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ABSTRACT

A wavelet based method for time delay and Doppler
stretch estimation has been proposed� It makes use of
the relationship between the wideband cross ambigu�
ity function �WBCAF� and the cross wavelet transform
of the received signals� This paper derives the Cramer�
Rao lower bound �CRLB� and analyses the performance
of the algorithm� It is found that under high SNR� the
method is asymptotically unbiased� and the variances of
the estimation parameters are fairly close to the CRLB�
Simulation results are given to corroborate the theoret�
ical derivation�

� INTRODUCTION

In radar� sonar or global positioning systems �GPS�� the
time delay and Doppler stretch are two essential param�
eters for localization of the target position and to mea�
sure its movement� The Doppler stretch is generally
de�ned as the time scaling of a wideband signal� Jin et

al ��	 have analysed the performance of joint estimation
of time delay and Doppler stretch by using the wide�
band cross ambiguity function �WBCAF�� The method
is applied to the case of active radar in which one of
the two sensors is assumed to be noise free� This algo�
rithm� however� is not applicable in the situation when
the two sensors are both corrupted by additive noise�
Recently� we proposed a wavelet based WBCAF �WB�
WBCAF� algorithm to estimate the scale and time de�
lay using cross wavelet transform in a more generalized
form �
	� The method requires more computation but
has wider range of applications� In this paper� we derive
the Cramer�Rao lower bound �CRLB� and analyse the
performance of this WB�WBCAF method� Simulation
results are also provided to illustrate the potential of the
method�

� WB�WBCAF JOINT ESTIMATION

METHOD

In passive radar or GPS systems� the source signal is
usually submerged in contaminated noise and is mostly
unknown� It is� therefore� very di�cult to calculate the
WBCAF between two received signals directly because

it is almost impossible to obtain an arbitrary scaled
and delayed version of a data sequence� Weiss ��	 and
Young �	 have introduced the relationship betweenWB�
CAF and the wavelet transform� By making use of this
�nding we recently proposed a wavelet based WBCAF
method that provides simultaneous estimation of both
the time delay and Doppler stretch �
	�
Suppose the two received signals are given by�

f��t� � s�t� � n��t�
f��t� � sr�t� � n��t�

���

where s�t� is the source signal received by one sensor and
sr�t� is the signal received by the other sensor that incor�
porates an initial time delay and a scale factor caused
by the target movement� i�e� sr�t� � s� t���

��
�� Whilst

n��t� and n��t� are ergodic� white� zero�mean Gaussian
processes with the same power spectral density� N�� and
they are assumed to be uncorrelated to each other� The
cross wavelet transform �	 of two arbitrary signals� f��t�
and f��t�� is given by
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where Whfi denotes the wavelet transform of fi�t� �i �
�� 
� with respect to a particular mother wavelet� h�t��
which can be computed from
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The parameter ch in �
� is the admissible constant of
the wavelet h�t�� Now the WBCAF of the two received
signals can be equated to their cross wavelet transform�
that is
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In this application� it is necessary to �nd a mother

wavelet h�t� which is analytic so that h�
t� b��

�
a
�

� can be



obtained for di�erent values of � and � in advance� The
maximum point of the WBCAF ��� �� is then located
which is uniquely mapped to the required estimation of
�� and �� at the �� ��� plane�

� THE CRAMER�RAO LOWER BOUND

The CRLB is the lowest theoretical bound for the vari�
ance of unbiased estimators which can be obtained by
using the maximum likelihood �ML� estimation ��	� The
parameter vector to be estimated in ��� is g � ��� ��	

T �
The references of �� and �� are � and � respectively�
but these reference points will also be a�ected by the
corrupting noise n��t�� So we rewrite ��� as follows�

f��t� � s� t���
��

� � n��t�

f��t� � s� t���
��

� � n��t�
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where ��
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��

� �� and E���	 � �� E���	 � ��
The parameters to be estimated now become ��� ��� ��
and ��� which can be denoted by � � ��� �� �� ��	

T �
From the estimation theory ��	� the covariance matrix

of �� is given by the inequality

cov���� � I����� ���

and the ii�th element of the covariance matrix repre�
sents the CRLB of the element� I��� is the p� p Fisher
information matrix which is de�ned as
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The conditional probability density function �PDF�
of the received data can be expressed as
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where K� and K� are constants�
The covariance matrix of �� is derived by using ���� ���

and ���� and has the following form
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The covariance matrix of g� which is a function of ��
can be obtained by using the transformation of param�
eters in estimation theory ��	
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The CRLB of ��� and ��� corresponding to the ii�th ele�
ments of matrix cov��g� is given by

var�����CRLB �
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This CRLB is about twice as large as that of the ac�
tive radar case ��	� It is reasonable because� in the pas�
sive case� the reference signal is also corrupted by noise�
hence the estimation would be less accurate�

� PERFORMANCE ANALYSIS OF THE

WB�WBCAF

In this section� the theoretical variances of �� and ��
estimated by the proposed method are given and com�
pared with the CRLB�
The WB�WBCAF consists of four parts according to

�
� and ���
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The estimation of � and � requires locating the maxi�
mum point of jWBCAF ��� ��j�� ��p� �p�� which can be
determined by
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Expanding Re �Asrs��� ��	 in Talor series around
���� ���� and ignoring higher order terms� we have
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where V��� V�� and V�� are some constants related to
the source signal as de�ned in ��	� Taking partial dif�
ferentiations of ��� with respect to � and � and using
��
� and ����� we get
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where ��s� � Bs�Ds � Es

�
� � C�

s �
�A � �A��� and

A� � �A���� Axy��� �� again denotes the cross wavelet
transform of x�t� and y�t� with respect to a mother
wavelet h�t�� as de�ned in �
��
Taking expectation on ���� and using the following

equalities�
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the estimation can be shown to be asymptotically unbi�
ased when SNR goes to in�nity� in this case
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From ����� by going through the tedious but straight�
forward derivation� we obtain the variances of the esti�
mation
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The �rst terms of ���� are fairly similar to the CRLB
����� while the second terms have components due in
part to the e�ect of the mother wavelet in WB�WBCAF�
U � V � W and X are some constants of the mother
wavelet� h�t�� which are given by
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These constants can be simpli�ed by using the proper�
ties of the mother wavelet�
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where Bh� Dh and Eh have the same de�nitions as Bs�
Ds and Es� while T denotes the time duration of the
source signal� The parameter ai is the minimum scale
value in which the scaled wavelet� h� t

ai
�� still satis�es

the conditions of being a mother wavelet� If jaj 	 jaij�
the scaled version� h� t

a
�� will no longer be a wavelet due

to too much compression on h�t��
If the source signal and the mother wavelet are all

symmetric functions� the constants Cs � � and V�� � ��
The theoretical variances of the estimation can then be
simpli�ed as
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The �rst terms of var����� and var����� are very close
to their CRLBs which will be shown numerically in the
next section whereas the second terms depend on the
noise spectral density� the source signal and the mother
wavelet�

� SIMULATION RESULT AND DISCUS�

SION

In our simulation� the signal is chosen to be a linear
FM signal� s�t� � ����cos����
t���u�t���u�t� �	�
The mother wavelet is a Gaussian windowed sinusoidal
signal� h�t� � ��
�
e�����t

�

cos�

���t�� For this par�
ticular source signal and mother wavelet� the constants
including Bs� Cs� Ds� Es� U � V � W and X can be calcu�
lated explicitly and the CRLB together with the perfor�
mance analysis are plotted� Fig���a� shows the variance
of the time delay and Fig���b� depicts the variance of the
scale in dB respectively� The solid line shows the CRLB
derived in ����� The dotted line �very close to the solid
line in �a� and exactly identical to in �b�� shows the �rst
terms of �
�� which depend only on the source signal and
the noise strength� The dash�dotted line gives the theo�
retical variance of the estimation from the performance
analysis of our WB�WBCAF method� viz �
��� The
discrepancy between the theoretical variance and the
CRLB is caused by the second terms of �
�� which are
a�ected by the noise power� the choice of mother wavelet
and source signal� The large deviation of the theoretical
variance from the CRLB in low SNR is probably due to
the fact that in our derivation the assumption of high



SNR is used� So the theoretical variance under noisy
environment only gives an approximation� The simula�
tion result of the proposed algorithm is marked by the
asterisks� In low SNR the e�ect of noise is so severe that
the estimation has a fairly large variance compared with
the CRLB� In high SNR� the accuracy of estimation is
much improved and� of course� is still not as good as
the CRLB� This is due to the choice of the source signal
because an optimum source signal is generally required�

� CONCLUSION

The WB�WBCAF method for joint time delay and
Doppler stretch estimation has been proved to be
asymptotically unbiased when the signal�to�noise ratio
approaches to in�nity� The theoretical variances of the
proposed WB�WBCAF estimator are very close to the
CRLB in high SNR� In low SNR condition� the accu�
racy of estimation is signi�cantly a�ected by the addi�
tive noise� A technique called wavelet denoising is in�
troduced as a front end process and the e�ect of noise
is shown to be greatly reduced� Further investigation in
this area is still undergoing�
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