 bit/s/Hz)

andxk is the noise observation at thekth antenna. Then, the
multivariate density ofx can be written as [8]

fx(x) =
∞

∑
m=0

amg(x,Km) (14)

wheream is as in (12),K is the covariance matrix which rep-
resents the spatial correlation in the noise andg is a multi-
variate Gaussian function

gx(x) =
1

(2π)
nr
2 |K| 1

2

e
−xT K−1x

2 (15)

where|.| denotes the determinant. From (14) and (15) we
obtain

fx(x) =
∞

∑
m=0

am

(2π)
nr
2 |Km|

1
2

e
−xT K−1

m x
2 (16)

Equation (16) represents a general extension of Middleton
Class A model for multi-antenna systems. We can use the
approximation as in (13) for (m= 0,1). Then, we obtain an
approximate version of the extension

fx(x)=
e−A

(2π)
nr
2 |K0|

1
2

e
−xT K−1

0 x
2 +

1−e−A

(2π)
nr
2 |K1|

1
2

e
−xT K−1

1 x
2 (17)

whereKm is nr ×nr covariance matrix and is defined as

Km =





Var(x1)m . . . Cov(x1,xk)m
...

. ..
...

Cov(xk,x1)m . . . Var(xk)m



 (18)

where







Var(xk)m =
m
A +Γk
1+Γk

= σ2
km

Cov(xi ,x j)m = ρi j σimσ jm

.

Γk is the Gaussian factor at thekth antenna andρi j is the cor-
relation coefficient between the noise observations ati and j
antennas,−1≤ ρ ≤ 1. Finally, we can writeKm as

Km =







σ2
1m . . . ρ1kσ1mσkm
...

. ..
...

ρk1σkmσ1m . . . σ2
km






(19)
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Figure 5: BER of max-dmin 2 symbols 4-QAM, 2× 2 and 2× 4
MIMO, (4 bit/s/Hz), (Middleton-1:Aest = 0.0280,Γest = 0.3978),
(Middleton-2:Aest = 0.3575,Γest = 0.1194)

5. SIMULATION RESULTS

The performance of MIMO precoders presented in section 4
are evaluated in terms of BER in presence of impulsive noise.
The parametersA andΓ estimated in section 3 were used to
generate the corresponding noise. For the noise model in
multi-antenna system, we considered a simple case (Γest =
Γ1 = Γ2 = ... = Γnr andρi j = ρ ji = 0) to calculate the co-
variance matrix. The max-dmin precoder uses two symbols
with QAM modulation, and an ML detection. The Middleton
Class A model is defined for only real sample observation.
For complex signals (QAM modulation), we assume that the
real and the imaginary parts of the signal are independent
and identically distributed (i.i.d). We considered a traditional
ML receiver, i.e., an ML receiver designed for Gaussian dis-
tributed noise. A flat Rayleigh-fading channel was used, i.e.,
H is an (nr ×nt) channel matrix with independent and identi-
cal distributed complex Gaussian entries with mean zero and
unit variance. We simulated the max-dmin precoder in several
cases: with 4-QAM or 16-QAM,(2×2), (2×4) or (4×4)
MIMO systems.

Figure 4 shows a degradation of BER of the max-dmin
precoder (2×2 MIMO) in the presence of impulsive noise.
The energy of the Middleton Class A model is a sum of two
components of noise (Gaussian and impulsive). At low SNR,
the BER is sensitive to the Gaussian component of the Mid-
dleton Class A noise, which has lower energy than a classical
Gaussian noise. Hence, BER of Middleton Class A is better
compared to classical Gaussian noise at low SNR. At high
SNR, the MIMO system becomes sensitive to the impulsive
component and this degrades the performance of the wireless
systems in EMI (SNR loss can reach 5dB).Middleton-1and
Middleton-2denote the estimated noises for (Aest = 0.0280,
Γest = 0.3978) and (Aest = 0.3575, Γest = 0.1194) respec-
tively. When the value ofAest increases, the Gaussian com-
ponent increases and the BER ofMiddleton-2is close to the
Gaussian case. Moreover, Figure 5 shows the influence of the
number of receive antennas. When we increasednr from 2 to
4, the BER is improved with a SNR gain near 4 dB. We can
also observe that the impulsive noise influence the diversity
order. Indeed, the max-dmin precoder achieves the maximum
diversity ordernt ×nr in the Gaussian case. In the Middleton
case, the diversity is lower.

For 2×2 MIMO system and a perfect or imperfect CSI,
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0.1194)

we showed in [17] that the max-dmin 16-QAM precoder
achieved a better BER than the max-SNR (256-QAM) one
with a spectral efficiency of 8bit/s/Hzand a Gaussian noise.
This performance of max-dmin 16-QAM is also similar for
4×4 MIMO and Gaussian noise. Hence, we evaluated the
performance of these precoders with 4×4 MIMO system and
the impulsive noise model in Subsection 4.2 . Figure 6 shows
that the max-dmin 16-QAM is still the best. However, in the
case ofMiddleton-1, i.e. with an impulsive component, be-
haviors of precoders are different. The max-dmin has a sig-
nificant SNR gain on the max-SNR except when the SNR is
about 15 dB. The two precoders are then close. It means that
the max-dmin is more sensitive to the transition of the impul-
sive noise with a particular SNR.

6. CONCLUSION

In this paper, we used a Middleton Class A model in order
to model the noise of an electricity substation. We validated
this model with measured data of different sort of partial dis-
charge and the estimated paramaters can be used to evaluate
BER of MIMO systems. A simple extension of the model
was derived for multi-antenna systems in order to evaluate
the performance of linear precoders for MIMO systems in
presence of impulsive noise. The results showed that with
a high SNR (which is desirable in communication systems),
the performance of the linear precoder was degraded in the
presence of impulse noise compared to a Gaussian case. Fu-
ture research tracks might concern the following: 1) the op-
timization of the max-dmin precoder for the impulsive noise
model and 2) the validation of the multi-antenna extension
with measured data.
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ABSTRACT
The paper discusses the problem of processing short-time
pulse sequences. Since the spectrum of such signals occu-
pies wide range, it is difficult to sample them at the Nyquist
rate. Instead, the approach used for processing signals with
finite rate of innovations is employed – sequence of pulses is
filtered with low-pass or band-pass filter before sampling. A
waveform reconstructionmethod is proposed, which is based
on spectrum extrapolation in an iterative way. Due to spec-
tral function of sequence of pulses is correlated, it is pos-
sible to recover sequences, which combine arbitrary-shaped
pulses. In simulations three shapes of Gaussian based pulses
are used as an example. Results demonstrate reconstruction
of sequences of pulses from its low-pass and band-pass ap-
proximations. An application of the results can be used in
ultra wideband impulse radio systems.

1. INTRODUCTION

Information in ultra wideband impulse radio (UWB-IR) sys-
tems is transmitted by generating extremely short pulses with
durations less than 1 ns and thus occupying large bandwidth
in frequency domain. Digital data to the analog pulses is
added by means of modulation. Two possible types are pulse
position and pulse shape modulations, where time instants
and waveforms of pulses carry the information [1].

Different types of pulses like Gaussian pulse and its
derivatives which form monocycle, doublet etc., Hermite
pulses and others can be used in UWB-IR systems. The ac-
tual shape of pulses is usually driven by system and antenna
designs. There can be different situations at the receiver - all
pulses are with the same shape or multiple pulse types are
used [2].

As UWB pulses are extremely short, it is difficult to pro-
vide the sampling rate determined by the bandwidth of trans-
mitted signal to decode the received signal. In [3, 4] it is
shown that it is possible to recover a non-bandlimited signal
that has a finite rate of innovation from uniform samples of
its low-pass approximation. The rate of innovation (number
of degrees of freedom per unit time) can be viewed as the
number of parameters per unit time required to model the
signal. The reconstruction is based on the use of an annihi-
lating filter, and the samples have to be taken at rate above
the rate of innovation.

An example of a signal with finite rate of innovation is a
stream of K weighted Diracs. The signal is fully specified by
amplitudes and locations of the Diracs and thus the number
of degrees of freedom is 2K. Also an UWB-IR signal con-
sisting of a stream ofK pulses of fixed type can be considered

as a signal with finite rate of innovation, because it can be as-
sumed as a stream of Diracs convolved with the pulse shape.
If all pulses have the same shape and duration, the number of
degrees of freedom is still 2K. In this case the sequence of
pulses can be recovered by annihilating filter method if spec-
trum of the pulses is known [4]. The spectrum of the signal
equals the product of the spectrum of stream of Diracs and
the spectrum of the pulse shape, wherewith the reconstruc-
tion task reduces to finding the positions and amplitudes of
Diracs. If the pulses have different shapes and durations, the
number of degrees of freedom increases because, along with
amplitudes and locations, the type to which each pulse be-
longs must also be specified. In this case the spectrum of the
pulse sequence equals the sum of different products and the
solution for reconstruction can not be obtained by annihilat-
ing filter method.

In this paper, an alternative method is proposed, ca-
pable of recovering the waveform of the UWB-IR signal
from its low-pass or band-pass approximation even if the se-
quence consists of arbitrary shaped pulses. The reconstruc-
tion is based on spectrum extrapolation using signal depen-
dent transformation kernel [5].

2. PROPERTIES OF DIFFERENT TYPES OF
PULSES

In ultra-wideband impulse radio systems, a sequence of
pulses is employed, where each pulse represents one infor-
mation symbol. Each transmitted pulse occupies defined
time interval called a ”frame”. Often, a single type of nar-
row pulse is used in all frames. In multi-user environment
different types of pulses can be used in different frames by
different users. Three of the most often used types of shapes
are unilateral (bell-shaped), monocycle and doublet pulses.
In the paper the Gaussian function based pulses will be em-
ployed as an example, because it is widely used model for
UWB-IR transmitting circuits. However, the method pro-
posed in Section 3 can reconstruct sequences of any arbitrary
shape pulses.

Monocycle and doublet pulses are obtained as the first
and the second derivatives of a Gaussian pulse. In this section
temporal and spectral properties of these types of pulses are
discussed.

2.1 Time-domain properties

AGaussian pulse, monocycle and doublet are written respec-
tively as

g1(t) = A1e
−(t/a)2 , (1)
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g2(t) = A2
−2t

a2
e−(t/a)2 , (2)

g3(t) = A3
−2

a2
(1− 2t2

a2
)e−(t/a)2 , (3)

where a is the time-scaling factor, and A1, A2 and A3 are
constants. A Gaussian monocycle has a single zero crossing,
while a doublet has two zero crossings. Further derivatives
yield additional zero crossings, one additional zero crossing
for each additional derivative. If the value of a is fixed, by
taking an additional derivative, the fractional bandwidth de-
creases, while the central frequency increases [1].

Fig. 1a shows the waveforms of all three pulses. The
time-scaling factor a = 0.1 ns is assumed, which complies
with practical considerations and facilitates comparisons.
The constants A1, A2, and A3 are chosen to ensure the en-
ergy of pulses is equal.

The total duration of the Gaussian pulse can be estimated
as six times its standard deviation, as this interval includes
about 99.7 percent of the energy. In our case this parameter
is about 425 ps.

2.2 Frequency-domain properties

The spectral representation of g1(t) can be obtained by taking
the Fourier transforms of (1)

G1( f ) = A1a
√

πe−(πa f )2 (4)

Since g2(t) and g3(t) are proportional to the first and sec-
ond derivatives of g1(t), the Fourier transforms of g2(t)
and g3(t) are the Fourier transforms of g1(t) multiplied by

(A2/A1)( j2π f ) and (A3/A1)( j2π f )2, respectively.

G2( f ) = A2a
√

π j2π f e−(πa f )2 (5)

G3( f ) = A3a
√

π( j2π f )2e−(πa f )2 (6)

Fig. 1b shows the pulses in frequency domain. Total band-
width of pulses is around 8 GHz and increases with the order
of the derivative.

Often for the characterization of the spectrum of pulses
the effective bandwidth is used. It is defined as

W = fh− fl, (7)

where fl and fh are the frequencies measured at points with
half of the maximum amplitude. For Gaussian pulse, mono-
cycle and doublet the values areW1 = 2.65 GHz,W2 = 3.61
GHz andW3 = 3.68 GHz respectively.

In addition the autocorrelation of the spectrum function
G(ν) is investigated, defined as (8)

R( f ) =

∫

∞

−∞

G(ν)G∗(ν − f )dν, (8)

whereG∗(ν) is the complex conjugate ofG(ν). Applying (8)
to G1( f ), G2( f ) and G3( f ), autocorrelations R1( f ), R2( f )
and R3( f ) are found:

R1( f ) = A2
1a

√

π/2e−
1
2 (πa f )2 (9)

R2( f ) = A2
2

1

a

√

π/2(1− (πa f )2)e−
1
2 (πa f )2 (10)
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Figure 1: A Gaussian pulse (solid line), monocycle (dashed
line) and doublet (dash-dotted line) in time domain (a), in
frequency domain (b) and spectrum autocorrelation functions
(c).

R3( f ) = A2
3aπ

4
√
2π(

f 4

2
− f 2

a2π
2

+
3

2a4π
4
)e−

1
2 (πa f )2 (11)

Fig. 1c shows appearance of the spectrum autocorrelation
even up to about 10 GHz. Thereby, it can be considered that
the spectrum of the pulses is quite well extrapolatable. In
the next section, the extrapolation method is proposed to re-
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Figure 2: Original sequence of 5 uniformly spaced pulses
with different shapes (a), lowpass approximation of it with
signal samples (bold dots) (b) and the reconstructed wave-
form (solid line) of the pulse sequence (dotted line) (c).

cover whole spectrum of the pulse sequence from its limited
region, which can be estimated using output of low-pass or
band-pass filter.

3. SPECTRUM EXTRAPOLATION APPROACH

The method used for processing band unlimited signals with
finite rate of innovations employs bandwidth restriction of
filtering before sampling. The bandwidth of the original sig-
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Figure 3: Original sequence of 5 non-uniformly spaced
pulses with different shapes (a), lowpass approximation of
it with signal samples (bold dots) (b) and the reconstructed
waveform (solid line) of the pulse sequence (dotted line) (c).

nal is thus decreased and the samples are taken at lower sam-
pling rate. To reconstruct the signal it is necessary to recover
the whole bandwidth in the frequency domain. It can be
achieved by spectrum extrapolation provided that the spec-
trum autocorrelation decays slowly. Following from previous
section it holds true for sequences of narrow pulses.

Let us have an UWB signal x(t) consisting of stream of
different pulses. The length of the shortest pulse is τp. Now,
if the signal is sampled at rate 5/τp providing N samples
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x = [x(0),x(1), . . . ,x(N−1)], then each pulse is represented
by at least 5 samples. The discrete Fourier transform (DFT)
of x allows to obtain spectrum coefficients

X(1×N) : X(k) = xWk, (12)

where Wk =
[

e− j2π
0k
N ,e− j2π

1k
N , . . . ,e− j2π

(N−1)k
N

]T

, and k =

0,1, . . . ,N − 1. To find the original signal samples, the in-
verse DFT of X is taken.

After ideal filtering, only M < N spectrum coefficients
XM = [X(r),X(r+1), . . . ,X(r+M−1)] of the signal re-
main, while the rest N −M coefficients become zero. In
lowpass filtering case r = 0. Recovering of the whole set
of the spectrum coefficients from XM is based on Capon or
minimum variance (MV) filter approach, which requires the
knowledge of spectrum autocorrelation matrix [6]. In gen-
eral, when signal consists of stream of different pulses, the
spectrum autocorrelation is not known in advance and thus it
is estimated in an iterative way [7, 8]. The algorithm is:

Ri(M×M) : R(m, l) = P̂i−1W
l−m, (13)

x̂i(1×N) : x̂i(n) =
XMR

−1
i W−n

M

(Wn
M)TR−1

i W−n
M

, (14)

P̂i(1×N) : P̂i(n) = |x̂i(n)|2, (15)

where the elements of autocorrelation matrix Ri are cal-
culated from the signal power P̂i−1, x̂i is the recovered
signal (output of the MV filter) after iteration i, Wn

M =
[

e− j2π
rn
N ,e− j2π

(r+1)n
N , . . . ,e− j2π

(r+M−1)n
N

]T

, and i = 1,2,3, . . .

are iteration numbers. The estimator x̂i(n) is considered as

found and the iteration as completed when the power P̂i(n)
does not alter from iteration to iteration or the changes are
small by comparison with a selected criterion. The initial
conditions in the absence of a priori information are deter-
mined from the inverse DFT signal estimator

P̂0(n) = | 1
M
XMW

−n
M |2 (16)

Extrapolation X̂i ofXM is provided by taking DFT (12) of x̂i.

4. SIMULATION RESULTS

Consider a signal consisting of 2 Gaussian pulses, 2 Gaus-
sian monocycles and 1 Gaussian doublet. The time-scaling
factors for the second, third and fifth pulses are 0.1 ns, while
for the first and fourth pulses it is 0.2 ns. The amplitudes
are chosen to ensure the energy of all pulses is equal. In
Fig. 2a pulses are placed equidistantly, while in Fig. 3a – non-
equidistantly. The signal is ideally lowpass filtered removing
frequencies higher than 1 GHz. The filtered signal (Fig. 2b
and Fig. 3b) is sampled at rate 2 GHz to obtain processing
data. Given 41 sampling values, the spectrum XM of length
M = 21 is found. By putting XM in algorithm (13), (14) and
(15) 151 spectrum coefficients up to frequency 7.5 GHz are
estimated providing N = 301 sampling values x̂i (sampling
rate 15 Ghz) of the recovered signal. The results after 15 it-
erations are shown in Fig. 2c and Fig. 3c. Time locations of
reconstructed pulses exactly correspond to the original sig-
nal, the amplitudes and lengths are reconstructed with some
distortions.
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Figure 4: The bandpass filtered signal with frequencies no
lower than 1 GHz and no higher than 2 GHz (a), the estima-
tion (solid line) of the original signal (dotted line) (b), and
PSD of the original signal (solid line), bandpass filtered sig-
nal (bold solid line) and after iterative extrapolation of spec-
trum coefficients (c).

The distortion in length becomes larger if pulses are
placed closer, while the amplitude of the recovered doublet is
decreased since only small part of the pulse energy remains
after filtering. Therefore, it is reasonable to use the bandpass
filter instead of lowpass filtering. The passband of the filter
provides the same amount of spectrum coefficients XM , but
they are placed in the frequency band where the signal en-
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ergy is higher. The simulation results of this case are shown
in Fig. 4. The signal with non-uniformly spaced pulses is
ideally bandpass filtered removing frequencies lower than 1
GHz and higher than 2 GHz. The filtered signal (Fig. 4a) is
sampled at rate 4 GHz providing 81 samples that are used
to obtain M = 21 spectrum coefficients XM in the frequency
range from 1 to 2 GHz. To extrapolate spectrum, the coef-
ficients are put in (13), (14) and (15) and N = 301 values
of the recovered signal are calculated. Obtained results are
shown in Fig. 4b and c. The power spectral densities (PSD)
of the original and bandpass filtered signals are represented
by a solid and a bold-solid lines, respectively, while the ex-
trapolated PSD function is shown as a dotted line.

Reliability of spectrum extrapolation from given spec-
trum coefficients XM can be estimated using the reliability
function [9]. The simplified form of the function [5] is

q( f ) = s( f )TS−1s( f ), (17)

where s( f ) = s( f − fm), Smn = s( fm− fn), m,n= 0,1, . . . ,M,
and s( f ) is the constructing function. In our case it is desired
that s( f ) has to be like spectrum autocorrelation function
R( f ). In Fig. 5 q( f ) is estimated if spectrum coefficients XM

in the frequency range from 1 to 2 GHz are provided. The
grey solid line corresponds to case when s( f ) is estimated
from spectrum coefficients of the bandpass filtered signal,
while the black solid line – after iterative update of autocor-
relation matrix. As it follows the update process improves
the reliability of spectrum extrapolation.

5. CONCLUSIONS

The method for recovering UWB-IR signals consisting of
arbitrary-shaped pulses is proposed. The reconstruction uses
uniform samples of low-pass or bandpass filtered signal to
obtain spectrum coefficients, which are further extrapolated
using iterative update of spectrum autocorrelation function.
If pulse sequence contains unilateral and bilateral pulses,
passband of filter has to be selected taking into account sev-
eral considerations. Output of the lowpass filter can be sam-
pled with lower sampling rate, however, pulses with spec-
trum maximum in higher frequency region are more sup-
pressed and thus they are harder to recover. Instead, band-
pass filtering can be used for better reconstruction, though
it requires higher sampling rate. It can be decreased by the
use of an analog or digital down-converting technique which
increases complexity or restricts flexibility of filter bounds.
An alternative can be based on non-uniform sampling with
decreased density. Frequency aliasing is suppressed due to
non-uniformity, and if samples come from a sufficiently fre-
quent uniform grid, the complexity of proposed algorithm
does not increase. This can be a topic for further research.

The reliability of reconstructed waveform depends on ca-
pability to extrapolate the spectrum. The paper discussed
this property for particular pulse types. If sequence contains
multiple types, the autocorrelation of spectrum decays faster
limiting the frequency up to which it is reasonable to extrap-
olate. For the cases used in simulations, this frequency has
been chosen 7.5 GHz. Such a limitation causes distortions
in reconstructed pulses, especially in lengths of the pulses,
because band of the original signal spectrum is unlimited.

As UWB is low-power communication it can be effi-
ciently used in wireless sensor networks where data is ob-
tained by event driven sampling techniques such as, for ex-
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Figure 5: Reliability of spectrum extrapolation.

ample, level-crossing sampling. In this case, instants of the
events occurrences can be coded by the pulse position on the
time axis, while type of the events (for example, upward or
downward crossing) can be coded by shape of the pulse.
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ABSTRACT
In this paper, pilot design for channel estimation in multi-
ple input multiple output orthogonal frequency division mul-
tiplexing (MIMO-OFDM) systems with null subcarriers is
considered, where the mean square error (MSE) is chosen as
our optimization criterion. We design the placement of pilot
symbols and their powers for multiple transmit antennas to
minimize the MSE of the least square (LS) channel estimates.
To reduce the interference of pilot symbols from other trans-
mit antennas, an algorithm that ensures that the pilot symbols
are disjoint from the ones of any other antenna is proposed.
Simulation results based on IEEE 802.16e are presented to
illustrate the superior performance of our proposed method
over the existing standard and the partially equi-spaced pilot
symbols.

1. INTRODUCTION

Robustness of OFDM systems in multipath environments
together with the significant information capacity gain as
well as improved BER performance of MIMO systems, high-
light the substantial potential of MIMO-OFDM systems.
However, in comparison to a single antenna system with only
one channel to be estimated, a MIMO system withNt trans-
mit andNr receive antennas necessitatesNt ×Nr channels to
be estimated. This increased number of channels to be es-
timated may reduce the higher data rate of a MIMO system
if pilot subcarriers are not well optimized [1]. Therefore,
the placement and power distribution to pilot symbols to ef-
ficiently track the channel variation both in time and/or fre-
quency domains is crucial as the designed pilot symbols has
impact on the channel estimation performance and the BER
performance of the system.

In the literature, training signal design for channel es-
timation have been predominantly developed for single in-
put single output (SISO)-OFDM systems [2–6], and the ref-
erence therein. Optimal pilot symbols for OFDM systems
in the absence of null edges subcarriers are considered in
[2–5] where equi-distant and equi-powered pilot symbols
were found to be optimal with respect to several performance
measures.

In [7], a novel method for optimal preamble and pilot
symbols design for SISO-OFDM systems with null subcarri-
ers is considered in a frequency-selective block-fading chan-
nel estimation. Both pilot power and placement were ob-
tained by minimizing the MSE of channel estimate with con-
vex optimization methods. The same problem is addressed
in [6] where the placement of training signals is obtained by
parametric optimization, while the pilot power is obtainedby
minimizing the infinite norm of the channel MSE with con-
vex optimization. However, in [7] it has been reported that,

formulation of the convex optimization problem in [6] uses
some approximation in the objective function which may not
accurately represent the infinity norm of the channel MSE.
Furthermore, the accuracy of cubic function based optimiza-
tions in [6] depends on many parameters to be selected for
every channel/subcarriers configuration, which complicate
the design especially when the method is to be adopted in
MIMO-OFDM system that requires pilot set of every trans-
mit antenna to be disjoint from the ones of any other antenna.

A number of pilot design methods for MIMO-OFDM
systems have been studied, e.g. in [8–13]. In [9], equi-
powered pilot symbols are studied for channel estimation in
multiple antenna OFDM system with null subcarriers. But
they are not always optimal even for point-to-point OFDM
system. Pilot sequences designed to reduce the channel MSE
in multiple antenna OFDM system are also reported in [10]
but they are not necessarily optimal. In [11], partially equi-
spaced pilot symbols (PEP) for MIMO-OFDM with null
edge subcarriers is proposed, however the pilot placements
are not unique and may not result into good pilot set for some
channel/subcarriers configurations.

In this paper, we utilize the method proposed in [7] for
SISO systems where pilot symbols are obtained from the op-
timal preamble by iterative removal of pilot symbols with
minimum power. We extend this technique to MIMO sys-
tems with some modifications to ensure that the pilot sym-
bols of one antenna are disjoint from the pilot symbols of
any other antenna. A modified algorithm is proposed to en-
sure that the composite pilot sequence from all antennas are
positioned in the active subcarriers and are placed symmetri-
cally about the center of the active subcarrier zone.

Our novel method can be used to easily design pilot
symbols for MIMO-OFDM systems with different chan-
nel/subcarriers configurations. Furthermore, our approach
introduces a new pilot design paradigm that supports a
prominent number of transmit antennas with more tractabil-
ity in terms of complexity as well as applicability to OFDM
systems with different frame structures. Several design ex-
amples based on IEEE 802.16e are provided in Section 5 to
demonstrate the efficacy of our impressive design.

The rest of this paper is organized as follows: The
MIMO-OFDM system model is briefly described in Section
2. Channel estimation in MIMO-OFDM is concisely pre-
sented in Section 3, while the proposed multiple antennas pi-
lot design is addressed in 4. In Section 5, simulation results
demonstrating the performance of our proposed algorithm as
compared to the standard and the PEP scheme in [11] are
presented and finally, Section 6 concludes our paper.
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2. MIMO-OFDM SYSTEM MODEL

We consider a frequency selective MIMO-OFDM wire-
less system withNt transmit andNr receive antennas. We
assume that the discrete-time baseband equivalent channel
between each transmit-receive antenna has FIR of maximum
lengthL, and remains constant in at least one OFDM block,
i.e., is quasi-static. Let us denote the channel from theith
transmit antenna to themth receive antenna as

him = [him[0],him[1], . . . ,him[L−1]]T . (1)

Our OFDM symbol is assumed to haveN subcarriers. We
consider one OFDM symbol duration and denote the trans-
mitted OFDM symbol from theith transmit antenna as

si = [si [0],si [1], . . . ,si [N−1]]T (2)
= di +pi, (3)

wheredi consists of data symbols, whilepi pilot symbols.
We assume thatdi andpi are in disjoint subcarrier positions.

At the transmitter, eachsi undergoes serial-to-parallel
(S/P) followed by anN-points inverse discrete Fourier trans-
form (IDFT) to produce an OFDM symbols. Each OFDM
symbol is parallel-to-serial (P/S) converted and a cyclic pre-
fix (CP) of lengthNp is appended to mitigate the multipath
effects. Then, our discrete-time baseband equivalent trans-
mitted signals can be expressed as

s̃i [n] =
1√
N

N−1

∑
k=0

si [k]e
j 2πkn

N , n∈ [0,N−1]. (4)

Assume thatNp ≥ L so that there is no inter-symbol in-
terference (ISI) between consecutive OFDM symbols. At the
receiver, we assume perfect timing synchronization.

After removing CP, the received time-domain signal at
themth receive antenna is given by

Ỹm =
Nt

∑
i=1

D(s̃i)him+W̃m, (5)

whereD(s̃i) represents the diagonal matrix whose diago-
nal entries are ˜si = [s̃i [0], s̃i [1], . . . , s̃i [N−1]]T andW̃m is as-
sumed to be i.i.d. circular Gaussian vector with zero mean
and varianceσ2

wI .
Applying discrete Fourier transform (DFT) to the re-

ceived time-domain signal̃Ym = [ỹm[0], ỹm[1], . . . , ỹm[N−
1]]T we obtain

Ym[k] =
Nt

∑
i=1

Him[k]si [k]+Wm[k], (6)

whereHim[k] is the channel frequency response of the(i,m)th
channel at frequency 2πk/N given by

Him[k] =
L−1

∑
l=0

him[l ]e
− j 2πkl

N , (7)

and the noise{Wk} is the DFT ofW̃m.

3. CHANNEL ESTIMATION IN MIMO-OFDM

For a discrete setI , we denote|I | as the number of
elements ofI . Let Ks be the set of active subcarriers. We
assume that the number of pilot symbols in each OFDM sym-
bol to beNp. For OFDM symbol transmitted from theith
transmit antenna, we put pilot and data symbols at subcarrier
sets denoted asKpi andKdi , respectively.

To simplify the LS estimation, we setKpi for i =
1,2, . . . ,Nt to be disjoint such that

Kpi ∩Kpn = /0 for i 6= n. (8)

We also assume that there are no pilot symbols atKdi , i.e.,

Kdi j Ks\
(

Kp1∪Kp2 · · · ∪KpNt

)

(9)

where\ denotes set difference.
Since the same channel estimation process is performed

at each receive antenna, we only need to considerNt transmit
antennas and one receive antenna in designing pilot symbols,
that is, the channel is modeled as a superposition of multiple-
input single-output (MISO) channels, as in [11, 12]. Thus,
without loss of generality, we can describe the first receive
antenna and omit the receive antenna index.

Suppose that we estimate the channels for coherent de-
tection with pilot setsKp1,Kp2, . . . ,KpNt

, then, to transmit
data symbols, it is necessary to meet|Ks|−NpNt > 0

Let us define the frequency-domain channel gain at

Hi = [Hi [k1], . . . ,Hi [k|Ks|]]
T , (10)

wherekn < kn′ if n< n′.
We defineF as anN×N DFT matrix whose(m+1,n+

1)th entry ise− j2πmn/N, and

FL = [f0, . . . , fN−1]
H (11)

as anN×L matrix consisting ofN rows and firstL columns
of a DFT matrixF, where(·)H is the complex conjugate
transpose operator. We also define anNp×L matrixFpi hav-
ing fH

kn
for kn ∈Kpi as itsnth row.

Then, the received signals in (6) having pilot symbols
from theith transmit antenna is expressed as

Ỹi =DpiFpihi +W̃i, (12)

whereDpi is a diagonal matrix constructed from pilot sym-
bols from theith transmit antenna and̃Wi is the correspond-
ing sub-vector ofW̃m.

Similar toFpi , we define a|Ks|×L matrixFs havingfH
k

for k∈Ks as itskth row, wherekn < kn′ if n< n′. Then, we
obtain

Hi = Fshi . (13)

From (12) and (13), the LS estimateĤi of Hi is given by

Ĥi = Fs(F
H
pi
ΛpiFpi )

−1(DpiFpi )
H Ỹi , (14)

where

Λpi =DH
pi
Dpi = diag

(

λi,1, . . . ,λi,Np

)

. (15)
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Let us define the sum of the mean-square error (MSE) of
the channel gain atKs as

ηi = E{||Ĥi−Hi||2}, (16)

where|| · || is the Euclidean norm. i.e.ℓ2 norm. Then, the
channel MSEηi can be expressed as [6,7]

ηi = Fs

[

1
σ2

w

(

FH
pi
ΛpiFpi

)

]−1

FH
s (17)

For a given pilot set, the optimal pilot power
λi,1, . . . ,λi,Np that minimizes the channel MSEηi can be
found numerically by resorting to convex optimization tech-
nique [7].

Since we haveNr receive antennas, the average of the LS
channel MSE of each receive antenna is given by

ξ =
σ2

w

Nt

Nt

∑
i=1

tr

[

Fs

(

FH
pi
ΛpiFpi

)−1
FH

s

]

(18)

In the following, based on (18), we determine the sets
Kp1,Kp2, . . . ,KpNt

and power distributions to pilot subcar-
riers by using convex optimization technique.

4. PILOT DESIGN FOR MIMO-OFDM

To determine pilot sets and power distributions to pilot
subcarriers, we modify the algorithm in [7] to accommodate
multiple antennas while guaranteeing that the designed pilot
sets are disjoint from each transmit antenna. The main ob-
jective of disjoint pilot sequences in each transmit antenna
is to ensure appropriate separation of pilot sequences in the
receiver.

The pilot set for the first transmit antenna is obtained
from the designed optimal preamble with semidefinite pro-
gramming (SDP) by iterative removal ofNm minimum sub-
carriers symmetrically, followed by optimization of the re-
maining subcarriers as in [7].

Once the pilot set for the first transmit antenna is found,
the set is excluded from the active subcarrier set and the pilot
set for the second transmit antenna is obtained from the re-
maining active subcarriers using the iterative algorithm until
the second pilot set is obtained. The algorithm is executed
until pilot sets for allNt transmit antennas are obtained.

The modified pilot placement and power design proce-
dure forNt transmit antennas is summarized as follows:
1. InitializeKr = Ks, whereKr stands for the set of avail-

able subcarriers.
2. while i= 1, . . . ,Nt

(a) Define the temporary setKt = Kr and optimizeKt
subcarriers using convex optimization

(b) Save the obtained position and power of the subcar-
riers

(c) If Np < |Kt |, remove Nm minimum subcarriers sym-
metrically to the zeroth subcarrier, else go to stepf)

(d) UpdateKt (|Kt |= |Kt |−Nm).
(e) Optimize the power of the remaining subcarriers us-

ing SDP and go to stepb)
(f) Save pilot position asKpi and its power distribution
(g) UpdateKr = Kr \Kpi , i← i +1 and return stepa)

until i ≥ Nt
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Figure 1: Pilot position and power distribution for four trans-
mit antennas

In the algorithm, once the setKpi is obtained, it is ex-
cluded from the the remaining active subcarriersKr \Kpi .
This assures that the optimized pilot symbols from all trans-
mit antennas are located in disjoint pilot set in any non null
subcarriers, while the symmetrical removal ofNm subcarriers
after every optimization, check for the disjoint pilot setsto be
placed symmetrically about the center of the signal band.

When the algorithm exit, we will obtain the pilot posi-
tions and the normalized pilot powers for each antenna. To
optimally distribute power between pilot symbols and data
subcarriers, we can also modify the method in [7] depending
on the data transmission scheme. If one adopts OFDMA for
data transmission, the method in [7] can be directly applied,
while if one prefers space time block coding for data trans-
mission, the method in [7] should be modified accordingly to
the data transmission scheme.

5. SIMULATION RESULTS

In this section, we demonstrate the effectiveness of our
proposed pilot design through computer simulations, where
we setσ2

w = 1. The parameters of the transmitted OFDM sig-
nal studied in our design examples are as in the IEEE 802.16e
standard in [14, p.429], where an OFDM frame withN= 256
is considered. Out of 256 subcarriers, 200 are used as data
subcarriers. Of the remaining 56 subcarriers, 28 are null in
the lower frequency guard band while 27 are nulled in the
upper frequency guard band and one is the central DC null
subcarrier. Of the 200 used subcarriers, 8 are allocated as
pilot subcarriers, while the remaining 192 are used for data
transmission or null for pilot symbols of other antennas.

To design disjoint pilot tones to multiple transmit anten-
nas, we construct a composite pilot sequence with index sets
{Kp} havingNtNp subcarriers with significant pilot power
and reasonable position. The pilot set for the first antenna is
obtained as in [7], then by utilizing our algorithm in Section
4, which exclude the designed pilot set from the preamble
and repeat the same procedure for the remaining subcarriers,
we can obtain the pilot sets for allNt transmit antennas.

Through our modified algorithm, we obtain the normal-
ized optimal pilot symbols for theNt transmit antennas, then
we utilize the method proposed in [7] to distribute power
to pilot and data subcarriers for a given OFDM power per
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Figure 2: Comparison of channel estimate MSE between the
proposed and the standard

frame. The proposed method in [7] plots the BER as a func-
tion of the power allocation ratioα. Then optimal value of
power allocation ratioα which minimizes the BER and make
practical significance is obtained directly from the plot.

Fig. 1 shows the designed disjoint optimal pilot set for 4
transmit antennas whenNp = L = 8, and the total transmitted
power per OFDM frame isE = 200. We use the optimal
value ofα = 0.8623 obtained in [7] for all transmit antennas.
This implies that, the total pilot power for each antenna is the
same for all transmit antennas.

For all antennas the pilot power and location are well dis-
tributed within the in-band region which promises better es-
timation of the channel even at the edge of the band. For the
optimal preamble where all active subcarriers are considered
as pilot symbols therebyα = 0 and the total power dedicated
to one OFDM frame is distributed to the pilot symbols ac-
cording to their normalized optimal power.

In the following we compare each of the designed pilot
set with the existing IEEE 802.16e standard pilot symbols
separately i.e SISO-OFDM mode. The aim is to observe the
performance of the designed pilot symbols in each antenna
with respect to the standard one to ensure that each designed
pilot set have better performance. A noteworthy fact is that,
when some SISO-OFDM methods are adopted in MIMO-
OFDM pilot designs the performance of some designed pilot
sets deteriorates with increased number of transmit antennas.
That is only few pilot sets yields a significant performance.

In Fig. 2, the normalized channel estimate MSE of
the designed disjoint pilot symbols in Fig. 1 is com-
pared with the existing standard which places the eight sub-
carriers at{±13,±38,±63,±88}. The total pilot power
for each antenna is taken to beNp, for both the standard
(equally spaced, equi-powered pilot symbols) and our pro-
posed method. From the plot it is clear that the performance
of each antenna outperforms the standard. The standard pilot
design does a poor job of estimating channel at the subcarri-
ers near the guard band, this is due to lack of the pilot sub-
carriers at the edge of OFDM symbols in the IEEE 802.16e
standard, and there by the estimation via the extrapolation
for the edge subcarriers results in a higher error [8]. The
possible solution would be to increase the number of pilot
subcarriers at the edge subcarriers as proposed in [15], how-
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Figure 3: Comparison of pilot design for three transmit an-
tennas

ever this would decrease the spectral efficiency of the system.
Our proposed design illuminates the improvement obtained
by rearranging the pilot symbols without any addition of pi-
lot subcarriers at the edge as suggested in [15]. This clarify
that the uniform-spaced and equal power pilot symbols are
suboptimal for an OFDM system with null subcarriers.

In [11], it is stated that, the power of pilot symbols de-
creases when the pilot symbols are close to the null/virtual
carriers zone due to the fact that there are less data carri-
ers, this might be true, however the power allocated to these
subcarriers need to be significant, otherwise the problem of
channel estimation via the extrapolation for the edge subcar-
riers will still persist.

Fig. 3 compares our proposed pilot symbols and the par-
tially equi-spaced pilot (PEP) symbols proposed in [11] for
L = Np = 16. In the two designs, the total pilot power from
the different transmit antennas are equal. For our proposed
design power allocated to the edge pilot symbols is slightly
lower than that of the mid pilot symbols, however the dif-
ference is not as large as in the PEP design. In [11], pilot
placement does not consider any performance criterion, how-
ever the power allocation is based on minimizing the chan-
nel MSE to the designated pilot subcarriers. This reduces the
computation complexity of the design but does not guarantee
optimal pilot set. In our proposed design both pilot position
and power are taken into consideration and thereby ensuring
better performance under different performance criteria.

In Fig. 4, we made a comparison of the channel estimate
MSE to each active subcarrier symbol for the designed dis-
joint pilot symbols in Fig. 3. From the plot, it is clear that
the performance of our proposed design outperforms the PEP
for some antennas. The PEP design does a poor job of esti-
mating channel at the subcarriers near the guard band, this is
not due to lack of the pilot subcarriers at the edge of OFDM
symbols but insignificant power allocated to the pilot sym-
bols close to the null subcarrier zone. This further suggest
that both pilot powers and placements need to be carefully
considered in the design.

To further demonstrate the potential of our proposed de-
sign, we made a comparison of the average channel estimate
MSE vs channel lengthL. To obtain the channel MSE of
our proposed design as well as the PEP scheme, we varied
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Figure 5: Channel MSE of pilot symbols for three transmit
antennas

the channel lengthL, from 1 to 16. Fig. 5 presents the av-
erage channel MSE. The proposed optimized pilot symbols
exhibit lesser channel MSE than the PEP symbols. This fur-
ther demonstrate the efficiency of our proposed design.

6. CONCLUSION

In this paper we addressed the problem of channel es-
timation for MIMO-OFDM systems with null subcarriers.
Specifically, we extended the optimization method for de-
signing pilot symbols in a SISO-OFDM system in [7] to
MIMO systems. Through numerical simulations, we have
verified that the designed pilot subcarrier set for each trans-
mit antenna has a better channel estimate performance than
the existing equally spaced and equi-powered IEEE 802.16e
standard and the partially equi-spaced pilot symbols. The
results verify that the proposed algorithm is a prominent can-
didate for the design of disjoint pilot sequences in each trans-
mit antenna that ensures appropriate separation of sequences
at the receiver, while attaining a superior channel estimation
over the equally spaced equal powered pilot symbols. We
have also verified that the proposed method can be used to
design pilot symbols in MIMO-OFDM systems with differ-

ent channel/subcarriers configurations.
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ABSTRACT
Acquisition of weak GPS signals requires long Predetec-
tion, Integration Time (PIT). The double-block zero-padding
(DBZP) algorithm can use long PIT without any assisting in-
formation to acquire weak GPS signals. Modified double-
block zero-padding (MDBZP) algorithm accounts for the
Doppler effect on the code duration. It also develops the
Doppler frequency bin elimination method during the non-
coherent integration steps. The fast modified double-block
zero-padding (FMDBZP) algorithm based on MDBZP algo-
rithm eliminates the redundant FFT computations by consid-
ering possible data bit combinations and bit edge positions.
Although the computation burden of FMDBZP is lower than
that of MDBZP, it may still be very heavy. This paper aims to
reduce the computation complexity and save memory space
further. Three methods are introduced to improve the FMD-
BZP algorithm. One consists of unlikely data bit combination
path elimination during coherent integration steps. The sec-
ond one perform unlikely code phase elimination during non-
coherent integration steps. The third one perform unlikelybit
edge elimination also during noncoherent integration steps.
The good performance of the proposed improved FMDBZP
algorithm is illustrated using both simulation and real data.

1. INTRODUCTION

GPS is a Code Division Multiple Access (CDMA) system in
which each satellite transmits a direct sequence spread spec-
trum signal with a particular pseudorandom code. It is widely
used nowadays but still faces limitations in indoor and dense-
urban environments because of the received weak signals.
Acquisition is the first step of GPS signal processing. The
goal of the acquisition is to find the visible satellites, thestart
of each C/A code and the Doppler shift. Acquisition of weak
GPS signals requires long integration time to boost the post-
correlation signal-to-noise ratio (SNR). When the coherent in-
tegration time is a multiple of one data bit duration, a search
over all data bit combinations is required. Since the data bit
duration is 20ms and the data bit edge is synchronized with
the 1ms PRN code, there are twenty possible bit edge po-
sitions. Thus, for weak signals, we have to search over both
possible data bit combinations and possible bit edge positions,
besides the search of visible satellites, Doppler shifts and code
phases.

There have been many acquisition approaches that aim to
reduce the processing time and increase the coherent integra-

tion. We can sort all these methods into 4 categories. The
first one is the conventional hardware approach which sequen-
tially searches for visible satellites at each possible code de-
lay and Doppler frequency shift, [1] and [2]. The second one
aims to reduce processing complexity by performing circular
correlation using Fast Fourier Transform (FFT) methods, [3]
and [4]. Complexity is reduced because the correlation at all
code delays is computed at once, for each Doppler bin. The
third one consists of using the delay and multiply method to
eliminate all Doppler bins, [3] and [5], but it has low sensi-
tivity. The fourth one is using an approach called Double-
block zero padding (DBZP), which uses a frequency domain
method to search over a delay-Doppler space and acquire the
GPS signal, using coherent integration time that is a multi-
ple of the 20ms data bit period, [3], [6], and [7]. DBZP is
one of the most advanced algorithms that is especially suit-
able for software-defined GPS receivers. Different improve-
ments have been proposed to extend the original DBZP al-
gorithm for long integration periods and reduce the computa-
tional complexity. [8] introduces the MDBZP algorithm for
weak signal acquisition. This algorithm uses a coherent in-
tegration time that is a multiple of one data bit, without as-
suming the availability of any bit edge assisting information.
Furthermore, this method circumvents DBZP’s limitation re-
sulting from the unaccounted effect of Doppler shift on the
code duration. It also introduces a frequency bin elimination
method after one or several coherent integration steps. [9]
introduces the FMDBZP algorithm based on MDBZP algo-
rithm by eliminating the redundant FFT computations. The
number of FFT operations in FMDBZP was found to scale
linearly with the coherent integration time, in contrast tothe
geometric growth experienced in MDBZP. Although the com-
putation complexity of FMDBZP is less than that of MDBZP,
it is still very heavy. As numerical examples, given in [9],
the computation costs under minimal data bit length for tar-
get C/N0 25dB-Hz, 20dB-Hz, 15dB-Hz and 10dB-Hz need
8×108, 3.6×109, 2.02×1010, and 9.505×1011 total opera-
tions (additions and multiplications), respectively.

In this paper, we propose three methods based on FMD-
BZP, aiming to reduce the computational complexity and
memory space requirements. These are i) unlikely data
bit combination path elimination during coherent integration
steps, ii) unlikely code phase elimination during the nonco-
herent integration steps. iii) unlikely bit edge elimination dur-
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ing the noncoherent integration steps. Examples using simu-
lation and real data are given.

The rest of the paper is organized as follows. Firstly,
the implementation of FMDBZP is illustrated using matrices
and figures. Secondly, the unlikely data bit combination path
elimination inside coherent integrations, as well as unlikely
code phase and bit edge elimination are introduced. Thirdly,
examples using simulation and real data will be presented.
Last, conclusions will be drawn.

2. IMPLEMENTATION OF FMDBZP

The MDBZP [10] algorithm aims to make the DBZP algo-
rithm suitable for large PITTI . Let the Doppler frequency
coverage be from− fdmax to fdmax , the sampling frequency be
fs. For PITTI , the number of Doppler frequency binsN f d is:

N f d = 2 fdmaxTI (1)

The number of blocksNb should be chosen to be equal to the
number of Doppler frequency binsN f d in MDBZP algorithm
[3]: Nb = N f d (2)

The size of each blockSb is:

Sb =
fsTI

Nb
(3)

The number of stepsNstep needed to calculate the correlation
for all delays of the 1ms PRN code is equal to the number of
blocks in 1ms:

Nstep =
Nb

103TI
=

10−3 fs

Sb
(4)

The duration of each navigation data bit is 20ms, and the C/A
code has a code period of 1ms. So there are 20 C/A code
periods for each data bit. Letting the number of navigation
data bits inTI be Ndb, the number of blocksNb can also be
expressed as: Nb = 20NdbNstep (5)

The total number of samples overTI is thus:
NT = TI fs = Sb(20NdbNstep) (6)

The number of samplesNms over 1ms is:
Nms = NstepSb (7)

The separation between the Doppler bins isfres = 1/TI, also
known as frequency resolution. So, the Doppler bin values
fdm , can be calculated as:

fdm = fres(m−Nb/2−1),wherem = 1,2, . . . ,N f d (8)

To enlarge the PITTI , the replica C/A code has to account
for the effect of the Doppler shift on the code duration. This
is handled by dividing the frequency range into a small num-
ber of rangesNr with fr being the frequencies that lie in the
middle of each range, wherer = 1,2, . . . ,Nr. Then each of the
Nr replica codes is generated by compensating for the effect
of one of the frequenciesfr. The Nr Doppler compensated
replica codes are:

CLkr = CL(tk(1+
fr

fL1
)),wherer = 1,2, . . . ,Nr (9)

wheretk is the sample time with indexk, fL1 is the L1 car-
rier frequency which is equal to 1575.42MHz,CL is the lo-
cally generated code. The DBZP is calculated once for each

of the replica codes. Then in forming the result, the cells
corresponding to the correct range from each calculation are
preserved, and the other cells are discarded. This is coherent
integration.

After TI seconds, the C/A code will be shifted by a number
of samplesNs equal to:

Ns = TI fs
fdL1

fL1
= TI fs

fdca

fca
(10)

where fdL1 is the Doppler shift on L1 frequency andfdca is
the Doppler shift on the C/A code, andfca is the C/A code
frequency. To add the coherent integration result incoherently
to the previous one, first it has to be circularly rotated, at each
Doppler frequency bin, byNsm samples [10]:

Nsm = sign( fdm − fr)round((n−1)TI fs
| fdm − fr|

fL1
) (11)

Wheren is the noncoherent integration step.
Let the number of possible data bit edge overTI be Nbe.

As a consequence of the 50Hz data message, there are 20 pos-
sible bit edge positions in 20ms. Each one is aligned with the
start of a 1ms PRN code period. If the start of the coherent
integration is misaligned with respect to the start of the data
bits, then there will be a loss in the integration due to the bit
edge transitions. So the 20 possible bit edge positions haveto
be searched.

The received GPS signal first has to be down-converted to
baseband and then divided intoNb blocks. 1ms of C/A code
consists ofNstep blocks, so for the computation of the corre-
lation when performed overTI , this sequence ofNstep blocks
has to be repeated(20Ndb−1) times to match the length of the
signal as shown in Fig.1. Then, double-blocking the baseband
signal and zero-padding the local C/A code are performed.
Each two blocksi and (i + 1) are combined into one sec-
tion to produceNb sections of size 2Sb; the locally generated
1ms C/A code is also divided intoNstep blocks, each block is
padded at end withSb zeros to produce sections of size 2Sb
each. We will usesection instead ofblock after DBZP opera-
tion. Double-blocking and zero-padding operation is adopted
in order to use the circular correlation operation. Circular
correlation operation is then performed between each corre-
sponding sections of signal and code; we only save the first

Fig. 1. The DBZP matrixMcc
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Sb samples of each circular correlation. We form a matrix
calledMcc of sizeNb ×Nms, which is illustrated in Fig.1. The
matrix Mcc is formed in the following way. When the local
code is not shifted, save the firstSb samples of the circular
correlation of section 1 of GPS signal and section 1 of local
code into 1×Sb (row×column) ofMcc, section 2 of GPS sig-
nal and section 2 of local code into 2×Sb of Mcc,· · · , section
(Nb−1) of GPS signal and section(Nb −1) of local code into
(Nb −1)×Sb of Mcc, sectionNb of GPS signal and sectionNb
of local code intoNb ×Sb of Mcc. Then right shift the code by
one section, save the firstSb samples of the circular correla-
tion of section 1 of GPS signal and sectionNstep of local code
into 1× (2Sb) (row×column) ofMcc, section 2 of GPS signal
and section 1 of local code into 2× (2Sb) of Mcc,· · · , section
(Nb −1) of GPS signal and section(Nstep −2) of local code
into (Nb − 1)× (2Sb) of Mcc, sectionNb of GPS signal and
section(Nstep −1) of local code intoNb × (2Sb) of Mcc. Then
going on right shifting the code section by section and save
the results in the corresponding position ofMcc. The last two
steps of code shift are also shown in Fig.1.

Fig. 2. One ofNms matrix, Mms, formed by both considering
2Ndb−1 possible data bit combination andNbe possible data bit
edge positions

The FMDBZP method [9] breaks each column of the ma-
trix Mcc into NdbNbe parts and then zero-pads the correspond-
ing places to form columns of the same length 20NdbNstep
before dividing. Considering theNbe possible bit edges, ex-
tra (Nbe − 1) parts are also calculated in the above DBZP
and then are divided and zero-padded to form columns of
length 20NdbNstep, too. The 20NdbNstep-point FFT is then per-
formed on the((Ndb +1)Nbe −1) columns, and the results in
frequency domain are expressed asX1, X2, · · · , X(NdbNbe+1),
X(NdbNbe+2), · · · , X(NdbNbe+1), X((Ndb+1)Nbe−1). In order to con-
struct the correlation result by consideringNbe possible data
bit edge positions and 2(Ndb−1) possible data bit combinations,
one of theNms matrices, calledMms, is formed as illustrated
in Fig.2. In matrixMms, theNbe columns are formed by tak-
ing the data fromX1 to XNdbNbe , X2 to X(NdbNbe+1), . . . , XNbe

to X((Ndb+1)Nbe−1). The multiple 2(Ndb−1) in row is formed
by adding theNdbNbe 20NdbNstep-point FFT results by tak-
ing into account the 2(Ndb−1) possible data bit combinations
at each of theNbe possible bit edge positions.

After processing all the columns in Fig.1, we get the
full matrix, called M f ull , of size (2(Ndb−1) × 20NdbNstep)×
NbeNms. Matrix M f ull is the result of the coherent integration.

To add this coherent integration matrixM f ull incoherently
to the noncoherent integration results matrix, first it has to
be circularly rotated at each Doppler frequency bins using
Equation (11). Then among all the 2(Ndb−1) possible data

bit sign combinations of any tentative Doppler frequency bin,
any tentative bit edge position and any tentative code phase,
[10] preserve the most likely data bit sign combination and
discard the others during the noncoherent integration steps;
the resulted new noncoherent integration matrix is of size
(20NdbNstep)×NbeNms.

3. IMPROVED FMDBZP

Although the computation complexity of FMDBZP is less
than MDBZP , it’s still very heavy and needs large memory
size. So it is needed to research on further computation re-
duction and less memory occupation methods. Here we pro-
pose three methods to improve FMDBZP to achieve the goal.
The Improved FMDBZP has three main considerations. One
is data bit combination path elimination during coherent In-
tegration steps. The second one is code phase elimination
during nonoherent integration steps. The third one is bit edge
elimination during nonoherent integration steps. Becausethe
last two methods are both processed on noncoherent integra-
tion steps, we describe these two together.
3.1. Data Bit Combination Path Elimination during Co-
herent Integration Steps

The coherent integration matrix size will be(2(Ndb−1)20Ndb
Nstep)(NbeNms) without considering data bit combination path
elimination and other processing. We aim at reducing 75%

Fig. 3. Data bit combination path inside of coherent integra-
tion
of the possible data bit path. The data bit combination path
elimination during coherent integration steps is implemented
as follows. This method can be justified based on the fact that
the correct coherent integration cell will always contain infor-
mation due to the correlation between the received signal and
the local code replica. If the correct cell does not produce the
maximum power value, its value will be within a certain range
of the high values obtained from all the cells. Taking the FFT
resultsX1 to XNdbNbe for example, considering the 2(Ndb−1)

possible data bit path to get the possible results, the coherent
integrations are added inNdb steps as illustrated in Fig.3. We
add and save the different paths until step(Ndb +1)/2 (when
Ndb is odd) or(Ndb +2)/2 (whenNdb is even), that is equal to
the middle of the addition steps or one step more. At the next
step the addition results will be doubled by considering possi-
ble data bit±1. The important strategy to eliminate possible
paths is lie here. We compare all the results at this new step
and only save the maximum half of the results, which means
save half of the paths for later use and discard the others. Then
at the remain steps, we apply the same method and only keep
half of the results. The last coherent integration matrix size
will be (2(Ndb−3)20Ndb Nstep)(NbeNms), which is only 25% of
the full matrixM f ull .

To add this coherent integration matrix incoherently to
the previous one, first it has to be circularly rotated at each
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Doppler frequency bin using Equation (11). Then among all
the 2(Ndb−3) possible data bit sign combinations of any ten-
tative Doppler frequency bin, any tentative bit edge position
and any tentative code phase, we preserve the most likely data
bit sign combination and discard the others during the nonco-
herent integration steps; the resulting noncoherent integration
matrix is of size(20NdbNstep)×NbeNms.

The unlikely data bit path elimination will render the co-
herent integration operation a little bit more complicatedthan
the conventional method, but it will save 75% of memory
space. It will also slightly increase the probability of false
alarm, but there is no loss at the incorrect data bit combina-
tion in the incorrect paths.
3.2. Code Phase and Bit Edge Elimination Noncoherently

The most likely bit edge positions and code phases obtained
in a PIT can be saved and used in the next coherent integra-
tion step to reduce the bit edge and code phase search range.
This method can be justified by the fact that the correct non-
coherent integration cell will always contain useful informa-
tion due to the correlation between the received signal and
the local code replica. If the correct cell does not produce
the maximum power value, its value will be within a certain
range of the high values obtained from all the cells. Thus, it
is not necessary to keep track of all the code phases and bit
edge positions throughout all of the processing steps. Code

Fig. 4. Matrix formed by choosing the most likelyNmsmln of
Nmsn possible code phase andNbemln of Nben possible bit edges
at noncoherent integration stepn

phase and bit edge elimination after one or several noncoher-
ent integrations is introduced here to reduce the matrix size
and computation.Nmsmln, respectivelyNbemln, is set to be a
certain percentage ofNmsn, respectivelyNben. The subscript
n refers to the noncoherent integration step. After each co-
herent integration, the most likely data bit combination isde-
termined. We sort theNmsn integration results among every
20NdbNstep ×Nben units, then we only saveNmsmln maximum
out of 20NdbNstep ×Nben units and discard the others. This
step aims to save the most likely code phases. Then, we save
the largestNbemln of 20NdbNstep×Nmsmln units and discard the
others. This step aims to save the most likely data edges. The
resulting matrix, of size 20NdbNstep ×NbemlnNmsmln, is shown
in Fig.4. We save the most likely code phases and bit edges at
this step and pass them to the next coherent integration. The
next coherent integration only has to consider and search over
these saved most likely code phases and bit edges. Comput-
ing the next coherent integration to form a matrix, first circu-
larly rotate this matrix at each Doppler frequency bins using
Equation (11) and then only add the overlapped most likely
possible code phases and bit edges to the first one incoher-

ently, and discard the other units. The same process on the
rest of coherent and noncohernet integration processing will
be used. This method can eliminate the possible bit edge de-
tection, reduce the computation and save the memory space.
The computation reduction at the next coherent integration
step is 1− (NmsmlnNbemln)/(NmsNbe).

The saved data edge positions in the last step may be de-
viate from the correct ones by±1; so at the current step we
may have to take this uncertainty into account by considering
all these possible positions.

4. EXAMPLES

Simulation data is used here to verify the validity of unlikely
data bit path elimination during the coherent integration steps.
TheC/N0 is set as 24dB-Hz, and the satellite signal strength
1. Searching over all the possible data bit paths, the output
matrix at the right bit edge position is shown in Fig.5. The
maximum coherent integration value, Doppler frequency bin
and code phase are 1.02e8, 647, 505, respectively.

Fig. 5. Output matrix at the right bit edge position, before
data bit combination path elimination

Fig. 6. Output matrix at the right bit edge position, after cor-
rect data bit path combination elimination

Applying the 75% unlikely data bit path elimination, the
output matrix at the right bit edge position is shown in Fig.6.
The maximum coherent integration value, Doppler frequency
bin and code phase are 1.10e8, 647, 505, respectively. They
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are nearly the same as the results obtained using all possi-
ble path search method. The simulation was repeated nine
more times and and similar observations were made. This
supports the claim that the 75% unlikely data bit path elimi-
nation method achieves the acquisition goal at the setted sim-
ulation environment. We have also tested the saving 1 over
2 possible path method (this mehtod only keep the larger one
of the two possille paths on every addition step illustratedin
Fig.3) at each step of theNdb steps using the same simulation
environment. This method can reduce more processing but
failed to keep the right path because the increased probability
of false alarm is unacceptable.

Fig. 7. Output matrix before bit edge and code phase elimi-
nation at the right bit edge position

Fig. 8. Output matrix after bit edge and code phase elimina-
tion at the right bit edge position

To test the unlikely code phase and bit edge elimination
together during noncoherent integration steps, the data used
here are collected by a USB RF Front-End in an indoor en-
vironment. In order to speed up computation when using
FFT, the original data is resampled with frequencyfs = 2.048
MHz. For code phase and bit edge elimination after a pre-
defined number of coherent integration steps, we set PIT as
TI = 20. We also setNbe = 20. And theC/N0 is about 30dB-
Hz.

Taking satellite PRN01 for example, the acquisition re-
sults before bit edge and code phase elimination has a size
of 320× 2048× 20 = 13107200. The results of the inte-
gration matrix at the right bit edge position is shown in
Fig.7. Now we set the eliminated bit edge numbers as
[10 2 2 2 2 1], and eliminated code phase num-

bers as[248 200 200 200 200 200] corresponding to
the 6 noncoherent integration steps. The result is shown
in Fig.8, where the code phase axis has unitindex in-
stead ofchips. Each index corresponds to a value of the
code shift chips. The new matrix sizes at the 6 steps are
[5760000 4096000 2688000 1536000 640000 256000],
which implies that the processing and the memory space are
reduced by[56.1% 68.8% 79.5% 88.3% 95.1% 98.1%],
with an average value of 81.0%.

5. SUMMARY AND CONCLUSION

In this paper, three methods are proposed to improve FMD-
BZP to further reduce the computation processing and save
memory space. These are unlikely data bit combination path
elimination during coherent integration steps, code phaseand
bit edge elimination during noncoherent integration steps.
The examples and results show that the unlikely data bit com-
bination path elimination method can reduce the computation
and save the memory space by nearly 75% during the coher-
ent integration, while, on average, the code phase and bit edge
elimination methods together reduces these metrics by nearly
81.0% during the noncoherent integration steps. Further study
on the impact of the three methods on the probability of false
alarm should be considered.
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ABSTRACT 

Retinal image analysis is commonly used for the diagnosis 

and monitoring of diseases. In fundus photographs, bright 

lesions representing hard and soft exudates are the earliest 

signs of diabetic retinopathy. In this paper, an automated 

method for the detection of these exudates in retinal images 

is presented. Candidates are detected using a combination 

of coarse and fine segmentation. The coarse segmentation is 

based on a local variation operation to outline the bounda-

ries of all candidates which have clear borders. The fine 

segmentation is based on an adaptive thresholding and a 

new split-and-merge technique to segment all bright candi-

dates locally. Using a clinician’s reference for ground truth 

exudates were detected from a database with 89.7% sensitiv-

ity, 99.3% specificity and 99.4% accuracy. Due to its dis-

tinctive performance measures, the proposed method may be 

successfully applied to images of variable quality. 

 

Index Terms— Biomedical image processing, retinal im-

ages, exudate detection, local variation operator, split-and-

merge technique. 

1. INTRODUCTION 

Diabetic-related eye diseases are the commonest cause of 

vision defects and blindness in the world. Monitoring the 

health of the retina is important for those people with signs of 

diabetic retinopathy (DR). Exudates are lipid leaks from 

blood vessels of abnormal retinas and are one of the most 

prevalent lesions at the early stages of DR [1]. Colour fundus 

images are used to detect exudates in retinal images. Fig. 1 

shows a fundus image of an unhealthy retina with its main 

features and exudates. 

 Manual detection of exudates by ophthalmologists is labori-

ous as they have to spend a great deal of time in the analysis 

and diagnosis of retinal photographs. Automated screening 

techniques for exudate detection have great significance in 

saving cost, time and labour. Image processing techniques for 

exudate detection can help in extracting the location, size and 

severity grade of exudates in the retinal images.  

Several techniques for exudate detection have been proposed.  

Notable amongst these are those who utilised fuzzy C-means 

for segmentation in the different classification methods, such  

 
Fig. 1 – Retinal image with the main features and exudates. 

 

as Sopharak et al. [2]. They employed morphological tech-

niques for fine-tuning after the segmentation step and re-

ported results of 87.28% sensitivity, 99.2% specificity. How-

ever, this method sometimes detects artefacts wrongly as 

exudates especially those resembling exudates. Xiaohui et al.  

[3] applied a hierarchical support vector machine to classify 

bright non-lesion areas. Kande et al. [4] incorporated spatial 

neighbourhood information into the standard FCM clustering 

for exudate classification. Osareh et al. [5] used an artificial 

neural network to classify segmented regions in term of le-

sion based classification with 93% sensitivity and 94.1% 

specificity. This method works well in LUV colour space, but 

the accuracy in case of uneven illumination is low. 

Many other techniques have been proposed, such as Welfer et 

al. [6] who proposed a new method based on mathematical 

morphology for detecting exudates with sensitivity of 70.5% 

and specificity of 98.85%. However, the drawback of this 

approach is that it produces high misclassified portion for 

images that do not contain exudates. Sanchez et al. [7] pro-

posed a method based on mixture models to threshold images 

in order to separate exudates from background. This method 

obtained a sensitivity of 90.2%. However, a limitation of this 

approach is that it sometimes fails to detect faint exudates. 

Garcia et al. [8] investigated three neural network classifiers 

to detect hard exudates: multilayer perceptron, radial basis 

function and support vector machine. Using a lesion-based 

criterion, they achieved a mean sensitivity of 88.14%.  So-

pharak et al. [9] employed naive Bayes and support vector 

machine classifiers for feature selection and exudate classifi-

cation with 92.28% sensitivity and 98.41% accuracy, but 

both classifiers occasionally miss faint exudates. 

Exudates 

Blood vessels 

Fovea 
Optic disk 
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This paper proposes an automated method for exudate detec-

tion in retinal images using a combination of segmentation 

procedures: coarse segmentation based on calculating the 

local variation for each pixel of the image and fine segmenta-

tion using an adaptive thresholding technique based on a new 

split-and-merge algorithm. Dynamic partitioning form (num-

ber and geometric shapes of partitions) are determined based 

on some features such as average intensities of the entire 

image and all sub-images, homogeneity in adjacent sub-

images, standard deviation values and distribution of illumi-

nation throughout the image. Morphological operation is 

applied on the coarse and fine detection results to obtain the 

final segmentation of exudates. We base our work on dy-

namic parameter values since they enable our method to deal 

effectively with variable image qualities. 

2. METHODOLOGY  

The proposed method, which is free from user intervention, 

is designed to detect exudates in retinal images automatically.  

It uses a split-and-merge algorithm based on image features 

and a statistical hypothesis. This method includes four main 

stages; first the green component of the colour image is pre-

processed to normalise and smooth the image and then 

eliminate the optic disk (Section 2.1). The second stage is 

coarse exudate detection using a local variation operator fol-

lowed by classification making use of non-exudate features 

(Section 2.2).  The third stage is fine exudate detection using 

an adaptive thresholding technique with dynamic image par-

titioning. Optimal partitioning is based on a split-and-merge 

algorithm (Section 2.3). The final stage is a combination of 

the two segmentation results using a morphological operation 

to obtain the final detection of exudates (Section 2.4). 

 

2.1 Pre-processing and Optic Disk Elimination  
Differences in luminosity, contrast, and brightness inside 

particular retinal image and among different retinal images 

make it difficult to extract retinal features and distinguish 

exudates from other bright features in images. So shade cor-

rection and noise removal are crucial tasks to prepare images 

for post-processing. To correct uneven illumination of im-

ages, a morphological top-hat operator with disk-shaped 

structuring element and fixed radius of 25 pixels was applied 

to the green component of the colour image. To reduce noise, 

a 3×3 median filter is applied to the shade corrected image.  

The bright optic disk can appear with similar features as exu-

dates, and it is often identified incorrectly as an exudate; so it 

is essential to eliminate it before exudate detection steps. For 

this purpose, the method described in [10] has been followed 

to determine the centre and the radius information of the op-

tic disk. In this method, a circular region of interest is found 

by isolating the brightest region of the image using morpho-

logical operations, and then the Hough transform is used to 

detect the main circular feature within the positive horizontal 

gradient image in this region of interest. The optic disk is 

masked by a disk with intensity value equal to the average 

intensity of the image. The input and output of the pre-

processing and optic disk elimination steps are illustrated in 

Fig. 2. 

  
Fig. 2 – An image before and after the pre-processing opera-

tions, (a) green channel image, (b) pre-processed image.  

 

2.2 Coarse Exudate Detection 
Most of the images have non-uniform illumination. Fortu-

nately most of the light reflection regions and artefacts do not 

have clear boundaries, while most exudates are characterised 

by having clear outlines in different degrees depending on 

the DR grade. One way to make use of this feature is to cal-

culate the local variation for each pixel to get a standard de-

viation image. This image shows the main characterisation of 

the closely distributed clusters of exudates. Before applying 

the local variation operator, the high contrast blood vessels 

must be eliminated. Thus a morphological closing operator 

(ψ) was applied to the pre-processed image (G1) with disk-

shaped structuring element (ς1) of radius 6 pixels. The result-

ing image is denoted by G2 as below: 
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The image resulting from the local variation operator is de-

noted by G3 as below:                            
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where x is a set of all pixels in a sub-window w(x), N is the 

number of pixels in w(x), µ(x) is the mean value of G2(i) and 

i ϵ w(x). The selection of window size is relied on the pre-

ferred compromise between the sensitivity and precision per-

formance measures. So as the window size is larger the small 

exudates are more difficult to be detected leading to low sen-

sitivity. Based on the experimental tests, we found that a 

window size of 9 × 9 gives good results.                 

In order to remove the objects in the standard deviation im-

age, which have low local variation, automatic thresholding 

was applied using Otsu’s thresholding method [11]. A mor-

phological dilation operator (D), with a disk-shaped structur-

ing element (ς2) of radius 3 pixels, was applied on the seg-

mented image to ensure that the majority of neighbouring 

pixels are included in the candidate region. Then a morpho-

logical clear border operator (C) was applied to suppress 

structures that are lighter than their surrounding and con-

nected to the image border. The coarse exudate detection 

result is denoted by G4 as below:  

 

( )[ ]( )34
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ς
=  

 

where T is the thresholding operator with automatic level (α). 

In order to classify non-exudates and then exclude them, the 

coarse segmented objects were discriminated using features,  
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Fig. 3 – The coarse segmentation operation (a) pre-processed 

image with closing operator, (b) coarse segmented image. 

 

such as major axis length, minor axis length, area and solid-

ity. These properties were utilised in such a way that some 

relations between them or some limits in their values were 

used to classify features of non-exudates. The properties 

might belong to long and narrow objects which are formed 

due to bright vessels that had not been successfully removed.  

The operations of this step converted the shade corrected 

image to a binary image. This binary image is considered as 

the coarse white regions that outline the boundaries of all 

bright candidates which have clear borders. Fig. 3 shows the 

input and output images of the coarse segmentation step.   

 

2.3    Fine Exudate Detection 
Image binarisation using a global thresholding performs fast 

segmentation, but mostly results in undesired binary results 

especially when the input images are uneven or of poor qual-

ity. Consequently, adaptive local thresholding methods are 

used to get better segmentation results. However these meth-

ods have the disadvantage of slow running speed due to the 

re-computing operation of threshold value to each local re-

gion. In this paper the fine exudate detection is based on a 

combination of global and local thresholding. Local thresh-

olding is applied to non-uniform background images by par-

titioning the image into dynamic number of geometric shapes 

(square and/or rectangle) of sub-images. The number and 

geometric shapes of the sub-images depend on image uni-

formity and the distribution of shade and bright locations 

throughout the image. Global thresholding is then applied to 

each uniform sub-image using histogram-based thresholding.           

This stage consists of two steps: the first step is to investigate 

the optimal number and directions of image partitioning us-

ing a split-and-merge algorithm. The second stage is to apply 

global thresholding on each individual sub-image separately 

with appropriate threshold value using a histogram-based 

thresholding.         

 

2.3.1     Split-and-Merge Algorithm 
Region-based segmentation algorithms can be classified into 

pure merging, pure splitting and split-and-merge schemes 

[12]. In the first scheme the image is divided into small re-

gions which are then merged to form larger regions based on 

homogeneity criteria. The pure split algorithms view the en-

tire image as an initial segmentation and then successively 

split each segment into quarters until a homogeneity state is 

reached. The split-and-merge scheme is based on partitioning 

the image into square sub-regions until homogeneity is veri-

fied. Then a merging process is applied to neighbouring sub-

regions that satisfy some uniformity criterion. 

In the proposed method we apply a split-and-merge tech-

nique, where the image is divided into square and/or rectan-

gular partitions based on image features and a statistical hy-

pothesis. In order to obtain the best number of partitions (as 

small as possible) for homogeneous sub-regions, the method 

traces the distribution of illumination throughout the image 

to separate shady and bright locations according to their lev-

els and areas. In this stage the green channel component im-

age is used after optic disk elimination, blood vessels remov-

ing, dark background surrounding the retina excluding and 

smoothing but without shade correction. The main disadvan-

tage of applying shade correction is that the retinal image 

may sometimes have large abnormal areas which may lead to 

unexpected change in shading. The following steps describe 

briefly the split-and-merge procedures. 

1. Average intensity: calculate the average intensity of the 

entire image described above.  

2.Image Partitioning: select two variables n1=1, …, 6 and   

n2 = 1, …, 6 to be used in dividing the image into K different 

partitioning forms, where K=n1×n2. These 36 partitioning 

forms sometimes have same number and geometric shapes of 

sub-regions but with different locations on the entire image.      

3. Standard deviation: for every one of the 36 partitioning 

forms, calculate the average intensities of all sub-images, and 

then the standard deviation based on average intensity of the 

entire image. Hence, we will have 36 values of standard de-

viation (σK, for K= 1, …, 36) for the 36 partitioning forms. 

4. Optimal partitioning: it is divided into two steps: 

Step1: Primitive partitioning: starting from the smallest 

number of partitions (n1=1, n2=1) ascending to the highest 

number of partitions (n1=6, n2=6), compare the standard de-

viation of each form with the maximum. A partitioning form 

with standard deviation equal to or greater than ninety per-

cent of the maximum is selected empirically as the primitive 

partitioning form as below:  

                                   (max))selected( 9.0 kk σσ ≥                       

Step 2: Merging homogeneous sub-images: in order to per-

form optimal adaptive thresholding and reduce processing 

time of segmentation, the number of uniform sub-regions 

should be as small as possible. Thus it is essential to investi-

gate homogeneity of adjacent sub-regions to remerge them 

and get the optimal partitioning form. Homogeneity of any 

two sub-regions, say X with elements (x1, x2,…, xm) and Y 

with (y1, y2,…, yn), is assessed by testing X and Y under an 

assumption of equality in their standard deviation σX and σY. 

As a rough rule we can empirically consider the condition of 

equal standard deviation met if ratio of that larger to the 

smaller sub-region is less than 2. A statistical pooled t-test 

procedure is performed to decide the homogeneity of the 

adjacent sub-regions, where the hypothesis Ho: X=Y (refers to 

the homogeneity state) is supposed. The significance level 

(β) is decided (we decided it to be 5%), and then values of 

degree of freedom (df) and test statistic (t) are calculated 

based on the information of adjacent sub-regions. The pre-

ceding parameters are used in the statistical tα-table to esti-

mate the probability of observing a value (p-value) which 

determines the final decision. If p ≤ β,  Ho is rejected, other-

wise the hypothesis is right. 
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2.3.2. Histogram-based Thresholding 

Histogram-based thresholding may give imprecise result 

when the amount of overlap of the feature distribution in the 

histogram is large. Two methods have been used to rectify 

this problem [12]: first by applying the histogram-based 

thresholding to uniform local sub-images, and second by 

recursive application of the global method to increasingly 

fine-gained regions. In our method the uniform illumination 

locality is achieved by partitioning the image into uniform 

sub-images. Hence uniform illumination images are easy to 

be segmented as their histograms will be bi-modal distribu-

tion and the pixel intensities are clustered around two groups.  

Based on the result of optimal image partitioning gained in 

the preceding section, histogram-based thresholding was 

applied to the locations of sub-images of the smoothed green 

component channel (G5) to obtain the fine segmentation of 

the image. Let a partition (P) of the image be defined as a 

subset of G5 with respect to uniform lighting criterion. Hence 

running a global thresholding (T) throughout the image with 

variable threshold values (α) depending on the individuality 

of each sub-image can be represented by G6 as below: 
 

                                 ∑
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 The input and output of the fine segmentation is shown in 

Fig. 4. 

     
                         (a)                                           (b)                              

Fig. 4–The operation of fine segmentation  (a) pre-processed 

green component image, (b) fine segmented image. 
 

2.4    Final Detection of Exudates 

Due to light reflection and bright vessels, the segmentation 

result often contains some non-exudates. Thus a combination 

of the coarse and fine images is used to improve the results. 

The final segmented image (G7) is accomplished by applying 

a logical intersection operator on the coarse and fine segmen-

tation results as below: 
 

                                   647 GGG I=  
 

The coarse segmented image classifies pixels of the fine 

segmented image in such a way that candidates which have 

clear border can only be segmented as final exudates.  Fig. 5 

shows the inputs and output of the combination stage. 
 

   
Fig. 5 – The results of the three stages (a) coarse segmenta-

tion (b) fine segmentation (c) final detection of exudates.  

3.    RESULTS AND DISCUSSION 

Many experiments have been performed on normal and ab-

normal retinal images to test and validate our method. 

140 images from different databases were used as below:  

• 89 images from the DIARETDB1 database of resolution 

1500×1152 with their clinician marked images [13] were 

used to validate our method at the pixel level. 47 of these 

images contain exudates while the remaining 42 either con-

tain other type of lesions or are normal.   

• 17 images with hard exudates and their clinician ground 

truth images from the Messidor database [14] of resolution 

640×480 were used to validate the proposed method at the 

pixel level.  

• 34 normal images from the Drive database [15] with resolu-

tion of 565×584 were used to measure the accuracy of the 

proposed method based on its ability to distinguish between 

normal and abnormal images. 

Performance of the proposed method was assessed quantita-

tively by comparing the results with clinician hand-labelled 

data. Four types of pixels are considered in the method 

evaluation: True Positive (TP), False Positive (FP), False 

Negative (FN) and True Negative (TN). These quantities 

were computed with each individual processed image and 

utilized to measure the performance measures; sensitivity, 

specificity and accuracy. The proposed method was validated 

using 64 images (47 from DIARETDB1 and 17 from Messi-

dor databases) with their clinician hand-labelled images in 

the pixel level with 89.7%, 99.3%, 99.4% sensitivity, speci-

ficity and accuracy respectively. Seventy-six images without 

hard exudates (35 from Drive and 42 from DIARETDB1 

databases) were used to evaluate the proposed method at 

image-based classification, and the accuracy was 97.7%. 

Table 1 shows a comparison between the performance meas-

ures of the proposed method and some related works using 

DIARETDB1 database. Table 2 shows a comparison be-

tween the performance measures of the proposed method and 

some distinctive related works with different databases. 

  

Table 1 

Comparison of performance with DIARETDB1 databases.  

Reference                  Sens.%      Spec.%      Acc.%      Test set 

Kande et al [4]               86            98              ---           47   

Welfer et al [6]              70.48       98.84         ---            47                                                                                   

Proposed method           89.3         99.3         99.4           47  

Sens. = Sensitivity, Spec. = Specificity, Acc. = Accuracy. 

 

Table 2 

Comparison of performance with different databases. 

Reference                    Sens.%    Spec.%       Acc.%     Test set 

Osareh et al [5]            93            94.1            ---            67 

Garcia et al [8]             88.14       92.6           97             67 

Sopharak et al [9]        92.28       98.52         98.41        39   

Proposed method         89.7         99.3           99.4           64  

Sens. = Sensitivity, Spec. = Specificity, Acc. = Accuracy. 

 

 A comparison between the proposed method and the clini-

cian hand-labelled results is illustrated in Fig. 6. 
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Fig. 6 – Exudate detection resulted by (a) the proposed 

method (b) the clinician hand-labelled (ground truth). 

 

A comparison between the fine segmentation (shown in Fig. 

5(b)) and the final detection of exudates (shown in Fig. 5(c)) 

demonstrates that the proposed coarse segmentation has 

played an important role in refining the fine segmentation 

results. 

The ROC curve of our algorithm is shown in Fig. 7, and il-

lustrates a compromise between the desired pixels (TP) and 

undesired pixels (FP) by changing the parameters of thresh-

old and statistical significance levels.    

 

 
FP 

 

Fig. 7 ROC curve of the performance for various parameters. 

4.    CONCLUSIONS 

The proposed method is adapted to deal with different types 

and qualities of images through taking all image information 

into account. The performance of the proposed method was 

measured against clinician hand-labelled images. Compar-

ing with some recent related works, the proposed method 

indicates an improvement in the specificity and accuracy 

measures and reasonable sensitivity particularly with the 

high performance method in [9]. The performance results, 

demonstrated in this work, indicate that automated process-

ing methods that are based on split-and-merge algorithm can 

give very competitive results in exudate detection. The 

strength of the proposed method comes from using com-

puted parameters based on analysis of the image.  A limita-

tion in our work is that it occasionally fails to exclude some 

non-exudate objects particularly those that have similar fea-

tures to real exudates. 
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ABSTRACT
Photoacoustic imaging provides high spatial resolution im-
ages of biological tissues and is useful for molecular imag-
ing. The exact reconstruction algorithms for photoacous-
tic imaging are either slow or assume a continuous sensor
with infinite bandwidth. We propose a novel reconstruc-
tion method which expands the source distribution function
in the Fourier-Bessel domain. The source distribution can
be reconstructed from frequency samples corresponding to
the Bessel zeros. Sparsity of the source distribution in the
Fourier-Bessel domain makes reconstruction faster. Further,
this method was extended to the discrete aperture and a con-
dition was derived to avoid spatial aliasing. The proposed
method was verified using numerical simulations.

1. INTRODUCTION

Photoacoustic imaging is done by measuring the acoustic
waves generated by soft tissue due to the absorption of elec-
tromagnetic (EM) energy from optical or radio waves. Ultra-
sound sensors placed on the surface of these tissues record
these acoustic waves from which the distribution of the EM
absorption can be computed. This electromagnetic absorp-
tion is a property related to the type of tissue. Moreover,
photoacoustic imaging can provide a very high spatial reso-
lution and is used for cancer detection, breast imaging, small
animal imaging and molecular imaging.

We address the problem of estimating the absorption dis-
tribution from the measured data. Approximate reconstruc-
tion algorithms include the statistical approach [9] and delay
and sum beamforming [2]. Exact solutions both in the time
and frequency domain were provided in [7, 8], but they con-
sidered a continuous aperture and infinite bandwidth.

In this paper we propose a novel method that expands the
source distribution function in the Fourier-Bessel domain. To
reconstruct the source distribution, we estimate the Fourier-
Bessel coefficients from frequency samples corresponding to
the Bessel zeros. The proposed method does not require in-
finite bandwidth and conditions for exact reconstruction for
the finite bandwidth case is provided. Further, this method
was extended for discrete apertures and a rule was derived
to avoid spatial aliasing. The proposed method is faster than
Fourier-Domain methods since it only uses a subset of fre-
quency samples and can exploit sparsity of the source distri-
bution in the Fourier-Bessel domain.

This paper is arranged as follows: Section 2 provides
background to photoacoustic imaging, Section 3 describes

S.M.A. Salehin is also associated with National ICT Australia, Can-
berra, Australia. National ICT Australia is funded throughthe Australian
Governments Backing Australias Ability initiative and in part through the
Australian Research Council.

the modal expansion of the 2D Green’s functions and Sec-
tion 4 introduces the Fourier-Bessel expansion of the source
distribution. We compare our proposed algorithm to previ-
ous Fourier-Domain methods and extend it for discrete aper-
tures with spatial filtering in Section 5. Section 6 provides
an extension to spherical geometries and Section 7 describes
numerical experiments conducted and the results obtained to
validate our method. Section 8 summarizes the main ideas of
this paper.

Notation: bold lowercase letters represents vectors.

2. PHOTOACOUSTIC THEORY

In this section we provide a short review of the wave equa-
tions for photoacoustic, the reader is referred to [4] which
provides an extensive review of photoacoustic theory.

Provided that thermal diffusion and kinetic viscosity is
ignored, the inhomogeneous Helmholtz equation relating the
heating functionH(xxx, t) and the pressurep(xxx, t) at a vector
positionxxx and timet is

∇2p(xxx, t)− 1
c2

∂
∂ t2 p(xxx, t) =− ρ

Cp

∂
∂ t

H(xxx, t). (1)

Herec denotes the speed of sound which is assumed to be
constant,Cp is the specific heat capacity,ρ is the isobaric vol-
ume expansion coefficient and the heating functionH(xxx, t) is
defined as the thermal energy deposited per unit time and vol-
ume. Further, the heating function is a product of the source
distribution functionA(xxx) (commonly referred to as spatial
absorption function in literature [7,8]) and the temporal illu-
mination functionI(t)

H(xxx, t) = A(xxx)I(t). (2)

Assuming the photo illumination or the RF pulse dura-
tion is short, the temporal illumination function can be ap-
proximated as a Dirac delta function,I(t) = δ (t). Therefore,
the solution to the inhomogeneous Helmholtz equation (1)
based on the Green’s function can be expressed as

p(xxxs, t) = η
∫∫∫

S

A(xxx)
δ ′(t − ||xxxs−xxx||

c )

4π ||xxxs−xxx|| dS (3)

whereη = ρ/Cp, δ ′(t) = ∂δ (t)/∂ t, S is the volume of re-
gion under test andxxxs is the vector position of the ultrasound
sensors. The pressurep(xxxs, t) also represents the time do-
main signal received by a ultrasound sensor placed atxxxs. The
Fourier transform of (3) yields

p(xxxs,k) =−ikcη
∫∫∫

S

A(xxx)G(k;xxxs,xxx) dS (4)
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where wavenumberk = 2π f/c with f as the frequency of
sound andG(k;xxxs,xxx) is the Green’s function. Moreover, the
Fourier transform analysis and synthesis equations applied to
the recorded signals are defined respectively as

p(xxxs,k) =
∫ +∞

−∞
p(xxxs, t)e

i(k/c)t dt (5)

and

p(xxxs, t) =
1

2π

∫ +∞

−∞
p(xxxs,k)e

−i(k/c)t dk. (6)

The estimation of the source distribution functionA(xxx) from
measurements at several positions outside the source region
is an inverse problem. By analyzing (4), we can deduce that
the source distribution function is frequency invariant, i.e.
the source distribution function is the same for all frequen-
cies. Hence, in this paper, the problem of estimatingA(xxx) is
labeled as a frequency invariant source localization problem.

3. 2D GREEN’S FUNCTION

The Green’s function in 2D for the exterior case where all the
sources are enclosed by the sensors is

G(k;xxxs,xxx) =
i
4

H(1)
0 (k||xxxs−xxx||) (7)

whereH(1)
0 (·) is the Hankel function of the first kind and

order zero. Using polar co-ordinates, with position vectorsxxxs
andxxx with radial position ofxs andx; and angular positions
φs andφ respectively, then the addition theorem can be used
to expand the 2D Green’s function [6] as

H(1)
0 (k||xxxs−xxx||) =

∞

∑
n=−∞

H(1)
n (kxs)Jn(kx)e−inφ einφs (8)

which is valid whenxs> xandJn(·) represents a Bessel func-
tion of ordern. This expansion is called eigen basis or modal
expansion of the Green’s function and was used for ultra-
sound reflectivity imaging [3].

4. SOURCE DISTRIBUTION EXPANSION

We define the 2D Fourier-Bessel expansion of the source dis-
tribution function as

A(xxx) =
∞

∑
m=−∞

∞

∑
ℓ=1

βmℓJm

(

zm
ℓ

r0
x

)

eimφ (9)

wherei =
√
−1, zm

ℓ is theℓth root of Jm(·), βmℓ are complex
Fourier-Bessel coefficients wherem is called the mode andℓ
is the index. The source distribution function can represented
by its sample values, however by expanding the source dis-
tribution function in a different domain a more compact rep-
resentation is possible requiring estimation of fewer terms in
order to obtainA(xxx). The next section describes a method to
estimateβmℓ to reconstruct the source distribution.

5. ESTIMATION OF SOURCE DISTRIBUTION

Given that the ultrasound sensors are placed uniformly at a
radiusR> r0, and assuming thatA(xxx) is zero at all radii

greater thanr0 then the signal received by a sensor at an-
gular positionφs and wavenumberk for the 2D case can be
specified as

pR(φs,k) =−ikcη
∫ r0

0

∫ 2π

0
A(xxx)G(k;xxxs,xxx) dφ xdx. (10)

Substituting (9) and (8) into (10) yields

pR(φs,k) =
kcη
4

∞

∑
n=−∞

∞

∑
m=−∞

∞

∑
ℓ=1

H(1)
n (kR)einφs

×
∫ r0

0
βmℓJm

(

zm
ℓ

r0
x

)

Jn(kx) xdx

×
∫ 2π

0
eimφ e−inφ dφ .

(11)

Further, we use the orthogonality property of exponential
functions

∫ 2π

0
eimφ e−inφ dφ =

{

2π if n= m,
0 otherwise.

(12)

to simplify (11) to

pR(φs,k) =
∞

∑
m=−∞

am(k)e
imφs (13)

where

am(k) =
πkcη

2
H(1)

m (kR)
∞

∑
ℓ=1

βmℓ

×
∫ r0

0
Jm(kx)Jm

(

zm
ℓ

r0
x

)

xdx.

(14)

Note that (13) is the spatial Fourier series expansion of the
received signal on a continuous aperture as a function of the
aperture angleφ .

We can estimate theam(k) from the sensor recordings
pR(φs,k) by using the Fourier series analysis equation

am(k) =
1

2π

∫ 2π

0
pR(φs,k)e

−imφs dφs. (15)

We refer toam(k) as modal coefficients and these outline the
angular distribution of the source function.

5.1 Frequency-Radial Duality

The following theorem shows how to estimate the source dis-
tribution coefficientsβmℓ using modal coefficients at a spe-
cific set of frequencies.

Theorem 5.1 (Frequency-Radial duality). For each mode,

taking measurements at frequencies k= z(m)
ℓ /r0 for the dif-

ferent zero indicesℓ we can obtain the 2D Fourier-Bessel co-
efficients, which expands the angular modal basis expansion
to incorporate radial variations. We calculateβmℓ by

βmℓ = hmℓam

(

zm
ℓ

r0

)

(16)

where

hmℓ =
4

πkcηr2
0H(1)

m
( zm

ℓ
r0

R
)

[Jm+1(zm
ℓ )]

2
(17)
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Proof. We use the orthogonality relationship for Bessel func-
tions [1],

∫ r0

0
Jm

(

zm
ℓ′

r0
x

)

Jm

(

zm
ℓ

r0
x

)

xdx

=

{

r2
0
2 [Jm+1(zm

ℓ )]
2 if ℓ= ℓ′,

0 otherwise.

(18)

in (14) atk= zm
ℓ /r0 to obtain

am

(

zm
ℓ

r0

)

=
πkcη

2
H(1)

m (kR)βmℓ
r2
0

2
[Jm+1(z

m
ℓ )]

2 (19)

By applying the definition ofhmℓ provided by (17) in (19) we
obtain (16).

5.2 Comparison with Fourier Domain Methods

This section begins with a brief overview of the Fourier Do-
main algorithms, first proposed for ultrasound imaging [3]
and then modified for photoacoustic imaging [7, 8]. This
algorithm described in 2D expands the source distribution
function as

A(xxx) =
∞

∑
m=0

∫ ∞

0
αm(k)kJm(kx) dk eimφ (20)

and expands the measured signals as

p(xxxs,k) =
∞

∑
m=0

α̂m(k)e
imφs. (21)

We can calculatêαm(k) by the inverse of (21) (a transform
similar to (15)) over all the sensors which are placed in a
circle. Fromα̂m(k), we getαm(k) by

αm(k) =
α̂m(k)

c(k)H(1)
m (kR)

(22)

wherec(k) is a constant equal toπkcη/2. To computeA(xxx)
at a particular point, we take the Hankel transform overk of
αm(k) and then sum over the modes (20). Note thatαm(k) is
equivalent to

∫ R
0

∫ 2π
0 A(xxx)Jm(kx)e−imφ x dx dφ and the orthog-

onality of the bessel functions over an infinite interval [1]
∫ ∞

0
kJm(kx)Jm(kx′) dk=

1
x

δ (x− x′) (23)

is used to recover the source distribution at a particular vec-
tor positionxxx, shown in (20). One of the drawbacks of the
Fourier-Domain methods are that they are computationally
expensive requiring the sum of a large number of terms at
every point, see (20). Further, Fourier-Domain methods re-
quire an infinite bandwidth otherwise the relationship shown
in (23) is no longer valid. The Fourier-Domain method was
modified in [7,8] to recover the source distribution in the time
domain reducing the computational complexity.

Rather than integrating over a frequency range, the pro-
posed algorithm considers the natural integration that oc-
curs as a wave propagates through a region of space and is
therefore not affected by the spatial sampling issues due to
a discrete sensor. The concept of frequency-radial duality

introduced in this paper is novel and has not been utilized
previously for photoacoustic imaging or ultrasound imaging.
Further, given that we know that the source distribution is
bounded in a radial regionr0, we need to only consider fre-
quencies corresponding to the bessel zerosf = czm

l /(2πr0)
and these frequencies are only resolved to a single mode. In
addition, the source distribution can be sparse in the Fourier-
Bessel domain and summation can be done over only the
largest modes and indices. These lead to a large reduction in
computational complexity compared to the Fourier-Domain
methods where all frequencies are used and resolved to all
modes. It is important to mention that a lower boundr0 only
means that less frequency samples are used and has no effect
on the resolution of the reconstructed image.

One pertinent question in photoacoustic imaging is how
to recover the image with a discrete aperture and avoid dis-
tortions due to spatial aliasing. Both the Fourier-domain and
the time-domain methods require infinite bandwidth and a
continuous aperture. Theoretical validation to their exten-
sion to the discrete and finite bandwidth case has not been
provided. The next two sections highlight the advantages of
our approach in considering a discrete aperture and spatial
aliasing.

5.3 Discrete Aperture

In the previous sections, estimation of the Fourier-Besselco-
efficients were done assuming ideal conditions with infinite
bandwidth and a continuous aperture. Exact reconstruction
of the source distributionA(xxx) is possible under these ideal
conditions since the source Fourier-Bessel expansion con-
sists of a sum of infinitely many orthogonal functions. In
this section we provide the conditions under which the source
distribution can be reconstructed with a discrete apertureand
a bandwidth limited by the frequency response of the ultra-
sound transducer.

Provided there areQ uniformly placed sensors at a radius
R, then the discrete aperture response at a wavenumberk, as
a vector is

p̂ppR(φs,k) = [pR(φ
(1)
s ,k), . . . , pR(φ

(Q)
s ,k)]T (24)

whereφ (q)
s is the angular position of theqth sensor. The

modal coefficients can be calculated as a discrete approxi-
mation to (15)

am(k) =
1

2π
eee(m)T p̂ppR(φs,k) ∆φs (25)

where
eee(m) = [e−imφ (1)

s , . . . , e−imφ (Q)
s ]T . (26)

For the discrete aperture, both temporal and spatial alias-
ing can occur. Temporal aliasing can be avoided by using a
sampling frequency that is greater than twice the frequency
response upper limit of the transducer. Given that we need
to decompose the wavefield to a finite number of modes
m∈ [−M, . . . ,M], a minimum number of sensors are required
which must satisfy

Q> 2M. (27)

Additionally, the contributions of the modes higher thanM
should be negligible at this wavenumber in order to avoid
spatial aliasing. The spatial aliasing that can occur due to
overlapping of the higher modes is referred to as modal
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aliasing, more details on this is provided in [5]. Therefore
given a discrete number of sensors, to avoid modal alias-
ing the Fourier-Bessel expansion of the source distribution
should be bandlimited, i.e. coefficients for modes greater
than M should be negligible for the transducer frequency
response. Further, exact reconstruction of the source dis-
tribution is only possible if this expansion has significant
terms for modesm ∈ [−M, . . . ,M] and indices satisfying
kl < zm

ℓ /r0 < ku wherekl andku are the lower and upper limit
of the transducer frequency response respectively.

5.4 Spatial Filtering

It is important to avoid spatial aliasing since this can cause
blurring and distortion in the reconstructed image. The ban-
dlimit restriction of the source distribution to avoid aliasing
limits the use of this method to practical scenario. In litera-
ture, there is currently no method prescribed to perform spa-
tial filtering for photoacoustic image reconstruction. How-
ever, for the method described in this paper spatial filtering
is possible.

The orthogonality relationship for the Bessel functions
(18) can be evaluated for a continuous range of frequencies
as

∫ r0

0
Jm(kx)Jm

(

zm
ℓ

r0
x

)

xdx

=







r2
0
2 [Jm+1(zm

ℓ )]
2 if k=

zm
ℓ

r0
,

zm
ℓ Jm−1(z

m
ℓ )

k2−(zm
ℓ /r0)2

Jm(kr0) otherwise.

(28)

The Bessel functionJm(kr0) in (28) higher than the zeroth
mode are close to zero for values ofkr0 lower than a partic-
ular upper limit. This upper limit increases with the mode
numberm. Using this property, a rule of thumb used in ar-
ray signal processing and in source localization [5] to avoid
spatial aliasing is stated as follows: the maximum number
of modes present for a particular frequency response upper
limit is

minimizem such thatm> kur0. (29)

By limiting the frequency upper limit, spatial filtering is
achieved i.e. the number of modes is limited. This criterion
also governs the number of sensors needed to avoid spatial
aliasing with respect to frequency upper limit. Since if the
number of modes isM, we require more than 2M sensors.

6. EXTENSION TO 3D (SPHERICAL GEOMETRY)

In this paper we have considered a 2D spatial region so that
the notation is simplified and that the main ideas can be con-
cisely described. The algorithm presented can be extended
to a more practical 3D geometry where the source region is
constrained within a spherical region enclosed by the sen-
sors. Firstly the Green,s function satisfying the inhomoge-
neous Helmholtz equation (1) and its modal decomposition
is

G(k;xxxs,xxx) =
eik‖xxxs−xxx‖

4π ‖ xxxs−xxx ‖

= ik
∞

∑
n=0

n

∑
m=−n

h(1)n (kxs) jn(kx)Ymn(x̂xxs)Ymn(x̂xx)
∗.

(30)

(a)

−15 −10 −5 0 5 10 15
0

0.2

0.4

0.6

0.8

1

Width (mm)

R
el

at
iv

e 
ab

so
rp

tio
n 

(a
.u

.)

(b)

Figure 1: Input sample (a) x-y view (b) x-z view through
the central axis, with arbitrary units (a.u.) for the relative
absorption.

where where(·)∗ denotes the complex conjugate operator,
x̂xx andx̂xxs contains the azimuthal and elevation angles of the
source and sensor respectively,jn(·) is the spherical Bessel

function,h(1)n (·) is the spherical Hankel function andYmn(·)
is the spherical Harmonic function. Further the 3D Fourier-
Bessel expansion of the source distribution is now as follows

A(xxx) =
∞

∑
n′=0

n′

∑
m′=−n′

∞

∑
ℓ=1

αℓ
n′m′ jn′

(

zn′
ℓ

r0
x

)

Ym′n′(x̂xx). (31)

whereαℓ
n′m′ is the 3D Fourier-Bessel coefficient withn′ as

the mode,m′ denotes the order andℓ denotes the index of
the expansion. The procedure for 3D source reconstruction
is the same as the 2D case, i.e. we calculate the coefficients
of the spherical Harmonic functions at frequenciesk= zn′

ℓ /r0

to obtainαℓ
n′m′ which is used to reconstruct the source distri-

bution.

7. NUMERICAL EXPERIMENTS

In this section we describe the numerical experiments per-
formed to validate our proposed algorithm. The set up for the
numerical experiment is shown in Fig. 1, withr0 as 15mm,
speed of propagation is 1.5mm/µs (speed of sound in soft
tissue), the constantη = 1 and the sensors are placed in a
circle at a radius of 50mm. The bandwidth of measurement
is from 0 to 3MHz, this means that modes up to 180 need to
be resolved (29), therefore 380 sensors are placed uniformly
around the source to avoid spatial aliasing. Also, for the ze-
roth mode, only 60 indices can be recovered. In the numeri-
cal experiments, we approximated the signal received at the
sensor for each of the required frequenciesk = zm

ℓ /r0 using
a quadrature approximation to the double integral shown in
(4).

In this work we are interested in estimating the source
distribution function using snapshots differing in frequencies
rather than snapshots differing in time. Therefore, the noise
to be introduced in the simulations has to be defined differ-
ently. Assuming that we use frequencies in the range fromkℓ
to ku then the power of the signal between this range is

Psignal,
1

ku− kℓ

∫ ku

kℓ
| f (ω)|2 dω . (32)

Since we are working with discrete samples, (32) is modified

1630



−20
−10

0
10

20

10 20 30 40 50 60 70 80 90 100

0

0.1

0.2

0.3

0.4

m
ℓ

|βmℓ |

Figure 2: Magnitude of Fourier-Bessel coefficients at the
modesm and indicesl of the input source distribution.

(a)

−15 −10 −5 0 5 10 15
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Width(mm)

R
el

at
iv

e 
ab

so
rp

tio
n 

(a
.u

.)

 

 

Reconstructed
Original

(b)

Figure 3: Reconstructed image using the largest 60 estimated
Fourier-Bessel coefficients at a SNR = 20dB.

to

Psignal,
1

ku− kℓ

Ω

∑
ω=2

| f (ω)|2 (γ(ω)− γ(ω −1)). (33)

In (33), there areΩ non-uniform, discrete samples in the fre-
quency range of interest,f (ω) is the signal recorded at the
ωth frequency sample andγ(ω) is the frequency at sample
ω , arranged in ascending order. The SNR in dB can then be
defined in the normal way as 10log10(Psignal/σ2

n) whereσ2
n

is the noise power. Further, the noise is AWGN. For the sim-
ulations a SNR of 20 dB was used, with 20 measurements
available at each required frequency to average out the noise.

We applied our proposed method to the frequency sam-
ples in order to estimateβmℓ. The values of the Fourier-
Bessel coefficients of the input source distribution is shown
in Fig. 2. We can observe that the magnitude of most coeffi-
cients are negligible. A reconstruction using only the largest
estimated 60 Fourier-Bessel coefficients is illustrated byFig.
3 and using 120 Fourier-Bessel coefficients is illustrated by
Fig. 4. It is observed that a better reconstruction with im-
proved resolution results if more coefficientsβmℓ are used.
However, this increases the computational expense.

8. SUMMARY AND CONCLUSIONS

In this paper, we have proposed a novel method for photoa-
coustic image reconstruction which is faster than Fourier-
Domain methods and does not assume infinite bandwidth.
This method can be easily discretized and a relationship be-
tween the number of sensors and upper frequency limit was
provided in order to avoid spatial aliasing. In this method,
we expand the source distribution in the Fourier-Bessel do-
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Figure 4: Reconstructed image using the largest 120 esti-
mated Fourier-Bessel coefficients at a SNR = 20dB.

main. Therefore, the source can be reconstructed by estimat-
ing the Fourier-Bessel coefficients from frequency samples
corresponding to the Bessel zeros.
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ABSTRACT 

Electronic retinal prosthesis system has been developed to 

restore some vision for the blinds who lose their vision due 

to kind of retinal diseases. The image processing of retinal 

prosthesis system converts the original images from the 

camera to the stimulus pattern that can be properly 

interpreted by the brain. Practically, the original images 

are with much high resolution (256x256) than that of the 

stimulus pattern (such as 25x25), which causes a technical 

challenge to extract the stimulus pattern from the original 

image. In this paper, we focus on developing an efficient 

stimulus pattern extraction algorithm by using the single 

cue saliency map, where the salient objects in the image 

with an optimal trimming threshold are extracted. 

Experimental results show that the proposed stimulus 

pattern extraction algorithm performs quite well for 

different scenes in terms of the perception of the stimulus 

pattern. Some suggestions are also given on trimming 

threshold selection for different scenes. 

Key Words: retinal prosthesis, image processing, region of 

interest, saliency map, trimming threshold selection 

1. INTRODUCTION 

Several incurable eye diseases result in blindness for 

100,000’s of individuals each year [1]. Age-related macular 

degeneration (AMD) and retinitis pigmentosa (RP) are two 

most common outer retinal diseases. Experiments in human 

test show that the subjects who has the disease of AMD or 

RP can observe light spot or line by implanting the 

electronic retinal prosthesis system, which demonstrated the 

feasibility of the electronic retinal prosthesis system to 

provide some vision for the blinds [1], [2]. 

The retinal prosthesis system primarily consists of the 

implanted and external subsystems. External subsystem 

composes a camera, an image processing unit, and 

bidirectional telemetry. The implanted components include 

the bidirectional telemetry, the microstimulator chip and a 

multi-channel electrode array [3]. 

The image processing unit of the retinal prosthesis system is 

one of the key parts of the prosthesis. Generally, a healthy 

retina has over 100 million photoreceptors, however, the 

electrode array is currently at the scale of hundreds 

(typically 10x10, 25x25, 32x32 [4]). Since the image pixels 

should be corresponding with the stimulation electrodes, it is 

a common practice that the captured higher resolution 

images must be downscaled to lower resolution (only a few 

hundred pixels) but keeping the salient objects as many as 

possible. During this transformation process, large amounts 

of information will be lost. As the result, it is crucial to 

enhance this perception under limited resolution by 

developing an efficient stimulus pattern extraction method. 

Despite the lack of knowledge about processing of 

information from the human photoreceptor layer to the optic 

nerve, some research groups have already tried to evaluate 

the feasibility of artificial vision from an image processing 

point of view. Buffoni et al. has used six image processing 

methods, such as reduction, enhanced resolution reduction, 

resolution reduction and edges, binary, edges, region 

selection, to extract the low resolution images for the retina 

prosthesis system. Their research outcomes concluded that a 

binary method or a selected region method seems more 

suitable for this application. Although the image threshold 

method is the simplest, it leaves unwanted details that have a 

negative effect on the stimulus pattern image (SPI) 

intelligibility. On the other hand, a selected region method 

presents its ability to reduce the scene at different distance to 

a very simplistic scene representation [3]. 

Boyle et al. [6], [8] emphasized on the region of interest 

(ROI) detection. They suggested that the ROI can be 

detected by the classical saliency map generation (CSMG) 

algorithm proposed by Itti & Koch [10]. The conceptual 

illustration of the CSMG algorithm and the Boyle’s SPI 

extraction algorithm is shown Fig 1(a) and (b), respectively.  

 

(a) Block diagram of the classical saliency map algorithm [10] 

 
(b) Block diagram of Boyle’s stimulus pattern image extraction 

(SPIE) Algorithm [8] 

Fig 1– Conceptual Illustrations. 

As shown in Fig 1(a), the CSMG algorithm is based on 

biologically motivated selective attention mechanism in 

human visual pathway. Three image cues (color, intensity, 

orientation) have been used to generate a single 

topographical full saliency map. The research has shown 

that the full saliency map image has the ability to enhance 
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the salient objects in the original image [9]. We noted that 

Boyle et al firstly applied the CSMG algorithm in the SPI 

extraction application for retinal prosthesis. Moreover, they 

have developed a trim and binary approach to get the final 

SPI (refer to ―trim and binary‖ block in Fig 1(b)), where by 

setting the threshold as 95 percent of the maximum value of 

the saliency map, the full saliency map image are trimmed 

from their outer border until only pixels above the threshold 

remained. The trimmed image will be simply converted to 

the binary image and finally resized to the required stimulus 

pattern image with the resolution of 25x25. After 

investigating and evaluating Boyle’s SPIE algorithm, we 

found that its complexity is quite high since three-cue 

saliency map extraction processing need to be computed 

separately. For example, running time of Boyle’s algorithm 

in MATLAB for a 256x256 input RGB image takes about 16 

seconds to give the SPI. The high complexity prohibits its 

application for the real-time retinal prosthesis system. 

Encouraged by the fact that human eyes are more sensitivity 

to brightness, using the intensity feature alone instead of 

three features to generate the saliency map may lead to an 

acceptable result at a much lower computational complexity. 

2.  STIMULUS PATTERN EXTRACTION 

ALGORITHM 

Our development is motivated by the capability of the 

CSMG algorithm for extracting the salient objects in the 

image, as well as the encouraging results from the research 

of Boyle’s group. Taking the computational complexity and 

stimulus pattern image (SPI) intelligibility as our main 

concerns, a novel single-cue stimulus pattern extraction 

(SCSPE) algorithm has been proposed. The block diagram 

of SCSPE algorithm is shown in  

 

Fig 2 – Block diagram of our proposed SCSPE 

algorithm 

 
Fig 2, the input RGB image is from the front-end camera 

with the resolution of 256x256.The grayscale block converts 

the RGB color image into the grayscale image. The 

Gaussian Pyramid and CSDN block calculates the intensity 

saliency map based on the saliency map model [9]. The 

optimized threshold trimming and binary block determines a 

optimal trimming threshold according to the image scene 

analysis and conduct the trimming to keep the parts of the 

image whose intensity saliency value is above the threshold, 

and also converts the trimmed image into binary image. 

Finally the resize block just resizes the binary image to the 

stimulus patterns with the resolution of 25x25 for the 

625-channel retinal prosthesis system. 

In our algorithm, the intensity saliency map is generated as 

follows. For a grayscale image (256x256), first the six levels 

of Gaussian pyramid images are obtained by zooming-out 

and Gaussian filtering. In general, the multi-resolution 

Gaussian images ( )(I ) shown in eqn. (1) can be used to 

provide good performance for reserving the scale-invariant 

characteristic and reducing noise [12], [13].   

                iGI  )()(               (1) 

In (1), G is the Gaussian filter function,   is the scale of 

the image, {0..6}  ; )(I is the  level of intensity 

Gaussian pyramid image.   

After obtaining the six-level Gaussian pyramid images, then 

we choose the last five-level images to conduct the 

center-surround different normalization (CSDN) algorithm. 

In the CSDN, the five Gaussian pyramid images will first be 

zoom-in to the same size of the first level image in the 

chosen five images, and then perform the center-surround 

differences to get the CSD intensity feature maps, as shown 

in eqn. (2). Finally the summation of these Normalized CSD 

intensity feature maps generate the intensity saliency map, 

as denoted in eqn. (3). One example of generating the 

intensity saliency map is illustrated in Fig 3 ([6], [11]). 

 

Fig 3 – The generation of the intensity saliency map 

              |)()(|),( sIcIscI                  (2) 

)),((
3

2

3

2
scINI
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                  (3) 

In which, c is the finer scale of the center ( {2,3,4}  c ), s 

is the surround coarser scale, , {3,4}s c     , I(c, s) is 

the intensity difference of the center image and the surround 

image; I is intensity saliency map; ― ‖ represents an 

across-scale addition operation. 

For comparison purpose, the experimental results of the 

saliency map generated from Boyle’s algorithm and the 

intensity saliency map are shown in Fig 4 (a) and Fig 4 (b), 

respectively. The original RGB color image (256x256) is 

also presented in Fig 4 (c).  

   
Fig 4 – (a) Boyle’s saliency map image; (b) The intensity saliency 

map image; (c) The original RGB color image 

From Fig 4, it can be seen that there is no big difference 

between Boyle’s saliency map generating by three cues and 

the intensity saliency map generating by single-cue 
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(intensity). To solidify our idea, a number of experiments 

have been carried out for computing the saliency map using 

different image cues. It is encouraged to see that the 

simulation results validate our considerations that for 

majority images in this low-resolution application, it is 

desired to see that the stimulus pattern image extraction 

using single-cue saliency map has much lower computation 

complexity than Boyle’s algorithm and it is more preferable 

for the real-time retinal prosthesis system. 

3.  EXPERIMENTS RESULTS AND ANALYSIS 

3.1   Input Images 

In order to evaluate the performance of the proposed 

single-cue stimulus pattern extraction (SCSPE) algorithm 

and find the optimal trimming thresholds for different scenes, 

input images of different scenes have been carefully selected. 

The images shown in Fig 5 are categorized into the 

indoor/outdoor, and each category includes five scenes 

which a blind might encounter during his/her daily life. 

 
Fig 5 – Input test images comprised different scenes that a blind 

person might encounter (256x256 RGB color images) 

3.2   Experimental Results and Analysis 

The first experiment is setup to compare the performance of 

our proposed SCSPE algorithm with that of Boyle’s 

algorithm. The original RGB images and the corresponding 

extracted stimulus patterns for four representative scenes are 

shown in Fig 6. 

   

   

   

   
Fig 6 – (From left to right) original RGB images, extracted 

stimulus patterns by our algorithm, extracted stimulus patterns by 

Boyle’s algorithm. 

To further validate the research outcomes, a group of 60 

normally sighted or corrected-to-normal volunteers have 

been invited to participate in the performance evaluation of 

the experimental results. Subjects were presented with the 

original high-resolution (256x256) grayscale images and the 

extracted stimulus patterns by our SCSPE algorithm and 

Boyle’s algorithm. The questionnaire has the instruction as 

―If you see the scene above, which version would you find 

most helpful?‖. The evaluation result is given in Fig 7. 

 
Fig 7 – Performance evaluation results by 60 participates 

From Fig 7, it is clear to see that, for these selected image 

scenes, our proposed SCSPE algorithm gives almost five 

times of the score compared with Boyle’s algorithm, which 

means that the resulting stimulus patterns (low resolution 

images) by our algorithm may give more meaningful 

information and it is more suitable for the low-resolution 

retinal prosthesis system. 

In addition, in our SCSPE algorithm, trimming the intensity 

saliency map based on the calculated intensity saliency map 

is one important process. We noted that the selection of the 

trimming threshold for different image scenes becomes a 

problem. Experimental results showed that trimming 

threshold does heavily influence the resultant stimulus 

pattern. In order to get the better or optimal trimming 

threshold, we carried the following experiment.  

Not only use the image present in Fig 5, we also random 

select ten Boly’s test pictures [8].For a given input image, 

the maximum gray level of the intensity saliency map is 

computed and it is denoted as max, then eight different 

trimming thresholds can be determined as 0.1max to 0.8max 

at the step of 0.1max.The eight different stimulus patterns 

using eight different trimming thresholds are calculated 

using proposed SCSME algorithm. In order to conduct the 

fair performance evaluation, we place these stimulus 

patterns in a random order below the original input images, 

which are presented in Fig 8. The same group of people has 

been invited to give the evaluation results as well. The 

viewing conditions for the experiments were not under 

control. The questionnaire results are shown in Fig 9. It is 

noted that the results in Fig 9(a) are very interesting. 

Whether for indoors or outdoors scenes, the stimulus 

patterns using thresholds between 0.2max-0.4max received 

higher score. Furthermore, experimental results in Fig 9(b) 

showed that when there are salient objects (person\object) in 

the original input images, stimulus patterns with the 

threshold about 0.4max obtained much higher score. One of 

the explanations is that, for these scenes, viewers prefer to 

see the details of salient objects. Numerous experimental 

results further support above observations. From these initial 

research outcomes of our proposed algorithm, we may 

suggest that when there are salient objects in the scene (such 

as the blind meet people or talking with people), the 

trimming threshold should be set around 0.4max, in other 

situations, the trimming threshold values can be set between 

0.2max-0.4max to give the satisfied stimulus pattern . 
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If you see the scene here, which version would you find most helpful? Tick blow 

the image 

 

         

 

        

Fig 8 – Stimulus patterns by our proposed algorithm using eight different trimming thresholds 

 
(a) Performance evaluation results of different trimming 

thresholds for indoor/outdoor scenes 

 
(b) Performance evaluation results of different trimming 

thresholds for scenes with salient/no salient objects  

Fig 9 – Performance evaluation results by 60 participants 

4. CONCLUSIONS 

A stimulus pattern extraction algorithm for a real-time 

retina prosthesis system has been developed. This stimulus 

pattern automatic extraction algorithm can be employed in a 

prosthesis design to highlight areas that may help a visually 

impaired user. Extensive experiments have been conducted 

to validate the performance of our proposed algorithm for 

different scenes. Other experiments also indicated and 

suggested the choice of the good thresholds for different 

scenes. It deserves to work more in the future to develop an 

automatic threshold SPE algorithm for further improving 

the stimulus pattern extraction under different scenes for the 

retinal prosthesis systems automatically. 
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ABSTRACT 
In this paper we introduce a novel method to extract the 
features of space domain from iris image, which uses gray 
scale morphological filtering. It is well known that the 
skeleton which shows the features of images is extracted 
from binary images by morphological filtering. The skeleton 
of gray scale images can be also extracted by gray-scale 
morphological filtering. In order to extract the features of 
the iris, we apply the gray scale morphological filtering to 
the iris image and obtain the skeleton. The binary skeleton 
which is regarded as the iris code is obtained by 
thresholding. The Hamming distance was employed for 
classification of iris codes. 

1. INTRODUCTION 

A biometric system provides automatic recognition of an 
individual based on some sort of unique feature or 
characteristics processed by the individual. As well as others 
biometrics, the iris has been used in automated recognition 
systems, since it characteristics are unique to each individual, 
even between monocular twins and stable with age, the iris 
has great potential use in the biometric non-invasive 
evaluation. 
      The iris is located on the outside of eye; it is easier to 
take an image. However, the development of the 
identification system using the iris started relatively later. 
Since, the pattern of the iris is so highly detailed that it is 
very difficult to identify it. The iris identification system was 
first introduced by Daugman [1]. This identification system 
is based on 2D Gabor filer. Several other methods were 
developed using isotropic band-pass decomposition such as 
Laplacian pyramid [2] and multi-channel Gabor filtering [3]. 
Boles [4],[5] has detailed fine-to-coarse approximation at 
different resolution levels that are based on zero-crossing 
representation from wavelet transform decomposition. Hong 
et al.[6] extracted features from an iris image using multi 
scale-space filtering technique. Zero-crossing is also used 
for edge detection in this method.  

In this paper, we introduce a novel method which is 
based on morphological filtering [7],[9] to extract the unique 
features from an iris image. It is well known that the skeleton 
is extracted from binary pattern images by using morphology 
filtering. The skeleton shows the characteristics of the binary 
pattern image and is used for coding of binary pattern images. 

In the gray scale image, the gray-scale skeleton is obtained 
by the gray-scale morphological filtering.  

An iris image is separated from the whole image of eye 
and normalized into rectangular block with constant 
dimensions. Next, in order to make the contrast of iris images 
same, we adjust the average and standard deviation to the 
specified values. The feature (i.e., skeleton) is extracted from 
the normalized iris image by gray scale morphological 
filtering technique. From the skeleton image an iris code is 
given by thresholding.  

The morphological filters which are consisted maximum 
and minimum operations, thus, the computational complexity 
of our method is very low. It is a merit of the proposed 
method.  

2. SEGMENTATION 

We introduce a modified version of Hong’s method [6] to 
calculate the radius and center of pupil. From Fig.1, the 
border of the pupil and iris can be expressed  

22
0

2
0 )sin()cos( Ryrxr =−+− θθ                (1) 

where ),( 00 yx  denotes the center of the pupil and ),( θr  
denotes the corresponding polar coordinates and R is the 
radius of pupil to be found.  
     Let ),( θrf  be the iris image in the polar coordinates. 
Initially, the origin of the polar coordinates which is 
corresponded to the center of the pupil is chosen to be 
arbitrary point inside of the pupil. Next, we find the boundary, 

)(θedgee  as 

})1()1({)( −−+= rfrfMAXe redge θ           (2) 

MAXr{} represents the value of r where {} is maximized at 
given θ . The radius and center of the pupil can be obtained 
by using )(θedgee .Let X1, X2, X3, X4 be the regions which 
are illustrated in Fig.2. Let Xi be the average value of 

)(θedgee ’s for the region labelled Xi. Then, the radius R and 

center ),( 00 yx of the pupil as 

      )( 43214
1 XXXXR +++=                                  (3) 
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Figure 1 Iris image in the orthogonal coordinates  

 
Figure 2  The region Xi 
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(a) Transformed image with initial center point 
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(b) Correction of the center point 

Figure 3 Calculation results of the center point 
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Figure 3(a) shows the ),( θrf  with arbitrary center point and 
Fig 3(b) shows the resulting image.  

Deleting data that is inaccurate or unsure will cause fewer 
misidentifications. Even if the image is taken with highest 
precautions there are always noise caused by surroundings 
and light sources. Standard deviations are computed and used 
to discriminate areas that have a high possibility of being 
noise. An 8x8 window is applied by 4-pixel interval along the 

directions r and θ . Thus, one 4x4 area is overlapped four 
8x8 areas. If all four 8x8 areas whose standard deviation are 
less than a half of the average, the 4x4 area is considered as 
noisy areas. Hence, we remove these regions for the further 
process.  

3. FEATURE EXTRACTION 

3.1 Adjusting the Average and Standard deviation 

In order to attenuate the fluctuation of quality of iris images, 
it is necessary to uniform the contrast of iris images. 
Therefore a mean value and a standard deviation of the iris 
image ),( θrf  are adjusted to the specified values before 
feature is extracting. In this paper, ),( θrf  is an 8 bits image, 
therefore, the specified value of the mean and standard 
deviation are set to 128 and 20, respectively. 
       Let the mean and standard deviation of the original 

),( θrf  be m andσ , respectively. Each point of the image is 
transformed as 

128}),({),( 20 +−= mrfrf θθ σ

)
                             (5) 

By applying ),( θrf  to Eq.(5), the mean and standard 

deviation of ),( θrf
)

 become 128 and 20, respectively. 

3.2 Morphological Skeleton 

The skeleton of ),( θrf
)

 can be expressed in terms of erosions 
and openings. That is, it can be shown that 

       )},(ˆ{)},({
0

θθ rfSrfSK
N

n
n∑

=

=
)

                               (6) 

with  

       frfSn
ˆ()},({ =θ

)
−)ng f̂( gng o)              (7) 

where g is a structuring element, and f̂( )ng  indicates n 
successive erosions of ),( θrf

)
: 

       f̂( )ng = (... ( f̂( )g g) …) g             (8) 

n times, and N is the last iterative step before ),( θrf
)

 erodes 
an empty set. 
     In this paper, we set structure element g as flat with 3x3 
pixels, therefore, erosion is defined by 

       f̂ g =min{ }1,1),( ≤≤−++ klklrf θ
)

                (9) 

The opening is given by  

       of̂ g = ( f̂ )) gg ⊕                                         (10) 

where  

       ⊕f̂ g =max{ }1,1),( ≤≤−++ klklrf θ
)

               (11) 
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(a) Original image ),( θrf

)  

 
(b) Iris code ),( θrI (T=2) 

 
(c) Iris code ),( θrI (T=6) 

Figure 4 Iris code 

Finally, iris code ),( θrI which is used for iris 
identification is defined as  
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=
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θ
θθ )

)

                             (12) 

Figure 4 shows ),( θrf
)

 and the Iris code ),( θrI with T=2 
and 6. We can understand that the iris code can be expressed 
the feature of the iris image and it is important to set 
threshold parameter T adequately. 

4. SIMULATION RESULTS 

To create the experimental database, used for the simulations, 
ten samples of five persons’ images were selected at random 
among fifty of images of both eyes. We make three 
resolutions (256x100, 128x50, and 64x25) of the iris code. 
We show a sample of the iris code (256x100, T=1) of each 
person in Figure 5.  

For matching, the Hamming distance (HD) was chosen as 
a metric for recognition. To prevent non-iris artefacts from 
influencing iris comparisons, AND operation is applied to the 
iris areas of two codes. HD is calculated using pixels in 
common area. 
    HD is similarity measure which is the fraction of bits that 
disagree between two codes. The performance of biometric 
identification scheme is characterized by the graph 
superimposing the two fundamental histograms of similarity 
that the test generates: one when comparing biometric 
measurements from the same, and the other when comparing 
measurements from different persons. Because this 
determines whether any two templates are deemed to be 
same or different, two fundamental distributions should 
ideally be well separated, as any overlap between them 
causes decision errors.     

     

 
(a) Person #1 

 
(b) Person #2 

 
(c) Person #3 

 
(d) Person #4 

 
(e) Person #5 

Figure 5 Iris code for each person 

Table 1 Index value d for various cases 

 
 
 
 
 
 
 
 
 

The index d which can measure how well separated the 
two distributions is defined in Ref. [8]. This is defined as the 
separation between the means of two distributions, divided 
by the square-root of their average variance: 

2/)( 2
2

2
1

21

σσ +

−
=

mm
d                                            (13) 

where im and 2
iσ  (i=1,2) represent the mean and variance of 

the distributions, respectively. We calculate the index d for 
various T in Eq.(12) and resolutions (i.e., 256x100, 128x50 
and 64x25) and show them in Table 1. The value of percent 
was used to calculate.  

256×100 128×50 64×25

T=1 3.61 3.76 3.51

2 3.34 3.95 4.06

3 2.95 3.70 5.07

4 2.36 3.15 4.45

5 1.96 2.55 3.77
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(a) 256x100, T=1 

 
 
 
 
 
 
 
 
 
 
 

(b) 128x50, T=2 

 
 
 
 
 
 
 
 
 
 
 
 

(a) 64x25, T=3 

Figure 6 % distribution of the Hamming distance 

Figure 6 illustrates the distribution of the Hamming 
distance obtained from test group for each resolution. The 
two distributions on the graph show the results when 
different images of the same and different eyes are compared. 
Iris patterns belonging to same person can matched at an 
average about 75% for all resolutions. On the other hand, bit 
patterns extracted from different people matching with an 
average of only 52% for 256x100 and 64x25 resolutions and 
55% for 128x50-resolution. Since the variance for same 
person is relative wide, the index d (Table 1) is relative small. 
However, two distributions are separated sufficiently. That is, 
persons can be clearly discriminated from others. 

5. CONCLUSION 

In this paper, we propose a new approach which use 
morphological skeleton to extract unique features from an 
iris image. The algorithm uses the pattern of space domain of 
image data. The morphological filters which are consisted 
maximum and minimum operations, thus, the computational 
complexity of our method is very low. Furthermore, it is well 
known that morphological filters have the ability of 
attenuation noise. Thus, the proposed method is low-
sensitivity to noise. 
   Resulting iris code can be used to develop a system for 
rapid and automatic identification of person, with high 
reliability and confidence levels. Simulation results is very 
similar to Ref.[1],[8] which use Gabor filtering. It is also 
shown similar results to Ref.[6] which use scale-space 
filtering to extract feature from an iris image. The proposed 
approach provides one of the effective methods of iris pattern 
code extractions. 
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New Radar System In Medicine
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Abstract�UWB Radar system helps us to capture image of
human biological structure. In this paper, we propose medical
system Radar that can explore human body layer by an oblique
incident UWB pulse. This system can capture human tissue image
by analyzing the echo of each layer. In attempt to distinguish
re�ected echo, our system exploit the diversity of electromagnetic
direction propagation and the variety of travel time of each echo.
Our solution consists on recursion expressions that estimate the
position of the network antenna and the travel time on each echo
layer.

I. INTRODUCTION

Whole systems of UWB comprised in sending out an ultra
wide band impulsion and examining the received echo like
the Magnetic Resonance Image (MRI) and ultrasonic system.
This kind of system is used nowadays in several applications
such as medical applications.
An UWB radar system offers many reimbursements over

continuous wave radars [1]:

� Due to a very lofty down-range resolution, a target can
be precisely located;

� Outsized bandwidth allows better severance between tar-
gets and clutter;

� It possesses good resistance in opposition to multipath
interference, which is very burly within buildings and
distorted buildings;

� Various targets can be resolved.

Electromagnetic wave impulses are able to explore the
human body. This is because there are differences in re�ection
magnitude between several layers of the human tissue. There
are several works in the literature which are interested in
estimating the echo of electromagnetic wave by the human
body[6][7][8][9]. In this paper we study a electric property
of human body. First, we modeled the human body by a
plane multilayer. Then, we proposed a new radar system able
to capture all echo re�ected by human body of an oblique
incident wave in the second part. In a same manner, we
calculate the travel time and the distance covered by each
layer echo. By exploiting these results our system has become
ready to take an image of interior human body layers. Through
this manner the doctors will be allowed to detect an anomaly
in human body like tumors. Finally results are resume in a
conclusion.

Fig. 1. Relative permittivity as a function of frequency for normal tissue as
measured by Gabriel in [2][3][4][5]

II. ELECTRICS CHARACTERISTICS OF HUMAN
BODY LAYERS

Each layer of human body can be represented by a dielectric
in which properties vary with the frequency of incident pulse.
The dielectric characteristics of tissues are not only frequency
dependent but also temperature dependent [2][3][4][5].
Fat and Bone have a very law water content and therefore

signi�cantly a high permittivity. Most other body tissues have
very high water content, for this reason they has a less
permittivity. The permittivity increases with frequency in all
layers of the human body. This result is demonstrated by
Gabriel as shown in Fig1.

The same, conductivity is very less for a layer that has very
high water content and it is very important for a layer that has a
less water content. But conductivity decreases with frequency
in all layers of the human body. This outcome is established
by Gabriel as shown in Fig2.
We can model any layer of biological structure by a good

electric. Fig3 illustrates that the condition for good dielectric
(�="!)2 � 1 is satis�ed for all layers of biological tissue
[10].
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Fig. 2. Conductivity as a function of frequency for normal tissue as measured
by Gabriel in [2]

Fig. 3. (�="!)2 as a function of frequency for normal tissue

Where:
! : wave pulsation
" : relative permittivity.
� : relative conductivity.
At this statement, we can model human body by a multilayer

good dielectric that is composed of planar layers skin, fat,
muscle, bone and lung tissue. The human body model is shown
in Fig4.

III. PROPOSED RADAR SYSTEM
In attempt to propose a new Radar system, we study

interaction between an oblique incident wave and a human
biological structure.

Fig. 4. Layered �at tissue model.

Let us now presume the electric �eld of the uniform plane
wave incident on a planar interface at on oblique angle.
In this section, we started by a single layer of human body

in free space.
When the incident wave run into the interface, a part of the

wave intensity will be re�ected into layer one and fraction will
be transmitted into layer two. In addition to the two Snell's
low of re�ection we can lead to the following two relations.

�in = �r (1)
�1 sin(�in) = �2 sin(�t) (2)

Where �in, �r and �t are, respectively, the incident angle,
re�ected angle and the transmitted angle; �1 and �2 are
respectively, the intrinsic impedance of medium one and the
intrinsic impedance of medium two.
We use a pulse emitter UWB in the position P0 that

transmits an electromagnetic wave with oblique incident angle
upon a human tissue layer surface, in attempt to capture the
echo of the layer of the biological structure so, we should
place the receiver antenna in the position P1 shown in the Fig
2. P1 that can be expressed by:

P1 = 2l1 (3)

Where :

l1 = w0 tan(�in) (4)

The transmitted part by the �rst layer became an incident
wave compared to the second layer with an incident angle
explained by

�t;1 = sin
�1(

�0
�2
sin(�in)) (5)

The later is re�ected by layer two and crosses layer one
as shown in the direction in Fig . To capture this echo, we
must place the receiver antenna in P2 or move it to the same
position which is expressed by

P2 = 2(l1 + l2) (6)

where
l2 = w1 tan(�t;1) (7)

The same is true for layer three. The position P3 is calcu-
lated by:

P3 = 2(l1 + l2 + l3) (8)
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Fig. 5. Receiver antenna position P in order to capture layer one echo

Fig. 6. Receiver antenna position P in order to capture layer two echo

l3 = w3 tan(�t;2) (9)

�t;2 = sin
�1(

�0
�3
sin(�in)) (10)

At this stage, we can generalize this �nding which is placing
receiver antenna in Pi to capture the ith echo layer where Pi
is expressed by:

Pi = 2(l1 + l2 + l3 + :::li) (11)

In expression (11) li is:

li = wi tan(�t;i�1) (12)

and

�t;i�1 = sin
�1(

�0
�i
sin(�in)) (13)

Fig. 7. Receiver antenna position Pi in order to capture layer ith echo

In order to compute P, we can de�ne a recurrence expres-
sion:

Pi = Pi�1 + 2li (14)

IV. OUTDISTANCE CROSSED BY THE ECHO OF
EACH LAYER OF HUMAN TISSUE

In this part, we will try to determine the travel distance
crossed by each echo layer of human body tissue. Let us start
by the distance traveled by the echo re�ected by layer one that
can be expressed by:

d1 = 2
l1

sin(�in)
(15)

His expression can be written for second layer as:

d2 = d1 + 2
l2

sin(�t;1)
(16)

And three layer:

d3 = d2 + 2
l3

sin(�t;2)
(17)

To calculate the other distances traveled by the echo re-
�ected by each layer we use the same method. This result can
be generalized by a recurrence expression:

di = di�1 + 2
li

sin(�t;2)
(18)
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Fig. 8. Outside distance d1 crossed by the echo through one layer

Fig. 9. Outside distance d2 crossed by layer one echo

V. RETURN ECHO DAILY OF HUMAN BODY
LAYERS

In the previous section, we have calculated the distances
traveled by echo layer. Now we can determine the travel time
echo layer.
The echo re�ected by the �rst layer crossed twice free space,

for this reason the echo time travel t1 can be expressed by:

t1 =
d1
c

(19)

Where C is the speed of light in free space .
On the other hand, for the second layer, the echo twice

crosses the layer of free space as well as the second layer
with this intention the time put by this echo can be expressed
by:

t2 = t1 +
d2 � d1
v1

(20)

where
In the same way for layer three t that can be written by:

Fig. 10. Outside distance dicrossed by layer ith echo

t3 = t2 +
d3 � d2
v2

(21)

which can generalized by :

ti = ti�1 +
di � di�1
vi�1

(22)

VI. APPLICATION
Our goal is to carry out a radar system of medical imagery

which will enable us to take images of the various layers of
human tissue.
This system consists on sending an impulse with an oblique

incidence in UWB frequency range. At the time of each
meeting with the various layers of biological structure, a part
will be re�ected by the layer one, giving place to a �rst echo,
and another part will be transmitted towards the layer two,
and which will be divided in the same way in two considered
and transmitted parts: the considered part will cross layer one
in order to make the echo of the second layer. This principle
will be applied for the other layers.
To distinguish the various echoes, we can propose several

methods; we can enumerate: direction of propagation of each
echo, the time put by each echo and the polarization of the
wave re�ected by each layer.
In this paper we stressed the �rst and the second method. In

fact, for an oblique incidence, each echo has its own direction
which is always paralleled to the direction of incidence, as we
have explained in the preceding section. With this intention, we
thought of a strategic emplacement of the reception antennas.
Moreover, each echo has its own way on the one hand, and
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its speed changes a layer with another. Of another share, this
makes it possible to have a time of arrived single for each
echo.
Table Tab I illustrates the emplacement of receiver's antenna

and the travel time of each echo layers for an oblique incident
impulsion �in = 45� at frequency 5 Ghz.
In order to compute P and t we use conductivity and

permittivity of human body layer that is estimated by Gabriel.
The tissue thickness of the different human body region used
in this section is represented in [6].

Layer Skin FAT Muscle Bone Lung
Thickness (mm ) 1.3 9.5 13.5 6.6 5.7
Permittivity (S/m) 35.774 5.0291 49.54 16.05 44.859
Intrinsic impedance 5.9811 2.2426 7.0385 4.0062 6.6977
Antenna position (mm) 40 40.3096 46.6225 49.3488 51.715
Echo distance crossed(mm) 56.5685 59.1869 79.2082 106.3455 119.756
Echo travel time (ps) 188.5618 240.7644 390.4282 752.8237 931.91

Table I
Antenna position, distance crossed and
travel time of each echo layer

VII. CONCLUSION

A new UWB Radar system for medicine application was
investigated. In this work we have proposed a new Radar
system that consists of sending an UWB pulse with an
oblique incident. This type of incidence can make a variety of
direction's echo propagation that facilitates capture each echo
by a strategic emplacement receiver's antenna. Furthermore,
we can discern each echo by using a travel time because each
echo has its appropriate way. In fact, this system can make
image of human body structure by analyzing the echo re�ected
by each layer after making database learning phase.
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ABSTRACT 

A new approach of run length encoding (RLE) is proposed 

in this research to compress discrete cosine transform 

(DCT) coefficients of time domain ECG signals. Energy 

compaction property of DCT facilitates the process of length 

encoding by accumulating the correlative coefficients into 

separate segments. Thus the high probability of redundan-

cies in consecutive coefficients facilitates the use of RLE. To 

increase the CR, two stages of RLE are performed on the 

quantized DCT coefficients. Then binary equivalent of RLE 

values are obtained by applying Huffman coding. Finally the  

distortion indices of relevant clinical diagnostic information 

of the reconstructed signal is measured in terms of weighted 

diagnostic distortion (WDD), percentage root-mean-squared 

difference (PRD) and root-mean-square (RMS) error indi-

ces. Results indicate that for MIT-BIH Arrhythmia database 

Record 117, the proposed compression algorithm can 

achieve a compression ratio of 14.87 with a bit rate of 185 

bps. 

1. INTRODUCTION 

Electrocardiogram (ECG) is the graphical representation of 

the electrical activity of human heart. It is largely employed 

as a diagnostic tool in clinical practice. For real-time trans-

mission of the ECG in case of emergency medical situations, 

like telemedicine or telecardiology, requires application of 

compression techniques to reduce the storage requirements 

of hospital databases and ambulatory ECG data so that it can 

improve the speed of data transmission through low band-

width networks, like telephone lines [1]. Compression 

methods used for ECG signal can be classified into three 

major categories as direct time-domain techniques (DTT), 

Transformational approaches (TA) and Parameter extraction 

techniques (PET) [2].  

DTT methods usually rely on utilization of prediction or 

interpolation algorithms like amplitude zone-time epoch 

coding [3] and turning point [4]. TA methods usually can 

achieve higher compression ratio (CR), and are insensitive 

to noise in ECG signals [5]. Some applications of TA me-

thods are wavelet transform [1], [2], [6], discrete cosine 

transform (DCT) [7], [8] and etc. Here, to obtain high CR, 

use of accurate QRS detection, period normalization, ampli-

tude normalization and mean removal in [1], [2], [6] for one 

dimensional (1-D) and two dimensional (2-D) wavelet trans-

forms, system becomes complex. Instead, a DCT based sca-

lar quantizer with linear coding had achieved a good CR 

with excellent reconstruction quality and minimum PRD [7]. 

Also, DCT has the property to round off a series of small 

coefficients to zero without altering the signal significantly. 

Then application of linear encoding like run length encoding 

(RLE) can achieve better CR than others. 

Again, up to now, researchers utilize simple mathematical 

distortion measures like percentage root mean squared dif-

ference (PRD), mean squared error (MSE), root-mean-

squared (RMS) error etc. to evaluate the reconstructed sig-

nals quality. Among them, PRD is the most widely used 

index for evaluation of distortion, because of its simplicity 

and mathematical convenience [2]. But PRD is not a good 

measure of the true compression error with poor diagnostic 

relevance [9], as PRD has a dependency on the dc level that 

can introduce confusion in the evaluation of the performance 

of a compressor [10]. Such measures are also irrelevant from 

the point of view of diagnosis [9]-[13]. So, the use of a dis-

tortion measure such as weighted diagnostic distortion 

(WDD) index can be an effective tool for determining the 

performance of a compression algorithm [11]-[13]. 

Throughout the research work we have tried to utilize the 

positive impact of WDD on the relevancy of clinical diagno-

sis, instead of PRD. 

2. COMPRESSION METHODOLOGY 

2.1. Preprocessing and Segmentation of ECG signal 
 

A block diagram of our proposed compression scheme is 

provided in Figure 1. According to the process flow, ECG 

signal is firstly segmented into two distinct parts. To facili-

tate the segmentation process, the 360 Hz sampled MIT-BIH 

ECG data sets are down sampled to 250 Hz. Then segmenta-

tion is performed on P, QRS and T locations by using the 

detection algorithms in [13]. Figure 2 illustrates the loca-

tions of various characteristic points of ECG signal. After 

recognizing the QRS complex, the T wave and P wave are 

identified. Finally the baseline variation is removed from the 

ECG signal. 

2.2. DCT Transform 
Each QRS-complex and non-QRS wave (P and T sections) 

is transformed to 1-D DCT separately. Due to the energy 

conservation property of DCT, it generates a long sequence 

of zeroes at higher frequency coefficients.  
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Figure 1 - Block diagram of our proposed compression scheme.

 

Figure 2 - P, QRS and T features of ECG signal. 

 

A scalar quantizer with step size starting from 0.1, every 

time it is incremented by 0.1 up to the level until there intro-

duces a significant amount of distortion in the reconstructed 

signal. Floating point coefficients are then modified to the 

single precision values. 

2.3. Run Length Encoding 

The use of quantization is always motivated by the need to 

reduce the amount of data to represent a signal. According to 

Figure 3, RLE of DCT coefficients are carried on two differ-

ent stages. Each data file of quantized QRS and non-QRS 

DCT coefficients are encoded and then separated in the first 

stage of RLE. Separation of length values of RLE from run 

values showed an appreciable amount of redundancies suita-

ble for further compression.  

So, a second stage of RLE is applied to the length files ob-

tained from 1
st
 stage. For decimal to binary conversion of all 

the data files, separate techniques are used for each RLE 

files. Run values of 1
st
 level DCT-RLE coefficients are bi-

nary encoded according to the Equation (1): 

 
Binary bits = no. of symbols × bits/symbol      (1)  

 

Bits/symbol can be determined by the formula log2 x, where 

x is the no. of distinct symbols in the signal. Then, Huffman 

coding is applied to the 2
nd

 level RLE of lengths values for 

further compression. This facilitates both the compression 

and binary encoding. 

3. PERFORMANCE MEASURES 

3.1. CR and Bit rate calculation 

The total size of our compressed ECG data file is consists of: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3 - An example of our RLE based encoding scheme. 

 

 Binary codes from the 1st stage RLE run values for 

each ECG beat 

  a) For P and T sections 

  b) For QRS complex 

 Binary codes from the Huffman coding of the 2
nd

 

stage RLE values for each ECG beat 

  a) For P and T sections 

  b) For QRS complex 

 Combined Huffman code dictionary for all ECG 

beats  

  a) For P and T sections 

  b) For QRS complex 

 

So, the CR of our proposed RLE based compression scheme 

is as follows in Equation (2): 









n

i
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ipcqdpd

mN
CR

ii
1
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    (2) 

Here, N is the no. of ECG data samples, m is the no. of 

bits/data used in MIT-BIH database, n is the no. of ECG 

beats, dp and dq are the dictionary size for non-QRS and 

QRS region respectively, n is the no. of ECG beats, cp and cq 

are the Huffman code size for non-QRS and QRS region 

respectively and rp and rq are the binary code run values of 

RLE for P and T sections and QRS complex respectively. 

And the bit rate is by Equation (3): 

 
Bit rate = (Total no. of bits after compression)/ (Total no. of data) 

  × (Sampling rate)     (3) 
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3.2. WDD index and parameters 
Throughout the research, to evaluate the performance of RLE 

based compression scheme, WDD is mainly used as a distor-

tion index other than PRD or RMS. It is used to measure the 

quality of the reconstructed signal by extracting some diag-

nostic features both from the original and reconstructed sig-

nals as shown in Equation (4). 

  100.
][

.)ˆ,( 



 

tr

TWDD       (4) 

Where  and 


are the ECG derived characteristics pa-

rameters used for WDD index. Again,  indicates diagonal 

weighting matrix to emphasize certain parameters or regions 

of ECG complex. Also,   is the normalized difference 

vector as defined by Equation (5) and Equation (6). 

 ii

ii
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ββ
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     (5) 

]....,,.........3,2,1[ p
T   , ]18,.......,3,2,1[p  (6) 

Shapes, amplitudes and durations are the main characteristic 

features that are used for comparisons [13]. Here, 18 differ-

ent characteristic parameters as indicated in Figure 4 and 

some of their predefined values as obtained from literature 

[13]. For amplitude and duration, the difference vectors are 

directly calculated by Equation (6), but a separate penalty 

matrix is used to quantify the shape deviation of original and 

reconstructed ECG signals in WDD calculation.  

4. RESULTS 

The effects of 2-stage RLE compression on ECG signals are 

presented in Figure 5 by varying the quantization step size 

of DCT coefficients for MIT-BIH record 117. The Figure 

indicates that the shape, amplitude and duration of the re-

constructed ECG signals are almost identical to the original 

signal after a CR of around 14. According to literature [13], 

from the point of view of diagnosis, distortions will be in a 

considerable level, if we can remain within 2%-4% of WDD 

and 6%-9% of PRD. So, distortion indices calculated for the 

same database of Figure 5 are presented on Figure 6 and 

Figure 7 in terms of PRD and WDD with variations of CR 

and bit rate. 

The trend of the distortion indices indicates that the bit rate 

below 200 bps introduces a drastic change in the quality of 

the reconstructed signal by the sharp upward bending. A 

comparison of the pattern of WDD with respect to PRD con-

firms that WDD is less sensitive than PRD on variations of 

the bit rate along with the quality of the reconstructed signal. 

The reason is, as WDD deals with the relevancy of the dis-

tortion with respect to the clinical acceptability, instead of 

mathematical calculations, it remains less sensitive to the 

distortion. This property of WDD facilitates our compres-

sion algorithm by offering higher compression ratios.  

We have tested the performance of our proposed RLE based 

compression scheme for three MIT-BIH records as are 101, 

117 and 119. All the three databases confirm the better  
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Figure 4 - Some of the diagnostic features of ECG. 

 
Figure 5 - Visual illustrations of original (a) and recon-

structed ECG signal of record 117 (MIT-BIH) for CR of 

10.12 (b) and 13.92 (c) respectively. 

 

results of the retrieved signal after compression. Compari-

sons with some other standard compression techniques are 

presented in Table 1 that indicates the better performance in 

terms of PRD and WDD indices. As application of WDD for 

performance evaluation of ECG compression schemes is not 

explored widely, for most of the comparisons we had to rely 

on PRD index. 

5. CONCLUSION 

Performance of a compression scheme can vary with the 

characteristic of the input dataset. So, for the same bit rate, 

our RLE based compression scheme achieves different dis-

tortion indices for different databases. According to the re-

view cardiologists in literature, an acceptable level of recon-

struction error can be maintained by a compression ratio of 

15. Thus, the results indicate that our scheme is capable to 

attain an acceptable level of CR. Again, integration of low 

cost portable storage devices and digital signal processors to 

the proposed methodology, the system can overcome the 

bandwidth limitations for real-time applications. 
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Table 1 - WDD and PRD variation with some other techniques from literature. 

 

From literature 

Compressor 
CR CRPS PRD PRDPS WDD WDDPS 

AZTEC [13] 6.9 6.73 15.5 4.358 - 0.857 

Long Term Prediction [13] 6.9 6.73 7.3 4.358 - 0.857 

1-D DCT [15] 
6.0 6.73 7.5 4.358 - 0.857 

12.0 11.39 15.0 9.087 - 1.627 

Cut and align beats approach 

with 2-D DCT [15] 
6.0 6.73 3.5 4.358 - 0.857 

ASECPRD[13] 6.9 6.73 5.5 4.0 5.1 0.857 

        PS denotes proposed DCT-RLE based scheme.
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Figure 6 - CR and distortion-rate curves with bit rate variations of RLE based compression for Record -117. 
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Figure 7 - CR and distortion-rate curves with bit rate variations of RLE based compression for Record -119.
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ABSTRACT 

The texture analysis of the retinal nerve fiber layer (RNFL) 
in colour fundus images is a promising tool for early glau-
coma diagnosis. This paper describes model-based method 
for detection of changes in the RNFL. The method utilizes 
Gaussian Markov random fields (GMRF) and the least-
square error (LSE) estimate for the local RNFL texture 
modelling. The model parameters are used as a texture fea-
tures and non-linear classifier based on the Bayesian rule is 
used for classification of healthy and glaucomatous RNFL 
tissue. The proposed features are tested in the sense of clas-
sification errors and also they are applied for segmentation 
of RNFL defects in a high-resolution colour fundus-camera 
images. The results are also compared with the Optical Co-
herence Tomography images regarded as a gold standard 
for our application due to the possibility of quantitative 
RNFL thickness measurement. 

1. INTRODUCTION 

Glaucoma is one of the most common causes of blindness 
with an average occurrence of 4.2% for ages above 60 years 
[15]. Glaucoma is characterized by retinal changes, particu-
larly in the region of the optic nerve head (ONH): an en-
largement of the ONH excavation, ONH hemorrhages, thin-
ning of the neuroretinal rim, asymmetry of the cup between 
left and right eye, and progressive retinal nerve fiber layer 
(RNFL) atrophy. This RNFL loss can be relatively well in-
dicated as a texture changes in fundus photographs (Fig-
ure 1). Early detection of the RNFL atrophy plays a crucial 
role in the effective treatment, because the retinal nerve fi-
bers cannot be revitalized. Therefore, the analysis of retinal 
images has become an important issue in glaucoma diagno-
sis. The quantitative measurement of RNFL thickness with 
the Optical Coherence Tomography (OCT) is widely pro-
moted by the ophthalmologists and a lot of papers concern-
ing this modality have been already published, e.g. [3, 8, 
14]. However the examination by OCT is still less available 
due to the high costs in many ophthalmology clinics all over 
the world. The main requirement in glaucoma diagnosis is 
an early detection of RNFL degeneration in order to set up 
the treatment as soon as possible. Hence, a mass screening 
program seems to be suitable for supporting the diagnosis. 
Well, an extensively available fundus-camera imaging can 
be offered for such a reasonable glaucoma screening. 

There is a high effort to base the automated RNFL anal-
ysis on fundus-camera images since the 1980 [10], but until 
now, there is no routinely used method allowing automated 
RNFL diagnosis using only fundus camera images; al-
though many contributions concerning this topic have been 
already published, e.g. [1, 2, 4, 6, 9, 17, 19]. 

Our contribution deals with a new model-based method 
utilizing Gaussian Markov random fields (GMRF) to model 
the local RNFL texture in high-resolution colour fundus-
camera images. The model parameters are estimated by the 
least square error (LSE) approach and they are used as a tex-
ture classification features. Non-linear Bayesian classifier is 
used for discrimination between healthy and glaucomatous 
RNFL tissue. The classification performance is evaluated 
using cross-validation approach and also supervised machine 
learning is applied in order to detect RNFL loss in diagnosti-
cally important region in fundus images. The results are fi-
nally compared with the OCT data. 

 

 

Figure 1 – Example of typical fundus image with distinctive 
RNFL loss; an average of green and blue channel of RGB colour 

image data is utilized. 

2. EXPERIMENTAL DATA 

Our retinal image database contains 18 images of healthy 
patients and 10 images of patients with glaucoma (RNFL 
defects). All images were acquired by digital fundus camera 
CANON CF-60UDi with 3504 × 2336 pixel resolution in 
RGB colour space and with 60° field of view. The JPEG im-
age format with very low compression was applied. The pro-
posed method utilizes only green and blue channel of RGB 
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image data (Figure 1). This is because the red channel does 
not contain any useful information about RNFL texture. Ex-
perimentally, it was found that an average of green and blue 
channel is the most relevant solution providing relatively 
good appearance of RNFL striation [16]. 

Using fundus camera images, the healthy RNFL tissue 
is characterized by lightly stripy textural appearance (Fig-
ure 2a), while RNFL defects appear with lack of such the 
lightly striation. 

The method has been tested on manually selected 
square-shaped image regions with size 97 × 97 pixels from 
all retinal images included in the database. These image 
regions were divided into three classes (Figure 2b): 

Class A - 141 image regions representing tissue with 
RNFL striations of glaucomatous patients; 

Class B - 142 image regions representing tissue with-
out RNFL striations of glaucomatous patients (RNFL loss); 

Class C - 283 image regions representing RNFL stria-
tions of healthy patients (control group). 

We have three classes of RNFL tissue, because we as-
sume an eventual progression of the disease represented by 
class A as a sub step in degeneration of the nerve fibers. 
 

 
a) 

Class A 

 
 

Class B 

 
b) 

Class C 

 
 

Figure 2 – a) Example of the RNFL textural appearance, b) Ex-
ample of randomly selected image regions according to the three 

classes of retinal tissue in the test dataset. 

3. METHOD 

3.1 Gaussian Markov random fields 

Markov random fields texture modelling is an efficient tool 
enabling description of a probability of spatial interactions in 
a textural image so it has been extensively used in a lot of 
image processing applications, e.g. [18]. The detailed theory 
about Markov random field modelling in image analysis and 
texture classification can be found in [20]. 

Our paper introduces GMRF as a model of the RNFL 
providing textural features aimed to classify healthy and 
glaucomatous tissue in the fundus images. 
 The GMRF models an image texture y(s), which is rep-
resented by a set of zero mean observations [18]: 

}1,0:),({,),( −≤≤==ΩΩ∈ Mjijisssy  

for an M × M image lattice Ω. The GMRF model is a statio-
nary non-causal two-dimensional autoregressive process 
assuming that the individual observations are governed by 
the following difference equation [18]: 
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where Ns is a neighborhood set centered at pixel s, φr is a 
model parameter of a particular neighbor r, and e(s) is a sta-
tionary Gaussian noise process with zero mean and known 
variance σ :         
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A neighborhood structure depends directly on the order 
and the type of the model. We assume a fifth-order symme-
tric rotation-invariant neighborhood structure on rectangular 
lattice, as depicted in Figure 3. 
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Figure 3 – Fifth-order symmetric rotation-invariant neighborhood. 

 According to this we have 6 parameters (texture fea-
tures): five parameters describe influence of the neighbors to 
the central pixel and one Gaussian parameter σ describes 
model noise variance. These 6 features can be estimated in 
the least square error (LSE) sense [18]. The parameters are 
estimated by following equations: 
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3.2 Bayesian texture classification 

The discrimination ability of proposed features has been 
tested by evaluation of the classification error using the 
Bayesian classifier. 

Assume that we have a feature vector 

[ ]Dxxxx ,...,, 21=  of the dimension D. The probability 

that the feature vector belongs to a particular class ωk can be 
referred to as a posterior probability and computed with the 
Bayes formula [13]: 
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where )|( kxp ω is a probability density function of class ωk 

in the feature space and )( kP ω is the a priori probability of 

the class ωk before measuring any features. It can be esti-
mated from the class proportions in the training set of super-
vised labelled data [13]. The probability )(xp is only a scal-

ing factor providing the sum of posterior probabilities is one. 
It can be computed by 
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The proposed classifier assumes that the class-conditional 

probability density function )|( kxp ω  is modelled by Gaus-

sians and thus describing a distribution of particular feature 
vectors in the feature space inside the particular class [13]. 
The Gaussian class model parameters can be estimated by 
several methods from the training dataset via supervised ma-
chine learning [13].  

We use an iterative maximum-likelihood estimate with 
optimization technique based on modified expectation max-
imization algorithm (EM); see [13] for more details. 

4. RESULTS AND DISCUSSION 

4.1 Classification performance evaluation 

The above described test dataset, consisting of three differ-
ent classes of image regions representing the type of RNFL 
tissue, was used for training the classifier. The performance 
was evaluated for all particular combinations of classes 
(C-B, A-B, A-C, C-B-A). Six proposed features in the fea-
ture vector were sorted according to their relevance to target 
class in the sense of maximum relevance and minimum re-
dundancy (MRMR) approach based on the evaluation of 
mutual information between particular features [5]. 

The repeated random sub-sampling cross-validation me-
thod was applied to test the classification accuracy. A 70% of 
randomly selected features from feature set were used for 
training, while remaining 30% was used for testing the pro-
posed classifier. The training and testing procedure was run 
100 times and the average classification error was computed. 
The results for particular combination of classes are shown in 
Table 1. 

Table 1 – Classification errors in percents for all combinations of 
classes and features sorted according to their relevance; index i of 

the feature fi represents an order in the feature vector. 

Features 
selection C – B A – B A – C C – B – A 

f1 8.83 ± 2.53 9.13 ± 2.15 46.52 ± 5.06 37.13 ± 3.36 

f1-f5 6.94 ± 2.81 7.17 ± 2.46 43.58 ± 4.81 34.10 ± 3.33 

f1-f5-f6 4.90 ± 2.11 7.08 ± 2.39 38.01 ± 4.90 30.25 ± 3.36 

f1-f5-f6-f4 1.83 ± 1.62 5.92 ± 2.40 24.52 ± 4.23 20.26 ± 3.21 
f1-f5-f6-

f4-f3 
0.55 ± 0.82± 0.82± 0.82± 0.82 4.99 ± 2.41 14.88 ± 3.25 13.35 ± 2.52 

f1-f5-f6-
f4-f3-f2 

0.62 ± 0.80 3.05 ± 1.51± 1.51± 1.51± 1.51 11.71 ± 3.18± 3.18± 3.18± 3.18 9.88 ± 2.28± 2.28± 2.28± 2.28 

 
The results in Table 1 indicate the best classification 

performance for usage of all the features together. The best 
separation ability has been achieved between classes C – B 
representing control group and RNFL defects, respectively. It 
means the RNFL loss can be quite well distinguished from 
the RNFL tissue of healthy patients with the average classifi-
cation error of 0.55%. The classification error between 
classes A – B is worse, but still well performed (3.05%). This 
is probably caused by lower appearance of the RNFL stria-
tion in class A due to the glaucoma progression in the eyes 
affected by glaucoma. The higher classification error was 
achieved for classes A – C (11.71%); both classes contain 
RNFL texture. Nevertheless, this still relatively low error 
proves that separation of the RNFL into the three defined 
classes is reasonable.  

Using three-state classifier allows us to distinguish the 
classes from each other (last column in Table 1) with classifi-
cation error of 9.88%. This value represents the classification 
error when we analyze the whole fundus image. In this task 
we try to classify the RNFL defects (class B) and also the 
changes in RNFL striation due to glaucoma progression 
(classes A and C). 

4.2 RNFL loss detection 

Supervised three-state machine learning via Bayesian classi-
fier using labelled training dataset (image regions in classes 
A, B and C) was applied on the input fundus-camera image. 

The testing of input retinal image was performed in the 
rectangular region of interest (ROI) corresponding to the 
diagnostically most important area around the ONH auto-
matically allocated using our previously developed ONH 
detection approach [11]. This method uses simple intensity 
criterion and Hough transform to detect the center of ONH 
and active contours for ONH segmentation. 

The blood vessels need to be masked out so that the tex-
ture would be analyzed only in the non-vessels area. The 
vessels were segmented by our algorithm recently presented 
in [7]. This approach is based on the matched filters with 2D 
impulse responses obtained via averaging of brightness pro-
files of vessels for five different vessel widths. Each of the 
basic masks was rotated in twelve different directions, which 
gives finally a number of 60 masks of the matched filters. 

A small square pixel neighborhood of the same size as 
above described image regions (97 × 97 pixels) was scanned 
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within the non-vessels area of the original image in the ROI 
pixel-by-pixel and the three-state supervised classification 
was performed. 

A fundus-camera image with distinctive RNFL loss of 
glaucomatous patient in our retinal image database was cho-
sen for the analysis. The results of RNFL loss detection are 
presented in Figure 4a. Three colours within the ROI repre-
sent three-state output of the classifier: red – class B (RNFL 
loss) yellow – class A (healthy tissue of patient with glau-
coma), green – class C (healthy tissue of patient without 
glaucoma). The analyzed image was subjectively compared 
with the RNFL loss marked by experienced ophthalmologist. 
The result shows that the red area was marked correctly. It 
means that the RNFL defect can be detected by the proposed 
approach (Figure 4a). 

The RNFL in image of healthy patient without glaucoma 
has been also analyzed within the ROI (Figure 4b). The out-
put indicates much more green labelled area as we assumed 
than in the previous case of glaucomatous eye. The yellow 
labelled regions could be hypothetically interpreted as RNFL 
tissue possibly suspected of glaucoma, but this is probably 
influenced by the mentioned classification error. However, 
the RNFL detection is also probably influenced by the arte-
facts due to incorrect blood vessels masking or due to spe-
cific physiological or pathological structures, which might be 
occurred in the examined eye and they negatively influence 
retinal image acquisition. 

4.3 Comparison with OCT measurements 

The OCT imaging provides cross-sectional images (B–scans) 
of the retina, which makes it possible to quantitatively meas-
ure the RNFL thickness. Therefore, the OCT image can be 
regarded as a gold standard for our application allowing a 
comparison with proposed RNFL detection in colour fundus 
images. An example of such a B–scan with clearly marked 
RNFL loss by experienced ophthalmologist is shown in Fig-
ure 5b. The result of proposed automated RNFL loss detec-
tion using fundus-camera image of the same patient with 
depiction of cross-sectional B–scan position is illustrated in 
Figure 5a. It can be clearly seen that the RNFL losses corre-
spond quite well. 
 The RNFL thickness measurement using B-scans is 
commercially available and provided by a range of algo-
rithms, e.g. [3, 8, 12]. A comparison of RNFL analysis in 
fundus images with such a RNFL thickness measurement via 
OCT offers an idea of RNFL thickness mapping in fundus 
image. However, this will be largely dependent on the resolu-
tion and quality of fundus-camera images taken. We just have 
only 3 classes of RNFL thickness belonging to the colours in 
Figure 5a. The highest thickness of the RNFL belongs to 
green; mediate RNFL thickness (suspected of glaucoma) is 
represented by yellow and the RNFL losses with zero thick-
ness by red colour, respectively. 
 

 
a) 

 

 
b) 

Figure 4 – Results of RNFL detection; a) left eye of a glaucoma-
tous patient with distinctive RNFL loss, b) left eye of a healthy 

patient without any glaucoma defects. 

 

 
a) 
 

 
b) 

Figure 5 – RNFL loss detection comparing with the OCT B-scan; 
a) Depiction of a B-scan position in rotated section of fundus-

camera image from Figure 4a, b) Example of OCT cross–sectional 
B-scan of the same patient with RNFL loss as in case of a). 
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5. CONCLUSIONS 

The Gaussian Markov random field texture analysis method 
was presented aimed to model the RNFL texture. The results 
indicate that the proposed GMRF features can be quite suc-
cessfully used for discrimination between healthy and glau-
comatous RNFL tissue in connection with the supervised 
machine learning approach based on the non-linear Bayesian 
classifier. The classification performance was quantitatively 
evaluated by repeated random sub-sampling cross-validation 
method with relatively good accuracy – the classification 
error reaches only 0.55% discriminating the image regions 
of classes C – B and 3.05% of classes A – B, respectively. 
Discrimination ability between classes A and C is worse 
with an error of 11.71%; the both classes appear similar with 
the RNFL texture, although one is probably influenced by 
progression of the disease. As well, the classification errors 
were probably caused by the clusters overlapping in the fea-
ture space, because a strong separating hyperplane between 
the particular classes does not exist.  

The three-state supervised classifier was tested within 
the diagnostically important area in the fundus-camera im-
age of patient with glaucoma. The classification results were 
compared with OCT measurements showing a relatively 
good correlation between the RNFL changes. This result 
suggests the possibility of RNFL thickness mapping accord-
ing to the disease progression in further research. 
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ABSTRACT
We describe how gait and ear biometrics could be deployed
for use in forensic identification. Biometrics has advanced
considerably in recent years, largely by increase in compu-
tational power. This has been accompanied by developments
in, and proliferation of, surveillance technology. To prevent
identification, subjects use evasion, disguise or concealment.
The human gait is a candidate for identification since other
mechanisms can be completely concealed and only the gait
might be perceivable. The advantage of use a human ear
is its permanence with increase in age. As such, not only
are biometrics ripe for deployment for forensic use, but also
ears and gait offer distinct advantages over other biometric
modalities.

1. BIOMETRICS AND FORENSIC
DEVELOPMENT

The time is now ripe for biometrics to be employed for foren-
sic investigations. Recognition techniques have matured con-
siderably, and there is growing knowledge about covariate
structure: not only on its influence on recognition capabili-
ties, but also in ways to mitigate its effects. This paper will
concentrate primarily on gait and on ear biometrics, and their
potential for forensic use. These biometrics are a smaller re-
search field than more established biometrics like face and
finger, but are directly amenable to forensic use. Gait has
already been used successfully in a number of criminal con-
victions. This has largely used photogrammetry or podiatry,
and this paper will discuss how gait biometrics were used
in a recent UK case. The ear has a more chequered use in
forensics where it has been deployed for cadaver recognition
(via the ear lobe) and in cases where an earprint was recov-
ered from the scene. There is now re-emergent interest in
earprints, and - as we shall describe - biometrics approaches
may enable this approach to be better realised in forensic use.

In the chronology of identification technologies, in 1858
Herschel used a palm print on a contract document (and was
later to study fingerprints). In his seminal works in the 1880s
Bertillon considered anthropometry and identification and
his studies included iris, face, and ear. Especially in the UK,
Galton achieved some excellent work on fingerprints in 1888
And later in 1899 Henry was to achieve fingerprint classifi-
cation. Fingerprints came to dominate identification at the
expense of Bertillonage, especially after the West vs West
case concerning a pair of suspects who could not be disam-
biguated by Bertillon’s methods. There was then quite some
delay in new techniques until 1951 when Crick and Watson
discovered DNA, and as a means of identification also re-
quired developments in faster sequencing. In 1964 Iannarelli
described a new method of ear identification and in 1987

Table 1: Development of Biometric Modalities

Flom and Safir pioneered iris classification.
As shown in Table 1, all of these identification ap-

proaches are candidates for biometric study. Daugman’s
work on iris followed directly Flom and Safir’s work, though
ear biometrics were to follow Iannarelli’s work much later.
Fingerprints were an early candidate for biometric study
and largely followed the requirement for automated analy-
sis which led to the AFIS system. The developments are
largely due to the march of technology: in the 1960s on
simple computing devices were available, with little storage,
whereas now computers are much faster and with abundant
storage. Some of the earliest approaches were studied on
small databases only, whereas contemporaneous databases
are considerably larger

Surveillance technology is now ubiquitous in modern so-
ciety. This is due to the increasing number of crimes as well
as the vital need to provide a safer environment. Because of
the rapid growth of security cameras and difficulty of man-
power to supervise them, the deployment of non-invasive
biometric technologies becomes important for the develop-
ment of automated visual surveillance systems as well as
forensic investigations. Further, criminals are now habitu-
ated to surveillance deployment and are ready to use evasion
or concealment – even disguise, to prevent identification. An
example is shown in Figure (1) (and many more are available
on the web) where the suspect is wearing a peaked cap, sun-
glasses and gloves. All of these conceal identity. However
his ear can clearly be seen, albeit at very low resolution, and
his gait is likely to be manifest in the recording as he had
to walk in and most probably ran out. Note that each of the
measures used to prevent identification is socially acceptable.

Recently, the use of gait for people identification in
surveillance applications has attracted researchers from the
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Figure 1: An example of disguise in armed robbery.

computer vision community [25]. The suitability of gait
recognition for surveillance systems emerges from the fact
that gait can be perceived from a distance as well as its non-
invasive nature. Currently, as most biometric systems are
largely still in their infancy [17], the use of biometric tech-
nologies is limited to identity verification and authentication.
Gait is an emergent biometric which is increasingly attracting
the interests of researchers as well as the industry. Gait is de-
fined as the manner of locomotion, i.e. the way of walking.
Although, there is a wealth of gait studies in the literature
aimed for medical and biometric use [25], none is concerned
for the use of gait for identification within forensics.

Ear biometrics have yet to have any forensic deployment,
though a major advantage of ears is that they age gracefully,
unlike the human face or gait. There has been some forensic
use of earprints, though this has been contested [18]. The ear
lobe is actually part of the disaster identification system. As
such, it would appear possible to match suspects after some
time has passed, such as in war crimes cases, or when there
is considerable natural disguise, such as the excessive growth
of human hair.

2. GAIT AND EAR BIOMETRICS

2.1 Gait Biometrics
2.1.1 Approaches to Recognising People by Gait

Gait biometrics, which concerns recognizing individuals by
the way they walk, is a particularly challenging research area.
The potential for personal identification is supported by a
rich literature, including medical and psychological studies
[25, 17]. The completely unobtrusiveness without any sub-
ject cooperation or contact for data acquisition make gait par-
ticularly attractive for identification purposes. Gait recogni-
tion techniques at the state of the art can be divided into 3D
and 2D approaches [25]. In the first group, identification re-
lies on parameters extracted from the 3D limb movement.
These methods use a large number of digital cameras and the
3D reconstruction is achieved after a camera calibration pro-
cess. On the other hand, the 2D gait biometric approaches
extract explicit features describing gait by means of human
body models [10] or silhouette shape [13]. A rich variety of
data has been collected for evaluation of 2D gait biometrics.
The widely used and compared databases on gait recognition
include: the HumanID Gait Challenge [27]; CASIA; and the
University of Southampton [28] data. The majority of meth-
ods and databases found in the literature use a single camera
positioned with a specific view of the subject’s walking di-

rection (generally capturing the walk from the lateral view)
and a large number of papers describing gait recognition have
been published.

In surveillance scenarios, we need a system that operates
in an unconstrained environment where maybe there is no
information regarding the camera [11] and where the sub-
ject walks freely. Recently we have developed approaches
which can recognise subjects walking in intersecting camera
views, by using our new approach which uses viewpoint in-
variant recognition. A novel reconstruction method has been
employed to rectify and normalize gait features derived from
different viewpoints into the side-view plane and therefore
exploit such data for recognition. Initial evaluation of the
method shows that a recognition rate of 73.6% is still achiev-
able with an experiment carried out on a large gait data set
with over 2000 video sequences consisting of different view-
points.

Additionally, further experiments applied on CCTV
footage has shown the potential of using gait to track peo-
ple identities across different non-intersecting un-calibrated
camera views based on gait analysis. This is an important
step in translating gait biometrics into single view scenarios
where calibration information cannot be recovered such as in
surveillance and forensic applications.

2.1.2 On Gait in Forensics

Gait recognition has contributed to evidence for convictions
in criminal cases like the case of the murderer of Swedish
Foreign Minister Anna Lindh, a bank robber in Noerager
(Denmark) and a burglar in Lancashire (United Kingdom)
[5]. Lynnerup et al [21] affirmed the usefulness of gait anal-
ysis in forensics. They were able to identify the two bank
robbers by matching surveillance images with images of the
suspects.

In a recent case in the United Kingdom, a burglar was
caught by police when his distinctive way of walking was
analysed and identified by a podiatrist. The police officers
observed the gait of the perpetrators captured from CCTV
surveillance cameras, which shows similar gait pattern of a
man pictured in CCTV shown in Figure (2). Based on gait
analysis and posture assessment, strong evidence was pro-
vided by the podiatrist to suggest there is a significant sim-
ilarity between the perpetrator and the suspect. Gait-based
analysis enabled the prosecution to use an important piece of
evidence that would otherwise have had to be ignored due to
the poor quality of the imagery data.

Figure 2: CCTV Footage of the burglary case in the United
Kingdom. CCTV image of the robbery is shown on the left
side whilst the right image was recorded in police custody.

We anticipate that video data wherein gait is likely to be
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of interest for recognition will be low quality and low resolu-
tion, of the form shown in Figure (3). For forensics, we have
developed an approach which matches subjects on different
occasions, with confidence assessed by analysis on a subject
database. The approach aims to estimate the mean limbs’
distance between different video sequences where subjects
are walking by labelling joint positions. The matching pro-
cess is based on the anatomical proportion of the human body
within a window of frames.

Figure 3: Matching a walking subject with manually labelled
features on different occasions.

Because we need to assess how such measure can scale
up over a large population and quantify the confidence in the
marching process, an automated marker-less gait extraction
method [11] is being applied on a database with over 3000
video sequences having 100 different subjects.

Given a sample Si,h for the ith subject of the hth sample
with a set of n point coordinates Si,h = ( fi,h,1, fi,h,2, , , , fi,h,n),
we compute the matching distance D for all the match com-
binations of video sequences for the same subjects as well as
different subjects as:

D(Si,h,S j,e) =
∑

N
s=1 ( fi,h,s− f j,e,s)2

N
(1)

The similarity scores Gintra
v and Ginter

v for all the match com-
binations of video sequences of the same subjects and differ-
ent subjects respectively. The Gintra

v and Ginter
v are the com-

puted as the mean values for the intra- and inter-matching
distance D computed for a dataset with v subjects. The
scores are computed based on different experiments where
the database size v is being increased gradually by adding
more subjects. The experimental results are shown in Fig-
ure (4) which illustrates the observed relationship between
the database size and the similarity match scores of the intra
and inter classes computed using the proposed matching al-
gorithm for the different 100 datasets being taken at random.
The results show that when increasing the database size, the
similarity scores tend to converge to fixed values that are well
separated. This suggests that for larger population, gait anal-
ysis can be still deployed and the size of the database should
not be a factor to impact the analysis. The overlapping re-
gion shows the confusion between the similarities scores. A
probability score Tv can be defined to provide a confidence
measure that subjects are the same based on the size of the
database v as defined in the following equation:

Tv =

√
(σ2

Gintra
v

+σ2
Ginter

v
)

‖Ginter
v −Gintra

v ‖
(2)

Figure 4: Analysis of intra (same subjects) and inter (differ-
ent subjects) similarity scores for gait posture matching with
respect to database size.

2.2 Ear Biometrics

2.2.1 Approaches to Recognising People by Ear

Most ear biometric approaches have exploited the ear’s pla-
nar shape in 2D images. One of the first ear biometric
works utilizing machine vision was introduced by Burge and
Burger [6]. They modelled each individual ear with an ad-
jacency graph which was calculated from a Voronoi diagram
of the ear curves. However they did not provide an analy-
sis of biometric potential. Hurley et al. [15] used force field
feature extraction to map the ear to an energy field which
highlights ’potential wells’ and ’potential channels’ as fea-
tures. Achieving a recognition rate of 99.2% on a dataset
of 252 images, this method proved to yield a much better
performance than PCA when the images were poorly reg-
istered. The geometrical properties of ear curves have also
been used for recognition [9, 16]. The most prominent ex-
ample of these and arguably the first ear biometric method,
proposed by Iannarelli [16], was based on measurements be-
tween a number of landmark points, determined manually.
These methods are primarily reliant on accurate segmenta-
tion and positioning of the landmarks. Naseem et al. [24]
have proposed the use of sparse representation, following its
successful application in face recognition. The 3D structure
of the ear has also been exploited, and good results have been
obtained [30, 8]. Yan et al. [30] captured 3D ear images us-
ing a range scanner and having segmented the ear, they used
Iterative Closest Point (ICP) registration for recognition to
achieve a 97.8% recognition rate on a database of 415 in-
dividuals. Chen et al. [8] proposed a 3D ear detection and
recognition system using a model ear for detection, and using
a local surface descriptor and ICP for recognition. Though
using 3D can improve the performance, using 2D images is
consistent with deployment in surveillance or other planar
image scenarios. In related studies Akkermans et al. [2] de-
veloped an ear biometric system based on the acoustic prop-
erties of the outer and middle ear. This introduces a unique
opportunity for ear biometrics to combine the image-based
information with acoustic data. A survey of ear biometrics
has been recently provided by Hurley et al. [14].

2.2.2 On Ears in Forensics

There has been some use of earprints in forensics, though
there is certainly some debate. Earprints, which may be
found in up to 15% of crime scenes [26], are latent prints left
behind as a result of the ear touching a surface, for example
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while listening at a door. In Washington State in 1997 David
Wayne Kunze was convicted of murder and was sentenced to
life imprisonment on the basis of two expert witnesses testi-
fying that a latent ear print found on a bedroom door could
only have been made by Kunze. The murder conviction was
subsequently appealed and the appeal court ruled [18] that
the trial court erred by allowing the expert witnesses to tes-
tify that Kunze was the likely or probable maker of the latent
print. A point of interest is that one of the two expert wit-
nesses was a veteran Dutch ear print police officer who has
pioneered ear print evidence in Holland where more than 250
ear print convictions are secured annually [20]. In response
to the US appeals court ruling, a large scale study involving
10,000 subjects has been proposed to determine the variabil-
ity of the ear across the population [23]. It is worth noting
that this is earprint recognition, and that is largely why the
evidence could be contested, but our biometrics approaches
concern ear images only. Also note that the debate on the
reliability of earprints is largely due to the effect of pressure
deformation, which does not affect image-based biometric
deployment. Hoogstrate et al. [12] have investigated whether
forensically trained persons can identify individuals by ear
from surveillance camera film, and presented positive results.

Among the various parts of the pinna, the ear lobe is more
often used in forensic cases. The shape of the lobe can vary
from well-formed to attached. Whether the lobe is attached
or not is an international standard for identification in Dis-
aster Victim Identification (DVI)[29]. Ear piercing, which
often occurs on the lobe, is also a useful attribute for forensic
identification [1]. However, the lobe seems to be the only part
of the ear which continues to grow and change shape as the
person grows older. Meijerman [22] looked at the lengthen-
ing of the auricle as the person ages and noted that the lobe
appears to make up most of the increase. Thus this part of
the ear does not offer a reliable attribute when samples with
a considerable time lapse are compared.

We anticipate that we are more likely to need capability
to handle images of the form in Figure (5), rather than those
of Figure (1). The resolution of Figure (1) is simply too low
for any form of analysis. Perhaps this situation will increase
as more digital cameras are deployed. However, it is still
quite easy to conceal the human ear, such as by using a scarf.
Clearly, if the ear is fully covered no analysis is possible.
However, as it often happens with the cases where the subject
is not actively interacting with the recognition system, the
ear images might be partially occluded. It is more likely that
the images will be of the form in Figure 5, or those derived
when the human head is viewed in profile as a subject passes
through a gateway.

Figure 5: A subject after a long period of concealment, and
his ear structure.

As such we anticipate that a point-based approach ap-

pears the most suited to development. The advantages of a
point-model include robustness in noise and occlusion. It
also has a potential advantage in viewpoint invariance. Fur-
thermore the model’s explicit approach discards additional ir-
relevant elements, such as earrings, which are not part of the
ear structure. We have therefore developed a model-based
analysis of ear biometrics [4, 3]. Our model is a constel-
lation of various ear components, which are learned using
a stochastic clustering method and a training set of ear im-
ages. Further, the biological information of the morphology
of the ear is used to guide and extend the choice of the model.
The initial model parts are detected using the Scale Invariant
Feature Transform (SIFT) [19]. The clusters of SIFT key-
points constitute the model parts [4]. We extend our model
description, by a wavelet-based analysis with a specific aim
of capturing information in the ear’s outer structures [3]. In
recognition, these parts are detected on every ear image; only
the corresponding parts are then compared. Our model-based
method obtains promising results recognizing occluded ears.
Figure (6) shows three model parts detected on an ear image.
Similar analysis to that which is shown in Figure (4) for gait
samples, considering the effects of database size on recogni-
tion, was carried out for an 189-image database of ears and
is shown in Figure (7). Bustard et al. [7] have recently de-
veloped a 3D model for the ear. This can be used in con-
junction with the above point-model to handle the changes in
viewpoint while the point-model gives robustness to occlu-
sion [4, 3], to obtain a method more fit to handle images of
the form in Figure 5.

(a) Model parts

(b) Detected parts

Figure 6: Three parts of our ear model and the same parts
detected on an ear image

3. DISCUSSION

In this paper we have taken steps to translate gait and ear bio-
metric analysis for a potential use in forensics. We have pre-
sented point-model based approaches to gait and ear recogni-
tion. These methods appear suitable for the task of forensic
identification, since they have a proven capability in handling
low quality samples, which is typical of surveillance type
capturing, and occlusion. The point-model provides a basis
for comparison between image samples, where the Euclidean
distance between the corresponding points are computed and
the mean distance represents the level of similarity between
the samples. The advantage of automated identification of-
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Figure 7: Intra (same subjects) and inter (different subjects)
match scores for ear recognition with respect to dataset size.

fered by biometric methods is apparent when large databases
are to be analyzed. We have also shown that our automatic
marker-less gait and ear analysis are capable of handling the
increase in the size of the database and the measure of bio-
metric potential converges for the large datasets. This is an
important step and a good start for translating gait and ear
biometrics into real forensic scenarios.
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ABSTRACT 

Photogrammetry and recognition of gait patterns are valu-
able tools to help identify perpetrators based on surveillance 
recordings. 
We have found that stature but only few other measures have 
a satisfying reproducibility for use in forensics. 
Several gait variables with high recognition rates were 
found. Especially the variables located in the frontal plane 
are interesting due to large inter-individual differences in 
time course patterns. 
The variables with high recognition rates seem preferable 
for use in forensic gait analysis and as input variables to 
waveform analysis techniques such as principal component 
analysis resulting in marginal scores, which are difficult to 
interpret individually.  
Finally, a new gait model is presented based on functional 
principal component analysis with potentials for detecting 
individual gait patterns where time course patterns can be 
marginally interpreted directly in terms of the input vari-
ables. 
In this presentation, the above methods will be discussed 
exemplified with forensic cases. 

 

1. INTRODUCTION 

Recognition of gait patterns has been studied intensively 
during the last decades both with respect to examining differ-
ences between groups in biomechanical gait analysis and to 
identify perpetrators based on surveillance recordings. 
 
At the Unit of Forensic Anthropology, University of Copen-
hagen, the police provide us with surveillance recordings 
from crime scenes and of suspects. Based on these recordings 
we conduct forensic image analyses such as deriving body 
measures by use of photogrammetry, matching of facial 
characteristics and biomechanical analyses of gait. The work 
results in statements to the police which are used as evidence 
in court. 
In a series of studies we have examined photogrammetry and 
gait analysis in order to develop and validate the use of pho-
togrammetry and gait analysis in forensics. 
 

Figure 1 – Inverted ankle during stance. 

2. STUDIES 

 
2.1 Gait analysis in Forensic medicine 
In the first study we described how biomechanical gait 
analysis could be applied to use in forensics [1].  
We have combined the basic human ability to recognize 
other individuals with functional anatomical and biome-
chanical knowledge, in order to analyze the gait of perpetra-
tors as recorded on surveillance video. The perpetrators are 
then compared with similar analyses of suspects. 
Using a structured checklist, which addresses the single 
body segments during gait, we give a statement to the police 
as to whether the perpetrator has a characteristic gait pattern 
compared to normal gait, and if a suspect has a comparable 
gait pattern. We have found agreements such as: limping, 
varus instability in the knee at heel strike, larger lateral flex-
ion of the spinal column to one side than the other, inverted 
ankle during stance (Figure 1), pronounced sagittal head-
movements, and marked head-shoulder posture. 
Based on these characteristic features, we state whether sus-
pect and perpetrator could have the same identity but it is 
not possible to positively identify the perpetrator. Neverthe-
less, we have been involved in several cases where the court 
has found that this type of gait analysis, especially combined 
with photogrammetry, was a valuable tool. 
The primary requisites are surveillance cameras recording 
with sufficient frequency, ideally about 15 Hz, which are 
positioned in frontal and preferably also in profile view. 
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Figure 2 – Box-plots of the differences between two determinations 
of points. The whiskers show the 10th and 90th percentile. Notice the 
low reproducibility of all points compared to a well defined point on 

the floor (except the intra-observer location of the apex). 

 
2.2 Variability of bodily measures using photogram-

metry 
Photogrammetry is used in forensics to help identify perpe-
trators from crime scenes by way of surveillance video, but 
the reproducibility of manually locating hidden body-points 
such as the joints remained to be established. 
In the second study [2], we therefore quantified the interob-
server variability (between two observers) of locating body-
points and deriving bodily measures (height to floor and 
segment lengths) based on these points using 3D photo-
grammetry (PhotoModeler Pro 5, EOS systems) of fifteen 
everyday clothed male subjects (mean stature: 181.7 cm, 
standard deviation: 5.5 cm) Each subject was recorded in two 
different poses: each subject’s normal standing posture (pose 
1) and a posture with marked flexion in the joints of the ex-
tremities (pose 2). One of the observers repeated the process 
two months later to establish the intra-observer variability 
based on eight of the subjects. These eight subjects were se-
lected so the stature of this sub-group and the original group 
were evenly distributed. 
 
Body segment lengths were calculated with ordinary vector 
calculation using the 3D-coordinates of the two points defin-
ing each segment. Heights to floor were calculated using 
only the vertical coordinate of the points defining the height. 
The difference between the first and second determination of 
each bodily measure in the same pose was calculated for 
each subject and the mean difference for all subjects was 
found. The reproducibility of a given measure was expressed 
as the 95% lower and upper prediction limit which represents 
the largest expected difference (worst-case scenario) between 
two new determinations on a new subject. 
 
The stature and the height from the eye to floor could be re-
produced in both the intra- and inter-observer study with ± 

1.5 cm and the height from the acromion to floor could be 
reproduced with about ± 2.5 cm. 
 
The differences in placement of the points used to determine 
segment lengths are shown in figure 2. Only the reference-
point on the floor has good reproducibility. All body-points 
show larger deviations and variability, and the points gener-
ally have lower reproducibility in the inter-observer study 
than the intra-observer study. The points at the hip and knee 
have the lowest reproducibility, especially in pose 1 where no 
flexion is present in the joints. Flexion only seems to result in 
markedly better reproducibility in the ankle and knee joint in 
the intra-observer study. 
 
The following segment lengths were determined based of the 
body points: head height, trunk, shoulder width, lower arm, 
upper arm, lower + upper arm, calf, thigh and calf + thigh. To 
examine whether any of the segment lengths could be used to 
distinguish between people of similar stature, the normal 
variation in body segment lengths was determined based on 
39 men with the same stature (177 ± 1 cm). Anthropometric 
measurements of these men were obtained from the National 
Institute of Occupational Health (NIOH) in Denmark [3].  
The standard deviation x 2 of these measurements was used 
as the prediction limits of how much a given body segment 
length may deviate between men of the same stature. If the 
95% upper prediction limit (UPL) of a given body segment 
length found in this study was less than half the variation in 
the reference group, this segment length was defined as a 
possible contributor to distinguish between men of similar 
stature. 
 
The height of the head had the lowest LPL/UPL and there-
fore the highest degree of reproducibility in both poses. The 
last column shows that the normal variation of the head 
height is within ± 1.8 cm based on a heterogeneous U.S. 
male population [4]. The prediction limits for measured dif-
ferences of the head height were in pose 1 less than half the 
predicted normal variation and is therefore a possible con-
tributor to distinguish between people of different heights. 
The trunk was identified as a possible contributor to distin-
guish between people of similar stature based on the NIOH 
study in pose 2. The lower arm and the measures of the leg 
seems to be markedly better reproduced in pose 2 compared 
to pose 1. These measures could nearly fulfill the criteria for 
being a possible contributor to distinguish between men of 
similar stature. 
 
All segment lengths had lower reproducibility limits in the 
inter-observer study than in the intra-observer study and no 
measures could contribute to distinguish between people of 
similar stature. 
 
Two studies [5,6] have shown excellent agreement for sev-
eral body segment lengths and height measurements between 
perpetrator and suspect in case studies. However, to our 
knowledge, no one has examined the reproducibility of how 
body-points are placed or the length of other bodily measures 
than the stature. 

 

1661



 
We found that the position of a clearly defined reference 
marker on the floor could be reproduced within 0.5 cm. The 
same degree of accuracy has previously been reported with a 
similar method [7]. In this study, all body-points were more 
difficult to reproduce than the reference point. The points, 
which were located on the surface of the body (chin, eye and 
acromion), were the best-reproduced points and the repro-
ducibility was equally good in the intra- and inter-observer 
study. 
 
When the points were placed in the joints hidden by clothes, 
the reproducibility generally decreased, especially in the in-
ter-observer study. We found highest variability for the points 
at the hip joint and the straight knee joint in pose 1 where the 
joint position was very difficult to locate because of the loose 
fitting trousers in this pose. We therefore expect that the re-
producibility of the points not covered by clothes at the head 
would decrease if a perpetrator covered the head. In this case, 
we propose to use the most pronounced parts of the face as 
measurement points; e.g., the eyes if they can be seen 
through holes in a balaclava or a possible prominent nose 
seen in profile. 
 
We could reproduce the stature to within about 1.5 cm, so, 
other bodily measures may only be relevant if they provide 
additional information. Therefore, the reproducibility of other 
bodily measures has to be good enough to detect differences 
within normal variation in body segment lengths between 
subjects of similar stature. 
We found that the only the trunk in pose 2 could be used to 
give additional information in the intra-observer study. How-
ever, with the joint of the extremities flexed in pose 2, several 
other body segment lengths seemed to be better reproduced 
than in pose 1 and they could nearly fulfill the criteria for 
being a contributor to distinguish between men of similar 
stature. 
 
The height of the head was determined on basis of some of 
most reproducible points and showed the lowest LPL/UPL in 
this study. Still, it was only in one of the poses in the intra-
observer study this measure could be used to distinguish be-
tween men of different heights. This indicates that even 
though the points at the head are reproducible, the normal 
variation in measures of the head is so small that photo-
grammetric measurements are too imprecise to detect the 
differences. 
 
In the inter-observer study, no body segment lengths were of 
such reproducibility that they could detect differences within 
men of similar stature. This poses a problem because use of 
photogrammetry in forensic medicine must be independent 
of the observer. However, the better reproducibility in the 
intra-observer study suggests that it is possible to improve 
the inter-observer variability if better guidelines for plotting 
and identifying points are developed. Furthermore, if two 
different observers had to determine body segment length of 
perpetrator and suspect, respectively, they would presumably 

come to similar conclusions because this would be two inde-
pendent intra-observer situations. 
It has also been suggested to use an approach which locates 
and calculates the 3D position of points automatically based 
on a single 2D image [8-11]. However, these methods require 
the use of a biomechanical model combined with a number 
of control points on the body that have to be placed manu-
ally, so the problem of locating the body-points accurately 
remains to be solved. 
 
If more images from the crime scene are available, it would 
be possible to measure several poses and use the mean as 
proposed by other studies [7,12]. In this case, it could be ex-
pected that the mean difference of the several determinations 
of each measure would also approach zero. The use of the 
mean may probably result in a more accurate determination 
so all the body segment lengths presented in this study possi-
bly may be used to distinguish between men of the same 
stature if several images are available. 
 
In model-based approaches in computer vision such as [13] 
the joint centers are located by use of algorithms and joint 
angles are estimated. It would be interesting to investigate 
whether such techniques could be applied to improve the 
estimation of segment lengths.  
 
Measuring stature and segment lengths of the perpetrator 
from surveillance video has the possibility of becoming a 
valuable forensic tool because the measures are an integrated 
part of the offender. At present, the method can be used effec-
tively to exclude a suspect if the anthropometric measures of 
the suspect and perpetrator are entirely different. On the other 
hand, if the perpetrator and suspect do have similar measures, 
we can only state in court that we cannot exclude the suspect 
as the perpetrator. However, if both perpetrator and suspect 
are very short or tall, this can also be a valuable statement. To 
give a more specific statement of the value of evidence, a 
database for the population of subjects has to be known 
(Lucy, 2005) such as the reference base used in this study. If 
the reproducibility of localizing body-points can be enhanced 
it could be possible to provide the court with a more specific 
value of the evidence – given that the person in question is 
known to belong to the same group of people as included in 
the database. 
 
2.3 Gait recognition using biomechanical variables 
Recognition of gait patterns has been studied intensively 
during the last decades. Different gait strategies have been 
elucidated by applying different waveform analysis tech-
niques to biomechanical gait data and it has been shown that 
individuals can be identified using joint angles in the sagittal 
plane. However, little is known about additional variables for 
gait recognition. 
 
In the 3rd study [14] we therefore examined which biome-
chanical variables (joint moments, joint angles and segment 
angles from the lower extremities) obtained in 3D in a clini-
cal gait lab (using the marker setup and 3D inverse dynamics 

1662



approach according to [15] could be used to distinguish be-
tween 21 subjects on two different days. 
 
Six trials were recorded for each subject, normalized to 
100% step cycle and averaged for each test day. The time 
course pattern of each variable for each of the 21 subjects 
from the first day was used as reference. The matching vari-
ables from the second day for each subject were tested 
against the 21 references in order to identify the same subject 
on the second day.  
 
Four different statistical measures were used to compare the 
time course patterns of each variable. The first three were 
relative reliability measures: 1) The Intra class correlation 
coefficicient (ICC 2,1) [16], 2) the lower bound of the 95% 
confidence interval of the ICC and 3)  Pearson’s correlation 
analysis. The fourth measure was a measure of absolute reli-
ability, the mean square residual from the repeated measures 
ANOVA [17]. 
 
In several cases we found a systematic “DC-offset” between 
the two days, presumably due to variation of marker place-
ment. This systematic bias resulted in lower recognition rates 
obtained with the ICC and the lower bound of the ICC, 
which are affected by such systematic bias, compared to the 
Pearson’s correlation analysis and the mean square residual 
from the repeated measures ANOVA which are unaffected by 
systematic bias [18]. 
 
This off-set could be removed by taking the 1st  derivative to 
the displacement data. Especially the 1st derivative of  the 
joint angular and segment angles in the sagittal and frontal 
plane provided high recognition rates and it was possible to 
recognize all subjects by combining three of these variables. 
This is in concordance with other studies [19-21] which 
found that combining more variables leads to better discrimi-
nation. 
 
The variables in the sagittal and frontal plane seemed to pro-
vide higher recognition rates than the variables in the trans-
verse plane. The relatively high recognition rate for each 
variable is encouraging for the use of gait analysis in forensic 
medicine where less optimal setup of surveillance systems 
often restricts the number of gait variables that can be ana-
lyzed [1] and the frontal plane (front-view) is in particular 
interesting because surveillance systems commonly are de-
signed to record subjects in this plane [22]. 
 
Furthermore, the joint- and segment angles in the frontal 
plane showed high inter-individual variation (Figure 3), 
which make them interesting for use in waveform analyses 
such as Fourier transformation or principal component analy-
sis.  
 
2.4 New approach for gait data modelling 
The variables with high recognition rates found in the previ-
ous study seem preferable for use in forensic gait analysis 
and as input variables to waveform analysis techniques such 
as principal component analysis. However, these techniques 

normally result in marginal scores which are difficult to in-
terpret individually. 
  

 
We therefore developed a new gait model [23] based on 
functional principal component analysis with potentials for  
detecting individual gait patterns where time course patterns 
can be marginally interpreted directly in terms of the input 
variables. The model has potential for recognizing individ-
ual gait patterns as shown in Figure 4. 
 
The study is based on the same data as study 3. It can be seen 
in figure 4 that this model might have a potential for recogni-
tion but the day to day variation have a remarkable negative 
effect illustrated by the subject depicted in blue. It is uncer-
tain whether this between-day variation is caused by varia-
tion in the subjects’ gait or it can be explained by differences 
in the experimental setup such as differences in the marker 
placements as described in study 3. Markerless gait analysis 
could be applied in an attempt to eliminate this major source 
of error.  

 

3. CONCLUSION 

At present biomechanical gait analysis is a valuable tool in 
forensic medicine especially when combined with other 
analyses such as photogrammetry. However, the majority of 
bodily measures have questionable reproducibility and 
should be used with caution. 
Especially the angular rotation data in the frontal plane have 
an interesting potential for recognizing individual gait pat-
terns and we have proposed a new gait model, also with po-
tential for recognition purpose, where the outcome can be 
interpreted in terms of the input variables. 

 
Figure 3 – Joint angles (degrees) for six trials in the frontal 
plane for two different subjects to illustrate waveform inter-
subject variability (hip: solid curve, knee: slash/dotted curve, 
ankle: dotted curve). 
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Figure 4 – Projection of gait data (ankle, knee and hip joint angles in 
the sagittal plane) onto the first three eigenfunctions from five indi-
viduals with 8 individual measurements measured on two different 

days. Points with the same color indicate observations from the 
same individual. 
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ABSTRACT

Shoe marks found on the crime scene are invaluable for the
identification of the culprit when no other piece of evidence
is available. Thus semi-automatic and automatic systems
have been recently proposed to find the make and model of
the footwear that left the shoe marks. The systems proposed
up to now have two main drawbacks, as they (i) are generally
not based on rotation and translation invariant descriptions,
and (ii) are tested on synthetic shoe marks, i.e. on shoeprints
with added synthetic noise. Here we show the results of a
translation and rotation invariant description based on the
Fourier transform properties: the test is made on both syn-
thetic and real shoe marks and a comparison with algorithms
proposed by others is presented.

1. INTRODUCTION

During the investigation of a crime the forensic experts are
in charge of a thorough and detailed analysis of the evidence,
as this strongly increases the chances to identify the authors
of the crime.

A key element during the investigation is the ability to
search specialized archives in order to identify and qualify
the evidence, such as fingerprints, DNA sequences, faces,
spent cartridges and different chemicals and compounds.
Pattern recognition has been employed successfully in many
of the aforementioned fields, even on classical one like fin-
gerprint recognition [15].

Recently great attention and research effort have been
given to the semi-automatic and automatic retrieval of
footwear from the shoe marks, i.e. from the shoeprints found
on the crime scene. In particular, shoe marks allow the pros-
ecutor to understand the crime dynamics [13] and, with no
suspect or few elements available, the knowledge of the make
and of the model of the shoe that left the shoe mark is a pre-
cious information for police officers to lead investigation.

In this paper we will give a review of the state of the
art on automatic footwear retrieval systems (Sec. 2), then we
will give a brief description of the description used and the
similarity measure employed in this work (Sec. 3), and we
will show the results obtained testing this as well as other
systems on both synthetic and real shoe marks (Sec. 4). Fi-
nally, we will (Sec. 5) draw the conclusions and point out the
future work.

2. STATE OF THE ART

Even using a fully automated retrieval system, is a general
Law requirement that the forensic expert is in charge of his
or her forensic analysis and, after the query to the reference

database, the expert will proceed with the eye-analysis of the
higher ranking results. The first systems to be reported were
human based ones [12, 19, 2], i.e. human experts classified
the shoe soles and shoe marks using a series of patterns cho-
sen in a special vocabulary defined on purpose.

Here we give an overview of the automatic footwear re-
trieval systems that have been proposed since then.

In [11] soles and shoeprints are first photographed and
binarized. Then labeling is performed and the binary pixels
are grouped into shapes. The shapes are classified by their
Fourier transform components and finally a single-hidden-
layer feedforward neural network trained with back propaga-
tion is used as the recognition network. Regrettably the per-
formance of the system is not reported and its development
was abandoned.

Fractals and mean square noise error are employed in [3]
to represent and compare shoeprints, respectively. Fractal
decomposition produces a list of spatial transformations that
regenerate the original image when applied recursively to the
image itself, thus producing small changes when applied to
look alike and causing large differences when applied to dif-
ferent patterns. The mean square noise error is then used as
the similarity measure. The reference database (DB) is com-
posed of 145 gray level shoeprint images. Tests are made
adding Gaussian noise, rotation and translation to the DB.
Reported results give 60% correct match at 9◦ rotation and
a severe drop to 10% after a 10 pixel translation. No results
are given on noise performance.

Simple Fourier transform is implemented in [8]. The
power spectral density (PSD) is calculated and used to char-
acterize the images, in order to have translational invariance,
while rotational invariance is obtained brute-force through
rotation of the query image in the range±30◦. The 2D cor-
relation coefficient between the PSDs is used as the similar-
ity measure. Average Match Score and Cumulative Match-
ing Score are used to optimize the system parameters and to
assess it, respectively. Results show that shoeprints are cor-
rectly matched in the first 5% of the sorted DB patterns with
an 85% score. Here noisy images are not considered.

Fourier transforms modified phase only correlation
(MPOC) was employed in [14], given that the phase infor-
mation is much more important than the FFT amplitude in
preserving the features of image patterns. The reference DB
is made of 100 elements, used to generate synthetic shoe
marks. Four sets of synthetic shoe marks are created by
adding white Gaussian noise or applying motion blur. Syn-
thetic shoe marks are also obtained by pasting the shoeprints
into texture images taken from the Brodatz album [4]. The
test demonstrates a 100% first rank recognition rate, but the
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system is not invariant under translation or rotation.
To address translation, rotation and scale invariance, Hu’s

seven moments were used in [1]. Hu’s moments are em-
ployed on a reference DB containing 500 shoeprints, show-
ing that the first and the second moments are the most dis-
criminating. Synthetic shoe marks are generated adding zero
mean Gaussian noise, and tests are made with a rotation from
-90◦ to +90◦. Results show a severe drop of accuracy, which
is as low as 5.4% for a 20% Gaussian noise variance.

A Maximally Stable Extremal Region (MSER) detector
is used in [17] to identify the features of the shoeprint and the
Scale Invariant Feature Transform (SIFT) algorithm is em-
ployed to describe them. The combination of MSER an SIFT
gives the method a good repeatability under affine transfor-
mations, together with the possibility to deal with partialor
hidden data. The reference DB is made of 374 shoeprints,
each containing a whole left and right print, while the test set
is made of an image of either a complete left or right print.
They report a 94% classification rate if viewing only 5% of
the database, but again no test is performed on noisy images.

Finally an image retrieval algorithm combining the in-
formation of the phase of the Fourier transform of the shoe
mark images with the power spectral density of the Fourier
transform calculated on their Mahalanobis map is employed
in [6, 7]. The reference DB is made of 35 shoeprints and the
system is tested on synthetic as well as on real shoe marks
coming from crime scenes. A comparison with other meth-
ods is made and the results show that the performance of the
system is on par, if not better than the other, with the 100%
of the real shoe marks found in only 24% of the known shoes
DB.

In this paper we make a comparison of the most success-
ful methods described above (i.e. the ones in [8], [14], and
[7]) with a method based on the Fourier transform properties,
on both synthetic and real shoe marks coming from crime
scenes1.

3. FOURIER BASED DESCRIPTION AND
SIMILARITY MEASURE

In this section, we present the needed tools to match images
which are translated and rotated with respect to each other,
using the translation and rotation properties of the Fourier
transforms.

Let f1(x,y) and f2(x,y) be two images differing only by
a displacement(x0,y0), so that:

f2(x,y) = f1(x−x0,y−y0). (1)

Their Fourier transformsF1(ξ ,η) and F2(ξ ,η) are re-
lated by:

F2(ξ ,η) = e− j2π(ξx0+ηy0)F1(ξ ,η) (2)

and the cross-power spectrumQ1,2 of f1(x,y) and f2(x,y) is
given by:

Q1,2(ξ ,η) =
F1(ξ ,η)F∗

2 (ξ ,η)
∣

∣F1(ξ ,η)F∗

2 (ξ ,η)
∣

∣

= ej2π(ξx0+ηy0) (3)

whereF∗

2 (ξ ,η) is the complex conjugate ofF2(ξ ,η).

1We preliminary tested [6] a SIFT matching algorithm [16], similar to
the one employed in [17], with poor results.

Thus, if f1(x,y) and f2(x,y) are related only by a trans-
lation, the inverse Fourier transform ofQ1,2(ξ ,η) is a pulse
which is zero everywhere except nearby the point of max-
imum (x0,y0), which also gives the displacement between
f1(x,y) and f2(x,y).

Now, supposef2(x,y) is a translated and rotated version
of f1(x,y), such that:

f2(x,y) = f1(cosθ0x+sinθ0y−x0,−sinθ0x+cosθ0y−y0).
(4)

Given the Fourier transform rotation property we have
thatF1(ξ ,η) andF2(ξ ,η) are related by:

F2(ξ ,η) =e− j2π(ξx0+ηy0)

F1(cosθ0ξ +sinθ0η ,−sinθ0ξ +cosθ0η) (5)

If we look at the magnitudesP1(ξ ,η) and P2(ξ ,η) of
F1(ξ ,η) and F2(ξ ,η), respectively, the following relation
holds:

P2(ξ ,η) = P1(cosθ0ξ +sinθ0η ,−sinθ0ξ +cosθ0η) (6)

i.e. the magnitude of the second image is the rotated replica
of the magnitude of the second one.

If the coordinates of the obtained magnitudes are trans-
formed into polar coordinates(ξ ,η) → (ρ ,θ ), with ρ =
√

ξ 2 + η2 andθ = arctan(η/ξ ) we have:

P2(ρ ,θ ) = P1(ρ ,θ −θ0) (7)

and the rotation turns to be a translationθ0 in theθ coordi-
nate.

Following again the procedure described in the case of
pure translation, we can calculate the cross-power spec-
trum Q̃1,2(ξ ′,η ′) between the Fourier transform ofP1(ρ ,θ )
andP2(ρ ,θ ). Its inverse Fourier transform will be a pulse
like function with its maximum located at the displacement
(0,θ0).

In an ideal case the height of the peak would be near
one and would be departing from this value for different im-
ages. Therefore, in this work we consider the peak height of
the inverse Fourier transform of̃Q1,2(ξ ′,η ′) as the similarity
measure for image matching: if two images are similar, their
inverse Fourier transform will have a distinct sharp peak, if
they are not similar, the peak will drop significantly.

The steps described above give a translation and rotation
invariant description and a similarity measure. The proce-
dure could be made more general including scale invariance,
performing a Fourier-Mellin transform [5]. However, the ref-
erence DB specifications are known and during the crime
scene analysis all evidence is fully documented within a met-
rical context, thus scale should not be an issue.

All the tests described below were made following the
above mentioned procedure using standard MATLAB [21]
commands, without any fine tuning.

3.1 Spectral Weighting Functions

We performed some tests on the system performance mul-
tiplying the Fourier magnitudesP1(ξ ,η) andP2(ξ ,η) with
two different filters, i.e. a high-pass emphasis filterH(ξ ,η)
and a band-pass functionWβ (ξ ,η).
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The high-pass filter [20] nulls the contribution of the fre-
quencies aroundρ = 0 that get oversampled due to the Carte-
sian to polar coordinate transformation. The filter is given
by:

X(ξ ,η) = cos(πξ )cos(πη) (8)
H(ξ ,η) = (1−X(ξ ,η))(2−X(ξ ,η)) (9)

with ξ andη between -0.5 and 0.5 (in unit frequency).
The band-pass weighting function [14] has the same

shape as the spectrum of a Laplacian of Gaussian (LoG)
function and is used to eliminate both high and low frequency
components. The filter is given by:

Wβ (ξ ,η) =
ξ 2 + η2

α
exp

(

−
ξ 2 + η2

2β 2

)

(10)

whereβ controls the function extension andα = 4πβ 4 is
used for normalization.

During our test we tried them separately and together,
with different values ofβ , ranging from 50 to 150.

4. SETUP OF THE TEST

We have built a reference DB (RDB) made of known
shoeprints, realized starting from the images available atthe
ENFSI [10] WGM website [9] and then adapted as explained
in Sec. 4.1

Two different sets of shoe marks are used in our test to
query theRDB:
• a synthetic shoe marks set (SyntS), realized as detailed in

Sec. 4.2;

• a real shoe marks set (RealS), realized starting from the
images available at the ENFSI WGM website [9] and
then adapted as explained in Sec. 4.1.

4.1 Reference DB and real shoe marks set

The images were first converted to gray scale and then re-
sized to 512×512 pixel size, to obtain a reference DB made
of full shoeprints, Fig. 2.A).

To allow the comparison with previous works [8, 14, 7],
three zones of interest of 100×100 pixel size were cropped
from each shoeprint and used for the test, Fig. 1. Cropping
was performed also for the crime scenes shoe marks in order
to increase their number for testing purposes.

Following this procedure and starting from the images
available at the ENFSI WGM website, we built: a reference
DB made of 25 known shoeprints, a reference DB made of 75
known shoeprints crops, and a set of real shoe marks made
of 35 items (corresponding to 16 known shoeprints).

Then, we have queried each element of theRealSagainst
those in the cropped shoeprintsRDB, and against those in
the full shoeprintsRDB, using the Fourier based invariant
description employed in this work and using the methods de-
scribed in [8], in [14] and in [7]. Finally results were com-
pared in the form of top-one, top-five, top-ten and top-twenty
ranks.

4.2 Synthetic shoe marks set

We want to compare the method used in this paper with the
ones employed in other works, but the field still lacks a stan-
dard database for comparisons; moreover, all other existing
works only consider synthetic shoe marks.

Figure 1: Examples of shoe marks (top), and matching
shoeprints (bottom).

Thus, starting from theRDB, described in Sec. 4.1, two
subsets of synthetic shoe marks were created [14]:

• Subset 1: 300 shoe marks obtained by adding to each
shoeprint in theRDB a white gaussian noise with zero
mean and varianceσ2 = 1, 5, 10 and 15 %;

• Subset 2: 375 shoe marks obtained by blurring each
shoeprint in theRDBwith a motion blur ofd = 2, 5, 10,
15 and 20 pixel.

Some samples of Subset 1 are shown in Fig. 2 for gaus-
sian noise.

A) B)

C) D)

Figure 2: Reference DB sample and synthetic shoe marks
obtained by adding increasing white Gaussian noise to it: A)
original image, B)σ2 = 1%, C)σ2 = 5%, D)σ2 = 10%.

Again, we have queried each element of theSyntSagainst
those in the cropped shoeprintsRDB, and against those in
the full shoeprintsRDB, using the Fourier based invariant
described in this paper and employing the methods described
in [8], in [14] and in [7]. We then compared the results in the
form of top-one, top-five, top-ten and top-twenty ranks.
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Algorithm
SyntS PSD MPOC Mahalanobis This Work (Crops)

1 5 10 20 1 5 10 20 1 5 10 20 1 5 10 20
1% 99 100 100 100 100 100 100 100 95 99 100 100 100 100 100 100
5% 82 89 93 98 100 100 100 100 78 93 99 99 92 94 95 95
10% 71 75 82 86 100 100 100 100 74 86 92 98 84 86 87 88
15% 67 72 74 76 100 100 100 100 – – – – 71 73 76 80
2 pxl 98 100 100 100 100 100 100 100 100 100 100 100 100 100 100 100
5 pxl 95 100 100 100 100 100 100 100 87 98 99 100 100 100 100 100
10 pxl 60 69 75 79 100 100 100 100 39 74 79 93 100 100 100 100
15 pxl 68 82 85 89 96 100 100 100 – – – – 95 100 100 100
20 pxl 34 42 60 74 100 100 100 100 8 38 52 72 98 100 100 100

Table 1: Results for synthetic shoe marks queried on the
cropped shoeprintsRDB for the different methods. Shown
is the percentage of shoe marks that are correctly matched at
the first place and in top-five, top-ten and top-twenty rank.

This Work
SyntS Crops Shoes

1 5 10 20 1 5 10 20
1% 100 100 100 100 100 100 100 100
5% 92 94 95 95 93 94 97 99
10% 84 86 87 88 79 82 87 93
15% 71 73 76 80 58 65 70 92
2 pxl 100 100 100 100 100 100 100 100
5 pxl 100 100 100 100 97 97 99 99
10 pxl 100 100 100 100 75 79 88 97
15 pxl 95 100 100 100 68 72 82 93
20 pxl 98 100 100 100 53 62 74 88

Table 2: Results for synthetic shoe marks queried on the
cropped shoeprintsRDB(left) and on the full shoeprintsRDB
(right) for the proposed invariant method. Shown is the per-
centage of shoe marks that are correctly matched at the first
place and in top-five, top-ten and top-twenty rank.

5. RESULTS AND DISCUSSION

We first tested the performance of the system when query-
ing the croppedRDBwith theSyntS, and make a comparison
with the following methods2: MPOC [14], PSD [8] and Ma-
halanobis [7]. Results are shown in Table 1.

As can be seen from the table, the invariant description
employed performs better than the PSD and Mahalanobis
methods, but doesn’t reach the 100% score of the MPOC
case, although the latter is not translation and rotation invari-
ant.

We then tested the system when querying the full
shoeprintsRDBwith theSyntS. The results are shown in Ta-
ble 2.

As can be seen querying the full shoeprints causes a
degradation of the results, especially when applying motion
blur. In Fig. 3 the results in the case of ad = 10 pxl synthetic
motion blur are shown in the form of cumulative matching
characteristics curves [18]: the horizontal axis of the graph
is the percentage of the reference DB reviewed and the verti-
cal axis is the probability of a match.

We then tested the method employed in this work query-
ing the full shoeprintsRDBwith the shoe marks coming from
the crime scenes. During this test we tried several combina-

2Both MPOC and PSD were implemented by us on purpose.
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Figure 3: Results for synthetic shoe marks in the case ofd =
10 pxl motion blur, queried on the croppedRDB(- -) and on
the full shoeprintsRDB(—).

tions of the high-pass emphasize filter and the weight func-
tion, with β values ranging from 50 to 150. The cumulative
match score results are shown in Fig. 4, which shows the
best results are obtained when using both the high-pass em-
phasize filterH(ξ ,η) and the weight functionWβ=150(ξ ,η).
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Figure 4: Results for real shoe marks as a function of the
combinations of the high-pass emphasize filter (HP) and the
weight function (LoG(β )).

Once chosen the best combination, we evaluated the em-
ployed system in comparison with the other MPOC, PSD and
Mahalanobis methods, Fig. 5.

As can be seen, the translational and rotational invariance
has a high price to be paid: analyzing the first 5% of the query
results the probability to find the correct shoeprint is 50% for
both MPOC and Mahalanobis methods, while it lowers to ap-
proximately 17% using the Fourier based method employed
in this work.

6. CONCLUSIONS

In this paper we studied a system for the automatic retrieval
of footwear that left the shoe marks found at the crime scene.
The system exploits the translation and rotation properties
of the Fourier transform to realize a translation and rotation
invariant description suitable for image matching.
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Figure 5: Results on real shoe marks for different systems.

Several different database where created: a reference DB
of cropped shoeprints, a reference DB of full shoeprints, a
synthetic shoe marks DB created adding gaussian noise or
applying motion blur to the reference DB items, and a DB
with real shoe marks coming from real crime scenes.

The synthetic DB has been tested both on a reference DB
of cropped shoeprints, to allow a comparison to the perfor-
mance of other published systems, and on the full shoeprints,
to take advantage of the translation and rotation invariance.

We fine tuned the system with a combination of weight-
ing functions, and then made a comparison of the method
employed in this work and other methods available in litera-
ture, namely the MPOC, PSD and Mahalanobis methods.

Results show that the system performance degrades with
the noisy real shoe marks, and its translational and rotational
invariance has a price to be paid: analyzing the first 5% of
the query results the probability to find the correct shoeprint
is 50% for both MPOC and Mahalanobis methods, while it
lowers to approximately 17% using the Fourier based method
employed in this work.

Despite the results, the translation and rotation invari-
ance of the system would make it more suitable in real
cases, where the uncertainty of the aforementioned parame-
ters would make both the MPOC and the Mahalanobis based
systems less effective, if not useless. We are currently set-
ting up a new test where both rotation and translation will be
addressed on an improved database with more than 300 shoe
sole images.

Future work will then be devoted to the study of a suitable
pre-processing of the shoe mark images in order to increase
the system performance, and other translation and rotation
invariant descriptions will be analyzed and included for test-
ing purposes as well.
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ABSTRACT
The analysis of 3D face data is very promising in improving
the identification performances of individuals. In this paper
two algorithms will be presented to match 3D face shapes
(3D to 3D) and also to compare a synthetically generated 2D
view with a given 2D face image (3D to 2D).

The algorithm to match 3D shapes is based on the extrac-
tion and comparison of invariant features from the 3D face
template. In order to perform the 3D to 2D matching an al-
gorithm is used to generate a 2D view of the face which is as
close as possible to the given face image. Salient features are
extracted from the two face images and are used to determine
the similarity of the faces.

To simulate a real forensic environment, a small database
of 3D faces has been acquired. The dataset will be used to
test the identification performances in both cases.

1. INTRODUCTION

Over the last decade, there has been increasing interest in the
development of 3D face recognition algorithms leading to
great improvements in performance. 3D acquisition systems
are also becoming affordable, user friendly and easy to install
in different environments. For these reasons it is envisaged
that, in the near future, 3D face acquisition and matching can
be successfully employed in forensic applications as well.

There are different scenarios where three-dimensional
data can be acquired and used to identify criminals. We hy-
pothesize two possible cases:
• (3D to 3D) The three conventional face mug shots taken

from arrested criminals (frontal view, left and right pro-
files) are substituted with a full 3D representation of the
face. This can be obtained quickly with different imag-
ing devices at a relatively low cost. A 3D face is obtained
from a sequence acquired by a surveillance camera in the
crime scene. The two 3D faces are matched to identify a
suspect.

• (3D to 2D) As in the previous case, a 3D face represen-
tation is available from a list of suspects, but only a 2D
face image is available from the crime scene. The 3D
face representation of the suspect is used to generate a
synthetic 2D view of the face and perform the matching
with the face image taken from the crime scene.
In this paper two algorithms are described to match 3D

face shapes (3D to 3D) and also to compare a synthetically
generated 2D view with a given 2D face image (3D to 2D).

The proposed algorithm to match 3D shapes is based on
the extraction and comparison of invariant features from the
3D face template. In order to perform the 3D to 2D matching
an algorithm is used to generate a 2D view of the face which

is as close as possible to the given face image. A number of
salient features are extracted from the two face images. The
similarity of the two face images is determined by comparing
the two feature-based representations.

In order to reproduce the real operational environment for
forensic applications, a small database of 3D faces including
both geometrical and texture information has been acquired
using a high resolution 3D face scanner. The dataset is used
to test the identification performances in both cases.

2. 3D FACE DATA ACQUISITION

To simulate a real scenario two different data sets were ac-
quired:

• a 3D database of ten subjects consisting of one scan per
subject, acquired in a controlled environment, which we
will call the training set G

• a 3D database of the same subjects consisting of one scan
per subject, acquired at a subsequent time which we will
call the test set T3.

The 3D data sets have been acquired using the Vectra
System, which was specifically designed to acquire faces.
It is a structured light system (see figure 1) that consists of
two high resolution cameras to acquire texture, two struc-
tured light projectors, and four calibrated cameras spaced so
that in one acquisition they are able to capture the whole face
from ear to ear and forehead to neck. The acquisition speed is
about 0.2 milliseconds. Illumination does not need to be con-
trolled having the Vectra a build in automatic flashing light
system. The output is a 3D virtual model of the face that con-
sists of a mesh of about 8 · 104 points and texture. Figure 2
(left) shows a wireframe 3D scan of a subject, whereas figure
3 (right) shows a partial scan with texture.

Both for the training and the test set, we acquired one
scan of each of ten subjects, five males and five females. The
time interval between the training set acquisition and the test
set acquisition was about six months for six of the subjects,
and a few weeks for the others. Despite the subjects where
asked to pose with a neutral expression, there are notable
differences between the scans taken six months apart, mainly
caused by changes in weight.

To simulate a real scenario, a second test set was con-
structed. Scans of the 3D test set where manually altered to
simulate partial acquisition of subjects. The nose area was
always preserved whereas in two scans part of one eye was
cut, as it would happen in a 3/4 view. Generally, the number
of points of the scans was reduced by half, and in the case of
figure 3 up to 1/3. We will call this set the 3D modified test
set T3m.

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1670



Figure 1: Vectratm 3D image acquisition system

Figure 2: (left) Sample 3D image used for training. (right)
3D image of the same person with a partial occlusion.

3. MATCHING ALGORITHMS

In this section the algorithms we implemented to perform
3D versus 3D recognition and 3D versus 2D recognition are
described.

In the first scenario we can assume to have a training
database consisting of 3D scans of faces and a 3D model of
one or more suspects. We will then compare the models to all
subjects in the database to recognise the suspects. Keeping
into consideration that the database can be large and con-
sist of highly resolution 3D scans (since many of them will
have been taken in a controlled environment), high speed of
comparison, minimal manual intervention and reliability are
highly desirable if not required. To meet these requirements,
we chose to use an algorithm specifically developed for 3D
face recognition which is totally automatic and reasonably
fast. Its reliability has been tested on a 3D face database
available to the scientific community (see [4]). For the sec-

Figure 3: (left) Sample 3D test image with occlusion. (right)
Same subject with texture mapped.

ond scenario, we choose a well known face image recogni-
tion algorithm based on SIFT [12]. In what follows we sum-
marise the algorithms and explain how we adapted them to
the forensic scenario.

3.1 3D to 3D Face recognition
Identification from 3D face data has been extensively stud-
ied, particularly based on shape matching. A 3D face recog-
nition system is usually based on four sequential steps: 1)
preprocessing of the raw 3D facial data, 2) registration of the
two faces, 3) feature extraction, and 4) matching [1]. As for
2D face identification, the 3D face must be first localized in
a given 3D image. However, as the available 3D face ac-
quisition devices have a very limited sensing range and the
acquired image usually contains only the facial area.

The developed system deploys 3D face data acquired
from a Vectra 3D imaging device. Although the acquired
3D scans contain both geometric (shape) and texture infor-
mation, shape alone is generally sufficient to produce reliable
matching scores. For this reason only the geometric informa-
tion of the scans, given in the form of clouds of points, has
been used. The standard approach to point cloud-based 3D
face recognition [13] has been applied: given two faces to be
compared, we first register them and then use the registration
error as a matching score.

The registration algorithm is based on the Moving Frame
Theory (for a thorough treatment of the theory see [14]).
Given a surface F , the Moving Frame Theory provides us
with a framework (or algorithmic procedure) to calculate a
set of invariants, say {I1, . . . In}, where each Ii is a real valued
function that depends on one or more points of the surface.
By construction, this set contains the minimum number of
invariants that are necessary and sufficient to parametrise a
“signature” S(I1, . . . , In) that characterizes the surface up to
Euclidean motion. The framework offers the possibility of
choosing the number of points the invariants depend on, and
this determines both the number n of invariants we get and
their differential order. The more the points the invariants
depend on the lower the differential order. For instance, in-
variants that are functions of only one point that varies on the
surface (I = I(p), p ∈ F) have differential order equals to 2,
and they are the classical Gaussian and Mean curvatures. To
compromise between computational time and robustness we
chose to build invariants that depend on three points at one
time. The result is a set of nine invariants, three of differen-
tial order zero, and six of order one.

3.1.1 3D Invariants based on point triples

Let p1, p2, p3 ∈ F and ni be the normal vector at pi. We
define r to be the direction vector of the line between p1 and
p2 and nt the normal to the plane through p1, p2, p3:

r =
p2− p1

‖p2− p1‖
and nt =

(p2− p1)∧ (p3− p1)
‖(p2− p1)∧ (p3− p1)‖

.

The zero order invariants are the 3 inter-point distances
Ik(p1, p2, p3) for k = 1,2,3:

I1 = ‖p2− p1‖, I2 = ‖p3− p2‖ and I3 = ‖p3− p1‖

whereas the first order invariants are

Jk(p1, p2, p3) =
(nt ∧ r) ·nk

nt ·nk
for k = 1,2,3

1671



Figure 4: Registration of two complete scans of the same
subject

and
J̃k(p1, p2, p3) =

r ·nk

nt ·nk
for k = 1,2,3.

To each triplet (p1, p2, p3) on the surface we can then as-
sociate a point of the signature in 9-dimensional space whose
coordinates are given by (I1, I2, I3,J1,J2,J3, J̃1, J̃2, J̃3).

3.1.2 Features extraction

Having calculated the invariants, we could use them to
parametrise a signature S and then compare the signature
with that of another scan to establish if the two surfaces are
the same up to Euclidean transformation. Unfortunately the
size of scans makes it impossible to calculate the invariants
for all triplets of points of the cloud. A face scan acquired
with the Vectra system can contain up to 8 ·104 points which
would lead to 83 · 1012 signatures points. We therefore ex-
tracted up to 10 feature points from the scan (i.e. points
that are invariant to Euclidean motions). To achieve this,
we opted to calculate the Gaussian curvature at each point
and find local maxima. Amongst these we selected up to 10
points with highest curvature as feature points. The curva-
ture at each pi ∈ F was calculated using PCA analysis on
the points of intersection between F and a ball B(pi,ρ) cen-
tered at pi and with radius ρ = 10r, where r is the average
resolution of F .

3.1.3 Registration and matching

Once the feature points from F are extracted we calculate the
invariants described on triples of them and save them into a
signature S that characterizes the scan. Given another scan
F ′ (we can think of it a test scan), we apply the same pro-
cedure to get a signature S′. At this point, all is left to do is
to compare the signatures. If S intersects S′ in a subset, then
there is a subset of feature points of the two scans that have
the same characteristics, i.e. same inter-point distances and
normal vectors (up to Euclidean motion). We therefore fix a
threshold σ and compare signature points with the Euclidean
distance: if s ∈ S, s′ ∈ S′ and |s− s′| ≤ σ then the triplets that
generated the signature points are considered to be a good
match and so we calculate the rototranslation (R,t) that
takes the second into the first. We then apply (R,t) to F ′ to
align it with F , and call the transformed match F ′′=RF ′+t.
Figures 4 shows the registration of two different scans of the
same subject. The neck misalignment reflects the different
pose of the subject in the two scans (it was leaning forward
when the red scan was acquired). Figure 5 shows a partial
scan of a subject registered with a full one.

To measure the registration error, we need to measure the
“closeness” of F ′′ to F . For each point qi ∈ F ′′ we find the

Figure 5: Registration of an occluded scan with a complete
one of the same subject

closest point pi in F and we save their Euclidean distance
di = ‖qi− pi‖. We get a set of distances D = {di}i∈I where
I is the cardinality of F ′′. Since we need to take into ac-
count that the test scans will not necessarily be taken under
controlled conditions and that the subject will most likely be
uncooperative they might fail to contain the whole face. For
instance, a hat can be worn or the hair or a scarf might cover
part of the face and so on. And this can be true also for train-
ing scans obtained from uncontrolled conditions. This means
that some of the di can be quite big even if the subject is the
same and the registration is accurate. In [4], experiments on
a large database showed that the median of D = {di}i∈I was
enough to eliminate such outliers and so measure the reg-
istration error of scans that overlap only partially. For this
reason we adopted it also in this context. In summary, given
two scans F , F ′, they are first registered and then the regis-
tration error e(F,F ′) is measured. It might happen that the
scans are so different that the registration step fails. In that
case, we will simply consider the result a negative match.

3.1.4 Experimental results

Two 3D face recognition tests were performed. For the first
test G was used as training set and T3 as test set. Each test
scan F ′i ∈ T3 was compared to all scans in G using the 3D
face recognition algorithm described in section 3.1 giving a
vector of scores si = (e1, . . . ,e10) where e j = e(F ′i ,Fj) is the
registration error between F ′i and Fj. Let em = min

j=1,...,10
{e j}.

Then F ′i is matched to Fm. Each subject in the test set was
matched to the right subject of the train set, giving a matching
score of 100%.

The second test was identical to the first one except in
the choice of the train set which was T3m. Despite heavy oc-
clusions in the test scans, we still obtained 100% recognition
rate.

These results are very promising, especially when using
occluded scans, which represent a more realistic scenario in
forensic contexts.

3.2 3D to 2D Face recognition
In the second scenario considered, 3D face data is acquired
for enrolment while 2D face images are used for identifica-
tion. This situation emulates the case of convicted criminals
whose 3D faces were acquired and stored, while 2D snap-
shots or a video clip is available from the the crime scene. In
this case the police officer should be able to identify the crim-
inal whose face is depicted in the captured image or video. In
most cases identification from images taken from a surveil-
lance camera is quite difficult because the face is often ro-
tated with respect to the camera.
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3.2.1 2D Database generation

Having 3D face data with texture allows to re-project face
images with any orientation and use these images to perform
the matching. The training set G2D consists of a series of 2D
projections of scans from the 3D training set G. These cor-
respond to 9 different head orientations, spaced 30 degrees
along the horizontal and vertical axes. The test set T2D is ob-
tained in an analogous way starting from the 3D test set T3
but projecting along 5 different directions.

3.2.2 2D Matching

The face matching algorithm is based on the comparison of
the Scale Invariant Feature Transform (SIFT) feature sets ex-
tracted from the images in the G2D and T2D datasets [11],
[12]. One of the interesting features of the SIFT approach
is the capability to capture the main gray-level features of
an object’s view by means of local patterns extracted from a
scale-space decomposition of the image.

The matching score between two images is computed, as
proposed in [11], by counting the number of similar SIFT
features.

As several views are projected for each subject, it is ex-
pected that the 2D projection corresponding to the closest
head orientation of the test image will produce the greatest
matching score.

3.2.3 Experimental results

The training and test images are first aligned and scaled ac-
cording to the positions of the eyes and the mouth manu-
ally located. To ensure the proper scale and position on
the 2D image plane a simple planar affine transformation is
adopted. Finally each test image is matched, as described
above, against all test face images. The training image with
the highest number of corresponding features is taken as
matching image.

As an example, six out of the total nine 2D projected
images of one subject are shown in figure 6. Two sample
test and training images from the same subject, with differ-
ent head orientations, are shown in figure 7. In figure 8 a test
and a probe registered images with similar head orientation
are shown on the top line and the extracted SIFT features are
shown in the bottom line. The genuine and impostor score
distributions, obtained by performing a complete matching
test on the acquired dataset, are shown in figure 9. The equal
error rate computed from the two distributions is equal to
4%. Considering the different projection directions between
the training and test images the obtained results are encour-
aging.

4. CONCLUSION

Face-based identification has been extensively used in foren-
sic applications. Generally 2D face images are captured both
from convicted criminals and in the scene of crime. As a
consequence standard 2D face matching techniques are de-
ployed.

In this paper we argue that 2D face images do not con-
vey enough information to perform automatically a reliable
matching of a test and training pair. Extremely different ac-
quisition conditions between the enrolment set-up and the
crime scene make it difficult to compare images from the

Figure 6: Sample 2D images obtained by projecting the 3D
texture mapped model.

Figure 7: (left) Projected image used for training. (right) 2D
image of the same subject used for testing.

Figure 8: Upper row: (left) sample 2D test face image,
(right) corresponding pose training face. Lower row: SIFT
extracted from the two images.
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Figure 9: Impostor and client score distribution computed
with the 3D to 2D matching using the SIFT features and us-
ing the global distance of the features.

same subject. Not only illumination and head pose are dif-
ferent, but even the camera position and view direction are
different. In fact, while mug shots are taken from criminals
with a camera directly looking at the subject’s face, the pic-
tures taken from the crime scene generally originate from
surveillance cameras which look at faces from above. For
these reason it seems reasonable to exploit the information
content of a full 3D face, at least for the enrolment phase.

In this paper two different forensic scenario have been
studied. In the former, a full 3D representation of the face
is acquired instead of the three conventional face mug shots
taken from arrested criminals. A 3D face is obtained from
a sequence acquired by a surveillance camera in the crime
scene. The two 3D faces are matched to identify a suspect. In
the latter scenario, a 3D face representation is available from
a list of suspects, but only a 2D face image is available from
the crime scene. The 3D face representation of the suspect is
used to generate a synthetic 2D view of the face and perform
the matching with the face image taken from the crime scene.

A compact 3D data set has been purposely acquired to
simulate the two scenarios. Both 3D to 3D and 3D to 2D
experiments have been performed producing good results. In
particular the best performances are obtained when match-
ing a 3D face model with a full 3D face, as expected. The
comparably lower performances obtained in the 3D to 2D
matching are presumably due to the small number of back-
projected gallery images used for matching. Increasing the
resolution in the head pose variations would certainly im-
prove the recognition results.

Even though the experiments have not been performed
on real data from a crime scene, both methods can be suc-
cessfully exploited in scenarios in which the quality of the
test images and 3D scans is affected by occlusions or poor
resolution.
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ABSTRACT

The assessment of the practical performance of forensic methods
for the detection of resampling operations on digital images is a dif-
ficult task requiring a careful experimental analysis. Unfortunately,
the experimental analysis reported in multimedia forensics papers
is often statistically insufficient, or at least not usable to predict the
performance of the proposed systems at scales needed for practical
deployment. This paper attempts to move a first step to fill this gap
in a twofold way. First of all a proper experimental framework is
proposed to analyze the performance of resampling detectors. Then
the suggested methodology is applied to evaluate the performance
of two of the most significant resampling detectors proposed so far,
providing a deeper-than-usual analysis of their behavior under dif-
ferent working conditions.

1. INTRODUCTION

In the last years, in the signal processing research community it
has been recognized the need for the definition of standard method-
ologies for a correct evaluation and comparison of techniques and
procedures [2, 11]. As a matter of fact, in the available literature
very often proposed algorithms are described without implementa-
tion details, thus limiting an easy reproducibility of the schemes;
moreover the experimental analysis is usually statistically insuffi-
cient, or at least it can not be used to validate the performance of
the methods at scales needed for practical scenarios. This trend is
currently valid also in the image forensic research field: as a mat-
ter of fact, most of the published works lack a clear explanation of
the conditions under which a comparison between proposed meth-
ods and competing techniques is carried out; often the experimental
results are given on very small data sets; the information about the
experimental setups (like publicly available data sets, implementa-
tion of the proposed algorithm and chosen parameters, steps fol-
lowed in the experiments) is usually not enough detailed to warrant
an easy reproducibility of the presented results. All these limita-
tions do not allow a fair and easy validation and comparison with
newly proposed methods hindering the fulfilment also in this field
of the so-called Reproducible Signal Processing paradigm [2, 11].
This work aims at starting to fill this gap by studying a methodol-
ogy for the performance analysis of image forensic techniques; in
particular we will focus our attention on the class of forensic algo-
rithms designed for the detection of resampling operations applied
to the digital images.

In the next Section we describe the scenario where the con-
sidered kind of tampering is used and we analyze the information
about the experimental setups and tests provided in the current lit-
erature on forensic schemes for resampling detection. In Section 3
we propose an appropriate experimental framework. The proposed
framework is used in Section 4 to thoroughly evaluate the perfor-
mance of two of the most popular resampling detection schemes
proposed so far.

2. EXPERIMENTAL TESTS FOR RESAMPLING
DETECTORS

Several image forensic techniques have been designed to detect
tampering operations on a digital image in absence of any prior
knowledge of the original content. In this framework, the class of
tools for the detection of interpolation processing has become an
important research line.

This interest can be explained by taking into account that in
order to obtain convincing forged images, it is often necessary to
apply a geometrical transformation to some portions of the manip-
ulated images, thus requiring the application of a resampling step.
Although resampling processes do not typically leave perceivable
artifacts, they introduce specific periodic correlations between im-
age pixels; these periodic interpolation artifacts present in pixel am-
plitudes or similar related image statistics are the features that all
resampling detectors look for in order to decide if an image, or a
subpart of it, has undergone a geometrical transformation.

In general, such schemes work as follows: given a possibly ma-
nipulated image, a set of features is extracted from the whole image
or from a selected region of interest (usually a central square area
of size N×N). Some of the existing methods use a parameter com-
puted from the extracted features as a test function to be compared
against a detection threshold in order to decide: if the test function is
above the detection threshold the detector decides for the interpola-
tion presence, otherwise a negative answer is given. Other schemes
are based on a classifier to decide whether an image is interpolated
or not: in such a case the set of extracted features is input to a prop-
erly trained classifier that decides whether the image or region under
testing belongs to the class of resampled contents or not.

The detection accuracy is assessed mainly by evaluating the
missing detection and false alarm probabilities; in the case of
classifier-based detectors, the detection accuracy is assessed by sep-
arating the considered image set in a training set and a test set,
where the missing detection and the false alarms are directly eval-
uated. Detector robustness is sometimes tested in presence of post
processing such as JPEG compression or noise addition. Of course,
these measures are highly influenced by the chosen set up: most of
the experimental tests are performed on a certain set of unaltered
and interpolated images. The chosen images, are of course not the
same across different papers: the unaltered datasets differ by the
represented contents, numbers of images, image size by the image
format (i.e. JPEG/RAW/..); the interpolated images also differ be-
cause of the specific geometric transformations applied to the im-
ages (resize, rotation,..) as well as for the used interpolation kernel
(i.e. bilinear, cubic or nearest-neighbor).

In the following, we briefly review the test settings that are com-
monly used in the scientific literature to verify the effectiveness of
their proposed resampling detectors. No need saying that a common
approach is needed both to give more trustworthy accuracy values
and to compare different methods under similar conditions.

Concerning the characteristics of the data set used to evaluate
the performance of the algorithm, a high variability on the number
and kind of images can be found. In [10] only one image is used
to test the proposed algorithm and no information about its size or
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format is given. In [4] the tests are performed on images coming
directly from a digital camera, 13 of them are non interpolated but
compressed with the maximum quality, and 101 images are the re-
sult of using the in-camera digital zoom. The tested database in
[7] consists of 40 uncompressed TIFF images used also for creat-
ing the corresponding interpolated images. Authors in [9, 5] use
200 uncompressed TIFF images as unaltered, but while [5] use all
of them for generating the corresponding interpolated versions, [9]
uses only 50 of them to do so. Finally, [6] considers as unaltered a
set of more than 5000 high quality JPEG compressed images from
the online Columbia dataset [8].

The validity of the resampling detection algorithms is usually
assessed by analyzing supervised resized images (both down-scaled
and up-scaled), that use some specific interpolation methods (i.e.
bilinear, cubic or nearest-neighbor) though often the method is not
specified [10, 4]. In [7] authors test the system also with rotated and
skewed images. The robustness to further attacks is tested against
JPEG post compression in [9, 5, 7, 10] , against noise addition in
[9, 7] and against gamma correction in [9].

The investigated region is 512x512 pixels for [9, 5, 7], the
whole image for [4] while no information is reported for [10, 6].

Authors in [9, 5, 7, 4] use a threshold detector to evaluate the
detection accuracy, while authors in [10] give just a visual idea of
the detector performance, and the authors in [6] use a Support Vec-
tor Machine (SVM) classifier to infer if an image is interpolated
or not, estimating the accuracy by averaging the results of the tests
repeated 30 times by scrambling the training and the test dataset.

The detection accuracy is usually presented by means of graphs
that, for a fixed threshold value, show the correct detection rate with
the change of scaling factor o rotation degrees.

3. A PROPOSAL FOR AN EXPERIMENTAL
METHODOLOGY

By the light of the analysis given in the previous Section, it is ev-
ident that the approaches usually adopted to evaluate the perfor-
mance of resampling detectors are rather naif. To help overcoming
this problem, we propose some guidelines that should be followed
for testing the reliability of multimedia forensic algorithms, in par-
ticular those focusing on resampling detection. We will try to move
the analysis away from the laboratory conditions, by taking into
account how resampling detection algorithms should by applied in
real scenarios.

First of all, the typology of images encountered in real scenar-
ios include not only high resolution, high dimension, and uncom-
pressed images directly coming from digital cameras, but also im-
ages with different dimensions, smaller resolution, suffering some
level of compression, and last but not least images coming from
different sources, like scanners and computer graphic tools.

The number of images used for the tests should be sufficient
for a correct statistical analysis, i.e. for measuring a given error
probability (1 error on 10k) the number of analyzed data should be
at least 10 ·10k.

Focusing on the performance analysis of resampling detectors,
the kind of processing applied to the tested images should include
at least scaling operations, i.e. different scaling factors for both up-
scaling and down-scaling, rotations with different rotation degrees,
and skewing applied to y and x directions. Furthermore, each of
the previous geometrical operations requires an interpolation pro-
cess that can be implemented with different interpolators (i.e. near-
est neighbor, bilinear, bicubic, and even higher order interpolation
polynomials). In many cases the presence of anti-aliasing filtering
should be taken into account when an image is down-sampled.

As previously described, it is common that before splicing to-
gether parts originating form different images, some geometrical
operations are applied to the pasted region. However, to make the
tampering more convincing, some post-processing will likely be ap-
plied after the pasting and resampling step. For instance it is pos-
sible that the tampered image is filtered, gamma-corrected, or it is
contrast enhanced. Finally it is very likely that the tampered im-

age is JPEG-compressed. It is necessary then that the robustness
of any resampling detection scheme against post processing is mea-
sured. On this regard it is worth highlighting a quite common mis-
take made in the preparation of the dataset used for the experiments.
It is quite common in fact that the post-processing attack is applied
to the resampled images only. Suppose for instance that we are
interested in analyzing the robustness of a certain resampling de-
tector against JPEG compression. It is not rare to find papers in
which the test dataset consists of the original images with no JPEG
compression and the resampled images to whom a final JPEG com-
pression step is applied. If this is the case, the test results risk to
be useless since by relying on them we can not distinguish whether
the detector actually recognizes the resampling artifacts or the arti-
facts introduced by JPEG compression. The reader could even think
that the application of a strong JPEG compression helps the detec-
tor to identify the resampling artifacts, while the true explanation is
that the resampling detector learned to distinguish non-compressed
from compressed images (an example of this problem will be given
in Section 4).

Regarding the dimension of the analyzed region or subregion,
i.e. the input for the resampling detector, two different analysis are
possible. From one hand we can assume that the geometric opera-
tion is applied to the whole original image to obtain a geometrically
transformed image: in this case, the tested region should coincide
with the tested image, or have dimensions similar to those of the
tested image. On the other hand, it may be the case that only the to
be pasted region (usually smaller than the final fake image) suffered
some geometrical operation: in this case, we can assume that the re-
gion to be analyzed by the resampling detector should be no larger
than a quarter of the overall analyzed image. In a real scenario the
latter situation is the most likely. Finally, since we usually handle
RGB images, the resampling detection algorithms could be applied
to each RGB channel separately, as well as to the corresponding
gray-level image obtained by extracting the luminance only.

In addition to the definition of the dataset to be used in the ex-
periments, particular attention should be given to the selection of a
proper performance metric. By looking at resampling detection as
a two-class hypothesis testing problem in which the analyzed im-
age is classified either as original or resampled, the receiver operat-
ing characteristic (ROC curve) - depicting the tradeoff between cor-
rect detection rates and false alarm rates - represents an appropriate
means for measuring the performances of the resampling detector
[3].

Briefly, the ROC curve plots the true positive rate, also called
correct detection probability Pd (i.e. the number of images correctly
detected as resampled, on the total number of analyzed resampled
images) versus the false positive rate, also called false alarm prob-
ability Pf a (i.e. the number of images erroneously detected as re-
sampled, on the total number of analyzed no-resampled images), as
the decision threshold of the detector is varied.

The ROC curve is a two-dimensional depiction of the properties
of the resampling detector: in order to summarize the performance
with a unique scalar value representing the general behaviour of the
detector, a common method is to calculate the area under the ROC
curve (AUC), which should assume values between 0.5 and 1 for
realistic and effective (i.e. no random) detectors.

Of course, the resulting ROC curve depends on the images
used for computing the false positive rate (the no-resampled image
dataset) and the true positive rate (the resampled image dataset):
hence, for a given type of image dataset, resampling procedure, di-
mension of the analyzed region, etc., a different ROC curve and its
corresponding AUC should be given. As previously described, very
often in the forensic literature of resampling detectors the experi-
mental results are presented as plots of the true positive rate Pd for a
fixed false positive rate Pf a, by varying the geometrical operations
(i.e. scaling factors or rotation degrees). Pf a is usually fixed to low
values, but no motivations are provided to justify such a choice. On
the contrary, for measuring low error probabilities (e.g. a false pos-
itive rate of 10−2) a high number of images should be tested (e.g.
at least 103 images) and this is almost never the case in the state-of-
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the-art algorithms. Furthermore, in forensic applications, it is not
so clear how worrying are the false positive errors, since this likely
depends on the particular application scenario. Consequently, we
believe that it is necessary to know the behaviour of the resampling
detector for different false alarm probabilities, hence leading us to
prefer the AUC value as a synthetic scalar measure of the detector
performances.

4. PERFORMANCE OF TWO POPULAR RESAMPLING
DETECTORS

In this Section we apply the guidelines given in the previous Section
to two of the most significant resampling detection algorithms avail-
able in the scientific literature. In this way we reach a twofold goal:
first of all we show in practice how the guidelines we gave should
be applied, secondly we give some insights about the current state
of the art in resampling detection and the practical challenges that
still need to be faced before such techniques are applied in a realistic
scenario. Specifically, we carried out some experiments to evaluate
the performance of the detectors proposed by Kirchner & Gloe [5],
(that inherently extends and improves the detector of Popescu and
Farid [9]) and Mahdian & Saic [7] (from here on referred as KG
and MS detectors). The two algorithms were chosen among oth-
ers, because of the immediacy of their reproducibility: a clear and
complete description of the whole algorithm is given in [5], and the
implementation is available online for [7].

The first, non-trivial step consisted in fact in the implementation
of the to-be tested algorithms according to the information available
in the papers. This is in general a difficult task since the details
provided in the papers may not be sufficient at all, and a personal
approximated re-implementation of the system, is the best that one
can do. In addition, if the test conditions differ very much from
those adopted in the original papers, it may be necessary to tune
the detector parameters to the new conditions thus deviating signif-
icantly from the set up described in the original paper. Stated in
another way, we have to face a scalability problem, since no cue is
given about how the detectors should be tuned to work under dif-
ferent experimental conditions (e.g. images with different size, or
images produced by different sources).

In the case of [5], we achieved a good reproduction of the algo-
rithm and its performance compared to those indicated in the paper,
also having the possibility to test our implementation of the algo-
rithm on the same dataset of images used by the authors 1. Concern-
ing the system described in [7], we used the software made publicly
available by the authors for feature extraction [1] and we completed
the algorithm with the test function evaluation, in order to imple-
ment the detection as a two-class hypothesis testing problem. The
test function is evaluated as the maximum of the ratio between the
feature vector and its averaged version obtained with a window of
size 9 samples, skipping the previous and the following samples in
the mean computation.

Following the experimental methodology proposed in the pre-
vious Section, we tested both the algorithms under different condi-
tions. We used 5 databases, each containing 200 images, namely:
• [natural] natural images coming from a Nikon D70 and con-

verted from raw to uncompressed TIFF images using Nikon
View NX;

• [scanned] scanned images coming from a Canon CanoScan
5600F scanner;

• [CG] computer generated images found on the Web, images
generated by computer graphic tools;

• [JPEG90] JPEG compressed images: the natural image dataset
was compressed with a JPEG quality factor of 90 by using the
imwrite function of Matlab r

• [JPEG75] JPEG compressed images: the natural image dataset
was compressed with a JPEG quality factor of 75 by using the
imwrite function of Matlab r.

1We would like to thank Matthias Kirchner for helping us in the repro-
ducibility of his results

All these images are supposed to be unaltered, that is a true assump-
tion for all the databases except for the computer generated images
that were found on the Web and for which we do not know whether
some particular processing were used after image generation. For
each image in the 5 databases, we considered only the luminance
channel.

For the particular case of the images coming from digital cam-
eras, we know that the CFA interpolation inside the camera could
disturb the resampling detectors: in order to remove the peri-
odic patterns introduced by the demosaicking step, images used
for testing could be down-sampled by a factor two; since such
a solution could be used only in a supervised laboratory condi-
tions, we did not consider this possibility. We tested the com-
paring system, by analyzing the detectors performances on scaled
interpolated images, but it is worth noting that the same analysis
could be performed on rotated images as well as for other tam-
pering operations implying interpolation, or a combination of such
manipulations. Starting from these “original” databases, we ob-
tained the corresponding resampled images by applying a scal-
ing operation for different up and down scaling factors, namely
{0.6,0.75,0.9,0.95,1.0,1.05,1.10,1.20,1.50,1.80} by using the
imresize function of Matlab r. In particular, we considered 4 dif-
ferent situations, corresponding to the use of different interpolation
procedures - i.e. bilinear (BL) and bicubic (BC) interpolation - and
to the possible presence of an anti-aliasing filtering (AA). The re-
sults we obtained for Kirchner & Gloe’s detector are given in Figure
1 while those produced by Mahdian & Saic’s algorithm are given in
Figure 2. Both figures refer to the natural database.
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Figure 1: AUC values for the KG’s detector on the natural database
analyzed on the central 256x256 image region.

Upon inspection of the results several important conclusions
can be drawn. First of all both schemes perform better for up-
scaling rather than for down-scaling. In the latter case, the presence
of an antialiasing filter causes a degradation of the performance.
Kirchner & Gloe’s method tends to perform better than Mahdian &
Saic’s detector, especially for down-scaling. On this regard, an in-
teresting behavior is observed for the Mahdian & Saic’s for down
scaling: from a certain point the AUC is lower than 0.5. At a first
sight this is a surprising result since AUC = 0.5 corresponds to a
random decision, hence values lower than 0.5 should never occur.
Indeed, by simply exchanging the decision of the detector better
results could be obtained since the detector tends to deterministi-
cally exchange original and resampled images. A closer investiga-
tion of the experiments yielding a value of AUC lower than 0.5 re-
veals that the detector statistic used by Mahdian and Saic is higher
for the original images than for the resampled images. In other
words, the decision statistic permits to discriminate between origi-
nal and resampled images, however the sign of the decision should
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Figure 2: AUC values for the MS’s detector on the natural database
analyzed on the central 256x256 image region.

be changed, if the decision statistic is lower than the threshold a
positive answer should be given.

Later on we will see that this phenomenon is by far stronger
when a JPEG compression is applied both before resampling (see
Figure 6 for the curves corresponding to JPEG75 and JPEG90
databases) and after resampling (see Figure 8 for the curves cor-
responding to compressed, 0.90 and compressed, 1.20). When
we do not have any a priori information about the kind of processing
that have been applied (as in real scenario), the problem of the sign
of the decision becomes critical. Very likely a two-sided hypoth-
esis testing problem will have to be used whereby both unusually
high or low values of the detector statistic are taken as evidence of
resampling.

Regarding the size of the image (or image subpart) under test,
we compared, analyzing the natural database and considering bilin-
ear interpolation with an anti-aliasing filtering, three different cases,
by giving as input to the detectors a central portion of the image of
dimensions 64×64, 128×128 and 256×256 respectively, obtain-
ing the results shown in Figures 3 and 4. As expected when the
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Figure 3: KG detector performance for different size of the investi-
gated region, on the natural image database (BL, AA).

image size decreases the performance get worse, with both meth-
ods working better for larger-than-one scaling factors. As before
KG method tends to perform better, especially in the presence of
moderate down-scaling factors.
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Figure 4: MS detector performance for different size of the investi-
gated region, on the natural image database (BL, AA).

In order to analyze the behavior with respect to the 5 different
image databases, we fixed a particular set of conditions: bilinear
interpolator, size of analyzed region (256×256), application of the
anti-aliasing filter. Figures 5 and 6 show the results we obtained. It
is interesting to observe that while the MS detector strongly depends
on the analyzed images, the performance of KG detector - at least
for up-scaling - is invariant to the image datasets, thus it could be
successfully used in real scenarios where there is no a-priori knowl-
edge on the origin of the images under test.
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Figure 5: KG detector performance on all the available databases,
(256x256 central region, BL, AA).

As last analysis we measured the robustness of KG and MS re-
sampling detectors against JPEG post-compression. We considered
as “original” dataset the collection of images belonging to the nat-
ural database to whom a JPEG compression was applied with qual-
ity factors set to {50,75,90,95,98,100}; as “manipulated” dataset
the collection of images belonging to the natural database, resam-
pled with scaling factors fixed to 0.90 or 1.20 and finally JPEG
compressed as before. Corresponding results are given for the
KG detector in Figure 7, where as expected best performances are
achieved for higher JPEG quality factors and higher scaling fac-
tors. The behaviour of the MS detector is described in Figure 8 (see
the curves corresponding to compressed, 0.90 and compressed,
1.20), where the inversion of the detector sign is evident. In the
same figure, the results obtained using as “original” dataset the nat-
ural database without any compression, are also plotted (see the
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Figure 6: MS detector performance on all the available databases,
(256x256 central region, BL, AA).
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Figure 7: KG detector for JPEG post-compressed images (natural
dataset, 256x256 central region, BL, AA, scaled with factors 0.90
and 1.20).

curves corresponding to natural, 0.90 and natural, 1.20). Indeed,
as anticipated in Section 3, with this “original” dataset we achieve
much better performances, since it is evident that MS detector is
identifying the artifacts introduced by JPEG compression, as better
as the JPEG quality factor decreases.

5. CONCLUSIONS

In this paper we proposed a proper experimental methodology to
make a deeper-than-usual analysis of the performance of resampling
detectors. The suggested framework has been applied to two of the
most popular resampling detectors proposed so far. Results coming
from the applied methodology, provided an interesting analysis of
the behaviour of these detectors under different working conditions,
thus giving an indication of how such algorithms work in unsuper-
vised scenarios where there is no a-priori knowledge on the origin
of the images under test and on the possible manipulation suffered
by them.
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ABSTRACT 
Footwear impressions retrieved from crime scenes are 

often due to shoes in various stages of wear. This forensic-
related research on footwear recognition is able to extract 
information-rich 3D outsole patterns and produce 2D shoe-
prints regardless of different degrees of wear. Based on pat-
tern characteristics, outsoles are categorized into two types, 
Convex-Pattern-Dominant Outsoles (Convex-PDOs) and 
Concave-Pattern-Dominant Outsoles (Concave-PDOs). 
Initial work for extracting 3D Features from Concave-PDOs 
is reported in this paper. In our proposed method, outsole 
models are first captured using a 3D scanner. Patterns cor-
responding to higher and lower curvature variations are 
subsequently classified using a multiresolution-based curva-
ture analysis approach. In a subsequent step to discard out-
liers from the extracted 3D features, by modifying contours 
of 3D outsole models, a pyramid method is employed to 
generate composite results. Visual analysis on current ex-
perimental investigations shows promising results for fur-
ther 3D feature extraction and 2D shoeprint generation. 

1. INTRODUCTION 

Crime scene analysis has traditionally employed bio-
metric evidence such as fingerprints, hair and DNA samples. 
However, compared to conventional biometric modalities, it 
is often harder for a suspect not to leave traces of their shoe-
prints on the ground or other surfaces. Therefore, in absence 
of strong biometric evidence, footwear impressions are pos-
sibly the only clue in identifying a suspect [1], and also po-
tentially provide key intelligence to other crimes. Further-
more, shoeprint impressions have even higher capture pos-
sibility than fingerprints under specific situations [1]. Re-
search by Alexandre [2] shows that approximately 30% of 
shoeprints left at burglary crime scenes are likely to be em-
ployed for further investigation. Due to its advantages in 
forensic investigations, footwear recognition has become a 
recently highlighted research topic in forensic science.  

2. RELATED WORK 

Currently to accelerate footwear matching procedures, 
research in this area mainly focuses on developing automated 
footwear recognition systems. In the early work reported by 
Geradts and Keijzer [3], primitive morphology operators are 
employed to encode geometric shapes in each outsole pattern. 

The spatial locations and frequency of these shapes are clas-
sified by artificial neural networks. However, no experimen-
tal results are reported by the authors. In a later approach, 
reported in [4, 5], fractal and mean square noise error are 
employed for shoeprint pattern representation and matching 
criteria respectively. The proposed system was tested for 145 
outsole patterns with no rotational and scale variations and a 
system accuracy of 88% was reported. In [6], by encoding 
the spatial frequencies, Fourier Transforms are used for the 
matching of full and partial shoeprints, and provide a degree 
of translational and rotational invariance. Reference patterns 
are sorted in a descending order according to their resem-
blance to the query image. In the sorted database, authors 
report that, for full-prints, the scores of correctly matching 
the first and the first 5% of reference patterns to the query 
image are 65% and 87% respectively. The same evaluations 
are also carried out on partial-prints and lead to 55% and 
78% of matching respectively. More recently, automated 
shoeprint recognition system utilizing both feature detec-
tors/descriptors and spectral correspondence is also reported 
in [7]. In the proposed algorithm, features are first extracted 
from shoeprint patterns by a Maximally Stable Extremal Re-
gion (MSER) detector and subsequently described by a Scale 
Invariant Feature Transform (SIFT) descriptor. After a 
coarse-level matching, a shorter list is retained for a finer 
search in which shoeprints are compared according to their 
constrained spectral correspondence. The system works with 
a reference database accommodating 374 shoeprints and de-
livers 87% first-rank and 92% top-eight ranked performance. 

Even though skilled techniques were comprehensively 
used in the work reviewed above, the matching processing is 
carried out on 2D synthesized shoemarks only. (More re-
cently, analysis of 2D shoemarks coming from real crime 
scenes has been reported in [8].) Such a fact leads to signifi-
cant performance degradation while tackling shoeprints left 
by outsoles with different degrees of abrasion. However, for 
current systems, solutions such as including several shoe-
prints of the same outsole in different wear states in the data-
base seem to be practical options, but only a limited number 
of samples are infeasible to cover the whole wear cycle. 
Therefore, a footwear matching system capable of using 3D 
depth information to produce 2D shoeprint based on ex-
pected abrasion is very likely to be an encouraging solution. 
Whereas, due to irregularity represented in both outsole con-
tours and patterns, it is more reliable to classify outsoles into 
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several typical categories and produce an extraction scheme 
according to each type. In our previous work [9], based on 
outsole pattern characteristics, outsoles are categorized into 
two types – Convex-Pattern-Dominant Outsoles (Convex-
PDOs, such as the shoe shown in Fig. 1(a)) and Concave-
Pattern-Dominant Outsoles (Concave-PDOs, such as the 
shoe shown in Fig. 1(b)). To classify concave and convex 
features on the outsole pattern, a parabolic model is first ap-
plied to estimate each baseline contour along the width direc-
tion. Concave and convex features on each baseline are sub-
sequently classified by a Gaussian-like kernel model. Even-
tually, for Convex-PDOs, a fuzzy c-mean based approach is 
also reported for extracting Printable 3D Features (Defini-
tion given in the Section 3.2). Though promising results have 
been produced for Convex-PDOs, this model-based method 
cannot provide reliable performance when dealing with Con-
cave-PDOs. Compared to depth difference between convex 
and concave features on Convex-PDOs, which is normally 
about several mm, the counterpart on Concave-PDOs, as 
shown in Fig. 1(c), downgrades to the level of 10-1 mm, 
which makes our model-based approach very vulnerable to 
noise. Thereby, to extract Printable 3D Features from Con-
cave-PDOs, a novel multiresolution-based hybrid method is 
proposed in this paper. 

 

          
(a)                                         (b) 

 
(c) 

Figure 1 (a) and (b) Outsole models captured by 3D scanner; 
(c) Feature depth in the level of 10-1 mm. 

3. PROPOSED APPROACH 

3.1 3D Outsole Model Capture and Modification 
In our approach, 3D outsole models are first captured by 

a 3D laser scanner and saved as obj files, shown in Fig. 1(a) 

and (b). Currently, the scanning resolution is set to 400 dpi. 
The triangles with side lengths of 0.38 – 1.14 mm are applied 
for meshing scanned models. The operating distance between 
a shoe and the scanner is set to about 380 mm in order to 
capture the whole contours of shoes in the maximum size of 
10 (UK standard; 44.5 European; 10.5 US). After manually 
removing redundant margins, polygon-meshed models are 
further converted to rectangular-grid format at 0.25 mm reso-
lution for further manipulation.  

3.2 Multiresolution-Based Curvature Analysis 
To artificially produce 2D shoeprints based on relevant 

3D outsole models, 3D features capable and incapable of 
leaving 2D prints on a flat surface are first classified into two 
types, Printable 3D Features and Unprintable 3D Features. 
Then, due to composition duality of 3D feature types, suc-
cessful extraction for either type of 3D features results in 
entire knowledge of the other.  Based on distinct shape for-
mations owned by each type of 3D features and dramatic 
shape distortions observed on conjunctional areas of them, it 
is rational to believe that, for Concave-PDOs, Printable and 
Unprintable 3D Features, in general, have lower and higher 
extrinsic curvature values respectively. Thus, curvature 
analysis becomes an ideal way to implement classification.  

 

      
(a)                                       (b) 

Figure 2  In the edge map (a), marked rectangles are setup by 
users for centroid initialization. (b) Result produced by multiresolu-
tion-based curvature analysis operations. Dark and white indicate 
Printable and Unprintable 3D Features respectively. 

 
As a concept able to describe bending of a geometrical 

shape, curvature is frequently used for surface segmentation 
and smoothing [10, 11]. To estimate curvature values over 
triangulated meshes, two major approaches are proposed, 
which are an analytic approach and a discrete approach. The 
analytic approach focuses on calculating curvature values of 
meshed vertices interpolated by smooth functions [12, 13] 
and generally performs well, but is computationally intensive. 
It is hence not an ideal option for our large-size 3D outsole 
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models. The discrete approach, by applying the discretisation 
of derivatives of the Gauss-Bonnet formula, approximates 
curvature values of each vertex. Several useful curvature 
approximations are proposed in [14, 15]. Whereas, calcula-
tion of all of them depends on their neighbourhoods, and thus 
are error-prone when the neighbourhood-oriented normaliza-
tion factor is extremely small. Thereby, concentrated curva-
ture, a concept giving a neighbourhood-independent ap-
proximation of Gaussian curvature, is introduced in [16]; and 
utilized for curvature estimation on our 3D outsole models. 
To calculate the concentrated curvature at point c, the 
neighbourhood of this point needs to be divided into eight 
triangles, each of which is composed by point c and its two 
adjacent neighbouring points. The concentrated curvature Kc 
at point c is then defined by 

∑
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Where iθ  is the angle of an incident triangle at point c. vi 
and vi+1 are vectors deriving from point c and pointing to its 
two adjacent neighbour points. 

To produce unambiguous 2D shoeprints, it is best to ex-
tract either type of 3D features with spatial distributions as 
continuous as possible; in other words, containing isolated 
points as less as possible. The current approach, however, for 
calculating the concentrated curvature of each point over its 
immediate neighbourhood is still vulnerable to noise and it is 
easy to generate isolated points. Hence, instead of defining 
both types of 3D features in terms of their pure curvature 
values, curvature variation due to resolution changes are used 
for 3D feature classification. It is easy to assume that, for a 
point included by a relatively flat surface, its curvature values 
calculated by equation (1) are stable for all resolution settings. 
However, for a point inside a surface encapsulating high cur-
vature components, its curvature under different resolutions 
tend to be unpredictable. Therefore, if we define the 1st order 
neighbourhood as that of being one step away from the target 
point, the 2nd order neighbourhood as that two steps away 
from the target point, and so on; the absolute difference be-
tween curvature values computed based on neighbourhoods 
in two different orders is used to evaluate the curvature on 
each point in the 3D outsole model. Robustness of this mul-
tiresolution-based approach has been tested in our implemen-
tation. Normally, for curvatures calculated upon 1st and 4th 
order neighbourhoods, curvature variations of points from 
the type of Unprintable 3D Features stay in the level of 10-1 

~10-2, whereas those from the type of Printable 3D Features 
hold curvature variations in the magnitude order of 10-4~10-5. 
Due to dramatic differences in curvature variations repre-
sented by both types of 3D features, a centroid-based method 
is used in our implementation. For both types of 3D features, 
a centroid indicating the standard curvature variation within 
each category is defined. Points with curvature variations 
having closer Euclidean distances to a certain centroid are 
categorized as the relevant type. At present, the automated 

algorithm for discovering centroid values is still under inves-
tigation, so in our current implementation, initialization on 
such values relies on user input. To define values for these 
two centroids, in each outsole models, users are expected to 
select two rectangular regions, in each of which a majority of 
elements belong to a desired type. In the example shown in 
Fig. 2(a), rectangular regions marked at the bottom and top 
are those for setting up centroids of Printable and Unprint-
able 3D Features respectively. Eventually, centroids are set 
as mean values of curvature variations in both selected areas. 
The classification result for the outsole pattern shown in Fig. 
1(b) is presented in Fig. 2(b) in which Printable and Un-
printable 3D Features are marked in dark and white notation. 
It is obvious that, at the end of the processing, the majority of 
Unprintable 3D Features are extracted, but, due to high cur-
vature variations occurring on conjunctional regions (edges) 
between two types of 3D features, a large amount of outliers 
on edges are also included. Outliers are of great potential to 
degrade 2D shoeprints finally retrieved, especially when out-
sole surfaces own compact patterns such as concentric rings 
shown in Fig. 2(b).  

3.3 Pyramid Method for 3D Model Contour Modifica-
tion 

To remove outliers from Unprintable 3D Features, a 
classification approach based on their depth difference is 
regarded as a solution. But it is of infeasibility to apply this 
approach directly on 3D outsole models, due to their highly-
bended contours. For the shoe model in Fig. 1(b), the ex-
treme depth values are 108.79 units and 67.63 units. The 
standard deviation is also 8.96 units, however actual maxi-
mum depth difference within Unprintable 3D Features 
(ridges) is about 1 unit. Therefore, for each outsole model, 
before discarding outliers, it is essential to attain a basic con-
tour with a depth variance lower than that within Unprintable 
3D Features.  

 

         
(a)                                        (b) 

Figure 3 (a) The reconstructed result (b) The recon-
structed result after threshold (0). 
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If we examine the problem in the frequency domain, it is 

easy to find out that Unprintable 3D Features contain high 
frequency signals. Therefore, an approach capable in sup-
pressing low frequency signals is required. In our implemen-
tation, a 4-leveled pyramid method is used for bandpass fil-
tering. For each outsole, four grid-meshed models in different 
resolutions are first produced. The scale factor between suc-
cessive resolutions is two. To create model contours exclud-
ing low frequency signals, the pyramid deconstruction proc-
essing is first carried out between each adjacent level. This 
processing is described by equation (3) - (5), in which sf is 
the scale factor equal to 2, )(•I is the interpolation operation, 
and m indicate models in different resolutions. The decon-
struction manipulation yields three difference components, 

3~1Δ in which bandpassed frequencies rank in a descending 
order. Even though low frequency signals are successfully 
removed in each level, Unprintable 3D Features also entail 
some loss of information in each level of deconstruction. 
Therefore, to obtain Unprintable 3D Features which retain as 
much fidelity as possible to the original, the deconstruction 
results are eventually combined together. This processing is 
called reconstruction and defined by equation (6)-(7). 

1 1 2( , )m I m sfΔ = −          (3) 

2 2 3( , )m I m sfΔ = −         (4) 

3 3 4( , )m I m sfΔ = −         (5) 

2 2 3( , )r I sf= Δ + Δ           (6) 

1 1 2( , )r I r sf= Δ +              (7) 
The reconstruction result of the shoe model in Fig. 1(b) 

is displayed in Fig. 3(a), in which overall maximum and 
minimum values downgrade to 1.52 and -2.22 units. The 
overall standard deviation is also reduced to 0.22 units, 
whereas the actual maximum depth difference within Un-
printable 3D Features remains in about 1 unit. Moreover, as 
another advantage of this approach, enhanced edges contrib-
uting to clear contours of Unprintable 3D Features are also 
shown. Even though in the reconstructed model, two types of 
3D Features have shared depth ranges, they are well-divided 
by enhanced edges. Hence, by defining a global threshold 
lower than edges, segmentation can be achieved. So far, the 
global threshold is crude and set as 0. The result after thresh-
olding is shown in Fig. 3(b), in which two types of 3D Fea-
tures are well-segmented, albeit both of them are displayed. 
Eventually, Unprintable 3D Features are defined as those 
extracted by the curvature analysis process with reconstruc-
tion results lower than the global threshold. The final extrac-
tion result is shown in Fig. 4(a).  

4. EXPERIMENTS 

To benchmark the capability of our extraction algorithm, 
effectively presented by running our results with a footwear 
recognition system is the best way, however, systems re-
viewed previously are all designed for grayscale shoeprint 
images. Therefore, to fulfil justified evaluations, an interface 

      
(a)                                 (b) 

        
(c)                                 (d) 

          
(e)                                (f) 

 
Figure  4. (a), (c) and (e) are 2D shoeprints produced 

by our proposed algorithm. In (c), a worn-out feature is 
circled. (b), (d) and (f) are 2D shoeprints produced by 
our previous method [8]. 
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for current shoeprint recognition systems is under investiga-
tion. In this paper, three extraction results, in Fig. 4(a), (c) 
and (e), are presented to compare with those, in Fig. 4(b), (d), 
and (f), obtained by our previous method [9]. In all these 
three experiments, the curvature variations are calculated 
based on 1st and 4th order neighbourhoods. The triangle size, 
in model capture stage, is set as 1.14 mm for first two ex-
periments, and 0.38 mm for the last one (due to slim ridges in 
the outsole pattern). 

It is obvious that our proposed algorithm produces better 
results than our previous work. Even though, our current 
results still contain a limited number of artefacts, they are 
randomly distributed in the spatial domain. Compared to the 
fully-connected regional noises shown in Fig.4(b), (d), and 
(f), these isolated noise artefacts with random distributions 
tend to incur with a much less effect for further pattern 
matching. Except the low noise rate, our proposed algorithm 
is more capable of discovering pattern details. In Fig. 4(c), 
the 2D shoeprint produced by our proposed method not only 
succeeds in presenting wave-like patterns but also captures a 
worn-out feature marked by a circle in the figure. Such a 
merit guarantees system robustness when tackling worn 
footwear. 

5. CONCLUSION AND FURTHER WORK 

In this paper, a multiresolution-based hybrid approach 
for 3D outsole feature classification and extraction is re-
ported. To produce 2D shoeprint, 3D features are first de-
fined as Printable and Unprintable ones based on their con-
tribution to 2D impressions. Two multiresolution-based 
methods are subsequently employed for curvature and fre-
quency domain analysis. Eventually, feature classification 
and extraction are achieved by combining both analysis re-
sults together. To refine current results, our further work will 
focus on noise removal. Work to design an interface for 
adapting our result to current grayscale image-based shoe-
print recognition system will also be examined. Eventually, 
by including our previous algorithm for Convex-PDOs [9], a 
unified solution is expected to solve generic outsole patterns. 
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ABSTRACT 
In this paper, the two-dimensional (2-D) IIR notch filter de-
sign problem is presented. First, the linear fractional trans-
formation (LFT) in complex analysis is used to construct the 
desired root map of 2-D polynomial. Then, the numerator 
and denominator of transfer function of 2-D IIR notch filter 
can be obtained from the LFT used in the construction of 
root map. This design not only has closed-form transfer 
function but also satisfies the bounded input/bounded output 
(BIBO) stability condition. Finally, design example and im-
age application are demonstrated to show the effectiveness 
of the proposed approach. 

1. INTRODUCTION 

    In many signal processing applications, there is a need for 
a notch filter which is characterized by a unit gain at all fre-
quencies except at the sinusoidal frequencies where their 
gain is zero. These applications include communication, con-
trol, image processing and biomedical engineering etc. In 
one-dimensional (1-D) case, a typical example is to cancel 50 
or 60 Hz power line interference in the recording of electro-
cardiograms (ECGS) [1]. In two-dimensional (2-D) case, two 
examples are to eliminate a 2-D sinusoidal interference pat-
tern superimposed on an image [2] and to reduce blocking 
artifact from DCT coded image [3]. Thus, it is interesting to 
design notch filter to remove the sinusoidal interferences 
corrupted on a desired signal.  
   The ideal frequency response of 2-D notch filter is given by 
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where ),( 21 NN ωω  is the prescribed notch frequency. The 
problem is how to design 2-D filter ),( 21 zzH  to approxi-
mate ),( 21 ωωD  as well as possible. So far, the design of 2-
D notch filter can be classified into two categories. One is 
FIR filter design, the other is IIR filter design. In the FIR 
case, the design methods include least squares approach [4], 
transformation techniques [5], singular value decomposition 
approach [6] and constrained nonlinear optimization method 
[7]. In the IIR case, the design approaches contain decompo-
sition method [8] and outer product expansion [9]. So far, the 
2-D adaptive IIR notch filters based on outer product expan-
sion have been developed for removing sinusoidal interfer-
ence with unknown or time-varying frequencies [10][11]. 

   On the other hand, the root map of 2-D polynomial has 
been a useful tool for checking the stability of 2-D IIR digital 
filters [12]-[14]. Due to the success of this tool in stability 
checking, we will use the root map to design 2-D notch filter 
in this paper. The proposed design not only has closed-form 
transfer function but also satisfies the BIBO stability condi-
tion. Compared with conventional methods in [8][9], our 
method does not need to decompose the 2-D notch filter de-
sign into several sub-filter designs, so the proposed approach 
is easier to use than conventional methods. Now, the design 
details are described in next sections. 

2. ROOT MAP AND LINEAR FRACTIONAL 
TRANSFORM 

  In this section, the root map of 2-D polynomial is first de-
fined. Then, we study the relation between root map and sta-
bility of 2-D IIR filter. Finally, the linear fractional transfor-
mation is described. 

2.1 Definition of Root Map 
Consider the 2-D polynomial with order ),( 21 NN  below: 
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If 0),( 21 =zzP  is regarded as a mapping between the 1z  
plane and 2z  plane, the root map is defined as the image of 
the unit circle of one variable in the plane of other variable 
under this implicit mapping 0),( 21 =zzP . Now, let us de-
scribe the details of these two maps below: First, the 2-D 
polynomial ),( 21 zzP  can be rearranged as the following 
form: 
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The above expression )]([ 12 zzP  can be interpreted as 1-D 
polynomial in variable 1z  whose coefficients are polynomial 
in variable 2z . When 2z  is fixed, the )]([ 12 zzP  can be 
factored to yield 1N  roots. Thus, the first root map 1Γ  is 
defined as the loci of 1N  roots of )]([ 12 zzP  when parame-
ter 2z  traverses the unit circle 2

2
ωjez = . Second, the 2-D 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1685



polynomial ),( 21 zzP  can be rearranged as the following 
form: 
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where the expression )]([ 21 zzP  can be interpreted as 1-D 
polynomial in variable 2z  whose coefficients are polynomial 
in variable 1z . When 1z  is fixed, the )]([ 21 zzP  can be 
factored to yield 2N  roots. Thus, the second root map 2Γ  is 
defined as the loci of 2N  roots of )]([ 21 zzP  when pa-
rameter 1z  traverses the unit circle 1

1
ωjez = .  

2.2 Stability and Root Map 
For the 2-D first quadrant IIR filter with order 

),,,( 2121 NNMM , its transfer function is given by 
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In [12], Shanks has shown that ),( 21 zzH  is stable if and 
only if the following conditions are true: 
          1||,1||0),( 2121 =≥≠ zzifzzP       (6a) 

          1||,1||0),( 2121 ≥=≠ zzifzzP       (6b) 
It is obvious that the condition in Eq.(6a) implies that the root 
map 1Γ  of the unit circle of variable  2z  lies inside the unit 
circle in the 1z  plane. And, the condition in Eq.(6b) means 
that the root map 2Γ  of the unit circle of 1z  lies within the 
unit circle in the 2z  plane. Thus, stability condition of 
Shank's theorem will be satisfied if two root maps lie within 
unit circle. So, we can control the stability of 2-D IIR filter 
by controlling two root maps to lie inside the unit circle. 

2.3 Linear Fractional Transform 
In [15], the linear fractional transformation (LFT) from com-
plex variable 1z  to 2z  is defined by 

                            
413

211
2 czc

czcz
+
+

=                                   (7) 

where 1c , 2c , 3c  and 4c  are constants. It can be shown that 
the LFT transforms circles and lines into circles and lines. 
Moreover, the Eq.(7) can be rewritten in the form 
              01

2
1

12
1

21
1

143 =−−+ −−−− zzczczcc                (8) 
This expression is the same as 0),( 21 =zzP  with order 

)1,1(  if we choose 3)0,0( cp = , 4)0,1( cp = , 

1)1,0( cp −= , and 2)1,1( cp −= . Thus, we can use the 
properties of LFT in complex analysis to construct the de-
sired root maps of  0),( 21 =zzP  with order )1,1( . In next 

section, the details that design 2-D IIR notch filter using root 
map and LFT will be described. 

3. DESIGN OF 2-D IIR NOTCH FILTER 

     In this section, we will summarize some important root 
maps. Then, these root maps are used to design 2-D IIR 
notch filter. The first important root map is described by the 
following fact: 
Fact 1: Choosing parameters  

                        
1

22

+
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=
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−
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r
b ρ              (9)                      

and let 2-D polynomial with order )1,1(  be 
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1
2

1
121 +++= −−−− bzbzzazzzB        (10) 

then we have the results: 
(1) The two root maps 1Γ  and 2Γ  are the same. 
(2) The two root maps are both circles with center at ρ  and 
radius r . 
(3) The equalities 0),1( =+ rB ρ  and 0)1,( =+ rB ρ  hold. 
Proof: Because 0),( 21 =zzB  is a special LFT in complex 
variable textbook in [15], this fact can be proved by using 
techniques in [15]. The details are described below. Since the 
symmetry property ),(),( 1221 zzBzzB =  is valid, two root 
maps are the same. So, we only need to find the root map 2Γ  
because 1Γ  is the same as 2Γ . To find 2Γ , let complex vari-
ables  1z  and 2z  be represented by 
                                     jyxz +=1                                        
                                     jvuz +=2                                (11) 
Substituting Eq.(11) into 0),( 21 =zzB , it yields 
                              abuvyxub −−=−+ )(                
                              bvyubvx −=++ )(                       (12) 
Since 1z  is on the unit circle, we have the constraint 

122 =+ yx . Based on this constraint and Eq.(12), we get 
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Substituting Eq.(9) into Eq.(13), we have 
                           ( ) 222 rvu =+− ρ                            (14) 
This means that the root map 2Γ  is a circle with center at ρ  
and radius r . Finally, it is easy to show that the equalities 

0),1( =+ rB ρ  and 0)1,( =+ rB ρ  hold by using direct 
substitution. 
     Based on the results in Fact 1, we have the further results 
of root map below: 
Fact 2: Let 2-D polynomial with order )2,2(  be 

   

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
Φ=

−

−−−

2
2

1
2

2
1

1
12121

1
],,1[),,,,,(

z
zzzrzzF θθρ  (15) 

where matrix Φ  is 
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with parameters 
1

22

+
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=
r

rra ρ  and 
1+

−
=

r
b ρ , then we 

have the results: 
(1) The root map 1Γ  in 1z  plane consists of two circles with 
center at 1θρ je ±  and radii r . 
(2) The root map 2Γ  in 2z  plane consists of two circles with 
center at 2θρ je ±  and radii r . 
(3) The equalities 0),,,,)(,( 21

21 =+ θθρρ θθ rereF jj  and 

0),,,,)(,( 21
21 =+ −− θθρρ θθ rereF jj  hold. 

(4) The equalities 0),,,,,)(( 21
21 =+ θθρρ θθ reerF jj  and 

0),,,,,)(( 21
21 =+ −− θθρρ θθ reerF jj  hold. 

Proof: The 2-D polynomial in Eq.(15) can be factorized as 
   ),(),(),,,,,( 2122112121 zzBzzBrzzF =θθρ      (17) 
where 
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Thus, 0),,,,,( 2121 =θθρ rzzF  implies that 0),( 211 =zzB  
or 0),( 212 =zzB . Using this factorization and the results in 
Fact 1, the proof can be shown easily. 
   Now, let us use the Fact 2 to construct the transfer function 
of 2-D IIR notch filter with order )2,2,2,2( . The design 
problem is how determine the filter coefficients ),( 21 kkp  
and ),( 21 kkq  in Eq.(5) such that the frequency response 

),( 21 ωω jj eeH  approximates the ideal response  
),( 21 ωωD  in Eq.(1) as well as possible if the notch fre-

quency ),( 21 NN ωω  is given. In this paper, the key step to 
design IIR notch filter ),( 21 zzH  is to choose numerator 
polynomial ),( 21 zzQ  and denominator polynomial 

),( 21 zzP  in Eq.(5) as the form: 
         ),,,,,(),( 21112121 NNrzzFzzQ ωωρ=             (19a) 
         ),,,,,(),( 21222121 NNrzzFzzP ωωρ=            (19b) 

where parameters 1ρ , 1r , 2ρ , 2r  need to be prescribed. In 
this paper, we choose these four parameters below: 
                       αρ −= 11 ,  α=1r                               (20a) 
                       αρ −= 12 ,  εα −=2r                      (20b) 
where α  is a number in the interval )1,0( , and ε  is a very 
small positive number. Based on this choice, the root maps of 
numerator polynomial ),( 21 zzQ  and denominator polyno-
mial ),( 21 zzP  are shown in Fig.1. Now, several remarks 
are made below: 

(1) From Eq.(20a), we have 11 1 r−=ρ . This equality makes 
the two root map circles of numerator polynomial ),( 21 zzQ  
be tangent to the unit circle. Using Fact 2 and 11 1 r−=ρ , it 
can be shown that 
           0),(),( 2121 == −− NNNN jjjj eeQeeQ ωωωω         (21) 
Thus, there is zero gain at the notch frequency for the de-
signed IIR notch filter. 
(2) The reason to choose ε  as a positive number is to make 
the root map circles of denominator polynomial ),( 21 zzP  
lie within unit circle. Thus, the designed IIR notch filter is 
guaranteed stable. 
(3) In order to obtain unit gain at all frequencies except at the 
notch frequency, the ε  must be chosen as small as possible. 
When ε  is very small, the root maps of ),( 21 zzP  will be 
very close to ones of ),( 21 zzQ . 
(4) Because we choose 12 ρρ = , the root map circles of 

),( 21 zzP  and  ),( 21 zzQ  have the same center. Thus, we 
may refer to this design as "concentric circle design". 
  Finally, substituting Eq.(19) and Eq.(20) into Eq.(5), the 
transfer function of the designed 2-D IIR notch filter is given 
by 
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Using Eq.(15), the above transfer function can be computed 
easily without requiring optimization and complicated calcu-
lation. In next section, numerical examples will be used to 
illustrate the effectiveness of the proposed design. 

4. DESIGN EXAMPLE AND APPLICATION 

In this section, one design example of proposed 2-D IIR 
notch filter is first illustrated. Then, we compare the pro-
posed design method with conventional outer product expan-
sion method in [9]. Finally, we use the 2-D IIR notch filter to 
remove sinusoidal interference superimposed on an image. 
Example 1: 2-D IIR Notch Filter Design 
 In this example, we will study the performance of the de-
signed 2-D IIR notch filter. The notch frequency is chosen as 

)5.0,5.0(),( 21 ππωω =NN . And, the design parameters 

are 2.0=α  and 001.0=ε . Fig.2(a) show the resultant 
magnitude response. It is clear that |),(| 21 ωω jj eeH  has unit 
gain at all frequencies except at notch frequency 

)5.0,5.0( ππ  where gain is zero. So, the specification is 
fitted well. However, the details of the notch are underneath 
the unit gain plane. In order to show the performance of the 
designed filter better, Fig.2(b) plots the loss |),(|1 21 ωω jj eeH− . 

From this result, we observe that the magnitude response has 
small ripples in the vicinity of the notch. Fortunately, this 
ripple can be reduced by reducing the parameter ε . To illus-
trate this fact, Fig.2(c)(d) show the magnitude response and 
loss of notch filter when ε  is reduced to 0001.0  and other 
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design parameters are not changed. From this result, it is 
clear that error ripple near notch frequency has been reduced. 
Moreover, it is interesting to study the shape of 3-dB contour 
of notch in which the magnitude |),(| 21 ωω jj eeH  is equal to 

2
1 . Fig.3 shows the 3-dB contours of the designed 2-D IIR 

notch filters ),( 21 zzH  for various parameters α  and ε  
when notch frequency is chosen as )5.0,5.0(),( 21 ππωω =NN . 
It is clear that the 3-dB contour is symmetric about the notch 
frequency )5.0,5.0( ππ . And, the size of 3-dB contour is re-
duced if parameters α  and ε  are reduced. Thus, we can use 
parameters  α  and ε  to control the shape of 3-dB contour 
of notch. 
Example 2: Comparison with Conventional 2-D IIR Notch 
Filter Design 
In this example, we will compare the proposed design 
method with conventional outer product expansion method in 
[9]. Given the notch frequency ),( 21 NN ωω  and parameter 
BW , the transfer function of conventional 2-D IIR notch 
filter in [9] is given by 

( ))()(1)()(
2
11),( 2211221121 zHzHzHzHzzH aabb −−=  (23) 

where filters 
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Fig.4 shows the magnitude response |),(| 21 ωω jj eeH   and the 
loss |),(|1 21 ωω jj eeH− of this conventional IIR notch filter for 

)5.0,5.0(),( 21 ππωω =NN  and π005.0=BW . Comparing 
Fig.2 with Fig.4, it can be seen that the performance of the 
proposed design method is similar to one of the conventional 
method in [9]. However, the order of the proposed filter 

),( 21 zzH  in Eq.(22) is )2,2,2,2(  and the order of con-

ventional filter ),( 21 zzH  in Eq.(23) is )3,3,3,3( . So, 
the implementation complexity of proposed filter will be less 
than the complexity of conventional filter if the direct-form 
realization is chosen. 
Example 3: Sinusoidal Interference Removal on Image 
In this example, we will use the proposed IIR notch filter to 
remove the sinusoidal interference superimposed on an im-
age with size 512512 × . The image shown in Fig.5(a) is 
the Lake image corrupted by a sinusoidal interference below: 
                       )2.01.0sin(50 nm ππ +                        (28) 

Now, let us design a 2-D IIR notch filter with notch fre-
quency )2.0,1.0(),( 21 ππωω =NN , 1.0=α  and 

01.0=ε  to remove this sinusoidal interference in spatial 
domain. The filtered image is shown in Fig.5(b). It is clear 
that the interference has been removed by the proposed 2-D 
IIR notch filter. In the above, only the case of single sinusoid 
is studied. For the case of multiple sinusoidal interferences, 
the cascade notch filter can be used to remove the multiple 
interferences if the notch frequencies are chosen as the fre-
quencies of sinusoids. 

5. CONCLUSIONS 

    In this paper, the root map has been presented to design a 
stable 2-D IIR notch filter. First, the linear fractional trans-
formation (LFT) in complex analysis is used to construct the 
desired root map of 2-D polynomial. Then, the numerator 
and denominator of transfer function of 2-D IIR notch filter 
can be obtained from the LFT used in the construction of 
root map. Finally, design example and image application are 
demonstrated to show the effectiveness of the proposed ap-
proach. However, only IIR notch filter design is considered 
here. Thus, it is interesting to design other 2-D IIR filters by 
using root map in the future. 
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                       (c)                                              (d) 
Fig.1 The root maps of numerator polynomial ),( 21 zzQ  
and denominator polynomial ),( 21 zzP  of 2-D IIR notch 
filter (a) Root map 1Γ  of ),( 21 zzQ . (b) Root map 2Γ  of 

),( 21 zzQ . (c) Root map 1Γ  of ),( 21 zzP . (d) Root map 2Γ  
of ),( 21 zzP . 

  
                             (a)                                              (b) 

  
                             (c)                                               (d) 
Fig.2 The magnitude response |),(| 21 ωω jj eeH  and loss 

|),(|1 21 ωω jj eeH−  of the designed IIR notch filter (a)(b) 
The results with 2.0=α  and 001.0=ε . (c)(d) The re-
sults with 2.0=α  and 0001.0=ε . 
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Fig.3 The 3-dB contours of the designed 2-D IIR notch filters 

),( 21 zzH  for various parameters α  and ε  when notch 
frequency is chosen as )5.0,5.0(),( 21 ππωω =NN . 
 

  
                         (a)                                             (b) 
Fig.4 The magnitude response |),(| 21 ωω jj eeH  and loss 

|),(|1 21 ωω jj eeH−  of the conventional 2-D IIR notch filter 
for )5.0,5.0(),( 21 ππωω =NN  and π005.0=BW . 
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                        (a)                                              (b) 
Fig.5 Example of sinusoidal interference removal on an im-
age (a) The corrupted image (b) The image restored by using 
2-D IIR notch filter. 
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ABSTRACT

This paper deals with the benefits of mixing an orthogonal-
ization procedure to the sub-quantization of the input op-
eration, in order to reduce the complexity and to enhance
the robustness implementation of optimal polynomial filters.
These non linear filters are now generic devices for real-time
high speed multimedia applications. We propose an optimal
polynomial filtering scheme based on Sub-quantization/ Or-
thogonalization operations, related to the current interest to
complexity, power consumption and areas reduction.
The orthogonal polynomial basis is chosen to be in a simple
closed-form expression and the input is sub-quantized with a
desired sub-quantization degree. We explore, from stability
and accuracy tests, the suitable choice of sub-quantization in
order to achieve performances of the proposed optimal poly-
nomial filtering scheme with robustness performances almost
similar to the corresponding continuous input case.

1. INTRODUCTION

The complexity reduction for implementation of generic sig-
nal operations (such as FFT, convolution,. . . ) on devices
namely DSP, micro-controller and FPGA, has been exten-
sively analyzed. With the expansion of real-time multimedia
applications, especially in embedded systems, we are brought
to optimize complexity of more complicated generic opera-
tions such as echo cancelation, noise reduction, predistor-
sion/equalization... with respect to some quality criteria [7].
For example, to overcome distortions induced by non linear
characteristics of audio systems, studies are proposed [8, 9] in
order to synthesize loudspeakers with different level of quali-
ties, according to intended applications (industrial, real-time
public applications, . . . ). RF Power Amplifier modeling and
predistorter design has been proposed in [1, 2, 5] to linearize
such systems in order to improve spectrum bandwidth uti-
lization in multi-users applications.

NL system features is done commonly by a memoryless
polynomial, thanks to its simplicity and ease of implementa-
tion. However, the real-time optimization is computationally
expensive (matrix inversion, multiplication) and presents nu-
merical instability problem.

In this paper, we explore the benefits achieved by a
sub-quantization operation, leading to power complexity re-
duction and implementation area optimization [11], coupled
with a polynomial orthogonalization procedure improving
the numerical stability, for both optimal and adaptive poly-
nomial filtering [3, 10]. We select a robust closed-form basis
expression of orthogonal polynomials proposed in [1]. This
basis presents the emrit to be a non-iterative procedure, com-
pared to Hermite polynomials which are presented in a com-
pact form but they are really derived from the Gram-Schmidt
procedure, which is well known to be an iterative one.

The paper is organized as follows: we present in section
2, the sub-quantization/orthogonal polynomial optimal fil-

tering scheme with a suitable choice of the quantization op-
eration and the orthogonal procedure. We establish, in sec-
tion 3, through simulations results, that the sub-quantized
input gives the same results as the continuous one, under
certain conditions. We specify the sub-quantization degree
allowing to code the signal without loss of stability proper-
ties ensured by the continuous input. The accuracy of the
sub-quantization/orthogonalization scheme is illustrated and
discussed in section 4.

2.
SUB-QUANTIZATION/ORTHOGONALIZATION

SCHEME FOR OPTIMAL POLYNOMIAL
FILTERING

2.1 Sub-quantization and filtering scheme

Deserving attention to optimization of algorithm-
architecture adequacy for polynomial filtering with good
numerical stability, the proposed identification scheme is
based on a sub-quantization operation for fixed-point signal
input coding, and a non iterative polynomial orthogonal
procedure to enhance the performances of a real-time opti-
mal system. Consequently we combine a sub-quantization
operation with an orthogonalization procedure according to
figure (1).
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Figure 1: Sub-quantization/Orthogonalization scheme for
robust optimal NL filtering implementation.

Now we propose to analyze the input/output relationship
of filtering scheme with/or not the presence of the inserted
box.

2.1.1 Conventional polynomial filtering scheme

Denoting by xn the input of the NL system, and by yn the
corresponding output, at sample n. We observe N samples
of xn and yn; and we note:

• x = [x1, . . . , xN ]T : the input data vector,

• y = [y1, . . . , yN ]T the system output vector,

• ỹ = [ỹ1, . . . , ỹN ]T the expected output vector.

The conventional input/output relationship, for a memory-
less polynomial structure with order p, is given by:

ỹ = Φb, (1)
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where:
• b = [b1, b2, . . . , bp]

T the parameter vector,
• Φ is theN×pmatrix, characterizing the input features.

2.1.2 Orthogonal polynomial filtering scheme

The aim of orthogonalization procedures is to alleviate the
numerical instability problem which rises from the inversion
of the basis Φ [1], and to enhance the convergence speed of
adaptive algorithms [10].
Based on polynomial orthogonalization procedures, the
relationship (1) becomes [1, 3]:

ỹ = Ψβ, (2)

The orthogonal basis Ψ spans the same space as the conven-
tional basis Φ, and satisfies the following relationship:

Ψ = ΦU. (3)

The orthogonal polynomial basis construction problem re-
sults on finding the upper triangular matrix U such that:

E(ΨHΨ) = diag(d1, . . . , dp),

where {di}i=1,...,p (d1 > d2 > . . . di . . . > dp) are the corre-
sponding eigenvalues.

2.1.3 Proposed filtering scheme

The proposed scheme for NL system identification, presented
in figure (1), is based on the cascade of two blocks:
• Sub-quantization operation: Block Q

Achieving an uniform quantization operation into B bits
signal coding. The finite alphabet set is with cardinality
Nc = 2B .
The quantization procedure aims to reduce the im-
plementation complexity of algorithms with fixed-point
arithmetic.

• Orthogonalization procedure: Block Orth
Instead of (2), the system’s input/output relationship is
given by:

ỹ = Ψqβq, (4)

where Ψq is defined in the same manner as Ψ, and is
applied to the sub-quantized input xq

n.
Since our major interest is on real-time applications, we
have considered a closed-form basis expression of orthog-
onal polynomial proposed in [1]. The kthorder orthogonal
polynomial basis is given by:

ψk(xq) =

k
∑

l=1

(−1)l+k (k + l)!

(l − 1!)(l + 1)!(k − l)!
|xq |

l−1
xq.

(5)
Having the input sequence {xq}, the terms {ψk} are de-
rived directly for any order k, contrary to Hermite poly-
nomial basis which requires the knowledge of lower or-
ders. This selected basis is generated under the hypoth-
esis of uniformly distributed inputs in [0, 1].

2.2 Optimal filtering

By minimizing the Mean Squared Error (MSE) E[|yn− ỹn|
2],

the orthogonal optimal coefficient set βopt
q is then given by

[12]:

β
opt
q = (ΨH

q Ψq)−1ΨH
q y, (6)

where [.]H stands for the Hermitian transpose.
Thanks to the orthogonality between elements of Ψq, we ex-
pect that the matrix (ΨH

q Ψq) has a better condition number

K((ΨH
q Ψq)) = |

λmax

λmin

|, (7)

where λmax and λmin are, respectively, the maximum and
minimum eigenvalue of the matrix (ΨH

q Ψq).

3. LIMIT OF SUB-QUANTIZATION BENEFITS

We describe in this section the sub-quantized states genera-
tion.
Through a stability evaluation of the proposed filtering
scheme, we give an idea to the system designer about the
accurate sub-quantization degree, namely the value of bits
number B leading to equivalent performances, ensured in the
continuous case.

3.1 Sub-quantized states

To satisfy the hypothesis of xn belonging in [0, 1], considered
by Raich in order to apply the orthogonal polynomials basis
expression [1], we impose that the finite alphabet states vary
also in [0, 1] as shown in figure (2).
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Figure 2: Sub-quantized states varying in [0, 1] from 32 states
to 4 states.

As expected, the quantized inputs have equivalent probabil-
ity of apparition, according to the states level, as shown in
figure (3).
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Figure 3: Effect of sub-quantization on states distribution
(from 32 states to 4 states). The initial distribution were
uniformly distributed in [0, 1]
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Notations

Through all the paper, we denote by:

• QI: Sub-Quantized Input with B bits,
• QOI: Sub-Quantized and Orthogonal Input,
• CI: Continuous Input,
• COI: Continuous and Orthogonal Input.

We note that a continuous input is equivalent to the sub-
quantized input case where B → ∞.

3.2 Stability of optimal polynomial filtering

The considered stability indicator is the condition number of
the matrix (ΨH

q Ψq) as defined in (7).

3.2.1 Real-valued uniformly distributed in [0, 1] process

When we observe the evolution of the condition number
(figure(4)-a), without orthogonal procedure, we deduce that
continuous and sub-quantized inputs have high and similar
values of the condition number.

For this reason, we propose to apply the orthogonal
polynomial procedure.

The benefit of the introduction of the orthogonal
polynomial procedure is shown on figures((4)-b,(4)-c).
Figure ((4)-c) shows that the use of the closed-form basis
expression of orthogonal polynomials, under the uniformly
distributed in [0, 1] hypothesis, allows to reduce consid-
erably the condition number, for both continuous and
sub-quantized inputs, when considering a sub-quantization
degree B > 4. It is interesting to note also, that coding
the signal on only 6 bits is sufficient to have exactly the
same robustness of the identification scheme when using
continuous input (figure(4)-c).

For small states ((4)-b), the condition number is not con-
siderably improved, only for small orders of nonlinearities,
since the hypothesis of being uniformly distributed in [0, 1]
is not properly guaranteed (figure (3)).

3.2.2 WCDMA process

Since closed-form basis expression of orthogonal polynomial,
generated under uniformly distributed in [0, 1], has shown
robustness for others commonly used PDF [1, 4], we propose
to test the effect of combining a quantized operation on iden-
tification performances.
We focus on RF power amplifiers, which are subject to non-
constant modulus signals such as WCDMA or OFDM signals
where the amplitude is of Rayleigh distribution [5].
Let us consider a complex-valued signal as:

xn = In + jLn,

where: In and Ln are two real-valued gaussian processes,
having the same power as the uniformly distributed in [0, 1]
process. |xn| is then of Rayleigh distribution.
If Iq

n = Q(In) and Lq
n = Q(Ln), then the quantized version

of xn is given by:

x
q
n = I

q
n + jL

q
n.

Figure (5) emphasizes the result that the sub-
quantization/orthogonalization scheme for optimal
polynomial filtering presents a better numerical stabil-
ity than the conventional one, even with the use of gaussian
input. This confirm the previous result which demonstrates
that working with only 6 bits presents the same stability
improvements than when coding the signal with 64 bits.
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Figure 4: Stability evaluation of the proposed sub-
quantized/ orthogonalization based filtering scheme : evo-
lution of the condition number for conventional and orthog-
onal basis versus polynomial order, for sub-quantized input
cases with B bits values (2; 3; 4; 5; 6) and B → ∞. Case of
real inputs uniformly distributed in [0, 1]
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Figure 5: Stability evaluation of the proposed sub-
quantized/ orthogonalization based filtering scheme: evolu-
tion of the condition number of conventional and orthogo-
nal basis versus polynomial order, for sub-quantized input
cases with B bits values (2; 3; 4; 5; 6). The continuous case
(B → ∞) is related to complex Gaussian input (WCDMA
input).

4. ROBUSTNESS EVALUATION OF THE
SUB-QUANTIZED/ORTHOGONALIZATION

FILTERING

4.1 Experimental set up and simulations hypothesis

We consider a Saleh model for the NL system (figure(1)),
when xn is a real-valued process uniformly distributed in
[0, 1]. This model is given by the following input/output
relationship:

yn =
αa|xn|

1 + βa|xn|2
exp

[

j

(

6 xn +
αφ|xn|

2

1 + βφ|xn|2

)]

. (8)

The chosen parameters of Saleh model, for simulations tests
are αa = 2, βa = 2.2, αφ = 2 and βφ = 1. The AM/AM
conversion related to the amplitude distortion is then:

αa|xn|

1 + βa|xn|2
,

represented on figure (6), for αa = 2.

From figure (6), the tested NL system presents a high order
of nonlinearity. We consider N = 100.000 samples, and 100
independent realizations of Monte-Carlo.

4.2 Accuracy evaluation

4.2.1 Dispersion effect

To study the accuracy of the proposed identification system,
we insist on the dispersion of error measurements.
We consider the Normalized Mean Squared Error (NMSE):

NMSE(dB) = 10 log10

[

∑N

n=1
|yn − ỹn|

2

∑N

n=1
|yn|2

]

. (9)

Let us evaluate the dispersion of the NMSE, with a non-
linearity order p = 16 for different sub-quantization degree
B, relatively for corresponding signal to quantization noise
ratio defined as RSBQ(dB) = 10 log10(

Ps

PQ
) where Ps is the

signal’s power, and PQ is the noise quantizer’s power.

We set from figure(7) the following:

Figure 6: Non linear RF power amplifier tested : AM/AM
conversion of Saleh Model when αa = 2 and for different
nonlinearities factor βa.

• Orthogonalization reduces the dispersion in the continu-
ous case.

• Sub-quantization/Orthogonalization operations show ac-
curacy improvement when coding signal with more than
B = 5 bits.
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Figure 7: Accuracy evaluation of the proposed sub-
quantized/ orthogonalization based filtering scheme versus
sub-quantized degree B and the related signal to quantiza-
tion noise ratio RSBQ: Dispersion of the NMSE for 100
independent realizations of sub-quantized inputs and poly-
nomial nonlinearity order p = 16. The continuous input |xn|
is uniformly distributed in [0, 1]. CI: black cross, COI: blue
cross, QI: green circle, QOI: red circle

For the complex-valued WCDMA process, the sub-
quantized/orthogonal input shows good accuracy results,
and the dispersion of the NMSE is optimized even with only
B = 3 bits, as shown on figure (8).

4.2.2 Error evaluation

Figure (9) shows the evolution of the NMSE versus the NL
order of the memoryless polynomial model, for the continu-
ous case and the sub-quantized case for different signal bits
coding B.
We can conclude, that even the best NMSE is reached when
using orthogonal polynomial basis in the continuous case, the
NMSE reached using the proposed sub-quantization proce-
dure is acceptable in RF amplifier identification [6].
Furthermore, for higher orders of nonlinearities (p > 10),
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Figure 9: Error evaluation of the proposed sub-quantized/
orthogonalization based filtering scheme versus nonlinearity
order, from continuous case to quantized one for different
sub-quantization degree B = log2(Nc). Continuous input is
real-valued uniformly distributed in [0, 1].

two gains are achieved by the quantization of the input:

• Error reduction: from figure (9), we conclude that the
NMSE in the continuous case, with the use of conven-
tional polynomial Ψ, is higher than the NMSE in the
quantized case using the orthogonal polynomial basis Ψ,

• Complexity reduction: it is sufficient to quantify the in-
put on only 5 bits to have satisfactory results for both
condition number and NMSE improvement.

According to the previous simulations results, we can de-
duce that a B = 6 bits of sub-quantization degree is sufficient
to approximate the continuous case, namely:

• Ensure stability by improving the condition number when
using orthogonal polynomial procedure,

• Optimize the accuracy of system identification, with dis-
persion errors reduction.

These results still valid when coding the signal with B = 8
bits. Since it is well known that implementation of opera-
tions on DSP or micro-controller needs at least B = 8 bits.
Consequently, when reducing the complexity from B = 64

bits (continuous cas) to B = 8 bits, we expect the reduction
of power and area with a minimal impact on performances.

5. CONCLUSION

In this paper we have investigated the impact of sub-
quantization/orthogonalization scheme for optimal memo-
ryless polynomial filtering, with optimization of algorithm-
architecture adequacy. Orhtogonalization procedure, chosen
in a closed-form expression for computational cost reduction
of real-time applications, is associated to sub-quantization
operations in order to ensure stability of system features
design, with optimization of power consumption and areas
implementation properties. Performances relying on stabil-
ity and accuracy evaluation, of the proposed identification
scheme have shown similarities with the conventional case,
when coding signal with only B = 8 bits.
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ABSTRACT 
We present a new approach to the design of 2D recursive 
filters, with a directionally-selective frequency response. 
Two analytical design methods are proposed, based on digi-
tal prototype filters and complex frequency transformations, 
determined using rational approximations and the bilinear 
transform. Design examples are presented for given specifi-
cations. The resulted filters are efficient, of low complexity 
and relatively high selectivity. They find useful applications 
in image processing, like detecting lines with a given orien-
tation from an image. 

1. INTRODUCTION 

The currently-used design methods of 2D recursive filters 
rely in a large measure on 1D digital filter prototypes, using 
spectral transformations from s to z plane via bilinear or 
Euler transformations followed by z to 1 2( , )z z  transforma-
tions [1], [2], [6]-[10]. There are 2D filters with various 
shapes and different applications in image processing. Sev-
eral classes of filters have an orientation-selective frequency 
response [4], [5], useful in image processing tasks like edge 
detection, motion analysis etc. An important class are the 
steerable filters, synthesized as a linear combination of a set 
of basis filters [3].  
The frequency transformation technique is a classical 
approach in obtaining desired 2D filters from 1D simple 
prototype filters [1], [2]. A major reference on this topic is 
[7], where a technique for rotating the frequency response of 
separable filters is developed. The method considers transfer 
functions in rational powers of z, realized by input-output 
signal array interpolations. For each specific method the 
filter stability must also be ensured. In [9], an efficient 
technique was given for stable IIR filters of various shapes 
and without interpolation. Other important papers in this 
field are [6], [8], [10]. 
In this paper we propose a design method for implementing 
a class of 2D spatially oriented low-pass filters which select 
narrow domains along specified directions in the frequency 
plane ( 1ω , 2ω ). Such filters with specified orientation and 
selectivity can be used in selecting lines with a given orien-
tation from an input image. Our approach is based on the 
design in the spatial frequency domain, starting from a 1D 
prototype filter. Since we envisage designing filters of 
minimum order, we will use recursive filters as prototypes, 

and the 2D oriented filters will result recursive as well. Sec-
tion 2 begins with the 1D prototype filters used and their 
frequency response; then two types of directional filters are 
presented, based on specific spectral transformations which 
also use the bilinear transform as an intermediate step. The 
first filter type starts directly from a very selective low-pass 
prototype. The second type of filter is more general and has 
an elliptical shape in the frequency plane, with a specified 
orientation. A selective directional filter may be obtained as 
a particular case by setting the adequate parameters. A zero-
phase version of the elliptically-shaped filter was ap-
proached in [11] and uses a real frequency transformation. 
Here we treat the general case using a complex frequency 
transformation. Other related methods for directional filter 
design were proposed in [12]. 

2. 2D DIRECTIONAL FILTERS DERIVED FROM 
1D PROTOTYPES 

This section introduces the 1D prototype filters and the 
general form of the 2D directionally-selective filters 
obtained through frequency transformations. 

 
2.1 1D Prototype Filters 
The idea behind the proposed design methods is to start from 
a 1D digital filter of a common type (maximally-flat, 
equiripple etc.) and to transform its transfer function using 
specific frequency mappings in order to derive the transfer 
function of the 2D filter with the desired shape. The 
advantage is that the prototype selectivity and stability 
properties are inherited by the designed 2D filter. 
We refer throughout this paper only to recursive filters, 
which are known to be more efficient than FIR filters, 
although generally more difficult to design. Let us consider 
a recursive digital filter ( )PH z  of order N with the transfer 
function: 

0 0

( )( )
( )

M N
i j

P i j
i j

P zH z p z q z
Q z

= =

= = ⋅ ⋅∑ ∑               (1) 

We consider now this general transfer function with M N=  
factorized into simpler rational functions of first and second 
order. For an odd order filter ( )PH z  will have at least one 
first order factor of the form: 

( ) ( )1 1 0 0( )H z b z b z a= + +                     (2) 
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The transfer function also contains second-order factor 
functions referred to as biquad functions: 

( ) ( )2 2
2 2 1 0 1 0( )H z b z b z b z a z a= + + + +            (3) 

where in general the second-order polynomials at the 
numerator and denominator have complex-conjugated roots. 
The main issue approached in this paper is to find the transfer 
function of the desired 2D filter 2 1 2( , )DH z z  using 
appropriate frequency transformations of the form 

1 2( , )Zz F z z→ . Since the transformations used map the real 
frequency variable ω  onto the plane 1 2( , )ω ω , first a 
mapping of the form 1 2( , )Fω ω ω→  will be found.  
Let us now consider the elementary transfer functions (2) and 
(3); these can be turned into the following form of complex 
numbers with real and imaginary parts: 

0 1 1
1

0

cos sin
( )

cos sin
b b jb

H j
a j

ω ωω
ω ω

+ +
=

+ +
                  (4) 

0 2 0 2 0
2

1 0 0

( ) cos ( )sin ( )( )
(1 ) cos (1 )sin ( )

b b b j b b PH j
a a j a Q

ω ω ωω
ω ω ω

+ + + −
= =

+ + + −
  (5) 

We notice that the first- and second-order functions have a 
similar form when expressed as a ratio of complex numbers. 
Therefore, as we will see further, the corresponding 2D 
transfer functions will be implemented with convolution 
kernels of the same size. 

 
2.2 Design of Directional Filters Using Frequency 

Transformations 
The next step starts from the expressions (4) and (5) of the 
frequency response and uses of the following accurate 
rational approximations for sine and cosine on [- , ]π π : 

2 4

2 4
1 0.435949 0.011319 ( )cos

( )1 0.06095 0.0037557
C
M

ω ω ωω
ωω ω

− ⋅ + ⋅≅ =
+ ⋅ + ⋅

     (6) 

2

2 4
(1 0.101046 ) ( )sin

( )1 0.06095 0.0037557
S
M

ω ω ωω
ωω ω

⋅ − ⋅≅ =
+ ⋅ + ⋅

     (7) 

The above expressions were obtained through the 
Chebyshev-Padé approximation, which can be found for a 
large class of functions using a symbolic computation 
software like MAPLE. 
The advantage of these rational approximations is that they 
have the same denominator and therefore they can be directly 
substituted into the expressions (4) and (5), yielding a low-
order rational expression of the frequency response ( )jH e ω . 
Given a prototype filter 1( )H ω  (which varies on one axis 
only), a 2D orientation-selective (directional) filter may be 
obtained by rotating the axes of the plane 1 2( , )ω ω  by an 
angle ϕ , through the linear transformation: 

1 1

2 2

cos sin
sin cos

ω ωϕ ϕ
ω ωϕ ϕ
⎡ ⎤ ⎡ ⎤⎡ ⎤

= ⋅⎢ ⎥ ⎢ ⎥⎢ ⎥−⎣ ⎦⎣ ⎦ ⎣ ⎦
                     (8) 

where 1 2,ω ω  are the original frequency variables and 1 2,ω ω  
the rotated ones [1]. The spatial orientation is specified by an 
angle ϕ  with respect to 1ω -axis and is therefore defined by 

the following 1D to 2D spatial frequency transformation in 
the frequency response 1 2( , )H ω ω :  

1 2cos sinω ω ϕ ω ϕ→ +                              (9) 
By substitution, we obtain the transfer function of the 
oriented filter 1 2( , )Hϕ ω ω : 

1 2 1 2( , ) ( cos sin )H Hϕ ω ω ω ϕ ω ϕ= +                   (10) 
The 2D filter 1 2( , )Hϕ ω ω  has the magnitude section along 
the line 0sincos 21 =ϕω+ϕω  identical with the prototype 

)(ωH , and constant along the filter longitudinal axis: 

1 2sin cos 0ω ϕ ω ϕ− = . 
We determine a 1D to 2D complex transformation which 
allows an oriented 2D filter to be obtained from a 1D 
prototype filter.  

In this paper the term template will be used, used in the 
field of cellular neural networks, referring to the coefficient 
matrices corresponding to the numerator and denominator of 
a 2D filter transfer function 1 2( , )H z z  (the originals of the 
2D Z transform). We will use here both odd-sized 
( 3 3× , 5 5× ) and even-sized ( 2 2× ) templates. 
The following step is to find the discrete approximation of 
the frequency transformation (9), in other words a mapping 
of the frequency variable ω  into the complex plane ( 1z , 2z ). 
In order to find the discrete approximation of these functions, 
the bilinear transform will be used. The sample interval in 
our case can be taken 1T =  so the bilinear transform for 

1s and 2s  in the complex plane 1 2( , )s s  has the form: 

( ) ( )1 1 12 1 1s z z= − +    ( ) ( )2 2 22 1 1s z z= − +       (11)   

Next we have to find discrete expressions for ω  and  2ω  in 
order to be used in the approximations (6) and (7). Since 

1 1s jω=  and 2 2s jω=  using expressions (11) we obtain:  

1 2 1 2cos sin ( cos sin )j s sω ω ϕ ω ϕ ϕ ϕ→ + = − +         (12) 

1 2

1 2

[1 ] [1 ]
[1 ] [1 ]

T

T

z z
z z

ϕω
× ×

→
× ×

F
G

                          (13) 

which corresponds to the 2 2×  templates j ϕF  and G: 

sin cos sin cos
2

cos sin sin cos
j jϕ

ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ

+ −⎡ ⎤
= ⎢ ⎥− − −⎣ ⎦

F  
1 1
1 1

G ⎡ ⎤
= ⎢ ⎥
⎣ ⎦

   (14) 

( )
( )

22
1 2

2 2
1 2 1 2

cos sin

0.5 (1 cos 2 ) (1 cos 2 ) 2 sin 2

s s

s s s s

ω ϕ ϕ

ϕ ϕ ϕ

→ − +

= − + + − +
     (15) 

( ) ( )2
1 2 1 2

T Tω → − × × × ×z P z z Q z                  (16) 

where 
1 sin 2 2cos 2 1 sin 2
2cos 2 4 2cos 2

1 sin 2 2cos 2 1 sin 2

ϕ ϕ ϕ
ϕ ϕ
ϕ ϕ ϕ

+ − −⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥− − +⎣ ⎦

P
1 2 1
2 4 2
1 2 1

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

Q (17) 

2
1 1 11 z z⎡ ⎤= ⎣ ⎦z , 2

2 2 21 z z⎡ ⎤= ⎣ ⎦z                  (18) 

The matrix P depends on the orientation angle ϕ . It can be 
easily checked that ∗ =G G Q . Having the discrete ap-
proximations (13) and (16) for ω  and  2ω , the matrices C,  
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Figure 1 – 1D very selective low-pass prototype filter. 

 
j ⋅S  and M of size 5 5×  corresponding to the polynomials 

( )C ω , ( )S ω  and ( )M ω  result as: 

0.435949 0.011319= ∗ − ⋅ ∗ + ⋅ ∗C Q Q P Q P P        (19) 

( )0.101046j j ϕ⋅ = ⋅ ∗ ∗ + ⋅S F G Q P                   (20) 

0.06095 0.0037557= ∗ + ⋅ ∗ + ⋅ ∗M Q Q P Q P P        (21) 
The discrete mappings of cosω  and sinω  are therefore: 

( ) ( )
( ) ( )

1 2 1 2

1 2 1 2

cos

sin

T T

T T

ω

ω

→ × × × ×

→ × × × ×

z C z z M z

z S z z M z
                (22) 

where 
2 3 4

1 1 1 1 11 z z z z⎡ ⎤= ⎣ ⎦z , 2 3 4
2 2 2 2 21 z z z z⎡ ⎤= ⎣ ⎦z (23) 

Substituting the above mappings into the biquad expression 
(5) we obtain the following filter templates of size 5 5× : 

0 0 2 0 2

1 0 0

( ) ( )
(1 ) ( 1)

b b b b b
a a a

= ⋅ + + ⋅ + − ⋅
= ⋅ + + ⋅ + − ⋅

B M C S
A M C S

               (24) 

We notice that finally the filter templates result with real 
elements. 
Design example: We will next present the design of a very 
selective directional filter. We will use the simplest possible 
1D prototype, for instance a first order Butterworth low-pass 
filter with a cut-off frequency 0.025cω = , the value 1.0 
corresponding to half the sample rate. The frequency 
response magnitude is shown in Fig.1. The transfer function 
in z has the general form (2), with 1 0b b= . For these 
specifications the coefficients are: 1 0 0.037804b b= = ,  

0 0.92439a = −  . 
Given this 1D prototype, the 2D oriented filter results by 
simply by substituting the frequency mappings (22) into (4). 
The 2D transfer function results as: 

( ) ( )1 2 1 2 1 2( , ) T TH z zϕ = × × × ×z B z z A z              (25) 

where the 5 5×  matrices B and A are given in this case by: 

( )0 0

0

b b
a

= ⋅ + − ⋅
= ⋅ + −

B M C S
A M C S

                          (26) 

These simple expressions corresponding to the frequency 
response (4) are simpler than the more general set given by 
(24), which correspond to a biquad section like (5).  

3. DESIGN OF ELLIPTICALLY-SHAPED 
FILTERS 

We study in this section a class of 2D low-pass filters having 
an elliptically-shaped horizontal section. These filters will 
be specified by imposing the values of the semi-axes of the 
ellipse, and the orientation is given by the angle of the large 
axis with respect to 2ω − axis. Starting from the frequency 
response for a 1D filter given by (4) or (5), we can derive a 
2D elliptically-shaped filter using the frequency 
transformation 1 2( , )Eϕω ω ω→ : 

2 2 2 2
2 2

1 2 1 22 2 2 2

2 2
1 2 1 2 1 22 2

cos sin sin cos( , )

1 1sin(2 )

E
E F E F

a b c
F E

ϕ
ϕ ϕ ϕ ϕω ω ω ω

ω ω ϕ ω ω ω ω

⎛ ⎞ ⎛ ⎞
= + + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
⎛ ⎞+ − = ⋅ + ⋅ + ⋅⎜ ⎟
⎝ ⎠

 (27) 

The elliptically-shaped filter can be considered as derived 
from a circular filter through the linear transformation: 

'
1 1

'
2 2

0 cos sin
0 sin cos
E

F
ω ωϕ ϕ
ω ϕ ϕ ω

⎡ ⎤−⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= ⋅ ⋅ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦⎣ ⎦ ⎢ ⎥⎣ ⎦

            (28) 

where usually we consider E F> ; in (28) , 1 2( , )ω ω  are the 

current coordinates and ' '
1 2( , )ω ω  are the former (rotated) 

coordinates. Thus, the unit circle is stretched along the axes 
1ω  and 2ω  with factors E and F, then counter-clockwise 

rotated with an angleϕ , becoming an oriented ellipse, which 
is the shape of the proposed filter in horizontal section. 
Consequently, given a 1D prototype filter of the general form 
(4) or (5), we can obtain a corresponding 2D filter with an 
elliptical section, specified by the above-mentioned 
parameters which impose the shape and the orientation using 
the substitution: 

2 2
1 2 1 2 1 2( , )E a b cϕω ω ω ω ω ω ω→ = ⋅ + ⋅ + ⋅         (29) 

However, using (29) together with (6) and (7) leads to a more 
complicate design. Instead, we will find rational expressions 
for the functions cos ω  and sin ω  and then make the 
substitution: 

2 2
1 2 1 2 1 2( , )E a b cϕω ω ω ω ω ω ω→ = ⋅ + ⋅ + ⋅           (30) 

which is more convenient than (29). 
Replacing the real frequency variables 1ω  and 2ω  by the 
complex variables 1 1s jω=  and 2 2s jω= , the function 

1 2( , )Eϕ ω ω  can be written in the 2D Laplace domain: 
2 2

1 2 1 2 1 2( , ) ( )E s s a s b s c s sϕω → = − ⋅ + ⋅ + ⋅             (31) 
The next step is to find the discrete approximation 

1 2( , )E z zϕ  of (31). This can be achieved either using the 
forward or backward Euler approximations, or otherwise the 
bilinear transform, which in principle gives better accuracy. 
Using the Chebyshev-Padé method we find the following 
approximations for the functions cos ω  and sin ω , with 
the same denominator: 

2

2

( )1.05595 0.086514 0.13045cos
( )1 0.75 0.110583

S

S

C
A

ωω ωω
ωω ω

− ⋅ − ⋅≅ =
+ ⋅ − ⋅

 (32) 
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2

2

( )0.167 1.46287 0.259815sin
( )1 0.75 0.110583

S

S

S
A

ωω ωω
ωω ω

+ ⋅ − ⋅≅ =
+ ⋅ − ⋅

  (33) 

which are sufficiently accurate on the range [0, ]ω π∈ . Since 
these functions are developed on the range [0, ]π , their 
approximations result neither odd nor even. The above 
expressions were obtained through the Chebyshev-Padé 
approximation, which can be found for a large class of 
functions using a symbolic computation software.  
For the elementary functions 1( )H jω  and 2 ( )H jω  we find 
the corresponding functions of the 2D elliptically-shaped 
filter using the frequency mapping (27). Therefore we need 
discrete approximations for the functions 

1 2 1 2( , ) cos ( , )C Eϕω ω ω ω= , 1 2 1 2( , ) sin ( , )S Eϕω ω ω ω= .  

Substituting in (31) and (32) ω  by 1 2( , )Eϕ ω ω , we find the 

expressions 1 2( , )C ω ω , 1 2( , )S ω ω  in 2
1ω , 2

2ω .  
In order to find the discrete approximation of these functions, 
the bilinear transform will be used, as in the previous section.  
Substituting expressions (11) into (31), the frequency 
transformation 1 2( , )Eϕω ω ω→  in matrix form is: 

( ) ( )1 2 1 24 T Tω → − × × × ×z B z z A z                  (34) 

where: 
0 1 0 1 0 1 1 0 1

2 cos2 1 0 1 sin 2 0 0 0 0 4 0
0 1 0 1 0 1 1 0 1

2 cos 2 sin 2

α ϕ α ϕ β

α ϕ α ϕ β

− −⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= + + −⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥− −⎣ ⎦ ⎣ ⎦ ⎣ ⎦

= ⋅ + ⋅ + ⋅

B

M N P

 

(35) 
1 2 1
2 4 2
1 2 1

⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

A                                (36) 

 2
1 1 11 z z⎡ ⎤= ⎣ ⎦z , 2

2 2 21 z z⎡ ⎤= ⎣ ⎦z                  (37) 

In (35) the following notations were made: 2 21/ 1/E Fα = − , 
2 21/ 1/E Fβ = + .  

Using this approximation, the templates corresponding to 
the polynomials ( )SC ω , ( )SS ω  and ( )SA ω  from (32) and 
(32), namely SC , SS  and SA  of size 5 5×  result as: 

1.055951 0.346056 2.0872S = ⋅ ∗ + ⋅ ∗ − ⋅ ∗C A A A B Β B    (38) 
0.167 5.85148 4.15704S = ⋅ ∗ − ⋅ ∗ − ⋅ ∗S A A A B Β B       (39) 

3 1.769328S = ∗ − ⋅ ∗ − ⋅ ∗A A A A B Β B             (40) 
The final filter templates will be also of size 5 5×  and result 
taking into account (5) as: 

0 0 2 2 0( ) ( )S S S re imb b b j b b j= ⋅ + + ⋅ + − ⋅ = + ⋅P A C S P P (41) 

1 0 0(1 ) (1 )S S S re ima a j a j= ⋅ + + ⋅ + − ⋅ = + ⋅Q A C S Q Q   (42) 
Design example: 
We consider a second-order low-pass Butterworth prototype 
filter with passband-edge frequency 0.9pω = ; its transfer 
function has the general form (3) with the parameter values: 

2 0 0.800592b b= = , 1 02 1.601184b b= = , 1 1.561018a = , 

0 0.641351a = . The magnitude characteristics of this 

 
Figure 2 – 1D low-pass maximally-flat Butterworth prototype filter. 

 
(a) 

 
(b) 

Figure 3. (a) Frequency response and contour plot of an elliptically-
shaped filter with 3ϕ π= , 2.8E = , 1F = ; (b) Frequency response 

of directional filter with 025ϕ = , 3.4E = , 0.1F =  
 
maximally-flat low-pass filter is shown in Fig.2. The 
frequency characteristic and contour plot of an elliptically-
shaped filter using this prototype is shown in Fig.3(a), for the 
specified parameters. 
Let us design an elliptically-shaped filter with a large ratio 
E F , for instance 3.4E = , 0.1F = ; in this case we get a 
very selective directional filter which forms  the angle ϕ  
with 2ω − axis; we consider 025 0.1389ϕ = = rad. The 
frequency response for this filter is plotted in Fig.3(b). We 
get a complex template Q and a real matrix P with the form: 

0.10806 0.15743 0.08640 0.02117 0.00195
0.15649 0.60253 0.53342 0.17973 0.02106
0.08571 0.53226 1.00000 0.53226 0.08571
0.02106 0.17973 0.53342 0.60253 0.15649
0.00195 0.02117 0.08640 0.15743 0.10806

⎡ ⎤
⎢ ⎥− − − − −⎢ ⎥
⎢ ⎥=
⎢− − − − −⎢
⎢⎣ ⎦

P
⎥
⎥
⎥

 (43)  

Even if the stability of the 2D filters resulted through the 
presented methods is not analyzed here, it can be shown that 
the proposed frequency transformations preserve the stability 
of the 1D prototype filter since they are based on the bilinear 
transform and accurate approximations. Therefore, the only 
issue would be to ensure the stability of the prototype filter. 
The derived 2D filter could become unstable only if the 
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(a) (b) 

Figure 4 – (a) Test image; (b) directionally filtered image with  
parameters: (a) 2.5ϕ = rad., 6.4E = , 0.5F = ; 

 
numerical approximations used introduce large errors. In this 
case we would have to increase the approximation precision 
by taking more higher order terms, which would increase the 
filter complexity. 

4. APPLICATIONS AND SIMULATION RESULTS 

We present an example of detecting straight lines with a 
given inclination from an image, by means of a filtering with 
a 2D IIR oriented LP filter. The spectrum of a straight line is 
oriented in the plane ( 1ω , 2ω ) at an angle of 2π  with respect 
to the line direction. The image in Fig.4(a) contains straight 
lines oriented at various angles, and is filtered with a 
directional filter with 0.44ϕ = rad., designed using the 
method from section 3. In the filtered image from Fig.4(b), 
only the lines which have the spectrum oriented more or less 
along the filter characteristic, remain practically unchanged, 
while all the other lines are low-pass filtered. 

5. CONCLUSION 

We proposed two design methods for 2D orientation-
selective filters based on 1D selective LP prototypes and on 
complex frequency transformations. The methods are more 
general and can be applied also to other types of filters. The 
developed frequency transformations are based on efficient 
rational approximations and on the bilinear transform. The 
resulted filters are efficient and inherit the selectivity of their 
1D counterparts. The methods are versatile in the sense that 
once determined the adequate frequency transformation, the 
prototype specifications can be changed and different 2D 
filters will be obtained. Possible applications of these 
orientation-selective filters were suggested through 
simulation results on a test image. As design examples we 
considered filters of minimum order for the sake of 
simplicity and efficiency. Further research also envisages an 
efficient implementation of this class of filters. 
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ABSTRACT
This paper formulates a spatially-limited signal energy con-
centration problem on the 2-sphere using a generalized mo-
ment criterion in the spectral domain. The set of optimal sig-
nals with maximum concentration for general positive spher-
ical harmonic coefficient frequency weightings is obtained.
Numerically solving the resulting integral equation optimiza-
tion shows that this set of functions not only decays slower
but also has higher sidelobes than the set of spherical Slepian
functions. This result on the 2-sphere contrasts with the
findings from the time-frequency analogy which compares
the classical Slepian eigenfunctions with the minimum band-
width basis functions for the fourth-moment bandwidth mea-
sure.

1. INTRODUCTION

According to the spherical harmonic transform, a spectrally-
limited signal occupies the whole sphere, that is, consid-
ered as a function, the support of a signal is the whole 2-
sphere. However, in practice, only part of the signal re-
stricted to some portion of the 2-sphere is available, that is,
a spatially-limited signal is often of interest. In this second
case a spatially-limited signal will have infinite spectral con-
tent, that is, the spherical harmonic coefficients will be non-
zero for arbitrarily high orders corresponding to arbitrarily
high frequencies (decaying to zero).

How best to achieve or approximate a signal on the 2-
sphere of simultaneous limited spectrum and limited spatial
extend is a problem of interest. In time and frequency, for
signals on R, this has been extensively studied. Of partic-
ularly interest is the formulation of by Slepian, Landau and
Pollak [1,2] based on criteria of engineering interest. For the
2-sphere, analogous results have been obtained leading two
natural cases: 1) spectrally-limited spherical Slepian func-
tions, and 2) spatially-limited spherical Slepian functions.
It has proved to be a useful tool to analyze and represent
a signal on the 2-sphere [3–6], though the spatially-limited
Slepian signal case was emphasized less.

Our recent research [7] shows that the optimal spectrally-
limited function with minimum globally (support is the
whole 2-sphere) kth azimuthal moment weighting not only
achieves good spatial concentration, but also has faster de-
caying tails than the spherical Slepian spectrally-limited
function, which is a good alternative for the spherical fil-
ter design. Therefore, it is a natural question whether such
an optimally spatially-limited function (complementary to

This work was supported by the Australian Research Council Discovery
Grant DP1094350.

but not equivalent to the spectrally-limited function case)
with spectral moment weighting exists, and whether this set
of functions is a good option to represent and analyze a
spatially-limited signals on the unit sphere.

In this paper, we formulate a spatially-limited signal en-
ergy concentration with a more general form of weighting
based on a harmonic multiplication operation [8], but re-
stricted to positive weights, in the spectral domain. A set of
optimal spatially-limited functions is obtained and the char-
acteristics of these functions are studied.

2. PRELIMINARIES

2.1 Notation
Let S2 = {xxx∈R3 : ‖xxx‖= 1} denote the unit sphere in R3. xxx≡
(θ ,φ) , (sinθ cosφ ,sinθ sinφ ,cosθ) ∈ R3 denotes a point
on the sphere where θ denotes the colatitude with 0 ≤ θ ≤
π and φ denotes the longitude with 0 ≤ φ < 2π . Denote
ds(xxx) = sinθ dθ dφ .

Let L2(S2, ds) be a complex Hilbert space containing all
the square-integrable functions defined on the unit sphere S2,
such that for f ,g∈ L2(S2, ds), the inner product is defined by

〈 f ,g〉 =
∫

S2
f (xxx)g(xxx)ds(xxx)

=
∫ π

0

∫ 2π

0
f (θ ,φ)g(θ ,φ)sinθ dφ dθ . (1)

2.2 Spherical Harmonic Representation
The spherical harmonics Y m

n (xxx) =Y m
n (θ ,φ) are defined as [9]

Y m
n (θ ,φ) =

√
2n+1

4π
(n−|m|)!
(n+ |m|)!

P|m|
n (cosθ)eimφ ,

n = 0,1, · · · ,m = −n, · · · ,n,

Pm
n (·) are the associated Legendre functions, n is the angular

(spectral) degree and m (−n ≤ m ≤ n) is the angular order.
Any finite energy signal f ∈ L2(S2, ds) can be repre-

sented, in the sense of convergence in the mean with the norm
induced by (1), by

f (xxx) =
∞

∑
n=0

n

∑
m=−n

f m
n Y m

n (xxx), (2)

where the spherical harmonic coefficients f m
n are given by

f m
n =

∫
S2

f (xxx)Y m
n (xxx)ds(xxx). (3)
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3. PROBLEM STATEMENT

In this paper, we study a spatially-limited signal energy
concentration with positive spectral modes weighting in the
spectral domain. The problem is stated that: for a spatially-
limited signal f with support Γ ⊂ S2 and a spectrally-limited
signal v with positive spherical harmonic coefficients, the ob-
jective function to be extremized (generally maximized) is

λ =
〈v� f ,v� f 〉

〈 f , f 〉
= maximum, (4)

where “�” is the harmonic multiplication operation defined
as [8],

(v� f )(xxx) =
N

∑
n=0

n

∑
m=−n

vm
n f m

n Y m
n (xxx), (5)

vm
n ≥ 0 for all n and m, and N is the maximum spectral de-

gree of v. Our aim is to find an optimal spatially-limited
signal which achieves maximum spectral moment weighting
measure.

4. FORMULATION

Substituting (5) and (3) into the objective function (4) and
changing the summation and the integration, we have (6).

λ =

N

∑
n=0

n

∑
m=−n

|vm
n f m

n |2

∞

∑
n=0

n

∑
m=−n

| f m
n |2

=

∫∫
S2×S2

f (xxx) f (yyy)
[ N

∑
n=0

n

∑
m=−n

|vm
n |2Y m

n (yyy)Y m
n (xxx)

]
ds(xxx)ds(yyy)∫

S2
| f (xxx)|2 ds(xxx)

. (6)

It is well known that to render the Rayleigh quotient (6)
stationary, f (xxx) is the solution of the Fredholm integral
equation, (technically representing an integral operator on
L2(Γ, ds)),

∫
Γ

[ N

∑
n=0

n

∑
m=−n

|vm
n |2Y m

n (xxx)Y m
n (yyy)

]
f (yyy)ds(yyy) = λ f (xxx), xxx ∈ Γ.

(7)
Denote the integral kernel as

D(xxx,yyy) =
N

∑
n=0

n

∑
m=−n

|vm
n |2Y m

n (xxx)Y m
n (yyy).

In this paper, for concrete illustration, we restrict the region Γ
to be the polar cap [0,Θ], where Θ is the maximum colatitude
of the region.

According to the separability of the spherical harmonics,
we have

f (θ ,φ) =
N

∑
m=−N

eimφ
N

∑
n=|m|

f m
n Sm

n (θ) =
N

∑
m=−N

eimφ fm(θ), (8)

where

Sm
n (θ) =

√
2n+1

4π
(n−|m|)!
(n+ |m|)!

P|m|
n (cosθ),

fm(θ) =
N

∑
n=|m|

f m
n Sm

n (θ).

Similarly, for the kernel function, we have

D(xxx,yyy) = D(θ ,φ ,θ ′,φ ′)

=
N

∑
n=0

n

∑
m=−n

|vm
n |2Sm

n (θ)eimφ Sm
n (θ ′)eimφ ′

=
N

∑
n=0

n

∑
m=−n

|vm
n |2Sm

n (θ)Sm
n (θ ′)eimφ e−imφ ′

=
N

∑
m=−N

N

∑
n=|m|

|vm
n |2Sm

n (θ)Sm
n (θ ′)eimφ e−imφ ′

. (9)

Substituting (8) and (9) into (7), we have

N

∑
m=−N

eimφ
∫ Θ

0
2π

N

∑
n=|m|

|vm
n |2Sm

n (θ)Sm
n (θ ′) fm(θ ′)sinθ ′ dθ ′

= λ
N

∑
m=−N

eimφ fm(θ), 0 ≤ θ ≤ Θ.

That is, (7) can be decomposed into a series of fixed-order,
one-dimensional Fredholm eigenvalue equations [10],∫ Θ

0
D(θ ,θ ′) fm(θ ′)sinθ ′ dθ ′ = λ fm(θ), 0 ≤ θ ≤ Θ,

(10)
where −N ≤ m ≤ N and the kernel

D(θ ,θ ′) = 2π
N

∑
n=|m|

|vm
n |2Sm

n (θ)Sm
n (θ ′).

Solving the integral equation (10), the optimally associated
spatially-limited function fm(θ) for fixed m is obtained,

fm(θ ,φ) = fm(θ)eimφ . (11)

From here, we can conclude that the optimally spatially-
limited function that maximizes the concentration ratio (4)
is only related to the spectral degree n for fixed m, therefore,
only the n variable in the weighting function vm

n has some
effect to the optimal eigenfunction fm(θ).

5. SIMULATIONS

In the section, we formulate the spectrum moment weighting
on the unit sphere. We take some special values of vm

n as
examples to solve the corresponding optimal functions and
discuss their properties.

5.1 vm
n = 1 for all 0 ≤ n ≤ N and −n ≤ m ≤ n

This is the spherical Slepian concentration problem on the
unit sphere, which has been well studied in [10]. The mea-
sure λ is the maximum energy concentrated in the spectral
interval [0,N] for a spatially-limited function f . The obtained
optimal signals are called the spherical prolate spheroidal
wave functions (PSWFs), or the spherical Slepian functions.
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Figure 1: The normalized eigenfunctions f0(θ) with the
maximum concentration ratio λk = 0.9999,0.7155,0.5802
under different weighting vm

n = ( n+1
N+1 )k for varied k = 0,1,2.

5.2 vm
n = ( n+1

N+1 )k for all 0 ≤ n ≤ N and −n ≤ m ≤ n

Take
vm

n = (
n+1
N +1

)k, k = 1,2, . . . (12)

to emulate the moment weighting in the analogy given
in [11]. It should be noted that k = 0 is the special case with
vm

n = 1 and its function corresponds to the spherical Slepian
function. The objective function is changed into

λ =
∑N

n=0 ∑n
m=−n

( n+1
N+1

)2k| f m
n |2

∑∞
n=0 ∑n

m=−n | f m
n |2

= maximum.

As we have proved before that it is equivalent to solve

∫ Θ

0

(
2π

N

∑
n=|m|

( n+1
N +1

)2kSm
n (θ)Sm

n (θ ′)
)

fm(θ ′)sinθ ′ dθ ′

= λ fm(θ), 0 ≤ θ ≤ Θ, (13)

We use Gaussian-legendre quadrature method [12] to numer-
ically solve the above integral equation (13) and find the as-
sociated eigenfunctions.

5.3 Numerical Examples
Take N = 18 and Θ = 40◦ for comparison with spheri-
cal Slepian functions presented in [10]. And we also take
k = 0,1,2 as examples to study the properties of the optimal
functions.

Fig. 1 shows the normalized eigenfunctions fm(θ) with
maximum concentration ratio λ for m = 0 and its cor-
responding squared spherical harmonic coefficients ( f 0

n )2.
Fig. 1 shows that: 1) the optimal waveform of f0(θ) does
not vary much as k increases; 2) the peak value of the optimal
functions moves to the right as k increases; 3) most of the en-
ergy of the optimal function concentrated in the first spectral
degree [0,18] for all k; 4) the spherical harmonic spectrum
decays faster as k increases, but the decaying rate is much
slower than that of the spherical Slepian function, which dif-
fers from the time-frequency analogy [11]. The non-zero
value for f0(θ) to k ≥ 1 at the boundary Θ = 40 also shows
the limitation of Gaussian-legendre quadrature method to the
inverse problems.

A similar situation is shown in Fig. 2 for m = 1. However,
the calculation error at this time is quite larger, for f1(40◦) =
−0.0495 for k = 1 and f1(40◦) = −0.0615 for k = 2.

Fig. 3 shows the normalized optimally associated
spatially-limited functions fm(θ ,φ) with the first four max-
imum concentration ratios λ for m = 0 and m = 1. Obvi-
ously, these figures show that the functions obtained from the
vm

n weighting have more sidelobes than the spherical Slepian
function and the increasing k has little effect to the spatially-
limited signals.

6. CONCLUSIONS

This paper formulated a spatially-limited signal energy con-
centration problem on the 2-sphere using a generalized mo-
ment criterion in the spectral domain based on a harmonic
multiplication operation. The set of optimal signals with
maximum concentration for general positive spherical har-
monic coefficient frequency weightings was obtained. Nu-
merically solving the resulting integral equation optimization
shows that this set of functions not only decays slower but
also has higher sidelobes than the set of spherical Slepian
functions.

The given formulation is very general and the moment
weighting is a special case. To emulate the moment weight-
ing analogous to [11], but for the 2-sphere, we adopted the
weighting (12). It remains an open question whether this is
the true analogy for the moment weighting given the finite
extent and the curvature on the 2-sphere. If the analogy does
differ from (12) our formulation using harmonic multiplica-
tion is general enough to deal with this case.
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ABSTRACT

In this work a new technique for design of narrow-band and
wide-band linear-phase finite-length impulse response (FIR)
frequency-response masking based filters is introduced. The
technique is based on a sparse FIR filter design method for
both the model (bandedge shaping) filter as well as the mask-
ing filter using mixed integer linear programming optimiza-
tion. The proposed technique shows promising results for
realization of efficient low arithmetic complexity structures.

1. INTRODUCTION

Frequency-response masking techniques offer certain attrac-
tive benefits over conventional single-stage filters and a num-
ber of such techniques have evolved which are known to be
highly efficient for achieving reduction of the number of mul-
tiplications and additions in narrow transition band linear-
phase finite-impulse response (FIR) filters [1–5]. A narrow-
band filter (narrow-band means here that for the passband
edge,ωcT , we haveωcT < π/2) can be realized as a cascade
of two filters, i.e., a periodic model filter and a masking filter
as shown in Fig. 1(a). This is also known as an interpolated
FIR filter. In the lowpass filter case, the masking filterF(z)
selects the passband in the baseband ofG(zM), and elimi-
nates the remaining passbands. This is outlined in Fig. 2,
where Fig. 2(a) illustrates the initial model filter, Fig. 2(b)
the periodic model filter, with period 2π/M, Fig. 2(c) the
masking filter, and Fig. 2(d) the overall cascaded frequency
response.

The filter order of an FIR filter and therefore the arith-
metic complexity (number of multiplications and additions)
is inversely proportional to the width of the transistion band
[3]. As the transition bands of the filtersF(z) andG(z) are
significantly wider that that ofH(z), one can expect a signif-
icant reduction of the arithmetic complexity for a correctly
chosenM.

SelectingF(z) as a highpass or a bandpass filter with the
same model filterG(zM), will produce an overall highpass
or bandpass filter, respectively. Similarly a wide-band filter
(wide-band means here that for a lowpass filterωcT > π/2)
can be easily obtained by complementing a linear phase
narrow-band filter as illustrated in Fig. 1(b).

Several techniques have been proposed for improving the
computational efficiency of narrow-band frequency-response
masking (NBFRM) which include single filter frequency
masking filters [6], where the same filter is used with differ-
ent periodicities, and the use of very simple subfilters, either
as prefilters [7–9] or as masking filters [10]. Furthermore, de-
signs using minimum-phase filters have been proposed [11].

In this work the application of sparse FIR filter design

(a)

(b)

G(zM)

z−K

G(zM) y(n)
x(n)

x(n) y(n)

F(z)

F(z)

Figure 1: (a) Narrow-band FIR frequency response masking
filter. (b) Wide-band FIR frequency-response masking filter.

based on mixed integer linear programming to NBFRM is
presented. As we optimize for sparsity, we will in the ideal
case not have a periodic model filter, instead the optimiza-
tion procedure will find the sparsest possible model filter.
The model and masking filters are designed in separate steps,
and, hence, a globally optimal solution is not found. This is
in general not surprising since the design of two cascaded
FIR filters is a non-convex problem. Still, the results show a
significant computational complexity reduction compared to
conventional separate design.

In the next section we discuss the formulation of the
mixed-integer linear programming problem used and de-
scribe our proposed design method. Then, in Section 3 some
design examples are presented and elaborated to illustratethe
properties and benefits of the proposed design method. Fi-
nally, some concluding remarks are given in Section 4.

2. PROPOSED DESIGN APPROACH

2.1 Design of Sparse FIR Filters

The transfer function of anN:th-order FIR filter can be writ-
ten as [12]

H(z) =
N

∑
n=0

h(n)z−n (1)

whereh(n) are the impulse response coefficients. Usually,
the computational complexity of an FIR filter is largely de-
termined by the number of multiplications required to realize
the transfer function, i.e, the number of non-zerohi. Let us
denote the desired magnitude function asD(ωT ) where typ-
ically D(ωT ) is one in passband and zero in the stopband. If
we denote the maximum allowed deviation from the desired
magnitude, i.e., the ripple asδ (ωT ), it can be rewritten as
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Figure 2: Frequency responses for: (a) model filter, (b) peri-
odic model filter, (c) masking filter, and (d) overall narrow-
band filter.

two constraints
L

∑
i=0

hitrig(i,ωT )≤ δ (ωT )+D(ωT ) (2)

−
L

∑
i=0

hitrig(i,ωT )≤ δ (ωT )−D(ωT ) (3)

where we use the zero-phase magnitude response to formu-
late linear constraints. Here trig is a weighted trigonometric
function depending on whetherN is even or odd and if the
impulse response is symmetric or anti symmetric [13].

In order to minimize the number of non-zero coefficients,
two more constraints are introduced which are based on non-
zero binary variablesxi ∈ [0,1] such that [12]

|xi|=

{

0 hi = 0
1 hi 6= 0 (4)

The above equations can be written using linear constraints
as

hi ≤ kixi, ∀i (5)

−hi ≤ kixi, ∀i (6)

Here ki define the upper and lower bound of the variables
hi. These values can be determined using e.g. a bounding
approach as proposed in [12], it is also possible to assign
them a suitable value, e.g.,ki = 1 .

As the aim is to find a solution with minimum number
of multiplications the objective function is formulated asthe
sum of all xi. The complete optimization problem is then
formulated as

minimize
L

∑
i=0

xi (7)

subject to (2), (3), (4), (5), and (6). This problem can be
solved using standard MILP solvers employing techniques
such as branch and bound or branch and cut.

2.2 Proposed Design Method

Ideally one would design the model filter without any period.
However, since the solution of MILP problems are time con-
suming and the number of variables are roughly inversely
proportional to the periodicity, we will consider a design
problem with a periodMa, a for actual periodicity, for the
model filter, while the masking filter is designed for a peri-
odicity of Md , d for designed periodicity.

Consider a narrow-band lowpass filter with passband rip-
ple δc, stopband rippleδs, passband edgeωcT and stopband
edgeωsT . The minimum filter order for a single-stage FIR
filter meeting the specification isNS. The proposed design
method is as follows for a givenMd and Ma (in general a
search over possibleMd ≤ π/ωsT andMa ≤ Md is required):
1. Design an initial masking filterF(z) based on the follow-

ing specification:

δc,F = δc/2 δs,F = δs
ωc,F T = ωcT ωs,F T = 2π/Md −ωsT

(8)

For this filter linear programming [14] or the Remez ex-
change algorithm [15] can be used. It can be noted that
this filter is designed without any don’t care bands, which
is common for masking filters for a periodic model filter.
However, as the masking filter will be reoptimized, the
final masking filter will still have a low complexity.

2. Based on the discussion in the previous section formulate
a MILP design problem designing an optimized model
filter Go(z) which in combination with the masking filter
F(z) meets the filter specification. The constraint equa-
tions can be written as

|F(z)Go(z
Ma)−1| ≤ δc (9)

|F(z)Go(z
Ma)| ≤ δs (10)

where the filter coefficients ofF(z) are fixed. The fil-
ter order of the model filter can be set to approximately
NS/Ma.

3. Redesign the masking filter minimizing the number of
non-zero multiplication coefficients using a similar for-
mulation as in the previous step, but with the coefficients
of the model filterGo(z) fixed. Denote the resulting filter
Fo(z).

The two final steps can be iterated to possibly reduce the
complexity further. However, based on our experience this
rarely provides any improvements in practice.

It can be noted that for two differentMa valuesMa,1 and
Ma,2 such that one is an integer multiple of the other, say
Ma,1 = KMa,2 for an integerK, the complexity of the opti-
mized model filter can never be smaller for theMa,1 case as
those solutions are just a subset of theMa,2 design. However,
due to the non-convexity of the problem the total complexity
may not always be minimized for smallerMa,2.

3. DESIGN EXAMPLES

In our experiments we model the design problem using
GLPK [16] and solve the problems using either GLPK or
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Table 1: Complexity for narrow-band lowpass case
Period. Complexity

Proposed Conventional
Md Ma CF CGo CFo Total CF CG Total
10 7 39 5 22 27 39 6 45
9 3 28 5 19 24 28 6 34
8 7 22 5 13 18 22 7 29
7 1 15 5 11 16 15 8 23
6 1 12 7 11 18 12 10 22
5 1 10 8 9 17 10 12 22
4 1 7 11 5 16 7 14 21
3 3 5 16 4 20 5 19 24
2 1 3 21 3 24 3 28 31

Md = Design periodicity
Ma = Actual used periodicity
CF = Complexity of initial masking filter
CGo = Complexity of optimized model filter
CFo = Complexity of optimized masking filter
CG = Complexity of conventional model filter

SCIP [17]. For comparison we use separate design of the
masking and periodic model filters where the passband ripple
is equally divided between the model and the masking filters,
following [1]. The number of non-zero multiplications for a
filter H(z), utilizing symmetry, is denotedCH .

3.1 Example 1 – Narrow-Band Lowpass Filter

In this first example we consider a narrow-band lowpass filter
with the following specifications:

δc = 0.01 δs = 0.01
ωcT = 0.05π rad ωsT = 0.09π rad (11)

A single-stage design requires a minimum filter order of
97, leading to a complexity of 49 multiplications. An exhaus-
tive search is performed for all possibleMd with 2≤Md ≤ 10
and all possibleMa with 1≤ Ma ≤ Md . The best results for
eachMd is reported in Table 1. For comparison we have
also performed a conventional design and these results are
also presented in Table 1. As can be seen, the proposed de-
sign method reduce the complexity for all cases. The lower
complexity is reduced from 21 for the conventional design
to 16 for the proposed design method. This corresponds to
a reduction of about 24%. The magnitude responses for the
designed filters are shown in Fig. 3. As can be seen, the mag-
nitude response forMa = 1 did in fact end up to be periodic
with a periodicity of seven. However, this was not enforced
by the problem formulation.

To illustrate one of the properties of the proposed ap-
proach, we consider the detailed results obtained for the
Md = 8 case, as shown in Fig. 4, where the actual period-
icity used in the model filter design,Ma, varies from eight
to one. Based on the previous discussion, we would ex-
pect a non-increasing behavior for the model filter complex-
ity when numbers are integer multiples. For example, for
Ma = 8,4,2,1 we can see this. In this case it also holds that
the total complexity is non-increasing. However, the best
result for this case is obtained forMa = 7, despite that one
could expect thatMa = 1 should give as good or better re-
sults. The reason for this is that the model filter solutions
found forMa = 1 andMa = 7 are as good, with a complex-
ity of five multiplications (as are the solutions forMa = 2
andMa = 4). However, the solution forMa = 7 leads to a
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Figure 3: Magnitude responses for Example 1: (a) masking
filter, (b) optimized model filter, (c) optimized masking filter,
and (d) overall narrow-band filter.
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Figure 4: Masking filter, model filter, and total complexity
for Md = 8.

optimized masking filter with lower complexity. The reason
that this can happen is obviously the non-convex underlying
problem. Hence, it can make sense to try differentMa even if
the filter order is low enough to allow a solution forMa = 1.
On the other hand, as seen from Table 1, for most of the dif-
ferentMd values the solution forMa = 1 is the best.

3.2 Example 2 – Wide-Band Lowpass Filter

As already mentioned the technique is equally suitable for
wide-band filters as well, by utilizing the complement of the
corresponding narrow band as shown in Fig. 1b. In order to
further elaborate the design method and demonstrate the ap-
plicability of the technique for wide-band filters, the follow-
ing specification of a wide-band lowpass filter is considered

δc = 0.005 δs = 0.01
ωcT = 0.90π rad ωsT = 0.91π rad (12)

The filter order for a single-stage FIR filter meeting this
specification is 430. Hence, 216 multiplications are required.
This also gives that an optimization usingMa = 1 will require
about 216 variables. Using the current optimization approach
with too many coefficients, and to be able find a solution in
reasonable time we usedMa = Md in this case in the design.
The best result was found forMd = Ma = 6 and the resulting
magnitude responses are shown in Fig. 5. For this case the
number of multiplications are found to be 32 for the model
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Figure 5: Magnitude responses for Example 2: (a) optimized
model filter, (b) optimized masking filter, (c) narrow-band
highpass filter, and (d) overall wide-band lowpass filter.

filter and 16 for the masking filter leading to a total complex-
ity of 48 multiplications. A conventional design require 58
multiplications [10], and, hence, a complexity reduction of
17% is obtained.

4. CONCLUSIONS

In this paper we proposed a new technique for complexity re-
duction in narrow-band and wide-band frequency-response
masking filters by introduction of sparse filters resulting in
possibly non-periodic model filters. The technique is based
on subsequent design of the model and masking filter, which
introduces sub-optimality as the overall problem is non-
convex. However, from the example designs it can be seen
that the proposed design technique decreases the complexity
compared to conventional frequency-response masking fil-
ters.
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ABSTRACT

In this paper two extensions to the well known Cell-ID lo-
calization technique for handsets in mobile cellular networks
are presented: It is firstly shown how the combination of
multiple cross-provider Cell-IDs, which may become avail-
able from cooperation of one-hop neighbours in mobile ad-
hoc networks (MANETs) or from Dual SIM mobiles phones,
can be used to improve the positioning accuracy. Secondly,
a robust map matching algorithm for Cell-ID localization is
presented. The proposed map matching algorithm is termed
robust, as it is capable of dealing with the - compared to GPS
- more coarse Cell-ID based position estimates. An imple-
mentation of a localization system based on these methods
shows, that the positioning accuracy can be significantly im-
proved compared to the simple single Cell-ID technique.

1. INTRODUCTION

There is a rapid development in the area of personal mobile
communications: Mobile phones are becoming smart phones,
in that they are integrated with features like high-resolution
displays, wireless connectivity (802.11x, bluetooth,...), differ-
ent kinds of sensors and localization technology. The inte-
gration of these features will enable the broader evolution of
already established and of new location based services (LBS)
based on mobile handsets. The key to LBS is the location
awareness of the mobile device; and the obvious technology
for this purpose seems to be the GPS technology.

A closer look however reveals that GPS is not necessar-
ily the best choice for every kind of LBS. A major drawback
of GPS in context of LBS is that GPS usually requires a
line-of-sight (LOS) to the satellites. This LOS requirement,
however, may be contradicted by the typical use case of a
LBS, where the user shall get notified about the occurrence
of a certain location triggered event (“pushed LBS”) and
where the user therefore typically does not carry his device
to maintain LOS conditions, but carries it in her/his pocket,
backpack or in some case in a car. Thus, for these kinds
of services, the user-time coverage is the critical point. In
fact it has been shown that a typical user-time coverage of
GPS can be below 5% in worst case [1]. In this use case
the adoption of GPS would therefore not be preferred, be-
cause it makes the usage of the LBS inconvenient or even
impossible for the user. A second critical point is the power
consumption of the GPS receiver. Using it to constantly
track the mobile’s position will reduce the battery life time
of the mobile device. Finally it should be noticed, that the
high positioning accuracy that GPS provides – and which
is indeed inevitable for e.g. navigation and routing applica-
tions – is not required for every kind of LBS. There are LBS
which can be adopted with much lower accuracy. Examples
[2, 3] include social and infotainment applications (for exam-
ple “notification about nearby friends”), service applications

(show points of interest on a local map) or commercial ap-
plications (location based advertising, traffic analysis).

The conclusion from these considerations is, that for
LBS, where GPS-like accuracy is not absolutely required and
where user-time coverage is more important, GPS should be
replaced by a localization technology which is not dependent
on LOS conditions and which is less power consuming. In or-
der to make the adoption of the technology straightforward
it is also desirable to avoid intrusive software or hardware
changes on the mobile phone platform. These considerations
suggest cellular based localization. Cellular based localiza-
tion includes geometric approaches [4] based on received sig-
nal strength (RSS), time-of-arrival (TOA), time-difference-
of-arrival (TDOA) or angle-of-arrival (AOA), as well as fin-
gerprint methods [5], which use location dependent finger-
prints. While these methods can achieve reasonable accu-
racy, they all require the access to baseband measurements,
which, however, is usually not available to the application
developer on most smartphone platforms. An information
that can usually be obtained easily is the Cell-ID, the infor-
mation about the base transceiver station (BTS), the phone
is currently connected to.

Cell-ID localization means in the simplest case to esti-
mate the position of the mobile phone as the position of the
connected BTS [6]. Its accuracy therefore directly correlates
to the cell size of the current BTS and makes it the most
inaccurate among the cellular based localization approaches,
while being the only approach which is easy to implement
across different mobile platforms.

In this paper we analyze two approaches to increase the
accuracy of Cell-ID localization. The first approach is the
usage of multiple cross-provider Cell-IDs instead of only one
Cell-ID. As an example, additional Cell-IDs can become
available by means of cooperation effects in already estab-
lished MANETs, where a mobile phone collects the Cell-
IDs from those one-hop neighbours, that are connected to
different service providers[7]. Only one-hop neighbours are
considered, because the distance between those is limited
by the physical communication range and can be assumed
to be smaller than or in the order of the expected localiza-
tion accuracy. Another example would be dual-SIM mobile
phones, which are equipped with two simultaneously active
SIM cards, so that the mobile phone can be registered to
two different service providers at the same time. The second
approach is the inclusion of map matching into the localiza-
tion algorithm. The map matching algorithm is based on
matching a set of possible position candidates for each raw
position estimate. In order to select the best candidate from
each set, metrics, which depend on topological and geomet-
ric evaluation of previous and current position estimates, are
assigned to each candidate. Using these metrics, sequences
of “on street“ positions can be constructed, which show an
increased positioning accuracy. The developed map match-
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ing algorithm differs from traditional approaches, in that it is
capable of dealing with less accurate raw position estimates
and it is therefore considered as a robust map matching al-
gorithm.

This paper is organized as follows: In section 2.1 back-
ground on Cell-ID localization is presented followed by the
proposed cross-provider Cell-ID algorithm in Section 2.2.
Section 3 starts with a brief introduction to map matching
and then presents the developed map matching algorithm.
Results from field tests are presented in Section 4 and con-
clusions are drawn in Section 5.

2. CROSS-PROVIDER CELL-ID
LOCALIZATION

2.1 Cell-ID localization

The simplest method among cellular based localization
methods is the Cell-ID method: The position of the mobile
terminal is estimated as the position of its currently serving
BTS. As it only requires the extraction of the Cell-ID and the
knowledge about the location of the BTS, it is easy to imple-
ment on common smartphone platforms and does not require
any intrusive software changes. Its drawback however is the
accuracy, which is lower than that of range-, direction- or
fingerprint-based methods. The accuracy directly depends
on the cell size, which may vary depending on the environ-
ment from a few hundred meters up to 20−25km. It should
be noted that in context of localization for LBS, which typ-
ically takes place in urban, suburban or highway scenarios,
the cell size is at most in range of a few kilometers, usually
much smaller. Another point that degrades the performance
is the fact that the mobile phone is not necessarily always
connected to its closest BTS [6].

It is well-known that incorporation of multiple connec-
tivity informations can increase positioning accuracy. In the
following section we thus analyze how cross-provider con-
nectivity information, i.e. multiple Cell-IDs from different
providers, can be used to improve the positioning perfor-
mance. The resulting range-free, handset-based algorithm is
formulated in terms of a Kalman filter.

2.2 Cross-provider Cell-ID localization

Assume a mobile terminal at position (x(i), y(i)) with ve-
locity (vx(i), vy(i)), which has access to N Cell-IDs from
different BTS at locations (xBTS,j , yBTS,j), j = 1 . . . N . A
state space model is then formulated as

x(i) = Φx(i− 1) +Θw(i), (1)

y(i) = Hx(i) + n(i), (2)

where the vectors x(i) = [x(i), y(i), vx(i), vy(i)]
T and

y(i) = [xBTS,1(i), . . . xBTS,N (i), yBTS,1(i), . . . yBTS,N (i)]T

denote position and velocity of the terminal and positions of
the BTS at time instant i. The transition matrix Φ and the
measurement matrix H are given as

Φ =





1 0 ∆t 0
0 1 0 ∆t
0 0 1 0
0 0 0 1



 , H =
[

eN 0N×1 0N×2

0N×1 eN 0N×2

]

,

where ∆t is the sampling time and eN is the column vec-
tor consisting of N ones. The scrambler matrix Θ incor-
porates the sampling time into the velocity noise w(i) =

[wx(i)wy(i)]
T ,

Θ =

[

02×2

∆t 0
0 ∆t

]

,

so that the process covariance is given as Q =
ΘE{w(i)wT (i)}ΘT . The measurement covariance is taken
as R(i) = E{n(i)nT (i)}. Given this state-space model it
is straightforward to apply a Kalman filter to estimate the
position and velocity of the terminal. As usually there is a
prediction step for the state x(i) and the covariance P(i),

P
−(i) = ΦP

+(i− 1)ΦT +Q, (3)

x
−(i) = Φx

+(i− 1), (4)

and a correction step,

K(i) = P
−(i)HT

(

HP
−(i)HT +R(i)

)

−1
(5)

P
+(i) = P

−(i)−K(i)HP
−(i) (6)

x
+(i) = x

−(i) +K(i)
(

y(i)−Hx
−(i)

)

, (7)

where K(i) is the Kalman gain. Estimated position and
velocity are given as the a posteriori state estimate x+(i).

The process and measurement covariances are written as

Q = ∆t2σ2
[

02×2 02×2

02×2 I2×2

]

, R(i) =

[

R′(i) 02×2

02×2 R′(i)

]

,

where R′(i) = diag(r21(i), . . . , r
2
j (i), . . . r

2
N (i)). The pro-

cess variance σ2 is a design parameter, which controls the
smoothing of the state estimation; for the measurement vari-
ances the squared cell size is used, where the cells are as-
sumed to have circular shape around the BTS. As we only
know the positions of the BTS and the sizes are generally
unknown, we approximate the rj(i) as half of the distance
between the current and the previously connected BTS. Al-
though both this approximation and the circular cell size as-
sumption are certainly quite coarse, our experiments showed
that they improve the filter’s performance in case of small
cells (urban scenario) compared to choosing all rj(i) identi-
cally. For larger cell sizes (suburban and highway scenarios)
the improvement is only marginal.

To justify that the choice of state space model and
Kalman filter are reasonable, it is instructive to analyze how
the filter behaves in case the modeling of the mobile’s dy-
namics is dropped. Thus setting σ2 → ∞ and starting with
an arbitrary P+(0) = I, at time instant i = 1, the predicted
state covariance becomes P−(1) = Q. Putting this into (5)
and (6) results in

K(1) =
(

H
T
R

−1(1)H
)

−1
H

T
R

−1(1) and

P
+(1) = (I−K(1)H)P−(1)

=
(

I−
(

H
T
R

−1(1)H
)

−1
H

T
R

−1(1)H
)

P
−(1)

= 0,

where the identity

K(i) = P
−(i)HT

(

HP
−(i)HT +R(i)

)

−1

=
(

H
T
R

−1(i)H+ (P−(i))−1
)

−1
H

T
R

−1(i)

has been used. For all consecutive steps, i → ∞, it holds
K(∞) = K(1) and (7) becomes

x
+(i) = x

−(i) +K(∞)
(

y(i)−Hx
−(i)

)

=
(

H
T
R

−1(i)H
)

−1
H

T
R

−1(i)y(i). (8)

It is now easy to see that (8) is the generalized least squares
estimator with weighting matrix R−1(i), thus it is also the
best linear unbiased estimator.
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The structure of H allows further simplification of (8) to

x
+(i) =





















1
N
∑

j=1

r
−2

j
(i)

N
∑

j=1

r−2
j (i) xBTS,j(i)

1
N
∑

j=1

r
−2

j
(i)

N
∑

j=1

r−2
j (i) yBTS,j(i)

02×1





















and it can be seen that the filter reduces to a weighted cen-
troid algorithm in case of unmodelled dynamics. We finally
note that for unknown cell radii, i.e. setting all r2j (i) identi-
cal, it further simplifies to the well known centroid algorithm
([8, 9]):

x
+(i) =

[

1

N

N
∑

j=1

xBTS,j(i),
1

N

N
∑

j=1

yBTS,j(i), 0
T
2×1

]T

Thus the proposed algorithm is essentially a weighted cen-
troid algorithm, but extended by a motion prediction model.

3. ROBUST MAP MATCHING

3.1 Overview

The Kalman filter delivers raw position estimates based on
the available Cell-IDs. As it usually can be assumed, that
the user moves on streets, whether be it in a vehicle or by
foot, we can use street map data to introduce a constraint on
the raw positions and to improve the positioning accuracy.
This task is called map matching.

In general, map matching[10] is the problem of finding
the best path on street for a given series of position estimates.
It is limited by the inaccuracy of the raw position estimates
and street map data. In a map matching algorithm usually
three steps are involved: In the first step a candidate set of
possible street segments or street trajectories is identified us-
ing the data delivered by the position estimator; these data
include the raw position itself and optionally confidence, di-
rection or velocity informations. The second step consists in
finding the best of the candidates. This can be accomplished
for example by using geometric, topological or probabilistic
[10, 11, 12] measures. The final position estimate is found by
projecting the raw position to the selected street segment.
For a more detailed overview on map matching techniques,
the reader is referred to [13].

When considering the application of map matching to
Cell-ID localization, it is first of all important to realize that
most work in the field of map matching is tailored to GPS
localization and that there are major differences between
the quality of GPS and Cell-ID-based position estimation:
Firstly the positioning accuracy of Cell-ID localization is
lower. Secondly, the GPS error is known to be correlated
in time [14], i.e. it is possible to construct reasonable trajec-
tories from series of position estimates even if the positions
themself are less accurate. For the Cell-ID algorithm used
in this work, the position estimates are only slightly corre-
lated, depending on the choice of the Kalman filter’s process
variance σ2. That means, similarity metrics based on esti-
mated trajectories can hardly be used and, additionally, the
estimated headings and velocities are coarse. Therefore, the
map matching algorithm presented in this paper puts less
focus on the distance of the map matched position estimates
to the raw estimates. Instead, the objective is to construct
a reasonable, shortest route with respect to estimated po-
sitions and topological measures. Estimated velocity and
heading are only used for a very coarse prefiltering in some
cases. The following section describes the proposed algo-
rithm.

3.2 Algorithm

Given the a posteriori state estimate of the Kalman filter as
input data, the map matching algorithm at each time instant
i consists of the following three steps:

1. Identify a candidate set of size L with possible matched
points on street.

2. Assign a metric Mj(i) to each candidate j = 1 . . . L.
3. Find the candidate with minimum metric and select its

predecessor at time instant i− τ as final matched point.

The steps are described in detail in the following:

3.2.1 Candidate set

The candidate set C(i) is formed by generating L perpendic-
ular projections of the raw position estimate to segments of
the street network. The candidate points have to meet two
conditions:

• The distance measured on street between each pair of
candidates is greater than a design parameter ∆s, which
should be selected smaller for a more dense street net-
work.

• The direction of the corresponding street segment is
∈ [φ(i)−∆φ(i), φ(i)+∆φ(i)], where φ(i) is the estimated
direction computed from the estimated velocity compo-
nents vx(i) and vy(i). The tolerance ∆φ(i) is adaptively
assigned at each time instant as

∆φ(i) =

{

∆φ if
√

v2x(i) + v2y(i) > vT
π else,

(9)

where the correlation of higher velocity and more reli-
able estimated heading is used (cf. [15]): the filtering is
only effective if the estimated absolute velocity is greater
than a threshold vT . As mentioned in the previous sec-
tion, the velocity estimate and therefore the estimated
heading φ(i) is quite coarse, because it is only based on
cell transitions. So ∆φ is set very conservatively to pi/2
in this work in urban environments. This means that the
main effect of this prefiltering is to remove oneway streets
and to match on the correct side of two-lane roads. In
suburban and highway environment, where the accuracy
of φ(i) is lower due to larger cells and less cell transi-
tions, it is not used as it tends to remove correct street
segments.

3.2.2 Metric

A metric Mj(i) is assigned to each candidate point j at time
instant i as follows:

a) The set of predecessors P j(i) of j is formed by those
elements p ∈ C(i − 1) that can be reached from j with

on-street distance d
(j,p)
s < ∆d.

b) For each p ∈ P j(i) a branch metric is computed as

µ(j,p) = (1 + α r(p)) d(j,p)s , (10)

where α is a design parameter and r(p) ∈ [0, 1] is the
distance of p to its corresponding raw position estimate
relative to the other candidates in C(i−1). This relative
distance is computed as

r(p) =
d(p) − dmin

dmax − dmin

, (11)

with dmin and dmax being the minimum and maximum
distances of candidate points in C(i − 1) to the raw es-

timate (x(i− 1), y(i− 1)) and d(p) the distance of p to
(x(i− 1), y(i− 1)).
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c) The metric Mj(i) is computed as

Mj(i) = min
p

λMp(i− 1) + (1− λ)µ(j,p), (12)

where λ ∈ [0, 1) is a design parameter. Additionally the
best predecessor pBest is stored for the traceback step.
Thus the metric Mj(i) depends on the on-street-distance
between the candidate j and its best predecessor and on
the relative distance of the predecessor to its raw posi-
tion estimate. The parameter α ≥ 0 is used to weight
between both measures; if the accuracy of the raw posi-
tion estimate is expected to be lower, then a smaller value
α should be used to reduce to influence of the raw po-
sition estimates in favor of constructing a shortest route
through the street network. The forgetting factor λ re-
sults in an exponential window, which controls how many
previous metrics have impact on the current metric. In
this work λ = 0.9 has been used, which corresponds to
an effective influence of about the past 9 estimates.
We note that for the special case α = 0 and λ = 1, the
algorithm would result in finding a shortest path through
a graph, where the nodes and vertices are defined by the
candidate points and on-street connections between can-
didate points of consecutive time instants, respectively.

d) Besides the metric Mj(i) the number of predecessors
Nj(i) is used as an additional measure. For a candidate
j it is computed as

Nj(i) = NpBest
(i− 1) + 1, (13)

where

pBest = argmin
p

λMp(i− 1) + (1− λ)µ(j,p). (14)

It can intuitively be seen, that a candidate with small
Nj(i) is not likely a correct point. On the other hand,
in the ideal case, where the candidate set covers the true
street in every time step and the parameter ∆s is chosen
large enough, it should hold that Nj(i) = i.

If P j(i) is found to be empty in step a), the steps b)-d) are
skipped and

Mj(i) = ∞ and Nj(i) = 0. (15)

3.2.3 Select and Traceback

From all L candidates at time instant i the best one jBest(i)
is selected as

jBest(i) = argmin
j

{Mj(i) | Nj(i) > ∆p} . (16)

If no candidate satisfies Nj(i) > ∆p, jBest is selected as

jBest = argmax
j

Nj(i). (17)

Finally in the case where Nj(i) = 0 ∀ j and thus no previ-
ous information can be used, jBest is selected as the point
with shortest distance to the raw estimate. This case should
however only occur if the algorithm is (re-)initalized.

The final position estimate is given by tracing τ steps
back from the jBest using the best predecessor in each step,
which causes a delay in the position estimate of ∆t · τ . The
selection of τ is thus a trade-off between robustness (larger
τ) and real-time requirements.

Table 1: Summary of algorithm parameters.

Settings

Description Urban Suburban Highway

Kalman filter parameters:

σ Kalman process cov. 1e-10 deg/s2

R
′(i) Measurement cov. adaptive

∆t Sampling time 4s

Map matching parameters:

L Number of Candidates 10

∆φ Dir. prefilter tolerance π/2 - -

vT Velocity threshold for 30km/h - -

direction prefilter

∆s Minimum distance-on- 100m 200m 500m

street betw. candidates

∆d Maximum on-street- 1000m

distance to predecessor

∆p Required number of 9

predecessors

λ Forgetting factor 0.9

α Weighting factor 2.0 1.1 1.1

τ Traceback depth 15 7 7

4. RESULTS FROM FIELD TESTS

To assess the performance of the algorithm, field measure-
ments using four handsets forming a WLAN-based MANET
have been carried out. All four nodes were registered to dif-
ferent GSM network providers. During the tests, all nodes
were in one vehicle which covered a distance of about 300km
in urban, suburban and highway environments. This re-
sulted in about 14k Cell ID samples. A GPS device con-
nected to the head-node has been used to provide reference
measurements. Vectorized street map data has been taken
from the OpenStreetMap project; the completeness of these
data has been visually verified for the considered terrain.
The parameters of the algorithm are summarized in Table
1. An adaption of the terrain dependent parameters is done
based on observed cell sizes.

The results are presented in Table 2, where the mean
error and the 90%-error (”In 90% of the cases, the error is
smaller than x.“) are given in meters for urban, suburban
and highway terrain. For the cases where 2 and 4 cross-
provider Cell-IDs are used, the mean error of the raw posi-
tion estimate, of a simple point-to-point matching (marked
as ”Smpl.“), which just matches the raw position to the clos-
est point on a street, and of the proposed robust matching
algorithm (”Rob.“) are given; additionally the result of the
localization based on one single Cell-ID at a time is given.

From these figures, we get the following important re-
sults:

• The positioning accuracy is improved, if the number of
used cross-provider Cell-IDs is increased. It is interest-
ing to compare this result to the results from [1], where
the authors point out that the usage of multiple neigh-
bour Cell-IDs (i.e. single-provider) does not necessarily
increase the performance in all cases.

• Simple point-to-point matching does not help to improve
the accuracy, as it leads to too many wrong matches.

• The proposed robust map matching algorithm, which
puts more focus on finding matches on a continuous ap-
proximated shortest path, can however improve the po-
sitioning accuracy for both the 2 and 4 Cell-ID case even
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Table 2: Results in terms of mean error and 90%-error in meters.
Mean error 90% error

No. Cells 1 2 4 1 2 4

Algor. Raw Raw Smpl. Rob. Raw Smpl. Rob. Raw Raw Smpl. Rob. Raw Smpl. Rob.

Urban 209 158 157 145 135 132 106 495 369 354 309 340 232 207

Suburban 682 458 456 444 428 428 386 1429 870 874 931 881 875 835

Highway 734 597 600 551 556 555 487 1508 1150 1157 1109 1044 1040 1002

for these relatively coarse position estimates.
• The obvious fact, that the cell sizes correlate with the

positioning error, is clearly also reflected in these results,
where urban environment, with smallest cell size, shows
the highest accuracy.

To give a visual impression of these results, Fig. 1 shows
a part of the test route for the highway case. The reference
GPS path is plotted along with the raw position estimates,
the point-to-point matched positions and the positions re-
sulting from the robust map matching algorithm. It can be
seen, that for this part, the proposed algorithm matches all
raw positions to the true path. It however also becomes
clear that this does not necessarily mean, that the position-
ing error goes to zero: Although the right street segment is
obtained, there is still ”temporal shift” between these esti-
mates and the true positions, which results in the remaining
error. The reason for this is the principle of the proposed
Kalman filter based algorithm, whose position estimates tend
towards the centroids of the connected cells and are therefore
not equally distributed.

5. CONCLUSIONS

The key to LBS is the position estimation of the user. That
the GPS technology is not necessarily a feasible choice for
this task and that cellular based approaches can be a suit-
able alternative, if user-time coverage is critical and location
accuracy is less important, has been argued in this paper.
For the simplest among these approaches, the Cell-ID local-
ization, it has been shown, that significant improvements in
terms of accuracy can be achieved by using multiple cross-
provider connectivity data and robust map matching. Even
though its lower accuracy compared to GPS, a continuous
usertime coverage qualifies it for LBS in the field of e.g. so-
cial or infotainment applications.
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ABSTRACT 
This paper presents an approach for effectively implementing 
adaptive FIR-IFIR filters using the LMS algorithm. The 
motivation of such an approach is to use IFIR filters with removed 
boundary effect aiming to eliminate the loss of performance 
arisen from the FIR-IFIR combination for echo cancellation 
applications. Thereby, an algorithm with a better trade-off 
between performance and computational complexity is obtained 
as compared with other FIR-IFIR approaches. Numerical 
simulation results are presented attesting the effectiveness of the 
obtained algorithm. 
  

1. INTRODUCTION 

The interpolated FIR (IFIR) filter is a reduced-complexity FIR 
implementation especially effective to realize FIR filters with 
impulse responses presenting smooth and predictable 
characteristics [1]. The low computational complexity of IFIR 
filters is obtained by implementing an FIR filter using a cascade 
structure composed of a sparse FIR filter, with reduced number of 
coefficients, and an interpolator. Such a reduced number of 
coefficients is particularly interesting for adaptive applications 
wherein, besides the filtering operation, the filter coefficients are 
updated at each iteration. In this context, a large variety of 
adaptive implementations of IFIR filters have been considered for 
different applications, such as active noise control [2], [3], audio 
processing in digital hearing aids [4], and interference suppression 
in CDMA systems [5]. Hybrid structures comprising FIR and 
IFIR filters have also been considered successfully for some other 
applications, such as echo cancelling in DSL systems [6]-[8] as 
well as echo and near-end crosstalk (NEXT) cancelling in 
10GBASE-T Ethernet systems [9]. The effectiveness of such 
hybrid FIR-IFIR approaches arises from the characteristics of the 
echo and NEXT responses discussed in [6]-[9]. For instance, the 
typical echo response of some DSL systems exhibits a short and 
rapidly changing head section along with a long and slowly 
decaying tail segment, as illustrated in Figure 1 [6], [7]. Such a 
tail segment with smooth characteristics can be effectively 
modeled using an IFIR filter aiming to cancel the corresponding 
echo using less computational resources, whereas a conventional 
FIR filter is required to deal with the irregular head section. 
Additionally, for the cases described in [8], the tail segment can 
be split into smaller segments to allow the use of multiple IFIR 
echo cancellers with different sparseness characteristics. In the 
case of the echo and NEXT cancelling in 10GBASE-T Ethernet 
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systems, described in [9], responses with characteristics 
comparable to those of the response shown in Figure 1 are 
observed. As a result, FIR-IFIR as well as three-stage IFIR-FIR-
IFIR filters are considered. 

The hybrid FIR-IFIR structure has been originally proposed in 
[6], focusing exclusively on the use of the IFIR part of the 
structure for cancelling the tail echo in DSL systems. However, 
the difficulties arisen from simultaneously using an FIR and an 
IFIR filter, for cancelling, respectively, the head and the tail echo, 
are not discussed in [6]. The most important among such 
difficulties is a distortion that arises from the FIR-IFIR impulse 
response as a consequence of an undesirable characteristic of 
ramp shape observed in the initial part of the IFIR impulse 
response [7]. Therefore, the tail echo is not cancelled properly and 
the performance of the complete FIR-IFIR echo canceller is poor. 
Aiming to solve the implementation issues neglected in [6], 
another approach to implement FIR-IFIR filters is presented in 
[7]. In this case, the length of the FIR impulse response is 
increased to produce an overlapping with the beginning of the 
IFIR impulse response. Thus, the FIR filter compensates for the 
distortion caused by the IFIR filter and a better performance is 
obtained. However, the cost to attain such a performance is an 
increase in computational load mainly due to the memory-size 
increase of the FIR filter. In the case of the FIR-IFIR echo and 
NEXT cancellers from [8] and [9], the difficulties arisen from the 
FIR-IFIR association are handled as in [6] and [7]. 

Contributing in this scope, a new approach for implementing 
FIR-IFIR filters is proposed. Such an approach is based on 
removing the undesirable initial part (of the IFIR impulse 
response) instead of compensating it increasing the memory size 
of the FIR part. By doing so, new procedures for implementing 
IFIR filters are developed considering the boundary effect 
removal techniques described in [10] and [11]. Such procedures 
are designed in line with the FIR-IFIR applications, resulting in 
IFIR implementations with smaller computational complexity 
than those from [10] and [11]. With no loss of generality, this 
paper is focused on the two-stage FIR-IFIR structures introduced 
in [6] and [7]. The application of the results obtained for the FIR-
IFIR structures presented in [8] and [9] is straightforward and 
briefly described. 

This paper is organized as follows. In Section 2, the FIR-IFIR 
approaches are described, focusing on the role of the boundary 
effect. In Section 3, a novel approach for implementing FIR-IFIR 
filters with removed boundary effect is presented and its 
computational cost is reported. Numerical simulation results are 
presented in Section 4, aiming to attest the effectiveness of the 
proposed approach. Finally, Section 5 presents the conclusions of 
this research work. 
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Figure 1 − Typical echo response in DSL systems. 

2. FIR-IFIR STRUCTURES 

The block diagram of an FIR-IFIR structure is presented in 
Figure 2 [6], [7]. In this figure, hw  represents the FIR filter and 

t ,w  the IFIR filter. Variables ( )x n  and ( )y n  denote, 

respectively, the input and output signals, and ,Dz−  a delay of D  
samples. The latter is used to align the filter responses by 
enforcing the beginning of the response of tw  at the end of the 
response of hw . The choice of such a delay parameter is a 
function of the specific application characteristic. 

Σ
( )x n ( )y n

+
+

hw

twDz−
 

Figure 2 − Block diagram of an FIR-IFIR structure. 

As previously mentioned, the FIR-IFIR structure has been 
originally proposed in [6] focusing on the behavior and 
performance of the IFIR part of the structure (IFIR filter tw ). 
Such a filter is composed of an interpolator g  cascaded with a 
sparse filter tsw  [6], [10]. The interpolator g  has a memory size 
M  and a coefficient vector given by 

 T[ (0) (1) ( )] .g g g M=g  (1) 

The sparse filter tsw  has a memory size N  and the following 
coefficient vector: 

 ts t t t
T

t ts

{ (0) 0 ( ) 0 (2 ) 0
[( 1) ] 0 0}

w w L w L
w N L

=
−

w  (2) 

where ts [( 1) ] 1N N D L= − − +  is the number of nonzero 
coefficients in tsw  and ,L  the interpolation or sparseness factor 
[10]. The memory size M  of the interpolator is usually given as a 
function of the interpolation factor [10]. Thus, 

 ( ) 2 1.M L L= −  (3) 

The equivalent coefficient vector of the IFIR filter t ,w  which 
corresponds to its impulse response, is given by [10] 

 t ts=w Gw  (4) 

where 

 

(0) 0 0 0
(1) (0) 0 0
(2) (1) (0) 0

( 1) ( 2) ( 3) (0)
0 ( 1) ( 2) (1)
0 0 ( 1) (2)

0 0 0 ( 1)

g
g g
g g g

g M g M g M g
g M g M g

g M g

g M

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥

= ⎢ ⎥− − −
⎢ ⎥− −
⎢ ⎥−⎢ ⎥
⎢ ⎥
⎢ ⎥−⎣ ⎦

G  (5) 

is a convolution matrix with dimension 1N M N+ − ×  formed 
from g  [10]. For instance, considering a case with 7N =  and 

2,L =  one has 3,M =  T[ (0) (1) (2)] ,g g g=g  ts t[ (0) 0w=w  
T

t t t(2) 0 (4) 0 (6)]w w w  and an equivalent coefficient vector 
given by 

 
t t t t t

t t t t
T

t t t t

{ (0) (0) (1) (0) [ (2) (0) (0) (2)]
(1) (2) [ (2) (2) (0) (4)] (1) (4) 
[ (2) (4) (0) (6)]  (1) (6) (2) (6) } .

g w g w g w g w
g w g w g w g w

g w g w g w g w

= +
+

+

w
 (6) 

Now, considering the use of a linear interpolator with 
T[0.5 1 0.5]=g , (6) is rewritten as  

t t t t t t t t

T
t t t t t

[0.5 (0) (0) 0.5 (0) 0.5 (2) (2) 0,5 (2) 0,5 (4)  

(4) 0.5 (4) 0.5 (6) (6) 0.5 (6)] .

w w w w w w w

w w w w w

= + +

+

w

(7) 

By comparing (2) and (7), one can note that [10], [11]: (i) the 
coefficients from the sparse filter tsw  are replicated in tw ; (ii) 
the zeroed coefficients in tsw  are recreated in tw  (boxed ones); 
and (iii) new coefficients (underlined) arise as a boundary effect. 
Due to such an effect, the impulse response of an IFIR filter 
exhibits transient responses decaying to zero at the beginning and 
at the end of the equivalent coefficient vector tw , as described in 
[7]. This characteristic becomes evident as an arbitrary sparse 
coefficient vector T

ts [0.5 0 0.38 0 0.4 0 0.45]=w  is applied in 
(7). Thereby, one obtains a vector whose coefficients are 
illustrated in Figure 3, with the boundary effect highlighted 
through dashed lines. Such a decaying-to-zero characteristic of the 
boundary effect plays an important role when FIR and IFIR filters 
are associated, aiming to obtain FIR-IFIR structures. For instance, 
by using these structures for modeling the DSL echo response 
shown in Figure 1, the impulse response illustrated in Figure 4 is 
obtained. From this figure, one observes a significant mismatch 
between the echo response being modeled (gray line) and those 
obtained using the FIR (dotted line) and IFIR (dashed line) filters. 
As a consequence, a poor performance is obtained as using an 
FIR-IFIR echo canceller. Another approach for implementing 
FIR-IFIR filters aiming to overcome the drawbacks caused by the 
boundary effect is presented in [7]. Such an approach is based on 
increasing the memory size of the FIR filter for overlapping its 
impulse response with the part of the IFIR response corresponding 
to the boundary effect, as illustrated in Figure 5. Thus, some 
coefficients of the FIR filter are used to offset the distortion 
caused by the boundary effect in the FIR-IFIR response. Despite 
the very good performance obtained by using the FIR-IFIR 
approach from [7], an important increase in the computational 
burden is verified mainly due to the memory-size increase of the 
FIR filter. Moreover, from the results presented in [7], one 
observes that the memory size of the interpolator must also be 
increased to ensure a satisfactory performance of the algorithm. 

n

h(n)

head 
tail 
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For instance, in the case with an interpolation factor 4,L =  an 
interpolator with 23 coefficients must be used, whereas only 7 
interpolator coefficients would be usually required [see (3)]. Such 
an increase in memory size of the interpolator also implies an 
increase in computational burden. In addition, a reduction in the 
convergence speed of the adaptive algorithm due to the 
overlapping of the FIR and IFIR impulse responses is verified in 
[7], being such a reduction mitigated by setting some coefficients 
of the FIR filter to zero in the overlapping region [7]. In [8] and 
[9], other FIR-IFIR structures are introduced based on interesting 
strategies for reducing the computational burden in some specific 
applications. Concerning the distortion caused by the boundary 
effect, both these works adopt approaches similar to those 
presented in [6] and [7]. 

0 2 4 6 8
Sample index, k

0

0,2

0,4

0,6

(  
)k

tw

 
Figure 3 − Impulse response of an IFIR filter with the boundary 
effect highlighted using dashed lines. 

 
Figure 4 − Impulse response of the FIR-IFIR structure proposed in 
[6]. 

 
Figure 5 − Impulse response of the FIR-IFIR structure proposed in 
[7]. 

3. FIR-BIFIR APPROACH 

Aiming to eliminate the distortion caused by the IFIR boundary 
effect in FIR-IFIR structures without increasing the computational 
burden, a novel approach for implementing FIR-IFIR filters is 
proposed. The idea here is to consider the particular 
characteristics of the applications of FIR-IFIR filters to develop 
new IFIR implementations based on IFIR filters with removed 
boundary effect [10], [11]. For instance, one important 

characteristic of the DSL echo responses, described in [6] and [7], 
is that the tail end always decays to zero (see Figure 1). As a 
consequence, the IFIR boundary effect at the end of the filter 
response does not present an important influence on modeling the 
echo response, which can be observed in Figures 4 and 5. Thus, 
the removal of the boundary effect is only required at the 
beginning of the IFIR response. With this aim, an IFIR 
implementation with removed boundary effect (BIFIR) is 
developed by modifying the procedure described in [10]. Thereby, 
one has a coefficient vector as in (2) and an input vector given by 

 T T
tb b t( ) ( )n n′ =x G T x  (8) 

where G  is given by (5), the modified transformation matrix bT  
is defined as 

 b

1 columns 1 columns

0 0 1 0 0
0 0 0 1 0
0 0
0 0 0 0 1

L N L− + −

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

T  (9) 

and the input vector t ( )nx  is given by 

t
T

( ) [ ( ) ( 1)
( 2) ( 2)] .

n x n D x n D
x n D x n N L D

= − − −
− − − − − +

x
   (10) 

From (2) and (8), the input-output relationship of the BIFIR filter 
is written as 
 T

t ts tb( ) ( ).y n n′= w x  (11) 

Now, since the BIFIR filter no longer presents a boundary effect, 
the memory of the FIR filter does not need to be increased to 
compensate for such effect as in [7]. Thus, the memory size of the 
FIR filter is now equal to the delay D  and its coefficient vector is 
then given by 
 T

h h h h h[ (0) (1) (2) ( 1)] .w w w w D= −w  (12) 

Moreover, the corresponding input vector is 

 T
h ( ) [ ( ) ( 1) ( 2) ( 1)]n x n x n x n x n D= − − − +x  (13) 

which results in the following input-output relationship: 

 T
h h h( ) ( ).y n n= w x  (14) 

The proposed FIR-IFIR implementation, comprising FIR filters 
and IFIR ones with removed boundary effect (BIFIR), is termed 
here FIR-BIFIR and its impulse response, in the context of a DSL 
echo cancellation problem, is illustrated in Figure 6.  

In adaptive applications of FIR-IFIR filters, due to 
computational complexity constraints, the LMS algorithm [12] is 
usually considered for coefficient updating. Thus, the LMS update 
equations for an FIR-BIFIR adaptive filter are given by 

 h h h h( 1) ( ) 2 ( ) ( )n n e n n+ = + μw w x  (15) 
and [13] 
 ts ts t tb( 1) ( ) 2 ( ) ( )n n e n n′+ = + μw Pw Px  (16) 

where hμ  and tμ  are the step-size parameters and 

 h t( ) ( ) ( ) ( ) ( ) ( )e n d n y n d n y n y n= − = − −  (17) 

is the error signal with ( )d n  denoting the signal with echo. In 
(16), P  denotes a projection matrix [13] enforcing the sparse 
coefficient vector ts ( )nw  to maintain its sparseness after each 
update. 

FIR
IFIR
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FIR
IFIR

n
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Figure 6 − Impulse response of the proposed FIR-BIFIR structure. 

The FIR-BIFIR approach proposed here can also be applied to 
the FIR-IFIR structures presented in [8] and [9]. With this aim, 
one needs to take into account the parts of the echo response that 
decay to zero aiming to develop a well suited BIFIR 
implementation similar to that previously presented. For instance, 
in the case of the echo canceller presented in [9], an IFIR filter is 
used to model a part of the echo response whose initial segment 
decays to zero. In this case, the boundary effect must be removed 
only at the end part of the IFIR response. Thus, considering a 
memory size N  and an interpolation factor L , the resulting 
BIFIR filter has a coefficient vector given by (2) and its input 
vector is 
 T T

te e t( ) ( )n n′ =x G T x  (18) 

where G  is given in (5), t ( )nx  in (10), and eT  is defined as 

 e

1 columns 1 columns

1 0 0 0 0
0 1 0 0 0 .0 0
0 0 1 0 0
N L L+ − −

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

T  (19) 

For this case, the LMS update is performed similarly to (16).  

3.1. Computational Complexity 
As discussed in [10], the BIFIR implementation results in an 
increase of 2 2L −  operations per sample as compared with the 
conventional IFIR one. However, in the modified BIFIR 
implementation developed here, only the boundary effect either at 
the beginning or at the end of the filter response is removed. As a 
result, 2 2L −  fewer operations per sample are required and the 
computational cost becomes the same as for implementing the 
conventional IFIR filter. The computational complexity required 
to implement an FIR-BIFIR filter adapted by the LMS algorithm 
using (15) and (16) (in terms of the number of operations per 
sample) is presented in Table 1. With the purpose of comparing 
the FIR-BIFIR implementation with the other FIR-IFIR ones in 
terms of computational burden, we consider here the setup used in 
[7] to obtain the simulation results. Thus, one has an FIR-IFIR 
structure with 250,N =  4,L =  31,D =  an FIR filter with 50 
coefficients and an interpolator with 23 coefficients. For the 
FIR-BIFIR filter, we consider 250,N =  4L =  and 31,D =  
which results in an FIR filter with 31D =  coefficients and an 
interpolator with 7M =  coefficients. Table 2 presents (for the 
considered case) a comparison of complexity between the 
conventional FIR, FIR-IFIR from [6], FIR-IFIR from [7], and the 
proposed FIR-BIFIR implementation. From this table, we verify a 
considerable reduction of complexity in favor of the FIR-IFIR 
approaches in comparison with the FIR filter. In addition, the 

proposed FIR-BIFIR approach presents the same computational 
complexity as the FIR-IFIR from [6] and a complexity reduction 
of almost 20% in comparison with the FIR-IFIR from [7]. 

TABLE 1 
NUMBER OF OPERATIONS PER SAMPLE REQUIRED FOR IMPLEMENTING A 

FIR-BIFIR FILTER ADAPTED USING THE LMS ALGORITHM 
 FIR filter hw  BIFIR filter tw  
 Filtering Update Filtering Update 

Multiplications D  D  tsM N+  tsN  

Sums 1D −  D  ts 2M N+ −  tsN  

TABLE 2 
COMPLEXITY COMPARISON BETWEEN FIR, FIR-IFIR AND FIR-BIFIR 

FILTERS WITH 250,N =  4,L =  AND 31D =  

 Operations per 
sample 

Relative 
percentages 

FIR 999 100%  
FIR-IFIR [6] 355 35.5%  
FIR-IFIR [7] 443 44.3% 100% 
FIR-BIFIR (proposed) 355 35.5% 80.1% 

4. SIMULATION RESULTS 

Aiming at a performance evaluation of the FIR-BIFIR 
implementation as compared with the FIR-IFIR approaches from 
[6] and [7], numerical simulation results are now presented. Such 
FIR-IFIR implementations are applied aiming at an echo 
cancellation problem whose impulse response, shown in Figure 7, 
presents characteristics similar to the echo responses considered in 
[7]. The memory size, interpolation factors, and delay values are 
the same as in the previous section. The performance of the filters 
are evaluated in terms of the echo return loss enhancement 
(ERLE), defined as [7] 

 
2

10 2
[ ( )]ERLE 10log
[ ( )]

E d n
E e n

=  (20) 

where ( )d n  is the signal with echo and ( ),e n  the error signal 
with the echo canceled. The ERLE curves are obtained from 
Monte Carlo simulations (average of 100 runs). Similar to [7], the 
line code of the input signal is 16-PAM.  
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Figure 7 − Echo impulse response of a DSL system. 

Simulation results are presented in Figure 8. Figure 8(a) 
shows the results obtained using the strategy for choosing the 
step-size parameter described in [7]. Thus, the total interval is 
divided into five stages and, for each stage, the step size is halved. 
The initial value for the step size is equal to a critical value critμ  

FIR
BIFIR 

n

h(n)
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that ensures the stability of the algorithm (experimentally 
obtained). In addition, Figure 8(b) presents the results obtained by 
using critμ  during the whole interval, whereas Figure 8(c) shows 
the results obtained using different step-size values for the FIR 
and IFIR filters from the FIR-IFIR and FIR-BIFIR structures. 
From these results, we observe very good performance of the 
proposed FIR-BIFIR structure in comparison with the other 
FIR-IFIR structures. 
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Figure 8 − ERLE Curves (average of 100 runs). 

5. CONCLUSIONS 

In this work, a novel approach for implementing FIR-IFIR filters 
has been presented. In comparison with the other FIR-IFIR 
approaches available in the literature, the proposed approach 
presents a better performance as well as a computational cost 
equal to that of the concurrent implementation having smaller 
computational cost. Numerical simulation results are presented 
corroborating the effectiveness of the proposed approach. 
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ABSTRACT 

This paper presents a statistical analysis of the Pseudo-

Affine Projection (PAP) adaptive algorithm when the order 

of the PAP algorithm is smaller than the order of the autore-

gressive (AR) input process. Deterministic recursive equa-

tions are derived for the mean weight and mean-square er-

ror behavior. Monte Carlo simulations show good agree-

ment with the theoretical predictions in steady-state and 

during transient. These results are of special interest in 

practical applications where the computational complexity 

prevents implementation of the sufficient order PAP algo-

rithm for high order AR inputs. 

1. INTRODUCTION 

The Affine Projection (AP) adaptive algorithm [1] is nowa-

days recognized as an attractive alternative to speed up con-

vergence of gradient-based algorithms such as LMS and 

NLMS. The AP algorithm applies weight updates in direc-

tions that are orthogonal to the last P input vectors. This 

decorrelates the input signal and speeds up convergence [2]. 

The improved transient performance comes at the cost of 

increased computational complexity and steady-state misad-

justment. 

A simplified version of the AP algorithm has been proposed 

in [3]. The pseudo-AP (PAP) adaptive algorithm replaces the 

input signal with its autoregressive (AR) prediction. In this 

case, the error vector in the conventional AP weight update 

turns to a scalar for unit step size, resulting in a lower com-

putational cost compared to the conventional AP algorithm. 

The PAP algorithm uses this simplified AP weight update 

but with step size (α) less than one. The PAP presents the 

same behavior as the AP adaptive algorithm only when the 

input signal is truly AR and α=1. Using α<1 provides a 

tradeoff between steady-state misadjustment and conver-

gence speed. 

An analytical model has been derived in [4] for the PAP 

with α≤1, AR inputs of known order and an adaptive filter 

with sufficient length. In [5], this model has been extended 

to the deficient length case (when the length of the plant is 

underestimated). Despite these preliminary results, the study 

of the PAP algorithm behavior still represents a challenge.  

One important unsolved practical issue is the behavior of 

PAP with deficient order, when the chosen value of P is in-

sufficient for a proper modeling of the input process. Such 

situation is common in practical applications. The computa-

tional complexity of an AP algorithm with order H is of or-

der NK
2
 for N adaptive weights. Thus, implementation costs 

may become prohibitive for large values of K. In such case, 

simulation studies show steady-state performance losses that 

cannot be predicted by the available models. A recent paper 

[6] presented analytical models for the mean weight and 

mean square error behaviors of the deficient AP algorithm 

for unity step-size and autoregressive signals. However, the 

developed models cannot be directly generalized to the PAP 

algorithm. This work is a study of the deficient order PAP 

algorithm behavior in system identification. 

The paper is organized as follows. Section 2 introduces the 

input signal model and the notation used. Section 3 formu-

lates the deficient order AP weight update equation. Section 

4 derives the analytical model for the algorithm behavior. 

Section 5 presents Monte Carlo simulations to validate the 

theoretical model. Section 6 concludes the work. 

2. THE INPUT SIGNAL MODEL 

The adaptive system attempts to estimate a desired signal 

d(n) that can be modeled by 

 ( ) ( ) ( )T
d n n r n= +ow u  (1) 

where the N-length vector w
o
=[w

o
0 w

o
1 w

o
2 … w

o
N-1]

T
 models 

the impulse response of the unknown system (plant) and 

u(n)=[u(n) u(n-1) … u(n-N+1)]
T
 is the input regressor, with 

autocorrelation matrix Ru=E{u(n)u
T
(n)}. The input signal 

u(n) is assumed to be a stationary AR process of order H. 

Such process can model a variety of input signals found in 

practical applications. Thus, 

 
1

( ) ( ) ( )
H

i

i

n a n i n
=

= − +∑u u z  (2) 

where u(n-k)=[u(n-k) u(n-k-1) … u(n-k-N+1)]
T
 and z(n)= 

[z(n) z(n-1) … z(n-N+1)]
T
 is a vector with samples from a 

stationary white Gaussian process with variance σz
2
. 

3. THE DEFICIENT ORDER PAP ALGORITHM 

The weight update equation for the PAP algorithm can be 

written as [4], [7]: 

 
( )

( 1) ( ) ( )
( ) ( )T

n
n n e n

n n
α+ = +

Φ
w w

Φ Φ
 (3) 

where w(n)=[w0(n) w1(n) … wN-1(n)]
T
 is the adaptive weight 

vector and the error signal e(n) is given by 
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 ( ) ( ) ( ) ( ) ( )T T
e n n r n n n= + −ow u w u  (4) 

Vector ΦΦΦΦ(n)=[φ0, φ1, …, φN-1]
T
 defines the update direction, 

and is given by: 

 ˆ( ) ( ) ( ) ( )n n n n= −Φ u U a  (5) 

where U(n)=[u(n-1) u(n-2) … u(n-P)]. The PAP order is  

(P+1), where P is the number of past input vectors used to 

determine ΦΦΦΦ(n). The least squares (LS) estimate â(n) of the 

AR coefficient vector a is given by: 

 1ˆ( ) [ ( ) ( )] ( ) ( )T T
n n n n n

−=a U U U u  (6) 

where â(n)=[â1(n) â2(n) … âP(n)]
T and UT

(n)U(n) is assumed 

to have rank P. 

To study the effect of a deficient order in the PAP algorithm 

we assume P<H and express (2) as 

 ( ) ( ) ( ) ( )n n n n= + +u U b U c z  (7) 

where Ū(n)=[u(n-P-1) u(n-P-2) … u(n-H)] contains the (H-

P) past input vectors not included in U(n), b=[a1 a2 … aP]
T
 

and c=[aP+1 aP+2 … aH]
T
. Using (7) in (6) results in 

 ( )1ˆ( ) [ ( ) ( )] ( ) ( )T T
n n n n n n

−  = + + a b U U U U c z  (8) 

Equation (8) shows that the insufficient order LS estimate of 

the AR coefficients is a biased estimate of the real first P 

weights in b. Thus, ΦΦΦΦ(n) obtained from (5) can no longer be 

modeled as a white vector sequence as happened in the suffi-

cient order PAP [4]. 

4. THEORETICAL ANALYSIS 

The following statistical assumptions are used in the analysis. 

A detailed discussion of these assumptions can be found in 

[4] and [7]: 

• A1: The number of adaptive filter is large enough so 

that N>>P. 

• A2: The statistical dependence between z(n) and 

U(n) can be neglected for N>>P. 

• A3: Vector ΦΦΦΦ(n) is orthogonal to the columns of 

U(n). 

• A4: Vectors ΦΦΦΦ(n) and w(n) are statistically independ-

ent. 

4.1 Mean Weight Behavior 

Defining the weight-error vector as v(n)=w(n)-w
o
, equation 

(3) can be written as  

 
( )

( 1) ( ) ( )
( ) ( )T

n
n n e n

n n
α+ = +v v

ΦΦΦΦ

Φ ΦΦ ΦΦ ΦΦ Φ
 (9) 

Using (4) and (5) in (9) yields  

 
( ) ( )( ) ( )

( 1) ( ) ( )
( ) ( ) ( ) ( )

T

a

T T

n r nn n
n n n

n n n n

α
α

γ
+ = − +

ΦΦ Φ
v v v

Φ Φ Φ Φ
(10) 

where 

 ˆ( ) ( ) ( ) ( 1)T

ar n r n n n
α

γ
= − −a r  (11) 

is the filtered noise sequence and γ=1-(1-α)Σ
P

i=1âi [4]. It was 

assumed that â ≅≅≅≅ E{â(n)} = b + ΣΣΣΣc, where 

 1{[ ( ) ( )] ( ) ( )}T TE n n n n−=Σ U U U U  (12) 

Taking the expected value of (10) and using assumption A4 

yields 

 

( ) ( )
{ ( 1)} { ( )} { ( )}

( ) ( )

( )
( )

( ) ( )

T

T

aT

n n
E n E n E E n

n n

n
E r n

n n

α

γ

α

 
+ = −  

 

 
+  

 

Φ Φ
v v v

Φ Φ

Φ

Φ Φ

(13) 

Using A1, the first expected value in (13) can be approxi-

mated as in [7], but considering the nonwhite characteristic 

of ΦΦΦΦ(n) [8]. Hence, 

 
( ) 2

( ) ( ) 1

( ) ( ) 2

T

T

n n
E

n n G σ
Φ

Φ

 
≅ 

− 
R

Φ ΦΦ ΦΦ ΦΦ Φ

Φ ΦΦ ΦΦ ΦΦ Φ
 (14) 

where G=N-P and σΦ
2
 is the variance of the elements of 

ΦΦΦΦ(n) and RΦ=E{Φ
T
(n)Φ(n)}. Since E{ΦΦΦΦ(n)ra(n)}=0 (r(n) is 

zero-mean and independent of any other signal), using (14) 

in (13) yields 

 
2

{ ( 1)} { ( )}
( 2)

E n E n
G

α

γ σ

Φ

Φ

 
+ = − 

− 

R
v I v  (15) 

Note that, differently from the sufficient order PAP case 

(P=H) [4], matrix RΦ in (15) is not diagonal. 

Analyzing (15) for n→∞ it is easy to verify that the deficient 

order PAP algorithm produces an unbiased solution since 

 lim { ( )}
n

E n
→∞

=v 0  (16) 

4.2 Matrix RΦ 

Substituting (8) in (5), post-multiplying the resulting expres-

sion by its transpose and taking the expected value, the auto-

correlation matrix of ΦΦΦΦ(n) can be written as 

 

{ }

{ }

{ }

( ) ( ) ( ){ }

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

T

T T T

T

T T T

E n n

E n n n

E n n n

E n n n n

Φ ⊥ ⊥

⊥ ⊥

⊥ ⊥

⊥ ⊥

=

+

+

+

R z z

z c U P

P U cz

P U cc U P

 (17) 

where PU(n)=U(n)[U
T
(n)U(n)]

-1
U

T
(n) is the projection matrix 

onto the subspace spanned by the columns of the U(n) and 

P⊥(n)=(I-PU(n)) is the projection matrix onto its orthogonal 

complement. 

The first expectation in (17) was already solved in [7]: 

 { } 2( ) ( )T

z

N P
E n n

N
σ⊥ ⊥

−
=z z I  (18) 

Extensive simulations have shown that the second and the 

third terms in (17) are small when compared to the first and 

fourth terms. Neglecting these terms in (17) yields 

 
2

z

N P

N
σΦ

−
≅ +R I ϒϒϒϒ  (19) 

where ϒϒϒϒ=E{P⊥(n)Ū(n)cc
T
Ū(n)P⊥

T
(n)} depends only on the 

input statistics. 

4.3 Mean Square Error 

Squaring (4), using the weight-error vector definition and 

taking the expected value yields 

 2 2{ ( )} { ( )} [ ( )]aE e n E r n tr nΦ= + R K  (20) 

where K(n)=E{v(n)v
T
(n)} is the weight-error correlation 

matrix. E{ra
2
(n)} can be obtained using (8) in (11) and taking 

the expectation. Thus, 

1719



 ( )
2

2 2

2
{ ( )} 1 2T T T

a rE r n
α

σ
γ

 
≅ + + + 
 

b b b Σc c Πc  (21) 

where 

 
2

{ ( ) ( )[ ( ) ( )] ( ) ( )}
T T T

E n n n n n n
−=Π U U U U U U  (22) 

Using (21) in (20) results in 

 
( )

2
2 2

2
{ ( )} 1 2

[ ( )]

T T T

rE e n

tr n

α
σ

γ

Φ

 
= + + + 
 

+

b b b Σc c Πc

R K

 (23) 

To evaluate the mean square error it is still necessary to 

model the evolution of the weight-error correlation matrix. 

This will be done in the next section. 

4.4 Weight-Error Correlation Matrix 

A recursive expression for K(n) can be obtained as done in 

[4] and [7]. Post-multiplying (10) by its transpose, taking the 

expected value and applying assumptions A1 to A4 yields 

(for details see [4]): 

 

[ ]

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( )

2

2

2 2

2

2

2

( 1) ( ) ( ) ( )
( 2)

   

   

T T T

T

T

a

T

n n n n
G

n n n n n n
E

n n

r n n n
E

n n

α

γσ

α

γ

α

Φ Φ

Φ

+ = − +
−

 
 

+  
    

 
 

+  
    

K K K R R K

v vΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

 (24) 

The first expectation in (24) can be approximated as [7]  

 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

( ) ( ){ }
( ) ( ) ( ) ( ){ } ( ) ( ){ }

2

2

T T T

T

T

T T T

n n n n n n
E

n n

E n n

E tr n n n n n n

−

 
 
 

    

 ≅  

×

v v

v v

Φ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

Φ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ Φ

 (25) 

where 

 ( ) ( ){ }2

4

1

( 2)

T
E n n

G Gσ

−

Φ

  ≅  +
Φ ΦΦ ΦΦ ΦΦ Φ  (26) 

Differently from the results in [7] E{Φi(n)Φj(n)}≠0 for i≠j. 

We approximate the expectation in (25) by 

 
( ) ( ) ( ) ( ){ } ( ) ( ){ }

{ }( )

T T T
E tr n n n n n n

tr n Φ Φ≅

v v

K R R

Φ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ Φ
 (27) 

The last expected value in (24) is approximated by [7] 

 

( ) ( ) ( )

( ) ( )

( ){ } ( ) ( ){ } ( ) ( ){ }

2

2

2
2

T

a

T

T T

a

r n n n
E

n n

E r n E n n E n n
−

 
 
 
    

 ≅  

Φ ΦΦ ΦΦ ΦΦ Φ

Φ ΦΦ ΦΦ ΦΦ Φ

Φ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ ΦΦ Φ Φ Φ

 (28) 

The solution to the second and third expected values of (28) 

can be found in [7] for ΦΦΦΦ(n) white. However, following the 

results in [8], through assumption A1, we can use the same 

approximation for ΦΦΦΦ(n) correlated. Proceeding as in [4] and 

using A1, it can be shown that (24) becomes 

[ ]

{ }

( )

2

2

2 4

2
2 2

2

4

( 1) ( ) ( ) ( )
( 2)

( )
( 2)

1 2

( 2)( 4)

T T T

r

n n n n
G

tr n
G G

G G

α

γσ

α

γ σ

α
α σ

γ

σ

Φ Φ

Φ

Φ Φ

Φ

Φ

Φ

+ = − +
−

+
+

 
+ + + Π 

 
+

− −

K K K R R K

K R R

b b b Σc c c

R

 (29) 

which completes the model for the mean-square error. 

4.5 Steady-State Mean Square Error 

The steady-state mean square error behavior can be deter-

mined from (23) by assuming convergence as n→∞. Using 

K(n+1)=K(n)=K∞ in (29) as n→∞, the trace of (29) becomes 

 

{ }

( ) ( )

( ) ( ) ( )( )

2
2 2

2
2 1 2

2 2 4 2 4

T T T

r

tr

NG G

G G G N G G

α
αγ σ

γ

γ α

∞ Φ

 
+ + + + Π 

 
=

+ − − − −

K R

b b b Σc c c  (30) 

where tr[RΦΦΦΦ]=NσΦ
2
. Using (30) in (23) we obtain 

 

( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2
2 2

2

2

lim { ( )} 1 2

2 2 2 4 2

2 2 2 4

T T T

r
n

E e n

G G N G G NG G

G G N G G

α
σ

γ

γ α αγ

γ α

→∞

 
= + + + × 
 

+ − − − + +  

+ − − −  

b b b Σc c Πc

 (31) 

4.6 Model’s Restrictions 

Through exhaustive simulations, it has been verified that the 

derived model provides good predictions of the algorithm 

behavior in the steady-state phase of adaptation. In general, 

the model’s accuracy during the initial transient phase de-

creases as |v(0)|
2
 and σu

2
/σz

2
 increases. This occurs due to the 

recursive procedure used to obtain Equation (12d) in [2], 

which assumes the algorithm is always adapting (even before 

n=0). To overcome such limitation is a very difficult chal-

lenge and remains an open problem in the study of the AP 

and PAP algorithms. 

5. SIMULATIONS 

This section presents simulations to verify the accuracy and 

limitations of the analytical models given by equations (15), 

(23) and (29). In all cases, the statistics of the input signal 

(matrices ϒϒϒϒ, ΣΣΣΣ and ΠΠΠΠ) have been numerically estimated from 

the input process. The plant is obtained from a 64-tap Han-

ning window with unit norm; the weights were initialized 

with zero values; σr
2
= 10

-6
; σu

2
= 1 and 150 runs. The input 

signal was obtained through an eighth order AR model 

(H=10) with coefficients a=[ -0.9 0.7 -0.6 0.5 -0.45 0.35 -0.3 

0.25 -0.2 0.1 ] and σz
2
= 0.538. Fig. 1 and 2 show excess 

mean square error (E{e
2
(n)}- σr

2
) simulations and theoreti-

cal predictions for two deficient cases (P=2 and P=4) for 

α=0.4 and α=0.9. Figs. 3 to 6 show the mean weight behav-

ior for coefficients 20, 30 and 40 for different sets of pa-

rameters. Horizontal lines represent the true values of the 

weights to be identified. Analysis of the obtained curves in 
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steady-state agrees with the theoretical result predicted by 

(16) and (31) for different values of P. 

6. CONCLUSIONS 

This paper presented analytical models for predicting the 

stochastic behavior of the deficient order pseudo-Affine pro-

jection algorithm. Deterministic recursive equations were 

derived for the mean weight and mean square error. Simula-

tion results have shown good agreement with theoretical pre-

dictions in steady-state. During the transient phase, good 

matches between theoretical models and simulations are ob-

tained as the used theoretical assumptions are assured. 
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Figure 1 – Excess mean square error for P=2. Simulations (ragged 

- red) and model (continuous - blue). 

 

 
Figure 2 – Excess mean square error for P=4. Simulations (ragged 

- red) and model (continuous - blue). 

 

 
Figure 3 – Mean weight behavior for P=2 and α=0.4. Simulations 

(ragged) and model (continuous). (a) coefficient 20; (b) coefficient 

40; (c) coefficient 30. Horizontal lines represent the true values of 

the plant coefficients. 
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Figure 4 – Mean weight behavior for P=4 and α=0.4. Simulations 

(ragged) and model (continuous). (a) coefficient 20; (b) coefficient 

40; (c) coefficient 30. Horizontal lines represent the true values of 

the plant coefficients. 

 

 
Figure 5 – Mean weight behavior for P=2 and α=0.9. Simulations 

(ragged) and model (continuous). (a) coefficient 20; (b) coefficient 

40; (c) coefficient 30. Horizontal lines represent the true values of 

the plant coefficients. 

 
Figure 6 – Mean weight behavior for P=4 and α=0.9. Simulations 

(ragged) and model (continuous). (a) coefficient 20; (b) coefficient 

40; (c) coefficient 30. Horizontal lines represent the true values of 

the plant coefficients. 
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ABSTRACT 

Performance analysis is essential for the ongoing develop-

ment of elite swimmers. Current methods of analysis do not 

provide the coach with an accurate system for determining a 

swimmer’s position. This research was conducted to allow 

transmission, processing and presentation of the swimmer’s 

attitude, velocity and position. A Kalman filter was inte-

grated into a wireless system to track these parameters. 

1. INTRODUCTION 

Research has been conducted previously to enable analysis of 

the swimming stroke. Maglischo produced typical velocity 

profiles of a swimmer’s hand for each individual stroke [1]. 

Seifert used such profiles to identify that an abrupt change in 

the coordination pattern of front crawl occurred at the critical 

velocity of 1.8 m/s [2]. Many studies have focused on post 

processing the data rather than monitoring performance in 

real-time and as such do not allow accurate determination of 

the position of the swimmer [include references]. 

At present the majority of methods used to analyse 

swimming technique are vision-based systems. Quintic [3] is 

an example of vision-based software where the analyst uses a 

pre-recorded video file and then manually digitizes key oc-

currences within the recording. The disadvantages of this and 

other such systems are the parallax errors induced by the use 

of video cameras, inaccurate measurements due to light re-

flection on the water surface and the large amount of time 

(and hence cost) it takes to process the data. Manual digitiza-

tion is a time consuming process and does not allow real-

time feedback to the coaches or swimmers. Wireless sensor 

devices have also been developed for use in a swimming 

environment. An example of this was presented by Davey 

[4], where a system was developed using a tri-axis acceler-

ometer to monitor stroke technique. Ohgi used a similar sys-

tem to measure wrist acceleration of swimmers [5]. Although 

both these systems used sensor devices for monitoring the 

swimmer, neither used a wireless sensor network (WSN) nor 

embedded processing to analyse the stroke technique of mul-

tiple swimmers in real-time. Both systems used a data log-

ging accelerometer to capture the data, which meant that 

information could not be viewed in real time. These systems 

rely on post processing that increases the analysis time sig-

nificantly and subsequently coaches are unable to offer im-

mediate feedback to the swimmers. In addition, neither sys-

tem offers a measurement of the swimmer’s velocity or posi-

tion in relation to the length of the pool. 

The research presented within this paper has been car-

ried out at Loughborough University, UK, and focuses on the 

development of a Kalman filter for use on an inertial naviga-

tion system (INS), which contains a tri-axis accelerometer 

and a tri-axis gyroscope, in order to characterise swimmer 

performance. The system under development has been pro-

duced to provide real-time data feedback to coaches on pool-

side and allows coaches to extract useful data with regards to 

each individual swimmer’s performance. The filter provides 

the coach with the velocity, attitude and position of the 

swimmer with respect to the length of the swimming pool. A 

WSN has previously been developed that allows real-time 

data transmission to swimming coaches and subsequently 

their swimmers in a training environment. It was developed 

to operate as a network of nodes to allow analysis of multiple 

swimmers performance during a training session.  

2. INERTIAL NAVIGATION SYSTEMS 

Inertial navigation uses sensors to sense rotational and trans-

lational motion with respect to an inertial frame [6]. An INS 

usually contains three axes of acceleration and three axes of 

angular rotation. The purpose of an INS is to determine the 

angular motion of an object using gyroscopic sensors, from 

which its attitude relative to a reference frame may be de-

rived and to measure specific force using accelerometers. 

The specific force measurements are resolved into the refer-

ence frame using the knowledge of attitude derived from the 

information provided by the gyroscopes. The force resulting 

from the gravitational field is evaluated and the specific force 

measurements are integrated to obtain estimates of the veloc-

ity and position of the object being tracked. The inertial 

measurements are recorded in the body frame (b-frame). The 

b-frame is the orthogonal axis set, which is aligned with the 

roll, pitch and yaw axes of the object in which the navigation 

system is installed, i.e. the orientation of the swimmer (see 

Figure 1).  The b-frame is converted into the inertial frame (i-

frame) in this application. The i-frame has its origin at the 

centre of the Earth and has axes that are non-rotating with 

respect to the fixed stars, defined by the axes Oxi, Oyi, Ozi. 

The axis Ozi is coincident with the Earth’s polar axis (which 

is assumed to be invariant in direction, see Figure 2) [6]. 
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Figure 1: Body reference frame for the wireless sensor 

 

Figure 2: Frames of reference 

 

In the application presented within this paper the INS 

was applied to a strapdown system. In strapdown systems the 

inertial sensors are mounted rigidly onto the device, which  

in this application is the swimmer’s body. Accelerometers 

measure the sum of the acceleration with respect to inertial 

space and the acceleration due to gravitational acceleration. 

Hence, the measurement provided by the accelerometers 

must be combined with knowledge of the gravitational field 

to determine the acceleration of the object with respect to 

inertial space [6]. The main errors inherent within a micro-

electrical-mechanical-system (MEMS) accelerometer are 

fixed bias, scale-factor and cross-coupling errors [7]. Fixed 

bias refers to the offset of the accelerometer signal from the 

true value when the applied acceleration is zero. It is possible 

to estimate the fixed bias by measuring the long term average 

of the accelerometer’s output when it is not undergoing any 

acceleration. It is necessary to know the precise orientation of 

the device with respect to the gravitational field in order to 

measure the bias. In practice this can be achieved by calibra-

tion routines in which the device is mounted on a turntable, 

whose orientation can be controlled extremely accurately [7]. 

The scale-factor errors are inaccuracies in the ratio of a 

change in the output signal to a change in the input accelera-

tion that is to be measured, and the cross-coupling errors are 

erroneous accelerometer outputs resulting from accelerome-

ter sensitivity to accelerations applied normal to the input 

axis. They are commonly expressed as a ratio of output error 

to input rate, in parts per million (ppm) [6]. 

Rate gyroscopes are used to sense the rate of turn by a 

vehicle or structure about some predefined axis (see figure 

1). MEMS gyroscopes experience fixed bias, acceleration-

dependent bias and scale-factor errors. The fixed bias is the 

average output from the gyroscope when it is not undergoing 

any rotation, i.e. the offset of the output from the true value. 

Acceleration-dependent bias is proportional to the magnitude 

of applied acceleration. 

Edwards [8] demonstrated that seemingly small aliased 

content could cause appreciable errors in the integrated 

waveforms. He stated that all experimentally collected wave-

forms of finite duration, and that have been discretised by an 

analog to digital convertor, will contain aliased content to 

some degree. Thong [9] supported this work and suggested 

that the errors in integration depended not only on the noise 

level but also on the system sampling frequency and effects 

such as drift due to temperature fluctuations. A common 

method to minimise the errors associated with the acceler-

ometer and gyroscope signal is the use of filtering (see for 

example, Koukoulas, [10], Hernandez, [11] and Jo, [12]). 

Filtering reduces the errors associated with integration of a 

signal, in this case integration of the acceleration in order to 

obtain velocity and double integration to obtain position. 

A recursive least squares adaptive noise cancelling 

method was applied by Hernandez [8] to estimate electrical 

signals coming from an accelerometer embedded in a bus. 

The results allowed estimation of acceleration and velocity 

by using a computer controller system, without the necessity 

of buying expensive precision electronic instruments for di-

rect hardware implementation. The recursive least squares 

algorithm also has the advantage of computational simplicity. 

However the least squares algorithm assumes that the criteria 

is one of fitting data, and not minimizing the estimation error 

[10]. The Kalman filter brings into consideration the prob-

lems associated with the least squares method. It minimises 

the estimation error and uses information regarding a priori 

knowledge of parameters.  

The instantaneous “state” of a linear dynamic system 

perturbed by white noise is estimated using a Kalman filter 

using a state space representation [13]. White noise is a sta-

tionary random process having a constant spectral density 

function [14]. An advantage of the Kalman filter is that it is 

recursive and hence estimates are updated upon receipt of 

each measurement. This means that there is no need to save 

past data. It can also be easily configured to handle extrane-

ous data points and model changes. The Kalman filter can be 

used for predictive design of sensors systems and to optimize 

the use of sensor outputs [15]. An overview of the Kalman 

filtering process can be seen in Figure 3. 

 

 

Figure 3: Overview of Kalman filtering process 
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For the sake of the reader’s convenience, the discrete 

linear Kalman filter equations are summarised below: 

 

System model: 

 �� � �������� � ����, wk~N(0,Qk) 

Measurement model:  


� � ���� � ��, vk~N(0,Rk) 

State estimate extrapolation: 

����� � ����������� 
Error covariance extrapolation: 

����� � ���������������� � ���� 

State estimate update: 

����� � ����� � ������ � �������� 
Error covariance update: 

����� � �� � ����������� 

Kalman gain matrix:  

��� � ������������������� � ����� 

 

Where: 

�� = (n x 1) process state vector at time tk �� = (n x n) state transition matrix relating �� to ���� 

�� = (n x 1) vector – assumed to be a white sequence with 

known covariance structure 


� = (m x 1) vector measurement at time tk �� = (m x n) matrix giving the ideal (noiseless) connection 

between the measurement and the state vector at time tk �� = (m x 1) measurement error – assumed to be a white 

sequence with known covariance structure and having zero 

crosscorrelation with the �� sequence 
��� = a priori estimate 

��� = a posterior estimate 

 

Kim [16] and Vaganay [17] both used an extended Kal-

man filter to combine measurements from accelerometers 

and gyroscopes in order to produce an estimate of position. 

Kim developed a real-time orientation estimation algorithm 

based on measurements from three MEMS accelerometers 

and three MEMS rate gyroscopes. The approach was based 

on relationships between the quaternion representing the plat-

form orientation, the measurement of gravity from the accel-

erometers, and the angular rate measurement from the gyro-

scopes. The performance of the Kalman filter was evaluated 

in terms of the roll, pitch and yaw angles. An optical position 

tracking device measured the position of three LEDs attached 

to the IMU, providing verification for the orientation tracker. 

Vaganay [17] developed an attitude estimation system based 

on inertial measurements for a mobile robot. He used two 

accelerometers and three gyroscopes and implemented an 

extended Kalman filter to combine the measurements from 

both. 

3. KALMAN FILTER APPLICATION 

3.1 Tracking orientation 
The overview of the navigation equations that are to be 

used to track the orientation and position of the swimmer 

can be seen in Figure 4. 

 

 

Figure 4: Overview of navigation equations used 

The orientation, or attitude, of an INS relative to the 

global frame of reference is tracked by ‘integrating’ the angu-

lar velocity signal ωb(t) = (ωbx(t), ωby(t), ωbz(t))
T
 obtained 

from the system’s rate-gyroscopes. In order to specify the 

orientation of an INS a direction cosine attitude representa-

tion is used. In the direction cosine representation the attitude 

of the body frame relative to the global frame is specified by 

a 3 x 3 rotation matrix C, in which each column in a unit 

vector along one of the body axes specified in terms of the 

global axes [6]. 

Initially the difference between the previous and present 

raw gyroscope output in the x, y and z axes are determined: 

δωbx(t) = ωbx(t) – ωbx(t-1) 

δωby(t) = ωby(t) – ωby(t-1)  

δωbz(t) = ωbz(t) – ωbz(t-1) 

 

where ψ = ωbx,Ф =  ωby and θ = ωbz and wbx, wby, and wbz are 

the raw gyroscope outputs in the x, y and z axes at time t  

respectively. To track the attitude of the INS C is tracked 

through time. The attitude at time t is given by C(t) and the 

rate of change of C at t by 

 

�� � lim#$%���& � '&� � ��&��/'&% 

 

C(t+δt) can be written as the product of two matrices: 

 

A(t) = I + δψ 
 

where A(t) is a direction cosine matrix which relates the b-

frame at time t to the b-frame at time t+δt [6] and: 

 

δψ =  

 
The angular velocity signals obtained from the gyro-

scopes were integrated by the INS attitude algorithm, propa-

gating errors in the gyroscope signal through to the calcu-

lated orientation. White noise and uncorrelated bias errors are 
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the main causes of an error in the orientation. White noise 

causes an angle random walk whose standard deviation 

grows proportionally to the square root of time. An uncorre-

lated bias causes an error in orientation which grows linearly 

with time [6]. These errors are accounted for using the Kal-

man filter. 

 

3.2 Tracking position 
To track the position of the INS the acceleration signal 

ab(t) = (abx(t), aby(t), abz(t))
T
 obtained from the accelerometers 

was projected into the global frame of reference: 

 

ag(t)=C(t)ab(t) 

 

Acceleration due to gravity was subtracted and the remaining 

acceleration integrated once to obtain velocity, and again to 

obtain displacement: 

)*�&� �  )*�0� � , -*�&� � *.&
/

%
 

0*�&� �  0*�0� � , )*�&�.&
/

%
 

where vg is the velocity of the swimmer, sg is the displace-

ment of the swimmer and g is the acceleration due to gravity 

in the global frame. In this system 1g must be subtracted 

from the (globally) vertical acceleration signal to remove 

acceleration due to gravity before the signal is integrated. A 

tilt error ε causes a component of the acceleration due to 

gravity with magnitude g.sin(ε) to be projected onto the hori-

zontal axes. 

 

3.3 Implementation of a Kalman filter 

The overview of the system which is to be used to calcu-

late the required variables (velocity, position, pitch and roll of 

the swimmer) can be seen in Figure 5. 

 

 

Figure 5: Overview of system for navigation of a swimmer 

The swimmer application required 14 states within the 

Kalman filter: x1 = east position, x2 = east velocity, x3 = north 

position, x4 = north velocity, x5 = pitch, x6 = roll, x7 = gyro 

bias east, x8 = gyro bias north, x9 = gyro scale factor east, x10 

= gyro scale factor north, x11 = accelerometer bias east, x12 = 

accelerometer bias north, x13 = accelerometer scale factor 

east, x14 = accelerometer scale factor north. These states have 

been used to create the state transition matrix (Φ) for the 

filter. Secondly an initial estimate of the process noise co-

variance has been calculated, where Q(k) is the covariance of 

the white noise w(k). The sensor noise covariance, R(k) was 

also calculated. This covariance has been determined using 

the power spectral density (PSD) values obtained from the 

vendors with regards to each sensor. The measurement sensi-

tivity matrix (H) was determined, defining the linear rela-

tionship between the state of the dynamic system and meas-

urements to be made. It was constructed as a 6 x 6 matrix, in 

order to allow determination of the parameters x1, x2, x3, x4, x5 

and x6. An initial estimate for P(k)(+) was created. This ini-

tial estimate was large so that 12�3���� could be approxi-

mated to zero. 

4. USE CASE FOR A SWIMMER ANALYSIS TOOL 

An overview of the Kalman filter implementation for the 

swimmer application can be seen in Figure 6. Initially a trig-

ger was implemented onto the WSN which synchronized the 

high speed video and WSN and initiated the Kalman filter 

when the buzzer was pressed to instigate the dive. The func-

tion was implemented in the embedded programming on the 

wireless node which sent an interrupt via a TTL signal to the 

access point (AP) when the trigger was enabled. The embed-

ded code initialised the trigger, starting the recording on the 

rising edge of the signal. The INS and Kalman filter were 

used to track the position and attitude of the swimmer as they 

travelled along one length of the pool. The turn of the swim-

mer was identified as the largest peak on real-time filtered 

data (see Figure 7), using an equation to determine the 

maxima and minima points. The swimmers turn was used to 

identify a distance of 50m had been reached, in the x-axis, 

and to update the Kalman filter parameters for the next 

length.  

 

Figure 6: Implementation of the Kalman filter 

A low pass Butterworth filter embedded onto the node 

was used to ascertain the time at which the swimmer’s feet 

touched the wall. Setting a filter frequency of 0.6Hz was 

sufficient to achieve this. Real-time embedded filtered data 

on 100m of front crawl stroke with 3 turns can be seen in 

Figure 7. The largest peaks in the data have been identified as 

the swimmer’s turn at the wall. 
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Figure 7: Butterworth filter on 4 lengths of front crawl data

Using the Butterworth filter to determine the exact time 

when the swimmer finished each length 

update the Kalman filter. The time at which the swimmer’s 

feet hit the wall was identified and correlate

of 50m in the x axis in the inertial frame. 

At present video data has only been collecte

ment sensor information gathered during a swimmer’s dive. 

The raw and corrected velocities obtained from the sensor 

readings were compared with video data. 

locity refers to the data in the inertial frame, with the impl

mentation of a Kalman filter. From Figure 8 it can be seen 

that as the length of time increased the corrected velocities 

tended closer to the velocities obtained using the high speed 

video camera. 

 

 

5. CONCLUSION 

The system developed within this paper provides a 

methodology that provides coaches with information 

gard to a swimmer’s position with respect to the length of the 

 

 

: Butterworth filter on 4 lengths of front crawl data 

to determine the exact time 

immer finished each length it was possible to 

update the Kalman filter. The time at which the swimmer’s 

correlated with a position 

At present video data has only been collected to supple-

ment sensor information gathered during a swimmer’s dive. 

obtained from the sensor 

 The corrected ve-

locity refers to the data in the inertial frame, with the imple-

From Figure 8 it can be seen 

that as the length of time increased the corrected velocities 

tended closer to the velocities obtained using the high speed 

 

 

The system developed within this paper provides a 

coaches with information in re-

gard to a swimmer’s position with respect to the length of the 

pool. It provides a means for determining the attitude and 

velocity of the swimmer at each time 

future work involves validation tests to determine the acc

racy of the algorithms.  
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ABSTRACT

Dynamic system modeling plays a crucial role in the develop-
ment of techniques for stationary and non-stationary signal
processing. Due to the inherent physical characteristics of
systems usually under investigation, non-negativity is a de-
sired constraint that can be imposed on the parameters to
estimate. In this paper, we propose a general method for
system identification under non-negativity constraints. We
derive additive and multiplicative weight update algorithms,
based on (stochastic) gradient descent of mean-square error
or Kullback-Leibler divergence. Experiments are conducted
to validate the proposed approach.

1. INTRODUCTION

In many real-life phenomena including biological and phys-
iological ones, due to the inherent physical characteristics
of systems under investigation, non-negativity is a desired
constraint that can be imposed on the parameters to esti-
mate. For instance, in the study of a concentration field or
a thermal radiation field, any observation is described with
non-negative values (ppm, joule). Non-negativity as a physi-
cal constraint has received growing attention from the signal
processing community during the last decade. For instance,
consider the following non-negative least-square problem

min
x

1
2
‖Ax− b‖2 (1)

suject to x ≥ 0 (2)

where ‖ · ‖ denotes the Euclidean 2-norm. It has recently
been addressed within different contexts, with applications
ranging from imaging deblurring [2] to biological data pro-
cessing [4]. Another similar problem is non-negative matrix
factorization, which is now a popular dimension reduction
technique [7]. Given a matrix V with non-negative entries,
it consists of seeking a factorization of the form

V ≈WH (3)

where W and H are non-negative matrices. This problem is
closely related to the blind deconvolution one.

Two classes of algorithms have been proposed in the lit-
erature to solve optimization problems with non-negativity
constraints. The first one encompasses the so-called alternat-
ing non-negative least squares or projected gradient [1, 3].
These are based on successive projections onto the feasi-
ble region, resulting in low-cost operations for simple con-
straints. Their low-memory requirement makes them at-
tractive for large scale problems. The second one, inves-
tigated more recently, consists of multiplicative weight up-
date methods. They provide natural and computationally
efficient schema to a large number of problems involving
non-negativity constraints [5, 7, 8]. In particular, the ap-
plication described in [5] refers to the maximum-likelihood

signal restoration for image deblurring. Non-negativity con-
straints arise from the nature of image data and blurring
masks. These are satisfied by a proper choice, at each itera-
tion, of the step size of a gradient descent method. Setting
the latter to one leads to a multiplicative form.

In this paper, we study the problem of system identifi-
cation with non-negativity constraints. We derive additive
and multiplicative algorithms based on gradient descent of
convex cost functions. In order to deal with non-stationary
systems and reduce the computational requirements, we also
develop stochastic gradient algorithms that update parame-
ters in an online way.

2. GENERAL PROBLEM FORMULATION

Consider an unknown system, only characterized by a set
of real-valued discrete-time responses to known stationary
inputs. The problem is to derive a transversal filter model

y(n) = α>x(n) + e(n), (4)

where x(n) and y(n) denote the input and noisy output
data at time n. Due to the inherent physical characteristics
of systems under investigation, non-negativity is a desired
constraint that can be imposed on the coefficient vector α.
Therefore, the problem of identifying the optimum model
can be formalized as follows

αo = arg min
α
J(α) (5)

subject to α ≥ 0 (6)

with J(α) a convex cost function.

2.1 Additive weight update algorithm

In order to solve the problem (5)-(6), let us consider its La-
grangian function Q(α,λ) given by

Q(α,λ) = J(α)− λ>α,

where λ is the vector of non-negative Lagrange multipli-
ers. The Karush-Kuhn-Tucker conditions must necessarily
be satisfied at the optimum defined by αo, λo, namely,

∇αQ(αo,λo) = 0

λoi α
o
i = 0, ∀i

where the symbol ∇α stands for the gradient operator with
respect to α. These equations can be combined into the
following expression

αoi [−∇αJ(α)]i = 0, (7)

where the extra minus sign is just used to make a gradient
descent of J(α) apparent. To solve equation (7) iteratively,
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two important points have to be noticed. The first point is
that D(−∇αJ(α)) is also a gradient descent of J(α) if D is a
symmetric positive definite matrix. In this paper, D denotes
a diagonal matrix with i-th diagonal entry [D]ii = fi(α),
where fi(α) > 0. The second point is that equations of
the form ϕ(u) = 0 can be solved with a fixed-point algo-
rithm, under some conditions on function ϕ, by considering
the problem u = u + ϕ(u). Implementing this fixed-point
strategy with equation (7) leads to the component-wise gra-
dient descent algorithm

αi(k + 1) = αi(k) + ηi(k)fi(α(k))αi(k)[−∇αJ(α(k))]i (8)

with ηi(k) a positive step size that allows to control conver-
gence. Suppose that αi(k) ≥ 0. Non-negativity of αi(k + 1)
is guaranteed if

1 + ηi(k)fi(α(k))[−∇αJ(α(k))]i ≥ 0. (9)

If [∇αJ(α(k))]i ≤ 0, condition (9) is clearly satisfied and
non-negativity does not impose any restriction on step size.
Conversely, if [∇αJ(α(k))]i > 0, non-negativity of αi(k+ 1)
holds if

0 ≤ ηi(k) ≤ 1

fi(α(k)) [∇αJ(α(k))]i
. (10)

Before going further, note that the right-hand side member
of (8) is a descent direction because ηi(k)fi(α(k))αi(k) ≥ 0.
The general algorithm can thus be written as follows

α(k + 1) = α(k) + η(k)d(k), (11)

where d(k) is the descent direction defined by

d(k) = −diag(fi(α(k))αi(k))∇αJ(α(k)). (12)

Step size η(k) is now independent of index i, and can be ob-
tained via a line search procedure in the interval ]0, ηmax(k)]
defined by

ηmax(k) = min
i

1

fi(α(k)) [∇αJ(α(k))]i
. (13)

2.2 Multiplicative weight update algorithm

Let us now decompose the gradient −∇αJ(α(k)) as follows

[−∇αJ(α(k))]i = [U(α(k))]i − [V (α(k))]i (14)

where [U(α(k))]i and [V (α(k))]i are strictly positive com-
ponents. Obviously, such a decomposition is not unique but
always exists. Using fi(α(k)) = 1/[V (α(k))]i, the updating
equation (8) becomes

αi(k + 1) = αi(k) + ηi(k)αi(k)

(
[U(α(k))]i
[V (α(k))]i

− 1

)
. (15)

Let us determine the maximum value for the step size in or-
der that αi(k+1) ≥ 0, given αi(k) ≥ 0. As shown previously,
note that a restriction may only apply if

[U(α(k))]i − [V (α(k))]i < 0 (16)

According to condition (10), the maximum step size which
ensures the positivity of αi(k + 1) is given by

ηi(k) ≤ 1

1− [U(α(k))]i
[V (α(k))]i

, (17)

which is strictly greater than 1. The use of a step size equal
to 1 leads to the very simple form

α(k + 1) = diag

(
[U(α(k))]i
[V (α(k))]i

)
α(k). (18)

This expression is referred to as the multiplicative weight
update algorithm.

2.3 Stochastic-gradient formulation

An important issue that has not been discussed up to now
is the evaluation of the gradient. This requires knowledge
of some statistical properties of the signal at hand, which
cannot often be achieved in real-life applications. In order
to circumvent this difficulty, we propose to use an instan-
taneous estimate of the gradient, in the same manner as for
conventional LMS-based algorithms. Substituting ∇αJ with
its instantaneous estimate in (8) leads to

αi(k + 1) = αi(k) + ηi(k)fi(α(k))αi(k)[−∇̃αJ(α(k))]i.

As we will see in the next section, coefficient update at each
iteration only uses an instantaneous pair of input/output
data. This form is particularly appropriate for online signal
processing.

3. FORMULATION WITH MEAN-SQUARE
ERROR AND K-L DIVERGENCE

In the previous section, we derived a general framework for
solving problem (5)-(6). In particular, we proposed an ad-
ditive (8) and a multiplicative (18) weight update algorithm
for minimizing convex criterion under non-negativity con-
straints. We shall now present the updating rules to deal
with, more specifically, the mean-square error and the Kull-
back Leibler divergence. In anticipation of the numerical
experiments that will be presented next, we introduce these
criteria within the context of maximum-likelihood estimation
of Gaussian and Poisson noise corrupted linear systems.

3.1 Minimising the mean-square error

Consider the problem of estimating α in

y(n) = α>x(n) + e(n), (19)

subject to the constraint α ≥ 0, where system outputs are
corrupted by a zero-mean white Gaussian noise e(n) of vari-
ance σ2. The likelihood function based on N samples is

F (α) =

N∏
n=1

1√
2πσ2

exp

(
− (α>x(n)− y(n))2

2σ2

)
.

The negative log-likelihood function is given by

− logF (α) =
1

2

N∑
n=1

(α>x(n)− y(n))2

σ2
. (20)

Dropping the terms that do not depend on α, we obtain the
cost function to be minimized with respect to α, that is,

J(α) =

N∑
n=1

(
α>x(n)− y(n)

)2
(21)

subject to α ≥ 0

where we have included the non-negativity constraints. The
gradient of J(α) is easily computed as follows

∇Jα(α) =

N∑
n=1

(
x(n)x(n)>α− y(n)x(n)

)
. (22)

Using expression (8) with fi(α) = 1
N

, the additive updating
rule for minimising mean-square error under non-negative
constraints is given by

α(k + 1) = diag(α(k))
(

1l + η(k)
(
p̂xy − R̂xα(k)

))
(23)
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where

η(k) ≤ min
i

1

[R̂xα(k)− p̂xy]i
. (24)

In the above expressions, R̂x is the estimated autocorrelation
matrix of x(n), and p̂xy denotes the intercorrelation vector
between x(n) and y(n), defined as

R̂x =
1

N

N∑
n=1

x(n)x(n)> p̂xy =
1

N

N∑
n=1

y(n)x(n). (25)

Let us turn now to multiplicative weight update algo-
rithms. Gradient decomposition (14) always exists but is
not unique. A possible solution is to consider the following
two positive vectors

[U(α(k))] = max{[R̂xα(k)− p̂xy]i, 0}+ η (26)

[V (α(k))] = −min{[R̂xα(k)− p̂xy]i, 0}+ η (27)

with η a positive constant to avoid the denominator in (18)
to become 0.

Stochastic-gradient formulation

We restrict ourselves to the use an instantaneous pair of
input/output data at each time instant k. This can be done
by only taking into account x(n) and y(n) in (28), that is,

R̂x,k = x(k)x(k)> p̂xy,k = y(k)x(k). (28)

In this case, the updating rule becomes an instantaneous
approximation of (23) defined by

α(k+1) = diag(α(k))
(

1l + η(k)
(
p̂xy,k − R̂x,k α(k)

))
(29)

To ensure non-negativity of the solution, the step size must
satisfy at each iteration the upper-bound expression

η(k) ≤ min
i

1

[R̂x,k α(k)− p̂xy,k]i
.

3.2 Minimizing the Kullback-Leibler divergence

Consider the problem of estimating α from noisy measure-
ments y(n) drawn from a Poisson law, as in many applica-
tions involving photon-counting detectors,

y(n) ∼ P(α>x(n)), (30)

subject to the constraint α ≥ 0. In this case, x(n) is non-
negative, and y(n) is an integer. If these random variables
are independent, the likelihood function based on N samples
can be written as [9]

F (α) =

N∏
n=1

(
α>x(n)

)y(n)
y(n)!

exp(−α>x(n)). (31)

Using Stirling’s formula, the negative log-likelihood function
can be approximated by

− logF (α) ≈
N∑
n=1

(
(α>x(n)− y(n)) + y(n) log

y(n)

α>x(n)

)
.

Dropping the terms that do not depend on α, we obtain
a generalized Kullback-Leibler divergence to be minimized
with respect to α under non-negativity constraints

J(α) =

N∑
n=1

[
(α>x(n))− y(n) log(α>x(n))

]
(32)

subject to α ≥ 0

The gradient of J(α) is easily computed as follows

∇J(α) =

N∑
n=1

(
x(n)− y(n)

α>x(n)
x(n)

)
(33)

From (8) and setting fi(α) to 1, we obtain the update equa-
tion for the Poisson noise case

α(k + 1) =

diag(α(k))

(
1l + η(k)

N∑
n=1

(
y(n)

α(k)>x(n)
x(n)− x(n)

))
(34)

where

η(n) ≤ min
i

1[∑N
n=1

(
x(n)− y(n)

α>x(n)
x(n)

)]
i

. (35)

A multiplicative form of the algorithm is obtained by decom-
posing (33) in the form −∇Jα(α(k)) = U(α(k))−V (α(k)),
where the two positive terms can be clearly identified as

U(α(k)) =

N∑
n=1

y(n)

α(k)>x(n)
x(n) (36)

V (α(k)) =

N∑
n=1

x(n) (37)

We obtain the corresponding multiplicative form

αi(k + 1) = αi(k)
[
∑N
n=1

y(n)

α(k)>x(n)
x(n)]i

[
∑N
n=1 x(n)]i

. (38)

Stochastic-gradient algorithm

Let us estimate the gradient instantaneously, using only the
available data x(k) and y(k) at time instant k. We obtain
the following algorithm

α(k + 1) =

diag(α(k))

(
1l + η(k)

(
y(k)

α(k)>x(k)
x(k)− x(k)

))
(39)

In order to get a non-negative solution, at each iteration, the
step size must be upper-bounded as follows

η(k) ≤ min
i

1[
y(k)

α(k)>x(k)
x(k)− x(k)

]
i

. (40)

4. EXPERIMENTAL RESULTS

The purpose of this section is to illustrate the performance of
the proposed approach, and consistency between analytical
and numerical results. We shall also see how parameters of
the algorithm affect its transient performance.

4.1 Gaussian scenario

Consider the Gaussian scenario (19) where the problem at
hand is to estimate α. Due to non-negativity constraints,
in general, there is no closed-form solution for problem (21).
However, in order to illustrate the results and study con-
vergence behavior, we consider a simple special case where
inputs are i.i.d. and drawn from a zero-mean unit-variance
Gaussian distribution. According to the Wiener-Hopf equa-
tions, the optimal solution of the unconstrained problem is
obtained by solving

Rxαow = pxy.
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Table 1: System of reference with non-negative entries, and estimations under Gaussian hypothesis.
α 0.8 0.6 0.5 0.4 0.4 0.3 0.3 0.2 0.1 0.1

α̂η=0.04 0.8566 0.7197 0.4888 0.2781 0.3062 0.1917 0.3267 0.1320 0.0646 0.0359
α̂η=0.004 0.7986 0.5680 0.4906 0.4021 0.3898 0.3042 0.2819 0.1875 0.1067 0.0885

In the case where Rx is diagonal, as considered above, it is
easy to show that the solution of the constrained problem is
obtained by turning the negative entries of αow to zero

αo =
{
R−1
x pxy

}
+

(41)

where {u}+ = max{0, u}. The minimum mean-square error
produced by solution αo is

Jmin = σ2 − 2pxy{αo}+ + {αo}>+Rx{αo}+. (42)

with σ2 the variance of the additive zero-mean white Gaus-
sian noise e(n). The latter was set to 0.5 in the experiments
described below.

0 1000 2000 3000 4000 5000

10
0

η=0.04

η=0.004

optimal error

Figure 1: Evolution of mean-square error under Gaussian
hypothesis, for several step size values and the system of
reference described in Table 1.
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η=0.004

η=0.04

optimal error

Figure 2: Evolution of mean-square error under Gaussian
hypothesis, for several step size values and the system of
reference described in Table 2.

First, experiments were conducted to estimate α under
non-negativity constraints in the case where the system we
used to simulate data was in the set of admissible solutions.
See Table 1. From (41) and (42), we have Jmin = 0.5. One
hundred realizations of 5000-sample independent sequences
were generated in order to compute mean performance. The
step size η in (23) was successively fixed at 0.004 and 0.04.
The entries of α were initially set to 1. With η = 0.04, the
mean square error over the last 1000 samples was found to
be J0.04 = 0.5368. The algorithm led us to J0.004 = 0.5039
with η = 0.004. Table 1 reports the estimated entries of α.
Figure 1 presents the ensemble-average learning curves, that
is, convergence of the mean-square error. It exhibits a classic
behaviour for this kind of algorithms, for which small step
size usually means slower convergence but better asymptotic
performance.

Next, experiments were conducted in the case where the
system of reference was out of the set of admissible solutions.
As can be seen in Table 2, this was done by turning 3 entries
of α used in the first series of experiments to negative values.
In this case, solution of the constrained problem is obtained
by setting these negative entries to 0. From (41) and (42),
we have Jmin = 0.76. With η = 0.04, the algorithm led us
to J0.04 = 0.8030 estimated over the last 1000 samples. The
mean square error was equal J0.004 = 0.7693 with η = 0.004.
Table 2 reports the estimated entries of α. The latter shows
that those associated to theoretically negative ones are very
close to 0, which is consistent with our analysis. Finally,
Figure 2 presents the ensemble-average learning curves.

4.2 Poisson scenario

Consider the Poisson scenario (30), where the problem at
hand is to estimate α subject to non-negativity contraints.
Unfortunately, even in simple cases, solving this problem
is analytically intractable. Experiments were however con-
ducted in the case described by Table 1, where the system of
reference was in the set of admissible solutions. Inputs x(n)
were absolute-valued data drawn from a zero-mean Gaussian
distribution of variance 104. One hundred realizations of
5000-sample independent sequences were generated in order
to compute mean performance. The step size η in (34) was
successively fixed at 0.0004, 0.001 and 0.004. In Figure 3, the
convergence behavior of the algorithm with respect to the
step clear shows that small step size usually means slower
convergence but better asymptotic performance.

5. CONCLUSION

In many real-life phenomena including biological and phys-
iological ones, due to the inherent physical characteristics
of systems under investigation, non-negativity is a desired
constraint that can be imposed on the parameters to esti-
mate. In this paper, we proposed a general method for sys-
tem identification under non-negativity constraints. We de-
rived additive and multiplicative weight update algorithms,
based on (stochastic) gradient descent of mean-square er-
ror or Kullback-Leibler divergence. Two applications were
finally considered, involving Gaussian and Poisson noise cor-
rupted linear systems.
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Table 2: System of reference with positive and negative entries, and estimations under Gaussian hypothesis.
α 0.8 0.6 0.5 0.4 −0.4 0.3 −0.3 0.2 −0.1 0.1

α̂η=0.04 0,7818 0.7184 0.4121 0.3918 0.0 0.3078 0.0 0.1727 0.0 0.1043
α̂η=0.004 0.8076 0.6175 0.4956 0.4623 0.0002 0.3818 0.0005 0.2189 0.0138 0.1182
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ABSTRACT
A new adaptive scheme for system identification is pro-
posed. The derivation of the algorithm and its convexity
property are detailed. Also, the first moment behaviour
as well as the second moment behaviour of the weights
are studied. Bounds for the step size on the conver-
gence of the proposed algorithm are derived, as well as
the steady-state analysis is carried out. Finally, simula-
tion results are performed and are found to corroborate
with the theory developed.

Keywords: Mixed norm, LMS Algorithm, lp-norm,
Adaptive Algorithm, Convergence.

1. INTRODUCTION

The least mean square (LMS) algorithm [1] is one of the
most widely used adaptive schemes. Several works have
been presented using the LMS or its variants, such as
signed LMS [2]-[3], the least mean fourth (LMF) algo-
rithm and its variants [4], or the mixed LMS-LMF [5]-[7]
all of which are intuitively motivated.

The LMS algorithm is optimum only if the noise
statistics are Gaussian. However, if these statistics are
different from Gaussian other criteria, such as lp-norm
(p 6= 2), perform better than the LMS algorithm, [4],
[8], [9]. The idea here is to use a mixed controlled l2− lp
adaptive algorithm. This is similar to that given in [7]:

Jn = αE[e2
n] + (1− α)E[e4

n], (1)

where the error is defined as follows:

en = dn + wn − cT
nxn, (2)

dn is the desired value, cn is the filter coefficient of the
adaptive filter, xn is the input vector, wn is the addi-
tive noise, and α is the mixing parameter between zero
and one and set in this range to preserve the unimodal
character of the cost function. It is clear from (1) that
if α = 1 the algorithm reduces to the LMS algorithm, if
however, α = 0 the algorithm is the least-meam fourth
(LMF) [4]. Any choice for α in the interval (0,1) en-
hances the performance of the algorithm.

The algorithm for adjusting the tap coefficients, cn,
is given by the following recursion:

cn+1 = cn + µ{α + 2(1− α)e2
n}enxn. (3)

Adaptive filter algorithms designed through the mini-
mization of equation (1) have a disadvantage when the
absolute value of the error is greater than one. This will
make the algorithm go unstable unless either a small
value of the step size or a large value of the controlling
parameter are chosen such that this unwanted instability
disappears. lp-norm based minimization algorithms for
signal parameter estimation or minimization algorithm
of mixed l1 and l2 norms can be found in literature, [12],
[13].

Unfortunately, a small value of the step size will
make the algorithm converge very slowly, and a large
value of the controlling parameter will make the LMS
algorithm essentially dominant.

The rest of the paper is organized as follows: Sec-
tion 2 describes the proposed algorithm as well as its
convexity property. In Section 3 the convergence anal-
ysis is detailed, while Section 4 the simulations results
reports the performance behavior of the proposed algo-
rithm. Finally, Section 5 concludes the work reported
in this paper.

2. PROPOSED ALGORITHM

To overcome the above mentioned problem a modified
approach is proposed where both constraints of the step
size and the control parameter are eliminated. The pro-
posed criterion consists of the cost function (1) where
the lp-norm is substituted for the l4-norm. Ultimately,
this should eliminate the instability in the l4-norm, es-
pecially if p < 4, and retains the good features of (1),
i.e., the mixed nature of the criterion. The proposed
scheme is defined as:

Jn = αE[e2
n] + (1− α)E[|en|p], p ≥ 1, (4)

If p = 2, the cost function defined by (4) reduces to
the LMS algorithm whatever the value of α in the range
[0,1] for which the unimodality of the cost function is
preserved.

For α = 0, the algorithm reduces to the lp-norm
adaptive algorithm, and moreover if p = 1 results in the
familiar signed LMS algorithm.

For p < 2, lp gives less weight for larger error and this
tends to reduce the influence of aberrant noise, while
it gives relatively larger weight to smaller errors and
this will improve the tracking capability of the algorithm
[14].
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2.1 Convex property of performance function

We can prove that the performance function

J(c) = αE[e2
n] + (1− α)E[|en|p] (5)

is a convex function defined on R(N1+N2) for p ≥ 1.

2.2 Analysis of the error surface

• Case p = 2:
Let the input autocorrelation matrix be R = E[xnxT

n ],
and the crosscorrelation vector that describes the cross-
correlation between the received signal (xn) and the de-
sired data (d̂n), p = E[xndn]. The error function can
be more conveniently expressed as follows:

Jn = σ2
x − 2cT

np + cT
nRcn. (6)

It is clear from (6) that the mean-square error (MSE)
is precisely a quadratic function of the components of
the tap coefficients, and the shape associated with it
is hyperparaboloid. The adaptive process continuously
adjusts the tap coefficients, seeking the bottom of this
hyperparaboloid.

copt = R−1p (7)

• Case p 6= 2:
It can be shown as well that the error-function for the
feedback section will have a global minimum since the
latter one is a convex function. As in the feedforward
section, the adaptive process will continuously seek the
bottom of the error-function of the feedback section.

2.3 The updating scheme

The updating scheme is given by:

cn+1 = cn + µ[αen + p(1−α)|en|(p−1)sign(en)]xn, (8)

and sufficient condition for convergence in the mean of
the proposed algorithm can be shown to be given by:

0 < µ <
2

{α + p(p− 1)(1− α)E[|wn|p−2]}tr{R} (9)

where tr{R} is the trace operation of the autocorrela-
tion matrix R.

In general, the step size is chosen small enough to en-
sure convergence of the iterative procedure and produce
less misadjustment error. In the ensuing, the conver-
gence analysis of the proposed l2 − lp is carried out.

3. CONVERGENCE ANALYSIS

Usual assumptions [8], [10], [11], [9] that can be found in
literature and which can also be justified in several prac-
tical instances are used during the convergence analysis
of the proposed mixed controlled l2 − lp algorithm.

3.1 First Moment Behavior of the Weights

We start by evaluating the statistical expectation of
both sides of (8) which looks after subtracting copt of
both sides to give:

vn+1 = vn + µ[αen + (1− α)sign(en)]xn. (10)

After substituting the error en defined by Equation (2)
in the above equation and taking the expectation of both
sides results in:

E[vn+1] = [I− αµR] E[vn] + µ(1− α)E [xnsign(en)] (11)

It is to show that the mis-alignment vector will converge
to the zero vector if the step-size, µ, is given by

0 < µ <
2[

α + (1− α)
√

2
πJmin

]
λmax

, (12)

where λmax is the largest eigenvalue of the autocorre-
lation matrix R, since in general tr{R} >> λmax, and
Jmin is the minimum MSE.

3.2 Second Moment Behavior of the Weights

From Equation (10) we get the following expression:

vn+1vT
n+1 = vnvT

n + µ [αen + (1− α)sign(en)]

× [
vnxT

n + xnvT
n

]
+ µ2

× [
α2e2

n + 2α(1− α)|en|+ (1− α)2
]
xnxT

n . (13)

Let Kn = E[vnvT
n ] define the second moment of the

misalignment vector, therefore the above equation, after
taking the expectation of both of its sides, becomes as
follows:

Kn+1 = Kn + µα
{
E

[
vnxT

nen

]
+ E

[
xnvT

n en

]}

+µ(1− α)
{
E

[
vnxT

nsign(en)
]
+ E

[
xnvT

n sign(en)
]}

+µ2
{
α2E

[
xnxT

ne2
n

]
+ 2α(1− α)E

[
xnxT

n |en|
]

+(1− α)2R
}

. (14)

Two cases can be considered for the step size µ so
that the weight vector converges in the mean square
sense.

• First case i 6= j:
In this case, a sufficient condition for mean square

convergence can be shown to be given by the following:

0 < µ <
1[

α + (1− α)
√

2
πJmin

]
tr{R}

. (15)

• Second case i = j:
Whereas here, the convergence in the mean square

sense will be given by:

0 < µ <
2

[
α + (1− α)

√
2
π

1
σen

]

[
α2 − 2α(1− α)

√
2
π

1
σen

]
λi

. (16)
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Discussion:

Note that if α = 0 will result in zero in
the denominator of expression (16) and therefore
will make µ take any value in the range of
positive numbers, a contradiction with the
ranges of values for the step sizes of LMS and
LMF algorithms. Moreover, any value for α in
]0, 1[ will make of the step size µ set by (16) less
than zero, also this condition is discarded. This
concludes that it is safer to use a more realistic
range for the step size µ for convergence in the
mean square dictated by the range of (15) which
will guarantee stability regardless of the value of
α, and therefore will be considered here.

4. SIMULATION RESULTS

In this section, the performance analysis of the proposed
mixed controlled l2 − lp adaptive algorithm is investi-
gated in an unknown system identification problem for
different values of p and different values of the mixing
parameter α. The simulations reported here are based
on an FIR channel system identification. Furthermore,
we have considered the following channel:

copt = [0.227, 0.460, 0.688, 0.460, 0.227]T .

Three different noise environments have been considered
namely gaussian, uniform, and laplacian. The length of
the adaptive filter is the same as that of the unknown
system. The learning curves are obtained by averaging
600 independent runs. Two scenarios are considered for
the case of the value of p, i.e., p = 1 and p = 4. The
signal-to-noise ratio (SNR) is set to 10 dB throughout
the simulations. Finally, the performance measure most
appropriate to system identification problem considered
here is the normalised weight error norm defined

10log10
||c(n)− copt||2

||copt||2 ,

where copt is the impulse response of the unknown sys-
tem. The learning curves obtained are the average of
600 runs.

Figure 1 depicts the convergence behavior of the pro-
posed algorithm for different values of α and p = 1 in
a white Gaussian noise, Laplacian noise, and uniform
noise, respectively. As can be depicted from this figure
the best performance is obtained when α = 0.8. This
makes sense as the resultant algorithm is steering to-
wards the LMS algorithm.

Also, as can be seen from these figures that the best
performance, as far as the noise statistics are concerned,
is obtained when the noise environment is Laplacian,
then gaussian and finally uniform. This makes sense as
the update algorithm is biased to the sign error LMS
algorithm as α approaches zero. If one compares the
performance of the proposed algorithm when the noise
statistics are Laplacian, one sees clearly that an en-
hancement in performance is obtained and about a 2dB
improvement is achieved for all values of α.

The situation changes when p = 4 as reported in
Fig. 2 which depicts the convergence behavior of the
proposed algorithm for different values of α in a white
Gaussian noise, Laplacian noise, and uniform noise, re-
spectively. As can be depicted from this figure, the best
performance is obtained when α = 0.2 as the proposed
algorithm is mostly LMF in this case. More importantly,
the best noise statistics for this scenario is when the
noise is uniformly distributed. Similarly as above if one
compares the performance of the proposed algorithm
when the noise statistics are uniform, one sees clearly
that an enhancement in performance is obtained and
about a 2dB improvement is achieved for all values of
α. Also, one can notice that the worst performance is
obtained when the noise is Laplacian distributed.

Next, to assess further the performance of the pro-
posed algorithm for the same steady-state value, two
different cases are considered, for p = 1 and p = 4 when
α = 0.8. Figure 3 illustrates the learning behavior of
the proposed algorithm for p = 1. As can be seen from
this figure that the best performance is obtained with
Laplacian noise while the worst performance is obtained
with Uniform noise environment.

In the case of p = 4, as reported in Fig. 4 which
depicts the learning behavior of the proposed algorithm
in the different noise environments, it can be seen that
the best performance is obtained with Uniform noise
environment. The Laplacian noise results in the worst
performance when compared to Gaussian and Uniform
noise environments.

5. CONCLUSION

A new adaptive scheme for system identification has
been introduced. The derivation of the algorithm is
worked out and the first moment behaviour as well as
the second moment behaviour of the weights are stud-
ied. Bounds for the step size on the convergence of the
proposed algorithm are derived. Finally, simulations
are found to be in good agreement with the theory
developed here.
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Figure 1: Effect of α on the learning curves of the pro-
posed algorithm in an AWGN noise environment sce-
nario for p = 1.
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Figure 2: Effect of α on the learning curves of the pro-
posed algorithm in an AWGN noise environment sce-
nario for p = 4.
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Figure 3: Learning behavior of the proposed algorithm
in the different noise environments scenario for p = 1
and α = 0.8.
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1736



MULTI TAPER WIGNER DISTRIBUTION WITH PREDETERMINED
DOPPLER-LAG BANDWIDTH AND SIDELOBE SUPPRESSION

Maria Hansson-Sandsten

Mathematical Statistics, Centre for Mathematical Sciences, Lund University.
Box 118, SE-221 00 Lund, Sweden.

phone: + (46) 46 22 249 53, fax: + (46) 46 22 246 23, email: sandsten@maths.lth.se, web: www.maths.lth.se/matstat

ABSTRACT
Multi taper spectrogram decomposition of the time-lag ker-
nel of a time-frequency distribution might result in compu-
tationally efficient calculations if the number of multi tapers
to be considered in the spectrogram are small. In this pa-
per, penalty functions are designed and used in the computa-
tion of multi tapers corresponding to the Wigner distribution
time-lag kernel. The resulting multi taper spectrogram will
approximately fulfill the concentration of the Wigner distri-
bution but will also suppress the usual Wigner distribution
cross-terms outside a predetermined doppler-lag bandwidth.
The level of the cross-term suppression is determined by a
parameter of the penalty function. The proposed method uses
a limited number of multi tapers which is determined by the
decided bandwidth. The time-frequency concentration of the
proposed method is compared to other well-known distribu-
tions. The performance for white noise disturbances are also
evaluated.

1. INTRODUCTION

The area of time-frequency analysis is well covered in the
signal processing literature and a large number of time-
frequency distributions have been proposed for various types
of applications. From time-frequency concentration view-
point, the Wigner distribution is the optimal choice with
high time-frequency resolution and today a large number of
time-frequency kernels exist with different ability to suppress
the resulting cross-terms from the Wigner distribution, e.g.,
[1, 2, 3, 4]. Another important aspect is also when the signal
components to be resolved are disturbed by additive noise.
The theoretical results for computing the bias and variance
of the Wigner distribution for the case of additive noise are
given in [5] and a minimum-variance kernel is obtained in
[6].

Computationally efficient algorithms can be found us-
ing the eigenvalues and eigenvectors of the rotated time-lag
kernel, where the resulting multi taper spectrogram is the
smoothed Wigner-Ville estimate, [4]. The phrase multi ta-
per was originally introduced by Thomson, [7], for the case
of stationary processes with smooth spectra. Multi taper de-
composition of time-lag kernels have been analyzed from
several aspects, for existing kernels, e.g., in [8, 9], and new
multi taper techniques for non-stationary signal analysishave
also been proposed, e.g., in [10, 11, 12, 13]. One of the
advantages of the Thomson multi tapers is the strong side-
lobe suppression outside a predetermined frequency interval.
Other methods have been proposed for the multi taper spec-
trum estimate of stationary processes where the tapers also

Thanks to the Swedish Research Council for funding.

fulfil the criterion of strong sidelobe suppression, [14, 15].
The aspect of time-frequency localization and orthogonality
in the time-frequency domain (in contrast to only consider-
ing the frequency domain) was noted by [16] and made the
Hermite functions to become often used as multi tapers for
spectrogram estimation of non-stationary processes.

The Wigner distribution gives the best time-frequency
concentration and the aim is to find the multi tapers cor-
responding to this kernel, with the corresponding time-
frequency kernel limited to a predefined doppler-lag band-
width to prevent cross-terms. In this paper we use the idea
of [15] to suppress the sidelobes of the multi taper spectro-
gram outside a pre-determined ambiguity domain area. An
advantage of the approach is that the number of windowed
spectrograms to be averaged are limited. The idea was ini-
tially presented in [17] using another penalty function and
limiting the Thomson multi taper kernel.

2. SPECTROGRAM DECOMPOSITION OF
TIME-FREQUENCY KERNELS

The connection between a multi taper spectrogram and a
smoothed Wigner distribution is found using the following
approach. The multi taper spectrogram is defined as

Sx(t, f ) =
K

∑
k=1

αk|

∫ ∞

−∞
h∗k(t − t1)x(t1)e

−i2π f t1dt1|
2. (1)

With t1 = t ′ + τ
2 andt2 = t ′− τ

2,

Sx(t, f ) =
K

∑
k=1

αk

∫ ∞

−∞

∫ ∞

−∞
x(t ′ +

τ
2
)x∗(t ′−

τ
2
) ·

hk(t − t ′−
τ
2
)h∗k(t − t ′+

τ
2
)e−i2π f τ dτdt ′. (2)

We identify the instantaneous autocorrelation function as

rx(t,τ) = x(t +
τ
2
)x∗(t −

τ
2
), (3)

and the time-lag kernel

ρ(t,τ) =
K

∑
k=1

αkhk(t +
τ
2
)h∗k(t −

τ
2
), (4)

giving the quadratic class of time-frequency distributions,
[18], as

Cx(t, f )= Sx(t, f )=

∫ ∞

−∞

∫ ∞

−∞
rx(t

′,τ)ρ(t−t ′,τ)∗e−i2π f τdt ′dτ.

(5)
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Defining

ρ rot(t1,t2) = ρ(
t1 + t2

2
,t1− t2), (6)

and if the kernelρ rot(t1,t2) satisfies the Hermitian property

ρ rot(t1,t2) = (ρ rot(t2,t1))
∗,

then solving the integral
∫

ρ rot(t1,t2)q(t1)dt1 = λ q(t2)

results in eigenvaluesλk and eigenfunctionsqk(t) which
form a complete set and can be used as weights,αk, and multi
tapers,hk(t) = qk(t), k = 1 . . . K, in Eq. (1).

Quadratic time-frequency distributions can be formu-
lated as a multiplication of the Doppler-lag (or ambiguity
domain) kernel

φ(ν,τ) =

∫ ∞

−∞
ρ(t,τ)e−i2πνtdt, (7)

and the ambiguity function

Ax(ν,τ) =

∫ ∞

−∞
rx(t,τ)e−i2πνtdt, (8)

as
AC

x (ν,τ) = Ax(ν,τ) ·φ(ν,τ).

The Wigner distribution has the simple doppler-lag kernel
φ(ν,τ) = 1 for all values ofν andτ and by using penalty
functions we attempt to limit this function with the aim to
reduce cross-terms.

3. PENALTY FUNCTIONS

The time-lag kernel of the Wigner distribution is defined as

ρ(t,τ) = δ (t). (9)

In the discrete-time case the corresponding rotated time-lag
kernelρ rot(t1,t2) = δ ( t1+t2

2 ), is sampled giving a rotated ker-
nel matrix

R =













0 · · · 0 1
0 · · · 1 0

· · ·
... 1 0

...
1 0 · · · 0













. (10)

In [15], a frequency penalty function was used to suppress
the sidelobes of the multi tapers suitable for the stationary
case of a peaked spectrum. The multi tapers and weights
were given as the solution of a generalized eigenvalue prob-
lem,

Rqk = λkWqk, k = 1. . .N, (11)

where the covariance matrixR, N ×N, corresponded to a
peaked spectrum and the matrixW, N × N, was the cor-
responding covariance matrix of a penalty spectrum with a
pre-defined bandwidth and side-lobe suppression. A sim-
ilar idea is used here where the set of multi tapershk =
qk = [qk(0) qk(1) . . .qk(N − 1)]T and the weightsαk = λk,
k = 1. . .K, are found from the solution of Eq. (11) withR
given from Eq. (10) andW will be specified below. The
multi tapers and weights are then used to compute the corre-
sponding discrete-time case of the spectrogram in Eq. (1).

Doppler penalty function-DP

A doppler penalty (DP) function is defined in [15],

SWν (ν) =

{

P if ∆νp
2 ≤| ν |< 0.5

1 if | ν |<
∆νp

2

(12)

to decrease the leakage from the sidelobes outside the
doppler interval of width∆νp. A corresponding penalty
Toeplitz covariance matrix,Wν , is found as

Wν =









rWν (0) rWν (1) . . . rWν (N −1)
rWν (1) rWν (0) . . . rWν (N −2)

...
. . .

...
rWν (N −1) rWν (N −2) . . . rWν (0)









,

(13)
whererWν (n), n = 0. . .N −1, is the time-discrete covariance
function corresponding toSWν (ν).

Lag penalty function-LP

A simple lag penalty (LP) function is a diagonal suppression
matrix Wτ , (N × N), where values outside a certain time
interval are suppressed. The diagonal elementsWτ(n,n) =
wτ (n), is defined by

wτ (n) =

{

P if |N/2−n +1| ≥ ∆τp
2

1 otherwise
(14)

Doppler-lag penalty function-DLP

The combination to a penalty function that influences lag-
as well as doppler domain in a proper way is not straight
forward and could be done in many different ways, e.g. as
in, [17]. In this paper we choose the definition of a doppler-
lag penalty function (DLP) as the matrixWντ with elements
as

Wντ(n,m) =







P ·Wν(n,m) if |N/2−n +1| ≥ ∆τp
2

AND |N/2−m+1| ≥ ∆τp
2

Wν(n,m) otherwise,
(15)

which almost corresponds to just suppressing the taper func-
tions 10 dB outside the time interval∆τp. The resulting ta-
pers from such a suppression is however not orthogonal to
the matrixR which is the case for the tapers found from
the solution of the generalized eigenvalue problem using the
penalty matrixWντ . The orthogonality property of the ta-
pers is always considered to be important from variance re-
duction aspects.

It is notable that using aR-matrix corresponding to the
time-lag kernel of the Wigner distribution, the solution ofthe
generalized eigenvalue problem will be a rotation of the in-
verse penalty matrix. The interpretation of using the Wigner
distribution time-lag kernel and limiting with use of penalty
functions is however intuitively nice.

The corresponding multi taper spectrograms are named
according to the penalty function used for the matrices (Wν ,
Wτ andWντ ) asDoppler Penalty Wigner Distribution-
DPWD, Lag Penalty Wigner Distribution -LPWD and
Doppler Lag Penalty Wigner Distribution-DLPWD re-
spectively.
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Figure 1: The four first multi tapers (upper row) and weight-
ing factors (lower row) using different penalty functions with
parametersN = 128,P = 10 dB,∆τp = 64 and∆νp = 0.08.

4. MULTI TAPERS AND WEIGHTS

An example from the solution of the resulting eigenvectors
and eigenvalues from applying the different penalty func-
tions of Eq. (11) are shown in Figure 1. The length of the
tapers areN = 128 and the parameters of the penalty func-
tions areP = 10 dB, ∆νp = 0.08 and∆τp = 64. The four
first eigenvectors for each case are depicted in the upper fig-
ures and the eigenvalues in decreasing order are plotted in the
lower figures. A number of eigenvalues, determined by the
frequency bandwidth∆νp, have absolute values close to one
and the remaining are close to the chosen suppression level
P = 10 dB (0.1). The number of averaged spectrograms in
Eq. (1), determined byK is chosen as the number of eigen-
values with absolute values significantly larger than 0.1. For
the DP function,K = 11.

The resulting eigenvectors from the LPWD are not very
useful from the aspect of multi taper spectrogram calculation
as each taper just cover one or two samples. This is of course
a result of the diagonal penalty matrix combined with the
anti-diagonalR-matrix from the Wigner distribution. If the
LP function should have been combined with some other dis-
tribution kernel, the tapers would have been more useful. We
use these windows for comparison although the results from
the estimation will be similar of using a Doppler-independent
kernel with a lag-window of constant level one and 0.1 out-
side a certain lag bandwidth. The number of eigenvalues that
have absolute values larger than 0.1, determined by the lag
bandwidth∆τp = 64, are in this case, i.e.,K = ∆τp = 64.

In the third case, where the DLP function are combined
according to Eq. (15), the eigenvectors show a lag limitation
corresponding to∆τp = 64 samples. This can be compared
with the multi tapers of the DPWD, which cover all time
samples. The shapes of the tapers are otherwise similar to
the shapes of the tapers of the DPWD although a more re-
stricted number of eigenvalues,K = 6, now are found to be
larger than 0.1, which gives a reasonable number of spectro-
grams to be averaged.

The ambiguity domain kernels of the different distribu-
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Figure 2: The ambiguity domain kernels using the differ-
ent penalty functions with parametersN = 128,P = 10 dB,
∆τp = 64 and∆νp = 0.08.

tions in Eq. (7), corresponding to the multi tapers and weight-
ing factors of Figure 1 are depicted in Figure 2. We see that
the DP function causes a suppression of 10 dB outside the
predefined bandwidth∆νp = 0.08. For the LPWD the am-
biguity kernel is very accurate, which is caused by the large
degrees of freedom of the large number of tapers as each win-
dow is only one or two samples long. For the DLPWD the
suppression is 10 dB outside the time limit of∆τp = 64 as
well as the frequency limit∆νp = 0.08.

5. EVALUATION

Complex sinusoids with Gaussian envelopes at different
time-frequency locations are often used to evaluate the res-
olution performance of different algorithms. We define one
such sinusoidal component as

s(n) = e2π i f0n ·h(n−
Ns

2
) −

Ns

2
≤ n <

Ns

2
, (16)

whereh(n) = e−
1

4Ns
n2

andNs = 64 andf0 = 0.05.

5.1 Resolution and suppression of cross-terms

To actually investigate the advantages and drawbacks in
terms of time- and frequency resolution, different com-
binations of time-shifted,s(n − δt) and frequency-shifted,
s(n)e2π iδ f signals withδt andδ f as parameters, are evalu-
ated. The following four different cases are investigated:

1) x1(n) = s(n)+ s(n− δt) time-shift (17)

2) x2(n) = s(n)+ s(n)e2π iδ f frequency-shift

3) x3(n) = s(n)+ s(n− δt)e
2π iδ f time-frequency-shift

4) x4(n) = s(n)+ s(n− δt)+ s(n)e2π iδ f + s(n− δt)e
2π iδ f

time-, frequency- and time-frequency-shifts

As the Wigner distribution of a single component is well
known to have the best time-frequency resolution, the sum
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of the Wigner distributions of the single components is cho-
sen as the ideal performance, e.g. for Case 1,

Sideal(t, f ) = S(t, f )+ S(t − δt , f ),

where S(t, f ) is the Wigner distribution ofs(n). The
usual cross-terms from the Wigner distribution of multi-
component signals are not included in the ideal performance
function. The performance of the penalty function algo-
rithms is compared to the performance of a number of well-
known algorithms/kernels using the measure,

MSEnorm =

∫

t

∫

f (Salgorithm(t, f )−Sideal(t, f ))2

∫

t

∫

f (Sideal(t, f ))2 , (18)

where we use a grid of 256 samples in the time domain and
256 samples in the frequency domain corresponding to 0
to 0.25 of normalized frequency. It can be noted that the
Wigner distribution ofxi(n) for i = 1,2 . . .3 of Eq. (18),
(2-component signals) giveMSEnorm = 1. The reason is of
course that the sum of the power of the cross-terms is equal
to the sum of the power of the two components, [4].

The parameter choices for all algorithms evaluated are in
each case optimized to give the smallest possibleMSEnorm
for δt = 64 andδ f = 0.08. The methods compared are
the proposed three different multi taper cases of Section IV,
the single Hanning window spectrogram (Hann), the Choi-
Williams kernel (CW-kernel), [3], the lag-independent kernel
(LI-kernel) and the doppler-independent kernel (DI-kernel),
[4]. The CW-kernel is defined as

φ(ν,τ) = e−
ν2·τ2

σ ,

the LI-kernel as

φ(ν,τ) = e−
ν2
σ ,

and the DI-kernel as

φ(ν,τ) = e−
τ2
σ .

For Case 1 we compare the results of Hann, DI-kernel and
CW-kernel with the results from the methods with differ-
ent penalty functions. The optimal parameters chosen are
σ = 1300 for the DI-kernel andσ = 0.08 for the CW-kernel.
For Hann, the window length isN = 56. The lag penalty
function parameter is chosen as∆τp = 32 for LPWD and for
the DPWD as∆νp = 0.04. For the DLPWD,∆τp = 48 and
∆νp = 0.06. The results of Figure 3a) show that the LPWD,
DLPWD and the DI-kernel have similar performances when
the distance between the two time-shifted components is in-
creased. Forδt > 40 Hann as well as the CW-kernel gives
a much largerMSEnorm. The DPWD (not shown) gives a
MSEnorm ≈ 1 which is similar to the Wigner distribution (not
shown) as the frequency penalty function does not effect the
cross-terms between two time-shifted components.

In Case 2, the LI-kernel withσ = 0.002 is used instead
of the DI-kernel as the LI-kernel has a better suppression of
cross-terms between frequency-shifted components. All the
other methods have the same parameter choices as in Case 1.
From the results in Figure 3b), the LI-kernel, the DPWD and
the DLPWD have the smallest error. The CW-kernel and
Hann have largerMSEnorm for δ f > 0.05. In this case the
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Figure 3: The normalized mean square error for different al-
gorithms and different cases: a) Case 1 - Time-shift, b) Case
2 - Frequency-shift , c) Case 3 - Time-frequency-shift, d)
Case 4 - Time-, frequency- and time-frequency-shift.

LPWD (not shown) give a result close to the Wigner distri-
bution (not shown), (MSEnorm ≈ 1), as time domain suppres-
sion has no effect in the frequency domain.

For Case 3, Figure 3c), the two components are shifted
both in time and frequency and the smallest errors are now
given from LPWD, DPWD, DLPWD as well as from the
CW-kernel. The parameter choices are the same as for the
cases above for all methods except for the CW-kernel where
σ = 2.5 now gives the smallest error. A closer study shows
that the DLPWD gives the smallest error of all algorithms for
δ f > 0.06 andδt > 48 (the limits of the penalty function) but
that the CW-kernel is lower for larger values ofδ f andδt .

Including components with shifts in all directions, the 4
component case of Case 4, give cross-terms between all com-
ponents in all directions, and the CW-kernel now using opti-
mal parameter choiceσ = 0.03 give cross-term errors in the
directions of the time- and frequency- axis, Figure 3d). The
result is very similar to Hann forδt > 40 andδ f > 0.05. With
optimal parameter settings, same as above, the performance
of the LPWD and DPWD are bad as they just suppress cross-
terms in either time- or frequency direction. The DLPWD
however, gives a very nice performance for components with
larger distances than the penalty function bandwidth.

5.2 Noise sensitivity

The performance for one signal components(n) of Eq. (16) is
investigated for different amounts of additive noise wherethe
disturbance is complex-valued circularly symmetric Gaus-
sian white noise with varying standard deviationβ . The
number of simulations in each case are 500 and the perfor-
mance is measured as the estimated normalized mean square
error, MSEnorm, Eq. (18), from these measurements com-
pared to the Wigner distributionS(t, f ) of s(n). The algo-
rithm parameters are for HannN = 56, the CW-kernelσ =
2.5, the LI-kernelσ = 0.002 and the DI-kernelσ = 1300.
For the penalty function algorithms the parameter choices
are ∆τp = 32 for LPWD, ∆νp = 0.04 for the DPWD and
∆τp = 48,∆νp = 0.06 for the DLPWD.

In Figure 4, the resultingMSEnorm for all the different
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Figure 4: The normalized mean square error of different al-
gorithm estimates for a Gaussian windowed complex sinu-
soid disturbed by Gaussian noise of varying standard devia-
tion β .

algorithms are depicted. The robustness against large distur-
bances is clearly best for the DLPWD. For very small noise
disturbances, the CW-kernel and Wigner spectrum naturally
have a better performance followed by the LPWD. The rea-
son is of course that for the noise-free single component,
both the Wigner distribution and the CW-kernel perform very
nicely. However, the resolution for the DLPWD, DPWD, the
DI-kernel and the LI-kernel are about the same. The Hann
has a much larger value.

6. CONCLUSION

Different penalty functions are proposed to suppress the
Wigner distribution ambiguity function outside a predefined
doppler-lag bandwidth. Using a multi taper spectrogram
with a reasonable number of spectrogram averages gives the
solution where the multi tapers and weights are computed
from a generalized eigenvalue problem including the Wigner
distribution time-lag matrix and a penalty matrix. The re-
sults show that the proposed method give a better result
than the Choi-Williams kernel, the doppler-independent and
lag-independent kernels as well as the single Hanning spec-
trogram from the aspects of time-frequency resolution and
cross-term suppression. The proposed method does also give
a robust result with low mean square error for signals dis-
turbed by white noise.

REFERENCES

[1] J. Xiao and P. Flandrin, “Multitaper time-frequency re-
assignment for nonstationary spectrum estimation and
chirp enhancement,”IEEE Trans. on Signal Process-
ing, vol. 55, no. 6, pp. 2851–2860, 2007.

[2] G. R. Arce and S. R. Hasan, “Elimination of inter-
ference terms of the discrete Wigner distribution using
nonlinear filtering,”IEEE Trans. on Signal Processing,
vol. 48, 2000.

[3] H.-I. Choi and W. J. Williams, “Improved time-
frequency representation of multi-component signals
using exponential kernels,” IEEE Trans. Acoustics,
Speech and Signal Processing, vol. 37, 1989.

[4] L. Cohen, Time-Frequency Analysis, Prentice-Hall,
1995.
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ABSTRACT 
This paper presents a fast algorithm for the computation of 
forward and backward sliding conjugate symmetric se-
quency-ordered complex Hadamard transform (CSSCHT). 
The forward CSSCHT algorithm calculates the values of 
window i+N/4 from those of window i and one length-N/4 
CSSCHT, one length-N/4 Walsh Hadamard transform (WHT) 
and one length-N/4 modified WHT.  The backward CSSCHT 
algorithm can be obtained by transposing the signal flow 
graph of that of the forward one. The proposed algorithm 
requires O(N) arithmetic operations, which is more efficient 
than the block-based algorithm and those based on the slid-
ing FFT and the sliding DFT. The applications of the sliding 
CSSCHT in spectrum estimation and transform domain 
adaptive filtering (TDAF) are also provided with supporting 
simulation results. 

1. INTRODUCTION 

The discrete orthogonal transforms including discrete 
Fourier transform (DFT), discrete cosine transform (DCT), 
discrete Hartley transform (DHT), and Walsh-Hadamard 
transform (WHT) play an important role in the fields of digi-
tal signal processing, filtering and communications [1, 2]. 
Recently, Aung et al. introduced a new transform named the 
Conjugate Symmetric Sequency-ordered Complex Hadamard 
Transform (CSSCHT) [3], which can be an alternative of 
DFT and DCT in some applications needing lower computa-
tional complexity, such as spectrum estimation and image 
compression. A fast decimation-in-sequency (DIS) block-
based algorithm was also reported in [3], which requires 
N/2–1 multiplications with the imaginary number j, 2Nlog2N 
real additions and 2N memory for length-N CSSCHT. 

When dealing with a nonstationary process, such as 
speech, radar, biomedical, and communication signals, the 
commonly used method is sliding orthogonal transform 
(also called short time orthogonal transform), whose compu-
tation is an intensive task. Therefore, many fast algorithms 
were proposed [4-7]. Besides the commonly used sliding 
FFT [4] and sliding DFT [5], the sliding WHT [6-8] was 
also attractive in the real-time pattern matching applications 
[9]. A fast algorithm, which decomposes a length-N WHT 

into two length-N/2 WHTs plus 4N–4 real additions and 
2N(log2N-1) size of memory, for the sliding WHT was pro-
posed in [6]. Ben-Artzi et al. [7] proposed a gray code ker-
nel WHT algorithm, which requires 4N real additions and 
4N size of memory. Ouyang and Cham [8] presented a more 
efficient algorithm to compute the sliding WHT, which de-
rives the length-N WHT from two length-N/4 WHTs plus 
3N+2 real additions and 3N size of memory. Note that the 
computational complexity and the memory storage require-
ments are considered for complex input data. 

Inspired by a research work presented in [8], we pro-
pose in this paper a fast algorithm for the computation of 
sliding CSSCHT, which computes the values of window 
i+N/4 from those of window i and one length-N/4 CSSCHT, 
one length-N/4 WHT and one length-N/4 modified WHT. 

2. PRELIMINARY 

Let XN(i)=[xi, xi+1, …, xi+N–1]T and YN(i)=[yi, yi+1, …, yi+N–1]T 
be respectively the complex input vector and the trans-
formed complex vector of the ith window, where T denotes 
the transposition, and let N = 2n, n ≥ 1, the length-N forward 
and backward sliding CSSCHTs are defined as [3, 10] 

YN (i) = HN XN (i),                                  (1) 

XN (i) = 1
N

HN
H YN (i),                               (2) 

where the superscript H denotes the Hermitian transposition. 
HN is the order-N CSSCHT matrix whose elements are given 
by 

ˆ
2( , ) ( 1) ( ) ,0 , 2 1, log ,nh a b j a b n N• •= − − ≤ ≤ − =A B A B  (3) 

where 0 1 1( , ,..., ),na a a −=A  0 1 1
ˆ ˆ ˆ ˆ( , ,..., ),na a a −=A  and 

B = (b0 ,b1,...,bn−1) . The dot ‘• ’ denotes the scalar product 
of two vectors. ar and br are respectively the binary represen-
tation of a and b,  r = 0, 1, ..., n–1, being the index of the 
binary bit position. ra  is a binary gray code of the bit rever-
sal of ar and ˆra  is the rth bit of the binary bits of the highest 
power of 2 in c(a)/2 where c(a) is the decimal number ob-
tained through a bit-reversed conversion of the decimal a.   
Let      HN = HN (0),HN (1),...,HN (N −1)⎡⎣ ⎤⎦ ,                   
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     xi xi+1 xi+2 xi+3 xi+4 Proposed algorithm
y4(0,i) 
y4(0,i+1)  

1       1       1        1 
         1       1        1        1 

y4(0,i+1)= y4(0,i)- 
(xi-xi+4)  

y4(1,i) 
y4(1,i+1) 

1        j      -1       -j 
1         j      -1       -j 

y4(1,i+1)=-j[y4(1,i)-
(xi-xi+4)]  

y4(2,i) 
y4(2,i+1) 

1      -1       1      -1 
1       -1       1      -1 

y4(2,i+1)=-[y4(2,i)-
(xi-xi+4)]  

y4(3,i) 
y4(3,i+1) 

1       -j       -1       j 
1        -j      -1        j 

y4(3,i+1)=j[y4(3,i)-
(xi-xi+4)]  

Table 1 - Fast algorithm for length-4 CSSCHT 

 
Figure 1 - Signal flow graph of the length-N sliding 
CSSCHT transform 
 

   

HN
1/ m = HN 0( ),HN 1( ), ...,HN

N
m
−1

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

= HN
1/ m 0( ),HN

1/ m 1( ), ...,HN
1/ m N −1( )⎡

⎣⎢
⎤
⎦⎥
T

, m = 2,4.

   (4) 

where HN(k), k = 0, 1, …, N–1, is the kth column of CSSCHT 
matrix, 1/ ( )m

N kH , k = 0, 1, …, N–1, is the kth row of 1/ m
NH , 

and the subscript T denotes the transpose. 
Let yN(k, i) be the kth CSSCHT projection value for the ith 
window : 

   yN (k, i) = HN
T (k)XN (i),  

for k = 0, 1, …N–1; i = 0, 1, …, M–N, N = 2n, n ≥ 1 
where M is the length of the input data sequence. 

3. FAST ALGORITHMS FOR SLIDING CSSCHT  

In this section, we derive a fast algorithm for computing the 
sliding CSSCHT. 
3.1  Fast Algorithm for N=4 
The proposed algorithm is shown in Table 1, from which we 
have 

  
y4(k, i +1) = (− j)k y4(k, i) − t4(k, i)⎡⎣ ⎤⎦ , k = 0,1,2,3  

[ ] [ ]
[ ]

1/ 4
4 4 4 4 4 4

4 4 4 4 4 4

(0, ), (1, ), (2, ), (3, ) ( )

( ), ( ), ( ), ( ) , ( ) .

T

T
i i

t i t i t i t i d i

d i d i d i d i d i x x +

=

= = −

H
 

where 1/ 4
4H  is defined in (4).  Therefore, 2 multiplications 

with j, 10 real additions, and a memory size of 10 are needed. 

3.2 Fast Algorithm for N=8 
The proposed algorithm is shown in Table 2, from which we 
have 

y8(k, i + 2) = (− j)k y8(k, i) − t8(k, i)⎡⎣ ⎤⎦ , k = 0,1,...,7.  

1/ 4
8 8 8 8 8 8(0, ), (1, ),..., (7, ) ( ), ( 1) ,T Tt i t i t i d i d i= +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦H        

21/ 2
4

2 21/ 4
8 8 2 8 2

2
2 2

2 2

1
, ,

j

⎡ ⎤⎡ ⎤ ⎢ ⎥⎢ ⎥ ⎡ ⎤⎢ ⎥= = =⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎣ ⎦⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

H
H

W S
H P W P S

W
J W

J W

 

d8(i+u)=xi+u-xi+8+u, u=0,1.                  
where P8 is defined in (8). J2 and W2 are described in the 
following subsection. Therefore, 5 multiplications with j, 26 
real additions, and 36 size of memory are needed. 
3.3  Fast Algorithm for N=2n, n≥3 
By using the same strategy as for N=4 and N=8, we have 

( , / 4) ( ) ( , ) ( , ) ,

0,1,..., 1,

k
N N Ny k i N j y k i t k i

k N

+ = − −⎡ ⎤⎣ ⎦
= −

             (5) 

1/ 4

(0, ), (1, ),..., ( 1, )

( ), ( 1),..., ( / 4 1)

T
N N N

T
N N N N

t i t i t N i

d i d i d i N

−⎡ ⎤⎣ ⎦

= + + −⎡ ⎤⎣ ⎦H
 

      HN
1/4 = PN

HN / 2
1/2

WN /4
JN / 4WN /4

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

= PN

HN /4
QN / 4WN /4SN /4
WN /4
JN / 4WN /4

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥
⎥

 (6) 

SN =
IN / 2

jIN / 2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

                           

              dN(i+u)=xi+u-xi+N+u, u=0,1,…,N/4-1,                        (7) 
[xi,  xi+1, …, xi+N-1]T=PN×[xi,  xi+4, …, xi+N-4, xi+2,  xi+6,…,xi+N-2, 
xi+1,  xi+3, …, xi+N/2-1, xi+N /2+1,  xi+N /2+2, …, xi+N-1]T                 (8) 
[xi,  xi+1, …, xi+N-1]T=QN× 
[xi,  xi+N-1, xi+1, xi+N-2,…, xi+N /2-1, xi+N /2+1]T                             (9) 
where 1/ 4

NH and 1/ 2
NH are defined in (4). WN is the Nth order 

WHT matrix. IN is the identity matrix and JN is the reverse 
identity matrix. Figure 1 shows the signal graph of the pro-
posed algorithm, whose computational complexity and 
memory storage requirement are analyzed as follows (assum-
ing that the algorithm is implemented in parallel): 
1) The computation of (7) for u = N/4–1 needs only 2 real 
addition. Note that the values of dN(i+u), u = 0, 1,…, N/4–2, 
have already been obtained during the computation of 
yN(k,i+v), v = 1, 2,…, N/4–1, respectively. A memory size of 
N/2 is required for storing dN(i+u), u = 0, 1, …, N/4–1. The 
input xi+u and xi+N+u for u = 0, 1, …, N/4–1, needs N memory, 
which can be released after performing (7) since it will not be 
used in the following steps. 
2) The computation of (6) needs one length-N/4 CSSCHT, 
one length-N/4 WHT, which can be computed by [8], one 
length-N/4 modified WHT (WN/4SN/4), which can be com-
puted by [6] plus N/8 multiplications with j (multiplied by 
SN/4). 

1743



 xi xi+1 xi+2 xi+3 xi+4 xi+5 xi+6 xi+7 xi+8 xi+9 Proposed algorithm 
y8(0,i) 

y8(0,i+2) 
1        1        1        1         1        1         1        1 

1        1        1        1         1        1         1         1 
y8(0,i+2)= 

y8(0,i)-[( xi - xi+8)+( xi+1- xi+9)] 
y8(1,i) 

y8(1,i+2) 
1         1         j        j        -1       -1        -j        -j 

1         1        j          j        -1       -1       -j        -j 
y8(1,i+2)= 

-j{y8(1,i)-[( xi - xi+8)+( xi+1- xi+9)]} 
y8(2,i) 

y8(2,i+2) 
1          j       -1       -j         1         j        -1        -j 

1          j       -1        -j        1          j        -1       -j 
y8(2,i+2)= 

-{y8(2,i)-[( xi - xi+8)+j( xi+1- xi+9)]} 
y8(3,i) 

y8(3,i+2) 
1        -1        -j         j        -1        1         j         -j 

1         -1       -j         j        -1        1          j        -j
y8(3,i+2)= 

j{y8(3,i)-[( xi - xi+8)-( xi+1- xi+9)]} 
y8(4,i) 

y8(4,i+2) 
1        -1         1       -1        1        -1       1        -1 

1       -1       1        -1         1       -1        1       -1
y8(4,i+2)= 

y8(4,i)-[( xi - xi+8)-( xi+1- xi+9)] 
y8(5,i) 

y8(5,i+2) 
1        -1           j        -j       -1          1       -j         j 

1       -1        j          -j        -1         1      -j         j
y8(5,i+2)= 

-j{y8(5,i)-[( xi - xi+8)-( xi+1- xi+9)]} 
y8(6,i) 

y8(6,i+2) 
1         -j         -1        j        1          -j        -1        j 

1        -j       -1        j         1         -j       -1         j
y8(6,i+2)= 

-{y8(6,i)-[( xi - xi+8)-j( xi+1- xi+9)]} 
y8(7,i) 

y8(7,i+2) 
1          1          -j        -j       -1       -1         j          j 

1         1         -j        -j       -1        -1         j       j
y8(7,i+2)= 

j{y8(7,i)-[( xi - xi+8)+( xi+1- xi+9)]} 
Table 2 -  Fast algorithm for length-8 CSSCHT. 

 
 
 
 
 

Proposed 
algorithm 

Muls(j) 5N/6-4/3, N=2n, n=4,6,… 
5N/6-5/3, N=2n, n=3,5,… 

Adds 17N/3+6log2N-86/3, N=2n, 
n=4,6,… 

17N/3+6log2N-103/3, N=2n, 
n=3,5,… 

Me {
( ) }/ 4 2

/ 2 max 7 / 2,

2 log 3 / 4CSSCHT
N

N N

Me N N

+

+ −

Algorithm 
[3] 

Muls(j) N/2-1 
Adds 2Nlog2N 
Me 2N 

Sliding FFT 
 [4] 

Muls 4N–8log2N 
Muls(j) log2N–1 
Adds 4N–4log2N-2 
Me 2Nlog2N-8 

Sliding DFT 
[5] 

Muls 4N-16 
Muls(j) 2 
Adds 4N-6 
Me 4N-6 

Table 3 - Comparison results of the proposed algorithms with the 
block-base one in [3], the sliding FFT in [4] and the sliding DFT in 
[5] for N = 2n, n ≥ 4. “Muls” represents real multiplications, “Muls 
(j)” means multiplication with j , “Adds” means real additions. “Me” 
denotes memory (words). 
 
Size 3N/2 memory is needed for storing the values tN(i+u), 
u∈[0, N-1] but u ∉{N/2+1, N/2+3,…, N-1}, since JN/4WN/4 
is just row change operations of WN/4. We also assume that 
the memory storage requirements of length-N/4 CSSCHT, 
length-N/4 WHT, and length-N/4 modified WHT are 

  MeN /4
CSSCHT ,   MeN / 4

WHT , and / 4
MWHT
NMe , respectively. Note 

that the multiplication by j or –j can be realized by switching 
the real and imaginary parts of the input with one sign chang-
ing, so that there is no memory requirement. 
3) The computation of (5) needs N/2 multiplications with j 
and 2N real additions. The values of yN(k, i), yN(k, i+1),…, 

yN(k, i+N/4–1) can be obtained by zero padding method 
(5N/4–1 zeros) as proposed in [9]. For the implementation, 
we first distribute 2N memory for yN(k, i), k = 0, 1, …, N–1, 
which is then overlaid by yN(k, i+N/4), k = 0, 1, …, N–1 after 
performing (5). Thus, the computational complexity and 
memory requirement of the proposed algorithm is given by 

/ 4 5 / 8CSSCHT CSSCHT
N NM M N= +  

/ 4 / 4 / 4 2 2CSSCHT CSSCHT WHT MWHT
N N N NA A A A N= + + + +  

/ 4 / 4 / 4
7max ,

2 2
CSSCHT CSSCHT WHT MWHT
N N N N

NMe N Me Me Me⎧ ⎫= + + +⎨ ⎬
⎩ ⎭

 

with the initial values 4 42, 10;CSSCHT CSSCHTM A= =   

8 85, 26;CSSCHT CSSCHTM A= = 4 810, 36;CSSCHT CSSCHTMe Me= =  
and 4 810, 24WHT WHTMe Me= = . 
The comparison results of the proposed algorithm and the 
algorithms in [3-5] are shown in Tables 3 and 4. It can be seen 
from the tables that the proposed algorithm reduces signifi-
cantly the real additions compared to the algorithm in [3], but 
at the cost of a little more memory requirement. The proposed 
algorithm is also more efficient than the sliding FFT in [4] 
and sliding DFT in [5]. This is because the proposed algo-
rithm only needs the multiplications with j and real additions, 
and can save the memory for storing the twiddle factors. For 
comparison purpose, Tables 3 and 4 give the real multiplica-
tions, multiplications with j and real additions where one 
complex multiplication is implemented by four real multipli-
cations and two real additions. It should be noted that for the 
computation of yN(k, i), k = 0, 1, …N–1; i = 0, 1, …, M–N, N 
= 2n, n ≥ 1, the proposed algorithm should perform (M+N/4) 
times the module shown in Figure 1. However, the sliding 
DFT [5] and the block-base algorithm [3] are only performed 
M and M–N +1 times, respectively.  Sliding FFT [4] should 
perform a radix-2 FFT algorithm first and then perform M–N 
times the sliding algorithm. The computation of the backward 
CSSCHT, if ignoring the normalization factor 1/N in (2), can 
be simply realized by transposing the signal flow graph of the 
forward CSSCHT. 
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Figure 2 - Spectrogram of a 50Hz sinusoidal signal with additive white noise:  (a)(c)(e) sliding CSSCHT  (b)(d)(f) sliding DFT 
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Figure 3 - Block diagram of CSSCHT                                                      Figure 4 - Transform domain adaptive filtering using sliding  

 domain adaptive filtering                                                                                   CSSCHT and sliding DFT 
 

Table 4- The quantitative comparison results of the proposed algorithms with other three algorithms ([3]-[5]) for N = 2n, n ≥ 4. 

N Proposed algorithm Algorithm [3] Sliding FFT [4] Sliding DFT [5] 
Muls (j) Adds Me Muls(j) Adds Me Muls Muls (j) Adds Me Muls Muls (j) Adds Me 

4 2 10 10 1 16 8 0 1 6 8 0 2 10 10 
8 5 25 36 3 48 16 8 2 18 40 16 2 26 26 
16 12 86 64 7 128 32 32 3 46 120 48 2 58 58 
32 25 177 128 15 320 64 88 4 106 312 112 2 122 122 
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4. APPLICATION EXAMPLES 

In this section, we will give some application examples of 
the sliding CSSCHT. 
4.1 Spectrum estimation 
CSSCHT is applied in spectrum estimation of a sinusoidal 
signal. In the proposed spectrum analysis, the window shifts 
one step each time leading to a highly overlapping window, 
which is exactly the sliding CSSCHT/DFT. Note that the use 
of a sliding window can decrease the variance of the estima-
tion when compared to that of using a single window. Figure 
3 shows the single-sided amplitude spectrum of 512-point 
sliding CSSCHT and sliding DFT of a 50Hz sinusoidal signal 
with additive white Gaussian noise and signal-to-noise ratio 
(SNR) being from 5 dB to 15 dB. The length of the input data 
sequence is M = 4096 and the sampling frequency is 1000 Hz. 
We compute the transformations of the whole sliding win-
dows, and then calculate the average of those coefficients to 
obtain the estimated spectrum. From the figure, it can be seen 
that the CSSCHT frequency magnitude is matched with that 
of DFT. The desired peaks occur in the same locations as that 
of DFT even though there are some spurious spikes in the 
CSSCHT spectrum. Therefore, it is worth considering sliding 
CSSCHT for spectrum analysis instead of sliding DFT when 
it is necessary to achieve significant hardware savings and 
reduced computational time [3]. 
4.2 CSSCHT domain LMS adaptive filter 

Transform domain least-mean-square adaptive filters 
(TDLMSAF), introduced by Narayan et al.[11], exploit the 
de-correlation properties of some well-known signal trans-
forms such as DFT, DCT, DHT and WHT, in order to pre-
whiten the input data and speed up filter convergence [12].  

  Similar to the DFT domain LMS adaptive filter [11, 12], 
the CSSCHT domain LMS adaptive filter algorithm, shown 
in Figure 3, is described as follows: 

( ) ( ), ( ) ( ) ( ), ( ) ( ) ( ),H
N N N N Ni i z i i i e i d i z i= = = −Y H X W Y    

   WN (i +1) = WN (i) + 2μD−1(i)e(i)YN
* (i),          

where * denotes the complex conjugate operator, XN(i) is the 
input signal vector, YN(i)=[yN(0,i), yN(1,i), …, yN(N-1,i)]T is 
the CSSCHT domain coefficients. WN(i)=[wN(0,i), 
wN(1,i), …, wN(N-1,i)]T is the adaptive weight vector. z(i), 
d(i), e(i) are the filter output signal, the desired signal,  the 
error signal, respectively. μ is a positive step-size and D(i) is 
a diagonal matrix of the estimated input powers which is 
given by 

  

D(i) = diag{σ 2(k, i)}, k = 0,..., N −1

σ 2(k, i) = βσ 2(k, i −1) + (1− β) yN (k, i)
2

,0 < β < 1
 

The sliding CSSCHT and sliding DFT are compared in a 
simulation for this type of adaptive filter. Using a 32-tap filter, 
a 5 Hz sinusoid with 1024 samples per second corrupted by 
Gaussian white noise with SNR equal to 0 db is processed 
through the filter. The parameters are set as µ = 0.01 and β = 
0.9. Figure 4 shows the desired signal, corrupted signal and 
the filtered signals by TDLMSAF using sliding DFT and slid-

ing CSSCHT. It can be seen that the result of TDLMSAF 
using sliding CSSCHT is almost the same as that obtained 
with sliding DFT. 

5. CONCLUSION 

In this paper, we have presented a fast algorithm for comput-
ing the forward and backward sliding CSSCHT. The arithme-
tic complexity order of the proposed algorithms is N, a factor 
of log2N improvement is made over the block-based algo-
rithm for the length-N CSSCHT. The proposed algorithm is 
also more efficient than the sliding FFT algorithm and the 
sliding DFT algorithm. The applications of sliding CSSCHT 
to spectrum estimation and transform domain adaptive filter-
ing (TDAF) have been discussed. 
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ABSTRACT 
 
The S transform is useful in time-frequency analysis. In this 
paper, we propose a hybrid algorithm to implement it adap-
tively. Since the window size of the S transform varies with 
|f|, it is reasonable to use different algorithm for different 
frequency to implement it. In this paper, we use the sub 
IDFT algorithm in the low frequency region and the sec-
tioned convolution algorithm in the high frequency region 
to implement the S transform. From simulation, our algo-
rithm reduces 54% of the computation time and much im-
proves the efficiency of the S transform.   
 

1.     INTRODUCTION  
 
The S transform [1][2] is defined as: 

     
2 2

2( )( , ) ( ) exp[ ]
22

i ftf f tS f x t e dtπττ
π

∞ −

−∞

−
= −∫ . (1) 

It is useful for time frequency analysis. It is a modification 
of the short time Fourier transform (STFT, also named as 
the Gabor transform) [3]:            

    2 21( , ) ( ) exp[ ( ) / 2]
2

i ftG f x t t e dtπτ τ
π

∞ −

−∞
= − −∫ . (2) 

Compared with the STFT, the Gaussian mask of the S trans-
form varies with |f|. This makes the S transform have adap-
tive resolution (high resolution in the low frequency region 
and low resolution in the high frequency region). The S 
transform is useful in signal decomposition [4], power qual-
ity analysis [5], seismology [6], biomedical engineering 
[7][8], atmospheric science [9], and other applications re-
lated to time-frequency analysis. 

In [1], an algorithm for implementing the S transform in 
the Fourier domain was introduced. Since the S transform 
in (1) can be viewed as the following convolution operation   
                 ( )2

along -axis
( , ) ( ) i ft

ft
S t f x t e g tπ−= ∗ ,  

              where ( ) 2 2| | exp[ / 2]
2f
fg t f t
π

= − , (3) 

from  

    2[ ( ) ] ( )i ftFT x t e X u fπ− = + , ( )
2 22
2
u

f
fFT g t e

π−
⎡ ⎤ =⎣ ⎦ ,  (4) 

the S transform can be implemented as follows [1]: 
 

Step 1: Perform the discrete Fourier transform (DFT) for 
the samples of x(t):  

  ( ) [ ]
21

1
0

1
knN j

N
f

n
X k x n e

N

π− −

=

Δ = ∑ ,  where 1/t f NΔ Δ = , (5) 

   [ ] ( )1 (( ))N tx n x n= Δ ,     (( ))N is the modulus operation,       
and N is some integer that should be larger than the number 
of sample points of x(t). Note that if the time duration of x(t) 
is [T1, T2] and T1 < 0, then it is possible that n < 0 and we 
should use ((n))N to re-arrange the index before applying the 
DFT.         
 
Step 2:  For each m, compute the N-point inverse discrete 
Fourier transform (IDFT) as follows. Then, the result will 
be the S transform of x(t) at τ = nΔt and f = mΔf. 

    ( ) ( )
2

2
2

2 2/2 1

/2
, ( )

knN k j
m N

t f f
k N

S n m X m k e e
π π− −

=−

Δ Δ ≅ + Δ∑ .   (6) 

 
Suppose that m has M possible values. Then the above 

algorithm requires one DFT, M IDFTs, and M times of mul-
tiplications of exp(−2π2k2/m2). Thus, the complexity is:             

                     2
( 1) log

2
M N N MN+

+ ,         (7) 

and the average complexity for each m is: 

           2 2
( 1) log log

2 2
M N NN N N N

M
+

+ ≅ + .        (8) 

In this paper, we find that the efficiency of the S transform 
can be further improved.  

First, notice that when |f| is large, the time duration of 
gf(t) = exp[−f2(τ − t)2/2] is very small. It means that (3) is a 
convolution of x(t)exp(−j2πft) with a very short function. 
The convolution of a long function and a short function can 
be implemented by the sectioned convolution.   

By contrast, when |f| is small, since FT[gf(t)] = 
exp[−2π2u2/f2] decays very fast, the bandwidth of gf(t) is 
very small. In this condition, the input of the IDFT in (6) is 
very short and we can use several shorter length IDFTs in-
stead of the N-point IDFT in (6) to implement the S trans-
form.       

Therefore, one can implement the S transform adap-
tively according to the value of |f|.  
(i) When |f| is large, the sectioned convolution algorithm 

can be applied. See Section 2.  
(ii) When |f| is small, the algorithm of sub IDFT can be 

applied. See Section 3.  
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(iii) Even in the middle frequency region, using both the 
sectioned convolution and the sub IDFT algorithms are 
more efficient than using the original algorithm. See 
Figs. 1 and 2.     

We also perform several simulations in Section 4 to 
show that the proposed hybrid algorithm can much improve 
the efficiency of the S transform.    

 
2.    SECTIONED CONVOLUTION IN HIGH FREQUENCY 

REGION 
 
Suppose that the number of sampling points for x(t) is N1:        
                     ( ) ( )sampling

tx t x n⎯⎯⎯⎯→ Δ , 
                  where n = n0, n0+1, .., n0+N1−1. (9) 
In theory, the function gf(t) in (3) has infinite duration. 
However, one can give a threshold:  
                     ( )0.001max ( )fthreshold g t=    (10) 

and ignore the case where |gf(t)| < threshold. It makes gf(t) 
become a time-limited function with the time duration of: 
                           f fB t B− < < ,   

       where 32 log(10 ) / | | 3.7169 / | |fB f f= =  (11) 
and the number of sampling points in the duration is      

                           3.71691 2
| | t

L
f

⎢ ⎥= + ⎢ ⎥Δ⎣ ⎦
,  (12) 

where ⎣ ⎦ means the rounding down operation. Therefore, (3) 
becomes the linear convolution of an N1-length sequence 
x(nΔt) and an L-length sequence g(nΔt).  
 

However, when |f| is large, the time-duration of gf(t) is 
very short and the value of L in (12) is also very small. In 
this case, instead of (3), one can divide x(nΔt) into several 
shorter sequences and use the sectioned convolution to 
implement the convolution of x(nΔt) and g(nΔt). That is,      

 
Step 1:  Divide x(nΔt) into B subsections. The length of 
each subsection is N2, where N2 = ⎡N1/B⎤ and ⎡ ⎤ means the 
rounding up operation. That is,       

    [ ] ( )
( )0 22

, 0 2

n pN n m
j

N
p m tx n x n pN n e

π + +
−

⎡ ⎤= + + Δ⎣ ⎦ ,  (13) 

         where n = 0, 1, …, N2−1,    p = 0, 1, …., B−1,   
and exp(−j2π(n0+pN2+n)m/N) comes from substituting t = 
(n0+pN2+n)Δt and f = mΔf into exp(−j2πft) in (3). Moreover, 
as in (5), N = 1/ΔtΔf should be satisfied.         
 
Step 2:  Then, we use the N3-point DFT / IDFT pair to im-
plement the convolution in (3) instead of the N-point DFT / 
IDFT pair used in (5) and (6), where N3 should satisfy  
                       N3 > N2 + L −1 ≈ (N1/B) + L −1.         (14) 
This step can be accomplished by the following sub steps:  

Step 2-1:  [ ] [ ]
3

3

21

, ,
3 0

1
knN j

N
p m p m

n
X k x n e

N

π− −

=

= ∑             

                        for p = 0, 1, …., B−1.   (15) 

Step 2-2:  [ ] [ ]
2 2

2
3 2 2

3 3

2 21

, ,
0

N knN k j
m N N

p m p m
k

T n X k e e
π π− −

=

= ∑   

                        for p = 0, 1, …., B−1.  (16) 
Step 2-3:  [ ] [ ], ,p m p mQ n T n=         

                        for n = 0, 1, …, N2+L1−1, L1 = (L−1)/2,    
                 [ ] [ ], , 3p m p mQ n T n N= +   

                         for n = −L1, −L1 +1, ..., −1. (17) 
and Qp,m[n] = 0 otherwise. Then Qp,m[n] is near to  
                    [ ] [ ] ( ), ,p m p m t f tQ n x n g n≅ ∗ Δ Δ ,          (18) 
where * means the linear convolution and gf(t) is defined in 
(3).  

Steps 2-2 and 2-3 can be proved as follows 

   ( ){ } 3
3

22 2 2| | exp[ ]
22

j kn
Nt

N t f t t
n

f nfDFT g n e
π

π

−− Δ
Δ Δ = Δ∑     

                               (
3NDFT  means the N3-point DFT)  

   
3

2 2 2

, , 1/

| | exp( / 2)
2

t u t u

j u t

t n u k N

f f t e dtπ

π
−

→ Δ → Δ Δ Δ =

≅ −∫  

   2 2 2exp( 2 / )u fπ= −    (from (4))             

   
2 2

2 2 2 2
3

2exp( )
f t

k
m N

π−=
Δ Δ

   (from u = kΔu = k/ΔtN3 and f = mΔf)  

   2 2 2 2 2
3exp( 2 / )k N m Nπ= −  (from ΔtΔf = 1/N).      (19)    

Therefore, from (16),  

  [ ] [ ]{ }3 3

2 2 2

, , 2 2
3

2exp( )p m N N p m
k NT n IDFT DFT x n

m N
π⎧ ⎫⎪ ⎪−= ⎨ ⎬

⎪ ⎪⎩ ⎭
 

                [ ]{ } ( ){ }{ }3 3 3,N N p m N t f tIDFT DFT x n DFT g n≅ Δ Δ . (20) 

Thus, Tp,m[n] is the circular convolution of  xp,m[n] and 
Δtgf(nΔt) and Qp,m[n] in (17) is their linear convolution.  
 
Step 3:  Sum the linear convolution results of each subsec-
tion. Then we obtain the result of the S transform (denoted 
by S(nΔt, mΔf)):                       
 (a) ( ) [ ]0 2 ,( ) ,t f p mS n pN n m Q n+ + Δ Δ ≅    

        when (i)  L1 ≤ n < N2−L1,  p = 0, 1, …., B−1,    
                 (ii)  0 ≤ n < L1, p = 0,  or  
                 (iii) N2−L1 ≤ n < N2, p = B−1, where L1 = (L−1)/2,   
 (b) ( ) [ ] [ ]0 2 , 1, 2( ) ,t f p m p mS n pN n m Q n Q n N−+ + Δ Δ ≅ + + , 

         when 0 ≤ n < L1,  p = 1, 2, …., B−1 
 (c) ( ) [ ] [ ]0 2 , 1, 2( ) ,t f p m p mS n pN n m Q n Q n N++ + Δ Δ ≅ + − ,  

         when N2−L1 ≤ n < N2, p = 0, 1, , …., B−2.   (21)     
Step 3 can be proven from the fact that  

                [ ] [ ]
2 1

, 0 2
0

Bj mn
N

p m
p

x n e x n n pN
π −−

=

= − −∑         (22) 

   ( ) [ ] ( )
2

,
j mn

N
t f t f tS n m x n e g n

π
−

Δ Δ ≅ ∗ Δ Δ   (from (3)),       
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Table 1  Complexities of the original algorithm and the  
proposed algorithm in Section 2 for implementing the S transform. 

Here, Δt = Δf = 0.02 and 0 ≤ t ≤ 30.  
[B(N1/B+L−1)/2]⋅log2(N1/B+L−1) + 

N1+BL−B  (reflect the complexity of the 
proposed algorithm) frequency 

(N/2)log2N + 
N (reflect the 
complexity of 
the original 
algorithm) B = 2 B = 4 B = 6 B = 9

|f| = 2 16610 11091 12446 14018 16502
|f| = 6 16610 9453 9372 9563 10027

|f| = 10 16610 9139 8787 8723 8818 
|f| = 15 16610 8982 8497 8306 8221 
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Then we analyze the complexity of the proposed algorithm. 
Suppose that there are M1 possible values of m. Then, the 
multiplication of exp(−2π2k2N2/(m2N3

2)) and the N3-point 
IDFT in (16) should be computed M1B times. Since 
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+ = + , (24)      
thus, in (13) and (15), we only have to calculate xp,m[n] and 
Xp,m[k] for m = 0, 1, …, N/N3 −1. Therefore there are 
N1N/N3 multiplications in (13), where N1 is the number of 
input sampling points (see (9)), and the N3-point DFT in (15) 
should be performed BN/N3 times. The product of 
exp(−j2π(n0+pN2)/N3) in (24) can be merged with the prod-
uct of exp(−2π2k2N2/(m2N3

2)) in (16). Therefore, the total 
complexity of the proposed algorithm is 
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and the average complexity for each m of the proposed 
algorithm is near to  
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  (26) 

where N1 is the number of input sampling points, B is the 
number of sections, and L is defined in (12) when M1 is 
sufficient large. In comparison, for the original algorithm in 
[1], the average complexity is as in (8). In the case where L 
<< N, if we choose B ≥ 2 and the constraint that N1 < N is 
satisfied, then N1/B + L − 1 << N and (26) will be much less 
than (8).   

For example, if Δt and Δf are fixed to 0.02, from (5), N 
= 2500 and the value of (N/2)log2N + N in (8) is near to 
16610. If the duration of the input signal is 0 ≤ t ≤ 30, then 

the value of N1 is 1501. In Table 1, we show the value of 
(26)) for different B and |f| (Note that |f| affects the value of 
L (see (12)) and hence the value of (26)). It shows that the 
proposed algorithm indeed has less complexity than the 
original algorithm. Especially, when |f| is large, using larger 
B (i.e., dividing the input into more sections) will be even 
more efficient.      

 
 

3.   SUB IDFT ALGORITHM IN LOW FREQUENCY REGION 
 
In previous section, we described that when |f| is large the 
sectioned convolution algorithm is helpful for improving 
the efficiency of the S transform. In this section, we show 
that, when |f| is small, the sub DFT algorithm will be more 
helpful for improving the efficiency. Note that, when |f| is 
small, since f = mΔf, the value of |m| in (6) is also small. It 
means that the exponential term exp(−2π2k2/m2) decays very 
fast. If we ignore the case where exp(−2π2k2/m2) < 10−3, 
then (6) can be rewritten as:   
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       where 
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.   (28)   

(27) is the N-point IDFT whose input has 2N4 + 1 points. If 
|f| is very small, 2N4 + 1 is much less than N. For example, 
when Δt = Δf = 0.02 and |f| = 1, the value of N = (1/ΔtΔf) is 
2500 but the value of N4 in (24) is only 30. Since 2N4 + 1 = 
61 << N, in this case, using the N-point IDFT to implement 
(27) directly would be very inefficient. Instead, we can use 
the sub IDFT algorithm described as follows to implement 
(27) and improve the efficiency.            

First, find an integer L1 such that  
   (a) L1 ≥ 2N4 + 1  and   (b)  1 1/B N L=  is an integer. (29) 
Then, (27) can be re-expressed as:  
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         where c = ((n))B1, a = (n−c)/B1, and n = aB1 + c. (31) 
 
Then, from the fact that the complexity of B1 times of the 
(N/B1)-point IDFTs is less than that of one N-point IDFT, 
we can use the following way to implement the N-point 
IDFT instead of using (6) directly to improve the efficiency. 
(Step 1 in (5) is unchanged.) 
 
(Modification for Step 2): First, calculate  

            ( ) ( )
2

2
2

22

, ( )
k kj c

N m
c m fX k X m k e e

ππ −
= + Δ   

                                      for c = 0, 1, …, B1−1.  (32) 
Then, perform the L1-point IDFT for each of Xc,m(k) (c = 0, 
1, …, B1−1):  
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Fig. 1  The complexities of using three different algorithms for 

implementing the S transform. Line 1: the original algo-
rithm, Lines 2 and 3: using the sectioned convolution al-
gorithm in Section 2 (B = 2 for line 2 and B = 4 for Line 
3), Line 4: using the sub IDFT algorithm in Section 3.       
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Note that if there are M1 possible values for m, then in (33) 
the L1-point IDFT should be performed B1M1 times. There-
fore, the complexity of the modified algorithm is: 
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Here, we use the fact that B1(2N4+1)  ≈ B1L1 = N (from 
(29)). Thus, the average complexity for each m of the pro-
posed sub IDFT algorithm is:        
          2 2 1 2 1

1
log log log

2 2 2
N N NN L N L N
M

+ + ≈ +      (35) 

if M1 is sufficient large. Compared with (8), since L1 = N/B1 
<< N, it is obvious that (N/2)log2L1 is much less than 
(N/2)log2N. Therefore, using the proposed sub IDFT algo-
rithm can indeed improve the efficiency of the S transform, 
especially in the condition where |f| is small (Note that, 
since L1 = 2N4+1 and N4 is proportional to |f| (see (28)), if |f| 
is small, the value of L1 in (35) is also small).   
 

In Fig. 1, we compare the efficiencies of the three algo-
rithms for implementing the S transform. (i.e., original al-
gorithm, the sectioned convolution algorithm in Section 2, 
and the sub IDFT algorithm in Section 3) Here, 
          Δt = Δf = 0.02 (i.e., N = (1/ ΔtΔf) = 2500)  (36) 
and 0 ≤ t ≤ 30. Line 1 is (N/2)log2N + N, which is the com-
plexity of the original algorithm. It is invariant with f. Lines 
2 and 3 are [B(N1/B+L−1)/2]⋅log2(N1/B+L−1) + N1+BL−B 
when B = 2 and 4, respectively. They are the complexities 
when using the sectioned convolution algorithm in Section 
2. Line 4 is (N/2)log2L1 +N, which is the complexity of the 
sub IDFT algorithm described in this section.  

 

 
Fig. 2  Using different algorithms in different regions to imple-

ment the S transform, where B means the number of sec-
tions when using the sectioned convolution algorithm.  

 
From Fig. 1, it is obvious that when |f| is small, using 

the sub IDFT algorithm proposed in this Section will be 
more efficient for implementing the S transform. When |f| is 
in the middle region, it is proper to use the sectioned convo-
lution algorithm in Section 2 with smaller B to implement 
the S transform. In the high frequency region, it is proper to 
use the sectioned convolution algorithm with larger B, as in 
Fig. 2. Therefore, we can use the hybrid algorithm to im-
plement the S transform. For different |f|, the algorithm 
for implementing the S transform is also different.  
 
 

4.  SIMULATIONS 
 

We perform several simulations to compare the efficiencies 
of the proposed hybrid algorithm and the original algorithm 
to implement the S transform. There are two input signals:   
 
   Fig. 3(a):   x(t) = cos(2πt) for 0 ≤ t ≤ 10,     
                    x(t) = cos(6πt) for 10 ≤ t ≤ 20, 
                    x(t) = cos(4πt) for 20 ≤ t ≤ 30,                   (37) 
   Fig. 4(a):   x(t) = cos(20πt) for 0 ≤ t ≤ 10,     
                   x(t) = cos(3πt) for 10 ≤ t ≤ 20,     
             x(t) = cos(10πt) for 20 ≤ t ≤ 30.     (38) 
 
Their S transforms (computed by the original algorithm in 
(6) and (7)) are shown in Figs. 3(b) and 4(b).  

Then, we use the proposed hybrid algorithm to com-
pute the S transforms. In Fig. 3(b), we use the sub IDFT 
algorithm for |f| < 2 and use the sectioned convolution with 
for |f| ≥ 2. We plot the results in Figs. 3(c) and 4(c). The 
results are all the same as those of using the original algo-
rithm. It proofs that the proposed hybrid algorithm is valid.  

Then, we show the computation time in Table 2. The 
results show that the proposed hybrid algorithm saves over 
54% of the computation time and is much more efficient 
than the original algorithm. 
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Fig. 3  (a) The input signal x(t) (defined in (37)), (b) the S trans-

form of x(t) computed by the original algorithm, and (c) the S 
transform of x(t) computed by the proposed hybrid algorithm.  
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Fig. 4  (a) The input signal x(t) (defined in (38)), (b) the S trans-

form of x(t) computed by the original algorithm, and (c) the S 
transform of x(t) computed by the proposed hybrid algorithm. 

 
5.  CONCLUSIONS 

 
In this paper, we propose a hybrid algorithm to improve the 
implementation efficiency of the S transform. We find that, 
when |f| is small, it is proper to use the sub IDFT algorithm 
instead of the original method to implement the S transform. 
When |f| is large, it is proper to use the sectioned convolu-
tion algorithm and the number of sections is increased when 
|f| grows larger. The proposed algorithm much reduces the 
computation time of the S transform and is very helpful for 
time-frequency analysis.   

 
 
 
 
 
 

Table 2  Comparing the computation times of the original and the 
proposed hybrid algorithms for implementing the S transform  

Computation 
time 

Original 
algorithm

Hybrid  
algorithm Improvement

Signal in  
Fig. 3 3.20 sec 1.47 sec 54.1% 

Signal in  
Fig. 4 8.21 sec 3.71 sec 54.8% 
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ABSTRACT

In this paper, we present a discrete fractional evolution-
ary transform (DFrET) for the time-frequency (TF) repre-
sentation of non-stationary, wide band signals. The time–
varying kernel of this transform is used to calculate the evo-
lutionary spectrum. The DFrET kernel are obtained from the
coefficients of a discrete fractional Gabor expansion. The
proposed DFrET provides a tool for high-resolution repre-
sentation of multicomponent signals with linear instanta-
neous frequencies. Performance of the proposed algorithm
is illustrated by means of simulations and compared with ex-
isting TF methods.

1. INTRODUCTION

Although the majority of signals encountered in applications
have time–varying spectral content, estimation of these time-
frequency (TF) spectra displaying acceptable resolution re-
mains a challenging problem. This is mainly due to the
estimation methods having difficulty adapting to the time–
varying frequency of the signal components [1, 2]. Constant–
bandwidth methods such as the short-time Fourier transform
and the traditional Gabor expansion [4, 5] provide estimates
with poor TF resolution [8]. Several approaches have been
proposed to improve the resolution of the estimation: aver-
aging of the estimates obtained using different windows [7],
maximizing energy concentration measures [8, 9], and adapt-
ing the Gabor basis functions to the instantaneous frequency
of the signal components [6, 11, 12, 13].

In [15], we present a Discrete Evolutionary Transform
(DET) that provides a TF representation of the signal and
an evolutionary spectrum simultaneously. It is shown that
the time–varying kernel of this transform may be obtained
through either the multi–window Gabor expansion that uses
non–orthogonal bases, or the Malvar expansion using orthog-
onal bases. Computation of the evolutionary spectrum with
the sinusoidal expansion provides estimates with poor time–
frequency resolution for signals with wide-band components.
We will show that the method can be improved by combining
the advantages of the Fractional Fourier Transform (FrFT)
and the DET. Hence we present a Discrete Fractional Evolu-
tionary Transform (DFrET) and a method to obtain its kernel
by using the recently introduced fractional Gabor expansion
[10]. This will allow us to obtain a high resolution TF spec-
trum as well as a compact representation for signals with lin-
ear chirp components.

This work was supported by The Research Fund of The University of
Istanbul. Project numbers: 3898 and UDP-4382/14102009

2. DISCRETE EVOLUTIONARY TRANSFORM BY
GABOR EXPANSION

The evolutionary spectral theory for the analysis of non-
stationary random processes [14] has been extended to con-
sider discrete-time, finite-support signals [9, 13, 7]. Hence
for a discrete-time signal x(n),n = 0,1, · · · ,N − 1, its Dis-
crete Evolutionary Transform (DET) is defined in terms of
sinusoids with time–varying amplitudes as:

x(n) =
K−1

∑
k=0

X(n,k)e jωkn (1)

where ωk = 2kπ/K, K is the number of frequency samples
and X(n,k) the time-varying kernel of the DET. The above
equation is analogous to the Wold–Cramer representation
used to model the non–stationary processes as a combina-
tion of sinusoids with time–varying and random amplitudes
[14]. The evolutionary spectrum of x(n) is then given by,

S(n,k) =
1
K
|X(n,k)|2 (2)

[9]. It is shown in [15] that the kernel X(n,k) may be cal-
culated using conventional signal representations such as the
Gabor expansion, that uses non-orthogonal basis, or the Mal-
var expansion that uses orthogonal basis.

Traditional discrete Gabor expansion [4] represents a sig-
nal as a combination of basis functions that are obtained by
translating a single window uniformly in time and frequency.
Hence Gabor basis functions allow a sinusoidal and constant-
bandwidth analysis. However, if the signal to be analyzed
does not satisfy the constant-bandwidth condition, i.e., if
the frequency components change with time, its TF repre-
sentation will not be parsimonious [9]. A multi–window
Gabor expansion is presented in [13], using basis functions
h̃i,m,k(n), that are obtained by scaling and translating in time
and frequency a mother window:

h̃i,m,k(n) = h̃i(n−mL)e jωkn (3)

Then the multi-window Gabor representation of x(n),

x(n) =
1
I

I−1

∑
i=0

M−1

∑
m=0

K−1

∑
k=0

ai,m,kh̃i(n−mL)e jωkn (4)

Synthesis windows h̃i(n) are obtained from a unit-energy
mother window g(n) by scaling in time hi(n) = 2i/2g(2in),
i = 0,1, · · · , I− 1, and periodically extending by N. Here I
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denotes the number of scales used and L,M,L′,K positive
integers satisfy the condition LM = L′K = N. L and L′ are
the sampling steps in time and frequency, M and K are the
number of samples in time and frequency respectively. The
Gabor coefficients ai,m,k, may be calculated by the analysis
windows γ̃i(n) that are bi-orthogonal to h̃i(n) [4]:

ai,m,k =
N−1

∑
n=0

x(n)γ̃∗i (n−mL)e− jωkn (5)

Now, by considering the representations of x(n) in equations
(1) and (4), the DET kernel X(n,k) is

X(n,k) =
1
I

I−1

∑
i=0

M−1

∑
m=0

ai,m,k h̃i(n−mL)

=
1
I

I−1

∑
i=0

Xi(n,k) (6)

where Xi(n,k) show the kernels calculated for different
scales. They may be combined using arithmetic average or
other averaging techniques [9]. Substituting ai,m,k in (5) into
(6), we get

X(n,k) =
N−1

∑̀
=0

x(`) w(n, `) e− jωk` (7)

where w(n, `) is a time-dependent window function given by

w(n, `) =
1
I

I−1

∑
i=0

M−1

∑
m=0

γ̃∗i (`−mL) h̃i(n−mL). (8)

By considering all possible scales, a high-resolution repre-
sentation for the signal may be obtained by combining the
kernel set {Xi(n,k)} [13]. However, this is not sufficient in
general; because signals with wide-band components may
require non-sinusoidal basis functions for a compact repre-
sentation. In such cases, a fractional time–frequency repre-
sentation will be more appropriate for the spectral signals.

3. DISCRETE FRACTIONAL EVOLUTIONARY
TRANSFORM

In the following, we briefly review the closed-form fractional
Gabor expansion that is especially useful for the representa-
tion of chirp-type signals and then connect it to the proposed
DFrET.

3.1 Discrete Fractional Gabor Expansion
A discrete fractional Gabor expansion for a signal x(n), n =
0,1, · · · ,N−1 (N odd) is defined in [10] as:

x(n) =
M−1

∑
m=0

K−1

∑
k=0

am,k,α h̃m,k,α(n) (9)

where α is the fraction order and the fractional Gabor basis
functions are

h̃m,k,α(n) = h̃(n−mL) Kα(n,k). (10)

Here M and K are the number of samples in time and in α
fractional domain u (combination of time and frequency) re-
spectively; L and L′ are the sampling steps in time and in u

domain, and the previous condition holds: ML = KL′ = N.
Furthermore Kα(n,k) is the fractional kernel and it replaces
the sinusoidal kernel {e jωkn} of the traditional Gabor expan-
sion where the term e jωkn modulates synthesis windows and
shifts them in the frequency domain by L′. Similarly, in the
fractional case, the kernel Kα(n,k) will shift the window in
the u domain by the same step. A kernel which will provide
such a shift can be obtained from the kernel of the closed-
form discrete FrFT [16]:

Kα(n,k) =

√
sinα− j cosα

N
e

j
2 [n2∆t2+(kL′)2∆u2]cotα

× e− j 2πkL′
N n (11)

where ∆t∆u = 2π|sinα|
N . Then the fractional Gabor coeffi-

cients are calculated as,

am,k,α =
(N−1)/2

∑
n=−(N−1)/2

x(n) γ̃∗m,k,α(n) (12)

where the analysis basis functions are periodic versions of

γm,k,α(n) = γ(n−mL) Kα(n,k). (13)

The bi-orthogonality condition of this basis system is derived
in [10] and given by

1
LL′

(N−1)/2

∑
n=−(N−1)/2

h̃(n)γ̃∗(n+mK) e− j 2πk
N n = δmδk (14)

0 ≤ k ≤ L− 1, 0 ≤ m ≤ L′ − 1 and −(N − 1)/2 ≤ n ≤
(N − 1)/2. For a given Gauss synthesis window, the anal-
ysis window can be solved from the above equation sys-
tem and used to calculate the fractional Gabor coefficients.
Above fractional expansion is a generalization of the sinu-
soidal expansion, such that it reduces to the traditional Gabor
for α = π/2.

3.2 Discrete Fractional Evolutionary Transform
A more general TF representation for a discrete-time signal
x(n),n = 0,1, · · · ,N−1 may be obtained by generalizing the
sinusoidal DET in Section 2. Then a Discrete Fractional Evo-
lutionary Transform (DFrET) is defined to represent a signal
as a combination of linear chirps with time–dependent am-
plitudes:

x(n) =
K−1

∑
k=0

X(n,k,α) Kα(n,k) (15)

where Kα(n,k), is the kernel of the FrFT given in (11)and
X(n,k,α) is the time and fraction order α dependent DFrET
kernel. Thus the evolutionary spectrum of x(n) in the frac-
tional domain is calculated by

S(n,k,α) =
1
K
|X(n,k,α)|2 (16)

X(n,k,α) kernel may be obtained by considering the repre-
sentations of the signal in (15) and (9);

X(n,k,α) =
M−1

∑
m=0

am,k,α h̃(n−mL) (17)
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Finally, substituting for am,k,α from (12) into (17), we get

X(n,k,α) =
M−1

∑
m=0

(N−1)/2

∑
`=−(N−1)/2

x(`)γ̃∗m,k,α(`)h̃(n−mL) (18)

Defining a time-dependent window function w(n, `) as be-
fore by,

w(n, `) =
M−1

∑
m=0

γ̃∗(`−mL)h̃(n−mL) (19)

the DFrET in (18) becomes

X(n,k,α) =
(N−1)/2

∑
`=−(N−1)/2

x(`)w(n, `)K∗
α(`,k) (20)

The proposed DFrET will provide a suitable approach for the
TF representation and spectral estimation of non-stationary
signals especially signals containing linear chirps. In the
following, we demonstrate the performance of the proposed
transform by means of computer simulations. Note that with-
out apriori information about the frequency content of the
signal, determining the value of α is a question. There are
signal-adaptive methods in the literature to obtain the best
possible analysis parameters for a given signal [6, 8]. In our
simulations we use the local energy concentration measure
presented in [8] and used in [10] to obtain the best matched
value of α from a set of values.

4. SIMULATION RESULTS

We consider the combination of two linear chirp signals
shown in Fig. 1. The signal is first represented using
multi-window Gabor expansion based DET with parameters
N = 256,M = 64,K = 256, I = 2. The evolutionary spectrum
calculated by the sinusoidal DET is given in Fig. 2. Then we
obtain a TF representation and hence an evolutionary spec-
tral estimation by searching for fraction orders in 8× 8 TF
regions. We have a set of 30 α values from 0 to π and search
for the optimum one by maximizing the local energy con-
centration measure [10]. Fig. 3 shows the calculated well-
localized evolutionary spectrum using the proposed DFrET
method.

5. CONCLUSIONS

In this paper a discrete fractional evolutionary transform is
introduced by combining the advantages of fractional signal
expansions and evolutionary spectral theory. The kernel of
this transform is calculated by the coefficients of a fractional
Gabor expansion. A high–resolution TF representation and
an evolutionary spectrum are obtained simultaneously. Sim-
ulation results show that the proposed DFrET provide a well
localized TF spectra for signals containing linear chirp com-
ponents.
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Figure 1: Combination of two linear chirps.

Figure 2: Sinusoidal DET based evolutionary spectrum of
the chirps.

Figure 3: The proposed DFrET based evolutionary spectrum.
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ABSTRACT
The discrete evolutionary transform is applied to signals

in a blind-way, i.e., without using any parameters to char-
acterize the signal. For this reason, it is not optimal and
needs an improvement by using some information about the
signal. In this paper, we propose an improvement for the
discrete evolutionary transform and redefine the generalized
time-bandwidth product optimal shorttime Fourier transform
as a special case of the discrete evolutionary transform. The
optimized kernel function of the shorttime Fourier transform
is determined according to the instantaneous frequency of
linear FM signals-type signals. Even in case of quadratic
FM signals, the resulting localization of the time-frequency
representations improves remarkably. The performance of
this adaptive discrete evolutionary transform is presented on
signals with time-varying instantaneous frequencies.

1. INTRODUCTION

In nature, most of the signals vary both in time and frequency
simultaneously and their characterization in both domains is
an important issue for various applications such as process-
ing speech, acoustic and biomedical signals, modeling and
estimating the impulse responses of wireless communication
channels, analyzing sonar, radar and seismic signals. To ac-
quire more information about the signal, we need to reveal
its joint time-frequency behavior besides individual time-
domain or frequency-domain structures separately. Thus,
signal processing applications become much more powerful
and accurate.

Time-frequency analysis tools such as short–time Fourier
transform (STFT), spectrogram, continuous wavelet trans-
form, Wigner Distribution (WD) and its derivatives have
been used for this purpose for a long time. WD generates
sharp and well-localized time-frequency representations of
single–component signals, however it becomes inefficient for
multi-component signals as it introduces cross-terms on the
time-frequency plane [1]. Being a linear distribution, STFT
is a reliable choice for multi-component signals. Moreover,
to avoid the resolution problem of wavelet transform at high
frequencies, STFT becomes an attractive alternative provid-
ing uniform resolution for all frequency bands on the time-
frequency plane.

STFT of a signal x(n) is defined as

ST FTx(t, f ) =
∫

x(t ′)h(t ′− t)e− j2π f t ′dt ′ (1)

where h(t) is a low-pass unit-energy window function. Up
until now, STFT has been improved by various techniques,

i.e., in [2], an instantaneous frequency (IF) estimation tech-
nique is added to STFT to choose the window function ap-
propriately. In [3, 4], fractional Fourier transform (FrFT) is
used to obtain high–resolution STFT images. Moreover, Du-
rak et. al. introduce the generalized time-bandwidth product
(GTBP)-optimal STFT by using FrFT and time-bandwidth
product (TBP) of signals in fractional Fourier domains [5, 6].
This way, it has been possible to adapt the STFT of signals
to both IF and fractional Fourier domain TBP of the signal
simultaneously. In the simulations they presented the im-
provement imposed by the GTBP–optimal STFT on linear
and quadratic FM signals. The GTBP definition provides
a rotation-invariant measure of signal support on the time-
frequency plane. Then, the optimal STFT kernel providing
the most compact representation is obtained by considering
the GTBP of signals The proposed time-frequency analysis
is shown to be equivalent to an ordinary STFT analysis con-
ducted in a scaled fractional Fourier domain [5, 6].

On the other hand, the discrete evolutionary transform
(DET) is introduced for non-stationary signal–analysis in [7].
Two different DET models have been defined as sinusoidal
basis-DET and chirp basis-DET, previously. The appropri-
ate DET can be selected depending on the application. If the
signal is narrow-band, sinusoidal bases are more suitable to
represent in time-frequency plane. On the other hand, chirp
basis-DET is more capable when the signal contains wide-
band components. Time and/or frequency dependence is in-
herently included in selecting the window type. For example,
Malvar-based windows are both time and frequency depen-
dent orthogonal bases, on the contrary Gabor-based windows
are time-dependent. In the DET analysis, Malvar-based and
Gabor-based windows are used in [8]. The DET is used in
various applications such as a jammer excision algorithm [9],
estimation of multipath fading and frequency selective chan-
nels [10].

The goal of this paper is to prove that the GTBP–optimal
STFT is a special case of DET. The remainder of this pa-
per is organized as follows. In Section 2, preliminary in-
formation is given on discrete evolutionary transform, time-
frequency localization, GTBP–optimal STFT and instanta-
neous frequency (IF) estimation procedure. Section 3 shows
the link between the optimal STFT and the DET. Simulation
results are given in Section 4. Finally, conclusions are drawn
in Section 5.

2. PRELIMINARIES

2.1 Discrete Evolutionary Transform
The DET is a time-frequency method that provides a repre-
sentation of non-stationary signals as well as their spectra.
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Figure 1: Block diagram of Gabor–based DET calculation.

The DET can be defined by using sinusoidal or chirp basis.
When sinusoidal basis are used, the evolutionary kernel of
the DET becomes

X(n, fk) =
N−1

∑
l=0

x(l)Wk(n, l)e− j2π fkl , 0 ≤ k ≤ K −1 (2)

where Wk(n, l) represents the time–frequency dependent win-
dow function. The inverse DET is stated as

x(n) =
K−1

∑
k=0

X(n, fk)e j2π fkn, 0 ≤ n ≤ N −1. (3)

If chirp bases are used, the kernel is changed to

Xp(n, fk) = ∑
m

xp(m)Wk(m,n)e− j(2π fkm+ϕp(m)) (4)

where xp(n) and ϕp(n) represent each of the individual signal
components and phases, respectively. In case of chirp basis,
the inverse transform is defined by

x(n) =
P−1

∑
p

K−1

∑
k=0

Xp(n, fk)e j(2π fkn+ jϕp(n)) . (5)

When Gabor–based DET is calculated, both the analysis
function γ(.) and its dual pair synthesis function h(.) are em-
ployed. Figure 1 shows the block diagram that illustrates the
calculation of the evolutionary kernel of sinusoidal–DET for
x(t) when Gabor-bases are used. Gabor–coefficients a(m,k)
are obtained as

a(m,k) =
N−1

∑
n=0

x(n)γ∗(n−mL)e− j2π n fk . (6)

Then, the evolutionary kernel becomes

XG(n, fk) =
M−1

∑
m=0

a(m,k)h(n−mL) (7)

the time-varying DET window is defined as

w(l,n) =
M−1

∑
m=0

γ∗(n−mL)h(n−mL) . (8)

The main difference between the ordinary STFT and the DET
is that in DET the analysis window varies by time. The time-
varying window has been expressed as a function of a set
of orthogonal functions in [7]. The evolutionary spectrum is
defined as the magnitude square of the DET kernel as

SE(n, fk) = |X(n, fk)|2. (9)

Figure 2: Block diagram of GTBP–opt. STFT.

In Malvar-based DET, the analysis–window length is
chosen with respect to the analyzed signal by using a cost-
function optimization. However, Gabor–based DET does not
depend on the signal. Thus, it can be said that the DET pro-
vides a signal representation and its corresponding spectrum
without using any of the characteristics of the signal, and
thus it can be improved. Moreover, if the signal consists
of multi–components, DET requires the separation of each
component by using a mask in an offline–procedure. For this
task, instantaneous frequency of each of the signal compo-
nents must be estimated. Therefore, each mask represents a
region of a single component. Then, each of the components
can be analyzed individually.

2.2 Time–Frequency Localization of Signals
Localization of a signal on time–frequency domain gives in-
formation about the signal support. According to the well–
known uncertainty principle, there is a lower bound on the
spread of a signal’s energy in both time and frequency do-
mains together. This concentration may be measured by the
time-bandwidth product (TBP), which is defined as the prod-
uct of time-width Tx and bandwidth Bx, and it is bounded by
[11, p.50]

TxBx ≥
1

4π
(10)

where

Tx =

[∫
(t −ηt)|x(t)|2dt

] 1
2

∥x∥
(11)

Bx =

[∫
( f −η f )|X( f )|2d f

] 1
2

∥x∥
. (12)

and ηt , η f and ||.|| are the time and frequency mean val-
ues and the norm operator, respectively. X( f ) is the Fourier
transform of x(t). The Gaussian function is the best local-
ized function in both time and frequency domain having, the
lowest TBP which equals to 1/(4π).

2.3 GTBP–Optimal STFT Definition
GTBP–optimal STFT is introduced as a signal dependent
representation by Durak et. al. [5, 6]

Dx(t, f ) = e− jπψ
∫

x(τ) g∗GT BP(τ − t) e− j2π f τ dτ (13)

1757



where ψ =(t2− f 2)sinϕ0 cosϕ0+2t f sin2 ϕ0 and the optimal
kernel is

gGT BP(τ) = K e
− jπτ2 cotϕ0(γ

2−1)
γ2+cot2 ϕ0 e

−πτ2 γ csc2 ϕ0
γ2+cot2 ϕ0 (14)

with K =
√

1+ j cotϕ0
γ+ j cotϕ0

and γ = Bxa0
/Txa0

. Bxa0
and Txa0

de-
note the bandwith and time–width of the a0th–order frac-
tional Fourier domain signal, respectively. Additionally, ϕ0
is defined as a0

π
2 and represents the orientation of the sig-

nal on the time-frequency plane with the corresponding frac-
tional Fourier order a0. Since the phase ψ can be ignored
in Dx(t, f ), it is easy to see that the desired representation
in Eq.( 13) has the form of an ordinary STFT with kernel
gGT BP(τ). Except the fractional order a0 determination, the
computational complexity of Eq.(13) is the same as the com-
putational complexity of the ordinary STFT.

The discretized-version of the optimal STFT is

Dx(m,k) = e− jπψ
N−1

∑
n=0

x(n) g∗GT BP(n−m) e− j 2π
N kn (15)

where N is the number of frequency bins. Furthermore when
the second term of the discrete version of Eq. (14) is included
in the exponential term in Eq. (15), the Dx(m,k) can be rec-
ognized as a generalized discrete Fourier transform (GDFT),
which has recently introduced by Akansu [15]. Figure 2
shows the block diagram of the optimal STFT computation.
The algorithm first obtains the appropriate FrFT order by
using an IF estimation technique. Then, the signal x(t) is
transformed to the fractional Fourier domain where the trans-
formed signal has a minimum TBP. Hence, TBP and GTBP
of xa(t) are equal to each other. The definition of the FrFT is
given in Appendix A.

In [5], the optimal STFT is derived as follows. At first,
TBP is chosen as a suboptimal measure of support and TBP–
optimal STFT kernel is obtained by using the following op-
timization scheme.

min
Tg,Bg; Tg·Bg≥ 1

4π

(
T 2

x +T 2
g
)1/2 ·

(
B2

x +B2
g
)1/2

. (16)

It is shown that the TBP–optimal solution g(t) must be the
Gaussian kernel

gT BP(t) = e−πt2Bx/Tx . (17)

By using GTBP–optimal STFT technique an appropriate
analysis window is determined for the signal x(t) that varies
in time, so that time-frequency distribution with the maxi-
mum concentration is obtained. The desired time-frequency
representation of x(t) can equivalently be obtained as the
counter-clockwise rotation of the optimal STFT for xa0(t) by
an angle of ϕ0 where

STFTxa0
(t, f )=

∫
x(τ)

[∫
h(t ′− t)e j2π f t ′B−a0(t

′,τ)dt ′
]∗

dτ

(18)
with optimal Gaussian kernel h(t)= e−πγ t2

. The desired rep-
resentation of x(t) is expressed as

Dx(t, f ) = Rϕ0{STFTxa0
(t, f )} (19)

=
∫

x(τ) Rϕ0

{∫
h(t ′− t) e j2π f t ′ B−a0(t

′,τ)dt ′
}∗

dτ .

where the kernel function Ba(t, t ′) and a two-dimensional
(2−D) the rotation operator function D(u,ν) are defined as

Ba(t, t ′) =
e− j(πsgn(sinϕ)/4+ϕ/2)

|sinϕ |1/2 e jπ(t2cotϕ−2tt ′cscϕ+t ′2cotϕ)

(20)

Rϕ{D(u,ν)}= D(ucosϕ +υsinϕ ,−usinϕ +υcosϕ). (21)

In Eq. (19), the expression in the brackets can be rec-
ognized as the −a th

0 -order FrFT of h(t ′− t) e j2π f t ′ which is
simply the time and frequency shifted form of the kernel h(t).
In [5] its shown that Eq. (19) is equivalent to Eq.(13).

2.4 Estimation of the Instantaneous Frequency
IF gives information about the frequency variation of a sig-
nal by time. Instantaneous frequency (IF) of a signal x(t) =
A(t)e jϕ(t) can be defined as fi(t) = 1

2π
d
dt ϕ(t). There are a lot

of IF estimation techniques in the literature [2,12–14]. In [2]
STFT has been employed to estimate IF of the signal. Two
different IF estimation algorithms are proposed by using an
optimization scheme, which makes use of the maximum frac-
tional time-bandwidth ratio and a minimum essential band-
width which is expressed as the minimum sum of the band-
widths of the separate signal components [12]. Genetic algo-
rithms are employed to determine the IF of the signal com-
ponents. Image processing techniques are used in [13] for
multi-components LFM signals. Except these, one way of
determining the IF of an LFM signal component is to search
for the peaks of the FrFT magnitudes computed at various
fractional orders. This method makes use of the relationship
between the Radon–Wigner transform (RWT) of a signal and
its corresponding FrFT [14]. Figure 3 shows the FrFT order
estimation by searching the maximum peak values among all
FrFTs of a chirp signal with a chirp rate of 0.5. The ana-
lyzed signal includes AWGN noise of 5dB SNR. Thus, this
IF procedure is robust against the noise.

3. REPRESENTATION OF THE ADAPTIVE–DET

The DET uses time and time-frequency dependent windows
to analyze the signal x(t). Eq. (4), which belongs to the clas-
sical DET, looks like Eq. (15). In Eq. (15), the optimal win-
dow is determined according to time–width and bandwidth of
the signal on the appropriate fractional Fourier domain. The
optimum window, which contains the appropriate chirp com-
ponent of the analyzed signal, is given in Eq. (14) in contin-
uous time domain. This component is considered as a time–
varying window. Under these circumstances, it can be said
that the optimal STFT is a special case of the DET. More-
over, this technique improves the DET by taking into account
of signal–specific information such as Tx, Bx and IF . Thanks
to the RWT–FRFT relations, IF values are estimated robustly
for each of the components when a multi–component signal
is analyzed.
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Figure 4: LFM signal (a) in time, (b) its WD (c)its TBP–optimal STFT and (d) the adaptive DET
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Figure 3: FrFT order estimation with respect to the IF value
of the signal.

4. SIMULATIONS

Time-frequency domain localization by using the adaptive-
DET of a synthetic LFM signal and a real bat echolocation
signal with multiple components are computed in simula-
tions. Figure 4 shows a synthetic LFM signal. Its IF value
is estimated as 0.5 by using IF estimation algorithm. Its
time variation and WD are given in Figure 4 (a) and (b).
When the signal is mono-component, WD provides a sharp
time-frequency representation. Figure 4 (c) and (d) represent
the STFT and adaptive–DET images. The performance of
adaptive–DET is very high and almost equivalent to WD’s.

The bat echolocation signal includes four non-linear
chirp components. First, we obtained discretized STFT of
the signal by using a Gaussian window h(n) = e−πn2

. Then,
time–width and bandwidth of the signal are calculated in the
fractional Fourier domain which gives the minimum TBP. By

using these values to construct the optimal window, TBP–
optimal STFT is obtained. It is shown in Figure 5(c). Fi-
nally, gopt(n), which is given in Eq. (14), is used to calculate
the adaptive–DET. It can be easily seen that, adaptive–DET
images have higher concentrations than ordinary–STFT’s.

5. CONCLUSIONS

In this paper, we link up between the classical DET and the
GTBP–optimal STFT. The optimal STFT enriches the DET
by taking into account of the three parameters related to sig-
nals. These are time–width and bandwidth terms in a frac-
tional Fourier domain and the IF parameter. The signal–
adaptive DET results are presented by an LFM signal and a
bat echolocation signal. As future work, we will present high
resolution adaptive DET images for quadratic chirp signals.

6. APPENDIX A

The ath-order FrFT of x(t) is defined as

xa(t) = Fa{x(t)}=
∫

Ba(t, t ′)x(t ′)dt (22)

where 0 < |a|< 2 and the transformation kernel Ba(t, t ′) is

Ba(t, t ′) = Aφ e− jπ(t2cot(φ)−2tt ′ csc(φ)+t ′2cot(φ) (23)

with

Aφ = e− jπsgn(sin(φ))/4+ j(φ)/2/|sin(φ)|1/2 (24)

where the transform angle (φ) and the FrFT order is related
by φ = απ/2. Discrete FrFT definitions are also developed
by many researchers [16, 17].
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Figure 5: Real Bat echolocation signal (a) in time , (b) its STFT (c) TBP–opt.STFT and (d) adaptive DET
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ABSTRACT 

In the information era, databases in companies and research 
centres are getting larger, which makes the quality of data a 
key issue. In this paper, independent component analysis is 
used for data quality monitoring of electric load time series. 
The independent component analysis was applied in the pre-
processing phase, which increased the data quality system 
performance. The extraction of signal sources revealed 
relevant information, and narrowed the corridor width used 
for data validation.  

1. INTRODUCTION 

In present days, the global development is due, in large part, 
to wide data dissemination, especially due to Internet. In 
fact, with the enormous data volume increase, the attention 
has turned to the ability to absorb information and respond 
appropriately [1]. Thus, data quality issues have become a 
key factor to the transformation from data to relevant 
information.  

Data quality is the level of correctness, completeness, 
consistency, interpretability, aggregated information and 
other data context dependent characteristics [2]. These data 
quality dimensions must be specified and monitored in 
accordance to user specifications. The users define what is 
high or low quality. 

In the electric sector, data quality studies are even more 
important due to the recent increase on electric load 
demands, especially in emerging countries, such as Brazil. 
The demand increases have resulted in companies fusion 
(data integration from different systems), and decisions must 
be taken to avoid blackout and to manager the electric 
system.  

In this work, a data quality monitoring system is 
developed to analyse electric load time series with respect to 
the peak energy. The methodology uses adjacent series with 
respect to the peak hour, the daily peak series and 
temperature series. These data contain fundamental patterns 
that impact significantly a number of decision taking 
processes and they should not be corrupted. Thus, a data 
quality monitoring system may identify problems and, 
eventually, correct for mistakes and enrich the information, in 
accordance to user specifications.  

To monitor key data quality dimensions in this time 
series, a validation corridor is proposed for evaluating an 

incoming sample included in the database and correct for it, 
if necessary/requested. Here, the corridor is built dynamically 
using Independent Component Analysis [3], aiming at 
identifying more structured data in the incoming time series. 
This more structured information may make the data quality 
monitoring system more efficient. Over the estimated 
independent sources, signal pre-processing is applied for 
removing seasonality, cycles and tendency [4]. Neural 
network [5] or linear modelling [6] estimates the target 
application from the resulting residual signal. The validation 
corridor centre for data quality evaluation is the forecasted 
value for a given sample and its limit is proportional to the 
estimation error. This method allows the correction for 
outliers and missing data [7].  

The Independent Component Analysis (ICA) is a 
statistical technique to find hidden factors in observed 
signals. ICA defines a model generator from observed data, 
which are assumed to be mixtures of unknown independent 
variables (sources). ICA has been used as an auxiliary tool in 
autoregressive processes for time series forecast [8]. It has 
been shown that the estimated sources concern structured 
data, which can be used for data prospection or signal 
processing 

The paper is organized as it follows. In the next section, 
a more detailed explanation of the data quality monitoring 
system is given. Section 3 presents the methodology used in 
the case study of data quality monitoring for electric load 
time series, which is conducted in Section 4. Conclusions are 
derived in Section 5. 

2. TIME SERIES DATA QUALITY MONITORING 

The aim of the data quality monitoring system is to evaluate 
the quality of a new sample, which is to be incorporated into 
the database, and correct for the incoming sample, if 
necessary/requested. The system is built as a control system 
[7], where past samples are used to build the time series 
model and produce a validation corridor, within which the 
incoming sample should stay (see Fig. 1). 

The validation corridor is defined dynamically, at 
sampling time instant n, by the mean absolute error (µ|error|) 

between estimated (
iestx ) and real ( ix ) sample values, and it 

is adjusted by a constant to define the missing/fail probability 
(1). 
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Fig. 1. The validation corridor concept. 

 

error

n

i iest
k

n

xx
knCorridor i µ2

1
2)(

1

1 =
−

−
= ∑

−

=  (1) 

The k parameter allows to include the user role and 
determines a compromise between the context and the user 
specifications. Typically, k is adjusted to detect theoretical 
presence of soft outliers in training set (one outlier for each 
150 samples).  

The time series model (corridor centres) is derived from 
pre-processed data estimations (see Fig. 2). The pre-
processing stage extracts typical time series components such 
as seasonality, cycles, and tendency [4]. 
 

 
Figure 2. Basic block diagram for determining the corridor centres of the 

monitoring system 
 

The presence of seasonality and cycles are analysed in 
frequency-domain by the Fast Fourier Transform [9]. From 
spectral information, we remove the identified components 
verifying their significance level. Significant frequency 
component, above a threshold, are subtracted from the 
original time series. 

Next, the presence of heteroscedasticity is analysed with 
Goldfeld-Quandt test [10]. In case of heteroscedasticity, an 
appropriate action, such as the application of the logarithmic 
function, should be considered. With homoscedastic series, 
the tendency is analysed. For this, a combination of the 
Dickey-Fuller (ADF) [11] and Phillips-Perron [12] tests is 
used. Such test combination checks for unit roots in time 
series. In case of finding unit roots, the trend is stochastic and 
the first difference is applied m times (where m is the 
integration order of the process). If the test does not detect 
unit roots, the trend is deterministic, and it is removed from a 
polynomial fitting.  

The estimator block is performed either by a linear 
model or a neural network. Neural estimators for time series 
forecasting have been widely used [6]. It has been shown that 
neural systems are most effective when input data are pre-

processed. In recent works [4][7], neural estimators have 
been fed from a residue series, which is obtained at the 
output of the pre-processing phase, as from Figure 2. This 
residual information is the result of subtracting from the 
incoming raw data the modelled time series components 
(tendency, seasonality, cycles), obtained from the pre-
processing block. Therefore, the estimator aims at forecasting 
what is unknown from data.  

In this work, we proposed to include an ICA block to the 
pre-processing chain (see Fig. 3). The aim is to access more 
structured signals with respect to the original data and 
facilitate the data pre-processing step. In the sequence, the 
estimator block (EST) models the pre-processed (PP) residue 
in the ICA space. 

The ICA finds the independent sources (y) derived from 
the observed signals (x), estimating the de-mixing matrix B 
[3] – see (2). If an independent component is assigned to 
noise, deflation may be applied (ICA block).   

 

Bxy =    (2) 

The estimator design is based on parsimonious criterion 
[13]. From simple models (linear models), the complexity is 
gradually increased by introducing non-linear neurons, and 
evaluated. Thus, from a single hidden neuron, the number of 
hidden neurons is increased until the error decrease 
hypothesis can be rejected. Early stop of the neural network 
training is applied to avoid over training [5]. In the non-linear 
case, we use feed forward (mult-layer perceptron - MLP [5]) 
neural networks. In the linear case, the estimator is an auto-
regressive moving average (ARMA [6]) model.   

The estimated time series is reconstructed over the 
modelled sources (block PP-1 - Fig. 3), resulting in the 
estimated sources (yest). The ICA process is then reversed 
(ICA-1 block – Fig. 3) and the estimated values (xest) are 
obtained. From xest, the corridor is finally constructed for the 
original data space – see (1).  

For data quality assessment, the data samples should 
remain within the corridor limits. Thus, the aim is to obtain a 
corridor as narrow as possible but emitting only correct 
alerts, for detecting errors and allowing their correction with 
good accuracy, if necessary / requested.  

3. METHODOLOGY 

The data quality monitoring system was analysed in the 
framework of the electric load time series from a European 
energy supplier (East-Slovakia Power Distribution 
Company), which was used in a competition in 2001 by the 
European Network on Intelligent Technologies for Smart 
Adaptive Systems [14]. This database comprises electric 
load series, in MW, collected every thirty minutes from 01 
January 1997 to 31 January 1999 and the daily temperature 

Series 
Values 

Time 

Pre-processing Estimator Input  Output  

  

    

Figure 3. The structure of the Data Quality Monitoring System. The estimator block (EST) models the preprocessed (PP) 
residue in the ICA space. Finally, both pre-processing and ICA are reversed, and the model is mapped onto the original space. 
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averaged in °C, covering the same time period. In the 
competition held in 2001, the competition task was to 
develop models to forecast the daily peak load along 
January 1999. Here, the 1997 period was used for time 
series training, the year 1998 for training validation and 
January/1999 for testing (generalization). 

Besides the daily load peak series, groups of series near 
the mean peak time (20:00) were also considered. Thus, 
seven adjacent series between 18:30 and 21:30 were used 
for series modelling. The temperature was used as an 
auxiliary series.  

The validation corridor was estimated with the k 
constant defined by fail/missing probability on training / 
validation set. The constant k was determined assuming one 
outlier for 150 samples.  

For finding independent sources (y) – see equation (1) -, 
a specific time series algorithm was employed. The method 
finds a de-mixing matrix (B) by diagonalizing the Delayed-
Auto-Cross-Covariance Matrix: 

{ }TnxnxExC )()( ττ −=    (3) 

where, n is the time sequence, τ is a time delay and x the 
observed series. 

 
We use the Second Order Blind Identification algorithm 

with Robust Orthogonalization (SOBI-RO [15]) for 
determining the independent components. This method first 
whitens data and then diagonalizes a group of Delayed-Auto-
Cross-Covariance Matrixes. The time series are presented to 
the ICA Block in parallel. Analysis and forecasts are 
performed in the ICA space and transformed back to the 
original space using reversed ICA. 

The neural network input layer was constructed from 
sources considering delayed samples. We used a correlation 
test, typically 95% for threshold, to find relevant input 
delays. For hidden layer, the hypothesis testing of a model 
with n neurons against the hypothesis of n+1 neurons. If the 
output error increases when a neuron is included, at 95% 
confidence level, the n+1 hypothesis is rejected. 

The results were analysed using two performance 
indexes evaluated over the test set: the normalized mean 
square errors (NMSE). The index NMSE1 normalizes the 
MSE with respect to the mean of the estimated series - see 
(4) -, and NMSE2 uses the best random walk estimator as the 
normalization factor - see (5). 
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A corridor centre with NMSE1 smaller than 1 is better 
than a corridor constructed with the mean of the process (µx). 
The same occurs when the NMSE2 is smaller than 1 and the 
corridor is constructed using the sample from the previous 
time instant (xn-1).  

The results with and without the application of  ICA 
were also compared using three others performance indexes. 
The R indicator is the rate between correlations from original 
series and forecasted series delayed from one sample 
(Lagn=1) and without any delay (Lagn=0) – see (6).  The MAC 
indicator is the mean absolute corridor width, given in MW, 
and the MAPE is the mean absolute percentage error 
between forecasted and real sample - see (7) and (8). 
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Here, ix   and 
iestx   are observed and forecasted samples, at 

time instant i, respectively, N is the number of samples, and k 
is the corridor adjustment constant obtained during the train 
phase. 

4. ANALISYS AND RESULTS 

The better performance could be explained, in part, by 
robust orthogonalization, which minimizes the noise effects. 
Besides, the second order algorithm diagonalizes the first 
225 delayed-cross-covariance matrixes –  see τ (3) -, 
performing more than orthogonalization. In fact, performing 
the independence [3]. 

The pre-processing extracted frequency components 
above 06 standard deviations with respect to the mean 
amplitude value. The spectral information from independent 
sources is clearer than without ICA block, which facilitates 
the pre-processing.  

The input network is defined using the spatial-temporal 
correlation function. When ICA block was included, there 
were not significant correlations between the independent 
sources, only temporal correlations, which simplified the 
estimation. The data quality monitoring system used both 
linear (ARMA) and non-linear estimators (MLP) for residue 
source modelling. For non-linear case, the hypothesis test 
defined maximum 02 hidden neurons. The first three sources 
were modelled with non-linear estimators (MLP) and, to the 
others sources, linear models (ARMA) proved to be enough. 
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Table I shows NMSE1 and NMSE2 indexes computed 
from the testing series with ICA. It is observed that only 
NMSE2 for Series #7 is around 1 and the others are well 
below. Then, the data quality monitoring system performance 
increases when compared to the usage of either the mean or 
the best random walk estimator. 

 
 

TABLE I. NMSE1 and NMSE2 performance indexes. 
 
 
 
 
 
 
 
 
 
 

 
Without ICA, for all series, the best model was an 

ARMA with maximum 20 delays and no feedback, becoming 
a Moving Average (MA) model.  

 Table II shows the performance indexes for both using 
or not ICA. The pre-processing was automated using the 
same parameters for both with and without ICA. The best 
results for each case are expressed as boldfaced values. In 
general, ICA performed better. For all series modelled with 
ICA, R is above 1. Without ICA, R indicator is below 1 for 
series #1, #6 and #7, indicating worse performance. Also, in 
general, the validation corridor is narrower and the MAPE is 
smaller, when ICA is used in the pre-processing chain.  

In Figure 4, due to the similar series shapes, we show 
only the first five series (temperature and series #1 to #4), 
and the more structured sources (sources #1 to #5). We 
observe that the temperature (first series and first source) is 
one of the estimated sources. The second source suggests a 
semester dependency. The third source is from annual 
variation and the others suggest a trimester dependency. The 
sources not showed did not allow an easy interpretation in 
the context of the application. This ability to identifying 
original and better structured information proved here to 
facilitate the work of the estimation block. 

 
 
 

TABLE II. MAPE, MAC and R performance indexes with and without ICA 
block 

 
 

 

Figure 4. On the left, the first five series for temperature (top) and series 
from #1to #4. On the right, the more structured independent sources 

obtained through ICA block. 
 
Figure 5 shows the real values, the validation corridor 

centers and the corridor width for the peak series, when ICA 
is used in the series pre-processing chain and linear model 
are used to modeling the sources. 

Figure 5. Actual and forecasted peak series and the validation corridor for 
Jan/1999. 

 

5. CONCLUSIONS 

 The data quality monitoring system proposed here uses a 
validation corridor to evaluate incoming samples of a target 
time series. The corridor is built around a forecasted value 
that is obtained from pre-processed data. The dynamic 
corridor adapts to the series statistical variations and the 
system alerts the user when the incoming sample is out of 
the corridor limits. In case a correction is required from the 
expert user or a missing value is detected, the forecasted 
sample may be used.  

In the proposed system, neural networks and linear 
models were applied in combination with Independent 
Component Analysis, which was included in the pre-
processing stage. The parsimonious models presented better 
results (linear or non-linear models with few neurons). The 
impact of ICA was analysed for a particular case of electric 
load time series. The ICA algorithm used second-order 
statistics with time sequence analyses (SOBI-RO) to extract 
the independent sources. Both neural and linear models 
operated over pre-processed independent sources (analysing 
and removing heteroscedasticity, trends, cycles and 
seasonality). Using ICA, the validation corridors were 
reduced and the forecast performance was improved, which 
produced a positive impact on data quality dimensions such 
as correctness, completeness, and interpretability. 

Series NMSE1 NMSE2 

Series #1 (18:30) 0,47 0,54 
Series #2 (19h) 0,47 0,66 
Series #3 (19:30) 0,39 0,42 
Series #4 (20h) 0,41 0,49 
Series #5 (20:30) 0,29 0,31 
Series #6  (21h) 0,31 0,53 
Series #7 (21:30) 0,54 1,02 
   
Series #8  (Peak) 0,29 0,29 

With ICA (SOBI-RO)  Without ICA   
Series MAPE 

(%) 
MAC 
(MW) 

R MAPE 
(%) 

MAC 
(MW) 

R 

Series #1 (18:30) 3.3 162 1,81 4.6 421 0,92 

Series #2 (19h) 2.7 156 1,51 4.6 406 1,1 

Series #3 (19:30) 3.3 159 1,60 2.9 148 1,04 
Series #4 (20h) 2.2 140 1,61 2.2 151 1,28 

Series #5 (20:30) 2.2 129 1,28 2.2 136 1,06 

Series #6  (21h) 1.9 139 1,15 1.9 125 0,97 
Series #7 (21:30) 2.6 130 1,16 3.1 158 0,94 

       

Series #8  (Peak) 2.1 157 1,80 4.0 149 1,1 
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ABSTRACT 

Recently, a novel edge detection method for gray-level im-

age using quantized localized phase was proposed in [1]. 

The rationale of this method for edge detection is that we 
can obtain more edge and contour information of interested 

image from its quantized localized phase rather than from 

its magnitude. This is because the phase information is of 

greater importance on edge areas than on smooth areas. In 

this paper, we generalize the method in [1] to deal with col-

our image edge detection using quaternion polar form and 

two dimensional quaternion short-term Fourier transform 

(2-D QSTFT). By applying 2-D QSTFT to colour image, 

locally quantizing the phase part of quaternion polar form 

of the transformed image, and then reconstructing the re-

sulted image using 2-D QISTFT and quantized phase, we 

can preserve the edge information and therefore achieve the 

goal of colour image edge detection. 

1. INTRODUCTION 

Edge detection is a technique of fundamental importance in 

the image analysis and computer vision areas, especially the 

area of feature extraction and feature detection. By applying 

edge detection to images, we can identify points with sharp 

brightness changes or discontinuities in images. Edges rep-

resent object boundaries in typical images. Therefore, apply-

ing a good edge detector to pre-process the images can be 
useful for the following segmentation, registration, and iden-

tification of objects in an image scene analysis. There are 

already many edge detection methods for gray-level image 

proposed in the image processing area, like quantized local-

ized phase method [1], Canny edge detector [2], and phase 

congruency method [3], etc. For colour image, the colour 

Canny method [5] is a useful technique for colour image 

edge detection. Nikolay Skarbnik et.al. [1] proposed a novel 

edge detection and skeletonization method using quantized 

localized phase. The authors demonstrated the importance of 

phase in image reconstruction process [1][4] and constructed 

a simple algorithm for edge detection based on localized 
phase of STFT. They compared its performance with [2][3] 

and showed its efficiency in edge detection. However, the 

method can only be used to process gray-level images and 

therefore the breadth of its capability is limited. The concept 

of quaternions was first proposed by Hamilton in 1843 [6]. 

It is a four-dimensional, non-commutative algebra which has 

found many applications in many research fields such as co- 

mputer science, mathematics, signal processing and image 

processing. The fundamental theorems are well developed, 

and mathematical operations like Fourier transform, Wavelet 

transform, convolution of this four-dimensional, non-

commutative algebra have been constructed maturely [7]-

[14]. The usefulness and efficacy of quaternions in dealing 

with multidimensional computations are doubtless. Since a 

colour image has three components (RGB), we can encode 

its pixels to pure quaternions and regard the whole image as 

a two dimensional quaternion image. Many tasks of colour 

image processing, such as three dimensional rotation and 

many other geometrical transformations can be done more 

easily in quaternion domain rather than in RGB domain. 

Inspired by the quantized localized phase method [1], the 

mathematical theory of the quaternions, and the type one 

polar form [15] of the quaternions, we propose a novel col-

our image edge detection method based on quaternion quan-

tized localized phase. In section 2, the fundamentals of the 

quaternions and quaternion polar form are reviewed. The 

spatial transform of the quaternions, such as quaternion 
short-term Fourier transform is presented in section 3 and 

the review of the concepts of quantized localized phase and 

the proposed colour image edge detection method are pre-

sented in section 4. The experimental results of the proposed 

algorithm are summarized in section 5. Finally, section 6 

concludes this work. 

2. REVIEW OF THE QUATERNIONS 

The quaternions, which were usually denoted as H, in honour 

of its inventor, Sir William Rowan Hamilton, can be viewed 
as a four-dimensional vector space defined over real numbers. 

The quaternions were also generalizations of conventional 

complex numbers. Contrary to a complex number, which has 

two components, i.e. the real part and the imaginary part, on 

the other hand, a quaternion consists of four components, i.e. 

one real part and three imaginary parts. A quaternion is often 

represented as the following form : 

r i j kq q q i q j q k= + + +
                          (1) 

where 
r

q ,
i

q ,
i

q ,
i

q are all real numbers, i.e. q  is defined 

over 
4R , and the elements｛1, i , j , k｝ form the basis of 

the quaternion vector space. The member of this vector space 

can be uniquely represented as a linear combination of these 

basis elements, and the  3-tuple ｛ i , j , k｝obeys the follo- 
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wing multiplication rules : 
2 2 2 1i j k= = = − , ij ji k= − = , jk kj i= − = ,

ki ik j= − =
                                                                        (2)                                                              

 

The number 
rq is called the real part of q

 
and 

i j kq i q j q k+ + is called the vector part. Denote the real 

part as S(q) and the vector (imaginary) part as V(q), a quater-

nion can be represented as follows : 

( ) ( )q S q V q= +
                               (3)

 

The conjugate of a quaternion is defined as : 
c

r i j k
q q q i q j q k= − − −

                        (4) 

The norm of a quaternion can be written as : 

2 2 2 2 1/2( )c

r i j kq qq q q q q= = + + +
               (5) 

If  the real part of q is zero,  we call  q a pure quaternion. 

When the norm of  q is one and the real part of  q  is zero, 

we call q a unit pure quaternion. 

In order to facilitate the discussion of the proposed method in 

section 4, we briefly review the polar form of quaternions. In 

general, there are two polar forms of quaternions. Each of 

them represents different geometric meaning of quaternions. 

We only discuss the type one polar form [15], and the infor-
mation about the other type can be found in [16]. The type 

one polar form of quaternions is similar to that of complex 

numbers, and we can denote it as follows : 

(cos sin )u

r i j k
q q q i q j q k re r uθ θ θ= + + + = = +  

where 
2 2 2 2 1/2( )
r i j k

r q q q q q= = + + +
 and 

cos r
q

r
θ = , 

2 2 2

sin
i j k

q q q

r
θ

+ +
= ±

                (6) 

If 
2 2 2 0
i j k

q q q+ + ≠ , u is the unit pure quaternion, i.e. 

2 2 2

i j k

i j k

q i q j q k
u

q q q

+ +
= ±

+ +
. In some special case, when q is a 

complex number ( 0)
j k

q q= = , u i= ± . When q is a real 

number ( 0)i j kq q q= = = , u can be any unit pure qua-

ternion. 

3. QUATERNION STFT 

Assume we have a quaternion signal ( )s x and define the 

transformation axis as ( ) / 3u i j k= + + , its 1-D 

QSTFT of axis u appears as : 

( , ) 1 [ ( )] ( ) ( ) u x

uS DIQSTFT s x s x w x e dx
ντ ν τ

+∞

−

−∞

= = −∫          (7) 

where w(x) is the overlapped window function, commonly a 

rectangular window or Gaussian window, and s(x) is the sig-

nal to be transformed. ( , )S vτ  is the short term quaternion 

Fourier Transform of axis u for s(x)w(x-τ). It is a complex 

function representing the phase and magnitude of the signal 

over space and frequency. The 1-D QSTFT is invertible and 

the original signal can be recovered by applying the Inverse 

1-D QSTFT. The inverse 1-D QSTFT of axis u appears as: 

1
( ) 1 [ ( , )] ( , )

2

uvx

us x DIQSTFT S S e d dτ ν τ ν τ ν
π

+∞ +∞

+

−∞ −∞

= = ∫ ∫
      (8) 

In case of 2-D QSTFT and 2-D IQSTFT, we can apply the 

2D rectangular or Gaussian window to the quaternion image. 

The equation of 2-D QSTFT and 2-D IQSTFT can be written 
as following form: 

1 2

1 2 1 2 1 2( , , , ) ( , ) ( , )
uv x uv y

S v v s x y w x y e e dxdyτ τ τ τ

+∞ +∞

− −

−∞ −∞

= − −∫ ∫
   (9) 

1 2

1 2 1 2 1 2 1 22

1
( , ) ( , , , )

4

uv x uv y
s x y S v v e e d d d dτ τ τ τ ν ν

π

+∞ +∞ +∞ +∞

+ +

−∞ −∞ −∞ −∞

= ∫ ∫ ∫ ∫
 (10) 

where ( , )s x y is quaternion image and 
1 2 1 2( , , , )S v vτ τ is 

the 2-D QSTFT of ( , )s x y .

 
4. QUANTIZED LOCALIZED PHASE AND 

PROPOSED METHOD 

The global phase of a spatial transform, such as the well 

known Fourier transform, can be used to reconstruct impor-

tant features of an image. However, the lack of localization 

in position spaces [17] is a severe problem. Therefore, the 

space-frequency analysis methods, such as STFT, Wavelet 

Transform, and Gabor transform, are proposed to address 

the localization problem. Take STFT for example, the aim 

of localization is accomplished because of the introduction 

of window function in the integral. The localized phase of 

QSTFT (take 2D case for example) can be obtained using (6) 

{ }1 2 1 2 1 2 1 2( , , , ) arg ( , , , )
u

S v v S v v e
θ

τ τ τ τ=∡

      (11) 
We can take advantage of the localized phase of STFT and 

the magnitude of the transformed result to reconstruct an 

image. The next question to be addressed is how to use the 

localized phase to achieve the goal of colour image edge 

detection. Similar to the procedure of gray-level image edge 

detection mentioned in [1], we first quantize the localized 

phase of the quaternion polar form of QSTFT result to Q 

levels and use the nearest quantization level to approximate 

the interested phase, as the following equation shows: 

~

/Q Q

π θ
θ

π
=
� �
� �
� �
� �� �                                   (12) 

where 
~

θ  is the quantized localized phase,θ  is the localized 

phase, the values of θ  are distributed between [0, ]π  , and 

the � 	i  operator denotes the round operation. The localized 

phase is related to the edge information of an image and we 

can define a colour image edge detector by using the error of 

reconstructed quaternion image with quantized localized 

phase, compared to the original quaternion image. 
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~

1 2 1 2( , ) ( , ) 2 [ ( , , , )]e x y error s x y DIQSTFT S v vτ τ= = −  

~~

1 2 1 2 1 2 1 2

~ ~ ~

1 2 1 2

( , , , ) ( , , , )

, ( , , , )
/

( ) / 3

uS v v S v v e

S v v
Q Q

u i j k

θτ τ τ τ

π θ
θ θ τ τ

π

=

= =

= + +

� �
� � ∡� �
� �� �

                       (13) 

where ( , )e x y is the edge map of the colour image. 

We summarize the algorithm of the proposed color image 

edge detection method as follows: 
(1) Encode the RGB components of color image using 

pure quaternion and obtain the quaternion image, i.e. 

( , ) ( , ) ( , ) ( , )s x y R x y i G x y j B x y k= + +  

(2) Transform encoded quaternion image ( , )s x y  using 

2DQSTFT of axis u, the space-frequency spectrum is: 

1 2 1 2
( , , , ) 2 [ ( , )]

u
S v v DQSTFT s x yτ τ = , where the 

window function of QSTFT is rectangular or Gaussian 
window and we choose the size of the window as 5x5,   

the transformation axis as ( ) / 3u i j k= + + .
 

(3) Represent the transformed spectrum using type one 

quaternion polar form [15], i.e.  

1 2 1 2 1 2 1 2( , , , ) ( , , , ) u
S v v S v v e

θτ τ τ τ= , [0, ]θ π= . 

(4) Quantize the phase of the polar form using Q levels: 

~ ~ ~

1 2 1 2, ( , , , )
/

S v v
Q Q

π θ
θ θ τ τ

π
= =
� �
� � ∡� �
� �� �

. 

(5) Reconstruct the quaternion image using the quantized  

phase of step (4) and 2DIQSTFT of axis u. The quan-

tized quaternion STFT spectrum is: 
~~

1 2 1 2 1 2 1 2( , , , ) ( , , , )
u

S v v S v v e
θ

τ τ τ τ= . 

       The reconstructed quaternion image is: 
~

1 2 1 22 [ ( , , , )]DIQSTFT S v vτ τ and the colour image 

edge map is the difference of the original quaternion im-

age and the reconstructed quaternion image. i.e. 

       
~

1 2 1 2( , ) ( , ) 2 [ ( , , , )]e x y s x y DIQSTFT S v vτ τ= − . 

5.        EXPERIMENTAL RESULTS 

In what follows, we perform several experiments to demon-

strate the results of proposed colour image edge detection 

method and compare the performance with the colour Canny 

method [5]. First, we take the first column of colour Lena 
image as input signal. We can observe from fig. 1 that when 

the quantization level Q is small (ex: fig.1(a),Q=2), the edge 

detection result is obvious and good (fig.1 (b)). On the other 

hand, when quantization level Q is large (ex: fig.1(c),Q=16), 

the edge detection result is inferior (fig.1 (d)). We can see 

that we obtain stronger edge detection result when Q is 

smaller. Thus, we choose Q=2 in the following experiments. 

The minimum value of Q is 2. When Q is 1, no edge detec-

tion can be done, the resulting image is gray-level image. 

   
(a)                                     (b) 

                                       
(c)                                     (d) 

Figure 1. (a) Red line:original quaternion image of 1st col-

umn of colour Lena. Blue line:reconstructed quaternion 

image (Q=2). (b) error signal of (a) (Red line-Blue line). (c) 

Q=16 case of (a). (d) error signal of (c) (Red line-Blue line).  

 

          
(a)                                             (b)                     

          
(c)                                             (d) 

           
                     (e)                                              (f) 

Figure 2. Colour image edge detection results of the pro-

posed quaternion quantized localized phase method. (Q=2, 

5x5 rectangular window). 

 

colour image edge detection results. From fig.2, we can see 

that the edge detection performance is successful and satis-

factory. The horizontal edges, vertical edges, and the remain-

ing directions of edges are all clearly detected by applying 

our method to these colour images. Next, we compare our
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(a)                                                              (b)                                                               (c) 

          
                          (d)                                                               (e)                                                                 (f) 

          
                       (g)                                                                (h)                                                                   (i) 

Figure 3. Comparison of edge detection using the quaternion quantized localized method and colour Canny method. (a)(d)(g) 

original colour images. (b)(e)(h) edge detection results of  (a)(d)(g) using the proposed quaternion Fourier transform method. 

(c)(f)(i) edge detection results of  (a)(d)(g) using colour Canny method. 
 

methods with the color Canny method [5]. Color Canny 

edge detector is a gradient-based method and is often used 

to pre-process color images for the sake of following image 

processing operations. As can be seen from fig.3, we can 

obtain more details of the edge detection results by using 

our methods than using the color Canny method [5]. Some 

edges that are not so obvious can be detected by our method 

but can not be detected by color Canny method clearly. 

Besides, the algorithm of our method (see the bottom part 

of sec.4) is very simple and easy to be implemented using 

computer. The color Canny algorithm is somewhat compli-

cated and increases the difficulty of implementation. How-

ever, the execution time of the color Canny method is faster 

than our method (about a few seconds, under the same ex-

perimental environment). This is because of the high com-

putational complexity of the 2-D QSTFT/2-D QISTFT. The 

2-D QSTFT/2-D QISTFT is realized using quaternion fast 

Fourier transform algorithm. We use MATLAB and the 

toolbox developed by Steve Sangwine and Nicolas Le Bihan  

to conduct all the experiments presented in this paper. Inter-

ested readers can get the quaternion toolbox from the website 

[18].  
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5. CONCLUSION 

In this paper, we combine the concepts of quantized localized 

phase, quaternion polar form, QSTFT, and propose a colour 

image edge detection method. The edge detection results are  

demonstrated and compared with the results of well known 

colour Canny method. The performance of our method is 

good and satisfactory while the algorithm is simple and easy 

to be implemented. The future work is combining other qua-

ternion space-frequency transforms with quantized localized 

phase to explore more possible colour image edge detection 

methods. 
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ABSTRACT

This paper proposes markerless human motion capture us-
ing a 3D articulated computer generated (CG) model of the
human body. The method of estimating human body pos-
ture is based on 2D matching between human silhouettes ex-
tracted from camera images and model silhouettes projected
onto the corresponding camera planes in virtual space. Can-
didates for human model silhouette are generated using a
Monte Carlo filter-based algorithm, and the normalised core-
weighted XOR distance is introduced to calculate the like-
lihood rate between silhouettes. Experimental results show
the feasibility and effectiveness of the proposed method for
achieving markerless human motion capture.

1. INTRODUCTION

The demand for human motion capture is increasing in vari-
ous applications such as advanced human-machine interface
systems, visual communications, virtual reality applications
and video game systems. Computer vision technology is in-
creasingly being expected to be used for sensing human in-
formation [1], and the use of contact-type sensors or markers
to obtain motion parameter information would no longer be
required. As a result, there have been many studies of human
motion capture using computer vision [2, 3, 4]. The authors
have also proposed real-time methods of human motion cap-
ture from images captured by CCD cameras [5, 6].

In this paper, markerless human motion capture using 3D
articulated human body model is proposed. The proposed
method is based on 2D matching between human silhouettes
extracted from input images captured by CCD cameras in
actual space and silhouettes of a 3D human model projected
onto the corresponding camera planes in virtual space. To
generate candidates for the human model silhouette, a Monte
Carlo filter (MCF) [7], which is a robust filtering technique
based on a Bayesian framework, is introduced. In the fitting
between the observed human silhouette and the candidate sil-
houette, XOR (exclusive or) distance [8] is used for a precise
comparison of the two silhouettes. To improve the estimation
accuracy with respect to body parts such as arms and legs,
which are thin, a cost function based on weighted distance
functions with equal weight on the shape skeleton obtained
from the silhouette is considered. In section 2, an algorithm
for 3D human body posture estimation in human motion cap-
ture is described. In section 3, computational experiments on
estimating 3D human body postures are presented. In section
4, experimental results of markerless human motion capture
using an actual multi-camera system are presented.

2. HUMAN MOTION CAPTURE SYSTEM

2.1 Outline of Human Motion Capture
Figure 1 shows an overview of our proposed human mo-
tion capture system based on multiple cameras in both ac-
tual space and virtual space. The approach to human motion
capture proposed here is based on the projection of human
silhouettes, in which the human silhouettes correspond to
human body areas in the images. The human silhouette is
typically extracted by calculating the difference between the
background image and the input image at each pixel and then
thresholding the difference at that pixel. The thresholded im-
age, in which each pixel has a value indicating whether it is
the human silhouette or the background, is called a silhouette
image. The proposed human motion capture method consists
of three processes: human silhouette extraction using back-
ground subtraction, generation of the 3D CG human model
postures as candidates and calculation of silhouette matching
between the human silhouettes and the CG human model sil-
houettes. Here, the candidates for human body posture are
generated using a CG model in parallel. The posture of the
CG model that has the highest matching rate indicates the
estimated human body posture.

2.2 Human CG Model
For 3D human body posture estimation, the articulated hu-
man body model shown in Fig. 2 is introduced. The hu-
man model is designed manually using a 3D graphics soft-
ware Poser and LightWave 3D (D-Storm, Inc.). The model
has 10 joints, indicated by circles in Fig. 2, and consists of
11 segments representing the head, upper half of the body,
lower half of the body, upper arms, lower arms, upper legs
and lower legs. In the model, limits are introduced on the

Subject

Physical space Virtual space

Cam n Cam 1
Cam 2

Cam 3Cam 4

Cam n Cam 1
Cam 2

Cam 3Cam 4

3D Human CG model 
Silhouette matching

Camera 1

Camera 2

Camera n

Camera 1

Camera 2

Camera n

Figure 1: Configuration of actual and virtual multi-camera
systems for human motion capture.
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Figure 2: Articulated 3D CG human model.

joint angles to constrain the body posture. The shape of the
CG model is determined in advance by measuring the shape
of a subject captured by a CCD camera in actual space.

To generate a variety of body postures, a state space
model of joint angles is introduced, and an MCF-based con-
trol algorithm is applied to the model to control the joint
angles. Assuming the second-order difference of the joint
angles is 0, the state space model for the j-th joint ( j =
1,2, · · · ,10) with noise is defined as follows.

x j(k +1) = Fx j(k)+Gw j(k) (1)
y j(k) = Hx j(k)+v j(k) (2)

Here xT
j(k) = [φx(k) φx(k−1) φy(k) φy(k−1) φz(k)

φz(k−1)], φi(k) is the joint angle with respect to the i-th
axis (i = x,y,z), k is the sampling number and w j(k) and
v j(k) are noise process vectors. The system matrix, distur-
bance matrix, and observation matrix are defined as follows:
F = [Fi j] where F11 = F33 = F55 = 2, F12 = F34 = F56 = −1,
F21 = F43 = F56 = 1 and otherwise is 0, G = [Gi j] where
G11 = G32 = G53 = 1 and otherwise is 0, H = [Hi j] where
H11 = H23 = H35 = 1 otherwise is 0.

Based on an MCF, the state vector is updated as follows:

Step 1 Generation of particles {q(i)
j (0)}m

i=1 from an initial
distribution of state p0(x j).

Step 2 Generation of particles for system noise {w(i)(k)}m
i=1

from the system noise distribution.
Step 3 Calculation of particles representing the predicted

distribution {p(i)
j (k)}m

i=1 using the state space equation.
Step 4 Calculation of the likelihood rate of the particle

p
(i)
j (k) using the silhouette images (see section 2C). The

particle that has the highest likelihood rate is chosen as
the state vector x j(k).

Step 5 Calculation of the filter distribution’s particles
{q(i)

j (k)}m
i=1 by resampling the particles {p(i)

j (k)}m
i=1

with the probability Pr
[
q

(i)
j (k) = p

(i)
j (k)

]
. The proba-

bility distribution is defined so that the posture candidate
with a higher matching rate is more frequently selected.

Step 6 Return to Step2.

2.3 Model Matching with Silhouette Images

The normalised core-weighted XOR distance in the l-th cam-
era (l = 1,2, · · · ,n) is introduced as follows in order to calcu-
late the likelihood rate between the input silhouette and the

model silhouettes:

dl(S,T ) =
1

wb

{
∑

T (n)=1
D(S)+ ∑

T (n)=0

βD(Sc)
D(Sc)+D(Ss)

}
(3)

S is the silhouette image extracted from the input image, T
is the silhouette image of the human model, Sc is the silhou-
ette contour, Ss is the skeleton of the silhouette shape, the
function D denotes the distance transform, wb is the fixed
bounding window and n is the number of pixels in the win-
dow. The likelihood rate of the particle p

(i)
j at the l-th camera

is then obtained by applying the following Gaussian function
to the distance.

probi
j(l) =

1√
2πσ 2

l

exp
(
−

d2
l (Sl ,T i

l )
2σ2

l

)
(4)

When multiple cameras are used in the estimation, the total
likelihood rate is calculated by the following equation.

prob
i
j =

n

∏
l=1

probi
j(l) (5)

2.4 Human Body Posture Estimation
The human body posture estimation consists of three pro-
cesses. First, the model, which has the highest likelihood rate
for the combination of head, chest (upper half of body) and
waist (lower half of body), is selected. Next, one body part
is added to the model, and the model matching is calculated.
This estimation is undertaken for the right arm, left arm, right
leg and left leg in parallel. Then, a model of the whole hu-
man body is constructed by combining the candidates for
each body part, and the likelihood rate is re-evaluated with
respect to the whole body model. The candidate, which has
the highest likelihood rate, is defined as the estimation result.

3. COMPUTATIONAL EXPERIMENTS OF HUMAN
MOTION CAPTURE

To evaluate the feasibility of the proposed method, computa-
tional 3D human body posture estimation was examined ex-
perimentally. The estimation method was coded in C++ with
Direct X graphics system. In this computational experiment,
the target human motion was generated in virtual space using
a 3D human CG model, and input images were obtained by
projecting the human CG model onto virtual camera planes
instead of using images captured with CCD cameras. Six
cameras were used in the estimation. Three cameras at 120
degree intervals were arranged in the same horizontal plane
as the target CG model, and the other three, also arranged
at 120 degree intervals, were set to overlook the target CG
model from an angle of 45 degrees. In the MCF, the num-
ber of particles (human model) m was 4000. Two kinds of
motion were used in the experiment: walking in place (mo-
tion 1) and turning both hands in front of the body (motion
2). Motions 1 and 2 were expressed for 30 frames and 60
frames, respectively.

Figure 3 shows examples of human body posture esti-
mation in each camera, and Fig. 4 shows the averaged esti-
mation errors for the sequence shown in Fig. 3. Here, the
averaged estimation error is the mean of the Euclidean dis-
tance between the target and the estimation result in all the
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Figure 3: Estimation results (top: target posture, bottom: estimated posture with the highest likelihood, left to right: frame k
= 1, 7, 13 and 19).
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Figure 5: Feature points of the human body.

human body feature points Pq (q = 1,2, · · · ,14), which are
shown in Fig. 5. In Fig. 3, the top panel contains pictures of
the sequence of target posture, and the bottom panel contains
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Figure 6: Overview of multi-camera system.

of the sequences of estimated postures that have the high-
est likelihood. As these figures show, at the beginning of
the estimation (frame 1), posture estimation is unstable, and
the likelihood is low. This is because the estimation in the
first frame is like a random estimation. However, the likeli-
hood converges after the second frame due to the MCF, and
posture estimation is successful. Even though self-occlusion
of the limbs in the target motion sequences occurs in some
of the silhouette images obtained from each camera’s view-
point, the human body’s posture can be estimated success-
fully in every frame. These results show the feasibility and
effectiveness of the proposed estimation method of human
motion capture.

4. MOTION CAPTURE EXPERIMENT USING A
MULTI-CAMERA SYSTEM

To evaluate the efficiency of the proposed human motion cap-
ture, estimation experiments using the multi-camera system
[5] shown in Fig. 6 were carried out. The multi-camera
system consists of a server-client system. The communica-
tion between the server (Dell Precision Workstation 650, In-
tel(R) Xeon CPU 3.2GHz, 3.50GB RAM, Windows XP SP3)
and clients (Dell Precision 390, Intel(R) Core 2 Duo CPU
2.66GHz, 512MB RAM, Windows XP SP3) are achieved by
using socket communication with TCP/IP, a local 1000Base-
T network and Winsock2 programming. Images from CCD
cameras (IEEE 1394 camera Dragonfly2, Point Grey Re-
search, Inc.) were digitised into the client computers with
a 640-by-480 pixel resolution via an IEEE 1394 interface in
real time (frame rate of 60 Hz). Six hexagonally arranged
cameras are used in the system. Three cameras are located
near the ceiling, and other three are set at middle height. The
measured space in front of the cameras is 2[m]×2[m]×2[m].
The cameras were calibrated using Microsoft’s easy camera
calibration tool [9]. The silhouette image is extracted by
using background subtraction in each client computer con-
nected to each camera and is then transferred to the server.
As a reference for the proposed motion capture method, the
movement of the subject is simultaneously measured by opti-
cal (infrared ray) motion capture (OptiTrackTM FLEX:V1007,
ARENATM Motion Capture Software, NaturalPoint, Inc.).

To apply the proposed method to actual images, the vir-
tual camera parameters of the DirectX graphics system (i.e.
location and posture in virtual space, direction vector of the
gaze point, rotation of the camera, angle of view) must be de-
fined so as to correspond to the actual cameras of the multi-
camera system. The virtual camera parameters are estimated
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Figure 8: Averaged estimation error.

by searching for the parameters that make a well-known cali-
bration pattern captured by the virtual camera match with the
calibration pattern captured by the actual cameras. To search
for matching parameters, a genetic algorithm is used.

In the experiments, the motions were the same as in the
computational experiments: the motion 1 was walking in
place, and the motion 2 was turning both hands in front of
the body. In the MCF, the numbers of particles m were 9000
and 16000 for estimating motions 1 and 2, respectively. Fig-
ure 7 shows examples of human body posture estimation in
each camera, and Fig. 8 show the averaged estimation errors
for the sequence shown in Fig. 7. Here, the averaged estima-
tion error is defined by the mean of the Euclidean distance
between the 3D coordinates of all the human body’s feature
points measured by optical motion capture and the 3D coor-
dinates estimated by the proposed method. In Fig. 7, the top
figures show the sequence of input images, and the bottom
figures are the sequences of estimated postures that have the
highest likelihood. As these figures show, at the beginning of
the estimation (frame 1), posture estimation is unstable: how-
ever, posture estimation is successful after the second frame
due to the MCF. The average estimation error is about 0.1 m.
These results show the feasibility of the proposed estimation
method to achieve markerless human motion capture in an
actual system.

5. CONCLUSIONS

This paper proposed a markerless human motion capture sys-
tem based on 2D matching between human silhouettes ex-
tracted from camera images captured by multiple cameras
and 3D articulated human CG model silhouettes projected
onto the corresponding virtual camera planes. A Monte
Carlo filter-based algorithm was proposed to generate can-
didates for the human model silhouette, and the normalised
core-weighted XOR distance was introduced to calculate the
likelihood rate between silhouettes. Computational experi-
ments of human body posture estimation and a human mo-
tion capture experiment using a multi-camera system con-
firmed the feasibility and effectiveness of the proposed mark-
erless human motion capture system.
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ABSTRACT
This paper presents a robust tracking method based on the in-
tegration of visual saliency information into the particle filter
framework. While particle filter has been successfully used
for tracking non-rigid objects, it shows poor performances in
the presence of large illumination variation, occlusions and
when the target object and background have similar color
distributions. We show that considering saliency informa-
tion significantly improves the performance of particle filter
based tracking. In particular, the proposed method is robust
against occlusion and large illumination variation while re-
quiring a reduced number of particles. Experimental results
demonstrate the efficiency and effectiveness of our approach.

1. INTRODUCTION

Tracking moving objects is an important task in many com-
puter vision applications including video surveillance, smart
rooms, mobile robotics, augmented reality and video com-
pression. Despite many effort, it is still a challenging prob-
lem due to the presence of noise, changes of illumination,
cluttered background and occlusions that introduce uncer-
tainty in the estimation of the object’s state.

The main objective of tracking is to roughly predict and
estimate the location of a target object in each frame of a
sequence. Many methods have been developed and can be
divided into two groups: deterministic methods and stochas-
tic methods [12]. Methods of the former group iteratively
search for the local maxima of a similarity measure between
a template of the target and the current image. The Kanade-
Lucas-Tomasi tracker [7] and the mean-shift tracker [3] are
examples of this category of methods. In contrast, meth-
ods of the latter group use the state space representation of
the moving object to model its underlying dynamics. The
tracking problem can then be viewed as a Bayesian inference
problem. In the case of a linear dynamic model with Gaus-
sian noise, Kalman filter provides an optimal solution. How-
ever, for non-linear and non-Gaussian cases, it is impossible
to find analytic solutions. Over the last decade, particles fil-
ters, also known as condensation or sequential Monte Carlo
methods, have proved to be very efficient for object track-
ing [4, 5, 9]. Different types of features can be used within
the particle filter framework. Color distribution [9, 8] is ro-
bust against noise and partial occlusion, but becomes inef-
fective in the presence of illumination changes, or when the
background and the target have similar colors. Edges or con-
tour features [5] are more robust to illumination variations,
but are sensitive to clutter and are computationally expen-
sive. For better performances, one can combine color and
edge features as in [11, 12].

When looking at a scene, humans tend to focus on re-
gions that are visually salient, i.e. that are more conspicuous

in contrast with respect to their neighborhood [6, 10]. Salient
regions detection has been used in many applications includ-
ing image retrieval, image segmentation and object recog-
nition. Most of the existing detection methods are based
on a low-level approach and use different features such as
color, intensity and orientation. In general, separate feature
maps are created for each of the features considered and then
combined to obtain the final saliency map. One represen-
tative method is the work of Itti et al. [6] who employes
color, intensity and orientation maps with a histogram en-
tropy thresolding analysis. Recently, Achanta et al. [1] in-
troduce a frequency-based method which exploits color and
luminance features. Their method is easy to implement, fast
and provide full resolution saliency maps.

In this paper, we integrate visual saliency information
into the particle filters framework for object tracking. In par-
ticular, we show how to combine color and saliency distri-
butions to increase the robustness to large illumination vari-
ations and to similar background color. Visual saliency has
also been used for tracking by Zhang et al. [14], but their
method is based on the detection of salient objects using both
static and motion features.

The paper is organized as follows. An overview of par-
ticle filtering based tracking is given in Section 2. In Sec-
tion 3, the proposed method is described, explaining the vi-
sual saliency detection and its combination with color for
tracking. Experimental results and discussion are shown in
Section 4 and, finally, concluding remarks are given in Sec-
tion 5.

2. PARTICLE FILTERING OVERVIEW

This section briefly introduces the particle filter method for
tracking. For more details and theoretical proofs, the reader
is invited to refer to [4, 2]. A particle filter is a sequen-
tial Monte Carlo method, which recursively approximates
the posterior distribution using a finite set of weighted sam-
ples {xi

t ,w
i
t}i=1,...,N . Each sample xi

t represents a hypothetical
state of the target with a corresponding importance weight
wi

t . Given all observations up to time t, Zt = {z0,z1, . . . ,zt},
the goal is to estimate the state of the target object xt , i.e. to
find the posterior distribution p(xt |Zt). Let’s assume that the
system is governed by the following state-space representa-
tion: {

xt = f (xt−1)+ vt−1
zt = h(xt)+nt

, (1)

where f and h are respectively the system transition and the
measurement functions, and vt−1 and nt are the system and
measurement noises.

The particle filter, like any sequential Bayesian tech-
nique, uses a prediction and correction strategy. The pre-
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diction stage uses the system transition model to predict the
posterior at time t as:

p(xt |Zt−1) =
∫

p(xt |xt−1)p(xt−1|Zt−1)dxt−1. (2)

The correction step uses the available observation at time
t, zt , to update the posterior using Bayes’ rule:

p(xt |Zt) =
p(zt |xt)p(xt |Zt−1)

p(zt |Zt−1)
. (3)

2.1 Color Distribution Model
Different types of features can be used to measure the obser-
vation likelihood of the samples. Among them, color distri-
bution is robust against noise and partial occlusion, and fast
to compute [9, 8]. Usually, color distributions are represented
by histograms in the RGB or HSV color space. The color
distribution p(x) = {pu(x)}u=1,...,m of a region centered at
location x is given by:

pu(x) = C
Np

∑
i=1

k(
∥∥∥∥xi−x

h

∥∥∥∥2

)δ [b(xi)−u], (4)

where C is a normalizer, δ is the Kronecker function, k is a
kernel with bandwith h, Np is the number of pixels in the re-
gion and b(xi) is a function that assigns one of the m-bins to
a given color at location xi. The kernel k is used to consider
spatial information by lowering the contribution of farther
pixels.

Several distances can be defined to compute the similar-
ity between color distributions such as the KL-distance or
histogram intersection. Here, we adopt the popular Bhat-
tacharyya coefficient as a similarity measure [3]. If we de-
note p∗ = {p∗u(x0)}u=1,...,m as the reference color model of
the object and p(xt) as a candidate color model, then the dis-
tance between p∗ and p(xt) is defined by:

ρ[p∗, p(xt)] =

[
1−

m

∑
u=1

√
p∗u(x0)pu(xt)

] 1
2

(5)

Each sample xi
t is assigned an importance weight which

corresponds to the likelihood that xi
t is the true location of the

object. In the case of the bootstrap filter [4], the weights are
given by the observation likelihood:

wi
t = p(zt |xi

t) ∝ e−λρ[p∗,p(xi
t )]

2
, (6)

where λ = 20 in our experiments as in [9].

3. VISUAL SALIENCY BASED TRACKING

In particle filtering based tracking, one has to resolve the con-
tradiction between robustness and tracking speed. In fact,
a large number of particles, or samples, leads to more ro-
bust results at the price of high computational load and slow
tracking speed. Moreover, the features distributions have to
be evaluated for each of the samples. Based on this consid-
erations, we use the saliency detection method of Achanta et
al. [1] in our work. This method is computationally efficient
while providing full resolution saliency maps.

(a) (b) (c)

Figure 1: Saliency detection example. Top row shows orig-
inal images and bottom row shows corresponding saliency
maps.

3.1 Saliency Detection
The saliency detection method fully described in [1] is based
on color and luminance features. For each pixel of the im-
age, we compute the degree of saliency with respect to its
neighborhood as the Euclidean distance between the pixel
vector and the average vector of the input image in the Lab
color space. Formally, the input image I is first converted to
CIELab color space I∗. From I∗, one computes the mean im-
age feature I∗µ = [Lµ ,aµ ,bµ ]T and a Gaussian blurred image
I∗σ using a 5×5 separable binomial kernel. The saliency at a
pixel location (x,y) is then given by:

S(x,y) =
∥∥I∗µ − I∗σ (x,y)

∥∥ , (7)

where ‖‖ is the L2 norm.
The method emphasizes the largest salient objects and

generates sharper and well-defined boundaries of salient ob-
jects.

Some saliency detection results are shown in Figure 1. As
it can be seen, regions that stand out relative to their neigh-
bors are detected as been salient parts of the image. However,
in some situations, the object of interest might be detected as
being less salient. This is depicted in Figure 1-c, where pix-
els belonging to the face of the person have lower saliency
values compared to background pixels. Therefore, saliency
information has to be carefully combined with color infor-
mation to achieve good tracking results. The next subsection
explains how we combine these two information.

3.2 Using Saliency for Tracking
Based on the saliency detection method described in Sec-
tion 3.1, we define a saliency distribution for a region of the
image in a similar way to the color distribution, i.e. using
equation (4). The similarity between two saliency distribu-
tions is measured by the Bhattacharyya distance.

Figure 2 shows examples of similarity measures between
color and saliency distributions. As we can notice, in cases
where the object of interest and the background have sim-
ilar colors, color feature is not enough to identify the ob-
ject. In the given example, the distance between the color
distributions of the reference model in Figure 2-a and the
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candidate model in Figure 2-b is ρ12 = 0.4983 while the dis-
tance between the color distributions of the reference model
and the candidate model in Figure 2-c is ρ13 = 0.4933. It
is thus, hard to distinguish the correct location of the object.
Using saliency distributions, the distances are respectively,
ρ ′12 = 0.1963 and ρ ′13 = 0.3620, showing the distinctiveness
of visual saliency.

Despite the distinctiveness of saliency feature, in some
situations, the object of interest might be detected as be-
ing less salient than the background, as mentioned in Sec-
tion 3.1. Therefore, in order to improve the robustness of the
tracker, we combine both color and saliency features, auto-
matically weighting their respective contribution to the like-
lihood function.

More precisely, given N samples {xi
t}i=1,...,N at time t, let

ρ i
c be the distance between the reference and the i-th candi-

date color distributions, and let ρ i
s be the distance between

the reference and the i-th candidate saliency distributions.
Then each sample xi

t is assigned an importance weight given
by:

wi
t ∝ (1−αt)e−λ (ρ i

c)
2
+αte−λ (ρ i

s)
2
. (8)

The weighting parameter αt is evaluated at every time t using
the following formula:

αt =
ρc

ρc +ρs
, (9)

where ρc is the mean value of {ρ i
c}i=1,...,N .

By employing a time varying weighting parameter, the
tracker can adaptively give more importance to one feature
or the other based on the color and saliency distributions of
every frame of the sequence. Thus, we can deal with large
illumination variations and similar background color.

3.3 Particle Filter Tracking
To implement the particle filter, one has to define the state
vector and the dynamic model of the system. We define the
state as x = [x,y,sx,sy]T , where (x,y) is the location of the
target object, sx and sy are the scales in the x and y directions.
In the prediction stage of the particle filter, the samples are
propagated through a dynamic model. We use a first order
auto-regressive (AR) process for simplicity:

xt = Axt−1 +vt−1, (10)

where vt−1 is a multivariate Gaussian random noise and A
defines the deterministic system model. A constant velocity
model is usually used for the dynamic model.

In the update stage, the observation likelihood for each
sample, i.e., the weights for each sample, are estimated us-
ing equation (8). In practice, to avoid degeneracy, i.e. all but
one particle having negligible weights after a certain number
of recursive steps, a bootstrap resampling is performed. The
resampling step is also designed to handle sample impover-
ishment, i.e. particles that have high weights are statistically
selected more often than others [2].

4. EXPERIMENTS

To evaluate the performance of the proposed tracking
method, we applied it to different sequences showing confus-
ing background color and large illumination variations. The

image size of the sequences is 320× 240. We use the HSV
color space with a 8× 8× 8 bins histogram to represent the
color distribution, and we employ a 16 bins histogram for
saliency distribution. The HSV color space is used instead of
RGB because it is less sensitive to lighting conditions. In all
experiments, the tracked object is manually initialized in the
first frame.

To show the robustness of our method against similar
background color, we use the Plane sequence of 300 frames
and compare the basic color based particle filter with the
saliency based one. In both cases, we use 100 particles for
tracking. The top row of Figure 3 shows the results of the
color histogram based tracker. The tracker totally loses the
target after several frames. The bottom row in Figure 3 shows
the tracking results using our approach. We can see that the
tracker robustly follows the target despite confusing back-
ground color.

In particle filter tracking, the robustness and the track-
ing speed are proportional to the number of samples used. A
large number of samples provides more robust results at the
price of high computational load and slow tracking speed.
Experiments show that the proposed tracker can successfully
track the target with a reduced number of particles. For ex-
ample, our method robustly follows the target in the Plane
sequence with as few as only 20 particles, which significantly
reduces the computational time.

In the second experiment, the Face sequence is used to
evaluate the performance of the proposed tracker against se-
vere and sudden illumination changes. The results are shown
in Figure 4. It is important to point out that because of
the poor lighting environment, the background color distri-
bution is similar to that of the face. This makes the color
based tracker to lose the target. Furthermore, the color based
tracker can hardly adapt to a sudden illumination change. On
the contrary, the proposed saliency based tracker performs
extremely well in this situation. Note that the tracker is also
robust against occlusion since it can recover the target object
even if it is fully oclluded as shown by frames 612 and 679
in Figure 4.

For a quantitative evaluation of the tracking methods, we
use the spatial overlap metric defined in [13]. Let Si

GT and Si
T

be, respectively, the ground truth and the estimated bounding
box of the object in the i-th frame of a sequence. The spatial
overlap is defined as:

ζi =
Area(Si

GT ∩Si
T )

Area(Si
GT ∪Si

T )
(11)

The object in frame k is accurately estimated if ζk > T , where
the threshold T is set to 0.25 in our experiments.

The tracking performances are given in Table 1. For each
method, the accuracy is defined as the ratio between the num-
ber of frames the object location is accurately estimated and
the total number of frames in the sequence. Our saliency
based tracker outperforms the color based tracker for all three
sequences, providing excellent results for the Plane and Face
sequences. In the case of the Walk sequence, the tracking ac-
curacy is limited due to the fact that the walking person (the
target) is hardly distinguishable from the background. How-
ever, using visual saliency improves the tracking results as
shown in Figure 5.
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(a) (b) (c)

Figure 2: Similarity measure between color and saliency distributions. (a) Reference color and saliency distributions. (b)
First color and saliency candidate distributions. (c) Second color and saliency candidate distributions. Using color feature, the
distances between the color distributions are respectively, ρ12 = 0.4983 and ρ13 = 0.4933. Using saliency distributions, the
distances are ρ ′12 = 0.1963 and ρ ′13 = 0.3620.

frame 2 frame 25 frame 50 frame 100 frame 230

Figure 3: Tracking results using the Plane sequence. Top row shows results with the color based tracker and bottom row
shows results with the proposed method.

frame 1 frame 100 frame 160 frame 260 frame 350

frame 410 frame 500 frame 600 frame 612 frame 679

Figure 4: Tracking results in the presence of severe illumination change and occlusion. The target face is consistently and
robustly tracked by the proposed method despite poor lighting condition and occlusion.
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frame 1 frame 20 frame 40 frame 55 frame 70

Figure 5: Tracking results using the Walk sequence. Top row shows results with the color based tracker and bottom row shows
results with the proposed method.

Table 1: Tracking Performance Scores
correct/total Accuracy (%)
C C-S C C-S

Plane sequence 201/300 300/300 67 100
Face sequence 429/680 671/680 63 98
Wall sequence 21/70 48/70 30 68

C = color based tracker
C-S = color and saliency based tracker.

5. CONCLUSIONS

In this paper a robust tracking method is proposed. It is based
on the integration of visual saliency information into the par-
ticle filter framework. We have shown how to effectively
combine color and saliency information in order to make the
tracker robust against occlusion, confusing background color
and large illumination variation. Experiments with different
sequences show that the proposed tracking method outper-
forms the established color based tracker, while requiring
a reduced number of particles. A direction of future work
would be an extension for multi-object tracking, incorporat-
ing shape and texture features.
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ABSTRACT
Region growing is one of the most popular image segmen-
tation methods. The algorithm for region growing is easily
understandable but criticized for its lack of theoretical back-
ground. In order to overcome this weakness, we propose to
describe region growing in a new framework using a vari-
ational approach that we called Variational Region Grow-
ing (VRG). Variational approach is commonly used in im-
age segmentation methods such as active contours or level
sets, but is rather original in the context of region growing. It
relies on an evolution equation derived from an energy mini-
mization, that drives the evolving region towards the targeted
solution. Here, the energy minimization and the VRG robust-
ness to the initial seeds location are performed on gray-level
and color images.

Index Terms— Segmentation, region growing, varia-
tional approach, region-based energy

1. INTRODUCTION

Since its introduction by Zucker [1], the region growing
method has become a popular algorithm for 2D and 3D seg-
mentation. In this approach, a homogeneous region is pre-
sumed to correspond to a semantic object. Starting from a
seed, manually or automatically located, the iterative process
of region growing extracts a region of interest by merging all
pixels satisfying an aggregation criterion and located in the
neighborhood of the region. At each step, candidate pixels
neighboring the evolving region, or already belonging to it,
are tested. The algorithm converges when no more pixels are
added to the evolving region during an iteration.

In classical region growing methods, aggregation crite-
rion can be categorized into two groups. In the first group,
the criterion governs the growth of a single region. This cri-
terion measures either a similarity between a candidate pixel
and another pixel or the homogeneity of the whole result-
ing segmented region [2]. Such a criterion requires the use
of an arbitrary threshold value to fix the minimum value of
homogeneity. This method is attractive due to its simplic-
ity, but the choice of the threshold requires further knowl-
edge about the grey-level distribution to avoid trial and er-
ror adjustment. In the second group, the criterion governs
a competitive growth between several regions. This kind of
region growing called seeded region growing was introduced
by Adams and Bischof [3] in 1994. At each iteration, the
most similar pixel compared to mean intensity of a region is
looked up in the set of all candidate pixels and merged. This

method is free from tuning parameters [4]. More elaborated
merging criteria based on statistics were also proposed [5, 6].

The originality of this work is to apply the region grow-
ing process to solve an energy minimization arising from
segmentation problems. Through a discrete variational ap-
proach, we formalize the iterative algorithm of region grow-
ing, and we set out a theoretical framework for the definition
of the aggregation criterion. Our Variational Region Grow-
ing (VRG) describes a generic framework which relies on
a region-based energy minimization. The major relevance
of this framework is its ability to deal with whatever kind
of aggregation criterion, provided that can be converted in a
minimization energy problem.

2. DEFINITIONS

Let us start by introducing some definitions and notations
further used in our framework.

2.1 Region representation
In our formalism, the evolving region is represented by a
characteristic function φx defined by:

φx = φ (x) =

{
1 i f x ∈Ωin
0 i f x ∈Ωout

(1)

where x is a Rd element of the image domain Ω, Ωin the
segmented region in Ω and Ωout the background, defined as
the absolute complement of Ωin: Ωout = Ω\Ωin. The initial
region (t = 0) is described by the characteristic function φ 0:

{x ∈Ω | φ (x, t = 0) = 1} (2)

2.2 Neighborhood definition
In a metric space Ω, the neighborhood of a given point u is
defined by the set of all points close to u according to the
euclidian distance. We define the ε-neighborhood of a point
u as the set:

Nε (u) = {v ∈Ω |‖v−u‖ ≤ ε} (3)

In the 2D-image domain, the well-known N4 and N8 neigh-
borhoods are obtained with respectively ε = 1 and ε =

√
2.

Let us note ∂+
ε the outer boundary of Ωin ⊂Ω defined as

follows:

∂
+
ε = {v ∈Ωout | ∃u ∈Ωin, v ∈ Nε (u)} (4)
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In the same way, let us note ∂−ε the inner boundary of Ωin
defined as follows:

∂
−
ε = {v ∈Ωin | ∃u ∈Ωout , v ∈ Nε (u)} (5)

We also note ∂±ε the union of the inner and outer boundaries.

3. VARIATIONAL REGION GROWING APPROACH

The aim of this paper is to describe the region growing seg-
mentation as an energy minimization process. We particu-
larly focus on variational models. Variational models, and
functional analysis in general, belong to mathematical theo-
ries closely related to physics such as propagation equations
or conservation laws. Variational models are linked to opti-
mization problems and are frequently used for solving image
segmentation such as active contours and level sets [7].

3.1 Variational approach in segmentation
In a variational approach, image segmentation can be formu-
lated by the following expression:

φ
∗ = argmin

φ
J (φ) (6)

where φ ∗ is an optimal solution of an energy minimization
process and leads to the best segmentation according to the
considered energy J(.). A way to compute the optimal solu-
tion is to define the variation of φ called ∆tφ by introducing
an artificial time-variable t and to estimate iteratively the en-
ergy variation ∆J (.) for a small variation of φ noted φ̃ :

∆tφ +F
(
φ ,∆J

(
φ̃
))

= 0 (7)

where F is a functional that governs the region evolution.
In our approach, this functional depends on a special

function c(φ) (explained below) and the energy variation
∆J(φ̃). Starting from φ 0, φ is updated at each time by solv-
ing iteratively equation (8), over the whole the domain Ω,
until a steady state solution is reached.

∆tφ − c(φ) .H
(
−∆J

(
φ̃
))

= 0 (8)

H is the one-dimensional Heaviside function defined as fol-
lows:

H (z) =
{

0 if z < 0
1 if z≥ 0 (9)

The Heaviside function activates the function c(φ) when the
estimated energy variation ∆J(φ̃) is negative, and inhibits it
otherwise. The function c(φ) is defined in order to induce
the switch of φ values, so it is equal to (1−2φ). For clear-
ness sake, c(φ) is represented in figure 1 in the case of a
mono-dimensional space Ω. More details are given in the
next subsection.

In our discrete framework, the continuous-time variable t
is replaced by a discrete-time variable n. Therefore, φ n rep-
resents the current values of φ . At the next iteration, φ n+1 the
update of φ n consists in determining the new values of φ for
each grid points x. Let us note φ n

x the value of φ n at point x.
Equation (8) is iteratively solved by numerical methods mak-
ing φ evolve jointly to the segmented region. The evolution
of the region function φ is given by the following equation:

φ
n+1 = φ

n + c(φ n) .H
(
−∆J

(
φ̃

n)) , (10)

Fig. 1. The characteristic function φ n (also called re-
gion function), the function c(φ n) and the cut-off function
cε (φ

n) are plotted with a solid line in the case of a mono-
dimensional domain Ω.

At a specific point x of Ω, it can be also written:

φ
n+1
x = φ

n
x+ c(φ n

x) .H
(
−∆J

(
φ̃x

n))
, (11)

where the sign of ∆J(φ̃x
n
) indicates whether the value φx has

to be switched or not.

3.2 Adaptation for region growing method
In this section, we focus on the VRG algorithm implemen-
tation. Previously, we defined ∆J(φ̃ n) for each point x of
Ω. In the particular case of region growing, the set of can-
didate points for the state switch is restricted to a neighbor-
hood around the boundary of the evolving region. The size of
neighborhood where the region can evolve, is parameterized
by ε value (see equation (3)). That leads us up to propose a
cut-off function cε (φ

n) defining a spatial bandwidth for the
candidates points by:

cε (φ
n
x) =

{
1−2φ n

x if x ∈ ∂±ε
0 otherwise (12)

where cε (φ
n
x) depends on ε-value as shown in figure 1. The

aim of cε is similar to the narrow band used in level sets.
Note that in most of region growing methods, only the outer
boundary ∂+

ε is considered for the evolution of the region.

3.3 Energy variation
VRG recovers an object of interest by means of a discrete
function φ that switches according to the minimization of an
energy J. In the literature, many region-based energies were
introduced into the variational framework. Jehan-Besson [8]
gives a general definition of a region-based energy computed
from a ”region-independent” descriptor kx as:

J (Ωin) =
∫

Ωin

kxdx (13)

In our framework, we express the previous energy by:

J (φ n) = ∑
x∈Ω

kx ·φ n
x (14)

Starting from this energy, we evaluate J
(
φ̃ n
)

the energy
that would result from the state switch of a candidate pixel
v. We define the assessed state switch φ̃ n

v of a pixel by:
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φ̃
n
v = 1−φ

n
v, (15)

thus,

φ̃
n
x = φ

n
x i f x 6= v. (16)

From equation (14), the energy of φ̃ n can be expressed as:

J
(
φ̃

n)= ∑
x∈Ω

kx · φ̃ n
x (17)

Using equations (15) and (16), we can also write:

J
(
φ̃

n)= kv · φ̃ n
v+ ∑

x 6=v,x∈Ω

kx ·φ n
x (18)

J
(
φ̃

n)= kv · (1−φ
n
v)− kv ·φ n

v+ kv ·φ n
v+ ∑

x6=v

kx ·φ n
x︸ ︷︷ ︸

J(φn)

(19)

The energy variation ∆J(φ̃ n) resulting from promoting a sin-
gle point at position v is obtained by identification and is
defined by:

∆J
(
φ̃

n
v

)
= (1−2φ

n
v) · kv (20)

Note that this variation of energy is defined whatever the
region-independent descriptor used.

4. APPLICATION

Here, we present our algorithm to solve energy minimization
through a region growing process. And then we apply it to
image segmentation using the probability distribution sepa-
ration energy introduced by Paragios [7].

4.1 Variational region growing algorithm
The outline of our algorithm is presented in few steps:
Step 1. Initialization. Construct the initial partition φ 0 (see

eq. (2)). This partition corresponds to the initial seeds.
Step 2. Compute the set ∂±ε of candidate points for the

switch state (inner and outer boundaries of Ωin).
Step 3. Evolution. Switch φ -value of each point v in ∂±ε , if

∆J(φ̃ n
v) the energy variation is negative.

Step 4. Repeat the step 2, until the energy variation remains
unchanged (i.e. no more points are switched).

4.2 Probability distribution separation energy
To illustrate our variational method, we use it to Paragios
image segmentation model [7]. We consider a more complex
energy that looks simple means and compares the full prob-
ability distributions of the foreground and background. We
show that its incorporation into our framework is simple.
Consider pin(Ix) and pout(Ix) be the two estimated probabil-
ity density functions at pixel x computed from the global
inner Ωin and the outer region Ωout of a partitioned im-
age Ix using Parzen window. Parzen window method is a
non-parametric kernel density estimation. This estimation is
asymptotically unbiased, uniformly consistent in probability,
and consistent in the mean-square sense.

(a) (b)

Fig. 2. Segmentations of the LEOPARD color image. (a)
Shows the initialization (white circle region); (b) shows con-
tour of segmentation using probability distribution separation
in our variational approach.

The kernel density estimator pin(Ix) of the interior region
image intensities (Ix ∈ Rd) at point x is given by:

pin (Ix)H =
1
|Ωin| ∑

i∈Ωin

KH (Ix− Ii) (21)

where |Ωin| is the cardinality of set Ωin, H is a d× d sym-
metric positive definite matrix called the bandwidth matrix,

KH (Ix) = |H|−1/2 K
(
H−1/2Ix

)
(22)

and K is a d-variate kernel function satisfying:∫
K (z)dz= 1 (23)

Conditions on the multivariate kernel K and bandwidth ma-
trix H to guarantee the asymptotic unbiasedness, the mean-
square consistency and the uniform consistency of the esti-
mator can be found in [9]. In the following of the paper,
we use the Gaussian kernel KG which satisfies the previous
conditions:

KG

(
H−1/2Ix

)
= (2π)−d/2 .exp

(
−1

2
IxTH−1Ix

)
(24)

Paragios et al. shows that the maximization of the poste-
rior probability is equivalent to the minimization of the cor-
responding [−log()] function. In our work, this energy is
defined by:

J (φ n) =−∑
x

log(pin (Ix)) .φx−∑
x

log(pout (Ix)) .(1−φx)

(25)
With equation 20, we obtain the energy variation of J (φx):

∆J
(
φ̃

n
v

)
= (1−2φ

n
v) · [log(pout (Iv))− log(pin (Iv))] (26)

where pin (Iv) and pout (Iv) are updated at each iteration.

5. EXPERIMENTS

In order to demonstrate the strengths and limitations of our
method, we performed several experiments. First, we com-
pare VRG with a classic region growing approach. We con-
tinue with a study of the effects of segmentation initializa-
tion. Finally, we examine the convergence properties of the
proposed method. For all experiments, the VRG parameters
are set to constant values: H = 2.25 I, (I is the identity ma-
trix), and ε = 1.
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5.1 Comparison with a classic region growing approach

In the previous section, we have described how to inte-
grate region-based energies in our variational region grow-
ing. Here, we demonstrate the improvements offered by our
algorithm. We propose to compare the variational region
growing with a classic region growing approach driven by
a homogeneity criterion. Lots of homogeneity criteria were
implemented in region growing. These can be classified as
local or global criteria depending on the spatial extent where
measurements are computed. Difference between grey lev-
els, statistic properties of the evolving region such as mean or
variance are well-known features used to assess homogeneity
criteria [2], [10]. The purpose of the following experiments
is to demonstrate that using energy minimization instead of
a simple homogeneity criterion can improve significantly the
region growing segmentation .
We compare VRG with a classic region growing algorithm
called Global Mean Region Growing (GMRG) cited in [10].
In GMRG, the candidate pixels are aggregated to the growing
region if their grey levels are included in a range specified by
the mean of the grey level distribution of the evolving region
and a tolerated variation specified by the standard deviation
of this distribution. This approach implicitly assumes that the
grey level distribution of the target region can be modeled by
a Normal law. The criterion adapted to the inside region Ωin
is expressed by the following equation:∣∣Ix−µΩin

∣∣≤ α ·σΩin (27)

where α is a tuning parameter.
In figure 3, we compare the performance of VRG guided by
Paragios region-based energy described in section 4.2 with
GMRG driven by the previous homogeneity criterion. No-
tice that the classic approach only extracts the brightest parts
of the image while our approach converges to meaningful
object boundaries. For both images, α value is manually ad-
justed in order to get the best results. In the MUSHROOM
image [11], the main object and the inhomogeneous back-
ground are associated with multimodal distributions of their
color components (R,G,B). Lighting variations and complex
textures induce both smooth and quick changes onto these
components. In the BRAIN image, the VRG is initialized
from two small ellipses pointing out a single initial region.
Starting from this initial region (chosen to be inside the ob-
ject), the variational region growing evolves iteratively by
testing candidate points specified by ∂+

ε until convergence.

5.2 Sensitivity to Initialization

A major advantage of VRG is a lower sensitivity to initial-
ization. This characteristic comes from the use of global
region-based functional. Indeed, global region-based energy
analyses the whole image, whereas classic methods based on
homogeneity criterion only use features of the evolving re-
gion and are consequently more sensitive to initialization.
The experiment in figure 4 shows multimodal image in which
the leopard was segmented with several different initializa-
tions. In this experiment, the analysis of density distribution
of regions (inside and outside region) allows the segmenta-
tion technique to accurately separate this structure from the
rest of the image. With various initialization, our variational
approach converges to the same segmentation.

(a) (b) α = 1.9 (c)

(d) (e) α = 2.06 (f)

Fig. 3. Segmentations of a gray-level image (BRAIN) and a
color image (MUSHROOM). (a, d) show the same initializa-
tion for VRG and GMRG; (b, e) and (c, f) show contours of
segmentation using GMRG and VRG, respectively.

5.3 Convergence and properties

Finally, we examine the convergence and properties of our
variational region growing. Figure 5 displays the results for
different initial conditions. The white contours delineate seg-
mented regions. In figure 5(c), the same result is obtained
from two different initialization given by figures 5(a), 5(b).

(a) (b)

(c) (d)

(e) (f)

Fig. 4. Segmentations of the LEOPARD color image. (a, c,
e) show different initializations; (b, d, f) show corresponding
segmentations using our variational approach.
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(a) Initial seeds 1 (b) Initial seeds 2 (c) Results

(d) Initial seeds 3 (e) Results

Fig. 5. Three different initial regions (seeds) (a,b,d) and the
corresponding segmentation results (c,e).

Fig. 6. Three different initial conditions and the correspond-
ing energy versus iterations.

Thus, different initial seeds, provided that they were inside
the same region of interest, converge to the same result. In
the same way, figure 5(e) displays the segmentation result
obtained with seeds of figure 5(d). Thanks to the use of ∂−ε ,
some pixels belonging first to the evolving region, can be re-
jected during the next iterations, enabling the segmentation
of non-connected objects. These examples illustrate the abil-
ity of VRG to converge towards the desired object, while en-
abling free changes of topology during the growing.
In figure 6, we plot the energy values versus iterations for
each initialization. These evolution curves point out the en-
ergy minimization which occurs during the iterative process
of the region growing. In the three cases, our variational
method detects a local minimum of energy. This intended
characteristic comes from the spatial restriction imposed by
the algorithm to the evolution of the region at each iteration.

6. CONCLUSION

In this work, we propose an original framework based on
variational region growing (VRG) for image segmentation.
Describing region growing segmentation approaches with
the proposed variational framework, we show that region
growing algorithms lead to an energy minimization. Our
framework is based on the discrete region-based energy vari-
ation and allows one to readily take into account energy in
the segmentation. An evolution equation of the region is de-
termined from a functional that depends on the variation of

the energy and a special cut-off function allowing both the
selection of the candidate pixels and the state switch of these
pixels during the segmentation process. We choose as cri-
terion the maximization of the posterior probability, and we
compare our approach with a classical region growing crite-
ria. VRG gives more accurate results than classical approach
on both gray-level and color images. Finally, we assess the
influence of the initial seeds on the segmented results and on
the minimization of the energy. We show that the resulting
segmentation is robust to the position of the initial seeds for
a given region as the seed initialization lead the same mini-
mum of energy and then to the same segmented region.
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ABSTRACT
3D applications need a stereo matching algorithm that can
merge the left image with the right image. In this paper we
propose a stereo matching algorithm based on some binocu-
lar properties of the human visual system. For this, we have
focused on the simple and complex cells properties that are
responsible for binocular fusion. A model, based on a com-
plex wavelet transform, a color contrast sensitivity function
and a bandelet transform, is proposed to model the properties
of the simple and complex cells characterized by their size,
orientation, phase and amplitude. This model is designed to
calculate the binocular energy generated by each binocular
complex cell. A model refinement based on properties spe-
cific to the lateral geniculate body is then proposed to refine
the results obtained with the binocular energy model calcu-
lation. The obtained results can be exploited by the stereo-
scopic vision applications, such as 3D reconstruction, stereo-
scopic coding, stereoscopic quality assessment and other ap-
plications.

1. INTRODUCTION

The binocular vision has the responsibility to put both eyes in
a synchronous way and with a perfect coordination to recon-
struct the relief. The retinal images received by both eyes go
through a succession of processes before arriving to the vi-
sual cortex where they are merged. More and more work has
been done to model the match operation which both images
undergo at the visual cortex. Hubel and wisel [1] defined two
types of binocular cells, named as the simple and the com-
plex cells, according to the degree of their complexity. The
complex cells, in their model, are built by association of a set
of simple cells as described by Fig. 1. According to Hubel
et al. [1] and campbell et al.[2] the receiving fields of these
cells are described as a linear filter constituted by different
activated regions (ON) and inhibited regions (OFF). The op-
timal activation of these cells is made by a luminance grating
so that the white bar covers the ON region and the black bar
covers the OFF region. In 1990, Ohzawa et al.[3] proposed
a model to compute the binocular energy. They model the
cells by functions characterized by their amplitude and ori-
entation. In literature, orientation selective wavelets as the
Gabor wavelet, the curvelet and the bandelet describe math-
ematically the functioning of these cells. The ON and OFF
regions of the cells correspond respectively to peaks and hol-
lows of these functions.

In this paper, we propose a matching algorithm taking
into account the phenomenon of binocular rivalry. The pa-
per is organized in four sections: In the second section, we
present the proposed approach; Our model for computing the
binocular energy is introduced in the third section, the fourth

section focuses on the refinement of the model; The experi-
mental results are presented in section five. This paper ends
with some conclusions and gives some future directions.

2. PROPOSED FTOAPPROACH

The binocular matching is the most complex process in the
stereoscopic vision. To conceive our model we are interested
in the functioning of the human visual system (HVS). Once
the retinal images are captured by both retinas, the left halves
of the images are stored in the right lateral geniculate body
(LGB) and the right halves are stored in the left LGB. Two
signals belonging to the right and left retinal images and rep-
resenting the same region of the space are put side by side.

The binocular rivalry phenomenon appears when both
retinal images are different; The LBG replaces the stimulus
having the least contrast by the stimulus with the highest con-
trast. To simulate these processes, in the aim to optimize the
matching, we integrated binocular constraints and monocular
constraints in our model. The binocular constraints used in
our model are the uniqueness constraint, occlusion constraint
and the cohesiveness constraint. The monocular constraints
used are occlusion, cohesiveness and inter-ocular inhibition
constraints described in Section. 4. The last constraint allows
to take into account the binocular rivalry phenomenon in our
model.

After these pretreatments, the signals leave the LGB for
the visual cortex. In the visual cortex, we have the simple
and the complex cells, which are responsible for the binocu-
lar fusion. These cells are characterized by their size, phase
and orientation. The signals from the two LGBs are classi-
fied into two categories, the monocular signals captured by
the monocular simple cells and the binocular signals cap-
tured by binocular simple cells. The simple cells work in
pairs (Fig. 1); each pair is connected to a complex cell. The
simple cells of one pair have the same size and orientation
with a phase shift equal to π/2. The first cell has a center
sensitive to light and a circumference not sensitive to light
(ON/OFF) and the opposite is true for the other cell, a center
not sensitive to light and a circumference sensitive to light
(OFF/ON). For that reason there is a phase shift between the
cells pair.

To model the behavior of these cells, we looked at the
adaptive spatial frequency transform presenting the same
mathematical properties with these cells. In the first step,
we applied the complex wavelet transform (CWT) on both
stereoscopic images. The analysis functions used to obtain
the real and imaginary part of this decomposition has a phase
shift equal to π/2. This decomposition allows to separate the
response obtained with both types of simple cells (ON/OFF)
and (OFF/ON). After this stage, a contrast sensitivity func-
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tion (CSF) [4] is applied on the coefficients obtained with
the complex wavelet transform. This function allows to re-
move the CWT coefficients that are not perceived by the hu-
man visual system, which gives a better representation of the
singularities of stereoscopic images in the complex wavelets
domain. To identify the pairs of simple cells, we applied
the bandelet transform on the coefficients obtained with the
CWT. The same geometry (quad-tree, orientation) is used in
the bandelet transform for real and imaginary parts of the
CWT. The good representation of the singularities, of the two
stereoscopic images obtained with CSF, allows a better esti-
mation of the geometry of the images obtained by bandelet
transform.

Two dyadic squares, which belong respectively to real
and imaginary parts of the left or the right image, constitute
a pair of response having the same characteristics (size, ori-
entation and phase) with simple pair of cells. These pairs of
dyadic squares areare exploited by a model for computing a
binocular energy of the retinal images.

3. BINOCULAR ENERGY MODEL (BEM)

In the previous section, we mentioned the spatial-frequency
transform that we use in our metric scheme. As shown in the
following figure, a CWT is applied to the luminance compo-
nent [L∗] of the left and right retinal images. The filters used
to compute the real and the imaginary parts presents a shift-
phase equal to π/2. DWT is applied to the chromatic com-
ponent of the both images (a∗ and b∗), knowing that these
components are orthogonal. This preprocessing step allows
a complex writing of the luminance and chrominance com-
ponents as described by equation 1.

Image = {Re[L], Im[L],Re[C], Im[C]}
= {Re[CWT (L∗)], Im[CWT (L∗)],DWT [C(a∗)],DWT [C(b∗)]}
L : luminance,C : Chrominance

(1)

Fig. 1. Simplistic representation of the dyadic squares to be
matched.

Starting from the definition given above, the model that
we propose to calculate the binocular energy is based on the
model proposed by Ohzawa [3] and the one proposed by
Fleet [5]. Bandelet transform, applied on the wavelet coef-
ficients of luminance and chrominance components, allows
to define the image geometry. This latter is defined by a
set of dyadic squares (the same geometry is applied to the
real and imaginary parts of the luminance and chrominance).
Each dyadic square is characterized by its size and orienta-
tion. Dyadic squares obtained with CWT applied to the lu-
minance are arranged in pairs, similar to the dyadic squares
obtained with the DWT, applied to both chrominance com-
ponents. Dyadic squares of a given pair belong to the real
part of the CWT (Re[L(x)]L) and the imaginary part of the
CWT (Im[L(x)]L). Dyadic square pairs of the chromatic
component belong respectively to the real part represented

by the DWT (Re[L(x)]C), applied to the component a∗ and
the imaginary part represented by the DWT (Im[L(x)]C), ap-
plied to the component b∗. Dyadic squares of a pair have
given the same orientation and same size with a shift-phase
equal to π/2. L(x) and R(x) (responses of two simple cells
(Fig. 1)), Complex-valued response in left and right eyes, are
expressed by their amplitude and orientation of the complex
function(L(x) = ρl(x)exp(φl(x))). where:

ρ
2
l (x) = |L(x)|2 = Re [L(x)]2 + Im [L(x)]2 (2)

ρl(x) is the monocular amplitude of the complex function
and φl(x)(Eq. 3) is the phase monocular of the complex func-
tion.

φl(x) = arg |L(x)|= arctan(Im [L(x)]/RE [L(x)]) (3)

Table 1 summarizes all the parameters described above by
giving the appropriate definition.

Table 1. Symbol table.
parameters Definitions
X Retinal position
L(x), R(x) Complex-valued response in left and right eyes, at

position x
Re[L(x)]L Luminance real part of left monocular re-

sponse(dyadic square)
Im[L(x)]L Luminance imaginary part of left monocular re-

sponse
Re[L(x)]C Color real part of left monocular response
Im[L(x)]C Color imaginary part of left monocular response
ρl/r(x) Monocular (left eye) amplitude signal
φl/r(x) Monocular (left eye) phase signal
φ
′
l/r(x) Left-eye instantaneous frequency at position x

∆ψ simple cell phase shift
d Stimulus disparity
∆φ(x) phase difference
E(x) Binocular energy response at retinal position x
E(x,d) Response of binocular energy neuron with simple

cell position shift
E(x,∆ψ) Response of binocular energy neuron with simple

cell phase shift
E(x,d,∆ψ) Response of binocular hybrid energy neuron with

position shift d and phase shift ∆ψ

After all the preprocessing steps comes the stage of
matching of the retinal pairs of images. For this, the dyadic
squares pair of one image are matched with another pair of
the second image by calculating the binocular energy pro-
duced by these two pairs of dyadic squares (which represents
the response of two simple cells). The cell responsible of the
information fusion, in the human visual system, is the com-
plex cell. The binocular complex cell takes as input two re-
sponses from two simple cells (two pairs of dyadic squares
belonging respectively to the left and right retinal images).
If the complex cell is of type monocular, it will take as in-
put a response of a simple cell (a pair of dyadic squares). In
the case of a binocular complex cell, the binocular energy
(Eq. 11) is calculated as described in [5].

E(x) = |L(x)+R(x)|2 = (Re [L(x)]+Re [L(x)])2

(Im [L(x)]+ Im [R(x)])2 (4)

The two pairs of matched dyadic squares, belonging respec-
tively to the right image R(x) and the left image L(x) must
have the same orientation and the same size.
When we replace L(x) = ρl(x)exp(φl(x))and R(x) =
ρr(x)exp(φr(x)) by their respective definition, we obtain the
following equation :

E(x) = ρ
2
l (x)+ρ

2
r (x)+2ρl(x)ρr(x)cos(∆φ(x)) (5)
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E(x) is the energy of the response obtained by the binocular
complex cell. When the both pairs of dyadic squares have
not a same position, the right monocular response R(x) is
a shifted version of the left monocular responses L(x), i.e.
R(x) = L(x−d). Similarly, when the phase signal is not the
same between the pairs of dyadic squares φ(x) = φ(x− d).
From this, we can express the inter-ocular phase difference
using a Taylor series of φl(x−d)(Eq. 13):

∆φl(x,d) = φl(x)−φr(x) = φl(x)−φl(x−d) = dφ
′
l/r +O[d2] (6)

Combining equation 13 with equation 12 gives us a useful
characterization of a binocular energy as described by equa-
tion 14. As the disparity is increased slightly above zero, the
binocular energy response decreases as the cosine of dispar-
ity times instantaneous frequency, cos(dφ

′
l/r).

∆φl(x,d) = φl(x)−φr(x) = φl(x)−φl(x−d) = dφ
′
l/r +O[d2] (7)

In [3], authors showed that if the simple cells have not the
same orientation, the disparity between them is useless. Fleet
[5] defined this relation in the following way:

R(x) = exp(i∆ψ)L(x−d) = ρl(x−d)exp(φl(x−d)+∆ψ) (8)

∆ψ denotes a phase shift between the couple of simple cells.
So, the binocular energy of the left and the right pairs of
dyadic squares are then related. The phase difference has
now the form:

∆φl(x,d,∆ψ) = φl(x)−φr(x)−∆ψ = dφ
′
l/r−∆ψ (9)

Finally, the binocular energy(Eq. 14), computed by the com-
plex cell for the both pairs of dyadic squares, is equal to:

E(x,d,∆ψ) = ρ
2
l (x)+ρ

2
r (x)+2ρl(x)ρr(x)cos(dφ

′
l −∆ψ) (10)

If E(x) is above the threshold (h) both dyadic squares are
matched otherwise they are not matched.

4. REFINEMENT OF THE BINOCULAR ENERGY
MODEL (RBEM)

To refine the result of matching obtained with the binocular
energy model, we proposed a model based on the work of
Hayashi et al. [6]. The authors proposed a stereo model that
reconstructs 3D structures not only from disparity informa-
tion of inter-ocular paired regions in stereo images but also
from unpaired regions. In our model, we use depth detection
cells and unpaired dyadic square detection cells. These cells
model some properties of the LGB. If the images are rela-
tively different the system shows instability in regions where
the binocular rivalry is reproduced (particularly in occulted
regions). Ex(xl ,xr) is a function which proposes an initial
matching for each pair (section. 3), such that xl = (xl ,y) is a
pair of dyadic squares in the left retinal images (xr=(pair of
dyadic square in the right retinal images). After computing
Ex, we define a disparity selective cell b(xl ,xr)(Eq. 2), its
value is a binary function equal to 1 when dyadic squares
pairs are E(x) > h and 0 when dyadic pairs are E(x) <= h
(See section 3). Opposite to b(xl ,xr), M(xl/r) is equal to 1
when E(x) <= h and 0 when E(x) > h.

When b(xl ,xr) = 1 both pairs of dyadic squares are
treated by the function d(xl ,xr). This function is a reassess-
ment of the binocular energy of both dyadic squares pairs,

taking into account a set of stereoscopic binocular constraint.
If this energy decreases below a threshold (h) the two pairs of
dyadic square are separated (E(x) = 0). The uniqueness con-
straint (Uu)(Eq. 16) converges to 0 if the binocular matching
of the two dyadic squares are unique otherwise it converges
to a negative value. The occlusion constraint (Uo)(Eq. 17) al-
lows defining a coherent order of dyadic square pairs by their
spatial position. The cohesiveness constraint (Uc)(Eq. 15),
verify the coherence of the matching made. The function
ν is a reassessment of the monocular energy of a dyadic
square pair, which takes three monocular constraints as its
input. The occlusion constraint (Eq. 20) (Vlo/ro) checks if the
dyadic square belongs to an occulted area of the two images.
The cohesiveness constraint (Eq. 19) (Vlc/rc) checks the con-
tinuity between occulted pairs of dyadic squares. The inter-
ocular inhibition constraint (Vli/ri) (Eq. 18) allows detecting
the dyadic squares having instability in the model, partic-
ularly the pairs of dyadic squares which match d(xl ,xr, t)
(Eq. 11) and in the same time they are considered in the
model like unpaired dyadic squares.

d(xl ,xr , t) = max(u(xl ,xr , t)) (11)

∂u(xl ,xr ,t)
∂ t =−u(xl,xr, t)+b(xl,xr)+

2∗Uu+2∗Uo+10∗Uc
(12)

U defines a set of pairs of dyadic squares of the right
image for each pairs in the left image at instant t. This func-
tion takes as input parameters the result obtained at the in-
stant t − 1 and the result obtained by the function b(xl ,xr),
by taking into account stereo constraints. φ(xl/r, t)(Eq. 13)
is the output of an unpaired dyadic square detection cell, rep-
resenting whether a point at xl in the left eye is interocularly
unpaired or not at time t. v determine at a moment t if a co-
efficient is unpaired or not. This function takes as its input
parameters the result obtained by the function M(x∗)(Eq. 3)
and a set of monocular constraints.

φ(xl/r , t) = max(νl/r(xl/r , t)) (13)

∂νl/r(xl/r ,t)

∂ t =−ν(xl/r, t)+ml/r+
2∗Vlu/ru+2∗Vlo/ro+10∗Vlc/rc

(14)

Uc =
le f t
∑

ξl <xl &ξr<xr


w(ξl − xl ,ξr− xr)∗
(1−Pr (ξr ,xr , t))∗{

(1−Pl (ξl ,xl , t))
+φl (xl , t)∗
(1−Gl (ξl ,xl , t))

}
∗

d (ξl ,ξr , t)



+
right
∑

ξl >xl &ξr>xr


w(ξl − xl ,ξr− xr)∗
(1−Pl (ξl ,xl , t))∗{

(1−Pr (ξr ,xr , t))
+φr (xr , t)∗
(1−Gr (ξr ,xr , t))

}
∗

d (ξl ,ξr , t)



(15)

Uu =−
Near
∑

ξl >xl

(1−φl (xl , t)+φr (xr , t))d (ξl ,xr , t)

−
Far
∑

ξl >xl

(1−φl (ξl , t)+φr (xr , t))d (ξl ,xr , t)

−
Near
∑

ξl >xl

(1−φr (xr , t)+φl (xl , t))d (xl ,ξr , t)

−
Far
∑

ξl >xl

(1−φr (ξr , t)+φl (xl , t))d (xl ,ξr , t)

(16)
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Uo =
Far
∑

ξl <xl

φl (ξl , t)(1−Nr (ξl ,xr , t))d (ξl ,xr , t)

+
Far
∑

ξr>xr
φr (ξr , t)(1−Nl (xr ,ξr , t))d (xr ,ξr , t)

+φl (xl , t)Nl(xl ,xr , t)
+φ (xr , t)Nr(xl ,xr , t)

(17)

Vli/ri =− ∑
xr/xl

φl/r
(
xr/l , t

)
d (xl ,xr , t) (18)

Vlc/rc = ∑
xr/l

Nr/l (xl ,xr , t)d (xl ,xr , t) (19)

Vlo/ro =

 1 i f ∃
ξl/r
such

that φl/r(ξl/r , t) = 1
0 otherwise

(20)

w(ξl ,xl ,ξr ,xr) = exp
(
− 1

2σ 2
Γ

Γ
2
)

exp
(
− 1

2σ 2
xc

∆x2
c

)
(21)

w is a weighty function used in the coherence constraint.
This function allows to check the variation of the disparity
between the nearby coefficients. Γ (Eq. 22) represent the
gradient of the disparity used by the function w. where ∆d =
(ξl− xl)− (ξr− xr) and ∆xc = {(ξl− xl)+(ξr− xr)}/2.

Γ =
∣∣∣∣ ∆d

∆xc

∣∣∣∣ (22)

µl/r (Eq. 23 and Eq. 24)corresponds respectively to the
boundaries of the unpaired coefficients in the right and the
left images.

µl (xl , t) = φ (xl −1, t)(1−φ (xl , t)) (23)

µr (xr , t) = φ (xr +1, t)(1−φ (xr , t)) (24)

Pl/r is a binary function, which takes the value 1 if there
are unpaired coefficients, in the neighborhood of a given co-
efficient, otherwise it takes the value 0.

Pl/r
(
ξl/r ,xl/r , t

)
=

 1 i f
φl/r

(
sl/r , t

)
= 1

such that
ξ

l/r
≤ s

l/r
≤ x

l/r
otherwise

(25)

Gl/r is a binary function, which takes the value 1 if there
are boundaries of unpaired coefficients in the neighborhood
of a given coefficient, otherwise it takes the value 0.

Gl/r
(
ξl/r ,xl/r , t

)
=

 1 i f
µl/r

(
sl/r , t

)
= 1

such that
ξ

l/r
< s

l/r
< x

l/r
otherwise

(26)

Contrary to Pl/r, Nl/r is a binary function which takes the
value 1 if it has not unpaired coefficients, in the neighbor-
hood of a given coefficient, otherwise it puts itself in 0.

Nl (xl ,xr , t) =

 1 i f
d (xl ,ξr , t) = 1
such that
ξr < xr

0 otherwise

(27)

Nr (xl ,xr , t) =

 1 i f
d (ξl ,xr , t) = 1
such that
ξl > xl

0 otherwise

(28)

5. EXPERIMENTAL RESULTS

In this section, we present the results obtained with our
stereoscopic matching model. Our model must be used
with rectified stereoscopic images. Two pairs of rectified
stereoscopic images are used to generate the obtained results
(fig. 2.a). In the left image of the second pair, we added
an object which does not exist in the right image, to see
the behavior of our system in the case that the right and the
left images have a major difference. Our model attributes
to the dyadic square pairs (L(x) and R(x)) different colors
according to their matching. So, we have defined four
type of matching in our model. The similar regions, in
both images matched are represented with the blue color.
The occulted regions in both images are colored in black.
These two colors appear in the solution computed by the
BEM model (Section. 3). This solution is optimized by
the refinement model (RBEM). This last one (Section. 4)
models some properties of the LGB. The LGB classifies the
information of both retinal images according to their spatial
position. So, two informations belonging respectively to
the left and the right images and which represent the same
region of the space are put side by side. The association of
three binocular constraints and the monocular constraints
allow our model to converge on this property appropriate for
the LGB.

-a-

-b-

-c-

Fig. 2. Results obtained with our model using stereoscopic
images (a) stereoscopic images (b) solution obtained with
BEM (c) solution obtained with RBEM

Depth detection cells (Eq. 11) exploit the binocular
constraint to increase the binocular energy of dyadic squares
which respect these constraints and to converge the binocular
energy of dyadic squares not respecting these constraints
decreases. Unpaired dyadic square detection cells (Eq. 13)
exploit the monocular constraints to increase the monocular
energy of dyadic squares which respect these constraints
and to converge the monocular energy of dyadic squares
not respecting them decreases. Depth detection cells and
unpaired dyadic square detection cells present an inverse
correlation which varies according to the stereoscopic
images used.

The blue squares represent dyadic squares belonging to
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-a-

-b-

-c-

Fig. 3. Results obtained with our model using stereoscopic
images with very different content (a) stereoscopic images
(b) solution obtained with BEM (c) solution obtained with
RBEM

the left and the right images having a strong binocular energy
(Eq. 11)(fig. 2) and no monocular energy (Eq. 12). The red
dyadic squares have a strong binocular energy and a strong
monocular energy and they are matched with dyadic squares
which have a strong binocular energy and no monocular en-
ergy. These dyadic squares belong to occulted regions in
the left and right images. At the same time, this dyadic
squares are similar to the dyadic squares of the redundant
regions in both images. White dyadic squares have a strong
binocular energy and a strong monocular energy and they
are matched with dyadic squares which have a strong binoc-
ular energy and a strong monocular energy. These dyadic
squares represent a case of instability in our model because
both dyadic squares matched do not belong to both stereo-
scopic images and do not present any correlation with nearby
dyadic squares.
Dyadic squares with the black color have an opposite behav-
ior than white dyadic squares(fig. 3). The binocular energy
and monocular energy of these black dyadic squares are low
or equal to 0. Our model has several parameters which are
fixed according to the stereoscopic images that we use, In
the BEM model we have the parameter (h). If the binocular
energy of a dyadic square couple is greater than the thresh-
old(h) these last ones are matched. In the model of refine-
ment we find that the parameter (h) also appears in the func-
tions (Eq. 10, 11, 13). This parameter does not take the same
value automatically in all the functions. To fix this threshold
we compute the binocular energy for every pair of dyadic
squares (Fig. 4.c). We compute the histogram (Fig. 4) of
the obtained binocular energy map, according to that we de-
fine the compatible threshold for every function. The num-
ber of blue dyadic squares, red dyadic squares, white dyadic
squares and black dyadic squares varies depending on the
threshold (h).

6. CONCLUSION

In this paper, we proposed a model for stereoscopic match-
ing, which can be exploited by 3D applications, as the 3D re-
construction, the stereoscopic coding, the stereoscopic qual-

-a- -b-

-c-

Fig. 4. Histogram of energy (a) left monocular energy
(Eq. 14 for the left image). (b) Right monocular energy
(Eq. 14 for the right image). (c) binocular energy (Eq. 12)

ity assessment. To conceive this model we proceed in two
steps. In the first step, we proposed a model of stereo-
scopic matching based on the human visual system (HVS)
functions, particularly the simple cells and the complex cells
functions, which merge the both retinal images in HVS. In
the second step we proposed a model to refine the result
obtained with the first model. This model uses some LGB
properties. It takes as input a set of binocular stereoscopic
constraints and monocular constraints to refine the matching
computed in the first step. With this refined model, we obtain
a more precise classification according to the type of regions,
to which dyadic squares belong. The future directions of this
work can be summarized by a psychophysical experiment al-
lowing the validation of the proposed model.
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ABSTRACT 

This paper presents a computationally efficient learning-

based super-resolution algorithm using k-means clustering 

and detail enhancement. Conventional learning-based su-

per-resolution requires a huge size of dictionary for reliable 

performance, which brings about a tremendous memory cost 

as well as a burdensome matching computation. In order to 

overcome this problem, the proposed algorithm significantly 

reduces the size of the trained dictionary by properly clus-

tering similar patches at the learning phase. Simulation 

results show that the proposed algorithm provides superior 

visual quality to the conventional algorithms, while needing 

much less computational complexity. 

1. INTRODUCTION 

Image interpolation is a key technology to display high qual-

ity up-scaled images on cutting-edge digital consumer appli-

cations such as high-definition television (HDTV), digital 

still camera (DSC), and digital camcorder. For several dec-

ades, a lot of single image interpolation algorithms have 

been developed in the literature. They can be classified into 

three categories: interpolation-based, reconstruction-based 

and super-resolution approaches. Firstly, the interpolation-

based methods [1, 2] are computationally light and have 

simple structure in comparison with the others. However, 

they suffer from blurring and jagging artifacts in diagonal 

edges. Even the edge preserving interpolation methods as in 

[3-6] have a difficulty in synthesizing fine details. Secondly, 

reconstruction-based methods [7, 8] produce high resolution 

image under the constraint that the smoothed and down-

sampled version of the reconstructed high resolution image 

is close to the input low resolution image. For example, 

back-projection algorithm iteratively minimizes the recon-

struction error. But, those algorithms rarely avoid jagging 

and ringing artifacts along the strong edges. Finally, so-

called super-resolution (SR) algorithms [9-13] have been 

developed as the most promising approach.  

A typical SR image reconstruction makes use of signal 

processing techniques to obtain a high resolution (HR) im-

age from multiple low-resolution (LR) images [9]. In gener-

al, success of such SR schemes depends on existence of sub-

pixel motion between adjacent LR images and accurate sub-

pixel estimation. However, sub-pixel motion estimation 

among neighbor LR images requires not only huge compu-

tational cost, but also its accuracy is not guaranteed in cer-

tain environments. In order to solve the above-mentioned 

problem, a lot of single image-based SR methods have been 

devised, e.g., example-based or learning-based SR algo-

rithms [10-13]. They exploit the prior knowledge between 

the HR and its corresponding LR examples through so 

called learning process. Most example-based SR algorithms 

usually employ a dictionary composed of a large number of 

HR patches and their corresponding LR patches. The input 

LR image is split into either overlapping or non-overlapping 

patches. Then, for each input LR patch, either one best-

matched patch or a set of the best-matched LR patches are 

selected from the dictionary. The corresponding HR patches 

are used to reconstruct the output HR image. However, most 

of the existing algorithms are so-called ‘searching and past-

ing’ approaches, and are therefore computationally intensive 

in finding the best match of LR–HR patch from a huge dic-

tionary. Furthermore, best-matched but incorrect patches 

will seriously degrade the reconstruction results. 

This paper achieves fast image super-resolution by reduc-

ing the size of trained dictionary. At the learning phase, the 

number of LR-HR patch pairs in dictionary is noticeably 

reduced by grouping similar LR patches using K-means 

clustering. At the synthesis phase, each input LR patch is 

compared with the candidate LR patches in the dictionary 

one-by-one. So, one best-matched patch is selected from the 

dictionary. Finally, the corresponding HR patch is used to 

reconstruct the output HR patch along with additional post-

processing for detail enhancement. Thus, the reduced dictio-

nary size makes it possible to significantly speed up SR 

processing and save the memory cost, while providing rea-

sonable visual quality. 

2. LEARNING-BASED SUPER-RESOLUTION 

Figure 1 describes the basic concept of learning-based su-

per-resolution that is generally composed of two phases: 

Off-line learning phase and on-line synthesis phase. At the 

learning phase, the training data, i.e., dictionary consisting 

of LR and HR patches is constructed. The LR and HR patch 

pairs are obtained from various training images. During the 

synthesis phase, the input LR image is super-resolved by 

using the dictionary. For each LR patch in the input image, 

its nearest neighbor LR patches are explored from the dic-

tionary. The high frequency components of the input LR 

patch are synthesized using the best matched LR patches.  
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Fig. 1. Conventional learning-based super-resolution. 

Freeman et al. [10] embedded two matching criteria into 

a Markov network. One is that the LR patch from the dic-

tionary should be similar to the input observed patch, while 

the other criterion is that the contents of the corresponding 

HR patch should be consistent with its neighbors. Chang et 

al. [12] presented a neighbor embedding-based SR algo-

rithm which assumes that generation of a high-resolution 

image patch depends on multiple nearest neighbors in the 

dictionary. The algorithm finds the optimal reconstruction 

weights of the nearest neighbor patches and then estimates 

a proper HR patch by applying the weight to the corres-

ponding HR patches. 

The performance of those learning-based SR algorithms 

highly rely on matching accuracy of an input LR patch with 

candidate LR patches in the dictionary. In order to improve 

the accuracy of matching, a sufficient number of LR-HR 

patch pairs must be included in the dictionary. Usually, 

existing learning-based SR methods require hundreds of 

thousands of training examples for reliable performance. 

However, such a dictionary size causes tremendous memo-

ry cost for storing the training samples as well as awfully 

large computational complexity in matching process. 

Therefore, it makes conventional learning-based SR im-

practical in implementation and restrictive in applications. 

In order to overcome this problem, we propose a fast learn-

ing-based SR algorithm with reduced dictionary based on 

K-means clustering. 

3. THE PROPOSED ALGORITHM 

The proposed algorithm accomplishes fast HR image recon-

struction without degradation by reducing dictionary size at 

the learning phase. Figure 2 describes the overview of the 

proposed algorithm. The learning phase of the proposed 

algorithm includes pre-processing, patch extraction, diction-

ary size reduction, and ordinary dictionary generation steps. 

In addition, the residue dictionary is designed to compensate 

for some high frequency (HF) components lost during dic-

tionary size reduction. The synthesis phase is composed of 

pre-processing, patch extraction, HF synthesis using ordi-

nary dictionary, and residual HF synthesis using residue 

dictionary. 
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Fig. 2. The proposed algorithm. 

3.1 Learning Phase 1: Patch Extraction 

Prior to learning process, training images should be ap-

propriately pre-processed to achieve effective dictionary 

construction (see Figure 3). Firstly, each HR image IH is 

blurred and sub-sampled to generate a LR image IL. And 

then, IL is again up-scaled using simple linear interpola-

tion such as bi-linear interpolation or cubic convolution 

to produce an image IUP having the same resolution as IH. 

The dictionary should possess various HF details lost by 

image degradation process and specific features to index 

them. The HF image IHF is obtained by subtracting IUP from 

IH, and mid frequency (MF) image IMF stands for high pass 

filtered version of IUP. IMF is employed as the features for 

indexing. Note that the HF layer IHF is the target information 

to be recovered by the proposed algorithm. They indicate lost 

HF and MF layers for predicting them, respectively. As a 

result, we extract and store HR and LR patches from IHF and 

IMF, respectively. Those patches are properly overlapped with 

neighbour patches for local smoothness. Without loss of gen-

erality, we assume that the relationship between IHF and IMF is 

independent of the local image contrast. So, we normalize the 

contrasts of LR and HR patches by dividing them by the en-

ergy of the LR patch. Here, the energy stands for the L1-norm.   

Finally, so-called primitive patches including edges or tex-

tures are chosen and they only belong to the dictionary. In 

other words, the proposed synthesis may be applied only for 

the primitive regions. Maximum response filter [15] is used 

to extract primitives. 

 

3.2  Learning Phase 2: Dictionary Size Reduction 

Now, we need to effectively reduce the number of LR-HR 

patch pairs in the dictionary so as to mitigate memory cost 

and computational burden in synthesis. This process is very 

significant in that the number of training examples in the 

dictionary generally dominates the performance of learn-

ing-based SR. Most of all, the small number of the samples 

can improve practicality of the proposed SR algorithm. 

 

Fig. 3. Pre-processing for dictionary construction. 
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Fig. 4. Dictionary size reduction. 

So, we group adjacent LR-HR patch pairs into a single 

patch pair. We adopt K-means clustering to gather similar 

patches. Figure 4 illustrates this clustering process. LR 

patches which are close each other in terms of L2-norm 

distances are clustered into a single group and similarly the 

corresponding HR patches are clustered. Finally, the center 

points of each cluster become new LR and HR patches be-

longing to the ordinary dictionary. In practice, we can de-

termine K considering memory cost and computational 

complexity. 

 

3.3 Learning Phase 3: Residue Dictionary Design 

The above-mentioned dictionary size reduction sometimes 

causes blurring artifact because HF components can be wea-

kened during averaging HR patches. Kim et al. showed that 

if the residue patch, i.e., the difference between the actual HR 

and estimated HR patches is well-learned, the learned dictio-

nary of residues may provide improved visual quality. So, in 

order to compensate for lost HF components, we employ 

additional post-processing where a proper residue patch for 

each LR patch is explored from the learned residue dictio-

nary and it is added to the HF patch synthesized using the 

ordinary dictionary (see Fig. 2). Figure 5 describes the train-

ing procedure to construct so-called residue dictionary. Note 

that the training images for residue dictionary are different 

from those used for ordinary dictionary. Firstly, the HF and 

MF images are generated from pre-processing. Next, the best 

matched MF patch to each training MF patch is found with 

its corresponding HF patch. Then, the HF residue patches 

between the original HF patches and the estimated HF 

patches are produced. 

Similarly, the MF residue patches between the input 

MF patches and the matched MF patches in the ordinary 

dictionary are produced. Finally, the MF and HF residue 

patches are clustered at the same fashion as subsection 

3.2, and the residue dictionary is finally obtained. 

Training 
images

Pre-processing
Ordinary 
dictionary

Dictionary 
size reduction

HF image

MF image
Residue 

dictionary

Matched
HF patches

Matched
MF patches

Patch pair 
extraction

-

-

 

Fig. 5. Construction of residue dictionary. 
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Fig. 6. Synthesis phase. 

3.4 Synthesis Phase 

The input LR image is first up-scaled using bi-linear inter-

polation, and then LR patches are extracted from MF layer 

of the input image as in the learning phase. Each input LR 

patch is compared with the candidate LR patches in the 

ordinary dictionary to find the best match in L2-norm dis-

tance. Note that the proposed algorithm selects the first 

nearest neighbor patch only unlike the conventional learn-

ing-based SR algorithms using multiple nearest patches 

[13]. In our algorithm, the nearest neighbor patch may cor-

respond to the average of multiple adjacent patches because 

similar patches are already clustered in the learning phase. 

Therefore, even though a single best-matched patch is used 

for HF synthesis, we can obtain a similar effect to synthesis 

using multiple nearest patches as in [13]. 

Next, the HR patch corresponding to the best matched 

LR patch is de-normalized by multiplying with the energy 

of the input LR patch. This process is applied to all the in-

put patches. Only for pixels in overlapped regions, averag-

ing is performed. Finally, we obtain a synthesized HR im-

age by adding the high frequency image I’HF to the initially 

up-scaled image IUP (see Figure 6). Note that the input to 

the residue dictionary is the difference between the input 

LR patch and the best-matched LR patch chosen from the 

ordinary dictionary. 

 

 

Fig. 7. 16 training images (upper 16) and two test images (lower). 
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(a)                            (b) 

    
(c)                            (d) 

Fig. 8.  A part of up-scaled images of lena using 10,000 training 

examples (a) original, (b) bi-cubic (c) Fan’s (d) proposed. 

4. EXPERIMENTAL RESULTS 

In order to fairly evaluate the performance of our algorithm, 

we compared the proposed algorithm with bi-cubic interpo-

lation and Fan’s algorithm, i.e., one of existing SR algo-

rithm [13] for various test images. We employed four well-

known 512512 still images: lena, pirate, barbara, and 

baboon, and two 500333 images: flower and bee (see low-

er two image of Figure 7). For training, we used 16 digital 

camera images of 500333 (also see Figure 7) downloaded 

from http://www.the-digital-picture.com/Gallery/. 

This paper considered a scaling ratio of 1/2. So, the LR 

images were produced from the corresponding HR images 

by using anti-aliasing filtering and down-sampling. The 

patch size was set to 77 and the patches were overlapped 

every 4 pixels. Initial ordinary dictionary was constructed 

with about 100,000 primitive patch pairs extracted from the 

upper eight training images in Fig. 7. Then, we reduced the 

size of the initial dictionary by 1/10 and 1/20, respectively 

as in subsection 3.2. Here, we utilized bilinear interpolation 

and Laplacian filter for initial up-scaling and high pass fil-

tering, respectively. The residue dictionary was learned 

using lower eight images in Fig. 7. The dictionary size was 

set to a half of the ordinary dictionary size so as to reduce 

the memory cost. Also, we restricted the number of itera-

tion of K-means clustering to 10 as a termination condition. 

Table 1. PSNR comparison [dB]. The numbers in parenthesis 

indicates the reduction ratios of the dictionary size.  

Test im-

ages 

bi-

cubic 

Fan’s 

(1/20) 

Fan’s 

(1/10) 

Proposed 

(1/20) 

Proposed 

(1/10) 

lena 33.15 34.35 34.46 34.89 34.86 

barbara 24.89 25.18 25.22 25.33 25.32 

baboon 24.25 24.64 24.69 24.91 24.90 

pirate 30.34 31.20 31.32 31.68 31.72 

flower 32.43 33.67 33.73 34.37 34.50 

bee 28.23 29.16 29.36 29.68 29.70 

 
(a)                              (b) 

 
(c)                              (d) 

Fig. 9.  Up-scaled images of flower image using 10,000 training 

examples (a) original (b) bi-cubic (c) Fan’s (d) proposed. 

 
(a)                     (b)                     (c)                     (d) 

Fig. 10. Magnified images of the red box in Fig. 9 (a) original (b) 

bi-cubic (c) Fan’s (d) proposed. 

 

 
(a)                     (b)                     (c)                     (d) 

Fig. 11. Results for a part of bee image in Fig. 7 (a) original (b) bi-

cubic (c) Fan’s (d) proposed. 

 

Actually, in order to store 100,000 patch pairs in dictio-

nary, the proposed algorithm requires a large memory size 

of about 15MBytes (MB). Note that our algorithm reduces 

such a huge dictionary size up to 1.5MB (1/10) or 0.75MB 

(1/20). On the other hand, we obtained the dictionary for 

Fan’s algorithm by regularly sampling the same number of 

LR-HR patch pairs as our algorithm. As a result, the total 

size of dictionary of the proposed algorithm is equivalent to 

that of Fan’s algorithm.  

Table 1 shows PSNR comparison results for various test 

images. For reduction ratio of 1/10, the proposed algorithm 

provides higher PSNRs of 2 dB than bi-cubic at maximum 

for flower image. For the same reduction ratio, the proposed 

algorithm shows higher PSNRs of about 0.8 dB than Fan’s 

algorithm for flower image. Note that even when the dictio-

nary size becomes much smaller, i.e., reduction ratio of 

1/20, the proposed algorithm still maintains higher PSNRs 

than the bi-cubic and Fan’s algorithm.  

Figure 8 shows the interpolated images of lena when the 

dictionary size is only 10,000. We can observe that the pro-

posed algorithm provides better visual quality than the bi-

cubic and Fan’s algorithm. Note that Fan’s algorithm shows 

some annoying artifacts in diagonal edge due to mismatch-

ing of LR patches as the dictionary size decreases. Also, we 
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can see such artifacts in Figures 9, 10 and 11. Note that the 

proposed algorithm not only provides much better details 

than the previous schemes, but also shows high visual qual-

ity close to original images in Fig. 10 and Fig. 11. 

5. CONCLUDING REMARKS 

This paper proposed a fast image super-resolution algo-

rithm which reduced the size of trained dictionary with mi-

nimal performance degradation. At the learning phase, the 

number of sample patch pairs in dictionary is noticeably 

reduced by grouping similar patches using K-means cluster-

ing. At the synthesis phase, one best-matched patch for 

each input low resolution patch is selected from the dictio-

nary. Finally, the corresponding high frequency patch is 

used to reconstruct the output high resolution patch. Thus, 

the proposed algorithm realizes fast image super-resolution 

with the reduced dictionary size, while providing reasona-

ble visual quality. 
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ABSTRACT
This work deals with 2D object description and recognition based
on coefficients of implicit polynomials (IP). We first improve the
description abilities of recently published Min-Max and Min-Var
algorithms by replacing algebraic distances by geometric ones in
the relevant cost function. We propose a new recognition approach
that is based on deriving linear rotation invariants from several poly-
nomials of different degrees, fitted to the object shape, as well as on
their fitting errors. This approach is found to considerably improve
the recognition and is denoted as Multi Order (degree) and Fitting
Errors Technique (MOFET). We also use a Shape Transform, based
on the Scatter Matrix of the objects’ shape, to allow Affine invariant
classification. Finally, we compare the performance of our approach
with the Curvature Scale Space (CSS) method and find that it has
an advantage over CSS, at about the same complexity.

1. INTRODUCTION

Implicit polynomials have been exploited for quite some time for
the representation and recognition of 2D data, defined by discrete
points taken along its boundary [1] – [8], [12]-[14]. Over the years,
different algorithms for fitting Implicit Polynomials to the data were
developed. Early iterative fitting algorithms, like [4] often failed to
derive an Implicit Polynomial defining a single closed curve that
fits well the boundary of the data, i.e., they were unable to obtain
a reliable representation. Furthermore, due to numerical instability
and high computational cost, these algorithms are able to fit the data
by polynomials of relatively low degree only (usually, up to degree
4), and, therefore, fail to represent or recognize relatively compli-
cated objects. Recent versions of fitting algorithms: 3L [1] and,
especially, Gradient1 [2], Min-Max and Min-Var [3], apply a linear
LS (Least Squares) solution to the fitting problem (having, there-
fore, a lower computational cost than earlier iterative algorithms),
appear to have much better performance in both representation and
recognition tasks. Hence, in our work we focus on the last three
algorithms, namely: Gradient1, Min-Max and Min-Var.

2. BACKGROUND

The ability to efficiently describe curves that represent the boundary
of 2D objects is important in computer vision tasks and computer
graphics. Implicit Polynomials provide a solution to this problem,
using the coefficients of the polynomial to represent the data. The
technique assumes that the data is a curve that is lying in the zero-
plane (i.e., in 3D space, with axes x,y,z , the zero-plane is defined
by z=0), and that one of the zero-sets of the polynomial (z= f(x,y) )
is supposed to fit this curve.

An example of a curve lying in the zero-plane and a polynomial
describing it is shown in Fig. 1.

2.1 2D Object description by Implicit Polynomials
As will be shown in the sequel (subsection 2.2), a polynomial that
efficiently describes a 2D object, given by a set of points (data-set)
along the object’s boundary, should meet several conditions. We
will start here from the obvious and most intuitive requirement: the
zero-set of the fitting polynomial should be close to the data-set.
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Figure 1: (a) - curve representing the boundary of an object (dashed line)
and the zero-sets of the 4-th degree polynomial attempting to fit the object
(solid). Note that there is a spurious zeros-set (outside solid curve). (b) -
surface of a 4-th degree polynomial attempting to fit the object.

Let’s define:

x
4
= [x1 x2 ... xn]′: a vector of the first coordinates of the data

set, where (·)′ denotes the transpose of (·);
y
4
= [y1 y2 ... yn]′: a vector of the second coordinates of the data

set;
Pr

a(x,y) = a0,0 +a1,0x+a0,1y+a2,0x2 +a1,1xy+a0,2y2 + . . .+
ar,0xr + ar−1,1xr−1y + . . . + a0,ryr: a polynomial of degree r with
coefficients-vector

a
4
= [a0,0 a1,0 a0,1 ... ar,0 ar−1,1 ...a0,r]′. (1)

The above expression can then be written as:

Pr
a(x,y) = a′pr(x,y), (2)

where

pr(x,y)
4
= [1 x y x2 xy y2 ... xr xr−1y ... yr]′ (3)

is a vector of monomials at a point (x,y).
The length of both the monomial vector and the coefficient

vector is (r+1)(r+2)
2 . The zero-sets of Pr

a(x,y) are denoted by
ZS

(
Pr

a(x,y)
)

=
{
(x,y) : Pr

a(x,y) = 0
}

.
Note, that a polynomial may have several zero-sets, where a

zero-set is defined as a continuous curve satisfying Pr
a(x,y) = 0.

Actually, a polynomial of degree r may have up to r zero-sets.
Thus, we would like to find a polynomial having a zero-set that

best fits the given data-set for different criteria (equations (5), (6)
and (12)).
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2.2 Gradient-one, MinMax and MinVar algorithms

In this subsection we bring a brief overview of the recent fitting
algorithms that are used in the sequel. These algorithms are based
on a simple linear LS solution, generally produce a single zero-set
that is close to the data-set (instead of two or more zero-sets
fitting the data-set), and are numerically stable even when using
polynomials of relatively high degree (in our work we used up to
an 8-th degree polynomials).

1. Gradient-one algorithm

In order to produce a single zero-set resembling the data-set,
the Gradient-one algorithm [2] attempts to fulfill two conditions.
The first condition is to minimize the algebraic distance between
the polynomial and the data-set: i.e.,

min
a

n

∑
k=1

Pr
a(xk,yk)2 (4)

The second condition exploits the fact that the gradient vector
at a point belonging to the zero-set is perpendicular to the zero-set
tangent at this point. Assuming that the resulting zero-set indeed
lies nearby the data-set, the Gradient-one algorithm requires that
the gradient of the polynomial at the data-set points will be perpen-
dicular to the data-set curve-tangent. In addition, the authors of [2]
show that large fluctuations in the first derivative of the polynomial
can result in a polynomial sensitive to data-set fluctuations. Hence,
the required value of the gradient at data-set points is set to 1.

Thus, the Gradient-one algorithm formulates the following
minimization problem:

mina{ ∑n
k=1 Pr

a(xk,yk)2+
∑n

k=1(g
′
N(xk,yk) ·a−1)2+

∑n
k=1(g

′
T (xk,yk) ·a)2}.

, (5)

where gN(x,y) and gT (x,y) are derivatives of monomials at normal
and tangent directions to the data-set, respectively.

2. Min-Max and Min-Var Algorithms

These two algorithms [3] aim to reduce the sensitivity of the
zero-set to polynomial coefficients perturbations. The algorithms
propose to constrain the values of the gradient at the data-set points
(which are assumed to be close to the derived zero-set), so that all
points belonging to the obtained zero-set would be equally sensi-
tive to small coefficient perturbations. As a result, the algorithms
propose to minimize:

mina {∑n
i=1 Pr

a(xi,yi)2+

∑n
i=1

( g′
T
(xi,yi)·a

wm(m/v)(xi,yi)

)2
+

∑n
i=1

( g′
N
(xi,yi)·a

wm(m/v)(xi,yi)
−1

)2
}

(6)

where wm(m/v)(x,y) means wmm(x,y) or wmv(x,y), for Min-Max and
Min-Var, respectively.

wmm(x,y)
4
=

(r+1)(r+2)
2

∑
i=1

|pr
i (x,y)| (7)

and
wmv(x,y)

4
=

√
pr(x,y)′pr(x,y). (8)

3. MODIFICATION OF MIN-MAX AND MIN-VAR
ALGORITHMS

3.1 Improving Fitting Performance

Min-Var and Min-Max algorithms minimize the polynomial value
along the data-set. We propose to minimize the approximated fitting
error (see [4]):

min
a

n

∑
k=1

(
Pa(xk,yk)

||5Pa(xk,yk)||
)2

, (9)

instead.
Naturally, the value of the gradient at every point of the data-set

is needed. Although the exact value of the gradient is not available
before the problem is solved, in the case of Min-Max and Min-Var
we have a clue of its value. In the case of Min-Max a good solution
presupposes values of the gradient at a point (x,y) to be close to
wmm(x,y) (7), and in the case of Min-Var, close to wmv(x,y) (8).
Thus, substituting these values into (9) we get:

min
a

n

∑
i=1

(
Pa(xi,yi)

wm(m/v)(xi,yi)

)2

. (10)

However, by dividing the first element in (6) by a factor bigger
than one, we weaken its influence on a problem solution. To regain
its weight we multiply (10) by

Wm(m/v) =
1
n

n

∑
i=1

wm(m/v)(xi,yi) (11)

and thus get the following minimization problem:

min
a





n

∑
i=1

(
Wm(m/v)

Pa(xi,yi)
wm(m/v)(xi,yi)

)2

+

n

∑
i=1

(
g′T (xi,yi) ·a

wm(m/v)(xi,yi)

)2

+
n

∑
i=1

(
g′N(xi,yi) ·a

wm(m/v)(xi,yi)
−1

)2


 (12)

Figures 2 and 3 demonstrate the difference in fitting between
the original Min-Max/Min-Var and the modified Min-Max/Min-Var
(Mod. Min-Max/ Mod. Min-Var). If we compare the fittings, we
conclude that the original algorithms make more effort to fit points
lying far away from the origin, than points lying close to it; while
the modified algorithms result in a more uniform solution (further
details can be found in [19]).

3.2 Invariance to rotation

Although, Min-Max and Min-Var algorithms show better fitting per-
formance than Gradient-one, these algorithms are not rotation in-
variant (which is important in recognition tasks), due to the wm(m/v)
factor. We propose to substitute it by a factor dependent only on the
distance of the data-set points from the origin (and update Wm(m/v),
respectively), thus gaining rotation invariance. In the case of Min-
Max, (7) is substituted by

wri
mm(dk) = mean

x,y, x2+y2=d2
k

(wmm(x,y)) . (13)

The use of this average value is not expected to harm the Min-Max
or Mod. Min-Max properties. Fig. 4 shows the value of wri

mm(d) as
a function of d along with the minimum and the maximum values of
wmm(x,y)|x2+y2=d2 . It can be seen that for high degree polynomials
these three quantities hardly differ.
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(a1) (a2)

(b1) (b2)

Figure 2: Min-Max (left) and Mod. Min-Max (right) fit (polynomial of
degree 8). Data-set – dash-dotted line, obtained zero-sets – solid.

(a1) (a2)

(b1) (b2)

Figure 3: Min-Var (left) and Mod. Min-Var (right) fit (polynomial of
degree 8). Data-set – dash-dotted line, obtained zero-sets – solid.

In the case of Min-Var we redefine the polynomial as follows:

Pa(x,y) = ∑r
l=0 ∑l

i=0 al−i, jxl−iyi

= ∑r
l=0 ∑l

i=0
al−i,i√(l

i
)

︸ ︷︷ ︸
bl−i,i

·
√(l

i
)
xl−iyi

= ∑r
l=0 ∑l

i=0 bl−i,i

√(l
i
)
xl−iyi

4
= P r

b (x,y),

(14)

where P r
b (x,y) denotes a polynomial of degree r, and the vector

b is comprised of coefficients bl−i,i that multiply the f actorized

monomials of the form
√(l

i
)
xl−iyi. Thus, (8) rewritten with respect
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Figure 4: wri
mm(d) (dashed line) along with the minimum (solid line) and

the maximum (dash-dotted line) value of wmm(x,y)|x2+y2=d2 as a function
of the distance from the origin d for different degrees of the polynomial. (a)
2-nd degree, (b) 4-th degree, (c) 6-th degree, (d) 8-th degree.

to vector of f actorized monomials (which is sensitive to bl−i,i),
becomes

wri
mv(x,y)

4
=

√
∑r

l=0 ∑l
i
(l

i
)
x2·(l−i)y2i

=
√

∑r
l=0(x2 + y2)l

(15)

Note also, that because the data-set lies mostly inside a circle
of radius 1, the higher the monomial power the bigger its coeffi-

cient. On the other hand, the factors,
√(l

i
)

also tend to grow with
monomials power. Thus the dynamic range of b is smaller than
the dynamic range of a and, hence, b is less sensitive to coefficient
noise, as it can be seen in Fig. 5.

4. APPLICATION OF IMPLICIT POLYNOMIALS TO 2D
OBJECT RECOGNITION

The ability to recognize objects is very important in many fields,
such as medical and robotic fields. In this section we propose a
novel IP based technique.

4.1 Data preprocessing

In our work we took some preprocessing steps, before applying the
IP algorithm on data. First, we filtered out the measurement noise
by passing the data-set through a low-pass filter (the procedure ap-
pears in [3]). Then, in order to provide affine invariant classifi-
cation, the data was centered and its Scatter Matrix normalized.
The use of this concept in combination with different recognition
algorithms can be found, for example, in [10] and [11]. If there
is no need in affine invariant classification, this step can be easily
skipped. Finally, we put the data-set close to the unit circle in order
to avoid large perturbations in the coefficients as a result of data-set
noise (see [2]). We center the data-set and then apply S75% scaling
factor that scales the data-set so that 75% of its points would ap-
pear inside the unit circle and the rest – outside of it. This scaling
factor ia stable to outliers, and provide good distinguishing between
different shapes.
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(a1) (a2)

(b1) (b2)

Figure 5: Left column: Application of the original Mod. Min-Var of
degree 8 to the ”Horseshoe” shape. Right column: Application of the RI
Mod. Min-Var of degree 8 to the ”Horseshoe” shape. (a) Heavy-dotted line:
the original data-set, solid line – the fitted polynomial zero-set. (b) Heavy-
dotted line: the original data-set. Solid lines – accumulated zero-sets, when
noise added to each coefficient is uniformly distributed with mean 0 and
absolute maximum value of 2−10 of the biggest coefficient.

4.2 Multi Order (degree) and Fitting Error Technique
(MOFET) for data-set recognition
4.2.1 Drawbacks of single-degree recognition

All the aforementioned algorithms use coefficients of a polynomial
of a predefined degree (typically, 6 or 8) to recognize objects. How-
ever, generally, the dictionary would contain contours of different
complexity. Thus, we can find some contours that cannot be fit-
ted well by the polynomial of the chosen degree, and, as a result,
the resulting zero-set may resemble other shapes in the dictionary,
making them indistinguishable. On the other hand, we might have
some simple contours that can be fitted by a variety of polynomials.

4.2.2 Recognition based on several polynomials

We propose the following solution to the single degree recognition
problem: Matching polynomials of several different degrees to each
of the data-sets.

This way we make sure that for each object there exists a set of
reliable and valuable parameters. In our work we matched polyno-
mials of degree 2, 4, 6 and 8. We calculated the linear geometric
invariants [7] from the obtained polynomial coefficients. Thus, we
got a relatively small (15 features) and stable dictionary. In order to
improve the classification, we also use fitting error feature. That is,
for each fit, we calculate a vector of fitting errors ea and then choose
as a feature the value that is greater than 75% of the elements, but
smaller than the rest 25%. This way we get four more (for the four
polynomial degrees ) features - a total of 19 features for each fit.
We name the proposed technique which takes advantage of both the
coefficients of fitting polynomials of different degrees and fitting
errors, Multi Order and Fitting Error Technique (MOFET).

5. EXPERIMENTS

5.1 Recognition process
Generally, a recognition task consists of two sub-tasks: Recognizer
design (i.e., learning) and Recognizer application (i.e., testing). In
our work it is assumed that the feature vectors from each set of ob-
jects have a Gaussian probability density function (PDF) of feature

vectors, where the parameters of each PDF (i.e., the mean vector
and covariance matrix) are estimated from feature vectors belong-
ing to the different views (after data preprocessing as described in
subsection 4.1) of a corresponding object in the dictionary. Thus,
each dictionary object is represented by its PDF. Then, we apply the
Maximum Likelihood principle for recognition. I.e., we extract the
feature vector from the shape we want to recognize and substitute
it into each object’s PDF. We then recognize the shape as the object
that got the highest likelihood value.

5.2 Experimental Database

In our experiments we used the ”Multiview Curve Database”
(MCD) created by M. Zuliani [18], containing 40 different shapes
taken from 7 different points of view, giving a total of 280 basic
shapes. Examples of different views of the same object are shown
in Fig. 6a. In order to expand this data-base, we added colored noise
to the coordinates of each shape. The colored noise was generated
as follows: normally distributed random noise with std of 0.02 was
filtered by a Gaussian window of a width (std) of 2.5. The filter’s
coefficients were normalized such that the sum of squares of its co-
efficients equals 1. This procedure was carried out twice for each
perturbation: for x and y coordinates of the shape. Each basic shape
was perturbed 20 times by adding colored noise, thus a database of
40× 7× 20 = 5600 different objects was created. An example of
the effect of these perturbations appear in Fig 6b. Note that because
of the shape Scater Matrix normalization the ”stretched” data-sets
are more sensitive to noise then those which undergo a minor nor-
malization.

(a)

(b)

Figure 6: (a) 3 different views of the shape ”Hammer”, (b) The views
perturbed by colored noise with STD = 0.02

5.3 Experimental Results

In our experiments we chose a group of objects from the data-set
obtained in section 5.2 for the recognizer dictionary (i.e., learning
data), while the rest (test data ) were recognized using the obtained
dictionary. For learning we used 6 views × 20 perturbations = 120
data-sets for each of the 40 shapes in the database. The remaining
sets (20 data-sets for each shape) were used for the recognition test.
Then, the MOFET algorithm was applied and the recognition rate
(i.e., the percentage of correctly recognized shapes) was calculated.

In order to get more statistics, we carried out the above pro-
cess several times, where each time different views were used for
learning. Then, the average recognition rate was calculated.

The results of this process for the different recognition algo-
rithms examined are shown in Table 1

As can be seen, there is only a slight difference in perfor-
mance between the different examined algorithms, when applied
with MOFET. We choose Mod. RI-Min-Var for other experiments.

We compared the MOFET approach to an algorithm that uses
only a single-degree along with the ridge-regression factor provid-
ing the best classification rate (see [2]) (i.e., using invariants of a
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Table 1: Performance of MOFET for different fitting algorithms.

Grad.One Mod. RI-Min-Max Mod. RI-Min-Var
96.5% 96.2% 96.6%

single fitting polynomial). The results are shown in Table 2, prov-
ing the effectiveness of the MOFET approach. Note that MOFET
doesn’t require adjustment of the ridge-regression factor.

We also performed experiments with 5% missing data. First,
we used 6 views × 20 perturbations = 120 data-sets for each of the
40 shapes in the database. The remaining set (20 perturbations for
each shape) was randomly occluded and used for the recognition
test. As a result we got 91% recognition rate. Then, we produced a
more complete dictionary, based on all the 7 views (without occlu-
sion). For the recognition step, the data-sets were perturbed again
and randomly occluded. As a result we got 95% recognition rate.

Table 2: Comparison between MOFET and single-degree approaches.

MOFET Single-degree
2 4 6 8

96.6% 69.4% 94.8% 94.2% 85.8%

Finally, we compared the performance of MOFET with the CSS
[15] technique (again, 6 views were used for learning ). We chose
this technique, because is has been reported [15] as having better
performance then other known techniques, such as Fourier Descrip-
tors [16] and Convex Hull [17]. We also compared the techniques in
a less noisy environment, i.e., added colored noise of STD = 0.01,
which resulted in only slight data-set deformations. The results of
the comparisons appear in Table 3. It can be seen that the MOFET
algorithm has better performance at both noise levels examinated.

Table 3: Comparison between MOFET and CSS techniques.

STD = 0.02 STD = 0.01
MOFET CSS MOFET CSS
96.6% 93.8% 99.6% 97.5%

6. CONCLUSION

In this work we have improved the performance of existing fitting
algorithms in two aspects: representation and recognition. We have
shown that replacing the algebraic distances by geometric ones, in
the fitting algorithm minimization problem, results in improved fit-
ting of the data-set.

We have also introduced a novel Multi Order (degree) and Fit-
ting Error (MOFET) recognizer that outperforms existing Implicit
Polynomial based recognizers. Fitting several polynomials of dif-
ferent degrees and utilization of their coefficients along with the
fitting errors made it possible to take advantage both of the stabil-
ity of low-degree polynomials and informativeness of high-degree
polynomials, and thus enabled the design of a high performance
recognizer. Making use of the linear invariants designed by Tarel
[7], allows the recognition of objects that underwent an Euclidian
transform. Exploiting the Scatter Matrix normalization technique
enables effective projection-based recognition of 3D objects in a
circumstances allowing approximations of a projective transform
by an Affine transform.

Finally, we compared the proposed MOFET recognizer to the
standard CSS [15] contour based recognition and found MOFET to
have a better performance.
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ABSTRACT
The development of faster and more cost effective acquisition
systems is very important for the widespread use of multi-
spectral imaging. This paper studies the feasibility of using
two commercially available RGB cameras, each equipped
with an optical filter, as a six channel multispectral image
capture system. The main idea is to pick the best pair of
filters from among readily available filters that modifies the
sensitivities of the two cameras in such a way that their dom-
inant wavelengths spread well spaced throughout the visi-
ble spectrum. Simulations with reasonably large number of
available filters show encouraging result clearly indicating
the possibility of using such systems.

1. INTRODUCTION

Acquisition is one of the important parts in the field of mul-
tispectral imaging. It is well known that with a panchromatic
imaging sensor and three well-chosen optical filters, it is pos-
sible to obtain a fairly good reconstruction of the color tris-
timulus values of the reference human observer as defined
in colorimetry. Multispectral image acquisition aims to es-
timate the spectral reflectances of the scene by using more
than three filters.

There are currently three main approaches that are widely
used in designing spectral-based digital camera systems:
1. Narrow band image capture with a panchromatic sensor:

It involves the use of a panchromatic digital camera and
narrow band sampling. Several methods can be used to
achieve the narrow band sampling of the spectrum, in-
cluding monochromator devices, liquid crystal tunable
filters (LCTF), and narrow-band interference filters.

2. Wide band image capture with a panchromatic sensor:
This approach typically uses a smaller set of wide band
optical filters to capture digital image data and then uses
spectral reconstruction algorithms to estimate the spec-
tral reflectances of an object. This approach produces
reasonable results because both man made and natu-
ral materials generally have smooth spectral reflectance
shapes, thus the number of channels can be reduced to be-
tween eight and ten channels with broader band pass fil-
ters while still achieving accurate results. This approach
is generally quite accurate spectrally, but acquisition is
often quite slow, expensive, and special equipment is re-
quired. Image quality depends heavily on the camera.

3. Wide band image capture with an off the-shelf tri-
chromatic digital camera: This approach uses a high
quality tri-chromatic digital camera in conjunction with
spectral absorption filters to acquire unique spectral in-
formation [1, 2]. This method enables three channels of
data to be captured per exposure as opposed to one. This
greatly increases the speed of capture and allows the use

of technology that is readily available and does not need
to be specialized. Such cameras are generally optimized
to achieve good perceptual image quality. Still we have
to take several shots with each chosen filter; this severely
limits the usability for non-stationary scenes.

2. MULTISPECTRAL IMAGE CAPTURE WITH
TWO RGB CAMERAS

This is the approach under our study in this paper. Here, in-
stead of one, we use two normal digital (RGB) cameras. The
idea is to select a pair of appropriate color filters, one for each
camera, so that they will modify the sensitivities to give six
reasonably well spaced channels in the visible spectrum. The
subsequent combination of the images from of both cameras
provides a six channel multispectral image of the objects in
the acquired scene. Ohsawa et al. [3] discussed six band
HDTV camera system which used beam splitter and inter-
ference filters. Our approach is much simpler with normal
digital cameras and absorption filters which avoids angular
dependency as with interference filters. We assume that the
two cameras can be somehow arranged and aligned properly
so that both cameras take the same areas of the object, or
that this alignment is performed in a post-processing stage.
One way to solve the alignment problem would be by set-
ting up the two cameras in a stereoscopic configuration and
then through the use of one or more stereo matching algo-
rithms [4, 5, 6, 7]. Additional benefit of stereoscopic config-
uration is that it allows to acquire the 3D depth information
as well. Thus, we can associate a reflectance spectrum with
each 3D reconstructed point. Such a system could be used for
many applications, for example for 3D artwork object acqui-
sition. Knowing the spectral reflectance allows us to simulate
the appearance of a 3D object under any virtual illuminant.
Moreover, it lets us store this valuable information for future
restoration.

The next section addresses an important question on how
to best select the pair of filters from among a set of available
filters.

3. SELECTION OF FILTERS

In our work, the filters are to be chosen from readily avail-
able filters in the market. A pair of filters, one each for two
cameras is to be selected from them. Several filter selection
algorithms have been proposed previously for color and mul-
tispectral imaging [8, 9, 10]. They are:
1. Equi-spacing of filter dominant wavelength: This is the

first and most intuitive method where we simply try to
find a combination of filters which spread the dominant
wavelengths equally spaced across the spectrum of inter-
est [8, 9]. But, it is not practicable for large combination
of filters.
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2. Progressive optimal filters: In this method, the kth filter
is selected from the set of available filters as the one that
shows the highest correlation to the progressive optimal
filter of the first k characteristic reflectances (PCA analy-
sis), having only positive values [8, 9].

3. Maximizing filter orthogonality: It chooses a set of filters
whose non-normalized vectors have a maximized orthog-
onality [8, 9].

4. Maximizing orthogonality in characteristic reflectance
vector space: Here, the idea is to select filters that have a
high degree of orthogonality after projection into the vec-
tor space spanned by the r most significant characteristic
reflectances [8, 9].

5. Exhaustive Search: All possible combinations of the fil-
ters is evaluated and the one that gives the best result is
chosen. So it clearly gives the optimal solution [8, 9, 10].
However, the complexity of this method could be pro-
hibitive, since it requires the evaluation of permutations.
In our study, as we have to choose just two filters from

the set, the exhaustive search method is feasible and a logical
choice because of its guaranteed optimal results. In order to
reduce the computational complexity, infeasible filter pairs
are excluded based on secondary criteria: Filter pairs that re-
sult in a maximum transmission factor of less than forty per-
cent, and less than ten percent of the maximum transmission
factor in one or more channels are excluded.

4. EXPERIMENTAL SETUP AND RESULTS

The experiments are performed through simulation, with dif-
ferent pairs of real and imaginary camera pairs. Here, we
are presenting two cases as illustrations. The simulation is
carried out with the camera sensitivities, filters, and the test
target defined spectrally.
1. Camera Sensitivities: The sensitivities of two commer-

cial SLR cameras: Nikon D70, and Canon 20D, that are
used in the experiment, are shown in the Figure 1.

Figure 1: Camera sensitivities: Nikon D70 (thin),
Canon 20D (thick)

2. Filters: Two hundred sixty five optical filters of three
different types: exciter, dichroic, and emitter from
Omega[11] are used in the simulation. Rather than mix-
ing filters from different vendors, one vendor has been
chosen as a one point solution for the filter and Omega
has been picked as it has a large selection of filters and
data is available online [11].

3. Test Target: The GretagMacbeth Color Checker DC has
been used as the training target and the classic Macbeth
Color Checker as the test target in the simulation. The
outer surrounding gray patches and the glossy patches in
the S-column of the DC chart have been omitted from the
training dataset.

4.1 Simulation Process
For a given pair of camera spectral sensitivities ( s1 and s2),
selected filters spectral transmittances (t1 and t2), and a light
source spectral power distribution (L), we simulate the output
of the resulting six-channel multispectral acquisition system
(C), when capturing a given spectral reflectance (R), as a sim-
ple linear multiplication and summation process, which can
be expressed in a matrix notation as follows:

C = ST Diag(L)R

The spectral sensitivities of the simulated six-channel
multispectral system (S) are obtained by combining sensi-
tivity matrices of the two cameras as:

S = [S1,S2]

Where S1 = Diag(t1)s1 and S2 = Diag(t2)s2

As there is always acquisition noise introduced into the
camera outputs, to make the simulation more realistic, sim-
ulated random shot noise and quantization noise are intro-
duced. Recent measurements of noise levels in a trichro-
matic camera suggest that realistic levels of shot noise are
between 1% and 2% [12]. So 2% normally distributed Gaus-
sian noise is introduced as a random shot noise in the simu-
lation. And 12-bit quantization noise is incorporated by di-
rectly quantizing the simulated responses after the applica-
tion of shot noise. Let the noisy camera response is given by
Cn. The reconstructed/estimated reflectance (R̃) is obtained
for the original reflectance (R) from the camera responses for
the training and test targets using different estimation meth-
ods. Results with three popular methods, Maloney and Wan-
dell (MW) [13], Imai and Berns (IB) [14]; and Constrained
Least Square-Wiener (Wiener) [15] are investigated. The es-
timated reflectances with these three methods are given by
the following equations:

R̃MW = B(ET B)+Cn

R̃IB = BBT RtrainC+
ntrainCn

R̃Wiener = RtrainRt
trainE(EtRtrainRt

trainE)−1Cn

Here E = Diag(L)S and B contain the basis vectors ob-
tained by Singular Value Decomposition (SVD) of the train-
ing reflectances Rtrain. The number of basis vectors to be
used are determined by optimization of the estimation error.
X+ denotes the pseudo-inverse of X . To handle ill-posed
and overfitting problem in the pseudo-inverse computation,
Tikhonov regularization [16] has been implemented.

The reconstructed reflectances are evaluated using spec-
tral as well as colorimetric metrics. Most commonly used
RMS (Root Mean Square) error has been used as the spectral
metric and ∆E∗

ab (CIELAB Color Difference) as the colori-
metric metric. These metrics are given by the equations:

RMS =

√
1
n

n

∑
j=1

[
R̃(λ j)−R(λ j)

]2
1802



∆E∗
ab =

√
(∆L∗)2 +(∆a∗)2 +(∆b∗)2

CIE D50 illuminant and CIEXYZ 1964 are used for com-
putation of ∆E∗

ab.
We then exhaustively search for the best pair of filters,

according to each of these metrics, from among the all avail-
able filters with which the multispectral system can recon-
struct the original reflectances of the twenty four Macbeth
color checker patches.

4.2 Simulation Results
The simulation has been carried out first with two times the
same type of cameras Nikon D70, and then with two different
types of cameras Nikon D70, and Canon 20D. The results of
estimations with the proposed 6-channel multispectral cam-
era are compared with the 3-channel systems.
1. With two Nikon D70 Cameras: The simulation picks

different filter pairs for minimum mean RMS and for
minimum ∆E∗

ab depending upon the estimation method.
For minimum mean RMS, Maloney and Wandell, and
Imai and Berns methods select the filter pair (XF2021-
XF2203), while the Least Square-Wiener method picks
the filter pair (XF2021-XF3004) (Figure 3(a)). All the
three methods choose the same pair of filters (XF2030-
XF2014) for minimum mean ∆E∗

ab(Figure 3(b)).
As an illustration, Figure 2 shows the results of the re-
flectance estimation with least square-Wiener method
(results are similar with other methods) along with the
measured reflectances of the twenty four color patches of
the Macbeth color checker classic for minimumm mean
RMS. The filters selected by the simulation for the two
cameras (left and right in order) and the metric values
corresponding to the three cases are also shown in the
plots. Tables 1 and 2 show statistics of estimation errors
of the different methods for 3-channel and 6-channel sys-
tems respectively.

Table 1: Estimation errors (3-channel system: Nikon D70)
Method RMS% ∆E∗

ab
Max Mean Max Mean

Maloney and Wandell 9.92 3.35 6.15 1.95
Imai and Berns 10.51 3.30 8.82 2.49
Wiener 10.96 3.22 5.70 1.90

Table 2: Estimation errors (6-channel system: Two Nikon D70)
Method For min. RMS For min. ∆E∗

ab
RMS% ∆E∗

ab RMS% ∆E∗
ab

Max MeanMaxMeanMax MeanMaxMean
Maloney & Wandell 2.34 1.08 1.06 0.41 2.55 1.13 1.22 0.37
Imai & Berns 2.45 1.08 1.18 0.43 2.70 1.14 1.35 0.41
Wiener 2.53 1.07 1.60 0.52 2.70 1.13 1.21 0.37

The normalized effective channel sensitivities of the mul-
tispectral system corresponding to the optimal results of
the two metrics are shown in Figure 4. In these plots,
thin curves correspond to the modified sensitivities of the
first camera and the thick curves correspond to that of the
second camera.

2. With Nikon D70 and Canon 20D Cameras: In this
case, all three estimation methods select the filter pair
(XF2203-XF2021) for minimum mean RMS (Figure
3(a))and the pair (XF2034-XF2012) for the minimum
∆E∗

ab (Figure 3(c)). Tables 3 and 4 show the statistics of

estimation errors of the different methods for 3-channel
and 6-channel systems respectively.
Table 3: Estimation errors (3-channel system: Canon 20D)

Method RMS% ∆E∗
ab

Max Mean Max Mean
Maloney & Wandell 7.99 2.94 12.31 3.78
Imai & Berns 8.21 2.93 13.43 3.89
Wiener 8.60 2.91 11.80 3.72

Table 4: Estimation errors (6-channel system: Nikon D70-Canon
20D)

Method For min. RMS For min. ∆E∗
ab

RMS% ∆E∗
ab RMS% ∆E∗

ab
Max MeanMaxMeanMax MeanMaxMean

Maloney & Wandell 2.30 1.07 1.91 0.54 2.54 1.25 1.00 0.36
Imai & Berns 2.45 1.08 1.92 0.54 2.75 1.25 1.09 0.39
Wiener 2.72 1.11 2.29 0.75 3.09 1.19 1.12 0.48

Figure 5 shows the normalized effective channel sensi-
tivities of the multispectral system corresponding to the
optimal results of the two metric.

5. DISCUSSION

The results are quite promising. We can see that sensitivies of
the cameras are modified in a sensible way and that the domi-
nant wavelengths are quite nicely spread out in the spectrum.
This clearly shows that the use of two RGB cameras with
appropriate use of filters can function well as a multispectral
system. We can expect further improvement in the results
with the selection from a larger set of filters from other man-
ufacturers as well.

We have used two different evaluation metrics RMS and
∆E. As expected, these metrics give different filter combina-
tion as the best pairs. All the estimations methods show that
our proposed six channel multispectral system outperforms
the 3 channel RGB systems in both cases of camera combi-
nations by more than 2%RMS and 2.5∆E∗

ab on the average.
Optimizing one metric results slightly increase in the other
metric values. All the three estimation methods give more or
less similar results based on both the metrics.

The results we obtained are comparable to previous work
on six-channel multispectral system with HDTV cameras
and custom designed filters [3]. It is to be noted that our
proposed system uses the normal digital cameras along with
readily available filters. This makes the system simpler,
cheaper and practical. By setting up the two cameras in a
stereoscopic configuration, the problem of aligning the im-
ages from two cameras can be solved using stereo matching
algorithms. Instead of setting up stereoscopic configurations
by joining two digital cameras, a readymade stereo camera
could also be used.

6. CONCLUSION AND PERSPECTIVES

With this study we can conclude that the use of two RGB
cameras with the proper selection of a filter pair can be a
practical and feasible solution for multispectral image cap-
ture. Since the digital cameras are readily available and rel-
atively cheaper, these with appropriate filters from among
readily available filters could be used as a cheaper and faster
way of capturing multispectral images. The best filter pair
depends on the cameras used, more specifically on the sensi-
tivities of the two cameras and also on the evaluation metrics
as well.
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Figure 2: Reflectances with 6-channel for minimum RMS (Two Nikon D70)

(a) For Minimum RMS (Both cases) (b) For Minimum ∆E∗
ab (Two Nikon D70) (c) For Minimum ∆E∗

ab (Nikon D70 - Canon 20D)

Figure 3: Transimittances of filters selected

The stereoscopic configuration not only helps solve
alignment problem but also provides 3D depth information
along with the multispectral data. This could be an interest-
ing further research work.
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ABSTRACT 

In a world where surveillance cameras are at every street 

corner, there is a growing need for synergy among cameras 

as well as the automation of the data analysis process. This 

paper deals with the problem of reidentification of objects in 

a set of multiple cameras inputs without any prior knowl-

edge of the cameras distribution or coverage. The proposed 

approach is robust to change of scale, lighting conditions, 

noise and viewpoints among cameras, as well as object rota-

tion and unpredictable trajectories. Both novel and tradi-

tional features are extracted from the object. Light and noise 

invariance is achieved using textural features such as ori-

ented gradients, color ratio and color saliency. A probabilis-

tic framework is used incorporating the different features 

into a human probabilistic model. Experimental results show 

that textural features improve the reidentification rate and 

the robustness of the recognition process compared with 

other state-of-the-art algorithms. 

1. INTRODUCTION 

Object detection and recognition is at the core of every au-

tomated surveillance system. Before dealing with higher-

level tasks such as activity observation, it is crucial to find 

correspondence among appearances of the same object or 

human being on different cameras at different times. Real-

world scenarios present numerous obstacles for the match-

ing process. These obstacles include for example, lighting 

variations among cameras or time, different viewpoints and 

object poses. In addition, unpredictable trajectories com-

bined with a lack of camera coverage exclude the possibili-

ty of location prediction. Only partial solutions have been 

suggested so far, dealing with some success with these real-

world scenarios. 

There are two main approaches towards constructing a rei-

dentification system: motion prediction based and appear-

ance matching based [1]. Motion prediction based systems 

tend to fail when certain conditions are not met. For exam-

ple, when objects reappear after a long time, the motion 

prediction based systems have no way of identifying them. 

Lack of camera coverage represents a major problem for 

motion prediction, resulting in particular from the inability 

to predict the movement of human beings between cameras. 

Furthermore, these systems require topological information 

about the camera array and the scene. For these reasons, in 

this paper, an appearance matching based approach is pro-

posed. Appearance matching uses visual cues (features) 

derived from a given object to describe its appearance. Ap-

pearance matching is based on a process of feature extrac-

tion, which transforms the color channels of an object into 

another, mostly concise, representation. One of the simplest 

appearance features is mean color [2], which extracts the 

average color in each color channel (RGB) and describes 

the object using its mean color. This feature is very com-

pact but is not discriminative enough. The Intensity feature 

[3][4][5] extracts the mean intensity of the object’s pixel 

colors, however it is sensitive to changing light conditions. 

More sophisticated features include Covariance [2], which 

takes a vector comprised of (𝑟, 𝑔, 𝑏) color values, alongside 

their respected (𝑥, 𝑦) image positions and oriented gradient 

values and calculates the covariance of these features over a 

single connected component. Dominant Color [2][6], based 

on the  MPEG-7 Dominant Color property, extracts the 

most common color of the object. Major Color Spectrum 

Histogram Representation [7] expands the dominant color 

feature and extracts the 𝑁-most common colors in the his-

togram. Human Color Structure Descriptor [8] which is a 

feature designated to human beings, attempts to incorporate 

structural information to the appearance feature by using a 

vector of three number sets. Each number set represents a 

different body part, and includes the mean color and the 

center of gravity position. The major problem with all the 

aforementioned features is that while they produce a com-

pact representation of the object and allow a fast matching 

process, they are not discriminative enough. In addition, 

some of them lack robustness to illumination changes and 

noise, and thus fail to produce sufficient results in the most 

general conditions. 

Lin and Davis presented a state-of-the-art reidentification 

system [9] that produces good results. This paper aims to 

improve that system in terms of robustness and performance. 

The system presented here is based on the framework sug-

gested in [9], focusing on and improving the appearance 

modeling phase. The system uses a nonparametric multiva-

riable kernel density method [10] to build a probabilistic 

appearance model for each object. This model is later used 

in a nearest neighbor matching process based on the Kull-

back-Leibler distance in order to compare two probabilistic 

models.  
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Observations have shown that in real world scenarios most 

people wear similarly colored clothes e.g., blue jeans and 

dark shirts. For such datasets, systems that rely solely on 

color features tend to fail even for single camera inputs. 

This paper proposes a novel approach towards solving both 

the separability and the inter-camera variability problems. 

The separability of recognition was improved by incorpo-

rating textural features that provide more discriminative 

information. Textural features are robust since they might 

be independent of inter-camera variability and do not 

change as the color values fluctuate under illumination 

changes. Thus by proposing and testing a variety of textural 

features, a robust two-stage system for multiple cameras 

reidentification, as portrayed in Figure 1, is proposed. The 

first stage (Figure 1a) creates and stores appearance models 

in a database. The second stage (Figure 1b) creates an ap-

pearance model for a new given object. The model is 

matched against other appearance models that were stored 

in the database previously created. 

The rest of this paper is organized as follows. Section 2 cov-

ers object modeling. Algorithm results are given in section 3 

and conclusions are drawn in Section 4. 

2. OBJECT MODELING 

In order to efficiently store data that will be used later to 

build an appearance model, the raw data from the camera is 

going through stages of segmentation, tracking and feature 

extraction. In this paper we assume that a tracking process 

and/or object detection was already performed and an input 

of a bounding box containing a human figure or an object is 

given.  

 

2.1 Segmentation 

 

Testing suggests that background removal inside the bound-

ing box improves results dramatically. Different methods 

exist for background removal in a bounding box, e.g.: sali-

ency [11] or background subtraction methods [12]. In this 

paper background subtraction was used to roughly segment 

objects. A framework for dealing with still images using sali-

ency maps [11] was used to refine the segmentation. Exam-

ple segmentation results using this technique are shown in 

Figure 2.  

 

2.2 Feature Extraction 

 

An important step in object recognition is feature extraction. 

During this step characteristics such as color and texture are 

extracted from the segmented object such as the one shown 

in Figure 3a. Certain considerations must be taken into ac-

count when choosing features to extract from the segmented 

object. First, attention must be given to the discriminative 

nature and the separability of the feature, to achieve consis-

tency during the matching process. Second, robustness to 

illumination changes is crucial when dealing with multiple 

cameras and dynamic environments. Finally, noise robust-

ness and scale invariance should be taken into account. Scale 

invariance is obtained by resizing each figure to a constant 

size. Robustness to illumination changes is achieved using a 

method of ranking over the features, mapping absolute val-

ues to relative values. Ranking cancels any linear modeled 

lighting transformations, under the assumption that for such 

transformations the shape of the feature distribution func-

tion is relatively constant. To obtain the rank of a vector 𝑥, 

the normalized cumulative histogram 𝐻(𝑥) of the vector is 

calculated. The rank 𝑂 𝑥  is given by [9]:  

      100O x H x    (1)  

Where  ∙  denotes rounding the number up to the consecutive 

integer. Using 100 as a factor sets the possible values of the 

 
Figure 2 – Human figures before and after background removal 

as described in [11]. 
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(b) 

Figure 1 - Object re-identification system, (a) Appearance model database creation, (b) Re-identification process using the previously 

formed database. 
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ranked feature to  𝑥  and sets the values of  𝑂 𝑥  to the per-

centage values of the cumulative histogram. 

The proposed ranking method is applied on the chosen fea-

tures to achieve robustness to linear illumination changes. 

The proposed features are of two types, color features and 

textural features. For color we use the Color Rank feature 

[13], as can be seen in Figure 3b. Color rank values are ob-

tained by applying the ranking process on the RGB color 

channels using Eq. (1). Another color feature, proposed in 

[13] is the Normalized Color. The feature values are obtained 

using the following color transformation: 
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(2)

   

where 𝑅, 𝐺 and 𝐵 denote the red, green and blue color chan-

nels of the segmented object respectively. 𝑟 and 𝑔 denote the 

chromaticity of the red and green channel respectively and 𝑠 

denotes the brightness. Transforming to the 𝑟𝑔𝑠 color space 

separates the chromaticity from the brightness resulting in 

illumination invariance [13]. 

Using only color features might be insufficient when dealing 

with similarly colored objects or with figures with similar 

clothing colors, e.g., a red and white striped shirt compared 

with a red and white shirt with a crisscross pattern. In order 

to solve this problem, we suggest several textural features. 

Textural features obtain values in relation to their spatial sur-

roundings. Information is extracted from a region rather than 

a single pixel. Thus a more global point of view is obtained.  

 

We propose several novel textural features. First is the 

Ranked Color Ratio feature, in which each pixel is divided 

by its upper neighbor. This feature is derived from a multipli-

cative model of light and a principle of locality. This opera-

tion intensifies edges and separates them from the plain re-

gions of the object, as can be seen in Figure 3c. For a more 

compact representation, as well as rotational invariance 

around the vertical axis, an average can be calculated over 

each row. This results in a column vector corresponding to 

the spatial location of each value. Finally, the resulting vector 

or matrix is ranked by applying Eq. (1). 

Another textural feature is the Ranked Oriented Gradients, 

based on Histogram of Oriented Gradients [14]. First gradi-

ents are calculated on both the horizontal and the vertical 

directions. The gradient’s orientation of each pixel 𝜃(𝑖 ,𝑗 ), is 

calculated using: 
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where 𝑑𝑦(𝑖 ,𝑗 ) is the vertical gradient and 𝑑𝑥(𝑖 ,𝑗 ) is the hori-

zontal gradient in pixel (𝑖, 𝑗). Instead of using a histogram, 

the matrix form is kept in order to maintain spatial informa-

tion regarding the location of each value, as can be seen in 

Figure 3d. Then, ranking is performed using Eq. (1) for quan-

tization. 

Finally, for a more global point of view, a novel feature is 

proposed based on saliency maps, Ranked Saliency Maps. In 

neuroscience, an object that attracts the attention of the eye 

for any of many reasons is considered as salient. A saliency 

map sM is obtained, as suggested by Soceanu et al. [11], for 

each of the RGB color channels by: 

     , ,u v F I x y    (4) 

     , ,A u v F I x y  (5) 

        
2

,1 1
, , ,

j u v
sM x y g x y F A u v e

 
   

   (6) 

where 𝐹(∙) and 𝐹−1 ∙  denote the Fourier Transform and 

Inverse Fourier Transform, respectively. 𝐴 𝑢, 𝑣  represents 

the magnitude of the color channel 𝐼(𝑥, 𝑦), and  𝜙 𝑢, 𝑣  

represents the phase spectrum of 𝐼(𝑥, 𝑦).  𝑔 𝑥, 𝑦  is a 8x8 

Gaussian filter. The result can be seen in Figure 3e. Each of 

the saliency maps are then ranked according to Eq. (1). 

In order to represent all the aforementioned features in a 

structural context, spatial information is stored by using a 

height feature. The height feature is calculated using the 

normalized 𝑦-coordinate of the pixel. The normalization en-

sures scale invariance. 

 

2.3 Building a Probabilistic Model 

 

The features’ values of each pixel are represented in an n-

dimensional vector where n denotes the number of features 

extracted from the image. Feature values for a given person 

or object are not deterministic and vary among frames. 

Hence a stochastic model which incorporates the different 

features is used. Multivariate kernel density estimation 

(MKDE) [10] is used to construct the probabilistic model as 

suggested in [9].  

Given a set of feature vectors  𝑠𝑖 , 

(7)  
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𝑝  𝒛  is the probability of obtaining a given feature vector 

𝑧 with the same components as 𝑠𝑖. 𝜅(∙) denotes the Gaussian 

kernel, which is the kernel function used for all channels. 𝑁𝑝 

is the number of pixels sampled from a given object and 𝜎𝑗 

  
        (a)               (b)                (c)                (d)                 (e)  

Figure 3 – Features extracted from a human figure before and 

after ranking, (a) The figure after segmentation, (b) Color 

Rank, (c) Color Ratio, (d) Oriented Gradients, (e) Saliency. 
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are parameters denoting the standard deviation of the kernels 

which are set according to empirical results. 

 

2.4 Matching 

 

In order to evaluate the correlation between two appearance 

models, a distance measure is defined. The measure should 

be robust and produce separable results. One such distance 

measure is the Kullback-Leibler distance [15] denoted as 

𝐷𝐾𝐿 . The Kullback-Leibler distance presents a robust infor-

mation gain tool, quantifying the difference between two 

probabilistic density functions: 

(9)    
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where 𝑝 𝐴 𝒛  and 𝑝 𝐵 𝒛  denote the probability to obtain the 

feature value vector 𝒛 for appearance model 𝐵 and 𝐴 respec-

tively. 

The transformation into a discrete analysis is the same as in 

[9]. Appearance models from a dataset are compared with a 

new model using the Kullback-Leibler distance measure. 

Low 𝐷𝐾𝐿  values represent small information gains corre-

sponding to a match of appearance models based on a nearest 

neighbor approach. 

The robustness of the appearance model is improved by 

matching key frames from the trajectory path of the object, 

rather than matching a single image. Key frames are selected 

using the Kullback-Leibler distance along the trajectory path. 

The distance between two trajectories 𝐿(𝐼,𝐽 ) is obtained using: 

(10) 
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where 𝐾
(𝐼) and 𝐾(𝐽) denote the set of key frames from the 

trajectories 𝐼 and 𝐽 respectively. 𝑝𝑖
 𝐼  denotes the probability 

density function based on a key frame 𝑖 from trajectory 𝐼. 

First, for each key-frame 𝑖 in trajectory 𝐼 the distance from 

trajectory 𝐽 is found. Then, in order to remove outliers pro-

duced by segmentation errors or object entrance/exit in the 

scene, the median of all distances is calculated.   

 

3. RESULTS 

In order to evaluate the performance of the proposed system 

and to compare the results using different feature extraction 

methods, a video dataset was created. Two video cameras 

shot two hallways under different lighting conditions, differ-

ent viewpoints and at different times. The dataset was 

manually annotated for easier ground-truth testing, and con-

tains 6000 frames of more than 30 different human figures 

that appear and reappear in both cameras between 1-8 times 

with an average blob size of 70x150 pixels. The dataset pre-

sents real world scenarios, such as people with similar color 

schemes, as shown in Figure 4. The results of the tests were 

compared against results produced using the state-of-the-art 

system suggested in [13]. Testing was performed using the 

leave-one-out procedure over the database. Various features 

were tested for their ability to reidentify figures that reap-

pear in the same camera at various time and in various cam-

eras at a different time.  The latter is of course harder to ac-

complish due to the differences in lighting and viewpoint. 

Combinations of color and textural feature were tested in 

order to determine which textural feature provides the best 

discriminative information. Since the saliency feature pro-

vides a very high level perspective, tests show that the sali-

ency feature improves results only when combined with 

another textural feature. Only then can it identify both lower 

level and higher level details as seen in Table 1. The prob-

lem with such a feature is that it has a high dimension and as 

such drastically slows down the matching process. Compar-

ing the combination of the color ratio feature and a color 

feature to the combination of the oriented gradients feature 

and a color feature, one notices that the oriented gradients 

feature combination surpasses the color ratio combination in 

its results. This may be a result of the accuracy of the float-

ing point representation, i.e. subtraction of pixel values pro-

vides better distinction then pixel values division. The re-

sults of the tests using the conventional features as proposed 

in the state-of-the-art system [13], and the best novel feature 

combination can be seen in Table 1. 

As predicted, single camera reidentification produces 

better results than multiple camera reidentification for most 

cases. For some features multiple camera reidentification had 

produced slightly better results, due to some variability be-

tween the two datasets. Nevertheless, it is clear from the re-

sults that the use of textural features in combination with 

color features improves results over the state-of-the-art color 

based system described in [13]. Table 1 shows that the best 

results were obtained by using a combination of the Normal-

ized Color feature and the Oriented Gradients feature. Using 

this combination, 90% of the human figures were identified 

correctly when they reappeared at the same camera, and 

66.7% of the figures were identified correctly when they 

reappeared at a different camera. These results, as reflected in 

the dataset we use, suggest 10% and 9% increase over the 

state-of-the-art system described in [13] in a single and dual 

viewpoints matching scenarios respectively. 

 
                        (a)                    (b)                    (c) 

Figure 4 – Examples from the GBSEO dataset of human fig-

ures with similar color schemes. (a), (b), (c) all have blue 

shirts and blue jeans and can only be differentiated by the 

pattern of their shirts - (a) plain blue, (b) checkers and (c) 

stripes. 
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4. CONCLUSION 

A human reidentification system is proposed based on the 

system described in [13]. Novel appearance features were 

incorporated into the system in order to accommodate 

changing conditions and to overcome problems created by 

similar color schemes. The use of textural features, along-

side with the conventional color features, proves to be a 

decisive factor in the correct matching of similarly colored 

figures. Often the difference between a correct and a false 

match of a recurring figure would be minute. By adding a 

textural feature one improves the separability of the results 

for similarly colored figures thus improving the reidentifica-

tion success rate. Furthermore the incorporation of textural 

features is shown to produce better viewpoint and light inva-

riance due to its independence from absolute color values.  A 

manually annotated video dataset that has been created for 

this research activity is freely available for non commercial 

comparing similar recognition systems. On this dataset, the 

proposed system achieves 9% increase over the state-of-the-

art previously described system described in [13].  
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6. APPENDIX 

The annotated video dataset (GBSEO – Ground-truth Bound-

ing - boxes for Surveillance Evaluation and Optimization) 

can be downloaded from the Signal & Image Processing 

Lab (SIPL) website at the following link: 

http://sipl.technion.ac.il/GBSEO.shtml 
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TABLE I 
HUMAN REIDENTIFICATION RESULTS  

One Camera 
Success 

Rate 
Lin et al [9] - Color Rank, Height 50% 
Color Rank, Oriented Gradients, Saliency, Height 53.8% 

Lin et al [9] - Normalized Color, Height 80% 

Normalized Color, Oriented Gradients, Height 90% 

Two Cameras 
Success 

Rate 
Lin et al [9] - Color Rank, Height 58% 

Lin et al [9] - Normalized Color, Height 58% 

Normalized Color, Oriented Gradients, Height 66.7% 
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ABSTRACT

Several blind extraction algorithms have been proposed that
extract some signal of interest from a mixture of signals. We
propose a novel blind extraction algorithm that extracts the
signal that has an autocorrelation closest to a prescribed au-
tocorrelation that serves as a mold. Based on the mold we
perform a linear transformation of sensor correlation matri-
ces. This transformation allows for the construction of a
matrix with a specific eigenstructure. Each eigenvalue is re-
lated to the Euclidean distance between the mold and the
actual autocorrelation of one of the source signals. The ex-
traction filter that extracts the source signal with an auto-
correlation closest to the mold is identified as the eigenvector
that corresponds to the smallest eigenvalue. We show that
this approach is more robust to noise than methods from
literature, while it exploits comparable a priori information.
The results are validated by means of simulations.

1. INTRODUCTION

Blind Signal Processing (BSP) has become a major research
area during the last few years [1,2]. A hot topic in this field
is the Blind Source Separation (BSS) problem. In general, a
BSS algorithm separates all signals from a mixture of source
signals blindly. The separation in BSS can be performed
blindly up to an unknown scaling and permutation. When
only one of the signals is desired a classifier has to select
the desired signal. A less addressed, but practically more
interesting problem is the closely related Blind Signal Ex-
traction (BSE) problem. In BSE the classifier is efficiently
incorporated in the algorithm such that no undesired signals
are extracted and not all signals have to be separated.

Several signal properties have been exploited by classi-
fiers to distinguish between sources. Examples of these prop-
erties are sparseness, non-Gaussianity, smoothness and lin-
ear predictability. In [3], a class of BSE algorithms have
been proposed that extract a signal of interest based on lin-
ear prediction. The signal that has the smallest normalized
mean square prediction error is extracted. By utilizing a
prescribed autocorrelation one is able to design the linear
prediction filter. A disadvantage of this approach is that it
assumes noise free measurements, which is not realistic in
practice. In [4, 5] an attempt is made to perform BSE in
case of noisy measurements, however the correlation of the
noise is assumed to be very simple and measurable. In these
approaches the contribution of the noise to the cost function
is compensated in such a way that the noise-free cost func-
tion from [3] is obtained again. Although this compensation
method is valid, it is very sensitive for false assumptions on
the temporal and mixing properties of the noise as well as
mismatches in the estimation of the noise statistics. When a
mismatch is made an undesired signal may be extracted and
the performance of the extraction filter decreases.

Γl MRx
i
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sS

... A
...

xD
νD

x1
ν1

NF-ROS mold
prior information

smallest
eigenvalue

select

w
ŝd

Figure 1: Novel BSE algorithm that extracts the source sig-
nal with the minimum Euclidean distance between a mold
and the actual autocorrelation of the extracted source signal.

In [6] a BSE approach has been introduced to extract
randomly one of the source signals. This method exploits
a so-called Noise-Free Region Of Support (NF-ROS), which
consists of a specifically chosen set of lags of correlation data.
These lags are chosen such that the noise correlation is suf-
ficiently small, which results in noise free sensor correlation
data. The strength of this approach is that noisy corre-
lation data is simply ignored instead of compensated. By
performing a generalized eigenvalue decomposition of sensor
correlation matrices, which are taken from this NF-ROS, the
extraction filters are identified as generalized eigenvectors.

In the current paper we extend the work from [6]. Struc-
ture in the noise free sensor correlation data allows for
the exploitation of prior information to distinguish between
sources. We choose a different correlation matrix structure
than is used in [6] and incorporate a prescribed autocorre-
lation, i.e. a mold. By performing a linear transformation
of these noise free correlation matrices, based on the mold,
we are able to construct a matrix from which the eigenvec-
tors are the extraction filters. The desired extraction filter is
the eigenvector that corresponds to the smallest eigenvalue,
which is related to the Euclidean distance between the actual
autocorrelation of the source signal and the mold.

The outline of this paper is as follows. In Section 2 we
discuss the mixing model, notation and the mathematical
objective of BSE. In Section 3 the second order statistics
and the assumptions for a NF-ROS are introduced. Subse-
quently, the desired extraction filter is identified in Section 4
and the performance of the extraction filter is discussed and
validated in Section 5. Finally, in Section 6 we conclude this
work and give recommendations for future work.

2. BSE MODEL AND NOTATION

A model of the BSE scenario is depicted in Fig. 1. The D
sensor signals x1[n], · · · , xD[n] with n ∈ Z are discrete sam-
ples of the continuous time signals x1(t), · · · , xD(t), where

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1811



t = nTs and Ts is the sampling time such that no aliasing
occurs. These discrete sensor signals are assumed to be an in-
stantaneous mixture of S source signals s1[n], · · · , sS [n], cor-
rupted by D additive noise signals ν1[n], · · · , νD[n]. Math-
ematically, the mixing system is represented as a real val-
ued, full rank mixing matrix A ∈ R

D×S and the sensor,
source and noise signals are represented as column vectors
x[n] ∈ R

D×1, s[n] ∈ R
S×1 and ν[n] ∈ R

D×1, respectively.
This vector-matrix representation allows for the following
mathematical description of the sensor signals:

x[n] =
S
∑

j=1

a
jsj [n] + ν [n] = As[n] + ν [n], (1)

where aj ∈ R
D×1, A =

[

a1 · · · aS
]

and

x[n] ,







x1[n]
...

xD[n]






, s[n] ,







s1[n]
...

sS[n]






and ν [n] ,







ν1[n]
...

νD[n]






. (2)

Row elements of a column vector are denoted by their
row number as a subscript index, while column elements of
a row vector are denoted with their column number as a su-
perscript index. Matrix elements are represented with both
their column and row numbers as superscript and subscript
indices respectively. This notation allows for the following
description of the individual sensor signals:

xi[n] =
S
∑

j=1

aj
i sj [n] + νi[n] ∀ i ∈ {1, · · · , D}. (3)

The objective in a BSE scenario is to extract the desired
signal sd[n], with d ∈ {1, · · · , S}, from the sensor signals.
In order to perform this extraction the sensor signals are
filtered by a linear extraction filter that produces an output
signal y[n], as is depicted in Fig. 1. The extraction filter is
represented as a row vector w ∈ R

1×D, which results in the
following description of the output signal:

y[n] =
D
∑

i=1

wixi[n] = wx[n] = wAs[n] + wν [n]. (4)

In the current paper the extraction filter is designed to max-
imize the signal to noise ratio subject to suppression of all
undesired source signals. From linear algebra it is known
that the undesired signals are suppressed when this filter is
taken from the (pseudo-)inverse of the mixing system, which
only exists if there are at least the same amount of sensors
as there are sources (D ≥ S). If more sensors than sources
are available the extra degrees of freedom may be utilized
to improve the output signal to noise ratio. Here the focus
is on the suppression of undesired source signals. Therefore
we assume to have the same amount of sensors as sources
(D = S), however in order to remain general in notation we
keep using both symbols D and S where they belong.

With blind signal processing techniques it is widely
known that the desired extraction filter can be determined
up to an unknown scaling only, which is solved by normaliz-
ing the extraction filter. Furthermore, it is known that extra
information is required to select a signal of interest. In this
paper we assume to know the shape of the autocorrelation a
priori, which we call a mold as is indicated in Fig. 1.

3. SECOND ORDER STATISTICS

The structure of the Second order Statistics (SOS) in the
sensor signals is exploited, thus auto- and crosscorrelation
functions. The correlation functions of the sensor, source
and noise signals are defined as follows:

Definition 3.1. The correlation function value of a signal
pair (pi1 , qi2) for all available i1, i2 at a given time n ∈ Z

and with a certain lag k ∈ Z is defined as follows:

rpq
i1i2

[n, k] , E{pi1 [n]qi2 [n − k]}, (5)

where E{·} is the mathematical expectation operator.

By replacing the signal pair (pi1 , qi2) in Def. 3.1 by the
sensor, source and noise signal pairs (xi1 , xi2), (si1 , si2) and
(νi1 , νi2) we obtain the corresponding correlation functions:

rx
i1i2

[n, k] ∀ 1 ≤ i1, i2 ≤ D,

rs
i1i2

[n, k] ∀ 1 ≤ i1, i2 ≤ S,

rν
i1i2

[n, k] ∀ 1 ≤ i1, i2 ≤ D,

respectively. Finally we need to define the correlation func-
tions rsν

i1i2
[n, k], which belong to the signal pairs (si1 , νi2) for

1 ≤ i1 ≤ S and 1 ≤ i2 ≤ D.
Most conventional methods utilize only the lags k from

correlation functions, which restricts these methods to ex-
ploit only the non-whiteness property of the signals. As
a result, non-stationary signals introduce a quality reduc-
tion. With the current definition of the correlation func-
tions in Def. 3.1 for a time-lag pair (n, k), we are able to
combine temporal signal properties, e.g. non-whiteness and
non-stationarity. We assume that the SOS of non-stationary
signals can be estimated by averaging over a number of sam-
ples close to the indicated time-lag pair.

Before we describe the structure in the sensor correlation
functions we introduce some assumptions on the SOS of the
source and noise signals such that we are able to define a
Noise-Free Region Of Support (NF-ROS).

Definition 3.2. The Noise-Free Region Of Support (NF-
ROS), also denoted by Ω, is a set of time lag pairs (n, k)
for which the noise correlation functions rν

i1i2
[n, k] and

rsν
i1i2

[n, k] and the source crosscorrelation functions rs
i1i2

[n, k]
for i1 6= i2 equal zero. The total number of time-lag pairs in
the NF-ROS is denoted by N , thus: Ω , {Ω1, · · · , ΩN},
where Ωi = (n, k)i and |Ω|=N. Finally, the source autocor-
relation functions rs

ii[n, k] are assumed sufficiently unequal
in the NF-ROS such that they are linearly independent.

Example 3.1. Suppose that D sensors measure a mixture
of S stationary, differently colored source signals that are
each contaminated by additive, temporally white noise with
variance σ2

i varying per sensor. In that case, the time index
n can be ignored because the signals are stationary signals.
Furthermore, lag k = 0 should not be taken into account be-
cause the noise contributes to the SOS of the sensor signals
for that lag. The NF-ROS may be chosen as the first N lags
larger than 0, thus Ω = {(n, 1), · · · , (n, N)} for any n ∈ Z.
Note: when the noisy correlation data is compensated in this
scenario then the noise variances have to be measured, es-
timated or known a priori for each separate sensor. This
requires more a priori information and is sensitive for er-
rors. Therefore, the use of a NF-ROS is more robust.

For time-lag pairs in the NF-ROS, (n, k) ∈ Ω, the sensor
correlation functions have the following structure:

rx
i1i2

[Ω] =
S
∑

j=1

aj
i1

aj
i2

rs
jj [Ω] ∀ 1 ≤ i1, i2 ≤ D. (6)

This structure can be visualized by defining the following
sensor and source correlation matrices respectively:

R
x
i , E{x[n]xT [n − k]} ∀ (n, k)i ∈ Ω,

R
s
i , E{s[n]sT [n − k]} ∀ (n, k)i ∈ Ω,
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where Rx
i ∈ R

D×D and from the assumptions in the NF-
ROS: Rs

i = diag(rs
11[Ωi], · · · , rs

SS[Ωi]) ∈ R
S×S. The mutual

relation between these correlation matrices follows from (6):

R
x
i = AR

s
i (A)T ∀ 1 ≤ i ≤ N. (7)

The structure in (7) allows us to identify extraction filters.

4. FILTER IDENTIFICATION

The rationale behind our method is that extraction filters
are identified as the eigenvectors of a Generalized Eigenvalue
Decomposition (GEVD) of sensor correlation matrices, as
was already introduced in [6].

Definition 4.1. The GEVD of two sensor correlation ma-
trices Rx

i1
and Rx

i2
is denoted by:

{w, λ} = gevd (Rx
i1

,Rx
i2

) , (8)

where {w, λ} is the set of all eigenvectors and eigenvalues
that solve the system: λwRx

i1
= wRx

i2
.

Theorem 4.1. Each eigenvector of a GEVD of two corre-
lation matrices Rx

i1
and Rx

i2
for all i1 6= i2 is the extraction

filter of one of the source signals.

Proof. The proof follows directly when we substitute (7) into
Def. 4.1 and choose for the eigenvector w one row from the
inverse of the mixing matrix A, i.e. w = ej(A)−1 where
ej ∈ R

1×S is a vector with a one at the j’th column and
zeros elsewhere.

Although this filter identification problem is solved
rather easily, we do not know which source signal is extracted
when randomly an eigenvector is selected. Therefore, we ex-
ploit the structure in the generalized eigenvalues. We com-
bine the eigenvalues with the mold in order to select the
desired extraction filter.

The eigenvalues of the GEVD in (8) are given by:

λj =
rs

jj [Ωi2 ]

rs
jj [Ωi1 ]

∈ R ∀ j ∈ {1, · · · , S}. (9)

The mold gives us an a priori estimation of the two required
correlation function values. Thus based on an a priori ex-
pected value of the eigenvalue we are able to identify the
desired extraction filter.

In Section 4.1 we generalize these results such that we are
able to search for the (absolute) smallest eigenvalue, which
can help in order to develop more efficient algorithms. Fur-
thermore, we generalize the results such that we can utilize
the mold for more than two time-lag pairs only, which in-
creases robustness.

4.1 Filter identification procedure

Suppose that the mold is given as an a priori available es-
timation rs

e ∈ R
1×N of the autocorrelation of the desired

source in the NF-ROS:

r
s
e , [rs

ee[Ω1] · · · rs
ee[ΩN ]] ∀Ωi ∈ Ω. (10)

We assume that for this estimate it holds that:

|〈rs
e, r

s
d〉|

||rs
d||

>
|〈rs

e, r
s
i 〉|

||rs
i ||

∀ i 6= d, (11)

where |·| is the absolute value, 〈·, ·〉 is the Euclidean inner
product, ||·|| is the Euclidean norm and:

r
s
i , [rs

ii[Ω1] · · · rs
ii[ΩN ]] ∈ R

1×N ∀ i ∈ {1, · · · , S}. (12)

This assumption implies that the mold is closer to the actual
autocorrelation of the desired source rs

d than to any of the
autocorrelations of the other sources.

In order to identify the desired extraction filter based
on the mold we define the following linear combinations of
correlation matrices:

Γl =

N
∑

i=1

ξi
lR

x
i = A

(

D
∑

i=1

ξi
lR

s
i

)

(A)T , (13)

and ξl ,
[

ξ1

l , · · · , ξN
l

]

∈ R
1×N . The linear combinations of

source correlation matrices have the following structure:

N
∑

i=1

ξi
lR

s
i = diag

{

α1

l , · · · , αS
l

}

(14)

where αi
l , 〈ξl, r

s
i 〉, for each vector ξl.

Linear combinations of correlation matrices possess a
similar structure as in (7) such that the extraction filters
can be identified by the following GEVD:

{w, λ} = gevd (Γl1 ,Γl2) . (15)

In this case, the eigenvectors are again the extraction filters,
but the eigenvalues obtain a new structure:

λi
l1l2

=
αi

l2

αi
l1

=

〈

ξl2
, rs

i

〉

〈

ξl1
, rs

i

〉 ∀ i ∈ {1, · · · , S}. (16)

Observe that each eigenvalue depends on the correlation vec-
tor rs

i of one of the source signals, which is indicated in the
superscript index, and the vectors ξl1

and ξl2
that form the

linear combinations as is indicated by the subscript indices.

Theorem 4.2. Suppose that we choose two linear combi-
nation vectors ξ

1
and ξ

2
as orthonormal vectors, then the

eigenvalues are a measure for the angle ϕi
12 between the vec-

tor ξ
1

and the vector rs
i projected on the two dimensional

space spanned by ξ
1

and ξ
2
:

λi
12 =

〈ξ
2
, rs

i 〉

〈ξ
1
, rs

i 〉
= tan ϕi

12 ∀ i ∈ {1, · · · , S}. (17)

Proof. We find an orthonormal basis for the space R
1×N by

choosing the N vectors ξl ∈ R
1×N for l ∈ {1, · · · , N} or-

thonormal with respect to each other. Using this orthonor-
mal basis we decompose the correlation vector rs

i as follows:

r
s
i =

N
∑

l=1

rl
iξl ∀ i ∈ {1, · · · , S}, (18)

where rl
i ∈ R. Given this decomposition, it follows that:

〈ξl, r
s
i 〉 = rl

i, which results in the following eigenvalues:

λi
12 =

〈ξ
2
, rs

i 〉

〈ξ
1
, rs

i 〉
=

r2

i

r1

i

. (19)

On the other hand, the projection r̂s
i of the vector rs

i onto the
space spanned by ξ

1
and ξ

2
is given by: r̂s

i = r1

i ξ
1
+r2

i ξ
2
. It

follows from geometry that the angle ϕi
12 between the vector

ξ
1

and r̂s
i is characterized by tan(ϕi

12) = r2

i /r1

i .

If the mold is two dimensional, i.e. N = 2, then the
problem is completely determined. If we choose ξ

1
as:

ξ
1

= rs
e/ ||r

s
e||, then the absolute smallest eigenvalue corre-

sponds to the desired source according to the assumption in
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(11). Otherwise, if N > 2, some dimensions are ignored and
the projected autocorrelation vector of an undesired source
may have a smaller angle with respect to the mold than the
autocorrelation vector of the desired source. We solve this
problem by using the following property: the generalized
eigenvectors for multiple GEVD of different linear combina-
tions of correlation matrices are the same.

Theorem 4.3. Suppose we take the following summation of
squared eigenvalues that correspond to source si[n]:

mi =

√

√

√

√

N
∑

l=2

(λi
1l)

2 ∀ i ∈ {1, · · · , S}, (20)

where the eigenvalue structure is as in (16) and the vectors
ξl form an orthonormal basis for R

1×N with ξ
1

= rs
e/ ||r

s
e||.

If (11) holds, then the value of mi is minimal for that series
of eigenvalues that correspond to the desired source signal.

Proof. By using the decomposition of a correlation vector
from the proof of Thm. 4.2 it follows that:

mi =

√

√

√

√

N
∑

l=2

(λi
1l)

2 =

√

∑N

l=2
(rl

i)
2

(r1

i )
2

=

√

||rs
i ||

2 − (r1

i )2

|r1

i |
. (21)

Notice that by our assumption in (11) the value of
∣

∣r1

i

∣

∣ / ||rs
i || ∈ [0, 1] is maximal for the desired source, thus

for i = d. It follows that 0 ≤ md < mi for all i 6= d.

From Thm. 4.3 it follows that the desired extraction fil-
ter is identified as the eigenvector that corresponds to the
smallest mi for i ∈ {1, · · · , S}.

4.2 Filter identification algorithm

The GEVD of two matrices Γl1 and Γl2 can be written as a
conventional eigenvalue decomposition of the following ma-
trix Γl2(Γl1)−1, if Γl1 is invertible. Thus, given that Γl1 is
invertible:

{w, λ} = gevd (Γl1 ,Γl2) = eig
(

Γl2(Γl1)
−1
)

, (22)

where {w, λ} = eig(Γ) are the solutions of: λw = wΓ. Fur-

thermore, if a matrix is multiplied by itself, i.e. (Γl1)
2 ,

Γl1Γl1 , then the eigenvalues of that matrix are squared while
the eigenvectors remain the same.

From these properties it follows that the eigenvalues of
the following eigenvalue problem correspond to the squared
values of mi in (20):

{w, λ} = eig

(

N
∑

l=2

(

Γl(Γ1)
−1
)2

)

, (23)

where λi = (mi)2. If we compute the eigenvector that corre-
sponds to the smallest eigenvalue of (23), then we have the
desired extraction filter.

We summarize this procedure in the following algorithm:
• Find the mold rs

e ∈ R
1×N in the NF-ROS for which (11)

holds;
• Calculate or estimate the sensor correlation matrices Rx

i

for i ∈ {1, · · ·N};
• Find a complete set of orthonormal vectors ξ

1
, · · · , ξN

for R
1×N , where ξ

1
= rs

e/ ||r
s
e||.

• Calculate N linear combinations Γl of the sensor corre-
lation matrices;

• Combine the matrices Γl as in (23);
• Compute the eigenvector that corresponds to the smallest

eigenvalue of (23).
This procedure is validated by means of simulations.

5. SIMULATION RESULTS AND DISCUSSION

We validate the novel BSE algorithm by showing that it out-
performs the Linear Prediction based BSE (LP-BSE) meth-
ods for noisy measurements from [4, 5]. In order to make
a fair comparison we first give a description of the LP-BSE
problem as a GEVD problem.

5.1 Linear prediction based BSE as a GEVD

In our simulations the linear prediction filter b, with filter
coefficients bp for p ∈ {1, · · · , N}, was chosen as the opti-
mal Wiener filter based on the prescribed autocorrelation.
By utilizing this filter we computed prediction error signals
e[n] ∈ R

D×1 from the measurements x[n] ∈ R
D×1 as follows:

ei[n] = xi[n] −
N
∑

p=1

bpxi[n − p] ∀ i ∈ {1, · · · , D}. (24)

The extraction filter from [3] was then identified from the
following GEVD of the following two correlation matrices:

{w, λ} = gevd (Rx,Re) , (25)

where Re , E{e[n](e[n])T } and Rx , E{x[n](x[n])T }. Each
eigenvalue corresponds to the normalized mean square pre-
diction error in [3] and the respective eigenvectors are the fil-
ters that extract the corresponding source signal. Therefore,
the eigenvector that corresponds to the smallest eigenvalue
can be selected as the desired extraction filter. In case of
sensor noise both correlation matrices Rx and Re are com-
pensated to find the extraction filter, as is proposed in [4,5].

5.2 Simulation setup

We simulated an instantaneous mixing system with three dif-
ferent noise scenarios. The sources consisted of three station-
ary Auto Regressive Moving Average (ARMA) signals s1, s2

and s3, from which s1 was the desired signal. The source sig-
nals were created by filtering zero mean white Gaussian sig-
nals. The pole pairs of these filters were complex conjugates:
p1 = −0.7±0.7i, p2 = 0.1±0.9i and p3 = 0.9±0.15i, and the
zeros were: z1 = 0.98, z2 = 0.86 and z3 = 0.92, which corre-
sponded to source s1, s2 and s3 respectively. The correspond-
ing source signal variances were: (σs

1)
2 = 0.88, (σs

2)
2 = 1.1

and (σs
3)

2 = 0.93.
The sensor signals were computed according to the rela-

tion in (1), with the following instantaneous mixing system:

A =

[

0.5488 −0.0086 −0.0805
0.0965 −0.4677 −0.3520

−0.3117 −1.0405 −0.4808

]

, (26)

and with different noise ν[n] for each mixing scenario. In
the first scenario no noise was assumed, i.e. ν[n] = 0. The
LP-BSE method for noise free measurements (NF-LP) and
the novel BSE method with a NF-ROS of the lags 0 until
4 (NF-BSE) were used to find the extraction filter. In the
second scenario, we contaminated each sensor with white
Gaussian noise. The noise power distribution was given
by: (σν

1 )2 = 0.75, (σν
2 )2 = 0.65 and (σν

3 )2 = 0.72. The
LP-BSE method with white noise compensation (WN-LP)
and the novel BSE method with a NF-ROS of lag 1 un-
til 5 (WN-BSE) were used to find the extraction filter for
this scenario. In the third mixing scenario the temporal
structure of the noise was changed into a Moving Average 1
(MA1) structure. The zeros of the MA1 filters were given
by: z1 = 0.15, z2 = 0.81, z3 = −0.70 for the respective noise
signals. For this scenario the LP-BSE method with colored
noise compensation (MA1-LP) and the novel BSE method
with a NF-ROS of lag 2 until 6 (MA1-BSE) were used to
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Figure 2: Simulation results for noisy mixtures.

find the extraction filter. The compensation is performed
with noise correlation matrices that were calculated from
theory, thus extra prior information is used for the LP-BSE
methods.

For each scenario our mold was the exact autocorrelation
function of the desired source signal s1, which was also used
for the calculation of the prediction filter. We measured the
performance of the methods by the Performance Index (PI)
from [1], which is defined as follows:

PI , 10 log
10

(

1

S − 1

(

S
∑

s=1

(gs)
2

max{(g1)2, · · · , (gS)2}
− 1

))

.

This PI measures the suppression of sources from the follow-
ing extraction performance vector: g , wA/ ||wA|| ∈ R

1×S .
If the performance vector g is close to a vector with a one at
one of the columns and zeros elsewhere then the PI value is
low. If the output signal contains still a mixture of several
sources then the PI value is high. A PI value of 0dB corre-
sponds to a uniform mixing of the sources. Furthermore, we
determine if the desired source s1 is extracted.

We performed a Monte Carlo simulation in which we
simulated each mixing scenario 5000 times for a range of
Signal to Noise Ratios (SNR) from 0 dB until 50 dB, where:

SNR , 10 · log
10

E{||As||2}

E{||ν||2}
[dB]. (27)

Each simulation a new realization of the 3×50000 source and
noise signal samples was taken and each time the PI value
was calculated. The results for both methods in case of the
noisy scenarios are depicted in Fig. 2. For each method the
mean PI value, thus the mean interference of non-extracted
sources, over the 5000 simulations per SNR is depicted in the
upper graph, while in the lower graph the error percentage
per method and SNR is depicted. The error percentage con-
sists of the relative number of extraction filters that extract
another source than the desired source. The mean PI values
of the noise free mixing scenarios were -77.3 dB and -79.8
dB for the NF-BSE and NF-LP method, respectively. Both
noise free methods found the extraction filter without errors.

5.3 Discussion

From the simulations we observe that both the LP-BSE
method and the novel BSE method have a similar, excel-
lent performance in case of a noise free measurement. These

noise free simulations introduced a lower bound for the ex-
pected PI value of approximately -80 dB. The simulations
with noisy measurements, for which the results are depicted
in Fig. 2, show three interesting regions. First, when the
SNR reaches above 30 dB then the PI value reaches towards
the lower bound and is excellent and free of errors for both
methods and noise scenarios. Second, for SNR values be-
tween 5 dB and 30 dB the desired source is extracted with-
out errors, but the PI values, i.e. the suppression of the
undesired sources, of both methods increases for lower SNR
values. However, the novel BSE method has similar PI val-
ues for both noisy scenarios and above that better PI values
than the LP-BSE methods. Finally, when the SNR becomes
lower than 5 dB the novel BSE method outperforms the LP-
BSE method both on the PI value and the error rate.

From these observations we conclude that the novel BSE
method is more robust to noise than the LP-BSE method.
This robustness is obtained because we deal with the noise
in a very simplified manner. When correlation data is cor-
rupted by noise then we simply ignore that correlation data
instead of compensating for the noise contribution. In our
simulations the noise characteristics were assumed to be
known exactly for the LP-BSE methods. In practice, this
will not be the case and mismatches in the noise compen-
sation will lead to a performance reduction, while the novel
BSE method is insensitive for these mismatches.

6. CONCLUSIONS AND FUTURE RESEARCH

In this paper we proposed a novel approach to BSE. This
novel method extracts the desired source signal by the ex-
ploitation of a priori information in the form of a NF-ROS
and a mold of the autocorrelation that belongs to the de-
sired source signal. We have shown by means of simulations
that the exploitation of a NF-ROS makes the method more
robust to noise than a linear predication based BSE method
and it exploits less a priori information.

Future research topics are as follows. If extra sensors are
available then they should be utilized for noise reduction.
Furthermore, mismatches in the a priori determination of
the mold should be accounted for in the algorithm and the
method should be extended such that the NF-ROS can be
determined blindly. Finally, BSE should be performed for
more complex, non instantaneous, mixing systems.
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Abstract— In this paper a novel analytical approach to approx-
imate and correct the bias in 2D localization problem is proposed.
This new method mixes Taylor series and Jacobian matrices to
determine the bias, and leads to an easily computed analytical
bias expression. Importantly, we compare the proposed approach
with a well-cited previous method using simulation data. Further
we apply our method to bearing-only localization algorithms.
Monte Carlo simulation results demonstrate that the proposed
method performs satisfactorily when the underlying geometry
makes the localization problem reasonable. Furthermore the
proposed method performs better than the comparison method
and also is effective over a larger area. Although the method is
presented in detail for bearing-only localization algorithms, the
analysis methodology is also valid for other kinds of localization
algorithms.

I. INTRODUCTION

Recently, there has been increasing interest in techniques
for determining location of targets in different application
fields. For instance, in environmental applications, such as
forest fire detection and flood detection, sensing data without
knowing the sensor location is meaningless. Again, accurate
location of targets is also required in military operations, such
as battlefield surveillance and monitoring friendly forces [1].
Therefore, many localization algorithms have been proposed
in recent years, see e.g. [2-4, 14-15].

In most practical situations, noise in measurement data is
inevitable. Hence the true position of the target cannot be
obtained. And frequently if not generally, any position estimate
will be biased. Therefore in order to obtain a better estimates
of the target it is desirable to correct the bias, assuming it
is computable, or approximately computable. However rather
few works concentrate on the bias problem. Doğançay et al. [5]
develop a bias compensation algorithm to reduce the position
estimation bias. The simulation examples illustrate the signif-
icant bias reduction of the proposed algorithm. Nevertheless
this bias compensation algorithm is not generic: the method
is only applicable to TDOA localization.

In [6], an introduction to tensor algebra is given with a
few examples in estimation theory. One of the applications of
tensor algebra addressed in the paper treats the bias in non-
linear systems with a noisy observable. The method expands
the non-linear function which maps measurements to target
positions to second order in the noise using a Taylor series.
The expected value of the second order term is considered as
the analytic expression of bias, and the concepts are illustrated
to obtain the bias in the Cartesian coordinates of a target
where noisy range and bearing measurements (from a single
point) are given. However the main focus of [6] is how to
use tensor algebra, rather than bias analysis. Therefore there

Y. Ji and B. D.O. Anderson are supported by National ICT Australia-
NICTA. C. Yu and B. D.O. Anderson are supported by the Australian Research
Council under DP-0877562.

is no systematic analysis and detailed simulation for the bias
problem.

Gavish and Weiss [7] examine the performance of two well
known bearing-only location algorithms, viz. the maximum
likelihood and the Stansfield estimators. Analytical expres-
sions are derived for the covariance matrix of the estimation
error and the bias, which permit performance comparison for
any case of the two algorithms. In order to obtain the analytical
expressions for bias, the first derivative of the maximum
likelihood cost function is expanded by a Taylor series. Three
expansions of different orders were obtained separately. The
final expression for the bias involves the variance of the
measurement noise and the derivatives of the cost function.
Additionally, the analytic expression of the bias is independent
of the localization algorithm. However the derivation involves
truncating three different Taylor series expansions which may
lead to imprecise results.

In this paper, we present a general method to reduce the
position estimation bias in 2D localization algorithms. To
obtain an analytic expression for the bias, a Taylor series
is used to expand the localization mapping g (which maps
the measurements to position estimates) to a certain order.
Though using more terms of Taylor series may lead to higher
precision, it also will result in more complicated calculation.
We conjecture that the expansions beyond second-order offer
negligible improvement. In many situations the correction
using terms to second-order is completely adequate. However
more terms will be used in a future study. The expected value
of the second-order term, which involves derivatives of g, is
considered as the bias. Generally, however, to compute the
derivatives of g analytically is very difficult. In contrast, to
calculate the inverse mapping of g (call it f ) and its derivatives
is much easier. Therefore we substitute the derivatives of f
for the derivatives of the localization mapping g by using the
Jacobian matrix of f , leading to an easily calculated analytic
expression for the bias. In this paper we will apply our method
by way of example to bearing-only localization algorithms,
though the proposed method in this paper is generic. To
illustrate the performance of our method, we compare it with
the GW (Gavish and Weiss [7]) method based on simulation.
The main reason for selecting the GW approach as the
comparative method is that, like our algorithm but unlike most
other bias correction methods such as the approach proposed
by Doğançay, the GW method is generic, i.e. in principle it can
be used for many types of localization algorithm. Moreover,
various simulation results on the GW method in [7] show that
the analytical expression of bias can calculate the bias very
well in certain situations. The Monte Carlo simulation results
in our paper verify that the proposed method performs better
than the GW approach.

The rest of the paper is organized as follows. We propose
the new bias-correction approach in Section II. The results of
Monte Carlo simulations are provided in Section III. Section
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IV summarizes the results and comments on future work.

II. BIAS ANALYSIS IN LOCALIZATION ALGORITHMS

In this section we will first formulate the localization prob-
lem. Then a novel bias-correction method will be presented in
subsection B. All analysis is done in two-dimensional space.

A. Problem Statement
In two-dimensional space, the bearing-only localization

problem can be formulated as follows. Suppose there is an
emitter or target whose coordinate vector is x = (x1, x2)T =
(x, y)T . Suppose further a set of bearing measurements Θ =
(θ1, θ2, ..., θN )T (N denotes the number of anchors) can be
obtained from a number of anchors at known positions. In the
noiseless case we have

Θ = f(x) (1)

where f = (f1, ..., fN ) denotes the mapping from the target to
the measurements. The function f is assumed (as is reasonable)
to be obtained analytically according to the geometric relation-
ship between the target and anchors. Localization amounts to
inverting f .

In practice, however, there will be noise in measurements.
Therefore the mapping from target position to measurements
can be described by a nonlinear equation as follows:

Θ = f(x) + δΘ (2)

where δΘ = (δθ1, ..., δθN )T denotes the noise in measure-
ments, which is assumed to be zero-mean Gaussian with
N ×N covariance matrix S = diag(σ2

θ1
, ..., σ2

θN
).

When the number of anchors is more than or equal to
three (N ≥ 3), equations (1) and (2) will be overdetermined.
In other words, there will generally be no solution to the
equation (2) except in the noiseless case. In order to obtain
an approximate position estimate, various methods have been
presented such as maximum likelihood, least squares, etc [8,
12]. No matter what type of method is used, the main idea of
these approaches is similar: transform the localization problem
to be an optimization problem as follows.

x̂ = arg min
x

Fcost-function(x,Θ) (3)

By solving the above optimization problem (which is often
computationally difficult) we obtain the estimated position x̂.

B. A Novel Method
1. Three Anchors Situation

A scenario with three anchors (N=3) and one target is
analyzed in this subsection. The analysis will be restricted
to Cartesian coordinates in this paper. However, the proposed
approach is independent of the choice of coordinates.

Assume f1, f2 and f3 (which together form a vector func-
tion f in II.A) are the mappings from target to measurement
data. We can obtain the following equations according to the
simple geometric relationships (shown in Fig. 1). Here we
only take f1(θ1 = f1) for example while f2(θ2 = f2) and
f3(θ3 = f3) have the similar forms.

θ1 = f1(x, y) =π + actan(
x− x1

y − y1
)(mod2π) (4)

where (x, y) denotes the position of target, while (x1, y1)
denotes the known positions of anchor 1. Furthermore θ1,

Fig. 1. Geometry of the three anchors situation

Fig. 2. Introduce One Variable

θ2 and θ3 (together forming a measurement vector Θ =
(θ1, θ2, θ3)T as in II.A) are angle measurements from each
anchor to the target, relative to a global direction (i.e. North).

The method we are proposing will involves the inverse
mapping of fi and the Jacobian matrix of the inverse mapping.
However in the noisy case which means the true values of the
θi are replaced by noisy values, the equation set f1, f2 and
f3 will be generically unsolvable, since it is overdetermined.
In other words the number of scalar measurements is larger
than the number of unknowns. Therefore we do not have an
inverse mapping of fi and thus cannot use the Jacobian matrix
of the inverse mapping. In order to solve the overdetermined
problem, here we propose an approach based on least squares
method to introduce an extra variable into the mapping set.

Consider a three dimensional space, with axes correspond-
ing to the three bearing measurements. Assume a surface
(shown in Fig. 2) consists of points which correspond to sets
of noiseless measurements. According to the least squares
method, the cost function has the form

Fcost-function(x,Θ) =
3∑

n=1

(fn − θn)2 =
3∑

n=1

δθ2
n (5)

The least squares method, in fact, attempts to find a point
(f1(x, y), f2(x, y), f3(x, y)) on the surface corresponding to a
set of noisy measurements (off the surface) to minimize the
distance between the two points.

Assume, in Fig. 2, the black point denotes a set of noisy
measurements, and the white point is the corresponding point
on the surface1. The black point must be on the normal

1Sometimes the corresponding point is not unique. At that time we assume
further information can be obtained to resolve this ambiguity.
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vector to the surface passing through the white one. The
distance between the two points can be denoted as ε‖u‖ =√

δθ2
1 + δθ2

2 + δθ2
3 , where u is a normal vector at the white

point and ε is a coefficient to ensure that the length of ε‖u‖
agrees with the distance between the white point and black
point. The normal vector u can be calculated as follows.

At the white point we can obtain two tangent vectors v1
and v2 as follows.

v1 = (
∂f1

∂x
,
∂f2

∂x
,
∂f3

∂x
)T , v2 = (

∂f1

∂y
,
∂f2

∂y
,
∂f3

∂y
)T (6)

By cross multiplying the two vectors, we can obtain a
normal vector u = v1 × v2.

Note that f1(x, y), f2(x, y) and f3(x, y) can be readily
written down according to simple geometric relationships.
Therefore a new set of functions F1, F2, F3 (which together
form a vector function F) parameterizing a noisy measurement
vector can be obtained through moving from any point on
the surface, defined by f1, f2 and f3 along the normal vector
for some distance ε‖u‖. The new set of functions determine
equations which are no longer overdetermined because an
extra variable ε has been introduced. Different x, y and ε give
different points.

To sum up we have the the new mapping F : R3 → R3

from target position to measurements as follows.

Θ = F(x, y, ε) = f(x, y) + εu (7)

Suppose the inverse mapping of F = (F1, F2, F3) is G =
(G1, G2, G3), with the Gi localization mappings. Thus we
have:

x = G1(θ1, θ2, θ3) (8)

y = G2(θ1, θ2, θ3) (9)

ε = G3(θ1, θ2, θ3) (10)

It can be verified that there are derivatives of any order of
G1, G2 and G3. If θ1, θ2 and θ3 are noiseless, then ε will
be zero. Else, suppose they represent noisy values θ̃i, due to
a noise δθi. Now we can expand G1, G2 and G3 about the
point (θ̃1, θ̃2, θ̃3) by Taylor series. Suppose the Taylor series
is truncated to second order. For example,

x + δx=G1(θ̃1, θ̃2, θ̃3)
=G1(θ1 + δθ1, θ2 + δθ2, θ3 + δθ3)

=G1(θ1, θ2, θ3) + [
∂G1

∂θ1
δθ1 +

∂G1

∂θ2
δθ2 +

∂G1

∂θ3
δθ3]

+
1
2!

(δθ1
∂

∂θ1
+ δθ2

∂

∂θ2
+ δθ3

∂

∂θ3
)2G1(θ1, θ2, θ3)

By taking the expected value of the above equation we
can obtain an approximation for the expected value of δx
as in terms of derivatives of G1 and the measurement noise
variances:

E(δx) =
1
2
(σ2

θ1

∂2

∂θ2
1

+σ2
θ2

∂2

∂θ2
2

+σ2
θ3

∂2

∂θ2
3

)G1(θ1, θ2, θ3) (11)

E(δy) can be obtained in the same way. Here E(δx) and
E(δy) are considered as the bias. The tensor form of the bias
can be obtained in [6]. There is however a serious practical
difficulty with this approach, as we now explain.

Note that while F can be analytically computed this is
almost certainly difficult or impossible for G. Furthermore,
when one considers for example a three dimensional problem
involving TDOA and angle data, the calculation of G and its
derivatives would be much harder again. In fact, in almost all
cases, it is much easier to obtain the derivatives of forward
mappings (F1, F2 and F3) and very difficult if not impossible
to obtain analytically the derivatives of G. Therefore we
consider how to use F1, F2, F3 and their derivatives to
compute the second derivatives of G, using a Jacobian matrix.

The following equations derive from one property of the
Jacobian matrix.

GJ =




∂G1
∂θ1

∂G1
∂θ2

∂G1
∂θ3

∂G2
∂θ1

∂G2
∂θ2

∂G2
∂θ3

∂G3
∂θ1

∂G3
∂θ2

∂G3
∂θ3


 , FJ =




∂F1
∂x

∂F1
∂y

∂F1
∂ε

∂F2
∂x

∂F2
∂y

∂F2
∂ε

∂F3
∂x

∂F3
∂y

∂F3
∂ε




(12)
where

GJFJ =




1 0 0
0 1 0
0 0 1


 (13)

Solving equation (13), we can obtain the analytical expres-
sions of ∂Gi

∂θj
(i = 1, 2, 3; j = 1, 2, 3) in terms of ∂Fi

∂x , ∂Fi

∂y and
∂Fi

∂ε for i = 1, 2, 3, and thus as analytical expressions in terms
of x, y and ε. For ease of exposition we use Gi

θj
to denote

the expressions of ∂Gi

∂θj
(i = 1, 2, 3; j = 1, 2, 3) as functions of

x, y and ε. Here we take ∂G1
∂θ1

for example. We can obtain the
following equation.

∂G1

∂θ1
= G1

θ1
(14)

Differentiating the equation (14) in respect to x, y and ε
respectively we can obtain an equation set as follows.




∂F1
∂x

∂F2
∂x

∂F3
∂x

∂F1
∂y

∂F2
∂y

∂F3
∂y

∂F1
∂ε

∂F2
∂ε

∂F3
∂ε


×




∂2G1
∂θ1

2

∂2G1
∂θ1θ2
∂2G1
∂θ1θ3


 =




∂G1
θ1

∂x
∂G1

θ1
∂y

∂G1
θ1

∂ε


 (15)

Note that the quantities on the right side of this equation
are all expressible analytically in terms of derivatives of the
Fi, and so as functions of x, y and ε. Hence by solving
the equation set (15), we can obtain a formula for ∂2G1

∂θ2
1

which only contains of the derivatives of F1, F2 and F3.
The formulas for ∂2G1

∂θ2
2

and ∂2G1
∂θ2

3
can be obtained in the same

way. Substituting these formulas for the derivatives of G1 in
equation (11) we can finally obtain the analytical expressions
for the bias in x (E(δx)) including only the derivatives
of F1, F2 and F3. This results in much easier calculation
than computing an analytic expression for G and obtaining
derivatives. The derivation of the analytic expression for
E(δy) is similar.

2. More than Three Anchors

When there are more than three anchors, the situation is
similar to the three anchors case except that the extra variable
ε is no longer a scalar. Instead it is a vector which can be
defined as follows.

ε = [e1, e2, ..., ei]T i = m− 2 (16)
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Fig. 3. Geometry in simulation

where ei denotes a coefficient to set correctly the moved
distance in each dimension of the normal, and m denotes the
number of anchors.

The calculations are a straightforward variation on those for
the three anchors situation. We omit the details here.

III. SIMULATION RESULTS

In this section the results of Monte Carlo simulations will
be provided. Some assumptions on the simulation will be
first noted. Next the comparison of the proposed method
and the GW method with two types of simulations will be
presented. The simulation results verify the proposed method
can correct the bias very well while performing better than
the GW method. Given space limitations we only illustrate
the simulation with three anchors. However the simulation can
be easily extended to more anchors and the simulation results
will remain similar.
• The three anchors are fixed at (0, 8), (0,−8) and (8

√
3, 0)

respectively (See Fig. 3).
• The measurement errors for θ1, θ2 and θ3 are produced by

independent Gaussian distributions (µ = 0 and σ2 = 1).
Though the simulations have been done in different level
of noise, we do not show the details here because of the
space limitation.

• All the simulation results are obtained from 5000 Monte
Carlo experiments.

Two types of simulation have been done. In the first type
we fix the value of y of the target at zero while changing the
value of x, i.e. we adjust the angle A (shown in Fig. 3) The
variation of angle A is from 15◦ to 300◦. Following are the
simulation results.

Fig. 4 illustrates the comparison of the average absolute
distance between the estimated position of target and the true
position in three situations: without a bias-correction method,
with the GW method and with the proposed bias-correction
method. Evidently, both the GW method and the proposed
method can reduce the localization bias for angle A ranging
from 30◦ to 140◦. Furthermore the curve denoting the results
with the proposed method is below the GW curve all the time,
which demonstrates the performance of the proposed method
is better than the GW method. However, when the angle A
is too large or too small neither the GW method nor our
method can work (see TABLE I). At that time the target is far
away from the three anchors. Quite apart from issues of bias
correction, localization algorithms cannot work satisfactorily
in these cases because the target and the three anchors can
be considered as nearly collinear [10, 13]. From TABLE I
(which shows average absolute error between true position and
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Fig. 4. Comparison of the GW method and the proposed method
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Fig. 5. Comparison of Experimental bias and analytical bias

Angle A (Degree) 15◦ 20◦ 245◦ 300◦
Without Bias-Correction Method 3.6257 0.3953 0.0125 0.1732

With the Proposed Method 6.1543 0.2629 0.0056 0.3042
With the GW Method 16.3051 0.53 0.0352 0.4763

TABLE I
COMPARISON OF AVERAGE ABSOLUTE ERROR WITH NO BIAS

CORRECTION, CORRECTION VIA THE GW METHOD AND CORRECTION VIA

THE PROPOSED METHOD

estimated position) we can also obtain that when the angle A
is 20◦, the proposed method is still effective while the GW
method is not. The proposed method continues to be effective
until the angle A is reduced to 15◦. Similar observation can be
made for when the angle A is 245◦ and 300◦. This shows that
the proposed method has a wider region of applicability than
the GW method. This also demonstrates that, from another
standpoint, the performance of the proposed method is better
than the GW method.

Fig. 5 depicts a comparison of experimental bias and
analytical bias. From 30◦ to 140◦, the analytical bias of the
proposed method is closer to the experimental bias than the
bias of the GW approach. This also verifies, from another point
of view, that the proposed method is more effective than the
GW method.

In the second type of simulation we set the value of x of
the target as 8 while adjusting the value of y, which means
the angle B (shown in Fig. 3) is changing : the variation of
the angle B is between 45◦ and 170◦.

Fig. 6 shows the comparison when angle B is changing.
From the figure we can see (conclude would also be very
appropriate) that the proposed approach can correct the bias
very well from 45◦ and 140◦ while the applicability region
of the GW method is only from 45◦ to 100◦. In all cases,
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Fig. 6. Comparison of the GW method and the proposed method
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Fig. 7. Comparison of Experimental bias and analytical bias

Angle B (Degree) 140◦ 160◦ 170◦
Without Bias-Correction Method 0.0907 0.7718 4.4474

With the Proposed Method 0.0012 0.1531 6.4083
With the GW Method 0.1402 1.7101 12.6213

TABLE II
COMPARISON OF AVERAGE ABSOLUTE ERROR WITH NO BIAS

CORRECTION, CORRECTION VIA THE GW METHOD AND CORRECTION VIA

THE PROPOSED METHOD

the performance of the proposed method is better than the
GW approach. Nevertheless, when the angle B is too large
our method is no longer effective (see TABLE II). At that
time, the target is in the far field and we can consider the
three anchors and the target as nearly collinear, which means
that localization may not be practically possible. Again from
TABLE II (which shows average absolute error between true
position and estimated position) we can obtain that the region
of applicability of the proposed method is larger than for the
GW. Further Fig. 7 illustrates the comparison of experimental
bias and analytical bias. Again, the comparison results also
demonstrate the better performance of the proposed method
than the GW method.

From the above simulation results we can observe that the
proposed method can correct the bias very well at least for
the noise level we have considered in most situations except
a near-collinear one. At that time, localization algorithms are
often less effective or noneffective. In other words the bias-
correction approach presented in this paper is consistent with
the applicability of localization algorithms. Furthermore, by
comparing with the GW method, we conclude that the pro-
posed method not only performs better than the GW method
in the same situation but also has larger applicability area.
More simulation has been done with different level of noise by

changing the variance of measurement errors, the simulation
results remain similar demonstrating the better performance
of our method than the GW method. Our conjecture for the
reason for better performance is that in the GW method
truncation of Taylor series occurs three times while we only
truncate the Taylor series once in our method. Using more
terms before truncation may lead to improved precision. More
analysis will be done in the future.

IV. CONCLUSION

An approach to reduce the bias in localization algorithms
is presented in this paper. The proposed method analytically
formulates the bias in an easy way mixing Taylor series and
Jacobian matrices. We analyze the proposed approach with
three and more anchors based on bearing-only localization
algorithms. However it is easy to extend the method to
other kinds of localization algorithms. For example, use of
the proposed method based on distance-measurements has
been studied in [11]. In addition we compare the proposed
method with the GW method based on simulation. Monte
Carlo experiments illustrate our method can correct the bias
very well except in the nearly collinear situation. At that time
the localization algorithms are often less effective or even
noneffective [10, 13]. Our future work is to further improve
the performance of the proposed method (such as via using
high order terms of a Taylor series) and try to extend it to
three dimensional space.
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ABSTRACT
The Particle Probability Hypothesis Density Filter (PFPHD)
provides a numeric solution for the probability hypothesis
density (PHD) filter, which propagates the first-order mo-
ment of the multi-target posterior instead of the posteriordis-
tribution itself because evaluating the multiple-target poste-
rior distribution is currently computationally intractable. The
PFPHD considers the target states as a single global target
state and then avoids data association steps. Various imple-
mentations using particle filter had shown the efficiency of
this method in real time applications. However, most of them
use the state transition prior as the proposal distributionto
draw particles from. Because the state transition does not
take into account the most recent observation, we present, in
this paper, a new approach that mixes the PFPHD filter with
the Extended Kalman filter (EKF) named EK-PFPHD filter.
The first part provides the general probabilistic frameworkto
handle non linear non gaussian systems when the second part
generates better proposal distributions by considering the up-
dated observation. Simulation shows that the proposed filter
outperforms the PFPHD filter.

1. INTRODUCTION

Tracking an unknown and time varying number of targets
is a difficult issue. Mahler proposed finite set statistics
(FISST) [1, 2], as the systematic treatment of multi-target
tracking problems and presented probability hypothesis den-
sity (PHD) [3] as an approximation of the random finite set
of targets and their states based on a sequence of measure-
ment sets. However, the implementation of the PHD fil-
ter suffers from the intractable computation of multiple in-
tegrals involved by the PHD propagation equations. In ad-
dition, multi-peak extraction remains a challenge. Conse-
quently, different techniques for the implementation of the
PHD using Sequential Monte Carlo techniques have been
proposed [4, 5, 6, 7]. However, most of them use the state
transition prior as the proposal distribution to draw particles
from. Because the state transition does not take into account
the most recent observation, the particles drawn from it may
have very low likelihood. In this paper, we present a novel
method named EK-PFPHD filter, The algorithm consists of
a PFPHD filter that uses an extended Kalman filter (EKF) to
generate the importance proposal distribution; the EKF al-
lows the PFPHD filter to incorporate the latest observations
into a prior updating routine and thus, generates proposal dis-
tributions that match better the true posterior. The structure
of this paper is as follows. Section 2 presents the PHD Fil-
ter. Section 3 presents the non linear model; in section 4, we
present the new EK-PFPHD filter. Simulation results are pre-

sented in Section 5. Finally, concluding remarks are given in
section 6.

2. THE PROBABILITY HYPOTHESIS DENSITY
FILTER

In single target tracking problems, the Kalman filter propa-
gates the first-order moment of the posterior distribution.It
gives the best estimation for linear gaussian dynamic models.
In the multi-target tracking problems, the PHD filter provides
a similar solution. In fact, it propagates the first-order mo-
ment of the multiple target posterior distribution, known as
the PHD. An estimation of the number of targets is given by
the integral of the PHD over the state space when the tar-
get states can be estimated by determining the peaks of this
distribution. The Probability Hypothesis Density filter isa
multi-target filter that avoids any data association computa-
tions derived from the RFS (Random Finite Set) framework
[3]. The PHD filter propagates the posterior intensity of the
targets RFS in time, based on the following assumptions [8]:
A.1 Targets evolve in time and generate measurements inde-

pendently of one another.
A.2 The clutter RFS is Poisson and is independent of the

measurements.
A.3 The predicted multi-target RFS is Poisson.

Assumptions A.1 and A.2 are quite common in many
multi-target tracking algorithms. The additional assump-
tion A.3 is a reasonable approximation when interactions be-
tween targets are negligible [8]. The PHD propagation is a
recursion consisting of a prediction step and an update step.
Let Dk and Dk|k−1 denote the predicted intensity and pos-
terior intensity at time k, respectively. Then, the PHD pre-
diction is given by [8] (using FISST [3] or classical tools
probabilities [9])

Dk|k−1(x) =

∫

φk|k−1(x,ζ )Dk−1(ζ )dζ + γk(x) (1)

Dk(x) = [1−PD,k]Dk|k−1(x)

+ ∑
z∈zk

ψk,z(x)Dk|k−1(x)

kk(z)+
∫

ψk,z(χ)Dk|k−1(χ)dχ
(2)

In the prediction equation (1), the transition density

φk|k−1(x,ζ ) = PS,k(ζ ) fk|k−1(x|ζ )+ βk|k−1(x|ζ )
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is determined fromfk|k−1(xk|xk|k−1), the single target tran-
sition density,PS,k(•), the probability of target survival, and
βk|k−1(•), the PHD for spawned target birth from targets at
time k-1. The intensityγk(•) is the PHD for spontaneous
birth of new targets at timek.
In the data, update equation (2)

ψk,z(x) = PD,k(x)g(z|x)

whereg(•) is the single target likelihood function andPD,k(•)
is the probability of detection, and the intensity of clutter
pointskk(z) is given by

kk(z) = λkck(z)

whereλk is the Poisson parameter specifying the expected
number of false alarms andck(•) is the probability distribu-
tion over the measurement space.
The estimated number of targets is given by integration of
the PHD over all surveillance region

Γk|k =

∫

S
Dk(x)dx

Estimation of the targets states can be done by searching for
the peaks of the PHD surface.[Γk|k] largest peaks ofDk(x)
correspond to those targets’ locations (states), where[Γk|k]
denotes the nearest integer toΓk|k.
The PHD propagation (1)-(2) have no closed form expres-
sions even for targets following a linear gaussian dynamic
model [10]. Recursive propagation of the full posterior is
possible using particle filtering techniques [11] .

3. NON LINEAR STATE MODEL

For simplicity, assume that each target follows a non linear
gaussian dynamical model,

xk = Fk−1xk−1 + υk−1 (3)

zk = hk(xk,εk) (4)

where xk = [Px,k,Py,k, ˙Px,k, Ṗy,k]
T is the state of the target,

hk is a known non linear function andυk and εk are zero-
mean gaussian process noise and measurement noise with
covariances Q and R , respectively. The survival and de-
tection probabilities are state independent,PS,k(x) = PS,k and
PD,k(x) = PD,k.

4. EK-PARTICLE IMPLEMENTATION OF THE
PHD

The procedure of implementing the algorithm is based on the
particle implementation of the PHD filter in [10] as follows:
• k = 0

– Initialize Nz particles around each measurement sim-
ilar to [10]. Position components of these particles
are drawn from the initial measurement, and the ve-
locity components are drawn from a uniform distri-
butionU [−umax,umax]. Each particle consists of two
elements: a sample from the state spaceξ (i); and its
corresponding weight,ω(i) and covarianceP(i) for
i = 1,N whereN is the total number of particles pro-
posed. All these particles are given equal weights
ω i = K/N whereK is the initial guess for the initial
number of targets.

• k = k +1
Step 1: Prediction step
Assuming we haveN particles at timek−1, we calculate:
– Ind = 0,
– for i = 1,N,

∗ Compute

ξ̄ (i)
k|k−1 = Fk−1ξ (i)

k−1

H(i)
k =

∂hk(x,0)

∂x
|
x=ξ (i)

k|k−1

U (i)
k =

∂hk(ξ
(i)
k|k−1,εk)

∂εk
|εk=0

P(i)
k|k−1 = Fk−1P(i)

k−1FT
k−1 + Qk−1

S(i)
k = U (i)

k R[U (i)
k ]T + H(i)

k P(i)
k|k−1[H

(i)
k ]T

K(i)
k = P(i)

k|k−1(H
(i)
k )T [S(i)

k ]−1

P(i)
k|k = [I−K(i)

k H(i)
k ]P(i)

k|k−1

∗ for eachY j
k ∈ zk, j = 1, ...,nzk ,d = j + Indnzk

ξ̄k = ξ̄ (i)
k|k−1 + K(i)

k (Y j
k −hk(ξ̄

(i)
k|k−1,0))

ξ d
k|k−1 ∼ N(ξ̄k,P

(i)
k|k)

ω(d)
k|k−1 =

ω(i)
k−1

nzk

PS,kN(z;Y j
k −hk(ξ d

k|k−1,0),S(i)
k )

P(d)
k|k = P(i)

k|k

S(d)
k = S(i)

k

Ind = Ind +1

So we will haveN
′
= N|zk| particles with their associated

weights and covariances.
Step 2: Additional Particle Proposal

– for each Y j
k ∈ zk, j = 1, ...,nzk , generateMz new

particlesξ (d)
k|k−1 form a gaussian distribution around

each measurementY j
k (the position components are

drawn from the current measurement and the veloc-
ity components are drawn from a uniform distribu-
tion U [−umax,umax]). The total number, of particles
proposed for the ”investigation” of newborn targets,
is Nnew = Mz|zk|. These ones are affected with equal

weightsω(d)
k|k−1 = γk(S)Nnew for d = 1+ N

′
, ...,N

′
+

Nnew whereγk(S) is the PHD of target birth for the
whole surveillance region. The particles are charac-

terized by a covariance matrixP(d)
k|k−1

– Compute
for d = 1+ N

′
, ...,N

′
+ Nnew

H(d)
k =

∂hk(x,0)

∂x
|
x=ξ (d)

k|k−1
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U (d)
k =

∂hk(ξ
(d)
k|k−1,εk)

∂εk
|εk=0

S(d)
k = U (d)

k R[U (d)
k ]T + H(d)

k P(d)
k|k−1[H

(d)
k ]T

K(d)
k = P(d)

k|k−1(H
(d)
k )T [S(d)

k ]−1

P(d)
k|k = [I −K(d)

k H(d)
k ]P(d)

k|k−1

Step 3: Update step

– For eachY j
k ∈ zk, j = 1, ...,nzk , compute

C(Y j
k ) =

N
′
+Nnew

∑
d=1

PD,kg(Y j
k |ξ

(d)
k|k−1)ω

(d)
k|k−1

where

g(Y j
k |x

(m)) = N(z;Y j
k −hk(x

(m),0),S(m)
k ))

ω(d)
k = [1−PD,k + ∑

Y j
k ∈zk

PD,kg(Y j
k |ξ

(d)
k|k−1)

λkKk(Y
j

k )+C(Y j
k )

]ω(d)
k|k−1

Step 4: Peak Extraction
– To estimate target states, the updated PHD is ap-

proximated by a gaussian Mixture by using the
expectation-maximization (EM) algorithm [12]. The
EM algorithm fits M gaussian pdfs (probability den-
sity functions) to the PHD surface and gives cor-
responding weights to each of these to indicate the
quality of fitting. Then, the mean and the covariances
of the[Γk|k] heaviest gaussian pdfs in the mixture are
denoted as peaks at timek. The EM algorithm steps,

modified to incorporate the weightsω(d)
k of the PHD,

are given next [10].

δdm ≡ km
1

√

|2πΩm|
e−( 1

2 (ξ (d)
k −µm)T Ω−1

m (ξ (d)
k −µm)) (5)

δdm =
δdmω(d)

k

∑M
l=1 δdl

,µm =
∑N

′
+Nnew

d=1 ξ (d)
k δdm

∑N′
+Nnew

d=1 δdm

(6)

Km =
∑N

′
+Nnew

d=1 δdm

∑N′
+Nnew

d=1 ∑M
m=1 δdm

(7)

Ωm =
∑N

′
+Nnew

d=1 δdm(ξ (d)
k − µm)(ξ (d)

k − µm)T

∑N′
+Nnew

d=1 δdm

(8)

In order to have a common covariance for all gaus-
sian pdfs (the ”homoscedastic” version of the EM al-
gorithm), we use

Ωm =
∑N

′
+Nnew

d=1 ∑M
m=1 δdm(ξ (d)

k − µm)(ξ (d)
k − µm)T

∑N′
+Nnew

d=1 ∑M
m=1 δdm

whereKm denotes the weight,µm denotes the mean
value andΩm denotes the covariance of themth

gaussian of the mixture, form = 1, ...,M. The EM
algorithm starts with initial values ofKm, µm and
Ωm, and repeats steps (5) to (8) until it converges.
The algorithm fitsM = |zk|+ [Γk|k] gaussian pdfs at
each scan. The initial mean values are chosen as the
measurement locationszk and at the peaks at previous
scan(k−1). We use the homoscedastic version until
the algorithm converges, because homoscedastic
gaussian mixture is generally quite stable. However,
we then make 3 more runs to get diverse covariances.
That is, we initialize with a homoscedastic gaussian
mixture. Then we invoke a heteroscedastic gaussian
mixture algorithm, such that the covariances can be
different [10].

Step 5: Resampling

– Particles{ω(d)
k ,ξ (d)

k ,P(d)
k|k }

N
′
+Nnew

d=1 are resampled ac-
cording to a Monte Carlo technique, so that each par-
ticle is resampled proportionally to its weight, while
preserving the total weight asΓk|k, which is computed
by,

Γk|k =
N
′
+Nnew

∑
j=1

ω( j)
k

After resampling, particles{ω(i)
k ,ξ (i)

k ,P(i)
k|k}

Np
i=1 are af-

fected with equal weight.
– SetN = Np

5. SIMULATION

In order to illustrate the performances of the EK-PFPHD fil-
ter, we consider a scenario in which an unknown and time
varying number of targets are observed in cluttered environ-
ment. For the initialization stepNz is set to 50 andMz is
set to 10 which is very weak to allow a possible real time
applications and compare the performances of the proposed
filter with the standard PFPHD filter in a critical situation.
Each target, with its statexk = [Px,k,Py,k, ˙Px,k, Ṗy,k]

T , follows
the state model given in (3) and (4) where

Fk−1 =

[

I2 ∆I2
02 I2

]

Q =









σ2
x 0 0 0

0 σ2
y 0 0

0 0 σ2
vx

0
0 0 0 σ2

vy









hk(xk,εk) =





√

P2
x,k + P2

y,k

arctan(
Px,k
Py,k

)



+ εk

whereIn and 0n denote, respectively, thenxnidentity and ze-
ros matrices,∆ = 1 s is the sampling period,σx = σy = 1m
and σvx = σvy = 2(m/s) are the standard deviations of the
process noise. The additive noiseεk is with covariance ma-
trix
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R =

[

σ2
r 0

0 σ2
θ

]

whereσr = 150m andσθ = 1◦.
Moreover, each target has survival probabilityPS,k = 0.99
and is detected with probabilityPD,k = 0.98. Finally, the tar-
gets can appear with PHD of birthγk(x) = 10−7[/surveillance
region].
The detected measurements are immersed in clutter that can
be modeled as a Poisson RFSKk with intensity

Kk(z) = λcVu(z)

whereU(•) is the uniform density over the surveillance re-
gion, V is the volume of the surveillance region, andλc =
12.5x10−6m−2 is the average number of clutter returns per
unit volume.
figure 1 shows the true targets trajectories and their EK-
PFPHD filter estimates; figure 2 and figure 3 plot the RMSE
(in m) of the estimated trajectories against time obtained with
50 Monte-Carlo iterations. Targets 1 and 2 are born at the
same time but at two different locations. They travel along
straight lines (their tracks cross atk = 150 s).
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Figure 1: Estimated Trajectories
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Figure 2: RMSE on Target 1
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Figure 3: RMSE on Target 2

From figure 1, it can be seen that both EK-PFPHD and
PFPHD filters are able to track the two targets even after
crossing. However, it can be seen from figure 2 and fig-
ure 3 that the proposed filter is better than the PFPHD fil-
ter and thus fits better situations where real time executionis
required.

6. CONCLUSION

In this paper, we are interested to the multiple target tracking
problem. We proposed a new EK- PFPHD filter that man-
aged to improve the proposal distribution according to the
updated measurement. The later algorithm is able to track
multiple targets in high clutter density using a weak num-
ber of particles, it has the ability to estimate the number of
targets, track their trajectories over time, deal with missed
detections and operate with the issue of crossing targets.
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ABSTRACT
In this paper, we consider a quadratic model in the blind
source separation problem, and we propose a method to es-
timate the mixing coefficients using cumulants, by solving a
nonlinear system of equations. This system is derived from
the cumulants of the observations and depends on the mixing
parameters and the source moments. We solve it using op-
timization algorithms, i.e. Levenberg-Marquardt and Gauss-
Newton. The numerical results thus obtained confirm the ef-
fectiveness of our method.

1. PROBLEM STATEMENT

Blind source separation consists in retrieving a vector S of
source signals from an observation vector X which is a mix-
ture of these sources, i.e.

X = F (S), (1)

where F is the mixing function, which is unknown. When
F is an arbitrary nonlinear function, it has been shown that
the hypothesis of statistical independence of the sources is
not sufficient to retrieve them [1], [2]. In order to simplify
the problem we can constrain the mixing model [3], [4], [5],
[6]. In this paper, we consider the ‘quadratic mixture model’
defined in [3], [7]. It is an instantaneous model including
only quadratic terms of sources (auto-terms and cross-terms):{

xi(n) =
[
aiis

′
i(n)

]2
+
[
ai js

′
j(n)

]2
+bis

′
i(n)s

′
j(n),

(i, j) ∈U, U = {(1,2),(2,1)}
(2)

where (s
′
1(n),s

′
2(n)) are the sources, and (x1(n),x2(n)) the

observations.
In this work, we focus on the normalized version of this
model, assuming that aii,i∈{1,2} are non zero:

xi(n) = s2
i (n)−Li js2

j(n)−Qisi(n)s j(n), (i, j) ∈U (3)

where


si(n) = aiis

′
i(n), i ∈ {1,2},

Li j =− a2
i j

a2
j j
, Li j < 0

Qi =− bi
aiia j j

, (i, j) ∈U

(4)

The mixing parameters (L12,L21,Q1,Q2) are supposed un-
known. Our objective in this paper is to estimate them from
the observations. We assume that the mixing parameters and
the normalized sources are real-valued. We propose a direct
estimation of the mixing coefficients in the source separa-
tion problem, using a system of nonlinear equations involv-
ing cumulants. This kind of approach has been already used

in the linear case [8],[9],[10], and we show that its extension
to nonlinear mixtures is more complex. We first derive the
system of equations of the observation cumulants, then solve
it using different optimization algorithms. After estimating
the coefficients, the sources can be retrieved using a separat-
ing structure such as the recurrent one proposed in [7].
The paper is organized as follows: in Section 2 we provide
the details of cumulant calculation from which we derive our
system of equations. Section 3 shows how the observation
cumulants may be estimated and how we propose to solve
the system of nonlinear equations to estimate the mixing co-
efficients. Section 4 presents some simulation results and we
finally conclude in Section 5.

2. PROPOSED APPROACH AND CUMULANT
EXPRESSIONS

The observations considered in (3) are linear combinations
of power functions of the sources. Therefore, by using the
multilinearity properties of cumulants, the cumulants of the
observations may be expressed with respect to cumulants of
power functions of the source signals and to the mixing co-
efficients. We here aim at deriving these expressions for ob-
servation cumulants of order one to four. Moreover, some
of the cumulants associated to the sources are zero, because
the sources are assumed to be statistically independent with
symmetric probability density functions (pdf), and therefore
centered. To determine which of the considered source cu-
mulants are zero we derive their expressions with respect to
the associated moments using the classical formula which
is provided hereafter. This permits us to obtain a nonlinear
equation system depending on the mixing parameters and the
source moments.

2.1 Cumulant properties and Notations
We remind that the r-th order cumulant is related to the mo-
ments of order p, p ≤ r, by the Leonov and Shiryayev for-
mula [11]

C[X1,X2, ...,Xr] =

∑
π
(−1)|π|−1(|π|−1)! ∏

β∈π
E[∏

i∈β
Xi] (5)

where π runs through the list of all partitions of {1, ...,r} , β
runs through the list of all blocks of the partition π and |π|
is the number of parts in the partition. E is the mathematical
expectation. We also remind some properties of cumulants
[12]:
CP1: If λi, i = 1, ...,n are constants, and xi, i = 1, ...,n are

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1826



random variables, then

C(λ1x1, ....,λnxn) =
n

∏
i=1

λiC(x1, ...,xn)

CP2: Cumulants are symmetric in their arguments, i.e.,

C(x1, ....,xn) =C(xi1 , ...,xin)

where (i1, ..., in) is a permutation of (1, ...n).
CP3: Cumulants are additive in their arguments, i.e., cumu-
lants of sums equal sums of cumulants

C(x0 + y0,z1, ....,zn) =C(x0,z1, ...,zn)+C(y0,z1, ...,zn)

CP4: If a subset of k random variables {xi} is independent
of the rest then

C(x1, ..,xk, ..,xn) = 0

The following type of shortened notations is used in this pa-
per:
C[(s2

1)2] = C[s2
1,s

2
1] represents the second-order cumulant of

{s2
1}.

C[(x1)2,x2] = C[x1,x1,x2] is the third-order cross-cumulant
involving {x1} twice and {x2} once.

2.2 First-Order Cumulants
It can be easily derived from (3), (5) and from the indepen-
dence of the sources that the first-order cumulant of the first
observation is

C[x1] = E[x1] (6)

= E[s2
1]−L12E[s2

2]−Q1E[s1]E[s2]. (7)

Using the fact that the sources are centered we have

C[x1] = E[s2
1]−L12E[s2

2]. (8)

By the same way we obtain

C[x2] = E[x2] =−L21E[s2
1]+E[s2

2]. (9)

2.3 Second-Order Cumulants
2.3.1 Observation Cumulants

We detail the calculation for C[(x1)2]. Using (3) and the
above cumulant properties we have

C[(x1)2]=C[x1,x1]

=C[s2
1 −L12s2

2 −Q1s1s2,s2
1

−L12s2
2 −Q1s1s2],

=C[s2
1,s

2
1]−L12C[s2

1,s
2
2]−Q1C[s2

1,s1s2]

−L12C[s2
2,s

2
1]+L2

12C[s2
2,s

2
2]+L12Q1C[s2

2,s1s2]

−Q1C[s1s2,s2
1]+L12Q1C[s1s2,s2

2]+Q2
1C[s1s2,s1s2].

Thanks to the properties of cumulants and by using Equa-
tions (14) mentioned hereafter in Subsection 2.3.2, and cor-
responding to the cancellation of some ”source cumulants”,
we get finally

C[(x1)2] =C[(s2
1)2]+L2

12C[(s2
2)2]+Q2

1C[(s1s2)2],

C[(x2)2] = L2
21C[(s2

1)2]+C[(s2
2)2]+Q2

2C[(s1s2)2],

C[x1,x2] =−L21C[(s2
1)2]−L12C[(s2

2)2]+Q1Q2C[(s1s2)2].
(10)

2.3.2 ”Source Cumulants”

We begin the calculation with C[(s2
1)2]. From (5), we have

two possibilities for the partitions: {s2
1,s

2
1} and {{s2

1},{s2
1}},

which respectively have 1 and 2 elements, so using the for-
mula (5)

C[(s2
1)2] = (−1)(1−1)(1−1)!E[s2

1s2
1]+

(−1)(2−1)(2−1)!E[s2
1]E[s

2
1]

= E[s4
1]−E[s2

1]
2. (11)

We get also
C[(s2

2)2] = E[s4
2]−E[s2

2]
2, (12)

by similar calculations, just replacing s2
1 by s2

2.
For C[(s1s2)2], we also have the two partitions, {s1s2,s1s2}
and {{s1s2},{s1s2}}, so

C[(s1s2)2] = (−1)00!E[s1s2s1s2]+ (−1)11!E[s1s2]E[s1s2]

= E[s2
1]E[s

2
2]−E[s1]

2E[s2]
2

= E[s2
1]E[s

2
2] (13)

where we have first used the property of statistical indepen-
dence and then the fact that the sources are centered. The
other ”source cumulants” are zero

C[s2
1,s

2
2] =C[s2

1,s1s2] =C[s2
2,s1s2] = 0. (14)

This may be shown as follows:

C[s2
1,s

2
2] = E[s2

1s2
2]−E[s2

1]E[s
2
2]

= E[s2
1]E[s

2
2]−E[s2

1]E[s
2
2] = 0, (15)

using the independence property, and

C[s2
1,s1s2] = E[s2

1s1s2]−E[s2
1]E[s1s2]

= E[s3
1]E[s2]−E[s2

1]E[s1]E[s2] = 0, (16)

where we have used the independence property and the fact
that the sources have symmetric pdf. A similar derivation can
be made for C[s2

2,s1s2], and we find C[s2
2,s1s2] = 0.

Due to space limitations, we will not detail the calculations
for the third- and the fourth-order. They are based on the
same approach as above, but they are much more tedious be-
cause they involve higher-order statistics. We keep a similar
scheme hereafter: firstly we give the observation cumulants
with respect to the ”source cumulants” and secondly we give
the latter with respect to the source moments.

2.4 Third-Order Cumulants
The third-order observation cumulants are

C[(x1)3] =C[(s2
1)3]−L3

12C[(s2
2)3]

+3Q2
1C[s2

1,(s1s2)2]−3L12Q2
1C[s2

2,(s1s2)2],

C[(x2)3] =C[(s2
2)3]−L3

21C[(s2
1)3]

−3L21Q2
2C[s2

1,(s1s2)2]+3Q2
2C[s2

2,(s1s2)2],

C[(x1)2,x2] =−L21C[(s2
1)3]+L2

12C[(s2
2)3]

+(2Q1Q2 −L21Q2
1)C[s2

1,(s1s2)2]

+(Q2
1 −2L12Q1Q2)C[s2

2,(s1s2)2],

C[x1,(x2)2] = L2
21C[(s2

1)3]−L12C[(s2
2)3]

+(Q2
2 −2L21Q1Q2)C[s2

1,(s1s2)2]

+(2Q1Q2 −L12Q2
2)C[s2

2,(s1s2)2].

(17)
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and the third-order ”source cumulants” can be expressed as
C[(s2

1)3] = E[s6
1]−3E[s4

1]E[s
2
1]+2E[s2

1]
3,

C[(s2
2)3] = E[s6

2]−3E[s4
2]E[s

2
2]+2E[s2

2]
3,

C[s2
1,(s1s2)2] = E[s2

2]E[s
4
1]−E[s2

2]E[s
2
1]

2

C[s2
2,(s1s2)2] = E[s2

1]E[s
4
2]−E[s2

1]E[s
2
2]

2.

(18)

{
C[(s1s2)3] =C[(s2

1)2,s1s2] =C[(s2
2)2,s1s2] = 0,

C[s2
1,(s

2
2)2] =C[s2

2,(s
2
1)2] =C[s2

1,s
2
2,s1s2] = 0.

(19)

2.5 Fourth-Order Cumulants
The fourth-order observation cumulants are

C[(x1)4] =C[(s2
1)4]+L4

12C[(s2
2)4]+Q4

1C[(s1s2)4]

+6Q2
1C[(s2

1)2,(s1s2)2]+6L2
12Q2

1C[(s2
2)2,(s1s2)2]

−12L12Q2
1C[s2

1,s
2
2,(s1s2)2],

C[(x2)4] = L4
21C[(s2

1)4]+C[(s2
2)4]+Q4

2C[(s1s2)4]

+6L2
21Q2

2C[(s2
1)2,(s1s2)2]+6Q2

2C[(s2
2)2,(s1s2)2]

−12L21Q2
2C[s2

1,s
2
2,(s1s2)2],

C[(x1),(x2)3] =−L3
21C[(s2

1)4]−L12C[(s2
2)4]+Q1Q3

2C[(s1s2)4]

+(−3Q2
2L21 +3Q1Q2L2

21)C[(s2
1)2,(s1s2)2]

+(−3L12Q2
2 +3Q1Q2)C[(s2

2)2,(s1s2)2]

+(3Q2
2 −6L21Q2Q1 +3L12L21Q2

2)C[s2
1,s

2
2,(s1s2)2],

C[(x2),(x1)3] =−L21C[(s2
1)4]−L3

12C[(s2
2)4]+Q2Q3

1C[(s1s2)4]

+(−3L21Q2
1 +3Q2Q1)C[(s2

1)2,(s1s2)2]

+(−3L12Q2
1 +3Q2Q1L2

12)C[(s2
2)2,(s1s2)2]

+(3Q2
1 −6L12Q2Q1 +3L12L21Q2

1)C[s2
1,s

2
2,(s1s2)2],

C[(x1)2,(x2)2] = L2
21C[(s2

1)4]+L2
12C[(s2

2)4]+Q2
2Q2

1C[(s1s2)4]

+(L2
21Q2

1 +Q2
2 −4Q1Q2L21)C[(s2

1)2,(s1s2)2]

+(L2
12Q2

2 +Q2
1 −4L12Q1Q2)C[(s2

2)2,(s1s2)2]

+(4Q1Q2 −2L12Q2
2 −2L21Q2

1
+4Q1Q2L12L21)C[s2

1,s
2
2,(s1s2)2].

(20)
and the fourth-order ”source cumulants” are

C[(s2
1)4] = E[s8

1]−4E[s6
1]E[s

2
1]−6E[s2

1]
4

−3E[s4
1]

2 +12E[s4
1]E[s

2
1]

2,

C[(s2
2)4] = E[s8

2]−4E[s6
2]E[s

2
2]−6E[s2

2]
4

−3E[s4
2]

2 +12E[s4
2]E[s

2
2]

2,

C[(s1s2)4] = E[s4
1]E[s

4
2]−3E[s2

1]
2E[s2

2]
2,

C[(s2
1)2,(s1s2)2] = E[s6

1]E[s
2
2]−E[s2

1]E[s
2
2](3E[s4

1]−2E[s2
1]

2),

C[(s2
2)2,(s1s2)2] = E[s6

2]E[s
2
1]−E[s2

2]E[s
2
1](3E[s4

2]−2E[s2
2]

2),

C[s2
1,s

2
2,(s1s2)2] = E[s4

1]E[s
4
2]−E[s2

1]
2E[s4

2]

−E[s2
2]

2E[s4
1]+E[s2

1]
2E[s2

2]
2.

(21)
C[(s2

1)3,s2
2] =C[(s2

2)3,s2
1] =C[(s1s2)3,s2

1] = 0.
C[(s1s2)3,s2

2] =C[(s2
1)3,s1s2] =C[(s2

2)3,s1s2] = 0.
C[(s2

1),s1s2,(s2
2)2] =C[s2

2,s1s2,(s2
1)2] =C[(s2

1)2,(s2
2)2] = 0.

(22)
The systems (8), (9), (10), (17) and (20) altogether
form the final system of equations to be solved,
which is highly nonlinear. We thus obtain a sys-
tem of 14 equations depending on 12 unknowns
{L12,L21,Q1,Q2,E[s2

1],E[s
4
1],E[s

6
1],E[s

8
1],E[s

2
2],E[s

4
2],E[s

6
2],

E[s8
2],} but we will eventually be interested in the mixing

parameters {L12,L21,Q1,Q2}. If we do not use the fourth-

order cumulants, we obtain a system of 9 equations with 10
unknowns (see Table 1) which cannot be solved in general.
We can also use higher than fourth order cumulants to obtain
more equations and more unknowns. We propose to solve
the above system by using numerical optimization methods
defined hereafter.

Order Observation Cumulants Added
(number) Unknowns

1 C[x1],C[x2] (2) L12,L21,
E[s2

1],E[s
2
2]

2 C[(x1)2],C[(x2)2], Q1,Q2
C[x1,x2] (3) E[s4

1],E[s
4
2]

3 C[(x1)3],C[(x2)3], E[s6
1],E[s

6
2]

C[(x1)2,x2],C[x1,(x2)2] (4)
4 C[(x1)4],C[(x2)4],C[(x1),(x2)3], E[s8

1],E[s
8
2]

C[(x2),(x1)3],C[(x1)2,(x2)2] (5)

Table 1: Numbers of equations and unknowns for our system
depending on the cumulant order.

3. MIXING PARAMETER ESTIMATION

Once the system of equations has been obtained, we use al-
ternative optimization algorithms to solve it. The goal is to
retrieve the mixing parameters (L12,L21,Q1,Q2). We need
first to estimate the cumulants of the observations at the
different orders before solving the system, using numerical
methods.

3.1 Estimation of the Observation Cumulants

There exist several estimators of the auto-cumulants and the
cross-cumulants in the literature [13], [14]. Unfortunately
these estimators consider zero-mean signals, which is not the
case in this paper (see Equations (8) and (9)). We then use
the functions proposed in the HOSA Matlab toolbox [15], i.e.
cumest, to estimate the auto-cumulants and cum2x, cum3x
and cum4x to estimate the cross-cumulants of the observa-
tions.

3.2 System Solving

In this subsection, we present the alternative optimization al-
gorithms used to solve the nonlinear equation system. We
use the fsolve function, provided by the Matlab optimization
toolbox [16], which attempts to solve nonlinear equation sys-
tems of the form

F(x) = 0,

where
{

x = [x1, ...,xm]
T

F(x) = [ f1(x), ..., fn(x)]T ,

xi, i = 1..m are the variables (i.e. the 12 unknowns in our
case) and fi, i = 1..n are nonlinear functions. So to obtain
this form, with a right-hand term of the equations equal to
zero, we rearrange our system by moving all its right-hand
terms to the left-hand side. The fsolve function is used with
two configurations: the first one involves the Levenberg-
Marquardt algorithm and the second one the Gauss-Newton
algorithm.
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Figure 1: Convergence towards ”S” for the parameters
{L12,L21,Q1,Q2}
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Figure 2: Phenomenon of sign inversion for the parameters
Q1 and Q2

4. SIMULATION RESULTS

4.1 First Scenario
In a first scenario we consider the set of parameters
{L12,L21,Q1,Q2} = {−0.2,−0.1,0.8,0.2}, and the sources
of length N = 10000 samples are uniformly distributed over
[−1,1]. The fsolve function returns an EXITFLAG output
that describes if the algorithm converges or not. For each
configuration of the fsolve function, we perform 450 tests.
For each test, we use the EXITFLAG output to reset the vari-
able x of the fsolve function (with a different initialization
generated randomly) if the algorithm does not converge and
this is done 150 times if it is necessary. For the Levenberg-
Marquardt configuration the algorithm converges in 95 per
cent of the tests (otherwise the algorithm diverges), and 33
per cent (161 tests) towards the point of interest, called S,
the rest corresponding to other solution points of our equa-
tion system. We observed a sign inversion phenomenon for
the estimated parameters Q1 and Q2 as illustrated by Figure
1 and Figure 2. This is due to the form in which they appear
in our system, i.e. if (Q1,Q2) is a solution of the system,
then (−Q1,−Q2) is a solution too. For the Gauss-Newton
configuration we obtain 91 per cent of convergence in gen-
eral and 37 per cent (167 tests) of convergence towards S.
Better results of convergence towards S are obtained in this
case because less spurious points are reached in a significant
number of tests (see Table 2). For this configuration we also
observe the phenomenon of sign inversion. Therefore, for
the two configurations in this scenario, the algorithm con-
verges most often towards the point of interest compared to
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Figure 3: Mean Value of the MSE vs Q

the other points of convergence. Table 2 shows that these
spurious points can be eliminated by considering the fact that
L12,L21 < 0 from (4) because they do not meet this condition.

Algo. Convergence Point Nb.
{L12,L21,Q1,Q2}
S −0.1829,−0.0897,−0.7579,−0.1972 161
Pt 1 1.6839,−0.2104,−0.2173,−0.7231 62

L. M. Pt 2 0.1618,0.0992,1.3733,0.0914 53
Pt 3 1.7598,−0.2066,−0.2283,0.7147 47
Pt 4 −0.1918,0.0918,−1.4870,−0.0764 43
S −0.1747,−0.1097,0.7779,0.2086 167
Pt 1 −0.3184,0.4684,0.8806,0.6188 58

G. N. Pt 2 −0.1298,0.0704,−1.5460,−0.0944 49
Pt 3 6.3623,−0.3529,0.1305,1.1516 25

Table 2: Point of interest S and spurious points for the
Levenberg-Marquardt and Gauss-Newton algorithms.

4.2 Second Scenario
For this scenario we consider the set of parameters
{L12,L21,Q1,Q2}= {−0.9,−0.75,0.2,0.1}, and the sources
of length N = 10000 samples are respectively uniformly dis-
tributed over [−1,1] and normally distributed N(0,0.2). For
each configuration of the fsolve function we consider 450
tests with the same conditions as mentioned previously. For
the Levenberg-Marquardt configuration the algorithm con-
verges in 100 per cent of the tests, and 10.5 per cent (43
tests) towards the point of interest, called S

′
, the rest cor-

responding to other solution points of our equation system.
For the Gauss-Newton configuration we obtain 100 per cent
of convergence in general and approximately 21 per cent of
convergence towards S′ (94 tests). In this scenario, we also
observe the phenomenon of sign inversion.

4.3 Third Scenario
We generate Monte Carlo runs using 100 different random
realizations of the sources s1 and s2 of length N=10000 and
uniformly distributed over [−1,1]. The realizations are in-
dependent. The parameters L12,L21, are respectively set to
−0.8 and −0.9 and Q1 = Q2 = Q where Q is varied between
0.1 and 1 with a step size of 0.1. Then, for each realization
of the mixtures corresponding to one value of the parameter
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Figure 4: Mean Value of the MSE vs Q calculated for the
parameters {L12,L21,Q1,Q2}

Q, we carry out the experiments for all sources using the pro-
cedure described in Section 4.1 and the fsolve function only
with the Levenberg-Marquardt algorithm configuration. Due
to the sign inversion phenomenon, the error and the relative
error are calculated as follows:

εi = |Xi|− |Si|, i = 1..12 (23)

εrel,i =
|Xi|− |Si|

|Si|
, i = 1..12 (24)

where i is the index of the variable, X contains the variables
at convergence and S is our point of interest.
The associated MSE and relative MSE are respectively:

MSEn =
1
n

n

∑
i=1

(|Xi|− |Si|)2 =
1
n

n

∑
i=1

ε2
i , (25)

MSErel,n =
1
n

n

∑
i=1

(
|Xi|− |Si|

|Si|
)2 =

1
n

n

∑
i=1

ε2
rel,i, (26)

where the index n is set to 12 and 4 when we calculate these
criteria respectively for the whole set of parameters and only
for the 4 parameters L12,L21,Q1,Q2. We resort to the relative
quantities because they are more appropriate when adding
the different variables. Figures 3 and 4 show the mean val-
ues of MSEn and MSErel,n over all 100 sets of sources for
the different values of the parameter Q. The graph in Figure
4 shows that the mean relative MSE is lower or equal to 4
per cent when we consider only the 4 parameters of interest,
which proves the effectiveness of our method.

5. CONCLUSION AND PERSPECTIVES

In this paper we presented a method for estimating the pa-
rameters of a quadratic mixture for blind source separation.
This method is based on the resolution of a nonlinear equa-
tion system provided by the observation cumulants. Numer-
ical optimization algorithms permit us to estimate the coeffi-
cients of the mixture. Through simulations, we showed the
effectiveness of the method. The use of constrained opti-
mization algorithms which take into account the negativity
of the parameters {L12,L21} and the positivity of the source
moments will be studied in future work. A theoretical analy-
sis is needed to complete this work, i.e. on the one hand, try
to solve analytically the nonlinear equation system, and on
the other hand try to analyze the simulations theoretically by

replacing the source moments by their expressions for given
source pdf.
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ABSTRACT
Existing feature extraction techniques for BCI systems are
developed based on traditional signal processing techniques
assuming that the signal is Gaussian and has linear charac-
teristics. But the motor imagery (MI) related EEG is highly
non-Gaussian, non-stationary and non-linear. This paper
proposes an advanced, robust but simple feature extraction
procedure for MI based BCI system. This novel approach
uses higher order statistics technique, the bispectrum, and ex-
tracts the non-linear features from EEG. Along with a linear
classifier (LDA), the proposed technique has been applied
to an MI based BCI system. The performance (classifica-
tion accuracy, mutual information and Cohens kappa) of the
system is evaluated and compared with the power spectrum
based BCI. It is observed that the proposed technique extracts
more pragmatic information resulting in better and consis-
tent cross-session detection accuracy and Cohens kappa. It
is concluded that the bispectrum based feature extraction is a
promising technique for detecting different brain states.

1. INTRODUCTION

A brain-computer interfacing (BCI) system establishes a di-
rect communication channel between brain and a control or
communication device. This system is useful to the people
with total dysfunction of neuromuscular system due to com-
municational breakdown between brain and spinal cord. The
efficiency of a BCI system highly depends on three opera-
tions [12]: recording of the cerebral (brain) signal e.g., elec-
troencephalogram (EEG), electrocorticogram (ECoG); ex-
traction of information from the recorded signal; and trans-
lation of the extracted information to control a device.

The cerebral electrophysiological processes associated
with motor imagery (MI) are reported as a spatiotemporal
process [2]. A movement or MI of left or right hand results in
a desynchronization of µ-band (8-13 Hz) oscillations in the
contralateral EEG along with simultaneous synchronization
of central β -bands (18-26 Hz) oscillations in the ipsilateral
EEG [8]. Various digital filtering and signal processing tech-
niques are therefore applied to extract features from the MI
related EEG signals. Among variety of algorithms, common
spatial patterns (CSP) have successfully been used for the
pre-processing in BCI [9]. In power spectrum based tech-
niques, the band power value [6] and autoregressive (AR)
based feature extraction [10] attracted a lot of attention in
BCI. The joint time-frequency and time-scale have also been
found well suited for the EEG analysis; hence, wavelet based
methods have been used in BCI [5].

Due to highly non-stationary and non-linear nature of
MI related EEG signals, these traditional feature extraction

methods often fail to provide good performance from one ex-
periment session to another, i.e., these techniques do not pro-
vide time invariant separable features. To overcome the non-
linearity effect in BCI, [13] introduced higher order statistics
(HOS) along with traditional techniques: the algorithm deals
with 12 features where 8 features are extracted by traditional
signal processing methods and 4 features are by HOS. Since
the algorithm combines traditional features with HOS, it can-
not overcome the errors due to non-Gaussianity and nonlin-
earity in EEG signals. In order to account these factors in
more effective way, we propose(in Section 2) a new feature
extraction technique comprising of the bispectrum of EEG
signals. To evaluate the effectiveness of the proposed tech-
nique, we apply it to the Technical University of Graz dataset
provided in the BCI-competition IV and classify the features
by a linear discriminant analysis (LDA) method. The eval-
uation results and corresponding discussion are reported in
Section 3 and Section 4, respectively.

2. METHOD

An MI related BCI system is normally developed in two
phases: training phase and evaluation or application phase.
In the training phase, the EEG signals - recorded from motor
cortex area while a subject performs the imagination of mo-
tor movement, are processed to find the best (on the basis of
highest accuracy) parameters for feature extraction and fea-
ture classification process. With known class labels during
EEG recording, the selection of optimal parameters is made
by tuning various parameters related to feature extraction and
feature classification subsystem (i.e. a classifier); e.g., signal
segmentation and frequency bands for filtering. In evaluation
stage, the BCI system uses those optimal parameters and pro-
vides communication signal to control a device.

In this study we have developed a BCI system comprising
of a new feature extraction technique (described in section
2.1) and a widely used linear discriminant analysis (LDA)
classifier: Fishers LDA. The performance of our BCI system
has been assessed by three standard statistical measures (see
section 2.3).

2.1 Bispectrum based Feature Extraction
A bispectrum of a signal is the expectation of three frequency
components: two direct frequency components and the com-
plex conjugate component of the sum of those two frequen-
cies of a random signal [7]. Knowing the Fourier frequency
components of a random signal x(t)[t = 1,2, ..], its bispec-
trum, Bx(k, l), can be estimated as [7]

Bx(k, l) = E{X(k)X(l)X∗(k + l)} (1)
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where E{•} denotes the statistical expectation, X(•) =
FFT[x(t)]; k, l are the discrete frequency indices and ∗ de-
notes the complex conjugate term of X(•). The bispectrum
is a complex measurement and, therefore, it has magnitude
and phase components. A bispectrum of a random signal
provides supplementary information to the power spectrum
of that signal. Also a bispectrum of an additive statistically
independent multi-source signal is the sum of their individual
bispectrums. Like other HOS measurements, the bispectrum
of a Gaussian or independent, identically distributed (i.i.d.)
signal is theoretically zero. One of popular bispectrum esti-
mation procedures follows the formula given below [7]

Bx(k, l) =
1
N

N

∑
i=1

Xi(k)Xi(l)X∗
i (k + l) (2)

where i is the epoch index and N is the total number of epoch
within considered signal duration. Since any system noise is
generally assumed as Gaussian and/or i.i.d. signal, the Bx in
Eq. (2) is free from its effect. For the BCI system develop-
ment, the bispectrum was computed using Eq.(2) where the
preprocessed (here 8 -14Hz or 14-27Hz band passed) EEG
signal was considered as x(t). In order to characterize tempo-
ral bispectral information, we compute the sum of absolute
log-bispectrum over all bifrequencies in the non-redundant
region, θ (i.e., 0 ≥ k ≥ ( fs/2), l ≥ k, 2k + l ≥ fs, where fs is
the sampling frequency). Mathematically, the proposed fea-
ture vector for a BCI can be written as,

B(m) = ∑
k,l∈θ

| log[Bx(k, l)]| (3)

where m is a time index related with the time period for
which the bispectrum is estimated. The block diagram of
the proposed technique is illustrated in Fig. 1
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Figure 1: Block diagram of proposed features extraction
techniques with linear discriminant analysis classifier.

2.2 Classification Technique: Fisher’s LDA Classifier
The extracted features (e.g. B(m)) are often not straightfor-
ward to classify. In order to find the best combination of
features that separates different events/classes, we used one
of the most powerful and robust methods, Fishers LDA clas-
sifier [3]. Fishers LDA estimates a hyper-plane in the feature
space to separate the features into the two different classes.
It basically finds the separation between two distributions by
the ratio of two group-variances: between-class variance to
the within-class variance. The separation between two distri-
butions (separability factor) can be written as [3]

S =
σ2

between

σ2
within

=
(wµy=1−wµy=0)2

wT νy=1w+wT νy=0w
(4)

where µy is the mean and νy the variance of the feature dis-
tribution (B) within two classes (i.e., y = 0 and y = 1); and w
is known as the weight vector. From Eq.(4), it can be shown
that the maximum separation occurs when

w = (νy=0 +νy=1)−1(µy=0−µy=1) (5)

The weight vector w is the normal to the discriminant hyper-
plan. Fisher’s LDA decision plane uses the following repre-
sentation to classify the feature vector B(m) as [3]

d(m) = B(m)wT +b (6)

where b is the bias (threshold). The features are assigned to
one class or the other depending on the sign of d(m).

2.3 Evaluation Procedure
2.3.1 Accuracy

Two types of accuracy were computed for each time point of
MI paradigm (a computer controlled thinking procedure see
[1] for more detail). The classifiers output (the sign of d(m))
was compared with actual event(left or right)of MI. With a
confusion matrix (CM) for each time point of MI the left and
right accuracies were computed from the below formulas:

Left Accuracy =
True Negative in CM×100

Number of Actual Left

Right Accuracy =
True Positive in CM×100
Number of Actual Right

(7)

Considering all trials and its actual labels (left and right), av-
erage left and right accuracies were computed for each time
point of paradigm. The mean of left and right accuracy was
called here as overall accuracy.

2.3.2 Cohen’s Kappa Coefficient

Cohens kappa coefficient (also called Cohens kappa) is a sta-
tistical measure which provides an index of inter-rater relia-
bility. It is considered to be an improvement over using the
percent of accuracy, as the procedure of computing accuracy
(see Eq. (7)) does not involve the false positive or false neg-
ative effects. From the definition of Cohens kappa it can be
written as [11]

κ =
Po−Pc

1−Pc
(8)

where Po is the relative observed agreement between raters,
and Pc is the hypothetical probability of chance agreement.
The maximum possible value of Cohen’s kappa is limited
to 1 and then the raters are in complete agreement If there
is no agreement among the raters (other than what would be
expected by chance), κ = 0. To understand the entire compu-
tational procedure of Cohen’s kappa, readers can refer [11].

2.3.3 Mutual Information

The mutual information of two random variables is a quan-
tity that measures the mutual dependence of the two vari-
ables, i.e., how much one variable tells us about another. For
two discrete variables X and Y whose joint probability dis-
tribution is PXY (x,y), the mutual information between them,
denoted I(X : Y ), is given by

I(X : Y ) = ∑
x∈X

∑
y∈Y

PXY (x,y) log
(

PXY (x,y)
PX (x)PY (y)

)
(9)
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where PX (x) and PY (y) are the marginal probability distribu-
tion function of X and Y respectively: PX (x) = ∑y PXY (x,y)
and PY (y) = ∑x PXY (x,y).

If two random variables X and Y are independent, their
joint probability distribution PXY (x,y) = PX (x)PY (y) and the
mutual information I(X : Y ) = 0. In addition, a high value of
mutual information indicates a large reduction in uncertainty.

3. EXPERIMENTAL SETUP AND RESULTS

The proposed feature extraction technique has been devised
to a BCI system with the data provided by the Technical Uni-
versity of Graz (TUG) BCI lab as part of the BCI competi-
tion IV data-2b. The descriptions of signal and its recording
paradigm are reported in [1]. Our BCI system works with
only 2 channels (C3 and C4) of EEG signal. For each subject,
the system was trained with the EEG from 3rd session (i.e.,
signal from B0φ03T where φ is the subject number), and
evaluated (or tested) on the EEG from 4th and 5th sessions
(B0φ04E and B0φ05E). Since the MI task occurred after 3rd
second, we trained and evaluated the system with the signals
from 3s to 8s time course of a trial of the MI paradigm.

In the training phase, we tuned the system for highest ac-
curacy. The tuning parameters were the size of EEG segment
for bispectrum computation, number of bandpass filters, the
cut-off frequencies of band-pass filter(s)and the parameters
for bispectrum estimation. With different combination of
tuning parameters a 5-fold cross-validation was carried out to
find the possible classification accuracy (see Eq. (7)) by the
LDA classifier. In our experiment, we obtained best classifi-
cation accuracy for all 9 subject if the BCI system contained
two band-pass filters (with 8-14Hz and 14-27Hz) and the seg-
mentation of EEG signal is 2s with 0.1s step size. In order to
get an optimal LDA classifier (i.e. LDA coefficients) for each
subject, we fixed these parameters and re-trained the system
with the whole training dataset. Note that the test (evaluate)
datasets were kept hidden from the training, cross-validation
and optimization steps.

In evaluation phase, we first setup the BCI system with
the computational parameters obtained in training phase; and
started to extract time-varying signed distance (TSD) sig-
nal from evaluation dataset. We assessed this output signal
with the actual labels provided in http://www.bbci.
de/competition/iv/results/#labels. The as-
sessment program we used was developed by TUG BCI team
provided in Biosig toolbox (an open source software) and the
program also follows the same formulas as in the section 2.3.

The results of this experiment were obtained in two ways:
(a) evaluation of bispectrum (BSP) based feature extraction
in the BCI system; and (b) its performance over the results by
a power spectral density (PSD) based technique. In design-
ing a PSD in a BCI system, the EEG power was computed
by AR-Yule method. The PSD based feature extraction tech-
nique with LDA classifier was adopted from [4]. We fol-
lowed the same procedure for training and evaluation phase
as we did for BSP based BCI system.

Table 1 shows the training and evaluation results obtained
by BSP and PSD based feature extraction methods. The re-
sults of training phase reflects the performance of feature ex-
traction method and the used optimal classifier. Note, the
feature extraction parameters were fixed for all subjects; but
each subject used different classifier which were fixed at their
training and evaluation phases.

In order to observe the performance of task classification
accuracy (CA), kappa and mutual information over each time
point of the MI paradigm, we have plotted these measures in
Fig. 2 and Fig. 3 from two subjects B04 and B06 respec-
tively. Each plot illustrates a comparative performance ob-
tained by BSP and PSD based feature extraction techniques.
In addition, each of these plots also displays the measures for
training and evaluation phases which uses same classifier.

4. DISCUSSION AND CONCLUSION

As we see in Table 1, the training phase accuracies by the
BSP technique for the left and right MI are often close to
each other, i.e., the LDA finds suitable discriminant hyper-
plane in the feature space and hence, classifies in a balanced
way. But the same measurements are mostly imbalanced
with PSD technique: e.g., subjects B03, B05, B07 and B09.
The average overall-accuracy in BSP based training phase is
82% which is 8% higher than that of the PSD based training
phase. Again, the average mutual information and the kappa
values are found higher in BSP based training phase. It is also
observed that the training phase kappas by BSP technique
for subject B01, B05, B06, B07 and B09 are remarkably
higher than corresponding kappas by the PSD based tech-
nique. These observations conclude that the technique BSP
provides consistent and distinct features to the classifier.

Further, considering the training phase kappas by BSP it
can be concluded that the quality of features from subjects
B01, B05 and B06 are moderate as the kappas for these sub-
jects are around 0.60; whereas the features from subject B04
are very much compatible to our BCI system as the kappa
is close to 1; and the signals from subjects B02 and B03 are
not good for our BCI system as the kappa is less than 0.4 (its
mutual information is also close to 0). In fact, the classifier
does not find distinct features from the EEG of subjects B02
and B03.

The results of evaluation phase show that both BSP and
PSD based techniques are found highly session sensitive,
since they fail to provide balanced left and right accuracies
(< 10%) in the evaluation session (see subjects B01, B02,
B05, B06, B07 and B09 for PSD based technique; and sub-
jects B01, B05, B06, B07 and B09 for BSP based technique).
But with moderate or good quality signal the kappas by BSP
technique in evaluation session are found more than 60%
and similar to its corresponding training phase kappas. The
evaluation kappas by PSD based technique are mostly below
40%. It is evident that the PSD based approach has much
higher extent of uncertainty than the BPS based technique.

A similar comparative observation can be made from Fig.
2 and Fig. 3: with BSP, the whole distribution of kappa and
mutual information along the time course of paradigm is al-
ways higher than that of PSD based technique. For good sig-
nal (e.g., B04), the kappa and mutual information are quite
similar in both techniques - the maximum performance is ob-
tained after 5s of the paradigm course and it stays high till the
end of the time course. But with moderate signal (from B06)
the distribution of accuracies, kappa and mutual information
by the BSP based technique remain reasonably higher after
its maximum value - this behavior was not observed in the
distributions by PSD based technique. Therefor, the signal
quality independent consistent feature distribution empow-
ered the robustness of BSP technique.

To see how much distinct the features are by BSP and
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Table 1: Training and evaluation results (maximum measurements of accuracy, mutual information and kappa) of 9 subjects
analyzed by BSP and PSD methods respectively. This result is achieved with the optimum classifiers’ parameters: frequency
bands 8-14Hz (µ-band) and 14-27Hz (β -band); optimal LDA coefficient obtained in the training phase for each subject.

Table 1   Comparison of training and evaluation results of 9 subjects analyzed by bispectrum and PSD methods, respectively. This result is achieved with the optimum 
classifiers’ parameters: frequency bands 8-14Hz (µ-band) and 14-27Hz (β-band); optimal LDA coefficient obtain at training stage.  

Subject 

Bispectrum Power spectrum density 

Training Stage Evaluation Stage Training Stage Evaluation Stage 

Overall Accuracy  
(Left  -   Right) 

 Max (in %) 

Max.  
Mutual 

Info 

Max.  
Kappa 

Overall Accuracy  
(Left  -   Right) 

 Max (in %) 

Max.  
Mutual 

Info 

Max.  
Kappa 

Overall Accuracy  
(Left  -   Right) 

 Max (in %) 

Max.  
Mutual 

Info 

Max.  
Kappa 

Overall Accuracy  
(Left  -   Right) 

 Max (in %) 

Max.  
Mutual 

Info 

Max.  
Kappa 

B01 80  (81  -  79) 0.34 0.60 71  (96 -  46) 0.20 0.43 64 (61 - 68) 0.08 0.27 57 (42 - 72) 0.00 0.15 

B02 66  (66  -  65) 0.07 0.31 68  (65  -  71) 0.05 0.36 65 (66 - 64) 0.02 0.19 59 (67 - 52) 0.01 0.18 

B03 65  (65  -  61) 0.04 0.30 59  (59  -  60) 0.03 0.19 63 (56 - 70) 0.03 0.27 56 (53 - 59) 0.02 0.11 

B04 99  (99  -  99) 1.22 0.98 97  (97  -  97) 1.04 0.95 96 (96 - 96) 0.87 0.93 93 (91 - 95) 0.77 0.86 

B05 83  (82  -  84) 0.40 0.66 81  (86  -  76) 0.30 0.63 72 (60 - 84) 0.06 0.44 88 (94 - 81) 0.56 0.75 

B06 81  (82  -  79) 0.36 0.61 83  (90  -  76) 0.47 0.66 71 (70 - 72) 0.15 0.43 69 (86 - 51) 0.10 0.38 

B07 88  (93  -  84) 0.46 0.75 79  (72  -  86) 0.31 0.59 78 (82 - 72) 0.23 0.55 68 (81 - 54) 0.05 0.35 

B08 90  (93  -  88) 0.62 0.80 95  (97  -  93) 0.92 0.90 85 (84 - 86) 0.50 0.71 90 (81 - 99) 0.67 0.80 

B09 88  (86  -  90) 0.58 0.76 88  (82  -  94) 0.63 0.76 68 (72  - 63) 0.07 0.34 59 (49  - 70) 0.01 0.19 

Average 82  (83  -  81) 0.454 0.641 80  (83  -  76) 0.439 0.607 74 (72  - 75) 0. 223 0.459 71 (71  - 70) 0.243 0.418 
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Figure 2: The values of accuracy (left), Cohens kappa (middle) and mutual information (right) along the time course of the
paradigm for the subject B04. These were observed with PSD (top) and BSP (bottom) features extraction techniques.
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Figure 3: The values of accuracy (left), Cohens kappa (middle) and mutual information (right) along the time course of the
paradigm for the subject B06. These were observed with PSD (top) and BSP (bottom) features extraction techniques.
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Figure 4: Point to point distribution of Separability in subject
B04. The separability factor is computed from PSD and BSP.

PSD, we computed separabilities for the subject B04 using
Eq. (4) The separability plots (Fig. 4) demonstrate that the
features by BSP based technique are more distinct than that
of PSD based technique and the distinctness of features are
observable till the end of paradigm. Due to its inherent prop-
erties with non-Gaussian and nonlinear signals, the BSP thus
can extract more separable and distinct features for the BCI.

The same datasets were also processed and classified by
the different renowned researchers (as competitors of the BCI
Competition IV 2b-dataset). We have compared the perfor-
mance of our proposed BSP based BCI with their achieve-
ments. The average result just crosses the winners achieve-
ments: our average kappa in the evaluation phase is 0.607,
while it was 0.60 by the competition winner. Note, there is
a major difference in feature extraction procedure between
competitors and us: we have chosen common optimal pa-
rameters for feature extraction for all subjects but the com-
petitors used subject specific parameters. In order to cope
with the fixed frequency bands for all subjects, we had to
sacrifice some good feature extraction results, which would
increase the average performance of BSP based technique;
e.g., with a pair of band-pass filters (21-25Hz and 25 -29Hz)
to subject B05, it was possible to get higher accuracy (91%);
kappa (0.82) and mutual information (0.66) in the evaluation
phase. However, this optimal parameter is not good for all
other subjects.

The novelty of this paper is the development of a new
feature extraction method and its implementation to the BCI
system. The feature extraction technique estimates the bis-
pectral power from MI related EEG which deals with the
measurements due to non-Gaussian and nonlinear behavior
of EEG whereas the traditional technique assumes the EEG
as the output of a linear system. Further, the proposed BCI
system uses two band-pass filters by which LDA gets the bis-
pectral information of ERD and ERS oscillation in the EEG.
Finally, we advise to use the BSP technique with real-time
MI based EEG signal: a PC with 3.33GHz Core2Duo CPU,
it takes about 0.05s to extract features from 1s EEG signal.
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ABSTRACT

During the last decades egomotion tracking has been an often ad-
dressed problem. Hybrid approaches evidentially have potential
to provide accurate, efficient and robust results. Simultaneous
localisation and mapping (SLAM) — in contrast to model-based
approaches — is used to enable tracking in unknown environ-
ments. However, it also suffers from high computational complex-
ity. Moreover, in many applications, the map itself is not needed and
the target environment is partially known, e.g. in a few 3D anchor
points. In this paper, rather than using SLAM, optical flow measure-
ments are introduced into a model-based system. With these mea-
surements, a modified visual-inertial tracking method is derived,
which in Monte Carlo simulations reduces the need for 3D points
and thus allows tracking during extended gaps of 3D point registra-
tions.

1. INTRODUCTION

The past few decades extensive research has been conducted in hy-
brid tracking. In particular visual-inertial tracking, i.e. fusing vi-
sual information with kinematic data from miniature MEMS1 iner-
tial sensors, has gained in importance. The usage and advantages
are extensively treated in literature. Many different methods with
promising results have been proposed [28, 17, 2, 5]. Corke et al [8]
give an introduction to the field.

Another successful line of work is visual simultaneous local-
isation and mapping (SLAM). New algorithms are constantly de-
veloped in order to tackle computational complexity and drift. The
approaches utilise, e.g., local bundle adjustment [25], parallelisa-
tion [20] and graph-based techniques [11]. Since the formalisation
and first solutions to the visual SLAM problem [31, 9], a variety
of extensions to the approach has emerged, e.g., FastSLAM [24, 10],
MPF-SLAM [29], Mini-SLAM [1], Divide and Conquer SLAM [26, 7]
and Treemap [12]. Visual-inertial SLAM, the combination of both
methodologies above is treated in, e.g., [27, 29, 4].

SLAM has had great success in many applications. However,
it is also often the case — e.g. in augmented reality — that (1) 3D
structure is partly known or can easily be marked in the scene and
(2) the expensive estimation of a denser map has no value in itself
besides enabling stable pose estimation. This paper investigates an
alternative strategy: instead of mapping additional structure, opti-
cal flow measurements are used to improve model-based tracking.
This approach is suitable for applications where very few 3D anchor
points are available or can be surveyed precisely in the scene. To do
this, the method makes use of the mathematics epipolar constraints
[22, 15]. Epipolar constraints are well-known in computer vision.
However, in most cases they are used to initialise a visual SLAM
process [10, 3, 19, 27] or to approximate relative camera motions
[30, 15]. The idea of combining very few 3D anchor points with 2D
optical flow measurements — without attempting to recover depth
[19] — has hardly been considered in this context. This motivates
the investigation in this paper.

1microelectromechanical systems

2. APPROACH

The contribution of this paper is to extend the model-based visual-
inertial tracking system presented in [5] with the capability to ex-
ploit the information in 2D optical flow measurements.

In [5] it is shown that the demand for visible features is signif-
icantly reduced when inertial sensors are used. However, lacking
vision measurements for more than half a second results in a quick
deterioration of the pose estimate due to bias and noise inherent to
inertial measurement units (IMU). As a consequence the active vi-
sion loop fails to recover reappearing features and the track is lost.
This paper utilises that optical flow measurements can be obtained
from the camera images at any time, without knowledge about the
scene structure. It is well-known that the resulting constraints do not
provide full observability. However, as will be shown, they improve
the estimates in combination with the collinearity constraints pro-
vided by the features with known depth. Furthermore, they reduce
the need for 3D features and allow tracking for extended periods of
time without any 3D point registrations.

This paper puts focus on the sensor fusion used to combine
measurements form an IMU and images. It does not address how
to obtain the image measurements from the image data. The im-
age processing literature contains many suitable algorithms for this
step, see [6, 5, 20, 19] for some alternatives.

The paper is structured as follows: Section 3 presents the archi-
tecture and functionality of the extended sensor fusion system. The
optical flow measurement model is derived in Section 3.3. Section 4
presents results from Monte Carlo simulations and Section 5 draws
conclusions and outlines future work.

3. SENSOR FUSION

Recursive filters can estimate the pose and kinematics of a mov-
ing camera-IMU system — such as the one depicted in Figure 1
— from camera and inertial measurements. The extended Kalman

Figure 1: The integrated camera and inertial sensor package used
for the experiments in [5].

filter (EKF) [18] is used to combine the information from the mea-
surements — 2D/3D point correspondences and optical flow mea-
surements from image processing, and 3D angular velocities and
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ṁn,t
mn,t

y2,t

yωs,t

mn,t
mw,t

y1,t

Figure 2: Filter architecture and data flow.

linear accelerations from the IMU. The architecture of the fusion
system is outlined in Figure 2.

The core of the system is the state-space model, i.e., the math-
ematical description of the problem under investigation. It has two
components: The dynamic model, xt = f (xt−∆t ,ut ,vt), describes
the evolution of the state, xt , with time, t, subject to known con-
trol input, ut . The measurement model, 0 = h(xt ,yt ,et), relates
the noisy measurements, yt , to the state. Here, vt and et de-
note time dependent stochastic process and measurement noise with
vt ∼N (0,Qt) and et ∼N (0,Rt), respectively.

For the sake of completeness, the general EKF equations are
given here. Let x̂t be the estimate of xt at time t with xt ∼N (x̂t ,Pt).
The equations for the time update are:

x̂t|t−∆t = f (x̂t−∆t|t−∆t ,ut ,0) (1a)

Pt|t−∆t = FtPt−∆t|t−∆tF
T

t +VtQtV T
t , (1b)

with

Ft =
∂ f
∂x

(x̂t−∆t|t−∆t ,ut ,0) (1c)

Vt =
∂ f
∂v

(x̂t−∆t|t−∆t ,ut ,0). (1d)

The equations for the measurement update are:

St = HtPt|t−∆tH
T
t +EtRtET

t (2a)

Kt = Pt|t−∆tH
T
t S−1

t (2b)

x̂t|t = x̂t|t−T −Kth(x̂t|t−∆t ,yt ,0) (2c)

Pt|t = Pt|t−∆t −KtHtPt|t−∆t , (2d)

with

Ht =
∂h
∂x

(x̂t|t−∆t ,0) (2e)

Et =
∂h
∂e

(x̂t|t−∆t ,0), (2f)

where St is the innovation covariance and Kt is the Kalman filter
gain.

As indicated in Figure 2, the system model takes the inertial
measurements as control input. Moreover, the camera measure-
ments, 2D/3D correspondences and optical flow, are modelled in
two separate measurement equations. Since the camera measure-
ments are assumed mutually independent the measurement updates

c

x

y
z

sx

y
z

w x

z
y

Twc
w

Tws
w

Tsc
s

qcs

Figure 3: Illustration of the different 3D coordinate systems and
how they are related. Rigid transformations are indicated by solid
lines, flexible by dashed lines.

of the Kalman filter can be simplified by using sequential updates
for each separate measurement. Compared to an all-in-one update
with the entire set of observed features, this significantly reduces
the computation time. With a minor modification to the standard
EKF measurement update rule (2) [13], the sequential update gives
an equivalent result to the all-in-one update, independently of the
feature processing order.

Section 3.1 introduces the coordinate systems involved and the
notation used subsequently. Section 3.2 presents the visual-inertial
state-space model used to start with, and Section 3.3 extends this
model with optical flow measurements.

3.1 Notation
Throughout the paper, m denotes points and m̃T

n := [mT
n ,1] their

homogenisation, T translations, and R rotations. First order time
derivatives are indicated using a dot, e.g. Ṫ denotes linear velocity.
Angular velocity is denoted ωωω . Rotations are parametrised by unit
quaternions, q, with R = rot(q). The quaternion product is denoted
�. See [31] for more information on quaternions and conversion
formulas. The cross and dot product are denoted × and 〈·, ·〉, re-
spectively. Moreover, skew-symmetric matrices are denoted S(·)
with:

S(u) =

[ 0 −uz uy
uz 0 −ux
−uy ux 0

]
. (3)

The following coordinate systems are used: the world frame, w,
(fixed to the target scene model), the camera frame, c, (fixed to the
moving camera), the sensor frame, s, (fixed to the moving IMU), the
pixel frame, p, (fixed to the image plane) and the normalised image
frame, n, which is obtained from p using the relation m̃n = K−1m̃p.
The matrix K contains the intrinsic camera parameters [14]. Fig-
ure 3 illustrates the 3D coordinate systems and the transformations.

Subscripts (according to above) are used to indicate, in which
frame a quantity is resolved. For transformations, subscripts with
two letters denote the mapping and superscripts indicate direction.

3.2 Model-based Visual-Inertial Sensor Fusion
The inertial measurements, 3D angular velocities, yω

s , and 3D lin-
ear accelerations, ya

s , are considered to be known control input to
the system model. Assuming a constant acceleration and constant
angular velocity model, this gives a compact state vector,

xT =
[
TwsT

w ṪwsT
w qT

sw bωT
s
]

(4)

where Tws
w denotes position, Ṫws

w linear velocity, and qsw orientation
of the IMU. Moreover, bω

s denotes slowly time varying gyroscope
biases. These parameters must be estimated in order to obtain rea-
sonable tracking precision. The camera pose is obtained from the
state vector using

qcw = qcs�qsw (5a)

Twc
w = Tws

w +RwsTsc
s , (5b)
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where qcs and Tsc
s denote the hand-eye rotation and translation be-

tween the rigidly coupled camera and IMU. These quantities are
calibrated once, e.g. using the method described in [16].

The inertial measurements are treated as control input. The sys-
tem model is then

Tws
w,t+∆t

Ṫws
w,t+∆t

qsw,t+∆t

bω
s,t+∆t

=


Tws
w,t +∆tṪws

w,t +
∆t2

2 Rws,t(ya
s,t+∆t −va

s,t)+ ∆t2

2 gw

Ṫws
w,t +∆tRws,t(ya

s,t+∆t −va
s,t)+∆tgw

exp
(
− ∆t

2 (yω
s,t+∆t −bω

s,t −vω
s,t)
)
�qsw,t

bω
s,t +vbω

s,t

,
(6a)

where va
s,t ,vω

s,t , and vbω

s,t are mutually independent process noises, gw
is the gravity vector, and exp(q) denotes the quaternion exponential
with:

exp(q)T =
[
cos‖q‖ qT

‖q‖ sin‖q‖
]
. (6b)

In a model-based camera tracking system, 2D/3D point corre-
spondences are obtained by registering features with known 3D po-
sitions in the camera images. An appropriate measurement model
for incorporating such measurements is given in the following. Let
yT

1,t := [mT
n,t ,mT

w,t ] be a 2D/3D point correspondence with mutually
independent measurement noise eT

1,t := [eT
n,t ,eT

w,t ]. An implicit mea-
surement equation based on the well-known perspective projection
function:

mn =
[mc,x

mc,z

mc,y
mc,z

]T

with

mc = Rcwmw +T cw
c

is then:

02 = h1(xt ,y1,t ,e1,t) = [I2 −(mn,t + en,t)]

Rcs
(
Rsw,t(mw,t + ew,t −Tws

w,t)−Tsc
s
)
. (7)

Here, I2 denotes the 2×2 identity matrix and Rcs, Tsc
s are again the

hand-eye rotation and translation, respectively. Note that in (7) the
perspective division with the depth of the 3D point, mc,z, is avoided.
This is preferred from a probabilistic point of view, since the divi-
sion of two normal variables results in a Cauchy distribution, which
has infinite second and higher order moments. As mentioned above,
multiple feature observations are processed sequentially, each in a
separate EKF measurement update step.

More details and variations of the above system can be found
in [5].

3.3 Incorporation of Optical Flow Measurements
Optical flow is here defined as the velocity, ṁn, of image loca-
tion mn. It can be measured by computing the movement of a dis-
tinctive patch in subsequent camera images, e.g. by using a Kanade-
Lucas tracker (KLT) [21] or other block matching methods, see for
instance [9, 23, 20].

The pose and kinematics of a camera are directly related to the
optical flow. Hence, optical flow measurements can be used to ex-
tract information about the camera movements. This section derives
a measurement equation for optical flow measurements, which can
be added directly to the state-space model introduced in Section 3.2.

Start by differentiating the point transformation mc = Rcwmw +
Tcw

c — Rcw and Tcw
c form the camera pose — with respect to time:

ṁc = Ṙcwmw +Rcwṁw + Ṫcw
c

= Ω
cw
c︸︷︷︸

ṘcwRwc

Rcwmw + Ṫcw
c = Ω

cw
c (mc−Tcw

c )︸ ︷︷ ︸
Rcwmw

+Ṫcw
c , (8)

where Ωcw
c := S(ωωωcw

c ) is the skew-symmetric matrix obtained from
the angular velocity ωωωcw

c .
Since optical flow is measured in the image plane and the depth

of the 3D point, λ := mc,z, is unknown, it must be eliminated
from (8). Let mc = λm̃n using the homogenisation of mn, then
(8) can be reformulated as:

˙̃mn = ωωω
cw
c × m̃n +

1
λ

vcw
c −

λ̇

λ
m̃n, (9)

where vcw
c := −Ωcw

c Tcw
c + Ṫcw

c and per definition ˙̃mT
n = [ṁT

n ,0].
Now, λ can be eliminated by applying 〈·,vcw

c × m̃n〉 to both sides
of (9), resulting in the continuous epipolar constraint,

0 = ˙̃mT
n (vcw

c × m̃n)+ m̃T
n
(
ωωω

cw
c × (vcw

c × m̃n)
)
. (10)

The last step required to obtain a measurement equation is to
rewrite (10) in terms of the known and estimated quantities, i.e.,
the IMU pose and kinematics in (4), the IMU measurements and
the hand-eye parameters in (5). Analogously to (8), using the fact
that the hand-eye rotation and translation are rigid, i.e. q̇cs = 04
and Ṫsc

s = 03, the expressions follow from (5) and its time deriva-
tive. The final relations between the quantities used in (10) and the
known quantities are:

ωωω
cw
c =−qcs� (yω

s −bω
s )�qsc (11a)

Tcw
c =−RcsTsc

s −RcsRswTws
w (11b)

Ṫcw
c =−S(ωωωcw

c )RcsRswTws
w −RcsRswṪws

w . (11c)

In (11a), yω
s denotes the angular velocity measured by the gyro-

scopes. This information is used as known input to the system
model (6a), but is considered a noisy measurement for the optical
flow model.

Let yT
2,t := [yωT

s,t ,ṁT
n,t ,mT

n,t ] be a measurement made at time t
comprising the angular velocity, yω

s,t , provided by the gyroscopes,
and the optical flow, ṁn,t , at image location, mn,t , provided by im-
age processing. Moreover, let eT

2,t :=[eωT
s,t ,eT

ṅ,t ,eT
n,t ] denote mutually

independent measurement noise. The final measurement equation is
then obtained by inserting (11) into (10) and adding measurement
noises:

0 = h2(xt ,y2,t ,e2,t) = ( ˙̃mn,t + eṅ,t)T (vcw
c,t × (m̃n,t + en,t)

)
+(m̃n,t + en,t)T

(
ωωω

cw
c,t ×

(
vcw

c,t × (m̃n,t + en,t)
))

. (12)

By adding this equation to the state-space model of Section 3.2, op-
tical flow measurements can be processed at any time as a comple-
ment to the registered image positions of known 3D feature points.
Moreover, the computational complexity of processing such mea-
surements is low, since the one-dimensional equation (12) reduces
the matrix inversion in the EKF measurement update (2b) to a divi-
sion with a scalar.

4. EXPERIMENTAL SETUP AND RESULTS

In order to evaluate the proposed method, i.e., the value of extend-
ing the 2D/3D point correspondences with 2D optical flow measure-
ments, the filter described in Section 3 is applied to a known data
set.

The test simulates camera translations and rotations in all di-
mensions at various speeds. The trajectory is constructed in such a
way that the camera focuses on one point of interest and then moves
around it in the shape of an eight while rotating to keep the point in
view direction. This is typical for close range camera localisation
and visual servo applications. From the ground truth poses, inertial
measurements are simulated and sampled at 100 Hz, by calculat-
ing angular velocities and linear accelerations — assuming 10 m/s2

acceleration due to gravity — and adding gyroscope biases. The tra-
jectory is shown in Figure 5(a) and the inertial signals can be found
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Figure 4: Inertial signals, sampled at 100 Hz.

Table 1: Simulation and estimation parameters: The 3D points are
assumed known. The intrinsic camera parameters model a wide-
angle lens with 95◦ horizontal field of view and VGA resolution.
During estimation, the noise affecting the optical flow measure-
ments has been approximated as additive measurement noise, et ,
with standard deviation, σet = 0.3. The noises in the table are given
as standard deviations assuming equal noise in all dimensions.

Simulation Estimation
σep,t 0.5 1.5 [pixel]
σva

s,t – 0.1 [m/s2]
σvω

s,t
– 0.01 [rad/s]

in Figure 4. Camera measurements are simulated by projecting 3D
points using realistic intrinsic parameters, quantising the pixel co-
ordinates to simulate the effects of digitalisation and feature extrac-
tion, adding noise, and transforming back into normalised image
space. Optical flow measurements are simulated using (9).

For evaluation, the inertial and camera measurements are
utilised to recover the trajectory using the sensor fusion system out-
lined in Figure 2. The simulation and estimation parameters are
provided in Table 1.

Figures 5 and 6 demonstrate promising improvements obtained
by incorporating optical flow as proposed in Section 3.3. Figure 5
shows: when observing only one single 3D feature — the focus
point — at 25 Hz, the filter fails to estimate the gyroscope biases,
which results in a huge drift in the camera trajectory.2 By adding
four optical flow measurements, distributed over the corners of the
camera images, the gyroscope biases are properly estimated and
high accuracy is obtained.

Figure 6 demonstrates another benefit. Here, two 3D features
are observed, with different frequencies ranging from 10 to 1 Hz.
The plot shows how the optical flow measurements significantly
improve the results, as the velocity estimate otherwise degenerates
rapidly with an observation rate below 2 Hz.

The results described above allow for the following conclu-
sions. Though not individually providing full observability, optical
flow measurements reduce the required quantity and frequency of
observing features with known depth. Hence, they allow for track-
ing with minimal 3D knowledge about the target environment —
especially when a wide-angle lens is used — and increase the ro-
bustness of the system against temporarily missing 3D feature ob-
servations, for instance due to occlusions.

2In [5] it is concluded that at least two to three visible 3D anchor points
are required to obtain an accurate results.

−2

0

2

4

6
−5

0

5

−3

−2

−1

0

1

 

YX

 

Z

1 2D/3D corr.

1 2D/3D corr. + 4 opt. flow

focus point

(a) One example of estimated trajectory. The camera orientations are
indicated by the coordinate systems.

0 5 10 15 20 25 30
0

0.2

0.4

B
ia

s
 R

M
S

E
 [
ra

d
/s

]

0 5 10 15 20 25 30
0

2

4

P
o
s
. 
R

M
S

E
 [
m

]

 

 

0 5 10 15 20 25 30
0

1

2

O
ri
. 
R

M
S

E
 [
ra

d
]

time [s]

1 2D/3D corr.

1 2D/3D corr. + 4 opt. flow

(b) Root mean square error from 100 Monte Carlo simulations.

Figure 5: Tracking results from 100 Monte Carlo simulations. Note
how in all cases the optical flow measurements reduce the error to
almost zero, whereas the results quickly drift off when observing
only one single 3D point as complement to IMU measurements.
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5. CONCLUSION AND FUTURE WORK

This paper extends the model-based visual-inertial tracking system
developed in [5] with optical flow measurements. Adding such
measurements achieves two goals: First, camera pose and kinemat-
ics can be estimated correctly also during extended gaps of 3D point
registrations. Second, under normal operation the need for 3D fea-
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tures is reduced. This allows for tracking using minimal knowledge
of the geometry of the scene. This way, robust and efficient tracking
is obtained with very few 3D anchor points that could be installed or
surveyed manually with reasonable effort. As such, the method pro-
vides an interesting alternative to a complete and computationally
intense SLAM process. The benefits of using optical flow measure-
ments have here been demonstrated in Monte Carlo simulations.
Currently, the method is evaluated with experimental data. Observ-
ability of the camera pose and kinematics obtained from different
configurations and numbers of such measurements is studied and
outliers are handled.
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Linköping University, where this work was primarily performed.

REFERENCES
[1] H. Andreasson, T. Duckett, and A. Lilienthal. Mini-SLAM:

Minimalistic visual SLAM in large-scale environments based
on a new interpretation of image similarity. In IEEE Interna-
tional Conference on Robotics and Automation, Rome, Italy,
Apr. 2007.

[2] M. Aron, G. Simon, and M.-O. Berger. Use of inertial sensors
to support video tracking. Computer Animation and Virtual
Worlds, 18:57 – 68, 2007.

[3] G. Bleser, M. Becker, and D. Stricker. Real-time vision-based
tracking and reconstruction. Journal of Real-Time Image Pro-
cessing, 2(2–3):161–175, Nov. 2007.

[4] G. Bleser and D. Stricker. Using the marginalised particle
filter for real-time visual-inertial sensor fusion. In Interna-
tional Symposium on Mixed and Augmented Reality, Cam-
bridge, UK, September 2008.

[5] G. Bleser and D. Stricker. Advanced tracking through efficient
image processing and visual-inertial sensor fusion. Computer
& Graphics, 33:59–72, Feb. 2009.

[6] G. Bleser, H. Wuest, and D. Stricker. Online camera pose
estimation in partially known and dynamic scenes. In Inter-
national Symposium on Mixed and Augmented Reality, pages
56–65, Santa Barabara, CA, Oct. 2006.

[7] L. A. Clemente, A. J. Davison, I. Reid, J. Neira, and J. D.
Tardos. Mapping large loops with a single hand-held camera.
In Robotics: Science and Systems, 2007.

[8] P. Corke, J. Lobo, and J. Dias. An introduction to inertial and
visual sensing. International Journal of Robotics Research,
26:519–535, 2007.

[9] A. J. Davison. Real-time simultaneous localisation and map-
ping with a single camera. In International Conference on
Computer Vision, volume 2, Nice, France, Oct. 2003.

[10] E. Eade and T. Drummond. Scalable monocular SLAM. In
IEEE Conference on Computer Vision and Pattern Recogni-
tion, volume 1, pages 469–476, New York, NY, June 2006.

[11] E. Eade and T. Drummond. Monocular SLAM as a graph of
coalesced observations. In IEEE International Conference on
Computer Vision, Rio de Janeiro, Brazil, Oct. 2007.

[12] U. Frese. Treemap: An O(logn) algorithm for indoor simul-
taneous localization and mapping. Autonomus Robots, 21:103
– 122, 2006.

[13] F. Gustafsson. Adaptive Filtering and Change Detection. John
Wiley & Sons, Sept. 2000.

[14] R. Hartley and A. Zisserman. Multiple View Geometry in
Computer Vision. Cambridge University Press, 2 edition,
2004.

[15] A. Heyden, F. Nyberg, and O. Dahl. Recursive Structure and
Motion Estimation Based on Hybrid Matching Constraints,
volume 4522/2007, pages 142–151. Springer Berlin / Hei-
delberg, July 2007.

[16] J. Hol, T. Schön, and F. Gustafsson. A new algorithm for
calibrating a combined camera and IMU sensor unit. In Pro-
ceedings of the 10th International Conference on Control, Au-
tomation, Robotics and Vision, Hanoi, Vietnam, Dec. 2008.

[17] J. Hol, T. Schön, H. Luinge, P. Slycke, and F. Gustafsson. Ro-
bust real-time tracking by fusing measurements from inertial
and vision sensors. Journal of Real-Time Image Processing,
2(2-3):149–160, Nov. 2007.

[18] A. H. Jazwinski. Stochastic Processes and Filtering Theory,
volume 64 of Mathematics in Science and Engineering. Aca-
demic Press, Inc, 1970.

[19] F. Kendoul, I. Fantoni, and G. Dherbomez. Three nested
Kalman filters-based algorithm for real-time estimation of op-
tical flow, UAV motion and obstacles detection. In IEEE In-
ternational Conference on Robotics and Automation, 2007.

[20] G. Klein and D. Murray. Parallel tracking and mapping for
small AR workspaces. In International Symposium on Mixed
and Augmented Reality, Nara, Japan, Nov. 2007.

[21] B. D. Lucas and T. Kanade. An iterative image registration
technique with an application to Stereo Vision. In Interna-
tional Joint Conference on Artificial Intelligence, pages 674–
679, Apr. 1981.

[22] Y. Ma, S. Soatto, J. Kosecka, and S. Sastry. An Invitation to
3-D Vision, volume 26. Springer Verlag, 2003.

[23] N. Molton, A. Davison, and I. Reid. Locally planar patch fea-
tures for real-time structure from motion. In British Machine
Vision Conference. BMVC, Sept. 2004.

[24] M. Montemerlo and S. Thrun. FastSLAM: A factored solu-
tion to the simultaneous localization and mapping problem. In
AAAI National Conference on Artificial Intelligence, Edmon-
ton, Canada, 2002.

[25] E. Mouragnon, F. Dekeyser, P. Sayd, M. Lhuillier, and
M. Dhome. Real time localization and 3D reconstruction.
In Conference on Computer Vision and Pattern Recognition,
pages 363–370, 2006.

[26] L. M. Paz, P. Jensfelt, J. Tardos, and J. Neira. EKF SLAM
updates in o(n) with divide and conquer SLAM. In IEEE In-
ternational Conference on Robotics and Automation, Rome,
Italy, Apr. 2007.

[27] P. Pinies, T. Lupton, S. Sukkarieh, and J. D. Tardos. Inertial
aiding of inverse depth SLAM using a monocular camera. In
IEEE International Conference on Robotics and Automation,
Rome, Italy, Apr. 2007.

[28] G. Reitmayr and T. Drummond. Going out: Robust model-
based tracking for outdoor augmented reality. In International
Symposium on Mixed and Augmented Reality, pages 109–118,
Santa Barabara, CA, Oct. 2006.

[29] T. Schön, R. Karlsson, D. Törnqvist, and F. Gustafsson. A
framework for simultaneous localization and mapping utiliz-
ing model structure. In International Conference on Informa-
tion Fusion, Quebec, Canada, July 2007.

[30] S. P. N. Singh and J. W. Kenneth. Motion estimation by op-
tical flow and inertial measurements for dynamic legged lo-
comotion. In In InerVis workshop at the IEEE International
Conference on Robotics and Automation, 2005.

[31] Z. Zhang and O. Faugeras. 3D Dynamic Scene Analysis.
Springer, 1992.

1840



RFI MITIGATION IMPLEMENTATION FOR PULSAR RADIOASTRONOMY

D. Ait-Allal1, R. Weber1,2, C. Dumez-Viou1, I. Cognard3, and G. Theureau1,3

1 Observatoire de Paris
Station de radioastronomie, F-18330 Nançay, France
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ABSTRACT
The observation of known pulsars (pulsar timing) or the search for
new pulsars can be limited by radio frequency interference (RFI)
generated by Telecommunications activity. In this paper we propose
several RFI mitigation techniques to cope with impulsive and/or
narrow band RFI. For pulsar timing, we have implemented, a pulse
blanker and a cyclostationary blanker,both in real time. Exemple
with real data are shown. For pulsar search, we propose a new
approach which combines a hardware-efficient search method and
some RFI mitigation capabilities. This method is based on a 2D
FFT and Radon transform.

1. INTRODUCTION

Pulsars are rapidly rotating highly magnetized neutron stars which
produce radio beams that sweep the sky like a lighthouse. The
corresponding periodic pulse profiles can be measured with radio
telescopes and dedicated backends. Figure 1 describes the typi-
cal steps of such a backend. If the pulsar is already known, ra-
dio astronomers are interested by its precise timing. A coherent
de-dispersion processing is then implemented to compensate the
frequency-dependent time-shift due to non-linearities in the inter-
stellar medium (see [1, 7] for more details). If not, an iterative
search procedure is implemented to identify new pulsars.

In both cases, the quality of pulsar observations is limited by
radio frequency interference (RFI) generated by various (and grow-
ing) Telecommunications activities. In this paper, we propose sev-
eral RFI blanking techniques to cope with impulsive and/or narrow
band RFI. Depending on where the detectors are implemented in
the system, different types of RFI can be detected.

For pulsar timing, three possibilities have been identified on the
system architecture defined on Figure 1:
a) At the input of the polyphase filter bank, just after digitization.

This configuration is appropriate for impulsive or burst broad-
band RFI.

b) Just after the polyphase filter bank.
c) Just after the FFT. This configuration is more appropriate for

narrow band and continuous RFI.
In sections 2 and 3, the implementation of two detectors is de-
scribed. One is a Pulsed-RFI detection based on power criteria
(suitable for pulsar timing case a), the other is a cyclostationary de-
tector dedicated to continuous RFI (suitable for pulsar timing cases
b and/or c).

For pulsar search, we propose a new approach which combines
a hardware-efficient search method and some RFI mitigation capa-
bilities both for impulsive and narrow band RFI. This method is
based on a 2-dimensional FFT (2D FFT) and Radon transform. The
algorithm is described in Section 4.

... ...

Δ f = B

PF
B

N

Δ f = B
N

FF
T

M

Δ f = B
NM

Timing
or

Search

a) b) c)

Figure 1: Typical pulsar backend architecture: a) step 1: waveform
acquisition b) step 2: polyphase filter bank (PFB) to split the in-
put frequency band (usually hundreds of MHz) into smaller bands
(few MHz) c) step 3: During their travel through the interstellar
medium, the pulsar pulses are progressively attenuated and spread
over time (dipersion effect). Time-frequency planes are calculated
for real time de-dispersion procedure in the case of pulsar timing
or for specific algorithm in the case of pulsar search (usually an
off-line iterative search)

2. PULSED-RFI DETECTION WITH A POWER
DETECTOR

The power detector principle is quite simple: outlier samples that
exceed a certain level are considered as interference and trigger the
blanking of the corresponding data block. However, the efficiency
of such detector depends on the robustness of its decision threshold.
The issue is that the same block of data is used for threshold estima-
tion and for outlier detection. Moreover, in terms of logic resources
and data bus width, the implementation cost of such an approach
could be an issue (see Hampson [6]).

2.1 Threshold calculation

Our approach is based on the χ2 distribution model. So, only one
parameter (the mean μ) is needed to fully define the signal statis-
tics. Consequently, the threshold value S is calculated as S = Cμ
with C a parameter defined by the user. The mean value is recur-
sively estimated (see Fig. 2-step 1). To make this estimation robust
against outliers due to RFI, the strongest samples are systematically
discarded. The effect of this clipping on mean estimation can be
theoretically derived (Dumez-Viou [5]) and the proper correction is
included in the parameter C. Compared to classic power detectors,
two improvements are proposed to enhance the detection perfor-
mances for strong and weak radar pulses. They are based on the
temporal characteristics of the expected RFI, here radar pulses.

2.2 False alarm rate reduction

For synchronisation reasons, our system blanks the whole block of
data even if only one outlier has been detected in that block. This

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1841



����

��������	�



���	�

�����

������	�

�

����

�����

������	�

�

�������

������	�
�

Xi

Xq

���

���

���|.|2

���

���−

�������

���

���×

�
���

���� ��μLP

���

�

�

μLPS
���

+

×
�

��

≥
���

LRS[0···2]→
︸ ︷︷ ︸

��

!
�� ��

���	� �����
��

���� ��μLPS

��

×
�"#��"$%&

�	

≥
���

LRS[0···29]→· · ·
︸ ︷︷ ︸

��

+

��� ��

>

�


�'
�


���� �����
��

≥ 1 (�����)
��

���� ��������	� �����

5 ms��*#�
��

��

&
μLPS

���

231 − 1
���

Figure 2: Hardware for the radar pulse blanker. LRS is a Log-
ical Right Shift unit. s.. and u.. specify the databus widths for
signed and unsigned operands. The implementation is composed
of 4 blocks: 1) recursive robust mean estimation 2) Strong pulse
detector 3) Weak pulse detector 4) decision level for blanking.

approach increases the false alarm rate. For example, if the thresh-
old is set to 4μ to produce a 2.75% false alarm rate, a 2048-sample
block configuration will systematically trigger the detector and the
receiver returns no usable results. To overcome this problem, note
that the time distribution of such false alarms over the whole obser-
vation is uniform. Let α be the false alarm rate. Then, the probabil-
ity of obtaining N consecutive uncorrupted samples that trigger the
detector is αN .

For strong radar pulses, let us consider the following param-
eters: S = 4μ , N = 3, α = 2.75%. Thus, triggering the blanker
if three consecutive samples exceed the threshold sets a new false
alarm rate of (2.75%)3 = 2.1× 10−3% leading to the blanking of
only 6.4% of the data blocks. Besides, the hardware required to han-
dle the previous modifications is limited to a one-bit wide (N −1)-
bit deep shift register to store the results of the comparisons between
samples and threshold, and a N-bits AND gate (see Fig. 2-step 2).

For weak radar pulses, considering N consecutive samples leads
to poor detection performances, since radar bursts are increasingly
buried under the system noise. However, tests have shown that
counting the number of detections in a time window is better. Thus,
for our weak pulse detector, we set the threshold to 0.8125μ , the
time window to 30 samples and the triggering number of detection
to 25. Using a binomial law and a tabulated χ2 distribution, a false
alarm rate of 1.2× 10−3% is achieved, resulting in the blanking
of 4% of the data blocks. In terms of implementation, rather than
adding the 30 bits for each new sample, we recursively calculate the
sum. The balance (-1, 0 or +1) of ’1’ entering and ’1’ leaving the
shift register is added to the previous count. The hardware now ex-
tends to a one-bit wide 30-bit deep shift register, a 1-bit subtractor
and a 2-bit/5-bit adder (see Fig. 2-step 3).

2.3 Conclusion

To improve the detection performance, we focused on the pulse
length, which is one of the basic characteristics shared by many
radar systems. The choice of N = 3 for strong pulses and N = 30
for weak pulses has been done experimentally. The performances
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Figure 3: HI line of ESO 474-G26. Right: Observed at the Nançay
Radio Telescope (NRT, [11]) with pulse blanking. left : Observed
at NRT without pulse blanking.

of our detectors are shown in Fig. 4. The design operates at a maxi-
mum sampling rate of 145 Ms/s. The logic gates used to implement
the algorithm occupy 4% of a 3 Mgates FPGA (Virtex II from Xil-
inx) and 2% of the 96 18×18-multipliers available. The design has
been used to observe cosmic sources with flux densities as low as
5 mJy. No radar residuals could be seen on the base line as shown
on figure 3.

3. CYCLODET: A CYCLIC DETECTOR

It is also possible to apply power detection on narrow band RFI.
However, precise thresholding implies careful calibration of the fre-
quency band and it assumes that the background power level of the
signal is constant over time.

A better approach is to use a criterion that can differentiate
quasi-steady noise-like signals from artificial or quickly varying sig-
nals. Cyclostationarity is such a criterion,[10]. Most telecommuni-
cation signals present a hidden periodicity due to the periodic char-
acteristics involved in the signal construction (carrier frequency,
baud rate, coding scheme...). These parameters are usually scram-
bled and hidden by the randomness of the message to be transmit-
ted. In [1], we have demonstrated the interest of such an approach
for pulsar applications. In the following, the detector principle is
briefly presented and its real time implementation is described.

3.1 Principle of cyclostationary detection

We assume that x(t) is a mix of a stationary signal (i.e. a cosmic
source and/or the system noise) and a cyclostationary signal (i.e. a
RFI). Let us consider the following criterion:

Cα
N =

1
N

N−1

∑
n=0

|x|2(n)exp(− j2παn) (1)

where α is the cyclic frequency. This parameter is linked to the
above-mentioned periodic characteristics. This detector expresses
the search for periodicities in the instantaneous power fluctuations.
To make this detector robust against slow power variations, we de-
fine a normalized version of our previous criterion:

Dα
N =

√
NCα

N

C0
N

(2)

In [12], we have derived the statistical properties of this detector
as a function of the interference to noise ratio (INR).

3.2 Hardware implementation

From the above consideration, an operational cyclic detector has
been implemented on a real time digital backend at Nançay Obser-
vatory. The algorithm is implemented into a digital programmable
component Virtex II, an FPGA from the Xilinx company. The suc-
cessive steps are (see also figure 5):
1. Channelization of the signal coming from the radio telescope.

The signal in each channel is assumed to be complex. This pro-
cess is done in real time by the digital receiver (i.e. output b or
c in figure 1).
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Figure 4: Probability of detection of several detectors as a function of radar pulse Interference to Noise Ratio (INR). The blue curves
annotated SP (respectively, WP) correspond to the behavior of the strong pulse detector (respectively, weak pulse detector). PP30 and PP90
refer to [9]. They correspond to simple pulse detectors for two different settings. AD05 and AD10 refer to [4]. They are based on a much
more advanced algorithm that gives better performances for its finest setting. However, it includes a lot of information about a specific radar
pulse shape. Any radar pulse whose shape differs significantly from the model will not be detected as easily.
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Figure 5: Cyclostationary detector algorithm

2. To reduce the computational load of the cyclic detector, the al-
gorithm is applied to the real part only (sr(n)) of the signal.We
compute the Fourier transform, FFTm

N ( f ), over N samples on
s2
r (n) for the mth channel, m = 1, . . . ,M. M is the number of

channels.
3. According to a given threshold ξ derived from the theoretical

study ([12]), we will consider that an RFI is present on the mth

channel if:

∃k > 0/
√

N|FFT m
N (k)|

FFT m
N (0) ≥ ξ

with ξ =
√

−2log(pfa)

(3)

where p fa is the expected probability of false alarm.
The design can process a 7 MHz frequency band. The logic

gates used to implement the complex channelizer and the cyclic de-
tector occupy 80% of the slices of a 3 Mgates FPGA (Virtex II from
Xilinx), 87% of the embedded memory and 88 of the 96 18× 18-
multipliers available. An external memory based on a SDRAM is
also required to store a buffer of 2048x2048 16-bits complex-words
(16 Mbytes).

Figure 6 shows some results obtained in the decameter band
where calibration signals (wide band stationary noise) were used
to simulate four pulsar pulses with different power levels. The red
time-frequency slots correspond to RFI detected by our real time de-
tector. Narrow band RFI are clearly detected. The detector is also
sensitive to wide band RFI, and to noise diode power level transi-
tions. The impulse or the step of power generated by these events
produces a high frequency content in the cyclic spectra that trig-
gers the cyclostationary detector. However, when the noise power
returns to a steady state, the detector is again blind to power lev-
els. For pulsar observations, these experiments demonstrated that
the cyclostationary detector can discriminate between bursts due to
pulsars and bursts due to RFI.

4. REAL TIME PULSAR SEARCH PROCEDURE

The search for new pulsars is a difficult task since neither the disper-
sion measure (DM) nor the periodicity are known [7]. In figure 7.a,
the classical search procedure is described. It consists in recording
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Figure 6: Results obtained in the decameter band at Nanı̈¿1
2 ay

observatory. (top) Time-frequency power plane. The red time-
frequency slots correspond to RFI detected by our real time detec-
tor. (bottom) Total power versus time. The red curve is the total
power after blanking. The total bandwidth is 7 MHz. The number
of channels is M = 2048. On each channel, N = 2048 samples are
used to compute the criterion. The cyclic detector is insensitive to
steady power levels generated by the successive calibration noise
diode pulses (p1 to p4) added to the signal.

all the data and in incoherently de-dispersing them by trying off-
line a set of DM. Then, it can be searched for periodicity by using
the fourier transform. Finally, all the data are folded with different
set of periods, providing a list of pulsar candidates. This approach
needs huge disk space and is quite time consuming. In this section,
we propose a new real time pulsar search method, requiring less
disk space, fewer computational resources and providing a simple
way to blank RFI. It is based on a two dimensional Fourier trans-
form (2D-FFT) and Radon transform. 2D-FFT is mentioned in the
pulsar literature but only as a tool to search for periodicity ([2], [8]).

4.1 2D-FFT method

In figure 7.b, the different steps of the algorithm are presented and
in figure 8 an example with a real pulsar pulse is provided for illus-
tration. In short :
• The final output of the real time part consists of the N×N image

corresponding to the mean of M consecutive |2D−FTT |2 im-
ages. An example of such an image is given at figure 8.b. Each
2D-FFT is computed on independent N × N time-frequency
power planes such as the one provided at figure 8.a. With this
approach, all dispersed pulsar pulses are projected at the same
location in the 2D-FFT image. This location depends only on
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Figure 7: Different pulsar search procedures: (a) the classical ap-
proach. The output of the N-channel filter bank is stored. Off-
line, different pulsar dispersion measures are used to de-disperse
the pulsar pulses. Then, different periodicities are iteratively used
to fold the successive pulsar pulses. (b) The 2D-FFT approach. A
2-dimensional FFT is applied on the output power of the N-channel
filter bank providing an N×N image. The average of M images are
stored. Then, a Radon transform is applied.

the pulsar DM and is different from the one obtained for RFI. In
other words, any impulsive (respectively narrow band) RFI will
be concentrated in the horizontal (respect. vertical) line cen-
tered in the 2D-FFT image. Thus, to remove RFI and to obtain
a clean image, all that is required is to blank these vertical and
horizontal lines which cross at the center of the 2D-FFT image.

• Off-line, a Radon transform is applied on the cleaned 2D-FFT
image. It consists in summing the image intensity along suc-
cessive radial lines [3]. When this integration line corresponds
to the line where the pulsar pulses have been projected, all the
pulsar power is concentrated in one point. At other integration
angles, only the noise contribution will be integrated. Figures
8.c and 8.d illustrate this principle with respectively the dirty
and clean image.

The advantage of this approach is that only a limited amount
of data (the N ×N 2D-FFT image) is stored for off-line processing.
Furthermore, it provides simple RFI mitigation capabilities. In the
following, we investigate the sensitivity of this approach compared
with the classical one.

4.2 sensitivity comparison

We consider the following signal model and algorithm parameters:

• The background noise is a white zero-mean Gaussian noise with
power σ2

n .
• The pulsar pulse is a white zero-mean Gaussian noise with

power σ2
p . The pulse duration is L. The signal to noise ra-

tio is defined by SNR = σ2
p/σ2

n . For the theoretical sensitivity
derivation, we assumed that σ2

p � σ2
n .

• There is no RFI.
• The t-f power plane dimension is N ×N.
• For the classical approach, we consider that the dispersion mea-

sure (DM) and the pulsar periodicity has been found by the
ad-hoc iterative procedure. Thus, it is equivalent to assume
1) DM=0 (i.e. vertical pulse) and 2) pulses always occur at the
same position in the t-f power plane. These t-f power planes are
integrated over frequency to provide individual pulse profiles.
Finally, M pulse profiles are summed together. The sensitiv-
ity, Sclassic is defined by the average profile deviation due to the
pulse over the noise only profile standard deviation.

• For the 2D-FFT approach, we set DM to zero as well. Indeed,
with no loss of generality, we consider that zero-DM is just a
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Figure 8: Application of 2D-FFT pulsar search approach on the
Crab pulsar.(a) 128× 64 time-frequency power plane of the Crab
pulse. We added a couple of synthetic RFI. (b) 2D-FFT image time-
frequency power plane. The blue cross in the middle corresponds
to the blanked RFI locations. (c) Radon transform of the dirty 2D-
FFT image (i.e. RFI locations not blanked). The pulsar detection is
not possible. (d) Radon transform of the clean 2D-FFT image. The
pulsar can be easily detected.

DM among others. The central pixel of the 2D-FFT image is
systematically blanked. The average of M 2D-FFT planes pro-
vides the final clean 2D-FFT image. Finally, the Radon trans-
form is applied for different angles. The sensitivity, S2DFFT is
defined by the Radon transform deviation at angle 90ı̈¿1

2 over
the Radon transform standard deviation at other angles.
This model is illustrated in figure 9. In particular, output ex-

amples of each approach are proposed and a graphical definition of
sensitivity is provided. By considering the mean and the variance of
this model at the successive algorithm stages, we have derived the
following theoretical equations:

• for the classical case: Sclassic =
σ2

p

σ2
n /

√
NM

= SNR
√

NM

• for the 2D-FFT case: S2DFFT =
T σ4

p

σ4
n /

√
NM

= T.SNR2
√

NM

where T = L/N (i.e. T is pulse width in the t-f power plane).
In figure 10, these sensitivities have been computed by simula-

tion for different parameters. Theoretical sensitivity are also plot-
ted. From this figure, several remarks can be stated:
• It is shown that theory and simulations fit together. The shift for

(SNR = 0 dB, L = 2048) is due to the fact that our assumption
(σ2

p � σ2
n ) is no longer valid.

• The 2D-FFT sensitivity is proportional to SNR2. This makes
this approach less sensitive to low SNR compared with the
classical approach (see for example the case (SNR = −5 dB,
L = 256)). This drawback is counterbalanced by the fact that
the 2D-FFT approach is also sensitive to the pulse width, T .
The wider the pulse is, the better the 2D-FFT detection is (see
case (SNR = −5 dB, L = 2048)). In some cases, the 2D-FFT
approach can outperform the classic method (see case (SNR =
0 dB, L = 2048).

• Theses detection performances are achieved without knowing
anything about the pulsar (neither the DM nor the periodicity).
This is not the case for the classical pulsar search procedure,
where the derived performances are only achieved when exact
DM and periodicity are known.
The next step will be to test the algorithm with different config-

urations of real pulsar data and real RFI.
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Figure 9: Application of the classical and 2D-FFT pulsar search
approach on our zero-DM model. (a) Time-frequency (t-f) plane
(N = 256) of one pulsar pulse with SNR=-5 dB, L=2048, N=256
and T=L/N=8. (b)Average 2D-FFT image of M = 10 t-f planes. (c)
Output of the Radon transform. The peak position is directly related
to the DM. Here DM = 0⇒ angle=90ı̈¿1

2 . (d). Output of the classic
approach. For both cases, the sensitivity is defined by the ratio d/σ .
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5. CONCLUSION

Several RFI mitigation techniques applicable to pulsar observation
have been presented. In the case of pulsar timing, a Pulsed-RFI
detector and a cyclostationary detector have been implemented for
real time experiments. In the framework of the UNIBOARD FP7
European project, these algorithms will be implemented in a multi-
purpose scalable computing platform for Radio Astronomy as part
of the pulsar receiver. In the case of pulsar search, a new approach
which combines a hardware-efficient search method and some RFI
mitigation capabilities has been proposed. It could be an alternative
for the next generation of radio telescopes such as the LOFAR ra-

dio telescope (www.lofar.org) or the Square Kilometer Array (SKA,
www.skatelescope.org) where the huge amount of data to be pro-
cessed by classical search procedures is an issue.
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AN IMPROVED CLASSIFICATION SCHEME FOR STANDOFF DETECTION
OF EXPLOSIVES VIA RAMAN SPECTROSCOPY

Naveed R. Butt ?, Mikael Nilsson†, Andreas Jakobsson?,
Anna Pettersson‡, Sara Wallin‡, and Henric Oestmark‡

ABSTRACT
Raman spectroscopy is a laser-based vibrational tech-
nique that can provide spectral signatures unique to
a multitude of compounds. The technique is gaining
widespread interest as a method for detecting hidden
explosives due to its sensitivity and ease of use. In
this work, we present a computationally efficient clas-
sification scheme for accurate standoff identification of
several common explosives using visible-range Raman
spectroscopy. Using real measurements, we evaluate
and modify a recent correlation-based approach to
classify Raman spectra from various both harmful
and commonplace substances. The results show that
the proposed approach can, at a distance of 30 me-
ters, or more, successfully classify measured Raman
spectra from several explosive substances, including
Nitromethane, TNT, DNT, Hydrogen Peroxide, TATP
and Ammonium Nitrate.

1. INTRODUCTION

Raman spectroscopy is a powerful non-contact tech-
nique that uses a laser to probe the vibrational en-
ergy levels of molecules in a substance [1]. The vibra-
tion information provided by a Raman spectrum is very
specific for the chemical composition of the molecules.
The spectrum can therefore provide unique signature
for identification of vapor traces from various materi-
als [2]. Recently, Raman spectroscopy has been receiv-
ing increased attention as a stand-off explosive detection
technique [3,4]. Some of the important security applica-
tions being investigated include detection of improvised
explosive devices (IEDs) from a safe distance in hostile
environments, and scanning of vehicles and personnel at
airports, international borders and in subways to detect
explosive residue (see, e.g., [5] and references therein).

In general, a Raman spectrum consists of peaks that
correspond to the characteristic vibrational frequencies
of a material. As a result, one may, for the substances
of interest, collect Raman spectra with very high signal-
to-noise ratio (SNR) under laboratory conditions. These
‘reference’ spectra can then be stored in a database as
a signature for the particular substance. A common
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Mathematical Sciences, Lund University, SE-22100 Lund, Sweden
(email:naveed@maths.lth.se; andreas.jakobsson@ieee.org).
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gineering, Blekinge Institute of Technology, Ronneby, Sweden
(email:mikael.nilsson@bth.se).
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the Swedish Defence Research Agency, 147 25 Tumba, Sweden.

Raman-based detection system uses laser to energize
molecules in or on an object and collects the result-
ing Raman scattered light with a telescope. The spec-
trum produced by the collected light can then be ana-
lyzed and classified using the reference database. The
correct identification and subsequent classification of a
measured spectrum is crucial to the successful applica-
tion of Raman spectroscopy to explosive detection. An
important limiting factor in the use of visible-range Ra-
man spectroscopy is the presence of strong background
florescence originating from the substance of interest
or its surroundings. Some of the common approaches
to overcoming this limitation are, for instance, the use
of near-infrared or ultra-violet excitation [3, 5], or the
removal of the background florescence using computa-
tionally expensive techniques such as neural networks
or fuzzy models (see, e.g., [6] and [7]). In this work, we
present a computationally efficient classification scheme
for accurate standoff identification of several common
explosives using visible-range excitation. In the first
stage of the proposed technique, we process a measured
Raman spectrum through a series of simplistic median
filters to efficiently model and remove the cosmic noise
and the background florescence. The processed spec-
trum is then matched against the reference database us-
ing the recently developed correlation-bound approach,
where the upper bound of the correlation between the
measured spectrum and each reference spectrum is used
as a detection index [8]. The detection index is normal-
ized to be in the range [0 1], with 1 representing a com-
plete match. The results show that the used approach
can, at a distance of 30 meters, or more, successfully
classify measured Raman spectra from several explosive
substances, including Nitromethane, TNT, DNT, Hy-
drogen Peroxide, TATP and Ammonium Nitrate.

Notation: (·)T is used to represent the transpose.
Vectors are denoted with bold letters, y, while scalars
are in light-face, y.

2. EXPERIMENTAL SETUP

The characterization of explosives using Raman spec-
troscopy was suggested by Urbanski in 1964 [9]. The
technique has recently received increased attention due
to improvements in instrumentation and signal process-
ing, which make it a strong candidate for detection of
trace explosives at a safe distance. As noted in the in-
troduction, it is possible to collect Raman spectra with
high SNR for substances of interest. These spectra pro-
vide unique signatures of different explosive substances,
which can be used to detect the presence of a threat.
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Figure 1: Raman spectra from 0.25mg TNT, measured
at a distance of 30 meters. The figure shows the single-
pulse measurements as well as results of coherently
adding several measurements to increase the SNR.

Such ‘reference’ spectra from explosive substances of
interest are collected under laboratory conditions and
stored in a database. The reference spectra are then
used to identify Raman spectra collected from targets
at a safe distance. In this work, we investigate the
classification of Raman spectra from several common
explosives, including TNT, TATP and Ammonium Ni-
trate. However, we note that the developed framework
is quite general and can be used for classification of
other explosive substances as well. For the purpose of
this study, we collected real Raman spectra at Gridsjön,
Sweden, in collaboration with personnel from Portendo
Inc. A pulsed Nd:YAG laser (NL-303HT from Ekspla)
was aimed at the target at a range of 30 m by a YAG-
coated mirror. The laser was operated at 5 Hz with 4
ns long pulses and a wavelength of 532 nm. The Raman
scattered light was collected at an oblique angle from
the incident laser beam and through a Newtonian tele-
scope. After the telescope, two fused silica lenses were
used to focus the light into an optical fiber and a Ra-
man long pass filter from Semrock was placed between
the lenses to block the laser line. The slit end of the
fiber was connected to an f-number matcher (SR-ASM-
0018) mounted on the Andor SR-303i-A spectrometer.
On the spectrometer, a gated ICCD camera (DH-740I-
18F-03 from Andor) was mounted. The gate time of
the ICCD was set to 10 ns. A more detailed description
of the experimental setup is available in [10]. Typical
spectra collected from 0.25mg of TNT using this ap-
proach are shown in Figure 1. The figure shows the
single-pulse measurements as well as results of coher-
ently adding several single-pulse measurements to in-
crease the SNR. As is well known, Raman spectroscopy
suffers from background florescence [2, 6]. The effect of
background florescence can be seen more clearly in the
multi-pulse measurements as a general wave-like lifting
of the baseline. The removal of the background effect
will be discussed in detail in the next section.
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Figure 2: Removing the effect of background florescence
in a TNT spectrum. In the figure, the dashed spectrum
corresponds to y, the solid line to y̆, and the dash-dotted
spectrum to z̃.

3. PREPROCESSING AND
CLASSIFICATION

Given two length N vectors, r and y, containing the
amplitudes of the reference and measured Raman spec-
tra, respectively, and with r centralized and normalized
so that

∑
i ri/N = 0,

∑
i r2

i = 1, the square of the up-
per correlation bound between the two vectors may be
evaluated as [8]

ρ2 = corr2max(r,y) = rT ŷ(ŷT ŷ)−1ŷT r, (1)

where

ŷ = y − 1
∑

i yi

N
, (2)

with 1 representing a column vector of 1’s. The correla-
tion bound assigns a score to the degree of similarity be-
tween a reference and a measured spectrum. As is clear
from (1), the maximum score is unity and is obtained
only for a perfect match, i.e., for y = r. A measured
spectrum can thus be compared against a database of
reference spectra using the correlation bound, and the
resulting scores can be used for possible classification
of the measured spectrum. As is shown in [8], the cor-
relation bound approach provides better overall perfor-
mance and robustness as compared to the other more
commonly used techniques in Raman spectroscopy, in-
cluding generalized likelihood ration test (GLRT) and
independent component analysis (ICA) [11]. However,
the performance of the correlation bound approach is
strongly affected by the background florescence as well
as by cosmic noise commonly present in the measured
spectra. The cosmic noise typically introduces a sum of
impulsive spikes at random wavelengths. Approaches to
reduce this kind of noise can be found in literature [7,12].
Here, we adopt the median filter [12] due to its simplic-
ity and rapid calculation compared to other techniques
such as Fuzzy methods [7]. Here, a noise-spike is de-
fined as a ‘peak’ with the Full Width at Half Maximum

1847



0 100 200 300 400 500 600
0

0.2

0.4

0.6

0.8

1

# accumulations

S
co

re

 

 
Nitromethane
TNT
TATP
AN
Sulfur

0 50 100 150
0

0.2

0.4

0.6

0.8

1

# accumulations

S
co

re

 

 
Nitromethane
TNT
TATP
AN
Sulfur

Figure 3: Top: correlation bound scores for spectrum
from 0.5mg Ammonium Nitrate versus accumulations.
Bottom: magnified view of the first 150 accumulations.

(FWHM) smaller than the reasonable minimum a Ra-
man peak could have. The new signal containing none,
or less, cosmic noise can be found as

ỹ : ỹi = med{yi−(ñ−1)/2, . . . , yi+(ñ−1)/2}, (3)

where the filter length, ñ, is chosen to keep the small-
est possible Raman peak and to remove impulses in the
spectrum. After the cosmic noise is filtered out, we
proceed to process the measurement vector to remove
the background florescence without significantly affect-
ing the characteristic peaks. To achieve this, the trend
added by the background florescence is first estimated
using another median filter as

y̆ : y̆i = med{ỹi−(n−1)/2, . . . , ỹi+(n−1)/2}, (4)

where n is chosen much larger than ñ to get a smooth
estimate of the background florescence. The measured
spectrum is then detrended by subtracting y̆ from ỹ,
forming the measured preprocessed vector z, i.e.,

z , ỹ − y̆. (5)

Since, by definition, the Raman amplitudes are always
positive, the detrended spectrum, z, is shifted up to
remove any negative values due to the subtraction in
(5), i.e.,

z̃ = z−min
(
0,min(z)

)
. (6)

Figure 2 shows the removal of background florescence
effect from a typical spectrum of TNT using the pro-
posed approach in (4)-(6). Finally, to reduce the effect
of the noise floor on the correlation bound, we null all
values below a certain threshold. This is achieved by
forming a ‘cleaner’ vector x as

x : xi =
{

0 for z̃i ≤ η ·max(z̃)
z̃i otherwise.

(7)
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Figure 4: Top: correlation bound scores for spectrum
from 0.25mg TNT against increasing accumulations.
Bottom: magnified view of the first 150 accumulations.

where η is a small fraction, chosen to reflect the ex-
pected level of the noise floor. We may now rewrite the
correlation bound using the preprocessed measurement
vector, x, as

ρ̃2 = corr2max(r,x) = rT x̂(x̂T x̂)−1x̂T r, (8)

where x̂ is defined similar to ŷ.

4. RESULTS AND DISCUSSIONS

To demonstrate the effectiveness of the proposed ap-
proach in standoff detection of explosives, the algorithm
was tested on real Raman spectra collected, at a distance
of 30 meters, from different quantities of the commonly
used explosives Nitromethane, TNT, DNT, TATP, Hy-
drogen Peroxide, Ammonium Nitrate and sulfur, as well
as several others commonplace interfering materials in-
cluding CCD noise, Aluminium plate, red colored car
door, petrol, diesel, methanol, engine oil, wax, empty
glass bottle, glass bottle with tap water, earth and sand,
leaves, tree bark and dandelions. The experimental
setup has been detailed in Section 2. High SNR refer-
ence spectra for the explosive class were formed by co-
herently accumulating 600 single-pulse measurements.
Both the reference spectra and the measured spectra
were preprocessed according to (3)-(7). To get a smooth
estimate of the background florescence, a long median
filter with n = 300 samples, was applied. After close
inspection of the measured spectra under experimental
conditions, the noise threshold level, η, in (7) was set to
0.2, while ñ was chosen as 5 samples. Finally, the mea-
sured spectra were processed to remove the commonly
appearing Oxygen peak at 1550cm−1.

The proposed algorithm was first tested for its ability
to distinguish between different explosives based on the
similarity scores it assigns to each measured spectrum
against reference spectra of Nitromethane, TNT, TATP,
Ammonium Nitrate and Sulfur, according to the correla-
tion bound formulation (8). Typical classifier scores for
spectra from Ammonium Nitrate and TNT are shown
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Figure 5: Top: correlation bound scores for spectrum
from 0.25mg TNT, without applying the proposed pre-
processing. Bottom: magnified view of the first 150
accumulations.

in figures 3 and 4, respectively. The scores are plot-
ted against increasing numbers of summed scans, called
accumulations, for each measurement, as Raman mea-
surements can be added coherently to improve the SNR.
As is clear from these figures, the proposed scheme as-
signs the highest scores to the correct chemical in each
case. Despite the relatively small quantity of the ex-
plosive being tested, the explosive was correctly identi-
fied as TNT. We note that similar results were obtained
for the remaining explosives under study. To illus-
trate the benefits of the proposed preprocessing stages
discussed in Section 3, Figure 5 shows the correlation
bound scores for the data in Figure 4 when this prepro-
cessing has not been applied. As is clear from the com-
parison between Figures 4 and 5, the suggested modifi-
cations significantly improve the detection performance
of the method.

In critical applications such as detection of IEDs, it
is important to detect the presence of explosives with a
high true positive rate (TPR) and a low false positive
rate (FPR). For this purpose, the performance of the
proposed scheme was analyzed with the help of receiver
operation characteristic (ROC) curves [13] and the area
under the ROC (AUC) curves. The ROC curves plot
TPR against FPR, while the AUC shows the area un-
der the ROC curves; which is the probability that the
classifier will assign higher score to a randomly chosen
member of the positive class than a randomly chosen
member of the negative class. In this study, a ROC
curve for a particular explosive is evaluated using up to
200 measurements of that explosive as the positive class
and 200 measurements of each of the other explosives
and interferers as the negative class. Figures 6 and 7
show typical results for Ammonium Nitrate and TNT,
respectively. In each of these figures, the top plot shows
the histogram of the classifier scores for 50 accumula-
tions, the bottom left plot shows the ROC curve at 50
accumulations and the bottom right plot shows the AUC
values against increasing accumulations of single-pulse
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Figure 6: Analysis of detection performance for 0.5mg
Ammonium Nitrate. Top: classifier scores for 50 accu-
mulations. Bottom left: ROC curve for 50 accumula-
tions. Bottom right: AUC plot versus accumulations.

measurements. Here, a ROC curve for K accumula-
tions means that it was evaluated using data formed by
adding K single-scan measurements. It is clear from the
figures that the proposed classifier is capable of provid-
ing very reliable detection of these common explosives
in the presence of commonplace interferers. We note
that similar results were obtained for the remaining ex-
plosives under study. It is worth noting that there is
a difference between detection of an explosive, and the
correct classification of the actual explosive. For ob-
vious reasons, one is often most interested in a rapid
and reliable detection of an explosive, while only in a
second, less time-critical, stage one wishes to actually
identify the explosive uniquely. To illustrate a way to
achieve this, we propose a two-stage approach for de-
tection and identification of explosives and related com-
pounds with heavily overlapping spectra, such as TNT
and DNT. The purpose of the first stage is to first de-
tect the presence of either of the two chemically similar
compounds. Following a positive detection in the first
stage, the classifier in the second stage attempts to iden-
tify the measured spectrum. Figure 7 shows the results
of the detection stage where both TNT and DNT are
treated as the positive class and the detection of either
will trigger an alarm. Following the detection of TNT
or DNT, the target spectrum is passed through another
correlation-based classifier that uses only the peaks that
are uncommon between TNT and DNT to form their re-
spective masks. This results in the proper categorization
of a spectrum originating from these chemically simi-
lar explosives. The scores of the second stage classifier
are shown in Figure 8 for spectra from 0.25mg of TNT.
As clear from the figure, the second stage classifier as-
signs higher scores to the correct explosive substance,
i.e., TNT. The two-stage scheme thus gives a higher
likelihood of correctly detecting TNT as compared to a
single-stage approach.
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Figure 7: Analysis of detection performance for 0.25mg
of TNT or DNT. Top: classifier scores for 50 accumu-
lations. Bottom left: ROC curve for 50 accumulations.
Bottom right: AUC plot versus accumulations.

5. CONCLUSION

An experimental study of the application of Raman
spectroscopy to stand-off detection of several common
explosives is presented. Using real measurements, we
evaluate and modify a recent correlation-based approach
to classify Raman spectra from various both harmful
and commonplace substances. The results show that
the proposed approach can, at a distance of 30 me-
ters, or more, successfully classify measured Raman
spectra from several explosive substances, including Ni-
tromethane, TNT, DNT, TATP, Hydrogen Peroxide and
Ammonium Nitrate.
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ABSTRACT 
A detection and classification system for sound surveillance is 
presented. A human/non-human voice classifier is firstly 
applied to separate the input sound into human voice sound or 
non-human emergency sound. It utilizes a sliding window 
Hidden Markov Model (HMM) with trained background, 
human voice and non-human sound templates. In case of 
human voice, a scream/non-scream classification is performed 
to detect screaming in an abnormal situation such as 
screaming for help during bank robbery. In case of non-
human sound, an emergency sound classifier capable of 
identifying abnormal sounds such as gun shot, glass breaking, 
and explosion, is employed. HMM is used in both 
scream/non-scream classification and emergency sound 
classification but with different sound feature sets. In this 
research, a number of useful sound features are developed for 
various classification tasks. The system is evaluated under 
various SNR conditions and low error rates are reported.  
 

1.  INTRODUCTION 
Acoustic surveillance has advantages over video surveillance 
in some special situations such as in darkness and in confined 
area where camera privacy is a public concern [1]. Previous 
approaches on developing acoustic monitoring system for 
automatic surveillance include cases such as gunshot 
detection system based on features derived from the time-
frequency domain and Gaussian Mixture Model (GMM) 
classifier [2]. A two-stage approach is reported in [3] where 
the first stage is to classify sound events into typical and 
atypical cases and subsequent processing is done on atypical 
events such as gun shot, screaming and explosion. An audio 
surveillance system for typical office environment is reported 
in [4]. This system employs a background noise model to 
continuously update for event detection while both supervised 
and k-means data clustering are observed. In this paper, we 
look at sound surveillance as a problem to firstly classify 
sound events into human and non-human sounds, and apply 
different strategies to do subsequent processing of human 
screaming or non-human emergency sounds. 

 
2.  METHODOLOGY 

A block diagram of the proposed sound 
detection/classification system is shown in Fig. 1. The 
proposed sound detection and classification system composes 
of a feature extraction module, a human/non-human voice 
classifier/detector, a human screaming classifier and a non-
human emergency sound classifier. 
 
2.1  Acoustic Feature Extraction 
It is very important to derive suitable sound features for the 
identification of various human and non-human sounds. There 
are many acoustic features available in literature; they can be 
roughly grouped into temporal, spectral, parametric and 
harmonic features [5]. However, it is computational expensive 
to utilize all these features. In this work, a number of useful 
features suitable for the targeted acoustic surveillance 
applications are developed and they will be described in the 
following sub-sections. Note that a 16 bit A/D converter with 
16 kHz sampling is used to digitize the sound. The digitized 
signal is processed on a frame-by-frame basis with a frame 
size and frame shift of 512 and 64 samples, respectively. 
 
2.1.1 Weighted Average Delta Energy ( E∆ ) 
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with nuu n ∀= ],min[min  within a frame of N samples. 
The advantage of using this delta energy feature is that it is 
relatively small and smooth for various noise background 
levels, but relatively large at abnormal acoustic events.  
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2.1.2  LPC Spectrum Flatness ( LPCF ) 
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is an order-10 LPC polynomial computed from a frame of 512 
audio samples using Hamming window. 
 
2.1.3  FFT Spectrum Flatness ( FFTF ) 

nFFTFFT DnFnF 05.0)1(95.0)( +−=        (3) 
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2.1.4  Zero Crossing Rate ( ZCR ) 

)(2.0)1(95.0)( nC
N

nRnR ZCZCZC +−=       (4) 

where )(nCZC  being the count of zero crossing within the 
current block of size 64=N . The count is increased by one if 
a crossing between +0.01 and -0.01 of the DC removed signal 
is detected. 
 
2.1.5  Harmonicity (H) 
Frequency domain pitch analysis method is used to compute 
harmonicity [6]. An FFT of size 512 is used to compute the 
Fourier spectrum for pitch analysis. The analysis is based on 
minimizing the matching error between the input spectrum 
and an artificial harmonic spectrum given a pitch value as 
search variable. Due to the extreme pitch variation of people 
screaming, the pitch search range is very large and a fixed 
window of size 512 is not sufficient to capture the pitch 
variation of various speakers during screaming. A multi-
resolution approach for pitch analysis is used. A long buffer 
of 1024 samples is employed. The middle part of the 512 
samples is used for normal range frequency-domain pitch 
analysis covering the pitch frequency variation from 200Hz to 
1.067 kHz. For low pitch speakers, the 1024 sample frame is 
firstly down-sampled by 2 to have a 512 sample frame for 
pitch analysis covering the pitch frequency range from 150Hz 

to 533Hz. For very high pitch speakers, the middle part of 256 
samples is firstly up-sampled by 2 to have a 512 sample frame 
for pitch analysis covering the pitch frequency range from 
500Hz to 2.133 kHz. Each pitch detector returns a pitch value. 
If the signal under investigation is unvoiced, a pitch value of 0 
is returned indicating a non-harmonic signal. A counting 
process over a 40-frame window is used to compute the 
harmonicity. If any one of the returned pitch values is non-
zero, the count is increased by one. Harmonicity is defined as 
the ratio of the count over 40. 
 
Note that feature 1 to feature 5 are basically sufficient for 
human/non-human sound classification because these features 
are quite distinct between human and non-human sounds, for 
example; human screaming voice sounds have strong 
harmonicity and LPC spectral flatness while non-human 
emergency sounds do not. Moreover, non-human emergency 
sounds have large delta energy and zero crossing rate while 
human screaming voice sounds do not. For non-human sound 
classification, two additional features are also developed. 
These two features are: 
 
2.1.6  Mid-Level Crossing Rate ( MCR ) 

)(2.0)1(95.0)( nC
N

nRnR MCMCMC +−=       (5) 

where )(nCMC  being the count of mid-level crossing within 
the current block(n) of size 64=N . The count is increased by 
one if a crossing between +0.01 and -0.01 of the positive or 
negative mid-level of the signal is detected. The mid-level 
crossing line is defined as the 60% of the maximum value of 
the current speech block(n). 
 
2.1.7  Peak and Valley Count Rate ( PVR ) 

)(2.0)1(95.0)( nC
N

nRnR PVPVPV +−=        (6) 

where )(nCPV  being the count of number of strong peaks or 
valleys within the current block(n) of size 64=N . A strong 
peak is identified when a sample is at least 5 times higher than 
its two adjacent samples. A strong valley is identified when a 
sample is at least 5 times lower than its two adjacent samples. 
The count is increased by one if such a peak or valley is 
detected. 

 
2.2  Human/Non-Human Sound Classification 
The human/non-human voice classifier is built based on 
HMM. The HMM used is an 8-state parallel left-right model 
with three incoming and outgoing connections in each state. 
The model has three groups of tied output probabilities. The 
output probabilities are drawn from a finite set of 256 values, 
each corresponds to a codeword symbol in a VQ codebook. 
As a sliding window with width of 100 frames is applied to 
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evaluate the probabilities from the HMMs for each frame 
instant, computational complexity is the major concern and 
discrete density HMM is a desirable choice. For practical 
implementation, a state can be configured to have 3 
transitions from previous states and each transition associates 
with a transition probability and a group of output 
probabilities. Three HMMs are trained; one for the voiced 
harmonic-type of speech signal, one for the non-human 
sounds which are mostly non-harmonic, e.g., gunshot, glass-
breaking, etc. Features 1 to 5 described previously are used 
for human/non-human sound classification. The third HMM is 
trained for the background sound for both clean and noisy 
backgrounds. All groups of training features are hand-marked 
by visual inspection. They consist of over 400 feature vector 
sequences for the human voiced case, over 300 feature vector 
sequences for the non-human sounds, and over 100 vector 
sequences for the background sounds. All these features were 
sampled and computed using the screaming and non-human 
sound databases specially developed by us for audio 
surveillance application. The sound database consists of 
human voice (both screamed and non-screamed) from 44 
speakers and several types of abnormal sounds including the 
emergency sounds (gun shot, glass breaking, and explosion) 
and non-emergency sounds (car braking, sawing, thunder, and 
car passing, etc). All sound samples are mixed with ambient 
noise recorded in rental apartment and bank environment 
under various SNR settings. During evaluation, the unknown 
feature vector sequence with a width of 100 frames is 
obtained by sliding through the input signal and fed to the 
HMM for evaluation against the three trained models. After 
evaluation, the probability value for each model is obtained: 

),(HMM)( nVV YMnP = , ),(HMM)( nNN YMnP = , and  
),(HMM)( nBB YMnP = , where VM , NM , and BM  are the 

trained HMMs for human voice, non-human sound and 
background signal, respectively, nY  is the unknown input 
feature vector sequence for frame n. These probability values 
will then be used by the Decision and Duration Labeling 
Module for determining the start point and end point of the 
classified type of signal. 
 
Decision Rules and Duration Marking and Labeling 
Given the three probability values in each frame, i.e., VP , NP  
and BP  (note that the frame index n is dropped for convenient 
here), a decision is made to determine the following states of 
the input signal; HUMAN VOICE, NON-HUMAN SOUND, 
BACKGROUND and UNSURE. The decision rules are as 
follows: 
 
Define some sensitivity threshold constants 
HHB  Human-voice to background margin 
HHN  Human-voice to non-human sound margin 
NNB  Non-human sound to background margin 

NNH  Non-human sound to human voice margin 
BBN  Background to non-human sound margin 
BBH  Background to human voice margin 
 
The decision logic is: 
if (( VP - BP )>HHB) && (( VP - NP )>HHN)) 
 state = HUMAN_VOICE 
else 
 if (( NP - BP )>NNB) && (( NP - VP )>NNH)) 
  state = NON_HUMAN_SOUND 
 else 
  if (( BP - VP )>BBH) && (( BP - NP )>BBN)) 
   state = BACKGROUND 
// exception 
if (( NP >1.3 VP )  && ( ( VP - BP )>0.7) && (( NP - BP )>0.7)) 
 state = NON_HUMAN_SOUND 
else 
 state = UNSURE ; 
 
These sensitivity threshold constants are derived from the 
training sound database under various SNR conditions. 
Basically, three sets of thresholds are derived; high sensitivity 
for SNR<10dB, mid sensitivity for SNR between 10 and 
20dB, and low sensitivity for SNR>20dB. A sensitivity set 
can be selected by the users during surveillance after the 
system is deployed.  The voice state duration marking is based 
on the true/false transitions of the corresponding state with 
screening to avoid glitches of short durations and is 
implemented using a finite state machine. Only short glitches 
of UNSURE state are allowed between two voice states of the 
same type. After the marking of start and end positions, the 
signal within the duration is assigned to either the HUMAN 
VOICE or the NON-HUMAN SOUND class. The decision is 
based on the average delta energy and average probabilities of 
the corresponding states: 
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)(1ρ  where SN  and EN  are the start point 

and end point of the marked duration, respectively. 
 
Given the sensitivity thresholds as: 
ETH  average delta energy threshold 
PVTH  average probability threshold for human voice 
PNTH  average probability threshold for non-human sound 
 
The decision logic is as follows: 
For the case of marked human voice duration 
If ((ξ >ETH) && ( Vρ >PVTH)) 
 sound_classified = HUMAN_VOICE 
else 
 sound_classified = NONE 
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For the case of marked non-human sound duration 
If ((ξ >ETH) && ( Nρ >PNTH)) 
 sound_classified = NON_HUMAN_VOICE 
else 
 sound_classified = NONE 

 
Again, these threshold constants are derived with three 
associated SNR ranges. Fig. 2 demonstrates the successful 
classifications of a human voice and a non-human sound, 
respectively, by the proposed classifier. Here the time 
waveform (above), the spectrograms (middle) and the sound 
features (below) are shown with the start point and end point 
marked. 
 
2.3  Human Scream/Non-Scream Classification 
Generally, it is very difficult to define the features for human 
scream. Some people tend to have extreme screaming with 
highly stretched pitch and raised high frequency components.  
However, some tend to have very soft screaming which is 
almost indistinguishable from normal speech. In this research, 
we apply HMM with classification feature based on 
likelihood ratio measure of an order-16 LPC system. We 
divide the training database into two sets of voices manually 
labeled as screamed and non-screamed by expert listeners. 
The screamed set consists of pitch-stretched voices such as 
“呀” (“ah” in English), “救命” (“help”) in Mandarin. The 
non-screamed set composes of normal conversation speech 
recorded in office environment. Two 8-state parallel left-right 
HMMs; one for screamed and one for non-screamed are 
trained using forward-backward algorithm.  
 
2.4  Non-Human Sound Classification 
Our system is designed to discriminate between sets of  
emergency and non-emergency sounds. Seven types of non-
human sounds were considered. The emergency sounds 
consist of gunshot, glass breaking, and explosion while the 
non-emergency sounds consist of car braking, sawing, 
thunder, and car passing. In addition to the delta energy E∆  
and zero crossing rate ZCR , mid-level crossing rate MCR  and 
peak-valley count PVR  are also used. Hamonicity and spectral 
flatness are not used because they are not effective for non-
human sounds. Again, the classifier is HMM-based. An 8-
state parallel left-right HMM for each class of abnormal 
sounds is trained for this purpose. 
  

3.  EVALUATION RESULTS 
A total of 6 minutes of human sounds are used for evaluation; 
within them 3 minutes are labeled as scream sounds. Non-
scream sounds are conversation or word utterances in normal 
conditions. For the non-human sounds, a total of 10 minutes 
sound recording is used. About 5 minutes of the non-human 
sounds are emergency sounds (e.g., gunshot, glass break, and 

explosion sounds). All other non-human sounds are non-
emergency sounds (e.g., car braking, sawing, thunder, and car 
passing). The performance of the proposed system is tested 
under various noise levels. To evaluate the system in a more 
realistic scenario, the samples of noise were recorded from the 
typical operating environments of surveillance systems, 
including the rental apartment and the bank and were mixed 
with the sounds under test. The sound detection/classification 
errors of the proposed system are summarized in Table 1 and 
Table 2. 
 
Table 1 Classification Error of the Human/Non-Human Sound 
Classifier 

 SNR Error Rate (%) 
30dB 5.5 
20dB 8.3 
10dB 13.5 
5dB 18.7 

 
Table 2 Detection Errors of the Human Scream Detector and 
the Emergency Sound Detector 

Equal Error Rate (%) 
SNR Human Scream 

Detection 
Emergency Sound 

Detection 
30dB 10.7 9.8 
20dB 13.3 13.2 
10dB 15.0 16.3 
5dB 18.0 19.8 

 
As the missing of a critical event can be costly, sound 
surveillance system is usually designed to tolerate more false 
alarms than false rejections. Table 3 is an example that shows 
the detection results when the decision threshold is adjusted to 
trade false alarm rate for miss rate under various noise levels. 
In a typical operating environment where the range of SNR 
levels varies from 30dB to 10dB, the average classification 
error rate of the human/non-human sound classifier is 9.1%. 
The average miss rates of the scream detector and emergency 
sound detector in Table 3 are 8.4% and 8.6%, respectively. 
 
Table 3 Performance of Example Detectors in Typical 
Surveillance Application  

Human Scream 
Detection 

Emergency Sound 
Detection 

SNR False 
Alarm 

Rate (%) 

Miss 
Rate (%) 

False 
Alarm 

Rate (%) 

Miss 
Rate (%) 

30dB 18.4 6.6 16.3 7.6 
20dB 19.5 8.3 19.2 8.2 
10dB 22.1 10.2 20.5 10.1 
5dB 23.6 13.9 25.8 14.2 
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4.  CONCLUSION 
An abnormal sound detection and classification is reported. A 
number of useful sound features are developed for the 
classification tasks. A sliding window HMM with trained 
background, human voice and non-human sound templates is 
applied for the classification of human/non-human sounds 
with an error rate of 5.5% at 30 dB SNR. This classifier 
provides the first stage screening of sounds for subsequent 
detections of human scream and non-human emergency 
sounds which achieves good performances with miss rates of 
6.6% and 7.6%, respectively, at 30 dB SNR. 
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    (a)         (b) 
Fig. 2 Demonstration of Successful Classification of: (a) 
Human Voice – an “Ah” sound and (b) Non-Human Sound – 
a “Gun Shot” Sound 
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Fig. 1 The Proposed Sound Detection and Classification System
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ABSTRACT

Internet based communications methods use channels which
cross many nodes in their routes between source and desti-
nation. The user often has little or no control in the routing
process and may be concerned that the medium is insecure.
To combat this, privacy preserving networks have been de-
veloped in an attempt to allow secure, private internet-based
communication. Whilst these networks employ high levels
of encryption between nodes, it is possible to track a users
data by correlating input and output streams. This paper ad-
dresses the implementation of the algorithm first proposed by
Danezis for determining the exit node of data injected into
a privacy preserving network, such as Tor. The algorithm
is discussed along with some modifications and assumptions
necessary for implementation. Results gained from applying
the algorithm to data from a real Tor network are presented
and discussed.

1. INTRODUCTION

A privacy-preserving network (alternatively called an
anonymising network) such as The Onion Router
(Tor) [1] [2] [3] [4] is designed to give some measure
of privacy to those using the internet who wish to conceal
their activity from observation. Tor is designed to provide
anonymity by encrypting data between the end-points of
a route. It is used for internet-based communications and
operates on a large number of machines, mostly those of
individual users.

Tor is an overlay protocol and uses an underlying layer of
transmission control protocol (TCP) / internet protocol (IP)
to handle data transport, delivery and routing. The small
volume of centralised control which exists in any Tor net-
work (including the default internet-based network) comes
from the central directory servers. These maintain thestate
of the network and collect and collate data such as which
nodes are suitable for use as exit nodes, their uptime and any
bandwidth restrictions imposed by the node operators. This
information allows Tor to determine a choice of route for a
specific connection based upon user requirements. Traffic to
and from a directory server uses a different port to that of
the payload traffic and can be easily separated.

There are three types of node commonly encountered in a
Tor network. Exit nodes - which send traffic un-encrypted to
its final destination, entry nodes - which accept un-encrypted

This work was funded by Agilent Technologies.

traffic, encrypt and forward it into the network and routers
- which forward traffic between Tor router nodes. The
entry and exit nodes are generally the end points of any
Tor communication. There are a large number of possible
configurations but it is most common for each user node to
be an entry, router and exit node.

In a typical usage scenario, the user configures their browser
to route traffic to the destination (i.e., a desired web-server)
via Tor. The user’s node becomes a node in the default
internet Tor network and their traffic is routed to the exit
node nearest (i.e. withbestconnection to) the destination.
The security of the traffic is maintained between the user’s
node and the exit node via layered encryption.

Danezis [5] proposed an algorithm for tracking users in a
privacy preserving network. His approach allowed him to
determine the route and probable end-point of communica-
tions in such a network by correlating traffic signatures at
entry and exit nodes. Fundamentally, his approach is based
upon detecting a known signal from amongst a selection of
possible noisy signals. The input signal (knowna-priori)
and an estimate of each possible output signal are correlated
to determine which output signal most likely contains the
input signal. Each estimated output contains noise (gener-
ated by the system) and may be distorted by the estimation
process. Results presented in this paper confirm Danezis’s
work using a physical Tor network with real data.

Work towards a similar goal has been performed by Murdoch
and Danezis [6] which assumes a corrupted node in the Tor
network is available for use by the attacker. This method is
active in its approach but has the advantage of being able
to operate without complete knowledge of the network.
The correlation (template in their nomenclature) function
employed is similar to that used in this paper. Another
active method of identifying relay nodes is presented by
Chakravartyet al in [7]. Other works relating to traffic
analysis attacks of privacy preserving networks [8] which
are similar in nature have been published by Zhuet al [9]
and Levineet al [10]. Syversonet al focus directly on Tor
in [11]. In [12], Bai et al seek a method to identify Tor
network traffic from amongst a mix of traffic.

The remainder of this paper is organised as follows: Section
2 introduces the Danezis algorithm and discusses the modifi-
cations and assumptions necessary for implementation; Sec-
tion 3 introduces the system testbed and describes how the
data was generated and gathered; Section 4 gives some notes
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on how the performance was assessed; Section 5 presents
some results and interpretation and finally Section 6 presents
some conclusions.

2. DANEZIS’S ALGORITHM

In [5], Danezis proposes a method for attacking privacy
preserving networks such as Tor based on the correlation
of input and output packet streams. He assumes that a Tor
network can be modelled as a delay mixing model [13]
which adds delay to incoming packets in a predictable man-
ner before ejecting them. He indicates that it is possible to
deduce the exit node by calculating the correlation between
the input stream and a number of possible output streams
and selecting the exit node whose output stream has highest
correlation.

More specifically, what Danezis’s algorithm states is: two
time-series can be estimated, with lengths equal to that of
the observed output streams and where each estimate is com-
posed of the input stream, delayed by some function, added
to a uniformly distributed background traffic stream (which
models network traffic that arises independently of the pres-
ence of the input stream). The background stream rate is
adjusted such that the combined output rate is equal to the
rate of the observed stream. If one was to consider these
estimated series only at the instances corresponding to ob-
servations of packets in the true output series then a more
accurate estimate would be made. Division of the estimated
series will indicate which output stream most likely contains
the input stream.
The formula given by Danezis to estimate any output traffic
distribution is shown in (1) with an explanation of the pa-
rameters used given in Table 1. One element which is not
generally clear is the uniform distributionU(t) and how it
is computed:U(t) is the uniform distribution in the interval
[0,T] and as such it conforms to (2). In any practical imple-
mentation,t will be discrete so the integral may be replaced
with a sum.

CX(t) =
λ f (d∗ f )(t)+ (λX −λ f )U(t)

λX
(1)

∫ T

0
U(t) = 1 (2)

d(x) is a function which represents they input/output rela-
tionship of the network in terms of packet delay, a temporal
transfer function for packets. Given that this function can
change over time as the network changes or as Tor changes
its routing it is more practical to estimate it empirically using
some training data. If access to individual nodes is possible
then one can make the assumption that a given number of
packets travelling on one link will have a delay distribution
similar to packets on any other link, but with a change in
scale. The use of a Gaussian mixture model (GMM) as an
estimator for the distribution ofd(x) is therefore appropriate
and is what is used in this work.

Once an estimated distribution (CX) has been computed for
each output stream then they can be compared to determine
which is most likely to contain the input stream. IfCY de-
notes a second output stream emanating from nodeY, Xi=1...n
denotes the set of times that packets are observed at nodeX,

Yj=1...m denotes the set of times packets are observed at node
Y, H0 denotes the hypothesis that the input stream in con-
tained in the output stream from nodeX andH1 denotes the
hypothesis the input stream is contained in the output stream
from nodeY, then it is possible to calculate the likelihood
ratio of the two hypothesis as shown in (3).

L (H0|Xi ,Yj)

L (H1|Xi ,Yj)
=

∏n
i=1CX(Xi)∏m

j=1u

∏n
i=1u∏m

j=1CY(Yj )
> 1 (3)

Equation (3) can be cumbersome to compute numerically and
leads to large values which suffer from rounding errors when
implemented. However, it can be manipulated into a log-
likelihood form as shown in (4) which reduces the scope of
the possible values and so this form is used instead.

logLH0/H1
=

n

∑
i=1

logCX(Xi)

−
m

∑
j=1

logCY(Yi)+ (m−n) logu> 0 (4)

In his paper, Danezis gives no source code and little imple-
mentation detail so the following assumptions are made:
1. It is assumed that the algorithm is functional when im-

plemented in a discrete form. It is originally presented
in a continuous form which does not lend itself to easy
implementation. Variables such asCX are treated as dis-
crete vectors by applying a binning process to the con-
tinuous time series data which arises from measurement.
This implies thatCX depicts packet counts over the seg-
ment of interest witht being the bin index. Similarly,
f (t), d(x) and the other estimated series (CY etc.) are
binned with the same resolution and thusXi andYj are
discretized. Perhaps more intuitivelyCX , f (t), Xi andYj
can be thought of as packet counts per unit of time where
t indexes the time interval and where the temporal reso-
lution is equal for all variables includingd(x).

2. It is assumed that the algorithm is robust to changes in the
scaling oft such that it is possible to vary the temporal
resolution oft and therefore the bin width ofCX with
the caveat that the temporal resolution must be consistent
across all variables.

3. It is assumed that Tor traffic can be separated from other
traffic at any node. The Tor traffic which flows from one
exit node to any other Tor node (to pass acknowledge-
ments (ACK) back upstream, for example) will be highly
correlated with the exit stream and may disrupt the algo-
rithm.

4. It is assumed there is enough training data to model the
delay function,d(x), using a GMM of three elements;
should it be found that a three element mix has redun-
dancy, the order is reduced to two or one. Tor incoming
packet delays are measured at all exit nodes for packets
originating at other Tor nodes and it is assumed that the
statistical distribution of these packets is representative
of the delay distributions experienced by packets exiting
the Tor network.

5. It is assumedλ f (and subsequently,λX, λY, etc.) is com-
puted as the mean number of packets per unit time (one
unit is the elapsed time between time indext and time
indext +1) in the interval[0,T]. Thus, if there are 2000
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Parameter Meaning
λX The rate of packets in the interval in question exiting nodeX
λ f The rate of packets in the interval in question in the input stream f (t)
U(t) The discrete uniform distribution in the interval in question
u The value ofU(t) at anyt
d(x) A function describing the delay mix of the network
f (t) The input signal (stream)
CX(t) An estimate of the number of packets in the estimated output stream att
t The time index
(d∗ f )(t) The convolution of the input signal with the delay mix function

Table 1: Parameters used in Danezis’s formulae.

packets in an interval of 25 seconds with a unit size of
0.1s then the rate is 2000/(25/0.1) = 8 packets per unit
time.

3. THE TOR TEST NETWORK AND DATASET
GENERATION

In this work a small Tor network over which full control and
monitoring capabilities are available1 is used as a testbed
with which to generate a dataset to test the algorithm. There
are four nodes in the network: three are directory servers,
routers and exit nodes (node 94, node 104 & node 110)
whilst the remaining one is solely an entry node (node 93).
The network is restricted such that the entry node cannot be
the exit node and therefore the exit must be one of nodes
94/104/110. The exit node is fixed to be one node (node
94) for the duration of any measurements which allows it to
be used as a ground truth against which any estimates the
exit node of the network can be evaluated. A topology of
the network showing the nodes and data flows is shown in
Figure 1.

The dataset was recorded usingtcpdump [14] [15] on
the network described above for a period of twelve hours
beginning at approximately 1700 hours to minimise the
effect of any user traffic on the dataset. The dataset was
split into twenty four contiguous segments of thirty minutes
which enables averaging of results across segments in order
to reduce the impact of any unusual network circumstances.

Network traffic was generated by directing a web-browser
(Konqueror) to access the home-page of the BBC news web-
site (http://news.bbc.co.uk) at timed intervals. The intervals
are on the order of seconds and randomly generated as the
result of selecting a random number from a Poisson distribu-
tion with parameter equal to 30. Using a Poisson distribution
removes the periodicity which would be encountered with a
uniform process but retains some element of regularisation.
Algorithm 1 shows the traffic generation method.
Filtering was performed to isolate packets serving different
functions by port number and included removal of any
SSH packets (port 22) which were part of the recording or
monitoring processes (such as status indicators).

The traces were processed using a range of AWK scripts to
extract packet delays and time series. Once processed, traces

1This implies that is it possible to inspect any of the traffic flowing into
or out of the nodes and that it is possible to configure Tor in any manner
desired.

Algorithm 1 Network traffic generation
1: loop
2: Generateinterval using Poisson-based random num-

ber generator with parameter equal to 30.
3: Start web browser and access web page via Tor net-

work.
4: Wait for interval seconds.
5: Kill web browser.
6: end loop

were loaded into MATLAB for further processing. The data
were first scaled by the trace start time i.e., subtracting from
all elements in the series the lowest value before using the
histc function to convert from a series of timestamps to
a binned representation of the data. The scaling allows the
binned respresentation to be computed with an arbitrary res-
olution for any segment without having to change the resolu-
tion of the whole dataset, i.e. it makes the segments indepen-
dent of the time they were recorded.

4. TEST METHODOLOGY

In order to test the algorithm against the dataset, some
standardized methodology must be used. In this paper, each
of the 30 minute segments are examined individually and the
overall accuracy of identification (of the correct exit node) is
expressed out of 24, the total number of segments.

In (3) the forumla for computing the most likely output node
from two choices is shown, however, a solution is required
for the case of≥2 nodes which is scalable. Whilst it would
be possible to use a tree-search type of algorithm, it makes
sense to use a ratio combining algorithm. Define the ratioA
to be the ratio of the estimated distributions for nodes 94 and
104;B to be the ratio for nodes 104 and 110 andC to be the
ratio for nodes 94 and 110. Recall the estimated distributions
as being the instantiations of (4) with the relevant data. Itis
then possible to define the following:

P94 = A+C (5)
P104 = −A+B (6)
P110 = −B+−C (7)

By selecting max[P94,P104,P110] the most likely exit node
for the data in question can be estimated; the difference be-
tween the selected node and the others gives some measure
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Figure 1: Network topology for Tor test network showing the entry node (with associated input stream) and the three possible
exit nodes (with associated output streams).

of confidence in the decision; the larger the difference, the
greater the confidence.

5. RESULTS

Before considering the complete dataset, it is informativeto
observe the operation of the algorithm upon one segment,
segment 24, which is plotted below.

To begin, the input stream (Figure 2) is observed in isola-
tion. The traffic appears near-periodic but with some vari-
ation which is expected given the Poisson-based generation
method used.
Next, the output streams from each of three possible exit
nodes are observed (Figure 3 (a)). Any packets travelling
towards the target web-server have been removed to show
only the background traffic at each exit node with a tempo-
ral resolution of one second. Node 104 is observed to send
out a periodic stream of packets; as there is no Tor traffic or
exit-stream traffic then it can be assumed this is either due
to a user process running on this machine or, more likely, a
network operation (backup, file handling etc). Node 94 sends
out more frequent traffic than Node 104 and the lack of pe-
riodicity would indicate a user process (web browsing, email
etc). Node 110 has little outgoing traffic perhaps because
there were no active users during the time the traffic capture
was in operation.
Finally, the outputs from each of the possible exit nodes are
observed when the input stream is applied to the network
(Figure 3 (b)). There is a large rise in the volume of traffic
emanating from Node 94 with a near-periodic pattern which
appears to be similar to the input stream giving an indication
that this may be the true exit node.

The results for the complete dataset are shown in Table 2. It
can be seen that the algorithm has correctly identified node
94 as the exit node in each of the twenty-four segments for
three different temporal resolutions. Increasing the temporal
resolution (ie, from 1s to 0.1s) increases the computational
load but can be of help in situations where the input and
output streams are of such a density as the binned represen-
tations have a 1 in each bin. This can disrupt the algorithm
as the signature becomes masked at that resolution. Using a
finer resolution can restore some degree of sparseness to the

Figure 2: The input stream in isolation.

signature allowing the algorithm to function.

It should be noted that the delay functiond(x) was estimated
as a vector with 1 in the first bin and 0 elsewhere for each of
the temporal resolutions. This can be interpreted as an indi-
cation that the model for the delay is at a resolution smaller
than the resolution at which the algorithm is being run. De-
lays on the order of milliseconds are observed but the algo-
rithm is run at a resolution of seconds hence the above result.
In the original paper, Danezis places some emphasis on an
accurate model for this function but it would appear that in
practise, a crude model is sufficient to generate results.

Resolution (s) Node 94 Node 104 Node 110
1 24 0 0
0.1 24 0 0
0.01 24 0 0

Table 2: Results for the dataset. These indicate the number
of times that each node is chosen as most likely exit node and
are scored out of 24 - the total number of segments for this
dataset.
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(a) Network traffic observed at each node when no input is applied.

(b) Network traffic observed at each node when input is applied to the
Tor network.

Figure 3: The output streams from the three possible exit
nodes showing: (a) - no input being applied to the network,
i.e. the background traffic and (b) - the result when the input
stream is applied.

6. CONCLUSIONS

It has been shown that it is possible to remove the privacy
afforded by the use of a Tor network by correlating time se-
ries representations of the input and output streams of the
network. The algorithm proposed by Danezis is shown to
work - albeit with some minor modifications to make imple-
mentation possible. The advantage of this method is that it
does not require any attempt to break the encryption of pack-
ets performed by Tor, relying on signature matching, which,
whilst crude, has been shown to work with real data gathered
from an experiment upon a live Tor network.
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ABSTRACT
It is known that the detection of a seismic radiation emitted
from the earth’s crust is useful for predicting earthquakes.
We have been observing the electromagnetic (EM) wave in
the Extremely Low Frequency (ELF) band. Various meth-
ods have been proposed to detect an anomalous EM radiation
from recorded data. In this paper, we propose the anomalous
signal detection based on HMM whose input vector is the
amplitude density distribution of an EM wave. The ampli-
tude density distribution is calculated from the image of an
EM wave data. The optimal scale of an image to calculate
an amplitude density distribution is examined with use of a
false detection rate. Moreover the optimal number of states
of HMM is investigated to achieve an accurate detection.

1. INTRODUCTION

Anomalous radiation of EM waves due to an earth dias-
trophism has been recorded in advance of earthquakes and
volcanic activities[1]. We have been measuring the EM ra-
diation in the ELF band. Our research is directed towards
identifying an anomalous radiation of earthquakes from the
EM wave data[2]. Observed signals contain undesired com-
ponents associated with the magnetosphere, the ionized layer
and the lightning radiation in the tropics, and so on[3]. Var-
ious signal processing techniques have been proposed to de-
tect and understand the anomalous radiation in the ELF band.

The normal value method[4] and the principal compo-
nent analysis[5] were proposed as simple and reasonable
anomalous signal detection. These methods require the ob-
servation signal recorded over several years at the same ob-
servation point. Due to this limitation, it is difficult to de-
tect an anomalous signal in a new observation point. The
neural network[6] was applied to overcome the weakness of
conventional methods. The observation signal at the same
point is not necessary for the training of the neural network.
However, in order to achieve the accurate detection, many
anomalous signals related to the great earthquake are neces-
sary as the training data set. The anomalous signal detection
using a linear prediction error detects a seismic signal with-
out anomalous signals. However, abrupt noises are detected
as an anomalous signal.

Requirements for an anomalous signal detection are out-
lined below.
• An anomalous signal can be detected at a different obser-

vation point.
• Decrease the number of anomalous signal as training data

• Decrease the false detection due to an abrupt noise

In this paper, the HMM is applied as the anomalous
signal detection satisfying the above requirements. The
HMM input signal the amplitude density distribution calcu-
lated from the waveform of the EM wave data excluding the
anomalous signal. The training data is observed at various
seasons and observation points. The observation signal in-
cluding the abrupt noise is also used as training data to avoid
the false detection. Results of the anomalous signal detec-
tion will indicate the different characteristics when the dis-
play scale of the waveform is changed. The number of states
of HMM influence the anomalous signal detection accuracy.
This paper represents the optimal display scale of the image
and the number of state of HMM.

2. ELECTROMAGNETIC WAVE

We observed the EM wave radiation in the ELF band
(223Hz) as represented by the east-west, north-south, and
vertical magnetic field components at about forty observation
stations in Japan (Fig.1). Collected data is averaged over 6
seconds interval (14400 points per day) at each station and
direction. The EM wave data averaged over 6 and 150 sec-
onds interval is recorded on the data logger established in
Nagoya Institute of Technology. The data server provides us
the numerical data and its graphical image. The typical seis-
mic radiation from the earth’s crust observed in the ELF band
has a field strength of about on pico tesla normalized by the
square root of one frequency(pT/

√
Hz).

A signal observed at Aomori-Hachinohe station is shown
in Fig.2. The vertical axis represents a density of a magnetic
flux (pT/

√
Hz), the horizontal axis indicates the time. The

right-hand side origin is set to 0:00 AM, August 13th, 2001.
An earthquake occurred on the 13th of August 2001.

The seismic radiation must be extracted accurately, from
the observation signal including various noises, due to a sen-
sor noise, an artificial noise, a noise from atmosphere and
magnetosphere. The observed EM wave data in ELF band
consists of three components given below.

• Background noise: The dominant background noise is
the lightning radiation from the tropics. It passes between
the ionized layer and the surface of the earth. It is weak in
the daytime and strong at night because of the properties
of propagation path. Furthermore, it has a seasonal trend
from about 1 to 2 pT/

√
Hz in summer to 0.3 to 1 pT/

√
Hz

in winter.
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Figure 1: Observation sites for ELF EM wave measuring in
ELF band

Figure 2: Observed EM wave

• Anomalous signal: The typical anomalous signal is
recorded a level from 0.1 to tens of pT/

√
Hz, and is de-

pendent on the scale of the earthquake event, its depth
and a distance to the observation point.

• Abrupt noise: Spike noises are common and signifi-
cantly degrade the accuracy of detecting the anomalous
signal. The main cause is the incomplete removal of a
sensor noise and the effect of a thunder radiation in near
field. These spikes are short and have strong amplitude
from several pT/

√
Hz to several tens pT/

√
Hz.

Assume that EM wave data at timet is x(t), it is repre-
sented as the sum of a background noise componentT(t), an
anomalous signalP(t) and other noisesw(t). A model of the
observed data is expressed as;

x(t) = T(t)+P(t)+w(t). (1)

Our goal is to detect theP(t) accurately. In this paper, ob-
served data is divided into two categories. One includes the
anomalous, another does not contain theP(t). The former
expressed asT(t) + P(t) + w(t) is called as an anomalous
pattern, the latter represented byT(t)+w(t) is referred as a
normal pattern.

3. HIDDEN MARKOV MODEL

3.1 Configuration of HMM

In this paper, a HMM[7] is adopted to detect the anoma-
lous signal from the EM wave data. The HMM with left-
to-right type (Fig.3) is employed. The HMM has parame-
ter states transition probabilityai j which consists of stateqi ,

a00 a11 a22 a33

q0 q1 q2 q3 q4

b0(k) b1(k) b2(k) b3(k) b4(k)
a01 a12 a23 a34

a44

Figure 3: State transition diagram for a 5-state left-to-right
HMM

state transition probabilityai j and observation symbol prob-
ability b j(k).
• States: q0,q1,q2, · · · ,qN−1

HMM is composed byN states. Each state provides the
state transition connected to a next state and itself.

• State transition probability : ai j
ai j is the transition probability of transitioning from a
stateqi to a stateq j . ai j satisfies 0≤ ai j ≤ 1 with

∑
j

ai j = 1. (2)

• Observation symbol probability: b j(k)
Observation symbol probability in a stateq j is expressed
asb j(k), wherek is the observation symbol.b j(k) satis-
fies;

∑
k

b j(k) = 1. (3)

Each parameter is estimated by using Baum-Welch algo-
rithm whose training data is composed by the normal pattern
data. The trained HMM outputs a high-acceptance probabil-
ity for a normal pattern, while a low-acceptance probability
for an anomalous pattern.

3.2 Baum-Welch Algorithm

In order to use the HMM for a pattern recognition, a parame-
terai j andb j(k) should be estimated. The Baum-Welch algo-
rithm based on EM algorithms is applied to calculate HMM
parameters by using given symbols extracted from observa-
tion signals. The Baum-Welch algorithm is composed by the
forward and backward algorithm.
• Forward algorithm : Assume that observed symbols are

O = O1O2 · · ·OT , states areQ = q1q2 · · ·qT . The obser-
vation probability is calculated when the observed partial
seriesO = O1O2 · · ·Ot is observed in stateqi at time t.
The forward probabilityαt(i) is calculated as;

αt(i) =
N−1

∑
j=0

αt−1( j)ai j b j(kt) (4)

where,k = k0k1 · · ·kt · · ·kT−1 is an observed symbol.
• Backward algorithm : The observation probability

is calculated when the observed partial seriesO =
Ot+1Ot+2 · · ·OT is observed in stateqi at time t. The
backward probabilityβt(i) is calculated as;

βt(i) =
N−1

∑
j=0

βt+1( j)ai j b j(kt+1). (5)
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479 pixel

Figure 4: Waveform area in the image of EM wave data

Figure 5: Observed signal and input symbols

3.3 Viterbi Algorithm

The acceptance probability of HMM is calculated by the
Viterbi algorithm. The likelihood at the timet in the state
qi is expressed as;

log( f (i, t))=max
j

log( f ( j, t−1))+log(a ji )+log(b j(kt)).

(6)
The log likelihoodf (N−1,T) of the final stateqN−1 at time
t = T is defined as the acceptance probability.

4. INPUT OF HMM

The observation symbol is defined as the amplitude density
distribution calculated from EM wave data. The symbol is
extracted from the waveform of an EM wave data provided
by a data server. The procedure of a symbol extraction is
given as following steps:

1. Acquire the Graphics Interchange Format (GIF) file of
EM wave data

2. Convert GIF image into Microsoft Windows Bitmap Im-
age (BMP) image

3. Extract the waveform area (Fig.4)
4. Count the number of pixels of waveform area at each line

(o = o1o2 · · ·o86)
5. Input symbolO = O1O2 · · ·O86 is calculated by a nor-

malizing coefficientSando, as shown in (7) and (8)

S =
maxo

31
(7)

O = o·S. (8)

The input image and its observation symbolO is shown in
Fig.5.

Table 1: Combination of training data and test data
training data test data

ABCD EF
ABCE DF
ABDE CF
ACDE BF
BCDE AF

5. SIMULATION METHOD

The waveform of the EM wave data can be displayed on the
following conditions.
• X-axis(Observation days): 1, 2, 7, 14, 30, 60 [days]
• Y-axis(Upper of density of magnetic flux):

3, 5, 10, 20, 50, 100, 200[pT/
√

Hz]
Anomalous signals are often observed several weeks before
an earthquake. These signals tend to decrease just before the
earthquake. This fact indicates that it is difficult to detect
the anomalous signal from the image of X-axis 1 and 2 days.
The image displayed with the scale of 7, 14, 30 and 60 days
is used to the observation symbol extraction. Most of nor-
mal pattern signals are observed as a level of 5 pT/

√
Hz or

less. It is known that the EM wave radiation recorded in the
level of 10 pT/

√
Hz or more is the anomalous signal from an

empirical knowledge. Therefore, as for the maximum value
of Y-axis, 10 pT/

√
Hz or more is unnecessary. The image

displayed with 5 or 10 pT/
√

Hz is used.
Fifty normal pattern data and ten anomalous pattern data

for each scale are prepared. Fifty normal pattern data are
divided into five groups named as group A, B, C, D and
E. Each group includes ten normal pattern data respectively.
Ten anomalous pattern data are called group F. Selected four
groups of normal patterns are applied to HMM as training
data. A remaining group normal pattern and the group F are
applied to the trained HMM as test data (Table 1).

The threshold to distinguish between the normal pattern
and the anomalous pattern is the lowest acceptance probabil-
ity which is calculated from the test normal patterns. There-
fore, one HMM has one threshold. The false detection is
defined as a percentage of the number of anomalous signal
which yields larger acceptance probability than threshold.
This process is calculated with all combinations of display
scale of the image, and number of state is changing from 1 to
10.

An example of the Log likelihood derived by HMM is
shown in Fig.6. X-axis and Y-axis of the waveform is 14
days and 5pT/

√
Hz respectively. In Fig.6, the horizontal axis

shows a number of states of HMM, vertical axis is an Log
likelihood. The solid line and the short dotted line indicates
the Log likelihood calculated by the normal pattern and the
anomalous pattern, respectively. From Fig.6, the Log like-
lihood of one anomalous pattern is larger than the threshold
when the number of states is one, two and from six to ten.

6. SIMULATION RESULT

The false detection rate with various image display scales
and the number of states is shown in Table 2. The lowest
false detection rate is produced by the image scale of 14
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Figure 6: Example of false detection (Number of state vs.
Log likelihood)

Table 2: False detection rate

Scale of image False detection rate [%]
X-axis Y-axis Number of state
[days] [pT/

√
Hz] 1 2 3 4 5 6 7 8 9 10

7 5 10 12 18 6 12 20 24 10 6 8
10 12 12 20 24 18 22 20 18 18 18

14 5 0 0 12 12 10 18 22 16 16 20
10 8 8 18 16 14 16 12 22 18 12

30 5 12 16 12 20 18 16 16 16 20 20
10 14 16 16 18 22 32 36 46 40 40

60 5 10 10 14 18 18 18 20 22 26 26
10 14 14 22 16 16 20 22 26 24 22

days, 5pT/
√

Hz, and the number of states is one and two.
Now we focus on the relationship between a display scale
of Y-axis and a false detection. 29 false detection rates of
the image displayed with 5 pT/

√
Hz are less than their 10

pT/
√

Hz Therefore, the image displayed with 5 pT/
√

Hz is
more effective to detect the anomalous signal than the image
displayed with 10 pT/

√
Hz.

7. CONCLUSION

We proposed a HMM-based detection method of the anoma-
lous signal related to EM wave radiated from earth’s crust.
The amplitude density distribution of the observed data cal-
culated from the EM wave is adopted as the training data.
The observation signal at various sites and seasons, and only
normal pattern data is used as training data. It is shown that
proposed method has a possibility of obtaining a good per-
formance on the anomalous signal detection.

As future works, we consider the more good condition of
HMM, about number of state and image display scale. And,
the abrupt noise is evaluated by using the false detection.
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ABSTRACT
Sound classification is a topic that has been of a major inter-
est for the scientific community. Recently, a low complexity
solution for classifying sounds in wildlife regions has been
proposed. The motivation of such a classification was in de-
tecting the intruders from these regions. In this paper we pro-
pose a different approach, one that uses Mel-frequency cep-
stral coefficients in a Gaussian Mixture Model framework.
The tests are performed on 4 databases of 100 recordings
each. The sounds of interest are represented by recordings
from humans, cars, birds and animals. In order to simulate
situations as close as possible to real environments, several
types of noises have been considered. The new approach
proves to be more robust than the previous one at the cost
of increased computational complexity. Since low complex-
ity systems are more likely to be feasible for wildlife appli-
cations, the complexity issue is discussed and a solution is
proposed.

1. INTRODUCTION

Sound classification shows a continuous development and its
applicability was demonstrated in various fields. Besides the
well-known speech/speaker recognition applications, there
are also other areas in which sound classification proved to be
successful. Medical applications, like classification of heart
sounds [1], hearing aids [2] or remote monitoring systems [3]
are very popular these days. Different solutions for envi-
ronmental sound classification applications were proposed
in [4, 5]. An application for the classification of acoustic
events in a kitchen environment can be found in [6]. Also,
vehicle identification using wireless sensor networks [7] is a
promising topic, with different applications in real life.

Natural reserves, forests, protected lakes, or the coastal
regions, are very often the target of different intruders in-
terested in forest cutting, hunting, or simple curious people.
The actions of these intruders could affect the continuity of
the endangered species and the overall integrity of the wild
places. As a consequence, systems for monitoring these wild
regions are needed. Video surveillance systems can not be
considered as a unique solution for such purposes. The main
reason is related to their increased complexity, amount of in-
formation that has to be processed, high power consumption
and of course their high costs. We want to propose a different
approach for this type of surveillance system, one that uses

sounds not image. The final goal is to realize an acoustic
sensor network that could be seen as an ’acoustic eye’.

In recent studies [8, 9] a low complexity solution for de-
tecting intruders in wildlife regions has been proposed. The
sound classification algorithm used was based on Time En-
coded Speech Processing and Recognition (TESPAR). The
most simple TESPAR coder is using two descriptors for each
segment situated between two consecutive zeros of a signal:
• D - number of samples between two consecutive zeros;
• S - number of points of minima/maxima in the segment.

The D/S pairs are used to encode the original signal using
an alphabet. This alphabet is the result of a vector quantiza-
tion process. Basically the resulted symbol stream is con-
verted in some classification operands called TESPAR ma-
trices (A and S matrices). Finally, some archetypes are con-
structed for each class of sounds, and they are used later in
the classification process. More details about TESPAR can
be found in [10].

The work in [9] has improved the results from [8], espe-
cially when the S matrices have been used in the classifica-
tion process. This proved to be very important; indeed, using
only the S matrices, this would lead to a decrease in the com-
plexity of the algorithm, which can be crucial in a standalone
system with low power consumption. Even though there was
also an improvement in the classification rates when various
types of noisy environments were simulated, the rates were
not fully satisfying.

In this paper we propose a sound classification approach
that uses Mel-frequency cepstral coefficients in a Gaussian
Mixture Model framework. The motivation of this work is
threefold:
1. We want to compare the results of these two different ap-

proaches, to see exactly how well does TESPAR perform
in comparison to standard sound classification methods.

2. Taking into consideration the improved results of the
standard classifier presented in this work, we suggest
a combined solution, which utilizes both of these ap-
proaches.

3. Finally, even though our purpose is to realize a system
that has to be used in wildlife, our method can also be
used for property surveillance. In this different situation
low power consumption should not be mandatory any-
more, thus more complex and robust algorithms can be
utilized.
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The rest of the paper is organized as follows. The theoretical
background of this paper is presented in Section 2. Technical
design and implementation details are provided in Section
3. Section 4 presents the experimental results and Section 5
concludes the paper.

2. THEORETICAL BACKGROUND

2.1 Mel-Frequency Cepstral Coeficients Overview
One of the most popular features used in sound classifica-
tion applications are the Mel-frequency cepstral coefficients
(MFCCs). They are a short-term spectrum-based feature
which give good discriminative performance.

The extraction of the MFCCs includes the following
steps:
1. Pre-emphasis: for reducing the noise and also for enhanc-

ing high-frequency spectrum, a finite-order impulse re-
sponse (FIR) filter is applied to the audio signal:

HFIR(z) = 1−az−1

The value for a is usually selected from the [0.95, 0.98]
interval.

2. After the pre-emphasis, the signal is divided into frames.
This framing comes from the necessity of transforming
the signal into statistically stationary blocks. Overlap-
ping frames with a 30-50% overlap are used, in order to
avoid losing information at the end of the frames.

3. For preventing abrupt changes at the end points of the
frames, a window function is used (usually a Hamming
window):

4. For each frame the Discrete Fourier Transform (DFT) is
applied. Because humans do not perceive pitch linearly,
the frequency band has to be divided using a filter-bank
of triangular filters spaced on the Mel-scale [11]:

Mel( f ) = 1127ln
(

1+
f

700

)
5. Spectral envelope in dB is obtained by applying loga-

rithm to the amplitude spectrum. Finally, the discrete
cosine transform (DCT) is applied [12]:

cn =
M

∑
j=1

logS j cos
[

πn
M

( j− 1
2
)
]
, n = 1,2, ...,N,

where
• cn is the nth MFCC coefficient;
• M is the number of filterbanks;
• N is the number of coefficients one wants to compute;
• S j is the magnitude response of the jth filterbank

channel.
The zeroth coefficient is usually dropped because it is the

average log-energy of the frames. Most of the times first
and second order differences of the MFCCs are included as
a feature. Those are called delta and delta-delta coefficients.

2.2 Gaussian Mixture Models
A Gaussian Mixture Model can be written as a weighted sum
of M component densities and has the following form [13]:

p(x|λ ) =
M

∑
i=1

wi pi(x)

where x is a d-dimensional random vector, pi(x), i = 1, ...,M,
is the component density and wi, i = 1, ...,M, is the mixture
weight.

The component densities are d-variate Gaussian func-
tions given by [13]:

pi(x) =
1√

(2π)ddet(Σi)
exp
[
−1

2
(x−µi)T

Σ
−1
i (x−µi)

]
where µi is the mean, Σi is the covariance matrix, d is the
number of features incorporated into every feature vector.

The weights wi have to satisfy the following relation:
∑

M
i=1 wi = 1. Each model can be written as a function of the

following parameters: λ = (wi,µi,Σi), i = 1, ...,M.
The log of the likelihood function is [14]:

ln p(x|w,µ,Σ) =
N

∑
n=1

ln

{
M

∑
i=1

wi p(xn|µi,Σi)

}
where x = x1, ...,xN

Finally, for finding the maximum likelihood solutions for
the models different algorithms are used. In the present
study, the expectation-maximization (EM) algorithm was
employed, which is known as an elegant and powerful
method for finding a maximum likelihood solution [14, 15].

3. DESIGN AND IMPLEMENTATION

3.1 Databases
For our research we have used four databases of over 100
recordings each.
• Database 1 is a small part of xeno-canto America, a

database that contains over 25.000 recordings made by
bird watchers from all over continental America. All the
recordings are performed in different forests and areas
with various species of birds.

• Database 2 was recorded by the authors and contains
recordings of vehicle sounds (mostly sedan cars); this
database was used also in other projects.

• Database 3 has over 100 recordings of speech sounds,
most of them belonging to students from the Technical
University of Cluj-Napoca. They were asked to record
themselves when uttering their names or different sen-
tences.

• Database 4 has contains recordings of different animal
sounds: lions, bears, snakes, horses, cows, cats, frogs and
others. All the recordings were collected from different
animal databases on the internet.
In the previous studies [8,9] only the first three databases

were used. In this approach we present some comparative
results with the first study and also the new results after
Database 4 is introduced.

3.2 Experimental setup
Our practical work is structured as follows. Firstly, the Mel-
frequency cepstral coefficients were extracted from the sig-
nals and then the training of the models and testing using the
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Number of MFCCs
GMMs 10 14 20

10 97.33 98.00 99.33
30 98.66 99.00 99.66
50 99.00 99.00 99.66

Table 1: Classification rates for clean sounds (human, car,
bird)

Number of MFCCs
GMMs 10 14 20

10 84.66 85.33 92.00
20 85.00 91.00 94.00
30 88.66 91.66 95.00
40 88.00 92.00 96.66
50 90.00 94.66 97.33

Table 2: Classification rates when rain is added to the test
sounds (human, car, bird)

Gaussian-Mixture Models was employed. For each class of
sounds we had 100 recordings of a few seconds each. All the
recordings were sampled at 8 kHz and stored in 16 bits mono
*.wav files.

For pre-emphasis a (FIR) filter with the pre-emphasing
coefficient a=0.97 was used. The signal was divided in 256-
sample frames with an overlap of 128 samples (50% over-
lap). This corresponds to a frame length of 32 ms. We also
tried decreasing of the frame length, but the results shown no
improvement. A filter-bank of 40 triangular filters spaced on
the Mel-scale was used.

In our experiments we have implemented 10 to 20 cep-
stral coefficients and the results were compared. First coef-
ficient was all the times discarded, as it is dependent of the
channel gain. Along with MFCCs we have also used the delta
coefficients.

For modeling the Gaussian Mixtures, different numbers
of Gaussian components were selected. The expectation
maximization algorithm was used, with a maximum of 1000
iterations and the value for the threshold was set to 0.01.

In order to get statistically good results, when performing
our tests we have considered leave one out cross-validation
[16] method. Consequently, we separated the sounds in two
sets: testing set and validation set; 99 recordings were used
for training the system and the remaining recording was used
for testing. This process has been repeated 100 times, every
time changing the test recording.

After the regular experiments were performed, we de-
cided to simulate some scenarios that could be encountered
in real life. For this, noise was added to the test signals. The
training of the models was done with clean sounds, while for
testing we added rain and wind sounds (real sounds, recorded
in the nature) to the test signals. The maximum amplitude of
the noise signals was set to 1/3 of the maximum amplitude
of the clean recordings in the databases.

4. RESULTS AND DISCUSSIONS

Experiment 1: In the first experiments we tried to compare
the results from our previous studies with the results obtained
in this new approach. Table 1 presents the results when the
sounds of interests where only the birds, humans and cars,

Number of MFCCs
GMMs 10 14 18 20

10 92.75 93.75 93.25 92.75
20 95.25 94.50 95.00 96.00
30 94.25 96.00 95.25 96.25
40 94.75 95.50 96.00 96.25
50 95.25 96.50 96.00 95.50

Table 3: Classification rates for clean sounds (human, car,
bird, animal)

Number of MFCCs
GMMs 10 14 18 20

10 74.75 79.25 79.75 78.25
20 80.25 81.75 82.50 84.00
30 81.50 84.00 82.50 82.25
40 81.25 83.25 83.00 85.00
50 81.25 82.75 84.75 86.50

Table 4: Classification rates when rain sound is added to the
test sounds (human, car, bird, animal)

and clean sounds where used for both training and testing.
We also tried adding noise to the test signals, in order to see
how this influences the classification rates. The results with
rain added to the test sounds are presented in Table 2. When
wind was added to the test signals the best correct classifica-
tion rate obtained was 93.33%.

Experiment 2: We repeated the previous tests but with
an extra class of sounds of interest, represented by animals.
The results for this study are presented in Table 3 and the
confusion matrix for MFCC=20 and GMM=40 can be seen
in Table 5.

Experiment 3: We added again rain to the test sounds (all
four databases), similar to the procedure explained in Experi-
ment 1. Table 4 shows the evolution of the classification rates
in this case. For the combination MFCC=20 and GMM=50
the confusion matrix can be observed in Table 6. When wind
was added to the test sounds, our classification rates were
situated between 70 and approximately 80%; best score was
82.25%.

The results from Experiment 1 show us an increase from
our previous approach [9]. For clean sounds we managed
to achieve an overall correct classification rate of 99.66%
while previously our best score was 97.33%. When the test
sounds were affected by noise our scores were 97.33% for
rain and 93.33% for wind. Previously we had 94% for rain
and 89.33% for wind. Obviously, the standard classifier per-
forms better than TESPAR.

When using the forth database also, we encountered a
decrease in the classification rates. For clean sounds, the best
scores obtained were of 97.33%. As it can be seen in the
confusion matrix from Table 6 for both human and car we
have 100% correct classification rate. After adding noise to
the test sounds, the decrease was considerable. Best score
obtained was 86.50% for rain and 82.25% for wind sounds.

Even though, in the confusion matrix presented in Table 6
an interesting aspect can be noticed. For human we have a
correct classification rate of 98%, while for car it is 97%,
which can be considered quite satisfying. The worst results
are for animals, where only 57% were correctly classified.
This results was somehow expected, since our databases with
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bird car animal human
bird 94 0 6 0
car 0 100 0 0

animal 9 0 91 0
human 0 0 0 100

Table 5: Confusion matrix, clean sounds

bird car animal human
bird 94 2 4 0
car 3 97 0 0

animal 43 0 57 0
human 0 0 2 98

Table 6: Confusion matrix, rain sound added

animals contains various species, so the classifier can not re-
ally construct an accurate model, because the sounds present
are not very similar.

Another interesting aspect that has to be pointed out here
is that all the misclassified animals were considered as birds.
For the purpose of our goals, this aspect does not affect us too
much. Indeed, we are interested in intruders, namely cars or
human; if an animal is considered a bird or vice versa, that
may be rather acceptable for a first step in analysis.

5. CONCLUSIONS AND FUTURE WORK

As one may expect, the standard sound classification method
presented in this paper proved to be more robust than the low
complexity solution suggested in the previous works. How-
ever, we are aware that such a complex system could not
be implemented easy on a cheap controller and placed in a
wildlife region. Even though, a possible combined solution
that overcomes this difficulty will be tried.

A future goal is to develop a low complexity system that
identifies possible intruders and sends to a base station the
corresponding recording. At the base station, one can try
more complex approaches in order to make sure that we are
facing with an intruder.

Moreover, an intruder verification system seems to be
more suitable for our goals. Consequently, because of the
various sounds encountered in the nature, we would think
of a slightly different approach, in which the low complexity
system does not try to classify the sounds in different classes,
but only only checks if a certain recorded event belongs to
a human, a car or an engine, a gun shot or other possible
sounds of interest that could be considered as an intruder.

A higher threshold could be set, even though this could
lead to the possibility of increasing false alarms. Obviously, a
certain compromise has to be made, when setting the thresh-
old, because a high number of false alarms could lead to a
’system jam’.

Finally, one of the future goals is to increase our
databases, with sounds that reproduce gun shot, thunder,
chain saws etc.
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ABSTRACT
The decline in amphibian populations worldwide has be-
come a tangible example of a major environmental concern
due to the fact that amphibian presence has been interpreted
as a good indicator of the health of an ecosystem. Conse-
quently, monitoring is an imperative. In this work, a concep-
tual framework for bioacoustical species classification isfor-
mulated and an instantiation of this framework is presented
in the form of a sensor array processing (SAP) system. From
a digital signal processing perspective, the main feature im-
plemented in the instantiated SAP is an application capabil-
ity, based on Mel-frequency cepstrum coefficients (MFCC),
principal components analysis (PCA), and k-nearest neigh-
bors (k-NN) methods that allows identifying species from
audio vocalizations recorded by array sensors. Finally, the
processed information is being delivered, through what has
been termed a master sensor node (MSN) configuration, to
a versatile service-oriented (VESO) wireless mesh network
(WMN) which is currently being implemented as an instru-
mentation testbed at the National Jobos Bay Estuarine Re-
search Reserve (JBNERR) located on the island of Puerto
Rico.

1. INTRODUCTION

Nearly one-third (32 %) of the world’s amphibian species are
known to be threatened or extinct according to the Global
Amphibian Assessment [1]. Even worse, some estimation
suggests that the current extinction rate of amphibians could
be 211 times the background amphibian extinction rate [2].
The process of efficiently monitoring amphibian population
and correlated changing environmental conditions becomes
imperative in light of the decline in amphibian population
and the implication of anuran disappearance on overall envi-
ronmental health. The procedure of finding efficient meth-
ods to monitor species and generating inventories is be-
coming increasingly important as the scientific community
struggles to understand reasons behind amphibian declines.
Puerto Rico’s endemic and critically endangered Puerto Ri-
can crested toad (Peltophryne lemur) is one example of a
specie where a declination in population has occurred and
recorded. The specie was listed as threatened by the US Fish
and Wildlife Service in 1987 (USFWS 1992) and Critically
Endangered by the International Union for Conservation of
Nature and Natural Resources.
More than 30 national and international organizations are
working to save the Puerto Rican Created toad working
through the Puerto Rican Crested Toad Species Survival
Plan. The efforts include 22 AZA zoos and aquariums which

are breeding this species and reintroducing it back to its nat-
ural habitat [3]. The decline in amphibian populations in
Puerto Rico and worldwide has driven the need to estab-
lish more effective monitoring strategies. Wildlife monitor-
ing is challenged by issues such as access to remote sites
and limited human resources to deal with strenuous tasks.
Automated data recorders (dataloggers) are the most com-
mon modern monitoring tools to record amphibian calling
activity. Those programmable units are able to record high
quality audio during user preset periods. Even though they
are more versatile that traditional recording units, they have
some inherent problems associated such as the inevitability
of weekly field visits to download the information on the
loggers, batteries replacement, and null processing capabil-
ity. The development of new equipment that avoids constants
visits to the field is an imperious necessity.
The work described on this paper, present the implemen-
tation of a sensor array processing (SAP) unit built using
off-the-shelf technology approach. The SAP unit is one the
nodes of our purposed Versatile Service Oriented Wireless
Sensor Networks(VESO-MESH) which is being currently
deployed at Jobos Bay National Estuarine Research Reserve
located on the south of the Puerto Rico’s island. The infras-
tructure designed has turned in a bioacoustical framework
where different studies are currently being performed. Our
main objective with this work is the acoustic Environmental
Surveillance Monitoring (ESM) of species. To achieve this
objective, we have developed algorithms for automatic iden-
tification of species and individuals from their vocalizations
which run in the SAP with the purpose of generating alerts
about the possible presence of a particular specie in a moni-
toring process.

2. BACKGROUND AND RELATED WORKS

2.1 Wireless Sensor Networks

Wireless Sensor Networks (WSN) has become extremely
popular in the last years. In fact, in 2002 an already fa-
mous survey was published [4], where possible WSN appli-
cations were presented, besides of factors influencing sen-
sor network design and different communication architec-
tures. Since then, numerous sensor network applications
have been proposed in areas such as indoor/outdoor environ-
mental monitoring, health and wellness monitoring, power
monitoring, inventory location monitoring, factory and pro-
cess automation, seismic and structural monitoring, precision
agriculture and military [5]. Many of those applications em-
ploy acoustic sensors as a key part in the sensing process.
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For example, an experimental counter-sniper system called
PinPtr [6] measures the time of arrival of muzzle blasts and
shock waves from a shot to detect and locate shooters; an
application called ExScal1 (Extreme Scale Wireless Sen-
sor Networking) provides acoustic intrusion detection using
multiple sensor and actuators (magnetometer, a microphone,
four passive infrared receivers, a photocell, a sounder, and
feedback LEDs.); an in-home application called LISTSENse
[7] enables the hearing impaired to be alerted of the audi-
ble information in their environment (e.g., smoke alarm and
doorbell); a volcanic monitoring application, let to observe
230 eruptions and other volcanic events in northern Ecuador
(Volcan Reventador) during 19 days in 2006 [8].

2.2 Species Discrimination From Their Vocalizations

Many studies for automatically discriminating species from
theirs vocalization have been proposed in recent years. These
studies been applied to a wide range of species, including
farm animals [9], bats, birds [10], and anurans [11]. Birds
have been the preferred target among researchers. Time-
Frequency representation is the usual scenario to extract
features that allow to obtain a classification of audio sam-
ples. FFT spectra, spectrograms, Wigner-Ville distributions
(WVDs), Mel-frequecy cepstrum coefficients, and wavelets
are examples of common scenarios for time-frequency rep-
resentations used in automatic identification operations.In
1996, Anderson, Dave, and Margoliash [12] used dynamic
time warping (DTW) for automatic recognition of birdsong
syllables from continuous recordings. In these studies, syl-
lables were represented by spectrograms and classification
was performed by matching the spectrograms to predefined
prototypes. It was identified that comparisons operations
such as matrix correlations and pattern matching of spectro-
grams tended to be computationally demanding. They ap-
plied these methods to non normalized amplitude vocaliza-
tions from two bird species recorded in a low noise environ-
ment, achieving high accuracy.
Techniques based on metrics to quantify song similarity have
been proposed, as well. McIlraith and Card 1997 [13]
conducted research on the recognition of songs of six bird
species. In their method, the bird songs were represented
with spectral and temporal parameters of the songs. They
reduced the complexity of the search space by selecting fea-
tures exhibiting the greatest discrimination. They then used a
neural network for classifying the bird songs. Selouani et al.
[14] improved the neural network approach by adding a feed-
back loop to a multilayer perceptron (MLP) network. Most
techniques similar to the one used by McIlraith and Card are
derived from human speech recognition techniques.
Under noisy environmental conditions, the actual conditions
encountered when performing field recordings, it has been
demonstrated that hidden Markov models (HMM) are usu-
ally more efficient than knowledge-based recognition meth-
ods. Trifa, Kirschel and Taylor [15] were able to distinguish
songs from 5 species of antbirds that share a common terri-
tory in a rainforest environment in Mexico using HMM tech-
niques. Their experiments show that, with noisy recordings,
performance was lower but generally exceeding 90%. Other
techniques explored include data-mining[16] , support vector
machine [17], machine learning [18], and image processing
[19].

1http://cast.cse.ohio-state.edu/exscal/
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Figure 1: Sensor Array Processing (SAP) Concept

3. FRAMEWORK FOR BIOACOUSTICAL SPECIES
CLASSIFICATION

The sensor network model depicted in figure 1 correspond
to our conceptual representation of our system called Sen-
sor Array Processing (SAP). The SAP is based on a central-
ized architecture which means there is a central or master
sensor node (MSN) that interacts with lower nodes and it
is responsible for collecting, processing, and conveying in-
formation about the observatory. A sensor array processing
(SAP) system, has three essential elements: 1) a set of sen-
sor signal processing nodes (SSP nodes), 2) a wireless rout-
ing mechanism (WRM), and 3) a Linux-based high perfor-
mance embedded computing unit (MSN). The sensor signal
processing (SSP) nodes are a set of wireless, low-cost acous-
tic signal acquisition, storage, and processing nodes which
are responsible for sensing the physical signals of interest
and they include all the acquisition hardware such as analog
to digital converters, audio cards, microphones, etc. These
nodes are combined and treated as a sensor array unit without
a prescribed topology and their signal-based acoustic infor-
mation is aggregated through a wireless routing mechanism
(WRM) to a Linux-based high-performance embedded com-
puting unit, called a master sensor node (MSN), for further
raw data processing and information representation. In this
manner, a sensor array processing system or SAPs, each with
its own master sensor node unit, may be looked as a node
of a complete system forming a Versatile Service-Oriented
Wireless Mesh Network for Disaster Relief & Environmental
Monitoring, as is illustrated in the figure 2. Note that, several
SAP can be included as nodes connected through the MSN,
to form part of a “Wireless Bubble”. The “wireless bubble”
could be connected to the internet if an internet access is
available through at least one internet gateway. A versatile
service-oriented (VESO) wireless mesh network architecture
aims to integrate distributed processes and storage devices
into the network so as to provide effective data process and
access inside the network, construct high-throughput back-
bone in Wireless Mesh Networks (WMN) emphasizing the
transmission of a larger volume of data, and design and im-
plement a set of service-oriented protocols to efficiently pro-
vide services to users inside the network and effectively uti-
lize the network resources in terms of energy, processing,
storage, etc. It also expected that can be quickly built to re-
spond to natural disaster, establishes a data intensive environ-
mental monitoring application specifically addressing hurri-
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canes and earthquakes.

4. IMPLEMENTATION RESULTS

4.1 Equipment

This section provides information about the implementation
results pertaining to the SAP framework. A description of
the SAP configuration follows. Each SSP node consists of
an assembly of three GumstixTM boards. GumstixTM offers
ARM based mini board computers with several expansion
boards, which can be put together in a single package, at-
tached using the expansion bus included in all the boards.
The core of a SSP node is the gumstix verdex XL6P board
which contains a processor Marvell PXA270 with XScaleTM

running at 600 Mhz with a memory of 128MB RAM and
32MB Flash. The assembly was completed with two ad-
ditional boards: the audiostix2 board which provides USB
client support and sound card for audio recording and play-
ing; and the netwifimicroSD FCC card which brings Ethernet
and 802.11 connectivity and storage through a microSD port.
Each SSP is kept inside a Pelican enclosure for protection
against water, sun and environment. The verdex XL6P board
contains an ARM based microprocessor and enough mem-
ory to run a Linux Open Embedded distribution on it. The
Linux operative system allows using the device as a small
computer with full functionality. The linux shell can be ac-
cessed through either a serial port or the network using SSH
which is a common network protocol for remote administra-
tion of Unix/Linux computers. The linux shell allows using a
feature known as crontable or cronjob to schedule programs
or services to run, allowing setup a time table to indicate the
date and time where the recordings are executed. A small
script is created to setup the audio card mixer, input levels,
audio format, frequency sampling, number of bits, number
of channels and filename of the recording which is adjusted
according to the current date and time of the recording.
The protocol 802.11g was chose as communication proto-
col and the infrastructure mode was selected. In the infras-
tructure mode, devices communicate with each other com-
municate through a central place which is known as Access
Point (AP). A wireless access point (AP) is required for in-

frastructure mode wireless networking. To join the WLAN,
the AP and all wireless clients must be configured to use the
same SSID. The EnGenius EOC-8610 is a waterproof Ac-
cess Point designed for outdoor conditions which was used
in the testbed.
The master sensor node (MSN) unit selected is an embedded
PC in mini-ITX form factor from AOpenTM , model number
i945GMt-FSA. The motherboard is equipped as follows:

• CPU: 2.00GHz Intel R Core 2 Duo T7200.
• Memory: Transcend 2GB So-DIMM DDRII 667MHz.
• Hard disk: Hitachi Travelstar 200GB 7200RPM SATA.
• OS: Linux Fedora core 11

Time synchronization between nodes and MSN is
achieved using NTP service. NTP server is running in MSN.
Periodically, each SSP node queries to MSN for time syn-
chronization. MSN answers with the actual time information
which is used by the SSP node to correct its local time. Two
shell scripts running from the master sensor node (MSN)
coordinate audio transferences from each SSP node to the
MSN. The first script copies the audio files from a SSP node
to the MSN using SSH commands, and the second script
deletes the transferred file from the origin (SSP node) to free
storage space in the SSP.
The SAP testbed is solar powered. The system uses a 24VDC,
216W solar panel and 2 batteries that provide 24VDC and stor-
age the electrical charge of the system. An inverter trans-
form the 24VDC output to 120VAC. The Master Sensor Node
(MSN) is equipped with a real time clock, and a BIOS system
that allows turning on the MSN according to the programmed
in the BIOS system. Monitoring process is performed during
some time period of the day, so the MSN can be kept turn
off during some periods to avoid the power consumption and
preserving the charge of the batteries.

4.2 Algorithms For Automatic Species Identification
From Their Vocalizations

MSN processing capacities is not a limitation to develop
applications for automatic species identification from audio
recordings. In fact, a Matlab application is created with the
purpose to generate alerts indicating a possible singing ofa
particular specie. The objective is to obtain information of
available species in real time. Our work pipeline can be di-
vided in 5 different modules. They are: signal preprocessing,
segmentation, feature extraction, training and classification.

4.2.1 Signal preprocessing

The quality of the captured audio by recorders in the field is
not as good as the records obtained in laboratory controlled
conditions. The quality of the records is degraded by several
reasons as:

• The quality of the captured audio is lower because the
system uses a omni-directional microphone. In an au-
tonomous system, Omni-directional microphones must
be used because there is not a user to move the micro-
phone in the direction of the sound origin.

• Environmental factors such as wind and rain introduces
low frequency noises.

• The Blur effect caused by multi-path and echoes.
• The distance from the sound source to the recorder has

an effect on the amplitude of the signal.
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• The object of interest is frequently recorded together
with unwanted sound sources such as insects, or animal
crowds.

Noise reduction is indispensable because the performance of
a classifier dealing with a low SNR ratio audio is poor, but
there is not a universal solution to solve the problem. Linear
adaptive filters is used to perform noise reduction. The main
objective of adaptive filtering is to improve the quality of a
signal according to an acceptable criterion of performance
using optimum and statistical signal processing techniques
that can modify the parameters (coefficients) of a filter during
normal operation (usually in real time) without any interven-
tion from the user. The LMS algorithm or other algorithms
like Recursive-Least-Square (RLS) can be applied to solve
the noise cancellation problem. The purpose of an adaptive
noise canceler is to subtract noise from a received signal inan
adaptively controlled manner to improve the signal-to-noise
ratio. The signal of interests(n) is corrupted by uncorrelated
additive noisev1(n), and the combined signals(n) + v1(n)
provides what is known as primary signal. A second refer-
ence signal represented byv2(n), is a signal modeling noise
that is uncorrelated with the signals(n) but correlated with
the noisev1(n). The adaptive noise canceler consists of an
adaptive filter that operate in the reference signal output to
produce an estimate of the noisey(n) ≈ v1(n),by exploit-
ing the correlation betweenv1(n) andv2(n), to be subtracted
from the primary input. Here, the assumption that the sig-
nalss(n), v1(n), andv2(n) are jointly wide-sense stationary
with zero mean values is done. Models of the noise are ob-
tained and classified from audio samples that contain only
perturbing noise at different time periods and under different
environmental conditions.

4.2.2 Segmentation

In the segmentation, raw data is divided into smaller signif-
icant objects. Here, those smaller significant objects are the
syllables which can be defined as the sound produced by a
frog or bird with a single blow of the air from the lungs.
Syllables, can be also though as the minimum meaningful
unit in a vocalization. the feature extraction is properly ap-
plied over each one of the segmented syllables to obtain a
particular vector that represents the syllable. The systems
that are designed for classifying audio signals usually take
segmented audios as initial input because usually it is eas-
ier to build analysis and classification systems for segmented
objects than for raw data. The segmentation implies a re-
duction of data and also calculations to be performed in the
afterward stages of the identification process. The segmen-
tation stage, presented here, advocates for a segmentationof
the vocalization in syllables in an automatically manner.
The segmentation of the syllables is based on obtaining en-
ergy function in overlapping frames of audio data and a time-
domain analysis similar to the one proposed by Fagerlund
[20]. Maximum Energy of the piece of audio being pro-
cessed, is used to establish the initial threshold. The thresh-
old is a value used to separate a sound caused by specie (i.e.
belongs to a syllable) from another caused by background
noise. The main idea of the algorithm is consider a group
of consecutive frames with a energy value over the threshold
value as a syllable. In case, the energy value of the segment
is lower than the threshold, it could be considered as noise.
the vale of the energy of the noise segments are used to con-

tinually updated the thresholds levels.
Energy levels in the frames can be corrupted by temporal
variations of the level signal causing violation of the thresh-
olds levels in an unexpected way. For that reason, merging is
applied between groups of segments categorized as syllables
which are close, according to factors such as the minimum
and maximum syllable duration. Finally, a vocalization is
considered finished when the vocalization exceeds a param-
eter determining the maximum duration of the vocalization
or if an inter-syllable gap is prolongating more than the ex-
pected inter-syllable gap duration.

4.2.3 Feature Extraction

In our framework, features are the set of numbers taken from
the data or their transformations that characterize a sylla-
ble. Relevant information from the data is obtained by per-
forming a time-frequency domain analysis tool known as
the Mel-frequency cepstrum (MFC). The calculation of Mel-
frequency cepstral coefficients (MFCCs) starts with the dis-
section of a signal into frames of 256 pointa which are over-
lapped 50%. Each frame is pre-emphasized using a Ham-
ming window, and then a Discrete Fourier Transform (DFT)
is executed. Each one of the Fourier coefficients is squared
and the result is filtered by a set of 27 Mel-scaled triangular
filters. Later, a Discrete Cosine Transform (DCT) is executed
transforming the signal to the cepstral domain. From the 27
coefficients, only the first 12 coefficients are hold, because
they enclose most of the spectral information. Actually, dif-
ferent authors have revealed that the effect of increasing the
number of MFCCs on vowel classification performance is
negligible [21]. To finish, a liftering process is accomplished
resulting in a smoother signal. The outcome of the preced-
ing operation is a 12 x N feature matrix, where N represents
the number of overlapping frames that can be prearranged
in the signal corresponding to the syllable. The information
enclosed in the feature matrix is vastly redundant. Hence, a
Principal Component Analysis (PCA) is performed with the
intention of reducing the dimensionality of the feature ma-
trix. After performing the PCA in this set of data, interpreting
the feature matrix as a group of 12 vectors of dimension N,
we will get N eigenvectors. To reduce dimensionality, only
the first 3 of the eigenvectors are chosen. Latterly, a matrixof
12 x 3 elements is achieved which is reorganized as a single
vector of 36 dimensions. One bonus benefit of the method is
that any syllable is represented by a vector with always the
same dimension independently of the length of the syllable.

4.2.4 Training

A subset of the total available data is employed as training
data. A set of training samples representative of their re-
spective classes is required in order to train the network to
perform the pattern recognition on samples not necessarily
present in the training set. Each processed syllable produces
a feature vector with an associated known class which gener-
ates a knowledge base to characterize each one of the classes.
A simple interface developed in Matlab was created to add
training data in a PostgresTM database which contain be-
sides the information about the feature vector and the classes
which each syllable belongs to, information about the file,
the sensor, the MSN, and additional features not selected as
part of the feature vector which can be useful in data analysis.

1872



4.2.5 Classification

The k-nearest neighbor algorithm (k-NN) is selected as clas-
sification method. K-nearest neighbor is a supervised learn-
ing algorithm where the result of new instance query is clas-
sified based on majority of k-nearest neighbor category. The
purpose of this algorithm is to classify a new object based
on attributes and training samples. The classifiers do not use
any model to fit and only based on memory. Given a query
point, we find k number of objects or (training points) closest
to the query point. The classification is using majority vote
among the classification of the k objects. Classification is
done based on the distance measure between the test syllable
feature vector and the model feature vectors. In our case, the
distance or similarity between instances is determined by the
euclidean distance and k is set equal to 3.

5. CONCLUSIONS

We explored a novel framework for the environmental
surveillance monitoring based on a Sensor Array Process-
ing (SAP) module which can be deployed as part of a Versa-
tile Service-Oriented Wireless Mesh Network. Implemen-
tation is carried on using off-the-shelf components which
are able to provide low cost, moderate power consumption
and medium computational capacities. The setup is currently
tested on Jobos Bay National Estuarine Research Reserve lo-
cated on the southern Puerto Rico island.
A major contribution of this work are our algorithms to au-
tomatically identify species from the recorded audio in the
field by the SAP Unit. SAP capacity allow that the process-
ing can be carried on the device which is located in the field,
letting to be integrated to our VESO wireless mesh network.
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ABSTRACT 
The discrete quaternion Fourier transform (DQFT) is useful for 
signal analysis and image processing. In this paper, we derive the 
eigenfunctions and eigenvalues of the DQFT. We also extend our 
works to the reduced biquaternion case, i.e., the discrete reduced 
biquaternion Fourier transform (DRBQFT). We find that an even 
or odd symmetric eigenvector of the 2-D DFT will also be an ei-
genvector of the DQFT and the DRBQFT. Moreover, both the 
DQFT and the DRBQFT have 8 eigenspaces, which correspond to 
the eigenvalues of 1, -1, i, -i, j, -j, k, and –k. We also use the de-
rived eigenvectors to fractionalize the DQFT and the DRBQFT 
and define the discrete fractional quaternion transform and the 
discrete fractional reduced biquaternion Fourier transform.       

1.     INTRODUCTION  
The quaternion algebra is a generalization of the complex algebra 
[1]. A number in the quaternion field has three imaginary parts and 
can be expressed as:  
                   kqjqiqqq kjir ⋅+⋅+⋅+= , (1) 

where i, j, and k satisfy the following rules:   
       1222 −=== kji ,  i j k⋅ = ,  j k i⋅ = ,   k i j⋅ = ,   

      j i k⋅ = − ,    k j i⋅ = − ,    i k j⋅ = − .            (2) 
Based on the quaternion algebra, the discrete quaternion Fourier 
transform (DQFT) [2] is defined as 

      ( ),DQFT x m n⎡ ⎤⎣ ⎦           

  ( ) ( )1 1

0 0

2 21 exp , exp
M N

m n

i pm x m n j qnMN M N
π π− −

= =

= − −⎡ ⎤⎣ ⎦∑∑ .  (3) 

The DQFT is useful for color image analysis, spectral analysis, 
and filter design [2][3][4].   

There is another algebra that also has four elements, i.e., the 
reduced biquaternion algebra [5][6]. A number in the reduced 
biquaternion field can be expressed as:  
             kqjqiqqq kjir ⋅+⋅+⋅+= ,       (4) 

where 2 2 1i k= = − ,    2 1j = ,    i j j i k= = ,               

           i k k i j= = − ,    j k k j i= = .     (5) 
There are two differences between the reduced biquaternion and 
the quaternion algebras. First, in the reduced biquaternion algebra, 
j2 = 1. However, in the quaternion algebra, j2 = −1. Moreover, the 
reduced biquaternion algebra is always commutative (i.e., xy = yx 
is always satisfied), but in the quaternion algebra, ij = −ji, ik = −ki, 
and jk = −kj. The discrete reduced biquaternion Fourier transform 
(DRBQFT) [6] can also be defined as the following form 

         ( ),DRBQFT x m n⎡ ⎤⎣ ⎦  

    ( ) ( )1 1

0 0

2 21 exp exp ,
M N

m n
i pm k qn x m nMN M N
π π− −

= =

= − − ⎡ ⎤⎣ ⎦∑∑ . (6)    

As the DQFT, the DRBQFT is also useful for color image analysis 
and filter design [5][6]. The DRBQFT is easier to implement and 
suitable for multiple channel signal analysis.   

In this paper, we derive the eigenvectors and eigenvalues of 
the DQFT and the DRBQFT. We find that if ef[m, n] is an eigen-
vector of the 2-D DFT in the complex filed and ef[m, n] = ±ef[m, 
−n] or ef[m, n] = ±ef[−m, n], then it is also an eigenvector of the 
DQFT and the DRBQFT. Moreover, the original DFT has 4 dis-
tinct eigenvalues (±1 and ±i), but both the DQFT and the 
DRBQFT have 8 distinct eigenvalues (±1, ±i, ±j, and ±k). See 
Sections 2 and 3.  

Moreover, in Section 4, we use the derived eigenvectors and 
eigenvalues of the DQFT and the DRBQFT to define the discrete 
fractional quaternion transform (DFRQFT) and the discrete frac-
tional reduced biquaternion Fourier transform (DFRRBQFT). 
They are analogous to the discrete fractional Fourier transform 
[10][11] in the complex field and generalize the DQFT and the 
DRBQFT.   

Furthermore, our results can be easily extended to the con-
tinuous case, i.e., deriving the eigenfunctions and eigenvalues of 
the continuous quaternion and reduced biquaternion Fourier trans-
forms. See Section 5 
  
2.    EIGENVECTORS AND EIGENFUNCTIONS OF DISCRETE 

QUATERNION FOURIER TRANSFORMS  
Since the quaternion algebra does not have the commutative rule, 
there are two different ways to define the eigenvectors and eigen-
values of the DQFT:           

   (right-sided form)    ( ), ,DQFT e m n e m n λ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ , (7)   

   (left-sided form)      ( ), ,DQFT e m n e m nλ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .     (8) 

We first discuss the right sided form eigenvectors and eigen-
values of the DQFT. We find that they can be derived from those 
of the original 2-D discrete Fourier transform (2-D DFT) in the 
complex field.  

[Theorem 1] Suppose that ef[m, n] is an eigenvector of the 2-D 
DFT:  

                     ( ), ,f fDFT e m n e m n λ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ,        (9) 

  where ( ) 2 21 1

0 0

1, ,M N

M N
i pm i qn

m n
DFT x p q e x m nMN

π π
− −

− −

= =

=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ . (10)      
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If ef[m, n] is even along n, i.e.,  
                           ef[m, n] = ef[m, N−n],              (11) 
then is also the eigenvector of the DQFT and the corresponding 
eigenvalue is also λ. 

                    ( ), ,f fDQFT e m n e m n λ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .   (12) 

(Proof): Since ef[m, n] is even along n,      

                        ( )1

0

2, sin 0
N

f
n

e m n qnN
π−

=

=⎡ ⎤⎣ ⎦∑ ,       (13) 

the DQFT of ef[m, n] is 

  

( )

( )
( )
( ) ( )( )

2

2

2

1 1

0 0

1 1

0 0

1 1

0 0

,

2 21 , cos( ) sin( )

21 , cos

2 21 , cos sin

M

M

M

f

M N
i pm

f
m n

M N
i pm

f
m n

M N
i pm

f
m n

DQFT e m n

e e m n qn j qnMN N N

e e m n qnMN N

e e m n qn i qnMN N N

π

π

π

π π

π

π π

− −
−

= =

− −
−

= =

− −
−

= =

⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

= ⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

∑∑

∑∑

∑∑

      

  ( )221 1

0 0

1 , ,NM

M N
i qni pm

f f
m n

e e e m n DFT e m nMN
ππ

− −
−−

= =

= =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ . (14) 

Then, from (9), we obtain (12).       # 

[Theorem 2] Similarly, if ef[m, n] is an eigenvector of the 2-D 
DFT that satisfies (9) and ef[m, n] is odd along n:      
                          ef[m, n] = −ef[m, N−n],       (15) 
then it is also an eigenvector of the QDFT, but the eigenvalue is 
changed into −λk.        

                    ( ) ( ), ,f fDQFT e m n e m n kλ= −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ . (16) 

(Proof): Since 

                 ( )1

0

2, cos 0
N

f
n

e m n qnN
π−

=

=⎡ ⎤⎣ ⎦∑  (from (15)),     (17) 

( )

( )( )

( ) ( )( )( )

2

2

1 1

0 0

1 1

0 0

,

21 , sin

2 21 , cos sin

M

M

f

M N
i pm

f
m n

M N
i pm

f
m n

DQFT e m n

e e m n qn jMN N

e e m n qn i qn ijMN N N

π

π

π

π π

− −
−

= =

− −
−

= =

⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

= − −⎡ ⎤⎣ ⎦

∑∑

∑∑

 

( )( ) ( ), ,f fDFT e m n k e m n kλ= − = ⋅ −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .  # 

[Theorem 3] By contrast, if ef[m, n] is an eigenvector of the 2-D 
DFT that satisfies (9) and ef[m, n] is even along m:                
                          ef[m, n] = ef[M−m, n],         (18) 
then ef[m, n] is also an eigenvector of the DQFT but the eigen-
value is changed into λq:     

              ( ), ,f f qDQFT e m n e m n λ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ,   (19) 

     where qλ λ=  if λ = ±1,    q jλ = ±  if λ = ±i.     (20) 

(Proof): From (18), the inner product of ef[m, n] and sin(2πpm/N) 
is zero. Therefore,           

   ( ) 21 1

0 0

21, cos( ) , N

M N
j qn

f f
m n

DQFT e m n pm e m n eMN M
ππ− −

−

= =

=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑   

   ( ) 21 1

0 0

2 21 , cos( ) sin( ) N

M N
j qn

f
m n

e m n pm j pm eMN M M
ππ π− −

−

= =

= −⎡ ⎤⎣ ⎦∑∑ ,    

   ( ) 221 1

0 0

1, , NM

M N
j qnj pm

f f
m n

DQFT e m n e m n e eMN
ππ

− −
−−

= =

=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑  

                                 ,f qe m n λ= ⎡ ⎤⎣ ⎦ .  # 

[Theorem 4] If ef[m, n] satisfies (9) and is odd along m:                  
                         ef[m, n] = −ef[M−m, n],              (21) 
then      
                  ( ), , ( )f f qDQFT e m n e m n kλ= −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ,     (22) 

where λq is defined in (20).  
(Proof): Since the inner product of ef[m, n] and cos(2πpm/N) is 
zero, if we use ef,r[m, n] and ef,i[m, n] to denote the real part and 
the imaginary part of ef[m, n], then           

( )
2

2

2

1 1

0 0

1 1

, ,
0 0

1 1

, ,
0 0

,

21 sin( ) ,

21 ( )( )sin( )( , , )

21 ( )( , , )( )sin( )

N

N

N

f

M N
j qn

f
m n

M N
j qn

f r f i
m n

M N
j qn

f r f i
m n

DQFT e m n

i pm e m n eMN M

k j pm e m n ie m n eMN M

k e m n ie m n j pm eMN M

π

π

π

π

π

π

− −
−

= =

− −
−

= =

− −
−

= =

⎡ ⎤⎣ ⎦

= − ⎡ ⎤⎣ ⎦

= − − +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

= − − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

∑∑

∑∑

∑∑

            

( ) 221 1

, ,
0 0

1 ( ) , , NM

M N
j qnj pm

f r f i
m n

k e m n je m n e eMN
ππ

− −
−−

= =

= − +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ . (23) 

From the fact that both ef,r[m, n] and ef,i[m, n] are the eigenvectors 
of the DFT, we obtain         

  ( ) , ,, ( , ( ) , )f f r q f i qDQFT e m n e m n k e m n jλ λ= − +⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦   

  , ,( , ( ) , ( ) )f r q f i qe m n k e m n i kλ λ= − + −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦    

  , ,( , , )( ) , ( )f r f i q f qe m n e m n i k e m n kλ λ= + − = −⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ . # 

[Corollary 1] From Theorems 1-4, we can conclude that if ef[m, n] 
is a 2-D DFT eigenvector in the complex field and ef[m, n] = ±ef[m, 
N−n] or ef[m, n] = ±ef[M−m, n], then it is also an eigenvector of 
the DQFT.  

By contrast, if ef[m, n] is a 2-D DFT eigenvector, but none of 
the symmetry relations in (11), (15), (18), and (21) is satisfied, 
then ef[m, n] is not an eigenvector of the DQFT. This can be 
proven from the fact that the even part and the odd part of ef[m, n] 
will be separated into different eigenspaces of the DQFT.  

[Corollary 2] Moreover, since the DFT has four eigenvalues: 1, 
−1, i, and −i [7], from (12), (16), (19), and (22), we can conclude 
that the DQFT has 8 possible eigenvalues, which are 1, −1, i, −i, j, 
−j, k, and −k.  

Specially, in Theorems 1-4, we can choose the 2-D DFT ei-
genvectors as the discrete Hermite-Gaussian functions:   

                       , ,,f M a N be m n h m h n=⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ,             (24) 
where hM,a[m] is the ath discrete Hermite-Gaussian function of the 
1-D M-point DFT. It can be derived from the commuting matrix 
method as in [7][8][11]. {hM,a[m]hN,b[n], a = 0, 1, 2, …, M−2, M1, 
b = 0, 1, 2, …, N−2, N1} forms a complete and orthogonal eigen-
vector set of the 2-D DFT, where 
       M1 = M−1  if M is odd,    M1 = M if M is even,  (25) 
and N1 is defined in the  similar way. The eigenvalue of the 2-D 
DFT corresponding to hM,a[m]hN,b[n] is (−i)a+b:  

         ( ) ( ), , , ,
a b

M a N b M a N bDFT h m h n h m h n i +
= −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦ .   (26) 
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Table 1  The eigenvalues of the DQFT corresponding to the dis-
crete Hermite-Gaussian eigenvectors hM,a[m]hN,b[n].  

Conditions Eigenvalues of the 
DFT 

Eigenvalues of 
the DQFT  

((a))4= 0, ((b))4= 0  or 
((a))4= 2, ((b))4= 2 1 

((a))4= 1, ((b))4= 3  or  
((a))4= 3, ((b))4= 1 

1 
−k 

((a))4= 1, ((b))4= 0  or  
((a))4= 3, ((b))4= 2 −i 

((a))4= 0, ((b))4= 1  or  
((a))4= 2, ((b))4= 3 

−i 
−j 

((a))4= 0, ((b))4=2  or  
((a))4= 2, ((b))4= 0 −1 

((a))4= 1, ((b))4= 1  or  
((a))4= 3, ((b))4= 3 

−1 
k 

((a))4= 1, ((b))4= 2  or  
((a))4= 3, ((b))4= 0 i 

((a))4= 0, ((b))4= 3  or  
((a))4= 2, ((b))4= 1 

i 
j 

Since [7][8][11],    

                        ( ), ,1 b
N b N bh n h N n= − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ,          (27) 

i.e., ef[m, n] = hM,a[m]hN,b[n] is even or odd symmetric along n, 
thus, from Theorems 1 and 2, we have:  

[Theorem 5] The separable discrete Hermite-Gaussian functions 
in (24) are also the eigenvectors of the DQFT and   

     ( ) ( ), , , ,
a b

M a N b M a N bDQFT h m h n h m h n i +
= −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦      (28) 

                                                            when b is even, 

     ( ) ( ), , , , ( )a b
M a N b M a N bDQFT h m h n h m h n i k+

= − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦  (29)              

                                                             when b is odd.     
Moreover, as the case of the DFT, {hM,a[m]hN,b[n], a = 0, 1, 2, …., 
M−2, M1, b = 0, 1, 2, …., N−2, N1} also forms a complete and 
orthogonal eigenvector set for the DQFT. 

From (28) and (29), the DQFT has 8 distinct eigenvalues, 
which include ±1, ±i, ±j, and ±k.  

We list the relation among a, b, and the eigenvalues of the 
DQFT in Table 1, where (( ))4 means the remainder of a number 
after being divided by 4 (e.g., ((15))4 = ((3⋅4+3))4 = 3). Note that 
each eigenspace of the original DFT corresponds to two eigen-
spaces of the DQFT.   

 
We can use the similar way to derive the “left-sided” eigen-

vectors and eigenvalues of the DQFT (see (8)). From the similar 
process as those in Theorems 1-4, we obtain:     
[Theorem 6] Suppose that ef[m, n] is an eigenvector of the 2-D 
DFT in the complex filed, as in (9). Then      

     (a) ( ), ,f fDQFT e m n e m nλ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  (30) 

           when ef[m, n] = ef[m, N−n],  

     (b) ( ), ( ) ,f fDQFT e m n k e m nλ= −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  (31) 

          when ef[m, n] = −ef[m, N−n] and  ef[m, n] is real,    

     (c) ( ), ,f q fDQFT e m n e m nλ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦  (λq is defined in (20)) (32) 

          when ef[m, n] = ef[M−m, n] and ef[m, n] is real or λ = ±1. 

     (d) ( ), ( ) ,f q fDQFT e m n k e m nλ= −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦   (33) 

          when ef[m, n] = −ef[M−m, n] and ef[m, n] is real or λ = ±i.  

Note that, in the right-sided case, ef[m, n] is not constrained to be a 
real function. However, in the left-sided case, when  ef[m, n] = 
−ef[m, N−n],  ef[m, n] = ef[M−m, n] and λ = ±i, and  ef[m, n] = 
−ef[M−m, n] and λ = ±1, ef[m, n] should be a real function. Other-
wise, it is not an eigenvector of the DQFT.   
[Corollary 3] As the right-sided case, we can also prove that the 
separable discrete Hermite-Gaussian functions in (24) also form a 
complete and orthogonal eigenvector set for the DQFT in the left-
sided case. Moreover, the eigenvalues listed in Table 2 are also 
valid for the left-sided case.  
 
3.    EIGENVECTORS AND EIGENFUNCTIONS OF DISCRETE  

REDUCED BIQUATERNION FOURIER TRANSFORMS  
In the reduced biquaternion algebra, the idempotent elements E1 
and E2 as follows play very important roles            
               1 (1 ) / 2E j= + ,   2 (1 ) / 2E j= − . (34)   
They satisfy the properties of  

          2 -1
1 2 1 1 1 10,   ..... ,n nE E E E E E= = = = =     (35) 

                              2 -1
2 2 2 2..... n nE E E E= = = = .  (36) 

A reduced biquaternion number in (4) can be re-expressed by the 
idempotent element form as: 
                        1 1 2 2q q E q E= + ,   where  (37) 

    1 ( )r j i kq q q i q q= + + + ,  2 ( )r j i kq q q i q q= − + − . (38) 
Therefore, 

  ( ) ( ) ( )2 2 2exp cos sink qn qn k qnN N N
π π π− = −   (39) 

( ) ( ) ( ) ( )1 2
2 2 2 2cos sin cos sinqn i qn E qn i qn EN N N N
π π π π⎡ ⎤ ⎡ ⎤= − + +⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

.            

Thus, the DRBQFT in (6) can be rewritten as  

   
( )

( ) ( )1 1

1 1
0 0

,

2 21 exp exp ,
M N

m n

DRBQFT x m n

i pm i qn x m n EMN M N
π π− −

= =

⎡ ⎤⎣ ⎦

= − − ⎡ ⎤⎣ ⎦∑∑
 

      ( ) ( )1 1

2 2
0 0

2 21 exp exp ,
M N

m n
i pm i qn x m n EMN M N
π π− −

= =

+ − ⎡ ⎤⎣ ⎦∑∑ , (40) 

where x1[m, n] = xr[m, n]+xj[m, n] + i(xi[m, n]+xk[m, n]) and x2[m, 
n] = xr[m, n]−xj[m, n] + i(xi[m, n]−xk[m, n]). Therefore, the 
DRBQFT also has a close relation with the 2-D DFT in the com-
plex field and we can use the eigenvectors and eigenvalues of the 
2-D DFT to derive those of the DRBQFT.  
[Theorem 7] Suppose that ef[m, n] is the eigenvector of the 2-D 
DFT in the complex field, as in (9). If     
                           ef[m, n] = ef[m, N−n],   (41) 
then it satisfies (13) and the DRBQFT of ef[m, n] is  

( )

( ) ( )
( ) ( )
( )( )

1 1

1
0 0

1 1

2
0 0

1 1

1 2
0 0

,

2 21 exp cos ,

2 21 exp cos ,

2 21 exp , ,

f

M N

f
m n

M N

f
m n

N N

f f
m n

DRBQFT e m n

i pm qn e m n EMN M N

i pm qn e m n EMN M N

i pm i qn e m n E e m n EMN N N

π π

π π

π π

− −

= =

− −

= =

− −

= =

⎡ ⎤⎣ ⎦

= − ⎡ ⎤⎣ ⎦

+ − ⎡ ⎤⎣ ⎦

= − − +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

∑∑

∑∑

∑∑

 

( )1 2, , ,f f fe m n E e m n E e m nλ λ= + =⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ .  (42) 

That is, ef[m, n] is also an eigenvector of the DRBQFT and the 
corresponding eigenvalue is also λ.      
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Table2  The eigenvalues of the DRBQFT corresponding to the 
discrete Hermite-Gaussian eigenvectors hM,a[m]hN,b[n].  

Conditions Eigenvalues of the 
DFT 

Eigenvalues of 
the DRBQFT  

((a))4= 0, ((b))4= 0  or 
((a))4= 2, ((b))4= 2 1 

((a))4= 1, ((b))4= 3  or  
((a))4= 3, ((b))4= 1 

1 
j 

((a))4= 1, ((b))4= 0  or  
((a))4= 3, ((b))4= 2 −i 

((a))4= 0, ((b))4= 1  or  
((a))4= 2, ((b))4= 3 

−i 
−k 

((a))4= 0, ((b))4=2  or  
((a))4= 2, ((b))4= 0 −1 

((a))4= 1, ((b))4= 1  or  
((a))4= 3, ((b))4= 3 

−1 
−j 

((a))4= 1, ((b))4= 2  or  
((a))4= 3, ((b))4= 0 i 

((a))4= 0, ((b))4= 3  or  
((a))4= 2, ((b))4= 1 

i 
k 

 
[Theorem 8] Similarly, if ef[m, n] is the eigenvector of the 2-D 
DFT and  
                          ef[m, n] = ef[M−m, n],    (43) 
then since the inner product of ef[m, n] and sin(2πpm/N) is zero, 
the DRBQFT of ef[m, n] is  

  

( )

( ) ( )
( ) ( )

( )
( )

2 22 2

1 1

1
0 0

1 1

2
0 0
1 1

1 2
0 0

1

[ , ]

2 21 cos exp ,

2 21 cos exp ,

1 , ,

[ , ] [ ,

N NM M

f

M N

f
m n

M N

f
m n
M N

i qn i qni pm i pm
f f

m n

f f

DRBQFT e m n

pm i qn e m n EMN M N

pm i qn e m n EMN M N

e e e m n E e e e m n EMN

DFT e m n E IDFT e m

π ππ π

π π

π π

− −

= =

− −

= =

− −
−−

= =

= − ⎡ ⎤⎣ ⎦

+ ⎡ ⎤⎣ ⎦

= +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

= +

∑∑

∑∑

∑∑

( ) 2]n E

 

  ( )1
1 2 ,fE E e m nλ λ−= + ⎡ ⎤⎣ ⎦ . (44) 

That is, ef[m, n] is still the eigenvector of the DRBQFT, but the 
eigenvalues is changed into λE1+ λ−1E2.           

[Theorem 9] Using the similar ways, we can also prove that if 
ef[m, n] is an eigenvector of the 2-D DFT that satisfies (9) and ef[m, 
n] = −ef[m, N−n], then   

                ( ), ,f fDRBQFT e m n j e m nλ=⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .    (45) 

If ef[m, n] satisfies (9) and ef[m, n] = −ef[M−m, n], then   

         ( ) ( )1
1 2, ,f fDRBQFT e m n E E e m nλ λ−= −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ .     (46) 

Therefore, from Theorems 7, 8, and 9, if ef[m, n] is an eigenvector 
of the 2-D DFT in the complex field and ef[m, n] = ±ef[m, N−n] or 
ef[m, n] = ±ef[M−m, n], then it is also an eigenvector of the 
DRBQFT. Furthermore, from (42), (44), (45), and (46), the 
DRBQFT will have 8 possible eigenvalues (±1, ±i, ±j, and ±k).   

[Theorem 10] As the quaternion case, the separable discrete Her-
mite-Gaussian functions {hM,a[m]hN,b[n], a = 0, 1, 2, …, M−2, M1, 
b = 0, 1, 2, …, N−2, N1} also form a complete and orthogonal 
eigenvector set for the DRBQFT. Moreover, from (26), (42), and 
(45), we can conclude that    

  ( ) ( ), , , ,
a b

M a N b M a N bDRBQFT h m h n i h m h n+
= −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦  

                                                              if b is even,     (47) 

  ( ) ( ), , , ,
a b

M a N b M a N bDRBQFT h m h n j i h m h n+
= −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦   

                                                               if b is odd.      (48) 
We list the relations among a, b, and the eigenvalues of the 
DRBQFT in Table 2. Note that the 2-D DFT in the complex field 
has 4 eigenspaces (±1 and ±i). By contrast, the DRBQFT will have 
8 eigenspaces (±1, ±i ±j, and ±k).  
 

4.    DISCRETE FRACTIONAL QUATERNION AND 
BIQUATERNION FOURIER TRANSFORMS          

In [9], Xu et al. derived the continuous fractional quaternion Fou-
rier transform based on generalizing the integral kernel. In this 
section, we will derive its discrete counterpart, i.e., the discrete 
fractional quaternion Fourier transform (DFRQFT) and the 
discrete fractional reduced biquaternion Fourier transform. 
(DFRRBQFT).  

In [10][11], the conventional DFT was generalized into the 
discrete fractional Fourier transform (DFRFT) based on eigenvec-
tor decomposition. Since the eigenvectors and the eigenvalues of 
the DQFT and the DRBQFT have been derived in this paper, we 
can also use the method of eigenvector decomposition to derive 
the DFRQFT and the DFRRBQFT successfully. As the DFRFT 
[10][11], the DFRQFT and the DFRRBQFT will be useful in sig-
nal and image processing.  

To derive the DFRQFT, first, since the discrete Hermite-
Gaussian functions hM,a[m]hN,b[n] in (24) form a complete and 
orthogonal eigenvector set for the DQFT, any function in the qua-
ternion field can be decomposed as a summation of hM,a[m]hN,b[n]: 

                
1 1

, , ,
0 0

,
M N

a b M a N b
a b

x m n h m h nτ
= =

=⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∑ ,         (49) 

where m, n = 0, 1, 2, …, N−1,  M1 and N1 are defined as in (16),                
               τ M−1 = 0 if M is even,   τ N−1 = 0 if N is even,   (50) 

               
1 1

, , ,
0 0

,
M N

a b M a N b
m n

x m n h m h nτ
− −

= =

= ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∑ .                 (51) 

Here, we suppose that hM,a[m]hN,b[n] has been normalized:  

                      
1 1

2 2
, ,

0 0
1

M N

M a N b
m n

h m h n
− −

= =

= =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑ ∑ .           (52) 

After substituting (49) into (3), we obtain  

    ( ) ( ) ( )
1 1

, , ,
0 0

,
M N

a b
a b M a N b

a b
DQFT x m n i j h m h nτ

= =

= − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∑ . (53)     

Therefore, we suggest that the DFRQFT can be defined as the fol-
lowing process:  
(Step 1) First, we decompose the input x[m, n] by (49) and deter-
mine the coefficients τa,b from (51).  
(Step 2) Calculate    

   ( ) ( )cos siniae a i aφ φ φ− = − , ( ) ( )cos sinjbe b j bθ θ θ− = − . (54) 

(Step 3) Then, the DFRQFT can be defined as 

 ( )
1 1

, , , ,
0 0

,
M N

ia jb
a b M a N b

a b
DFRQFT x m n e e h m h nφ θ

φ θ τ− −

= =

=⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∑ . (55)          

There are some interesting properties that can be noticed. First, 
when φ = θ = π/2, the DFRQFT becomes the original DQFT. When 
φ = θ = −π/2, it becomes the inverse DQFT. When φ = π/2, θ = 0 
and φ = 0, θ = π/2, it becomes the 1-D DQFT along the m-axis and 
the n-axis, respectively.      
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Moreover, it is no hard to prove that the DFRQFT has the ad-
ditivity property as follows:   

               ( ){ }1 1 2 2, , ,DFRQFT DFRQFT x m nφ θ φ θ ⎡ ⎤⎣ ⎦      

            ( )1 2 1 2, ,DFRQFT x m nφ φ θ θ+ += ⎡ ⎤⎣ ⎦ .   (56) 

From the additivity property, we can conclude that the DFRQFT 
with parameters −φ and −θ is the inverse operation of the DFRQFT 
with parameters φ and θ.   

To define the DFRRBQFT, we can also use the fact that the 
discrete Hermite-Gaussian functions in (24) form a complete and 
orthogonal eigenvector set for the DRBQFT. From (40), (26), and  

   ( )221 1

0 0

1 NM

M N a bi qni pm
a b a b

m n
e e h m h n i h m h nMN

ππ− −
−−

= =

= −⎡ ⎤ ⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦ ⎣ ⎦∑∑ ,  (57) 

we obtain    

          ( )a bDRBQFT h m h n⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦     

      ( ) ( ){ }1 1

1 2
0 0

M N
a b a b

a b
a b

h m h n i E i E+ −

= =

= − + −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ .  (58) 

Therefore, the DFRRBQFT can be defined as  

        ( ), ,DFRRBQFT x m nφ θ ⎡ ⎤⎣ ⎦       

     ( ) ( ){ }1 1

1 2
0 0

M N
i a b i a b

a b
a b

h m h m e E e Eφ θ φ θ− + − −

= =

= +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ . (59) 

Note that  

      ( ) ( ) ( )1 2 1 2
i a b i a b ia ib ibe E e E e e E e Eφ θ φ θ φ θ θ− + − − − −+ = +       

  ( )1 2 2 1cos( )( ) sin( )( )iae b E E i b E Eφ θ θ−= + + −      

  ( )cos( ) sin( )( )ia ia kbe b i b j e eφ φ θθ θ− − −= + − = .      (60) 

Thus, the DFRRBQFT can be defined as the following way  
(Step 1) First, decompose the input x[m, n] by (49) and determine 
the coefficients τa,b from (51).   
(Step 2) Calculate                 

  ( ) ( )cos siniae a i aφ φ φ− = − ,  ( ) ( )cos sinkbe b k bθ θ θ− = − . (61) 

(Step 3) Then, the DFRRBQFT can be defined as        

            ( ), ,DFRRBQFT x m nφ θ ⎡ ⎤⎣ ⎦                

         ( ) ( )
1 1

,
0 0

exp exp
M N

a b a b
a b

h m h m ia kbτ φ θ
= =

= − −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦∑∑ .   (62) 

As the case of the DFRFT and the DFRQFT, when φ = θ = π/2, 
the DFRRBQFT becomes the original DRBQFT. Moreover, the 
DFRRBQFT also has the additivity property:  

             ( ){ }1 1 2 2, , ,DFRRBQFT DFRRBQFT x m nφ θ φ θ ⎡ ⎤⎣ ⎦      

          ( )1 2 1 2, ,DFRRBQFT x m nφ φ θ θ+ += ⎡ ⎤⎣ ⎦          (63)   

and the DFRRBQFT with parameters −φ and −θ is the inverse op-
eration of the DFRRBQFT with parameters φ and θ.   
 

5.    EXTENSION TO THE CONTINUOUS CASE             
In fact, the results in Sections 2 and 3 can be extended to the con-
tinuous case. We can use the similar way to find the eigenfunctions 
and eigenvalues of the continuous quaternion Fourier transform 
(QFT) and the continuous reduced biquaternion Fourier transform 
(RBQFT). Theorems 1 to 10 can all be applied to the continuous 

case, except that the 2-D FT, the DQFT, and the DRBQFT are 
replaced by their continuous counterparts.   

As the discrete case, if ef(x, y) is an eigenfunction of the con-
tinuous 2-D FT and 
              ef(x, y) = ±ef(x, −y)   or   ef(x, y) = ±ef(−x, y),  (64) 
then ef(x, y) is also the right-sided eigenfunction of the continuous 
QFT and the eigenfunction of the continuous RBQFT. Moreover, 
the continuous 2-D Hermite-Gaussian functions (i.e., the continu-
ous counterpart of (24)) form a complete and orthogonal eigenfunc-
tion set for the QFT and the RBQFT. Furthermore, both the con-
tinuous QFT and the continuous RBQFT also have 8 distinct ei-
genvalues (±1, ±i, ±j, and ±k). 
 

6.     CONCLUSIONS              
In this paper, we derived the eigenfunctions and eigenvectors of the 
DQFT (including the right-sided and the left-sided forms) and the 
DRBQFT. We find that the 2-D discrete Hermite-Gaussian func-
tions, which are the eigenvectors of the 2-D DFT in the complex 
field, also form a complete and orthogonal eigenvector set for the 
DQFT and the DRBQFT. Furthermore, both the DQFT and the 
DRBQFT have 8 eigenspaces, which correspond to the eigenvalues 
of ±1, ±i, ±j, and ±k. We also use the eigenvectors and eigenvalues 
we found to derive the discrete fractional quaternion and reduced 
biquaternion Fourier transforms.               
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ABSTRACT
Distributed source coding (DSC) refers to separate com-

pression and joint decompression of mutually correlated
sources. Though theoretical foundations were set more than
thirty years ago, driven by applications such as wireless sen-
sor networks, video surveillance, and multiview video, DSC
has over the past few years become a very active research
area. This paper provides an introduction to DSC theory,
practical code designs and applications, and outlines current
research trends while identifying challenges and opportuni-
ties in both theory and practice of DSC.

1. INTRODUCTION

Imagine a dense sensor network consisting of many tiny
sensors deployed for information gathering. Readings from
neighboring sensors will often be highly correlated. This can
be exploited to significantly reduce the amount of informa-
tion that each sensor needs to send to a central point, thus
reducing power consumption and prolonging the life of the
nodes and the network. Communication among sensors is
often not feasible as it increases the complexity of the sen-
sors that in turn leads to additional cost and power consump-
tion. How then is it possible to exploit statistical dependency
of the readings in different sensor nodes without informa-
tion exchange among sensors? The answer lies in distributed
source coding.

Distributed source coding (DSC) refers to separate com-
pression and joint decompression of two or more physically
separated sources. The sources are encoded independently
(hence distributed) at the encoders and decompressed jointly
at the decoder. DSC is thus a compression method that aims
at exploiting mutual dependencies across different sources
that need not communicate among each other.

DSC appeared as an information-theoretical problem in
the seminal paper of Slepian and Wolf in 1973 [1]. Slepian
and Wolf studied the simplest lossless case of DSC when two
discrete sources are to be compressed independently and de-
compressed losslessly at the joint decoder, and provided an
information-theoretical achievable rate region showing that
asymptotically separate encoding is as good as joint encod-
ing. This surprising result triggered a lot of information-
theoretical research efforts that resulted in many extensions.
For example, in 1976 Wyner and Ziv [2] considered a lossy
version, with a distortion constraint, of a special case of
the asymmetric Slepian-Wolf problem, where one source is
available at the decoder as side information. Wyner and
Ziv showed that for a particular correlation, where source
and side information are jointly Gaussian, there is no per-

formance loss due to the absence of side information at the
encoder. The main message from these early information-
theoretical works is that, in some special cases, side infor-
mation present at the decoder and not at the encoder can be
as helpful as if it were known to the encoder as well.

A possible realization of DSC via the use of conventional
linear channel codes to approach the Slepian-Wolf bound
was known as early as 1973, but due to the lack of any po-
tential application of DSC, work on code designs, i.e., how
to code the sources to approach given bounds given in [1, 2],
started only at the end of the last century. The launch of wire-
less sensor networks (WSNs) ignited practical DSC consid-
erations since WSNs naturally call for distributed processing.
Closely located sensors are expected to have correlated mea-
surements; thus in theory the DSC setup fulfills the require-
ment of power-efficient compression for distributed sensor
networks.

The first practical DSC design was reported in 1999 in
[3] followed by many improved solutions. The key beauty
of these designs is that conventional channel coding can be
used for compression. Thus, in a communication system, the
same code can be used for compressing and protecting the
source! Powerful code designs, developed since 1999, have
paved the way towards practical applications. However, de-
spite tremendous achievements in both theory and practice,
the true potential of DSC has yet to materialize.

Nowadays, DSC has grown into a research field of its
own right bringing together information and coding theory,
signal/image processing, computer engineering and commu-
nications, and receiving attention by academics and industry.
This is no wonder as DSC has many diverse potential appli-
cations ranging from WSN, ad-hoc networks, to video sur-
veillance, stereo/multiview video, high-definition television,
hyper-spectral and multi-spectral imaging. This paper pro-
vides an introduction to DSC theory and practice, critically
reviews current research efforts and proposed applications,
and identifies many research opportunities.

2. UNDERLYING PRINCIPLES OF DSC

DSC considers source coding or compression of correlated
sources. The adjective distributed stresses that the compres-
sion occurs in a distributed or non-centralized fashion. For
example, the sources to be compressed could be distributed
across different nodes in a network. The task is to com-
press these sources and communicate compressed streams
over noiseless channels to a decoder for joint decompres-
sion. The basis of DSC is that the compressions take place
independently, that is, the nodes do not exchange their infor-
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mation, whereas decompression is joint.

X

Y

Joint Decoder

RX

RY

Encoder

Encoder

( )YX ˆ,ˆ

Figure 1: DSC concept with two separate encoders who do
not talk to each other and one joint decoder. X and Y are dis-
crete, correlated sources; RX and RY are compression rates.

Slepian and Wolf [1] considered the simplest case of
DSC with two discrete sources X and Y and lossless com-
pression (Fig. 1), and showed that it is possible to have no
performance loss of independent encoding compared to the
case when joint encoding is done. Indeed, Slepian and Wolf
showed that two discrete sources X and Y can be losslessly
decoded as long as:

RX ≥ H(X |Y ),RY ≥ H(Y |X),R = RX +RY ≥ H(X ,Y ), (1)

where RX and RY are rates used for compressing X and Y , re-
spectively. The above set of equations, known as the Slepian-
Wolf (SW) coding region, shows that the sum-rate R can be
as low as the joint entropy of the sources, which is the same
as if the source were encoded together. A special case of SW
coding is when one source, e.g., Y , is known at the decoder.
Then, a rate not higher than H(X |Y ) suffices for compress-
ing X . This case is known as asymmetric SW coding, or SW
coding with decoder side information Y .

The remarkable result of [1] triggered significant
information-theoretical research resulting in solutions - in
the form of achievable rate regions - for more involved loss-
less source coding networks, e.g., networks with more than
two sources, zig-zag network etc. (see [4] and references
therein).

In 1976, Wyner and Ziv [2] considered a lossy version,
with a distortion constraint, of the asymmetric SW coding
problem and showed that for a particular correlation where
source and side information are jointly Gaussian, there is
no performance loss due to the absence of side informa-
tion at the encoder. The lossy case of the general non-
asymmetric SW setup shown in Fig. 1, known as multitermi-
nal (MT) source coding, was introduced by Berger and Tung
in 1977 [5] together with information-theoretical bounds on
the achievable rate region.

DSC theory is still a very active information-theoretical
area of research. Indeed, only the simplest DSC problems are
solved and for many realistic MT source coding networks we
still do not know exact compression limits.

Lossless DSC is considered together with network cod-
ing to provide limits for conveying sources over noiseless
networks (see [6] and references therein). Lossy MT source
coding problems [5] with two non-jointly Gaussian sources
are unsolved. Other research challenges include addressing
time-varying statistics, noisy channels and quantifying the
rate loss compared to optimal or joint encoding.

3. DSC: CODE DESIGN

Slepian and Wolf’s proof [1] is based on non-constructive
information-theoretical tools, such as random binning and
Fano’s inequality, and thus does not give an insight on how to

design an efficient binning scheme. A possible realization is
proposed in a 1974 paper [7] where the use of linear channel
codes was suggested for asymmetric SW coding.

In a nutshell, to encode X given Y at the decoder, bins are
generated as “cosets” of a linear channel code. For exam-
ple, suppose that both X and Y are binary sources with n-bit
realizations. Then an (n,k) binary linear block code C can
be used to generate 2n−k coset codes each indexed by unique
syndrome of C, s0, . . . ,s2n−k . By definition a coset i contains
a set of 2k binary words of length n which when multiplied
by the parity-check matrix of C, H, give syndrome si. For
example, the first coset is code C itself as it contains n-words
that give syndrome s0 = 0. Then, to compress, x is multi-
plied by H, mapping it thereby into its corresponding (n−k)
syndrome bits, which is sent to the decoder achieving a com-
pression ratio of n : (n− k). The decoder applies conven-
tional channel decoding on the side information y with the
coset code whose syndrome is received, to recover x̂ as the
codeword closest to y.

Another variant of the above method is to send parity
bits of a channel code (instead of syndromes) to compress.
Specifically, to compress with the “parity-based” approach,
x is encoded by a systematic linear channel code and only
parity bits are sent to the decoder. The decoder “sees” side in-
formation y as received systematic part of the codeword and
appends it to the received parity before conventional decod-
ing. The main advantages of parity-based binning are better
performance with transmission over noisy channels, while
syndrome-based schemes can in theory achieve higher com-
pression with shorter channel codes and do not require sys-
tematic codes. Both approaches are popular and the choice
of the approach rests very much on the application.

Note that the above methods look at correlation between
the sources as a virtual communication channel, and a good
code for this channel will provide a good SW code by us-
ing coset codes as bins. Thus, the seemingly source coding
problem of SW coding becomes a channel coding one, and
near-capacity channel codes such as turbo and low-density
parity-check (LDPC) codes [8] can be used to approach the
SW limit. This “syndrome-based” approach is extended to
non-asymmetric SW coding and compression of more than
two sources (see [4] and references therein).

After the success of the first SW code designs, schemes
for multiple non-uniform sources, non-binary sources, dif-
ferent correlation models, with rate compatible codes, trans-
mission over noisy channels appeared (see, for example,
[9, 10, 11, 12, 13, 14] and references therein). Moreover, the
original DSC framework assumes that the correlation statis-
tics are stationary and known to the encoders and decoder.
Some initial attempts have been made to forego this assump-
tion and recover the sources at the decoder without prior sta-
tistical knowledge (for example, see [15]).

WZ and MT source coding can be realized via quantiza-
tion followed by SW coding of quantization indices based on
channel coding. Quantization is used to tune rate-distortion
performance, while the SW coder can be seen as a condi-
tional entropy coder. The SW coder applies a linear chan-
nel code to generate cosets, and sends only the index of the
coset to the decoder. The WZ decoder comprises an SW
decoder, which uses the received coset index together with
side information and performs “error-correction” decoding
against “errors” introduced by the virtual correlation chan-
nel between the two or more correlated sources. The SW
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decoder is followed by a minimum-distortion reconstruc-
tion of the source using side information. This allows com-
pression with some distortion. Capacity-approaching de-
signs proposed in [16] based on trellis-coded quantization
followed by advanced channel coding, with turbo codes and
LDPC codes, come very close to the bounds for two jointly
Gaussian sources.

The latest code designs that come very close to the theo-
retical bounds assume binary symmetric or jointly Gaussian
correlations and use long block length, which is unacceptable
in many applications. Thus, there is a need for developing
efficient designs for non-stationary sources with more real-
istic mutual dependency and low block size (< 1000 bits).
Though channel codes have been proposed as a natural solu-
tion for DSC from its foundations, the demands imposed by
latest video applications might be better addressed via alter-
native solutions. One such very promising method is Distrib-
uted Arithmetic Coding (DAC) [17].

4. DSC: APPLICATIONS

Whilst the recent rediscovery of DSC was triggered by the
need for efficient data gathering in WSNs, very quickly an-
other application emerged - low-complexity video encoding.
In this section we give an overview of the applications of
DSC.

The inception of WSNs ignited practical DSC considera-
tions in the early years of this century since WSNs naturally
call for distributed processing. Closely located sensors are
expected to have correlated measurements; thus DSC is the
most effective compression method. However, many prac-
tical problems are in the way, including a complex corre-
lation structure of real signals, non-stationary non-Gaussian
sources, and high complexity of current source-channel DSC
designs that require long codeword length.

4.1 WZ Video Coding
In WZ video coding or distributed video coding, the DSC
paradigm is used to avoid a computationally expensive tem-
poral prediction loop at the encoder. As the name suggests,
WZ video coding exploits inter-frame video correlation with
WZ coding, thus avoiding the need for motion search and
storage of previous frames at the encoder. It relies on the
fact that with WZ coding, side information is not needed at
the encoder. That is, predictive coding can still be accom-
plished though the encoder does not know/use the previous
frames, which will be used at the decoder. Thus, WZ video
coding essentially comprises intra-frame encoding and inter-
frame decoding. WZ coding also improves robustness to er-
rors/losses in the channels; information-theoretical analysis
of robustness of WZ video coding under some assumptions
is given in [18] and references therein.

In classical video coding motion search is computa-
tionally the heaviest encoding operation. Thus, WZ cod-
ing can reduce complexity of the video encoder at the ex-
pense of increased complexity at the decoder side. This
leads to low-complexity encoders and high-complexity de-
coders, quite an unusual video architecture. Indeed, the
traditional video concepts with heavy encoders situated at
strong servers and light decoders (e.g., PC, TV) are ideal
for broadcasting/multicasting/video-on-demand applications
where a single encoding is done, and multiple decoders at
users’ equipment are performed. However, some other appli-

cations may require multiple encodings and a single decod-
ing. Such applications range from video surveillance, res-
cue and exploration missions, multiview camera arrays, to
cellphone-to-cellphone conversation.

The WZ video framework appeared in a US patent [19]
in 1980, but to the best of the authors’ knowledge it remained
without software implementation until only recently [20, 21].
WZ coding can be applied in the pixel domain [20], or in the
transform domain [21, 22]. DCT-based coders perform better
at the expense of a small increase in encoder complexity [22].

In pixel-domain WZ video coding [20], the pixels of a
frame are directly input to a WZ coder and no image trans-
form is applied. Video frames are divided into key frames
and WZ frames. Key frames are intra-coded frames that are
compressed and decompressed conventionally (for example,
as intra-coded frames in H.264/MPEGx). Like I frames in
conventional video coding, the key frames reduce compres-
sion efficiency, but are needed to stop possible error propa-
gation and improve decoding of WZ frames.

Let P1,P2, ... be a sequence of n×m pixel frames to be
compressed by the video encoder. Let Pi(x,y) be a pixel in
the i-th frame at position (x,y). Each WZ frame, Pi, is first
quantized pixel-by-pixel using 2M quantization levels, and
resulting quantization indices are fed into an SW encoder,
which outputs parity-check symbols (parity-based binning).
These output bits are sent to the decoder. Note that the num-
ber of output bits per frame (the information block length of
the SW channel coder) is Mnm, which is usually enough for
efficient use of turbo/LDPC codes.

The decoder consists of a classic WZ decoder which per-
forms SW decoding on the received parity-check bits, using
previously recovered frames to generate side information,
followed by estimation.

Note that, a crucial difference between WZ video coding
to the standard WZ setup lies in the fact that in the former the
decoder can generate side information from all prior informa-
tion available. The better the side information is, the higher
the correlation and the better the compression. The process
of side information generation resembles motion compensa-
tion at the decoder and is a key to efficient video compres-
sion. This correlation channel depends on the dynamics of
the scene and varies from frame to frame. As correlation
changes, the required WZ rate will also change from frame
to frame. Thus, an efficient rate control algorithm is needed
to ensure that: (i) a rate no higher than necessary is sent to
the decoder; (ii) SW decoding is successful. It is natural to
shift this rate control to the decoder side, in which case a
feedback channel is needed for indicating the necessary rate
to the encoder.

Great challenges of a decoder-driven video have made
WZ video coding a very active research topic with many
novel contributions appearing every year. Indeed, research
has been going towards improving side information genera-
tion, correlation modelling [23], rate control, key-block se-
lection, etc. Initial video coders proposed in 2002 [20, 21]
have significantly evolved during the past eight years (see
[24] for the latest overview), towards more flexible designs
capable of distributing complexities between encoder and de-
coder depending on application and QoS demands.

However, despite all the achievements, performance wise
WZ video coders still significantly lack behind best video
coding standards, such as H.264/AVC. And obviously, due to
non-stationarity of the sources, WZ video coders can never
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reach the performance of best conventional codecs. That is
why probably, a “pure” WZ video coder [19, 20, 21] will
remain only a neat research idea, but a place for WZ coding
in conventional video whether for compression, resolution
increase, or effective protection has yet to be found.

4.2 Multiview Video Coding
DSC naturally arises in the multiview video setup, where
each camera independently compresses its view before trans-
mission to a central decoder, which jointly decompresses all
views. Indeed, since cameras observe the same scene only
from different angles, it is expected that the captured views
will be highly correlated and exploiting the correlation saves
the rate compared to independent encoding and decoding. In
the multiview setup, DSC can be used to reduce inter-view
correlation, but also intra-view inter-frame correlation, thus
ideally side information needs to be generated by combining
past/current/future frames from all the views (see [25, 26]),
which makes multiview WZ video coding very challenging.

In [27], two schemes are proposed: the first, asymmetric,
setup uses H.264/AVC to compress one view which is ex-
ploited as decoder side information for reconstructing WZ
coded second view. The second, symmetric, scheme re-
sorts to source splitting (see [16]) to tradeoff the rates be-
tween the two cameras. To generate side information, a
stereo matching algorithm based on loopy belief propaga-
tion is adopted at the decoder to produce pixel-level disparity
maps between the corresponding frames of the two decoded
video sequences on the fly. The obtained results were slightly
better than using two independent H.264/AVC cameras.

Some other recent promising schemes include [28],
where WZ coding is used for scene representation with om-
nidirectional image sensors to acquire a 3D scene, [29], and
[30].

4.3 Video over Networks
WZ coding can be used to provide error protection of video
or enable scalability. For example, in [31], a robust scalable
video transmission over wireless networks was addressed
and a solution proposed based on a single Raptor code for
both compression (i.e., SW coding in DCT domain) and
packet loss protection. Using the received packets together
with a correlated video available at the decoder, an iterative
soft-decision decoder was developed.

WZ coding has been also used for error protection in
video communications channels (see [22, 32] and references
therein). The idea is to compress independently video frame
using both a conventional MPEG-like coder and a WZ video
coder. MPEG provides a fine “description” but error prone,
whereas WZ coding uses a coarser quantizer to provide a
low-rate “description”. The decoder first decodes the (cor-
rupted) MPEG stream and then in case of errors after MPEG
decoding, the decoder performs error concealment and then
uses the obtained frame as side information for decoding the
WZ stream.

WZ coding is embedded within compressive-and-
forward - the best performing protocol for wireless relay
channels when the relay is close to the destination (see [33]).
In [34], DSC is proposed for video streaming in parallel from
multiple servers. The source broadcasts signals to multiple
servers, which employ MT source coding to compress the
received bitstreams without decoding and send the result to

a fixed client receiver over the Internet. Note that the signals
at the servers are highly correlated since they are differently
corrupted replicas of the same original data. Thus, DSC is
natural solution to reduce the required rate. Following the
basic ideas of compress-and-forward, the method of [34] was
extended in [35] incorporating spreading codes.

4.4 Other Applications
DSC has been considered for compression of hyperspectral
and multispectral images in [36, 37] and [38], respectively.
For example, in [36] using DSC to exploit inter-band corre-
lation, performance gains of up to a factor of three compared
to 2D and 3D wavelet techniques are observed. Another ap-
plication of DSC is proposed in [39], where it is used for
wireless hearing aids. DSC is also proposed for biometrics
and fingerprint feature extraction [40] and for cognitive radio
spectrum sensing [41].

5. DISCUSSION AND CONCLUSION

The rediscovery of DSC at the end of the last century caused
a research shift from information theory to coding and sig-
nal/image processing. The coding community has been ex-
cited by a novel marriage between source coding and channel
coding that brought a plethora of new design problems that
go far beyond current practice and require deep understand-
ing of source-channel coding theory.

The image/video processing community was initially sur-
prised with remarkable WZ video coding that completely
revolutionizes the conventional way of thinking in video cod-
ing. This resulted in a search for better-performing code
designs, novel side information generation techniques, rate
control, and correlation modelling. The gap to the classic
video coding standards has been reducing, and with compa-
rable encoder complexities, WZ video coding is generally
beating conventional coding solutions (see [24] and refer-
ences therein).

Unfortunately, H.264/AVC performance is unreachable,
and in an era of huge electronic advances and continuous
chip-size and power-consumption reduction, pure complex-
ity reduction probably cannot justify a complete technology
shift. Thus, now after ten years of intense research, it might
seem that we have reached a dead-end for WZ video coding.
Consequently, initial excitement is slowly being replaced by
disappointment and a slow decrease of interest until proposed
applications have reached a higher level of maturity.

WZ video coding has a tremendous value as it has en-
hanced our understanding in video itself. It showed that
video coding does not need to be centralized and encoder-
driven; instead, it can be a play between the encoder and
decoder and distributing the work in coding and processing
could reduce overall power consumption, lead to better per-
formance, and add necessary security guarantees. Indeed,
with WZ coding, we know now that we can design an “intel-
ligent” decoder which can do the job almost equally well as
the encoder! But we are yet to discover how to use this.

And this brings us to the potentials of DSC. Though ini-
tially suggested to help communications in WSN, application
of DSC to WSNs seem far away. Clearly, large block length
requirements of efficient DSC designs and non-stationary
source statistics are still huge obstacles. But more impor-
tantly, uncertainty introduced by probabilistic source cod-
ing is probably the price that accurate industrial sensor net-
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works cannot pay. The exception might be camera and mi-
crophone arrays and visual sensors with known geometrical
structures where high compression is a must and informa-
tion sent might be recovered with some distortion. In video
coding and processing, DSC can find its place as a support-
ing mechanism, for example, to increase resolution in super
high-definition systems, encode colour information, provide
protection, encode headers, etc.

Driven by all these applications, work on code designs is
still equally important as it was 10 years ago: the search for
efficient low-delay, low-complexity, application-layer codes
is not over yet. Novel ideas are needed to bridge the gap
between code design and practice. Thus, research into the-
ory, designs and applications of DSC has strong potentials to
lead to a killer-application soon. It is not just that DSC is so
elegant that we cannot let it go.
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[33] V. Stanković, A. Host-Madsen, and Z. Xiong, “Cooperative diversity
for wireless ad hoc networks,” IEEE Signal Proc. Magazine, vol. 23,
no. 5, pp. 37-49, 2006.
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ABSTRACT

This paper proposes a joint reconstruction algorithm for compressed
correlated images that are given under the form of linear measure-
ments. We first propose a geometry based model in order to de-
scribe the correlation between visual information in a pairof im-
ages, which is mostly driven by the translational motion of objects
or vision sensors. We consider the particular problem whereone
image is selected as the reference image and it is used as the side
information for decoding the compressed correlated images. These
compressed images are built on random measurements that arefur-
ther quantized and entropy coded. The joint decoder first captures
the most prominent visual features in the reference image using
geometric basis functions. Since images are correlated, these fea-
tures are likely to be present in the compressed images too, possi-
bly with some small transformation. Hence, the reconstruction of
the compressed image is based on a regularized optimizationprob-
lem that estimates these features in the compressed images.The
regularization term further enforces the consistency between the re-
constructed images and the quantized measurements. Experimental
results show that the proposed scheme is able to efficiently estimate
the correlation between images. It further leads to good reconstruc-
tion performance. The proposed scheme is finally shown to out-
perform DSC schemes based on unsupervised disparity or motion
learning as well as independent coding solution based on JPEG-
2000 from a rate-distortion perspective.

1. INTRODUCTION

Distributed source coding (DSC) usually refers to the independent
encoding and joint decoding of correlated sources. It permits to
design low complexity acquisition systems and to shift the compu-
tational burden to the decoder. DSC typically finds applications in
vision sensor networks where low-power cameras perform a spatio-
temporal sampling of the visual information and send the resulting
images to a central decoder. While most common encoders in DSC
systems acquire the entire image before compression, the complex-
ity of the encoders can be further reduced if the sensors directly
acquires the compressed image in the form of random projections
[1, 2]. Such a solution computes only few linear projectionsat the
encoder and thereby significantly reduces the computational cost
and the power requirements at the encoder. A joint decoder even-
tually reconstructs the visual information from the compressed im-
ages by exploiting the correlation between the samples, which per-
mits to achieve a good rate-distortion tradeoff in the representation
of video or multi-view information.

Duarteet al [3] have proposed distributed compression of cor-
related signals from linear measurements. In particular, three joint
sparsity models are proposed to exploit the correlation between sig-
nals at decoder and are used in joint signal reconstruction algo-
rithms. These simple joint sparsity models are however not ideal
in the case of natural images. Later the concept of random projec-
tions has been then applied for distributed video coding in efforts
to reduce the complexity of the encoding stage [4, 5, 6]. However,
these coding schemes generally assume that the signal is sparse in
a particular orthonormal basis (e.g., DCT or Wavelet) [4, 5]or in

a block based dictionary [6]. It is more generic to assume thesig-
nal to be sparse in a structured redundant dictionary since this leads
to greater flexibility in the choice of the representation ofthe signal
and in the construction of the correlation model. Rauhutet al [7] ex-
tend the concept of signal reconstruction from linear measurements
using redundant dictionaries, but this idea has not been extended to
distributed scenarios.

In [8], we studied the problem of estimating the correlation
model between a reference image and a highly compressed image,
where the visual information for the compressed image is given in
the form of few quantized linear measurements. In this paper, we
build on our previous work [8] and propose a joint reconstruction
algorithm, which estimates the correlation model as well as, recon-
structs the highly compressed image using the estimated correla-
tion model. We first compute the most prominent visual features
in the reference image and approximate them with geometric func-
tions drawn from a parametric dictionary. Since the images are cor-
related, the geometric features are likely to appear in compressed
images, possibly after some simple transformations. We then for-
mulate a regularized optimization framework whose objective is to
compute the visual features in the compressed image, under the as-
sumption that they represent shifted versions of visual features in
the reference image. We add a regularization constraint in order
to ensure the reconstructed compressed image to be consistent with
the quantized measurements. At the same time we also enforcethe
consistency of the motion information contained by our correlation
model. We show by experiments that the proposed algorithm com-
putes a good estimation of the motion or disparity field between the
pair of images in video or multiview scenarios, respectively. We
also show that the inclusion of the consistent reconstruction term
in the optimization model is very effective in improving therecon-
struction quality of the compressed image. In particular, we show
that the rate-distortion (RD) performance of the proposed scheme
outperforms DSC scheme based on unsupervised disparity or mo-
tion learning [9] and independent coding scheme like JPEG 2000.
Finally, we show the benefit of geometry based structured dictio-
naries compared to adaptive dictionary built on patches from the
reference image [6] for the joint reconstruction of correlated image
pairs.

2. PROPOSED FRAMEWORK

We consider a framework where a pair of imagesI1 andI2 that rep-
resent a scene at different time instants or from different viewpoints.
The images are correlated through the motion of visual objects.
They are transmitted to a joint decoder that estimates the relative
motion or disparity between the received signals for efficient joint
reconstruction. The framework is illustrated in Fig. 1.

One of the images is encoded and decoded independently and
serves as a reference image for the joint reconstruction. While this
image could be encoded with any coding algorithm, we choose here
to represent the reference imageI1 by random linear measurements
y1 = ψ I1 with a projection matrixψ. The measurements are used
by the decoder to reconstruct an approximationÎ1 using a convex
optimization algorithm [10] under the assumption thatI1 is sparse
in particular basis (e.g., a Wavelet basis). The second image I2 is
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Figure 1: Schematic representation of the proposed scheme.The imagesI1 andI2 are correlated through displacement of scene objects, due
to view point change or motion of scene objects.

also projected on a random matrixψ to generate the measurements
y2 =ψ I2. The generated measurementsy2 are further quantized us-
ing an uniform quantizer and are further entropy coded (e.g., Arith-
metic encoder). The decoder performs the reverse operations (de-
quantization and entropy decoding) to form the measurementvector
ŷ2 (see Fig. 1). This measurement vector is finally used by the joint
decoder to estimate the relative transformation between the images
I1 andI2 and eventually reconstruct the second imageÎ2.

We propose to model the correlation between the images by
relative transformation between prominent visual features in both
images. We assume that the imagesI1 and I2 can be represented
by a sparse linear expansion of geometric functiongγ taken from
a parametric and overcomplete dictionaryD = {gγ}. The geomet-
ric function gγ in D is usually called anatom. The dictionary is
constructed by applying a set of geometric transformationsto the
generating functiong. These geometric transformations can be rep-
resented by a family of unitary operatorU(γ), so that the dictionary
spanning the input space takes the formD = {gγ = U(γ)g,γ ∈ Γ}
for a given set of transformation indexesΓ. Typically this transfor-
mation set consists of scalingsx,sy, rotationθ , and translationtx, ty
operators, defined as

[

u
v

]

=

[

1/sx 0
0 1/sy

][

cos θ sin θ
−sin θ cos θ

][

x− tx
y− ty

]

(1)

where(x,y) defines the image coordinates. Thus, each of the trans-
formation is indexed by five parameters.

We can then write the approximation of the decoded reference
imageÎ1 with functions inD as

Î1 ≈
N

∑
k=1

ck gγk . (2)

where{ck} are the set ofN coefficients. The approximation ofÎ1
can be computed by sparse algorithms such as Matching Pursuit
[11], which greedily picks up theN atoms{gγk} that best match the
imageÎ1. Under the assumption that the imagesI1 andI2 are cor-
related, the second imageI2 can be approximated with transformed
versions of the atoms used in the approximation ofÎ1. We can thus
write

I2 ≈
N

∑
k=1

ck Fk(gγk ), (3)

whereFk(gγk) represents a local geometrical transformation applied
to the atomgγk . Due to the parametric form of the dictionary, the
effect ofFk corresponds to a geometrical transformation of the atom
gγk that results in another atom in the same dictionaryD. Therefore,
it is interesting to note that the transformationFk ongγk , boils down
to a transformation of the atom parameters, i.e.,

Fk(gγk ) =U(δγ)gγk =U(γk ◦δγ)g = gγk◦δ γ = gγ ′k . (4)

Now, the main challenge in the joint decoder is to estimate the
local geometrical transformationFk for each of the atomgγk in Î1
from the linear measurements ˆy2. We formulate in the next section a
regularized optimization problem in order to estimateFk, or equiva-
lently the relative motion or disparity between imagesI1 andI2 that
leads to an efficient representation of the imageÎ2.

3. JOINT RECONSTRUCTION FROM COMPRESSED
LINEAR MEASUREMENTS

Given the set ofN atoms{gγk} that approximate the first imagêI1
the joint reconstruction problem consists first in finding the corre-
sponding visual patterns in the second imageI2, while the later is
given only by compressed random measurements ˆy2. This is equiv-
alent to finding the correlation between the images with the joint
sparsity model described in Eq. 3. This correlation is eventually
used to reconstruct the compressed image.

3.1 Regularized Energy Model

The main challenge is to estimate the set ofN atoms in the second
imageI2 that correspond to the set of visual features in the reference
images given by their atom parameters{γk}. For our convenience
we denote the set ofN atom parameters inI2 by Λ, whereΛ =
(γ ′1,γ

′
2, ...γ

′
N). We propose to estimate this set of parameters in a

regularized energy minimization framework. The energy model E
proposed in our scheme is expressed as

E(Λ) = Ed(Λ)+α1Es(Λ)+α2Et(Λ), (5)

whereEd , Es andEt represent the data term, smoothness term and
reconstruction term respectively. The regularization constantsα1
andα2 balance the data, smoothness and reconstruction terms. The
solution to the correlation estimation (for efficient reconstruction of
Î2) is given by the set ofN atom parametersΛ∗ that minimizes the
energyE, i.e.,

Λ∗ = argmin
Λ∈S

E(Λ) (6)

whereS represents the search space. The search spaceS is given by

S = {(γ ′1,γ
′
2, ...γ

′
N) | γ ′k = γk +δγ ,1≤ k ≤ N,δγ ∈ U }. (7)

whereU ⊂ R
5, andU = [−δ tx δ tx]× [−δ ty δ ty]× [−δθx δθx]×

[−δ sx δ sx]× [−δ sy δ sy] whereδ tx,δ ty, δθx, δ sx,δ sy are the search
window sizes corresponding to translation parameterstx, ty, rotation
θ and scalessx,sy respectively.

Now we turn our attention in describing the three cost functions
used in Eq. 5. Given the set ofN atom parametersΛ= {γ ′k}, the data
cost functionEd measures the error between the quantized mea-
surements ˆy2 and the orthogonal projection of ˆy2 onto the columns
spanned byΨΛ, whereΨΛ = ψ[gγ ′1 |gγ ′2|.....|gγ ′N ]. It turns out that

the orthogonal projection operatorP is given by P = ΨΛΨ†
Λ,

whereΨ†
Λ represents the pseudo-inverse. Therefore the data term

estimates the set ofN atom parametersΛ that minimizes the mean
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square error (MSE) w.r.t. quantized measurements ˆy2. More for-
mally, the data costEd is computed as

Ed(Λ) = ‖ ŷ2−ΨΛΨ†
Λ ŷ2 ‖2. (8)

Before describing the smoothness termEs, we discuss here
the estimation of dense motion field from the atom transformation.
Given a pair of corresponding atomsgγk and gγ ′k in the imagesI1
and I2 respectively, we first calculate the mapping of each pixel
z = (x,y) in gγk to its corresponding pixel̃z = (x̃, ỹ) on gγ ′k using

Eq. 1. This grid transformationz(k)− z̃
(k) = (x(k)− x̃(k),y(k)− ỹ(k))

corresponds to the amount of local motion captured by thekth pair
of atomsgγk andgγ ′k . Using a similar process, the mapping is estab-
lished for all atom pairs from the respective transform parameters
γk andγ ′k. Then the grid transformation captured by all theN pairs
of atom are fused together to estimate the dense motion field.In the
fusion process, we simply take the most confident transformation or
motionz(k)− z̃

(k) for each locationz, from the set of transforma-
tions{z(k)− z̃

(k)} induced by theN atoms. We first assign weights

{w(k)
z } based on the response of thekth atom at the pixel location

z. Then the most confident mapping or equivalently the motion at
locationz is assigned asz(k̄) − z̃

(k̄), wherek̄ (1 ≤ k̄ ≤ N) is the
atom index for which the maximum weight is found out. Thus the
horizontal and vertical components of the motion field at locationz
is given by

(mh(z),mv(z)) = (x(k̄)− x̃(k̄),y(k̄)− ỹ(k̄)) (9)

wherek̄ = arg max
k=1,2,...N

w(k)
z , andw(k)

z is the response of thekth atom

at the locationz. i.e.,w(k)
z = gγk(z) = gγk(x,y).

We can now compute the smoothness termEs, whose objective
is to create a consistent correlation estimation between images. We
generate a dense motion (or disparity) field from the atom transfor-
mation, and later we penalize the motion (or disparity) fieldto be
coherent among adjacent pixels. We compute the smoothness cost
Es using,

Es = ∑
z,z′∈N

V
z,z′ (10)

wherez,z′ are the adjacent pixel locations andN is the usual 2
pixel neighborhood. The termV

z,z′ in Eq. 10 is defined as,

V
z,z′ = min(|mh(z)−m

h(z′)|+ |mv(z)−m
v(z′)|,K) (11)

where m
h(z), and m

v(z) represent the horizontal and vertical
components of the motion field respectively at the pixel location
z= (x,y), and the parameterK is a constant. The parameterK sets
a maximum limit to the penalty, and thus helps to preserve thedis-
continuities in the motion field [12].

Finally, we further improve the reconstruction quality of the im-
ageÎ2 by adding a reconstruction termEt to the energy model de-
scribed in Eq. 5. The termEt calculates thel2 norm error between
the measurements generated from the reconstructed imageÎ2 and
quantized measurements ˆy2. In other words, the cost functionEt
enforces the reconstructed imageÎ2 to be consistent with the quan-
tized measurements ˆy2. The reconstruction termEt is computed as

Et =‖ ŷ2−Q[ψW (Î1)] ‖=‖ ŷ2−Q[ψ Î2] ‖ (12)

whereQ is the quantizer andW warps the reference imageÎ1 using
the generated motion or disparity field (see Fig. 1).

Finally, note that in general the transformationFk acting on
atom gγk might change the position(tx, ty), rotationθ and scales
sx,sy of the atomgγk or could be any one or combination of these
changes. In this work, we approximate the transformationFk to act

only on the integer locations of the translational component (tx, ty)
of the atomgγk as our correlation model is based on atom shift that
approximate the motion of objects in the scene. We experimentally
show in the next section that such an approximation in the transfor-
mationFk gives a good estimation of the correlation model between
the images.

3.2 Optimization algorithm

We describe here the optimization methodology to solve Eq. 6
and estimate the transformationFk for each of the atom. One
trivial approach would be to perform an exhaustive search onthe
entire search spaceS to estimate the solution. But the cost of
such a solution is high, as the number of elements in the search
spaceS grows exponentially with the window sizeδ tx,δ ty i.e.,
|S̃| = N((2δ tx+1)×(2δ ty+1)). We rather propose a suboptimal solu-
tion that estimates the transformationsFk iteratively, by deforming
each of theN atom parametersγk by one increment in the parameter
space. In particular, as we search for translational motion, we fo-
cus on the search space that is given by perturbing the translational
componentstx andty of each atom position by one unit i.e.,tx ±1,
ty ±1 for each atomγk. We first initialize the algorithm with zero
motion, i.e., the atoms{gγk} generated from̂I1 are used in the first
iteration,{γ ′k}= {γk}, and the search space isS′ is formed using

S′ ={(γ ′1,γ
′
2, ..., γ̂

′
k, ...,γ

′
N)|γ̂

′
k = (tk

x + j1, t
k
y + j2,θ k,sk

x,s
k
y),

1≤ k ≤ N, j1, j2 ∈ Z,−1≤ j1, j2 ≤ 1} ⊂ S.
(13)

We then calculate the energyE in Eq. 5 for the set ofN atoms
in the search spaceS′. It can be easily shown that the size of
the search spaceS′ is at most 8N + 1, i.e.,|S′| = 8N + 1 . Once
the energyE is computed for atoms inS′, we find the parameters
(γ ′1,γ

′
2, ...,γ

′
N) corresponding to the minimum energy. Then a new

search spaceS′ is formed using Eq. 13 with the current parameter
solution(γ ′1,γ

′
2, ...,γ

′
N), and this procedure is repeated until conver-

gence is reached. The joint decoding algorithm is summarized in
Algorithm 1.

The proposed algorithm is guaranteed to converge. LetE0 be
the initial energy i.e., the energy corresponding to set of parame-
tersγ ′k = γk,∀k where 1≤ k ≤ N. As described above, in the first
iteration we form the search spaceS′ using Eq. 13 and then the
set of atom parameters corresponding to the minimum energy is
computed. LetE1 be the corresponding minimum value of the en-
ergy found in the first iteration. It is clear thatE1 ≤ E0, as the
search spaceS′ includes the initial set of parametersγ ′k = γk,∀k
where 1≤ k ≤ N. By using the same argument, we conclude that
Ei ≤ Ei−1, whereEi and Ei−1 are the minimum value of the en-
ergy corresponding to the iterationi, and i − 1 respectively. As
Ei < Ei−1, we therefore conclude that the energy continues to de-
crease for every iteration till it reaches a local or global minima
Emin. WhenEi = Emin for some iteration numberi, the energy can-
not decrease beyondEmin, and therefore it remains constant i.e.,
Ei = Ei+1 = Emin. Thus we conclude that the proposed optimiza-
tion scheme converges to a local or global minima and allows us to
estimate a suboptimal solution with tractable computational com-
plexity.

4. EXPERIMENTAL RESULTS

The scheme we proposed is generic and it can be applied for esti-
mating the disparity from two cameras or the motion field fromtwo
frames in a video sequence. In this section, we present the experi-
mental results for both applications.

4.1 Disparity Estimation from stereo cameras

We evaluate the performance of our scheme using Sawtooth image
set1 with a resolution 144× 176 pixels. As the images are rectified,

1These image sets are available in
http://vision.middlebury.edu/stereo/data/. The image sets are then
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Algorithm 1 Joint Decoder

1: Input N,α1, α2, K, δ tx, δ ty
2: Generate{gγk} from Î1 s.t. Î1 ≈ ∑N

k=1ck gγk

3: Initialize (mh,mv) = (0,0) i.e.,{γ ′k} = {γk}
4: repeat
5: Generate index search spaceS′ using Eq. 13
6: for 1: |S′| do
7: Calculate the energyE
8: end for
9: Estimate theN atoms indexes{γ ′k} corresponding to the mini-

mum energy.
10: until convergence is reached

(a) mh (b) |mh −M
h|> 1

Figure 2: (a) Disparity fieldmh generated in our scheme from 8870
quantized measurements (corresponds to 35% measurement rate)
(b) Error in the disparity field (white pixels denote error).
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Figure 3: RD comparison of the proposed scheme w.r.t. DSC
scheme [9], block based scheme [6] and independent coding so-
lution based on JPEG 2000.

the disparity estimation problem is simplified to a one dimensional
search problem. Therefore, the disparity map can be represented by
the horizontal componentmh of the field given in Eq. 9, with no
changes observed in the vertical componentm

v i.e.,mv = 0. In our
scheme, the dictionary is constructed using two generatingfunc-
tions, as explained in [11]. The first one consists of 2D Gaussian
functions, to capture low frequency component. The second func-
tion represents Gaussian in one direction, and the second derivative
of 2D gaussian in the orthogonal direction to the capture edges. The
translation parameterstx andty take any positive value from one to
the resolution of the image i.e.,tx varies from 1 to 176, whilety
varies from 1 to 144. Ten rotation parameters are used between 0
and π, with incrementsπ/18. Five scaling parameters are equi-
distributed in the logarithmic scale from 1 toN1/8 vertically, and 1

downsampled to a resolution 144× 176 using bilinear filters.

to N2/9.77 horizontally, whereN1×N2 is the size of the image.
The random projections are computed using the scrambled

Hadamard ensemble with block size of 8 [10]. The measurements
y2 are quantized uniformly using a two bit quantizer and further en-
coded using an arithmetic coder. The rate control at the encoder is
achieved by varying the measurement rate or the number of projec-
tionsy2. The reference viewI1 is encoded such that the quality of
Î1 is approximately 33 dB. Matching Pursuit is carried out onÎ1,
and the imagêI1 is approximated usingN = 60 atoms. In our ex-
periments, the number of atomsN is chosen in such a way, that the
selectedN prominent features covers the entire scene given by the
imageI1. The search for the transformationFk is carried out along
the translational componenttx with window sizeδ tx = 4 pixels, and
no changes are considered along the translational component ty.

For a given measurement rate, we first estimate the dispar-
ity field using the procedure described in Algorithm 1. Fig. 2(a)
shows the estimated disparity fieldmh from 8870 quantized
measurements (corresponds to 35% measurement rate). We
then compare our results w.r.t. ground truthMh (available in
http://vision.middlebury.edu/stereo/data/) and the comparison is
available in Fig. 2(b). From Fig. 2(b) it is clear that the proposed
scheme gives a good estimation of the disparity field where the er-
ror is localized along the edges due to the choice of the dictionary
function. Then the estimated disparity field is used to reconstruct
the imageÎ2 by warping the reference imagêI1. Fig. 3 shows the
RD comparison for the reconstructed imageÎ2 w.r.t. JPEG 2000
based coding strategy. It is clear that our scheme outperforms in-
dependent coding solution based on JPEG 2000 at low to medium
rates, due to the efficient joint reconstruction. However, our coding
performance saturates at 0.7 bpp, as the fine details or texture in the
scene cannot be captured by the proposed scheme due to the choice
of dictionary functions and the limits of the correlation model in
capturing non-structural components. We then compare the RD per-
formance of the reconstructed imageÎ2 with, and without activating
the reconstruction termEt (corresponds toα2 = 0 in Eq. 5), and
the comparison is available in Fig. 3. From Fig. 3 it is clear that the
quality of the imagêI2 is improved by enabling the reconstruction
termEt .

We then compare this performance to a DSC scheme, where
the disparity field is estimated at the decoder using Expected Maxi-
mization (EM) principles [9]. To have a fair comparison, we encode
the reference image using similar principles described in section 2
and the quality of the imagêI1 in the joint decoder is 33 dB. The
imageI2 is first transformed using 8× 8 DCT, and the resulting co-
efficients are quantized. The quantized DCT coefficients arefurther
encoded using LDPC channel codes, and the resulting syndromes
are transmitted to the joint decoder. The joint decoder usesÎ1 as the
side information, and estimates the disparity from the syndromes
using an unsupervised learning scheme via EM. Finally the image
Î2 is reconstructed by compensating the disparity in the reference
imageÎ1. Fig. 3 compares the quality of the reconstructed imageÎ2
with our scheme. From Fig. 3 it is clear that the proposed scheme
outperforms the DSC coding scheme based on EM principles.

Finally, in order to demonstrate the benefit of geometric dictio-
nary, we compare the results to a scheme that adaptively constructs
the dictionary using blocks or patches in the reference image [6]. In
our experiments, we construct a dictionary in the joint decoder from
the reference imagêI1 using 8 × 8 blocks. We then used the op-
timization scheme described in algorithm 1 to select the best block
from the adaptive dictionary, with a search window size ofδ tx = 4
pixels along the horizontal direction. Fig. 3 shows the quality of re-
construction for such a solution, and it is clear that our scheme out-
performs block-based dictionaries mainly due to rich representation
of the visual information provided by the structured dictionary.

4.2 Motion estimation from video sequence

We further study the performance of our scheme for the motiones-
timation problem in video sequences. We built the image set using
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the frames 2 and 3 of the Foreman sequence. The frame 2 is se-
lected as the reference imageI1, and approximated with a quality
of approx. 45 dB in the joint decoder. We used the dictionary de-
scribed in the previous section for approximating the imageÎ1. For
this particular data set, we approximateÎ1 usingN = 60 atoms. The
search window size isδ tx = δ ty = 4 pixels for both the translational
componentstx andty.

Fig. 4(a) and Fig. 4(b) compare the residual energy of the re-
constructed imagêI2 w.r.t. I2 and I1 respectively. The MSE be-
tween the imageŝI2 andI1 is 73, while the MSE between̂I2 andI2
is 41, and this indicates that the proposed scheme efficiently cap-
tures the correlation betweenI1 andI2. The RD performance of the
reconstructed imagêI2 is shown in Fig. 5, and it is then compared
to JPEG 2000, DSC and block-based schemes. From the plot is
clear that our coding scheme outperforms these competitorsdue to
efficient joint reconstruction. Also from Fig. 5 we observe that the
quality of Î2 is improved by activating the reconstruction termEt
(α2 6= 0). It should be noted that whenα2 6= 0 in Eq. 5, we estimate
only the motion field (i.e., no joint reconstruction) as described in
our previous work[8].

Finally, we compare our results with a joint encoding scheme
based on H.264, with GOP size 2. In H.264 scheme, the imageI1 is
selected as the reference frame, and it is approximated to 45dB in
the joint decoder. We then vary the quantization parameter for the
frameI2, and the imagêI2 is reconstructed. We carry out this exper-
iment in two different settings, (1) variable macro block size (H.264
- variable block size) (2) fixed macro block size 8×8 (H.264 - block
size 8). The corresponding RD plot for the two cases are available
in Fig. 5. From Fig. 5, we could infer that our scheme performs
better than the H.264 scheme especially at low rates, when a fixed
macro block size is used for motion estimation. As the proposed
scheme fails to capture the fine details or the texture, we are4 dB
(approx) far from the H.264 scheme at higher rates.

5. CONCLUSIONS

In this paper we have presented a methodology to compute the joint
reconstruction of the compressed image pairs from quantized linear
measurements. We have used a geometry based structured dictio-
nary to capture the prominent geometric features in the images. We
have related the corresponding features in the images usinga ge-
ometry based correlation model under translational motionassump-
tions. Experimental results demonstrate that the proposedmethod-
ology computes a good estimation of dense disparity or motion
field. We have also demonstrated that the geometry based dictio-
nary captures effectively the correlation between frames,comparing
to an adaptive block based dictionary. We have also shown that the
regularization term based on consistent reconstruction isquite effi-
cient in improving the quality of the reconstructed image. Finally,
the proposed scheme outperforms JPEG 2000 and DSC schemes in
terms of RD performance, which positions it as an effective solution
for distributed image processing with low encoding complexity.

(a) MSE: 41 (b) MSE: 73

Figure 4: Comparison of reconstructed imageÎ2 w.r.t. I2 and I1
(a) 1−|Î2− I2| (b) 1−|Î2− I1| (white pixel denotes no error). The
imageÎ2 is reconstructed using 3801 quantized measurements.
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Figure 5: RD comparison of the proposed scheme w.r.t. block based
scheme [6], JPEG 2000, DSC [9] and H.264 coding schemes.
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ABSTRACT
We introduce a novel correlation model, called predictive

Binary Symmetric Channel (BSC), for Distributed Source
Coding (DSC). We then consider non-uniform binary sources
and show that, for the predictive BSC model, the non-
uniformity does not reduce the compression rate in asym-
metric DSC. We assess the minimum achievable rate loss
induced by a mismatch between the assumed and the true
correlation models. We also propose an LDPC-based de-
coder adapted to both the classical (additive) BSC and the
new (predictive) BSC correlation models. Finally, for Dis-
tributed Video Coding (DVC) application, we propose a cri-
terion that allows us to switch between the two correlation
models.

1. INTRODUCTION
Distributed Source Coding (DSC) refers to the problem of
separate encoding and joint decoding of correlated sources.
Slepian and Wolf (SW) have established in 1973 [1] that, for
two dependent binary sources X and Y , the lossless compres-
sion rate bound H(X ,Y ) could be approached when encod-
ing the two sources separately provided that they are decoded
jointly. The lossy equivalent of the SW theorem for two cor-
related continuous-valued sources has been formulated by
Wyner and Ziv (WZ) [2]. Most Slepian-Wolf and Wyner-Ziv
coding systems are based on channel codes (e.g., convolu-
tional codes [3], turbo codes [4] or Low Density Parity Check
(LDPC) codes [5]). The statistical dependence between two
correlated sources X and Y is modeled as a virtual correlation
channel analogous to Binary Symmetric Channels (BSC) or
additive white Gaussian noise (AWGN) channels. In the se-
quel we consider asymmetric DSC in which the source Y
(called the side information) is usually regarded as a noisy
version of X . Using error correcting codes, the compression
of X is achieved by transmitting only parity or syndrome bits
which are decoded given the side information Y .

Video compression has been recast into a distributed
source coding framework leading to Distributed Video Cod-
ing (DVC) systems. The video sequence is structured into
Groups Of Pictures (GOP), in which key frames (KF) are
intra-coded and intermediate frames are WZ-coded. Each
WZ frame is encoded independently of the other frames. In
this paper, we consider the DVC codec described in [6] de-
veloped by the European IST-DISCOVER project and which
will be referred to as the DISCOVER codec in the sequel.
The WZ data is transformed and then quantized, and the
quantized coefficients are binarized. Each resulting bit plane
is then encoded with a channel coder. We will use an LDPC
coder in the experiments reported in this paper. The decoder
constructs the side information via motion-compensated in-
terpolation of previously decoded key frames. The encoder

This research was partially supported by the French European Com-
mission in the framework of the FP7 Network of Excellence in Wireless
COMmunications NEWCOM++ (contract n.216715).

first sends per bit plane a subset of the syndrome bits coded
by the LDPC encoder. If the decoder cannot properly decode
the current bit plane, more syndrome bits are requested from
the encoder via a feedback channel.

All DVC codec implementations often assume the binary
distribution of the bit planes to be uniform, which is actually
far from being the case (as we will see in the experiments
section). The correlation model between the WZ (X) and the
SI (Y ) bit planes is also assumed to be additive symmetric
(Y = X ⊕Z). In this additive channel model, the correlation
noise Z is assumed to be independent of X but not of Y . In
this paper, we show that, in DVC systems, the correlation
noise Z is on contrary, most of the time, independent of the
SI Y . This has led us to introduce another correlation model
which we called the predictive channel model (X = Y ⊕Z).
We show that, if the two sources X and Y are uniformly dis-
tributed, then the two models (additive and predictive) are
equivalent. But, this is not the case if the two sources are non-
uniformly distributed. The minimum achievable rate loss in-
duced by a mismatch between the assumed and true model is
computed.

This paper also describes a modified LDPC decoder
which accounts for the non-uniformity of the sources and
adapts to the correlation model. The source distribution is
iteratively estimated along with the symbol bits, and the re-
liability of this estimation is assessed. Experimental results
show that the channel modeling the correlation between the
WZ and SI bit planes in a DVC codec is actually a mixture
of the additive and predictive channel models. The dynamic
decoder adaptation to the correlation model and to the non-
uniformity of the sources leads to a rate gain of about 5.7%.

This paper is structured as follows. Section 2 reviews
the theory of DSC for non-uniform sources, and presents the
rate bounds that can be achieved with the additive and the
predictive BSC. Section 3 describes the proposed LDPC de-
coder in order to take the source non-uniformity, as well as
the type of the BSC, into consideration; the performance for
the coding of synthetic sources is shown. Section 4 presents
the exploitation of the source non-uniformity for DVC. We
prove the accuracy of the non-uniform source modeling be-
sides the existence of both additive and predictive channels,
then our experimental results show that the PSNR versus rate
performance of the codec is improved.

2. DISTRIBUTED SOURCE CODING OF
NON-UNIFORM SOURCES

This section first revisits the principle of asymmetric DSC
with the classical binary symmetric correlation model, which
is referred to as additive BSC. A new model called predictive
BSC is then introduced. The rate bounds are derived for both
models in the case the sources are non-uniform.
2.1 Review of the asymmetric DSC
Let X ∼ B(pX ) denote a binary variable, Bernoulli dis-
tributed with parameter pX = P(X = 1). In DSC, a second
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source Y , with realization y, is correlated to X and avail-
able at the decoder. The correlation is modeled as a virtual
(X ,Y, p) BSC as defined below.
Definition 1. An (X ,Y, p) additive BSC is a channel with
binary input X, binary output Y . The noise Z ∼ B(p) is in-
dependent of the channel input, and the channel output is
obtained by Y = X⊕Z.

Note that our additive BSC is the classical BSC. In the
remainder of this paper, “X” denotes the source that has to
be decoded from its syndrome “SX ” and the side-information
is “Y ”. This setup is commonly called “asymmetric DSC”.
In [7], Wyner showed that binary linear codes can reach the
SW bounds with the syndrome approach. More precisely,
consider an (N,K) channel code C defined by its (N−K)×N
parity check matrix H = (hmn). This code defines a partition
of the N-long sequences into cosets, where all the sequences
in a coset Cs share the same syndrome s: Cs = {x : Hx = s}.
To encode x, the encoder transmits its syndrome sx = Hx,
achieving a compression ratio of N : (N−K); y is sent at its
entropy H(Y ) and can therefore be retrieved. At the decoder,
the sequence x̂ is found as the closest sequence to y, having
syndrome sx. In the sequel, we use LDPC codes which have
been shown to perform closely to the SW bound [5], while
keeping their encoding and decoding complexity linear with
the code length.
2.2 Properties of the sources and correlation models
The achievable lower bounds depend not only on the corre-
lation between X and Y , but also on their respective distribu-
tions. Let X ∼ B(pX ) and Y ∼ B(pY ). Let Z be the noise,
modeled as a BSC. First, when the source X is uniform, i.e.
pX = 0.5, the source Y is also uniform, and
H(X) = H(Y ) = 1, and H(X |Y ) = H(Y |X) = H(Z) = H(p),
where H(p) =−p log(p)− (1− p) log(1− p).

Now, consider that X is non-uniform (pX 6= 0.5). Then
Y is also non-uniform. We claim the following results to
characterize the rate gain that is expected depending on the
type of BSC.

Claim 1. Let X ∼ B(pX ) and Y ∼ B(pY ) be two corre-
lated sources, where the correlation is modeled as a vir-
tual (X ,Y, p) additive BSC. We consider the asymmetric dis-
tributed problem, where Y is available at the decoder and
compressed at its entropy H(Y ) and X is compressed at its
conditional entropy H(X |Y ). If the source X is non-uniform,
the compression rate for X is reduced by H(Y )−H(X) ≥
0 compared to the compression rate achieved for uniform
sources.

Proof. Since the BSC is additive, ∃ Z independent of X
s.t. X ∼ B(pX ) and Y = X ⊕ Z. Then pY = pX (1− p) +
(1− pX )p. The concavity of H(·) implies H(Y ) ≥ H(X).
Moreover H(X |Y ) = H(Z)− [H(Y )−H(X)]. Since H(Y )−
H(X) ≥ 0 (with equality iff the source X is uniform), the
non-uniformity of X reduces the lower bound H(X |Y ), and
the rate gain is H(Y )−H(X).

Definition 2. An (X ,Y, p) predictive BSC is a channel with
binary input X, binary output Y . The noise Z ∼ B(p) is in-
dependent of the channel output s.t. X = Y ⊕Z.

This model corresponds to the case where Y represents a
prediction of X . Z is therefore an innovation noise indepen-
dent of Y . When the correlation between the sources X and
Y is a predictive channel, we get the following result:

Claim 2. Let X ∼ B(pX ) and Y ∼ B(pY ) be two corre-
lated sources, where the correlation is modeled as a virtual
(X ,Y, p) predictive BSC. We consider the asymmetric dis-
tributed problem, where Y is available at the decoder and
compressed at its entropy H(Y ) and X is compressed at its
conditional entropy H(X |Y ). The non-uniformity of X does
not reduce the compression rate for X.

Proof. Here H(X |Y ) = H(Z). Therefore, the compression
rate for X only depends on the noise statistics, and the non-
uniformity of X does not reduce its compression rate.

The introduction of the predictive channel is motivated
by the DVC application. In this context, X represents the
current image to be compressed and Y represents the predic-
tion of X based on previous and future images obtained at the
decoder side. Therefore, the noise Z is an innovation noise
and is more likely to be independent of Y than of X . Un-
fortunately, for a predictive channel the compression rate for
X does not reduce as the non-uniformity of X increases. In
the following, we show that a mismatch between the true and
the assumed correlation models always degrades the perfor-
mance of the decoder.
Claim 3. Let X ∼ B(pX ) and Y ∼ B(pY ) be two corre-
lated sources, where the correlation is modeled as a virtual
(X ,Y, p) (predictive or additive) BSC. We consider the asym-
metric distributed problem, where Y is available at the de-
coder and compressed at its entropy H(Y ), and X is com-
pressed at its conditional entropy H(X |Y ). A mismatch be-
tween the true correlation model and the one assumed by the
codec implies a rate loss if the sources are non-uniform.

Proof. If the decoding if performed with a predictive channel
model, then the lower achievable rate will be H(Z). A rate
loss of H(Z)−H(X |Y ) will then result. Let us now assume
that the correlation channel model is predictive. The lower
rate bound is in this case H(X |Y ) = H(Z). If the decoding
is performed by considering the additive BSC model, then
the minimal achievable that can be achieved will be H(Z)−
[H(Y )−H(X)] with H(Y )−H(X)≤ 0.

Motivated by the expected rate gain when the source dis-
tribution is non-uniform and the correlation channel is ad-
ditive, we describe how to modify the existing syndrome-
based LDPC decoder to assess and exploit the source non-
uniformity as well as the nature of the BSC.

3. DISTRIBUTED CODING OF NON-UNIFORM
SOURCES USING LDPC CODES

LDPC codes can be represented either by a sparse parity-
check matrix (binary matrix of low proportion of 1) or by a
bipartite graph. For an LDPC code yielding a compression
rate N : (N −K), there are N variable nodes and (N −K)
check nodes in the graph. Here, we modify the standard
decoding proposed by Liveris et al. [5] to exploit the non-
uniformity of the sources and to deal with the type of BSC.
The encoder is not modified.

3.1 The proposed syndrome-based LDPC decoder
Consider the following notation and definition of the mes-
sages that are passed in the graph. Here, the correlation chan-
nel is assumed to be a BSC; if some other channel is used, the
intrinsic information only needs to be adapted correspond-
ingly. In particular, in section 4, the correlation between the
sources is modeled as a Laplacian channel.
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• xn,n ∈ [1,N] are the source symbols, represented by the
variable nodes; its estimate is x̂n

• yn,n ∈ [1,N] are the side-information symbols, repre-
sented by the side-information nodes;

• sm,m∈ [1,(N−K)] are the syndrome symbols, represent-
ing the check nodes. xn is connected to sm if hmn = 1;

• dxn is the degree of xn;
• dsm is the degree of sm;
• In,n ∈ [1,N] are the intrinsic, passed from yn to xn;
• En,e,n ∈ [1,N],e ∈ [1,dxn] are the extrinsic information,

passed from xn on their e-th edge to the check nodes;
• Qm,e,m ∈ [1,(N − K)],e ∈ [1,dsm] are the messages

passed from sm on their e-th edge to the variable nodes;
• p̂X denotes the estimate of pX . It is updated throughout

the iterations, after each update of x̂.
All the messages are Log-Likelihood Ratio (LLR), they are
labeled (in) or (out) if they come to or from the nodes.
3.1.1 Intrinsic information computation
The intrinsic information depends on the type of BSC. It is
defined by In(pX ) = log

(
P(Xn=0|yn)
P(Xn=1|yn)

)
=

(1−2yn) log
(

1− p
p

)
, i f the BSC is predictive

(1−2yn) log
(

1− p
p

)
+ log

(
1− pX

pX

)
, i f additive

(1)

Since pX is not known, each In is initialized to In(p̂Y ) where
p̂Y is the probability of 1’s in Y , that is the best guess on pX

so far. Each E(in)
n,k is initialized to 0.

3.1.2 Messages from the variable nodes to the check nodes

E(out)
n,e = In(p̂X )+

dxn

∑
k=1,k 6=e

E(in)
n,k

where In(·) is defined in (1) and the estimate p̂X is explained
in 3.1.4. Each E(out)

n,e is mapped to the corresponding Q(in)
m,e

according to the connections in the graph.

3.1.3 Messages from the check nodes to the variable nodes

Q(out)
m,e = 2tanh−1

[
(1−2sn)

dsm

∏
k=1,k 6=e

tanh Q(in)
m,e
2

]
Each Q(out)

m,e is mapped to the corresponding E(in)
n,e .

3.1.4 Decision, and update of p̂X

We denote En = In(p̂X )+
dxn

∑
k=1

E(in)
n,k = log

(
1−Pn

Pn

)
where Pn is the best guess on P(Xn = 1|y,sx) so far. Then

Pn = eEn

1−eEn , and x̂n =
{

1, i f Pn ≥ 0.5
0, otherwise

p̂X is estimated as the probability of 1’s in x̂, expressed with
the soft values Pn. The updated value of p̂X is thus given by

p̂X = ∑
N
n=1 Pn

N

3.1.5 Stopping criteria: syndromes check, convergence test,
and maximum number of iterations

The decoding algorithm stops either if the estimated x̂ sat-
isfies the parity check equation (Hx̂ = sx) or if the maxi-
mal number of iterations has been reached (100 iterations is
a good compromise between performance and complexity).
Moreover if the syndrome test has failed, while no symbols

of x̂ have been updated during the current iteration, even if
we have not reached the maximal number of iterations yet,
we decide that the decoder has converged to a wrong word.

3.2 Simulation results
Non-uniformity and additive BSC

We test the proposed decoding algorithm using an LDPC
code of rate 1

2 created using the Progressive Edge Growth
(PEG) principle [8]. The non-uniform sources are drawn for
two values of pX = {0.15,0.2275}; and, for each pX , a range
of values of p is considered. The source sequences are of
length N = 1584 - the same length as the bit planes extracted
from the video frames (section 4). The syndrome sx, as well
as the side-information y, are transmitted to three different
decoders: (1) the standard decoder that views X as a uniform
source, (2) the proposed decoder that knows that X is non-
uniform and has to estimate p̂X , (3) a genie-aided decoder
that knows pX (in order to quantify the sub-optimality intro-
duced by the parallel estimation of p̂X ). When the BSC is
additive, Fig. 1 shows the performance of the decoding in
terms of its Bit Error Rate (BER) versus H(p).

Figure 1: Performance of the standard and the modified LDPC decoders,
for non-uniform sources with pX = {0.15,0.2275}, over an additive BSC.
When considering that X is uniform, (1), H(X |Y ) = 0.5 is achieved for
H(p) = 0.5 (p = 0.11) regardless of the source distribution. When ex-
ploiting the non-uniformity, (2, 3), H(X |Y ) = 0.5 occurs for H(p) = 0.622
(p = 0.155) when pX = 0.2275, and for H(p) = 0.79 (p = 0.239) when
pX = 0.15.

The standard decoder (1) has the same performance re-
gardless of the source distribution. Meanwhile, the de-
coders (2) and (3) exploiting the non-uniformity are able
to retrieve X from considerably greater H(p); the rate gain
increases with the non-uniformity. The estimation of the
source Bernoulli parameter, only induces a loss lower than
0.02bit when the BER is under 10−5, which is acceptable
regarding the rate gain with respect to the standard decoder.
Effect of a mismatch between the true correlation model
and the one assumed by the decoder

Now, we assess the impact of a wrong guess of the type
of BSC between the correlated sources. Let us first consider
the case where the true correlation model is additive while
the decoder assumes a predictive one. The curve (1) in Fig. 1
shows the performance of such a mismatched decoder while
curves (2) and (3) show the performance of the matched de-
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coder. As expected in Claim 3, the mismatch induces a sig-
nificant rate loss. For the other case, we consider a predictive
model while the decoder assumes an additive one. To that
end, we generate Y ∼ B(pY ) and X = Y ⊕ Z, making sure
that pX is constant, and we plot the BER of that system on
Fig. 2.

Figure 2: Influence of a wrong guess on the channel (the BSC is assume
to be additive while it is predictive in reality), for non-uniform sources with
pX = {0.15,0.2275}.

As expected (see Claim 3) the mismatched decoder per-
forms worse than the correct decoder.
Parallel parameter estimation

Our decoder presented in section 3.1 estimates the distri-
bution parameter pX . Fig. 3 shows the estimated parameter
averaged over 5.103 realizations of the source.

Figure 3: Performance of the parameter estimation that is performed in
parallel, for non-uniform sources with pX = {0.15,0.2275}.

When the correlation level is such that the operating point
is far from the SW bound (H(p) < 0.52 for pX = 0.2275 and
H(p) < 0.62 for pX = 0.15), the decoding of X is successful
(BER< 10−2) and the parameter is well estimated (the gap to
the actual pX is lower than 10−3); but when the correlation is
lower, the decoding of X fails and the parameter estimation
fails as well.

4. DISTRIBUTED VIDEO CODING EXPLOITING
THE NON-UNIFORMITY OF THE BIT PLANES

4.1 Review of the DISCOVER codec
Fig. 4 shows the DISCOVER codec block diagram.
The encoder consists into the Blocks 1, 2, and 3. Block 1
splits the video frames into key frames (KF) and WZ frames.
The KF are conventionally encoded in Block 2 using an
H264/AVC encoder and transmitted to the decoder. The WZ
frames are encoded in Block 3: they first undergo a block-
based Discrete Cosine Transform (DCT, Block 3a), and the
obtained transform coefficients are quantized (Block 3b).
The quantized coefficients are organized into bands, where
every band contains the coefficients associated to the same
frequency in different blocks. Then, organized bit plane by
bit plane, the quantized coefficients bands are fed to a SW
encoder, which computes their syndromes. In this work, we
model those bit planes as non-uniform sources.
At the decoder, the KF are first decoded in Block 4 using
a conventional video decoder. Then a motion compensated
interpolation between every two closest KF is performed in
Block 5, in order to produce the SI for a given WZ frame.

The correlation between the WZ bit planes and SI is approx-
imated by a Laplacian channel, in Block 6. In Block 7, the
same transform used at the encoder is applied to the SI to ob-
tain an estimation of the WZ bit planes. Based on that infor-
mation, and thanks to the syndromes, Block 8 performs the
proper WZ decoding. More particularly, Block 8a performs
the rate-adaptive SW decoding [9], using feedback channels
between Blocks 3 f and 8b; that is to avoid re-encoding the
data. Once the bit planes are correctly decoded, Block 8d
makes an inversion of the transform applied by Block 3a,
and the decoded video frames are obtained by conveniently
multiplexing the decoded KF and the WZ frames.
4.2 Accuracy of the model proposed for the bit planes
We investigate on the distributions of the coded bit planes by
assessing off line their Bernoulli distributions. We show in
Fig. 5 the probability of 1’s in some WZ bit planes from the
three 15Hz QCIF video sequences Hall monitor, Foreman,
Soccer.

Figure 5: Probability of 1’s in the bit planes taken individually. The WZ
bit planes of the three video sequences are non-uniformly distributed, which
justifies the model adopted for their decoding.

The results on Fig. 5 confirm that the bit planes are non-
uniformly distributed, besides their distribution varies from
bit plane to bit plane. This justifies that the non-uniform
modeling is a better model than the uniform one, and that we
have to estimate the parameter of each bit plane separately.
Comforted by the huge non-uniformity of the bit planes, we
address the problem of adapting the SW decoder so as to take
into account their non-uniformity. The channel between the
correlated bit planes is modeled as Laplacian; we use the soft
information from Block 6 to initialize the intrinsic of the pro-
posed LDPC decoder (section 3.1.1).
4.3 Experimental results
We place the proposed LDPC decoder in Block 8a. The re-
sults presented in Fig. 6 and Fig. 7 are obtained for all the WZ
frames of the video sequences Hall monitor, Foreman, Soc-
cer, with a GOP length of 2. Key frames are encoded with
H.264/AVC Intra (main profile), and the quantization param-
eters for each point are chosen so that the average quality
(PSNR) of the WZ frames is similar to the quality of the KF.
All rate and distortion results refer only to the luminance.
The proposed SW decoder that uses the non-uniformity is
compared to the standard DISCOVER’s SW decoder.
The channel is assumed to be additive

First, we assume that the Laplacian channel is additive,
and we take into account the non-uniformity for the decoding
of all the bit planes. The results are presented in Fig. 6

The rate gain occurs only for the sequence Soccer at
the highest PSNR, it is 1.88kbps (−0.65%). This low rate
gain contrasts with the huge non-uniformity of the bit planes
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Figure 4: The DISCOVER codec: a rate adaptive decoding is performed, using punctured accumulated LDPC codes.

Figure 6: Over an additive channel, the proposed decoder is sometimes
worse than the standard one to render the videos at the same PSNR.

(Fig. 5). In view of these results, we admit that the channel
modeling the correlation between the bit planes is not always
additive and has to be estimated by the decoder.
The channel is unknown and assessed by the decoder

As the correlation model between the WZ and SI frames
is sometimes predictive and sometimes additive, we first per-
form the decoding of each WZ bit plane with the predic-
tive assumption. If this decoding process fails (the criteria
used are presented in section 3.1.5), then we perform a new
decoding with the additive assumption to exploit the non-
uniformity. Our criterion to chose between the predictive and
the additive model is the decoding failure under the predic-
tive assumption, while the decoding under additive assump-
tion is successful. The results are shown in Fig. 7.

Figure 7: The proposed decoder that exploits the non-uniformity, while
assessing the type of channel, needs less rate than the standard one.

Our decoder improves the rate of the WZ frames in an
interesting amount; the decrease is 0.94kbps (−1%) for the
sequence Hall monitor at the highest PSNR; it is 5.88kbps
(−2.68%) for Foreman; and 16.57kbps (−5.7%) for Soc-
cer. That decrease proves that it is worth taking into account
the non-uniformity of the bit planes, as long as the channel
model is additive.

5. CONCLUSION
We have proposed a novel predictive channel for the model-
ing of the correlation between two distributed sources. We
have shown that the achievable compression rate increases
with the non-uniformity when the channel is additive; when
the channel is predictive, there is no rate gain exploiting
the non-uniformity. These theoretical results were verified
with synthetic sources. The predictive channel better de-
scribes the behavior of the noise that is observed between
the non-uniform WZ and SI bit planes produced by a dis-
tributed video codec. To handle the non-uniformity and the
two channel models, we have proposed an adapted asymmet-
ric SW decoder using LDPC codes. The Bernoulli parame-
ter of the source is estimated iteratively at the decoder, along
with the decoding. The decoder was finally incorporated into
the video codec, exploiting the non-uniformity of the WZ bit
planes and the correlation models. We presented results that
prove the efficiency of the proposed SW decoder, in terms of
improving its PSNR versus rate performance.
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ABSTRACT

This paper considers the design of optimal joint compression-
routing schemes for networks with correlated sources and multiple
sinks. Such a setting is typically encountered in sensor networks. It
is sometimes tempting to assume that an optimal distributed com-
pression scheme followed by standard routing (as designed for in-
dependent sources) would be nearly optimal. We instead propose
a joint design approach that integrates distributed source coding
with a mechanism called dispersive information routing. Unlike
network coding, dispersive information routing can be realized us-
ing conventional routers without recourse to recoding at interme-
diate nodes. We also point out the direct connections between dis-
persive information routing and a related problem in sensor network
databases, namely, fusion coding for selective retrieval. We propose
an efficient practical design strategy, variants of which are adopted
for each of the two problems. Simulation results provide evidence
for substantial gains over conventional schemes.

Index terms - Compression, distributed source coding, routing,
sensor networks, database retrieval

1. INTRODUCTION

The field of distributed source coding (DSC) began in the seventies
with the seminal work of Slepian and Wolf [13]. They showed,
in the context of lossless coding, that side-information available
only at the decoder can nevertheless be fully exploited as if it
were available to the encoder, in the sense that there is no asymp-
totic performance loss. Later, Wyner and Ziv [14] derived a lossy
coding extension. A number of theoretical publications followed,
primarily aimed at solving the general multi-terminal source cod-
ing problem. It was not until the late nineties, when practical
DSC schemes adopting principles from channel coding were being
designed, where notably influential was the “DISCUS” approach
[6]. An alternative approach to DSC sprung directly from prin-
ciples of source coding. Algorithms for distributed vector quan-
tizer design have been proposed in [3, 11]. Algorithms to optimize
the fundamental tradeoffs in the (practically unavoidable) case of
sources with memory have recently appeared in [12]. Similar de-
sign approaches have shown to be efficient to handle the exponen-
tial growth in codebook size in the context of distributed coding for
large number of sources [10]. The source coding approaches will
be most relevant to us here and will be discussed briefly in Section
3.2.

Compression in multi-hop networks has gained significant im-
portance in recent years, mainly due to its relevance in sensor net-
work applications. Review paper [4] describes the various joint
compression-routing schemes that have been developed so far. En-
coding correlated sources in a network with multiple sources and
sinks has conventionally been looked at from two different direc-
tions. The first approach performs compression at intermediate
nodes [4], where all the information is available, without appeal-

The work was supported by the NSF under grant CCF-0728986

ing to DSC principles. However, such approaches tend to be waste-
ful at all but the last hops of the communication path. The sec-
ond approach uses distributed source coding to exploit correlation at
the source nodes followed by simple routing at intermediate nodes.
Well designed DSC could provide considerable performance im-
provement and/or complexity/energy savings. Various aspects of
DSC for routing have been considered in a number of publications,
and notably in [2], where the authors consider joint optimization of
Slepian - Wolf coding and conventional routing.

Optimal routing schemes, designed for independent sources
(conventional routing), have been studied extensively [1], primar-
ily due to the growth of the Internet. It may be tempting to assume
that an optimal distributed source code, which tries to eliminate the
dependencies between sources, followed by a conventional routing
mechanism would achieve optimality for correlated sources. In this
paper, we introduce the concept of “dispersive information rout-
ing” (DIR) coupled with joint (compression-routing) optimization
approach, which offer substantial performance gains for correlated
sources. We first show using a simple network example the sub-
optimality of conventional methods and motivate the approach. To
demonstrate its potential we then derive a gradient based method for
joint DSC - DIR design and apply it to a sensor grid with multiple
sources and sinks. Unlike network coding [7], DIR can be realized
using conventional routers without recourse to expensive coders at
intermediate nodes.

A different problem that is highly relevant to correlated sources,
and that perhaps surprisingly reveals underlying conceptual simi-
larity, is that of storage and retrieval of correlated sources from a
database at a fusion center - called fusion coding. This problem has
been studied recently both from the information theoretic [5] and
the design perspectives [8]. In this paper, we review the motiva-
tions, ideas and the methodologies involved. Our primary outlook
is to point out the close connection between fusion coding and dis-
persive information routing and thereby illustrate the general appli-
cability of the approaches herein.

2. NOTATIONS AND PROBLEM SETUP

Let a network be represented by an undirected graphG = (V,E).
Each edgee ∈ E is a network link whose communication cost de-
pends on the edge weightwe. The nodesV consist ofN source
nodes,M sinks, and|V |−N −M intermediate nodes1. Source node
i has access to source random variableXi. The joint probability
distribution of(X1 . . .XN) is known at all the nodes. The sinks are
denotedS1,S2 . . . ,SM . Each sink requests the information of a sub-
set of sources. Let the subset of nodes requested by sinkS j be
V j ⊆V . Conversely, sourcei has to be reconstructed at a subset of
sinks denotedSi ⊆ {S1,S2 . . . ,SM}.

Define traffic matrix (or “request” matrix)T , for network graph
G as theN ×M binary matrix that specifies which sources must be

1For any setB, we use|B| to denote the set cardinality.
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Figure 1: Example to motivate DIR:S1 requests forX1 andX2 while
S2 requests forX2 andX3.

reproduced at which sinks:

Ti j =

{

1 if i ∈V j

0 else,

i.e., V j = {i : Ti j = 1} and Si = {S j : Ti j = 1}. Without loss of
generality we assume that every source is requested by at least 1
sink.

The cost of communication through a link is a function of the bit
rate flowing through it and the edge weight, which we will assume
for simplicity to be a simple productf (r,we) = rwe, noting that the
approach is directly extendible to more complex cost functions. The
objective is to design encoders, routers and decoders to minimize
the overall network cost (calculated given the set of link rates and
edge weights) at a prescribed level of average distortion.

We denote byE i
B, the set of all paths from sourcei to the sub-

set of sinksB ⊆ {S1 . . .SM}. The optimum route from the source
to these sinks is determined by a spanning tree optimization (min-
imum Steiner tree) [1]. More specifically, for each source nodei,
the optimum route is obtained by minimizing the cost over all trees
rooted at nodei which span all sinksS j ∈ B. The minimum cost
of transmitting a single bit from sourcei to the subset of sinksB,
denoted byd∗

i (B), is given by:

d∗
i (B) = min

P∈E i
B

∑
e∈P

we (1)

3. DISTRIBUTED SOURCE CODING AND DISPERSIVE
INFORMATION ROUTING

3.1 Information Theoretic Motivation

Figure 1 depicts a simple network with 3 sources(X1,X2 andX3)
and two sinks(S1 andS2). S1 requests forX1 andX2 while S2 re-
quests forX2 and X3. There is one intermediate node, c (which
we call the collector), which serves as a router. The sources can
communicate with the sinks only through the collector. This is a
toy example or simplification of a large sensor network with all in-
termediate nodes collapsed to a single collector node. Note that,
although the motivation is provided for clarity within the lossless
setting, the practical design approach will be generally applicable
to the lossy coding setting.

The collector has to transmit enough information toS1 so that
it can decode bothX1 andX2, and enough information toS2 to de-
codeX2 andX3. Hence the rates on the edges(c,S1) and (c,S2)
are at leastH(X1,X2) and H(X2,X3), respectively. Let the edge
weights into the collector be much smaller than out of the collector:
w1,c,w2,c,w3,c� wc,S1,wc,S2. This would force sourceX1 andX3 to
transmit data at ratesH(X1) andH(X3), respectively. As sourceX2
has to transmit enough data for both the sinks to decode it losslessly:

R2 ≥ max(H(X2|X1),H(X2|X3)) (2)

Conventional routing methods (designed for independent
sources) do not “split” a packet at an intermediate node and hence
would forward all the bits fromX2 to both the sinks. This would

Figure 2: Conventional DSC design

mean sub-optimality on either one of the branches(c,S1) or (c,S2)
if H(X2|X1) 6= H(X2|X3).

But instead, let us now relax this restriction and allow the col-
lector to “split the packet” and route only a subset of bits on each
edge. We could equivalently think of sourceX2 transmitting 3
smaller packets to the collector; first packet has rateR2,{1,2} bits
and is destined to both the sinks. Two other packets have ratesR2,1
and R2,2 bits and are addressed to sinksS1 and S2, respectively.
Technically, in this case, the collector would just have to route the
received packets. Perhaps surprisingly, it can be shown using ran-
dom product binning arguments similar to [13] that the rate tuple
(R2,{1,2},R2,1,R2,2) = (H(X2|X1,X3), I(X2,X3|X1), I(X2,X1|X3)) is
indeed achievable, and the rates on edges(c,S1) and(c,S2) achieve
their respective lower bounds, i.e., this routing approach is imple-
mented at no asymptotic rate loss, and hence outperforms conven-
tional routing.

We term such a routing mechanism, where each intermediate
node in a multi-hop network canroute any subset of the received
bits on each of the forward paths as “dispersive information rout-
ing” (DIR). Note the clear difference from network coding. DIR
does not require expensive coders at intermediate nodes, but rather
can always be realized using conventional routers with each source
transmitting multiple packets into the network intended to differ-
ent subsets of sinks. Also note that such a routing mechanism is
inessential when the sources are independent.

3.2 Conventional distributed source coder

We return to general lossy coding and begin with a description of
the conventional DSC system with a single sink. Consider N cor-
related sources,{Xi, i = 1...N} transmitting information at rateRi,
respectively, to the sink. The encoding consists of 2 stages. The
first stage is the discretization of the source-space by a high-rate
quantizer (a practical engineering necessity, see e.g., [11]), which
partitions the input source space intoNi regions, i.e.,

Hi : R → Qi = {1. . .Ni} (3)

Note that the high rate quantizers are designed independent of the
rest of the modules. The second stage, which we call the ‘Wyner-
Ziv map’ (WZ-map), is a module that relabels theNi quantizer re-
gions with a smaller number, 2Ri , of labels, which if properly de-
signed exploits the correlation between the sources and aids in dis-
tributed compression. Mathematically, for each sourcei, the WZ
map is the function,

Wi : Qi → Ii = {1. . .2Ri} (4)

and the encoding operation can be expressed as:

Ei(xi) = Wi (Hi (xi)) ∀i (5)

We useI = I1 × I2 . . . IN to denote the set of all possible received
symbols at the decoder. The decoderDi for each source is given by:

Di : I → X̂i ⊂ R (6)
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Figure 3: Integrated DSC and DIR

We next consider a network as formulated in section 2 with each
sink S j requesting for a subsetV j ⊆V of sources. We first describe
two routing options used in practice and point to their drawbacks.

1) Broadcasting : All the bits from each source are routed to all
the sinks (Broadcasted). Then the decoderDi j for sourceXi at sink
S j can be expressed as:

Di j : I → X̂i j ⊂ R ∀ j, i ∈V j (7)

Such a routing mechanism is obviously highly inefficient in terms of
communication costs, as unused information is delivered to various
sinks.

2) Conventional routing : All the bits transmitted by sourcei
are routed to its destination sinksS j ∈ S j. If we useIS j = ∏i∈S j Ii,
to denote the set of all possible received symbols at sinkS j, then the
decoderDi j can be expressed as:

Di j : IS j → X̂i j ⊂ R ∀ j, i ∈V j (8)

Such a routing technique is questionable in the presence of inter-
source dependencies. An unrequested but correlated source may
be nearer and provide “less costly” information on the sources re-
quested. Also, only a subset of the bits transmitted by a source may
be sufficient to reconstruct it at certain decoders (for eg. section
3.1).

3.3 Integrated DSC and dispersive routers

We now describe our approach to dispersive information routing.
We allow each bit to be routed to any subset of the sinks. We in-
troduce a new module at each encoder which decides the route for
each bit generated at that encoder. Note that if each bit follows the
route prescribed by the encoders, every intermediate node would
just be forwarding a subset of the received bits on each of the for-
ward paths. We call this module the “dispersive information router”
to indicate the routing mechanism it induces in the network. We de-
note byS = {S1,S2 . . .SM} the set of all sinks and by 2S the power
set (set of all subsets) ofS. Formally, the router at theith encoder is
given by:

Ci : {1. . .Ri}→ 2S (9)

and denote byC = C1×C2 . . .CN . The routers uniquely determine
the set of all the received bits at each sink. The decoder at each sink
is now modified to be the mapping:

Di j : I ×C → X̂i j ⊂ R ∀ j, i ∈V j (10)

The total communication costW of the system is given by:

W =
N

∑
i=1

Ri

∑
j=1

d∗
i (Ci( j)) (11)

and the average reconstruction distortion is measured as:

D = E





M

∑
j=1

|V j |

∑
i=1

γi jdi j(Xi, X̂i j)



 (12)

wheredi j : R×R → [0,1) is a well-defined distortion measure and
γi j are used to weigh the relative importance of each source at each
sink to the total distortion.

Hereafter, we will specialize to the squared error distortion. In
practice, we only have access to training sets and not the actual
source distributions. Assuming ergodicity, expectation is approxi-
mated by simple averaging over the training set. If the training set
is denoted asT , we measure distortion as,

D =
1

|T |



 ∑
x∈T

M

∑
j=1

|V j |

∑
i=1

γi j(xi − x̂i j)
2



 (13)

wherex = {x1 . . .xN}. The trade off between the distortion and the
communication cost is controlled using a Lagrange parameterλ ≥ 0
to optimize the weighted sum of the two quantities. From (13) and
(11), the Lagrangian cost to be minimized is:

L =



 ∑
x∈T

M

∑
j=1

|V j |

∑
i=1

γi j

|T |
(xi −Di j(I,C ))2



+λ
N

∑
i=1

Ri

∑
j=1

d∗
i (Ci( j)) (14)

whereI = [E1(x1),E2(x2) . . .EN(xN)]T denotes the set of all bits
being routed in the network. The objective is to findE ′

i s, C ′
i s and

D ′
i js that minimizeL for a givenλ .

3.4 Necessary conditions for optimality

In the following two sections, we derive the necessary conditions
for optimality of all modules and propose an iterative gradient based
method for optimal design.

1) Optimal encoders : Let Ti, j = {x ∈ T : Hi(xi) = j}. Note
that the second term in the Lagrangian does not depend on the WZ
maps and hence, from (14), the optimum WZ-map for fixed routers
and decoder codebook is given by:

Wi( j) = k∗ = argmin
k∈Ii

∑
x∈Ti, j

M

∑
m=1

|V j |

∑
l=1

γlm(xl −Dlm(Ii,k,C ))2 (15)

where

Ii,k = [E1(x1), . . . ,Ei−1(xi−1),k,Ei+1(xi+1), . . . ,EN(xN)]T

2) Optimal routers : For fixed encoders and decoders the opti-
mum dispersive information router for bitj transmitted by sourcei
is given by:

Ci( j) = e∗ = argmin
e∈2S

∑
x∈T

M

∑
m=1

|V j |

∑
l=1

γlm(xl −Dlm(I,Ce
i, j))

2 +λd∗
i (e)

(16)
where

C
e
i, j = [C1(1),C1(2) . . .Ci( j−1),e,Ci( j +1), . . .CN(RN)]T

3) Optimal decoders : If I = [E1(x1),E2(x2) . . .EN(xN)]T rep-
resents the bits transmitted from all the sources, and ife represents
the positions of bits received by a decoder, then we useIe to denote
the index represented by the bits inI at the positions indicated bye.
Setting to zero the gradient ofL (14) with respect to the reconstruc-
tion values, yields the optimal decoder:

x̂i j(I,e) = Di j(I,e) =
1

|F | ∑
x∈F

xi (17)

whereF = {x ∈ T : ([E1(x1),E2(x2) . . .EN(xN)]T )e = Ie}.

1896



3.5 Algorithm for joint DSC - DIR design

A natural design approach, given the necessary conditions for opti-
mality, is to use gradient descent. For each value ofλ , all the mod-
ules are initialized randomly and iteratively optimized till conver-
gence is reached. When each module is optimized, the Lagrangian
cost reduces. Since there are only a finite number of source parti-
tions possible, convergence to a locally optimal solution is (in prin-
ciple) guaranteed. An operational cost-distortion curve is obtained
by varyingλ , thereby trading off total communication cost to av-
erage distortion. To mitigate the issue of local minima, the system
is optimized over multiple random initializations. Global optimiza-
tion techniques such as DA [11], can be used to avoid poor local
minima, but are beyond the scope of this paper. Also note that the
proposed design approach is centralized in the sense that the opti-
mization is done offline, at a central location, before the network
operates. In this paper, we aim to establish potential gains from
using DIR in a practical setting, which in turn promotes future re-
search for developing efficient decentralized design strategies.

4. ANALOGIES TO DATABASE APPLICATIONS -
FUSION CODING

Consider a fusion center, which receives information from multiple
correlated sources and has to store the data for later retrieval and
usage, such as in a sensor network monitoring temperatures. Pe-
riodically, users request information fromsubsets of these sources
(“user queries” in database lingo), where the interesting subsets are
a priori unknown to the fusion center. Now, an interesting trade-
off between the (compression) storage rate and the retrieval time
(rate), very similar to the one discussed previously in the context of
networks, arises in such a setting. On the one hand, joint coding
of all the sources reduces the overall storage requirement. But on
the other hand, such joint coding may necessitate retrieval of all the
stored bits to decode any subset of the sources. Hence, joint coding
could be highly wasteful with respect to the amount of information
retrieved when a future query may select only a few of the sources
for retrieval.

Both the information theoretic (asymptotic) characterization [5]
and the practical fusion coder design [8, 9] have been considered
earlier. We refer the reader to these papers for a more compre-
hensive overview of the design approaches and trade-offs involved.
Here we briefly describe the motivation and the methodologies and
point out the similarities to dispersive information routing.

4.1 Information theoretic motivation (lossless setting)

ConsiderN correlated sources(X1,X2 . . .XN) to be stored at a fu-
sion center. Define a queryq (q ∈ Q) as the subset of sources that
need to be retrieved, whereQ is the set of all subsets of sources.
We assume that the user queriesq with a known prior probability
of P(q) (∑q∈Q P(q) = 1). The total storage rate is denoted byRs
and the average retrieval rate is denoted byRr. The number of bits
retrieved for queryq is denoted byRq.

First consider joint storage of all the sources. This requires
Rs = H(X1,X2 . . .XN) storage bits. But all the stored bits have to be
retrieved for any query implying an average retrieval rate of:

Rr = H(X1,X2 . . .XN) (18)

The minimum retrieval rate possible is given by,

Rr,min = ∑
q∈Q

P(q)H(Xq) (19)

which requires to be separately compressed and stored each subset
of sources that could be queried. Important intuition to be gained
from the above argument is that better retrieval rates can be ob-
tained by storing more bits than required and retrieving a subset of
them for each query. Information theoretic achievable bounds on
the minimumRr for a fixedRs were obtained in [5].

Figure 4: Fusion Coder

Note the similarities between dispersive information routing
and fusion coding. In the former, each sink uses a subset of the
transmitted bits to reconstruct the requested sources. Whereas in
the fusion coding setup, each query retrieves a subset of the stored
bits to reconstruct the queried sources. Similarly, note the analogy
between joint compression in the context of databases and broad-
casting in networks. Hence we use very similar design approaches
in both the contexts.

4.2 Fusion coder design

The Fusion Coder (FC) (Figure 4) is composed of three modules -
an encoder, a decoder and a ‘bit-subset selector’. The last module
forms the central component of FC as it retrieves a subset of the en-
coded bits for each query (subset of queried sources). The encoder
is defined by the function:

E : RN → I = {0,1}Rs (20)

which compresses theN dimensional input vector toRs bits. For-
mally, the bit-subset selector is the mapping:

S : Q → B = 2{1...Rs} (21)

whereB is the set of all subsets of the stored bits. Observe that
the role played by the bit-subset selector in the context of databases
resembles closely the function of the dispersive information routers
for networks. The decoder can be expressed as:

D : I ×B → X̂ ⊂ RN (22)

The average distortion and the average retrieval rate are given by:

D = E
[

dq(X ,D(E (X),S (q)))
]

Rr = ∑
q∈Q

P(q)|S (q)| (23)

A Lagrangian similar to (14) is set up to trade off distortion with
the retrieval rate. We refer the reader to [8] for further details on the
necessary conditions for optimality and the algorithm for system
design, which go hand in hand with those given in Section 3.4.

5. RESULTS

5.1 Dispersive information routing

We simulated a sensor network with 4 sinks located at the 4 ver-
ticess of a square grid(100×100). The sources and the interme-
diate nodes were placed randomly inside the grid, to mimic a real
world scenario with inaccessible regions. Each element in the re-
quest matrix,T , was generated using uniform binary(0,1) random
variable. We considered synthetic Gaussian sources,N(0,1), with
the correlation dropping exponentially with the distance. Specifi-
cally, the correlation between two sources at a distanced was as-

sumed to beρ
d

do . We used the square and cube of the distances
as the edge weights (we) for simulations 1 and 2 respectively. The
Steiner tree optimized costs(d∗

i s) were computed before the design
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Figure 5: Simulation results

of the modules, using an optimal Steiner tree algorithm2. In the
figures we use DIR to indicate our approach and CR to indicate
conventional routing.

For both our experiments, we choseρ = 0.95, do = 100 and
γi j = 1∀i, j. The system was trained using a training sequence and
tested on a test set, each of size 200,000. For a source transmitting
at a rateRi, the high rate quantizer partitioned the source space into
2Ri+3 regions, for eg. if the source rate was 2 bits,Ni = 32. For
all methods, we report the best performance over several random
initializations (limited to 25).

4 Sources : Figure 5a shows the results obtained for 4 sources
with 4 other intermediate nodes. The simulations were conducted at
two different source rates,Ri = 2 and 3. Our approach gains about
1.5 dB and 1 dB in distortion over conventional routing for the two
rates respectively. The reduction in gain forRi = 3 is probably due
to more local minima in the cost function at higher source rates.
For comparison, we have also indicated the distortion obtained with
conventional routing without using distributed compression.

8 Sources : We simulated the sensor grid with 8 sources at a
source rate ofRi = 2. Figure 5b shows a comparison between the
two approaches. Our approach gains about 1 dB in distortion over
conventional routing, or conversely, we gain about 1 dB in cost for
a fixed distortion.

5.2 Fusion coding

Similar plots were obtained to show distortion versus average re-
trieval rate for a database with 50 synthetic Gaussian sources with a
correlation coefficient of 0.8. Anexponential query distribution was
used to generate the queries. Further details on the implementation
are available in a coming paper [8]. As can be seen from Figure 5c,
our design approach reduces the retrieval rate by a factor of 3X (and
hence speeds up retrieval by about 3X), at a distortion of 8 dB.

6. CONCLUSION

We introduced dispersive information routing (DIR) which allows
for subsets of a source information to be directed towards differ-
ent sinks by intermediate nodes in the network. The approach was
motivated by consideration of a simple network and information
theoretic derivation in the lossless setting which clearly demon-
strate the means by which DIR gains over conventional approaches.
We proposed a joint optimization of distributed coding and dis-
persive router, and for practical demonstration implemented it via
gradient descent. We also pointed out the similarities to a related
problem of joint compression and selective retrieval of correlated
sources, which was studied recently in the context of sensor net-
work databases. Simulation results show considerable gains of our
approach over conventional methods. Future work includes obtain-
ing information theoretic bounds on the minimum achievable cost

2It is known that the optimum Steiner tree optimization is NP - Complete
and hence requires approximate algorithms to solve in practice for large
networks [2].

using DIR and developing distributed approaches for efficient de-
sign.
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ABSTRACT
We propose a data driven, non-intrusive method for speech
intelligibility estimation. We begin with a large set of speech
signal specific features and use a dimensionality reduction
approach based on correlation and principal component anal-
ysis to find the most relevant features for intelligibility pre-
diction. These are then used to train a Gaussian mixture
model from which the intelligibility of unseen data is in-
ferred. Experimental results show that our method gives a
correlation with subjective intelligibility of 0.92 and a corre-
lation of 0.96 with the ANSI standard Speech Intelligibility
Index.

1. INTRODUCTION

Speech intelligibility is a measure of how much of what is
spoken is recognized by a listener. It is an important quan-
tifier for speech communication applications in telecommu-
nications, hearing aids and intelligence gathering in law en-
forcement applications. Intelligibility scores can be classi-
fied as being either subjective or objective.

Subjective speech intelligibility scores are obtained
through listening experiments where subjects listen to speech
samples and are either asked to repeat the words they have
heard or else to select one from a predefined set of answers.
It is necessary to perform the experiments on many subjects
in order to get a statistically reliable estimate, which makes
the task of obtaining subjective intelligibility scores expen-
sive and time consuming. Objective intelligibility estima-
tion that can be performed algorithmically is clearly advan-
tageous and several methods have been developed, including,
the ANSI standard Speech Intelligibility Index (SII) [1] that
is a development of the Articulation Index (AI) [2]. These
measures are intrusive in nature as they require knowledge
of the clean speech signal, and although they are useful in
controlled experiments, there are many situations where only
the noisy speech signal is available; in such cases, it would
be valuable to have a non-intrusive measure that operates di-
rectly on the observed signals.

We propose a data driven approach to non-intrusive intel-
ligibility estimation inspired by the Low Complexity Speech
Quality Assessment (LCQA) method developed by Gran-
charov et al. [3]. We begin by defining a large set of local
and global speech specific features. Subsequently, we em-
ploy a dimensionality reduction scheme based on correlation
and Principal Component Analysis (PCA) in order to find the
features that are best suited for predicting speech intelligibil-

ity. Finally, these features are used to train a Gaussian Mix-
ture Model (GMM) which is used to infer the intelligibility
of new, unseen, data from the noisy speech signal alone.

The remainder of the paper is organized as follows. In
Section 2, we review the LCQA method as it was origi-
nally proposed, for non-intrusive quality estimation. We then
show, in Section 3, how the LCQA framework can be devel-
oped for our non-intrusive intelligibility measure. Section 4
presents results of our measure in terms of its correlation with
subjective intelligibility scores as well as with intrusive intel-
ligibility measures. Finally, conclusions from this work are
drawn in Section 5.

2. LCQA REVIEW

LCQA [3] is a data driven approach to speech quality eval-
uation which has been shown to correlate well with subjec-
tive Mean Opinion Score (MOS) [4]; the correlation is higher
than that of the standard ITU-T P.563 [5] which, like LCQA,
is non-intrusive. In the following, we summarize the key fea-
tures of LCQA and refer the reader to [3] for further details.

A frame selection scheme is developed using thresholds
applied to the spectral flatness, spectral dynamics and the
speech variance per frame features. This allows a flexible
voice activity detection to be performed, based on the opti-
mization of the feature thresholds that maximize the quality
estimate. The algorithm models the statistical properties of
the per frame features using their mean, variance, skewness
and kurtosis. In modeling the global properties of the op-
timal per frame features, the dimensionality of the feature
space is significantly reduced to 44 features for each speech
utterance.

In order to optimize the performance of the classifica-
tion, it is required to retain the minimum number of global
features that maximize the estimation criteria (quality in the
original context). This is achieved by the sequential floating
backward selection algorithm [6], [7]. After a minimization
of the root-mean-square error (RMSE) performance of the
LCQA algorithm, the final feature vector is reduced to 14
dimensions.

The LCQA algorithm is trained on a large number of
speech utterances (typically 2 sentences separated by a small
pause) that have been subjectively labeled (through listen-
ing experiments for example) with the mean opinion score
(MOS) [8]. Fourteen global features are extracted for each
utterance and a GMM is trained on the joint distribution of
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the global features and the MOS for each utterance. The
GMM containing M mixtures is defined by a set of mean
vectors, covariance matrices and mixture weights, estimated
using the Expectation Maximization (EM) algorithm [9].

The global feature vector describes the statistical proper-
ties of certain aspects of the speech signal; at no point explicit
auditory or cognitive modeling is performed. This suggests
that the algorithm framework may be able to model different
subjective criteria, such as the intelligibility of the utterance.

3. NON-INTRUSIVE INTELLIGIBILITY
ASSESSMENT

In this section, we describe the Low Cost Intelligibility
Assessment (LCIA) algorithm for estimating the speech in-
telligibility by deriving per frame features from the speech
waveform, then applying a statistical model followed by a
dimensionality reduction and GMM mapping. We also de-
scribe the database used for evaluation of the algorithm and
the training procedure.

3.1 Algorithm overview
The key algorithm blocks are illustrated in Fig. 2 and de-
scribed further in this section.

3.1.1 Derived Features

The first step is a Linear Prediction Coding (LPC) using
20 ms, non overlapping windows of the speech signal. The
frequency response of the LPC coefficients is used to derive
a number of per frame features including the spectral flat-
ness, spectral centroid, excitation variance and spectral dy-
namics. In addition, the speech variance and the iSNR (de-
fined in Section 3.2) per frame are computed giving a total of
6 per frame features. In addition, the first time derivatives of
these (except spectral dynamics) are also computed, resulting
in 11 features per frame.

The statistical properties of the pitch period are used in
the LCQA algorithm and pitch estimation in low SNR envi-
ronments is a challenging task, where current algorithms may
fail to perform reliably in such conditions [10]. For the pur-
pose of intelligibility estimation in very noisy speech, pitch
information obtained through the YIN algorithm [11] was
found to correlate poorly with the subjective score. Given the
computational complexity of the pitch tracker, and the poor
robustness of pitch estimation algorithms in noisy speech,
pitch has not been included as a feature.

3.1.2 Global Features

The per frame features are transformed into N per utter-
ance features by modeling the statistical properties of the
per frame features through the mean, variance, skewness and
kurtosis operators. This statistical description gives a global
description of the per frame features and helps to reduce con-
siderably the dimension of the feature set.

3.1.3 Dimensionality Reduction

In order to improve the performance of the classification, it
is necessary to retain those features that model the various
properties of the signal most effectively. We apply a two step
dimensionality reduction scheme based on a feature subset
selection followed by a feature extraction step on the training
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Figure 1: The dimensionality reduction scheme involves a
feature selection (correlation) followed by feature extraction
(PCA).

data, as shown in Fig. 1. The first stage is a feature subset
selection, which is achieved through a correlation analysis of
the features. It is desirable to retain only those features that
have a high correlation with the intelligibility and at the same
time, are uncorrelated with other features. The correlation
coefficient based measure for feature i is obtained as :

Cori =
Ri

∑N
j=1 Ri j

, (1)

where N is the number of features in the global set before
feature selection and Ri is the correlation of the feature i with
intelligibility scores and Ri j is the correlation of feature i with
feature j. The correlation coefficient between vectors Î and I
is defined as:

R =
∑n(În −µÎ)(In −µI)√

∑n(În −µÎ)
2 ∑n(In −µI)2

, (2)

where µI and µÎ denote the mean of I and Î respectively. The
correlation coefficient based measure is optimized to select
P features with the highest correlation coefficient Cori from
the set of N global features. The second step is a feature
extraction, where PCA is used to transform the P features
into Q dimensions by a linear combination (N > P > Q). In
our experiments described later in this paper we have shown
examples for the illustrative case of P = 8 and Q = 7.

3.1.4 Gaussian Mixture Modeling

A joint GMM is trained on the Q extracted features and the
intelligibility score for each speech utterance in the training
data. The GMM was tested with a range of mixtures and the
optimal number of mixtures was found to be 7, giving the
highest correlation and lowest MSE of estimated intelligibil-
ity with subjective scores (determined experimentally).

3.2 Importance weighted signal-to-noise ratio (iSNR)
feature
The signal-to-noise ratio is a popular objective measure for
quantifying the amount of additive noise in the signal. We
use an intelligibility specific frequency weighted SNR mea-
sure to quantify effects of additive noise for each time frame
of the signal. This forms a per frame feature whose statis-
tical properties over the entire utterance is evaluated. The
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Figure 2: Illustration of the modified LCQA algorithm opti-
mized for intelligibility estimation.

noise power is estimated using the minimum statistics algo-
rithm [12] for each frame of the signal. The algorithm as-
sumed an additive noise model:

x(n) = s(n)+ v(n), (3)

where x(n) is the noisy speech, s(n) is the speech signal and
v(n) is the noise.

The SII [1] is an intrusive measure that quantifies the
aspects of the signal that are audible and usable to the lis-
tener. The SII score is monotonically related to intelligibility
and is given in the range 0 to 1. The SII describes different
Frequency Importance Functions (FIFs) based on different
speech material.The FIFs are weighting functions applied to
the signal spectrum based on the importance of the particular
frequency band to intelligibility. The general SII formula is
defined as:

SII =
N f

∑
k=1

I(k)A(k), (4)
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Figure 3: 1/3rd octave band importance function used in the
SII calculation [1].

where, N f is the number of frequency bands. The band
importance function I(k), describes the importance of a
frequency band to speech intelligibility and A(k) is the band
audibility function [1].

The iSNR for frame i is defined as:

iSNR(i) = 10
N f

∑
k=1

I(k) log10
max(0,Px(i,k)− Pṽ(i,k))

Pṽ(i,k)
, (5)

where Px(i,k) is the power spectrum of the input (noisy
speech) signal, computed as follows:

Px(i,k) = X(i,k)X∗(i,k), (6)

where X(i,k) is the Discrete Fourier Transform (DFT) of the
ith frame of the input signal. The estimated noise power
Pṽ(i,k) is obtained in a similar way. It is important to es-
timate the iSNR only for those periods in which the speech
signal is active. The iSNR calculation is thus restricted to
voiced frames of the signal.

3.3 Database
The database consists of 200 sentences [13] from a male
speaker. The sentences were corrupted with dynamic sam-
ples of car and babble noise at five SNRs obtained to cor-
respond to an SII score of 0.1, 0.3, 0.5, 0.7 and 0.9. The
speech activity level was obtained through the ITU-T P.56 al-
gorithm [14] and this was used in the SNR calculation when
adding the noise. Also included in the database are the noisy
utterances processed through the spectral subtraction algo-
rithm [15, 12] available in the Voicebox toolbox [16]. The
20 conditions in the database are summarized in Table 1.

Subjective intelligibility results were obtained from 20
naı̈ve native speakers of British English. All subjects had
hearing thresholds of less than 20 dBHL at frequencies rang-
ing from 125 Hz to 8 kHz. The task was to listen to the stim-
uli and give a vocal reply which was recorded and scored.
There were 5 keywords per sentence for the subject to iden-
tify. The subjective scores were averaged over the conditions
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Condition Noise SNR (dB) Suppression
1 Car -9 off
2 Car -12 off
3 Car -15 off
4 Car -18 off
5 Car -21 off
6 Babble 0 off
7 Babble -3 off
8 Babble -6 off
9 Babble -9 off
10 Babble -12 off
11 Car -9 on
12 Car -12 on
13 Car -15 on
14 Car -18 on
15 Car -21 on
16 Babble 0 on
17 Babble -3 on
18 Babble -6 on
19 Babble -9 on
20 Babble -12 on

Table 1: Database conditions, the suppression refers to pro-
cessing the noisy speech with the spectral subtraction algo-
rithm.

to give a condition averaged word intelligibility score in the
range 0 to 1. As the same speaker was used for all the utter-
ances, speaker independence has not been investigated in the
current study.

3.3.1 Training

The database was partitioned into a test set and a training set.
The speech material used in the training set was not included
in the test set. Two training schemes were employed:
• 50% cross validation – in this scheme, we partition

the database into an equal dimension test and training
set. The training set contains all the conditions that are
present in the test set. However, the test speech material
is not available in the training set. The test and training
set are swapped and the performed is the average over
the cross validated sets.

• Predicting processing effects – in this scheme, the train-
ing set only contains the noisy speech conditions and has
no example of the speech processed through spectral sub-
traction. Here we are interested in investigating the abil-
ity of the algorithm to predict the effects of speech en-
hancement on intelligibility.

4. RESULTS

We describe two experiments based on the training
schemes presented in the previous section. For the purpose
of these experiments, it has been found that selecting 8 fea-
tures from the 40 global features and 7 linear combinations
after the feature extraction give good results (N = 40, P = 8
and Q = 7). A non-linear relationship is known to exist be-
tween percentage correct intelligibility scores and SII [1].
Therefore a performance metric that accounts for this must
be used. The Spearman rank correlation coefficient [17] is

Global Feature Correlation
Skewness(spectral dynamics) 0.90
Kurtosis(spectral dynamics) 0.86
Skewness(d/dt(excitation variance)) 0.80
Skewness(d/dt(iSNR)) 0.61
Skewness(excitation variance) 0.59
Kurtosis(d/dt(excitation variance)) 0.59
Skewness(d/dt(spectral centroid)) 0.57
Kurtosis(iSNR) 0.57

Table 2: Table showing the absolute correlation coefficients
for the raw features with subjective intelligibility scores
(computed individually).

Subjective SII LCIA
Subjective 1.0

SII 0.91 1.0
LCIA 0.92 0.96 1.0

Table 3: Correlations for the 50% cross validation partitions
(all test conditions are present in training).

a non-parametric measure that describes the monotonic rela-
tionship between two variables, unlike the Pearson correla-
tion coefficient (2) which describes a linear relationship. The
Spearman correlation coefficient (ρ) is calculated as:

ρ = 1− 6∑d2
i

n(n2 −1)
, (7)

where di is the difference between the statistical rank of the
subjective and estimated intelligibility scores. The perfor-
mance of the SII is compared with our non-intrusive intelli-
gibility method, LCIA that is based on the LCQA algorithm.

4.1 Training on all conditions
In the 50% cross validation training scheme, examples of
all the 20 conditions are represented in the training and test
sets. The results from this experiment are presented in Ta-
ble 3. The LCIA results have a correlation of 0.96 with the
ANSI standard SII algorithm. This confirms that the mod-
eling within LCIA has a well defined behavior. Also, with
0.92 correlation with subjective intelligibility scores, the al-
gorithm outperforms the SII in estimating the intelligibil-
ity for additive noise and spectral subtraction, even though
LCIA is non-intrusive.

Also, the statistical properties of the spectral dynamics is
the most important feature (with a correlation of 0.90 with
intelligibility) suggesting that the rate of change of the spec-
trum provides important information in intelligibility estima-
tion.

4.2 Predicting processing
In this experiment, the training set only contains examples
of the noisy speech and no examples of the speech enhanced
through spectral subtraction. The algorithms are evaluated
for their capability in predicting the effect of spectral sub-
traction on intelligibility. The results are shown in Table 4.
For this scenario, the SII algorithm performs best, with a cor-
relation of 1.0 with subject scores. The LCIA algorithm also
has a high correlation of 0.96 with subjective scores.
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Subjective SII LCIA
Subjective 1.0

SII 1.0 1.0
LCIA 0.96 0.96 1.0

Table 4: Correlations with different test/train partitions (pre-
dicting effect of algorithm).

5. CONCLUSIONS

A low complexity data driven, non-intrusive speech intel-
ligibility estimation algorithm was presented. The algorithm
computes 40 features per utterance and applies a two step di-
mensionality reduction based on correlation and PCA. This
results in 7 features, which are used to train a GMM of 7 mix-
tures. The statistical modeling of the features through skew-
ness and kurtosis were found to correlate well for speech cor-
rupted by noise and for predicting the effects of spectral sub-
traction. Also, the importance function weighted signal-to-
noise ratio was presented as an important feature.

The algorithm has a correlation of 0.96 with the intrusive
SII method and it was shown to predict the effects of pro-
cessing after spectral subtraction with a correlation of 0.96.
Finally, our approach was shown to give a correlation of 0.92
with subjective intelligibility scores.
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ABSTRACT

In this paper, we present a novel coherence-based dual-
microphone noise reduction approach and show how the
proposed technique can capitalize on the small microphone
spacing in order to suppress coherent noise present inside
a realistic reverberant environment. Listening tests with
normal-hearing subjects conducted in a two-microphone
array configuration, reveal that the proposed method out-
performs the generalized sidelobe canceller (GSC), which is
commonly used in suppressing coherent noise.

1. INTRODUCTION

Noise is detrimental to speech recognition. In real-life signal
processing, speech is often disturbed by additive noise com-
ponents. Single microphone speech enhancement algorithms
are favored in many applications because they are relatively
easy to apply. Their performance, however, is limited, es-
pecially when the noise is non-stationary. In recent years,
with the significant progresses seen in digital signal proces-
sors, two-microphone configurations are receiving a lot at-
tention for tasks such as directional audio capturing, noise
reduction and even ‘blind’ speech dereverberation (e.g., see
[2, 5, 6, 12]).

There are three types of noise fields: (1) incoherent noise
caused by the microphone circuitry, (2) coherent noise gener-
ated by a single well-defined directional noise source and (3)
diffuse noise which is characterized by uncorrelated noise
signals of equal power propagating in all directions simul-
taneously. In coherent noise fields, the noise signals cap-
tured by the microphone array are highly correlated. In this
scenario, the performance of methods that may work well
in diffuse fields starts to degrade. This has prompted many
to suggest techniques for noise reduction in coherent noise
fields.

One of the most popular techniques, known to be ex-
tremely powerful in suppressing coherent noise is the gen-
eralized sidelobe canceller (GSC) [8] which is an adaptive
noise cancelation technique that can null out the interfering
noise source. The authors in [3] have shown that the noise
reduction performance of GSC theoretically reaches infinity
for coherent noise.

This work was supported by Grants R03 DC 008882 (K. Kokkinakis)
and R01 DC 007527 (P. C. Loizou) awarded from the National Institute on
Deafness and Other Communication Disorders (NIDCD) of the National
Institutes of Health (NIH).

Another technique widely used for reduction of uncor-
related noise, which was first proposed in [1], is to use the
coherence function of noisy signals. The premise behind
coherence-based methods is that speech signals in the two
channels are correlated, while the noise signals are uncor-
related. Indeed, if the amplitude of the coherence function
between the noisy signals at the two channels is one or close
to one the speech signal is predominant and it must be passed
without distortion. Although coherence-based methods work
well when the noise components are uncorrelated, they are
deficient when dealing with coherent noise [11]. In recent
years, many authors have proposed approaches that can sup-
press coherent noise by simply relying on the cross-power
spectral density of the noise components at the two micro-
phone channels (e.g., see [4, 9, 11, 14]).

In this paper, we propose a new coherence-based dual-
microphone noise reduction method, which is capable of
reducing coherent noise substantially. Listening tests con-
ducted with normal-hearing listeners reveal that the proposed
method outperforms the conventional generalized sidelobe
canceller (GSC).

2. OVERVIEW OF COHERENCE-BASED
METHODS

Let us consider the scenario in which the noise and target
speech signals are spatially separated. The listener is wear-
ing a behind-the-ear (BTE) hearing aid (or cochlear implant)
equipped with two microphones, with small spacing between
them. In this case, the noisy speech signals, after delay com-
pensation, can be defined as:

yi(m) = xi(m) + ni(m) (i = 1,2) (1)

where i indicates the microphone index, m is the the sample-
index and xi(m) and ni(m) represent the (clean) speech
components and noise components at each sensor, respec-
tively. After applying a short-time discrete Fourier transform
(DFT) on both sides of Eq. (1), the signals captured by the
two microphones are expressed in the frequency-domain as
follows:

Yi( f ,k) = Xi( f ,k) + Ni( f ,k) (i = 1,2) (2)

where f is the frequency bin and k is the frame index, respec-
tively. Assuming that the noise and speech components are
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Figure 1: Block diagram of the proposed two-microphone speech enhancement technique.

uncorrelated, the cross-power spectral density of the noisy
signals, can be written as:

PY1Y2( f ,k) = PX1X2( f ,k) + PN1N2( f ,k) (3)

where Puv( f ,k) denotes the cross-spectral density defined
as Puv( f ,k) = E[U( f ,k)V ∗( f ,k)]. In situations where the
speech signals are correlated (e.g., when reverberation is
present), and the noise sources are uncorrelated, one can use
the coherence function as an objective criterion to determine
if the target speech signal is present or absent at a specific
frequency bin. The magnitude coherence function between
the signals y1(t) and y2(t) is defined as:

|ΓY1Y2( f ,k) |= |PY1Y2( f ,k)|√
PY1( f ,k)

√
PY2( f ,k)

(4)

The coherence function has been used in several recent
studies (e.g., see [4, 9, 14]) to suppress uncorrelated fre-
quency components, while allowing correlated components
(presumably containing target speech information) to pass.

The above technique leads to effective noise reduction in
diffuse noise fields and in scenarios wherein the distance be-
tween the microphones is large. Theoretically for ideal dif-
fuse noise fields, the coherence function assumes the shape
of a sinc function with the first zero crossing at fc = c/(2d)
Hz, where c is the speed of sound and d is the microphone
spacing [13]. Clearly, the smaller the spacing the larger the
range of frequencies for which the coherence is high (near
one). For our hearing aid application at hand, where the dis-
tance between the two microphones is fairly small (∼ 2 cm),
the above approach might not be always effective in reducing
noise. A different approach is discussed next.

3. PROPOSED DUAL-MICROPHONE NOISE
REDUCTION METHOD

Before describing the proposed suppression function, we first
derive the relationship between the coherence of the noisy
and noise-source signals. After dividing both sides of Eq. (3)
by

√
PY1PY2 and after omitting the f and k indices for better

clarity, we obtain:

ΓY1Y2 =
PX1X2√
PY1 PY2

+
PN1N2√
PY1PY2

(5)

which can be re-written as:

ΓY1Y2 = ΓX1X2

(√
PX1PX2√
PY1PY2

)
+ ΓN1N2

(√
PN1PN2√
PY1PY2

)
(6)

After using Eq. (3), Eq. (6) becomes:

ΓY1Y2 = ΓX1X2

√
PX1

PX1 +PN1

√
PX2

PX2 +PN2

+ ΓN1N2

√
PN1

PX1 +PN1

√
PN2

PX2 +PN2

(7)

Now let SNRi be the true speech-to-noise ratio at the i-th
channel, which is defined by:

SNRi =
PXi

PNi

(8)

Substituting this expression in Eq. (7), we obtain:

ΓY1Y2 = ΓX1X2

(√
SNR1

1+SNR1

SNR2

1+SNR2

)

+ ΓN1N2

(√
1

1+SNR1

1
1+SNR2

)
(9)

This last equation reveals that the coherence function be-
tween the noisy signals is, in fact, dependent on both the
coherence of the target speech and noise signals. Given the
small microphone spacing in our application, we can further
make the assumption that the SNR values at the two channels
are nearly identical, such that SNR1 ' SNR2. Based on this
assumption, we can conclude that at higher SNRs the coher-
ence of the noisy signals is affected primarily by the coher-
ence of the speech signals, while at lower SNRs it is affected
by the coherence of the noise signals. Put differently, we can
deduce the following:

|ΓY1Y2 | ≈
{ |ΓX1X2 |, if SNR → +∞
|ΓN1N2 |, if SNR → 0

(10)

The above equation suggests that the desired suppression
function needs to account for the dependence of SNR and
coherence of speech and noise signals. In our hearing aid
application, we assume that the spacing between the two mi-
crophones is small. We further assume that the target speech
signal originates from the front (0o), typically at a distance
of 1 m from the listener, while the noise source(s) originate
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Figure 2: Distribution of the amplitude of the coherence function |ΓY1Y2 | estimated for 10 successive frames of a noisy signal
at SNR = −10 dB (left) and SNR = +10 dB (right). The noise source is speech-shaped noise located at 90o azimuth.

from either of the two hemifields (e.g., at 90o). Under these
assumptions, we noted that at low SNR levels, the noise
sources are correlated, and thus they have a coherence close
to one. To demonstrate this, the histogram of the coherence
function (accumulated for all frequencies) for 10 successive
frames of noisy signals at SNR =−10 dB and SNR = +10 dB
is compared in Figure 2. By observing Figure 2, it quickly
becomes apparent that at low SNR levels the coherence func-
tion assumes values near 1, while at higher SNR levels the
coherence values span across the whole range of [0,1].

The aforementioned observations suggest the use of a
suppression function, which at low SNR levels attenuates
the frequency components (dominated presumably by noise)
having a coherence close to 1, while allowing the remaining
frequency components (dominated by the target speech) to
pass. We thus consider the following suppression function:

G( f ,k) = 1 − |ΓY1Y2( f ,k) |L( f ,k) (11)

where ΓY1Y2( f ,k) is the coherence of the noisy signals at the
two sensors and L( f ,k) ≥ 1 is a parameter that depends on
the estimated SNR at frequency bin f . Figure 3 shows a plot
of function g(x) = 1− xL for different values of L and for
all 0 ≤ x ≤ 1. As it can be seen, for small values of L, and
subsequently small values of SNR, the function g(x) attenu-
ates all frequency components with coherence near one. On
the other hand, for large values of L, and subsequently large
values of SNR, the function g(x) allows the frequency com-
ponents to pass.

In the present study, the parameter L( f ,k) in Eq. (11) is
set to be proportional to the estimated SNR and is computed
as follows:

L( f ,k) =





1 if ξ ( f ,k) < −20 dB

2

⌊ξ ( f ,k)
5

⌋
+5

otherwise

512 if ξ ( f ,k) > +20 dB

(12)

where ξ ( f ,k) is the estimated a priori SNR in frame k and
bin f computed using the ‘decision-directed’ approach [7]:

ξ ( f ,k) = a

[
|G( f ,k−1)Y1( f ,k−1)|2

N̂2
1 ( f ,k−1)

]

+ (1−a)max [γ( f ,k)−1, 0] (13)

where parameter a = 0.98, G( f ,k − 1) represents the
suppression function at frame k− 1 and frequency bin f ,
N̂2

1 ( f ,k−1) is the estimate of the noise power spectrum and
γ( f ,k) = Y 2

1 ( f ,k)/N̂2
1 ( f ,k).

Note that in this work, we resort to the noise estima-
tion algorithm proposed in [15] for estimating N̂2

1 ( f ,k). To
further reduce the variance (across frequency) of ξ ( f ,k) in
Eq. (13), we divided the spectrum into four bands (0-1 kHz,
1-2 kHz, 2-4 kHz and 4-8 kHz) and averaged the correspond-
ing ξ ( f ,k) values in each band. The averaged ξ (b,k) values
in band b, where b = 1,2,3,4, were subsequently used in
Eq. (12) to compute the band L(b,k) values. The L(b,k) val-
ues were subsequently smoothed over time with a forgetting
factor of 0.995. This was done to reduce musical-noise type
of distortion typically associated with sudden changes in the
suppression function G( f ,k).

The block diagram of the proposed two-microphone
speech enhancement algorithm is depicted in Figure 1.
The signals collected at the two microphones are first
processed in 30 ms frames with a Hanning window and with
a 50% overlap between successive frames. After computing
the short-time Fourier transform of the two signals, the
cross-power spectral density PY1Y2 is computed based on the
following recursive averaging:

PY1Y2( f ,k)=λPY1Y2( f ,k−1)+(1−λ )Y1( f ,k)Y ∗2 ( f ,k) (14)

where λ = 0.6. A more thorough discussion on optimal set-
tings of the parameter λ can be found in [9]. The cross-
spectral density PY1Y2 is used in Eq. (4) to compute the mag-
nitude of the coherence function, which is in turn used in
Eq. (11). Next, Eq. (13) is used to estimate the SNR at time-
frequency cell ( f ,k), from which the power exponent L( f ,k)
is derived according to Eq. (12). The resulting suppres-
sion function G( f ,k) described in Eq. (11) is then applied to
Y1( f ,k), corresponding to the Fourier transform of the noisy
input signal captured by the directional microphone. To re-
construct the enhanced signal in the time-domain, we apply
an inverse FFT and we synthesize it using the overlap-add
(OLA) method.

4. EXPERIMENTAL RESULTS

Modern hearing aid devices come furnished with more than
one microphone and thus offer the capacity to integrate intel-
ligent dual-microphone noise reduction strategies in order to
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Figure 3: The proposed suppression function g(x) = 1− xL .

enhance noisy incoming signals. A number of studies have
shown that the overall improvement that can be achieved in
terms of SNR with the use of an additional directional mi-
crophone alone can be 3–5 dB when compared to process-
ing with just an omni-directional microphone [2, 16]. Beam-
formers can be considered an extension of differential mi-
crophone arrays, where the suppression of noise is carried
out by adaptive filtering of the noisy signals. An attractive
realization of adaptive beamformers is the generalized side-
lobe canceller (GSC) structure [8]. In this paper, we compare
our coherence-based method with the adaptive beamforming
technique proposed in [16]. Throughout the remainder of this
paper, GSC refers to the implementation of the technique im-
plemented in [16].

The speech stimuli used in our experiment were sen-
tences from the IEEE database [10]. The IEEE speech corpus
contains phonetically-balanced sentences (approximately 7-
12 words each) and was designed specifically for assessment
of speech intelligibility. Two types of noise were used in the
present study: (1) speech-shaped noise and (2) multi-talker
babble noise. The noisy stimuli at the pair of microphones
were generated by convolving the target and noise sources
with a set of HRTFs measured inside a mildly reverberant
room ( T60 ' 300 ms) with dimensions 5.50 m × 4.50 m ×
3.10 m (length × width × height). The HRTFs were mea-
sured using identical microphones to those used in modern
hearing aids. In our simulation, the target speech sentences
originated from the front of the listener (0o azimuth) while
the noise source originated from the right of the listener (90o

azimuth). Although, in this work, we only report simulation
results obtained for 90o azimuth, similar outcomes were ob-
served for other angles as well.

The noisy sentence stimuli at SNR = -10, -5 and 0 dB
were processed using the following conditions: (1) the input
to the directional microphone, (2) the GSC algorithm and (3)
the proposed coherence-based algorithm. The performance
obtained with the use of the directional microphone alone
will be used for baseline purposes to assess relative improve-
ments in performance when no processing is taking place.
The GSC algorithm is an adaptive beamforming algorithm,
which has been used widely in both hearing aid and cochlear
implant devices [2, 16]. In our implementation, we used a
128-tap adaptive filter and also a fixed FIR filter as a spatial
pre-processor as proposed in [16]. The array configuration
used in [16] is the same as in the present study, i.e., it consists
of a front directional microphone and a rear omni-directional
microphone.

A total of seven normal-hearing listeners, all native
speakers of American English, were recruited for the lis-
tening tests. In total, there were 18 different listening con-
ditions (3 algorithms × 3 SNR levels × 2 types of noise).
Two IEEE lists (20 sentences) were used for each condition.
The processed sentences were presented to the listeners via
headphones at a comfortable level. The mean intelligibil-
ity scores, obtained by computing the total number of words
identified correctly are shown in Figure 4.

As shown in Figure 4, the proposed coherence-based al-
gorithm outperforms the GSC algorithm, particularly at low
SNR levels (-10 dB and -5 dB) and for both types of noise.A
substantial improvement in intelligibility was obtained with
the proposed coherence-based algorithm relative to the base-
line condition (directional microphone input) in all condi-
tions. The intelligibility scores at -10 dB SNR (multi-talker
babble) improved from near 0% with the directional micro-
phone and from 28% with the GSC algorithm to near 60%
with the proposed coherence-based algorithm. The overall
improvement in intelligibility with the coherence-based algo-
rithm was maintained in multi-talker babble (non-stationary)
conditions. Such conditions are particularly challenging for
the GSC algorithm, since the adaptive filter needs to track
sudden changes to the noise signals in the background.

5. CONCLUSIONS

In this work, we have developed a novel coherence-based
technique for dual-microphone noise reduction. Although,
coherence-based techniques are more often used for sup-
pressing uncorrelated noises, we have shown that such meth-
ods can be also used for coping with coherent noises. Sup-
pressing coherent noises is a challenging problem, which has
been thoroughly addressed in this paper. The simplicity of
our implementation and the positive outcomes in terms of in-
telligibility make this method a potential candidate for future
use in commercial hearing aid and cochlear implant devices.
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ABSTRACT 

An analysis of intelligibility measurements of ideal binary 

masked speech in noise for a group of normal hearing lis-

teners is presented. In the proposed model, speech cues in 

the processed mixtures are encoded by two information 

channels: a noisy speech channel and a vocoded noise 

channel. Results indicate that the former dominates for 

dense binary mask patterns, and the latter for sparse binary 

mask patterns, as controlled by a local SNR criterion used 

for forming the ideal mask. Moreover, speech cues from the 

target part of the processed mixture may be better utilized by 

the listeners as a result of the ideal binary masking. Finally, 

the analysis is extended to show a good qualitative agree-

ment with several previous studies of intelligibility of ideal 

binary masked noisy speech. 

1. INTRODUCTION 

The technique of ideal binary masks (IBM) has produced 

large benefits in intelligibility in noisy speech, both for nor-

mal hearing and hearing impaired subjects [1][2][3]. The 

ideal binary mask requires the knowledge of the target and 

masker components of the mixture and is constructed by 

comparing the target and masker signal powers in a time-

frequency decomposition 𝑆(𝑡, 𝑓) and 𝑀(𝑡, 𝑓) against a local 

SNR criterion (𝐿𝐶), expressed in decibels, 

 𝐼𝐵𝑀 𝑡, 𝑓 =  
1 if 𝑆 𝑡, 𝑓 − 𝑀 𝑡, 𝑓 > 𝐿𝐶
0 otherwise.

  (1) 

Resynthesis is performed by removing signal energy from 

those time-frequency units of the decomposed mixture, 

which have a zero in the binary mask. The ideal binary mask 

gives an indication of the time-frequency areas of the target 

speech that are audible.  

In [3] the effect of IBM processing is interpreted as re-

moving the effect of informational masking while retaining 

the effect of energetic masking. The effect of the ideal binary 

mask is thereby attributed to reduced confusion of the target 

and masker signal, with unchanged audibility of the target 

signal w.r.t. the unprocessed signal. The auditory system is 

directed to the time-frequency units which contain unob-

structed views or glimpses of the target signal. This interpre-

tation is, however, limited to the ranges of 𝐿𝐶 that make the 

binary mask pattern represent the time-frequency units that 

are audible to normal hearing listeners, i.e. values close to 0 

dB.  

Recently, experiments reported in [4] have shown intel-

ligibility from ideal binary masks used to gate noise, in a 

process related to vocoded noise [5][6]. These results indi-

cate that the ideal binary mask may be doing more than di-

recting the auditory system to the target signal in the retained 

time-frequency units. In [4] ideal binary masks were derived 

from 0 dB SNR mixtures of speech and speech shaped noise, 

and used to gate the noise, and the resulting time domain 

signals were of high intelligibility. This leads to the conclu-

sion that not only the target component of the IBM processed 

mixture but also the time-frequency pattern of binary gated 

noise can carry the speech cues required for intelligibility. 

The aim of the present paper is to investigate this relationship 

further, and to give a qualitative explanation that may recon-

cile the results from [3] and [4].  

A key observation is that the ideal binary masks are in-

variant to covariations of mixture SNR and 𝐿𝐶 [3][4]. This 

means that if the mixture SNR and 𝐿𝐶 are both increased by 

1 dB the IBM remains unchanged. The relative criterion 

(𝑅𝐶) was introduced in [7] as a control of mask density, and 

is defined, in units of dB, as 

 𝑅𝐶 = 𝐿𝐶–𝑆𝑁𝑅 (2) 

In [7], speech intelligibility was measured while fixing 

𝑅𝐶 and varying the mixture SNR. The results – from which 

Figure 1 is reproduced – suggest that for each masker type, a 

range of 𝑅𝐶 values exists that yields benefit in intelligibility 

over a large range of mixture SNR values.  

The analysis in the present paper addresses the relation-

ship between the intelligibility of the binary gated noise and 

that of the binary gated target signal. We derive a model 

based on three logistic functions, with parameters fitted from 

measured intelligibility in unprocessed mixtures as function 

of mixture SNR, and the measured intelligibility of vocoded 

noise as function of 𝑅𝐶. Results are shown to be in good 

qualitative agreement with both our and previously published 

data, and offer an explanation to some of the underlying 

processes related to speech intelligibility.  
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2. MEASUREMENTS 

The measurement data was obtained from the experiments 

described in [7], where further details are available. The task 

was word identification using sentences from the Danish 

Dantale II test [8]. Each sentence had five words with a 

fixed grammar (name, verb, numeral, adjective and object), 

e.g. “Michael had five new plants” (English translation). 

Each word was taken from a closed set vocabulary of ten 

possibilities at each word position. The masker signal was 

either speech shaped noise matching the long term average 

spectrum of the target sentences or cafeteria noise with con-

versational speech in the background. Fifteen subjects par-

ticipated in the experiment, and they were all normal hearing 

listeners (audiograms below 20 dB HL).  

First, intelligibility of unprocessed mixtures was meas-

ured using an adaptive procedure measuring 50% speech 

reception threshold (SRT) 𝐿50 , and slope 𝑠50  [9]. The aver-

age SRT was computed and a logistic function was fitted, 

expressing the psychometric function 

  ℐ 𝑆𝑁𝑅 =  1 + exp 4𝑠50 𝐿50 − 𝑆𝑁𝑅   −1 (3) 

Using the fitted parameters, SNR levels for 30% and 50% 

intelligibility were derived as shown in Table 1. 

In a second session, intelligibility of IBM processed 

mixtures was measured. Stimuli were generated using  

speech shaped and cafeteria noise, using three different mix-

ture SNRs corresponding to 0%, 30% and 50% speech intel-

ligibility for the unprocessed mixture, and eight different 

relative criteria, 𝑅𝐶, for forming the binary masks. The three 

mixture SNRs used were -60 dB (representing 0% intelligi-

bility), and the 30% SRT and 50% SRT levels from Table 1. 

Seven 𝑅𝐶 values were chosen to represent average den-

sities of the resulting mask ranging from 1.5% to 80% ones 

in the mask, equally spaced in dB. An eighth “unprocessed” 

condition was included, where the binary mask in all bands 

was forced to one inside speech intervals and zero outside. 

Speech intervals were derived from the target signal, and 

were further used for determining the mixture SNRs.  

The target and masker signals were processed separately 

by means of a gammatone filter bank, consisting of 64 chan-

nels; each channel has the bandwidth of 1 ERB (equivalent 

rectangular bandwidth) and channel centre frequencies 

spaced equally on the ERB frequency scale from 2 to 33 

ERBs (corresponding to 55 Hz to 7743 Hz)  [10][11]. The 

filter bank response was divided into 20 ms frames with 10 

ms overlap, and the total signal energy was computed within 

each frame in each band, yielding individual T-F units.  

An ideal binary mask was formed according to (1). The 

binary mask signal was then interpolated in time with a Han-

ning window and multiplied with the mixture sub-bands, and 

finally, the signal was synthesized using time reversed gam-

matone filters [11].  

Each subject listened to two Dantale sentences for each 

of the 38=24 combinations of mixture SNR and 𝑅𝐶 values, 

resulting in 152=30 measurements for each point. Subjects 

were asked to repeat as many words as possible, and an op-

erator recorded the number of correctly identified words.  

Figure 1 shows mean intelligibility scores for three mix-

ture SNR levels, and for the eight mask densities selected by 

the RC values.   

3. ANALYSIS OF IBM INTELLIGIBILITY 

For a given ideal mask, the IBM processing is a sequence of 

linear operations, which can be summarized as 

  

Figure 1: Measured intelligibility as function of the rela-

tive criterion (𝑹𝑪) for two noise types, three mixture 

SNR levels, and eight mask density settings. The points 

labelled “UN” represent intelligibility of “all one” binary 

masked mixture. Data reproduced from [7]. 

 

 

Masker L50 s50 30% SRT 50% SRT 

SSN -7.3 dB 13.2 %/dB -9.8 dB -7.3 dB 

Cafeteria -8.8 dB 6.8 %/dB -13.8 dB -8.8 dB 

Table 1. Logistic function (3) parameters fitted from 

intelligibility measurements using additive noise mix-

tures. 
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 𝑥  𝑡 =    𝑥 𝑡 ∗ 𝐴𝑘 ∙ 𝑔𝑘 𝑡  ∗ 𝑆𝑘𝑘 . (4) 

Here, 𝑥 𝑡  represents the mixture signal, and 𝐴𝑘  and 𝑆𝑘  

are the analysis and synthesis subband filters in the  𝑘’th 

subband (for simplicity, decimation in the filter bank is ig-

nored), and the asterisk denotes convolution. The resulting 

time-frequency gain 𝑔𝑘(𝑡) expresses ideal binary masking. 

Let 𝑠 𝑡  and 𝑚 𝑡  denote the target and noise signals, corre-

sponding to a given mixture SNR 

 𝑆𝑁𝑅 = 10 log  𝑠(𝑡)2  𝑚(𝑡)2   , (5) 

where < > denotes time averaging. If we define   

 𝑠  𝑡 =    𝑠 𝑡 ∗ 𝐴𝑘 ∙ 𝑔𝑘 𝑡  ∗ 𝑆𝑘𝑘 , (6) 

and 

 𝑚  𝑡 =    𝑚 𝑡 ∗ 𝐴𝑘 ∙ 𝑔𝑘 𝑡  ∗ 𝑆𝑘𝑘 , (7) 

we can write   

 𝑥  𝑡  = 𝑠  𝑡 + 𝑚  𝑡 . (8) 

Considering the individual speech intelligibility of these 

two components, we can assume the 𝑠  𝑡  to be highly intel-

ligible provided that the binary mask pattern is dense enough. 

We further identify 𝑚  𝑡  as a noise vocoded signal. For an 

appropriate choice of 𝑅𝐶 value this signal can be intelligible 

as well, as demonstrated by the lowest of the three curves in 

Figure 1.  

Obviously, the auditory system does not have access to 

these two signals separately. We instead assume that the audi-

tory system has access to a noisy version of 𝑠  𝑡 , which we 

will denote as 𝑠  𝑡 , alongside the noise vocoded signal, and 

we will assume that speech information can be conveyed 

independently by these two channels. Consider the processed 

clean speech component with added unprocessed noise 

  𝑠  𝑡 = 𝑠  𝑡 + 𝑚 𝑡  (9) 

The intelligibility of 𝑠  𝑡  should resemble the psycho-

metric function as long as the binary mask pattern is dense 

enough, although intelligibility will decrease as mask density 

decreases below a certain point. We can express the expected 

dependencies on SNR and 𝑅𝐶 as 

 ℐ𝑠  𝑆𝑁𝑅, 𝑅𝐶 =  ℐ 𝑆𝑁𝑅 ∙ 𝐿sparsity 𝑅𝐶 . (10) 

Here, 𝐿sparsity(𝑅𝐶) is a logistic function penalizing sparse 

mask patterns, specified by a threshold, 𝑟sparsity, and a (nega-

tive) slope parameter, 𝑠sparsity.  

 𝐿sparsity 𝑅𝐶 =  1 + exp 4𝑠sparsity 𝑟sparsity − 𝑅𝐶   
−1

(11) 

The intelligibility of 𝑚  𝑡  as function of 𝑅𝐶 can be fitted 

using a product of logistic functions of opposite overlapping 

slopes 

 ℐ𝑚  𝑅𝐶 =  𝐿vocoder(𝑅𝐶) ∙ 𝐿sparsity(𝑅𝐶), (12) 

with the implicit assumption that (10) and (12) are both lim-

ited by the same logistic function 𝐿sparsity 𝑅𝐶 , expressing 

that the intelligibilities of 𝑠  𝑡  and 𝑚  𝑡  are equally de-

graded by mask sparseness. The slope and threshold parame-

ters of the logistic functions 𝐿vocoder(𝑅𝐶) and 𝐿sparsity(𝑅𝐶) 

can be fitted to the vocoded noise intelligibility measure-

ments (i.e. the -60 dB curves from Figure 1) by means of 

numerical optimization, with the resulting values shown in 

Table 2. 

The final step is the assumption that intelligibility in 

𝑥  𝑡  is conveyed independently by the two “channels” simi-

lar to the rationale behind the Articulation Index [12], so ac-

cordingly 

1 − ℐ𝑥  𝑆𝑁𝑅, 𝑅𝐶 =  1 − ℐ𝑠  𝑆𝑁𝑅, 𝑅𝐶   1 − ℐ𝑚   𝑅𝐶   (13) 

Or, using (10) and (12)  

ℐ𝑥  𝑆𝑁𝑅, 𝑅𝐶 = [ℐ 𝑆𝑁𝑅 + 𝐿vocoder 𝑅𝐶 − 

 ℐ 𝑆𝑁𝑅  ∙ 𝐿vocoder 𝑅𝐶 ∙ 𝐿sparsity(𝑅𝐶)] ∙ 𝐿sparsity(𝑅𝐶)  (14) 

4. MODEL RESULTS 

Figure 2 shows a comparison of the model predictions (14) 

with the intelligibility measurements. The top and bottom 

row of plots show results using SSN and cafeteria maskers, 

respectively. The left and right columns show predictions for 

mixture SNR corresponding to 30% and 50% SRT. 

First of all we notice that ℐ𝑚  𝑅𝐶  is fitted well using the 

overlapping logistic functions. For the other curves, the best 

agreements with the experimental results are found at regions 

corresponding to high 𝑅𝐶 values above the peak location 

where predictions are governed by 𝐿sparsity(𝑅𝐶), and at a 

very low 𝑅𝐶 value where predictions are governed by 

ℐ 𝑆𝑁𝑅 , seemingly justifying assumptions behind (10) and 

(12).   

For the intermediate 𝑅𝐶 range the measured perform-

ance data is systematically larger than the model predictions. 

We interpret the excess performance as an indication that the 

assumption made in (9) is not fully accurate, namely that the 

processed speech degraded by unprocessed noise is a repre-

sentative channel for conveying speech cues. In reality the 

processing attenuates part of the noise as well, which appar-

ently yields the excess benefit. We further notice that the 

excess performance is far greater for cafeteria noise which 

may be explained by the larger degree of informational 

masking present in this masker signal [3]. The binary mask 

could therefore be directing the listener’s attention to the 

time-frequency regions containing relevant speech cues (i.e. 

cues found in 𝑠  𝑡  but not in 𝑚  𝑡 ) while enabling the lis-

tener to disregard distracting time-frequency regions (i.e. 

noise found in 𝑚 𝑡  but not in 𝑚  𝑡 ) The excess perform-

ance would indicate the magnitude of these effects. 

 SSN Cafeteria 

Masker s r s r 

𝐿sparsity -0.094dB-1 11.4dB -0.058dB-1 17.1dB 

𝐿vocoder 0.056 dB-1 -22.1dB 0.059 dB-1 -7.6dB 

Table 2. Slope and threshold parameters used in (11) 

and (12) fitted to the intelligibility measurements for 

𝒎  𝒕 , corresponding to the lowest curves in each of the 

plots in Figure 1.  
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The model given by (14) yields a qualitative description 

of the performance in the dimensions of 𝑅𝐶 and mixture 

SNR. Figure 3 shows a halftone visualization of a two-

dimensional section of the (𝐿𝐶, SNR) plane utilizing (14). 

The regions of high intelligibility form a “figure 7” like pat-

tern, with the horizontal branch corresponding to the psy-

chometric function represented by the ℐ 𝑆𝑁𝑅  term and the 

diagonal branch attributed to the ℐ𝑛  𝑅𝐶  term. The factoriza-

tion term 𝐿sparsity(𝑅𝐶) forms the right hand edge of the di-

agonal. The circles show locations that were measured in our 

experiment, and the shading inside a circle represents the 

measured intelligibility score at the corresponding location. 

The excess performance relative to the model predictions is 

visible as a brighter circle relative to its surroundings, as can 

be observed near the “corner” region of the “figure 7”.  

For reference, previously published experimental studies 

using IBM on speech shaped noise have been indicated in 

Figure 3, and referred to by the number inside a square: Lo-

cation 1 corresponds to sampling a conventional psychomet-

ric curve, since the mask at this location consists of all ones; 

Location 2 was reported in [2] with performance curves 

showing a peak interval in 𝐿𝐶 qualitatively similar to Figure 

1 but with a slightly different location due to different proc-

essing and different task (linear filter bank and a HINT test 

was used); and Locations 3a and 3b correspond to the meas-

ured data in [3], where they show almost identical perform-

ance curves along the vertical and horizontal lines. Our 

model likewise predicts identical performance curves along 

these locations. Location 4 corresponds to the experiment in 

[14] where normal hearing and hearing impaired listeners 

reached SRTs of −17.1dB and −16.0dB, respectively with 

𝐿𝐶 = −6dB. Finally, Location 5 corresponds to [4] where 

the experiment demonstrated high intelligibility with 𝐿𝐶 and 

SNR co-varied towards minus infinity, illustrated here at 

−65dB. 

We can use the model to predict the mixture SNR that 

yields 50% intelligibility of the processed mixtures for a 

given value of 𝐿𝐶. Since the right-hand edge of the diagonal 

    

Figure 2: Comparison of measured (grey squares) and predicted (open squares) intelligibility scores for mixtures with 

SNRs corresponding to 30% SRT (left column) and 50% SRT (right column) for SSN (top row) and cafeteria noise 

(bottom row). Also shown is the measured intelligibility of vocoded noise 𝒎  𝒕  (triangles) and the fitted logistic curve 

(thick solid line). 
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is determined by 𝐿sparsity(𝑅𝐶), a good approximation to the 

SRT is to set 𝐿sparsity 𝑅𝐶 = 0.5, which occurs for 𝑅𝐶 =

𝑟sparsity. Rearranging terms we get 

 𝑆𝑅𝑇𝐼𝐵𝑀 ≅ 𝐿𝐶 − 𝑟sparsity, (15) 

where 𝑆𝑅𝑇𝐼𝐵𝑀   is the predicted mixture SNR yielding 50% 

intelligibility after IBM processing. Inserting the values 

from Table 2 and the value of 𝐿𝐶 = −6 dB used in the ex-

periment in [14], we get a predicted 𝑆𝑅𝑇𝐼𝐵𝑀 = −17.4 dB for 

SSN, and −23.1dB for cafeteria noise, in good agreement 

with the respective reported thresholds of −17.1dB and 

−23.2dB. 

It has previously been demonstrated that 𝐿𝐶 = 0 dB is 

optimal in terms of SNR gain of the IBM segregated output 

[13]. However, (15) indicates that in terms of intelligibility, 

an “optimal” 𝐿𝐶 value may not even exist. A major practical 

limitation probably lies in how low a mixture SNR can be 

before the ideal binary mask cannot be adequately estimated.  

5. CONCLUSION 

We have presented a model for predicting the intelligibility 

of ideal binary masked speech in noise, as a function of the 

mixture SNR and local threshold criterion used for forming 

the masks, and shown that the model is in qualitative agree-

ment with quantitative intelligibility data over a very large 

dynamic range. The model relates the intelligibility of bi-

nary gated noise to the intelligibility improvements obtained 

near the speech reception threshold for unprocessed mix-

tures. For sparsely populated binary masks resulting from a 

relatively high local threshold, model predictions are accu-

rate, while the model underpredicts the intelligibility bene-

fits measured for denser mask patterns and mixture SNR 

close to the speech reception threshold. This indicates that 

IBM processing reduces distractions from the masker signal, 

and the amount of excess listener performances is closely 

related to the amount of informational masking present in 

the noise signal. 
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Figure 3: Halftone visualization of predicted intelligibil-

ity for IBM processed mixtures of speech with SSN in 

the two-dimensional space of mixture SNR and local cri-

terion 𝑳𝑪 for forming the ideal binary mask. The 

shading indicates the model's predictions, shading inside 

the circles indicated measured values. The numbers 

inside the squares refer to previous studies (see text).  
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ABSTRACT

The effect of noise reduction on the intelligibility of speech
in noise is poorly understood. Although the SNR of noisy
speech is improved by the removal of more noise than speech
from the signal, the expected increase in intelligibility does
not typically occur. To account for these deleterious effects
we present an orthogonal decomposition of the signal inten-
sity envelopes at the output of a filterbank. The noisy speech
envelopes are decomposed into components indicating (1)
the coherence of speech across audio bands; (2) the distor-
tion of the speech envelope; and (3) the speechiness of the
noise. By modelling the results of a listening experiment
we show that envelope distortion can largely account for the
deleterious effects of noise reduction; although reduced co-
herence could also play a role at low SNRs. There was little
evidence for the idea that increased speechiness of the noise
contributed to the poorer intelligibility after noise reduction.

1. INTRODUCTION

At the output of a filterbank, speech is observed to show con-
siderable envelope modulations which appear to distinguish
it from other everyday sounds. It has been long supposed that
these modulations are essential to intelligibility; and chan-
nels that correctly transmit intensity modulations of speech
give high intelligibility [1]. These modulations have also
been widely used in physical measures that predict speech
intelligibility from the signal. For example, the Speech In-
telligibility Index (SII) is calculated from the signal-to-noise
ratios in multiple audiobands over 30 dB ranges located sym-
metrically around the RMS of speech [2]. Likewise the cal-
culation of the Speech Transmission Index (STI) is based on
changes in the modulation depths per audio band [3]. Expe-
rience shows that both SII and STI provide good estimates of
intelligibility after linear processing, such as reverberation,
filtering and additive noise, but worse estimates after non-
linear transforms, such as dynamic range compression [4] or
noise suppression [5].

To account for the deleterious effects of multiband
dynamic range compression on intelligibility, Stone and
Moore [6] distinguish three possible mechanisms:

(1) Speech modulations within an audio band may be de-
graded by the processing. These would affect the mod-
ulations considered in intelligibility models like the SII
and STI. However, while those models are particularly
concerned with masking of low intensity speech mod-
ulations, Stone and Moore suggest that there may also
be changes in the envelopes at high-levels which might
be made clear by correlating envelopes before and after
processing.

(2) The coherence of speech modulations across audio bands
may be affected. This mechanism focuses on the co-
modulations in speech envelopes across audio bands.
In the SII, the contribution of each audio band to
intelligibility is assumed to be independent from all
other bands, although it has been acknowledged that
speech modulations between channels are correlated [7].
Whereas in the latest implementation of STI [3] these co-
modulations are interpreted as adding to the redundancy
of speech, others [6, 7, 8] have argued that they may help
to perceptually separate the speech from the noise, a phe-
nomenon known as auditory grouping [9]. According
to this latter view, a process that impairs coherence in
speech modulations would reduce intelligibility.

(3) The noise may obtain a speech-like character. This
mechanism also concerns the perceptual separation of
speech from noise. Noise with modulations similar
to speech will be more difficult to distinguish from
the speech, presumably leading to reduced intelligibil-
ity. The mechanism could account for the greater im-
pact on intelligibility of multi-speaker babble compared
to Gaussian-noise with the same long-term spectrum.
In [10] it was reported that the intelligibility of high-
pass filtered speech was disturbed by the introduction
of speech-like modulations in an off-frequency low-pass
filtered masking noise. Both phenomena suggest that
”speechy” noise deteriorates intelligibility.

A previous study [6] addressed the contributions of the
three mechanisms to the deleterious effects of dynamic range
compression. However, the decomposition of the modula-
tions in that study was not orthogonal. This meant that a sim-
ilar distortion could be attributed to different mechanisms,
which obstructed a clear view on their relative magnitude.
To try to obtain a better understanding of speech intelligi-
bility after noise suppression, we investigate which of these
three mechanisms play a role in the detrimental effects of
spectral subtraction, using an orthogonal decomposition of
noisy speech intensity envelopes.

2. ENVELOPE DECOMPOSITION

The DC component of the intensity envelope represents the
average level in an audio band. Here we assume that levels
in all audio bands are well above hearing threshold, meaning
that the DC holds no consequences for intelligibility. There-
fore the DC components were excluded from all calculations
to be presented. The clean-speech intensity envelope si(t) in
audio band i can be divided into a unique modulation and a
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modulation shared with other frequency bands according to:

si(t) = su
i (t)+ ss

i (t), (1)

where the superscripts u and s denote the unique and the
shared modulations, respectively. Shared modulations are
found with regression on the modulations in band i by the
modulations in all other bands:

ss
i (t) = ŝi(t) = ∑

j

β js j(t), j 6= i. (2)

Since all DC components were ignored, the regression
in (2) does not include a constant. The unique clean speech
modulations are collected in the error term of this regression.
Since both unique and shared modulations are signals, their
relative levels can be expressed as:

USSRi = 10log10

(

∑t [s
u
i (t)]

2

∑t [s
s
i (t)]

2

)

, (3)

where USSR stands for the unique to shared speech modu-
lation ratio. It expresses the coherence of the speech enve-
lope in a particular band with the speech envelopes in other
auditory bands, similar to within source modulation coher-
ence [6] A low USSR value indicates a strong coherence of
the band with other auditory bands.

Mixing speech with noise, possibly followed by non-
linear processing such as dynamic range compression or
noise reduction may add noise to the clean speech modula-
tions, which can be written

nsi(t) = wusu
i (t)+ wss

s
i (t)+ ni(t), (4)

with nsi(t) representing the noisy speech modulations and
ni(t) representing the noise modulation. Both weights in
(4) may be determined from the correlations between the
unique and shared modulations of clean speech with the
noisy speech envelope. For additive noise, one would ex-
pect equal effects on both components, hence stable USSR.
However, non-linear processing could result in different ef-
fects for unique and shared speech envelope components and
consequently USSR would change.

We previously labelled the ratio between the speech and
noise modulations as the signal-to-noise ratio in the modula-
tion domain, which is closely related to fidelity to envelope
shape [6]. It is given by:

SNRmod
i = 10log10

(

∑t [wusu
i (t)+ wss

s
i (t)]

2

∑t [ni(t)]
2

)

. (5)

In the decomposition of the noise modulations, one quan-
tifies the speech-like character of the noise:

ni(t) = ne
i (t)+ nm

i (t), (6)

where the e and m superscripts indicate the modulations ex-
clusive and mutual with speech, hence:

nm
i (t) = n̂i(t) = ∑

j

λ js j(t), j 6= i. (7)

The noise modulations that a particular band has in com-
mon with speech in other audio bands are found by linear

regression: the noise envelope in an audio band is predicted
by the clean speech envelopes in all other bands. Since both
exclusive and mutual noise modulations are signals, one can
express their relative ratios as

EMNRi = 10log10

(

∑t [n
e
i (t)]

2

∑t [n
m
i (t)]2

)

, (8)

defining the exclusive to mutual noise modulation ratio
(EMNR). A low EMNR indicates noise with a high speech-
like character.

Combining equations (4) and (6) we obtain:

nsi(t) = wusu
i (t)+ wss

s
i (t)+ ne

i (t)+ nm
i (t), (9)

which is an orthogonal decomposition of the noisy speech
envelope. Since the four components in (9) have zero cor-
relations, their effects on speech intelligibility can be stud-
ied independently, in contrast to the mechanisms presented
in [6].

3. EXPERIMENT

Envelopes were generated for 17 adjacent 1/3-octave audio
bands with band-centre frequencies ranging from 0.160 to
6.35 kHz covering the audio frequencies that contribute most
to intelligibility [2, 3]. The filter bank consisted of zero-
phase hamming-windowed sync filters with complementary
skirts and over 60 dB oct−1 slopes. After band-pass filter-
ing, intensity envelopes were extracted by squaring the mag-
nitude of the Hilbert transform and subsequent limiting the
modulations to 6 octave bands with centre frequencies rang-
ing from 1 to 32 Hz, while applying a −3 dB oct−1 slope
on the 6-octave wide band pass. This pinking of the enve-
lope gives rise to a log-frequency weighting of the modula-
tion frequencies as advocated by Dau et al. [11], instead of
the linear weighting obtained without this envelope coloura-

tion. USSR, SNRmod
i and EMNR were calculated using a

fixed 128 s fragment of concatenated IEEE sentences [12, 13]
combined with a fixed car noise fragment of equivalent du-
ration. Speech was mixed to the noise at five different levels,
ranging from −21 to −9 dB SNR in 3 dB steps. To study
the effects of noise suppression on signal ratios, calculations
were performed on noisy speech before and after noise re-
duction by spectral subtraction. The spectral subtraction im-
plementation [14] in VOICEBOX [15], which uses the min-
imum statistics method [16] to estimate the noise spectrum,
was utilised.

Intelligibility was addressed by presenting IEEE sen-
tences to a group of 20 listeners at the 5 SNR levels pre-
viously mentioned for speech in car noise with and without
noise suppression, while scoring the number of correct key-
words in their responses.

4. RESULTS

Figure 1 shows USSR as a function of SNR in the audio band
with a centre frequency of 0.63 kHz. Plots of these functions
in other audio bands exhibit similar behaviour. Open en filled
markers represent USSR levels before and after noise sup-
pression, respectively. From Fig. 1, it emerges that before
noise suppression the unique and shared speech modulations
are deteriorated equally at different SNRs: i.e. additive noise
equally affects both components of the speech envelope. This
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does not hold for speech envelopes after noise suppression.
In this case USSR is higher, especially at lower SNRs. In
other words, noise suppression appears to deteriorate the co-
herence of speech.

Figure 2 shows SNRmod
i as a function of SNR of SNR,

again for the audio band with a centre frequency of 0.63 kHz.
Marker styles conform to Fig. 1. At low SNRs noise reduc-
tion removes envelope distortions introduced by the noise,

hence SNRmod
i increases after noise reduction. At high SNRs

the inverse holds: noise reduction gives rise to additional dis-
tortion of speech envelope, already distorted by the noise.

Figure 3 visualizes the speechiness of the noise expressed
in EMNR once again for the audio band with a centre fre-
quency of 0.63 kHz. Marker styles denote processing con-
ditions equivalent to Fig. 1. While applying noise reduc-
tion, EMNR reduces, indicating that the fluctuation in the
noise obtain a speech-like character. In contrast to USSR

and SNRmod
i , the effect of noise reduction on EMNR varies

largely across audio bands.

Figure 4 shows the results of the listening experiment
with word scores represented on the ordinate. In contrast
to most other studies where results are expressed in percent-
ages of words correct, we prefer to display log2 odds, where
odds are the ratio between the number of correct and incor-
rect responses. We labelled this quantity performance level
with units in Berkson. For psychometric functions that fol-
low a logistically shaped curve, this scale gives rise to a more
linear relationship than the traditional percentage scale. The
right axis reflects percentage values corresponding to the per-
formance levels indicated on the left axis. Curves displayed
in Fig. 4 are known as performance functions. The abscissa
indicates intelligibility as predicted from two speech intelli-
gibility models. Open circles represent the values from tradi-
tional SII calculations based on the SNR in all audio bands.
To calculate the SNR after noise reduction, displayed as filled
circles, the attenuation factors were determined on the basis
of the noisy speech signal, while these factors were applied
to the corresponding frames of the speech and noise sepa-
rately. The long-term average RMS levels of these speech
and noise signals determined the SNRs in the audio bands,
which were subjected to an SII calculation. Squares indicate

the predicted intelligibility based on a measure called SIImod.

Figure 2 shows that the SNRmod
i is monotonically related to

SNR. Consequently the SNRmod
i after noise reduction can be

expressed as an “equivalent SNR” in a particular audio band
before noise reduction. The latter is the SNR before noise
reduction that gives rise to a similar amount of envelope dis-
tortion as present in the signal after noise reduction. These
equivalent SNRs were used in subsequent SII calculation,

leading to the SIImod. For speech before noise suppression

SIImod equals SII, hence is not displayed in Fig. 4.

Given an optimal intelligibility model, performance
functions for speech in noise with and without noise sup-
pression should coincide. In that case there exists a one-
to-one relation between the predicted and observed intelli-
gibility, independently of the presence of noise suppression.
For predictions based on SII, this is evidently not the case.
Noise reduction removed more energy from the noise than
from the speech, hence increased the apparent SNR. This
resulted in an increase in SII, leading to the prediction that
the intelligibility after noise reduction should increase, while
the observed intelligibility dropped. For predictions based
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Figure 1: USSR as a function of SNR.
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Figure 2: SNRmod as a function of SNR.

on SIImod, the one-to-one relationship between observed and
predicted intelligibility appears to hold at high performance
levels, where SNR is high. However at low performance lev-

els SIImod still overestimate intelligibilities.

5. DISCUSSION AND CONCLUSIONS

From the performance functions based on the SII as dis-
played in Fig. 4, one may conclude that noise suppression
successfully removes more energy from the noise than from
the speech, resulting in a higher SNR per audio band than be-
fore noise reduction, and consequently higher SII values. But
unfortunately, these higher SNRs do not result in improved
intelligibility, in contrast to what one might predict from SII
calculations: the intelligibility of speech in noise after noise
reduction is poorly predicted from the long-term average lev-
els of speech and noise.

Figures 2 and 4 suggest that the deleterious effects of
noise suppression on speech intelligibility are largely in-
duced by distortion of the speech envelope. It may be that
envelope distortion results in impoverished consonant identi-
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Figure 4: Observed versus modelled intelligibilities.

fication, particularly important to the intelligibility of speech

in noise [17, 18, 19]. However, based on the SIImod mea-
sure, one would predict an increase in intelligibility at low

SNRs - where noise suppression increases SNRmod
i - while

the observed performance is in fact reduced.

To account for this limitations of SIImod, we introduced
the USSR and EMNR measures. It appears that, at low
SNRs, noise reduction diminishes the coherence in speech,
giving rise to higher USSR values. This could account for
the fact that even at low SNRs, intelligibility is still deteri-
orated by noise suppression, notwithstanding an increase in

SNRmod
i .

On the other hand, the fact that the noise obtains a
speech-like character after noise reduction at high SNRs, ap-
pears to have little effect on the intelligibility. If the speech-
iness of the noise had deleterious effects on intelligibility,
one would expect a misfit in the performance functions be-
fore and after noise suppression at low and high SNRs, where
the noise after noise suppression has low EMNRs, indicating
a speech like character.

Unfortunately, the current data only allow for a quali-
tative examination of the effects of USSR and EMNR on
intelligibility. But following (9), it is possible to manipu-
late the different components independently, which may con-
tribute to the development of an intelligibility model that bet-
ter accounts for the effects of noise suppression on intelli-
gibility. Such a model could contribute to the development
of noise suppression algorithms that improve intelligibility,
since noise suppressor design and subsequent parameter ad-
justment could be optimized for a given signal without the
need for time-consuming listening experiments.
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ABSTRACT
In speech communications, signal processing algorithms for
near end listening enhancement allow to improve the intel-
ligibility of clean (far end) speech for the near end listener
who perceives not only the far end speech but also ambient
background noise. A typical scenario is mobile telephony in
acoustical background noise such as traffic or babble noise. In
these situations, it is often not acceptable/possible to increase
the audio power amplification.

In this contribution we use a theoretical analysis of the
Speech Intelligibility Index (SII) to develop an algorithm
which numerically maximizes the SII under the constraint of
an unchanged average power of the audio signal.

1. INTRODUCTION

Mobile telephony is often conducted in the presence of acous-
tical background noise such as traffic or babble noise. This
leads to the problem that the near end listener perceives a mix-
ture of the clean far end (downlink) speech and the acoustical
background noise from the near end and thus experiences a
reduced speech intelligibility.

As the noise signal cannot be influenced, a reasonable ap-
proach to improve intelligibility by near end listening enhance-
ment is to manipulate the far end speech signal in dependence
of the near end background noise as shown in Figure 1.

Several approaches for near end listening enhancement
are known from literature, e. g., [1, 2, 3, 4, 5, 6].

In [3], we presented a theoretical analysis of the influ-
ence of the speech spectrum level on the Speech Intelligibility
Index (SII) for a given noise spectrum level. Using this analy-
sis, an improved near end listening enhancement algorithm
was derived which maximizes the SII and thus speech intel-
ligibility by frequency selective raising of the speech signal
power. The processing is performed by means of a frequency
warped filter-bank equalizer (FBE), which performs time-
domain filtering with coefficients adapted in the frequency
domain. This allows for a processing with approximately
Bark-scaled spectral resolution and low signal delay.

However, in some applications the power of the loud-
speaker signal is constrained to the power of the original

near end
listening

enhancement

far end speech
s(k)

near end background noise
r(k)

modified speech
s̃(k)

Figure 1: Principle of near end listening enhancement.

signal, e. g., because the sound reproduction system has no
head-room in terms of output audio power. This applies, e. g.,
for mobile phones with tiny loudspeakers which are already
saturated at low output power levels.

In this contribution we use a theoretical analysis of the
SII to maximize the SII numerically under the constraint of
an unchanged average power of the audio signal.

2. SPEECH INTELLIGIBILITY INDEX

The Speech Intelligibility Index (SII) [7] is a standardized
objective measure which is correlated with the intelligibility
of speech under a variety of adverse listening conditions.

2.1 Calculation Rules of SII
In this section the calculation rules of the critical band pro-
cedure of the SII are briefly presented. The SII is based on
the equivalent speech spectrum level1 Ei as well as the equiv-
alent noise spectrum level Ni in each contributing subband i,
which can be approximated by the average power in each sub-
band with reference pressure 20 µPa divided by its bandwidth
measured in dB [7].

For the application of near end listening enhancement,
only situations with significant background noise are of inter-
est. Therefore, it is feasible to make the following assump-
tions, which simplify the calculation of the SII:

• We assume that the equivalent noise spectrum level Ni is
greater than the so-called self-speech masking spectrum
level Vi = Ei−24dB [7], which accounts for the masking
of higher speech frequencies by lower speech frequencies.
This approximation (if relevant at all) has influence just
on the spread of masking.

• We further assume the equivalent masking spectrum level
Zi to be greater than the equivalent internal noise spectrum
level [7], which corresponds to the threshold of hearing.
Considering these approximations, the following steps

have to be performed for each contributing subband i to cal-
culate the SII:
1. Determine the equivalent disturbance spectrum level Di,

which is equal to the equivalent masking spectrum level
Zi due to the assumption made above:

Di = Zi = 10log
{

10Ni/10 +
i−1

∑
λ=1

10[Nλ
+3.32C

λ
log( fi/h

λ)]/10

}
,

(1)

1The equivalent spectrum level is defined as the spectrum level measured
at the point corresponding to the center of the listener’s head, with the listener
absent, under the reference communication situation [7].
It is denoted by Ei in this paper as opposed to E ′i in [7] for the sake of clarity.
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Figure 2: Contributions to the band audibility function for the cases of Section 2.2.

where
Ci =−80dB+0.6

[
Ni +10log(hi− li)

]
(2)

is the slope per octave of the spread of masking caused by
the background noise. hi, li, and fi denote the upper and
lower limiting and center frequencies of the i-th subband
respectively.

2. Determine the speech level distortion factor Li(Ei):

Li(Ei) =


1 if Ei ≤Ui +10dB
1− Ei−Ui−10dB

160dB if Ui+10dB < Ei <Ui+170dB
0 if Ui +170dB≤ Ei , (3)

which considers the decrease in intelligibility caused by
the distortion due to a high presentation level. Ui is fixed
and denotes the standard speech spectrum level at normal
voice effort [7, Table 1], which has its maximum value of
34.75dB in the second critical band with f2 = 250Hz.

3. Determine the band audibility function Ai(Ei):

Ai(Ei) = Li(Ei) ·Ki(Ei) (4)

using the auxiliary (‘temporary’) variable Ki(Ei) with

Ki(Ei) =


0 if Ei ≤ Di−15dB
Ei−Di+15dB

30dB if Di−15dB < Ei ≤ Di +15dB
1 if Di +15dB < Ei . (5)

The auxiliary variable Ki(Ei) accounts for the loss of intel-
ligibility due to the fact that the speech signal is masked,
e. g., by noise. The band audibility function Ai(Ei) speci-
fies the effective proportion of the speech dynamic range
within the subband that contributes to speech intelligibil-
ity.

Finally, the Speech Intelligibility Index S is calculated as

S =
imax

∑
i=1

Ii ·Ai(Ei) (6)

with the number of subbands imax. The band importance
function Ii [7, Table 1] characterizes the relative significance
of the subband to speech intelligibility. Since ∑

imax
i=1 Ii = 1 and

0≤ Ai ≤ 1, the SII can take values from zero to one.

2.2 Interpretation
The band audibility function Ai(Ei) as a function of Ei is
determined by two factors with diametrically opposed impact:

• The auxiliary variable Ki(Ei) increases monotonically
with increasing equivalent speech spectrum level Ei.

• The level distortion factor Li(Ei) decreases monotonically
with increasing equivalent speech spectrum level Ei.

Both functions of Ei are piecewise linear as defined in (3) and
(5). As a consequence, three cases exist for (4) depending on
the equivalent disturbance spectrum level Di:
1. Disjunct case: The segment with increasing Ki(Ei) ends

before the start of the segment with decreasing Li(Ei). An
example for this case is sketched in Figure 2a.

2. Overlapping case: The segments with increasing Ki(Ei)
and with decreasing Li(Ei) overlap, which is exemplified
in Figure 2b.

3. The segment with increasing Ki(Ei) starts after Li(Ei) has
decreased completely. This case is not of practical interest
since it occurs only for Di >Ui +185dB.

3. NEAR END LISTENING ENHANCEMENT

In this section, we give an overview of our system for near
end listening enhancement by means of a warped filter-bank
equalizer (FBE) as depicted in Figure 3. The details are treated
in [8] and [9, 10]. In contrast to the discrete Fourier transform
(DFT) analysis-synthesis filter-bank, which is widely used for
speech enhancement, this structure allows for an efficient pro-
cessing with approximately Bark-scaled spectral resolution
and low signal delay.

The (clean) far end speech signal s(k) and the near end
noise r(k) are split into M subband signals Si(k′) and Ri(k′)
by means of a warped DFT analysis filter-bank with downsam-
pling. The time index in the subsampled domain is given by
k′. The real-valued impulse response of the prototype lowpass
filter has length L+1. In this paper, L is chosen equal to M.

The non-uniform time-frequency resolution is achieved
by means of an allpass transformation, which accomplishes a
variation of the subband filter bandwidths without changing
certain filter properties such as stopband attenuation. An all-
pass pole of a = 0.4 and a DFT size of M = 34 yield a good
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Figure 3: System for near end listening enhancement with
time index k, subsampled time index k′, subband
index i, and 0≤ n≤ L.

approximation of the Bark frequency scale for the considered
sampling rate of fs = 8kHz. Since the first SII subband be-
gins at 100Hz, this results in imax = 17 non-redundant SII
subbands.

The subband signals Si(k′) and Ri(k′) are used to calculate
the spectral gains Wi(k′) as described later in Section 3.5. The
enhanced speech signal s̃(k) is obtained by filtering the far
end speech signal s(k) with time-varying filter coefficients,
which are obtained by a generalized discrete Fourier transform
(GDFT) of the spectral weights Wi(k′).

3.1 Calculation of Spectrum Levels
The equivalent spectrum levels Ei(k′) and Ni(k′) are computed
as described in the first paragraph of Section 2.1:

Ei(k′) = 10log
{

g2
l ·Φss,i(k′)

∆ fi

}
, (7)

Ni(k′) = 10log
{

g2
l ·Φrr,i(k′)

∆ fi

}
, (8)

where ∆ fi = hi− li is the frequency bandwidth of the i-th criti-
cal band. The short-term power spectral densities Φss,i(k′) and
Φrr,i(k′) are determined as the recursively smoothed squared
norm of the subband signals Si(k′) and Ri(k′) as described in
[8]. gl is a normalization factor to achieve approximately a
unity gain analysis filter-bank of the FBE:

gl =

(√
M ·

L

∑
n=0

h2(n)

)−1

. (9)

The equivalent speech spectrum level Ẽi(k′) of the modified
speech signal S̃i(k′) =W ′i (k

′) ·Si(k′) can be calculated in anal-
ogy to (7) as

Ẽi(k′) = 10log
{

g2
l ·W ′i (k′)2 ·Φss,i(k′)

∆ fi

}
(10)

= 20log
{

W ′i (k
′)
}
+Ei(k′) . (11)

Finally, the equivalent disturbance spectrum level Di(k′)
is calculated according to (1).

3.2 Audio Power Limitation
As noted above, the SII should be maximized under the con-
straint that the short-term audio power of the optimized output

signal is less or equal than the short-term audio power Pref(k′)
of the input signal:

imax

∑
i=1

∆ fi ·10Ẽi(k
′)/10

!
≤

imax

∑
i=1

∆ fi ·10Ei(k
′)/10 =: Pref(k′) . (12)

In the following two sections, the dependency on k′ is not
written down for simplicity.

3.3 Approximation by Concave Function

With regard to the envisaged iterative numerical optimization
scheme, the band audibility function is approximated by a
strictly concave function Âi(Ẽi) to ensure convergence to a
global maximum. For this purpose, the limitations to zero of
the level distortion factor Li(Ẽi) (third case of (3)) and of the
auxiliary variable Ki(Ẽi) (first case of (5)) are omitted.

In the disjunct case (see also Figure 4), the constant seg-
ment between Di+15dB and Ui+10dB is replaced by a very
slight linear ascent for Ẽi < Ei and a linear descent for Ẽi > Ei.
This way, the function becomes strictly concave and the gain
factor in (11) tends towards one if no further improvement in
SII can be achieved, which reduces speech distortion.

This finally results in the disjunct case (Di + 15dB <
Ui +10dB) in

Âi(Ẽi) =


Ẽi−Di+15dB

30dB if Ẽi ≤ Di +15dB

Âi(Di+15dB)+ Ẽi−Di−15dB
300dB if Di +15dB < Ẽi ≤ E∗i

Âi(E∗i ) − Ẽi−E∗i
300dB if E∗i < Ẽi ≤Ui +10dB

Âi(Ui+10dB)− Ẽi−Ui−10dB
160dB if Ui +10dB < Ẽi (13)

with E∗i = max
{

min{Ei,Ui +10dB}, Di +15dB
}
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Figure 4: Exemplary plot of concave approximation of band
audibility function (compare Figure 2a);
i = 8, Ui = 25.01dB, Di = 5dB, Ei = 30dB.
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and in the overlapping case (Di +15dB≥Ui +10dB) in

Âi(Ẽi) =



Ẽi−Di+15dB
30dB if Ẽi ≤ ζ(

Ẽi−Di+15dB
30dB

)
·
(

1− Ẽi−Ui−10dB
160dB

)
if ζ < Ẽi ≤ Di +15dB

1− Ẽi−Ui−10dB
160dB if Di +15dB < Ẽi (14)

with ζ = max{Ui +10dB, Di−15dB}.
It follows from (13) as well as (14) with the definition

of E∗i and the condition for the overlapping case, that the
maximum SII would be achieved for Ẽi = E∗i in each subband
independent of the case. Hence, if E∗i fulfills the audio power
constraint (12), the optimum solution Ẽopt

i = E∗i is found and
no further steps are necessary. This will be the case in low-
noise conditions or if the equivalent speech spectrum of the
input speech signal is higher than Ui +10dB.

3.4 Numerical Optimization
If, on the other hand, E∗i does not fulfill the audio power
constraint (12), the optimum equivalent speech spectrum level
Ẽopt

i must fulfill the equality condition in (12). In this case,
the equality constraint optimization problem is transformed
into a bounded optimization problem by expressing Ẽ1 as a
function of Ẽ = (Ẽ2, Ẽ3, . . . , Ẽimax)

T:

Ẽ1(Ẽ) = 10log
(

P1(Ẽ)
∆ f1

)
(15)

with

P1(Ẽ) = Pref−
imax

∑
i=2

∆ fi ·10Ẽi/10 , (16)

leading with (6) to the strictly concave optimization function

Ŝ′(Ẽ) = I1 · Â1(Ẽ1(Ẽ))+
imax

∑
i=2

Ii · Âi(Ẽi) . (17)

In concordance with [7], the equivalent speech spectrum Ẽi
is bounded with Ẽi ≥−50dB. In the case of Ẽ1, this is done
with a penalty function for P1(Ẽ)< ∆ f1 ·10−50dB/10 =: P1,min.
This results in the final function to be maximized:

Ŝ(Ẽ) =

−100+P1(Ẽ) if P1(Ẽ)< P1,min

I1 · Â1(Ẽ1(Ẽ))+
imax
∑

i=2
Ii · Âi(Ẽi) otherwise, (18)

which is exemplarily plotted in Figure 5. The solution Ẽopt(k′)
of this bounded nonlinear multivariable optimization problem
is found using the MATLAB function fmincon with the trust-
region-reflective algorithm. The optimum equivalent speech
spectrum level of the preceeding update interval Ẽopt(k′−1)
is used as initial estimate for the solution in order to reduce
the number of iterations.

In order to use the trust-region-reflective algorithm, the
partial first-order derivative must be supplied. For the opti-
mization function of (18), it is defined and continuous over
the whole domain besides the boundaries between the cases of
(13) and (14). At these places, we define the partial first-order
derivative as the left-sided derivative, leading to

∂ Ŝ(Ẽ)
∂ Ẽi

=

{
− ln(10)

10 ·∆ fi ·10Ẽi/10 if P1(Ẽ)< P1,min

I1 · ∂ Â1(Ẽ1)
∂ Ẽ1

∂ Ẽ1(Ẽ)
∂ Ẽi

+ Ii · ∂ Âi(Ẽi)
∂ Ẽi

otherwise (19)
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3 , Ẽ4, Ẽ
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15 , Ẽ16, Ẽ
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Figure 5: Exemplary plot of optimization function (18) de-
pending on Ẽ4 and Ẽ16; Ei = Ui, Di = average
spectrum level of factory1 noise at SNR of 15dB;
the white line is the optimization trajectory.

with
∂ Ẽ1(Ẽ)

∂ Ẽi
=−∆ fi ·10Ẽi/10

P1
(20)

as well as

∂ Âi(Ẽi)

∂ Ẽi
=


1

30dB if Ẽi ≤ Di +15dB
1

300dB if Di+15dB < Ẽi ≤ E∗i
− 1

300dB if E∗i < Ẽi ≤Ui+10dB
− 1

160dB if Ui+10dB < Ẽi

(21)

if Di +15dB <Ui +10dB (disjunct case) and

∂ Âi(Ẽi)

∂ Ẽi
=


1

30dB if Ei ≤ ζ

−2Ẽi+Ui+Di+155dB
30dB·160dB if ζ < Ei ≤ Di +15dB

− 1
160dB if Di +15dB < Ei (22)

if Di +15dB <Ui +10dB (overlapping case).
These partial first-order derivatives are still not continu-

ous at these points. This, however, does not influence the
convergence itself but only its speed. Analogously, the partial
second-order derivatives are defined as the left-sided deriva-
tive at their points of discontinuity.

3.5 Gain Computation

The time-varying gain factors W ′i (k
′) are chosen such that

Ẽi(k′) = Ẽopt
i (k′) , (23)

which leads to the gain factor

W ′i (k
′) = 10[Ẽ

opt
i (k′)−Ei(k

′)]/20 . (24)

In order to prevent hearing damage and pain, the gain
is limited such that the resulting instantaneous equivalent
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Figure 6: Comparison of average SII of speech at unchanged
audio power disturbed by factory1 noise.

spectrum level of the amplified speech in each subband does
not exceed a maximum spectrum level Emax = 90dB:

Wi(k′) = min

{
W ′i (k

′),

√
10Emax/10

g2
l · |Si(k′)|2

}
. (25)

The value of Emax is chosen in accordance to [11, Fig. 2.1].

4. RESULTS

The performance of the proposed algorithm was evaluated in
terms of the SII using the so-called critical band procedure [7]
for every speech file of the TIMIT database, in total 5.4 hours,
disturbed by the factory1 noise from the NOISEX-92 database
at input signal-to-noise ratios (SNRs) between −30dB and
30dB in steps of 2.5dB and at a sampling rate of 8kHz.

Prior to processing, the speech database is scaled to match
the overall sound pressure level of 62.35dB as specified in [7]
for normal voice effort. The desired input SNR is achieved by
adjusting the sound pressure level of the noise file in relation
to 62.35dB. In order to calculate the speech and noise spec-
trum level of each sound file, the spectrum level is averaged
for half-overlapping Hann-windowed frames of 20ms length.
Finally, the average SII over all speech files is taken. Good
communication systems have an SII of 0.75 or better while
the SII of poor communication systems is below 0.45 [7].

In Figure 6 the average Speech Intelligibility Index is
plotted after processing with

• the proposed numerically SII optimized algorithm,
• the method of maximal power transfer with adaptive noise

floor as described in [2], and
• without processing.

It can be seen, that the proposed numerically SII optimized
algorithm improves the average SII considerably while having
the same average audio power. It also outperforms the method
of maximal power transfer proposed in [2]. The subjective
listening impression supports these results. Speech power is
shifted towards higher frequencies, leading to a change of
tone color but also subjectively improved intelligibility.

The numerical optimization takes about 3.5 iterations for
low SNRs up to 5dB and about 14 iterations for high SNRs
above 15dB.

Sound samples and further information can be found at
http://www.ind.rwth-aachen.de/~bib/sauert10/.

5. CONCLUSIONS

In this contribution, a new SII optimized near end listening
enhancement algorithm is derived, with the constraint that
the output signal has the same average audio power as the
input signal. For this purpose, the calculation rules of the
band audibility function are slightly modified to obtain a con-
cave optimization function, which is then maximized using
numerical optimization.

The instrumental evaluation by means of the SII has
shown a noticeable better performance after processing with
the proposed algorithm than without. Of course, considerable
further improvements in SII can be achieved if additional
audio power can be spent as shown, e. g., in [3].
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ABSTRACT
Hearing loss research has traditionally been based on perceptual cri-
teria, speech intelligibility and threshold levels. The development
of computational models of the auditory-periphery has allowed ex-
perimentation via simulation to provide quantitative, repeatable re-
sults at a more granular level than would be practical with clinical
research on human subjects. This work seeks to create an objec-
tive measure to automate this inspection process and ranks hear-
ing losses based on auditory-nerve discharge patterns. A system-
atic way of assessing phonemic degradation using the outputs of
an auditory nerve model for a range of sensorineural hearing losses
would aid in rapid prototyping development of speech-processing
algorithms for digital hearing aids. The effect of sensorineural hear-
ing loss (SNHL) on phonemic structure was evaluated in this study
using two types of neurograms: temporal fine structure (TFS) and
average discharge rate or temporal envelope. The mean structural
similarity index (MSSIM) is an objective measure originally devel-
oped to assess perceptual image quality. The measure is adapted
here for use in measuring the phonemic degradation in neurograms
derived from impaired auditory nerve outputs. A full evaluation of
the choice of parameters for the metric is presented using a large
amount of natural human speech. The metric’s boundedness and
the results for TFS neurograms indicate it is a superior metric to
standard point to point metrics of relative mean absolute error and
relative mean squared error.

1. INTRODUCTION

This work examines a systematic way of assessing phonemic degra-
dation using the outputs of an auditory nerve (AN) model for a range
of sensorineural hearing losses (SNHL). The practical application
of this is to allow speech-processing algorithms for hearing aids
to be objectively tested in development without human trials. The
model used in this study was the cat AN model of Zilany and Bruce
[1]. It produces simulated auditory nerve neural spike train outputs
at specific characteristic frequencies (CF). The levels of degradation
in output due to a SNHL configured in the model can be assessed
by examination of the spectro-temporal output visualised as neuro-
grams. Two distinct types of neurograms are considered important
in describing speech signals- a temporal envelope (ENV) measure-
ment, and a temporal fine structure (TFS). The first averages the
power at each CF over a number of time bins while the latter pre-
serves fine timing structure of the auditory nerve spikes. They are
both seen as useful for cues to speech intelligibility. [2]

The proposed strategy is to design hearing aids by looking to
restore normal patterns of auditory nerve activity rather than focus-
ing on human perception of sounds. Sachs et al.[3] showed that if
auditory-nerve discharge patterns in response to sounds as complex
as speech can be accurately modelled and predicted, this knowledge
could be used to test new strategies for hearing-aid signal process-
ing. They demonstated examples of auditory-nerve representations
of vowels in normal and noise-damaged ears and discussed from a
subjective visual inspection how the impaired representations dif-
fer from the normal. Comparable model outputs for progressive
hearing losses are displayed in Fig. (1). This work seeks to create

an objective measure to automate this inspection process and ranks
hearing losses based on auditory-nerve discharge patterns.

Previous work [4] showed that a relative mean absolute error
metric (RMAE) that compared the neurogram outputs of phonemes
for impaired AN models relative to the output for an unimpaired
model “hearing” the same input, was not fully reflecting the com-
plexity of TFS effects - particularly in vowels at higher presentation
levels. This paper explores an alternative mean structural similarity
measure (MSSIM)[5] and uses it to compare neurograms produced
for utterances over a range of SNHL. It was chosen because unlike
RMAE, it examines the similarity over patches or windows, cap-
turing changes in features rather than individual point differences.
MSSIM is a statistical metric popular in image processing that was
originally developed to estimate the reconstruction quality of com-
pressed images. It has also been shown to have potential in audio
quality assessment to compare and optimise audio compression al-
gorithms [6]. Section 2 introduces the types of neurograms that
were analysed and the MSSIM. Section 3 describes how the mea-
sure was assessed. Section 4 presents and discusses important fea-
tures of the results, with conclusions and future work in Section 5.

2. BACKGROUND

2.1 Auditory Nerve Models

The Zilany & Bruce AN model used in this study[7] was designed
with an ultimate goal of predicting human speech recognition per-
formance for both normal hearing and hearing impaired listeners
[8]. It builds upon several efforts to develop computational models
including [9], [10] and [11]. It matches physiological data over a
wider dynamic range than previous auditory models. The model re-
sponses are consistent with a wide range of physiological data from
both normal and impaired ears for stimuli presented at levels span-
ning the dynamic range of hearing. It has recently been used to
conduct studies into hearing aid gain prescriptions [12] and optimal
phonemic compression schemes [13].

2.2 Neurograms

This study evaluated the effect of SNHL using two types of
neurograms- temporal fine structure (TFS) and average discharge
or temporal envelope (ENV). Both display the neural response as a
function of CF and time. Rosen [2] breaks the temporal features of
speech into three primary groups: envelope (2-50 Hz), periodicity
(50-500 Hz) and TFS (600 Hz and 10kHz). The envelope’s relative
amplitude and duration are cues and translate to manner of articu-
lation, voicing, vowel identity and prosody of speech. Periodicity
is information on whether the signal is primarily periodic or aperi-
odic, e.g. whether the signal is a nasal or a stop phoneme. TFS is
the small variation that occurs between periods of a periodic signal
or for short periods in an aperiodic sound and contains information
useful to sound identification such as vowel formants.

Smith et al. [14] looked at the relative importance of ENV and
TFS in speech and music perception finding that recognition of En-
glish speech was dominated by the envelope while melody recogni-
tion used the TFS. Xu and Pfingst [15] looked at Mandarin Chinese
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Figure 1: Sample ENV (left) and TFS (right) neurograms for vowel (/aa/) with progressively degrading hearing loss. Presentation Level
65 dB SPL in (A) and 85 dB SPL in (B). For reference purposes, the top rows in (A) and (B) show the signal, with the time axis shown at
a greater resolution in the TFS compared to the ENV. The next row displaysthe neurograms from a model with unimpaired hearing. The
bottom three rows are progressively impaired hearing loss neurograms. The TFS neurograms in (A) show that at lower presentation levels
the vowel degrades with progressive loss of fine timing information. In (B), it can be seen that at 85 dB SPL not only is information being
lost, phase locking and a spread of synchrony across CF bands is causing the addition of erroneous information with progressive hearing
loss.

monosyllables and found that in the majority of trials, identifica-
tion was based on TFS rather than ENV. Lorenzi et al. [16] showed
hearing impaired listeners had a reduced ability to process the TFS
of sounds which plays an important role in speech intelligibility es-
pecially when background sounds are present, suggesting that the
ability to use TFS may be critical for “listening in the background
dips.” They concluded that TFS stimuli may be useful in evalu-
ating impaired hearing and in guiding the design of hearing aids.
Work by Bruce et al. [17] compared the amplification schemes of
NAL-R and DSL to find single-band gain adjustments to optimize
the mean firing rates. They found that in general the optimal lay in
the order of +10dB above the prescribed linear gains for envelope
evaluations but -10dB to optimise with respect to TFS. The relation-
ship between the acoustic and neural envelope and TFS was exam-
ined by Heinz and Swaminathan [18]. It is apparent there is value
in analysing both neurograms in optimising hearing aids to restore
speech intelligibility to those with SNHL, even though the underly-
ing physiological bases have not been established from a perceptual
perspective.

2.3 Mean Structural Similarity Index (MSSIM)

The relative mean absolute error (RMAE) metric was used in [4] to
compare neurograms from phonemes presented to unimpaired and
impaired ANs. This measure normalised the absolute difference be-
tween the unimpaired and impaired representations (x & y) relative

to the mean unimpaired representation. The structural similarity in-
dex (SSIM) [5] betweenx andy is defined as a comparison of the
original and degraded signal constructed as a function of luminance
(l ), contrast (c) and structure (s):

SSIM(x,y) = f (l(x,y),c(x,y),s(x,y)) (1)

Luminance,l(x,y), looks at a comparison of the mean (µ) val-
ues across the two signals. The contrast,c(x,y) is a variance mea-
sure, constructed in a similar manner to the luminance but using
the relative standard deviations (σ ) of the two signals. The struc-
ture is measured as a inner product of two N-dimensional unit norm
vectors, equivalent to the correlation coefficient between the origi-
nal x andy. Each component also contains constant values (Cn) to
avoid instabilities and is weighted with a coefficient> 0 (α ,β andγ)
which can be used to adjust the relative importance of the compo-
nent. Thus (1) can be expressed as (2). The MSSIM metric has
properties similar to RMAE or relative mean squared error (RMSE),
as it provides symmetry,S(x,y) = S(y,x), identityS(x,y) = 1 if and
only if x = y. However, in addition, it satisfies a property of bound-
edness−1 < S(x,y) ≤ 1. See [5] for a full description.

SSIM(x,y)= (
2µxµy +C1

µ2
x + µ2

y +C1
)α

.(
2σxy+C2

µ2
x +σ2

y +C2
)β

.(
(2σxy+C3)

µ2
x +σ2

y +C3
)γ

(2)
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Figure 3:Data points represent hearing loss levels compared to unimpaired, beginning from MSSIM of 1 for comparison with unimpaired
and progressing through FLAT10, FLAT20, MILD, MODERATE and PROFOUND. Along the bottom of each graph 3x3 etc indicate the
window size in pixels (as illustrated in Fig.(2)). Each window size is tested for two presentation levels: P65 and P85. Top row vowels,
bottom row fricatives. (A+C): varying MSSIM window in time (3 by 3,5, and 11 pixels); (B+D): varying window size across CF bands (3,5
and 11 by 3).

The SSIM metric is applied locally over a window rather than
globally, as when comparing images the human observer can only
perceive a local area in the image at high resolution at one time
instance. The MSSIM is the mean of the SSIM calculated at each
comparative point. The choice of window size used by the SSIM
for image processing is related to how a person perceives an image,
or “how closely they look”. To evaluate the choice of window size
and weightings that best suit the proposed application, the following
criteria were defined. It should predict correctly the order of hearing
losses i.e. the metric should deteriorate with increased hearing loss.
Secondly it should minimise variance between error metrics for a
given phoneme type, given a fixed presentation level and hearing
loss. Thirdly, the chosen parameters should make sense in terms of
the physiological and signal processing boundaries on the system.
(e.g. the choice of window size makes sense in terms of allowing
different types of phonemes to be measured by being short enough
in the time axis to allow a measurement but long enough to take into
account the structural points of interest on longer phonemes.)

3. METHOD

Following the methodology in [4], the core TIMIT corpus [19] com-
prising of 192 sentences and 6854 phoneme utterances was used
as the speech waveform source. Each sentence was resampled to

the stimulated minimum sample rate for the AN Model (100kHz)
and scaled to 2 presentation levels, 65 and 85 dB SPL (denoted
P65/P85). As in [17], an outer ear filter with gains as per [20] was
used to pre-filter the speech waveforms to mimic the amplification
that occurs prior to the middle and inner ear. Each sentence was
then presented at the two presentation levels to the AN Model for
an unimpaired hearing profile and hearing losses with flat 10dB, flat
20dB, mild, moderate and profound.

The audiograms used match the samples presented by
Dillon[21] to illustrate prescription fitting over a wide range of hear-
ing impairments (Fig.(4)). The hearing loss profiles selected were
mild, moderate and profound. Two flat hearing losses 10 and 20
dB HL were also included in testing to investigate the ability to
discriminate between unimpaired and very mild losses in hearing
thresholds.

The response of the AN to acoustic stimuli was quantified with
neurogram images. 30 CFs were used, spaced logarithmically be-
tween 250 and 8000 Hz. The neural response at each CF was
created from the responses of 50 simulated AN fibres. In accor-
dance with Liberman [22] and as used for similar AN Model simu-
lations [17], 60% of the fibres were chosen to be high spontaneous
rate (>18 spikes/s), 20% medium (0.5 to 18 spikes/s), and 20%
low (<0.5 spikes/s). Two neurogram representations were created
for analysis, one by maintaining a small time bin size (10µs) for
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Figure 2: Illustrative view of window sizes. The input signal and
spectrogram are shown for the word “ship” in the top two rows.
The ENV neurogram shows the 3 time varied window sizes followed
by the 3 frequency varied window sizes. The bottom row shows the
TFS neurogram with the same window sizes illustrated. Note that
time scale in TFS neurogram is changed (zoomed in on the /i/ vowel)

analysing the TFS and another with a larger bin size (100µs) for
the ENV. The TFS and ENV responses were smoothed by convolv-
ing them with 50% overlap, 128 and 32 sample Hamming window
respectively.

The phoneme timing information from TIMIT was used to ex-
tract the neurogram information on a per phoneme basis at P65 and
P85. This yielded a pair of neurograms for each phoneme utterance
representing the original, distortion free reference TFS and ENV
images from the unimpaired AN model, and pairs of progressively
deteriorating images. The MSSIM measure was calculated between
the unimpaired reference image and each of the impaired images.
The basic metric described in [5] was used varying the window siz-
ing parameter.

Each neurogram was a standard height of 30 pixels (one per CF
band) and varied in width with the duration of the phoneme. The
length varied considerably in the region of 3-30 pixels for ENV neu-
rograms and from 100-1200 pixels for TFS neurograms. To assess
the impact of these parameters, the MSSIM was calculated across
the full data set and an average MSSIM and standard deviation were
calculated and aggregated by phoneme group (stop, affricate, frica-
tive, nasal, SV/glide, vowel) for each hearing loss. The window size
was assessed by altering its size in CF from 3 to 30 and then in time
coverage from 3 to 11 as illustrated in Fig.(2).

4. RESULTS & DISCUSSION

The data in Fig.(3) shows results from a subset of the full suite of
tests. Figs.(3A) and (3B) present the MSSIM for vowels for both
the TFS and ENV neurograms with corresponding fricatives results
in Figs.(3C) and (3D). Each shows 3 different NxM windows where
N is frequency and M time resolution. For each window size, the
MSSIM for both P65(�) and P85(�) can be seen progressively
deteriorating for the Flat10, Flat20, mild, moderate and profound
losses. The error bars show one standard devation around the met-
ric.

Fig.(3A) shows the results for progressively longer time sam-
ples in the MSSIM window. The TFS is relatively insensitive to
increases in the time window. However, the ability to differentiate
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Figure 4:Hearing Loss Audiograms tested- Flat 10, Flat 20, mild,
moderate and profound. To allow comparison with audiogram
thresholds the presentation levels of input signals and indicated
with dashed lines P65 and P85. Hence the profound loss will cause
most information above 500Hz to be sub-threshold.

between SNHL levels reduced in the ENV results as they clustered
over a smaller range as the time window expanded. This can be seen
in moving from 3x3 to 3x11 in (A). The choice of ENV window size
was also limited by the number of samples in the neurogram as for
some phonemes, stops in particular, may only be 3 pixels wide.

The effect of including progressively more CF bands is shown
in Fig.3(B). The MSSIM is stable for frequency windows of 3-5
pixels for the TFS but the variance starts to increase significantly
for larger windows, e.g. 16x3 as shown in (B). The ENV results
became more clustered for this larger window size. Space limits the
ability to present the results for all phoneme groups. A detailed ex-
amination of plots from the other phoneme groups revealed broadly
similar behaviour. This led to the overall conclusion that a suitable
window size is 3-5 pixels wide for comparing both the TFS and
ENV neurograms. Intuitively this makes sense insofar as the resolu-
tion of both has been determined in the choice of window size used
to construct the neurograms. In frequency, the MSSIM is looking at
information in just 1 or 2 CF bands around the ‘ideal’ band and the
time resolution is±20µs for TFS and±200µs for ENV. Fig.3(C)
and 3(D) show that the results for fricatives are significantly less
sensitive to changes in window size. This is likely due to fricatives
having less defined structure than vowels (e.g no formants).

Fig.(5) compares the relative mean absolute error (RMAE) and
relative mean squared errors (RMSE) with the 3x3 window MSSIM
metric. Again the error bars represent one standard deviation. Note
that for RMAE and RMSE the metric is 0 for the equality and in-
creasing, i.e. the reverse to MSSIM. The difficulties with the RMAE
metric that were previous reported in [4] and which are illustrated
in Fig.(1) are apparent in the TFS behaviour and the MSSIM ad-
dresses this. Both measures have less spread at P85 and the use of
the MSSIM for ENV is not as beneficial here for vowels although it
performed well for other phoneme groups.

5. CONCLUSIONS AND FUTURE WORK

Overall, MSSIM has been demonstrated to have good potential as
a metric to quantitatively compare AN outputs via neurograms. A
physiological basis of hearing aid desing relies on the restoration
of AN outputs of impaired nerves as closely as possible to that of
an unimpaired nerve. The ability to quantify this similarity is an
important stage of this process. This work shows that as a metric
for comparing TFS neurograms, MSSIM is more informative than
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RMAE or RMSE. The choice of window size was significant in
the ENV neurograms but the TFS results were not as sensitive to
the size of window. A window size of up to 5 pixels was optimal
for both neurograms. The metric’s boundedness and the results for
TFS neurograms indicate it is a superior metric to simple RMAE or
RMSE. Work is ongoing to correlate these results with data from
sensorineural hearing loss listener tests. Ultimately, these results
will aim to justify replacing early stage clinical trials with simulated
trials.
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ABSTRACT 

The maximum-directivity beamformers, or the so-called 
plane wave decomposition (PWD) beamformers have been 
widely studied and used for spherical microphone arrays, 
but they are known to be sensitive to random array errors 
that exist in practical applications. In this paper, a robust 
maximum-directivity beamforming approach based on the 
spherical harmonics framework and worst-case performance 
optimization techniques is proposed. The approach is devel-
oped for both the space domain and the spherical harmonics 
domain. Given the known maximum level of array errors, it 
can automatically find and yield the achievable maximum-
directivity for spherical microphone array beamformers, and 
does not require manual tuning of robustness parameters, 
which is the major advantage over the white noise gain con-
strained robustness control approaches that have been de-
veloped earlier for spherical microphone arrays. 

1. INTRODUCTION 

Spherical microphone array beamforming technology has 
recently become an important research subject in three-
dimensional (3-D) source reception, wavefield analysis, 
source localization, and noise suppression applications [1-8]. 
More flexible three-dimensional beampattern synthesis can 
be realized than with other standard array geometries, and 
array processing can be developed and analyzed by using 
the elegant spherical harmonics framework.  

Among all kinds of spherical microphone array beam-
forming approaches, the plane wave decomposition (PWD) 
beamforming, which can provide closed-form solutions for 
array weights and maximum-directivity beampatterns [3], 
[4], [8], has possibly become the most widely used tech-
nique. However, it is also well known that such a beam-
former has low white noise gain at low frequencies [1], [3], 
[4],  and may lead to degraded and non-consistent beam-
forming performance in the presence of random array errors 
(sensor sensitivity and phase variations, sensor self noise, 
positioning errors, etc.). Therefore, in practical applications 
and mass productions, it is important to have a robust beam-
forming algorithm that can yield the achievable optimum 
performance, according to the knowledge of array error lev-
els, which could be well controlled and specified by micro-
phone manufactures. 

Up to now, several robust beamforming algorithms have 
been proposed for spherical microphone arrays in both the 
spherical harmonics domain [5], [7], [15] and the space do-

main [8]. They commonly impose a white noise gain con-
straint to their optimal beamforming formulations, which 
can effectively improve the robustness against random array 
errors [3]. However, the major shortcoming of the white 
noise gain constrained approach is that it is not clear how to 
accurately choose the robustness control parameters, based 
on the a priori knowledge of the error levels.  

In this paper, a new robust spherical microphone array 
beamforming approach that can yield achievable maximum-
directivity based on the known level of array errors is devel-
oped. It is based on the worst-case performance optimization 
(WCPO) methods in [10], [11, and the references therein], 
and can work for both the space domain and the spherical 
harmonics domain processing. In the proposed approach, all 
actual manifold vectors and spherically isotropic noise co-
variance matrixes are assumed to belong to two different 
uncertainty sets. Then the optimal performance is obtained 
by maximizing the minimum directivity within the covari-
ance matrix uncertainty set, while forcing the minimum re-
sponse in the look direction within the manifold vector un-
certainty set to be not smaller than unity. The robust maxi-
mum directivity beamforming problem can be rewritten in a 
form of tractable convex optimization and solved by second-
order cone programming (SOCP).  

2. SPHERICAL ARRAY PROCESSING 

The reader is referred to [3] for a comprehensive analysis of 
spherical microphone array beamforming technique. The 
standard spherical coordinate system [6] is used. Consider a 
unit magnitude plane wave from direction ),( 000  , 

with wave number k, impinging on a spherical microphone 
array with M microphones and radius a, using the frequency-
domain model, the space domain sound pressure at a micro-
phone position ),( sss  , Ms ,,1 , and the accord-

ing expression in the spherical harmonics domain can be 
written as [3] 
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where m
nY  is the spherical harmonic of order n and degree m, 

superscript * denotes complex conjugation, and )(kabn  de-

pends on the sphere configuration, e.g. rigid sphere, open 
sphere, etc., as given by [1], [3]. Typically, (N+1)2≤M. 
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The M×1 space domain manifold vector for the direction 
Ω0, and the (N+1)2×1 spherical harmonics domain manifold 
vector can be written as  
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where (.)T denotes the transpose. 
Define the M×1 space domain array weight vector and 

the (N+1)2×1 spherical harmonics domain array weight vec-
tor by 
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Array processing can be performed in either the space 
domain or the spherical harmonics domain, and the array 
output is given as  
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where (.)H denotes the Hermitian transpose. For simplifica-
tion, we assume a uniform sampling, where the output am-
plitude for the spherical harmonics domain array processing 
is a factor of M/4 higher than the space domain [9]. 

3. MAXIMUM-DIRECTIVITY SPHERICAL 
ARRAY BEAMFORMING 

Directivity is a common measure of beamforming perform-
ance. In the space domain, the directivity factor )(kD of a 

spherical array beamformer can be interpreted as the array 
gain against spherically isotropic noise. 
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where l denotes the look direction, and Q is the covariance 

matrix of a spherically isotropic noise field with unit power 
spectral density. 

From the above definition, it is seen that the maximum-
directivity beamforming problem can be written as 
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and the solution to (4) is given by 
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In the space domain, the spherically isotropic noise co-

variance matrix Q , with power spectral density )(2  , can 

be calculated as [8] 
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In the spherical harmonics domain, the spherically iso-
tropic noise covariance matrix is given by [7] 
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It is seen that since the noise covariance matrix (7) has 
been successfully diagonalized by the spherical Fourier trans-
form, it can be used in the spherical harmonics domain ver-
sion of (5), leading to a more elegant closed-form solution 
for array weight vectors in the spherical harmonics domain 
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which is identical to the weight vector of a plane wave de-
composition (PWD) beamformer [3]. Thus, the PWD beam-
former can be interpreted as a maximum-directivity beam-
former for spherical arrays. However, it is also known that, 

at low frequencies, the inversion of  *b  in (8) will lead to a 
very low robustness against random array errors [4], and the 
nominal maximum-directivity can hardly be achieved in real-
ity, when the frequency is low and random array errors exist. 
Therefore, it is desired to design a beamformer that can 
automatically provide the achievable maximum directivity 
for spherical arrays based on the known error range, and be 
robust against all of the random array errors within this error 
range. 

4. ACHIEVABLE MAXIMUM-DIRECTIVITY IN 
THE PRESENCE OF ARRAY ERRORS 

4.1 Space domain processing 

We assume that array errors are additive and uncorrelated 
with manifold vectors (in [3], it has been shown that micro-
phone self noise, sensitivity and phase variations, position-
ing errors, etc. can be modelled as additive errors). When 
random errors are present, the actual manifold vector in the 
space domain p~  with array errors can be expressed as 

epp ~ , 

where e  is an unknown complex vector that describes the 
random array error. Assume that the array error is independ-
ent from sensor to sensor, and that the vector e  is norm-

bounded by the maximum error level 0 , e . Then 

the actual manifold vector p~  belongs to the following uncer-

tainty set A , which is an ellipsoid that can cover all possible 
actual manifold vectors 

}  ,~|~{  eepppA , 
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Similarly, the actual spherically isotropic noise covari-
ance matrix is written as 

]),(~),(~[
4

1~
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][ HE eeQ  ,   e . 

In [3], it has been shown that the power of sensor self 
noise can be an effective measure for random array errors 
(sensitivity and phase variations, positioning errors, etc.), 
therefore, for simplification, we approximate the covariance 
matrix set of e  as a set of white noise covariance matrix, 
which may not be obvious. For more details see reference 
[12]. The uncertainty set of the noise covariance matrix is 

}  ,
~

|
~

{ 222   ee IQQQB . 

Using the worst-case performance optimization method, 
the achievable maximum-directivity beamformer in the pres-
ence of random array errors can be written as the following 
constrained minimax optimization problem: 

          wQw
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~
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B
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~


 l
H

A
pw

p
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With the definition of p~ and Q
~

, and by applying the tri-

angle and Cauchy-Schwartz inequalities, we have 
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and similarly, 
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Substituting (10) and (11) into (9) gives 

 wIQw
w

)(  min 2H , subject to 1)(  wpw l
H . (12) 

Using the fact that the cost function in (12) is unchanged 
when w  undergoes an arbitrary phase rotation, the non-
convex problem (12) can now be written as a tractable con-

vex optimization by letting the imaginary part of )( l
H pw  

to be zero 

wIQw
w

)(  min 2H , subject to 

                1)(  l
H pww , 0])([Im l

H pw ,        (13) 

where Im[.] denotes the imaginary part. 
The optimization problem of (13) is a convex problem, 

which can be easily solved by SOCP solvers [10]. The over-
all optimization complexity is around )( 3MO . 

 
4.2 Spherical harmonics domain processing 

We can write the spherical Fourier transform [3] in the form 

of a matrix with dimension 2)1(  NM  
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The actual spherically isotropic noise covariance matrix 
in the spherical harmonics domain is 

nmQ
~

TQT
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Then we have 
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The discrete spherical harmonics orthonormal property 
(13) has been employed in the above derivation.  
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Regarding the actual spherical harmonics domain mani-
fold vector in the look direction, we have 
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Note that the Parseval’s relation for the spherical Fourier 
transform to array weights (15), has been applied in the 
above derivation. 
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Using (12) and (14) leads to the worst-case performance 
optimization (16) for the maximum-directivity beamformer 
in the spherical harmonics domain 

nmnmnm
H
nm M

wIQw
w

)
4

(  min 2
 , subject to 

MM lnm
H
nmnm

 4
)(

4
 pww ,  

                                0])([Im lnm
H
nmpw ,                       (16) 

which can also be easily solved by SOCP solvers. The over-
all optimization complexity is around ))1(( 6NO , which 

could be lower than that of the space domain, since spatial 
over sampling is typically employed for spherical arrays. 
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Figure 1 – Directivity pattern comparison between MWNG, MDI, 
and RMDI (  =0.01), without any error added 

 

5. SIMULIATION EXAMPLES 

In the following numerical examples, we consider a spheri-
cal array with 32 microphones embedded in a rigid spherical 
baffle of radius 4.2 cm and the same sampling scheme as in 
[1], which can decompose the sound field for up to 4th order 
spherical harmonics. For the interest of brevity, only the 
results of spherical harmonics domain processing are pro-
vided, since the space domain processing can give the simi-
lar performance. The SeDuMi MATLAB Toolbox is used to 
solve the SOCP problem (16). 

Figs. 1-4 show the performance comparison among three 
kinds of beamformers, the maximum white noise gain beam-
former (MWNG), or delay-and-sum beamformer, in [4], the 
nominal maximum-directivity beamformer (MDI) obtained 
by (7), and the proposed robust maximum-directivity ap-
proach (RMDI) that is obtained by solving the SOCP prob-
lem (16). ka =0.5 is used in the examples. The maximum 
error level   is set to be 0.01 in Figs. 1 and 2, and 0.1 in 
Figs. 3 and 4. The beampatterns obtained by the three ap-
proaches when there is no array error are given in Figs. 1 
and 3. It seen that, as expected, the MDI approach can pro-
vide the highest directivity indices (DI), while the MWNG 
gives the lowest DIs. The proposed RMDI approach pro-
vides the actually achievable solutions with DI values be-
tween MWNG and MDI.  Then the cases with additive array 
errors are considered. We assume that each microphone is 
perturbed with two zero-mean circularly symmetric complex 
Gaussian random variables with maximum amplitude 0.01 
and 0.1, respectively. The resulting beampatterns are shown 
in Figs. 2 and 4, which are the averages of Monte Carlo 
simulations with 100 repetitions. It is seen that the MWNG 
still has the lowest directivity but it is very robust against 
array errors. MDI degrades significantly with large stochas-
tic variations, which means that it is very sensitive to array 
errors. The performance degradation in the RMDI beampat-
tern is much less than for MDI, which shows both accept-
able directivity and robustness.  
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Figure 2 – Directivity pattern comparison between MWNG, MDI, 
and RMDI (  =0.01), which are perturbed with complex Gaussian 

random noise with maximum amplitude 0.01 
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Figure 3 – Directivity pattern comparison between MWNG, MDI, 

and RMDI (  =0.1), without any error added 

0 30 60 90 120 150 180
-40

-35

-30

-25

-20

-15

-10

-5

0

5

 ()

D
ire

ct
iv

ity
 p

at
te

rn
 (

dB
)

 

 

MWNG

MDI

RMDI
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Figure 5 – The achievable maximum directivity index as function 
of the know error level  , at different frequencies, using the pro-

posed RMDI approach 
 

Fig. 5 shows the achievable DI of the proposed RMDI, 
as function of different error levels, at frequencies corre-
sponding to ka 0.5, 1, 2 and 4. It is seen that at higher 
frequencies, the beamformer can provide a good balance 
between the maximum DI and robustness against the ran-
dom array errors, while at lower frequencies, it is difficult to 
obtain a very high DI with acceptable robustness. This is 
consistent with the results in Figs. 1-4.When the error level 
is very low and negligible (e.g. <=0.0001), we can also find 
that the DI of RMDI is identical to that of MDI (denoted by 
the “Δ” mark). These results demonstrate that our approach 
can achieve a suitable compromise among those conflicting 
beampattern synthesis objectives. 

Therefore it is shown that the proposed RMDI provides a 
good tradeoff between the achievable directivity and the 
robustness against array errors for spherical microphone 
array beamformers. Moreover, it does not need any compli-
cated manual tuning for robust parameters (as in [5], [7], [8] 
[15]), and can automatically yield the achievable optimum 
performance based on the known range of array errors. 

It is also worth noting that, by using the white noise gain 
constrained methods [5], [7], [8], [15], we can also get the 
similar robustness control performance as the proposed 
method (the results are not shown here in the interest of brev-
ity). However, for those white noise gain constrained meth-
ods, manual tuning of robustness parameters is needed, 
which could be more time-consuming and complicated than 
the proposed method. 

6. CONCLUSIONS 

A new robust spherical microphone array beamformer based 
on the worst-case performance optimization methods is pro-
posed. Compared with the conventional white noise gain 
constrained robustness control approaches, it can automati-
cally find the optimal array weights, and yield the achievable 
maximum-directivity based on the known level of array er-
rors. More convex beamforming constraints can be further 
added to the proposed optimization formulations.  
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ABSTRACT
We investigate the use of greedy sparse approximation for facilitat-
ing the time-domain analysis of room impulse responses (RIRs),
specifically locating the times and amplitudes of arrivals to not
long after the upper bound of the “mixing time,” i.e., the time af-
ter which there exists in theory the same number of sound rays per
unit volume throughout the room. We compare the performance
of two methods of greedy sparse approximation — matching pur-
suit (MP) and orthogonal MP (OMP) — for estimating arrival times
and amplitudes. By using RIRs generated from a stochastic model,
we quantify the performance of each estimator using dynamic time
warping to optimally pair estimated and true arrivals. We find OMP
significantly outperforms MP in estimating both the arrival times
and amplitudes, and having fewer erroneous and duplicated arrivals.

1. INTRODUCTION

One measures a room impulse response (RIR) in order to quantita-
tively study the acoustical characteristics of the room [1]. To mea-
sure an RIR in practice, one emits a wideband source, e.g., spark
gun, into a room, and measure local changes in pressure at specific
locations with receivers, e.g., microphones. We can model a RIR in
the high frequency domain by representing sound as rays that leave
a source at the speed of sound, and undergo reflections at bound-
aries before arriving at each receiver. An arrival in this model is
a sound ray emitted by the source that has undergone at least one
reflection during its journey to the position of the receiver. A rela-
tionship between the expected number arrivals received t seconds
after excitation is embodied in the relationship [1]

µA(t) =
4πc3

3V
t3 (1)

where V is the volume of the room in cubic meters, and c is the
speed of sound in meters per second. We wish to accurately de-
tect arrivals (both their times and amplitudes) in RIRs to study the
acoustical characteristics of the room, for instances its volume, its
coloration, etc.

Given a measured RIR r(t) assumed to be a superposition of ar-
rivals, we wish to find the time and amplitude of each arrival. This
problem has been addressed by a few methods within the field of
room acoustics. One approach uses an adaptive thresholding tech-
nique [2], which requires empirically testing a range of variables
to make the detection algorithm give results assumed to be reason-
able. Furthermore, this approach [2] essentially detects local time-
domain peaks in the RIR, and then equates those to arrivals. A
different approach [3, 4] uses a method of greedy sparse approxi-
mation to first decompose the RIR as a linear combination of the
estimated direct sound, and then to detect arrivals in a domain more
sparse than the original RIR. However, this approach is sensitive to
the parameters of the sparse approximation algorithm [3].

In this paper, we quantitatively look at the performance of
two estimators of arrival times and amplitudes in RIRs created us-
ing methods of greedy sparse approximation [5]: matching pursuit

(MP), and orthogonal MP (OMP). For our tests, we generate data
using a stochastic model of RIRs [6] — that has previously been
validated using various acoustical criteria [3,7] — with a variety of
source-receiver distances, and noise conditions. We calculate the
errors in arrival time estimation using a dynamic time warping ap-
proach to optimally match the detected arrivals to the true arrivals
with respect to three path policies having the same cost. In this
way, since we have a ground truth, and because we know the direct
sound, we find the best possible performance to be expected for de-
tecting arrivals from real RIRs using these two greedy methods for
sparse approximation. Our results conclusively show that OMP pro-
vides a much better estimator of arrival times and amplitudes than
does MP.

We emphasize that we are interested in detecting arrivals to not
long after the mixing time of a room, which is the time after which a
dynamical system, e.g., a concert hall, is mixed. In other words, the
mixing time is the time it takes for all sound rays in a room to have
the same probability to reach any phase point of the phase space at
any time. In room acoustics, the mixing time defines the time region
when the early arrivals transition to the late reverberation [4]. We
use a heuristic formulation of the mixing time as the time when we
expect at any location 10 arrivals within 24 ms, which is described
by the relation [8]:

Tmix ≈
√

V ms. (2)

In this work, we limit ourselves to estimating arrival times not long
after the mixing time because that is when the number of arrivals
is becoming so large that estimates will likely be poor using greedy
sparse approximation [3, 4].

2. ARRIVAL ESTIMATION BY
GREEDY SPARSE APPROXIMATION

We can model ideally the arrivals at one location a distance d ≥ 0
meters from the source by

h(t) = A0δ (t−d/c)+
∞∑

k=1

Akδ (t−Tk) (3)

where A = {Ak : R→ R}k∈N and T = {Tk ≥ Tk−1 > d/c : R→
R}k∈N are non-stationary and dependent random processes describ-
ing the behaviors of arrival amplitudes and times, respectively. The
value A2

0 ∝ d−2 scales the energy of the direct sound, or the unre-
flected source signal. Since real sources are band-limited signals,
we can synthesize an RIR by convolving h(t) with a band-limited
excitation d(t):

r(t) = (h?d)(t)+n(t). (4)

where n(t) is stationary and independently distributed zero mean
white noise with power σ

2
n ≥ 0. (Note that in this synthesis we

do not consider any filtering of sound rays by the boundaries of
the room.) If d(t) = δ (t − τ) and σ

2
n = 0 in (4), we can trivially

determine the arrival amplitudes A and times T from r(t) since all
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i ti Ti ti Ti ti Ti
1 141 141 141 141 141 141
2 2015 2016 2015 2016 2015 2016
3 2967 2155 2015 2155 – 2155
4 3004 2966 DTW

=⇒
2967 2966 PAIR

=⇒
2967 2966

5 3128 3128 3004 2966 3004 –
6 4049 3895 3128 3128 3128 3128
7 4049 4049 3895 – 3895
8 4049 4049 4049 4049

Table 1: Example of how we generate unique pairings of true {Ti}
and estimated {ti} arrival times. The times at left are paired opti-
mally (center) by dynamic time warping with respect to the absolute
time difference (16). We remove repetitions to enforce pairings to
be unique or absent (right).

we need to do is find the times and values where r(t)> 0. Otherwise
we must use a different method, such as localized thresholding [2],
or greedy sparse approximation [3, 4].

Let us define a dictionary D that contains all translations of the
estimated direct sound d̃(t); and define the amplitude compensated
RIR as

r̂(t) ∆
=eβ tr(t) (5)

for some specified β ≥ 0, assuming the excitation occurs at t = 0.
With this scaling we attempt to compensate the natural exponential
decay of power in the signal so that we can focus on finding arrivals
throughout the RIR independent of their powers. We wish to ex-
press r̂(t), which we write as the vector r, as a linear combination
of n elements from D:

r=

n∑
i=1

aibi +e(n) =B(n)a(n)+e(n) (6)

where each bi ∈ D is a translation of d̃(t), B(n) = [b1|b2| · · · |bn],
ai is a weight and the ith element of a(n), and e(n) is the nth-order
error signal (residual). We define the nth-order representation of r
as the set of elementsRn =

{
B(n),a(n),e(n)

}
.

Matching pursuit (MP) [5] is a greedy iterative descent ap-
proach to sparse approximation that updatesRn by

Rn+1 =

B(n+1) = [B(n)|bn+1],

a(n+1) = [aT (n),bT
n+1e(n)/||bn+1||22]

T ,
e(n+1) = r−B(n+1)a(n+1)

 (7)

using the atom selection criterion

bn+1
∆
= arg max

d∈D
|dTe(n)|/||d||2. (8)

An alternative to MP is Orthogonal MP (OMP) [5], which retains
the atom selection criterion of MP, but updates the representation
by

Rn+1 =


B(n+1) = [B(n)|bn],

a(n+1) =B†(n+1)r,
e(n+1) = r−B(n+1)a(n+1)

 (9)

where B†(n) ∆
=[BT (n)B(n)]−1BT (n) is the psuedoinverse of

B(n). This optimization guarantees that the nth-order residual will
be orthogonal to the nth-order representation basis B(n).

Finally, given an nth-order representation Rn of an amplitude
compensated RIR r̂(t), we can estimate n arrival times and ampli-
tudes with the sets [3, 4]

T̃n
∆
={τ(bi) : bi ∈B(n), i = 1, . . . ,n} (10)

Ãn
∆
={[a(n)]i : i = 1, . . . ,n} (11)
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Figure 1: Best path (thick black) matching a set of 65 true and 178
estimated arrival times. Contours denote distance surface.

where τ(bi) gives the time translation of the estimated direct sound
in bi from the dictionary D, and [a(n)]i is the ith element of a(n).
Note that with both MP (7) and OMP in (9) the amplitudes can
be negative and positive, and thus allow for modeling arrivals as
inversions of the direct sound.

Given the sets of sorted estimated and true arrival times and
amplitudes produced by either method of sparse approximation

T̃n = {t1, t2, . . . , tn : tm+1 ≥ tm} (12)

Ãn = {a1e−β t1 ,a2e−β t2 , . . . ,ane−β tn} (13)
T = {T1,T2, . . . ,TN : Tm+1 ≥ Tm} (14)
A= {A1,A2, . . . ,AN} (15)

we now define a measure with which we gauge the quality of the es-
timations. Note that we rescale the estimated amplitudes by apply-
ing the inverse of (5). We first find the optimal pairing of members
from each set of arrival times by performing dynamic time warp-
ing with three simple path policies, each carrying the same cost: 1)
(1,0), i.e., skip true arrival; 2) (0,1), i.e., skip estimated arrival; and
3) (1,1), i.e., match estimated with true arrival. We use the distance
measure defined as the absolute time difference:

D(ti,Tj)
∆
= |ti−Tj|. (16)

This process returns the best path through the two sets of arrival
times, an example of which is shown by Fig. 1. From the pairings of
these times, we then enforce unique pairs such that each estimated
arrival time is uniquely paired to one true arrival time, or none at all;
and similarly, that each true arrival time is paired to one estimated
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Figure 2: Number of arrivals in [0,1.5Tmix] for each realization of
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(a) MP, SNR = 100 dB
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(b) OMP, SNR = 100 dB
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(c) MP, SNR = 30 dB
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(d) OMP, SNR = 30 dB
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Figure 3: Mean percentages of true arrivals missing from those estimated, and of estimated arrivals that are erroneous or duplicated, as a
function of decomposition iteration, or model order, for both MP and OMP. Time region analyzed is [0,1.5Tmix].

arrival time, or none at all. We demonstrate this process in Table 1
for an RIR with 7 true arrivals in which we have estimated 6 arrivals.
The right portion of this table shows the best pairing with respect
to the distance measure (16). Here we see that two of the seven
true arrival times are missing from the six estimated arrival times,
and one of the six arrival times is either a repetition or an erroneous
arrival. From these pairings, we can calculate, for instance: the
percentage of true arrivals missing from those estimated (which for
the example in Table 1 is 2/7); and the percentage of erroneous and
replicated arrivals in those estimated (1/6 in the same example).

3. COMPUTER SIMULATIONS

We now describe how we synthesize RIRs to generate testing data
with known arrival times and amplitudes, and then present the re-
sults of several simulations using MP and OMP for estimating the
arrivals in this synthetic data.

3.1 RIR Test Data Synthesis
We synthesize a set of 180 RIRs from realizations of a stochastic
process that models the arrivals and their amplitudes at one receiver
location for a room of a given volume, mean absorption coefficient,
and reverberation time [6]. It has been shown that the number of
arrivals in a time of duration ∆ ≥ 0 at a time t > 0 after the excita-
tion can be modeled as a non-stationary Poisson process where the
probability of k ≥ 0 arrivals is given by [6]

P[N(t,∆)−N(t,0) = k] =
[λ (t,∆)∆]ke−λ (t,∆)∆

k!
(17)

(and zero for k < 0), and with Poisson parameter given by

λ (t,∆) = µA(t +∆)−µA(t) =
4πc3

3V
(∆3 +3t2

∆+3t∆2) (18)

using the mean number of arrivals in (1). We model the magnitude
of an arrival as a random process, with parameters that are related

to the room volume, mean absorption coefficient, and reverberation
time. The sign of the arrival amplitude is a discrete binary random
variable distributed on ±1 with equal probability mass [9]. This
stochastic model of RIRs has been validated on a set of 8 concert
halls by comparing sets of room acoustical indices [3, 7]. With this
stochastic model, we generate 20 realizations of h(t) in (3) for each
of nine source-receiver distances ({1,6,11, . . . ,41} m) for a room
with V = 15000 m3, reverberation time RT = 1.5 s, and mean ab-
sorption coefficient α = 0.3, at a sampling rate of 48 kHz. We gen-
erate each RIR r(t) in (4) by setting d(t) (and d̃(t)) to be the direct
sound recorded from a pistol shot, and then adding white Gaussian
noise at a specific power. The distribution of the numbers of arrivals
within [0,1.5Tmix] for each of these realizations are shown in Fig.
2. We generate each amplitude compensated RIR by using β = 4.8,
set such that (5) appears to roughly compensate the natural power
decay of each RIR.

3.2 Estimation Results
In Fig. 3 we show the results of using MP and OMP for estimat-
ing arrival times with respect to the mean percentage of true arrivals
missing from, and the number of erroneous and replicated arrivals,
in those estimated. For each source-receiver distance we average
the results from all 20 realizations. We see that for both MP and
OMP, our estimations miss fewer arrivals as we push the model or-
der in (6) higher, but our detected arrivals begin to include more
erroneous and repeated arrivals. It is clear that both of these figures
of merit are jointly minimized at higher model orders for OMP than
for MP at a high SNR: between orders 135 and 155 for OMP, and
between orders 120 and 137 for MP. These orders do not change
significantly even with low SNR (tested to 15 dB — which is low
considering that the standardized SNR for measuring room acous-
tics characteristics is at least 30 dB), demonstrating the noise robust-
ness of this approach to greedy sparse approximation. However, it
is clear that of the two estimations OMP provides the best results
in terms of capturing true arrivals, and suppressing erroneous and
repeated arrivals.

Figure 4 shows the estimations of the arrivals (both in time and
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(a) MP, SR-distance = 1m, SNR = 60 dB
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(b) OMP, SR-distance = 1m, SNR = 60 dB
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(c) MP, SR-distance = 21m, SNR = 60 dB
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(d) OMP, SR-distance = 21m, SNR = 60 dB
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Figure 4: Comparisons of true and estimated arrival times (abscissa) and relative amplitudes (ordinate) using MP and OMP for two source-
receiver distances. Time and amplitude of direct sound is not shown.

amplitude) in two RIRs at different source-receiver distances (SR-
distance) using MP and OMP at 60 dB SNR. Note that we show
the estimated relative amplitudes of each arrival as well (below the
center line is negative amplitude). In Fig. 4(a) we see that MP
detects numerous arrivals around 80 ms where there exists two true
arrivals that are nearly overlapping. We see this same behavior at
several times after the mixing time. Figure 4(b) shows for the same
RIR that this behavior has nearly disappeared in the estimates found
by OMP. Additionally, the amplitudes of all arrivals are estimated
much better. We see the same results in Fig. 4(c-d) for an RIR
synthesized for a source-receiver distance of 21m.

3.3 Discussion

Essentially, the greedy sparse approximation methods MP and OMP
attempt to recover h(t) from r(t) in (4) by approximating its decon-

volution given an estimated direct sound d̃(t), and by making the
assumption that h(t) can be sparsely represented as a linear combi-
nation of a finite number of discrete translations of d̃(t). One might
attempt to perform a deconvolution by least squares minimization
of the norm residual, i.e.,

r=


d̃ 0 · · · 0
0 d̃ · · · 0

0 0
. . . 0

0 0 · · · d̃

a+n=Da+n (19)

=⇒ aLS = (DTD)−1DT r=D†r (20)

where d̃ is a column vector of the estimated direct sound, n is un-
known white Gaussian noise, and D is a full-column rank matrix
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(a) OMP w/o amplitude compensation (5), SNR = 100 dB
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(b) OMP w/o amplitude compensation (5), SNR = 60 dB
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Figure 5: Without amplitude compensation (5), the mean percentages of true arrivals missing from those estimated, and of estimated arrivals
that are erroneous or duplicated, as a function of decomposition iteration, or model order, for OMP. Time region analyzed is [0,1.5Tmix].

composed of all possible discrete translations of d̃. However, not
only will this solution be affected by noise (the degree to which
depends on the amount n points into the column space of D), the
solution will likely not be sparse since it only guarantees by con-
struction to minimize the error ||r−Da||2, e.g., the variance of the
estimated noise signal, and not the number of non-zero components
of a, i.e., its sparsity. In such a scenario, the resulting “activation
vector” aLS will not be nearly as sparse as 4. As a consequence then,
we would have to perform additional processing, such as threshold-
ing [2], to find and estimate the true arrivals using all the elements
of aLS that are not zero.

By using greedy sparse approximation for n-iterations, how-
ever, we obtain an n-sparse solution a(n) that, while not guaranteed
to minimize the error ||r−Da||2, is sparse by construction, and
thus removes the need to apply thresholding to find arrivals because
we can consider everything that is not zero to be an arrival. The as-
sumption here is that after n-iterations the greedy sparse approxima-
tion method has found n arrivals. Thus the thorny issue remains of
deciding when to stop the decomposition process, or in other words,
how to choose the best model order in (6). Previous work [4] has
looked at stopping the decomposition process using room acoustical
indices of the reconstructed RIR, and perceptual listening tests; but
these essentially consider the precision of the time-domain approx-
imation, and not the model of the underlying structure of the RIR.
Figure 3 tells us to stop the decomposition when the two curves are
at their joint minimum — but this requires knowledge of the true
arrivals. Regardless, our work here provides insight into only how
well greedy sparse approximation methods can detect arrivals in a
measured RIR — even when there is a significant amount of noise
— in the best case scenario, i.e., we know the direct sound, and that
there is no filtering at reflection boundaries.

4. CONCLUSION

We have investigated the differences between two methods of
greedy sparse approximation, specifically MP and OMP, in detect-
ing arrivals in RIRs and estimating their arrival times and ampli-
tudes, up to a time not long after the mixing time. We clearly see
that both methods are highly robust to SNR, but that OMP performs
significantly better than MP with respect to estimating both the time
and amplitude of each arrival in our set of simulated RIRs. This per-
formance difference is due to the ability of OMP to modify the am-
plitudes in the model each time it adds a new element, i.e., the use
of orthogonal projection in (9). In further experiments, we found
that preprocessing the RIRs with the amplitude compensation in (5)
appears to reduce the accuracy of arrival detection using OMP. We
see a much smaller percentages of replicated and missing arrivals
in Fig. 5 for two noise levels that those seen in Fig. 3, which uses
amplitude compensation before decomposition. This suggests that,
at least in our relatively synthetic experiements, we need not worry
about the effects of the natural decay of an RIR in the atom selec-
tion criterion of greedy approximation methods, e.g., (8) for MP

and OMP.
Our current work concerns the problem of order selection in

the model (6); comparing these greedy approaches to estimation
with those using other techniques, such as, localized time-domain
thresholding [2]; extracting the direct sound from the RIR itself; and
how to incorporate the filtering occurring at room boundaries into
the dictionary. We are also considering the impact on these results
of the “corrections” that are inherent to greedy sparse approxima-
tion methods [10].
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ABSTRACT
Driving functions are particular filters, developed in Wave
Field Synthesis context, which allow the reconstruction of
a desired sound field produced by a virtual source through a
loudspeakers array. In this paper a detailed study of linear ar-
ray driving functions in terms of time and frequency domains
behavior is presented. Subsequently, two phase approxima-
tions are explored in order to simplify the temporal response
and to achieve shorter filters thus reducing the complexity as-
sociated with their implementation. Simulations results are
presented in order to demonstrate that the approximations do
not introduce artifacts in the reproduced sound fields.

1. INTRODUCTION

Wave Field Synthesis (WFS) is a recently developed tech-
nique which allows sound fields reconstruction through ar-
rays composed of a high number of loudspeakers. It is based
on the use of driving functions: a driving function describes
the sound pressure produced by the virtual (desired) source at
the position of each loudspeaker. Therefore, the resulting sig-
nal, which each loudspeaker is fed with, is a filtered version
of the original virtual source signal [1]. The application of
these concepts in real scenarios (cinemas, car environment,
home theater, etc) needs a real-time implementation. Un-
fortunately, this kind of processing requires a large compu-
tational complexity, especially when adaptive algorithms are
applied to it (e.g., AEC [2]). In [3] an efficient solution based
on the time invariant preprocessing of the driving functions
has been introduced. Linear array geometry is one of the
most used in WFS technology: an application to the problem
of digital directivity control of the reproduced sound field
was introduced in [4].

In literature, the theoretical formulation of driving func-
tions is derived in the frequency domain. From a practical
point of view, they can be regarded as FIR filters, which can
be realized either in the time domain or in the frequency do-
main. For the time domain implementation an approximation
of the driving function to a weighted integer delay is usually
considered [5]. In general, an integer value for the delay does
not result in a good approximation, especially when adap-
tive algorithms are applied to the overall system because it
could heavily weigh on the adaptation stability. In this sce-
nario, time and spatial frequencies-domain implementations
have to be considered in order to implement the exact driving
function with a considerably reduction of the computational
complexity [6]. Implementations in frequency domain can
be realized through Overlap and Save (OLS) technique.

It is worth underlying that increasing the distance be-
tween the virtual sources to be reproduced and the loud-

speakers, these filters become longer with a consequent com-
putational cost increase. If frequency implementations are
considered, it may be needed to use a higher FFT order
which implies a longer audio frame size (higher latency), un-
less a partitioned block convolution is adopted (higher com-
putational cost) [7]. In [8] the authors suggest the use of
fractional delay (FD) to approximate the time delay compo-
nent in a better way. However, the magninitude of the driv-
ing function and its remaining phase contribution, given by
a constant phase-shift, are considered and implemented to-
gether in an another filter in order to reproduce the nearly
exact driving function. The delay of the global transfer func-
tion increases due to the additional delay introduced by the
second filter, even though, in the case of multiple sources, the
computational complexity decreases. In case of low-order
IIR implementation for the second filter the delay can be re-
duced but a phase distortion is introduced [5].

On the other hand, it is possible to achieve a significa-
tive compression of driving functions impulse response by
omitting the phase shift or by considering it together with the
pure delay in the phase approximation problem. In this pa-
per, after a detailed analysis of the time and frequency (mag-
nitude and phase) domains behavior of the driving functions,
we will introduce two possible phase approximations derived
from the previous considerations: shorter time domain filters
excluding the pure delay component can be obtained, thus re-
ducing the computational cost associated to the filtering op-
erations and preserving the exact acoustic image.

In Section 2, after a review of driving functions theory
relative to the line array geometry, a study of their behavior
in terms of magnitude and phase will be reported. In Sec-
tion 3 the phase approximations of driving functions and their
practical implementations will be presented and in Section 4
some sound fields simulations using the above approxima-
tions will be shown. Finally conclusions will be drawn in
Section 5.

2. WFS DRIVING FUNCTIONS THEORY

WFS is a recently developed technique which guarantees an
optimal acoustic field auralization. It is based on the Kirch-
hoff Principle which is directly derived from Huygens Prin-
ciple and states that the sound field inside a volume can be
calculated if the pressure field and normal particle veloc-
ity due to the primary sources on the enclosing surface are
known. The mathematical form of this principle is given
by the Kirchhoff-Helmholtz Integral. The idea of WFS is
to sample the surface, enclosing the listening area, with an
appropriate number of loudspeakers in order to control the
acoustic sound field inside this area [1]. A particular choice
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Figure 1: Linear array geometry used for driving functions
calculation.

of surface allows to define the formulas which permit the re-
production of a monopole source with a linear array of loud-
speakers. This surface is constituted by a plane and a hemi-
sphere of infinite radius. In order to find the desired func-
tions, which can be used in a real environment, three approx-
imations have been applied:
• the surface is reduced to a plane curve;
• the line is considered to be of finite length;
• the continuous line is sampled at specific positions.

Starting from the Kirchhoff-Helmoltz integral, the ana-
lytical form of each driving function, for a virtual source po-
sitioned behind the line array, is obtained in [1] (Fig. 1):

Qn(ω) = S(ω)
cosθn

Dn(θn,ω)

√
jk

2π

√
|y0− yn|
|y0− ym|

e− jk|~rn−~rm|

|~rn−~rm|
, (1)

where S(ω) is the sound pressure level of the virtual source
to be reproduced, ~rm = [xm ym] is its position in the plane,
~rn = [xn yn] is the position of the n-th loudspeaker in the
plane and θn is the angle between the line joining the n-th
loudspeaker with the source and the y axis,~r0 = [x0 y0] is the
center of the listening area, k is the wave number, ω is the
angular frequency and c is the sound velocity. It is worth un-
derlying that in (1) the loudspeaker directivity function Dn is
considered but, in the following loudspeakers will be viewed
as omnidirectional sources. Therefore Dn will be assumed
equal to 1. Equation (1) consists in two components: one
depends on time while the other one is time independent. In
case of non-moving source the first component is just given
by S(ω) [3].

Starting from (1) the sound pressure level at each point
of the plane, is obtained:

P(~r,ω) =
N

∑
n=1

Qn(ω)
e− jk|~rn−~r|

|~rn−~r|
∆x, (2)

where~r = [x y] is a point within the listening area, N is the
array loudspeakers number and ∆x defines the distance be-
tween two adjacent loudspeakers.

Therefore, the WFS technique, in the case of line array
geometry, becomes the application of N filters, one for each
loudspeaker, to the source stream S(ω) [3]. The filters fre-
quency response Fn(ω) is given by the time invariant part of
(1), weighted by ∆x and it can be seen as a product of two
functions:

Fn(ω) = F |·|n (ω)Fφ
n (ω), (3)

(a)

(b)

Figure 2: Magnitude (a) and a detail of phase responses (b)
for a driving function.

where F |·|n and Fφ
n weigh on the module and phase behavior,

respectively. The first part is given by

F |·|n (ω) =
|cosθn|
|~rn−~rm|

√
|y0− yn|
|y0− ym|

√
|ω|
2πc

∆x (4)

because k = ω/c and |
√

j| = 1. The frequency dependence
is given only by

√
|ω| so that the module has a symmetric

radix behavior (Fig. 2(a)). As regards Fφ
n , considering both

sources behind and in front of the line array, it is given by

Fφ
n (ω) = ae− jak|~rn−~rm|

√
jasgn(ω) (5)

where sgn(·) represents the sign function defined as

sgn(x) =

{ −1 x < 0
0 x = 0
1 x > 0

(6)

and a is a constant which is equal to 1 or−1 in case of virtual
sources behind and in front of the array, respectively. This
extension is given by the time reversal approach [9]. It can
be seen that Fφ

n is the product of two terms: the first one is
e− jak|~rn−~rm| which represents a delay of a|~rn−~rm|/c samples.
In case of negative delays the implementation derives from
the following complex number property:

e jx = e− j(2π−x). (7)

Regarding the second term of (5), it can assume three values,
depending on a and ω:

√
j, 0 and

√
− j. By using complex

number formulas, considering x ∈ {−1,1}, it can be found
that √

x j =
√

ex π
2 j =±ex π

4 j. (8)

Considering the positive solution, the term
√

jasgn(ω) rep-
resents a constant phase shift of π/4 or −π/4 radians, de-
pending on source position. The negative solution leads to
the same results shifted by π . Furthermore, it is worth un-
derlying that Fφ

n (ω) (and consequently Fn) is a symmetric
complex conjugate function. The phase-shift could be clearly
seen between the first and the second positive frequency bins
of Fig. 2(b).
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Figure 3: Detail of the driving function in the time domain.

Finally, in Fig. 3 the behaviour of the real part of the time
domain driving function is shown. It should be noted its
oscillating behaviuor due to not purely real inverse Fourier
Transform of the driving function (except for particular val-
ues of delay). In the next section this problem will be ana-
lyzed in detail.

3. PHASE APPROXIMATION

The exact inverse Fourier transform of Fφ
n (ω) does not gen-

erate a pure real time-domain filter. In fact, this character-
istic could be guaranteed forcing to 0 the imaginary part of
frequency response at ω = 0 and ω = π [10]. While this
constraint is always valid at ω = 0, it is generally not valid
at ω = π . Forcing the filter phase at ω = π to 0 or π is not
the best solution because it involves a phase discontinuity at
this frequency. The consequence of this operation is a filter
which does not decay smoothly and presents an oscillating
behavior in the time domain (Fig. 3). This filter could not be
truncated without loss of information.

Therefore, two phase approximation methods for Fφ
n (ω)

will be described. In order to overcome the mentioned prob-
lem, both of them aim at obtaining a pure real time-domain
filter. Furthermore, it is needed to maintain the magnitude
response of the new filter equal to the driving function mag-
nitude for all frequencies and the phase response as close as
possible to the phase response of Fφ

n (ω).

3.1 First Method
The first solution is given by the approximation of Fφ

n (ω)
with a linear phase symmetric FIR filter. Therefore, it is
necessary to omit the radix term of (5), which introduces a
constant phase shift of π/4 for all frequencies, as previously
seen. Since this phase shift is applied to all signals to be
reproduced through the loudspeakers, its exclusion can be
considered not to be too significant. Therefore, taking into
account a sampling frequency fs, Fφ

n ( f ) is approximated by

Fφ
n ( f ) = ae− ja 2π f

c |~rn−~rm| (9)

since ω = 2π f . Fφ
n ( f ) becomes a simple delay of d =

fs|~rn−~rm|/c samples for a source behind the line array and
a delay of d = P− fs|~rn−~rm|/c samples for a source in front
of the array, depending on the points P of Inverse Fourier
Transform (7). In both case P is necessary greater than
d|~rn−~rm|/ce.

In order to obtain a pure real time-domain filter the delay
is constrained to be integer. The obtained time domain filter
equals 0 except for the d-th sample and the implementation
becomes really simple. In all other cases, the time domain
filter has also an imaginary part different from 0 and the real
part is not so simple as the previous case. It is possible to
approximate the delay to the nearest integer, but it is not a

good solution because the consequent error is not negligible
[5] (see section 4). Therefore, a possible solution is to realize
(9) using a FD as in [8]. However, this approach requires an
additional filter in order to take into account both F |·|n ( f ) and
the phase shift, whose frequency responce is

Hn(ω) = hn
√

jω, (10)

where hn is a constant depending on the driver position (4).
This filter can be implemented as a Fractional Hilbert Trans-
former (FHT) multiplied by

√
ω but a further delay is intro-

duced with this implementation [11].
On the contrary the proposed technique is based on the

calculation of the whole driving function Fn( f ) (considering
(9) for Fφ

n ( f )) at higher sampling frequency L fs in order to
have a better resolution for the delay, where L is the upsam-
ple factor. Therefore, an anti-aliasing filter is needed and a
downsampling operation by a factor L is performed to come
back to the initial sampling frequency fs [12]. In this way no
additional filter is needed.

3.2 Second Method
The second type of phase approximation takes also into ac-
count the radix term of Fφ

n (ω). In fact, the first solution
could present some issues: in case of multiple sources repro-
duction it could result in a psychoacoustic sensation differ-
ent from the target one. Furthermore, sources behind and in
front of the array are reproduced with different phase shifts:
they have a phase shift of π/4 and −π/4 radians, respec-
tively. Moreover, the idea of WFS is to replicate the sound
field generated by reference sources with an array of loud-
speakers and the previous approximation does not fulfill this
constraint.

In order to consider the phase shift in addition to the time
delay it is necessary to approximate Fφ

n (ω) with the function
e j(−2π f d+ϕ), where d and ϕ are real variables representing
the time delay and the phase shift, respectively. In the first
method, ϕ is considered equal to 0. Also in this case a phase
approximation is performed. The value of d is the same of the
first case, while ϕ is equal to aπ/4. The approximation for d
could be performed at higher sampling frequency, obtaining
a single filter as in the first method. After the downsample
operation, the frequency-domain driving function is multi-
plied by

√
jasgn(ω) in order to perform a phase-shift of ϕ .

However, adding ϕ at all frequencies produces a filter which
has not a null imaginary part in the time domain. Therefore,
in order to obtain a pure real time-domain filter, the imag-
inary part of Fφ

n ( f ) at frequency bins relative to 0 Hz and
fs/2 Hz has to be set to 0. In this case, the last bin could be
forced to 0 as the first bin because the driving function has a
low-pass behaviour due to the anti-aliasing filter application.
It is worth underlying that the second method generates non
symmetric filters in the time domain.

3.3 Filter Truncation
Fig. 4 shows the time domain behavior of the driving func-
tion in Fig. 3 after applying the two phase approximation
methods. The great avantage of this implementation arises
from the fact that, in each cases, the power of the filter im-
pulse response is bounded in a small time range. Taking into
account that the delay value is well known, an application
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(a)

(b)

Figure 4: Detail of the driving function in the time domain
after the first (a) and second (b) phase approximation proce-
dures (L = 16).

(a)

(b)

Figure 5: Magnitude response at positive frequencies for Fn
with and without phase approximation (a) and considering
different window lengths (b) ( fs = 8 kHz, L = 16).

of a window centered in d should be considered. Rectangu-
lar window is not a good solution. Extremes smoothing with
Hanning or Blackman window leads to better results [10].

After the windowing operation, the driving function
could be implemented in a more optimized way. In fact, it is
composed of two parts. The first one is a pure delay, which
becomes a simple memory shift in a practical implementa-
tion, and the other one is a FIR filter. Especially in the case
of sources far from the array, the first part of the driving func-
tion is typically much longer than the second one. It should
be noted that, except for a constant gain depending on the
distance between the source and the loudspeaker positions,
there are L FIR filters, one for each fractional part, that could
be pre-calculated in order to reduce the computational load
in case of a real-time application.

4. SIMULATIONS

Some simulations have been performed to evaluate the effec-
tiveness of the proposed approach. Since the differences be-
tween the described methods can be found only in the phase
term of the driving function, in the following, for the sake of
brevity, only the second method will be considered. Driving
function filters of length N f = 1024 are considered.

L MSE [dB]
1 −12.8
4 −25.8
16 −39.3
64 −51.6

Table 1: Mean Square Error (MSE) evaluation by consider-
ing different values for L ( fs = 48 kHz) with respect to the
no-approximation approach. MSE is evaluated in the range
between the aliasing frequency of the array (loudspeakers
spacing 0.08 m, aliasing frequency 4.2 kHz).

The first test refers to the evaluation of the window length
W . Fig. 5(b) shows the magnitude behavior of the driv-
ing function without filter truncation and by using a window
length of 16, 32 and 64 samples. It can be seen that W = 64 is
a good approximation for the driving function. Furthermore,
99.9% of the initial power is preserved after the phase ap-
proximation with W = 64. Using windows of 16 and 32 sam-
ples the ratios between the powers of truncated and non trun-
cated filters are 99.7% and 98.6%, respectively. Sound field
reconstruction tests confirm that also these window lengths
result in a good approximation for the driving function.

The second test refers to the relevance of upsample fac-
tor L. Fig. 5(a) shows the introduction of the low pass be-
havior due to the analysis filter. The appropriate L becomes
higher increasing the ratio between the frequency to be re-
produced and the sampling frequency fs: L = 16 is good
for all frequencies. Fig. 6 shows some examples of sound
field due to a sinusoidal monopole source reproduced by a
line array. To evaluate the upsampling factor importance,
two extremely different values for L are considered: 1 and
16. L = 1 represents an approximation by a simple integer
delay that can be found in many implementations of WFS
[5]. In this case there is a considerable difference between
sound fields reproduced with and without phase approxima-
tion and a phase distortion can be easily viewed. On the
other hand, a good approximation for the driving functions
is obtained with L = 16. This mistake becomes more visible
by increasing the reproduced frequency. It should be noted
that in simulations of Fig. 6 a low sampling frequency fs is
chosen in order to emphasize the sound field distortion in
case of L = 1. However, also in the case of high audio qual-
ity sampling frequency, considerable improvements, in terms
of Mean Square Error with respect to the no-approximation
case, are obtained (Tab. 1). Listening tests will be carried out
for a better tuning of the algorithm parameters L and W .

The last test refers to the computational saving achiev-
able with the proposed approach. It is evident that using only
one filter, whose length is equal to FD, instead of two filters
allows to obtain a lower computational cost [8]. Moreover,
in order to analyze the computational load with respect to the
frequency implementation, an input signal divided into frame
of length Fl is considered. In case of no phase approximation,
if Fl > N f OLS is performed, while partitioned OLS has to
be used in the other cases [7]. Otherwise, in case of phase ap-
proximation with W = 64, an OLS implementation followed
by a memory shift is performed. It is worth to underline that
the proposed approach permits a considerable decrease of the
computational load, especially in case of short frames which
are necessary to obtain low latency (Table 2).
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(a)

(b) (c)

(d) (e)

Figure 6: Sound fields of a monopole source ( f = 1.5 kHz,~rm = [−1,4]) reproduced with an array (N = 21, along x, centered
in~rc = [0,2]). In (a) no phase approximation has been considered. In (b) phase approximation type 2 with L = 1 has been
considered and (c) shows the difference between (b) and (a). (d) and (e) are obtained with the same procedure of (b) and (c)
considering L = 16.

Fl A B B/A
64 69 2103 30.58

128 66 1037 15.81
256 69 567 8.27
512 73 298 4.09

Fl A B B/A
1024 84 164 1.96
2048 91 90 0.99
4096 117 114 0.97
8192 109 106 0.97

Table 2: Time elapsed (ms) to filter a 106-samples signal with
a 1024-taps driving function with (A) and without (B) phase
approximation.

5. CONCLUSIONS

In this paper, after a review of driving functions theory, its
frequency response has been analyzed. In particular, it has
been shown that the phase term is composed by a pure de-
lay and a constant phase shift. Two phase approximations,
with the aim of obtaining pure real time-domain filters, have
been described: the former ignores the constant phase shift
and approximates the group delay to the nearest integer up
to a suitably selected upsampling factor; the latter takes into
account the phase shift by a proper multiplication in the fre-
quency domain in order to have a pure real filter in the time
domain. In this way, extremely shorter time domain filters
are obtained, excluding the pure delay components due to the
propagation distance, in order to reduce the computational
cost associated to their implementation. However, the differ-
ences between the approximated and the exact sound images
are negligible and this fact becomes important especially in
the case of application of adaptive algorithms.

Future works will be oriented toward the extension of the
proposed approach to moving sources where driving func-
tions change over time, also considering different loudspeak-
ers array geometries (e.g. circular).
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ABSTRACT

This paper presents an algorithm for computing the weights
of a loudspeaker array based on a given set of listening lo-
cations and their respective desired sound field distribution.
We achieve this by introducing the E-norm condition number
to control the desired sound field distribution for our appli-
cation. We show that the conditioning of the problem is de-
termined by this E-norm condition number and that part of
the computation of this number is independent of frequency.
Exploiting this intrinsic property and through the use of an
optimization algorithm, we develop an efficient algorithm for
the computation of array weights to achieve desired sound
field distribution in the spatial domain. The proposed al-
gorithm can also be used to search for a set of alternative
listening locations that give rise to a well-conditioned solu-
tion for the loudspeaker weights.

1. INTROCDUCTION

The use of a loudspeaker array system for far-field beam-
forming has been an active area of research since the middle
of last century. The objective of such an array is to project
sound in the far-field. One of the applications of such a
loudspeaker array is the deployment of a sound reproduction
system for a live concert in an open field or a large hall. In
such cases, it is important to project the sound energy in a
beam in order to reach a group of targeted audience in the
far-field of the array. To meet such a demand, loudspeakers
are often constructed in a vertical line array. This allows
users to achieve long throw characteristics of a straight-line
array [1].

One of the early attempts in controlling such loud-
speaker array using digital signal processing techniques for
controlling directivity pattern was presented in [2]. More
recently, the idea of wave field synthesis (WFS) [3] [4] is pre-
sented. The theory is based on the Huygens principle which
states that every wavefront can be decomposed into a su-
perposition of elementary spherical wavefronts emitted from
secondary sources. In a WFS array, each loudspeaker is in-
dependently controlled in order to operate as a secondary
source. It is also useful to note that a large number of loud-
speakers are often needed in implementing such WFS tech-
niques. The authors of [5][6] presented beamforming tech-
niques using a near-field loudspeaker array constructed from
a limited number of loudspeakers.

In this paper, we develop an algorithm for a loudspeaker
array using a relatively small number of loud-speakers (16 or
less) as compared to WFS. The aim is to compute the loud-
speaker weights in order to recreate a desired sound field
at predefined listening locations that are determined by the
users. In order to achieve this, we first formulate the prob-
lem using the propagation matrix of a loudspeaker array.
In addition, we show that the conditioning of this problem

This research is supported by the Singapore National Re-
search Foundation Interactive Digital Media R&D Program, under
research grant NRF2008IDM-IDM004-010.

is determined by the properties of this propagation matrix.
We then exploit such properties and propose an algorithm
to determine if the predefined listening locations are optimal
for sound field recreation. In the event that a non-optimal
solution is found, our algorithm will propose a new set of lis-
tening locations within the vicinity of the original location in
the spatial domain for best reproduction of the sound field.
As an alternate application, we can, through the use of this
algorithm, select the optimal placement of the loudspeakers
in order to achieved a predefined sound field.

2. FAR-FIELD AND NEAR-FIELD ARRAY

Since different techniques are used for far and near-field loud-
speaker array design, it is important to review the classifica-
tion of far and near-field array. In theory, the distance sep-
arating near and far-fields is defined by a location in space
where the path length differences to all points on the sur-
face of the loudspeaker perpendicular to this location are
the same. However, in the case of practical loudspeakers,
this distance is infinite. For such practical loudspeakers,
this transition point can then be defined by the distance
at which the loudspeaker’s three-dimensional radiation bal-
loon no longer changes with increasing distance from the
source with regard to frequency. It can also be defined by
the distance from the source where the radiated level begins
to follow the inverse-square law for all radiated frequencies.
These two methods for determining the transition point re-
quire accurate anechoic measurements of the loudspeakers.

A simplified rule of determining the far and near-field
transition point for a single loudspeaker is given by the dis-
tance from the loudspeaker to the listening location where
the path length difference from points on the loudspeaker to
the listening location are within one-quarter wavelength at
the highest frequency of interest for a propagating wave. The
left panel of Fig. 1 shows an example of this transition dis-
tance d, where R is the radius of a loudspeaker diaphragm,
and λ is the wavelength at the highest frequency of interest.
The transition distance can therefore be computed using√

d2 + R2 − d =
λ

4
. (1)

As oppose to a single loudspeaker, it is important to note
that when determining the transition distance for a loud-
speaker array, the vibrating surface of the array spans over
all the loudspeakers. As a result of this, the radius of the
loudspeaker diaphragm R in (1) is now replaced by half the
length of the linear loudspeaker array. Consequently, the
transition distance increases significantly. The right panel
of Fig. 1 shows an illustrative example of a typical line ar-
ray loudspeaker. The corresponding transition distance is
plotted in Fig. 2.

As can be seen from Fig. 2, at a typical distance from
2 to 10 m away from the loudspeaker array, the listeners
are in the near-field of the loudspeaker array across most of
the frequencies. It is therefore important to note that for a
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Figure 2: Near and far-field transition distance for a 1 meter
long linear loudspeaker array.

typical home or office environment, listeners are in the far-
field of each loudspeaker while in the near-field of the entire
loudspeaker array.

3. THE PROPOSED ARRAY SYSTEM DESIGN

We now formulate the problem of finding a set of loudspeaker
array weights so as to generate a required sound field at a
predefined position. As described in Section 2, our focus
is on algorithms for the near-field. We consider the prob-
lem of controlling the sound field in a few listening locations
within a pre-determined area of interest. As discussed in
Section 1, several works in the literature have addressed this
problem but mainly for the far-field case. In particular, sev-
eral methodologies employ the well-known “delay-and-sum”
technique for beamforming purpose. To achieve this, a vec-
tor of complex coefficients is applied to the loudspeakers to
selectively project the undistorted signals towards a desired
direction. However in the near-field such as occur in most
scenarios for a loudspeaker array, the differences in distance
from the listening location to each of the loudspeakers are
not negligible as shown in Section 2.

We first consider an array of N loudspeakers with a
weight vector given by

w = [w1 w2 .... wN ], (2)

for which we would like to compute. The frequency indices
are temporarily omitted for clarity of presentation. The de-

sired response at the M listening locations are defined as

y = [y1 y2 .... yM ]. (3)

Exploiting the near-field characteristics for the array, we
model the transfer function from the ith, i = 1, . . . , N , loud-
speaker to the jth, j = 1, . . . , M , listening location using the
Green’s function [7]

Gij =
1

4πrij
e−jkrij , (4)

where rij is the distance from the ith loudspeaker to the jth

listening location, k = ω/c is the wave number and c is the
speed of sound in air. Since the acoustic waves from each of
the loudspeakers are superimposed at each of the listening
location, we assume the signal input matrix is a unity matrix.
Consequently, the response at the jth listening location is
given by

yj =

N∑
i=1

wiGij . (5)

Formulating above using matrix notation, we obtain

y = wG. (6)

The N × M propagation matrix

G =

⎡⎢⎢⎣
G11 G12 · · · G1M

G21 G22 · · · G2M

...
...

. . .
...

GN1 GN2 · · · GNM

⎤⎥⎥⎦ (7)

is therefore a collection of all the Green’s function from each
loudspeaker in the array to each listening location. It is
useful to note that when the number of loudspeakers is equal
to the number of listening locations (N = M), the array
weight vector can be computed using

ŵ = yG−1. (8)

However, in most scenarios, the number of loudspeakers is
not equal to the listening locations. For the case when N >
M , the array weight vector can be calculated by

ŵ = yG+, (9)

where G+ is the pseudo-inverse of the propagation matrix

G+ = (GHG)−1GH . (10)

Similarly, if N < M , the array weight vector can be com-
puted using

ŵ = yG+, (11)

and
G+ = GH(GGH)−1. (12)

As can be seen, the determination of the weight vec-
tor ŵ is limited by the conditioning of the matrix GHG or
GGH . Any ill-conditioning of this matrix will render the
computation of ŵ being susceptible to numerical errors, it
is therefore important to determine how well-conditioned a
particular system is before computing ŵ. The techniques
introduced in the following section apply to both GHG and
GGH . We will use GHG for illustration.
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4. CONDITIONING OF THE PROPAGATION
FUNCTION

As shown in Section 3, and reported in [6], the condition
number of the matrix GHG is critical in achieving a practical
and stable solution to the loudspeaker weight vector. If the
condition number is too high, a small error in calculating the
array weight vector or any slight movement of the listening
locations can result in a significant difference between the
desired and achieved sound pressure level. To address this
issue, we further examine the condition number of the matrix
GHG. Using (7), matrix GHG can be defined as

GHG =

⎡⎢⎢⎢⎣
GHG11 GHG12 · · · GHG1M

GHG21 GHG22 · · · GHG2M

...
...

. . .
...

GHGM1 GHGN2 · · · GHGNM

⎤⎥⎥⎥⎦ , (13)

where

GHGij =

N∑
n=1

Gni·Gnj . (14)

One of the most popular way of determining the condi-
tioning of a problem is to exploit the l2-norm of the matrix.
The l2-norm condition number of the matrix GHG is defined
as

χ2[G
HG] =

∥∥∥GHG
∥∥∥

2

∥∥∥(GHG)−1
∥∥∥

2
, (15)

where ‖ · ‖2 is the l2-norm. Although the computation of

χ2[G
HG] is popular, we consider an example case where

there are N = 10 loudspeakers and M = 10 desired listen-
ing locations. With this, it is then required to compute the
condition number χ2[G

HG] of a 10× 10 matrix for each fre-
quency. For the case when the frequency of interest spans
across a wide audio range, the computation of the l2-norm
condition number can be demanding.

In order to reduce computational load of the algorithm,
we propose to employ the E-norm condition number [8]. As
will be shown below, the motivation of using this E-norm
condition number is to increase the efficiency in determining
the conditioning of GHG across a wide range of frequencies.
The E-norm of a M × M matrix R can be defined as

‖R‖E =

{
1

M
tr

[
RHR

]}1/2

. (16)

Similar to the Frobenius norm, the E-norm belongs to an
entrywise norm. Employing (16), we further define

∥∥∥R1/2
∥∥∥

E
=

{
1

M
tr [R]

}1/2

, (17)

and ∥∥∥R−1/2
∥∥∥

E
=

{
1

M
tr

[
R−1]}1/2

. (18)

The E-norm condition number of R1/2 is then defined as

χE

[
R1/2

]
=

∥∥∥R1/2
∥∥∥

E

∥∥∥R−1/2
∥∥∥

E
. (19)

It has been shown in [8] that χ2
E

[
R1/2

]
varies monotonically

with χ2[R]. As a result, χ2
E

[
R1/2

]
can be used as a measure

of χ2[R]. Using the definitions above, we obtain the E-norm
condition number matrix as follows

χE

[
(GHG)1/2

]
=

∥∥(GHG)1/2
∥∥

E

∥∥(GHG)−1/2
∥∥

E
, (20)

where ∥∥(GHG)1/2
∥∥

E
=

{
1

M
tr

[
GHG

]}1/2

(21)

and ∥∥(GHG)−1/2
∥∥

E
=

{
1

M
tr

[
(GHG)−1]}1/2

. (22)

In order to compute the E-norm condition number defined
in (20), we compute tr(GHG) as required by (21). This can
be obtained by

tr(GHG) =

M∑
m=1

GHGmm

=

M∑
m=1

N∑
n=1

G∗
nmGnm. (23)

This implies that tr(GHG) can be obtained by the summa-
tion of the squared elements in the propagation matrix G.
More importantly, as will be shown in Section 5, tr(GHG)
is constant across frequency for a fixed array setup. Conse-
quently, the first term on the right hand of (20) is indepen-
dent of the operating frequency and hence, we can compute
(23) for only one operating frequency in order to determine
how well-condition GHG is across the entire audible fre-
quency range of interest. This results in substantial savings
in computation since we do not need to compute this condi-
tion number across the entire frequency range of interest.

To compute (22), we exploit the eigenvalue decomposi-
tion (EVD) of GHG defined by

GHG = QΛQ−1, (24)

where Q is the square matrix whose columns are the eigen-
vectors of GHG, and Λ is the diagonal matrix whose diago-
nal elements are the corresponding eigenvalues. The inverse
of the matrix can then be expressed as

(GHG)−1 = QΛ−1Q−1. (25)

As a result, the trace of (GHG)−1 can be found as

tr
{

(GHG)−1
}

= tr
{
QΛ−1Q−1

}
= tr

{
QQ−1Λ−1

}
= tr

{
Λ−1

}
=

K∑
i=0

1

λi
, (26)

where λi and K are the eigenvalues and rank of the ma-
trix GHG. Using the above technique, condition number
can be obtained given any listening locations. Furthermore,
in the event when our algorithm detects that the matrix
GHG is ill-conditioned for a particular set of predetermined
listening locations, our proposed algorithm then employs an
optimization method to search for listening locations that
are near the desired listen location that is better conditioned
for the computation of ŵ. With this new solution, users can
then decide if the proposed listening locations are acceptable
for their listening application.
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Figure 3: Array setup with 8 loudspeakers and 3 listening
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5. SIMULATION RESULTS

We illustrate the performance of our proposed algorithm in
the context of sound field reproduction using a linear loud-
speaker array. As shown in Fig. 3, we employ eight loud-
speakers positioned linearly with an array length of 2 m. As
an illustration, the number of listening locations is selected
as M = 3. It is important to note that the number of listen-
ing locations is not limited to three and can be extended to
accommodate more users. Furthermore, for smoother transi-
tion between the listening locations, a larger number is sug-
gested [6]. The technique used to generate the loudspeaker
array weights remains the same.

Before investigating on the placement of the listening
points, the following simulation illustrates the property of
the technique developed in Section 4. Figure 4 shows the
variation of the l2-norm condition number χ2[G

HG] and the

square of E-norm condition number χ2
E

[
(GHG)1/2

]
across

frequencies for the same array and listening locations across

different frequencies. It can be seen that χ2
E

[
(GHG)1/2

]
is

monotonic with the conventional l2-norm condition number
χ2[G

HG] of the matrix GHG. This implies that any vari-

ation in χ2
E

[
(GHG)1/2

]
will give a good indication of the

conditioning of the system in order to compute the weights
ŵ given by (9) or (11).

Figure 5 shows how log10 χ2
E

[
(GHG)1/2

]
varies with fre-

quencies for different spacing ranging from 0.1 to 0.5 m be-
tween the listening locations as shown in Fig. 3. We can

see from this result that χ2
E

[
(GHG)1/2

]
is high for the low

frequency range. In addition, χ2
E

[
(GHG)1/2

]
reduces with

increasing spacing between the listening locations. Similar
results can be obtained by keeping the listening point static
while changing the inter-spacing between the loudspeaker
units in the array. This result implies that spatial diver-
sity is required in order to achieve good reproduction of a
sound field particularly in the low frequencies. For higher
frequencies beyond 3 kHz however, this dependence is not as
significant.

Figure 6 shows the variation of log10 χ2
E

[
(GHG)1/2

]
across frequencies for different loudspeaker spacing. Similar
to the previous case of varying the spacing between listen-

ing location, we note that log10 χ2
E

[
(GHG)1/2

]
reduces with

increasing loudspeaker spacing. The two results of Figs. 5
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and 6 illustrate the mutual relationship between spacings
of the listening locations and the loudspeaker units. In ad-
dition to the above, it can be seen from Fig. 5 and 6 that

χ2
E

[
(GHG)1/2

]
is dependent on the loudspeaker array setup,

listening locations and the operating frequencies. It is im-
portant to note that, since the operating frequency is largely
dependent on the source and not within user’s control, we
focus on the placement of the listening locations rather than
the operating frequency. This implies that we can determine
the conditioning of the problem by searching within a spatial
location as will be shown later in this section. Furthermore,
as the setup of the listening locations and loudspeaker units
are mutually related, the techniques developed in the previ-
ous section can be used for our algorithm to search for better
placement of listening locations or loudspeaker array.

In order to illustrate the motivation and benefit of the
proposed algorithm, we plot the first term of (20) as shown
in Fig. 7 using the same setup. It can be seen that the
trace of the matrix GHG is constant and is independent of
the operating frequency. As a result, for each setup, this
term only needs to be computed once for all the operating
frequencies and hence computational efficiency is achieved.

It is important to note that χ2
E

[
(GHG)1/2

]
is dependent
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fixed array setup.

on the listening locations predefined. In the case when a set
of predefined listening locations renders an ill-conditioned
matrix GHG, we utilize the techniques developed in Section
4, to find listening locations that give rise to a better con-
ditioned matrix. This allows one to compute ŵ according
to (9) or (11). User can also set a search range within the
vicinity of the desired positions. To illustrate this example,
we show, in Fig. 8, a scenario where the search range is set
as maximum of 1.5 m away from the predefined initial listen-
ing point. In this experiment, the loudspeaker array setup
is shown in Fig. 3. We consider an example case where the
operating frequency is 1 kHz. Using our proposed E-norm
condition number, an iterative algorithm similar to that pre-
sented in [9] was implemented to search for a minimum of
the E-norm condition number. In addition, the search was
constraint to be within 1.5 m from the initial listening lo-
cation. The numbers shown in Fig. 8 depict the evolution
of the suggested listening positions at every iteration of the
optimization algorithm. It can be seen from this result that
the optimal position obtained is at the position where the lo-
cal minimum of E-norm condition number is achieved. This
position corresponds to the vicinity of the initial point se-
lected. With this new listening location, users can now con-
sider moving to this new location within the vicinity of the
initial location in order to enjoy the predefined sound field
set by him or her.

6. CONCLUSIONS

In this paper we present a novel approach to search for an op-
timal array configuration to avoid the ill-condition problem
in near-field loudspeaker array design. Conventionally, the
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Figure 8: Trajectory of searching an optimal point from a
given initial point with optimization iteration index. Num-
bers showing the evolution of listening positions at each it-
eration of the search algorithm.

condition number is computed using l2-norm. We proposed
an efficient way of computing the E-norm condition number.
Results obtained using both l2-norm and E-norm condition
number are shown. From the results, it can be seen that
using the proposed E-norm condition number significantly
reduces the computational complexity. Additional experi-
ments suggest that the results obtained using the E-norm
condition number is equivalent to that using the l2-norm
condition number.
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ABSTRACT

Microphone array technology is an area which has generated a
lot of interests in recent years. In this paper, a novel beamform-
ing approach using microphone array mounted on the surface of a
sound absorbent cylinder is discussed. By introducing of the sound
absorbent cylinder with appropriate selected material acoustic char-
acteristics, the ”virtual aperture” of the circular array can

be enlarged thereby achieving the better beamforming perfor-
mance. We first introduce an acoustic cylinder scattering model to
provide a theoretical background. Subsequently, we derive the steer-
ing vector of the circular array outfitted with the sound absorbent
cylinder based on the acoustic field model. The impact of the acous-
tic impedance to the beamforming accuracy is assessed. An acoustic
impedance optimization criteria is developed to enhance beamform-
ing performance. Numerical simulations are conducted to evaluate
the theoretical results achieved.

Index Terms— acoustic signal processing, array signal process-
ing, beamforming, DOA estimation.

1. INTRODUCTION

Microphone array technology has been studied extensively by both
academic and industrial communities in recent years due to its
widely diversified applications. Applications such as speech com-
munication, teleconferencing, robot application and automation
all require this technology [1]. Many types of microphone array
structures have been proposed, including linear and circular arrays.
However, circular arrays have wider applications due to their 360◦

beamforming capability.
Varieties of beamforming algorithms such as delay-and-sum [2],

MVDR [3] and ESPRIT [4] have been developed. Among them, the
delay-and-sum beamforming algorithm has been used widely, espe-
cially in robot navigation [5] and teleconferencing [6] due to advan-
tages such as simple processing, robustness and suitability for the
reverberation environment and simultaneous multiple sources appli-
cation. The beamforming using circular array with cylinder have
also been discussed recently. For example, Teutsch discussed mode
beamforming with cylinder microphone array [7]. Zou proposed a
cylinder vector sensor array mode beamforming algorithm [8] for
underwater application. Gilles first presented the concept that a mi-
crophone array with cylinder gives the array an effectively larger
aperture by numerical example, although he did not give a deriva-
tion of the matching steering vector [9].

In this paper the acoustic cylinder scattering model is introduced
in Section 2. In the model, the sound field is contributed by both in-
cident and scattering sound wave. The delay-and-sum beamforming
with sound absorbent cylinder is presented and the matching steer-
ing vector is derived in Section 3. An approach to choose optimum

cylinder acoustic impedance based on optimum directional index cri-
terion of beamforming is proposed in Section 4. In Section 5 numer-
ical simulations are conducted to evaluate the theoretical results. We
conclude our findings and results in Section 6.

2. PHYSICAL MODEL OF CIRCULAR AIR VECTOR
SENSOR

Consider a plane sound wave which incidents on a cylinder shown
in Figure 1. The cylinder is positioned vertically at the origin of
the Cartesian coordinate system. The axis of the cylinder is taken
as the z-axis. Let the air density and sound velocity of the air be
represented by ρ and c, respectively. The cylinder of radius r = a is
made of sound absorbent material with normal acoustic impedance
of Z. The following relationship exists between the surrounding air
density and sound velocity [11] .

Z =
ρc

γ − jσ
, (1)

where j2 = −1 and γ and σ are the specific conductance and spe-
cific susceptance [12], respectively. Let the unit-magnitude of the

z

x

y

r=a

source

s

Fig. 1. Geometry of the cylinder.

steady state plane acoustic wave with radial frequency ω travelling
in the direction of azimuth angle be θs and elevation angle be ϕs,
respectively. Without loss of generality, we assume ϕs = π/2. This
can be justified easily when the acoustic source is far away from the
array. The acoustic pressure of the incident wave around cylinder
can be written as [9], [11]

pi =

∞∑
n=0

(−j)nϵnJn(kr) cos[n(θ − θs)]e
−jωt, (2)

where r is the distance from the observation point to the origin point
of the coordinate system, k = ω/c is the wave number in air, Jn(·) is
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the nth order Bessel function of the first kind, and ϵn is the Neumann
function

ϵn =

{
1 n = 0
2 n = 1, 2, 3...

Similarly, the pressure caused by the scattering wave around cylinder
can be written as [10][11]

ps =

∞∑
n=0

bnH
(1)
n (kr) cos[n(θ − θs)]e

−jωt, (3)

where H
(1)
n (·) is the Hankel function of the first kind. The bn

is the reflection coefficient which is determined by the boundary
conditions[12]. bn can be derived as:

bn = −
(−j)nϵn[

Z
ρc
J ′
n(kr) + jJn(kr)]

Z
ρc
H

′(1)
n (kr) + jH

(1)
n (kr)

. (4)

The total sound field due to both incident and scattered wave is

pT=pi + ps

=

∞∑
n=0

[(−j)nϵnJn(kr) + bnH
(1)
n (kr)]

cos[n(θ − θs)]e
−jωt. (5)

3. BEAMFORMING WITH SOUND ABSORBENT
CYLINDER

Under the conventional far-field assumption, to assume a source at
azimuthal angle θs, the array output vector takes the form [3]:

x(t, θs) = g(θs)s(t) + u(t), (6)

where s(t) is the original source signal, u(t) is the additional noise,
g(θs) is the array steering vector. The output vector and steering
vector of an array with M sensors can be represented as:

x(t) = [x1(t, θs) · · ·xm(t, θs) · · ·xM (t, θs)]
T (7)

and
g(θs) = [g1(θs) · · · gm(θs) · · · gM (θs)]

T , (8)

respectively. The array response is steered by forming a linear com-
bination of the sensor output which is defined as:

y(t) =

M∑
m=1

w∗
mxm(t) = wHx(t), (9)

where w is weighting vector and (.)H denotes Hermitian transpose.
Given snapshots y(1), y(2),...,y(L), the output power is measured
by

P = wHR̂w, (10)

where R̂ is the estimation of the covariance matrix R which is de-
fined as:

R = E[x(t)xH(t)]. (11)

Given L temporal samples x(t0), x(t1), .. ., x(tL−1), the value of
R̂ can be estimated as

R̂ =
1

L

L−1∑
l=0

x(tl)x
H(tl). (12)

When the assumption of spatially white noise is applied, the weight-
ing vector and array output spectrum for delay and sum beamform-
ing can be derived as

w(θs) =
g(θs)√

gH(θs)g(θs)
(13)

and

P (θs) =
gH(θs)R̂g(θs)

gH(θs)g(θs)
, (14)

respectively. For the circular microphone array with M sensors
without cylinder, the mth sensor output without noise is only com-
posed of the incident wave. It can be formed as

xim(t) = pi(θm, t). (15)

The steering vector actually presents the phase and the amplitude
difference between the first sensor and the rest of the sensors. It
presents as:

gim(θs) = e−jka cos(θm−θs). (16)

When a circular array mounted around the perimeter of the sound ab-
sorbent cylinder, without noise assumption, at time t, the mth sensor
senses both the incident and scattering acoustic field which can be
represented as

xTm(t) = pT (θm, t) = pi(θm, t)(1 +
ps(θm, t)

pi(θm, t)
). (17)

Equation (17) can be further denoted as

xTm(t) = pi(θm, t)(1 + fm(θs)), (18)

where fm is the mth correcting factor, it can be obtained:

fm(θs) =

∑∞
n=0 bnH

(1)
n (kr) cos[n(θm − θs)]∑∞

n=0(−j)nϵnJn(kr) cos[n(θm − θs)]
. (19)

Comparing with equations (15) and (18), it can be found that ex-
tra phase and amplitude distortion are introduced by the scattering
field. We introduce a new steering vector to factor in this phase and
amplitude distortion as

gTm(θs) = e−jka cos(θm−θs)(1 + fm(θs)), (20)

and the spatial wavenumber spectrum as

P (θs) =
gH
T (θs)R̂TgT (θs)

gH
T (θs)gT (θs)

. (21)

where R̂T is derived by replacing x with xT in equation (12).

4. DERIVATION OF OPTIMUM ACOUSTIC IMPEDANCE

In Section 3, we have shown that the spatial spectrum of beamform-
ing is a function of impedance given a dedicated array architecture of
array size, sensor number, position and central frequency as shown
in equation (21). It is difficult to derive a close-form solution for
beamforming optimization with respect to acoustic impedance Z.
Instead, numerical analysis is used to solve the problem.

The performance of beamforming can be evaluated by varieties
of parameters. Among them the 3dB beamwidth, mainlobe to side-
lobe ratio ( maximum sidelobe level) are the most important speci-
fications. The 3dB beamwidth is the parameter to evaluate the spa-
tial resolution. Maximum sidelobe level is used to evaluate the noise
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suppression capability. Let Ftbw (Z) denote the 3dB beamwidth with
respect to acoustic impedance, the optimized 3dB beamwidth can be
presented as

Ftbw (Zbwo) = min{Ftbw (Z)}. (22)

Similarly, Fts is the optimized sidelobe with respect to impedance
which can be denoted as

Fts(Zso) = min{Fts(Z)}. (23)

Ideally, it can be optimized when Zbwo = Zso . However, it
may not be always the case in practical situation. Sometimes opti-
mized sidelobe is related to poor 3dB beamwidth performance and
vice versa. To balance the beamforming performance the Directivity
Index (DI) is selected. The DI gives a summary evaluation for the
beam pattern which is defined as:

DI = 10log10(P (θs))− 10log10(

∑2π
θ=0 P (θ)

2π
). (24)

The DI is a balanced optimization parameter comparing with
the 3dB beamwidth and maximum sidelobe. The bigger DI denotes
the overall better beamforming performance. The maximization of
DI

DI(Zopt) = max{DI(Z)} (25)

can be achieved by numerical analysis. The overall beamforming
performance is optimized when Zopt is reached.

5. NUMERICAL EXAMPLES AND DISCUSSION

In this section, we evaluate some of the theoretical analysis proposed
in Sections 3 and 4 by numerical examples. The related simulation
parameters are shown in Table.1.

Figures 2 and 3 simulate the optimization of the directional in-
dex with respect to acoustic impedance at f = 660Hz and 1320Hz
respectively. Coarse search shows that the impedance impacts the
DI most significantly at magnitudes ranging from 10−2ρc to ρc and
phase ranging from 0 to π in radian . Exhaustive search with magni-
tude resolution of 3

40
in logarithm scale from 10−2ρc to 101ρc and a

phase resolution of π
60

from 0 to 2π radian are adopted for the com-
putation. All the local maximums are detected with peak detection
algorithms and the global maximum is identified by comparing the
magnitude of all the maximum. It is observed from Figure 2, for f =
660Hz, the maximum DI of 9.53dB is detected at impedance mag-
nitude index 23 and impedance phase index 32, which corresponds to
the impedance magnitude 0.4924ρc and phase 1.6368 radian. Sim-
ilarly, from Figure 3 at f = 1320Hz, the optimized impedance is
at impedance magnitude index 24 and impedance phase index 31,
which corresponds to the impedance Zopt = 0.5878e1.584jρc and
that leads a maximized DI of 11.23dB.

The sensor arrays under assessment include circular microphone
array without cylinder, circular microphone array with un-optimized

Simulation Parameters
Air density 1.2× 10−5 kg/m3

Sound speed in air 343 m/sec
Sensor number 16
Cylinder radius 0.133 m
Sampling rate 8kHz
Window length 32000

Table 1. Simulation parameters.
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Fig. 2. Performance Index at f=660Hz
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Fig. 3. Performance Index at f=1320Hz

impedance of Z0 = (2− j36
13ka

)ρc and circular array with optimized
cylinder impedance which is derived using approach proposed in
Section 4. For easy presentation, we denote normal uniformed circu-
lar microphone array as use ”Case 1”. We use ”Case 2” and ”Case 3”
to denote microphone array with Z0 impedance cylinder and array
with optimized impedance cylinder, respectively.

Assuming there is a far-field acoustic source emanating sound
wave to the array with azimuth angle of 0◦. Without loss of general-
ity, we adopt the following parameters for our simulations shown in
Table 1.

The simulation results of beamforming of the three types of ar-
ray at f = 660Hz are shown in Figure 4. It is observed that un-
der the same array geometry, the optimized angle 3dB beamwidth
is ±16◦ with the optimized impedance value for Case 3, a signifi-
cant improvement comparing with ±41◦ for Case 1 and ±33◦ for
Case 2, respectively. Slight sidelobe reduction is compared to Case
3 with maximum sidelobe level of −11dB, comparing with −10dB
for Case 1.

Figure 5 shows the second simulation example of beamform-
ing with three types of array at 1320Hz. Compared with Figure 4,
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Fig. 5. Beam pattern at f=1320Hz

similar improvements are observed though the 3dB beamwidth im-
provement is less significant. The maximum sidelobe level for Case
3 is −18dB, which is 10dB and 3.4dB lower than Case 1 and Case
2 respectively.

We observed from both simulation examples that the beamwidth
is narrowed to by introducing the sound absorbent cylinder which is
equivalent to an enlargement of the array aperture. We address this as
“virtual array” enlargement. As the frequency increases the ”virtual
aperture” enlargement effect is weakened even with the optimized
impedance.

6. CONCLUSION

In this paper, we discuss a novel beamforming approach using mi-
crophone array mounted on the surface of a sound absorbent cylin-
der. By using of the sound absorbent cylinder with appropriate se-
lected material acoustic characteristics, the ”virtual aperture” of the
circular array can be enlarged and beamforming performance can
be significantly improved. An acoustic cylinder scattering model
is first introduced to provide a theoretical background. The steer-

ing vector of the circular array outfitted with the sound absorbent
cylinder based upon the acoustic field model is subsequently derived.
An acoustic impedance optimization criteria is developed to enhance
beamforming performance. Finally, numerical simulations are con-
ducted to evaluate the theoretical results achieved.

We propose a directional index optimization criteria whichis a
trade-off of bandwidth and maximum sidelobe optimization. As the
close-form solution could be tedious, numerical solution is selected
to search the optimized impedance. The approach can be used for
array design optimization. If the array designer demands special
emphasis on any dedicated parameters, new criteria can be defined
for impedance optimization.
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ABSTRACT

In this paper a frequency domain multichannel Wiener filter al-
gorithm is proposed for noise reduction in hearing aids. It is
shown that a robust and efficient QR Decomposition Recursive
Least Squares (QRD-RLS) based updating scheme can be derived, if
a single target speech source is assumed. Moreover, the scheme also
allows to include a trade-off between speech distortion and noise
reduction, as with the Speech Distortion Weighted Multichannel
Wiener Filter (SDW-MWF). The QRD-RLS based algorithm is com-
pared with an adaptive SDW-MWF algorithm, for a binaural hear-
ing aid setup with 4 microphones. Besides the fact that the QRD-
RLS based algorithm achieves a further improvement in speech in-
telligibility weighted SNR, the computational efficiency and numer-
ical robustness are also increased.

1. INTRODUCTION

Modern hearing aids make use of noise reduction algorithms to
improve speech intelligibility in background noise. Hearing aids
are usually fitted with multiple microphones, which generally leads
to an improvement in noise reduction performance because spatial
sound information can then be exploited in addition to spectral in-
formation. In the future, binaural hearing aids will emerge, which
exchange microphone signals over a wireless radio link. As signals
from both sides of the head are then available, an additional noise
reduction performance increase will then be achieved.

An interesting approach to multichannel noise reduction, is
based on multichannel Wiener filtering (for example, [1–3]). A
Wiener filtering based approach eliminates the need for a fixed
beamformer preprocessor, hence offers a very promising alternative
to the Generalized Sidelobe Canceller (GSC) structure [4].

In [1], a class of adaptive noise reduction algorithms is intro-
duced, which are frequency domain implementations of the Speech
Distortion Weighted Multichannel Wiener Filter (SDW-MWF). A
Recursive Least Squares (RLS)-type update procedure is adopted,
where a weighted sum of a speech and a noise correlation matrix
has to be inverted at every filter update. Moreover, an eigenvalue
decomposition is calculated to ensure a positive definite speech cor-
relation matrix, so that the algorithm is guaranteed not to diverge.
When the number of input microphone signals is large (e.g. in bin-
aural hearing aids), the complexity of these operations increases
dramatically. Therefore, some simplifications were also proposed
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in [1], based on (block) diagonal approximations of the correlation
matrices, which however decreases the performance.

In [2], a QR Decomposition Recursive Least Squares (QRD-
RLS) based time domain implementation of the Wiener filter was
introduced. Instead of the speech and noise correlation matrices,
their Cholesky (square root) factors are stored and updated by a nu-
merically robust procedure based on Givens transformations. As
the Cholesky factors have half the dynamic range of the correlation
matrices, the wordlength can be reduced in fixed point processing
without loss of numerical accuracy. A problem with the QRD-RLS
scheme of [2] is that it does not allow to include a trade-off be-
tween speech distortion and noise reduction, as in the SDW-MWF.
This explicit trade-off is beneficial, as it allows increasing the global
(broadband) output SNR [3]. Additionally, as the algorithm oper-
ates in the time domain, the computational complexity is prohibitive
for a hearing aid application.

In this paper, it will be shown that, by assuming a single tar-
get speech source, an alternative SDW-MWF formula can be used
which enables a frequency domain implementation of the SDW-
MWF algorithm based on QRD-RLS. In section 2, the SDW-MWF
and related filters are first reviewed. In section 3, the frequency do-
main implementation based on QRD-RLS is derived. In section 4,
the QRD-RLS algorithm is compared with the adaptive SDW-MWF
algorithm of [1]. It will be shown that the QRD-RLS algorithm
obtains a higher speech intelligibility weighted SNR improvement
than the algorithm in [1]. Additionally, in contrast to the algorithm
in [2], a trade-off can be included between speech distortion and
noise reduction. Also, as all processing is performed in the fre-
quency domain (as is usually done in hearing aids), the computa-
tional efficiency is increased. Finally, it is demonstrated that the
QRD-RLS algorithm indeed improves the numerical robustness so
that the wordlength can be reduced.

2. MULTICHANNELWIENER FILTER REVIEW

2.1 Notation and correlation matrix estimation

We consider a microphone array consisting of N microphones. The
nth microphone signal Yn(ω) can be specified in the frequency do-
main as

Yn(ω) = Xn(ω)+Vn(ω), n= 1 . . .N, (1)

where Xn(ω) represents the speech component and Vn(ω) repre-
sents the noise component in the nth microphone. For conciseness,
we omit the frequency variable ω from now on. The signals Yn,Xn
and Vn are stacked in the N-dimensional vectorsY,X andV, with
Y=X+V. The correlation matrixRy, the speech correlation ma-
trixRx and the noise correlation matrixRv are then defined as

Ry = E {YYH}, Rx = E {XXH}, Rv = E {VVH} , (2)

where E denotes the expected value operator. It will be assumed
that a voice activity detection (VAD) algorithm is available so that
a distinction can be made between speech + noise and noise-only
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frames. The correlation matrix estimates Resty and Restv are then

recursively updated (per frequency bin) as

Resty [m+1] = λyR
est
y [m]+(1−λy)Y[m+1]YH [m+1] (3)

Restv [m+1] = λvR
est
v [m]+(1−λv)V[m+1]VH [m+1] (4)

in speech + noise frames and noise-only frames respectively. λy
and λv are forgetting factors (usually chosen close to 1), and m is
the frame-index. Assuming that the speech and the noise compo-
nents are uncorrelated, the speech correlation matrix can be found
asRestx = Resty −Restv .

The noise reduction algorithms considered here are based on a
linear filtering of the microphone signals by a filterW so that an

output signal Z is obtained as Z=WHY. The goal of the noise
reduction procedure is to minimize the distance between this output
signal and the speech component in one of the microphone signals
(unknown reference signal Xref, e.g. Xref = X1).

2.2 SDW-MWF and related filters

In [3], it is shown that by minimizing a residual noise MSE cost
function, while keeping the speech distortion below a certain thres-
hold, the following filter is found:

WSDW−MWF = (Rx+ µRv)
−1

Rxu , (5)

where u is a vector with one entry equal to one and all other en-

tries equal to zero, so that uHX=Xref. This filter was introduced as
the Speech-Distortion Weighted Multichannel Wiener Filter (SDW-
MWF) [1]. The parameter µ allows a trade-off between speech dis-
tortion and noise reduction.
If a single target speech source is assumed, the speech correlation
matrixRx is a rank one matrix. In [3], it is shown that an alternative
(but theoretically equivalent in the single target speech source case)
SDW-MWF formula can then be derived (denoted here as rank one
MWF or R1-MWF), which still only depends on the speech and
noise second order statistics, i.e.

WR1−MWF = R−1
v Rxu .

1

µ + tr{R−1
v Rx}

(6)

where tr{.} is the trace operator. The fact that only Rv is inverted
in this expression (in contrast to the general formula (5)) will be
utilized in this paper to derive a robust QRD-RLS based algorithm.
In [5], a related filter formula is analyzed, namely the spatial pre-
diction MWF (SP-MWF). By first estimating a spatial prediction
vector, the speech distortion can be forced to zero (corresponding
to the case µ=0 in (6)), which results in:

WSP−MWF = R−1
v Rxu .

uHRxu

tr{R−1
v RxuuHRx}

. (7)

It is also possible to incorporate a speech distortion parameter µ into
the SP-MWF filter, thereby relaxing the minimum distortion hard
constraint. By enforcing that the postfilters of the SP-MWF and
R1-MWF are equal for a single target source, the speech distortion
weighted SP-MWF becomes equal to:

WSP−MWF = R−1
v Rxu .

uHRxu

µ uHRxu + tr{R−1
v RxuuHRx}

(8)

Here also, only Rv is inverted so that again a robust QRD-RLS
based algorithm can be derived. When comparing (8) to (6), it
can be seen that both filters can be decomposed into a spatial fil-

terR−1
v Rxu, which is the same for both filters, and a single chan-

nel postfilter, which is different for both filters. As the postfilter
in (8) does not require the full speech correlation matrix (only the
reference column), in contrast to the postfilter in (6), the SP-MWF
allows for a simpler QRD-RLS scheme.

3. FREQUENCY DOMAIN QRD-RLS NOISE REDUCTION

3.1 QRD-RLS implementation of R1-MWF

In [2], a QRD-RLS implementation based on the general filter for-
mula (5) with µ = 1 was proposed. Instead of the speech and noise
correlation matrices, their Cholesky factors are stored and updated
by a numerically robust procedure based on Givens transformations.
A review of QRD updating and QRD-RLS can be found in [2]. As
already mentioned, the problem with this approach is that it is de-
rived for the particular case µ = 1, such that effectively Ry is in-
verted. For µ 6= 1, large circular noise buffers have to be used,
which is not feasible in a hearing aid application. To work around
this problem, we propose to use the R1-MWF formula (6) as a star-
ting point. As only Rv is inverted, a QRD updating scheme is then
possible even for µ 6= 1.
By plugging Rx = Ry−Rv into (6), and by definingMvy =

R−1
v Ry, the following expression is obtained:

WR1−MWF = (Mvy−IN )u .
1

µ + tr{Mvy}−N
, (9)

where IN is the N×N identity matrix. The R1-MWF formula can
thus be split into a spatial beamformer (Mvy− IN)u followed by a
(single channel) spectral postfilter, and both parts only depend on

the unknown matrix Mvy. By defining Rv = RHv∆Rv∆ (i.e. Rv∆

is the upper triangular Cholesky factor of Rv) and B = R−H
v∆ Ry,

matrixMvy is found by solving the following system of equations:

Rv∆ Mvy = B (10)

As Rv∆ is triangular, this can be done by backsubstitution. In the
next section, it will be shown that Rv∆ and B can be efficiently
updated together by applying sequences of Givens rotations. As
in other Wiener filtering based procedures, there are two modes of
operation (noise-only and speech + noise), which will be described
separately.

3.2 Noise-only mode

In noise-only mode, the noise correlation matrix is updated as in
(4). First, a standard QRD updating procedure [2] can be used to
update the Cholesky factor of the noise correlation matrix estimate
(4), i.e.

„

01×N
Rv∆[m+1]

«

= QH [m+1]

 p

1−λv V
H [m+1]

p

λv Rv∆[m]

!

(11)

where 01×N is an all-zero N-dimensional row vector, and where
QH [m+ 1] can be constructed as a series of N Givens transfor-
mations [2]. As the processing is performed in the frequency do-
main, complex Givens transformations have to be calculated, for
example as in [6]. The transformation matrixQ is then unitary, i.e.

QHQ = QQH = IN+1.
The matrix B[m] can then be updated to B[m+ 1] using the same
matrix QH [m+ 1] as in (11), which is explained as follows. As
QH [m+1] is unitary, the following expression holds [7]:

“

0N×1 1√
λv

R−1
v∆ [m]

”

Q[m+1] QH [m+1]

×
 p

1−λv V
H [m+1]

p

λv Rv∆[m]

!

= IN . (12)

By plugging (11) into (12), we find that:

“

0N×1 1√
λv

R−1
v∆ [m]

”

Q[m+1] =
`

∗ R−1
v∆ [m+1]

´

,

(13)
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where ∗ indicates ’don’t care’ entries, i.e. values which will not be
used. By taking the Hermitian transpose of expression (13), and by
multiplying withRy[m+1], we obtain the following expression:

 

∗
R−H
v∆ [m+1]

!

Ry[m+1] =

QH [m+1]

 

01×N
1√
λv

R−H
v∆ [m]

!

Ry[m+1] . (14)

As in noise-only mode Ry[m+1] = Ry[m], we thus find an update

formula forB = R−H
v∆ Ry, i.e.

„ ∗
B[m+1]

«

= QH [m+1]

 

01×N
1√
λv

B[m]

!

. (15)

In conclusion, we see thatRv∆ andB can be updated together using
a series of N complex Givens rotations, i.e.

„

01×N ∗
Rv∆[m+1] B[m+1]

«

(16)

= QH [m+1]

0

@

p

1−λv V
H [m+1] 01×N

p

λv Rv∆[m] 1√
λv

B[m]

1

A .

With the updated Rv∆ and B, equation (10) can then be solved for
Mvy, so that the new optimal R1-MWF filter can be computed.

3.3 Speech+noise mode

In speech+noise mode, the speech+noise correlation matrix is up-
dated as in (3). However, as we are tracking B instead of Ry, an
update procedure for B is needed. As the noise correlation matrix
is not updated, we can setRv∆[m+1] = Rv∆[m], so that

B[m+1] = λy B[m]+(1−λy)
−
Y[m+1]YH [m+1] , (17)

with
−
Y[m+ 1] = R−H

v∆ [m]Y[m+ 1]. In this update,
−
Y[m+ 1] can

be efficiently calculated by solving

RHv∆[m]
−
Y[m+1] = Y[m+1] (18)

by a single backsubstitution.
Similarly to the adaptive algorithms in [1], the MWF will be

kept fixed in speech+noise mode, however, this need not be the case.

3.4 QRD-RLS implementation of SP-MWF

In a similar manner, the SP-MWF can be realized with a QRD-
RLS scheme. By working out (8) as in section 3.1, the following
expression is found:

WSP−MWF = (mvy−u) .
rHx u

rHx

“

mvy+(µ −1)u
” , (19)

where rx is a column of the speech correlation matrix (rx = Rxu),
and mvy is a column of Mvy (mvy= Mvyu). Then, as rx =

Rv(mvy−u), Rv = RHv∆Rv∆ and Rv∆mvy = Bu = b, this can
finally be written as:

WSP−MWF = (mvy−u) .
< Rv∆u , b−Rv∆u >

< b+(µ −1)Rv∆u , b−Rv∆u >
,

(20)
where the dotproduct < v1,v2 >= vH2 v1.

Vectormvy can be updated during noise-only periods in a simi-
lar way as matrixMvy is updated for the R1-MWF filter. However,
complexity is reduced here as only one column ofMvy is needed,
so that only a single column of B has to be stored and updated. In
contrast, the R1-MWF (9) requires the full matrixMvy in order to
calculate tr{Mvy} in the single channel postfilter. The single chan-
nel postfilter of the SP-MWF requires the calculation of two dot-
products, using vectors that are easily obtained from the (reduced)
QRD-RLS scheme.

3.5 Residual extraction

In noise-only mode, it is also possible to obtain the output of the

(spatial) filtering (mvy−u)HY = (mvy−u)HV directly from the
QRD-RLS scheme, without having to solve (10). Namely, by ex-
tracting the least squares residuals as in [8], it can be shown that:

(mvy−u)HV = −Vref−
1

p

1−λv
ε

N
Y

n=1

cosθn , (21)

where the cosθn are found in the Givens rotation matrices, and
where ε is a by-product of the QRD-RLS scheme, i.e. the value
which was indicated with a ∗ in (16), above the reference column of
B. The final output is then found by multiplying (21) with the single
channel postfilter of (9) or (20). As the postfilter of the R1-MWF
(9) requiresMvy so that (10) still has to be solved, the residual ex-
traction does not yield any benefit. This is however not the case for
the SP-MWF, so that the SP-MWF allows for a further reduction of
the computational complexity compared to the R1-MWF.

4. SIMULATIONS

4.1 Setup

We consider a binaural hearing aid configuration, i.e. two hearing
aids connected by a wireless link. The link is assumed to be ideal in
terms of bandwidth and power consumption. We therefore assume
that all microphone signals are available as inputs to the noise re-
duction procedure. Two microphones are used in the left ear device
and two in the right ear device, giving a total of N=4. The binaural
procedure produces a stereo output, but only the output for the left
ear device will be shown. The left-front microphone is then chosen
as the reference microphone.
Head-related transfer functions (HRTF’s) were measured in a

reverberant room (reverberation time RT60=0.61s, cfr. [9]) on a
dummy-head, so that the head-shadow effect is taken into account.
To generate the microphone signals, the noise and speech signals are
convolved with the HRTF’s corresponding to their angles of arrival,
before being added together. 11 different speech-noise configura-
tions were tested, where the azimuthal angles (defined clockwise
with 0◦ as frontal direction) of the noise source(s) are varied. The
speech source is always at 0◦, except for the last scenario where it
is at 270◦ (to the left of the head). The first six scenarios have a sin-
gle noise source at an angle between 60◦ and 300◦. Scenarios N2a,
N2b and N2c have two noise sources at [−60◦,60◦], [−120◦,120◦]
and [120◦,210◦] respectively. Scenario N4 has four noise sources at
60◦,120◦,180◦ and 210◦. Finally, for scenario S270N180 the target
speech source is at 270◦ and the noise source is at 180◦.
For the noise (interference) signal(s) multitalker babble noise

is used. The target speech signal consists of 6 instances of speech-
shaped noise, with periods of silence (12 s of speech, total signal
length 24s). Average spectra of the target and interference signals
can be found in [9]. The stimuli were scaled to obtain an input SNR
of 0 dBA.
To assess the impact on speech intelligibility, a speech intelligi-

bility (SI) weighted SNR improvement is calculated [10], i.e.

∆SNRSI =
X

i

Ii (SNRi,out−SNRi,in) , (22)

where the band importance function Ii expresses the importance of
the ith one-third octave band with center frequency f ci for intel-
ligibility. The last 12 seconds of the output signals are selected
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to measure the obtained output SNR, so that the performance after
convergence can be assessed.
A comparison is made between the QRD-RLS algorithms pro-

posed in this paper, and the adaptive frequency domain SDW-MWF
algorithm in [1] (unconstrained block-structured step size imple-
mentation). All algorithms are implemented in a weighted overlap-
add (WOLA) filterbank framework [11], as this is a flexible frame-
work suitable for hearing aid applications. The signals are sampled
at 20480 Hz, and are processed by 128-point FFT’s (with a frame-
overlap of 32 samples). The MWF-based algorithms are also com-
pared with a (time-domain) implementation of the GSC [4]. The
fixed beamformer and blocking matrix of the GSC preprocessing
stage are calibrated assuming the target speech source is located at
0◦. To avoid speech cancellation, the GSC filters are only updated in
periods where the target speech source is inactive. The filterlength
was chosen so that the total input-output delay of the GSC algorithm
is equal to the input-output delay of the WOLA filterbank.

All tested algorithms require voice activity detection (VAD),
which will be assumed to be perfect in these simulations.

4.2 SI weighted SNR improvement
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Figure 1: SI weighted SNR improvement at left output

In figure 1, the SI-weighted SNR improvement for the 11 different
speech-noise scenarios is shown. The curves denoted with SDW-
MWF are the performances obtained with the algorithm in [1],
which is based on the general SDW-MWF formula (5). The curves
denoted with R1-MWF and SP-MWF are the performances obtained
with the QRD-RLS based algorithms for the filters (9) and (20) re-
spectively. In order not to overload the figure, only the case µ = 5
is shown for the SP-MWF. Finally, the curve denoted with GSC is
the performance obtained with the GSC algorithm [4].

It can be observed that the R1-MWF (and SP-MWF) seems in-
sensitive to changes in µ , with respect to speech intelligibility. This
is actually expected, as in theory, the output SNR per frequency bin
is independent of µ [5]. Therefore the intelligibility weighted SNR,
where SNR values are measured per one-third octave band, should
indeed not change significantly as µ changes.
In theory the SDW-MWF is equivalent to the R1-MWF and

SP-MWF for a single target speech source so that its performance
should also be independent of µ . However, figure 1 illustrates that
in practice, the performance of the SDW-MWF algorithm is highly
dependent on µ , i.e. if µ is chosen too small, the performance de-
grades. This effect was also observed in [5] where the performances
of the batch filters were studied. The batch results indicated that the
R1-MWF and SP-MWF are inherently more robust to errors in the
estimated speech statistics than the SDW-MWF. The same effect is
now also observed in the performance of the adaptive implementa-
tions.

Figure 1 also illustrates that the GSC algorithm is outperformed
by the MWF algorithms. It was demonstrated in [12] that the GSC
is particularly sensitive to microphone mismatch, in contrast to the
MWF. In practice, microphones are rarely matched in phase and
gain, even in a single hearing aid. For a binaural hearing appli-
cation where the microphone signals of two separate hearing aids
are combined, the microphone mismatch may be even more severe,
which can explain the lower performance of the GSC in these simu-
lations. Additionally, when the target speech location deviates from
the assumed speech location (as for scenario S270N180), it can be
seen from figure 1 that the GSC performance also degrades. Fi-
nally, we note that algorithms such as the GSC which make use of
a fixed preprocessing stage, may also degrade localization perfor-
mance, whereas a binaural MWF algorithm enables correct local-
ization [9].

4.3 Impact of µ: single channel postfilter
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Figure 2: Broadband SNR improvement at left output

In figure 2, the broadband SNR improvement (i.e. the SNR cal-
culated on the broadband time domain output signals, without SI

weighting per one-third octave band) is shown for the R1-MWF1,
for different values of µ . As can be seen from (9), µ appears in the
single channel spectral postfilter part, and therefore acts as in single
microphone spectral subtraction algorithms [13]. If µ is increased,
more residual noise is attenuated, hence increasing the broadband
SNR by a few dB’s. Although speech intelligibility is not improved
(cfr. previous section), the listening comfort can be increased at the
cost of more speech distortion.
A problem may arise when the estimated tr{Mvy} takes too

large or too small values. Constraining the postfilter between an
upper and lower bound in this case, can give rise to musical noise
artifacts, as is explained in [13]. This is especially the case when
a small value of µ is chosen, as the postfilter value is then more
dependent on tr{Mvy}. A possible solution would be to make µ
dependent on the conditional speech presence probability as in [14].
In frequency bins where speech is absent, µ can be increased so that
the residual noise is reduced and musical noise artifacts are also
avoided, while the speech signal is not affected.

4.4 Robustness: effect of fixed wordlength

Figure 3 illustrates the effect of quantizing the values of the noise
correlation matrix (or its Cholesky factor), for the spatial scenario
N270 and for µ = 5. The QRD-RLS based implementation of

1The SP-MWF with speech distortion extension (8) behaves similarly to

R1-MWF, but seems slightly less aggressive. Namely, for the same value

of µ , although less SNR improvement is obtained, the filter introduces less
speech distortion.
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the R1-MWF is compared to an algorithm without QRD-RLS, i.e.
where the filter is calculated as in (6), using the noise correlation
matrix estimate (4). The SNR performance of the QRD-RLS al-
gorithm stays close to the optimal performance (i.e. the perfor-
mance obtained without quantization, as shown in figure 2) when
the wordlength is reduced, whereas the performance of the algo-
rithm without QRD-RLS degrades.
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Figure 3: Effect of fixed wordlength in the noise correlation matrix

5. CONCLUSION

In this paper, we have shown that the adaptive frequency domain
SDW-MWF can be realized with an efficient and robust QRD-RLS
updating scheme.
Simulations on a binaural 4-microphone hearing aid setup show

an improved speech intelligibility weighted SNR compared to the
adaptive algorithm in [1], especially for small values of the trade-off
parameter µ . Moreover, in contrast to the algorithm in [2], µ can be
different from 1 without needing large circular buffers. The QRD-
RLS algorithm can thus be used for smaller values of µ (low distor-
tion beamforming), as it does not suffer from the same performance
decrease as [1], but can also be used for larger values of µ , if the
broadband SNR (and thus listening comfort) should be increased.
Additionally, as the processing is performed in the frequency do-
main in contrast to the algorithm in [2], computational efficiency
is increased. Finally, it was demonstrated that the QRD-RLS algo-
rithm has a higher numerical robustness so that the wordlength can
be reduced.
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ABSTRACT 

In this paper, several configurations of two-dimensional 

loudspeaker arrays for a system for controlling the sound 
propagation direction are proposed and the directivities of 

these array configurations are discussed. The system is theo-

retically based on the boundary surface control principle. 

Three loudspeaker arrangements (cross-shaped, circular, 

and square-matrix) and two control sensor configurations 

(circle and elliptic) are tested by numerical simulations. The 

results indicate that the square-matrix loudspeaker array 

has the highest directivity. Based on this, a real prototype of 

a square-matrix loudspeaker system is constructed. The 

measured directivity characteristics of the prototype are 

similar to those estimated by the numerical simulation. 

1.  INTRODUCTION 

          One of the goals of computer control of the direction 

of sound propagation is to realize the ability to provide high-

quality sound to only a specified “listeners’ area”, while 

preventing sound propagation to the “outside zone”. There 

are two techniques for achieving this; both employ a louds-

peaker array. One method is based on the delay-and-sum 

algorithm [1], while the other is based on the “boundary 

surface control principle” (BSCP) [2,3]. Both methods use 
control sound sources constructed from loudspeaker arrays 

and control sensors composed of a reproduction control 

point and suppression control points. Using such systems, it 

has been difficult to achieve effective control of the sound 

propagation direction and clear dumping in the outside zone. 

The delay-and-sum algorithm is straightforward to design, 

but requires many loudspeakers with a large array unit to 

generate a high directionality. This problem can be over-

come by using the method based on the BSCP [4], but it is 

difficult to determine the optimal arrangement of control 

sound sources and control sensors in this method. 

           We found that employing a loudspeaker array with a 
cross-shaped configuration and an elliptical configuration of 

suppression control points achieves better characteristics 

than using a conventional straight-line loudspeaker array [5]. 

In this paper, we present more detailed and extended results 

for two-dimensional loudspeaker array configurations by 

performing further investigations. Specifically, circular and 

square-matrix array configurations are tested and the direc-

tivity characteristics for these configurations are discussed.  
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H1

sM

s3

s2

s1

c2

c3

cN

Notional boundary

Control sound 

sources

Control filters

Control points

c1

0

 

Fig. 1 Example of the conventional localized sound field 

control system: control sound sources (  ), suppression 

control points (  ) 

 

We also construct a prototype of a loudspeaker array system 

and use it to demonstrate the feasibility of the proposed me-

thod. 

       In the following section, we briefly describe the conven-

tional BSCP-based method and describe the theoretical as-
pects of the proposed method that employs a two-

dimensional loudspeaker array and an elliptical acoustic 

boundary. In section 3, the feasibility of these techniques is 

verified by performing numerical simulations for several 

experimental conditions. Section 4 describes the design and 

test results of the prototype system. Conclusions are given in 

the final section. 

2.  METHOD 

2.1 BSCP-Based Method  
      We first describe a basic method for a sound field control 

system and then explain a direction control system, both of 

which are based on the BSCP. 

      The BSCP states that the sound field characteristics in a 

certain area are determined by the acoustic pressure and the 

particle velocity on the surface boundary that encloses the 

area. Fig. 1 shows a schematic illustration of an example of 

a conventional localized sound field control system that can 
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create a quiet zone in the area outside the boundary by set-

ting the sound pressure on the boundary to zero. The boun-

dary is a notional boundary that consists of a certain number 

of control sensor points, as indicated in the figure. The 

sound pressures are controlled by the control filters that con-

trol the outputs from the loudspeaker array. 

      As indicated in Fig. 1, the system consists of loudspeak-

ers (control sound sources), sm, m=1,2,…,M, acoustic sen-

sors (control points), cn, n=1,2,...,N, and sound control filters, 

Hm, m=1,2,…,M. We denote the transfer function of the 

sound control filters by 
 

T
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and the transfer function from the sound source sm to the con-

trol point cn by Gmn, that is 
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When sound pressure values on the control points are de-

noted by 

 
T
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the following relation is hold. 
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Here, A() is the target characteristic to the realized.  From 

eq.(4), H() is obtained by 
 

)()()(  AGH 　    (5) 

 

where + indicates Moore-Penrose inverse.  Coefficients of 

FIR filters for the control filters are derived by taking inverse 

Fourier transform of H(). 

2.2 Arrangement of the Loudspeaker Array 
   Conventional loudspeaker array systems employ a straight-

line array that inevitably creates two main lobes that are 

symmetric about the array line[6]. Therefore, the direction 

control ability of such systems is limited to 180 degrees be-

cause the other side of the array line has the same directivity 

characteristics. To overcome this limitation, we propose vari-
ous configurations of loudspeaker arrays in a two-

dimensional plane[7]. In this paper, three typical arrays 

(shown in Fig. 2) are tested. These arrays can form a main 

lobe that extends 360 degrees around the center of the louds-

peaker array. 

 

 
 

  (a)cross-shaped          (b)square-matrix              (c)circular 

Fig. 2 Three types of the loudspeaker array . 

Notional boundary



 
(i) circular                                 (ii) elliptical  

Fig. 3 Arrangement of control sensor points: control 

sound sources (  ), reproduction control point (  ), 

suppression control points (  ), aperture angle . 

 

2.3 Arrangements of the Control Sensor Points 

The control sensor points consist of suppression control 

points and a reproduction control point that ensures sound 

reproduction characteristics.  The suppression control points 

are located on the notional boundary and can be notional 

themselves if the acoustic environment of the area of interest 

is invariant.  

       Fig. 3(i) shows a typical arrangement of the control sen-

sor points, where the notional boundary is circular and the 
reproduction control point is located on the main lobe direc-

tion. The suppression control points on the notional boundary 

are controlled to give a sound pressure of zero. This ensures 

that sound energy is reflected at the notional boundary and 

that the reflected energy flows to the opposite side past the 

center of the circle [8]. Thus, the sound energy is considered 

to be broadly distributed about the reproduction control point, 

making it difficult to form a sharp main lobe and to achieve 

clear dumping of the side lobes.  

      To overcome this problem, we introduce an elliptical no-

tional boundary, and locate the center of the loudspeaker ar-
ray at one focal point of the ellipse and the reproduction con-

trol point at the other focal point (see Fig. 3(ii)). Using this 

configuration, the energy reflected at the notional boundary 

accumulates at the other focal point. 

     In Fig. 3(ii), the reproduction control point is denoted by 

s1, and the line between the reproduction control point and 

the center of the loudspeaker array is taken to be the x-axis 

and the line orthogonal to the x-axis at the center of the el-
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lipse is taken to be the y-axis. The positions of the suppres-

sion control points sm, m=2,3,…,M are then given by 
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where  and  are the major and minor radii of the ellipse, 

respectively.  represents the angle relative to the x-axis, 
which is given by 
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The distance between the reproduction control point and the 
center of the loudspeaker array is given by 

 

22  F     (8) 

 
      In this arrangement, the acoustic energy reflected at the 

suppression control points accumulates at the reproduction 

control point (i.e., the other focal point), so that the main lobe 

is expected to be intensified. 

2.4 Estimating Sound Control Filter Coefficients 

      The concrete procedure for estimating the coefficients of 

the sound control filters is based on the algorithm described 

in section 2.1.  At the reproduction control point, the repro-

duction )(1 A  is equal to the system input, and at the other 

control point, the sound pressure should be zero, so that 

 
TA ]0,...,0,0,1[)(      (9) 

 

Let rmn denote the distance between sound source sm and con-

trol point cn. If rmn is sufficiently small then the transfer func-

tion )(G  defined by (2) is given by 
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where c is the sound velocity and the free sound field is as-

sumed.  The control filter characteristics H() can be esti-
mated using (9), (10) and (5). 

 

3. NUMERICAL SIMULATION 

3.1     Experimental Conditions 

       The following three configurations for loudspeaker ar-

rays were used: (a) cross-shaped, (b) square-matrix, and (c) 

circular (see Fig. 2). All three configurations contain the 

same number of loudspeakers. The distance between adjacent 

two loudspeakers is set to 5 cm. Two configurations of the 
control sensor points (i.e., suppression control boundaries) 

are tested: (i) circular and (ii) elliptical (see Fig. 3). In type 

(ii),  and  in eq. (6) are set to 100 cm and 86.6 cm, respec-
tively. 

Control

sources

5 cm

0 degree

90 degree

Estimated 

points

1 degree

1 m

 

Fig. 4 Configuration of the control sources and estimated 

points used in the experiments. 

 

Two aperture angles, =30 degrees and 180 degrees are 
tested in these experiments. These constants was adjusted 

experimentally. The directivity characteristics are estimated 

using a BSCP-based method. 

        The same coordinates are used as those given in section 

2.2, and an angle of 0 degrees indicates the direction of the x-

axis. Two different directions for the main lobe (0 and 45 

degrees) are specified in the experiments. The sound velocity 

is set to c=343.7 m/s, so that the Nyquist frequency is 6874 
Hz. The sound pressures for impulse signals with a frequency 

band in the range 200 Hz to 6874 Hz are calculated. In every 

case, the reproduction control point is located 100 cm from 

the coordinate origin. Sound pressures are calculated for 

points in 1 degree intervals on the circumstance of a 100-cm-

radius circle (see Fig. 4). 

     In addition, the sound pressure distribution in a 500 cm by 

500 cm plane is calculated for every point in a 10-cm lattice. 

 

3.2 Results 

  Fig. 5 shows the results for the three configurations of the 
loudspeaker array. It reveals the following: 

 (1) The square-matrix array, (b) has considerably strong-

er directivity than the other two configurations for 

every condition. 

(2) The characteristics of the cross-shaped array vary de-

pending on the specified propagation direction. 

(3) On the other hand, those of the circular array are in-

dependent of the specified propagation direction. 

      The results for suppression control boundary configura-

tions reveal the following: 

(4) When the aperture angle is =30 degrees, no remark-
able differences are observed between the results for 

arrays (a), (b), and (c) (see Fig. 6). 

(5) When =180 degrees, the elliptical boundary exhibits 

relatively a sharp main lobe (see Fig. 7). 
    We can also confirm that the directivity is fairly well main-

tained for acoustic signals with frequency over 3437 Hz 

(=Nyquist freq./2). 

1960



R
el

a
ti

v
e 

so
u

n
d

 p
re

ss
u

re
 l

ev
el

[d
B

]

Angle[deg]

cross-shaped

square-matrix

circle-type

 

Fig. 5 Directivity characteristics estimated for the elliptic-

type boundary, where =180 degree. 
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Fig. 6 Directivity characteristics estimated for the square-

matrix-type loudspeaker array, where =30 degree. 
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Fig. 7 Directivity characteristics estimated for the square-

matrix-type loudspeaker array, where =180 degree. 

4. REAL PROTOTYPE SYSTEM 

4.1 System Design 

As mentioned in subsection 3.2, the square-matrix array has 

high directivity. Therefore, we constructed a prototype sys-

tem based on this loudspeaker array configuration (see Fig. 

8). This array consists of 4×4 loudspeakers each separated by 

an interval of 60 mm. 

      127 notional suppression control points are located on an 

elliptical boundary. The other configurations are essentially 

the same as those used in the numerical simulation described 

in section 3. The control filters are constructed by 512-tap 
FIR filters. 

4.2 Experimental Results 

An impulse response that uses a TSP signal with a sampling 

frequency of 16 kHz is measured on the plane that covers the 

upper surface of the loudspeaker array. The measurement 

points are located on the circumference of a 50-cm-radius 

circle at intervals of 22.5 degrees. 

     Fig. 9 shows a comparison of the acoustic pressure distri-

butions obtained by the numerical simulation and by mea-

surements in a real plane. It shows good agreement between 

the two distributions. Fig. 10 shows the directivity characte-
ristics for several frequency bands; it reveals that frequency 

bands of 1.0 kHz to 2.5 kHz and 4 kHz to 5 kHz have high 

directivities. The measurement was done in a quite simple 

sound proof room, so that the experimental results were af-

fected by the acoustic conditions in the vicinity of the device. 

However, they demonstrate the feasibility of the proposed 

method in a real plane. 

Loudspeaker unit

= Control sound source

 

Fig. 8 Real prototype system employing the square-

matrix-type of the loudspeaker array system. The side of 

the unit is 38 × 38 × 18 cm. 

 

 

 

 

1961



 
(a) Numerical simulation 

 

 
(b) Measured value on the real plane. 

Fig. 9 Comparative result between an acoustic pressure 

distribution of a numerical simulation and that of the 

measured value on the real plane. 
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Fig. 10 Directivity characteristics for several frequency 

bands. 

6. CONCLUSION 

We have proposed three configurations for two-

dimensional loudspeaker arrays for a sound propagation di-

rection control system. We determined the directivities for 

these loud speaker array configurations in numerical simula-

tion. The square-matrix configuration has the highest direc-

tivity. We constructed a prototype of this loudspeaker array 

configuration and confirmed that it has similar characteristics 

as those predicted by the numerical simulation. In the future, 

we will try to measure directivity characteristics of the proto-

type system using real acoustic conditions in the vicinity of 
the device. 
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ABSTRACT
The problem of acoustic source position estimation in rever-
berant environments has been tackled in different ways. The
authors have recently proposed a valid solution which shows
good results even in very hard conditions in terms of rever-
beration. Although the estimator is indicated for a real-time
implementation as long as it can be solved in a closed form,
in this paper the authors present a simplified version of the
estimator in order to significantly reduce the complexity of
the previous realization. A direct comparison among the two
estimators will be shown, additionally the estimator can be
considered also a robust time difference of arrival estimator
in the presence of reverberation.

1. INTRODUCTION

In recent years research has been centered on Intelligent Sys-
tems focused on the realization of robust interfaces meant to
be context aware and to take decisions according to heuris-
tic rules. The position of a sound source is considered as an
important piece of information for the context analysis and
requires a robust system with a low rate of outliers position
estimations. A large part of the microphone array community
has been dealing with this topic and a plethora of solutions
have already been proposed [3] [14] [16] [15] [11] [2].

The Linear Intersection (LI) [3] is a very efficient closed
form estimator for acoustic source localization. LI belongs
to a family of algorithms which are usually called indirect
methods or Time Delay Estimation (TDE) methods [16]: this
means that the location estimation is consequent to a prelim-
inary TDE, hence it can be seriously affected by errors in the
case of reverberant environments.

The most commonly adopted technique for TDE is the
Generalized Cross-Correlation (GCC) [9]. The time lag cor-
responding to the maximum peak of the GCC is usually
adopted as an estimate of the time-delay among two mi-
crophones. GCC can be affected mainly by noise and re-
verberation1 [10], causing anomalies, which means that the
main peak of the GCC might be not associated to the actual
time-delay. These effects have been taken in consideration
in [8] [7] [4]. In our work we are going to consider mainly
the effect of reverberation with respect to noise, that is usu-
ally negligible. Even in cases of anomaly, it can be hypoth-
esized that there is a secondary peak of the GCC which is
the one associated to the true time-delay [16]. Unfortunately
there is not a direct way to retrieve further information on
which is the correct peak to select.

1The reverberation time (T60) is the time required for reflections of a
direct sound to decay by 60 dB below the level of the direct sound.

Previous works have dealt with the importance of con-
sidering secondary peaks in the GCC [5] [6] [13], obtaining
a new method for acoustic source localization in reverberant
environment [6] which has been called Optimal Line Selec-
tion (OLS). OLS is an estimator that naturally extends the
LI estimator to the case of reverberant environments. Re-
sults in [6] show the benefit obtained by considering multi-
ple peaks on the GCC in order to achieve a more accurate
and robust localization in the presence of reverberation.

Depending on the number of microphones used and on
the number of peaks considered in the GCC, OLS can be
computationally expensive. It is indeed necessary, in OLS,
to search exhaustively among all the possible combination of
delays to obtain the source position estimate. In the simpli-
fied version the number of comparisons is significantly re-
duced by giving an initial guess on the source position.

The paper outlines in the first section background knowl-
edge on GCC and OLS, in particular OLS complexity will
be taken in examination. In the second part of the paper,
the proposed estimator will be illustrated and numerical re-
sults, based on Monte-Carlo trials, will show the perfor-
mance varying the reverberation time.

2. BACKGROUND

2.1 The GCC Method
Generalized Cross Correlation was introduced in [9] and ba-
sically estimates the cross-correlation among two ad-hoc pre-
filtered signals.

Given a source signal s(t) in a reverberant environment,
the signals acquired by a microphone pair are modeled as

x1(t) = s(t)∗h1(t)+n1(t)
x2(t) = s(t)∗h2(t)+n2(t),

(1)

where hi(t) (i = 1,2) is the room impulse response between
the source and the i-th microphone and ni(t) is uncorrelated
noise. It is demonstrated in [7] and [12] that the best prefilter
for signals affected by reverberation is the Phase Transform
(PHAT).
Hence GCC-PHAT is evaluated as the following

Rx1x2(τ) =
∫

∞

−∞

Ψ( f )Gx1x2( f )e j2π f τ d f , (2)

where Gx1x2( f ) is the cross power spectrum of x1(t) and x2(t)
and Ψ( f ) is the PHAT prefiltering

Ψ( f ) =
1

|Gx1x2( f )|
. (3)

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1963



Ideally, for low noise and reverberation, the time lag where
the main peak of the GCC is located represents the estimation
of the delay between the direct path in the two impulse re-
sponses, also known as Time Difference Of Arrival (TDOA).
Both [4] and [7] show how the percentage of anomalies in
time-delay estimation rises up with increasing reverberation
and noise level.

In the hypothesis of plane waves, it is possible to get the
Direction of Arrival (DOA) from TDOA τ as an angle mea-
sured with respect to the direction of the line passing through
the two sensors

θ = arccos
(c · τ

d

)
, (4)

where c is the speed of sound and d is the distance between
the microphone pair.

2.2 OLS Position Estimator
Using a particular microphone array displacement as two or-
thogonal couples (referred to as quadruple), the DOAs es-
timated on the two pairs can be used to describe the co-
sine directions of a bearing line whose origin is in the mid-
point of the quadruple and whose direction aims at the source
[3]. Then, using at least two quadruples, the source location
might be found as the intersection of the bearing lines. Due to
quantization errors and GCC-PHAT errors in TDE, lines will
be skew. So the intersection problem is solved considering
all the lines pairwise and computing with an over-constrained
system [3] the points on them which are located in the prox-
imity of the closest distance among the two lines. Hence,
these points are called at minimum distance. Each point at
minimum distance si j generated by the couple of lines i and
j can be weighted as

wi j =
2∗Q

∑
p=1

P(T (si j,m1p,m2p),τp,σ
2), (5)

where p is the pair index and Q is the number of quadruples,
P(x,m,σ2) is a normal distribution with the time-delay es-
timate on the p-th couple as the mean value and evaluated
for

T (si j,m1p,m2p) =

∥∥m1p− si j
∥∥−∥∥m2p− si j

∥∥
c

, (6)

which is the geometrically evaluated delay among the point
si j and the microphones of the p-th pair m1p and m2p. The
final estimation is obtained as a weighted sum of all the M
points

ŝ =
∑

M
i, j=1,i6= j wi jsi j

∑
M
i, j=1,i6= j wi j

. (7)

Variance σ2 is dependent on GCC variance, which is a hard
parameter to estimate as it depends on the signal nature, the
noise level and the reverberant conditions [7]. For this reason
the variable σ can be set empirically.

In case of anomalies the lines will no longer aim at the
source, hence the localization will be compromised.

OLS [6] takes into consideration the first k peaks of the
GCC-PHAT and finds all the k2 combinations of peaks of
the two orthogonal pairs such to bear up to k2 lines with one
quadruple. Nevertheless there is a constraint on the feasibil-
ity of each time-delay combination and it is

cos(θ12)2 + cos(θ34)2 ≤ 1, (8)

Figure 1: OLS graph of all possible combinations of lines in
case of 3 bearing lines for each quadruple.

where θ12 and θ34 (see formula (4)) are the DOAs with re-
spect to the two orthogonal pairs.

Considering one line for each quadruple, it is then possi-
ble to consider up to k2Q set of lines (see Figure 1), each one
with its own set of points at minimum distance. A measure
of how much is expanded the region of space containing the
points at minimum distance for each set is obtained with

CL =
1

ML
∑

(i, j)∈L
(
∥∥si j−bL

∥∥)2, (9)

where L is the set index and bL is the midpoint of the set of
points at minimum distance.

OLS elects as candidate for the position estimation the L-
th set with the lowest CL value. The final estimation is then
refined as in (7).

3. A SIMPLIFIED VERSION OF OLS

As formerly specified, OLS might be computationally expen-
sive as long as it requires an exhaustive search among all the
feasible set of lines. Basically it requires the following oper-
ations

for all k2Q set o f lines do
solve

(Q
2

)
points at minimum distance systems;

evaluate f ormula (9);
end for

However it is true that if it could be possible to know with
certainty one of the points of the best set, then it could be
uniquely guessed the set of points. It is indeed true that as
long as the GCC is a finite sequence and that the peaks belong
to the range −τMAX ≤ l

Tc
≤ τMAX , with l an integer number,

Tc the sampling time and

τMAX =
d
c
, (10)

then it is possible to find all the possible combinations of
time-delays subject to (8). Hence it is possible to bear all
the feasible lines and points at minimum distance and finally
to know a priori all the best set of points, that are the ones
minimizing (9).
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Unfortunately it is not possible to know which point be-
longs to the best set. Moreover, not always it could be pos-
sible to verify a perfect match among the delay estimated on
the quadruples and the ones corresponding to the best sets of
points, because it should be considered a tolerance due to the
noisy GCC estimation on a small percentage of the quadruple
used in the OLS estimator.

After this considerations it is possible to assess that an
initial guess on the source position could be used to elect a
set of lines, hence time-delays, and produce a final estimation
according to (7).

Hereby, based on the previous assumption, a simplified
version of OLS is developed and proposed.

The first step consists of picking up just a couple of
quadruples and considering the first k peaks on the respective
4 pairs. If for each couple of lines, one for each quadruple, it
is considered the midpoint among the two points at minimum
distance, it is possible to set them as k4 initial guesses. For
each initial guess is then possible to measure the geometrical
delay with respect to the 2(Q−2) remaining couples accord-
ing to (6).

Then, for each group of quadruples q not considered in
the first step, k main peaks should be selected on the GCC
related to the orthogonal microphone pairs, such to combine
them into k2 sets of time-delay couples (τ(lq)

q12 ,τ
(lq)
q34 ), with lq =

1, . . . ,k2.
Finally an error measure can be introduced with respect

to the initial guess sLs

e(sLs, l3, . . . , lQ) =
Q

∑
q=3

[
(

T (sLs,m1q,m2q)− τ
(lq)
q12

)2

+
(

T (sLs,m3q,m4q)− τ
(lq)
q34

)2
], (11)

s.t. cos(
cτ

(lq)
q12

d
)2 + cos(

cτ
(lq)
q34

d
)2 ≤ 1.

The procedure can be then described as
for all k4 initial guesses do

per f orm(Q−2)k2 operationstoevaluate f ormula (11);
end for

The best initial guess is the one which minimizes equation
(11) with respect to all the sLs and all the lq values.

Once the best initial guess has been chosen, the posi-
tion estimation can be refined according to (7) by using the
delay couples (τ(lq)

q12 ,τ
(lq)
q34 ) associated to the minimization of

(11). It is clear that this procedure has a lower computational
load than the one in OLS. To give an idea of what has been
claimed, a short example will show the saving in case of re-
alistic parameters.

Example. The computation is lower if at least

(Q−2)k2 ∗ k4 ≤ k2Q

indeed, the same inequality can be written as

(Q−2)k6−2Q ≤ 1,

which is always true for Q≥ 3 assuming k = 3.

It is also possible to repeat the estimation for all the Q
quadruples in order to average the Q final estimations, but the
method is advantageous with respect to OLS only for Q≥ 4.

Moreover, not all the quadruples could be useful. This
means that a quadruple could have GCCs with too many
anomalies and generate a too large element of the sum in (11)
with respect to a fixed threshold. In this case that quadruple
should be discarded from the mentioned sum and formula
(11) should be normalized on the number of useful quadru-
ples for a fair minimization.

3.1 Numerical Results

A synthetic environment has been simulated according to the
Image Method [1]. Room dimensions are 10× 6.6× 3[m]
and the reverberation time has been varied from anechoic up
to 2s. A number of Q = 4 quadruples has been placed on
4 different walls, recording a single source emitting white
noise to which other uncorrelated noise has been added such
to have SNR = 20dB. We have used a sampling frequency of
fS = 48KHz and a frame length of 4096 samples.

Localization Root Mean Square Error (RMSE) has been
evaluated both for OLS [6] (Figure 3) and Simplified OLS
(S-OLS) (Figure 2) over 100 independent Monte-Carlo tri-
als, showing a similar performance in both cases. The prob-
ability of anomalies [7] PA has been evaluated by averaging
the anomalies on the 4 couples belonging to the quadruples
used for the initial guess (Figure 4). PA for S-OLS is evalu-
ated only on the useful frames, that are the ones that have not
been discarded because of a minimum value of (11) higher
than a fixed threshold. PA is larger for the simple GCC-PHAT
with respect to S-OLS. In any case, nevertheless, when k is
increased S-OLS shows a slight increasing of PA for the same
T60. Although this behavior, in Figure 5 it is claimed that, in-
creasing k, the probability of missed localization gets lower
increasing T60.

Figure 2: Position estimation RMSE versus Reverberation
Time (T60) with SNR=20dB, comparing the simplified OLS
(S-OLS) with a different number of k peaks.
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Figure 3: Position estimation RMSE versus Reverberation
Time (T60) with SNR=20dB, comparing OLS with a different
number of k peaks.

Figure 4: Probability of Anomalies versus Reverberation
Time (T60) with SNR=20dB, comparing the simple GCC-
PHAT with the simplified OLS (S-OLS) with a different
number of k peaks with SNR=20dB.

4. CONCLUSION

A new simplified and more efficient version of the OLS algo-
rithm, named simplified OLS (S-OLS), has been introduced.
The proposed algorithm is able to estimate acoustic source
position and shows successful results in terms of compu-
tational cost and localization performance. Some numeri-
cal results show the effectiveness of the proposed approach
and demonstrate that it can solve the problem with a minor
amount of computational load. The accuracy of the localiza-
tion has been evaluated in terms of RMSE which is widely
used in literature.

Future works on this topic will deal with directive sources
and microphones displacement.

Figure 5: Probability of Missed Localization versus Rever-
beration Time (T60) with SNR=20dB, comparing the simpli-
fied OLS (S-OLS) with a different number of k peaks.
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ABSTRACT
This paper presents a detailed comparison of the performance
of two auditory based feature extraction algorithms for auto-
matic speech recognition (ASR). The feature sets are Zero-
Crossings with Peak Amplitudes (ZCPA) and the recently in-
troduced Power-Law Nonlinearity and Power-Bias Subtrac-
tion (PNCC). Standard Mel-Frequency Cepstral Coefficients
(MFCC) are also tested for comparison. Although front-ends
have been compared in previous papers, this work focuses on
two of the most promising algorithms for noise robustness.
The performance of all features is reported on the TIMIT
database using a HMM system. It is found that the PNCC
features outperform MFCC in clean conditions and are robust
to noise. ZCPA performance is shown to vary widely with
filterbank configuration and frame length. The ZCPA perfor-
mance is poor in clean conditions but is the least affected by
white noise. PNCC is shown to be the most promising new
feature set for robust ASR in recent years.

1. INTRODUCTION

The typical speech recognition system consists of two main
elements, a front end processor and a recognition engine.
The front end processing is referred to asfeature extraction.
The task of feature extraction is to obtain a compact repre-
sentation of a speech signal that compresses the useful in-
formation into a small number of measures or coefficients.
The information held by the coefficients must be sufficient to
allow different elements of speech to be distinguished from
one another. Typically this information is about the distribu-
tion of energy in the different frequency bands of the signal
and how these vary with time. Conventional features such as
Mel Frequency Cepstral Coefficients (MFCC) perform this
task effectively in ideal operating conditions. However, it
is well established that their performance degrades severely
when there is a mismatch between the training and testing
conditions, typically due to background noise [1]. Humans
have an impressive ability to recognise speech even in the
most adverse environmental conditions. Thus an approach
to achieving robust ASR is to use an understanding of hu-
man speech processing in feature extraction. Such features,
which can be based on physiological or perceptual aspects
of human speech processing, are referred to as auditory fea-
tures.

In this paper, the performance of an established au-
ditory feature type, Zero-Crossings with Peak Amplitudes
(ZCPA), with several filterbank configurations, along with a
recently developed one, Power-Law Nonlinearity and Power-
Bias Subtraction (PNCC), are evaluated in clean and noisy
conditions. The performance of standard MFCC features are

included for comparison. Results are reported on the TIMIT
database with the recognition engine provided by the HMM
Tookit (HTK).

2. ZCPA FEATURES

ZCPA features were first proposed by Kim [1] as a adapta-
tion of the Ensemble Interval Histogram model [2]. The mo-
tivation is to model the neural firing patterns of the human
cochlea. In the proposed model, the speech signal is filtered
with a set of auditory filters, then the output of each filter
is passed through a zero-crossing detector. The distance be-
tween adjacent upward going zero-crossings is used to give
a frequency estimate. The resulting frequencies are collected
in a histogram, with the weight of each histogram entry be-
ing given by a non-linear compression of the peak amplitude
between the zero-crossings. The histograms across all filter
channels are then summed to produce the feature vector. A
schematic for the algorithm is shown in Figure 1.
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signal

ZCPA ZCPA ZCPA

histogram histogram histogram

DCT
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crossings

frequencies
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[fM(i), · · · , fM(I)] [pM(i), · · · , pM(I)]

peaks

Figure 1: ZCPA extraction scheme

2.1 Auditory Filters

The auditory filterbank aims to simulate the frequency se-
lectivity behaviour of the human cochlea. It comprises of
multiple channels with bandwidth and spacing determined
by some non-linear scale. In this paper three different audi-
tory filters were evaluated.

2.1.1 Cochlear Filterbank

A carefully designed cochlear filterbank replicating the basi-
lar membrane response was presented by Seneff in [3], as
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part of her synchrony / mean-rate model of speech process-
ing. The evaluated filterbank had 36 channels with a band-
width of approximately 0.5 Bark and centre frequencies from
130 to 3400kHz. An implementation of Seneff’s model in
Matlab included as part of an ‘Auditory Toolbox’ for Mat-
lab by Slaney [4] was used in this evaluation. Its frequency
response is shown in Figure 2.
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Figure 2: Seneff’s Cochlear Filterbank Frequency Response

2.1.2 ERB Filterbank

An Equivalent Rectangular Bandwidth (ERB) filterbank can
be viewed as a cochlear filterbank providing a more simple
modelling of the basilar membrane response than Seneff’s
filterbank. Slaney’s Auditory Toolbox includes an ERB fil-
terbank implementation which was used in this evaluation.
The filterbank evaluated had 16 filters with centre frequen-
cies ranging from 200Hz to 3400Hz. The bandwidth and
spacing of adjacent channels is equal on the ERB scale.

The frequency response of the filterbank is shown in Fig-
ure 3.
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Figure 3: ERB Filterbank Frequency Response

2.1.3 FIR Filterbank

Despite the fact that cochlear filters are designed to replicate
a physiological response to speech, it has been reported that
a filterbank of FIR filters can exceed the performance of the
cochlear filters in a ZCPA implementation Kim [1]. Subse-
quent implementations [5, 6] use FIR filterbanks exclusively.
A filterbank was designed with 16 Hamming FIR filters of
order 61. The centre frequencies of the filters were spread

evenly on the Bark scale from 200Hz to 3400Hz. Filter band-
widths were equal to 2 bark - reported to be an optimal spac-
ing by Gajic [5]. The frequency response of this filterbank is
shown in Figure 4
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Figure 4: FIR filterbank

2.2 Zero-Crossing and Peak Amplitude Detector

An upward going zero-crossing is assumed to signal a neural
firing event on the basilar membrane. The intervals between
these events and the peak value across this interval is used to
build a frequency histogram at the next stage. The output of
themth filter channel,sm(n), is passed into a zero-crossings
detector. Each ofI (upward-going) zero crossingszm(i) is
passed to a peak detector and a frequency estimator. The
peakpm(i) is calculated by:

pm(i) = max
zm(i)≤n<zm(i+1)

{sm (n)}

2.3 Feature Histogram

In the final stage, the frequencyfm(i) between adjacent zero
crossings is calculated by:

fm(i) =
1

zm(i+1)− zm(i)

The entry for thejth bin of histogramhm(n), whereIm is
the number of zero crossings for themth filter output, is then
given as:

Im−1

∑
i=1

ψ j { fm(i)}

where ψ j { fm(i)}=

{

log(pm(i)+1) if fm(i) ∈ bin j
0 otherwise

The final histogramh(n) is given as the sum of the corre-
sponding entries in all sub-band histograms:

h(n) =
M

∑
m=1

hm (n)

The frequency computed from intervals between zero-
crossings can be seen as corresponding to the point of ex-
citation on the membrane. This is the dominant frequency in

1969



that sub-band, and the peak value over its interval is an indi-
cation of its power. Thus the resulting histogram represents
the dominant energies in the signal, which hold important
phonetic information. The histogram was allocated 60 bins,
equally spaced on the Bark scale from 0 Hz to 4kHz. A DCT
of the final histogram is computed to decorrelate the features.

3. PNCC FEATURES

This a recent feature extraction algorithm introduced in [7].
It can be seen as a variant on MFCC feature extraction with
different stages of the conventional algorithm replaced with
auditory motivated elements. Firstly the triangular filterbank
used by MFCC is replaced with a gammatone filterbank. The
novel aspects of the algorithm are the use of a Power Func-
tion Nonlinearity (replacing MFCC’s log nonlinearity) and
the use of Medium-Duration Power Bias Subtraction to sup-
press the effects of background excitation. A schematic is
given in Figure 5.

Input Speech

Output Feature

Pre-Emphasis STFT Magnitude
Gammatone

Medium-DurationPower Function
DCT

Mean

Integration

Power SubtractionNonlinearityNormalization

Squared
Frequency

Figure 5: PNCC extraction scheme

3.1 Power Function Nonlinearity

The nonlinearity of the human auditory system has been well
established, and the use of a nonlinear function in feature ex-
traction methods is common. MFCCs pass the filter outputs
through a log nonlinearity. PNCC adopts a power function
which aims to better model peripheral nonlinearities than a
log function. Taking a closer look at accurate auditory mod-
els [8], the graph relating decibels to auditory nerve firing
rate is S-shaped. For decibels below a certain threshold, the
firing rate is almost constant. Above this the increase in deci-
bels with firing rate is almost linear, until it reaches a satu-
ration point. If a log nonlinearity is adopted then there is no
lower threshold. Thus small changes at a low power can re-
sult in large changes at the output of the log function. With
power function however - when the input level is close to
zero, so too is the output level. This is what is observed in
the human auditory system. The target function then will be
close to zero up to a threshold, and then increase linearly. Be-
cause the dynamic behaviour of the output does not depend
critically on the input amplitude, this ideal piecewise-linear
curve is approximated with an a MMSE-based best fit power
function. The power nonlinearity is described by the equa-
tion

y = xa0

The best-fit value of the exponent was found to bea0 =
0.1 by [7].

3.2 Medium-Duration Power Bias Removal

This stage of the algorithm subtracts a ‘bias’ from the speech
segment that is assumed to represent an unknown level of
background excitation. The adjusted powerP̃(m,n) of the
mth channel andnth frame is given by

P̃(m,n) =

(

1
2mr +1

min(m+mr ,M)

∑
m′=max(m−mr ,1)

w
(

m′
,n
)

)

P(m,n)

Where P(m,n) is the original power of the frame,
w(m′,n) is the power normalization gain given by the ratio of
the normalized power to the average power of a frame. The
normalized power is found from the power bias, which can
be defined as the smallest power which makes the arithmetic
mean to geometric mean ratio of the segment the same as that
of clean speech. Full details of the algorithm are given in [7].
For smoothing purposes,w(m′,n) is averaged across a range
of channels specified bymr. The value ofmr used was 5. The
total number of Gammatone channels,M, was 40.

4. PERFORMANCE EVALUATION

4.1 Experimental Conditions

The test corpus used to evaluate the performance of the fea-
ture types was the widely used TIMIT database [9]. The
HMM Toolkit (HTK) was used for creating the recognition
engine. The TIMIT database was divided into training and
testing subsets as recommended in the documentation.

The size of the ZCPA and PNCC frames was 50ms while
a 25ms frame length was used for MFCC. The step size in
both cases was 10ms. Each vector contained 36 coefficients:
12 static; 12 first-order dynamic; and 12 second-order dy-
namic coefficients. Cepstral Mean Normalisation was ap-
plied in each case. This resulted in 5 feature sets - MFCC,
PNCC and ZCPA with three filterbanks denoted Seneff, ERB
and FIR.

Context-independent monophone HMMs with 8 Gaus-
sian mixtures were trained using features extracted from the
training set. The test utterances were passed to the trained
HMMs and a phoneme level transcription was generated.

The testing procedure was carried out for clean speech
(the original TIMIT recordings) and for noisy speech (white
Gaussian noise added to the recordings at SNRs of 10dB and
0dB). No noise was added to the training material so that a
mismatch between training and testing conditions would be
simulated.

4.2 Experimental Results

Recognition performance is measured by comparing the out-
put transcriptions to reference transcriptions. The measure of
performance used is phoneme-level accuracy, as defined by
HTK in [10] and given by(1) .

%accuracy =
L−D−S− I

L
×100 (1)

whereL is the total number of labels (phonemes) in the
reference transcriptions,D is the number ofdeletions, S is
the number ofsubstitutions andI is the number ofinsertions.

Figure 6 shows the performance of each feature set for
clean speech and SNRs of 10dB and 0dB.

It is clear that MFCC performance degrades significantly
in noise, with its accuracy decreasing by 45% in 10dB white
noise and by 74% in 0dB white noise. PNCC is the most ef-
fective of the front-ends, with the highest accuracy in clean
conditions and in both levels of noise. Its accuracy drops
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Figure 6: Recognition Accuracy of different features in dif-
ferent environments, whereFIR, ERB andSeneff are ZCPA
features with FIR, ZCPA and Seneff cochlear filterbank con-
figurations respectively

by 47% from clean to 0dB white noise. All ZCPA front-
ends perform similarly, with Seneff’s cochlear filterbank be-
ing marginally the most accurate. They all perform poorly in
clean speech, but show impressive robustness, with the FIR
configuration dropping only 18% from clean to 0dB white
noise.

As a fixed frame length was used for the ZCPA imple-
mentation, each histogram entry was divided by its frequency
(prior to the nonlinear compression) to prevent biasing to-
wards higher frequencies. However, having a fixed frame
length for each filter means that some accuracy may be lost -
particularly at lower frequencies where there are fewer zero-
crossings in the 50ms frame window. To investigate how
a variable frame length would affect performance, this was
implemented and tested with the FIR filterbank. The frame
lengthL j is given by(2) .

L j =
40
√

Fc j
(2)

whereFc j is the centre frequency of thejth filter. The
square root of this is taken to compress the longer frame
lengths while keeping the shorter frame lengths from becom-
ing unreasonably short. With the scaling factor of 40 and the
given FIR centre frequencies, this resulted in frame lengths
of between 43 and 177ms. The results of this adaptation are
compared with the original FIR implementation in Figure 7.
The variable frame length provides significantly higher accu-
racy in clean conditions but is less robust to noise as the fixed
frame length.

To provide more detailed results, a phonetic breakdown
of the performance was created. The 39 phonemes were di-
vided into 5 groups, as proposed in [11], with an additional
group for silences (sil). The 5 phoneme classifications are;
vowels/semi-vowels (v/sv), nasals/flaps (n/f), strong frica-
tives (sf), weak fricatives (wf) and stops (st). The classifi-
cation is shown in Table 1.

The breakdown in performance is presented in Figures
8,9 and 10. It is interesting that weak fricatives are recog-
nised with consistently low accuracy (<≈ 40%) by all fea-
tures in all conditions
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Figure 7: Accuracy of Fixed vs Variable frame lengths

grouping phonemes
v/sv iy ih eh ey ae aa aw ay ah oy ow uh uw er l r w y
n/f m n ng dx
sf jh ch z s sh
wf hh v f dh th
st b p d t g k
sil sil

Table 1: Grouping of phonemes

5. CONCLUSIONS

Auditory features are clearly more robust than conventional
MFCC features in the presence of white noise. PNCC fea-
tures are significantly more effective than any of the other
features tested, with a high recognition accuracy in clean
speech and relative robustness in noise. This supports Kim &
Stern’s work [7] which showed PNCC to outperform MFCC
and Perceptual Linear Prediction (PLP) feature sets on the
DARPA Resource Management (RM1) database.

ZCPA perform poorly in clean speech but show a high
level of robustness. Contradictory to previous suggestions,
the FIR implementation did not provide superior perfor-
mance to the cochlear filterbanks. The best ZCPA result was
observed by the most complex filterbank - Seneff’s. Adopt-
ing a variable vs fixed frame length gave widely different re-
sults - both with advantageous trends - clearly this behaviour
must be explored further. The ZCPA model has many vari-
able parameters. The scope of this paper covers a limited
number of optimisations (Using Gajic’s suggestions [5] as
a starting point) However there are many further potential
adaptations possible which may bring about increased per-
formance - frame length, delta window, filterbank parame-
ters, histogram parameters, number of coefficients etc. It
must be questioned whether carrying out such exhaustive op-
timisations are justified given the superior performance and
the less complex nature of the PNCC algorithm.

These tests were run with context-independent mono-
phone HMMs. Further study should explore the relative
improvements achieved by adopting context-dependent tri-
phone models (the current standard in HMMs for ASR).

Viewing the phonetic breakdown, the weak fricatives in
particular appear to be responsible for a large part of the per-
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Figure 10: SNR 0dB

formance degradation. Further study should consider meth-
ods to capture these phonemes more reliably. Considering
computational complexity, auditory features are more costly
to extract in general than conventional features. PNCC is far
more computationally efficient than ZCPA however.

Based on all considerations - PNCC are a more promising

development than ZCPA in achieving robust ASR.
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ABSTRACT

In this paper, a comparison of three fundamentally differ-
ent noise robust approaches is carried out. The recognition
performances of multicondition training, Data-driven Paral-
lel Model Combination (DPMC), and cluster-based missing
data reconstruction methods implemented in a large vocab-
ulary continuous speech recognition system are evaluated
with Finnish language speech data consisting of real record-
ings in noisy environments. All three methods improve the
recognition accuracy substantially in poor signal-to-noise ra-
tio (SNR) conditions when compared to a baseline system
trained on clean speech. DPMC and missing data reconstruc-
tion systems give the best performance on high SNR condi-
tions. On low SNR conditions, the performance of multicon-
dition trained system is ranked the best, DPMC the second
best and missing data reconstruction the third.

1. INTRODUCTION

In automatic speech recognition (ASR), noise robustness
may be addressed by several fundamentally different meth-
ods. One method is to train the system directly on a specific
type of noise encountered in the recognition phase. This type
of system is called a matched system and it is likely to be su-
perior compared to any noise compensation method, but only
for that specific type of noise. Adjusting the system for new
types of noises requires a large database of new noise types
and time consuming re-training of the system. A more practi-
cal alternative to the matched training is multicondition train-
ing, in which the system is trained directly on noisy speech
encountered in the most common noise environments, thus
preventing the need for re-training the system every time the
background noise changes. Re-training of a multicondition
trained system is only required if the noise encountered is
considerably different from the noises included in the train-
ing set. A multicondition trained system is evaluated in this
study.

It is possible to overcome the requirements of massive
data collection of different acoustic environments as wellas
the requirement of re-training for each new type of noise by
using active noise compensation methods. One active com-
pensation method is to compensate for the noise in the fea-
ture extraction stage to obtain an estimate of the underly-
ing clean speech signal from the noise contaminated speech
signal. This can be achieved through pre-processing tech-
niques such as Vector Taylor Series (VTS) expansion de-
scribed in [11]. Another active compensation method is the

model compensation. The idea behind model compensation
is not to pre-process the signal but rather allow the presence
of noise in the recognition process by adapting the acous-
tic model to match the current noisy environment. Model
compensation methods include, for example, Parallel Model
Combination (PMC) [7] and Noise Adaptive Training [10].
In PMC, the parameters of speech and noise models such
as Mel-frequency cepstral coefficients (MFCCs), are trans-
formed from the cepstral domain to linear spectral domain
(where speech and noise are assumed additive), combined
using a mismatch function and transformed back to cepstral
domain. Since it is not possible to calculate the mismatch
functions in closed form, Data-driven PMC, the second ap-
plied approach in this study, can be used for accurate estima-
tions [7].

Finally, there is a class of methods based on finding re-
liable information in the observed features. Missing data
methods [14], for example, divide the noisy observations to
reliable and unreliable spectrotemporal components depend-
ing on whether the features are dominated by speech or noise
— an approach motivated by studies on auditory scene anal-
ysis (ASA) which demonstrate that the most intense sound
component in each auditory scene dominates the combined
neural response to the scene [2]. Thus, the speech dominated
components may be regarded as reliable estimates for the un-
derlying clean speech and used as such in speech recognition,
while the noise dominated components are taken to repre-
sent only noise, and the speech information carried in these
components is considered missing. The missing information
can, however, be reconstructed using e.g. cluster-based re-
construction [15].

In this paper, a comparison of three fundamentally differ-
ent noise robust ASR approaches including multicondition
training, DPMC, and cluster-based missing data reconstruc-
tion is carried out. The three noise robust approaches are im-
plemented in a large vocabulary continuous speech recogni-
tion system and evaluated on real noisy speech recordings in
car and public place environments. As far as the authors are
aware, no direct comparison between these three approaches
has been carried out previously nor has DPMC been evalu-
ated on real noisy recordings. In previous studies on DPMC
e.g. [5], [7] and PMC e.g. [12], speech is usually corrupted
with artificially added noise. Such experiments are slightly
unrealistic since there is no convolutive noise (e.g. reverber-
ation) that may affect the DPMC performance.
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2. METHODS

This section describes the baseline system (Sect. 2.1) and
the three noise robust approaches based on multicondition
training (Sect. 2.2), DPMC (Sect. 2.3.2) and cluster-based
missing data reconstruction (Sect. 2.4). A voice activity de-
tector (Sect. 2.5) used with both DPMC and missing data
reconstruction is also described.

2.1 Baseline system

The baseline system used in this work is a large vocabu-
lary continuous speech recognizer based on hidden Markov
models (HMM) with state likelihoods modeled by Gaussian
mixture models (GMM). The baseline system uses a morph-
based variable length n-gram language model [18] trained
on 145 million words of book and newspaper data. The de-
coding vocabulary is practically unlimited [8] as all words
and word forms can be represented with the unsupervised
morphs. The language model is combined to the acous-
tic model using scaling factor on the language model log-
probability. The scaling factor is optimized for noiseless
speech with respect to the letter error rate (LER). The de-
coder is a time-synchronous beam-pruned Viterbi token-pass
system and the acoustic models are state-tied tri-phones con-
structed with a decision-tree method. Each state is modeled
with a maximum of 100 Gaussians and the states are associ-
ated with gamma probability functions to model the state du-
rations [13]. The speech signal is represented with 13 MFCC
features concatenated with their first and second order differ-
entials, scaled, and mapped with maximum likelihood lin-
ear transformation (MLLT) [6] optimized in training. The
width of the dynamic parameter window is 2 frames (512
samples) and the dynamic parameters are calculated accord-
ing to DPMC requirements as simple differences over the
given window width. Finally, the covariance matrix of each
Gaussian is diagonalized.

2.2 Multicondition training

In multicondition training, the system is trained on speech
in varying noise conditions, which are ideally the ones that
are most likely encountered in the use of recognition system.
Multicondition training does not increase the computational
complexity as it does not require any changes to an existing
ASR system; only the training material is changed. Obtain-
ing a sufficient amount of training data representing the vari-
ation of noise conditions well enough is the main challenge
of multicondition training. However, multiple noise condi-
tions can also be simulated by artificially adding noise with
varying characteristics and SNR to the training speech data.

The multicondition trained system used in this work was
trained on data consisting of 50 % noiseless speech, 30 %
speech recorded in public places, and 20 % speech recorded
in moving cars. Three SNR levels (microphone positions)
and four different microphones were included in the noisy
training data. A more thorough description of the training set
is given in Section 3. The number of Gaussians in the multi-
condition system was approximately the same as the baseline
system after state tying executed during the training process.

2.3 Parallel Model Combination

PMC [7] is a model compensation technique used to adapt
the acoustic model trained on noiseless speech to the current

recognition environment. Standard PMC assumes the fea-
ture vectors are linear transforms of the log spectrum such
as MFCCs, and that the noise is primarily additive. First
the Gaussian means and covariances of the speech and noise
models are mapped from the cepstral domain to the linear
spectral domain where the noise is assumed additive. Then
the means and covariances of the combined speech and noise
distributions are computed and transformed back to the cep-
stral domain. When the distribution of the original features
is modeled with a GMM, the distributions of the resulting
transformed features do not have a simple functional form.
Despite this, they are usually approximated with a GMM.

Different mapping approximations have been developed
to the nonlinear transformation between log-spectral domain
and linear spectral domain. For example, log-normal and
log-add [7] approximations are simple and fast methods but
give rather poor mapping approximations resulting in large
recognition error rates, especially on low SNR conditions,
because they can approximate only the transformations of
static parameters. A more accurate mapping is achieved by
combining the transformed parameters using mismatch func-
tions [7]. However, it is not possible to solve the mismatch
functions in closed-form. Solution for this problem is ad-
dressed in the next section.

2.3.1 Data-driven PMC

DPMC [7] is a formulation of PMC developed to circumvent
the unsolvability of the mismatch functions. DPMC uses the
distributions of the clean speech and noise parameters to gen-
erate virtual data points in a Monte Carlo process. Data for
static and dynamic parameters (differential features, see2.1)
are generated independently. Then the virtual data points are
combined with the expectation values of mismatch functions,
the static and dynamic parameters separately, to form vir-
tual noisy speech data points. The mean and covariance are
calculated from the virtual noisy speech data points, which
yields an estimate of the noisy speech distribution. Then
the combined distribution parameters are mapped back to
cepstral domain. A more thorough description of mismatch
functions can be found in [7, pp. 38–39]. The accuracy of
noisy speech distribution estimate depends on the number of
generated data points. However, as the number of data points
increases, the computational cost grows linearly, which accu-
mulates with the increased computational intensity on large
vocabulary systems, in which large speech models are used.

2.3.2 DPMC system

DPMC system applied in this work used a standard diago-
nal covariance approximation described in [7, pp. 55–57]).
The noise model was estimated on-line separately for each
utterance from speech pauses within the corresponding utter-
ance. A voice activity detector, described in Section 2.5, was
used to find speech pauses. For the combination process, 50
data points per Gaussian were generated. The computational
complexity of DPMC implementation isO(G(M3+P∗M2))
per combination, whereG is the number of Gaussians in the
acoustic model,M is the number of Mel bands, andP is the
number of generated data points.

2.4 Missing data approach

When speech is corrupted with additive noise, the log-Mel-
representation of the noisy speech signal is divided into reli-
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able i.e. speech dominated regions and unreliable i.e. noise
dominated regions where speech information is effectively
missing. Thus, the missing feature approaches used for noise
compensation in ASR need first to identify the unreliable
feature components and then handle speech recognition with
partially observed data. Motivation for the missing data ap-
proach originally comes from human speech perception and
auditory scene analysis (ASA) [1].

2.4.1 Noise mask estimation

In this work, the unreliable feature components are identified
based on local SNR estimates in the Mel-spectral domain.
These are derived using a stationary noise estimate which is
calculated from non-speech frames identified using the voice
activity detector described in Section 2.5. Noisy observations
are then considered reliable if the observed value exceeds the
estimated noise power with a predefined thresholdγ = 3 dB
and unreliable otherwise. This provides an initial noise mask
estimate. Based on the glimpse model proposed in [3], the
mask is then processed to contain only connected regions of
reliable speech features that are larger than a certain mini-
mum size, i.e. glimpses of speech. The decision to include
only glimpses larger than a minimum size five and to use
threshold valueγ = 3 dB in the mask estimation is based on
experiments with the noisy development data (see Section 3
for dataset description).

2.4.2 Missing data reconstruction

The missing data methods used in ASR may be divided into
classifier modification and data reconstruction approaches.
In classifier modification, the speech recognition system is
modified to handle the unreliable features using e.g. bounded
marginalization [4], while reconstruction is based on replac-
ing the missing values with clean speech estimates in the
log-compressed Mel-spectral domain. The reconstructed fea-
tures can be transformed to an arbitrary feature domain and
subjected to normalization and adaptation, which makes this
a practical approach also for large vocabulary continuous
speech recognition systems that typically use such transfor-
mations.

In this work, the missing values are reconstructed us-
ing the cluster-based missing data reconstruction method
proposed in [15]. The method calculates a bounded max-
imum likelihood (BMAP) estimate for the missing values
based on the observed features and a priori information on
the statistical dependencies between spectral componentsin
clean speech. The features are reconstructed in the log-Mel-
spectral domain and mapped to the acoustic model feature
domain described in Section 2.1 after reconstruction. The
clean speech model used in this work is a 5-component
GMM trained with a 52-minute dataset of read sentences
randomly extracted from the SPEECON training data (Sec-
tion 3). The clusters and model parameters were jointly es-
timated using the expectation-maximization (EM) algorithm
in GMMBAYES Matlab toolbox. For a detailed description
on solving the BMAP estimates in cluster-based reconstruc-
tion, see [14]. The computational complexity of the missing
data reconstruction implementation isO(F ∗C∗M4) per ut-
terance, whereF is the number of frames in the utterance,
C is the number of components in the reconstruction model,
andM is the number of Mel-frequency bands.

2.5 Voice Activity Detector

The voice activity detector used in DPMC and missing data
systems was based on an HMM/GMM speech/non-speech
classifier which is presented and examined in more detail
in [16]. The current version differs from the previous only
by newly trained speech and non-speech models. To en-
sure classification of speech and noise together as speech,
the training material in the current version contained broad-
cast news with artificially added noise instead of plain TV
news material. This lead to improved frame classification
accuracy of 98 % for close microphone and 94 % for far mi-
crophone on public place data (93 % and 92 % in previous
version, respectively) in the same test described fully in [16].

3. DATA

All data used in this work was taken from SPEECON [9]
Finnish language corpus which contains both spontaneous
and read speech. Two equally sized training sets were con-
structed both comprising of 293 speakers and containing ap-
proximately 19.5 hours of speech. The first training set, re-
ferred to as the clean training set, was used to train the base-
line system and contained speech recorded in sufficiently
noiseless environments (estimated average SNR of 26 dB ac-
cording to SPEECON database specifications). The second
training set was used in multicondition training and it con-
sisted of half noiseless speech and half noisy recordings from
the public place and car environments. Only the training sets
contained spontaneous speech. A development set was also
constructed from SPEECON database and it consisted of 1.2
hours of noiseless speech from 39 speakers. The develop-
ment set was used for language model scaling optimizations.

The systems were evaluated with noisy data selected
from public and car environments. The noisy car test set
consisted of 57 minutes of speech from 20 speakers, and pub-
lic place test set consisted of 94 minutes of speech from 30
speakers. The corresponding development set lengths were
29 and 60 minutes. The training, development, and evalua-
tion sets were exclusive i.e. they do not share speakers. Three
microphone position recordings are used in the evaluation
set. The closest microphone was a headset which had an esti-
mated average SNR of 13 dB in car and 24 dB in public place
recordings. The second closest microphone was attached to
the chest level and had an estimated average SNR of 5 dB in
the car and 14 dB in public place recordings. The farthest mi-
crophone in the car recordings was located in the rear-view
mirror approximately one meter away from the speaker and
had an estimated average SNR of 8 dB. The farthest micro-
phone in the public place recordings was placed 0.5–1 meter
away from the speaker and had an estimated average SNR of
9 dB.

The inconsistency between the SNRs of the mid and far
distance microphones in the car recordings is caused by the
different characteristics of the microphones. The far micro-
phone in the car recordings (AKG Q400 Mk3T) has been
designed to be a part of a hands-free system and therefore
it has a limited frequency response in order to make the mi-
crophone robust to e.g. engine and turbulence noises. The
estimated average SNR for this microphone is higher relative
to the mid distance microphone as it does not pick the high
intensity low frequency components of the engine noise due
to its restricted bandwidth.
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Table 1: Public place noise evaluation set error rates
(LER/WER %).

Mic Baseline DPMC Multi- Missing

condition data

Close 5.7/20.2 4.3/16.2 7.5/26.8 4.5/16.6

Mid 38.4/63.9 15.7/32.5 9.4/25.1 24.9/54.1

Far 54.6/76.5 28.3/44.6 17.7/35.1 38.0/66.3

Table 2: Car noise evaluation set error rates (LER/WER %).

Mic Baseline DPMC Multi- Missing

condition data

Close 6.7/21.8 5.2/17.1 5.9/19.6 4.9/16.9

Mid 64.3/86.3 29.2/48.1 13.0/33.3 32.6/54.4

Far 87.6/99.5 79.3/94.3 42.5/72.0 75.7/97.5

4. RESULTS

Letter (LER) and word error rates (WER) on the public place
noise evaluation set are collected in Table 1. LER is the com-
mon measurement unit used in Finnish speech recognition.
The baseline system performance shows the largest degrada-
tion with decreasing SNR, from the close recordings (5.7 %)
to mid (38.4 %) and far (54.6 %) recordings. DPMC system
is the most accurate system on close recordings (4.3 %) and
the second most accurate on mid (15.7 %) and far record-
ings (28.3 %). Multicondition trained system gives the best
performance on mid (9.4 %) and far (17.7 %) recordings by
a large margin but performs worse than the baseline system
on close recordings (7.5 %). Missing data system performs
better than the baseline system in all conditions (4.5 %, 24.9
%, and 38.0 %) but is poorer than multicondition trained or
DPMC systems in noisier mid and far recordings.

Letter and word error rates on car noise evaluation set
are collected in Table 2. Again the baseline system shows
the largest degradation in recognition performance with de-
creasing SNR from close recordings (6.7 %) to mid (64.3 %)
and far (87.6 %) recordings. DPMC (5.2 %) and multicondi-
tion systems (5.9 %) perform better than the baseline system
on close recordings but the lowest error rate is achieved by
the missing data system (4.9 %). DPMC has the worst per-
formance on far (79.3 %) recordings and the second worst on
mid (29.2 %) recordings. The multicondition system has the
best performance on mid (13.0 %) and far (42.5 %) record-
ings. The missing data system performance on mid (32.6 %)
recordings is slightly lower than the respective DPMC per-
formance and on far (75.7 %) recordings, it is slightly higher
than the respective DPMC performance.

Wilcoxon signed rank test was used for pairwise statisti-
cal comparisons between the letter error rates of each system
on combined public place and car noise. The Z-scores are
collected in Table 3. Based on a 95 % confidence interval,
the Z-score greater than 1.96 or less than -1.96 indicates a
statistically significant difference in the comparison. Statisti-
cally significant difference was reached in all other pairwise
comparisons except in between the baseline-multicondition
and DPMC-missing data systems on close recordings.

Table 3: Z-scores of pairwise comparisons and the respective
relative LER improvements (left relative to right) on com-
bined public place and car noises (z-score/relative LER im-
provement %). Bold numbers indicate a statistical difference
between the systems.

Pair* Close Mid Far

BL-DPMC -3.68/24.6 -6.15/56.9 -5.67/28.4
BL-MC -1.95/-13.1 -6.10/77.8 -6.50/59.4
BL-MD -5.60/24.6 -6.15/42.5 -6.15/21.9
DPMC-MC -4.95/-50.0 -5.84/48.6 -5.32/43.3
DPMC-MD -0.94/0.0 -5.24/-33.3 -2.15/-9.1
MC-MD -5.04/33.3 -6.13/-159.3 -6.06/-92.4

*BL=Baseline, MC=Multicondition, MD=Missing data

5. DISCUSSION

In this study, we carried out a comparison of three noise ro-
bust approaches in a large vocabulary ASR task using real
noisy speech recordings from car and public place record-
ings. The main observations were that all the three methods
improve the recognition accuracy substantially in poor SNR
conditions when compared to a baseline system trained on
clean speech. However, the DPMC and missing data sys-
tems give the best performance on high SNR conditions but
the multicondition trained system outperforms the other sys-
tems on low SNR conditions where DPMC system performs
the second best and missing data system the third best. In
this study, multicondition training and the active model com-
pensation method (DPMC) are evaluated separately whereas
an approach called Noise Adaptive Training (NAT) makes it
possible to combine effectively multicondition training with
a VTS based model compensation technique. NAT yielded
results that were superior both over standard multicondition
training and VTS in the Aurora 2 digit recognition task [10].

The challenge in the recognition of the far recordings is
not only due to the relative increase in noise level but also
the convolutive channel effect on the speech signal. This
is caused by the different types of microphones used in the
recordings and the increasing effect of reverberation relative
to direct sound as the microphone distance is increased. The
multicondition trained system performs considerably better
on mid and far recordings because it has a clear advantage
of learning the respective channel distortions during train-
ing. DPMC and missing data systems are, on the other hand,
only capable of compensating the additive noise, not the con-
volutional channel distortion. Had any convolutional noise
robust method also been used such as cepstral mean subtrac-
tion (CMS), the baseline, DPMC and missing data systems
would have shown significant performance improvements on
mid and far recordings. CMS would have also improved
the multicondition system performance but not on the same
scale as the other systems. However, the standard version of
CMS does not cope with the parameter reversibility demand
of DPMC, thus a modified CMS has been introduced to be
used with DPMC [19]. We intend to test the modified CMS
in the future studies.

In the present study, the multicondition training set con-
tained clean and noisy data from the same SPEECON corpus
that was used to construct the evaluation sets. This has given
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some advantage for the multicondition trained system over
the more flexible PMC and missing data approaches relying
on adaptive compensation. While the settings in the collec-
tion of SPEECON are realistic and represent everyday use of
speech technology in common environments with commonly
used microphone settings, they are, however, standardized
and do not represent all the variables that may be encoun-
tered in real use of ASR devices. It is noteworthy that due to
the restricted corpus, we did not have noise types with con-
siderable mismatch to the multicondition trained models.

The performance differences between the public place
and car noises on each system is noteworthy. The car noise
is more difficult for the baseline system to recognize which
is also reflected to the performance of noise robust methods.
This can be explained through the SNR differences since the
car noise has significantly lower SNR on each microphone
distance. Due to the limited frequency response of the far
microphone on car noise recordings (see Section 3 for de-
tails), the respective SNR is effectively lower than measured.

But why is the multicondition system performance worse
than the baseline on public place noise but better on car
noise? Even though the training sets of multicondition and
baseline systems are approximately the same, the multicon-
dition training set includes considerably less clean data.The
close recordings on car noise have such a low SNR which
already affects considerably the clean trained baseline per-
formance. Therefore the multicondition system has a per-
formance advantage over the baseline. However, the close
recordings on public place noise have higher SNR which,
based on our experience, corresponds almost to the clean
training condition and does not considerably degrade the
baseline recognizer performance; rather the baseline recog-
nizer has an advantage of having more clean data in the train-
ing set that matches well to the public place close recordings.

Missing data reconstruction performance was lower than
the DPMC performance in most test conditions, but the dif-
ferences were larger in public than in car environments. This
is likely because the reconstruction performance is sensitive
to mask estimation errors as discussed in [14]. The mask
estimation method used in this work assumes the noise in-
terference is stationary, which approximately holds for the
car engine noise, but does not hold in public environments
where the noise is often time-varying (e.g. speech, music,
clatter). It is therefore reasonable to assume the missing data
reconstruction performance would improve with better noise
mask estimation methods. Moreover, methods based on e.g.
perceptual criteria [1] or using a Bayes classifier [17] would
remove the need for noise estimation in missing data meth-
ods altogether.
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ABSTRACT 

In this paper we show that microphones that capture the 

bone-conducted voice can be used to improve Automatic 

Speech Recognition in noisy environments. These micro-

phones exhibit good noise rejection properties and their 

signals are therefore good indications of speech activity, 

even in very noisy conditions. We conducted experiments 

where we used a throat microphone signal as a Voice Activ-

ity Detection (VAD) input signal and found that recognition 

accuracies in non-stationary noise improve significantly 

compared to when VAD is executed on a conventional mi-

crophone signal. 

1. INTRODUCTION 

Modern day speech recognizers achieve very high recogni-

tion rates. Even very large vocabulary continuous speech 

recognition is possible. One of the biggest problems that 

remain in the Automatic Speech Recognition (ASR) domain 

is noise robustness. Unwanted background signals that cor-

rupt the desired speech signal cause a mismatch between 

this speech signal and the training data of the acoustic mod-

els of the recognizer. This leads to a degraded recognition 

performance. A second consequence of the added back-

ground signals is that it becomes more difficult to tell at 

what times exactly the user is speaking. This so called Voice 

Activity Detection is a very important aspect of ASR; it tells 

the recognizer when it has to listen to the input signal. If the 

recognizer listens while the user is silent, this can cause a 

high amount of insertion errors; not listening while the user 

is speaking will certainly lead to deletion errors. The VAD 

becomes particularly challenging when the background 

noises are non-stationary. In this paper we use special mi-

crophones to capture the body-conducted voice signal to 

help reduce the influence of background noise sources on 

the accuracy of a VAD.  

In section 2 of this paper we give a brief description of 

the properties of non-conventional microphones and explain 

why they are of particular interest when it comes to Voice 

Activity Detection. We also explain the VAD algorithm that 

was used in our experiments. In section 3 of this paper we 

show the results of the Automatic Speech Recognition ex-

periments that were conducted. Finally, in the last section we 

draw some conclusions. 

2. VAD WITH BODY-CONDUCTING 

MICROPHONES 

2.1 Body-conducting microphones 
Body-conducting microphones are sensors that rely on the 

fact that the human voice signal is not only transmitted 

through the air. When a person speaks this will also lead to 

vibrations of the bones and tissues of this person, and the 

speech signal will propagate through these media as well. 

Because interfering signal sources are typically not in con-

tact with a person, they will be present in the air surrounding 

this person but not in his or her internal structure. This 

means that if we would capture this so called body-

conducted signal (or bone signal), we can capture an uncor-

rupted speech signal. A downside of this, however, is that 

the signal can be very limited in bandwidth. Since the signal 

propagates through human bone and tissue, its high frequen-

cies will be attenuated and a low-pass speech signal will be 

retained. This property makes the body-conducted signal as 

such unsuitable for speech applications where a broadband 

signal is required. Today’s speech recognizers are such ap-

plications. The acoustic models they use are those of 

“broadband” speech; using narrowband speech at the input 

side would cause discrepancies with the training data, lead-

ing to recognition errors. In [1] it was found that the body-

conducted signal captured at the upper lip resembles the air 

signal the most and that using this signal as an ASR input 

signal is not impossible.  A better solution to this problem 

would be to train a recognizer using a very large database 

consisting of body-conducted data. If their bandwidth is 

large enough to contain some formants, these signals will 

contain sufficient information for speech recognition pur-

poses. However, no such database exists at this time. A dif-

ferent approach is to transform the bone signal into a regular 

air signal and use this signal as input. This transformed sig-

nal would also be suited for human communication and 

would be a solution to the problem of human communica-

tion in very noisy environments. Multiple attempts have 

been made to transform a body-conducted signal into a clean 

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 1978



air signal, either by using only the body-conducted signal 

e.g.[2][3], or by accompanying this signal with the noisy 

broadband signal picked up by a regular microphone [4]-[8]. 

In [9] the body-conducting microphone was used to help 

retrieve the clean speech recognition feature vector. 

VAD on the other hand is an application that does not 

necessarily require a broadband signal. VAD is very suscep-

tible to noise, especially if this noise is non-stationary. The 

bone signal should typically contain a negligible amount of 

background signals, which should significantly simplify the 

VAD task as every signal activity would correspond to 

speaker activity. One problem however is that, since the bone 

signal is a low-pass signal, sounds that are characterized by 

high frequency energy, such as fricatives, will hardly be 

found at all in the bone signal. Detecting these sounds accu-

rately using only the bone signal might be impossible, but the 

presence of speech could nevertheless be inferred from the 

bone signal activity as every syllable will include at least one 

voiced phoneme (the vowel nucleus). The multisensory 

speech enhancement techniques described in [4], [6]-[8] do 

implement VAD based on the body-conducted signal, but do 

not report on its direct impact on ASR performance. [10] on 

the other hand does report a relative improvement in error 

rate of 0%, 61.1% and 45.4% at 40dBA, 84dBA and 96dBA 

noise levels respectively, when the close talk microphone 

signal is replaced by a throat microphone signal for VAD. In 

[5] a reduction of 90% in the number of insertion errors is 

achieved when the signal is amplitude modulated by the 

speech confidence, which is derived from the bone signal’s 

energy level. 

 

2.2  Energy based VAD 
We considered that analysing the energy of the bone-

conducted signal should suffice for the purpose of Voice Ac-

tivity Detection as this signal shows a high SNR such that 

high energy content becomes a direct indication of speaker 

activity. Thus, to detect the active speech parts in the body-

conducted signal, we developed a simple energy based voice 

activity detector, that we named eVAD. The feature used in 

the eVAD algorithm is the smoothed energy, contained in the 

frequency region of interest. Let ),( kmY  be the STFT of the 

input signal )(ty , with m the frame number and k the fre-

quency index. The smoothed energy is then calculated as: 
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where ),(' kmY  is the same as ),( kmY , except when k corre-

sponds to DC or half the sampling frequency, then ),(' kmY  

is 2),( kmY . This ensures that the energy at these fre-

quency bins is only considered once. One can see that the 

parameter N in (1) controls the extent to which the feature is 

smoothed in time and by adjusting the range [ ]21 , kk  a given 

frequency band can be selected. 

During an initialization phase the first frames of the in-

put signal are used to calculate the noise energy using (1); the 

mean of these noise frame energies is an initial estimation of 

the smoothed noise energy
NoiseE . Next, the smoothed energy 

is calculated for each signal input frame. This energy is then 

divided by 
NoiseE  and the logarithm is taken: 

 
)(

)(
log10)( 10

mE

mE
mEratio

Noise

=   (2) 

This ratio is then compared to a threshold. When the ratio is 

smaller than this threshold the frame is considered to contain 

only noise and the noise energy is updated: 

 )()1()()1( mEmEmE NoiseNoise αα −+=+  (3) 

with 10 ≤≤ α . If the ratio is larger than the threshold, 

speech is detected and the current noise energy estimate will 

remain unchanged: 

 )()1( mEmE NoiseNoise =+    (4) 

As stated in the previous section, unvoiced phonemes 

such as e.g. /s/ or /t/ might not be captured by a body-

conducting microphone. This leads to a low instantaneous 

energy part in the signal while there is active speech.  If these 

phonemes occur in the middle of a speech fragment, this 

does not pose a big problem in practice. First, the surround-

ing voiced phonemes ensure that the smoothed energy fea-

ture curve can not drop to too low values. Furthermore, one 

can select a minimum duration that a detected pause should 

have before it is classified as a pause. This can filter out 

pauses that would be detected due to a short unwanted drop 

in the energy curve. 

On the other hand, very often a speech fragment starts or 

ends with problematic unvoiced phonemes and this can not 

be dealt with by selecting a minimum pause length. That is 

why detected speech portions are extended in time (front and 

back) by a given small amount, i.e. the regions before and 

after a detected speech fragment will be classified as speech 

regions as well. 

Signals captured by a body-conducting microphone can 

also contain undesired sounds such as teeth clacks or swal-

lowing sounds. These sounds cause a rise in the energy 

curve, but generally have a short duration, especially com-

pared to speech.  To cope with these short bursts of high en-

ergy a minimum speech length can be selected. If a speech 

region is detected that is shorter than this minimum length, it 

will be classified as noise. 

Besides the relative energy ratio (2), we found it useful 

to also use an absolute power measure. This will make the 

VAD deaf to signals whose power is below a threshold value. 

So if 
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frame m will be classified as a noise fame, where Nwin  is 

the length of the window used. 

3. ASR EXPERIMENTS 

Our goal is to determine the influence of VAD with body-

conducting microphones on automatic speech recognition 

performances. During previous work we recorded a multi-

lingual database of noisy speech using multiple microphones 

[11]. It was noticed that the throat microphone signals in this 

database exhibited good noise rejection properties and there-
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fore we selected this throat microphone (a Clearercom 

Stryker PC [12]) for our experiments. The air signal we used 

in our experiments was produced by a Bluetooth close-talk 

microphone, designed by Voice Insight [13]. 

The signals of the throat microphone contain some low 

frequency noise but no high frequency voice energy. For this 

reason, the energy in the region [250 5000] Hz was used to 

calculate the energy ratios used in the eVAD. 

Figure 1 depicts an example of the power (in the se-

lected frequency region) of the throat microphone signal and 

that of an air microphone. The background noise source was 

a second speaker. The vertical lines indicate the speech start 

and stop positions. It can be clearly seen that the throat signal 

exhibits a much higher SNR than the air signal, making it 

well suited for energy based VAD indeed. 

The multilingual database contains noise corrupted ut-

terances for two speech recognition tasks and some numbers. 

For the experiments in this paper, we chose to let the speech 

recognizer recognize isolated numbers, since this is a more 

generic task from which we expect the most clear results as 

the other two tasks come with a very restrictive grammar. 

We picked four noise types for these experiments: diesel 

and jet engine noise, since these are stationary noise types; a 

siren, as this is a noise type that is stationary on a short time 

basis, but globally alternates periodically between two 

sounds; babble noise, since this is a speech-like noise and 

more or less stationary. The last noise type that was selected 

was an interfering speaker, which is the most challenging 

background sound that exists for a VAD or speech recog-

nizer, since it is non-stationary and its characteristics are 

identical to those of the desired signal. 

The loudness levels of the noise at the ear of the speaker 

during the recordings of the database were set to 80dBA, 

except for the levels of babble noise and of the interfering 

speaker, which were chosen in a way that they sounded real-

istic. The number of utterances (utterance being a number in 

the range [0-9999]) per noise type was equal to 25 for each 

speaker. 

The ASR engine that was used was the Nuance Vocon 

3200 [14]. In one set-up we just fed the noisy signals to the 

speech recognizer. This means that the internal VAD of the 

recognizer is assigned with the job of determining when the 

speaker is actually talking using only the air microphone 

signal as input. This VAD analyses the signal by looking at 

the energy levels, duration and frequency content of events to 

decide whether the event corresponds to a talking user. All 

parameters of the internal VAD where set to their default 

values as these should provide the best general performance. 

In a second set-up we used the synchronized throat micro-

phone signal to determine with the help of our energy based 

VAD the speech start and stop positions. For this we used 

32ms long Hamming windows with 50% overlap.  The num-

ber of FFT points was 512. Equation 1 was used to calculate 

the energy, using a smoothing parameter N = 6 and a range 

[ ]21 , kk  corresponding to the frequency band [250 5000] Hz. 

The parts where speech was detected in each of the re-

cordings were cut out from the corresponding air channel 

signal and consolidated into separate sound files. Note that in 

our isolated numbers task the VAD should ideally detect only 

one speech part in each recording: the one corresponding to 

the uttered number. The sound files that were obtained in this 

way were then used as input files for the speech recognition 

system. Since the recognizer uses the first 100ms of the input 

Nuance Vocon 3200 

HMM recognition 

module 

VAD module 

eVAD 

Cut 

Air signal 

Throat 

signal 

Cut air 

signal 

Figure 1- Signal power, top: air signal, bottom: throat signal 

Figure 2-Schematic representation of experimental set-up 

1980



signal to execute noise estimation, we ensured that the sound 

files started with 100ms of background noise, in order to not 

disturb this noise estimation process. The internal VAD of the 

recognizer was switched off so as to make sure that all parts 

of these signals would be analysed by the recognizer itself. 

Figure 2 gives a schematic representation of this second set-

up. 

The Nuance Vocon 3200 requires a Backus-Naur Form 

grammar in order to work properly. We provided the system 

with a grammar that contained all numbers from 0 to 9999. 

This means that during our tests the recognizer could recog-

nize 10000 different numbers. 

Table 1 compares the word accuracies that were attained 

from the Nuance Vocon 3200 when the internal VAD was 

used with the situation in which the throat microphone signal 

was used as input signal for eVAD voice activity detection. 

Also an estimation of the signal to noise ratio is given for 

each noise type and speaker. 

The Word Accuracy (WA) is defined as: 

 
N
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where H is the number of correctly recognized words, which 

is equal to the total number N of words to be recognized 

minus the sum of the number of deletions and substitutions; 

I represents the number of insertions. Note, however, that 

since in our case only one word needs to be recognized, no 

deletions or insertions are possible.  

 First of all, it can be clearly seen that the use of the 

throat based eVAD leads to important WA improvements in 

general. It can also be seen that when stationary noise such as 

jet or diesel engine noise is present, relatively smaller im-

provements in Word Accuracy are obtained compared to the 

other noise types. This is due to the fact that a Voice Activity 

Detector is more robust against stationary noises, and so is a 

speech recognizer. The fact that the recognizer’s WA for the 

French speaker is inferior to that of the German speaker 

could be explained by the fact that this French speaker was 

less influenced by the Lombard effect; the speaker kept the 

loudness of his voice at a relatively low level, even at this 

very high noise level of 80 dBA. This resulted in air signals 

with very low SNR, which makes the recognition task more 

difficult. While the German speaker did produce Lombard 

speech, it seems the mismatch with normal speech was not 

big enough to affect the recognition performance much. 

When a less stationary or more speech-like noise cor-

rupts the speech signal, such as a siren or babble noise, abso-

lute word accuracy improvements in the range of 20-30% are 

obtained.  When the speech signal of the user is accompanied 

by the speech signal of a second, undesired, speaker, the 

most remarkable results can be noticed. In this case accurate 

air-based VAD becomes impossible, especially when there is 

no big difference in energy levels between the two speech 

signals, considering that the other properties of the two sig-

nals are comparable. In addition, when a signal fragment that 

contains only speech produced by the interfering speaker is 

sent to the recognizer, the recognizer will conclude that the 

signal contains speech and will make an attempt to recognize 

this speech, which will lead to incorrect transcriptions. Table 

1 shows that these effects cause a Word Accuracy as low as 

0%. Since the speech recognition task consisted of recogniz-

ing one word per run, no deletions or insertions were possible 

and a WA of 0% means that not a single word was recog-

nized correctly.  Using the throat microphone based eVAD 

for telling the speech recognizer where the useful speech can 

be found, pushed the recognition accuracy up to 80%. 

 

 

Table 1 ASR results 

 

 

4.  CONCLUSION 

In this paper we used a throat microphone to improve the 

accuracy of an off-the-shelve state-of-the-art speech recog-

nizer. To this end, the recognizer’s internal VAD was de-

activated and our eVAD algorithm was used on the throat 

microphone signal to eliminate the non-speech segments 

from the recognizer’s close talk microphone input (100ms of 

leading background noise was left for the recognizer’s noise 

suppression algorithm). Our experiments showed a system-

atic improvement in word accuracy and with non-stationary 

noise sources remarkably higher word accuracies were 

achieved, especially when the noise consisted of competing 

speech. 
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ABSTRACT

A highly efficient decoding algorithm for the REMOS
(REverberation MOdeling for Speech recognition) con-
cept for distant-talking speech recognition as proposed
in [1] is suggested to reduce the computational com-
plexity by about two orders of magnitude and thereby
allowing for first real-time implementations. REMOS
is based on a combined acoustic model consisting of
a conventional hidden Markov model (HMM), model-
ing the clean speech, and a reverberation model. Dur-
ing recognition, the most likely clean-speech and rever-
berant contributions are estimated by solving an inner
optimization problem for logarithmic melspectral (log-
melspec) features. In this paper, two approximation
techniques for the inner optimization problem are de-
rived. Connected digit recognition experiments confirm
that the computational complexity is significantly re-
duced. Ensuring that the global optima of the inner op-
timization problem are found, the decoding algorithm
based on the proposed approximations even increases
the recognition accuracy relative to interior point opti-
mization techniques.

1. INTRODUCTION

Modern state-of-art speech recognition systems already
achieve good performance. The main restriction how-
ever is that the user needs to get close to a microphone
to communicate conveniently with the system. To fur-
ther increase the user comfort, it would therefore be
desirable to install distant-talking microphones at fixed
points, e.g., at the automatic speech recognition (ASR)
device itself, so that the users can move freely while
communicating with the system.

Since the distance between speaker and microphone
in such a hands-free scenario usually is in the range of
one to several meters, there are two kinds of distortions
that hamper ASR. Besides the desired signal, the mi-
crophone picks up reverberation of the desired signal
and unwanted additive signals, like background noise
or interfering speakers. While significant progress has
already been reported within the last decade regarding

This work was supported by the Deutsche Forschungsgemeinschaft

(DFG) under contract number KE 890/4-1.

the robustness of ASR to additive distortions, ASR for
highly reverberant environments has only recently at-
tracted increasing attention [2].

While the usual model adaptation techniques, which
have been successfully applied in noisy environments,
are not suitable for reverberation significantly exceed-
ing the frame length of the recognizer, [3] suggests
a model adaptation approach designed particularly for
long reverberation. A very promising approach for ob-
taining an ASR system for reverberant environments
is to train a conventional HMM-based recognizer us-
ing reverberant data as suggested in [4] and [5]. How-
ever, both model adaptation techniques and reverberant
training suffer from the conditional indepence assump-
tion underlying any HMM-based system, namely that
the current output vector depends only on the current
state. This assumption prevents conventional HMMs
from appropriately modeling reverberation which in-
creases the correlation between neighboring frames.

In [1], the REMOS concept is proposed to overcome
the limitation of the conditional independence assump-
tion of HMMs. The approach is based on combining
a network of clean speech HMMs and a reverberation
model (RVM). In the decoding phase, the most likely
contribution of the HMM output and the reverberation
model output to the current reverberant observation is
found by an inner optimization operation for logmel-
spec features. It has been shown in [1] that REMOS
achieves very good recognition rates. However, the so-
lution of the inner optimization problem causes a high
computational load (i.e., real-time factors between 100
and 300). In this paper, we propose approximation
techniques for the inner optimization problem which
drastically reduce the computational complexity of RE-
MOS. Since the decoding algorithm based on the pro-
posed approximations ensures that the global optima of
the inner optimization problem are found, it even in-
creases the recognition accuracy.

This paper is structured as follows: The REMOS
concept is concisely reviewed in Sec. 2. The proposed
approximation is explained in Sec. 3, and connected
digit recognition results are discussed in Sec. 4. Sec. 5
concludes the paper.
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2. REVIEW OF THE REMOS CONCEPT

The REMOS concept [6] extends conventional HMM-
based speech recognition approaches by an RVM. Such
an RVM can be interpreted as a statistical feature-
domain description of all possible room impulse re-
sponses (RIRs) for arbitrary speaker and microphone
positions in the target room. The RVM is represented
in the logmelspec domain by an independent identically
distributed (IID) matrix-valued Gaussian random pro-
cess, where each column of the matrix corresponds to
a certain delay m (in multiples of the frame shift) and
each row of the matrix corresponds to a certain mel
channel l. Therfore, the RVM is completely described

by its mean matrix µH(0:M−1) =
[

µH(0), . . . µH(M−1)

]

∈

R
L×M and its variance matrix σ 2

H(0:M−1) ∈ R
L×M, where

L denotes the number of mel channels and 0 : M−1 all
frame delays from 0 to M−1.

In this paper, we stick to the following notational
distinction: Every vector v without the explicit sub-
script “mel” is meant to be in the logmelspec domain
whereas the corresponding vector vmel denotes the mel-
spec representation of v, i.e.,

v = ln(vmel).

Furthermore, operators like “=”, “≤”, “exp”, “ln”, and
division applied to vectors are meant componentwise.
Lower-case functions v(k) are interpreted as realiza-
tions of the corresponding random process V (k) de-
noted by upper-case letters.

In the REMOS framework we assume that the re-
verberant observation xmel(k) is given in the melspec
domain by

xmel(k) =
M−1

∑
m=0

hmel(m,k)⊙ smel(k−m),

where hmel(m,k) and smel(k−m) denote the output of
the RVM and the output of the HMM network, respec-
tively, and ⊙ denotes the Hadamard product. For fur-
ther simplification, we decompose

xmel(k) = hmel(0,k)⊙smel(k)+amel(k)⊙xr,mel(k), (1)

where

xr,mel(k) =
M−1

∑
m=1

µHmel(m)⊙ smel(k−m) (2)

is an approximation of the reverberant component

M−1

∑
m=1

hmel(m,k)⊙ smel(k−m),

and amel(k) is a vector of correction factors capturing
the uncertainty of the corresponding approximation er-
ror. a(k) is a realization of the vector-valued Gaus-
sian IID random process A(k), which is completely de-

scribed by its mean vector µA ∈R
L and its variance vec-

tor σ 2
A
∈ R

L.

By transforming (1) to the logmelspec domain, we
obtain the following description for the observed rever-
berant feature vector sequence x(k):

exp
(

x(k)
)

= exp
(

h(0,k)+ s(k)
)

+ exp
(

a(k)+ xr(k)
)

. (3)

For recognition, an extended version of the Viterbi
algorithm is employed to find the most likely path
through the HMM network in connection with the
RVM. At every step of the extended Viterbi algorithm,
the Viterbi score is weighted by the outcome of the fol-
lowing inner optimization problem:

max
s(k),h(0,k),a(k)

fS(k)|Q(k)= j

(

s(k)
)

· fH(0)

(

h(0,k)
)

· fA(k)

(

a(k)
)

subject to (s.t.) (3),

where fH(0) and fA(k) are the output densities of the
RVM, and fS(k)|Q(k)= j the output density of the j-th state
of the HMM, each one modeled by a vector-valued
Gaussian IID random process. The late reverbera-
tion xr(k) is calculated by using estimates of s(k−m),
m = 1, ...,M − 1, cf. (2), known from former Viterbi
steps.

For solution, we decompose the optimization prob-
lem into the subproblems

max
xd(k),a(k)

fXd(k)|Q(k)= j

(

xd(k)
)

· fA(k)

(

a(k)
)

(4)

s.t. exp
(

x(k)
)

= exp
(

xd(k)
)

+ exp
(

a(k)+xr(k)
)

and

max
s(k),h(0,k)

fS(k)|Q(k)= j

(

s(k)
)

· fH(0)

(

h(0,k)
)

(5)

s.t. xd(k) = s(k)+h(0,k),

where xd(k) = s(k)+ h(0,k) denotes the direct sound
component and fXd(k)|Q(k)= j is the corresponding prob-
ability density function.

As (5) is explicitly solvable, we focus henceforth
on the solution of (4). In [1], (4) has been solved by
IPOPT (Interior Point OPTimizer), a general purpose
software package for large-scale nonlinear optimization
problems [7], causing the main computational load of
the REMOS decoding algorithm.

3. EFFICIENT DECODING BY
APPROXIMATION OF THE INNER

OPTIMIZATION

3.1 Normalization

In this section, we are interested in the mathematical
examination of (4) in order to derive approximations
allowing an efficient solution. To get a deeper under-
standing of the structure of the problem, we drop the
vector indices k and normalize some variables as fol-
lows:

u = xd −x

v = a+xr −x

µU = µXd
−x

µV = µA +xr −x

1984
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1.: exact constraint 2.: contour plot of Ji.

Figure 1: Illustration of the optimization problem (6)
for one mel channel i.

Instead of maximizing fXd |Q= j(xd) · fA(a), we minimize
the quadratic functional

J(u,v) = − ln( fXd |Q= j(u+x) · fA(v−xr +x))

=
1

2
(u−µU)T diag(1/σ 2

Xd
)(u−µU)

+
1

2
(v−µV)T diag(1/σ 2

A
)(v−µV)

=
L

∑
i=1

Ji(ui,vi)

with

Ji(ui,vi) =
(ui −µU,i)

2

2σ 2
Xd ,i

+
(vi −µV,i)

2

2σ 2
A,i

.

Finally, we obtain a normalized version of (4) which we
consider for each mel channel i = 1, ...,L separately:

min
ui,vi

Ji(ui,vi) (6)

s.t. exp(ui)+ exp(vi) = 1.

An illustration of (6) is depicted in Fig. 1.

3.2 Hyperbolic Approximation

We now approximate the non-linear constraint (blue
line in Fig. 1) in order to obtain an optimization prob-
lem which can be solved explicitly and efficiently.
Therefore, we observe that the constraint in Fig. 1 tends
very fast to its asymptotes vi = 0 and ui = 0 for ui →−∞
and vi →−∞, respectively, e.g., for ui <−4, the differ-
ence between the constraint and its asymptote is less
than 0.02. The segment for ui,vi ≥−4 can be very well
approximated by a first-order hyperbola.
Hence, we approximate

exp(ui)+ exp(vi) = 1 (7)

by
(

ui ≤−4, vi = 0
)

∨
(

ui = 0, vi ≤−4
)

∨
(

−4 < ui < 0, vi = h(ui)
)

, (8)
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1.: exp(ui)+exp(vi) = 1, 3.: ui ≤−4, vi = 0,

2.: −4 < ui < 0, vi = h(ui), 4.: ui = 0, vi ≤−4.

Figure 2: Illustration of the exact constraint (7) and the
approximated constraint (8). The different lines can
hardly be distinguished in the diagram because of the
high accuracy of the approximation.

where h(ui) is a first-order hyperbola of the form

h(ui) =
p

ui −q
+q

with

q =
(ln2)2

4− ln2

and
p = 4q +q2

chosen so that the three branches of (8) form a conti-
nous constraint, i.e., h(0) =−4 and h(−4) = 0, and (7)
and (8) have the point (− ln2,− ln2) in common. An
illustration of (8) is depicted in Fig. 2. We finally ob-
tain the following approximated optimization problem
for each mel channel i = 1, ...,L:

Oi = min
ui,vi

Ji(ui,vi) (9)

s.t.: (8),

which we abbreviate APRIL-h (hyperbolic
APRoximation of the Inner optimization problem
in the Logmelspec domain). In order to solve (9), we
decompose it into three subproblems:

Ai = min
ui,vi

Ji(ui,vi) (10)

s.t.: ui ≤−4, vi = 0

as well as
Bi = min

ui,vi

Ji(ui,vi) (11)

s.t.: −4 < ui < 0, vi = h(ui)

and
Ci = min

ui,vi

Ji(ui,vi) (12)

s.t.: ui = 0, vi ≤−4.

Obviously, we have

Oi = min{Ai,Bi,Ci}.
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Figure 3: Illustration of the exact constraint (7) and the
piecewise linearly approximated constraint.

One can easily show that the solution of (10) fulfills

(u∗
i ,v

∗
i ) = (0,min{µV,i,−4}).

Accordingly, the solution of (12) fulfills

(u∗
i ,v

∗
i ) = (min{µU,i,−4},0).

The Lagrange system of (11)

∂

∂ui

Ji(ui,h(ui)) = 0

leads to a fourth-order polynomial equation which still
can be explicitly solved [8].

3.3 Piecewise Linear Approximation

The introduced approximated optimization problem (9)
can be solved much more efficiently than the origi-
nal problem (6) with a negligible approximation error.
However, solving a fourth-order polynomial equation
still requires some computational load. To overcome
this, we further reduce the complexity of (9) by approx-
imating the exact constraint by a piecewise linear con-
straint. Fig. 3 shows several linear approximations for
different number of nodes. The nodes were determined
by a least-squares estimator. We abbreviate this type
of approximation APRIL-N, where N is the number of
nodes. For each segment of the piecewise linear ap-
proximation we obtain an optimization problem of the

following type:

minui,vi
Ji(ui,vi) (13)

s.t.: r ≤ ui ≤ s, vi = m ·ui + t,

where r,s,m and t are parameters determined by the
least squares estimator. Since the problem has been
normalized, these parameters are data-independent and
therefore have to be determined only once. The La-
grange system of (13) leads to a linear equation which
can be solved without any remarkable computational
load.

3.4 APRIL versus IPOPT

To better exploit the advantages of IPOPT for large-
scale problems it is not applied on the decomposed op-
timization problem (6) for each mel channel but on the
overall problem (4) which has up to 2L local optima.
Therefore it is highly likely that IPOPT only finds a lo-
cal optimum and not a global one. Since all APRIL
approaches allow a closed form solution for the ap-
proximated problem it is guaranteed that they all find
a global optimum.

4. EXPERIMENTS

Experiments with a connected-digit recognition task
are carried out to analyze the performance of REMOS
with the proposed optimization schemes.

4.1 Experimental Setup

The experimental setup is identical to [9]. Therefore,
only the most important settings are summarized here.
The REMOS-based recognizer is implemented by ex-
tending the decoding routines of HTK [10]. In the RE-
MOS version of [1], the optimization problem (4) is
solved by an interior-point line-search filter method im-
plemented in IPOPT [7], an open-source software pack-
age for large-scale nonlinear optimization. Static log-
melspec features with 24 mel channels calculated from
speech data sampled at 20 kHz are used. 16-state word-
level HMMs with single-Gaussian densities serve as
clean-speech models. To get the reverberant test data,
the clean-speech TI digits data are convolved with dif-
ferent RIRs measured at different loudspeaker and mi-
crophone positions in three rooms with the character-
istics given in Table 1. A strict separation of training
and test data is maintained in all experiments both for
speech and RIRs. Each test utterance is convolved with
an RIR selected randomly from a number of measured
RIRs in order to simulate changes of the RIR during the
test. The experiments are run on an Intel Q9550 with
2.83 GHz.

4.2 Experimental Results

Table 2 and table 3 compare the word accuracy and
the real-time fators of REMOS to that of conventional
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Room A Room B Room C

Type lab studio lecture room

T60 300 ms 700 ms 900 ms

d 2.0 m 4.1 m 4.0 m

Table 1: Summary of room characteristics: T60 is the
reverberation time, d is the distance between speaker
and microphone.

Room A Room B Room C

clean HMM 70.4 33.9 30.7

rev. HMM 89.1 82.3 69.9

REMOS 88.5 88.1 84.7

REMOS+APRIL-h 89.1 88.4 87.1

REMOS+APRIL-7 88.9 88.4 87.2

REMOS+APRIL-5 88.8 88.1 87.2

REMOS+APRIL-2 88.7 87.5 85.8

REMOS+APRIL-1 87.0 86.6 81.7

Table 2: Comparison of word accuracies in %.

recognizers with HMMs trained on clean speech and
HMMs trained on reverberant speech. One can ob-
serve that the computational complexity of REMOS us-
ing the novel APRIL approaches is reduced by a factor
of about 100 compared to the REMOS implementation
of [1] using IPOPT which solves the exact optimiza-
tion problem (4). This can be explained by the fact
that APRIL directly calculates the closed-form solution
of the approximated problem whereas IPOPT applies a
generic iterative method to the exact problem which en-
tails a certain convergence time. The recognition rates
of REMOS+APRIL-h, APRIL-5 and APRIL-7 are even
higher than those of the original REMOS version. This
confirms that finding a global optimum for the inner op-
timization problem leads to improved recognition rates.
The improved recognition rates for the global optimum
also confirm the validity of the reverberation model and
of the formulation of the optimization problem. Com-
pared to the computional load of the memory access
for calculating xr, cf. (2), the complexity of APRIL-1,
APRIL-2 and APRIL-5 is negligible.

5. SUMMARY AND CONCLUSIONS

The REMOS concept for robust distant-talking speech
recognition according to [1] has been modified to dras-
tically reduce computational demands, so that real-
time implementations are within reach. Approximation
techniques for the inner optimization problem, which
has to be solved in each iteration of the Viterbi algo-
rithm, allow an efficient solution and implementation.
Connected digit recognition experiments confirm that
the computational complexity is significantly reduced
with a remarkable increase of the recognition accuracy.
Future work will include extending the concept to the
MFCC domain, to Gaussian mixture densities, and dy-
namic features as well as optimizing the storage policy
for further reducing the RTF.

Room A Room B Room C

clean HMM < 0.1 < 0.1 < 0.1

rev. HMM < 0.1 < 0.1 < 0.1

REMOS 265 178 196

REMOS+APRIL-h 1.7 2.5 2.9

REMOS+APRIL-7 1.0 1.7 2.4

REMOS+APRIL-5 0.9 1.6 2.1

REMOS+APRIL-2 0.9 1.6 2.1

REMOS+APRIL-1 0.9 1.6 2.1

Table 3: Comparison of real-time factors (RTF).

REFERENCES

[1] A. Sehr, R. Maas, and W. Kellermann, “Model-
based dereverberation in the logmelspec domain
for robust distant-talking speech recognition,” ac-
cepted for ICASSP 2010, Dallas, Texas, USA,
March 14-19. 2010.

[2] Special Issue on Processing Reverberant Speech:
Methodologies and Applications, for the IEEE
Transactions on Audio, Speech and Language Pro-
cessing, to appear.

[3] C. K. Raut, T. Nishimoto, and S. Sagayama,
“Model adaptation by state splitting of HMM for
long reverberation,” in Proc. ICSLP 2005, Lisbon,
Portugal, September 4-8. 2005, pp. 277–280.

[4] D. Giuliani, M. Matassoni, M. Omologo, and P.
Svaizer, “Training of HMM with filtered speech
material for hands-free recognition,” in Proc.
ICASSP 1999, Phoenix, Arizona, USA, March 15-
19. 1999, pp. 449–452.

[5] T. Haderlein, E. Nöth, W. Herbordt, W. Keller-
mann, and H. Niemann, “Using artificially rever-
berated training data in distant-talking ASR,” in
Proc. TSD 2005, Karlovy Vary, Czech Republic,
September 12-15. 2005, pp. 226–229.

[6] A. Sehr and W. Kellermann, Towards robust
distant-talking automatic speech recognition in re-
verberant environments, in E. Hänsler and G.
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ABSTRACT
In this paper, we represent a new approach for robust speaker

independent ASR using binary masks as feature vectors. This
method is evaluated on an isolated digit database, TIDIGIT in
three noisy environments (car, bottle and cafe noise types taken
from the DRCD Sound Effects Library). Discrete Hidden Markov
Models are used for the recognition and the observation vectors are
quantized with the K-means algorithm using a Hamming distance.
It is found that a recognition rate as high as 92% for clean speech is
achievable using Ideal Binary Masks (IBM) where we assume prior
target and noise information is available. We propose that using a
Target Binary Mask (TBM), where only prior target information
is needed, performs as good as using IBMs. We also propose a
TBM estimation method based on target sound estimation using
non-negative sparse coding (NNSC). The recognition results for
TBMs with and without the estimation method for noisy conditions
are evaluated and compared with those of using Mel Frequency
Cepstral Coefficients (MFCC). It is observed that binary mask
feature vectors are robust to noisy conditions.

1. INTRODUCTION

Automatic Speech Recognition (ASR) systems have been improv-
ing significantly since the 50’s. However, there are still many chal-
lenges to be surpassed to reach the human performance or beyond.
It is well known that one of the key challenges is the robustness un-
der noisy conditions. Another challenge is the need for innovative
modeling frameworks. Most of the work has been focusing on the
successful representations such as mel frequency cepstral coeffients
(MFCC). However, because of a long history of research within the
current ASR paradigm, the performance enhancement usually re-
ported is very little. We will suggest a new approach which gives
the state of the art performance that is robust to noisy environments.

Since the human auditory system has a great performance, it is
tempting to use the human auditory system as an inspiration for an
efficient ASR system. Auditory Scene Analysis (ASA) studies per-
ceptual audition and describes the process how the human auditory
system organizes sound into meaningful segments [1]. Computa-
tional ASA (CASA) makes use of some of the ASA principles and
it is claimed that the goal of CASA is the ideal binary mask (IBM)
[2]. IBM is a binary pattern obtained with the comparison of the
target and the noise signal energies with prior information of target
and noise signals separately.IBMs have been shown to improve
speech intelligibility when applied to noisy speech signals. The lis-
teners have been exposed to the resynthesized speech signals from
the IBM-gated signal and almost perfect recognition results have
been obtained even for a signal-to-noise-ratio (SNR) as low as -60
dB which corresponds to pure noise [3, 4]. Having proven to make
improvements on speech intelligibility of humans, it is inevitable
not to make the use of CASA and thusIBMs for machine recog-
nition systems. Green et. al. have studied this in [5]. They used
CASA as a preprocessor to ASR and used only the time-frequency
regions of the noisy speech which are dominated by the target sig-
nal to obtain the recognition features. Therefore, they concluded

that occluded (incomplete) speech might contain enough informa-
tion for the recognition.

In this work we go one step further and explore the possibility
that not only the occluded speech but the mask itself might carry
sufficient information for ASR. The most obvious benefit of this
new approach is the simplicity with the use of binary information
on the mask. The difficulty about using this method would be the
need for the prior information of the target and noise signals to es-
timate theIBM. However, we minimize this need by using Target
Binary Mask (TBM) where only target information is needed and
compared to a speech shaped noise (SSN) matching the long term
spectrum of a large collection of speakers. UsingTBMs has also
been proven to give high human speech intelligibility [4]. In addi-
tion, we propose aTBM estimation method based on non-negative
sparse coding (NNSC) [6].

This paper will focus on a speaker-independent isolated digit
recognizer with hidden Markov models (HMM) using the binary
masks as the feature vectors. In Section 2 we give the modeling
framework. The experiments and results are explained in Section 3.
Finally Section 4 states the conclusion.

2. MODELING FRAMEWORK

2.1 Ideal Binary Masks

The computational goal of CASA, theIBM, is obtained by keeping
the time-frequency regions of a target sound which have more en-
ergy than the interference and discarding the other regions. More
specifically, it is one when the target is stronger than the noise for
a local criteria (LC), and zero elsewhere. The time-frequency (T-F)
representation is obtained by using the model of the human cochlea
as the basis for data representation [7]. IfT(t, f ) andN(t, f ) de-
note the target and noise time-frequency magnitude, then theIBM
is defined as

IBM(t, f ) =

{

1, if T(t, f )−N(t, f )> LC
0, otherwise

(1)

Figure 1 shows time-frequency representations of the target,
noise and mixture signals. The target is digit six by a male speaker
while the noise isSSNwith 0 dB of SNR. The correspondingIBM
with LC of 0 dB is also seen in Figure 1. Calculating anIBM re-
quires that the target and the noise are available separately.

LC andSNRvalues in Equation 1 are two important parameters
in our system. IfLC is kept constant, increasing or decreasing the
SNRmakes the mask get closer to all-ones mask or all-zeros mask
respectively. The change inIBMs for a fixedLC with differentSNR
values is shown in Figure 2 for a digit sample. As also seen from this
figure, with fixed threshold, low or highSNRvalues result in masks
with little or redundant information respectively. Meanwhile, in-
creasing theSNRvalue is identical to decreasing theLC value and
vice versa. Therefore, the relative criterionRC= LC−SNRwas
defined in [4] and the effect ofRCof an IBM on speech perception
was studied. They calculatedIBMs with priori target and noise in-
formation and multiplied the mixture signal with the corresponding
IBMs. They,exposed human subjects to resynthesized IBM-gated
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Figure 1: llustration of T-F representations of a target, noise (SSN)
and mixture signals with the resultant IBM (0 dB of SNR, 32 fre-
quency channels and window length of 20ms)red regions: highest
energy,blue regions: lowest energy.

mixtures and found high human speech intelligibility (over 95%)
for the RC range of [-17 dB, 5 dB]. We took thisRC range as a
reference and the results of our ASR system coincided with human
speech perception results in terms ofRC range, which is shown in
section 3.
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Figure 2: IBMs of digit three with SSN for a fixed LC at 0 dB and
for different SNR values .

2.2 Target Binary Masks

The binary mask calculated based on only the target signal was stud-
ied and is called Target Binary Mask (TBM) [8]. TBMs were further
investigated in [4] in terms of speech intelligibility and the results
were comparable to those ofIBMs. The definition ofTBM as seen
in equation 2 is very similar to that ofIBM except that while obtain-
ing TBM the target T-F regions are compared to a reference SSN
matching the long-term spectrum of the target speaker. (It is also
possible to compare the target to a frequency dependent threshold
corresponding to the long term spectrum of SSN)

TBM(t, f ) =

{

1, if T(t, f )−SSN(t, f )> LC
0, otherwise

(2)

Figure 3 illustrates the T-F representation of a target signal and
the mixture signal with cafe noise at 0 dB SNR. That figure also
shows the resultantIBM andTBM patterns withLC of 0 dB, and
the difference between them is discernible. TheTBM mimics the
target pattern better, whereas theIBM pattern depends on the noise
type.

Some of the properties ofTBM can be very practical. First of
all, acquiring aTBM needs only the priori information of the target.
Therefore, estimating theTBM can be much more convenient in
some applications, especially if speech enhancement techniques are
used. In the case of an ASR system that is robust to noise types, use
of TBMs in the training stage requires less computational effort as
opposed to the use ofIBMs where it is needed to include allIBMs
for all different noise types in the training stage.

Figure 3: llustration of T-F representations of a target (digit six),
mixture (target+cafe noise) and mixture signals with the resultant
IBM and TBM red regions: highest energy,blue regions: lowest
energy.

Figure 4: IBMs for different digits for the same speaker

2.3 ASR Using Binary Masks

As mentioned previously, we investigate if the mask itself can be
used to recognize different words. The distinctivity of the masks
can be observed easily in Figure 4, in whichIBMs for four different
digits with SNRof -6 dB using SSN as interference are shown. (
Note thatIBM is identical toTBM when the noise type is SSN. )
Moreover, as seen in Figure 5 , the masks for different speakers for
the same digit are very similar. Thus, the patterns in every mask
are characteristic for each digit which results that these patterns are
promising representations for speech recognition.

Figure 5: IBMs for digit three for different speakers.

We use a discrete Hidden Markov Model (HMM) as the recog-
nition engine [9]. As the vector quantization method before HMM,
we choose to use K-means algorithm, which has been shown to per-
form as well as many other clustering algorithms and is computa-
tionally efficient [10] and proven to be successfully applicable to
classify binary data [11]. Figure 6 illustrates the acquisition of the
feature vectors to be classified by K-means. We stack the columns
of the IBM into a vector. The number of columns to be stacked
is a parameter that has been optimized for this work (it is 3 for
this study) as well as other parameters: the codebook size, the state
number of the HMM, the number of frequency bands, and the win-
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dow length of theIBM. The optimization process can be found in
detail in [12].

Figure 6: Acquistion of the feature vectors to be clustered by K-
means.

The whole system is summarized in Figure 7. First, the masks
for training and test data are calculated. The feature vectors ob-
tained fromIBMs are quantized with K-means to acquire the ob-
served outputs for discrete HMM. One HMM for each digit is
trained with the corresponding data. Finally, the test masks are in-
put to each HMM and the test digit is assigned to the one with the
highest likelihood. We use only clean data for training. However,
for testing we use clean data to see the best performance that can
be obtained with our system, an unprocessed mixture signal to see
the worst case performances under noisy conditions and finally an
estimated target signal from the mixture to see the improved results
under noisy conditions.

Figure 7: The schematics representation of the system used.

2.4 Estimation of TBMs

Estimation ofTBM is simpler compared to that of anIBM as men-
tioned previously. Once the target signal is estimated, it is compared
to a referenceSSNsignal in the T-F domain. For speech and noise
separation, non-negative sparse coding (NNSC), a combination of
sparse coding and non-negative matrix factorization, is used [6].
This method was proven to be successful for wind noise reduction
in [13], and we took this work as reference for our method.

The principle in NNSC is to factorize the non-negative signal,
X into a dictionaryW and a codeH:

X ≈WH. (3)

The columns of the dictionary can be considered as the basis and
the code matrix can be considered to have the weights for each of
the basis vectors constituting the signalX. In our caseX is the T-F

representation of a signal which is non-negative (details about the
acquisition of T-F spectrogram are in section 3). We use the method
described in [13] that is based on the algorithm in [14].W andH are
initialized randomly, and updated according to the equations below
until convergence:

H←− H×
WT .X

WT .W.H +λ
, (4)

W←−W×
X.HT +W× (1.(W.H.HT ×W))

W.H.HT +W× (1.(X.HT ×W)))
. (5)

Here, (.) indicate direct multiplication, while (×) and ( ) indicate
point wise multiplication and division. 1 is a square matrix of ones
of suitable size.

When the speech signal is noisy, and if the noise signal is as-
sumed to be additive, then

X = Xs+Xn≈ [WsWn]

[

Hs
Hn

]

, (6)

whereXs andXn denote the speech and noise. We precompute the
noise dictionaryWn using noise recordings and using equations 4
and 5. We keep this precomputedWn fixed and learn speechXs
using the following iterative algorithm,

Hs←− Hs×
WT

s .X
WT

s .W.H + ls
, (7)

Hn←− Hn×
WT

n .X
WT

n .W.H + ln
, (8)

Ws←−Ws×
X.HT

s +Ws× (1.(W.H.HT
s ×Ws))

W.H.HT
s +Ws× (1.(X.HT

s ×Ws)))
, (9)

The clean speech is estimated as

Xs =WsHs. (10)

Finally, theTBM is estimated by comparing the estimated speech
signalXs to the referenceSSNsignal spectrogram using equation
2. As mentioned previously, differentRCvalues lead to masks with
different densities and only choosing the rightRC values leads to
high recognition results. However, we learn the rightRC values
for ASR after training and testing withIBMs, where we have the
pure target and noise signals. (The results can be seen in section 3
in figure 8.) We assume that after NNSC we have the pure target
spectrogram. Then, since we also have the referenceSSNsignal
spectrogram that is also used during training, we only need to adjust
SNRandLC values for the rightRC value. However, to obtain the
SNRbetween the estimated target and speech, we do not go back to
the time domain which would be a waste of time and computational
power. Thus, we define a newSNRin the T-F domain which is
calculated by the ratio between the sum of all T-F bins of the target
signal to the sum of all T-F bins of the noise signal and is called as
SNRTFD. We observed thatRCTFD = LCTFD−SNRTFD range is
similar toRCrange found before (The results can be seen in section
3 in figure 10).

3. EXPERIMENTAL EVALUATIONS

In the experiments, data from TIDIGIT database were used. The
spoken utterances of 37 male and 50 female speakers for both train-
ing and test data were taken from the database. There are two exam-
ples from every speaker for each of 11 digits (zero-nine, oh) making
174 training, 87 test and 87 verification utterances for each digit.
The verification set has been used to obtain the optimized parame-
ters for HMM and for NNSC and the final results are obtained using
the test set. The experiments were carried out in MATLAB and an
HMM toolbox for MATLAB by Kevin Murphy was used [15]. The
experiments have also been verified using the HMMs in the Sta-
tistical Toolbox of MATLAB. For NNSC the NMF:DTU toolbox
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for MATLAB [16] has been adjusted for our system and used. The
time-frequency representations of the signals sampled at 8kHz have
been obtained using a gammatone filter with 32 frequency channels
equally distributed on the ERB scale within the range of [80 Hz,
4000 Hz]. The output from each filterbank channel was divided
into 20 ms frames with 10 ms overlap. SSN, car, bottle(the sound
of many bottles chinking on a production line) and cafe noise were
used through the experiments [17]. A left-to-right HMM with 10
states was used to model each digit. The binary vectors were quan-
tized into a codebook of size 256 with K-means. The HMMs were
trained withIBMs obtained withLC of 0 dB and with differentSNR
values in the range of [-2 dB,16 dB] with 2 dB steps only usingSSN
as the reference noise signal. We compare the method with a stan-
dard approach using 20 static MFCC features. MFCC vectors are
also stacked as in Figure 6 and all parameters are the same except
for the optimized codebook size of 32. The optimal codebook size
is smaller since we have less training data for MFCC. One minute
of SSN, car, bottle and cafe noise recordings were used to obtain
the dictionaries for NNSC. For training, verification or test noise
samples different parts of corresponding noise types were used.

Recognition results obtained for the test set forIBMs withSSN
for LC of 0 dB and differentSNRvalues are presented in Figure
8. The rate curve is bell-shaped, i.e., the rate does not increase
monotonously whileSNRincreases. This is because of the previ-
ously mentioned fact that either increasing or decreasing theSNR
value results in masks closer to all-ones or all-zeros masks and thus
in the decrease of the recognizability of the masks. Figure 8 shows
that 92% recogniton rate is obtained forRCof -6 dB. Thus, the mask
with RCof -6 dB gives the maximum performance.
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Figure 8: The recognition rates with IBMs for LC=0 dB and
SNR=[-2 dB, 16 dB]

If the LC value can be adjusted so that the mask is as close to the
maximum-performance mask as possible (RC is close to -6 dB), we
can obtain high recognition results for differentSNRvalues. Choos-
ing the correctLC value under noisy conditions is a challenge since
we know neither theSNRvalue nor the noise spectrogram in real
life applications. This problem will be solved by using the NNSC
method assuming we have information about the noise character-
istics. However, it is reasonable to check the recognition results
that can be obtained comparing unprocessed mixture signals toSSN
with adjustedLC values (results are obtained with differentLC val-
ues and the best result is recorded) before exploring that method.
Figure 9 shows the recognition rates obtained using HMMs trained
with IBMs obtained by clean data andSSN, with the test set added
different noise types at anSNRrange of [0 dB, 20 dB] (with ad-
justedRC value for the best performance). In that figure, the re-
sults obtained using static MFCC features are also shown. It can be
seen that usingIBM features yields more noise-robust recognition
rates than using MFCC features. We point out the fact that we used
only static MFCC features and did not use any of the improvement
methods suggested for MFCC that result in a better performance
[18]. Nevertheless, we did not use dynamical features that could
be obtained fromIBMs either. In addition, we believe that the per-
formance ofIBMs for ASR can also be improved in various ways

such as mask estimation methods [19]. Moreover, if we consider
the ASR results obtained using MFCC within recent works, our re-
sults are comparable [18]. (We cannot make a direct comparison
though, since they use a different system and database.) In addition,
our method establishes a new route for robust ASR that is open for
further improvements. (Some additional results and figures of the
whole system can be found at [12]).
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Figure 9: The recognition rates for TBMs and MFCC features at
SNR range of [0 dB, 20 dB]

As mentioned previously, for NNSC we needed to the find
RCTFD range giving high recognition results. The corresponding
results can be seen in Figure 10 and -6 dB ofRCTFD gives the max-
imum performance and RC between -16 dB and 2 dB gives rea-
sonable recognition results (over 80%). The optimized parameters
for NNSC for this work are the size of the dictionary of noise and
speech,Wn andWs. Other parametersλ ,ls and ln were just set to
be very small numbers taking reference the results in [13]. To find
the optimal parameters for the size ofWn andWs, we checked the
recognition results for different size numbers between 4 and 512 for
all noise types withSNRTFD of 10 dB andLC of 0 dB. We choose
64 forWn and 128 forWs based on the results seen in Figure 11.
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Figure 10: The recognition rates with IBMs forLC=0 dB and
SNRTFD=[-2 dB, 16 dB]
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Figure 11: The recognition rates for different size ofWn andWs

In Figure 12, the recognition rates obtained with noisy mix-
tures before and after using NNSC is shown (with referenceSSNat
SNRTFD of 0 dB). As seen on the left of this figure, before NNSC,
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Figure 12: The recognition rates before and after NNSC

differentLC values within the good RC range found before (-4 dB
to 2 dB), result in scattered recognition rates. For cafe noise at 10
dB SNR, it is seen that before NNSC the rates can change from 30%
to 60% for those differentLC values. However, after using NNSC
to estimate the masks as explained, it is seen that the rates for those
LC values give the best performances, solving the choice of the right
LC values for our ASR system. Using NNSC not only solves this
problem but also leads to higher recognition results especially for
low SNRvalues at the price of a decrease in recognition results for
high SNRvalues. However, the decrease in highSNRvalues is not
as much as the increase in low ones. Finally, we obtain 60% to 70%,
16% to 73% and 40% to 70% recognition rates forSNRvalues be-
tween 0 dB and 20 dB for car, bottle and cafe noises respectively,
which are comparable to the state-of-the-art results [18, 20].

4. CONCLUSION

In this paper, we investigated a new feature extraction method
for ASR using ideal and target binary masks. It is found that
using binary information from the masks directly as feature
vectors results in high recognition performance. We constructed
a speaker-independent isolated digit recognition system. The
experiments were carried out with TIDIGIT database, using
discrete HMM as the recognition engine. The K-means algorithm
with hamming distance was used for vector quantization. The
maximum recognition rate achieved for clean speech is 92%. In
addition, the robustness of the binary mask features to different
noise types (car,bottle and cafe) was explored and the results were
compared to the MFCC features results. ATBM estimation method
using non-negative sparse coding has been demonstrated to give
state of the art performance. It is concluded that noise-robust ASR
systems can be built using binary masks.

Acknowledgments:We acknowledge the independent work
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developed [21].
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ABSTRACT
Gaussian mixture model (GMM) supervector has been

proven effective for language recognition. While a speech
utterance can be represented with a GMM which can be ob-
tained through maximum a posteriori (MAP) criterion, it is
observed that the supervector formed from the GMM en-
counters shifting problem in the supervector space due to
varying duration of the utterance. We propose an adap-
tive relevance factor for the MAP estimation to mitigate the
negative effect of the variability of individual utterances.
Moreover, we develop a language recognition system with
a Bhattacharyya-based kernel where the information from
the mean vectors and covariance matrices are separately as-
signed into corresponding dissimilarities. We show the ef-
fectiveness of the proposed adaptive relevance factor and the
Bhattacharyya-based kernel on the National Institute of Stan-
dards and Technology (NIST) language recognition evalua-
tion (LRE) 2009 task.

1. INTRODUCTION

Language recognition is the process of recognizing the lan-
guage of a spoken utterance. Common techniques used in
language recognition include the acoustic and phonotactic
modeling approaches. In this paper, we are interested in
studying Gaussian mixture model, the most popular acous-
tic modeling approach for its reliable performance.

In GMM approach, a language model is obtained by
maximum a posteriori (MAP) estimation from a universal
background model (UBM) [1]. The UBM is usually trained
through expectation-maximization (EM) algorithm from a
background dataset covering a wide range of languages,
speakers and channels. In this paper, we develop a lan-
guage recognition system based on the Bhattacharyya-based
kernel, which has been shown effective for speaker recogni-
tion [2]. Typical speech analysis generates sequences of fea-
ture vectors with variable length, while support vector ma-
chine (SVM) requires fixed-dimension inputs. The key as-
pect of applying SVM to speech is to provide an SVM kernel,
which compares a sequence of feature vectors with others ef-
ficiently. Empirically we observed that the utterance-based
supervector input to SVM is better than the fixed-length-
segment-based supervector.

With MAP estimation, we adapt the GMM parameters
according to the data available for adaptation. Due to vari-
ability of individual utterances, this approach may lead to the
inconsistency among the training GMM supervectors, and
thus result in the serious mismatch between training and test-
ing supervectors. It is believed that such inconsistency can

be compensated partly via data-driven adjustment of the rele-
vance factor. In MAP estimation, if a mixture component has
a low probabilistic count on new data, the sufficient statis-
tics will be de-emphasized, otherwise will be emphasized.
As a result, the displacement of GMM supervector from the
UBM supervector varies undesirably due to the variability of
new data available for adaptation, for example, the duration
change of individual utterance. This is because the proba-
bilistic count in MAP depends on the number of the involved
feature vectors. The relevance factor is a way of controlling
how much new data should be observed in a mixture before
the new parameters begin replacing the old parameters.

In the GMM-UBM system, the relevance factor is less
sensitive and therefore can be fixed. This is possibly due to
the nature of generative modeling [3]. However, SVM works
in a discriminative manner. In language recognition, a GMM
supervector is used to represent the language property of an
utterance and serves as an input vector to the SVM. This re-
quires the elimination of the negative effect of the duration
variation in order to manifest the saliency of the language
characteristics. Thus, we propose an adaptive scheme for
the relevance factor that changes according to the amount of
the feature data. Presently, language recognition based on
acoustic model reaches state of the art performance using
discriminative training techniques. In this paper, we mod-
ify the existing Bhattacharyya kernel to clearly separate the
information assignment of the mean vectors and covariance
matrices in different terms of the kernel. We evaluate the
proposed scheme on the language detection task of the NIST
LRE 2009 [4].

In the remainder of the paper, we introduce the conven-
tional MAP estimation for language recognition in section
2. Then, we describe the proposed adaptive relevance factor
and the Bhattacharyya-based language recognition in section
3. The performance evaluation is reported in section 4. We
summarize the paper in section 5.

2. MAP FOR LANGUAGE RECOGNITION

Usually, with EM algorithm, the UBM is trained using a large
dataset to form a language-independent model [3]. The se-
lection of dataset has to consider different languages, chan-
nels and speakers. The UBM can be denoted as

u = {ω(u)
i ,m(u)

i ,Σ(u)
i ; i = 1,2, ...,M} (1)

while the language-dependent GMM, λ , has the same form

λ = {ω(λ )
i ,m(λ )

i ,Σ(λ )
i ; i = 1,2, ...,M} (2)
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where mi, Σi, ωi,(i = 1, ...,M) are respectively the mean vec-
tor, the covariance matrix, and the weight of the ith Gaussian
component.

For the MAP adaptation of λ , prior knowledge is given
by the prior distribution over λ , P(λ ). With the MAP cri-
terion, λ is selected such that it maximizes the a posteriori
probability,

λ = argmax
λ

P(λ |X) = argmax
λ

[
p(X|λ )P(λ )

]
(3)

where X = [x1, x2, · · · , xκ ] is the feature vectors used to
train the GMM, λ ; x is a J-dimensional feature vector; and
κ is the number of feature vectors. The parameters of the ith
Gaussian are adapted as follows [3],

m(λ )
i ( j) = α(m)

i ( j)Ξ(utt)
i ( j)+(1−α(m)

i ( j))m(u)
i ( j) (4)

Σ(λ )
i =α (Σ)

i C(utt)
i +(1−α (Σ)

i )
[
Σ(u)

i +m(u)
i (m(u)

i )T ]

−m(λ )
i (m(λ )

i )T
(5)

where Ξ(utt)
i and C(utt)

i are respectively the first and second
order sufficient statistics, i.e.,

Ξ(utt)
i =

1
ηi

κ

∑
t=1

ωi f (xt |m(u)
i ,Σ(u)

i )xt

∑M
j=1 ω j f (xt |m(u)

j ,Σ(u)
j )

(6)

C(utt)
i =

1
ηi

κ

∑
t=1

ωi f (xt |m(u)
i ,Σ(u)

i )xtxT
t

∑M
j=1 ω j f (xt |m(u)

j ,Σ(u)
j )

(7)

and f (·) denotes Gaussian density function; α(ρ)
i ( j) (ρ ∈

{m,Σ}, j = 1, ...,J) are the data-dependent adaptation coef-
ficients, which are given by

α(ρ)
i ( j) =

ηi

ηi + r(ρ)
i ( j)

(8)

The relevance factor r(ρ)
i is a parameter in the normal-

Wishart density as which the Gaussian parameters are mod-
eled. However, in conventional MAP, the relevance factor is
given as a fixed value, and the probabilistic count ηi is given
by

ηi =
κ

∑
t=1

ωi f (xt |m(u)
i ,Σ(u)

i )

∑M
j=1 ω j f (xt |m(u)

j ,Σ(u)
j )

(9)

3. GMM SUPERVECTOR WITH ADAPTIVE
RELEVANCE FACTOR

3.1 An Adaptive Relevance Factor for MAP
Assume each language can be modeled by a language-
independent mean supervector, and the distribution of the
mean supervector is Gaussian, then it can be expressed in
the following form:

m(λ )
i = m(u)

i +Dizi(λ ) (10)

where z(λ ) is a hidden variable vector distributed according
to normal distribution and it contains the language-dependent
information; Di is a diagonal matrix that can be trained and
it is language-independent. From the above assumption, the

relevance factor for mean (where ρ ∈ {m}) can be derived to
be r(m)

i = D−2
i Σ(u)

i , i = 1, ...,M 1.
The idea of MAP estimation for GMM was presented in

[1]. The primary purpose of the MAP is to estimate the prob-
ability density function of a certain group of the data given
a prior distribution. It is reasonable that for insufficient data
the reliability is low so the value of α in (8) is small and the
estimated GMM should be close to the UBM. When the data
becomes sufficient, the reliability of the sufficient statistics
is high so the value of α in (8) is large, so that the estimated
GMM should be displaced further from the UBM. This is re-
flected by equations (4), (5) and (8). Thus, when applying
MAP to derive GMM supervector, to assure the reliability of
the estimated model, the GMM supervector should be close
to the UBM supervector when the feature data is insufficient,
and vice versa.

However, in language recognition, usually GMM super-
vector is purposely used to represent the language of the ut-
terance. It is generated from the universal languages which is
represented by the UBM supervector. This requires the dis-
tance from the universal language to the particular language
does not vary with the length of the utterance. In other words,
the GMM supervector is required to stably represent the char-
acteristics of the particular language regardless of length of
the utterance spoken. In short, ideally, each utterance with
the same language is expected to give the same GMM su-
pervector regardless of the duration of the utterance. In this
way, the supervectors can stably represent the language with-
out being affected by the duration of an utterance. Therefore,
we propose an adaptive relevance factor as follows

r̆(ρ)
i = r(ρ)

i ϕ(κ)

= r(ρ)
i {ϕ(κ0)+

ϕ ′(κ0)
1!

(κ−κ0)+
ϕ ′′(κ0)

2!
(κ−κ0)2 + · · ·}

(11)
where ϕ is a hidden invariant function, κ0 is any neighbor
point which can be approximated with the average size of
the utterances. According to (9), when κ increases, the prob-
abilistic count ηi increases. Take the expectation of the ηi,
we have

E(ηi) = E(
κ

∑
t=1

ωi f (xt |m(u)
i ,Σ(u)

i )

∑M
j=1 ω j f (xt |m(u)

j ,Σ(u)
j )

) ∝ κ (12)

where E is the expectation operator. If we chose ϕ(κ)≈ θ0κ
by ignoring the high order polynomial terms we can arrive at

E(α(m)
i ) ∝

E(ηi)

E(ηi)+θ0κD−2
i Σ(u)

i

−→ constant vector (13)

where θ0 is a constant value which can be obtained from the
known database. It means the expectation of the α can be
stable when we have the relevance factor r̆(m)

i as follows

r̆(m)
i ≈ θ0κD−2

i Σ(u)
i (14)

This ensures that the distance measure between the GMM
supervector and UBM supervector is not seriously affected
by the length of the adaptation utterance.

1In [5] for speaker recognition study, the similar derivation reaches the
same result by assuming the supervector to be modeled by eigenchannel
factor, eigenvoice factor and the residual speaker-dependent factor.
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3.2 Bhattacharyya-Based GMM-SVM Kernel
In our previous work [6, 7], we derived an Bhattacharyya-
based distance between two GMMs as follows

Ψ̆Bhatt(pa||pb)

=
1
8

M

∑
i=1

{[(Σ(a)
i +Σ(u)

i
2

)− 1
2 (m(a)

i −m
(u)
i )

]T

[(Σ(b)
i +Σ(u)

i
2

)− 1
2 (m(b)

i −m
(u)
i )

]}

+
1
2

M

∑
i=1

tr
[(Σ(a)

i +Σ(u)
i

2

) 1
2 (Σ(a)

i )
− 1

2
(Σ(b)

i +Σ(u)
i

2

) 1
2 (Σ(b)

i )
− 1

2
]

+
M

∑
i=1

ln
{ 1√

ω (a)
i ω (b)

i

}
− M

2

(15)
Obviously, the distance is composed of two terms, i.e.

the mean statistical dissimilarity and the covariance statis-
tical dissimilarity. In order to avoid the unnecessary cross
effect of the parameters, we consider that the mean statisti-
cal dissimilarity only carries the first-order of the adaptation
data information with the mean vectors and the covariance
statistical dissimilarity carries the second-order of new data
information with the covariance matrices. Usually, the first
term can be applied solely; we can assume that the covari-
ance is not adapted and only exploit the mean information in
the equation. By combining the two terms in (15), we arrive
at the following kernel in practice

KBhatt(Xa,Xb)

=
M

∑
i=1

{[1
2

(
Σ(u)

i
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(16)

4. PERFORMANCE EVALUATION

4.1 Evaluation on NIST LRE 2009
In the evaluation, 56-dimensional shifted delta cepstrum
(SDC) features formed from Mel-frequency cepstrum coeffi-
cient (MFCC) with 7-1-3-7 delta-shift pattern (refer to N-d-
P-k parameters in [10]) plus 7 static cepstral is computed af-
ter voice activity detection (VAD). We investigate the perfor-
mance of the proposed language recognition system through
the NIST LRE 2009 task. There are 23 target languages
used for this evaluation, namely, Amharic, Bosnian, Can-
tonese, Creole (Haitian), Croatian, Dari, American English,
Indian English, Farsi, French, Georgian, Hausa, Hindi, Ko-
rean, Mandarin, Pashto, Portuguese, Russian, Spanish, Turk-
ish, Ukrainian, Urdu, and Vietnamese. Unlike LRE-2007
which has only telephony speech databases, LRE-2009 has
two catagories of data sources named conversational tele-
phone speech (CTS) and Voice of America (VOA) narrow-
band speech. In this experiment, the CTS training database
are collected from CallFriend, OHSU, LRE07 Train, OGI22
and SRE06; and the VOA data are mainly from the VOA3
database provided by NIST and LDC, VOA7 provided by
NIST and VOA8 downloaded from the web-site.
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Figure 1: DET plot of the language recognition systems on NIST
LRE 2009 30 seconds closed-set task

4.2 Core Classifiers
In our proposed Bhattacharyya-based system, we use 512
mixture components for GMM. We trained the diagonal ma-
trix D by using EM algorithm with the initial D is D(0)

i =
(Σ(u)

i )−
1
2 . Although the adaptation of the relevance factor in

the (14) is only for mean vectors i.e. r̆(m)
i , we extend the same

adaptation to variance matrix estimation in (5), i.e. r̆(Σ)
i =r̆(m)

i .
The value of θ0 is set to 8.2×10−4 via experiment 2. In this
evaluation, we developed the proposed Bhattacharyya-based
system named as Bhatt. There are three sets of the imple-
mentation: Bhatt-fix is with the relevance factor being set to
16; Bhatt-pro is with the relevance factor being adapted by
(14). In addition, for the performance comparison, we im-
plement the following language recognition systems on the
LRE 2009 task with the same training databases and fea-
ture processing. 1) GLDS-SVM: The GLDS-SVM system
is based on the work reported in [8]. The feature vectors
extracted from an utterance are expanded to a higher dimen-
sional space by calculating all the monomials. All monomi-
als up to order 3 are used, resulting in a feature space ex-
pansion from 56 to 32509 in dimension. 2) GMM-UBM: In
the GMM-UBM system [3], firstly, 2048-mixture UBM was
trained by using the universal background databases contain-
ing all of the target languages. The 2048-GMM of the target
language is trained by using the training database. We used
the Top-N (N is set to 20) method to reduce the computa-
tional complexity of the Gaussian probabilities. 3) GUMI-
pro: A GMM-UBM mean interval (GUMI) GMM-SVM sys-
tem [2] is developed with the adaptation of the relevance fac-
tor accroding to (11).

Outputs of individual classifiers are calibrated with sep-
arate linear backend followed by linear logistic regression
(LLR). The calibrated scores are then combined via a final
stage of LLR. Note that the development and evaluation data

2We obtained the θ0 value by investigating the average length of the
feature data and the best value of the fixed relevance factor.
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Figure 2: DET plot of the language recognition systems on NIST
LRE 2009 10 seconds closed-set task

are grouped into 3-, 10- and 30-second utterances. We only
conduct the experiments on 30- second utterances. Although
the group of data are labelled under 30-second categories, the
actual duration of utterances varies. The training is done on
the 30-second development data using the FoCal Multiclass
toolkit [11]. Log-likelihood ratio score from all classifiers
are stacked together and a linear backend is trained. This is
then followed by an LLR stage. The scores are converted
into log-likelihood ratio for final decision with a threshold
set at zero. A development set was designed for the train-
ing of backend, calibration. This development set consists of
8000 trials, and is built upon LRE07 augmented with addi-
tional trials taken from VOA3. The development set is split
into two halves, one for training and the other one for cross-
validation.

In this paper, we give the results of the closed-set task
with nominal duration of 30 seconds and 10 seconds. Figs.
1 and 2 give the detection error trade-off (DET) plot of the
LRE 2009 systems; while Tables 1 and 2 list the equal error
rate (EER) and minimum detection cost function (min DCF)
values corresponding to the Fig. 1 and Fig. 2 respectively.
It can be seen that the system Bhatt-pro is apparently better
than Bhatt-fix, it suggests that the adaptation is a right at-
tempt. It is also noticed that the Bhatt-pro is better than the
previous version of GUMI-pro, it means that the proposed
Bhatt system is of something valuable over the conventional
GUMI method.

5. SUMMARY

In this paper, we introduced an adaptive scheme for the rel-
evance factor to mitigate the negative effects to the language
characteristics from the individual utterance, especially the
effect caused by the duration variability. We developed a
Bhattacharyya-based GMM system for language recogni-
tion. In particular, there are two distance components named
the mean and covariance statistical dissimilarities. We mod-
ified the mean statistical dissimilarity to carry the informa-
tion from only the mean vectors so that each dissimilarity

Table 1: The comparison of the language recognition systems in
terms of EER and minimum cost for LRE 2009 30s closed-set task

LRE 2009, 30s,
closed-set

EER min. Cost × 100

GMM-UBM 9.76 % 9.32
GLDS-SVM 6.88 % 6.81
Bhatt-fix 5.16 % 5.05
GUMI-pro 4.47 % 4.43
Bhatt-pro 4.21 % 4.14

Table 2: The comparison of the language recognition systems in
terms of EER and minimum cost for LRE 2009 10s closed-set task

LRE 2009, 10s,
closed-set

EER min. Cost × 100

GMM-UBM 12.55 % 12.38
GLDS-SVM 11.79 % 11.77
Bhatt-fix 11.02 % 10.65
GUMI-pro 9.21 % 9.14
Bhatt-pro 9.04 % 8.98

depends on a solely informative resource. This may bring
more distinct informative sources for classification when we
exploited both mean and covariance information. We demon-
strated the effectiveness of the proposed system by using the
LRE 2009 task.
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ABSTRACT

In this paper, class-specific classifiers for audio, visual and audio-
visual speech recognition systems are developed and compared with
traditional Bayes classifiers. We use state-of-the-art feature ex-
traction methods and develop traditional and class-specific classi-
fiers for speech recognition, showing the benefits of a class-specific
method on each modality for speaker dependent and independent
set-ups. Experiments with a reference audio-visual database show
a general increase in the systems performance by the introduction
of class-specific techniques on both visual and audio-visual modal-
ities.

1. INTRODUCTION

Visual information can improve the performance of audio-based
Automatic Speech Recognition (ASR) systems, especially in
the presence of noise [16]. The improvement is due to the
complementary nature of the audio and visual modalities, asvisual
information helps discriminate sounds easily confusable by ear but
distinguishable by eye.

ASR systems are composed of a feature extraction and a
classification block. In this paper, we investigate how to apply
a class-specific classifier for ASR in both single and multimodal
systems, namely audio, visual and audio-visual systems. Weuse
state-of-the-art feature extraction systems for the audioand video
signals and focus on the requirements of a class-specific classifier
for speech recognition purposes. Our design allows different
feature sets and dimensionality reducing transforms for each class
of interest, providing a more flexible system and avoiding theCurse
of dimensionality [4]. We report experiments with the CUAVE
database [12] and show that the class-specific approach outper-
forms the traditional one for visual and audio-visual recognition
tasks. Previous studies on class-specific audio ASR have been
conducted [3], but none considered the visual domain or the fusion
of modalities.

The paper is organized as follows. Section 2 presents ASR
as a classification task, justifying the necessity of a dimensionality
reduction transform and how the class-specific method facesthe
problem. In section 3, we apply that method with the statistical
models used in ASR and in section 4 we describe the experimental
set-up, whose results are reported in section 5. Finally conclusions
are drawn in section 6.

2. CLASSIFICATION AND CLASS-SPECIFIC METHOD
IN SPEECH RECOGNITION

ASR systems are designed to assign to each utteranceX the
most probable word, phoneme or sentence within its vocabulary
and grammar rulesL . The problem can be formulated as aM
classification problem, that is, assigning a multidimensional sample
of dataX to one ofM possible classes.

This work is supported by the Swiss National Science Foundation
through the IM2 NCCR

The optimal Bayes classifier chooses the most likely class
given the observed dataX , that is

arg max
H j∈L

p(H j|X)

wherep represents the probability density function (pdf ) andH j the
hypothesis that classj is true. Making use of the Bayes rule, we can
rewrite the classifier as

arg max
H j∈L

p(X |H j)p(H j)

decomposing the problem in two: estimatingp(H j) from the
language model andp(X |H j) from a statistical model ofH j.
In this paper we assume equally probable classes and focus onthe
estimation ofp(X |H j), that is, characterizing statisticallyX under
each of the hypotheses by itspdf. We will define phonemes, the
smallest unit of sound meaningful in terms of speech, as our classes
of interest and propose a design for isolated speech recognition
tasks. Such a system could be generalized considering the con-
catenation of phonemes to form words or sentences, the grammar
rules and a decoder considering the possible paths through alat-
tice of all the concatenated phonemes (the Viterbi decoder,usually).

In that ASR classification task, the dimension of the feature
space necessary to accurately distinguish all possible classes is
usually large. At the same time, the complexity and the amount of
data necessary to estimate thosepdf s grow exponentially with the
dimension ofX . Therefore, we either loose information discarding
features in order to obtain accurate estimates ofp(X |H j), which
might result in being unable to distinguish similar classes, or work
in high-dimensional feature spaces and suffer the problemsof
estimating high dimensionalpdf s. This is known as theCurse of
Dimensionality [4] and explains the necessity of a dimensionality
reducing transform and the interest of researchers in class-specific
designs allowing the use of reduced feature sets for each class
while obtaining a Bayes classification system.

The class-specific method [1, 2, 7] is a Bayes classification
system reformulated to use class-dependent features. It identifies
a set of statisticsz j = Tj(X) that is “best” to statistically describe
each classH j and explains how to project the estimatedp(z j|H j) to
the original feature spacep(X |H j).
The pdf projection theorem [1] states that any probability density
function g(z) defined on a feature spacez wherez = T (X), can be
converted into apdf h(X) defined onX using the formula

h(X) =
p(X |H0)

p(z|H0)
g(z) = J(X) g(z), (1)

where H0 is any statistical hypothesis for whichp(X |H0) and
p(z|H0) are known. In fact, the theorem states thath(X) not only is
apdf and integrates to 1, but that it is a member of the class ofpdf s
that generateg(z) through transformationT (X). The optimality
and other properties ofh(X) are presented and can de found in [6].

The pdf projection operatorJ(X), called the J-function, is
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thus a function of the raw dataX , the feature transformation
T (X), and the reference hypothesisH0. It projects the estimated
probabilities from the reduced feature setz to the original feature
spaceX , enabling the use of different features for each class of
interest. It is important to note that this function is not estimated,
but a fixed function ofX , the transformT (X) and reference
hypothesis, so it is not subject to theCurse of Dimensionality. To
obtain a closed form for the J-function, the distributionsp(X |H0)
and p(z|H0) need to be known either analytically, or by accurate
approximation valid in the tail regions. These conditions have
been met for some of the most useful feature transformationsand
reference hypothesis [7]. In general,H0 can also be a function of
the classifier’s hypothesisH j, however, in this work we will use a
common referenceH0 and only adapt the transformsTj(X) applied
to each class.

Compared to a traditional system, the class-specific approach
involves the use of a different transform for each class and the
computation of the J-function in order to project the estimated
probabilities of the HMMs to the common feature space. The
complexity of the system is not usually much increased, since
by correctly choosing the reference hypothesis and transforms,
the computations involved in the J-function can be simplified.
On its turn, the cost of using several transforms for the feature
stream instead of just one is negligible compared to the HMM
computations when dealing with linear transforms and a reduced
number of classes.

3. PROBABILITY ESTIMATION

The structure of the classification system is the following:given
the original feature streamX we apply different transformsTj
for each class and obtain the corresponding featuresz j. We use
then statistical models to computep(H j|z j) for each class and,
finally we evaluate the J-function on the original inputX and
transformsTj under the reference hypothesis to project the obtained
probabilitiesp(H j|z j) to the original feature spacep(H j|X), where
the traditional Bayes classifier is used.

Following that structure, in that section we first present the
dimensionality reducing transforms used in our system, we then
introduce Hidden Markov Models as the statistical tools used in
ASR to estimate the probabilitiesp(H j|z j) in the reduced feature
sets and we finally explain how to apply the selected transforms
and derive an analytical expression for the J function with those
models.

3.1 Dimensionality reduction and class-specific features

In order to reduce the dimensions of the samplesX we apply
a linear transform, so that the new featuresz = W T X retain as
much of the information as possible of the original space. In
our case, we want to preserve variance of the original space,or
class-subspaces, and the transform we thus consider is Principal
Component Analysis (PCA). PCA requires a training spaceX ,
composed of enough samplesX to characterize the original feature
space, to find the subspace whose basis vectors correspond tothe
maximum-variance directions inX . In practice, we use the same
training set as the one used to train the classifiers and learnthe
models for each class.

To fairly compare the class-specific method with a traditional
approach, we define the same kind of transform for the whole
training datasetX and for the subsets associated to each of the
classesX j ⊂ X . Comparing the performance of the system with
features{z j} j=1...M in a class-specific design against ˜z =

⋃M
j=1 z j,

would just show the benefits of a class-specific approach against
the Curse of Dimensionality, but not how class-specific features
might outperform general ones for a given dimensionality and
dimensionality reducing transform. To that purpose we split our
training dataset into its classes, useX to determine the transform

T leading to featuresz and each of theX j to determine the
class-specific transformsTj and the corresponding featuresz j, with
z andz j of the same dimension.

3.2 Hidden Markov Models

A single-stream Hidden Markov Model (HMM) is the statistical
model traditionally used in audio ASR [15]. It has a hidden state
and an observed variable associated to the feature streams,where
the state variable evolves through time as a first order Markov
process assigning different statistical distributions tothe observed
variable. A typical audio-visual extension is the coupled HMM
[5, 9, 10], where the audio and video streams are synchronized
at model boundaries and the joint audio-visual likelihood is a
geometrical combination of the audio and visual ones.

However, the use of HMMs for ASR suffers two main limi-
tations. First, the Markovian assumption of the HMMs fails to
model the correlation in time of the original speech and estimates
of the features derivatives must appended to the original observed
features. The second constraint is due to theCurse of Dimension-
ality, as the correct statistical description of the observed features
is just possible with a low dimensionality and the size of thevector
has thus to reduced before being input to the HMM. Those steps
are included in the transforms we apply to the original features and
taken into account in the class-specific approach, as we describe in
more detail in section 3.3.

3.3 Class-specific method with Hidden Markov Models

Let us denotex the original feature stream from which to define
the observed features andx(t) its value at timet. We first append
the time derivatives to the features and obtain a new streamy
defined asy(t) = [x(t) ẋ(t)] with larger dimensionality thanx. The
final featuresz are obtained through a dimensionality reduction
technique ony, in our case projecting each sample to the reduced
PCA spacez(t) =W T y(t).

For each utterance of lengthT , HMMs are used to estimate
the likelihood of all the possible utterances given the observed
featuresZ = [z(1) . . . z(T )]. We will see that, in fact, we can apply
a single linear transform to the original samples of the utterance
X = [x(1) . . .x(T )] in order to obtain the previously definedZ.
Approximating the time derivatives by finite differences, we write
Y as a linear transformB on the feature samples.

ẋ(t) =
1
2
(x(t +1)−x(t −1)) → Y = BT X

At the same time, PCA defines a fixed linear transform to be applied
each time instant to the samples ofy, z(t) =W T y(t). Thus, correctly
applying theW matrixT times we create a new matrixC and rewrite
the whole as a linear transform.

z(t) =W T y(t) → Z =CTY =CT BT X = AT X

The matrixA defines a linear transform that combines PCA on the
expanded features and time differencing of the original stream.

A first transform to be considered for the class-specific ap-
proach is thusZ = AT X , with different A matrices for each
class. Nevertheless, the dimensionality reduction implies that the
subspace orthogonal to the columns ofA will be absent from the
output. If any data of certain class contains energy in the orthogonal
space and the features for another class allow this energy toappear
at the output, classification errors might take place. To avoid it, we
adapt our linear transform appending a power estimate of theerror
introduced in the dimensionality reduction, that is, the energy lost
on the orthogonal space toA.
First, we compute the error comparingX and its prediction based

on Z, that is X̂ = A
(

AT A
)−1

AT X , and look at the energy of
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the error at each time step to form the final reduced features are
[z(t) r(t)] and[Z R] as

r(t) = |x(t)− x̂(t)| → R = |(Id−A
(

AT A
)−1

AT )X |

As we have already said, the J-function is a function of the original
data sampleX that depends on the feature transformation and
the reference hypothesis. The choice of that hypothesis usually
means choosing a simplepdf for p(X |H0) trying to simplify the
determination ofp([Z R]|H0).

We choose as reference hypothesisX being independent identically
distributed samples of normal Gaussian noise underH0, so
that underH0 both Z = AT X and the error are also samples of
Gaussian random variables with known mean and covariance.
The chosenR being the lost energy on the projectionZ = AT X ,
assures the independence ofZ and R and allows the factorization
p([Z R]|H0) = p(Z|H0)p(R|H0). Under these circumstances,
when the energy of the errore(t) is added up inr(t) for each time
step, the result is a Chi-Square random variable withN −P degrees
of freedom, withN and P denoting the size of the original and
transformed feature samplesx(t) and z(t) respectively. We have
then a closed form for the J-function based on chi-squared and
Gaussian distributions, which we will use to project the reduced
set probability estimates obtained with our HMMs to the original
feature space and build a Bayes classifier.

4. EXPERIMENTAL SET-UP

We perform speechreading experiments on the CUAVE database
[12]. We use the static portion of the ’individuals’ sectionof the
database, consisting of 36 speakers repeating the digits five times.
We divide our experiments into speaker dependent and independent
doing three-fold cross validation in every case, i.e training on two
thirds of the all data for each speaker and testing on the remaining
in speaker dependent experiments and training on two thirdsof the
speakers and testing on the rest for the speaker independentset-up.
Changing the training and testing splits of the data, we can validate
our results by three runs and ensure they do not depend on the
training or testing data.

The audio features used are 13 mel-frequency cepstral coeffi-
cients with cepstral mean normalization and their first and second
temporal derivatives. In testing, we artificially add babble noise to
the audio stream with Signal to Noise Ratios (SNR) ranging from
clean to−10db, at 5db steps. The visual features are selected from
a pool of DCT coefficients on a 128x128 grayscale image of the
speaker’s mouth, normalized for size, centered and rotatedin order
to reduce speaker variability. The 2-dimensinal DCT of the images
are then computed, from which we take the first 16x32 coefficients
and remove their even columns to exploit face symmetry [13].

We define the phonemes as our classes of interest and pro-
pose different experiments in terms of complexity: 3 simpler
experiments with only 4 phoneme classes and a final experiment
with the 20 phonemes available in the database. The 3 subsets
of classes are chosen in order to test the method in different
conditions: distinguishing between consonants visually distin-
guishable{n,r,t,v}, consonants{v,w,r,s} visually confusable within
the reduced set [8] and a set including vowels and consonants
{ah,eh,n,uw}. The task examined is then isolated phoneme classi-
fication, which is the core of continuous speech recognition, where
phoneme models are concatenated to recognize words or sentences
taking into account vocabulary and grammar rules. Class-specific
HMMs could also be defined at word level, but they would be
limited to small vocabulary tasks while phoneme models are the
natural choice for real-world systems. The number of phoneme
classes depends on the language, 43 in english for instance,and the
vocabulary associated to the speech recognition task, 20 classes in
the case of the digits. Our experiments are thus limited by the size

of the database, but the system could naturally be extended to more
general tasks if more training data was provided.

For the single-modality experiments, the phoneme models
are made of 3-state HMMs with their observed features described
by one and three Gaussian mixtures for the speaker dependentand
independent set-ups. In the audio-visual experiments, a coupled
HMM from the previous 3-state audio and visual HMMs is built,
where the contribution of each stream to the combined likelihood
is geometrically weighted withλA,λV . During testing and for each
SNR level, the best fixed weights are chosen from the possible
combinations satisfyingλA +λV = 1 and ranging fromλA = 1 to
λA = 0 at 0.05 steps.

5. EXPERIMENTAL RESULTS

A first set of audio and video-only experiments is performed in
order to choose the number of reduced features leading to thebest
performance and whether or not a class-specific approach on each
modality is useful. In fact, a class-specific approach has already
been used for audio-only ASR outperforming the traditionalsystem
in a speaker-dependent set-up [3]. We focus, however, on the
improvement we can obtain on the system’s performance by adding
the visual modality.
In the results presented, ’pca’ stands for the traditional Bayes
classifier using PCA as dimensionality reduction transformand
’cs-pca’ for the class-specific one. Similarly, ’spkr-dep’and
’spkr-ind’ correspond to the speaker dependent and independent
set-ups. In the audio-visual experiments, we also report results
of an audio-only system in order to measure the improvement
obtained by the visual modality.

The results for the single modality experiments are presented
in tables 1 and 2. As expected, the performance of the audio system
is superior than the video one, 96% against 90% of recognition
rates in speaker dependent set-up and 94% against 53% in the
speaker-independent task. In both modalities, the class set {v,w,r,s}
proves more challenging than the others, who perform similarly.
In speaker dependent experiments, the class-specific method
outperforms the traditional approach on both audio and visual
modalities, increasing the recognition rate around 2% in the audio
and 10% in the video case. However, for the speaker independent
set-up, the class-specific design only improves the recognizer’s
performance of the visual modality system, while using the original
audio features obtains better results than any PCA reduced set. In
that case, the improvement of the class-specific approach isalso
more limited, around 4% improvement in the recognition ratein the
visual modality and none at all for the audio. Such a behaviour can

Audio spkr dep spkr ind
Class sets MFCC cs-pca pcaMFCC cs-pca pca

{n,r,t,v} 98.3 100 98.9 98.3 96.7 86.7
{v,w,r,s} 92.7 97.8 95.7 87.8 83.4 71.9
{ah,eh,n,uw} 97.1 100 100 95.6 95.0 91.9

Table 1: Percentage of correctly recognized phonemes in au-
dio only experiments with traditional and class-specific clas-
sifiers. The original MFCC features and the extracted PCA
from all the classes are used in a traditional Bayes classifier,
while the features obtained by class-specific PCA are used in
the class-specific design.

be explained by the fact that MFCC are features already designed
for human speech recognition, where speaker independence has
already been taken into account in their definition, while the
original visual features correspond to a standard representation
of images, not aimed to the representation of the mouth area for
ASR. In that sense, the results with the original visual features,
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Figure 1: Recognition in the speaker independent audio-visual task for sets{n,r,t,v}, {v,w,r,s} and{ah,eh,n,uw} compared to
an audio-only recognizer. The audio-visual classifier use the original MFCCs as audio features and PCA or cs-PCA for the
video modality.
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Figure 2: Recognition in the speaker dependent audio-visual task for sets{n,r,t,v}, {v,w,r,s} and{ah,eh,n,uw} compared to an
audio-only recognizer. The audio-visual classifier use PCAand cs-PCA features for the both the audio and video modalities.

Visual spkr dep spkr ind
Class sets cs-pca pca cs-pca pca

{n,r,t,v} 97.3 85.5 58.9 55.2
{v,w,r,s} 89.7 72.5 46.7 39.0
{ah,eh,n,uw} 91.3 82.2 54.8 53.0

Table 2: Percentage of correctly recognized phonemes in
video only experiments with class-specific and traditional
Bayes classifier for the corresponding cs-PCA and PCA fea-
tures.

i.e 512 DCT features plus their first time derivatives, lead to poor
recognition performances around 30%, which is little better than
the 25% chance of correctly performing in a 4 class subset. This
is due to both the curse of dimensionality and the non specificity
of the features for ASR. More advanced visual features for speech
recognition include speaker normalization techniques [14, 11]
leading to more speaker invariant features. The class-specific
method should also be useful in conjunction with those feature sets,
as the speaker dependent results from our experiments show.
In our experiments, the dimension of the ’pca’ and ’cs-pca’ features
leading to best performance for each class and reduced sets were
chosen. For both speaker dependent and independent set-upsthe
audio dimensionality ranged from 3 to 4 for ’cs-pca’ and from3
to 6 for ’pca’, depending on the class sets. For the video modality,
the best performance correspond to PCA dimensions of 4 or 5
in speaker dependent experiments and 3 for speaker independent
ones. The dimensionality reduction obtained with PCA is therefore
considerable, specially in the visual modality, and does not show
much phoneme or speaker specificity.

We choose different approaches for each set-up when performing
audio-visual experiments. In the audio-visual systems, wecom-
bined the approaches obtaining the best results in single-modality
experiments because we wanted to compare the performance of
the best traditional classifier we could build against a class-specific
one. Therefore, we have used a class-specific design on both
modalities in the speaker dependent experiments while on the
speaker independent set-up, the original audio stream was kept and
the class-specific method was just applied to the video stream.
The results of the audio-visual experiments are presented in figures
1 and 2 for the reduced classes sets, showing the advantage ofthe
class-specific approach also in a multimodal domain. As expected,
the reduced set{v,w,r,s} proves more challenging than the others,
both due to its lower recognition rates in audio and visual modal-
ities. The results with the speaker-dependent and independent
set-ups show different gains when using the class-specific method
compared to the traditional approach. In the speaker dependent
task, both modalities profit from the class-specific design and
improve the recognition rates between 2% and 10% depending on
the audio SNR, while in the class-independent set-up only the video
modality benefits from the class-specific design and increases the
recognition between 0.5% and 4% for the different audio SNRs
In the more realistic experiments when all the classes are consid-
ered, see table 3, we observe a clear gain on both the incorporation
of the visual modality and the class-specific approach, not limited
to the speaker dependent set-up. Indeed, in those experiments the
visual modality always enhances the audio-only results andthe
class-specific method proves beneficial in both speaker dependent
and independent experiments. Even though the resulst with noisy
audio might seem poor, the classifier do better than the 5% chance
of recognition in a 20 class set.
For the reduced class sets, the improvement of the class-specific
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design is more important in the speaker-dependent task, between
10% to 38% increase in the recognition rate for the differentSNR
levels, than in the speaker independent one, where that increase
ranges from 2% to 10%.

spkr-dep spkr-ind
SNR audio audio-visual audio audio-visual

cs-pca pca cs-pca pca MFCC cs-pca pca
clean 97.7 79.5 98.7 88.0 74.5 76.4 75.0
25db 89.5 63.0 96.2 77.2 63.6 67.0 64.9
20db 82.5 52.9 93.7 71.4 54.8 60.4 56.4
15db 71.5 42.3 91.0 64.1 46.1 51.1 46.8
10db 56.0 31.8 87.8 58.1 35.4 41.7 35.8
05db 39.2 22.3 85.3 52.2 24.8 32.2 25.2
00db 24.7 14.4 83.5 47.8 15.9 26.1 17.1
-05db 15.5 9.5 82.8 44.7 11.4 22.9 12.9
-10db 10.2 6.5 82.8 44.3 8.8 21.9 10.7

Table 3: Percentage of correctly recognized phonemes con-
sidering all classes. The audio-visual classifiers use MFCCs
for the audio features and PCA or cs-PCA for the video in
speaker independent experiments and PCA or cs-PCA for
both the audio and video modalities in speaker dependent
experiments.

6. CONCLUSIONS

In the present paper we demonstrate that a class-specific approach
improves the performance of audio-visual ASR systems. Compared
to previous work, we consider the effects of multiple modalities on
class-specific methods and the effects of appending the derivatives
to the HMM features in order to comply with the Markovian as-
sumption of the HMMs used in ASR.
From our experiments, we conclude that for the speaker indepen-
dent set-up more work is to be done on the definition of general
video features, while the audio MFCC features already suit the task.
In those situations, the performance of the audio-visual system, can
be boosted with a class-specific approach on the video modality,
specially improving the results in noisy conditions. On theother
hand, in speaker dependent set-ups, both audio and video modal-
ities profit from the definition of different features for each class
through all noise levels. The apparent increased benet of the class-
specic approach in the speaker-dependent experiments agrees with
the results of previous work on a different data set [3] and may re-
sult from the reduced dimensionality needed to accurately model a
given phoneme spoken by a given speaker.
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ABSTRACT 

Automatic Dialect Classification (ADC) has recently gained 
substantial interest in the field of speech processing. 
Dialects of a language normally are reflected in terms of 
their phoneme space, word pronunciation/selection, and 
prosodic traits. These traits are clearly visible in natural 
speaker-to-speaker spontaneous conversations. However, 
dialect cues in prompted/read speech are often neglected by 
the community. In this study, we consider a systematic 
assessment of the differences between the acoustic 
characteristics of spontaneous and read speech and their 
effects on dialect identification performance. By examining 
both the model space and phoneme space of read and 
spontaneous dialect speech, we observe that each spans 
different dialect spaces and with distinct characteristics that 
need to be addressed respectively. From this comparison, we 
find useful clues to design more efficient identification 
systems. Finally, we also propose a novel feature extraction 
technique, PMVDR-SDC, and obtain a +26.4% relative 
improvement in dialect recognition rate. 
 

1. INTRODUCTION 

Dialect identification (ID) has recently emerged to be of 
substantial interest in the speech processing community [1]. 
Dialect ID systems can be used to improve the performance 
of Automatic Speech Recognition (ASR) engines by 
employing dialect dependent acoustic and language models. 
Traditional speech recognition systems are not robust to 
variations due to speaker dialect/accent. Dialect 
classification is one solution which can characterize speaker 
traits and help in the development/selection of dynamic 
lexicons by selecting alternative pronunciations, generate 
pronunciation modeling via dialect adaptation, or train 
and adapt dialect dependent acoustic models. Dialect 
knowledge is also helpful for data mining and spoken 
document retrieval. In this study, we employ the definition 
for the term dialect as a pattern of pronunciation and/or 
vocabulary of a language used by the community of  native  
_________________ 
This project was funded by AFRL under a subcontract to RADC 
Inc. under contract FA8750-09-C-0067.                                              

speakers belonging to some geographical region. 

       In ASR, although speech derived from read texts, news 
broadcasts, and other similar prompted contexts can be 
recognized with high accuracy, recognition performance 
decreases drastically for spontaneous speech. This is due to 
the fact that spontaneous speech and read speech are 
significantly different acoustically as well as linguistically. 
Compared with controlled read speech, spontaneous speech 
can be characterized by varied speaking rate, filled pauses, 
corrections, hesitations, repetitions, partial words, 
disfluencies, “sloppy” pronunciation. Recent studies [2] 
show that spontaneous speech can be characterized by a 
shrinkage of the spectral space in comparison with that of 
read speech and this results in a reduction in phoneme 
recognition accuracy. However, little work has been done to 
examine the differences from the dialect identification 
perspective. This paper attempts to explore the acoustical 
differences of read and spontaneous speech and its impact 
on dialect ID systems. 

      This paper is organized as follows. In Sec. 2, we 
describe the database that is used for algorithm development 
and evaluation. The baseline system which serves as the 
starting point for our proposed advances is described in Sec. 
3. Next, we discuss Kullback-Leibler divergence in Sec. 4, 
which is used to measure dialect model differences.  Sec. 5 
explores the differences between read and spontaneous 
speech and their impact on identification. Summary and 
conclusions are shown in Sec. 6. 
 

2. DATABASE DESCRIPTION 
 
The corpus employed for our study is an Arabic corpus. 
Utterances were digitized at a 16 kHz sample rate. Three 
dialects are used in our study, based on geographical origins: 
United Arab Emirates (AE), Egypt (EG), and Iraq (IQ). For 
each dialect, we have two sets of data: read (READ) and 
spontaneous (SPON) speech. For each dialect, READ and 
SPON have the same 100 speakers which are meant to 
suppress speaker variation. There is no overlap between any 
train/test utterances. The SPON speech portion was recorded 
in a conversation style and speakers were selected to talk 
about different topics from pre-defined subject pool, with 
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the aim of a balanced set of topics. For READ speech, 
topics are also balanced and selected from the same topic 
pool as SPON speech. Table 1 summarizes training and 
testing data after a silence removal process (the unit is 
minutes). The data size for train and test of READ are 
almost the same as that of SPON to provide a fair basis of 
comparison. In test, all audio files are partitioned into short 
10 sec segmentations. 
 

Data Training data Sum Testing data Sum

AE EG IQ   AE EG IQ   

READ(min) 87 91 92 270 52 54 53 159 

SPON(min) 96 88 86 269 53 53 53 159 
Table 1:The summary of Arabic corpus (READ vs. SPON)(in min.) 
 

3. GMM-BASED CLASSIFICATION ALGORITHM 
 

In this study, only supervised classification is considered 
(All the speech files are transcription-free and labeled only 
with dialect category information). Here, we employ the 
Gaussian Mixture Models (GMM) based dialect 
classification algorithm as our baseline system. Figure 1 
shows the flow diagram of the baseline GMM training 
process, where a closed set of N dialects are considered.  

 
Figure 1: Baseline GMM based dialect training system. 

The dialect GMM model is trained with SPON/READ 
training set from each dialect. The training method is 
generalized Maximum Likelihood Estimation (MLE). For 
training, silence frames are first removed from the input 
audio stream using an energy threshold, followed by feature 
extraction. In our study, we will employ two types of feature 
extraction front ends: Mel-Frequency Cepstral Coefficients 
(MFCC) and Perceptually Minimum Variance Distortionless 
Response (PMVDR) [3]. The testing phase follows almost 
the same process, except it uses the trained models from the 
training stage to get likelihood scores from the 
SPON/READ testing data.  

 
4.  MEASUREMENT OF DIFFERENCE BETWEEN 

MODELS 
 

In order to compare the differences between read and 
spontaneous speech and determine its impact on dialect 
identification, we need some statistical tool for 
quantification. The GMMs are taken as the representation of 

the utterance space, so we can measure the difference 
between these models. The Kullback-Leibler (KL) 
Divergence (KLD) is suited for this task, which is based on 
relative entropy, and is often used as a measure of difference 
between two probability distributions.  

     Given a set of N dialect models in the system, denoted as 
{ , 1 },n n NΛ ≤ ≤

 

let each 
nΛ  be viewed as a point in the 

dialect model spaceΛ . For any given two dialect models in 
the space and their corresponding training data, we can 
estimate the distance between these two models using the 
symmetric KLD, which is defined as the sum of relative 
entropy between model 

iΛ

 

and 
jΛ , and also between model 

jΛ  and 
iΛ : 
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where (i )XΛ (j XΛ ) and  are the likelihoods of 
occurrences of observation X , given that it belongs to 
model jΛiΛ and respectively. The GMM model 
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where ω is the weight, μ is the mean, σ  is the variance of 
the probability distribution function in the GMM model, and 
M is the total mixture number. Since there is no analytic 
close-form KLD expression for GMMs, we use the 
approximation introduced by Do [4]. We will use the KLD 
to quantify the differences between two dialect models. 
 

5. EXPERIMENTS 

5.1 Dialect Model Space Analysis 

MFCCs are used in this analysis. The length of a frame is 20 
ms, with a 10 ms overlap. The final classification 
performance is averaged on all test utterances. With two sets 
of train-test data, we obtain the following results (Table 2). 

                     Test 
Train READ SPON 

READ 17.87% 37.11% 

SPON 37.33% 20.01% 

Data pooling 25.33% 25.24% 
Table 2: Error Rate (%) of dialect identification using READ & 
SPON speech utterances. Data pooling means to pool all the train 
data to form one train set. 

From Table 2, it can be seen that the performance of 
dialect model based on the SPON speech data set is slightly 
worse than for the READ speech, which is counter to 
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traditional assumptions [5]. There may be two reasons: (1) 
READ speech is well pronounced and thus may better 
reflect clear/exact phoneme targets in the acoustic space for 
the model; SPON speech is shaped by many individual 
pronunciation habit such as hesitations, repetitions, partial 
words, which may negatively impact overall system 
performance; (2) In conversation, speakers are more likely 
to pick up their partner’s pronunciation style than in a read 
style, thus for the same size of sample data, this may result 
in a more concentrated sample space compared with read.  
We also note that performance is much worse when system 
trained on SPON data is tested against READ data (or vice 
versa), which may be due to some variation that exists 
between prepared and spontaneous speech even for the same 
person and therefore leads to mismatch between SPON and 
READ. 

Here, we employ KLD to further compare the acoustic 
models differences. The comparison results are summarized 
in Table 3. In our experiment, the range of KLD value can 
vary from 0-50, but most pairwise values are within 15-30. 
Smaller divergence value means less difference and harder 
to classify than the bigger one. 

 KL divergence AE-EG AE-IQ EG-IQ 

SPON 19.36 19.74 19.79 

READ 20.46 21.01 20.84 

 KL divergence AE-AE EG-EG IQ-IQ 

SPON-READ 20.44 20.39 20.66 
Table 3: KL divergence of different dialect acoustic models. 

From Table 3 we observe that the differences among 
the READ speech models are greater than the SPON speech 
ones, which is why the READ-READ test results are better 
than those of the SPON-SPON. In other words, KLD can 
work as a ruler to measure the difference between models. 

In addition, the KLD between the counterparts of 
READ and SPON are all less than that for READ (except 
IQ-IQ for SPON-READ which is greater than AE-EG for 
READ). When we derive SPON models from READ 
models via Maximum a posterior or vice versa, we can 
obtain almost the same result for both scenarios, which 
implies that there is a portion of the dialect acoustic space 
that cannot be approached by limited adaptation data and we 
therefore need find other methods to address this problem. 

5.2 Phoneme Analysis 

For language identification, different languages have unique 
grammar and phonemes. Unlike language identification, 
different dialects may share similar phonemes and 
pronunciation traits. So ， further investigation at the 
phoneme level is necessary. We partition the speech data 
into different phoneme islands (isolated phonemes) with an 

HMM phoneme recognizer. First, we compare the average 
length of the top 5 most frequently occurring Arabic 
phonemes in both READ and SPON speech (Fig. 2).  

Phoneme 1 Phoneme 2 Phoneme 3 Phoneme 4 Phoneme 5
0

0.05

0.1

0.15

0.2

0.25

To
p 

5 
ph

on
em

e 
le

ng
th

(s
)

 

 
READ
SPON

Figure 2:  The duration comparison of the top 5 most frequently 
occurring Arabic dialect phonemes in SPON/READ speech. The 
five phonemes are listed in decreased frequency order from 1 to 5. 

From Figure 2, we observe that the durations of the 
SPON speech phonemes are almost always longer than that 
of READ, which may mean the performance of READ 
speech dialect identification at the phoneme level will be 
inferior to that of SPON speech since for the same phoneme, 
SPON phoneme will have more data/information. Following 
a similar process as in Sec. 5.1, we obtain the phoneme-
based dialect KLD measurement results (Table 4). To 
compare with the prior acoustic model analysis, we also 
summarize the results from Table 3. 

KL divergence READ-READ SPON-SPON
GMM-phonemic 16.20 16.37 
GMM-acoustic 20.77 19.63 

Table 4: Average KLD of different acoustic/phonemic models. 

From Table 4, we notice that SPON phonemes carry 
more meaningful dialect cues than READ phonemes, 
although the overall GMM-phonemic KLD is smaller than 
the GMM-acoustic values and need improvement in 
modeling at the phoneme level.  

With this in mind, we can more efficiently design a 
shifted delta cepstra (SDC) [6] feature extraction front-end, 
in which the traditional search method for parameter 
optimization is time consuming hill-climbing algorithm. For 
READ speech, we need a smaller N for the k-d-P-N scheme 
[6]. In the following system schemes, we optimize the 
parameter of MFCC-based acoustic models as: 7-1-3-3 for 
READ and 7-1-3-5 for SPON. Also, our previous research 
[3] showed that PMVDR feature extraction is better able to 
model the upper spectral envelope at the perceptually 
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important harmonics. So, we also explore this potential 
feature in the current case. For the PMVDR characterized 
data, the k-d-P-N parameters are optimized as: 12-1-3-3 and 
12-1-3-4 for READ and SPON speech, respectively. 

 5.3 System Combination 

To achieve better dialect identification results, we propose 
the following 5 schemes, all of which are trained and test 
based on the same algorithm described in Sec. 3.: 

1) Separate Training: Train READ/SPON models 
separately with their own training set(as in Sec.5.1); 

2) Data-pooling: Pool together the training files of both 
READ and SPON data to form one training set, which 
will be used as the training set for both READ and 
SPON. This aims to augment the training set in 1); 

3) MFCC-Combination: Score fusion of MFCC-based 
systems from system (2) above; 

4) MFCC-SDC-Combination: Score fusion from MFCC-
SDC feature-based systems; 

5) PMVDR-SDC-Combination: Score fusion from 
PMVDR-SDC feature-based systems. 

     Scheme READ SPON 

Separate Training 17.87% 20.01% 

Data-pooling 25.33% 25.24% 

MFCC-Combination 16.12% 14.06% 

MFCC-SDC-Combination 15.26% 13.67% 

PMVDR-SDC-Combination 14.86% 13.02% 
Table 5: 3-way Arabic Dialect ID Error Rates (%) of different 
READ/SPON data/scores combination schemes. For different 
scheme, the test sets for READ and SPON are fixed and explained 
in Fig. 1 

According to Table 5, we observe that although data-
pooling is a natural choice, it fails to take the differences 
between READ and SPON dialect speech into consideration 
and is inferior to all other schemes. Compared with results 
for the MFCC-Comb scheme, the well-designed SDC 
versions of MFCC and PMVDR can further improve 
integrated system performance, especially PMVDR-SDC-
Combination, achieved a +26.4% relative improvement in 
average recognition error rate, compared with Separate 
Training. 

6. CONCLUSION 

This paper has explored the differences between the dialect 
representation capability of READ and SPON speech at 
different levels: model space and phoneme level. The 
motivation for this work is that past research studies are 

based on SPON speech, with the belief that READ speech 
has limited dialect structure. One focus here has been to 
determine the validity of this assumption. First, our 
experiments showed that READ acoustic models 
demonstrate comparable classification performance to that 
of SPON acoustic models. Next, with the help of the KLD, 
we further quantified the difference between different 
models. Next, we investigated the differences at the 
phoneme level. At this level, we observed that dialect 
models constructed from SPON speech have better 
classification potentials than models from READ do. 
Interestingly, we also found the phoneme duration of the 
SPON speech is longer than that of READ speech, which 
can help search more efficiently for optimized SDC 
parameters. The phoneme-based KLD measurement shows 
that SPON phonemes carry more dialect cues than READ 
phonemes do. All these differences allow for performance 
enhancements resulting from a combination solution. From 
experiments, we find that the greatest improvement was 
achieved with the novel PMVDR-SDC based system 
combination, which showed a +26.4% relative improvement 
in average error rate. 

       This paper is only a preliminary attempt to distinguish 
the differences among READ and SPON speech. If more 
dialect-dependent cues/audio segments can be identified, 
then further efficient dialect systems can be expected from 
available data corpus. Also, the differences between READ 
and SPON speech are mainly examined from a signal 
processing perspective. Linguistic analysis can further shed 
light on ways to make better use of samples from both 
READ and SPON speech.  
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ABSTRACT

In this paper, we propose a new technique for enhancing pos-
terior probability based confidence measures in ASR systems. We
propose to enhanced local posterior estimates used in confidence
measurement process, in order to improve the overal confidence
score in terms of ability to accept/reject a hypothesis. Posterior
based confidence measures are global scores obtained by accumu-
lating local evidences. These local evidences are usually phone
posterior probabilities estimated in frame basis from speech sig-
nal. Having better (more informative) local evidences can poten-
tially lead to better confidence measures. In [1, 2, 3], a method
for enhancing local phone posterior estimates (evidences) has been
proposed. This method is based on integrating prior knowledge
(such as phone duration, lexical knowledge) and temporal context
in the local posterior estimation. We show that using enhanced local
posteriors in the confidence measurement process significantly and
constantly improves their ability to predict whether a hypothesis (at
word or phone level) is correct or incorrect, as compared to using
regular local posterior estimates.

1. INTRODUCTION

A confidence measure is a score that is applied to the speech recog-
nition output. It gives an indication of how confident we are that
the unit to which it has been applied (e.g. a phrase, word, phone)
is correct. A word may be hypothesized with low confidence when
the word model is matched against unclear acoustics caused by dis-
fluencies or noise, or when an out-of-vocabulary (OOV) word is
encountered. Confidence measures can be used to reject those hy-
potheses which are likely to be erroneous (i.e., have a low confi-
dence) in a hypothesis test. Over the last two decades, considerable
research has been devoted to the development of confidence scores
associated with the outputs of ASR systems [4, 5, 6, 7]. A reliable
measure for the confidence of a speech recognizer output is useful
in many applications. These measures have been used mostly to
help spot keywords in spontaneous or read texts, and to provide a
basis for the rejection of OOV words. Many other ASR applica-
tions could also benefit from knowing the level of confidence for
a recognized word. For example, text-dependent speaker recogni-
tion systems could put more emphasis on words recognized with
higher confidence; unsupervised adaptation algorithms could adapt
the acoustic model only when the confidence level is high, human-
made transcriptions could be verified by ASR systems outputting
their confidence in the transcribed word sequence, etc.

In this work, our preliminary concern is confidence measures
for posterior based ASR systems such as hybrid HMM/Artificial
Neural Networks (ANNs) [8] and Tandem [9]. Several confidence
measures have been proposed for posterior based ASR, particularly
hybrid HMM/ANN systems [10, 11, 12, 13]. Artificial Neural Net-
works (ANNs) are capable of providing good estimates of local
posterior probability p(qi

t |xt) of an HMM state/phone qi at time t
given an acoustic feature vector xt . Hybrid HMM/ANN systems
thus seem particularly well suited to generate confidence measures
since, by definition posterior probabilities measure the probability
of being correct. Usually Multi-Layer Perceptrons (MLPs) are used

for the local phone posterior estimation. The posterior based con-
fidence measures (PCMs) [10, 11] are existing at the word and at
the phone levels. They are estimated based on accumulating local
phone posteriors (estimated by MLP) within a phone or word hy-
pothesis boundary, followed by normalization with respect to the
length of the hypothesis.

In [1, 2, 3], a method for enhancing the estimation of lo-
cal posterior probabilities is proposed. According to this method,
phone posterior estimation is enhanced by integrating prior pho-
netic and lexical knowledge, as well as long temporal context. This
is achieved by post-processing regular phone posteriors (estimated
by MLP) through an HMM. The prior knowledge is encoded in the
topology of this HMM. The outcome of this process is what we call
as enhanced or more informative phone posteriors. A more detailed
explanation of the posterior enhancement is given in Section 3.

In this work, we study the use of mentioned enhanced posteriors
as local phone posteriors, replacing the regular MLP posteriors in
confidence measurement methodologies. Since the enhanced pos-
teriors are expected to be more informative than the regular MLP
posteriors (due to integrating prior and contextual knowledge), they
can potentially lead to better (more reliable) confidence measures.
We show that enhanced posteriors used in confidence measurement
consistently outperform regular posterior performance for predict-
ing whether a hypothesis is correct or incorrect.

The paper is organized as follows: Section 2 provides an in-
troduction on posterior based confidence measures. Section 3 ex-
plains the method for enhancing local posterior estimates and their
usage in confidence measurement. Section 4 presents experiments
for comparing regular and enhanced posteriors in confidence mea-
surement and corresponding results. Finally, Section 5 concludes
the paper.

2. POSTERIOR BASED CONFIDENCE MEASURES

As already mentioned in the Introduction, posterior based confi-
dence measures are global scores measured usually at the word
or phone hypothesis level based on accumulating local phone ev-
idences (posteriors). These measures are then normalized with re-
spect to the length of the hypothesis. The local phone evidences are
usually in the form of posterior probability estimated for one or a
few speech frames, p(qi

t |xt), where qi
t is phone i at time (frame) t,

and xt is acoustic feature vector at time t. This posterior probability
is estimated using a Multi-Layer Perceptron (MLP). Each MLP out-
put is associated with one phone class. Acoustic feature vector(s)
are presented at MLP input, and the MLP estimates phone posterior
probabilities for the current frame at the output.

2.1 Phone Confidence Measures

At the phone hypothesis level, the normalized posterior based con-
fidence measure, denoted NPCM is defined as the logarithm of a
global phone posterior probability computed as the product of the
local phone posteriors along the optimal state sequence, and nor-
malized by the duration of the phone hypothesis [10, 11]. For a
phone hypothesis qi, starting at frame b and ending at frame e, the

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 2007



confidence measure is defined as:

NPCM(i) =
1

e−b+1

e

∑
t=b

log p(qi
t |xt) (1)

The normalization is necessary due to different phone durations, as
otherwise short phones would be favored.

2.2 Word Confidence Measures
The word confidence measures are defined in a similar manner. For
a word hypothesis w, composed of a sequence of L phone hypothe-
ses (q1, ...,ql , ...,qL), the f rame−basedNPCM(w) is defined as:

f rame−basedNPCM(w) =
1

∑
L
l=1(el −bl +1)

L

∑
l=1

el

∑
t=bl

log p(ql
t |xt)

(2)
where bl and el are respectively the beginning and end frames

of phone hypothesis ql in the considered word. A second word con-
fidence measure can be defined by doing a secondary normalization
with respect to the number of phones in the hypothesized word. This
measure is called phone−basedNPCM(w), and defined as follows:

phone−basedNPCM(w) =
1
L

L

∑
l=1

( 1
el −bl +1

el

∑
t=bl

log p(ql
t |xt)

)
(3)

There are also other alternatives to these confidence measures such
as mean posterior confidence measures (MPCMs). MPCMs at
phone and word levels are computed as NPCMs in (1), (2) and (3),
except that we compute the average of local posteriors before taking
the logarithm.

For all these measures, phone and word hypothesis boundaries
(bl and el) and optimal state sequence are obtained using Viterbi
decoding by back tracking the decoded state sequence.

3. ENHANCED POSTERIORS IN CONFIDENCE
MEASUREMENT: MORE INFORMATIVE LOCAL

EVIDENCES

Confidences measures defined in the previous section are global
scores obtained by accumulating local evidences (phone posteri-
ors). Having better (more informative) local evidences can poten-
tially lead to better confidence measures. In [1, 2, 3] a new method
for enhancing estimation of local posteriors based on integrating
prior phonetic and contextual knowledge, as well as long tempo-
ral context have been proposed. In this approach, regular MLP
phone posteriors are used as local scores (emission probabilities)
in HMM forward-backward recursions. The outcome of these re-
cursions are the so called “HMM state posterior probability”. As-
suming that each phone is modeled with one HMM state, this state
posterior probability is a phone posterior probability and can be
considered as enhanced (more informative) version of regular MLP
posterior. This is because it additionally integrates prior knowledge
(phonetic, lexical knowledge) encoded in HMM topological con-
straints as well as temporal context. There are two terms contribut-
ing in HMM forward-backward recursions: (1) emission likelihood
which is obtained from regular MLP posteriors, and (2) HMM topo-
logical constraints (transition probabilities). The outcome of the
recursions (enhanced phone posteriors) has contribution of regular
phone posteriors, as well as HMM topological constraints encoding
prior knowledge. We denote the enhanced posteriors as p(qi

t |M,XT )
which is posterior probability of a certain phone i at time t, qi

t , tak-
ing into account prior knowledge encoded in HMM topology (M),
as well as temporal context as available in the whole utterance (XT ).
p(qi

t |M,XT ) is estimated through HMM forward-backward recur-
sions as follows.

In order to use regular MLP posteriors in HMM recursions, they
are first turned to the so called “scaled likelihoods” [8] by dividing
MLP phone posteriors by their respective class priors p(qi

t):

p(qi
t |xt)

p(qi
t)

=
p(xt |qi

t)

p(xt)
(4)

The scaled likelihoods are then used instead of emission like-
lihoods in “scaled forward-backward” recursions [14]. Scaled
forward-backward recursions, αs(i, t) and βs(i, t), are defined as1

αs(i, t) =
p(x1:t ,qi

t)

∏
t
τ=1 p(xτ )

βs(i, t) =
p(xt+1:T |qi

t)

∏
T
τ=t+1 p(xτ )

and it can be shown that they can be expanded as follows [14]:

αs(i, t) =
p(qi

t |xt)

p(qi
t)

∑
j

p(qi
t |q

j
t−1)αs( j, t−1)

βs(i, t) = ∑
j

p(q j
t+1|xt+1)

p(q j
t+1)

p(q j
t+1|q

i
t)βs( j, t +1)

Finally, the enhanced phone posterior is estimated as:

p(qi
t |XT ) =

αs(i, t)βs(i, t)
∑ j αs( j, t)βs( j, t)

(5)

It has been shown that using enhanced posteriors lead to better
recognition performance at the frame, phone and word levels, indi-
cating that they are better (more precise) local estimators than the
regular MLP posteriors [1, 2, 3]. Therefore, they can provide bet-
ter (more informative) local evidences for phones in the confidence
measurement process. This means that using the enhanced poste-
riors instead of the regular MLP posteriors can potentially improve
the confidence measures previously defined. In order to evaluate
this idea, the local posterior estimates (MLP outputs) in the defi-
nitions of Section 2 (Equations 1-3) are simply replaced with the
enhanced posterior estimates. In the following, the performance of
the two types of posteriors (regular and enhanced) for confidence
estimation is compared.

4. EXPERIMENTS AND RESULTS

The confidence measures are evaluated in terms of their ability to
predict whether a particular phone or word hypothesis is correct
or incorrect. A hypothesis is rejected if its confidence score falls
below a threshold. Two types of error can occur: Type I error cor-
responding to the rejection of a correct hypothesis, and type II error
corresponding to the acceptation of an incorrect hypothesis. The
performance of confidence measures is then evaluated in terms of
type I and type II errors, and the classification error rate (CER) is
defined as:

CER =
Type I errors + Type II errors

Total number of hypotheses in the test set
(6)

CER has been conventionally used in related posterior based confi-
dence measure studies to evaluate the performance.

For the experiments, we have used a partition of Wall Street
Journal (WSJ) Database [15]. There are 45 phones and 5k words
in this database. The training set size is about 70 hours and the test
size is about 1.1 hours. The test set is recognized using Viterbi de-
coding through the best trained ASR model available for the task.
The ASR model is a HMM/GMM using context-dependent models
for phone acoustic modeling and a bi-gram language model for de-
coding. The decoding generates word and phone level hypotheses

1In all the presented HMM recursions, we assume that a phone is mod-
eled with one state, thus we can use the same notation for phones and states.
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and segmentations. For the evaluation, the decoding results and ref-
erence word and phone sequences were aligned so that each hypoth-
esis could be marked as correct or incorrect, allowing the evaluation
of the performance of each of the confidence measures as hypothe-
sis test statistics. In order to make the performance differences clear
between the different confidence measures, the number of true and
false word hypotheses in the test set were equalized for each con-
dition. This was done by counting the number of false hypotheses
for a condition and randomly selecting the same number from the
set of true hypotheses for that condition2. Equalizing the number
of true and false hypotheses had the effect of artificially raising the
recognizer error rate close to 0.5 for each condition.

Confidence levels are then estimated at the phone and word
levels for each hypothesis using the described measures. For es-
timating regular phone posteriors, we have used an MLP with 351
(corresponding to 9 frames of 39 dimension PLP features) input,
2000 hidden, and 45 output nodes (corresponding to the number of
phones). The MLP is trained with the 70 hours of training set data,
and then used to estimate local phone posteriors for the test data set.

In order to estimate enhanced posteriors, phone duration infor-
mation was integrated in the regular MLP posterior estimation. This
was achieved by using an HMM composed of ergodic connection
of all phone models. In this HMM, each phone is modeled with
3 states implying a minimum phone duration of 3 frames as prior
knowledge.

All the NPCM and MPCM confidence measures defined in (1-
3) are estimated using both regular and enhanced posteriors. The
confidence measures are then compared with a range of thresholds
to decide about acceptance/rejection of hypotheses. Finally, CER
values are computed as previously described.

4.1 Phone Confidence Measures
Figures 1 and 2 are showing performance curves for NPCM and
MPCM phone level confidence measures obtained using regular and
enhanced posteriors. Regular posterior results are plotted in blue
and enhanced posterior results are plotted in red. The horizontal
axis shows the percentage of hypotheses that were rejected and is
a function of the confidence threshold. The vertical axis shows the
CER percentage. The area under the error curves corresponding to
the enhanced posteriors is smaller (i.e. better trade-offs) compared
to the ones corresponding to the regular posteriors. This is consis-
tent for both NPCM and MPCM measures.

4.2 Word Confidence Measures
The same study is repeated for the NPCM and MPCM word con-
fidence measures defined in (2, 3). Figures 3 and 4 are showing
the results for different word confidence measures estimated using
regular and enhanced posteriors. The results corresponding to reg-
ular posteriors are plotted in blue, and results corresponding to en-
hanced posteriors are plotted in red. Again, it can be observed that
the enhanced posteriors are consistently performing better than the
regular posteriors for confidence measurement. For all the measures
(frame and phone-based NPCM, frame and phone-based MPCM),
the area under the error curves corresponding to enhanced posteri-
ors is smaller.

The experiments confirm that using enhanced posteriors instead
of regular MLP posteriors in confidence measurement consistently
improves their ability for accepting/rejecting a hypothesis at phone
or word levels.

5. SUMMARY AND CONCLUSIONS

In this paper, we investigated a new method for enhancing poste-
rior probability based confidence measures in ASR systems. We
presented the conventional confidence measures defined for hybrid
HMM/ANN ASR. We proposed to use the so called “enhanced
phone posteriors” instead of the regular posteriors in the confidence

2In practice, since the equalization is done at the utterance level, the
number of true and false hypotheses are not exactly equal, but very close.
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Figure 1: CER curves for NPCM phone hypothesis confidence mea-
sure. The y axis is showing CER percentage and the x axis is show-
ing phone hypothesis rejection percentage. The blue curve is ob-
tained using regular posteriors and the red curve is obtained using
enhanced posteriors.
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Figure 2: CER curves for MPCM phone hypothesis confidence
measure. The conditions are the same as Fig. 1.

measurement. Enhanced posteriors are enriched by integrating prior
and contextual knowledge in the posterior estimation. As confi-
dence measures are calculated based on local posteriors, and en-
hanced posteriors provide better (more informative) local evidences
of phones, they are expected to improve the performance of confi-
dence measures. The experiments showed that using enhanced pos-
teriors, the confidence measures are consistently performing better
for predicting whether a hypothesis is correct or incorrect at word
and phone levels, as compared to using regular phone posteriors.
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ABSTRACT
Multiple Description Coding (MDC) is aimed at achieving
transmission diversity for error resilient purposes by trans-
mitting different coded descriptions of the same data. In
this paper we analyze a poliphase subsampling MDC tech-
nique implemented by pre-processing and post-processing
stages of a H.264/AVC standard compliant encoder and de-
coder. The pre-processing step performs a suitable interleav-
ing that builds a synthetic sequence where each frame car-
ries different subsampled frames of the original sequence.
The synthetic sequence is ordinarily encoded and transmit-
ted. At the receiver side, the H.264 decoder performs error
concealment exploiting the multiple data descriptions, and
the de-interleaving stage generates a decoded version of the
original sequence. A robust restoration algorithm based on
edge-preserving interpolation is then applied. Simulations
show that the analyzed scheme improves the decoded video
sequence quality both from an objective and from a subjec-
tive point of view.

1. INTRODUCTION

Multiple description coding (MD Coding, or MDC) consists
in providing different coded description of the same data, and
to send them using different transport channels, achieving the
transmission diversity needed for error resiliance. Surveys
on principles in designing MD video coders and on different
MD compression algorithms can be found in [1, 2]. MDC al-
gorithms descriptions are generated by subsampling the data
either in the spatial, temporal, or frequency domain. A pos-
sibly lost description can be estimated from the others by
exploiting spatial or temporal adjacent video data samples
correlation. In [3], two MDC algorithm based on polyphase
down-sampling are investigated and their performances over
unreliable networks assessed by numerical simulations. In
[4] the authors analyze a mathematical framework for pre-
and post-processing two descriptions of the original data, so
as to implement the MDC paradigm by exploiting the native
directional correlation characteristics of the image. Specif-
ically, in the pre-processing stage the data splits into two
subsets by means of a forward transform, that are separately
encoded and transmitted. At the receiver side, data is re-
covered by an inverse transform making use only of the ef-
fectively available description. In [5, 6], MDC is achieved
by originating four descriptions from the spatially downsam-
pled polyphase components of the original frames; each de-
scription is independently H.264 coded, and concealment is
applied at the decoder side in case of losses. In [7] a dis-
tributed video streaming framework using unbalanced MDC

and unequal error protection for wavelet-based coders is pro-
posed. In [8], a MDC technique based on the H.264/AVC
slice group syntactic structure [9] is described. Recently,
in [10] a novel MDC technique has been proposed, in the
framework of H.264 coding. The coding algorithm exploits
the H.264 redundant slices; at the receiver side, the received
compressed bitstream must be pre-processed before being
applied at the input of a standard compliant decoder.

Figure 1: MDC scheme proposed.

In this paper we analyze an error resilient MDC scheme
based on Polyphase SubSampling (PSS MDC). The analyzed
MDC scheme is shown in Fig.1. The original video sequence
is applied at the input of a spatial-temporal interleaving stage
that generates a synthetic sequence, in which each frame con-
veys a fixed number of descriptions pertaining to different
frames of the original sequence. The synthetic sequence is
applied at the input of a standard video encoder; the trans-
port channel diversity is achieved simply by mapping dif-
ferent encoded frames into different transport packets. Let
us observe that, since MDs are managed only inside the in-
terleaving stage, switching from a MDC scheme to a Single
Description (SD) coding one can be performed dynamically
at the encoder input at the expence of an interleaving delay,
easily recoverable by suitable buffering at the decoder side.
At the receiver side, the synthetic sequence is decoded and
concealed using available MD and de-interleaving is applied
to provide a coarse reconstruction of the original video se-
quence.

Once this coarse estimate of the video sequence has been
provided, a fast restoration algorithm based on robust in-
terpolation is applied. The interpolation algorithm exploits
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the local image directionality feature as well as the informa-
tion on which descriptions have been correctly received and
which have been concealed and it effectively improves the
decoded video sequence quality both from an objective and
from a subjective point of view. The herein analyzed scheme
presents two interesting properties: the MDC technique em-
ploys a standard compliant video coding stage, so that it can
be implemented at a slightly increased computational cost;
besides, it appears to the transport layer as a SD coded data
flow, and the increase of protocol overhead is limited, too.

The remainder of the paper is organized as follows: in
Sect.2 the overall MDC coding scheme is outlined, while in
Sect.3 the standard compliant encoding/decoding stages pro-
viding a coarse video sequence reconstruction are described.
Sect.4 describes the final restoration stage performing a ro-
bust edge-preserving interpolation; the results of numerical
simulations assessing the MDC algorithm performance are
shown in Sect.5. The paper is concluded in Sect.6.

2. MD GENERATION

PSS MDC generates descriptions of each single frame by
subsampling it with different initial phases in vertical and/or
horizontal directions; each subsampled image provides a
simplified frame description, and the original frame is recov-
ered by suitably collecting different descriptions.

Benefits of PSS MDC are achieved when the different de-
scriptions are transmitted in diversity. However, independent
MD encoding and transmission not only results into heavier
computational requirements due to encoding and decoding
different descriptions, but also into increased protocol over-
head and reduced bandwidth efficiency1 Here, we describe
how PSS MDC can be realized by an application layer in-
terleaving scheme operating at the input of a standard com-
pliant encoding module, so as to bound the computational
requirement. Furthermore, the interleaving generates a syn-
thetic sequence in which each frame contains different sub-
sampled descriptions pertaining to different frames of the
original video sequence; thus, diversity is straightforwardly
achieved when each coded frame of the interleaved sequence
is mapped into at least one transport-layer packet.

Let us denote the l-th frame of the original video se-
quence, of dimensions M×N by

I(l)[m,n], m = 0, · · · ,M−1,n = 0, · · ·N −1

and let us suppose that a K ×K downsampling factor is em-
ployed in the PSS stage, so that each frame is conveyed by
K ×K descriptions. The j-th poliphase subsampled descrip-
tion of the l-th frame, of size M/K×N/K, is given by

Δ(l)
j [m,n] def= I(l)[Km+m j,Kn +n j], j = 0, · · ·K2 −1

m j = jmodK ,n j = � j/K�,
m = 0, · · · ,M/K−1,n = 0, · · ·N/K−1.

(1)

The K2 descriptions can be juxtaposed into a single M×
N frame, so as to associate at the original video sequence a

1In almost all the emerging video communication schemes, it is recom-
mended a one-to-one correspondence between application layer packets and
transport packets [?], resulting in protocol overhead in case of independent
MD transmission.

new spatially interleaved sequence:

I(l)
SI [m+m j ∗M/K,n +nj∗N/K] def= Δ(l)

j [m,n],

m = 0, · · · ,M/K−1,n = 0, · · ·N/K−1, j = 0, · · ·K2 −1,
(2)

The spatially interleaved sequence I(l)
SI [m,n] exhibits

more rapid luminance variations than the original sequence
I(l)[m,n], thus presenting a higher coding cost. However,
since in video coding intensive prediction techniques are
used, the overall coding cost is strongly related to interframe
correlation, and a suitable temporal interleaving increases
the coding efficiency. Then, on the spatially interleaved se-
quence, a temporal interleaving is applied, aiming at
• assigning different descriptions of the j-th frame to dif-

ferent application layer packets
• preserving the inter-frame correlation properties typical

of natural video sequences.
The spatio-temporal interleaved sequence is built as

I(l)
MD[m+m j ∗M/K,n +nj∗N/K] = Δ(l+ j)

j [m,n] (3)

for m = 0, · · · ,M/K−1,n = 0, · · ·N/K−1, j = 0, · · ·K2 −1
From (3), we recognize that the l-th frame of the inter-
leaved sequence I(l)

MD[m,n] conveys K2 subsampled descrip-
tions, with different sampling phases, pertaining to K2 dif-
ferent frames of the original sequence I(l)[m,n], namely
l, l +1, · · · , l +K2−1 of the original sequence I(l)[m,n]; con-
versely, the K2 descriptions of each frame of I(l)[m,n] are
conveyed by K2 different frames of I(l)

MD[m,n]. Thus, the in-
terleaving introduces diversity when each frame of the inter-
leaved sequence I(l)

MD[m,n] is sent using a different transport
packet; this condition is a minimal requirement [?] that is ex-
pected to be satisfied by all video communication systems.
Such interleaving also preserves the inter-frame correlation,
in fact each description follows the correspondant descrip-
tion of the previous frame.

For instance, let us fix K = 2. Then, given the original se-
quence I(l)[m,n], the PSS followed by the interleaving stage
generates the MD sequence I(l)

MD[m,n]:

... Δ(l−1)
0 Δ(l)

1 Δ(l)
0 Δ(l+1)

1 Δ(l+1)
0 Δ(l+2)

1 Δ(l+2)
0 Δ(l+3)

1 ...

... Δ(l+1)
2 Δ(l+2)

3 Δ(l+2)
2 Δ(l+3)

3 Δ(l+3)
2 Δ(l+4)

3 Δ(l+4)
2 Δ(l+5)

3 ...

⇑ ⇑ ⇑ ⇑
... frame l −1, frame l, frame l +1, frame l +2, ...

whose l-th frame is built by juxtapposing the K2 = 4 de-
scriptions Δ(l)

0 ,Δ(l+1)
1 ,Δ(l+2)

2 ,Δ(l+3)
3 pertaining to the frames

l, l +1, l +2, l +3 of the original video sequence.

3. MD ENCODING AND DECODING

The MD sequence I(l)
MD[m,n] is applied at the input of a stan-

dard video encoder, and transmission diversity of MD is im-
plicitly assured when each coded frame is mapped into at
least one independent transport packet. From now on, and
without loss of generality, we will refer to a video commu-
nication scheme based on the most recent Joint Video Team
coding standard H.264 [9]. In the H.264 framework, each
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frame can be coded in one or more Network Adaptation
Layer Unit (NALU), and each NALU can be coded in one
or more transport packets. In either case, coded video data
pertaining to different frames are expected to be conveyed by
different transport packets when IETF recommended packe-
tization [11] is applied. Hence, from a technical point of
view, the herein analyzed MDC scheme has the merit to
bound the visibility of MDC to the application layer and to
appear to the network as a unique media flow, so simplifying
the protocol architecture required for the video communica-
tion.

At the receiver side, the video stream is decoded; in case
of channel errors, data are lost and the decoder invokes er-
ror concealment procedures to provide the decoded video se-
quence Î(l)

MD[m,n]. In case of data loss, error concealment
may use the same algorithms adopted in SD coding or ex-
ploit the MDC paradigm by searching in the decoder buffer
for alternative descriptions of lost data. When the loss oc-
curs on less than K2 consecutive frames, the decoder can ex-
ploit the availability of MD pertaining to the same frame of
I(l)[m,n] to recover the loss; otherwise it performs a generic
concealment, for instance by exploiting descriptions belong-
ing to adjacent frames.

Once the sequence Î(l)
MD[m,n] has been generated, de-

interleaving is applied to generate the decoded version
Î(l)[m,n], which represents a coarse estimate of the trasmitted
sequence I(l)[m,n].

4. VIDEO SEQUENCE RESTORATION BY MEANS
OF ROBUST EDGE PRESERVING INTERPOLATION

After the decoding, error concealment and de-interleaving
stages, the reconstructed video sequence Î(l)[m,n] is avail-
able. The luminance values Î(l)[m,n] may be error-free or
affected by reconstruction errors, resulting from losses of
coded data pertaining to the l-th frame or from propagation of
errors occurred on preceding frames due to the employment
of predictive coding. Moreover, the amount of error varies
from a pixel to another. In fact, at the output of the decoding
and de-interleaving stage, in Î(l)[m,n] we can distinguish
• error-free pixels,
• pixels that have been concealed using at least one cor-

rectly received description pertaining to the same frame
• pixels that have been concealed in absence of alternative

descriptions pertaining to the same frame.
Hence, we recognize that the MDC concealment induces a
fairly natural reliability hierarchy in the luminance values of
the pixels of the sequence Î(l)[m,n]. We formalize this hier-
archy by introducing three classes of pixels, namely Class I
(error-free), Class II (MD concealed), and Class III (SD con-
cealed) and assigning a different reliability r(l)[m,n] to pixels
belonging to different classes. Then, the decoding sequence
quality can be improved by applying a restoration algorithm
that takes into account not only the local image edges but also
the pixel reliability. The restoration stage operates by replac-
ing each concealed (Class II or Class III) pixel in Î(l)[m,n]
with a suitably interpolated estimate.

The herein presented interpolation technique extends the
classical edge-detection interpolation scheme Edge-based
Line Average (ELA) into a Robust ELA (RELA) to exploits
the reliability of the descriptions available for interpolation.

Namely, for a given site (m,n), we define a 3× 3 neighbor-
hood η(m,n) as illustrated in Fig.2Then, for each site (m,n),
four pairs of pixels belonging to η(m,n) are individuated
as: {(m + δv,n + δh), (m− δv,n − δh),δv,δh ∈ SELA} be-

ing SELA defined as: SELA
def={(1,0), (0,1),(1,1),(1,−1)}.

Each pair of pixels, indexed by δv,δh, identifies a candi-

Figure 2: The considered neighborhood η(m,n) and the as-
sociated four pixel pairs, indexed by (δv,δh) ∈ SELA .

date direction for interpolation; ELA searches for the direc-
tion of minimal luminance variation, i.e. for the pair (δv,δh)
minimizing

∣∣∣Î(l)[m+δv,n+δh]−Î(l)[m−δv,n−δh]
∣∣∣ and esti-

mates the luminance in Î(l)
ELA[m,n] as the average between

Î(l)[m+δv,n +δh] and Î(l)[m−δv,n−δh]. Since it has been
originally designed for fast upsampling of high quality im-
ages, the ELA interpolation algorithm does not take into ac-
count possible errors affecting the luminance of the pixels in
η(m,n); thus, it performs quite well on reconstructing miss-
ing pixels for error free descriptions, but it presents modest
performances when the descriptions are affected by residual
errors after concealment.

We design here a robust edge driven interpolation algo-
rithm (RELA) taking into account the measurements relia-
bility. Specifically, let us assume that a reliability measure
r(l)[m,n] is associated to each pixel [m,n] of the l-th frame
after the concealment stage. This measure is used to oper-
ate a reduction of the set of directions which are candidate
for interpolation, by limiting to the set of most reliable di-
rection, i.e. the set SRELA as in (4), being θ a suitably de-
fined threshold. Then, the optimal interpolation direction is
determined as in (5), and estimates the luminance in (m,n)
as in (6). From (6), we recognize that the robust interpola-
tion attempts to restore the concealed pixels by directional
smoothing, meanwhile using only the most reliable lumi-
nance values. Finally, we observe that the described inter-
polation strategy estimates the luminance value at the loca-
tion (m,n) employing directional interpolation of pixels be-
longing to η(m,n). The reformulation of this interpolation in
terms of Bayesian interpolation of Markov Random Fields is
currently under investigation.

5. NUMERICAL RESULTS

In this section we present a set of numerical simulation re-
sults assessing the performance of PSS MDC technique using
the robust RELA interpolation. The experiments refer to the
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SRELA =
{
(δv,δh) ∈ SELA, (δv,δh) s.t.

∣∣∣r(l)[m+δv,n +δh]
∣∣∣+

∣∣∣r(l)[m−δv,n−δh]
∣∣∣ > θ

}
(4)

(δ (RELA)
v ,δ (RELA)

h )= arg min
(δv,δh)∈SRELA

∣∣∣Î(l)[m+δv,n+δh]−Î(l)[m−δv,n−δh]
∣∣∣ (5)

Î(l)
RELA[m,n] =

Î(l)[m+δ (RELA)
v ,n +δ (RELA)

h ]+ Î(l)[m−δ (RELA)
v ,n−δ (RELA)

h ]
2

(6)

test sequences Foreman and News, CIF format, at 10 frames
per second.. A number of K = 2× 2 descriptions has been
selected. The RELA was realized by assigning r(l)[m,n] = 2
to Class I pixels, r(l)[m,n]= 1 to Class II pixels, r(l)[m,n]= 0
to Class III pixels, and by setting θ = 1.

The interleaved sequences are encoded using the ref-
erence JM H.264 coder version 11.0 [12], one NALU per
frame. The GOP structure is given by a primary SP frame
followed by 9 P frames; in each frame, 40 macroblocks are
INTRA encoded for Random Intra Refresh purposes. The
H.264 Video Coding Layer encodes one slice per frame, and
the Network Adaptation Layer followed by the RTP packe-
tizer using the so called simple packetization method maps
each slice into an RTP packet.

The first set of numerical simulations refers to the en-
coding of 100 frames of the sequence News, at a bit-rate of
600 kbps. We analyze here in detail a run characterized by
PLP=13%. MDC using RELA reduces the visually relevant
artifacts that are observed on the decoded video sequence in
presence of transmission errors. Fig.3 shows selected de-
tails of a few snapshots captured within the sequence de-
coded using ELA and RELA; the visual quality improvement
achieved by adopting MDC with RELA is clearly appreci-
ated. The quality of the video sequences decoded in different
conditions has been also evaluated in terms of Peak to Sig-
nal Noise Ratio (PSNR), defined as: PSNR def= 2552/MSE,
proving that the RELA stage significantly improves the over-
all MDC performance, resulting into a PSNR gain of 1.5 dB
over MDC without interpolation and 1.1 dB over ELA.

The second set of numerical simulations refer to the en-
coding of 100 frames of the sequence Foreman, at a bit-rate
of 750 kbps. A transport channel characterized by a packet
loss probability (PLP) equal to 10% has been simulated over
100 Montecarlo runs. The MDC scheme using RELA, ELA
and MDC without interpolation have been compared, by
evaluating the decoded sequence PSNR values observed on
each of the 100 frames, and by characterizing statistically
the PSNR values observed using the different schemes. Fig.
4 reports the PSNR histograms of the three schemes, while
Table 1 reports selected parameters characterizing the PSNR
distributions.

6. CONCLUSION

In this paper, we have analyzed a PSS MDC scheme. The
underlying assumption of general MDC schemes is that each
description is a tight approximation of the others; in the par-
ticular case of PSS MDC, this is the consequence of the cor-
relation between the neighboring pixels of a natural image.
In case of losses, the availability of multiple descriptions is
exploited to perform a more accurate error concealment. The
concealment induces a fairly natural pixel hierarchy that can
be exploited by a post-processing stage. Here, we analyze

a fast restoration stage that makes use not only of the local
directionality information but also of the reliability of the de-
coded pixes. The scheme effectively improves the decoded
video sequence quality on lossy channels both from an objec-
tive and from a subjective point of view. The interesting per-
formance of the interpolation stage are related to the marko-
vian nature of natural images; the relation between the inter-
polation algorithm and markovian image interpolation [13]
is currently under investigation. The herein presented MDC
scheme is realized in the form of pre-processing and post-
processing stage in H.264/AVC standard compliant encoder
and decoder pair; besides, transmission diversity is straight-
forwardly obtained by mapping one application packet in at
least one transport packet, while maintaining a single trans-
port data flow.
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Figure 3: Details for frame 46 of the sequences decoded using R-ELA and ELA interpolation, News sequence, CIF, 600 kbps.

PSNR MDC using RELA MDC using ELA MDC without interpolation
Mean 30.59 29.41 28.14

Standard Deviation 3.42 4.03 4.56
Median 31.03 29.41 27.63

Table 1: PSNR of the MD encoded sequences, decoded using R-ELA and ELA interpolation, and without interpolation:
Foreman sequence, CIF, 750 kbps, 100 encoded frames, 50 Montecarlo runs.

Figure 4: PSNR Histograms for the MD encoded sequences, decoded using R-ELA and ELA interpolation, and without
interpolation: Foreman sequence, CIF, 750 kbps, 100 encoded frames, 50 Montecarlo runs.
.
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ABSTRACT 

The high definition video capture and playback is becoming 

increasingly popular in battery-operated handheld devices. 

Video coding standards like H.264/AVC achieves high cod-

ing efficiency but increases the system power consumption 

which is limited for battery-operated devices. This paper 

proposes a new adaptive external memory bandwidth reduc-

tion scheme to reduce power consumption. An efficient 

memory organization and a variable length coding scheme 

is embedded in this scheme. Moreover, an adaptive compres-

sion strategy is proposed to adaptively choose the best mode 

for reference frame compression.  The adaptive mode deci-

sion unit optimizes the compression mode according to the 

bandwidth availabilities and image pattern complexity. Ex-

perimental results show that the proposed scheme achieves 

up to 70% bandwidth savings with 1~2dB image quality 

losses.  

1. INTRODUCTION 

Video codec systems, including encoders and decoders for 

MPEG-2, H.264/AVC and etc., usually rely on large external 

DRAMs for buffering mass data such as the reference frame. 

The estimated SDRAM memory access bandwidth for mo-

tion estimation and motion compensation in a 720p30 H.264 

encoder is around 380 MB/s assuming number of reference 

frames = 2, motion vector search range of (64 Horizontal, 32 

Vertical)[2]. In hardware implementation, the process causes 

significant power consumption. As more and more portable 

consumer electronics video devices, e.g. camera phones and 

personal media players, are becoming popular, memory 

bandwidth will become a critical factor of the whole system 

cost, especially for those battery-operated consumer elec-

tronic video devices with high-definition (HD) display ca-

pability.  

In HD video decoders for the standards like H.264/AVC, 

the most bandwidth consuming part comes from frame ac-

cess which is needed in the process of motion compensation. 

In previous works, many techniques have been developed to 

reduce the frame access bandwidth consumption. In [2-3], 

reference frames are compressed before they are stored into 

DRAM, and decompressed when they are fetched for reading. 

In [5-6], memory organizations for storing reference frames 

are optimized to increase the hit rate of the memory on chip.  

However, in previous works, generally, only one band-

width reduction ratio is provided which cannot adapt to dif-

ferent system states and applications. Moreover, a constant 

compression ratio cannot always achieve the best reference 

frame compression efficiency for different image contents 

and at the meantime preserving the decompressed image 

quality under a specific bandwidth constraint. On the other 

hand, variable compression ratios cause the problem that the 

bit rate of each frame is inconstant. As a result, the conven-

ience of allocating constant density of the storage device 

or/and allocating constant bandwidth of accessing the storage 

device during a pre-scheduled time slot is lost.  

In this paper, an adaptive bandwidth reduction scheme is 

proposed. The proposed scheme provides arbitrary band-

width reduction ratios according to the user requirement and 

is applicable to different applications. Moreover, the pro-

posed scheme achieves the target by applying different com-

pression methods to different image pattern complexities 

while maintaining the constant frame bit rate.  

An efficient memory organization and a variable length 

coding scheme are embedded in the proposed scheme. The 

memory mapping with a predefined data fetching scheme 

keep the row, bank and group address unchanged so that the 

random access to each partition on the group level can be 

ensured. There are no fluctuations on memory storage size as 

we save the DRAM traffic while keeping the original storage 

mapping. The variable length coding scheme achieves good 

coding efficiency by processing each unit differently.  

Moreover, several compression modes are provided to 

adapt to different bandwidth availabilities and image com-

plexity patterns. To optimize the mode decision, an adaptive 

mode decision scheme with real-time bandwidth consump-

tion feedback is introduced. The adaptive mode decision con-

troller is to decide, on a processing unit, whether to choose 

the lossless compression to the unit, the lossy compression to 

the unit or very lossy compression to the unit with more 

scarification of image quality.  

The adaptive mode decision controller serves for the fol-

lowing purposes. Firstly, the variable length causes the on-

chip/off-chip data transfer bit rate inconstant. The controller 

adapts mode decision to maintain the constant transmission 

bit rate. Secondly, to optimize the mode decision on the 

bandwidth availability and image complexity pattern, pa-

rameters such as different predetermined thresholds and ini-
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tial mode are adjusted. Thirdly, the strategy to improve sub-

jective image quality is also integrated in the controller. 

Fourthly, the adaption between the frames is also utilized. 

The mode used in compressing the current reference frame is 

predicted from the modes utilized in the previous frame. Ex-

perimental results reveal that the proposed scheme is efficient 

for different bandwidth compression ratios and can be oper-

ated across a broad range of systems. The proposed scheme 

achieves up to 70% bandwidth savings with 1~2dB image 

quality loss.  

The rest of the paper is organized as follows. The pro-

posed scheme is explained in detail in Section 2. The ex-

perimental results and comparison with other works are 

given in Section 3. The conclusions are described in Section 

4.   

2. MEMORY ORGANIZATION 

 

Before compressing, a reference frame is first divided into an 

integer number of partitions with each partition of 16x2 pix-

els. One partition refers to a group of reference pixels, which 

is processed as a basic unit for compression and decompres-

sion. In order to apply the variable length compression to 

each partition, an appropriate memory mapping is required 

with which random access can be ensured through low com-

plexity control scheme. A memory organization suitable for 

variable length compression has been proposed in [4]. To 

apply the optimum partition size to the memory organization, 

the proposed modified memory organization is shown in 

Fig.1. 

As shown in the figure, in a reference frame, 128×64 

pixels are stored in the same row address of DRAM. More-

over, one bank is divided into 8 groups, each of which con-

tains 8 vertically adjacent partitions as shown in Fig.1. By 

means of this layout, a neighbouring bank can be pre-

activated for a row switching so that switching penalties can 

be reduced. As the partition length of each partition after 

compression is not constant, fetching the partition length 

information is necessary. The extra bandwidth consumption 

spent on fetching partition length information is negligible 

and the partition length fetching scheme is simple [4]. Since 

the purpose of this work is to save the DRAM traffic instead 

of storage size, it is possible to keep the compressed mapping 

of row, bank and group addresses unchanged from the origi-

nal one, so as to randomly locate each compressed partition 

to the group level. Then inside one group, partitions are com-

pressed and organized compactly as depicted in Fig.2. The 

compressed partitions occupy less space than original ones, 

so that there is some unused space in most groups. Though 

the unused space does not add to DRAM data transfer, it de-

creases the opportunity for consecutive vertical access and 

consequently leads to extra scheduling overhead of the 

DRAM controller. To overcome this problem, the com-

pressed partition in the upper half (group 0~3) of a bank are 

organized to stick to the lower boundary of their groups, 

while the lower half (group 4~7) stick to the upper boundary, 

so that a vertical burst access can be sequential even if it 

crosses the group boundary. (Fig.2) 

Bank 0

Bank 2

Bank 1

Bank 3

128 pixels

6
4
 p

ix
els

Row N

Row N+1

Row N-1

Group 0

Group 7

Group 1

Group 6

Group 2 Group 3

Group 5Group 4

64 pixles

3
2
 p

ix
les

1 2 43 5 6 87

17 18 2019 21 22 2423

9 10 1211 13 14 15

25 26 2827 29 30 31

0

16

Partition

 
Fig.1. Memory organizations for reference frames 
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Fig.2. Compressed mapping of partitions 

 

3. VARIABLE LENGTH CODING 

 

Each partition is processed as a basic unit for compression 

and decompression. DPCM (Differential Pulse Code Modu-

lation) is first performed to code value difference between 

adjacent pixels. Since DPCM within a partition have a strong 

locality, the conventional codes, especially the universal 

codes, are not so efficient for them. Therefore, we apply an 

efficient variable length coding scheme [1]. The maximum 

absolute DPCM value (MADV) of the sub-partition (Here 

we refer to 2x2 pixels) is utilized to decide the coding pat-

terns A, B, C, D, E and F. The same DPCM value is coded 

differently according to the determined pattern. By applying 

variable bit rates for different image contents, image quality 

is ensured. Moreover, to increase the compression efficiency 

for different application cases, lossless and lossy codes are 

provided in the variable length coding table as shown in Ta-

ble I. As listed in the Table I, S indicates the sign bit, lossy 

coding is highlighted in yellow and denoted by LY and the 

lossless coding is denoted by LS. 

 

4. ADAPTIVE MODE DECISION CONTROLLER 

WITH MODE OPTIMIZATION 

 

Variable length coding achieves good coding efficiency by 

utilizing the data characteristic of different image complexity 

patterns. Therefore, the frames with fewer details can be 

compressed using fewer bits, while, others with higher com-

plexity are compressed using more bits. As a result, an adap-
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tive mode decision controller is proposed to control the com-

pression ratio of each reference frame to a constant value 

according to the provided bandwidth limit.  

The adaptive mode decision controller is to determine 

whether and how to compress each partition. Specifically, 

several compression modes are provided which are dedicated 

for different compression ratios. The adaptive mode decision 

controller determines the optimum mode for each partition 

according to the bandwidth availability. The controller ad-

justs the compression mode according to the accumulated 

bits of compressed partitions and the image complexity pat-

tern. The control flow of adaptive mode decision controller in 

video decoding is shown in Fig.3. 

 

Table I Variable length coding table 

 
MADV  0 1 2 3-4 5-8 9-20 

Pattern  A  

00 

B  

01 

C  

10  

D  

110 

E   

110  

F 

11110 

0  LS  1 01 001 0001 00001 

LY NO 1 01 001 0001 

±1 LS  0S 1S 01S 001S 0001S 

LY NO 1 01 001 0001 

±2 LS   00S 10S 010S 0010S 

LY 0S 1S 01S 001S 

±3 LS    11S 011S 0011S 

LY 1S 01S 001S 

±4 LS    000S 100S 0100S 

LY 00S 10S 010S 

±5 LS     101S 0101S 

LY 10S 010S 

±6 LS     110S 0110S 

LY 11S 011S 

±7 LS     111S 0111S 

LY 11S 011S 

±8 LS     0000S 1000S 

LY 000S 100S 

±9 LS      1001S 

LY 100S 

±10 LS      1010S 

LY 101S 

±11 LS      1011S 

LY 101S 

±12 LS      11000S 

LY 110S 

±13 LS      11001S 

LY 110S 

±14 LS      11010S 

LY 110S 

±15 LS      11011S 

LY 111S 

±16 LS      11100S 

LY 111S 

±17 LS      11101S 

LY 111S 

±18 LS      11110S 

LY 0000S 

±19 LS      11111S 

LY 0000S 

±20 LS      00000S 

LY 0000S 

 

 

4.1 Adaptive Compression of Reference Frame 

 

There are eight compression modes designed to achieve dif-

ferent compression ratios shown in Table II. We call mode 7 

is more aggressive than mode 0 as it reduces more bandwidth 

though with larger image quality loss. The mode check starts 

from the initial mode. And the mode goes from the less ag-

gressive modes to the more aggressive modes.  

To show the compression efficiency of different com-

pression modes, we implement the algorithm in JM 15.1 ref-

erence software and test different sequences using each mode 

individually. Using the encoding parameters listed in Table 

III, six sequences are coded and the averaged bandwidth 

compression efficiency (consumed in data reading and writ-

ing, respectively), which is defined as the ratio of the com-

pressed bandwidth to the original uncompressed bandwidth. 

Compression mode efficiency over 4 QP values is shown in 

the Table IV.  Table IV shows the proposed compression 

scheme and mode can reduce the bandwidth to an extent 

from 20% to 50%.  

 

4.2 Mode Decision Optimization between the Frames 

 

The mode decision optimization is first done on the scale of 

frames. The initial mode is set according to the required 

bandwidth ratio. A look up table, as listed in Table V is set to 

provide the initial mode decision. The table is based on the 

statistical compression ratio of different sequences shown in 

Table IV. As listed in Table IV, the predetermined bandwidth 

limit assumption is set on the consideration of Write (As 

shown in Table IV, Read compression ratio is usually 5% 

more than Write compression ratio and bandwidth limit can 

be set accordingly.) 

 

Table II Compression modes 

 
MODE Compression Method 

mode 0 Only Lossless coding is used 

mode 1 ABCD use Lossless coding, EF use Lossy coding 

mode 2 ABC use Lossless coding, DEF use Lossy coding 

mode 3 AB use Lossless, CDEF use Lossy coding  

mode 4 Quantized by 2 , then ABCDEF use Lossy coding 

mode 5 Quantized by 4 , then ABCDEF use Lossy coding 

mode 6 Quantized by 8 , then ABCDEF use Lossy coding 

mode 7 Quantized by 16 , then ABCDEF use Lossy coding 

 

Table III  Test sequences and encoding parameters for mode 

compression experiments 

 
Test Sequences 720p 

(1280×720) 
Cyclists 

ShuttleStart 

Mobcal_ter 

1080p 

(1920×1080) 

PedestrianArea  

RushHour  

BlueSky 

Profiles High Profile  

Coding Structure IPBBP 

QP (I/P/B) 22/23/24,27/28/29,32/33/34,37/38/39 

Number of Reference 

Frames 

4 

FrameRate 30 

NumberBFrames 2 

FramesToBeEncoded  30/720p, 30/1080p 

Search Range 32 
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Table IV  Compression efficiency for different mode 

 

Average CR 
4 QP values 

(I) 

Mode 0 (%) Mode 1 (%) Mode 2 (%) Mode 3 (%) Mode 4 (%) Mode 5 (%) Mode 6 (%) Mode 7 (%) 

Write Read Write Read Write Read Write Read Write Read Write Read\ Write Read Write Read 

Cyclists I:22/27/32/37 38.46 44.19 36.85 41.81 36.29 41.13 34.81 39.68 31.22 36.84 26.71 30.30 23.24 25.34 17.44 19.11 

ShutleStart  I:22/27/32/37 28.47 33.73 27.90 32.60 27.64 32.15 26.96 31.19 25.36 29.42 23.44 25.67 22.45 23.56 16.14 17.00 

Mobcal_ter I:22/27/32/37 60.57 64.99 55.96 60.05 55.28 59.39 54.44 58.58 53.16 57.46 43.96 47.57 34.06 36.72 24.53 26.47 

PedestrainArea I:22/27/32/37 38.13 42.69 36.08 39.99 35.52 39.33 34.49 38.35 32.20 36.44 26.24 29.07 20.73 22.60 15.79 16.83 

RushHours I:22/27/32/37 36.17 41.41 34.42 38.89 33.90 38.21 32.95 37.22 30.77 35.35 25.72 28.67 20.54 22.48 16.12 17.20 

BlueSky I:22/27/32/37 36.34 46.98 34.29 43.39 33.98 42.85 33.36 42.01 32.21 40.61 28.19 33.77 24.53 27.40 19.94 21.25 

                  

Average  39.69 45.66 37.58 42.79 37.10 42.18 36.17 41.17 34.15 39.35 29.04 32.51 24.26 26.35 18.33 19.64 
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Fig.3. Control flow of adaptive mode decision controller 

in video decoding 

 

Table V Look up table for initial mode decision 

 

 

The mode decision controller starts to the compress ref-

erence frame using the initial mode. However, it is not al-

ways the mode which can achieve the desired performance. 

To optimize the mode between the frames, we have the en-

gine to record the accumulated bandwidth consumption in 

previous frame. The mode decision unit compares the previ-

ous accumulated bandwidth consumption with the predeter-

mined bandwidth limit and does the optimized mode deci-

sion at the beginning of current frame. Specifically, if accu-

mulated bandwidth is more/less than the predetermined 

bandwidth limit, mode up/down decision for current frame is 

made on the basis of initial mode.  

 

4.3 Mode Decision Optimization inside the Frames 

 

The mode decision optimization between the frames does 

the mode check on the scale of frame. However, it cannot 

change the mode precisely and quickly in some cases. 

Therefore, the mode check inside the frame is also imple-

mented. The mode check inside the frame is done on a 

smaller scale of unit, specifically, several blocks of parti-

tions. According to current experimental results, 3~4 groups 

with a mode check show the optimum result. The accumu-

lated bit rates of 3~4 groups are compared with the prede-

termined bandwidth. Specifically, mode up/down decision 

for following partitions is made. 

 

Moreover, to further improve the image quality subjec-

tively, we also apply the region of interest method. As we 

know, the image part with fewer details is not as important as 

the image part with more details. Therefore, the image part 

with many details should be ensured with high image quality 

consequently, we select higher compression modes (mode up 

decision) for the image part with fewer details, while use 

lower modes (mode down decision) for the areas with more 

details. The whole mode decision optimization flow is shown 

in Fig.4. 

5. EXPERIMENTAL RESULTS 

To evaluate the performance of the proposed scheme, the 

proposed scheme is implemented in H.264 reference soft-

ware JM15.1. The test sequences together with the encoding 

parameters are the same with that listed in Table III except 

that the bitstream is generated using only QP (I/P/B) equal 

to 27/28/29. The detailed encoding parameters are shown in 

Table VI. The previous works based on a constant bit rates 

scheme for each partition (PRE [1]), a min-max-scalar-

quantization based approach proposed in [2] (MM) and an 

embedded reconstruction patterns based method proposed in 

[3] (ERP) are also implemented and compared.  

 

Table VI  Test sequences and encoding parameters for pro-

posed architecture 

 
Test Sequences 720p 

(1280×720) 
Cyclists 

ShuttleStart 

1080p 

(1920×1080) 

PedestrianArea  

RushHour  

Profiles High Profile  

Coding Structure IPBBP 

QP (I/P/B) 27/28/29 

Number of Reference 

Frames 

4 

FrameRate 30 

NumberBFrames 2 

FramesToBeEncoded  100/720p, 60/1080p 

Search Range 32 
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(40, 100] [35, 40) [25, 35) [0, 25) 

Initial Mode Mode 0 Mode 1 Mode 3 Mode 6 

2020



Mode 

Optimization 

Between 

Frames

Mode 

Optimization 

Inside Frames

Reference 

Frame 

Compression 

in Decided 

Modes

Reference 

Frame 

Bitstreams

     Look Up Table

Initial Mode 

Mode Up/Down 

based on previous 

frame

Mode Up/Down 

based on previous 

partitions inside 

current  frame

Mode Up/Down 

based on the 

partition in 

previous  frame 

(Region of 

Interest)  
Fig.4. Mode decision optimization flow 

 

Table VIII shows algorithm efficiency of the proposed 

work. As listed in the Table VIII, the proposed work achieved 

up to 70% bandwidth reduction with little image quality loss. 

Moreover, the proposed scheme achieved desired bandwidth 

reduction ratios (predetermined bandwidth limit) accordingly 

so that the scheme can be applied in different system condi-

tions. 

The proposed work is also compared with previous rela-

tive works. The results of previous works are shown in Table 

VII. Both the proposed work and previous works can be im-

plemented on encoder side and decoder side. The results are 

compared with algorithm implemented only on the decoder 

side. There are two reasons for this.  First, the implemented 

system is syntax compatible with H.264 standard and can 

decode any H.264 compressed bit stream. Secondly, as the 

previous works [1], [2], [3] and the proposed work apply the 

lossy way to do reference frame compression, the error 

propagation happens when there is a mismatch between en-

coder and decoder. In previous works [2] and [3], the algo-

rithm is implemented in the core video coding loop (that is, 

the algorithm is implemented both on the encoder side and 

decoder side). As a result, the error robustness cannot be seen 

in previous results. As listed in Table VII and Table VIII, 

even if the algorithm is not implemented the core coding 

loop and there is error propagation on the decoder side, the 

proposed work shows better compression efficiency and less 

image quality loss than previous works.  

 

6. CONCLUSIONS 

In this paper, the constant bit rate bandwidth reduction archi-

tecture with adaptive compression mode decision is proposed. 

The proposed scheme can provide arbitrary bandwidth reduc-

tion ratios according to the user requirement and is applicable 

in different applications. The proposed scheme applies a 

variable compression way to different image pattern com-

plexity at the same time maintaining the constant frame bit 

rate for each frame. The experiment results show the pro-

posed scheme achieves up to 70% bandwidth savings with 

little image quality loss and is error robust in the occasion 

that the algorithm is only implemented on the decoder side. 

 

Table VII  PSNR Comparison among the previous 

works  

(Implemented only on decoder side with mismatch) 

(dB) 
PRE[1] 

-25% 

PRE[1] 

-50% 

MM[2] 

-25% 

MM[2] 

-37.5% 

MM[2] 

-50% 

ERP 

[3] 

-50% 

Cyclists -0.56 -8.04 -6.18 -10.27 -17.65 -11.47 

ShutleStart -0.27 -4.71 -5.33 -8.36 -15.55 -10.01 

PedestrainArea -0.29 -8.15 -3.08 -4.59 -9.71 -7.30 

RushHours -0.49 -9.76 -3.72 -5.78 -12.04 -7.81 

 

Table VIII Performance of proposed work 

(Implemented only on decoder side with mismatch) 

 
 Desired 

BR 

50% 

(-50%)   

45% 

(-55%) 

40% 

(-60%) 

35% 

(-65%) 

30% 

(-70%) 

Cyclists 
720p 

 Real BR 50.00 45.00 40.00 36.40 30.19 

PSNR  0dB 0dB 0dB -0.5dB -1.54dB 

ShuttleStart 
720p 

 Real BR 50.00 45.00 40.00 35.00 30.04 

PSNR  0dB 0dB 0dB 0dB 0dB 

PedestrianArea 
1080p 

 Real BR 50.00 45.00 40.00 35.91 31.95 

PSNR  0dB 0dB 0dB -0.37dB -1.03dB 

RushHour 
1080p 

 Real BR 50.00 45.00 40.00 35.35 30.71 

PSNR  0dB 0dB 0dB -0.15dB -0.84dB 
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ABSTRACT 

Global motion estimation (GME) algorithms have an im-
perative role in object-based applications. Gradient-based 
GME is a well known method among these algorithms. Such 
algorithms require an initial value for their initialization 
step. Well estimation of this value plays a significant role in 
the accuracy of GME. This work introduces a simple but 
efficient technique for initial value prediction of GME. This 
technique employs a long-term predictor as well as global 
motions of previous frames. Simulations results demonstrate 
faster convergence and less computational complexity of the 
proposed method versus common presented techniques in 
the literature with almost same efficiency. 

1. INTRODUCTION 

Motion estimation and motion compensation are two of the 
most important and widely used techniques in video coding 
systems. The motions are divided into local motion (LM) 
and global motion (GM) categories [11]. LMs are caused by 
moving, rotation, and deformation of objects while GMs are 
caused by panning, rotation, and zooming of camera. The 
local motion estimation (LME) and global motion estima-
tion (GME) are techniques for estimation of LM and GM 
respectively. The LME and local motion compensation 
(LMC) techniques are used in discrete cosine transform 
(DCT) based video compression standards such as H.264 [1] 
and MPEG-2 [2] for reducing existent redundancy between 
macroblocks of two frames. In MPEG-4 verification model, 
the LMC technique as well as global motion compensation 
(GMC) technique is employed for reducing existent redun-
dancy between motions. In this standard, by considering the 
sum of absolute difference (SAD) criterion, each macrob-
lock can employ one of the LMC or GMC techniques [3]. 
Most common GME methods can be categorized in match-
ing-based, feature-based, gradient-based and their hybrids 
[5], [15]. In the matching-based methods, the GM is esti-
mated by using generalized block matching algorithm [4]. 
The features of two frames and techniques such as 
RANSAC [6] are used in GM estimation using the feature-

based methods [7]. In the gradient-based methods, GM is 
estimated by utilizing gradient search techniques. These 
techniques can estimate GM with a reasonable accuracy rate 
but high computational complexity [8-14]. 
The gradient-based methods are divided into hierarchical 
and non-hierarchical approaches. In these methods, tech-
niques such as Levenberg-Marquardt algorithm (LMA) or 
Gauss-Newton algorithm (GNA) are employed for minimiz-
ing sum of squared differences (SSD). These iterative algo-
rithms require an initial value in global minimum “basin”. 
The less difference between initial value and global mini-
mum, results in faster convergence of algorithms [16]. 
In hierarchical methods, the GME is mostly performed on 
three levels which are coarse, intermediate, and bottom lev-
els [8-12]. In these methods, each frame is filtered and 
downsampled respectively. This process results in a pyramid 
with three levels. First, GME is applied between two frames 
in coarse level. The resulted GM is projected on intermedi-
ate level and is considered as the initial value for this level. 
After GM estimation in this level, the estimated GM is pro-
jected again on bottom level and is considered as the initial 
value for this level. Such hierarchical techniques reduce 
complexity and computational load of the system [8]. These 
methods need an initial value for coarse level. In [8] and [9] 
a modified three-step search is done between two frames 
[18], and the result is considered as initial value of this level. 
The three-step search algorithm provides a reasonable initial 
value. This algorithm is consisted of 25 SAD calculation 
steps and only can predict GM translation parts. Therefore, 
it is not applicable in rotation or zoom modes of camera. On 
the other side, [5] have suggested feature matching methods 
instead of the three-step search algorithm. Chan et al. in [12] 
have introduced a motion vector prediction for finding an 
initial value. They have suggested six predictors which are 
zero motion vector (MV), past MV, acceleration MV, his-
torical average, historical maximum MV, and historical 
minimum MV.  After projecting GMs of previous frames on 
coarse level, six vectors are constructed by translation parts 
of six predictors. These six vectors are constructed by as-
suming absence of rotation and zoom. Then, SADs of re-
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sulted vectors are calculated and later, translation parame-
ters of vector with the least produced SAD are selected. By 
considering resulted translation parts and also other ele-
ments of six predictors, six new vectors are constructed. By 
calculating SAD of these six GM vectors, vector with the 
least SAD is considered as the initial value. Further read-
ings are available at [12]. Qi et al. in [10] and [11] suggest 
using the three-step search algorithm just for the first six 
frames and only employing four predictors for the remain-
ing frames. By following up this idea, SAD calculations 
decrease up to eight times as well as having a less complex 
and more efficient method than [8] and [12]. In [13] and 
[14], some non-hierarchical methods are presented. The 
authors in [13] have employed three-step search algorithm 
between filtered and downsampled frames for estimating a 
coarse initial value. In [14] three-step search is used be-
tween sub-sampled frames for finding initial value.  
In this paper, we suggest reducing initial value calculation 
by using a long-term predictor and employing a non-
hierarchical GME. This method will reduce average number 
of iterations for algorithm convergence in a sequence and 
therefore, reduces computational complexity. 
In section 2 of the paper, motion model, GNA and hierarchi-
cal GME are reviewed. The proposed combinatory algo-
rithm is discussed in details in section 3 and simulation re-
sults on several sequences are presented and compared in 
section 4. Finally, the paper is concluded in section 5. 

2. GLOBAL MOTION ESTIMATION 

2.1 Motion Model 
By considering the MPEG-4 verification model [3], the per-
spective model is employed for GM throughout this paper. 
This is due to the simplicity of models such as affine and 
translational where they are special cases of this model. The 
perspective motion model is defined as 
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where m  is the GM vector, 3m and 6m are translation pa-

rameters and 1m , 2m , 4m , 5m are rotation and zoom parame-

ters. Also, 7m  and 8m are perspective geometric distortion 

parameters. 
2.2 Gauss-Newton Algorithm Based Global Motion 

Estimation 
This algorithm is a common technique for minimizing sum 
of squared function. For the GME in this work, the error of 
pixel i  is defined by 

1( , ) ( , )i k i i k i ie F x y F x y                         (4) 

where ix  and iy  are coordinates of pixel i  in frame k  and 

ix  and iy are correspondent pixel location in frame 1k  . 

The GM between two frames kF and 1kF  is a vector which 

minimizes  

1

( )
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i
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                                    (5) 

where N  is number of pixels and ( )ie  is truncated quad-

ratic error function defined as 
2
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 .                           (6) 

The   is a threshold limit which reduces undesirable outliers 

effects of incorrect GM estimation. This threshold limit is set 
in the first iteration in a manner that omits 10% of pixels 
located above ie  histogram throughout the algorithm as in 

Figure 1. 
The iterative Gauss-Newton algorithm [8][16] is employed 
for minimizing (4) in this paper. In this algorithm, vector 
m  is updated in each iteration t  by 

( 1) ( ) ( )t t t   m m m .                          (7) 
The updating term ( )tm  is found by solving the following 
equation 

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )T t t t T t t     J m J m m J m e m         (8) 

where  

   ( )
1 2

Tt
Ne e ee m                        (9) 

and ( )( )tJ m is Jacobian matrix of error vector ( )( )te m  and 

is defined as 
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In GNA, vector m  is updated in each iteration using (8), (9) 
and (10), until a termination criterion is satisfied [8].  
Totally, the GNA is employed in the GME algorithm as  
follows: 
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1) The vector m  is valued to a precomputed initial 
value. 

2) The ( )J m  matrix and ( )e m  vector are calculated 
using m . If 1t  , the threshold limit   is calcu-

lated by using the ie  histogram. Otherwise, pixels 

with ie   in ( )J m  and ( )e m  calculation are 

omitted. 

3) Equation (8) is solved to achieve m . 

4) The vector m  is updated by (7). If 

max  Number of iterations N or 
for all elements
 m ε  the 

algorithm ends, otherwise, it will be returned to the 
step 2. 

2.3 Hierarchical Global Motion Estimation 
The hierarchical GME structure is illustrated in Figure 2. In 
this structure, a Gaussian pyramid with three levels for two 
frames kF  and 1kF   is constructed. The calculations start 

from the highest level of the algorithm, which is called the 
coarse level, to the lowest level of the algorithm. In the first 
phase, a three-step search is done between the two frames in 
coarse level to achieve an estimation for translation elements 

3m  and 6m . Then, the vector m̂  with 1 5 1m m  , 

2 4 7 8 0m m m m     and estimated 3m  and 6m  are con-

sidered as initial values for the GNA. Afterwards, the vector 
m  is projected on the middle stage to be considered as the 
initial value for this stage. This projection is done by setting 

3 3 6 62 , 2m m m m                         (11) 

and 

7 8
7 8,

2 2

m m
m m  .                         (12) 

The calculations are continued in this stage and the resulted 
vector is projected on the lowest level to produce m . 

The computational load of GNA has a direct relation with 
number of pixels [13]. Therefore, if computational load of 
the lowest level with N  number of pixels be 1, this load will 
be 0.25 and 0.125 in the middle and highest levels of algo-
rithm, respectively. 

3. PROPOSED METHOD 

In video sequences each frame has a GM which demon-
strates motions of camera. By considering the short time 
between successive frames (1 /Sec Frame Rate ), it is possi-

ble to assume that the camera motion is continuous within 
successive frames. Therefore, the GM is predictable using 
previous GMs of frames. In this case, it is possible to predict 
GM of a frame by using GMs of previous frames.   
In [11] and [12], the resulted vectors from GME between 
previous frames are used for GM prediction of current 
frame. In fact, the achieved GM from the GME between two 
frames 1k  and 2k  , demonstrates camera motion in 
frame 1k   with respect to the frame 2k  .  This vector is 
called short-term GM. The perspective motion model has a 

concatenation property [17]. In a way that if vector , 1k k m  

be the GM  vector between two frames k  and 1k   and 

vector 1, 2k k m  be the GM vector between two frames 

1k   and 2k  , the GM vector , 2k k m  between two 

frames k  and 2k   is achieved by concatenating , 1k k m  

to 1, 2k k m . This property assists in calculating GM of 

each frame in respect to the first frame. Each ,1km vector is 

named a long-term vector.  These vectors provide better 
viewpoint of camera motions in respect to real environment 
along a sequence.  
In our proposed method, we suggest employing long-term 
vectors in order to predict GM vector of frames. After the 

long-term calculation process, vector , 1k k m  is achieved 

by concatenating ,1km  to inverse of vector 1,1k m . In this 

work, we use acceleration predictor as 

,1 1,1 2,1
ˆ 2k k k  m m m                        (13) 

and the concatenating part as 

 1

1,1 ,1 , 1
ˆ ˆ,

k k k k
Concatenating 

 
m m m .        (14) 

Different steps of the proposed algorithm are as follow: 
1) The first frame 1k   is encoded in intra-mode. 

For this frame 
1,1m  is defined as 

            1,1 1,0,0,0,1,0,0,0
Tm .              (15) 

2) The algorithm jumps to the next frame 
1new oldk k  . 

3) GM between two frames k and 1k   are calcu-
lated using hierarchical GME and three-step 
search algorithm. 

Initializing 

GNA 

Projection 

Projection 

4 

LPF 

4 

LPF 

GNA 

GNA 

Input frames 
GM

Figure 2 - Block diagram of the hierarchical GME.
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4) Vector ,1km is calculated by concatenation 

vector 1,1k m  to vector , 1k k m .  

5) The algorithm jumps to the next frame 
1new oldk k  . 

6) Initial value of GM vector , 1ˆ k k m  for frame k  

is predicted by (13) and (14).  

7) By operation GNA with the predicted initial 
value in the stage 6, GM vector between two 
frames k and 1k   is estimated. If SSD of the 
estimated GM vector is more than the threshold 

maxE , the algorithm is returned to the stage 3 to 
perform GME for the current frame again. Oth-
erwise, the algorithm is returned to the stage 2. 

The proposed algorithm not only decreases computational 
load and complexities, but also requires fewer number of 
iterations for convergence to a reasonable result. This is due 
to precise initial value prediction of our proposed method. 

4. SIMULATION RESULTS 

In this section, efficiency of the proposed method is com-
pared with the presented methods in [8] and [11] for seven 
common sequences. These sequences are Carphone, Coast-
guard, Foreman, Mobile, Stefan, Table and Tempete. Frame 
dimension of the Carphone and Stefan sequences are 
176 144 and 352 240 respectively and frame dimension of 
the other sequences is 352 288 . For all the sequences ex-
cept the Table, simulations are performed on the first 200 
frames. Since in the Table sequence, scene changes from 
frame 132, simulations are performed on its first 131 frames. 
A computer with 4GB Ram, 2.66 GHz Core2Quad CPU, and 
MS Windows Vista operating system is employed for the 
simulations in the MATLAB environment. 
In the simulations, the luminance of sequences is coded in 
the interframe mode (IPPP…) with fixed quantization size 

10Q  . The termination criteria maxN  is set to 32 and 

ε [0.001, 0.001, 0.1, 0.001, 0.001, 0.1, 0.001, 0.001]T, [8]. 
The simulations are performed against the presented hierar-
chical methods by Dufaux et al. and Qi et al. in [8] and [11] 
respectively. The hierarchical method in [8] is named H-TSS 
and has three levels where initial value is achieved by using 
a three-step search algorithm. The hierarchical method in 
[11] is named H-TPR and also has three levels. In this 
method, for the first six frames, initial value is reached by 
using a three-step search algorithm and for the rest of the 
frames, short-term GMs of previous frames are used as well 
as the four mentioned predictors in section 1.  
In our proposed method, GME is performed on the frames 
without employing the hierarchical method and the initial 
value is achieved by using the described predictor in (13) 
and (14). In this method, for the frames that their achieved 
SSD from GME is more than the threshold limit maxE , GM 

is performed again by the H-TSS method. 

In the next subsection, number of necessary iterations for 
convergence of the mentioned methods is discussed and cor-
respondent computational times are compared. Then, accu-
racy and peak signal-to-noise ratio (PSNR) and coding effi-
ciency of predicted frames using the proposed method versus 
methods in [8] and [11] are evaluated in subsection 4.2. 
 
4.1.  Convergence time and number of iterations analy-

sis 
In the hierarchical methods, the GME is mostly performed on 
three levels which are coarse, intermediate, and bottom. 
Computational load of each iteration is correspondent to 
number of pixels [13]. Since number of pixels in the coarse 
and intermediate levels are 0.125 and 0.250 times that of the 
bottom level respectively, computational load of these levels 
are also 0.125 and 0.250 times that of the bottom level re-
spectively. Based on this argument, in the simulations of the 
hierarchical methods H-TSS and H-TPR, each iteration in the 
coarse and intermediated levels are considered as 0.125 and 
0.250 times that of an iteration in the bottom level respec-
tively. For example, if in the hierarchical method we have 8, 
4, and 3 iterations in the coarse, intermediate and bottom 
levels, number of iterations for the frame is considered as 
8 4

3 4.5
16 4

   . The average number of necessary iterations 

for each sequences frame convergence is presented in Table 
1. Based on the results, the proposed method can reduce av-
erage number of necessary iterations for convergence to a 
percentage between 18% and 40%. In addition, the proposed 
method does not require constructing pyramid and calculat-
ing SAD for initial value estimation. As a result, this method 
is faster than proposed methods in [8] and [11]. Table 2 dem-
onstrates GME computational time of the proposed method 
and the H-TSS and H-TPR methods for different sequences. 
4.2.  Peak signal-to-noise ratio & coding efficiency 

analysis 
In order to evaluate accuracy and performance of the pro-
posed method versus method in [8] and [11], the PSNRs of 
decoded frames luminance and also average size of encoded 
frames must be analyzed and compared. To do so, GME and 
LME are performed between two successive frames. After-
wards, for each macroblock from each frame, two macrob-
lock predictions, one by using GM and the other by using 
LM, are made. The prediction with the less SAD is selected 
for the current frame reconstruction. PSNRs of the decoded 
frames are presented in Table 3. In most of the sequences, 
PSNRs are almost the same. The coding efficiency of these 
methods is also almost the same for different sequences, as 
shown in Table 4. 

5. CONCLUSION 

This paper introduces an efficient method for global motion 
(GM) initial value prediction. This technique has less com-
putational complexity than common methods and also con-
verges in fewer number of iterations.  In addition, due to the 
reasonable estimation of initial value by the predictor, hier-
archical pyramid is omitted in this technique, so that the 
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global motion estimation (GME) is performed once between 
frames.  
As the simulations results demonstrate, the proposed method 
in this work is 1.24 to 1.85 times faster than the proposed 
methods in [8] and [11], with almost similar accuracy and 
coding efficiency. 
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TABLE 1 - Average number of necessary iterations per frame for 
first 131 and 200 frames of Table and other sequences respectively. 

Sequence H-TSS H-TPR Proposed 
Carphone 3.24 3.25 2.65 
Coastguard 4.53 4.55 3.65 
Foreman 3.60 3.59 2.68 
Mobile 2.92 2.94 1.76 
Stefan 3.70 3.68 3.06 
Table 4.26 4.31 2.56 
Tempete 2.65 2.64 1.76 
Avg.  3.56 3.57 2.59 

 
TABLE 3 - PSNR-Y average of each constructed sequence using 
the proposed method and the H-TSS and H-TPR methods. 

Sequence Without  GMC H-TSS H-TPR Proposed 
Carphone 31.58 32.94 32.93 32.94 
Coastguard 29.66 30.91 30.91 30.92 
Foreman 31.05 32.32 32.32 32.32 
Mobile 28.17 28.99 28.99 29.00 
Stefan 29.34 30.45 30.44 30.46 
Table 30.68 31.97 31.95 31.96 
Tempete 29.13 30.32 30.32 30.32 

 
TABLE 2 - Necessary time (Sec.) for GME of first 131 and 200 
frames of Table and other sequences respectively. 

Sequence H-TSS H-TPR Proposed 
Carphone 17.1 17.4 11.9 
Coastguard 100.0 102.9 81.0 
Foreman 81.3 83.6 63.8 
Mobile 53.7 54.7 29.0 
Stefan 58.0 58.3 44.7 
Table 60.6 61.0 35.7 
Tempete 56.1 57.4 33.6 
Avg. Speedup 1.0 1.0 1.4 

 
TABLE 4 - Bitrate/Frame of compressed video frames (KByte). 
 

Sequence Without GMC H-TSS H-TPR Proposed 
Carphone 2.3284 2.3096 2.3077 2.3078 
Coastguard 9.7573 9.2802 9.2785 9.2703 
Foreman 9.5116 9.3556 9.3563 9.3615 
Mobile 15.1698 13.1161 13.1186 13.1734 
Stefan 11.5554 9.4996 9.5032 9.4872 
Table 10.4538 9.8570 9.8584 9.8543 
Tempete 10.8096 9.6818 9.6836 9.6876 
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ABSTRACT 

Most video compression techniques do not operate directly 

in the highly-correlated RGB space. Instead, they transform 

the primary colors into a decorrelated color space, such as 

YCbCr or YIQ, where the compression takes place. In this 

paper we propose a different approach.  The video stream is 

sub-divided into 3D blocks (x, y, t), of high correlation 

between the color components. In each block, we encode 

two of the color components as polynomials of the third 

component (defined as 'base color'). The base color is then 

compressed using conventional tools, while the two 

remaining colors are transmitted to the decoder by their 

polynomial coefficients. Experimental results show that the 

proposed approach outperforms presently available 

methods. Our conclusion is that the high correlation 

between primary RGB colors could be helpful for video 

coding and that the new spatio-temporal approach to video 

compression is more efficient than conventional 

decorrelation-based techniques. 

 

1. INTRODUCTION 

 

Natural images and video sequences, given in the RGB 

color space, are characterized by high correlation between 

their primary colors (R, G and B). In order to reduce this 

redundancy, most compression algorithms, like JPEG and 

MPEG [1], decorrelate the color components by 

transforming the input image or video from the highly 

correlated RGB color space into a less correlated space, such 

as YCbCr. Since the human visual system is less sensitive to 

changes in chrominance (Cb, Cr) than to changes in 

luminance (Y), the chrominance components are then down-

sampled and processed/encoded at lower rates. 

 

Unlike this common approach, several algorithms for still 

image compression were proposed recently [2], [3], [4]. 

These algorithms utilize the correlation between the primary 

colors instead of decorrelating them. To some extent, the 

correlation between the primary colors was also used in 

high-quality video coding [5]-[9], however, limited to the 

use of high correlation between residual signals.  

 

 

In this paper, we directly extend the correlation-based 

approach to still image compression [2], [3], [4] into video 

coding by generalizing the spatial cases (x,y) into a spatio-

temporal (x, y, t) approach.  

  

2. THE PROPOSED ALGORITHM 

Naturally, a video signal can be considered as a 3D signal, 

with two spatial dimensions (x, y) and one temporal (t). 

According to our approach, since the RGB components are 

likely to be highly correlated in a small 3D block, two 

subordinate colors can be approximated as a linear function 

of the third color (base-color), i.e., in the case of 1
st
 order 

polynomials, sk=a1bk+a0, where s denotes a subordinate 

color and b denotes the base color. Optimal approximation 

coefficients a1 and a0 can be calculated using basic 

numerical analysis, 

��= 
�����,	


���	

 

                  �� �  ���
 �
�����,	


���	

���
 .                     (1) 

The minimum mean-square approximation error (MSE) 

could be then calculated,  

 

                      MSE � �1-ρ2
bs
Var�s
,                       (2)  

 

where ρbs is the Pearson correlation coefficient between the 

base color and the subordinate color. 

From (2) it can be seen that the mean approximation error 

decreases as Pearson correlation coefficient between the base 

and the subordinate colors increases and the variance of the 

subordinate colors decreases. Higher correlation between the 

colors is generally observed in smaller blocks. Naturally, the 

colors variance decreases as the block size decreases. Hence, 

as expected, the MSE is lower in smaller blocks. 

 
In our proposed algorithm, the base color in each block is 

chosen using the following method [4]: 

1. Set one component as a base color, for example, R. 

2. Approximate the remaining two colors as linear 

functions of the chosen base color, and calculate 

approximation errors using (2). Calculate the total 

error as the sum of the approximation errors for 

each subordinate color 
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3. Repeat Steps 1 and 2 for the G and the B 

components 

4. Choose the component with the lowest total error as 

the base color for the block 

 

Using blocks of fixed size is not optimal though. There are 

areas in the video stream where no motion occurs (

background). In these areas, the size of the block 

temporal axis can be larger. On the other hand, in 

significant motion or changes in the spatial domain, the size 

of the block should be smaller. This is in accordance with (2), 

since it lowers the color’s variance, which, in turn, decreases 

the approximation error.  

 

Figure 1 shows schematically the process of block 

processing. The video stream is initially divided into blocks 

of fixed size, NxNxK. In each block, we choose the base 

color as described. The blocks are then processed

block and each subordinate color, a decision is made 

further subdivision of the block is necessary. The decision is 

based on the estimation how accurately the subordinate 

colors in the block can be approximated as a function of the 

base color. Accurate approximation can be obtained by 

calculating optimal approximation coefficients using (2), and 

then calculating a mean approximation error. If 

smaller than a defined threshold, the approximation 

coefficients are transmitted and the next block is processed. 

Otherwise, we divide the block into two sub

same size (3 possible cases – division in x, y

any of these sub-divisions yields an approximation error 

lower than the threshold, the best division is taken and the 

next block is processed. Otherwise the original block is 

subdivided into 8 sub-blocks of equal sizes, and the process 

is repeated for each sub-block.  

 

 
Figure 1- Steps of processing a single 3D 

 

 

 

Repeat Steps 1 and 2 for the G and the B 

Choose the component with the lowest total error as 

Using blocks of fixed size is not optimal though. There are 

m where no motion occurs (mainly the 

background). In these areas, the size of the block along the 

. On the other hand, in intervals of 

significant motion or changes in the spatial domain, the size 

This is in accordance with (2), 

since it lowers the color’s variance, which, in turn, decreases 

Figure 1 shows schematically the process of block 

The video stream is initially divided into blocks 

. In each block, we choose the base 

locks are then processed:  for each 

block and each subordinate color, a decision is made if 

further subdivision of the block is necessary. The decision is 

he subordinate 

colors in the block can be approximated as a function of the 

base color. Accurate approximation can be obtained by 

calculating optimal approximation coefficients using (2), and 

then calculating a mean approximation error. If the error is 

ller than a defined threshold, the approximation 

coefficients are transmitted and the next block is processed. 

Otherwise, we divide the block into two sub-blocks of the 

x, y and t axis). If 

ns yields an approximation error 

lower than the threshold, the best division is taken and the 

next block is processed. Otherwise the original block is 

blocks of equal sizes, and the process 

 

3D block 

To guarantee correct decoding, side information is needed, as 

follows:  

• 0 indicates that a block is not subdivided

• 1 indicates that a block is divided into 8 equal sub

blocks 

• 2 indicates that a block is cut in half in 

• 3 indicates that a block is cut in half in 

• 4 indicates that a block is cut in half in 

 

This side information, along with the information about the 

initial size of the blocks, is sufficient for

reconstruct the block sequence. 

 

The steps performed by the encoder are summa

schematically in Figure 2, as follows.  

• The video stream is divided into 

• In each block, a base color is chosen

• The base color is compressed usin

compression algorithm, such as MPEG

• For each block and each subordinate color: 

1. Calculate optimal coefficients for the linear  

approximation of the subordinate color

Equation (1) and approximation error

Equation (2) 

2. If the approximation error is 

threshold, sub-divide the block into 2 or 8 sub

blocks of equal sizes, providing sub

information (i.e., 1, 2, 3 or 4). For each sub

block, repeat the process. Otherwise, transmit 

the approximation coefficients with a divi

index of 0 and proceed to the next 

block 

• Quantize the approximation coefficients, using 

uniform quantization 

• Entropy code (Huffman) the approximation 

coefficients  

• Entropy code (Huffman) the side information 

regarding block subdivision (an array

 

  

  
Figure 2 – Block diagram 

 

 

 

correct decoding, side information is needed, as 

0 indicates that a block is not subdivided 

1 indicates that a block is divided into 8 equal sub-

2 indicates that a block is cut in half in x axis 

3 indicates that a block is cut in half in y axis 

4 indicates that a block is cut in half in t axis 

This side information, along with the information about the 

initial size of the blocks, is sufficient for the decoder to 

The steps performed by the encoder are summarized 

 

is divided into NxNxK blocks 

is chosen 

The base color is compressed using a conventional 

compression algorithm, such as MPEG 

For each block and each subordinate color:  

Calculate optimal coefficients for the linear  

approximation of the subordinate color by 

Equation (1) and approximation error using 

mation error is above the 

divide the block into 2 or 8 sub-

blocks of equal sizes, providing sub-division 

1, 2, 3 or 4). For each sub-

repeat the process. Otherwise, transmit 

the approximation coefficients with a division 

index of 0 and proceed to the next NxNxK 

Quantize the approximation coefficients, using 

Entropy code (Huffman) the approximation 

Entropy code (Huffman) the side information 

regarding block subdivision (an array of 0,1,2,3,4) 

 

 of the encoder 
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The decoder uses a reverse scheme, shown schematically in 

Figure 3, as follows. 

 

• Reconstruct the base color component using a 

conventional decoder, as used in the encoding stage.

• Entropy decode the approximation coefficients 

• Reconstruct the approximation coefficients

• Entropy decode the blocks subdividing information

• Using previously decoded subdividing information, 

reconstruct each block accordingly 

• For each block, reconstruct subordinate colors as a 

linear function of the base color, using previously 

decoded approximation coefficients 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 3 – Block diagram of the decoder

 

3. EXPERIMENTAL RESULTS

 

Several sequences of color video were tested, with the base 

color component compressed using MPEG

subordinate colors were encoded using the proposed 

approach. We then compared the performance of the 

proposed algorithm for the entire color sequen

obtained by MPEG-1 applied to the complete color 

sequence. As mentioned, however, our algorithm is general, 

though, and the base-color compression can be 

other video compression method for color video, such as 

H.264/AVC [10] etc. We used the UC Berkeley 

encoder to obtain MPEG-1 files. The GOP (group of 

pictures) used was with N=15 and 

IBBPBBPBBPBBPBB. All the sequences were QCIF

(176x144 pels), 30 frames/sec. The initial block size in all 

the experiments was 8x8x64.  

Figure 4 (a), (b), (c), shows PSNR results (in dB) as a 

function of bit-rate (in kB/s) for the ‘Salesman’

the ‘Mother & daughter’ sequences, respectively. 

(a), (b), (c) shows a frame from the original sequence, 

frame reconstructed by MPEG, and by our approach

6 (a), (b), (c) shows PSNR (in dB) as a function of 

number for each of the tested sequences reconstructed by 

both MPEG and by our approach. 

 

The decoder uses a reverse scheme, shown schematically in 

Reconstruct the base color component using a 

encoding stage. 

Entropy decode the approximation coefficients  

Reconstruct the approximation coefficients 

Entropy decode the blocks subdividing information 

Using previously decoded subdividing information, 

reconstruct subordinate colors as a 

linear function of the base color, using previously 

of the decoder 

EXPERIMENTAL RESULTS 

Several sequences of color video were tested, with the base 

color component compressed using MPEG-1. The two 

were encoded using the proposed 

e then compared the performance of the 

proposed algorithm for the entire color sequence with that 

1 applied to the complete color 

sequence. As mentioned, however, our algorithm is general, 

can be based on any 

for color video, such as 

Berkeley MPEG 

1 files. The GOP (group of 

=15 and M=3, i.e., 

IBBPBBPBBPBBPBB. All the sequences were QCIF-sized 

(176x144 pels), 30 frames/sec. The initial block size in all 

PSNR results (in dB) as a 

‘Salesman’, ‘Akiyo’ and 

’ sequences, respectively. Figure 5 

frame from the original sequence, the 

approach. Figure 

as a function of the frame 

number for each of the tested sequences reconstructed by 
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Figure 4 - Coding performance
PSNR results vs. the bit-rate for three typical video 
sequences: Salesman, Akiyo and Mother 
daughter.  As can be seen, the proposed algori
(red) outperforms MPEG (blue)
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(a) Salesman 

                                 

(b) Akiyo 

                                

(c) Mother & daughter 

Figure 5 – Visual comparison of the new algorithm with MPEG. Shown are the original frame (left), the frame 
reconstructed by MPEG (center) and by the new method (right).  Although the differences between the images are 
hardly visible spatially, the changes in color could be more easily observed, e.g., the color of the telephone and the 
vegetation above it in 'Salesman', the face and  jacket color in 'Akiyo', and the hair color in 'Mother & daughter'. 

4. SUMMARY AND CONCLUSIONS 

We have presented a new approach to color video coding. 

Instead of transforming the input video from RGB into a 

decorrelated space such as YCbCr or YIQ, our algorithm 

subdivides the video sequence into 3D blocks, whereas in 

each block the correlation is actually used for efficient 

coding [11], [12]. Only one base-color is video coded, while 

the additional two colors are represented as polynomials of 

the base color. Our experiments show a quantitative 

advantage of our method compared to MPEG in terms of  

PSNR, and in most cases in visual appearance as well, 

where the emphasis is on preserving the color information 

better than MPEG. As for the complexity, the proposed  

 

algorithm could be more complex than MPEG in case of 

many small 3D blocks, however, since the number of 

possible subdivisions of a 3D block is limited, the overall 

computational complexity of subordinate color’s coding is 

only a linear function of the number of pixels. Our 

conclusion is that using the high correlation between 

primary colors in RGB color spaces could be more efficient 

than conventional decorrelation-based compression 

methods. 
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(c) Mother & daughter 

 
Figure 6 – PSNR as a function of frame number 
for MPEG (blue) and the new algorithm (red). 
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ABSTRACT 
Real-time multimedia applications often require efficient bit-
rate reduction. This is mainly done by requantization,   
usually in the DCT domain. This work introduces theoretical 
rate-distortion analysis that allows for straightforward se-
lection of the quantization step needed to achieve a given 
bit-rate. The analysis is based on the Laplace-like distribu-
tion of DCT coefficients in the transform domain and on the 
structure of the quantizers commonly used in video and im-
age coding. We show that the proposed transcoding design 
achieves significant compression at relatively low distortion, 
while keeping the computational complexity very low, allow-
ing for real-time implementation. 

1. INTRODUCTION AND PROBLEM 
DEFINITION 

Visual communication often requires adjustment of the 
transmission bit-rate according to the bandwidth of the 
available channels, display characteristics and limitations of 
the end users. This raises the need for bit-rate reduction of 
the data stream, known as transcoding or transrating. For 
real-time applications, it is crucial that the transcoding will 
be of low computational complexity, while ensuring low 
distortion. A straightforward approach to transcoding is us-
ing quantization in various stages of image compression.  It 
can be shown that the performance of requantization de-
pends mainly on the ratio between the quantization step used 
for the initial quantization and the step used for requantiza-
tion [1], [2]. So far, however, the performance of this 
straightforward transcoding approach has not been tho-
roughly analyzed for video sequences.  
This work introduces theoretical analysis of requantization 
applied to still images and video in the DCT domain. The 
process of requantization consists of two stages. The first 
stage of quantization occurs at the source and thus cannot be 
controlled once done. The second stage of quantization is 
performed for transcoding and the quantizer can be freely 
designed. Accordingly, the focus of this work is on the anal-
ysis and design of the second stage quantizer for coded im-
ages and video, such as JPEG and MPEG. It is assumed that 
the first quantization takes place after a subband transform, 
such as DCT, has been applied to the image, block by block. 
The first stage quantizer, denoted by Q1, performs uniform 
quantization using step size q1. Alternatively, Q1 could be 
applied using a quantization matrix, multiplied by the quali-
ty factor q1. Though the analysis in this work refers to uni-

form quantization, the results apply to quantization using a 
quantization matrix as well, as shown in Section 3.   
The second stage quantizer is denoted by Q2 and the quanti-
zation step size (or quality factor) used is q2. In addition to 
Q1 and Q2, a third reference quantizer is used, denoted by 
Q2,ref. This coarse reference quantizer is used directly on the 
original coded image (not yet quantized) and also referred to 
as 'direct quantization'. The performance of the second stage 
quantizer is compared to that of the reference quantizer. 
Throughout this work two types of quantizers are used: uni-
form threshold quantizer (UTQ) and UTQ-DZ (UTQ with 
dead zone), as in [1] and [3]. UTQ is used for still images 
and intra-frames of MPEG (I), while UTQ-DZ is used for 
inter frames. For UTQ, the quantizer definitions for the in-
put x R∈  are: 

          ( ) ( )1 1 1/Qx Q x Round x q= =  

          ( )1
1 1 1Q QQ x x q−

1= ⋅           (1) 

          ( ) ( )( )1
2 1 1 1 2/Q QQ x Round Q x q−=        

          ( ) ( )2, 2/refQ x Round x q= . 
The decision and reconstruction levels (for the positive axis) 
for the UTQ are defined as        
     ( ),0 , ,0 ,0; 0.5 ; 0;i i l i i i ld d l q r r l iq= = − = = ⋅ ,        (2) 
where the decision level l of the  quantizer  of Stage i (i=1,2) 
is denoted by di,l and the reconstruction level is denoted by 
ri,l. The definitions in (2) are symmetrical for the negative 
axis.  For UTQ-DZ the definitions for the input x R∈  are 
given by: 

     ( ) ( ) ( )( )1 1 1/Qx Q x sign x Floor abs x q= = ⋅  

     ( ) ( )( )1
1 1 1 10.5Q Q QQ x x sign x q−

1= + ⋅ ⋅             (3) 

     ( ) ( ) (( )( )1
2 1 1 1 1 2/Q Q QQ x sign x Floor abs Q x q−= ⋅ )                    

     ( ) ( ) ( )( )2, 2/refQ x sign x Floor abs x q= ⋅ . 
For this quantizer, the decision and reconstruction levels (for 
the positive axis) are defined as:       
      ( ),0 , ,0 ,0; ; 0; 0.5i i l i i i ld d lq r r l iq= = = = + ⋅ .        (4) 
As shown in [1], to avoid additional distortion resulting 
from performing the quantization in two stages rather than 
applying the coarse reference quantizer directly to the origi-
nal image, the following condition should be met. 
                 ( )( ) ( )2 1 2,: refx Q Q x Q x∀ =                              (5) 
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As shown in [1] [2] and [3], a necessary condition to achieve 
(5) is that the new requantization step be a multiple of the 
first stage quantization step size, so that 

    .                                           (6)  2 1,q k q k= ⋅ ∈
The main goal of the present work is to analyze this condi-
tion and provide conclusions as to the preferred requantiza-
tion step. Based on our analysis, an efficient real-time tran-
scoding system can be easily designed, avoiding presently 
available complex approaches to transcoding. 
This paper is organized as follows. Section 2 provides theo-
retical analysis of requantization and considers the main 
rounding policies. In Section 3 experimental results are pre-
sented, and in Section 4 the work is summarized and con-
cluded.   
                  

2. RATE-DISTORTION ANALYSIS AND 
ROUNDING POLICY 

Rate-distortion analysis is often performed to evaluate a 
transcoding system. Such analysis is instrumental in the 
design of a second stage quantizer and requires developing 
rate and distortion expressions for the requantized image. 
The rate can be expressed via the entropy, while the distor-
tion can be expressed using an acceptable distortion criteria, 
such as MSE. 
Our analysis requires modeling of the probability distribu-
tion of the DCT coefficients at the input and at the output of 
the first stage quantizer, as well as at the output of the 
second stage quantizer, marked as points A, B and C respec-
tively, in Fig. 1. 
 

1Q 2Q

Figure 1: Quantization stages illustration 
 
We use the fact that the DCT coefficients at point A, before 
quantization, can be modeled using Laplace distribution [4]: 

      ( ) 0.5 xp x e λλ −
=  .                                      (7) 

At point B, after the first quantization, the DCT coefficients 
are discrete according to the representation levels of the first 
stage quantizer. The probability of each coefficient value is 
the total probability weight of the first stage quantization 
bin, represented by this value. For instance, level r1,l 
represents bin #l and has the probability weight w1,l obtained 
by integrating the Laplace distribution function over bin 
#l>0, as shown in the following equation  

  ( )
( ) ( ) ( )1 1 1

1
1,

0.5 0.5
0.5

0.5 0.5 1l
l q l q qx
l q

dxw e e λ λλλ
+ − − −−

=
−

= −∫ e        (8) 

for UTQ, and in:  
 

  

( ) ( ) ( )1 1 1

1
1,

1 10.5 0.5 1l
l q l q qx

lq
dxw e e eλ λλλ

+ − +−
== −∫

  
             (9) 

for UTQ-DZ, for x ≥ 0 , while for x < 0 the expressions are 
symmetrical. 
Accordingly, the distribution of the discrete values at point 
C has to be modeled. As a result of requantization, several 
quantization bins of the first stage quantizer are represented 

by one second-stage representation level. This happens since 
each second-stage quantization bin contains an integer num-
ber of first stage quantization bins (required to maintain (5), 
as shown in [5]) and thus the probability weight of this 
second stage representation level is the sum of probability 
weights of the first stage quantization bins inside. This is 
illustrated in Fig. 2, for the case of q2 = 4·q1, where 
          2, 1,4 1,4 1 1,4 2 1,4 3;l l l l lww w w w l+ + += 0+ + + > .       (10) 
The merging of probability weights and thus the resulting 
requantization performance depends mainly on the position 
of second stage decision levels relative to the first stage de-
cision levels. However, it is also affected by the rounding 
method of the second-stage quantizer, which is addressed in 
the next subsection. 
 
2.1 Rounding Policy Effects 
When performing division during requantization with the 
quantizer defined in (1) and (2), it is possible to round the 
value of 0.5 to 0 or 1. Let us consider an example where     
q1 = 3 and q2 = 2·q1 = 6. At the second-stage quantizer there 
are two options to quantize the value 3 (a representation 
level of the first stage quantizer) since it falls exactly on the 
decision level of the second-stage quantizer. This value 
could be quantized to either 0 or 6, according to the        
chosen rounding policy: Q2(3) = RoundRTZ(3/6) = 0, namely 
'Rounding Toward Zero' (RTZ), or Q2(3) = RoundRR(3/6) =1, 
regarded as 'Regular Rounding' (RR). Similarly, -3 could be 
quantized to 0 or -1.  
When using UTQ and q2 is selected as an even multiple of 
q1, this ambiguity occurs for every other quantization bin. 
Thus, the rounding policy of the second stage quantizer can 
significantly affect the results. When using UTQ-DZ, the 
rounding policy will have no effect, since no first step repre-
sentation level could ever collide with second step represen-
tation level, when (6) applies. If we assume that this colli-
sion ( ) does happen for some l and m, then we ob-
tain the following condition: 

1, 2 ,lr d= m

       ( ) ( )1 2 1 10.5 0.5l q mq mkq l mk q q+ = = ⇒ − = 1

l

.    (11) 
Since m,l and k are integers, the above could never hold.  
 
2.2 Bit-rate and Distortion Analysis 
The bit-rate after requantization is analyzed here as a func-
tion of k (as defined in (6)) for both rounding methods and 
quantizer types. Only integer values are considered since an 
integer ratio is required to avoid added distortion due to the 
requantization process and since it allows for detailed     
analysis regardless of the first stage quantization step q1. 
Generally, for UTQ and odd values of k, the rate and distor-
tion of both rounding methods are identical. This is con-
cluded by using distortion expressions developed for both 
rounding methods in [6] and the entropy expression in Table 
1. The reason is that when k is odd, the decision levels of the 
second-stage quantizer do not cause rounding ambiguity. 
The bit-rate is analyzed using the entropy obtained by:   

       
( ) ( )2, 2 2,logl

l
H p r p r

∞

=−∞

= − ∑ ,                        (12) 
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where r2,l  is, as before, the representation level  of quantiza-
tion bin #l of the second quantizer. For UTQ, the entropy 
expressions are derived separately for odd and even values 
of k. UTQ expressions for entropy are shown in Table 1 and 
an example of the results for both rounding methods and 
direct quantization is plotted in Fig. 3.. Here q1 = 10 and the 
Laplace parameter was λ = 0.1, an appropriate value for typ-
ical images [4]. It can be observed that for RTZ, a much 
steeper decrease in entropy occurs when k is even. This 
shows that better compression can be achieved at these 
points. As for RR, a steeper decrease in entropy occurs when 
k is odd. In general, the entropy is substantially lower for 
RTZ, showing that this method achieves better compression. 
When comparing to the direct quantization curve, i.e., apply-
ing the coarse reference quantizer directly to the original 
data, it can be observed that for the even values of k, the 
entropy of direct quantization is larger than when RTZ is 
used and smaller than the entropy obtained when RR is used. 
At the odd values, however, all three methods perform 
equally.      UTQ-DZ entropy expression (valid for all integ-
er k's and both rounding methods) is shown in Table 2. 
Similarly, expressions for distortion as a function of k were 
developed using (13), for both rounding methods. The ex-
pressions for UTQ-DZ are presented in Table 3. The UTQ 
expressions were developed in [6].  
 

( ) ( ) ( )
2, 1

2,

22
2,

1ˆ
2

l

l

d
x

l
l d

D x x f x dx x r e λλ
+∞ ∞

−

=−∞−∞

= − = −∑∫ ∫ dx (13) 

 
The expressions for rate and distortion are used to create 
theoretic rate-distortion graphs, which appear in Fig. 4 (left) 
for UTQ-DZ and Fig. 5 (left) for UTQ. For UTQ-DZ the 
behavior of the graph is the same for requantization using 
both rounding methods and for direct quantization. For UTQ 
the behavior is more interesting and is further analyzed. The 
numerical values used to create the graph in Fig. 5 appear in 
Table 4. It can be seen that: (i) RTZ usually outperforms RR 
and direct quantization, i.e., it provides lower distortion for 
the same rate. (ii) For both rounding methods, there are 
areas where lowering the rate slightly results in a substantial 
increase in distortion. Interestingly, when using RR, there is 
a point where substantially reducing the rate (from 2.26 to 
1.69 bits/pixel) decreases the distortion as well (from 58 to 
54). This is due to the way the probability weights of the 
first stage representation levels merged during requantiza-
tion. (iii) The points of intersection for all three methods are 
the odd multiples of the original step size, i.e., odd values of 
k. (iv) Generally, RR achieves the worst results. 
 

3. EXPERIMENTAL RESULTS  

The right parts of Fig. 4 and Fig. 5 show the empirical aver-
aged rate-distortion for UTQ-DZ and UTQ, respectively. For 
UTQ-DZ inter frames were used, while for UTQ still images 
were used. It can be seen that for both quantizers, the beha-
vior observed is very similar to that shown in the theoretical 
rate-distortion graphs in the left parts of Fig. 4 and Fig. 5. 

The values of rate and distortion differ in the two parts of 
Fig. 4 and Fig. 5 since one side is theoretical and the other is 
experimental. For UTQ, as mentioned earlier, RTZ provides 
better results. In addition, there are several requantization 
steps that perform poorly, increasing the distortion substan-
tially for a minor rate decrease. The numerical results are 
summarized in Table 4. For UTQ-DZ, the behavior is rather 
smooth.  
Fig. 6 shows results for requantization using a typical quan-
tization matrix and UTQ. A frame from ‘Foreman’ sequence 
is shown in Fig. 6 (top) and was first quantized using the 
quality factor q1 = 0.5 and then requantized using the re-
quantization quality factor q2 = 1. Fig. 6 (middle) shows the 
requantized frame, using RR. Fig. 6 (bottom) shows the re-
quantized frame, using RTZ. It can be observed that the bot-
tom image (RTZ) is much smoother and less noisy, has a 
higher PSNR (by almost 2 dB) and significantly lower bit-
rate. These results are consistent with the theoretical analysis 
and show the major role of the rounding method in the de-
sign of the second stage quantizer. Furthermore, this shows 
that the analysis carried out for uniform quantization can be 
applied to quantization using a quantization matrix. This can 
be readily explained by the uniform quantization applied to 
each DCT coefficient with the appropriate quantization step 
from the matrix.  
Fig. 7 shows the PSNR Vs. frame number, for 'Foreman' and 
'Bus' in CIF resolution with 'IPPPP' GOP, initially quantized 
with q1 = 0.5, and then requantized with q2 = 1, for direct 
quantization and both rounding methods. RTZ outperforms 
RR and is close to direct quantization performance (slightly 
lower PSNR at a slightly lower rate). 
 

4. CONCLUSIONS 

We have derived a rate-distortion curve of requantized im-
ages and video frames as a function of the ratio between the 
first and the second quantization steps. These expressions 
provide a useful rate-distortion function for image and video 
recompression and transcoding. This analysis allows for a 
straightforward design of the second stage quantizer used for 
bit-rate reduction. Our analysis shows that in order to 
achieve the best compression ratio, one has to requantize the 
DCT coefficients of images and intra frames using an even 
multiple of the original quantization step. To keep the distor-
tion low at these points, rounding toward zero should be 
applied. When requantizing the inter frames, any integer 
multiple of the original quantization step can be used. In all 
cases, the selection of the specific multiple should be made 
based on the rate-distortion expressions, obtained with an 
appropriate value of the Laplace parameter λ for each fre-
quency band. The requantization step could be then deter-
mined based on the required bit-rate and acceptable distor-
tion. Our new approach can be also applied to other data 
types with the appropriate distribution [7]. Our conclusion is 
that this analysis is instrumental in designing transcoding 
systems, allowing for real-time implementation due to its 
very low complexity. 
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Figure 2: Illustration of one 2nd stage quantization bin containing 
four 1st stage quantization bins. 

 
 
 
 
 
 
 
Figure 3: UTQ Theoretical entropy of requantized Laplace distri-
bution originally quantized with q1 = 10, as a function of k= q2/ q1 
for both rounding methods and direct quantization. 
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Table 1: UTQ Entropy analysis of requantized data for two rounding methods (RTZ and RR) 
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Table 2: UTQ-DZ Entropy analysis of requantized data 
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Table 3: UTQ-DZ Distortion analysis of requantized data 
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Figure 6: A frame from 'Foreman' for q1=0.5 
and q2=1 using a quantization matrix. Top: 
Original. Middle: Regular rounding, with 
PSNR=32.63dB at 1.35 bit/pixel. Bottom: 
Rounding toward zero, with PSNR=34.59dB, at 
0.83 bit/pixel.  As can be seen, Rounding toward 
zero outperforms Regular rounding. 

 

Figure 7 (Left): PSNR vs. frame number for 'Bus' 
(top) and 'Foreman'(bottom) at q1=0.5 and 
q2=2·q1=1 using a quantization matrix, for direct 
quantization and for both rounding methods. RTZ 
(avg. rate of 1.04 and 0.39 bit/pixel) outperforms RR 
(avg. rate 1.26 and 0.57 bit/pixel), and is close to 
direct quantization (at 1.09 and 0.43 bit/pixel), for 
'Bus' and' Forman', respectively.   
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R-D function Simulation 
D R [bpp] D R [bpp] 

RTZ RR RTZ RR RTZ RR RTZ RR 
1 8 8 2.7 2.7 7 7 1.96 1.96 
2 42 58 1.74 2.26 29 43 0.90 1.67 
3 54 54 1.69 1.69 35 35 0.83 0.83 
4 86 95 1.30 1.67 55 59 0.52 0.79 
5 98 98 1.29 1.293 66 64 0.49 0.49 
6 116 120 1.1163 1.292 80 81 0.35 0.48 
7 123 123 1.1162 1.1162 90 90 0.34 0.34 

Table 4: Rate vs. distortion as a function of k. Theoretical results (left) were calcu-
lated for q1=10. Simulation results (right) are the average for 7 images, initially 
quantized with q1=10.  Note that RR performs very poorly at even values of k (in 
theory and simulation) such that k=3 outperforms k=2 (bold). 

Figure 5: UTQ rate vs. distortion for q1=10, using both rounding methods. Direct 
quantization is also shown. Left: Theoretical rate-distortion for requantized Laplace 
data with λ=0.1. Right: Experimental rate vs. distortion, averaged for 7 images. As 
can be seen, the graphs demonstrate similar behavior, with rounding-to-zero outper-
forming regular rounding. 
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Figure 4: UTQ-DZ rate vs. distortion for requantized Laplace data and inter frames, 
for q1=4, where three re-quantization methods coincide. Left: Theoretical rate-
distortion for Laplace data with λ=0.15. Right: Experimental results obtained by 
averaging 16 inter frames. As can be seen, the graphs demonstrate similar behavior. 
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ABSTRACT

The LAR codec is an advanced image compression method
relying on a quadtree partitioning of the image. The parti-
tioning strongly impacts the LAR codec efficiency and en-
ables both compression and representation efficiency. In or-
der to increase the perceptual representation abilities with-
out penalizing the compression efficiency we introduce and
evaluate two partitioning criteria working in the Lab color
space. These criteria are confronted to the original criterion
and their compression and robustness performances are ana-
lyzed.

1. INTRODUCTION

JPEG committee has recently sent out a call for proposal
for a new image coding standard (JPEG-AIC), and the LAR
method has been proposed as a potential candidate [4]. The
design of new generation image coding addresses different
issues. Compression efficiency is one of the main focus but
it is no longer sufficient. Other features such as content based
coding and psycho-visual considerations are also expected.

Psycho-visual aspects have been considered in the past
for video coding [1] and image coding such as the JPEG
coder [10] where vision models have been used as improve-
ment. Works on wavelet quantization noise visibility [13]
have recently led to perceptual distortion control in JPEG2k
[7]. The main drawback of this last method is that perceptual
considerations are externally used to set the coder to obtain a
given visual quality while this coder does not fundamentally
consider the human vision properties.

Our coder philosophy is not to outperform JPEG2k in
compression. Our goal is to propose an open source, royalty
free, alternative image coder with highly integrated services.
While keeping the compressions performances in the same
range as JPEG2k with a lower and adjustable complexity, our
coder also provide evolved functionalities [4] such as scal-
able lossy to lossless compression, region level representa-
tion and coding but also multiple services like cryptography,
data hiding and error resilience.

The aim of this work is to introduce perceptual consider-
ations in our color image coder while designing a low com-
plexity solution. LAR coding method relies on a particu-
lar quadtree partitioning of the image [5]. This partitioning
describes the image content and strongly impacts the user’s
quality perception of the compressed images. Our focus here
is to improve the existing image partitioning method by in-
troducing a psycho-visual color space. In order to increase
the perceptual quality the partitioning process has to give a

more accurate internal image representation while keeping
compression performances in an acceptable range.

This paper is organized as follows. Section 2 introduces
the LAR coding method. Section 3 describes the partitioning
process and its influence onto our coder. Section 4 describes
the partitioning process with the Lab color space. Section
5 provides comparative results between the use of the Lab
color space instead of the original one.

2. LAR CODEC: PRINCIPLES

2.1 LAR overview
The LAR (Locally Adaptive Resolution) codec relies on a
two layer coder system as illustrated in figure 1. The first
layer, called FLAT coder, encodes the global image infor-
mation leading to a low bit-rate version of the image. The
second layer, called spectral layer, deals with texture, aim-
ing at visual quality enhancement at medium/high bit-rates.
Therefore, the method provides natural SNR scalability.
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bit rates. To reduce this overhead, we need to limit
the number of regions to obtain rudimentary simplified
regions. This often leads to a decrease in the accuracy
of the shape description. For the same reason, hierarchi-
cal representations are generally not supported and are
limited to their top levels, as the coding of the structure
itself can become prohibitive.

2) Region-based methods mainly preserve the ”shape”
component and often neglect the ”content” component.
Consequently, for a given representation, an encoded
shape becomes independent of its content.

3) On one hand, region-based representation requires the
use of complex image segmentation algorithms. This
step generally forms a major obstacle to the achievement
of a real time processing system. On the other hand,
the use of basic image segmentation algorithms impact
strongly on the accuracy of the region description.

4) Common region-based coding schemes authorize the
encoder only to define region representation; the decoder
does not have any decision-making function. This type
of approach cannot, therefore, be used for certain classes
of application such as image database browsing, where
the operator would define and select his own regions of
interest.

Our current work deals with finding a new direction in cod-
ing methods, trying to link the aforesaid traditional methods
with region-based approaches. We also consider the problem
of color image compression as a whole process: the objective
is to not duplicate the same scheme for the three color
components independently, because this has been shown to be
sub-optimal. The paper therefore presents a global approach
for both the encoding of color images and region-level repre-
sentation, i.e. unifying concepts of shape and content.

The next section introduces the Locally Adaptive Resolu-
tion (LAR) method as a content-based scalable image codec
based on a variable size block representation. It involves two
successive main layers: a first layer encodes the global image
information at low bit rates, and a second one compresses
the local texture. Starting from a coding solution suitable
for luminance images, we propose a few adjustments to the
processing of chromatic components.

The concept of self-extracting regions is then presented in
section III. To gradually enhance the quality of rebuilt images
while using scalable coding, the idea is to insert a segmentation
stage computed at both the coder and the decoder. This stage
uses only first-layer rebuilt images and is efficient because the
low bit rate LAR images keep their global content, in particular
object contours. A segmentation method is proposed, handling
low bit rate luminance images and based on the adjacency
graph theory. It leads to an hierarchical region representation
at no-cost, as no further information is transmitted to describe
regions. ROI coding then enables the second compression
layer for the selected regions only. This local enhancement
is straightforward in our scheme as the regions and the full
LAR codec share the same variable size block representation.

In section IV, we extend the self-extracting region principles
to color images. Actually, chromatic information can be used
to improve segmentation results. On the other hand, region

representation deduced from only the low bit rate luminance
LAR image can be used to encode the two chromatic com-
ponents at a region level. We also investigate a third method
which consists of creating a segmentation based mainly on
the luminance component and controlled at the coder by
additional chromatic information. This approach introduces a
low overhead because of the control data transmitted to the
decoder. At the same time this solution provides better region
representation in terms of color consistency and therefore
improves chromatic components compression at a region level.

Finally, a last section is dedicated to conclusions and
perspectives.

II. FLAT LAR CODEC PRESENTATION

The basic idea for LAR is that the local resolution of an
image, i.e. the pixel size, can depend on local activity. On
smooth luminance areas, resolution can be lowered. On the
other hand, when local activity is high, resolution can be
increased. Furthermore, one image I can be considered as a
two-component overlay:

I = Ī + (I − Ī︸ ︷︷ ︸
E

) (1)

where Ī represents the global image information (typically
the local mean value) estimated on a given support, and E
represents local variation (local texture) around it. As a result,
the dynamic for E depends on two main factors:

1) local activity inside the image,
2) dimension for the support of Ī .
Given that an image can be roughly considered as consisting

of fairly homogeneous areas and contours, then E has a low
dynamic in uniform areas through the adaptation of its support.
Inversely, E has a strong dynamic on contours, since support
for Ī can be larger than one pixel.

The LAR method is based on a two-layer codec, with a
spatial layer for Ī coding and a spectral layer for image error
E coding (texture), called respectively flat coder and spectral
coder. In this way, the codec naturally offers at least two levels
of scalability. Figure 1 shows the overall principle.

Original
Image Flat Coder

Spectral Coder

+
-

Flat decoder

Spectral decoder

Low resolution
image

Middle / high
resolution image

+-

Fig. 1. Overall two-layer LAR coding scheme - flat + spectral coders.

The following sections describe the contents of the different
encoded layers. The space selected for color representation is
the traditional one for lossy coding, namely Y:Cr:Cb in 4:4:4
format. Various considerations have motivated this choice:
decorrelation of information while observing Y:Cr:Cb compo-
nents, uniformly distributed entropy on chromatic components
[15], simplicity of this transformation and, finally, simplicity
while using this representation space (linear transformation,
integer values).

Figure 1: Overall two-layer LAR coding scheme - flat + spectral coders.

The basic concept of the LAR method is that local resolu-
tion, in other words pixel size, should be adapted to suit local
activity. In the LAR codec the image is decomposed into
blocks of different sizes. Those sizes depend on the local ac-
tivity estimated through a local morphological gradient. This
image decomposition is performed conditionally to a specific
quadtree data structure, encoded in the FLAT coding stage.
Thanks to this type of decomposition, block sizes implicitly
give the nature of the given block: smallest blocks are lo-
cated upon edges whereas large blocks map homogeneous
areas. Then, the main feature of the FLAT coder consists of
preserving contours while smoothing homogeneous parts of
the image. This quadtree partition is the key system of the
LAR codec and must be carefully computed.

This quadtree based image partitioning is exploited by
the LAR features and services and can in particular be ex-
ploited to get a free hierarchical region representation: from

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 2037



the low bit-rate image compressed by the FLAT LAR, both
coder and decoder can perform a segmentation process by it-
eratively merging blocks into regions. A direct application is
then Region Of Interest (ROI) enhancement, by first select-
ing regions, at the coder or the decoder, and enabling second
layer coding only for the relevant blocks. It can also be used
as regions based chrominance coder for the lower bit-rates.
An exhaustive description of the partitioning algorithm can
be found in [5]. In order to code the FLAT and spectral layer
the Interleaved S+P with entropy coder is used [2]. This spe-
cific Interleaved S+P coder enables other services such as
scalabity in resolution and quality, data hiding and cryptog-
raphy and is commonly used in the LAR.

3. IMAGE PARTITIONING

The LAR codec is based on a variable-size block represen-
tation relying on a homogeneity criterion. The proposed ap-
proach involves quadtree partitioning with all square blocks
having a size equal to a power of two. This partition is
denoted P[Nmax...Nmin] where Nmax and Nmin represent respec-
tively the maximum and minimum values of authorized block
sizes.

Many methods rely also on variable-size block represen-
tation. In particular, MPEG4-AVC/H.264 intra mode autho-
rizes a P[16,4] partition (it splits images into 4 × 4 or 16 × 16
blocks), where size selection operates to produce the best bit
rate/distortion from a PSNR point of view. Methods based
on tree structures operate from the highest level (or maximal
size) by cutting down nodes into sons when a given homo-
geneity criterion is not met. Several homogeneity tests can
be found in literature [12], [8]. In most cases, they rely on
computing a L1 or L2 norm distance between the block value
and the value of its four sons.

Our coder result and all of its services deeply depend on
the quadtree partitioning process that gives the coder an im-
age representation. Since most features of our coder rely on
it, the splitting process must be carefully tuned in order to
have an image representation coherent to the human vision.

3.1 The partitioning process

The image partitioning is based on a quadtree topology orig-
inally deduced from a morphological gradient computation
(difference between maximum and minimum luminance val-
ues on a given support).

The partitioning algorithm first extracts the minimum and
the maximum pixel values of a given block and uses them to
compute the homogeneity. The homogeneity is then com-
pared to a given threshold TH .

The partitioning process starts by splitting the image into
uniform Nmax square blocks and a quadtree is built on each of
these initial blocks. The algorithm splits the block into four
sons until either the homogeneity criterion or the block size
Nmin is reached. This algorithm is summarized by the figure
2.

In most color images three color planes are used to rep-
resent the colors, like RGB or YUV [14] color spaces. An
identical quadtree partitioning is used for all color channels.
The global algorithm is unchanged and the blocks are split-
ted if either one color channel does not meet the homogeneity
criterion.

Homogeneous?

Homogeneousness criteria

Minimum and maximum pixel value extraction

YES

NO

Min Max

The block is done 

and will not be split

The block is split up

The block to test

Mininal block 

size reached?
YES

NO

If the blocks have not 

reach the minimal 

block size the spliting 

process is reiterated 

on each of them

Done

Figure 2: Partitioning Algorithm

3.2 Partitioning influence onto the coded image

Our coder performances are strongly related to this partition
from lossy to lossless compression. The partitioning result
has to be as accurate as possible, in terms of compression as
well as representation. It is even more critical during lossy
compression. Indeed the partitioning has to describe the im-
age details accurately enough to restore visually important
details without over-partitioning onto non significant areas.
Over-partitioning causes an increase of the final rate as re-
dundant data have to be encoded leading to decreased com-
pression performances. Under-segmenting remains also crit-
ical in our scheme as necessary details are not represented in
the Flat LAR layer. Therefore the texture coder has to com-
pensate this loss of data which is very costly.

A good balance has to be found here in order to combine
a good representation of the image content while perform-
ing well with lossless and lossy compression. Furthermore,
keeping the same partitioning algorithm for lossy or lossless
compression is of great importance for the method unique-
ness.

The YUV criterion, originally used in our coder, does
not consider Human Visual System (HVS) features. Thus
the measured criterion does not fully relate to the perceived
color difference (as human would do) and this can lead to
a locally non consistent partitioning from the HVS point of
view.

In order to correct these flaws, the partition criterion has
to take advantage of the human vision. A perceptual color
space such as the Lab one is then naturally preferred.
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4. IMAGE PARTITIONING USING THE LAB
COLOR SPACE

To take into account a psycho-visual criterion in the quadtree
partitioning process, we propose to use the La*b* color
space specified by the CIE (International Commission on
Illumination)[6] as an analysis color space. This space is
composed of a luminance channel (L) and two chrominance
channels (a and b). In this space the Euclidean distance be-
tween two (L,a,b) points is supposed to be the visually per-
ceived difference. Other improved metrics have been later
proposed such as4E94 [3] or4E2000 [9].

To validate this color space for our coder we proposed
to compare two partitioning criteria in the Lab space to the
morphological gradient in the YUV one. More specifically,
we evaluate our partition process with criteria based on the
4E94 and the Euclidean distance as homogeneity criterion.
Consequently the partitioning process aims at describing the
edges as the human eye would actually see them. The choice
of the 4E94 rather than 4E2000 is mostly justified by its
relative computational simplicity.

4.1 Tested homogeneity criteria
All criteria take as inputs the minimum and the
maximum pixel values on the three color planes
on a given support. Thus, for YUV color space,
(Ymax,Ymin,Umax,Umin,Vmax,Vmin) values are tested and
for Lab color space, (Lmax,Lmin,amax,amin,bmax,bmin) values
are tested.

4.1.1 Morphological gradient: YUV color space

criterion = max(4Y,4U,4V )
with :
4Y = Ymax−Ymin
4U =Umax−Umin
4V =Vmax−Vmin

(1)

4.1.2 Euclidean distance: Lab color space

criterion =
√
4L2 +4a2 +4b2

with :
4L = Lmax−Lmin
4a = amax−amin
4b = bmax−bmin

(2)

4.1.3 4E94: Lab color space

criterion =
√
4L2 + 4C

1+K1C1

2
+ 4H

1+K1C2

2

with :
4C =C1−C2

C1 =

√
(amax)

2 +(bmax)
2

C2 =

√
(amin)

2 +(bmin)
2

4H =
√
4a2 +4b2−4C2

K1 = 0.045,K2 = 0.015

(3)

5. RESULTS

5.1 Testing procedure
Input images are in RGB color format and each of these
color planes are compressed in the RGB space by the Inter-
leaved S+P compression algorithm with entropy coder (see

figure 3). The image set is composed of five natural image:
barba, lenat, parrots, peppers, and P06 from Microsoft JPEG
database. The Interleaved S+P coder is set in a lossless pro-
file and is driven by the quadtree partitioning of the image
computed in either YUV space or Lab space. Compression
level has not been changed in our analysis since the ideal par-
titioning threshold TH has proved to be the same for all com-
pression settings and because this analysis focuses on image
representation.

Color transform 

to YUV

RGB

To

Lab

Quadtree

partitioning

Interleaved S+P

coder

Quality

measurerment

RGB

Results
Rate

Original 

image

Partitioning

Quadtree

partitioning

Interleaved S+P 

coder

Y U

Partitioning

Coded ImageCoded Image

Rate

V
L a b

Figure 3: coder configuration

The images shown are issued from the FLAT coder.
The visual quality of those images directly depend on the
quadtree partitioning since FLAT images are splitted into
blocks following the partitioning. The representation qual-
ity of the partitioning is then easy to visually evaluate.

In order to fairly compare the partitioning computed with
the YUV color space and the Lab color space the ideal YUV
partitioning threshold TH is computed. The ideal threshold
TH is the one giving the lower bit-rate in lossless compres-
sion. The Lab partitioning is set with a threshold TH giving
the closest number of bloc to the ideal YUV partitioning. A
reasonable assumption is that an equivalent number of blocks
also gives an equivalent bit-rate and vice versa. Therefore the
representations are compared at the best compression perfor-
mances and at similar number of blocks.

5.2 Quality metrics
Image quality is usually evaluated with a PSNR based met-
ric even if in the same time it is well none that PSNR is
not well correlated to human observation. It is even worst
with color images where three color planes have to be ana-
lyzed and some metrics do not give the same score in RGB
or YUV color spaces. Several objective metric asses this is-
sue by including human vision system properties in the score
calculation improving the correlation with human observers.

In the LAR case the PSNR is the worst metric to consider
[11]. It gives incoherent results, especially when comparing
to other codecs. As an example the FLAT image barba pre-
sented in figure 4 is clearly improved by the Lab partitioning
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when the WPSNR PIX shown in table 1 is worst for a com-
parable bit-rate.

Rate/distortion YUV Lab Euclidean Lab ∆94
WPSNR PIX 24.909dB 24.887dB 24.896dB
FLAT bit-rate: 1.243bpp 1.241bpp 1.238bpp

Table 1: WPSNR PIXRGB and bit-rate, YUV and Lab rep-
resentations (image: barba)

One explanation is coming from the fact that the LAR
codec slightly move the contours witch is interpreted as an
error by some metrics even if visually there is nothing no-
ticeable.

C4 metric has been proved to be the most efficient met-
ric on computing the LAR image quality and correlates the
most with human observation [11]. This metric evaluates the
quality from 1 to 5 as in subjective assessment rating where
1 is the poorest quality. This metric is used in the following
results.

5.3 Comparison of YUV and Lab representation
Rate variation between the lossless compression with YUV
partitioning and Lab partitioning is very small. Usually
the Lab representation causes an average rate increase of
0.01bpp as the table 2 shows. Therefore the Lab partitioning
can also be used for compression purpose without significant
compression ratio loss.

bpp YUV Lab Euclidean Lab ∆94
Barbara 13.567 13.577 13.566

Lena 13.394 13.393 13.391
P06 12.173 12.166 12.170

Parrots 9.791 9.833 9.797
Peppers 14.849 14.858 14.854
Average 12.755 12.765 12.755

Table 2: Lossless coding costs in bpp with different parti-
tioning criteria and optimal threshold TH

Rates being the same, representations quality remain to
be evaluated and compared. The representation can be both
evaluated visually and with the C4 metric. The C4 metric is
used here by comparing the original image with the FLAT
image.

In order to evaluate the representation difference between
the several partitioning, FLAT images have to be looked at
and visually compared. On some images the differences are
barely noticeable but on others the Lab representation with
Euclidean criterion clearly outperforms the YUV and Lab-
∆94 representation by introducing less noticeable artifacts.
The differences usually occur in the red tone color and is es-
pecially visible in fading areas. YUV partitioning is less dis-
criminant in the red tones and produces larger blocks while
the Lab produces smaller and more visually accurate blocks.
Figure 4 shows a good example of the superiority of the Lab-
Euclidean representation.

The visual subjective analysis is correlated with the C4
metric analysis. Lab partitioning with the Euclidean criterion
produces more visually accurate representation as shown in
table 3.

YUV Based representation

Original image

FLAT image from Lab 

partitioning

FLAT image from YUV 

partitioning

Quadtree partitioning 

Lab

Quadtree partitioning 

YUV

Interpolated and 

smoothed image from 

FLAT and YUV

Interpolated and 

smoothed image from 

FLAT and Lab

Lab representation with Euclidean 

criterion

Figure 4: YUV versus Lab partitioning

C4 mesurement YUV Lab Euclidean Lab ∆94
Barba 3.320 3.256 3.143
Lenat 3.703 3.916 3.734
P06 2.953 3.049 2.973

Parrots 4.393 4.363 4.299
Pimen 2.894 3.038 2.912

Average 3.453 3.524 3.412

Table 3: C4 quality assessments with different partitioning
criteria and optimal threshold TH

The LAR codec embeds a dedicated FLAT image
smoothing and interpolation process currently at an experi-
mental stage. This post processed FLAT image can be used
as a low bit-rate final image and a better representation will
naturally lead to better interpolated images as figure 4 shows.
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Although criteria perform almost equally around their
ideal threshold, experiments showed different behaviors
around this point. For these experiments the thresholds are
experimentally set for each criterion. This is not acceptable
from an user point of view in a real case scenario. Therefore
the threshold has to be found a priori without compression
trials. In order to simplify an automatic estimation of this
parameter, rate and quality have to remain stable around the
ideal threshold. This robustness aspect is discussed in 5.4.

5.4 Robustness of the criteria

Our codec does not currently involve a specific technique to
a priori determine the ideal partitioning threshold. For every
image this parameter is different and depends on the nature
and complexity of the image. Two setting approaches can
thus be considered. The first one would be fully automatic
where the threshold is set depending on an image analysis.
The second approach would simply set the threshold to a
standard value depending on the kind of image to process.
In both approaches the threshold value set would probably
be off the ideal threshold.

To observe the coding cost overhead produced by using
a non optimal threshold TH , a test procedure has been de-
veloped. First, for all images in the dataset and all parti-
tioning criteria, the optimal threshold is experimentally de-
termined. An average threshold along the different images
is calculated for each criteria. These average thresholds are
used to perform the partitioning and lossless coding of each
image. Overhead coding cost is finally calculated by sub-
tracting optimal coding costs from ones produced with aver-
age thresholds.
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Figure 5: Lossless coding cost overhead due to non-optimal threshold TH

As shown in figure 5 on average Lab Euclidean and Lab
∆94 criteria perform better than the YUV criterion. The cod-
ing cost overhead is reduced by half when using the Lab
Euclidean criterion instead of the YUV criterion. This way,
even if the threshold is off the ideal threshold the compres-
sion results and the quality remain close to the ones obtained
with the ideal threshold.

6. CONCLUSION

The LAR image coding method relies on a variable block-
size partitioning of the images. In this paper, we propose
to introduce a perceptual color space (Lab) in order to in-
crease the perceptual representation, and to study the im-
pact on compression and representation. Results show that
it is actually possible to combine a better representation effi-
ciency with equivalent compression performances.

From all the Lab based criteria, Euclidean distance gives
excellent results. Compared to the original YUV based crite-
rion, it enables a better robustness against partitioning thresh-
old value variations, a better visual representation combined
with an equivalent compression efficiency.

These results open perspectives for further works espe-
cially concerning the region based color representation in the
LAR coder. The accuracy of the regions representation is
highly correlated to the partitioning efficiency. Moreover,
the segmentation is currently performed in YUV space, and
should be perceptually improved considering a perceptual
color space.
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ABSTRACT
Distributed video coding (DVC) is well suited for low com-
plexity encoding and error robust transmission. The feed-
back channel is the main handicap of state-of-the-art DVC
systems. We previously proposed error locating coding
(ELC) in conjunction with image inpainting as solution. This
paper is focused on ELC with confidence information. It
is shown that the proposed confidence feature improves the
ELC performance and adapts well to the data rate.

1. INTRODUCTION

Video compression is an important topic in modern multime-
dia communication systems. The conventional video codecs
(e.g. MPEG-4, H.264/AVC) are well suited for broadcast
video transmission. Hence, the encoding is done once with
a very high computational complexity, whereas every client
can decode the video with low complexity. That behavior is
not well suited for video encoding on mobile devices, where
the encoder is very limited in computing power and energy.

Distributed Video Coding (DVC) gives the ability to de-
sign video codecs with low encoder complexity. The com-
plex motion estimation part is shifted from the encoder to
the decoder. Thus, the temporal correlation is exploited only
at the decoder. The theories of D. Slepian and J. Wolf [12]
as well as A.D. Wyner and J. Ziv [14] proof that distributed
coding can reach the performance of conventional coding.
Further applications for DVC are given in [8].

The main handicap for state-of-the-art DVC [1, 4] is the
feedback channel [3]. It is necessary for rate control, to guar-
anty high rate distortion (RD) performance. If no feedback
channel is available, state-of-the-art DVC codecs will have
very low RD performance. Data transmitted to the decoder
will not increase the decoding quality, until it reaches a crit-
ical limit. The Slepian-Wolf (SW) decoder only decodes a
valid quantisation symbol beyond the critical rate.

SW decoding can be seen as forward error correction
(FEC, turbo code). FEC only works beyond the critical rate.
In contrast, Error Locating Coding (ELC) adapts to the data
rate. Depending on the rate it is more or less fine grained or
reliable. Thus ELC is working beneath the critical rate with-
out a mandatory feedback channel. In [5] we proposed ELC
to mark unreliable regions in a frame, which were filled in by
inpainting, obtaining the reconstructed frame. In this paper
we will focus on an improved error locating and confidence
feature extraction.

An overview of the proposed DVC codec is given in the
next section, followed by a review of the related work in sec-
tion 3. The proposed error locating methods and confidence
features are described in section 5. The corresponding results
and conclusion are given in section 6 and 7.

Y

X̂X Wyner-Ziv 
Encoder

Wyner-Ziv 
Decoder

SI-
Gen

H.264 
Decoder

H.264 
Encoder

split mux

K K̂

ELC, ImIp

Figure 1: The proposed DVC architecture

2. SYSTEM

The input sequence is split up into key frames K and Wyner-
Ziv (WZ) frames X at the encoder (fig. 1). Whereas the key
frames are encoded by a conventional H.264 intra encoder,
the WZ frames are encoded by the WZ encoder. The pixel
domain WZ encoder follows the DVC principles and has very
low complexity. It quantizes every pixel and does SW encod-
ing (based on systematic turbo code [9]). The decoded key
frames are used for temporal interpolation (BiMESS,[2]) at
the decoder, gaining the side information Y . The side infor-
mation is corrected by the WZ decoder to get the decoded
WZ frame X̂ . On the one hand, the decoder can request par-
ity bits from the encoder until the critical rate for successful
decoding is reached. On the other hand, the proposed error
locating and inpainting can be applied to generate the recon-
structed frame, whereas no feedback channel is needed.

Typically, a DVC codec uses a DCT transform to im-
prove the RD performance. But transform domain DVC has
two drawbacks: at first the encoder complexity is increased
and secondly, the rate control and thus the feedback channel
problem is more complex. The rate control has to operate
on every band (DCT). Therefore, we propose a pixel domain
DVC codec.

The major improvements in the proposed system are the
error locating coding (ELC) and the image inpainting (ImIp)
(see fig. 2). During the decoding process the SW decoder
is observed by the error locating module, which aims to de-
tect error-prone pixels. This information is used in an image
inpainting process, which improves the quality of the side in-
formation Y and the quality of the reconstructed WZ frame
X̂ . In [5] we were focused on the ELC and ImIp. But pixel
are only classified in erroneous and non erroneous pixel. In
this paper we propose ELC algorithms which give an addi-
tionally confidence information. No extra data is transmitted
for ELC, because it only observes the SW decoding process.
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Figure 2: DVC Decoder consisting of SW Decoder and the
proposed error location with confidence feature extraction

3. RELATED WORK

3.1 Error Locating in Distributed Source Coding
Error location in conjunction with distributed source coding
(DSC) was proposed in [7]. Here, the DSC decoder locates
the tampering in a watermarking scenario. A two state chan-
nel model (tampered / non tampered ) is applied, where the
likelihood of each state is estimated on a block basis. The un-
derlying SW coder is implemented by an LDPC code, which
is as powerful as a turbo code.

3.2 Stopping criteria for Turbo Codes
In [11] several stopping criteria for turbo codes are evalu-
ated in conjunction with DVC. The entropy coding in DVC is
done by the SW coder, which is implemented by e.g. LDPC
or turbo code. For a high RD performance of the codec, it is
important to know, whether SW decoding was successful or
not. Based on the evaluated stopping criteria the decoder can
decide whether to request more data from the encoder or to
stop decoding. The modified stopping criteria are the basis
for the proposed confidence feature. Therefore, the criteria
are reviewed briefly.

The sign-change ratio (SCR) criterion [10] counts the
sign-changes in the extrinsic information L2e. If there are
only some sign-changes, the decoding is mentioned to be er-
ror free and is stopped.

The hard-decision-aided (HDA) criterion [10] counts the
sign-changes in the a posteriori information L2 (hard output)
between subsequent iterations and also stops decoding if the
number of sign-changes is low.

The sign-difference ratio (SDR) [13] does not compare
the sign in subsequent iteration, but compare the sign of the
a priori L2a and extrinsic information L2e. Also the decoding
is stopped if only a few sign-changes occur.

Account of the magnitude of the a posteriori information
L2 is taken by the mean-estimate (ME) criterion [15]. If the
mean of the magnitude of the a posteriori information |L2| is
greater than a threshold, the decoding is considered success-
ful.

The fifth criterion is used in the DISCOVER codec [6].
If the number of symbols, with the a posteriori information

(a) line (b) block (c) random

Figure 3: Pixel scan order
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(a) BER vs. data rate

Sequence line block random
foreman 0,204 bpp 0,230 bpp 0,167 bpp

77,5 kbps 87,6 kbps 63,5 kbps
coastguard 0,134 bpp 0,138 bpp 0,086 bpp

50,9 kbps 52,5 kbps 32,6 kbps
soccer 0,536 bpp 0,551 bpp 0,456 bpp

203,6 kbps 209,5 kbps 173,4 kbps
(b) critical data rate

Figure 4: Bit Error Rate (BER) vs. Data Rate, Wyner Ziv
Frames - block, line and random pixel scan order (coast-
guard, foreman, soccer, QCIF, 30fps)

|L2| is below a threshold, decoding is stopped. Additionally
a CRC is applied.

In our proposed error location and confidence estimation
algorithm we use the mentioned stopping criteria in a modi-
fied form to estimate, whether a bit is correct decoded or not.
Therefore, we are aiming to get a confidence information for
each bit and not only for the decoded whole frame.

4. PIXEL SCAN ORDER IN DVC

In a pixel-domain Wyner-Ziv encoder the 2D frame needs
to be transformed into an one-dimensional vector for SW
encoding. The pixel are typically scanned line by line
(fig. 3(a)). In [5] block by block (8×8) pixel scan order
(fig. 3(b)) was proposed for improved error locating capa-
bilities. Furthermore, random pixel scan order (fig. 3(c)) is
also possible (same performance as a second TC interleaver).

The bit error rate (BER) vs. data rate of the first bit plane
is shown in figure 4(a). One can see, that the BER is not
significantly decreased if the data rate is increased. At least
when the critical rate (fig. 4(b)) is reached the BER will drop
to zero. Furthermore, if random pixel scan order is used, suc-
cessful decoding is possible at the lowest rate. The random
scan of pixel will scatter block errors, which produces a good
error pattern for turbo code based SW decoding. Therefore,
we will apply the random pixel scan order in this paper. The
pixel order is fixed and don’t need to be transmitted.
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5. PROPOSED ERROR MAP AND CONFIDENCE
FEATURE ESTIMATION

The stopping criteria reviewed in section 3 give information,
whether the decoding was successful or not. Successful de-
coding means, that the bit plane uk of the original frame X
is equal to the bit plane ûk of the decoded frame X̂ . If the
reviewed criteria can give information whether the whole se-
quence is decoded successfully, it can also give information
about successful decoding of each single bit ûk.

The key idea of the proposed algorithm is to generate an
estimated error map emapest in the first step, by comparing
the SW decoder output bits with the input bits. In a second,
step a modified stopping criterion (confidence feature) is es-
timated to separate the predicted error map into reliable and
non reliable segments. This two step approach improves the
error locating performance.

The proposed error map prediction and confidence fea-
ture estimation does not rely on a transmission overhead, be-
cause it only uses information available from the turbo de-
coder (SW decoder). Furthermore, the WZ encoder is left
untouched, preserving the low encoder complexity.

5.1 Error Map Estimation
The estimated error map emapest(k) is generated by compar-
ing the hard SW decoder output ûk with the hard decoder in-
put y(b)k (eq. 1). The hard decoder input is the corresponding
bit plane b of the side information Y . For performance evalu-
ation the real error map emapreal(k) defined in equation 2 is
also calculated.

As shown in figure 4(a), the BER is not decreased before
the critical rate is reached. So the number of errors in the
decoder input y(b)k (fig. 4(a),data rate 0 kbps) and output ûk
is nearly the same. But the erroneous bits are in different
positions. Therefore, the predicted error map is generated by
comparing the hard decoder input and output.

emapest(k) = ûk 6= y(b)k (1)

emapreal(k) = uk 6= y(b)k (2)

5.2 Confidence Feature Estimation
The estimated confidence feature is used to separate the es-
timated error map into true positives (tP, estimated and real
error position) and false positive (fP, estimate error but no
real error). The confidence feature generation is based on the
modified stopping criteria. In this section we present several
confidence features, which are evaluated in section 6.

At first, we focus on the sign-change stopping criteria.
The SCR, HDA and SDR criteria are used to generate a sign-
change vector for each iteration sc(i)criterion(k). A maximum
number of 10 iteration is used (eq. 3-5).

sc(i)SCR(k) = sgn
{

L(i)
2e (uk)

}
6= sgn

{
L(i+1)

2e (uk)
}

(3)

sc(i)HDA(k) = sgn
{

L(i)
2 (uk)

}
6= sgn

{
L(i+1)

2 (uk)
}

(4)

sc(i)SDR(k) = sgn
{

L(i)
2a(uk)

}
6= sgn

{
L(i)

2e (uk)
}

(5)

Where L(i)
2a(uk), L(i)

2e (uk) and L(i)
2 (uk) are the a priori, extrinsic

and a posteriori information of the bit uk in the i-th iteration.

sc
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Figure 5: Calculation of the sum feature scriterion(k) and po-
sition feature pcriterion(k) based on the sign-change vector
sc(i)(k)

Based on the sign-change vector sc(i)criterion(k) two confi-
dence features for each criterion are extracted. On the one
hand the sum of sign-changes scriterion(k) (eq. 6) is calcu-
lated for a bit uk over all iterations. On the other hand the
iteration of the last sign-change pcriterion(k) (position, eq. 7)
is extracted (fig. 5). Corresponding to the stopping criteria
fewer sign-changes or only sign-changes in first iteration in-
dicate lower error probability and thus a reliable error map.

scriterion(k) =
∣∣∣{i;1≤ i≤ 10,sc(i)criterion(k) = true

}∣∣∣(6)

pcriterion(k) = max
i

{
i; sc(i)criterion(k) = true

}
(7)

Based on the ME criterion, the me(k) feature (eq. 8) is calcu-
lated. It separates the error map into n = 11 segments, corre-
sponding to the absolute value of the a posteriori information
after the last iteration |L2(uk)|. The greater the absolute value
of the a posteriori information, the higher the probability that
the decoded bit is equal to the original one ûk = uk and thus
the estimated error map is right.

me(k) = {r; Lborder,r ≤ |L2(uk)| ≤ Lborder,r+1} (8)

Lborder,r = a
r

∑
j=1

b j b = 1.5

a =
max{|L2(uk)|}

∑
n
j=1 b j

We used a smaller interval size for small L-values |L2(uk)|
than for bigger ones, because we want to have a more fine-
grain confidence feature in unreliable regions and coarse-
grain feature in reliable regions.

The proposed confidence features are the sum sign-
change features (sHDA(k),sSCR(k),sSDR(k)), the position
features (pHDA(k),pSCR(k),pSDR(k)) and the ME feature
(me(k)). The features divide the error map into 10 (HDA,
SCR) or 11 (ME, SDR) segments. The error map in every
segment is more or less accurate, thus the feature indicates
whether the error map is accurate or not. The significance of
each feature is analysed in the simulation results (sec. 6).
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(a) true positive rate, HDA, sHDA(k)
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(b) true positive rate, SCR, sSCR(k)
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(c) true positive rate, SDR, sSDR(k)
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(d) false positive rate, HDA, sHDA(k)
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(e) false positive rate, SCR, sSCR(k)
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(f) false positive rate, SDR, sSDR(k)

Figure 6: HDA, SCR and SDR sum feature scriterion(k), foreman, QCIF, 30fps (colored lines→ feature values, eq. 6)

6. SIMULATION RESULTS

The simulation results are based on the QCIF sequences
coastguard, foreman and soccer at 30 fps and a KWK GOP
structure.

At first the sum feature scriterion(k) for the modified HDA,
SCR and SDR criteria are evaluated. In figure 6(a-c) the
true positive rate P[emapest = 1|emapreal = 1] for the fore-
man sequence is shown. The black line (m) indicates the true
positive rate without applying any feature, whereas the other
colored lines depend on the feature value (see legend). For
the HDA criterion (fig. 6(a)) there is a big difference in the
true positive rate depending on the feature value. But the per-
formance (higher true positive rate) is not increased with an
higher data rate. The SCR criterion (fig. 6(b)) shows only
small capability to separate reliable error map segments and
non reliable, because the true positive rate is nearly indepen-
dent of the feature. At least, the SDR criterion (fig. 6(c))
shows good properties, because the sum feature can separate
reliable and non reliable error map segments. Furthermore,
the performance of this feature is increased with an increased
data rate.

On the other hand the false positive rate P[emapest =
1|emapreal = 0] (error estimate but no real error, fig. 6(d-f))
is also important. The SDR sum feature also shows the best
performance, because the error map is divided into segments
with high difference in the false positive rate, depending on
the feature. Furthermore, the feature values 0 . . .2 shows
high true positive rate and low false positive rate for medium
to high data rates. This is a very good property. For low
data rate the SDR sum feature and the estimated error map
is not accurate. Therefore, the error map estimation needs to
be improved before an accurate feature can be selected. In
conclusion a low value of the feature indicates a good error
map and thus high confidence.

In contrast to the sum feature scriterion(k) the performance
of position feature pcriterion(k) is slightly worse. From a com-

putational complexity perspective sum and position feature
are equal, therefore we propose to use the SDR sum feature.

The ME feature is only dependent on the absolute value
of the a posteriori information L2(uk). A higher feature value
corresponds to a higher L-value and thus to a more reliable
decoding and error map. The true positive, false positive and
bit error rate (BER) are shown in figure 7. The true positive
rate depends on the feature value, but for a medium data rate
all the curves intersect. Therefore, there is no advantage of
this feature for medium data rates (40kbps, foreman). Fur-
thermore, the feature is well suited to detect segments with
high BER (fig. 7). That is outstanding for the evaluated fea-
tures, because non of the other features is well suited to sep-
arate low and high BER regions.

Figure 8 shows the true positive rate for the sequences
coastguard and soccer. The SDR sum feature and ME feature
shows the same behavior as for the foreman sequence. Thus,
the major properties of the features are independent of the
video sequence.

At least, the pixel scan order has also impact on the fea-
tures presented here. The random pixel scan order shows the
best performance of the confidence estimate features. Thus
we recommend it for ELC and SW coding. Furthermore, the
SW coding performance do not suffer from additional ELC
coding (no transmission overhead, no negative constrains).

7. CONCLUSIONS

An error map and confidence feature estimation for turbo
code based DVC were proposed in this paper. It was shown
that the proposed SDR sum confidence feature gives the best
performance for true positive detection. Furthermore, the
ME feature is best suited for BER classification. In conjunc-
tion with image inpainting the proposed algorithms will help
to eliminate the feedback channel in future DVC systems.

Further work will include the research on a modified im-
age inpainting algorithm, which can handle confidence infor-
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(a) true positive rate
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(b) false positive rate
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(c) bit error rate

Figure 7: ME feature me(k), foreman, QCIF, 30fps (colored lines→ feature values, eq. 6)
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(a) coastguard, SDR, sSDR(k)
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(b) soccer, SDR, sSDR(k)
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(c) soccer, ME, me(k)

Figure 8: true positive rate, SDR sum sSDR(k) and ME me(k) feature, QCIF, 30fps (colored lines→ feature values, eq. 6)

mation to improve the quality of the reconstructed frames.
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ABSTRACT

In this paper, we exploit the characteristics of scalable
video and Peer-to-peer (P2P) network in order to pro-
pose an efficient streaming mechanism for scalable video.
The scalable video is divided into chunks and prioritised
with respect to its significance in the sliding window by
an efficient proposed piece picking policy. Furthermore,
a neighbour selective policy is also proposed to receive the
most important chunks from the good peers in the neigh-
bourhood to maintain smooth content delivery of certain
Quality of Service for the received video. Experimental
evaluation of the proposed system clearly demonstrates
the superiority of this approach.

1. INTRODUCTION

Multimedia applications over the Internet are becoming
popular due to the widespread deployment of broadband
access. However, the conventional client/server archi-
tecture severely limits the number of simultaneous users,
especially for bandwidth intensive applications such as
video streaming. On the other hand, P2P networking
architectures [1] are receiving a lot of interest, as they fa-
cilitate a range of new applications that can take benefit
of the distributed storage and increased computing re-
sources offered by such networks. In addition, P2P sys-
tems also represent a scalable and cost effective altern-
ative to classic media delivery services. Their advantage
resides in their ability for self organization, bandwidth
scalability, and network path redundancy, which are all
very attractive features for effective delivery of media
streams over networks.

In conventional client/server applications, the video
server hosts video contents of different fidelities, such as
high quality material for storage and future editing and
lower bit-rate content for distribution. However, this
process requires either on-the-fly transcoding of com-
pressed content or storage of multiple bit-rate video.
Both these alternatives require that the content is en-
coded many times, which is computationally expensive.
Moreover, the latter option requires additional storage
capacity due to non-exploitation of redundancy among
different versions of the video.

Scalable video coding techniques [2, 3] (SVC) prom-
ise to partially solve these problems, as they allow to
“encode a sequence once and decode it many times, in
many different versions”. They enable content organisa-
tion in a hierarchical manner to allow decoding and in-
teractivity at several granularity levels. That is, scalable

coded bit-streams can efficiently adapt to the applica-
tion requirements. The SVC encoded bit-stream can
be truncated at lower resolution, frame rate or quality
points. After this operation, the video can be decoded
or further truncated.

In this paper, we exploit the features of a scal-
able video codec and P2P networking to perform an
efficient video transmission over a distributed network.
The structure of the scalable bit-stream allows to ad-
apt video sequences to available users’ resources. As a
matter of fact, different viewers will experience differ-
ent video qualities according to their current download
bandwidth. For example, a sudden drop in the download
rate might result in a degradation of the video sequence,
rather than a pause or a loss of frames.

The problem of scalable video transmission over a
P2P network has already been considered in the past
[4, 5]. However, the peculiarity of this work is the use of
a wavelet-based scalable video codec [3] in a BitTorrent-
based [1] P2P system. The main contributions given by
this paper are a new piece picking policy and a new
neighbour selection policy. The first one associates dif-
ferent gains, which result in different priorities, to dif-
ferent parts of the bit-stream, in order to allow video
playback while the sequence is being downloaded. In
practice, this policy selects the subset of the video bit-
stream with the highest bit-rate that can be currently
afforded by a user. On the other hand, there exists a
critical part of the stream, which is a very specific sub-
set of the sequence that cannot be removed from the
original video. The desired behaviour of the system is
that playback should never pause. Pauses occur when a
user fails to receive this critical subset before it is needed
for decoding. Therefore, a neighbour selection policy is
applied, which does not allow a user to request this part
of the stream from peers that might fail to deliver it in
time.

In this paper, Section 2 explains the proposed frame-
work. The main contributions given by this paper are
illustrated in Section 3. Section 4 provides the exper-
imental evaluation of the proposed technique. Finally,
Section 5 concludes this paper.

2. PROPOSED FRAMEWORK FOR
SCALABLE VIDEO OVER P2P NETWORK

This section will give some details about working prin-
ciples of the scalable video codec and the P2P client
used in this work.
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Figure 1 –3D representation of a GOP of a fully scalable
video bit-stream.

2.1 Scalable video coding module

A wavelet-based scalable video (aceSVC) [3] is employed
in this research work. Architecture of aceSVC features
spatial, temporal, quality and combined scalability.
Temporal scalability is achieved through repeated steps
of motion compensated temporal filtering [7]. To achieve
spatial scalability, each frame is decomposed using a
2D wavelet transform. Coefficients obtained through
spatio-temporal decomposition are coded through the
process of bit-plane coding [8] which provides basis for
quality scalability.

2.1.1 aceSVC bit-stream organisation

The input video is initially encoded with the maximum
required quality. The resulting bit-stream is divided into
Groups of Pictures (GOPs). Each GOP is composed of
atoms [9]. An atom is the smallest entity that can be ad-
ded or removed from the bit-stream. Different groups of
atoms form different spatial, temporal or quality layers,
which can be removed to obtain the desired resolution,
frame rate or quality. However, in this work only qual-
ity scalability has been considered. Figure 1 illustrates
the general structure of a GOP; in this example, atoms
are represented by cubes and the three dimensions cor-
respond to the three basic types of scalability. On the
other hand, Figure 2 shows that this very structure can
be seen as one-dimensional if only quality scalability is
considered.

In the main header of the aceSVC bit-stream, the
organization of the bit-stream is defined so that the
truncation is performed at different user points with low
complexity. However, a GOP can only be decoded if its
base layer has been received. It is shown in Figure 2
and it corresponds to the low quality plane of Figure 1.
All the other layers are enhancement layers, which can
be used to improve the received video quality.

...

(GOP)i

...

(GOP)i+1 (GOP)i+2

Base 

Layer m Enhancement Layers

Figure 2 –Structure of scalable video bit-stream when only
quality scalability is considered.

2.2 P2P network module

BitTorrent [6] (BT) is a widely used peer-to-peer pro-
tocol developed by Bram Cohen in 2003. The main idea
behind it is that users’ download rates should be propor-
tional to their upload rates, in order to provide a fair
mechanism and motivate users to share more. In the
original version of the protocol, this is achieved using
tit-for-tat [6] mechanism, in which peers mainly upload
data to peers they are downloading from. Moreover,
peers occasionally behave altruistically, in order to dis-
cover potentially good neighbours.

In this research work, Tribler [1] is used as a BT cli-
ent. Its main features include exploitation of social re-
lationships among peers and content discovery through
exploration of the network, instead of browsing a torrent
repository. Finally, Tribler supports video on demand
for non-scalable sequences. In this case give-to-get [1] al-
gorithm is used, instead of tit-for-tat, which means that
peers will upload to peers that have proven to be ‘gen-
erous’ towards third parties, rather than those which
currently have high upload rates.

3. PROPOSED MODIFICATIONS FOR
EFFICIENT SCALABLE VIDEO

TRANSMISSION

In this section, we formulate how the scalable layers
of aceSVC video are prioritised in our proposed sys-
tem. First we explain how the video segments or chunks
are prioritised in our system and then efficient selection
policy of good neighbours for the most important chunks
is elucidated. These are new features, which have been
implemented on top of Tribler client.

3.1 Piece picking policy

The proposed solution is a variation of the piece picking
policy implemented in the give-to-get algorithm [1].

Scalable video bit-streams are split into GOPs and
quality layers as explained in section 2.1.1, while in BT
files are split into chunks or pieces [6], which have a piece
id. Since there is no correlation between these two di-
visions, some information is required to map GOPs and
layers into pieces and vice versa. This information can
be stored inside an index file, which should be transmit-
ted together with the video sequence. Therefore, the
first step consists of creating a new torrent that con-
tains both files. It is clear that the index file should
have the highest priority and therefore should be down-
loaded first.

Once the index file is completed, it is opened and
information about offsets of different GOPs and layers
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in the video sequence is extracted. For the purpose of
explanation, we assume for now that all BT pieces are
available from at least one peer and that playback has
already started. In other words, we assume that there
are no missing pieces. At this point, it is possible to
define the following quantities and functions:

L, total number of GOPs in the sequence.
Q, total number of quality layers.
W , is a window size (in GOPs).
(t, q), represents a GOP index (t) and quality layer
index (q), where (t, q) ∈ (0, ..., L) × (0, ..., Q). Each
of these ordered pairs is associated to a set of BT
pieces.
tp, current playback position (GOP). Since playback
has already started, tp > 0.
v(t, q), value function. It measures the value cur-
rently associated to BT pieces of (t, q).
r(t, q), request function. It returns the number of
BT pieces associated to (t, q) that have never been
requested.
S is the set of possible candidates ((t1, q1), . . . ,
(tN , qN )) which a new picked BT piece belongs to.
P (S) = (p1, . . . , pk) is a function that maps a set of
aceSVC GOPs and layers S into a set of BT pieces;
p1, . . . , pk are sorted according to their piece id.

This policy uses a sliding window, which consists of W
GOPs. The first GOP in the window is the one with in-
dex tp+1, while the last one has index tp+W . Assuming
that L� tp + W , the following relations hold:

v(t, q) = 0

if (t ≤ tp, q ∈ (0, . . . , Q)) ∨ r(t, q) = 0 (1)

v(t, q) =
1

1 + q
,

if t ∈ (tp + 1, . . . , tp + W ), q ∈ (0, . . . , Q) (2)

v(t, q) =
1

1 + Q + (t− (tp + W ))
,

if t ∈ (tp + W + 1, . . . , L), q ∈ (0, . . . , Q) (3)

The value function v(t, q) is used to determine the
benefit given by the receiving of the BT pieces associated
to a certain (t, q) pair. In detail, Eq. (1) indicates that
no pieces lying before the window will be requested, as
no value is associated to the corresponding (t, q) pairs.
The same holds for any (t, q) whose pieces have already
been requested. Eq. (2) indicates that pieces inside
the sliding window that correspond to the same quality
layer also have the same value. Finally, Eq. (3) shows
that pieces lying after the window have a value that only
depends on the GOP they belong to. Moreover, these
pieces always have a smaller value with respect to those
inside the window.

Therefore, a peer requests pieces from layer i+1 only
if it has already requested layer i completely. Similarly,
a peer only requests pieces lying after the window if
all the pieces inside the window are already marked as
requested.

The piece picking rule consists of two steps:

Figure 3 –Sliding window for scalable video bit-stream a)
Pre-buffering phase starts, b) Pre-buffering phase
ends, c) The window shifts after GOP 0, d) The
window shifts after GOP 1.

1. Finding the best set of candidates S, which is given
by S = arg max(t,q) {v(t, q)}. It is a set of (ti, qi)
that corresponds to a set of BT pieces P (S) =
(p1, . . . , pk).

2. Choosing a piece from this set. In this step,
the decision rule is the following. Given S =
((t1, q1), . . . , (tN , qN )):

• If q1 = · · · = qi = · · · = qN = 0, picked piece p
will be the one in P (S) with the smallest id that
has not been requested yet. These are pieces that
belong to the base layer. This rule gives a higher
priority to the base layer of GOPs according to
their distance from the current playback position,
since the closest ones are the most urgently re-
quired for avoiding pauses, as we will see.

• Otherwise, the rarest piece in P (S) that has not
been already requested will be picked. This is the
standard BT picking policy applied to a smaller
set.

The window shifts every ∆GOP seconds, where
∆GOP represents the duration of a GOP. The only ex-
ception is given by the first shift, which is performed
after the pre-buffering, which lasts W ·∆GOP seconds.
Pre-buffering only starts when the index file has been re-
ceived. Every time the window shifts, two operations are
made. First, downloaded pieces are checked, in order to
evaluate which layers have been completely downloaded.
Second, all outstanding requests regarding pieces of a
GOP that lie before the window are dropped. An im-
portant remark is that the window only shifts if at least
the base layer has been received, otherwise the system
will auto-pause. As far as missing pieces are concerned,
they are treated as chunks that have already been re-
quested. However, this only happens during the piece
picking phase. If a missing piece belongs to the base
layer, the system is paused until it is received correctly.
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Otherwise, the available chunks will be extracted and
decoded.

Figure 3 shows the behaviour of the system with
W = 3. An early stage of the pre-buffering phase is
shown in Figure 3a. The peer is downloading pieces from
the base layer according to their piece id, while in Figure
3b the first two layers have been downloaded and pieces
are being picked from the enhancement layer 2 according
to a rarest-first policy. In Figure 3c, the window has
shifted. As not all the pieces of enhancement layer 2 of
GOP 0 have been received, this layer and higher layers
are discarded. In this phase, pieces from the base layer
and the enhancement layer 1 of GOP 3 have a higher
priority with respect to enhancement layer 2 of GOP
1 and 2. In Figure 3d all the GOPs have the same
number of complete layers and pieces are picked from
enhancement layer 3. Another issue is the wise choice
of the neighbours.

3.2 Neighbour selection policy

It is extremely important that at least the base layer of
each GOP is received before the window shifts. Occa-
sionally, slow peers in the swarm (or slow neighbours)
might delay the receiving of a BT piece, even if the
overall download bandwidth is high. This problem is
critical if the requested piece belongs to the base layer,
as it might force the playback to pause. Therefore, these
pieces should be requested from good neighbours. Good
neighbours are those peers that own the piece with the
highest download rates, which alone could provide the
current peer with a transfer rate that is above a certain
threshold. During the pre-buffering phase, any piece
can be requested from any peer. However, every time
the window shifts, the current download rates of all the
neighbours are evaluated and the peers are sorted in
descending order.

Let’s suppose that p is a piece belonging to the base
layer that a peer wants to download and N1, . . . , Nk are
the peer’s neighbours that are currently uploading to
(or unchoking [6]) it that own this piece. Since neigh-
bours are sorted, R(N1) > · · · > R(Ni) > · · · > R(Nk),
where R(Ni) indicates the current download rate from
neighbour i and k is the number of neighbours. The
threshold value is calculated as:

RT =
n0 · l(p)

W ·∆GOP
(4)

where n0 represents the number of pieces in the base
layer that are currently inside the window, l(p) is the
size of the BT piece for this file and the other quantities
have been already defined. In other words, RT is the
minimum rate that allows these pieces from the base
layer to be received in time. Assuming that

T ∗=̂ min
T

T∑
i=1

R(Ni) > RT , T ≤ k (5)

T ∗ is the minimum number of neighbours which own
this piece, whose sum of download rates exceeds the
threshold and N1, . . . , NT∗ is the set of neighbours from
which base layer pieces can be requested.

4. EXPERIMENTAL EVALUATION

The performance of the proposed framework has been
extensively evaluated to transmit aceSVC encoded video
over P2P network, where seeders and leechers [6] ex-
ist. Tribler client is used for P2P communication. No
restrictions are applied to download bandwidth of the
leechers, while, as far as seeders are concerned, con-
straints are applied. The proposed scheme can be im-
plemented for any SVC encoded bit-stream. For the
experiments, Crew and Soccer CIF sequences at 30 fps
were encoded in aceSVC format. Crew consists of 12
quality layers (192 kbps to 1536 kbps), while Soccer is
made of 10 (96 kbps to 768 kbps). In both cases the
window size is W = 6.

In the first experiment, a comparison between dif-
ferent behaviours of the system with scalable and non-
scalable sequences is given. Both the piece picking
policy and the neighbour selection policy are active. For
the non-scalable case, Crew scalable sequence is treated
as a non-scalable one, which means that the window is
only shifted if all the quality layers have been correctly
received. On the other hand, for the scalable case the
behaviour of the system is the one described in Section
3. There are only two peers that are currently unchoking
the considered leecher. Upload limit is set to 400 kbps
and 200 kbps for them. The seeder with an upload rate
of 200 kbps periodically disconnects and reconnects to
the network and pre-buffering lasts 12.8 s in both scal-
able and non-scalable cases.

Figure 5 shows that the proposed system allows the
received video bit-rate to follow the download rate of
the leecher in the scalable case, since the upper layers
are discarded. This is not possible with a non-scalable
video, which is paused several times, as it is shown in

Figure 4 –Behaviour of the system with a non-scalable ver-
sion of Crew sequence.

Figure 5 –Behaviour of the proposed system with a scalable
version of Crew sequence.
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Figure 6 –Behaviour of the system when neighbour selection
is not active, Soccer sequence.

Figure 7 –Behaviour of the system when neighbour selection
is active, Soccer sequence.

Figure 4. Under the same circumstances, the only way
to avoid pauses in the latter case is to increase pre-
buffering time, which is the behaviour of the original
Tribler.

As far as the second experiment is concerned, Fig-
ures 6 and 7 show the impact of the proposed neighbour
selection policy on the performance of the system. In
this case, upload limit for the seeders unchoking the
considered leecher is set to 320 kbps and 40 kbps. The
piece picking policy is active in both experiments. How-
ever, when the neighbour selection policy is not active,
as Figure 6 shows, the slowest peer is requested pieces
from the base layer which are not delivered in time. This
results in a large number of pauses. On the other hand,
Figure 7 illustrates that this behaviour is not observed
when this policy is in force.

5. CONCLUSIONS

In this paper, we have presented a novel technique which
enabled us to stream scalable video sequences over P2P
network. We proposed a new piece picking policy and
a new neighbour selection policy. The results show that
this piece picking policy allows to adapt the received
video bit-rate to the current bandwidth availability of a
certain user. Moreover, they also show that this neigh-
bour selection policy actually prevents a user from re-
questing base layer pieces from slow peers, which results
in a playback without pauses. The concepts presented in
this paper can be also applied to H.264/SVC, however in

this work we focused on a wavelet-based scalable video
codec. Our future work will focus on the importance of
social-based features in these types of networks.
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ABSTRACT
This paper proposes a block-based spatio-temporal pre-
diction method for video coding. In this method, a
predicted value at each pel is generated by a linear 3D
predictor which uses the causal neighborhood in both the
current and motion-compensated previous frames. When
the causal neighborhood is within the block to be predicted,
previously predicted values instead of the reconstructed ones
are recursively used. Therefore, it can be incorporated
with DCT-based residual coding algorithms where the
reconstructed values are obtained on a block-by-block basis.
In order to minimize the sum of squared prediction errors,
a set of 3D predictors is iteratively optimized using the
quasi-Newton method. Simulation results indicate that
joint use of spatio-temporal prediction attains higher PSNR
than exclusive use of spatial or temporal prediction in a
framework of the proposed method.

1. INTRODUCTION

The latest video coding standard, H.264/AVC [1], employs
various coding tools to achieve high coding performance.
Some of the coding tools significantly contributing to
the performance are connected with inter-frame prediction
techniques. Those include variable block-size, quarter-
pel accuracy and multiple reference frames for motion
estimation and compensation. Another powerful tool
is the intra-frame prediction technique which uses the
reconstructed values of the adjacent blocks in the same
frame. These facts indicate that exploitation of both
spatial and temporal correlations through the prediction
is quite useful for efficient video coding. However, the
H.264/AVC alternatively switches the intra-frame and inter-
frame prediction on a block-by-block basis, namely, joint use
of spatial and temporal prediction is not allowed within a
macroblock.

The effectiveness of joint spatio-temporal prediction has
been already demonstrated in the area of lossless video
coding. In [2], a linear 3D predictor which uses both the
current and motion compensated reference frames is opti-
mized pel-by-pel to enable efficient lossless video coding.
In order to reduce computational complexity required at the
decoder side, we have developed a block-adaptive prediction
technique where a set of 3D predictors is optimized only
at the encoder side and the resulting prediction coefficients
are encoded as side information [3]. In both cases, actual
prediction and succeeding entropy coding processes are
performed in raster scan order. Therefore, the 3D predictor
can always utilize the reconstructed values at spatially
neighboring pels.

On the other hand, most of the current lossy video
coding schemes employ block-based coding algorithm
using DCT (Discrete Cosine Transform). This means the
prediction process must also be a block-based one. Such
a coding structure makes it difficult to exploit both spatial
and temporal correlations simultaneously in the prediction
process because there are no reconstructed values of spatially
neighboring pels except at block boundaries. In fact, there
are only a few studies attempting to use both spatial and
temporal correlations at once in a framework of the block-
based coding algorithm. In [4], unknown values inside of
a block are fragmentarily copied from already reconstructed
regions in the current and previous frames through a template
matching mechanism. Another spatio-temporal prediction
method based on refinement of motion compensated signals
using spatially surrounding reconstructed pels was proposed
in [5]. These studies stand on a kind of pattern analysis
approach and the resulting predicted values are not optimal
in a sense of MMSE (Minimum Mean Squared Error).

In this paper, a new spatio-temporal prediction method
which can be incorporated with the DCT-based residual
coding algorithm is proposed. The method is quite similar
to the block-adaptive prediction technique [3], but already
predicted values instead of the reconstructed ones are
recursively used when reference pels of the 3D predictor
are within the block to be predicted. Due to this recursive
structure, design of the MMSE predictors results in a non-
linear optimization problem. Therefore, we employ the
quasi-Newton method, which is a popular gradient-based
optimization algorithm, to solve the problem.

2. BLOCK-BASED SPATIO-TEMPORAL
PREDICTION

In this paper, we consider that the DCT-based residual
coding algorithm is performed in each block of 8× 8 pels.
Consequently, the prediction process must also be carried
out in each block of the same size. To meet this constraint,
predicted values in the target block, which is indicated by
Bn in Figure 1, are generated by recursively applying a 3D
predictor in raster scan order within the block. A predicted
value at a pel p0 in the block Bn is calculated by the following
equation:

ŝt(p0) =
K1∑
k=1

ak · s̃t(pk) +
K2∑
k=1

bk · s′t−1(qk−1+ v), (1)

s̃t(pk) =

 ŝt(pk) (pk ∈ Bn)

s′t (pk) (otherwise)
, (2)
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Figure 1: Block-based spatio-temporal prediction.

where {pk |k = 1,2, . . . ,K1} and {qk |k = 0,1, . . . ,K2−1} are
reference pels disposed on the current and previous frames,
respectively. Positions of the latter reference pels are
motion-compensated according to a motion vector v which
is detected for each macroblock of 16 × 16 pels. s̃t(pk)
represents an image value used for spatial prediction. Since
the reconstructed values s′t (pk) and s′t−1(qk) are available
only in already encoded blocks, which are shown as colored
blocks in Figure 1, a predicted value ŝt(pk) in a causal
neighborhood is used as s̃t(pk) if the reference pel pk is inside
of the block Bn. In addition, when the reference pel pk is
in a right side block of Bn, the corresponding reconstructed
value is copied from the upper side (it is so called padding
operation), and then used as s̃t(pk) for the prediction.

In this method, prediction coefficients {ak,bk} play a
crucial role. By appropriately changing their values, the
3D predictor provides various types of spatio-temporal
prediction partially including the conventional intra-frame
and inter-frame prediction. It should be noted that the motion
vector (v) is detected with integer-pel accuracy. However,
our method has an ability to perform accurate motion-
compensation because prediction coefficients {bk} give a
similar effect to the adaptive interpolation filters [6] when
order of temporal prediction (K2) is sufficiently high. In
this paper, multiple sets of prediction coefficients {ak,bk}
are optimized frame-by-frame, and the most suitable one is
adaptively selected for each block. Both the optimization
and the block-adaptive selection are carried out in an MMSE
sense as described below.

3. OPTIMIZATION OF PREDICTION
COEFFICIENTS

Let us consider that M kinds of 3D predictors, each of which
has K1 + K2 prediction coefficients {a1, . . . ,aK1 ,b1, . . . ,bK2 },
are assigned to the current frame on a block-by-block basis.
Here we want to minimize the sum of squared prediction
errors over the blocks where the same predictor is assigned.
This is an unconstrained optimization problem with the
following objective function:

J =
∑

n∈Ω(m)

∑
p0∈Bn

{
st(p0)− ŝt(p0)

}2
, (3)

where st(p0) represents an original image value of the current
frame and Ω(m) is a set which consists of indices of the
blocks sharing the m-th predictor. As mentioned above,
the predicted value ŝt(p0) is recursively calculated using
the previously predicted values in the causal neighborhood.
Therefore, the objective function J contains high order
terms of the prediction coefficients and its minimization is
formulated as a non-linear optimization problem with respect
to variables {a1, . . . ,aK1 ,b1, . . . ,bK2 }. To solve this problem,
we employ the quasi-Newton method which is widely used
for minimization of multi-variable non-linear functions [7].
The quasi-Newton method requires calculation of gradient
vectors of the objective function. A component of the
gradient vector is expressed as sum of products between
prediction errors and partial differentials of the predicted
values:

∂J
∂ai
= −2

∑
n∈Ω(m)

∑
p0∈Bn

{
st(p0)− ŝt(p0)

}
· ∂ŝt(p0)
∂ai

. (4)

Furthermore, the partial differentials in the above equation
can be converted to the following recurrence formulas:

∂ŝt(p0)
∂ai

= s̃t(pi) +
K1∑
k=1

ak ·
∂s̃t(pk)
∂ai

, (5)

∂s̃t(pk)
∂ai

=

∂ŝt(pk)/∂ai (pk ∈ Bn)

∂s′t (pk)/∂ai = 0 (otherwise)
. (6)

In the same way, a gradient component with respect to the
variables {bi} can be expressed as:

∂J
∂bi
= −2

∑
n∈Ω(m)

∑
p0∈Bn

{
st(p0)− ŝt(p0)

}
· ∂ŝt(p0)
∂bi

, (7)

∂ŝt(p0)
∂bi

= s′t−1(qi−1+ v) +
K1∑
k=1

ak ·
∂s̃t(pk)
∂bi

, (8)

∂s̃t(pk)
∂bi

=

∂ŝt(pk)/∂bi (pk ∈ Bn)

∂s′t (pk)/∂bi = 0 (otherwise)
. (9)

These equations show that not only the predicted values
but also the gradient vectors required in the quasi-Newton
method can be recursively calculated using the previously
obtained results in the causal neighborhood. Strictly
speaking, the reconstructed value s′(pk) is not a constant
when the reference pel pk belongs to the block using the same
predictor. Since the quasi-Newton method is performed in an
iterative manner, use of the reconstructed values obtained at
the previous iteration would be a practical solution.

4. DESIGN OF MULTIPLE PREDICTORS

In order to generate predicted values at the decoder side, the
proposed method must encode the following parameters as
side information.
• Motion vectors {v} with integer-pel accuracy detected in

the respective macroblocks (16×16 pels).
• Predictor labels {m} which specify the 3D predictors

assigned to the respective blocks (8×8 pels).
• M sets of prediction coefficients {a1, . . . ,aK1 ,b1, . . . ,bK2 }.
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These parameters are iteratively optimized so that the sum
of squared prediction errors calculated over the whole frame
can be a minimum. Concrete procedures are as follows:
(1) Motion vectors {v}with integer-pel accuracy are detected

by the block matching algorithm.
(2) Provisional predictor labels are assigned to all the blocks

according to M level quantization of the sum of squared
errors obtained by the above block matching.

(3) An initial predictor is designed for each region composed
of blocks sharing the same predictor {Bn |n ∈ Ω(m)}.
In this step, MMSE predictors are designed on the
assumption that the original image is available at causal
neighbors. Therefore, the obtained 3D predictors are
equivalent to the ones used in lossless video coding [3].

(4) The predictor label m is renewed for each block by
selecting the optimal 3D predictor which minimizes the
sum of squared prediction errors.

(5) The motion vector v is renewed for each macroblock
within a search area of 3×3 pels.

(6) Prediction coefficients {a1, . . . ,aK1 ,b1, . . . ,bK2 } of each
3D predictor are optimized using the quasi-Newton
method.

(7) Procedures (4), (5) and (6) are iteratively carried out until
all of the parameters converge.

The quasi-Newton method minimizes the objective function
by iteratively performing the line search algorithm in a
descent direction. The descent direction is determined based
on an approximation of the Hessian matrix. In our imple-
mentation, the BFGS (Broyden-Fletcher-Goldfarb-Shanno)
formula is employed for the Hessian matrix approximation
using a series of previously calculated gradient vectors [7].

5. EXPERIMENTAL RESULTS

In order to evaluate basic performance of the proposed
method, several experiments are conducted using CIF-
sized monochrome video sequences (352× 288 pels, 10 Hz,
15 frames). Since the DCT-based residual coding is currently
not yet implemented, the JPEG encoded images with quality
of about 35 dB are used in place of the reconstructed values
s′t (pk) and s′t−1(qk) through the experiments. Reference pels
{pk} and {qk} used for the spatio-temporal prediction are
arranged in spiral order as shown in Figure 2. The parameters
K1 and K2 are related to prediction order and their settings
are crucial to obtain a good trade off between prediction
performance and the amount of side information.
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Figure 2: Disposition of reference pels used for the proposed
spatio-temporal prediction.

5.1 Spatial (intra-frame) prediction

The proposed method can be used for intra-coded pictures
(I-pictures) by setting K2 = 0. Figure 3 plots PSNRs of
predicted images (averaged in 15 frames) as a function of
prediction order K1. In this figure, dotted lines indicate
PSNRs achieved by the conventional intra-frame prediction
method specified in High Profile of the H.264/AVC stan-
dard [8]. The method adaptively switches nine prediction
modes and referred to as ‘H.264/AVC 8×8 intra prediction’.
It is shown that the proposed method outperforms the
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Figure 3: PSNRs of predicted images for I-pictures
vs. prediction order K1 (M = 10, K2 = 0).
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Figure 5: Comparison of predicted images (I-picture).

conventional intra-frame prediction method except at K1 = 2
for ‘Foreman’. The effect of varying the number of 3D
predictors (M) is shown in Figure 4. When enough prediction
order is given (K1 ≥ 6), the proposed method provides higher
PSNRs with fewer varieties of prediction (M ≥ 6) than the
H.264/AVC 8× 8 intra prediction which has nine prediction

modes. Moreover, the advantage of the proposed method in
terms of visual quality is demonstrated in Figure 5.

5.2 Spatio-temporal prediction
Figure 6 plots PSNRs of predicted images for predictive-
coded pictures (P-pictures) as a function of prediction
order K1 + K2 under the condition of fixed number of 3D
predictors (M = 10). In this figure, dotted lines show PSNRs
obtained by block matching based motion compensated
prediction where a motion vector with quarter-pel accuracy
is searched for each macroblock (16× 16 pels). To obtain
predicted values at sub-pel positions, six-tap and bilinear
interpolation filters are employed in the same way as the
H.264/AVC [1]. Moreover, data points connected by dashed
lines indicate the proposed method using temporal only
prediction (K1 = 0). In that case, minimization of the
sum of squared prediction errors is easily accomplished by
solving linear normal equations and the obtained predictors
are equivalent to the adaptive interpolation filters used for
the motion-compensated prediction method proposed in [6].
It is observed that joint spatio-temporal prediction attains
higher PSNRs than the temporal only prediction with the
exception of K2 = 1 for ‘Mobile & Calendar’. The horizontal
axis of the Figure 6 roughly indicates the amount of side
information needed for the prediction coefficients. From
this point of view, combinations of K1 = 2,6 and K2 = 5
seem to be reasonable for video coding application. Finally,
predicted images obtained by the proposed method with the
conditions of K1 = 0,K2 = 13 and K1 = 6,K2 = 5 are shown
in Figure 7. We can see that visual quality of a facial area
with complicated motions is considerably improved by joint
use of spatio-temporal prediction.

6. CONCLUSIONS

In this paper, we have proposed a block-based spatio-
temporal prediction method for video coding application.
The method can exploit spatial and temporal correlations
of video signals simultaneously and is suitable for DCT-
based residual coding technique which are commonly
used in the current video coding schemes. Moreover, it
has a potential for integrating two prediction techniques:
adaptive intra prediction and motion-compensated prediction
using adaptive interpolation filters. Our study is still
exploratory and evaluation of actual coding performance
with quantization of the prediction coefficients should be
conducted in the near future.
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ABSTRACT
Distributed Video Coding (DVC) is an attractive video cod-
ing scheme. It is well-known that the quality of the side in-
formation (SI) strongly impacts the coding performance of
DVC. One of the most popular SI generation techniques is
motion compensated temporal interpolation, where tempo-
ral interpolation is performed by assuming linear uniform
motion. However, it is difficult to generate high quality SI
because there are so many irregular motions. In multiview
DVC, it becomes possible to utilize inter-view correlation in
addition to temporal correlation. Therefore, this paper pro-
poses a temporal frame interpolation method that can com-
pensate irregular motion by estimating motion on view inter-
polated frames. Simulations show that the proposed method
improves SI quality by up to 4.5 dB.

1. INTRODUCTION

Multiview video is attracting a lot of interest for many ad-
vanced visual media applications such as Free-viewpoint
Television (FTV) and 3D Video [1, 2], and video surveil-
lance. The recent remarkable advances in multiview video
processing make it possible to realize such applications in
the near future. The reduced cost of cameras is another fac-
tor stimulating multiview video systems.

FTV allows viewers to roam the captured scenes without
concern for the positions of the real cameras; current video
systems show the viewer just the view of the selected camera.
One promising FTV application is video surveillance. View
point freedom is desirable to increase the accuracy of object
and event detection. One approach to FTV implementation is
using multiview video and virtual view synthesis techniques.

In spite of the recent advances in related technologies, the
number of views required for these applications is still large.
Since the data amount is basically proportional to the number
of views, achieving efficient compression is one of the most
important issues in such applications.

Recently, the Joint Video Team (JVT) of ISO/IEC
JTC1/SC29/WG11 Moving Picture Experts Group (MPEG)
and ITU-T SG16 WP3 Q.6 Video Coding Experts Group
(VCEG) released an amendment of MPEG-4 AVC/H.264 for
multiview video coding (MVC) [3]. MVC can realize the
efficient compression of multiview video by exploiting inter-
view correlations. However, the computational complexity
of the MVC encoder is extremely high because it must pro-
cess multiple videos at the same time. It may be possible to
overcome this problem by assigning one processor to each
view. However this kind of implementation brings another
problem; it is necessary to transmit local decoded pictures
among processors. This may introduce additional delays

and networking bottlenecks, especially for distributed cam-
era networks.

Multiview distributed video coding (MDVC) is a solu-
tion that can achieve efficient compression, low complexity
encoding, and no communication among views at the same
time [4, 5]. In MDVC, the inter-view correlations are ex-
ploited only at the decoder by generating estimates, called
side information (SI), in various ways. It has been proven
that the coding performance strongly depends on SI quality.
Therefore, improving SI quality is a major research topic.
View interpolation (VI), sometimes referred to as view syn-
thesis (VS), is a promising interview prediction method [6].
Although VI has the ability to compensate scene disparities
precisely by using intrinsic and extrinsic camera parameters
of views, it has been reported that the quality of VI side in-
formation (VISI) is very limited [7].

In MDVC, it is possible to use temporal SI, which is
used in general DVC. Temporal SI is generated by assum-
ing the linear motion model and inter-view SI assumes the
Lambert reflection of objects. However it is difficult to inter-
polate frames because motions have the strong irregularities
and no object has a true Lambert surface. Therefore, many
fusion techniques linking intra-view and inter-view SI have
been proposed that attempt to compensate these drawbacks
[6, 8, 9]. However, the existing methods fail to improve the
SI quality given non-Lambert objects with has irregular mo-
tion because these methods simply propose to average some
SIs depending on the magnitude of the estimated motions,
which is one of the reliability measures on interpolation cor-
rectness.

In this paper, we propose a novel method to generate high
quality SI by utilizing both temporal and inter-view correla-
tions. This paper is organized as follows. First, we overview
MDVC and describe the issue treated in this paper in Section
2. The proposed method is introduced in Section 3. Simu-
lation results are presented in Section 4. Finally, Section 5
concludes this paper with some remarks.

2. MULTIVIEW DISTRIBUTED VIDEO CODING

MDVC is the multiview version of distributed video coding
(DVC), which is based on the theoretical results reported by
Slepian & Wolf [10] (for the lossless case) and Wyner & Ziv
[11] (for the lossy case). These papers revealed that the cod-
ing performance that results from the separate encoding of
two correlated sources can match the performance of joint
encoding if they are jointly decoded by exploiting the sta-
tistical dependencies. In a practical DVC implementation
[12, 13], the frames are classified into two groups: the key
frames (KFs) and the Wyner-Ziv frames (WZFs). KFs and
WZFs are encoded separately. Only the parity bits of channel
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Figure 1: General Side Information Generation Method (left:
MCTI/DCVP, right: VISI.

coded WZFs are transmitted for WZFs while source coding
is applied to KFs. At the decoder, an estimate, called side
information (SI), of WZF is generated by using the decoded
KFs. The decoder considers the SI as WZFs with some chan-
nel errors, and these errors are corrected in channel decoding
by using the received parity bits.

In the mono-view case, motion compensation temporal
interpolation (MCTI) is used to generate the SI [14]. MCTI
estimates the motions between KFs, and the resulting mo-
tions are interpolated by assuming linear uniform motion as
shown Figure 1. In the multiview case, inter-view estimation
is enabled in addition to the temporal one. Many methods
have been proposed to utilize inter-view correlation.

One of the most popular inter-view SI generation meth-
ods is disparity compensation view prediction (DCVP) [8].
DCVP applies almost the same algorithm with MCTI to
frames from different views. One modification is introduced:
an optimal interpolation distance is computed at the first
frame by using the decoded frame of all views, and then
the weight obtained for interpolating disparities is used for
the remaining frames. This modification is introduced be-
cause the view number gives incorrect information on view
position while the temporal timestamp gives the exact tem-
poral position. However, the disparities depend on not only
the distance of the camera but also object position, so this
scheme fails to compensate the disparities correctly. As a
result, DCVP usually yields lower SI quality than MCTI.

View interpolation (synthesis) SI (VISI) can achieve pre-
cise disparity interpolation by simulating the camera shoot-
ing process; each pixel in KFs is inversely projected into the
scene to reconstruct 3D points, and then the reconstructed
points are re-projected into the camera plane of WZF as
shown Figure 1. In order to perform the inverse projection,
it is necessary to know the scene depth, the distance between
camera and object. Therefore, depth estimation like stereo
matching is conducted between KFs in the process of VISI
generation. This method can interpolate scene geometry pre-
cisely if the depth information is correctly estimated.

It was reported that VISI quality is very limited [7].
There are many factors that prevent the existing VI meth-
ods from providing good predictions. One is the difficulty of
estimating the geometric information correctly. This prob-
lem has been tackled for many years by a lot of researchers,
especially in the computer vision field. The accuracy of es-
timation is not perfect and further studies are needed, but
it seems acceptable for the purpose of estimating scenes as
shown Figure 2. Therefore, this problem is not treated in this
paper.

Another factor is the inability to compensate the inter-
view image signal mismatch caused by the heterogeneous
cameras. It is difficult to use identical camera settings in
practice, so many kinds of interview image signal mismatch

Figure 2: Example of VISI (top left: original, top right: VISI,
bottom: estimated depth map).

Figure 3: An example of inter-view focus mismatch.

occur. One example is the use of different exposure, fo-
cal length, and/or shutter speed settings, which can result
in differences in in-focus position and range that appear as
sharpness and blur disparities (see Figure 3). Another ex-
ample is the use of different gain and dynamic range control
settings, which result in image signals with different inten-
sities. We have proposed adaptive filtered view interpola-
tion SI (AFVISI) to reduce these inter-view signal mismatch
[15]. Adaptive filtering can improve the SI quality when the
quality of VISI is relatively high. However, if there noise is
large, the filtering process sometimes spreads the noise into
the neighbouring regions. Therefore, we propose another ap-
proach to improve SI quality through the use of VISI.

Multiview motion estimation (MVME) is generated by
using both temporal KF and inter-view KF [16]. MVME es-
timates the motion vectors in the side views and then mo-
tion compensated prediction is performed at the center view.
Before conducting motion compensation prediction, the esti-
mated motion vectors are transformed by using the estimated
disparity vector between side and center views. Figure 4 il-
lustrates the MVME concept and one possible path for pre-
diction. If there are 8 neighbouring KFs available, there are
8 paths to predict one WZF. Therefore, the final MVME is
generated by averaging all 8 predicted images.

The proposed method also uses both temporal KFs and
inter-view KFs. In this sense, the proposed method takes an
approach similar to that of MVME. However the proposed
method has no limitation in camera settings while MVME
can provide correct vector transformation only when the op-
tical axes of all cameras are orthogonal to the motion. More-
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Figure 5: Basic concept for the VSME technique.

over, the proposed method uses only temporal image signals
to generate the final SI while MVME uses both temporal and
inter-view.

3. VIEW SYNTHESIS MOTION ESTIMATION

As already described, one of the fatal drawbacks of MCTI,
which interpolates frames temporally, is the assumption of
linear uniform motion. On the other hand, VISI, which is
one of the geometrically precise inter-view frame interpola-
tion methods, fails to generate high quality SI due to its in
ability to compensate the inter-view signal mismatch caused
by heterogeneous camera settings and non-Lambert reflec-
tion. Therefore, we propose a novel SI generation method
by combining these two methods while eliminating their de-
fects. In other words, the proposed method predicts image
signals temporally with no assumption of motion model.

The main idea behind the proposed method, View Syn-
thesis Motion Estimation (VSME), is depicted in Figure 5.
The motion vectors are estimated between VISIs, which are
generated on both KF and WZF. Because VISI can achieve
geometrically precise frame interpolation, it is possible to
consider VISI on WZF as a correct estimate of the scene of
WZF. Therefore, it becomes possible to estimate motions be-
tween KF and WZF with no assumption of a motion model
by estimating motions between VISI for KF and VISI for
WZF. It is also possible to conduct motion estimation be-
tween KF and VISI for WZF. However it is difficult to find
precise motion vectors because of the signal mismatch be-
tween KF and VISI; the motion estimation errors degrade
the resulting SI quality. The drop in SI quality can be off-
set by the low computational complexity because the process
of VISI generation requires a lot of computation. Therefore,
one future work is to establish an accurate motion estimation
algorithm with KF and VISI. Details of VSME are explained
below.

First, VISIs are generated for KFs and WZF; KFs are
the temporal reference frames of motion compensated pre-
diction. It is possible to apply any algorithm to interpo-
late inter-view frames. The most important requirement of
this view synthesis process is providing geometrically cor-
rect predictions. In this paper, depth maps are estimated for
the view synthesis target frame and simple 3D warping is
used to synthesize the view [17]. Note that depth estimation
is conducted at the decoder side, not at the encoder side: this
means that no depth information is encoded. Depth maps d
are estimated by minimizing the following cost function E;

E (d) = ∑
p
(IL (dp, p)− IR (dp p))2 +λ ∑

{p,q}∈N
|dp −dq| (1)

, p represents a pixel in the depth map, N represents the set of
adjacent pixels, dp represents the depth value of pixel p, and
IL(dp, p) and IR(dp, p) represent the pixel value of the corre-
sponding pixels of center view’s pixel p with depth dp on left
and right views, respectively. This minimization problem is
solved by graph cut.

Second, all generated VISIs are low pass filtered to im-
prove the reliability of the motion vectors because warping-
based view interpolation introduces artificial noise, espe-
cially at high frequencies. Next, a block matching algorithm
is used to estimate the motion of each block in KF by using
VISI for KF and VISI for WZF. The parameters are the block
size, the search window size, and the search range.

Third, the weighted vector median filter is applied to in-
crease spatial coherence of estimated motion vectors [18].

Last, motion compensated frame prediction is performed
by using the obtained motion vector field and KF. If both for-
ward and backward KFs are available, motion vector fields
are estimated separately and then the bidirection motion
compensation of standard video coding is performed to ob-
tain the final SI.

4. EXPERIMENTS

The breakdancers and ballet multiview test sequences were
used in the simulations [19]. The spatial resolution is
256x192 and temporal resolutions are 15 fps for both se-
quences. Both sequences contain rapid and random motions
with relatively large static background.

There are many possibilities for the positions of the KFs
and WZFs. We chose the simplest setting as illustrated in
Figure 6. The views are separated into two categories: intra-
view and inter-view. Inter-view is decoded jointly with the
other views while intra-view is decoded without any other
views. Every second view was defined as intra-view and
the others as inter-view. All the frames in intra-view are en-
coded by H.264/AVC Intra. However the proposed scheme
doesn’t care whether the intra-views employ the mono-view
DVC scheme or not as long as the frames that have the same
timestamps with KFs and WZF, which are reference and tar-
get frames for frame interpolation, are available. We also
assumed that KFs are placed at every second position, and
encoded by H.264/AVC Intra. Note that it is easy to consider
the case where the KF interval is longer. In the experiments
below, only view 4 was evaluated because it is easy to extend
the simulation to the other inter-views.

In the experiments, we evaluated just the SI quality.
Since many SIs have been proposed for MDVC, fusion tech-
niques have also been investigated to generate better SI by
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KF WZF WZF

timeIntra-view(view 3)Inter-view(view 4)Intra-view(view 5)
KF KF

Figure 6: View and frame setting (Gray frames express Intra-
view frames which can be either KFs of WZFs.

utilizing the advantages of each SI[6, 8, 9]. Therefore, it is
possible to obtain a better SI by taking the proposed VSME
as one of the candidates for these fusion techniques. Itera-
tive SI generation is another technique to increase SI quality
[7]. It may be also possible to enhance the quality by us-
ing VSME as a part of the initial SI in the IMSI generation
process.

In order to confirm the effectiveness of the proposed
method, we compared the PSNR value of each SI against
the originals. For the comparison, we implemented MCTI,
DCVP, MVME, VISI, and AFVISI. All the settings for mo-
tion estimation were identical for all SIs. The average PSNR
values are shown in Figure 7. MVME-Motion is MVME
with only 4 motion paths, and MVME-All is with all 8 paths.

As can be seen, the proposed method always shows the
best performance. The gains ranged from 4.5dB to 0.5 dB,
and depend on the sequence and KF quality. The proposed
method brings significant gains with high quality KFs, but
relatively small gains with low quality KFs, especially for
the breakdancers sequence. One of the reasons for the low
performance with low quality KFs is the limited quality for
the reference frame of motion compensated prediction. The
difficulty of depth estimation with low quality KFs and intra-
view frames could be considered as another factor, but the
influence may be limited because the degradation of VISI,
which also requires depth estimation process, is not so large
relative to that of VSME. Figure 8 shows the examples of
VISI and VSME. The example shows that precise view in-
terpolation is not necessary to improve VSME quality.

We also investigated the rate-distortion performance by
using one of the basic DVC frameworks called DCT-domain
Wyner-Ziv codec. The used codec is almost the same as the
well-known DISCOVER codec [20]. One difference is the
parameter for modelling error distribution between WZF and
SI, which is modelled as a Laplacian distribution. In the ex-
periment, the optimal Laplacian distribution parameter was
calculated from WZF and SI while the discover codec esti-
mates it from KFs and SI.

Figure 9 show the RD performance. For each rate point,
KFs and intra-view frames were encoded to have almost the
same quality with the corresponding WZFs. As can be seen,
the proposed method outperforms the other methods over all
bitrates. The improvements reached about 2.5 dB for ballet
and about 1.5 dB for breakdancers at the middle bitrate.

5. CONCLUSION

We proposed a novel temporal SI generation method for mul-
tiview distributed video coding. The proposed method, view
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Figure 7: SI quarity(top:breakdancers, bottom:ballet).

synthesis motion estimation, temporally interpolates the im-
age signals with no assumption of a motion model. In other
words, the proposed method can compensate random motion
correctly. In order to estimate such motion, view interpo-
lated frames are generated for both KF and WZF. Experi-
ments show that the proposed method improves SI quality
by up to 4.5 dB.

One of the drawbacks of the proposed method is its com-
putational complexity because the view interpolation process
introduces extremely high computation loads. Therefore, one
of the future works is to reduce the number of required view
interpolations. One approach is to estimate motion with KF
itself and view interpolated frame for WZF. It is also nec-
essary to consider another algorithm that can generate high
quality SI with lower quality KF.
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ABSTRACT

In this paper, we present optimization methods based
on second-order cone programming (SOCP) for wideband
beamforming arrays. A serious problem in the design of
wideband beamformers with optimized beam patterns is the
sensitivity in regard to sensor mismatch, sensor noise, and
sensor position errors. Especially in case of beam patterns
with high sidelobe attenuation, standard methods like lim-
iting the beamformer coefficient vector norm, or diagonal
loading of the sensor correlation matrix are not sufficient to
deal with sensor mismatch. Therefore, we use an adaptive
calibration of the array sensors. The adaptive calibration fil-
ters are trained during a setup phase, and use the same filter
structures as the fixed beamformer. After calibration, the fil-
ter coefficients are convolved with the optimized beamformer
coefficients. Experimental results show the improved perfor-
mance of arrays with microphones having rather large sensor
tolerances.

1. INTRODUCTION

Wideband beamforming arrays have many applications in-
cluding microphone arrays in the audio frequency range, and
beamformers for wideband wireless systems. The optimiza-
tion criteria for such systems may be different but most ap-
plications demand for a good beamforming behavior, and
an insensitivity against sensor mismatch, and sensor noise.
The latter properties are particularly needed in case of mi-
crophone arrays which normally use mismatched sensors.
Therefore, a robust design is inevitable, and sensor errors
must be considered to obtain a benefit from the beamformer
optimization.

There are several well known methods of robust beam-
former design [1]. However, these methods are not always
sufficient to implement optimized beamformers with mis-
matched sensors. At least in case of microphone arrays with
off-the-shelf sensors, a sensor calibration should be used. For
this purpose, we apply a straight forward procedure as pro-
posed in [2, 3].

Optimization of beamforming arrays using SOCP has
been studied in [4, 5, 6, 7]. In case of wideband arrays,
the mainlobe and sidelobe regions of the beam pattern are
optimized within a range of source directions, and within a
frequency band. The very large amount of constraints, how-
ever, may be prohibitive to find a feasible solution of the
optimization problem. Therefore, we propose to eliminate
the frequency dependence by optimization of the wideband

beam pattern instead. The wideband beam pattern shows the
dependence of the beamformer output on the direction of a
wideband source signal. With this approach, the computa-
tional demand is significantly reduced. In addition, an op-
timized design of 2- and 3-dimensional arrays with an in-
creased number of sensors is also feasible.
In section 2, we derive a framework for SOCP-based

optimization of linearly constrained minimum variance
(LCMV), and of weighted least squares (WLS) wideband
beamformers. Section 3 gives a brief description of the adap-
tive system used for automatic sensor calibration. Some rep-
resentative experimental results are discussed in section 4,
followed by a conclusion in Section 5.

2. FILTER-AND-SUM BEAMFORMER

Wideband beamformers may be implemented by processing
each sensor signal with optimized finite impulse response du-
ration (FIR) filters as shown in Fig. 1.

h1[n]
x1[n]

FIR

xm[n]

xN [n]

hm[n]

hN [n]

y[n]

Figure 1: Filter-and-sum beamformer using FIR filters with
real-valued impulse responses hm[n].

The beamformer output signal spectrum using filters with
length L real-valued impulse responses hm[n], m= 1,2, . . . ,N
is given by

Y (e jθ ) =
N

∑
m=1

Hm(e
jθ )Xm(e

jθ )

=
N

∑
m=1

L−1

∑
n=0

hm[n]e
− jθn

︸ ︷︷ ︸

Hm(e
jθ )

Xm(e
jθ ),

(1)

with FIR filter frequency responses Hm(e
jθ ), and sensor sig-

nal spectra Xm(e
jθ ) (frequency variable θ = 2π f

fs
, and sam-
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pling frequency fs). In the sequel, we will derive the beam-
former output power needed in the optimization cost func-
tion. We stack all real-valued impulse response vectors
hm = [hm[0], . . . ,hm[L−1]]

T
, m= 1, . . . ,N to the NL×1 vec-

tor h= [h1, . . . ,hN ]
T which must be found by the design pro-

cedures. In addition, the sensor signal spectra are combined

to N×1 vector x(e jθ ) = [X1(e
jθ ), . . . ,XN(e

jθ )]T . Applying
this vector notation, the beamformer output signal spectrum
in (1) can be expressed by

Y (e jθ ) = xT (e jθ )
(
I⊗eT (e jθ )

)

︸ ︷︷ ︸

aH(e jθ )

h = aH(e jθ )h. (2)

I is the N×N identity matrix, ⊗ represents the Kronecker
product, H denotes conjugate transpose, and L×1 vector e is
defined by

e(e jθ ) = [1,e− jθ ,e− j2θ , . . . ,e− j(L−1)θ ]T . (3)

Using (2) with real-valued h and (A⊗B)T = AT ⊗BT , the
power spectral density (PSD) of the beamformer output sig-
nal results in

Sy(θ ) = E
{

Y (e jθ )Y ∗(e jθ )
}

= hT
(

I⊗e(e jθ )
)

Sxx(θ )
(

I⊗eH(e jθ )
)

h.

(4)

Sxx(θ ) = E{x(e jθ )xH(e jθ )} is the N × N sensor signal
spectral correlation matrix, and E{·} denotes expectation op-
eration. Applying Sxx(I⊗ eH) = Sxx ⊗ eH (note the di-
mensions of Sxx, I, e), and the Kronecker product property
(A⊗B)(C⊗D) = AC⊗BD, we finally get the PSD

Sy(θ ) = hT
(

Sxx(θ )⊗e(e jθ )eH(e jθ )
)

h. (5)

The output signal power of a wideband beamformer operat-
ing in a frequency band θ ∈ [θl,θu] is given by

Py =
1

2π

∫ θu

θl

Sy(θ )dθ +
1

2π

∫ −θl

−θu
Sy(θ )dθ

= hT
1

π

∫ θu

θl

ℜe
{

Sxx(θ )⊗e(e jθ )eH(e jθ )
}

dθ

︸ ︷︷ ︸

Rxx

h

= hTRxxh.

(6)

The NL×NL correlation matrix Rxx in (6) can be evalu-
ated in closed form for some types of sensor signal models
like uncorrelated sensor noise, diffuse noise fields, and di-
rectional noise fields (jammers). However, in most practical
situations we must approximate the integral inRxx by a sum
using a set of different frequencies θk, k = 1, . . . ,N f in the
desired frequency band [θl ,θu]:

Rxx ≈
1

N f
∑

θk∈[θl ,θu]

ℜe
{

Sxx(θk)⊗e(e jθk)eH(e jθk)
}

. (7)

The standard optimization of a beamformer is based on
the minimization of the output signal power from all direc-
tions under the constraint that signals from the desired direc-
tion (look direction) are maintained. Additional constraints

may be imposed regarding sidelobe attenuation, sensitivity
to uncorrelated sensor noise, and sensor position errors. The
input spectral correlation matrix Sxx (andRxx, respectively)
must be known in order to solve these optimization problems.
If we do not estimate Sxx adaptively or prior to the beam-
forming process, we can use the following model in (7):

Sxx(θ ) = Sd(θ )+Sn(θ )+Sdiff(θ )+Si(θ )

= Sd(θ )dd(e
jθ )dHd (e jθ )+σ2n I+Sdiff(θ )

+
I

∑
k=1

σ2k dk(e
jθ )dHk (e jθ ).

(8)

In this model, Sxx is composed of the spectral correlation
matrix Sd of the signal (with spectrum Sd(θ )) from the de-
sired direction, the spectral correlation matrix Sn of uncor-
related sensor noise, a diffuse noise field component Sdiff,
and the contribution of unwanted interferences (jammers).
The d-vectors in (8) depend on the wave field model used
to describe propagation of the desired signal, and the jammer
signals, respectively. Without knowledge of the actual wave
propagation, we may assume plane waves traveling towards
the array. The sensor signals are then delayed versions of the
source signals. In that case, the dd-vector in (8) is given by

dd(e
jθ ) =

[

e jθτ1(φd)
, . . . ,e jθτN (φd)

]T

, (9)

with desired direction φd . A similar equation holds for dk
of the k jammer directions in (8). The signal delays τm de-
pend on the array layout. In case of a one-dimensional array
with sensors aligned on the x-axis, the delays are τm(φ ) =
fs
c
xm cosφ , m = 1, . . . ,N, (sampling frequency fs, speed of
propagation c, x-coordinates xm, and azimuth φ ).
In the following, we will need the beamformer output

spectrum for the desired wideband source signal. Using

Sd(θ ) ≡ 1 and (2), we get Yd(e
jθ ) = aHd (e jθ )h with

aHd (e jθ ) = dTd (e
jθ )

(

I⊗eT (e jθ )
)

. (10)

(N×N identity matrix I, and vector e defined in (3)).

2.1 LCMVbeamformer design with sidelobe constraints

A beamformer design with an LCMV criterion is based on
the minimization of the beamformer output signal power Py
subject to linear constraints regarding the beamformer re-
sponses in certain directions. A special case of an LCMV de-
sign is a minimum variance distortionless response (MVDR)
beamformer which uses only one desired direction con-
straint. The optimization problem of an LCMV design can
be expressed with (6) by

h = argmin
h

hTRxxh subject to CTh = f . (11)

The constraintsCTh = f guarantee a distortionless response
in desired direction. In addition, we can include constraints
for spatial nulls in certain directions. As an alternative, how-
ever, the minimization of hTRxxh also gives rise to spatial
nulls, if we include jammer terms in the spectral correlation
matrix (see (8)). Therefore, we take into account only desired
response constraints in (11). Since signals from the desired
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direction are not to be distorted by the beamformer, the de-
sired response must be a signal delay for these signals:

Yd(e
jθ ) = aHd (e jθ )h = e− jθ

L−1
2

, ∀θ ∈ [θl,θu]. (12)

The delay of the desired signal is set to L−1
2
(FIR filter length

L) in order to avoid non-causal filters. Splitting (12) in real
and imaginary parts at N f different frequencies θk ∈ [θl ,θu],
the constraints in (11) can be rewritten as














ℜe{aHd (e jθ1)}
...

ℜe{aHd (e
jθNf )}

ℑm{aHd (e jθ1)}
...

ℑm{aHd (e
jθNf )}














︸ ︷︷ ︸

Ad

h =













cosθ1
L−1
2

...

cosθN f
L−1
2

−sinθ1
L−1
2

...

−sinθN f
L−1
2













︸ ︷︷ ︸

bd

. (13)

Using the method of Lagrange multipliers, the solution
of the optimization problem in (11) is

h = R−1
xxC

(
CTR−1

xxC
)−1

f , (14)

with CT = Ad , and f = bd .
With a wideband LCMV beamformer design, we have

only a limited control on the mainlobe, and on the sidelobe
behavior. Besides the obvious influence of array layout and
number of sensors, the directivity of the array pattern can
be improved to a certain extend by fine-tuning the diagonal
loading of correlation matrixRxx.
Improved array patterns are obtained with numerical

optimization techniques. By “improved” we mean that a
smaller mainlobe width, and/or a better sidelobe attenua-
tion can be achieved as compared to an LCMV design with
the same array layout. The obvious method to improve the
LCMV design is to include constraints on the sidelobe levels
[5, 6]. This results in the following optimization problem:

h = argmin
h

hTRxxh (15)

subject to Adh = bd (16)
∣
∣
∣a
H
φ j

(e jθi)h
∣
∣
∣ ≤ εi, φ j ∈ SLR, j = 1,2, . . . ,Nφs , (17)

where i = 1,2, . . . ,N f is the frequency index, and SLR de-
notes the side lobe regions of the desired beam pattern. The
sidelobe constraints (17) are given for N f frequency points in

[θl,θu], and for Nφs directions in SLR. Vector aφ j(e
jθi) is de-

fined similar to ad(e
jθi) in (10). Since wideband beamform-

ers like microphone arrays operate over a large frequency
band, the number of sidelobe constraints may be prohibitive
to obtain a feasible optimization problem. In order to alle-
viate this problem, we eliminate the frequency dependence
of the sidelobe constraints (17) by optimizing the wideband
beam pattern within the SLR. The wideband beam pattern
represents the beamformer output as a function of the direc-
tion of a wideband source signal. We can now reformulate
the optimization problem as follows:

h = argmin
h

hTRxxh (18)

subject to Adh = bd (19)
∥
∥Aφ jh

∥
∥ ≤ ε , φ j ∈ SLR, j = 1,2, . . . ,Nφs , (20)

where ‖·‖ is the Euclidean norm, and N f ×NL matrixAφ j is

given by

Aφ j =







aHφ j(e
jθ1)
...

aHφ j(e
jθNf )







. (21)

This optimization problem can be easily transformed to an
SOCP problem [8, 9, 10]. Implementation details of the op-
timization problem are documented in a MATLAB program
available at the author’s homepage. Nevertheless, the follow-
ing modifications of the optimization problem are useful in
practice:

1. The sensitivity of a beamformer design in regard to white
sensor noise may be significantly reduced by limiting the
beamformer white noise gain. This gain is approximately
determined by the norm of h (see (6) with Sxx = σ2n I).
Thus, an additional constraint ‖h‖ ≤ εh should be used
in the optimization problem.

2. The mainlobe width of a wideband beamformer is nor-
mally larger at the low frequency end. As a consequence,
the sidelobe regions in a 3-dimensional beam pattern
are increasing with frequency. In principle, a wideband
LCMV beamformer with frequency independent main-
lobe widths may be designed by increasing superdirec-
tivity at lower frequencies. This can be achieved with a
frequency dependent diagonal loading of Sxx. However,
such a beamformer is less robust against sensor noise.
Consequently, frequency dependent sidelobe regions for
the computation of Aφ j in (21) should be used to reduce

the beamformer white noise gain.

2.2 Weighted least-squares beamformer design with
sidelobe constraints

Beamformers based on an LCMV design offer a sharp main-
lobe. This property is convenient, if the desired direction is
fixed, i.e. there are no substantial movements of the source.
In many situations, however, a broader mainlobe is desirable
to avoid a significant performance loss is case of look direc-
tion mismatch. In such cases, the beamformer design may be
based on the approximation of a desired beam pattern simi-
lar to the approximation of a spectral mask in an FIR filter
design. A well known technique is a weighted least-squares
(WLS) design which minimizes the following cost function
[7]:

J(h) =

Nφ

∑
n=1

N f

∑
k=1

Fnk |Ynk(h)−Dnk|
2
, (22)

with real-valued FIR filter coefficient vector h, and sets of
Nφ directions, and N f frequencies. The desired response over
these sets is denoted by Dnk, and the actual beamformer re-

sponse is given by Ynk(h) = aHn (e jθk)h = aHnkh in accordance
to (2). Weights Fnk may be used to emphasize mainlobe or
sidelobe behavior. Expanding the squared magnitude in (22),
and using the abbreviations

R =

Nφ

∑
n=1

N f

∑
k=1

Fnkℜe
{
anka

H
nk

}
(23)

q =

Nφ

∑
n=1

N f

∑
k=1

Fnkℜe{Dnkank} (24)
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results in

J(h) = hTRh−2qTh+ constant . (25)

Setting the gradient ∇hJ to zero in order to minimize J(h)
yields

h = R−1q, (26)

provided thatR is invertible. The WLS design method is ex-
tended in [7] by iterative procedures to obtain robust beam-
formers. As a computationally more efficient alternative,
we propose the following constrained optimization problem
which can easily be solved by SOCP:

h = argmin
h

hTRh−2qTh (27)

subject to
∥
∥Aφ jh

∥
∥ ≤ ε , φ j ∈ SLR (28)

‖h‖ ≤ εh. (29)

As mentioned in the previous section, we also include a norm
constraint on the FIR filter coefficient vector h to limit the
beamformer white noise gain. Further details can be found
in a MATLAB program available at the author’s home page.

3. ADAPTIVE SENSOR CALIBRATION

Optimized wideband beamformers are quite sensitive to a
mismatch in sensor transfer functions. In case of microphone
arrays, this means that we must use preselected sensors, or
some calibration procedure. A rather effective automatic cal-
ibration can be implemented with an adaptive filter in each
sensor channel [2, 3]. These filters compensate sensor toler-
ances by matching sensor transfer functions prior to normal
use of the array. We assume omnidirectional microphones
with no angle-dependent errors in the polar patterns. Such
errors cannot be compensated by the adaptive system we use
in cascade to the beamformer.
In the calibration phase, the array is exposed to a wide-

band signal like speech or noise coming from broad side.
The only requirement is an equal excitation of all sensors.
After the calibration phase, the beamformer FIR filter coeffi-
cients are convolved with the final coefficients of the adaptive
filters. During normal operation, there is no computational
overhead due to calibration.
The block diagram of the adaptive sensor calibration sys-

tem is shown in Fig. 2. The system is connected between
the sensor outputs sm[n] and the beamformer inputs xm[n].

x1[n]

x2[n]

xN[n]

s1[n]

s2[n]

sN[n]

delay

g1[n]

g2[n]

gN[n]

Figure 2: Adaptive filters for sensor calibration (channel 1 is
used as reference, gm[n], m = 2, . . . ,N are the filter impulse
responses after convergence).

Sensor channel 1 serves as a reference channel. Note that
impulse response g1[n] = δ [n−Nd ] represents a signal delay
by Nd samples in order to ensure causal adaptive filters. Af-
ter convergence of the adaptive filters, the filter coefficients
are kept constant to get the transfer functions

Gm(e
jθ ) =

Xm(e
jθ )

Sm(e
jθ )

=
H1(e

jθ )e− jθNd

Hm(e
jθ )

, m= 2, . . . ,N,

(30)

where Hm(e
jθ ) are the sensor transfer functions. As already

mentioned, all sensors are exposed to the same calibration
signal sc[n]. Therefore, the sensor spectra to be used in (30)

are Sm(e
jθ ) =Hm(e

jθ )Sc(e
jθ ). As indicated in (30), the sen-

sor transfer functions must be invertible, and thus must have
strict minimum phase. Our experiments show that in case of
microphone arrays, sufficient convergence is obtained with
adaptive FIR filters using the normalized least mean squares
(NLMS) algorithm.

4. EXPERIMENTAL RESULTS

In this section, we present representative examples of wide-
band beamformer designs. The design data used are suitable
for microphone array beamformers. However, other applica-
tions can be implemented by scaling frequencies, array lay-
out, and wave propagation model. The relative bandwidth of
microphone arrays is approximately a factor 2, and is much
larger than that of wideband arrays operating at sonar or ra-
dio frequencies. As a consequence, microphone arrays are a
special challenge for wideband beamformer designs.
The results are given for 1-dimensional, linear, uniform

arrays with N = 8 sensors, and a look direction of 0° (end-
fire). Extensions to other array configurations are straight
forward since the only modification of the design equations
concerns the d vector in (9). We use a frequency band from
400Hz up to 3200Hz, with 8kHz sampling frequency. Sen-
sor spacing is 5cm giving rise to an array size of 35cm. Typ-
ically, the FIR filter length of both the beamformer, and the
adaptive calibration filters is set to L= 50.
In order to investigate the influence of sensor errors, we

model microphone frequency responses by 4th-order recur-
sive filters approximating a typical magnitude response with
a 6dB decay below 700Hz, and a 2dB increase around 3kHz.
This response is randomly disturbed by small deviations to
obtain maximum amplitude and phase errors of approxi-
mately 2dB, and 10°, respectively. The exact shape of the
microphone frequency response is not important for adaptive
sensor calibration, as long as no deep notches or steep slopes
are present.
A result of an LCMV design improved by SOCP is shown

in Fig. 3. The beam pattern is obtained after a calibration
time period of 250msec. using a wideband noise signal com-
mon to all sensors. In addition, sensor noise (SNR = 30dB)
is included to show the wide noise behavior of the beam-
former. Ten different sets of sensors are used to obtain the
beam patterns. The patterns of the arrays with calibrated sen-
sors approximate the optimized pattern quite well. However,
the desired spatial null at 90° is barely visible. We observe
this property at nearly all fixed beamformer designs with real
sensors. The effect of using non-calibrated sensors is demon-
strated in Fig. 4. According to our experiments with different
design setups, it is nearly impossible to obtain a benefit from
sidelobe optimization without using calibrated sensors.
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Figure 3: Wideband beam patterns of N = 8 calibrated uni-
form arrays (LCMV+SOCP design).

0 20 40 60 80 100 120 140 160 180
−45

−40

−35

−30

−25

−20

−15

−10

−5

0

5

Azimuth φ in °

O
u

p
u

t 
s
ig

n
a

l 
p

o
w

e
r 

in
 d

B

8 non−calibrated sensors, SNR = 30.0 dB

 

 

ideal sensors

sensors without calib.

Figure 4: Wideband beam patterns of N = 8 non-calibrated
uniform arrays (LCMV+SOCP design).

A design result using the SOCP in (27)-(29) is shown
in Fig. 5 in case of arrays with adaptive sensor calibration.
Compared to Fig. 3, we obtain a flat mainlobe, and a much
higher sidelobe attenuation. However, arrays designed by
this method are more sensitive to uncorrelated sensor noise.
In addition, they are also more sensitive regarding mismatch
of sensor transfer functions (see Fig. 6).
More experimental results including the 3-dimensional

beam patterns of the examples can be found on the author’s
home page.

5. CONCLUSIONS

We have presented optimized design methods for wideband
beamformers based on SOCP. By approximating the wide-
band beam pattern directly, our approach offers a lower com-
putational complexity as compared to other methods. In
order to obtain an improved sidelobe behavior with mis-
matched sensors, we promote the use of an adaptive sen-
sor calibration scheme. Experiments show that the resulting
beam patterns are close to the optimized patterns of arrays
with ideal sensors.
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ABSTRACT

This paper presents new superdirective beamforming algorithms
based on the maximum negentropy (MN) criterion for distant au-
tomatic speech recognition. The MN beamformer is configured in
the generalized sidelobe cancelerstructure, and uses the weights
derived from a delay-and-sum beamformer as thequiescent weight
vector. While satisfying the distortionless constraint in the look di-
rection, it adjusts theactive weight vectorto make the output maxi-
mally super-Gaussian.

The current paper proposes to use the weights of a superdirec-
tive beamformer as the quiescent vector, which results in improved
directivity and noise suppression at lower frequencies. We demon-
strate the effectiveness of our approach through far-field speech
recognition experiments on theMulti-Channel Wall Street Journal
Audio Visual Corpus(MC-WSJ-AV). The technique proposed in the
current paper reduces the word error rate (WER) by 56% relative to
a single distant microphone baseline, which is a 14% reduction in
WER over the original MN beamformer formulation.

1. INTRODUCTION

Microphone array processing techniques for hands-free speech
recognition have the potential to relieve users from the necessity
of donning close talking microphones (CTMs) before dictating or
otherwise interacting with automatic speech recognition (ASR) sys-
tems [1, 2].

Adaptive beamforming is a promising technique for far-field
speech recognition. A conventional beamformer ingeneralized
sidelobe canceller(GSC) configuration is structured such that the
direct signal from a desired direction is undistorted [2,§6.7.3]. Typ-
ical GSC beamformers consist of three blocks, aquiescent vector,
blocking matrixandactive weight vector. The quiescent vector is
calculated to provide unity gain for the direction of interest. The
blocking matrix is usually constructed in order to keep a distortion-
less constraint for the signal filtered with the quiescent vector. Sub-
ject to the constraint, the total output power of the beamformer is
minimized through the adjustment of an active weight vector, which
effectively places a null on any source of interference, but can also
lead to undesirablesignal cancellation[3]. To avoid the latter, many
algorithms have been developed. Those approaches could be clas-
sified into the following :
1. updating the active weight vector only when noise signals are

dominant [4],
2. constraining the update formula for the active weight vector [5],
3. blocking the leakage of desired signal components into the side-

lobe canceller by designing the blocking matrix [5, 6], and
4. using acoustic transfer functions from a desired source to micro-

phones instead of just compensating time delays [4, 6].
Those algorithms attempt to minimize the almost same criterion
based on the the second-order statistics (SOS), the total output
power while keeping the distortionless constraint.

The research leading to these results has received funding from the Eu-
ropean Community’s Seventh Framework Programme (FP7/2007-2013) un-
der grant agreement number 213850 and the Cluster of Excellence on Mul-
timodal Computing and Interaction.

We know from the field of independent component analysis
(ICA) that nearly all information bearing signals, like subband sam-
ples of speech, arenon-Gaussian [7]. On the other hand, noisy or
reverberant speech consist of a sum of several signals, and as such
tend to have a distribution that is closer to Gaussian. This follows
from thecentral limit theorem, and can be empirically verified [8].
Hence, by making the distribution of the beamformer’s outputs as
much non-Gaussian as possible, we can remove the effects of noise
and reverberation.

In [8], we proposed a novel beamforming algorithm which ad-
justed the active weight vectors so as to make the beamformer’s out-
put maximally non-Gaussian. As a measure for the degree of non-
Gaussianity we use negentropy, which is the difference between the
entropy of the output signal calculated under a Gaussian assump-
tion and that calculated under a non-Gaussian assumption. In other
words, negentropy is a measure for the amount by which the dis-
tribution of the beamformer’s output deviates from a Gaussian with
the same mean and variance. We also showed in [8] that such a
beamformer can reduce noise and reverberation without suffering
from the signal cancellation problem.

The MN beamformer proposed in [8] used the weights of a
delay-and-sum beamformer, which compensates time delays of ar-
rival of a desired speech signal to the microphone array, as the
quiescent vector. However, due to the limited aperture of the mi-
crophone array, such a delay-and-sum beamforming method cannot
suppress interference signals at low frequencies. Since the output of
the quiescent vector influences the negentropy of the beamformer’s
output, presence of noise in that output degrades the ability of the
beamformer to suppress noise or reverberation by estimating the ac-
tive weight vector based on the maximum negentropy criterion. A
superdirective beamformer alleviates this problem by having better
directivity at lower frequencies.

The balance of this paper is organized as follows. Section 2 re-
views the super-Gaussian distribution and shows the fact that the ac-
tual speech distribution is not Gaussian but super-Gaussian, which
is the main motivation for using the maximum negentropy crite-
rion. In Section 3 and Section 4, we review the definitions of the
entropy and negentropy, respectively. In Section 5, we describe the
super-directive beamformer. Section 6 describes the new maximum
negentropy beamformer in the GSC configuration. In Section 7, we
describe the results of far-field automatic speech recognition exper-
iments. Finally, in Section 8, we present our conclusions and plans
for future work.

2. MODELING SUBBAND SAMPLES OF SPEECH WITH
SUPER-GAUSSIAN PROBABILITY DENSITY FUNCTIONS

In this section we provide empirical evidence that the probability
density function (pdf) of speech is super-Gaussian. We use a gener-
alized Gaussian pdf to model the distribution of the subband speech
samples.

2.1 Generalized Gaussian pdf

The generalized Gaussian (GG) pdf is well-known and finds fre-
quent application in the blind source separation (BSS) and ICA
fields. Moreover, it subsumes the Gaussian and Laplace pdfs as
special cases. The GG pdf with zero mean for a real-valued r.v.y
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can be expressed as

pGG(y) =
1

2Γ(1+1/p)A(p)σ̂
exp

[

−

∣

∣

∣

∣

y
A(p)σ̂

∣

∣

∣

∣

p]

, (1)

where

A(p) =

[

Γ(1/p)

Γ(3/p)

]1/2

. (2)

In (2), Γ(.) is the gamma function andp is the shape parameter,
which controls how fast the tail of the pdf decays. Note that the GG
with p = 1 corresponds to the Laplace pdf, and that settingp = 2
yields the Gaussian pdf, whereas in the case ofp→+∞ the GG pdf
converges to a uniform distribution.

The maximum likelihood (ML) estimation is a straightfor-
ward method for estimating parameters of pdfs. For a setY =
{y0,y1, . . . ,yN−1} of N real-valued training samples, the ML solu-
tion of the scale parameter can be expressed in [8, 9] as

σ̂ =

[

Γ(3/p)

Γ(1/p)

]1/2
(

p
N

N−1

∑
n=0

|yn|
p

)1/p

. (3)

Notice that the ML solution of the scale parameterσ̂ is different
from the variance in the case ofp 6= 2.

Due to the presence of the special functions, it is impossible
to solve the log-likelihood function forp explicitly. Varanasi [9]
showed, however, that there is a unique root given the scale param-
eter. Hence, we use the linear search in order to find the solution
of the shape parameter. During beamforming, the shape parameter
is fixed and negentropy described in Section 4 is maximized based
on (3).

2.2 Super-Gaussian Characteristics of Clean Speech

The Gaussian and four super-Gaussian univariate pdfs considered
are plotted in Fig. 1, where the parameters of the generalized Gaus-
sian (GG) pdf are calculated from samples of actual speech sub-
bands. From the figure, it is clear that the Laplace,K0, Γ and GG
pdfs exhibit the “spikey” and “heavy-tailed” characteristics that are
typical of super-Gaussian pdfs. This implies that they have a sharp
concentration of probability mass at the mean, relatively little prob-
ability mass as compared with the Gaussian at intermediate values
of the argument, and a relatively large amount of probability mass
in the tail; i.e., far from the mean.

Fig. 1 also shows the histogram of the real parts of subband
components atfs = 800 Hz. To generate these histograms, we used
43.9 minutes of clean speech recorded with the CTM in the devel-
opment set of the Speech Separation Challenge, Part 2 (SSC2) [1].

Fig. 2 shows histograms of real parts of subband components
calculated from clean speech and noise corrupted speech. It is clear
from this figure that the pdf of the noise-corrupted signal, which is
in fact the sum of the speech and noise signals, is closer to Gaussian
than that of clean speech. Fig. 3 shows histograms of clean speech
and reverberated speech in the subband domain. In order to produce
reverberated speech, a clean speech signal was convolved with an
impulse response measured in a room; see Lincolnet al. [1] for the
configuration of the room. We can observe from Fig. 3 that the pdf
of reverberated speech is also closer to Gaussian than the original
clean speech.

These facts would indeed support the hypothesis that seeking
an enhanced speech signal that is maximally non-Gaussian is an
effective way to suppress the distorting effects of noise and rever-
beration.

3. ENTROPY

Entropy is the basic measure of information ininformation the-
ory [7]. The entropy for a continuous r.v.Y, which is often called
the differential entropy, is defined as

H(Y) , −
∫

pY(v) logpY(v)dv= −E {logpY(v)} , (4)

wherepY(.) is the pdf ofY. The entropy of a r.v. is a measure of
the uncertainty associated with the r.v. Accordingly, large entropy
indicates that the variables contain unstructured information.

The entropy for a Gaussian r.v.Ygausscan be expressed as

H(Ygauss) = log
∣

∣

∣
σ2

Y

∣

∣

∣
+(1+ logπ) . (5)

whereσ2
Y is the variance of the r.v.s. A Gaussian r.v. has the largest

entropy among all r.v.s of equal variance [7]. Hence, a Gaussian r.v.
is, in some sense, the leastpredictableof all r.v.s., which is why the
Gaussian pdf is most often associated withnoise.

The differential entropy of the GG pdf for the real-valued r.v.y
is obtained as

HGG(y) = −
∫ +∞

−∞
pgg(ξ ) logpgg(ξ )dξ

=
1
p

+ log[2Γ(1+1/p)A(p)σ̂ ] . (6)

4. NEGENTROPY

Negentropy is frequently used in order to measure nongaussianity
in the field of ICA. Negentropy is the distance between the entropy
of Gaussian and non-Gaussian r.v.s. In this work, we use the GG
pdf for the real-valued r.v. and calculate negentropy as

J(Y) = H(Ygauss)−HGG(|Y|). (7)

whereYgaussis a Gaussian variable which has the same varianceσ2
Y

asY. Note that negentropy is non-negative, and it is minimum if
and only ifY has a Gaussian distribution.

Kurtosis is also used for measuring non-Gaussianity. The kur-
tosis criterion does not require any pdf assumption. Due to its sim-
plicity, it is widely used as a measure of non-Gaussianity. However,
the value of kurtosis might be greatly influenced by a few samples
with a low observation probability. Hyvärinen and Oja [7] noted
that negentropy was generally more robust in the presence of out-
liers than kurtosis. We also applied the maximum kurtosis criterion
to beamforming and confirmed that maximum negentropy beam-
forming is more robust for the outliers [10].

5. SUPER-DIRECTIVE BEAMFORMING

To describe super-directive beamforming, we start with the expla-
nation of the minimum variance distortionless response (MVDR)
beamforming.

The MVDR beamforming algorithm determines the optimum
weight vector that minimizes the beamformer’s output at each fre-
quency binm:

w
H(m)ΣN(m)w(m), (8)

subject to the distortionless constraint for the desired look direction

w
H(m)d(m) = 1, (9)

whered(m) is the beam-steering vector andΣN is the spatial spec-
tral matrix of noise. The well-known solution is called the minimum
variance distortionless response (MVDR) beamformer [2,§13]. The
weight vector of the MVDR beamformer can be expressed as

wMVDR(m) =
Σ

−1
N

(m)d(m)

dH(m)Σ−1
N

(m)d(m)
. (10)

The MVDR beamfomers would attempt to null out any inter-
fering signal, but are prone to the signal cancellation problem [3]
whenever there is an interfering signal that is correlated with the
desired signal. In realistic environments, interference signals are
highly correlated with a target signal since the target signal is re-
flected from hard surfaces such as walls and tables. Therefore, the
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Figure 1: Histogram of real parts of sub-
band components and the likelihood of
pdfs.
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Figure 2: Histograms of clean speech and
noise corrupted speech in the subband do-
main.
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Figure 3: Histograms of clean speech and
reverberated speech in the subband do-
main.

adaptation of the weight vector is usually halted whenever the de-
sired source is active.

Instead of using noise observations, we can model noise fields.
Assuming that the noise field is spherical isotropic or diffuse, the
spatial spectral matrix of noiseΣN can be replaced with the coher-
ence matrixΓN. The(i, j)-th component of the coherence matrix
can be expressed as

ΓN i j (m) = sinc

(

2πdi j fs
c

m
M

)

, (11)

wheredi j is the distance between thei-th and j-th elements of the
array, fs is the sampling frequency,c is the sound speed andM is
the number of subbands. Now, we can express the weights of the
super-directive beamformer as

wSD(m) =
Γ
−1
N

(m)d(m)

dH(m)Γ−1
N

(m)d(m)
. (12)

The beamformer which optimizes the directivity factor with the ra-
tio of the wavelength to the distance between the sensors is termed
thesuper-directive beamformer.

Figure 4 shows the beam patterns of the super-directive and
delay-and-sum beamformers as a function of the azimuth and fre-
quency, where the look direction is 0 radian. It is clear from Figure 4
that the delay-and-sum beamformer is unable to suppress interfer-
ence signals at low frequencies while the super-directive beam-
former can form a sharp beam for the look direction.

Additional weight is typically added to the main diagonal of
ΓN in order to avoid excessively large sidelobes in the beam pat-
tern and the attendant non-robustness [2,§13]. The same effect can
be also obtained by dividing the non-diagonal elements instead of
adding diagonal elements [11,§2]. In this work, we divide non-
diagonal elements by 1.01.

Notice that the coherence matrix of the super-directive beam-
former is decided by the geometry of the microphone array only
and does not suffer the signal cancellation problem.

6. SUPER-DIRECTIVE BEAMFORMING BASED ON THE
MAXIMUM NEGENTROPY CRITERION

Consider a subband beamformer in the GSC configuration [2,
§13.7.3], as shown in Fig. 5. The output of our beamformer for
a given subbandm can be expressed as

Y(k,m) = (wSD(m)−B(m)wa(m))H
X(k,m), (13)

wherewSD(m) is thequiescent weight vectorfor a source,B(m) is
theblocking matrix, wa(m) is theactive weight vector, andX(k,m)
is the input subbandsnapshot vectorat framek.

In contrast to conventional algorithms, the super-directive
beamformer’s weights expressed in (12) are used as thequiescent
weight vector. In this work, we consider two kinds of orthogonal

Figure 4: Beam patterns of the super-directive and delay-and-sum
beamformers.

�
�
���

�
����

������ �������

�

�
�
���
��

�
�
���
�

�
�
���

��

�
	
���

��

�
	
���

����������	
��������

Figure 5: Schematic of the proposed GSC beamformer.

conditions for blocking matrices:BH(m) ·d(m) = 0 (type1) and
B

H(m) ·wSD(m) = 0 (type2).
Both of them can keep the distortionless constraint for the look

direction. However, the areas which can be controlled by the side-
lobe canceler are different. This orthogonality implies that the dis-
tortionless constraint will be satisfied for any choice ofwa. The
blocking matrix can be calculated with an orthogonalization tech-
nique such as the modified Gram-Schmidt, QR decomposition or
singular value decomposition [12]. In this work, we used the mod-
ified Gram-Schmidt orthogonalization technique. While the active
weight vectorwa is typically chosen to minimize the variance of the
beamformer’s outputs which leads to the undesired signal cancella-
tion, here we will develop an optimization procedure to find thatwa
which maximizes the negentropyJ(Y) described in Section 4.

In conventional GSC beamforming, theregularization termis
often applied in order to penalize large active weight vectors, and
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thereby improve robustness by inhibiting the formation of exces-
sively large sidelobes [2,§13.3.8]. Such a regularization term can
be applied in the present instance by defining the modified opti-
mization criterion

J (Y;α) = J(Y)−α‖wa‖
2 (14)

for some realα > 0. In our previous work [8], we did not observe a
significant effect of parameterα . Accordingly, we setα = 0.01 in
this work which provided the best result in [8].

For the experiments described in Section 7, subband analysis
and synthesis were performed with a uniform DFT filter bank based
on the modulation of a single prototype impulse response [13],
which was designed to minimize each aliasing term individually.
Beamforming in the subband domain has the considerable advan-
tage that the active sensor weights can be optimized for each sub-
band independently, which provides a tremendous computational
saving with respect to a time-domain filter-and-sum beamformer
with filters of the same length on the output of each sensor.

6.1 Estimation of Active Weights under the Generalized Gaus-
sian pdf

Due to the absence of the close-form solution, we resort to the nu-
merical optimization algorithms such as the conjugate gradients al-
gorithm in order to obtain the active weight vectors. In this section,
we omit the frequency indexm for the sake of simplicity.

In order to calculate the negentropy, we first need the variance
of the beamformer outputsY(k). Substituting (13) into the defini-
tion σ2

Y = E {Y Y∗} of variance, we find

σ2
Y = (wSD−Bwa)

H
ΣX (wSD−Bwa) , (15)

whereΣX = E {XX
H} is the covariance matrix of the input snap-

shot vectors.
In order to apply the conjugate gradients algorithm, we must

derive an expression for the gradient. By substituting (5) and (6)
into (14) and taking the partial derivative on both sides while hold-
ing the shape parameter fixed, we obtain

∂J (Y;α)

∂wa
∗

=−
1
K

K−1

∑
k=0

{

1

σ2
Y

−
p|Y(k)|p−2

2|A(p)σ̂ |p

}

B
H
X(k)Y∗(k)−αwa.

(16)
whereσ̂ is calculated with (3).

Based on (15) through (16), a numerical algorithm for optimiz-
ing the active weight vector can be implemented.

7. EXPERIMENTS

We performed far-field automatic speech recognition (ASR) ex-
periments on theMulti-Channel Wall Street Journal Audio Visual
Corpus(MC-WSJ-AV) from theAugmented Multi-party Interaction
(AMI); see Lincoln et al. [1] for the detail of the data collection ap-
paratus. The room size is 650 cm× 490 cm× 325 cm and the rever-
beration timeT60 was approximately 380 millisecond. In addition to
reverberation, some recordings include significant amounts of back-
ground noise such as computer fan and air conditioner noise. The
far-field speech data was recorded with two circular, equi-spaced
eight-channel microphone arrays with diameter of 20cm. Addition-
ally, the close talking headset microphone (CTM) is used for each
speaker. The sampling rate of the recordings was 16 kHz. As the
data was recorded with real speakers in a realistic acoustic environ-
ment and not artificially convolved with measured room impulse
responses, the positions of the speakers’ heads as well as the speak-
ing volume vary even though the speakers are largely stationary.
Indeed, it is exactly this behavior of real speakers that makes work-
ing with data from corpora such as MC-WSJ-AV so much more
challenging than working with data that was played through a loud
speaker into a room, not to mention data that wasartificially con-
volved. In thesingle speaker stationaryscenario of the MC-WSJ-
AV, a speaker was asked to read sentences from six positions, four
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Figure 6: A block chart of the distant speech recognition system.

seated around the table, one standing at the white board and one
standing at presentation screen.

Our test data set for the experiments contains recordings of
10 speakers where each speaker reads approximately 40 sentences
taken from the 5,000 word vocabulary Wall Street Journal (WSJ)
task. It gives a total of 352 utterances which correspond to 39.2 min-
utes of speech. There are a total of 11,598 word tokens in the refer-
ence transcriptions. The test data does not include training data.

Figure 6 illustrates our distant speech recognition system for
experiments. Prior to beamforming, we first estimated the speaker’s
position with theOrion source tracking system [14]. Based on the
average speaker position estimated for each utterance, utterance-
dependent active weight vectorswa were estimated for a source.
The active weight vectors for each subband were initialized to zero
for estimation. Iterations of the conjugate gradients algorithm were
run on the entire utterance until convergence was achieved. Zelinski
post-filtering [15] was performed after beamforming. The param-
eters of the GG pdf were trained with 43.9 minutes of speech data
recorded with the CTM in the SSC development set. The training
data set for the GG pdf contains recordings of 5 speakers.

We performed four decoding passes on the waveforms obtained
with each of the beamforming algorithms described in prior sec-
tions. The details of our ASR system used in the experiments are
written in [8]. Each pass of decoding used a different acoustic
model or speaker adaptation scheme. For all passes save the first
unadapted pass, speaker adaptation parameters were estimated us-
ing the word lattices generated during the prior pass, as in [16]. A
description of the four decoding passes follows:

1. Decode with the unadapted, conventional ML acoustic model
and bigram language model (LM).

2. Estimate vocal tract length normalization (VTLN) [17] param-
eters and constrained maximum likelihood linear regression pa-
rameters (CMLLR) [18] for each speaker, then redecode with the
conventional ML acoustic model and bigram LM.

3. Estimate VTLN, CMLLR, and maximum likelihood linear re-
gression (MLLR) [19] parameters for each speaker, then rede-
code with the conventional model and bigram LM.

4. Estimate VTLN, CMLLR, MLLR parameters for each speaker,
then redecode with the ML-SAT model and bigram LM.

Table 1 shows the word error rates (WERs) for every beam-
forming algorithm. As references, WERs in recognition experi-
ments on speech data recorded with the single distant microphone
(SDM) and CTM are described in Table 1.

It is clear from Table 1 that the best recognition performance,
WER 12.1%, is obtained by super-directive beamforming based on
the maximum negentropy criterion with the orthogonal condition
B

H(m) ·wSD(m) =0 (SD-MN BF (type2)). It is also clear from Ta-
ble 1 that the super-directive beamforming algorithm with the other
orthogonal conditionBH(m) ·d(m) = 0 (SD-MN BF (type1)) pro-
vides the second best recognition performance, WER 12.4%

It can be seen from Table 1 that conventional maximum beam-

2070



Table 1: Word error rates for each beamforming algorithm after
every decoding pass.

Beamforming Pass (%WER)
Algorithm 1 2 3 4
D&S BF 79.0 38.1 20.2 16.5

MVDR BF 78.6 35.4 18.8 14.8
SD BF 71.4 31.9 16.6 14.1

GEV BF 78.7 35.5 18.6 14.5
Conventional MN BF 75.1 32.7 16.5 13.2
SD-MN BF (type1) 74.1 30.8 15.2 12.4
SD-MN BF (type2) 74.9 32.1 15.4 12.1

SDM 87.0 57.1 32.8 28.0
CTM 52.9 21.5 9.8 6.7

forming algorithm (Conventional MN BF) can provide the bet-
ter recognition performance than the other traditional beamform-
ing methods, the delay-and-sum beamformer (D&S BF), super-
directive beamformer (SD-BF) and the minimum variance distor-
tionless response (MVDR) beamformer. Notice MVDR beamform-
ing algorithms require speech activity detection in order to avoid the
signal cancellation. For the adaptation of the MVDR beamformer,
we used the first 0.1 and last 0.1 seconds in each utterance data
which contain only background noise. Again, in contrast to conven-
tional beamforming methods, our algorithm does not need to detect
the start and end points of target speech since the proposed method
can suppress noise and reverberation without the signal cancellation
problem.

Table 1 also shows the recognition results obtained with the
generalized eigenvector beamformer (GEV BF) proposed by E.
Warsitz et al. [6]. It achieved slightly better recognition perfor-
mance than the MVDR beamformer. In this task, the transfer func-
tion from the sound source to the microphone array changes in time
due to movements of the speaker’s head. Moreover, it is difficult
to determine whether or not the signal observed at any given time
contains both speech and noise components in each frequency bin,
which is required to estimate the transfer function. Due to these dif-
ficulties, the performance of the GEV beamformer is limited in re-
alistic environments. It is worth noting that the best result of 12.1%
in Table 1 is significantly less than half the word error rate reported
elsewhere in the literature on this far-field ASR task [1].

8. CONCLUSIONS AND FUTURE WORK

In this work, we have proposed novel super-beamforming algo-
rithms based on maximizing negentropy. The proposed methods do
not exhibit the signal cancellation problems typically seen in con-
ventional adaptive beamformers. We also evaluated the beamform-
ing algorithms through a set of far-field automatic speech recogni-
tion experiments on the data captured in realistic acoustic environ-
ments and spoken by real speakers. In these experiments, the super-
directive beamformer with the maximum negentropy criterion pro-
vided the best ASR performance.

We plan to develop an on–line version of the beamforming al-
gorithm presented here. This on–line algorithm will be capable of
adjusting the active weight vectorswa with each new snapshot in
order to track changes of speaker position and movements of the
speaker’s head during an utterance.
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ABSTRACT
In this paper, a broadband beamspace adaptive microphone
array that constructs a multibeam network is proposed. A
beampattern synthesis method that has its frequency invari-
ant property focusing on the desired direction only was used
to form the beams. The main idea is to replace the blocking
matrix and the quiescent vector in the conventional General
Sidelobe Canceler (GSC) with the frequency invariant beam-
pattern synthesis method. Simulation results show that this
proposed method has faster convergence rate than an existing
algorithm.

1. INTRODUCTION

Adaptive beamforming has found numerous applications in
radar, sonar, seismology and microphone array speech pro-
cessing. In speech processing, the sound waves are con-
sidered a broadband signal as it covers over 4 octaves in
frequency. Conventionally, for broadband signal, adaptive
beamformer uses a bank of linear transversal filters to gen-
erate the desired beampattern. The filter coefficients are de-
rived adaptively from the received signals. One classic de-
sign example is the Frost Beamformer [1]. However, in or-
der to have a similar beampattern over the entire frequency
range, a large number of sensors and filter taps are needed.

Recently, many algorithms have been generated to syn-
thesize frequency invariant (FI) beampattern [2–7] for broad-
band signal. It is proved that the FI beamformer has less com-
putational complexity than conventional broadband meth-
ods [7, 8]. In this paper, a broadband beamspace adaptive
approach that constructs a multi-beam network is proposed.
Several Frequency Invariant (FI) beams were formed point-
ing to different directions. The outputs of these beams were
then combined adaptively by a single weight for each of
them.

This proposed method were devised based on the struc-
ture of General Sidelobe Canceler (GSC). Conventionally,
the GSC performs a projection of the data onto an uncon-
strained subspace by means of a blocking matrix and a qui-
escent vector. Our method replaced the blocking matrix and
the quiescent vector with the beampattern synthesis method
proposed earlier [5] with nulling formed at the blocking di-
rection. The adaptive weights were calculated using adaptive
algorithm such as Least Mean Square (LMS) and Normalized
Least Mean Square (NLMS). Due to the reason that the spa-
tial response is frequency independent, a broadband signal is
seen as a narrowband signal from the beamformer’s perspec-
tive. This method transformed a broadband problem into a
narrowband one, hence single weight is required at each of

the adaptive path.
A similar idea was proposed in [9], in which the fre-

quency invariant property was required in the whole field of
view of each beam. In our method, the frequency invari-
ant property was focused on the direction of interest only.
By focusing the FI property on the desired direction, and re-
laxing that on the other directions, the system is expected
to have better performance due to the extra degrees of free-
dom. Simulation results show that with the frequency in-
variant beampattern synthesize method used, our proposed
method achieves faster convergence rate.

This paper is organized in the following way: in section
II, the adaptive multi-beam structure is introduced; in section
III, the implementation of the proposed beamforming design
is described; numerical results are given in section IV. Fi-
nally, conclusion is drawn in section V.

2. ADAPTIVE BEAMFORMING USING
MULTI-BEAM STRUCTURE

2.1 GSC
A Linearly Constrained Minimum Variance(LCMV) beam-
former with K number of microphones and J number of
taps performs the minimization of the output signal’s vari-
ance with respect to some given spatial and spectral con-
straints [1]. It can be formulated as

min
w

wHRxxw subject to CHw = f (1)

where Rxx is the covariance matrix of the received signal x =
[x0[n] x1[n] · · ·xK−1[n]], w is the weight vector, C ∈ K J×J

is the constraint matrix and f is the response vector.
The constrained optimization of the LCMV problem in

(1) can be conveniently solved using a GSC structure as
shown in Fig. 1. The GSC performs a projection of the data
onto an unconstrained subspace by means of a blocking ma-
trix B and a quiescent vector wq. Thereafter, the standard
unconstrained optimization algorithm such as the least mean
square(LMS) or recursive least square (RLS) algorithm can
be applied [10].

Since wq is designed to satisfy the specified constraints,
the signal of interest will pass through the beamformer hav-
ing a desired response independent of wa. In the lower
branch, the blocking matrix is required to block the signal
of interest so that only interference and noise exist. When
adapting wa, the structure will tend to cancel the interference
and noise component from d[n], while minimizing the vari-
ance of the output signal e[n].

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 2072



:

:

:

:

wq

B

:

:

:

: :

:
wa

+

-

d(n)

v(n)

 e(n)

x0(n)

xj(n)

xK-1(n)

Figure 1: System structure of the Generalized Sidelobe Can-
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Figure 2: The proposed system structure

2.2 Proposed Adaptive Structure
Conventional GSC structure converts the constrained adap-
tive beamformer to unconstrained one, however, it has its
shortcomings. If the blocking matrix is not perfect, signal
will leak into the lower branch, which in turn affect the can-
celation of noise and interference from the desired signal.
In this section, we are going to proposed an adaptive beam-
former structure whose blocking matrix and quiescent vector
are replaced by a 2-D frequency invariant beamformer.

As shown in Fig 2, signal received at each sen-
sor x(n) = [x0(n) x1(n) · · · xK−1(n)] is first transformed
into phase mode via IDFT, which is denoted by v(n) =
[v−L(n) v−L+1 · · · vL(n)]. Assuming M is the total number
of phases and it is an odd number, hence, L = (M − 1)/2.
These phase mode data are then passed into an adaptive
beamformer whose structure is shown in Fig 3.

In this structure, the frequency-invariant mainbeam is
pointing towards ϕ0 which is the direction of signal of in-
terest. The auxiliary beam is pointing towards ϕ1,ϕ2, . . . ,ϕP
and having a zero response at ϕ0 at the same time. This
null formed at ϕ0 is equivalent of the blocking matrix in the
GSC structure. By this arrangement, the broadband beam-
forming problem is transformed into a narrowband beam-
forming problem. For adaptive narrowband problem, sin-
gle adaptive weight is required at each frequency invariant
beamformer(FIB) output. Thus, the total number of adaptive
weights is reduced significantly.

The multi-beam beamforming network is constructed by

:
:
:

FIB φ0

FIB φ1

      FIB φP

V(n) d(n)

z1(n)

zP(n)

h1

hP

+

+

e(n)

Figure 3: Adaptive array structure using frequency invariant
beamformer
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the weight vectors computed using the following beampat-
tern synthesis methods (2), and (3). The output of the main
beam is d(n). A group of adaptive weights hi are multiplied
by the outputs of the auxiliary beams zi(n). The output of
the beamspace adaptive array is e(n) = d(n)−hT z(n), where
h = [h1 h2 · · · hP]

T and z(n) = [z1(n) z2(n) · · · zP(n)]T .
The real-valued weight vector h is adjusted by the error sig-
nal e(n) with adaptive algorithms.

Without loss of generality, assuming that the signal of in-
terest comes from broadside, the main beam should point to
the direction of ϕ = 0. The blocking matrix is arranged such
that its column vectors form P FIBs with their main beam
directions equally distributed over [−π/2 : π/2]. Since the
first FIB and the Pth FIB actually point to the same direc-
tion, therefore we only need P− 1 FIBs. All of the P− 1
FIBs should have zero response at broadside. Fig 4 shows
the beampattern of the blocking matrix. As seen from Fig 4,
a deep null is formed at the direction of signal of interest.
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2.3 Design of Frequency Invariant Beamformer
The following beam synthesis methods are used to form the
multi-beam beamforming network.

2.3.1 Selective Frequency-Invariant Beamformer

min
∫
ω

∫
ϕ
∥G(ω ,ϕ)∥2dωdϕ

s.t ∥G(ω,ϕ0)−1∥ ≤ δ ,ω ∈ [ωl ,ωu]
(2)

where G(ω,ϕ) is the spatial response of the beamformer and
is given in [8]. ωl and ωu are the lower and upper limit of the
desired frequency range. ϕ0 is the desired direction. δ is a
predefined variable that controls the mainbeam ripples. The
purpose is to minimize the square of the array gain across all
frequencies and all angles, while constraining the gain at the
desired angle to be approximately one.

In the design of beampattern for the auxiliary beam, an
additional constraint will be included. This is because the
blocking matrix in the GSC structure is replaced by FI Beam-
former with zero response imposed at the direction of signal
of interest. The design for auxiliary beam is shown below:

2.3.2 Selective Frequency-Invariant Beamformer for auxil-
iary beam design

min
∫
ω

∫
ϕ
∥G(ω ,ϕ)∥2dωdϕ

s.t
{

∥G(ω,ϕi)−1∥ ≤ δ , ω ∈ [ωl ,ωu]
G(ω,ϕ0) = 0, ω ∈ [ωl ,ωu]

(3)

where G(ω,ϕ) is the spatial response of the beamformer, ωl
and ωu are the lower and upper limit of the desired frequency
range. ϕ0 is the direction of signal of interest, and ϕi is the
pointing directions in the auxiliary beam. δ is a predefined
variable that controls the mainbeam ripples.

3. IMPLEMENTATION OF THE PROPOSED
SYSTEM

In this section, we will describe the implementation of the
proposed system from a mathematical point of view.

Consider a circular array with K omnidirectional micro-
phones located {r cosϕk,r sinϕk} as shown in Fig 5 where r
is the radius and ϕk = 2πk/K(k = 0 · · · K−1) is the angular
location of kth microphone with respect to the reference axis.
The microphones are uniformly distributed along the circle,
and the inter-microphone spacing is fixed at λmin/2, where
λmin denotes the smallest wavelength of the broadband sig-
nal of interest. For a plane wave (i.e., far field) arriving at
azimuth angle ϕ and elevation angle θ (θ = 90◦), the steer-
ing vector of a circular array is

a(ω,ϕ) =
[
e jω r̃ε cos(ϕ−ϕ0), . . . ,e jω r̃ε cos(ϕ−ϕK−1)

]T
(4)

where r̃ is the normalized radius with respect to minimum
wavelength and ε is the ratio between sampling frequency
and maximum frequency.

Fig 2 and 3 show the system structure for the cir-
cular array. The received signals are first transformed

Figure 5: Circular Array Configuration

into phase mode via Inverse Discrete Fourier Transform
(IDFT). The transformed data are then feed into the pro-
posed adaptive beamformer structure. Assuming X [n] =
[x0(n),x1(n), . . . ,xK−1(n)]T is the signal received at instance
n, the transformed data is then denoted by V[n] =WM,K ·x[n],
where WM,K is an M ×K IDFT matrix whose mkth element

is e
j2πkm

K and

{V[n]}m = vm(n) =
K−1

∑
k=0

xk[n]e
j2πkm

K . (5)

Here, M is the total number of phases, and assumed to be
an odd number. L = (M−1)/2, and m =−L, · · · , L.

Assuming there is only one source signal s(n) with
spctrum S(ω), taking the Discrete-time Fourier Transform
(DTFT) of (5), we have,

Vm(ω) =
K−1

∑
k=0

Xk(ω)e j 2πkm
K

= S(ω) ·
K−1

∑
k=0

e jω r̃ε cos(ϕ−ϕk)e j 2πmk
K

= S(ω) ·am(ω,ϕ) (6)

where Xk(ω) is the Fourier Transform of xk[n].
Consider I broadband signals s[n] = [ s1[n], · · · , sI [n] ]

T

which impinge the circular array at azimuth angles ϕi, i =
1, · · · , I respectively. Let S(ω) = [ S1(ω), · · · , SI(ω) ] de-
note the spectrum of the impinging signal s(n), hence,

Vm(ω) = aT
m(ω,Φ)S(ω)+Nm(ω) (7)

where aT
m(ω,Φ) = [am(ω,ϕ1), · · · , am(ω,ϕI)]

T .
The transformed data Vm(ω) are then feed into a structure

as shown in Fig 3. The upper path is a fixed FI beamformer,
while the lower path consists of P− 1 FI beamformer fol-
lowed by a single-tap adaptive beamformer. The upper FI
beamformer forms a main beam that is steered towards the
signal of interest. The P− 1 FI beamformers in the lower
path form zero response in the direction of signal of inter-
est, which acts as a blocking matrix that prevents the desired
signal at the look direction from entering the adaptive part.
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Consequently, the input to the adaptive part mainly consists
of the undesirable signals. The adaptive coefficient h is then
continuously updated in order to remove any undesired sig-
nals other than that of at the looking direction from appearing
at the array output. This is achieved by minimizing the out-
put energy of the beamformer using either LMS or NLMS
adaptive filtering algorithms.

Let b0
m[n] be the coefficient of the upper FI beamformer

B0
m(ω) i.e., B0

m(ω) =
N
∑

n=0
b0

m[n]e
− jnω ,where N is the filter or-

der, similarly, the coefficients of the P− 1 FI beamformers
in the lower path are represented as b1

m[n],b
2
m[n], · · · ,bP−1

m [n].
The array output of the system in spectral domain can be ex-
pressed as

E(ω) =
L

∑
m=−L

B0
m(ω)Vm(ω)

−
P−1

∑
i=1

{
L

∑
m=−l

Bi
m(ω)Vm(ω)

}
hi (8)

Substitute (7) into (8),

E(ω) =
L

∑
m=−L

B0
m(ω)(aT

mS(ω)+Nm(ω))

−
P−1

∑
i=1

{
L

∑
m=−l

Bi
m(ω)(aT

mS(ω)+Nm(ω))

}
·hi

=
L

∑
m=−L

B0
m(ω)aT

m(ω,Φ)S(ω)+B0
m(ω)Nm(ω)−

P−1

∑
i=1

{
L

∑
m=−l

Bi
m(ω)aT

m(ω,Φ)S(ω)+Bi
m(ω)Nm(ω)

}
·hi

(9)

Since B0
m(ω)aT

m(ω,Φ) is designed to be frequency-
invariant at the direction of signal of interest from previous
section, hence,

B0
m(ω)aT

m(ω,Φ)≈ aT
m′(Φ) (10)

Also Bi
m(ω)aT

m(ω,Φ) are designed to have zero re-
sponses at the direction of signal of interest, hence, taking
IDFT of (9), one gets the time-domain expression as,

e(n) =
L

∑
m=−L

aT
m′(Φ)s[n]+η0

m[n]

−
P

∑
i=1

L

∑
m=−L

η i
m[n]hi (11)

where ηm[n]is the noise at the output of the FI beamformer.
The adaptive weights are updated using NLMS algo-

rithm.
h[n] = h[n−1]+µ · z · e(n)/|z|2 (12)

where µ is a stepsize parameter and z = [z1, · · · , zp] are the
inputs to the adaptive part and h[n] = h1[n], · · · , hP[n].
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Figure 6: Learning curve of the proposed method averaged
over 200 trials. The step size is 0.01 in the NLMS algorithm

4. NUMERICAL RESULTS

In our simulations, 20 microphones are arranged as shown
in Fig 5. For each FI beamformer, the number of phase
mode M is 17, the filter order for the frequency compensa-
tion network is 16, and the interested frequency bandwidth
is [0.3π,0.95π]. The blocking matrix of the proposed GSC
is formed by 9 FI beamformers over [−π : π]. One adap-
tive weight is used for each of the FI beamformers. Assume
there are two non-coherent signals impinging on the array at
angles 0◦ and 30◦, respectively. Here, we assume the desired
signal arrives at the array at angle 0◦ and the interference sig-
nal impinges on the array at angle 30◦. The desired signal is
composed of 30 sinusoidal signals with frequencies ranging
from 800 Hz to 3800 Hz at an interval of 100 Hz. The inter-
fering signal is also composed of 30 sinusoidal signals with
frequencies ranging from 500 Hz to 3500 Hz at an interval of
100 Hz. The additive white Gaussian noise at each sensor is
assumed to have the same power. The Signal-to-Interference-
and-Noise-Ratio (SINR) is -20 dB, and the number of snap-
shot is 1450.

The performance of the proposed method using (2) and
(3) is evaluated and compared with the method proposed in
[9]. As shown in Fig 6, in the stated frequency range, our
method achieved faster convergence speed, and it converges
to smaller mean squared error.

5. CONCLUSION

A broadband beamspace adaptive array that constructs a
multi-beam network is proposed in this paper. The main idea
is to replace the blocking matrix and the quiescent vector
in the conventional General Sidelobe Canceler (GSC) with a
frequency invariant beampattern synthesis method. A broad-
band signal problem is therefore transformed into a narrow-
band signal problem. Simulation results show that our pro-
posed algorithm has faster convergence rate than an existing
algorithm.
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Abstract. A response variation (RV) element is intro-
duced to control the consistency of the wideband beam-
former’s response over the frequency range of interest at the
look direction. By constraining the value ofRV in different
ways, we develop two novel adaptive wideband beamform-
ers based on the traditional least mean square (LMS) adapta-
tion and the convex optimization method, respectively. Both
beamformers can achieve an improved output SINR com-
pared to the conventional Frost beamformer due to their in-
creased number of degrees of freedom in suppressing the in-
terferences, as shown in simulations.

Keywords. Adaptive beamforming, wideband, response
variation, least mean square, convex optimization.

1. INTRODUCTION

Due to its wide applications in sonar, radar, and wireless
communications, wideband adaptive beamforming has been
studied extensively in the past for signal enhancement and
interference suppression [1, 2]. Given the direction of arrival
(DOA) information of the signal of interest, many traditional
beamforming techniques can work effectively and achieve
a satisfactory output signal-to-interference-plus-noise ratio
(SINR) [3, 4, 5, 6]. One of the most well-known wideband
beamformers is the linearly constrained minimum variance
(LCMV) beamformer or the Frost beamformer [7], which
minimizes its output power while preserving a unity gain
at the look direction or subject to some more complicated
constraints. Suppose the signal of interest comes from the
broadside of the array, then a simple formulation of the con-
straints can be obtained without resort to the more compli-
cated eigenvector constraint design approach [8]. However,
one problem with this simple formulation is that the beam-
former will be over-constrained when we are not interested
in the full range of normalised frequencies. Moreover, we
may not need to constrain the beamformer response over the
frequency range of interest to be exactly unity and some vari-
ation can be allowed so that more freedom can be allocated
to suppressing the interfering signals. The variation in fre-
quency response can be compensated at a later stage after the
interfering signals have been suppressed sufficiently.

In this paper, we will introduce a simple soft-constrained
approach to wideband minimum variance beamforming to
address the above two problems in traditional LCMV beam-
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Figure 1: A general wideband beamforming structure

forming. A response variation (RV) constraint will be intro-
duced first to control the frequency response of the beam-
former at the look direction, and then two wideband beam-
formers based on theRV constraint will be proposed. The
first one is an online LMS-type (least mean square) adap-
tive method following the derivation of the Frost algo-
rithm [7]; the second one is based on a set of soft con-
straints with its solution provided by convex optimization
[9, 10, 11, 12, 13, 14]. Both of them can achieve an improved
output SINR compared to the conventional Frost beamformer
due to its increased number of degrees of freedom in sup-
pressing the interference.

This paper is organized as follows. The wideband beam-
forming structure with tapped delay-lines (TDLs) or FIR fil-
ters is reviewed briefly in section 2. Formulation of the Frost
beamformer and its solution is given in section 3. The first
proposed wideband beamformer is provided in section 4 and
the second one by convex optimization provided in section 5.
Simulation results are given in section 6 and conclusions are
drawn in section 7.

2. WIDEBAND BEAMFORMING STRUCTURE

A wideband beamforming structure based on a uniformly
spaced linear array is shown in Fig. 1. Its response as a func-
tion of the signal frequencyω and arrival angleθ can be
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written as

R̃(ω ,θ ) =
M−1

∑
m=0

J−1

∑
k=0

wm,ke
− jmω∆τe− jkωTs

, (1)

where∆τ = d
c sinθ , Ts is the delay between adjacent samples

in the attached tapped delay-lines (TDLs),d is the adjacent
sensor spacing of the array, andc is the wave propagation
speed.

With the normalized angular frequencyΩ = ωTs, we ob-
tain the response as a function ofΩ andθ

R(Ω,θ ) =
M−1

∑
m=0

J−1

∑
k=0

wm,ke
− jmµΩsinθ e− jkΩ with µ =

d
cTs

. (2)

We can rewrite the response in a vector form

R(Ω,θ ) = wTs(Ω,θ ), (3)

wherew is the coefficient vector defined as

w = [w0,0, · · ·wM−1,0 · · ·w0,J−1 · · ·wM−1,J−1]
T

, (4)

ands(Ω,θ ) is theMJ×1 steering vector given by

s(Ω,θ ) = sTs(Ω)⊗ s∆τ(Ω,θ ) , (5)

with ⊗ denoting the Kronecker product, and

sTs(Ω) = [1,e− jΩ
, · · · ,e− j(J−1)Ω]T , (6)

s∆τ(Ω,θ ) = [1,e− jµΩsinθ
, · · · ,e− j(M−1)µΩsinθ ]T . (7)

3. THE FROST BEAMFORMER

Suppose the signal of interest comes from the broadside of
the array (θ = 0). Then the Frost beamformer can be formu-
lated as follows

min wTRxxw subject to CTw = f, (8)

whereRxx is the covariance matrix of the received array sig-
nal

Rxx = E[x(n)x(n)T ] (9)

with

x(n) = [x0(n), · · · ,xM−1(n), · · · ,

x0(n−J+1), · · · ,xM−1(n−J+1)]T .

(10)

C is anMJ×J constraint matrix

C =











1M 0M · · · 0M

0M 1M · · · 0M
...

...
. . .

...
0M 0M · · · 1M











, (11)

where1M and0M are theM × 1 column vectors containing
ones and zeros, respectively.f is theJ×1 constraint vector
with one entry being 1 and all the others being zero.

An online LMS-type solution to the problem in (8) is
given as follows [7],

w(n+1) = w(0)+ P[w(n)− µe(n)x(n)] (12)

with
w(0) = C(CTC)−1f, (13)

P = I−C(CTC)−1CT
, (14)

and
e(n) = y(n)

= w(n)Tx(n),
(15)

whereµ is the step size.

4. ADAPTIVE BEAMFORMER WITH THE
RESPONSE VARIATION CONSTRAINT

Given the constraints of the Frost beamformer in (8), the
unity gain is preserved at the broadside direction over all pos-
sible frequencies. As mentioned in the Introduction part, in
many cases, the frequency range of interest is not the entire
normalised frequency band and it is not necessary to main-
tain an exact unity gain over the frequency range of interest
either. Applying the constraints only to the frequency range
of interest and reducing the consistency of the beamformer’s
response at the look direction over the operating frequency
range simultaneously will leave more degrees of freedom for
the beamformer to suppress the interfering signals.

For this purpose, we introduce a new element in the de-
sign to control the beamformer’s response over the frequency
range of interest at the look direction, which is called re-
sponse variation (RV) [13, 15, 16]. In a general form, it is
defined as

RV =

∫

ΩI

∫

ΘFI

|wTs(Ω,θ )−wTs(Ωr ,θ )|2dΩdθ

=wTQw
(16)

with

Q =
∫

ΩI

∫

ΘFI

ℜ{(s(Ω,θ )− s(Ωr ,θ )

(s(Ω,θ )− s(Ωr ,θ )H}dΩdθ ,

(17)

whereΩI is the frequency range of interest,ΘFI shows the
DOA range over which theRV parameter is measured,Ωr

is the reference frequency,ℜ{•} denotes the real-part of its
variable, and we have assumed thatw is real-valued. Clearly
RV is a measurement of the Euclidean distance between the
response atΩr and that at all the other operating frequencies
over a range of directions over which RV is measured. When
RV is zero, the beamformer has a consistent frequency in-
variant response over the frequency rangeΩI and the DOA
rangeΘFI .

Since we only consider the look directionθ0, ΘFI is re-
duced to a single DOA angle point. Then (16) and (17)
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change to

RV0 =

∫

ΩI

|wTs(Ω,θ0)−wTs(Ωr ,θ0)|
2dΩ

=wTQ0w
(18)

and

Q0 =

∫

ΩI

ℜ{(s(Ω,θ0)−s(Ωr ,θ0)(s(Ω,θ0)−s(Ωr ,θ0)
H}dΩ,

(19)
respectively.

To control the consistency of the frequency response of
the beamformer atθ0 and also make sure the beamformer has
roughly a unity response, we can minimizeRV0 and simulta-
neously constrain the beamformer’s response at(Ωr ,θ0) to
be unity, given by

s(Ωr ,θ0)
Hw = 1. (20)

Then the complete formulation for the proposed mini-
mum variance beamformer can be obtained by combining
(18) and (20) along with minimizing the output power of the
beamformer, which is given by

min wT(Rxx+ β Q0)w

subject to s(Ωr ,θ0)
Hw = 1,

(21)

whereβ is a real-valued trade-off parameter between the fre-
quency invariant property at the look direction and the out-
put power of the beamformer. A largerβ will increase the
consistency of the resultant beamformer’s response over the
frequency range of interest at the look direction.

Note thats(Ωr ,θ0) is complex-valued and we can change
the single complex constraint into two real ones as follows

C̃
T

w = f̃ (22)

with C̃ = [ℜ{s(Ωr ,θ0)},ℑ{s(Ωr ,θ0)}] andf̃ = [1,0]T , where
ℑ{•} denotes the imaginary part. Then we can change (21)
to

min wT(Rxx+ β Q0)w

subject to C̃
T

w = f̃.
(23)

Similar to the Frost beamformer solution in (12), we can
easily derive an online LMS-type algorithm for the new prob-
lem in (23), as given in the following

w(n+1) = w(0)+ P{w(n)− µ [e(n)x(n)+ β Q0w(n)]}
(24)

with

w(0) = C̃(C̃
T

C̃)−1f̃ (25)

and

P = I− C̃(C̃
T

C̃)−1C̃
T
. (26)

5. THE WIDEBAND BEAMFORMER BASED ON
CONVEX OPTIMIZATION

In this section, we propose another wideband beamformer
based on convex optimization, which can control the con-
sistency of the beamformer’s response directly over the fre-
quency range of interest at the look direction.

To achieve this, we limitRV0 defined in (18) to a small
positive valueδ by imposing the following constraint

RV0 ≤ δ . (27)

Combining (27) and (22) together and minimizing the
output power of the beamformer simultaneously, we have the
following formulation

min wTRxxw

subject to RV0 ≤ δ

C̃
T

w = f̃.

(28)

To solve the problem in (28) using the convex optimiza-
tion method, we need to transformRV0 andwT Rxxw to

RV0 = wTQ0w

= ‖LT
1 w‖2 (29)

and
wT Rxxw = ‖LT

2 w‖2
, (30)

respectively, whereL1 = V1U
1
2
1 andL2 = V2U

1
2
2 with U1 and

U2 being the diagonal matrices including all the eigenval-
ues ofQ0 andRxx, respectively, andV1 andV2 being the
eigenvector matrices containing the corresponding eigenvec-
tors,respectively.

Then a complete formulation based on the convex opti-
mization method is obtained as follows

min ‖LT
2 w‖

subject to ‖LT
1 w‖ ≤ δ

C̃
T

w = f̃.

(31)

6. SIMULATIONS

We consider a uniform linear array withM = 10 sensors and
a TDL length ofJ = 20. The array spacing is assumed to
be half the wavelength corresponding to the maximum nor-
malized signal frequencyπ so thatµ = 1. The frequency
range of interest is[0.6π π ] andΩr = 0.9π . It is assumed
that the desired signal comes from the broadside direction,
with a signal-to-noise ratio (SNR) of 10 dB. Two wideband
interferences arrive from the directionsθI = −30◦ and 20◦,
respectively, with a signal-to-interference ratio (SIR) of −10
dB.

First we compare the performance of the proposed adap-
tive beamformer in (24) and the Frost beamformer in (12).
The step sizeµ is 0.000004 for both cases and three values
of the trade-off parameterβ are used with 10, 1 and 0.1, re-
spectively.
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Figure 2: The resultant beam pattern for the proposed beam-
former in (24) withβ = 10.
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Figure 3: Convergence of the output SINR for the Frost
beamformer in (12) and the proposed method in (24).

The resultant beam pattern by the proposed method in
(24) withβ = 10 is given in Fig. 2, which shows a good per-
formance in terms of both frequency response consistency
at the look direction and interference suppression. Fig. 3
shows the learning curve for the output SINR versus the it-
eration numbern for both the Frost beamformer and the pro-
posed one, which is obtained by averaging 200 simulation
results. We can see clearly that the proposed beamformer
in (24) can lead to an improved output SINR compared to
the Frost beamformer in (12); moreover, withβ decreasing,
a better output SINR has been achieved, which can be ex-
plained by the fact that more degree of freedom is released
for interference suppression by relaxing the consistency con-
straint at the look direction. We also give the output SINR re-
sult versus the input SNR for both the proposed beamformer
and the Frost beamformer, as shown in Fig. 4. It can be
observed that the proposed beamformer can always achieve
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Figure 4: Output SINR versus input SNR for the Frost beam-
former in (12) and the proposed one in (24) .
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Figure 5: Frequency response at the look direction for the
Frost beamformer in (12) and the proposed one in (24).

a better output SINR for any given value of the input SNR.
The resultant frequency responses at the look direction by the
Frost beamformer and the proposed one are shown in Fig. 5,
where we can see that the Frost beamformer has exactly an
unity response over all frequency components at the look di-
rection, while with a decreasingβ , the frequency response
consistency of the proposed beamformer becomes poor, as
expected.

Finally we give a simulation result for the proposed con-
vex optimization based beamformer in (31) withδ = 0.001.
Its resultant beam pattern is shown in Fig. 6, with a good
response consistency at the look direction and an effective
attenuation to the interfering directions.
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Figure 6: The resultant beam pattern using the proposed
method in (31) withδ = 0.001.

7. CONCLUSION

A response variation (RV) constraint has been introduced to
adaptive wideband beamforming for a more effective con-
trol of the beamformer’s response and its SINR performance.
Some additional degrees of freedom are released for the
beamformer to suppress the interfering signals by applying
such a constraint only to the frequency range of interest and
reducing the consistency of the beamformer’s frequency re-
sponse at the look direction. This constraint can be incor-
porated into the beamformer in two different ways, leading
to two different formulations. Both of them can achieve an
improved output SINR compared to the conventional Frost
beamformer, as shown by simulations.
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ABSTRACT 

This paper represents a robust target signal detector using 

two microphones. Most of target signal detection (TSD) 

algorithms incorporate with microphone arrays (MAs), and 

their basic assumption is that the location of target acoustic 

source is known. Therefore, target signal portions can be 

identified by exploiting the spatial information of the target 

location which is inherent in the binaural input signals. The 

proposed TSD employs a target signal absence probability 

(TSAP) estimation method that is statistically derived from 

the likelihood ratio test (LRT). A series of tests are con-

ducted to evaluate the performance by comparing with a 

typical TSD method based on signal-to-interference-plus-

noise ratios (SINRs). The experimental results show that the 

proposed method significantly outperforms the conventional 

TSD method in low SINR and vehicular noise environments. 

1. INTRODUCTION 

Acoustic sound enhancement with interference reduction 

has attracted a great deal of a research interest for many 

years and still receives attention due to widespread applica-

tions such as telecommunications, hands-free communica-

tions, hearing aids, and so on. Since hands-free situation 

allows more comfortable and interactive user interface, 

hands-free user interface becomes popular in ubiquitous 

computing and networking environments. However, the 

signal quality in a hands-free environment tends to be poor 

due to distant installation of an input transducer system. 

This distant microphone cause weak acoustic wave as the 

wave propagation distance is increased in the air. And the 

acquired sound quality tends to be contaminated by rever-

beration or interference. Although hands-free situation is 

not desirable for acoustic sound acquisition, MAs enable a 

high-quality and comfortable sound acquisition due to the 

capability to suppress interfering signals. And they also 

have potential to replace a head-mounted or desk-stand mi-

crophone for acquiring speech data in many applications. 

Recently, widespread use of mobile telephones in a car has 

created a demand for hands-free installations. Therefore, 

MAs have received a great attention since they enable high 

noise-reduction performance with a small number of micro-

phones arranged in small space [1]. 

Among the component technologies in MAs, TSD 

plays an important role such as adaptive mode controller 

(AMC) in the generalized side-lobe canceller [2][3]. In 

many MA applications, it is assume that the direction of 

target acoustic source is known such as hands-free tele-

phone conversation in a car. Therefore, the target signal 

portions can be separated by exploiting the spatial informa-

tion of the target location [4][5]. Furthermore, this target 

signal portion identification can be useful in detecting 

speech starting and ending points for voice recognition in 

an adverse environment. Since the traditional TSD algo-

rithms are usually designed using heuristics, it is difficult to 

optimize the relevant parameters [6][7]. The traditional 

TSD methods with a fixed threshold often fail in tracking 

the spatial information of the target signal in noisy envi-

ronment. And this target tracking failure is likely to limit the 

TSD accuracy [6][7]. In the traditional TSD methods, a 

threshold calibration by an expert needs to be followed to 

achieve high TSD accuracy when acoustic environment is 

changed. 

In this paper, we introduce a statistical model-based 

TSD method using binaural cross-similarity between filter-

bank output pairs. The normalized cross-correlation (NCC) 

of binaural filter-bank output pairs is considered as a cross-

similarity feature. Since it is assumed that the location of 

the target source is already known and the two-channel MA 

is steered at the target location, it can be said that the loca-

tion of the target source is always in the front. In this work, 

the proposed TSD scheme is based on statistical TSAP, 

which is derived from the LRT and this statistical model-

based decision rule does not require any further threshold 
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calibration depending on the application environment 

changes. 

The remainder of the paper is organized as follows: 

The typical TSD algorithm based on SINRs is described in 

Section 2. In Section 3, the proposed TSD method based on 

statistical models is explained in detail. The implementation 

and performance evaluation of the proposed algorithm are 

presented in Section 4. Finally, our conclusions are summa-

rized in Section 5. 

2. TRADITIONAL TSD METHOD BASED ON 

SINR ESTIMATION 

The traditional TSD methods are fundamentally based on 

the spatial information between target and interference 

source. The already reported TSD methods can be roughly 

separated into two technical branches. One is based on 

SINR comparison using a fixed acoustic beam-former (BF) 

and a blocking matrix (BM) [6], and the other is to identify 

target signal portions from the input by exploiting binaural 

cross-similarity [8]. Since the proposed method is based on 

binaural cross-similarity, the typical TSD method based on 

SINR in [6] is implemented for the performance compari-

son. Since a car interior environment includes two types of 

interferences (diffused and look directional interferences), 

we modified the original algorithm to cope with the inter-

ferences at the same time. Driving noises can be classified 

into diffused interference and the car audio sounds are char-

acterised as look direction interferences. Figure 1 shows the 

block diagram of the modified TSD system. As shown in 

Figure 1, the power density of diffused interference signal is 

estimated by combining the fixed BF and the BM outputs, 

and the target signal portions among the input are identified 

by simple SINR comparison. The details of the fixed acous-

tic BF and the BM used in this work can be found in [9]. 

The power of interference signal from the other directions 

except the pre-defined look direction is obtained by using 

BM output signal as follows: 
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where N is the frame size, M is the frame shift size, i is a 

frame index and y(.) indicates output signal from the BM. 

The power density of the non-look-direction interference 

signal is calculated throughout the following equation: 
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The diffused or look-direction interference signal power is 

attained by subtracting the non-look-direction interference 

signal power from the fixed beam-former output in the inter-

ference portion as follows: 
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The power density of diffused interference signal can be 

attained by the following equation in the interference region: 
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where θth denotes the threshold for updating power density 

of diffused interference signal. The logarithmic SINR of the 

i-th frame is calculated by the following equation: 
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Finally, target signal frames are separated from the input by 

the following equation: 
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where θd denotes the threshold for decision making. The 

threshold should be chosen by a heuristic manner according 

to the background noise condition. 

 

 
 

Figure 1 – Block diagram of the modified TSD method  

based on SINR 

3. THE PROPOSED TSD METHOD 

We adopt statistical model concept to TSD algorithm using 

binaural cross-similarity. Since spatial sparseness assump-

tion can be employed in a car environment, the NCCs of 

binaural filter-bank output pairs are considered as a statisti-

cally independent identically distributed Gaussian random 

process. The basic hypotheses are as follows: 

Present SignalTarget   :

Absent SignalTarget   :

1

0

H

H
 

The conditional probability of the NCC is obtained by the 

following equation (7): 
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(7) 

where  kiR xx ,
21, indicates the binaural NCC between the k-

th filter-bank output pair at the i-th frame index. λN , k is the 

variance of the NCC of interference signal on the k-th filter-

bank output. λI , k is the variance of the NCC of input signal 

(target and interference signal) on the k-th filter-bank output. 

mN , k and mI , k indicate the mean of the NCC of interference 

and input signal, respectively. The likelihood ratio of the 

conditional probabilities for the k-th frequency band at the i-

th frame can be obtained as follows: 
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Finally, the target signal absent probability (TSAP) is ob-

tained by the following equation (9): 
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in which q is the ratio defined by  
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Finally, target signal frames are identified among the input 

as follows: 
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Since the threshold value of the proposed method is a prob-

ability value, it can be chosen more easily when compared to 

the conventional TSD methods. The mean and variance for 

the k-th filter bank output at the i-th frame index are ob-

tained by using the moving average scheme as follows: 
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where L is the number of the frames for long term estimation. 

The mean and variance estimation on interference only por-

tions is done recursively as follows: 
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where 10  m  and 10  v  are the smoothing pa-

rameter and θupdate denotes the threshold for updating mean 

and variance at the interference only frames. In addition, the 

mean and variance of interference and input signals are ini-

tialized using first fifteen frame signals. Figure 2 shows the 

block diagram of the proposed method. As shown in Figure 

2, the binaural input signals are analyzed by filter banks. 

And then the NCCs between the binaural filter-bank output 

pairs are estimated. After estimating the statistical properties 

of the background interferences, target signal portions 

among the input are identified by TSAP. 

 

 
Figure 2 – Block diagram of the proposed TSD method 

4. IMPLEMENTATION AND EVALUATION 

In this section, the realization and performance evaluation 

of the proposed method are explained. The proposed TSD 

method is implemented in time-domain and in frequency-        

domain, and evaluated by comparing the TSD accuracy 

with the typical TSD method in section 2. 

 

4.1 Implementation of the proposed TSD method 

The proposed TSD algorithm can be realized in two different 

domains. One is in time-domain and the other is in fre-

quency-domain. In order to test the TSD accuracy of the 

proposed method, we implement the algorithm in both the 

domains. For the algorithms implementation in time-domain, 

5 channel filter-banks are applied. The centre frequencies of 

the filter bank are linearly spaced from 1 kHz to 6 kHz and 

the bandwidth is 1 kHz. In order to preserve the signal char-

acteristics in each pass-band, Butterworth type IIR filters are 

served for the filter-bank signal decomposition. The number 

of tabs is 4. After the filter-bank analysis, the signals are 

framed for cross-similarity estimation. The frame size and 

the frame shift are 40ms, 10ms, respectively. And then, the 

time-domain NCC values of the binaural filter-bank output 

pairs are obtained by the following equation (14): 
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where )(,
1 nx ki  and )(,

2 nx ki  represent the n-th temporal sig-

nals for the k-th frequency band and i-th frame of the first 

and second microphone, respectively. And NT is the number 

of signals of a frame.  

For the frequency-domain implementation, the binaural 

input signals are framed for short-time spectrum analysis. 

The frame size and frame shift size for this task are 32ms 
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and 10ms, respectively. After Hanning windowing procedure, 

fast Fourier transform is applied for the filter-bank analysis. 

5 channel filter banks are equally spaced from 1 kHz to 6 

kHz. The NCC values are calculated as follows: 
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where X1(i, j) and X2(i, j) indicate the j-th spectral signals at 

the i-th frame of the first and second microphone, respec-

tively, and Nk and Mk denote the starting and ending fre-

quency component for the k-th frequency band, respectively. 

And * indicates a complex conjugate. 

         
(a) 

50 100 150 200 250
-0.5

0

0.5

1

Frames

N
C

C

 

 

band1 band2 band3 band4 band5

 
(b) 

50 100 150 200 250
0

0.2

0.4

0.6

0.8

1

Frames

TS
A

P

 

 

TSAP

threshold

 
(c) 

50 100 150 200 250
0

1

Frames

T
S

D
 r

es
u

lt
s

 

 

TSD result

hand-marked

 
(d) 

Figure 3 – Sample results at each step of the proposed time-

domain TSD method at 10 dB SINR in the front target source loca-

tion. (a) Spectrogram of noisy input signal. (b) NCC values from 

filter bank (c) TSAP (d) TSD accuracy comparison with manual 

target signal segmentation. 

 

Since the frequency resolution of the time-domain imple-

mentation is superior to the frequency-domain implementa-

tion, it is expected that the TSD accuracy of the time-domain 

implementation may be better than the frequency-domain 

implementation. Figure 3 shows sample results at each step 

of the proposed time-domain TSD method. Since the target 

source is located in the front, it is shown that the NCC val-

ues are relatively higher and the TSAP values are lower in 

target signal portions. The comparison of TSD results with 

manual target signal segmentation are shown in Figure 3(d). 

The comparison result indicates that the TSD accuracy of the 

proposed method is fairly good in the presence of ambient 

noise.  

 

4.2 Performance evaluation 

Recently, the demand on hands-free installations in automo-

bile is on the rise due to the user requirement on driving 

safety and convenience. Therefore, the performance evalua-

tion is conducted in car environment and TSD accuracy is 

measured. In order to compare the performance of the pro-

posed method, the modified TSD method based on SINR 

estimator are implemented and tested.  

For the test speech database acquisition, two micro-

phones are equipped on the centre fascia in C-class sedan, 

which was manufactured by Hyundai Motors and the dis-

tance between the microphones is 4 cm. For the target signal 

acquisition, phonetically balanced Korean words are played 

from a small speaker in the cockpit. The speaker is located in 

the front of the microphones. The sound of moving car at 

medium speed (60~80 km/h) is recorded for an hour and this 

kind of engine noise is diffused by the car interior. In order 

to obtain non-look directional interference signals, a song is 

played throughout the car audio installation and this sound is 

emitted from the four surround speakers which are already 

equipped in the car. The diffused and directional interference 

signals are randomly added to the target speech samples in 

order to attain noisy signals in various SINR conditions. 

Total number of the speakers who are engaged in this ex-

periment is 10 (6 males and 4 females), and 10 utterances 

per each speaker are mixed to obtain noisy signal samples in 

various SINR conditions. In this experiment, the perform-

ance comparison between the traditional and the proposed 

TSD method is conducted in the aspect of target signal de-

tection probability (PTSD) and false-alarm probability (PFA).  

Figure 4 shows the receiver operating characteristics 

(ROC’s), which shows the trade-off relationship between the 

PTSD and PFA at 0 dB and 5 dB SINR. As shown in Figure 4, 

both the proposed methods outperform the modified TSD 

method based on SINR. It is also shown that the proposed 

time-domain TSD method is superior to the frequency-

domain method due to its fine frequency resolution. In this 

work, the threshold of 2.0p and 4.0update  is set for the 

proposed time-domain approach and the threshold of 

4.0p and 5.0update  is for the proposed frequency-

domain approach. In both the implementations, the smooth-

ing factors, 98.0 vm  are chosen. Long term window of 

fifteen frames are used for the temporal mean and variance 

estimation using moving average technique. All the experi-

mental results in various SINR conditions are summarized in 

Table 1. Table 1 indicates that both the proposed TSD meth-

ods are superior to the conventional SINR-based TSD 

method in various SINR conditions. Especially, the proposed 

time-domain method shows robust TSD performance even 

in the presence of severe interfering signals. In the TSD al-

gorithm implementations, we do not consider hang-over or 
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median filtering procedure for improving the detection per-

formance.   
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(b) 

Figure 4 – Receiver operating characteristics of the conven-

tional TSD based on SINR and the proposed method. (a) 5 dB 

SINR. (b) 0 dB SINR.  

 

Table 1 – PTSD and PFA (%) of the proposed and SINR-based 

TSD method in various SINRs. 

Methods 
TSD method 

based on SINR 

Proposed TSD 

method 

(Time Domain) 

Proposed TSD 

method 

(Frequency 

Domain) 

SINR PTSD PFA  PTSD PFA PTSD  PFA  

20 dB 81.24 12.22 97.67 4.30 95.98 8.00 

15 dB 81.75 19.00 95.73 2.95 85.25 11.65 

10 dB 74.38 13.96 91.20 1.04 88.61 7.48 

5 dB 72.70 22.96 87.06 0.65 82.01 14.09 

0 dB 53.04 19.18 75.93 6.74 76.97 9.74 

-5 dB 47.47 40.84 67.27 3.00 49.93 12.83 

 

However, since the experimental results show that the PFA of 

the proposed methods are maintained at various SINRs, it is 

expected that the TSD accuracy of the proposed method can 

be improved simply by adding hang-over or median smooth-

ing procedure. 

5. CONCLUSIONS 

In this paper, a novel TSD method based on statistical mod-

els is introduced. In order to identify target signal portions 

among the noise-corrupted input, the spatial information 

based on binaural cross-similarity between the filter-bank 

output pairs is exploited. And TSAP is derived from the 

LRT using a statistical model. Then, the target signal por-

tions are separated from the noisy input by simple TSAP 

comparison method. We have implemented the proposed 

TSD idea in two domains: One is time-domain and the 

other is frequency domain. In order to evaluate the perform-

ance of the proposed method, a series of simulation tests are 

conducted in the aspect of PTSD and PFA under various car 

interior environments. The experimental results indicate that 

the proposed method superior to the traditional TSD method 

and shows robust TSD performance, even in the presence of 

severe interfering signals.  

Future work will include the investigation of a number 

of state-of-the-art TSD methods in terms of speech distortion, 

SINR improvement, and average speech recognition rate. 
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Abstract. The response of a wideband beamformer based on
a rectangular array with spatial-only information is studied. In
this beamformer, each of the received array signals is only pro-
cessed by one single coefficient and its output is an instantaneous
weighted combination of the received signals. One interesting
property of it is that it has a totally different beam response de-
pending on whether we are considering the negative frequency
component or the positive frequency component of the imping-
ing signals. As a result, the implementation of this beamformer is
not as straightforward as the traditional ones and a special arrange-
ment is required for its effective operation. Two implementation
schemes are proposed for complex-valued impinging signals and
real-valued impinging signals, respectively, supported by design
and simulation results.

Keywords. Wideband beamforming, rectangular arrays, sen-
sor delay-lines, implementation.

1. INTRODUCTION

Wideband beamforming has found many applications in various
areas ranging from sonar and radar to wireless communications [1,
2, 3, 4, 5], and it is usually achieved by the use of tapped delay-
lines (TDLs) or FIR/IIR filters in its discrete form, which can form
a frequency dependent response for each of the received wideband
sensor signals to compensate the phase difference for different fre-
quency components.

Recently, a class of wideband beamformers employing the so-
called sensor delay-lines (SDLs) has been proposed, where there
is not any form of temporal processing involved and each of the
received array signals is only processed by one single coefficient
[6, 7, 8]. One of the beamformers based on such a structure is
the rectangular array without TDLs [9, 10, 11, 12], which basi-
cally simulates the response of a wideband linear array with TDLs.
However, one key difference is that such a structure has a beam-
forming capability over the full azimuth range, while the tradi-
tional linear array with TDLs can only form a beam effectively
over half of the azimuth range and its response over the other half
is a simple repetition of the first half.

Unlike the traditional wideband beamformer with TDLs, where
its coefficients are normally real-valued, the coefficients of this
rectangular array are normally complex-valued in order to form
a beam over the full azimuth range [12]. An interesting prop-

φ

θ

x

z

y

signal

dx

dy

Figure 1: A uniformly spaced rectangular array, where a signal
arrives from the direction (θ, φ).

erty of the resultant wideband beamformer is that it has a different
beam response depending on whether we are considering the neg-
ative frequency component or the positive frequency component
of the impinging signals. More specifically, if the beamformer has
a beam in the azimuth direction φ for ω > 0, then another beam in
the direction φ−π for ω < 0 will be formed simultaneously. As a
result, the implementation of this beamformer is not as straightfor-
ward as the traditional ones and a special arrangement is required
for its effective operation.

This paper is organised as follows. We will first show this
specific property of its beam response in Section 2 and then pro-
vide two implementation schemes in Section 3 for complex-valued
impinging signals and real-valued impinging signals, respectively.
The effectiveness of the proposed implementation will be verified
by simulations in Secction 4 and conclusions drawn in Section 5.

2. BEAM RESPONSE FOR RECTANGULAR ARRAYS

Fig. 1 shows an equally spaced rectangular array with a signal ar-
riving from the direction (θ, φ). The spacing of the array elements
in the x and y directions is dx and dy , respectively.

The response of the array with respect to temporal frequency
ω rad/s and angle of arrival (θ, φ) of the impinging signal is given
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by

P (ω, θ, φ) =
∞P

k,l=−∞
D(kdx, ldy)e−j kω sin θ cos φdx

c

e−j
lω sin θ sin φdy

c , (1)

where D(kdx, ldy) is the response of the sensor at the position
(kdx, ldy), k, l = . . . ,−1, 0, 1, . . . , and c is the wave propagation
speed. Note that D(kdx, ldy) is a constant and independent of
frequency, since there are no TDLs or other frequency dependent
processing for each received sensor signal.

With the following substitutions

ω1 =
ω sin θ cos φdx

c

ω2 =
ω sin θ sin φdy

c
, (2)

we have

P (ω1, ω2) =
∞P

k,l=−∞
D(kdx, ldy) e−jkω1e−jlω2 . (3)

We can see that the beam pattern of such a rectangular array
can be obtained by first applying a 2-D (two-dimensional) Fourier
transform to the array’s coefficients D(kdx, ldy) according to (3)
and then using the above substitutions in (2).

From (2), we have

ω2dx

ω1dy
= tan φ

ω =
cω1

sin θ sin φdy
. (4)

Thus, for a fixed θ, given any desired wideband response P (ω, φ),
we can use the relationships in (4) to express it in the form of
P (ω1, ω2). Then the desired coefficients wm,n can be obtained by
applying the inverse Fourier transform to P (ω1, ω2). For a desired
frequency invariant response P (φ), i.e. a response independent of
frequency, it can be considered as a special case and the corre-
sponding coefficients wm,n can be obtained in the same way. In
general P (ω1, ω2) will not be symmetric and the resultant wm,n

will be complex-valued.
An interesting property of the rectangular array response P (ω, θ, φ)

in Equation (1) is that when ω = −ω and φ = φ − π, P (ω, θ, φ)
will have the same response, i.e.

P (−ω, θ, φ− π)

=

∞X

k,l=−∞
D(kdx, ldy)e−j

k(−ω) sin θ cos(φ−π)dx
c

e−j
l(−ω) sin θ sin(φ−π)dy

c

=

∞X

k,l=−∞
D(kdx, ldy)e−j kω sin θ cos φdx

c e−j
lω sin θ sin φdy

c

= P (ω, θ, φ) . (5)

3. IMPLEMENTATION

As result of the property in Equation (5), if the beamformer has
a beam in the direction φ for ω > 0, then another beam in the

real part
main beam at outputtake the

ω>0

beamformer

frequency
remove negative

filter 
input φ0

Figure 2: A block diagram for implementing the complex-valued
wideband beamformer to receive a real-valued desired signal.

output

main beam at
ω>0

beamformer 1

main beam at

filter 1

frequency
remove positive

filter 2beamformer 2

ω<0

input
frequency

remove negative

φ0

φ0

Figure 3: A block diagram for implementing the complex-valued
wideband beamformer in a general case to receive a complex-
valued desired signal.

direction φ − π for ω < 0 will be formed simultaneously and it
will not be able to suppress the negative frequency components of
the interfering signals coming from the direction φ− π.

For such a beamformer to work properly in a real-valued sig-
nal environment, we need to apply the complex-valued beamformer
to the received array signals first, then use a complex-valued filter
to remove the negative frequency component in the beamformer
output, and taking the real part of this complex-valued output will
give the final desired real-valued output. This process is shown in
the block diagram in Fig. 2.

For the general case with complex-valued signals, we need
to make sure that the full (negative and positive) spectrum of the
desired signal is preserved at the beamformer output. To achieve
this, we need to design two wideband beamformers. Suppose the
desired direction is φ0. Then one of them is designed to receive
the positive part of the full spectrum (ω > 0) of the desired signal
from the direction φ0 and its output will be processed by a filter
to remove the negative part of the output spectrum; the other one
to receive the negative part of the full spectrum (ω < 0) of the
desired signal and its output will be processed by a filter to remove
the positive part of the output spectrum. The processed outputs
of the two beamformers will be added together to form the final
output. A block diagram for the whole process is shown in Fig. 3

4. SIMULATION RESULTS

In this section we will first give a design example to show the
interesting property of this beamformer and then provide some
beamspace adaptive implementation results.

4.1. Beam response example

We have designed a frequency invariant beamformer based on a
19 × 19 uniformly spaced rectangular array using the approach
proposed in [12]. The frequency range of interest is between 400
Hz and 1600 Hz with a signal propagation speed c = 340m/s and
an array spacing dx = dy = λmin/2 = 34000/(2× 1600)cm ≈
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Figure 4: A design example with an off-broadside main beam (θ =
90◦, φ0 = 90◦).

10cm. The resultant beam pattern is shown in Fig. 4 with a main
beam direction φ0 = π

2
(90◦).

According to the discussion in Section 3, the design in Fig. 4
with a main beam in the direction φ = 90◦ over the frequency
range [400Hz 1600Hz] will also have a main beam in the direction
φ = 90◦ − 180◦ = −90◦ over the frequency range [−1600Hz −
400Hz], which can be verified by checking Fig. 5. Then if we
use the beamformer in Fig. 4 to receive a signal arriving from the
direction 90◦ with a frequency range [400Hz 1600Hz], the output
will also include the contribution from the signal arriving from the
direction −90◦ with a frequency range [−1600Hz − 400Hz].

4.2. Beamspace adaptive implementation results

In this part, we consider the adaptive beamforming case and use
the beamspace adaptive beamformer as an example[13, 14, 15, 16],
as shown in Fig. 6, where L frequency invariant beams (FIBs) are
designed pointing to the directions φl, l = 0, 1, . . . , L − 1. One
of the beams is the main beam pointing to the direction of the sig-
nal of interest and the remaining L− 1 beams are auxiliary beams
pointing to the other directions which cover all of the possible di-
rections of the interfering signals. x[n] is the received array signal
vector at time n, FIB0 is the main beam with an output d[n], and
y[n] is the final array output by combining the FIB outputs with
one adaptive coefficient wl, l = 1, . . . , L−1 for each of the them.
If we assume the signal of interest comes from the broadside, then
we have φ0 = 0. For the auxiliary beams, they have a zero re-
sponse to the signal of interest and their outputs only contain noise
and interfering signals. The coefficients w can be adjusted by min-
imizing the mean square error E{|y[n]|2}, realised by all kinds of
adaptive algorithms [17]

Our simulation is based on a 19 × 19 uniformly spaced rect-
angular array with an inter-element spacing of dx = dy = 10cm.
5 FIBs are employed, which are derived from the corresponding
desired responses given in Fig. 7. The signal of interest comes
from the direction (θ = 90◦, φ = 0◦) and four interfering signals
from the directions (θ = 90◦, φ = 90◦), (θ = 90◦, φ = 180◦),
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Figure 5: The response of the design in Fig. 4 over the frequency
range [-1600 Hz -400 Hz] (θ = 90◦, φ0 = 90◦).
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Figure 6: A general structure for beamspace adaptive beamform-
ing.

(θ = 90◦, φ = −60◦) and (θ = 90◦, φ = −120◦), respectively.
All of the signals are real-valued and have a bandwidth between
560 Hz and 1440 kHz. The signal to interference ratio (SIR) is
about −20 dB and the signal to noise ratio (SNR) is about 20 dB.
We use a normalised LMS (least mean square) algorithm for adap-
tation with a stepsize of 0.05. Two cases are considered: one is to
implement the FIBs as suggested in Fig. 2, and the other one is to
implement it directly without considering their effects on negative
frequencies.

The resultant two learning curves are shown in Fig. 8, where
the dashed line is for the first case and the dotted line for the sec-
ond case. The ensemble mean square residue error for the first case
has reached−5 dB, whereas it stays at about 21 dB for the second
case. Obviously ignoring their response to the negative frequen-
cies has failed to separate the desired signal from its interferences.

5. CONCLUSIONS

The beam response of a wideband beamformer based on a rectan-
gular array with spatial-only information has been studied. One
interesting property of it is that it has a different response depend-
ing on whether we are considering the negative frequency compo-
nent or the positive frequency component of the impinging signals.
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Figure 7: The desired responses for designing the five frequency
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Figure 8: The two learning curves for the beamspace adaptive
beamformer.

More specifically, if the beamformer has a beam in the azimuth di-
rection φ for ω > 0, then another beam in the direction φ− π for
ω < 0 will be formed simultaneously. As a result, the implementa-
tion of this beamformer is not as straightforward as the traditional
ones and two implementation schemes have been proposed for
complex-valued impinging signals and real-valued impinging sig-
nals, respectively. Beamformer design examples have shown this
property clearly and the effectiveness of the proposed implemen-
tation has been verified by simulations based on the beamspace
adaptive wideband beamforming structure.
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ABSTRACT

It is well-known that filtering methods can be used for processing
of signals in both time and space. This comprises, for example,
fundamental frequency estimation and direction-of-arrival (DOA)
estimation. In this paper, we propose two novel 2-D filtering meth-
ods for joint estimation of the fundamental frequency and the DOA
of spatio-temporarily sampled periodic signals. The first and sim-
plest method is based on the 2-D periodogram, whereas the second
method is a generalization of the 2-D Capon method. In the exper-
imental part, both qualitative and quantitative measurements show
that the proposed methods are well-suited for solving the joint esti-
mation problem. Furthermore, it is shown that the methods are able
to resolve signals separated sufficiently in only one dimension. In
the case of closely spaced sources, however, the 2-D Capon-based
method shows the best performance.

1. INTRODUCTION

In the last couple of decades, filtering methods have been used for
processing of both spatial and temporal signals [1,2]. Processing of
spatial signals is also known as array signal processing and within
this field, filtering methods are better known as beamformers [1].
One application of this, is processing of audio and speech signals
recorded using a multi-microphone setup as considered in [3]. A
common task is to estimate the direction-of-arrival (DOA) of such
signals. However, often it is also desired to estimate the fundamen-
tal frequency of the self-same signals. Lately, it has been shown [4]
that filtering methods are useful in this context as well. In the rest
of the paper will refer to the fundamental frequency as the pitch.
It is essential to estimate both the DOA and the pitch, since these
features are useful for both separation and enhancement [5]. Fur-
thermore, the pitch is also relevant regarding compression [6].

In many applications, such as hands-free communication, tele-
conferencing, surveillance systems and hearing-aids, it is necessary
to know both the DOA and the pitch of speech and audio signals.
This is needed for, e.g., tracking, separation and enhancement pur-
poses. Therefore, joint pitch and DOA estimation is a relevant prob-
lem. We can formulate the joint estimation problem as follows:
consider a periodic source s(nt) impinging on an array containing
Ns sensors. On the nsth sensor, the periodic source is corrupted by
the noise source wns(nt). The signal sampled by the nsth sensor, for
nt = 0, . . . ,Nt −1 and ns = 0, . . . ,Ns−1, can then be written as

xns(nt) = s(nt − τns)+wns(nt) , (1)

where τns is the time delay of the signal on sensor ns compared to
a reference point. Note that the DOA can be estimated by realizing
that there is a relationship between the DOA and the time delay.
The relation depend on the array structure. In this paper, we assume
a uniform linear array (ULA) and that the signals of interest are
located in the so-called far-field. This implies a simple relationship
between the DOA and the time delay. The problem considered in
this paper, is join estimation of the DOA θ and the pitch ωt of the

periodic source s(nt) which can also be modeled as

s(nt) =
L

∑
l=1

αle
jωt lnt , (2)

where L is the model order and αl = ϒle jφl is the complex amplitude
of the lth sinusoid with ϒl > 0 and φl being the amplitude and the
phase, respectively. In this paper, we consider the model order as
being known. The model in (2) allows us to consider the signal of
interest as several narrowband sources. The narrowband assumption
is a key assumption in many array processing methods and we also
employ in this paper.

Recently, the problem of joint pitch and DOA estimation has
attracted considerable attention. Some of the first approaches to
solve the problem only considered how the frequencies of single
2-D sinusoids can be estimated. A few examples of such methods
are [7], where a state-space realization technique is used, [8] which
is based on the 2-D Capon method, [9] which is based on the ES-
PRIT method, and [10] where a signal-dependent multistage wiener
filter (MWF) is used. The DOA and the pitch should, when possible,
be estimated jointly for several reasons. For example, by estimating
the parameters jointly we can process signals separated sufficiently
in only one dimension as opposed to 1-D methods. Recently, a
few methods have been proposed for joint DOA and pitch estima-
tion; in [11] a ML-based method is proposed; in [11, 12] subspace-
based methods are proposed; in [13] a correlation-based method
is proposed; and in [14] a spatio-temporal filtering method based
on the LCMV beamformer is proposed. In this paper, we present
two novel methods for DOA and pitch estimation. Both methods
are 2-D filtering methods based on a filter-bank interpretation of
the periodogram and a generalization of the 2-D Capon method,
respectively. As opposed to the method in [14], we do not require
any prior knowledge on the spatial or temporal characteristics, other
than a harmonic structure, since we propose to estimate the DOA
and pitch jointly. In cases with colored noise, the 2-D Capon-based
method is preferred because of its excellent performance in a multi-
source scenario. However, the 2-D periodogram-based method may
in some cases be preferred because of its lower computational com-
plexity.

The rest of the paper is organized as follows: in Section 2 we
introduce the joint estimation problem and present the proposed
methods. Section 3 contains the experimental part of the paper and,
finally, Section 4 concludes our work.

2. PROPOSED METHODS

In this section, we briefly review the concept of 2-D filtering meth-
ods for spectral estimation and we present the proposed methods.
In 2-D filtering methods for spectral estimation, it is desired to de-
sign a filter which passes a signal component with a given frequency
pair undistorted. At the same time, the filter should attenuate sig-
nal components at all other frequency pairs. The two different filter
design procedures used in the two proposed methods are described
following.

Assume that we have a matrix XD of dimension Ns×Nt con-
taining our spatio-temporarily sampled data. Note that Ns and Nt
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are the numbers of spatial and temporal samples, respectively. The
input data is then to be filtered by a Ms×Mt order 2-D finite impulse
response (FIR) filter

Hωt ,ωs =


Hωt ,ωs(0,0) · · · Hωt ,ωs(0,M′t )

...
. . .

...
Hωt ,ωs(M

′
s,0) · · · Hωt ,ωs(M

′
s,M

′
t )

 , (3)

where M′s = Ms− 1, M′t = Mt − 1 and the filter is designed for the
temporal and spatial frequencies ωt and ωs. The filter is then ap-
plied on sub-blocks Xns(nt) of the data matrix. One sub-block is
defined as

Xns(nt) =


xns(nt) · · · xns(nt −M′t )

...
. . .

...
xns+M′s(nt) · · · xns+M′s(nt −M′t )

 . (4)

Due to the ULA and far-field assumptions, the spatial frequency is
given by ωs = ωt fs d sinθ

c , where fs is the sampling frequency, d is
the inter-sensor spacing, θ is the DOA in radians, and c is the wave
propagation velocity. Following, we stack the filter response and
the sub-blocks in (3) and (4), i.e.,

hωt ,ωs = vec{Hωt ,ωs} (5)
xns(nt) = vec{Xns(nt)} , (6)

with vec{·} denoting the column-wise stacking operator. Since we
have mapped the filtering operation from 2-D to 1-D, it can be seen
that the filter design somehow resembles that of 1-D filtering meth-
ods. As the first step in the design procedure we need to find an
expression for the filter output power

E{|yns(nt)|2}= E{hH
ωt ,ωs

xns(nt)xH
ns

(nt)hωt ,ωs} (7)

= hH
ωt ,ωs

Rhωt ,ωs , (8)

where R is the covariance matrix

R = E{xns(nt)xH
ns

(nt)} . (9)

Note that E{·} and (·)H denotes the expectation operator and the
complex transpose, respectively. Often we do not have access to
the true covariance matrix, which we therefore will replace with the
sample covariance matrix

R̂ =
1

(Ns−M′s)(Nt −M′t )

Ns−Ms

∑
p=0

Nt−Mt

∑
q=0

xp(nt −q)xH
p (nt −q) .

(10)

The next task is to design the filter such that the output power is
minimized subject to a distortionless constraint at desired frequen-
cies. The filter design procedure is what differs between the two
proposed method.

2.1 2-D Periodogram-based Method
In the 2-D periodogram-based method, we use a filter-bank struc-
ture constituted by stacked 2-D filter responses. We assume that
there is no cross-talk between the filters in the filter-bank, which
allows us to write the total filter-bank output power as

L

∑
l=1

E{|yns,l(nt)|2}=
L

∑
l=1

hH
lωt ,lωs

Rhlωt ,lωs . (11)

Note that hlωt ,lωs is the impulse response of the lth filter in the filter-
bank. We then define the filter-bank matrix as

Hfb,(ωt ,ωs) = [hωt ,ωs · · · hLωt ,Lωs ] . (12)

Having introduced the filter-bank matrix, we can rewrite the total
filter-bank output power in 11 as

L

∑
l=1

E{|yns,l(nt)|2}= Tr
{
HH

fb,(ωt ,ωs)RHfb,(ωt ,ωs)

}
, (13)

with Tr{·} denoting the trace operator. In the 2-D periodogram-
based method, it is assumed that the input signal is white Gaussian
noise, hence, the method is independent on the signal statistics. Us-
ing this assumption, it can be shown that the individual filters in
the filter-bank are constituted by Fourier vectors which will ensure
a unit gain at the desired frequencies. However, the attenuation
of other frequency components will not be optimal since the sig-
nal statistics are not used in the design procedure. The lth filter
response is then given by

hl,(ωt ,ωs) = alωt ,ωs , (14)

where

aωt ,ωs = aωt ⊗aωs (15)

aωk =
[
1 e− jωk · · · e− jM′kωk

]T
. (16)

By inserting (14) into (13) we get that

L

∑
l=1

E{|yns,l(nt)|2}= Tr{AH
ωt ,ωs

RAωt ,ωs} (17)

= JP,(ωt ,ωs) , (18)

with Aωt ,ωs = [aωt ,ωs · · · aLωt ,ωs ]. We can then obtain joint es-
timates of the pitch and the DOA by maximizing the total filter-bank
output power over sets of candidate DOAs Θ and pitch frequencies
Ω, i.e.,

(θ̂ , ω̂) = argmax
(θ ,ω)∈Θ×Ω

JP,(ωt ,ωs) . (19)

2.2 2-D Capon-based Method
The proposed 2-D Capon-based method is a generalization of the
2-D Capon method [15]. The generalization is obtained by intro-
ducing multiple harmonic constraints in the filter design. That is,
the proposed 2-D Capon-based method relies on a single 2-D filter.
We design the 2-D filter by minimizing the output power subject to
distortionless constraints on the harmonics, i.e.,

min
h

hH
ωt ,ωs

Rhωt ,ωs s.t. hH
ωt ,ωs

alωt ,ωs = 1 , (20)

for l = 1, . . . ,L . (21)

The optimization problem is easily solved by using the Lagrange
multiplier method which leads to the following result

hωt ,ωs = R−1Aωt ,ωs(A
H
ωt ,ωs

R−1Aωt ,ωs)
−11 , (22)

with 1 being a L× 1 vector containing ones. Inserting the optimal
filter expression into the filter output power expression leads to

E{|yns(nt)|2}= 1H(AH
ωt ,ωs

R−1Aωt ,ωs)
−11 (23)

= JC,(ωt ,ωs) . (24)

Finally, we can jointly estimate the DOA and the pitch by maximiz-
ing the filter output power for a sets of candidate DOAs Θ and pitch
frequencies Ω

(θ̂ , ω̂) = argmax
(θ ,ω)∈Θ×Ω

JC,(ωt ,ωs) . (25)
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Figure 1: Contour plot in dB of a 2-D periodogram-based filter-
bank response designed for a signal constituted by five harmonics
having a pitch of 200 Hz and a DOA of -15◦.

2.3 Refined Estimates
In cases where there are high resolution requirements, the proposed
methods may imply a huge computational burden since they rely on
a grid search. However, to circumvent this issue we can instead use
a smaller grid to obtain an initial estimate of the parameters which
can then be refined by making a gradient search. Note that in the
following derivations we leave out the dependencies on ωs and ωt
for a simpler notation. The first order derivatives of the filter output
powers are readily obtained as[

∂JP
∂θ

∂JP
∂ωt

]
=

2
M2 Re

{[
Tr{AHRBθ}
Tr{AHRBωt}

]}
(26)

[
∂JC
∂θ

∂JC
∂ωt

]
=−2Re

{[
1HQAHR−1BθQ1

1HQAHR−1Bωt Q1

]}
, (27)

where Q = (AHR−1A)−1, and Re{·} denotes taking the real part.
The entries in the B matrices are given by

[Bθ ]il =− jωt fsl
d cosθ

c
ks,ie− jωt l( fs

d sinθ

c ks,i+kt,i) (28)

[Bωt ]il =− jl
(

fs
d sinθ

c
ks,i + kt,i

)
e− jωt l( fs

d sinθ

c ks,i+kt,i) . (29)

The intermediate k variables are defined as

ks,i = (i−1) mod Ms (30)

kt,i =
⌊

i−1
Ms

⌋
, (31)

with (· mod ·) and b·c denoting the modulus and the flooring oper-
ators, respectively. We can then obtain refined parameter estimates
by using an iterative procedure[

θ̂ (i+1)

ω̂
(i+1)
t

]
=

[
θ̂ (i)

ω̂
(i)
t

]
+δ∇J , (32)

where i is the iteration number, δ is a small positive constant found

through line search and ∇J =
[

∂J
∂θ

∂J
∂ωt

]T
.

Figure 2: Contour plot in dB of a 2-D Capon-based filter response
designed for a signal constituted by five harmonics having a pitch
of 200 Hz and a DOA of -15◦. The signal was corrupted by white
Gaussian noise with an SNR of -40 dB.

Figure 3: Contour plot in dB of a 2-D Capon-based filter response
designed for a signal constituted by five harmonics having a pitch
of 200 Hz and a DOA of -15◦. The signal was corrupted by white
Gaussian noise with an SNR of 10 dB.

3. EXPERIMENTAL RESULTS

We will now consider the evaluation of the proposed methods. In all
of the experiments described in the rest of this section, an ULA was
assumed having an inter-sensor spacing of d = c

fs
where c = 343.2

m/s is the speed of sound in air at 20◦ C. Furthermore, in all ex-
periments the sampling frequency was fs = 2.5 kHz. First, we
evaluate the functionality of the filters in terms of investigating the
filter response. In Fig. 1, a filter response of a 2-D periodogram-
based filter-bank is shown. The filter orders were in this case set to
Mt = Ms = 20. The filter-bank was designed for a signal constituted
by five harmonics with a pitch of 200 Hz and a DOA of -15◦. As
mentioned, this filter is independent of the signal statistics and will
therefore have a rather similar attenuation of signal components not
having both one of the target harmonic frequencies and the target
DOA. At the target harmonic frequencies and DOA, the filter will
have a unit gain. These observations can also be made from the ex-
perimental result which verifies the filter design. Likewise, we also
conducted experiments on the 2-D Capon-based filter response. In
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Figure 4: Output power of the 2-D periodogram-based filter-bank
of orders Mt = 30 and Ms = 10 applied on a mixture of two signals
with DOAs of 4◦ and 40◦, respectively, and both with a pitch of 213
Hz. The SNR with respect to each signal was 10 dB.

Figure 5: Output power of the 2-D Capon-based filter of orders
Mt = 30 and Ms = 10 applied on a mixture of two signals with
DOAs of 4◦ and 40◦, respectively, and both with a pitch of 213 Hz.
The SNR with respect to each signal was 10 dB.

these experiments the sample lengths were set to Nt = Ns = 80 and
the filter orders were the same as in the previous experiment. The
filter was designed for a signal having five harmonics with a pitch of
200 Hz and a DOA of -15◦. Also, the signal was corrupted by white
Gaussian noise and the experiment was conducted for SNRs of -40
dB and 10 dB. The results are depicted in Fig. 2 and 3, respectively.
For the low SNR of -40 dB the filter response somehow resembles
that of the 2-D periodogram-based filter which can also be verified
mathematically. At high SNRs the 2-D Capon-based method seems
to suffer from leakage, since it has a relatively high gain at off pitch
frequencies and DOAs. This is, however, characteristic for the min-
imum variance distortionless response (MVDR) principle.

Following, we evaluate the proposed methods ability to jointly
estimate the pitch and DOA in a multi-source scenario. First, we
have calculated the output power of both the 2-D periodogram-
based filter and the 2-D Capon-based filter for several candidate
pitch frequencies and DOAs. In these experiments, the number of
sensors was Ns = 30, the sample length was Nt = 100 and the filter
orders were Mt = 30 and Ms = 10. The filters were applied on a
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Figure 6: MSE in a two-source scenario as a function of the source
spacing in degrees, and the CRLB for the single-source scenario.
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Figure 7: MSE in a two-source scenario as a function of the source
spacing in Hz, and the CRLB for the single-source scenario.

mixture of two signals both constituted by four sinusoids. The two
signals had DOAs of 4◦ and 40◦, respectively, and they both had a
pitch of 213 Hz. The results from the experiments are depicted in
Fig. 4 and 5, respectively. The first observation from these experi-
ments are, that the pitch frequencies and DOAs of the two sources
can be estimated correctly using both methods by taking the argu-
ments of the two largest peaks of the filter output powers. Also,
we observe that the peaks in the filter output power are much nar-
rower for the 2-D Capon-based method which indicates that the 2-D
Capon-based method will be superior when it comes to resolving
closely-spaced sources.

We will now evaluate further on the proposed methods ability
to resolve closely spaced sources. For this purpose we have con-
ducted some Monte-Carlo simulations on the estimation error as a
function of the source spacing in a two-source scenario. Due to a
high computational complexity, we assumed that the pitch and DOA
estimates were close to the true pitch and DOA which allowed us
to just doing a gradient search from the true pitch and DOA instead
of doing a fine grid search. In the first series of Monte-Carlo sim-
ulations we measured the MSE of the DOA estimates as a function
of the source spacing in degrees. The two sources were each con-
stituted by four harmonics having a pitch of 236 Hz. The DOA
was fixed to -20◦ for one of the sources while the other was varied.

2094



White Gaussian noise was added to the signal such that the SNR
with respect to each source was 10 dB. The sample lengths were
Nt = Ns = 30 while the filter orders were Mt = Ms = 10. We con-
ducted 500 Monte-Carlo simulations for each of the different source
spacings and the results are depicted in Fig. 6. From the results, it
is clearly seen that the 2-D Capon-based method are superior in
multi-source scenarios. The 2-D periodogram-based method shows
some thresholding behavior around a source spacing of 35◦ while
the 2-D Capon-based method does not show any thresholding be-
havior before a source spacing of only 10◦. Note that the MSE for
the 2-D periodogram-based method is not necessarily decreasing
when the source spacing is increased. This is due to the fact that
this method is signal independent and the MSE will therefore de-
pend heavily on if the filter response occasionally has a dip at the
pitch and DOA of the interfering source or not. We also conducted
a series of Monte-Carlo simulations where the MSE was measured
as a function of the source spacing in Hz. In these simulations, the
two sources were constituted by one 2-D sinusoid. Both signals
were having a DOA of 7◦. The frequency of one of the sources
was fixed to 200 Hz while the frequency of the other source was
varied. The noise conditions, sample lengths and filter orders were
the same as in the other series of Monte-Carlo simulations. Again,
we conducted 500 Monte-Carlo simulations for each source spac-
ing and the results are depicted in Fig. 7. We see from the results
that the 2-D Capon-based method is better for resolving closely-
spaced sources. The dips in MSE at certain spacings for the 2-D
periodogram-based method can be explained in the same way as in
the previous series of Monte-Carlo simulations. Note that the 2-
D periodogram-based method shows thresholding behavior below a
spacing of 250 Hz whereas the 2-D Capon-based method does not
show any thresholding behavior until below a spacing of 100 Hz.

4. CONCLUSION

In this paper, we proposed two new 2-D filtering methods for joint
estimation of the pitch and the DOA of periodic signals recorded in
space and time by a ULA. Since the proposed methods are based on
a harmonic model, they are relevant for all signals being periodic of
nature such as audio and speech signals. The first proposed method
is based on the 2-D periodogram, and it can thereby be implemented
easily using the 2-D fast Fourier transform (FFT). By doing this, the
computational complexity can be reduced significantly. The second
proposed method is the 2-D Capon-based method, which is a gen-
eralization of the 2-D Capon method. Our experiments showed that
both proposed methods can be used for jointly estimating the pitch
frequencies and DOAs of multiple sources that are only separated
sufficiently in one dimension, i.e., either space or time. We eval-
uated the proposed methods with respect to the sufficiency condi-
tion in regard to separation and these experiments showed that the
2-D Capon-based method outperforms the 2-D periodogram-based
method in multi-source scenarios under adverse conditions.
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ABSTRACT 
In this paper a mixed stochastic and analytic method is pro-
posed to synthesize a robust filter-and-sum beamforming 
system working with an array that is, at the same time, su-
perdirective and undersampled. The method allows to obtain 
a broadband beam pattern with an optimal trade-off among 
directivity and frequency-invariance, over a very large 
bandwidth. The method jointly optimizes the sensors’ posi-
tions (providing an aperiodic layout) and the coefficients of 
the filters used to process the signals, deploying a limited 
number of sensors. The simulation results show the per-
formance and the robustness to array imperfections of the 
obtained solutions, highlighting the improvement over the 
literature methods. 

1. INTRODUCTION 

Systems using sensor arrays are often involved in processing 
broadband signals. In some cases, it is important that the 
performance of the array processor should be adequately 
constant over the entire frequency band of the signals. If the 
array processor is a beamformer [1], its performance is 
mainly measured by the beam pattern, so a frequency-
invariant beam pattern (FIBP) is required. A FIBP allows 
one to receive the broadband signals without any distortion, 
even if they come from directions different from the steering 
direction. In the last decades, some papers have addressed 
the general structure of a broadband filter-and-sum beam-
former, proposing methods to optimise the beamformer in 
such a way that a FIBP is obtained [1-6].  
However, in some applications, like hearing aids [7], 
autonomous underwater vehicles [8], antenna arrays for 
miniaturized wireless radio systems [9] or phased arrays for 
wideband radar systems [10], strong constraints are present 
on the maximum aperture of the array. As a consequence, 
the condition in which the array aperture, D, is shorter than 
some of the involved wavelengths λ is frequently unavoid-
able. In this case, the generation of a superdirective beam 
pattern, achieved by synthesizing specific apodization func-
tions [10], is essential, and the robustness to array imperfec-
tions and random errors becomes a very crucial point. Re-
cently, a few approaches have been proposed [11-14] that 
can be used to synthesize the filters’ coefficients necessary 
to yield a FIBP by using a superdirective array, assuring a 

sufficient robustness against errors in the array characteris-
tics.  
In general, the number of elements of an array strongly af-
fects the array cost and the complexity of the conditioning 
and processing circuits. Therefore, it is very useful to suc-
ceed in decreasing the number of elements, while keeping the 
same spatial aperture of the array. To reduce the number of 
elements and to prevent grating lobes, one may increase the 
spacing, breaking, at the same time, the periodicity of the 
elements' positions. This operation leads to aperiodic arrays, 
where the average space between the elements, d, is larger 
than λ/2, i.e., larger than the Nyquist limit. In the literature, 
different approaches [15-18] have been proposed to optimize 
the elements’ positions and the apodization functions of ape-
riodic arrays, working with narrowband [15-16] or wideband 
[17-18] signals.  
When working with very large bandwidth signals (e.g., audio 
signals), the task of obtaining a FIBP with a satisfying direc-
tivity, while limiting at the same time the array aperture and 
the number of sensors, can be achieved only relying on an 
array structure which is, at the same time, aperiodic and su-
perdirective. This means that at the lowest frequencies of the 
signal band, the array aperture is shorter than the wavelength 
(i.e., D < λ), whereas at the highest frequencies of the signal 
band, the same array is undersampled (i.e., d > λ/2). To the 
best of our knowledge, no work has been published, that is 
aimed at designing a robust frequency invariant beamformer 
applied to an aperiodic superdirective array. To bridge this 
literature gap, in this paper we propose a mixed stochastic 
and analytic synthesis method that, for a given array aperture 
and number of sensors, produces a robust FIBP optimizing 
both the filters’ coefficients and the sensors’ positions. The 
method is slightly computationally expensive, since the sto-
chastic procedure, based on simulated annealing (SA), is 
employed only for the positions optimization, while, at each 
iteration, the filters’ coefficients are analytically calculated. 
Unlike other methods for array synthesis, the critical and 
time-consuming operation of choosing a desired beam pat-
tern (DBP) is avoided: the key optimization criterion lies in 
finding the broadband beam pattern which assures the best 
trade-off among directivity and frequency invariance. Finally, 
the robustness against errors in the sensor characteristics is 
achieved by optimizing the mean performance calculated 
over all the possible array characteristics taking into account 
the statistics of the sensor errors.  
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Although the technique addressed in this paper is mainly 
focused on audio processing, it can also be effective in dif-
ferent application fields, like those addressed in [8-10].  
The paper is organized as follows: after the introduction, in 
section 2 the proposed method is described; in section 3 the 
results obtained by the proposed method applied to a micro-
phone array are shown and compared with the ones obtained 
through literature methods; finally, in section 4, some conclu-
sions are drawn. 

2. PROPOSED METHOD 

2.1 Filter-and-Sum Beamforming 
In filter-and-sum beamforming, tapped delay line architec-
tures, where each array element feeds a transversal filter and 
the filter outputs are summed up to produce the beam signal, 
are typically exploited to design a broadband spatial filter [1]. 
Let us consider a linear array composed of N omnidirec-
tional, point-like sensors, each connected to an FIR (Finite 
Impulse Response) filter composed of L taps. The far-field 
beamformer response, i.e. the actual beam pattern (ABP), is a 
function of the direction of arrival (DOA) and of the fre-
quency, and can be expressed [1] as follows:  

( ) ([ cn

N

n

L

l
nln lcfjAfBP T/sind2-expw,

1

0

1

0
, +⋅⋅= ∑∑

−

=

−

=

θπθ )]  (1) 

where f is the frequency, θ is the arrival angle belonging to 
the interval [-90°, 90°], c is the speed of the acoustic waves 
in the medium, Tc is the sampling interval of the FIR filters, 
dn is n-th element position along the array, wn,l represents the 
l-th tap coefficient of the n-th filter and An = an·exp(-γn)  
represents the n-th sensor characteristic including the gain an 

and the phase γn, both of them supposed to be frequency-
invariant. The L coefficients of the N FIR filters are inde-
pendently adjustable, and can be arranged in the row vector 
w of length M = NL. Analogously the N sensors’ positions 
can be arranged in a vector d of length N. 
 
2.1.1 Beamforming performance analysis  
The beamformer performance can be derived from the direc-
tivity and the white noise gain (WNG). The directivity indi-
cates the improvement in the signal-to-noise ratio (SNR) 
provided by the array, as compared with a single omnidirec-
tional sensor, for an isotropic noise field and plane waves 
[10,19]. The WNG indicates the improvement in the SNR 
provided by the array, as compared with a single omnidirec-
tional sensor, for sensor self-noise, assumed to be spatially 
white [19]. The inverse of the WNG is called “sensitivity 
factor” [19] and corresponds to the sensitivity of the array 
beam pattern to array imperfections (e.g., element position 
errors and element response errors). Consequently, an exces-
sive decrease in the WNG value cannot be accepted. The 
equations for the computation of the directivity and WNG of 
a broadside linear array can be found in [19].  
 
2.2 Proposed cost function 
Let P be the odd number of points used in discretizing the 
DOA axis, from -90° to 90°, Q the number of points used in 
discretizing the frequency axis over the desired bandwidth, 
BPpq(w,d) the value of the broadband ABP in θp and fq, com-

puted by (1) using the tap coefficients in w and the element 
positions in d, and BPdp the value of the DBP calculated in 
θp for an arbitrary frequency (as the DBP is supposed to be 
frequency-invariant, it doesn’t depend on the index q). Let be 
θS  the steering angle, and let us organize the values of BPdp, 
for p = 1, 2, …, S-1, S+1, …, P into the vector BPd of length 
P-1. The DBP at the steering angle is not inserted into the 
above vector and is kept fixed at the normalized value 1. 
A cost function well tailored to our aim is the following: 

( ) ( )∑∑
= =

+−=
P

p

Q

q
pppq BPdKBPdBPdJ

1 1

22
,,, dwBPdw  (2)  

Such a cost function is made up of two terms: the first ac-
counts for the adherence between ABP and DBP, in a least 
squares sense, for all the frequencies and angles of interest, 
and the second expresses the DBP energy. The relative 
weight of the two terms can be tuned by the parameter K. 
This cost function has to be minimized in respect to the FIR 
filter’s coefficient w, the elements positions d and the values 
of the DBP, contained in the vector BPd, calculated for every 
discretized angle, except the steering one. Considering the 
constraint on the DBP at the steering angle and the definition 
of directivity [19], the minimization of the DBP energy is 
equivalent to the maximization of the DBP directivity, ap-
proximately calculated using a discrete number of angles.  
The minimization process produces both the DBP which 
assures the best trade off between directivity and adherence 
to the ABP, and the filters’ coefficients and sensors’ positions 
which assure the best adherence to the optimized DBP.  
Unlike other synthesis methods, the adherence between DBP 
and ABP is intended not only in modulus but also in phase: in 
order to avoid phase distortions on the acquired signals the 
phase of the obtained beam pattern should be a linear func-
tion of frequency, for each DOA. Consequently a proper lin-
ear phase term has to be imposed in the DBP [21].  

 
2.2.1 Robust Cost function  
The cost function presented above lies on the hypothesis that 
the sensors’ characteristics are perfectly known. However, 
using small-size sensor arrays, the resulting beamformers 
are known to be highly sensitive to errors in the array char-
acteristics, especially the sensor gain and phase. To over-
come this drawback the strategy presented in [11] has been 
adopted. The idea is to optimise the mean performance, i.e., 
the weighted sum of the cost functions for all feasible sen-
sors’ characteristics using the probability density functions 
(PDFs) of the sensors’ characteristics as weights. To this end 
a total cost function can be defined as: 
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where ( )10 ,,,,, −NAAdJ KBPdw  is the cost function defined 
in (2) for a specific set of sensor characteristics {A0,…, AN-1} 
and fA(An) represents the PDF of the random variable An for n 
= 1,…, N. Regarding fA(A), we assume the following hy-
pothesis: fA(A) is independent of frequency and DOA; all the 
sensor characteristics An are described by the same PDF 
fA(A); fA(A) is a joint PDF of the independent stochastic vari-
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ables a (gain) and γ  (phase), such that fA(A) = fa(a)fγ(γ) where 
fa(a) is the PDF of a and fγ(γ) is the PDF of γ ; finally,  fγ(γ) is 
an even function. 

 
2.3 Cost function minimization 
The robust cost function defined in (3) has to be minimized 
in respect of the three vectors w, d and BPd. If the vector d is 
kept fixed, the resulting function of w and BPd has only a 
global minimum which can be found analytically. On the 
contrary, keeping fixed w and BPd, no analytic expression is 
available for the minimum of the resulting function of d, due 
to the fact that the elements of d appear in the argument of 
the exponentials in the ABP equation (see (1)). Many local 
minima, leading to suboptimal solutions, are typically pre-
sent, and for this reason SA has been adopted. SA is an itera-
tive procedure aimed at minimizing an energy function f(x), 
x being the vector of the state variables At each iteration, a 
small random perturbation is induced in the current state con-
figuration xi, i being the iteration. If the new configuration, 
x*, causes the value of the energy function to decrease, then 
it is accepted. Instead, if x*causes the value of the energy 
function to increase, it is accepted with a probability depend-
ent on the system temperature, in accordance with the 
Boltzmann distribution. The temperature is a parameter that 
is gradually lowered, following the reciprocal of the loga-
rithm of the number of iterations. The higher the temperature, 
the higher the probability of accepting a perturbation causing 
a cost increase and of escaping, in this way, from unsatisfac-
tory local minima. Further details can be found in [20].  
In our implementation the vector of state variables is the vec-
tor of sensors’ positions d, while the energy function (d) 
is defined as the minimum of the robust cost function Jtot (w, 
d, BPd ) in respect of w and BPd. Such a minimum is found 
in closed form, as it is described in the next subsection. At 
each iteration, the sensors of the array, except the first and 
last one, are visited once, following a random sequence. The 
position of each sensor is perturbed by letting it assume a 
random value, according to a uniform distribution, in the 
range defined by two adjacent sensors’ positions. To take into 
account the physical dimensions of the sensors, a minimum 
distance among adjacent sensors is imposed. The energy 
function is evaluated for the new position vector d* and the 
perturbation is accepted or refused according to the SA pro-
cedure. If the initial temperature Tstart and the number of itera-
tions NUM_ITER are sufficiently high, the final state of d 
will be, in a statistical sense, close to the argument of the 
global minimum of the energy function. Since the analytical 
minimization is embedded into the SA procedure the global 
minimum of the energy function in respect of d will be iden-
tical to the global minimum of the robust cost function in 
respect w, d and BPd. On the contrary, it should be noted that 
a two step optimization in which the filter coefficient are 
optimized after the positions, or vice-versa, would lead (in 
general) to a sub-optimal solution. This combined strategy 
allows to greatly reduce the computational load associated 
with SA by diminishing the degrees of freedom of the itera-
tive search. 

tot
posJ

 

FOR i = 1 TO NUM_ITER 
      Ti = TEMP (Tstart, i) 
      di = di-1

 
      FOR k = 1 TO N-2 
            dk

* = RND (dk-1
i + limit , dk+1

i - limit)  
            d*  = [ d0

i , … dk
*, …] 

           (d*) = (w, d*, BPd)   tot
posJ tot

d
J

BPw,
min

            ΔΕ = (d*) - (di) tot
posJ tot

posJ
            r = RND (0 ,1)  
            IF = ΔΕ <  0 OR r > exp (-ΔΕ/κΤι ) 
            THEN di = d* 

            ENDIF 
      ENDFOR 
ENDFOR 

 
• TEMP (Tstart, i) updates the current temperature depending on 

the initial temperature Tstart and the current i-th iteration.  
• RND(arg1,arg2) selects randomly a real number in the range 

[arg1,arg2]. 
• limit is the minimum distance allowed among two adjacent 

sensors. 
•  k is the Boltzmann constant. 

Figure 1 – Code-like implementation of the combined analytical-
stochastic method  

2.3.1 Closed form minimization  
Let us consider the non-robust cost function defined in (2): 
for a fixed d, by substituting the ABP expression (1) in (2) 
and developing the squared moduli, it is possible to express 
the cost function as a quadratic form in respect of the com-
pound vector v = [w, BPd]. In particular: 

( ) ( ) ( sdJ +⋅−⋅⋅= drvvdMvBPdw TT 2,, )  (4) 
where M is an (NL+P-1) x (NL+P-1) matrix, r is a (NL+P-1) 
vector, and s is a scalar constant that can be ignored. The 
matrix M can be written as an element-wise product among 
two matrices M1 and M2: the first one depending only on the 
complex exponentials in (1), and the second one depending 
only on the array characteristics An. A similar statement can 
be made for the vector r, opportunely defining the vectors r1 
and r2. Now, it is straightforward to express the robust cost 
function in (3) as a quadratic form, by performing on (4) the 
multiple integrals over the array characteristics. In fact, the 
integrals act only on the matrix M2 and the vector r2 , pro-
ducing respectively the matrix 2

~M and the vector 2
~r . These, 

under the hypotheses stated in subsection 2.2.2, have the 
following structure: 
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2
~r =

11 NLxPa +−1γμμ   (5) 

where μa and Pa  are respectively the mean value and the 
power of a, μγ  is the mean value of cos(γ), while 1XxY 
 denotes an X x Y identity matrix. Denoting with M~  and  r~
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the element-wise multiplication of M1 with 2
~M  and r1 

with 2
~r , respectively, the robust cost function can be ex-

pressed as: 
( ) ( ) ( sdJ tot +⋅−⋅⋅= drvvdMvBPdw TT )~2~,,  (6) 

The argument of the global minimum of Jtot in respect of v 
can be found as: 

( ) T1

,

~~,,minarg rMBPdwv
BPw

−== dJ tot

dopt
 (7) 

It is worth noting that the multiple integrals on the array 
characteristics need to be calculated just once, at the starting 
of the SA procedure. In fact, at each iteration, the updated 
vector d affects only the matrix M1 and the vector r1 . This 
closed form minimization follows a similar procedure to that 
used in [11, 21] for different cost functions. 

3. RESULTS AND DISCUSSION 

As an example of application of the proposed method, let us 
consider a linear array, made up of 8 point-like omnidirec-
tional microphones, with a spatial aperture of 20 cm. It has 
been designed to work in air where the sound speed is c = 
340 m/s. Each microphone feeds a 70th-order FIR filter (i.e., 
having L = 71 taps) with a sampling frequency equal to 24 
kHz. The frequency interval considered for the design of the 
FIBP ranges from 350 to 12000 Hz (i.e., more than 5 oc-
taves) and is discretized by using Q = 100 equally spaced 
points. The DOA angle, θ, ranges between –90° and 90°; it 
is discretized by using P = 51 points that are equally spaced 
in the domain of sinθ. The steering angle has been fixed at 
broadside, i.e. θS = 0°. 
It is very important to note that the array aperture is shorter 
than the wavelengths up to 1700 Hz. Moreover, if the array 
is equispaced, the Nyquist limit (i.e., d ≤ λ/2) is not re-
spected for all the frequencies exceeding 5900 Hz.  
In order to obtain a linear phase behavior for every DOA, 
the DBP phase has been set as a pure delay equal to half the 
filter’s total delay.  
The parameter K, setting the trade-off between directivity 
and frequency-invariance in the cost function, has been 
tuned to 0.01 in order to privilege the frequency-invariant 
behaviour. The PDFs of the microphone gain and phase are 
assumed to be Gaussian functions with a mean value respec-
tively equal to 1 and 0 rad, and a standard deviation respec-
tively equal to 0.0225 and 0.0225 rad.  
Regarding the SA procedure an initial temperature of 20 and 
a number of iterations equal to 500 have been set. Such val-
ues allow a satisfying oscillation in the initial values of the 
energy function, so as to escape from local minima, and a 
stabilization in the final values. The initial position configu-
ration has been chosen randomly, with a minimum distance 
allowed among adjacent microphones of 0.015 m. The over-
all procedure has been run several times, yielding similar 
results in terms of the minimum reached. 
The resulting broadband beam pattern, normalized to the 
mean value in the steering direction, is displayed in Fig. 2: it 
has a main lobe of nearly constant width with nulls at about 
±55°. The visible portion of the first side lobes rises at -16 
dB at ±90°. The shape appears to be very uniform over fre-

quency: only below 1500 Hz a slight broadening of the main 
lobe and an increase in the side lobe level is visible. 

 
Figure 2 – Broadband beam pattern modulus vs. direction of arrival 

and frequency, obtained by the proposed method.  

 
Figure 3 – Directivity and white noise gain vs. frequency for the 

broadband beam pattern shown in Fig. 2. 

In Fig. 3 the directivity and the WNG of the obtained beam 
pattern are displayed versus frequency. The directivity has a 
constant enough profile with an average value of 4.60 dB and 
a minimum value of 3.2 dB at 350 Hz. The WNG is greater 
than 0 dB for frequencies higher than 880 Hz For lower fre-
quencies, the white noise self-produced by the system is am-
plified by a limited amount, e.g., about 6 dB at 600 Hz and 
14 dB at 350 Hz. These values are usually considered an 
index of satisfying robustness to the array imperfections, as 
can be seen observing that other robust synthesis methods, 
like [12,13], yield similar WNG profiles and values.  
In Table I a comparison among the results of the FIBP design 
methods reported in literature is summarized. The bandwidth 
BW, measured in octaves, is referred to the range of frequen-
cies over which a nearly frequency invariant behaviour has 
been obtained: our method allows to extend BW of about 2 
octaves in respect to the best literature result [2]. Such an 
achievement is even more significant considering the re-
duced number of sensors N employed and the reduced array 
aperture D. The latter, in our case, is only 0.2 times the 
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maximum involved wavelength λmax. It is to note that a small 
D/λmax characterizes the methods [12,13] dealing with super-
directive arrays; on the contrary an high value of the mean 
sensor spacing normalized by the minimum wavelength 
dmean/λmin is typical of methods dealing with aperiodic under-
sampled arrays, like [2]. The proposed method is the only 
one which bears both this features. 
 

Reference BW [oct] N D/λmax dmean/λmin 
[2] 3.3 17 2.5 1.47 
[6] 1.16 14 3.17 0.55 
[5] 1 15 3.5 0.5 
[4] 2.6 21 1.66 0.5 
[13] 3.0 8 0.4 0.66 
[12] 2.8 8 0.18 0.18 
Proposed 
method 

5.09 8 0.20 1.01 

Table I – Main features of the frequency invariant beamformers 
obtained by the literature and the proposed methods. 

4. CONCLUSIONS 

In this paper a method aimed at designing a robust fre-
quency-invariant beamformer applied to a superdirective 
and, at the same time, undersampled array has been de-
scribed. Such a method is based on the joint optimization of 
the sensors’ positions and the filters’ coefficients by means 
of a computationally advantageous mixed stochastic and 
analytic procedure. The results account for the ability of the 
method in achieving a frequency invariant beam pattern, 
with a satisfying directivity and robustness over a very large 
bandwidth of more than five octaves, while limiting the ar-
ray aperture and the number of sensors employed. Future 
advancements will include the minimization of the array 
aperture and the number of sensors, by adding ad hoc terms 
in the cost function, and the extension of the robustness to 
other types of errors, such as sensor position errors. 
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ABSTRACT

When selective encryption is used for security in DRM
schemes some information of the original bitstream is inten-
tionally left in plain text. This can have various reasons, e.g.
generating preview versions for try and buy scenarios. In the
case of the MC-EZBC there is also the goal of retaining the
scaling capability in the encrypted domain. However, since
parts of the bitstream remain in plaintext this information is
available to a potential attacker at all times. In this paper
we will assess which attacks can be done with this residual
information. Consequently we will extend a prior version
of selective encryption for the MC-EZBC to include motion
vectors.

1. INTRODUCTION

The use of digital video in todays world is ubiquitous. Videos
are viewed on a wide range of clients, ranging from hand
held devices with QVGA resolution (320x240) over PAL
(768x576) or NTSC (720x480) to HD 1080p (1920x1080)
or higher. Furthermore, streaming servers should be able to
broadcast over the internet with regard to a wide range of
bandwidths, from fixed high bandwidth lines like ADSL2 to
various low bandwidths for mobile wireless devices. In such
an environment it is simply not possible to encode a video for
each application scenario. So content providers either have
only a fixed number of options available or they use scaling
video technology to adapt the video for bandwidth and res-
olution requirements of the client. The concept of creating
the content once and adapting it to the current requirements
is preferable and is better known as Universal Multimedia
Access (UMA) [10].

One of the enabling technologies of UMA is the use of
scalable video coding. This averts the need for transcoding
on the server side and enables the server to scale the video.
However, even scaling takes up computation time and re-
duces the number of connections the server can accept. Fur-
thermore, variable bandwidth conditions, which happen fre-
quently on mobile devices, further taxes the server with the
need to adapt the video stream. The solution to this is usually
in-network adaption, shifting the need to scale to a node in
the network where a change in bandwidth is occurring. The
core adaption with these restrictions takes place on the server
and adaption due to varying channel capability is done in-
network. For design options and comparisons of in network
adaption of the H.264/SVC codec see Kuschnig et al. [8].
Wu et al. [11] give an overview of other aspects of streaming
video ranging from server requirements to protocols, to QoS
etc.

For video streaming in the UMA environment, i.e. a
high number of possible bandwidths and target resolutions,

wavelet based codecs should be considered. Wavelet based
codes are intrinsically highly scalable and rate adaption as
well as spatial and temporal scaling can easily be done. Fur-
thermore, wavelet based codecs achieve a coding perfor-
mance similar to H.264/SVC, c.f. Lima et al. [9]. For an
overview about wavelet based video codecs and a perfor-
mance analysis as well as techniques used in those codecs see
the overview paper by Adami et al. [1]. Under similar con-
siderations Eeckhaut et al. [4] developed a complete server to
client video delivery chain for scalable wavelet-based video.
The main concern of research regarding UMA is usually per-
formance with respect to scaling and in-network adaption.
However, digital rights management and security is also a
prime concern.

These considerations on network streaming and the in-
herent scaling capability of wavelet based codecs lead to
the development of a selective encryption approach [6] for
the MC-EZBC(motion compensated embedded zeroblock
coder) [7, 3] video codec. In this approach information was
left in plain text in order to be format compliant, meaning
that even the encrypted bitstream is decodeable by a stan-
dard decoder. Additionally, this approach allows scalability
in the encrypted domain.

In section 1.1 an overview will be given about security,
selective encryption and objectives of an attack. In order to
facilitate the understanding of the encryption method and at-
tacks a short overview of the MC-EZBC bitstream will be
given in section 1.2.

In section 2 we will investigate the information which
was intentionally left in plain text, namely motion fields and
header information in order to mount attacks on the video
sequence. While we will specifically look at the MC-EZBC
video codec similar attacks are possible on other video and
image codecs, e.g. [5] for a header information attack on
JPEG2000.

In section 3 the selective encryption method will be ex-
tended to include motion vectors and section 4 will give a
summary over the attacks and the extended encryption ap-
proach.

1.1 Overview Over Selective Encryption

Selective encryption refers to encrypting, carefully selected,
parts of a plaintext. Two common reasons for this approach
are reduction in resources, usually time saved when only a
part of a plaintext is encrypted, and maintaining properties of
the plaintext in the encrypted domain. The discussed selec-
tive encryption approach for the MC-EZBC is of the second
kind where the objective is to retain the ability to scale the
encrypted bitstream.

Furthermore selective encryption can be utilized to pro-
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tect only parts of the bitstream for digital rights management
(DRM) scenarios, e.g. a freely decodeable preview version
with embedded but encrypted high quality version.
The possible security goals we want to achieve with selective
encryption in different DRM scenarios are as follows:

Confidentiality Encryption means MP security (mes-
sage privacy). The formal notion is that if a system is MP-
secure an attacker can not efficiently compute any property
of the plaintext from the ciphertext [2].

Sufficient Encryption means we do not require full se-
curity, just enough security to prevent abuse of the data. Re-
garding video this could for example refer to destroying vi-
sual quality to a degree which prevents a pleasant viewing
experience.

Transparent Encryption means we want people to be
able to view a preview version of the video but in a lower
quality while prevent them from seeing a full version. This
is basically a pay per view scheme where a lower quality pre-
view version is available from the outset to attract the viewers
interest. The distinction is that for sufficient encryption we
do not have a minimum quality requirement, and often en-
cryption schemes which can do sufficient encryption cannot
ensure a certain quality and are thus unable to provide trans-
parent encryption.

Regarding attacks the focus will be to breach message
privacy under the assumption that the visual data is fully en-
crypted. We will look at header and motion field information
and determine what information can be produced regarding
the content of the video sequence.

1.2 The MC-EZBC Bitstream

A schematic overview of the MC-EZBC bitstream is given
in fig. 1 and an illustration of the decomposition of a GOP
is given in fig. 2. The main layout is a header followed by
GOP sizes (this is the size of the image data in a GOP) fol-
lowed by a sequential ordering of GOPs. Each GOP is lead
by a header, giving scene change information, i.e. which
frames are I frames, followed by the motion field and im-
age data. Motion field and image data are kept separate. For
image data the frames are ordered lowest to highest tempo-
ral resolution (which is equal to lowest to highest temporal
frequency bands). Likewise for each frame the image data
is stored from lowest to highest resolution (which is equal
to lowest to highest spatial frequency bands). Motion vector
fields are stored lowest to highest temporal resolution and in
order of frame for each temporal band, in case a given frame
is stored as an I-frame the motion vector field for this frame
is omitted. Each base layer and each enhancement layer is
stored as chunk of data (not shown in the figure), meaning a
leading header giving the length of the data block followed
by the data block itself.

For a parsing of the bitstream the layout into chunks is
beneficial since we do not have to search for marker se-
quences but can directly skip large parts of the file. Also
when headers, including chunk headers, and GOP size infor-
mation is kept intact the whole bitstream can subsequently be
parsed correctly, which is important to be able to scale after
the encryption.

2. RESIDUAL INFORMATION

The original approach to selective encryption of the MC-
EZBC [6] leaves the header and motion information unen-

Header Payload

Size GOP n GOP 1 GOP nSize GOP 1

GOP Header Motion Field Image Data

MV Base L. MV Enhancement L. LLLL HLLLH LLH

Base L. Enhancement L.

Figure 1: The layout of the MC-EZBC bitstream

LHLH

LLHLLL

H H H H

LHLH

LLHLLL

H H H H

Figure 2: Overview of the decomposition of a GOP with
GOP size 8 with marked high temporal layer (lower part),
high spatial layer (upper part) and possible I frames as dashed
outline on the lower part.

crypted. The motion information is left unencrypted in or-
der to be able to decode the bitstream with the original MC-
EZBC implementation. The header information is used for
scaling and has to be changed when scaling is performed,
so an encryption is not possible. In the following this resid-
ual information from the selective encryption approach will
be used to gain information about the encrypted video se-
quence. The akiyo, bus, coastguard, container, flower, fore-
man, mobile, news, silent, tempete and waterfall sequences
are used to perform these tests. In the following subsections
we refer to full selective encryption which means the format
compliant encryption of image data, cf. fig. 1 and [6], leaving
header information and motion fields in plain text.

2.1 Header Information

Assuming an attacker intercepts a video stream which is en-
crypted using full selective encryption. Assuming further
that we do have a catalog of available videos from the source
of the stream. If this information is present can we identify
the video sequence which was intercepted? If this is possible
message privacy would be breached since an attacker is able
to identify the video sequence.

Since the header information is available a video stream
with the same scaling parameters (bitrate and resolution) can
be requested. The size of the motion field and visual data is
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a part of the plain text headers in the encrypted stream. Us-
ing this information we can identify whether the requested
stream matches the intercepted stream. Also note that this
can be done even if the new stream is sent encrypted and
we have no possibility of decrypting it. For each stream re-
quested a similarity score S will be calculated in comparison
to the intercepted stream as follows,

S = ∑
i∈MV

(oi− ci)
2

where MV is the set of indices of motion vector chunk
lengths, oi and ci are the length of the ith motion vector chunk
of the original and comparison sequence respectively.

In the following experiment the sequences were split into
subsequences, each 8 frames in size, in order to simulate a
larger catalog of video sequences as well as to show that even
for this low number of frames the similarity score identifies
the source sequence with precision.

In fig. 3 a plot is shown where the waterfall32 subse-
quence, starting at frame 32, is compared to other subse-
quences, including waterfall. The dashed line shows sub-
sequences not connected to the waterfall sequence, the solid
line show subsequences from the waterfall sequence and the
mark at the abscissa shows the waterfall32 subsequence.
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Figure 3: Similarity calculation for various sequences com-
pared to waterfall32.

The plot is artificially capped at 1000 in order to show
the more interesting lower range of similarities. From the il-
lustration it can be seen that other subsequences originating
from the same sequence can also give a similarity response,
overall this is because the type of motion throughout subse-
quences are quite similar. The only other subsequence with a
decent similarity response is news8, sequence id 193, which
is a near static image with a downward motion from dancers
in the center similar to the motion in the waterfall sequence.
This similarity of motion over 8 frames is the reason for the
response, the longer the subsequences the lower the similar-
ity response outside a video sequence will be.

2.2 Motion Vector Information

Assuming an attacker intercepts a full selective encrypted se-
quence it is possible to inject image data into the bitstream
in order to gain information about the content, which again
breaches message privacy.

A visual object can be injected into the video sequence
by encoding a still image sequence of the injected object

and merging the two sequences using the motion informa-
tion from the original sequence and the visual data from the
still image sequence. The main header can be kept since it
is the same for both sequences resulting from using the same
parameters for encoding the still image sequence. Motion
header and image header information is taken from the re-
spective sequence. This leaves only the GOP length informa-
tion to be adjusted which is a trivial task. Regarding which
object to inject there are two possible courses, one is to an-
alyze the motion field in order to gain information about the
sequence. The other is to identify the sequence by using the
header information as described in the previous section and
utilize side channel information.

By analyzing the motion field it is relatively easy to deter-
mine in which parts of the image actual motion is happening
as opposed to general movement like panning or zooming.
A simple way of doing this is injecting a gradient image and
watch the resulting sequence. In the example of the foreman
sequence it is easily discernible that the sequence is of the
head and shoulders type, see fig. 4.

Frame 50 Frame 100

Figure 4: Frames 50 and 100 of the foreman sequence with
injected gradient image.

The related attack is given in fig. 5 where a head is in-
serted into the foreman sequence. For encoding a GOP
length of 128 was used and just the first GOP of the sequence
will be used here. A head which roughly fits the proportions
of the moving object in the center of the image was inserted,
the inserted head has not the exact right size nor the right
proportions. Note that the background in the inserted image
was left blank since there is nearly no background motion in
this GOP to work with.
While only two frames of the sequence are compared in fig. 5
it can be seen that the inserted head goes through the same
motion as the original foreman head. In the actual video se-
quence even the movements of the mouth are perceivable.
In any case the quality is a dramatic improvement over a di-
rect decoding of the encrypted sequence, frame 15 and 62 are
shown in fig. 6.

Under the assumption that the video sequence can be
identified through the header information a search can be
done for still images from the actual sequence. Given that
such a still image can be found, either a preview version or
a screenshot of the video sequence, a much better approxi-
mation can be done. In the example given in fig. 7 we used
frame 20 of the foreman sequence to inject. The steps for
injecting the image data are the same as for the more general
case, but the result is much better. This is mostly due to the
pictures being more similar and thus the artefacts introduced
by motion compensation are less visible.

This second attack using motion vectors also makes the
identification of the video sequence through header informa-
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Original Inserted

Frame 15

Frame 62

Figure 5: Foreman frames 15 and 62 compared with an in-
jected image of a head.

Frame 15 Frame 62

Figure 6: Frame 15 and 62 of a direct decoding of the en-
crypted foreman sequence.

tion much more dangerous. Not only do we gain knowledge
about the video sequence but we can mount a more effective
attack on the sequence.

3. SELECTIVE ENCRYPTION WITH MOTION
VECTORS

The currentMC-EZBC video codec supports scalable motion
vectors [12]. Motion vectors are available for each temporal
resolution and thus are structured in order of temporal res-
olution first and frame order in the given resolution second.
In terms of the bitstream the motion data is, like the image
data, given in chunks, i.e. a leading header gives the length
information of the following block of data. The amount of
motion data in relation to the whole bitstream, depending on
the bitrate of the sequence, ranges from 0.5% (full bitrate) to
nearly 40% (128kbps) under full temporal resolution.

The primary goal of adding encryption to motion vec-
tors is still to keep the scalability intact in the encrypted do-
main. However unlike with corrupt image data the decoder
is far less resistant to errors in the motion vectors. This re-
sults in format compliance only on a bitstream level, i.e. the
bitstream can still be parsed and scaled, but the standard de-
coder will most likely be unable to deal with the random in-
put of the encrypted motion vectors.

The encryption of the data in motion field chunks is not

Original Inserted

Frame 15

Frame 62

Figure 7: Foreman frames 15 and 62 compared with an in-
jected image of foreman frame 20.

block aligned so a stream cipher has to be used. Furthermore,
scaling away higher temporal resolution can disrupt ciphers
in feedback mode, like AES in OFB, when the feedback is
used over all chunks. Consequently it is best like with the
original version of the encryption algorithm to use feedback
only in a given chunk. The motion data encryption alone can
not be used for sufficient or transparent encryption.

In order to assess the encryption of motion vectors only
two attacks are used. One is the injection of a zero motion
field into the bitstream similar to what is described in sec-
tion 2.2. The other is to fix up the decoder to prevent it from
crashing during motion field decoding. In the case where
motion data is required beyond the bound of a chunk we in-
troduce a one bit spike to prevent the decoder from locking
up in a loop waiting for a symbol. Furthermore, the refer-
encing to image data outside the boundaries of a given frame
is prevented. The fix of the decoder will in the following be
referred to as ”mvfix” attack.

For sufficient encryption, depending on the video se-
quence, the quality can be too high. Figure 8 shows the
PSNR of the tempete sequence, high global motion, and
silent sequence, a head and shoulder sequence with low
global motion, for injection and mvfix attacks. In this at-
tacks all motion fields were encrypted. For sequences with
distinct global motion the mvfix attack does better because
the residuals are distributed throughout the image while for
a zero motion field the residual information is accumulated
which leads to severe color bleeding. Figure 9 illustrates the
color bleeding effect frames 62 and 250 of the tempete se-
quence. This effect becomes less distinct when the GOP size
decreases. Additionally, the mvfix attack introduces more
jitter resulting in a lower viewing quality.

Regarding transparent encryption the problem is how to
control a target quality. The way to use motion vector en-
cryption for transparent encryption would be to force the
receiver to downscale on the temporal resolution, i.e. re-
ducing the frame rate. Since the downsampling is done
with wavelets the difference from the original frames are
somewhat hard to measure since video quality indices (VQI)
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Figure 8: PSNR plot showing the comparison of the injection
and mvfix attacks on the tempete and silent sequence with
GOP size 256

inject mvfix

Frame 62

Frame 250

Figure 9: Comparison of injection and mvfix attacks based
on frames 62 and 250 of the tempete sequence with GOP
size 256.

like PSNR would rate the blurring effects introduced by the
downsampling as severe degradation even if the content is
still viewable. Furthermore, the impact of zero motion injec-
tion or mvfix attacks are hard to evaluate purely on the basis
of a VQI.

4. CONCLUSION

It was shown that confidentiality can not be reached with se-
lective encryption for the MC-EZBC, header data alone can
be used to identify a video sequence. Motion fields if left un-
encrypted have been shown to compromise content, i.e. an
approximation of the content can be created using only mo-
tion vectors.

An enhancement of a selective encryption scheme to in-
clude motion vectors has been introduced and discussed in
detail. The encryption of motion vectors alone has been
shown to be insufficient for transparent or sufficient encryp-
tion schemes. However, the encryption of motion vectors can
prevent reconstruction attacks as presented in this paper and
should be used in conjunction with the selective encryption
of image data.

Furthermore, since header data has to be left in plain
text in order to allow scalability in the encrypted domain the
identification attack is always possible. This shows that full
cryptographic security can only be achieved with traditional
methods, e.g. AES encryption over the whole bitstream.
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ABSTRACT
Multimedia encryption is an intensely discussed topic where
numerous approaches have been proposed. However, the
concrete application scenario and the applicable notion of
security of many proposed approaches is mostly not stated
precisely or even at all. In this work security notions and ap-
plication scenarios for multimedia encryption are discussed
and a previously proposed multimedia encryption approach,
i.e., RTP-header encryption, is analysed with respect to these
scenarios and notions. We show that this selective encryption
approach is insecure for sensible settings and for all sensible
notions of security. The analysis focuses on the RTP packe-
tization of H.264:AVC.

1. INTRODUCTION

“There are two kinds of cryptography in this world: cryptog-
raphy that will stop your kid sister from reading your files,
and cryptography that will stop major governments from
reading your files.”[9] This paper is about the former, i.e.,
we show that a previously presented approach [1] as well as
extensions of that approach do not offer “real” security. The
proposed approach is a selective encryption scheme [11, 4],
that selectively encrypts RTP header data. It is the only ap-
proach (the authors are aware of) that selectively encrypts
“network” protocol header data. On the opposite, SRTP
(RFC 3711) only encrypts the RTP payload data and pre-
serves the RTP header. Selective encryption has been exten-
sively discussed for multimedia encryption [11, 4, 7]. Selec-
tive encryption requires to rethink the notion of security,as
it can clearly never meet strong cryptographic security no-
tions, which require that every information about the plain-
text can not be computed from the ciphertext [5]. Naturally
if only a fraction is encrypted, this security definition cannot
be met. Security notions for multimedia (selective) encryp-
tion are discussed in section 2. The multimedia transmission
/ distribution system considered in this work is outlined in
section 3. The proposed encryption approach for this multi-
media transmission system and its extensions are discussed
in section 4. In section 5 we show that a previously pre-
sented RTP-encryption scheme is insecure for rather obvious
and trivial reasons. We also show that even reasonable ex-
tensions of the approach still offer very limited security.In
order to clarify our security analysis and evaluation we in-
depth discuss security notions for multimedia encryption.In
order to pin down the general to the concrete, the paper fo-
cuses on RTP transmission of H.264:AVC on top of a (DSL
/ PPPoE / WLAN / Ethernet) / IPv4 / UDP transmission sys-
tem.

2. SECURITY NOTIONS FOR MULTIMEDIA
ENCRYPTION

The application environment of multimedia cryptosystems
often does not have the same stringent security requirements
as assumed for conventional cryptosystems. For conven-
tional cryptosystems the security notion of MP security (mes-
sage privacy) is commonly assumed to be the best formal-
ization of the actual security requirements [2]. If a system
is MP-secure an adversary can not efficiently compute any
property of the plaintext from the ciphertext. An exception
is the message length, i.e., the number of bytes of plain and
ciphertext. It is also agreed upon that for some applications
the notion of MR security (message recovery) would be suf-
ficient [2], where an adversary tries to recover the plaintext
message in its entirety. Conventional security notions only
consider a single message space in the formalization of a se-
curity notion. For multimedia encryption the setup is a bit
more complex, as we do not only have to consider a single
message space, rather we have to consider the space of raw
multimedia data (media domain, i.e., raw video), on which
similarity, fidelity and quality of the data is defined, and
the space of compressed and coded multimedia data (com-
pressed domain, i.e., bitstreams), which is commonly en-
crypted. A scheme, that performs compression (which re-
sults in a variable length bitstream) and afterwards encryp-
tion, is not MP secure on the raw multimedia data space.
However, most commonly MP security on neither the raw
domain nor on the compressed domain is a requirement for
multimedia systems, but message recovery is far too weak as
different raw and compressed datums can represent very sim-
ilar, even visually indistinguishable reconstructions. Thus
for multimedia security, we define security by the inability
of an adversary to efficiently compute an approximation of
the plaintext with a quality higher than targeted and refer to
this notion as MQ security (message quality). The interpre-
tation of quality may differ according to the targeted applica-
tion scenario. Common application scenarios [3] are content
confidentiality (no visual information of the content shallbe
discernible in the approximation) and sufficient encryption,
which targets to sufficiently reduce the visual quality such
that the business value of the media data is secured (e.g., en-
crypted videos shall not be pleasantly watchable). Similar
sketches of multimedia security notions can be found in lit-
erature [8].
In the security analysis section 5 we primarily consider
whether content confidentiality and sufficient encryption can
be achieved.
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2.1 Security Notions for Selective Encryption

We think that selective encryption does not require specific
security notions, rather the security notions for multimedia
apply (MQ security). It has been frequently argued that the
selectively encrypted data must be unpredictable from the ci-
phertext [7], however this property is not sufficient. The en-
crypted data must also be of absolute necessity for the com-
putation of the approximation. As we will see in section 5
this is definitely not the case for the RTP-header data, al-
though the data is not efficiently computable from the cipher-
text.

3. MULTIMEDIA TRANSMISSION OVER RTP

In this work we consider a multimedia transmission system,
which is built on IPv4 (RFC 791), UDP (RFC 768), and RTP
(RFC 3550). The underlying link and network layer is as-
sumed to be WLAN, Ethernet, PPPoE and DSL, but only
the maximum transmission unit (MTU) of these systems is
of interest in the scope of this work. In this work our fo-
cus is on H.264:AVC video streams [6]; the packetization of
H.264:AVC in RTP is standardized as well (RFC 3984).

3.1 Media Codec, H.264:AVC

The video codec H.264:AVC compresses raw video data
(consisting of pictures) to a bitstream, which in its most ba-
sic form solely consists of NALUs (network abstraction layer
units). Depending on the type of data contained in a NALU,
the NALU header is formatted, only the forbiddenzerobit
(F in figure 4) always has to be equal to zero. The semantics
for nal ref idc (NRI) are precisely defined in [6, sect. 7.5.1],
in short it shall be equal to zero for less important data and
shall not be zero for important data, such as IDR frames (in-
stantaneous decoding refresh, comparable to I-frames in pre-
vious MPEG-standards) and sequence parameter sets (SPS)
and picture parameter sets (PPS). SPS and PPS contain the
necessary information (profile, color mode, bit-depth of col-
ors, resolution, ... ) to decode NALUs from the video coding
layer (VCL). Important NUTs (NAL unit types) are 7 (SPS),
8 (PPS), 5 (coded slice of an IDR-picture), and 1 (coded
slice of a non-IDR picture). A non-IDR picture is either a
P-picture (predicted from a single reference picture) or a B-
picture (bi-predicted from two reference pictures).

3.2 RTP Packetization

The NALUs can be encapsulated in RTP employing RFC
3984. Most important for the context of this work is whether
network or application layer fragmentation is performed.
Network fragmentation means that the NALUs are directly
encapsulated leaving the possibly necessary adaptation ofthe
network packets to the size of the MTU (maximum transmis-
sion unit) to the network layer (commonly IP). Application
layer fragmentation means that the NALUs are either aggre-
gated or fragmented on the application layer to form a RTP
packet for transmission. The goal is to produce RTP pack-
ets close, but below the smallest MTU in the transmission
system. The RTP header fields V, P, X, and CC are of mi-
nor importance for the scope of this work. The PT field in-
dicates the payload type, which may also be employed to
separate different streams with different payload types, i.e.
differently coded. Most important is the sequence number,
which is chosen randomly for the first RTP packet and af-

0 1 2 3
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1

+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
|Version| IHL |Type of Service| Total Length |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| Identification |Flags| Fragment Offset |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| Time to Live | Protocol | Header Checksum |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| Source Address |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| Destination Address |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| Options | Padding |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+

Figure 1: IPv4 header

0 7 8 15 16 23 24 31
+--------+--------+--------+--------+
| Source Port |Destination Port |
+--------+--------+--------+--------+
| Length | Checksum |
+--------+--------+--------+--------+
| data octets ...
+---------------- ...

Figure 2: UDP header

terwards incremented for each packet sent (see section 5.1 of
RFC 3550). The timestamp gives the presentation time of the
coded data contained in the RTP packet and can be used to
synchronise streams (e.g., video and audio). All RTP packets
with the same SSRC (see figure 3) share the same timing and
sequence number space, and can be used to separate differ-
ent streams from the same participant within the same RTP
session, e.g. separate video cameras. The CSRC field is op-
tional (only present if indicated by CC) and is only used if
RTP mixers are present, which is very uncommon. Thus the
CSRC field is irrelevant for the application case we are look-
ing at, namely a client-server-streaming-scenario (the most
common real-world application case). Additional streams,
most commonly for audio, are sent in a separate RTP ses-
sion, which is indicated by different UDP ports (see section
2.2 of RFC 3550). The UDP header is given in figure 2.

3.3 Network and Transport Layer

In our application case, the UDP packet is then encapsulated
in an IPv4 packet (see figure 1). Most interestingly is the
Identification field, which has to be chosen in a way to en-
sure that fragments of different datagrams are not mixed.
Further relevant documents for a broader coverage of the
topic of multimedia streaming over RTP are RFC 4566 (SDP,
session description protocol), and RFC 2250 (the RTP pay-
load format for MPEG1/MPEG2).

4. RTP-ENCRYPTION FOR (IN)SECURE
MULTIMEDIA TRANSMISSION

The basic idea is to only selectively encrypt some RTP header
fields. The assumption is that these fields are crucial for the

0 1 2 3
0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1 2 3 4 5 6 7 8 9 0 1

+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
|V=2|P|X| CC |M| PT | sequence number |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| timestamp |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+
| synchronization source (SSRC) identifier |
+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+=+
| contributing source (CSRC) identifiers |
| .... |
+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+-+

Figure 3: RTP header
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0 1 2 3 4 5 6 7
+-+-+-+-+-+-+-+-+
|F|NRI| NUT |
+-+-+-+-+-+-+-+-+

Figure 4: NAL unit header
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Figure 5: The (in)secure transmission scheme taken from [1]

assembly of the RTP packets and thus the decoding of the
contained video stream. In [1] it is proposed to encrypt the
timestamp and the CSRC field of the RTP header (see figure
5), it is argued that reordering the stream is hard without the
timestamp. In the following we extend the approach of [1]
in a way that could be considered to improve security (which
is not the case as we will show later), namely we encrypt
all of the RTP header data. The question is whether in-order
transmission of RTP packets with encrypted headers is ap-
propriate for secure multimedia transmission. The RTP-full
header encryption scheme could be extended by an explicit
RTP-packet permuter, which guarantees out-of-order trans-
mission of the RTP packets.
The following distinct schemes are considered
1. encryption of the timestamp and CSRC field of the RTP

header [1],
2. encryption of the entire RTP-header, and
3. permutation of the RTP packets (i.e., RTP packet index

permutation) together with the encryption of the entire
RTP header.
Another considerable aspect is whether network or appli-

cation layer fragmentation is performed, i.e., IP fragmenta-
tion or RTP/H.264:AVC fragmentation.

5. ANALYSIS OF RTP-ENCRYPTION

The selective encryption and possibly permutation of RTP
packets has several points of attack which can be categorized
by the layer in which they operate:
• Network layer (IPv4)

E.g. the identification field reveals the original order of
the packets (Linux kernel 2.6.24). The source and desti-
nation address help to identify an RTP session.

• Transport layer (UDP)
The ports and the IP addresses are unique for an RTP

session.
• Application layer (RTP)

The sequence number and the timestamp are not inde-
pendent, the payload type can be exploited to separate
streams.

• Packetization layer (RTP Payload format for H.264)
Aggregation produces a packet which contains several
NALUs in the correct order (see RFC 3984). Fragmenta-
tion packets have an fragmentation packet header, which
can help to order the fragments of an NALU.

• Video codec layer (H.264:AVC)
The H.264 bitstream also introduces order on the NALU
sequence, there are several fields in the slice header that
can be exploited to sort the NALU stream. A VCL NALU
can be decoded given only PPS and SPS, which recovers
at least IDR-pictures perfectly and also the residual in-
formation of a non-IDR picture. If a VCL NALU (e.g.,
with NUT 1 or 5) is fragmented, its correct decodability
can be exploited to sort its fragments.

• Raw data layer (Properties of the reconstructed visual
data, e.g., visual difference of consecutive frames, block-
iness)
We assume that if the decoding order is correct the MSE
of two consecutive frames is minimal. Also if the decod-
ing order of NALUs is wrong, blocking artifacts in the
reconstruction are very likely to occur.

Thus there are plenty of points of attack, so the question
rather seems to be how deep do an attacker has to go to break
the RTP-header encryption and permutation, as whether it is
possible.

Experimental Details

The experimental results have been derived with the fol-
lowing software: the H.264 reference implementation (JM
16.0), x264 (0.57.x), and custom software for NALU pro-
cessing. The arguments on video streaming with RTP have
been reality-checked with the popular video-streaming soft-
ware, VLC (v.0.8.6e). All evaluations have been performed
on a standard 32-bit Linux (Ubuntu 8.04) with kernel 2.6.24.

5.1 Encryption of Timestamp and CSRC Field of the
RTP Header

The assumption is that these fields are crucial for the assem-
bly of the RTP packets and thus the decoding of the contained
video stream. A wrong assumption given that the sequence
number is left in plaintext, which enables to effectively sort
the RTP packets. Also the argument that RTP streams can no
longer be separated as the CSRC field is encrypted is sim-
ply wrong. The CSRC field is optional (only used with RTP
mixers, i.e., commonly not used). Thus the approach is com-
pletely insecure for obvious reasons. The only inconvenience
is that the frames per second of the video stream have to be
guessed (given that the fps are commonly around 30 quite an
easy task) and that audio streams need to be aligned (a task
commonly performed by users as video and audio tracks are
frequently misaligned). Thus this scheme [1] is insecure for
all relevant notions of security, even MR security (message
recovery) on the raw media domain, i.e., the video can be
entirely reconstructed.
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5.2 Encryption of the Entire RTP Header

Even if the entire RTP header is encrypted, this scheme as-
sumes that the network securely shuffles the packets, an as-
sumption which is presumably not justified and there is no
evidence for it presented in [1]. Even if we assume that
the network securely shuffles the packets, different RTP ses-
sions can be differentiated by different UDP ports and the
order of the RTP packets can be trivially reconstructed if
the IPv4 implementation chooses to reflect the order of the
RTP packets in its selection of the IPv4 identification field.
This is the case on the authors’ test streaming system (VLC
0.8.6e, Ubuntu 8.0.4, Linux kernel: 2.6.24) and has been
experimentally verified with wireshark (v1.0.0). If by un-
likely chance the network sufficiently shuffles the RTP pack-
ets (it can not be guaranteed that the network actually delivers
packets out-of-order) and the original order is not leaked by
the IPv4 header (e.g., in the case of IPv6) then the analysis of
this scheme is similar to the analysis of the permutation and
header-encryption of RTP packets.

However, in our real-world application case this scheme
is insecure with respect to the relevant security notions, MQ
and even MR on the raw media domain. Thus it can defi-
nitely not be applied for content confidentiality and sufficient
encryption.

5.3 Permutation and Header-Encryption of RTP Pack-
ets
This scheme is the only one, which could actually be hard to
break. One could even claim that the complexity of sort-
ing the RTP packets is ofO(n!), wheren is the number
of permuted packets. This claim does not hold if we as-
sume that a decoding system is capable to identify wrong
partial decoding orders and correct partial decoding orders
(a partly valid assumption for H.264 bitstreams as we will
show later). It is highly likely that a decoding system can
differentiate between random sequences and correctly for-
matted compressed data, due to the stringent syntactical and
semantical requirements imposed by the format. In that case
the exponential complexity of finding the correct permuta-
tion (O(n!)) is reduced to far more feasible complexity of
O(n2). The following simple algorithm with this worst case
complexity finds the correct permutation:

sort( $permuted_packets ){
$tmp_packets = {} ;
while
($packet = take_from_front( $permuted_packets ))
{

append_at_end( $tmp_packets, $packet );
if ( !decodable( $tmp_packets ) )
{

take_from_end( $tmp_packets );
}else{

append_at_end( $permuted_packets, $packet );
}

}
return $tmp_packets;

}

For our specific application case with H.264:AVC, we
first consider the case of network fragmentation.

5.3.1 Network Fragmentation

In that case entire NALUs can be reconstructed. The SPS
and PPS sets have to be found (trivial as they are indicated
by the NUT in NALU header, see figure 4) and then IDR-
pictures can be decoded. Thus content confidentiality can

not be achieved. Also the non-IDR-frames can be decoded
with zero reference pictures, which results in some edge in-
formation of the original picture (see figure 6(a)). NALU
sequences containing only one IDR-picture and several P-
pictures can be effectively sorted. Thus if the number of
permuted packets is shorter than the number of P-pictures
the NALU sequence can be effectively sorted on the basis of
H.264 slice header fields. We have experimentally verified
this (see section 5). For I (P B)* sequences, i.e, sequences
consisting of an IDR-picture followed by a P-picture and a B-
picture, some quality reductions may have to be accepted. If
the permutation ranges over several IDR-pictures, the prop-
erties of the reconstructed visual data have to be taken into
account, most relevant is the MSE / PSNR of two consec-
utive pictures. We assume that the correct decoding order
minimizes the overall sum of MSE difference between con-
secutive frames. Figure 7 and 8 show the reconstruction with
either a correct or an incorrect P-pictures (from adjacent I-
pictures). Thus to break the scheme with respect to full mes-
sage recovery on the raw visual data (MR-security) is harder,
though not impossible.

In summary, the scheme is insecure for all security no-
tions if, as common, sequences with many P-pictures are
employed, e.g., the default configuration of the heavily em-
ployed open source codec x264 uses 250 P-pictures. In a
real-world streaming scenario it is impractical to use more
than 3-4 seconds of the video bitstream in the permutation
process, i.e., 120 to 160 RTP packets. Thus for real-world
application the scheme can not offer any security at all.

5.3.2 Application Layer Fragmentation

This case is the hardest case to break. For application layer
fragmentation the size of the MTU has to be considered, table
1 summarizes most of the practically relevant MTUs. Larger
NALUs (than the MTU) are split into several packets. The
NALU size does mainly depend on the properties of the raw
visual data (compressibility, resolution) and the compression
options (quality, i.e. quantization parameter). Each NALU
with a length above the MTU is split into fragments at most
as big as the smallest MTU. The MTU also has to include
the overhead of the underlying protocols, in our application
case a maximum size of 1400 byte for a NALU fragment is
a safe choice. Thus only NALUs above 1400 bytes are split
into fragments.

SPS and PPS are very unlikely to be split as they are small
(see section 5). If RFC 3984 is used with FU-B fragmenta-
tion packets one can identify fragments of the same NALU.
Thus there is only one question: can we sort the fragments of
a VCL NALU by decodability constraints? If this is the case
then we can proceed as in the network fragmentation case.

If RFC 3984 is used with FU-A fragmentation pack-
ets one can identify whether a packet was fragmented and
whether it is the start or the end of a fragmented packet. Also
the NUT of the original unfragmented NALU is contained
in every single fragment. The question is not only whether
we can sort the fragments of a VCL NALU, but whether the
decodability check is robust enough to reliably identify frag-
ments of other NALUs.

Given that we can reconstruct partial picture information,
content confidentiality can not be achieved even if applica-
tion layer fragmentation is employed. It is also doubtful that
sufficient encryption can be implemented securely.
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Link MTU
PPPoE (DSL) 1492
Ethernet 1500
Gigabit 9000
WiFi 802.11 2312

Table 1: MTU sizes

(a) P-picture (NALU 13) decoded
without reference picture

(b) I-picture partially decoded

Figure 6: Foreman: partial decoding attempts

Figure 7: Foreman: correct P-frame, PSNR to previous
frame 36.06dB

Figure 8: Foreman: wrong P-frame, PSNR to previous frame
19.45dB

6. CONCLUSION

RTP-header encryption and RTP packet permutation can not
reliably offer security, which has been analysed and evalu-
ated for RTP transmission of H.264/AVC. It is assumed that
analogue attacks can be derived for any payload format, i.e.,
video or audio (compression) format. In general approaches
that permute bitstream fragments are very likely to offer very
limited security or none at all. Attacks against such schemes
can exploit information leakages on many levels, most im-
portantly on the bitstream level and in the raw multimedia
domain, which will often enable to recover the entire plain-
text. In conclusion, such schemes do not seem very promis-
ing.
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ABSTRACT 

Providing protection to the transmission of digital multi-

media contents is nowadays an important requisite for many 

applications. However, it can also represent a great chal-

lenge, especially when dealing with wireless channels 

where, apart from preventing illegal data access, it would 

desiderable to possess the ability of discriminating between 

malicious data modifications and data distortions due to 

noise.  

In this paper we present a joint authentication, integrity 

verification and channel coding scheme, applied to the se-

cure image transmission scenario. Experimental results, 

obtained through Monte Carlo simulations, show that the 

employed security mechanisms guarantee an efficient and 

secure way for real-time image encryption and transmission 

through wireless networks. 
  

1. INTRODUCTION 

Multimedia contents are nowadays employed in many im-

portant and widely-spread applications, such as digital tele-

vision, video conferencing, medical imaging systems, and so 

on. Digital media such as images offer the conveniences to 

be easily interpreted, synthesized, processed and edited, thus 

resulting in data which can be efficiently used to convey 

many kinds of information. However, on the other hand, 

they can also be easily copied by unauthorized subjects, or 

intentionally tampered by malicious attackers when trans-

mitted. Therefore, emphasis should be given to such aspects 

when performing image transmission through wireless net-

works. Specifically, it is crucial to guarantee secure commu-

nication when data are transmitted through wireless chan-

nels.  

Cryptographic techniques are usually employed to provide 

protection to sensitive information. Specifically, data en-

cryption makes private information unintelligible to unau-

thorized users. Digital signatures can be employed to protect 

the confidentiality and the authenticity of the exchanged 

messages [1]. However, due to the noisy nature of a wireless 

channel or of the long term storage of multimedia docu-

ments, the presence of errors makes the use of encryption 

critical. For example, when considering encryption over a 

wireless transmission, the sensitivity to noise may result in 

the necessity of frequent data retransmissions, thus reducing 

the overall throughput. In order to improve the ciphers’ per-

formances in noisy environments, channel coding has to be 

therefore performed after encryption. Severe constraints in 

terms of Forward Error Correction (FEC) have to be speci-

fied in order to guarantee that the original messages can be 

properly deciphered and authenticated.  

Error Correcting Codes (ECC) have been employed in [2] 

in conjunction with an embedded wavelet coding scheme to 

provide error resilience to images transmitted over wireless 

channels, while allowing to independently decode the differ-

ent layers in which the information is partitioned. Therefore, 

the method in [2] is suitable to applications using block cod-

ing schemes, such as those defined by the JPEG2000 stan-

dard. A coding scheme able to provide encryption and error 

correction has been proposed in [3], where the trade-off be-

tween the throughput and the security achievable by means 

of ECCs has been analyzed. Turbo-codes [4] have been first 

considered in order to provide error-resilience for secure 

transmission over noisy channels in [5]. They have also been 

employed in [6] in conjunction with a genetic algorithm-

based method, used to reduce the optimization complexity. 

Moreover, protection schemes based on turbo-codes, and 

specifically designed for secure image transmission over 

noisy channels, have been defined in [7], where the ad-

vanced encryption standard (AES) is employed to perform 

cryptographic encryption, and in [8], where the authors re-

sort to 2-D chaotic logistic maps in order to reduce the com-

putational complexity of the approach.  

Although providing security and error resilience, such 

schemes do not take into account the authentication issues 

which should be considered when transmitting messages 

over wireless channels, where an attacker can tamper or 

substitute a legitimate message. For image or multimedia 

transmissions, such aspects are usually dealt with by means 

of watermarking approaches [9], which can also be em-

ployed to detect the performed tampering [10], or even to 

jointly perform image authentication and correction [11]. 

However, it should be noted that watermarking approaches 

necessarily alter the original contents, in order to embed a 

signature sequence. 

In this paper, we propose a scheme which jointly provides 

encryption, authentication, and forward error correction for 

image transmissions over noisy channels, by means of 

turbo-codes with semi-random interleavers, selected among 

a wide collection, in accordance to a predefined session key. 

As already remarked in the authors’ work in [12], and by 

recent studies on noisy channels [13], [14], a tight coopera-

tion between channel coding and security mechanisms 
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should be exploited to reduce the security overhead, to de-

crease the requested computational complexity, and to 

achieve the secrecy capacity limit. The proposed approach, 

detailed in Section 2, guarantees a strong resilience to the 

errors introduced by noisy channels, while providing the 

means to discriminate between data modifications per-

formed by malicious attackers, and data distortions due to 

noise. Moreover, data encryption, performed before channel 

coding to prevent illegal data access, is also exploited to 

improve the performances of the proposed scheme, in terms 

of lower bounds on the probability of impersonation, substi-

tution, and deception, as pointed out by Simmons in [15]. 

The Monte Carlo simulations performed to test the pro-

posed secure image transmission scheme are presented in 

Section 3, while some conclusions are drawn in Section 4.  
 

2. PROPOSED SCHEME 

The encoder employed to safely transmit an authenticated 

image over a noisy channel in presence of a malicious op-

ponent, and the decoder employed to receive the image and 

determine if it is original, are respectively given in Figure 1 

and Figure 2. The following subsections describe in details 

the characteristics of the proposed architectures. 
 

2.1 Encoder 
 

The proposed encoder consists of two-stages. In the first 

one, following the Shannon’s substitution-permutation para-

digm, the bitstream m, representing the image, is divided 

into blocks of N bits, and each block is XORed with a 

pseudo-random binary i.i.d. sequence. The remaining statis-

tical structure of the encrypted block is then dissipated by 

permuting it by means of a pseudo-random interleaver ΠC, 

thus obtaining the sequence s. It is worth noting that the 

pseudo-random encryption sequence and interleaver are 

selected on the basis of the session key kC, and that both the 

employed dictionaries should be constructed in order to al-

low the turbo-encoder to guarantee high correction rates.  

The second stage is a parallel turbo-code, consisting of 

two interleavers Π1 and Π2, two recursive convolutional 

coders C1 and C2, and two puncturing blocks P1 and P2. 

Each element of the turbo-encoder is selected from a prede-

fined dictionary, based on the output of a pseudo-random 

generator driven by the vectorial secret key 

1 2 1 2C C P Pk , k , k , k , k , k
A

k
1 2Π Π

 =  
 where the 

couple k , k
1 2Π Π

 
   establishes the interleaving patterns, 

the couple 
1 2C Ck , k 

 
 the RSC (Recursive Systematic 

Convolutional) codes generator polynomials and finally 

P Pk , k
1 2

 
 

the position of the redundancy bits to be erased 

for the puncturing process. The pair (kC, kA) represents the 

session key, and has to be periodically updated to properly 

guarantee communication security. The input to the modula-

tor is therefore constituted by the ciphertext s, which repre-

sents the systematic contribution of the turbo-encoder, and 

the punctured parity sequences z1 and z2, for a total of M 

bits.  The turbo-code rate is given by the ratio R = N/M. 

 

Figure 1 - Encoder scheme 
 

When using an Additive White Gaussian Noise (AWGN) 

channel the received signal is given by: 

( )
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=  +  = + , 
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having denoted with µ(⋅) the mapping from the binary input 

to the constellation points of the employed modulation, and 

where n0 = n0
I
+ n0

Q
, n1 = n1

I
 + n1

Q
, and n2 = n2

I
 + n2

Q
 are 

Circularly Complex White Gaussian Noise samples, model-

ling the complex envelop of the receiver noise, whose in 

phase and in quadrature components are respectively denoted 

by the indexes I and Q. 
 

2.2 Decoder and Authentication Procedure 
 

The decoder and authentication schemes are depicted in 

Figure 2. The turbo-decoder produces the estimate ŝ of the 

original message, which is then used to test the authenticity 

of the received signal, together with the estimates 1̂z  and  

2ẑ of the parity sequences. Specifically, let us indicate with 

H0 the hypothesis that the message has been altered or 

forged, and with H1 the hypothesis that the received signal is 

the noisy version of the authentic original message. Follow-

ing a Bayesian approach, a decision about the integrity and 

authenticity of the received data can be performed by ana-

lyzing the ratio between the a posteriori probabilities of the 

two hypotheses, namely,  

{ }

{ }

1 2

1 2

ˆPr
,

Pr
∈
∑

si

i

s x,r ,r

s x,r ,r
F

       (2) 

 

where F  is the set of all forged/altered messages. However, 

such procedure results to be unfeasible, for both theoretical 

and practical reasons. From a theoretical point of view, the 

computation of (2)  would require the knowledge of the a 

priori probability distribution of the attacks, which is usual-

ly unavailable. From a practical point of view, the computa-

tional burden of (2) prevents its evaluation even in the un-

realistic case where the a priori probabilities of being at-

tacked are known. Therefore, we resort to the adoption of 

the Neyman-Pearson procedure [16] in order to decide 

about authenticity and integrity of the received data. 
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Figure 2 - Decoder scheme 

 

In general, the user encodes the encrypted version of the 

image using a key kB. Once the M samples [x, r1, r2] are re-

ceived they are turbo-decoded (using the correct key kA) into 

the N bits ŝ . At this point such bits are re-encoded using the 

key kA into the M bits [ ]ˆ ˆ ˆ, ,
1 2

s z z . Since we refer to a 

Binary Phase Shift Keying (BPSK) modulation scheme, the 

last M bits are mapped into the M samples ˆ ˆˆ , ,
1 2

 
 y d d . It 

is clear that if  kB = kA or, in other words, the user is authen-

tic, the difference between the M samples [x, r1, r2] and 

ˆ ˆˆ , ,
1 2

 
 y d d  will only be due to the noise. This case is 

what we denoted by H1 and it is clear that the more this dif-

ference is greater, the less will be the log-likelihood 

1 2
ˆlog ( ; , , )s x r rΛ of the decoded cipher-text, given the re-

ceived signal, that is employed as the score of the authentica-

tion phase. A threshold λ, that represents the minimum value 

to for 1 2
ˆlog ( ; , , )s x r rΛ  in order to decide to be in the H1 case 

(e.g. the user is authentic). For these reasons, the decision 

rule should be: 

  

1

1 2

0

ˆlog ( , , ) λ.s; x r r
>

Λ
<

H

H

 (3) 

 

In accordance to the Neyman-Pearson lemma, the 

threshold λ is selected in dependence on the maximum ac-

ceptable probability Pfa of false alarm, which is defined as the 

event of rejecting an authentic message. Obviously, such 

value is application dependent, and is intended to be as a 

system requirement. Having set the threshold to meet the 

false alarm probability requirements, we may choose the 

remaining parameters (e.g. turbo code rate, transmitting 

power, etc.), in order to maximize the probability of detecting 

any security attack.  

A trade-off to meet additional constraints on maximum 

transmitting power, bit rate, hardware and software complex-

ity, and so on, may be therefore required. As for the expres-

sion of the log-likelihood 1 2
ˆlog ( ; , , )s x r rΛ , for AWGN 

channels it can be demonstrated that: 
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where † denotes the Hermitian operator, 2σ  is the receiver 

noise variance, and M is the sum of the sizes of the complex 

vectors x, r1, and r2.  When the bit error rate at the output of 

the decoder is small, which implies that ˆ ≅s s , the log-

likelihood functional 1 2
ˆlog ( ; , , )s x r rΛ  can be well approx-

imated, under the hypothesis H1, as: 

( ) 2

1

M
ˆlog , , / log 2 ,

2 2
1 2s; x r r

ν
πσΛ ≅ − −H      (5)

 
being 

( )
2 2 2

 I  Q

k k2
k 0

1
n nν

σ =

= +∑       (6) 

a random variate with a chi-square distribution, with 2M 

degrees of freedom. Therefore, for the false alarm probabil-

ity we obtain:  
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22
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, log 2

1 !M
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M
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where γ(k,p) is the upper incomplete Gamma function: 

( ) .k-1 -t

p
k,p t e dtγ

∞
= ∫        (8)

 
Thus, the authenticity threshold λ can be computed by 

numerical inversion of eq. (7), once Pfa is set. Threshold 

adaptivity requires the on-line estimation of the noise power 

spectrum density. 
 

2.3 Authentication Performances 
 

It is possible to analyze the performances of the pro-

posed scheme with respect to the probability of impersona-

tion, substitution and deception, as defined by Simmons [15]. 

Specifically, it can be demonstrated that the lower bound on 

the probability of impersonation PI can be expressed in terms 

of the cardinality |ε| of the set of different systematic turbo-

codes able to pass the authenticity and integrity tests: 

1
.

I
P

ε
≥         (9) 

The use of the pseudo-random interleaver ΠC is there-

fore useful also to improve the system authentication per-

formances, by leveraging on the value of |ε|. We can also 

note that, as expected, the probability of impersonation attack 

increases in presence of noise, when |ε| decreases thus result-

ing in a higher bound, which is given by its inverse. It is also 

possible to demonstrate that the proposed architecture is un-

conditionally secure with respect to targeted substitution at-

tacks, while presents a lower bound for the probability of 

deception PD which can be expressed as 

1
.DP

ε
≥       (10) 
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Figure 3 - System performances when varying N, while keep-

ing R = 1/2. (a): BER vs. SNR; (b): PSNR vs. SNR. 
 

If the user is authentic, even in the case when some er-

rors survive to the turbo-decoding the (eventual) burst error 

will be spread over the image bit-stream thanks to the kC-

deinterleaving step. In this way the loss of integrity should 

not imply a sensible loss of quality.  
 

3. EXPERIMENTAL RESULTS 
 

The effectiveness of the proposed scheme for secure im-

age transmission has been verified through an extensive set 

of Monte Carlo simulations. A single-carrier BPSK modula-

tion has been used to simulate the transmissions of the im-

ages. We have first analyzed the system performances when 

varying the size N of the blocks at the input of the turbo-

encoders, while keeping fixed the code rate R = 1/2. Figure 

3(a) shows the achievable Bit Error Rate (BER) for different 

Signal-to-Noise (SNR) ratios, while Figure 3(b) reports the 

corresponding Peak Signal-to-Noise Ratio (PSNR) obtained 

for the received images. As can be seen, increasing the size 

of the input blocks results in improving the system’s per-

formances. It can also be seen that FEC has to be necessarily 

provided in order to deliver images with acceptable PSNR. 

We have also investigated the dependence of the system per-

formances on the rate R employed for the turbo-codes: Fig-

ure 4(a) illustrates the BER achievable when keeping N = 

256, while varying the code rate R, together with the code 

redundancy. We respectively denote by Rc1
, Rc2

 and Rp1
, Rp2

 

the RSC codes and the puncturing rates of the scheme de-

picted in Figure 2, while gi = [gFFi
, gFBi

] is the vector of gen-

erator polynomial of the RSC code on the i-th encoding 

branch, being gFFi
 the vector of feed-forward polynomials 

and gFBi
 the feed-back one. When the turbo-code rate R = 1/2: 

Rc1
=Rc2

=1/2, Rp1
= Rp2

=1/2, while (using octal notation) 

gFF1
= gFF2

=37 and gFB1
= gFB2

=21. When the rate R=1/3: 

Rc1
=Rc2

=1/3, Rp1
=Rp2

=1/2, while gFF1
 = gFF2

 = [37, 21] and 

gFB1
 = gFB2

 = 37. When R = 1/4: Rc1
=Rc2

=1/4, Rp1
=Rp2

=1/2, 

gFF1
 = gFF2

 = [37, 21, 37] and gFB1
 = gFB2

 = 21. Figure 4(b) 

reports the associated probability of rejecting an authentic 

message, also referred as False Rejection Rate (FRR). The 

reported curves have been computed with a probability of 

false alarm Pfa=10
-5

. The increase of the code redundancy 

improves the BER performances, and it also results in an 

improvement of the FRR. Figure 5 shows the distributions of 

the scores to be used in the authentication phase. 

 
Figure 4 - Authentication performances when varying R, while 

keeping N = 256. (a): BER vs. SNR; (b): FRR vs. SNR. 
 

Specifically, Figure 5(a) reports the normalized histo-

gram of the samples of the random variate ν in (5) and (6), 

for a system where N = 10, R =1/2, Pfa=10
-5

, and SNR=0 dB. 

More precisely, it can be noticed that the obtained histogram 

well fits with a chi-square distribution, which has been em-

ployed to derive the expression reported in Section 2.2. Fig-

ure 5(b) shows the distribution of the authentication scores 

1 2
ˆlog ( ; , , )s x r rΛ  in (5), and highlights where the threshold is 

automatically set by the employed procedure. It is worth re-

porting that the considered distributions vary when the SNR 

of the communication channel changes. Specifically, the ran-

dom variate ν exhibits a distribution which can be very well 

approximated with a chi-square for SNR values lower than 5 

dB, e.g., in practical channel conditions. It should also be 

noted that the range of the ν distribution is rather stable with 

respect to the channel SNR, while the distribution of the au-

thentication scores in (5) is strongly affected by the observed 

SNR, and the same applies to the threshold λ, which is auto-

matically evaluated by the proposed approach. The reported 

behaviours can be verified by comparing the histograms re-

ported in Figure 5, obtained for SNR = 0 dB, with the ones 

shown in Figure 6, evaluated for SNR = 5 dB. Eventually, we 

have also analyzed the influence of the selection of the pa-

rameters N and R, which define the characteristics of the em-

ployed turbo-codes, on the cardinality |ε| of the set of differ-

ent systematic turbo-codes which can be used to securely 

transmit images. As described in Section 2.3, the number |ε| 

of usable turbo-codes is directly connected with the probabil-

ity of impersonation PI and the probability of deception PD: 

the lower the cardinality of the set of usable codes, the higher 

the probability of impersonation and deception. Figure 7 

shows how the number of employable codes varies with N 

and R. It can be easily noticed that the cardinality |ε| always 

assumes high values, and that it also increases with the length 

N of the turbo-codes interleaver and with the rate R=N/M. 

The obtained values of |ε| guarantee very low probabilities of  

impersonation and deception, thus showing that the proposed 

scheme is robust with respect to these scenarios. 

4. CONCLUSIONS 
 

In the present paper we have dealt with the problem of pro-

viding a secure transmission mechanism for multimedia con-

tents such as images, by presenting a joint authentication, 

integrity verification and channel coding scheme. 
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Figure 5 - Distributions of the authentication scores for SNR = 0 dB. 

(a): histogram of the ν samples with the chi-square estimated distri-

bution; (b): histogram of the total authentication scores with the 

automatically estimated  threshold. 
 

The proposed approach can be employed for multiple 

scenarios like secure transmission of images over noisy 

channels where malicious attackers can try to tamper the 

data, as well as to provide protection and authentication for 

applications requiring long-term data storage, where the sup-

ports’ degradation over time can alter the considered content 

by introducing errors in the carried data. Several experimen-

tal results have demonstrated the effectiveness of the pro-

posed approach, able to discriminate between illegal data 

modification and data distortion due to noise, while prevent-

ing illegal data access by unauthorized subjects.   
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ABSTRACT
Audio Video Coding Standard (AVS) is the emerging video
standard in which 2-dimensional context adaptive variable
length coding (C2DVLC) is used. The main difference be-
tween context adaptive variable length coding (CAVLC) of
H.264/AVC and C2DVLC of AVS from selective encryp-
tion point of view is that C2DVLC codewords are not con-
tiguous and do not use the full code-space. In this case,
C2DVLC codewords can be assigned indices and are en-
crypted. This scheme works fine if codewords are encrypted
separately. But when we make a plaintext by encryptable
bits of codewords, the encrypted codewords may not be valid
codewords because C2DVLC encryptable bits do not use a
full code-space. In this paper, we will present two schemes
to overcome this limitation for real-time implementation of
C2DVLC codewords. Both of the algorithms are a compro-
mise between the processing power and security of realtime
selective encryption.

1. INTRODUCTION
With the rapid growth of processing power and network
bandwidth, many multimedia applications have emerged in
the recent past. As digital data can easily be copied and mod-
ified, the concern about its protection and authentication have
surfaced. Encryption is used to restrict access of digital data
to authenticated users only. For video data, the concept of
selective encryption (SE) has evolved in which only a small
part of the whole bitstream is encrypted [11]. In this work,
we have transformed C2DVLC module of AVS into crypto-
compression module by the encryption of non-zero coeffi-
cients (NZs).

SE of state of the art video codec like H.264/AVC has
been discussed in literature. Lian et al. have done partial
encryption of some fields of H.264/AVC as intra-prediction
mode, residue data, inter-prediction mode and motion vec-
tors [6]. Carrillo et al. [3] have also presented an idea of en-
cryption for H.264/AVC. They do permutations of the pixels
of those macro-blocks (MBs) which are in ROI. The draw-
back of this scheme is that the bitrate increases as the size
of ROI increases. This is due to change in the statistics of
ROI as it is no more a slow varying region which is the basic
assumption for video signals.

The use of general entropy coder as an encryption step
has been studied in [15]. It encrypts NZs by using differ-
ent Huffman tables for each input symbols. The tables, as
well as the order in which they are used, are kept secret.
This technique is vulnerable to known plaintext attack as ex-
plained in [5]. For H.264/AVC, entropy coding based SE has
been discussed for context adaptive variable length coding
(CAVLC) [9] and context adaptive binary arithmetic coding

(CABAC) [10] which fulfills real-time constraints by produc-
ing format-complaint encrypted bitstream without changing
the bitrate. In Section 2, overview of AVS and C2DVLC is
presented. Comparison of AVS with H.264/AVC is also pre-
sented in this section. We explain the proposed algorithms
for realtime SE of AVS in Section 3. Section 4 contains the
experimental evaluation, followed by the concluding remarks
in Section 5.

2. PRELIMINARIES

2.1 Overview of AVS video coding standard
AVS [4] is the state of the art video coding standard of China
and is based on motion compensated hybrid framework. It
has slightly lesser performance but is less complex than
H.264/AVC [2] video standard of ITU-T and ISO/IEC. A
video frame is processed into blocks of 16x16 pixels, called
macroblock (MB). Each MB can be encoded as intra or inter.

In intra frame, spatial prediction is performed from re-
constructed (i.e. top and left) MBs. It is performed on
blocks of 8x8, in contrast to 4x4 and 16x16 block size in
H.264/AVC. Spatial prediction in AVS is less complex with
only five modes for luma, as compared to thirteen modes
in H.264/AVC. Reference pixels, which are to be used for
prediction, are first low pass filtered. In inter mode, mo-
tion compensated prediction is done from previous frames.
It supports variable block size motion estimation up to 8x8
block, quarter pixel motion estimation and multiple reference
frames in inter frame.

The difference between original and predicted frame is
called a residual. This residual is coded using transform cod-
ing. In AVS, standard DCT transform has been replaced by
8x8 Integer Cosine Transform (ICT) [7] which does not need
any multiplication operation and can be implemented by only
additions and shifts. It is followed by quantization and zigzag
scan. For quantization, QP value ranges 0-63 with a period
of approximate 8. In AVS Part-2, two modes for entropy
coding are supported, namely C2DVLC in Jizhun profile and
context-based binary arithmetic coding (CBAC) in Jiaqiang
profile [16]. In the last step, either of the entropy coding
techniques namely C2DVLC or CBAC is used.

On the decoding side, compressed bitstream is decoded
by entropy decoding module, followed by inverse-zigzag
scan. These coefficients are then inverse-quantized and in-
verse transformed to get the residual signal which is added
to the predicted signal to reconstruct the original signal back.
AVS decoder complexity is further reduced by moving the
inverse scaling from decoder to encoder module.

In comparison to H.264/AVC, AVS Part-2 Jizhun pro-
file has about 3% efficiency loss as compared to H.264/AVC
main profile in terms of bit saving on HD progressive-scan
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Figure 1: a) Block diagram of C2DVLC showing constraints and encryptable blocks, b) Limit of each 2D-VLC table of C2DVLC.

sequences [14]. 8x8 transform coding, 8x8 spatial predic-
tion, motion compensation up to 8x8 block, 8x8 in-loop de-
blocking filter and 2D variable length coding are major tools
of AVS Part-2 which distinguish it from H.264/AVC.

2.2 Context-based 2D Variable Length Coding

In this standard, an efficient context-based 2D-VLC entropy
coder is designed for coding 8x8 block-size transform co-
efficients, where 2D-VLC means that a pair of Run-Level
(Li,Ri) is regarded as one event and jointly coded [13].

Fig. 1.a shows the working of C2DVLC by a flow graph.
A 2-D DCT block is converted to 1-D array by zig-zag scan.
It is followed by Run-Length coding which transforms this
array to (Li,Ri) pairs. C2DVLC starts coding in reverse or-
der using 2D-VLC table with TableIndex = 0. Every table
has certain range for (Li,Ri) as shown in Fig. 1.b. If the cur-
rent (Li,Ri) lies in the range of current 2D-VLC table, it is
encoded by regular mode. Otherwise escape mode is used.

In regular mode, the value of syntax element is firstly
mapped to a non-negative integer CodeNumber using a look-
up table operation. These CodeNumbers are then mapped
to corresponding Exp-Golomb codewords. For (Li,Ri)
pairs having negative value for level, CodeNumber is in-
cremented by 1. For example, (Li,Ri) = (2,1) is mapped
to CodeNumber 11 and (Li,Ri) = (−2,1) is mapped to
CodeNumber is 12. This CodeNumber is then coded by
Exp-Golomb code. Exp-Golomb codes have regular struc-
tures, which means that any non-negative CodeNumber can
be mapped to a unique binary codeword using the regular
code-constructing rule. Due to the regular codeword struc-
ture, the binary code for a given CodeNumber can be con-
structed in coding process without involving high computa-
tional complexity. In AVS, it is a valuable feature that re-
solves the problem of high memory requirement for multiple
VLC tables. In escape mode, Li and Ri are coded separately
using Exp-Golomb codewords. Ri and sign of Li are jointly
coded. While for the magnitude of Li, a prediction is first
performed and then the prediction error is coded.

C2DVLC switches the 2D-VLC tables based on the max-
imum magnitude of the previously coded levels. Let Lmax be
the maximum magnitude of the previously coded levels. The
TableIndex for coding of next (Li,Ri) is updated if Lmax is
greater than the threshold of the current table as given below:

TableIndex = ˙j, if (T h[ j+1]> Lmax ≥ T h[ j]) (1)

with the threshold for each table given as:

T h[0 . . .7] =

{
(0, 1, 2, 3, 5, 8, 11, ∞) intra luma
(0, 1, 2, 3, 4, 7, 10, ∞) inter luma
(0, 1, 2, 3, 5, ∞, ∞, ∞) chroma

(2)

This process is repeated for all the (Li,Ri) pairs. At last
the EOB flag is coded to signal the end of block.

2D-VLC entropy coding has already been used in former
video coding standards such as MPEG-2/4. But it has two
main differences here. First, Huffman coding has been re-
placed by Exp-Golomb coding in AVS. Second, former video
coding standards are not adaptive and use a single VLC ta-
ble to code a certain type of transform blocks, e.g. one ta-
ble for intra blocks, one table for inter blocks, etc. In AVS,
19 2D-VLC tables have been introduced for coding of resid-
ual coefficients and the memory requirement is only about 1
kilo bytes. This method gives gain up to 0.23 dB compared
to one-table-for-one-type-of-block coding method [12]. For
further details about C2DVLC, please refer to [16].

2.3 C2DVLC vs. CAVLC
The common point between C2DVLC of AVS and CAVLC
of H.264/AVC is that both of them are adaptive to the local
statistics of DCT coefficients and coding efficiency of both of
them is similar. Otherwise C2DVLC is substantially different
as compared to CAVLC. In CAVLC, Exp-Golomb coding is
used only for coding of syntax elements only. Transform
coefficients are converted to levels and runs, which are coded
separately using multiple VLC tables.

While in AVS, Exp-Golomb coding is used for coding
all syntax elements including transform coefficients. Trans-
form coefficients are first converted to (Li,Ri) pairs. These
pairs are mapped to CodeNumber which is coded using Exp-
Golomb codes in regular mode. In escape mode, Li and Ri
are coded separately using Exp-Golomb codes.

3. THE PROPOSED ALGORITHM

SE of C2DVLC codewords is being presented in Section 3.1,
while the proposed schemes for its real-time implementation
are discussed in Section 3.2.

3.1 Selective Encryption of C2DVLC
To keep the bitrate unchanged alongwith the encrypted
bitstream format compliance, we perform encryption of
C2DVLC while fulfilling the following constraints:
• In the (Li,Ri) pair, only Li can be encrypted. Ri value

must not be changed otherwise the bitstream will not be
decodable.
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• From equation (1), the encrypted symbol should be such
that Lmax remains in the same interval, thus selecting the
same context for the next (Li,Ri).

• For Exp-Golomb coding, the length of the encrypted
codeword must be equal to that of original codeword.

Encryption of C2DVLC is not straight forward like that of
CAVLC because of these constraints. In CAVLC, code-
space is always full and we have specific bits which can
be encrypted. In case of C2DVLC, for regular mode, we
can encrypt only the levels and their sign bits while tak-
ing into account the constraints described above. In this
mode, code-space is not full because of two major limita-
tions. First, we do not have specific bits to be encrypted and
the encryption space (ES) is not a power of 2. Second, non-
consecutive CodeNumbers are assigned to consecutive lev-
els. In escape mode, we can encrypt the sign bit and suffix
of the Exp-Golomb codeword. Here code-space is not guar-
anteed to be full because of second constraint. Fig. 1.a encir-
cles the functional blocks with constraints. It also shows the
encryptable functional blocks.

Advanced Encryption Standard (AES) algorithm is used
in Cipher Feedback (CFB) mode for encryption. In this
mode, AES is a stream cipher. Each ciphertext block Yi is
XORed with the incoming plaintext block Xi+1 before being
encrypted with the key k. For the first iteration, Y0 is substi-
tuted by an initialization vector (IV). The keystream element
Zi is then generated and the ciphertext block Yi is produced
as: {

Zi = Ek(Yi−1), f or i≥ 1
Yi = Xi⊕Zi

, (3)

where ⊕ is the XOR operator.

For example, let us code current pair (Li,Ri)= (6,0) with
TableIndex = 3 for intra luma mode as shown in Fig. 2. By
encoding it with regular mode of C2DVLC, its CodeNumber
will be 17 and its Exp-Golomb codeword will take 7 bits.
Now let us examine the ES available for this (Li,Ri) pair.

The first constraint is that only Li can be encrypted in
the (Li,Ri) pair. So the ES consists of the levels which have
valid codeword in TableIndex = 3 with Ri = 0. These are
CodeNumbers {8, 0, 2, 4, 9, 11, 17, 21, 25, 33, 39, 45, 55}
related to levels {0, 1,. . . , 12}. The second constraint is that
the magnitude of the encrypted Li should be within the in-
terval that creates the same TableIndex for the next (Li,Ri).
From equation (2), we see that the current Li = 6 will in-
crease the TableIndex from 3 to 4 for the next (Li,Ri) pair
to be coded. So the encrypted Li should also be in the same
interval i. e. {5, 6, 7}. From Table with TableIndex = 3,
the CodeNumbers for these levels are {11, 17, 21} for posi-
tive and {12, 18, 22} for negative sign. The third constraint
implies that out of these CodeNumbers, only those make the
ES which have the same Exp-Golomb codeword length as the
original level (7 bits). Out of the 6 CodeNumbers which have
been selected in the last step, five CodeNumbers have the
same length as (6,0). The only CodeNumber whose length
is different is 11. So (6,0) pair has ES of 5 in this example.

In CAVLC, escape mode is rarely used. While in
C2DVLC, it is very frequently used and it may be difficult
to find a block in which all the transform coefficients are
coded using regular mode. For regular mode of C2DVLC,
ES ranges from 1 to 25 and ES is up to 2n for escape mode,
where n is the number of bits in the suffix of Exp-Golomb
codeword, while respecting the second constraint.

Figure 2: (Li,Ri) encryption in regular mode for Table with
TableIndex = 3.

3.2 Real-time Selective Encryption of C2DVLC
For real-time implementation, we create the plaintext Xi first
by putting the indices of codewords from C2DVLC bit-
stream, which is then encrypted to create Yi and then substi-
tution of the original codewords with the encrypted informa-
tion is performed. In state of the art video coding standards
like AVS, spatial prediction is performed for intra frames.
We can encode a single video frame into several independent
coding units called slices and prediction is performed within
a slice only. Since slice is an independent coding unit, SE is
performed on them independently. Let C, the length of the
plaintext Xi, is 128 and L(Xi) is the length up to which vector
Xi is filled. In case of slice boundary, if L(Xi)<C, we apply
a padding function p( j) = 0, where j ∈ {L(Xi)+ 1, . . . ,C},
to fill in the vector Xi with zeros up to C bits.

In case of C2DVLC: 1) ES is not contiguous i.e., we do
not have consecutive CodeNumbers for consecutive trans-
form coefficient values. This limitation is overcome by us-
ing indices instead of CodeNumbers. 2) ES is not always
full (not equal to 2n). For example, for a codeword with
ES = 20, five bits will be used for its index, with only first 20
valid values {0,1,2, ...,19} and values {20,21, ...,31} will
not be valid. The encrypted index must lie in the valid range.

The situation becomes worse when we make the plaintext
from these indices. So for every index, we will be having few
valid values, while others will not be valid and we cannot
accept them as encrypted index values. In this case, we can
have one of the two approaches presented in Section 3.2.1
and Section 3.2.2.

3.2.1 First Approach

First approach targets at utilizing all the available encryp-
tion space, at the cost of increased processing power. In this
case, we keep track of the available valid ES for indices of
codewords in the plaintext Xi. After encryption, we have two
types of encrypted indices: valid and non-valid. We replace
the valid encrypted indices by the new ones, while the non-
valid encrypted indices remain there in the plaintext and are
encrypted again to get the valid encrypted indices.

For example, for a 5-bit index with ES = 20 having valid
values {0,1,2, ...19}, if the encrypted index lies in first 20
values, it is valid. Otherwise we will encrypt it again till the
encrypted index lies in valid range.

This scheme works fine because we know the valid and
non-valid values for each index on the decoder side too. If it
takes multiple iterations to get a valid encrypted index on the
encoder side, it will take exactly the same number of itera-
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tions on the decoder side to get the original index, since all
the index values inbetween will not be valid. On the decoder
side, we use the same indication of being ’valid’ to stop the
decryption iterations for a particular index.

3.2.2 Second Approach

Second approach aims at saving the processing power, at the
cost of a smaller ES. In this approach, if ES is not full (not
power of 2), it is decomposed into smaller full code-spaces.
Let L is the non-full code-space which is to be decomposed
to several smaller full code-spaces l f ull [n]. The code-space
l f ull [i] that contains the index value to be encrypted, is the
available encryption space in this approach. Let 2k be the
highest power of 2 lesser or equal to L (k is such that 2k ≤ L),
it makes the first encryption space l f ull [1]. This process is
repeated on the remaining ES (L−2k) recursively to decom-
pose L into full code-spaces (which are power of 2).

For example, a non-full code-space with ES = 14 will
be decomposed into three full code-spaces having encryption
spaces 8, 4 and 2 respectively as shown in Fig. 3. If the index
value is 5, its ES will be the first full code-space {0,1,2, ...7}
with ES = 8 and its encrypted index will also lie in the same
full code-space. Similarly if the index value is 9 or 13, their
ESs will be {8,9, ..,11}& {12,13} with ES = 4 & ES = 2
respectively. Their encrypted index values will also lie in the
respective code-spaces as explained in Fig. 3. It is impor-
tant to note that we can have the final full code-space to be
ES = 1. In that case, the final index value in the ES will
not be encrypted. For example, for ES = 15, the code-spaces
will be of sizes 8, 4, 2 and 1. In this case, the final index
value cannot be encrypted because it lies in code-space with
ES = 1.

Figure 3: Example of 2nd approach of realtime SE.

Figure 4: Real-time SE of C2DVLC of AVS.

After encryption with AES cipher in the CFB mode as
illustrated in Fig. 4, original bits in the bitstream are substi-
tuted by the corresponding encrypted bits.

4. EXPERIMENTAL RESULTS

For the experimental results, nine benchmark video se-
quences have been used for the analysis in QCIF format.
Each of them represents different combinations of motion,
color, contrast and objects. We have used the AVS version
RM 6.2c [1] and have performed SE of C2DVLC for intra &
inter frames. It also contains the ES and processing power
compromise for first and second SE approaches.

4.1 Intra Frames
To demonstrate the efficiency of our proposed scheme for
intra frames, we have compressed 100 frames of each se-
quence at 30 fps as intra. Table 1 compares the PSNR of 100
frames of nine video sequences at QP value of 28 without
encryption and with both SE approaches. One can note that
the proposed algorithm works well for all type of video se-
quences having various combinations of motion, texture and
objects. The average PSNR of all the sequences encrypted
by first and second approach is 10.2 dB and 10.3 dB for
luma. Fig. 5 shows the encrypted video frames at different
QP values for foreman for second approach. PSNR compar-
ison over whole range of QP values is given in Table 2. One
can note that, PSNR of the SE video remains in the same
lower range (around 10 dB on average for luma) for all QP
values.

Table 5 demonstrates the encryption space (percentage of
bitstream which is encrypted) for both proposed approaches
of SE for intra frames. For first approach, average ES is
27.65% while it is 25.19% for second approach. Hence to
get full code-space, ES of second approach is reduced by
8.9%((ES1−ES2)/ES1).

4.2 Intra & Inter Frames
For experimental evaluation of intra & inter frames, intra
period is set to 10 in a sequence of 100 frames. Table 3 veri-
fies the performance of our algorithm for all video sequences
for Intra & Inter frames at QP value of 28. Average PSNR
of luma for all the encrypted sequences is 10.43 dB. Results
shown in Table 4 verify the effectiveness of our scheme over
the whole range of QP values for foreman for intra & inter
frames.

Table 5 demonstrates the compromise for ES and pro-
cessing power between first and second approaches of SE.
For first approach, average ES is 12.93% while it is 12.28%
for second approach. Hence to get complexity reduction, we
have to reduce our ES by 5%. For encoding process, we need
1.01% more processing power, while it is 0.61% for 2nd Ap-
proach. For decoding process, we need 5.10% and 3.73%
more processing power for first and second SE approaches
respectively.

5. CONCLUSION
In this paper, a realtime framework for SE of AVS based on
C2DVLC has been presented. Since code-space of C2DVLC
is not full, two schemes have been proposed for its real-
time encryption. First approach utilizes all the available ES,
while utilizing 0.5% more processing power as compared to
2nd approach, while ES of 2nd approach gets reduced by
5% for (I+P) frames. Second approach is recommended for
handheld devices because of lesser requirement of process-
ing power. Since all the constraints posed by the contexts and
Exp-Golomb codewords for each NZ, have been fulfilled, en-
crypted bitstream is fully compliant to AVS format and is
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Table 1: Comparison of PSNR without encryption and with
first and second SE approaches for benchmark video se-
quences at QP = 28 for intra .

PSNR (Y) (dB) PSNR (U) (dB) PSNR (V) (dB)
Seq. Orig. 1st 2nd Orig. 1st 2nd Orig. 1st 2nd

bus 37.9 7.8 8.5 41.6 26.0 26.4 42.8 27.9 27.9
city 38.1 12.3 12.6 42.9 30.7 30.7 44.2 31.1 31.0
crew 39.5 10.2 10.3 41.8 25.0 25.2 40.8 22.2 22.4
football 39.1 11.9 12.0 41.5 16.3 16.1 42.3 24.1 23.8
foreman 38.9 9.1 8.8 42.1 23.8 24.1 43.9 26.2 26.9
harbour 37.8 9.8 9.9 42.2 24.4 25.1 43.6 32.5 31.8
ice 41.4 10.7 10.8 44.5 26.2 25.8 44.8 20.3 19.1
mobile 37.9 8.7 8.8 38.6 14.5 14.5 38.4 11.8 12.1
soccer 38.3 11.4 11.3 42.9 22.1 20.8 44.3 24.1 24.4

avg. 38.8 10.2 10.3 42.0 23.2 23.2 42.8 24.5 24.4

Table 2: Comparison of PSNR without encryption and with
first and second SE approaches for foreman at different QP
values for intra .

PSNR (Y) (dB) PSNR (U) (dB) PSNR (V) (dB)
QP Orig. 1st 2nd Orig. 1st 2nd Orig. 1st 2nd

12 49.6 9.0 8.8 50.1 24.8 24.4 50.8 21.5 21.1
20 44.1 8.9 8.7 45.7 26.3 25.9 47.4 22.1 22.8
28 38.9 9.1 8.8 42.1 23.8 24.1 43.9 26.2 26.9
36 34.4 8.9 9.0 39.3 23.8 23.9 40.2 22.0 21.5
44 30.6 9.1 9.7 37.1 23.9 23.9 37.3 21.7 21.3
52 27.0 10.0 9.8 35.3 25.5 25.1 35.9 20.8 20.1

Table 3: Comparison of PSNR without encryption and with
first and second SE approaches for benchmark video se-
quences at QP = 28 for intra & inter with intra period =
10.

PSNR (Y) (dB) PSNR (U) (dB) PSNR (V) (dB)
Seq. Orig. 1st 2nd Orig. 1st 2nd Orig. 1st 2nd

bus 36.5 8.0 7.0 41.8 25.2 26.0 43.1 28.0 27.4
city 36.9 12.1 12.3 43.2 31.1 30.4 44.4 31.7 30.9
crew 38.3 13.4 10.4 42.0 25.4 25.4 40.9 22.4 23.5
football 37.9 11.8 12.8 41.5 15.2 16.9 42.4 23.4 23.8
foreman 37.9 8.6 8.2 42.4 25.0 24.4 44.2 26.1 27.2
harbour 36.2 9.8 9.9 42.4 25.0 28.0 43.9 31.4 33.3
ice 40.2 10.3 10.8 44.7 26.4 26.1 45.0 18.8 19.8
mobile 36.1 8.5 9.1 38.8 14.8 12.8 38.5 12.3 11.8
soccer 37.2 11.5 10.5 43.1 20.4 19.9 44.5 24.2 25.5

avg. 37.5 10.4 10.1 42.2 23.2 23.3 43.0 24.2 24.8

Table 4: Comparison of PSNR without encryption and with
first and second SE approaches for foreman at different QP
values for intra & inter with intra period = 10.

PSNR (Y) (dB) PSNR (U) (dB) PSNR (V) (dB)
QP Orig. 1st 2nd Orig. 1st 2nd Orig. 1st 2nd

12 47.2 9.3 8.7 50.0 25.0 24.7 50.5 23.5 21.2
20 42.8 8.9 8.3 46.0 26.4 27.5 47.7 20.6 23.1
28 37.9 8.6 8.2 42.4 24.9 24.4 44.2 26.1 27.2
36 34.0 8.1 8.7 39.5 23.9 24.9 40.5 21.6 22.3
44 30.4 9.8 8.2 37.3 25.4 23.3 37.7 20.1 23.5
52 27.0 10.7 9.1 35.7 24.4 25.0 36.0 19.8 22.2

Table 5: Analysis of ES and required processing power for
first and second SE approaches.

Encryption Space Processing Power (I+P)
I I+P encoder decoder

Seq. 1st 2nd 1st 2nd 1st 2nd 1st 2nd
(%) (%) (%) (%) (%) (%) (%) (%)

bus 31.89 28.64 11.93 11.22 1.38 0.80 5.66 4.04
city 27.19 25.46 13.38 12.93 1.00 0.62 5.04 3.67
crew 20.80 19.80 12.58 12.33 0.62 0.41 3.78 2.66
football 26.88 24.47 16.06 14.94 0.82 0.43 5.19 3.91
foreman 24.89 22.91 13.61 13.01 0.94 0.57 4.79 3.59
harbour 32.10 28.75 12.38 11.72 1.10 0.66 5.48 3.90
ice 27.27 24.78 13.07 12.36 0.82 0.46 4.74 3.55
mobile 33.20 28.86 11.12 10.28 1.52 1.01 6.50 4.84
soccer 24.65 23.02 12.22 11.76 0.88 0.53 4.76 3.44

avg. 27.65 25.19 12.93 12.28 1.01 0.61 5.10 3.73

(a) (b) (c)

(d) (e) (f)

Figure 5: Encrypted video using second approach: foreman frame
# 0 with QP value: a) 12, b) 20, c) 28, d) 36, e) 44, f) 52.

decodable by reference AVS decoder. Realtime constraints
have been successfully fulfilled by having exactly the same
bitrate. The experiments have shown that we can achieve the
desired level of encryption in each frame, while maintaining
the full AVS video coding standard compliance for both of
the proposed approaches. The proposed schemes can be ex-
tended to protect only ROI in video surveillance and can be
applied to medical image transmission [8].
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ABSTRACT

A computationally cheap extension from single-microphone
acoustic echo cancellation (AEC) to multi-microphone AEC
is presented for the case of a single loudspeaker. It em-
ploys the idea of common-acoustical-pole and zero model-
ing of room transfer functions (RTFs). The RTF models
used for multi-microphone AEC share a fixed common de-
nominator polynomial, which is calculated off-line by means
of a multi-channel warped linear prediction. By using the
common denominator polynomial as a prefilter, only the nu-
merator polynomial has to be estimated recursively for each
microphone, hence adapting to changes in the RTFs. This
approach allows to decrease the number of numerator co-
efficients by one order of magnitude for each microphone
compared with all-zero modeling. In a first configuration,
the prefiltering is done on the adaptive filter signal, hence
achieving a pole-zero model of the RTF in the AEC. In a
second configuration, the (inverse) prefiltering is done on the
loudspeaker signal, hence achieving a dereverberation effect,
in addition to AEC, on the microphone signals.

1. INTRODUCTION

Acoustic echo cancellation (AEC) is used in speech commu-
nication applications where the existence of echoes degrades
the intelligibility and listening comfort, such as in mobile
and hands-free telephony and in teleconferencing. An acous-
tic echo canceller seeks to cancel the echo signal component
y(t) in a microphone signal d(t), ideally leading to an echo-
free error signal e(t). This is done by subtracting an esti-
mate of the echo signal ŷ(t) from the microphone signal as
shown in Fig. 1 (a) and (b). Therefore, an adaptive filter
is used to provide a model that represents the best fit to
the echo path Hroom or room impulse response (RIR) [6].
This model is used to filter the input signal x(t) to obtain
the estimated echo signal. There are situations in which sev-
eral microphones are employed simultaneously and therefore
multi-microphone techniques are called for.

The most common model for the RIR is the finite impulse
response (FIR) model corresponding to an all-zero model of
the room transfer function (RTF). This is due to well-known
behaviour and guaranteed stability of the adaptive FIR fil-
ters [5]. It is also connected to the physics of room acous-
tics where a microphone signal is a weighted sum of discrete
reflections of the loudspeaker signal. Its drawback is that

This research work was carried out at the ESAT labora-
tory of Katholieke Univeristeit Leuven, in the frame of the EC-
FP6 project SIGNAL: ’Core Signal Processing Training Program’
Marie-Curie Fellowship program (http://est-signal.i3s.unice.fr)
under contract No. MEST-CT-2005-021175, the Concerted Re-
search Action GOA-MaNet and the the Belgian Programme on
Interuniversity Attraction Poles initiated by the Belgian Federal
Science Policy Office IUAP P6/04 (DYSCO, ‘Dynamical systems,
control and optimization’, 2007-2011). The scientific responsibil-
ity is assumed by its authors

the number of FIR filter coefficients required to model a
RIR increases dramatically if the RIR is long which is typ-
ical in room acoustics applications. Besides, any change of
loudspeaker-microphone or obstacle position inside the room
will change the coefficients of the model and therefore a re-
calculation of every coefficient will be needed. The problem
of calculating a large amount of coefficients becomes more
apparent in the case of a multi-microphone scenario where
one adaptive FIR filter is used for each microphone.

One of the alternatives is to use an infinite impulse re-
sponse (IIR) model which corresponds to a pole-zero model
of the RTF. This model reduces the number of coefficients to
be estimated for the same modelling capabilities [5]. More-
over, this model again represents the physics of room acous-
tics now also including the modelling of the acoustic reso-
nances by means of the poles of the transfer function. Poles
can represent long impulse responses caused by resonances,
while zeros represent time delays and antiresonances [8]. The
well known drawbacks of the adaptive IIR filter are the non-
linear shape of the cost function for the filter coefficients es-
timation and its potential instability [5]. Although different
algorithms have been proposed to overcome these limitations
with more or less success, their use, especially the use of high
order filters is very limited in practice [5].

In [8] the concept of a common-acoustical-pole and zero
model is introduced. The underlying idea is that the acoustic
resonances in a room depend on the dimensions and shape
of the enclosure and not on the loudspeaker-microphone po-
sition. Each RTF may be expressed using a common set of
poles and different zero functions. The RTF models used for
the proposed multi-microphone AEC share a fixed common
denominator polynomial which is calculated off-line, from a
set of measured RIRs, by means of a multi-channel warped
linear prediction. By using the fixed common denominator
polynomial as a prefilter (see Fig. 1 (a) and (b)) only the nu-
merator polynomial has to be estimated for each microphone.
Therefore, the prefiltering has two positive impacts: first,
it avoids the problems of adaptive IIR filters and second,
it reduces the number of filter coefficients to be estimated.
Moreover, as reducing the number of filter coefficients is a
major concern in the proposed multi-microphone AEC, the
calculation of the common poles will be performed in the
frequency-warped domain. By frequency-warping the RIR,
one is able to focus the computational resources in specific
frequency regions of interest [2], [1], relaxing the modelling
effort in those frequency regions that are of less interest [4].

This paper is organized as follows. In Section 2, the
proposed model is shown. In Section 2.1 the concept of
the common-acoustical-pole and zero model is further ex-
plained. In Section 2.2 the standard procedure for frequency
warping is explained. In Section 2.3 the equations for multi-
channel warped linear prediction are presented. In Section 3
it is shown the adaptive algorithm employed in the proposed
AEC and the signals participating which depend on whether
the prefilter is located in the adaptive filter signal path or
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in the loudspeaker signal path. In Section 4 simulation re-
sults are provided that demonstrate the performance of our
proposed model in terms of echo reduction. Finally Section
5 concludes the paper.

Echo signal

Fixed filter

ŷ(t)

Error signal e(t)

To far-end

x(t)

Desired signal

Estimated echo signal

d(t)=y(t)

From far-end

y(t)

Adaptive

Filter HroomB̂

1
Â

(a) Prefilter in adaptive filter
signal path

Echo signal

Fixed filter

ŷ(t)

Error signal e(t)

To far-end

x(t)

Desired signal

Estimated echo signal

d(t)=y(t)

From far-end

y(t)

Adaptive

Filter Hroom

Â

B̂

(b) Prefilter in loudspeaker sig-
nal path

Figure 1: Acoustic echo canceler set-up with prefilter using fixed co-
efficients polynomial

2. PROPOSED MODEL

2.1 Common-acoustical-pole and zero model

Although the RTFs are different for each loudspeaker-
microphone position, all RTFs in a room share the same
resonance frequencies. These resonance frequencies may be
visible as spectral peaks in the RTFs [5]. If only the zeros
cause RTF variation then the RTFs can be expressed us-
ing a common denominator for all and a different numerator
for each of them (i.e. Hi(q, t) = Bi(q, t)/Ac(q)) as depicted
in Fig.3. This can be represented by either common poles
(pc(k)) and distinct zeros (zi(k, t)) or in polynomial form us-
ing common autoregressive (AR) (ac(k)) and distinct moving
average (MA) (bi(k, t)) coefficients [8],

Hi(q, t) =

∏Q
k=1 (1− zi(k, t)q−1)∏P
k=1 (1− pc(k)q−1)

=

∑Q
k=1 bi(k, t)q

−k

1−
∑P

k=1 ac(k)q−k

(1)
where Q and P are the order of numerator and denominator
respectively, i = 1, ...,M the number of microphones and q
denotes the time shift operator, i.e., q−ku(t) = u(t− k)

2.2 Warped linear prediction

To obtain the AR coefficients of an impulse response a set
of simultaneous equations must be solved (see also section
2.3). This set of simultaneous equations in our case takes
the same mathematical form as the Wiener-Hopf equations
for linear prediction, the Yule-Walker equations for an au-
toregressive model [6] and is equivalent to the equation error
between a measured impulse response and the estimated all-
pole impulse response [7]. Here, a warped linear prediction
(WLP) will be used as in [3]. The standard procedure in
producing frequency-warped impulse responses involves re-
placing the unit delay operator, q−1 of the original RTF,
Hi(q) =

∑N
t=0 hi(t)q

−t, by a first-order all-pass filter [1]
D(q, λ), i.e.,

Hw
i (q) =

N∑
t=0

hw
i (t)q−t =

N∑
t=0

hi(t)D
t(q, λ) (2)

where N denotes the impulse response length, the warping
parameter λ ∈ (−1, 1) and

D(q, λ) =
q−1 − λ
1− λq−1

(3)

The superscript w means that the impulse response or RTF
is transformed to the warped domain. The inverse mapping
or dewarping (i.e., from the warped domain to the original
domain) follows directly by applying again the same mapping
with the sign of λ changed [1].

Hi(q) =

N∑
t=0

hw
i (t)Dt(q,−λ) (4)

Fig. 2 shows the RTF of a 2001 samples long measured
room impulse response (sampling frequency fs = 16 kHz)
together with the spectrum of the estimated denominator
polynomial (AR coefficients) calculated with order P = 200
and by warping the impulse response with λ = 0, λ = 0.5
and λ = 0.9 respectively. With λ = 0 the modelling effort
is uniformly spread over the frequency axis. With λ = 0.5,
and especially so with λ = 0.9, the modelling effort is put in
lower frequency regions. As it can be seen, the low frequency
region contains the main resonant peaks. Therefore it seems
obvious to employ the limited computational resources in
this area.

Figure 2: Frequency spectra of an impulse response and its estimated
AR coefficients

2.3 Warped multi-channel linear prediction of com-
mon acoustical poles

From a set of warped impulse responses a set of common AR
coefficients can be calculated and then transformed back to
the original domain. This set of AR coefficients corresponds
to the main resonances of the RTFs. Assuming that hw

i (t) is
the time-domain version of the warped RTF Hw

i (q) (2), the
warped all-pole estimate of the impulse response coefficients
is [1]

ĥw
i (t) =

P∑
k=1

awc (k)hw
i (t− k) (5)

The warped common AR coefficients can be calculated
as those that minimize the cost function

min
aw
c (k)

M∑
i=1

∞∑
t=0

e2i (t) (6)

with

ei(t) = hw
i (t)− ĥw

i (t)

= hw
i (t)−

P∑
k=1

awc (k)hw
i (t− k)

(7)
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The warped multi-channel linear prediction of the com-
mon AR coefficients awc (k) that minimize (6) are calculated
by solving the normal equations [7], i.e.

a =
(
WTW

)−1

WTv (8)

where

H2 H3 H4

Ac(q)

H1

1
Ac(q)

B̂3(q, t) B̂4(q, t)B̂2(q, t)B̂1(q, t) B̂M(q, t)

HM

e1(t)

e2(t)

e3(t)

e4(t)

eM(t)

yM(t)

y4(t)

y3(t)

y1(t)

y2(t)

ŷM(t)ŷ4(t)ŷ3(t)ŷ2(t)ŷ1(t)

x(t)

Figure 3: Multi-microphone acoustic echo canceler set-up

a = [awc (1), awc (2), ..., awc (P )]T (9a)

W = [HT
1 ,H

T
2 , ...,H

T
M ]T (9b)

v = [hwT
1 ,hwT

2 , ...,hwT
M ]T (9c)

hw
i = [hw

i (1), hw
i (2), .., hw

i (N − 1), 0, 0, .., 0]T (9d)

Hi =



hw
i (0) 0 · · · 0
hw
i (1) hw

i (0) · · · 0
...

...
...

...
...

...
... hw

i (0)

hw
i (N − 1) 0 · · ·

...

0 hw
i (N − 1) · · ·

...
...

... · · ·
...

0 0 · · · hw
i (N − 1)


(9e)

⇒ size [(N + P − 1)× P ]

3. AEC ALGORITHM

Vector a (9a) contains the warped common AR coefficients
that are mapped back to the original domain to provide the
fixed prefilter polynomial

Ac(q) = 1− ac(1)q−1 − ...− ac(P )q−P (10)

The prefiltering is applied to either the adaptive filter signal
or the loudspeaker signal as depicted in Fig. 3. In a first
configuration, the prefiltering is applied to the adaptive fil-
ter signal, hence achieving a pole-zero model of the RTF in
the AEC. In a second configuration, the (inverse) prefiltering
is applied to the loudspeaker signal, hence achieving a dere-
verberation effect, in addition to AEC, on the microphone
signals.

For every microphone the numerator coefficients

Bi(q, t) = bi(0, t) + bi(1, t)q
−1 + ...+ bi(Q, t)q

−Q (11)

are adapted using the well-known Normalized Least Mean
Squares (NLMS) algorithm [6], i.e.

ei(t) = yi(t)− ŷi(t) (12a)

= yi(t)− bi(t)u
T (t) (12b)

bT
i (t+ 1) = bT

i (t) + µ
1

u(t)uT (t)
u(t)T ei(t) (12c)

where i = 1, ...,M , the vector u(t) = [u(t), u(t −
1), ..., u(t − Q)] is the input to the adaptive filter, bT

i (t) =
[bi(0, t), bi(1, t), ..., bi(Q, t)] are the adaptive filter coeffi-
cients, yi(t) are the microphone signals, ei(t) are the error
signals, ŷi(t) are the estimated echo signals and µ is the step
size. Signals u(t) and yi(t) will depend on whether the pre-
filter is in the adaptive filter signal path or in the loudspeaker
signal path as follows:

• Prefilter in the adaptive filter signal path

u(t) =
1

Ac(q)
x(t) (13)

= x(t)− ac(1)u(t− 1)− ...− ac(P )u(t− P ) (14)

yi(t) = Hi(q, t)x(t) (15)

• Prefilter in the loudspeaker signal path

u(t) = x(t) (16)

yi(t) = Ac(q)Hi(q, t)x(t) (17)

= Ac(q)
Bi(q, t)

Ai(q, t)
x(t) ≈ Bi(q, t)x(t) (18)

4. SIMULATION RESULTS

Matlab computer simulations were performed at fs = 16
kHz. Five room impulse responses, (hi with i = 1, ..., 5) of
length N = 2001 samples were measured in a rectangular
room of about 5 × 3 × 3 m. In every simulation the NLMS
step size µ = 1 as it offered the best results. The input
signal was speech (female voice) recorded at fs = 16 kHz
of 6.7 seconds duration (i.e., length L = 1340876 samples).
The warping parameter λ = 0.7 was found to be optimal.
The performance measures were: Attenuation,

Attenuation = 10 log10

∑L
t=0 y(t)2∑L
t=0 e(t)

2
(dB) (19)

which is a scalar that measures the difference in dB between
the power of the error and microphone signals; and Echo
Return Loss Enhancement (ERLE),

ERLE(n) = 10 log10

∑p
k=1 y

2
(
(n− 1)p+ k

)∑p
k=1 e

2
(
(n− 1)p+ k

) (dB) (20)

for n = 1, ..., L
p

, which is (19) averaged over time frames of

length p. The order of the numerator, Q, and denominator
P are the same in every simulation.

The performance in terms of Attenuation and ERLE
of the 5 acoustic echo cancellers (AECi with i = 1, ..., 5) is
shown in two different scenarios: first, when the AR coef-
ficients of the prefilter are calculated from a single impulse
response and second, when they are calculated using the set
of impulse responses (i.e., common-acoustical-poles).
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Table 1: Attenuation(dB). AR Coefficients obtained from h1. 2.Left)
Prefilter in adaptive filter signal path. 2.Right) Prefilter in
loudspeaker signal path

LPC (h1) LPC (h1)

(Adap. sig.) AEC1 AEC4 (Loud. sig.) AEC1 AEC4

P = 200 28.0 16.3 P = 200 19.4 14.0

P = 500 37.8 18.3 P = 500 29.9 14.2

4.1 Comparison of ERLE with and without warping

The effect of warping an impulse response prior to calculating
the AR coefficients is shown in this section. Fig. 4 shows
the differences in the AEC performance when using different
values of the warping parameter λ. The optimal value λ =
0.7 was applied and compared with λ = 0 which means that
no warping is applied to the impulse response. The WLPC
(AR) order was P = 200. The prefilter was applied to the
adaptive filter signal path. AR coefficients were extracted
from impulse response h1. Fig. 4(a) shows the time evolution
(L samples) of the microphone y1 and error signal e1 and Fig.
4(b) shows the ERLE. The value of the attenuation of the
AEC1 was 16.6 dB with λ = 0 and 28 dB with λ = 0.7,
which shows that, with warping, an improvement of more
than 11 dB can be achieved.

(a) Error signal evolution with
different λ

(b) ERLE of AEC1 with differ-
ent λ

Figure 4: Prefilter in the adaptive filter signal path with WLPC
(AR) order P = 200 with optimal λ = 0.7 and λ = 0
which means no warping

4.2 Prefilter in the adaptive signal path

This section shows the performance of the AECi, with i =
1, ..., 5, when the prefilter is applied to the adaptive filter
signal. In such case a pole-zero model of the RTF, with
fixed denominator and variable numerator, is used in the
AEC. The warping parameter was set to λ = 0.7. The AR
coefficients were calculated with two different WLPC (AR)
orders (P = 200 and P = 500).
• AR coefficients calculated from one impulse response (h1)

Fig. 5(a) and Fig. 5(b) show the time evolution of the micro-
phone and error signal and ERLE respectively, of AEC1 and
AEC4. Table 1.(Left) shows the values of the attenuation
achieved by AEC1 and AEC4 where the difference between
them is 11.7 dB (P = 200) and 19.5 dB (P = 500).
• Common-acoustical-pole AR coefficients

In this case the fixed filter coefficients are calculated from the
set of impulse responses using (8). Fig. 6(a) and Fig. 6(b)
show the time evolution of the microphone and error signal
and ERLE respectively, of every AECi, with i = 1, ..5. Table
2.(Top) shows that the difference among the Attenuation
values is highly reduced with satisfactory individual results
(i.e., average Attenuation = 20.4 and 24.1 dB with P = 200
and 500 respectively).

(a) Error signal evolution with
different WLPC (AR) orders

(b) ERLE with different WLPC
(AR) orders

Figure 5: Prefilter in the adaptive filter signal path. AR coeffients
are calculated from impulse response h1 with optimal
λ=0.7 and P = 200 and P = 500. Performance of AEC1

and AEC4 are shown consecutively

(a) Error signal evolution with
different WLPC (AR) orders

(b) ERLE with different WLPC
(AR) orders

Figure 6: Prefilter in the adaptive filter signal path. AR coeffients
are calculated from common acoustical poles with optimal
λ=0.7 and P = 200 and P = 500. Performance of every
AECi are shown consecutively

Table 2: Attenuation(dB). AR coefficients obtained from common
acoustical poles. Top) Prefilter in the Adaptive filter sig-
nal path. Middle) Prefilter in the loudspeaker signal path.
Bottom) No prefilter

LPCcommon

(Adap. sig.) AEC1 AEC2 AEC3 AEC4 AEC5

P = 200 24.8 20.3 19.4 24.2 19.4

P = 500 27.9 24.3 24.4 26.0 22.5

LPCcommon

(Loud. sig.)

P = 200 15.4 15.7 13.8 15.2 13.4

P = 500 24.0 19.9 19.7 22.5 18.3

All-zero
(No prefilter)

Q = 2000 36.4 31.6 33.3 28.7 32.1

4.3 Prefilter in the loudspeaker signal path

This section shows the performance of the AECi, with i =
1, ..., 5, when the prefilter is applied in the loudspeaker signal
path. In such case a dereverberating effect is achieved by
cancelling the main resonances. The warping parameter was
set to λ = 0.7. The AR coefficients were calculated with two
WLPC (AR) orders (P = 200 and P = 500).

• AR coefficients calculated from one impulse response (h1)
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Fig. 7(a) and Fig. 7(b) show the time evolution of the micro-
phone and error signal and ERLE respectively, of AEC1 and
AEC4. Table 1.(Right) shows the values of the attenuation
achieved by AEC1 and AEC4 where the difference between
them is 5.4 dB (P = 200) and 15.7 dB (P = 500).

• Common-acoustical-pole AR coefficients

In this case the fixed filter coefficients are calculated from the
set of impulse responses using (8). Fig. 8(a) and Fig. 8(b)
show the time evolution of the microphone and error signal
and ERLE respectively, of every AECi, with i = 1, ..5. Table
2.(Middle) shows that the difference among the Attenuation
values is reduced with satisfactory individual results only
with P = 500 (i.e., average Attenuation = 14.2 and 19.9 dB
with P = 200 and 500 respectively).

(a) Error signal evolution with
different WLPC (AR) orders
(200 Top, 500 Bottom)

(b) ERLE with different WLPC
(AR) orders

Figure 7: Prefilter in the loudspeaker signal path. AR coeffients are
calculated from impulse response h1 with optimal λ=0.7
and P = 200 and P = 500. Performance of AEC1 and
AEC4 are shown consecutively

Table 2.(Bottom) also shows the values of the
Attenuation in the case no prefilter is applied (i.e., all-
zero case) with order Q = 2000 which is the total length
of the impulse response. It can be seen that although the
achieved attenuation is higher compared with our proposed
model, the number of coefficients increases dramatically. As-
suming that NLMS requires 2Q + P multiply-add opera-
tions for each update (12a)-(12c) [5], the number of op-
erations in the all-zero case is M · 2Q = 5· 4000 = 20000
whereas with fixed prefiltering, the number of operations
is M · 2Q + P = 5· 400 + 200 = 2200 (i.e., 91% saving) or
M · 2Q + P = 5· 1000 + 500 = 5500 (i.e., 36% saving). The
better results obtained in the case of prefiltering in the adap-
tive filter signal path are due to the IIR nature of this con-
figuration that leads to a better modelling capability.

(a) Error signal evolution with
different WLPC (AR) orders

(b) ERLE with different WLPC
(AR) orders

Figure 8: Prefilter in the loudspeaker signal path. AR coeffients
are calculated from common acoustical poles with optimal
λ=0.7 and P = 200 and P = 500. Performance of every
AECi are shown consecutively

5. CONCLUSION

In this paper a model has been proposed for multi-
microphone AEC which employs the idea of common-
acoustical-pole and zero modelling of RTFs using warped
linear prediction of the impulse responses. The common
acoustical poles are calculated off-line from a set of measured
impulse responses. In RTFs the predominant spectral peaks
are located in the low frequency region. Warping allows us to
focus the modelling effort in this frequency region to obtain
better modelling results. This leads to a higher echo reduc-
tion for the same number of filter coefficients. Moreover these
predominant spectral peaks are common to every RTF which
allows to have a fixed common denominator polynomial for
every channel. Hence only the numerator polynomial has to
be estimated recursively. This approach allows to reduce the
number of numerator coefficients up to one order of magni-
tude for each microphone compared with all-zero modelling,
and yet provides satisfactory results (about 22 dB of echo
attenuation). Better results are obtained in the case of pre-
filtering in the adaptive filter signal path.
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ABSTRACT

A major challenge in acoustic signal processing lies in the un-
certainty regarding the current state of the acoustic environment.
The relevant applications in the field of speech and audio signal
processing include the multichannel sound capture, the signal pro-
cessing for spatial sound control, and the acoustic echo/interference
cancellation. In this paper, a Bayesian impulse response model is
proposed for acoustic system identification. It is justified by the
stochastic nature of time-varying and noisy environments. In par-
ticular, we argue for a state-space dynamical model of the unknown
impulse responses as a suitable form to incorporate a priori in-
formation of the acoustic environment. For the echo/interference
cancellation case, we then describe the Bayesian inference of the
acoustic system. It is structurally and experimentally compared to
maximum-likelihood and least-squares estimators which are both
rooted in deterministic system modeling. Algorithmic structure and
performance, both speak for the Bayesian inference.

1. APPLICATIONS OF ACOUSTIC SYSTEM
IDENTIFICATION

Figure 1 depicts a generic acoustic environment with audio repro-
duction and recording capabilities. The loudspeaker arrangement
on the reproduction side presents acoustic scenes to the users of the
environment as shown, e.g., by the virtual sound source in front of
the loudspeakers. The loudspeaker driving signals can be derived
from the received signals from a remote acoustic environment or
provided through broadcast and storage media.

The users of the acoustic environment act in a two-fold way.
On the one hand, they act as acoustic receivers, i.e., as consumers
of the acoustic scene, indicated by the in-ear microphones in Fig. 1.
On the other hand, the users naturally act as inner sources of the
acoustic system, e.g., by their speech utterances to the recording
microphones or simply by their internal voice communication.

On the recording side, Fig. 1 depicts several microphone chan-
nels. This multi-microphone arrangement can be used to capture
the voices of users ’1’ and ’2’, or possibly more internal sources,
e.g., to transmit to a remote environment or to feed a speech recog-
nizer in the recording unit. The recording microphones might also
include a set of in-ear transducers, as shown for user ’1’, in order to
supply a perceptual reference of the soundfield.

Various use cases obviously arise from the capabilities of the
acoustic environment and they might even take place simultane-
ously. In the following, we consider the related signal processing
applications on the recording and reproduction side of the system
and we address the undesired interference of both sides.

1.1 Multichannel Speech Acquisition

Among the recording side applications in acoustics, we have the
dereverberation, denoising, localization, and separation of distant
speech using microphone arrays. Comprehensive presentations of
this field can be found, e.g., in [1, 2]. The solutions to these prob-
lems inherently require an exact or approximate equalization of the
acoustic system between users ’1’ and ’2’ and the microphone trans-
ducers in Fig 1. This acoustic system can be represented, e.g., by

a set of acoustic impulse responses which fully describes the un-
desired linear distortion and additive mixture of the original speech
sources. System identification can give access to the impulse re-
sponses and with their availability we can apply the sophisticated
designs of multi-channel speech enhancement algorithms to restore
the original speech sources from the distorted microphone signals.
The principle feasibility of multichannel acoustic equalization on
the basis of the known system was demonstrated in [3].

Typically, the acoustic system is time-varying and we do not
have a reference to the original source signals and therefore no
means to perform supervised system identification [4]. In this case,
we face the very difficult blind system identification problem, the
solution of which can suffer from inherent source-filter ambiguities
[5]. Blind system identification algorithms were proposed with a
wide range of estimation performances and complexities [6, 7, 8],
but it remains a tough research issue to deploy an adaptive solution
for realistic, i.e., noisy and time-varying acoustic environments.

1.2 Signal Processing for Spatial Sound Control

In the reproduction unit of the system in Fig. 1, the signal process-
ing for spatial sound control aims at the presentation of acoustic
scenes with at least plausible spatial cues to the users, e.g., the ren-
dering of one or more virtual sound sources at different locations in
the acoustic environment. The task of rendering a desired signal at
a location of interest exhibits duality with the multichannel acqui-
sition and equalization of point sources using microphone arrays.
In both cases, for example, the concept of matched filter arrays has
been utilized to achieve the desired focus and selectivity [9, 10].
While the ideal acquisition of a point source, in general, relies on
a SIMO (single-input/multiple-output) acoustical model and a sub-
sequent MISO (multiple-input/single-output) inverse processor, the
equivalent architecture for the rendering case at hand consists of a
SIMO preprocessor and a subsequent MISO acoustic inverse. From
the viewpoint of signals and systems, the role of the acoustic im-
pulse responses and the inverse filters are merely exchanged. Essen-
tially, this example shows that the identification of acoustic impulse
responses from the loudspeakers to the virtual source location is the
key to signal processing for spatial sound control.

Naturally, the rendering of a desired signal at some point of in-
terest will generate the respective soundfield only in the vicinity of
the virtual source location, thus not providing the perception of a fo-
cused virtual sound source everywhere in the acoustic environment.
The point-oriented rendering is underdetermined from the perspec-
tive of wavefield synthesis (WFS), which imposes soundfield condi-
tions on a closed contour around the listening area [11]. In order to
resolve the underdetermined soundfield conditions, further desired
responses can be imposed, e.g., at the locations of the recording
microphones in the acoustic environment. The responses in these
reference points have to correspond to the soundfield radiated from
the desired virtual source. The generation of the desired responses
hence requires knowledge of the acoustic system between the vir-
tual source position and the reference points and therefore, again,
reliable system identification is indispensable. From the viewpoint
of the users in the environment, an excellent set of reference points
would be given by the two entrances of the human ear canals.
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Figure 1: Acoustic environment with loudspeaker input x(k) and microphone output y(k) at discrete-time k. The depicted subset of
loudspeaker-to-microphone transmission paths is together represented by the time-varying acoustic impulse response vector w(k) at time k.

1.3 Acoustic Echo/Interference Cancellation

In case of simultaneous reproduction and recording, we are facing
the problem of an undesired feed of the microphones by the loud-
speakers of the acoustic environment. Loudspeaker-driven interfer-
ence at the microphones may severely mislead speech recognition
on the recording side of the system, e.g., in speech dialog systems
with simultaneous input and output.

Another use case included here is the hands-free voice commu-
nication of users ’1’ and ’2’ with a remote acoustic environment,
i.e., the destination of the transmit signal in Fig. 1 coincides with
the origin of the received signal. A feedback loop might occur only
in the worst case, but at least the loudspeaker signals received from
the remote-side talkers are superimposed onto the desired speech of
user ’1’ and ’2’ at the recording microphones. The feedback to the
remote side is then perceived as non-tolerable echo (assuming trans-
mission delay). The undesired loudspeaker-enclosure-microphone
system is therefore termed acoustic echo path [12].

The acoustic interference in general and the echo signal in par-
ticular can be canceled from the recorded microphone signals, while
preserving the desired signals, if the time-varying loudspeaker-
enclosure-microphone system can be identified accurately from the
available signals and utilized for regeneration and subtractive can-
cellation of the interference [13, 14].

2. SYSTEM IDENTIFICATION TECHNIQUES

As mentioned in the abstract, we will now pick up the particular
echo/interference cancellation case with a single active loudspeaker
and microphone in order to work out the Bayesian inference model
for time-varying acoustic system identification in noise. For struc-
tural comparison, we also include the more common deterministic
system model and the related estimators. This presentation serves
as an example to demonstrate the Bayesian perspective for acous-
tic system identification, however, not claiming a solution for the
variety of system identification problems outlined in the paper.

Consider the single-channel linear time-varying system be-
tween the known loudspeaker signal x(k) and the observed micro-
phone signal y(k) as shown by Fig. 1. This configuration provides
us with a supervised adaptive system identification problem. Let

x(k) = (x(k),x(k−1), . . . ,x(k−N +1))T (1)

denote an assembly of the most recent input samples and

w(k) = (w0(k),w1(k), . . .wN−1(k))
T (2)

the finite set of corresponding impulse response coefficients at sam-
pling time k. Our acoustic system model then reads

y(k) = s(k)+∑
N−1

n=0
wn(k)x(k−n) (3)

= s(k)+xT (k)w(k) , (4)

where s(k) denotes observation noise, e.g., speech utterances by
the users or any kind of ambient noise which originates inside or
propagates from the outside into the acoustic environment.

2.1 Deterministic System Model

Given the time-series y(k) = (y(k), . . . ,y(k′), . . . ,y(0)), i.e., obser-
vations from the time origin up to and including time k, and further-
more a deterministic and constant model of the unknown system,
i.e., w(k) = w, where w is now subject to estimation. We can in
this case easily formulate the likelihood of the observations as a
function of the unknown system, i.e., p(y(k) | w), and target the
maximum-likelihood estimate ŵ of the system as shown by

ŵ = argmax
w

p(y(k) |w) . (5)

By assuming zero-mean, independent, and uncorrelated Gaus-

sian observation noise s(k) with fixed and arbitrary variance σ2
s , we

can write the likelihood over all observations as

p(y(k) |w) =
k

∏
k′=0

1√
2πσ2

s

exp

(
−

(y(k′)−xT (k′)w)2

2σ2
s

)

=
1

√
2πσ2

s

k
exp

(
−

k

∑
k′=0

(y(k′)−xT (k′)w)2

2σ2
s

)

and proceed with analytic maximization. For the ease of the formal
derivation, this step is typically performed in the logarithmic do-
main, i.e., the derivative of the log-likelihood ln p(y(k) | w) with
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respect to w is equated to zero. It can be easily verified that
this is perfectly in agreement with least-squares estimation of w,
which seeks a minimum of the sum of squares of the error signal

e(k) = y(k)− xT (k)w by using the best possible selection ŵ in
place of w, i.e.,

ŵ = argmin
w

k

∑
k′=0

(
y(k′)−xT (k′)w

)2
, (6)

and after basic vector and matrix rearrangements

ŵ =

( k

∑
k′=0

x(k′)xT (k′)

)−1 k

∑
k′=0

x(k′)y(k′) . (7)

This resulting estimator is unfortunately rather unpractical,
since it causes very high and even growing computational load if
the evaluation of the previous equation should happen online for
each and every time instant k. This issue can be partly resolved
by the recursive least-squares (RLS) algorithm [4], but RLS is still
demanding in terms of the resource consumption.

In practice, the gradient descent approach is therefore preferred
in many applications. It uses the gradient of the instantaneous
squared error, i.e.,

∇(k) =
∂e2(k)

∂w
= −2e(k)x(k) , (8)

and it achieves the desired smoothing (averaging) in the estima-
tion by introducing a relatively small non-negative step-size fac-
tor µ into the recursive prediction and correction mechanism of se-
quential gradient descent, obtaining the simple and celebrated least
mean-square (LMS) adaptive algorithm [4]:

ŵ(k +1) = ŵ(k)−
1

2
µ∇(k) (9)

= ŵ(k)+ µe(k)x(k) . (10)

The described maximum-likelihood (ML) and least-squares
(LS) estimators are both rooted in the deterministic model of the
acoustic system w(k). Equations (7) and (10) reveal that this strat-
egy unfortunately does not provide native structural support for the
inclusion of comprehensive statistical a priori information regard-
ing the unknown system w(k) or the observation noise s(k). In
speech and audio signal processing, however, it has been observed
that we ultimately require algorithmic support to handle the very
common acoustic scenarios which are stochastic in nature. Particu-
larly, this includes variability of the system w(k) subject to estima-
tion [14] and in many cases the simultaneous and continuous pres-
ence of observation noise s(k) with stationary and non-stationary
(i.e., ambient noise and speech-like) characteristics [15, 16].

Before we approach the more sophisticated Bayesian inference
model for adaptive system identification, it is acknowledged that
research has figured out various auxiliary control mechanisms to
support the deterministic learning, e.g., the advanced double talk
detection to handle sporadic speech-like observation noise [17], or
the time-varying adaptive step-size factors µ = µ(k) to provide an
optimal balance of tracking ability and robustness against observa-
tion noise [12]. Both techniques can be applied to slow down or
even halt the adaptive algorithms, e.g., LMS or RLS, in the pres-
ence of noise and to accelerate the learning rate otherwise. The
plain forms of these adaptive algorithms are, however, not selective
with respect to the changing quality of the data and will therefore
suffer from performance limitations.

2.2 Proposed Bayesian Inference Model

By employing more stochastic modeling in Bayesian estimation, in
contrast to ML and LS, we expect richer and more inherent struc-
tural support for robust system identification in time-varying and

noisy conditions. Seeking the posterior distribution of the unknown
system, p(w(k) | y(k)), which can be expressed using Bayes rule,
i.e.,

p(w(k) | y(k)) =
p(y(k) |w(k)) p(w(k))

p(y(k))
,

considerable statistical information about the acoustic environment
can be and needs to be incorporated in form of the likelihood
p(y(k) | w(k)), the prior p(w(k)), and the evidence distribution
p(y(k)). The obtained posterior could then be employed in the
context of various estimation criteria as, e.g., maximum a posteri-
ori (MAP) estimation or minimum mean-square error (MMSE) es-
timation of the unknown system. MAP estimation is sometimes
referred to as poor man’s Bayesian estimation, while in the case of
jointly Gaussian distributed random variables, the MAP estimator
lines up with the MMSE estimator (cf. the previous relationship of
maximum-likelihood and least-squares estimation in the Gaussian
case). In general, the MMSE estimator of the system w(k), i.e., the
Bayesian estimator under quadratic loss, is analytically given by the
conditional mean of w(k), e.g., [18]:

ŵ(k) = E{w(k) |y(k)} (11)

=
∫

w

w(k) p(w(k) | y(k))dw . (12)

A particularly convenient stochastic model for our time-varying
systems w(k) is the first-order recursive Markov chain, i.e.,

w(k +1) = a ·w(k)+∆w(k) , (13)

in which the two consecutive states at times k and k+1 are re-
lated to each other by the transition coefficient 0 ≤ a ≤ 1 and the

independent process noise quantity ∆w(k) with covariance σσσ2
∆ =

E{∆w(k)∆wT (k)}. The Markov model therefore represents sys-
tems which gradually change into an unpredictable direction – very
much in agreement with the nature of time-varying impulse re-
sponses in realistic acoustic environments.

Equations (4) and (13) together form a Gauss-Markov dynami-
cal model (state-space model) of the unknown state w(k), provided
that we stick to the independent and normally distributed observa-
tion and process noises, s(k) and ∆w(k), respectively. In this case,
the MMSE estimate ŵ(k) of the unknown system w(k) at time k,
given the observations y(k) up to and including time k, i.e., the pos-
terior mean ŵ(k) = E{w(k) |y(k)}, is known to be computed by
the Kalman filter which consists of the following set of recursive
and iteratively coupled matrix equations [18]:

ŵ(k +1) = a · ŵ+(k) (14)

p(k +1) = a2 ·p+(k)+σσσ2
∆ (15)

ŵ+(k) = ŵ(k)+k(k)
(

y(k)−xT (k)ŵ(k)
)

(16)

p+(k) =
(
I−k(k)xT (k)

)
p(k) (17)

k(k) = p(k)x(k)
(
xT (k)p(k)x(k)+σ2

s (k)
)−1

. (18)

Equations (14) and (16) of the Kalman filter recursively determine
the conditional mean estimate ŵ(k) in a prediction-correction fash-
ion. In doing so, the formulas utilize the Kalman gain k(k) from
(18) as a weight which essentially depends on the state error co-
variance p(k). The latter is again determined recursively through
Eqs. (15) and (17) of the Kalman filter.

The Kalman gain k(k) can be considered as an intelligent adap-
tive stepsize parameter of the recursive learning procedure for the
system ŵ(k), comparable to the role of µ in the LMS algorithm,
cf. (10). Through the Kalman gain, the model-based “system dis-
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tance” p(k) between the true and the estimated acoustic system in-
teracts with the prediction-correction procedure for ŵ(k). In this
way, Kalman filtering can be understood as the ever sought unifica-
tion of linear adaptive filtering and adaptation control using p(k).
After all, the Kalman filter differs from LMS and RLS by its inher-
ent stability [4], i.e., it does not require additional control mecha-
nisms (e.g., the double-talk detection) in order to achieve fast and
yet robust adaptation in time-varying and noisy environments.

For long time, the Kalman filter has been avoided in acoustic
system identification. This can be attributed to its still high compu-
tational load and to the risk for numerical instability in the case of
higher-order adaptive filters [4]. Furthermore, a comprehensive sig-
nal model for the Kalman filter, particularly the availability of ob-
servation and process noise covariances for the acoustic state-space
model in (4) and (13), seemed to be out of sight [12].

2.3 Broadband Kalman Filter

In order to tame the exact Kalman filter, in this paper, we replace

the matrix quantity k(k)xT (k) in (17) with the inner vector prod-

uct xT (k)k(k)/N. This seemingly strong simplification can be well
justified in the case of broadband input x(k), because the smoothed

matrix quantity k(k)xT (k) resembles a near-diagonal correlation
matrix, provided that we specify a diagonal process noise covari-

ance σσσ2
∆ = σ2

∆I. Along with this replacement, the matrix p(k) can

be treated as a scalar p(k) without further assumption or approxima-
tion, as seen from (15) and (17). The normalization by factor N in

xT (k)k(k)/N achieves appropriate scaling after the matrix replace-
ment. Because of the broadband rationale behind the rearrange-
ment, the resulting algorithm is termed broadband Kalman filter:

ŵ(k +1) = a · ŵ+(k) (19)

p(k +1) = a2 · p+(k)+σ2
∆ (20)

e(k) = y(k)−xT (k)ŵ(k) (21)

ŵ+(k) = ŵ(k)+k(k)e(k) (22)

p+(k) =
(

1−xT (k)k(k)/N
)

p(k) (23)

k(k) = p(k)x(k)
(

p(k)xT (k)x(k)+σ2
s (k)

)−1
. (24)

By the simplifications introduced here, naturally, the presented
algorithm looses its decorrelation ability on the input signal x(k)
if non-white input is processed. However, the structural support to
handle time-varying unknown systems and to cope with the continu-
ous presence of observation noise with possibly time-varying levels
is fully preserved in the broadband Kalman filter. Moreover, we
have at the same time gained considerable numerical robustness by
reducing the dimension of the original estimation error covariance
p(k) from matrix to scalar.

Next, we have to resolve the uncertainty regarding the obser-

vation noise power σ2
s (k) in the Kalman gain (24), because this

quantity is indispensable for the operation of the Kalman filter. Un-
fortunately, the corresponding signal s(k) is not available explicitly
to calculate sample covariances, but the error signal e(k) in (21) will
essentially represent the observation noise signal s(k) in case of suc-

cessful state estimation. Thus, we can approximate σ2
s (k) ≈ σ2

e (k)

and then obtain the error signal power σ2
e (k), e.g., by online recur-

sive averaging of the explicitly available square error e2(k).
Eventually, the scalar process noise covariance parameter re-

quired in (20) can be specified as σ2
∆ = (1−a2)E {wT (k)w(k)}/N,

where E {wT (k)w(k)} denotes the average echo path norm. This
formula is deduced directly from the Markov model in (13) when
square expectation is applied on both sides. Some insight into the
remaining choice of the model parameter a is provided in Sec. 3.

Substituting (22) and (24) into (19), while assuming σ2
s (k)≈ 0,

the derived algorithm immediately unveils structural equivalence

with the normalized LMS algorithm [4], thus proving the numer-
ical efficiency and robustness obtained through simplification of the

exact Kalman filter. Our broadband Kalman filter with σ2
s (k) 6= 0 in

fact represents an excellent tradeoff between the Bayesian inference
in form of the exact Kalman filter and the very popular LMS-type
adaptive algorithm for acoustic system identification.

3. EXPERIMENTAL COMPARISON

Let us again consider the echo/interference cancellation case from
Sec. 1.3. The somewhat harsh, but reproducible configuration in
our evaluation uses time-varying echo paths w(k) conforming to
the Markov model (13) with time-constant τw =−1/( fs ln(a)). The

audio sampling frequency used here is fs = 8kHz. E {wT (k)w(k)}
is unity and the average echo-to-near-end speech power ratio thus
0 dB. The echo path has 500 coefficients with exponential decay
characteristics. Simultaneous with different degrees of echo path
variation, i.e., different τw, we consider a double-talk condition with
continuous presence of both far-end and near-end speech, x(k) and
s(k), respectively. Fig. 2 depicts the corresponding echo signal at
the recording microphone and the additive near-end speech.
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Figure 2: Signals in echo/interference cancellation configuration.

Providing for similar computational complexities of different
algorithms in the experiment, we consider on the one hand the pop-

ular NLMS algorithm, i.e., Eq. (10) with µ = µ0/(xT (k)x(k)+δ ),
δ = 0.02, and on the other hand the broadband Kalman filter de-
rived in Sec. 2.3 of this paper. In both cases, the adaptive filter
length is chosen as N = 300. Systems with adaptive stepsize con-
trol based on double-talk detection are not an option for comparison,
here, because of the permanent double-talk condition. For the oper-
ation of the broadband Kalman filter, we choose the model param-
eter a = 0.999984 in all simulations. The resulting process noise

covariance σ2
∆ in the Kalman filter then ideally suits an unknown

system with time-constant τw ≈ 8 s.

Performance comparison of the time-varying system identi-
fication is achieved in terms of the normalized system distance

D(k) = (w(k)− ŵ(k))T (w(k)− ŵ(k))/(wT (k)w(k)) at each and
every time k. While using the same algorithms, Figs. 3 and 4 present
the results obtained for time-varying and almost time-invariant echo
paths, i.e., for model match and model mismatch with respect to the
Kalman filter. For reference, we included fast and slow variants of
the NLMS algorithm using different adaptation constants µ0. It can
be seen that the system distance for the fast NLMS is erratic in these
harsh noisy conditions imposed by the near-end speaker, allowing
only between 0 and -5 dB most of the times for the time-varying
system in Fig. 3. The slower NLMS variant behaves less erratic, but
it looses track of the time-varying system and then sometimes the
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system distance even increases. The broadband Kalman filter, on
the contrary, initially converges much more rapidly than the NLMS
and then tracks the time-varying system with an average system dis-
tance in the range of -10 dB with natural ups and downs according
to the strongly time-varying conditions in this experiment. The re-
sults in Fig. 4 for the mismatched, almost time-invariant echo path
are generally better. This is due to the naturally better identifiabil-
ity of slowly varying systems by whatever algorithm. Thereby, we
observe stronger advantages for the broadband Kalman filter.
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Figure 3: Results for time-varying system: τw ≈ 8 s (model match).
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Figure 4: Time-invariant system, i.e., τw → ∞ (model mismatch).

4. CONCLUSIONS

Many applications of acoustic signal processing can be handled suc-
cessfully with the availability of the impulse responses of the acous-
tic environment, but the large variety of possible loudspeaker and
microphone setups and the various reflection characteristics do not
suggest the use of predetermined impulse responses in most of the
use cases. The crux further lies in the time-varying nature of the
acoustic environment (e.g., by user interaction) and the simultane-
ous presence of observation noise (e.g., ambient noise or competing
speech sources). As a result, the uncertainty regarding the current
state of a time-varying acoustic system needs to be resolved by fast
and robust online system identification.

In order to take the stochastic behavior of acoustic environ-
ments into account, this paper suggested a Bayesian inference
model for acoustic system identification. In contrast to determinis-
tic modeling and the related ML/LS/RLS estimation, the Bayesian

inference provides richer support for the inclusion of a priori infor-
mation, e.g., regarding the variability of the environment. For the
supervised system identification case, it was finally demonstrated
how the Bayesian inference can be handled to provide us with sim-
ple and robust adaptive algorithms for adverse conditions.
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ABSTRACT
Room reverberation leads to reduced intelligibility of audio sig-
nals. Enhancement is thus crucial for high-quality audio and scene
analysis applications. This paper proposes to directly and opti-
mally estimate the source signal and acoustic channel from the dis-
torted observations. The remaining model parameters are sampled
from a particle filter, facilitating real-time dereverberation. The ap-
proach was previously successfully applied to single- and multi-
sensor blind dereverberation. Enhancement can be improved upon
by accurately modelling the speech production system. This paper
therefore extends the blind dereverberation approach to incorporate
a novel source model based on parallel formant synthesis and com-
pares the approach to one using a time-varying AR model, with
parameters varying according to a random walk. Experimental data
shows that dereverberation using the proposed model is improved
for vowels, stop consonants, and fricatives.

1. INTRODUCTION

Room reverberation leads to reduced intelligibility of audio signals
and spectral coloration of audio signals. Thus, for high quality of
digitally recorded speech, blind dereverberation of the observed sig-
nal is crucial in order to obtain an anechoic speech estimate [1–3].

The problem of source signal estimation could be considered
from a maximum-likelihood (ML) perspective. However, if the pro-
duction mechanism and distorting environment are unknown, the
ML approach of source signal estimation requires the maximisation
of the likelihood over any parameters specifying the source produc-
tion mechanism, the distorting channel, and, above all, the source
signal with respect to the known observations. Therefore, without
any available prior knowledge of the underlying production mecha-
nism, an infinite parameter space is to be searched.

It can therefore prove highly advantageous to incorporate prior
information about the source production mechanism and distorting
channel in the estimation process. As exact knowledge of the vocal
tract and room transfer function are generally unavailable, models
of the vocal tract and room acoustics are utilised instead. Estimates
can therefore be improved upon by accurate source modelling.

This paper proposes a novel speech model based on a parallel
formant synthesiser (PFS). PFSs model the formants of speech by
a parallel concatenation of several resonant circuits. Each circuit
is represented by a second-order autoregressive (AR) process and
is driven by an amplitude control, setting the resonant frequency
and bandwidth, i.e., the height and width of the formants’ spec-
tral peaks. In practice, the resonant frequencies and bandwidths are
unknown and therefore need to be modelled as well. In order to ac-
count for the time-varying properties of speech, the frequency and
bandwidth of each resonator could be allowed to vary according to a
random walk. However, unbounded sampling does not necessarily
enforce frequencies between 0 and π . Therefore, this paper inves-
tigates alternative parameterisation of the AR process in order to
facilitate valid frequencies and bandwidths, whilst ensuring stable
AR parameters. It is proposed to parameterise the PFS in terms of
partial correlation (PARCOR) coefficients whose values correspond
to valid bounded resonant frequencies and bandwidths.

The proposed model is compared to a time-varying AR (TVAR)
source model, where the TVAR parameters are assumed to vary ac-
cording to a random walk. Both models are implemented within
a blind dereverberation approach efficiently applied previously in,
e.g., [4, 5]. In this framework, the source signal and reverberant
channel are obtained using their optimal estimator, the Kalman fil-
ter, whereas the remaining model parameters are estimated by se-
quential importance resampling.

This paper is structured as follows: Sect. §2 introduces the gen-
eral system model, sect. §3 discusses the TVAR source model and
derives the proposed PFS model, sect. §4 derives the blind speech
dereverberation algorithm, and sect. §5 compares the performance
of the blind dereverberation approach for both source models based
on speech data.

2. GENERAL SYSTEM MODEL

The speech production mechanism can be modelled as a concate-
nation of lossless acoustic tubes of equal lengths, whose transfer
function can be approximated by an all-pole filter [6]. Furthermore,
the solution of the acoustic wave function suggests that the transfer
function of geometric reverberant rooms can be modelled as an all-
pole filter. The source and observed signal can therefore be easily
expressed in state-space form as

xt = Atxt−1 +Σvtvt , vt ∼N
(
0Q×1, IQ

)
, (1a)

yt = Yt−1b+CT xt +Σwt wt , wt ∼N (0M×1, IM) , (1b)

where xt = [xt . . . xt−Q+1]
T are the most recent Q source sig-

nal samples, at = [a1,t . . . aQ,t ]
T are the source parameters,

At is the source transition matrix governed by the source model
parameters and Σvt is the covariance matrix of the source excita-
tion, vt . yt = [y1,t . . . yM,t ]

T are the M sensor observations,
b =

[
bT

1 . . . bT
M

]T where bm = [b1,m . . . bP,m]T are the P
channel parameters between the source and the mth sensor, and
Yt−1 = diag

[
ŷT

1,t−1 . . . ŷT
M,t−1

]
contains the P past samples

at each sensor, where ŷm,t−1 , [ym,t−1 . . . ym,t−P]T . Further-
more, CT = 1M×1c

T , where cT is a 1×Q source-model dependent
combination of ones and zeros retaining only the samples of xt re-
quired for the generation of yt . Note that a distinct white Gaussian
noise (WGN) noise source, wt , with M×M covariance matrix Σwt ,
and close to the target source is incorporated by a simplification
of the common-acoustical pole and zero (CAPZ) model [7] as dis-
cussed in, e.g., [8].

3. SPEECH MODELS

3.1 Markov chain based TVAR model
The TVAR parameters vary slowly and relatively smoothly. The
smooth and slowly varying behaviour can be represented by a first-
order Markov chain with low variance on the parameters, i.e.,

at = at−1 +Σa rat rat ∼N
(
0Q×1, IQ

)
(2)
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where Σa = diag
[
σ2

a1,t
. . . σ2

aQ,t

]
is assumed known.

An issue encountered with the Markov chain model is the ne-
cessity to constrain the parameters in eqn. (2) to take on stable val-
ues only, i.e., to have poles within the unit circle. Stability can be
enforced by reflecting unstable poles back into the unit circle [9]

by letting pq,t = 1
/

p̂q,t , where
{

pq,t
}

q∈Q are the Q poles corre-

sponding to the roots of at and p̂q,t denotes a pole outside the unit
circle. As poles appear in complex-conjugate pairs, the reflection
changes the radius but leaves the phase unchanged.

The Markov chain based speech model can be improved upon
by exploiting physical descriptions of the human vocal tract.

3.2 Novel parallel formant synthesis TVAR model
PFSs model the formants (or spectral peaks) generated in the vo-
cal tract as a parallel concatenation of K resonators, each of which
models one formant and is preceded by an amplitude control of the
spectral peak. Each resonator signal can be modelled by a second-
order TVAR process with a complex-conjugate pair located inside
and close to the unit circle, where, for each resonator k ∈K ,

xk,t = a1,t,k xk,t−1 +a2,t,k xk,t−2 +√
gk,t vt , vt ∼N (0, 1) . (3)

where
{

xk,t : t ≥ Q, k ∈K
}

is the resonator output,{
aq,t,k : q ∈Q, k ∈K

}
are the source parameters, and gk,t

is the resonator gain. The K resonator signals are combined to form
the synthetic speech signal as xt = ∑k∈K xk,t .

The main concern for designing the resonators is to ensure poles
located near the unit circle to generate large magnitude responses at
the desired positions in the spectrum. The TVAR parameters are
therefore specified by design criteria characterising constraints on
the frequency response, Hk,t(ω),

Hk,t(ω) =
gk,t(

1− rk,t e jφk,t e− j ω
)(

1− rk,t e− jφk,t e− j ω
) (4)

where p1,t,k = rk,te jφk,t and p2,t,k = p?
1,t,k = rk,te− jφk,t are the two

poles of the filter, where ·? denotes the complex conjugate, rk,t is
the pole radius, φk,t is the pole phase, ω = 2π f/fs denotes the radial
frequency, and fs is the sampling frequency. The pole radius and
phase can be related to the TVAR parameters for Q = 2 via [10]

a1,t,k =−2rk,t cosφk,t a2,t,k = r2
k,t . (5)

The most crucial design criteria for PFSs are the specification
of the resonant frequency and 3dB bandwidth of the resonator, i.e.,

∂

∂ω
|Hk,t(ω)|

∣∣∣∣
ω=ωk,t

= 0 and |Hk,t(ω)|
∣∣∣∣
ω=ωk,t±Bk,t/2

= GB

where GB is the gain at the 3dB bandwidth, Bk,t is the 3dB band-
width, and ωk,t is the radial frequency at resonance. Inserting
eqn. (4) and solving for ωk,t and Bk,t respectively, fk,t and Bk,t can
be related to rk,t and φk,t [9]. As the resonant frequency and band-
width are related to the poles, and the poles are related to the TVAR
parameters, ak,t can be related to fk,t and Bk,t .

In order to obtain estimates of the TVAR parameters in an
sequential importance resampling (SIR) framework, it seems tempt-
ing to model the formant frequency, bandwidth and gain as a ran-
dom walk similar to eqn. (2) [11]. However, the bandwidth and res-
onant frequency must be limited by 0 ≤ fk,t ≤ π and 0 ≤ Bk,t ≤ π

whilst the TVAR parameters, ak,t must have poles within the unit
circle. These constraints cannot be enforced by unbounded sam-
pling from fk,t and Bk,t . It is therefore of interest to investigate the
region of parameters corresponding to both valid AR parameters
and resonant frequencies / bandwidths.

3.3 Admissible regions of parameters
In order to identify the region of stable and valid AR parameters, a
grid of 200×200 poles is generated within the unit circle, i.e., with
pole radius 0≤ rt ≤ 1 and phase 0≤ φt ≤ π . For each pole, the mag-
nitude response, |Ht( jω)|, is evaluated and it is tested whether the

(a) Poles corresponding to Fig. 1b.
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Figure 1: Areas of stable parameters and valid resonant frequencies
/ bandwidths in parameter and pole space (grey areas) vs. approxi-
mations in parameter space (black lines).

spectral peak is sufficiently high for the extraction of the 3dB band-
width. The region of stable poles corresponding to valid resonant
frequencies and 3dB bandwidths is identical for both experiments
and displayed as a grey shape in the pole space in Fig. 1a and in the
parameter space in Fig. 1b.

3.3.1 Approximation in parameter space

Due to the unusual shape of the valid and stable regions in both the
pole and parameter space, an exact description of the regional shape
is not obvious and approximations are necessary. The valid region
of parameters in Fig. 1a resembles a hybrid shape between a triangle
and an ellipsoid. One would therefore expect to approximate the
boundaries of this shape either by an ellipse or a triangle. However,
ellipses were found to be an unsuitable approximation.

Instead of an ellipse, the shape in Fig. 1b is therefore best
approximated using an isosceles triangle where max

{
a2,t

}
=

1 − 0.17 = 0.83. The gradient of the triangle is therefore
max{a2,t}/max{a1,t}≈ 0.41:

a2,t = 0.17±0.41a1,t . (6)
Fig. 1b verifies these results by comparing the fit of the trian-
gle in eqn. (6) to triangles with increasing gradients between α =
1/4, . . . ,1. The triangle specified in eqn. (6) omits the smallest por-
tion of the valid regions and avoids the inclusion of invalid areas.
However, the transforming the shape to pole space, indicated as a
black line in Fig. 1a, a relatively large proportion of valid resonant
poles close to the unit circle are excluded.

3.3.2 Approximation in pole space

In order to reduce the number of resonant and valid poles ex-
cluded from the approximated region of support, the valid and sta-
ble region can be approximated directly in the z-domain rather than
the parameter space. Again, due to the shape of the region of
support in Fig. 1a, an exact description of the boundaries seems
non-obvious. Therefore, an ellipse is used for approximation, i.e.,

φt = max{φt}
√

1− r2
t . where the imaginary part is normalised be-

tween 0 ≤ φt ≤ 1. The most accurate approximation is achieved
for max{φt} = 0.5875 (see Fig. 2). Although the ellipse fails to
model the lobe between 120≤ φt ≤ 60 and 0.4≤ rt ≤ 0.6, the mag-
nitude responses are comparatively flat in this region due to its dis-
tance from the unit circle and proximity to the origin. Therefore,
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Figure 2: Grey areas correspond to regions of stable parameters
generating valid 3dB bandwidths for max{0.5875}.

the poles in the lobe only add a minor contribution to the frequency
response. However, the approximated region of support in Fig. 2
still excludes a small portion of resonant poles between 0≤ φt ≤ 40
and 180 ≤ φt ≤ 140. An approximation of the region of support
is thus desirable excluding the central lobe of the hour-glass shape,
whilst including any valid areas near the unit circle.

Instead of parameterising eqn. (3) in terms of AR coefficients
or poles using a direct-form infinite impulse response (IIR) struc-
ture, the model can be represented by a lattice IIR structure and
be parameterised in terms of the lattice reflection coefficients [9].
The reflection coefficients of an IIR lattice structure correspond to
so-called PARCOR coefficients, describing the relation between the
forward and backward lattice structure [9]. This description is di-
rectly related to the relation between the propagated and reflected
sound waves at junctions in the acoustic tube, such that the reflec-
tion, or PARCOR, coefficients of the lattice structure are equivalent
to the reflection coefficients of the vocal tract transfer function. The
PARCOR interpretation of TVAR models is thus a popular alterna-
tive to the AR parameters [6, 9] and offers an interesting alternative
for investigating the region of valid parameters and resonant fre-
quencies / bandwidths.

3.4 Approximation in PARCOR space
The TVAR parameters are related to the PARCOR coefficients,{

ψq,t
}

q∈Q , for a second-order model via [9]

a1,t = ψ1,t
(
1+ψ2,t

)
and a2,t = ψ2,t . (7)

Similar to the approximation in pole space, the area of stable AR
parameters corresponding to valid resonant frequencies and 3dB
bandwidths can therefore be reflected into the PARCOR coefficient
domain using eqn. (7). The resulting region is shown as a grey shape
in Fig. 3a. The shape resembles a full-bodied ellipse with a triangu-
lar peak. An ellipse using max

{
ψ1,t

}
= 1 is therefore fitted to the

region of support in PARCOR parameter space, where

ψ2,t = 1−max
{

ψ2,t
}√

1−ψ2
1,t . (8)

Fig. 3a shows the ellipses for max
{

ψ2,t
}

= 0, . . . ,2/3 as black lines
where max

{
ψ2,t

}
= 2/3 is the most accurate approximation.

The elliptical PARCOR approximation in pole space omits the
central lobe between 60 ≤ φt ≤ 120 and 0.4 ≤ rt ≤ 0.6 similar to
Fig. 2. Nonetheless, the PARCOR approximation does not exclude
any resonant poles close to the unit circle. Therefore, the approx-
imation in PARCOR parameter space provides the most accurate
approximation of the valid regions as compared to the approxima-
tion in pole space or parameter space in Figures 3.3 and 2.

Rather than modelling the resonant frequency and 3dB band-
width as a random walk, valid frequencies and bandwidths can be
ensured by modelling the PARCOR coefficients as a random walk
and reflecting the samples into the area in Fig. 3.

3.5 Reflection of PARCOR coefficients into valid region
The PARCOR coefficients are therefore assumed to vary via

ψ̂t,k = ψt−1,k +Σψ t,k
rψ t,k

(9)

Instead of rejecting unstable or invalid samples, it is proposed to
utilise bounded functions to transform all samples into the ellipsoid
area in Fig. 3. Any bounded function, e.g., inverse trigonometric
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Figure 3: Grey areas correspond to regions of stable parameters
generating valid 3dB bandwidths.

functions such as the arctan or arcsin, can be used. In this paper, the
inverse logit function is employed, where

υ = logit−1(χ) =
1

1+ e−χ
(10)

where 0≤ υ ≤ 1 for any −∞≤ χ ≤∞. The stable and valid area of
PARCOR coefficients in Fig. 3a is bounded between −1≤ ψ1,t ≤ 1

and 1≤ψ2,t ≤ 1− 2
3

√
1−ψ2

1,t , whereas the inverse logit is defined
between 0 and 1. Eqn. (10) is thus shifted scaled, such that

ψ1,t,k =−1+
2

1+ exp
{
−ψ̂1,t,k

} (11a)

ψ2,t,k = α +
1−α

1+ exp
{
−ψ̂2,t,k

} (11b)

Therefore, as ψ0:t is enforced to lie in the stable and valid region
of support shown in Fig. 3, valid resonant frequencies are ensured
with resonant peaks of valid 3dB bandwidths. Furthermore, only
one transformation from the PARCOR to the AR parameter space is
necessary, rather than several transformations between the resonant
frequencies and bandwidths, the AR parameter and pole space. The
proposed sampling scheme therefore facilitates a simplified sam-
pling scheme avoiding multiple transformations between parameter
spaces and ensuring stability and valid frequencies / bandwidths.

4. METHODOLOGY

Given the stochastic model in eqn. (1), a sequential optimal esti-
mator is sought of the unknown source signal at time t, xt . As the
source signal is to be estimated blindly, it is necessary to estimate
all variables, ϕt ,

[
xT

t bT θ
T
t
]T in order to obtain an estimate

of xt , where θ t ,
{
at ,φvt ,φwt

}
. If the unknown variables are con-

sidered as stochastic quantities, their estimate, ϕ̂t , can be obtained
by their minimum mean-square error (MMSE) estimator, i.e.,

ϕ̂t =
∫

ϕ0:t p(ϕt | y1:t)dϕt

=
∫∫ [

zt
θ t

]
p(zt | y1:t ,θ t) p(θ t | y1:t)dzt dθ t

=

[∫
ẑt p(θ t | y1:t)dθ t

θ̂ t

] (12)
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where ẑt is the MMSE estimate of zt =
[
xT

t bT
]T , and θ̂ 0:t is the

MMSE estimate of θ t , and where, similar to eqn. (12),

ẑt =


∫

xt p(xt | y1:t ,θ 0:t)dxt∫
b p(b | y1:t ,θ 0:t)db

 =
[
x̂t
b̂

]
(13)

where p(xt | y1:t ,θ t) =
∫

p(xt | y1:t ,θ t ,b) p(b | y1:t ,θ t)db
marginalises the channel parameters from the source signal
posterior probability density function (pdf).

Therefore, estimates of xt , θ t , and b can be obtained using
three separate estimators. Having obtained θ̂ t , the results are used
to estimate b. Using b̂ and θ̂ 0:t , the source signal is estimated.
Sect. §4.1 to sect. §4.4 therefore derive the three estimators.

4.1 Parameter estimation using particle filtering
For most speech parameter models, the posterior pdf of θ t , required
to solve eqn. (12) cannot derived in closed form. Therefore, θ t
cannot be estimated analytically. Instead, as an exercise in stochas-
tic integration, Monte Carlo sampling can be used to approximate
θ̂ t by drawing N independent and identically distributed samples,
θ

(i)
t , i ∈ N from a hypothesis distribution that approximates and

has the same support as the posterior pdf, p(θ t | y1:t). Each sam-
ples (or ‘particle’), θ

(i)
t is associated with a weight proportional to

its likelihood. The MMSE estimate can therefore be expressed as
the point-mass distribution:

θ̂ t =
1
N ∑

i∈N

θ
(i)
t w̃(i)

t

/
∑

j∈N

w̃( j)
t ,

where the importance weights are given as

w(i)
t = w(i)

t−1 p
(
y1:t | θ

(i)
t

)
p
(

θ t | θ
(i)
t−1

)/
π

(
θ

(i)
t |y1:t

)
(14)

and are normalised via

w̃(i)
t , w(i)

t

/
∑

j∈N

w( j)
t . (15)

The performance of particle filters is highly dependent on the choice
of the hypothesis distribution, π (θ t |y1:t). The optimal importance
function minimises the variance upon θ

(i)
t and the observations.

However, generally θ
(i)
t are non-linear in the likelihood and w(i)

t
cannot be evaluated. Sampling from the prior, p(θ t | θ t−1), is used
in this paper, such that eqn. (14) reduces to

w(i)
t = w(i)

t−1 p
(
yt | y1:t−1,θ

(i)
t

)
. (16)

Furthermore, as π (θ t |y1:t) only approximates p(θ t | y1:t) and the
discrepancy increases with time, after few iterations all but one im-
portance weight are close to zero and computational effort is dis-
sipated to tracking particle trajectories not contributing to the final
estimate. Resampling ensures that only statistically relevant sam-
ples are retained.

For each of the sampled parameters, the channel and source
signal are to be estimated according to eqn. (12). Therefore, for
each choice of θ

(i)
t , an estimate of b(i) and x

(i)
t is obtained using

the estimators described in the following. Note that the superscript
(i) is dropped for brevity.

4.2 Source signal estimation using the Kalman filter (KF)
The Kalman filter is the optimal estimator of the source signal
for known model parameters, θ 0:t , in conditionally Gaussian state-
space (CGSS) systems such as eqn. (1). KFs sequentially pre-
dict x0:t based on the model parameters and correct the predic-
tion using the most recent measurement. The KF equations are
found by 1) predicting the states based on previous data only, i.e.,
p(xt | y1:t−1,θ t ,b) and 2) updating the estimate using yt by apply-
ing Bayes’s theorem, i.e., p(xt | y1:t ,θ t ,b) . Similar to [12] the

Kalman equations for the reverberant state space are given as

µt|t−1 = At µt−1|t−1, (17a)

Σt|t−1 = Σvt Σ
T
vt

+AtΣt−1|t−1AT
t (17b)

µt|t =
(

IQ−KtCT
)

µt|t−1−Kt (Yt−1b−yt) (17c)

Σt|t =
(

IQ−KtCT
)

Σt|t−1., (17d)

with residual variance is Σzt = Σwt Σ
T
wt

+ CT
Σt|t−1C, and Kalman

gain is Kt = Σt|t−1CΣ
−1
zt

. The likelihood of the observations is

p(yt | y1:t−1,θ t ,b) = N
(
yt

∣∣Yt−1b+CT
µt|t−1, Σzt

)
. (18)

The source signal can be estimated using its optimal estimator.
However, both p(xt | y1:t ,θ t ,b) and p(yt | y1:t−1,θ t ,b) are still
dependent on b, which is unknown in practice.

4.3 Channel estimation using the KF
The static IIR component, b, does not exhibit a dynamic over time.
Predicting future values would thus be futile. Nonetheless, belief in
the static parameters can be updated as new data becomes available.
Using Bayes’s theorem, this belief can be sequentially updated via

p(b | y1:t ,θ 0:t)=
p(yt | y1:t−1,θ 0:t ,b)p(b | y1:t−1,θ 0:t−1)

p(yt | y1:t−1,θ 0:t)
,

where the posterior pdf at time t−1, p(b | y1:t−1,θ 0:t−1), acts as
the prior pdf at t to recursively update p(b | y1:t ,θ 0:t). Assuming
that the posterior at t−1 is Gaussian with mean µb,t−1 and covari-
ance Σb,t−1,

p(b | y1:t ,θ 0:t) = N
(
b

∣∣µb,t , Σb,t
)
, (19)

where the covariance, Σb,t , and mean, µb,t , are given by

µb,t =
(

IMP−Kb,t Ỹ
T
t−1

)
µb,t−1 +Kb,t ỹt (20a)

Σb,t =
(

IMP−Kb,t Ỹ
T
t−1

)
Σb,t−1, (20b)

where ỸT
t−1 , Yt−1 + CT

Γt|t−1 and Kb,t = Σb,t−1Ỹt−1Σ
−1
zt,b

and

Σzt,b = Σzt + ỸT
t−1Σb,t−1Ỹt−1. Comparing eqn. (20) to eqn. (17),

the channel estimation is of the form of the update Kalman equa-
tions. As more knowledge about the observations becomes avail-
able, the belief in the static IIR component is updated (as opposed
to predicting a dynamic into the future and correcting using mea-
surements as in sect. §4.2).

4.4 Marginalization of channel parameters
The Kalman equations for x0:t are dependent on the channel param-
eters through µt|t (eqn. (17c)). In fact, as can be shown by induc-
tion, µt|t is linearly dependent in b, such that eqn. (17c) at t−1 is
equivalent to,

µt−1|t−1 = µt−1|t−2 +Kt−1

(
yt−1−CT

µt−1|t−2

)
︸ ︷︷ ︸

α t−1|t−1

−Kt−1Yt−2︸ ︷︷ ︸
Γt−1|t−1

b

Inserting into the prediction in eqn. (17a) at t,

µt|t−1 = At µt−1|t−1 = Atαt−1|t−1︸ ︷︷ ︸
α t|t−1

+AtΓt−1|t−1︸ ︷︷ ︸
Γt|t−1

b. (21)

Thus, µt|t−1 is implicitly linear in b via µt−1|t−1. Inserting
eqn. (21) in eqn. (17c) and defining Bt , IQ −KtCT , the update
equation is thus linear in b through the relation

µt|t = Btαt|t−1 +Ktyt︸ ︷︷ ︸
α t|t

+
[
BtΓt|t−1−KtYt−1

]
︸ ︷︷ ︸

Γt|t

b

This linear dependency of µt|t in b facilitates marginalization of b

from p(xt | y1:t ,θ t ,b) as shown in eqn. (13).
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Vowels Stops Fricatives Semivowels
Observed -3.46 -1.90 -2.99 -4.47

PFS +3.32 +7.86 +7.02 -1.52
Markov chain -1.23 +4.53 +2.97 +0.45

Table 1: Comparison of SNR in dB for PFS and Markov chain based
models for different phoneme types.

4.4.1 Marginalization of channel from state posterior

Recalling p(xt | y1:t ,θ t) =
∫

p(xt | y1:t ,θ t ,b) p(b | y1:t ,θ t)db
and inserting eqn. (19), the integral can be solved and is found to be
Gaussian with mean, µ̂t|t , and covariance, Σ̂t|t , where

µ̂t|t = αt|t +Γt|t µb,t and Σ̂t|t = Σt|t +Γt|tΣb,tΓ
T
t|t . (22)

Recalling eqn. (19), the marginalised mean is thus equivalent to in-
serting the maximum a posteriori (MAP) estimate of the channel in
the KF update in eqn. (17). The likelihood, p(yt | y1:t−1,θ 0:t ,b),
is obtained by marginalising the channel from eqn. (18), i.e.,

p(yt | y1:t−1,θ 0:t) = N
(
yt

∣∣µyt , Σzt,b

)
. (23)

where µyt , Yt−1 µb,t−1 +CT
(

αt|t−1 +Γt|t−1µb,t−1

)
.

Therefore, N samples of θ
(i)
t are drawn from the prior impor-

tance distribution, p
(

θ
(i)
t

∣∣∣ θ
(i)
t−1

)
. For each particle, the channel

is estimated using eqn. (20) and the linearity parameters, αt|t−1
and Γt|t−1 are evaluated. The source signal is estimated using
eqn. (22). The particles are then resampled based on the likelihood
in eqn. (23). The final estimate of the unknown variables at t is
given by the particle average (see, e.g. [4, 5]).

5. RESULTS

This section compares the performance of the Marginalized Rao-
Blackwellized (MARBLE) particle filter using the Markov chain
based and the proposed PFS speech model. To test the performance
for different phoneme types, a database of ten sentences uttered by
a female American speaker from the TIMIT database and recorded
at fs = 16kHz is segmented into the four speech sequences, con-
taining only 1. vowels (e.g., /iy/, /ae/), 2. stop consonants (e.g.,
/b/, /d/), 3. fricatives (e.g., /sh/, /z/), and 4. semivowels (e.g., /r/,
/l/) . The sequences are downsampled to fs = 4kHz, distorted by
WGN of signal-to-noise ratio (SNR) 35dB and filtered by an acous-
tic gramophone horn response investigated in [13]. The MARBLE
particle filter is executed for 1000 particles assuming 15 TVAR pa-
rameters for the Markov chain based model and three resonators for
the PFS model. The horn response can be modelled by an all-pole
filter of order 8 according to [13].

The segmental SNR is evaluated for the estimated and observed
signals and summarised in Table 1. For both models, the MARBLE
particle filter achieves significant enhancement of the distorted sig-
nals of up to 9.75dB. The PFS model outperforms the Markov chain
based model for vowels, stops, and fricatives, whereas the Markov
chain based model is more appropriate for semivowels.

The experiment is repeated for the speech utterance ‘she’ at
4kHz, again reverberated by the gramophone horn and WGN. The
segmental SNR of the observed signal is −4.78dB. The MARBLE
particle filter achieves an improvement of 10.76dB for the Markov
chain based model with an estimated SNR of 5.98dB. An improve-
ment of 12.07dB is achieved for the PFS model with an estimated
SNR of 7.29dB. The source signal for the segment ‘e’ in ‘she’ is
compared to the reverberant observed signal and the estimated sig-
nal for both models in Fig. 4. Whilst the estimated signal for the
Markov chain based model is slightly attenuated in amplitude as
compared to the source signal, the PFS model achieves a good ap-
proximation of the variation of the speech segment.

6. CONCLUSION

This paper extended the Markov chain based source model used in
the MARBLE particle filter to a novel PFS model parameterised in
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(a) Markov chain based source model.
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Figure 4: Comparison anechoic source signal (red) with observed
signal (black) and estimated signal (blue) for the PFS and Markov
chain based model of the segment ‘e’ in ‘she’.

terms of the PARCOR coefficients. Experimental results showed
that the proposed model facilitates improved speech modelling par-
ticularly for vowels, fricatives, and stop consonants, with SNR im-
provements of up to 9.75dB.
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ABSTRACT
This1 paper proposes the Smooth Gradient Descent (SGD) algo-
rithm for recursively identifying a linear Finite Impulse Response
(FIR) model with a large set of parameters (’long impulse re-
sponse’). The main thesis is that a successful design of such adap-
tive filter must hinge on (i) the choice of a proper loss function, and
(ii) the choice of a proper norm for the impulse response vector.
Theoretical backup for this statement is found in slightly improving
and interpreting the regret bound of the Gradient Descent (GD) al-
gorithm presented in [3]. In practice, if the impulse response vector
is known to be smooth in some apriori defined sense, the proposed
algorithm will converge faster.

1. INTRODUCTION

The study of adaptive filtering or recursive identifying a linear FIR
filters for dealing with (relatively) long impulse response vectors
h∗ ∈Rd requires the need for efficient adaptive filters [5, 2, 4], pro-
viding a benchmark setup to test new adaptive filters. We study a
class of gradient descent algorithms which are based on a norm of
the solution vector ‖h∗‖ and a proper loss function L : R→ R. If
the norm were chosen as the standard Euclidean norm, the stan-
dard Gradient Descent (GD) algorithm were recovered. When in
addition the squared loss function were employed - i.e. L(e) = e2

for all e ∈ R - this algorithm reduces to the Least Mean Square
(LMS) algorithm. If the absolute loss were used - i.e. L(e) = |e|
for all e ∈ R - the sign-error algorithm were recovered - see e.g.
[4]. While previous research in deriving efficient adaptive filters has
focused mainly on the design of (adaptive) step-sizes (with proto-
typical case the normalized LMS (NLMS) or the Affine Projections
(AP) methods, see e.g. [4] and references), we focus here instead
on different design decisions. Specifically we use a generic result
described in [3] to motivate the proper choice of a norm where a
corrsponding gradient descent algorithm is based on. It is found
that a general algorithm - the Smooth Gradient Descent (SGD) -
leads to a guaranteed performance when the norm is chosen prop-
erly. This theoretic property is then found to be relevant in practice,
as it allows to incorporate general forms of prior knowledge of the
vector h one aims at. The stepsize in this algorithm is fixed, and is
considered to be given by an oracle.

The motivation for this study comes from investigations of
Acoustic Echo Cancelation (AEC), see e.g. [5, 2, 1] and [9, 8].
Here one is after good estimates of the room echo system. In order
to account for long echoes and complex dynamics, one uses typi-
cally a linear filter with O(1000) timelags. Since (i) it is general
found that such systems are not adequately described by a ratio of
lower order polynomials (as IIR filters), (ii) the available hardware
depreciates more involved calculations, and (iii) the straightforward
parameterization of FIR filters is found to result in more reliable
adaptive filters [2], one often resorts to FIR models with long im-
pulse response vectors - denoted in this context as a Room Impulse

1Acknowledgments: Johan Suykens is supported by K.U.Leuven, the
Flemish government, FWO and the Belgian federal science policy office
(FWO G.0302.07, CoE EF/05/006, GOA AMBioRICS, IUAP DYSCO)

Response (RIR) vector h ∈Rd for a FIR filter of order d ∈N where
d = O(N). Here we treat the far-end signal (ut)t (for example - the
speech of a remote user) as the input to the local (echo) system.
This input is transduced to an acoustic waveform by a loudspeaker,
and this signal - perturbed and filtered by the room echo system
- is picked up by a near-end microphone. This near-end signal is
mixed with speech of a local user - represented as (et)t , yielding
the ’output’ signal (yt)t . The main question of adaptive filtering ap-
plied to AEC is then how the RIR can be estimated from observation
of (ut)t and (yt)t . Using this estimate, an algorithm can be imple-
mented canceling out the echoed signals (=uninformative part) from
the signal which is transmitted to other (i.e. non-local) users. Since
the inception in AT&T labs some fifty years ago, much progress has
been made towards the use of different adaptive filters algorithms,
see e.g. [2, 1] for a survey and recent work.

This paper revises some of the main difficulties, and argues how
new insights in adaptive filtering and online estimation may lead to
a constructive solution to the following inherent problems. (i) The
RIRs are long with respect to the timespan the signal can be as-
sumed to be stationary. (ii) The near-end ’noise’ process disturbing
the measurements of the echo cannot really be assumed to be of a
Gaussian nature, nor to be uncorrelated to the echo. (iii) The sys-
tem according to the loudspeaker is not linear in reality, and distur-
bances capturing the nonlinear effects troubles the typical statistical
assumptions one makes on the noise. For these reasons, we aim
at a framework not relying on a (restrictive) stochastic framework,
and ask how one can incorporate prior knowledge in order to make
efficient adaptive filters.

This paper is organized as follows. Section 2 describes the SGD
algorithm and spells out the regret bound. Section 3 itemizes three
different design principles for dealing with long impulse responses,
and Section 4 gives a discussion of the result.

2. SMOOTH GRADIENT DESCENT

Let N ∈ N be a known constant. Let (y1,y2, . . . ,yN) ∈ RN and
(u1,u2, . . . ,uN) ∈ RN be two given timeseries of length N. In some
cases it is useful to consider the exact FIR system of the form
yt = ∑

d
τ=1 h0,τ ut−τ , where d ∈ N denotes the order of the system,

h0 = (h0,1, . . . ,h0,d) ∈ Rd are the unknown true parameters of the
model. In the context of this paper, we study the problem of esti-
mating a good approximate model defined as

yt =
d

∑
τ=1

hτ ut−τ + et , (1)

where h = (h1, . . . ,hd) ∈ Rd denote appropriate unknown param-
eters, and where e = (e1,e2, . . . ,eN,µ )

T ∈ RN is its corresponding
(unobserved) timeseries of residuals. The understanding is that e is
small (in some norm), or that the different elements are not causally
predictable (innovation sequence). In many acoustic applications,
the sequence e denotes the actual speech-signal, and hence the in-
formative component. Often, it can be assumed to be an innovation
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sequence, but it is more realistically modeled as a stochastic process
with nontrivial impulse response on its own.

Introduce for all t = d + 1 . . . ,T the vector ut =
(q−1ut , . . . ,q−dut)

T ∈ Rd where q−1 denotes the back-shift
operator. This paper considers cases where d is typically very
large, say O(N). We are interested in ’good’ predictors, i.e.
in an algorithm yielding a sequence of hypotheses denoted as
h0,h1, . . . ,hT−1 such that

1
N−d

N

∑
t=d+1

L
(

yt −hT
t ut

)
, (2)

is small, here L : R → R+ is a positive, convex loss function
with L(0) = 0, with existing first derivative L′ : R→ R defined as

L′(e) =
∂L(e)

∂e
for all e ∈ R. Let (h1, . . . ,hN) ∈ Rd be a sequence

of hypotheses generated by an algorithm. Then we will be inter-
ested in the regret, defined as the cumulative loss the algorithm has
compared to the best fixed alternative, or

RN =
N

∑
d+1

L
(

yt −hT
t ut

)
− inf

h∈Rd

N

∑
t=d+1

L
(

yt −hTut

)
. (3)

We will consider two adaptive filters giving an estimate ht of h
when observing the timeseries up to instant t ≤ N: the standard
Gradient Descent (GD) algorithm is given as

ĥt,µ = ĥt−1,µ +µL′(yt − ĥT
t−1ut)ut , ∀t = d +1, . . . ,N, (4)

where µ is an appropriate constant, and ĥd,µ = 0d . The estimates
of this algorithm are denoted as ĥd,µ , . . . , ĥN,µ (using hat). In the
standard LMS version, one takes the squared loss, or L(e) = e2 for
all e∈R. Let A∈Rd×d be an appropriate symmetric, positive defi-
nite matrix. The Smooth GD with weighting matrix A (abbreviated
as SGD) is defined as

h̃t,ν = h̃t−1,ν +νL′(yt − h̃T
t−1,νAut)ut , ∀t = d +1, . . . ,N, (5)

where ν is an appropriate constants, and h̃d,ν = 0d . The estimates
of this algorithm are denoted as h̃d,ν , . . . , h̃N,ν (using tilde). Note
that we predict the outcome of the filter at time t based on the hy-
pothesis h̃t−1,ν as h̃T

t−1,νAut . Note that one may rewrite the al-
gorithm SGD in a slightly different form, or ∀t = d + 1, . . . ,N one
has

p̃t,ν = p̃t−1,ν +νL′(yt − p̃T
t−1,νut)A

Tut , (6)

with p̃t,ν =AT h̃t,ν for t = d, . . . ,N. One now predicts the outcome
of the filter at time t based on the hypothesis p̃t−1,ν as p̃T

t−1,νut .
This formulation is equivalent to (5), even if the matrix A is not
invertible: this is seen as the prediction rule Ah̃t−1,ν or p̃t,ν lies
always in the span of A by construction, implying invertibility at the
point of interest. An intuitive way to comprehend this formulation
is to minimize the following instantaneous cost function

p̃t,ν = argmin
p

1
2

∥∥p̃t−1,ν −p
∥∥
B+νL(yt −pTut), (7)

for given symmetric, positive definite matrix B ∈ Rd×d . The mini-
mizer is then

Bp̃t,ν =Bp̃t−1,ν +νL′(yt − p̃T
t−1,νut)ut , (8)

which is equal to the update step (6) in the SGD algorithm in
case ATB = Id , or to (5) when Bp̃t−1,ν = h̃t−1,ν and p̃t−1,ν =

Ah̃t−1,ν . Observe that this interpretation led [8] to the similar al-
gorithm LMR-NLMS, presenting additional empirical evidence for
such scheme.

2.1 Regret and Satisfaction
The performance of an algorithm is defined in terms of its cumula-
tive loss, defined as LN(h), L̂N,µ and L̃N,ν :

L̃N,ν = ∑
N
t=d+1 L

(
yt − h̃T

t−1,νAut

)
L̂N,µ = ∑

N
t=d+1 L

(
yt − ĥT

t−1,µut

)
LN(h) = ∑

N
t=d+1 L

(
yt −hTut

)
.

(9)

Now let the regret of either algorithm with respect to an hypothesis
be given as {

R̃N,ν (h) = L̃N,ν −LN(h)

R̂N,µ (h) = L̂N,µ −LN(h).
(10)

The regret with respect to the hypothesis h̃N,ν or ĥN,µ - defined
as R̃N,ν (h̃N,ν ) and R̂N,µ (ĥN,µ ) respectively - reflects what loss one
suffers since one did not know the ’learned’ solution before seeing
the data. One could interpret terms R̃N,ν (h̃N,ν ) and R̂N,µ (ĥN,µ )
as ’the pain of learning’. The actual regret is defined as the regret
of either algorithm with respect to the best (unknown) hypothesis
(’expert’), or {

R̃N,ν = L̃N,ν − infh∈Rd LN(h)

R̂N,µ = L̂N,µ − infh∈Rd LN(h).
(11)

This paper will investigate how to design a GD algorithm which
minimizes a bound on R̃N,ν , potentially leading to much better prop-
erties than hold for R̂N,ν . The main result is established following
the proof in [3], using the following two basic results. In order to
deal with general convex loss functions L, we need the following
result.

Proposition 1 Let L : R→ R be a continuous, twice differentiable
convex loss function. Then for any y, ȳ ∈ R one has

L′(y− ȳ)(ȳ− ŷ)≤ (L(y− ŷ)−L(y− ȳ))≤
L′(y− ŷ)(ȳ− ŷ). (12)

Proof: The first inequality follows from the mean value theorem,
as there exists a c inbetween ŷ, ȳ that gives

L(y− ȳ) = L(y− ŷ)+L′(y− ŷ)(ŷ− ȳ)+
L′′(y− c)(ŷ− ȳ)2

2
, (13)

and using the fact that L′′(e) ≥ 0 since L is convex, or L(y− ȳ)−
L(y− ŷ)≥ L′(y− ŷ)(ŷ− ȳ), or L(y− ŷ)−L(y− ȳ)≤ L′(y− ŷ)(ȳ−
ŷ). Similarly ∃c′ ∈ R such that

L(y− ŷ) = L(y− ȳ)+L′(y− ȳ)(ȳ− ŷ)+
L′′(y− c′)(ȳ− ŷ)2

2
, (14)

or L(y− ŷ)− L(y− ȳ) ≥ L′(y− ȳ)(ȳ− ŷ), proving the second in-
equality in (12). Furthermore, we have

Proposition 2 Let w,x,w̄ ∈ Rd be vectors for d ∈ N, and let A ∈
Rd×d be a positive definite matrix. Then one has for any z ∈ R that

z(w̄TAx−wTAx)

=
‖w̄−w‖2

A

2
−
‖w̄− (w+ zx)‖2

A

2
+

z2

2
‖x‖2

A, (15)

where ‖x‖2
A = xTAx. Specifically, this holds for the case A =

diag(1, . . . ,1) = Id ∈ Rd×d , reducing ‖ · ‖A to the standard Eu-
clidean norm ‖ · ‖2.
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This follows by working out the terms.

Proposition 3 Let a,b > 0 be constants, then

inf
ξ>0

a
ξ
+ξ b = 2

√
ab. (16)

This is seen by choosing ξ =
√ a

b , obtained by equating the deriva-
tive to zero. As in [3], the previous 2 propositions can be used to
bound the regret of both GD and SGD. We will spell this result out
for the SGD case, since the GD case can be recovered by taking
A= diag(1, . . . ,1) = Id ∈ Rd×d .

Lemma 1 (Regret Bounds) Given a symmetric, strictly positive
definite matrix A ∈ Rd×d with inverse A−1 ∈ Rn×n. Let R2

A ≥
∑t=d+1,...,N ‖ut‖2

A and C2
1 ≥ supe L′(e)2. When performing SGD

with ν =
‖h‖A−1

RAC1
√

N−d
, one obtains predictions with regret for any

h ∈ Rd bounded by

inf
ν>0

L̃N,ν −LN(h)≤ ‖h‖A−1C1RA. (17)

or infν>0 R̃N,ν ≤ RAC1‖h∗‖A−1 with h∗ = argminh LN(h).

Proof: As in [3], one has for any h ∈ Rd that

2L
(

yt − h̃T
t−1,νAut

)
−2L

(
yt −hTut

)
≤ 2L′

(
yt − h̃T

t−1,νAut

)(
hTA−TAut − h̃T

t−1,νAut

)
=

1
ν

∥∥∥A−1h− h̃t−1,ν

∥∥∥2

A
− 1

ν

∥∥∥A−1h− h̃t,ν

∥∥∥2

A

+νL′
(

yt − h̃T
t−1,νAut

)2
‖ut‖2

A, (18)

from the previous two propositions, and having z =

νL′
(

yt − h̃T
t−1,νAut

)
. When taking the sum ’∑N

t=d+1’ over
both sides of the inequality, one sees that most difference terms
‖A−1h− h̃t,ν‖A cancel out (the ’telescoping property’) and one
has for any h ∈ Rd that

2L̃N,ν−2LN(h)≤
1
ν
‖h‖2

A−1 +
N

∑
t=d+1

νL′
(

yt − h̃T
t−1,νAut

)2
‖ut‖2

A

≤ 1
ν
‖h‖2

A−1 +(N−d)C2
1R2

Aν . (19)

Now the upperbound is minimized by taking ν =
‖h‖A−1

RAC1
√

N−d
(as in

proposition 3), or

inf
ν>0

L̃N,ν − inf
h∈Rd

LN(h)≤
√

(N−d) C1RA‖h‖A−1 , (20)

yielding the upperbund of (17).

3. PRACTICAL ILLUSTRATION OF SGD

This section aims to illustrate that the above derivation gives us an
often very practical and useful result. In case studies where data is
not abundant, poorly exciting, or is subject to significant noise, it is
often useful to exploit prior information about the desired model in
order to control the variance of the estimates as good as possible.
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Figure 1: Histogram of a real speech-signal. Note the fat tails, sug-
gesting the use of a robust loss function for modeling in acoustic
applications.

3.1 On the Choice of the Loss Function L

While typically, one chooses the squared error loss function L(e) =
e2 for all e ∈ R, it is often worthwhile to consider other appropri-
ate loss functions. A strength of the above results is they hold for
arbitrary (i) convex, with (ii) bounded first derivative (by C1, see
Lemma 1). The bound then suggest that the performance of an al-
gorithm improves (or the regret decays) when C1 is smaller.

Another motivation to make a choice for another loss function
L than the squared loss is as follows. In the AEC examples we will
be interested in, the residual terms e will reflect the near-end speech
signal. Assuming that this signal is white and Gaussian effectively
ignores the structure of typical acoustic signals. While coloring of
the signal e has been treated in the context of double-talk robustness
in [8], the non-Gaussian nature of e suggests the use of another loss
function. Specifically, in speech signals, one typically has fat-tailed
distributions (see Figure 1) modeling the occurrence of articulations
or non-smooth signals, so typical for meaningful speech.

As such, a more robust loss function is motivated, and we will
do so by considering the Huber loss function, proposed in the lit-
erature of robust statistics, dealing effectively with such fat-tailed
data or significantly contaminated signals. The fact that this loss is
not often used in practice may be dedicated to the need for com-
putationally intensive methods in batch settings (since there is no
closed-form solution resembling the normal equations, the problem
of finding minimum huber loss can be done by solving a convex
Quadratic Program, see e.g. [6]). The implementation of this loss
in a Gradient Descent (GD) algorithm (4) is however straightfor-
ward. Huber’s convex, continuous and differentiable loss function
is defined for any parameter δ ≥ 0 as

Lδ (e) =

{
1

2δ
e2 |e|< δ

|e|− δ

2 |e| ≥ δ .
(21)

Its derivative exists for all e, and becomes

L′
δ
(e) =

{ 1
δ

e |e|< δ

sign(e) |e| ≥ δ .
(22)

and C1 = 1 in this case. This loss function basically has the advan-
tage of having a bounded term C1 in the bound of Lemma 1. Note
that in this case, the second derivative does not exist everywhere,
and this technical issue might be resolved using a twice differen-
tiable proxy L+

δ
instead.
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3.2 On the Choice of the Complexity Term ‖ · ‖A−1

3.2.1 Transforming ut

At first, let us consider the case that the inputs {ut}t ⊂ Rd

have a covariance matrix which is (nearly) rank-deficient, or R =
1

N−d ∑
N
t=d+1utu

T
t has condition-number κ(R) =

λmax(R)
λmin(R)

→ ∞.
This is often the case in acoustic applications, due to the tonality
of voiced speech and the high RIR orders often required [9]. Then
it is advantageous to transform the inputs to a sequence which has
covariance matrix with condition number nearly one. Suppose we
have such a transformation given by T ∈ Rd×d , hence one has for
all t = d +1, . . . ,N that

ūt =Tut , (23)

The SGD algorithm then becomes

h̄t,µ = h̄t−1,µ +µL′(yt − h̄T
t−1Tut)Tut , (24)

∀t = d + 1, . . . ,N. Now one may multiply both sides by TT and
replace TT h̄t,µ by p̄t,µ , and this gives in turn

p̄t,µ = p̄t−1,µ +µL′(yt − p̄T
t−1ut)T

TTut , (25)

and so it follows that convergence properties are characterized by
‖h∗‖A−1 = hT

∗ (T
TT)−1h∗ or A=TTT.

The optimal transformation T∗ in this respect is such that
1

N−d ∑
N
t=d+1T∗utu

T
t T∗=T∗RTT

∗ = Id . An optimal inverse trans-
formation T−1

∗ can hence be computed by a Cholesky decomposi-
tion as R = T−T

∗ T−1
∗ . Computing the inverse of the uppertrian-

gular matrix T−1
∗ (assuming it exists) gives the optimal transfor-

mation T∗ ∈ Rd×d (indeed we have that for this T∗ the equality
T∗RTT

∗ = Id holds). Moreover, we have that TT
∗T∗ = R−1, that

is, if the inverse to R exists.
Finally, it is important to note that in case we choose a time-

dependent At as 1
t R
−1
t in timesteps t = k+1, . . . ,N - where Rt =

1
t−d ∑

t
k=d+1uku

T
k for all t = d+1, . . . ,N- one recovers the classical

Recursive Least Squares (RLS) algorithm.

3.2.2 Inverse Covariance of h0

Now, the choice of a matrix A may be guided by considerations on
the typical vector h∗ ∈ Rd one aims at. This subsubsection adopts
a probabilistic setup in the following non-standard sense. Consider
that the vector h∗ may be assumed to be a sample from a random
process itself. Rather than having a fixed true impulse response, we
have the case that impulse responses associated with all (possible)
acoustic room and speaker-microphone setups follow a fixed but
unknown distribution law. The ’target’ h appropriate to the present
task is seen as an (independent) sample of this probability distri-
bution. This interpretation also led [8] to the construction of new
algorithms. Now a convenient way to proceed is to assume that this
probability law can be well approximated as a Gaussian process, i.e.

h∼N (0d ,Rh) , (26)

with positive (semi-)definite covariance matrix Rh = RT
h defined

as Rh,ts = E (hths). Note that we take 0d as the mean impulse
response, meaning effectively that when averaging out all possible
impulse responses for different setups, one gets 0d (it does not really
say that we ’expect’ the impulse response to be zero). Then the
likelihood of h under the given model becomes

L(h) =
1

(2π)
d
2 det(Rh)

exp
(
−1

2
hTR−1

h h

)
, (27)

and as such hTR−1
h h = ‖h‖A−1 for A =Rh ∈ Rd×d is inversely

proportional to how well h fits this model. The assumption of the

parameter h being a random variable justifies the term ’Bayesian’
for this model, with (26) representing a Gaussian prior.

The use of this model in practice goes as follows. Suppose we
have identified RIRs {hk}n

k=1 ⊂ Rd for n different acoustic setups
of interest, using FIR models of constant order d. From those one
may estimate the covariance matrix Rh assuming the expected im-
pulse response is zero. Now the above reasoning makes it advantage
to apply the SGD algorithm in a new acoustic situation similar to the
ones used for constructing Rh,n. As such, we implicitly model the
prior knowledge (up to second order) as Rh,n =

1
n ∑

n
k=1hkh

T
k with

n different RIRs collected during previous experiments.

3.2.3 Smooth h∗

The previous reasoning can also be applied without the Bayesian
setup. To see this, consider the case that the vector h obeys the
recursion

hk = ahk−1 + zk, ∀k = 1, . . . ,d, (28)

for parameter a∈R with |a|< 1, h(0) = 0 and for appropriate terms
{zk}d

k=1. In this case the RIR vector h ∈ Rd is modeled as a first
order AR process itself. Small terms {zk}k and a ≈ 1 effectively
mean that coefficients of h associated to nearby timelags are not
too different. The matrix H takes the form

Ha =


1 −a a2 (−a)d−1

0 1 a (−a)d−2

. . .
1 a

0 0 1

 ∈ Rd×d . (29)

Then h=Haz where z= (z1, . . . ,zk)
T ∈Rd . If one beliefs that h∗

can be described by this Ha and a vector z which has small norm,
then the efficacy result (Lemma 1) claims that the SGD algorithm
using the norm ‖h‖A−1 with A defined as A = (HT

a Ha)
−1 gives

better estimates than a standard application of the GD (GD) algo-
rithm. For example, in case of the AR(1) model (28) with parameter
a, the following matrix A would be advocated

A=



1 a 0
a 1 a
0 a 1

. . .
1 a
a 1

 ∈ Rd×d . (30)

If the model AR(1) model does fit the desired h∗, then one has
that the norm ‖h∗‖A−1 ∼ ‖h∗‖2, Hence the SGD wil give the same
performance as the standard GD. Note that this can be generalized
to other models capturing the prior knowledge of the h vector of
interest.

Suppose we believe the desired vector h∗ ∈ Rd is not too
small in a Sobolev norm. The second order Sobolev norm of
a twice differentiable function f : R → R is defined as ‖ f∗‖2

s =(∫
|D f∗(x)|2dx

)
, where D denotes the differential operator. The

equivalent of this norm on a vector h∗ is then hT
∗Ash∗ where

As =



−1 1 0
1 −2 1
0 1 −2

. . .
−2 1
1 −1

 ∈ Rd×d . (31)

The study falls in the realm of (smoothing) Spline theory, see e.g.
[10]. This reasoning can be generalized as follows. Suppose h∗ can
be adequately described as

h∗,K = φ
T
k θ + zk, (32)
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Figure 2: An example of an experiment where N = 1000 and d =
100, a matrix A with ‖A‖2 = 1 is chosen such that 10hT

∗A
−1h∗ ≤

hT
∗ h∗. Panel (a) and (b) shows the evolution of the misadjustment

and the regret of GD (blue dashed line), SGD (green dashed-dotted
line).

where (i) φK ∈ Rnφ is a (possibly infinite dimensional) vector sum-
marizing characteristics of h∗,K , (ii) θ ∈ Rnφ is a vector of un-
knowns and (iii) zk is as before. For notational convenience, let
Φ = (φ1, . . .φd)

T ∈ Rd×nφ . Now let the norm of a vector h∗ be
defined as

‖h∗‖k = inf
θ ,z

1
2

θ
T

θ +
γ

2
zTz s.t. h∗ = Φθ +z, (33)

with γ a fixed parameter. Then the representer theorem (see e.g.
[10] and citations, or [7]) implies that this norm can be written as

‖h∗‖K = hT
∗

(
K+

1
γ

Id

)−1
h∗, (34)

with the kernel matrix defined as K=ΦΦT ∈Rd×d . It is found that
we never have to construct explicitly the vectors φk, but a definition
of a positive definitive kernel function K(i, j) between two timelags
1≤ i, j ≤ d is enough for our needs. The matrix K ∈ Rd×d is then
defined as Ki j = K(i, j) for all 1 ≤ i, j ≤ d. In general, this ker-
nel expresses how well two different lags are related. A common
choice could be the case K(i, j) ∝ exp(−(i− j)2). Again, we can

hence apply the SGD algorithm (6) using matrix A =
(
K+ 1

γ
Id

)
.

Not that in this way we nowhere need to invert the kernel matrix,
which was the computational bottleneck in many existing kernel
techniques (see e.g. [7]).

4. EXAMPLE

We finish the paper with two examples illustrating the use of the
above algorithm. The first example is constructed as follows.
Consider the task of identification of the linear parameters of a
linear model of order d = 100, obeying yt = xth0 + et , where
xt ∼ N (0d , Id), h0 ∼ N (0d ,R) (with R as in (31)), and et ∼
N (0,10−3). Suppose 1000 independent samples are given and
fed to the GD algorithm and SGD algorithm using the squared er-
ror loss. Here SGD is implemented using the matrix A =R such
that ‖h0‖2 ≥ 10‖h‖2

A−1 . An appropriate stepsize here is given by
µ = 0.1 and ν = 0.01, determined by using a cross-validation argu-
ment. Figure 2 gives how the misadjustment ‖ht −h0‖2 (panel a)
and the regret (panel b) behaves when t = 1, . . . ,100. The surpris-
ing bit is that even using O(100) samples, SGD will perform well
while standard GD (LMS) is clearly suboptimal. The second exam-
ple (Figure 3) is based on an actual AEC experiment. Here we use
an adaptive filter of d = 1001, and a far-end and near-end signal of
length N = 4000. Besides the measured signals, we have the ’true’
RIR determined by an identification experiment. Both GD and SGD
implement Huber’s loss with δ = 0.001. The SGD is implemented
as the empirical covariance matrix given as A= 1

5 ∑
5
k=1hkh

T
k using

5 independent experimentally defined impulse responses measured
under similar conditions.
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Figure 3: An example of an AEC experiment with d = 1001 and
N = 4000. Panel (a) and (b) shows the evolution of the misadjust-
ment and the regret of GD (blue dashed line), SGD (green dashed-
dotted line).

5. DISCUSSION

Since we are dealing with RIR vectors having (relatively) many
(say O(1000)) coefficients, it is crucial to exploit every bit of prior
knowledge ones has. In this paper, SGD is proposed to deal with
this, and its performance is found to be captured by a norm ‖h∗‖
of the target RIR h∗. The choice for a specific norm is up to the
user, but if ‖h∗‖ happens to be small in that norm, good perfor-
mances can be guaranteed for SGD. A second important outcome
of the analysis is that one could do better than LMS when adopting a
suitable loss function. For example, in AEC, disturbance terms are
typically non-Gaussian, and the choice for the robust Huber loss
function is suggested.
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ABSTRACT
Wyner-Ziv coding of continuous sources with uncertain side in-

formation quality is defined by modeling the correlation noise as
a Gaussian-mixture. The analysis of the theoretical rate-distortion
performance is presented, along with a coding solution not relying
on the presence of a feedback channel. The attainable performance
of the coding scheme is derived, and a brief discussion on imple-
mentation issues concludes the paper.

1. INTRODUCTION

In recent years Wyner-Ziv coding has captured major attention due
to its suitability to emerging applications such as wireless sensor
networks [1] and distributed video coding [2]. Investigation on
practical solutions began with the contribution of DISCUS [3], and
spread in the last decade producing innumerable works (see [4] for
a survey). As emphasized in [5], the main issue in practical de-
sign is the robustness of the scheme against the variations in time of
the side information quality, which are usually not captured by the
underlying theoretical model, but strongly affect the performance.
The classical approach to the problem is the attempt to track the
instantaneous quality of the correlation channel: either introducing
a feed-back link, thus enabling rate adaptation [6], or allowing the
encoder to process previously transmitted data to facilitate the esti-
mation of the correlation noise level [7].

Relatively few works investigate the information theoretical
consequences of distributed compression with uncertain side in-
formation quality. Heegard and Berger [8] and Kaspi [9] consid-
ered the event that the side information might be absent at the de-
coder, without the encoder being aware. Recent works by Verdú and
Weissman [10] and Perron et al. [11] address the evaluation of the
Wyner-Ziv rate-distortion function when the side information either
is a noiseless copy of the source or is erased. The authors introduced
a different correlation model in [12,13], where the side information
is a copy of the source affected by background noise and, occasion-
ally, by additive noise impulses. The decoder is uninformed of the
state of the correlation channel, whereas in the Wyner-Ziv setup for
possibly erased side information [10–12] the receiver can detect the
erasures.

This work generalizes the correlation model presented in [12,
13] and outlines a theoretical framework for the analysis of Wyner-
Ziv coding with uncertain side information quality. The instan-
taneous state of the correlation channel is described by a hidden
random variable; the probability density function of the correlation
noise results in a Gaussian mixture, with weighting coefficients de-
termined by the state probability distribution.

After derivation of lower and upper bounds to the Wyner-Ziv
rate-distortion function, a coding architecture not relying on the
presence of a feedback channel is proposed. Its attainable perfor-
mance is characterized, and implementation details are discussed in
the concluding section.

F. Bassi is also with DEIS, Università di Bologna, Italy. This work was
partly supported by the European Commission in the framework of the FP7
Network of Excellence in Wireless COMmunications NEWCOM++.

2. MODEL AND THEORETICAL BOUNDS

The standard Gaussian Wyner-Ziv setup [14] considers the com-
pression of a memoryless source X ∼ N (0, σ2

x), when the side
information Y ∼ N (0, σ2

Y ) is available at the decoder. The corre-
lation of the jointly Gaussian pair (X,Y ) is modeled by a virtual
channel Y = X + Z, where Z ∼ N (0, σ2

z) is independent addi-
tive noise. The model can be generalized by assuming the variance
σ2

z as varying with time. The instantaneous state of the correlation
channel is described by a random variable S, taking values in the
alphabet S = {0, 1, . . . , T − 1}. The set S is mapped one-to-one
ontoR = {σ2

0 , σ
2
1 , . . . , σ

2
T−1}, where σ2

s < σ2
s+1, so that the real-

ization S = s represents the event of correlation noise with variance
σ2

s . Let ps = Pr(S = s). The probability density function fZ(z)
of the correlation noise Z is the Gaussian mixture

fZ(z) =

T−1∑
s=0

ps fZ|S=s(z) =

T−1∑
s=0

ps√
2πσ2

s

exp

(
− z2

2σ2
s

)
. (1)

Gaussian-mixture models are a widely deployed technique for the
estimation of the probability density function of natural signals [15].
A wide range of correlation channels can be approximated by a
suitable choice of the number of components, of their variances,
and of their mixing weights ps. Without loss of generality, exam-
ples and coding schemes will be discussed in detail only for a two-
component mixture, introduced in [12] as the Gaussian-Bernoulli-
Gaussian (GBG) model, given by S = {0, 1}, R = {σ2

0 , σ
2
1},

p1 = p and p0 = (1 − p). Section 2.1 explores quantization
with decoder side information; a limit-achieving quantizer is de-
rived, which will be used for bounding purposes in Section 2.2.

2.1 High-rate quantization with decoder side information

Wyner-Ziv coding can be understood as a quantization problem.
The decoder side information helps in the reconstruction of the
source, and allows to compress the quantization indexes through
Slepian-Wolf coding, which plays the same role as entropy cod-
ing in the standard quantization problem. Necessary conditions for
the existence of limit-achieving Wyner-Ziv quantizers are derived
in [4,16]. We provide here an incremental result, along with a brief
sketch of the proof. A system composed by a dithered lattice quan-
tizer [17] followed by an ideal Slepian-Wolf chain satisfies the con-
ditions in [4, 16], and hence is Wyner-Ziv optimal, as the length n
of the source sequence X grows towards infinity. The rate of the
dithered lattice quantizer with side information at the decoder is de-
rived mirroring the proof for standard quantization in [17], and is
expressed, in bits per sample, as

Rq =
1

n
h(X|Y )− 1

n
log2

(
V (Λ)

)
, (2)

where V (Λ) is the volume of the fundamental Voronoi cell of the
lattice Λ. As n → ∞ the shape of the best tessellation associated
with Λ approaches an Euclidean ball, and the second moment ap-
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proaches σ2(Λ) = V (Λ)
2
n /2πe. Substitution into (2) yields

Rq = Rq

(
σ2(Λ)

)
= h(X|Y )− 1

2
log2

(
2πeσ2(Λ)

)
. (3)

The second moment σ2(Λ) represents the quantization noise vari-
ance per sample. Under high-resolution assumption (the probabil-
ity density function of the source can be assumed constant over the
quantization cell) it is D = σ2(Λ). Substitution in (3) completes
the proof.

2.2 Rate-distortion bounds
The Wyner-Ziv rate-distortion function is defined as

RWZ
X|Y (D) = min

(fU|X ,FD)∈M(D)

(
I(X;U)− I(Y ;U)

)
(4)

where U is an auxiliary random variable, andM(D) is the set of
all probability density functions fU|X and matched reconstruction
functions FD : U × Y → X̂ satisfying the distortion constraint
E[(X − X̂)2] ≤ D. The Wyner-Ziv rate-distortion function is
known in closed form only in very few cases: for binary source with
binary symmetric correlation channel and for Gaussian source with
Gaussian additive correlation channel [14], and for discrete sources
with erasure correlation channel [10, 11]. In order to characterize
the analytical form of (4) for uncertain side information quality we
introduce the bounds

RWZ
X|Y (D) ≤ RWZ

X|Y (D) ≤ RWZ
X|Y (D). (5)

The lower bound RWZ
X|Y (D) is determined as the best performance

achievable by a genie-aided system, where the genie informs both
the encoder and the decoder of the realization of S. The genie-aided
system works in time-division regime, matching the best achievable
performance associated with the event S = s, given by the Gaussian
Wyner-Ziv rate-distortion function for correlation noise of variance
σ2

s . Like for the compression of parallel Gaussian sources [18],
the system has to satisfy the same distortion constraint D for each
transmission instant, under the high-rate assumption

D <
σ2

x σ
2
0

(σ2
x + σ2

0)
. (6)

If (6) holds it is

RWZ
X|Y (D) =

T−1∑
s=0

ps
1

2
log2

(
σ2

x σ
2
s

(σ2
x + σ2

s)D

)
. (7)

The upper bound R
WZ
X|Y (D) under the assumption (6) is deter-

mined as the achievable performance of a system composed by a
lattice dithered quantizer Λ followed by an ideal Slepian-Wolf cod-
ing chain. Under the hypothesis n → ∞ the rate Rq of the lattice
quantizer with side information at the decoder is obtained from (3)

Rq = h(X|Y )− 1

n
log2

(
2πeσ2(Λ)

)
≤ h(X|Y, S)− 1

2
log2

(
2πeσ2(Λ)

)
+H(S), (8)

where (8) is obtained developing I(X;S|Y ). Expressing the dif-
ferential entropy in (8) as h(X|Y, S) =

∑T−1

s=0
ps h(X|Y, S = s)

and replacing σ2(Λ) with D finally yields the upper bound

R
WZ
X|Y (D) =

T−1∑
s=0

ps
1

2
log2

(
σ2

x σ
2
s

(σ2
x + σ2

s)D

)
+H(S). (9)

3. THEORETICAL CODING SCHEME

The blindness of both the encoder and the decoder to the realiza-
tion of S prevents, in the uncertain side information quality setup,
all attempts to perform rate-adaptation: the system is forced to ope-
rate at constant rate. The simplest solution is obtained employing a
standard Gaussian Wyner-Ziv coding scheme, dimensioned for the
worst-case quality over the correlation channel, i.e. S = T − 1.
The system is clearly suboptimal, since rate loss is experienced for
any event S 6= T − 1. The loss becomes smaller as the variances of
the components in (1) tend to be similar, vanishing as σ2

s → σ2
s+1,

∀s ∈ S, while it dramatically impacts the performance when the
correlation noise presents occasional high-variance impulses, so
that σ2

T−1 � σ2
s and pT−1 < ps, ∀s ∈ {0, . . . , T − 2}.

The alternative coding solution proposed here still relies on
fundamental coding blocks optimized for the Gaussian correlation
model, but allows to restrain the rate loss also in the most penalizing
case. The coding architecture is based on two layers, where subopti-
mality is confined to Layer 1. The Layer 1 coding chain is exploited
to produce a first, rough estimate of the source, regarded as Gaus-
sian side information for the optimal (in the Wyner-Ziv sense) trans-
mission on Layer 2. The two-layer coding approach has been first
proposed in [12] for the case of possibly erased side information.
In [12] Layer 1 sends the syndrome of a real-field code, used to cor-
rect the degraded side information sequence; the decoding process
relies on the availability of the erasure pattern at the receiver side.
The same solution cannot be employed here, due to the blindness
of the decoder to S: an alternative coding scheme (depicted in Fig-
ure 1) needs to be designed. The remainder of this section derives
its asymptotically achievable rate-distortion performance.

3.1 Encoding
The coding scheme works on a sequence X of n source symbols.
Let L be an [n × n] orthonormal matrix. The rank m matrix Φ
consists of a selection of m ≤ n rows of L; similarly, the rank
(n−m) matrix Φ is obtained from the remaining (n−m) rows, so
that

L = P

(
Φ
Φ

)
(10)

with P a permutation matrix. The source X is multiplied at the
encoder side by Φ and Φ, generating the Layer 1 sequence ΦX
and the Layer 2 sequence ΦX . Since X is i.i.d. Gaussian, it has
a spherically symmetric distribution, which is not affected by the
rotation through L. The sequences ΦX and ΦX are selections ofm
and (n−m) components of LX respectively, hence the distribution
of their symbols can be modeled as Gaussian with variance σ2

x.
The encoder performs vector quantization of the Layer 1 and

Layer 2 sequences by means of the dithered lattice quantizers Λ1 ∈
Rm and Λ2 ∈ R(n−m), generating ΦX + N1 and ΦX + N2.
The quantization indexes are ideally Slepian-Wolf compressed and
sent to the receiver. The per source sample rates R1 and R2 are
evaluated, using (2), as

R1 =
1

n
h(ΦX|ΦY )− 1

n
log2

(
V (Λ1)

)
(11)

R2 =
1

n
h(ΦX|ΦX̃)− 1

n
log2

(
V (Λ2)

)
, (12)

where X̃ is the output of the Layer 1 decoder, and ΦY and ΦX̃
are the Slepian-Wolf side information sequences for Layer 1 and
Layer 2, respectively. Since the sequences ΦX and ΦX have cor-
related components, in general it is h(ΦX|Y ) ≤ h(ΦX|ΦY ) and
h(ΦX|X̃) ≤ h(ΦX|ΦX̃). It can be proved, however, that equal-
ity holds if the pair (X, X̃) is jointly Gaussian, hence no loss is in-
troduced on Layer 2 employing ΦX̃ as Slepian-Wolf side informa-
tion (see [19]). Assuming Layer 1 decoder output X̃ as composed
by identically distributed Gaussian symbols of variance σ2

x − D′,
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Figure 1: Two-layer coding scheme for Wyner-Ziv coding with uncertain side information quality.

and (X, X̃) a jointly Gaussian pair, (12) yields the Layer 2 trans-
mission rate as

R2 =
(n−m)

2n
log2

(
σ2

x D
′

(σ2
x +D′)σ2(Λ2)

)
. (13)

In order to determine R1 characterization of the noise ΦZ =
ΦY − ΦX is needed. The sequence ζ = ΦZ is composed of
m statistically dependent symbols

ζj = φj Z =

n∑
i=1

φj,i zi, ∀j ∈ {1, 2, . . . ,m}. (14)

Denote πs = Pr(S = s) =
∏n

i=1
psi . The marginal probability

density function fj(ζj) is given by

fj(ζj) =
∑

s

πs f(ζj |s) (15)

=
∑

s

πs

(
f(φj,1z1|s1) ∗ . . . ∗ f(φj,nzn|sn)

)
,

where the convolution product is possible because the random vari-
ables (φj,izi|si) are independent. Since (φj,izi|si) is normally dis-
tributed, (15) results in

fj(ζj) =
∑

s

πs
1√

2πσ2
s

exp

(
−
ζ2

j

2σ2
s

)
, (16)

where the variance σ2
s is given by

σ2
s =

n∑
i=1

φ2
ji σ

2
zi|s. (17)

The j-th element of the noise sequence ΦZ is marginally dis-
tributed as a Gaussian mixture, where the variances of the com-
ponents depend on the associated rows φj of Φ. This implies that
some rate loss is induced by the use of ΦY as the Slepian-Wolf side
information at the Layer 1 decoder. Assuming the linear transform
matrix L in (10) to be a Discrete Cosine Transform (DCT) matrix,
it is

φi,j =

√
2

n
cos

(
(2j − 1)(i− 1)

n

π

2

)
≤
√

2

n
, ∀(j, i). (18)

Define σ2
z =

∑T−1

s=0
ps σ

2
s . As n → ∞ the properties of typical

sequences assure that S contains close to n ps elements S = s,

∀s ∈ {0, 1, . . . , T − 1}. Using (18) in (17) allows to bound σ2
s, as

n→∞, with

σ2
s ≤

2

n

n∑
i=1

σ2
zi|s →

2

n

T−1∑
s=0

n ps σ
2
s = 2σ2

z . (19)

The ideal Slepian-Wolf chain in Layer 1 is designed to guarantee
vanishing probability of error in the worst-case scenario, that is
when the variance of the correlation noise between ΦX and ΦY
equals 2σ2

z . Thus (11) becomes

R1 =
m

2n
log2

(
σ2

x 2σ2
z

(σ2
x + 2σ2

z) σ2(Λ1)

)
. (20)

The rate loss induced on Layer 1 transmission chain is thus due to
the worst-case policy in protection against Slepian-Wolf decoding
errors, and to the choice of ΦY as Slepian-Wolf side information
sequence. The penalty, however, is limited thanks to the effect of
the linear transformation Φ, which induces similar probability den-
sity functions (16) for each ζj , with components characterized by
comparable variances.

3.2 Decoding
The decoder operates in two steps. The Layer 1 Slepian-Wolf index
is decoded to recover the quantized sequence ΦX+N1, whereN1

is the quantization noise composed, under the assumption n→∞,
by independent Gaussian symbols with variance σ2(Λ1). The Layer
1 decoder outputs the estimate X̃ of the source, to be employed in
the second step to decode the Layer 2 Slepian-Wolf index. The
estimate X̂ output of the overall system is derived from the joint
observation of ΦX +N1, ΦX +N2 and Y .

The Layer 1 estimator operates on the observed sequences
ΦX +N1 and Y . The system is described as

Ω =
(

Φ
In

)
X +

(
N1

Z

)
= AX +W . (21)

The MMSE estimator ofX from the observation Ω = ω is

x̃(ω) = E
[
X|ω

]
=

∫
Rn

x fX|ω(x) dx, (22)

where the conditional density fX|ω can be developed as

fX|ω =
∑

s

Pr(S = s|ω) fX|s,ω. (23)

Using (23) in (22) yields the expression of the estimate as

x̃(ω) =
∑

s

Pr(S = s|ω) x̃s(ω, s), (24)
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where x̃s(ω, s) is, by definition, the MMSE estimate of the source
sequence obtained from the observation vector Ω = ω, when the
realization of the state sequence S = s is available at the decoder.
Since (X,Ω|S = s) are jointly Gaussian by construction, the
MMSE estimate x̃s(ω, s) has linear form

x̃s(ω, s) =
(
K−1

X + AT K−1
W |sA

)−1
AT K−1

W |s ω, (25)

where KW |s is the covariance matrix of the observation noise when
s is available. The estimate x̃(ω), although expressed as a combi-
nation of the linear estimates x̃s(ω, s), is not linear on ω, since the
weighting coefficients in (24) have expression

Pr (S = s|ω) =
fΩ|s(ω|s) Pr(S = s)∑
s
fΩ|s(ω|s) Pr(S = s)

. (26)

The MSE vectorM at the output of Layer 1 estimator is defined by

M = diag
(
Cov

[
X − x̃(Ω)

])
= diag

(
KX − EΩ

[
x̃(Ω) x̃(Ω)T

])
, (27)

whose analytical expression cannot be evaluated. The performance
of the Layer 1 estimator is upper bounded by the performance of
the suboptimal LMMSE estimator, whose expression is

ML = diag
(

KX −KXΩ K−1
Ω KΩX

)
= diag

(
σ2

x σ
2
z

σ2
x + σ2

z

(
In −

σ2
x σ

2
z

∆1
ΦT Φ

))
,

(28)

with ∆1 = σ2
x

(
σ2

z + σ2(Λ1)
)

+ σ2
zσ

2 (Λ1). Consider, as before,
the linear transform matrix L to be a DCT matrix, and assume n
odd; the rows (n − 1)/2 − j and (n + 1)/2 + 1 + j of L are
symmetric. Proper choice of the pairs of rows for the construction
of Φ guarantees that ΦT Φ has equal diagonal elements, of value
m/n. The expression of the per sample distortion D′ on the output
of the Layer 1 decoder is then, from (28),

D′ =
σ2

x σ
2
z

σ2
x + σ2

z

(
1− m

n

σ2
x σ

2
z

∆1

)
, (29)

and depends on the length n only through the ratio m/n.
The Layer 2 estimator operates on the observed sequences

ΦX +N1, ΦX +N2 and Y . The system is described as

Ω′ =

(
Φ
Φ
In

)
X +

(
N1

N2

Z

)
= A′X +W ′. (30)

As for the Layer 1 estimator the optimal reconstruction is the
weighted sum of the MMSE estimates x̂s(ω′, s), obtained from
the observation Ω′ = ω′ when the realization S = s is available at
the decoder side

x̂(ω′) =
∑

s

Pr(S = s|ω′) x̂s(ω′, s), (31)

with x̂s(ω′, s) linear function of ω′, since (X,Ω′|S = s) are
jointly Gaussian. The MSE vectorM ′ is obtained as

M ′ = diag
(
Cov

[
X − x̂(Ω′)

])
(32)

and can be upper bounded by the performance of the suboptimal
LMMSE estimator

ML
′ = diag

(
KX −KXΩ′ K−1

Ω′ KΩ′X

)
= diag

(
σ2

x σ
2
z

σ2
x + σ2

z

(
In −

σ2
x σ

2
z

∆1
ΦT Φ− σ2

x σ
2
z

∆2
Φ

T
Φ

))
,

(33)
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where ∆2 = σ2
x

(
σ2

z + σ2(Λ2)
)

+ σ2
zσ

2 (Λ2). The per sample
distortion D at the output of the system is evaluated as

D =
σ2

x σ
2
z

σ2
x + σ2

z

(
1− m

n

σ2
x σ

2
z

∆1
− (n−m)

n

σ2
x σ

2
z

∆2

)
, (34)

and depends only on the ratio m/n.
Remark that (29) and (34) express only upper bounds to the

minimum distortions D′ and D achievable by the scheme. They
allow, however, to describe the operational rate-distortion perfor-
mance (R1 + R2, D) as a function of the design parameters m/n,
σ2(Λ1) and σ2(Λ2), thus enabling design parameter optimization.
The key feature of the two-layer architecture is the shift of (nearly)
all suboptimality arising from the uncertainty of the side informa-
tion quality to Layer 1. Transmission on the Layer 1 is expensive, so
that it is convenient to restrain the ratiom/n. On the other hand the
quality of the Layer 1 estimate, which provides consistent rate sav-
ings on Layer 2, increases with m/n as well: a trade off between
the two conflicting requirements exists, which determines the op-
timum performance. Figure 2 shows, in red, the asymptotic (for
n → ∞) achievable performance of the coding scheme, evaluated
for the GBG correlation model of parameters σ2

x = 1, p = 0.1,
σ2

0 = 0.04, σ2
1 = 1. The optimum value of the ratio m/n is, in

high rate regime, constant, and equals m/n = 0.216. The achiev-
able performance is compared with the lower (solid line) and upper
(dashed line) bounds to RWZ

X|Y (D), and with the performance of the
standard Wyner-Ziv coding scheme, dimensioned for the worst cor-
relation noise (yellow line).

4. TOWARDS PRACTICAL IMPLEMENTATION

The two-layer coding architecture here proposed can be understood
as a theoretical tool for the design of Wyner-Ziv coding schemes
for uncertain side information quality. Remark that the fundamen-
tal components of the coding scheme are represented by quantizers,
and Slepian-Wolf coding chains for constant side information qual-
ity. Highly efficient Slepian-Wolf coding implementations are by
now available, as the result of the extensive research effort of the
last decade (a state-of-the-art survey can be found in [4]). The pur-
pose of this section is to focus on the implementation issues related
to Layer 1 and Layer 2 estimators only.

The optimum Layer 1 (24) and Layer 2 (31) estimators are
defined, as detailed in the previous section, as weighted sums of
the marginal (with respect to the realization of S) estimates. This
clearly represents an obstacle to implementation, since the number
of marginal estimates x̃s and x̂s to be evaluated grows exponen-
tially with the size n of the source block. The weighting coef-
ficients Pr(S = s|ω) and Pr(S = s|ω′) associated with each
marginal estimate pair x̃s and x̂s represent the likelihoods of the
state sequence realization s, given the observation vectors ω and
ω′: among them, only a small fraction have a significant value, and
concentrates (almost) the totality of the a posteriori probability. A
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reliable approximation of the estimates x̃ (24) and x̂ (31) can thus
be obtained by identifying a setW∗ of the sequences S|ω such as∑

s∈W∗
Pr(S = s|ω) ≈ 1 (35)

and performing the sums in (24) and (31) over the subspace W∗,
instead that over all possible S.

The solution adopted to estimate the setW∗ is derived adapting
the Bayesian Matching Pursuit algorithm [20], originally proposed
to solve the problem of compressed sensing of sparse sources. The
algorithm performs a tree search in order to identify the elements
s∗ ∈ W∗; on each exploration level the surviving leaves (the state
sequences s∗) are selected as the ones maximizing Pr(S = s|ω).
The root of the tree is represented by the sequence s composed by
all zero elements. The descent to the following level of the tree
is performed activating one impulse position at a time. The M(d)
elements surviving at depth d and are employed to generate the fol-
lowing level.

The algorithm has been implemented and tested for the GBG
correlation model, for the same mixture parameters considered be-
fore. Figure 3 presents the simulation results obtained on Layer 1
estimator, where the choice of the design parameters m/n, σ2(Λ1)
and σ2(Λ2) results from the performance optimization procedure
for n→∞. The black curve in Figure 3 represents the value of the
distortion D′ at the output of Layer 1 estimator obtained with the
optimization procedure. The light-blue and blue curves depict the
distortions obtained using the Bayesian Matching Pursuit algorithm,
for block lengths (n = 14,m = 3) and (n = 28,m = 6) respec-
tively: they consistently improve the theoretical distortion valueD′.
This should not surprise: the analytical expression (29), in fact, rep-
resent the attainable, but non minimum, distortion D′. The simula-
tion results enable the conclusion that the optimization of the design
parameters obtained for n → ∞ is to be considered effective for
finite-length design as well.

5. CONCLUSIONS

This paper outlines a theoretical framework for Wyner-Ziv cod-
ing with uncertain side information quality. The proposed coding
scheme uses the two-layer approach presented in [12] for the case
of possibly erased side information. The blindness of the decoder to
the actual state over the correlation channel, however, makes impos-
sible to adopt the coding strategy devised in [12]. The Bayesian ap-
proach proposed here allows to capture the effect of the most likely
state realizations at a reasonable complexity, thus solving the de-
coding problem. The attainable performance of the scheme can be
analytically characterized and compared to the theoretical bounds,
showing that the coding solution is effective.
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ABSTRACT 

One of the main challenges of distributed video coding 

(DVC) is that correlation among source and side informa-

tion needs to be estimated and well modelled a priori. Since 

in DVC correlation dynamically changes with the scene, in 

order to get the full benefit from powerful distributed source 

code (DSC) designs, predicting and tracking correlation is 

essential. This paper proposes an adaptive scheme based on 

integrated particle filtering within the LDPC-based DSC 

that dynamically tracks the changes in image correlation to 

enhance belief propagation LDPC decoding. The system 

maintains its low encoder complexity, showing significant 

performance improvement compared to the case without 

dynamic particle filtering tracking.  

 

1. INTRODUCTION 

Distributed Video Coding (DVC) or Wyner-Ziv video cod-

ing, is one of the earliest and most advanced applications of 

Distributed Source Coding (DSC) to date. DVC [1, 2] was 

proposed as a solution for emerging setups, such as video 

surveillance with tiny cameras and cell-to-cell communica-

tions, where low encoding complexity is a must. It brought a 

paradigm shift from the conventional centralized video cod-

ing architecture, where encoding complexity is much higher 

than decoding complexity, typical of traditional television 

broadcasting. 

Wyner-Ziv (WZ) coding [3], where one source is avail-

able at the decoder as side information, is a lossy version of 

the Slepian-Wolf problem [4] with a distortion constraint. 

Slepian and Wolf considered lossless separate compression 

of two discrete sources, and showed that, roughly speaking, 

there is no performance loss compared to joint compression 

as long as joint decompression is performed. Wyner and Ziv 

showed that for a particular correlation where source and side 

information are jointly Gaussian, there is no performance 

loss due to the absence of side information at the encoder.  

WZ source coding is usually realized by quantization 

followed by Slepian Wolf (SW) coding of quantization indi-

ces based on channel coding. Quantization is used to tune 

rate-distortion performance, while the SW coder is essen-

tially a conditional entropy coder. The WZ decoder will thus 

comprise a SW decoder, which makes use of side informa-

tion to recover the coded information. The SW decoder is 

followed by a minimum-distortion reconstruction of the 

source using side information. 

Practical SW code design based on conventional channel 

codes is possible since correlation between the sources to be 

separately compressed is seen as a virtual communication 

channel, and as long as this virtual channel can be modeled 

by some standard communication channel, e.g., Gaussian, 

channel codes can be effectively employed. Designs [5] 

based on trellis-coded quantization followed by advanced 

channel coding, e.g., with turbo codes and low-density par-

ity-check (LDPC) codes come very close to the bounds for 

two jointly Gaussian sources. 

However, in much the same way as the information-

theoretical DSC framework [3, 4], the state-of-the-art SW 

and WZ code designs based on turbo and LDPC codes per-

form well only when correlation statistics between sources 

are stationary and known at the encoders and decoder. To 

overcome this in case of non-stationary sources, in [6], an 

algorithm is proposed that performs adaptive SW decoding 

with decoder side information, using particle filtering inte-

grated within an LDPC decoder based on belief propagation. 

The algorithm of [6] assumes discrete sources and binary 

symmetric channel correlation whose crossover probability p 

changes over time. Particle filtering and belief propagation 

are used to predict and track the change of p, to enhance de-

coding. 

The problem of statistical correlation estimation between 

the source and side information is particularly important in 

DVC, since the scene dynamically and unpredictably 

changes. Thus in DVC we have a problem of WZ coding of 

non-stationary sources with unknown statistics. However, the 

designs (with few exceptions) usually simplify the problem 

by modelling correlation noise, i.e., the difference between 

the source and side information, as Gaussian or Laplacian 

random variable and estimate the parameters either based on 

training sequences or previously decoded data, which im-

poses certain loss especially for high-motion sequences. 

Non-stationarity of the scene has been dealt mainly by esti-

mating correlation noise (e.g., on the pixel or block level) 

from previously decoded data and different initial reliability 

is assigned to different pixels based on the amount of noise 

estimated [7, 8, 9].  

In this paper, we build on [6], to predict and track vary-

ing correlation between source and side information for WZ 
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decoding of video. Side information is generated using mo-

tion compensated interpolation, and belief-propagation de-

coding is enhanced with particle filtering-based correlation 

tracking mechanisms. Belief propagation and particle filter-

ing are both performed iteratively on one generalized factor 

graph, where messages between different regions exchange 

their information to improve SW decoding. Thus in contrast 

to previous work, conventional belief propagation-based SW 

decoding and correlation statistics estimation are considered 

jointly. 

For simplicity, the proposed design is tested on a pixel-

based DVC [2] without a feedback channel. Similar decoders 

can be built for DCT-based designs, feedback channels, and 

including methods of [7, 8, 9] to start with.  

The paper is organized as follows. In the next section, 

we outline previous methods for correlation estimation in 

DVC. We explain the concept of adaptive graph-based de-

coding incorporating particle filtering in Section 3. In Section 

4, the proposed system setup is described, followed by ex-

perimental results in Section 5. The paper concludes with 

Section 6. 

 

2. DVC AND CORRELATION MODELLING 

DVC exploits the WZ coding principles to avoid compu-

tationally-expensive motion search operation at the encoder 

and shifting it to the decoder side. The fact that in WZ cod-

ing, the encoder does not need to know/use side information 

makes it possible to accomplish predictive coding without 

encoder motion compensation. In a nutshell, a block of pixels 

in the current frame is WZ encoded into a stream without any 

reference to previously encoded data, and the decoder uses 

all available information to generate a side information block 

that will be used to WZ decode the compressed stream. 

State-of-the-art WZ coding designs based on turbo, 

LDPC, and trellis-based codes are successfully used for DVC 

(see [10, 11] and references therein). 

 Note that a key difference between WZ coding and 

DVC is that in the former statistics of the sources is known to 

both the encoder and decoder and does not change over time. 

In DVC, however, the decoder needs to generate side infor-

mation using all information it has; regardless of how side  

information is generated, correlation noise statistics will be 

unknown and dynamically change over time. Indeed, due to 

the non-stationarity of real scenes, WZ coding in DVC has to 

deal with varying correlation statistics.  

Estimating correlation statistics has been identified as a 

key challenge in DVC. Usually, correlation error is modeled 

as a Gaussian or Laplacian random variable whose parame-

ters are estimated from previously decoded frames. It has 

been shown however that these models are not accurate 

enough if there are occluded regions in the scene [7]. In this 

case, the correlation noise is not white anymore and station-

ary, but instead would be concentrated in the occluded ar-

eas, which are usually at the boundaries of moving objects. 

In [8], the correlation noise is always modeled as 

Laplacian, but to capture the non-stationary nature of the 

scene, the correlation parameter was varied from pixel to 

pixel. The noise power is increased if the pixel difference 

between motion compensated blocks in the two key frames 

used to generate side information is high; otherwise, it is 

decreased. The reasoning behind this method is that if the 

difference between the two key frames is high then we have 

less confidence in their average and the noise variance is 

higher. Thus, incorporating this model within SW decoding 

ensures that the channel code (employed for SW decoding) 

assigns higher reliability to pixels that have been predicted 

with higher accuracy, that is, the difference between the key 

frames is smaller. 

Similarly, in [9], the Laplacian distribution is used 

with the parameter estimated online at the sequence, frame, 

block, and pixel level from decoded frames at the decoder.   

Note that in [7, 8, 9], non-stationarity of a scene is ad-

dressed by changing correlation model on-the-fly and sup-

plying the SW decoder with different initial reliability esti-

mates. However, once SW decoding starts, (via, for example, 

belief propagation) the correlation is fixed.  

Since the SW decoding process refines starting beliefs, 

unifying the process of correlation estimation and decoding 

into a single iterative process can provide better statistics 

estimate and consequently improved performance. 

   

3. ADAPTIVE SLEPIAN-WOLF DECODING WITH 

PARTICLE FILTERING 

In this section, we describe an adaptive algorithm for SW 

decoding via a factor graph, which enables efficient compu-

tation of marginal distributions via the belief propagation 

(BP) algorithm [12]. BP operates on the factor graph, which 

is a bipartite graph connecting variable nodes (representing 

unknown variables) and factor nodes. Messages are passed 

iteratively between connected variable nodes and factor 

nodes until the algorithm converges or a fixed number of 

iterations is reached. These messages will represent the in-

fluence that one variable has on another.  In our case, mes-

sages will be inferences or beliefs on source bits and correla-

tion. Thus, we group these types of messages into regions, 

thus generalizing the BP algorithm.  

3.1  Graphical model 

First, we construct the graph, then identify variable nodes 

and factor nodes, and how they are connected. For standard 

BP decoding of the SW code, the variable nodes are the 

coded bits and the factor nodes represent the connection 

among multiple variable nodes. N source bits x∈{x1, x2,...,,xN} 

are compressed by the SW encoder into syndrome bits  

s∈{sA, sB,...,,sM}, where M<N. The syndrome factor node fa, 

a∈{A, B,...,M} is connected to variable nodes x, taking into 

account constraints imposed by syndrome bits s.  

In order to take into account the correlation between x 

and side information bits y∈{y1,y2,...,yN}, we additionally 

define correlation factor nodes fi, i∈{1, 2,...,N} as: 
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p is the estimated correlation between X and Y, i.e., Y 

can be considered as the output of X having passed through a 

Binary Symmetric Channel with crossover probability p. If p 
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is known a priori and is a constant over time, X can be com-

pressed very close to the SW limit (H(X|Y)) using a syn-

drome-based approach and LDPC codes [13]. However in 

reality, p is rarely a constant over time and thus using an es-

timated a priori p for all X, will definitely not achieve per-

formance close to the SW bound. 

In order to allow for variability of p over time, variable 

nodes representing pi, i∈{1, 2,...,N} are added to the graph to 

connect to factor node fi. The number of correlation factor 

nodes fi connected to each pi is referred to as the connection 

ratio. In general, it is usually enough to assume that p will 

vary slowly over time, and thus it is expected that adjacent 

variable nodes pi will not differ much in value. This is repre-

sented in the graph by additional p-factor nodes fi,j that con-

nect adjacent variable nodes pi and pj, as defined in (2), 

where λ is a hyper-prior and can be chosen rather arbitrarily. 
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The final constructed graph, illustrated in Fig. 1, com-

prises three regions: Region 3 is a standard Tanner graph for 

channel decoding, Region 1 is a bipartite graph capturing 

correlation factor p variability, and Region 2 connects Re-

gions 1 and 3. 

 

3.2 Message passing algorithm 

In this section, message passing based on the BP algorithm 

between the 3 regions of the above graph is described. Stan-

dard BP (sum-product algorithm), generally used for chan-

nel decoding can handle only discrete variables. The cross-

over probabilities p, however, are not discrete, since they 

can change continuously over time. We therefore resort to 

particle filtering [14], which is integrated within the stan-

dard BP algorithm in order to handle continuous variables. 

Particle filtering (PF) estimates the a posteriori probability 

distribution of the correlation variable node p by sampling a 

list of random particles with associated weights. 

The message passing schedule for the generalized factor 

graph in Fig. 1, incorporating PF, is as follows: 

1. Initialise the values of N variable particles in Region 

1, ppi ˆ= , for estimating the noise and a uniform 

weight 1/N. 

2.  Initialise messages sent from factor nodes fi in Re-
gion 2 to variable nodes xi in Region 3 as in (1), 

where p= p̂ . 

3.  If the decoded estimate has the same syndrome as 
the received one or maximum number of iterations is 

reached, export the decoded codeword and finish. If 

not, go to Step 4. 

4. Update variable nodes in Region 3 using standard BP 
(sum-product algorithm) for channel decoding. 

5. Update particles in Region 1 by updating variable 
nodes using BP. 

6. Compute the belief for each variable in Region 3 be-

ing }1,0{∈ix . 

7. Compute the belief (=weight) of each particle for 
each variable node in Region 1. 
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Fig. 1: Generalized factor graph representing constraints between 

syndromes in Region 3 and correlation constraints in Region 1. 

8. Update factor nodes in Regions 3, 1 and 2 in that or-
der. 

9. Generate a new codeword based on the belief of 
variable nodes in Region 3. 

10. Go back to Step 3. 
 

Note that when the belief or weight for each particle for 

each variable node in Region 1 is updated (Step 7), a selec-

tion stage is carried out whereby particles with negligible 

weights are discarded while concentrating on particles with 

large weight. This is carried out via the systematic resam-

pling algorithm [15]. However, after the resampling step, 

particles tend to congregate round values with large weight. 

In order to maintain diversity for future updating steps apply-

ing PF in Region 1, our algorithm perturbs the particles by 

applying the random walk Metropolis-Hastings algorithm, 

which essentially adds Gaussian noise on the current value pi 

for each of the N particles. The weight of each particle is then 

reset to a uniform weight 1/N for each particle. 

 

4. SYSTEM SETUP 

In order to demonstrate the benefit of correlation tracking in 

DVC, as a proof-of-concept, we implemented the following 

pixel-based DVC setup. As in [1, 9, 16], all frames are clas-

sified as key frames or Wyner-Ziv frames. Key frames are 

conventionally intra-coded; Wyner-Ziv frames are first 

quantized pixel-by-pixel using a uniform scalar quantizer to 

Q bits/pixel, and then additionally compressed using an 

LDPC-based SW coder which generates M syndrome bits, 

yielding an SW compression ratio of M/Q.  

At the decoder side, side information frame Y is gener-

ated using motion-compensated interpolation of previous 

and future key frames [1,16]. Spatial smoothing [16], via 

vector-median filtering, is used to improve the result which 

is then quantized using the same scalar quantizer as at the 

encoder and is used as side information Y in SW decoding. 

Each frame is decoded by the adaptive LDPC-based SW 
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decoder described in Section 3. SW decoding is followed by 

estimation and reconstruction [6]. 

Note that our implementation does not use a feedback 

channel, thus, rate control rests with the encoder. However, 

adding a feedback channel together with rate-compatible 

SW coding is possible in this set-up.    

Our DVC decoder is flexible, providing the following 

tunable parameters: source and side-information quantization 

ratio, rate (compression ratio), hyper-prior λ, connection ratio 
between Regions 1 and 2, inclusion of Metropolis-Hastings 

random walk or not for perturbing particles following resam-

pling, maximum number of iterations if BP fails to converge,  

number of particles to model statistics, and initial estimate of 

correlation p̂ . 

 

5. EXPERIMENTAL RESULTS 

In order to verify the effect of correlation tracking across 

WZ-encoded frames in a video sequence, we tested the 

above set-up with two video sequences, Car and Coast, with 

different scene dynamics. Both the average bit-error rate 

(BER) of the SW decoder and the PSNR of the recon-

structed video sequence are calculated. These are plotted 

versus rate, which refers to the SW rate M/Q, i.e., a rate of 1 

represents zero compression. For comparison, the bench-

mark performance of the DVC decoder (as described in Sec-

tion 4) but without PF-aided correlation tracking, is also 

determined. In results plots below, solid lines always repre-

sent performance of our proposed DVC setup and dotted 

lines the benchmark performance. During our experiments, 

we observed that a starting p=0.13, λ=0.1, connection ra-

tio=16  and using Metropolis-Hastings gave the best results. 

Figs. 2 and 3 show the BER and PSNR performance, re-

spectively, of Car video sequence for varying quantization 

levels Q. As expected, the BER for sequences quantized to 

Q=3 bits is better than for higher Q’s and the waterfall sec-

tion of the curves shifts to the right as the scene differences 

between X and Y increase, i.e., too many errors introduced 

by the virtual correlation channel that cannot be tracked. 

There is a clear improvement, for all Q’s, in BER for se-

quences decoded by the generalized PF-based BP decoder 

compared to the classical BP decoder with no PF, e.g., ena-

bling an extra 20% compression for the same BER of 10
-6
.  

BER improvement matches PSNR improvement. It is in-

teresting to observe that while the BER improvement due to 

PF-based correlation tracking is more pronounced for lower 

Q, PSNR improvement due to PF-based correlation tracking 

is more pronounced for higher Q. The improvement of re-

constructed video quality when using the generalized PF-

based BP algorithm can be up to 3dB for this sequence, or 

10% more compression for the same PSNR. 

Fig. 4 shows a reconstructed frame from the Car se-

quence, where the proposed PF-based SW decoder removes 

the artefacts (in the centre of the frame) that could not be 

removed by the standard benchmark SW decoder. 

Figs. 5 and 6 show the relative performance of correla-

tion tracking versus standard WZ decoding for the Coast 

sequence for varying Q. Both BER and PSNR plots show 

similar trends to those of the Car sequence. 
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Fig. 2: BER of adaptive SW decoder for Car video sequence for 

varying number of quantization levels. Solid lines: proposed de-

coder, dotted lines: benchmark with no PF.  
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Fig. 3: PSNR for reconstructed Car sequence for varying number of 

quantization levels. Solid lines: proposed decoder, dotted lines: 

benchmark with no PF. 

 

 
(a) 

 
(b) 

Fig. 4: Reconstructed view of frame 7 of Car sequence for Q=3, rate 

0.5 for: (a) benchmark system (b) proposed system. 

However, as expected, due to the faster scene changes, 

the improvement in performance is less pronounced than for 

the Car sequence. Correlation tracking is robust enough to 

handle such scene changes and provides about 5% increase 

in compression for the same PSNR compared to the case of 

assuming a fixed p. 
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Fig. 4: Coast BER for varying quantization levels. 

 

6. CONCLUSIONS 

In this paper, we show that it is possible to improve per-

formance of DVC through the use of an adaptive SW de-

coder incorporating particle filtering to track varying corre-

lation between the source and side information. Our SW 

decoder is based on a generalized factor graph, comprising 

three regions: Region 3 which is the SW code bipartite 

graph decoded with standard belief-propagation algorithm, 

Region 1 which represents the variable correlation nodes 

updated via the particle filtering algorithm, and Region 2 

which connects Regions 1 and 3. We demonstrate worthi-

ness of this approach for correlation estimation by imple-

menting a simple pixel-based DVC coder with an adaptive 

BP-based SW decoder incorporating particle filtering for 

tracking variability in real-time of pixel-by-pixel correlation. 

BER of SW decoding and PSNR results for two video se-

quences with varying scene dynamics clearly indicate the 

improvement due to the integration of particle filtering for 

correlation tracking within the BP-based LDPC SW decoder. 
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ABSTRACT
Distributed arithmetic coding (DAC) has recently been pro-
posed for compression in the Slepian-Wolf setting. With re-
spect to syndrome coding, DAC allows to easily adapt to non-
stationary statistics of the signal to be coded, and works well
for short and medium block lengths. In this paper we develop
security applications of DAC in the field of biometric authen-
tication. We show that DAC can be used for authentication
by employing the codeword as secure hash, and using the
outcome of DAC decoding for authentication. Moreover, we
introduce a second powerful security feature, namely the ran-
domization of the DAC intervals. This allows to protect the
hash from attacks. We assess the authentication performance
of the proposed scheme with respect to template matching
and turbo codes.

1. INTRODUCTION

Many authentication and access control systems employ bio-
metrics such as fingerprints, irises, and faces. These have
several advantages over passwords. Being linked to the user,
they cannot be lost, forgotten or given away. They are more
secure than passwords, as they cannot be poorly chosen [1].
However, biometric authentication systems pose significant
security problems. In short, authentication works by taking
a biometric reading from the user, and comparing it with an
enrollment biometric stored on the device. If they are close
enough, then access is granted. The original biometric has to
be stored on the authentication device. This poses a signifi-
cant security threat, as an attacker that gains physical access
to the device then also gains access to the original biometric.

Several authors have investigated the security of biomet-
ric authentication schemes. Schemes based on encryption
have been proposed [2]. The use of error correcting codes
was first proposed in [3]. Recently, the connections be-
tween biometrics and Slepian-Wolf (S-W) coding have been
pointed out [4].

S-W coding refers to coding of correlated sources X and
Y . It has been shown [5] that separate encoding coupled with
joint decoding (a.k.a. distributed source coding) is optimal,
in that a sum rate equal to the joint entropy H�X �Y � is suffi-
cient to guarantee that the decoder error probability is vanish-
ingly small as the block size goes to infinity. The correlation
can be described through a “virtual correlation channel”, i.e.
Y � X �N, with N a noise process. Coding with side infor-
mation refers to the case that the decoder knows Y exactly,
and the encoder transmits a description of X at rate at least
equal to H�X �Y �. In this case, the receiver observes the chan-
nel output and has to estimate the input X from the corrupted

The research leading to these results has received funding from the
European Community’s Seventh Framework Programme under grant agree-
ment n. 216715 (NEWCOM++)

observations. The codeword of X is obtained as the parity
bits of X obtained using a good channel code or, even bet-
ter, as the syndrome of X using the channel code. Several
practical algorithms have been developed using low-density
parity-check codes (LDPC) [6] and turbo codes [7].

The connection between S-W coding and biometrics can
be explained in terms of the virtual correlation channel, i.e.,
Y � X �N. The side information Y is taken as the biometric
reading provided by the user, while X is the original biomet-
ric stored on the device. The conditional entropy H�X �Y � de-
termines the average degree of “difference” between X and
Y . Under this paradigm, X is stored on the device using a S-
W codeword with rate R, which determines how much “dif-
ference” between the original and the reading can be toler-
ated to successfully authenticate the user. This yields two ad-
vantages. First, X is stored in compressed format, requiring
less space. Second and more important, the S-W codeword
does not represent a complete description of X , and hence
cannot be decoded individually. The authentication process
attempts to decode X using the readingY as side information.
Ideally, only if the reading is authentic the system is able to
decode X . This means that, if the system is designed prop-
erly, only authorized users may have access to the original
biometric X .

In [8] this concept is applied to image authentication. In
[9] LDPC codes are applied to fingerprint biometrics, and in
[10] they are used for gait authentication. Recently, a new
approach has been proposed, which extends arithmetic cod-
ing to the S-W setting, and is termed distributed arithmetic
coding (DAC) [11, 12]. DAC has better performance than
turbo- and LDPC-based designs at short and medium block
lengths, and allows to easily account for nonstationary prob-
ability distributions of the data. DAC is a potentially good
match to biometric applications, in which the data blocks to
be compressed are not necessarily large, e.g., 792 samples in
[10].

S-W coding indeed improves the security of a biometric
authentication scheme, as an attacker that gains possession
of the device can not have direct access to the user hashes.
However, coding of the templates can not prevent an attacker
from carrying out attacks based on decoding the hashes with
purposely designed biometric readings, in order to obtain
more information on the hashes or on the system. E.g., given
enough time, an attacker could try a brute force approach by
attempting to decode an arbitrarily high number of readings
until a positive verification is obtained.

In this paper we propose a secure biometric authentica-
tion scheme using S-W coding, which addresses the prob-
lems mentioned above. In particular, we leverage on DAC
to develop a general-purpose secure authentication scheme.
We model the feature vectors as binary strings, and describe
a practical procedure to acquire these feature vectors dur-

18th European Signal Processing Conference (EUSIPCO-2010) Aalborg, Denmark, August 23-27, 2010

© EURASIP, 2010   ISSN 2076-1465 2151



ing the enrollment stage, in such a way that all information
needed for S-W decoding, particularly the marginal and con-
ditional source probability distributions, are made available
to the verification stage. The use of S-W coding provides a
first degree of securization of the user templates. However,
we also employ interval randomization as in [13] to define a
randomized DAC (RDAC) that can secure the template from
any unauthorized use. Therefore, besides hiding the tem-
plates, the proposed scheme also ensures that no malicious
use can be made of these templates.

2. RANDOMIZED DAC

2.1 Review of DAC

Let X � �X1� � � � �Xi� � � �XN � be a binary memoryless source
with probabilities p0 � P�Xi � 0� and p1 � 1� p0. The clas-
sical binary arithmetic coding process for X uses the prob-
abilities p0 and p1 to partition the �0�1� interval into sub-
intervals associated to possible occurrences of the input sym-
bols. At initialization the current interval is set to I0 � �0�1�.
For each input symbol, the current interval I i is partitioned
into two adjacent sub-intervals of lengths p0�Ii� and p1�Ii�,
where �Ii� is the length of Ii. The sub-interval correspond-
ing to the actual value of Xi is selected as the next current
interval Ii�1, and this procedure is repeated for the next sym-
bol. After all N symbols have been processed, the sequence
is represented by the final interval IN . The codeword CX can
consist in the binary representation of any number inside IN .

DAC is based on the principle of inserting some ambi-
guity in the source description during the encoding process.
This is obtained employing a set of intervals whose lengths
are proportional to the modified probabilities �p 0 � p0 and�p1 � p1. In order to fit the enlarged sub-intervals into the
�0�1� interval, they are allowed to partially overlap. The en-
coding procedure is exactly the same as for arithmetic cod-
ing, but employs the modified probabilities. The codeword
CX is shorter, i.e., the bit-rate is smaller, so much so as the
interval overlap is large. The amount of overlap is a param-
eter that can be selected so as to achieve the desired rate,
which should be no less than H�X �Y �. Decoding employs a
correlated side information sequence, and is carried out using
a sequential decoding algorithm (see [12] for details).

2.2 Randomization of DAC

There has recently been a lot of interest in secure arithmetic
coding schemes. In [13] a randomized arithmetic coder has
been proposed. The basic idea is that the encoding is done as
in Sect. 2.1, but the intervals are randomly swapped at each
input bit based on a pseudorandom sequence. Specifically,
a key is used to initialize a pseudorandom number genera-
tor. For each input bit Xi, a number Ri � �0�1� is drawn
with probability P�Ri � 0� � 0�5. For the encoding of Xi, if
Ri � 0 then the convention that the interval of the most sig-
nificant symbol precedes the interval of the least significant
symbol is used, and vice versa. Given knowledge of the key,
the normal arithmetic decoder can initialize the pseudoran-
dom generator and track the interval orderings used at the
encoder. Conversely, without knowledge of the key, it is not
possible to decode the input string, as the loss of synchro-
nization will produce an output sequence with high distance
from the correct sequence.

This concept can also be applied to DAC in order to in-
crease its security at no extra computational cost. In par-

ticular, we obtain RDAC as described before, swapping (or
not swapping) the intervals based on a pseudorandom num-
ber Ri. The interval overlap is of no concern, as the total
amount of overlap remains the same, while only the inter-
val positions are changed. Although the sequential decoder
is very different from an arithmetic decoder, it can be easily
adjusted to the randomized case. The decoder also initializes
a pseudorandom generator and produces R i. The decoder is
bit-synchronous, and at each stage it uses the intervals, with
the correct ordering yielded by the value of R i, to test for the
two possible values of the input source symbol.

It should be noted that the concept of randomized arith-
metic coder has been extended to the case of “interval split-
ting”, in which the unit interval is partitioned into subinter-
vals, and the subintervals are associated to the input values
such that the subinterval lengths match the input probabil-
ity distribution [14]. This technique could also be applied to
RDAC.

3. PROPOSED SCHEME

3.1 System model

We assume the following reference system model. We re-
fer to the object that handles all enrollment and verification
procedures as the “device”.
Enrollment. When a user wants to enroll in the system, she
provides a biometric reading. From the reading, the device
computes a feature vector, that is, a sequence of numbers
that capture most information about the reading, and can be
directly used to verify a new reading against the template
reading.
Authentication. When a user that has been previously en-
rolled wants to be verified, she provides a new biometric
reading. The device computes from the reading the corre-
sponding feature vector. Subsequently, it compares the new
feature vector with the templates of all users available in the
database. If a template is found that is “sufficiently” similar
to the new template, then the user is positively authenticated.

It should be noted that the biometric reading and the fea-
ture vector are quite different. The reading depends on the
biometric measurement device. E.g., for a fingerprinting sys-
tem, the reading would typically be an image of the finger-
print. However, the image cannot be used for verification
directly, for several reasons. Imperfections in the acquisition
process, e.g. misalignment with respect to a reference im-
age or illumination changes between the reference and the
new template, would easily lead to rejection of an authorized
user. Therefore, it is more convenient to extract from the
image a set of numbers (the feature vector) that exhibit fea-
tures such as rotation and illumination invariance, and make
decisions on the feature vectors rather than on the original
readings. The template is usually a relatively short string
(e.g., 512 samples in [15]), making a good case for the use of
RDAC, which is known to outperform other channel codes
(turbo and LDPC codes) at these block lengths. In this pa-
per we purposely keep the system model rather general, so
that it can be applied to several biometric systems (e.g., fin-
gerprinting, iris recognition, and so on). Obviously, every
specific system will use a different biometric reader and a
specific algorithm to produce the template. Moreover, ev-
ery template will need tailoring of the RDAC to its specific
characteristics, e.g. block lengths, statistical distributions,
binarization of templates belonging to M-ary alphabets with
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M � 2. Nevertheless, the present study models the RDAC
performance in a general but still realistic context, and ana-
lyzes the performance loss with respect to the ideal (but not
secure) reference algorithm based on template matching.

In practice, our model works as follows. During the en-
rollment stage, the user provides a first biometric reading,
from which a feature vector X is obtained. For authentica-
tion, the user provides a new reading from which the cor-
responding feature vector Y is computed. We assume that X
and Y are binary strings of length N, and that P�Xi � 0� � p0.
We denote as �X �Y�H the Hamming distance between X and
Y , i.e. the number of positions in which X and Y differ. If the
feature vector is not binary, both the template matching and
RDAC algorithms can be modified to accommodate larger
alphabet sizes, as described later on. We also assume that
the relation between the enrollment and the authentication
feature vectors can be described through a binary symmetric
channel (BSC) model. Specifically, Y is obtained as the out-
put of a BSC with crossover probability qD, with X as input.
We also consider the case that a non-authorized user mali-
ciously attempts to make herself authorized by the system.
This user provides a reading that is mapped to a feature vec-
tor Z, and we model Z as the output of a BSC with crossover
probability qF , with X as input. Clearly, two feature vectors
of the same user will have small Hamming distance, hence
qD will be small. Conversely, the feature vector of a non-
authorized user will be rather distant from that of any autho-
rized user; hence, qF will be relatively large.

3.2 Template matching

The classical authentication setting can be cast as a hypoth-
esis testing problem. The two hypotheses are that “the user
is legitimate” or “the user is not legitimate”. Verification of
these hypotheses is performed comparing the reading Y to
the templates X of all users in the database. If there is at
least one template X � that is “sufficiently close” to Y , then
the user is declared legitimate. In particular, if X � is such
that �X��Y�H 	 �X �Y�H 
X �� X�, then the decision statis-
tics for this problem can be written as

�X�
�Y�H � T (1)

where T determines the trade-off between the probability of
detection PD, i.e. the probability of positively authenticating
an enrolled user, and the probability of false alarm PF , i.e.
the probability of positively authenticating a non-authorized
user.

Given the system model described above, and specifically
the use of a BSC to model the differences between feature
vectors, the Hamming distance between two feature vectors
follows a Binomial distribution:

f �k�n� p� �

�
n
k

�
pk�1� p�n�k

where n is the total number of random drawings and p is
the success probability. In the case of authentication of an
enrolled user, detection occurs if the BSC introduces a num-
ber of errors not greater than T over the BSC channel with
crossover probability qD. Therefore the probability of detec-
tion over a block of length N can be written as

PD �
T

∑
i�0

�
N
i

�
qi

D�1�qD�
N�i

� (2)

Similarly, a false alarm occurs when the BSC introduces a
number of errors not greater than T over the BSC channel
with crossover probability qF . The false alarm probability
can be written as

PF �
T

∑
i�0

�
N
i

�
qi

F�1�qF�
N�i

� (3)

The two equations above allow to derive the receiver op-
erating characteristic [16] that determines the overall per-
formance of the authentication system. Parameters qD and
qF are application-specific, as they depend on the ability of
the selected feature vectors to discriminate between different
users. It is worth noting that template matching can be eas-
ily extended to the case of nonbinary feature vectors, using
the Euclidean or weighted Euclidean distance instead of the
Hamming distance metric.

3.3 RDAC authentication algorithm

For the RDAC scheme, and in general S-W based authenti-
cation schemes, the operation is different from the template
matching case. The main differences are the following.
� Every user that wishes to enroll or authenticate herself in

the system provides a key that will be used by the RDAC
to initialize the pseudorandom generator used for interval
swapping. In this paper we do not consider specific key
management issues; we simply note that, without the key,
correct decoding of a S-W codeword will be impossible.

� During the enrollment stage, the feature vector X is not
stored on the device “as is”. Lossless storage of the fea-
ture vector would require at least H�X� bits per sample
(bps). Instead, we store on the device a codeword CX ob-
tained applying to X a RDAC at the selected rate of R
bps. Moreover, a cyclic redundancy check (CRC) code-
word is also stored along with CX . This enables the de-
coder to make a decision on the authentication of a given
biometric reading. This is explained in more detail in the
following.

� During the enrollment stage, a second biometric reading
X � of the same user is acquired. It will be used to compute
statistics between X and X �, as will be explained in the
following.

� During the authentication stage, the feature vector Y ob-
tained from the new biometric reading is used as “side
information” in the decoding of CX . The decoding pro-
cess yields a decoded template �X . If X and �X are identi-
cal, i.e. the CRC codeword computed on �X is identical to
that stored along with CX , then the user is authenticated,
otherwise she is rejected.
The selected rate R is very important, as it has the same

function as the detection threshold T . If the rate is very high,
PD will be very close to one, as also feature vectors that are
not too similar to X will be “sufficiently good” side informa-
tion signals. Indeed, as an extreme case, when the rate R is
larger than H�X�, CX contains all information about X , and
the decoder will positively authenticate all users, either en-
rolled or non-authorized. On the contrary, if R is very small,
the probability of detection may be somewhat small because
if Y is not extremely close to X the decoder will declare an
error; however, the false alarm rate will also be very small.
Thus, a proper selection of R is critical in order to achieve
the desired trade-off between PD and PF .
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The binary decision is enabled through the CRC code-
word. The CRC does not guarantee that X and �X are identical
if their hashes are also identical; however, the error probabil-
ity of the CRC can be made arbitrarily small (e.g., the worst
case error probability is equal to 2�32 for a 32-bit CRC.

It should be noted that S-W coding requires knowledge
of the source probability p0 and the amount of correlation
between X and Y . These parameters can be used to select
the rate R, and are needed by the S-W decoder to construct
a good source and channel model to be used for the soft de-
coding of RDAC, as well as turbo and LDPC codes. This has
often been a problem in previous designs based on S-W cod-
ing. In this paper we use an innovative approach. In order
to facilitate statistical modeling, we modify the enrollment
stage in such a way that, when a new user is enrolled in the
system, not one but two biometric readings (X and X �) are
acquired. This requirement is not a limitation in that, as a
matter of fact, most existing systems acquire multiple finger-
prints in order to cope with bad acquisitions. In our system,
the multiple acquisition has an additional use: it allows to
compute and compare two correlated feature vectors of the
same user, and hence to compute marginal and conditional
statistics between the pair of correlated sources, and particu-
larly the prior probability p0 and the crossover probability qD
that are needed by the decoder. Then, once the statistics have
been computed, the second reading X � is erased, and only
the first one is coded using a RDAC. The statistics are stored
along with the coded template CX and the CRC codeword,
and subsequently used by the decoder. Since typical biomet-
ric authentication systems acquire several readings from the
same user, the RDAC scheme may also benefit from more
than two measurements, making the estimation of p0 and qD
even more accurate.

The RDAC scheme can be easily extended to the case of
nonbinary feature vectors, applying the DAC to the bit-planes
(or other binarization) of X .

4. EXPERIMENTAL RESULTS

We have tested the RDAC scheme in order to derive its re-
ceiver operating characteristic (ROC). Note that the ROC
refers to the case that the device is used “properly”, i.e., it has
not been stolen or otherwise manipulated. In other terms, the
ROC only measures the ability of the biometric authentica-
tion system to discriminate the feature vectors of authorized
and unauthorized users.

To derive the ROC, the following simulation has been
made. We consider feature vectors of size N � 200 and
N � 1000, which are typical of practical biometric authen-
tication systems. For each vector length, we also con-
sider feature vectors with symmetric (p0 � 0�5) and skewed
(p0 � 0�9) probability distribution. For p0 � 0�5, we take
qD � 2�154 10�2 and qF � 9�41 10�2. These values corre-
spond to a conditional entropy H�X �Y � approximately equal
to 0.15 for the verification of an authorized user, and 0.45
for an unauthorized user. A point of the ROC curve is ob-
tained setting a given rate for CX ; we consider rates from 0.6
bps to 0.35 bps. For p0 � 0�9 we take qD � 2�737 10�2 and
qF � 1�038  10�1. If a block is not correctly decoded, this
yields a negative authentication. Therefore, the probability
of detection is equal to one minus the frame error rate of the
RDAC decoder when the BSC crossover probability is equal
to qD, and the probability of false alarm is equal to one mi-

nus the frame error rate when the BSC crossover probability
is equal to qF . In every case, the results are averaged over a
number of blocks such that at least 107 feature vector bits are
simulated for every point of the ROC curve.

We compared the ROC curves of the DAC with that of
template matching (TM) with the same block length, prob-
ability distributions and BSC crossover probabilities. We
remark that template matching is optimal but not secure.
Hence, we expect the ROC of TM to outperform that of
RDAC, although a device using TM could be easily violated
by an attacker if stolen or otherwise manipulated. Moreover,
we also compare with an algorithm similar to RDAC, which
employs turbo codes (TC) instead of the RDAC. In particular,
the RDAC encoder and decoder are replaced by a punctured
turbo code with rate- 1

2 generator (31,27) octal (16 states),
S-random interleavers, and 15 decoder iterations. For the
skewed source, the turbo BCJR decoder has been modified
by adding to the decoder metric the a priori term, as done
in [7]; moreover, we also modify the metric in order to give
large likelihood to the parity bits, which are not corrupted
under the “virtual channel” model of S-W coding.

Fig. 1 shows the results for N � 200. As can be seen, TM
consistently outperforms RDAC and TC. However, RDAC is
extremely close in the case of p0 � 0�5. For p0 � 0�9, the
performance of both algorithms is degraded, more seriously
so for TC.
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Figure 1: ROC curve for TM, RDAC and TC for N � 200.

For N � 1000, the results are shown in Fig. 2. In this
case, although the best results are achieved by TM, RDAC
and TC are extremely close. Note that the x-axis scale is
different in Fig. 1 and 2. For p0 � 0�5 the performance is
almost identical to TM, and for p0 � 0�9, PD is still above
98% also for very small values of PF . This demonstrates the
suitability of RDAC for biometric authentication.

In case that the device is stolen or manipulated, TM pro-
vides no security. An attacker that gains access to the de-
vice will be able to read all feature vectors of all users, and
will be able to impersonate any user creating fake biomet-
ric readings. The TC scheme avoids this using S-W coding.
The attacker then will only gain access to the hash of every
user. While the hash can not be used directly, the attacker
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Figure 2: ROC curve for TM, RDAC and TC for N � 1000.

could still carry out a brute force or other attack, because
the CRC will give the attack a way to understand whether a
decoding attempt has been successful or not. On the other
hand, RDAC provides a double level of security. It hides
the hashes through S-W coding in much the same way as
the TC. However, it also prevents an attacker from extracting
more information from the device, as the built-in encryption
due to the interval randomization leads to failure of virtu-
ally every decoding attempt. It should also be noted that
certain attacks [14] that can be carried out on the random-
ized arithmetic coder cannot be applied to the RDAC due to
the very different nature of the decoding process. While the
randomized arithmetic coder is close to a standard arithmetic
decoder, the RDAC decoder is a sequential search decoder
aided by the side information. As a consequence, a state of
the RDAC decoder cannot be forced easily, as it depends not
only on the sequence of input bits, but also on the side infor-
mation sequence, which is not available at the encoder and is
not known to the attacker.

5. CONCLUSIONS

We have proposed a biometric authentication scheme based
on RDAC. The proposed scheme provides a dual level of se-
curity, using S-W coding to store the feature vectors, and ran-
domizing the encoding process to ensure unusability of the
information on the device by a non-authorized user. More-
over, the proposed scheme uses multiple biometric readings
to compute statistics needed during the authentication (S-W
decoding) stage. The performance is close to that of tem-
plate matching, showing that this scheme is very promising
for biometric applications.
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ABSTRACT
Distributed video coding (DVC) does not demand motion

estimation (ME) and compensation (MC) at the encoder, but
only at the decoder and so it is more suitable for applications
that require a simple encoder, like wireless sensor networks.
In DVC the video sequence is split into Key Frames (KFs)
and Wyner-Ziv Frames (WZFs): the first are intra-coded and
the latter are coded by a channel code and only the parity
bits are sent to the decoder. The KFs are available at the de-
coder, while we need to estimate the WZF and correct this
estimation with parity bits. One critical step is the estimation
of the WZF. The method of the state of the art, with which
we compare, is given by DISCOVER. It estimates the WZF
by linear interpolating the two adjacent KFs. We propose a
higher order motion interpolation for WZF estimation by us-
ing four KFs. Due to the high computational efforts, we pro-
pose also a fast algorithm that halves the complexity of the
previous method. We note that the results of the fast method
are comparable with the original one. An other proposal is
to increase the density of the motion vector field in order to
improve the estimation of the WZF.

Keywords: Distributed video coding, image interpo-
lation

1. INTRODUCTION

Let X andY be two correlated sources. If we encode them
jointly, we can decode them without loss of information if
RX+RY ≥H(X,Y),1 but if we encode separatelyX andY, we
expect that we can decode them without loss of information
if RX ≥ H(X) andRY ≥ H(Y), according to the first Shan-
non theorem. Indeed, according to the Slepian-Wolf Theo-
rem [5], a total rateRX +RY ≥ H(X,Y) is sufficient, even for
separated encoding of dependent sources, provided that we
decode them jointly.

A particular case of distributed source coding is the
source coding with side information: the variableX, gen-
erated by the source, is statistically dependent ofY. The
variableY is available at the decoder, but not at the encoder.
Y is called side information. Then, ifRY = H(Y), a rate
RX ≥ H(X∣Y) is sufficient for recoveringX without loss of
information, according to the Slepian-Wolf theorem.

While Slepian-Wolf theorem is about lossless coding, the
problem of lossy coding was solved by Wyner and Ziv [6].
They proved that there is no rate increase in the source coding
with side information with respect to the joint coding for a
given quality, and conversely, there is no quality loss for a
given rate, subjected to some mild constraints.

1Let H(X) be the entropy ofX andH(X,Y) the joint entropy ofX andY.

These results can be applied to video coding in order to
simplify the encoder structure. In Distributed Video Coding
(DVC) the video sequence is divided in Group of Pictures
(GOP). Each GOP consists of one Key Frame (KF) (usually
the first one), that is intra-coded (i.e. it is coded indepen-
dently of the other frames) and Wyner-Ziv Frames (WZFs)
that are coded by a systematic channel code. We send to the
decoder only the redundance bits (i.e. the parity bits). Even if
the KFs and the WZFs are correlated sources, we do not ex-
ploit this dependence at the encoder, but only at the decoder.
We produce an estimation of WZF by interpolating the ad-
jacent decoded KFs. This step is called Image Interpolation
and the WZF estimation is called Side Information (SI). The
SI can be considered a noisy version of the WZF. Then, we
correct the errors of the WZF estimation with the parity bits
sent by the channel encoder. The weak point of this scheme
is a feedback channel is needed to adjust the number of parity
bits made by the encoder.

On the other hand, the advantage of this structure is that
we move the complexity in terms of computation (the motion
estimation) and in terms of memory (the exigence to storage
the previous frames) from the encoder to the decoder. This
is desirable if we need a low-complexity encoder, as in wire-
less sensor network, but it is not well suited for broadcast
transmission.

The reference technique for WZF estimation is given by
DISCOVER, that performs a linear interpolation between the
two more adjacent KFs. In [4] we propose a higher order
motion interpolation (HOMI) method by using four KFs, in-
stead of two such as in DISCOVER. In this paper we improve
those results by increasing the density of the motion vector
field (MVF) for the motion estimation, and we propose also a
new method (Fast HOMI) in order to reduce the complexity
of our algorithm.

The rest of the paper is organized as follows. In Section
2 we describe the DISCOVER motion interpolation method.
In Section 3 we illustrate the method proposed in [4] and
after we propose a variant to our method in order to reduce
the complexity. Experimental results are reported in Section
4, while conclusions and future work are in Section 5.

2. STATE OF THE ART: DISCOVER MOTION
INTERPOLATION ALGORITHM

One of the most popular methods for image interpolation is
the method proposed in the DISCOVER project [3]: it con-
sists in a linear interpolation between two adjacent KFs. For
example, if the GOP size is equal to 2, we use the KFsIk−1
andIk+1 for the estimation of the WZFIk. The DISCOVER
method consists of four steps:
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Figure 1: Bidirectional motion estimation in DISCOVER.
The distance betweenq andp is small, such that the motion
in p can be approximated with the motion inq.

1. Low Pass Filter. The two KFs,Ik−1 and Ik+1, are spa-
tially filtered in order to reduce noise.

2. Forward Motion Estimation. A block matching is per-
formed fromIk+1 to Ik−1. Letv be the motion vector field
(MVF) calculated at this step (green arrows in Fig. 1).

3. Bidirectional motion estimation. For each macroblock
(letp be its center) we search the vectorv that intercepts
the frameIk in the point closest top. Letq be this inter-
section. Then, the movement inp can be approximated
as the movement inq (black vector in Fig.1). Afterwards,
the vector is split intow (backward MVF) andu (forward
MVF) (light-blue vectors in Fig. 1)

4. Refinement and median filter.The vectorsw andu are
refined around their initial positions in order to minimize
the SAD (or SSD) between the MB pointed byw in Ik+1
and the one pointed byu in Ik−1. Afterwards, a median
filter is applied to the two MVFs in order to smooth them.

Finally, Ik+1 is motion-compensated withw and Ik−1
with u. The average of these two predictions is the estima-
tion of the WZF.

3. PROPOSED METHODS

In [4] we proposed a higher order motion interpolation
method in order to increase the results given by DISCOVER.
For the sake of clarity, we report here the basic ideas of this
algorithm and after we propose some variants to this algo-
rithm.

3.1 Higher order motion interpolation (HOMI)

While DISCOVER motion interpolation method performs a
linear interpolation between the two adjacent KFsIk−1 and
Ik+1 (by supposing the GOP size equal to 2), we proposed
in [4] a higher motion interpolation by using four KFs:Ik−3,
Ik−1, Ik+1 andIk+3. Our method consists into four steps:

1. Initialization. By using onlyIk+1 andIk−1 we compute
the backward and the forward MVF, respectivelyu and

w, as in DISCOVER algorithm (black dashed vectors in
Fig. 2(a)).

2. Motion estimation from Ik±1 to Ik±3. We perform a
block matching motion estimation fromIk±1 to Ik±3. Let
p be the center of the MB in the frameIk that we want to
estimate. LetBp

k be the MB in the frameIk, centered inp.
Then, we search for the vector ˜u such that the following
functional is minimized:

J(ũ) = ∑
q

∣∣∣Bp+u(p)
k−1 (q)−Bp+ũ

k−3 (q)
∣∣∣+λ∥ũ−3u∥, (1)

whereλ ≥ 0 is a regularization constant. The regulariza-
tion term is added for penalizing too large deviations of ˜u

from 3u, i.e. the solution that we would have supposing
a linear motion along the four frames.

3. Interpolation. Now, we can trace the trajectory of the
object along the various KFs by interpolating the posi-
tionsp+ ũ(p), p+u(p), p+w(p), andp+ w̃(p), re-
spectively at the instantsk− 3, k− 1, k+ 1 andk+ 3.
Then, by sampling it ink, we obtain the estimated posi-
tion of the object in the frameIk. Let p̂ be this position.
We can then estimate the motion vectors centered in ˆp

(red vectors in Fig. 2(a)).
4. Vector adjustment. We suppose that the distance be-

tweenp̂ andp is so small, such that the motion inp is
the same as in ˆp, that we can approximate the vectors in
p with the vectors estimated in ˆp (green dashed vectors
in Fig. 2(a)).

Afterward, we repeat this for each macroblock. The average
of the two compensations will be the WZF estimation.

We repeat this procedure for each macroblock. After-
ward, we motion-compensate the frameIk+1 by the backward
MVF and Ik−1 by the forward MVF. The average of the two
compensations will be the WZF estimation.

3.2 Fast HOMI

The complexity of the interpolation procedure described in
the previous section can be reduced, because at the instant
k, we have already estimated the forward motion vector field
v, from the frameIk−2 to the frameIk−3 and the backward
motion vector fieldz from Ik−2 to Ik−1. In this way, it is only
necessary the motion vector field fromIk+1 to Ik+3 while it
is not necessary to perform the motion estimation fromIk−1
to Ik−3: we can exploit the MVF computed at instantk−2.
This method is less robust than the first one, because instead
of the motion estimation fromIk−1 to Ik−3, we just exploit the
estimation of two MVFsv andz. This gives us a less accu-
rate motion estimation. On the other hand, thanks tov andz,
we can find another macroblock in the frameIk−2: then we
can interpolate the data by using five points (not regularly
spaced). The procedure consists therefore of the following
five steps (see Fig. 2(b)):
1. Initialization. - We estimateu from Ik to Ik−1 andw

from Ik to Ik+1 by DISCOVER method.
2. Motion estimation from Ik+1 to Ik+3. We perform a

block matching motion estimation fromIk+1 to Ik+3 and
we find the positionp+ w̃.

3. Motion estimation from Ik−1 to Ik−2 and from Ik−2 to
Ik−3. We search for the vectorz(q) that points inIk−1
to the position closest top+u(p). Then, we estimate
the intersection of the trajectory in the frameIk−2 as the
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Figure 2: (a) HOMI method for motion estimation. (b) Proposed interpolation method (Fast HOMI) for WZF estimation by
exploiting the previous estimated MVF.

point p+ t, with t = u(p)− z(q). For the estimation
of the intersection of the trajectory inIk−3, we use the
vectorv(q). The intersection point will bep+ ũ, with
ũ(p) = t+v(q).

4. Interpolation. Finally, we interpolate a vector function
with the five valuesp+ ũ,p+t,p+u(p),p+w(p) and
p+ w̃(p) respectively, at the instantsk−3, k−2, k−1,
k+1 andk+3, in order to find its value at the instantk,
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GOP size 2 4 8
λ 50 20 0

Table 1: Values ofλ for different GOP sizes

which will be denoted bŷp.
5. Vector adjustment. It is done as in the previous section.

We observe that the complexity of Fast HOMI is about the
half of the original algorithm.

3.3 Increasing the density of the MVF

When we perform the block matching, we consider a block
Bp

k , centered inp and whose size isN×N. Then, we letp
vary in {(nM,mM)}(n,m)∈C, whereC ⊂ Z2 is such that we
compute a vector for eachM×M block in the image.

Although the conditionM =N is usually chosen, in order
to increase the SI quality we can use denser MVF by select-
ing a value forM smaller thanN. We observe that, while
we can increase the density by reducingM without particular
constraint (excepted for the computational complexity), we
cannot allow arbitrary variations ofN (the block size) since
if the blocks are too small, the matching may suffer from
noise. On the contrary, thanks to the block overlap, we can
densify the MVF without sacrificing robustness. So, we will
considerN = 8 in the following, but we will use denser MVF
with M < N.

We can therefore modify both the HOMI and the Fast
HOMI technique, ending up with 4 SI generation technique:
HOMI with N = M = 8 (that is, the one proposed in [4]),
referred to as HOMI8 from now on; HOMI withN = 8
and M = 4, which we will indicate as HOMI4; and the
fast version of these techniques, referred to as FastHOMI8
and FastHOMI4. The three new techniques (along with
HOMI8 for completeness), will be compared with the ref-
erence method, DISCOVER, which does not use the overlap.

4. EXPERIMENTAL RESULTS

In order to use the proposed SI generation techniques, we
need to tune the regularization parameterλ for different GOP
sizes. At this end we can use the results reported in [4] for
HOMI8, since we consider thatλ depends mainly on the
block sizeN. For the sake of completeness, we report the
optimal values ofλ as a function of the GOP size in Tab. 1.
We found that the optimal value ofλ decreases when the
KFs are farther apart. This is reasonable since in this case we
must allow larger vector deviations to take into account the
movement.

Now we can compare the different methods. We used the
test sequencesbook arrival, ballet, jungle andbreakdancer
at a resolution of 384×512 pixels. We encoded the KFs by
the INTRA mode of H.264, using four quantization step val-
ues, namely 31, 34, 37 and 40. At this stage, we use as eval-
uation metric the PSNR of the SI with respect to the original
WZF. More precisely for each of the four methods, we com-
pute the PSNR difference (averaged along each sequence)
with respect to DISCOVER. This quantity is called∆PSNR.

The results of this test are reported in Tab. 2 to 5. We
observe that in almost all cases, the quality of the side infor-
mation is improved w.r.t. DISCOVER. The only exception
is for GOP size equal to 8, when a good SI estimation is

QP book arrival ballet jungle breakdancer
GOP size = 2

31 0.256 0.263 0.126 0.048
34 0.202 0.214 0.105 0.048
37 0.157 0.149 0.082 0.041
40 0.106 0.112 0.055 0.033

GOP size = 4
31 0.431 0.255 0.354 0.123
34 0.403 0.220 0.336 0.116
37 0.347 0.175 0.306 0.108
40 0.282 0.135 0.262 0.093

GOP size = 8
31 0.226 0.042 0.027 0.039
34 0.216 0.039 0.011 0.031
37 0.201 0.028 0.001 0.025
40 0.173 0.021 0.000 0.022

Table 2:∆PSNR [dB] for HOMI 8

difficult, and all methods are almost equivalent (differences
usually under 0.1 dB).

Then, we observe that denser MVFs improve the SI qual-
ity for GOP size equal to 2, while they do not help in the
case of long-term estimation. We ascribe this behavior to
the difficulty of estimating images that are quite far from the
references.

Finally we observe that the fast versions of HOMI have
fairly good performances, since the quality of the SI is almost
unchanged in many cases, while the computational complex-
ity is halved.

The last experiment consisted in computing end-to-end
performances (i.e. rate reduction and PSNR improvement) of
the proposed techniques when inserted into a complete DVC
coder like the one in [1], by using the the Bjontegaard metric
[2]. The results are shown from Tab. 7 to Tab. 9, and they
are not surprising: the proposed method are in general better
than the reference DISCOVER, excepted for GOP size equal
to 8, where they are practically equivalent.

Moreover, even from the point of view of RD perfor-
mances, denser MVF are better than sparser ones, and the fast
version of HOMI are as effective as the original algorithms.
We remark that globally, the better techniques is HOMI4,
which allows rate reductions up to 8% w.r.t. the reference.

As a final observation, we note that increasing the quality
of the side information does not mean always an increasing
of the RD performances. For example, the HOMI8 method
has a better side information than DISCOVER for GOP size
equal to 8, but worser RD performances. This confirms the
intuition that the PSNR with respect to the original WZF is
not necessarily an accurate method for evaluating the SI qual-
ity, even though for the moment is the most common, since
in most cases the RD performances are well correlated to the
side information PSNR.

5. CONCLUSIONS AND FUTURE WORK

Based on the previous work in [4], where we propose a
higher order motion interpolation, we continue to explore
higher order motion interpolation techniques in order to in-
crease the SI quality. We try to increase the density of the
estimated MVF and at the same time to reduce the complex-
ity by reusing the already estimated MVF.

The technique using dense MVFs is successful both in
increasing the SI quality (up to 0.47 dB better than the ref-
erence method DISCOVER), and in improving the end-to-
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QP book arrival ballet jungle breakdancer
GOP size = 2

31 0.464 0.379 0.194 0.052
34 0.384 0.268 0.186 0.035
37 0.334 0.142 0.129 0.072
40 0.236 0.122 0.093 0.048

GOP size = 4
31 0.472 0.204 0.319 0.134
34 0.467 0.171 0.306 0.122
37 0.422 0.149 0.265 0.106
40 0.322 0.132 0.229 0.074

GOP size = 8
31 -0.012 -0.049 0.008 -0.016
34 0.027 -0.026 -0.007 -0.002
37 0.012 -0.050 -0.012 0.018
40 0.039 -0.002 -0.044 -0.006

Table 3:∆PSNR [dB] for HOMI 4

QP book arrival ballet jungle breakdancer
GOP size = 2

31 0.199 0.239 0.102 0.018
34 0.139 0.199 0.086 0.015
37 0.116 0.150 0.063 0.010
40 0.080 0.114 0.045 0.009

GOP size = 4
31 0.316 0.340 0.361 0.081
34 0.320 0.315 0.343 0.066
37 0.263 0.255 0.313 0.069
40 0.201 0.202 0.268 0.051

GOP size = 8
31 -0.040 0.005 0.135 -0.011
34 -0.035 -0.008 0.120 0.004
37 -0.044 -0.020 0.112 -0.016
40 -0.036 -0.015 0.094 -0.011

Table 4:∆PSNR [dB] for Fast HOMI 8

end RD performances, with a rate reduction attaining 8.2%
in the best case. Moreover we show that fast version of the
HOMI algorithms have almost the same performance as the
original one, but with an halved complexity. These good re-
sults encourage us to keep looking for efficient SI methods.
A technique we intend to investigate will exploit the previ-
ous WZF which has been fully reconstructed (i.e. by using
the parity bits to correct it) to produce more accurate motion
vector fields.
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QP book arrival ballet jungle breakdancer
GOP size = 2

31 0.408 0.384 0.174 0.063
34 0.348 0.278 0.172 0.043
37 0.306 0.149 0.121 0.058
40 0.214 0.150 0.091 0.034

GOP size = 4
31 0.330 0.328 0.330 0.085
34 0.316 0.267 0.315 0.082
37 0.286 0.239 0.289 0.052
40 0.193 0.211 0.242 0.038

GOP size = 8
31 -0.279 -0.060 0.120 -0.041
34 -0.229 -0.046 0.108 -0.026
37 -0.261 -0.073 0.106 -0.027
40 -0.227 -0.107 0.047 -0.058

Table 5:∆PSNR [dB] for Fast HOMI 4

book arrival ballet jungle breakdancer
GOP size = 2

∆R (%) -1.309 -4.815 -1.649 -2.645
∆PSNR [dB] 0.035 0.575 0.204 0.114

GOP size = 4
∆R (%) -4.328 -3.527 -5.856 -3.595
∆PSNR [dB] 0.279 0.239 0.331 0.169

GOP size = 8
∆R (%) 1.521 -0.392 -1.056 -0.123
∆PSNR [dB] -0.086 -0.053 0.060 0.029

Table 6: Rate-distortion performance for HOMI 8

book arrival ballet jungle breakdancer
GOP size = 2

∆R (%) -5.655 -6.080 -4.144 -4.259
∆PSNR [dB] 0.191 0.624 0.497 0.198

GOP size = 4
∆R (%) -6.211 -4.481 -8.220 -5.240
∆PSNR [dB] 0.361 0.334 0.430 0.345

GOP size = 8
∆R (%) 1.958 -0.928 -2.372 -3.001
∆PSNR [dB] -0.129 0.108 0.139 0.144

Table 7: Rate-distortion performance for HOMI 4

book arrival ballet jungle breakdancer
GOP size = 2

∆R (%) -0.957 -4.268 -1.283 -2.100
∆PSNR [dB] -0.052 0.436 0.308 0.170

GOP size = 4
∆R (%) -3.814 -4.890 -6.598 -2.870
∆PSNR [dB] 0.294 0.398 0.335 0.192

GOP size = 8
∆R (%) 1.922 -0.857 -1.996 -1.622
∆PSNR [dB] -0.072 0.023 0.107 0.072

Table 8: Rate-distortion performance for Fast HOMI 8

book arrival ballet jungle breakdancer
GOP size = 2

∆R (%) -4.497 -5.438 -3.74 -3.315
∆PSNR [dB] 0.122 0.703 0.564 0.237

GOP size = 4
∆R (%) -4.475 -4.591 -7.830 -5.862
∆PSNR [dB] 0.270 0.423 0.383 0.316

GOP size = 8
∆R (%) 3.425 0.157 -2.454 -2.191
∆PSNR [dB] -0.228 -0.099 0.127 0.105

Table 9: Rate-distortion performance for Fast HOMI 4
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ABSTRACT 
This paper introduces the VISNET II DVC codec. This codec 
achieves very high RD performance thanks to the efficient 
combination of many state-of-the-art coding tools into a 
fully practical video codec. Experimental results show that 
the proposed DVC codec consistently outperforms 
H.264/AVC Intra. For sequences with coherent motion, it 
even surpasses H.264/AVC zero-motion. Finally, it is also 
always better than the DISCOVER DVC codec. Therefore, it 
is expected that the proposed high performing DVC codec 
will be used by other researchers in the field as a reference 
to benchmark their results. 

1. INTRODUCTION 

With the wide deployment of mobile and wireless networks, 
a growing number of emerging applications, such as low-
power sensor networks, video surveillance cameras and mo-
bile communications, rely on an up-link model rather than 
the typical down-link communication model. Typically, these 
applications are characterized by many senders transmitting 
data to a central receiver. In this context, light encoding or a 
flexible distribution of the codec complexity, robustness to 
packet losses, high compression efficiency and low laten-
cy/delay are important requirements.  

To address the needs of these up-link applications, the 
usual predictive video coding paradigm has been revisited 
based on Information Theory theorems from the 70s. The 
Slepian-Wolf (SW) theorem [1] establishes lower bounds on 
the achievable rates for the lossless coding of two or more 
correlated sources. More specifically, considering two statis-
tically dependent random signals X and Y, it is well-known 
that the lower bound for the rate is given by the joint entropy 
H(X,Y) when these two signals are jointly encoded (as in 
conventional predictive coding). Conversely, when these two 
signals are independently encoded but jointly decoded (dis-
tributed coding), the SW theorem states that the minimum 
rate is still H(X,Y) with a residual error probability which 
tends towards 0 for long sequences. Later, Wyner and Ziv 
(WZ) have extended the SW theorem and showed that the 

result holds for the lossy coding case under the assumptions 
that the sources are jointly Gaussian and a mean square error 
distortion measure is used [2]. Subsequently, it was shown 
that this result remains valid as long as the difference be-
tween X and Y is Gaussian. 

Video coding schemes based on these theorems are re-
ferred to as Distributed Video Coding (DVC) solutions. Since 
the new coding paradigm is based on a statistical framework 
and does not rely on joint encoding, DVC architectures may 
provide several functional benefits which are rather impor-
tant for many emerging applications: i) flexible allocation of 
the global video codec complexity; ii) improved error resi-
lience; iii) codec independent scalability; and iv) exploitation 
of multiview correlation. 

Based on these theoretical results, practical implementa-
tions of DVC have been proposed since 2002. The PRISM 
(Power-efficient, Robust, hIgh compression Syndrome-based 
Multimedia coding) [3] solution works at the block level and 
performs motion estimation at the decoder. Based on the 
amount of temporal correlation, estimated using a zero-
motion block difference, each block can either be conven-
tionally (intra) coded, skipped or coded using distributed 
coding principles. Another DVC architecture working at 
frame level has been proposed in [4]; this DVC solution in-
cludes a feedback channel which allows performing decoder 
rate control based on the available correlation.  

In this paper, the DVC codec developed within the Eu-
ropean Network of Excellence VISNET II project [5] is de-
scribed. This codec is based on the early architecture in [4] 
and integrates numerous advanced tools [6]-[14], either de-
veloped within the VISNET II network or proposed in the 
literature. It is the outcome of an intensive collaboration, 
resulting in a complete DVC system with state-of-the-art 
Rate-Distortion (RD) performance. 

2. VISNET II CODEC ARCHITECTURE AND 
TOOLS 

This section provides a description of the VISNET II DVC 
codec architecture and tools illustrated in Figure 1. 
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Figure 1 – Proposed VISNET II DVC architecture 

The main objective of this codec is to reach the best 
possible RD performance. For this purpose, advanced tools, 
either developed within the VISNET II project or proposed in 
the literature by other research groups, have been adopted for 
most of the modules described hereafter. The main contribu-
tion of this paper consists in the effective combination of 
these tools in order to develop an efficient DVC codec. In 
addition, the VISNET II DVC codec represents a significant 
advance over the state-of-the-art, since it integrates novel 
tools such as iterative reconstruction and deblocking filter.  

Finally, it is important to stress that the VISNET II DVC 
codec is a fully practical video codec. For instance, no origi-
nal frames are used at the decoder to create the side informa-
tion, to estimate the bitplane error probability or to estimate 
the correlation noise model parameters. 
 
2.1 Encoder 
First, the video sequence is divided into WZ frames and key 
frames. Key frames are typically periodically inserted with a 
certain GOP size and are coded using a H.264/AVC Intra 
codec. An adaptive GOP size selection process may also be 
used; in this case, the key frames are inserted depending on 
the amount of temporal correlation in the video sequence [6]. 
Most results available in the literature use a GOP size of 2 
which means that odd and even frames are key frames and 
WZ frames, respectively.  

For the WZ frames, the following operations are carried 
out at the encoder side: 
• Transform - For WZ frames, an integer 4×4 block-

based DCT is applied. The DCT coefficients of the en-
tire WZ frame are then grouped together, according to 
their position within the 4×4 blocks, forming DCT coef-
ficients bands.  

• Quantization - Next, each DCT coefficients band bk is 
uniformly quantized with 2Mk levels (where the number 
of levels 2Mk depends on the band bk). The resulting 
quantized symbols are then split into bitplanes, i.e. for a 
given band, the bits of the same significance are grouped 
together in a bitplane array.  

• Turbo Encoding - These bitplanes are then indepen-
dently encoded. More precisely, the turbo encoding pro-
cedure for the band bk starts with the most significant 
bitplane array. A pre-interleaver is also applied [7] for 
improved RD performance. The parity information gen-
erated by the turbo encoder for each bitplane is then 
stored in the buffer and sent in chunks/packets upon de-
coder request, through the feedback channel.  

• CRC - The encoder also calculates an 8 bit Cyclic Re-
dundancy Check (CRC) hash for each bitplane and 
sends it to the decoder [8]. This will help the decoder to 
detect any remaining residual errors left by the stopping 
criterion computed at the turbo decoder. 

Conversely, the key frames are encoded with the efficient 
H.264/AVC Intra mode in main profile with Context-
adaptive Binary Arithmetic Coding (CABAC) active and all 
the spatial Intra prediction modes (4×4 and 8×8) enabled, 
thus achieving a good coding performance. 

 
2.2 Decoder 
For the WZ frames, the following operations are carried out 
at the decoder side: 
• Frame Interpolation - The decoder creates the side 

information for each WZ coded frame with a motion 
compensated frame interpolation framework, using the 
previous and next temporally closer reference frames to 
generate an estimate of the WZ frame. The side informa-
tion for each WZ frame corresponds to an estimation of 
the original WZ frame. With a better quality of this esti-
mation, the turbo decoder has to correct fewer ‘errors’ 
and the bitrate necessary for successful decoding (i.e. to 
achieve a small error probability) decreases. In the pro-
posed codec, hierarchical motion estimation [6] and spa-
tial motion smoothing [9] are applied in order to im-
prove RD performance. 

• Side Information Transformed - A block-based 4×4 
DCT is then carried out over the side information in or-
der to obtain the DCT coefficients which are an estimate 
of the WZ frame DCT coefficients.  
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• Correlation Noise Modeling - The residual statistics 
between corresponding WZ frame DCT coefficients and 
the side information DCT coefficients is modeled by a 
Laplacian distribution. The Laplacian parameter is esti-
mated online and at the coefficient granularity level [10].  

• Turbo Decoding - Once the DCT transformed side in-
formation and the residual statistics for a given DCT 
coefficients band bk are known, the decoded quantized 
symbol stream associated to the DCT band bk can be ob-
tained through the turbo decoding procedure. The turbo 
decoder receives from the encoder successive chunks of 
parity bits following the requests made through the 
feedback channel. After successfully turbo decoding the 
most significant bitplane array of the bk band, the turbo 
decoder proceeds in an analogous way with the remain-
ing Mk-1 bitplanes associated to the same band. Once all 
the bitplanes of the DCT coefficients band bk are suc-
cessfully turbo decoded, the turbo decoder starts decod-
ing the next bk+1 band. This procedure is repeated until 
all the DCT coefficients bands, for which WZ bits are 
transmitted, are turbo decoded. 

• Request Stopping Criterion - To decide whether more 
parity bits are needed for the successful decoding of a 
certain bitplane, the decoder uses a simple request stop-
ping criterion. The stopping criterion estimates the cur-
rent bitplane error probability Pe for a given DCT band 
based on the a posteriori probabilities ratio [11]. If Pe is 
higher than 10−3 the decoder requests for more parity 
bits from the encoder via feedback channel; otherwise, 
the bitplane turbo decoding task is considered success-
ful. 

• CRC Checking - Because some residual errors remain 
when the request stopping criterion is fulfilled and these 
errors may have a rather negative subjective impact on 
the decoded frame quality, a CRC checksum is transmit-
ted to help the decoder detect and correct the remaining 
errors in each bitplane. Since this CRC is combined with 
the developed request stopping criterion, it does not have 
to be very strong in order to guarantee a vanishing error 
probability (≈ 0) for each decoded bitplane. As a conse-
quence, a CRC-8 checksum for each bitplane was found 
to be strong enough for this purpose which only adds 
minimal extra rate (8 bits) for each decoded bitplane (in 
other words, 1536 source bits for QCIF sequences). 
Thus, if the decoded bitplane has the same CRC check-
sum that the encoder CRC checksum, the decoding is 
declared to be successful and the decoding of another 
band/bitplane can start; otherwise, more parity bits are 
requested and the turbo decoding process starts again. 

• Bin Forming - After turbo decoding the Mk bitplanes 
associated to the DCT band bk, the bitplanes are grouped 
together to form the decoded quantized symbol stream 
associated to the bk band. This procedure is performed 
over all the DCT coefficients bands for which WZ bits 
are transmitted. The DCT coefficients bands for which 
no WZ bits were transmitted are replaced by the corres-
ponding DCT bands from the DCT side information. 

• Reconstruction - The reconstruction corresponds to the 
inverse of the quantization but exploits the side informa-
tion DCT coefficients and all turbo decoded symbol 
streams (quantization bins/intervals) [12]. The recon-
struction is performed iteratively for each refinement of 
the side information.  

• Inverse Transform - After, a block-based 4×4 IDCT is 
performed and the reconstructed pixel domain WZ 
frame is obtained.  

• Iterative Reconstruction - Next, iterative reconstruc-
tion is performed. It relies on the partially decoded WZ 
frame which becomes available in the WZ decoder, i.e. 
the decoded result after the correction of some errors in 
the side information. This partially decoded frame has 
higher quality than the side information and thus it can 
be exploited to generate side information again but with 
improved quality [13]. This procedure is based on the re-
finement of the motion vectors and the reference frame 
selection (backward, forward and bidirectional predic-
tions are allowed) and exploits the obtained partially de-
coded frame. With the improved side information the re-
construction can be performed again obtaining a higher 
quality frame. 

• Deblocking Filter - To improve both subjective and 
objective qualities of the WZ decoded frames, a decoder 
side adaptive deblocking filter is proposed [14]. More 
specifically, the filter is inserted inside the SI motion es-
timation loop as an In-Loop Deblocking Filter (ILDF), 
i.e. the frame generated by the filter is used as reference 
in the side information generation process (for GOP siz-
es greater than 2). This technique is based on the well 
known H.264/AVC deblocking filter where the calcula-
tions of the boundary strength and filter parameters were 
adapted to the DVC context. 

3. PERFORMANCE ASSESSMENT  

In order to assess the RD performance of the proposed 
VISNET II DVC codec, simulation results are reported in 
this section. Experiments are carried out with four test se-
quences Hall Monitor, Coastguard, Foreman and Soccer, 
with QCIF resolution and 15 fps, adopting the same test 
conditions as described in detail in [15].  

Figure 2 shows the RD performance in comparison with 
two H.264/AVC variants with low encoding complexity:  
H.264/AVC Intra and H.264/AVC zero-motion. The former is 
one of the most efficient Intra coding solutions available: 
While no temporal correlation is exploited, it is important to 
note that H.264/AVC Intra exploits quite efficiently the spa-
tial correlation with several Intra prediction modes. Con-
versely, H.264/AVC zero-motion exploits the temporal re-
dundancy in a IB…BI structure, but without performing mo-
tion estimation (i.e. all motion vectors are zero). In this way, 
better performance than Intra coding is achieved, as temporal 
redundancy is partly exploited. However, it requires far less 
complexity than full motion compensated Inter coding since 
no (encoder) motion search is performed. 

From these results, it is possible to observe that the 
VISNET II DVC RD performance is consistently better than 
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the H.264/AVC Intra RD performance with the exception of 
content with highly complex motion such as the Soccer se-
quence. For simple content, such as the Hall Monitor video 
surveillance sequence, DVC gains over H.264/AVC Intra can 
go up to 5 dB for GOP size 8.  

The VISNET II DVC RD performance is typically 
worse than the H.264/AVC zero-motion RD performance. 
However, for sequences with regular global motion, like the 
Coastguard video surveillance sequence, the VISNET II 
DVC codec performs better than H.264/AVC zero-motion 
due to the inability of the latter to efficiently exploit the tem-
poral redundancy.   

The best VISNET II DVC RD performance is typically 
reached for GOP size 2, showing the difficulty to generate 
effective side information at the decoder when the key 
frames are farther apart. However, for simple sequences such 
as Hall Monitor, the RD performance increases with the GOP 
size in the range of values tested.  

Figure 3 shows the RD performance in comparison with 
the DISCOVER DVC codec [16] which is one the best per-
forming DVC codecs available in the literature. It can be 
observed that the VISNET II DVC RD performance is con-
sistently better than the DISCOVER DVC RD performance 
for all sequences and bitrates. The gains are more substantial 
for high motion sequences and for longer GOP sizes. These 
gains are mainly associated to the improvements in the side 
information creation process, the iterative reconstruction 
process and the deblocking filter. 

In terms of complexity, a thorough analysis of a DVC 
codec which shares a similar architecture as the proposed 
VISNET II DVC codec is presented in [17]. It is shown that 
WZ frames encoding complexity is about 1/6 of the average 
H.264/AVC Intra or H.264/AVC zero-motion encoding com-
plexity.  Conversely, the DVC decoding complexity is always 
much higher than H.264/AVC Intra or H.264/AVC zero-
motion decoding complexity. 

4. CONCLUSIONS 

In this paper, the VISNET II DVC codec, which is the result 
of an intensive collaborative work, is presented. This codec 
integrates multiple advanced coding tools to build a power-
ful DVC system with state-of-the-art RD performance. The 
RD performance assessment has shown that the proposed 
VISNET II DVC codec consistently achieves better RD per-
formance when compared to the H.264/AVC Intra codec. 
Moreover, for sequences with regular global motion, the 
VISNET II DVC codec even performs better than 
H.264/AVC zero-motion. Finally, it is also consistently bet-
ter than the DISCOVER DVC codec which is one the best 
performing DVC codecs in the literature. 
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ABSTRACT 
This paper presents a computer model for simulating the 
impulse noise produced by the operation of circuit breakers 
and isolator switches in HV electric power systems. The 
simulator utilizes a recorded sample of the impulse noise as 
a kernel sequence. The kernel sequence is measured and 
recorded at the point of connection of the telecommunica-
tion equipment to the coaxial cable. The simulator produces 
the sequence composed of the low-level background noise, 
and of the train of short-time high-level noise impulses of 
random amplitudes, which are evenly distributed in time. At 
the output, the simulator is supplied with the bandpass digi-
tal filter with variable bandwidth and variable central fre-
quency. The purpose of the filter is to simulate the impulse 
noise over the bandwidth of the desired telecommunication 
channel. 

1. INTRODUCTION 

Digital communications over high voltage (HV) power lines 
provide a cost effective solution for power utility systems. 
Communications on power lines can be classified in two 
main categories: 
• High voltage power-line communications; 
• Low and medium voltage power-line communications. 
In this paper, we are focused on the high voltage power-line 
communications (power-line carrier link). 

Digital power line carrier (dPLC) equipment is introduced 
to replace the existing analog power line carrier (aPLC) 
equipment in order to answer the demand of new communi-
cation services requiring higher data rates [1]−[6]. With the 
applications of optical cables in modern power utility net-
works, the dPLC are mainly foreseen to provide communi-
cations with remote stations, and for the rural areas and ar-
eas with mountainous land forms where the construction of 
optical cables could be costly.  Furthermore, the power line 
carrier links provide an economic solution in the countries 
with the long distances where the power lines present the 
only available infrastructure.   

The HV power line as a communication channel has 
specific constrains. Besides the amplitude and phase distor-
tion, the noise is the crucial factor influencing high rate data 
transmission over power lines [1]−[11]. The existence of 

high voltage inevitably produces the noise in power-line 
communication channels. The noise characteristics can be 
divided in two main categories [8]−[12]: 
1. Noise in normal (stationary) operation of the power 

line, such as corona noise, noise due to interference 
with other PLC communication systems, and other. 

2. Noise at transient and emergency operation. This cate-
gory comprises noise due to power-line faults, circuit 
breakers and isolator operation, and lightning dis-
charges. This category is characterised as the impulsive 
noise.  

In this paper, we are focused on the second category, i.e. to 
the impulsive noise produced by the operation of circuit 
breakers and isolator switches. The impulsive noise forms a 
train of short-time high-level noise impulses of random du-
rations and random amplitudes which are evenly distributed 
in time [1]−[4], [9], [10]. In practice, the duration of an im-
pulse noise train ranges from several milliseconds to even 
10 seconds. The presence of the impulsive noise may pro-
duce severe damages in dPLC links such as loss of the syn-
chronisation and errors in the transmitted data packets. 
Therefore, the impulsive noise influences the available time 
of dPLC link. The goal of this paper is to present an appro-
priate computer model of the impulsive noise suitable for 
examination of the noise properties in the frequency range 
standardized for the dPLC links.  

It is to be pointed out that the measurements of the high 
frequency characteristics on the power line are limited with 
permission of the power utilities and availability of the cou-
pling equipment. Therefore, the computer simulations of the 
power line high frequency characteristics are indispensable 
for the dPLC design. The computer simulation models of the 
transmission characteristics and that of corona noise have 
been described in [11], [13]. For modelling the impulsive 
noise, hidden Markov processes can be generally used, see 
e.g.  [9], [14]. 

 In this paper, we propose an efficient computer model for 
the impulse noise simulator based on digital signal process-
ing techniques and on the authentic digital record of an im-
pulse noise signal recorded during the transient and emer-
gency operations on the HV power line. The purpose of the 
model described in the following sections of this paper is to 
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provide a realistic simulation of the impulsive noise that can 
appear in the communication channel realized over a HV 
power-line. 

2. COMPUTER MODEL OF THE IMPULSIVE 
NOISE 

In this section, we describe a new computer model for simu-
lation of the impulse noise produced by the operation of 
circuit breakers and isolator switches on the HV power line. 

The basic idea is to utilize a kernel sequence consisting of 
the noise voltage data measured and recorded in the tele-
communication room of the hydroelectric power plant at the 
point of connection of the telecommunication equipment to 
the coaxial cable. Due to the measuring equipment, the re-
corded noise sequence is usually of a short duration (several 
milliseconds). Utilizing the authentic record of the noise 
sequence of a short duration, we construct the computer 
model that simulates the noise sequence of an arbitrary dura-
tion.  

The structure of the model is based on the following prop-
erties of the impulsive noise: 
• Usually, the impulse noise appears as a train of short-

time high-level impulses of random durations. 
• The impulses in the train are evenly distributed in time. 
• The spectrum of the impulse noise covers the frequency 

range which is standardized for dPLC communications 
(24kHz – 1MHz) [5]. 

• The effects of high level impulsive noise to communica-
tion channel highly exceed the effects of other noise 
sources to such a degree that during the presence of the 
impulse noise the effects of other impairments, such as 
corona, may be considered as a background noise. 

The simulation model, which is the subject of this paper, 
is based on the multirate and digital signal processing tech-
niques [15], [16]. For the sampling frequency, we chose fs = 
2 MHz to provide signal  processing in the range of commu-
nication signal (24kHz – 1MHz), and to enable sufficiently 
accurate implementation of the variable bandpass digital 
filters of relatively narrow bandwidths of 4, 8, 16, 32, 64 
kHz.  

 The structure of the simulator is demonstrated in Figures 
1 and 2. The block diagram of Figure 1 describes the resam-
pling process performed on the kernel sequence. The term 
kernel sequence denotes the sequence containing the re-
corded measured data of the impulsive noise. The sampling 
frequency of the original kernel sequence usually exceeds 
the desired sampling frequency of the simulator. For exam-
ple, the sampling frequency of the original data is 10 MHz 
whereas the simulator operates at the sampling frequency of 
2 MHz. Therefore, the down-sampling-by-M is performed in 
the first stage and the down-sampled sequence {x[nT]} is 
obtained. The down-sampling with the time offset, p is an 
integer in the range [1, M-1], is applied in order to capture 
the sample with the highest amplitude. In the second stage 
of Figure 1, we apply the fractional interpolation to the se-
quence {x[nT]} in order to modify the length of the se-
quence by a random factor R[k], k = 1, 2, …, N. Here, the 
interpolation factor R[k] is a real number from the range 

[0.5, 1.5]. The linear fractional interpolation is used for 
computing the new sample values of the resampled se-
quence denoted as {xk[nT]}. In this way, for each new k (k = 
1, 2, …, N), the down-sampled kernel sequence {x[nT]} is 
compressed or extended depending on the value of the ran-
dom factor R[k]. If the length of the down-sampled kernel 
sequence {x[nT]} is L, the length of the resulting sequence 
{xk[nT]} amounts [ ]⎣ ⎦kLR . Notice, that the fractional inter-
polation is used to change the sequence length, not the sam-
pling frequency. 

 
Figure 1 – Generation of the resampled kernel sequence. 

The block for generation of the resampled kernel se-
quence, Figure 1, is introduced into the structure of the im-
pulse noise simulator of Figure 2, which is composed of two 
main branches:  
• Branch 1 for generating the impulses of random ampli-

tudes and of random durations. 
• Branch 2 for inserting the time slots of random durations 

between the impulses generated in branch 1.  
 

 
 

Figure 2 – Block diagram of the impulse noise simulator. 

The principal block in branch 1 is the block which gener-
ates the new resampled kernel sequence {xk[nT]} of the 
length ( )⎣ ⎦kLR  for each new value of k. This block, denoted 
as {xk[nT]}, represents the structure of Figure 1. The cascade 
of the white noise generator, filter G(z), and the sliding win-
dow {wk[nT]}, produce the noise sequence which is used to 
modify the amplitudes of the sequence {xk[nT]}: 
- The white noise generator produces a very long white 

noise sequence {g(nT)}.  
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- In the next stage, the absolute values {|g(nT)|} are com-
puted.  

- The noise shaping filter G(z) is used to attenuate higher 
frequencies in the white noise spectrum.  

- With each new k, the sliding window {wk[nT]} extracts 
the new portion of the length ⎣ ⎦][kLR  from the very 
long noise sequence {|g(nT)|}.  

Finally, the amplitudes of {xk[nT]} are modified by multi-
plication with the windowed noise sequence of the length 
⎣ ⎦][kLR . The result is stored in Buffer 1. 

The noise shaping filter G(z) is a very simple 2nd order re-
cursive filter whose magnitude response decreases with fre-
quency.  

Branch 2 forms the time slots of random durations. The 
sequence {ci[nT]} is a zero valued sequence of the length 
i[k], where i[k] is an integer from the set of random integers 
{i[k]}. Buffer 2 contains the zero valued sequence {ci[nT]} 
whose length is randomly changed with each new k. 

At the output, for each new k, the commutator picks up the 
content of Buffer 1, and then the content of Buffer 2.  In this 
way, the impulse train with random amplitudes and random 
distribution in time is obtained. Finally, the filtered white 
noise that simulates the background noise of the system is 
added, and the desired impulsive noise sequence {s(nT)} is 
generated.  

The bandpass filter H(V)(z) with variable central frequency 
and variable bandwidth is used to select the frequency band 
of the desired communication channel for further processing. 
The output sequence {y(nT)} simulates the impulsive noise 
over the telecommunication channel. 

3. VARIABLE BANDPASS DIGITAL FILTER 

The digital filter indicated in Figure 2 as H(V)(z) is a band-
pass filter whose purpose is to select from the impulse noise 
spectrum the bandwidth which corresponds to the bandwidth 
of desired communication channel. We use a bandpass digi-
tal filer with adjustable bandwidth and adjustable central 
frequency.  

The filter structure is based on the prototype half-band 
lowpass filter of the finite impulse response (FIR) and on the 
all-pass filter sections [17]. We start from the minimum-
phase prototype FIR filter transfer function HFIR(z) 

 
( ) ∑

−

=

−=
1

0

N

k

k
kFIR zazH

 (1) 

and introduce the lowpass-to-bandpass frequency transfor-
mation. Following the procedure as given in [17], we obtain 
the transfer function of the overall bandpass filter H(V)(z) in 
the form  
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Parameters α1 and g are directly related with the 3-dB pass- 
band width ∆f, lower passband edge frequency fl, and the 
sampling frequency fs: 

        ( )
( )s

s

ff
ff

∆+
∆−

=
π
π

α
tan1
tan1

1 ,   ( )
( )s

sl

ff
fffg

∆
∆+

=
π

ππ
cos
2cos  (3) 

The stopband/passband ripples of the resulting bandpass 
filter (2) are those of the prototype FIR filter (1), whereas 
the bandwidth, and the central frequency are the adjustable 
characteristics, see equations (3). Figures 3 and 4 display the 
variable attenuation characteristics of the filter developed 
from the 15th order half-band FIR prototype of the minimum 
phase. Figure 3 illustrates the changes of the bandwidth, and 
Figure 4 illustrates the changes of the central frequency.  
 

 
Figure 3 – Variable bandpass filter: fc = 300 kHz, ∆f = 16, 32, and 

64 kHz. 

 
Figure 4 – Variable bandpass filter: ∆f = 32 kHz, fc = 100, 300, and 

600 kHz. 

4. ILLUSTRATIVE EXAMPLE 

In this section, we present the simulation of the impulse 
noise by means of example. For the kernel sequence of Fig-
ure 1, we utilize an authentic noise signal measured and re-
corded in the telecommunication room of the hydroelectric 
power plant “Perucica” (Montenegro) at the connection of 
the coaxial cable (impedance 75 Ohm) to PLC equipment 
[18]. Data have been recorded with the sampling frequency 
of 10 MHz, and the duration of the kernel sequence is 
1.6 ms, see Figure 5. 

The simulation results based on the kernel sequence from 
Figure 5 are displayed in Figures 6, 7, and 8. Figure 6 illus-
trates one realization of the generated noise signal denoted 
by s(nT) in Figure 2. Figure 7 displays the zoom extracted 
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from Figure 6. Evidently, the signal {s(nT)} is a train of 
compressed and extended sequences of Figure 5 with ran-
domly modified amplitudes and random distribution in time. 
The total duration of {s(nT)} is nearly 3 seconds.  

 
Figure 5 – Kernel sequence 

 
 

Figure 6 – Impulse noise {s(nT)} produced by simulator. 

 
 

Figure 7 – Segment of the impulse noise {s(nT)}. 

It is to be pointed out that in each realization, the simulator 
generates a new impulsive noise sequence {s(nT)}, and 
therefore, eliminates unwanted repetitions of the experimen-
tal results. 

In order to examine the effects of noise {s(nT)} to various 
communication channels, the variable bandpass filter H(V)(z) 

described in Section 3 is applied. Figure 8 presents an exam-
ple of the short-time Fourier (STFT) analysis performed on 
the 40 ms long segment of the filtered signal, which contains 
80000 samples of {y(nT)}. The STFT computations are 
based on the 256 samples long Hamming window with the 
overlap of 128 samples. The variable band pass filter pa-
rameters are the following: central frequency fc = 300 kHz, 
the bandwidth ∆f = 32 kHz.  
 

 
Figure 8 – Spectrum of the impulse noise recorded at the BP filter 

output (segment of {y(nT)}) for fc = 300 kHz, ∆f = 32 kHz 

5. SPECTRUM ESTIMATION 

In this section, we show the results of the estimation of the 
spectrum of the original kernel sequence and of the se-
quence generated by the simulator in the range of frequen-
cies standardized for dPLC (24 kHz – 1 MHz). The purpose 
of the analysis is to compare the estimated spectrum with the 
average impulse-type noise levels, measures at the coaxial 
cable in a bandwidth of 4 kHz, which are obtained by meas-
urements and published in the CIGRÉ document [1]. The 
noise level in [1] is presented as a voltage level measured at 
the impedance of 150 Ohm and expressed in dBu 
(20log10(Voltage[V]/0.775).  

The spectral analysis of the wideband noise signal is per-
formed by using the Welch’s averaged periodogram method 
of spectrum estimation [19]. The Kaiser window is used in 
order to provide a good separation between the channels. We 
compute: 
1. The average power spectrum of the original kernel se-

quence with the resolution of 4kHz and the sampling 
frequency of 10 MHz. 

2. The average power spectrum of the generated impulse 
noise train without time slots between the impulses (ob-
tained when excluding branch 2 in the structure of Fig-
ure 2). The sampling frequency is 2 MHz and the resolu-
tion is 4 kHz.  

For the resolution of 4 kHz and the sampling frequency of 2 
MHz, the Welch’s averaged periodogram method returns 251 
values of the power spectrum in the frequency range [0, 
1MHz]. For each value, we compute the equivalent voltage 
and the corresponding voltage level in dBu. Since the kernel 
sequence is measured at 75 Ohm impedance, and the values 
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in [1] are given for 150 Ohm, we increase the computed volt-
age levels by 6dB. The results are displayed in Figure 9. The 
red line represents the averaged equivalent voltage levels of 
the kernel sequence within 4 kHz bandwidths. The blue line 
shows the averaged equivalent noise levels within 4 kHz for 
the noise train generated by simulator (without time slots). 
Notice that the smooth blue line represents the average spec-
trum of the impulse train composed of 200 impulse se-
quences generated in the Branch 1 of Figure 2. 

Figure 9 demonstrates the following properties of the pro-
posed simulator: (1) the spectrum of the simulated signal 
(blue line) approximates the spectrum of the kernel sequence 
(red line) in the frequency band [0, 1MHz]; (2) the noise 
level decreases when frequency increases.  

Reference [1] gives the average noise levels that can be 
expected at the connection of the PLC equipment to the co-
axial cable: for isolator switch (busbar on or off) +25 dBu, 
and for circuit breaker (line on or off) +20 dBu. From the 
plots of Figure 9, we observe that in the case of the illustra-
tive example considered in this paper, the noise levels given 
in [1] are achieved in the lower frequency band. 

 
Figure 9 – Spectral characteristics of the kernel sequence (red  

curve), and of the simulated sequence (blue curve). 

 
It is to be pointed out that the level of the information sig-

nal, at the points where the impulsive noise is measured, usu-
ally ranges between –10 dBu and –30 dBu.  Obviously, the 
presence of the high-level impulsive noise (although of the 
short duration) can destroy the transmission process.   

6. CONCLUSION 

The presented model, realized as the simulation software, is 
needed for verifying the performances of communication 
systems applied in a high-voltage network. It may also be 
used to optimize the algorithms and methods for suppressing 
the effects of the impulsive noise which is present in a high-
voltage channel. 

The reliability of a communication network is of vital im-
portance for power utility systems, so this computer model, 
as a real one, may be used to assess by simulation, the reli-

ability of the applied communication methods of signal proc-
essing. 
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ABSTRACT

This paper addresses the improvement of the signal-to-disturbance
ratio of the output-signal of an oversampling, complex-modulated
subband-coder filter-bank pair with extensive subband-signal am-
plification. The undesired non-linear disturbance is induced by the
sample rate conversion within the filter-bank pair and it is hard to
predict in dependence of the signal amplification. This has not been
considered in most current design methods, leading to high proto-
type filter lengths in order to obtain desired signal-to-disturbance
ratios.

In this paper, we propose a formulation for the design of a filter-
bank which is based on the definition of the signal-to-disturbance
ratio. The algorithm iteratively optimises the coefficients of the
prototype filters of the analysis and synthesis filter-banks using it-
eratively adapted weighting factors. We show that all iteration
steps represent quadratic constrained optimization problems, and
propose an efficient implementation. A numerical example shows
that the signal-to-disturbance ratio of the output-signal is highly
improved compared to that of standard designs.

1. INTRODUCTION

Complex-modulated (DFT) subband-coder filter-banks (filter-bank
Pairs: FBP) are widely used in multirate signal processing for uni-
form spectral decomposition [4, 9], where power consumption and,
hence, computation is crucial; e.g. mobile systems, hearing aids,
etc. In addition, both a specified output-signal quality (signal-to-
disturbance ratio) and the subband-signal quality must strictly be
maintained. To avoid excessive FIR filter lengths, suitable over-
sampling of the subband-signals by an integer factor is applied [2].
Since the output-signal degradation caused by aliasing and imag-
ing is exclusively controlled by the stopband attenuation of the FBP
prototype filters, extensive subband-signal amplification generally
leads to a significantly decreased signal quality [2]. In this con-
tribution, the design of non-recursive DFT FBP is revisited, which
provides high output-signal quality even with extensive subband-
signal amplification.

In the past, many attempts have been made to design over-
sampling, complex-modulated filter-bank prototype filter pairs with
high output-signal quality for a uniform amplification pattern [3, 8].
In [3], based on a two-criteria objective function, subband (denoted
by inband) aliasing and the FBP output disturbance (so called resid-
ual aliasing) are concurrently minimised in the frame of an iterative
design procedure: The coefficients of the prototype filters of the
analysis and the synthesis filter-bank, AFB and SFB, are alternately
optimised and allow for controlling the distortion function at each
frequency point. In a similar design approach [8], the main focus is
on minimising the FBP output disturbance by alternatingly optimis-
ing the AFB and SFB prototype filters, respectively. In a different
approach [1, 6] (and partially published in [2]), the mechanisms of
the aliasing and imaging disturbances of oversampling DFT FBP
are thoroughly investigated. As a result, an overall specification of
the AFB and SFB prototype filters with frequency-dependent stop-
band requirements are derived to maintain a prescribed minimum
value of the signal-to-disturbance ratio of the output-signal that is
essentially independent of subband-signal manipulation.

This contribution is organised as follows: In section 2, we
give a brief description of oversampling complex-modulated FBP,
along with the definition of the frequency-dependent signal-to-
disturbance ratio. Next, in section 3, we discuss the basic idea of
the proposed approach and assess the expected performance. Sub-
sequently, in section 4, the objective functions and constraints are
derived. The details and an efficient implementation of the optimi-
sation procedure are presented. An illustrative example is shown in
section 5, followed by concluding remarks.

2. OVERSAMPLING COMPLEX-MODULATED FIR
FILTER-BANK PAIRS

For an oversampling complex-modulated I-channel filter-bank with
additional subband-signal amplification ξl , l ∈ {0, . . . , I−1}, as
shown in fig. 1, the AFB filters are derived from a common real-
valued FIR prototype filter [4, 9]

H (zi) =
Nh−1

∑
k=0

h(k) · z−k
i = hT ·φh (zi) , (1)

by modulation (frequency shifting) according to

H l (zi) = H
(

ziW
l
I

)

, l ∈ {0, . . . , I−1} , (2)

where WI = e−j2π/I , h = [h(0) ,h(1) , . . . ,h(Nh−1)]T contains
the Nh coefficients of the impulse response and φh (zi) =
[

1,z−1
i , . . . ,z

−(Nh−1)
i

]T
comprises the associated delays. Similarly,

all SFB filters are derived from a common real-valued FIR proto-
type filter

G(zi) =
Ng−1

∑
k=0

g(k) · z−k
i = gT ·φg (zi) , (3)

according to

Gl (zi) = G
(

ziW
l
I

)

, l ∈ {0, . . . , I−1} , (4)

with the coefficient vector g =
[
g(0) ,g(1) , . . . ,g

(
Ng−1

)]T
and

the delay vector φg (zi) =
[

1,z−1
i , . . . ,z

−(Ng−1)
i

]T
.

The real-valued input signal x (n)
zT
←→ X (zi) in fig. 1 is si-

multaneously passed through all AFB channel filters H l (zi), l ∈
{0, . . . , I−1} and subsequently downsampled by a factor of M,
yielding the subband-signals

X l (zn) =
1

M

M−1

∑
k=0

H l

(

z
1/M
n W k

M

)

·X
(

z
1/M
n W k

M

)

, (5)

where l ∈ {0, . . . , I−1}, and the alias component representation is
used [4, 9]. Next, each subband-signal is individually amplified by
the factor ξl , l ∈ {0, . . . , I−1}, yielding

Y l (zn) = ξl ·X l (zn) , l ∈ {0,1, . . . , I−1} . (6)
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Figure 1: Uniform Oversampling filter-bank pair, oversampling fac-
tor O = I/M ∈ N

In the SFB, the amplified and M-fold upsampled subband-signals

Y l

(
zM
i

)
= Y l (zn) are combined to form the z-domain output-signal

representation [4]

Y (zi) =
I−1

∑
l=0

Gl (zi) ·Y l

(

zM
i

)

. (7)

Inserting the upsampled form of (5) into (6) and (7), we obtain

Y (zi) =

S (zi)
︷ ︸︸ ︷

1

M

[
I−1

∑
l=0

ξl ·H l (zi) ·Gl (zi)

]

·X (zi) (8)

+
1

M

M−1

∑
k=1

[
I−1

∑
l=0

ξl ·H l

(

ziW
k
M

)

·Gl (zi)

]

·X
(

ziW
k
M

)

︸ ︷︷ ︸

.

N (zi)

Obviously, the output-signal representation Y (zi) depends not only
on the input signal X (zi), but also on the M− 1 modulation com-

ponents X
(
ziW

k
M

)
, k ∈ {1, . . . ,M−1}. These modulation compo-

nents are induced by the sample rate conversion and are considered
as undesired multirate disturbance (aliasing & imaging). In (8) all
these multirate components are combined to N (zi). The remain-
ing part S (zi) represents the desired transfer characteristics of the
filter-bank pair, e.g. in case of hearing aids, it is supposed to re-
flect the amplification pattern applied to the subband-signals. The
corresponding transfer function of the zeroth (k = 0) modulation
component is considered as the distortion function [4, 9]

Fdist (zi) =
1

M

[
I−1

∑
l=0

ξl ·H
(

ziW
l
I

)

·G
(

ziW
l
I

)
]

. (9)

Inserting (1) and (3) into (9) for the case of a uniform amplification
pattern ξl = 1, l ∈ {0, . . . , I−1}, we obtain the matrix representa-
tion

Fdist (zi) = hT ·Ψ(zi) ·g, (10)

with the Nh×Ng matrix

Ψ(zi) =
1

M

I−1

∑
l=0

φh

(

ziW
l
I

)

·φT
g

(

ziW
l
I

)

. (11)

Performance Measure

In order to determine the potential of a FBP design algorithm to re-
duce the undesired disturbance N (zi) for any subband-signal am-
plification pattern, we introduce the frequency-dependent signal-to-
disturbance ratio (SDR) for all of the I subbands of the FBP

SDRκ
dB = 10 · log10
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, (12)

where κ ∈ {0, . . . , I−1} . It can be shown that for a white-noise
input signal the integrand in the numerator corresponds to the power

spectral density function (PSD) of S
(
ejΩ
)

and the integrand in the

denominator corresponds to the mean PSD of N (zi).

3. BASIC APPROACH

The basic idea of the optimisation procedure is explained best with
an example. We choose a realistic FBP with I = 64 channels
and downsampling/interpolation factor M = 16. Hence the over-
sampling factor O = I/M = 4. We use the symmetric ’ski-slope’
subband-signal amplification pattern [2]

ξl =







1, l ≤ 10

10
l−10

8
· 60

20 , 10≤ l ≤ 17

10
60
20 = 1000, 18≤ l ≤ 32

(13)

Next, we design FBP prototype filters according to the method
in [8]. The passband- and stopband-edge frequencies of the cor-
responding filter-bank prototype filters are Ωp = π/64 and Ωs =
π/16, respectively [8]. We require min

κ∈{0,...,I−1}
{SDRκ} ≥ 50dB

for the above amplification pattern. The smallest prototype filter
lengths of the AFB and SFB which meet this demand are Nh = 99
and Ng = 112.

Fig. 2 shows the logarithmic frequency-dependent SDR (12)
for the ’ski-slope’ amplification pattern along with the frequency-
dependent SDR (grey colored) for a uniform amplification pattern,
which exhibits a constant value of 88.7dB.
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Figure 2: Frequency-dependent SDR for Nh = 99 and Ng = 112.

Since the method in [8] minimizes the non-linear distur-
bance N (zi) for the case of a uniform amplification pattern ξl =
const., ∀l ∈ {0, . . . , I−1}, consequently for the ’ski-slope’ am-
plification pattern (13) the disturbance is not minimal and the
frequency-dependent SDR drops from approximately 90dB down

to 50dB1. In order to obtain the minimal disturbance for the ’ski-
slope’ amplification pattern the exceeding frequency bands with up
to 90dB have to be relieved thus creating scope for the improvement
of the weak ones. This is the basic idea of the proposed method. As
a result the minimum value of 50dB might be obtained with signif-
icantly lower prototype filter lengths.

This idea is based upon the unproven assumption, that among
all prototype filter pairs of identical length the one with SDRκ ≈
const., ∀κ ∈ {0, . . . , I−1} exhibits the largest min

κ∈{0,...,I−1}
{SDRκ}.

4. ITERATIVE FILTER-BANK DESIGN

Next, we explore the means to implement this basic idea. To this
end we examine the definition of the frequency-dependent SDR ac-
cording to (12). We see that the integrand in the numerator corre-

sponds to
∣
∣Fdist

(
ejΩ
)∣
∣
2
, which however is fully determined by the

1Similar drop-off of the frequency-dependent SDR is also observed with

prototype filters obtained according to the method in [3].
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transfer characteristics of the filter-bank [7]. As a consequence only
the denominator of (12) has an impact on the frequency-dependent
SDR

M−1

∑
k=1

(κ+1)· 2π
I

ˆ

κ · 2π
I

∣
∣
∣
∣
∣

I−1

∑
l=0

ξl ·H l

(

ejΩW k
M

)

·Gl

(

ejΩ
)
∣
∣
∣
∣
∣

2

dΩ, (14)

where κ ∈ {0, . . . , I−1}. In order to implement the basic idea the
above expression has to be increased in magnitude for the over-
loaded frequency bands (or the corresponding indices κ respec-
tively), such that the SDR is reduced in these frequency bands.
Similarly, (14) is decreased for all indices κ which correspond to
the weak frequency bands, thus improving the SDR.

Since the integrand in the denominator corresponds to the mean
PSD of N (zi) in (8), the presented approach implies a shap-
ing of the disturbance (equivalent to noise shaping). According
to the above assumption, the optimum is reached when SDRκ ≈
const., ∀κ ∈ {0, . . . , I−1}, which is met only if both integrands
(hence the PSD) are identical except for a constant scaling factor.

In the following an iterative approach to the implementation of
the basic idea is presented. It consists of two constrained optimiza-
tions subproblems, alternatingly applied for the design of the AFB
prototype filter and the SFB prototype filter, respectively. The ob-
jective functions maintain a high output-signal quality, whilst the
distortion function (9) is controlled by the constraints.

4.1 AFB prototype filter

We define the following single objective functions

αh (η) =
M−1

∑
k=1

I−1

∑
l=0

(η+1)· 2π
I

ˆ

η · 2π
I

∣
∣
∣ξl ·H l

(

ejΩW k
M

)

·Gl

(

ejΩ
)∣
∣
∣

2
dΩ, (15)

where η ∈ {0, . . . ,I−1}, which are subsequently combined using
weighting factors wη > 0

α̃h =
I−1

∑
η=0

wη ·αh (η) . (16)

The weighting factors are iteratively adapted, thus allowing for re-
shaping of the frequency-dependent SDR (12). The single objective
functions αh (η) are upper estimates of (14) applying the triangle

inequality2. Furthermore for each frequency band κ in (14) we de-
fine a ∈ N separate objective functions, which yield a total number
of I = a · I objective functions. The higher resolution is not manda-
tory, however empirically better results are obtained for this reason.

Next we show that (16) is a positive definite quadratic function

with respect to h = [h(0) , . . . ,h(Nh−1)]T. To this end the inte-
grand in (15) is rewritten using (1) and (3)

∣
∣H l

(
ejΩW k

M

)
·Gl

(
ejΩ
)∣
∣
2

=
∣
∣hT ·Φl,k

(
ejΩ
)
·g
∣
∣
2

= hT ·Φl,k

(
ejΩ
)
·g ·gT ·ΦH

l,k

(
ejΩ
)
·h, (17)

with the Nh×Ng matrix

Φl,k

(

ejΩ
)

= φh

(

ejΩW l
I W k

M

)

·φT
g

(

ejΩW l
I

)

. (18)

Next we insert (17) into (15) obtaining

αh (η) = hT ·A(η) ·h, (19)

2The original formulation (14) leads to an ill-conditioned quadratic opti-

misation problem.

with the Hermitian Nh×Nh matrix

A(η) =
M−1

∑
k=1

I−1

∑
l=0

ξ 2
l

(η+1)· 2π
I

ˆ

η · 2π
I

Φl,k

(

ejΩ
)

·g ·gT ·ΦH
l,k

(

ejΩ
)

dΩ.

(20)
Matrix A(η) depends on the SFB prototype filter g of the preced-

ing optimisation step3. Therefore both optimisation steps can not
be run independently. A comparison of (15) and (19) shows for

g 6= 0 ∈R
Ng that matrix A(η) is positive definite

M−1

∑
k=1

I−1

∑
l=0

(η+1)· 2π
I

´

η · 2π
I

∣
∣ξl ·H l

(
ejΩW k

M

)
·Gl

(
ejΩ
)∣
∣
2

dΩ =

hT ·A(η) ·h > 0, (21)

since an equality sign on the right side implies η = 0, . . . ,I−1

ξ 2
l ·
∣
∣
∣H l

(

ejΩW k
M

)∣
∣
∣

2
·
∣
∣
∣Gl

(

ejΩ
)∣
∣
∣

2
= 0, ∀Ω ∈ [η,η +1] · 2π

I
, (22)

which is only satisfied for h = 0 ∈ R
Nh due to the finite amount of

zeros for FIR filters [4]. Inserting (19) into the objective function
(16), we obtain finally

α̃h = hT · Ã ·h, (23)

with the matrix

Ã =
I−1

∑
η=0

wη ·A(η) . (24)

Matrix (24) is positive definite according to (21) and wη > 0.

The elements of Ã are given by [5]

[

Ã
]

ν,µ
=
(

wM (ν−µ)− 1
M

)

· (Θ1 (ν,µ)+Θ2 (ν,µ)) , (25)

where ν,µ ∈{0, . . . ,Nh−1} and wM (k) =
M−1

∑
l=0

W−k·l
M represents the

comb sequence [9]. Furthermore the two expressions in (25) are
given by

Θ1 (ν,µ) =
Nh+Ng−2

∑
k=−(Nh+Ng−2)

rE
gg (k−ν + µ) ·Ξ(k) , (26)

and

Θ2 (ν,µ) =
Nh+Ng−2

∑
k=−(Nh+Ng−2)

rE
gg (k +ν−µ) ·Ξ(k) , (27)

where rE
gg (k) = g∗ (−k)∗g(k) represents the deterministic autocor-

relation function [9] and

Ξ(k) = πM
I

I−1

∑
l=0

I−1

∑
η=0

ξ 2
l ·wη ·W

−l·k
I ·W

k·(η+ 1
2 )

I
· si
(
k · π

I

)
. (28)

Furthermore matrix Ã has Toeplitz structure which allows for an
efficient implementation.

3In the first iteration a suitable initial filter has to be chosen.
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4.2 SFB prototype filter

Similarly to the previous optimisation step, we define for each fre-
quency band κ in (14) again a ∈N separate objective functions

βg (η) =
M−1

∑
k=1

I−1

∑
l=0

(η+1)· 2π
I

ˆ

η · 2π
I

∣
∣
∣ξl ·H l

(

ejΩW k
M

)

·Gl

(

ejΩ
)∣
∣
∣

2
dΩ, (29)

where η ∈ {0, . . . ,I−1} , which are combined using the same
weighting factors wη > 0 as in (16)

β̃g =
I−1

∑
η=0

wη ·βg (η) . (30)

As in section 4.1, it can be shown that (30) is a positive definite

quadratic function with respect to g =
[
g(0) , . . . ,g

(
Ng−1

)]T
and

can be written as
β̃g = gT · B̃ ·g. (31)

The elements of B̃ are given by

[

B̃
]

ν,µ
= Λ1 (ν,µ)+Λ2 (ν,µ) , (32)

where ν,µ ∈
{

0, . . . ,Ng−1
}

and the two expressions are given by

Λ1 (ν,µ) = ∑
(k)

(

wM (k−ν + µ)− 1
M

)

· rE
hh (k−ν + µ) ·Ξ(k) ,

(33)
and

Λ2 (ν,µ) = ∑
(k)

(

wM (k +ν−µ)− 1
M

)

· rE
hh (k +ν−µ) ·Ξ(k) ,

(34)
where Ξ(k) is defined by (28) and k = −

(
Nh +Ng−2

)
, . . . ,Nh +

Ng−2. Again matrix B̃ has Toeplitz structure.

4.3 Design Constraints

The constraints must guarantee the desired transfer characteristics
of the filter-bank which are determined by the distortion func-
tion (9). The numerator of (12) consists of the squared magni-
tude of the distortion function and is therefore controlled by the
constraints. According to [7] it is sufficient to design the proto-
types of the FBP under the condition that the resulting distortion
function (9) is approximately a linear-phase allpass function for
ξl = 1, ∀l ∈ {0, . . . , I−1} in order to obtain the desired transfer
characteristics for subband-signal amplification. Hence for every
step of optimisation the constraints are defined according to [3]

∣
∣
∣Fdist

(

ejΩ
)

−e−jτdes
g ·Ω

∣
∣
∣≤ ε, Ω ∈

[

0,
π

I

]

, (35)

where the restricted frequency range exploits the 2π
I

-periodicity of

the distortion function and τdes
g = c · I, c∈N is the desired delay [6].

With the real rotation theorem [3] it is possible to estimate the upper
bound of a complex value by its real part. Employing this theorem
to (35) and using (10) we get

hT ·Re
{

Ψ
(

ejΩ
)

· e−jθ
}

·g ≤ cos
(

θ + τdes
g ·Ω

)

+ ε, (36)

where Ω ∈
[
0, π

I

]
and θ ∈ [0,2π). The elements of the Nh ×Ng

matrix are given by

[

Re
{

Ψ
(

ejΩ
)

· e−jθ
}]

µ,ν
=

I

M
·wI (µ +ν)·cos

(

(µ +ν) ·Ω+θ
)

,

(37)
where ν ∈ {0, . . . ,Nh−1} and µ ∈

{
0, . . . ,Ng−1

}
. In the imple-

mentation of the design procedure Ω and θ are discretised [3, 8].

4.4 Algorithm

Finally, the presented positive definite quadratic objective functions
and the linear constraints (with respect to both h and g) are com-
bined, yielding convex quadratic optimization problems. The itera-
tion counter is denoted by i.

AFB prototype filter

This optimization step consists of the objective function (16) and
the constraints (36).

min
h

α̃h =
I−1

∑
η=0

w
(i)
η ·αh (η) = hT · Ã(i) ·h

gT ·Re
{

ΨT
(

ejΩ
)

· e−jθ
}

·h≤ cos
(

θ + τdes
g ·Ω

)

+ ε,

(38)

where Ω ∈
[
0, π

I

]
and θ ∈ [0,2π). The AFB prototype filter h is

optimized, while the SFB prototype filter g of the preceding opti-
misation step is fixed.

SFB prototype filter

This optimization step consists of the objective function (30) and
the constraints (36).

min
g

β̃g =
I−1

∑
η=0

w
(i)
η ·βg (η) = gT · B̃(i) ·g

hT ·Re
{

Ψ
(

ejΩ
)

· e−jθ
}

·g ≤ cos
(

θ + τdes
g ·Ω

)

+ ε,

(39)

where Ω ∈
[
0, π

I

]
and θ ∈ [0,2π). Similarly, the SFB prototype fil-

ter g is optimized, while the AFB prototype filter h of the preceding
optimisation step is fixed.

Multiplicative Update

The weights w
(i+1)
η , η = 0, . . . ,I − 1, in (38) and (39) are up-

dated after each iteration. For their calculation we use the
frequency-dependent SDR (12) modified for higher resolution4

SNR
(i)
η /dB, η ∈ {0, . . . ,I}. The reciprocal value of the upper ex-

pression allows for the correct weighting of the frequency bands ac-
cording to the basic idea presented in section 3. However the simple
reciprocal value fails to converge. We have found empirically that
by using the additional scaling factor

c(i) = min
∀η∈{0,...,I−1}

{

SNR
(i)
η

}

, (40)

and decreasing the number of updated frequency bands using the
floor function

w
(i+1)
η = w

(i)
η ·

(

1+ pA ·

⌊

pN ·
c(i)

SNR
(i)
η

⌋)

, (41)

in most cases convergence is achieved. The non-negative param-
eter pA in (41) controls the amplitude of the multiplicative up-
date and therefore influences the speed of convergence. However
a large value often decreases the stability of convergence. Param-
eter pN > 1 allows for controlling the number of frequency bands
used for the update. If pN = 1 only the index of the smallest value

of SNR
(i)
η /dB, η ∈ {0, . . . ,I}, is considered. We observed a strong

convergence for the values pA = 0.3 and pN = 1.05.

4To this end in the integration limits of (12) we replace I by I.
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Exit Condition

In order to exit the iterative algorithm in case of convergence we
use the following exit condition with (40) and q ∈N

|c(i)−c(i−1)| < 10−q. (42)

Flow Chart

Fig. 3 shows the flow diagram of the algorithm.

Step 1 (Initialization):
hStart und gStart

set i = 0, c(0)≥ 103, w
(0)
η = 1

i = i+1

i = i+1
gopt = g

hopt = h

Step 2:

Step 3:

Optimize h with (38)

Optimize g with (39)

set c(i) and w
(i)
η

set c(i) and w
(i)
η

false

false

true true

STOP

(42) (42)
valid valid

Figure 3: Flow chart

5. DESIGN EXAMPLE

The following design result is a solution for a FBP with the same
parameters as in section 3. The lengths of the filters of the AFB
and SFB are set to Nh = 63 and Ng = 67. The constraint (35) of
the distortion function is chosen to ε = 0.1. The parameters in (41)
are pA = 0.35 and pN = 1.051. We use a = 8 objective functions
(15) and (29) for each frequency band κ in (14). Furthermore, the

desired group delay is set to τdes
g = I = 64. The number of iterations

needed for the design is i = 160.
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Figure 4: Frequency-dependent SDR for Nh = 63 and Ng = 67.

First we look at the frequency-dependent SDR according to (12)
and require a minimum value of 50dB. Fig. 4 shows the logarithmic
frequency-dependent SDR for the ’ski-slope’ amplification pattern
(13) along with the frequency-dependent SDR (grey colored) for a
uniform amplification pattern, which exhibits a constant value of
69.5dB. We observe a drop down of the frequency-dependent SDR
similar to that in fig. 2 however of a much smaller difference. The
minimum value is given by 50.8dB. Hence, the FBP meets the
above requirement. As to the prototype filter lengths these results
are a drastic improvement compared to the prototype filter pair used
in section 3. Moreover both pairs exhibit approximately the same
quality of distortion function and overall group delay. Finally, we
want to mention that both magnitude responses of the designed pro-
totype filter pair remarkably resemble Nyquist(M)filters (M-th band

filters [4]) with interlaced stopband domains of higher and lower re-
jection (i.e. don’t care regions), where M represents the decimation/
interpolation factor, see also [1].

6. CONCLUSION

We have proposed a novel iterative approach to the design of over-
sampling uniform DFT filter-bank pairs (FBP) of the SBC type with
extensive subband-signal amplification that guarantees high output-
signal quality (signal-to-disturbance ratio) despite rather small pro-
totype filter lengths. In view of extensive subband-signal manipu-
lation (e.g. in hearing aid applications), solely the magnitude re-
sponses of the AFB and SFB are matched, whilst aliasing compen-
sation is not exploited.

Design examples show that the prototype filter lengths are dras-
tically reduced by using the proposed iterative algorithm compared
to existing methods applied to the numerical examples, thus guar-
anteeing minimal computational load of the FBP. Furthermore the
advantage of the proposed approach compared to [6] is that it does
not require sophisticated specifications of the stopbands and due
to the inherently higher resolution thus allowing for significantly
smaller prototype filter lengths.

For the proposed parameter values in (41) we have observed a
strong and fast convergence of the algorithm with an average num-
ber of iterations of 200. However, in order to obtain the best pos-
sible results for given prototype filter lengths the two parameters in
(41) have to be adjusted thoroughly. Furthermore, in some cases, a
poor adjustment can cause convergence problems, therefore a max-
imum number of iterations has to be implemented.

In future research, the convergence of the algorithm will be ana-
lyzed mathematically and improvements of the empirical weighting
update are expected.
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ABSTRACT 
In this paper, we investigate the possibility to use polyno-
mial-based digital FIR filters as prototype filters in DFT and 
cosine modulated filter banks. In order to apply the FIR filter 
with piecewise polynomial response as prototype filter in the 
filter bank, it is beneficial to find expressions for polyphase 
components of the filter. In the paper it is shown that it is 
possible to construct the two following polyphase decomposi-
tions of polynomial-based digital filters for implementation; 
(i) polyphase decomposition based on the prolonged Farrow 
structure, and (ii) polyphase decomposition based on the 
transposed Farrow structure. The paper shows that both 
polyphase structures have the same multiplication rate, while 
the polyphase decomposition based on the prolonged Farrow 
structure has a considerable smaller number of multipliers. 
Both structures are equivalent in terms of filter performance 
in the frequency domain, and can be used as prototype filter 
in DFT and cosine modulated filter bank.  
 

1. INTRODUCTION 

Among various classes of uniform multi-channel filter 
banks, cosine modulated and complex modulated filter 
banks become very popular in many applications due to the 
following two main reasons [1], [2]. First, these banks can 
be generated using a single prototype finite-impulse re-
sponse (FIR) filter by exploiting a proper transformation, 
enabling one to simultaneously implement all the filters in 
the analysis and synthesis bank. This leads to efficient im-
plementation structures compared to the case where each 
filter in the analysis and synthesis part is separately realized. 
Second, the overall synthesis can concentrate on optimizing 
only the prototype filter, making the design easier and more 
straightforward. As has been pointed out in [2], the same 
prototype filter only differently scaled can be used for both 
aforementioned types of filter banks. Due to this fact, this 
paper concentrates only on designing complex modulated 
filter banks.  

The main drawback of FIR filters is a higher number of 
multipliers needed in a conventional implementation when a 
narrow transition band is required [3]. The dominant reason 

is the fact that the filter order of an FIR filter is roughly in-
versely proportional to transition bandwidth. An efficient 
approach to overcome the above-mentioned cost problem is 
to synthesize linear-phase FIR filters so that their impulse 
responses are piecewise approximated by polynomials, and 
their implementation applies efficient structures [4]–[10]. 
The arithmetic complexity of these filters is proportional to 
the number of impulse-response pieces N and the order M of 
the polynomials rather than to the actual filter order.  

This paper shows that it is possible to perform polyphase 
decompositions of polynomial-based digital filters. We have 
found the two following polyphase decompositions: poly-
phase decomposition based on the prolonged Farrow struc-
ture, and polyphase decomposition based on the transposed 
Farrow structure. This paper also shows that both polyphase 
structures have the same multiplication rate, while the poly-
phase decomposition based on the prolonged Farrow struc-
ture has considerable smaller number of embodies multipli-
ers. Further, we show that a polynomial-based digital filter 
can be used as a prototype filter in a polyphase modulated 
filter bank.  

2. FIR FILTER WITH PIECEWISE 
POLYNOMIAL IMPULSE RESPONSE 

In the direct form implementation of FIR filters, each multi-
plier coefficient determines the value of one impulse re-
sponse sample independently of the other samples. How-
ever, in practical frequency selective filters there is a rela-
tively strong correlation between neighbouring impulse re-
sponse values. By developing structures that exploit this 
correlation, the number of multipliers in the implementation 
can be significantly reduced [8]. 

An efficient approach to exploit the above-mentioned 
correlation is to synthesize a linear-phase FIR filter so that its 
impulse response is approximated by N polynomial segments 
of order M [8], [9]. It can be shown that any FIR filter trans-
fer function of order NFIR=NL-1 is expressible as 

  ∑
=

=
M

m
m

L
m zFzCzH

0
)()()( . (1) 

provided that Fm(z) is properly selected. Here the length N 
impulse responses Cm(zL) are sparse with only every Lth sam-
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ple being nonzero. The basis filter Fm(z) can be selected in 
such manner that the overall impulse response can be divided 
into N blocks of L samples, and in each block the impulse 
responses are polynomials of the relatively low order M.  

Let the transfer function of a symmetric FIR filter be 

  i
FIRN

i
zihzH −

=
∑=

0
)()( , (2) 

where NFIR=NL-1. Based on the above discussion, the im-
pulse response can be expressed as [8], [9] 
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where 
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In general fm(i) is an mth order polynomial in i. Further, fm(i) 
is symmetric for m even and achieves the value of one both 
for i=0 and i=L-1. The basis FIR filters Fm(z) are depicted in 
Fig.1 for m=0, 1, 2 and 3. For m odd, fm(i) is anti-symmetric 
and achieves the value of minus one at i=0, and one at i=L-1. 
Alternatively and using (3) – (5), h(i) can be rewritten as 
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The corresponding transfer function can be expressed as 

  ∑
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0
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with 
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and 
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mm zlfzF . (10) 

The generation of the impulse response of the overall filter 
H(z) is illustrated in Fig. 2, where there are four polynomial 
segments (N=4), a polynomial order of M=3, and L=16 taps 
per segment. The frequency response of the filter can be de-
termined as [8], [9]: 
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Since all the basis filters Fm(z) are symmetric for m even, and 
anti-symmetric for m odd with respect to (L-1)/2, the fre-
quency response of the basis filter Fm(z) can be expressed in 
terms of the constant delay and the zero-phase frequency 
response as we suppose that L is even. However, the above 
relations (6)-(9) for the impulse response can be represented 
in matrix form as [10]: 
     )/()/()( NiiNiih −⋅= FC , (12) 
Here C(n)= [c0(n) c1(n)… cM(n)] is a vector of polynomial 
coefficients of the polynomial n, and F(i) is a vector of the 
basis filter coefficients, i.e. F(i)=[f0(i) f1(i)… fM(i)]T. If h is a 
vector of FIR filter coefficients, then we can express it as: 
  FCh ˆ⋅= , (13) 
where vector C=[ C(0) C(1)… C(N)], and F is a matrix of 
the following form 
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with F= [ F(0) F(1)… F(L)]. If the FIR filter order is NFIR, 
and if the impulse response is divided into N segments of L 
taps, and polynomial order is M, then length of vector C is 
N(M+1), and matrix F has N(M+1) rows and NL= NFIR+1 
columns. Using transformation (13), it is possible to deal 
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Figure 1 – Basis FIR filters Fm(z) for (a) m = 0, (b) m = 1, (c) m = 2, 

and (d) m = 3. The basis filter is symmetric for even m and anti-
symmetric for odd m. 
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with the piecewise polynomial filters as ordinary FIR filters 
with special properties. This fact and the transformation (13) 
will be exploited for the filter design. 

3. EFFICIENT IMPLEMENTATIONS OF FIR 
FILTERS WITH PIECEWISE IMPULSE 

RESPONSES AND THE FARROW STRUCTURE 

In this paragraph we consider efficient implementation 
structures for FIR filters with piecewise polynomial impulse 
responses both for non-decimating and decimation filters. 

If a narrowband FIR filter with a piecewise polynomial 
impulse response is used in applications where the input 
sampling frequency is not changed, it is beneficial to use 
efficient implementation structures [8], [9]. These structures 
exploit the (anti-)symmetry properties of the basis filters 
Fm(z) and their well defined impulse responses (see Fig. 1) 
and, thus, significantly reduce the overall number of multi-
plications compared to that of conventional FIR implementa-
tions. The structure consists of M+1 FIR branch filters 
Cm(zL). The impulse responses of these branch filters are 
sparse with every Lth sample being nonzero, and altogether 
there are N nonzero filter taps in each branch filter. The role 
of basis FIR filters Fm(z) is to fill in missing samples. The 
filters Fm(z) are implemented using recursive relations, re-
ducing number of multipliers [9].  

If such a narrowband FIR filter with piecewise polyno-
mial impulse response is used in applications where the input 
sampling frequency is decreased (the main conclusions are 
likewise valid for the dual interpolation case), the resulting 
implementation is based on the Farrow structure, the trans-
posed Farrow or the prolonged Farrow structure [6], [7]. The 
choice of implementation depends on the overall sampling 

rate conversion factor R=Fin/Fout. In case of a decimation 
factor of the form L/K, where L is the number of taps per 
polynomial segment and K an arbitrary positive integer 
(K<L), the transposed Farrow structure [7] represents the 
most suitable implementation. We will use this fact in order 
to define FIR filters with piecewise polynomial impulse re-
sponses as prototype filter for DFT modulated filter banks 
decimating by L.  

4. FIR FILTERS WITH PIECEWISE 
POLYNOMIAL IMPULSE RESPONSES AS 

PROTOTYPE FILTERS IN DFT MODULATED 
FILTER BANKS 

In order to apply the FIR filter with piecewise polynomial 
impulse response as a DFT filter bank prototype filter, it is 
beneficial to find expressions for polyphase components of 
the filter [1]. When decimating by factor of K, the first step 
is to express the overall transfer function as 
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0
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The transfer function is a sum of K branch filters, with the 
transfer functions 
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If it is required that the number of polyphase components K 
is equal to the number of samples per polynomial segment 
L, i.e. K=L then we can write: 
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A single nth tap in the kth polyphase branch can be ex-
pressed as [10], [11]: 

  ∑
=

=
M

m
mmk kfncnh

0
)()()(   (18) 

Equation (15) can be rewritten in the following form 
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and the polyphase branch accordingly 
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Based on the above equations, it is possible to construct the 
two following polyphase decompositions for implementa-
tion: (i) polyphase decomposition based on the prolonged 
Farrow structure, and (ii) polyphase decomposition based on 
the transposed Farrow structure. 

The polyphase decomposition based on the prolonged 
Farrow structure is shown in Fig. 4. As it can be seen, this 
structure has M+1 branch filters Cm(zL), as explained in 
Chapter 3 and in (18)-(20), operating at the high input sam-
pling rate Fin. The branch filters Cm(zL) are followed by the 
network of the M+1 basis filters Fm(z), which are decom-
posed into L polyphase branches and are operated at low 
output sampling rate Fout. In fact, each filter Fm(z) has only 
one tap in each polyphase branch. Furthermore, filter F0(z) 
has all taps equal to unity, while all others have very simple 
coefficients that can be realized with a small number of bits 
each. The total implementation cost of the structure can be 
expressed in terms of the multiplication rate, which depends 
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Figure 3 – Polyphase complex modulated filter bank; (a) analysis 
part, and (b) synthesis part. 
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on the overall number of multipliers and the respective mul-
tiplier clock. The overall number of coefficients of this struc-
ture is N(M+1)+LM. The multiplication rate of the polyphase 
decomposition based on the prolonged Farrow structure can 
be expressed as: 
  outinPF LMFFMNS ++= )1(   (21) 

The polyphase decomposition based on the transposed 
Farrow structure is obtained from previous structure by 
transposition, using noble identities and shifting all opera-
tions to the low output sampling rate. A single kth polyphase 
branch, Hk(z) in Fig 3, is shown in Fig. 5. One can observe 
that there is a transposed Farrow structure replicated in each 
polyphase branch. The transposed Farrow structure consists 
of M+1 branch filters Cm(z), with each branch filter multi-
plied by the corresponding tap of basis filter fm(i). The overall 
number of coefficients for this structure is L[N(M+1)+M]. 
The multiplication rate for the polyphase decomposition 
based on the transposed Farrow structure is given by: 
  ].)1([ LMMLNFS outTF ++=   (22) 
By comparing SPF of (21) and STF of (22), we can conclude 
that both polyphase structures have the same multiplication 
rates, since Fin=LFout, while the polyphase decomposition 
based on the prolonged Farrow structure has a considerably 
smaller number of multipliers. Both structures are equivalent 
in terms of filter performance in the frequency domain. 

5. DESIGN EXAMPLES 

Let us now consider the properties of a complex modulated 
16-channel filter bank, thus K=L=16. For the prototype fil-
ter, we will use a polynomial-based filter having N=8 poly-
nomial segments, with polynomial order M=5. The polyno-
mial-based filter is optimised in the least squares sense [4], 
and it is converted to an FIR filter using the transformation 
of (13). In each segment, there are L=K=16 taps, thus 
NFIR=NL=160 coefficients are used for the FIR prototype. 
Fig. 6 shows the frequency response H(ejΩ) of the prototype 
filter in the interval 0≤Ω≤π. It can be seen that the attenua-
tion in the stopband Ω ≥2π/16 exceeds 60 dB. Fig. 7 shows 
the actual frequency response of the designed 16-channel 
complex modulated filter bank.  

The reconstruction error (linear distortion, aliasing) of a 
subband coder filter bank pair can be taken as a measure for 
the quality of the filter bank [1]. Figure 8 gives a quantitative 
view of the two distortions of the filter bank as function of 
frequency. Figure 8(a) shows the linear distortion of the ob-
tained filter bank, while Fig. 8(b) shows the aliasing function. 
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This is always less than 60dB, and has the same order of the 
magnitude as the signals in the stopband of the prototype.  

6. CONCLUSIONS 

In this paper, the polyphase decomposition of polynomial-
based FIR filters has been derived. We have found two 
polyphase decompositions: (i) polyphase decomposition 
applied to the prolonged Farrow structure, and (ii) polyphase 
decomposition based on the transposed Farrow structure. We 
have also shown that polynomial-based FIR filters can be 
used as prototype filters in polyphase modulated filter 
banks. The remaining task is to find a suitable design 
method which will be used to determine the polynomial 
coefficients. The polynomial coefficients shall be deter-
mined in such way that the respective subband coder filter 
bank achieves nearly perfect reconstruction. 
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ABSTRACT
In this paper, we explore the influence of oversampling on
a filter bank based transmultiplexer, for which previous re-
search has established oversampling as a useful mean to
ease synchronisation. The effect of oversampling is assessed
mainly in terms of inter-symbol interference due to synchro-
nisation errors and due to the residual time-dispersive effect
of the transmission medium after transmultiplexing. Both ef-
fects can be targetted by a fractionally spaced equaliser. Al-
though the achievable minimum mean square error is lower
for higher oversampling ratios, we show by example of a
powerline communications channel that slow convergence of
least mean square type adaptive equalisers prohibits the ex-
ploitation of this benefit. Together with considerations on
bandwidth efficiency and peak-to-average power ratio, it is
advantageous to keep the oversampling ratio as small as pos-
sible.

1. INTRODUCTION

Transmultiplexing using filter banks is one of the oldest mul-
tiplexing methods in telecommunications [1, 2]. While the
design of critically sampled structures, which are free of re-
dundancy, was a break-through in terms of signal processing
theory [3, 4], these systems lose their orthogonality when
communicating over dispersive channels. This has been
remedied by means of equalisation, which however requires
cross-terms between subbands [5] — equivalent to [6] for
the dual operation of signal decomposition — or other forms
of interference mitigation, see e.g. [7], in order to achieve a
meaningful system performance.

Some of the problems encountered in critically sampled
transmultiplexers can be addressed by oversampling [8, 9],
which leads to simplified transceiver structures [10]. Over-
sampling offers additional advantages in the presence of
structured noise and interference where the low-noise sub-
space can be used for transmission [11, 12]. Advantages over
OFDM systems in terms of redundancy and resilience to syn-
chronisation errors have been demonstrated [10, 13, 14, 15].

Various filter bank techniques have been investigated
in the past for transmultiplexing, including modified DFT
(MDFT) filter banks [16], OFDM/OQAM wavelet filter
banks [16, 17], cosine modulated filter banks [18], or
DFT [19] or generalised DFT (GDFT) filter banks [13, 20].
Most of these transmultiplexers permit efficient implemen-
tations; in particular the GDFT approach has been demon-
strated to yield a very low complexity [21, 22], that is not
more costly than OFDM if channelisation filters are taken
into account [13].

The oversampled transmultiplexers in [13, 21] use over-
sampling by a factor of two, while the oversampling ratio

(OSR) — the reciprocal of a code rate — varies in different
publications. Therefore the aim of this contribution is to eval-
uate the impact of OSR on the system performance. Some
performance measures, such as the bandwidth efficiency, are
clear and favour a low OSR. Others, such as the robustness to
frequency offset synchronisation, have been found to prefer
higher OSRs [13]. Below, we will be particularly interested
in evaluating how the OSR affects the residual inter-symbol
interference (ISI) in a transmultiplexer system, and the im-
pact on fractionally spaced equalisation (FSE) in order to
perform synchronisation and equalisation [5, 7]. Also, the
peak-to-average power ratio (PAPR) has been investigated
for filter banks compared to OFDM [23], but OSR has not
been considered.

Therefore, Sec. 2 explores the transmultiplexer design
and the resulting properties such as ISI and PAPR, while
the FSE and its performance is highlighted in Sec. 3. Rele-
vant simulations are included on the respective sections, and
Sec. 4 provides an overall discussion and conclusions.

2. FILTER BANK BASED TRANSMULTIPLEXER

2.1 General Setup

The overall transmultiplexer system is depicted in Fig. 1,
consisting of a filter bank based multiplexer in the transmit-
ter, transmission over a dispersive channel with impulse re-
sponsec[m] and corrupted by additive white Gaussian noise
v[m], and a filter bank based demultiplexer in the receiver.

The transmitter provides a data vectorx[n] ∈ CN, which
consists of parallel data streams that may be contributed by
up to N independent users. A polyphase synthesis matrix
U(z) ∈ CK×N(z) •—◦ U[n] maps the data to a block ofK ≥
N samples, which are time-multiplexed onto a signals[m],
whereby the time-indexm runsK times faster thann, such

p/s c[m] s/p

v[m]

r[m]s[m]
Ũ[n]U[n]

N K K N
y[n]x[n]

s[n] r[n]

Figure 1: Overall transmultiplexer setup where a transmit
vector s[n] is multiplexed across a noisy channel with im-
pulse responsec[m], and demultiplexed into a receive data
vectorr[n] in the receiver.
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that

s[m/K] =









s[m]
s[m−1]

...
s[m−K +1]









m= nK,n∈ Z . (1)

Compared to the input data inx[n], the transmit signals[m]
contains redundancy due to oversampling by a ratioK/N.
This redundancy provides a guard band between different
multiplexed frequency bands, and the variation of this OSR
is the subject of this paper.

After transmission over a dispersive channel with chan-
nel impulse responsec[m], the signalr[m] is received includ-
ing additive white Gaussian noise at a specific signal to noise
ratio (SNR).

At the receiver, the signal is buffered in blocks of length
K and in this time-demultiplexed form passed on as a vec-
tor r[n] ∈ C

K to the polyphase analysis matrix of the filter
bank transmultiplexer. We here assume the use of parau-
nitary, i.e. perfectly reconstructing, filter banks [24], hence
the analysis matrix is formed by the parahermitianŨ(z) =
UH(z−1) ∈ CN×K •—◦ Ũ[n], providing the output vector
y[n] ∈ CN.

2.2 Transmultiplexer Design

The analysis and experiments in this paper are based on the
equivalence between transmultiplexers and subband decom-
positions. We therefore use the design in [20], which was
developed for near-perfectly reconstructing (NPR) oversam-
pled GDFT modulated filter banks for subband adaptive fil-
tering. Due to oversampling, a narrow transition band arises,
which allows control of in-band aliasing and hence reduced
the perfect reconstruction property to aK-band Nyquist con-
dition [24].

Applied to transmultiplexers, the above design allocates
a normalised angular bandwidth of2π

K to each subchannel as
passband width, and a bandwidth of2π

N for the passband in-
cluding the two transition bands on either side. Therefore,
adjacent bands only overlap with their stopbands, thus keep-
ing cross-talk at a level equivalent to the stopband attenu-
ation. A number of magnitude responses|P(ejΩ)| for the
prototype filter design are shown in Fig. 2, with parameters
listed in Tab. 1. By GDFT modulation, these prototype filters
can be turned into a series of bandpass filters with ascending
centre frequency.

2.3 Design Parameters and Error Measures

We define two performance measures for this filter bank de-
sign — stopband energy and reconstruction error (RE). The
stopband energy defines the level of inter-carrier interference
(ICI),

ICI = 10log10

π
∫

π/N

|P(ejΩ)|2dΩ , (2)

whereby the term ICI is loosely extended to cover the inter-
ference between different subbands rather than subcarriers.
Provided that measure (2) is sufficiently small, RE is the de-
viation of the prototype filter from a Nyquist-K or K-band

N K Lp OSR ICI/[dB] RE/[dB]
14 16 448 1.143 -53.6 -69.1
14 17 476 1.214 -62.7 -96.2
14 18 378 1.286 -64.9 -89.0
14 19 532 1.357 -103.1 -142.5
14 20 420 1.429 -98.9 -120.7
14 21 462 1.500 -116.2 -146.7
14 22 462 1.571 -132.6 -165.2
14 23 322 1.643 -89.1 -123.9
14 24 504 1.714 -142.5 -192.0
14 25 350 1.786 -113.9 -152.7
14 26 364 1.857 -125.4 -150.5
14 27 378 1.929 -112.2 -144.5
14 28 448 2.000 -150.6 -167.0

Table 1:Parameters of filter banks designed using [20].

filter [25] such that

RE= 10log10|e
− jΩΓ/K −

K−1

∑
k=0

P(ej(Ω−2kπ)/K)|2dΩ , (3)

whereΓ is the constant group delay of the symmetric proto-
type lowpass filterp[n] ◦—• P(ejΩ). The RE will be respon-
sible for causing ISI even when transmitting across an ideal
channel.

The filter bank design in [20] directly minimises the two
error components (2) and (3), hence for a given specifica-
tion, the filter bank design can produce a transmultiplexer
based on a prototype filter that is just long enough to remain
within the required error bounds. Performance measures for
the designs utilised in this paper are listed in Tab. 1, where
the prototype lengthLp is constrained to integer multiples of
bothN andK [20], resulting in some variations of the error
measures. The RE measures are under the assumption that
ICI is negligible. Since RE< ICI for all filter designs, in
fact the reconstruction error would also be influenced — and
limited — by ICI.
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Figure 2:Magnitude responses|P(ejΩ)| for various prototype fil-
ters.
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2.4 Peak to Average Power Ratio

An important aspect of multicarrier systems is their often
poor behaviour in terms of PAPR, which is defined as

PAPR=
maxm|s[m]|2

σ2
s

. (4)

Fig. 3 provides some experimental results obtained by mul-
tiplexing 107 symbols onto the transmit signals[m] by us-
ing the transmultiplexers characterised in Tab. 1. As evident,
there is no great impact of OSR on PAPR, except for a small
rise in PAPR as the OSR is increased.

2.5 Performance Across Ideal Channel

The RE measures stated in Tab. 1 are only achievable if
the receiver is perfectly synchronised with the transmitter,
i.e. the Nyquist-K system between Tx and Rx is sampled
at the correct time instances. In the following, we explore
the transmultiplexer performance under ideal channel condi-
tions, but with errors in timing synchronisation by introduc-
ing a variable delayc[m] = δ [m−∆] into the setup in Fig. 1.

If the measured impulse response for thel th channel be-
tweenx[n] andy[n] is cl [n], then ISI in that channel is given
by

ISIl =

∞
∑

n=0
|cl [n]|2−maxn |cl [n]|2

maxn |cl [n]|2
. (5)

For an arbitrary subband, the ISI in dependency of the delay
∆ is depicted in Fig. 4. Near-zero ISI can only be achieved
at integer multiples ofK from an optimal sampling point,
highlighting the requirement for timing synchronisation even
in the ideal channel case.

2.6 Performance Across Dispersive Channels

To test performance across a dispersive channel, a power line
communications (PLC) baseband channel with 80 complex
valued coefficients reported in [26] is utilised as a transmis-
sion medium. The highly dynamic magnitude response of
this PLC channel is shown in Fig. 6 (top), with the character-
istic of a specific transmultiplexer depicted below. The first
major impact of this channel is that even though the effective
channel impulse responsescl [n] are shortened by a factor of
approximatelyK compared toc[m], finite ISI will remain,
because the system of filter banks and channel is no longer a
Nyquist-K system.

The second impact is due to the non-constant group de-
lay of c[m], which requires timing synchronisation to be per-
formed individually for every subband. Fig. 5 demonstrates
the average ISI per subband and across all possible time de-
lays for different OSRs. As for the ideal channel case, an
increase in OSR leads to an increased robustness towards ISI.
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Figure 4:ISI measured in a subband for transmission over a chan-
nel δ [n−∆].
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Figure 5: ISI averaged across all subbandsn = 0· · · (N− 1) and
all delays∆ ∈ Z, 0 ≤ ∆ ≤ (K − 1) for both ideal and dispersive
channels.

3. SYNCHRONISATION AND EQUALISATION

3.1 Fractionally Spaced Equaliser

In order to achieve synchronisation in individual subbands
and mitigate ISI caused by a dispersive channel impulse re-
sponsec[m], in the following an FSE is implemented. FSEs
have in the past been used for critically [7] and oversam-
pled transmultiplexers [13]. We here utilise an FSE structure
proposed in [13] which is dual to subband FSEs [27], and
depicted in Fig. 7. The adaptive equaliser coefficients are
contained in the diagonal polynomial matricesΛi [n], where
the subscripti = {0,1} refers to the FSE’s two polyphase
components.

3.2 Minimum Mean Square Error Solution

Due to the separation in frequency and the negligible level
of ICI afforded in the design [20], the FSEs can be designed
independently in each subband. Letcl ,i [n] be the impulse
response measured between thel th componentxl [n] of the
transmit vectorx[n] in Fig. 1 and the input to thel th equaliser
in Λi in Fig. 7. Note that unlike general multirate systems, the
cl ,i [n] are linear time-invariant, thereby permitting the sub-
sequent analysis. Defining vectorscl ,i ∈ CM containing the
coefficients of the responsescl ,i [n] of lengthM and equaliser
polyphase components of lengthL, a convolutional matrix
Cl

Cl =
[

Cl ,0 |Cl ,1
]

(6)

with the Toeplitz submatrices

Cl ,i =









cl ,i 0
cl ,i

. . .
0 cl ,i









∈ C
(L+M−1)×L (7)
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Figure 6: PLC channel magnitude response [26] (top) and trans-
mission characteristic of transmultiplexer forN = 14 andK = 16
(bottom).

can be set up. The MMSE solution for equaliser polyphase
components of lengthL each, organised in vectors, is given
by

wMMSE =

[

λ l ,0
λ l ,1

]

=
(

CH
l Rxl xl Cl +Rvl vl

)−1
CH

l Rxl xl d . (8)

In (8),Rxl xl ∈C(L+M−1)×(L+M−1) andRvl vl ∈C2L×2L are the
covariance matrices of the transmitted subband signalxl [n]
and the channel noise measured at the equaliser input, re-
spectively. The vectord is a pinning vector with zero ele-
ments except for a unit element at the∆th position, whereby
∆ is the delay for the overall system.

The residual MMSE for the solution (8) is

ξMMSE = dHRxl xl d−dHRxl xl ClwMMSE

−wH
MMSEC

H
l Rxl xl d

+wH
MMSEC

H
l Rxl xl ClwMMSE

+wH
MMSERvl vl wMMSE , (9)

as shown for several different OSRs over a range of signal-to-
noise ratios in Fig. 8. These results refer to the MMSE values
for an FSE operating on the second subband of a transmul-
tiplexer communicating over the PLC channel characterised
in Fig. 6, with an equaliser length ofL = 30 coefficients and
a decision delay optimised with respect to the lowest achiev-
able MMSE. Note that with an increased OSR, due to the
lower ISI, the MMSE solution is considerably enhanced.

Λ1[n]

Λ0[n]

x̂[n]

s/pr[m]

z−
K
2

K
Ũ[n]

N

Ũ[n]s/p
K N N

Figure 7: Receiver structure incorporating fractionally spaced
equaliser.
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Figure 9:Convergence of FSE for transmultiplexers with different
OSRs after switching on adaptation at timen = 0. Despite lower
delay spread, the filter lengthL had to be increased to compensate
for additional filter bank delay.

3.3 Least Mean Squares Adaptation

Various iterative adaptive algorithms can be utilised to ap-
proximate the solution in (8). We here consider LMS-type
adaptation — either trained or in decision directed mode —
since this class of algorithm is popular due to its low com-
putational cost and known bounds of convergence. How-
ever, LMS-type algorithms suffer from slow convergence if
the input signal is correlated, which is the case for oversam-
pled transmultiplexers due to the bandpass characteristicof
the subband signals [28]. We here use the normalised LMS
(NLMS) algorithm [29] applied to the structure in Fig. 7 with
the desired signal derived from the transmit signalsxl [n] de-
layed by∆ samples.

The results for six different OSRs at an SNR of 40dB are
shown in Fig. 9. In all cases, the NLMS operates with a step
size of 10% of its maximum permissible value. The MMSE
values for the different OSRs based onK = {16,20,28}
are 10log10ξMMSE = {−50,−51,−53.5}, respectively. Slow
convergence at subband edges had previously been reported
for subband adaptive filtering [28], and can also be noted
here, with particularly high OSR systems converging signif-
icantly slower in the given time, even though their MMSE is
lower than for low OSR systems, and they converge towards
lower MSE values after a few thousand iterations.

4. DISCUSSION AND CONCLUSIONS

In this paper, filter bank based transmultiplexers operating
under different oversampling ratios (OSRs) have been inves-
tigated. The transmultiplexer design is derived from a dual
application for subband adaptive filtering, and the considered
systems cover a range of OSRs between 1.1 and 2, with suffi-
ciently low error measures that are directly controlled by the
prototype filter design on which the utilised filter banks are
based.
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Since the channel impulse response experienced between
the input and output of the transmultiplexer is shortened by
approximately the oversampling factor, high OSRs have been
shown to yield a lower level of ISI in the presence of tim-
ing synchronisation errors or a dispersive channel. Previous
research in the literature has suggested fractionally spaced
equalisation, which here has yielded a lower mean squared
error for higher OSRs due to the reduced ISI level and short-
ened effective channel impulse responses. In this sense, it
appears attractive to use higher OSRs, for which the filter
bank design can be relaxed compared to filter banks that op-
erate close to critical sampling.

For low OSR, the system provides less redundancy and
achieves a higher spectral efficiency. Also, initial results on
the peak-to-average power ratio have shown a slight advan-
tage towards low OSRs, although more analysis and a com-
parison to [23] and [30] is desirable. If fractionally spaced
equalisers are adapted by LMS-type algorithms, then slow
convergence at the band edges can create problems. Even
though systems with a high OSRs offer a lower MMSE, an
LMS-type algorithm may not be able to exploit this advan-
tage and in many cases converge significantly slower than a
system operated at low OSR.
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ABSTRACT
Filter Bank Based Multicarrier (FBMC) systems appears to
be the best choice to replace Cyclic Prefix (CP) based Or-
thogonal Frequency Division Multiplexing (OFDM) as the
physical layer of future wireless communications devices.

Some equalizer solutions for FBMC systems already
exist. Among them, the equalizers minimizing the mean
square error (MMSE) criterion show the best trade-off be-
tween complexity and performance. In this work we eval-
uate the uncoded BER performance of FBMC systems with
two kinds of receivers: the per-subchannel MMSE Linear
Equalizer (LE) and a maximum likelihood sequence estima-
tor (MLSE). Moreover, we compare the coded and uncoded
BER of FBMC with CP-OFDM in a configuration where
both systems have the same spectral efficiency. From our re-
sults we can conclude that the MMSE LE achieves a satisfac-
tory performance compared to the MLSE with a much lower
computational complexity. We also show that the FBMC
scheme reduces the energy per bit by 2.5 dB compared to
CP-OFDM under the same spectral efficiency.

1. INTRODUCTION

The physical layer of future wireless communications sys-
tems is expected to provide an even higher data rate when
compared to current schemes. Multicarrier (MC) based sys-
tems have showed to be the best choice for this requirement
because of its many advantages. The basic principle of MC to
divide the frequency spectrum into many narrow subchannels
is not new, but only in the last decade it could be observed a
widespread use in practical systems. There are many classes
of MC systems, but the CP-OFDM is certainly the most in-
vestigated one. It offers the advantage of efficient and sim-
ple implementation and the channel equalization becomes a
trivial task. As a result of the insertion of redundancy (CP),
only one tap per subchannel is necessary to compensate the
frequency selectivity of the channel. The drawbacks of CP-
OFDM compared to other modulation schemes include a loss
in spectral efficiency, as a consequence of the CP insertion,
a higher level of out-of-band radiation, since the subcarriers
have a sinc-like frequency behavior, and a higher sensitiv-
ity to narrowband interferers when the synchronization is not
perfect, because the low attenuation of the sidelobes implies
in an frequency undesired overlap of the subchannels.

CP-OFDM is based on the general MC concept of mod-
ulated transmultiplexers (TMUX), which are composed of
exponentially modulated analysis and synthesis filter banks,
what we call FBMC systems. Maximally decimated filter
banks are of particular interest. Instead of using a rectan-
gular window for pulse shaping, a finite impulse response

(FIR) prototype filter that has a longer impulse response than
the symbol period, i. e. the number of filter coefficients is
higher than the number of subchannelsM, is modulated by
complex exponentials to form each subchannel. Because of
its longer length, the filters can be more concentrated in the
frequency domain and the subchannels are shaped to overlap
only with the contiguous ones. The prototype filter is also
chosen to fulfill the Nyquist Intersymbol Interference (ISI)
criterion, so that its impulse response has amplitude zero at
the symbol periodT . But it is known from filter bank [1]
and communication theory [2] that, in a complex modulated
and critically sampled TMUX, if the input signals are com-
plex and in order to achieve the perfect reconstruction or ISI
conditions, the real and imaginary parts of the input signals
must be staggered byT/2, resulting in the so called Offset
Quadrature Amplitude Modulation (OQAM).

The equalization problem in FBMC systems is still an
active research topic. We focus here on solutions that de-
pend only on the output signals of each subchannel. In this
way per-subchannel equalizers work like single carrier (SC)
equalizers for OQAM modulated symbols, but with the dif-
ference that Interchannel Interference (ICI) is present. Since
noise cannot be considered white at the output of a filter with
bandwidth smaller than the sampling frequency, this has to
be considered in the equalizer design. Furthermore, in an
FBMC system with OQAM input symbols the equalizer can
be inserted in front of the de-staggering, leading to a fraction-
ally spaced equalizer (FSE) working at a rate of 2/T , where
1/T is the symbol rate.

In the classical literature of receivers for frequency selec-
tive channels, the MLSE equalizer is referred as the optimal
receiver [3]. In addition to completely mitigating the ISI,
those receivers make use of the time diversity inserted by the
multipath channel. The main drawback and an obstacle to
practical use of the MLSE is its computational complexity.

Some practical solutions for the problem of channel
equalization already exist in the literature. In [4] the authors
consider the equalizer optimization in the frequency domain,
while in [5] a time domain optimization of the MMSE linear
equalizer is presented. In [6] an MMSE decision feedback
equalizer is derived.

In this paper we evaluate the uncoded bit error rate (BER)
of FBMC systems by considering a comparison between the
MLSE receiver adapted to the OQAM modulation and the
unbiased MMSE linear equalizer. Moreover, we compare
the coded and the uncoded BER of CP-OFDM and FBMC
systems when both have the same data rate.

This work is organized as follows. In Section 2, we give
an overview of the FB system model and an efficient struc-
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ture for its realization. We describe in details, in Section3,
both the MLSE and the linear unbiased MMSE receivers. In
Section 4, we show some simulation results and in Section 5
some conclusions are drawn.

2. OQAM FBMC SYSTEM MODEL AND
STRUCTURE

A general overview of the FBMC system model is depicted
in Fig. 1. The filter banks are employed in a transmulti-
plex architecture. At the transmitter a synthesis filter bank
(SFB) performs a frequency division multiplexing (FDM) of
the complex data symbolsdk[m] into parallel subchannels of
rate 1/T . At the receiver, an analysis filter bank (AFB) sep-
arates the data from the single subchannels. In our model we
include a frequency selective channel and an AWGN source
between the SFB and the AFB.

We consider here an exponentially modulated filter bank
both in SFB and AFB. This means that only one prototype
low-pass filter has to be designed and the other subfilters are
obtained by modulating it as follows

hk[l] = h0[l]exp(j2πkl/M) , l =−KM/2, . . . ,KM/2, (1)

whereh0[l] is the impulse response of the prototype filter,
M is the total number of subcarriers andK is the time over-
lapping factor that determines how many blocks of symbols
superpose each other. The prototype is a Nyquist-like filter
usually with a roll-off factorρ = 1. Consequently, only con-
tiguous subchannels overlap in the frequency domain and the
other subcarriers are attenuated by the good stopband behav-
ior. Moreover, we will always consider hereK = 4.

Since the prototype filter is longer then the number of
subchannelsM, and in order to maintain the orthogonality
between all the subchannels and for all time instants, the in-
put symbolsdk[m] need to have its real and complex parts
staggered byT/2 resulting in an OQAM modulation scheme
[7]. The OQAM staggering for even indexed subchannels
is depicted in Fig. 2. In odd indexed subchannels the de-
lay of T/2 is located in the lower branch with purely imag-
inary symbols. At the receiver the OQAM demodulation is
performed by transposing [8] the signal-flow in Fig. 2 and
exchanging the blocks named Re and jIm.

The operation of upsampling and filtering each substream
can be executed by employing an efficient structure of both
SFB and AFB. This structure uses an inverse discrete Fourier
transform (IDFT) to execute the modulation and a polyphase
network at the transmitter as shown in Fig. 3, wherez1 =

e
sT
2 , z = e

sT
M , while s is the complex frequency variable, and

G(p1)
p (z2

1) are thep-th polyphase components of type 1 of the
prototypeH0(z1) [8].

At the receiver a polyphase filtering is first executed then
the DFT demodulates the single subchannels. The higher
efficiency comes also from the deployment of a fast Fourier
transform (FFT) to implement both IDFT and DFT.

It is possible to find in the literature even more efficient
structures depending on the characteristics of the prototype
filter, see [9].

3. PER-SUBCHANNEL EQUALIZATION

Because the frequency selective channel deforms the fre-
quency response of the ideal subchannel, ISI and ICI will
be encountered in each subchannel. In order to recover the

SFB Channel AFB & Eq.+

AWGN
dM−1[m]

d1[m]

d0[m] d̃0[m]
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d̃M−1[m]

Figure 1: FBMC System Overview
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subchannel spectral shape, an equalizer has to be inserted at
the receiver in front of the OQAM destaggering, i.e. its input
and output samples have a period ofT/2.

According to the selection of the prototype (see Sec. 2)
it is reasonable to assume that on each subchannel only ICI
from contiguous subchannels is present. This subchannel
model is depicted in Fig. 4.

We collect thek-th subchannel output symbols fromyk[n]
to yk[n−N] in a vectoryk[n] ∈ C

N and write it as a function
of the three input signals and the noise. For this, we em-
ploy the convolution matricesG′

k, M ′
k, N ′

k ∈ C
N×Q,Γk ∈

C
N×M(K+N/2)+1, with Q = N + L− 1 , composed of theL

long impulse responsesm′
k[n], n′k[n], g′k[n] from the input

symbols andγ ′k[l] from the noise as follows

yk[n] ≈ G′
kx

′
k[n]+M ′

kx
′
k−1[n]+N ′

kx
′
k+1[n]+Γkη [l], (2)

where η [l] ∈ C
M(K+N/2)+1 and the vectors

x′
k−1[n],x′

k[n],x′
k+1[n] ∈ C

Q have components alternat-
ing between purely real or purely imaginary numbers as
a result of the OQAM staggering. If the imaginary unit j
is moved to the convolution matrices we can rewrite the
received signal as

yk[n]≈Gk[n]xk[n]+Mk[n]xk−1[n]+Nk[n]xk+1[n]+Γkη [l],
(3)

Note that now the vectorsxk−1[n],xk[n],xk+1[n] ∈ Q con-
tain only real numbers and the convolution matricesG′

k[n],
M ′

k[n], N ′
k[n] ∈ C

N×Q correspond to time-variant impulse
responses.

Based on this subchannel model we consider two possi-
ble equalizer structures in the next subsections.

3.1 MLSE

First, let us consider the more sophisticated MLSE equal-
ization for the FBMC system. The optimal MLSE receiver
should take into account the output of all subchannels to find
the most likely input symbols. The problem is that this joint
ML decoding among all subcarriers is computationally in-
feasible. Nevertheless, since there is overlap only between
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IDFT

G
(p1)
0 (z2

1)

G
(p1)
p (z2

1)

G
(p1)
M−1 (z2

1)

↑M

2

↑M

2

↑M

2

O0

Ok

OM−1

z−1

z−1

+

+

X0(z1)

Xk(z1)

XM−1(z1)

S(z)

d0

dk

dM−1

Figure 3: Efficient structure of the SFB

contiguous subchannels, the complexity can be reduced by
using a two-dimensional Viterbi-like detector, but it still re-
mains much more complex than a per-subchannel detector.

Therefore, for simplicity, the interference from the adja-
cent subcarriers is assumed to be Gaussian distributed, which
means that we separately perform a suboptimal MLSE on
each subcarrier. Furthermore, we ignore the fact the ICI is
colored. In that case, the MLSE rule is only related to the
impulse responseg′k[n], whose length is denoted byL. For
the case of OQPSK modulation, the trellis has 2L states with
only two possible transitions per state since the detectionis
carried out on a real representation of the data. The MLSE
selects the input sequence ˆxk[0], ..., x̂k[B] of lengthB that min-
imizes the cost

Ck[B] =
B

∑
m=0

∣

∣

∣

∣

∣

yk[m]−
L−1

∑
n=0

xk[m−n]gk′[n] · I(m−n)

∣

∣

∣

∣

∣

2

, (4)

where

I(n) =

{

1 for n even,
j for n odd.

Hereby, the case distinction follows from the OQAM con-
stellation structure and we assume the subcarrier indexk to
be odd. For evenk, we just have to reverse the definition of
I(n). More precisely, the MLSE rule (4) can be computed

sequentially using the Viterbi algorithm as

Ck[m] = Ck[m−1]+

∣

∣

∣

∣

∣

yk[m]−
L−1

∑
n=0

xk[m−n]ḡk[m,n]

∣

∣

∣

∣

∣

2

, (5)

where ¯gk[m,n] represents a time-variant impulse response
given by

ḡk[m,n] =

{

g′k[n] for m even,
jg′k[n] for m odd,

andxk[n] ∈ {±1} for the OQPSK case. In other words, the
added single squared error term at timem to the cost at time
m−1 has to be computed differently, depending on whether
m is even or odd.

3.2 Unbiased MMSE Linear Equalization

In [5] we derived the MMSE linear equalizerwk as

w′
k =

[

HkH
T
k +FkF

T
k +Rη ,k

]−1 σd√
2
Hkeν ,

wherew
′,T
k =

[

w
(R),T
k w

(I),T
k

]T
, w

(R)
k = Re{wk}, w

(I)
k =

Im{wk}, and

Hk =
σd√

2

[

G
(R)
k

G
(I)
k

]

, Fk =
σd√

2

[

M
(R)
k N

(R)
k

M
(I)
k N

(I)
k

]

,

Rη ,k =
σ2

η

2
Γ ′

kΓ
′,T
k , Γ ′

k =

[

Γ
(R)
k Γ

(I)
k

Γ
(I)
k −Γ

(R)
k

]

,

while G
(R)
k , G

(I)
k M

(R)
k , M

(I)
k , N

(R)
k , N

(I)
k ,Γ

(R)
k , Γ

(I)
k are

the real and imaginary parts of the matricesGk[n],Mk[n],
Nk[n] and Γk[n]. Moreover, σ2

d = E[dk[m]d∗
k [m]] for the

assumption of i.i.d. input symbols,σ2
η = E[η [m]η∗[m]] and

eν is theν-th unit vector.

Given an equalizer impulse response for each subchan-
nel, it can be shown that the MSE at its output is given by

MSEk = σ2
d (1−w′

kH
T
k eν). (6)
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On the other hand, the output of the MMSE equalizer is given
by

zk[m] = αk(dk[m]+ ISIk + ICIk +ηk[n]),

where ISIk and ICIk are the residual intersymbol and in-
terchannel interference, respectively, while the factorαk =
E[zk|dk]/dk < 1 is related to the bias inserted by this equal-
izer, as it is well-known that the linear MMSE equalizer is
biased. Consequently, it can be demonstrated that the Signal
to Interference plus Noise Ratio (SINR) at the output of the
MMSE LE is [10]

SINRk =
σ2

d

MSEk
−1.

Moreover, as shown in [10], the bias is defined as

αk =
1

1+(SINRk)−1 .

A simple way to force the MMSE equalizer to become unbi-
ased is by simply multiplying its output byα−1

k . As a result,
the bias removal coefficient is given by

α−1
k =

σ2
d

σ2
d −MSEk

It is worth noting that although the bias removal reduces the
symbol estimation error, it increases the MSE in each sub-
channel. The new MSE becomes

MSEk,U =
1

αk
MSEk =

σ2
d MSEk

σ2
d −MSEk

Furthermore, we would like to comment that in the case of
CP-OFDM, the trivial one-tap MMSE unbiased equalizer is
equal to the zero forcing equalizer. The latter is widely ac-
cepted as the standard one-tap equalizer for CP-OFDM.

4. SIMULATION RESULTS

In our simulations we have considered the FBMC system
described in Section 2. The prototype was obtained by the
frequency sampling method described in [11] and its mag-
nitude frequency response is shown in Fig. 5. The channel
between synthesis and analysis FBs is modeled as an FIR
filter to reproduce the effects of multipath propagation en-
countered in wireless communication environments. For the
matter of comparison, we have employed at the receiver both
MLSE and Unbiased MMSE linear equalizer to compensate
for the frequency selectivity of the channel.

In the first example we have employed the parameters in
Table 1. Fig. 6 shows a comparison of the uncoded BER be-
tween the MMSE Linear Equalizer and two variants of the
MLSE equalizer. The curve denoted MLSE ICI corresponds
to the case where the ICI is not removed before the sequence
estimation, but just seen as Gaussian noise. The curve de-
noted MLSE corresponds to the case where ICI is completely
removed from the received signal unrealistically assuming
that the receiver perfectly knows it. This is consequently a
performance lower bound for a feasible MLSE.

The analytical probability of error is also depicted in
Fig. 6. For this computation, we have assumed that the sum

0 0.01 0.02 0.03 0.04 0.05

−80

−70

−60

−50

−40

−30

−20

−10

0

Normalized Frequency (pi rad/sample)

M
a

g
n

itu
d

e
 (

d
B

)

Figure 5: FIR prototype filter magnitude response forM =
128,K = 4, lengthKM +1 and designed according to [11]

Parameter Value
Modulation QPSK
Total number of subchannelsM = 128
Data filled subchannels Mdata= 96
Subchannel spacing ∆ f = 87.2 kHz
Total bandwidth BW= 10 MHz
Sampling period Ts = 89.28 ns
Equalizer length N = 21
Channel model ITU Vehicular B static
RMS delay spread τRMS = 4µs
Symbols per subchannel 100
Channel realizations 100

Table 1: Parameters for BER comparison of FBMC receivers

of the residual ISI, ICI and noise at the output of the equal-
izer are Gaussian distributed. Consequently the probability
of error was calculated for an AWGN channel on each sub-
channel and for each channel realization. The variance of
that interference-plus-noise source is given by the MSE in
Eq. (6).

We can see that for low values ofEb/N0 (Energy per bit
over the one sided noise power spectral density) both MMSE
and MLSE equalizers present similar results, only for higher
values ofEb/N0, the MLSE without ICI presents significant
improvements. Clearly, this improved performance comes
at the price of an impractical increase in the computational
complexity.

As a second example, we have considered a comparison
between the coded and uncoded BER for both FBMC em-
ploying 16-QAM and CP-OFDM employing 32-QAM. We
have used a convolutional encoder and a soft decoder. All the
other parameters are shown in Table 2 and the results are de-
picted in Fig. 7. By choosing different QAM alphabets both
systems will possess the same spectral efficiency in bits/Hz.
It should be clear that CP-OFDM loses in spectral efficiency
proportionally to the length of the CP.

From the simulation in Fig. 7 it is possible to see that the
FBMC system allows a reduction of 2.5 dB in the transmitted
power to achieve the same data rate and BER performance of
a similar CP-OFDM system.
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Figure 6: Uncoded BER comparison between MMSE Linear
Equalizer and MLSE. Parameterization from Table 1.

Parameter Value
Total number of subchannelsM = 1024
Data filled subchannels Mdata= 768
Subchannel spacing ∆ f = 10.9 kHz
Total bandwidth BW= 10 MHz
Sampling period Ts = 89.28 ns
CP length TCP = 22.85µs (1/4)
Equalizer length N = 5
Channel model ITU Vehicular B static
RMS delay spread τRMS = 4µs
Symbols per subchannel 1000
Channel realizations 200
Code rate,R 1/2
Code polynomials 1+D1 +D2 +D3 +D6

1+D2 +D3 +D5 +D6

Type of decoder Max-log-MAP algorithm

Table 2: Parameters for BER comparison between FBMC
and CP-OFDM

5. CONCLUSIONS

We presented in this work a comparison of the BER perfor-
mance between the linear MMSE equalizer and the MLSE
receiver for FBMC systems. The MMSE linear equalizer
shows a performance very close to the MLSE for low val-
ues ofEb/N0 but at a much lower computational complexity.

We also compared the uncoded and coded BER perfor-
mance between FBMC and CP-OFDM in a wireless com-
munications scenario. From the simulations results we can
conclude that the FBMC system presents an advantage of 2.5
dB compared to a CP-OFDM system.
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ABSTRACT

This paper presents a new approach of microphone array
sampling and processing for acoustic source localization.
By sampling circular arrays in a round robin fashion, non-
linear modulations are purposefully induced by means of the
Doppler effect. The discrete time Teager-Kaiser Energy Op-
erator is then used to analyze these modulations. It enables
a batch-based localization of multiple sound sources at low
complexity. The proposal system uses a small circular array
but is suitable for other array geometries as well. In con-
trast to cross-correlation based localization techniques, we
process only two signals while we maintain a circular sym-
metric system with no preferred look direction. Experiments
are reported for up to 5 simultaneously active speech sources.

1. INTRODUCTION

The localization of multiple acoustic sources using a micro-
phone array is an important field of current research. It’s
applications span from video conference systems over hear-
ing aid processing to mobile communications. Common lo-
calization techniques in the case of single or multiple sound
sources are adapted from beamforming, cross-correlation or
subspace based methods and are reviewed for instance in
[3, 6].

In this paper, we explore a new approach, which is based
on a circular array sampling technique. The basic idea is
to build a single signal by time-interleaved sampling of the
microphone signals. In this way, we simulate a moving mi-
crophone and generate Doppler frequency shifts in the re-
sulting signal. If the array geometry (e.g. linear or circular)
is known, we can identify the source positions by analyzing
the instantaneous frequency changes. In principle, arbitrary
array geometries can be used, but in this paper we restrict
the discussion to circular arrays to simplify the mathemati-
cal treatment. Our algorithm makes use of the Teager-Kaiser
Energy Operator (TKEO), as introduced in [4]. Its most fre-
quent application is a simultaneous amplitude and frequency
demodulation [8], which has resulted in the DESA-algorithm
for speech demodulation presented in [7]. This paper makes
use of the TKEO itself to establish a batch-based algorithm
for multiple source localization. In our context, the TKEO is
more suitable since the DESA algorithm cannot handle fast
changes in instantaneous frequency.

The remainder of this article is structured as follows. In
Sec. 2, we introduce the proposed sampling technique and
point out some fundamental characteristics. In Sec. 3 we
present our approach for direction of arrival (DOA) estima-
tion before simulation results are discussed in Sec. 4.

2. CIRCULAR SAMPLING

In the following, we examine a circular microphone array
with radius r0 that contains M sensors and assume ane-
choic conditions. The microphone signals xmi (tn), with i =
0, . . . ,M − 1, are a mixture of Q source signals xq j(tn), with
j = 0, . . . ,Q− 1. tn = n/fs is the discrete time, n the sample
index (n = 0, . . . ,N −1) and fs the sampling frequency. Now,
circular sampling entails that we form a signal xD(tn) in the
following manner: The first sample of xD(tn) is taken from
the first microphone, the second one from the second micro-
phone, and so on. To allow arbitrary starting positions of the
round robin sampling, we introduce the superscript (i0), with
i0 ∈ {0, . . . ,M−1}, which results in

x
(i0)

D
(tn) = xmi(n)(tn) , with (1)

i(n) = (n+ i0)modM.

2.1 Geometric Analysis

For the following analysis, we relate this sampling technique
to a single microphone, moving on a circular track, and sam-
pled at distinct times, corresponding to the positions of the
array sensors. Due to this movement and the Doppler effect

the received signal x
(i0)

D
(tn) shows periodic frequency shifts.

As a first step, we evaluate an expression for the instanta-

neous frequency of x
(i0)

D
(tn) following the well known defini-

tion of the Doppler effect. For a single microphone, moving
with velocity veff towards a sound source that emits a sinu-
soidal signal at frequency f0, the frequency fD of the received
signal becomes

fD = f0

(
1+
veff

c

)
. (2)

Here, c is the speed of sound. At this point, we have to con-
sider the circular sampling with regard to the array geometry
as sketched in Fig. 1. Let (rq0 ,ϕq0 ) be the position of a single
sound source in polar coordinates (r,ϕ) whose origin lies in
the center of the microphone array. Then, assuming far field
conditions, the wave propagation can be described by an unit
vector in the form of

eq0 = −
(
cos(ϕq0 )
sin(ϕq0 )

)
. (3)

The velocity vector v(tn) that describes the speed of spatial
sampling can be written as

v(tn,ϕ0) =

(
−sin(cϕtn+ϕ0)
cos(cϕtn+ϕ0)

)
(4)
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Figure 1: Measurement geometry - v describes the sampling
direction, es is the normalized vector of the incoming wave-
fronts (far-field assumption).

where cϕ = 2π fs/M is the angular velocity, and ϕ0 = 2π
i0
M
is

the azimuth position from where the sampling starts (e.g.
in Fig. 1 ϕ0 ∈ [0,π/4,π/2 . . . 7π/4]). Using the inner prod-
uct 〈·, ·〉, we calculate the effective velocity component by
veff = −

〈
eq0 ,v(tn,ϕ0)

〉
and obtain an expression for the in-

stantaneous frequency of x
(i0)

D
(tn)

f
(i0)

D
(tn) = f0

(
1− 2πr0
Mc
fs sin
(
cϕtn+ϕ0−ϕq0

))
(5)

using a far field approximation (r0 ≪ rq0 ). In (5), ϕq0 is the
azimuth position of the sound source, i.e. the desired direc-
tion of arrival (DOA) of impinging waves.
Additionally, we can define a sampling theorem in the

sense of the Nyquist condition

fs >
2 f0

1−2 2πr0
Mc
f0
> 2 f0. (6)

In relation to 2 f0, the microphone signals need to be some-

what oversampled to acquire x
(i0)

D
(tn). For example, for

M = 4, r0 = 2cm, c = 340
m
s
and f0 = 1kHz, this results in

fs > 2.5kHz. As a first result, we see that the circular sam-
pling is a transformation of the individual microphone sig-
nals that evokes nonlinear effects. The source signals be-
come the carriers of a mixture of frequency modulated (FM)
signals, whose instantaneous frequencies depend on the dif-
ferent DOAs ϕq j .

2.2 Polyphase Representation

As an alternative to (1), we can describe the circular sampling
by a polyphase network as shown in Fig. 2, using the discrete
sampling function

wM(n−λ) =
M−1∑

ν=0

W
ν(n−λ)
M

=

{
1, n = mM+λ

0, otherwise
(7)

with the Mth complex root of unity, WM =
M√
1 = e− 

2π
M . The

circularly sampled signal x
(i0)

D
can now be expressed by sin-

gle polyphase components of the microphone signals xmi(n)

xm0 (n)

xm1 (n)

xmM−1(n)

wM(n− i0)

wM(n−1− i0)

wM(n−M+1− i0)

x
(i0)

D
(n)

Figure 2: Circular sampling by means of a polyphase net-
work.

following

x
(i0)

D
(n) =

M−1∑

i=0

xmi(n)wM(n− i− i0). (8)

Based on the theory of polyphase networks [10, 2], the spec-

trum of x
(i0)

D
(n) is given by

X
(i0)

D
(z) =

1

M

M−1∑

i=0

M−1∑

k=0

Xmi
(
zWkM
)
W
(i+i0)k

M
. (9)

Due to the phase shifted subsampling of the microphone sig-
nals in (8), the spectrum of the circular sampled signal is
composed by the modulated spectra Xmi

(
zWk
M

)
of xmi(n) with

a microphone dependent phase shiftW
(i+i0)k

M
. Hence, we have

the usual limitations concerning aliasing due to the subsam-
pling of the microphone signals. In addition to (6), the micro-
phone signals should be limited to a bandwidth of fs/M. These
results become important, when regarding the frequency de-
pendency of the proposed time domain algorithm. However,

based on the closed form of X
(i0)

D
(z) in (9), a frequency do-

main model and processing of the circular sampled signal can
be established, too.

3. DOA ESTIMATION

In this section, we look at the localization of sound sources
using the proposed sampling technique. If the nonlinear-
ities were sufficiently small, one would have to calculate
the instantaneous frequencies of all Q FM-signals mixed in

x
(i0)

D
(tn). However, a direct demodulation will not work due

to the different and, in particular, wideband carrier signals
(source signals, e.g. speech, noise, etc). We present a time-
domain framework based on the TKEO, which is defined in
[4] for a discrete signal x(tn) as

ψ(x(tn)) = x
2(tn)− x(tn−1)x(tn+1). (10)

ψ(x(tn)) is an estimate of the instantaneous energy of x(tn),
and is approximately equal to the squared product of the sig-
nals amplitude and frequency. While the TKEO [4] allows
very efficient implementations its main drawbacks are, first,
the center frequency of the processed signal x(n) is limited to
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|Ω| 6 π
4
and, second, the more the amplitude and frequency

differ from a constant, the larger is the estimation error.

However, applying the TKEO on x
(i0)

D
(tn) delivers infor-

mation about the changes in instantaneous frequency and,
with it, a possibility for DOA estimation. This means that
we need to find the changes in instantaneous frequency due
to the sampling, and for this purpose, we need some refer-
ence. At this point, it is advantageous to compare the TKEO
of two circularly sampled signals and calculate a differential
TKEO signal (DTKEO)

ψ
(i1,i2)

diff
(tn) = ψ(x

(i1)

D
(tn))−ψ(x(i2)D (tn)). (11)

We assume identical envelopes of the circularly sampled sig-
nals, so the DTKEO signal is proportional to the difference

of the squared instantaneous frequency changes of x
(i1)

D
(tn)

and x
(i2)

D
(tn) as defined in (5). For a single sound source with

its azimuth ϕq0 that emits a pure tone at frequency f0, we get

ψ
(i1,i2)

diff
(tn) ∝ f 20

[
4
r0cϕ

c
sin
(
cϕtn−ϕq0+

π(i1+ i2)

M

)

sin
(π(i2− i1)
M

)
−2
( r0cϕ
c

)2
sin
(
2cϕtn−2ϕq0 +

2π(i1+ i2)

M

)

sin
(2π(i2− i1)

M

)]
. (12)

By choosing i1 = 0 and i2 = M/2with appropriateM, we elimi-
nate the second term in (12) and a single amplified harmonic
remains at frequency fs/M (cϕ = 2π fs/M). We can now esti-
mate the desired DOA ϕq0 by recovering the phase of this
harmonic where ∠ is the angle of a complex number

ϕ̂q0 =
π

2
−∠
{N−1∑

n=0

ψ
(0, M
2
)

diff
(tn)e

−  2πnM
}
. (13)

3.1 Frequency Dependency

One important point is the influence of the signal frequency
on the proposed localization technique. For this purpose, we
take a look at a single sound source (ϕq0 = 0), emitting a sinu-
soidal wave with varying frequency f0. The DOA estimation
error for two circular array geometries is shown in Fig. 3.
We point out some principle characteristics in (a) to (d):

(a) For low frequencies, the localization does not work due
to very small phase differences between the microphone
signals.

(b) There is a frequency band, where the localization is ex-
act. Its bandwidth depends principally on the sampling
rate. This region matches the usable range of the TKEO
as mentioned in [4].

(c) For frequencies above Ω = π
4
=̂
fs
8
, the curves show spe-

cific deterministic shapes, depending on the number of
microphones, array dimension and sampling frequency.
Note that spatial aliasing occurs at 6 kHz for the
four-microphone array, and at 3.7 kHz for the eight-
microphone array as shown in Fig. 3.

(d) Depending on the number of microphones, the estima-
tion error shows peaks for some frequencies (e.g. at 2 or
4 kHz). We made the observation that at these frequen-
cies the localization becomes less distinctive and shows a
noisy characteristic. We trace this effect back to the spa-

tial sampling, since the samples used to build x
(i0)

D
(tn) do

not cover the whole range of values of all xmi(tn).
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0
−ϕ̂
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Figure 3: Illustration of the frequency dependent behavior
of the source localization using the TKEO for different array
dimensions at fs = 16kHz (solid blue line: M = 4, r0 = 2cm;
dashed red line: M = 8, r0 = 6cm).

Based on this analysis, we limit all microphone signals to the
frequency band (b) by bandpass filtering before building the
DTKEO signal, see Fig. 4. The widely deterministic shape of
the localization results in Fig. 3 could also allow a wideband
approach for source localization. In this work, however, we

restrict ourselves to lower frequencies (6
fs
8
).

xm0 (tn)

xm1 (tn)

xmM−1(tn)

DTKEO

BPk

BPk

BPk

i1 = 0

i2 =
M
2

x
(i1)

D
(tn)

x
(i2)

D
(tn)

ϕ̂q

Figure 4: Block diagram of the circular array signal process-
ing for source localization.

3.2 Multiple Source Localization

In order to localize multiple sources, we apply a framewise
processing to the M microphone signals. For each time
frame, we realize the source localization algorithm and col-
lect the estimated values ϕ̂q. After a sufficient number of
frames, the probability density function of ϕ̂q is estimated by
using a histogram p̂(ϕ̂q). If the sources are partially sepa-
rated in time, then a sufficient number of valid estimations is
obtained and the source positions can be detected as peaks
in p̂(ϕ̂q). To localize the sources automatically, a clustering
(k-means or similar) or a probability mixture model could
be applied. In this paper, we use the estimated distributions
p̂(ϕ̂q) as final results.
To improve the localization, we divide the frequency

band of interest (labeled by (b) in Fig. 3) into K subbands
BPk, k = 1, . . . ,K. This is based on two reasons. First, speech
of different persons is sparse in the time-frequency-domain,
and second, we obtain more estimations which makes the
statistics more stable. For this step, we could also apply a
short time DFT instead of conventional bandpass filtering.
The localization results of all frequency bands and all time
frames are aggregated into a single histogram.
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3.3 Computational Complexity

The computational complexity of the presented algorithm is
obviously small. In each time frame, the following simple
operations have to be applied:

• Bandpass filtering of the sensor signals, which can be ac-
complished in frequency domain or via FIR-filtering.

• Build x(i1)
D
(tn) and x

(i2)

D
(tn) by rearranging the sensor sig-

nal samples. This can be done efficiently, by calculat-
ing permutation matrices beforehand or via the polyphase
representation in (8).

• The number of operations needed to calculate the TKEO
is comparable to an FIR-filter with 3 coefficients.

• Due to the fact that only two signals are processed after
the bandpass filtering and circular sampling, we reduce
the number of processed samples by the factor 2/M.

• The last step is then to estimate ϕ̂q by calculating the cor-
relation in (13).

Since the computational complexity is very low, we can use
small time frame shifts to get as many values for ϕ̂q as pos-
sible to improve the localization of multiple sources. Note
that in contrast to cross-correlation based localization meth-
ods we process only two signals while we maintain a circu-
larly symmetric system with no preferred look direction.

4. EXPERIMENTAL RESULTS

4.1 Simulation Setup

To evaluate the proposed approach, we define the positions
of Q = 5 candidate point sources q j in polar coordinates at

rq j = 5m,∀ j = 0, . . . ,Q−1 and ϕq0 = 0, ϕq1 = 2π/3, ϕq2 = −3π/4,
ϕq3 =

−π/2 and ϕq4 =
−3π/8. The circular array consists of

M = 4 omnidirectional and equally spaced microphones at
radius r0 = 2cm (solid line in Fig. 3) and ϕmi = iπ/2. The
speech samples that we use as source signals xq0 (tn), xq1 (tn)
and xq2 (tn), are shown in Fig. 7 (a) to (c), the remaining
source signals xq3 (tn) and xq4 (tn) have a similar pattern of
speech activity.The signals are sampled at fs = 16kHz and
quantized with 16 bit in wav format. For processing, we use
time frames of 256 samples (16ms) and a frame advance of
64 samples. The bandpass filters BPk in Fig. 4 have a band-

2π/35π/4

−π/2

−3π/8

x

y

r0 q0

q1

q2

q3
q4

Figure 5: Simulation setup with up to Q = 5 sources q0 to
q4. The circular array contains four equispaced sensors at a
radius of r0 = 2cm.

width of 500Hz with rising center frequencies (in steps of
500Hz) to extract the frequency range of 250 to 2250Hz.

4.2 Localization Results

We use the full length of the speech samples (8s) to collect
the statistic. The results in form of p̂(ϕ̂q) are shown in Fig. 6
an increasing number of active sources. The labels of the se-
lected sources q j are written on the top of the plot. For Q = 1

(lowermost), we see a supergaussian distribution with a sharp
maximum at the position of q0. For Q > 1, the variance in-
creases, therefore the peaks become less distinctive (note the
different axis labels of the single plots). We observe that the
peaks match the true source positions fairly well (dashed red
lines), with highest accuracy for ϕ̂q ≈ ϕmi = iπ/2, i = 0,1,2,3.
Despite their small azimuthal distance, we see that even the
sources q3 and q4 can be separated if all Q= 5 speech sources
are simultaneously active.
Fig. 7 (a) - (c) depicts the spectrograms of the source

signals xq0 (tn), xq1 (tn) and xq2 (tn) and Fig. 7 (d) shows the
framewise results of source localization when these three
sources are simultaneously active. We use again time frames
of 256 samples and a frame advance of 64 samples. The
histogram is calculated in steps of 128 ms (29 frames) to per-
form a short time localization. Now we can point out some
characteristics of the algorithm. At first, it is obvious that the
localization gives random results if no source signal is active
(3s to 5s). At the beginning and end of this pause, only one
source is active and the localization works properly. If all
three sources interfere with each other, the distinctiveness of
the peaks depend on the power of the single sources in the
analyzed frequency bands in each time frame.

p̂
(ϕ̂
)

ϕ̂/π
-1 -0.5 0 0.5 1
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Figure 6: Estimated distributions of ϕ̂q for rising number of
active sources.
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Figure 7: (d) shows the localization of three active sources
((a) at ϕq0 = 0, (b) at ϕq1 =

2π/3 and (c) at ϕq2 =
−3π/4), us-

ing time frames of 128ms to collect statistics. (e) shows the
results of the MUSIC algorithm for the same time resolution.

4.3 Comparison with Basic Source Localization Tech-
niques

For the circular array of M = 4 microphones and radius
r0 = 2cm, other source localization techniques [3, 6] deliver
equivalent or inferior results, compared to the presented ap-
proach. E.g. beamforming approaches like SRP or SRP-
PHAT [1] are not suited for such small array dimensions.
Estimating the time differences of arrival (TDOAs) using a
cross-correlation [5] of the microphone signals would require
a high subsample precision, while, for the proposed algo-
rithm, we work at a reduced sampling rate. Comparable re-
sults to the presented localization technique are obtained us-
ing the MUSIC algorithm [9] as shown in Fig. 7 (e). Setting
the temporal resolution to 128 ms, the MUSIC spectrum is
less noisy, but the sources are located with much more vari-
ance over time, especially for q0 and q1. Moreover, subspace
methods like MUSIC fail, if the number of active sources is
larger than the number of microphones, i.e. Q > M, as at the
top of Fig. 6.

5. CONCLUSION

We have presented an array sampling and processing tech-
nique which enables the localization of acoustic sound

sources in far-field conditions. We use small circular mi-
crophone arrays that are sampled in a round robin fashion to
create nonlinear distortions in the sense of frequency mod-
ulation. The azimuth source position can be estimated by
analyzing these nonlinearities with the discrete time Teager-
Kaiser Energy Operator. In order to localize multiple sound
sources simultaneously, a batch based processing is pre-
sented, which collects data for a distinct time to estimate the
distribution of azimuth source positions. The localization al-
gorithm has been validated with up to 5 speech sources. It
can be extended to other array geometries.
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