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ABSTRACT

The problem of estimating the phase of (possibly amplitude
modulated) sinusoidal signals arises in a variety of signal
processing applications [1]. A closed form expression for the
maximum likelihood (ML) estimator exists which achieves
the best possible performance given by the Cramer-Rao
lower bound (CRLB) asymptotically. However, due to the
nonlinear nature of the problem, below a certain level of
signal-to-noise ratio (SNR), the so called threshold effect
occurs, and the performance of the estimator decreases
quickly. In this paper, we investigate this effect, together
with the influence of windowing and amplitude modulation
on the threshold using the unmodified estimator.

1. INTRODUCTION

Nonlinear estimators (often derived through the ML princi-
ple [2]) exhibit a threshold effect. That is, below a certain
level of SNR the performance of the estimator departs from
the CRLB due to the occurrence of so called outliers. It is of
practical interest to determine this level in order to assess the
performance of an estimator. For example, receivers in
communication systems are said to operate above or below
threshold.

This paper deals with the threshold effect in sinusoidal
phase estimation, and the influence of windowing and am-
plitude modulation on the threshold as well as on the estima-
tion performance below threshold. Furthermore, the inherent
bias of the ML phase estimator, as derived in [3], is dis-
cussed. It is shown that this bias stems from the circular
nature of the phase estimate and that the phase estimator can
be considered unbiased depending on the application. The
following signal will be investigated:

s[n] = Acos2ny,n+4,), (1)

with x[n] denoting the sampled data in three different cases:
The case of an unmodified signal model (2) in additive white
Gaussian noise (AWGN) v[n] with variance o and zero
mean is given by

x[n]=s[n]+V[n]. (2)
The windowed case corresponds to
x[n] = win]s[n]+win]n], (€)

and

x[n]=a[n]s[n]+v[n] 4)

corresponds to the amplitude modulated case. Hereby, N
samples are obtained with constant sample rate T, 4 denotes
the amplitude (4 > 0), wy =fyT; denotes the normalized fre-
quency, and ¢ the phase (—n < ¢ <m). In this work, we in-
vestigate the case of unknown 4, a[n] and ¢, but known .
In the case of unknown , the threshold effect for phase
estimation is influenced by the frequency estimation thres-
hold and will be subject of further work.

Data windows w[n] are typically used if s[n] consists of
p > 1 sinusoids, i.e.

p
s[n] =" 4, cos2ny.n+4,) (%)
i=1
to suppress interference, but also to suppress interference in
the single sinusoid case due to the real valued signal model.
See [4] for some general rules a function must fulfill to be
called a windowing function. Amplitude modulated sinu-
soids typically occur e.g. in communication or measurement
systems, with the amplitude modulation modelled through
the real valued, unknown function a[r], 0 < a[n] < 1. For the
signal models (2), (3) and (4), the estimator

> atnlsin(2ayn)

— > x[n]sin(2ny,n
; [n] Vo ©

N-1

¢30 = arctan|
x[n] cos(27t !//0}’1)
n=0

will be considered [2]. Note that only for the signal model
(2) above estimator is an (approximate) ML estimator. For
the signal model (3), a closed-form expression of the resul-
tant mean-square error (MSE) of the phase estimate above
threshold applying (6) has been derived in [S]. Signal model
(4) will be considered here since although an optimum para-
meter estimator for the case of amplitude modulated sinu-
soidal signals does exist [6], (6) is often used in practice
since it is also a consistent estimator [6]. For the signal
models (2), (3), and (4) in the case of multiple sinusoids (5),
the estimator (6) is only consistent if the frequencies are
spaced far apart, i.c.

1 .
l//,.—l//k‘>>ﬁ fori#k. (7

In the following derivations, we generally assume large
enough N for (7) to be fulfilled. Furthermore, in the case of
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amplitude modulated multiple sinusoids, (6) is only a con-
sistent estimator if the modulating function does not disturb
the orthogonality of the individual cosines.

2. DERIVATION OF THE ESTIMATION MSE

2.1 CRLB, THRESHOLD EFFECT

ML estimators are known to result in asymptotically unbi-
ased, normal distributed estimates [2], i.e.

p(Ao)z : > exp[ (0 ¢0)ZJ ®)
27r0¢;0 %

with
o; = Var{A0 }2 L (%9a)
o 7IPJ

denoting the asymptotic estimation variance in case of signal
model (2). The SNR is defined as 7=A4%(2c?). Eq. (9a) is
valid for signal model (2) only, since for signal models (3)
and (4) (6) is a least squares estimator only. Also in these
cases the phase estimates are asymptotically distributed ac-
cording to (8), but with increased estimation variances.

It has been shown in [5] that for signal model (3) the asymp-
totic estimation variance is given by

> win]’

5 A = (9b)
o) =varh>
n=0
and for signal model (4)
, ] N (%)
o, = Var{¢ }> ——

"(Ea]

To determine the minimum level of SNR where the asymp-
totic distribution (8) is valid with a high degree of accuracy
(i.e. the threshold level), it is necessary to derive the prob-
ability density functions (PDFs) of the phase estimates result-
ing from applying the estimator (6) under the signal models
(2), (3), and (4).

2.2  PDF of PHASE ESTIMATE

The PDFs of the considered signal models can be derived all
at once by using the generalized model

x[n] = b[n]s[n]+ c[n]M[n], (10)

with b[n]=c[n]=1 for signal model (1), b[n] = c[n] = w[n]
for signal model (3), and b[n]=a[n], c[n]=1 for signal
model (4).
First, the PDF of the numerator
N-1
U= —z x[n]sin(2my 1) (1D

n=0

and the denominator

N-1
V= Zx[n]cos(2m//0n) (12)
n=0
of (6) has to be derived. Since both are linear transformations
of the data x[n], the results are normal distributed [2]. Hence,
the PDF is completely specified by its mean and variance.
The mean of the numerator can be calculated assuming large
N and using the fact that E{v[n]} =0 and the trigonometric
identity cos(f)sin(a) = (sin(a-f)+sin(atf))/2:

E{— f x[n]sin(2n (//On)}

n=0

= E{ 3 1(b[n]A cos(2myyn + ¢, )+ c[nvn])sin(2n l//on)}
E{ S b[n]Acos 2n won+ g, )sm(2n Won ) c[n][n] sin(ZTt y/on)}

lg[b[n]sm ¢, )+sin(4ny,n+ ¢, )| - Zc[n]E Mnl}sin(2my,n)

n=0 n=0

~ gsin( O)Zb[n].

n=0
(13)
Note that for signal model (2), (13) is valid exactly if the
sampling frequency is an integer multiple of the signal’s
frequency.
Analogously, the mean of the denominator of (6) can be
shown to be

E{f x[n]cos(2n won)}

n=0

= cos(g, Zb (14)

n=0

Next, the variance of (11) is defined as
var{U} = E{U - E{U )} (15)
But obviously

Ex n]sin(2my n) +E{2x n]sin(2n x//on)} (16)

n= n=0

N-

= —Zc[n]v Jsin(2my,n)

and henceforth
var{U} E{( ZC[n]v[n]sm(Zn won )] }
n=0
- E{NZN Anldmbabm]sin(2ny,n)sin(2 %m)} a7)
= EN 1c[”]c[m]E{V[”]V[m]}sin(Zn w,n)sin(2my,m)
024[M
Analogously,
CTZ N-1
var{l/ j=——> c[nT’. (18)
2 n=0

Therefore, U and V" are normal distributed according to
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I\J‘q

U~ N[sm ¢0 Nzlb 'S 1c[n J
(19)

2 :
q

Vo~ N[;COS(%) 1b —Zg c[n] J

n=

L
\S]

and can be furthermore shown to be independent.
To determine the PDF of the phase estimate, first the joint
PDF of U and V is given by (after some straightforward ma-

nipulations)

PUT) = pU) pV) = ——

7o’y cn]
n=0

xexp| —

Ml [UZ +Vi- A[Eb[n]J[U sin(g, )+ cos(g, )]+ A—Z(Eb[n]] j .
23 2 -0 4 U=
o ZC[}’I] "

n=0

(20)
The transformation
T, )= ll_U
cos(¢0) v
leads to
U:§sin(A0l V=§cos(A0) (22)

The absolute value of the Jacobian, that must be taken into
account for transformations [7], can be calculated to

U ou

/ 2 o4,

he Vs
o5 /o4,

Using (23) and the trigonometric identity

sin(¢?0 )sin(¢0 )+ cos(¢?0 )cos(géo) = cos(ggo -, ) (24)

the joint PDF in the new random variables can be calculated:

bl frlSer o< o)

n=0

o o+
x exp[— Az(gb[n]jz / 402&;4”]2}}
(25)

To obtain the marginal PDF of the phase estimate, the ran-
dom variable & can be removed by integration over &, i.e.

p(&){p(&&)dé

o
det —& (23)

(26)

This integral can be solved in closed form, leading to the
sought PDF of the phase estimate. After some manipulations,
the PDF belonging to signal model (2), indicated by the sub-
script (1) with b[n] = c[n] = 1, is given by

p(AO )(1) = ;ﬂ_exp[_n;v] +% % exp(— 77;\7) COS(¢0 - &0)

Xexp@cos(%—«30)2](”“{\/? codt~ é(’)D

with erf(-) denoting the error-function. The PDF of the phase
estimate for signal model (3) (b[n] = c[n] =w[n]), defining
the effective noise bandwidth (ENBW) as

S winp?

ENBW = =2

(2
n=0

which is 1/N for the rectangular window w[nr] =1 (and > 1/N
for windows other than the rectangular window), is given by

2 1 n 1 n n j 2
, =—exp| — +— exp| — coslg, —
o), 2 p( ZENBWJ 2\ 27ENWB p[ 2ENBW (4,-4)

x exp[ 2EI\’IIBW cos( ) — 430 )2 )[1 + erf[ 2EI\717BW cos( ) — gz;o )D
29

The ENBW has been introduced in [4]. It is commonly used
in the literature as a measure of width of data windows. In
section 2.4, this point will be discussed more in detail.
Finally, the PDF of the phase estimate for signal model (4),
using the abbreviation

27N

(28)

1 (30

N-1 R
is given by

sl ) ol
[Herf \/E cos| wﬂ

(€2))

V=

X ex —cos
{52

2.3 Asymptotic PDF

To prove the validity of above derivations, the above PDFs
and the asymptotic PDFs described in section 2.1 must merge
for high SNR (and equivalently for N >>). Exemplarily, this
will be checked for the PDF (27). Using the approximation

cos( o — éo)z 1, (32)

in (27), since the phase estimate will be near the true value
for high SNR, as well as the identity cos®(a)= 1-sin’(c)
yields

A 1 nN)Y 1 |gN
pli), = 2 ep(_2j+2 2

y exp(— % sin(g, — 4, f j[1 ; erf(@ J]

(33)
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The first term in (33) will vanish for high SNR, and the error-
function in the second term of (33) will be approximately 1.
Furthermore,

sinlg, — ¢, )~ 4, - 4. (34)
and hence (33) can be rewritten for high SNR as

p(éo )(1) ~ Eexp(—név(éo - ¢o)zj' 35

This is exactly (8) with inserted (9a). Therefore, the exact
PDF (27) merges into the asymptotic PDF (8). Fig. 1 shows a
comparison between exact and asymptotic PDF at low SNR
of —20dB. The exact PDF can be seen to have a non-
negligible uniformly distributed part, which can be inter-
preted as outliers. But however, also the shape of the PDF
differs from the asymptotic one.
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Figure 1 — Comparison of exact (27) and asymptotic PDF (8) of
phase estimate, 77=-20 dB, N= 128, ¢, =0.

24  MSE and BIAS, THRESHOLD DEFINITION

From the PDFs described in the preceding section, the mean-
square error (MSE) of the phase estimate can be calculated
via

mSG{&O}Z J(&o _¢0)Zp(¢?o )déO' (36)

-7

However, this approach neglects the circular nature of the
phase estimate. As already mentioned in the introduction, in
[3] it is shown that the ML phase estimator is in fact biased
(for ¢y # 0) when using the classical MSE definition (36) (or
equivalently the classical bias definition). This problem not
only arises in phase estimation, but in all estimation prob-
lems where circular random variables are under investiga-
tion. A detailed treatment of this topic can be found e.g. in
[8], where generically usable definitions for sample means
etc. of circular random variables are given. Note that it is
application dependent whether or not definition (36) makes
sense. For example, the so called cycle skipping phenomena
in phase-locked loops, as mentioned in [3], is caused by the
inherent bias of the ML phase estimate. However, in standard
measurement applications, it is well known that the estimator

(6) yields unbiased and consistent estimates, when defining
the MSE as

T(n VEONRIN N
_[(¢0 _¢0) P(¢o )d¢0 for ‘¢0 _¢o‘ n

mse{lﬁo}: ][.( )

éo ) +27T)Zp(($o )déo for ‘¢o _¢0‘ >mand ¢20 -4, <0

I(¢o ) _275)217(&0)(1&0 for ‘?30 _¢o‘ > nandéo —$,>0

-

(37
As a simple example, compare the resultant MSE when using
definition (36) versus (37) with ¢ = n— /180 and

¢y =-—m +%5

an estimate which is only 2 degree in error. However, (36)
will indicate a large MSE.

In the following discussion, the circular nature of the phase
estimate will be taken into account. Unfortunately, the inte-
gral (36) cannot be solved in a closed form for the PDFs
(27), (29), and (31), and hence must be evaluated numeri-
cally.

Hitherto no direct specification in terms of SNR and N of the
threshold level has been given. Of course, there is no discon-
tinuity in the MSE curve of an estimator below and above
threshold, although the MSE below threshold departs rela-
tively quickly in most cases from the CRLB. To specify a
threshold level, it thus makes sense to define a ratio of MSEs
were the true MSE deviates more than a certain amount from
the asymptotic one, i.e.

mse{@o }t > (38)

~ >

mse{% }asympt,

for an application dependent constant A> 1. Using this defi-
nition, it can be easily decided whether or not an estimator
operates above or below threshold, assuming knowledge of
the SNR. In the following section, a simple method for de-
termining the threshold level will be developed, although it is
possible to directly use the derived PDFs (27), (29), or (31),
and numerically integrate them according to (36) or (37),
respectively.

However, some important conclusions for the case of win-
dowed and amplitude modulated data can be drawn. In [5]
the increase of the variance of the phase estimate in the win-
dowed data case has been shown to be exactly the ENBW,
see (9b) and (28). Hence, the loss in estimation performance
and the increase of the threshold level are affected by the
same factor. Note that this is not always the case, e.g. in fre-
quency estimation it is shown in [9] that the threshold level is
also affected by the ENBW, whereas the estimator’s variance
is affected by a more complicated term. Further, note from
(27) and (29) that the ENBW appears always pair-wise
with7, i.e. the data window acts as decrease of the SNR.

The influence of amplitude modulated data on both the esti-
mation variance and the threshold level are potentially much
more stringent. Also in this case, the amplitude modulation
can be interpreted as a decrease in SNR, as evident from
(30). However, when comparing the influence of e.g. a Han-
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ning window and an amplitude modulation in form of a Han-
ning window onto the SNR, the latter leads to a much higher
decrease, as can be seen by comparing (28) and (30).

This findings are of interest in that it is easy to evaluate the
possible loss in MSE and threshold level of phase estimation
e.g. in measurement systems and therefore to calculate the
maximum amount of amplitude modulation allowable to
achieve a certain amount of measurement accuracy.

25 PRACTICAL IMPLEMENTATION

In Fig. 2 the ratios of MSEs according to (38) are shown for
different N for the case of no window and a Hanning win-
dow. It is obvious, that at least for a high degree of approxi-
mation and for 1 <A < 1.4, the threshold SNR 7, for a given
A is inverse proportional to N, that is

- :kﬂ% (39)

with a constant £ yet to be determined. Now, for a given A,
e.g. A= 1.1, the constant k£ can be computed for a given N,
e.g. N=32, from rearranging (39) and numerically integrat-
ing (27), resulting in (see Fig. 2 for 10logo(77n))

k ~ ﬂthN B 10—3.83/10 32

A 1.1

and (39) together with the result of (40) can be used subse-
quently to calculate 7y, for different values of N. Therefore,
the computational burden of numerically computing (36) or

store a table of 7, for different N in memory can be com-
pletely eliminated.

=12.044 (40)

Hanning window

no window

-5
SNR (dB)

Figure 2 — Ratios of MSEs (38) for different N for the non-
windowed and the windowed case.

3. SIMULATION RESULTS

To validate the derived expressions for the PDFs (27), (29),
and (31) and the corresponding MSEs, a Monte Carlo simu-
lation, for yp=0.125, T, = 1/4000, ¢ =n/2, with 500 Monte
Carlo trials each has been carried out. The simulation results
show a good match to the developed theory. As data window,
a Hanning window has been chosen, and the latter has been
also used as amplitude modulation function a[n]. As can be

seen, the case of amplitude modulation leads to a much
higher threshold level and MSE, as claimed.
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Figure 3 — Monte Carlo simulation of the resultant MSEs of phase
estimation for the non-windowed, windowed (Hanning window)
and amplitude modulated case with N =128, ¢, =n/2, 500 Monte
Carlo trials each.

4. CONCLUSION

In this paper, we presented expressions for the MSE and
threshold level for the standard ML phase estimator for win-
dowed and amplitude modulated data. The differences be-
tween the non-windowed and windowed respectively ampli-
tude modulated case have been worked out. A simple for-
mula for assessing the threshold level in phase estimation
has been given. An investigation of the threshold level for
unknown frequency and for using the estimators proposed in
[6] is subject of future work.

REFERENCES

[1T J. G. Proakis, Digital Communications, fourth edition, Singa-
pore, McGraw-Hill, 2001.

[2] S.M.Kay, Fundamentals of Statistical Signal Processing
Estimation Theory, Englewood Cliffs, Upper Saddle River,
N.J.: Prentice Hall, 1993.

[3] Peters, K. and Kay, S., "Unbiased estimation of the phase of
a sinusoid," IEEE Acoustics, Speech, and Signal Processing
Conf. (ICASSP '04), vol. 2, no. 6, May 2004.

[4] F.J. Harris, “On the use of Windows for Harmonic Analysis
with the Discrete Fourier Transform,” Proc. IEEE, vol. 66,
no. 1, pp. 51-83, Jan. 1978.

[5] S.Schuster, S.Scheiblhofer, and A. Stelzer, “Variance of
FFT based Parameter Estimators with Windowing — Part II:
Phase Estimation,” /[EEE Trans. Instr. Meas., (submitted).

[6] M. Ghogho and B. Garel, “Maximum likelihood estimation
of amplitude-modulated time series,” Elsevier Signal Proc-
essing, vol. 75, no. 2, 1999.

[71 A.Papoulis, S. U. Pillai, Probability, Random Variables and
Stochastic Processes, McGraw-Hill, 2002.

[8] B.C. Lovell, P.J. Kootsookos, and R. C. Williamson, “The
circular nature of discrete-time frequency estimates,” in Proc.
ICASSP, vol. 5, pp. 3369-3372, Apr. 1991.

[91 S. Schuster, S. Scheiblhofer, and A. Stelzer, “DFT Frequency
Estimation Threshold Level with Windowed Data,” in Proc.
IEEE Inst. and Meas. Technology Conf. (IMTC 2006), Apr.,
2006.



14th European Signal Processing Conference (EUSIPCO 2006), Florence, Italy, September 4-8, 2006, copyright by EURASIP



