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ABSTRACT

Multichannel time�series result from observations of a
given engineering� biomedical� econometric or environ�
mental variable taken at di�erent locations� Processing
this type of signal presents problems associated with
its extrapolation in given space ranges and its possible
prediction� This paper presents a comparison of sea�
sonal AR modelling of such signals and the application
of wavelet networks to the system identi�cation and pre�
diction of a particular signal� The choice of wavelet
functions and the optimization of their coe�cients is
discussed as well� Each method suggested in the paper
is veri�ed for simulated signals at �rst and then used
for the analysis of real signals� including the observa�
tion of air pollution� All algorithms are written in the
MATLAB environment�

� INTRODUCTION

Multichannel observations are available in many prob�
lems� allowing subsequent system analysis and mod�
elling� An example of such a system is presented in
Fig� � derived from measurements of sulphur dioxide air
pollution in �� di�erent locations in Prague and its ex�
trapolation over the whole city region� Separate signal
analysis is able to verify periodic signal components and
the application of a STFT shows the time evolution of
a given pollutant� An example of the results obtained
from an analysis of data from the Santinka measuring
station is given in Fig� ��
Modelling of this type of system is studied in various

papers based on di�erent approaches� These include
linear methods of signal analysis 	�
�� nonlinear models
often using arti�cial neural networks 	�� 
� ��� ��� �
��
wavelet functions 	�� �� ��� ��� ��� and wavelet networks
	�� ��� ��� �
�� Many papers are also devoted to the use
of radial basis functions 	�� ��� ��� ����
While model coe�cient evaluation is relatively sim�

ple for linear systems� various optimization methods
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Figure �� Interpolation of air pollution components over
the given Prague region

must be applied for nonlinear systems including gradient
search and its modi�cations 	�� �� and genetic algorithms
use 	�� ����

� SYSTEM MODELLING

Modelling and prediction using both the classical and
adaptive approaches 	��� are usually based on linear
models� To begin with� consider a selected time series
fy�n�g containing measurements with a given sampling
period T � Assuming that the time�series is seasonal with
its periodic component being N samples long� it is pos�
sible to apply a linear model for signal prediction m
samples ahead in the form

y�n� �
RX

j��

a�j� y�n � kj� � e�n� ���

having R unknown coe�cients with m � min�k�j�� for
j � �� �� � � � � R� It can be expected that the time�series
is both serially related to previous values and season�
ally related to values N samples delayed� The main
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Figure �� Analysis of air pollution components at the
Santinka measuring station presenting �a� Time evo�
lution resulting from the short�time Fourier transform�
�b� Selected time�series plot and its spectral analysis

problem of optimal modelling 	��� in this case is both
in the selection of the number of variables R and in
their speci�cation by values of vector k� In this case
k � 	�� �� � � � � N�N � �� � � �� for a given seasonal model
structure�
A nonlinear neural network can be used in a similar

way to evaluate the output A� of its �rst layer and
second layer output A� �� y�n�� in the form

A� � F� �W� �P�B�� ���

A� � F� �W� �A��B�� ���

for selected transfer functions F� and F� respectively�
given pattern vector PR�� of previously observed R val�
ues and optimized matrices W�S��R� B�S���� W�S��S�
and B�S��� with their selected sizes� Signal approx�
imation is usually performed for a sigmoidal function
F� and a linear function F�� For a one layer network�
a linear transfer function and properly chosen pattern
values� this model is equivalent to the seasonal model
described by Eq� ��
The analysis provided in this paper is devoted to the

use of wavelet functions in the �rst layer of neural net�
works using an algorithmic approach presented in Fig� ��
Appropriate signal preprocessing is assumed at �rst in�
cluding delay�free �ltering and normalization�

� WAVELET NETWORKS

Neural networks are often used for nonlinear signal mod�
elling and can provide better results compared to those
achieved by linear methods� provided their structure and
corresponding transfer functions are selected properly�
Although sigmoidal functions are used in many cases� it
is possible to apply other functions including wavelets�
which have been studied in many papers recently 	�� �
�
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Figure �� Air pollution time�series analysis and predic�
tion by a neural network structure

in connection with signal analysis� compression and ap�
proximation�
The set of wavelet functions 	�� 
� �� ��� is usually

derived from the initial �mother� basic� wavelet h�t� di�
lated by value a� translated by b and normalized de�ning
�baby� functions

ha�b�t� �
�p
a
h�
t� b

a
� �
�

Wavelet coe�cients are often de�ned in the discrete case
by powers of two resulting in dilation a � �m and trans�
lation b � n �m implying

hm�n�t� �
�p
�m

h���m t� n� ���

The basic wavelets can be either real 	�� or complex
	���� It can be de�ned by an analytical expression or by
a dilation equation� providing tools for wavelet trans�
form evaluation based upon the pyramidal algorithm
	��� which allows the decomposition and possible per�
fect reconstruction of the signal�
Some selected wavelets� de�ned in analytical form in�

clude

� Gaussian derivative

h�t� � �t e�t��� ���

� Shannon wavelet function

h�t� �
sin�� t���

� t��
cos�� � t��� ���

� Modulated Gaussian �Morlet� function

h�t� � ej�� t e�t
��� �
�

� Harmonic wavelet function

h�t� �
�

j� t
�ej � � t � ej� t� ���
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Figure 
� The set of original and dilated wavelet func�
tions in the time and frequency domains for �a� Gaus�
sian derivative� �b� Shannon wavelet� �c� Modulated
Gaussian �Morlet� and �d� Harmonic wavelet function

From the signal processing point of view it is possi�
ble to consider the initial wavelet as a pass�band �lter�
Wavelet dilation by a factor �m is equivalent to a pass�
band compression� This result is presented in Fig� 

for various wavelet functions� including the harmonic
wavelet function de�ned by Eq� ��� which was intro�
duced by Prof� D� E� Newland 	���� The initial wavelet
function covers the upper half of the normalized fre�
quency range� This function is modi�ed by a scaling
index m � �� �� � � � using Eq� ��� causing it to dilate
further and its corresponding spectrum to compress�

Wavelet functions can be used for signal analysis 	��
using the wavelet transform� Because of its extremely
desirable time and frequency localization properties� the
wavelet transform can be used as an alternative to
the short�time Fourier transform for feature extraction�
parameter estimation and pattern recognition of non�
stationary signals as well as their compression and cod�
ing� Another application of wavelet functions is in their
use as transfer functions in neural networks for signal
modelling and prediction�

Wavelet networks were introduced in 	�� �
� to over�
come the poor convergence of sigmoidal neural networks�
The output of a �� S�� � network can be evaluated in
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Figure �� Prediction of one sample �� hours� ahead
based upon given �dotted� observations both in the
learning and validation parts using �a� AR model of the
�th order and �b� Neural network ����� with Gaussian
derivative wavelet transfer functions

Table �� MEAN SQUARE ERROR OF ONE STEP
AHEAD AIR POLLUTION PREDICTION AT THE
SANTINKA STATION FOR VALUES DECIMATED
TO 
 SAMPLES PER DAY COMPARING LINEAR
AND NONLINEAR MODELLING BOTH IN THE
LEARNING AND VALIDATION PARTS

Ordinary Model Seasonal Model

Type 	� � � 
 � �� 	� � � � 
 ��
Training Valid� Training Valid�

AR Model ����� ����� ����� ����

Tansig NN ����� �
��
 ����� �����
Wavelet NN ����� ����� ����� �
���

the form

A��n� �
S�X

j��

w���� j� haj �bj �p�n�� ����

using the set of S� wavelet functions ha�b�t�� Initializa�
tion and optimization of such a network using genetic
algorithms is discussed in 	�
� and in the case of radial
basis functions� the results of 	��� can be used for signal
prediction� System modelling discussed below compares
results obtained using di�erent approaches to this prob�
lem�

� RESULTS

The methods and algorithms discussed above have been
applied to multichannel observations of air pollution in
the Prague region� following their initial digital �lter�
ing� decimation and preprocessing� Results of a given



time�series prediction both in the learning and valida�
tion parts are presented in Fig� �� showing a comparison
of the linear and nonlinear models�
Tab� � compares the results achieved by a linear model

and nonlinear model after optimization of its coe��
cients� both for sigmoidal and Gaussian wavelet transfer
functions and a selected network structure� All models
produce errors of the same order in the given example
for both ordinary and seasonal models� For a properly
selected combination of several time�series in the given
region to de�ne pattern values it is possible to expect
further better results in this case�
Problems which require further investigation include

the selection of the optimal model structure and the
design of e�cient optimization methods�
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